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MULTIUSER DETECTION 

Multiuser Detection provides the first comprehensive treatment of the sub- 

ject of multiuser digital communications. Multinser detection deals with 

demodulation of the mutually interfering digital streams of information 

that occur in areas such as wireless communications, high-speed data trans- 

mission, satellite communication, digital television, and magnetic record- 

ing. The development of multiuser detection techniques is one of the most 

important recent advances in communications technology, and this self- 

contained book gives a comprehensive coverage of the design and analysis 

of receivers for multiaccess channels, while focusing on fundamental mod- 

els and algorithms. 

The author begins with a review of multiaccess communications, dealing 

in pm’ticular with code-division multiple-access (CDMA) channels. Back- 

ground material on hypothesis testing and the effect of multiuser interfer- 

ence on single-user receivers are discussed next. This is followed by the 

design and analysis of optimum and linear multiuser detectors. Also cov- 

ered in detail are topics such as decision-driven multiuser detection and 

noncoherent multiuser detection. 

The elements of multiuser detection are clearly and systematically pre- 

sented along with more advanced recent results, some of which are published 

here for the first time. The extensive set of references and bibliographical 

notes offer a comprehensive account of the state of the art in the subject. 

The only prerequisites assumed are undergraduate-level probability., lin- 

ear algebra, and introductory digital communications. The book contains 

over 300 exercises and is a suitable textbook for electricaI engineering stu- 

dents. It is also an ideal self-study guide for practicing engineers, as well as 

a valuable reference volume for researchers in communications and signal 

processing. 

Sergio Verdtl is Professor of Electrical Engineering at Princeton University~ 

His contributions to the technology of multiuser detection span his pioneer- 

ing work in the early 1980s to recent results included in this text. Professor 

Verdti is also well known for his work on information theory, in which 

he explores the fundamental limits of data transmission and compression 
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PREFACE 

He that will not apply new remedies 
must expect new evils: 

for time is the greatest innovator. 

Francis Bacon (1561-1626) 

Research and development of digital communications systems is undergo- 

ing a revolution fueled by rapid advances in technology. With the ever- 

growing sophistication of signal processing and computation, advances in 

communication theory have an increasing potential to bridge the gap be- 

tween practically feasible channel utilization and the fundamental informa- 

tion theoretic limits on channel capacity. If conquering channel capacity is 

the manifest destiny of communications technology, the need for efficient 

use of channel bandwidth and transmission power is felt most acutely in 

wireless communication, where the exponentially growing demand for data 

rate must be accommodated in a finite segment of the radio spectrum. To 

add to the challenge, information is transmitted not by a single source but 

by several uncoordinated, bursty, and geographically separated sources. 

Multiuser Detection deals with the demodulation of mutually interfering 

digital streams of information. Cellular telephony, satellite communication, 

high-speed data transmission lines, digital radio/television broadcasting, 

fixed wireless local loops, and multitrack magnetic recording are some of 

the communication systems subject to multiaccess interference. The super- 

position of transmitted signals may originate from nonideal characteristics 

of the transmission medium, or it may be an integral part of the multi- 

plexing method as in the case of Code-Division Multiple-Access (CDMA). 

Multiuser detection (also known as cochannel interference suppression, 

multiuser demodulation, interference cancellation, etc.) exploits the con- 

siderable structure of the multiuser interference in order to increase the 

efficiency with which channel resources are employed. 

xix 
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PREFACE 

Although isolated generalizations of digital communication models to 

multi-input multi-output channels had taken place as early as the 1960s, it 

was not until the mid 1980s that multiuser detection started developing as a 

cohesive body of analytical results that took into account the specific features 

of multiuser channels. Since then, the number of researchers working within 

this discipline has rapidly multiplied, to the point where it is now one 

of the most active and vibrant branches of digital communications. The 

extensive set of references collected in this book, although not pretending 

to be comprehensive in any way, gives evidence of the level of activity in 

multiuser detection in the past few years. The bibliographical notes at the 

end of each chapter provide an account of the development of the main 

results as well as a snapshot of the current state of the art. I can only hope 

that that part of the book will become quickly obsolete in view of the speed 

at which the field is currently evolving. 

While aiming for a fairly comprehensive coverage of the design and 

analysis of receivers for multiaccess channels, my goal has been to distill the 

elements of multiuser detection in the simplest setting that brings out the key 

concepts. A fertile ground for geometrical intuition, the linearly modulated 

synchronous multiuser channel proves to be a garden of Euclidean delights. 

Borrowing from the tradition in multiuser information theory, most of the 

main ideas are first introduced in the two-user channel, which emerges as a 

powerful pedagogical tool. 

Chapter 1 gives a brief introduction to the main approaches in multiac- 

cess communications. Chapter 2 introduces the basic channel models used 

throughout the book. The main paradigm is the Code-Division Multiple- 

Access channel, in which each user modulates its own signature wave- 

form. This channel is general enough to encompass orthogonal and non- 

orthogonal multiplexing methods, with or without spread-spectrum sig- 

naling. Chapter 3 covers background material on hypothesis testing and 

single-user detection and analyzes the effects of multiaccess interference 

on the single-user receiver. Chapter 4 is devoted to the design and analy- 

sis of optimum multiuser detectors. Linear signal processing for multiuser 

detection is studied in Chapters 5 and 6, with and without the constraint of 

complete multiuser interference suppression, respectively. Adaptive linear 

multiuser detection is covered in Chapter 6. Chapter 7 deals with nonlinear 

multiuser detectors that use decisions on the interfering digital streams to 

mitigate their effect. 
Whether it is used as a textbook, self-study tool, or research reference, 

the set of over 300 problems comprises an essential component of this book. 
They range from simple drill exercises to research results that complement 

xx 
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PREFACE 

the theory expounded in the text. I hope the reader will draw some sense of 

accomplishment from solving them. 

No prerequisites are assumed beyond undergraduate-level probability, 

linear algebra, and an introductory course on communications. At Prince- 

ton, I have used this text to teach a one-semester course on Multiuser Detec- 

tion to first- and second-year graduate students with diverse backgrounds. 

Although previous or concurrent exposure to a conventional detection and 

estimation course may be beneficial, Chapter 3 gives a self-contained pre- 

sentation of the required material. A typical "single-user" digital commu- 

nications course covering the fundamentals of equalization is not required 

either. In fact, it is my contention that (synchronous) multiaccess chan- 

nels provide an easier setting for learning many of the fundamentals of 

equalization in digital communications than the conventional single-user 

intersymbol interference channel. 

The text contains substantial material that can be tailored to serve as the 

core of various master’s and doctoral courses on multiuser communication. 

In addition, the book can be used as a self-study guide for practicing engi- 

neers and as a reference volume for academic and industrial researchers in 

communications and signal processing. 
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CHAPTER ONE 

MULTIACCESS 
COMMUNICATIONS 

i.! THE MULTIACCESS CHANNEL 

The idea of using a communication channel to enable several 

transmitters to send information simultaneously dates back to Thomas A. 

Edison’s 1873 invention of the diplex.1 This revolutionary system enabled 

the simultaneous transmission of two telegraphic messages in the same di- 

rection through the same wire. One message was encoded by changes of 

polarity; the other by changing absolute values. 

Nowadays, there are numerous examples of multiaccess communication 

in which several transmitters share a common channel: mobile telephones 

transmitting to a base station, ground stations communicating with a satel- 

lite, a bus with multiple taps, multidrop telephone lines, local area networks, 

packet-radio networks, and interactive cable television networks, to name a 

few. A common feature of those communication channels is that the receiver 

obtains (a noisy version of) the superposition of the signals sent by the active 

transmitters (Figure 1.1). Oftentimes, the superposition of signals sent by 

different transmitters occurs unintentionally owing to nonideal effects; for 

example, crosstalk in telephony and in multitrack magnetic recording or any 

time the same radio frequency band is used simultaneously by distant trans- 

mitters, as in cellular telephony, radio/television broadcasting, and wireless 

local loops. Although occasionally the terms multiplexing and multiaccess 

are used interchangeably, multiaccess usually refers to situations where 

the message sources are not collocated and/or operate autonomously. The 

message sources in a multiaccess channel are referred to as users. 

The multiaccess communication scenario depicted in Figure 1.1 encom- 

passes not only the case of a common receiver for all users, but the case of 

several receivers, each of which is interested in the information sent by one 

1 See Conot [60]. 
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User 1 

User 2 

User 3 

User 4 

UserK 

Receiver 

user (or a subset of users) only. Multiaccess communication is sometimes 

referred to as multipoint-to-point communication. The engineering issues 

in the dualpoint-to-multipoint2 channel depend on the commonality of the 

information transmitted to each destination. At one extreme, the same in- 

formation is delivered to all recipients, for example, in radio and television 

broadcasting or in cable television; at the other extreme, the messages trans- 

mitted to different recipients are independent, for example, a base station 

transmitting to mobile units. The latter scenario falls’ conceptually within 

the multiaccess channel model; in that case, the receiver (say one of the mo- 

bile units) is interested in only one of the information sources transmitted 

by the base station. 

FIGURE 1.1. 

Multiaccess 

communication. 

!.2 FDMA AND TDMA 

The advent of radio-frequency modulation in the early twentieth 

century enabled several radio transmissions to coexist in time and space 

without mutual interference by using different carrier frequencies. The same 

idea was used in long-distance wire telephony. Frequency-Division Multi- 

plexing or Frequency-Division Multiple Access (FDMA) assigns a different 

carrier frequency to each user so that the resulting spectra do not overlap 

(Figure 1.2). Band-pass filtering (or heterodyning) enables separate demod- 

ulation of each channel. 

In Time-Division Multiplexing, time is partitioned into slots assigned to 

each incoming digital stream in round-robin fashion (Figure 1.3). Demul- 

tiplexing is carried out by simply switching on to the received signal at 

the appropriate epochs. Time division can be used not only to multiplex 

collocated message sources but also by geographically sep .arated users who 

Point-to-multipoint and multipoint-to-point channels are sometimes distinguished 
either as downlink and uplink channels, respectively, or as forward and reverse chan- 

nels, respectively. 
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FIGURE 1.2. 

Frequency- 

Division Multiple 

Access. 

FIGURE !.3. 
Time-Division 
Multiple Access 
showing guard 
times be~een 
slots. 

Frequency 

have the ability to maintain time-synchronism, in what is commonly re- 

ferred to as Time-Division Multiple Access (TDMA). Note that FDMA 

allows completely uncoordinated transmissions in the time domain: no 

time-synchronization among the users is required. This advantage is not 

shared by TDMA where all transmitters and receivers must have access to 

a common clock. 

The important feature of frequency-division and time-division multiac- 

cess techniques is that, for all conceptual purposes, the various users are 

operating in separate noninterfering channels. To put it in the signal-space 

language of digital communications, those multiaccess techniques operate 

by ensuring that the signals transmitted by the various users are mutually 

orthogonal. Channel or receiver nonideal effects may require the insertion 

of guard times in TDMA (Figure 1.3) and spectral guard bands in FDMA 

(Figure 1.2) to avoid cochannel interference. 

Why would it make sense to consider multiaccess techniques that do not 

adhere to the principle of dividing the channel into independent noninterfer- 

ing subchannels? One reason is that npninterfering multiaccess strategies 

may waste channel resources when the number of potential users is much 

greater than the number of simultaneously active users at any given time. 

Think for example of wireless telephony; if each subscriber were assigned 

a fixed radio frequency channel, only a tiny fraction of the spectrum would 

be utilized at any given time. Analogously, in TDMA most of the time slots 

would be empty, at any given time. 

How is it possible to assign the channel resources to the users in dynamic 

(in other words, on demand) rather than static fashion as above? At the 

expense of some increase in complexity, one possibility is to set up a separate 

reservation channel, where the users who want to use the channel notify the 

receiver, which, then, partitions the original channel using TDMA or FDMA 

among the active users only. This presupposes a separate feedback channel 

that notifies every user of the time or frequency slot where it is allowed 

to transmit. However, note that the reservation channel is a multiaccess 

channel and we still have to cope with the same issue as before, namely, 

how to partition the resources of that channel dynamically. 

3 
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!.3 RANDOM MULTIACCESS 

Random multiaccess communication is one of the approaches to 

dynamic channel sharing. When a user has a message (usually referred to 

as a packet in this context) to transmit it goes ahead and transmits it as if 

it were the sole user of the channel. If indeed nobody else is transmitting 

simultaneously, then the message is received successfully. However, the 

users are uncoordinated and the possibility always exists that the message 

will interfere (in time and frequency) with another transmission. In such 

case, it is typically assumed in random multiaccess communication that the 

receiver cannot demodulate reliably several simultaneous messages. The 

only alternative left is to notify the transmitters that a collision has hap- 

pened and, thus, their messages have to be retransmitted. Collisions would 

reoccur forever if upon notification of a collision, the transmitters involved 

were to retransmit immediately (or after a similar delay). To overcome this, 

users wait a random period of time before retransmitting. The main distin- 

guishing feature among the existing random access communication systems 

is the algorithm used by the transmitterg to determine the retransmission 

delay for each colliding packet. 
The first random multiaccess communication system was the ALOHA sys- 

tem proposed for a radio channel in 1969 (Abramson [9]). Some coaxial- 

cable local area networks, typified by the widely used ETHEm~ET, employ a 

"polite" version of ALoria, called Carrier-Sense Multiple Access (CSMA), 

where users listen to the channel before transmitting so as not to collide 

with an ongoing transmission (Kleinrock and Tobagi [211]). In general, 

random multiaccess communications are best suited for very bursty chan- 

nels, in which it is not likely that more than one user will be transmitting 

simultaneously. The main theoretical advances in this area occurred in the 

1970s through the mid 1980s.3 Polling (Hayes and Sherman [139]) is an- 

other multiaccess strategy where simultaneous transmissions are avoided. 

The receiver asks every transmitter that shares a common channel (say, in 

round-robin fashion) whether it has anything to transmit. 

!.4 CDMA 

The channel-sharing approaches discussed so far are based on 

the philosophy of letting no more than one transmitter occupy a given 

time-frequency slot. Whenever this condition is violated in random-access 

See Bertsekas and Gallager [29] and Abramson [10]. 

4 
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FIGURE 1.4. 
Orthogonal 
signals assigned 
to no users. 

FIGURE 1.5. 
Fourier transforms 
(magnitude, 
f > O) of 

waveforms in 
Figure 1.4. 

sl(t) sz(t) 

communication, the receiver is unable to recover any of the colliding 

transmissions. As we remarked before, reception free from interchannel 

interference is a consequence of the use of orthogonal signaling. It is im- 

portant to realize that this can be accomplished by signals that overlap both 

in time and in frequency. For example, consider the time-limited signals Sl 

and s= in Figure 1.4. Those signals overlap both in the time and frequency 

domains (Figure 1.5), yet their crosscorrelation or inner product is zero: 

(S1, $2) =    Sl(t)s=(t)dt = O. 
) 

(1.1) 

A simple two-user multiaccess communication system could be designed 

by letting users 1 and 2 modulate antipodally signals sl and s2, respectively. 

This means that user i transmits si (t) in order to send 1 and -si (t) in order to 

send 0 (Figure 1.6) in successive time epochs of duration T. Let us assume 

that the system is synchronous in the sense that the transmission rate is the 

same for both users (equal to 1 / T bits per second) and their bit epochs are 

perfectly aligned (Figure 1.6). 

How can the information transmitted by both users be demodulated now 

that they overlap in both frequency and time? As we see in Figure 1.6, a 

hypothetical receiver that observed the sum of both signals (with identi- 

cal amplitude) can easily demodulate the transmitted bit streams. The bit 

transmitted by user 1 is equal to 1 or 0 depending on whether the ramp 

received in the corresponding bit period has positive or negative absolute 

value; the bit transmitted by user 2 is equal to 1 or 0 depending on whether 

the ramp received in the corresponding bit period is increasing or decreas- 

ing. However, any receiver will actually observe the sum of both signals 

Is~(f)l 

Freq. ~ Freq. 

5 
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User 1 
1 1 1 o 

User 2 

Skim 

embedded in additive background noise. A good strategy in that case (which 

minimizes bit-error-rate when the noise is white and Gaussian) is matched 

filtering, in which the received waveform is separately correlated in every bit 

period with both s~ (t) and Sz(t), followed by respective comparisons of the 

correlator outputs to zero thresholds. The matched filter for user 1 simply 

integrates the received signal in every bit period; if the result of such inte- 

gration is positive/negative, then it outputs 1/0. The output of the correlator 

is indeed affected by the background noise (thus causing sporadic errors). 

However, thanks to the orthogonality condition (1.1) and the assumed syn- 

chronism, the output of the correlator for user 1 is not affected at all by the 

signal of user 2 regardless of the relative strengths of both signals. We can 

conclude that although the signals transmitted by both users overlap in both 

time and frequency, the bit-error-rate of this system will be the same as if 

the transmissions occurred in separate channels. 

We have just seen a very simple example of a Code-Division Multiple- 

Access (CDMA) system. Users are assigned different "signature wave- 

forms" or "codes’’4 (in an older terminology whence the term CDMA 

originated). Each transmitter sends its data stream by modulating its own 

signature waveform as in a single-user digital communication system. In 

the orthogonal two-user example considered above, the receiver need not 

concern itself with the fact that the signature waveforms overlap both in 

frequency and in time, because their orthogonality ensures that they will be 

transparent to the output of the other user’s correlator. 

FIGURE 1.6. 

Synchronous 

antipodal 

modulation of 
orthogonal 

signals. 

4 These are not to be confused with error-correcting codes that add redundancy to combat 
channel noise and distortion. 

6 
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s~(t) 

Sz(t) 

FIGURE 1.7. 

Signature 

waveforms in 

TDMA. 

S3(t) 

The special case of orthogonal CDMA in which the signature waveforms 

do not overlap in the time domain corresponds to digital TDMA. For exam- 

ple, the three-user orthogonal CDMA system depicted in Figure 1.7 can be 

viewed as a TDMA system. Digital TDMA and FDMA systems can be seen 

as special cases of orthogonal CDMA where the signature waveforms are 

nonoverlapping in the time domain and the frequency domain, respectively2 

No signal can be both strictly time-limited and strictly band-limited. 

However, adopting a softer definition of bandwidth and/or duration (e.g., 

the percentage of energy outside the band I-B, B] or outside the time in- 

terval [0, T] not exceeding a given bound ~) we can pose the question: how 

many mutually orthogonal signals with (approximate) duration T and (ap- 

proximate) bandwidth B can be constructed? Although no explicit answer 

in terms of T, B, and ~ is known, bounds have been obtained that show 

that unless the product TB is small, the answer is essentially6 2TB. An 

immediate consequence of this result is that a K-user orthogonal CDMA 

system employing antipodal modulation at the rate of R bits per second 

requires bandwidth approximately equal to 

1 
B = -RK. (1.2) 

2 

In practical TDMA systems the slots assigned to each user span more than one symbol, 
e.g., in Global System for Mobile (GSM) each slot consists of 148 bits, and gum’d-time/ 

slot-duration = 33/592 (Redl et al. [358]). 
See Landau and Pollak [228], Petrich [332], and Dollard [69]. 

7 
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If the definition of duration or bandwidth is lax enough, then (1.2) is achiev- 

able by TDMA (cf. Problems 1.8, 1.9, 1.10). To achieve the minimum band- 

width in (1.2), the duration-bandwidth product of each signature waveform 

in an orthogonal CDMA system must be K/2. In contrast, achieving (1.2) 

with TDMA (or FDMA) requires a pulse with minimum duration-bandwidth 

product (which does not grow with the number of users). The need for sig- 

nals with larger duration-bandwidth products in CDMA brings in benefits 

such as robustness against unknown channel distortion and antijamming 

capabilities. Waveforms with large duration-bandwidth products are called 

spread-spectrum signals. TDMA and FDMA can also use spread-spectrum 

signaling, but only at the expense of low spectral efficiency, defined as the 

aggregate data rate per unit bandwidth (bits per second per Hz). 

The next important conceptual step is to realize that orthog0nality of 

the signature waveforms is not imperative for CDMA. For example, the 

performance of the simple correlator considered above will be degraded 

in the px’esence of nonorthogonal interfering users, but we may be able to 

keep the degradation to tolerable levels provided there are not too many or 

too powerful interfering users. We have, in effect, dropped the requirement 

that the signature waveforms be orthogonal for the requirement that their 

mutual interference be sufficiently low. This still requires careful selection 

of the signature waveforms so that their crosscorrelations are fairly low 

(compared to the signature waveform energies Ilsi IIa = Isi, si )).7 Removing 

the restriction of orthogonal signature waveforms has several major benefits 

that make CDMA an attractive multiaccess technique for many multiuser 

communication systems: 

¯ The users can be asynchronous, that is, their time epochs need not be 

aligned, and yet "quasi-orthogonality" can be maintained by adequate 

design of spread-spectrum signature waveforms. 

¯ The number of simultaneous users is no longer constrained to twice the 

duration-bandwidth product of the signature waveforms. 

¯ Sharing of channel resources is inherently dynamic: reliability depends 

on the number of simultaneous users, rather than on the (usually much 

larger) number of potential users of the system. Thus, unlike orthogonal 

multiaccess, it is possible to trade off reception quality for increased 

capacity. 
What factors determine the number of users that can be sustained in a 

CDMA system? As we mentioned, the bandwidth times the inverse of the 

v In this sense, the signature waveforms in Figure 1.4 are not a particularly good choice, 

cf. Problem 1.2. 

8 
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data rate determines the dimensionality of the signal space. Other factors 

that play a determining role include: the received signal-to-noise-ratios, 
signature waveform crosscorrelations, data redundancy, and the type of 

receiver used. The last factor brings us to the objective of multiuser de- 

tection: the design and analysis of digital demodulation in the presence 

ofmultiaccess interference. As we will see in detail, a consequence of the 

nonorthogonality of signature waveforms is that the simple correlator con- 

sidered above is no longer optimal (even in the presence of white Gaussian 

background noise). For example, it suffers from the near-far problem: any 

interferer that is sufficiently powerful at the receiver causes arbitrarily high 

performance degradation. By suitable design of receivers that take into ac- 

count the structure of the multiaccess interference it is possible to increase 

spectral efficiency, decrease output power, and robustify the system against 

imbalances in the received powers of various users. 

The demodulators for nonorthogonal multiple access studied in this text 

are equally relevant when nonorthogonality occurs, not by design as in 

asynchronous CDMA, but through unintentional crosstalk. A classic exam- 

ple is a bundle of twisted pairs, which (unlike coaxial cables) radiate and 
capture energy. Digital transmissions carried by each pair are subject to con- 

tamination due to the superposition of the attenuated transmissions carried 

by neighboring pairs. A similar phenomenon occurs in adjacent tracks in 

magnetic recording. TDMA in mobile cellular telephony provides another 
illustration of cochannel interference. Multipath is a common channel im- 

pairment that causes the reception of the sum of several delayed replicas of 

the transmitted signal. In a TDMA system subject to multipath, signals that 

were originally in different time slots may actually overlap at the receiver. 

Another important source of cochannel interference in cellular TDMA is 

the simultaneous use of the same frequency band in different cells. Unless 

the receiver is robust against out-of-cell interference, careful allocation of 

frequency bands is required in those systems. The consequences of nonideal 

deviation from orthogonality are, naturally, dependent on the strength of the 

interfering sources. 

To the foregoing incentives for contemplating the use of nonorthogonal 

multiaccess, we can add a basic lesson derived from multiuser information 
theory:8 multiaccess channels whose capacity is achieved by orthogonal 

multiplexing techniques are the exception rather than the rule. For most situ- 

ations, the number of users that can be accommodated by the channel is max- 

imized by transmitting mutually interfering signals. In fact, optimal codes 

See, for example, E1 Gamal and Cover [101] and Gallager [1001. 

9 
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do not adhere to the structure imposed by nonorthogonal CDMA either, as 

the modulation of fixed signature waveforms is, in general, suboptimal. The 

burden of achieving optimal performance falls on the design of, not only suit- 

able coding strategies, but on the receiver that has to decode the transmitted 

bit streams with arbitrary reliability from a noisy superposition of the trans- 

mitted signals. A receiver that achieves capacity under certain conditions 

(e.g., E1 Gamal and Cover [101]) uses the following successive decoding 

technique (Figure 1.8): a given user is decoded treating all the other users as 

noise; then the signal due to that user is remodulated with the deco~led infor- 

mation and subtracted from the received waveform; and the process is re- 

peated until all the transmitted information streams have been demodulated. 

Among first-generation digital wireless telephony systems, (GSM Stan- 

dard [82]) and (IS-54 Standard [441]) favor the simplicity and robustness 

of TDMA,9 whereas the suitability of CDMA to bursty transmitters and 

the superiority of spread-spectrum signaling in harsh channel environments 

is favored in other commercial mobile cellular systems (IS-95 Standard 

[442]).1° 

In practical wireless multiaccess channels, it is very important to utilize 

precious channel bandwidth (and transmitted power) efficiently. Developed 

in the 1980s and without the benefit of a mature theory on multiuser commu- 

nications, first-generation digital cellular systems do not come close to ap- 

proaching channel capacity. As technology progresses, fundamental limits 

and advanced signal processing techniques are sure to become increasingly 

relevant for resource-efficient cost-effective design. 

FIGURE 1.8. 
Successive 
decoding. ~ 

!.5 PROBLEMS 

PROBLEM 1.1. To streamline the wiring of an airplane, an aircraft 

manufacturer decides to employ Time-Division Multiplexing in 

9 See, for example, Falconer et al. [85]. 
10 In those commercial systems, FDMA is used in conjunction with either TDMA or 

CDMA. Hybrids of FDMA-TDMA-CDMA have also been proposed for commercial 
systems, e.g., Ruprecht et al. [366] and Blanz et al. [31]. 

10 
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I 0 

User I 

FIGURE 1.9. 
Two-user 

asynchronous 

CDMA. 

A2 

User 2 k--- 

0 1 

order to transmit twelve lO-kHz audio channels to each seat. De- 

sign such a system under the specification that no distortion of the 

reproduced waveforms is tolerated. 

PROBLEM 1.2. Consider a two-user CDMA channel with the sig- 

nature sequences in Figure 1.4. Users modulate those signature 

waveforms antipodally but do not maintain synchronism. Further- 

more, both streams are received with different amplitude levels A1 

and A2 (Figure 1.9). 

(a) Find the minimum value of ALIA2 for which the correlator for 
user 1 gives error-free demodulation in the absence of back- 

ground noise for all offsets 0 < r < T. 
(b) Find the maximum value of A~/A: for which the correlator for 

user 2 gives error-free demodulation in the absence of back- 

ground noise for all offsets 0 < r < T. 

PROBLEM 1.3. Let us say that two orthogonal signals are strongly 

orthogonal if they remain orthogonal after passing through an arbi- 

trary linear time-invariant system. Show that a sufficient condition 

for s~ and s2 to be strongly orthogonal is that there exists a time To 

such that, for all t, 

sl(To - t) = sI(T0 ~- t), 

s=(To-t) = -s=(To+t). 

PROBLEM 1.4. If the number of users is a power of 2, a possible 
set of signature waveforms for orthogonal CDMA are the bipolar 
functions known as the Walsh functions. Every element in the set 

of 2M Walsh functions can be represented by a vector xM of 2~t 

11 
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components drawn from {+, -} and defined recursively as 

Xo = (÷), (1.3) 

XM = (XM_1 XM_I) or (XM_1 -- XM_I). (1.4) 

Figure 1.10 shows the set of Walsh functions for M = 4. 

(a) 

(b) 

Show that for all M, every pair of Walsh functions are orthog- 

onal. 

Assume that the transmitted signals go through an ideal strictly 

band-limited low-pass filter of bandwidth equal to b/T, where 

T is the duration of the signature waveforms. Let the output of 

the filter due to the ith Walsh function be denoted by the signal 

Ji(t). Choose a pair of nonstrongly orthogonal (Problem 1.3) 

Walsh functions of length 16 (Figure 1.10), and show a graph of 

the normalized crosscorrelation of their corresponding filtered 

versions, 

I(~i, 
li~i II I1~ ll’ 

FIGURE 1.10. 

Walsh functions of 
length 16. 

12 

Samsung Ex. 1007, Page 33 of 470



1.5 PROBLEMS 

FIGURE 1.11. 
On-off signature 

waveform. T/N 

as a function of b. Do not take into account the effects of ad- 

jacent waveforms (intersymbol interference), that is, consider 

the transmission of one bit in isolation. 

Note: The Hadamard matrices are a more general concept than 

the Walsh codes examined in this problem. A Hadamard matrix 

is a square matrix with elements in {-1, 1} whose row vectors 

are pairwise orthogonal. A necessary condition for a Hadamard 

matrix of dimension K > 2 to exist is that K be divisible by 4. 

It is not known whether this condition is also sufficient. See also 

Problem 2.1. 

PROBLEM 1.5. An on-off signature waveform of length N 
(Figure 1.11) can be written as 

@" o~ ( t N      ) 

s(t) = ~ iP\ ~ i + 1 , 

whereai ~ {0, A},andp(t) = 1 if0 < t < 1 andp(t) = 0 

otherwise. 

(a) Find the largest number of users that can be assigned on-off 

signature waveforms of length N in an orthogonal synchronous 

CDMA system. Assuming antipodal modulation, describe a 

receiver for such a system that demodulates all users error-free 

in the absence of background noise. 

(b) Redo (a) for a CDMA system that need not be orthogonal but 

still requiring that all users be demodulated error-free in the 

absence of background noise regardless of their received (non- 

zero) amplitudes. Assume that the receiver knows the received 

amplitudes. 

(c) Redo (b) if the receiver has no knowledge of the received am- 

plitudes. 

13 
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PROBLEM 1.6. Consider a communication channel where the 

transmitted signal is corrupted by additive independent noise: 

r(t) = x(t) + n(t). 

The transmitted signal x(t) is power-limited to P and band- 

limited to B. The noise process n(t) has power N. Assume that a 

binary stream can be "transmitted reliably"" through this channel 

if and only if its rate in bits per second is less than or equal to 

C ( ~ ) = B log2 ( l ÷ -~ ) bits/se~*. (1.5) 

Suppose now that we consider a two-user channel such that 

x(t) ---- Xl(t) q- X2(t), 

where xl (t) and xa(t) are the outputs of two independent encoders, 

power-limited to P1 and P2, respectively, and whose binary inputs 

have rates RI and R2, respectively. 

(a) Show that if (R~, R2) does not belong to the pentagon 

then reliable communication is not possible. [Hint: If the en- 

coders operate independently the totN input power cannot ex- 

ceed P~ + P~]. 

(b) Using successive decoding (Figure 1.8) show that reliable com- 

munication is possible at the rate pairs (R~, R~) and (R~, R~), 

where 

(c) (Carleial [45]) and (Rimoldi and Urbanke [360]). Show that re- 
liable communication is possible if and only if (R1, R2) belongs 

11 NO prior knowledge of information theory is required for this problem; for reference 
purposes, we say that a data stream can be "transmitted reliably" through the channel if 
there exists an encoder (mapping from binary strings to x (t)) and a decoder (mapping 
from r(t) to binary strings) such that it is possible to decode the transmitted stream 
"almost" error-free. 

14 
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to C. [Hint: If (~1, ~2) is a convex combination of (R~’, R~) 
and (R~, R2~), then it must satisfy: 

[~1-1-[~2:c(P1~P2) 

for some 0 _< ~ _< Pl. Consider an encoder for user 1 that 

multiplexes its incoming binary stream into two independent 

encoders with powers ~ and P1 - ~, respectively. Use a succes- 

sive decoder for a three-user channel.] 
(d) Consider a general form of TDMA where users may have dif- 

ferent priorities: users 1 and 2 remain silent in alternating slots 

of length (1 - a) time units and a time units, respectively. Find 

the set of rate pairs for which reliable communication is feasi- 

ble when encoding is restricted to be TDMA (for all possible 

values of a). Show that TDMA is optimal (i.e., it achieves a 

point on the boundary of C) if and only if 

P2 or-- 
pl+p2 

[Hint: The power constraints are averaged over all time, not 

just during the activity slots.] 

PROBLEM i .7. Guard times in CDMA. Let ~l(t) denote the re- 

sponse of an ideal lowpass filter of bandwidth B to the rectangular 

signal s~(t) of duration T in Figure 1.4. Plot 0 < a < 1 as a function 

of B T so that 

Jl(t)~l(t - T - aT)dt < 0.9511~112. 

(Note: The above crosscorrelation does not take into account inter- 

ference between nonadjacent signals.) 

PROBLEM 1.8. The root mean square (RMS) bandwidth, B (also 

called Gabor12 bandwidth), of a signal, s(t), time-limited to [0, T] 

*’~nd with Fourier transform S(f) is defined by 

B~ f~_Zf2lS(f)l~df_ 1 f~(~,))~dt 

: f~_~ IS(f)J~df - 4rc2 fo~ s2(t)dt 

12 In honor of Dennis Gabor, 1971 Nobel laureate in Physics, who first defined this 

quantity. 

15 

Samsung Ex. 1007, Page 36 of 470



CHAPTER 1. MULTIACCESS COMMUNICATIONS 

(a) Show that among those signals time-limited to [0, T] 
7rt 

s(t) = sin- 
T 

achieves minimum RMS bandwidth, equal to I/(2T). 

(b) Consider a K-user TDMA system operating at a per-user rate 

of R bits per second, with antipodally modulated strictly non- 

overlapping waveforms. Show that the required RMS band- 

width is equal to 

1 
B = -RK. 

2 

(c) (Nuttall and Amoroso [304]) Consider a K-user orthogonal 

CDMA system operating at a per-user rate of R bits per second 

and antipodal modulation. Denote the RMS bandwidth of the 

kth signature waveform by Bk. Show that 

minmax{B1 ..... BK} = ~R 1) K + , 

where the minimum is over the choice of signature waveforms. 
1 K 2 [Hint." Consider first the alternative criterion: min 2 ~k=l Bg .] 

PROBLEM 1.9. The raised cosine pulse with bandwidth (1 + o0/2 

(0 < ~ < 1) is the signal (Figure 1.12) 
cos urrt 

g~(t) = sine(t)-1 _ (2ott)2 

with Fourier transform (e.g., Proakis [345]) 

G~(f)----- ½[l÷cos(~(2lfl-l÷oO)], 

[0, 
(Note: It can be checked that at least 91% of the energy of the 

raised cosine pulse with bandwidth (1 + a)/2 resides in an interval 

of duration 2/(1 + o0), for all 0 _< ~ _< 1.) 

1-a. 

1+~. 

~~ -< I11-< 7, 

Ifl > l+a -- 2 

FIGURE 1.12. 

Raised cosine 

pulse with 

a =0.5. 
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1.5 PROBLEMS 

(a) Consider a K-user multiaccess system where users transmit 

packets of M consecutive bits. User k transmits bit i in packet 

j by antipodal modulation of 

g,(~-i-kM-jKM), 

where T = I/(RK), and R is the per-user data rate in bits per 

second. Show that a receiver that samples the received wave- 

form at multiples of T recovers the transmitted information 

error-free in the absence of any signals other than the super- 

position of the K transmitted signals. Show that the system is 

strictly band-limited to 

(1 + 
B --     °t~))RK. 

2 

(b) Suppose that the sampling system used in (a) is subject to jitter 

and the received signal is sampled at times nT + ~T. Give an 

equation that characterizes the minimum value of ot necessary 

for the error-free condition in (a) to be satisfied. Assume that 

all users are received with equal power. 

PROBLEM 1.10. Design a K-user antipodally modulated TDMA 

system with nonoverlapping signals and per-user rate equal to R 

bits per second, such that 

1 
B0.77 -< ~RK, 

where By is the bandwidth within which a fraction g of the energy 

is concentrated. [Hint: Consider the sinc function.] 

PROBLEM i. 11. Redo Problem 1.10 under the specification 

B0.95 <_ RK. 

PROBLEM 1.12. (Liu et al. [249]) Consider a hybrid FDMA/ 

CDMA system that has J nonoverlapping frequency bands in each 

of which users employ CDMA. Suppose that each of the K trans- 

mitters selects one of the J bands equiprobably and independently 

of other transmitters. Fix ot > 0. Show that the probability that 

more than (1 ÷ ot)K/J users select the jth band is upper bounded 

by 
e-g(a)K/J’ 
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where 

= 5-        " 

Note: A standard large deviations result (Grimmett and Stirzaker 

[128]) says that if p is the probability that a biased coin shows 

heads, then 

P[Hn > an] < e-nd(allp), (1.6) 

where Hn is the number of heads in n tosses and p < a < 1. In 

(1.6) we have employed the notation 

d(allp) def a log a             1 -- a 
-- + (1 -- a)log --. 
p 1--p 

Furthermore, upon taking ¼ log of both sides of (1.6) the inequality 

becomes asymptotically tight. 
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CHAPTER TWO 

CODE-DIVISION 
MULTIPLE-ACCESS 
CHANNELS 

In this chapter we review several channel models that 

incorporate the major features of conceptual and prac- 

tical interest in Code-Division Multiple Access. These 

channel models express the signal seen by the receiver 

as a function of the transmitted data and the channel 

noise. Sections 2.1 and 2.2 present the basic continuous- 

time CDMA channel model in its synchronous and asyn- 

chronous versions, respectively. Encompassing the ma- 

jority of multiaccess systems with cochannel interfer- 

ence, this multiuser communication model is the main 

focus of interest in this text. Section 2.3 gives an over- 

view of spread-spectrum signature waveforms, and 

Sections 2.4-2.8 discuss several ways in which the ba- 

sic models can be modified to make them more realis- 

tic. Sections 2.9 and 2.10 introduce several discrete-time 

CDMA models used in succeeding chapters. 

2.1 BASIC SYNCHRONOUS CDMA MODEL 

Many of the essential ideas developed in succeeding chapters will 

originate from the analysis of the basic CDMA K-user channel model, con- 

sisting of the sum of antipodally modulated synchronous signature wave- 

forms embedded in additive white Gaussian noise: 

K 

y(t) = ~_, Akb~sk(t) ÷ an(t), t ~ [0, T]. 

k=l 

(2.1) 

The notation introduced in (2.1) is defined as follows. 
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T is the inverse of the data rate. 

sk(t) is the deterministic signature waveform assigned to the kth user, 

normalized so as to have unit energy 

f0 
T 

Ilskll2 =    sk(t)dt = 1. (2.2) 

The signature waveforms are assumed to be zero outside the interval 

[0, T], and therefore, there is no intersymbol interference. 

Ak is the received amplitude of the kth user’s signal. A~ is referred to as 

the energy of the kth user. 

b~ ~ {- 1, ÷ 1 } is the bit transmitted by the kth user. 

n(t) is white Gaussian noise with unit power spectral density. It models 

thermal noise plus other noise sources unrelated to the transmitted 

signals. According to (2.1) the noise power in a frequency band with 

bandwidth B is 2o-2B.1 

As we will see, the performance of various demodulation strategies de- 

pends on the signal-to-noise ratios, Ak/~r, and on the similarity between the~, 

signature waveforms, quantified by their crosscorrelations defined as 

Note that by the Cauchy-Schwarz inequality and (2.2): 

(2.3) 

Ipijl = I(si,sj)l ~ IlsillllsjII = 1. 

The crosscorrelation matrix 

R = {Pi~} (2.4) 

has diagonal elements equal to 1 and is symmetric nonnegative definite, 

because for any K-vector a = (al, ..., aK)r 

K      2 

a~Ra= ~a~s~ >0. 

Therefore the crosscorrelation matrix R is positive definite if and only if the 

signature waveforms {Sl ..... s~: } are linearly independent. 

It is pedagogically sound to work with the minimal number of parameters 

that bring out the essential features of a problem. For this reason, we will 

frequently pay particular attention to the basic CDMA channel model in the 

1 In the literature, the noise one-sided spectral level 2~rz is frequently denoted by No. 
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special case of two users: 

y(t) = Alb~Sl(t) -!- A2b2s2(t) + an(t). (2.5) 

In the two-user synchronous case we will find it convenient to drop the 

subindices from the crosscorrelation 

p =    Sl(t)s2(t)dt. 

FIGURE 2.1. 
Offsets modeling 

asynchronism 

2.2 BASIC ASYNCHRONOUS CDMA MODEL 

In the synchronous model considered in Section 2.1 bit epochs are 

aligned at the receiver. This requires closed-loop timing control or provid- 

ing the transmitters with access to a common clock (such as the Global 

Positioning System). In cellular systems, the design of the reverse link 

(mobile-to-base station) is considerably simplified if the users need not be 

synchronized. 

As we saw in Chapter 1, symbol-synchronism is not necessary for CDMA 

to operate, and it is possible to let the users transmit completely asyn- 

chronously. We need to introduce offsets that model the tack of alignment 

of the bit epochs at the receiver: rk ~ [0, T), k = 1 ..... K (Figure 2.1). The 

symbol-epoch offsets are defined with respect to an arbitrary origin (we will 

often take r~ = 0). Note that we still require that the data rate 1 / T be iden- 

tical for all users. In practice, even if the data rates are nominally the same, 

small differences translate into (slowly) time-varying offsets. Whenever 

performance is to be averaged with respect to the relative offsets, it makes 

sense to assume that they are independent, uniformly distributed on [0, T]. 

The synchronous model (2.1) is a one-shot model, as in that case it is 

sufficient to restrict attention to the received waveform in an interval of 

User 1, I 

User 2 ’ I 

User 3, 

I 
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bl[-1]             bl[0] b![l] 

b2[-l] b2[0] b2[ 1 ] 

b3[-l]            b3[0]             b3[l] 

I 

FIGURE 2.2. 

Bit epochs for 

K=3, M=I. " 

length T, the bit duration. In the asynchronous case (cf. Figure 2.1) we 

must take into account the fact that the users send a stream of bits: 

bk[-M] ..... bk[0] ..... b~[M], 

where we have assumed without essential loss of generality that the length 

of the frames or packets transmitted by each user is equal (to 2M + 1). This 

assumption can be readily dropped at the expense of more cumbersome 

notation. Generalizing (2.1) to the asynchronous case, the CDMA channel 

model now becomes 

K M 

y(t) = Z Z Akbk[i]sk(t - iT - r~) ÷~rn(t). 

k=l i=-M 

(2.6) 

In the context of this model, users initiate and terminate their transmissions 

within T time units of each other, which presupposes some form of block- 

synchronism, if not symbol-synchronism. This assumption allows us to 

focus on offsets modulo-T and does not impact the generality of the analysis 

because of the typically large values of M. Figure 2.2 shows the symbol 

epochs for three asynchronous users in a case where M = 1. 

The synchronous channel (2.1) corresponds to the special case of (2.6) 

where all the offsets are identical, 

(2.7) 

in which case, we may as well consider the one-shot version of (2.6), if, as 

we assumed in Section 2.1, there is no intersymbol interference. 

It is worth pointing out another special case of (2.6): the case in which 

all the received amplitudes and all the signature waveforms are equal: 

AI=’"=AK=A (2.8) 

and 

S1 ..... SK = S, (2.9) 
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and in which the offsets satisfy 

(k- 1)T 

K 

In this particular case, (2.6) becomes 

K M 

y(t) = ~ ~ Ab~[i]s(t - iT - (k- 1)T/K) ÷ an(t) 
k=l i=-M 

= ~Ab[j]s(t - jT/K)+ an(t), 
J 

where we have denoted 

(2.10) 

(2.11) 

b[iK ÷k- 1] = b~[i]. 

The channel in (2.11) is, in fact, the standard single-user white Gaussian 

channel with signals subject to intersymbol interference. In this model, 

which occupies a prominent role in communication theory, every bit over- 

laps with a fixed finite number of neighboring bits. Since the waveform s 

in (2.11) has duration T, every bit b[j] in (2.11) overlaps with 2K - 2 bits. 

As an example, consider the intersymbol interference scenario depicted 

in Figure 2.3: every symbol overlaps with three preceding symbols and 

three succeeding symbols. This is equivalent to an asynchronous CDMA 

channel with four "users" (each free from intersymbol interference) where 

the signature waveforms are common to all users and the offsets are 7:1 = 0, 

r2 = T/4, r3 = T/2, and r4 = 3T/4. Each "user" carries every fourth bit of 

the original data stream; so the individual data rate for each "user" is 1/4 of 

the original data rate. As we will see, many of the demodulation strategies 

used for channel (2.11) find counterparts in the more general channel (2.6). 

Moreover, oftentimes we will find that it is conceptually advantageous to 

use the synchronous CDMA channel as the starting point for the design and 

analysis of demodulators for asynchronous CDMA. 

Synchronous or asynchronous CDMA systems with intersymbol inter- 

ference are also encountered in applications. Intersymbol interference may 

be present due to channel distortion (Section 2.6) or introduced intentionally 

(for example, to increase the signature time-bandwidth prodnct) in which 

case it is also known as partial-response signaling. The models in (2.1) 

and (2.6) remain valid in the presence of intersymbol interference, but the 

signature waveforms are longer than T and the one-shot approach used in 

Section 2.1 is then suboptimal. 
TDMA can also be seen as a special case of the asynchronous CDMA 

model in (2.6): the same signature waveform is assigned for all users (2.9) 
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T/2 

3T/4 
FIGURE 2.3. 

Intersymbol 
interference as an 
asynchronous 
CDMA channel. 

and the consecutive offsets are T/K apart (2.10). Except for the possibly 

unequal received powers in TDMA, this special case is conceptually similar 

to the intersymbol interference model (2.11). Ideal orthogonal TDMA sat- 

isfies 

(2.12) 

for i ~k j. For example, (2.12) is satisfied if s(t) has duration T/K. Due to 

channel dispersion, (2.12) may fail to hold in nonideal TDMA (particularly 

for [i - j [ = 1), thereby resulting in cochannel interference. TDMA systems 

where users transmit more than one bit on each time slot (cf. Footnote 5 of 

Chapter 1) require a more general model than (2.6). 
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FIGURE 2.4. 

Definition of 
asynchronous 
crosscorrelations sI 

We have already noticed that the synchronous model in (2.1) can be 

put as a special case of the asynchronous model in (2.6), in the sense that 

any asynchronous demodulation technique (and its analysis) must work 

for any arbitrary set of offsets including r~ ..... ~:x = 0. Yet, the syn- 

chronous channel (2.1) is a canonical model in the sense that we can view 

the asynchronous model (2.6) as a special case. Think of each bit in (2.6), 

{bk[i], k = 1 ..... K, i = -M ..... M}, as coming from a different "user" 

in a synchronous channel whose bit interval is [-MT, MT + 2T]. In this 

view, the number of fictitious users is equal to (2M ÷ 1)K. For example, 

the asynchronous 3-user case depicted in Figure 2.2 can be seen as a 9-user 

synchronous channel. Sometimes in the upcoming development, we will 

find that this view fails to fully exploit the structure of the problem; often, 

however, it will facilitate the analysis of asynchronous multiuser detectors. 

As we mentioned in Section 2.1, performance depends on the signature 

waveforms through their crosscorrelations. However, in the asynchronous 

channel the "synchronous" crosscorrelations 

p~t =    sk(t)st(t) dt 

are no longer sufficient to determine performance. In asynchronous CDMA, 

we must define two crosscorrelations between every pair of signature wave- 

forms that depend on the offset between the signals. If k < l, then we denote 

~ 
T 

p~1(r) = s~(t)s~(t - 3) dt, 

~(r) = s~(t)s~(t ÷ T - r)dt, 

(2.13a) 

(2.13b) 

where r ~ [0, T]. Notice that the first subindex of p~t(r) denotes the "left" 

signal in the correlation (Figure 2.4). The length of the integration interval is 

~ or T - r according as the sign of/- k. For example, it can be checked that 

the crosscorrelations of the (unit-energy) signature waveforms in Figure 1.4 

are given by 

T). 
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If the users are labeled so that their offsets are increasing, then for a given 

set of offsets, the value of ~ of interest in (2.13) is equal to ~ - rk. With a 

slight abuse of notation, we will denote 

Pkt = pk~(r~ - ~:k), 

where in contrast to the "synchronous" crosscorrelations, Pk~ is, in general, 

asymmetric? 

In the foregoing special cases of single-user intersymbol interference and 

TDMA, (2.9) and (2.10), the crosscorrelations are 

{ 
R (~-~T), l > k, 

Pk’ = R ( T - L~ T ), 

where the autocorrelation function of s is denoted by 

f s(t)s(t - 3) dt. R(r) 
J 

2.3 SIGNATURE WAVEFORMS 

2.3.1 DIRECT-SEQUENCE SPREAD SPECTRUM 

For many results on multiuser detection, it is not necessary to place 

any specific structure on the signature waveforms. Yet, it is instructive to ex- 

amine the structure of the signature waveforms employed in many CDMA 

systems, namely, direct-sequence spread spectrum. As we saw in Chapter 1, 

spread-spectrum signaling formats feature large duration-bandwidth prod- 

ucts. Direct-sequence refers to a specific approach to construct spread- 

spectrum waveforms, characterized by: 

1. chip waveform Pr~. such that 

pr~(t)prc(t - nTc)dt = 0, n = 1, 2 ..... (2.14) 

2. number of chips per bit N, and 

3. binary sequence of length N: (cl ..... CN). 

If the binary sequence is used to modulate the chip waveform antipodally 

2 The sequence-design literature refers to the asynchronous crosscorrelations Pjk, Pkj as 

partial crosscorrelations and to Pjk q’- lOkj and iojk -- Pkj as the even and odd periodic 

crosscorrelations respectively. 
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FIGURE 2.5. 

Direct-sequence 

spread-spectrum 

signature 

waveform with 

N = 63 in the 

time and 

frequency 

domains 

(rectangular chip 

waveform). 

FIGURE 2.6. 

Direct-sequence 

spread-spectrum 

signature 

waveform with 

N = 63 in the 

time and 

frequency 

domains (sinc 
chip waveform). 

we obtain the direct-sequence spread-spectrum waveform with duration 

NTc: 

N 

s(t) = A Z(-1)C’prc(t - (i - 1)Tc). 
i=1 

(2.15) 

It is important to realize that the binary sequence (c~ ..... CN) does not 

carry information: it is assumed to be known by the intended receiver. 

An example of a direct-sequence spread-spectrum waveform is shown in 

Figure 2.5. In that case, the chip waveform is the rectangular pulse 

1, ",ff O < t < Tc, 
o pr,,(t)= 0, otherwise. 

The magnitude of the Fourier transform (in linear scale) of the direct- 

sequence waveform shown in Figure 2.5 shows considerable frequency 

content beyond the spectral null at 1/Tc. For the sake of spectral efficiency, 

some CDMA systems choose a smooth chip waveform with very little 

energy beyond the chip rate. For example, Figure 2.6 shows the same binary 

sequence used in Figure 2.5, but with the chip waveform 

pTc(t)= sinc(~- 1), 

and with the overall signature waveform truncated to the interval [0, NT~]. 

l/Tc 
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FIGURE 2.7. 

Noiseless sum of 

six modulated 

direct-sequence 

waveforrns with 

N= 63. 

With this choice, the spectrum of the direct-sequence waveform falls abrup- 

tly beyond 1/Tc (Figure 2.6). 

Figure 2.7 shows the noiseless superposition over two bit periods (of user 

1) of six asynchronous antipodally modulated direct-sequence waveforms 

(N = 63 with rectangular chip waveforms). The received amplitudes of the 

six users are within 5 dB of each other. The realization shown in Figure 2.7 

would be typical of a broadband noise process. Yet, from the viewpoint of 

a receiver that knows the signature waveforms, received amplitudes, and 

timing of each user, the waveform shown in Figure 2.7 only has 17 bits of 

uncertainty.3 

2.3.2 SPREADING FACTOR 

We now summarize some of the effects of th,e choice of the number 

of chips per symbol N, also known as the spreading factor, spreading gain, 

or processing gain: 

¯ For fixed duration of the signature waveform, its bandwidth is propor- 

tional to N. 
¯ For a given signal-to-noise ratio, the single-user bit-error-rate in a white 

Gaussian noise channel is independent of N (Chapter 3). 
¯ In an orthogonal synchronous direct-sequence spread-spectrum CDMA 

system, the number of users that can be supported is less than or equal 

to N (Problem 2.1). 
¯ For a given maximum crosscorrelation level, the number of synchronous 

or asynchronous signature waveforms grows with N (Problem 2.2). The 

variance of the crosscorrelation between two signature waveforms with 

randomly and independently chosen codes is 1/N (Section 2.3.5). 
¯ Large values of N contribute to the privacy of the system, as they hinder 

unintended receivers wishing to unveil signature waveforms so as to 

eavesdrop on the transmitted information. 

The figure shows two full periods of one user and three (partial) periods of the other 
five users. 
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¯ Because the energy spectral level of the signature waveform is inversely 

proportional to N, large values of N contribute to reduce the interference 

caused on coexisting narrowband transmissions. For the same reason, 

noise camouflage4 from an interceptor that monitors the radio spectrum 

is enhanced with increasing values of N. 
¯ The performance degradation caused by a narrowbandjammer decreases 

with N. In the absence of background noise, a narrowband jammer with 

power up to 10 log~0 N dB above the spread-spectrum signal induces no 

errors (Problem 2.17). 
¯ The reliability with which the time of arrival of the signal can be deter- 

mined increases with N (cf. (2.16)). This facilitates timing synchroniza- 

tion at the receiver and the ability to combat multipath. 

2.3.3 SIGNATURE SEQUENCES 

Ordinarily, both the number N of chips per bit and the chip wave- 

form are common to all ~ers in a direct-sequence spread-spectrum CDMA 

system. What distinguishes the different signature waveforms is the assign- 

ment of the binary "sequence" or "code" (cl ..... CN). A wealth of com- 

binatorial techniques exists for constm, cting pseudonoise (PN) signature 
sequences, which, for given N and K, achieve low crosscorrelations for all 

possible offsets. Foremost among those techniques are the Gold, Kasami, 

and bent sequences (Simon et al. [410]). 
The normalized crosscorrelation between two synchronous direct- 

sequence waveforms with signature sequences (cjl ..... CjN) and (ck~ ..... 

CkN) is given by 

2 ~ l{cyi = c~i}. 
p~ =-1 + ~ ~=~ 

Pseudonoise sequences can be (but need not be) easily generated by linear 

feedback shift registers such as the one shown in Figure 2.8. There are a 

total of 2r different states if r is the number of binary registers. Therefore, 

the output of the pseudonoise shift-register generator is periodic, with a 

period determined by the taps and the initial state. The taps are chosen 

so as to prevent the state from ever becoming all-zero because in such an 

event it would remain there forever. Discounting this forbidden state, we 

see that the periodicity of the output sequence can never be larger than 

2r -- 1. Sequences (or equivalently the linear feedback shift registers that 

4 Usually referred to as low probability of intercept in the spread-spectrum literature. 
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MODULO-2 ADDITION 

produce them) that achieve this bound are called maximal-length. Their 

use is widespread because they achieve the most noiselike sequence with 

a given amount of shift register complexity. For example, if we let r = 4 

and the new value of register 1 is equal to its previous value plus the value 

of register 4 (in modulo-2 arithmetic), then the shift register puts out a 

periodic repetition of the 15-bit sequence 000111101011001. Since the 

periodicity is exponential in the number of registers, it is very simple to 

generate pseudonoise sequences with very long periods. Maximal-length 

shift-register sequences have pseudorandom properties such as: 

a) There are 2r-1 ones and 2r-I - 1 zeros. 

b) The periodic autocorrelation function of the generated sequence cl, 

C2, . . . is 

1 N 
{ 

0, N, 2N, ¯ 

R(x) = ~ ~(-1)c’+c’+~    1, 

tc .... 
(2.16) 

= - l/N, otherwise, 
i=1 

with N = 2~ - 1. This means that if we compare any two strings of length 

N within the sequence, they are either the same string or the number of 

agreements is equal to the number of discrepancies minus 1. 

FIC}URI: 2.8. 

Generation of 

pseudonoise 

sequence with a 

feedback shift 

register. 

2.3.4 LONG SEQUENCES 

An alternative way to view a direct-sequence spread-spectrum 

waveform is as the product of a signal modulated at the data rate and a 

periodic repetition of a pseudonoise waveform: 

M 

Ag(t) ~ b[i]p(t - iT), (2.17) 

with 

1, if0<t <T, 
p(t) = 0, otherwise, 
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FIGURE 2.9. 
Direct-sequence 
spread spectrum 
system with 
No = 63 and 
N=7. 

Bit Period 

PN Sequence Period 

and 

~ No 

g(t) = ~ Z(--1)c°pT~(t -- (n + jNo - 1)Tc), 

j=--~ n=l 

where (2.15) coincides with this model if T =NTc and No = N. In some 
practical CDMA systems (e.g., IS-95 Standard [442]), the period of the 

pseudonoise waveform is larger than the symbol period (Figure 2.9), 

L = No/N > 1. 

In those systems, the foregoing conclusions about the choice of N apply 

verbatim, except in the case of the privacy feature where No replaces N. In 

particular, the processing gain is determined by the number of chips per bit 

rather than the periodicity of the pseudonoise sequence. If L > 1, then the 

CDMA channel no longer fits the basic model in Sections 2.1 and 2.2. It is 

necessary to replace the kth user stream 

M 

~_, Akbk[i]sk(t - iT) 
i=-M 

by 

M 

~_~ Akb~[i ]&,(i)L(t - iT), 

i=-M 
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where (i)t~ denotes i modulo L, and the concatenation ofsk, 1 ..... Sk,L gives 
one period of the PN sequence assigned to user k. 

As we saw, maximal-length shift-register sequences of very long period- 

icity are easy to generate; thus, it is easy to implement transmitters where 

L, the ratio of the periodicity of the pseudonoise waveform to the spreading 

gain, is very large: In that case, no attempt is made to design signature 

waveforms with low crosscorrelations, and the large values of L enable 

the approximation of signature codes as purely random for the purposes of 

analysis. As we mentioned, except for privacy, the benefits of large spread- 

ing gains are not enhanced by choosing L > 1. Large values of L hinder 

the synchronization task of an eavesdropper. At any rate, encryption of the 

information streams is a more robust way to obtain privacy, and the use of 

some multiuser demodulation strategies becomes more cumbersome when 

L > 1, as, in that case, the crosscorrelations vary at the data rate. 

2,3.5 RANDOM SEQUENCES 

Averaging performance of multiuser detectors with respect to the 

choice of direct-sequence spread-spectrum signatures is relevant to systems 

with large L. Furthermore, such average analyses give a baseline of com- 

parison (as a function of K and N) for systems with L = 1 and signature 

sequences designed to achieve low cr.osscorrelations. 

In the random signature model, we have 

1 N 

~___,d~ip~.(t -- iTc + To), 
,IX 

(2.18) 

where {d~i ~ {-1, +l}, k = 1 ..... K; i = 1 ..... N} are independent and 

equally likely and the deterministic chip wav6form PTc is assumed to have 

unit energy and autocorrelation function 

(2.19) 

Note that (2.14) implies 

Rp(nTc) = O, n ~ O. (2.20) 

The asynchronous crosscorrelation function (2.13a) can be expressed in 

terms of signature codes and chip autocorrelation function as 

= f s~(t)st(t - r) dt 

1 N N 
(2.21) 

5 In IS-95 Standard [442], N = 128, No = 242 - 1, L ~ 235. 
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Clearly, since {dki ~ {-1, ÷1}, k = 1 ..... K; i = 1 ..... N} are indepen- 

dent and equally likely, 

E[pkl(~)] = 0, (2.22) 

for k � l. The second moment of the crosscorrelation function is 

1 N N N N 

i=1 j=l m=l n=l 

xRp(r + (j - i)T~)Rp(r + (n - m)Tc) 

1 N N 

-= N--~ E E R:p(v + (j -i)Tc). 
i=1 j=l 

(2.23) 

Taking into account (2.20), we can readily particularize (2.23) at r = 0 to 

obtain the second moment of the synchronous crosscorrelation P~t = p~t(0): 

1 N 

i=1 

1 
= _. (2.24) 

N 

In the asynchronous case, it is useful to furt4aer average (2.23) with respect 

to the uniformly distributed delay ~ ~ [0, T]: 

E[p~(~)]dt- N~T 
T ~ 

1 ~-7~L~ R2p(r÷(j-i)Tc)d’c. (2.25) 

2N2T~=~ 77i=1         -7" 

The evaluation of (2.25) is considerably simplified if Rp (r) = 0 for Iv I > Tc, 
that is, when the chip waveform has duration Tc. Then, (2.25) becomes 

-~ E[P#t(v)]dt- 2N2~ E R~P(V)dv 
i=1 T¢ 

--NTcl for~- R~p(r)dr" (2.26) 

In the special case of rectangular chip waveforms 

Rp(V) = 1 T~ 0 < r < Tc, 

and (2.26) particularizes to 

1 for 1 

1 

(1 - x)2 dx 

(2.27) 
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0.2 -0.2 
0.2 

FIGURE 2.10. 

Locus of 
crosscorrelations 

(P12, P21) for 
N= 128 (left) 
and N= 512 
(right) with 
rectangular chips. 

Obviously, by symmetry, the "left" crosscorrelation (2.13b) has the same 

moments when the delay is uniformly distributed. 

Figure 2.10 shows a realization of the locus of pairs of partial crosscor- 

relations 

(Pl2(’t’), P21(’g)) for all r ~ [0, T] 

for direct-sequence spread-spectrum waveforms with randomly selected 
signature sequences and rectangular chip waveforms. According to (2.27), 

the standard deviation of the crosscorrelations in the case N = 512 is half 
of that in N = 128, Which is ,validated in Figure 2.10. 

For future reference, we pause to give a key asymptotic (K -+ oo) result 

that we will use to analyze performance when the choice of direct-sequence 
spread-spectrum codes is random. This result gives the asymptotic distri- 

bution of the eigenvalues of the crosscorrelation matrix R: 

Proposition 2.1 (Bai and Yin [191) Suppose that K users employ direct- 

sequence spread-spectrum waveforms with N chips per symbol. Let 

K 
lim -- =/3 ~ (0, cx~). 

~:-, oo N 

Suppose that the choice of signature sequences is completely random: the 

sequences assigned to each user are independent, and all binary sequences 

are equally likely. Then, the percentage of the K eigenvalues of R that lie 

below x converges (as K -+ oo) to the cumulative distribution function of 

the probability density function 

"vf[x - a]+[b - x]+ 
(2.28) 

fo(x) = [1 - f!-l]+a(x) ÷ 2rgfix ’ 

where 

[z]+ = max{0, z}, 
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and 

Moreover 

to a. 

(2.29) 

if 13 <_ 1, the smallest eigenvalue converges almost surely 

2.3.6 OTHER SPREAD-SPECTRUM FORMATS 

Direct-sequence is not the only spread-spectrum signaling format 

suitable for CDMA. The direct-sequence format (2.15) can be generalized 

in several directions: 

1. The "codes" need not be binary valued. 

2. While preserving their orthogonality, the N chip waveforms need not be 

delayed versions of each other. 

Such a generalization is reflected in the following spread-spectrum 

model:                       , 

N 

s(t) = A ~_, 13i¢i(t), (2.30) 

i=1 

where (131 ..... 13N) is the spreading code and the N deterministic signals 

l/ri satisfy the orthogonality conditions 

(¢i, ¢,) = 0, 

if i 5~ 1. Model (2.30) particularizes to direct sequence and to multicarrier 

CDMA: 

DIRECT SEQUENCE 

In direct-sequence spread-spectrum, the chip waveforms are delayed ver- 

sions of each other: 

Oi(t) = prc(t - (i - 1)T~,), (2.31) 

where recall from (2.14) that the chip waveform Pro is orthogonal to any ver- 

sion of itself delayed an integer multiple of Tc. In the special case of direct- 

sequence spread-spectrum we have considered until now, 13j ~ {-1, 1}. 

(See Problem 2.16 for the more general nonbinary setting.) 
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MULTICARRIER CDMA 

The dual of (2.31) in the frequency domain is obtained by considering 

chip waveforms whose Fourier transform satisfies 

*i(f) = Pl/r f -~ , (2.32) 

which implies that 

lPi(t) --= eJ2rc(i-1)t/T p1/T(t), 

where P1/r is the inverse Fourier transform of pl/r. In this model,/~j is 

usually complex-valued. 

FREQUENCY HOPPING 

We could even lift the restriction that chip waveforms are linearly modu- 

lated by the code coefficients, in which case we get 

N 

s(t) = A Z ¢i(t;fii), fii ~4, 
i=1 

(2.33) 

where 

(¢i(.; �~), Ct(.; )’)) = o, 

if/ 

A special case of (2.33) is that of frequency hopping: 

cos(27r/3it), ifiT~. - T,. < t < iTc; 
Oi (t; j3i) = 0, 

otherwise. 

In frequency-hopping spread-spectrum the chips are modulated in fre- 

quency, rather than in phase as in direct-sequence. Each of the N chips 

corresponds to a sinusoid whose frequency is chosen pseudorandomly from 

a given set of frequencies. Figure 2.11 shows a frequency-hopping spread- 

spectrum signature waveform, where N = 7 and there are three different 

frequencies ([~41 = 3). In a related, but different, signaling strategy called 

slow frequency hopping, each symbol is modulated by a single narrowband 

signal whose carrier frequency is periodically changed, every few symbols. 

FIGURE 2.11. 
Frequency- 

hopping 

spread-spectrum 

signature 

waveform, N = 7. 
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2.4 DATA STREAMS 

A basic assumption we will use for the design and analysis of 

multiuser detectors is that all possible data streams 

{bk[-M] ..... bk[M], k = 1 ..... K} 

are equiprobable. This means that bits are independent, equally likely to be 

+1 or -1. 

In practice, the raw data may be subject to error-control coding, in which 

case the assumption of independent bits no longer holds. Other types of 

data dependencies may be introduced in order to shape the spectrum of the 

transmitted signals or to satisfy constraints on the digital streams imposed 

by communication protocols. 

In general, it is suboptimal to separate the demodulation and error-control 

decoding operations. Nevertheless, conceptually and practically, it makes 

sense to study the demodulation operation separately from error-control 

decoding. The bit-error-rate for the raw independent data, although not the 

ultimate performance measure of interest in an error-control coded system, 

provides an excellent way to compare different demodulation strategies. In 

practice, complexity considerations usually rule out optimal decoders that 

work with the received waveform directly. Instead, error-control decoders 

work either with demodulated data ("hard-decisions") or with real-valued 

scalars ("soft-decisions") which give an assessment of the reliability of 

those decisions. Hard-decision demodulators can be modified to that effect. 

The separation of demodulation and decoding is akin in spirit to the 

separation of encoding and modulation described in Chapter 1. Having each 

user modulate a signature waveform imposes a structure on the transmitted 

signal that incurs a loss of capacity. Yet, this structure facilitates (particularly 

when the signature waveforms are spread-spectrum) the challenging task 

of the receiver. 

Differential encoding of the data streams is another feature present in 

many systems of interest. In differential encoding, the kth user sends 

M 

~ A~ek[i]s~(t -- iT), 
i=--M 

where the transmitted stream is not the data stream (with or without redun- 

dancy) itself but its transitions: 

e~[i] = e~[i - 1]b~[i]. 

The differential encoder is initialized with a bit ek[-M - 1] known to the 
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receiver, which makes decisions on the consecutive products 

ek[i -- 1]ek[i] = bk[i]. 

The purpose of differential encoding is to facilitate demodulation in the 

presence of phase uncertainties. For example, at the expense of some per- 

formance loss, differential encoding enables differentially coherent demod- 

ulation whereby the signal received in the previous interval is used to provide 

a carrier-phase reference in lieu of an internally generated sinusoid in phase 

with the received waveform. 

Some systems offer multirate capability, whereby the information rates 

transmitted by various users need not coincide. An obvious way in which 

a user can multiply its data rate by a factor of k is by serial-to-parallel con- 

version of its data stream into k data streams, each of which modulates a 

different signature waveform (Problem 2.20). Alternatively, the spreading 

gain can be chosen inversely proportional to the data rate while keeping the 

chip rate (and, hence, bandwidth) of the transmitted signal invariant to the 

data rate. 

2.5 MODULATION 

2.5.1 CARRIER MODULATION 

The basic CDMA model in Sections 2.1 and 2.2 is a baseband 

model. It is easy to incorporate frequency translation by multiplying the 

signature waveforms by sinusoids. Since different users’ carriers (even if 

they have the same frequency) are not phase-synchronized, carrier modula- 

tion has the effect of multiplying each crosscorrelation by a random factor. 

The function gk denotes the unit-energy modulated version of sk using a 

carrier with frequency fc and phase ~bk: 

sk(t) cos(2srfct + 
~k(t) = 

Ilsk(t) cos(2zcf~t + 

We can write the energy and inner products of the modulated signature 

waveforms as 

IIs~(t) cos(2rrf~t ÷ ~k)ll2 

l for l for = ~ s~(t) dt ÷ ~ s~(t) cos(4~rfct ÷ 2~,bk) dt, 

(s,(t) cos(2zrf~t + Ck), sj(t) cos(2rcf~t + ~bj)) 

1              1 
= ~ cos(Ok - 4,j)(sk, s~) + ~ 

(2.34) 

sk(t)sj(t) cos(4zcf~t + dpk + qbj) dt. 

(2.35) 
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If, as customary, the bandwidth of the signature waveforms is less than fc, 

then the integrals of signals at 2fo in (2.34) and (2.35) can be neglected. 

Thus, 

~j = (~, ~j) = p~j cos(¢~ - Cj). (2.36) 

Because the phases ~bk are independent and uniformly distributed on [0, 2:r], 

the probability density function of/5~j is given by 

1 

2 _ 2’                ~ f~k~(r) -- :r~ r E (-p~j p~). 
(2.37) 

A similar result is obtained for the asynchronous crosscorrelations (2.13). 

Conditioned on p~j, the moments of ~ are 

E[~kj] = O, 

~J (2.38) 
2 

If the asynchronous crosscorrelations are averaged with respect to random 

sequences, delays, and phases, then their variance is equal to 1/(6N), in the 

case of rectangular chip waveforms (2.27). 

As usual, carrier-modulated signals are conveniently represented by 

complex-valued baseband signals. If a(t) and ~b(t) are real-valued base- 

band signals, we can express the carrier-modulated signaP as 

a(t) cos(2rrfct + ~b(t)) = 9l{a(t)eJ2~f°t+o(O} (2.39) 

=~l{a(t)eJ2~L’} 

= 91{a(t)} cos(2:rfct) 

-~{a(t)} sin(2zrfct), (2.40) 

where we have introduced the complex-valued signal 

a(t) = a(t)e~0(~) = a(t) cos ~b(t) + ja(t) sinO(t). 

As ej2zcfd does not carry any information, it is useful to view the carrier- 

modulated signal (2.39) as the complex-valued baseband signal a(t). The 

real and imaginary parts of a(t) are known as the quadrature components 

of a(t) cos(2zrfct + ~b(t)). 

We can now generalize the basic synchronous CDMA model to 

K 

y(t) = ZA~b~s~(t) ÷ an(t), 
k=l 

(2.41) 

6 The real and imaginary parts of a complex number are denoted by a = ~l{{a} q- j~{a}. 
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where y(t), Ak, sk(t), and n(t) are complex-valued] and the real and imag- 

inary components of n(t) are independent and white Gaussian, each with 

spectral level equal to 1. The complex-valued signature waveforms s~(t) are 

normalized to 
r 

for 
iis, ii2 = .£ 9t2{s~(t)}dt + ~2{s,(t)}dt = 1. 

An analogous complex-valued counterpart can be formulated for the asyn- 

chronous model. The complex-valued model in (2.41) is particularly advis- 

able when the transmitted signals undergo fading and/or the demodulation 

is noncoherent. 

2.5.2 NONANTIPODAL MODULATION 

Inasmuch as the data bits are {-1, +1}, channels (2.1) and (2.6) 

assume a simple type of data modulation: binary antipodal.8 This assump- 

tion is common in the analysis of CDMA systems and constitutes the most 

energy-efficient binary modulation strategy (Problem 2.9). At the expense 

of some notational complexity and negligible conceptual difficulty it is 

possible to generalize many of the results that we will present to any linear 

modulation format, by letting the data symbols belong to an arbitrary finite 

alphabet. This type of modulation is known as Pulse Amplitude Modulation 

(PAM). 

In practice, a relatively simple way to improve bandwidth efficiency 

is to use quadrature modulation systems in which parallel data streams 

modulate two phases of the same carrier separated by 90°. Allowable 

phase transitions are controlled to further reduce bandwidth in modula- 

tion systems such as zr/4-QPSK (Feher [89]). Different signature wave- 

forms may be assigned to each qu,adrature channel. Note that by dou- 
bling K, (2.41) is general enough to encompass quadrature modulation 

systems. 

When nonlinear modulation is used, the kth user transmits 

M 

~ A~s~(t -- iT;b~[i]), 

where b~ [i] need not be binary-valued. The special case 

sg(t; b) = bs~(t) 

Complex quantities are denoted in sans serif typeface. 
Binary antipodal modulation of carrier-modulated signals is known as binary phase- 

shift keying (BPSK) or phase-reversal keying (PRK). 

4O 
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corresponds to linear modulation. Nonlinear modulation techniques are 

employed in sqme important multiuser communication systems. For ex- 

ample, frequency-hopping spread-spectrum waveforms are not modulated 

antipodally; instead, m-ary frequency shift keying and noncoherent de- 

modulation are the usual choices. The GSM TDMA-based mobile digi- 

tal telephony system (GSM Standard [82]) employs Gaussian minimum 

shift keying (GMSK): the information stream {bi} is first antipodally 

modulated, 

z(t) = ~b[i]f(t - iT), (2.42) 

and then exponentially modulated, 

s(t) = A cos(27rfct -t- rchz(t)). 

The antipodally modulated pulse in’(2.42) is not time-limited and is chosen 

to control the spillover of frequency content beyond 1/T: 

f(t) - 1 e-~2/2 d)~ dr. 
~/~ T ~/~ct(7:- T) 

Another example of nonlinear modulation is the 2J-ary modulation format 

employed in the uplink of the IS-95 CDMA-based mobile digital telephony 
system (IS-95 Standard [442]).9 This system can be best explained as the 

basic antipodally modulated CDMA model (2.6) where the stream of mod- 

ulating bits bk [i] is not the information stream itself but the iesult of encod- 

ing blocks of J consecutive information bits into blocks of 2J channel bits. 

That encoding is carried out by using the block of J information bits as the 
address ofaWalsh fufiction of length 2J (Problem 1.4). If the g E { 1 ..... 2J } 

Walsh function is denoted by 

h[~, 1], ... h[g, 2J], 

then J bits of information can be transmitted with the signal 

2J 

Z h[g~, i]sk(t - iT), 
i=1 

(2.43) 

where sk has duration T and h[g, i] E {-1, 1}. Thus, in this nonlinear- 

modulation scheme, the data rate is J2-J/T. Note that we can view Walsh 

nonlinear modulation as conventional antipodal linear modulation coupled 

with a block error-control code that constrains each block of consecutive 

modulating J bits to take only J different values. 

9 j = 6 in the IS-95 system. 
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In fact, a K-user channel employing m-ary nonlinear modulation is 

always equivalent to a Km-user linearly modulated channel where the data 

of different "users" are dependent: 

K                   mK 

~ AkSk(t; bk) = ~ Anbngn(t), 
k=l                  n=l 

(2.44) 

with 

gj+(k-1)m(t) = Sk(t; j), 

bj+(k_l)m = l{b~ = j}, 

~j+(k-1)m = Ak* 

(2.45) 

(2.46) 

(2.47) 

2.6 FADING 

In the basic CDMA models (2.1) and (2.6), the amplitudes Ak and 

signature waveforms sk are those obtained at the receiver. Often the received 

amplitudes and signature waveforms do not coincide with those sent by the 

transmitters because of channel attenuation and distortion. 

Fading refers to time-varying channel conditions. Any system with 

mobile transmitters and/or receivers is subject to fading. Even if the re- 

ceivers and transmitters are not mobile, fading may be present in systems 

such as shortwave ionospheric communication. Frequency-flat fading af- 

fects the received amplitudes but does not introduce signature waveform 

distortion. Frequency-selective fading affects the" received signals in both 

strength and shape. 

2.6.1 FREQUENCY-FLAT FADING 

When propagation conditions change, due for example to mobility, 

the received amplitudes vary with time. This feature is easily incorporated 

in the CDMA synchronous and asynchronous models: 

K M 

y(t) = ~ ~ A~[i]bk[i]s~(t - iT) + an(t), 
k=l i=-M 

K M 

y(t) = ~ ~ Ak[ilbk[i]sk(t -- iT - r~) + an(t). 
k=l i=-M 

(2.48) 

(2.49) 

Whether or not the receiver is able to track the time-varying coefficients 

A~[i], its performance will depend on the statistical properties of those 
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1 

FIGURE 2.12. 
0.8 

Probability density 
functions: (a) 0.6 
Rayleigh; (b) Rice 

0.4 
(d = 2); (c) 
Nakagami o.2 
(d = 3); (d) 
log-normal 
(ap = 10). 

c 

1 2 3 4 

random processes. In most systems, it is safe to assume that the random 

processes {A~ [i]} are independent from user to user. Furthermore, it is usu- 

ally assumed that {Ak[i]} are wide-sense stationary processes. Regarding 

the first-order statistics of the received amplitude (probability density func- 

tion of [Ak[i] [), it is convenient to write it as the product of a deterministic 

component times a random component: 

IA~[i]I = AkR[i]. 

Typical probability density functions of R [i] > 0 include: 

Rayleigh: fR(r) = re-r2/2, (2.50) 

r2+d2 

Rice: fR(r) = re ~ Io(rd), (2.51) 

Nakagami: fn(r) = c(d)r2d-l e-dr~/2, (2.52) 

20 l°gl° e    ( (20 l°g~° r)~ log-normal: fR(r) -- rapx/~-~ exp 
~ ~. (2.53) 

Figure 2.12 shows the Rayleigh, Rice,l° Nakagami, and log-normal prob- 

ability density functions. The second moments of the Rayleigh (2.50), Rice 

(2.51), and Nakagami (2.52) probability density functions are equal to 2. 

The second moment of the log-normal probability density function (2.53) 

is 1.02686°~ (Problem 2.31). 
Rayleigh fading arises when the real and imaginary parts of A~[i] are 

independent zero-mean Gaussian random processes, in which case the phase 

of A~ [i] is uniformly distributed on [0, 2~r]. If the real and imaginary parts 

of A~[i] are independent Gaussian random processes with nonzero mean 
Ag, then IA~[i]I = A~R[i] with R[i] having a Rice distribution with pa- 

rameter d = IA~ [/A~. Rice fading arises when there is a direct line of sight 

between transmitter and receiver. The additional degree of freedom in the 

1 f02~ eXCOS(.+~)dot. lO I0 is the zero-order Bessel function lo(x) = ~ 
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Nakagami distribution relative to the Rayleigh distribution enables a better 

fit to experimental measurements in urban channels. 

Coarse fading variations due to shadowing by obstacles in the line of 

sight between receiver and transmitter are usually modeled by log-normal 

fading, for which the received power in dB is a Gaussian random vari- 

able. In typical urban cells, the differences in power received at the base 

station from different users may be as high as 90 dB: this is the near-far 

problem. It is challenging to implement robust signal processing, time- 

acquisition, and demodulation for such enormous dynamic ranges. Power 

control systems counter those imbalances by dynamically adjusting trans- 

mitted power, based on feedback information from the receiver. As we 

will illustrate in future chapters, for most modulation/demodulation sys- 

tems, equal received power is the optimal power allocation for a fixed sum 

of received powers. Consequently, power control not only alleviates the 

effects of fading but it contributes to a savings in power. Power control 

proves particularly vital for systems that neglect the structure of the multi- 

access interference at the receiver (Chapter 3), Practical power controllers 

do not have unlimited capabilities for fast and accurate response, particu- 

larly in systems such as mobile-satellite communications. Thus, it is im- 

portant to analyze the performance of multiuser detectors subject to power 

imbalances. 

Several models are used in the literature for the autocorrelation of the 

fading amplitudes: 

dPk[n] = E [Ak[i]A~[i ÷ n]]. (2.54) 

For example, in narrowband communication the Clarke-Jakes autocorrela- 

tion is frequently used: 

¢~[n] = V~Jo(¢~n) 

def ~/k f02~r 

- 27r     cos(ff~n sin ~) do~.           (2.55) 

Autoregressive moving-average models are also popular choices for the 

fading coefficients. According to those models, the complex fading coeffi- 

cients Ak[i] are the response of finite-dimensi0nal linear time-invariant 

discrete-time systems to white processes. 

The lower the spectral content of the fading amplitudes, the more 

accurately they can be estimated, and the longer the average fade duration 

becomes. A fade is a period where the magnitude of the received amplitude 

is below a threshold of acceptable performance. 
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2.6.2 FREQUENCY-SELECTIVE FADING 

In many multiuser channels, not only do the received amplitudes 
vary with time but so do the received signature waveforms due to channel 

distortion. The additive multiple-access channel is invalidated by nonlinear- 

ities, in the presence of which the received waveform no longer comprises 

the noisy superposition of the various users’ waveforms. Fortunately, chan- 

nel distortion is often accurately’ modeled by a linear transformation, and 

we limit ourselves to that case. 

The signature waveform of the kth user undergoes a linear time-varying 

transformation fully characterized by the complex-valued (baseband) im- 

pulse response: 

hk(t, r), (2.56) 

which denotes the response of th~ system at time t due to a delta function 

at time r, 3(t - r). In the special case of a time-invariant system, the 

dependence of hk(t, r) on its arguments is only through t - r. The effect of 

frequency-selective fading on the basic CDMA model is that the signature 

waveform seen at the receiver is not s~(t) but the convolution 

f oth~(t, )0s~()0 d)~. 

Time-varying linear distortion is particularly prevalent in mobile com- 

munication systems, and we will focus our discussion of frequency-selective 

fading in that scenario. Mobile transmitters see different channels- hence 

the explicit dependence on k in (2.56). To understand the basic features of 

time-varying linear distortion present in mobile channels of practical inter- 

est we determine the impulse response in several highly simplified settings: 

Free space + Stationary. In the simplest setting, the transmitter and re- 

ceiver are in free space and stationary. There is only one (line-of-sight) 

path between the two antennas and the signal is received undistorted. 

Indeed, the channel has the following time-invari~nt impulse response: 

h(t,~)=A~(t r ~), (2.57) 

where do is the distance between transmitter and receiver and c is the 

speed of light. 

Free space + Motion. Suppose now that the transmitter travels in free 

space toward the receiver at speed v. This means that the distance is 

given by 

d(t) = d0 - 
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The impulse response is 

h(t,r)=At,~ t r d0+ t 
c 

=At~ 1+~ t r - . (2.58) 

In free space, the power loss with distance is inversely proportional to 
the square of the distance: IA~I o~ lid(t). 

We now have a time-varying system whose effect on a sinusoid 

is 

(2.59) 

Therefore, in addition to a time-varying amplitude due to increased 

signal strength as the transmitter moves toward the receiver, the si- 

nusoid undergoes an increase in frequency: the Dopplerll shift. For 

example, a mobile operating at 900 MHz and approaching the base 

station at 100 km/h undergoes a positive Doppler shift of 83 Hz. The 

effect of (2.58) on input signals other than sinusoids is not a simple 

translation in the frequency domain (such as that obtained by mul- 

tiplication with a sinusoid) because, as we can see from (2.59), the 

Doppler shift is proportional to the input frequency. 

Remote reflection + Stationary. The transmitter and receiver are station- 

ary, but they are not in free space. Due to the presence of remote 

reflectors there are L different paths between transmitter and receiver. 

~ Since the paths have different lengths, the impulse response has the 

specular multipath form: 

¯ 
h(t,~)=~.= A; t-r-    . 

(2.60) 

The time-invariance of (2.60) is due to the assumed stationarity of 

transmitter, receiver, and remote reflectors. 

In contrast to free space where the power loss is inversely propor- 

tional to the distance squared, propagation over a fiat reflecting surface 

results in the power loss being inversely proportional to the fourth 

power of the distance; in practice, ’the path-loss exponent depends 

heavily on the nature of the channel and generally ranges between 2 

and 5 (e.g., Stuber [433]). 

11 Christian J. Doppler (1803-1853) described this phenomenon for the first time. 
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The delay spread is the time it takes for light to travel a distance equal 

to the longest path minus the shortest path: 

maxj dj - min~ d~ 

c 

For example, a path difference of 30 m corresponds to a delay spread 

of 0.1/xs (typical of indoor picocellular communication), whereas a 

path difference of 6 km corresponds to a delay spread of 20/xs (typical 

of mountainous terrain). The inverse of the delay spread is called the 

coherence bandwidth of the channel. Coherence bandwidths of 3 MHz 
(resp. 100 kHz) are typical of indoor (resp. outdoor) wireless channels 

(Jung et al. [182]). Signals whose bandwidth is much smaller than 

the coherence bandwidth are not distorted appreciably by multipath 
(which explains the term frequency-fiat fading used in the previous 

subsection.) In contrast, when the coherence bandwidth is comparable 
or smaller than the symbol rate, multipath introduces not only distor- 

tion but intersymbol interference. Note that unlike Doppler effects, 

multipath distortion is not due to mobility; however, when either the 

-i- receiver or the transmitter moves, the delays dj and complex weights 

Aj in (2.60) change with time. Accordingly, to take full advantage of 

the transmitted power the receiver must track the time-varying chan- 

nel impulse response. For example, if the parameter variations are not 

too rapid relative to the symbol rate, an adaptive algorithm known as 

the rake can be used to track Aj(t), dj(t), j = 1 ..... L and combine 
(coherently or noncoherently) the delayed replicas of the transmitted 

signal. 

Even though multipath complicates the task of taking advantage 

of all the transmitted energy at the receiver, it provides a potential 
source of beneficial diversity. To explain this concept, it is useful to 

compare a channel with L paths (2.60) with a channel without mul- 

tipath given by (2.60) and L = 1. If A j, j = 1 ..... L are indepen- 
dent, Gaussian, complex random variables, the strength of each path 

is Rayleigh-distributed. This implies that with nonnegligible prob- 
ability the path strength will be very small (cf. Figure 2.12). Due 

to the assumed independence of the path strengths, we can expect 

performance to be worst if L = 1, since in that case the probabil- 

ity that the received energy falls below an acceptable threshold is 

maximized. 
The large time-bandwidth product of spread-spectrum signals al- 

lows the designer to choose signature waveforms with good auto- 
correlation properties in the sense that their autocorrelation function 
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resembles a delta function: 

f sk(t)s~(t + ;L) 8(;L). dt (2.61) 

This is important for two reasons: (a) robustness and (b) identifica- 

tion. (a) A delayed replica of a signature waveform is very different 

from the signature waveform itself and results in small interference. 

(b) If the response of the channel to a signal sk that satisfies (2.61) is 

passed through a filter with impulse response s~(-t), then the output 

of that matched filter approximates the impulse response of the chan- 

nel (Problem 2.27) (assuming the channel time variations are small 

relative to the duration of s~). For direct-sequence spread-spectrum 

signals, the autocorrelation cannot be made negligible for arguments 

smaller than the chip duration, so multipath delays smaller than the 

chip duration are not resolvable. The number of resolvable paths is es- 

sentially given by the bandwidth of the spread-spectrum signal times 

the delay spread. 

Remote scattering + Stationary. Specular reflections of electromagnetic 

waves are produced by sharp boundaries between two different media. 

Far more commonly, waves are scattered (i.e., they are reflected by 

multiple particles in a random disorganized fashion), in which case 

the phases of the scattered waves superpose randomly. No longer a 

superposition of a finite number of delta functions, the resulting time- 

invariant impulse response h(t, 0) = h(~. ÷ t, ;L) is typically modeled 

as a (complex-valued) Gaussian process. The scattering/multipath in- 

tensity profile is defined as 

~o(t) = E[lh(t, 0)12]. 

The rms delay spread, o-~, is defined as the standard deviation of the 

probability density function 

f0 dr 
Since ~(t) is usually nonzero, but insignificant, at arguments much 

larger than the rms delay spread, a more pragmatic definition of co- 

herence bandwidth than the one given in the foregoing paragraph on 

remote reflection is that coherence bandwidth is the reciprocal of a 

multiple12 of o~,. In intuitive terms, spectral components of the trans- 

mitted signal that differ by no more than the coherence bandwidth are 

subject to similar channel attenuation/phase rotation. 

12 Usually ranging between 5 and 50, depending on the application (Sklar [413]). 
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Local scattering/reflection + MotiOn. Even in the absence of remote 

scatterers/reflectors, objects near the mobile produce multiple trans- 

mitter/receiver paths. Although the length of those paths is essentially 

the same, some path lengths increase while others decrease with mo- 

tion, depending on the location of the scattering objects relative to the 

motion vector. In the case of a finite number of local reflectors we 

obtain 

( h(t,r)=~.= [3j~ t vc     + t . (2.62) 

The response of such a linear system to a sinusoid can be readily 

computed using (2.59). Therefore, we observe that the effect of motion 

and local reflection on a delta function in the frequency domain is 

dual to the effect of fixed multipath on a delta function in the time 

domain. 

With a continuum of local scatterers, the spreading function is no 

longer composed of a finite sum of delta functions. A simple idealized 

example of a continuum of local scatterers is the case where the energy 

received by the mobile is independent of the angle of axrival. In that 

case, a pure sinusoid transmitted at frequency fo is received as a signal 

with power spectral density (Problem 2.33) 

k 
S(f) = _ _~ ---2’ f E (fc -- fm, fe q- fm), 

(f 

where fm = Vfo/C and v is the speed of the mobile. This provides a 

simple example of a linear time-varying system whose response to a 

sinusoid is a signal with a continuous spectrum. The Doppler spread 

is equal to the bandwidth increase of the transmitted signal, equal to 

2fro in the special case of a pure tone. 

Remote scattering + Local scattering + Motion. The combination of the 

foregoing effects is described by the statistical properties of the im- 

pulse response. To express the key statistical properties of the impulse 

response it is convenient to work with its Fourier transform. Since the 

transfer function (at frequency f) in the familiar time-invariant case 

is the response of the system to ejz~rft divided by ej2~rft, we can define 

the "time-varying transfer function" in the same way: 

H(t, O) = e-j2~rOt h(t, r)ej2~°~ dr 

= h(t, t - )v)e-j2~°z d),. (2.63) 
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Often, h(t, t - )0 is modeled as a wide-sense stationary process for 

all )~, in which case H(t, 0) is also wide-sense stationary for all 0. 

Furthermore, in uncorrelated scattering h(tl, )~1) and h(t2, )~2) are un- 

correlated whenever t~ - )~ 7~ t2 -/~2 SO we can write 

E[h(tl, 771)h*(t2,772)] = ,~(h - t2, tl - 771)~(tl - 771 - t2 q- 772), (2.64) 

where the scattering intensity profile defined before can be obtained 

as a special case of the correlation function E: 

E(0, t) = ~o(t). 

Using (2.64), we can verify that the following correlation function 

depends only on the difference between the corresponding arguments: 

E[H(h, 0~)H*(tz, 02)] 

-= E[h(h, h - v~)h*(t2, t2 - P2)]e-j2rc(vtO’-v202) dv~ dr2 

de=f ¢O(h -- t2, 01 -- 02). (2.65) 

Upon taking the two-dimensional Fourier transform of the correlation 

function in (2.65) we get the scattering function: 

~(f, 77) = ~(t, O)e-JZ~rft ejzsrrO dt dO. 

The range of (positive) values of r (resp. f) for which the scatter- 

ing function is nonnegligible i~ the multipath spread (resp. Doppler 

spread). As a rough rule of thumb, the Doppler spread is inversely pro- 

portional to the time it takes for the mobile to traverse a wavelength 

of the carrier frequency. 

2.6.3 HOMOGENEOUS FADING 

We conclude this section with a simple model of an extreme type 

of frequency-selective fading that originates from the consideration of in- 

dependent Rayleigh frequency-flat fading at the chip level. Consider the 

complex-valued version of the spread-spectrum signal model in (2.30) and 

assume that each dimension is affected by a different random coefficient: 

N 

s(t) = ~ ICi[eJ°’13iOi(t). 
i=1 

(2.66) 
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Further, let us assume that {Ci = [Cile]°i, i = 1 .... N} are independent, 

zero-mean, complex Gaussian variables. In the conventional direct-sequence 

model (2.31) where the basis functions ~Pi are delayed versions of each other, 

the homogeneous fading model applies to scenarios with very fast fading. 

In multicarrier CDMA (2.32), homogeneous fading models are used when 

the coherence bandwidth is smaller than the data rate. 

Notice that in a CDMA system where the spreadin~ coefficients (ill ..... 

fiN) have identical magnitude (such as in the usual bipolar direct-sequence 

case), all the information contained in the spreading codes gets washed 

out by this kind of fading. In effect, the "signature sequences" become 

random and totally controlled by the fading. Moreover, depending on the 

application, the values of {Ci i = 1 ..... N} may not be easy to track at 

the receiver, in which case the time-domain structure of the signals can no 

longer provide distinguishability among users, unless multilevel spreading 

coefficients are employed. 

2.7 ANTENNA ARRAYS 

Antenna arrays consist of several antennas arranged together in 

space. They are employed in multiuser wireless communications for two 

primary purposes: 

Diversity: The use of multiple antennas to provide diversity dates back 

to the early days of single-user radio communication. The rationale is 

that if the array elements are sufficiently separated, fading does not 

affect the signal received by each element equally, and performance 

(and, in particular, outage probability) is improved. 

User separation: It is possible to exploit the fact that users are physically 

separated by provi~ling the receiver with an antenna whose radiation 

pattern13 is not omnidirectional. Likewise, directive antennas can con- 

centrate transmitted power in the direction of the intended receiver. 

At a given location in space, the received signal depends not only on time 

but also on the angle of arrival?4 

y(t, o0, t ~ (-cx~, +cxz), o~ ~ [0, 2rr). (2.67) 

The radiation pattern (also known as directivity pattern or simply antenna pattern) is 
the distribution of the power radiated (or received) by the antenna as a function of the 
angle. 
It is customary to restrict attention to two-dimensional patterns since, in most appli- 
cations, users are roughly located on a plane. 
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Conceptually, we could view the angle (or "space") variable similarly to the 

time variable, and we could generalize the basic CDMA model accordingly. 

However, the signal in (2.67) is not observable at the output of the antenna. 

Rather, we can think of the antenna as a "correlator" in the space domain: 

1 
y(t, ot)R(ot) dot,                (2.68) 

2zr ) 

where R(ot) is the radiation pattern. Because the radiation pattern of an 

antenna depends on the frequency of the received signal, (2.68) gives an 

overly simplified view, which is nevertheless useful when dealing with the 

usual case of radio-frequency signals whose bandwidth is small relative to 

their center frequency. 

The simplest one-element antenna has an omnidirectional pattern: R(ot) 

equal to a constant. Linear arrays of equispaded omnidirectional antennas 

are the most common approach to beamforming. The number of antennas 

in the array determines the achievable angle discrimination, in much the 

same way that the achievable sharpness of frequency discrimination of a 

finite-impulse response digital filter is determined by the number of filter 

taps. Once the number of elements in the array and their distances are 

fixed, the resulting antenna pattern depends on how the element outputs 

are combined. Let us consider the simplest case of a two-element array 

(Figure 2.13) separated by d. A planar sinusoidal field at frequency fo is 

incident upon the array at angle ot. The field received by element 2 is delayed 

relative to the field received by element 1 by the time it takes for light to 

travel the distance d cos ot. Thus, the respective responses are 

x~ (t) = ej2~rfct+jO, 

x2(t) = ej2~cf°(t-~ coscO+j0 

We now combine both responses as 

z(t) = xl(t) ÷ geJ~x2(t) 

= ejZzrfct+JO(1 + geJ~o-jz~rfo~ cos~) 

: eJ2zcfct+J°’(1 q-g2 ~-2g c°s(~0 -- 2P’t’fcd c°sot))1/2c 

= eJ2ZrAt+jo’(1 q_ g2 q_ 2g COS(~0 -- ~r cos 

(2.69) 

(2.70) 

,"1 d 2 

FIGURE 2.13. 

Two-element 

array. 
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FIGURE 2.14. 
Two-element array 
radiation patterns 
with equal gains 
and phase offsets 
of ~ = ~ (left) and 
~ = ~/2 (right). 

where g and 99 are design parameters. In (2.70) we have chosen d to be one 

half of the wavelength of the sinusoid field at frequency fo: 

)~c C 

2 2f~ 

This choice is the most convenient one as smaller values of the inter-element 
distance d do not let 2~rfo~ cosa range over the full interval [-~r, ~r). 

Figure 2.14 shows polar plots of the magnitude of the two-element array 

radiation pattern: 

IR(ot)lz = 1 + g2 + 2g cos(q) - ~r cosot). 

In general, an array of D elements spaced at half a wavelength whose 

outputs are combined with the steering vector weights 

(glejgi ..... gDe jOb) 

has the radiation pattern 

D 

R(a) = E g’eJ~"-J~(’-~)z°s"" (2.71) 

n~l 

We now proceed to generalize the complex-valued scalar CDMA model 

in (2.41) to the scenario of array observations. To that end, we assume that the 

carrier frequency is common to all users and that it is much higher than the 

bandwidth of the transmitted signals, so that the antenna has approximately 

the same pattern for all received frequencies. If user k transmits the signal 

Akb~Sk(t)ej2~fd 

during the interval t ~ [0, T], the response of the nth array element will be 

denoted by 

Cnk A k bk Sk ( t )ej z~r fct. 
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We can think of the vector 

I 
Clk 

1 

k c~ 

as the spatial signature of the kth user. If the energy transmitted by user k 
arrives exclusively at direction o~k, then we can be more explicit about the 

coefficient cnk; according to the foregoing development, 

Cnk 
= e-J2~rfc(n-1)~ COSC~k 

= e-j~(n-l~c°s~k, (2.72) 

where (2.72) assumes half-wavelength spacing¯ 

In the presence of multipath, the signal transmitted by each user arrives 

at the receiver not from one direction, but from a continuum, in which case 

the form of the coefficients in (2.72) is not applicable. The angle spread 

gives the range of angle values for which significant energy is received. 
Typical values are 360° in indoor picocell systems, 20° in urban cells, and 

1° in a flat rural environment (Paulraj and Papadias [326]). 

Applying superposition, the baseband vector-valued, continuous-time 

synchronous CDMA array response model is 

K 

y~(t) = ~ cl~A~bks~(t) + o-n~(t), 
k=l 

(2.73) 

K 

yo(t) = ~ co~Akbks~(t) + ano(t), 
k=l 

where the Gaussian noises {hi } are usually assumed to be independent¯ If 

the transmitted waveforms are spread-spectrum waveforms with spreading 

factor N and they are synchronized, the vector signal obtained at the output 

of the array as the superposition of the K transmitted signals belongs to 

an N x D-dimensional vector space. Whether the dimensions or degrees 

of freedom come f~om the time domain only or from both time and space 

makes little conceptual difference. Practically, there is indeed a marked 

difference because the system designer has control over the similarity of 

signals in the time domain (albeit, not total control due to unknown channel 

distortion) but no control over similarity in the space domain. Indeed, users 

may be arbitrarily close to each other, so the crosscorrelation between the 

spatial signatures (Clk .... COk) and (c~j .... CDj) may be arbitrarily close to 
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unity. Furthermore, in mobile applications no prior knowledge of the spatial 

signatures can be assumed. 
Pure Space-Division Multiple Access corresponds to the special case of 

(2.73) in which users are not differentiated in the time domain, that is, 

Sk(t) = S(t) for all k. 
In addition to antenna arrays, there are other mechanisms that provide 

diversity: error-control coding, multipath, cross-polarization, frequency 

diversity, etc. We can generalize (2.73) to an arbitrary diversity system 

by defining sak(t) as the signature of the kth user in the 3th branch. Then 

K 

y~(t) = ~ A~gbgsl~(t) + and(t), 
k=l 

(2.74) 

K 

yD(t) = ~ ADkbkSDk(t) q- anD(t). 
k=l 

This diversity model encompasses the array response model in the special 

case in which 

Sdk(t) = Cd~Sk(t). 

2.$ BACKGROUND NOISE 

The additive noise n(t) in (2.1) and (2.6) models any part of the 

received signal not due to the transmitters in the multiuser communica- 

tion system. It incorporates receiver thermal noise, background electromag- 

netic noise, as well as man-made interference. Typical scenarios where n(t) 

deviates from the white Gaussian noise assumption include narrow band 

interference, out-of-cell interference, and impulsive noise. 

Narrowband interference may originate from intentional jamming or 

from the coexistence of different communication systems in a frequency 

band. For example, one of the advantage of spread-spectrum techniques is 

that they can be overlaid on top of an existing narrowband channel while 

causing an inappreciable rise in the background noise level of the nar- 

rowband channel. Although we do not deal with narrowband interference 

rejection techniques in subsequent chapters, the sections on bibliographi- 

cal notes contain references to works where multiuser detection techniques 

have proven useful for narrowband interference suppression. 
Even though any interferer (in2cell or out-of-cell) has the same struc- 

ture as the multiser signals that are incorporated in the basic models (2.1) 
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and (2.6), frequently it makes sense for the sake of reduced complexity to 

regard the aggregate signal due to weak out-of-cell interferers as white and 

Gaussian. 

Accurately modeling the non-Gaussian nature of the background noise in 

channels with impulsive noise may lead to important performance gains in 

multiuser channels. Typical non-Gaussian noise models involve probability 

density functions that are the mixture of two Gaussian distributions with 

different variances. 

2.9 DISCRETE-TIME SYNCHRONOUS MODELS 

Multiuser detectors commonly have a front-end whose objective is 

to obtain a discrete-time process from the received continuous-time wave- 

form y(t). Continuous-to-discrete-time conversion can be realized by con- 

ventional sampling, or more generally, by correlation of y(t) with determin- 

istic signals. Two types of deterministic signals are of principal interest: the 

signature waveforms and orthonormal signals. 

2.9.1 MATCHED FILTER OUTPUTS 

One way of converting the received waveform into a discrete-time 

process is to pass it through a bank of matched filters (Figure 2.15), each 

y(t) 

Matcheduser Filter 1 

Matcheduser Filter2 

~ Matched Filter 

User 3 

:> ",~ > y~[i] 

Sync 1 

Matched Filter 
. 

UserKI 

>.’~ ~ yg[,] 

J" 
[    SyncK 

FIGURE 2.15. 
Discrete-time- 

K-dimensional 

vector of matched 
filter outputs. 
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matched to the signature waveform of a different user. In the synchronous 

case, the output of the bank of matched filters is 

Yl =    y(t)sl(t)dt, 

:                      (2.75) 

YK =    y(t)sx(t) dt. 

Using (2.1) and (2.3) we can express the output of the kth matched filter as 

Yk = A~bk + ZAjbjpj~ + n~, (2.76) 

where 

n~ = a n(t)sk(t) dt (2.77) 

is a Gaussian random variable with zero mean and variance equal to o-a (from 

Proposition 3.5 and the fact that s~ is normalized to have unit energy). 

It is convenient to express (2.76) in vector form: 

y = RAb + n, (2.78) 

where R is the normalized crosscorrelation matrix, 

y = [y~ ..... yK]T, 

b = [b1 ..... bK]T, 

A = diag{A~ ..... Ax}, 

and n is a zero-mean Gaussian random vector with covariance matrix equal 

to 

E[nnT] = cr2R. (2.79) 

In Chapter 4, we will show that no information relevant to demodulation is 

lost by the bank of matched filters; in other words, y(t) can be replaced by 

y without loss of optimality. 

The unnormalized crosscorrelation matrix whose (j, k) element is (A~s~, 

A~s~) is denoted as 

H = ARA. (2.80) 

To analyze any detector whose front-end consists of a bank of matched 

filters, the original channel model can be replaced by the linear Gaussian 
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K-dimensional model in (2.78). Recall that in the synchronous case it is 

sufficient to restrict attention to a one-shot model; thus, we have omitted 

the dependence of y, b, and n on the symbol index. 

We can easily generalize (2.78) so as to encompass the complex-valued 

model in (2.41): 

K 

y(t) = ~Akbks~(t) + an(t). 
k=l 

(2.81) 

The outputs of the matched filters are 

yk = (y, s~) 

= y(t)s*~(t)dt 

= A~b~ + ZAjbjp~j + n~, (2.82) 

where 

p~j = s~(t)s~(t) dt. 

Then, the same vector model as in (2.78), 

(2.83) 

y = RAb + n, (2.84) 

can be used to represent (2.82) with a Hermitian matrix R, a complex diag- 

onal matrix A, and a complex-valued Gaussian vector n with independent 

real and imaginary components and covariance matrix equal to 2o-ZR. 

Although (2.78) will emerge as the most convenient discrete-time model 

in future chapters, occasionally we will have the opportunity to employ 

other models that contain the same information as the bank of matched 

filter outputs. For example, consider the following result: 

Proposition 2.2 (Choleskyfactorization)Foreverypositivedefinitematrix 

R there exists a unique lower triangular matrix F (i.e., Fi~ = O for i < k) 

with positive diagonal elements such that 

R = FrF. 

For brevity, we shall denote the inverse of the transpose of a matrix by 

(FT)-I clef= F_T. (2.85) 
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If the matched filter outputs y are processed by the matrix F-T, we obtain 

the equivalent discrete-time model 

~, = F-ry 

= F-rFrFAb + F-rn 

(2.86) 

= FAb + fi, (2.87) 

where Yk contains contributions from users 1 ..... k but not from users 

k ÷ 1 ..... K. The covariance matrix of fi is 

E[fifiT] = a2F-TRF-1 = a2I, 
(2.88) 

where I is the identity matrix. Reflecting the independence of the noise 

components, (2.87) is called a whitened matched filter model. Because there 

is a one-to-one correspondence between ~ and y, both models contain the 

same information about the data. 

The discrete-time model in (2.78) was derived from a scalar continuous- 

time model. It is conceptually straightforward to generalize (2.97) to the 

case in which the original observations are D dimensional as in (2.73). For 

example, in a synchronous system we can make L equal to the spreading gain 

times the dimensionality of the array. Alternatively, it is often advantageous 

to distinguish between the roles played by the spatial signatures and the 

time-domain signatures of the users. If the D antenna output waveforms 

in (2.73) are each processed by a bank of K matched filters, we obtain a 

D x K matrix Y with entries 

K 

Ydj = (Yd, S j) = E CdkAkbkPjk ÷ ndj 

k=l 

(2.89) 

and 

E[ndj n~*~] = 2a2pjl~da¯ (2.90) 

We can rewrite (2.89) in matrix form as 

Y = CABRT + N, (2.91) 

where C denotes the D x K matrix of spatial signatures, 

B=diag{bt ..... bx}, 

and N is a D x K zero-mean Gaussian matrix with correlations given in 

(2.90). 
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In order to obtain a discrete-time model for the general diversity model 

in (2.74), 

K 

yl(t) = ZAlkb~si~(t) + crnl(t), 
k=l 

K 

yD(t) = Z Az)~b~so~(t) + crnz)(t), 
k=l 

(2.92) 

we will only consider the matched filter outputs 

Yd~ = (Yd, 

= Aclkbk + Z AdlblPlk(d) + o’n,~ (2.93) 

where the crosscorrelations of the signals in the dth branch are denoted by 

p~j (d) = s~ (t)Sdj (t) dt. (2.94) 

Instead of adopting the matrix notation in (2.89) it is now more convenient 

to represent (2.93) in vector form: 

ya = R(d)A(d)b + rid, d = 1 ..... D, (2.95) 

where R(d) is the matrix defined in (2.94), nd is complex Gaussian with 

covariance matrix 2o-2R(d), and 

A(d) = diag{Adl ..... AdK}. 

ORTHONORMAL PROJECTIONS 

The dimensionality of the vectors in (2.78) and (2.87) is equal 

to the number of users. In some situations (such as when the signature 

waveforms of some interferers are not known a priori) other models (with 
possibly different dimensionality) are useful. Let {01 ..... 0L } be a set of L 

orthonormal signals defined on [0, T]. The signature vector, sk, of the kth 

user is the L-dimensional representation of s~ on the basis {~1 ..... q~L}, 

that is, the l component of the column vector s~ is 

6O 

Samsung Ex. 1007, Page 81 of 470



2.9 DISCRETE-TIME SYNCHRONOUS MODELS 

Furthermore, we define the components of the vector r as 

rl = y(t)¢t(t) dt. 
) 

We can then write the column vector 

K 

r = ~ A~bksk + am 
k=l 

= SAb + o-m, 

(2.96) 

(2.97) 

where m is an L-dimensional Gaussian vector with independent unit-vari- 

ance components, and we have introduced the L x K matrix of signature 

vectors 

S=[sl I "’" I st~]. (2.98) 

Since bits of different users are uncorrelated, the covariance matrix of (2.97) 

is equal to 

2 T 
E[rrr] = a2I + ~ Aks~s~ 

k=l 

o-21 q- SA2Sr. 

(2.99) 

(2.100) 

The finite-dimensional model in (2.97) holds regardless of whether the L 

orthonormal signals {~pl ..... ~L} span the signature waveforms {Sl ..... 

s~:}. An example of a set of orthonormal signals that span the signature 

waveforms is a direct-sequence spread-spectrum system where L is equal 

to the number of chips per symbol and the orthonormal signals are delayed 

chip waveforms: 

gri(t) = pT,c(t - (i - 1)Tc). 

If the signature waveforms are spanned by {~p~ ..... ~Pt~}, then the K x K 

crosscorrelation matrix becomes simply (Problem 2.43) 

R = SrS. (2.101) 

Moreover, 

IIs~ll = 1, (2.102) 

and all the information contained in y is contained in r because the matched 

filter outputs can be expressed as linear combinations of the components 

of r: 

y = Srr. 2.103) 
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to 

Note that in the case of Space-Division Multiple Access, (2.89) reduces 

K 

(Yd, S) = E CdkAkbk ÷ rid, 
k=l 

which is identical to the model in (2.97) with the spatial signature matrix C 

taking the role of S. 

2.10 DISCRETE-TIME ASYNCHRONOUS MODELS 

For the asynchronous channel, notation is simplified if users are 

labeled chronologically (i.e., by their time of arrival), which is equivalent 

to assuming without loss of generality that 

Then, taking into account (2.6) and (2.13), the matched filter outputs can 

be expressed as 

y~[i] = Akb~[i] ÷ EAjbj[i + 1]Pkj ÷ EAjbj[i]Pjk 
j<k                       j<k 

where 

÷ EAjbj[i]pkj ÷ EAjbj[i - 1]Pjk + nk[i], (2.104) 
j>k                  j>k 

f vk+iT+T 

nk[i] = a n(t)sk(t -- iT -- ~k)dt. (2.105) 
dzk÷iT 

We can write (2.104) in matrix form: 

y[i] = RT[1]Ab[i + 1] + R[0]Ab[i] + R[1]Ab[i -- 1] + n[i], (2.106) 

where the zero-mean Gaussian process n[i] has autocorrelation matrix 

E[n[i]nT[j]] = 

a2RT[1], ifj=i+l; 

a2R[0], if j = i; 

a2R[1], if j = i - 1; 

0, otherwise, 

and the matrices R[0] and R[1] are defined by 

1, ifj =k; 

Rjk[O] = Pj~, ifj < k; 

Pkj, ifj >k; 

[ 0, if j > k; 
Rjk[1] 

pgj, ifj <k. 

(2.107) 

(2.108) 

(2.109) 
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FIGURE 2.16. 
K-dimensional 
channel of 
matched filter 
outputs for 
asynchronous 
CDMA channel. 

b[i]    - ~ 
~n > 

IF~[O] + F~[1]z I 

~[~] 

For example, in the three-user case, 

I 
1 

P12 

P13 1 
R[0] = P12 1 P23 , 

P13 P23 1 

R[1] = 0 P32 ¯ 

0 0 

(2.110) 

(2.111) 

The vector discrete-time model in (2.106) can be represented in the 

z-transform domain as shown in Figure 2.16 where 

S(z) = Rr[llz + R[0] + R[1]z-1 (2.112) 

and fi[i] is independent Gaussian with covariance matrix o-2I. 

Note that if the signature waveforms have duration larger than T, then 

the model has to be generalized to incorporate crosscorrelation matrices 

R[2] ..... R[L], where L is the length of the intersymbol interference. 

The choice of the K x K matrices F[0] and F[ 1 ] in Figure 2.16 is governed 

by the following generalization of Proposition 2.2: 

Proposition 2.3 The matrix in (2.112) can be expressed as 

S(z) = [F[0] + F[llz]r IF[0] + F[llz-1], (2.113) 

where F[0] is lower triangular and F[1] is upper triangular with zero di- 

agonal, such that 

R[0] = Fr[0]F[0] + Fr[1]F[1], (2.114) 

R[1] = Fr[0]F[1], (2.115) 

det F[Ol = exp( ~ f l log(detS(eJ2~f )) d f ) . 

Furthermore, ifdet S(e-~°~) > O for all o) E [-~r, 7v], then 

IF[0] ÷ V[1]z-1]-1 

(2.116) 

is causal and stable. 
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In parallel with (2.87), if the vector sequence of matched filter outputs 

+ F:r [1]z] , the output sequence is given by y[i] is fed to the filter [Fr [0] 
-1 

~¢[i] = F[0]Ab[i] + F[1]Ab[i - 1] + fi[i], (2.117) 

where, as we mentioned above, fi[i] is independent Gaussian with covari- 

ance matrix o-21. 
As in the synchronous case, alternative finite-dimensional models can 

be used with a set of orthonormal waveforms that span all the signature 

waveforms and their delayed versions. In a direct-sequence spread-spectrum 

system this can be accomplished by chip matched filters sampled at the chip 

rate times the number of users. Nevertheless, for (approximately) band- 

limited chip waveforms it is sufficient to sample at the Nyquist rate. 

2.11 BIBLIOGRAPHICAL NOTES 

Spread-spectrum signaling was introduced at the time of World 

War II for military communications with antijamming capabili- 

ties. The multiple-access potential of signals with large duration- 

bandwidth products was noted by Claude Shannon, the father 

of information theory, in 1949 (Price [343]). Compendia of the 

history, theory, and practice of direct-sequence and frequency- 

hopping spread-spectrum communications can be found in 

Scholtz [397], Simon et al. [410], Pickholtz et al. [333], Dixon 

[68], and Glisic and Vucetic [119]. A chronology of the evolution 

of CDMA radio communication systems is given in Scholtz [398]. 

CDMA for satellite communications is reviewed in Gaudenzi 

et al. [104]. Examples of optical and acoustical CDMA commu- 

nication systems appear in Tamura et al. [439] and Catipovic 

et al. [48], respectively. 
Reference Kaiser et al. [192] coined the term "chip" to refer to 

the elementary direct-sequence spread-spectrum waveform. An 

early reference on the analysis of the crosscorrelation proper- 

ties of spread-spectrum signals with random signatures is Wolf 

and Elspas [539]. Formula (2.27) is obtained in Stiglitz [426]. 

Multicarrier CDMA is reviewed in Prasad and Hara [342] and 

Prasad [341]. The Walsh functions were introduced in Walsh 

[519]. Synchronous CDMA based on Walsh functions was ad- 

vocated as an alternative to TDMA for satellite multiaccess in 

Golay [122]. Other orthogonal families have been proposed for 

synchronous CDMA in Chang [49], Suehiro and Hatori [435], 

and Lindsey [243]. 

The implementation and properties of maximal-length shift 

register sequences are compiled in Golomb [124]. The design 

of pseudonoise sequences with good autocorrelation and 
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crosscorrelation properties has been an active research field for 

the past thirty years (Kasami [200]; Gold [123]; Olsen et al. [307]; 

Sarwate and Pursley [381]; Simon et al. [410]; Kohno [213]). An 

up-to-date tutorial introduction to the elements of pseudonoise 

sequences is given in Helleseth and Kumar [143]. The design 

of CDMA signature waveforms given a desired number of users 

K and available dimensionality N is an interesting problem in 

the "oversaturated" case: K > N. Optimal designs to maximize 

the Shannon capacity of the basic synchronous CDMA chan- 

nel (Verdfi [493,497]) are fm~nd in Rupf and Massey [364] (see 

also Cheng and Verdfi [55]; Cheng and Verdfi [56]; and 

Parsavand and Varanasi [32~]); preservation of the minimum 

distance achieved in the orthogonal case is the goal of Ross and 

Taylor [362]; and tree-structured designs that facilitate multiuser 

detection are proposed in Learned et al. [230]. Partial response 

CDMA systems (where the signature duration is greater than the 

intersymbol time) are proposed in Wornell [542], Ruprecht et al. 

[366], and Blanz et al. [31]. 

The use of multiuser detection to combat multiaccess interfer- 

ence in TDMA (due to channel distortion and out-of-cell inter- 

ference) is studied in Wales [518], Ranta et al. [350], Ranta et al. 

[351], Kadaba et al. [190], and Caire et al. [41]. Multiuser detec- 

tion has also been explored in hybrid TDMA/CDMA systems in 

FIonig and Madhow [154], Jung et al. [185], Blanz et al. [31], and 

Kammerlander [197]. Multiuser detection for multirate CDMA 

systems is proposed in Ojanpera et al. [306], Hottinen [162], and 

Hottinen and Pehkonen [164]. 

Statistical models for fading channels are extensively treated 

in Proakis [345], Clarke [59], Jokes [174], Loo [251], Stuber [433], 

Parsons [322], and Sklar [413], for example. The autocorrela- 

tion function in (2.54) was obtained in Clarke [59] and pop- 

ularized in Jokes [174]. Reviews of techniques for the mitiga- 

tion of frequency-flat and frequency-selective fading are given 

in Stein [421] and Sklar [412]. A tutorial on the multipath resis- 

tance of spread-spectrum formats is found in Turin [456]. The 

rake receiver to adaptively equalize multipath dates back to the 

1950s (Price and Green [344]); it was originally developed for a 

45.5 bits-per-second, N = 220, direct-sequence spread-spectrum 

shortwave teletype link known as the Noise Modulation and 

Correlation system (Ward [524]). Many other channel estimation 

techniques for spread-spectrum have been explored, e.g., Turin 

[456], Sanada et al. [377], Mowbray et al. [290], and Steiner and 

Jung [424]. The generalization of the rake to take into account 

the different spatial signatures of the various paths has been con- 

sidered in a number of recent works reviewed in Paulraj and 

Papadias [326]. 
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2.12 

Proposition 2.1 due to Bai and Yin [19] has its roots in the clas- 

sic semicircle law of Wigner [531]. For the homogeneous fading 

model, the exact nonasymptotic distribution of the eigenvalues 

of the unnormalized crosscorrelation matrix H can be found in 

Telatar [440]. 

Johnson and Dudgeon [180] is a general reference on antenna 

arrays from a signal processing viewpoint. There are numerous 

adaptive signal processing methods to obtain the spatial signa- 

tures; foremost among them are the "multiple signal classifica- 

tion (Music)" method of Schmidt [391] and Bienvenue and Kopp 

[30] and the "estimation of signal parameters via rotational in- 

variance techniques (EsPP~T)" method of Paulraj et al. [327]. Mod- 

els for the aggregate effect of out-of-cell interference are given in 

Rappaport and Milstein [356], Viterbi et al. [511], and Agashe 

and Woerner [13]. 

The K-dimensional discrete-time model in (2.106) was intro- 

duced in Verd~i [486]. Based on classical results, Proposition 

2.3 can be found in Duel-Hallen [72, 74]. Whitened matched fil- 

ters were introduced in Forney [96] in the context of single-user 

channels subject to intersymbol interference. 

Oversampling beyond the Nyquist rate (Problem 2.39) has 

been shown to bring about a number of benefits for the imple- 

mentation of linear receivers (Gitlin and Weinstein [118]) and 

for the identification of unknown channels (Tong et al. [448]). 

Tutorials on narrowband interference rejection can be found 

in Milstein [278], Rusch and Poor [368], and Laster and Reed 

[229]. 

PROBLEMS 

PROBLEM 2.1. Let M(N) denote the maximum number of orthog- 

onal, synchronous, direct-sequence spread-spectrum signals with 
spreading factor N. Show 

(a) M(N) = 1 if N is odd. 

(b) M(N) = N if N is a power of 2. 

(c) M(N) = 2 if N is even and it is not divisible by 4 (e.g., Sec. 5.7 

Peterson [331]). 

Note: A general expression for M(N) is a longstanding open prob- 

lem. 

PROBLI:M 2.2. Welch’s bound (Welch [529]) Consider a synchro- 

nous CDMA system with K users employing direct-sequence 

spread-spectrum signals of length N. 
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FIGURE 2.17. 
Direct sequence 
signature 
waveforms with 
N=3. 

sl(t) s2(t) 

(a) Show the following lower bound on the sum of the squares of 

the crosscorrelation matrix: 
K K K2 _ 

tJ -- g " 
i=1 j=l 

(2.118) 

Note that this result is trivial if K < N. [Hint: The signature 

waveforms need not be bipolar for this result to hold.] 

(b) Derive an upper bound on the maximum number of synchronous 
CDMA users for which direct-sequence spread-spectrum sig- 

nature waveforms of length N can be found with absolute cross. 
correlations not exceeding IPmax]. Assume I,Omax] < 1/~/~. 

PROBLEM 2.3. Consider the signature waveforms in Figure 2.17. 

(a) Find the crosscorrelation functions P12(~), P2~ (~) for ~ ~ [0, T]L 
(b) Find the probability density function of P12(r) if r is uni- 

formly distributed and the signals in Figure 2.17 are modu- 

lated by equal-frequency carriers with independent uniformly 

distributed phases. 

PROBLEM 2.4. Define the mean-square crosscorrelation between 

sa and s2 as 

(p 2(o + 

Find the mean-square crosscorrelation of 

(a) s~(t) = s2(t) = 1/~4~-~, 

(b) the signals in Figure 2.17. 

PROBLEM 2.5. Show that in a maximal-length shift-register se- 
quence, the number of ones is equal to the number of zeros plus 1. 

PROBLEM 2.6. Show that the matrix whose elements are 

{p~j,k = 1 .... K,j = 1 .... K} 

is nonnegative definite. 
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PROBLEM 2.7. Suppose that all users in an asynchronous direct- 

sequence CDMA system are assigned the same signature wave- 

form. Express the periodic autocorrelation function of the signature 

waveform in terms of the functions Pl2(’V) and P21 (r). 

PROBLEM 2.8. Find the power spectral density of the wide-sense 

stationary process: 

z(t) = Z b[n]s(t - nT - r), 

where b[n] ~ {-1, 1} is an independent equiprobable sequence, 

independent of r (which is uniformly distributed on [0, T]), and 

s(t) is the direct-sequence spread-spectrum signal 

N 

s(t) = E(-1)C’prc(t - (i - 1)Tc). 
i=1 

(2.119) 

Express your answer in terms of the energy spectral density of the 

chip waveform (magnitude square of its Fourier transform) and of 

the signature (Cl ..... CN). 

PROBLEM 2.9. Consider a single-user communication system that 

transmits the signal zl(t) to send "1" and the signal Zo(t) to send 

"0". Assume that zi is zero outside the interval [0, T~] and its energy 

is constrained to Ei. 

(a) Describe the set of pairs (zl, z0) that maximize [Izl - z0 II under 

those constraints. 

(b) Describe the subset of the optimal set found in (a) that maxi- 

mizes the Ll-distance: 

Izl(t) - z0(t)l dt. 

PROBLEM 2.10. A telephone user speaks for periods of length 

TA[i], interspersed with silent periods of length Ts[i]. Let us 

assume that {TA[i]} and {Ts[i]} are independent processes with 

means mA and ms respectively. Find the distribution of the number 

of users who are simultaneously speaking out of a total population 

of K active users. Note: Nonorthogonal CDMA is suited to take 

advantage of silent periods: if no (or reduced) energy is transmitted 

during silent periods, the effective number of simultaneous users 

is reduced on average (2ms ~ 3mA is typical). 
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PROBLEM 2.11. (A. McKellips) In a single-user full-response con- 

tinuous phase modulation the transmitted signal is given by 

S(t;b[O] .... b[2M]) = cos 2r~fot + Eb[i]d~(t - it) , 
i=0 

(2.120) 

where fc is the carrier frequency, the data are {-1, +1}, and q~(.) 

is a continuous monotone increasing deterministic function that 

satisfies 

qb(t)=0, t <0, ~(t)=-~,t>_T. 

Define the deterministic sequence q [n] that has period equal to 4 
and 

q[0] = 1;q[1] =-1;q[2] = -1;q[3] = 1, 

and let 
i 

d[i] de~f q[i + 1]Hb[j]. 
j=0 

Note that there is a one-to-one correspondence between the strings 

hi0] ..... b[2M] and d[0] ..... d[2M]; thus, if the {b[i]} are inde- 

pendent and equiprobable, so are the {d[i]}. Show that the single- 

user signal in (2.120) can be expressed as a two-user CDMA signal: 

S(t; b[0] .... b[2M]) = E{d[2i]sl(t - 2iT) 
i=0 

+d[2i + 1]s2(t - 2iT - T)}, 

where each "user’s" signature waveform has duration 2T: 

Sl(t) ---- sin(2zrft) [sin ~(t)p(t) + cos ~(t - T)p(t - T)], 

sz(t) = cos(2~rft) [sin d~(t)p(t) ÷ cos ~(t -- T)p(t - T)], 

and p(t) is a unit-amplitude rectangular pulse of length T. 

Hint: For all L, xl .... x/~: 

COS Xi -~- E q[W(V)]CSp[w(v)](Xl) H CSvi-~(Xi)’ 

\ i=1          v~{0,1}L-1                         i=2 

M-1 

W(V) ~ ~ 
i=0 

~ /c°s(x)’ j=0, 
csj(x) 

I sin(x), j = 1, 

& /0’ neven, p[n] 
1 1, n odd. 
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PROBLEM 2.12. Suppose that a transmitted signal s is subject to 

multipath and the receiver obtains 

2 

~(t) = s(t) + ~ otjs(t - dj), 
j=l 

where dj > T/15 and 

ot~ + ot~ = v. 

(a) Find the minimum value (over d~ and or j) of (s, g) as a function 

of v if s is the maximal-length shift register sequence of length 

15, 

[- -- + ++ +- +- + +- -+], 

with unit energy and duration T (s(t) = 0, t ~ [0, T]). 

(b) Find the minimum value of (s, ~) ifs is a constant in [0, T]: 

/ ~T’ift ~ [0, T]; 

/ 0, otherwise. 

PROBLEM 2.13. Consider a simple two-path channel with impulse 

response: 

h(t) = 8(t) - AS(t - d). 

Find the magnitude spectrum of this channel as a function of A and 

d. Superpose a plot of the magnitude spectrum of the channel on 

top of the spectrum of the direct-sequence spread-spectrum func- 

tion in Figure 2.5 if (a) (A, d) = (1, Tel2), (b) (A, d) = (-1, Tc), 

(c) (A, d) = (1, 10Tc). 

PROBLEM 2.1 4. Prove or disprove: the crosscorrelation matrix de- 

fined in (2.13) is nonnegative definite for all 0 < ~ < T. 

PROBLEM 2.15. Show that in the random signature sequence 

model with asynchronous users and uniformly distributed delays, 

the crosscorrelations P12 and/921 are dependent and uncorrelated. 

PROBLEM 2.16. A generalized form of direct-sequence spread- 

spectrum uses nonbinary codes to multiply the chip waveforms, 

that is (cf. (2.15)), the signature waveforms are 

N 

s(t) = A~fiiPTc(t -- (i - 1)Tc), (2.121) 
i=1 

where (ill ..... fiN) is a vector with real-valued components and A 

is such that IIs II = 1. The Kabatyanskii-Levenshtein-Mazo bound 
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(Mazo [270]) states that if the maximum absolute crosscorrelation 
between any pair of signature waveforms is forbidden to exceed 

I(si, sj)l <_ 0re.x, 

then the maximum number of synchronous real-valued direct- 

sequence spread-spectrum waveforms with N chips per symbol 

(2.121) is bounded by 
(1 - PZmax)N(N ÷ 2)’" (N ÷ 2j) 

gmax <+ min . 
j ((2j÷l)-(N÷2j)PZmax)(1 3" 5""(2j-1))’ 

(2.122) 

where the minimum is over all positive integers j for which the 

denominator is positive. 

Particularize (2.122) to the case 
1 

2 
Pmax = -~" 

PROB/i:I~ 2,|7, Suppose that a maximal-length shift-register 

direct-sequence spread-spectrum waveform s(t) with N chips per 

bit and chip waveform Pro is modulated antipodally and transmitted 

with carrier frequency fc: 

M 

A E b[i]s(t - iT)cos(2~rfct). 

If the signal is received embedded in a jamming signal given by 

Aj cos(2~rfct + 4>), 

find the maximum value of Aj/A for which a correlator gives 

error-free demodulation for all 4> in the absence of any other noise 

source. 

I~ItOBI.EM 2.1 g. Redo Problem 1.5.b for N = 2, 3, 4 if the users 

are asynchronous and the receiver knows the relative delays be- 

tween the users. 

pROBI.i:I~ 2.19. Consider a synchronous CDMA system with three 

users and baseband signature waveforms st, s~, s3 modulated by 
respective carriers at frequency fc and independent uniformly dis- 

tributed phases 4>1, 4>2, 4>3. 

(a) 
Find a closed-form expression for the probability that the ab- 

solute crosscorrelation between the modulated signals satisfies 

forO<a < 1. 
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(b) Describe thejoint distribution of the random variables/912,/913, 

and ~23. (Note: P12,/913, and ~23 are not jointly continuous; you 

may give a "probability density function" that includes delta 

functions) 

PROBLEM 2.20. In Multicode CDMA (I et al. [168]), auser requir- 

ing m times the basic data rate serial-to-parallel converts its data 

into m independent streams that modulate rn synchronous signa- 

ture waveforms. Consider a three-user asynchronous system where 

user k transmits at k times the data rate of user 1. Give the structure 

of the 6 × 6 crosscorrelation matrices R[0] and R[1] that describe 

this channel. 

PROBLEM 2.2 1. A synchronous direct-sequence spread-spectrum 

CDMA system uses signature waveforms randomly chosen so that 

the components of the codes (ckl ..... CkN) are independently cho- 
sen and equally likely to be 0 or 1. 

(a) Show that the crosscorrelations have the even binomial distri- 

bution: 

P[pkt=l--2~]=(Ni)2-N, i=0,1 ..... N. (2.123) 

(b) Show that the K(K - 1)/2 crosscorrelations are pairwise in- 

dependent but not jointly independent. 

(c) Show that for all j = 1 ..... K, the random variables {pj~, k = 

K } are independent. 

(d) Show that as N --~ cx~, the sequence ~/~pj-~ converges in dis- 

tribution to a zero-mean, unit-variance, Gaussian random vari- 

able. 

(e) Denote 

K 

Show that 

lim ~ p)~ = f!, 
j=l 
j~k 

in the sense of mean-square convergence. [Note." Convergence 

almost surely also holds.] 

PROBLEM 2.22. (E. Telatar) In this problem we consider a direct- 

sequence spread-spectrum CDMA system where chips are 
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modulated by real-valued quantities as in Problem 2.16: 

N 

s(t) = A ~ ~ipro(t - (i - 1)Tc). (2.124) 
i=1 

Suppose that the signature codes (/~1 ..... /SN) are assigned ran- 

domly and independently from user to user. Unlike Problem 2.21 

where the signatures were chosen from the vertices of a hypercube, 

here (/5~ ..... /SN) is chosen uniformly from the surface of the N- 

dimensional unit sphere. Show that the normalized crosscorrelation 

-1 < pj~ _< 1 between different synchronous waveforms has the 

following probability density function for N _> 3: 

1 (U - 2)(N - 4)(U - 6)... (1 - X2)(N-3)/2, 
fPJk(x) = c(N) (N - 3)(N 5)(N 7) 

(2.125) 

where c(N) is equal to 2 if N is odd and equal to 7r if N is even. 

PROBLEM 2.23. Assume that users i and j are assigned direct- 

sequence spread-spectrum waveforms with N chips per bit, and 

rectangular chip waveforms and that signatures are chosen inde- 

pendently of each other and with equal probability on the set of all 

possible bipolar signatures. 

(a) Find the mean and variance of pq(ITc + )~) as a function of 

l =0 ..... N- 1,)~ � [0, T~). 

(b) (Burr [39]) Find the expected mean-square crosscorrelation 

(Problem 2.4). 

PROBLEM 2.24. Consider the synchronous complex-valuedmodel 

in (2.48), 

K 

y(t) = ZA~[i]b~s~(t) + an(t), t � [0, T], 
k=l 

(2.126) 

and define the complex matched-filter_ outputs 

Yk = y(t)s~(t) dt. 

Find the covariance matrix of [y~ ..... YK] assuming that Ak [i] has 

zero mean and variance A~. 

PROBLEM 2.25, Give a complex-valued representation of the 

frequency-hopping signature waveform in Figure 2.11. 

PROBLEM 2.26. Consider a K-user TDMA system that uses a 

rectangular signal of duration To with guard times equal to y To. 
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FIGURE 2.18. 

TDMA signals 

subject to 

multipath. K = 2, 

o~ = -0.5, 

o~2 = 2/3, 
y = 3/8. 

The transmission of the ith user is subject to two-path reception 

modeled by the impulse response (Figure 2.18): 

hi(t) = 8(t) + ~i3(t - 3iTo). 

(a) Find 8max, the largest value of 8i that ensures the absence of 

single-user intersymbol interference for the ith user. 

(b) Find P12 and P2~ for the received signature waveforms as a 

function of 0 < 81 .~ ~max and 0 < ~2 < ~max if V = 3/8, 

oq = -0.5, and a~ = 2/3. 

PROBLEM 2.27. Suppose that a signal s(t) goes through the cas- 

cade of a linear time-invariant system with impulse response h(t) 

and a linear time-invariant system with impulse response s(-t). 

Show that if the autocorrelation function of s(t) satisfies 

f s(t)s(t + )~) dt = ~()~), (2.127) 

then the output of the cascade is h(t). (Naturally, only an approxi- 

mation to (2.127) can be realized.) 

PROBLEM 2.28. Orthogonal Frequency Division Multiplexing 

(OFDM) is the following special case of the basic synchronous 

CDMA model (2.41) where the signature waveforms are given by 

1--~--"J~’r(k-~-~rbt/r t ~ [0, T]. 

(a) Verify that this is a form of orthogonal CDMA, that is, 

(s~, st) = O. 

74 

Samsung Ex. 1007, Page 95 of 470



2.12 PROBLEMS 

(b) Suppose that there is no noise and all users are transmitted 

with the same amplitude. Show that a K-point discrete Fourier 

transform of 

[y (0), y (T/K) ..... y ((K - 1)T/K)], 

(c) 

where 

y(t) = ZAbgsg(t) 
k=l 

recovers the transmitted information vector. 

Find the power spectral density of the transmitted signal (e.g., 

Stuber [432]). 

PROBLEM 2.29. A base station in a cellular TDMA system re- 

ceives the undistorted transmission of the K signals in its cell plus 

the K signals from another cell operating at the same frequency. 

Find the crosscorrelations in the corresponding asynchronous 2K- 

user CDMA model under the following assumptions: 

1. Transmitters within a cell are asynchronous with transmitters in 

another cell. 

2. No guard times are employed. 

3. All transmitters use phase-shift-keying with the same frequency 
and independent carrier phases. 

4. One bit is transmitted per slot. 

[Hint." The 2K users may be numbered depending on the relative 

offset between the cells.] 

PROBLEM 2.30. Suppose that the received amplitude of a trans- 

mitted signal is equal to 

A[i] = AoR[i], 

where A0 is deterministic and R [i] is a stationary ergodic Rayleigh- 

distributed random process whose first-order probability density 

function is 

fRill(r) = re-r2/2. 

An "outage" is declared at symbol [i] if A[i] < otAo. Show that 

the percentage of time the system is in outage is equal to 

1 --e-a2/2. 

Do you have enough information to compute the average duration 

of outage periods? 
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PROBLEM 2.31. Show that if R has the log-normal probability 

density function 

201°gl° e 
( (20 l°ga° r)2"~ fR(r) - r~rp~ exp    ~ ,], (2.128) 

then 

E[R2] = 10~(ln 10)/200. 

PROBLEM 2.32. Express the cumulative distribution function of 

the log-normal density function in (2.128) in terms of the Q- 

function defined in (3.29). 

PROBLEM 2.33. A receiver moves in a straight line toward the 

transmitter with velocity v. Assume that due to local scattering 

the energy received by the mobile antenna is isotropic on a two- 

dimensional plane (i.e., it is independent of the angle of arrival 

0). 

(a) If the transmitter sends a pure tone at frequency fc, show that 

the frequency received at angle 0 is equal to 

f(O) = fm cos 0 + f~, 

where 

(b) 

and c is the speed of light. 
Show that a pure tone at frequency fc, produces a received 

signal with power spectral density given by 

S(f) = v/f~zn _ (f _ fc)2, f ~ (fc - fro, fc + fm). 

(c) Show that the impulse response is 

h(t, ~) = 
3+ do z 

c 

~-’1- " 
c 

PROBLEM 2.34. Consider a diversity scheme by means of which 

the receiver obtains D independent measurements: 

yl(t) = ARlS(t) + crna(t), 

yo(t) = ARDS(t) + crno(t), 
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where the signal s has unit energy, n 1 .... n O are independent noises 

with unit spectral density, and R1 ..... RD are independent with 

Rayleigh density function 

fR(r) = re-r2/2. 

(a) In the strategy known as selection combining, the receiver se- 

lects the branch with the largest energy: 

Z(t) = ARis(t) + crni(t), 

where 

i = argmaxRj2.. 

Find a closed-form expression for the cumulative distribution 

function of the signal-to-noise ratio of z, that is, of 

A2 
a--Z max {R~2 .... R~D }. 

(b) In maximal-ratio combining, the receiver computes 
D 

z(t) = Z RiYi(t)o 
i=1 

Find a closed-form expression for the moment-generating func- 

tion of the (amplitude) signal-to-noise ratio of z, that is, 

E [e-SA Z~=I Rz~/(~r4-~)] . 

(c) In equal-gain combining, the receiver computes 
D 

z(t) = ~ yi(t). 
i=1 

Find a closed-form expression for the moment-generating func- 

tion of the (amplitude) signal-to-noise ratio of z, that is, 

Note." The Laplace transform of re-r2/2 is 

1 - V~-~ses2/2 Q(s), 

where Q is defined in (3.29). 

PROBLEM 2.35. Assuming that all six element outputs are com- 

bined with equal gain and phase, plot the radiation pattern of the 

equilateral triangular antenna array in Figure 2.19. 

PROBLEM 2.36. Design a linear array with the minimum number 

of elements that has nulls at angles 0°, 120°, and 240°. 
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PROBLEM 2.37. Suppose that all D elements in a linear (half- 

wavelength spaced) array are combined with equal magnitude. 

(a) Find the magnitude of the radiation pattern obtained when all 

elements are combined with the same phase, that is, 

q)l ..... (flD 

(b) A scanning radar that contains no moving parts can be designed 

by letting 

Find the direction of maximum radiation as a function of ft. 

PROBLEM 2.38. Two base stations are 2d apart. A mobile trans- 

mitter located at distance x > d from base station 1 adjusts its 

power so that it is received with power P at base station 2. Find the 

power with which the mobile is received at base station 1. Assume 

a path-loss exponent of 4 and consider both x < 2d and x > 2d. 

PROBLEM 2.39. (Tong et al. [448]) Suppose that the output of the 

single-user channel 

y(t) = E b[i]s(t - iT) ÷ an(t) 

is low-pass filtered with an ideal filter with bandwidth B, and denote 

the responses of the filter to y(t), s(t), and n(t) by x(t), v(t), and 

fi(t), respectively. Define the m-vector 

x[i] = (X(to + iT + A) ..... X(to + iT + mA))r, 

the d-vector 

b[i] = (b[i] ..... b[i +d- 1])r, 

FIGURE 2.19. 

Six-element 

antenna array. 
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and the m-vector 

fi[i] = (fi(t0 + iT ÷ A) ..... fi(t0 + iT ÷ mA))r. 

(a) Show that x(t) is a wide-sense cyclostationary process, that is, 

its autocorrelation function satisfies 

Rx(tl, t2) = E[x(fi)x(t2)] = Rx(tl + T, t2 + T). 

(b) Express the m-vector x[i] as 

x[i] = Vb[i] + n[i], (2.129) 

by finding the m x d matrix ¥ as a function of v(t). 

(c) Find the autocorrelation function 

Ro[i, j] = E[b[i]b[j]]. 

(d) Find the autocorrelation function 

(e) 

R~[i, j] = E[fi[i]fi[j]]. 

Show that the discrete-time m-dimensional process x[i ] is wide- 

sense stationary regardless of the values of B, T, to, m, and A. 

PROBLEM 2.40. (Van Hesswyk et al. [ 144]) K users employ direct- 

sequence spread-spectrum waveforms: 

N 

sk(t) = ~Zikprc(t -- (i -- 1)Tc), (2.130) 
i=1 

where the last chip is blanked: ZN~ = 0. Assume that the users are 

quasisynchronous: 0 <_ r~ < Tc. The receiver computes the observ- 

ables: 

r, = f y(t)Prc(t - (i - 1)Tc)dt. 

s~ = [z~ z2k z3~ "’" ZN-I~ 0], 

~k = [0 Zlk Z2k "’" ZN-2k ZN-Ik]. 

Denote 

Show that the observed vector obeys the following synchronous 

discrete-time model (cf. (2.96)): 

r = Z Akbk [Olk(72k)Sk "q- ~lk(72k)gk] q- am 

k=l 

and determine Otk(rk) and dtk(rk) as functions of Pr,.. [Note: If delays 

are bounded by q Tc, then the foregoing method can be generalized 

by appending q blank chips.] 
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PROBLEM 2.41. A set of K signature N-vectors that satisfies 

SSr = KI (2.131) 
N 

is called a Welch-bound-equality set because (2.131) is a necessary 

and sufficient condition for (2.118) to be satisfied with equality 

(Massey and Mittelholzer [267]). 

(a) Prove that K >_ N is necessary for S to satisfy (2.131). 

(b) Show that in a bipolar, N-chip, direct-sequence spread- 

spectrum system with K = 2~v-1 where no two users are as- 

signed the same waveform (or its antipodal), the signature 

waveform set is Welch-bound-equality. 

(c) Let m be an integer and consider N orthonormal vectors, each 

of which is assigned to rn users (i.e., K = mN). Show that the 

resulting N x mN matrix S is Welch-bound-equality. 

PROBLEM 2.42. Consider the hypothetical case in which the back- 

ground noise is absent (or = 0) in the model (2.97). Let the receiver 

observe 

r[i] = SAb[i], i = 0 ..... 

Assume that the signature waveforms are linearly independent. 

(a) Give a scheme to obtain b[i] from r[i] and SA. (Note that SA 
need not be a square matrix.) 

(b) Assume now that S and A are unknown to the receiver. Suppose 

that the indices ij are such that the received L-vectors 

{r[h] ..... r[i2K]} 

are all different. 
Give a scheme to obtain the matrix SA (up to a sign un- 

certainty in each row) based on a list of the 22~:-~ - 2~;-~ 

differences: 

{r[in] - r[im], rn = n ÷ 1 .... 2~;, n = 1 .... 2~: - 1}. 

PROBLEM 2.43. 

(a) Show that if {s~ ..... SK} are spanned by the orthonormal basis 

OL}, then 

R = SrS, (2.132) 

where S is defined in (2.98). 

(b) Give an example where (2.132) is satisfied and L < K. 
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PROBLEM 2.44. Consider a direct-sequence spread-spectrum sys- 

tem with N chips per bit and rectangular chip waveforms. 

Continuous-to-discrete-time conversion is realized by a chip 

matched filter that is sampled at the chip rate but with a timing 

offset 0 < v < To: 

f lTc+r 

Sl = pT,,(t -- (1 -- 1)To -- r)s(t)dt, 
d lTc-Tc+r 

where s(t) is given by (2.15). 

(a) Express the signature vector s at the output of the chip matched 

filter as a function of r and the binary signature sequence 

(cl ..... CN). 
(b) Find the expected energy of the signature vector, llsll2, as a 

function of r assuming that the signature waveform is randomly 

chosen (all choices being equiprobable). 

PROBLEM 2.45. Consider the synchronous crosscorrelation ma- 

trix R when all K signature waveforms are equicorrelated: 

Pjk "= P 

for j 5~ k. Show that R has an eigenvalue of multiplicity K - 1 

equal to 1 - p and an eigenvalue equal to 1 + p K - p. 

PROBLEM 2.46. Let ~ be the output of a bank of K + 1 matched 

filters with linearly independent unit energy {Sl ..... SK+I }, when 

the input is 

K 

y(t) = Z A~b~sk(t) ÷ ~n(t). 

k=l 

Show how to obtain {o-, A1 .... Ax} from the (K + 1) × (K + 1) 

covariance matrix E[~r] and 1~, the crosscorrelation matrix of 

{S1 ..... SK+I }. 

PROBLEM 2.47. 

(a) Verify that if y2 > 0 is an eigenvalue of 

H = ARA, 

then 0.2 + y2 is an eigenvalue of E[rr~’], the covariance matrix 

of the observations in the L-dimensional discrete-time model 

given in (2.99). 

(b) Verify that if the signature vectors are linearly independent, 

then o-2 is an eigenvalue of E[rrr] with multiplicity L - K. 

(c) Find the eigenvectors and eigenvalues of E [rr~] if K = 2. 
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PROBLEM 2.48. We construct KN-dimensional unit-energy vec- 

tors sl ..... s~: by drawing all NK components independently 

equally likely to be 1/~ or - 1/~/~. We will let N and K grow 

without bound so that 
N 

lira --=o~(0, 
!q~ K 

Show that the N x N matrix 
K 

N  2s s; 
K ~=1 

has an asymptotic eigenvalue distribution equal to the cumulative 

distribution function of the density function 

f~(x) = [1 - o~-l]+8(x) ÷ ~/[x -- a]+[b - x]+ (2.133) 
2~ro~x ’ 

where 

a=(1-~-~)2, 

b = (1 + 4~-)2. (2.134) 

PROBLEM 2.49. Show that 

R[-1] = Rr[1], R[O], R[1], 

defined in (2.108) and (2.109), is a nonnegative-definite sequence in 

the sense that for any choice of finitely many K-vectors xa ..... 

~ x jr. R[j - k]xk > 0, 
j,k 

assuming R[m] = 0, with Iml > 1. 

PROBLEM 2.50. Solve Equations (2.114) and (2.115) to obtain 

F[0] and F[1] in Proposition 2.3 for the two-user asynchronous 

channel. [Hint: Express the solution in terms of p~2 + P2~ and 

P12 - P~l and use: 

sin(u + q~) = cosu sinq~ + cosq~ sino~.] 

PROBLEM 2.51. Show that in the Cholesky factorization of Propo- 

sition 2.2, 

Fi~i(R-1)I1 = 1. 

PROBLEM 2.52. Find the Cholesky lower triangular factor of 

1 /)12 
/713 1 

R = Pla 1 P~3 ¯ 

/ P13 P23 1 
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PROBLEM 2.53. In the statement of Proposition 2.2, the positive- 

definite crosscorrelation matrix is expressed as the product of an 

upper triangular matrix FT times a lower triangular matrix F. Show 

that Proposition 2.2 is equivalent to: For every positive definite ma- 

trix R there exists a unique lower triangular matrix L with positive 

diagonal elements such that 

R = LLT. 

PROBLEM 2.54. 

(a) Show by induction that the jth column of the lower triangular 

matrix F in the decomposition of the crosscorrelation matrix 

R = FrF depends only on {sj ..... s~:}. 

(b) Show that the jth column ofF-1 depends only on {sj ..... s~:}. 

PROBLEM 2.55. Denote the Cholesky decompositions 

R ---- FrF, 

R[k, K] = F[k, K]rF[k, K], (2.135) 

where R[k, K] is the (K - k + 1) x (K - k + 1) submatrix of R that 

results from eliminating rows/columns 1 ..... k - 1. Show that for 

l <i < K-k+ l,l <_j <_K-k+ l, 

Fij[k, K] = Fk+i-lk+j-1, (2.136) 

and, in particular, 

1 
Fk~ -- (R[k, K])711" (2.137) 

PROBLEM 2.56. Let us consider a synchronous CDMA channel 

where all users transmit training sequences (known at the receiver) 

and where the crosscorrelation matrix R is nonsingular. An estimate 

of the D × K matrix of spatial signatures C is (cf. (2.91)) 

1 

j~l Y[i]R-rB[i]A-1. 
e[J] = 7 .= 

(a) Show that the {dk} element of ~[J] satisfies E[ed~[J]] = 

(b) Find var(eak[J]). 

PROBLEM 2.57. (Mufioz-MedinaandFern~ndez-Rubio [293]) Let 

¯ ~.~ be the covariance matrix of the D-vector (cf. (2.89)) 

{YD, 
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Instead of assuming that training sequences are available as in 

Problem 2.56, let us assume that the covariance matrices Nk, k = 

K are known. (In practice, estimates can be obtained by 
computing sample autocorrelations.) Define the D x D matrix 

K 

Mk = E qkj~j 

j=l 

with Q equal to the inverse of the matrix with coefficients 

(a) Show that 

is a multiple of the identity matrix. 
(b) Show that the spatial signature of the kth user, ck, is the largest- 

eigenvalue eigenvector of 

PROBLEM 2.5 8. Consider a digital subscriber line subj ect to cross- 

talk such that the sampled received process is 

yi = E xjhi_j ÷ E Zk~gi-J + ni,      (2.138) 
j           k=2      d 

where {xj} is the desired data sequence and {zkj} is the data se- 
quence of the kth interfering digital subscriber line. All data se- 

quences are independent, taking values in {-1, +l}. The process 

{ni} is an independent zero-mean Gaussian with variance equal 

to crz. Assuming that hi = gi = 0 for i < 0 and i > L, generalize 
(2.106) to encompass (2.138) including the specification of the 

matrices R[i] therein. 

PROBLEM 2.59. In Code-Time-Division Multiple Access (Rupre- 
cht et al. [366]), users are assigned the same signature waveform, 

s (t), and their mutual offsets are controlled so that r~- r~_l = T/K, 
that is, the channel is equivalent to the single-user intersymbol inter- 

ference channel (Figure 2.3) with the exception that the amplitudes 
are periodically time-varying. Express the matrices RIO] and R[1] 
in terms of the autocorrelation function of the assigned waveform 

s(t). 
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SINGLE-USER 
MATCHED FILTER 

In this chapter we analyze the simplest strategy to de- 

modulate CDMA signals: the single-user matched filter. 

This is the demodulator that was first adopted in the im- 

plementation of CDMA receivers. In the multiuser de- 

tection literature, it is frequently referred to as the con- 

ventional detector. In this chapter we also introduce the 

major performance measures used to compare multiuser 

detectors. We start by discussing some basic concepts 

in hypothesis testing used in this and future chapters. 

Then, we derive the matched filter as the optimal solu- 

tion in the single-user channel. The performance of the 

coherent matched filter in multiuser channels is exam- 

ined both with and withont fading. Differentially coher- 

ent and noncoherent demodulation are also studied. 

3.1 HYPOTHESIS TESTING 

3.1.1 OPTIMAL DECISIONS 

A certain observed random quantity has a distribution known to 

belong to a finite set. Each of the possible distributions constitutes a differ- 

ent hypothesis. We must make a guess as to which is the "true" distribution 

(hypothesis) on the basis of the value taken by the observed quantity. Data 

demodulation is a hypothesis testing problem: the observed quantity is a 

noise-corrupted version of a transmitted signal, and there are as many hy- 

potheses as different values for the transmitted data. For example, in the 

basic synchronous K-user CDMA channel model (2.1) there are 2K hy- 

potheses and the observed quantity is a waveform on the interval [0, T]. 

In hypothesis testing, the goal is to design and analyze decision rules, 

that is, mappings from the space of observations to the set of hypotheses. 
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Decision roles are specified by partitioning the observation space into de- 

cision regions, each of which corresponds to a different hypothesis. As we 

mentioned in Section 2.4, of special interest to us is the case when all values 

taken by the transmitted data are equiprobable. The following simple result 

gives the optimal decision rule for equiprobable hypotheses. 

Proposition 3.1 Consider m equiprobable hypotheses under which an ob- 

served random vector Z has density functions:1 

U1 : Z ~ fZll, 

Hm:Z ~fZIm" 

Then the following decision regions minimize error probabiIity: 

i-1 

S2i = {z " fzli(Z) = max fzlj(Z)} - U f2j, i = 1 ..... m. (3.1) 
j=l,..., tn 

j=l 

To justify Proposition 3.1, we can simply write the probability of error, 

P, as 

1 
~ P[Z ~ ~ili] 

m i=1 

m i=1 

> 1-- max fzl~(Z)dz,            (3.2) 
m    j=l ..... m 

where the last integral is over the whole observation space. Choosing ~2i 

as in (3.1), the lower bound in (3.2) is satisfied with equality. The decision 

regions given in (3.1) are not the only optimal choices. The nonuniqueness 

of the optimum solution arises because there are points in the observation 

space at which the maximum density is achieved by several densities simul- 

taneously. As far as error probability is concerned, it is immaterial how those 

elements are assigned to the decision regions of the maximizing hypotheses; 

in (3.1) they were arbitrarily assigned to the maximizing hypothesis with 

the lowest index. It is easy to generalize Proposition 3.1 to encompass the 

general case where the hypotheses are not equiprobable. The unconditional 

probabilities, P [Hi], of the hypotheses (before the data are observed) are 

1 The notation ~ stands for "is distributed according to." 
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FIGURE 3. I. 
Cauchy vs. 
Gaussian binary 
hypothesis test. 

Gaussian 

Cauchy 

-2.9 -0.4 0.4 2.9 

usually called a priori probabilities. Conditioned on a particular realization, 

z, of the observation, the a posteriori probabilities can be computed using 

the Bayes formula: 
fzli(z)P[Hi] 

P[HiIz] = ~j=l fzlJ(z)P[HJ] 

In general, the minimum-error-probability decision rule is the so-called 

maximum a posteriori (MAP) rule, which selects the hypothesis with the 

highest P [I-Ii [z]. The decisions given in (3.1) are also known as maximum- 

likelihood (ML) decisions. Maximum likelihood decisions are sensible 

choices whenever it is not possible to rely on knowledge of the a priori 

probabilities. 

The maximum-likelihood solution given in Proposition 3.1 is illustrated 

in Figure 3.1, which corresponds to a binary hypothesis testing problem 

between a standard Cauchy distribution and a zero-mean Gaussian with 

variance equal to 2: 

HI:Z ~ fzlt(z) -- 1 + z2’ 

1 e_Z2/4 H2:Z ~ fzl2(Z) = ~    ¯ 

Applying the result of Proposition 3.1, we see from Figure 3.1 that a rule 

that minimizes the error probability if both hypotheses are equally likely 

is to declare hypothesis H~ if the observed value lies in (-2.92, -0.42) U 

(0.42, 2.92) and to declare hypothesis H~ otherwise. (See also Problem 

3.10.) 
Another example of the application of Proposition 3.1 is an m-hypothesis 

testing problem where the observation is a Gaussian L-vector with indepen- 

dent components (variance equal to 0-2 under each of the hypotheses). The 

distributions under the various hypotheses are distinguished by their means: 

the mean of the jth component under hypothesis Hi is aij. Therefore, the 

probability density function corresponding to Hi is given by 

1         1 ~(zj-    , (3.3) 
fzli(Zl ..... ZL) -- (2~r)L/2~rL exp --~Sa2 
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and the minimum probability of error decision regions for equiprobable 

hypotheses are 

L                                L                     i-1 

~’2i = {(Zl, .- ZL) " ~(Zj -- aij)2 = rain ~(zj - akj)2} -- U ~J’ ¯ 
’                             k=l ..... rn j=l                   i=1 

j=l                                                  5 

(3.4) 

which means that we select the hypothesis whose mean vector is closest to 

the observed vector in Euclidean distance. 

3.1.2 CONTINUOUS-TIME SIGNALS IN WHITE 
GAUSSIAN NOISE 

In some of the specific hypothesis testing problems we encounter 

in data demodulation, the observed quantity is not a vector as required by 

Proposition 3.1. For example, the CDMA receiver for either (2.1) or (2.6) 

observes a real-valued function defined on a finite time interval. Some- 

times, we will place some structure on the receiver so that decisions are 

based on functions of the received waveform (called observables or deci- 

sion statistics) which are either scalars or vectors. In those cases, we can 

use Proposition 3.1. Whenever we do not want to assume any prespecified 

receiver structure, Proposifion 3.1 is insufficient because we have not de- 

fined the probability density function of real-valued functions. In order to 

sidestep a rigorous definition of such a concept, for which we would need 

measure-theoretic prerequisites we are not assuming, we will invoke the 

following counterpart to Proposition 3.1. 

Proposition 3.2 Let xa ..... xm be finite-energy deterministic functions de- 

fined on an interval of the real line 77. Let n(t) be white Gaussian noise with 

unit power spectral density. Consider m equiprobable hypotheses." 

H1 :y(t) = xl(t) + ~rn(t), t ~ 77, 

Hm : y(t) = xm(t) + an(t), t ~ 77. 

Then, the following decision regions minimize error probability: 

i-1 

f2i = {y = {y(t), t ~ 77} : f [y[xi] = max f[y[xj]} - U f2j, 
j=l ..... rn 

j=l 

where 

f [y[xi] = exp -- fz[y(t) - xi(t)]2 dt) . 

(3.5) 

(3.6) 
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According to Proposition 3.2, the likelihood functions f [y[xi] defined 

in (3.6) play the role of the (unnormalized) conditional probability density 

functions in Proposition 3.1. Let us use the structure of the likelihood func- 

tions in (3.6) to simplify the decision regions in (3.5). The comparison of 

two likelihood functions, 

f[ylxi] <> f[ylxjl, 

is equivalent (via (3.6)) to each of the following: 

20.2 [y(t) -- Xi(t)]2 dt >< - 20.--7 [y(t) - xj(t)]2 dt, (3.7) 

f z[y(t xj(t)]2dt J2[y(t) - xi(t)]2dt, 
(3.8) 

1 1 

fzy(t)xi(t)dt--~ fzx2i(t)dt >< fzy(t)xj(t)dt--~ fzx~.(t)dt. 
(3.9) 

The last two relationships merit special attention: 

Relationship (3.8) states that the decision regions that minimize error 

probability are minimum distance regions, that is, the decision rule 

selects the hypothesis corresponding to the waveform xi that is closest 

to the observed waveform in mean-square distance.2 

Relationship (3.9) states that the set of m observables, 

f zy(t)xi(t)dt, i = 1 
m, (3.10) 

is a sufficient statistic, that is, it contains all the information in the 

original observations relevant to make an optimum decision. 

More formally and generally, in a statistical inference problem where a 

parameter 0 is to be inferred3 on the basis of observations y, we say that 

the function of the data g(y) is a sufficient statistic for 0 if the conditional 

distribution of y given g (y) does not depend on O. In other words, the residual 
randomness in y to an observer that knows a sufficient statistic for 0 contains 

The square root of the energy of the difference between two signals is commonly 
referred to as the mean-square, L2, L2, or Euclidean distance, with the latter term 

sometimes reserved for the special case when the signals belong to a finite-dimensional 

vector space. 
In hypothesis testing 0 takes a finite (or countably infinite) number of values, whereas 
in estimation problems it takes an uncountable number of values. 
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no information about 0. Note that the (a priori) distribution of 0 does not 

enter the definition of sufficient statistic; in fact, the definition we have given 

is general enough that we do not require that such a distribution be defined. A 

minimal sufficient statistic is a function of every other sufficient statistic. In 

less precise, but perhaps more intuitive, terms, a minimal sufficient statistic 

is one with the smallest number of components. In the hypothesis testing 

problem of Proposition 3.2, (3.10) is a minimal sufficient statistic if and 

only if xl ..... Xm are linearly independent (Problem 3.19). 

A rigorous proof of Proposition 3.2 requires concepts such as the Wiener 

process, stochastic integrals, and Radon-Nykodim derivatives, which are 

beyond the scope of our coverage (see, e.g., Poor [336]). A heuristic justifi- 

cation of Proposition 3.2 is that if hypothesis Hi is indeed the true hypothesis, 

then the noise realization is 

n(t) = y(t) - xi(t); 

thus, the solution given by Proposition 3.2 corresponds to choosing the 

hypothesis that explains the received waveform with the lowest-energy noise 

realization (i.e., with the best least-squares fit). 

Another heuristic argument is based on the resemblance of the solution 

given by Proposition 3.2 to the solution (3.4) we obtained in the vector 

Gaussian problem. Let us assume (without loss of generality) that the ob- 

servation interval Z is the whole real line. Furthermore, let us assume that 

the signals Xl ..... Xm are band-limited to B. Because of the duality of the 

time and frequency domains we could solve the decision problem in the 

frequency domain, expressing our decision rule as a function of the spec- 

trum of y(t). In fact, we should be able to focus attention on the observed 

spectrum up to frequency B, as the observations contain no information 

related to the true hypothesis beyond that frequency. In other words, the ob- 

served spectrum up to frequency B is a sufficient statistic. One could think 

of a hypothetical spectrum analyzer that would consist of L nonoverlapping 

ideal bandpass filters of bandwidth B/L. The hypothesis testing problem 

at the output of the analyzer now fits the setting of the Gaussian vector de- 

cision problem we considered above (with complex-valued components). 

Indeed, since the bandpass filters are nonoverlapping and linear and have 

the same transfer function (shifted in frequency) their outputs are indepen- 

dent Gaussian with identical variances. Furthermore, as L gets larger and 

larger we would expect that the energy of the L-vector approximation of 

the spectrum will converge to the true energy of the spectrum, which by 

Parseval’s identity is equal to the energy in the time domain. Thus, the 

distances in (3.4) will approach the continuous-time distances in (3.6) (or 

(3.8)). Alternatively, we could start by low-pass filtering the observations 
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(getting rid of the noise beyond frequency B) and then taking L samples of 

the observations at the Nyquist rate 2B. This will fit the foregoing Gaussian 

vector setting with independent components of identical variance. If the 

signals Xl ..... Xm are approximately time-limited, then we would expect 

that as L increases, the sampled-time average (cf. (3.4)) will approach the 

corresponding time-domain integral (cf. (3.6)). 

COMPOSITE HYPOTHESIS TESTING 

Sometimes we will come across problems of composite hypothesis 

testing. In the special case of binary composite hypothesis testing, the set 

of m hypotheses is partitioned into two subsets: 

7-/s ----- {Hi, i ~ J}, 

"~,/ = {H1 ..... Hm} \ ~. 

(3.11) 

(3.12) 

Rather than selecting one hypothesis among the m possibilities, in this case 
we are interested in deciding whether the true hypothesis belongs to ~s. One 

way to solve this problem would be to first select the individual hypothesis 

that minimizes error probability (according to the result in Proposition 3.1) 
and then simply check whether that hypothesis is in ~s. However, this may 

not be the best strategy because we are disregarding the probabilities of 

all but the winning hypothesis. The following result gives the minimum 

probability of error decision rule in the special case where ~j and 

contain the same number of equiprobable hypotheses. 

Proposition 3.3 Consider m equiprobable hypotheses under which an ob- 

served random vector Z has density functions: 

H~ :Z ~ fzI1, 

Hm : Z ~ fZlm" 

Let 7-{ ~ and ~ ~ be the classes of hypotheses defined in (3.11) and (3.12), 

respectively. Assume that l J] = m/2. Then the following decision regions 

minimize the error probability of the composite hypothesis testing problem: 

~J = {Z " ~-~i~j fzli(Z) ~ ~iCj fzli(Z) 

(3.13) 

(3.14) 

91 

Samsung Ex. 1007, Page 112 of 470



CHAPTER 3. SINGLE-USER MATCHED FILTER 

The justification of Proposition 3.3 is very simple. Since, by assumption, 

7-/j and ~j have the same number of elements, the problem is a special 

case of Proposition 3.1 with two equiprobable hypotheses under which the 

observations are distributed according to 

Analogously, 

obtained: 

2 
~]-[j :Z ~ --m ~. fz]i, 

7~j :Z ~--m2 i~¢j fZli" 

the following counterpart to Proposition 3.2 can be 

Proposition 3.4 Let xl ..... Xm be finite-energy deterministic functions de- 

fined on an interval of the real line Z. Let n(t) be white Gaussian noise with 

unit power spectral density. Consider m equiprobable hypotheses: 

H~ ¯ y(t) = Xl(t) + an(t), t ~ Z, 

H~ :y(t) = Xm(t) + an(t), t ~ Z. 

Let ~j and ~ be the classes of hypotheses defined in (3.11) and (3.12), 

respectively, with I J[ = m /2. Then the following decision regions minimize 

the error probability of the composite hypothesis testing problem: 

(3.15) 

(3.16) 

where 

f [ylxi] = exp(-2-~ fz[Y(t) - xi(t)]2 dt)¯ 
(3.17) 

Furthermore, 

1 
P[~JIY = {y(t), t ~ Z}] = 

~iCJ f[ylxi] " 1 + Ei~s f[ylxi] 
(3.18) 

If I[Xlll ..... Ilxm I[ in Proposition 3.4, then it can be easily checked that 

the optimal decision rule is 

~exp fzy(t)xi(t)dt)~i~Csexp fzY(t)xi(t)dt)¯ 
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3.2 OPTIMAL RECEIVER FOR THE 
SINGLE-USER CHANNEL 

In this section we study the single-user version of the basic CDMA 

channel of Chapter 2. With only one user, the issue of synchronism among 

transmitters does not arise, and the channel in (2.1) becomes 

y(t) = Abs(t) ÷ ~rn(t), t ~ [0, T], (3.19) 

where the deterministic signal s has unit energy, the noise is white and 

Gaussian, and b ~ {- 1, + 1 }. 

Before we derive the demodulator that minimizes the probability of error 

for (3.19), it is instructive to consider the restricted class of linear detectors’, 

which will figure prominently in future chapters. Consider a demodulator 

for (3.19) that outputs the sign of the correlation of the observed waveform 

with a deterministic signal h of duration T: 

~9 = sgn((y, h)) = sgn    y(t)h(t)dt . (3.2o) 

This detector summarizes the information contained in the observed wave- 

form y(t), t ~ [0, T] by the scalar decision statistic: (y, h). To optimize the 

choice of h, we notice that the linearity of the decision statistic makes it 

easy to discern the respective contributions of signal and noise: 

Y = (y, h) = Ab(s, h) + or(n, h). (3.21) 

The distribution of the second term in the right side of (3.21) is given by 

the following result, which states the main properties of white noise we use 

throughout this text. 

Proposition 3.5 If h and g are finite-energy deterministic signals and n(t ) 

is white noise with unit spectral density, then: 

1. E[(n, h)] = 0. 

2. E[(n, h)2] = llhll2. 
3. If n(t) is a Gaussian process, then (n, h) is a Gaussian random variable. 

4. E [(n, h)(n, g)] = (g, h). 

5. E [(n, h)n] = h. 

The fact that linear transformations of Gaussian processes are Gaussian 

random variables yields Proposition 3.5.3. Proposition 3.5.2 is a special 

case of Proposition 3.5.4. To justify Propositions 3.5.1, 3.5.4, and 3.5.5, we 
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just need to interchange integration and expectation: 

E [(n, h)] = E[n(t)]h(t) dt = O, 

E [(n, h)(n, g)] =/’J0r ) 

f0 = h(t)g(t)dt, 

fo E [(n, h)n()O] = E[n(t)n(X)]h(t)dt 

= h(X), 

E[n(t)n(X)]h(t)g(X) dt dX 

where we used the fact that white noise with unit power spectral density has 

zero mean and autocorrelation function 

E[n(t)n(;~)] 3(t - X). 

According to Proposition 3.5, o-II h II is the standard deviation of the con- 

tribution of the noise to the decision statistic in (3.21). Thus, we would like 
to choose h to make {s, h) big and o’llhll small. A sensible way to choose 

h according to this tradeoff is to maximize the signal-to-noise ratio of the 

decision statistic Y: 

A2 ({s, h))2 
max                              (3.22) 

h    o-21lhllz 

The solution to (3.22) is readily obtained from the Caucl~y-Schwarz in- 

equality: 

((s, h))z ~ Ilhll211sll2, 

with equality if and only if h is a multiple of s. Therefore, 

A2 
A2 ((s, h))2 < __ ilsl12’                 (3.23) 

o-21[h112 - 0_2 

with equality if and only if h is a (nonzero) multiple of s. Thus, any non- 

zero multiple of the signal s will maximize the signal-to-noise ratio (3.22). 

Among those h, we can discard the negative multiples of s, because they 

yield erroneous decisions in the absence of noise (o- = 0). All positive 

multiples of s are equivalent choices for h since they result in the same 

decisions: 

(f0 b = sgn((y, as)) = sgn y(t)s(t) dt , (3.24) 
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FIGURE 3.2. 
Conditional 

distributions of Y 

given b=-I and 

b=+l. -A<s,h> A<s,h> 

with ot > 0. The linear detector in (3.24) is known as the matched filter 

detector for the signal s. It can be implemented either as a correlator (mul- 

tiplication of the received waveform with s followed by integration) or as a 

linear filter with impulse response s(T - t) sampled at time T.4 

We have seen that the matched filter is optimal in the sense that it maxi- 

mizes the signal-to-noise ratio of the decision statistic Y. Notice that in this 

derivation we did not invoke the fact that the noise is Gaussian. If we do use 

that assumption, We can actually prove that among all linear detectors, the 

matched filter minimizes the probability of error. To that end, Proposition 

3.5 and (3.21) lead to the conclusion that the distribution of the decision 

statistic Y conditioned on b = -1 is Gaussian with mean -A(s, h) and 

variance o-211hll2, which is abbreviated as N’(-A(s, h), o-211h112). Analo- 

gously, the distribution of the decision statistic conditioned on b = ÷ 1 is 

N’(A(s, h), cr21[hll2). Figure 3.2 shows both conditional distributions fYIl 

and fYl-1. 

Therefore, we have the binary hypothesis testing problem: 

H1 : Y ~ frll = JV’(A (s, h), o-211h112), 

H_~ :Y ~ fvl-~ = .A!’(-A(s, h), o-211h112), 

which is a special case of the vector Gaussian problem considered in Section 

3.1 with L = 1 and m = 2. Particularizing the solution obtained in (3.4), 

the optimal decision regions are 

S2~ = {x ~ (-to, ~x~) : f~,l~(x) > frl-l(X)} = [0, ÷~), (3.25) 

S2_~ = (-c~ 0), (3.26) 

4 Originally the term matchedf!lter was coined to refer to the latter notion, only. The 
distinction between both implementations matters only when the output of the linear 
filter with impulse response s(T - t) is continuously observed (as in radar, synchro- 
nization, multipath delay estimation, etc.) or is sampled faster than the data rate (as in 
some data communications settings). 
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where we assumed that (s, h) >_ 0. Otherwise, the derivation is entirely 

analogous.5 

We have shown that if the decision statistic is a linear transformation of 
the data, then it is optimal to compare it to a zero-threshold as in (3.20). 

Using (3.25), we can express the probability of error as 

lfA~ 1 exp( 

1 

= A~,,hl 4’~--~e-vdv                              (3.27) 

_{A{s,h}’~ = ~2L~) , (3.28) 

where (3.27) follows by symmetry and a change of integration variable, and 

(3.28) follows from the following notation for the complementary cumula- 

tive distribution function of the unit normal random variable: 

def 
O(x) = ---~e-t2/2 dt. 

(3.29) 

Section 3.3 gives a summary of the main properties of the Q-function. For 

now, the only property we need is that it is monotonically decreasing. Since 

we are assuming that the argument of (3.28) is nonnegative, the mono~ 

tonicity of the Q-function implies that in order to minimize (3.28) we can 

maximize the square of the argument of (3.28). But that is exactly what we 

did in (3.22). Therefore, the sign of the matched filter output is shown to 

minimize error probability among the class of linear transformations. Us- 

ing the result of (3.23) as the argument (squared) of (3.28) we see that the 

matched filter for s achieves error probability equal to 

pc= Q (aA___) . (3.30) 

Finally, let us proceed to drop the restriction that the decision statistic is 

a linear transformation of the received waveform and search for the detector 

Whether 0 ~ ~’~1 or 0 ~ ~~-1 does not affect the error probability because Y = 0 with 

zero probability. 
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that achieves the minimum error probability among all detectors. This means 

that we can no longer assume that the observable is (y, h), and we have to 

work with the received process itself, {y(t), t ~ [0, T]}. This problem is a 

special case of the problem solved in Proposition 3.2: m = 2, Z = [0, T], 

and 

xl(t) = As(t), 

X2(t) = -As(t). 

Because the energies of xl and x2 are identical, particularizing (3.9) we see 
that the minimum error probability detector decides b = 1 if 

. ~ y(t)xl(t)dt > fz y(t)x2(t)dt. 

Moreover, 

y(t)x~(t) dt = - y(t)x2(t) dt = A y(t)s(t) dt, 

wb_jch means that the matched-filter output (s, y) is a sufficient statistic 

and the detector in (3.24) achieves the lowest error probability among all 

detectors. Thus, the error probability achieved by the matched filter (3.30) 

is the minimum error probability. Note that the optimum demodulator for 

(3.19) does not need knowledge of the signal-to-noise ratio A/~r when, as 

we have assumed, both hypotheses are equiprobable (cf. Problem 3.14). 

The minimum bit-error-rate (3.30) for the single-user channel (3.19) 

is determined by the signal-to-noise ratio. The shape of the transmitted 

signal does not influence the minimum bit-error-rate because of the inherent 

symmetry of the white Gaussian noise model: its projection along every 

direction has the same distribution (Proposition 3.5). 

3.3 THE Q-FUNCTION 

We now pause to review a number of properties of the complemen- 
tary Gaussian cumulative distribution function: 

1 
--t2 ’2 Q(x) = ~e / dt. (3.31) 

Even though the integral in (3.31) does not admit a closed-form solution, 

its analytical properties have been extensively studied. 
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Q(x) 
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FIGURE 3.3. 
Linear plot of 

Q(x) for x > O. 

Q(x) = P[X > x], (3.32) 

where X is a zero-mean, unit-variance, Gaussian random variable. 

Q(x) is monotonically decreasing. 

Q(x) + Q(-x) = 1. 

Q(x) is convex on the interval (0, +oo) (Figure 3.3). 

Q(~/~) is convex on the interval (0, +oo). 

.~xl (1_x2.]l’]e-:~2/2           < Q(x), x           > 1, 

(3.34) 

1    _x2/2 
Q(x) < ~x~xe , x > 0, (3.35) 

1 - I(X)e_X2/2’ 
Q(x) - x > O, (3.36) 

v Tx 
where I(x) is the Laplace transform of the Rayleigh distribution (2.50): 

I(x) = re-Xr-r2/2dr. 
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10. 

11. 

12. The function 

1 
Q(x) < Ze-XZ/2, x > O. 

- 2 - 

1 
Q(x) < --e- ~’/77~x x > O. 

- 2 ’ - 

Q(x)ex2/2 

13. 

14.6 

is monotone decreasing on [0, +co). 

lim Q(otx)e:~2/z= { +~x~, 
~ < 1, 

x-+~ 0, ot _> 1. 

fo 
~ 

1, 
Q(ax)e~’Zdx_ ~_~_~,ogL~-~-_ 1), ~ > 1. 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

15. 

where 

Q(otx) 
lim -- ~--,o~ Q(flx) 

%’00, 

1/2, 

O, 

[or]+ </3; 

ot =/3 or max{(~,/3} < O; 

/3 <c~ =0; 

[/3]+ < a; 

[z]+ = max{0, z}. 

(3.41) 

(3.42) 

16. 

17. 

2 lim 0-2 l°g Q (~)~-+0 = -([x]+)2’ 

(fl 2 lim 0-2 log 1 - Q 
k=l 

= - min 2 {max xk, 0}. 
k 

(3.43) 

(3.44) 

6 Unless otherwise noted, logarithms are natural. 
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18. If0<a <b, then 

lim Io ($) e-<~+b~)/<2~ _ b - a b-a                     ’ o (-s-) 
(3.45) 

with I0 equal to the Bessel function defined in Section 2.6.1. 

19. If0<a <b, then7 

o (8, 
lim - (3,46) 

20. If0<a <b, then8 

T(~,~) b+a 
lim -- 
o-+o O (0__~) 2~" 

(3.47) 

21. 

Q(~/~--~) 
_<e-y/2, x>O,y>O.        (3.48) 

Q(~/-~) 

22. The complementary error function, sometimes used in the statistics and 

communications literature, is equal to 

erfc(x) def 2 f~ 
= -~ e-t2 dt = 2Q(~,i~x). (3.49) 

23. 

1 f~r/2 Q(x) : -~r do e-XZ/(2sin2(°))dO, x                  _> 0. (3.50) 

24. If-y < x < y, then 

1 
Q(x - y) - Q(x + y) > -~ - Q(2y). (3.51) 

25. 

1 
(Q(x)- Q(y))2 < (x -y)2. (3.52) 

26. 

e-X~/2 ( 
1 1. 3 1. 3 . 5 

) 

Q(x) = x~/~~ 1- -~ ÷ -x-4- 
x-~g~ ÷ 

¯ . (3.53) 

7 Q(x, y) is Marcum’s Q-function defined in (3.155). 
8 T(x, y) is defined in (3.153). 

100 

Samsung Ex. 1007, Page 121 of 470



27. 

3.3 THE Q-FUNCTION 

l l(xax~    X7     ) Q(x) - 2 ~_ x - -~ ÷ 2~ 2.4----~ + . (3.54) 

28. If N1 ..... NL are independent Gaussian random variables with zero- 

mean and standard deviation equal to o-, the complementary cumulative 

distribution function 

29. 

30. 

31. 

32. 

33. 

34. 

is equal to 2Q(x) if L -- 1. Moreover, if L is even, then (3.55) admits 

a closed-form expression: 

L/2-1 1 (x2 ~n. ~[,/~ +... + ~ ~_~] = e-X~,~ ~ ~. ~ 
n=O 

(3.56) 

1 
E[Q(X)] - P[X < x] e-x2/z dx. (3.57) 

otl 
Q(x)dx = Q(oO + ~--~(1 - e-’~2/2). (3.58) 

fo1 (1) 
1 l~e_X2/2 (3.59) Q()~c’~)dx = 1 - ~5 Q(;L)+ 2)~2 )~/2zr    " 

e-x Q dx = -~ Q(~r). (3.60) 

1 

fo x e-X2’2 Q(-~)dx : ~ 
" 

(3.61) 

f0 X e-x2/2 Q dx 

1 

:Q(~) l~2 Q (~r l~---~-~)e-tzz,(2(l+c~)). 
(3.62) 
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35. 

x2n-l e-x2/z Q(~)dx 

_ (n -- 1)!(1 _ (0.2 "~- 1)_1/2)n 

2 

x 
Z 2-~ n - 1 + k (1 + (0.2 + 11-1/21k , k=0           k 

(3.63) 

36. If X is a complex-valued, zero-mean, Gaussian L-vector with indepen- 

dent real and imaginary parts and if the eigenvalues ~1 ..... )vL of the 

covariance matrix E [XX*] are distinct, then 

E [Q (llXll)] -- ~ ~- I , (3.64) 
i=1 

where 

i=l,i~j 

37. If X is a complex-valued, zero-mean, Gaussian L-vector with indepen- 

dent coefficients with variance E[IXi 12] = 2y2 and independent real 

and imaginary parts, then 

E [Q (llXll)] - 1 1 1 ( ~ 1.3.5...(2n- 1)] 

(3.65/ 

38. If X is a zero-mean, unit-variance, normal random variable, then 

E [Q(~ ÷ )~X)] = Q( 1~)"      (3.66) 

39. If x is a zero-mean, unit-variance, normal random variable, then 

1 / 
/ (3.67) 

V 1 + 
E [Q(/~ + )~x)x] -- 

40. For all n > 0, 

liI E IQn (~--~-)] = ~~P[X = -tz] + P[X < --I*]. ff-->O 

(3.68) 

41. If X is a symmetric random variable taking values on the interval 

[-3, 3], and its characteristic function is denoted by 

def 
qbx(co) = E[cos(coX)], 
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then 

E[Q(tz+X)] = C0,L + 2~ Ct,t~x + o(L), 
1=1 

(3.69) 

where the coefficients [C0,z ..... C~-l,t~] depend only on/z, 3, and L 

and are defined as the discrete Fourier transform of [Fo,~ ..... F~_I,L], 

Where 

1 ~1    ((2k+l)irr’~ = cos 
k=O 

( 13) 1 ( 
Fi L def 1 

2i + 
+ Q /Z . 

, =~Q /Z+ 2L ~ 2L 

Figure 3.3 shows a linear plot of the Q-function for positive arguments. 

Naturally, it is more useful to examine the behavior of the Q-function in the 

region where its values are more representative of bit-error-rates of interest 
in practice. Figure 3.4 shows a log-linear plot of the Q-function, along with 

the bounds in (3.34), (3.35), (3.37), and (3.38). 
The upper bound in (3.35) is an excellent approximation to the Q- 

function unless the argument is small (or negative). But, in view of (3.39), 

it is sometimes preferable to view the asymptotic behavior of Q(x) as that 

of the simpler upper bound (3.37). 

10-1 

10-2 

10-3 

10-4 

FIGURE 3.4. 

Log-linear plot of 
10-5 

Q(x) and its 

bounds: (a) 

(3.34), (b)(3.351, 

(c) (3.37), and (d) 10-6 
(3.38). 
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y(t) 

Matched Filter 

Matched Filter 

Matched Filter 

User3 

Sync 1 

Sync 2 

Sync 3 

User K ,           ’ 
Sync K 

A 

> bK[i] 

FIGURE 3.5. 

Bank of 

single-user 

matched filters. 

3.4 THE MATCHED FILTER IN THE CDMA CHANNEL 

In this section we analyze the error probability of the single-user 

matched filter when used in the Gaussian CDMA channel. Figure 3.5 de- 

picts a natural strategy to demodulate the transmitted streams in the basic 

CDMA models (2.1) and (2.6). Each filter is matched to one of the signature 

waveforms. As in any digital demodulator, it is necessary for the receiver 

to acquire (and track) synchronism with the bit epochs of the streams to 

be demodulated. If the CDMA channel is synchronous, then a single syn- 

chronizer provides the timing necessary to sample all the matched filters. In 

an asynchronous system, the individual timings of each of the transmitters 

must be acquired. In carrier-modulated systems, coherent detection requires 

synchronization with the frequency and phase of each of the modulating car- 

tiers. In an asynchronous direct-sequence spread-spectrum system where 
all users employ the same chip waveform, the continuous-time-to-discrete- 

time conversion of the bank of K matched filters can be carried out by a 

single chip-matched filter sampled at K times the chip rate, with sampling 

instants determined by the synchronizers. Needless to say, if the chip wave- 

form is (almost) strictly band-limited, then sampling at twice its bandwidth 

is sufficient. It is not infrequent that only one or a subset of users is to be 
demodulated at a particular receiver. In that case, the bank of matched filters 
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need not concern itself with users other than the ones of interest, because 

each of its branches operates autonomously. For the same reason, the anal- 

ysis of the error probability need only focus on the output of one of the 

matched filters. We will examine the synchronous CDMA channel first. 

3.4.1 PROBABILITY OF ERROR FOR 
SYNCHRONOUS USERS 

As we saw in Section 2.9.1, the kth user matched-filter output is 

equal to 

where 

f0 
T 

Yk = y(t)Sg(t) dt = A~b~ + ~-’~._,Ajbjpjk + n~, 
jCk 

(3.70) 

f0 
T 

n~ = a n(t)sk(t) dt (3.71) 

is a Gaussian random variable with zero mean and variance equal to cr2. 

If the signature waveform of the kth user is orthogonal to the other 

signature waveforms, then pj~ = 0, j � k and the matched filter output 
(3.70) reduces to that obtained in the single-user problem: 

y~=A~b~+n~. 

The probability of error (cf. (3.30)) of a threshold comparison of y~ is 

which is the same error probability we would obtain in the absence of 

other users. Since the presence of other users cannot decrease the error 

probability,9 we conclude that the bank of single-user matched filters is 

optimal in the special case of synchronous orthogonal CDMA. 

Let us now return to the nonorthogonal CDMA channel. It is best to 

consider the two-user case first (Figure 3.6). 

The probability of error of user 1 is 

P~(~r) = P[bl 7k D~] 

= P[bl = +l]P[y~ < OIb~ = +1] 

+P[bl = -1]P[y~ > 01bl = -1]. 

(3.73) 

(3.74) 

9 cf. Problem 3.5. 
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sl(t) 

s2(t) 

FIGURE 3.6. 

Bank of 

single-user 

matched filter.~ 

Yet, yl is not Gaussian conditioned on bl, so we will further condition on 

b2: 

P[Yl > 01bl = -1] = P[yl > 01b~ = -1, b2 = +l]P[b2 = +1] 

+ P[yl > 0[b~ = -1, b~ = -liP[b2 = -1] 

= P[nl > A~ - Azp]P[bz = +1] 

+ P[n~ > A~ + A2p]P[b~ = -1] 

1 I’A~_A2p) 1 I’A~ 

where we have used the independence of (bl, b2, nl) and the simplified 

notation p~2 = P, which we adopt t~oughout in the case of two synchronous 

users. By sy~etry, we get the same expression for P[y~ < 0]b~ = +1]. 

Therefore, the bit-e~or-rate of the conventional receiver for user 1 in the 

presence of one interfering user is 

P~(~) = ~O       + ~O ~ 

1 (AI?~IPl) 1 (AI+A~Ipl) (3.77) ¯ 

Interchanging the roles of users 1 and 2 in (3.77) we obtain 

p~(~)= ~Q(A~P)+~Q(.A~7~P). 
(3.78) 

Let us fuaher examine (3.77). Since the Q-function is monotonically 

decreasing, we readily obtain the upper bound 
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FIGURE 3.7. 
Output of 

matched filter for 

user 1 with one 
interfering user. - IPlA2- As -A1 A1- IPIA2 -A1+ IPlA2 A~ A! + IPlA2 

This bound is smaller than 1/2 provided that the interferer is not dominant: 

A2    1 
-- < --. (3.80) 
A~ I,ol 

In that case, because of the asymptotic behavior (o- --~ 0) of the Q-function 

(3.41), Equation (3.77) is dominated by the term with the smallest argument, 

and the upper bound (3.79) is an excellent approximation (modulo a factor 

of 2) to P~(o-) for all but low signal-to-noise ratios. This implies that the 

bit-error-rate of the conventional receiver behaves as that of a single-user 

system with reduced signal-to-noise ratio: 

(A1 721P1)2" 

If the relative amplitude of the interferer is such that 

A2    1 
-- > --, (3.81) 
A1 

then the conventional receiver exhibits a highly anomalous behavior: the 

near-farproblem. For example, the error probability is not monotonic with 

o-. To see this, first note from (3.77) that 

1 
limP~(o-) =             (3.82) 

a property we would expect from any detector. At the other extreme, we get 

1 
limP~’(cr)                  (3.83) 

because, due to (3.81), as o- --~ 0, the polarity of the output of the matched 

filter for user 1 is governed by b2 rather than bl. 

Figure 3.7 shows the location of the noiseless output of the matched filter 

of user 1 under no interference (A~ and -A l) and with one interfering user 

satisfying (3.81). In this situation, some background noise is better than no 
noise: in the absence of background noise erroneous decisions are made 

with probability 1/2, as the interference shifts the matched filter output to 
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the wrong side of the threshold with probability 1/2. The presence of a 

noise component either (a) has no effect on the decision, (b) prevents the 

detector from making an error, or (c) introduces an error. The noise excursion 

necessary for (c) is at least ]p I A2 ~- A t, whereas the noise excursion required 

for (b) is only I pIA2 - A 1. Thus, in the presence of noise the bit-error-rate 

is strictly smaller than 1/2. 

The noise level that minimizes the error probability under the condition 

(3.81) is (Problem 3.28) 

In the remaining case: 

~r~ _ A1A2p                      (3.84) 
A1    " 

arctanh (A-~) 

A~    1 _ (3.85) 
Aq hol’ 

the error probability of the single-user matched filter (3.77) reduces to 

l lQ(2A~’] 
P~(~) = ~ + ~ k,-~--,/’ 

which admits a simple interpretation: with probability 1/2, the signal of user 

2 exactly cancels the signal of user 1 at the matched filter output, which then 

becomes a zero-mean Gaussian random variable; with probability 1/2, the 

signal of user 2 doubles the contribution of the desired signal to the matched 

filter output. 

Figure 3.8 plots the bit-error-rate in (3.77) with p = 0.2 as a function of 

the signal-to-noise ratio A1/~ for several values of the relative amplitude 

of the interferer. We can see how the bit-error-rate degrades fairly rapidly 

as the interfering user’s amplitude grows. The upper curve is an example of 

the behavior under condition (3.81). 

It is interesting to assess the mutual interfering effect of two users by 

examining the region of signal-to-noise ratios that result in a guaranteed 

level of bit-error-rate. Indeed, in practice it is common to fix a maximum 

tolerable bit-error-rate level and then find the necessary energies to satisfy 

that requirement. Using as low transmitted energy as possible is a primary 

design goal. (For example, in wireless cellular communication systems, this 

is important for increased battery life and reduction of intercell interference.) 

Figure 3.9 plots the power-tradeoff region so that both users achieve a bit- 

error-rate not higher than 3 x 10-5, parametrized by the crosscorrelation 

between the signature waveforms. If the signature waveforms are mutually 

orthogonal, then we have two independent systems that achieve the desired 

objective as long as their signal-to-noise ratios are greater than or equal to 
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FIGURE 3.8. 
Bit-error-rate of 
single-user 
matched filter with 
no synchronous 
users and 
p = 0.2. 
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FIGURE 3.9. 
Signal-to-noise 

ratios necessary 

to achieve 

bit-error-rate not 

higher than 

3 x 10-5 for both 

users, 
parametrized by 

p. 
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As we increase the crosscorrelation between the signals we notice: (a) even 

if both amplitudes are identical the necessary energy increases rapidly and 

(b) the sensitivity to imbalances in the received energies grows. This is 

particularly important in mobile systems where the received amplitudes 

may vary over wide ranges. The sensitivity of the conventional detector 
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illustrated in Figure 3.9 (in the two-user case) dictates the need for strict 

power control so that the received amplitudes are very similar. 

It is useful to visualize the operation of the conventional detector (or, any 

detector, for that matter) in a signal space diagram. In Section 3.1 we spec- 

ified a decision rule by the partition of the observation space into decision 
regions corresponding to each hypothesis. In the K-user synchronous chan- 

nel, there are 2K hypotheses and the original observation space is the set 
of real-valued functions on [0, T], which is an infinite-dimensional space. 

However the K-user demodulator in the detector in Figure 3.5 bases its 

decisions on the K-dimensional vector (3.70) 

f0 ) (Yl ..... yt;) = ([ y(t)Sl(t)dt ..... 
y(t)sI~(t)dt 

computed from the original observations. Therefore, we can actually view 

the observations as the K-vector (Yl ..... y~;), instead of the original re- 
ceived waveform which belongs to an infinite-dimensional space. At this 

point, we opt for this simplified view not because the K-dimensional obser- 

vations contain the same information as the original observations (which we 

have not yet proved) but simply because it is a convenient way to visualize 

the operation of the multiuser detector, in particular when K = 2. In this 
case, conditioned on (bl, b2), (yl, y2) is a Gaussian vector with mean (cf. 

(3.70) and (3.71)) 

(Albl + A2b2p, Azb2 + Aablp) (3.86) 

and covariance matrix 

In Figure 3.10 we have depicted the mean vectors for each of the four 

hypotheses in the (y~, y2) space, in the case where A1 = A2 = 1 and p = 
0.2. We can view the "received" vector (yl, y2) as the sum of a "transmitted" 

vector (3.86) and a zero-mean Gaussian vector (nl, 
The decision regions in the (Yl, Y2) space of the single-user matched filter 

detector (Figure 3.6) are simply the four quadrants. In the case shown in 

Figure 3.10 (A1 = A2 = 1, p = 0.2), and in the absence of noise, the detector 

selects the correct hypothesis since it falls within its decision region. The 

probability of error found in (3.77) is the average of the probabilities that the 
received vector satisfies Yl < 0 given that (+, ÷) and (÷, -) are transmitted 

respectively. Accordingly, for the purposes of the decisions corresponding 
to user 1, the two-dimensional view of Figure 3.10 can be further simplified 

to the one-dimensional view of Figure 3.11. Nevertheless, for the sake of 
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FIGURE 3.10. 

Decision regions 

~n the 
~,o-dimensional 

space of matched 

~ilter outputs. 

FIGURE 3.11. 

Decision regions 

in the 

one-dimensional 
space of matched 

filter output. 

-÷ 

-1 -p 

-l+p 

l+p 

-l+p 

1-p 

l-p 

-1 -p 

¯ 

¯ ++ 

1+p 

comparison with other multiuser detectors considered in future chapters 

(where decisions do involve interaction of yl and Y2), it is advantageous to 

keep our focus on a two-dimensional observation space. 

A shortcoming of the (Ys, Y2) diagram in Figure 3.10 is that the noise 

components n l and n2 added to the transmitted vector are correlated: 

E[nzn2] = 

consequently, the distribution of the noise vector is not circularly symmetric 

and the norm of the noise vector does not determine the likelihood of that 

realization. This impairs the intuition one would be expected to gain from 

the comparison of the respective decision regions (in (Yl, Y2) space) of 

different detectors. A better choice than the (yz, Y2) diagram is a signal 

space diagram whose components (y~, Y2) are equal to the correlations of 

the received waveform with an (arbitrary) orthonormal basis (~bl, ~b2) that 

spans the linear space generated by the signals (sl, s2). For example, a choice 

for that orthonormal basis is 

~1 = sl, (3.87a) 

1       p 
~b2 = ~--~_ p2S~ 

1V/~-~_ pzs~¯ 

(3.87b) 

1-p l+p 

+- ++ 
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-÷ ¯ 

I 
$2 ¯ ++ 

¯ 
FIGURE 3.12. 
Decision regior 
of matched filte 
detector 
(orthogonal 
space);A1 = A~ 

Conditioned on (bl, b2), (~1, ~2) is Gaussian with mean 

(Albl (Sl, ~bl) -~ A2b2(s2, ~1), Albl (s1, ¢2) q- A2b2(s2, ~2)) 

= (Albl + A2b2p, A2b2v/-~ - p2) (3.88) 

and covariance matrix equal to 

o] COV(~I, ~2) ~-- 
0"2 . 

The counterpart to Figure 3.10 in the alternative orthogonal representation 

(~1, ~2) using the basis in (3.87) is shown in Figure 3.12 where the deci- 

sion regions are defined by the lines (hyperplanes in K-dimensional space) 

orthogonal to s~ and s2 respectively. In contrast to Figure 3.10 the inner 

product between the vectors representing the signature waveforms Sl, s2 in 

Figure 3.12 is indeed equal to their crosscorrelation. 

Even though (~1, ~) are not computed by the demodulator, it is useful 

to visualize the received vector as belonging to the two-dimensional space 

depicted in Figure 3.12. Indeed, the decisions of the detector in Figure 3.6 

are transparent to all those (infinite) components in y(t) orthogonal to ¢1 

and ¢2- 

The anomalous behavior of the single-user matched filter detector in the 

near-far situation (3.8 l) is illustrated in Figure 3.13, which corresponds to 

the same signature waveforms as those used in Figure 3.12, but with A1 = 
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FIGURE 3.13. 

Decision regions 

of matched filter 
detector 

(orthogonal 

space); 

A~ = 6A2. 

6A2. The decision regions remain exactly as in Figure 3.12; however, the 

transmitted vectors corresponding to (÷, -) and (-, ÷) have now migrated 

outside their original decision regions. Therefore, when those bit pairs are 

transmitted, an error will occur in the decision of user 2 unless the noise 

realization prevents it. In fact, in the absence of background noise, the 

decisions for users 1 and 2 are identical and equal to the data transmitted 

by user 1. 

The generalization of the bit-error-rate of the single-user matched filter 

from two users to an arbitrary number of users is straightforward. Following 

the same reasoning as before, we can write the bit-error-rate of the kth user as 

P~(~r) = P[b~ = +l]P[y~ < OIb~ = +1] 

+ P[b~ = -1]P[y~ > OIb~ = -1] 

1p nk > Ak- ZAjbjpj!~ ÷     nl~ < -A~ 

2            j¢~      j 2             j¢k 

= P [n~ > Ak - ZAjbjpj~ 
(3.89) 

1 

elE{-1,1} ejE{--1,1} etre{--l,l} jT~k 

(3.90) 
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where (3.89) follows by symmetry and (3.90) is obtained by conditioning 

on all the interfering bits. We see that the error probability of the single-user 

matched filter in the CDMA Gaussian channel depends on the shape of the 

signature waveforms only through their crosscorrelations. This property is 

due to both the nature of the receiver and the fact that the background noise 

is white and Gaussian (cf. Problem 3.29). Moreover, the error probability 

depends on the received amplitudes and noise level cr only through the ratios 

A~/a, as decisions are invariant to scaling of the received waveform. 

As in (3.77), the average of Q-functions in (3.90) is upper bounded by 

(3.91) 

In order to generalize condition (3.81) to the K-user case we note that 

(3.90) goes to 0 as o- --~ 0 if and only if the argument of each of the 

Q-functions therein is positive, that is, if 

A~ > ~AjlPjkl. (3.92) 

Condition (3.92) for error-free decisions in the absence of background noise 

is commonly referred to as the open-eye condition. Under this condition, the 

bound (3.91) becomes tight (modulo a factor independent of o-) as o- -~ 0. 

The number of operations required for the computation of (3.90) grows 

exponentially in the number of users. For this reason, a number of authors 

have approximated (3.90) by replacing the binomial random variable 

by a Gaussian random variable with identical variance. The approximated 

bit-error-rate becomes 

/ ~5~(°’) = Q ~ z " 
(72 ~- ~j#k AjPjk 

Whereas at low signal-to-noise ratios the approximation of (3.90) by (3.93) 

is generally good, for high signal-to-noise ratios it may be unreliable. The 

behavior of the Gaussian approximation is illustrated in Figures 3.14 and 

3.15. In those figures, the crosscorrelations between every pair of signature 

waveforms are equal to 0.08 and all users have the same power (cf. Problem 

3.10). The cases of 10 users (Figure 3.14) and 14 users (Figure 3.15) are 

representative of the open-eye and closed-eye situations, respectively. In the 

latter case, we observe the nonmonotonic behavior of the bit-error-rate of the 
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10-2 

FIGURE 3.14. 
Bit-error-rate of the 
single-user 
matched filter with 
10 equal-energy 
users and 
identical 
crosscorrelations 
pk~ = 0.08; 
(a} exact, 
(b) Gaussian 
approximation. 
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FIGURE 3.15. 
Bit-error-rate of the 
single-user 
matched filter with 
14 equal-energy 
users and 
identical 
crosscorrelations 
pkt = 0.08; 
(a) exact, 
(b) Gaussian 
approximation. 
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10-3.5 

10 15 20 25 30 
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single-user matched filter with signal-to-noise ratio, already observed in the 

two-user case. In the limit as o- --~ 0, Equations (3.90) and (3.93) behave 

differently. For example, (3.93) has a nonzero limit even if the open-eye 

condition is satisfied. The reason is that the error in replacing the bino- 

mial distribution by the Gaussian distribution is greatest in the tails, which 
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determine the bit-error-rate (unless the background noise is the dominant 

factor). When performance is averaged with respect to random carrier phases 

(cf. Section 2.5), the multiuser interference is no longer binomially dis- 

tributed but remains amplitude limited - in contrast to a Gaussian random 

variable with the same variance. 

Suppose that the random direct-sequence model is used and bit-error-rate 

is averaged with respect to the choice of binary sequences with spreading 
gain N. If K -~ cx~ and N --~ ~x~ but their ratio is kept constant, 

K 

then, the averaged bit-error-rate converges to 

lim E[P~(°-)]zQ(v/ ?~ )’ 
K--~oo 

where 

(3.94) 

a2 def 1 ~ 
= lim- A. 

K--,~ K~.= 

A sufficient condition for the validity of (3.94) is that the amplitudes Aj be 

bounded (Problem 3.39). Here we will justify (3.94) under the condition 

that the received energies are identical for all users Ak = A. According to 

(3.89) we need to compute the limit of 

~:2bjPlj 
P nl÷A > 

= P +A~b~ d~ > A               (3.95) 
j=2       n=l 

dg~ >       (3.96) = P n~ + A        ~(K 1)N .= n=~ 

where the random v~ables dy~ in (3.95) ~e independem equally likely to 

be +1 or -1. The (De Moivre-Laplace) Central Mmit Theorem dictates 

convergence in distribution (as K ~ ~) of the random v~iable 

#(K-~) = n=~ 

to a zero-mean, unit-v~i~ce, Gaussian random v~able. Thus, the right 
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side of (3.96) converges to 

) if2 + flA2 

as we wanted to verify. 

The limiting result in (3.94) can be strengthened to show that even if 

the bit-error-rate is not averaged with respect to the random sequences, it 

converges as K = fiN --~ ~x~ to the right side of (3.94) with probability one 

for any signal-to-noise ratio (Verd6 and Shamai [504]). It should be noted 

that for high signal-to-noise ratios, convergence may be very slow with K 

(cf. the case of K = 100 depicted in Figure 6.7). 

An easy-to-compute upper bound to P~ can be found by partitioning the 

set of users into 

11 ..... K}={kIUGU~, 

where G is a subset of interferers that satisfies the "partial" open-eye con- 

dition 

Ak > ~-~AjlPjk[. (3.97) 
jEG 

Then, as shown below, the error probability of the single-user matched filter 

is bounded by 

( (a~ - Y]~jcGA~Ipj~I)2~ 

The freedom to choose G (subject to (3.97)) can be exploited to minimize 

the upper bound (3.98). Two special cases of (3.98) deserve special mention. 

First, if the (full) open-eye condition (3.92) condition is satisfied, then 

-- 2o.2 ’ 

because we can take ~ = 0. Second, we can always take G = 0, in which 

case (3.98) becomes (el. (3.93)) 

( -- 2 2     " P~ < exp 2(~2 + ~j#~ A~p~) ] 

To justify (3.98), denote for brevity 

y = Ak - ~AjIP2~I > O. 
jEG 
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Then, if we choose an arbitrary )~ > 0 and we denote the unit step by u(t), 

we can write 

PC~ <_ E[u (nk + Z Zjpjl~bj - }/)]       (3.99) j~ 

<~ E[exp(,kn~ + Z,kAjpjkbj-_ 
(3.100) 

j~G 

= exp(-~v)E[exp(~n~)] ~ E[exp(XA~pj~b~)] (3.101) 
j~ 

= exv(-XV + #) n cosh(Aj~Ipj~])_ 
(3.102) 

jsG 

A~ -~g , (3.103) ~exp ~ ~+~_ ~ ~ 
j~G 

where (3.100)1° and (3.103) follow from 

u(t) ~ exp(Xt), ~ > 0, 

cosh(t) ~ exp ~ , 

respectNely. The desired bound (3.98) is obtNned by choosing X > 0 m 

~ni~ze (3.103). 

3.4.2 PROBABILITY OF ERROR FOR 
ASYNCHRONOUS USERS 

The analysis in the asynchronous case is entirely similar. The main 

difference is that now each bit is affected by 2K - 2 interfering bits. This 

doubles the number of terms in (3.90): 

1 
P~(~r)- 4/~-1 Z "" Z "’" 

(el,dt)~{-1,1}2     (ej,dj}~{-l,l}2     (eK,dtr)~{--1,1}2 

j ~:k O" 

The generalization of condition (3.92) to the asynchronous case is 

Ak > ZAj(IPjkl + Ip~jl). 

(3.104) 

(3.105) 

10 E[exp()~X)], )~ > 0, is known as the Chernoffupper bound to P[X > 0]. 
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Recall that the asynchronous crosscorrelations in (3.104) depend on the 

offsets between the users’ symbol periods (as well as on their carrier phases 

for example). Consequently, those parameters are random variables that may 
actually be time varying. Given a set of signature waveforms it is possible to 

compute the distribution (or, simply, the expectation) of (3.104). However, 

this is a computationally intensive task. 
We see that for any number of users and no matter which signature 

waveforms are used, there is always a set of offsets and received energies 

for which errors occur even in the absence of background noise because the 

decisions of the single-user matched filter are dominated by the multiac- 

cess interference. Moreover, this may happen even if perfect power control 

ensures equal received energies. This phenomenon becomes more critical 

when the crosscorrelation between the signature waveforms increases, as, 

for example, when the spectral efficiency increases. 
The infinite-user random sequence analysis in the previous section can be 

carried over to the asynchronous case incorporating two fictitious interferers 

per actual interferer. Averaging over the received delays and using the result 

in (2.27) for rectangular chip waveforms (see also Problem 2.15), we see 

that the bit-error-rate is equivalent to that of a synchronous system with 

(2/3)(K - 1) interferers. 

$.5 ASYMPTOTIC MULTIUSER EFFICIENCY 
AND RELATED MEASURES 

The main performance measure of interest in digital communica- 

tions in general, and in multiuser detection in particular, is the bit-error-rate 

Pk (o’). In addition, there are several performance measures derived from the 
bit-error-rate that turn out to be useful in the analysis, design, and under- 

standing of the various detectors. We have already seen an example of such 

a measure: the power-tradeoff region of signal-to-noise ratios that results in 

a guaranteed bit-error-rate level. The analysis of the conventional detector 

motivates the introduction of several other performance measures. 
It is common to average error probability with respect to random quan- 

tifies such as delays, phases, and received signal-to-noise ratios. When the 
unknown quantities are slowly time-varying (relative to the data rate), aver- 

aging bit-error-rate may be misleading because it may be dominated by par- 

~ ticularly unfavorable, but rare, channel conditions. In practice it is common 

to design the communication system to guarantee that outage (performance 
falling below a certain threshold) occurs no more than a certain percent- 

age of time. In that case, the cumulative distribution function (computed 
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for a value or range of values of interest) of the error probability is more 

insightful than its average. 

Although not a foolproof predictor of error probability, the signal-to- 

interference ratio (SIR) is useful in the assessment of the quality of multiuser 

detectors, particularly when used in conjunction with error-control codes 

(Section 2.4). SIR gives the ratio of powers due to the desired user and 

due to all other components at a soft-decision variable such as the output 

of the single-user matched filter. In the absence of interfering users, the 

output signal-to-noise ratio of the kth matched filter is A~/0-2, whereas in 

the presence of synchronous interferers it equals 

A2ck de=f     A~                (3.106) 
2 2 " 0-2    0-2 "JI- EjCk Aj Pjk 

The presence of other users in the channel can only increase the bit-error- 

rate, and it is of interest to quantify the multiuser error probability relative 

to the optimum single-user error probability (3.30). To that end, we define 
the effective energy of user k, e~(0-), as the energy that user k would require 

to achieve bit-error-rate equal to P~(0-) in a single-user Gaussian channel 

with the same background noise level, that is (cf. (3.30)), 

p~(0-) = Q(~). 
(3.107) 

Since the error probability of any multiuser detector is lower bounded by 

the single-user error probability 

the effective energy is always upper bounded by the actual energy: 

e~(0-) < AM. (3.108) 

The effective energy normalized by 0-2 can be seen as an alternative way 

to give the information contained in the bit-error-rate; note the one-to-one 

correspondence between the functions e~(0-) and Pk(0-) " 

e~(0-) = 0-2(Q-a(p~(0-)))z. 

The power-tradeoffregion for a given permissible bit-error-rate P (same 

for all users), such as that depicted in Figure 3.9, is the set of signal-to-noise 

ratios 0--2(A2~ ..... A~) such that 

max P~(0-) <_ P, 
k 

3.109) 
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or, equivalently, 

min ek(0-____~) > (Q-t (p))2. (3.110) 
k 0-2 

The multiuser efficiency or ratio between the effective and actual energies, 

ek(0-)/A~, is an alternative way to characterize the multiuser bit-error-rate. 

From (3.108) it follows that the efficiency belongs to the interval [0, 1] (or 

[-~x~, 0] in dB) and quantifies the performance loss due to the existence of 

other users in the channel. Multiuser efficiency depends on the signature 

waveforms, received signal-to-noise ratios, and the detector employed. 

The asymptotic multiuser efficiency is defined as 

lim t/k = (3.111) 
o~0 A~ 

and measures the slope with which Pk(0-) goes to 0 (in logarithmic scale) 

in the high signal-to-noise ratio region, that is (Problem 3.10), 

r/k=sup{0<r<l: lim~0P~(0-)/Q(-~-£)=0} 
(3.112) 

2 lim 0-2 log 1/Pk(0-). (3.113) 
-- A~2 ~0 

We can immediately conclude that in those situations (such as the single-user 
matched filter detector under the closed-eye condition) where the bit-error- 

rate does not vanish as the background noise level goes to 0, the asymptotic 
multiuser efficiency is equal to 0. Conversely, if the asymptotic multiuser 

efficiency is positive, then the bit-error-rate not only vanishes but it does so 

exponentially in the signal-to-noise ratio. 

Except for low signal-to-noise ratios, usually the multiuser efficiency 

ek(0-)/A~ is very close to Ok- Moreover, in some cases, the asymptotic mul- 

tiuser efficiency is easier to compute than the bit-error-rate and it allows intu- 

itive and easy-to-grasp depictions of the effects of unequal received energies. 

The worst asymptotic effective energy is defined as 

co(At ..... Ax) de___f min lime~(0-) (3.114) 
k=l,...,K ~r--,’O 

= min A~2r/k (3.115) 
k=l,...,K 

= 2 l_i.m~0-2 log lIP {b~ -7k ~} 
Lk=l 

(3.116) 

where (3.115) follows from (3.111), and (3.116) can be verified upon taking 
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lim~__,0 a~ log(.) of both sides of 

max Pk(a) < P    {bk � bk} <    Pk(a). 
k=l,_.,K            =             k=l 

According to (3.110), the power-tradeoff region for bit-error-rate P is 

(asymptotically) the set of o--2(A~ ..... A~) such that 

o--2~o(A1 ..... A~:) _> (Q-l(p))2. 

Notice that 

1 
-:-=co(A ..... A) = min Ok 
A~ - k=l,...,K 

quantifies the power penalty experienced by equal-power users in the high 

signal-to-noise ratio region. 

It is important to quantify the degree of robustness against the near-far 

problem achieved by multiuser detectors. To that end, we define the near- 

far resistance as the multiuser asymptotic efficiency minimized over the 

received energies of all the other users: 

f/k = inf 0k. (3.117) 
Aj>O 

j~:k 

The near-far resistance depends on the signature waveforms and on the 

demodulator. 

The near-far problem is most common in systems with mobile trans- 
mitters, since their received energies do not remain constant. To take this 

fact into account we introduce a slightly different version of the near-far 

resistance measure for the asynchronous CDMA channel by dropping the 

assumption that the received energies remain constant throughout the trans- 

mission period (cf. Section 2.6).This results in the more restrictive definition 

of near-far resistance as 

fTk = inf 0k, (3.118) 
Aj[i]>O 

(i,j)7~(O,k) 

which will turn out to be more analytically tractable than (3.117). 

Whenever the bit-error-rate is given as the weighted sum of Q-functions 

(e.g., (3.90)) it is very easy to compute the asymptotic multiuser efficiency. 
The single-user matched-filter error probability P~(a) serves as a simple 

illustration of the procedure. In the two-user synchronous case, if 

AI < A~Ipl (3.119) 
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then the bit-error-rate in (3.77) does not vanish as a -~ 0, and thus, 0[ = 0. 
If 

then (3.41) yields 

A1 > A21Pl, (3.120) 

lim -- - lim 2 o- o 

= { 0, 
.v/-~Al < A1 - A21Pl, 

(3.121) +cx~, ~/-~AI > A1 -- A21pl, 

which implies that under (3.120), 

0~ = (1- A21pl~2 

Putting together the asymptotic multiuser efficiency in both regions, (3.119) 

and (3.120), we obtain 

o~=max2 0,1-~lpl , (3.122) 

which is plotted in Figures 3.16 and 3.17 as a function of the relative am- 

plitude of the interferer. 

Proceeding analogously in the K-user synchronous and asynchronous 

channels we obtain, respectively, 

n~= max2 0,1-- 
j~=k ~xk 

(3.123) 

i 

FIGURE 3.16. 0.8 
Asymptotic 

multiuser 0.6 

efficiency of n~ 
conventional 0.4 

defecfor as a 

function of the 0.2 

amplifude of the 

Jnterfereu ,o = 0.2 

(linear plot). 
3 

A2/A1 
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(dB) 

-5 

-10 

-15 

0    5    10 

A2/A 1 (dB) 

FIGURE 3.17. 
Asymptotic 
multiuser 
efficiency of 
conventional 
detector as a 
function of the 
amplitude of the 
interferer; p = 0.2 

(log-log plot). 

and 

max2 [ 0,1-- j~ck ~kk (IPJk l "nt- lPkJ l)} " 

(3.124) 

Note that the asymptotic efficiency of the conventional detector can be 

seen as a normalized measure of the eye-opening (cf. conditions (3.92) and 

(3.105)). 
Minimizing (3.123) or (3.124) over {A j, j 5~ k} we see that the near-far 

resistance of the kth user is equal to 0 unless Pjk = &j = 0 for all j 7~ k. 

In other words, the kth user signature waveform must be orthogonal to each 

of the partially overlapping waveforms of every interferer. Because this 
condition cannot be satisfied for all offsets in an asynchronous channel, we 

conclude that the conventional receiver is not near-far resistant, except in 

the trivial case of synchronous orthogonal signature waveforms (in which 

case it is optimal). 

3.6 COHERENT SINGLE-USER MATCHED FILTER 
IN RAYLEIGH FADING 

This section is devoted to the analysis of the single-user matched 

filter when the received signals are subject to independent frequency-fiat 

Rayleigh fading. The receiver is assumed to know the fading coefficients 

of the user of interest. We consider the cases of scalar observations and 

diversity reception. 
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3.6 RAYLEIGH FADING 

SCALAR RECEPTION 

It is convenient to adopt the complex-valued model in (2.48): 

M K 

y(t) = Z ZA~[ilb~[ils~(t - iT) + an(t), 
i=--M k=l 

(3.125) 

where Ak[i] are complex with independent Gaussian real and imaginary 

components having zero mean and standard deviation equal to Ak. A basic 

assumption we make in this section is that the receiver knows the fading 

coefficients Ak[i] (both amplitude and phase) for the desired user. 

Let us first examine the single-user case: 

y(t) -- Abs(t) ÷ an(t), t ~ [0, T], (3.126) 

where we have considered the one-shot model without loss of optimality 

because of the assumption that the fading coefficients are perfectly known. 

In parallel to the real-valued setting, the optimum decision rule selects 

b ~ {-1, 1 } that minimizes 

L 
r ly(t) - Abs(t)l2 dt 

=Lrly(t)12dt+LT"lAs(t)12dt-291{L~y*(t)Abs(t)dt}. 

This means that the optimum decision rule in the single-user case is 

({f0 b = sgn 9t A y*(t)s(t)dt . (3.127) 

The inner product of y(t) and s(t) is a sufficient statistic denoted by 

y = y(t)s*(t) dr. 

Note that 

sgn(91{Ay*}) 

is equal to ÷ 1 if and only if the angle between the complex numbers A and 

y is acute (i.e., if their absolute phase difference is less than 7r/2). 

To find the error probability of (3.127), we condition on the transmitted 

bit and the received faded coefficient: 

{f0 / P[b = llb = -l, A] = P[-IAI2 + ~r91 A n*(t)s(t)dt >01A] 

= P[-IAI2 + o-91{A}N~ - o-~{A}N~ > 0[A] 

= Q (~-~) ,               (3.128) 
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where 

N~de=f~tlforn*(t)s(t)dt}, 

N~ = ~ n*(t)s(t)dt 

are independent Gaussian random variables with zero mean and unit vari- 

ance. 

By symmetry, the conditional probability of making an error when ÷1 

is sent is the same. We need to average (3.128) with respect to the Rayleigh 

distributed [A[. If the real and imaginary components of A have zero mean 

and standard deviation each equal to A then A = AR, where 

fR(r) = rae-r2/2, r >_ O. 

Accordingly, 

1 1- 
2 v/1 + 0-2/A2 

0-2 

-- 4A2’ 

(3.129) 

(3.130) 

where (3.129) is obtained from (3.61). 
It is interesting to contrast the single-user bit-error-rate with and without 

Rayleigh fading. Whereas the error probability with deterministic ampli- 
tude (3.30) decreases exponentially in -A2/0-2, (3.129) has a much slower 

hyperbolic decay with A2/0-2: 

0-2      (0-4) 

pFc(0-)= ~-~÷ O ~-~ ¯ (3.131) 

This is due to the fact that when averaging error probability with respect to 

the received amplitude, performance is dominated by very small amplitude 

values, which a Rayleigh-distributed random variable takes with nonnegli- 

gible probability. For high enough 0-, pFc(0-) < pc(o-) (Problem 3.43).This 
is just an artifact of the different roles of A/O- in the notations we have 

employed with and without fading. For simplicity, take s(t) to be real in 

(3.126). Since A is the standard deviation of both the real and imaginary 

components of A, and the real and imaginary components of n(t) have unit 
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spectral density, the real and imaginary channels in (3.126) each have the 

same signal-to-noise ratio as the real-valued channel (3.19). 

In view of (3.131) the multiuser asymptotic efficiency in Rayleigh fading 

of a detector with bit-error-rate Pff(0-) should be defined as 

0-2 

OFk = lim          2 F     " (3.132) o~0 4AkP~ (0-) 

The performance analysis of the decision rule (3.127) in the presence of 

multiaccess interference can be carried out by conditioning with respect 

to the transmitted bits and fading coefficients. Analogously to (3.129) we 

obtain 

E Q +ZeJ 0-IA~I pj~ 
j#k 

~-" A2 2~ 0-2 + ~,j¢~ jPj~,I 

(3.133) 

2    ~/0-~ + Y’~j A~pj~ 

(3.134) 

(3.135) 

where the sum in the right side of (3.135) is over all users and p~k = 1. In 

(3.133) the phase term A~/IA~I and binary coefficients have been dropped 

since they do not affect the distribution of the random variable inside the 

Q-function. Equation (3.134) follows from (3.66) because ~{Aj } are inde- 
pendent Gaussian random variables. To obtain (3.135), we simply solve the 

same integral that led to the single-user result (3.129). The conclusion is 

that for the purposes of the bit-error-rate of the single-user matched-filter 
receiver, the Rayleigh-distributed interferers act like an additional source 

of Gaussian background noise. 

Unless the signature waveforms of the interferers are orthogonal to that 

of the desired user, p~c(0-) does not go to 0 as a --+ 0. According to (3.132), 

this implies that the single-user matched filter suffers from zero asymptotic 

multiuser efficiency in the presence of Rayleigh fading, in contrast to the 

asymptotic multiuser efficiency of the single-user matched filter found in 

(3.123) in the absence of fading. 
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3.6.2 DIVERSITY RECEPTION 

Let us consider first the particular case of (2.74) in which K = l: 

yl(t) = A~lbSlx(t) + o-n~(t), 

¯ (3.136) 

yn(t) = Ambsm(t) + 

where {AI~ ..... Am } are independent complex Gaussian random variables 

with variance E [1Adl Is] = 2A~, and the D noise processes are independent¯ 

It is easy to generalize previous results on binary hypothesis testing in 

Gaussian noise to show that the optimum decision rule selects b ~ {-1, 1} 

that minimizes 

T D 

foE lyd(t) -- Adlb s(t)~ Is dt 
d=l 

=       ly~(t)J2 dt +       JA~Sdl(/)J2 dt 

d=l                      d=l 

- 2b E 91 y*~(t)AdlS~l(t) dt . (3¯137) 

d=l 

Accordingly, the optimum decision role is (cf. (3.127)) 

b = sgn        Ad~Y~I                 (3.138) 
d=l 

with 

Ydl =    yd(/)S~l(t) dt. 

In the context of diversity, the decision rule in (3.138) is referred to as 

maximal-ratio combining (Problem 2.34). Conditioning on the fading co- 

efficients, the bit-error-rate is 

P[b = lib = -1, All ..... Am] 

= p _    IA~I~ + o.    91{A~ln~} > 01A~I .... An~ 
d=l               d=l 

(3.139) 
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where we have used the fact that, conditioned on the fading coefficients, 

}-]~d=l Adl n~ is a complex Gaussian random variable with independent real 
and imaginary parts each with variance equal to o-2 Y-]~d~__l lad112. 

In order to average (3.139) with respect to independent complex Gaussian 

Adl with 

E[IAal 12] = 2A2 

we just need to invoke (3.65) with L = D and ?/= A/~r to yield 

1 1    1     1 + ~t.~£ ~-~7~ i~]" (3.140) 
PlOC(°’) -- 2 2 V/1 + cr2/A2    ,=1 

Now, let us investigate the more general bit-error-rate analysis of 

with 

fo 
T 

* 
Ydic =    yd(t)Sdic(t) dt, (3.142) 

where the received processes are now subject to multiaccess interference 

(2.74): 

yl(t) = ~ A!icbicSlk(t) + O-hi(t), 

K 

yD(t) = ~ ADICbicSDk(t) + ~rllD(t), 
k=l 

(3.143) 

and where the fading coefficients are complex, Gaussian, and independent 

E[JAdicl2] = 2A~. 

with 

The inner product in (3.142) is affected by multiaccess interference: 

Ydic = Adicbk + ~_~ Adlblplic(d) + find/c, (3.144) 

where the crosscorrelations of the signals in the dth branch are denoted by 

picj(d) = s*~ic(t)sdj(t)dt. (3.145) 
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Conditioning on bh and on (Alk ..... ADh), the decision statistic in (3.141) 

is equal to 

9l{ ~AahY~h = bh    [Adhl2 + 91{n},        (3.146) 
d=l                   d=l 

where n is a complex Gaussian random variable with independent real and 

imaginary components and variance given by 

D           D 

E[Inl2] : 20-2 ~ IAdh[2 + 2 ~ IAdh[z E A~lp~k(d)l~" 
d=l         d=l      17/:k 

(3.147) 

Therefore, the probability of error is 

~d=l[ ~h] , (3.148) 

P~�(0-) = E e E~:, IAahla(~r~ + Et~k A~IP~h(d)12)) _] 

where the expectation is with respect to the independent Rayleigh random 

-variables IAah I. In the special case in which 

~ A~lp~h(d)]~ = Oh 

is independent of d, the result in (3.140) applies verbatim replacing o"2 by 

3.7 DIFFERENTIALLY-COHERENT DEMODULATION 

If the fading coefficients of the desired user can be considered to 

be constant in consecutive intervals, that is, 

Ah[i] = Ah[i + 1] = A~ej°k, 

and the data streams are differentially encoded, then a simple detector can 

be used that (unlike that in Section 3.6.1) does not require knowledge of the 

received phase of the desired user. 
As we saw in Section 2.4, when the data streams are differentially en- 

coded, the transmitted bits are obtained from the original data stream via 

e~[i] = ek[i - 1]b~[i]. 

Then, the received waveform on two consecutive bit intervals t e [i T - 

T, iT + T] is 

K 

y(t) = ~Ah (eh[i - 1]sh(t -- iT + T) + eh[i]sk(t - iT)) + an(t). 
k=l 

(3.149) 
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A sensible way to decide on b~[i] = e~[i - 1]e~[i] is to compare the phases 

of consecutive matched filter outputs: 

b~[i] = sgn(~t(y~[i - 1]y~[i]}), (3.150) 

where 

f iT+T 

y~[i] = y(t)s~(t - iT)dt. (3.151) 
,liT 

The detector in (3.150) does not require knowledge of the received ampli- 

tude/phase of the desired user. 

We proceed with the analysis of the bit-error-rate in the single-user case 

(K = 1) as a function of A1 and 01. Recalling that n(t) is white Gaussian 

noise with independent real and imaginary parts, each with unit spectral 

level, and using (3.149) it is straightforward to show that 

9~{y~[i - 1]yl[i]} = N{X~[i - 1]Xl[i]}, (3.152) 

where X1 [i] is a complex Gaussian random variable with mean A~ej°’ el [i] 

and independent real/imaginary parts, each with variance 0-2. The bit-error- 

rate analysis will follow from the following general result: 

Proposition 3.6 (Stein [420]) Let X and Y be independent complex-valued 

Gaussian random variables with means rex, my, and independent 

real/imaginary parts each with variance V2 /2. Then 

P[9~{XY*} < 01 = T(a, b) 

Q(a, b) - l~ Io(ab)e-(a2+° de2 /2, (3.153) 

where Io is the zero-order Bessel function 

1 ex cos(,~+f!) do~, lo(x) = 

1 
a = ~lmx - rnri, 

1 
b = ~lmx + mrl, 

42y 

(3.154) 

and the following function is known as Marcum’s Q-function (Marcum 

I266]): 

def 
Q(a, b) = a2 ~- X2) Io(ax)x dx. (3.155) exp - 

2 
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Applying Proposition 3.6 to the case of interest, we equate ~/2 = 2a2, 

mx = AleJ°~el[i], 

and 

mr = AleJ°lel[i - 1]. 

Furthermore, by symmetry we may condition on bl[i] = 1, which means 

that el[i] = el[i - 1]. Thus, 

b-- 

Since Io(0) = 1 and 

Q(O, b) = e-b2/2, 

we obtain that the error probability of the differentially-coherent detector 

in the single-user case admits the simple expression 

Pldc(o-) = le-a~/(2a2). (3.156) 
2 

As was to be expected, p~c is not a function of 01. If the amplitude is not 

the deterministic constant A1 but rather is Rayleigh distributed: A1R with 

fR(r) = re-r2/2, 

then the above analysis holds verbatim conditioning on R. The final aver- 

aging of (3.156) yields 

1 E e-A~R~/(2’rz)    1 1               (3.157) 

7[      ]--21+~" 

The single-user bit-error-rate analysis is fairly straightforward to generalize 

to K users by conditioning on all amplitudes/phases, on bl [i] = 1, and on 

eli - 1] and e[i] where 

e[i] = [1, e2[i] ..... eK[il]. 

If we let 

then 

def~ 1[ ¯ . 

a = Alej°l, A2eJ°~pl2 ..... AKeJ°~pll~], 

PldC(ff) : 41-K Z Z T(laT(e[--1] -- e[0])l, lar(e[--l] + e[0])[), 
e[-1] e[O] 

(3.158) 

132 

Samsung Ex. 1007, Page 153 of 470



~,.8 NONCOHERENT DEMODULATION 

where the function T is defined in (3.153). At this point, rather than attempt- 

ing an average of (3.158) with respect to phases, we show that the near-far 

resistance of the differentially-coherent single-user detector is zero. First 

we lower bound PaaC(o-) by 

P~dc(o~) > 41-/~T 0, -- A~eJ°kplk 
O" k=l 

= 21-2Ke-I ~=t A~eJ°kP~kl2/(2~rz), 

(3.159) 

(3.160) 

where (3.159) follows by retaining only one term in (3.158): that corre- 

sponding to 

e[-1]=e[0]=[1...l]. 

According to the result in Problem 3.44, the near-far resistance correspond- 

ing to the average of p~dc over independent uniformly distributed 01 ..... Ox 

is dominated by the worst-case realization. We conclude that 

K         2 

fTd~c <_ min min l + ~ A~eJ°~pl~ =0. 
A~,...,At¢ Oz,...,Ot~ 

k=2 

$.$ NONCOHERENT DEMODULATION 

The differentially-coherent modulation format allows partial 

knowledge of the incoming phase assuming it stays fairly constant over 

consecutive symbol intervals. If the phase changes rapidly or the receiver 

is constrained not to extend its observation window beyond the symbol of 

interest, we are led to consider a completely noncoherent one-shot channel 

with no information about the received phase, 0: 

y(t) = IAleJ°s(t;b) + an(t), (3.161) 

where for all be {1 ..... m}, [Is(.;b)ll = 1, and the real and imaginary 

components of n(t) are white Gaussian with unit spectral density. 

In (3.1. 61) we have formulated a nonlinearly modulated (cf. Section 2.5.2) 

m-ary single-user channel. For every b ~ {1 ..... m} we define the complex 

matched-filter output: 

L 
T 

y~ = y(t)s*(t; b) dt. (3.162) 

We now show that IYl 12 ..... lyre I~ are sufficient statistics, and in fact, the 

optimum demodulator for (3.161) selects b corresponding to the maximum 
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Conditioned on the data and received amplitude/phase, the likelihood 

function of the observations is 

(- f0    ) f[Y I b, IAI, 0] = exp ~ [y(t) - IAIs(t; b)ej° I2 dt (3.163) 

= Cexp(~gt{lAle-;°yb}), 
(3.164) 

where C does not depend on either b or 0. Averaging (3.164) with respect 

to uniformly distributed 0 we get 

1 
:8t{IAle-J°yv}) dO 

1 r2= {-1 
) - 2rr J0 expL~rTIAI ly~lcosot d~ 

(3.165) 

(IA~fy~l) 
(3.166) 

where I0 is the zero-order Bessel function (3.154). Since I0 is a monotone 

increasing function, the average of (3.166) with respect to IA[ will be a 

monotone increasing function of lY~I regardless of the distribution of 

Therefore, the optimum demodulator for (3.161) computes the complex 

matched-filter outputs (3.162) for each of the hypotheses and selects the 

one with maximum magnitude. 

We have shown that the optimum noncoherent demodulator for the 

single-user channel (3.161) does not depend on the crosscorrelations 

(s(.; b), s(.; d)). However, the probability of error obviously depends on 

those parameters. Instead of providing a full analysis, we simply give the 

probability of (symbol) error conditioned on IAI (Proakis [345]): 

pnoncoh = ~(__1).+1 m -- 1    1 

n    ~-~ exp 2(n + 1)o’2,/’ 
n=l 

(3.167) 

which holds in the special case of deterministic amplitude and orthogonal 

signaling: 

(s(.; b), s(.; d)) = 

If m = 2, then (3.167) reduces to 

= ~ expL-~--~) ¯ 

In the case of binary nonorthogonal signaling, we denote 

(3.168) 

sin/3 de=f (S(.; 1), S(-;2)); 
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then the error probability averaged with respect to Rayleigh IAI is equal to 

(cf. (3.153)and Proakis [345]) 

Pn°nc°h- T (~2~ sin/3 A ~) -- 2’ x/~ cos . 
(3.169) 

An exact analysis of the noncoherent single-user demodulator in the 

presence of multiuser interference generalizing (3.167) or (3.169) has not 

been reported in the literature. In order to grasp the essential features of the 

multiuser performance of the noncoherent single-user demodulator when 

the received process is 

K 

y(t) = Z IAkl ej°k sk(t; bk) + an(t), 

k=i 

(3.170) 

where 0k are independent and uniformly distributed, we will restrict atten- 

tion to binary orthogonal modulation: bk ~ {+, -}, 

(sk(., +), sk(., -)) = 0, 

and we will discuss two different scenarios: the two-user noiseless channel 

and K-user Rayleigh fading. 

Two-user noiseless channel. In this case (3.170) becomes 

y(t) = IA~ leJ°~sl(t; bl) ÷ IA21d°2s2(t; 

where we denote the crosscorrelations 

I T 

p[b~, b2] ~    Sl(/, b~)s~(t, b2)dt. 

dO 

Conditioned on [All and ]A2I, the probability of error is given by 

(Problem 3.47) 

1 1 
pnoncoh .... [g(+, +)+g(+, -)+g(-, +)+g(-, -)1 (3.171) 1 2 4 

with 

1 
g(b~, b2) = -- arcsin(h(3(b~, b2))), 

def / 1, 
X > 1, 

h(x) 

=Ix’ 

-1 <x > 1, 

-1 x < -1, 

3(b~, b2) dej IA~ 12 + IA21Z(Ip[bl, b2]l~ - Ip[-bl, b2]l2) 

2IA~ IIA211p[b~, b2]l 
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The interesting aspect of the error probability (3.171) is that as long 

as there is (bl, b2) such that 

3(bl, b2) < 1, (3.172) 

then the error probability is nonzero in the absence of noise. Condition 

(3.172) depends not only on the crosscorrelations but on the received 

amplitudes. Examining the definition of the function 8(bl, b2) we see 

that, unless the pairs of signals of both users are mutually~ orthogonal 

(in which case the single-user error probability in (3.168) holds), then 

we can find a pair (b~, b2) such that (3.172) is satisfied for sufficiently 

small ratio [A~ [/[A21. This means that whenever the noncoherent er- 

ror probability is averaged with respect to an amplitude distribution 

that places nonzero mass in every interval (0, ~) (such as all those 

mentioned in Section 2.6.1), then it will show an error floor as the 

background noise level decreases. Comparing this behavior to the 

case of no multiuser interference (e.g., Problem 3.46) we conclude 

that asymptotic multiuser efficiency (and near-far resistance) are zero 

for the single-user noncoherent demodulator in frequency-flat fading. 

K-user Rayleigh fading. If IAI[ ..... IA/r] are independent Rayleigh- 

distributed, with second moments denoted by 

E[IA~I2] = A~, 

then given (b~ ..... b!r) the decision variables 

y~+ = (y, s~(., +)), (3.173) 

Ya- = (Y, s~(., -)) (3.174) 

are correlated, zero-mean, complex Gaussian random variables with 

independent real and imaginary components. Assuming bl = - 1, the 

second moments of the observables are 
K 

E[lY~+la] = cra ÷ ~ A~Ipa~[÷, bic]la, (3.175) 
k=2 

K 

E[ly~_lz] = ~r~ ÷ A~ ÷ ~ A~lpaic[-, b~]l2, 
k=2 

K 

(3.176) 

E[yl+y~_] = ~ A~plic[+, b~]Pl*~[-, b/c]. (3.177) 
k=2 

Using these expressions, we can readily compute the conditional prob- 

ability of error, 

P[lYl+l2 > lYl_lZlb~ = -1, b2 ..... b/r], 

by particularizing the following fact: 
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Proposition 3.7 Let X and Y be zero-mean complex Gaussian random 

variables with independent real and imaginary components. Then~1 

1 E[IXI2] - E[IYIz] 
P[IXI2 < IY[2] = _ _ 

2 2~/(E[IXI~ + IYIZ])z- 41E[XY*]I2 
(3.178) 

3.9 BIBLIOGRAPHICAL NOTES 

General references on detection and estimation dealing with the 

material in Sections 3.1 and 3.2 are Van Trees [462] and Poor 

[336]. The matched filter was originally found in North [303] as 

the maximal signal-to-noise ratio solution in a radar problem. 

The signal space approach to digital communications popular- 

ized in the textbook Wozencraft and Jacobs [543], dates back to 

Shannon [407]. 

The single-user matched filter receiver has been used for 

CDMA demodulation since the inception of direct-sequence 

spread-spectrum for multiuser applications (Simon et al. [410]). 

There have been a number of works devoted to the computation 

or approximation of the expected value of the bit-error-rate of the 

conventional single-user matched filter receiver. All early works, 

for example Kaiser et al. [192], Pursley [347], and Yao [552] 

approximate multiaccess interference as a white Gaussian pro- 

cess. More refined analyses have been reported in Geraniotis and 

Pursley [108], Pursley et al. [348], Laforgia et al. [226], 

McDowell and Lehnert [272], and Letaief [238] for given sets 

of pseudonoise signature waveforms, and in Lehnert and 

Pursley [236], Morrow and Lehnert [287], Sadowsky and Bahr 

[372], Holtzman [147, 148], van Rooyen and Solms [461], Sun 

and Polydoros [436], and Verdd and Shamai [504] for random 

signature sequences. An analysis of the capabilities of the single- 

user matched filter with random direct-sequence signature wave- 

forms dates back to Savage [383].The Chernoff bound technique 

in (3.98) is originally due to Saltzberg [375]. Discussion and anal- 

ysis of the’effects of the choice of specific families of pseudonoise 

sequences on the bit-error-rate of the conventional receiver can 

be found in the spread-spectrum literature (Simon et al. [410]). 

The sensitivity of the single-user matched filter bit-error-rate to 

unequal received signal-to-noise ratios is studied in Kudoh and 

Matsumoto [224], and for fading channels in Vojcic et al. [515], 

Vojcic et al. [516], Vojcic et al. [514], and Cameron and Woerner 

more general problem is solved in Appendix B of Proakis [345]. 
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[42]. Very accurate and fast power control (with a maximum tol- 

erable error of less than 1 dB) is required in the IS-95 system 

with single-user matched filtering (e.g., Vojcic et al. [515] and 

Kohno et al. [220]). 

The bit-error-rate analysis of the single-user matched filter 

in the presence of asynchronous interferers and Rician fading 

has been investigated for various spread-spectrum systems in 

Geraniotis [107] and Vandendorpe [463]. A mixture of Rayleigh 

and Rician fading is considered in Vojcic et al. [516] and Voicic 

et al. [514]. Analyses in the presence of frequency-selective fad- 

ing appear in Geraniotis and Pursley ’[109], Geraniotis [107], 

Letaief [237], and Goeckel and Stark [120]. The effects of 

equalized multipath with Rayleigh-faded coefficients and asyn- 

chronous interferers are studied in Kavehrad [202]. The single- 

user receiver is analyzed in Caire et al. [41] with trellis-coded 

modulation and the homogeneous fading model of (2.66). Homo- 

geneous fading in multicarrier CDMA is considered in Schnell 

[394]. The effect of unequal carrier frequencies is analyzed in 

Sousa [418]. 

The numerically efficient approximation to bit-error-rates in 

(3.69) is due to Levy [239]. A table of integrals of the Q-function 

is given in Ng and Geller [301]. Its average with respect to the 

Rice distribution (2.51) is not known to admit a closed-form ex- 

pression but can be represented in terms of Marcum’s Q-function 

(Lindsey [244]). 

The performance of spread-spectrum correlation receivers in 

impulsive non-Gaussian channels is studied in Aazhang and 

Poor [2] and Aazhang and Poor [3]. 

The differentially-coherent single-user matched filter in the 

presence of multiaccess interference is analyzed in Varanasi and 

Aazhang [475]. The formulas given for the bit-error-rate of the 

noncoherent single-user matched filter are justified in Proakis 

[345]. The case of noncoherent multipath reception with orthog- 

onal m-ary modulation is analyzed in Viterbi [510] and Jalloul 

and Holtzman [175] approximating the multiaccess interference 

as white Gaussian noise. An approximation of the error probabil- 

ity of binary frequency-shift-keying for direct-sequence spread- 

spectrum multiaccess is given in Geraniotis [106] substituting 

the multiple-access interference at the output of the matched fil- 

ter by Gaussian random variables with exact second-order mo- 

ments. 

Asymptotic multiuser efficiency was first proposed as a per- 

formance measure of multiuser demodulators in Verd~i [486, 

487,490]. The asymptotic multiuser efficiency of the single-user 

matched filter was given in Verd~i [491]. For Rayleigh fading 
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channels, Equation (3.132) was defined in Zvonar and Brady 

[570]. The asymptotic efficiency in the presence of Rician fading 

is found in Vasudevan and Varanasi [479]. The zero asymptotic 

efficiency of the noncoherent single-user receiver was noted in 

Russ and Varanasi [370] for Rayleigh fading channels. The rele- 

vance of the worst asymptotic effective energy for the minimiza- 

tion of the sum of transmitted powers is recognized in Varanasi 

[469]. Power-tradeoff regions are introduced in this text as an 

analysis tool for multiuser detectors. 

The near-far resistance measure in (3.117) was proposed in 

Verdti [489], Lupas-Golaszewski and Verdti [256], and Lupas and 

Verdti [254] in the context of synchronous channels. The defini- 

tion in (3.118) was proposed in Lupas and Verdti [253, 255] in 

order to study the near-far problem in asynchronous channels. 

3.10 PROBLEMS 

PROBLEM 3.1. Show that the minimum error probability for equi- 

probable binary hypothesis 

is equal to 

H0 : Z ~ fzl0, 

,f P = -~ min{fzlo(Z), fzll(z)} dz (3.179) 

-- 2 4 Ifzlo(Z) - fzll(z)l dz.     (3.180) 

Note that (3.179) implies the Bhattacharyya bound: 

,f p < - v/fz!o(z)fzl,(z)dz. (3.181) 
-2 

PROBLEM 3~2. Consider the binary hypothesis testing problem be- 

tween a standard Cauchy distribution and a zero-mean Gaussian 

with variance equal to 2 depicted in Figure 3.1. 

(a) Find the minimum probability of error P if both hypothesis are 

equiprobable. 

(b) Find the test that minimizes the maximum of the probability 

of deciding Hi when H2 is true and the probability of deciding 

H2 when H~ is true. 
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PROBLEM 3.3. Consider an m-ary hypothesis testing problem: 

H1 : Z ~ fzll, 

Hm 

Show that the vector of rn - 1 a posteriori probabilities, 

P[H11Z],. ¯ ¯ P [Hm-11Z], 

is a sufficient statistic. (You may assume for.convenience that Z is 
countably valued.) 

PROBLEM 3.4. Let n be a Gaussian vector with zero mean and 

covariance matrix equal to a positive-definite matrix H. Let xi be 

a deterministic vector with 

Ilxi II2 = xiTx/ < 

and consider the hypothesis testing problem: 

H~:y = x~ +an, 

: 

Hm:y = xm +an. 

(a) Find the maximum-likelihood decision rule. 
(b) Simplify the decision rule in (a) in the case: m = 2, Ilxl II 

(c) Generalize the decision rule in (b) to make it the MAP rule 

when P[H1] = 

PROBLEM 3.5. Consider the following m-ary hypothesis testing 

problem with L-dimensional observations: 

H~:y = Cx~ + d, 

Hm :y = Cxm + d, 

where C is an invertible L x L matrix. Furthermore, we assume 

that C and d are independent of the random vector x, and their 

joint distribution is independent of the true hypothesis. Show that 

if C and d are known to the detector, then the maximum-likelihood 

decision rule is the maximum-likelihood decision rule for 

H1 :z = Xl, 

Hm :Z = Xm 
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applied to 

z = c-l(y - d). 

PROBLEM 3.6. Independent observations (Y1, Y2 .... ) with iden- 

tical distribution are obtained. The common distribution is deter- 

mined by 

H0 : Yi "~ frlo, 

Hi: Yi ~ frll. 

Denote the loglikelihood ratio by 

frlo(Y) )~(y) = log frll(Y)’ 

and denote the a posteriori probability after j observations by 

rfl[j] = P[Hllyl ..... Yj]. 

In particular, ~r~ [0] denotes the a priori probability of hypothesis 

(a) Show that 

with 

1 
gl[J] -- 

1 + exp(l[j]) 

l[j] = l[j -- 1] +)~[yj], 

1[01 = log (7t’~-1 [0] -- 1). (3.182) 

Note that the sign oft[j] determines the maximum-a-posteriori 

decision, whereas its absolute value quantifies the reliability of 

the decision. 

(b) Assume that the probability density functions frlo and frll are 

such that 

D(frloilfYi1) < 

D(frlillfrlo) < 

where the divergence functional is defined as 

de=f [ f(x)log f(x) dx D(fl[g) 
J g(x) 

Show that if H~ is true, then l[j]/j converges almost surely to 

-D(frl~ll frl0), and if H0 is true, then l[j]/j converges almost 

surely to D(fYiollfrll). 
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PROBLEM 3.7. Consider the m-ary hypothesis testing problem: 

H1 :y(t) = Asl(t) ÷ an(t), 

Hm :y(t) = Asm(t) + an(t), 

where (si, sj) = 0 if i � j, and Ilsi II = 1 for all i. 

(a) Find the minimum probability of error. 

(b) Define the energy per bit as 

A2 

log2 M" 

Find the minimum value of Eb/a2 such that the probability of 

error goes to 0 as M --~ cxz. 

PROBLEM 3.8. Consider a single-user discrete-time channel: 

y = Abs + n, 

where s is a deterministic L-vector and n is a Gaussian L-vector 

with zero mean and covariance matrix given by the positive-definite 

matrix ~. 

(a) Show that the optimum detector for equiprobable b E {- 1, 1 } 

is 

~ : sgn(yTh) , 

where h is the discrete-time matched filter: 

h : ~-ls. 

(b) Show that among all transmitted vectors s, such that Ilsll = 1, 

the one that minimizes the error probability of the matched 

filter detector is a minimum-eigenvalue eigenvector of ~. 

PROBLEM 3.9. Consider a single-user complex-valued discrete- 

time channel: 

y = Abs + n, 

where s is a deterministic complex-valued L-vector and n is a 

Gaussian L-vector with zero mean, independent real and imaginary 

parts, and covariance matrix given by the positive-definite matrix 

N. Show that the optimum detector for equiprobable b E {- 1, 1 } is 

~ = sgn(~{y*~-ls}), 

where y* denotes the conjugate transpose of y. 
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PROBLEM 3.10. A single-user white Gaussian channel 

y(t) = Abs(t) + an(t), t ~ [0, T], 

is demodulated with a correlator that instead of being sampled at 

time T is sampled at time r uniformly distributed between 0 and 

T, that is, 

b= sgn(f0~ y(t)s(t)dt). 

If Is(t)l = 1/v~, show that the increase in average error proba- 

bility due to the timing jitter is equal to 

A-~ - Q      A~ 

PROBLEM 3.11. Consider a collection of L-dimensional positive- 

definite matrices (El ..... Er) and an m-ary hypothesis testing 

problem where the observations are an L-dimensional zero-mean 

Gaussian random vector: 

HI:Z ~ J~(O, [~q), 

Hm :Z ~ J~(0, Era). 

Show that the maximum-likelihood decision role is 

argmini {Zr E~-Iz "31- log det ~’]i }" 

PROBLEM 3.12. Two demodulators for a communication system 

that transmits independent binary equiprobable data have the spec- 

ifications shown in the table 

Poo 

NOKIA 0.95 0.67 

MOTOROLA 0.80 0.80 

where P00 [resp. ply] stands for the probability that if 0 [resp. 1] is 

transmitted, the demodulator makes the correct decision. 

(a) Which demodulator achieves better bit-error-rate? 

(b) The demodulator is now used in conjunction with an error- 

correction code: 0 is encoded as 000 and 1 is encoded as 111; 

the decoder selects 0 if the output of the demodulator belongs 

to {000,001,010, 100} and 1 otherwise. Which demodulator 

achieves better bit-error-rate? 
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(c) Can you get the same answers to both (a) and (b) if both de- 

modulators satisfy P00 = P11? 

PROBLEM 3.13. For the composite hypothesis testing problem of 

Proposition 3.4, find 

P[~ly(t), t ~ I]. 

PROBI.I:M 3.14. Consider the binary, nonequiprobable, antipodal, 

single-user, white Gaussian noise channel 

y(t) = Abs(t) ÷ an(t), t ~ [0, T], 

where the a priori probabilities satisfy 

~ro=P[b=O]~P[b= 1]= 

Find the detector that minimizes the probability of error. 

I~ROBI.I:M 3.15. Consider the binary, equiprobable, antipodal, 

single-user, white Gaussian noise channel 

y(t) = Abs(t) + ~rn(t), t ~ [0, T], 

where s (t) = 1/~/~-, t ~ [0, T ]. Find the probability of error achieved 

by the following two-stage detector: in the first stage, the detector 

uses {y(t), t ~ [0, T/2]} to compute 

~o = P[b = -ll{y(t), t ~ [0, T/2]}], 

~ = P[b = ll{y(t), t ~ [0, T/2]}]. 

The second stage is an optimum detector (Problem 3.14) for b using 

the observations {y(t), t ~ [T/2, T]} and the "a priori" probabili- 

ties Y~0 and ~’a computed by the first stage. 

PROBLEM 3.16. Consider the binary, equiprobable, antipodal, 

single-user, white-noise channel 

y(t) = Abs(t) ÷ an(t), 

where s is unknown to the receiver other than the fact that 

s "    (s(t) -- So(t))2 dt < ~ , 

for some known signal So and 3. 

(a) Show that h = So achieves 

max rnin S N R(s, h) (3.183) 
h sES 
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with the signal-to-noise ratio defined as 

def ((S, h))2 
SNR(s, h) = ~-TII-~¯ 

(b) Find the value of (3.183) as a function of So, 0-, and 3. 

PROI~I.I:M 3. i 7. Consider thebinary, equiprobable, antipodal, one- 

shot single-user channel 

y(t) = Abs(t) + 0-n(t), 

where n is white Gaussian noise with unit spectral density and s is 

the raised-cosine pulse in Problem 1.9: 

g~(t) 
s(t) - 

Suppose that y is processed by an ideal low-pass filter with band- 

width 

2 ’ 

followed by sampling at time 0 and by a comparison to a zero- 

threshold¯ Compare the error probability of this detector with that 

of the optimum detector, in terms of the signal-to-noise ratio loss 

as a function of or. Why is there no loss of optimality when ~ = 0? 

PROBI.I:M 3.18. Consider the binary, equiprobable, antipodal, 

single-user channel 

y(t) = Abs(t) ÷ m(t), 

where the unit-energy signal s is time-limited to [0, T] and b ~ {- 1, 1 }. 

Assume that the demodulator is 

b --- sgn((y, s)), 

when (y, s) � 0. If (y, s) = 0, then ~9 takes either value with equal 

probability. Furthermore, suppose that m(t) is a random process 

chosen by a jammer under the constraint: 

E    m2(t)dt <_ 0-2 <~ A2. 
L 0 

The highest error probability that such a jammer can cause to the 

above demodulator is known (Shamai and Verd6 [406]) to be equal 

to 
0-2 

Pmax = 4A2. 
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(a) Find the jamming process, m(t), that achieves Pmax. 

(b) Assuming the jamming process you found in (a), is there a 
demodulator that achieves error probability smaller than Pmax? 

PROBLEM 3. i 9. Find a minimal sufficient statistic for the hypoth- 

esis testing problem in Proposition 3.2. 

PROBLEM 3.20. A signal s is present on the interval [0, T] with 

probability 1/2. When the signal is present, it is equally likely 

that the detector receives s or -s. Find the rule to decide whether 

the signal is present or absent with minimum probability of error 

assuming that the observations are contaminated by additive white 

Gaussian noise. 

PROBLEM 3.21. Generalize Proposition 3.3 to the case when ~j 

and 7~j do not have the same number of elements. 

PROBLEM 3.22. Consider the composite hypothesis testing prob- 

lem in Proposition 3.4 with I[X111 ..... I]Xm I[. Consider the test 

that selects the most likely hypothesis among the m hypotheses and 

then checks whether that hypothesis belongs to J. 

(a) Show that this test is not optimal by means of an example. 
(b) Show that the decision regions of this test converge to the op- 

timal ones as o- --~ O. 

PROBLEM 3.23. (Bounds of the Q-function) 

(a) Prove bounds (3.34) and (3.35). [Hint: Integrate the definition ¯ 

of Q by parts, and use the definite integral 

~ 
oo ve-V2/2dv = e-x2/2.] 

(b) Prove bound (3.38). [Hint: Work with the logarithm of the Q- 

function.] 

(c) Prove bound (3.37). [Hint: Compare to the upper bounds (3.35) 

and (3.38).] 

PROBLEM 3.24. Show (3.64). [Hint: Use a partial-fraction expan- 

sion of the characteristic function of IIXII2 to write its probability 

density function as a weighted sum of exponential probability den- 

sity functions.] 

PROBLEM 3.25. Find E [Q (llXll)] if X is a complex-valued, 

zero-mean, Gaussian three-dimensional vector with independent 

coefficients with independent real and imaginary parts and 

146 

Samsung Ex. 1007, Page 167 of 470



3.10 PROBLEMS 

variances 

E[IX~121 = 2t,2, 

E[IX2I2] = 2~/2, 

E[IX312] = 4)/2. 

(See e.g., Schlegel [386].) 

PROBLEM 3.26. Use (3.56) and (3.57) to show (3.65). 

PROBLEM 3.27. 

(a) Conditioned on amplitudes and crosscorrelations, find the char- 

acteristic function of the random variable 

K 

X = Z A~b~pl~. 

k=2 

(b) Find the characteristic function of the random variable 

K 

X = ~_~ A~bkplk cos(0h), 
k=2 

where the phases 0k are independent and uniformly distributed 

on [0, 270. 

PROBLEM 3.28. Consider the two-user synchronous CDMA chan- 

nel (2.3). 

(a) Show that the signal-to-noise ratio of user 1 that minimizes the 

error probability of the matched filter for user 1 is 

A2~ [ ?/arctanh(g), if IvI < 1; 
o-2    +~x~,        if b’l >_ 1; 

where 

A1 

A2p 

(b) Show that the unique signal-to-noise ratio of user 1 that max- 

imizes the error probability of the matched filter for user 1 

is 

A2~ 
0, 

O-2 

regardless of the value of g. 

PROBLEM 3.29. Find the error probability of the single-user 

matched filter receiver for user 1 in a two-user synchronous CDMA 

channel (2.5) if the background noise n(t) is 
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(a) Gaussian with autocorrelation function R(~:). 

(b) 

n(t) = tan(0), t ~ [0, T], 

where 0 is uniformly distributed on [-~r, ~r]. 

PROBLEM 3.30. Derive expressions (3.112) and (3.113) for the 

asymptotic multiuser efficiency. 

PROBLEM 3.31. Find the signal-to-interference ratio at the output 

of the single-user matched filter for the basic asynchronous CDMA 

model. 

PROBLEM 3.32. Consider a synchronous CDMA system using a 
bank of matched filters for which the open-eye condition is satis- 

fied for all users. Initially, all users have the same received signal- 
to-noise ratio V. Then user 1 increases its power by ~1 dB. To 

compensate, users 2 ..... K increase their power by ot dB. Find 

the minimum ot necessary so that none of the error probabilities 

increases. Assume V --~ 

PROBLEM 3.33. Show that if the random variable X is such that 

for all x > O, 

P[-x < X < O] > P[O<X <x], 

then the Chernoff bound can be strengthened as: 

P[X > 0] < l~E[eXX] 

for all ,k >_ O. 

PROBLEM 3.3,1. Find the probability of error of the single-user 

matched filter for user 1 in the absence of background noise P~(0) 

in a 5-user synchronous CDMA channel with crosscorrelations 

(/912, /913, ,014, ,015) =- (-0.2, 0.1, 0.3, 0.2) 

and received amplitudes 

(A2, A3, A4, As) = A1(2, 1, 2, 1). 

PROBLEM 3.35. Show that determining P~(0) is NP-hard in K. 

[Hint: By reduction to PARTmON (Garey and Johnson [102]).] 

PROBLEM 3.36. Consider a two-user synchronous channel with 
crosscorrelation p where the received amplitudes are random, 
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independent, identically distributed: 

P[A~ = otA] 

1 
P[A~ = A] = -~, 

1 
P[Ak = ot-lA] = -. 

4 
Find the average asymptotic multiuser efficiency of the single-user 

matched filter (3.122). 

PROBLEM 3.37. Consider a synchronous direct-sequence spread- 

spectrum system where binary signatures are chosen independently 

and equally likely. Suppose that K and N grow without bound while 

keeping their ratio constant and equal to/3 = K/N. 

(a) Assume that all users have the same received power A~ = A2. 

Show that the signal-to-interference ratio at the output of the 

single-user matched filter converges in mean-square sense to 

lim Ac2      A2 
K--~oo 0"2 -- (~2 .~_ flA~"          (3.184) 

(b) Generalize the result in (a) to the case where A2k-1 = ~A2~ = 

aA. 

PROBLEM 3.38. Consider a K-user synchronous CDMA channel 

where users are assigned direct-sequence spread-spectrum wave- 

forms with N chips per symbol. Assume that all K users are re- 

ceived with equal amplitudes and there is no background noise 

(o- = 0). The demodulator is a bank of single-user matched filters 

and the binary spreading codes are chosen randomly (equiprobably 

over all choices) and independently from user to user. 

(a) Find the following function of K: 

1 
lim -- log 1/P~(0). (3.185) 

N--,~ N 

(b) Show that if K grows with N as K = o(N), then 

lim P~(0) = 0. 

[Hint: It follows from standard large-deviations results (Grimmett 

and Stirzaker [128]) that if a fair coin shows Hn heads in n tosses, 

then 

1 
P[2Hn - n > an]1/" -~ 

v/(1 ÷ a)0+a)(1 - a)(~-a) 
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for0<a< 1, and 

1 

forO < ~.] 

~ e-n?~2/4, 

PROBLEM 3.39. Consider a K-user synchronous CDMA channel 

where users are assigned direct-sequence spread-spectrum wave- 

forms with N chips per symbol. The binary spreading codes m’e 

chosen randomly (equiprobably over all choices) and indepen- 

dently from user to user. Let fl = K/N. Verify that if Aj = o(K) 

for all j = 2 ..... K, then the bit-error-rate of the single-user 

matched filter averaged over the choice of sequences converges to 

K--> oo 2 

where 

/~2 def lim 1 ~ 2 Aj. 

[Hint: Use the Lindeberg-Feller Central Limit Theorem (Feller 

[91])]. 

PROBLEM 3.40. Using the same random sequence model as in 

Problem 3.39, show that the variance of the random v~iable 

1     p~j > 1 

j=2 

converges as K ~ ~ to 

PRO~fM 3.~1. Consider a K-user synchronous channel where 

the signature waveforms are equicorrelated Pjk = P for all j and 

k and 

A1 ..... A~ = A. 

(a) Find the range of p for which R is positive-definite. 

(b) Show that the bit-error-rate of the single-user matched filter is 

given by 

K-l( ) (~A___.) 

P~(o’)=2I-KE K-1 Q (l+p(K-1 2n)) . 

n=0      n 

(c) Particularize the Gaussian approximation (3.93) to the present 

case. 
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(d) For every K, find a value of p such that 

lim ~ c c P~(a) < lim P~(a). 
a--+0 a--~0 

(e) For every K, find a value of p so that P~(a) is nonmonotonic. 

~ive an explanation for this behavior. 

P~O~[M 3.~. Extend the bound (~.98) to the c~ier-modulated 

case (Section 2.5). [Hint (Viterbi [510]): Note that 

E [exp(k~kj)] = Io(kPkj) 

where the zero-order Bessel function satisfies 

Io(x) < exp -~- .] 

PROBLEM 3.43. Show that for sufficiently small A/a, 

pFc(a)= ~ 1-- v/l+-a2/Ai < Q = 

PROBLEM 3.44. A certain bit-error-rate function parametrized by 

ot admits the representation 

P(0., a) = g(a, ot)e 

with f(~) > 0 and there exist 0.o > 0, ~ > 0, ~2 > 0 such that if 

0 < 0. < 0.0, then 

0 < (i1 ~ g(0., or) <_ (i2 < ~-00. 

Show that the asymptotic efficiency corresponding to E [P(a, A)], 

where the average is with respect to a given distribution of the 

random parameter A, is given by 

2 lim 0.2 log 1/E[P(0., A)] = f*, 
o--+0 

where f* is the essential infimum of f(A). [Note: The essential 

infimum of a random variable X is defined as 

sup{x ¯ P[X _< x] = 0}.] 

PROBLEM 3.45. 

(a) Find the worst asymptotic effective energy coC(A~ ..... 

(cf. (3.115)) for the synchronous single-user matched filter. 
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(b) Verify that the equal-power power penalty is 

...., 
PROBH~N 3,46, Find the average e~or probability of the single- 

user channel with bin~ o~hogonal modulation and noncoherent 

demodulation (3.168) when IAI = AR and R is Rice-distributed 

with parameter d. 

~ROgt[N ~,~7, Verify the e~or probability (3.171) of the nonco- 

herent single-user demodulator in the absence of noise and in the 

presence of one intefferer. 

P~Ogt~N a,18, Show that the e~or probability of the coherent 

single-user matched filter with synchronous or asynchronous in- 

terferers satisfies 

lim    - P~(~) ~ = ~ 

PROBLEM 3.~9, For the K-user e~or probability of the noncoher- 

ent sync~onous single-user detector in the presence of Rayleigh- 

distributed intefferers, find 

~ ~noncoh-- if2. lira    - ~ La) 

PROBLEM 3.50. (V~anasi [466]) A ce~ain multiuser co~uni- 
cation system has e~or probability equal to 

~f~a~ ~) 

where the function T is defined in (3.153). Find the asymptotic 
mulfiuser efficiency ~. 

P~Og~[N ~,51, A certain m-~y single-user co~unication chan- 

nel is 

z Am l{b m} n 

(3.187) 

where the vector [n~ ..- n,,] is complex Gaussian with independent 

real and imaginary parts. We consider the problem of designing a 

noncoherent receiver that knows [IAll "" [Am I] but has no infor- 
mation on the phases of [Al .." Am]. 
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(a) (Russ and Varanasi [370]) Show that the maximum-likelihood 

decision rule is 

where the matrix P is the inverse of the m x m covariance 

matrix of the noise vector In1 ... nm]. 

(b) Find the probability of error achieved by (3.188) in the special 
case of equiprobable b, P = I and IAii = IAI. 
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CHAPTER FOUR 

OPTIMUM MULTIUSER 
DETECTION 

A very simple demodulator for the CDMA channel was 

analyzed in Chapter 3. We turn our attention now to the 

derivation and analysis of optimum strategies. The anal- 
ysis of optimum multiuser detectors yields the minimum 

achievable probability of error (and optimum asymp- 
totic multiuser efficiency, as well as optimum near-far 

resistance) in CDMA channels. This serves as a baseline 
of comparison for suboptimum multiuser detectors. 

4.1 OPTIMUM DETECTOR FOR 
SYNCHRONOUS CHANNELS 

The conventional single-user matched filter receiver requires no 

knowledge beyond the signature waveforms and timing of the users it wants 

to demodulate. In the derivation of an optimum receiver, we will assume 
that the receiver not only knows the signature waveform and timing of every 
active user, but it also knows (or can estimate) the received amplitudes of 

all users and the noise level. 
For some time, it was widely believed that the decisions of the conven- 

tional single-user matched filter were, if not optimal, almost optimal for 

channels with a large number of equal-power users. The reasoning that led 

to this belief used the central limit theorem to conclude that the second 
(binomially distributed) term in (cf. (2.76)) 

K 

Yl = Albl + ~ Akb~plk q- o’nl 
k=2 

(4.1) 

is accurately approximated by a Gaussian random variable, and therefore 

that the matched filter is quasi optimal. In fact, it is not necessary to invoke 
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the central limit theorem, but the open-eye condition (3.92) is sufficient 

(Problem 4.6) to conclude that zero-thresholding Ya is optimal if the receiver 

is only allowed to observe Yl. The wrong conclusion of the near optimality 

of the single-user matched filter originates from the implicit assumption 

that the observable used to demodulate user 1 must be restricted to its 

matched filter output. Although (yl ..... y~:) is a sufficient statistic for the 

data (bl ..... bK), it is not true that Yk is a sufficient statistic for bk. 

~1.1.1 TWO-USER SYNCHRONOUS CHANNEL 

The two-user synchronous channel (2.5) is 

y(t) = Alb~s~(t) + A2bzsz(t) ÷ ~rn(t), t ~ [0, T]. 

According to Section 3.1, the minimum probability of error decision for 

user 1 is obtained by selecting the value of bl ~ {-1, ÷l} that maximizes 

the a posteriori probability 

P[b~[{y(t), 0 < t < T}], (4.2) 

and analogously for user 2. We could pose a different optimum detection 

problem by requiting that the receiver selects the pair (b~, b2) that maximizes 

the joint a posteriori probability 

P[(bl, bz)l{y(t), 0 < t < T}]. (4.3) 

We can write (4.2) in terms of (4.3): 

P[bll{y(t), 0 < t < T}] = P[(b~, +l)l{y(t),0 < t < T}] 

÷ P[(b~, -1)l{y(t), 0 < t < T}]. 

However, those optimum detection strategies, which we will refer to as 

individually optimum and jointly optimum, respectively, need not result 

in the same decisions. To see why the two criteria are indeed different, 

consider an example where the noise realization is such that the a posteriori 

probabilities take the following values: 

P[(÷I, +l)l{y(t), 0 < t < T}] = 0.26, 

P[(-I, ÷l)l{y(t),0 < t < T}] = 0.26, 

P[(÷I, -1)l{y(t),0 < t < T}] = 0.27, 

P[(-1, -1)l{y(t), 0 < t < T}] ---- 0.21. 
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Then, the jointly optimum decisions are (bl, b2) ---- (+1, -1), whereas the 

individually optimum decisions are (bx, b2) = (+l, +1). However, this 

distinction is a relatively minor technical point because we can expect that 

unless the signal-to-noise ratio is such that the error probability is extremely 

poor, both types of decisions will agree with very high probability: typically 

there is one value of (bl, b2) for which the a posteriori probability is very 

close to 1. The underlying reason why the jointly optimum and individually 

optimum decisions need not coincide is that bl and b2 are not independent 

when conditioned on the observed waveform. 

Let us solve first the case of jointly optimum decisions. Since the four 

possible values of (bl, b2) are equiprobable, we can use Proposition 3.2 in 

the special case of m = 4 hypotheses: 

Xl = A1s1 ÷ A~s~, 

X2 ~ AIS1 -- A2s2, 

x3 = -AlSx + A2s2, 

X4 -~- -A1sa - A2s2. 

Particularizing the likelihood functions (3.6), we see that the optimum de- 

cision rule in Proposition 3.2 selects the pair (bl, b2) that maximizes 

f[{y(t),O < t < T}l(ba, 

(lfo  = exp -~2 [y(t) - AlblSl(t) - A~ (4.4) 

Since the data are equiprobable and independent, the jointly optimum 

decisions are the maximum-likelihood decisions (~1, ~2) chosen such that 

Alb~S~(t) ÷ A2bzsfft) is closest to the received signal in the mean-square 

sense. In other words, we are choosing the hypothesis that corresponds to 

the noise realization with minimum energy. The minimum-distance deci- 

sion regions are shown in Figure 4.1 in the same two-dimensional space that 

was used in Figure 3.12, namely, (~1, ~2) are the projections of the received 

waveform along orthonormal signals that form a basis for the space spanned 

by the signature waveforms s~ and s2. As far as deciding which of the four 

signals AlblS1 -Jr A2b2s2 is closest to the received signal, we may disregard 

the (infinite number of) dimensions we are not representing in Figure 4.1 be- 

cause the received waveform contains no information about bl and b2 along 

those dimensions. Figure 4.1 should be compared to the decision regions, de- 

picted in Figure 3.12, of the single-user matched filter detector for the same 

set of signature waveforms. Because it always selects the closest hypothesis 

to the received observations (Figure 4.2), the jointly optimum detector does 
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FIGURE 4.1. 
Decision regions 

of jointly optimum 
detector for 

A~ = A2, 

1, = 0.2. 

¯ ++ 
22 

not suffer from the anomalous behavior of the single-user matched filter 

(Figure 3.13) when there are imbalances in the received amplitudes. 

Since the individually optimum mulfiuser detector achieves the mini- 

mum probability of error for each user, why would one ever consider the 

jointly optimum (maximum-likelihood) multiuser detector? As we will see, 

the complexity of the maximum-likelihood solution is lower, and, as we 

mentioned, unless the signal-to-noise ratio is very low, the probability of 

error achieved by the maximum-likelihood solution is extremely close to the 

FIGURE 4.2. 

Decision regions 

of jointly optimum 

detector for 

A1 = 6A2, 

,o=0.2. 
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minimum. If the transmitted bits are not equiprobable, then the maximum- 

likelihood decisions chosen to maximize (4.4) no longer select the jointly 

optimum decisions (that maximize (4.4)). In some situations (e.g., when 

certain types of error-correcting codes are used), it is required that the 

detector give more information than just a (hard) decision on each trans- 

mitted bit. Soft decisions inherently carry information that enable the as- 

sessment of their reliability. A rough way to do that is to further partition 

the decision regions, with the subdecision regions bordering other decision 

regions corresponding to areas of lower reliability. A finer way to provide 

soft decisions is to give the a posteriori probability of each bit (up to a scale 

factor); computing that information for the CDMA channel turns out to be 

(as we will see) no more complex than obtaining the minimum probability 

of error (individually optimum) decisions. 

Let us see now how to implement the optimum decision rule that selects 

the closest hypothesis to the observations. The likelihood function in (4.4) 

can be expressed as 

f[{y(t), 0 < t < T}l(bl, b2)] 

= exp (~-7~ ~22(bl, b2))exp(. 2or2 ~l exp(-~-~2 fo Y2(t)dt)’ 

(4.5) 

where 

g22(bl, b2) = baA~y~ + bzAaya - b~b:A~A~p, 

and as in (2.76) we denote the matched filter outputs by 

(4.6) 

Yk = y(t)s~(t) dt. 

To maximize the right-hand side of (4.5), we can disregard the factors that 

do not depend on (bl, b~). Thus, the maximum-likelihood (or jointly opti- 

mum) decisions are those that maximize the function ~2~_. It can be checked 
(Problem 4.3) that the optimum decisions are such that if min{A1 lYl I, 

A2Iy2[} >_ AIA:IPl, then 

bl = sgn(yl), 

b2=sgn(y:). 

Otherwise, 

b~ = sgn(Aly~ - sgn(p)A2ya), 

~2 = sgn(A~y2 - sgn(p)A~y~). 
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FIGURE 4.3. 
Maximum- 
likelihood 
detection for user 
1 with one 
synchronous 
i nterferer. 

y(t) -~ 

s~(t) A1 

s2(t) A2 )~ + 

Referring to the case depicted in Figure 4.1 (p > 0), the condition rain 

{A1 lYll, A2[yzl} > AIA2p checks whether or not the observations are clos- 

est to either (+ 1, + 1) or (-1, -1), in which case the decisions of the con- 

ventional detector are optimal. Note that the decision regions for (.1.1, .1.1) 

and (-1, -1) in Figure 4.1 are a subset of the corresponding regions in 

Figure 3.12, and vice versa for the regions for (.1.1, -1) and (-1, .1.1). If 

the observations do not fall in the regions of either (.1.1, + 1) or (-1, -1), 

then it is just a matter of checking whether the observations are closest to 

(.1.1, -1) or to (-1, +l), and this is equivalent (because p > 0) to testing 

whether A~yt > A2Y2. 

Another way to express the jointly optimal decisions is (cf. Figure 4.3 

and Problem 4.3) 

( 1 1 
) b~ = sgn Alyl + ~IA2y2 - A1A2pl - ~[A2y2 + A~A2pl , (4.7) 

bz=sgn Azy~+~IAly~-A~AzPI-~IA~yl+A1A~pl . (4.8) 

It is important to note that the received signal affects the optimum deci- 

sions only through the observables Yl and Y2, which means that (yl, y2) is 

a sufficient statistic. Although this is the observable produced by the bank 

of single-user matched filters analyzed in Chapter 3, optimum decisions 

require a more elaborate processing than simply taking the signs of y~ and 

y~. As we can see from the foregoing solution, (4.7) and (4.8), the jointly 

optimum decisions depend on the values of A1, A2, and p but not or. Note 

that even though knowledge of the background noise level is not required, 

the maximum-likelihood multiuser detector is not scale invariant (i.e., it is 

not enough to know the ratio A~/A1). 

Let us now turn to the case of individually optimum decisions. Since 

b~ is a priori equally likely to be -t-1 or -1, minimizing the probability of 

error P[b~ :fi bl] is a composite hypothesis-testing problem that fits the 
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framework of Proposition 3.4 with 

m=4, 

xl = Alsl ÷ A2s2, 

X2 ~ A1S1 -- A2s2, 

x3 = -A~s~ + A2s2, 

X4 ~ -A1s1 - A2s2, 

~s = {H~, 

It follows that the individually optimal decision ~1 should be the argument 

b~ E {-1, +1} that maximizes 

exp(- 2~fo:~ A2s2(t)]2dt) 
[y(t) - A~bls~(t) - 

+ exp -~-~ [y(t) - A~b~s~(t) + 

Straightforward algebra verifies that the individually optimum decision 

for the bit of user 1 is (Figure 4.4) 

0"2 cosh[A2yz~AzlA2P]~ 
b~=sgn yl---log~/. 

2A1 cu~n/ ~2 j / 
(4.9) 

The analogous result for ~2 is obtained simply by interchanging theroles 

of (y~, A~) and (Y2, A2) in (4.9). 

Note that in contrast to the jointly optimum detector, the optimum deci- 

sions depend now on the noise level 0-2. The nonlinearity in Figure 4.4 is 

the function 

fa(x) = 0-2 log(cosh(x/0-2)). 
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FIGURE 4.5. 
Decision regions 

of minimum 
bit.error-rote 

detector for user 

1. A1 = A2, 
p = 0.2. 

--+ ¯ 

¯+-- 

¯ ++ 

Since 

lim fo(x) = Ixl, 
a--~O 

the individually optimum decision regions converge to the jointly optimal 

decision regions as the signal-to-noise ratio increases (cf. (4.7) and (4.8)), 

in accordance with the intuition we put forth at the beginning of the section. 

The decision regions of the individually optimum detector (or minimum 

bit-error-rate detector) are shown in Figure 4.5. Comparing both diagrams, 

we see that the regions in Figure 4.5 are a smooth version of the minimum 

distance regions in Figure 4.1. 

4.1.2 K-USER CHANNEL 

Let us study now the K-user basic synchronous CDMA channel: 

K 

y(t) = ~Akbks~(t) + an(t), t ~ [0, T]. 
k=l 

(4.10) 

The problem of jointly optimum demodulation of 

b = [bl ..... bK]T 

is a special case of Proposition 3.2 with m = 2~: and every signal xj given 
by ~-~k=l A~b~sk for a different value of b. Therefore, the solution of Propo- 

sition 3.2 dictates that the most likely b maximizes 

exp -      [y(t) - bkAkS~(t)]adt , 
k=l 
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or, equivalently, maximizes 

f2(b) = 2 f0      Akb~sk(t) 
kk=l 

= 2brAy - brHb, 

2 

y(t)dl -- foT I~ AkbkSk(t) 
dt 

k=l 

(4.11) 

where we have denoted the column vector of matched filter outputs (cf. 

(2.78)) by 

y = [Yl ..... y~;]r; (4.12) 

the K x K diagonal matrix of received amplitudes by 

A = diag{Al ..... A~:}; (4.13) 

and the unnormalized crosscorrelation matrix by 

H = ARA, (4.14) 

where R is the normalized crosscorrelation matrix (2.4) whose diagonal 

elements are equal to 1 and whose (i, j) element is equal to the cross- 

correlation ioij. The expression (4.11) reveals that the dependence of the 

likelihood function on the received signals is through the vector of matched 

filter outputs y, which is therefore a sufficient statistic for demodulating the 

transmitted data. 

The maximization of (4.11) is a combinatorial optimization problem. 

This means that the set of possible arguments comprises a finite set. Unlike 

optimization problems over the real line or Euclidean spaces where analyt- 

ical techniques based on differentiation can often be used, combinatorial 

optimization problems can always be solved by exhaustive search, namely, 

compute the function for every possible argument and select the one that 

maximizes the function. But there are many combinatorial optimization 

problems for which there exist algorithms whose complexity grows poly- 

nomially in the size of the problem, and, thus, are much more efficient than 

exhaustive search. The computational complexity of any detector can be 

quantified by its time complexity per bit, that is, the number of operations 

required by the detector to demodulate the transmitted information divided 

by the total number of demodulated bits. A time complexity per bit of f(K) 

is written as O(g(K)) if there exists a constant c > 0 such that for large 

enough K, f(K) < cg(K). 
For the maximization of (4.11) it is possible to improve upon exhaustive 

search because the quantities brHb can be precomputed, and the generation 
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of all the values of ~2(b) can be done in a tree structure that takes O(2x) 

operations (Problem 4.8). The selection of the optimum b can then be done 

in O(2~:) operations, and so the time complexity per bit is O(2~:/K). No 

algorithm is known for optimum multiuser detection whose computational 

complexity is polynomial in the number of users, regardless of the crosscor- 

relation matrix. Moreover, it is known (Verdt~ [496]) that if such algorithm 

existed for arbitrary crosscorrelation matrices, then a polynomial algorithm 

would exist for longstanding combinatorial problems such as the traveling 

salesman and integer linear programming problems, for which no poly- 

nomial solution has ever been found. It should be emphasized that this 

computational complexity result is worst case in nature. In synchronous 

CDMA (not subject to unknown channel distortion), the signature wave- 

forms can be designed to facilitate the task of a multiuser detector. Suppose 

that the dimensionality N of the signal space and the number of users K 

are fixed. If K < N, orthogonal signature waveforms render single-user 

detection optimal; if K > N, then signature waveforms can be designed in 

a tree structure where the orthogonality of subsets of signature waveforms 

can be exploited to find jointly optimum detectors whose complexity grows 

polynomially with K (Learned et al. [230]). 

If all the crosscorrelations are nonpositive, then maximum-likelihood 

decisions can be obtained with time complexity per bit of O(K2). The 

reason is that the maximization of 2brAy - brI-Ib is equivalent to a well- 

known problem in combinatorial optimization. Let us construct a directed 

graph with nodes {0, 1 ..... K, K ÷ 1} and edges whose capacities are 

defined by (Figure 4.6) 

--AiAj~oij, 

Y, 
Cij ~- 

Ai Yi ÷ 

O, 

if (i, j) E {1 ..... K}2, 

if j=K÷I and iE{1 ..... K}, 

if i = 0 and j ~ { 1 ..... K}, 

if i = 0 and j = K + 1, 

(4.15) 

where y is, for now, an arbitrary scalar. A cut that separates nodes 0 and 

K ÷ 1 is a partition of the nodes of the graph: 

*{0,1 ..... K,K+I}={IU{0}}t0{JU{K+I}} 

and the capacity of the cut is defined as 

i~IO{O} jEJU{K+I} 

Cuts and data vectors b ~ {- 1, 1 }K can be put in one-to-one correspondence, 

by letting i ~ I C {1 ..... K} if and only if hi = 1. With this correspondence 
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FIGURE 4.6. 
Directed graph for 

maximum- 

likelihood 

detection in the 

special case of 

four users with 

unit amplitudes. 

and (4.15) we obtain 

4C(I, J) + ~2(b) = -4 ~ Z AiAjpij + 4 ~(Ajyj + 
i~l j~J               j~J 

+4 ZV + 2Z AiYi - 2~ AjYj 
i~l           j~J 

-- Z Z AiAjPij - Z ~ AiAjPij 
i~l j~l              i~J j~J 

K         K K 

= 4K~/+ 2 ~ AiYi- Z Z AiAjPij’ (4.16) 
i=1        i=1 j=l 

where the right-hand side does not depend on the data-vector/cut. Therefore, 

maximizing the likelihood function S2(b) is equivalent to finding a cut with 

minimum capacity: if {I* U (0}) U {J* U (K + 1)} is the cut with minimum 

capacity, then the decisions 

b~= [+1’ if k~I*, 

/ -1, if k~J*, 

are maximum-likelihood decisions. 

The min-capacity-cut problem is very well known in combinatorial op- 

timization because it is equivalent to the maximization of the flow from the 

origin node 0 to the destination node K + 1. Although polynomial algorithms 
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are not known for graphs with general capacities, if all the edge capacities 

are nonnegative, then algorithms with O(K3) computational complexity 

are known (Papadimitrou and Steiglitz [314]) All we need to ensure the 

nonnegativity of all the edge capacities is that the crosscorrelations satisfy 

Pij < 0 because we can always select 

y = max[0,-n~nAjyjl. 

According to Proposition 3.4, the individually optimum decision that 
minimizes the probability of error of the kth user is the element bk ~ 

{-1, 1} that maximizes 

Lk(b) = ~ exp(S2(b)/2a2). 
b 

bk =b 

(4.17) 

Note that the a posteriori probabilities can be readily computed from (4.17) 

and via (3.18): 

1 
P[b~ = ll{y(t), t ~ [0, T]}] -- 1 + Lk(--1) " 

(4.18) 

Minimum probability of error detection leads to smooth decision regions in 
the K-dimensional decision space of the observables in (4.12), whereas the 

decision regions corresponding to the jointly optimum criterion are poly- 
topes (cf. Figures 4.1 and 4.5). As we mentioned in the two-user case, in 

the majority of applications, jointly optimum decisions would be prefer- 

able to minimum bit-error-rate decisions due to their lower complexity and 
the fact that as a --~ 0 the minimum bit-error-rate decisions converge to 

the jointly optimum decisions that maximize (4.11). Using the linear term 

in the Taylor series expansion of the exponential function, we see that as 

a --~ ~x) maximizing (4.17) is equivalent to maximizing 

L*~(b) = ~ ~(b) 
b 

bk =b 

1 
= 2tCbA~yk ~ ~ d~Hd. 

d~{-1,+l}t~ 

(4.19) 

Since the last term in the right-hand side of (4.19) does not depend on b, 

the minimum bit-error-rate decisions converge as cr --~ o~ to those of the 

single-user matched filter detector: sgn(y~). This is to be expected because 

as o- --~ cx~ the multiaccess interference becomes negligible with respect to 

the background white Gaussian noise, against which the matched filter is 

optimum. 
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4.2 OPTIMUM DETECTOR FOR 
ASYNCHRONOUS CHANNELS 

The first crucial observation in the derivation of the optimum de- 
tector for the asynchronous channel is that optimum decisions require the 
observation of the whole frame of transmitted bits. Consider the timing dia- 
gram, depicted in Figure 4.7, of a two-user asynchronous channel with five 

bits in each frame (i.e., M = 2 in (2.6)). Let us focus on the demodulation of 

bl [0]. Recall that the conventional detector takes a one-shot approach where 
only the received signal in the interval of bl [0] affects the decision. Let us 

see why this approach is suboptimal. The signal of bl [0] overlaps those of 
bits b2 [-1] and b2 [0]. So it would be to the detector’s advantage to learn as 

much as possible about those two interfering bits. This can be accomplished 
by extending the observation interval from [0, T] to [r - T, r ÷ T]. Once 
we do that, the new observation interval contains signals modulated by bits 

b~ [- 1] and b~ [1]; so, again, it would be to the detector’s advantage to learn 
as much as possible about those two bits by further extending the observa- 
tion interval to [-T, 2T]. It is now clear that this reasoning can be repeated 
as many times as necessary to conclude that unless the whole frame of data 
is observed, [-2T, ~ -t- 3T], the decision on bit b~ [0] (or any other bit) will 

be suboptimal. 
As in the synchronous case, we have to deal with the issue of whether 

we require individually optimum or jointly optimum decisions. The former 
criterion results in the minimum bit-error-rate. Jointly optimum decisions 
are obtained by a maximum-likelihood sequence detector that selects the 

most likely sequence of transmitted bits given the observations. In fact, 
there are other conceivable intermediate optimality criteria. For example, 
we could think of a receiver interested in demodulating only one user, which 

selects the most likely sequence of bits for that user, rather than making 
individually optimal decisions. 

As we discussed in Chapter 2, we could view the K-user, M-frame, 
asynchronous channel as a K(2M + 1}user synchronous channel. Let us 
define a K(2M ÷ 1)-vector b with components 

bk+iK = b~,[i], k = 1 ..... K, i = -M .... M, (4.20) 

Userll-2Tbl[-2] -T bl[-l]I ] 
0 bl [0] T bI [1] 2T bl [2] 3T 

I 

User 2 I I [ I ] I I I 
"c-2T b2[_2] "t-T    I "t b2[0] ii "t+T b2[l] "t+2T b212] "c+3T 

b2[-1]l 

FIGURE 4.7. 

Suboptimality of 

one-shot 
approach in 

asynchronous 

cha~nels: 
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along with the signals 

vk+i~:(t) = sk(t - iT - rk), (4.21) 

and the K(2M ÷ 1)-vector of matched-filter outputs, y, with components 

yj = vj(t)y(t) dt. (4.22) 

This means that Yk+iK is the output of the kth matched filter applied to the 

signal in the interval [~7~ ÷ i T, r~ ÷ i T ÷ T], that is, the interval correspon- 

ding to b~[i]. 

As in the synchronous channel, the objective is to compute the h that 

maximizes 

f[{y(t), t ~ [-MT, MT + 2Tl}lb] 

=exp(-~l fMr+2r 
S,(h))2dt) 

20"2 J-MT 
(y(t) - , (4.23) 

where 

K M 

S~(b) = Z Z A~b~[i]sk(t - iT - r~). 
k=l i=-M 

(4.24) 

Let A~! be the K(2M + 1) x K(2M ÷ 1) diagonal matrix whose k + iK 

diagonal element is equal to A~. Let R be the K(2M ÷ 1) x K(2M ÷ 1) 

matrix with coefficients 

f 
oo 

rjt =    vj(t)vt(t) dt. (4.25) 

The matrix R can be written as a function of the K x K crosscorrelation 

matrices in (2.106): 

I 
R[0] Rr[l] 0 

RI1] R[0] Rr[1] 

RIll R[0] 

0 0 

¯ .. 0 0 
¯ .. 0 0 . 

¯ .. R[I] R[0] 

Furthermore, define 

H = AMRAm. (4.26) 

Then the maximization of (4.23) is equivalent to selecting the b that maxi- 

mizes 

a(b) = 2f St(b)y(t)dt-f S~(b)dt 

= 2brAMy - brHb. (4.27) 
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Once more, notice that the observations enter in the function to be max- 

imized by the jointly optimum decisions (4.27) only through the matched- 

filter outputs. Therefore, y is a sufficient statistic for b. 

If we were to maximize g2(b) in the same fashion as in the synchronous 

case, we would find the complexity to be exponential in the product K (2M ÷ 

1), which is totally out of the question in practice due to the typically large 

values of M. At this point, it is necessary to exploit the structure of the 

matrix H in the asynchronous case in order to get a sensible solution. 

To simplify ideas, let us first focus attention on the two-user case with 

Aa = A2 = l. In this case, 

0 0 Pl~ 1 "’. 

0 

0 

0 

0 

/321 

1 

(4.28) 

The fact that the symmetric matrix H is zero except along the main 

diagonal and the first subdiagonal is crucial for decreasing the complexity 

of the receiver. It means that we can write the payoff function as 

2M÷2 

~2(b) = ~ )~j(bj_~, bj), 
j=I-2M 

(4.29) 

where b-2m = 0 and 

J 2bjyj - 2p~2bjbj+a - 1, ifj is even; 
)~j(bj-1, b~) 1 2bjyj 2pz~bjbj+~ 1, if j is odd. 

We see in (4.29) that the payoff function depends on each of its arguments 

sequentially, and only consecutive arguments are coupled. Consequently, 

to maximize (4.29), we can use the dynamic programming algorithm. 

To explain the principle of operation of dynamic programming, we repre- 

sent each possible sequence b as a path from the origin to the destination 

in the diagram in Figure 4.8. In this diagram we have labeled each arc 

with a "length." The payoff achieved by a given b is equal to the total 

length of its corresponding path. The dynamic programming algorithm is 

an efficient algorithm to find the longest (or the shortest) path from the 

origin to the destination in a layered graph. In a layered graph, nodes can 
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FIGURE 4.8. 
Trellis diagram for 

Iwo asynchronous 

users; M = 1. b,[-1] b2[-1]    bl[0] b2[0] bl[1] b2[l] 

be partitioned in layers or stages such that each node is connected only to 

nodes in adjacent layers (cf. Figure 4.8). This type of layered directed graph 

is commonly known in communication theory as a trellis diagram (Fomey 

[97]). Dynamic programming is based on the following simple observation: 

if the longest path from the origin to the destination goes through a certain 

node [q, then the subpath (within the longest path) that connects the origin 

with hi must be the longest among those paths connecting the origin to hi. 

So suppose we knew the longest path from the origin to each of the nodes 

at the ith stage. Denote the corresponding longest distances by Ji(÷) and 

Ji(-). Then it is evident that the longest distances at the (i ÷ 1)th stage 

satisfy: 

Ji+~(+) = max{)~i(+, +) + Ji(+), )~i(-, +) + Ji(-)}, (4.30a) 

Ji+~(-) = max{)~(+, -) ÷ Ji(÷), )~(-, -) + Jg(-)}, (4.30b) 

where we have assumed that J is initialized to 0 at the first stage of the 
algorithm. Associated with the function Ji at each node is a longest path 

from the origin to that node whose length equals the value of the function Ji. 

Once the destination node is reached, we can read the longest path, which 

is the most likely sequence of data b given the observations. 

As we anticipated at the beginning of the section, to make an optimal 

decision about the first received bit bl I-M] we must wait until we have 

observed the received waveform due to the last transmitted bit. In most 

practical applications, it is necessary to demodulate the transmitted symbols 

in real time, and since M is usually a very large integer, it is not feasible 

to wait until all the observables {y~ } have been obtained before starting to 

make decisions. Therefore, a suboptimum version of the forward dynamic 

programming algorithm is adopted in practice whereby the decision on b~ 

is based on the path corresponding to the function Ji+L computed a fixed 

number L of steps ahead. The value of bi is given by the node traversed by 

the longest path that leads to the maximum of Ji+L(÷) and Ji+L(-). If L is 

sufficiently large (depending on signal-to-noise ratios, etc.), then with very 
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high probability the paths associated with Ji+L(+) and Ji+L(--) traverse the 

same node at the ith stage¯ In that event, the maximum-likelihood decision 

on bi can be made without awaiting the end of the transmission. Otherwise, 

the decisions are not necessarily optimal. This real-time version of forward 

dynamic programming (asymptotically optimal as L --~ ~x~) is known as the 

Viterbi algorithm¯ 

Although there is no apparent reason to do so, we could have given a dual 

dynamic programming algorithm to optimize (4.29), where the recursion 

proceeds backwards (Problem 4.12). 

In the general K-user case, we need to find a similar additive decompo- 

sition of the payoff function 

~2(b) = 2bTAMy -- bTHb. (4.31) 

Let us introduce the notation x (j) ~ [ 1 ..... K } to represent the modulo- 

K remainder of j (i.e., for some i, j = to(j) + iK). Then, we can write the 

first term in the right-hand side of (4.31) as 

MK+K 

bTAMy = E Ax(j)bjyj. 
j=I--MK 

(4.32) 

In order to decompose the quadratic form brHb in (4.31), we will use 

the fact that the matrix H has bandwidth K and its elements are periodic 

along the diagonals (cf. (4.28)). Using (a) the definition in (4.25), (b) T1 _< 

¯ ¯ ¯ < TK, and (c) the fact that the signature waveforms are time-limited to 

the interval [0, T], we can summarize the properties of H as follows: 

2 (1) hj,j = 

(2) hk+iK,n+iK : hk,n. 
(3) h j,l = 0 unless IJ - II < K. 

(4) hi,j = hj,i. 

(5) hj-n,j = A~(j-n)A~(j)Px(j-n),~(j), n=l ..... K-1. 

Using these properties and letting bj = 0 if j < 1 - MK or j > MK ÷ K 

we can write 

MK+K MK+K 

j=I--MK I=I-MK 

=        A,:(j)bj + 
j=I-MK             l=j-K+l 
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MK+K 

I 

K-1 

E 
bj 

2 ÷ 2Ebj_nhj_n,j 
=            A~(j)bj 

j=I--MK                    n=l 

MK+K                           K-1 

= E A,~(j)bj A~(j)bj ÷ 2Ebj_,~A,~(j_n)p,~(j_n),,~(j) 
j=I-MK                          n=l 

(4.33) 

We can now express ~2(b) as a sum of (2M + 1)K terms such that (a) each 

term depends on K components of b and (b) any consecutive terms share 

K - 1 arguments. Specifically, we can write 

MK+K 

ffa(b) = E )~j(xj, b j), 
j=I-MK 

where 

E 
K-1 

)~j(x,u) = AK(j)u 2yj -- uAK(j) - 2Ex(n)A,~(j_,op,~(j_n),K(j) 
n=l 

and xj is the state of a shift-register with K - 1 registers: 

Xj+IT = [Xj+l(1),                . . . ,    Xj+I(K -- 1)] 

= [x~(2) ..... xj(K - 1), bj], 

= f [x j, b j], 

(4.34) 

(4.35) 

(4.36) 

which is started at XI_MK = [0 ..... 0]. Note that since u E {-1, +1} in 

(4.35), we can simplify the payoff function by dropping those terms that are 

independent of the matched-filter outputs or of b, yielding the simplified 

metric: 

E 
K-I 

~j(X,U) ~-- Az(j)u yj -- Ex(n)Az(j_n)pz(j_n),z(j) (4.37) 

As in the two-user case, we can find the sequence of bits that maximizes 

(4.34) by finding the longest path in a layered directed graph, which has 

as many layers (in addition to the origin and destination nodes) as the total 

number of bits (i.e., K(2M ÷ 1)). The number of nodes (or states) at layer j 

is the number of different values that the state xj can take. Therefore, except 
for the first K - 1 layers (which are affected by the zero-initial condition), 
the number of states at each layer is 2K-1 (Figure 4.9). 

Note that each state is connected with two states in the previous layer, 

regardless of the number of users. (Generalizing this algorithm to nonbinary 
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FIGURE 4.9: 
Trellis diag 

three-user 

asynchron~ 

channel. 

modulation we would find that the number of connections with the previous 

layer is equal to the cardinality of the modulation alphabet.) Analogously 

to (4.30), the longest distance from origin to state x at stage i + 1 is given 

by 

Jj+l(Xj+l) = max{g j((-, x j+1(1) ..... xj+l(K - 2)), Xj+l(K - 1)) 

÷ Jj(-, xj+l(1) ..... Xj+l(K - 2)), 

~.j((+, xj+~(1) ..... xj+l(K - 2)), xj+l(K - 1)) 

+ Jj(-k, Xj+l(1) ..... xj+I(K - 2))}. (4.38) 

At each state, the algorithm performs the following computations: 

¯ It computes the metrics 2j(x, +1) and 2j(x, -1). 
¯ It calculates two sums. 
¯ It compares two numbers. 

The computation of 2~(x, u) requires the computation of the term 

K-1 

Ex(n)Ax(j-n)p~c(j -n),x(j), 

which can be computed once and stored for each state x because it is in- 

dependent of the matched-filter outputs. Thus, the computational effort per 

state is independent of both K and M. Since there are as many iterations as 
transmitted bits and each iteration involves 2~;-1 states, the time complexity 

per bit is o(2K). We have succeeded in obtaining an algorithm whose com- 

plexity is independent of M and is, in fact, similar to the complexity of the 

optimum detector for the synchronous channel. Figure 4.10 shows the gen- 

eral structure of the optimum receiver in the asynchronous problem. The 
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FIGURE 4.10. 
Optimum 
multiuser detector 
for asynchronous 
CDMA. 

Viterbi 

~ 
~t [i1 

~K[i] 

matched filters are sampled in round-robin fashion, at the corresponding 

bit-epochs dictated by the synchronization systems. 
Alternatively, if the objective is to minimize the probability of error 

for each user (individually optimum decisions), then there is an optimum 

detection algorithm based on backward-forward dynamic programming, 

which is somewhat more computationally intensive than the foregoing al- 

gorithm but retains the desirable property of having a time complexity per 
bit that does not grow with the length of the frame. The objective is to 

evaluate L j(-1) and L j(1) for every j = 1 - MK ..... MK + K where 

(cf. (4.17)) 

Lj(b) = ~ exp(~(b)/2~r2). 
b 

by =b 

(4.39) 

In contrast to maximum-likelihood detection, the problem is not one of 

maximization but one of summation. To do that efficiently, we will use the 

additive decomposition of ~2(b) in (4.34). In that way, the overall "length" 

of a given sequence b is now defined as the product of the individual lengths 

of the arcs in the trellis diagram:l 

MK+K 

exp(f2(b)/2°’2) = H exp(,kj(xj, b:)/2a2). 
j=I-MK 

(4.40) 

If the summation in (4.39) were over all sequences b, 

L = ~ exp(~(b)/2cr2), (4.41) 

1 As in the maximum-likelihood detector we can replace )~j by the simplified metrics 

173 

Samsung Ex. 1007, Page 194 of 470



CHAPTER 4. OPTIMUM MULTIUSER DETECTION 

we could use forward dynamic programming to solve for its value. Indeed, 

all we would need to do is to redefine (4.38) substituting sum instead of 

maximum and product instead of sum: 

Fj+l(Xj+l) 

= exp()~j((-, xj+l(1) ..... xj+~(K - 2)), Xj+I(K - 1))/2a2) 

x Fj(-, xj+~(1) ..... xj+l(K - 2)) 

+ exp(Xj((+, xj+a(1) ..... xj+~(K - 2)), xj+~(K-1))/2a2) 

x Fj(+, xj+l(1) ..... xj+~(K - 2)), (4.42) 

with the function F initialized to 1 at the beginning of the first stage. The 

value Fj (x j) is the sum of the lengths of the subpaths leading from the origin 

node to state xj at the jth stage. As we had hinted, alternatively, we could 

run a backward iteration: 

Bj(xj) = exp()~j(xj, --)/20"2) 

x Bj+~(xj(2) ..... xj(K - 1), --) 

+ exp(X~(xj, +)/20-2) 

x Bj+~(x)(2) ..... x~(K - 1), +). (4.43) 

The value Bj (x j) is the sum of the lengths of the subpaths that start at state 

xj at the jth stage and end at the destination node. One possible reason we 

may want to compute (4.41) is that for all j 

L = L j(1) + L j(-1). 

So once the value of L is known we can simply focus on computing L j(1) 

for all j. Let us fix a given value of j. The computation of L j(1) resembles 
that of L except that now we are summing over half of the paths in the trellis, 

as we are discarding any b for which bj = -1. Let us delete the 2~-1 arcs 

connecting the jth stage with the (j + 1)th stage for which bj = -1, and 

consider the remaining 2~-~ arcs one at a time. Each of those arcs corre- 

sponds to a different choice of the state at the jth stage x j, leading to state 

Xj+I = (Xj(2) ..... xj(K -- 1), +). 

The sum of all the paths that go through arc (x, b) is denoted by 

Lj(x, b) = E exp(~2(b)/20-z)" (4.44) 

b:bj = b,x.i = x 
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Obviously, 

L j(1) = ~ Lj(x, 1), 
x~{-1,1}x-1 

so if the values taken by the function in (4.44) are available, we can then 

compute L j(1) with 2x-1 operations. Because the sum is distributive over 
products, the sum of all the lengths of the paths that go through the arc that 

connects state xj with state x j+l = f(xj, b) can be expressed as 

Lj(xj, b) = F~i(x~i) exp(~,j(xj, bj)/2~r2) Bj+I(Xj+I). (4.45) 

The conclusion is that minimum bit-error-rate multiuser detection can be 

implemented by a backward-forward dynamic programming algorithm 

that carries out two independent iterations, each of which requires a com- 

putational effort proportional to the number of stages and to the number of 

states per stage 2x-~. Once those backward and forward iterations are com- 

pleted, the generation of the a posteriori probabilities of each bit (cf. (4.18)) 

requires a further computational effort proportional to 2K-1¯ Therefore, the 

time complexity per bit is O(2~). In real-time implementation, the same 

kind of finite-horizon approximation we discussed above can be applied for 

the forward iteration. Analogously, we cannot afford to run the backward 

iteration from the end of the frame, and a sliding horizon can be chosen 

with negligible performance loss. 
Comparing the optimum detectors to the conventional single-user 

matched-filter detector of Section 3, we see that aside from the increased 

computational complexity, the maximum-likelihood multiuser detector 

requires knowledge of the received amplitudes and crosscorrelations. The 

latter parameters can be generated by the receiver by cross-correlating the 

normalized replicas of the signature waveforms stored at the receiver with 

the delays and phases supplied by the synchronization system. The mini- 

mum bit-error-rate multiuser detector requires, in addition, knowledge of 

the noise spectral level. An advantage of the single-user matched-filter 

detector arises in those situations where only a subset of active users needs 

to be demodulated by a particular receiver. Then, unlike the optimum de- 

tector, the bank of single-user matched filters can simply ignore those users 

in which it is not interested. Judicious practical implementations of the 

optimum detector would favor neglecting those unwanted users that are 

comparatively weak with respect to the user(s) of interest. 
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4.3 MINIMUM ERROR PROBABILITY IN THE 
SYNCHRONOUS CHANNEL 

The fundamental quantity of interest is the minimum error proba- 

bility Pk(a), achievable by a receiver that observes (4.10) or, equivalently, 

the sufficient statistic (4.12). Pk(a) will serve as a baseline of comparison 

for the bit-error-rate of any multiuser detector. 
In the single-user case, recall that the minimum bit-error-rate is given by 

(3.30) 

P~(o-) = Q 

In the K-user channel, the same conclusion is obtained from (4.1) if Plk = 0 

forks 1. 
As long as different transmitted information vectors (bl ..... bx) lead 

to different received signals (a sufficient but not necessary condition is that 

the signature waveforms be linearly independent), we have 

Pk(0) = 0. (4.46) 

Recall that the conventional single-user matched-filter receiver does not 

have this property and it may make errors even in the hypothetical scenario 

of complete absence of background noise. 

4.3.1 TWO-USER CHANNEL 

We study the two-user case first, where, as usual, we can find many 

of the key ingredients of the general solution. Referring to the decision re- 
gions of the minimum bit-error-rate detector in Figure 4.5, we see that in 

order to compute the minimum error probability for, say, user 1, we can 
condition on each of the four possible transmitted bit pairs and compute the 

probability that the received vector will cross the smooth boundary in Fig- 

ure 4.5. This involves integrating a two-dimensional Gaussian distribution 

on a subset of the plane that has no particular structure, and therefore, we 
cannot expect that a closed-form solution will exist for the minimum error 

probability (even in terms of the Q-function as in the single-user matched- 

filter receiver). ° 

In view of the inability to find an expression for the minimum error prob- 
ability even in the simplest possible case, we will attempt to upper and lower 

bound it with computable quantities. Indeed, we will show tight bounds that 

result in explicit expressions for the asymptotic multiuser efficiency. 
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Let us first consider the problem of upper bounding Pl(O-). We have 

already obtained one such upper bound, the error probability of the conven- 

tional detector (3.77): 

1 (A1 1 (A1 
Pi(a) < ~Q ;A2p.)+~Q ;Z2p). (4.47) 

This bound becomes tight when either of the following asymptotics are 

satisfied: 

¯ A2p/A~ -> O. 

Otherwise (4.47) is a rather loose bound and it is important to derive better 

bounds. 

Let us analyze the jointly optimum detector. Although it does not result 

in minimum bit-error-rate decisions, the jointly optimum detector is an 

excellent candidate to upper bound the minimum error probability because 

its decisions differ from those of the minimum bit-error-rate detector with 

negligible probability (unless the signal-to-noise ratio is very low). 

Referring to the minimum distance decision regions in Figure 4.1, we 

can express the probability that the minimum distance detector makes an 

error in bl as 

1 1 
P?(o-) = ~P[++ --> -+] + ~P[+-k --> --] 

1           1 
+ ~P[-- -+ +-] -k ~P[-- --~ ++1 

1           1 
-t- ~P[-+ --> -k-] ÷ ~P[-÷ --> 

1 1 
+ ~P[q-- -+ -+] + ~P[+- --~ --1, (4.48) 

where we have employed the notation 

P[blb2 --~ blt~2] (4.49) 

to denote the probability that the observations fall in the minimum distance 

region of (bl, ha) conditioned on (bl, b2) being transmitted. We can exploit 

the inherent symmetry of the problem to simplify (4.48) by noticing that 

P[+÷ --> --] = P[-- --> -t--k], 

P[++ --> -÷] = P[-- -~ -t--], 

p[÷- --~ -+] = P[-+ --~ q--I, 

P[÷- --> --] = P[-+ --~ +-k]. 
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Therefore, 

1 
~p[__ __+ ++] P?(o’) = ~P[-- -> +-] + 

1 
÷ P[-+ --~ +-] ÷ ~P[-+ --+ ++]. 

(4.50) 

Each of the terms in (4.50) is equal to the integral of a two-dimensional 

Gaussian distribution on a polytope, which cannot be written either in closed 

form or in terms of the Q-function. So the question is whether we have 

gained anything by analyzing the minimum distance detector in lieu of the 

minimum probability of error detector. Even though there is no hope of 

evaluating (4.50) in closed form, the four quantities therein can be upper 

bounded quite easily. Recall from (4.6) that the minimum distance detector 

outputs the pair (dx, d2) ~ {-1, +1}2 that maximizes 

~22(dl, d2) = dlAlYl ÷ daA2y2 - dld2A1A2P,       (4.51) 

where 

Yl = Albl + A2b2P + nl, 

Yz = A2b2 ÷ A~bxp + n2, 

(4.52) 

(4.53) 

(bl, b~) are the transmitted bits, and n~ and n2 are jointly Gaussian with 

zero mean, variance a~, and correlation a~p. 

Let us focus on the first term in (4.50), that is, the probability that the 

observed vector due to (--) is closest to (÷-). Clearly this can only happen 

if the observations are closer to (+-) than to (--). Accordingly, 

P[-- --~ ÷-] < P[~a(--) < fl2(+-)l(--)transmitted]. (4.54) 

Note that equality does not hold in (4.54) because the observations could 

be closer to (÷-) than to (--), but yet fall in the minimum distance region 

of either (÷+) or (-÷) (Figure 4.1). Another way to view the inequality in 

(4.54) is by noticing in Figure 4.1 that the region 

~2(--) < ~2(+-) 

is the half-plane to the right of the line that bisects the segment between 

(--) and (+-). This half-plane contains the whole minimum distance 

region of (+-). Now it is easy to evaluate the right side of (4.54) exactly; 

this probability is equal to the probability of error of a binary problem, 

and therefore it involves the integration of a one-dimensional Gaussian 
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distribution on a semi-infinite interval, and, thus, can be written in terms of 

the Q-function: 

P[K22(--) < K2z(+-)l(--) transmitted] 

= P[-Alyl - A2y~- A1A2,0 < AlYl -- A2y~ + AIA2p 

I Yl = -A~ - A2,0 +n~; Y2 = -A2 - A~p +n2] 

= P[n~ > A1] 

= Q(-~). (4.55) 

Proceeding analogously with the other three terms in (4.50) we obtain 

p[-- -+ ++] < P[g2~(--) < f2~(++)[(--)transmitted] 

= P[-A~yl -- A2Y2 - A~A2p < A~yl 

+ A2y2 - A~A2p I (--) transmitted] 

= P[A~yl + A~y2 > 0 I Y~ = -A1 - A2p 

+ n~; y2 = -A2 - A~p + nz] 

= e[A~nl + A2n~ > A~ + A~ ÷ 2A~A2p] 

= Q(~/A~+A~J-2AIA~p), 
(4.56) 

where (4.56) follows because the random variable A~n~ ÷ A~n2 is a zero- 

mean Gaussian with variance o’2(A12 -I- A~ ÷ 2AxAzp) (guaranteed to be 

nonnegative because I Pl -< 1). Analogously, we obtain 

P[- + --~ +-] _< P[flz(-+) < fl2(+-)l(-+)transmitted] 

= P[--A~yl ÷ Azy2 -}- A~A~p < A~yl -- Azy2 

+ A ~ A2 P I(- + ) transmitted] 

= P[AIy~ - A~y~ > 0 I Y~ -= -A~ + A2p 

+ n~;y2 =- A~- Alp + n2] 

= P[A~n~ - A2nz > A~ + A~- 2AIAzp] 

= Q(v/A~+A~--2A~A~P)"or 

(4.57) 
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And, finally, 

P[- ÷ --> ÷÷] 5 P[~2(-÷) < ~’~2(÷÷) [ (--÷) transmitted] 

= P[--Alyl + A2Y2 + A1A2p < AlYl 

÷ Azy2 - A1Azp I (-+)transmitted] 

= PlY1 > A2p[yl = -A~ + Azp + n~] 

= P[nl > 

(4.58) 

Putting together (4.55)-(4.58), we obtain 

P~’(a) < Q 
+-~ \ 

a 

+ ~Q(V/A~ + A~ + 2A1A2p)"or 

(4.59) 

We will now make the important observation that the last term in (4.59) is 

superfluous if p > 0. (If p < 0, then the second term is superfluous.) To see 

this, let us consider Figure 4.1 (where p > 0). It is easy to see that if (--) 

is transmitted and the received vector is closest to (+÷), then the received 

vector must be closer to (÷-) than to (--), This is because the minimum 

distance region of (+÷) is contained in the half-space of all points that are 

closer to (+-) than to (--). This implies that 

p[-- -~ ++] + P[-- --> +-] 

= p[-- ---~ ++ or -- --> +-] 

<_ P[~2(--) < ~’~2(÷--)1(----)transmitted] 
(4.60) 

and, therefore, we can simply drop the third term from (4.59). Reasoning 

analogously in the case p < 0, we get with full generality 

Pl(a) < P~’(a) < Q ÷ Q a 

Let us now turn to the derivation of a lower bound on the minimum 

error probability for user 1. We can accomplish this by evaluating the exact 

minimum error probability of a hypothetical genie-aided receiver that has 

some side information about the transmitted bits not available to the original 
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receiver. We will consider three different genies leading to different lower 

bounds. 

First, suppose that the genie informs the receiver of the value of b2, the bit 

transmitted by user 2. Clearly the best strategy (since b~, b2 and the noise 

are independent) is to subtract A2b2s2 from the received waveform y, in 

which case we obtain a single-user channel 

y(t) - A2b2s2(t) = Alb~sl(t) ÷ an(t), 

whose minimum error probability is Q (@). 

Alternatively, we could consider a seemingly less forthright genie who 

tells the receiver whether the transmitted bits are equal or not, and if they are 

equal, it even tells the receiver whether (bl, b2) = (+l, +l) or (-1, -1). 

The receiver either gets full information or has to solve a binary hypothesis- 

testing problem with equiprobable hypotheses: 

x~ = A~s~ - A2s2, 

X2 ~ --X1. 

The probability of error of an optimum receiver for bl with this side infor- 

mation equals 

1 [v/A~ + A~- 2A~A2p~ 

-~ Q ~    -~]      ’ 
(4.62) 

where the factor of ½ accounts for the probability that the transmitted bits are 

different and the argument of the Q-function in (4.62) is equal to Ilxl II/o-. 

The symmetric counterpart to the genie in the previous paragraph reveals 

the true transmitted bits in case they are different. In that case, the minimum 

probability of error becomes 

These lower bounds to the minimum bit-error-rate together with the upper 

bound in (4.61) result in 

(4.63) 

(4.64) 
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FW.,URE 4..11. 

Bit-error-rate in a 

~o-user channel 
with p = 0.4, 

AI=A2: (a) 
single-user 

matched filter, 

(b) maximum- 
likelihood upper 

bound to minimum 

bit-error-rate, 

(c) genie lower 

bound to minimum 

bit-error-rate. 

Figure 4.11 shows the upper and lower bounds to the minimum error 

probability in the case p = 0.4 along with the error probability of the single- 

user matched-filter detector. We can see that the bounds (4.63) and (4.64) 

are very close. Furthermore, at very low signal-to-background noise ratios 

the single-user matched filter error probability is a better upper bound than 

(4.64) - the upper bound to the error probability of the jointly optimum 

(maximum-likelihood) detector. This does not imply that the conventional 

receiver exhibits lower bit-error-rate than the maximum-likelihood detector 

at very low signal-to-noise ratios, although such a phenomenon does occur 

under certain circumstances (Problem 4.28). 

Since both arguments of the Q-functions in (4.63) are identical to those 

in (4.64), both expressions are dominated by the same term as rr --~ 0. It 

follows that the ratio of the upper bound (4.64) to the lower bound (4.63) 

converges to 1 unless both arguments are identical: 

A2 = 2Allpl, 

in which case, the ratio converges to 1.5. 

We can compute the following expression for the optimum asymptotic 

multiuser efficiency of user 1: 

Ol=min{1, 1 + A~ 21pl A2} 
(4.65) 

a--~- ~-~ " 
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To check (4.65) we can use (3.41) to show that if 

Aa > v/A~ + AZ~- 2A~A2IPl, 

then the first term in the upper bound (4.64) is negligible with respect to the 

second term. Thus, the bounds (4.63) and (4.64) imply that 

Pi(a) 
lim -- -- O, (4.66) 

for any 

Analogously, if 

A~ _ 21pl A2 

r<l÷a--~     ~" 

1 

A~ < ~/A2~ + A~ - 2A,A2IPl, 

then the second term in the upper bound (4.64) is negligible with respect to 

the first term, and (4.66) holds for any r < 1. Finally, if 

Z~ = v/A~I + A2~ - 2A~A2JPl, 

then 

where 

thus, (4.66) holds for any r < 1. 

It is useful to compare (4.65) to the asymptotic multiuser efficiency of 

the conventional single-user matched filter (Figure 4.12), 

{ 
~ = max2 0, 1 - ~lpl ¯ 

As we would expect, if A2 <~ A 1 then both the asymptotic multiuser effi- 

ciency of the conventional detector and the optimum asymptotic efficiency 

are close to unity. However, (4.65) is not monotonic in Az/A1. Actually, if 

A2 -- ~ 21pl (4.67) 
A~ 
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1-92 

Optimum 

I ~iched Filter 
IP[        219[ 1/]P]    A2/A1 

FIGURE 4.12. 
Optimum and 
single-user 
asymptotic 
multiuser 
efficiencies for 
~o synchronous 
users. 

then ~/1 = 1. Therefore, as long as the energy of user 2 exceeds the threshold 

given by (4.67) the asymptotic bit-error-rate of user 1 is equivalent to the 

single-user case where user 2 is not active. The explanation of this behavior 

of the optimum receiver is that if the interfering user is sufficiently powerful, 

then the primary source of errors committed in the optimum demodulation 

of user 1 is the background Gaussian noise, rather than the randomness of 

the information carried by the interfering signal. Note that according to the 

threshold in (4.67), an interferer (user 2) who is 3 dB weaker than the user 

of interest (user 1) has no appreciable effect on the bit-error-rate as long as 

the crosscorrelation is below 0.35 (a mild condition on the signal design). 

Interestingly, the same is true if the relative power of the interferer is higher 

than -3 dB for that crosscor, elation. If A a << A2, then it is possible to explain 

the fact that ~/1 = 1 usingthetechniqueofsuccessive decoding in Figure 1.8: 

first, user 2 is decoded by its single-user matched filter (thus neglecting the 

presence of the comparatively weak user 1) with very low error probability 

(much lower than the error probability of user 1 if it were the only user of 

the channel); the remodulated signal of user 2 is then subtracted from the 

received waveform; the resulting channel is almost a single-user channel 

for user 1, whose main interference is the additive background noise rather 

than the uncancelled (actually boosted) interference from user 2 due to the 

occasional errors of the conventional receiver of user 2. This approach fails 

to explain why ~1 = 1 in the whole range given by (4.67); in fact, as we 

will see in Chapter 7, the successive decoder achieves neither minimum 

bit-error-rate nor maximum asymptotic multiuser efficiency. Figure 4.13 

exhibits the asymptotic multiuser efficiency as a function of [Pl and the 

relative amplitude of the interferer. 

The near-far resistance is obtained by minimizing (4.65) over Az/A1 > O~ 

The least-favorable relative amplitude of user 2 is 

A2 
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relative amplitude 
of interferer. 
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which yields the near-far resistance for either user: 

f/k = 1 - /92. (4.68) 

Figure 4.14 shows the two-user power-tradeoff region so that the 

optimum bit-error-rate of both users is not higher than 3 x 10-5, for 

Ipl -- 0,8, 0,9, and 0.95. Figure 4.14 should be compared with Figure 3.9, 

which shows the same kind of plot for the conventional receiver, although 

FIGURE 4.14. 
Signal-to-noise 

ratios necessary 

to achieve 

optimum 

bit-error-rate not 

higher than 

3 x 10-5 for both 

users. 
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in Figure 3.9, lower values of crosscorrelations were shown. For the (jointly 

or individually) optimum receiver, the permissible signal-to-noise ratios are 

indistinguishable from the single-user signal-to-noise ratios as long as the 

crosscorrelation satisfies I P[ -< 0.5 (Problem 4.26). For the very high cross- 

correlation values shown in Figure 4.14, we see the detrimental effect of 

insisting on equal powers. Indeed in those cases it is preferable to let one 

user transmit at single-user signal-to-noise ratio, a strategy that minimizes 

the sum of the powers necessary to achieve the prescribed bit-error-rate. 

The reason is clear: if both signature waveforms are very much alike, then 

similar amplitudes complicate the task of the optimum receiver. 

4.3.2 K-USER SYNCHRONOUS CHANNEL 

We now turn attention to the analysis of the minimum bit-error-rate 

of the K-user synchronous channel. At first sight, it may not be immediately 

obvious how to generalize the ideas that lead to the fight bounds on the 

minimum error probability in the two-user case. To that end we need to 

introduce several definitions. 

The normalized difference between any pair of distinct transmitted vec- 

tors is referred to as an error vector. The set of error vectors that affects the 

kth user is 

E~ = {~ ~ {-1, O, 1}K, ~ 5k O} 

and the set of (nonzero) error vectors is denoted by 

K 

E = UEk. 
k=l 

As an example, consider the following transmitted b and demodulated ~ bit 

vectors along with the corresponding error vector: 

b = [+1 - 1 - 1 + 1 + 1]T, 

b=[-1 -1 +1 +1 +1]T, 

~ = [+1 0 - i    0 0]T. 

Simply put, the error vector component is zero if no error occurs at that 

component or equal to the transmitted vector component otherwise. Note 

that for the b in this example, the error vector 

� = [+1 0 +1 0    O]T 
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is not compatible with the transmitted vector. The set of error vectors that 
are compatible (or admissible) with a given b ~ {-1, 1 } ~; being transmitted 

is denoted by 

A(b) = {~ ~ E, ~i = bi or 0} 

= {~ ~ E, 2~ - b ~ {-1, 1}K}. 

The admissible error vectors that affect the kth user are 

Ak(b) = A(b) N Ek. 

(4.69) 

(4.70) 

The number of nonzero components (weight) of an error vector and 

the energy of a hypothetical multiuser signal modulated by ~ are denoted, 

respectively, by 

and 

k=l 

[IS(~)ll/= f0      ~A~s~(t) dt 
\k=l 

= (THe, (4.71) 

where 

H = ARA. 

An error vector e ~ E is decomposable into e’ ~ E and ~" ~ E if 

1) ~=~’+~"; 

" = 0; 2) if ~k = 0, then ~ = ~ 

3) (S(~’), S(~")) >_ 0. 

If ~ is decomposable into e’ and ~" we write 

dec 

The subset of indecomposable vectors in E~ is denoted by F~. Note that 

(S(~’), S(~")) = I ~~ja~ajs~(t)sj( ) 
d0 k=l j=l 

= ~5~TH~5". (4.72) 

To familiarize ourselves with the concept of indecomposability, let us 

consider a few examples: 
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¯ If Plk = 0, k � 1, then the indecomposable vectors for user 1 are 

F1={[÷I 0...0], [-1 0...0]}. 

¯ In the two-user case with p � O, it is immediate to check that 

F1 ={[÷1 01, [-1 0], [+1 -sgn(p)], [-1 ÷sgn(p)]}. 

(4.73) 

If the signature waveforms are such that all crosscorrelations are identical 

and positive: 

lOkl = I0 > O, 

and 

A1 ="" = AK, 

then it is straightforward (Problem 4.57) to show that the only indecom- 

posable error vectors (for user 1) have either weight one or two: 

[+l, 0, 0, .. 0, 0], 

[+l, -1, 0, .. 0, 0], 

[+l, 0, -1, .. 0, 0], 

[+1,     0,       0,     ..     -1,       0], 

[+1, 0, 0, .. 0, -1], 

plus their antipodal images. This means that in this special case of a total 

of 3/~-1 error sequences with ~ = 1, only K are indecomposable. 

The main result in the analysis of the optimum multiuser detector is the 

following upper bound on the minimum probability of error of the kth user: 

Proposition 4.1 

(4.74) 

Before we proceed to justify (4.74), we point out that it lends itself to 

further simplification. Since ~ ~ F~ <:~ - ~ ~ Fk and w(~) = w(-~), [[ S(~)[[ 

= I[ S(-~)[[, we can eliminate from the sum in (4.74) all those vectors with 

~ = -1, by replacing w(~) with w(~) - 1 therein. 

It follows from (4.73) that (4.74) reduces to (4.61) if K = 2. 
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As in the two-user case, in order to show Proposition 4.1 we bound the 

error probability of a 2K-ary hypothesis test in terms of the error probabilities 

of binary tests. If[} = [/~1 ..... ~;] is the vector put out by the detector and 

b is the true transmitted vector, we can upper bound the error probability 

by 

P~(a) _< ~ P[~ ~ A(b); f~(b - 2~) = max f~(d)]    (4.75) 
~ ~E~                                 d 

< Z P[~ ~ A(b); f2(b- 2~)> fl(b)]. (4.76) 
~= ~E~ 

The inequality in (4.75) is not necessarily an equality because the minimum 

distance detector does not result in minimum bit-error-rate; the inequality 

in (4.75) is a consequence of the obvious fact that if b - 2~ is the most 

likely vector, then it must be more likely than b. For each ~, the event 

~ ~ A(b) depends only on the transmitted vector. As all transmitted bits are 

equiprobable and equally likely, 

K 

P[~ ~ A(b)] : HP[(bk -- ~k)~ = 0] 

= 2-~°(�). (4.77) 

Because of symmetry, the event g2(b - 2~) > g2(b) turns out to be in- 

dependent of the transmitted vector b. To see this, recall from (4.11) that 

fl(b) = 2b~Ay - bTHb. Thus, 

f2(b - 2~) - f2(b) = 2(b - 2~)TAy -- (b - 2~)TH(b - 2~) 

-2bTAy ÷ bTHb 

= --4~TAy -- 4~H~ + 2bTH~ + 2~THb 

= --4~TAn -- 4~TH~, (4.78) 

where we have used the discrete-time model in (2.78), y = RAb ÷ n. Since 

~TAn is a Gaussian random variable with zero mean and variance 

E[~TAnnVA~] = o-2~?TH~5 : a211S(~)ll2, 

we can conclude from (4.78) that 

P[S2(b-2~)> ff2(b)]= Q(IIS~)II)__ . (4.79) 

We have seen that the event {e ~ A(b)} depends on b but not on n and the 

event {S2(b - 2~) _> S2(b)} depends on n but not on b; therefore, they are 
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independent events. Accordingly, the right side of (4.76) is (using (4.77) 

and (4.79)) 

(4.80) 

This bound gives reasonably tight results if the signal-to-noise ratio is 

high. However, its main shortcoming is that its generalization to the asyn- 

chronous case is completely useless: in that case, error vectors become 

error sequences and the sum in (4.80) becomes a divergent infinite se- 

ries as M --+ oo. The reason for this behavior is that many of the terms 

in the summation in (4.80) are redundant; once those terms are omitted, 

then the bounding series not only converges but approximates the error 

probability closely. Recall that in the two-user case one of the terms in 

(4.59) was redundant and could be omitted from the bound. The second in- 

equality in (4.76) can be strengthened by removing all decomposable error 

sequences from the right side. This simplification relies on the following 

result: 

Proposition 4.2 (Verd(t [490]) For every b ~ {-1, +1}K and ~ ~ Ak(b), 

there exists ~’ ~ Ak(b) N F~ such that ifb - 2~ is the most likely vector, then 

b - 2~’ is more likely than b. 

Proof. If ~ ~ Fk, then the result is trivially satisfied with ~’ = ~. If ~ is de- 

composable, then we prove by induction on w(~) that it can be decomposed 

directly into an indecomposable vector. More precisely, we will show the 

existence of ~* ~ F~ such that ~ ~ ~* ÷ (~ - ~*). 

If a sequence of weight two is decomposable, then it is decomposable 

into its two nonzero components, both of which are indecomposable since 

they have unit weight. So in this case the sought-after ~* is all-zero except 

in the kth component. 
Now suppose that the claim is true for any sequence whose weight is 

strictly less than w(~). Find the (not necessarily unique) decomposition 

~ d~ec ~?1 ÷ ~2, ~1 ~ A~(b), with largest inner product, that is, 

(s(~l), S(~2)) ~ (s(~a), S(~.b)) ~0 

for any decomposition ~ de~__c ~a ÷ ~b. If ~1 ~ Fk, we have found the sought- 

after decomposition of ~. Otherwise, using the induction hypothesis we can 

find ~3 ~ Fk such that 

~1 de~ ~3 ÷ ~4. 
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The vector 15 can be written in various ways, none of which involve 

cancellations of ÷ 1 and - 1: 

151 + 152 (4.81) 

(~72 ÷ 153) ÷ 154 (4.82) 

~:3 ÷ (152 ÷ 154), (4.83) 

Now we will check that 

dec 

and thus 153 is the sought-after 15". We just need to verify that the inner 
product of the signals modulated by 153 and (152 ÷ 154) is nonnegative. To 

do so, we observe that if this were not true, then the right-hand side of the 

identity 

(S(152) + S(153), S(154)) -/S(15a), S(152)) 

---= 2{S(153), S(154)) - (S(153), S(154) ÷ S(t52)) 

would be s(rictly positive, contradicting the choice of 151 ÷ 152 as the largest- 

inner-product decomposition of 15. 

Now, we show that 15’ = 15" satisfies the c6nditions of Proposition 4.2. 

Since ~i = 0 implies ~ = 0, we have 15’ ~ A~(b). To show that b - 215’ is 

more likely than b, let 15" = 15 - 15’ and use (4.11) to show 

~2(b - 2#) - f2(b) = [S2(b - 215) - ~2(b - 2#’)] + 8(S(#), S(#’)), (4.84) 

where both terms in the right side of (4.83) are nonnegative because b - 215 

dec 15t    15t~, is the most likely vector and 15 = + respectively. This shows that 

b - 215’ is more likely than b and the proof of Proposition 4.2 concludes. 

In Figure 4.15 we see a graphical illustration of the fact that if 15 is 

decomposable into 15’ and 15" and b - 215 is the most likely vector, then 

b - 215’ (and b - 215") is more likely than b. 

As o- -~ 0, the sum in (4.74) will be dominated by the term or terms 

with the smallest argument of the Q-function. That corresponds to the error 

vector that achieves 

dk,min = min IIS(15)11 = min IIS(15)11, 
~{--1,0,1}~ 

Ek=l 

(4.85) 

where we have used the fact that if an error vector is decomposable into 
dec 151 ~ : ÷ 152, then IIS(~)ll _> max{llS(~l)ll, II5(~2)11}¯ 
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S(b-2�’) 

S(�) 

S(b) 

¯ S(b-2~) 

S(b) = Transmitted Signal 

Projection of Noise Realization 

FIGURE 4.15. 

If ~ is 

decomposable 

into e’ and ~", and 

b - 2~ is the most 

likely vector, then 

both b - 2e’ and 

b - 2~" are more 
likely than b. 

The distance between the multiuser signals modulated by arbitrary b1 

and b2 is equal to 

IIS(bl) - S(h2)II = 211S(~)ll 

1 1 with ~ = 7(b - b2). Therefore, we can interpret d~,min in (4.85) as one half 
of the minimum distance between two multiuser signals that differ in the 

kth bit. We will henceforth refer to this quantity as the minimum distance 

of the kth user. 

The coefficient multiplying Q(dk,min/O-) in (4.74) is equal to 

c~U= Z 2-~0(~)" 
~EFks.t. 

II S(() II=du,mi. 

(4.86) 

As cr -~ 0, the bound in (4.74) is dominated by the largest term in the sum, 

that is, 

lim ~-’ 2-~’(~) Q(llS(e)ll/~r). = C~. 
a~O"~-’~ Q(dk,min/O-) 

~EF~ 

(4.87) 

The main conclusion that we can draw from (4.87) is that the upper bound on 

the kth user bit-error-rate behaves for high signal-to-noise ratio as a single- 

user system with energy d~2,min. The question now is whether the minimum 
bit-error-rate actually behaves that way. To answer this question, we will 

generalize the reasoning employed to obtain the two-user lower bound in 

(4.63). 

Let us choose (in an arbitrary fashion, for now) one of the error vectors 

in Fk that achieve dk,min, and let us denote this vector by ~*. We construct 
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the following genie: 

¯ If the transmitted vector b is compatible with ~*, that is, 

~* ~ A(b), 

then the genie tells the receiver that the true transmitted vector belongs 

to the pair 

{b, b - 2~*}. 

¯ If the transmitted vector b is compatible with -~*, that is, 

~* ~ A(-b), 

then the genie tells the receiver that the true transmitted vector belongs 

to the pair 

{b, b + 2~*}. 

¯ If the transmitted vector is such that 

~* ~ A(b) U A(-b), 

then the genie goes ahead and reveals b to the receiver. 

Note that there is no ambiguity in the description of the genie because A(b) 

and A(-b) are disjoint. 

Let us evaluate the probability that a receiver that processes optimally 

the available information (observed waveform plus the side information) 

makes an error in the kth component. An error will occur if and only if the 

transmitted b and the noise realization are such that either of the following 

events occurs: 

{~* ~ A(b)} V) {~2(b - 2~*) > a(b)}, 

{~* ~ A(-b)} (3 {S2(b + 2~*) > S2(b)}. 

These events are nonoverlapping and have identical probabilities. Following 

the analysis in (4.77)-(4.79), we obtain the bound 

P~(o-) > 2’-~e’Q (~). 
(4.88) 

Since we have the freedom to choose ~* from those vectors in F~ that achieve 

the lowest II S(~)ll, we maximize the lower bound in (4.87) by choosing ~* 
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with the smallest possible weight. Let 

Wk,min = min w(~). 
~F~ 

IIS(~)ll=dk.min 

We have shown that the minimum bit-error-rate of the’kth user is lower 

bounded by 

Pk(cr) > 2’-wk’m~" Q (~)¯        (4.89) 

A lower bound that is, in general, tighter is given in Problem 4.23. It is 

tempting to tighten (4.89) by replacing the genie with a less generous one. 

For example, we could let the genie reveal the true transmitted vector only 

when the transmitted vector is not compatible with any of the error vectors 

that achieve dk,min; otherwise, the genie gives the true transmitted vector 

and one of its nearest neighbors. It would seem that this strategy would lead 

to the stronger lower bound where the coefficient in (4.89) is replaced by 

the probability that the transmitted vector is compatible with any one of the 
error vectors with minimum energy that affect the kth user. Yet, for any pair 

of data vectors supplied by the genie, the probability of each vector must 

be 1/2, for, otherwise, the probability of error of the binary test would be 
strictly less than Q(d~,min/Cr). This condition may fail to hold if the choice 

of nearest neighbors is such that some data vectors are more likely to be 

chosen by the genie than others (Problem 4.24). 
Figure 4.16 shows the upper and lower bounds to the minimum bit-error- 

rate in the case of fifteen equal-power users with equicorrelated signature 

1 

10-1 

10-2 

103 

10_4 

105 

10-6 

10-7 

10-8 
2 4 6 8 10 12 14 

SNR (dB) 

FIGURE~ ,4.16. 

Bit-error-rate in a 

fifteen-user 
channel with 

equal-power users 
and ,okl = 0.09; 
(a) conventional, 
(b) maximum- 
likelihood upper 
bound to minimum 
bit-error-rate, 
(c) lower bound to 
minimum 

’ bit-error-rate. " 
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waveforms Pkl = 0.09, as well as the error probability achieved by the single- 

user matched filter. The upper and lower bounds are very tight (and indistin- 

guishable from single-user error probability) except when the bit-error-rate 

is very high. For very low signal-to-noise ratios, the error probability of 
the conventional single-user matched filter is a better upper bound to the 

minimum bit-error-rate than (4.74). 

4.4 K-USER OPTIMUM ASYMPTOTIC EFFICIENCY 
AND NEAR-FAR RESISTANCE 

The bounds in (4.74) and (4.89) are dominated as o- ~ 0 by a term 

equal to (modulo a factor independent of o- 

O 

Therefore they are asymptotically tight in the sense that their ratio converges 

to a nonzero constant: 

2w~,~o_~o(" ). 

This is sufficient to obtain the optimum asymptotic multiuser efficiency. 

From (4.87) and (4.89) we get 

(4.90) 

= rain TI~ erARAe, 
e~{-1,O, 1}x A~ 

(4.91) 

which in the two-user case is easily seen to reduce to (4.65). According to 

(4.72), the computation of optimum asymptotic multiuser efficiency using 

(4.91) entails solving for the minimum-energy error vector, a combinatorial 

optimization problem for which no polynomial-in-K algorithm is known. 

Furthermore, it was shown in Verdt~ [496] that (4.91) belongs to the class of 

hard combinatorial problems discussed in Section 4.1 (which includes opti- 

mum multiuser detec6on, traveling salesman, integer linear programming, 

etc.). In contrast to the asymptotic multiuser efficiency of the single-user 

matched filter, the optimum multiuser efficiency of the kth user depends not 

only on {tgkj, j � k}, but on {Plj, 1 � k, j � k}. 
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The optimum near-far resistance is obtained by minimizing (4.91) with 

respect to the amplitudes: 

fTk = min min ~I-~TARA~ 
Ai>~O ~E{-1,0,1}K Ak 
i #k      ~k=l         ~ 

= rain wTRw (4.92) 
wERK 
Wk=l 

= min Sk ÷ ajsj ¯ 
atER 
l#k j#~ 

(4.93) 

Now, to solve the optimization problem in (4.92), we will assume first 

that the crosscorrelation matrix R is nonsingular. Let us denote by Rk the 
(K - 1) x (K - 1) symmetric matrix that results by striking out, the kth 

column and the kth row from R; moreover, let ak be the (K - 1)-vector that 
results from eliminating the kk component (equal to 1) from the kth column 

of R. It is easy to check that 

min wTRw = min (1 + 2zTak + zTRkz).        (4.94) 
w~RK z~RK-1 

wk=l 

If z = z0- R~-I ak for an arbitrary z0, it is immediate to verify that the positive 

definiteness of R~ implies that z0 = 0 minimizes the function in (4.94). Thus, 

the minimum in (4.94) is achieved by 

z = -R~a~, (4.95) 

yielding a value for the near-far resistance equal to 

T -1 (4.96) fT~= 1--akRk a~ 

1 
(4.97) 

(R-1)~k 

We have obtained (4.97) using the following standard formula for the inverse 

of a block-partitioned matrix: 

Proposition 4.3 !fA and B are nonsingular, then 

[~ ~r     [A- ~TB-I~]-I 
-A-1CT/~,-1 B = -A-1CA-1 A-~ 

where A, the Schur complement of A, is defined by 

(4.98) 

A = B - CA-1CT, 
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and the northwest block in the right side of(4.98) can be expressed, alter- 

natively, as2 

[A - C~’B-1C]-~ = A-1 + A-1CTA-1CA-1- (4.99) 

An alternative expression for the optimum near-far resistance in terms 

of the signature vectors of (2.98) is 

[ 

T -1 T] (4.100) T I-S~(S~S~) Sk s~, 
~k ~-- Sk 

where sk is the signature vector of the kth user and Sk is the L × K matrix 

that results from striking out the kth column from S. To verify (4.100), we 

can use (4.96), IIs~ll = 1, 

T ak = Sk Sk, 

and (2.101), 

R~    7" = S~ S~. 

Yet another representation for the optimum near-far resistance can be 

obtained from the Cholesky factorization of the crosscorrelation matrix 

(Proposition 2.3) and the result of Problem 2.51: 

7/1 = Fill¯ (4.101) 

Let us now examine the optimum near-far resistance of user k when R is 

s!_n~ular. It follows from (4.93) that f/k = 0 when s~ belongs to the subspace 

spanned by all the other signature waveforms; otherwise, the dimensionality, 

L, of the space spanned by the interferers is less than K - 1, R~ is not 

invertible, and direct use of the expressions (4.96) and (4.97) is not possible 

to compute the near-far resistance of the kth user. However, as far as the 

computation of that quantity is concerned, it is equivalent to consider another 

channel with L + 1 users: the original kth signature waveform and a subset 

of L interfering signature waveforms that span the space spanned by the 

K - 1 interfering signature waveforms {s j, j ~ k} (cf. Problem 4.48). 

A general formula for near-far resistance that applies regardless of 

whether R is nonsing£flar involves replacing the inverse of R by the so- 

called Moore-Penrose generalized inverse discussed in Chapter 5. 

a Equation (4.99) is known as the matrix inversion lemma. 
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Let us now analyze the optimum near-far resistance of direct-sequence 

spread-spectrum signature waveforms. For a given set of signature wave- 

forms one can compute its crosscorrelation matrix and f/k via (4.97). How- 

ever, we would like to get insight into the level of near-far resistance achiev- 

able by direct-sequence spread-spectrum, by analyzing the statistical be- 

havior of the near-far resistance when the direct-sequence spread-spectrum 

waveforms are randomly chosen, in the sense that the polarity of each chip 

for each user is independently equally likely to be + 1 or -1. The distri- 

bution of the near-far resistance of such a random constellation depends 

only on the number of users and on the number of chips per bit, N. The 

expected near-far resistance for random signature waveforms is a useful 

lower bound on what can be achieved by careful design of a constellation 

with low crosscorrelation properties. It is also relevant to spread-spectrum 

systems where the length of the pseudonoise sequence is much longer than 

the symbol interval. 

For any given set of K signature waveforms, suppose that the dimen- 

sionality of the space spanned by the K - 1 users interfering with user 1 is 

equal to L. This means that the rank of R1 is equal to L. As we discussed, as 

far as computing f/l, we can eliminate from consideration all but a subset of 

L interferers whose signature waveforms span the whole space spanned by 

the original interferers. For convenience, we will label these L interferers 

as users 2 ..... L + 1. From (4.96) we get 

L+I L+I 

91 ~ I -- Z Z PlkPl/ (R71)k/ ¯ 

k=2 I=2 

(4.102) 

To find the expectation of (4.102) with respect to all the signature wave- 

forms, we will condition first on the signature waveforms of the L interferers. 

In order to take the average of (4.102) with respect to the signature wave- 

form of user 1, we just need to compute El [P~P~t], where the subscript in 

the expectation denotes the signature waveform with respect to which we 

are averaging. 

Let us denote by &i ~ {+l, -1} the polarity of the ith chip of the kth 

user’s signature sequence. Since the crosscorrelation between two N-chip 

signature waveforms is equal to the number of coincident polarities minus 

the number of discrepancies divided by N, we have (cf. Problem 2.21) 

1 N 

tOlk = ~ i~l.= dlidki’ 
(4.103) 
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and 

1 N N 

El [PlkPl/] = ~ E E El[d~id~idUd~j] 
i=l j=l 

1 N 

N2    dkidli 
i=1 

pkl 
(4.104) 

N 

In particular, note that the crosscorrelation between two randomly chosen 

N-chip direct-sequence signature waveforms has zero mean according to 

(4.102), and variance equal to 1/N according to (4.103) with k = 1. 

Substituting (4.104) into (4.102) we obtain 

L+I L+I 

El[fh] = 1 - E E EI[p~kPll](R;1)kt 
k=2 1=2 

L-t-1 L÷I 1         _ 

= 
1-- E~’~(R1)/k(R1 1)k’ 

k=2 

1 L+I 

1=2 

L 
-- 1 (4.105) 

N’ 

which depends on the signature waveforms of the K - 1 interferers only 

through their rank, L. Note for future use that the derivation leading to 

(4.105) holds verbatim as long as 

N 

ki =N 
i=1 

for k = 2 ..... K even if the interfering signature waveforms are not bipolar 

(d~ � {+1,-11). 
If K = 2, .the rank of the interfering space is L = 1. Thus, the expected 

near-far resistance averaged with respect to the spreading code of the desired 

user is 1 - I/N, regardless of the spreading code of the interferer. When 

K > 2, we can proceed with the averaging of L with respect to the signature 

waveforms of the interferers. 

Let [J, N] denote the expected dimensionality of J synchronous random 

-4- signature waveforms with N chips per bit. Naturally, 

[J, N] < min{J, N}. (4.106) 
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Taking the expectation of (4.105) with respect to the signature waveforms 

of the interferers, we get that the average optimum near-far resistance with 

synchronous random direct-sequence spread-spectrum waveforms is 

[K - 1, N] 
E[~l] = 1 

N 

min{K - 1, N} 

N 

K-l]+ 
= 1 ~ (4.107) 

Equation (4.107) gives a simple lower bound on optimum performance as 

a function of the number of users and the spreading factor of the CDMA 

system. This bound is asymptotically tight as the number of users grows: 

lim Elf71] - 1 = 0, (4.108) 
K--~o~ -~ 

where N is allowed to grow as K grows. To verify (4.108) first note that if 

N does not go to infinity, then obviously 

lim [K-1, N]=N, 
K--~ o~ 

and both sides of (4.107) vanish as K --~ o~. If N does go to infinity with 

K, notice that we can lower bound the expected rank by 

[K - 1, N] >_ min{K - 1, N}(1 - Fmin{~:-l,N}), (4.109) 

where l~n is the probability that an n x n matrix with random independent 

4-1 elements is singular. Therefore, 

[K - 1, N] 
E[~I] = 1 

N 

< 1 - , l1 - rmin(t~-l,N)}, -- N 

K - lq+ min{K - 1, N} 

= 1    ~J    +      N      I~min{K-l’NI 

K-l]+ _< 1 N + l~min{K-l’N}" 

To finish the proof of (4.108) all we need is 

I~min{K_l,N} "--~ 0 

when both N and K grow without bound. This is given by the following 

combinatorial result: 
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Proposition 4.4 (Koml6s [222]) The probability that an n × n matrix with 

random independent 4-1 elements is singular goes to 0 as n --> 

As a matter of fact, when both N --> o~ and K --~ 

min{K - 1, N} - [K - 1, N] 

vanishes exponentially fast in min{ K - 1, N } (Kahn et al. [ 191 ]), and there- 

fore so does 

E[~I]-I1 K-l]+’N 

If 

K 
lim -- = fl < 1, 
x-~ N 

then not only 

lim E[f/1] = 1 - f!, (4.110) 

but in fact 

lim fh = 1 - fl, (4.111) 
K-->c~ 

where convergence is in mean-square sense. In other words, the variance 

of the near-far resistance due to the random choice of signature sequences 

;¢anishes with the number of users. In order to show (4.111), we will first 

change the distribution under which R is chosen by conditioning on the 

event {R is invertible}. Because the probability of this event goes to 1 and 

0 < 9l < 1, such a change of distribution has no effect on the asymptotic 

variance of ~. Consider the normalized variance: 

var(~]l) < E [912 q- E2[~I] - 2~]lE[Ol]l 

= E 

(4.112) 

(4.113) 

where 91 < 1 leads to (4.112). To conclude the proof of the mean-square 

convergence result in (4.111) all we need to show now is that the average 

near-far resistance is asymptotically equal to its harmonic mean: 

lim E = lira . (4.114) 
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This follows by invoking the asymptotic distribution of the eigenvalues of 

the crosscorrelation matrix (Proposition 2.1): 

E = E[(R-1)ll] 

_ 1 ~E[(R_a)kk] 
g k=l 

(4.115) 

(4.116) 

_ 1 E[trace(R_l)] (4.117) 
K 

1 ~; 
= _ ~ E[)~k(R-1)] (4.118) 

K k=l 

= E (4.119) 

_ 1. (4.1~1) 
1-~ 

Equation (4.115) comes from (4.97); the symmetry in the assignment of 

signature sequences to the users results in (4.116); Equation (4.118) reflects 

the fact that the trace of a square matrix is equal to the sum of its eigenvalues 
(denoted here by )~k); Proposition 2.1 is used to write (4.120); finally the 

integral in (4.121) can be verified in Gradshteyn and Ryzhik [125]. 

4.5 MINIMUM ERROR PROBABILITY IN THE 
ASYNCHRONOUS CHANNEL 

In Section 4.2 we found implementations of optimum multiuser 
detection for the asynchronous CDMA channel. In this section, we find 

bounds on the bit-error-rate achieved by those detectors. Here it will be 

preferable not to take into account the dynamic-programming-based opti- 

mum detection structure obtained in Section 4.2. 
Recall from Section 2.9 that to obtain the minimum error probability in 

the asynchronous channel, we may analyze the discrete-time model of suffi- 

cient statistics in (2.106). Each bit in the frame of the kth user (Section 2.2), 

{b~[-M] ..... b~[0] ..... bk[M]}, (4.122) 

will, in general, have a different probability of error. For example, we would 

202 

Samsung Ex. 1007, Page 223 of 470



4.5 MINIMUM ERROR PROBABILITY: ASYNCHRONOUS 

expect that the probability of error will decrease as we get closer to one of 

the boundaries of the frame. But we are interested in the bit-error-rate as 

M --~ cx~, which can be expressed as 

P~(cr) = lim P~(~r), (4.123) 
M--~x3 

where we have denoted the minimum error probability of bit 0 within 

(4.122) by 

P~(a) = P[bk[0] 7~ bk[0]]. (4.124) 

A channel with an M-frame will have the same error probabilities as 

a channel with an (M + 1)-frame and perfect side information of bj [+(M 

÷ 1)], j = 1 ..... K. Therefore, P~/(o-) is monotonically increasing with 

M and, thus, the limit in (4.123) is guaranteed to exist. 

As usual (cf. Chapter 2), we can view the asynchronous channel with 

K users and frame-length equal to 2M ÷ 1 as a "synchronous" channel 

with (2M ÷ 1)K "users" (one per bit), such that the "user" of interest is the 

one that transmits b~[0]. This enables us to find upper and lower bounds 

on P~(o-) using the results in Section 4.3 on the synchronous minimum 

error probability. Now all we need to do is view the error vectors e as being 

(2M ÷ 1)K dimensional; F~ is now the set of those indecomposable vectors 

such that (k[0] ~ 0; dk2.min is the minimum energy among all vectors in F~ 

,(or all error vectors for that matter). 

We are not done yet since we have to take the limit as M --~ ~x~ in (4.123). 

Now error vectors become doubly infinite error sequences. 

Let us examine first the lower bound in (4.89). We would end up with a 

trivial bound if all error sequences achieving d~,min had an infinite number 

of nonzero components. Fortunately, it can be shown (Problem 4.45) that 

d~,min is always achieved by a finite-length error sequence whose weight is 

upper bounded by a function of K. 

Regarding the upper bound, 

(4.125) 

we now have an infinite series, so we have to elucidate whether it converges, 

and if it does, whether it gives tight results for high signal-to-noise ratio as 

in the synchronous case. The weaker bound (4.80), which includes all error 

sequences (not just indecomposable ones), is useless in the asynchronous 

case because it diverges for all cr (Problem 4.46). For a given set of signature 

waveforms and offsets, the series in (4.124) will behave according to one 

203 

Samsung Ex. 1007, Page 224 of 470



CHAPTER 4. OPTIMUM MULTIUSER DETECTION 

of the following alternatives: 

A. It converges for all o- > 0. 

B. It converges for 0 < o- < cr0. 

C. It diverges for all o- > 0. 

We refer the reader to Verdfi [490] for a proof of the results on the 

convergence analysis of the series in (4.125). The main conclusions that 

can be drawn from that analysis are: 

1. Two-user channels belong to type A. 

2. For any set of K signature waveforms, if the offsets are uniformly dis- 

tributed and independent, then type C happens with zero probability. 

3. Type C may only occur for some signature waveforms with very heavy 

crosscorrelations and where subsets of users are synchronized (Prob- 

lem 4.39). 

Provided that the signature waveforms and offsets are such that they 

belong to either type A or B, it is shown in Verdfi [490] that (4.87) holds; 

and in that case C~ is finite. This fact and the aforementioned behavior of 
the lower bound enable us to conclude that as long as the bounding series 
is not everywhere divergent (type C) (which as we mentioned occurs with 

zero probability), the optimum asymptotic efficiency is given by 

r/k-- A~ " (4.126) 

In the two-user case, it can be shown (Problem 4.44) that (4.126) partic- 

ularizes to (Figure 4.17) 

~%L\     ~ + 21p2~I-~ j. (4.127) 

~ 
~ 

Malched FiltOe Pr timum 2 max{lPml, 10211} A2/Al 

FIGURE 4.17. 
Optimum and 
single-user 
matched:filter 
asymptotic 
multiuser 
efficiencies as 
functions of the 
amplitude of the 
interferer. 
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The minimization of (4.127) with respect to A2/A1 > 0 yields 

~1 = 1 - max2 [ {IP121, [P211, ]Pl2I q-[P21I ~/ 

/ 
(4.128) 

This corresponds to the version of near-far resistance where the received 

amplitudes are held constant for all bits (cf. (3.117)). 

We will not attempt to generalize (4.128) to the K-user case. Instead, as 

we anticipated in Chapter 3, a more meaningful and tractable measure of 

near-far resistance can be obtained by letting the amplitudes vary over time 
in an arbitrary fashion (cf. (3.118)). We need to follow parallel lines to the 

synchronous case analysis that lead us from (4.91) to (4.97). In this case, 

however, we are working with what amounts to an infinite crosscorrelation 

matrix, and it is desirable to give an expression for near-far resistance 

directly in terms of the asynchronous crosscorrelation matrices R[0] and 

R[ 1 ]. As justified in Chapter 5, the expression for the optimum asynchronous 

near-far resistance is 

[Rr[1]ej~° + R[0] + R[1]e-J~]~-2 do) . (4.129) 

In the two-user case, the first step to evaluate (4.129) is to take the inverse 

of the Hermitian matrix therein: 

[RT[1]ej~° ÷ R[O] ÷ R[1]e-J~]-1 

1 

1- [Pla2 "~ /0221 ÷ 2p12P21 COS O)] 

[ 

1 
--Pl2--p21e-J~1 

× --/)12 -- P21ej~° 1 
. (4.130) 

Substituting (4.130) into (4.129) and using a table of integrals (e.g., 

(Gradshteyn and Ryzhik [125])), we can evaluate 

(4.131) 

and therefore, 

~/~ = ~/[1 -- (Pl2 ÷ P21)2][1 -- (PI2 -- P21);]¯ (4.132) 
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Note that (4.132) is the geometric mean of the synchronous near-far resis- 

tances obtained with the even and odd periodic crosscorrelations P12 + P2~ 

and P12 -- /021" 

We can use the results in Section 4.4 on the near-far resistance of random 

direct-sequence spread spectrum to obtain a lower bound on the expected 

optimum near-far resistance in the asynchronous chip-synchronous case 

(i.e., when the relative offsets are fractions of the chip duration). To that 

end, we first lower bound optimum near-far resistance by that achieved 

by a demodulator that discards the received signal outside the interval of 

the bit of the desired user. In that event, the problem is equivalent to one 

with two synchronous interfering pseudo-users per interfering user, thiit is, 

2K - 2 interfering pseudo-users. The signature waveforms of interfering 

pseudo-users that overlap with the desired signal on the left [resp. right] are 

assumed to have dki = 0 for i sufficiently high [resp. low]. As we pointed out, 

the above analysis is general enough to accommodate interfering pseudo- 

users whose direct-sequence waveforms take values in {-1, 0, 1}. We can 

conclude that in a symbol-asynchronous chip-synchronous CDMA channel 

the optimum near-far resistance satisfies 

2K - 21+ 
Elf/a] >_ 1 )~ ¯ (4.133) 

In the case of a suboptimal receiver whose observables are the chip matched- 

filter outputs of the desired user, a similar analysis can be shown to hold 

(Problem 4.60). 

4.6 PERFORMANCE ANALYSIS IN 
RAYLEIGH FADING 

The generalization of the optimum detector to coherent demodula- 

tion in the presence of frequency-flat or frequency-selective fading is con- 

ceptually trivial. Thanks to the assumption that the magnitudes and phases 

of {Ak, k = 1 ..... K} are known at the receiver, the derivation of the op- 

timum detectors is entirely similar to the one we saw for the real-valued 

channel and it will not be repeated here. Instead, this section is devoted to 

the analysis of the minimum error probability when the received amplitudes 

are Rayleigh-distributed and known to the receiver. The major conclusion 

of this analysis is that the asymptotic multiuser efficiency is equal to 1 as 

long as the signature waveforms are linearly independent. 
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The relevant model here is the complex-valued channel in (2.41), 

K 

y(t) = ~Akbgsk(t) + an(t), 
k=l 

(4.134) 

Ak = A~U~ 

and U~ are independent complex Gaussian random variables with indepen- 

dent real and imaginary parts, each with unit second moment. 

The method of indecomposable vectors can also be shown to apply in 

this case (Zvonar and Brady [570]). Here, we will concentrate on showing 

that in the synchronous channel the asymptotic multiuser efficiency of the 

probability of error averaged with respect to the fading coefficients {A~, k = 

K } is equal to 1. For this purpose, it will be sufficient to average the 

upper bound in (4.80). This requires the average 

E [Q ( [IS~)I-----~I ) ] ,         (4.135) 

where according to (4.71) 

iiS(~)ll= = ~r u* Hue 

= u* diag{~} H diag{~} u (4.136) 

with 

Ul 

The unnormalized crosscorrelation matrix H (assumed to be nonsingular) 

admits the factorization 

H = FrF, 

with which we can define the ’zero-mean Gaussian complex K-vector 

1 
X = -- F diag{e} u. 

The covariance matrix of X is 

E[XXr] = 0--2 F diag{~} E[uu*] diag{~} Fr 

= 20--2 F diag={~} Fr, (4.137) 
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which has rank w(E). The rationale for introducing X is that the argu- 

ment in the Q-function of (4.135) is IIX[I. To apply the averaging formula 

(3.64), we need to investigate the eigenvalues of (4.137). Denote by F~ the 

w(E) x w(~) matrix that results from striking out the rows and columns of 

F corresponding to indices for which ~i = 0. The eigenvalues of F~F~ can 

be shown to be equal to the eigenvalues of the positive definite w(~) x w(~) 

matrix that results from striking out all the rows and columns from H cor- 

responding to indices for which ~i = 0. Those eigenvalues will be denoted 

by )~; (~), i = 1 ..... w(E), and their produ, ct (equal to the determinant of the 

surviving submatrix of H) will be denoted by A(e). Assuming that those 

eigenvalues are distinct we can apply the formula in (3.64) to obtain 

p~F(0-)< E2-~(~)Z~__ 1 

,~ ~E~ i=1 1) (4.138) 

where 

For the purposes of an asymptotic analysis of Pff (0-), 0- --> 0, it is conv¢nient 

to use the Taylor series expansion 

1    _ E(_l)n+l (2n - 1)(2n - 3)... 1 

~/1 ~-X2 n=l               n!2n        X~,     (4.139) 

which, when substituted in (4.138), indicates that performance depends on 

the crosscorrelation matrix only through the quantities 

~(~)~-, o~i(e) JO, n = 1 ..... w(e) - 1; 

i=~-~l ~,7(e5) --I (-1)~’~)-1 ( ~(~) , n=w(~), 
(4.140) 

an equation justified in Zvonar and Brady [570]. Putting together (4.138), 

(4.139), and (4.140) we obtain the following series for the upper bound on 

error probability: 

~E~ 2-2w(~)-I (2W(~) -- 1)(2W(~) - 3). ¯ ¯ 10-2w(~) 
p~F(0-) _< 

W(~)! A(~) 
O(0-2w(~)). + 

(4.141) 

For 0- --> 0, the right side of (4.141) is dominated by the two terms with 

w(E) = 1, for which A(~) = A~. Consequently, 

0-2 

p~F(0-) _< ~ + 0(0.2). (4.142) 
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Comparing (4.142) with the asymptotic result for the single-user channel 

(3.131), we conclude that the asymptotic multiuser efficiency is equal to 1. 

We recall that the assumptions used to reach this result are that the signature 

waveforms of all K users are linearly independent and that the eigenvalues of 

the unnormalized crosscorrelation matrix of any subset of users are distinct. 

The analysis in the asynchronous case is more involved. For example, the 

upper bound that includes all sequences in Eg is useless; however, a coarser 

notion of decomposability that does not depend on the actual amplitudes can 

be developed so that the bounding series excludes any sequence including 

a run of K - 1 or more consecutive zeros. Furthermore, performance in the 

asynchronous case depends on the autocorrelation function of the fading 

coefficients. Nevertheless, the property of unit asymptotic multiuser effi- 

ciency is shown in Zvonar and Brady [570] to remain true in the asyn- 

chronous channel unless the users are assigned identical signature wave- 

forms. 

4.7 OPTIMUM NONCOHERENT 
MULTIUSER DETECTION 

This section briefly considers the problem of noncoherent multiuser 

’ J demodulation. The channel of interest is (3.170) 

K 

y(t) --- ~ IA~I ej°k s~(t; b~) + an(t), 
k=l 

(4.143) 

where b~ ~ .A and 0h are independent and uniformly distributed and 

unknown to the receiver. The single-user receiver in Section 3.8 correlates 

with each of the signal hypotheses of the desired user and selects that cor- 

responding to the largest magnitude output. Such a receiver does not need 

to know either the magnitudes IA~I or their distribution. In contrast, the 

way the maximum-likelihood K-user receiver processes the [�41K sufficient 
statistics (Problem 4.63) does depend on those distributions. Maximum- 

likelihood K-user detection for (4.143) is equivalent to a (single-user) non- 

orthogonal m-ary noncoherent hypothesis testing problem, with m = IAIK. 

The structure of (4.143) can be exploited more fully in the particular 
case of Rayleigh fading where the received magnitudes are unknown to 

the receiver and ladlej°k are independent, zero-mean, Gaussian, complex 

random variables. In that case, the I.AI K observables are zero-mean complex 

Gaussian when conditioned on each of the [�41~; hypotheses. Thus, the 

information is carried in the covariance matrix of the observables under each 
of the hypotheses. The optimum decision rule can be found in Problem 3.11. 
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4.11 BIBLIOGRAPHICAL NOTES 

The derivation and analysis of the optimum multiuser receiver 

date back to the early eighties (Verdti [485,486,487]). The chief 

reason why multiuser detection did not develop until then was 

the belief shared by many spread-spectrum practitioners that 

the conventional matched-filter detector is essentially optimum 

(cf. Verdti [502]). Techniques from both minimax robustness and 

non-Gaussian signal detection to improve the performance of the 

conventional single-user detector in multiuser channels were 

proposed in Poor [334] to deal with the non-Gaussian nature 

of multiaccess interference. Several earlier works had already 

investigated receivers that used the knowledge of the interfer- 

ing signature waveforms to improve the performance of CDMA 

systems; Timor [445,446] showed that it was possible to double 

the maximum number of simultaneous users achievable with the 

conventional noncoherent demodulator of frequency-hopped 

FSK systems; Horwood and Gagliardi [160] and Schneider [392, 

393] considered multiuser receivers for synchronous systems. 

Those ideas were closely related to earlier work to combat cross- 

talk in multichannel communication systems in Shnidman [409], 

Kaye and George [206], Etten [80, 81], among others. Those works 

dealt with Pulse Amplitude Modulation signals transmitted 

through multi-input multi-output dispersive channels, which 

can be viewed as a vector generalization of the conventional 

scalar intersymbol interference model. The maximum-likelihood 

sequence detector for single-user intersymbol interference is due 

to Forney [96], with contemporaneous discoveries in Omura 

[308] and Kobayashi [212] and an earlier hint in Viterbi [508]. 

The Viterbi algorithm was originally introduced in the context 

of decoding of convolutional codes in Viterbi [507]. 

The optimum detection algorithm for asynchronous channels 

presented in this chapter appeared in Verdd [485,487,490]. The 

metric in that algorithm can be viewed as a periodically time- 

varying generalization of that proposed in Ungerboeck [459] for 

single-user channels. The applicability of the Viterbi algorithm 

for the demodulation of asynchronous multiuser channels had 

been hinted earlier in Schneider [392] and Kohno et al. [215]. 

The vector versions of the Viterbi algorithm proposed in Etten 

[81] and Verdd [486] do not exploit fully the structure of the 

asynchronous channel and (for the same complexity) can accom- 

modate only a fraction of the number of users of the algorithm in 

Verdti [490]. The analysis of the computational complexity and 

the proof that the optimum multiuser detection problem is como 

binatorially hard appeared in Verd~i ([487] and [496]). Optimum 
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synchronous multiuser detection was shown to be solvable in 

polynomial time for nonpositive crosscorrelations in Sankaran 

and Ephremides [380]. Other signature waveform designs that 

lead to polynomial-in-K jointly optimum detection are devel- 

oped in Learned et al. [230]. 

The minimum bit-error-rate multiuser receiver based on a 

backward-forward dynamic programming algorithm is due to 

Verdfi [487] and Verdd and Poor [503], which rediscovered the 
backward-forward paradigm earlier used in data demodulation 

problems in Chang and Hancock [50], Abend and Fritchman [7], 

and Bahl et al. [18]. In the case of single-user intersymbol in- 

terference, the backward-forward dynamic programming algo- 

rithm of Verd~i [487] provided significant computational savings 

over the algorithm proposed in Hayes et al. [138], which has been 

adapted for soft-decision multiuser detection in Hafeez and Stark 

[132]. 
Various tree-search algorithms that provide suboptimal de- 

modulation with reduced computational complexity have been 

presented in Xie et al. [548] and Wei et al. [526]. 

The complexity of optimum multiuser detection for hybrid 

FDMA/CDMA with random assignment of frequency band is 

studied in Liu et al. [249]. 

Combined maximum-likelihood multiuser demodulation and 

decoding of trellis codes has been studied in Giallorenzi and 

Wilson [113], Fawer and Aazhang [88], Giallorenzi and Wilson 

[114], Giallorenzi and Wilson [115], and Shama and Voicic [405]. 
Reference Vojcic et al. [517] consider maximum-likelihood de- 

coding of the error-correcting code using as observables the a 

posteriori probabilities (4.18) supplied by a backward-forward 

multiuser detector. 

The upper-bound analysis based on indecomposable sequen- 

ces was first given in Verd~i [490] in the context of asynchronous 

channels. The same method was applied in Verd~i [495] to the 

single-user intersymbol interference problem to yield a bound 

that is tighter than the Forney bound (Forney [96]). A branch- 

a~d-bound algorithm to compute the indecomposable-sequence 

bound is given in Verdfi [488]. The genie-based lower-bound 

analysis elaborates on the original idea in Forney [95]. Neither 

that reference nor Verdfi [490] give full justification for the con- 

stant in their claimed lower bounds. The optimum near-far resis- 

tance was obtained in Verd~i [489] and Lupas and Verd~i [254] in 

the synchronous case and in Lupas and Verd~i [253], and Lupas 

and Verd~ [255] in the asynchronous case; Visotsky and Madhow 

[506] examine the optimum near-far resistance for nonlinearly 

modulated channels (Problem 4.64). The lower bound on the 
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expected maximum near-far resistance with random binary direct- 

sequence signature waveforms is due to Madhow and Hoing 

[262]; the asymptotic analysis is new. Optimum near-far resis- 

tance with random binary direct-sequence signature waveforms 

and rectangular chips is averaged with respect to offsets and 

carrier phases in Acar [11] and Acar and Tantaratana [12]. The 

(nonasymptotic) distribution of the near-far resistance with ran- 

dom Gaussian direct-sequence signatures is found..in Miiller et 

al. [292]. The asymptotic analysis of the optimum asymptotic 

efficiency achieved by random signature sequences is an open 

problem. 

The derivation and analysis of the optimum multiuser detec- 

tor in the presence of frequency-flat Rayleigh fading (Section 4.6) 

is due to Zvonar and Brady [570], and a system that incorpo- 

rates trellis-coded modulation is analyzed in Caire et al. [41]. A 

modified detector that takes into account imperfect estimation of 

the fading coefficients is proposed in Vasudevan and Varanasi 

[480]. Frequency-flat and frequency-selective Rician fading is 

considered in Varanasi and Vasudevan [478] and Vasudevan and 

Varanasi [479]. Optimum noncoherent detection in the pres- 

ence of Rayleigh fading is studied in Russ and Varanasi [370, 

371]. 

In environments where the positions of the transmitters rela- 

tive to the receiver are not fixed or where the received amplitudes 

are not known a priori for whatever reasons, it is of interest to 

investigate the problem of multiuser amplitude estimation from 

the received waveform, as those amplitudes are required by the 

optimum detector and other detectors reviewed in future chap- 

ters. This problem was treated first in Verdfi [487] under the 

assumption that the transmitted information sequence is known 

(i.e., when a start-up training sequence is sent). This assumption 

was dropped in Poor [335] and Steinberg and Poor [336]. Further 

work on this problem and the problem of phase estimation was 

undertaken in Miller [276] and Strom and Miller [428] includ- 

ing the derivation of Cr~imer-Rao bounds. The case of unknown 

information sequences is treated in Moon et al. [286] and Miller 

[276], when the amplitudes are modeled as arbitrarily varying, 

and in Xie et al. [549], which gives a tree-search algorithm for 

ioint data detection and amplitude estimation in the basic CDMA 

asynchronous channel. Joint optimum multiuser demodulation 

and estimation of multipath fading coefficients is developed in 

Wang and Poor [521] assuming a rational spectrum for the fad- 

ing coefficients. The solution consists of a dynamic program- 

ming algorithm where each surviving path is assigned a differ- 

ent Kalman filter for the estimation of the fading coefficients. The 
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effect of receiver mismatch on optimum performance is treated 

in Gray et al. [126]. 

Joint amplitude and delay estimation is studied in IRis and 

Mailaender [171] and Lira and Ramussen [241]. Although con- 

ventional code acquisition and synchronization systems for 

CDMA have neglected the presence of multiaccess interference, 

a number of works have exploited the structure of the multiac- 

cess interference to increase robustness, near-far resistance, and 

acquisition/synchronization speed (Iltis and Mailaender [172]; 

Madhow [258]; Bensley and Aazhang [271]; Strom et al. [431]; 

Strom et al. [430]; Zheng et al. [561]; and Srinivasan et al. [419]). 

Methods to determine which users are active at any given time 

are explored in Halford and Brandt-Pearce [136]. 

Optimum multiuser detection with array observations is pur- 

sued in Miller [276], Miller and Schwartz [277], Kohno et al. 

[219], and Lee and Pickholtz [233]. 

Reference Verdd [492] derives and analyzes an optimal detec- 

tor for the optical multiple-access point-process channel. The 

noncoherence and nonlinearity of this channel model do not 

prevent the existence of dynamic-programming based demodu- 

lators that exploit the sequential structure of the likelihood func- 

tion; however, they do render the method of indecomposable 

sequences less powerful. 

4.9 PROBLEMS 

PROBLEM 4. i. Let b be the vector in the set {- 1, + 1 }~: that max- 
imizes 

f2(b) = 2brAy - brHb. 

Show that 

~k = sgn(yk - ~-~jAjpjkl’j¢k (4.144) 

P RO B LEM 4.2. Let b be the vector in the set {- 1, + 1 } K that max- 
imizes 

~2(b) = 2brAy - brHb. 

(a) Show that b minimizes 

Ilr - SAbll, 

where r are L-dimensional observations in an orthonormal 
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(b) 

space (2.97) and S is the matrix of signature vectors (2.98) 

in that space. 

Show that b maximizes 

~ A~b~s; r- ~ Ajbjsj . 
k=l                  j=k+l 

PROBLEM 4.3. Let b~ ~ {-1, +1} and ~32 ~ {-1, ÷l} be the bits 

that maximize the function 

Alylbl + A2Y2b2 - AiA2pblbz. 

Show that b~ and b2 satisfy 

(a) Ifmin{Axly~l, A21y~_I} >_ A~A21Pl, then 

~ = sgn(y~), 

b2 = sgn(y2). 

Otherwise, 

bl = sgn(Aly~- sgn(p)A2y2), 

b2 = sgn(A:y2- sgn(p)Aay~). 

(b) 

b~ = sgn A~y~ + -~IA2y~ - A1A2pl - ~lA2Y2 ÷ A1A2pl 

~2=sgn A2y2 ÷ ~IA~yl - AIA~PI - ~IA~y~ ÷ A~A2Pl ¯ 

PROBLEM 4.4. Show that the scheme in Figure 4.18 outputs 

l°g(p[b~ 1 +lly] - 1) 

for the two-user synchronous channel. 

y(t) ~ 

sl(t) A1 ~ 

~2(t) A2 ~ 

~ 
+ 

FIGURE 4.18. 
Computation of 
the a posteriori 
probability 
P[b~ = +lly] 
from the a priori 
probability 

nl = P[b~ = +1]. 
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PROBLEM 4.5. Consider a K-user synchronous CDMA system 

demodulated by a bank of single-user matched-filter receivers. 

(a) Show that at least one of the K bits selected by the maximum- 

likelihood (jointly optimum) multiuser detector is in agree- 

ment with the corresponding output of the bank of single-user 

matched filters. 
(b) Consider the special case ioij = p > 0 for all i 5& j. Let user l 

be such that 

AtJyll >~ Ajlyj[, 

for j � I. Show that sgn(yl) is the jointly optimal decision for 

the/th user. 

(c) Show that if the crosscorrelations are identical but negative the 

result of (b) remains true for K = 2 but it is false for K > 2 (cf. 

Kempf [207]). 

PROBLEM 4.6. Consider a receiver for user 1 that uses Yl, the 

output of the filter matched to the signature waveform of user 1 as 

its only observable. Derive the decision rule on yl that minimizes 

the probability of error of user 1 for a synchronous K-user CDMA 

system, in the following cases: 

(a) The open-eye condition (3.92) is satisfied. 

(b) K = 3, At = A2 = A3, P12 = -0.8,/913 = 0.3, A1/cr --~ ~x~. 

PROBLEM 4.7. Consider a two-user receiver for synchronous 
CDMA that outputs (bl, b2) that maximizes 

(y, AlblSl ÷ A2b2s~). 

Depict the decision regions for p = 0.2 in the cases A1 = A2 and 

A1 = 6A2. Compare with Figures 4.1 and 4.2. 

PROBLEM 4.8. Find an algorithm to find the argument that max- 

imizes (4.11) with time complexity per bit equal to O (2K/K). 

PROBLEM 4.9. Consider a synchronous three-user channel with 

A1 = A2 = A3, 

S1 -~S2 

and orthogonal sl and s2. 

(a) Depict the decision regions for jointly optimal detection. 

(b) Depict the decision regions if b3 = btb~. 
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PROBLEM 4.10. Show that the maximization of 

f2(b) = 2brAy - brHb 

over b ~ {-1, 1}K is equivalent to the minimization of 

xTGx + zTx 

over x ~ {0, 1}K, with 

G ---- H - diag ~b, 

z = ~ - n[1.. ¯ 1]T - Ay, 

and ~b an arbitrary K-vector. [Note: This transformation has been 

used in Shi et al. [408] and Wu and Wang [544] to obtain su~boptimal 

multiuser detectors.] 

PROBLEM 4. l l. Consider the K-user, D-channel synchronous di- 

versity model in (2.75): 

K 

yl(t) = Z Alkbkslk(t) + ~rnl(t), 

k=l 

K 

yD(t) = Z ADkbkSDk(t) + crnD(t), 

k=l 

where the noise processes are independent. 

(a) Show that the set of observables 

{yak, d = 1 ..... K;k = 1 .... K} 

is a sufficient statistic for bl ..... bK, with 

(4.145) 

Yak =    ya(t)s*ak(t) dt. (4.146) 
) 

(b) The observable 

Y2kl =    yl(t)S~k(t) dt 

depends on bl ..... bK unless s2~ is orthogonal to {slj, j = 

K}. Explain why Yzk~ need not be included in the suffi- 

cient statistics found in (a). 

PROBLEM 4.12. Give a backward dynamic programming algo- 

rithm to maximize (4.34). 
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PROBLEM 4.13. Consider the general setup of (nonlinear) non- 

antipodal modulation in which user k transmits 

sk(t; u) 

in order to send symbol u ~ {ua ..... u,,~} (cf. Section 2.5.2). 

(a) Show that the collection of observables 

Yj,u =    vj(t; u)y(t) dt (4.147) 

with (cf. (4.21)) 

vk+ix(t; u) = sk(t -- iT - ~; u) 

are sufficient statistics. 

(b) (Verdti [490]) Generalize the metric (4.34) for a dynamic pro- 

gramming solution to maximum-likelihood, asynchronous, nonan- 

tipodal multiuser detection. The new metric should depend 

on the received amplitudes Ak, the matched filter outputs in 

(4.147), and the crosscorrelations (k < l) 

p~t(u~, ul) = s~(t; u~)s~(t - ~t + ~; ut)dt, (4.148a) 

tglk(bll, blk) ~ s~(t;u~)st(t + T - rt + r~;u~)dt. 

(4.148b) 

(c) Find the time complexity per bit of the algorithm in (b) assum- 

ing n~ = m. 

(d) Does the time complexity per bit found in (c) decrease if the 

modulation is linear? 

PROBLEM 4.14. (Verdfi [487]) Suppose that the K users can be 

divided in S groups such that within each group users are synchro- 

nized but users in different groups are not mutually synchronized. 

Find a maximum-likelihood multiuser detector with time complex- 

ity per bit equal to O(S2X/K). 

PROBLEM 4.15. (Verdt~ [486]) 

(a) Show that the asynchronous likelihood function (4.31) can be 

decomposed as 

M 

~2(b) -- ~ ~,i(xi, b[i]), (4.149) 
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FIGURE 4.19. 

Trellis for a 4-user 
channel using the 
decomposition in 
Problem 4.15. 

where XM ~ 0, 

Xi+l = b[i] = [bl[i] ..... bx[i]]r, 

and 

2i (x, b) = 2yr [i lAb - brAR[0]Ab - 2brAR[1lAx. 

(4.150) 

(b) Note that the trellis corresponding to the decomposition in 

(4.150) has the property that each state is connected to all 

previous states (Figure 4.19). Show that the time complexity 
per bit of the dynamic programming algorithm derived from 

the decomposition in (4.150) is O (4K /K). 

PROBLEM 4.16. (Duel-Hallen [74]) Derive a dynamic program- 

ming algorithm for maximum-likelihood detection in a K-user 

asynchronous channel using the whitened observables in (2.117). 

PROBLEM 4.17. Consider a four-user synchronous channel with 

equal received powers: 

y(t) = AblSl(t) ÷ Ab2s~(t) -t- Ab3s3(t) -I- Ab4s4(t) ÷ c~n(t). 

Assume that the signature waveforms sl, sz, s3, $4 are the follow- 

ing direct-sequence spread-spectrum waveforms of length N = 3: 

[+ + +], [+- +], [+ - -], [- - +] with duration- ½ chip waveform 

pl/3. In this problem we explore two alternative implementations 

of maximum-likelihood (jointly optimal) detection. 
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(a) Count the number of arithmetic operations (sums and com- 

parisons of real numbers) that it takes to select the maximum- 

likelihood (bl, b2, ~3, ~4) by exhaustive computation of the six- 

teen possible values of f2(b). 

(b) Define the chip matched filter outputs 

1 f 1/3 
rl = ~ ao      pl/3(t)y(t) dt, (4.151) 

r2 = ~ al/3      Pl/3 t- y(t)dt, (4.152) 

r3 = ~ 
/3      Pl/3 t-- y(t)dt. 

(4.153) 

Let ~i = sgn(ri) and 

4 
{71 = 2maxlril - 5’ 

g2 = Irll ÷ Jr2[ ÷ [r3] -- 1. 

Consider the following decision role: 

If gl > max{g> O} then 

(bl, ~92, t~3, ~4) 

{ 
( ~1, b~l, ~1, --~1), 

(b~2, --b~2, --~2, --b~2), 

(~3, ~3, --~3, ~3), 

If ~2 > max{g1, O} then 

if Irll > max{Ir21, Ir31/, 

if Ir21 > max{Irll, Ir31}, 

if [r3l > max{lrll, [r21}. 

(4.154) 

(4.155) 

+ + 

+ + 

+ - 

+ 

- + 

- + 

+ + 

- + 

+ + 

+ + 

+ - 

+ + + 

+ + - 

__ -- 
÷ 

+ - + 

+ + 

If {71 < 0 and ~’2 < O, then 

(bl, b2, b3, ~94) = (+1, -1, +1, +1). 

Show that this decision rule is maximum likelihood. 

(c) Count the number of operations of the decision rule in (b). 
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PROBLEM 4.18. (Sendonaris and Aazhang [400]) Assume that the 

amplitudes A1 ..... An in a synchronous CDMA channel are un- 

known to the receiver, and they are independent, with probabil- 

ity density functions denoted by PAk, k = 1 ..... K. Show that the 

jointly optimum decisions satisfy for some x ~ R~;: 

b = sgn(x), 

Rx - y - cr2v(x) = O, 

where 

F p~l(Xl) ~9 ffAK(XK),,, qT 

pAK(XK) J 
v(x) = LpAI(Xl) ~ ..... ~~K ¯ 

PROBLEM 4.19. Consider a general additive multiuser channel 

K 

y(t) = E A~s~(t; b~) + an(t), 

k=l 

where both A~ and s~(t; b) are allowed to be random, unknown to 

the receiver. Assuming that b~ are independent from user to user 

and equally likely to take any of its permissible values, show that 

the minimum error probability for the first user is lower bounded 

by the minimum error probability of the single-user problem: 

y(t) = A~Sl(t; b~) + an(t). 

PROBLEM 4.20. (Beneficial Multiuser Interference) Consider the 

following multiuser channel: 

y(t) = (b~s~(t) ÷ A2bzsz(t))2 + an(t), 

where bl ~ {0, 1}, b2 ~ {0, 1}, n(t) is additive white Ganssian noise, 

and Sl (t) = s2(t). Denote the minimum probability of error for user 

1 by PI(A2, o-). Show that for any a, 

Pl(Aa, o-) 1 
lim             = -. 

A2-->~ Pl(0, o-)    2 

PROBLEM 4.21. Find upper and lower bounds on the minimum 

bit-error-rate for user 1 in the four-user equal amplitude channel of 

Problem 4.17. 

PROBLEM 4.22. Assume cr = 0 and K = 3. 

(a) Find a set of signature waveforms and received amplitudes such 

that in a synchronous CDMA channel, the minimum bit-error- 

rate satisfies 

P~(O)>O, k=1,2,3. 
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(b) With the same set of signature waveforms you chose in (a), 

find a set of received amplitudes such that 

Pk(0)=0, k=1,2,3. 

(c) Find a set of signature waveforms and received amplitudes 

such that in an asynchronous CDMA channel with r~ = 0, 

r2 = T/~!~, and "g3 ~--- T/ v/~ 

Pff(0)>0, k=1,2,3. 

(d) Show that for any set of received nonzero amplitudes and sig- 

nature waveforms, there exists a set of offsets such that 

Pff(O)=O, k=1,2,3. 

PROBLEM 4.23. (Mazo [269]) Let E~+ be the set of error vectors 

such that bk = 1, and let E~- be the set of error vectors such that b~ = 
-1. Choose an arbitrary one-to-one correspondence ~b : E~- --~ 

E~-. 

(a) Prove that 

pk(o.) > 21_x ZQ_ 

(llS(b - 4~(b))ll)                      2o- 

(4.156) 

b~E~ 

[Hint: Pk(o-) is the error probability of a binary equiprobable 

test (Problem 3.1) between the distributions 

2t-x Z P[y 

b~E{ 

and 

(b) Conclude that 

2~-x ~ Ply I q~(b)].] 
b~E~ 

(4.157) 

where o~ is the maximum number of pairs (b, d) such that 

every b ~ E~- belongs to at most one such pair, every d ~ E~- 

belongs to at most one such pair, and 

S(b - d) = 2d~,min. 

(c) Derive lower bound (4.89) as a consequence of (4.157). 
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PROBLEM 4.24. Consider a three-user synchronous CDMA sys- 

tem with A1 = A2 = A3 = 1 and crosscorrelation matrix 

1 -0.6 

-O.6 1 0 . 

-0.6 0.2 

(a) Show that d2 ---= 0.8. 1,rain 
1 

(b) Show that Pl(o’) > ~Q (9~). 
(c) Show that the probability that the transmitted vector lies at 

minimum distance dl,min from a vector that differs in the first 

component (and possibly others) is 3/4. 
(d) Consider the following "improved" genie. List all pairs (b, d) 

with b ~ E~+, d ~ E~-, and S(b, d) = 2dLmin (cf. Problem 4.23). 

If the true transmitted vector does not appear in that list (i.e., 

its closest neighbor with a different first component is not at 

minimum distance), then the genie reveals the true transmitted 

vector to the receiver. If the true transmitted vector appears m 

times in that list, the genie reveals one of those m pairs chosen 

equiprobably. Now consider the situation when the receiver is 

informedby the genie of the pair {[+1, +1, + 1], [- 1, - 1, +1]}. 

Show that, given that side information, the probability that 

[+l, +l, ÷1] was transmitted is equal to 1/3 (before the re- 

ceived waveform is observed). Conclude that the reasoning we 

gave to derive the lower bound (4.89) breaks down for this 

genie. 

PROBLEM 4.25. Throughout this text expressions and bounds on 

error probabilities are sought in terms of the Q-function, equiva- 

lent to the one-dimensional Gaussian cumulative distribution func- 

tion (cdf), which can be readily computed. However, numerical 

algorithms exist to compute higher-order Gaussian cdfs as well 

(Drezner [71]). Define 

(ID(o~I, 0/2, }/) = P[XI > oq, X2 ~ 0/2], (4.158) 

where X1 and X2 are jointly normal random variables with zero 

mean, unit variance, and correlation coefficient - 1 < y <_ 1. 

Consider a two-user synchronous channel with equal received 

signal-to-noise ratios and crosscorrelation p and the jointly opti- 

mum receiver. 

(a) Give an exact expression for the error probability for user 1 in 

terms of the O-function. 
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(b) Use the result in (a) to show the upper bound in (4.61). 

(c) Express the probability that the jointly optimum receiver 
decodes both bits correctly in terms of the ~-function (Varanasi 

and Aazhang [476]). 

(d) Show that if V > 0, then 

alP(Or, ~, V) > Q2(ot). (4.159) 

PROBLEM 4.26. Consider a two-user synchronous CDMA chan- 
nel with crosscorrelation p. 

(a) Find the worst asymptotic effective energy of the optimum 

detector ~o(A1, A2) (cf. (3.115)). 

(b) Verify that, if IPl -< 0.5, then the equal-power penalty satisfies 

1 

~--~co(a, A) = 0 dB. 

(c) Use (b) to explain the shape of the optimal power-tradeoff 

region in Figure 4.14 when [p[ _< 0.5. 

PROBLEM 4.27. A two-user system employs the same signature 

waveforms and both users are received with equal power: 

y(t) = A bl s(t) + A b2 s(t) ÷ ~rn(t). 

(a) Show that the minimum probability of error is equal to 

and is achieved by 

~1 = ~2 = sgn y(t)s(t)dt . 

(b) Show that the bit-error-rate of the jointly optimum (maximum- 

likelihood) detector is equal to 

PROBLEM 4.28. Consider a two-user synchronous CDMA chan- 

nel where the open-eye condition is satisfied with equality, that 

is, 

A~ = AzIp[. 

(a) Show the following exact expression for the bit-error-rate of 

user 1 achieved by the jointly optimum (maximum-likelihood) 
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detector: 

with 

÷ ~Q Q ~(p) , (4.160) 

~(P) __ ~_ p2 

Ipl 

(b) Show that the bit-error-rate of the single-user matched-filter 

detector is given by 

P~(o~)=~+~Q    ¯ 

(c) Conclude that the conventional single-user matched filter has 

lower bit-error-rate than the j ointly optimum (maximum-likeli- 

hood) detector in the special case where 

Ipl = 0.9, 

A1 
-- -3 dB, 

A1 

PROBLEM 4.29. Consider two synchronous users with amplitudes 

A1 and A2 and signature waveforms with crosscorrelation p. Let 

PI,2(O’) = min P[(ba, b2) ~ (hi, 

where the minimum is over all decision rules. 

(a) Find an exact expression for Pl,2(o-) in the special case where 

(b) Find 

2 
lira o-2 log 1/Pa,2(cr). 71,2- min{a~l, a~} ~0 

(c) Under what condition on (A~, A2, p) is ~,~ = 17 

PROBLEM 4.30. (Nonlinear Modulation) Assume that user k trans- 

mits 
0 , , Aksk(t), t~[O,T] to send 0, 

Aks2(t), t ~ [0, T] to send ’1’. 
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(a) Generalize the two-user lower bound (4.63) on the minimum 
bit-error-rate. 

(b) Generalize the two-user upper bound (4.59) on the minimum 

bit-error-rate. 

PROBLEM 4.31. Explain why rh = 1 when two synchronous users 

are assigned the same signature waveform and 2A1 -=-A2 (Figure 

4.13). 

PROBLEM 4.32. Find a crosscorrelation matrix R such that 

[lall]2 < min{al~Rla~, al:rR~-~al}, 

where al : [/912 ..... I01K] and R1 is the matrix that results from R 

by striking out row and column 1 (cf. Acar and Tantaratana [12]). 

PROBLEM 4.33. Consider a three-user synchronous CDMA chan- 

nel, where user 2 belongs to the same cell as user 1 and user 3 be- 

longs to a neighboring cell. Since user 3 cannot be arbitrarily near 

the base station of user 1, it is of interest to obtain a more general 

version of the near-far resistance of user 1 incorporating a bound 

on the relative power of the out-of-cell interferer: 

(a) Show that 

(b) Show that 

~71(ot3) = min    min /’/1. (4.161) 
O<_A3/AI <_ct3 0<A2/AI 

l 102 P~3 102 -- 12 --    -- 23 -F 2p121013P23 

1--P~3 

if or3 > !p23p12-p131 
1 --p223    ~ 91, 

Ol(Ot3) : 1 -- /92 12 -- 21P23P12 -- Pt3l°~3 

-- P23)0~3, otherwise. 

PROBLEM 4.34. Assuming all users have the same amplitude, find 

the set of indecomposable e~or vectors for user 1 for a three- 

user synchronous channel where the signature waveforms assigned 

to users 1, 2, and 3 ~e N = 3 direct-sequence spread-spectrum 

wavefo~s equal to [+ - +], [+ + +], and [- - +], respectively. 

PROBt[N 4.35. For the signature waveforms in Problem 4.34 and 

A~ = 1, find the lowest energy achieved by any indecomposable 

e~or vector, over all possible values of A~ and A3. 

PROBLEM 4.36. Consider a minimum bit-error-rate receiver for a 

two-user synchronous channel with crosscorrelation p. The 
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received powers A12 and A~ have to be set to meet the specifications: 

P~(~) 
lim- < 1, o - 

P2(o) 
lim- < 1. o - 

(a) Suppose that A1 = A. For what values of A2 will the design 

specifications be met? 

(b) Suppose that A1 = A2. For what values of A1 will the design 

specifications be met? 

(c) Compare the minimum values of A~2 + A22 achieved in cases 

(a) and (b). 

[Hint: See Figure 4.14.] 

PROBLEM 4.37. Consider a three-user synchronous CDMA chan- 

nel with crosscorrelation matrix (131 < 1/2) 

R=    3 1 3 

(a) Find the near-far resistance of all three users as a function 

of 3. 

(b) Explain why the near-far resistance is identical for all three 

users. 

PROBLEM 4.38. Consider a K-user asynchronous Oaussian chan- 

nel. 

(a) Show that if the signature waveforms and offsets are such that 

the bounding series (4.74) converges for at least small enough 

o- (Type A or B), then C~U defined in (4.86) is finite. 

(b) Give an example of an asynchronous multiuser channel where 

C~ ---- + cxz. 

PROBLEM 4.39. Consider a six-user channel where all users are 

received with the same power and all signature waveforms are 

equal to a rectangular pulse on [0, T]. All users except user 1 are 

synchronized (i.e., ~:k = rl + T/2, k = 2 ..... 6). 

(a) (Verdd [490]) Show that the bounding series (4.74) on Pl(O-) 

diverges for all o- > 0. 

(b) Find a nontrivial upper bound to the error probability of user 1. 

226 

Samsung Ex. 1007, Page 247 of 470



4.9 PROBLEMS 

PROBLEM 4.40. Consider a K-user asynchronous channel. Show 

that if the noise realization is such that 
K 

lYkl > ~’~Aj (IPjkl + 
j=l 
j~k 

then the jointly optimum detector outputs 

b~=sgn(y~). 

PROBLEM 4.41. Consider a three-user synchronous channel with 

crosscorrelation matrix 

I 1. 0.6 0.61 R = 0 6 1 0.6 . 

1_0.6 0.6 1 

Let A1 = A2 = 1. Find ~/1 as a function of A3. 

PROBLEM 4.42. Consider a three-user synchronous channel with 

crosscorrelation matrix 

I 
1 0.5 0.5 

R = 0.5 1 /923 

0.5 /923 1 

Let A1 = A2 = A3 = 1. Find Ol as a function of -0.5 </923 _< 1. 

PROBLEM 4.43. The branch-and-bound algorithm is a well- 

known combinatorial optimization method (e.g., Papadimitrou and 

Steiglitz [314]) that can be used to obtain the minimum of a func- 

tion: 
K 

d(el ..... eK) = ~_~di(el ..... ei), 
i=1 

where the functions di are assumed to be nonnegative and the vari- 

ables ei belong to a finite alphabet. The principle is simple: we 

can construct a K-level tree where nodes at the i level are labeled 

by (el ..... ei) and the edge connecting (el ..... ei-1) to (el ..... 

ei_~, ei) has weight di(el ..... ei) (where the root is denoted as 

e0). The sum of the weights from the root to the leaf (el ..... eta) 

is equal to the cost function d(el ..... ex). If we know an upper 

bound to the minimum cost,3 

min d(et ..... e~:) < 5, 

Such an upper bound may be improved with the minimum cost found by the algorithm 

so far. 
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then it is not necessary to conduct an exhaustive search of the tree 

to find the leaf with minimum cost. As soon as an intermediate 
node is found to have weight greater than 3 all its descendants can 

be removed from further consideration. 

(a) Give a branch-and-bound algorithm to compute d21,min in the 

case of K synchronous users. Hint: (Schlegel and Wei [389]) 
Using the Cholesky factorization of the crosscorrelation matrix 

in Proposition 2.2, we can write 

~rH~ = IIFA~112 

1 -~- ~      FjiAj~j 

i=1 j=l 

(b) What is the worst-case complexity of the algorithm as a func- 

tion of K ? 

(c) Is it possible to find a branch-and-bound algorithm for jointly 

optimum multiuser detection of K synchronous users? 

PROBLEM 4.44. Derive the expression in (4.127) for the two-user 

asynchronous asymptotic efficiency. [Hint: (1) Find the minimum 

distance achieved by sequences whose only nonzero components 

(in addition to ~1[0]) can be, but need not be, ~2[-1] and ~2[0]; 
(2) show that the minimum distance cannot be achieved by se- 

quences that contain a string of zeros amidst nonzeros; (3) repre- 
sent the energy of an error sequence with the aid of a two-state 

trellis (Figure 4.8) and show that to achieve minimum distance an 

error sequence must have ~1[1] = ~[-1] = 0.] 

PROBLEM 4.45. Show that for any set of K signature waveforms 

and offsets, the asynchronous minimum distance dk,min is always 
achieved by an error sequence with w(~) < 2K 3K-~. 

PROBLEM 4.46. Show in the special case of two asynchronous 

users that the upper bound in (4.80) diverges for all o-. 

PROBLEM 4.47. Show that in any K-user synchronous or asyn- 
chronous channel the conventional single-user matched filter is 

asymptotically optimal (as o- --~ ~x~) in the sense that 

lim ~(P~(o-)- P~(o-)) = 0. (4.162) 

[Hint: Use (3.54).] 
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PROBLEM 4.48. Consider a K-user synchronous channel with 

signature waveforms 

{$1~ ..., SK} 

and an (L ÷ 1)-user synchronous channel with signature wave- 

forms 

{Slab/l, ...~ b/L}. 

Show that if {ul ..... uL} and {s2 ..... sx} span the same space, 

then the near-far resistance of user 1 is the same in both channels. 

[Hint: Use (4.93)]. 

PROBLEM 4.49. 

(a) Verify Proposition 4.3. 

(b) Suppose that A is a K x K invertible matrix and that x and y 
are column K-vectors such that A ÷ xyr is invertible. Verify 

the Sherman-Morrison formula: 

[A + xyr]-1 = A-1 - (A-lx)(yTA-1) 
1 ÷ yTA-lx. " 

PROBLEM 4.50. Show that (4.104) need not hold if users 2 ..... K 

employ direct-sequence spread-spectrum waveforms whose sprea- 

ding factor is different from that of the direct-sequence signature 

waveform assigned to user 1. 

PROBLEM 4.51. Consider a random-sequence direct-sequence 

spread-spectrum system with spreading factor equal to N (cf. Prob- 

lem 2.21). Show the following results where the expectations are 

with respect to an equiprobable choice of signatures and the indices 

k, 1, rn, n are assumed to be different: 

3 2 (a) E[p4~]- NZ N3. 
(b) 2 2 1 

E[PklPkm] = 

(c) E[p~mPtmP~.Ptn] = 1 

(d) E[pkjPjtPtk] = 1 

PROBLEM 4.52. A four-user synchronous CDMA channel em- 

ploys direct-sequence spread-spectrum waveforms with spreading 

factor N = 3. 

(a) Find the expected dimensionality [3, 3] obtained when all the 

chips are independent equally likely to be ÷ 1 or -1. 

(b) What is the expected optimal near-far resistance? 
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p 

1-p ~ 1-p 

P 

FIGURE 4.20. 

Markov chain 
modeling data 

stream in Problem 

4.53. 

(c) Show a choice for the four signature waveforms that maximizes 

the near-far resistance of user 1. What is that maximum near- 

far resistance? 

PROBLEM 4.53. Describe the jointly optimum detector for two 

synchronous users assigned CDMA waveforms with crosscorrela- 

tion p whose data streams are binary Markov chains with transition 

rates given in Figure 4.20. 

PROBLEM 4.54. Consider a single binary data source that is trans- 

mitted via a two-user synchronous CDMA channel with crosscorre- 

lation p. The "second user" can be considered a helper that operates 

in two different modes: 

(a) bz[i] = bl[i]. 

(b) b2[i] = bl[i]bl[i - 1]. 

The asymptotic efficiency (in this case greater than unity) quanti- 

fies the improvement in signal-to-noise ratio (for low background 

noise) due to the helper. Find the optimum asymptotic efficiency 

as a function of A2/AI and p under both modes of operation. 

PROBLEM 4.55. Show that (4.104) need not hold when the users 

are chip asynchronous. 

PROBLEM 4.56. Consider a K-user synchronous channel where 

the signature waveforms are such that Pjk = P for all j and k (cf. 

Problem 3.41). 

(a) Find the optimum near-far resistance as a function of p and K. 

(b) Particularize the solution to (a) to a direct-sequence spread 

spectrum system where the users are assigned distinct circu- 

larly shifted versions of the same maximal-length shift-register 

sequence of period N (cf. (2.16)). 

(c) Take the limit of the result in (b) as K = N --+ (x~. Compare 

with the asymptotic average result in (4.108). 
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PROBLEM 4.57. Consider a K-user synchronous channel where 

the signature waveforms are such that Pjk = P > 0 for all j and k 

and 

A1 = ... = AK. 

(a) Show that there are no indecomposable error vectors of weight 

greater than or equal to 3. 

(b) Particularize the bounds (4.74) and (4.88) to this case. 

(c) Find the asymptotic efficiency of the optimum receiver as a 
function of p and K. 

(d) Can you find a nontrivial upper bound on the minimum bit- 
error-rate as K --~ ~x~? 

PROBLEM 4.58. Consider a K-user synchronous crosscorrelation 

matrix such that 

p~k > 0, k=2 ..... K, 

pkj=0, j=2 ..... K, k=2 ..... K. 

Assume that all users have identical received signal-to-noise ratios. 

(a) Find F~, the set of indecomposable vectors for user 1. 

(b) Find F2, the set of indecomposable vectors for user 2. 

(c) Find d12,min and d2 2,min" 

(d) Find the optimum near-far resistance for user 1. Under what 

conditions on p~, k = 2 ..... K is the crosscorrelation matrix 

positive definite? 

(e) Describe the jointly optimal decision rule for users 2 ..... K. 

(f) Find the best upper and lower bounds you can lind for the 

minimum error probability of user 1 when K = 3, P~2 = 0.6, 

and/913 = 0.4. 

PROBLEM 4.59. As a benchmark to estimate computation times 

of optimum detectors in this problem, use the figure of 5 x 106 

floating-point operations per second (which is achieved by a typical 

personal computer in 1997). 

(a) Estimate the number of 8 kilobit-per-second CDMA-multiple- 

xed streams that can be demodulated optimally if the streams 

are (1) synchronous, (2) asynchronous. 
(b) Consider a two-user asynchronous CDMA channel used to 

transmit the ASCII binary version (7 bits per character includ- 

ing punctuation and spaces) of the following messages (cf. 

Epstein et al. [78]) (started slightly off-phase): 
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USER ]: The problems of two users do not amount to a hill of beans 

in this crazy world. 

USER 2: I remember every detail. The interferers wore gray; the 

desired user wore blue. 

Estimate the time it will take to demodulate those messages opti- 

mally with 

¯ the fastest known algorithm for optimum multiuser detection 

(Section 4.2), 
¯ a brute-force optimum receiver (which does not use a Viterbi 

algorithm). 

PROBLEM 4.60. Consider a two-user asynchronous CDMA chan- 

nel where the signature waveforms are direct-sequence spread- 

spectrum waveforms with N > 1 chips per symbol. Suppose that 

the observables employed by the receiver for user 1 are the N chip 

matched-filter outputs corresponding to the user of interest, that is, 

the observables used to demodulate bl [0] are 

fy(t)pTc(t--~-)dt, 1=0 ..... 
N-1. 

Suppose further that those observables are processed in the optimal 

way to minimize the bit-error-rate for user 1. 

(a) Show by means of an example that the resulting bit-error-rate 

is strictly higher than the minimum achievable with a receiver 

that processes the incoming waveform y(t) optimally. [Hint: 

Consider the noiseless case.] 

(b) Assume that the signature waveform of user 1 is selected ran- 

domly and equiprobably among all 2u choices. Show that the 

expected near-far resistance for user 1 achieved by the receiver 

considered in this problem is equal to 

2 

for all offsets ~ ~ (0, T). 

PROBLEM 4.6 I. Show that if direct-sequence spread-spectrum sig- 

natures with N chips per symbol are assigned randomly, then the 

expected log near-far resistance of any multiuser detector satisfies 

E[log ~k] = 
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for all N and K > 2. (Note: This is notwithstanding the fact that 

log f/k converges in probability to 

lim log (1 - ~) , 

because of (4.111).) 

PROBLEM ~1.62. Particularize the bound in (4.138) to the two-user 

case. 

PROBI.EI~ 4.63. In a noncoherent detection problem, the receiver 

obtains 

K 

y(t) = ~ IAkl eJ°k 5k(t; b~) + an(t) (4.163) 
k=l 

and has no knowledge of the received phases so it assumes they are 

independent and uniformly distributed. Show that 

{yk(b~), k = 1 ..... K, b~ E 

is a sufficient statistic with 

= y(t)s~(t, bk) dt, y~(bk) * " 

regardless of the distribution of the received magnitudes IA~I. 

PROBI.EM 4.6~1. (Visotsky and Madhow [506]) Consider a two- 

user nonlinearly modulated channel 

y(t) = AlSl(t, bl) + AzSl(t, b2) + ~rn(t) 

with binary modulation b~ E {÷,-} and such that the receiver 

knows A~ and A2. 

(a) Show that the near-far resistance of user 1 is equal to zero if 

and only if 

sl(t, +) - s~(t, -) = ~s2(t, +) - ots2(t, -) 

for some ~. 

(b) Generalize the necessary and sufficient condition found in (a) 

to the K-user case. 
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DECORRELATING 
DETECTOR 

The large gaps in performance and complexity between 

the conventional single-user matched filter and the op- 

timum multiuser detector encourage the search for other 

multiuser detectors that exhibit good performance/ 

complexity tradeoffs. Chapters 5 and 6 examine various 

linear multiuser detectors. The decorrelating detector 

not only is a simple and natural strategy but it is opti- 

mal according to three different criteria: least-squares, 

near-far resistance, and maximum-likelihood when the 

received amplitudes are unknown. 

5.1 THE DECORRELATING DETECTOR IN THE 
SYNCHRONOUS CHANNEL 

The output vector of the bank of K matched filter outputs can be 

written as (Section 2.9) 

y = RAb + n, (5.1) 

where n is a Gaussian random vector with zero mean and covariance matrix 

a2R. In order to motivate the derivation of the decorrelating detector it is 

useful to recall from Section 3.4 that the conventional receiver may make 

errors even in the absence of noise (a = 0), that is, it may happen that 

D~ = sgn((RAb)k) � b~. 

In contrast, the optimum receiver demodulates the data error-free in the 

absence of noise (cf. (4.46)). Of course, this is a desirable feature for any 

multiuser detector, even though the situation of absence of background noise 
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FIGURE 5.1. 
Decorrelating 

detector for the’ 

synchronous 

channel. 

is completely hypothetical. A simple receiver suffices to recover the trans- 

mitted bits error-free in the absence of noise, without requiring knowledge 

of the received amplitudes. Let us assume that the crosscorrelation matrix 

R is invertible. If we premultiply the vector of matched filter outputs by 

R-i, then 

R-ly = R-1RAb = Ab, (5.2) 

if o- = 0. So we can simply take the sign of each of the components in (5.2) 

to recover the transmitted data: 

Dk = sgn((R-ly)k) (5.3) 

= sgn((Ab)~) (5.4) 

= b~. (5.5) 

We conclude that if the signature waveforms are linearly independent the 

detector in (5.3) achieves perfect demodulation for every active user. 
Let us bring in the noise now. Processing the matched filter bank outputs 

(5.1) with R-1 results in 

R-ly = Ab + R-in. (5.6) 

Notice that the kth component of (5.6) is still free from interference caused 

by any of the other users, that is, it is independent of all {bj }, j ~ k. The 

only source of interference is the background noise. This is why the detector 

that performs (5.3) is called the decorrelating detector (Figure 5.1). 

y(t) 

User 2 
Sync 2 

>1 Matched Filter [ >.’~ 

:,[ Matched FitterI >..~ : 

[oserK I SyncK 

R-I 

^ 

> b2[i] 

^ 

b3[i] 

^ :~ b~[il 
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From the viewpoint of implementation, two desirable features of this 

multiuser detector are: 

It does not require knowledge of the received amplitudes. 

It can readily be decentralized, in the sense that the demodulation of each 

user can be implemented completely independently. 

To see the second property, use Rk~ as a shorthand for (R-1)~j and note that 

the kth output of the linear transformation R-1 equals 

(R-ly)~ E + = Rkj Yj 
j=l 

K 

j=l 

K 

j=l 

(Y, gk), (5.7) 

where we have introduced the notation 

K 

~k(t) = ERfksj(t). (5.8) 

j=l 

The signal in (5.8) has unit inner product with its corresponding signature 

waveform: 

T K 

(~k’Sk) = fo j~lR~Sj(t)sk(t)dt = [R-1R]kk ~.= 
1, (5.9) 

and, consequently, I[~ll >_ 1 because of the Cauchy-Schwarz inequality. 

We will refer to any linear combination of {sl ..... s~; } that is orthogonal 

to all of them but s~ as a decorrelafing linear transformation for Sk against 

{sj }j#k. Obviously, this transformation does not exist if sk is a linear com- 

bination of {Sj}j#k. If {Sl ..... S~;} are linearly independent, then ~k in (5.8) 

is the unique (up to a nonzero constant) decorrelating transformation for Sk 

against {sj }j#~. 

Because of (5.7) we can view the decorrelating detector for the kth user 

as a modified matched filter (Figure 5.2). This alternative implementation 

is equivalent because the decision statistics fed to the zero-thresholds are 

identical. The computational complexity of the receiver in Figure 5.2 is 

identical to the complexity of the bank of single-user matched-filters, except 

that if the crosscorrelations are not known a priori (e.g., due to channel 
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FIGURE 5.2. 
Modified matched 

filter bank for 

decorrelation. 

S2       Sync 2 

Matched Filter I >~ 

s3 J Sync 3 

distortion) not only do they have to be generated from the replicas of the 

received signature waveforms, but the coefficients R~j, j = 1 ..... K have 

to be computed. 
The decision statistic of the decorrelating detector (R-ly)k (or the output 

of the filter matched to (5.8)) contains no trace of the signals modulated by 
the interfering users. Indeed, for any vector (a~ ..... aK) E R~:, 

fo aisi(t) ~k(t)dt = Eaisi(t) Rf~sj(t) dt 

L 

= Eai[R-1R]ik 

= O. (5.10) 

Another way to state this key property is to cast it in the geometry of the 

linear vector space spanned by the K signature waveforms: the decorrelating 

detector correlates with the projection (scaled version of ~k) of sk(t) on the 

subspace orthogonal to the subspace spanned by the interfering signature 

waveforms {s j, j 7~ k}. 

In the two-user case, 

R-~= V1 p_ _1 1 
. (5.11) 

L p 1 1 p2 _p 

Since positive multiplication factors are irrelevant when taking signs, we 

see that in a two-user channel the decorrelator for user 1 resembles the con- 

ventional single-user matched filter except that it replaces s~ by Sl - ps2, 
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Yl 

Yl 

FIGURE 5.3. 

Decorrelating 
receiver for two 
synchronous 
users. 

or equivalently 

(Figure 5.3) 

it processes the single-user matched 

~1 =sgn(yl --PY2). 

filter outputs as 

The decision regions of the two-user decorrelating detector are depicted 

in Figure 5.4 for the case A 1 = A2. Note that the location of the four multiuser 

signals, AlblS~ + Azb2s2, varies with the amplitudes whereas the decision 

regions are invariant to A~ and A2. Figure 5.4 should be compared to the 

decision regions of (a) the single-user matched filter detector (Figure 3.12), 

(b) jointly optimum detector (Figure 4.1), and (c) minimum bit-error-rate 

detector (Figure 4.5). We see that in both Figures 3.12 and 5.4 the decision 

regions are delimited by straight lines going through the origin. For K > 2, 

they generalize to hyperplanes containing the origin. This is true of any 

linear multiuser detector, that is, any detector that takes the sign of the 

correlation of the received signal and a given waveform. 

i s2 ¯ ++ 

FIGURE 5.4. 
Decision regions 
of the two-user 
decorrelating 
detector; 
A1 = A~. 
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The decorrelating linear transformation is related to the whitened matched 

filter model in (2.87). Recall from Proposition 2.2 that 

where F is a lower triangular matrix. The signal 

K 

~l(t) = E(F-r)ljSj(t) 
j=l 

(5.12) 

is a decorrelating transformation for sl against {$2, -.., SK}, because 

K 

(g~, sk) = E(F-r)ljPjk 
j=l 

= (F-rR)lk 

= (F-rFrF)I~ 

: Flk, (5.13) 

which is nonzero only for k = 1. From (2.86) and (5.12), it follows that the 

first whitened matched filter is actually the decorrelating linear transforma- 

tion for user 1. This property does not hold for the other users; however, the 

kth whitened matched filter (cf. (2.86) and (5.12)), 

~(t) = E(F-r)~jsj(t), 
j=l 

(5.14) 

is a decorrelating linear transformation for s~ against {Sk+l ..... SK}. To see 

this, analogously to (5.13) we have 

(~k, sj) = 

which is positive for j = k and zero for j > k. Furthermore, F-T is an upper 

triangular matrix whose kth row depends only on {s~ ..... s~¢} (Problem 

2.54). 
Up to now we have introduced the decorrelating detector in a rather ad 

hoc way: simply by noticing that it results in error-free demodulation in 

the absence of noise. Yet, the decorrelating detector can be obtained as the 

solution to various optimization problems. In this chapter we will see three 

criteria according to which the decorrelating detector is optimum and then, 

in Chapter 6, we will see that it is the limit of another linear detector that 

maximizes output signal-to-noise ratio. 
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In contrast to what we assumed in the derivation of the optimum detector, 

suppose now that the detector knows neither the received amplitudes nor any 

prior distributions for them. It is then natural to consider joint maximum- 

likelihood estimation of amplitudes and transmitted bits. Because the noise 

is white and Gaussian, the most likely bits and amplitudes are those that 

best explain the received waveform in a mean-square sense, that is, the 

arguments that achieve 

rnJn rffln fo 
y(t) - Akbksk(t) dr. 

bE{--1,1}K Ak>0 
k=l,...K 

(5.15) 

It should be emphasized that the one-shot maximum-likelihood problem 

in (5.15) arises in the hypothetical situation in which there is neither a 

priori information on the received amplitudes nor any assumption on their 

time dependence. If the amplitudes are known to be constant (or otherwise 

correlated) over time, then a one-shot approach is suboptimal even in the 

synchronous case (Problem 5.10). 

If we let ck = A~b~ and, as usual, we denote the outputs of the filters 

matched to the signature waveforms by y~, we see.that the minimization in 

(5.15) is equivalent to the maximization 

which is achieved by 

max 2c~y - cTRc, 
cERt¢ 

c* : R-~y, 

because 

2c:ry - c~Rc = y:~R-~y - (c - c*)~R(c - c*). 

Now, the arguments that minimize (5.15) (i.e., the most likely bits and 

amplitudes) are simply 

b~ = sgn(c~) = sgn((R-~y)k) 

and 

Therefore, the decorrelating detector is seen to give the best joint estimate 

of the transmitted bits and amplitt~des in the absence of any prior knowledge 

about the received amplitudes. 
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So far in this chapter, we have assumed that the crosscorrelation matrix 

is nonsingular. This assumption can be replaced by the milder condition 

that the kth user signature waveform is not spanned by the other signature 

waveforms; the decorrelating detector for user k can be found as above 

replacing {sj }, j 7~ k by a linearly independent basis spanning the same 

space as {s j}, j � k (Problem 5.32). More generally, we can turn our 

attention to the L-dimensional discrete-time model in (2.97): 

r = SAb + am, (5.16) 

where S is the L x K matrix of signature vectors (2.98) and the covariance 

matrix ofm is the L x L identity matrix. A reasonable way to make decisions 

is to let 

~ = sgn(x~(r)), 

where x(r) is an estimate of Ab defined as the K-vector that achieves the 
solution to the least-squares problem: 

min IlSx - rll. (5.17) 
x~Rg 

A complete solution to this problem is given by the following well-known 

linear algebra result (e.g., Lancaster and Tismenetsky [227]): 

Proposition 5.1 The solution to (5.17) is 

x(r) = S+r, 

where the K x L matrix S+ is the Moore-Penrose generalized inverseI of 

S. 

Whenever the underlying L-dimensional basis spans the continuous-time 

signature waveforms, the crosscorrelation matrix is equal to (2.101) 

R = SrS (5.18) 

and the vector of matched filter outputs can be written as (2.103) 

y = Srr. (5.19) 

A generalized inverse C of a matrix B is any matrix that satisfies: CBC = C and 
BCB = B. The Moore-Penrose generalized inverse is the unique inverse for which CB 
and BC are symmetric. It follows that if B is a (square) nonsingular matrix, then its 
Moore-Penrose generalized inverse is B 1. 
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Moreover, the solution given in Proposition 5.1 is equivalent to 

S+r = (SrS)+Srr (5.20) 

= (srs)+y 

= R+y, (5.21) 

where (5.20) follows from Problem 5.37. Thus, by solving a least-squares 

problem we have generalized the decorrelator to the case where the cross- 

correlation matrix is singular.                                "-~ 

How do we obtain the Moore-Penrose generalized inverse? We can al- 

ways write S as the product of two full-rank matrices: 

S : EGr, 

where E is an L x r matrix, G is a K x r matrix, and r is the rank of S. 

Then the Moore-Penrose generalized inverse of S becomes 

S+ = G(GrG)-~(ErE)-~Er. (5.22) 

If the matrix S has full rank, then (5.22) simplifies considerably: 

{ 
Sr(SSr)-1, ifL < K; 

S+ = S-1, if L = K; 

(SrS)-lSr, ifL > K. 

(5.23) 

A decorrelating transformation for s1 against {s2 ..... sK} exists if and 

only if Sl is not spanned by {s2 ..... sK}. Denote 

U = Is2 I"" I SK ]. (5.24) 

Then 

dl ~ [I - UU+]Sl (5.25) 

is a decorrelator for sl against {s2 ..... s~} provided s~ is not spanned by 

{s2 ..... s,c }. To verify this property we show first that 

dlTSl = S1T [I - UU+]rsl (5.26) 

= Slr [I - UU+]Sl (5.27) 

� 0, (5.28) 

where we used the fact that the product of a matrix with its Moore-Penrose 

inverse is symmetric, and (5.28) will follow by contradiction. Define the 

vector (cf. (5.27)) 

V = UU+s1. 
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Using the various properties in the definition of Moore-Penrose generalized 

inverse, we have 

Itvll2 = s1T(uu+)TUU+s1 

= s~rUU+UU+sl 

= s~UU+s~ 

=- S1TV 

(5.29) 

where (5.29) holds if (5.28) is not true. As Ilsl II = 1, we must have v = sl. 

It follows that we have found a linear combination of the columns of U, 
namely v, that is equal to sl. This contradicts our initial assumption. 

Now it remains to verify that dl is orthogonal to {s2 ..... sx}. To that 

end, denote ek as the (K-1)-vector whose components are zero except for 

the (k - 1)th component, which is equal to one. Then using (5.24) we get 

d~sk = Slr [I -- UU÷]s~ 

= Slr[I - UU+]Ue~ 

(5.30) 

The expression for the decorrelator in (5.25) suggests a generalization of 
the decorrelator to situations where a group of more than one but less than 

K users needs to be demodulated: the unwanted users can be completely 
suppressed by a linear transformation [I - UU+], where U is the matrix 

of their signature vectors. The resulting outputs can then be processed by 

a bank of matched filters for the desired users followed by any multiuser 

detection strategy (not necessarily decorrelation). See Problems 5.36, 5.45, 

and 5.46. 
Another optimality criterion satisfied by the decorrelating detector will 

be studied in Section 5.5. 

$.2 THE DECORRELATING DETECTOR IN THE 
ASYNCHRONOUS CHANNEL 

The vector discrete-time model of the matched filter outputs for 

the asynchronous channel (2.106) is shown in Figure 2.16. Analogously to 

the synchronous case, we can look for a linear transformation that recovers 
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~ Matched Filter.     _ 

User 1 

_~Matched Filter 
_ 

User 2 

_~Matched Filter 
User 3 

_~Matched Filter     _ User K 

Sync 1 

Sync 2 

Sync 3 

Sync K 

:~ bl[i] 

> 

:~ b3[i] 

FIGURE 5.5. 

Asynchronous 

d~.orrelating 
detector. 

a scaled version of the input bits if o- = 0. An obvious choice is the inverse 

of the discrete-time channel transfer function (2.112) 

s-l(z) : [Rr[1]z + R[O] + R[1]z-I]-1. 

This leads to the detector shown in Figure 5.5. 

In the two-user case we have 

1 /912 -t- ,021z-1 -]-1 
s-l(z) ~--- /912 ’]- P21z 

1 
-P~z -- P21Z-1 ] (5.31) X --P12 -- IO21Z 

1 ’ 

Equation (5.31) reflects the general structure of the matrix transfer func- 

tion S-~(z) as the product of a scalar transfer function [detS(z)]-~ times 

the matrix transfer function adj S(z). The entries of adj S(z) do not con- 

tain autoregressive terms (denominators); they are polynomials in positive 

and negative powers of z. We may view the operation of multiplying the 

matched-filter output vectors by the matrix adj S(z) as the removal of the 

interference from other users. However, this introduces intersymbol inter- 

ference among the previously noninterfering symbols of the same user. For 

example, in the two-user case premultiplying the matched filter outputs by 

1       --P~2 -- P2~z-~ ] adj S(z) = -/912 - pzlz       1 

244 

Samsung Ex. 1007, Page 265 of 470



5.? ASYNCHRONOUS DETECTOR 

yields at the ith instant for both k = 1 and k = 2: 

A,~ [(1 - p,~ - p~,)b~[i] - p~pa,b~[i + 11 - p,~pa~b~[i - 11]. 

Notice that the matched filter outputs of those bits that overlap with bl[i], 

(namely, b2[i - 1] and b2[i]) are contaminated by bits b l [i - 1 ] and b l[i + 1 ]. 

Thus, the purpose of the scalar transfer function [det S(z)]-1 is to act as a 

zero-forcing equalizer, that is, a scalar linear filter whose transfer function 

is the inverse of the equivalent single-user transfer function: 

A stable realization of [det S(z)]-1 exists as long as det S(z) has no zeros 

on the unit circle: 

det [Rr[1]ej~° + R[0] + R[1]e-j~°] 7~ 0 for all ~o ~ [0, 2~r]. (5.32) 

In the two-user case (5.32) becomes 

1/9121 q-[P~I < 1 

(see Problem 5.17). 
For example, consider two users who are assigned the same rectangular 

waveform. If their relative offset is r, then (normalizing T = 1 without loss 

of generality) P12 = 1 - r and p21 = ~:. In this case, 

det[RT[1]ej°) + R[0] + R[1]e-j’°] = 2(1 - r)r[1 + cos(o], 

which is equal to 0 for any offset if co = ~r. So in this case (5.32) is not 

satisfied. 
Although (5.32) is satisfied in most cases of interest, it should be noted 

that it is more stringent than the existence of a decorrelating detector for 

every finite frame-length M (cf. (2.6)). That case can be viewed as a syn- 

chronous problem as usual, where the nonsingularity of the equivalent cross- 
correlation matrix guarantees that the corresponding decorrelator exists. It 

can be checked that in the previous two-user example with identical signals, 

the crosscorrelation matrix is indeed nonsingular for all finite M. 

Even if S-~(z) admits a stable realization, it cannot be implemented 
causally, however, as [det S(z)]-~ does not admit a causal stable inverse in 

any asynchronous problem. For example, in the two-user case, the inverse 

z transform of 

[--P12P21Z + (1 -- p122- p221) -- PI2P2IZ-’]-’ 
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is equal to 

h[n] = -- (5.33) 

with 

/)221 _ r/ (5.34) 

and 

r/ = ~/[1 -- (/312 ~- p21)2][1 -- (/312 -- D21)2], (5.35) 

where (5.35) was encountered in (4.132). The impulse response in-~(5.33) 

is doubly infinite. Intuitively, this makes sense as all transmitted bits have 
to be taken into account in order to cancel the interference affecting any 

particular bit. To implement a real-time approximation of such an impulse 

response, it is customary to delay it and truncate it at a point where the tail 

of the impulse response has a negligible contribution. 
The asynchronous decorrelating detector can also be implemented as a 

bank of independent correlators for each user, as in Figure 5.2. Note that 

the modified matched filters have infinite impulse responses in thi~ case. 

5.:1 TRUNCATED-WINDOW 
DECORRELATING DETECTOR 

The approach to the asynchronous decorrelator in Section 5.2 is 

not the only (amplitude-independent) linear strategy that results in error- 

free demodulation in the absence of background noise. There are other 

decorrelator-type detectors that achieve the same goal. Let us consider 

first the one-shot decorrelating detector. Here we take a one-shot approach 

where in order to demodulate every bit we discard all information outside 

its interval. For example, let us take this approach to demodulate user 1 in 

a two-user case; the situation is depicted in Figure 5.6. 
Effectively, we have a three-user "synchronous" channel where the in- 

terferers have unit-energy signature waveforms: 

s~(t) = ! -~2s2(t + T - r2), if0 < t < 

! 0, if r2 < t < T, 

[0, if0 < t < 
$2R(t) 

/ ~---~_o~sz(t - r~), if ~:2 < t < T, 

(5.36) 

(5.37) 
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User 

FIGURE 5.6. 

One-shot 
apgroach to User 2 ’, 

demodulation in ’, 
asynchronous ’ 

two-user channel. ’ 

Sl 

where b~2 is the partial energy of the interfering signal over the left over- 

lapping interval. To convert this problem into the standard form, we must 

first obtain a discrete-time model where the observables are the outputs of 

correlators with Sl(t), s~(t), and sf(t) over [0, T]. Note that in contrast to all 
demodulators considered so far, the bank of filters matched to the signature 

waveforms cannot be used in this case. Nonetheless, the correlation with 

S~z(t) and sz~(t) can be easily implemented using the replica of sz(t) and 

the bit-epoch timing of user 2. The crosscorrelation matrix of the ensuing 

"three-user synchronous" channel is (assuming "user 2" modulates s~ and 

"user 3" modulates s~) 

(5.38) 

The first row of R-~ is a constant times the vector 

Therefore, the two-user one-shot decorrelator subtracts from the matched- 

filter output of the desired user the weighted outputs of the partial correlators. 

It is conceptually straightforward to extend this strategy to any number 

of users. We emphasize that this approach also succeeds in demodulating 

the bit of the desired user error-free in the absence of background noise. Its 

disadvantages with respect to the asynchronous decorrelator in Section 5.2 

include: 

¯ Partial matched filtering of the interfering bits is required. 

¯ The one-shot crosscorrelation matrix may be singular even if (5.32) is 

satisfied. 

The performance of the one-shot decorrelating detector is worse than the 

asynchronous decorrelator, in terms of both bit-error-rate and near-far 

resistance. 
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The strategy adopted in obtaining the one-shot decorrelating detector can 

be generalized (in order to improve performance) so as to extend the obser- 

vation interval beyond [0, T] while keeping a sliding observation window 

that spans several symbol lengths. Complexity increases with the number of 

fictitious interferers included in the window, and performance also improves 

up to a point where it is indistinguishable from that of the ideal asynchronous 

decorrelator that observes the whole transmitted sequence. 

5.4 APPROXIMATE DECORRELATOR 

The multiuser detector examined in this section belongs to the class 

of nondecorrelating linear detectors studied in Chapter 6. It is included here 

because of its close conceptual relationship with the decorrelating detector. 

ff the normalized crosscorrelations among all the signature waveforms 

are very small, R is strongly diagonal, and the decorrelating signals in 

(5.8) can be approximated by neglecting coefficients involving products of 

normalized crosscorrelations: 

gk(t) .’~ sk(t) - ~,p~jsj(t). (5.39) 
j~k 

This means that instead of processing the matched filter outputs with the 

matrix R-1, they are processed with 2I - R. 

The approximation in (5.39) is justified on the basis that 

[I + ~M]-1 = I - ~M + o(~). 

Analogously, in the asynchronous case, the decorrelating detector for the 

kth user can be approximated by a filter matched to 

~-~.pjksj(t - rj) -- ) ~pgjsj(t - "cj ÷ T). Sk(t) 

j ~k j ~=k 

(5.40) 

The same approach can be used to obtain an approximate one-shot decor- 

relator (Section 5.3), whereby the overlapping matched filter outputs are 

replaced by partial matched filter outputs. 

Whenever the crosscorrelations are not known in advance and the detec- 

tor coefficients have to be computed on-line, the approximation in (5.39) has 

the advantage that it does not need any processing of the crosscorrelations 

supplied by the crosscorrelators of the replicas of the signature waveforms. 

This detector is particularly advantageous in those asynchronous CDMA 

channels where the period of the signature waveform is much longer than 

the symbol period (cf. Section 2.3.4). In those cases, the crosscorrelations 
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keep changing and it is cumbersome to perform the algebraic manipula- 

tions required to obtain the decorrelating transformation on-line. Although 

the approximate decorrelator has zero near-far resistance, its bit-error-rate 

performance has been shown to be quite superior to that of the conventional 

matched filter (cf. Problem 5.28). 

5.5 PERFORMANCE ANALYSIS: 
SYNCHRONOUS CASE 

We now return to the decorrelating detector for synchronous lin- 

early independent signature waveforms. The decorrelating linear transfor- 

mation is the projection of the signal of the desired user on the orthogonal 

space to the space spanned by the interfering signals, and, thus, its bit- 

error-rate is invariant to the amplitudes of the interfering signals. In fact, 

the bit-error-rate analysis of the decorrelating detector is the simplest among 

all multiuser detectors. The reason is that, thanks to property (5.10), the out- 

put of the filter matched to ~k only has two components: one due to the signal 

of user k, which is equal to Akb~ (cf. (5.9)), and the other due to the back- 

ground noise, which is Gaussian with zero mean and variance equal to the 

kk component of the covariance matrix 

E[(R-~n)(R-~n)r] = E[R-~nnrR-t] 

= ~aR-~RR-1 

= o-2R-1" (5.41) 

Consequently, the kth user bit-error-rate is simply 

P~(o-) = QI (5.42) 

: a (~ W/’rl 
(5.43) 

which, as we would expect, is independent of the interfering amplitudes. 

The expression in the right side of (5.43) is obtained from (4.97). Recall 

that a~ is the kth column of R without the diagonal element, and R~ is 

the (K - 1) x (K - 1) matrix that results by striking out the kth row and 

column from R. To obtain (5.42) we have assumed that the crosscorrelation 

matrix is nonsingular. The case of singular R is treated at the end of this 

section. Obviously, if the kth user is orthogonal to the other users, then 

the decorrelator coincides with the single-user matched filter and R~ = 
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1. Another expression for the argument of the Q-function in (5.43) was 

obtained in (4.100) in terms of the signature vectors: 

T    -1 T 1 r[I- S~ (S~S~) S~]s~. 
(5.44) 

Rk+k -- Sk 

An alternative expression to (5.42) can be given in terms of the unnor- 

malized crosscorrelation matrix (2.80): 

Since 

the diagonal elements of the inverse of the unnormalized crosscorrelation 

matrix do not depend on the energy of the interferers: 

2 + + 
At, H~k = Rkk, 

and (5.42) becomes 

(5.45) 

Yet another expression can be given for Pad(o-) in terms of the Cholesky 

factor R = FTF. Since F121R~ = 1 (Problem 2.51), the bit-error-rate of 

user 1 is 

(5.46) 

In general, 

is the bit-error-rate of the decorrelating linear transformation for Sk against 

{S~+l ..... SK } in the absence of users 1 ..... k - 1. 

In the two-user case, we have (cf. (5.11)) R~-~ = (1 - p2)-l, and 

(5.47) 

Consequently, the performance penalty is identical for both users and the 

effective energy defined in Section 3.5 is independent of the noise level: 

e’~(a) = (1 - p~)A~, 
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FIGURE 5.7. 

Bit-error-rate 

comparison of 

decorrelator and 

single-user 

matched filter with 

two users and 

p -- 0.75. 
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which translates into multiuser efficiency equal to 

It is interesting to contrast (5.47) with the error probability of the single-user 

matched filter detector (3.18): 

(5.48) 

The behaviors of (5.47) and (5.48) as a function of the interferer’s am- 
plitude A2 are sharply different (Figure 5.7). Whereas (5.47) is independent 

of A2, (5.48) takes values in the range 

1 
Q < P~(o-) _< ~ 

with the lower and upper bounds being arbitrarily tight for Aa --> 0 and 

A2--~ OO, respectively. Therefore, if the interfering amplitude is small 

enough, the single-user matched filter detector is preferable to the decorre- 

lator. The reason for this phenomenon is that even though the components in 

the respective decision statistics due to the desired user are identical in both 

cases, the component due to the noise has variance O"2 for the single-user 

matched filter detector versus variance o-2/(1 - p2) for the decorrelating 

251 

Samsung Ex. 1007, Page 272 of 470



CHAPTER 5. DECORRELATING DETECTOR 

1 92 

~ J 

Optimum 

Decorrelator 

~User Matched Filter 

IPl 2191 l/IPl A2/AI 

FIGURE 5.8. 

Asymptotic 

multiuser 

efficiencies for 

no synchronous 

users. 

detector. Thus, the price paid for the complete elimination of multiaccess 

interference is noise enhancement. 

Figure 5.8 (plotted with p = 0.6) compares the asymptotic multiuser 

efficiencies of the optimum, single-user matched filter and decorrelating 

detectors as a function of the relative amplitude of the interferer. Note that 

the decorrelator efficiency is 

1. independent of A2/A1; 

2. lower than the single-user matched filter detector asymptotic multiuser 

efficiency when the interferer is weak: 

A2 1 - v/1 - p~ IPl -t- O(Iplg); 

A1 -- IPl 2 

equal to the worst-case optimum efficiency at the point A2 = IplA1 and 

it is strictly suboptimal at all other ratios A2/A1. 

Since the decorrelating detector bit-error-rate is independent of the am- 

plitude of the interferers, the power-tradeoff region (permissible region of 

signal-to-noise ratios so that the bit-error-rate of all users does not exceed 

P) is always a quadrant as shown in Figures 5.9 and 5.10: 

A._~ > (Q_I(p))2Rg" 
(5.49) 

0.2 -- 

It is interesting to compare the power-tradeoff region (5.49) with that of 

the single-user matched filter (Figure 5.9) and the optimum detector 

(Figure 5.10). Note that in the cases depicted in Figure 5.10 the two-user 

optimum detector offers marginal gains with respect to the decorrelating 

detector when both amplitudes are equal. 

Returning to the K-user case, since (5.42) is the bit-error-rate of a single- 

user channel with signal-to-noise ratio equal to 

o-2R+ 
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FIGURE 5.9. 
Signal-to-noise 

ratios necessary 

to achieve 

bit-error-rate not 

higher than 

3 x 10_5 for both 

users. Shown for 

Ipl -- O, 0.3, 0.5, 
and compared 

with the 

single-user 

matched filter 

detector regions 

(dashed).. 
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FIGURE 5.10. 
Signal-to-noise 

ratios necessary 

to achieve 

bit-error-rate not 

higher than 

3 x 10-5 for both 

users. Shown for 

Ipl = 0.8, 0.9, 

and compared 

with the optimal 

regions (dashed). 
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the multiuser efficiency is equal to 

1 (5.50) k -- Rkk 

which does not depend on either the noise level or the interfering amplitudes, 

and thus, it is equal to the asymptotic multiuser efficiency and to the near-far 
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resistance, that is, 

1 

Rkk 

We have just obtained the remarkable property that the decorrelating de- 

tector achieves the maximum near-far resistance (cf. (4.97)). Accordingly, 

knowledge of the received amplitudes is not required to combat the near-far 

problem optimally, and the same degree of robustness against imbalances in 

the received amplitudes as the exponentially complex optimum detector can 

be achieved with a computational complexity per demodulated bit similar 

to that of the single-user matched filter detector. 

Why does the decorrelating detector achieve maximum near-far resis- 

tance? In order to visualize this property, define the set of signals 

that is, Ek is the hyperplane of all multiuser signals over all energies and 

data, except that Ak = 1 and bk = 1 (Figure 5.11). Reflecting on (4.93) 

we see that the optimum near-far resistance Ok is equal to the square of 

the distance from the origin to Ek. How do we relate this distance to the 

decorrelating detector? Because of the orthogonality property in (5.10), the 

decorrelating waveform gk is (a scaled version of) the unit-norm signal dk, 

which is orthogonal to Ek (Figure 5.11). The output of the (unit-energy) 

decorrelating filter dk due to the desired user is equal to 

q- Ak(dk, Sk) = + Ak~#~ 

where we have used the fact that both Sk and dk have unit norm. Thus, their 

inner product is simply the distance from Ek to the origin. The output due to 

~k 

FIGURE 5.11. 
Optimality of 
decorrelating 
detector near-far 
resistance. 
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the noise is zero-mean Gaussian with variance 0-2. Therefore, the multiuser 

efficiency and near-far resistance of the decorrelating detector are equal to 

~k. 

The worst asymptotic effective energy (3.115) of the decorrelator readily 

follows from (5.50): 

co~(A1 ..... A~:) = min A~ (5.51) 
k=l,...,x R~" 

As we discussed in Section 4.4, it is interesting to analyze performance 

for direct-sequence systems with random signatures. It was shown in (4.111) 

that if j3 < 1, then the optimum near-far resistance converges in mean-square 

sense to 1 -/3, where 

K 
j~ = lim--. 

~-+oo N 

Since the optimum near-far resistance is equal to the asymptotic efficiency 

of the decorrelator, the same result holds for the decorrelator asymptotic effi- 

ciency regardless of the received powers assuming, as usual, that K denotes 

the number of users with nonzero power. Furthermore, as a consequence of 

(4.111) it can be shown (Problem 5.27) that if/3 < 1, then the bit-error-rate 

of the decorrelator converges in mean-square sense: 

K---> oo 

As we have seen, the decorrelator tunes out the multiaccess interference 

at the expense of a smaller projection with the signal of interest, or in other 

words, at the expense of an enhancement of the noise variance at the output of 

the filter. In Chapter 6 we discuss how to design linear transformations with 

improved performance by incorporating knowledge of received energies. 

Any linear detector independent of the received energies other than the 

decorrelator has zero near-far resistance. This is because if the output of 

the linear transformation is contaminated by the signal of an interfering 

user, and the linear transformation is not allowed to depend on the received 

powers, then for sufficiently large amplitude of that interferer, the error 

probability goes to 1/2 as 0- --~ 0. 

Regarding the behavior of the decorrelating detector when the back- 

ground Gaussian noise is dominant, we can assert that unless the kth user is 

orthogonal to all the interferers, the single-user matched filter has lower bit- 

error-rate than the decorrelating detector for sufficiently low signal-to-noise 

ratio. Indeed it can be shown (Problem 5.108) that 

0-              1 -       (5.53) 
~li~rn~ ~ (p~a(0-)_ p~(0-)) _ ~ 
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Furthermore, there are crosscorrelation matrices for which the single-user 

matched filter gives better bit-error-rate than the decorrelating detector for 

all signal-to-noise ratios (Problem 5.30). In problems of practical interest, 

the crosscorrelations and desired bit-error-rates are such that the region 

where the decorrelating detector is bested by the single-user matched filter 

is rarely encountered. 

To conclude this section, we analyze the bit-error-rate when the cross- 

correlation matrix is singular. If s~ does not belong to the space spanned by 

the other signature waveforms, then the bit-error-rate in (5.42) is still valid 

provided that R is understood to be the crosscorrelation matrix of s~ and a 

linearly independent set of interfering signature waveforms. If sk belongs 

to the space spanned by the other signature waveforms then the generalized 

decorrelating detector found in Proposition 5.1 is no longer able to tune out 

all the interfering waveforms and its bit-error-rate can be written as a sum 

of Q-functions in a way akin to the expression in (3.90). 

5.6 PERFORMANCE ANALYSIS: 
ASYNCHRONOUS CASE 

The decision statistic of the ktb user asynchronous decorrelating 

detector consists of two components: A~bk and a zero-mean Gaussian ran- 

dom variable. In order to analyze the bit-error-rate of the receiver, all we 

need to do is evaluate the variance of the noise component. Recall that the 

noise vector sequence {n[i]} at the output of the matched filter bank has 

an autocorrelation matrix sequence whose z-transform is (cf. (2.107) and 

(2.112)) 

~ E[n[i]nT"[i + l]]zt = o-2S(z). 

The output of the linear transformation with transfer function S-~(z) due 

to the sequence {n[i]} will be denoted by {fi[i]}. Its autocorrelation matrix 

sequence is denoted by 

D[/] = E[fi[i]fiT"[i + 1]], 

whose transform is easily shown to be 

~ D[/]Z~ = t72s-l(z)S(z)[S-1(z-l)]T 

I:-~ 

_~. o-2[S-1 (z-l)]T, 

(5.54) 

(5.55) 
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from where we can recover the matrix D[0] as 

0.2 /~r 

D[0] = ~ ~ [s-l(eJ~°)]Tdw 
ZT~ J_r~ 

__ 0.2 ([RT[1]ej°) + R[0] + R[1]e-J~°]-~)r do). 
2~r 

But we are only interested in the kth diagonal element of D[0]: 

Var(fik[i]) = Dk~[O] 

_       [RT[llej~° + R[0] + R[1]e-J°~l~k dw 
2yr ~r 

def 0.2 

-- od" k 

(5.56) 

It follows from (5.56) that the bit-error-rate of the asynchronous decor- 

relating detector is equal to 

(5.57) 

Therefore, the decorrelating (asymptotic) multiuser efficiency and near-far 

resistance are equal to 

~d k ~ 
[Rr[1]ej°’ + R[0] + R[1]e-J°’]~+k dw (5.58) 

Since the argument we used to justify the optimality of the near-far re- 

sistance of the decorrelating detector carries over verbatim to the asyn- 

chronous case, we can conclude that the expression in (5.58) is the op- 

timum asynchronous near-far resistance. As a point of reference, recall 
that in the two-user case the optimum near-far resistance is equal to 

(4.132) 

f/k = V/[1 - (P12 -+- P21)2][1 - (P12 - P21)2]" 
(5.59) 

Figure 5.12 (Lupas and Verdfi [255]) shows the bit-error-rates of the 

decorrelating and single-user matched filter detectors in a K = 6 asyn- 

chronous channel where the signature waveforms are maximal-length shift- 

re~ister sequences of length 31. The interferers are assumed to have the same 
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FIGURE 5.1:2. 

Bit-error-rate of 

decorrelating 

detector and 

single-user 

matched filter 

detector. Five 

equal-energy 

interferers. 

received amplitudes. The curves corresponding to the single-user matched 

filter detector are parametrized by the value of A~/A1. We see that with 

this set of signature waveforms the single-user matched filter detector is 

unable to achieve an acceptable bit-error-rate level whereas the decorrelat- 

ing detector performance is about 1 dB below the optimum attainable in the 

absence of multiuser interference. 

The performance analysis of the one-shot asynchronous decorrelating 

detector can be carried out using the results obtained in Section 5.5 together 

with the equivalent "synchronous" crosscorrelation matrix. In the two-user 

case, we obtain from (5.38): 

__                        21 
R~ -- 1 1 -- L~2 02,           (5.60) 

which is always smaller than the optimum near--far resistance (4.132) re- 

gardless of the value of p221 < 02 < 1 - p2 
--     -- 12" 

5.7 COHERENT DECORRELATOR IN THE 
PRESENCE OF FADING 

In this section we examine the average performance of the coherent 

decorrelator in the presence of Rayleigh fading. 
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~5.7.1 FREQUENCY-FLAT FADING 

The observed signal is 

K 

y(t) = E IA~ld°kb~sk(t) + an(t). (5.61) 

k=l 

The decorrelating receiver consxsts of a bank of matched filters that produce 

the observables 

= = y(t)sk(t) dt y~ (y, s~) * 

followed by multiplication of the vector of observables by the inverse of the 

Hermitian crosscorrelation matrix (cf. (2.84)). Finally, each component of 

R-ly is compared to the incoming phase: 

-1 --jOk 
bk = sgn(gt{(R y)ke })- 

It is interesting to notice that this coherent receiver requires knowledge of the 

phases of only those users it needs to demodulate. Thus a receiver that does 

not need to demodulate user i may assume that the signature waveform 

of user i is si(t)ej¢’ for an arbitrary (but constant over [0, T]) ~Pi- Let us 

verify that the decision ~k is not affected by the choice of {49i, i --/= k}. Let 

p = diag{ej¢l ..... ejoK }. Denote the output of the bank of filters matched 

to si(t)d~’, i = 1 ..... K by 

.~ = P*y 

and the crosscorrelation matrix of si(t)e~, i = 1 ..... K by (cf. (2.83)) 

~l = P*RP. 

Thus, the kth component of 

~1-1~2 = p*R-~Pp*y 

= p*R-ly (5.62) 

is independent of {q~i, i � k}. 
It follows from (2.84) that the decision variable of the kth user is equal 

to 

~{(R-ly)ke-j°k} = IAklbk ÷ 

where h~ has variance equal to a2(R-1)~I~. Therefore, conditioned on 

the probability of error is equal to 

I IA I 
Q k ~---~kk ] " 

(5.63) 
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If the fading coefficient Of the kth user is Rayleigh-distributed with E [IA~ 12] 

= 2A~ (i.e., the RMS value of each component is equal to Ak), then the 

average of (5.63) is equal to 

P~Fd(o’) = f re-r2/2Q\crx/~!dr 

(1) V~ ’ A~ 

(5.64) 

According to the definition of asymptotic multiuser efficiency in (3.132), 

the asymptotic efficiency of the decorrelating detector when the desired user 

is Rayleigh faded is equal to 

1               (5.65) 

Since (5.65) is independent of the strength of the interferers, the near- 

far resistance is given by the same expression. But the optimum near-far 

resistance for Rayleigh fading is equal to 1 (Section 4.6), so the optimum 

near-far resistance property of the decorrelator for deterministic amplitudes 

does not carry over in the presence of Rayleigh fading. 

5.7.2 HOMOGENEOUS FADING 

We analyze now the coherent decorrelator when each spread- 

spectrum signature waveform undergoes the homogeneous fading mech- 

anism in (2.66) under the assumption that the fading parameters therein are 

independent, zero-mean, complex Gaussian. 
Assuming that the decorrelator can perfectly acquire the fading coeffi- 

cients (assumed to be zero-mean complex Gaussian), the receiver is exactly 

as in Section 5.7.1. To proceed with the analysis we will make the key 
assumption that N > K. In such case the unnormalized crosscorrelation 

matrix is invertible with probability 1 and, according to (5.45), the error 

probability is given by 

where the expectation is with respect to the signature waveforms and re- 

ceived amplitudes. Since P~ is surely independent of the energy of the 
interferers, we may as well view the matrix tt in (5.66) as the unnormal- 

ized crosscorrelation matrix of a system with independent and identically 
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distributed Rayleigh amplitudes and normalized signature waveforms uni- 

formly distributed on the unit complex sphere. It turns out that the distri- 

bution of the reciprocal of H£+~ is particularly simple: standard chi-square 

with 2(N - K + 1) degrees of freedom. To see this, we recall from (4.100) 

that we can write 

1       ,          , -1 ¯ ¯ 
2 + _ sk[I- Sk(S~S~) S~]sg,            (5.67) A~!-!~ 

where the KN components of S are independent complex Gaussian with 

zero mean and unit variance. Since Sk has full rank the matrix in the right 

side of (5.67) is the projection matrix (Problem 5.36) 

N-K+I 

L|I - S~(S~S~)*    -1 Ski=* y~ ViVi,* 

i=1 

(5.68) 

where (v~ ..... VN-K+I) are orthonormal vectors orthogonal to the columns 

of S~. Uniting (5.67) and (5.68), we obtain 

1        N--K+I 

2~-- ~ IS~Vil2" 
i=1 

(5.69) 

The orthonormal vectors vi depend on the vectors s;, j 5~ k, which are in- 

dependent of s> Therefore, the inner products {s~vi } are independent with 

identical distribution. Conditioned on vi, {s~vi } is zero-mean complex Gaus- 

sian with unit variance. The same distribution results upon averaging with 

respect to vi because it is independent of s~. 

Finally, we can apply formula (3.65) with L = N- K + 1 and g = Ak/~r. 

Therefore, performance depends on N and K only through N - K. This 

means that a K-user system with N chips per bit has the same performance 

as a single-user system with spreading gain equal to N - K + 1. Note that 

this conclusion does not hold in the absence of homogeneous fading when 

the signature waveforms are randomly chosen from the set of +l-valued 

sequences. 

5.7.3 DIVERSITY RECEPTION 

We consider here the D-channel diversity model (2.74) whose 

equivalent2 complex-valued discrete-time model is (2.95) 

Yd = R(d)A(d)b + na, (5.70) 

2 See Problem 4.11. 
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where 

A(d) = diag{Adl ..... AdX }, 

and nd is complex Gaussian with real invertible covariance matrix 2a2R(d). 

Furthermore, ne and nd are independent for g # d. For each of the D chan- 

nels, we can apply a decorrelator, the output of which is denoted by 

~d = R-1 (d)yd 

= A(d)b + rid, 

where the covariance matrix of rid is 2o-2R-l(d). Since bk only affects 

{gdk, d = 1 ..... D}, it is reasonable to base a decision on bk only on those 

observables for the sake of reduced complexity. However, this incurs loss 

of optimality because the noise components are correlated. Once we decide 

to obtain i’k on the basis of 

(5.71) 

~/Dk = ADkbk + fiDk, 

we face a single-user channel. We can minimize the error probability by 

combining the observables in (5.71) according to the rule (Problem 3.9): 

=L //-’’~d=l "+-~-(d’Ydk~l"            (5.72) 
R~k( ~ l/ 

We observe that the receiver in (5.72) is a combination of the decorrelator 

and the maximal-ratio combining rule (3.138) properly modified to take 

into account the different noise variances. Coherence is only required with 

respect to each of the D signals due to the desired user. Using (5.71) we 

can write the observable in (5.72) as 

~     ~gdk =bk    -- +n, 

d=l Rk~( )          d=~ Rk+~(d) 

where the variance of the zero-mean Gaussian random variable n is 

D iAdklz 
E[n2] = 0.2 ~ + ¯ 

d=l Rkk(d) 

Thus, conditioned on Alk ..... ADk, the error probability is 

Q ~ I A,~kl~ "~ 
~ ¯ 

d=l Rkk(d)] 
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In order to average with respect to independent Rayleigh-distributed IA,~,~I 
we can use (3.64) with L = D and 

E[lAikl2] 

kk ~,t) 

provided those quantities are all distinct. 

DIFFERENTIALLY-COHERENT DECORRELATION 

In Section 3.7 we studied single-user differentially-coherent de- 

modulation, whereby the transmitted bits are obtained from the original 

data stream via 

ek[i] = e~[i - l]b~[i], 

and the decisions are given by 

b~[i] = sgn(~l{y~[i - 1]y~[i]}), (5.73) 

where 

y~[i] = y(t)s~(t - iT)dt, (5.74) 

and the incoming waveform is 

K 

y(t) = ~lAklej°k (e~[i - lls~(t - iT + T) + e~[i]s~(t - iT)) + an(t), 
k=l 

(5.75) 

on the interval t ~ [i T - T, i T + T]. The demodulator in (5.73) does not 

require knowledge of the amplitudes or phases of any of the users. 

To robustify (5.73) with respect to the presence of multiaccess inter- 

ference, we will replace the matched filter outputs therein by decorrelator 

outputs. Retaining the notation of (5.8) in the complex-valued channel, 

K 

g~(t) = ~R~s~(t), 
j=l 

(5.76) 

we will denote the decorrelator outputs by 

f iT+T 

~[i] = y(t)sk(t-* - iT) dt. (5.77) 
diT 

And (5.73) is replaced by 

b~[i] = sgn(91{9~[i - 119~[i]}). (5.78) 
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No knowledge of the amplitudes or phases of any of the users is required 

to produce (5.78). Indeed, according to (5.62), 9k[i] is independent of the 

phase assumed by the receiver for users other than k. Furthermore, the 

phase dependence of ~tk[i] on the phase of the kth user assumed by the 

receiver is canceled with that of 9~[i - 1] if the incoming phase remains 

constant over consecutive intervals, which is a basic underlying assumption 

of differentially-coherent demodulation. 
To analyze the error probability of (5.78), we make explicit the depen- 

dence of the decorrelator outputs on the data: 

9k[i] = AkeJ°k (sk, gk)ek[i] + nk[i] (5.79) 

with nk [i] a complex Gaussian random variable with independent real and 

imaginary parts, each with variance 

j=l 

K K 

RklPlj Rjk 

1=1 j=l 

2 + (5.80) ~ ff Rkk. 

The complex-valued version of (5.9) holds: 

K 

j=l 

÷ 
= ~ Rkj Rjk 

j=l 

= 1. (5.81) 

By symmetry, the probability of error of the differentially-coherent decor- 

relator is 

P~Cd(o-) = P[b~[i] = -11 e~[i] = e~[i - 1] = 1] 

= P[gl{XY*} < 0], (5.82) 

where X and Y are complex Gaussian with independent real and imaginary 
2 + 

parts, each with variance o- Rk~ and means 

mx = my = A~ej°k. 
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Recalling Proposition 3.6, we obtain the closed-form expression for the bit- 

error-rate of the differentially-coherent decorrelator conditioned on [A~ l: 

p~cd(,:r) --__ le-lAkl2/(2a2R~). (5.83) 
2 

Accordingly, the (asymptotic) multiuser efficiency and the near-far resis- 

tance of the kth user are equal to 

1                (5.84) 
odcd k -- Rk+~ ’ 

if IAkl is deterministic. So, in this case, the differentially-coherent demod- 

ulator retains the optimum near-far resistance property. 

In the presence of fading, we need to average (5.83) with respect to the 

complex coefficients A1 ..... Ax; however, Rk~ is not influenced by those 

coefficients; therefore it is just a matter of computing the average 

2 2 2 2 + 
"~ E[e-AkR /( a RkD] 

with respect to R. In the case of Rayleigh fading, we obtain 

1 2~ 2+ 1 1 
E[e-a~R /(2~ 

Rk~)] 
(5.85) 

Comparing to the single-user result (3.157) we see that the efficiency re- 

mains equal to (5.84) in the presence of Rayleigh fading. 

$.9 DECORRELATION FOR 
NONLINEAR MODULATION 

We have seen that the decorrelator converts the received signal into 

a single-user signal by tuning out the multiuser interference with a linear 

transformation. As we illustrate in this section, this principle does not hinge 

either on the linearity of the modulation or on receiver coherence. 

Consider the m-ary K-user channel (3.170) 

K 

y(t) = E [Ak ejO~ S~(t; b~) + an(t). 

k=l 

(5.86) 

As we saw in Section 2.5, we can view this channel as one with mK users 

and linear modulation: 

K                           mK 

E IA~I e;°k s~(t; bD = E 
k=l                          n=l 

(5.87) 
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gj+(k-1)m(t) = Sk(t; j), 

Dj÷(k_l)m = l{b~ = j}, 

~j+(k-1)m ~ Ak, 

(5.88) 

(5.89) 

(5.90) 

Sufficient statistics are obtained by projecting along each of the mK 

signatures appearing in (5.87): 

(5.91) 

As in (2.84), the dependence of these observables on the data can be dis- 

played as an inK-dimensional model 

~¢ = RAb + fi, (5.92) 

where 1~ is the covariance matrix of the signature waveforms gl ..... gmK, 

y is defined in (5.91), b is defined in (5.89), 

!i. = diag{~l ..... /~mn}, 

and fi is a Gaussian complex vector with covariance matrix equal to ~1. Note 

that b has only K nonzero components at positions bl, b2 ÷ m ..... b~; ÷ 

(K - 1)m. 

We cannot apply verbatim the multiuser detectors we have derived for 

the basic linear antipodal channels to the alternative linear model in (5.92) 

because of the interdependence in the binary components of b. If. 1~ is 

invertible, then it is natural to consider the observables 

Even though the data of the kth user affects only components mk - m ÷ 

ink, it is suboptimal to discard the other components because their 

noise samples are correlated with those in the mk - m ÷ 1 ..... mk com- 

ponents. Nevertheless, for the sake of complexity reduction it makes sense 
to demodulate the kth user information based only on: 

(5.93) 

where the covariance matrix Q(k) of the vector [nm(~-l)+l "’" nmK] is the 
kth diagonal m x m block of 1~. The optimum noncoherent detector for bk 
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based on the single-user channel (5.93) is (Problem 3.51): 

(5.94) 

which does not require knowledge of the received energies. 

Analyzing the probability of e~or of (5.94) for ~bitr~y m-~y modula- 

tion poses significant challenges. When additional structure is placed on the 

nonlinear modulation, it is possible to proceed fu~her. For example, con- 

sider the special case of Walsh orthogonal modulation. We saw in Section 2.5 

that in this type of m-~y nonline~ modulation (m = 2J), user k is assigned 

a unit-energy signature waveform s~(t) and symbol b~ ~ { 1 ..... m} is trans- 

mitted by sending the signal 

£ h[bk, i]s~(t - iT), 
i=1 

where the rn x rn matrix 

I 
h[1, 1] ... h[1,m]- 

Ih[m, 1] ... him, m] 

with {-1, ÷l} entries is constructed in Problem 1.4 and has orthogonal 

rows. 

Assuming a synchronous system, the receiver obtains 

y(t) = Z Ak h[b~, n]sg(t - nT) ÷ an(t), 

k=l     n=l 

(5.95) 

where the real and imaginary components of n(t) are independent and have 

unit spectral density. Suppose that we construct the K x m matrix of matched 

filter outputs Y whose (k, i) entry is 

Ygi =      y(t)s~(t - iT)dt, 
!T 

and denote the corresponding noise matrix by N whose (k, i) entry is 

n~i =      n(t)s~(t - iT)dt. 
T 

Furthermore, denote the K x m matrix of channel data 
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It is easy to verify that 

Y = RAB + o-N. (5.96) 

Now, let us assume that the crosscorrelation matrix is invertible and consider 

the K x m matrix 

Z dej R_ly~r (5.97) 

= mAX + ~rR-1NT’/r, (5.98) 

where we have used the orthogonality of the rows of 7-{ and we have defined 

the K x rn matrix 

1 {b~; = 1 } 1 {bK 

According to (5.98), it makes sense to decide 

b~=arg max IZ~jl. 
j=l,...,m 

(5.99) 

Once more, the decorrelator has succeeded in converting the problem to 

a single-user one. Indeed, the kth row is independent of the data sent by 

the interferers or their strengths. As before, we cannot expect (5.99) to be 

optimal because it neglects useful information present in Y. In order to 

analyze the probability of error of the decision rule in (5.99) it is crucial to 
realize that the noise variables affecting the vector (Z~I ..... Z~m) therein 

are independent. Indeed, for any (i, j) ~ {1 ..... m}2: 

E [(R- 1N~r )ki (R- 1N~r )~j ] 

Rk~ Rl~r + + E[n~qnrp] h[i, q]h[j, q] 
~=1 q=l r=l p=l 

K K                 m 

~-. ~ ~ n, rRk, Rkr ~ h[i, q]h[j, q] 

~=1 r=l q=l 

+ (5.100) = mRkk(~ij, 

where we have used the fact that if q 5~ p, then n~q and nrp are independent 

because they are projections of nonoverlapping segments of white noise. 
The orthogonality of the rows of the Walsh matrix has been used in (5.100). 

We conclude that we have an m-ary orthogonal single-user noncoherent 
problem that fits the framework of Section 3.8 with rn I A~ I in lieu of I AI and 
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+ 2           We just need to (3.167) to arrive at the following mRkkcr in lieu of o"2.              use 

expression for the probability of symbol error: 

P~ = ~(_l)n+l 

1 1 (5.101) 
~ exp - 2(~ ~- 1--~-R~ 

n=l 

which is consistent with (3.167) in the single-user case since, in the present 

setting, signals have m times the energy of those in Section 3.8. Thus, in the 

case of orthogonal modulation the multiuser efficiency of the noncoherent 

decorrelator is equal to the familiar expression 

1 
r]ncd ~ -- Rk+~" 

5.10 BIBLIOGRAPHICAL NOTES 

The problem of eliminating multiuser interference with a lin- 

ear receiver was posed as early as 1967 (Shnidman [409]). The 

derivation of the asymptotic efficiency of the decorrelating de- 

tector for synchronous channels and the proof of its optimum 

near-far resistant property are due to Verdti [489] in the case 

of nonsingular correlation matrices. Its justification as a gen- 
eralized maximum-likelihood detector when the energies are 

not known appeared in Lupas and Verdfi [254]. The results in 

Verdfi [489] were generalized to the case of linearly dependent 
signature waveforms in Lupas and Verdti [254]. Reference 
Schneider [392] claimed erroneously that the decorrelating de- 

tector minimizes bit-error-rate for a synchronous channel with 

equal-amplitude users. An independent optimality claim for the 

synchronous decorrelator was made in Kohno et al. [215]. 

The asynchronous decorrelating detector was obtained in 

Lupas and Verdti [253, 255]. A decorrelating detector for the 

asynchronous channel involving the inversion of the K(2M + 1)- 
dimensional crosscorrelation matrix of fictitious users was pro- 

posed in Kohno et al. [214]. Further justification for the decor- 

relating detector was given in Lupas and Verd6 [255], show- 

ing that the decorrelating detector emerged as the solution to 

a minimax problem. Reference Lupas and Verdfi [2551 noticed 

that the asynchronous decorrelator can be viewed as a two-step 
process: first eliminate multiuser interference by introducing 

single-user intersymbol interference; this is then removed by 

a single-user zero-forcing equalizer. The zero-forcing equalizer 

can be replaced by other single-user equalization methods, such 
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as maximum-likelihood sequence detection (Liang et al. [240]) 

(cf. Problem 5.4). 

The forerunner of the decorrelating detector in the single-user 

intersymbol interference channel is the zero-forcing equalizer 

(e.g., Proakis [345]). The optimality of the near-far resistance 

of the decorrelating detector has no counterpart in the single- 

user setting. Decorrelation for multiuser channels subject to in- 

tersymbol interference has been considered in, among others, 

Klein and Baler [209], Klein et al. [210], and Wang and Poor 

[523]. 

The one-shot decorrelating detector for asynchronous prob- 

lems was proposed in Verdfi [499]. Other truncated-window 

decorrelators are put forward in Wijayasuriya et al. [532], Bravo 

[35], Zheng and Barton [562], Juntti and Aazhang [188], and 

Wijayasuriya et al. [536]. At the expense of some performance 

degradation, quasi-synchronous users (Problem 2.40) can be 

decorrelated without knowledge of exact chip timing as shown 

in van Heeswyk et al. [460] and IItis and Mailaender [173]. 

The approximate decorrelator of Section 5.4 was proposed 

in Kohno et al. [214] and Verdfi [498] and analyzed in Man- 

dayam and Verdti [265], Patel and Holtzman [324], Divsalar and 

Simon [66], Wu and Duel-Hallen [547], I et al. [168], and Seskar 

and Mandayam [402] in both coherent and noncoherent ver- 

sions. Higher-order approximations (cf. Problem 5.11 (d)) are 

considered in Ghazi-Moghadam et al. [112], Agashe and 

Woerner [13], and Moshavi [288]. The computational complexi- 

ties of various algorithms for decorrelation that avoid the 

computation of matrix inverses are studied in Juntti [187]. Imple- 

mentation of a Gram-Schmidt-based computation of the decor- 

relator (Problem 5.1) is considered in Myers and Magafia [296]. 

Finite-precision arithmetic implementation of the decorrelator 

is studied in Paris [317]. The impact of timing jitter on the decor- 

relator and other linear multiuser detectors is analyzed in Zheng 

and Barton [562], Parkvall et al. [320], Buehrer et al. [36], and 

Riba et al. [359]. 

The analysis of the coherent decorrelator in the presence of 

Raleigh-faded amplitudes is due to Zvonar and Brady [570]. Its 

performance when coupled with trellis-coded modulation and 

diversity is studied in Caire et al. [41]. Generally in conjunc- 

tion with rake correlators, the decorrelator has been adapted 

to single-user multipath channels in Mydlow et al. [295] and 

to multiuser multipath channels in Wijayasuria and McGeeham 

[533], Wijayasuriya et al. [534], Chen and Roy [51], Huang and 

Schwartz [166], Zvonar and Brady [571], Kawahara and Mat- 

sumoto [205], Papproth and Kaleh [315], Kandala et al. [198], 
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Huang [165], Zvonar [568], Zvonar and Brady [573], Wijaya- 

suriya et al. [536], and Wang and Poor [521]. The result in Section 

5.7.2 on the error probability with homogeneous fading is due 

to Winters et al. [538] and the proof we have given follows that 

of Caire et al. [41]. 

Decorrelation with multidimensional array models was stud- 

ied in Miller [276], Miller and Schwartz [277], Hosur et al. [161], 

Huang [165], Mu~oz-Medina and Fern~ndez-Rubio [293], Zvonar 

and Stojanovic [574], Stojanovic and Zvonar [427], and Kim et al. 

[2o8]. 
Differentially-coherent decorrelation is studied in Varanasi 

and Aazhang [475] for synchronous channels (including the case 

of linearly dependent signatures) and Varanasi [466], Zvonar and 

Brady [572], and in Liu and Siveski [245] for asynchronous chan- 

nels. 

The use of the decorrelator for nonlinearly modulated sig- 

nals was originally suggested in a coherent setting by Schneider 

[393]. The analysis of the decorrelator for noncoherent demod- 

ulation of Walsh-modulated signals is due to Hegarty and Vojcic 

[141]. Nonorthogonal nonlinear modulation is considered in Russ 

and Varanasi [370], and Varanasi and Russ [477]. 

Adaptive versions of the decorrelator are investigated in Chen 

and Roy [51], Mitra and Poor [279], Mitra and Poor [281], Lim 

and Rasmussen [241], and Ulukus and Yates [457]. A corpus of 

signal processing results under the heading of "adaptive signal 

separation" (reviewed in Cardoso [44]) investigates the compu- 

tation of the inverse of a linear transformation based on noise- 

less observations and (partial) knowledge of the distribution 

of the inputs, which need not be discrete-valued as in our 

setting. 

The counterpart of decorrelation in antenna arrays subject to 

undesired sources is called null steering, for which a wealth of 

fast adaptive methods are known (Rader [349]). 

The decorrelating detector has been investigated in Felhauer 

et al. [90] for the estimation of unknown received powers. Us- 

ing the decorrelator for detecting whether a user is active has 

been studied in Mitra and Poor [280] and Mitra and Poor [282]. 

The performance degradation suffered by the decorrelator due 

to unaccounted-for multiaccess interference is studied in 

Kajiwara and Nakagawa [194] and Esteves and Scholtz [79]. The 

degradation in coherent decorrelation due to imperfect phase 

estimates is treated in Zvonar and Brady [569], Rusch and Poor 

[369], and Orten and Ottosson [311]. Recursive updating algo- 

rithms for the computation of decorrelating transformations 

are given in Wijayasuriya et al. [535], and Juntti [186, 187]. 
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Decorrelating-based timing acquisition schemes have been pro- 

posed in Iltis [169]. 

The generalization of the decorrelation approach mentioned 

at the end of Section 5.1 whereby a front-end linear transfor- 

mation projects onto the orthogonal space of a subset of un- 

wanted users has been explored in Scharf and Friedlander [385], 

Varanasi [467], and Schlegel et al. [388]. A hybrid decorrelating- 

optimum approach to obtain suboptimum multiuser detectors 

is proposed in Varanasi [467] and Varanasi [468] for coherent 

multiuser demodulation without and with fading, respectively: 

a demodulator for a subset of users can be implemented by first 

decorrelating with respect to the users not in the subset and 

then performing optimum detection for the users in the sub- 

set (cf. Problems 5.45 and 5.46). The computational complexity 

is then exponential in the size of the subset. The performance 

and implementation of a similar receiver in conjunction with 

error-correcting codes is analyzed in Schlegel and Xiang [390], 

Schlegel et al. [388], Schlegel and Mathews [387], and Alexander 

et al. [17]. 

The capacity achievable with the decorrelator in a frequency- 

selective Rayleigh-fading channel has been considered in 

Goeckel and Stark [121]. A constructive scheme that uses error 

control coding and decorrelator outputs is proposed in Alexan- 

der et al. [16]. 

A version of the decorrelator that is robustified against non- 

Gaussian noise is proposed and analyzed in Wang and Poor 

[520]. 
The excision of narrowband interference using the decorre- 

lating detector is explored in Rusch and Poor [367]. 

5.11 PROBLEMS 

PROBLEMS.1. Suppose that (z~ ..... zK) are obtained from 

(s~ ..... sK) by means of the Gram-Schmidt procedure: 

g-1 (s~, 

(a) Show that zK is a decorrelating transformation for the Kth user¯ 
(b) Show that ~: = Ilzg II2. 
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PROBLEM 5.2. Find a necessary and sufficient condition on {st, 
.... s~} for t1~11 = 1. 

PROBLEM 5.3. Given an invertible crosscorrelation matrix R and 

a K-vector e whose components are drawn from {-1, 1 }, we con- 

struct the matrix ~1 with entries: 

~jk =Pjkejek¯ 

Show that the diagonal elements of ~1-1 do not depend on e. 

PROBLEM 5.4. We saw in Section 5.2 that the asynchronous decor- 

relator detector consists of a linear transformation adj S(z) that 

eliminates multiuser interference followed by a bank of identi- 

cal single-user zero-forzing equalizers [det S(z)]-1. Show that if 

the single-user zero-forcing equalizer is replaced by a maximum- 

likelihood sequence detector, the multiuser efficiency remains the 

same as that of the decorrelator. 

PROBLEM 5.5. Suppose that the unit-energy signature waveforms 

{sl ..... s~c} are linearly independent. Show that the unit-energy 
signalh that maximizes (h, sl) subject to (h, s~) = 0, k = 2 ..... K 

is the normalized decorrelating transformation ~1/II~l II (5.8). 

PROBLEM 5.6. Consider a maximal-length shift-register sequence 

of period N and suppose that K users are assigned different periods 

of that sequence as their spreading code. Show that if the users are 

synchronous, the probability of error of the kth user’s decorrelator 

is equal to 

~(~ ~" T ~ "    (5.102) 

PROBLEM 5.7. Show that if Pkj = o~lk-jl with 0 < u < 1, the 

probability of error of the decorrelator for user 1 is equal to 

p~d(a) : Q (~~) . (5.103) 

PROBLEM 5.8. 

(a) Show that the near-far resistance of a linear detector v for the 

kth user is 

max2{0, erRv} 
min                       (5.104) 
c~Rt: vTRv 
ck=l 
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(b) Verify that if v* equals the kth column of R-1 and 

V* 

1)k 

then (v*, c*) is a saddle point of the function 

max2{0, cTRv} 
f(v, c) = 

vTRv 

when the feasible set for c is all K-vectors with ck = 1, and 

the feasible set for v is all K-vectors. 

PROBLEM 5.9. Consider two CDMA K-user synchronous sys- 

tems where the kth user transmits 

(A) Ak ~ sk(t - iT)bg[i], 
i 

(B) OtAk ~ g~(t -- iT)bk[i], 
i 

where gk is defined in (5.8). Suppose that ot is chosen so that the sum 

of the powers transmitted by the users are equal in both systems: 

Find a set of parameters for which a decorrelator for user 1 in system 

A obtains lower probability of error than an optimum detector for 

user 1 in system B. (cf. Vojcic and Jang [513]) 

PROBLEM 5.10. Consider a K-user synchronous CDMA channel 

with crosscorrelation matrix R: 

M K 

y(t) = ~ ~ Akbk[i]s~(t -- iT) + an(t). 
i=--M 

Nothing is known about the received amplitudes except that they are 

constant over time. Consider a joint maximum-likelihood detector 

for 

(A1 ..... AK, bl[-M] ..... bl[M] ..... bK[-M] ..... bK[M]). 

Describe the decisions (bl [0] ..... b~ [0]) in the asymptotic regime 

M --~ cx~. 

PROBLEM 5.11. Suppose that the normalized crosscorrelation ma- 

trix R is invertible. Let M ----- R - I. Thus M is a symmetric matrix 
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with null diagonal elements. The spectral radius of a matrix is the 

largest magnitude of its eigenvalues. 

(a) Show that the eigenvalues of M are strictly greater than - 1. 

(b) Give an example of a crosscorrelation matrix R whose spectral 

radius is larger than 2. 

(c) Show that if the spectral radius of R is strictly less than 2, then 

lim M" = O. 

(d) Under the assumption of (c) verify that 

R-1 : I-M+M2 _M3 +M4_M5 +.... 

PROBLEM 5.12. 

(a) Show that if )~max denotes the largest eigenvalue of R, and 

then 

R-1 = ot 211 - uR]j. 
j=O 

(5.105) 

(b) Suppose that R-~ is approximated by neglecting all but the first 

two terms in (5.105). Choose ~ that minimizes the trace of the 

error matrix. 

(c) Modify the approximate decorrelator of Section 5.4 based on 

the result in (b). 

PROBLEM 5.13. A matrix norm is a norm in the linear space of 

square matrices of given dimension R"×" (IICII > 0 if C ~ 0; 

I1�~CII = Ii~IIICII; IIC + DII _< IICII + IIDII) that satisfies 

IlCOll ~ IICl[llDll. 

Examples of matrix norms are: 

IlCllp =         ICijlp , 
\ i:l j:l 

l_<p<2, 

IICII~ : max 2.., ICijl. 
l<i<n 
-- j=l 

Show that the spectral radius (cf. Problem 5.11) of a matrix is upper 

bounded by any of its norms (e.g., Lancaster and Tismenetsky 

[277]). 
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PROBLEM 5.14. Show that if L is an eigenvalue of R, then it sat- 

isfies 

[Hint: Use Ger~gorin’s theorem (Lancaster and Tismenetsky 

[277]).] 

PROBLEM 5.15. (Bulumulla and Venkatesh [38]) Suppose that the 

K-user synchronous decorrelator operates on uniformly quantized 
matched-filter outputs: 

R-l[q(yl).-. q(yt~)]r, 

where the quantizer has M levels (M is assumed to be odd for 

convenience): 

nA, 

q(x) de=f O, 
if0< (n-½)A <x < (n-k½)A, 

if--~ _<x < -~, 

if(-n- ½)A <x < (-n+ ½)A <0, 

and the dynamic range of the quantizer is adjusted for each real- 
ization of the matched-filter output vector so that 

Show that error-free demodulation in the absence of background 

noise can be achieved if the number of quantization levels exceeds 

to(R) 
M>-- 

mink 

where the condition number is defined as 

x(R) de__=f IIRII~IIR_I I1~. 

PROBLEM 5.16. Let {el ..... eL} and {)~1, .... )~L} denote the or- 
thonormal eigenvectors and corresponding eigenvalues of the ma- 

trix 

2 T E[rrr]= ~2I+ Aksksk . 

Suppose that the eigenvalues are numbered in decreasing order. 

Define the L x K matrix 

P : [el;-" eK], 

which satisfies P~’P = I. According to Problem 2.47, 

~.i=|Vi2+cr2, ifi=l ..... K, 
o"2,       if/= K+I ..... L, 
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and 

SA~Sr = Pdiag{~/~2 ..... FK2}Pr. 

Henceforth, we will assume that the set of signature vectors is 

linearly independent. Therefore ~2 > 0 for k = 1 ..... K. 

(a) Verify that 

srp diag-1 {~/1~ ..... y~}PrS = A-2. 

(b) Conclude that the decorrelator for the kth user admits the ex- 

pression (Wang and Poor [522]]): 

dk = Pdiag-l{)~l - as ..... XK -- a2}Prsk- 

PROBLEM 5. | 7. Show that in the two-user asynchronous channel, 

the necessary and sufficient condition for the existence of a stable 

realization of the decorrelating detector is 

1/9121 q-IP21l < 1. 

PROBLEM 5.18. (Lupas and Verdfi [255]) Assume that the offsets 

{’/71 ..... "~K } are continuous and independent random variables and 

Ak > 0 for all k. Show that there is a sequence of data such that 

the energy of the signal, 

K M 

~ ~ A~b~[i]s~(t - iT - z~), 
k=l i=-M 

is zero with zero probability. 

PROBLEM 5.19. (Lupas [252]) Show that condition (5.32), 

detERr [lie~’’° + RE0] + R[1]e-j~°] 5~ 0 for all 09 ~ [0, 2st], 

is equivalent to 

(x*R[0]x)2 > (x*(R[1] + Rr[1])x)2 -k (x*(R[1] - RT Eli)x)~. 

for all complex-valued K-vectors x. 

PROBLEM 5.20. Assume that the K users in an asynchronous 

CDMA channel are numbered chronologically. Let us consider an 

alternative approach to asynchronous one-shot decorrelation where 

the following observables are available: 

L 
Zt+l 

Ykl =     y(t) (Sk(t -- Zk) q- s~(t -- rk -k T)) dt, 

k=l ..... K and l=l ..... K with zl=0 and zt~+1=T by 

convention. Assume that the signature waveforms are linearly 
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Sl(t) sz(t) 

FIGURE 5.13. 

Signature 

waveforrns for 

Problem .5.20. 

independent on each subinterval [r~, V~+l). Define the subinterval 

crosscorrelations 

(a) 
(b) 

~t 
TM 

Ykjt = (sk(t - r~) + s~(t - r~ + T)) 

(sj(t - vj) + sj(t - rj + T))dt. 

Express the partial crosscorrelations Pk~ in terms of Ygjl. 

How can akjl be chosen so that 

K 

rkl = Z akjlYjl 

j=l 

contains no interference from users other than k? 

(c) Describe the decision role for user 1 that minimizes the error 
probability among those rules that use {rl~, l = 1 ..... K} as 
observables. 

(d) Particularize your answer in (c) to a two-user channel with r2 = 

T/2 and whose signature waveforms are shown in Figure 5.13. 

(e) Find the near-far resistance for the channel and receiver of (d). 

(f) Find the near-far resistance of the one-shot decorrelator of 
Section 5.3 in the special case of (d). 

(g) Among all one-shot receivers that use the observables y~ and 

whose error probability does not depend on the interfering am- 

plitudes, which receiver minimizes the error probability? 

PROBLEM 5.21. Show that for an asynchronous channel, the one- 

shot decorrelator achieves the best near-far resistance of any one- 

shot multiuser detector. 

PROBLEM 5.22. Consider a two-user asynchronous channel 

where the signature waveforms are given in Figure 5.14. Plot the 

efficiencies of the one-shot decorrelator and of the asynchronous 

(infinite-window) decorrelator as a function of the offset. 
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Signature 
waveforms for 
Problem 5.22. 

st(t) 

5.1 ! PROBLEMS 

S2(t)’ 

T 

PROBLEM 5.23. Show that if F is the lower triangular factor of 

the nonsingular crosscorrelation matrix R = FTF, then 

2 + 
1 ~ F£kRkk. 

PROBLEM 5.24. (Bravo [35]) Find a recursive equation for the 

K-vectors aj that satisfy 

-R[0] Rr[1] 0 

R[1] R[0] RT[1] 

0 R[1] R[0] 
¯ : 

0 o    o 

¯ .- 0 0 
¯ -. 0 0 

¯ .. 0 0 

¯ .. R[1] R[0] 

ao 

al 

a2 = eli, k], 

aj 

where the components of the J x K vector e[i, k] are all 0 except 

ek+ir[i, k] = 1 

with i = 0 ..... J. 

PROBLEM 5.25. (Juntti [186]) 

(a) Suppose that the decorrelating matrix R~:1 for signature wave- 

forms Sl ..... s~: has been computed, and an additional user 

with signature Sx+l is powered on. Find an expression for R~1+1 

in terms of R;:I and Pr+l ----- (Pl tc+x ..... pr ,r+a). [Hint: Use 

Proposition 4.3.] 

(b) Suppose that the decorrelating matrix R~1 for signature wave- 

forms Sl ..... s,~ has been computed, and user K is powered 

off. Find an expression for R~.1_1 in terms of R~.1. 

(c) (Juntti [187]) In the setting of (a) show how to compute the 
-I 

Cholesky factor (Proposition 2.2) of Rr+~ in terms of the 

Cholesky factor of R~1 and Pt~+l. 

PROBLEM 5.26. Consider a K-user synchronous channel where 

the signature waveforms are such that Djk = ~0 for all j and k. 
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(a) Find an explicit expression for the decorrelating detector. 

(b) Find p~d as a function of Ak/a, p, and K. 

(c) Find the minimum value of ot such that 

if 

(5.106) 

(d) Assume that A2 
A2/A1 for which 

1 
P= 

..... AK. Find the maximum value of 

(e) Assume that A1 ..... A/~ = A. Find the signal-to-interfer- 
ence ratio at the output of the approximate decorrelator of 

Section 5.4. 
(f) Solve (c) f~r the approximate decorrelator in lieu of the decor- 

relator. 

PROBLEM 5.:27. Consider a K-user synchronous CDMA channel 

with direct-sequence spread-spectrtun waveforms with spreading 

factor equal to N chips per bit. Assume that 

K 
t= lim--<1, 

K--~ ¢x~ N 
and that the binary signature sequences are randomly and indepen- 

dently chosen. Show that the error probability of the decorrelating 

detector converges in mean-square to 

Hint: Use (3.52), (4.111), and 

(5.107) 

(~/-S--1V/]~--t)2 (a -~_(1 ~fl))2 

PROBLEM 5.28. Consider a K-u~er synchronous CDMA channel 

with direct-sequence spread-spectrum waveforms with spreading 

factor equal to N chips per bit. In this problem we focus on the 

signal-to-interference ratio (SIR) of the output of a linear trans- 

formation where the second moments of desired component and 

interference (background noise plus multiaccess interference) com- 

ponent are averaged with respect to transmitted data and random 

selection of signature waveforms. We will consider an asymptotic 
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regime of large number of users and large bandwidth: 

fldef lim K " = --<1 
K-~ N 

and 

def 
I~A~ 

/~= lim -- 
a2. K--~ g j=2 

Show the following asymptotic behaviors of the normalized SIR of 

user 1" 

a2SIR 
lim -- 
K~ A~ 

(~) Decorrelator: 

(b) Approximate decorrelator: 

(1 -- 

(c) Single-user matched filter: 

,,1 

,1 +~z~ 

(d) Consider a linear receiver, which is a linear combination of the 

single-user matched filter and the approximate decorrelator: 

K 

sl(t) - ot E p~sk(t). 

k=2 

Give an equation that describes the value of or (as a function of 

fl and/z) that maximizes the asymptotic SIR. Plot the optimum 

ot as a function of/z for fl = 1/3. 

[Hint: See Problem 4.51.] 

PROBLEM 5.29. Show that in any K-user synchronous or asyn- 

chronous channel 

~li~rno~ Az(P~(o-)- P;(o-)) - ~ (5.1o8) 

PROBLEM 5.30. Consider a three-user synchronous channel with 

A1 = A2 = A3, 

/912 ~ --/913,- 
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and 
2 - 2pzZ3        1 

3 +/923 -- 2Pzz3 < lplzl < ~- 

Show that the error probability of the decorrelating detector for 

user I is strictly higher than the error probability of the single-user 

matched-filter detector for all signal-to-noise ratios. 

PROBLEM 5.3 l. Consider a two-user synchronous channel. Find 

values of Aa/~r, A2/~r, and p such that the decorrelating detector 

has lower probability of error than the single-user matched filter, 

but the signal-to-interference ratio at the output of the single-user 

matched filter is higher than that of the decorrelator. 

PROBLEM 5.32. Consider four unit-energy signals {S1, $2, $3, $4} 

such that 

(Sl, s2) = /9, 

(sl, s4) = O, 

(a) What is the decorrelating receiver for user 1 if user 4 is known 

not to be active? 

(b) Show that the solution obtained in (a) maximizes (sl, h) among 

all h that have fixed energy and are orthogonal to s~, s3, and s4. 

(c) Find the optimum near-far resistance for user 1 and the prob- 

ability of error achieved by the receiver obtained in (a) when 

all four users are active. 

(d) Find the optimum near-far resistance for user 2 with and with- 

out user 4. 

PROBLEM 5.33. Find the p~obabilitybferror for aMoore-Penrose 

generalized decorrelator for user k as a function of the matrix S and 

the received amplitudes. Particularize your result to the three-user 

case where 

S3 ~ O~(S1 "~- $2). 

PROBLEM 5.3,1. Show that if R is invertible, then S+S = I. 

PROBLEM 5.35. Show that the L-vector c is a decorrelating trans- 

formation for the kth user if_and only if 

SDSrc=~sk, ot 5~ 0, 

for all K × K nonsingular diagonal matrices D. 
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PROBLEM 5.36. Let Q be an n x rn matrix and-let Q+ be the 
Moore-Penrose generalized inverse of Q. Denote the n x n matrix 

P = I - QQ+, 

and let 

r = n - rank Q. 

Prove the following properties of P: 

(a) The matrix P is idempotent (i.e., pz = p). 
(b) P is the projector onto the space orthogonal to that spanned by 

the columns of Q. In other words, if x is a linear combination 

of the columns of Q, then 

Px = O, 

and if y is orthogonal to every column of Q, then 

(c) If r = O, then P = O. 
(d) The eigenvalues of P cannot be different from 0 or 1. 

(e) 

i=1 

where {vl ..... vr} are orthonormal and orthogonal to every 
column of Q. 

(f) P+ = P. 

PROBLEM 5.37. Show the following properties of the Moore- 
Penrose generalized inverse: 

(a) (St)+ = (S+)r. 
(b) (SrS)+ = S+(S+)r. 

(c) (SrS)+Sr = S+. 

(d) If B is invertible, then (BS)+ B = S+. 

PROBLEM 5.38. Show that the Moore-Penrose generalized in- 

verse of a vector x is xr/Ilxll2. Thus, if x is a column vector, then 
x+x = 1. 

PROBLEM 5.39. Show that if the kth column of S is not spanned 

by the other columns of S, then the kth row of S+ is not spanned 

by the other rows of S+. 
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PROBLEM 5.~10. Assume that sk is not spanned by the other sig- 

nature vectors. 

(a) Show that 

(S+sj)k = 

(b) Conclude that the kth row of S+ is a decorrelating transforma- 

tion for the kth user. 

(c) Show that as long as A~ � 0, the solution to the equation 

SA2STx = Sk 

is the kth row of S+ divided by A~. 

PROBLEM 5.41. Show that for a synchronous CDMA system that 

employs a Welch-bound-equality set (Problem 2.41), the decorre- 

lator for user k is the single-user matched filter for user k. 

PROBLEM 5.li2. Suppose that all K synchronous users are as- 

signed the same signature waveform. Show that the Moore-Penrose 

generalized inverse of the crosscorrelation matrix is 

PROBLEM 5.43. Consider a generalization of (5.16) 

r = SAb + am, (5.109) 

where ~, the covariance matrix of m, is nonsingular. Show that 

is the solution to 

x(r) = S+r 

min [Sx -- r]r~-1 [Sx - r]. 
x~RK 

(5.110) 

[Hint: Use Problem 5.37(d).] 

PROBLEM 5.~14. Verify Equation (5.54)¯ 

PROBLEM 5A5. A class of the detectors that are hybrids of the 

optimum multiuser detector and the decorrelating detector can be 

designed by generalizing the follov~ing construction. Consider a 
three-user synchronous channel: 

y(t) = Albisx(t) + A2b2s2(t) + A3b3s3(t) + ~rn(t) 
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and a receiver for users 1 and 2 whose observables are the decor- 

relator outputs: 

(y, S1 -- P13S3), 

(y, $2--P23S3). 

(a) Find the jointly optimum detector for users 1 and 2 using the 

foregoing observables. 

(b) Find the asymptotic efficiency of user 1 as a function of cross- 

correlations and A2/A1 obtained with the receiver in (a). 

(c) Find the near-far resistance for user 1. 

PROBLEM 5.46. (Schlegel et al. [388]) Suppose that in addition to 

the K users of interest, there are J users who need not be demod- 

ulated and for which no information on their received amplitudes 

is known. The orthogonal-space observables in (2.97) become 

r = SAb + U,g,e + o-m, 

where U is the L × J matrix of signature vectors of unwanted users, 
.~ is the J × J diagonal matrix of unknown amplitudes, and e is 

the L-vector of undesired users’ bits. Thus, the unknown quantities 

in this model are b,/i,, and e. Show that the maximum-likelihood 

decision for b minimizes 

II [I - UU+](r - SAb)l[, 

where U+ is the Moore-Penrose generalized inverse of U. 

PROBLEM 5.47. (Zheng and Barton [563]) Consider a QPSK asyn- 

chronous CDMA channel where every other symbol period is 

empty, that is, 

K M 

y(t) = ~ ~ a~ [bk[2i] cos(2zrfct + 
k=l i=--M 

+ b~[2i + 1] sin(2~rfct + ~b~) ] s~(t - 2iT - r~) + an(t). 

(5.111) 

(a) Show that there is no loss of performance by restricting atten- 

tion to one-shot detectors. 

(b) In.the two-user case, find the average (over phases and delays) 

error probability of a decorrelating detector for user 1 as a func- 

tion of the partial crosscorrelations ~O12(’g) and P21 (r). Neglect 

integrals of nonbaseband signals. 
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PROBLEM 5.48. The diversity model in (2.74) is 

K 

yl(t) = ~ AlkbkSll~(t) q- crna(t), 
k=l 

K 

yz~(t) = ~ AokbkSt~i~(t) + o-no(t), 
k=l 

where n 1 (t) ..... n o (t) are independent white Gaussian processes. 

Consider the decorrelating-diversity receiver (cf. (3.141)) 

~k = sgn N A~k(ll-l(d)ya)~ , (5.112) 

where the entries of the nonsingular matrices R(d) are 

p~j (d) = sa~(t)saJ (t) dt 

and 

Ya = [Ydl’’’YaK], 

= Jo yd(t)S*dk(t)dt" Ydk 

Show that the probability of error of the kth user conditioned on 

(IAa~l-’’ IAokl) is 

Conclude that in the special case in which 

1 
~k-- -k 

R~(d) 

does not depend on d and (IA~I ..... IAo~l) are independent 

Rayleigh random variables with 

E[IAaklz] = 2A~, 

the average of (5.113) becomes 

1 1     1 
P~ga(~r) - 2 2 v/1 + ~r2/(A~l~) 

t)-~ 1-3.5.-.(2n-1) ~ (5.114) 
x 1_+ ~ .!2-~--(-(7~£)/~-~2-q_-1-)"1" 
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PROBLEM 5.49. Show that the near-far resistance of a K-user 

Code-Time-Division Multiple Access system (cf. Problem 2.59) 

with assigned waveform s(t) and aggregate bit-rate equal to R is 

equal to the harmonic mean of its folded spectrum: 

where 

-1 

S(f) :    s(t)e-J2rftdt. 
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CHAPTER SIX. 

NONDECORRELATING 
LINEAR MULTIUSER 

DETECTION 

Linear multiuser detectors can be implemented in a de- 

centralized fashion where only the user or users of 

interest need be demodulated. When the received am- 

plitudes are completely unknown the decorrelating de- 

tector is a sensible choice as we saw in Chapter 5. In this 

chapter, we examine the level of improvement in per- 

formance attainable by incorporating information about 

the received signal-to-noise ratios in the linear trans- 

formation. Since the single-user matched filter is better 

than the decorrelator for sufficiently low signal-to-noise 

ratios, it is evident that such a performance improve- 

ment is-feasible. 

We will take two different approaches. In the first 

approach, we choose the linear transformation to maxi- 

mize asymptotic multiuser efficiency for every vector of 

received amplitudes. The second, and more fruitful, ap- 

proach is to choose the linear transformation that min- 

imizes the mean-square error between its outputs and 

the data.~ 

This chapter includes the study of adaptive imple- 

mentations of linear receivers requiring no prior knowl- 

edge of received signal-to-noise ratios or interfering sig- 

nature waveforms. 

6.1 OPTIMUM LINEAR MULTIUSER DETECTION 

In general, it is possible to achieve a certain tradeoff of interference 

rejection and attenuation of desired signal component in order to maximize 

asymptotic multiuser efficiency within the constraint of a linear multiuser 
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detector. Denote the kth user linear transformation by v~, and let 

~= sgn(v~’y), (6.1) 

where y is the vector of normalized matched filter outputs (3.70). Then 

K 
T 

~ 
T T v~ y :~Ajbjvk rj + vk n, 

j=l 

(6.2) 

where rj is the jth column of the normalized crosscorrelation matrix R. 
The probability of error achieved by vk can be expressed as 

O.v/~Rv~         ,       (6.3) 

where the expectation is with respect to b j, j 7~ k. The asymptotic efficiency 

of the kth user is given by the square of the smallest argument of the Q- 

function normalized by A~/~r2: 

Aj T 

r~k(V~)- v[-~v~max2 0, Vrrk- ~-~s-Iv~rjl/. (6.4) 

To illustrate the optimization of (6.4) with respect to v~, we will examine 
the two-user case in detail. Without loss of generality, if we let vl = [1 x]r, 

then we obtain 

th(Vl) = max2 {O, f (x, P, -~ ) } 
(6.5) 

with 

42 Ix ÷ Pl A2     1 + xp - ~ 
f x,p, 

v/l+2px+x2 

The argument that maximizes (6.6) is 

(6.6) 

J--A~sgnp, if A2/A1 < IP], 
x*~ (6.7) / [ -p, otherwise 

(see Problem 6.2). Note that when the relative energy of the interferer 

is strong enough, A2 > A~ IPl, then the decorrelating detector maximizes 

asymptotic efficiency among all linear transformations (which are allowed 

knowledge of the .values of A2 and AI). Otherwise, the received signal is 

correlated with 

A2 
s l ( t ) - -~11sgn(p )sz ( t ), (6.8) 
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y(t) 

Yl 

Y2 max(l, ~IPl} 

FIGURE 6.1. 

Linear detector 
that maximizes 
asymptotic 
efficiency for the 
no-user 
synchronous 
channel. 

or, equivalently, with 

A~Io ISl(t) -- ps2(t) 

(Figure 6.1). Comparing Figure 6.1 to Figure 5.3 we can view the maximum 

asymptotic efficiency linear detector as a compromise solution between the 
decorrelating detecto~ and the single-user matched filter, which approaches 

the latter as the relative power of the interferer decreases. 

Substituting the solution (6.7) into (6.5), we obtain the maximum asymp- 

totic efficiency achievable by a linear transformation (Figure 6.2): 

A~2 --21Pla~, ifA2/Aa < IPl, 
/~1 ~--- l’q- A-~ 

r/i(v~) = O~d 1 -- 92,         otherwise. (6.9) 

We can conclude from (6.9) that if the background noise is small relative 
to the strength of the transmitted signals, and if A2/A1 > IPl, then there is 

no point (as far as near-far resistance is concerned) in utilizing the actual 
values of the received energies; if Az/At < IPl, then in view of (4.65), there 

is no point in using the more complex optimum multiuser detector, as the 

modified correlator in (6.8) will achieve the same performance (in the high 

signal-to-noise ratio region). 

1 - 92 

Optimum 

Optimum Linear 

~ Single-User Matched Filter 

[Pl 219[    l/IPl     A2/A1 

FIGURE 6.2. 

Asymptotic 

multiuser 

efficiencies for 

no synclqronous 

users. 
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Due to the presence of the absolute value function in (6.4), solving for 

the optimum linear detector in the K-user case entails the solution of a 

nonlinear optimization problem that does not admit a closed-form solution. 

An algorithm is given in Lupas and Verdtl [254] along with a sufficient 

condition for the best linear detector to achieve optimum asymptotic kth 

user efficiency: 

A~ > .max ~-~Ai Pij (6.10) 
j=I,...,K ~-~ Pkj 

(which is also necessary in the two-user case), as well as a sufficient con- 

dition for the decorrelating detector to be the best kth user linear detector, 

namely 

Aj IR I -->        forall j � k. (6.11) 
Ak- Rk~ 

The computational complexity of solving for the maximal-asymptotic- 

efficiency linear transformation is prohibitive for large number of users, 

particularly in the asynchronous case. 

The solution we have reviewed in this section is geared toward low 

background noise situations and does not incorporate knowledge of the 

background noise level. The behavior of the maximal-asymptotic-efficiency 

linear multiuser detector in the low signal-to-noise ratio region suffers from 
shortcomings similar to those of the dedorrelating detector, (e.g., for suf- 

ficiently high o-, the single-user matched filter has lower bit-error-rate) 

(Problem 6.1). If the signal-to-noise ratios are available, then one can pose 

the minimization (still over linear transformations) of bit-error-rate. Such 

an optimization problem is even more complex than the one considered here 

(Problem 6.16). A more fruitful route to incorporate knowledge of received 

signal-to-noise ratios is discussed in the next section. 

6.2 MINIMUM MEAN-SQUARE ERROR (MMSE) 
LINEAR MULTIUSER DETECTION 

A common approach in estimation theory to the problem of esti- 

mating a random variable W on the basis of observations Z is to choose the 
function ff’(Z) that minimizes the mean-square error (MSE): 

E [(W - ff’(Z))2]. 

Under very general conditions, it can be shown that the solution is the 

conditional-mean estimator: 

ff’(Z) = E [WlZ]. 
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In most problems, it is challenging to derive the conditional-mean estimator 

from the joint distribution of W and Z. For that reason, it is common to 

minimize MSE within the restricted set of linear (or affine) transformations 

of Z. The linear minimum MSE (MMSE) estimatoris, in general, easy to 

compute and it depends on the joint distribution of W and Z only through 

their variances and covariance. 

We can turn the problem of linear multiuser detection into a problem of 

linear estimation, by requiring that the MSE between the k user bit bk and 

the output of the kth linear transformation v~y be minimized. Although this 

approach does not lead to the minimization of the bit-error-rate 

P[bk ~ sgn(v~ry)], 

it is a sensible optimality criterion, particularly when the multiuser receiver, 

rather than demodulating the data, supplies soft decisions to an error-control 

decoder (cf. Section 2.4)). 

The MMSE linear detector for the kth user chooses the waveform ck of 

duration T that achieves 

rain E[(bk - (ck, y))2] (6.12) 
Ck 

and outputs the decision 

~=sgn((c~, y)). 

The MMSE linear transformation maximizes the signal-to-interference ratio 

at the output of the linear transformation (Problem 6.5): 

1 E[((c~, Akbksk))2] 
minckE[(bk- (c~, y))2] = 1-t-rnc~aXE[((c~’ y_Akb~sk))2]¯ 

We can always express the linear transformation as 

(6.13) 

$ o 
Ck ~ Ck ~- Ck, 

~ is spanned by the signature waveforms sl,.. sK and c~ where c~                                         .,        o is or- 
thogonal to c~; then 

E[(b~ - (c~, y))2] = E[(b~ s ~ -(c~, y)) ] + ~r211c~ll2, (6.14) 

Consequently, it is best to restrict attention to ck spanned by sl ..... sK. This 

implies that the linear MMSE detector outputs a weighted combination of 

the matched filter outputs, and enables us to turn the problem in (6.12) into 

292 
Samsung Ex. 1007, Page 313 of 470



6.2 MMSE LINEAR MULTIUSER DETECTION 

a finite-dimensional optimization one, namely choosing the K-vector 

that minimizes 

E[ (b~, ~ - m~y) ]. (6.15) 

We now have K uncoupled optimization problems (one for e’ach user), which 

can be solved simultaneously by choosing the K × K matrix M (whose k 

column is equal to rn~) that achieves 

min E[llb- My[12], (6.16) 
MERKxg 

where 

E[bbT] : I, 

E[by~’] = E[bb~’AR] = AR, 

E[ybr] = E[RAbbT] : RA, 

E[yy~] = E[RAbbZAR] + E[nn~] 

= RA2R + o-2R. 

y = RAb + n, (6.17) 

and the expectation is with respect to the vector of transmitted bits b and the 

noise vector n, which has zero mean and covariance matrix equal to o-2R. 

Since 

[Ix[[2 = trace{xxZ}, 

the first step to solve (6.16) will be to obtain an expression for the covariance 

matrix of the error vector: 

cov{b - My} = E[(b -,My)(b - My)r] 

= E[bb~] - E[by:r]M~" 

- ME[yb7"] + ME [yyr]Mr. (6.18) 

Using (6.17) and the fact that noise and data are uncorrelated we get 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

Substituting these expressions in (6.18) we express the covariance matrix 

of the error vector as 

cov{b - My} = I + M(RA2R + o-2R)M~r - ARM7" - MRA (6.23) 

= [I + o’-2ARA]-1 + (M - i~I)(RA2R + o’~R)(M - l~I)~r, 

(6.24) 
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where 

~ ~e__f A_~[R + o.2A_2]_1, (6.25) 

and we have assumed that A is nonsingular (i.e., only those users who are 

active are taken into account). The identity in (6.24) is readily checked by 

means of 

19I(RA2R + ff2R) = AR 

and 

(I - ARI~Ir)(I + o--2ARA) = I, 

which in turn follow from (6.25). Thanks to (6.24), we are now ready to 

solve 

min E[l[b - Myl[2] = min trace {cov{b - My}}.     (6.26) 
MERKxK                           M~.RKxK 

The matrix RA2R q- o-2R is nonnegative definite. Therefore the trace of the 

second term in the right side of (6.24) is always nonnegative. We conclude 

that the matrix 1~I defined in (6.25) achieves the minimum sum of mean- 

square errors (6.26): 

mitt E[llb - Myll2] = trace {[I + cr-2ARA]-I}. (6.27) 
M~RKxK 

According to (6.25) the MMSE linear detector outputs the following 

decisions: 

b~= sgn (~-7 ([R + ~r 2A-2]-ly)~) 

= sgn(([R + ~r2A-2]-ly)k). (6.28) 

Therefore, the MMSE linear detector (Figure 6.3) replaces the transforma- 
tion R-I of the decorrelating detector by 

[R + ff2A-2]-l, 

where 

a2A-2 = diag ..... A~: " 

Note that we have not required R to be nonsingular. Note also that the depen- 

dence of the MMSE detector on the received amplitudes is only through the 

signal-to-noise ratios Ak/a. The derivation of the MMSE linear multiuser 
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FIGURE 6.3. 

MMSE linear 
detector for the 
synchronous 
channel. SyncK 

detector assumed a great deal less than the basic CDMA model. We did 

not need to assume that the background noise is Gaussian. Furthermore, in 

order to reach the solution (6.25) we did not use the fact that the transmitted 
bits are binary valued; we only required that (a) they be uncorrelated from 

user to user and (b) E[b~] = 1. The latter restriction is easily dropped by 

absorbing a factor E[b~] into A~. 

Another formulation of the MMSE problem, which will be useful in 

Chapter 7, substitutes (6.16) by 

min E[IIAb - MyllZ]. (6.29) 
MERKxK 

This is equivalent to trying to replicate Akb~ (instead of b~) at the output 

of the linear transformation. But A~ is assumed known, so it should not be 
surprising that the solution to the optimization problem in (6.29) is given by 

M* = [R + o-2A-2]-1, (6.30) 

which leads to the same detector as before (6.28), and is obtained following 

the approach used to solve (6.16). 

In the two-user case we have (Figure 6.4) 

[R+a2A_2]_I:[(I+~lZ)(I+~)_p2] 1_+;] 1+~ " 

(6.31) 

As we know, the single-user matched filter receiver is optimized to fight 

the background white noise exclusively, whereas the decorrelating detector 
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y(t) 

s~(t) 

Sz(t) 

YI 

FIGURE 6.4. 

MMSE linear 
receiver for two 
synchronous 
users. 

eliminates the multiuser interference disregarding the background noise. In 

contrast, the MMSE linear detector can be seen as a compromise solution 

that takes into account the relative importance of each interfering user and 

the background noise. In fact both the conventional receiver and the decor- 

relating receiver are limiting cases of the MMSE linear detector. If we hold 

A1 fixed and let A2 ..... At: --~ 0, then the first row of [R + 0-2A-2]-1 

tends to 

A~ +a2,0 ..... 0 , 

which correspbnds to the matched filter for user 1. As a grows, [R + 

aZA-2]-1 becomes a strongly diagonal matrix, and the MMSE detector 

approaches the conventional detector as 

If we hold all the amplitudes fixed and let o- --~ 0, then 

[R + o’2A-2]-1 -~ R-1. (6.32) 

Therefore, as the signal-to-noise ratios go to infinity, the MMSE linear 

detector converges to the decorrelating detector. This fact implies that the 

MMSE linear detector has the same asymptotic efficiency and near-far 

resistance as the decorrelating detector. In particular, the MMSE linear 

detector also achieves optimum near-far resistance. 

In the asynchronous case, the MMSE linear detector is a K-input, K- 

output, linear, time-invariant filter with transfer function 

[RT[1]Z + R[0] + a2A-2 + R[1]Z-1]-1. (6.33) 

The simplest way to verify this is to notice that parallel to the asynchronous 

decorrelating detector, (6.33) is the limiting form of the inverse of the equiv- 

alent crosscorrelation matrix that we would obtain in a case with finite frame 
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length: 

-R[0] + o’2A-2 

RIll 

0 

0 

Rr[1] 0 --- 

R[0] + a2A-2 RT[1] ... 

R[1] : : 

: ¯ .. R[0] + a2A-2 

0 --. R[1] 

0 

0 

RT[1] 

R[0] + o-2A-2 

(6.34) 

In contrast to the decorrelating detector, the inverse in (6.33) always 

exists because the matrix therein is the sum of a nonnegative definite ma- 

trix and the diagonal positive definite matrix o’2A-2. We interpreted the 

asynchronous decorrelating detector as a cascade of a linear structure that 

combines matched filter outputs so as to eliminate multiuser interference 

followed by a zero-forcing equalizer that eliminates single-user intersymbol 

interference. The situation is somewhat different for the MMSE detector. In 

this case, the combination of matched filter outputs does not quite cancel all 

the multiuser interference, and the single-user filter does not act as a zero- 

forcing equalizer (nor as an MMSE equalizer for the single-user sequence). 

The truncated-window strategy followed in Section 5.3 can also be ap- 

plied to the MMSE linear multiu~er detector with straightforward modifica- 

tions. This observation turns out to be important in the adaptive implementa- 

tions of the MMSE multiuser detector to be discussed in Sections 6.4 and 6.6. 

Returning now to the synchronous case, an alternative representation for 

the MMSE linear detector (which will be useful in later Sections) can be 

obtained using the discrete-time model introduced in (2.96) in which the 

observables are projections along a basis of orthonormal signals: 

K 

r = ~ AkbkSk + ~rm, 
k=l 

(6.35) 

where m is an L-dimensional Gaussian vector with independent unit- 

variance components. Considering user 1 as the user of interest, the vector 

v that minimizes 

E[(bl - vTr)2] 

must force the gradient to the zero-vector, that is, 

E[b~r - rrrv] = 0. (6.36) 

To compute the left side of (6.36) we note that 

E[blr] = AlSl, 
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and 

K 
2 T 

E[rrr] = ff2I fl- Z AkSI:Sk" 
k=l 

Therefore, the solution to (6.36) is given by the vector 

v* = E[rrr]-~E[bar] 

= A1 ~r2I + Agsksk    s1. 

(6.37) 

(6.38) 

(6.39) 

This is the MMSE linear transformation in the space of (2.97), which we 

refer to as the Wiener characterization of the linear MMSE detector. The 

minimum mean-square error achievable with a linear transformation is 

El(b1 - rrv*)2] = 1 - (E[blr])r(E[rrT])-lE[blr] 

= 1 - A~s~E[rr~’]-lSl 

= 1 - A~s o’2I + Aksks~    s1. 
k=l 

Let us denote the covariance matrix of the interference by 

~] def ~r2i q- ~ 2 T : AkSkSk , 

k=2 

(6.40) 

(6.41) 

where notice that we are excluding user 1 from the sum. Using ~2-i, we can 

obtain (Problem 6.11) alternative expressions for the MMSE transformation 

(6.39) and the minimum mean-square error (6.40): 

V* = 
A1 ~..]_ 1Sl, 

(6.42) 
1 q- A~s1T~]-Is1 

and 

El(b1 - rrv*)2] = 
1 

1 + A~Srl~-xsl" 
(6.43) 

Furthermore, recall that v* achieves the maximum output signal-to-inter- 

ference ratio of any linear transformation, which thanks to (6.42) and (6.43) 

can be expressed as 

SlY1 = E[ (Albls1Tv*)2] 

E[ ((r~ - AlblS1T)v*)2] 

1 

E[(bl - rrv*)2] 

=-A12s~’y]-ls1. (6.44) 
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6.3 PERFORMANCE OF MMSE LINEAR 
MULTIUSER DETECTION 

Since the MMSE detector converges to the decorrelating detector 

as o- -~ 0 its asymptotic multiuser efficiency and near-far resistance are 

identical to those of the decorrelator: 

1 

Rkk 

in the synchronous case, and 

-jw + 

)-1 

[Rr[1]ej~ + R[0] + R[1]e ]kk do) (6.45) 

in the asynchronous case. 

In high signal-to-noise ratio channels with linearly independent signature 
waveforms, it would not seem judicious to incur the extra complexity of 

having to incorporate the received signal-to-noise ratios, only to attain a 

very small performance improvement over the decorrelating detector. As 

we discuss in Section 6.4, the chief advantage of the MMSE detector is the 

ease with which it can be implemented adaptively. 

Because the linear MMSE deteetor does not tune out the interfering 

users, the analysis of its bit-error-rate is not as straightforward as that of the 

decorrelator. As in the case of the single-user matched filter (Section 3.4.1), 

the decision statistic (conditioned on the bit of interest) is not Gaussian but 
the sum of a Gaussian random variable (due to the background noise) and 

a binomial random variable (due to the multiaccess interference). In the 

synchronous case, the first component of the output of the linear MMSE 

transformation in (6.30) can be written as 

(M*y)I = ([R + o’2A-2]-1y)l =- B1 bl + /~kbk + crhl 

with 

Bk 

B~ = A~(M*R)I~, 

(6.46) 

~1 ~ J~(0, (M*R.~"I*)ll). 

The leakage coefficient fl~ quantifies the contribution of the kth interferer 

to the decision statistic, relative to the contribution of the desired user. The 
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FIGURE 6.5. 
Bit-error-rate with 
two users and 
crosscorrelation 
p =0.8: 
(a) single-user 
matched filter; 
(b) decorrelator; 
(c) MMSE; 
(d) minimum 
(upper bound); 
(e) minimum 
(lower bound). 

probability of error readily follows: 

P~’(o’) = f-,v 
~ 

b2 ..... bt~E{--1,1}K-I 

Q 
At. (M*R)I~ 

1 + ~-~/~kbk ¯ 
O" ~/(M*RM*) 11 

k=2 

(6.47) 

Figure 6.5 evaluates (6.47) in the special case of two users with crosscor- 

relation equal to 0.8. The signal-to-noise ratio of the desired user is equal 

to 10 dB. The probability of error is shown as a function of the near-far 

ratio A2/A1 and it is compared to the probability of error of the single- 

user matched filter, the decorrelating detector, and the optimum multiuser 

detector. Note that for sufficiently low interferer power, the MMSE prob- 

ability of error is better than that of the decorrelating detector, and even 

better than the upper bound to the minimum probability of error found in 

(4.61). For relatively high-power interferers, the MMSE detector, while far 

from achieving the single-user bit-error-rate (which is essentially achiev- 

able by the optimum detector), performs quite similarly to the decorrelator 

and much better than the single-user matched filter. 

To evaluate (6.47) we face the same difficulty we encountered with (3.90): 

an exponential (in K) number of terms. This computational burden is exacer- 

bated by the need to compute the leakage coefficients. However, in contrast 

to the behavior of the single-user matched filter, the error probability P~’ can 
be generally accurately approximated by replacing the multiaccess interfer- 
ence by a Gaussian random variable with identical variance: Q(SV~-~), 
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where SIR~ is given in (6.44). Equivalently, we can use (3.66), 

E[Q(lz+XX)]= Q(-I~)’ 
where X is unit normal, and 

A1 (M*R)11 

O" ~/(M*RM*)I1 

and 

k=2 

(6.48) 

The accuracy of this approximation has been supported by several an- 

alytical results in Poor and Verdfi [338]. On an intuitive basis, the small 

deviation from normality of the decision statistic can be seen by analyz- 

ing the asymptotic cases a --~ 0 and a -~ c~ first. As o- --~ 0 the MMSE 

detector approaches the decorrelator, and, thus, the leakage coefficients 

vanish; as a --~ cxz, the background-noise contribution at the output of the 

linear transformation dominates the multiaccess interference. In either case, 

the decision statistic is asymptotically Gaussian. For finite nonzero a, the 

maximization of signal-to-interference ratio dictates negligible leakage co- 

efficients unless the background noise is relatively powerful. Representative 

numerical results are shown in Figure 6.6, which plots the bit-error-rates 

FI(~URI: 6.6. 

Bit-error-rate with 
eight equal-power 
users and 
identical 
crosscorrelations 
pkt = 0.1. 

10-2 

10-2.5 

10-3 

10-3.5 

10-4 

10-4.5 

10-5 

10-5 .5 

Single-user Matched Filter 

Single-user 
Matched Filter 
Exact 
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Signal-to-Noise Ratio (dB) 
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achieved by the single-user detector and by the linear MMSE detector in 

the case of eight synchronous users with identical crosscorrelations (equal 

to 0.1) and perfect power control (Problem 6.32). The Gaussian approxima- 

tions are shown in both cases; whereas for the matched filter, the approxi- 

mation is only accurate for very low signal-to-noise ratios, for the MMSE 

detector both curves are indistinguishable. Note also the large gap in per- 

formance between the MMSE detector and the single-user matched filter 

(ranging from about 4 dB to 8 dB for the signal-to-noise ratios shown in 

Figure 6.6). 

Based on numerical and analytical evidence (cf. Problem 6.31), Poor 

and Verd6 [338] conjectured that the bit-error-rate of the MMSE detector 

is better than that of the decorrelator for all levels of background Gaussian 

noise, number of users, and crosscorrelation matrices. 

We now turn our attention to the analysis of minimum mean-square error 

when using random binary-valued signatur~e sequences. According to the 

solution found in (6.27), if all the users have equal power, then the minimum 

mean-square error for the kth user is the kth diagonal element of the matrix 

I + A2 q --1 

Averaging the minimum mean-square error with respect to the signature 

waveforms we obtain 

E[ rr~f~n E[(b~ - (ck, Y))2]] 

If the ratio of the number of users to the spreading gain is, or converges to, 

a constant: 

K 
lim -- =/~ e (0, +o~), 

K--~ o~ N 

then we can compute the limit as K --~ ~x~ of (6.49) using the result in 
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Proposition 2. l: 

lim E = - f~(x) dx 
r-~ 1 + ~k(R) 1 + ~x 

(6.50) 

1 o-2 (A2 /3) (6.51) -- 1 4/3 ~5~ ~--~, 

with 

2 

(6.52) 

The density in (6.50) is defined in (2.28). The explicit expression (6.51) for 

the definite integral can be verified in Gradshteyn and Ryzhik [125]. Note 

that the result in (6.51) holds regardless of whether K is greater or smaller 

than N. It can be checked that as the individual signal-to-noise ratio and 

the number of users grow without bound the averaged mean-square error 

behaves as 

lim E[min E[(b~, - (ck, y))2]] = 

I ~2__ z~2~ iffl < 1" ~ ~ ± o(~), , 
o" o"2 ~ ÷ o(2~), if/3 = 1;. 

O-2 

1-/3-1+O(~), if!3>l, 
(6.53) 

where the outer expectation is with respect to the signature waveforms and 

the inner expectation is with respect to noise and data. In parallel with 

the mean-square convergence result we showed for the optimum near-far 

resistance in (4.111), we will show that the minimum mean-square error 

with random binary sequences converges to the right side of (6.51): 

1 o-2 
lim min E[(b~ - (ck, y))~] = 1 4/3 ~5c 

K --> o~ ck 

where the expectation is with respect to the noise and transmitted data but 

not with respect to the choice of signature sequences. Since the minimum 

mean-square error is upper bounded by 1, it is enough (cf. (4.113)) to show 

the asymptotic identity: 

t¢-~ min~ E[(b~ - (c~, y))~] 

1 
= lim                           (6.54) 

K~ E[min~ E[(b~, - (ck, y))Z]]" 

For that purpose, we use (6.41) and (6.44) to write the average signal-to- 
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interference ratio as 

rvdnc, E[(b1 - (cl, y))2] - 1 

= 
As N 

~-- "~- Z E 

n=l 

A2 
= -- E[trace(~-l)] 

N 

A2 F~ 1 

N )~n (~) n=l 

(6.55) 

(6.56) 

where (6.55) follows by taking the expectation with respect to s~ because 

its components are uncorrelated and have zero mean and variance equal to 

1IN. To take the limit as K --~ ¢x~ of (6.56) we make use of the result in 

Problem 2.48: 

fl/~(x) dx 
K~ 0.2 q_ A2fl~.l (~ Zff=2 SkS 0"2 q- A2flx 

(6.57) 

Having obtained the average signal-to-interference ratio in (6.57) we just 

need to check that 

1 4fl-~.U -~,~ = 1 + 0"2 ~ LTg’fl)" 

But this is equivalent to checking that the parabola 

AS 

) 
A4 

z2-4 l+~-(l+fl) z+16fl~--~ 

(6.58) 

has a root at 

(A~) 
z =~- ,fl ¯ 
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Thus, the proof of (6.54) is now complete. Since the signal-to-interference 

ratio achieved by the MMSE detector is upper bounded (by A2/0-2), the 

foregoing reasoning shows that the signal-to-interference ratio converges in 

mean-square sense: 

2 
def AMMSE 

-- 0-2 (6.60) 

Using (6.60) we can solve (Problem 6.19) for the f! required to achieve any 

AMMSE < A: 

0-2 )( A2MMS~S ~ 
-~ 1 (6.61) 
AMMSE ~-~ ’.]" 

From (6.61) it can be verified that the asymptotic output signal-to-noise 

ratio 2 2 AMMSE/0- Of the MMSE linear filter satisfies the equation 

2 A2 
AMMS~. = 

0-2 0.2 ~_ ~ ~ " 

~+"~-:~ 

(6.62) 

It is interesting to compare (6.62) ,with the corresponding expression for the 

single-user matched filter (3.184): 

A2 

a2 + flA2" 

In the case of the single-user matched filter, every interferer contributes 

an interfering power equal to its power divided by the spreading gain N, 

whereas in MMSE processing that interfering power is further reduced by 

a factor equal to 

1 

1 + -a’~s~ 

Figure 6.7 shows the probability of error of the MMSE detector and 

the single-user matched filter with K = 100 and eighteen different real- 

izations of randomly chosen direct-sequence signature waveforms with 

N= 1,000. As we mentioned in Section 3.4.1, the bit-error-rate of the 
single-user matched filter converges for any signal-to-noise ratio as K --~ cxz 

while K/N is kept constant. However, this convergence may be very slow, 

as illustrated in Figure 6.7, where despite the large number of users in this 

channel, the performance variability of the single-user matched filter is very 

305 
Samsung Ex. 1007, Page 326 of 470



CHAPTER 6. NONDECORRELATING LINEAR MULTIUSER DETECTION 
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FIGURE 6.7. 
Bit-error-rate with 
100 equal-power 
users and random 
direct sequence 
signatures with 
N= 1,000. 

noticeable. The infinite-user limit shown in Figure 6.7 is the fight side of 

Equation (3.94). The bit-error-rates of the single-user matched filter and 

MMSE receiver in Figure 6.7 are evaluated via (3.69). For the parame- 

ters considered in this figure, the performance of the MMSE receiver.is 

insensitive with respect to the actual realization of random signatures and 

is indistinguishable from the infinite-user limit: 

(~A2 1 (A2 )) 

6.4 ADAPTIVE MMSE LINEAR 
MULTIUSER DETECTION 

The structure of linear multiuser detectors (such as the decorre- 
lating detector and the MMSE detector) is attractive because they can be 

implemented in decentralized, fashion with what amounts to a modified 

matched filter. However, this modified matched filter depends on the signal 

crosscorrelations (and on the received signal-to-noise ratios in the case of 

the MMSE detector), and the computation of its impulse response involves 

matrix inversion. Although there are ways to speed up such a computation 
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(for example in the decorrelating detector, Gram-Schmidt orthogonaliza- 

tion can be used), it is of interest to examine ways in which it could be 

avoided altogether. It is particularly important to eliminate the need to com- 

pute the linear detector impulse response in asynchronous channels where 

crosscorrelations are time varying and in channels with time-varying re- 

ceived powers (in the case of the MMSE linear multiuser detector). It would 

be very desirable to obtain a linear multiuser detector that would not only 

eliminate the need for on-line computation of its impulse response, but it 

would also eliminate the need to know the crosscorrelations, or in general, 

the signature waveforms of the interfering users. We will show how that 

goal can be accomplished with an adaptive implementation of the MMSE 

linear detector, which "learns" the desired filter impulse response from the 

received waveform, provided that the data of the desired user is known to 

the receiver. This last requirement may seem like too much to ask since 

after all, the data are what we are after. In practice it requires the trans- 

mission of a training sequence (i.e., a string of data known to the receiver) 

prior to the transmission of actual data. The receiver uses an adaptive law 

to adjust its linear transformation while the training sequence is being sent. 

If the crosscorrelations and amplitudes vary over time, training sequences 

can be sent periodically to readjust the receiver. In p~actice, it is common 

to perform fine adjustment of the linear transformation (once the adaptive 

algorithm has converged and the transmission of the training sequence is 

over) by letting the adaptive algorithm run with the decisions made by the 

detector in lieu of the true transmitted data. This type of operation is usually 

referred to as decision-directed. 

To justify the adaptive law for the MMSE linear detector, we will first 

review the elements of gradient descent stochastic optimization. Suppose 

that we wish to find the (multidimensional) parameter 0* that minimizes 

the following function: 

¯ (0) = E[g(X, 0)] (6.63) 

where X is a random variable. If the function ~ is convex, then starting at 

any initial condition 00, it would be possible to converge to the minimum of 

q~ by following the direction of steepest descent (i.e., the opposite direction 

to the gradient Vq0: 

O j+1 = Oj -- (6.64) 

If the step size is arbitrarily small, then eventually Oj will be as close as 

desired to O* (in practice, the step size can be progressively shrunk as the 

algorithm converges). Other than using the convexity of ¯ we have not yet 
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invoked the structure in (6.63), according to which we need to know the 

probability distribution of X in order to compute the gradient. But what if the 

distribution of X is not known? Then, we cannot compute the expectation 

in (6.63) and neither the cost function ~ nor its gradient are known. So 

it is not possible to implement (6.64) if the distribution of X is unknown. 

Instead, let us assume that the optimization algorithm is allowed to observe 

an independent sequence {X1, X2 .... ) where each of the random variables 

has the same distribution as X. From this sequence we could estimate the 

distribution of X and compute an approximation to V~. However, a more 

direct approach can be devised. At each step of the algorithm, we could 

replace the unknown 

V~(0j) = Egg(X, 

by i~s "noisy" version, Vg(Xj+I, O j): 

Oj+1 = Oj -- Izgg(Xj+l, Oj). (6.65) 

The rationale for (6.65) is that even though the negative gradient in (6.65) 

does not point in the tree direction of steepest descent, its average does 

indeed point in that direction at each step in the algorithm because 

_ E[Vg(Xy, Oy)] = E[Vg(X, O j)] = Vko(Oj). 

According to the law of large numbers, if the step size is infinitesimal 

then deviations from the average will tend to cancel, and the trajectory 

of the algorithm will track very closely the lines of steepest descent of 

¯ . This algorithm is known as stochastic gradient descent or stochastic 

approximation.~ In the special case of a quadratic-error cost function g, 

stochastic approximation is also known as the LMS (least-mean-square) al- 

gorithm. We motivated (6.65) as a method of computing the minimum of 

(6.63) when the distribution of the random variable X therein is unknown but 

a sequence of independent identically distributed realizations of X is avail- 

able. In practice, it may be computationally advantageous to use the simple 

stochastic approximation algorithm in (6.65) to compute the minimum of 

¯ even when the distribution of X is known. Moreover, if the stationary 

sequence of realizations of X is dependent, we can confidently use the 

stochastic approximation algorithm as long as the sequence is ergodic, and 

the time average of the "noisy" gradients converges to its expectation. 

The term stochastic approximation is usually reserved for versions of stochasti~ gra- 

dient descent where the step size-is progres_sively decreased. 
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In practice, the penalty for making/x exceedingly small is very slow 

convergence to the vicinity of the solution 0*; larger values of/x accelerate 

convergence but introduce larger steady-state fluctuations around 0". To 

overcome these shortcomings, the step size can be shrunk as the algorithm 

progresses. 

Let us now apply the foregoing general framework to the derivation 

of an adaptive MMSE linear detector. We will do so in the synchronous 

setting and then we will briefly address the asynchronous case. As we saw 

in Section 6.2, the MMSE linear detector for user 1 correlates the received 

waveform with the signal ca that minimizes 

E[(b1 _ 
(C1, y))2], (6.66) 

The minimization of (6.66) fits the above stochastic approximation frame- 

work with 

g(X, c1) = (b~ - (cl, y))2, (6.67) 

where X represents the received waveform y and the bit bl. It is immediate 

to .check that (6.66) is a strictly convex function in O. The independent 

identically distributed observations used in the stochastic approximation 

algorithm are 

where 

Xj = (b~[j], y[j]), (6.68) 

K 

y[j](t) = ZAibi[j]si(t - jT) + n(t), t E [jT, jT q- T]. (6.69) 
i=1 

Hence all we need to do to specify the gradient descent algorithm (6.65) is 

to obtain the gradient of (b1 - (Cl, y))2 with respect to c~, which is equal to 

2((Cl, y)-bl)y. (6.70) 

We conclude that the adaptive algorithm is 

cl[j] = Q[j -- 1] -/~ ((cl[j - 1], y[j]) - b~[j])y[j]. (6.71) 

Therefore, the update of the impulse response is equal to the received wave- 

form scaled by the error between the known data and the filter output. 

The solution to which the adaptation law in (6.71) converges (with ad- 

equately decreasing step size) is the MMSE linear detector for user 1. 

Consequently, it depends on all the received signal-to-noise ratios and 
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signature waveforms. However, the algorithm requires no a priori knowl- 

edge of the signature waveforms (not even that of the desired user) nor 

of the received signal-to-noise ratios. Besides the need for the training 

sequence of the desired user, the only underlying requirement of the al- 

gorithm is that it has acquired bit-epoch synchronism with the desired 

user. Why does it converge to the desired user’s MMSE detector, rather 

than to another user’s detector (e.g., the strongest one)? Because the al- 

gorithm is governed by the data (training sequence) of the desired user. 

Another noteworthy aspect of the derivation of the adaptive MMSE detec- 

tor is that it did not have to take into account the structure of the interference 

in (6.69), namely white Gaussian noise plus linearly modulated signature 

waveforms. The adaptive linear transformation self-tunes to exploit such a 

structure. 

As we have seen, other than to initialize the algorithm, the adaptive 

MMSE linear detector does not use knowledge of the signature waveform 

of the desired user. A different adaptive strategy is discussed in Section 6.6 

that makes effective use of the signature waveform of the desired user. 

Even though the signals (cl [j], y[j]) in (6.71) are continuous-time sig- 

nals of duration T, practical implementation of the adaptive law will ordinar- 

ily be carried out with finite-dimensional vectors. If the signature waveforms 

of all the users are known, then the dimensionality of the adaptive vector 

need not be larger than K. Although this knowledge may be realistic in some 

situations, it is important to capitalize on a major advantage of the adaptive 

linear MMSE detector: no signature waveforms need be known before- 

hand. Fortunately, any finite-dimensional basis known to span all received 

signature waveforms will serve the purpose of implementing a linear finite- 

dimensional adaptive algorithm. For example, in a synchronous CDMA 

channel with direct-sequence spread-spectrum waveforms with identical 

chip waveforms, no optimality is lost (cf. Section 2.9) by working with the 

discrete-time outputs of chip matched filters, in which case, the algorithm in 

(6.71) would operate with vectors whose dimension is equal to the number 

of chips per bit. For approximately band-limited chip waveforms, sampling 

at the Nyquist rate provides sufficient statistics for (synchronous and) asyn- 

chronous channels.2 In either case, the sequence of received vectors obeys 

the model (el. (2.97)) 

r[n] = SAb[n] + am[n]. (6.72) 

2 Nyquist sampling sidesteps the need for the receiver to acquire synchronism with 
asynchronous interferers. 
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Now, the finite-dimensional version of the adaptive algorithm in (6.71) 
is 

vi[n] = vl[n -- 1] -/z (VlT[n -- 1]r[n] -- bl[n]) r[n]. (6.73) 

We can prove that the algorithm in (6.73) is globally convergent3 when/~ 

decreases suitably. This convergent behavior is a consequence of the fol- 

lowing general result, which puts the foregoing intuitive ideas on stochastic 

approximation on a sound footing. 

Consider the convex penalty function 

~(v) = E[(u - vrw)2], (6.74) 

where u is a random scalar and w is a random L-dimensional vector. The 

minimization of (6.74) results in the linear MMSE estimate of u based on 

the observation of w. As in (6.39), the argument that minimizes (6.74) is 

v* = E [wwT]-1E [uw]. (6.75) 

If realizations of (u, w) are available, then an alternative to computing the 

fight-hand side of (6.75) is to use stochastic approximation. In this case, 

convergence of the algorithm is fully justified by the following result: - 

Proposition 6.1 (Gyorfi [130]) Consider the recursion 

v[n] = v[n - i] - -1 (vT[n -- 1]w[n] -- u[n])w[n], (6.76) 
n 

where v[n], w[n] are L-dimensional vectors and u [n] are scalars that satisfy 

the following conditions: 

(a) {w[n], u[n]} is a stationary ergodic sequence. 

(b) E[w[1]w[1]r] is invertible.4 

(c) E[l[w[1]l[4] < cxz. 

(d) E[u2[1]] < cx~. 

Then, for any v[0], 

lim v[n] = E[w[1]w[1]r]-lE [u[1]w[1]] almost surely. (6.77) 

An adaptive algorithm is globally convergent if it converges to the desired solution 
regardless of the initialization. 
Because of the stationarity assumed in (a), conditions (b), (c), and (d) apply automat- 
ically to win] and u[n]. 
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Now (6.73) can be seen as a special case of (6.76) with 

u In] = bl [n], (6.78) 

win] = r[n]. (6.79) 

As long as the training sequence is independent identically distributed, 

the process {w[n], u[n]} is independent identically distributed in the syn- 

chronous case and the sufficient condition (a) in Proposition 6.1 is satisfied. 

Condition (b) is satisfied as can be seen from (6.39). Condition (c) is satis- 
fied because all moments of the norm of a Gaussian random vector are finite. 
Condition (d) is obviously satisfied because u2[n] = 1. Assuming that all 

K training sequences are mutually independent (cf. Problem 6.35) the right 

side of (6.77) becomes the Wiener characterization of the MMSE linear 
multiuser detector upon substitution of (6.78) and (6.79). Thus, Proposi- 

tion 6.1 shows that the adaptive MMSE algorithm (with ~Ln ~ ¼) converges 
regardless of the initialization to the desired solution. 

In practical implementations in nonstationary environments, a nonzero 

lower bound must be imposed on /zn so as to be able to track channel 

variations. We turn to a brief examination of the factors that affect the speed 

of convergence to steady state of the adaptive law in (6.73) in the case of a 

fixed step size/z. As we have seen in (6.39), the MMSE filter corresponds to 

v~ -: E[rrr]-I E[blr]. (6.80) 

The expected error between the adaptive filter and the desired solution fol- 

lows the evolution: 

E[Vl[n]- v~] ---- E[Vl[n - 1]- v~]-/x E[r[n]rr[n]v1[n- 1]] 

+/zE[rrr]v~ 

= [I- IzE[rrr]]E[v~[n - 1] - v~], (6.81) 

where (6.81) follows because vl[n - 1] depends on observations 

r[O] ..... r[n;- 1] 

but is uncorrelated with r[n]. The error vector is seen to obey a simple 
linear equation (6.8!), which is easily solvable using matrix exponentials. 

Rather than doing that, we can get a feel for the speed of decay of the av- 

erage error by choosing a different basis for the linear transformation. Let 

us orthogonalize the symmetric matrix in the right side of (6.81): 

Qu de__f [I --/zE[rrr]] = GTAG, 

where G is an orthonormal matrix, GGT = I, and A is a diagonal matrix 
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containing the eigenvalues of Qu. Then (6.81) is equivalent to 

GE[vI[n] - v~] = AGE[vl[n - 1] - v~]. 

This means that each component of the expected error vector rotated by 

G evolves autonomously with a decay factor equal to its corresponding 

eigenvalue: 

al,j [n] = (1 -/~o-2 -/~)‘j)nal,~ [0], (6.82) 

where 

al[n] = (aLl[n] ..... aLL[n]) 

= GE[v~[n -- 1] -- v~], 

and )‘~ denotes the jth eigenvalue of 

K 

Aksl~s~ . 

k=l 

The geometric decay rate of (6.82) is 

I1 -/~0"2 --/z)‘jl, 

which is stable (i.e., less than 1) if and only if 

2 
0 

< /,£ < 0.2 ...1_)‘j 

It follows that stability of (6.73) dictates a step size smaller than 

2 
/-/’max 

-- 0"2 _.1_ )‘max’ 

where ),max is the maximum eigenvalue of Eff=l 2 T AkSkSk. Within that con- 

straint, the speed of convergence is maximized by choosing the step size that 

maximizes the minimum of the decay rates (Problem 6.36). Regardless of 

the choice of/z the speed of convergence is the same for all users, although 

the steady-state mean-square error need not be the same for different users. 

In adaptive filtering there are well-known ways to speed up convergence 

based on recursive least-squares (Problem 6.46) and other techniques. 

The approach we have followed so far in this section has to be mod- 

ified only slightly to deal with the asynchronous channel. If we take the 

one-shot approach of Section 5.3, the foregoing algorithm holds verbatim. 

The adaptive algorithm (6.66) will converge to the one-shot version of the 

MMSE linear detector. The adaptive receiver needs to know the data of 

the desired user and needs to synchronize to its bit epochs (not to those of 

other interferers). The near-far resistance of the resulting one-shot MMSE 
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linear detector is the same as the one-shot decorrelating detector, which is 

not as good as that of the asynchronous decorrelating detector. In order to 

improve the performance of the MMSE linear detector, we need to lengthen 

the observation interval to a truncated window that spans more than one bit 

period. This implies that the inner product in the penalty function (6.66) 

must now be taken over the whole truncated window. This has no effect 

on the convexity of the function, and the desired MMSE linear detector is 

the unique local minimum of this function. The derivation of the adaptive 

gradient descent algorithm is the same as before with the only change be- 

ing that the linear transformation being adapted and the observed vector 

now span the whole window of observation. Note that in the asynchronous 

case {w[n], u[n]} is not an independent sequence even if the training se- 

quence is independent identically distributed because of the overlapping 

of interfering waveforms in consecutive windows. However, {w[n], u In]} 

is stationary and Gaussian, and hence ergodic, which is enough to invoke 

Proposition 6.1. Nonetheless, the evolution of the expected error in (6.81) 

does not hold in the asynchronous case because of the dependence of the 

observations in adjacent blocks. 

Naturally, convergence to the MMSE solution hinges on the received 

amplitudes and crosscorrelations being constant. When these parameters 

are slowly varying (relative to the speed of convergence of the algorithm) 

then it is still possible to track those variations with the adaptive algorithm 

driven either by a training sequence or in decision-directed mode. However, 

if there is a sudden change in the CDMA channel such as a strong interferer 

suddenly being powered on, the decision-directed algorithm will start using 

unreliable decisions in lieu of the true data and may not converge. It may 

become necessary that the receiver be able to detect those sudden channel 

changes and request the desired user to interrupt its transmission in order 

to send a training sequence. Thus, reliance on training sequences is more 

cumbersome and disruptive in CDMA channels than in single-user channels. 

It is therefore of considerable interest to study adaptive multiuser detectors 

that operate in blind mode (i.e., without the need to know the data). Before 

we do this in Section 6.6, we need to introduce a general representation of 

linear multiuser detectors. 

6.5 CANONICAL REPRESENTATION OF LINEAR 
MULTIUSER DETECTORS 

In this section we show a property of the MMSE linear multiuser 

detector that turns out to be pivotal in the derivation of a blind adaptive 

314 Samsung Ex. 1007, Page 335 of 470



6.5 CANONICAL REPRESENTATION 

algorithm in Section 6.6. To show this property we will introduce a canonical 

representation for any linear multiuser detector. 

A linear multiuser detector for user 1 is characterized by a waveform ca, 

such that 

61 = sgn((y, ca)). (6.83) 

Although the representation we derive in this section holds for both synchro- 

nous and asynchronous channels, it is helpful to focus on the synchronous 

case, in which all the signals have duration T. Let us introduce the following 

canonical representation for ca: 

cl = Sa ÷ xl, (6.84) 

where xx is such that 

(S1, Xl) = O. (6.85) 

The representation in (6.84) and (6.85) is canonical in that every linear 

multiuser detector for user 1 can be expressed in that form. This is because 

the set of signals ci that can be written as in (6.84)and (6.85) are those that 

satisfy 

(S1, el) = I[Sl][2 = 1, (6.86) 

and the decision in (6.83) is invariant to positive scaling; thus, the only 

linear transformations ruled out by (6.86) are the signals ci orthogonal to 

Sl, which may as well be ruled out since they result in error probability 

equal to 1/2. 

Thanks to the canonical linear transformation, every linear transforma- 

tion for multiuser detection is characterized by its corresponding orthogonal 

signal xa. Given a desired (up to a scale factor) linear transformation da, the 

orthogonal component to sa is given by 

1 

Xl -- (S1, dl~ d~ - sa. 
(6.87) 

The linear transformation outputs 

K 

(y, sa + xi) = Albl ÷ Z Akbk (Plk ÷ (Sk, Xl)) ÷ 

k=2 

(6.88) 

where the variance.of h1 is 1 ÷ I1Xl II2. The energy of the component or- 

thogonal to Sl in an arbitrary linear transformation (relative to the energy 

in the direction of Sl) is called the surplus energy. So, for a linear transfor- 

mation in canonical form s~ ÷ Xl, the surplus energy is IiXl I[2. The linear 

transformation with zero surplus energy is the single-user matched filter. 
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Using (6.88) it is readily shown (Problem 6.24) that the asymptotic mul- 

fiuser efficiency and signal-to-interference ratio achieved by (6.84) are given 

by 

max2 [0, 1 - EkK__2 A~IP’k + (s,, 
/~1 = (6.89) 

1 + IIxlll2 

and 

SIR~= 
E[((A1blst, sl + xt))2] 

K (6.90) 
E[((o’n ÷ y~:2A~b~sl~,Sl ÷ Xl))2] 

K                       (6.91) 
a2(1 ÷ IlXl II2) ÷ ~=2 A~ (Pt~ ÷ (sk, x~))2" 

Before we investigate the properties of the canonical representation of the 
linear MMSE detector let us consider the canonical representation, Sl ÷ Xld, 

of the decorrelating detector. In such case, in addition to being orthogonal 

to st, x~ mustsatisfy 

(s~, x~d) = -Pt~ (6.92) 

as a result of the decorrelating property. Substituting (6.92) into (6.89) we 

see that the surplus energy of the decorrelator satisfies 

1 

1 + Ilxlll2 
(6.93) 

Thus, the closer 01d is to 0, the larger the surplus energy necessary to tune 

out the interference. This is illustrated in Figure 6.8 (cf. Figure 5.11) where 

FIGURE 6.8. 
Decorrelating 
detector in. 
canonical form. 
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(using Ilslll = 1) it is apparent that 

COS2 O/ ~ ~k, 

(1 + [Ixgd II2) cos2  : 1. 

Regarding the canonical representation of the MMSE linear detector, it 

is easy to show using the Wiener form (6.39) and (6.87) that its orthogonal 

component is 

E[rrr]-lsl 
x~ = s~E[rrr]_lSl Sl. (6.94) 

Although not apparent from (6.94) the orthogonal component of the MMSE 

linear transformation satisfies a useful property, which we discuss next. We 

verified in (6.13) that the MMSE linear transformation is the one that max- 

imizes the output signal-to-interference ratio. So we need to choose xl that 

maximizes (6.91). From (6.88) we see that the choice of Xl does not af- 

fect the desired-signal component at the output of the linear transformation. 

That is why the numerator in (6.91) does not depend on xl. This is a trivial, 

but important observation, as it means that maximizing the ratio in (6.90) is 

equivalent to choosing xl to minimize the sum of numerator and denomina- 

tor therein, that is, the sum of the variance of the desired signal component 

and the variance of the component due to the background noise plus mul- 

tiaccess interference. That sum is nothing but the variance of the output of 

the linear transformation: 

MOE(xl) = E[((y, S1 "~- X1))2].. (6.95) 

So we can conclude that the X1 that minimizes MMSE also minimizes MOE. 

Indeed, the linear minimum output variance detector5 is the linear MMSE 

multiuser detector: 

E[(Albx - (y, s1 -~-Xl))21 = A~ + MOE(xl)- 2A~(Sl,"Sl + Xl) 

= MOE(xl) - A1~. (6.96) 

To arrive at the key relationship (6.96) between minimum output variance 

and minimum mean-square error we have not used the structure of the 

CDMA channel model beyond the fact that bl is uncorrelated with the in- 

terference (multiaccess interference plus background noise). Not only does 

(6.96) give further motivation for the use of the.linear MMSE detector but, 

more importantly, it has key consequences for its adaptive implementation, 

as discussed in the next section. 

Also called minimum output energy detector in the literature. 
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6.6 BLIND MMSE MULTIUSER DETECTION 

In the single-user equalization and identification literature, adap- 

tive algorithms that operate without knowledge of the channel input are 

called blind. In this section, we show an adaptive detector that converges 

to the MMSE detector without requiring training sequences. The knowl- 

edge required by the detector presented in this section is identical to the 

knowledge required by the single-user matched filter receiver, namely, the 

signature waveform and timing of the desired user. 

6.6.1 GRADIENT DESCENT ALGORITHM 

The approach we take to self-tune the detector is similar to that 

of Section 6.4, namely, stochastic gradient descent of a convex penalty 

function. However, in this case, the penalty function will be the output 

variance (6.95) instead of the mean-square error. If we were to minimize the 

output variance over all possible linear transformations, then Cl = 0 would 

be the trivial (and useless) solution. Instead, we have seen in Section 6.5 
that if the linear transformation is assumed to be, without loss of generality, 

in canonical form, and the output variance is minimized with respect to the 
component orthogonal to the desireffuser’s signature waveform, then the 

solution is the _MMSE linear transformation. As in Section 6.4 the adaptive 

algorithm will be derived without recourse to the structure of the multiaccess 

interference in the basic CDMA channel model other than using the fact 

that it is uncorrelated with the data of the desired user. 

First let us check that the penalty function is strictly convex over the 

convex set of signals orthogonal to sl. Using (6.95) we obtain 

where to obtain the inequality we used Proposition 3.5 and the fact that the 

variance of the sum of uncorrelated random variables is equal to the sum 

of the variances. Notice from (6.98) that the higher the background noise 

level, the stricter the convexity of the output variance penalty function. 

In order to apply the gradient descent algorithm to the penalty function 

(6.95), we must take into account that, at every iteration, Xl [i] must be or- 

thogonal to Sl because we are following (on average) the steepest descent 
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line along the subspace orthogonal to sT. Projecting the unconstrained gra- 

dient on that subspace results in the desired steepest descent line. To check 

this, simply note that the unconstrained gradient can be decomposed as the 

sum of its projections along Sl and its orthogonal subspace; steepest uncon- 

strained descent requires steepest descent along each of those directions. 

Therefore, let us first take the unconstrained gradient of 

MOE(xO : E[((y, sT + Xl))2], 

which lies in the same direction as the observed signal: 

~ZMOE = 2(y, sT + x~)y. (6.99) 

The component in (6.99) orthogonal to sT is a scaled version of the compo- 

nent of y orthogonal to s1: 

y - (y, s~)s~. 

Therefore, the projected gradient (orthogonal to sT) is 

2(y, s1 ÷Xl)[y -- (y, S1)S1]. (6.100) 

The adaptive algorithm updates proceed at the data rate. The observed wave- 

form y(t) is slotted into waveforms of duration T (cf. (~<69)): 

.... y[i - 1], y[i], y[i + 1] ..... 

and the orthogonal component at the ith iteration, x1 [i], depends on 

.... y[i -- 1], y[i]. 

Let us denote the responses of the matched tilters for S1 and sT ÷ xa [i - 1] 

by 

ZMF[i] = (y[i], ST), (6.101) 

Z[i] = (y[i], sl ÷ Xl[i -- 1]) (6.102) 

respectively. According to (6.100) the stochastic gradient adaptation rule is 

xa[i] = xl[i - 1] - IzZ[i] (y[i] - ZMF[i]s1), (6.103) 

which is depicted in Figure 6.9. In the absence of information about the 

interfering signature waveforms (or for ease of implementation) the natural 

choice for the initial condition in (6.103) is 

xl[i] ---- 0. 

Remarkably, the adaptive algorithm in (6.103) converges to the linear 

MMSE detector (which achieves maximum near-far resistance) using no 
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y[i] 

ZMF,[i] 

FIGURE 6.9. 
Blind adaptive 
multiuser detector. 

more information than the single-user matched filter (which achieves zero 

near-far resistance), namely, the desired user’s signature waveform and its 

timing. 

In the practical implementation of (6.103), finite precision round-offerror 

may have a cumuiative effect that drives the updates in (6.103) well outside 

of the required orthogonal subspace. This can be remedied by occasionally 

replacing the update Xl [i] by its orthogonal projection:6 

xl[i] -- (x~[i], sl)sl. 

Regarding the implementation of the adaptive algorithm (6.103), we can 

apply verbatim the observations made in Section 6.4: 

¯ Implementation with finite-dimensional vectors rather than continuous- 

time signals. For the sake of lower computational complexity and im- 

proved sPeed of convergence, it is desirable to use the vector space with 
lowest dimension that contains the desired and interfering signals. This 

indicates that knowledge of the signature waveforms of the interferers 

can be effectively used by the adaptive algorithm. 
¯ Improved convergence speed with more complex recursions. 
¯ Implementation in asynchronous channels. 

6 If the orthogonal projection is implemented at every iteration, then the algorithm is 
similar to that in Frost [98]. 
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Proposition 6.1 can also be applied to the finite-dimensional implementa- 
1 with the tion of (6.103) in order to prove global convergence with/~i = ~ 

u[n] = --ZM~[n], 

win] = r[n] -- ZMI~[n]Sl. 

following assignments: 

(6.104) 

(6.105) 

Proposition 6.1 then shows global convergence of the adaptive orthogonal 

component to the solution given in (6.94). 

SIGNATURE WAVEFORM MISMATCH 

The blind multiuser detector trades the use of training sequences 

(Section 6.4) for the knowledge of the desired signature waveform. This 

brings up the issue of the robustness of the blind multiuser detector against 

mismatch of the desired signature waveform. Mismatch occurs when the 

receiver assumes that the desired signature waveform is a nominal unit- 

energy waveform ~I, whereas the true received signature waveform is sl. 

Whenever the channel introduces a priori unknown distortion, ~a will be 

different from Sa, even if measures (such as the adaptive rake receiver, 

cf. Section 2.6) are taken to estimate the true received signature waveform. 

Let us consider first the benign situation where no interfering users are 

present. Assuming 

hl de~_.f (S1, ~1) ~ 0, 

the matched filter for ~1 achieves error probability 

It can be shown (Problem 6.40) that the correlator with ~i ÷ Xl, where Xl is 

ortfi0gonal to ~1 and chosen to minimize the output variance, achieves the 

following error probability: 

p~(a) = Q (~1 /~l ). (6.106’ ~1+(1 ~2~[A41 2 -- U1]~o.4 "q- 

It follows that, in the absence of multiaccess interference, the matched filter 

for ~1 achieves lower error probability than the minimum output variance 

linear receiver regardless of the signal-to-noise ratio. Furthermore, for suf- 

ficiently low background noise level, the argument of the Q-function in 

(6.106) is arbitrarily small. Thus, unless we have exact knowledge of the 

signature waveform of the desired user, the minimum output variance solu- 

tion is useless in the high signal-to-noise ratio region. Figure 6.10 exhibits 
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Xl 

0s 

¯ sI 

the reason for this ill-behavior. Whenever ~1 ~ S1, there is a signal xl or- 

thogonal to ~1 such that the resulting signal ~ + x~ is orthogonal to the 

desired signal Sl. For asymptotically low background noise, the minimum 

output variance solution concentrates on canceling Sl without regard to the 

resulting surplus energy. We can easily find from Figure 6.10 the surplus 

energy required for desired signal cancellation in the absence of interferers 

and background noise: 

xs = llx~ IIz = I1#1 IIa tan20s (6.107) 

_ /5.~._~ (6.108) 
^2’ 1 - Pl 

where we have used 

hl ---- (S1, ~1) ---- sin0s. 

Therefore, small mismatch 031 ~ 1) requires very large surplus energy for 

the cancellation of the desired signal. 
Continuing our discussion of the low background noise region, let us 

see what happens to the minimum output variance transformation in the 

presence of interfering users. It is apparent that if ~ is comparable to 

the crosscorrelation between ~ and sk, then the minimum output variance 

FIGURE 6.10. 

Complete 

desired-signal 

cancellation with 

mismatch. 
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transformation is going to devote comparable resources to suppressing the 

signal due to user 1 as to suppressing the signal due to user k. In such case, 

reliable demodulation requires narrowing down the mismatch on sl. On the 

other extreme, if there is no desired-signal mismatch, then the interfering 

users can be tuned out with a surplus energy equal to (6.93) 

1 
Xl = [1x1112 --     1.              (6.109) 

In the common regime where there is some desired-signal mismatch but 

~1 is much closer to sl than to any of the interfering waveforms, we can 
robustify the minimum variance receiver against desired-signal mismatch 

by constraining its allowed surplus energy. How do we choose the allowed 

maximum surplus energy )~max? To avoid cancellation of the desired signal 

in the absence of interferers, we must have (6.108) 

Xmax < XS -- 1 -- b12’ 

whereas to be able to cancel the multiaccess interference we need (6.109) 

1 
Xmax > X1 -- - 1. 

~11 

Thus, achieving both objectives simultaneously ~equires that the desired- 
signal mismatch be small enough to satisfy 

/312 > 1 - ~1- 

In the two-user case, the following result holds (Problem 6.39): 

Proposition 6.2 Let s1, $2, and ~ be such that 

I1~1, s~)l > I(R1, s2>l- 

Then, for every Ab A2, there exists a value of surplus energy X such that 

the minimum output variance detector has positive asymptotic efficiency. 

Let us now turn our attention to the derivation of the minimum output 

variance solution with constrained surplus energy. It is best to discuss the 

finite-dimensional version: 

min E[(rrcl)2] 

subject to 

Ilclll2 ~ 1 + X (6.110) 
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and 

C~I = 1. (6.111) 

Obviously, this problem is equivalent to the corresponding minimization 
with respect to ~1 with Cl = ~1 -~- ]~1 ¯ We will solve this optimization problem 

using Lagrange multipliers with cost function 

E[(rTcl)2] -F Vl(llCl IIz - 1 - x) - vz(c~1 - 1). 

Equating the gradient with respect to el to 0, we get 

E[rrT]c~ + VlC~ -- v2~1 = 0, 

or, equivalently, 

c~ = v2[v~I+E[rrr]]-~ (6.112) 

with 

and the scalar 

K 

E[rrr] o.21 ~_ ~ 2 T ~ AkSkSk 

k=l 

-_ p~-I -~ ~1~[VlI ÷ E[rrr]]-l~l 

chosen so that (6.111) is satisfied. The resulting surplus energy X ranges 

from 0 obtained with v~ ---- +cxz to the surplus energy of the MMSE solu- 

tion (6.94) obtained with Vl = 0. Comparing (6.112) to the MMSE solution 

in (6.39) (corresponding to unconstrained surplus energy), we notice that 

except for an irrelevant multiplicative factor, both solutions differ in that the 

presence of a constraint on surplus energy is equivalent to an additional 

amount of background noise. Note that, all other parameters being equal, an 

additional amount of background noise translates into an MMSE solution 

that is closer to the single-user matched filter and-thus uses less surplus 

energy. 

To derive the adaptive algorithm that convergbs to the constrained surplus 

energy detector we can mimic the steps that led to (6.103), except that we 

now take the gradient of 

MOE(xl) -F Pl I[x1112 

with respect to Xl, which is 

2(y, ~ q- Xl)y -]- 2VlXl. 
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Projecting this signal to be orthogonal to-~l (cf. (6.100)) we get 

2(y, ~1 + xl) [y - (y, ~1)~1] + 2vlx~. 

Therefore, the blind adaptive rule becomes 

xl[i] = (1 - IzV)xl[i - 1] - IzZ[i] (y[i] - ZIVIF[i]~I) ¯ (6.113) 

The correspondence between X and v is complicated enough that its 

on-line implementation would defeat the simplicity of (6.113). A more 

reasonable alternative advocated in Honig et al. [156] is to use the uncon- 

strained blind adaptive rule (6.103) starting from xa = 0, and switch to 

decision-directed mode before the surplus energy becomes large enough to 

compromise the output signal-to-noise ratio. 

We have seen how to robustify the blind adaptive multiuser detector 

against nominal signature mismatch. However, it should be emphasized that 

that remedy makes no attempt to refine the estimate of the nominal desired 

signature waveform. The minimum output variance receiver lends itself to 

the task of nominal signal refinement: the closer the assumed nominal is to 

the true signature waveform the higher is the output variance. 

6.7 BIBLIOGRAPHICAL NOTES 

The results in Section 6.1 along with an algorithm to compute the 

K-user linear multiuser detector that maximizes asymptotic effi- 

ciency in the synchronous channel appear in Lupas-Golaszewski 

and Verd~i [256] and Lupas and Verdti [254]. 

Before the inception of multiuser detection spurred by inter- 

est on multiaccess communications, there were several works on 

multiplexing subject to crosstalk that obtained multiple-input 

multiple-output MMSE linear transformations in the frequency 

domain (Kaye and George [206]; Nichols et al. [302]; and Salz 

[376]). The nonadaptive MMSE linear multiuser detector of Sec- 

tion 6.2 is due to Xie et al. [550] and Madhow and Honig [263] 

and is rederived in a different setting in Rupf et al. [365]. 

The analysis of the error probability of linear MMSE multiuser 

detection is due to Poor and Verdti [338]. Other performance re- 

suits can be found in Oppermann et al. [310] and Honig and 

Veerakachen [159]. Performance analyses of MMSE linear mul- 

tiuser detection in conjunction with error-control codes have 

been reported in Oppermann et al. [310], Kohno et al. [221], 

Burr [40], Schramm et al. [399], and Verdti and Shamai [504]. 

Based on the large-K analysis in Section 6.3, Verd6 and Shamai 
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[504] gives the capacity achievable by single-user coding and 

MMSE demodulation in an equal-power infinite-user channel 

with random signature waveforms, establishing the marked sub- 

optimality of single-user matched filters in that scenario. Formu- 

las (6.61) and (6.62) are given in Tse and Hanly [454] along with 

an asymptotic analysis that allows different received powers. 

Fixing a target signal-to-noise ratio at the output of the MMSE 

demodulator, Kumar and Holtzman [225] and Ulukus and Yates 

[458] investigate the required received powers. 

Nonadaptive implementations of the MMSE linear multiuser 

detector using fast recursive methods are studied in Das et al. [62]. 

Joint MMSE equalization and multiuser detection is analyzed 

for multitone CDMA in Vandendorpe and van de Wiel [464]. 

The conventional maximal-ratio method of diversity combin- 

ing has been modified in Bernstein and Haimovich [28] using the 

MMSE principle to take into account the presence of multiuser 

interference. 

Stochastic approximation was pioneered in Robbins and 

Monro [361]. The LMS algorithm was developed in Widrow 

[530]. General results on the convergence of adaptive linear fil- 

ters based on stochastic approximation along with applications 

to data communication problems are given in Gyorfi [130]. Faster 

alternatives to stochastic gradient descent have received consid- 

erable attention (e.g., Falconer and Ljung [86]; Cioffi and Kailath 

[58]; Slock and Kailath [415]; Carayannis et al. [43]). 

An early attempt at adaptive linear multiuser detection can 

be found in Kashihara [201]. The training-sequence-based adap- 

tive MMSE linear multiuser detector of Section 6.4 was pro- 

posed independently in Madhow and Honig [263], Miller [273], 

and in Rapajic and Vucetic [352]. Its dynamics, including the 

choice of step size, have been studied in Miller [274]. Techniques 

for acceleration of convergence have been explored in Rapajic 

and Vucetic [353], Honig [152,153], Oppermann and Latva-aho 

[309], and Wang and Poor [521]. An MMSE adaptive detector that 

processes the outputs of the decorrelating detector is proposed 

in Lee [231]. 

Training-sequence-based joint MMSE demodulation-timing 

acquisition is proposed in Madhow [259] and in Smith and 

Miller [416]. The robustification of the MMSE detector against 

timing errors, is explored in Riba et al. [359]. 

The approach in Section 6.5 of minimizing output energy sub- 

ject to an orthogonality constraint is due to Honig et al. [156]. It 

has been generalized in Tsatsanis [450], Schodorf and Williams 

[395], and Schodorf and Williams [396] to .include several lin- 

ear constraints. In this way_, performance and dynamics can be 
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improved by incorporating knowledge about interfering signa- 

ture waveforms and possibly multipath components of the de- 

sired user. 

The blind adaptive multiuser detector of Section 6.6 is due 

to Honig et al. [156]. A related approach that requires knowl- 

edge of all signature waveforms appeared concurrently to Honig 

et al.. [155] in Fukawa and Suzuki [99]. The speed of conver- 

gence of the algorithm in (6.103) is examined in Roy [363]. The 

strategy used to robustify the blind algorithm against signal mis- 

match (Section 6.6.2) is reminiscent of the tap-leakage algorithm 

( Gitlin et al. [117]; Mayyas and Aboulnasr [268]). Robustification 

against finite-precision errors of the minimum output variance 

detector has been pursued in Schodorf and Williams [395] along 

with the incorporation of knowledge of a subset of interfering 

signature waveforms. The asynchronous version of the blind 

adaptive multiuser detector with insensitivity to phase offsets 

is reported in Gaudenzi et al. [105]. Minimum output variance 

algorithms subject to linear constraints are common in array pro- 

cessing problems in which the direction of arrival of the desired 

source is known (Frost [98]; Baird [20]; Johnson and Dudgeon 

[180]). The blind multiuser detector of Section 6.6 is extended 

to the setting of array observations with kn6wn direction of ar- 

rival in Subramanian and Madhow [434]. The implementation of 

recursive-least-squares-based MMSE blind multiuser detection 

with systolic arrays is considered in Wang and Poor [521]. 

Differentially-coherent versions of the blind multiuser de- 

tector of Section 6.6 are developed in Honig et al. [158] for 

frequency-flat fading and in Huang and Verd~i [167] and Miller 

et al. [275] for multipath channels. A blind MMSE detector is 

obtained in Wong et al. [541] whose observables are obtained by 

sampling the matched filter of the desired user at a multiple of 

the chip rate. 

Much recent work has focused on the extension of the single- 

user blind equalization cost-function-based methods such as the 

constant-modulus algorithm (Johnson [178]; Johnson et al. [179]) 

to multiple-input channels (e.g., Oda and Sato [305]; Batra and 

Barry [26]; Lee and Pickholtz [234]; Lee et al. [235]; Castedo 

et al. [47]; Papadias and Panlrai [313]; Tugnait [455]). Hybrid 

approaches that use the orthogonally anchored decomposition 

of Section 6.5 along with the constant-modulus algorithm are 

explored in Honig [152] and Kamel and Bar-Ness [196]. 

The blind identification methods of Soon and Tong [417] and 

Tsatsanis and Giannakis [451] require precoding so as to intro- 

duce cyclostationarity and a different amount of correlation in 

the data modulated by each user. A Music-like algorithm for blind 
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identification of signature waveforms is proposed in Liu and Xu 

[247]. 

A blind self-tuning version of the maximum-likelihood se- 

quence detector of Verdd [490] has been proposed in Fonollosa 

et al. [92], Fonollosa et al. [93] and Fonollosa et al. [94] adapt- 

ing the (single-user) technique of Seshadri [401] in order to re- 

cursively estimate the desired crosscorrelations. Another blind 

self-tuning maximum-likelihood sequence detector has been re- 

ported in Paris [316]. The combined use of second-order and 

higher-order statistics to perform identification of synchronous 

users is advocated in Slock [414]. The problem of blind decorre- 

lation is considered in Tong [447] using linear-systems results on 

the existence of FIR inverses. Joint blind channel identification 

and data demodulation exploiting the finiteness of the source 

alphabet is proposed in Veen et al. [481], and Talwar and Paulraj 

[443]. 

For the purpose of reducing the number of adaptive coeffi- 

cients and improved convergence, it is convenient [o identify a 

linear subspace with the smallest possible dimension that con- 

tains all desired signature waveforms and all those interfering 

signatures that reach the receiver with sufficientpower. Fur- 

thermore, such a subspace naturally leads to an implementa- 

tion of the decorrelator (Problem 5.16) and the MMSE multiuser 

detector (Problem 6.12). Several methods for the identification 

and -tracking of the principal directions of the received data 

have been used for multiuser detection (Haimovich and Bar- 

Ness [134]; Strom and Miller [429]; Honig [153]; Bar-Ness et al. 

[22]; Wang and Poor [522]; Lee [232]; Liu and Xu [246]; Torlak 

and Xu [449]; Liu and Zoltowski [248]; Tsatsanis and Giannakis 

[453]; Veen et al. [482]; Wang and Poor [522]; Roy [363]). Sub- 

space tracking is studied in Strom et al. [431] and Bensley and 

Aazhang [27] for Music-based multiuser timing acquisition. Joint 

blind timing-acquisition and MMSE demodulation is explored 

in Madhow [260] and Madhow [26t]. 

Surveys of adaptive multiuser detection techniques can be 

found in Kohno et al. [221], Verdd [500], Honig and Poor [157], 

and Lim and Roy [242]. 

Frequency-flat Rayleigh fading has been studied in Sung and 

Chert [437] for nonadaptive MMSE synchronous multiuser de- 

tectors and in Barbosa and Miller [25], Honig et al. [158], Zhu and 

Madhow [565], and Oppermann and Latvaaho [309] for adaptive 

MMSE detection. 

The principle of MMSE multiuser detection has also been 

used for simultaneous suppression of narrowband interference 

and multiaccess interference (Rapajic and Vucetic [354]; Poor 

and Wang [339]; and Poor and Wang [340]). 
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Nondecorrelating linear receivers whose goal is the minimiza- 

tion of error probability are studied in Etten [80], Mandayam and 

Aazhang [264], Psaromiligkos and Batalama [346], and Yeh and 

Barry [554]. 

Another nondecorrelating linear detector is proposed in Monk 

et al. [285] and Davis et al. [64] to mitigate the effects ofmultiuser 

interference in direct-sequence spread-spectrum. This approach 

does not attempt to synchronize or adapt to the multiaccess in- 

terference, which is approximated as a stationary process, and 

the signature sequences of the interferers are assumed to be un- 

known and to have infinite periodicity. Thus the power spectral 

density of the multiaccess interference depends exclusively on 

the chip waveforms (and the number of users and their strength). 

Incorporating the nonwhiteness of the background noise results 

in a simple modification of the single-user matched filter where 

chip matched filtering is done with respect to a pseudochip 

waveform. A related solution was proposed in Verd~i [487] and 

in Poor and Verdfi [337] as the solution to a locally optimum de- 

tection problem. The benefits of this approach are limited since 

no attempt is made to exploit (or learn) the spreading codes of 

the interferers. A hybrid approach where some interferers are 

treated as stationary noise while others ar6~synchronized to is 

studied in Yoon and Leib [557]. 

6.8 PROBLEMS 

PROBLEM 6.1. Let P~(~r) be the bit-error-rate for user k of the 

linear K-user synchronous receiver that maximizes asymptotic 

efficiency. 

(a) Find 

o          c 
A ---- lim [Pk(~r) - Pk(~r)]. 

a-~oo A1 

(b) For which values of p is A = 0 in the two-user case? 

PROBLEM 6.2. Show that the argument that maximizes 

A2    l+xp-~ +Pl 
(6.114) f x,~,-~ = v/1-t-2~x+x2 

is 

x* = {- a~Sgnp,_p, ifA2/Alotherwise. ~ Ipl,        (6.115) 
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PROBLEM 6.3. 

(a) Find the worst asymptotic effective energy, w°(A1, A2), of the 

optimum linear detector in the two-user case. 

(b) Verify that the equal-power power loss is the same as for the 

decorrelator: 

1 
--~og°(A1, A2) = 1 - p~. 

PROBLEM 6.4. (Varanasi andAazhang [476]) Findthe counterpart 

to the asymptotic efficiency with an arbitrary linear transformation 

(6.4) for differentially-coherent demodulation. 

PROBLEM 6.5. Let the received process be the sum of a linearly 

modulated signal and a noise process: 

y(t) = bs(t) + m(t), 

where S is deterministic and rn has zero mean and is uncorrelated 

with b. 

(a) Show the following correspondence between the minimum 
mean-square error and the maximum signal-to-interference 

ratio achievable with a linear transformation: 

E[b2]                E [((c, bs))2] 
= 1 + max                 (6.116) 

mine E[(b - {c, y))2] ~ E[((c, m))2]" 

(b) Show that the argument that achieves the minimum in the left 

side achieves the maximum in the right side. 

(c) (Cioffi et al. [57]) Denote by C all the linear transformations 

that satisfy the "unbiasedness" condition: 

E[(c, y)lb] = b. 

Show that if the minimum in the left-hand side of (6.116) is 
constrained to C, then 

E[b2]              E[( (c, bs) )2] 
= max                 (6.117) 

min~c E[(b - (c, y))Z] c E[((c, m))2]" 

PROBLEM 6.6. This problem considers the single-user channel 

y(t),= Albls(t) q- ~rn(t). 

(a) Show that the nonlinear estimator that minimizes the mean- 
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square error E[(bl - D1)2] is 

[~1 = tanh(alyx ~ 

[Hint: Use (4.18).] 

(b) Find the linear MMSE estimator, that is, ~ 

[~1 = c(al, ~r)yl. 

(c) Find the MMSE estimator that is constrained to be binary- 

valued. 

(d) Compare tl~e speeds at v~hich the mean-square errors achieved 

by the above three estimators vanish as a function of~r/A~ --~ O. 

(e) Compare the speeds at which the mean-square errors achieved 

by the above three estimators go to i as a function of A 1/~r --~ 0. 

PROBLEM 6.7. Suppose that the detector knows A~ ..... A~, o-, 

and the timing and signature waveforms of all active users in the 

channel. Find the (not necessarily linear) detector whose decisions 

b~ [i ] ~ {- 1, + 1 } achieve 

rain E[(b~[i] - bk[i])2]. 

PROBLEM 6.8. 

(a) Find the nonlinear estimator that minimizes the mean-square 
~k)2] for the synchronous K-user CDMA chan- error E [(bk - 

nel. 

(b) Show 

min E[(b~ - D~)2] 

P~(a) 
with asymptotic equality for cr --~ 0. 

<4 

PROBLEM 6.9. A synchronous CDMA channel is used by users 

K to transmit analog information, such that b2 [i ] ..... b/~ [i ] 

are independent standard Gaussian random variables. 

(a) Find the minimum probability of error detector for user 1. 

[Hint: Use (6.35) and Proposition 3.1 with rn = 2.] 

(b) Find the minimum probability of error for user 1. 

(c) Find the estimator that minimizes the mean:square error 

E[(bl - D1)2]." 

PROBLEM 6.10. Consider a three-user synchronous CDMA chan- 

nel with equal-power users. 
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(a) Find a crosscorrelation matrix R such that 

I([R + a2/A2I]-1R)131 
> I/)131. 

([R + o’2/A2I]-lR)11 

This shows that the MMSE transformation for user 1 may ac- 

tually enhance (relative to the single-user matched filter) the 

interference caused by a particular user. 

(b) For the crosscorrelation matrix you selected in (a) verify that 

([R + o’2/A2I]-lR)~2 ([R ÷ o-2/A2I]-lR)~3 + < + 
(JR + o-2/~I]-11~)~1 (JR + 

PROBLEM 6. | l. Suppose that user 1 is the user of interest. Let 

K 

~ ff2i q_ ~ 2 T = AkSkSk ¯ 

k=2 

Using the expressions found in (6.39) and (6.40) and the matrix 
inversion lemma (4.99), show the following expressions for the 

MMSE linear transformation, the minimum mean-square error, and 

the maximum signal-to-interference ratio at the output of a linear 

transformation: 

V* = 
A1 

~]-lsl, (6.118) 
1 ,+ A12SlT~]-lSl 

1 
El(b1 - rrv*)~] = (6.119) 

1 + Al~Slr ~-1sl’ 

SIRI 2 r 
=--- AI$1 ~1 Sl, (6.120) 

respectively. 

PROBLEM 6.12. Let {el ..... eL} and {)~1 ..... ~L} denote the or- 
thogonal eigenvectors and eigenvalues of the matrix 

E[rrT] = cr2I÷ AkSI~Sl~ ¯ 

(a) Use the Wiener characterization to show that the MMSE linear 

transformation for the kth user can be expressed as 

L 

Vk ~     Olklel 

1=I 

with 

(b) Verify that 

v~ = E diag-I{X~ ..... )~L} ETsk, 
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where 

(c) 
(d) 

E = [el.-.eL]. 

Show that at most K coefficients O!kl, ..., OlkL are nonzero. 

Suppose that the L eigenvalues and eigenvectors of the matrix 

1 n 
- E r[i]rr[i] n i=1 

are available at each n. Suggest a blind adaptive MMSE algo- 

rithm that uses knowledge of the desired signature waveform. 

PROBLEM 6.13. Find the synchronous MMSE linear transforma- 

tion for user I in the special case in which tgij ~ 0 for i = 2 ..... K 

andj =2 ..... K. 

PROBLEM 6.14, Motivated by the approximate decorrelator of 

Section 5.4, consider the linear transformation 

ck(t) = ~ksk(t) - ot~Epkjsj(t). 

Cfioose a~ and fl~ to minimize the mean-square error: 

E[(b~ - (c~, y))2]. 

PROBLEM 6.15. (Moshavi et al. [289]) Find the coefficients otj 

such that 
K-1 

[R + o--2I]-1 = E 
j=O 

PROBLEM 6.16. Consider the two-user synchronous channel and 

the detector 

b~ = sgn(ot(A~, A2, tr)yl - PY2). (6.121) 

(a) Find an equation that gives the value ot*(A1, A2, or) that mini- 

mizes error probability. 

(b) Give an explicit expression for 

lim ot*(A~, A2, O’). 
o’--> 0 

(c) Show that as long as A1 > A2p the ratio of the bit-error-rate 

of the MMSE linear transformation to the minimum linear bit- 

error-rate can be made as large as desired with sufficiently low 

O’. 

(d) (Mandayam and Aazhang [264]) Find a gradient descent algo- 

rithm with a penalty function whose global minimum occurs at 

333 
Samsung Ex. 1007, Page 354 of 470



CHAPTER 6. NONDECORRELATING LINEAR MULTIUSER DETECTION 

the detector found in (a). Can you guarantee that that penalty 

function does not have local minima? 

PROBLEM 6.17. Show that the MMSE multiuser detector for a 

synchronous CDMA channel employing Welch-bound-equality sig- 
nature vectors (Problem 2.41) is equal to the bank of single-user 

matched filters if A1 ..... AK. 

PROBLEM 6.18. Consider a K-user synchronous CDMA direct- 

sequence spread-spectrum system with spreading factor N, 

K = 2N-1 

and no pair of users (i, j) is assigned signature waveforms such that 

si = ±sj. Assume that all users have equal received signal-to-noise 
ratios A/or. 

(a) (Zaldel et al. [558]) Show that the MMSE linear detector is the 
single-user matched filter. 

(b) Find the bit-error-rate as a function of A/cr and N. 

(c) Find the asymptotic efficiency as a function of N = 1, 2 ..... 

PROBLEM 6.19. Using the expression for Or in (6.52) show that 

for all 0 < ~ < a 

~ (a, (~ q- 1) (1 - ~)) = a -,. 

PROBLEM 6.20. Consider a K-user synchronous channel with lin- 

early independent signature waveforms. Verify that if cr = 0, the 

Wiener characterization of the linear MMSE detector (6.39) is a 
decorrelating detector. 

PROBLEM 6.21. We saw in Section 6.3 that for direct-sequence 

spread-spectrum systems with K equal-power users, N chips per 

bit, and randomly chosen signature waveforms, each diagonal ele- 

ment of the matrix 

I A2 -]-1 + 

converges in mean-square sense (as K --~ cx~) to a constant. Show 

that the off-diagonal elements do not converge to a constant. 

PROBLEM 6.22. Show that the sum of mean-square errors achieved 

by the asynchronous MMSE multiuser detector is given by~ 

-- trace {(I + ~r-2A(RT [1]ej°’ + R[0] + R[1]e-J°’)A)-1} dw. 

(6.122) 
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FIGURE 6:1J~. 
Multiple-inp6t 
multiple-output 
channel. 

x(t),~ 

d[i] 

n(t) 

PROBLEM 6.23. (Salz [376]) Figure 6.11 depicts a dispersive 

channel where H(f) is the matrix transfer function of a K-input 

K-output channel, 

x(t) = ~ b[i]g(t ~- iT), 
i=--~x~ 

the K components of n(t) are independent white noise processes 

with spectral level o-2, and b[i] ~ {-1, +1}K are the usual inde- 

pendent equally likely data bits. Show that the discrete-time filter 

that minimizes the mean-square error between its output and b[i] 

is 

where 

M(z) = [o-2I + G(z)]-1, 

G(eJ2~rfT) : ~ 

(6.123) 

PROBLEM 6.24. Show that a synchronous linear multiuser detec- 

tor given in canonical form 

Cl ~- S1 "~- X1,                (6.124) 

(S1, X1) = 0, (6.125) 

achieves the following asymptotic multiuser efficiency and signal- 

to-interference ratio, respectively: 

max2 [0, 1 - ~gr__2 Ak ~lPlk q- (sg, 
01 =                         ,    (6.126) 1 + IIx1112 

$1R1 = (1 + Iix1112) + ~ (Pl~ + (s~, X1))2 

k=2 

(6.127) 
Generalize those expressions to the asynchronous channel. 

PROBLEM 6.25. Show that the surplus energy of the decorrelator 

is greater than or equal to the surplus energy of the linear MMSE 

detector. 
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PROBLEM 6.26. 

(a) Verify that the orthogonal component of the canonical rep- 

resentation of the MMSE linear detector for the K-user syn- 

chronous channel is given by (6.94). 

(b) Show that in the two-user case 

p 
x’~ = 1 + aalA~ - pas1 - 1 + aalA~ - pasa" 

PROBLEM 6.27. (Park and Doherty [319]) Find X1 that minimizes 

the functional 

J(Xl) = ((Xl, Sl))2 + E[(Ax - (y, sl + Xl)2] 

for the two-user synchronous channel. 

PROBLEM 6.28. Verify the asymptotic result in (6.53). 

PROBLEM 6.29. Minimize the mean output variance with respect 

to an L-dimensional orthogonal component xl in the presence of 

mismatch, 

MOE(xl) : E[(rT(~I + X1))2], 

and cons_trained surplus energy, 

Ilxxll2 = x. 

PROBLEM 6.30. Particularize (6.47) to the two-user case. Show 
that if IPl < 1, P~n(o-) is monotonically decreasing with o-. 

PROBLEM 6.31. Show that the Gaussian approximation to the 

MMSE probability of error (6.48) is upper bounded by the error 

probability of the decorrelating detector. 

PROBLEM 6.32. (Poor and Verdfi [338]) Consider a K-user syn- 

chronous channel with crosscorrelations P~k = p for all j 5~ k 

and 

AI=’"=AK=A. 

(a) Show that the leakage coefficients for the MMSE detector are 

given by 

P 
1 + A2 (K (K ~-~[1 + -- 2)p -- - 1)p2]" 

(b) Show that the bit-err0r-rate, P~’(o-), achieved by the MMSE 
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detector is equal to 

21_x ~ K 1 

n=0 

1 + ~z q-(K -- 2)p --(K -- 1)p2 ~- -~zp(K -1-- 2n) ] 

(c) Assume that p > 0. Show that 

lim P~’(o.)= Q (~ l~/i~-~). 

PROBH~M 6.33. (Poor and Verdfi [338]) Consider two synchro- 

nous users with 

Show that for all a > 0 

P~(o.) < P~(~). 

PROBLI:NI 6.34. (Poor and Verd6 [338]) Define the non-Gaussi- 

anness of a probability density function fx with mean rn and stan- 

dard deviation v as the divergence between fx and a Gaussian 

distribution with the same mean and standard deviation, that is, 
\ 

D(fx IIN’(rn, v2)) -- fx(x) log (~--~vfx(x)e(x-’~)2/2~2) dx. 

Consider the two-user synchronous case and let X be the contri- 

bution to the output of the MMSE linear transformation due to 

the background Gaussian noise and the interferer. Show that the 

non-Gaussianness of X is maximized when- 
O-4 

-- = 1 _p2. 
a~ 

~ROl~l.libt 6/35. Consider the adaptive linear MMSE detector for 

user 1 in a synchronous K-user channel. Assume that the algorithm 

is initialized with sa and that all users employ the same training 

sequence simultaneously. Find the linear transformation to which 

the adaptation law converges. 

PROBLI:~ 6.36. Consider the adaptive MMSE detector with train- 

ing sequences: 

Vl[rt] = vx[n--1]--/z (vlT[n -- 1]r[n] - bl[n]) tin].    (6.128) 

Assume that L = K = 2. Optimize the choice of/z to maximize 

the speed of convergence of E[va [hi]. 
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PROBLEM 6.37. Show that the blind detector for user 1 in an 

L-dimensional setting, 

xl[i] = xl[i - 1] - t~Z[i] (r[i] - ZMF[i]$x), (6.129) 

satisfies 

E[S1 + xl[i]] -- C~ 

= [I-/~[I- SlSl~]E[rrr]] [E[s~ + x~[i- 1]]-c~], 

where c~ is the linear MMSE solution for user 1. 

PROBLEM 6.38. (Ulukus and Yates [457]) Assume that Sl is not 

spanned by the other signature vectors. Consider the following 

blind adaptive algorithm: 

c~[i] = (1 + o-2/~)c~[i - 1] -/~ (Z[i]r[i] - s~). (6.130) 

Let ~:1 be the solution to the equation 

SA2ST~.I : s1, 

which according to Problem 5.40 is guaranteed to exist and be a 

decorrelator for user 1. Show that 

E[c~[i]] - ~1 = (I -/~SA2ST)E[c~ [i - 1] - ~]. 

PROBLEM 6.39. Prove Proposition 6.2. [Hint: Positive asymp- 

totic efficiency is obtained if and only if 

A~((s1, ~1 -~ x~))2 > A22((s2, ~1 ~- x~))2, 

where x~ is the signal orthogonal to ~ that minimizes 

AI~(<sx, 3a +xx))2 + A~f(sz, ~1 +x~))2 + vllxall2. 

Work on a three-dimensional space with ~1 = [1 0 0]z.] 

PROBLEM 6.40. Consider a single-user channel 

y(t) = A~b~s(t) + an(t), 

which is demodulated by a mismatched receiver that uses the lin- 

ear transformation ~1 + x~ with x~ orthogonal to 31 and chosen to 

minimize E[((y, ~1 + xl)2]- Denote 

/~1 : (S1, ~1) 

and assume 

0<bl_<l. 
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(a) Show that the error probability is 

(b) Find the noise level that minimizes error probability. 

(c) Find the error probability if xl is chosen to minimize the output 

variance lander the constraint: 

11x1112 = x. 

(d) Find the optimum surplus energy X as a function of/3a and the 

signal-to-noise ratio. 

PROBLEM 6.41. Consider a K-user synchronous CDMA channel 

and let xa be a unit-energy signal orthogonal to sl. Find the scalar 
or* that maximizes the signal-to-interference ratio at the output of 

the correlator (y, s~ + ~Xl) (cf. Pados and Batalama [312]). 

PROBLEM 6.42. Assume that the optimum near-far resistance of 

user 1 satisfies                        -- 

Consider a linear multiuser detector for user 1 given by the linear 

transformation d~ + x~, where d~ is the decorrelating transforma- 

tion for user 1, and xl is orthogonal to s~ and minimizes 

E[({dl + Xl, 

Show that the resulting linear detector is the MMSE linear trans- 

formation. 

PROBLEM 6.43. (Schodorf and Williams [395]) Let c0 be an L- 

dimensional vector that achieves 

min E [(cT r)2 ] 

subject to P linear constraints represented by the P x L matrix D 

and the D-vector f: 

Dc=f. 

Assume that P < L. 

(a) Show that 

Co = E[rrT]-aDT (DE[rrT]-IDT)-~f. 
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(b) Design a blind algorithm (that uses independent observations 

of r but has no knowledge of its covariance matrix) to obtain e0. 

Note: The approach used in Section 6.6 based on the canonical 

representation of Section 6.5, can be generalized to the present 

case by letting M be an (L - P) × L matrix such that MDr ---- 0 

and adapting the (L - P)-vector w in 

c = D+f + MTw. 

(c) Propose a choice of design constraints (D, t) in the following 

particular cases: 

¯ The receiver knows Sl, the signature vector of the desired 

user, but does not know the signatures of the interferers. 
¯ The receiver know Sl, the signature vector of the desired 

user, and s2, the signature vector of one of the interferers. 
¯ The receiver does not know s1 but it knowns that s1 belongs 

to the space spanned by ga, 

PROBLEM 6.114. Consider a two-user synchronous channel with 

orthogonal signature waveforms Sl and s2 and a blind multiuser 

detector for user 1 with a mismatched nominal equal to 

S1 -~- S2 

Suppose that for every value of A2/AI the receiver has the ability 

to Choose the value of surplus energy that maximizes 71. Derive 

the maximum asymptotic efficiency as a function of Az/A1. 

PROBLEM 6.45. (Least Squares) In this problem we consider a 

method to obtain a minimum output variance detector that makes 

no statistical assumptions about the received data. Show that the 

vector e* [n] that minimizes 

n 

~’~(cry[j])~ (6.131) 
j=l 

subject to ors1 = 1 and [Icll~ = 1 + x has the form 

c*[n] = ot[n]~-I [n]Sl, (6.132) 

where 
n 

l~l[n] : y~y[j]y [j] + uI 
j=l 

and 

(6.133) 
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PROBLEM 6.46. The obvious drawback of the method in Prob- 

lem 6.45 is that the matrix inverse in (6.133) has to be recomputed 

at each iteration. In this problem we exhibit the method of recur- 

sive least squares, whereby this drawback is eliminated. Modify 
the criterion in (6.131) to include a forgetting factor, 2~, that weighs 

recent observations more heavily: 

(6.134) 

under the same constraints as in Problem 4.46. Let 
n 

~-l[n] : ~ 3,’-Jy[j]yT[j] q- VI. 
j=l 

(a) Show that a solution akin to (6.132) holds in this case. 
(b) Show the following recursive equation: 

~-1[n] = &-ll~-l[n -- 1] -- )~-lfl[n] 

x ~-l[n- 1]y[n]yl"[n]~-~l[n -- 1] 

with 

fl[n] = (2~ + yr[nl~-lCn- 1]y[n])-1. 

[Hint: Use the matrix inversion lemma (4.99)] 

PROBLEM 6.47. Derive a recursive least squares adaptive algo- 

rithm for MMSE linear detection with training sequences. 

PROBLEM 6.48. (Chen and Roy [51]) Derive a recursive least 

squares adaptive aigorithm that converges to the decorrelating de- 

tector. [Hint: Incorporate a forgetting factor in (5.17).] 

PROBLEM 6.49. Consider a synchronous two-user direct-sequence 

spread-spectrum system, such that the signature waveforms {s~, sz} 

are not known to the receiver. 

(a) Find the unit-energy linear transformation e~ that maximizes 

the output variance 

E (~=~ Akbksk + ~rn, el)    ¯ 

(b) Find the unit-energy linear transformation e~ that maximizes 

the output variance subject to the constraint 

(e~, e~) = O. 
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(c) Find an adaptive algorithm that converges to the maximum 

variance signals e~ and e~. What is the usefulness of such an 

algorithm? 

PROBLEM 6.50. (Bar-Ness and Punt [23]) For the purposes of this 

problem, ifa is a K-vector, then ak denotes the (K- 1)-vector where 

the kth component of a has been removed. 

For any w and the usual ,matched filter bank output vector y 

denote 

T 
Zk ~ Yk - Wk Yk. 

Consider the following nondecorrelating linear detector for user l: 

bt = sgn(z/) 

where Wl is chosen so that 

E[zt~)~] = O, j ~ l, 

with the output of the decorrelafing detector for user j denoted by 

^d 
bj = sgn((R-ly)j). 

(a) Show that Wl -+ [0... 0] as a -~ ~x~. Therefore, this detector 

is indeed nondecorrelating. 

(b) Show that as a --~ 0 this detector becomes the decorrelating 

detector. 

(c) Find Wl in the case K = 2. 

(d) Find the probability of error of this receiver in the two-user 

case.                         ~ 

(e) The bootstrap adaptive algorithm computes the sequence 

wk[i + 1] = wk[i] + txzk[i]sgn(z~[i]), 

where the sgn of a vector is the vector of the signs of the 

individual components. Discuss the rationale for this adaptive 

rule. 

PROBLEM 6.51. This problem considers the application of the 

Constant Modulus Algorithm (Johnson et al. [179]) to blind mul- 

tiuser detection. Consider the following cost function: 

~,(v) = E[((vrr)2 - 1)2], (6.135) 

where 

r = SAb + am. 
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(a) Obtain an adaptive linear detector by stochastic approximation 

of (6.135). 

(b) Show that, in the absence of noise (a = 0), v* is a global min- 

imum of F,(v), if and only if there is a user k, such that 

A~skv = 4-1, (6.136) 

sjv =0, jT~k, (6.137) 

that is, assuming the signature waveforms are linearly indepen- 

dent there are 2K global minima, placed at the decorrelating 

transformations. 

(c) Show that, in the two-user case, the stationary points (zero- 

gradient points) of E(v) are (assuming o- = 0): 

4- 1 1 
(2(aq-p)’ 2(F+p)) saddle point 

-t-(2(1~p), 2(~-_~,)) saddle point 

(0, 0) local maximum 

_]_ 1 

4-( -~ 1 ) global minimum 
1-’~2 ’ 1--~o2 
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CHAPTER SEVEN 

DECISION-DRIVEN 
MULTIUSER 

DETECTORS 

A number of works in multiuser detection have pro- 

posed nonlinear detectors that use decisions on the bits 

of interfering users in the demodulation of th~ bit of 

interest. Some of those solutions use final decisions, 

while other proposed solutions employ tentative de- 

cisions used only internally by the demodulator. Al- 

though the bit-error-rate analysis of decision-driven 

detectors does not have the rich structure of the detec- 

tors discussed in previous chapters, it is an instructive 

exercise in the analysis of nonlinear decision regions. 

The mu]tiuser detectors in this chapter are bootstrap- 

ping techniques that require at least a modicum of reli- 

ability for their initial decisions. They are particularly 

suited to high signal-to-noise ratio channels with power 

imbalances. 

7.1 SUCCESSIVE CANCELLATION 

We encountered the technique of successive cancellation (also 

known as stripping or successive decoding1) in Section 1.4 (cf. Figure 1.8). 

This approach is based on a simple and natural idea: if a decision has been 
made about an interfering user’s bit, then that interfering signal can be recre- 

ated at the receiver and subtracted from the received waveform. This will 

cancel the interfering signal provided that the decision was correct; other- 

wise it will double the contribution of the interferer. Once the subtraction 

has taken place, the receiver takes the optimistic view that the resulting 

The culinary term onion peeling is also used. 
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signal contains one fewer user and the process can be repeated with another 

interferer, until all but one user have been demodulated. In order to fully 

describe the receiver we just need to specify how the intermediate decisions 

are obtained. In its simplest form, successive cancellation uses decisions 

produced by single-user matched filters, which neglect the presence of in- 

terference. Since erroneous intermediate decisions affect the reliability of 

all successive decisions, the order in which users are demodulated affects 

performance. 

A popular approach is to demodulate the users in the order of decreasing 

received powers. However, this is not necessarily best (Problem 7.7) since 

it fails to take into account the crosscorrelations among users. A sensible 

alternative is to order users according to 

E y(t)sk(t)dt    = ~r2 + A~ + (7.1) 

which can be estimated easily from the matched filter outputs. 

As usual, let us consider the synchronous two-user channel first. Suppose 

that user 2 is demodulated by its matched filter: 

b2 = sgn(y2). 

Remodulating the signal of user 2 with ~32 we get A2b2s2(t), which upon 

subtraction from the received signal yields 

~(t) = y(t) - A2b2s2(t) 

= AlblSl(t) q- A2(b2 - b2)s2(t) + n(t). 

(7.2) 

(7.3) 

Processing ~ with the matched filter for s1, we obtain the decision: 

bl = sgn((:~, Sl)) 

= sgn(yl -- A2b2P) 

= sgn(yl - A2p sgn(y2)) 

= sgn(Albl q- a~(b2 - bz)p ÷ ~r(n, S1)). 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

The two-user successive cancellation detector is depicted in Figure 7.1. 

Using (7.5) we obtain the equivalent implementation in Figure 7.2. It is 

interesting to compare the decision rule (7.5) with that of the decorrelating 
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+ 

~ Sl(t) 

detector: 

~ =sgn(y~ --py~). 

In contrast to the successive canceler, the decorrelating detector truly suc- 

ceeds in canceling the component of the decision statistic due to user 2. As 

we saw in Chapter 5, such complete cancellation comes at the expense of 

attenuating the component of the desired user. 

The successive-cancellation decision regions for p = 1/2 are shown in 

the cases: 

¯ Figure 7.3:A1 = 1; A2 = 1. 
¯ Figure 7.4:A1=0.5; A2=l. 
¯ Figure 7.5:A1=2.5; A2=l. 

In all cases, the decision regions are identical because the decision rule 

does not depend on A1. For comparison purposes the minimum-distance 

decision region (which results in jointly optimum and maximum-likelihood 

decisions) is shown in Figure 7.6 in the case A~ = A2 = 1. 

We see in Figure 7.5 that if the weak user is detected first, then the 

receiver may make errors even in the absence of background noise because 

some hypotheses have migrated outside their own decision regions. 

In K-user successive cancellation, the received signal is stripped away 

of each of the interfering waveforms one at a time. When making a decision 

about the kth user we assume that the decisions of users k ÷ 1 ..... K are 

y(t) -~ 

si(t) 

s2(t) 

FIGURE 7.1. 

Successive 

cancellation for 

two synchronous 

users. 

FIGURE 7.2. 

Equivalent 

implement- 

ation of 

successive 

cancellation 

for two" ~ 
synchronou) 

users. 
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FIGURE 7.3. 

Decision regions’- 

of successive 
cancellation with 

AI -- 1 and 

A2=1. 

FIGURE 7.4. 

Decision regions 

of successive 

cancellation with 

A1 = 0..5 and 

-+ ~ ................ ~ ++ 

FIGURE 7.5. 

Decision regions 

of successive 

cancellation with 

A1 = 2..5 and 
A2=1. 
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FIGURE 7.6. 
Decision regions 
of maximum- 
likelihood 
detection with 
A1 =A2= 1. 

correct and we neglect the presence of users 1 ..... k - 1. Therefore, 

bk=sgn yk- ~ Ajpjkbj . 
j=k+l 

(7.8) 

Successive cancellation generalizes fairly easily to the asynchronous 

channel. Up to now, we had assumed when convenient that the users are 

numbered so that their offsets are increasing, and, thus, the jth user’s bit that 

overlaps with b~ [i] on the right side is bj [i] if j > k. However, in the current 

setting it is convenient to number the users in the (inverse) order they are 

canceled, which is, normally, dictated by their relative received powers or 

matched filter output powers (7.1). In order to describe the stripping detector 

in the asynchronous case it is useful to introduce the following notation: 

Then b~[i] overlaps on the right side with bj[i - 3~ + 1] and overlaps on 

the left side with bj [i - 3t~] (cf. (2.6)). We can now generalize (7.8) to 

~[i] = sgn y~[i] - ~ A~(pjkbj[i - 3~] + p~jbj[i - 3~ + 1]) . 
j=k+! 

It should be noted that selecting bl[i] requires two consecutive deci- 

sions of user 2: b2[i - 312] and ~2[i - 312 + 1], which in turn require three 
consecutive decisions of ~ser 3: b3 [i - 312 - 323], ~93 [i - 312 - 323 -t- 1], and 

b3 [i - 31z - 323 -t- 2]. In general, in order to demodulate user 1 we need to 
store a sliding window of k decisions for the kth user. Figure 7.7 depicts a 

three-user case with 3~2 = 1,323 = 0, and 3~3 = 1. 

Regarding the practical implementation of successive cancellation we 

can point out the following features: 

1. It requires knowledge of the received amplitudes. Any errors in the esti- 

mation of received amplitudes directly translate into noise for succeeding 

decisions. 
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User I 

FIGURE 7.7. User 2 
Sliding window of 

decisions for 

demodulation of User 3 
user ]. 

Users weaker than the user (or users) of interest are neglected. 

In contrast to the (nonadaptive) multiuser linear detectors, successive 

cancellation requires no arithmetic computations with the crosscorrela- 

tions beyond their product with the received amplitudes. (The optimum 

multiuser detector enjoys a similar advantage.) 

The time complexity per bit is linear in the number of users. 

The philosophy of successive cancellation is very general in scope: it 

applies not only to the basic CDMA model (where signals are linearly 

modulated) but to any multiple-access channel, where the receiver ob- 

serves the additive superposition of the transmitted signals. 

The demodulation delay in successive cancellation grows linearly with 

~he number of users. 

A shortcoming of successive cancellation, which will be apparent in 

Section 7.2, is that its performance is asymmetric: equal-power users are 

demodulated with disparate reliability. 

Several improvements to the basic successive cancellation structure have 

been proposed. One possible direction is to replace the "hard" intermedi- 

ate decisions by "soft" decisions. This means that the inner sign function 

in (7.6) is replaced by a different nonlinearity. In fact, we have already 

found the optimum nonlinearity in (4.9); however, that approach is difficult 

to generalize to K users. Another possibility is to replace the sign by a 

hyperbolic tangent function (scaled with the signal-to-noise ratio). Such a 

function closely approximates the sign function when the signal-to-noise 

ratio is high and is justified on the basis that it minimizes mean-square error 

in the single-user channel (Problem 6.6). Intuitively, such a modification 

of the cancellation mechanism is appealing since it tends to deemphasize 

the effect of unreliable tentative decisions based on low-magnitude observ- 

ables. Taking this approach to its ultimate conclusion we could make the 

nonlinearity "infinitely soft," in which case the successive canceler becomes 

a linear multiuser detector. 

In view of the fact that tentative decisions are not completely reliable, an- 

other way to improve the quality of decision-driven multiuser detectors is not 

to attempt to cancel interference completely. This can be accomplished by 
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¯ lowering the cancellation weights: instead of subtracting Akbksk(t) from the 
received signal we can subtract ~kb~sk(t), where ~k is chosen to minimize 

the energy of the cancellation error 

E[l[Akb~sk - .8~b~sk I1a] = E[(A~b~ - fi~bk)a] 

= AM + fi,~ - 2~akE[bkbk] 

= A~ q- ,~ -- 2~ka~(1 -- 2P[b~ ~ (7.9) 

The minimum of the right side of (7.9) is attained by 

(7.10) 

If the detector does not have an accurate estimate of P[bk � b~], then ~k 

can be obtained by an adaptive least-mean-squares algorithm. Substituting 

(7.10) into (7.9) we obtain the minimum energy of the cancellation error: 

E[l[Akbksk - f~b~s~lla] = 4A~P[bk � bk](1 - P[b~ � bk]). (7.11) 

The solution in (7.10) and (7.11) is intuitively reasonable: almost no can- 

cellation is attempted for very weak interferers (for which full cancellation 

doubles the interference with significant probability), whereas strong inter- 

ferers whose-decisions are very reliable are greatly attenuated. 

Successive cancellation has also been proposed for the noncoherent de- 

modulation of m-ary orthogonal modulation (3.170): 

K 

y(t) = ~ IAkl ej°k Sk(t;b~) q- crn(t), 
k=l 

(7.12) 

and 

(sk(-; b), sk(’; d)) = ~a. 

In principle, cancellation requires knowledge of IA~ l, 0k, and s~(t; bk) for 

all k. If that is indeed the case and the decisions {b~+a ..... ~K} have been 
made, then bk can be obtained by selecting the largest magnitude output 

from the bank of filters matched to {sk(.; b), b ~ ~t} and driven by 

Y(k)(t) = Y(k+1)(t) - IA~+a lej°k+~ sk+a(t; bk+l). (7.13) 

The obvious shortcoming of this demodulator is that it requires knowledge 

of amplitudes and phases of all but the last user. At the expense of an 

increase of cancellation error,-it is possible to come up with a noncoherent 
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demodulator by noticing that 

f0 
T 

* .^ y(t)Sk+l(t, bk+l) dt = IAk+l lej°~÷l (7.14) 

in the hypothetical case in which (a) b~+l = bk+l, (b) no background noise is 

present, and (c) Sk+l(t; b~+l) is orthogonal to all other signals. This motivates 

the noncoherent successive cancellation receiver (cf. (7.13)): 

(/o y(k~(t) = y¢÷l~(t) - y    ~ ~÷it*;b~÷~)dt s~÷~(t;b~+~). (7.15) 

7.2 PERFORMANCE ANALYSIS 
OF SUCCESSIVE CANCELLATION 

In the analysis of the linear multiuser detectors in Chapter 6, we 

saw that the interference term corrupting the decision statistic consists of 

the sum of a binomial random variable and an independent Gaussian ran- 

dom variable. This lead to a representation of the error probability as a 

weighted sum of Q-functions. In two-user successive cancellation, the in- 

terference term corrupting the decision statistic (7.7) consists of the sum of 

a random variable taking values on {-A~p, O, A2p} and a Gaussian random 

variable. Unfortunately, those two random variables are dependent because 

the noise realization dictates whether or not b~ = b2. To make matters 
worse, the cancellation residual A a p (b2 - b~) is, in general, dependent on b~ 

(Problem 7.7). For this reason, rather than analyzing the conditional dis- 

tribution of the decision statistic, it is preferable to make effective use of 

the geometry of the decision regions and analyze performance in the high 

signal-to-noise ratio region. 

Before we derive the two-user asymptotic efficiency of successive can- 

cellation, it is instructive to reflect on what we can expect to obtain. We saw 

in Figure 6.2 that in order to approach optimum asymptotic efficiency when 

A~ >> A1 

it is necessary to recur to nonlinear detectors. We can anticipate that stripping 

will be optimal if A2 >> A1 because, in that case, 

A2 - [plAt >> A1, 

and therefore the decisions of a conventional single-user matched filter 

for user 2 in the presence of user 1 will be much more reliable than those of 

user 1 with ideal canceling of user 2. So most of the errors in demodulating 
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user 1 will occur when the signal of user 2 has been perfectly canceled. At 

the other extreme: 

A~ << A1, 

the single-user matched filter for user 2 will make errors much more fre- 

quently than that of user 1. Then the most likely process by which the suc- 

cessive canceler makes an error for user 1 is by doubling the interference of 

user 2 rather than eliminating it. So we should expect that successive can- 

cellation will not have the asymptotic optimality property (as A2/A1 --> O) 

of the single-user matched filter detector. 

In the previous paragraph, the assessment of the probability of rare events 

(bit-error-rate in the high signal-to-noise ratio region) was based on the 

intuition that although there are several ways in which an error can be ex- 

pinned (and all of them are improbable), the error probability is dominated 

by the probability of the most likely explanation. We have seen the same 

phenomenon in previous chapters: the error probability of linear multiuser 

receivers is an average of Q-functions, which, at high signal-to-noise ratios, 

is dominated by the one with the smallest argument; in the analysis of the 

optimum multiuser efficiency, performance is dominated by the minimum 

distance between multiuser signals that differ in the bit of interest. This is 

very much akin to the discipline of large deviations in probability theory, 

which analyzes the exponential rate of decrease of the probability of a rare 

event by focusing on the explanation of the event that is overwhelmingly 

more likely than any other. The main difference between the classical set- 

ting in large deviations and our problem is that the asymptotics of rare-event 

likelihoods are examined as a function of sample sizes in large deviations, 

and as a function of the background noise level in our case. Instead of adapt- 

ing general large deviations results to our setting, we will give the following 

self-contained result, which is sufficient for our purposes. 

Proposition 7.1 Fixb ~ {-1, +1}t~ andb’ ~ {-1, +1}to. Let P[b--~ b’] 

be the probability that the detector outputs b’ given that b is transmitted 

(cf. (4.49)). Denote the multiuser signal modulated by b by 

K 

S(b) = y~ Akbksk, 
k=l 

let D(b’) be the decision region corresponding to b’ in the K-dimensional 

space spanned by the signature waveforms, and denote the distance from 

S(b) to D(b’) by 

A(b, b’) = min Ilv - S(b)ll. (7.16) vED(b’) 
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If D(b’) is a polytope that includes its boundary (and does not depend on 

~r ), then 

lim 2orz log 1/P[b --~ b’] ---- A2(b, b’). (7.17) 
o’--~ 0 

Proof. If h denotes the projection of the received noise realization, n, on 

the K-dimensional space spanned by the signature waveforms, then 

P[b --> b’] : P[S(b) + crh ~ D(b’)]. 

As customary in the proof of this kind of asymptotic result, we will prove 

> and < in (7.17) separately. To that end, we will simply find a superset 

and a subset, respectively, of D(b’) whose conditional probabilities given 

that b is transmitted are easy to compute. We will assume S(b) � D(b’), for 

otherwise, both sides of (7.17) are obviously 0. Throughout this proof, we 

will use the notation 

d(b, b’)=v*-S(b), 

where v* denotes a signal that achieves the minimum in (7.16) and thus 

lid(b, b’)ll = A(b, b’). 

To show 

lim 20.2 log 1/P[b --~ b’] _> A2(b, b/), 
o’--~ 0 

denote the half-space of all signals S(b) + v, such that 

(v, d(b, b’)) > A2(b, b’), 

(7.18) 

by C(b, b’). It is easy to see (cf. Figure 7.8 and Problem 7.8) that 

D(b’) c: C(b, b’). 

FIGURE 7.8. 

H~(b, b’) is the 
shaded t-square 

normal to d(b, b’) 
and closest to 

S(b) in D(b’). 

S(b) : 
d(b,g) D(I~) 

C~,b’) 
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Accordingly, we can upper bound the desired probability by 

P[b --~ b’] < P[S(b) ÷ ah ~ C(b, W)] 

= P[a(h, d(b, b’)) >_ AZ(b, b’)] 

~/" A(b, b’)’~ 

< ~ expL ~)    " 

Upon taking lin~0 o.2 log 1/(.) of both sides of (7.19) we get (7.18). 

To show 

(7.19) 

lim 2a2 log 1/P[b --~ b’] < A2(b, b’), 
o’--~0 

(7.20) 

we will assume for the sake of concreteness that (as in Figure 7.3) the 

signals belong to a two-dimensional space. (The extension to the K-user 

case is straightforward.) We fix an arbitrary ~ > 0 and define 

H~(b, b’) C D(b’) 

so that 

P[S(b) ÷ ah ~ H~(b, b’)] 

is easily computable. One way to accomplish this is to let H~ (b, b’) be a 

square with sides of length ~ normal to d(b, b’) and centered at 

,s~ + ~/2. ,.. 
(1 -t- S~,--~ ) a(t~, b’) q- a~q(b, b’) 

(Figure 7.8), where q(b, b’) is a unit-norm vector orthogonal to d(b, b’), 

-~/2 < ate < ~/2, and ~ is the smallest nonnegative scalar.such that such 
a square fits inside D(b’). Since D(b’) is a polytope not only is it possible 

to find such a di~ for all sufficiently small ~, but ~ --~ 0 as ~ -~ 0. 
The orthogonal components of the noise vector are independent, so we 

can write 

P[b --~ b’] _> P[S(b) -I- ah ~ H~(b, b’)] 

[ (A(_b! U) --I- 8~) ~ ( A(b, b’) --I-- ~ -t-- ,~ ) ] x Q 
o 
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x[Q(A(b’b’)+3~)o" 

(7.21) 

where the inequality in (7.21) follows from (3.51) 
Upon taking lirn~0 2~r2 log 1/(-) of both sides of (7.21) and using (3.41), 

we obtain 

lim 2o-2 log 1/P[b --~ b’] < (A(b, b’) + 3�)2, 
o’--~0 

for sufficiently small ~. But since ~ --~ 0 as ~ --~ 0, (7.20) must hold. 

Returning to the analysis of the asymptotic efficiency of the two-user 

successive cancellation detector, we first note that, by symmetry, the answer 

will depend on the crosscorrelation p only through IPl. Therefore, it is 

advisable to assume p > 0 and refer to the decision regions displayed in 

Figures 7.3, 7.4, and 7.5. Furthermore, by symmetry, we can write the error 

probability of the successive cancellation detector for user 1 as 

1 1 
P](o’) = ]P[++ --~ -+] ÷,~P[÷÷ --~ --1 

1 1 
+ ]p[+- --~ --] + ]P[+- --~ -+]. (7.22) 

Applying Proposition 7.2 to (7.22) we obtain 

lira 2or2 log 1/P](o’) = rain{A2(++, --+), A2(++, --), 
o’--~ 0 

~x2(+-,--), Az(+-,-+)} 

= min{A~(++, --+), Az(+-, --+)}. (7.23) 

To verify (7.23), note that regardless of the value of Az/Aa (cf. Figure 7.3 

and Problem 7.5): 

,x(++, =+) =/x(+-,--), (7.24) 

a(++,--) >_ a(+-,-+). (7.25) 

The distance from S(÷+) to the region D(-÷) is A1. Thus, 

A(++, -+) = Aa. (7.26) 

The computation of Az(+-, -÷) is more involved. Two cases may occur 

depending on the relative values of A1 and A2: in Figure 7.3 we see that the 
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closest point to S(+-) in D(-+) is the vertex of the region, which will be 

denoted by v_+, whereas in the case depicted in Figure 7.4, d(+-, -+) is 

a multiple of s2. To obtain v_+, we just have to notice that it is orthogonal 

to s2 and its inner product with s~ yields A2p: 

v_+ = y(s~ - psz), 

~V_+, $1) = A~p, 

where y is a constant. Therefore, 

A~p 
/)_q_ -- __ (S1 -- pS2), 

1 -- pZ 

and 

Ilv-+ - S(+-)ll~ = Azp                        2 
1 - p2 

(S1 -- pS2) -- AIs1 q- A2s2 

a~ = a~ - 4ala2p + 1 ~-p2" (7.27) 

The distance from S(÷-) to the line that goes through the origin and is 

perpendicular to s~_ is equal to Aa - Alp. To see this, we can write S(÷-) 

as a multiple of s~_ plus an orthogonal component to sa: 

A1s1 - A2s2 = AI(S1 - psi) q- (Asp - A2)$2, 

or, equivalently, 

S(+-) + (A2 - Aap)s~ = AI(S1 --/0S2). 

Both cases involved in the computation of A2("]--, --~-) (Figures 7.3 

and 7.4) are identical if 

S(÷-) q- (Az - A~p)s2 = v_+, 

which occurs when 

A~ 1 

~11 -- P P" 
(7.28) 

Summarizing these results, we get 

[ A21- 4A1Azp + 1~_~, Az(+-’ -+) = [ (a~ - Alp)z, 
Az<I if~ _ ~ -p; 

otherwise. 
(7.29) 
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But according to (7.23), (7.26), and the definition of asymptotic efficiency 

(3.113) we can write the asymptotic efficiency achieved by successive can- 

cellation as 

A2(+-’ -+)} (7.30) r/~ = min 1,    a~ 
" 

Putting together (7.29) and (7.30) we readily obtain that, if I01 > 1/2, 

then 

A2 ~ 1 if ~ _ ~ - ]Pl; 

I A2 < 1 + Ipl; 
if~ -Ipl -< _ 

A2. if 1 + Ipl < a-~’ 

(7.31) 

whereas if IPl < 1/2, then 

1 - 4a~lP] + 1 A~ if A2 < 41P1(1 - 02); 
$ = 1--02 A12’ ~11 -- 01 

1, otherwise. 
(7.32) 

In Figure 7.9 we have compared the asymptotic efficiency of user 1 ob- 

tained for successive cancellation (7.31 ) with the optimum one and with that 

achieved by the single-user matched filter. As we had predicted, if-A! << A l, 

then successive cancellation is markedly inferior to the single-user matched 

filter, whereas if A2/Aa is sufficiently high, then the asymptotic efficiency 

of the successive canceler is equal to 1. 

The asymptotic efficiency achieved by the single-user matched filter for 

user 1 is better than that of the successive canceler for 

! A2 def 2101 

~__~ <~p(p)= {,__~_p~, if0<lPl< 
[ 1, otherwise 

(see Problem 7.9). Accordingly, if the successive canceler not only knows 

the value of A2, but that of Aa, then it can simply switch to a single-user 

matched filter for user 1 when the asymptotic efficiency of the latter is higher 

FIGURE 7.9. 

/’,synn ptotic 

multiuser 

efficiencies for 
two synchronous 

users; Ipl = 0.6. 

0.8 

0.6 

0.4 

0.2 

Ipl 

Optimum 

Single-User Matched Filter 

1119[- IPl 1/191 A2/AI 
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Y(O -~ 

s2(t) 

"( ~ -,42 

FIGURE 7. I0. 

Modified 

successive 

canceJJation for 

two synchronous 

users. 

(Figure 7.10). With this precaution, the near-far resistance of the successive 

canceler is given by 

{ 
( .1--3p2+3p4 ~2 

~, 1--p2+p4 / ’ 

(1 -lp[)2, 

if0 < Ipl < ~/~-~J; 

otherwise. 
(7.33) 

Figure 7.11 compares the near-far resistance of the successive canceler 

(7.33) with the optimum near-far resistance achieved by the multiuser de- 

tectors studied in Chapters 4, 5, and 6. 

The power-tradeoff regions of successive cancellation are shown in 

Figures 7.12 and 7.13. In contrast to the power-tradeoff regions found in 

previous chapters, the regions in Figures 7.12 and 7.13 are asymmetric 

because each user is demodulated in a different way. Notice that for user 

1 there is a window of feasible powers, whereas for user 2 only a lower 

threshold exists. Indeed, once the relative power of user 2 exceeds the value 

required for Of = 1, then (for low bit-error-rates) the bit-error-rate of user 

1 remains essentially unaffected by the power of user 2. Conversely, if the 

power of user 1 is too large, then it forces user 2 to employ much higher 

signal-to-noise ratio so that the single-user matched filter for user 2 can 

provide reliable demodulation. The disadvantage of using equal powers 

in successive cancellation is made evident in Figure 7.12: if p = 0.5, then 

SNRa "~ 12 dB and SNR2 "~ 15 dB are sufficient to achieve bit-error-rates 

1 

0.8 

0.6 

0.4 

0.2 

~Successive 
Canceler ~ 0.618 

IPl 

FIGURE 7.11. 

Near-far 

resistance for two 

synchron~s users 
as a functi6n of 

crosscorrelation. 
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FIGURE 7.12. 
Signal-to-noise 
ratios necessary 
for successive,., 
cancellation to 
achieve 
bit-error-rate not 
higher than 
3 x 10-s for both 
users. Shown for 

hol -- 
0.1,0.3, 0.5. 
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0      5 

0.5 

1     1 1 
10 15 20 25 

SNR1 dB 

not higher than 3 x 10-5, whereas if one insists that both received powers 

be identical, then it is required that SNRx = SNR2 ~ 18 dB. This behav- 

ior should be contrasted to that of linear multiuser detectors (single-user 

matched filter, decorrelating, and MMSE) and of the optimum detector (for 

p .< 0.5) for which equal received powers minimize the total power required 

to guarantee a certain bit-error-rate level. 

FIGURE 7.13. 
Signal-to-noise 
ratios necessary 
for successive 
cancellation to 
achieve 
bit-error-rate not 
higher than 
3 x 10-s for both 
users. Shown for 

I,ol = 0.8, 0.9, 
and compared 
with the .optimal 
regions (dashed). 

SNR.2 
dB 

25 
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5~ 
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The performance analysis of successive cancellation in the simple setting 

of the two-user synchronous channel has revealed an important shortcom- 

ing of this technique, namely, its mediocre performance (compared to the 

detectors in previous chapters) when the received signal-to-noise ratios are 

comparable. 

Let us return now to the analysis of error probability for nonasymptotic 

bit-error-rate. From (3.70) and (7.8) we obtain 

k-1                 K 

bk = sgn Akbk -t- n,~ -k ~ Ajpjtcbj + ~ Ajpfl~(bj - b.i) . (7.34) 
j=l. j=k-f-1 

Since the cancellation residuals depend on the other random variables 

inside the sign function in (7.34), an analytical exact evaluation of bit-error- 

rate is difficult. For very small K, it is possible to obtain exact results by 

integrating multidimensional normal distributions over the decision regions 

(cf. Problem 4.25 and Varanasi and Aazhang [474]). In general, however, 

simulations or analytical approximations appear to be inevitable. A popular 

approximation is based on the asymptotic (K --~ oo) results for the error 

probability of the single-user matched filter for direct-sequence spread- 

spectrum with spreading gain equal to N (Section 3.4 ), where performance 

is the same as that of a single-user system with an extra Gaussian noise 

source with~zero mean and variance 1IN for every interferer. If, in addi- 

tion, the correlation of the cancellation residuals with the other interfering 

quantities in (7.34) is neglected, then the probability of error of the succes- 

sive canceler is approximated by the recursive formula 

I k-1 2 4 ~-,K A2 pse(0.~ 
0"2 "~- "~ ~-~j=l Aj "-k ~ .L-,j=k+l j j ~ -’7 - 

(7.35) 

where we have used 

E[(by - bs)~] = 4P]~(0.). 

It is evident from (7.35) that equal received powers will result in a wide 

range of error probabilities for the various users. Furthermore, we have 

already seen that successive cancellation makes the most sense when the 

received powers are disparate. In some situations it may make sense to 

pose the problem of controlling the received powers so that the bit-error- 

rates for all users are equal. From (7.35) one can solve numerically for 

the values of 0.-2(A~ ..... AK) that achieve the desired bit-error-rate level. 
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When that level is very small it is sensible to set up the received powers as 

A~ { 
~,1 + (7.36) 0-2 -- ~/ 

because this guarantees that in the hypothetical scenario of perfect can- 

cellation, the signal-to-noise ratio seen after each stage remains the same 

(Problem 7.2). 

7.3 MULTISTAGE DETECTION 

The order in which users are canceled greatly affects the perfor- 

mance of successive cancellation for a particular user. In this section, we 

explore a symmetrized version of successive cancellation, which mitigates 

some of the shortcomings of that technique. 

7.3.1 CONVENTIONAL FIRST STAGE 

The two-user successive cancellation receiver in Figure 7.2 outputs 

the conventional single-user matched filter decisions for user 2.-This receiver 

can easily be symmetrized by using successive cancellation for user 2, as 

we can see in Figure 7.14, where we have depicted a multistage detector for 

two users. 

The decision regions of the two-stage detector in Figure 7.14 are shown 

in Figure 7.15. 

The term multistage detection is suggested by the fact that various deci- 

sions are produced at consecutive stages; in the first stage, the conventional 

bank of single-user matched filters is used, whereas in the second stage suc- 

cessive cancellation is used for both users. This approach can be further iter- 

ated, by cleaning up the original matched filter outputs with, hopefully, in- 

creasingly reliable tentative decisions of the interfering users (Figure 7.16). 

Some motivation for this approach can be given heuristically by considering 

FIGURE 7.14. y(t) 

Two-stage 

detector for two 
synchronous 

users. 
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¯ +÷ 

FIGURE 7.15. 
Decision regions 
of two-stage 
detector with 
A1 =1, A~=I. 

the property satisfied by the jointly optimum decisions (Problem 4.1): 

Equation (7.37) states that the optimum decisions are afixed point of the 

K-dimensional nonlinear transformation p[xl ..... x~:] whose kth compo- 

nent is given by 

pk[X1 ..... Xk_l, Xk.t_1 .... XK] : sgn    -- ~ Ajpjkxjl , 

/ 

or in matrix notation (letting the sgn of a vector be the vector of signs) 

p[x] = sgn(y + A[I - R]x). 

The decisions of the m-stage detector with a conventional first stage are 

the result of applying (m - 1) times the transformation p to the tentative 

decisions supplied by the bank of conventional single-user receivers. This 

operation can be succinctly written as 

[b~ ..... b~]r = p~)[O ..... 0]. (7.38) 

y(t) -* FIGURE 7.16. 
Three-stage 
detector for two 
synchronous 

~.. 
users. 
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FIGURE 7.17. 

Decision regions 

of m-stage 

detector with 

shaded regions .... 

leading to 

limit-cycle 

decisions. 

Contrary to what might have been expected,2 as m -~ ~, the deci- 

sions of the m-stage detector do not converge to the optimum ones. Figure 

7.17 shows the two-user decision regions of the m-stage detector (Problem 

7.10). For observations belonging to the shaded regions, the multi- 

stage detector enters a limit cycle, with decisions given by a succession of 

{++, --, +÷, --, ...}. In fact, the decision regions of the (m ÷ 2)-stage 

detector are identical to those of the m-stage detector with m = 2, 3 ..... 

This means that an additional stage may actually hurt performance. 

Multistage detectors for asynchronous channels require that sliding win- 

dows of tentative decisions be stored at each stage. For example, in a K-user 

asynchronous channel, a two-stage detector has to store a window of K de- 

cisions for each user (see also Problem 7.7). 
The results on the two-user asymptotic efficiency of successive cancella- 

tion apply to the two-stage detector verbatim since the decisions for user 1 

are identical in both cases. To obtain the asymptotic efficiency of user 2, we 

just need to reverse the roles of users 1 and 2 in (7.31) and (7.32). 

1.3.2 DECORRELATING FIRST STAGE 

The multistage approach can be used with tentative decisions other 

than those provided by the bank of single-user matched filters. For example, 

a decorrelating detector can serve as the first stage of the receiver. The 

Classical fixed-point theorems of functional analysis give sufficient conditions (not 

satisfied by p) under which repeated applications of a function converge to its fixed 
point. 
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y(t) -~ 

FIGURE 7.18. 
Two-stage detector 
with decorrelating 
first stage. 

decisions put out by the second stage are 

bk = sgn --~Ajtgjkdj)J~k 

with the tentative decisions made by the decorrelator: 

dk = sgn((R-ly)k). 

(7.39) 

In the two-user case depicted in Figure 7.18, we obtain 

bl = pl[d2] = sgn(yl - A2p sgn(y2 - pyl)), (7.40) 

b2 = p2[dl] = sgn(y2 - A~p sgn(y~ - py2)), (7.41) 

with the corresponding decision regions shown in Figure 7.19. The deci- 

sion region~ of the m-stage detector (Problem 7.7) with a decorrelating first 

stage are shown in Figure 7.20, where we can see the presence of limit 

cycles for certain observables as in the case of the conventional first stage 

(Figure 7.17). 

Despite the shape of the decision regions in Figure 7.19, it turns out 

that the analysis of the two-stage detector with a decorrelating first stage 

is easier than the analysis in Section 7.2. By symmetry we can write the 

FIGURE 7.19. 

Decision regions 

of multistage 

detei:t~ with a 
decorrel~ting first 

stage. 
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FIGURE 7.20. 

Decision regions 

of m-stage 

detector 

(decorrelating first 

stage) with 

shaded regions 

leading to       . 

limit-cycle 

decisions. 

¯ ..t-+ 

oh-- 

bit-error-rate of the two-stage detector with a decorrelating first stage as 

1 
Plaa(o’) = ~P[~)I = -1 [(bl, b2) ~--- (41, +1)] 

1 
+ -~P[bl = -1 [(bl, b2) = (41, -1)].    (7.42) 

We will now compute the first term in the right side of (7.42). Condition- 

ing on d2, we have 

P[bl = -1 I(bl, b2) = (+1, +1)] 

---- P[bl = -1 I(b1, b2, d2) = (+1, +1, +1)] 

x P[d2 = +1 I(bl, b2) = (+1, +1)] 

+P[b~ = -1 I(b1, b2, dz) = (41, 41, -1)] 

x P[d2 = -ll(b1,b2) = (41, +1)]. (7.43) 

But we saw in Chapter 5 that the decision of the decorrelating detector d2 

is unaffected by the value of bl. Thus, 

P[dz = 411 (51, b2) = (+1, +1)] 

.= 1 - P[d~ -- -1 [bz ---- +1] 

(7.44) 
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Furthermore, using (7.39) we get 

P[bl = -1 ](bl, b2, d2) = (+1, +1, +1)] 

= P[AI + A2p + nl -- A2p < 0[ A2(1 --/92) + (rt2 -- pnl) > 0] 

= P[ni < -Aa] 

= 
Q(~),                        (7.45) 

where we used the independence of the zero-mean Gaussian random vari- 

ables nl and (n2 - pnl) (cf. (2.79)): 

Analogously, 

E[nl(n2 - pnl)] = 0-2p _/90.2 = 0. 

P[bl = -1 I (bl, b2, d2) = (+1, +1, -1)] 

=P[AI+2A2p+nl <0[A2(1-pZ)+(nz_pnl)<O] 

= P[na < -A1 - 2Azp] 

= Q(AI +~2pA2) . 

Putting together (7.43), (7.44), (7.45), and (7.46) we get 

P[bl = -1 [(bl, bz) ---- (+1, +l)] 

Proceeding in an entirely similar way, we get 

P[ba = -1 I(bl, b2) = (+1,-1)] 

= Q(A2~) Q(Aa ~2A2p) 

(7.46) 

(7.47) 

(7.48) 
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It follows that (7.42), (7.47), and (7.48) result in the closed-form expres- 

sion 

P~a(~r) = QI-~-) I1- Q(A2~)] -I- Q(A2~) 

1 

(A1 

x [~Q(al + 2aap) +_~Qo- 
--_~2_a2p)], 

(7.49) 

which is one of the rare closed-form expressions one can obtain for the 

bit-error-rate of a nonlinear detector. Equation (7.49) has an obvious inter- 
pretation: the event bl ~& bl Can happen in two different ways depending 

on whether the decorrelator makes the right decision for user 2; if so, then 

the error probability is that of a single-user system; otherwise the error 

probability is that of a conventional receiver for user 1 with interfering user 

amplitude equal to 2Az. 

To find the asymptotic multiuser efficiency we just need to use (7.49) to 

compute 

2o-2 

lim -- log 1/P~a(a). 

Making use of (3.43) we obtain 

~/~d=min 1, ~-~ ,_ -- p2) 0,1--2 ]Pl ¯ (7.50) 

Figure 7.21 shows r/~dd as a function of A2/A1 when Ipl = 0.6. We see 

that ~/1ad = 1 for sufficiently large interference. Moreover, for sufficiently 

low interference, it does not behave as well as the conventional single-user 

matched filter detector (cf. Figure 7.9), and its near-far resistance is not 

optimal (i.e., it is worse than that of the simpler decorrelating detector). 

The near-far resistance of the two-stage detector with decorrelating first 

stage can be readily found by minimizing (7.50) with respect to Az/A1 

FIGURE 7.21. 
Asymptotic 
multiuser 
efficiencies for 
two synchronous 
users; I,ol = 0.6. 
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1 

0.6 

0.4 

o.~ 

Two-stage 

Conventiona 

Ipl 

Decorrelator 

FIGURE 7.22. 

Near-far 

resistance of 

lwo-stage detector 

with conventional 

and decorrelating 
first stage for two 

synchronous 
1 users. 

(Problem 7.13): 

f/lda = 1 +4lp[ - p2 _ 12jpl3 + 8/94 

(1 + 21/91 -/92)2 
(7.51) 

Figure 7.22 compares (7.51) to the near-far resistances of the two-stage 

receiver with conventional first stage (Problem 7.9) and to the near-far resis- 

tance of the decorrelator (equal to 1 -/92). Although the decorrelating first 

stage is preferable to a conventional first stage, the second stage appended 

to the decorrelator actually decreases its near-far resistance. The reason for 

this behavior is that the reliability of the tentative decorrelating decision for 

user 2 may not be sufficiently high (for certain A2/A1 and/9) compared to 

the reliability of the decorrelating decision for user 1, but yet A2/A1 is suf- 

ficiently high ~at subtracting wrong decisions from user 2 has a substantial 

negative effective on performance. In those cases, it is preferable to tune 

out user 2 rather than to attempt to cancel it. Consequently, it is sensible to 

switch off the second stage when the relative amplitude of the interferer is 

such that the asymptotic efficiency of the decorrelator fl~ = 1 -/92 is higher 

than Odd k " 

The allowable power-tradeoff regions to obtain a guaranteed bit-error- 

rate for both users are shown in Figure 7.23. If ]p[ < ½, then it-can be 

shown (Problem 7.14) that the power-tradeoff region (for asymptotically 

large signal-to-noise ratio) is identical to the optimal one (i.e., there is no 

coupling between the energies). As the crosscorrelations are increased, we 

observe the interesting phenomenon that for sufficiently similar powers 

the curves coincide with those of the decorrelator, whereas for sufficiently 

imbalanced powers, the behavior is identical to the optimum detector. 

The multistage detector with decorrelating first stage is one of those cases 

where the two-user analysis does not capture the full essence of the K-user 

analysis. The reason we were able to obtain a closed-form solution to the 

bit-error-rate in the two-user case was the independence between the noise 

components at the output of the matched filter for user 1 and at the output 

of the decorrelating detector for user 2. This property carries over to the 
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FIGURE 7.23. 
Signal-to-noise 
ratios necessary 
for the two-sJ:age 
detector with 
decorrelating first 
stage to achieve 
bit-error-rate not 
higher than 
3 x 10-5 for both 
users. 
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K-user case since every decorrelating linear transformation is orthogonal to 

all other signature waveforms. However, in the K-user case it is necessary 

to compute the joint probabilities of error of the decorrelating detector. That 
is, for every given pair ofb ~ {-1,.÷1}K and d ~ {-1, +1}~, we must find 

P[sgn(Ab + R-in) = d], 

which involves multidimensional Gaussian integration since R-an is a cor- 

related vector. An upper bound on K-user asymptotic multiuser efficiency 

based on the two-user analysis is given in Problem 7.18. 

7.4 CONTINUOUS-TIME TENTATIVE DECISIONS 

If we receive 

y(t) = Abs(t) + m(t), t ~ [0, T], 

we can make tentative decisions for b not only at time T, but for all t ~ 

[0, T]: 

b(t)= sgn(f0t s()OyOOd)~). 

369 
Samsung Ex. 1007, Page 390 of 470



CHAPTI:R 7. DECISION-DRIVEN MULTIUSER DETECTORS 

This principle can be employed to continuously cancel asynchronous mul- 

tiuser interference with running tentative decisions 

bk[i, t+] dej sgn Sk(L -- iT -- Zk) 

× [~0.) -k ~k()Obk[i, )~]Sk(~" -- iT - Zk)] dL), 
(7.52) 

where 
K M 

~(t) = y(t) - ~ ~’~ ~(t)b~[i, tlsk(t - iT - ~) 
k=I i=-M 

(7.53) 

and (cf. (7.10)) 

.~k(t) = A~(1 - 2P[bk[i, t] # bk[i]]) (7.54) 

with i chosen in (7.54) such that i T ÷ ~ < t < i T + ~:k ÷ T. Alternatively, 

we can express the term in large brackets in (7.52) as 

~()~) + ~().)b~[i, L]skO~ -- iT - 

: y(~.) - ~ .~j()0bj [i, )~]sj(Z - iT - zj) 
j~k 

- ~ ~O.)bj[i + 1, L]sj(L - iT - T - rj) 

-~.~j@)bj[i - 1, L]sj()~ - iT + T - zj). 
j#k 

(7.55) 

The final decision for the ith bit of the kth user is bk[i, iT ÷ T ÷ ~]. In 

contrast to the asynchronous decision-driven multiuser detectors we have 

seen in previous sections, there is no need to maintain a sliding window of 

tentative decisions (Figure 7.7). 

Performing a rigorous analysis of this detector is even more difficult than 

those done previously in this chapter. An analysis of the random signature 

case that invokes several simplifying approximations (Abrams et al. [8]) 

leads to the conclusion that the continuous-time tentative decision detector 

achieves the performance of the decorrelator. 

7.$ DECISION-FEEDBACK MULTIUSER DETECTION 

In this section we consider multiuser detectors that combine several 
of the features of the decision-driven detectors we have seen in previous 

sections: 
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¯ As in successive cancellation, the intermediate decisions used in decision- 

feedback detectors are final (output) decisions. 
¯ Decision-feedback detectors operate sequentially, demodulating one bit 

at a time. 
¯ As in multistage detection with decorrelating first stage, both linear and 

nonlinear methods are used to combat multiuser interference. 

The term decision-feedback !s borrowed from an approach extensively used 

for the demodulation of single-user channels subject to intersymbol inter- 

ference, whereby previous output ("final") decisions are used as surrogate 

transmitted data to cancel intersymbol interference. 

As usual, our main emphasis will be on the synchronous setting, in 

which the basic principles of decision-feedback mulfiuser detection can be 

explained succinctly. 

1.5.1 SYNCHRONOUS DECORRELATING 
DECISION-FEEDBACK 

According to Proposition 2.2, the synchronous K × K crosscor- 

relation matrix can be factored as 

R = FTF, (7.56) 

where F is a lower triangular matrix (i.e., Fkl = 0 if k < !). If R is nonsingu- 

lar, so is F, and we can process the vector of matched filter outputs by the 

upper triangular matrix 

yielding the whitened matched filter outputs (cf. (2.87)): 

y = F-ry = FAb + fi, (7.57) 

where fi is a Gaussian K-vector with independent components, each with 
variance o-2.¯ Since F is lower triangular, the first whitened matched filter 

output is 

91 ~- FllAlbl + hi. (7.58) 

Thus, ~1 contains no interference from other users and its signal-to-noise 

ratio is that of the decorrelating detector (5.46): 
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Indeed, we saw in Chapter 5 that 

bl = sgn(~l) (7.59) 

is the decision of the decorrelator for user 1. For k > 1, Yk does contain 
interference from lower-numbered users: 

k-1 

~k = FkkAkbk + E FkjAjbj q- hk. 
j=1 

(7.60) 

In view of (7.60) and following the philosophy of successive cancella- 

tion (Section 7.1), we can demodulate the users sequentially (in the order 

1,2 ..... K)by 

b~ = sgn yk - y~ F~jAjbj , 
j=l 

(7.61) 

which is the decorrelating decision-feedback detector. 

In matrix notation, (7.61) becomes 

b = sgn(F-Ty -- (F -- diag{F})A~b). (7.62) 

Reflecting on (7.61) we see that the first user is demodulated by its 

decorrelating detector whereas other users subtract a linear combination of 

previous decisions from the whitened matched filter outputs. We recall from 

Chapter 5 that the whitened matched filter output ~ is the output of a decor- 

relating linear transformation for s~ against {S~+l ..... sx }. Accordingly, ~ 

contains no trace of users k + 1 ..... K. Furthermore, if the previous deci- 

sion on user j < k was correct, then its contribution to ~ (7.60) is perfectly 

canceled in the decision statistic (7.61).                         ~ 

Unlike successive cancellation, in the hypothetical absence of back- 

ground noise (a = 0), the decorrelating decision-feedback detector guar- 

antees error.free demodulation, as we can see from (7.60) and (7.61). 

The bit-error-rate analysis of the decorrelating decision-feedback de- 

tector benefits from the fact that the noise samples (ha ..... htc) affecting 

the observables in (7.60) are independent. This implies that the noise hk 

affecting the decision statistic in (7.61), 

k-1 

Z~ = Y~ - E F~jAjbj 
j=l 

k-1 

= Fk~Akbk +~E FkjAj(bj - b j) + h~, 
j=l 

(7.63) 

(7.64) 
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is independent of previous decisions. Accordingly, if we knew {(bj - 
b j), j = 1 ..... k - 1} in addition to zk, the optimum decision for bk 

would be 

sgn z~ - F~jAj(b~ - b~) , 

immediately leading to a lower bound on the bit-error-rate of the decorre- 

lating decision-feedback detector: 

Pk (a)> Q -- . (7.65) 

Thanks to the independence of the noise components that affect the 

observables of the decorrelating decision-feedback detector we will be able 
day 

to obtain a closed-form expression for P~ (a) for an arbitrary number 

of users and arbitrary crosscorrelation matrices. Recall that up to now we 

had been able to obtain exact expressions (for arbitrary K) only for linear 

multiuser detectors. 
User 1 achieves the same error probability as the decorrelating detector, 

pdlaf(a)= Q(~)= Pld(a),    (7.66) 

and user 2 achieves the same error probability as a multistage detector with 

decorrelating first stage (cf. (7.49)): 

+ ~Q(.A2-_~AIp)]. 

By symmetry we can condition on b~ = +l: 

aaf P~, (,r) = P[z~ < 0lb~ = 1] 

= 21-/~ 
~ 

P[z~ < 0l (bl, ..., b~-l, 1)] 
(bh...,bk-l)~{--1,1}k-x 

(7.67) 

=21-~     ~         ~ 
(b~,...,b~_~)~{-1,1}k-~ (bh...,b~_a)~{-1,1}k-I 

P[zk < 0l(bl ..... bk_1, 1), (bl ..... b~-l)] 

x P[(bl ..... b~-l) I (bl ..... bk-1, 1)] 
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where 

=21-k     Z          ~ 

(bl,..-,bk-l)~{--1,1}k-I (b~,...,bk_l)~{- I, 1}k-~ 

P[Zk < 0I (bl ..... bk-1, 1), (hi ..... bk-1)] 

k-i 

x ]-[ P[b] I(bl ..... bj-1), (hi ..... b j-l)] 
j=l 

(bl ,.-.,bk-l)~{-- 1,1}k-I (hi, ..-,~-1)~{- 1,1 }~-I 

:rrk(bl --b1 ..... bk-1 

k-1 

× H [l{b2 ---- hi} ÷ (1 - 21{bj = ~i}) 
j=l 

x :rrj(bl - ~I ..... b j-1 - b j-l)], (7.68) 

7~k(el ..... ek-1) = Q Fk~ q-    Fkl e~ . (7.69) 
1=1 

Note that the independence of the noise components is crucial to express 

the conditional probabilities in the left side of (7.68) in terms of (7.69). 

Although formidable looking, Equation (7.68) is an exact expression for 

the error probability of the decorrelating decision-feedback detector. 

The probability that the detector makes no errors is easily obtained: 

P(b~ = b~ ..... bK = bK) = H 1 -- Q . 
k=l 

(7.70) 

The explicit expression in (7.68) is a sum of products of Q-functions. 
Therefore, it is straightforward to find the asymptotic efficiency (Problem 

7.20): 

with 

(7.71) 

v~(x)~f(l{x < O}l{~=O}+l{x > 0}1{~-~0}) x2.     (7.72) 

According to (7.65), 

_ddf    2 
-qk _< F£~ (7.73) 
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with equality if k --= 1 (7.66). Furthermore, we can obtain the following 

expression for the worst asymptotic effective energy: 

rrfin A~ _day --2 lim o-2 log P    {b~ 5~ b~} 
k=l,...,K Ilk =     a-- O           L = 

=--21imaZl°g(1-I~[1-Q(@~)])~-+0k=l 

(7.74) 

(7.75) 

= rain A~ F~Zk, (7.76) 
k=l,...,K 

where (7.74), (7.75), and (7.76) come from (3.116), (7.70), and (3.44), 

respectively. Since (7.76) holds for all (A1 ..... AK), the power-tradeoff 

region of the decorrelating decision-feedback detector is the same (asymp- 

totically as a --~ 0) as that of a hypothetical multiuser detector that would 

attain (7.65) with equality, that is, to achieve error probability no worse than 

P for all users, the signal-to-noise ratio should satisfy, asymptotically, 

AM > (Q-I(p))2 
(7.77) 

0.2 --      F~k 

Comparing this to the power-tradeoff region of the decorrelating detector 

(5.49): 

AM 
> (Q-a(P))2R~,              (7.78) 

0.2 -- 

and recalling (Problem 5.23) that 2 + F~k R~ > 1, we conclude that the power- 

tradeoff region of the decorrelating decision-feedback detector is better 

than (i.e., contains) the power-tradeoff region of the decorrelating detector. 

We emphasize that this conclusion is guaranteed to hold asymptotically as 

a --~ 0; however, we did not take the optimistic view that previous decisions 

are correct nor did we assume that users are decoded in any particular order. 

In the two-user case, F~21 = 1 - p2 and F22 =- 1. Therefore, in that case, 

the power-tradeoff region of the decorrelating decision feedback detector is 

A12 > (Q-l(p))2 A~2                 _ 
0-2 - 1- pz ’ ~ > (Q-~(P))2’         (7.79) 

whereas the decorrelating detector has power-tradeoff region 

A~ > (Q-~(p))2 A~ > (Q-l(p))2          (7.80) 

a2 - 1 - p2 ’ 0.2 - 1 -- p2 

According to (7.77), if users adjust their powers to minimize the total 

transmitted power required to achieve a certain common level of error prob- 

ability, then each user should satisfy (7.77) with equality (i.e., the power 
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transmitted should be 1/F~,k times the power required to achieve the target 

error probability in a single-user system). It is interesting to investigate the 

average per-user power penalty: 

1 ~ 1 
K k=l F~k 

(7.81) 

and contrast it to that of the decorrelator: 

ffa 1 K = "~-E R~. 
k=l 

(7.82) 

In particular, we can examine the asymptotic (K --> ~x~) behavior of these 

quantities under the random spread-spectrum model with spreading factor 

equal to N and 

K 
f! = lim -- < 1. 

K--> ~x~ N 

According to (4.121), 

lim E[ffa]= lim 1 ~E[R+~]_ 1 (7.83) 

Now, the average power penalty of the decorrelating decision-feedback 

detector satisfies 

(7.84) 

1 
~" E[R+[k, K]ll] gZ_,k=l 

(7.85) 

(7.86) 

lim --       : 
K->o¢ K 1=1 1 -- N 

(7.87) 

= lim N~ 1_ r-~ K j=l N j 
(7.88) 

(7.89) 

(7.90) 
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FIGURE 7.24. 
Average per-user 
power penally .!or 

random signatu(e 
sequences. 

cis on fe db 

0.2 0.4 0.6 0.8 1 

1 
=- lim logl 

/~ K--~ ~x~ 
(7.91) 

l log      ,               (7.92) 

where (7.85) follows from (2.137); (7.86) follows from (4.121) and the 

definition of R[k, K]; and (7.89) is a standard property of the logarithmic 

function. The functions of/3 in (7.83) and (7.92) are compared in Figure 

7.24. 

1.5.2 SYNCHRONOUS MMSE 
DECISION-FEEDBACK 

The demodulation of user k by the decorrelating decision-feedback 

detector assumes that the decisions of users {1 ..... k - 1} are correct and 
decorrelates against users {k + 1 ..... K}. This is seen in Equation (7.62), 

b : sgn(F-~y - (F - diag{F})A~b), (7.93) 

where the purpose of the upper triangular matrix F-~ is to decorrelate 

against "future" users and the purpose of the strictly lower triangular feed- 

back matrix (F - diag{F}) is to cancel the interference from "previous" 

users. In view of the results in Chapter 6 it is natural to investigate the re- 

placement of those linear transformations by nondecorrelating linear trans- 

formations. 

A general form for a synchronous decision-feedback detector is 

b = sgn(Gy - BAh), (7.94) 

where the K x K matrices G and B are to be s~pecified. A basic constraint 

is that B be strictly lower triangular so that (7.94) can be implemented 
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sequentially (i.e., bk does not depend on b j, j > k). Note that the special 

case 

G=I, 

{ Pij, ifi>j, 
Bij = O, 

if i < j 

corresponds to successive cancellation (7.8), and the special case 

G = F-T, 

B = F - diag{F} 

corresponds to decorrelating decision-feedback. 

One way to assess the quality of the decision statistics, 

z : Gy - BAh, 

is to consider the covariance matrix of the difference between the inputs to 

the decision device and the true transmitted bits weighted by their ampli- 

tudes: 

cov{z - Ab} = cov{Gy - BArb - Ab} 

= cov{GRAb + Gn - BArb - Ab} 

= a~GRG~ + cov{(GR - I)Ab - BArb} 

: cr~GRGr + [GR - I]A~[GR - I]r 

+ BAE[bbT]ABT 

-- BAE[bb~][GR - I]r - [GR - I]AE[bb~]ABr. 

(7.95) 

Now, to be able to give an expression for the error covariance matrix in 
^^r 

terms of the design parameters, we would need expressions for E [bb ] and 
E[b~r] as functions of G and B. Even if those expressions were known, 

which they are not, the complexity of the ensuing optimization problem 

would be unwieldy. A judicious alternative to this design problem is to 

substitute those matrices by the approximations 

E[bbT] ~ I 

and 

E[bbr] ~ I, 
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which are manifestly justified unless the error probabilities are high, and 

select G and B to minimize the trace of the ensuing covafiance matrix (7.95): 

0-2GRGr + [GR - B - I]A2[GR - B - I]r. 

We willproceed in two stages. First we optimize the choice of G for arbitrary 

B, and then we select the optimum strictly lower triangular matrix B. The 

solution to this problem will provide the matrices that minimize the mean- 

square errors between the inputs to the thresholds and the true data if the 

fed-back decisions were correct. 

Using the definition 

I] ae=f [B + I](0-2A-2 + R)-1, (7.96) 

it is straightforward to check (cf. (6.24)) that 

a2GRGT ÷ [GR - B - I]A2[GR - B - I]T 

= a2[B + I](a2A-2 + R)-a[B + I]r 

+ (G - (~)(RA2R + 0-2R)(G - (~)T. (7.97) 

Because of the nonnegative definiteness of (RA2R q- a2R), the matrix G = 

I] minimizes the trace of (7.97). 

Now let us proceed to minimize 

0-2 trace{[B + I](o’2A-2 q- R)-1 [B q- I]r} 

with respect to strictly lower triangular B. To that end, it is convenient to 

introduce the Cholesky factofization of the nonsingular matrix 

0-2A-2 + R = F~TFo (7.98) 

and to define the lower triangular matrix 

L dej [B "~- I]F~-1. 

Then 

trace{[B + I](0-2A-2 q- R)-1 [B + I]T} 

= trace{LLT } 

K k 

k=l 1=1 

K 
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K 

Z -1 2 
= (F~)kk (7.99) 

k=l 

(7.100) 

where we used the lower triangularity of [B ÷ I], F~a, and Fo and the fact 

that the diagonal elements of the product of two lower triangular matrices 

are the product of the respective diagonal elements. 

Moreover, letting 

~a def 1 ---- diag- {F~}F~ 

we can express 

[B + I] (F~TF~)-1 [B + I]r = [B + I] (~Tdiag2{F~ }~’~)-1 [B + I]r 

= [B + I](~’o)-ldiag-Z{F~}(~o)-r [B + I]r 

= diag-Z{F~ }, (7.101) 

where (7.101) holds if we choose the strictly lower triangular matrix 

1] = diag-I{Fo }F~ - I. (7.102) 

But the trace of the matrix in (7.101) coincides with the lower bound in 
(7.100). Thus, we have shown that (7.102) is the optimum strictly lower 
triangular matrix. Substituting (7.102) into (7.96) we obtain 

(] = diag-~ {F,,}F,~(aZA-2 + R)-1 

= diag-l{F~r }F~F~AF~T 

= diag-~{F~}F~T. 

(7.103) 

(7.104) 

(7.105) 

With those choices of I] and I], the decision-feedback detector becomes 

b = sgn(diag-~ {F~}F~ry - (diag-~{F~}F. - I)A~b) 

= sgn(diag-l{F~}[F~-ry - (F, - diag{F~})A~b]) (7.106) 

= sgn(F~ry - (F~ - diag{F~ })A~). (7.107) 

We conclude that the same detector is obtained with 

G = F~"T 

and 

B ---- F,, - diag{F~}, 
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FIGURE 7.25. 

Two-user 

synchronous 
decision-feedback 
detector. 
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sl(t) 

S2(t) 

(~21 

which is the MMSE decision-feedback detector. Note that in the special case 

of o- = 0 and invertible R, the MMSE decision-feedback detector becomes 

the decorrelating decision-feedback detector. 

Even though we placed no such restriction at the outset, the optimum 

matrix G is upper triangular, as in the case of the decorrelating decision- 

feedback detector. This means that in the demodulation of user k, the miti- 

gation of interferers k ÷ 1 ..... K is purely linear, whereas the mitigation of 

interferers 1 ..... k - 1 is by nonlinear cancellation. In Figure 7.25 we have 

depicted the general form of a two-user decision-feedback detector where 

user 1 is demodulated before user 2. For the MMSE decision-feedback 

detector the coefficients in Figure 7.25 are equal to 

--p, 

0~21 -- 1 -~ ~rZ/A~’ 
(7.108) 

0~12 ~ -pAl. (7.109) 

Comparing to Figure 6.4 we see that user l’s decision is the same as that 

of a linear MMSE detector. This observation holds for any number of users 

because F~I is lower triangular and its diagonal elements are positive. Thus, 

sgn((F:r y)1) : sgn((F:’F:ry)1) 

= sgn(((a2A-2 + R)-ly)1). (7.110) 

In addition to the fact that it does not require the crosscorrelation matrix 

to be invertible, one of the main advantages of the MMSE decision-feedback 

detector over the decorrelating decision-feedback detector is that adaptive 

training-sequence-based versions are easy to obtain. 

Unlike the decorrelating decision-feedback detector, the MMSE decision- 

feedback detector does not lend itself to an exact analysis of bit-error-rate 

since the noise vector inrF~ry no longer has independent components. Nat- 

urally, for high signal-to-noise ratios the bit-error-rate will be close to the 

decorrelating decision-feedback detector. In particular, for low bit-error- 

rates the power-tradeoff region of the MMSE decision-feedback detector 
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is guaranteed to contain the power-tradeoff region of the MMSE linear 

detector. 

7.5.3 ASYNCHRONOUS DECISION-FEEDBACK 

The generalization of the decision-feedback detectors we have 

seen in Sections 7.5.1 and 7.5.2 to asynchronous channels is conceptually 

straightforward. 

We can start by viewing the asynchronous channel with a finite number 

of bits per frame as a synchronous channel with as many "users" as bits 

(cf. Section 2.2). A natural way to order the "users" for decision-feedback 

is by their time of arrival. But this is neither mandatory nor necessarily 

optimal; consider the case in which bit b] [i] occurs slightly after b~ [i] but 

Aj >> At. Conversely, ordering by received powers is not necessarily opti- 

mal. Depending on whether a decorrelating decision-feedback detector or 

an MMSE decision-feedback detector is implemented, the feedforward and 

feedback matrices can be obtained by factoring either the crosscorrelation 

matrix or its sum with the diagonal matrix of noise-to-signal ratios. How- 

ever, this approach is hardly implementable because the size of the matrices 

is proportional to the frame length. Fortunately, as we saw in Chapters 5 and 

6, those linear transformations become time-invariant K-dimensional linear 
filters as the frame length grows. The role of the crosscorrelation matrix R 

is now played by the transfer function (2.112): 

S(z) = Rr[1]z + R[0] + R[1]z-1, (7.111) 

which according to Proposition 2.3 can be factored as 

S(z) = [F[0] -k F[1]z]r[F[0] -k F[1]z-1], (7.112) 

where F[0] is lower triangular and F[1] is upper triangular with zero diag- 

onal. 

For the asynchronous decorrelating decision-feedback receiver the feed- 

forward and feedback filters have K x K transfer functions: 

G(z) : [F[0] + F[1]z]-T, 

B(z) ---- F[0] - diag F[0] q-F[1]z:-1. 

(7.113) 

(7.114) 

As in the synchronous case, G(z) acts as a linear decorelating transfor- 

mation for those bits that have not yet been demodulated. If the decoding 

order is determined by the time of arrival, then G(z) is a purely noncausal 

transformation (including at each time the bit of interest). Conversely, in 
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Sy~cK 

^ 
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FIGURE 7.26. 
Asynchronous 
decision-feedback 
multiuser detector. 

that case, the feedback filter is causal. Other asynchronous decorrelating 

decision-feedback receivers can be envisioned. For example, the decorre- 

lation against future bits need not have an infinite impulse response if the 

one-shot decorrelator approach of Section 5.3 is used (Problem 7.27). 

The asynchronous MMSE decision-feedback multiuser detector (Fig- 

ure 7.26) uses feedforward and feedback filters with transfer functions 

G(z) = [F~[0] + F~[1]z]-T (7.115) 

and 

B(z) : F~ [0] - diag F~ [0] + F~ [1]z-1, 

where we have factored 

S(z) + o2A-2 = [F~ [0] + F~ [1]z]r [F~ [0] + F~ [1]z-1]. 

(7.116) 

(7.117) 

A comparison of therequirements of various multiuser detectors is shown 

in Figure 7.27. The MMSE detector is the only detector for which the 

requirements of both the adaptive and nonadaptive versions are shown in 

Figure 7.27. 
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Single-User Maximum    Minimum Decorrelator MMSE 
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Training Sequence of 
1 Desired User’s Data. 

7.6 BIBLIOGRAPHICAL NOTES 

The idea of successive decoding in multiaccess communication 

goes back to the information theoretic study of the Gaussian mul- 

tiaccess channel (Cover [61]), where it was devised as a tech- 

nique .to show the achievability of the capacity region. The or- 

der in which users are decoded depends on their transmission 

rate (with the user transmitting at full singlemser capacity being 

decoded last). In that context, information is encoded with van- 

ishing blockwise probability of error and successive decoding is 

asymptotically optimal (in contrast to our setting). In the analy- 

sis of asymptotic efficiency of the demodulators in this chapter 

(as well as optimum asymptotic efficiency) we found that strong" 

interference is equivalent to no interference. An information the- 

oretic study of the Ganssian interference channel (Carleial [45]) 

revealed a similar property. 

In the context ofmultiuser detection of CDMA channels (with- 

out error control decoding), successive cancellation has been ex- 

amined in Kohno [213], Dent et al. [65], Yoon et al. [555,556], 

Patel and Holtzman [323], Holtzman [149], and Divsalar et al. 

[67]. In those works, cancellation residuals are approximated 

as white Gaussian independent sources. The use of matched- 

filter outputs for estimating the cancellation coefficients and 

the order of cancellation (cf. (7.1) and (7.15)) is proposed in 

Patel and Holtzman [323] and [3241. Other implementation is- 

sues related to the determination of the cancellation order and 

power control are examined in Kubota et al. [223], Pedersen et al. 

FIGURE 7.27. 
Comparison of 

requirements for 

multiuser 

detectors. 
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[328], and Seskar et al. [403]. Analyses of successive can- 

cellation in fading channels have been reported in Yoon et al. 

[556], Patel and Holtzman [325], Wijk et al. [537], Johansson 

and Svensson [177], and Mazzinni [271]. Successive cancella- 

tion of nonlinearly modulated signals is considered in Ewer- 

bring et al. [83]. Successive cancellation has been applied to 

array receivers in Kohno et al. [218] and Ghazi-Moghadam and 

Kaveh [111]. 

Prior to the foregoing works on successive cancellation, the 

multistage detectors were proposed in Varanasi and Aazhang 

[472,474] and Kohno et al. [217] for asynchronous channels and 

in Varanasi and Aazhang [473,476] for synchronous channels. 

Multistage detectors with conventional front-end and multipath 

combining have been explored in Yoon et al. [556] and Fawer 

and Aazhang [87]. Further results on the bit-error-rate of mul- 

tistage detectors with conventional front-ends are reported in 

Divsalar and Simon [66] and Hottinen et al. [163]. The two-user 

asymptotic efficiency of asynchronous multistage detection with 

soft decisions is found in Zhang and Brady [560]. The effect of 

receiver mismatch (timing, amplitude, and phase) on the perfor- 

mance of the multistage detector with conventional first stage is 

explored in Gray et al. [126]. Multistage detectors with multiple- 

antenna reception are considered in Kandala et al. [199] and Hot- 

tinen [162]. The latter paper,and Hottinen and Pehkonen [164] 

consider multistage detection for multirate CDMA. An adaptive 

form of the multistage detector with decorrelating first stage 

is analyzed in Siveski et al. [411] and Zhu et al. [564]. The 

differentially-coherent version of the multistage detector with 

decorrelating first stage is obtained in Hegarty and Vojcic [140]. 

Multistage noncoherent detection for nonlinear modulation is 

explored in Hegarty and Vojcic [142], Halford and Brandt-Pearce 

[135], and Visotsky and Madhow [506]; in the latter reference, 

tentative decisions supplied by a successive canceler are used to 

select a decorrelating final stage. Multistage coherent demodula- 

tion of m-ary spread-spectrum multiaccess is explored in 

Tachikawa [438]. Algebraic methods for multistage decoding 

of noncoherant frequancy-hopped spread-spectrum multiaccess 

date back to Timor [446]. Multistage detection has been explored 

for optical CDMA in Brandt-Pearce and Aazhang [33]. 

The continuous-time tentative decision detector of Section 7.4 

was proposed in Abrams et al. [8]. 

The decorrelating decision-feedback detector for synchronous 

channels is due to Duel-Hallen [73]. The optimal allocation of 

powers to minimize total power (cf. (7.77)) is found in Vara- 

nasi [469]. Further results on the analysis of the decorrelating 
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decision-feedback detector (cf. Problem 7.21) were given in 

Varanasi [471]. The replacement of the decorrelating transforma- 

tion with a linear transformation that maximizes asymptotic effi- 

ciency (Section 6.1) has been explored in Varanasi [470,471]. A 

detector that works with the observables (7.63) of the decorrelat- 

ing decision-feedback detector is proposed in Wei and Schlegel 

[527]. The use of maximum-likelihood sequence detection in 

the decorrelating decision-feedback structure has been studied 

in Sauar-Greff and Kennedy [382] for multiusar channels with 

intersymbol interference. The differentially-coherent version of 

decorrelating decision-feedback detection is considered in Wu 

and Duel-Hallen [546]. An adaptive synchronous decorrelating 

decision-feedback structure is presented in Chen and Roy [51]. 

The first decision-driven multiuser detector reported in the 

literature appears to be a four-user MMSE decision-feedback 

detector (Kavehrad and Salz [203]) designed to cancel cross- 

polarization interference. 

Various forms of asynchronous decision-feedback multiuser 

detectors have been proposed and analyzed (Xie et al. [550]; 

Abdulrahman and Falconer [4]; Duel-Hallen [72, 74]; Verd~i [498]; 

Abdulrahman et al. [5]; Rapajic and Vucetic [352]; Petersen and 

Falconer [330]; Yang and Roy [551]; Wu and Duel-Hallen [545]; 

Tidestav et al. [444]; Varanasi [469]). Some of those works con- 

sider detectors that instead of operating with the sufficient statis- 

tics-provided by a bank of matched filters operate with the 

fractionally sampled output of the matched filter of the user of in- 

terest. Adaptive implementations are reviewed in Falconer et al. 

[84]. Joint antenna-diversity reception and decision-feedback 

multiuser detection is considered in Jung et al. [184], Jung and 

Blanz [183], and Gray et al. [127]. The MMSE decision-feedback 

receiver has been shown to minimize geometric MSE (i.e., not 

only the trace but the determinant of the error covariance ma- 

trix) in Yang and Roy [551]. Algorithms for recursive Cholesky 

factorization of asynchronous crosscorrelation matrices are stud- 

ied in Kaleh [195], Wei and Rasmussen [525], and Alexander and 

Rasmussen [15]. 

The replacement of the sign nonlinearities by soft tentative 

decisions has been explored in Zhang and Brady [559], Brady 

and Catipovic [32], Chen et al. [53], Divsalar and Simon [66], 

Vanghi and Vojcic [465], and Nelson and Poor [300]. The notion 

of partial interference cancellation that deemphasizes less reli- 

able decisions was introduced in Divsalar and Simon [66] and 

Abrams et al. [8]. 
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Decision-driven multiuser detectors are naturally coupled 

with error-control codes. At the expense of increased delay, the 

reliability of decisions is improved by error-control decoding. 

An illustrative set of references on this research direction in- 

cludes Hoeher [146], E1-Ezabi and Duel-Hallen [77],. Shaheen 

and Gupta [404], Fewer and Aazhang [87], Vojcic [512], Hafeez 

and Stark [131], Giallorenzi and Wilson [115], Sanada and Wang 

[379], Saifudding et el. [374], Saifudding [373], and Sanada and 

Nakagawa [378]. 

Nonlinear multiuser detectors that fall outside the scope of 

Chapters 4 and 7 are pursued in Verdd [487], Poor and Verdd 

[337], Miyajima and Hasegawa [283], Douglas and Cichocki [70], 

Paris et al. [318], and Aazhang et el. [1]. 

7.7 PROBLEMS 

PROBLEM 7.1. In this problem we show that successive cancella- 

tion in the order of decreasing powers is not necessarily optimum. 

Consider a three-user synchronous channel with crosscorrelation 

matrix 

I 
1 

P12 

0.81 

p12 1 0.4 

0.8 0.4 1 

and 

1.0, 

A3 -= 1.2. 

(a) Show that in the absence of background noise the successive 

canceler that demodulates the users in the order {3, 2, 1} has 
bit-error-rates: 

1 
P](O) = ~, 

P~(O) = 11 
4 {Pn < -0.14}, 

1 
P](O) = ~. 

(b) Show that in the absence of background noise the successive 

canceler that demodulates the users in the order {2, 3, 1} re- 
covers the data error-free if P12 < 0.62. 
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PROBLEM 7.2. (Viterbi [509]) Assume a hypothetical perfect suc- 

cessive cancellation receiver that after cancelling the ith user ob- 

tains a signal free of the contributions of users 1 ..... i - 1. Further, 

assume that the contribution of the background noise after each can- 
cellation is equal to cr2. Using the infinite-user approximation to 

the error probability of the single-user matched filter with random 

signature waveforms, show that for the signal-to-noise ratio seen 

at each stage to be equal, the received powers must satisfy 

A~ ( y__~ K-k 
(7.118) a-~=Y I+N] ¯ 

PROBLEM 7.3. (Viterbi [509]) The signal-to-noise ratio in (7.35) 

is upper bounded by 

1 k--1 2" 
0"2 ~- ~ ~-~j=l Aj 

Show that 

~yg_>N1ogk=l 1+~g=1°’2]" 

PROBLEM 7.4. Express the multistage detectors with conventional 

and decorrelating first stages in terms of the independent-noise L- 

dimensional model (2.97): 

r = SAb + o-m. 

PROBLEM 7.5. Verify equations (7.24) and(7.25), which hold for 

p > O. [Hint: Show 

A(+-,-+) ~ IlS(+-)ll < [IS(++)ll ~ A(++,--).] 

PROBLEM 7.6. (Patel and Holtzman [324]) Assume that the re- 

ceived amplitudes are independent identically distributed with com- 
mon cumulative distribution function FA (density function fa), and 

label the users so that 

AK < "’" < A1. 

Show that the density function of A~ is 

k~ 
fa~(X) : Fff-~(x)[1 -- FA(X)]k-1 fA(X)¯ 

(K - k)!(k - 1)! 

PROBLEM 7.7. Consider a two-user synchronous CDMA channel 

using the signature waveforms in Figure 7.28. Suppose that b2 is 

the decision of the conventional single-user matched filter detector 
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FIGURE 7.28. 

Direct-sequence 

signature 

waveforms with 

N=3. 

sl(t) s~(t) 

for user 2. Recall that a successive canceler demodulator for user 

1 outputs 

bl = sgn(Albl + Aa(b2 - b2)p + ~r(n, sl)). 

(a) Find the conditional distribution of the random variable b2 -b2 

given b~ = + 1. 

(b) Find the conditional distribution of the random variable b2 - b2 

given bl = - 1. 

(c) Is P[(n, s~) > O lbz - ba = 2] greater than, equal to, or less 

than 1/2 = P[(n, S1) ~ 0]? 

(d) Find the variance of the random variable 

Aa(b~ - b2)p + ~r(n, Sx). 

PROBLEM 7.8. Let s and D be an element and a convex subset, 

respectively, of a signal space such that s � D. Let d be such that 

s +d E Dand 

min IIv - sll : Ildll, 
rED 

and denote by C the subset of all signals s ÷ v such that 

(v, d) > Ildll2. 

Show that D C C. [Hint: The convexity of D must be used.] 

PROBLEM 7.9. Consider two synchronous users such that user 1 

is demodulated by cancellation of user 2 using the decisions of a 

conventional single-user matched filter for user 2. 

(a) Show that the conventional matched filter receiver achieves 

higher asymptotic efficiency than the successive canceler if 

2lpl    ifO < I pl < ~; A2...< ~_p2 ~ i-p2 (7.119) 
A~ - 1, otherwise. 

(b) Show that a successive cancellation receiver that switches to 

a single-user matched filter when (7.119) holds achieves the 
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(c) 

following near-far resistance: 

[ 
1--3p2q-3p412 

if 0 < I P [ < .3~. ~/~ = ~ 1--p2q-p4 ] ’ , 

(1 - I P I)2, otherwise. 

Show that the successive cancellation receiver that does not 

switch to the single-user matched filter achieves near-far re- 

sistance: 

(1--202)2, if IP[ < ~22; 
f/~ = O,          otherwise. 

PROBLEM 7.10. 

(a) Show that the decision regions shown in Figure 7.17 for a 

synchronous channel with p > 0 correspond to those of an m- 

stage detector, m = 2, 3 ..... with conventional first stage. The 

shaded regions in Figure 7.17 are those for which the detector 

enters a limit cycle. [Hint: Partition the space in sixteen regions 

according as 

Yl ~ {(-¢xz, -A2p], (-A2p, 0), [0, A2p), [A2p, ¢x~)), 

Y2 ~ {(--¢xz, -Alp],~(--AIp, 0), [0, A~p), [Alp, oo)}, 

and find the sequence of decisions in each of those regions.] ¯ 

(b) R-~peat (a) for an m-stage detector with decorrelating first stage, 

(i.e., verify Figure 7.20). 

PROBLEM 7.11. Find the length of the sliding window of tentative 

decisions that must be stored at the jth stage of an m-stage detector 

for a K-user asynchronous channel. 

PROBLEM 7.12. Recall (Problem 4.47) that the single-user matched 

filter is asymptotically optimal in the sense that 
O-     c 

lim (P~(o-) - P~(o-)) = 0. 

For a two-user synchronous two-stage detector with decorrelating 
first stage, find 

~li~na~o a~a (p~dd(o.) _ Pz(a))           ¯ 

PROBLEM 7.13. Show that the near-far resistance of the syn- 

chronous two-user two-stage detector with decorrelating first stage 

is given by 

1 +4]pl _p2_ 12lPl3 +8p4 

(1 + 2 IP] - 
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PROBLEM 7.14. Consider two synchronous users with 

Show that the power-tradeoff region of the two-stage detector with 
decorrelating first stage is asymptotically optimal for large signal- 

to-noise ratios. 

PROBLEM 7.15. Find the covariance matrix 

for the two-user synchronous decorrelating decision-feedback de- 

tector. 

PROBLEM 7.16. Find the range of values of A2/A1 for which the 

decorrelating detector gives better two-user asymptotic efficiency 

r/1 than the two-stage detector with decorrelating first stage. 

PROBLEM 7.17. 

(a) Show that if the initial decisions fed to the multistage detector 

are maximum-likelihood decisions, the decisions do not change 

after m stages. 
(b) Suppose that the initial decisions fed to the multistage detector 

are the minimum bit-error-rate decisions. Sketch the decision 

regions of the two-stage detector in the two-user case. Conclude 

that for every o- > O, the noise realization may be such that the 

decisions of the m-stage detector do not converge with m. 

PROBLEM 7.18. (Vanghi and Vojcic [465]) Show that the asymp- 

totic multiuser efficiency of the two-stage detector with decorre- 

lating first stage satisfies 

PROBLEM 7.19. (Vanghi and Vojcic [465]) Consider a two-user 
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synchronous channel and the following decision for user 1: 

bl = sgn(yx -- f~,(PY2)), 

1x, x>y; 

f~,(x) = 7’ -}" < x < ~/; 

--1, x < --y; 

 -12-p2  22- 

(a) Sketch the decision regions of this detector in the case A 1 : A2. 

(b) Show that this detector achieves optimum asymptotic multiuser 
efficiency for all A1/A2 if I/9 I < ~22" 

PROBLEM 7.20. Verify that 

(7.12o) 
with (cf. (7.72)): 

v~(x) ~f (l{x < 0}1{~ = 0} + l{x > 0}1{~ � 0}) x2 (7.121) 

PROBLEM 7.21. 

(a) Generalize (7.76) to show 

rnin A2,,ddf" rnJn ~ 2 ~- = A k F£1~ kqk 
k=l,...,j k=l,...,j 

forj = 1 ..... K. 

(b) (Varanasi [471]) Show that if 

2 2 <~ 2 2 ¯ .. A1Fll, 

then 

(7.122) 

(7.123) 

~ddf 2 
k ~ F£ko 

(c) Show that if all users have the same power, then (7.123) can 

only be satisfied if the signature waveforms are orthogonal. 

PROBLEM 7.22. Verify the identity in (7.97): 

o-aGRGr + [GR - B - I]A2[GR - B - I]r 

= o’Z[B + I](o’2A-2 + R)-I[B + I]r 

+ (G - I~)(RA~R + o’aR)(G - G)T, 

where 

(~ ~-----~f-[B + I](~r2A-2 + R)-1. 
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PROBLEM 7.23. Show that under the random signature sequence 

model, F11 converges in mean-square sense to ~/1 -/3, where 

K 

PROBLEM 7.24. Considerthesynchronoustwo-usertwo-stagede- 

tector with conventional first-stage. 

(a) Find the worst asymptotic effective energy. 

(b) Plot the power-tradeoff region to achieve bit-error-rates no 
larger than 3 x 10-5 for both users. 

PROBLEM 7.25. Verify that the coefficients in Figure 7.25 are 

given by (7.108) and (7.109) in the case of an MMSE decision- 

feedback detector. 

PROBLEM 7.26. Determine the matrices F= [0],F= [1 ] (cf. (7.117)) 

in the two-user case. [Hint: Recall Problem 2.50.] 

PROBLEM 7.27. (Verdti [498]) Using the one-shot decorrelator, 

design a two-user asynchronous decorrelating decision-feedback 

detector such that the decision b~[i] is independent of_{y(t), t > 

i T + T- z~ }. Find the asymptotic efficiency of the resulting detector. 

PROBLEM 7.28. Let Y = Ab + N where N is a zero-mean Gauss- 
ian random variable, A is a positive constant and b is equally likely 

to be -1 and +1. Show that 

E[(Y - Ab)2]     3 

E[(A sgn(Y) - Ab)2] - 2" 
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worst asymptotic effective energy) 

asymptotic multiuser efficiency 

asynchronous users, 228,278 

CDMA channel, 230 

decision-driven multiuser detectors, 351-2, 

355, 357, 363,367, 368, 369, 374-5, 384, 

385,386, 389, 390, 391,392 

decorrelating detector, 251,252, 253-5, 

257,260, 265, 269, 273,278, 285 

in frequency-flat fading, 136 

interference amplitude and, 204 

MMSE linear multiuser detectors, 288-91, 

296, 299, 316, 323, 325, 329, 330, 334, 

335,336, 338, 340 

optimum multiuser detectors, 176, 182-5, 

195-202, 204, 206, 209, 230, 252 
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asymptotic multiuser efficiency (cont.) 

Rayleigh fading and, 206, 209, 260 

single-user matched filter, 119-24, 136, 

138-9, 148-9, 151, 152, 183-4, 195, 204, 
252 

for synchronous users, 184-5, 207, 230, 

231,252, 289-91 

two-user case, 195,228, 230, 252, 278, 

289-91 

asynchronous channel 

chip-synchronous case, 206 

complex-valued signals, 40, 42 

crosscorrelations, 25, 26 n.2, 32-3, 39, 63, 

75, 119 

defined, 8, 21-2 

discrete-time, 62-4 

dynamic programming algorithms, 168-71 

error sequences, 190-1, 211 

two-user, 11, 25 

autocorrelation 

Clarke-Jakes, 44 

direct-sequence spread-spectrum, 48 

function, 47-8, 50, 65, 68, 74, 79, 84, 94, 

148, 209 

matrix, 62, 256 

pseudonoise sequences, 64-5 

autoregressive moving-average models, 44 

background noise 

additive, 55-6, 184 

CDMA, 55-6, 107-8, 147, 184 
decorrelating detector, 235-6 

and error probabihty, 107-8, 113, 116, 127, 

147, 184 

MMSE linear multiuser detector, 301,318, 

321,322-3,324, 329, 337 

non-Gaussian, 55-6 

non-white, 142, 329 

white Gaussian, 6, 9, 19, 55 

backward-forward dynamic programming 

algorithms, 173, 175, 211 

bandlimited chip waveforms, 64, 104, 310 

bandpass filtering, 2, 90 

bandwidth 

CDMA, 7 

coherence, 47, 48, 51 

Gabor, 15 

baseband model, 19-26, 54, 71-2 

Bayes formula, 87, 141 

beamforrning, 52 

bent signature sequences, 29 

Bessel function, 43 n.10, 100, 131, 134, 151 
Bhattacharyya bound, 139 

binary 

antipodal modulation, 40, 144-5 

eqniprobable test, 221 

frequency-shift keying, 138 

hypothesis testing, 87-8, 91, 95-6, 128, 

139, 181,189 

Markov chains, 230 

nonorthogonal signaling, 134-5 

orthogonal modulation, ,135, 152 

phase-shift keying, 40 n.8 

spreading codes, 26-35, 150 

bit-epoch synchronism, 310 

bit-error-rate (see also minimum bit-error-rate) 

approximate decorrelator, 249 

asymptotic, 184 

in asynchronous channels, 119, 138, 166, 

175,202-6, 232, 256, 257-8 
background noise and, 108, 116, 184 

conventional receiver, 106-7 

convergence, 117 

decision-driven multiuser detectors, 344, 

352, 358-9, 360, 365, 367, 368,369, 

372-3,381-2, 385, 387, 393 
decorrelating detector, 247, 249, 250-3, 

255-8, 265, 291 

demodulator comparisons, 37 

diversity reception and, 128-9 

generalization of, 113-14 

interference amplitude and, 108, 123-4 

minimum, 97, 165, 176-95 

MMSE linear multiuser detector, 299-302, 

305,306, 333, 334, 336-7 

optimum multiuser detector, 121,166, 175, 

176, 181,184, 192-4, 202-6, 223-4, 

226-8,230, 232 
Rayleigh fading and, 126, 138 

Rice fading and, 138 

single-user matched filter, 6, 109, 115, 117, 

122-3, 126, 131,132-3, 137, 138, 143, 

150, 176, 182, 184, 224, 250-1,253, 

255-8, 291 
in synchronous systems, 106-9, 122-3, 176, 

181,184, 220-1,223-6, 231 

in white Gaussian noise channel, 28, 114 

blind MMSE multiuser detection, 314-15, 

318-25, 327-8, 333, 338, 340, 342 

block-partitioned matrix, 196 

block synchronism, 22 

branch-and bound algorithms, 211,227-8 

brute-force optimum receiver, 162, 168, 232 

cancellation ’error, 350, 351-2 

canonical representation, 314-17, 318, 335, 

336, 340 

capacity region, 14, 384 

career 

modulation, 38-40, 104, 151 
carder-sense multiple access, principle, 4 

Cauchy distribution, 87, 139 

Cauchy-Schwarz inequality, 20, 94, 236 

CDMA (see code-division multiple access 

system) 
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Central Limit Theorem, 116, 150, 154-5, 301 

channel (see also asynchronous channel; 

multiaccess channel; synchronous 

channel; other types of channels) 

attenuation, 48 

distortion, 6 n.4, 8, 23, 45, 65 

downlink, 2 n.2 

forward, 2 n.2 

noise, 6 n.4 

reverse, 2 n.2 
uplink, 2 n.2 

Chemoffbound, 118 n.10, 137, 148 

chip 

asynchronous, 230 

defined, 26, 64 

duration, 26, 206 

matched filters, 64, 81,206, 219, 310, 329 

chip waveforms 

bandlimited, 27, 64, 104, 310 

direct-sequence spread-spectrum, 26-7, 35, 

70-1,310, 329 

energy spectral density, 68 

Fourier transform, 36 
rectangular, 27, 28, 33-4, 39, 73, 81, 1’19, 

212 

sinc, 27 
terminology, 64 

Cholesky factorization, 58-9, 82-3, 197, 228, 

250, 279, 379, 386 

Clarke-Jakes autocorrelation, 44 

closed-eye condition, 114-15, 121 

eochannel interference (see also multiaccess 

interference), 3, 9, 24, 65 

code-division multiple access system 

antenna arrays, 51-5, 66 

applications, 10, 64 

asynchronous models, 11, 20-6, 40, 42, 

62-4, 72, 104, 118-19, 122, 148, 212, 

231-2, 277, 285 
background noise, 55-6, 107-8, 147 

carder modulation, 38-40, 104 

code-time division multiple-access, 84, 287 

complex-valued model, 53, 58, 73, 125 

crosscorrelation, 5, 8, 15, 20, 21, 25, 57, 61, 

72 

data streams, 37-8 
direct-sequence spread spectrum, 26-8, 

35-6, 104, 280-I, 310 

discrete-time models, 56~4 

evolution of, 64 

fading, 42-51, 65 

frequency-fiat fading, 42-4 

frequency hopping, 36 

frequency-selective fading, 45-50 

homogeneous fading, 50-1 

hybrid FDMA system, 17-18, 65, 211 

inception, 64 

long sequences, 30-2, 248 

modulation, 38-42 

multicarriEr, 36, 51, 64, 65, 138 

multicode, 72 

nonantipodal modulation, 40-2 

nonorthogonal, 8-10, 68, 105 

number of users, 8-10, 11-13 

orthogonal, 5, 7-8, 11-13, 28, 64, 65, 105, 

108-9, 124 

orthonormal projections, 60-2 

partial-response, 65 

principle, 4-6 

random sequences, 32-5 

signature sequences, 29-30 

signature waveforms, 6-7, 26-36, 56, 65, 

71-2, 74-5 
single-user matched filter, 93-7, 104-19, 

137, 138, 148, 215, 284 

spreading factor, 28-9, 200 

symbol-asynchronous chip-synchronous 

channel, 206 

synchronous models, 5, 13, 19-21, 39-40, 

42, 54, 56-62, 64, 65, 66-7, 71-2, 74-5, 

83, 85, 104, 105-18, 122, 147-50, 161-5, 

215, 220-2, 274, 280-1,284, 310 

code-time-division multiple access, 84, 287 

coherence 

bandwidth, 47, 48, 51 

differential, 130-3, 138, 263-5,271,327, 

330, 385, 386 

coherent decorrelator 

diversity reception, 261-3, 270, 286 

fading, 258-63, 265, 271,272 

frequency-flat fading, 259-60, 270 

homogeneous fading, 260-I, 270 

imperfect phase estimates and, 271 

coin toss problem, 149 

collisions, 4-5 

combinatorial optimization problem, 162-3, 

164-5, 195, 210-11,227-8 

combining (see diversity combining) 

complementary error function, 100 

complementary Gaussian cumulative 

distribution function (see Q-function) 

complex-valued 

asynchronous signals, 40 

CDMA model, 53, 58, 73, 125 

discrete-time channel, 142, 261-2 

fading, 40, 207 

Gaussian vector, 58, 146-7 

impulse response, 45, 48 

signal, 39-40 

composite hypothesis testing, 91-2, 144, 146, 

159-60 

computational complexity, 162, 231,270, 272, 

291 

constant-modulus algorithm, 327, 342 

continuous phase modulation, 69 
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continuous-time tentative decisions, 369-70, 

385 

conventional detector, 85, 106-7, 166, 234-5 

(see also single-user matched filter) 

convergence, 72, 116-17, 146, 201,203-4, 

326, 328, 334, 337 

convex penalty function, 307, 309, 311, 314, 

318-19 

correlator, 6, 95, 143, 270 

covariance matrix 

CDMA channel, 57, 58, 61, 64, 73, 81, 83-4 

decorrelating detector, 241,249, 262, 265, 

284 

decision-driven multiuser detectors, 378-9, 

386, 391 

optimum multiuser detection, 207-8, 209 

single-user matched filter, 102, 110 

cost function, 308, 324, 327, 342 

Cr~irner-Rao bounds, 212 

crosscorrelation 

approximate decorrelator, 248-9 

asynchronous channels, 25, 26 n.2, 32-3, 

39, 63, 75, 119, 167, 204, 205 

career modulation, 38-9 

complex, 58 

CDMA, 5, 8, 15, 20, 21, 25, 57, 61, 72 
Cholesky factorization of matrix, 197 

diversity reception and, 129 

eigenvalues of crosscorrelafion matrix, 34-5 

even periodic, 26 n.2, 206 

matched filter outputs, 60 

matrix, 20, 57, 61, 63, 66, 67, 70, 72, 81, 83, 

162, 163, 167, 196, 197, 202, 205,207, 

208, 209, 225, 231,241-2, 247, 249-50, 

258, 259, 260-1,268, 273, 274--5, 282, 
284 

mean-square, 67, 73 

odd periodic, 26 n.2, 206 

partial, 26 n.2, 34 

probability density function, 39, 67 

pseudonoise, 64-5 

signature sequences and, 29, 64, 70, 71 

of signature waveforms, 20 

synchronous channels, 20, 21, 25, 29, 33, 

72, 73, 108-9, 162, 163,206, 231,247, 

258 

TDMA, 26, 75 

cross-polarization, 55 

crosstalk, 1, 9, 84, 210, 325 

CSMA (see carrier-sense multiple access) 

cumulative distribution functions 

CDMA, 77, 82 

complementary Gaussian (see Q-function) 

of error probability, 119-20 

outage, 119-20 

cut, 163-4 

cyclostafionary process, 79, 327 

data streams, 37-8,230 

decision-directed operation, 307, 314, 325 

decision-driven multiuser detectors 

adaptive forms, 350, 381,385, 386 

applications, 344, 349~ 385 

asymptotic multiuser efficiency, 351-2, 355, 

357, 363,367, 368, 369, 374-5,384, 385, 

386, 389, 390, 391,392 
asynchronous, 348, 363,370, 382-4, 385, 

386, 390, 393 

bit-error-rate, 344, 352, 358-9, 360, 365, 

367, 368,369, 372-3, 381-2, 385, 387, 

393 

cancellation error, 350, 351-2 

continuous-time tentative decisions, 

369-70, 385 

decision-feedback, 370-84 

decision regions, 346-8, 351,352, 355, 

360-5,390, 391,392 
decorrelating first stage, 363-9, 371-7, 381, 

382, 385-6, 388, 390, 391 

decorrelating detector compared, 345-6, 

368 

differentially coherent, 385, 386 

error probability, 351,352, 355, 360, 367, 

369, 373-6, 384, 388 

fading in, 385 

intersymbol interference, 371,386 

linear multiuser detectors compared, 349, 

351,352, 359 

rn-ary orthogonal modulation, 350-1,385 

MMSE, 377-82, 382, 386, 393 

with multipath, 385 

multistage detection, 361-9, 371,373-4, 

385, 388, 391 

near-far resistance, 358,367-8, 390 

noise, 348, 354-5,372-3, 381-2, 388 

noiseless channel, 387 

noncoherent demodulation, 350-1,385 

nonlinearly modulated signals, 385 

optimum multiuser detector compared, 349, 

352, 357, 358, 359, 368 

orthogonality, 354-5, 356, 369, 392 

performance analysis, 351-61 

power penalty, 376-7 

power tradeoff regions, 358-9, 368, 375-6, 

381-2, 384-5, 391,393 

principle, 344-5 

random spread-spectrum model, 360, 

376-7, 385, 388, 393 

receiver mismatch, 385 

requirements for, 384 

and single-user matched filters, 345, 351-2, 

357-8, 360, 361,367, 388-90 

soft vs hard decisions, 349, 385,386 

successive cancellation, 344-61,371,372, 

384-5, 387, 388-90 
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synchronous, 345, 357-8, 360, 361,371-82, 

368, 381,385-6, 387, 388-90 

tentative decisions, 349-50, 361-4, 368, 

369-70, 385,386, 390 

three-user channel, 348, 387 

two-user channel, 345-6, 351,355,357-8, 

360, 361,364, 368, 369, 381,385, 388-9, 
391-3 

decision-feedback multiuser detectors, 370-84 

decision regions 

in binary hypothesis testing problem, 95-6 
convergence, 146 

decision-driven mnltiuser detectors, 346~, 

351,352, 355, 360-5, 390, 391,392 
decorrelating detector, 238 

defined, 86 

of individually optimum detector, 160-1 

of jointly optimum detector, 157, 346, 362 

for K-user synchronous channel, 110-13, 

165 

of maximum likelihood detection, 346, 348 

minimum-bit-error detector, 161,238 

minimum-distance, 89, 156, 177, 178, 180, 

346 

for minimum error probability, 88-9, 95-6, 

165 

nonlinear, 157, 161,344, 347, 351-8, 362-5 

in one-dimensional space, 110-11 

optimum multiuser detector, 156, 157, 158, 

159, 177, 178, 180, 238 

in orthogonal space, 112-13 

partitioning, 158, 390 

single-user matched filter, 86, 88, 89, 95-6, 

110-13, 146, 156 

successive cancellation, 346-7 

in two-dimensional space, 110-11 

two-user systems, 215,238 

decision rules 

decision-driven multiuser detectors, 345-6 

decorrelating detector, 268, 278 

defined, 85 

diversity reception and, 128 

in frequency domain, 90 

in hypothesis testing, 85-6, 87, 89, 90, 

91-2, 128 

maximum-likelihood, 140, 143, 153, 156, 

219, 231 
minimum-error-probability, 87, 88-9, 91-2 

for optimum mnltiuser detection, 156, 209, 

215,219 
single-user matched filter, t I0, 125, 127, 

128, 140, 143, 153 

decision statistics, 88, 93, 95, 96, 130, 237, 

251,256, 299, 301,346, 351,372, 378 

decoding 

convolutional codes, 210 

error-control, 37, 292 

successive, 10, 14, 184, 344-61 

decomposable vectors (see also 

indecomposable vectors), 187, 190, 

191-2 

decorrelating multistage detector, 363-9, 

371-7, 381,382, 385-6, 388, 390, 391 
decorrelating detector (see also decorrelator) 

amplitudes and transmitted bits, 240, 25 I, 

260 

asymptotic mnltiuser efficiency, 251-5, 257, 

260, 265,269, 273, 278, 285, 289 

in asynchronous channel, 243-6, 256-8, 

269, 270, 271,277, 278,281,314 

autocorrelation matrix, 256 

bit-error-rate, 247, 249, 250-3, 255-8, 265, 
291 

canonical representation, 316-17 

decision-driven multiuser detectors 

compared, 345-6, 368 

decision regions, 238 

decision statistic, 237, 25 I, 256 

discrete-time models, 241,243-4, 247, 

261-2 

error probability, 259, 260, 262, 264, 267, 

268, 269, 271,273,274, 278, 280, 281-2, 

285 

fading, 265,271 

generalized inverse, 241-3 

Gram-Schmidt orthogonalization, 270, 272, 

307 

hybrid, 272, 284-5 

impulse response, 246 

intersymbol interference, 244-5,270 

jointly optimum detector compared, 238, 

269, 285 

m-ary modulation, 265-6, 267, 268-9 

maximum likelihood property, 238, 269, 274 

minimum bit-error-rate detector compared, 

238 

MMSE linear multiuser detector compared, 

289, 291,296-7, 299-302, 307, 313-14, 

316-17, 326, 330, 334, 335, 336, 341, 

342, 343 

near-far resistance, 253-5, 257, 258, 260, 

265,269, 270, 273-4, 278, 282, 285, 287 

noiseless channels, 234-5,239, 246, 247, 

276 

one-shot, 240, 246-7, 248, 258, 270, 277, 

278, 285,313-14 

optimality, 239, 243, 254 

optimum multiuser detector compared, 252, 

254 

optimum near-far resistance property, 

254-5 

orthogonal modulation, 254, 261,268, 269, 

272 

performance analysis, 237-8, 245, 247-8, 

249-63, 269-71,278, 281-2, 284, 285, 
295-6 

441 
Samsung Ex. 1007, Page 460 of 470



SUBJECT INDEX 

decorrelating detector (cont.) 

power-tradeoff region, 252 

Rayleigh fading, 265,270, 272 

single-user matched filter compared, 237-8, 

245, 249-54, 257-8, 261,269-70, 281-2, 

284 

singular crosscorrelation matrix, 241-3,256 

signature waveforms, 241,245,246-7, 254, 

257-8, 260, 273,279 

surplus energy, 316 

in synchronous channel, 234--43,246-7, 

249-56, 269, 271,274, 276, 279-82, 284 

truncated-window, 246-8, 270 

three-user channel, 246-7, 281-2, 284-5 

two-user case, 237-8, 244-6, 250, 252, 257, 

258, 277, 278, 282, 285 

decorrelating linear transformation, 236, 239, 

242, 243-4, 249, 250 

decorrelator/decorrelation (see also 

decorrelating detector) 

adaptive versions, 271 

approximate, 248-9, 270, 275, 280-1,333 

blind, 328 

differentially-coherent, 263-5, 271 

finite-precision arithmetic implementation, 

270 

with multidimensional array models, 271 

for nonlinear modulation, 265-9, 271 
timing acquisition schemes, 272 

delay 

demodulation, 349 - 

retransmission, 4 

spread, 47, 48 

delta function, 48, 49, 72 

demodulation/demodulators 

delay, 349 

and error-control decoding, 37 

hard-decision, 37 

as hypothesis testing, 85-92 

demultiplexing, 2 

detector (see specific detectors) 

differential coherence, 130-3, 138, 263-5, 

271,327, 330, 385,386 

differential encoding, 37-8 

digital wireless telephony systems, 10 

diplex, 1 

direct-sequence spread spectrum 

antipodally modulated, 71 

asynchronous, 64, 104, 119, 137-8, 206, 

232, 310 

autocorrelation for, 48 

CDMA, 26-8, 3~5-6, 104, 280-1,310 

chip waveforms, 26-7, 35, 70-1,310 

decorrelating detector, 255 

matched filters, 104 

multiaccess interference, 138, 329 

multipath delays, 48 

near-far resistance, 198, 206, 212, 232-3, 

255 

nonbinary sequences, 35, 67, 70 

orthogonal, 35, 66 

orthonormal projections, 61 

problems, 66, 70-1, 72-3, 79-81, 149, 150, 

229, 232-3, 280-1,341 

random, 32-5, 116, 137, 206, 212, 229, 

232-3, 255, 360, 376 
shortwave teletype link, 65 

signature waveforms, 26-8, 35-6, 79-80, 

198, 206, 212 

spreading factor, 229, 280-1,360, 376 

synchronous, 66, 72, 149, 280-1,341 

directed graph, 164 

directivity pattern (see radiation pattern) 

discrete-time models 

asynchronous, 62-4 

CDMA, 56-64, 66, 79 

complex-valued, 58-60 

decorrelating detector, 24 I, 243-4, 244, 247 

matched filter outputs, 56~54 

MMSE linear multiuser detector, 293-8 

optimum multiuser detection, 167-8, 170, 

213-19, 227 

orthonormal projections, 60-2 

of sufficient statistics, 162, 168, 202-3 

synchronous models, 56-64, 66, 79, 189, 

241 

distortion, channel, 6 n.4, 8, 23, 45, 65 

diversity 

antenna arrays and, 51, 54-5, 386 

beneficial, 47 

combining, 76-7, 128, 262, 326, 385 

D-channel synchronous model, 216 

frequency, 55 

model, 60, 76, 216 

problems, 76-7, 216 

reception, 128-30, 261-3, 270 

time (see multipath) 

Doppler, Christian J., 46 n. 11 

Doppler shift, 46, 47 

Doppler spread, 49, 50 

downlink channel, 2 n.2 

dynamic programming algorithms 

for asynchronous channels, 168-71,217-18 

backward, 216 

backward-forward, 173, 175, 211 

forward, 169-70, 174 

generalization to nonbinary modulation, 

171-2 

for optical channels, 213 

for optimum multiuser detector, 168-75, 

212-13, 216, 217-18 

problems, 216, 217-18, 232 

for single-user intersymbol interference, 210 

Viterbi (see Viterbi algorithm) 
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edge capacities, 163 

Edison, Thomas A., 1 
effective energy, 120, 121,139, 250 (see also 

asymptotic effective energy) 

efficiency, bandwidth, 40 (see also spectral 
efficiency) 

energy spectral density, 68 

equal-gain combining, 77 

equal-power infinite-user channel, 116-17, 

137, 302-6, 326 (see also infinite-user 
random sequence analysis) 

equal-power power penalty, 112, 152, 223 (see 

also power penalty) 

error-control codes, 6 n.4, 37, 41, 55, 120, 143, 

158, 211,272, 292, 325, 387 

error-free demodulation, 71,114, 239,276,372 

error function, complementary, 100 
error probability (see also bit error rate) 

in asynchronous systems, 104, 118-19, 285 

background noise and, 107-8, 113, 116, 

127, 147 
binary equiprobable test, 221 

curfiulative distribution function of, 119-20 

decision-driven multiuser detectors, 351, 

352, 355, 360, 367, 369, 373-6, 384, 388 

decorrelating detector, 259, 260, 262, 264, 

267, 268, 269, 271,273, 274, 278, 280-2, 

285, 286 

differentially coherent detector, 132 

diversity reception and, 130 

with K-user Rayleigh fading, 136-7, 152, 

259, 280-1 

with matched filters, 86, 95-6, 105-19, 147 

MMSE linear multiuser detector, 300, 301, 

305, 315,321,325, 329, 331,333, 336, 

338-9, 342 

noiseless channels, 135-6, 148, 152 

in noncoherent demodulation, 134-5, 138, 

152 

problems, 143, 145, 147, 152-3, 222-3, 

226-7, 273, 274, 280-2, 285, 286 
in scalar reception, 125-6 

single-user matched filter, 105-23, 138, 

143, 147, 151,152, 182, 195, 251-2, 282 

SIR and, 120 

in synchronous systems, 104, 105-18, 120, 

122-3, 147, 155, 176-95,222-3,280-1 

timing jitter and, 143 

error sequences, 190-1,203,228 

error vectors, 186-9, 191-4, 195, 203, 221, 

225, 231,293-4, 312-13 

EsP~T, 66 

Ethernet, 4 

Euclidean distance, 89 n.2 

fade duration, 44, 75 

fading 

antenna arrays and, 51 

CDMA, 42-51, 65 

coherent decorrelators, 258-63, 271,272 

complex-valued model, 40 

decision-driven multiuser detectors, 385 

defined, 42 

differentially-coherent decorrelator, 263-5, 

271 

frequency-flat, 42-4, 47, 50, 65, 124-30, 

136, 259-60 

frequency-selective, 42, 45-50, 65, 138, 

212, 272 

homogeneous, 50-1, 66, 138, 260-1,271 

K-user channel, 136-7, 152, 259-60 

log-normal 43-4, 76 

MMSE linear multiuser detector, 327, 328 

Nakagarni, 43 

optimum coherent multinser detection, 

206-9, 212 

optimum noncoherent multiuser detection, 

209, 212 

Rayleigh, 43, 50, 124-30, 136-7, 138, 139, 

206-9, 259-60, 265,272 

Rice, 43, 138, 139 

single-user matched filter, 124-30, 136, 

137-8 

statistical models, 42-51, 65 

FDMA (see frequency-division multiple 

access) 

feedback shift registers, 29-30 

filters/filtering (see also matched filters; 

single-user matched filter) 

bandpass, 2, 90 

Kalman, 213 

linear, 95, 245, 326 

low-pass, 78, 90-1 

fixed-point theorems of functional analysis, 

363 n.2 

forgetting factor, 341 

forward channel, 2 n.2 

forward dynamic programming algorithms, 

169-70, 174 

Forney bound, 211 

free space, 45-6 

frequency-hopping, 36, 41, 64, 73,210, 385 

frequency-division multiple access 

digital systems, 7 

hybrid CDMA system, 10, 17-18, 65, 211 

principle, 2-3 

frequency-division multiplexing, 2 

frequency-flat fading 

asymptotic multiuser efficiency in, 136 

blind multiuser detector, 327 

CDMA, 42-4, 47 

coherent decorrelator, 259-60, 270 

coherent single-user matched filter in, 124-30 

information sources, 65 

Rayleigh, 50, 124-30, 212 
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frequency-selective fading, 42, 45-50, 65, 138, 

212, 272 

frequency-shift keying, 41,138, 210 

full-response continuous phase modulation, 69 

Gabor bandwidth, 15 

Gabor, David, 15 n.12 

Gaussian 

approximation, 114-15, 137-8, 150, 154, 

300-2, 305-6, 336, 360, 384 

complementary cumulative distribution 

function (see Q-function) 
minimum shift keying, 41 

generalized inverse 241 (see also 

Moore-Peurose generalized inverse) 

Ger~gorin’s theorem, 276 

Global System for Mobile (GSM), 7 n.5, 41 

Gold signature sequences, 29 

gradient descent algorithm, 307-8, 309, 314, 

318-21,326, 333-4 

Gram-Schmidt orthogonalization, 270, 272, 

307 

guard times, 3, 7 n.5, 15, 73-4 

Hadamard matrices, 13 

hard-decision, 37, 158 

Hermitian matrix, 58 

homogeneous fading, 50-1, 66, 138, 260-1, 

271 

hybrid FDMA/CDMA system, 10, 17-18, 65, 

211          -- 

hypothesis testing 

binary, 87-8, 91, 95-6, 128, 139, 181, 189 

composite, 91-2, 144, 146, 159-60 

decision regions in, 95-6 

decision rules in, 85-6, 87, 89, 90, 91-2, 128 

demodulation as, 85-92 

Gaussian, 87-8, 139 

m-ary, 140-2, 143, 209 

minimum error probability, 139 

minimal sufficient statistic, 146 

probability density functions, 87-8, 141 

problems, 139-44, 146 

sufficient statistic, 89-90 

impulse-response 

complex-valued, 45, 48 

decorrelating detector, 246, 382 

digital filter, 52 

fadifig time-varying, 45-50, 76 

Fourier transforms of, 49 

linear filter with, 95 

matched filters, 246 

MMSE linear multiuser detector, 306-7, 309 

problems, 70, 74, 76 

time-invariant, 48, 74 

impulsive non-Gaussian channels, 55, 138 - 

indecomposable vectors, 187-8, 190, 203, 

207, 211,213,225, 231 

indoor picocellular communication, 47, 54 

induction hypothesis, 190 

infinite-user random sequence analysis, 

116-17, 119, 137, 280-1,302-6, 326, 

376-7 

integer linear programming problems, 163 

interference (see also cochannel interference; 

intersymbol interference; multiuser 

interference) 

intercell (see out-of-cell) 

narrowband, 55, 66, 272, 328 

out-of-cell, 9, 55-6, 65, 66, 108, 225 

pseudo-user, 206 

intersymbol interference 

CDMA channels, 26, 47, 63, 66, 74, 84 

dec0rrelating detector, 244-5, 269, 270 

decision-driven multiuser detectors, 371, 

386 

optimum multiuser detector, 210, 211 

single-user channels, 22-4, 26, 210-11 

inverse discrete-time channel transfer function, 
244 

IS-54, 10 

IS-95, 10, 31-2, 41,138, 405, 428 

IS-136 (see IS-54) 

jamming, 71,145-6 

jitter, 143, 270 

joint MMSE equalization-multiuser detection, 

326 

Kabatyanskii-Levenshtein-Mazo bound, 70-1 

Kalman filter, 213 

Kasami signature sequences, 29 

law of large numbers, 307 

large deviations, 18, 149, 352 

layered graphs, 168-9, 171 

leakage coefficient, 299-301,336 

least-mean-square algorithm, 308, 326 

likelihood functions, 89, 134, 156, 158, 162, 

164, 217-18 

limit-cycle decisions, 363,364, 365 

linear 

antenna arrays, 77-8 

detectors~ 93-5, 248-9, 281 (see also 
decorrelating detectors) 

finite-dimensional adaptive algorithms, 

310-11 

programming problems, 163 

Linear mnifiuser detection/detector (see also 
Decorrelating detector; Minimum 

mean-square error linear multiuser 

detection) 

canonical representation, 314-17 

decentralized implementation, 236 
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decision-driven multiuser detectors 

compared, 349, 351,352, 359 

optimum, 288-91,330 

surplus energy, 315 

LMS (see least-mean-square algorithm) 

local scattering, 49, 76 

long sequences, 30-2, 248 

Marcum’s Q-function, 131, 138 

Markov chain, 230 

m-ary 

decision-driven multiuser detectors, 350-1, 

385 

frequency shift keying, 41,138 

hypothesis testing, 140-2, 143, 209 

K-user channel, 265~5, 267 

matched filter output, 133 

single-user channel, 133, 138, 152, 268-9 

matched filter 

chip, 64, 81 

detector, 94-5, 158 (see also single-user 

matched filter) 

error probability, 86, 95-6, 105-19, 147 

implementation, 95 

impulse responses, 246 

rake (see rake correlator) 

matched filter outputs 

CDMA, 56-60 

chip, 206, 219 

partial, 248 

whitened, 59, 66, 239, 371,372 

matrix norm, 275 

matrix transfer function, 244 

maximal-length shift-register sequences, 30, 

32, 64, 67, 70, 71,230, 257-8, 273 

maximal-ratio combining, 77, 128, 262, 326 

maximum a posteriori rule, 87, 141 

maximum likelihood 

amplitude plus transmitted bits estimated, 

240 

decisions, 87, 140, 143, 153, 156, 163, 164, 

170, 219, 285 

decorrelating detector, 238, 269, 274, 285 

K-user receiver/detector, 209, 218 

one-shot problem, 240 

optimum multiuser detector, 155-9, 160-2, 

164-6, 168, 175, 177, 182,211,215, 

217-20, 223-4, 227, 230, 231,238 

sequence detector, 166, 210, 269-70, 273, 

328, 386 

mean-square distance, 89 n.2 

rain-capacity-cut problem, 164-5 

minimal sufficient statistic, 90, 146 

minimum bit-error rate 

asynchronous channels, 166, 175 

decision, 165, 238 

detector, 160-1 

optimum multiuser detection, 166, 175, 181, 

184, 192-4, 211,220-1,225-6 

problems, 220-1,225-6, 231 

synchronous channels, 181, 184, 220-I, 

225-6, 231 
minimum distance 

decision regions, 89, 156, 177, 178, 180 

detector, 189, 228 

ofkth user, 192 

minimum-energy error vector, 195 

minimum error-probability (see also minimum 

bit-error-rate) 

asynchronous channels, 202-:6 

. decision regions, 88-9, 95-6, 165 

decision rule, 87, 88-9, 91-2 

detector, 96-7 

hypothesis testing, 139 

K-user channels, 110, 165, 186-95, 215, 259 

optimum multiuser detectors, 96-7, 157-8, 

176-95, 202-6, 215,220, 221,222-3 

Rayleigh fading and, 206-9 

synchronous channels, 155, 176-95 

for two-user channels, 155, 176-86, 204-5, 

223 

Minimum mean-square error linear multiuser 

detection 

adaptive, 297, 299, 306-15, 318-25, 326-8, 

333, 337, 338, 341-3 
asymptotic multiuser efficiency, 288-91, 

296, 299, 316, 323,325, 329, 330, 334, 

335, 336, 338, 340 
asynchronous case, 296-7, 299, 307, 310, 

313, 321,327, 334, 335 

bit-error-rate, 299-302, 305, 306, 333, 334, 

336-7 

blind, 314-15, 318-25, 327-8, 333,338, 

340, 342 

canonical representation, 317, 318, 335, 

336, 340 

convex penalty function, 307, 309, 311, 314, 

318-19 

crosscorrelations, 306, 307, 328, 332 

decision-driven multiuser detector, 377-82, 

382, 386, 393 

decision-feedback, 377-82 

decision statistic, 299, 301 

decorrelating detector compared, 289, 29 I, 

296-7, 299-302,307, 313-14, 316-17, 

326, 330, 334, 335, 336, 341,342, 343 
differentially-coherent, 327, 330 

discrete-time model, 297, 335 . 

error probability, 300, 301,305,315, 321, 

325, 329, 331,333,336, 338-9, 342 

error vectors, 293-4, 312-13 

fading, 327, 328 

in frequency domain, 325 

gradient descent algorithm, 307-8, 309, 

314, 318-21,326, 333-4 
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Minimum mean-square error (cont.) 

hybrid approaches, 327, 329 

impulse response, 306-7, 309 

leakage coefficient, 299-301,336 

multi-input/multi-output, 325,335 

multipath, 327 

multiuser interference, 328, 329 

near-far resistance, 296, 299, 300, 303, 

313-14, 319, 339 

noiseless channels, 343 
one-shot approach, 313-14 

optimum multiuser detector compared, 300 

orthogonal component, 317, 318-22, 324, 

326-7, 332, 336, 338, 339, 340 

performance, 299-306, 314, 325-6 

principle, 291-8 

random signature sequences, 302-6, 326 

recursive methods, 326, 327, 341 

signal-to-interference ratio, 292, 298, 301, 

303-5, 316, 317, 330, 332, 335,339 

single-user matched filter compared, 290, 

291,295-6, 299-302, 305-6, 318, 320, 

325-6, 329, 332, 334, 338 

stochastic approximation, 308-9, 311,326 

surplus energy, 315, 322, 323-4, 335,336, 

339, 340 
synchronous channel, 295-6, 297, 299, 

309-10, 312, 315,325,328, 331,333-7, 

339, 340, 341,377-82 

three-user channel, 331 

training sequence, 307, 310, 312, 314, 318, 

321,326, 337 
truncated-window strategy, 297, 314 

two-user case, 289-91,295-6, 323,329, 

330, 333,336, 337, 340, 341,342, 343 

minimum output energy detector, 317, 326-7 

MMSE (see Minimum mean-square error 

linear multiuser detection) 
mobile cellular telephony, 9, 10, 21 

modulation (see also antipodal modulation) 

binary phase-shift keying, 40 n.8 

carrier, 38-40, 104, 151 

continuous-phase, 69 

frequency-shift keying, 41,138, 210 

full-response continuous phase, 69 

Gaussian minimum shift keying, 41 

nonantipodal, 40-2, 217 

nonlinear, 40-2, 224-5, 233, 265-9, 271, 

385 

orthogonal, 41, 138, 152, 267 

pulse amplitude, 40 

trellis-coded, 138 

Moore-Penrose generalized inverse, 197, 241, 

242-3, 282-4, 285 
moving-average models, 44 

multiaccess channel capacity, 9-10, 14, 65 

multiaccess communications 

additive, 2, 5-10, 45 

CDMA, 4-10 

channel, I-2 

defined, 1 

examples, 1 

FDMA, 2-3 

nonadditive, 220 

random, 4 

TDMA, 2-3 

multiaccess interference 

background noise and, 165 

beneficial, 220 

in CDMA, 9 

crosstalk, 9 

in TDMA, 65 

multicarrier CDMA, 36, 51, 64, 65, 138 

multicode CDMA, 72 

multidimensional array decorrelators, 271 

multi-input multi-output 

discrete-time models, 56-64 

dispersive channels, 210 

MMSE linear multiuser detector, 325, 335 

multipath 

antenna arrays and, 54, 55 

bandwidth and, 47 

decision-driven multiuser detection with, 

385 

de!ay spread, 47 

. direct-sequence spread spectrum and, 48 

diversity, 55 

fading coefficients estimation, 212-13 

fixed, 49 

multiuser, 212, 270-1,327 

noncoherent, 138 

remote reflection and, 46 

rake correlator 47, 65, 270 

resistance, 29, 65 

specular, 46 

spread, 50 

TDMA, 9, 73-4 

unequalized, 138 

multiple signal classification (Music) 

multiplexing, 1 

multipoint-to-point comanunication, 2 

multistage detection, 361-9, 371,373-4, 385, 

388, 391 

multiuser 
efficiency,’ 121,127, 136 (see also 

asymptotic multiuser efficiency) 

information theory, 9 

interference (see multiaccess interference) 

multipath channels, 212, 270-1,327 

multiuser detection/detectors (see also 

decision-driven multiuser detectors; 

linear multiuser detection/detectors; 

optimum multiuser detection) 

objective, 9 

comparison of requirements, 384 
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Nakagami distribution, 43, 44 

narrowband 

communication, 44 

interference, 55, 66, 272, 328 

jammer, 29 

near-far problem, 9, 44, 107, 112-13, 122, 

139, 244 

near-far resistance 

acquisition and synchronization, 213 

approximate decorrelator, 249 

asynchronous, 122, 124, 139, 205, 206, 211, 

232, 257 

decision-driven multiuser detectors, 358, 

367-8, 390 
decorrelating detector, 247, 253-5, 257, 

258, 260, 265, 269, 270, 273-4, 278, 282, 

285, 287 

defined, 122 

for differentially coherent demodulation, 

133, 265 

K-user, 230, 231,287 

MMSE linear multiuser detector, 296, 299, 

300, 303,313-14, 319, 339 

optimum, 184-5, 196-202, 205, 211-12, 

225, 226, 229, 230 

of random direct-sequence spread spectrum, 

206, 211-12, 232, 255 

Rayleigh fading and, 260 

for single-user noncoherent demodulator, 

136 

in symbol-asynchronous chip-synchronous 

channel, 206 

synchronous, 184-5, 206, 211,230, 231, 

two-user channel, 184-5, 205,232, 233, 

257, 258 
noise (see also background noise; white 

Gaussian noise) 

additive, 14, 55, 146, 184 
camouflage, 29 

enhancement of decorrelator, 252, 255 

impulsive, 55, 138 

non-Gaussian, 56, 272 

noiseless channels 

decision-driven multiuser detector, 387 

decorrelating detector performance, 234-5, 

239, 246, 247, 271,276 

MMSE linear multiuser detector, 343 

optimum multiuser detection, 176, 234-5, 

239 

problems, 232 

single-user matched filter performance, 

135-6, 148, 149, 152 

nonantipodal modulation, 40-2, 211,217, 233 

(see also nonlinear modulation) 

noncoherent 

decorrelator, 269, 270, 271 

demodulation, 40, 41, 133-7, 138, 139, 148, 

152, 210, 213, 271,350-1,385 

optimum multiuser detection, 209, 212, 233, 

266-7 

nondecorrelating linear detectors, 248-9, 329, 

342, 377 (see also Linear multiuser 

detection) 

non-Gaussian channels, 138 

non-Gaussianness, 337 

nonlinear detectors (see optimum multiuser 

detection and decision-driven multiuser 

detectors) 

nonlinear modulation, 40-2, 224-5, 233, 

265-9, 271,385 
nonorthogonal signaling 

binary, 134-5 

CDMA, 8-10, 68, 105 
m-ary noncoherent hypothesis testing 

problem, 209 

nonlinear modulation, 271 

Nyquist rate, 64, 66, 91,310 

observables, 88, 97 

offsets, 21-2 
one-shot approaches, 240, 246-7, 248, 258, 

270, 277, 278, 285, 313-14, 382, 

393 

onion peeling, 344 

open-eye condition, 114, 115, 117, 124, 148, 

155, 223 

optical multiple-access point-process channel, 

213 

optimum multiuser detection 

asymptotic multiuser efficiency, 176, 182-4, 

195-202, 223,228, 230, 231,252 

for asynchronous channels, 166-75, 202-6, 

210-11,217-18, 202-6, 226-8, 230, 232 

bit-error-rate, 121,166, 175, 176, 181, 184, 

192-4, 211,220-I, 225-6 

brute force, 162, 168, 232 

decision-driven multiuser detection 

compared, 349, 352, 357, 358,359, 368 

decision regions, 156, 157, 158, 159, 177, 

178, 180, 238 

decision rules, 156, 215, 219 

decorrelating detector compared, 252, 254 

dynamic programming algorithms, 168-75, 

210-11,212-13,215, 216, 217-18 

hybrids, 284-5 

individually optimum strategies, 155-6, 

157-8, 159-60, 165 

maximum likelihood, 155-9, 160-2, 164-6, 

168, 175, 177, 182, 211,215,217-20, 

223-4, 227, 230, 231,238 
minimum error probability, 96-7, 157-8, 

176-95, 202-6, 215,220, 221,222-3 

MMSE linear multiuser detector compared, 

300 

near-far resistance, 195-202, 211-12, 225, 

226, 229-33,254 
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optimum multiuser detection (cont.) 

noncoherent, 209, 233 

Rayleigh fading, 206-9, 212 

for synchronous channels, 154-65, 176-95, 

211,215, 216, 218-26, 229-31,252, 

284-5 

for two-user channels, 155-61,176-86, 

215, 222, 223, 225,228, 230, 232, 233, 

252 

orthogonal frequency division multiplexing 

(OFDM), 74-5 

orthogonal modulation, 41,138, 152, 267 

orthogonal signaling 

advantages, 5 

CDMA, 5, 7-8, 11-13, 28, 64, 65 

direct-sequence spread spectrum, 66 

noncoherent, 134, 135 

TDMA, 24 
orthonormal signals, 56, 60-2, 80, 111-12, 

156, 261 

out-of-cell interference, 9, 55-6, 65, 66, 108, 

225 

outage, 75, 119 

partial-response signaling, 23, 65 

Parseval’s identity, 90 

phase offsets, 38-9, 327 

phase-reversal keying (PRK), 40 n.8 

phase-shift keying, binary, 40 n.8 

picocellular communication, 47 

PN (see pseudonoise)_ 

point-to-multipoint communication, 2 

polling, 4 

power control, 44, 78, 109-10, 119, 138, 302, 

360, 384 

power penalty, 122, 152, 223, 376-7 

power spectral density, 49, 68, 75, 76, 88, 92, 

94, 329 

power tradeoffregion, 119, 120-1,122, 139, 

185, 223, 252, 358-9, 368, 375-6, 381-2, 

384-5, 391,393 

privacy, 28, 31, 32 

probabilities (see also error probability; 

minimum error probability) 

a posteriori, 87, 140, 141,155, 156, 158, 

165, 175, 211,214 

a priori, 86-7, 141,144, 159-60, 214 

probability density~functions 

log-normal, 43, 76 

Nakagami, 43 

in non-Gaussian noise models, 56, 337 
Rayleigh, 43, 75 

Rice, 43 

processing gain, 31 (see also spreading factor) 

pseudochip waveforms, 329 

pseudonoise, 29, 30-2, 64-5, 137, 198 

pseudo-user interfereffce, 206 

pulse amplitude modulation, 40, 210 

Q-function 

defined, 96 
properties, 98-103 

QPSK asynchronous CDMA channel, 285 

quadratme components, 39 

quadrature modulation systems, 40 

quasi-orthogonality, 8 

quasi-synchronous decorrelator, 270 

quasi-synchronous users, 79 

radiation pattern, antenna arrays, 51 n.13, 52, 

53, 77-8 
Radon-Nykodim derivatives, 90 

raised-cosine pulse, 16-17 

rake correlator, 47, 65,270 

random 
carrier phases, 116 

direct-sequence model, 32-5, 64, 70, 72-3, 

116, 137, 206, 212, 229, 232-3, 360, 

376-7, 385,388, 393 

multiaccess communications, 4 

sequence analysis, infinite-user, 116-17, 

119, 137, 302-6, 326, 376-7 

signature sequences, 32-5, 64, 70, 119, 137, 

150, 198, 302, 326, 393 
Rayleigh 

density function, 76 

density Laplace transform, 77 

distribution, 44, 47, 75, 98, 132, 135 

fading, 43, 50, 124-30, 136-7, 138, 139, 

152, 206-9, 212, 265, 272 
rectangular chip waveforms, 27, 28, 33-4, 39, 

73, 81,119, 212, 245 

recursive least squares, 327, 341 

recursive updating algorithms, 271 

remote reflection, 46 

remote scattering, 48, 49 

reservation channel, 3 

retransmission delay, 4 

reverse channel, 2 n.2, 21 
Rice fading, 43, 138, 139, 212 

root mean square 

bandwidth, 15-16 

delay spread, 48 

satellite communication, 1, 44, 64 

scanning rad.ar, 78 
scattering 

function, 50 

intensity profile, 50 

local, 49, 76 

remote, 48, 49 

uncorrelated, 50 

scattering/multipath intensity profile, 48 

Schur complement, 196 

search tree, 162-3,227-8 

selection combining, 77 

self-tuning, 310, 328 
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sequence detector, maximum likelihood, 166, 

210, 269-70, 273 

Shannon capacity, 65 

Shannon, Claude, 64 

Sherman-Morrison fomaula, 229 

shift-register sequences 

defined, 29 
maximal-length, 30, 32, 64, 67, 70, 71,230, 

257-8, 273 
shift registers, feedback, 29-30 

shortwave teletype link, 65 

signal space approach, 110, 111,137 

signal-to-interference ratios 

approximate decorrelator, 281 

decorrelating detector, 280-2 

MMSE linear multiuser detector, 292, 298, 

301,303-5, 316, 317, 330, 332, 335,339 
single-user matched filter, 120, 148, 149, 

281 

signature sequences 

bent, 29 

CDMA, 29-35 

and crosscorrelation, 29, 64, 70, 71 

Gold, 29 

Kasami, 29 

long, 30-2, 248 

random choice of, 32-5 (see also random 
signature sequences) 

signature vectors, 197, 241,243,250, 334 

signature waveforms 

antipodally modulated, 19 

autocorrelation function, 47-8, 68 

baseband, 38, 71-2 

CDMA, 6-7, 26-36 

complex-valued, 39-40 

crosscorrelation, 20-1, 25-6 

direct-sequence spread spectrum, 26-36 

equicorrelated, 150 

frequency-hopping, 36, 73 

frequency-selective fading, 45 

intersymbol interference, 26, 47, 63, 66, 74, 

84 

linearly dependent, 241-3,269 

linearly independent, 235 

long sequences, 30-2, 248-9 

mismatch, 321-5,327, 336 

modulated, 38--42 
nonorthogonal, 9 

on-off, 13 
orthogonal, 6-7, 8, 105, 108-9, 124, 127 

orthonormal projections, 61, 111-12 

pseudonoise, 27-35 

quadrature modulation systems, 40 

random, 32-5, 72, 198, 326 

signature sequences, 29-30 

spreading factor, 28-9 

tree-structured, 65 

sinc chip waveform, 27 

sinc function, 17 
single-user blind equalization 

cost-function-based methods, 327 

single-user intersymbol interference, 26, 210, 

211,269, 270, 297 

single-user matched filter 
asymptotic multiuser efficiency, 119-24, 

136, 138-9, 148-9, 151,152, 1834, 195, 

204, 252, 290 
asynchronous systems, 104, 118-19, 148, 

257-8 

bit-error-rate, 6, 109, 115, 117, 122-3, 126, 

131,132-3, 137, 138, 143, 150, 176, 182, 

184, 224, 250-1,253, 255-8, 291 

CDMA channel, 93--97, 104-19, 137, 138, 

148,215, 284 

coherent, 104, 124-30 

decision-driven multiuser detection and, 

345, 351-2, 357-8, 360, 361,367, 

388-90 
decision regions, 86, 88, 89, 95-6, 110-13, 

146, 156 

decision rules, 110, 125, 127, 128, 140, 143, 

153 

defined, 94-5 
differentially coherent, 130-3, 138 

discrete-time, 142 

diversity reception, 128-30 

error probability, 105-23, 138, 143, 147, 

151, 152, 182, 195, 251-2 

fading, 124-30, 136, 137-8 

m-ary, 133, 138, 152, 268-9 

MMSE linear mulfiuser detector compared, 

290, 291,295-6, 299-302, 305-6, 318, 

320, 325-6, 329, 332, 334, 338 

noncoherent, 133-7, 138, 139, 209 

noiseless channels, 148-9, 234-5 

output, 96, 97, 120, 133 

power control with, 109-10, 119, 138, 

139 

in Rayleigh fading, 124-30, 138, 139 

receiver optimality, 93-7, 137 

synchronous systems, 105-18 

SIR (see signal-to-interference ratio) 

soft decisions, 37, 120, 158, 211,292, 349, 

385, 386 

space-division multiple access, 55, 62 

spatial signatures, 54-5, 59, 65, 66, 84 

spectral efficiency, 8, 40, 119 

spectral guard bands, 3 

spread 

angle, 54 

delay, 47, 48 

Doppler, 49, 50 

spread-spectrum signals 

antenna arrays and, 54 

applications, 10, 55, 64 

complex-valued, 36, 42, 50 
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spread-spectrum signals (cont.) 

crosscorrelation of, 64 

defined, 8 

direct sequence (see direct-sequence spread 

spectrum systems) 

fading, 50, 138, 260 

frequency-hopping (see frequency-hopping) 

history, 64 

modulation, 41 

multicarrier CDMA, 36 

multipath resistance of, 29, 65 

noise camouflage, 29 

processing gain (see spreading gain) 

signature waveforms, 8, 260 

time-bandwidth product, 8, 47 

spreading 

codes, 26-35, 150, 199, 273,329 

factor, 28-9, 66, 200, 229, 280-1 
gain, 38, 59, 116, 261,302, 305 (see also 

spreading factor) 

statistical inference problem, 89 

steering vector, 53 

stochastic approximation, 308-9, 311, 

326 
stripping, 344 (see also successive 

cancellation) 

subspace tracking, 328 

successive cancellation, 10, 14, 184, 344--61, 

371,372, 384-5, 387, 388-90 

successive decoding 10, 14 (see also 

successive cancellation) 

sufficient statistic - 

for asynchronous channels, 168, 202 

diversity channels, 128 

defined, 89-90 
fading channels, 125 

jointly optimal decisions, 159 

minimal, 90, 146 

nonantipodal modulation, 217 

noncoherent demodulation, 133 

nonlinear modulation channels, 266 

single-user channel, 97 

single-user matched filter, 125, 140 

for synchronous channels, 155, 159, 162, 

176 

surplus energy, 315, 322, 323-4, 335, 336, 

339, 340 

symbol-asynchronous chip-synchronous 

channel, 206 

symbol-epoch offsets, 2 I-2 

synchronous channel 

block, 22 
complex-valued model, 42, 73 

crosscorrelation, 20, 21, 25, 29, 33, 72, 73, 

108-9, 162, 163, 258 

discrete-time models, 56-64, 66, 79 
diversity model, 216 

four-user, 218-19 

three-user, 222 

two-user, 20-1 

systolic arrays, 327 

tap-leakage algorithms, 327 

TDMA (see time-division multiple access) 

thermal noise, 20, 55 (see also noise) 

time-complexity per bit, 162 

time-division multiple access 

antipodally modulated, 17 

applications, 10 

bandwidth, 8 

cochannel interference, 24, 65 

code-time division multiple access, 84, 287 

crosscorrelations, 26, 75 
digital systems, 7 

guard times, 3, 7, 73-4 

hybrid CDMA system, 10, 84, 287 

in mobile cellular telephony, 9 

multipath, 9, 73-4 

multiuser detection for, 65 
principle, 3 

signature waveform, 23-4 

user priorities, 14 
time division multiplexing, 2, 10-11 

timing acquisition, 44, 213,272, 327, 328 

timing jitter, 143,270 

training sequence, 307, 310, 312, 314, 318, 

321,326, 337, 381 
travefing salesman problem, 163 

tree-search algorithms, 162-3, 211,212 

tree-structured signature designs, 65 

trellis-coded modulation, 138, 211,212, 270 
trellis diagrams, 169, 172, 173, 174, 218, 228 

triangular antenna arrays, 77, 78 

triangular matrix, 58 

truncated-window strategy, 246-8, 270, 297, 

314 

uncorrelated scattering, 50 

uplink channel, 2 n.2, 41 

urban cells, 54 

user activity, detection, 213, 271 

user separation, 51 

users, in multiaccess channel, I 

Viterbi algorithm, 168-70, 210 

Walsh 

functions, 11-13, 41, 64 
matrix, 268 

modulation, 41,267, 271 

Welch’s bound, 66-7 
Welch-bound-equality signature set, 80, 284, 

334 

white Gaussian noise 

background, 6, 9, 19 
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prope~es, 93 
symmetry, 97 

whitened observables, 218 (see also whitened 
watched filter outputs) 

Wiener characterization, 298, 312, 317, 332, 
334 

Wiener process, 90 

Wigner semicircle law, 66 

worst asymptotic effective energy, 121, 

139, 151,223,255, 330, 375, 
393 

zero-forcing equalizer, 245,269-70, 273, 

297 
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