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INTRODUCTION TO THEORY OF PROBABILITY
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10.1-1 A card is drawn randomly from a regular deck of cards. Assign probability to the event that the

card drawn is: (a) ared card; (b) a black queen; (c) 2 picture card (count an ace as & picture card);
(d) a number card with number 7; (¢) a number card with number < 5.

10.1-2 Three regular dice are thrown. Assign probabilities to the following events: the sum of the points
appearing on the three dice is: (@) 4; (0) 9; (¢) 15.

10.1-3 The probability that the number i appears on a throw of a certain loaded dice is k; (¢ =

1, 2, ..., 6). Assign probabilities to all six outcomes.

10.1-4 A bin contains three oscillator microchips, marked Oy and O3, and 03, and two PLL microchips; -

marked P; and P. Two chips are picked randomly in succession without replacement.

(a) How many outcomes are poséible, that is, how many points are in the sample space? List all

the outcomes and assign probabilities to each of them.

(b) Express the following events 45 unions of the outcomes in part (a) (i) one chip drawn is

oscillator and the other is PLL; (i) both chips are PLL; (iii) both chips are oscillator; and (iv)
both chips are of the same kind. Assign probabilities to each of these events.

10.1-5 Find the probabilities in Prob. 10.1-4, part (b), using Eq. (10.12).

10.1-6 Tn Prob. 10.1-4, determine the probability that:
(a) The second pick is an oscillator chip given that the first pick is a PLL chip.
(b) The second pick is an oscillator chip given that the first pick is also an oscillator chip.

10.1-7 A binary source generates digits 1 and 0 randomly with equal probability. Assign probalti]iﬁesf
" to the following events. In ten digits generated by the source (a) there are exactly two 1’s @d ’

eight 0’s; (b) there are at least four 0’s.
10.1-8 In the Californialottery (Lotto), a player chooses any 6 numbers out of 40 numbers (1 through 49)1,

Six balls are drawn randomly (without replacement) from the 49 balls numbered 1 through 49

(a) Find the probability of matching all 6 balls to the 6 mumbers chosen by the player. :

(b) Find the probability of matching exactly 5 balls.

(¢) Find the probability of matching exactly 4 balls.

(d) Find the probability of matching exactly 3 balls.

Problems 481

10.1-9 A system consists of ten subsystems sy, 2, ..., $10 in cascade (Fig. P10.1-9). If any one of the
subsystems fails, the entire system fails. The probability of failure of any one of the subsystems
is 0.01.

(a) What is the probability of failure of the system? Hint: Consider the probability that none of
the subsystems fails.

(b) The reliability of a system is the probability of not failing. If the system reliability is required
“to be 0.99, what must be the failure probability of each subsystem?

Input Output
51 52 ves S9 $10

Figure P10.1-9

10.1-10 System reliability improves by using redundant systems. The reliability of the system in Prob.
10.1-9 (Fig. P10.1-9) can be improved by using two such systems in parallel (Fig. P10.1-10).
Thus, if one system fails, the other one will still function.

(a) Using the data in Prob. 10.1-9, determine the reliability of the system in Fig. P10.1-10.

(b) If the reliability of this system is required to be 0.999, what must be the failure probability of
each subsystem?

Figure P10.1-10

10.1-11 Compare the reliability of the two systems in Fig. P10.1-11, given that the probability of failure !
of subsystems s; and s; is p each.

S1 § “
(
(@

Figure P10.1-11

10.1-12 In a poker game each player is dealt five cards from a regular deck. What is the probability that
a player will get a flush (all five cards of one suit)?

10.1-13 Two dice are tossed. One die is regular and the other is biased with probabilities:
1 1
PA)=P®) =7, P2)=P# =0, P@)=PO) =3

Determine the probabilities of obtaining a sum: (a)4; (b) 5.

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 250



482  INTRODUCTION TO THEORY OF PROBABILITY

Problems 483

10.1-14 In Sec. 10.1, Examplf .10'5 ’ dewrfm“e' . @) 1; (b) 07 Hinr: If x is the transmitted digit and y is the received digit i
(a) P(B), the probability of drawing a red ace in the second draw. Pyx(0]1) = P, (1]0) = P,. Now using Bayes’ rule, find Py, (1[1) and P (0?1), you are given
(b) P(A|B), the probability that the first draw was a red ace given that the second draw is a req ’ i W .
ace. Hint: Event B can occur in two ways: the first draw ia a red ace and the second draw i , 10.2-3 The PDF of amplitude x of a certain signal x(7) is given by py(x) = 0.5[x|e~™
red acc.e, or (;hzc first draw is not a red ace and the second draw is ared ace. Thisis AB U 4¢p (a) Find the prob ability that x > 1. ’
(see Fig. 10.2). (b) Find the probability that —1 < x < 2.
10.1-15 A binary source generates digits 1and 0 randomly with probabilities P(1) = 0.8 and P(0) =03, (c) Find the probability that x < —2.

10.1-16

10.1-17

10.1-18

10.1-19

10.1-20

(a) What is the probability that two 1’s and three §’s will occur in a five-digit sequence? 1
(b) What is the probability that at least three 1’s will occur in a five-digit sequence? :

In a binary communication channel, the receiver detects binary pulses with an error probability
P.. What is the probability that out of 100 received digits, no more than three digits are in error9

A PCM channel is made up of 10 links, with a regenerative repeater at the end of each link. If the
detection error probabilities of the 10 detectors are p;, p2, ..., pio, determine the dectection
error probability of the entire channel if p; < 1.

Example 10.8 in Sec. 10.1 considers the possibility of improving reliability by three repetitions
of a digit. Repeat this analysis for five repetitions.

A bin contains nine bad microchips. A good microchip is thrown into the bin by mistake. Someone
is trying to retrieve the good chip. He draws a chip randomly and tests it. If the chip is bad he
throws it out and draws another chip randomly, repeating the procedure until he finds the good
chip.

(a) What is the probability that he will find the good chip in the first trial?

(b) What is the probability that he will find the good chip in five trials?

—~

One out of a group of 10 people is to be selected for a suicide mission by drawing straws. There
are 10 straws—nine are of the same length and the tenth is shorter than the others. The straws are
drawn one by one by all ten people. The person who draws the shortest straw is selected for the
mission. Determine which position in the sequence favors the most and which favors the least
drawing the short straw.

10.2-4 The PDF of an amplitude x of a gaussian signal x(¢) is given by
1
o2r

This signal is appli'ed to the input of a half-wave rectifier circuit (Fig. P10.2-4). Assuming an
ideal diode, determine Fy(y) and py(y) of the output signal amplitude y.

_x2 2
ex/2a

pe(x) =

X(1) 0)

Figure P10.2-4

10.2-5 The PDF of a gaussian variable x is given by

e—(x—4)2/18

1
(%) =
Px(x) W
Determine: (a) P(x > 4); (b) P(x > 0); (© P(x > -2).
10.2-6 For an RV x with PDF

32y, @)

) = —
BRI

(a) Sketch py(x) and state (with reasons) if this is a gaussian RV,

10.1-21 Abinary source generates digits 1 and 0 randomly with probabilities P(1) = 0.7 and P(0) = 0.3.
(a) What is the probability that no 1’s will be generated in a sequence of 10 digits? (b) Determine: (i) P(x > 1), (i) P(1 < x < 2).
(b) What is the probability that eight 1’s and two 0’s will be generated in a sequence of 10 digits? (©) Can you generate RV x from another gaussian RV? Explain,
c) What is the probability that at least five 0’s will be generated in a sequence of 10 digits? ..
© P & g d & 10.2-7 The joint PDF of RVs x and y is shown in Fig. P10.2-7.
10.2-1 For a certain binary nonsymmetric channel it is given that (a) Determine: (i) A; (i) py(x); (i) Py(¥); (V) Py (x[); () Py (y]x).
P(0) =0.1 ‘and Py, (110) =02 (b) Are x and y independent? Explain.
v;h(elr)e x is the transmitted digit and y is the received digit. If P;(0) = 0.4, determine P,(0) and’ 10.2-8 The joint PDF py,(x, y) of two continuous RV is given by
% (1).
o Pry(®, ¥) = xy e 2 (x)u(y)
10.2-2 A binary symmetric channel (see Example 10.6) has an error probability P,. The probabllltyf

of transmitting 1 is Q, and the probability of transmitting 0 is 1 — Q. If the receiver detec
an incoming digit as 1, what is the probability that the corresponding transmitted digit W

@ Find py(x), py(3), puy(xly), and py(ylx).
(b) Are X and y independent?
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Pxy(% y)
A
J 1
y—>
1
X
A//
Figure P10.2-7
10.2-9 RVs x and y are said to be jointly gaussian if their joint PDF is given by ’ 3

eg(ax2+by2 —2cxy)[2M

1
Day(x, ¥) = P

where M = ab — c2. Show that p,(x), py(y), Pay(x|¥), and Pyx(y|x) are all gaussian and that i
X2 =b, F = a,and Xy = c¢. Hint: Use

had T 2
f g—px2+qx dx = | et /%
oo r

10.2-10 The joint PDF of RVs x and y is given by

}(2 X VZ
Pry(@, y) = ke ,
Determine: (a) the constant k; (b) px(x); (¢) py(); () pxy(x, ¥); (€) Pyix(|x). Are x and'y.
independent?

10.2-11 In the example on threshold detection (Example 10.13), it was assumeq t.h.at the digits 1 andO
were transmitted with equal probability. If Pr(1) and Px(0), the pr(_)bablhhes o.f transmitting 1
and 0, respectively, are not equal, show that the optimum threshold is not 0 but is a, where

o P(0)

n

T 24, B

Hint: Assume that tﬁe optimum threshold is a, and write P, in terms of the Q functions. For the: .
optimum case, d P, /da = 0. Use the fact that

a

1 2
=1-—=| e7dy
Q(x) =
and
dQ(x) - _ 1 e—;ﬁ/z
dx V2

10.3-1 If an amplitude x of a gaussian signal X(#) has a mean value of 2 and an rms value of 3, determin®. .
its PDF.

Problems 485
10.3-2 Determine the mean, the mean square, and the variance of the RV x in Prob. 10.2-3.
10.3-3 Determine the mean and the mean square value of y in Prob. 10.2-4.
10.3-4 Determine the mean and the mean square value of x in Prob. 10.2-6.

10.3-5 Find the mean, the mean square, and the variance of the RV x whose PDFis shown in Fig. P10.3-5.

px(x)
K

-1 3

X

Figure P10.3-5

10.3-6. The sum of the points on two tossed dice is a discrete RV x, as analyzed in Example 10.9.
Determine the mean, the mean square, and the variance of x.

10.3-7. For a gaussian PDF py(x) = (1/0x/27)e~*/2%%  show that
— O\BG)---(n— Do} neven
e { 0 n odd
Hint: See appropriate definite integrals in any standard mathematical table.

10.3-8 Ten regular dice are thrown. The sum of the numbers appearing on these ten dice is an RV x.
Find X, x2, and a}f. Hint: Remember that the outcome of each die is independent.

10.4-1 The random binary signal x(z), shown in Fig. P10.4-1a, can take on only two values, 3 and 0,
with equal probability. A gaussian channel noise n(z) shown in Fig. P10.4-1b is added to this
signal, giving the received signal y(¢). The PDF of the noise amplitude n is gaussian with a zero
mean and an rms value of 2. Determine and sketch the PDF of the amplitude y. Hinz: Use of
Eq. (10.72) yields py(y) = px(x) * pa(n).

x(#)

Figure P10.4-1
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486  INTRODUCTION TO THEORY OF PROBABILITY

10.4-2 Repeat Prob. 10.4-1 if the amplitudes 3 and 0 of x(t) are not equiprobable but Px(3) = 0.6 and
P, (0)=04. :

1 RANDOM PROCESSES

‘%ggé// |

10.3-4 If x(z) and y(¢) are both independent binary signals each taking on values —1 and 1 only wig,
P()=0=1-FAED
P(H)=P=1-P(-D
determine P,(z;) whereZz=x+1Y.

10.4-4 Ifz = x +y, where x and y are independent gaussian RVs with

1 92 /202 1 — (521202

) = ——==e "% and  py() = e O
* oy 21 Y oy 21

then show that z is also Gaussian with

I=X+§ and crf:axz—kaf

Hint: Use Eq. (3.43) to convolve px(x) and py (). See pair 22 in Table 3.1.

10.5-1 Show that |psy| < 1, where p,y is the correlation coefficient [Eq. (10.76)] of RVs x and y. Hint:

For any real number a, for example, the temperature x of a certain city at noon. The temperature x is an RV

and takes on different values every day. To get the complete statistics of x, we need to
record values of x at noon over many days (a large number of trials). From this data, we can
determine px(x), the PDF of the RV x (the temperature at noon). ,

But the temperature is also a function of time. At 1 P.m., for example, the temperature
m.ay have an entirely different distribution from that of the temperature at noon. Thus, the RV
x is a function of time and can be expressed as x(¢). An RV that is a function of time* is called
a random process, or stochastic process, which is the subject of this chapter. Thus, a random
process is a collection of an infinite number of RVs.

T he notion of a random process is an extension of the random variable (RV). Consider

aGx—%) -G —-NPF=0
The discriminant of this quadratic in ¢ is nonpositive.

10.5-2 Show that if two RVs x and y are related by
-
y=kix+k
where k; and k, are arbitrary constants, the correlation coefficient pxy = 1 if k; is positive, and .
pxy = —1if k; is negative.

10.5-3 Given x = cos ® and y = sin ®, where © is an RV uniformly distributed in the range (0, 27), -
show that x and y are uncorrelated but are not independent.

11.1 FROM RANDOM VARIABLE TO RANDOM PROCESS

To specify an RV x, we repeat the experiment a large number of times and from the outcomes
determine px (x). Similarly, to specify the random process x(¢), we do the same thing for each
value of 7. To continue with our example of the random process x(¢), the temperature of the
city, we need to record daily temperatures for each value of ¢ (for each time of the day). This
can be done by recording temperatures at every instant of the day, which gives a waveform
x(t, &), where ¢; indicates the day for which the record was taken. We need to repeat this
procedure every day for a large number of days. The collection of all possible waveforms is
known as the ensemble (corresponding to the sample space) of the random process x(¢). A
waveform in this collection is a sample function (rather than a sample point) of the random
process (Fig. 11.1). Sample-function amplitudes at some instant # = ¢#; are the values taken by
the RV x(#;) in various trials.

We can view a random process in another way. In the case of an RV, the outcome of
each trial of the random experiment is a number. We can view a random process also as the

10.6-1 In Example 10.21, design the optimum third-order predictor processor for speech signals and
determine the SNR improvement. Values of various correlation coefficients for speech signals:

are given in Example 10.21.

* Actually, to qualify as a random process, x could be a function of an; i i
; X y other variable, such as dist: 3
process may also be a function of more than one variable. ance: A random

487
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x(1;) =X,

x(t:ylv/\,\

RANDOM PROCESSES

Figure 11.1

Random process to represent the temper.
ature of a city. !

x(1) = X,

v‘

[—>

x(z,jz)/ /\
| —>
0, b) /\/\

P

/

x(t L)

1 —>

outcome of a random experiment, where the outcome of each trial is a waveform (a Smple
function) that is a function of 7. The number of waveforms in an ensemble may be finite or
infinite. In the case of the random process x(¢) (the temperature of a city), the ensemble has -
infinite waveforms. On the other hand, if we consider the output of a binary signal generator
(over the period O to 107), there are at most 2'° waveforms in this ensemble (Fig.. 11.2)..

One fine point that needs clarification is that the waveforms (sample func.tlons) in the
ensemble are not random. They are deterministic. Randomness in this situation is assom‘ated o
not with the waveform but with the uncertainty as to which waveform will occur in a given |
trial. This is completely analogous to the situation of an RV. For example, in the expenment
of tossing a coin four times in succession (Example 10.4), 16 possible outcomes exist, all of
which are known. The randomness in this situation is associated not with the outcomes butl
with the uncertainty as to which of the 16 outcomes will occur in a given trial.

Specification of a Random Process
The next important question is how to specify a random process. In some cases, we may |
be able to describe it analytically. Consider, for instance, a random process described b_y 4
x(¢) = Acos (w.t + ©), where © is an RV uniformly distributed over the range (0, 27)- This s
analytical expression completely describes a random process (and its ensemble). Each sample
function is a sinusoid of amplitude A and frequency w,. But the phase is random (see Fig:
11.5). It is equally likely to take any value in the range (0, 2x).

11.1 From Random Variable to Random Process

x(1, Cl)_[— - -——]

' ST T Tor s

*(0 &) 1. 1M 107

x(t, &) . r‘ , l ) ]QT
LJ

"“U.“._J ...

489

Figure 11.2  Ensemble with a finite number
of sample functions.

107 t >

Unfortunately, it is not always possible to be able to describe a random process analyti-
cally. We may have just an ensemble obtained experimentally. The ensemble has the complete
information about the random process. From this ensemble, we must find some quantitative
measure that will specify or characterize the random process. In this case, we consider the
random process as an RV x that is a function of time. Thus, a random process is just a collection
of an infinite number of RVs, which are generally dependent. We know that the complete
information of several dependent RVs is provided by the joint PDF of those variables. Let x;
represent the RV x(z;) generated by the amplitudes of the random process at instant ¢ = 1,
Thus, x; is the RV generated by the amplitudes at ¢ = #,, and Xy is the RV generated by
the amplitudes at ¢ = #,, and so on, as shown in Fig. 11.1. The n RVs x4, X, x3, ceey Xp
generated by the amplitudes at t = #, #, 13, .. ., t,, respectively, are dependent in general.
From this discussion, it follows that the random process is completely described by the joint
PDF pyx,..x, (X1, X2, ..., x,) foralln (up to 00) and for any choice of #4, 1,, 13, ..., t,. This
nth-order joint PDF is also expressed as Dxixg.n (X1, X2, ooy X3 B, o, ..., 1y). Determining
this PDF (of infinite order) is a formidable task. Fortunately, we shall soon see that when dealing
with random processes in conjunction with linear systems, we can get by with only the first-
and second-order statistics.

We can always derive a lower order PDF from a higher order PDF by simple integration.
For instance,

oo}
Px(x1) = / Pxix, (X1, X2) dxy
—00
Hence, when the nth-order PDF is available, there is no need to specify PDFs of order lower
than n. o
The mean x(#) of a random process x(t) can be determined from the first-order PDF as

Tt)=foo xpx(x; t)dx

o0

(11.1)

Why Do We Need Ensemble Statistics?

The preceding discussion shows that to specify a random process, we need ensemble statistics.
For instance, to determine the PDF Px, (x1), we need to find the amplitudes of all the sample
functions at ¢ = #,. This is ensemble statistics. In the same way, all possible statistics in the
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11.1 From Random Variable to Random Process 491

490 RANDOM PROCESSES
specification of a random process necessitates some kind of ensemble statistics. In d?temlinisﬁc (tjo mi:agli’re the s;rmla.nty oft ‘an';ph:;de; at 1 e:lld t2d= tH+T. IE :}I:e RVs X(tli @d );L(ltz) ?re
signals, we are used to studying the data of a waveform (or waveforms) as a function of time, Reno e y X1 arﬁl x; »Tespectively, then for a real random process,* the autocorrelation function
Hence, the idea of investigating ensemble statistics makes us feel a bit uncomfortable at firg; «(t1, t) is defined as
i . . . . . - ? e .
Theoretically, we may accept it, but does it have any practical significance? How is this concep Relts, 1) = TR = 5 120
useful in practice? We shall now answer this question. . S5 C)
To understand the necessity of ensemble statistics, consider the problem of thresholq This is the correlation of RVs x(z;) and x (). 1t is computed by multiplying amplitudes at
detection in Example 10.13. A1 is transmitted by p(¢) and a 0 is transmlttefl by =p(®) (polar t1 and 7, of a sample function and then averaging this product over the ensemble. It can be
signaling). The peak pulse amplitude is A,. When 11is transnuttefi, the regelved sam ple value seen that for a small 7, the product x;x, will be positive for most sample functions of x(1),
is Ap + n, where 2 is the noise. We shall make 3 decision err(.)r. if the noise aEphtude ,a  the but the product y;y, will be equally likely to be positive or negative. Hence, X7X; will be
sampling instant £; is less than —4,. To f_:md this error p mba].)ﬂlty’ we rep ea.t 1 © e:genmem larger than ¥7y,. Moreover, x; and x, will show correlation for considerably larger values of
I times (N > 00), and see how many times the noise amPht-ud-e BLE =G 15 ess than —4 7, whereas y; and y, will lose correlation quickly, even for small 7, as shown in Fig. 11.4c.
(Fig. 11.3). This information is precisely one of ensemble statistics of the noise process n(f)
at instant #;. . '
The ;mportance of ensemble statistics is clear from this example. Men W.C are deahng 4 1 x(1) ) ; ¥(1)
with a random process or processes, we do not know which sample functlon will occur in g <—T/—>— e r s
given trial. Hence, for any specification, characterization, or optimization, we need to average a \ / /‘ /.\ /'\
over the f:ntire ensemble. This is the basic physical reason for the appearance of ensemble \,\/ ~_ \/’\\/’\V V VAV v/
statistics in random processes. A
Autocorrelation Function of a Random Process - ' 7\ \ N N A A A
One of the most important characteristics of a random process is its antocorrelation function, —~— \/ P J—‘V \g 74 V VAV )
which leads to the spectral information of the random process. The f?equency content of a ~— N v
process depends on the rapidity of the amplitude change with time. ‘ThlS. can be m.easured by /' L — A . /\ A
correlating amplitudes at #; and # + 7. The random process x(¢) in Fig. 11.4a is a slowly v — = \/ A~
in Fi 4b. F thy litudes at #; and >
varying process compared to the process y(¢) in Fig. 11.4b. For x(¢), the amp. 1
11 + 7 are similar (Fig. 11.4a), that is, have stronger correlation. On the other hand, for y(t),.(he ) /ﬂ\ . " A A A
amplitudes at 7; and 7; + 7 have little resemblance (Fig. 11.4b), that is, have weaker correlangn. / \/ V / \/ V
Recall that correlation is a measure of the similarity of two RVs. Hence, we can use correlation N \ ’V*
Figure 11.3 A random process 1o repre- X X
i) sent a channel noise. ! 2 (a) i ¥ (b)
) Ry(7)
APLZ¥_ .
ny(1)
7 \/ S~ t—> R(7)
ny(t) t—>
TN N, N, -
— \v ~ N N— T
" ©
TN — /-/\ -
\/ Figure 11.4  Autocorrelation functions for a slowly varying and a rapidly varying random process.
ny(t)
- S < — * For a complex random process x(z), the autocorrelation function is defined as
— e ——— \/ — p——
1=

(Sampling instant)

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 255



492

RANDOM PROCESSES

Thus, Ri(#1, t2), the autocorrelation function of x(¢), provides valuable information aboyt the
frequency content of the process. In fact, we shall show that the PSD of x(?) is the Fourje,
transform of its autocorrelation function, given by (for real processes) :

Ry(t1, ) =X1%3

o0 o
=/ / X1X0 Pxixg (X1, X2) dx1dx (11.2)
—00Y —00

Hence, R (71, t;) can be derived from the joint PDF of x; and x;, which is the second-order
PDE

Classification of Random Processes
Random processes may be classified in the following broad categories.

Stationary and Nonstationary Random Processes: A random process whose statis-
tical characteristics do not change with time is classified as a stationary random process. For
a stationary process, we can say that a shift of time origin will be impossible to detect; the
process will appear to be the same. Suppose we determine px(x; #;), then shift the origin by
to, and again determine py (x; #;). The instant #; in the new frame of referenceis #, = #; +1;in
the old frame of reference. Hence, the PDFs of x at #; and 7, = #; + f, must be the same, that .
is, px(x; 1) and px(x; #2) must be identical for a stationary random process. This is possible ’ 1
only if px(x; t) is independent of ¢. Thus, the first-order density of a stationary random process
can be expressed as

Px(x; t) = px(x)

Similarly, for a stationary random process the autocorrelation function R, (1, ;) mustdepend =
on t; and #, only through the difference #, — ;. If not, we could determine a unique time origin. :
Hence, for a real stationary process, / :

Ry (11, t2) = Rx(t — 11)

Therefore,
Ri(t) =x(O)x(t + 1) 113y

For a stationary process, the joint PDF for x; and x, must also depend only on #, —#;. Similarly, -
higher order PDFs, such as px,x,. x, (X1, X2, ..., X,) where x; = x(&;), are all independent of
the choice of origin.

The random process x(z) representing the temperature of a city is an example of
nonstationary random process, because the temperature statistics (mean value, for ex'flmple)
depend on the time of the day. On the other hand, the noise process in Fig. 11.3 is stationary, -
because its statistics (the mean and the mean square values, for example) do not change with \
time. In general, it is not easy to determine whether a process is stationary, because it inV(?IVG'S ‘
investigation of the nth-order (n = o0o) statistics. In practice, we can ascertain stationarity if
there is no change in the signal-generating mechanism. Such is the case for the noise process
in Fig. 11.3. :

11.1 From Random Variable to Random Process 493

Wide-Sense (or Weakly) Stationary Processes: A process may not be stationary in
the strict sense, as discussed in the last subsection, yet it may have a mean value and an
autocorrelation function that are independent of the shift of time origin. This means

x(t) = constant
and

Re(ti, ) =Rx(t) t=t—1 114

Such a process is known as a wide-sense stationary, or weakly stationary, process. Note that
stationarity is a much stronger condition than wide-sense stationarity. All stationary processes
are wide-sense stationary, but the converse is not necessarily true.

Just as no sinusoidal signal exists in actual practice, no truly stationary process can occur
in real life. All processes in practice are nonstationary because they must begin at some finite
time and must terminate at some finite time. A truly stationary process must start at f = —o0
and go on forever. Many processes can be considered stationary for the time interval of interest,
however, and the stationarity assumption allows a manageable mathematical model. The use
of a stationary model is analogous to the use of a sinusoidal model in deterministic analysis.

ExampLE 11.1

Show that the random process
X(t) = Acos (w.t + ®)
where © is an RV uniformly distributed in the range (0, 27), is a wide-sense stationary process.

The ensemble (Fig. 11.5) consists of sinusoids of constant amplitude A and constant
frequency ., but the phase © is random. For any sample function, the phase is equally
likely to have any value in the range (0, 27). Because ® is an RV uniformly distributed
over the range (0, 27), one can determine! py(x, ¢) and, hence, x(_ﬁ, as in Eq. (11.1).
For this particular case, however, X(¢) can be determined directly as follows:

X(t) = Acos (0.t + O) = ACos (w.f + O)
Because cos (w.t + ®) is a function of an RV ©, we have [see Eq. (10.57b)]

27
cos (w .t + 0) = / cos (w.t + 60) pe(0) do
0
Because pg(6) = 1/27 over (0, 27) and O outside this range,
- 1 2
cos (w.t + @) = —/ cos (w.t +6)do =0
27 0
Hence,

x(H) =0 (11.52)

Thus, the ensemble mean of sample-function amplitudes at any instant ¢ is zero.
The autocorrelation function Ry(z;, #,) for this process also can be determined
directly from Eq. (11.2a),
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494 RANDOM PROCESSES 11.1 From Random Variable to Random Process 495

Ri(t1, 1) = A% cos (wot) + ©) cos (wer + ©) ____ Wecanalso deﬁne time .a\;erages for each sample function. For example, a time mean
x(t) of a sample function x(¢) is
= A2 cos (w1 + ©) cos (.t + ©) 1 1
A2 . X)) = lim — / x(2) dt (11.6a)
= £ {cos Toelts = m)] + o Ttz + 1) + 200 | oo T J g
2 ; Similarly, the time-autocorrelation function R () defined in Eq. (3.82a) is

The first term on the right-hand side contains no RV. Hence, cos[w, (f2 — #1)]1s ¢0s [w,(z, — e
t1)] itself. The second term is a function of the RV ®, and its mean is : Ry(x) = m — Thm - / x()x(t + 1) dt (11.6b)

27 : —>00 -T/2
cos [we(ty +11) +20] = — /0 cos [wc(t +11) +201d6 =0 For ergodic processes, ensemble averages are equal to the time averages of any sample

: function. Thus, for an ergodic process x(t),
Hence, o
A2 B x(®) = x(r) (11.72)
Rx(11, 1) = - cos [we(t — 11)] (1s5b) Ry (%) = Ry(7) (11.7b)
or ) ; These are just two of the many possible averages. For an ergodic process, all possible ensemble
' A2 , averages are equal to the corresponding time averages of one of its sample functions. Because
Rx(7) = S coseT  T=h-0h (11.5¢) - a time average cannot be a function of time, it is evident that an ergodic process is necessarily
o . . . : 1 a stationary process; but the converse is not true (see Fig. 11.6).
From Egs. (11.5a,b) it is clear that x(r) is a wide-sense stationary process. o : It is difficult to test whether a process is ergodic or not, because we must test all
5 possible orders of time and ensemble averages. Nevertheless, in practice many of the stationary
x(t, §y) y\ /\ f B processes are ergodic with respect to at least second-order averages, such as the mean and the
‘ /\ : /\ autocorrelation. For the process in Example 11.1 (Fig. 11.5), we can show that x(z) = 0 and
\/ \/‘0 \/ \/ 1—= S R(t) = (A?/2) cos w,t (see Problem 3.8-1). Therefore, this process is ergodic at least with
A ; ' respect to the first- and second-order averages.

x(t 0,) /\ [\ A\ /\ /\ R ) The ergodicity concept can be explained by a simple example of traffic lights in a city.
Suppose the city is well planned, with all its streets in E-W and N-S directions only and with

traffic lights at each intersection. Assume that each light stays green for 0.75 second in the E-W
direction and 0.25 second in the N-S direction and that switching of any light is independent
of the other lights. For the sake of simplicity, we ignore the orange light.

If we consider a certain person driving a car arriving at any traffic light randomly in
the E-W direction, the probability that the person will have a green light is 0.75; that is, on
the average, 75% of the time the person will observe a green light. On the other hand, if we
consider a large number of drivers arriving at a traffic light in the E-W direction at some instant

SAVAAVAIVAAVAAC
x(t, &) /\ /\

f\/\y \VAAVE
“o N NN NN

VAAVAAVAAVARS

Figure 11.5  Ensemble for the random process A cos (w.t + ©).

Figure 11.6  Classification of random pro-

Random Processes cesses.

Wide-sensé Stationapy

Stationary

Ergodic Processes: We have studied the mean and the autocorrelation function of a-
random process. These are ensemble averages. For example, x(7) is the ensemble average of :
sample-function amplitudes at ¢, and Ry (#;, #3) = XX is the ensemble average of the product:

of sample-function amplitudes x(¢;) and x(25). * Here a sample function x(¢, ¢;) is represented by x(r) for convenience.
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t, then 75% of the drivers will have a green light, and the remaining 25% will have a red ligh;
Thus, the experience of a single driver arriving randomly many times at a traffic light wiy
contain the same statistical information (sample-function statistics) as that of a large Numbey
of drivers arriving simultaneously at various traffic lights (ensemble statistics) at one instan;.

The ergodicity notion is extremely important, because we do not have a large number of -~ é
sample fonctions available in practice from which to compute ensemble averages. If the procegg
is known to be ergodic, then we need only one sample function to compute ensemble averages,
As mentioned earlier, many of the stationary processes encountered in practice are ergodic wi -
respect to at least second-order averages. As we shall see in dealing with stationary processeg
in conjunction with linear systems, we need only the first- and second-order averages. Thig ;
means that in most cases we can get by with a single sample function.

An electrical engineer instinctively thinks of signals and linear systems in terms of thejr .
frequency-domain descriptions. Linear systems are characterized by their frequency response
(the transfer function), and signals are expressed in terms of the relative amplitudes and phaseg |
of their frequency components (the Fourier transform). From a knowledge of the input spectrum
and transfer function, the response of a linear system to a given signal can be obtained in termg i
of the frequency content of that signal. This is an important procedure for deterministic signals, :
‘We may wonder if similar methods may be found for random processes. Ideally, ail the sample
functions of a random process are assumed to exist over the entire time interval (—oo, o)
and thus, are power signals.* We therefore inquire about the existence of a power spectral 1
density (PSD). Supetficially, the concept of a PSD of a random process may appear ridiculous
for the following reasons. In the first place, we may not be able to describe a sample function
analytically. Second, for a given process, every sample function may be different from another
one. Hence, even if a PSD does exist for each sample function, it may be different for different
sample functions. Fortunately, both problems can be neatly resolved, and it is possible to . -
define a meaningful PSD for a stationary (at least in the wide sense) random process. For
nonstationary processes, the PSD does not exist.
Whenever randomness is involved, our inquiries can at best provide answers in terms -
of averages. When tossing a coin, for instance, the most we can say about the outcome is that
on the average we will obtain heads in about half the trials and tails in the remaining half *
of the trials. For random signals or RVs, we do not have enough information to predict thes” -
outcome with certainty, and we must accept answers in terms of averages. It is not possible’
to transcend this limit of knowledge because of the fundamental ignorance of the process. It
seems reasonable to define the PSD of a random process as a weighted mean of the PSDs of all
sample functions. This is the only sensible solution, because we do not know exactly whichof
the sample functions may occur in a given trial. We must be prepared for any sample function.
Consider, for example, the problem of filtering a certain random process. We would not want
to design a filter with respect to any one particular sample function because any of the sample - |
functions in the ensemble may be present at the input. A sensible approach is to design the filter - 4
with respect to the mean parameters of the input process. In designing a system to perform

* As we shall soon see, for the PSD to exist, the process must be stationary (at least in the wide sense). Stationary.
processes, because their statistics do not change with time, are power signals. :

11.2 Power Spectral Density of a Random Process 497

certain operations, one must design it with respect to the whole ensemble. We are therefore
Justified in defining the PSD Sy (w) of a random process x() as the ensemble average of the
PSDs of all sample functions. Thus [see Eq. (3.79)],

» 2
Sy (@) = lim ['X—T;“ﬂ] (11.82)

where Xr(w) is the Fourier transform of the truncated random process x(z) rect (t/ T) and the
bar represents ensemble average. Note that ensemble averaging is done before the limiting
operation. We shall now show that the PSD as defined in Eq. (11.8a) is the Fourier transform
of the autocorrelation function Ry(z) of the process x(z); that is,

R (1) = S (w) (11.8b)

This can be proved as follows:

00 . T2 .
Xr(w) = / xr(t)e /" dt = f x()e I dt (11.9)
—o0 -T2

" Thus, for real x(¢),

Xz (w)ﬁ = X7 (—0)Xr(w)

T/2 . T/2 .
= / X(tl)ejwt‘ dn / X(tz)e_]")t2 dt
-T2 -T2

/2 pT)2 .
=/ / X(tl)X(tz)e_]m(tz_tl) dtdt,
—r2d-Tp2

and

5.0 = jim [M]

—00 T

1 172 (173
= lim [—f / X(1)x(ty)e—io~n) gy
o I I (t)x(t2)e 145 (11.10)

Interchanging the operation of integration and ensemble averaging,” we get

1 T/2 pT/2 . ‘
Sy(w) = lim — / f x(f)x(f2)e /2@ gy 4y,
- —T/2

T—oo T /2
1 TR T2
= lim — — —jo~1)
rmo /;172 /_T/2 R (1 t)e dndt,

Here we are assuming that the process x(¢) is at least wide-sense stationary, so that x(z;)x(f;) =
Ry (t> — t;). For convenience, let

* The operation .of e_nseml?le averaging is also an operation of integration. Hence, interchanging integration with
ensemble averaging is equivalent to interchanging the order of integration.
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R(ty — 1n)e @™ = o(r — 1) (1L.1y
Then,
1 (T2 prIr ‘
&@:ﬁm—/ ol — ) dndy iy |
T—oo T Jorp Jo1p2

The integral on the right-hand side is a double integral over the range (—=T/2, T/2) for each of
the variables #; and #. The square region of integration in the #1-#, plane is shown inFig. 117,
The integral in Eq. (11.12) is a volume under the surface ¢(f2 — 11) over the square region i
Fig. 11.7. The double integral in Eq. (11.12) can be converted to a single integral by observing
that ¢(#, — t;) is constant along any line ; —#; = 7 (a constant) in the ;- plane (Fig. 11.7),
Let us consider two suchlines, ,—t; = tandf,—1; = T+AT. AT —> 0, 9(—1) =
@(t) over the shaded region whose area is (T — t) At. Hence, the volume under the surface
@(t, — 1) over the shaded region is p(z)(T — 1) AT. If T were negative, the volume would be
@(7)(T +7) A7.Hence, in general, the volume over the shaded regionis ¢(7) (T —[7|) At.The.
desired volume over the square region in Fig. 11.7 is the sum of the volumes over the shaded
strips and is obtained by integrating ¢ (t)(T — |z]) over the range of 7, whichis (=T, T) (see
Fig. 11.7). Hence,

T
mm:g&%ﬁﬂwﬂ—mwr

T/2 z
= lim o(t) (1 - l l) dt

T—00 -T2 T ¢
(o]

=/ p(t)dr
—o0

provided ffzo |zlg(t) dr is bounded: Substituting Eq. (11.11) into this equation, we have

Figure 11.7  Derivation of Wiener-Khinchine theorem.

tzT
ThE
L7+ AT
a
1 Z 1
-7 27 -T2 o /2 T tH—
s
v/
(x////
///ila
NI
YL =T/2
w0
/Ny
__Tr_
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o0
Se(w) = f Re(t)e™7*" dt (11.13)
—00
provided f on |7|Rx(t)e™/% dt is bounded. Thus, the PSD of a wide-sense stationary random
process is the Fourier transform of its autocorrelation function,”

Ry (1) = Sx(w) (11.14)

This is the well-known Wiener-Khinchine theorem.

From the discussion thus far, the autocorrelaton function emerges as one of the most
significant entities in the spectral analysis of a random process. Earlier we showed heuristically
how the autocorrelation function is connected with the frequency content of a random process.

The autocorrelation function Ry (7) for real processes is an even function of 7. This can
be proved in two ways. First, because | X7 (w)l2 = ]XT (0) X7 (w) | = [X7(0)X7(—w)] is an
even function of w, Sx(w) is also an even function of w, and Ry (7), its inverse transform, is
also an even function of 7 (see Prob. 3.1-1). Alternately, we may argue that '

Ry(z) =x()x(t + 1) and ~ Ry(—7) =x()x(t — 1)
Letting ¢t — 7 = o, we have
Ry (—1) = x(0)X(0 + 1) = Rx(7) (11.15)

The PSD S, (w) is also a real and even function of w.
The mean square value x2(z) of the random process x(z) is Ry (0),

Ry(0) = x(O)x() = x2(1) = X2 (11.16)

The mean square value x2 is not the time mean square of a sample function but the ensemble
average of the amplitude squares of sample functions at any instant z.

The Power of a Random Process
The power Py (average power) of a wide-sense random process x(¢) is its mean square value
x2. From Eq. (11.14),

1 [ ;

Ry(7) = —/ Sx(w)e’“" da
27 J_»

Hence, from Eq. (11.16),

,/(:&&k,zﬁ
-4

— 1 [ Ve
P =x2=R(0) = —/ Sx(w)dw ¥ (11.17a)
2 J_o 4
Because Sx(w) is an even function of ®, we have
— 0 .
Pi=x= 2/ S(@df  f=-2 (11.17b)
0 27

where f is the frequency in hertz. This is the same relationship as that derived for deterministic
signals in Chapter 3 [Eq. (3.81)]. The power P is the area under the PSD. Also, P = x? is
the ensemble mean of the square amplitudes of the sample functions at any instant.

*Tt can be shown that Eq. (11.13) holds also for complex random processes, for which we define Ry () = x*(£)x(¢ + 7).
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500 RANDOM PROCESSES 11.2 Power Spectral Density of a Random Process 501

It is helpful to repeat here, once again, that the PSD does not exist for processes that are

not wide-sense stationary. Hence, in our future discussion, random processes will be assumeq. ~ {  pxaMPLE 11.3  Determine the PSD and the mean square value of a random process
to be at least wide-sense stationary, unless specifically stated otherwise. .

x(t) = Acos (.t + ©) (11.19a)
where © is an RV uniformly distributed over (0, 27).

EXAMPLE 11.2  Determine the autocorrelation function Ry (t) and the power Py of a low-pass random procesg

with a white-noise PSD Sx(w) = N/2 (Fig. 11.8a). For this case Ry(7) is already determined [Eq. (11.5¢)].,

AZ
Sy(w) Ri(7) = > COS W,T (11.19b)
N2 Hence,
A%

. Sx(w) = T[S(w+wc)+8(w—wc)] (11.19¢)

—2wB 0 2B s . 2
(a) PX = X2 — RX(O) = —-—2—- (1119d)
R(D) Thus, the power, or the mean square value, of the process x(z) = A cos (.t + ©) is A2 /2.

T The power Py can also be obtained by integrating Sx (@) with respect to w (or f).
NB,
ExampPLE 11.4  Amplitude Modulation
— ST [ Y 3

Determine the autocorrelation function and the PSD of the DSB-SC-modulated process
m(z) cos (w.t + ©), where m(z) is a wide-sense stationary random process, and © is an RV
uniformly distributed over (0, 277) and independent of m(z).

- 3 /oL 0 N2 3T 4 T
33 2B 2B 2B

(b) SR
- Let
Figure 11.8  Bandpass white-noise PSD and its autocorrelation function.

@(t) = m(t) cos (w.t + O)

We have Then

N w R, (7) = {m(t) cos (w.t + O)][m(t + 1) cos [w.(t + T) + O}
_N 11.18
8:(@) 2 fect (47tB) ( 9 Because m(¢) and © are independent, we can write [see Egs. (10.60b) and (11.5c)]

Hence, from Table 3.1 (pair 17),

i R, () = m(@)m(t + 1) cos (@t + ) cos [we( +7) + O]
R, (1) = NBsinc 2w Bt) (11.18b) 1
= ERm(T) COS W, T (11.20a)
This is shown in Fig. 11.8b. Also, X
— 189) Consequently,
Po=x2=R(0) = NB (11.18¢) - 1
=X ERO . S0(@) = 315a(@ + @) + Suw = w0)] (11.20b)
Alternately,
From Eq. (11.20a) it follows that

PX:Z/ Sx(w)df
0

B
N
=2f0 S df

- NB (11.184)

@2(1) = Ry(0) = %Rm(O) = %mz(t) (11.20c)

Hence, the power of the DSB-SC-modulated signal is half the power of the modulating
signal. We derived the same result earlier [Eq. (3.92)] for deterministic signals.

* We obtain the same result even if ¢(¢) = m(z) sin (.t + ©).
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ExAmPLE 11.5

x(t)

t
—ﬂ]})u——»a'ﬁ

PR

Random Binary Process

In this example we shall consider a random binary process for which a typical sample
function is shown in Fig. 11.9a. The signal can assume only two states (values), 1 or —1, wit,
equal probability. The transition from one state to another can take place only at node point
which occur every T, seconds. The probability of a transition from one state to the other js 0, 5?
The first node is equally likely to be situated at any instant within the interval 0 to T;, from the

origin.” The amplitudes at ¢ represent RV x4, and those at ¢ + t represent RV x;. Note that X
el p P 1

and x; are discrete and each can assume only two values, —1 and 1. Hence,
L, — 7
t+ 7 r

_J 0 | l I fomm n 1y
X X
@ i
®)
1 RX(T)
~Ty Ty o5 4
T
72.Rb *Réb 0 Iéb 2Rb f___,
© (@

Figure 11.9  Derivation of autocorrelation function and PSD of a random binary process.

Ri(r) =X1x; = Z mesz,xz(xl, X2)

X1 x2

= xlxz(ls 1) + lexz(_ly _1) - lexz(—17 1) - Px1x2(]7 _1) (11213)

* Analytically, we can represent x(z) as
X() =Y a.p(t = nly —a)
n

where o is an RV uniformly distributed over the range (0, 7) and p(¢) is the basic pulse (in this case rect [({ =
T»/2)/ T»]). Note that o is the distance of the first node from the origin, and it varies randomly from sample functio
to sample function. In addition, a, is random, taking values 1 or —1 with equal probability.
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By symmetry, the first two terms and the last two terms on the right-hand side are equal.
Therefore,

Ry(7) = 2[Pryx, (1, 1) — Py 5, (1, —1)] (11.21b)
Using Bayes’ rule, we have
Ry(7) = 2P (D[ Py, (1I1) — Prypyy (—11)]

= Py (1|1) — Pryjx, (—1]1) (11.21¢)
Moreover,

Poix (111) =1 = Py, (—111)
Hence,

Ry(t) =1 = 2Py, (—1|1)

It is helpful to compute Ry (z) for small values of t first. Let us consider the case t < T},
where, at most, one node is in the interval # to ¢ + . In this case, the event x, = —1 given
x; = lis a joint event A B, where the event A is “a node in the interval (¢, ¢ + 7)” and B is
“the state change at this node.” Because A and B are independent events,

Py, iz, (—1|1) = P(anode lies in ¢ to ¢ + 7)P(state change)
= %P(anode liesinttot 4+ 1)

Figure 11.9b shows adjacent nodes n; and n,, between which ¢ lies. We mark off the interval
7 from the node n,. If 7 lies anywhere in this interval (hatched area), the node n, lies within ¢
and ¢ + 7. But because the instant ¢ is chosen arbitrarily between nodes n; and n, it is equally
likely to be at any instant over the 7} seconds between 71 and ny, and the probability that ¢
lies in the shaded interval is simply 7/ T},. Therefore,

1/t
Poyix, (—1|1) = 3 (Fb) (11.22)
and
R =1—% 1<T, (11.23)
1
Because Rx(7) is an even function of 7, we have
Ri(t)=1- m Il < Tp (11.24)
T,

Next, consider the range 7 > Tj,. In this case at least one node lies in the interval ¢ to
t + 7. Hence, x; and X, become independent, and

R(m=XKx=X1%=0 1>T,
where, by inspection, we observe thatX; = X, = 0 (Fig. 11.9a). This result can also be obtained
by observing that for || > Tj, x; and x, are independent, and it is equally likely that x, = 1
or —1 given that x; = 1 (or —1). Hence, all four probabilities in Eq. (11.21a) are equal to 1/4,
and ’
R(1) =0 t>T,
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Therefore, ) o<
1-1z1/Tp |tl<Tp
Rx(v) = {0 Zl> T, (11.25a)
and I
Sx (@) = T sinc? (%) (11.25)

The autocorrelation function and the PSD of this process are shown in Fig. 11.9c and d. Observe
that X2 = Ry (0) = 1, as expected.

ExAmpLE 11.6

" random pulse train y(r) whose sample function is shown in Fig. 11.10b. The random process

- sample function. Note that p(¢) = 1/T}, over the interval (0, T}), and is zero everywhere

Let us now consider a more general case of the pulse traiq y(¢), discussed in Sec. 77
(Fig. 7.3). From the knowledge of the PSD of this train, we can denye the PSD of on-off, polar, :
bipolar, duobinary, split-phase, and many more important digital signals. '_
.

m PAM Pulse Train o
Rand(]))igital data is transmitted using a basic pulse p(z), as shn?wn in Fig. 11.1()a.. The
successive pulses are separated by 7, seconds, and the kth pulse is a; [‘)(.t),.where ay }s an
RV. The distance o of the first pulse (corresponding to & = 0) from Fhe origin is equally likely
to be any value in the range (0, 73). Find the autocorrelation function and the PSD of sucha

y(¢) can be described as

YO = Y apt -kl —a)

=-0C

where «, is an RV uniformly distributed in the interval (0, 73). Thus, « is different for each. =

else. It can be shown that y(f) = (ax/T) [ o, p(t) dt is a constant.t
We have the expression

Ry(r) =y@®y(t + 1)

[o ] [ee]
D apt—kT,—) D awpt+1—mT—a)
k=-—00

m=—00

o0 o
=y aramp(t — kI —a)p(t + T —mTp — a)

k=—00 m=—00

i yO =7 32 —kTy)
=y% — kTy). In this case y(t) = & )_jo_o Pt — kTb) o
* = 0, the process can be expressed as y(r) = > oo, ap(t b i oo P! "
islri:; consta.nt,pbut is periodic with period 7. Similarly,oowe can shovj that the autqcorrelauon funcuot;:slgirjlhose :
with the same period 7. This is an example of a cyclostationary, or per;odlcally s:a;(;n?:ry, g;z;isn(:r;); o e
isti i i i i igi i Itiples of a constant T3). Cyc] )
tatistics are invariant to a shift of the time origin by integral multip! : ) tation, e
:eitrlnshgrse, aere clearly not wide-sense stationary. But they can be made wide-sense stationary with slight modific:
by adding the RV « in the expression of y(¢), as in this example.

() iod ’t dt
1 Using exactly the same approach, as used in the derivation of Eq. (11.26) we can show that y(7) = (8x/ Tp) f o, P( )

11.2 Power Spectral Density of a Random Process 505

p()

0 l Tb t—>
@

o —’I 7N

AN

o \/\/(0'/\\/ =T
®

Figure 11.10  Random PAM process.

Because a; and a,, are independent of «,
c
00 MG

> s
R = 3 3 B pG— kT, —a)pG 7 —mly —a)

k=—00 m=—c0

Both & and m are integers. Letting m = k + n, this expression can be written

o0 o0
Re@ =Y 3 & pG—kT, ~)pG+7 — K T ]l =)
k=—00 n=~c0
The first term under the double sum is the correlation of RVs a and a;,, and will be

denoted by R,,. The second term, being a mean with respect to the RV «, can be expressed
as an integral. Thus,

&) [oe] Tb
Ry(r) = Z R, Z ‘/0 Pt —kT, —a)p(t + 17 — lk + 1T, — ) p(e) da

A=—00 k=—o00

Recall that ¢ is uniformly distributed over the interval 0 to Ty. Hence, p(a) = 1 /T, over
the interval (0, 73), and is zero otherwise. Therefore,

o] 00 Tb
Ry(t)7 = Z H Z Tib./o- P(t_ka_a)Pﬂ(t‘l-f—[k+n]7},—a)da

n=-00 k=-00

sxmE

n=—00  k=—oo?I~k+)T}

1 & o
=7 Z S‘tn/ pBYp(B+1 —nTy)dp

R=—00

pBYPB + 1 —nTy)dB

The integral on the right-hand side is the time-autocorrelation function of the pulse p(z)
with the argument v — nTy. Thus,
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and because each digit is independent of the remaining digits,

Ry(v) = le 2 Ry ¥z —nTp) - (11.26)

=00

M =gmm =T am=0 n>1

Hence, from Eq. (11.29),

where [P(@)?

T,
We already found this result in Eq. (7.12), where we used time averaging instead of
ensemble averaging. When a process is ergodic of second order (or higher), the ensemble

and time averages yield the same result. Note that Example 11.5 is a special case
of this result, where p(¢) is a full-width rectangular pulse rect (¢/Tp) with P(w) =

Ty, sinc (w73 /2), and
P(w)|? T;
Sy(w) = % = T} sinc? (%)

%” = axA+n (1127)

Sy(w) =
and

Yp(t) = /w p@®p+7)dt ‘ (1128) :

As seen in Eq. (3.73), if p(?) <= P(w), then WP(I? = |P(w)12. Therefore, the PSD
of y(¢), which is the Fourier transform of Ry(7), is given by

@ =7 3 FalP@Pe "

n=—
5 00 i
= IP(;:))I Z %ne_janb (1129) :
b n=—00

ExaMPLE 11.8  Find the PSb Sy (w) for on-off and bipolar random signals which use a basic pulse for p(¢), as
shown in Fig. 11.11. The digits 1 and 0 are equally likely, and digits are transmitted every 7},
seconds. Each digit is independent of the remaining digits. All these line codes are described
in Sec. 7.2.

This result is similar to that found in Eq. (7.10b). The only difference is the-use of 'the -
ensemble average in defining 3, in this chapter, whereas R, in Chapter 7 is the time

average.

In each case we shall first determine o, Ry, Ry, -+, Ry.
(a) On-off signaling: In this case, a, can take on values 1 and 0 with probability
1/2 each. Hence,

i i i aiwhere 1 is transmitted by a-pulse p(t) -
(e 11.7  Find the PSD Sy(w) for a polar binary random signa . pulse .
B (Fig: 11.11) whoyse Fourier transform is P (@), and 0 is transmitted by —p(?). The digits 1 and

: igit i itted every T}, seconds. Each digit is independent 1 1 i
0 are equally .hl.(ely’ and one digit is transmi Ty 1p T = ()P, (1) + (0P, (0) = =(D + =(0) = =
o of the other digits. o . ) 2 2 2
i 1 Figure 11,11 Basic pulse for a random binary polar signal. _ ) 1., 1 1
o 2 12 _ 2 1z 1
| o0 Ro =a; = (1)* P, (1) + (0)° P, (0) = 2(1) + 2(0) =3
I and because each digit is independent of the remaining digits,
1 1 1 1
S‘tn:m:a—km:(i)(E):Z n>1
T, 0 T, t—
vy 4 Therefore, from Eq. (11.29),
In this case, a; can take on values 1 and —1 with probability 1/2 each. Hence, S, (@) = [P@P | 1 + ! i —inely (11.30a)
m= Y aP@) =P+ DD R A '
k=1,-1 50
1 1 2 0
-1_Z_o _P@ril 1 - neTy 11.30b
272 i =7, |3171 n_X_:we (11.306)
_TZ_ 2p(a) = (12 Py (1) + (—1)? Py (1) -
Ro = ¢ A ap P(a) = ()" P, * Equation (11.30b) is obtained from Eq. (11.30a) by splitting the term 1/2 corresponding

to R into two: 1/4 outside the summation and 1/4 inside the summation (corresponding
to n = 0). This result is identical to Eq. (7.17b) found earlier by using time averages.

R PACIAR PRI
_5(1) +2( 1)
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We now use the formula (see the footnote™ for a proof),

o

n=—00 n=—00

Substitution of this result into Eq. (11.30b) yields

n=—00

Note that the spectrum Sy (w) consists of both a discrete and a continuous part. A discrete

oo . *
P@P|, 27 _2mn '
Sy(w) = | 4;; [1 + —T_b Z 8 (w Ty )] (1130 :

component of clock frequency (Ry = 1/T3) is present in the spectrum. The continuoyg

the spectrum of the polar signal in Example 11.7. This is a logical result bgca_use asFig.72
shows, an on-off signal can be expressed as a sum of a.polar and a penodlc component,
The polar component is exactly half the polar signal dlscfussed earlier. .He.nce, the PSD
of this component is one-fourth of the PSD of the polar signal. The periodic component

harmonics. :
(b) Bipolar signaling: in this case, a can take on values 0, 1, and —1 with

component of the spectrum is | P () |2 /4T, is identical (except for a scaling factor 1/4) o %

is of clock frequency Ry, and consists of discrete components of frequency Rj and its 3

probabilities 1/2, 1/4, and 1/4, respectively. Hence,
& = (0)Py (0) + (D Py (V) + (1) Py (1)

1 1 1

— — — —1 =0

SO+ 3+ 3D

Ro = a2 = (0)*Py, (0) + (1)? Poy (1) + (=1 Py (1)

1 2 l_ 2_1
O + 7P+ 307 =3

N =

Also,
R = Tags: = Z Zakak+1Pakak+1 (arar+1)

k k41

Because gy and ag1 can take three values each, the sum on the right-hand side has nine
terms, of which only four terms (corresponding to values =1 for gy and ay.1) are nonzero.
Thus,

R = D)D) Paas (1, D + (D) Pogay (<1, 1)
+ (DD Py (1, =D+ (DD Py (1. =)

_ ool
* The impulse train in Fig. 3.24ais 87, (¢) canbe expressed as d7, (t_) = zzo:_m 5(t—nTp). Also §(t—nTy b)fz vain
Hence, the Fourier transform of this impulse train is Y oo _,, ¢~/"*™. But we found the alternate form of the
ence, -
transform of this train in Eq. (3.42) (Example 3.13). Hence,
=] [e]
IRE I
Ty Ty
oo

n=—o0 n=—
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Because-of the bipolar rule,

Pakak+1(1> 1) = Pakak+1(_1: D=0

and

1 1
Pakak+1(_1’ 1) = Pak(_l)Pakak(lE - 1) = ('1') (_> =3

4 2 8
Similarly, we find Py, (1, —1) = 1/8. Substitution of these values in Ry yields
1
3 W=—7

Forn 2L2, the pulse strengths a; and a1 become independent. Hence,
Ry = B, = 8 840 = (0)(0) =0 n>2

Substitution of these values in Eq. (11.29) and noting that &R, is an even function of n,

yields
Sy(w) = ——I (b)l sin (—b)

This result is identical to Eq. (7.20b) found earlier by using time averages.

11.3 MULTIPLE RANDOM PROCESSES

For two real random processes x(f) and y(z), we define the crosscorrelation function®
ny(tl, f) as

Ryy(t1, 1) = x(t1)y(t2) (11.31a)

The two processes are said to be jointly stationary (in the wide sense) if each of the
processes is individually wide-sense stationary and if

ny(tl» h) = ny(IZ —1)

= Ry (7) (11.31b)

Uncorrelated, Orthogonal (Incoherent), and Independent Processes

Two processes x(¢) and y(¢) are said to be uncorrelated if their crosscorrelation function is
equal to the product of their means; that is,

Ry(r) =Xy + 1) = &y
This implies that RVs x(¢) and y(t + 1) are uncorrelated for all 7 and 7.

(11.32)

* For complex random processes, the crosscorrelation function is defined as

Ryy(t1, ) = x*(t)y(t2) (11.31a)
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Processes x(z) and y(¢) are said to be incoherent, or orthogonal, if

Ryy(r) =0 (11.33)

Incoherent, or orthogonal, processes are uncorrelated processes with X and/ory = 0.

Processes x(¢) and y(r) are independent random processes if for any #; and 2, x(#;) and
y(#) are independent.

Cross-Power Spectral Density

We define the cross-power spectral density Sxy(w) for two random processes X(1) and y(y)

as

X1 (@) Yr(w)
T

where X7 (w) and Y () are the Fourier transforms of the truncated processes x(¢) rect (¢t/T)

and y(¢) rect (¢/ T), respectively. Proceeding along the lines of the derivation of Eq. (11.14),

it can be shown that™

(11.353)

Ry (r) <= Sxy (w)
Tt can be seen from Eqs. (11.31) that for real random processes x(¢) and y(z),
Ryy(7) = Ryx(—7) (11.33b)

Therefore,
Syy(@) = Syx (—w)

11.4 TRANSMISSION OF RANDOM PROCESSES THROUGH LINEAR

SYSTEMS

If a random process x(z) is applied at the input of a linear time-invariant system (Fig. 11.12) -

with transfer function H (w), we can determine the autocorrelation function and the PSD of
the output process y(z). We now show that i

Ry(z) = h(z) % h(=7) * Ry(t)

and

Sy(@) = |H ()| Sx(@) a3

To prove this, we observe that

y(t) = /00 h(a)x(t —a)do

yt+1)= foo h(a)x(t + 7 —a)da

* Equation (11.35a) is valid for complex processes as well.

. (11.35¢) .

(11.36)°

B
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Figure 11.12  Transmission of a random process through a linear time-

X(1) H(w) y(t) invariant system.
Hence,”
o0 o0
- Ry(r) = YOG+ 1) = / h(@)x(t — o) de f BXG + 1 - f)dp

' = /m/m h(@)h(B)x(t —a)x(t + 7 — B da dp

=/ f h()h(B)Rx(t +a — ) da dp

This double integral is precisely the double convolution A(7) % h(—71) * Rx(t). Hence, Egs.
(11.36) and (11.37) follow.

ExaMPLE 11.9

Thermal Noise

Random thermal motion of electrons in a resistor R causes a random voltage across its
terminals. This voltage n(z) is known as the thermal noise. Its PSD S, (w) is practically flat
over a very large band (up to 1000 GHz at room temperature) and is given byl

Sa(w) = 2kTR (11.38)

where k is the Boltzmann constant (1.38 x 1072%) and T is the ambient temperature in kelvins.
A resistor R at a temperature 7K can be represented by a noiseless resistor R in series with
a random white-noise voltage source (thermal noise) having a PSD of 2kTR (Fig. 11.13a).
Observe that the thermal noise power over a band Af is 2kTR)2Af = 4kTRAf.

a a
—0 ——o0

Noiseless Noiseless

R R

>

Rg c=x = CR Vo

So(w) = 2kTR S Sn(w)
—0 —o
b b

@) (b) ©

Figure 11.13  Thermal noise representation in a resistor.

Let us calculate the thermal noise voltage (rms value) across the simple RC circuit in
Fig. 11.13b. The resistor R is replaced by an equivalent noiseless resistor in series with the
thermal-noise voltage source. The transfer function H () relating the voltage v, at terminals
ab to the thermal noise voltage is given by

* In this development, we interchange the operations of averaging and integrating. Because averaging is really an
operation of integration, we are really changing the order of integration, and we assume that such a change is permissible.
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Hw) = 1/joC 1
)= R¥1/joC 1+ jwRC
If So(w) is the PSD of the voltage v,, then from Eq. (11.37) we have

2
2kTR

So(w) =

1+ jwRC
_ 2kTR
T 1+ e?R2C?
The mean square value v_§ is given by
1 [*® 2kTR

T2 /m 1+w?R2c2

kT
e
Hence, the rms thermal noise voltage across the capacitor is /KT /C.

Q<N |
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Hence, the mean square of a sum of incoherent (or orthogonal) processes is equal to the sum
of the mean squares of these processes. '

ExaMPLE 11.10 Two independehi random voltage processes x; (f) and X»(z) are applied to an RC network, as
shown in Fig. 11.14. It is given that
2a
le =K sz () = _—Ol2 To?

Figure 11.14  Noise calculations in a resistive circuit.

X5(2)

(11.39) o
x1(7) ¢

Sum of Random Processes

If two stationary processes (at least in the wide sense) x(¢) and y(¢) are added to form a process

z(2), the statistics, of z(t) can be determined in terms of those of x(¢) and y(¢). If
z(t) = x(1) + y(©) ’
then

R,(t) = z(0)z(t + 1) = [x(®) + yOUx( + 1) + (¢ + 7)]
= Rx(7) + Ry(7) + Ryy(v) + Ryx (%)
If x(¢) and y(¢) are uncorrelated, then from Eq. (11.32),
| Ryy(r) = Ryx(t) =55
and

R,(t) = Rx(7) + Ry(f) + 2Xy

Most processes of interest in communication problems have zero means. If processes x(¢)and
y(¢) are uncorrelated with either X or § = O (that is, if x(¢) and y(¢) are incoherent), then

R,(t) = Rx(7) + Ry(7)
and

§:(w) = Sx(@) + Sy(@)
It also follows from Egs. (11.42a) and (11.17) that '

Z=x2+y?

Determine the PSD and the power Py of the output random process y(¢). Assume that the
resistors in the circuit contribute negligible thermal noise (i.e., assume that they are noiseless).

Because the network is linear, the output voltage y(#) can be expressed as

y(@© = y1(2) +y200)

(11403
‘ where y;(¢) is the output from input x; (¢) [assuming x,(#) = 0] and y,(#) is the output
from input X, (¢) [assuming x;(¢) = O]. The transfer functions relating y(¢) to x;(¢) and
X2(2) are Hy(w) and H;(w), respectively, given by
(11.400) ‘ _ 1 R ;
h© =370ty RO=35n5 |
Hence, |
Syy @) = | H @) Sy, (@) = ——a— 1
= 1 T 90902 + 1)
A141)- and ,
o ;
S = H 2S — i
yz(w) | Ha ()] xz(w) 2(90)2 T 1)(0(2 +w2) 1

Because the input processes x; () and x,(¢) are independent, the outputs y; (r) and y,(7)
generated by them will also be independent. Also, the PSDs of y;(¢) and y,(¢) have no
impulses at @ = 0, implying that they have no dc components [i.e., y;(¢) = y2(t) = Ol.
Hence, y;(¢) and y,(¢) are incoherent, and

(11.420)

(11.420)
Sy(@) = Sy, (@) + Sy (@)

_ 2K@* 40?4+ 9%
T 18(9? + 1)(a? + w?)

(11.420).
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The power Py (or the mean square value §7) can be determined in two ways. We can find
Ry(7) by taking the inverse transforms of Sy, (@) and Sy, (@) as

K 3 — e7oll
— —pIti3 S
RO =ge e
D e N

Ry (® Ry, (¥)

and

= K 3 —1
Py =y =Ry(0)=§+m

Alternatively, we can determine )ﬁ by integrating Sy(w) with respect to @ (or f) [seg
Eq. (11.17)]. 1

11.5 BANDPASS RANDOM PROCESSES

—

If the PSD of a random process is confined to a certain passband (Fig. 11.15), the process is a
bandpass random process. Just as a bandpass signal can be represented in terms of quadrature
components [see Eq. (3.38)], we can express a bandpass random process X(¢) in terms of
quadrature components as follows:

x(1) = Xc(f) cos wct + X(f) sin w,t _ (11.43)

This can be proved by considering the system in Fig. 11.16a, where Hy(w) is an ideal
low-pass filter (Fig. 11.16b) with unit impulse response %o(t). First we show that the system
in Fig. 11.16a is an ideal bandpass filter with the transfer function H (@) shown in Fig. 11.16¢;
This can be conveniently done by computing the response %(z) to the unit impulse input §(¢),
Because the system contains time-varying multipliers, however, we must also test whether it -
is a time-varying or a time-invariant system. It is therefore appropriate to consider the system
response to an input § (f — «). This is an impulse at # = «. Using the fact that [see Eq. (2.18b)]
f@)8(t —a) = f(x)8(t — o), we can express the signals at various points as follows:

Signal at a; 2cos (we.o +0)8(t — )
a 2sin (weoe +0) (¢t — @)
b 2 cos (wea + 0)ho(t — &)
123 2 sin (.o + 0)ho(t — @)
3] 2 cos (wee + ) cos (w .t + 0)ho(t — &)
¢ - 2sin (@.a + 0)sin (wct + 0)ho(t — @)
d 2ho(t — ) [cos (wea + ) cos (w.t + ) + sin(w.a + 0) sin (w.t + 6)]
= 2ho(t — ) cos [w.(t — )]

Thus, the system response to the input 8(t — o) is 2ho(t — &) cos[w (¢ — a)]. Clearly, the :
system is linear time-invariant, with impulse response

h(t) = 2ho(t) cos w.t

Figure 11.15

x(7)
—_——

Ideal
low-pass
a filter
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PSD of a bandpass raridom process.

and

‘ H(w) = HO(Q)"‘CUC) + HO(w_wc)

The transfer function H (w) (Fig. 11. 16¢) represents an ideal bandpass filter.

. If we apply the bandpass process x(r) (Fig. 11.15) to the input of this system, the output
will be x(2): If the processes at points b; and b, (low-pass filter outputs) are denoted by x.(¢)
and x,(r), respectively, then the output x(¢) can be written as ‘

X(1) = Xc(t) cos (@t + ) + x,(¢) sin (w,t + ) (11.44)

Figure 11.16  (a) Equivalent circuit of an
ideal bandpass filter. (b) Ideal low-pass fil-
ter frequency response. (c) Ideal bandpass
filter frequency response.

2 cos (w,r + ) cos (w,t + 6)

B

Ideal
[ low-pass
a, filter
Ho(o)

(@)

2 sin (w,t + 6) sin (w, + 6)
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case of © = 0. The proof is rather long and cumbersome and will not be given here.>3 It can

where x,(¢) and x, () are low-pass random processes band-limited to B Hz (because they are
also be shown that!-23

the outputs of low-pass filters of bandwidth B). Because Eq. (11.44) is valid for any valye of
6, by substituting 6 = 0, we get the desired representation in Eq. (11.43).

In order to characterize x.(¢) and x,(#), consider once again Fig. 11.16a with the input
x(t). Let 0 be an RV uniformly distributed over the range (0, 27), thatis, for a sample function,
6 is equally likely to take on any value in the range (0, 2). In this case x(¢) is representeq
as in Eq. (11.44). We observe that x.(¢) is obtained by multiplying x(#) by 2 cos (w.z + 9),

Xc(t)xs (t) = Rxcxx (0) =0 (1146)

That is, the amplitudes x. and X, at any given instant are uncorrelated. Moreover, if Sx(w) is
symmetrical about w; (as well as —w,), then

and then passing the result through a low-pass filter. The PSD of 2x(z) cos (@t + 6) is [seq Ry 3, () =0 (11.47)
Eq. (11.20b)] i .

4x IS+ o) + Si(w— wc)] | ExamPLE T1.11 The PSD of a bandpass white noise n(r) is /N/2 (Fig. 11.18a). Represent this | process in terms
This PSD is Sy(w) shifted up and down by e, as shown in Fig. 11.17a. When this is passeq of quadrature components. Derive Sy, (@) and Sy, (), and verify that n2 = n2 = n2.

through a low-pass filter, the resulting PSD of x.(¢) is as shown in Fig. 11.17b. It is clear/that

. Sn(w)
_ Sx(@ + @) + Sx(w — @) o] <27 B T 47 B
Sy, (@) = {0 0| > 27 B (11.45q) N I‘— _>!
2
We can obtain Sx () in the same way. As far as the PSD is concerned, multiplication by T
cos (w.t + 0) or sin (w.t + 6) makes no difference (see footnote following Eq. (11.20a), and D (a)
we get ) :
_ _ S+ o) + Sxlw — o) ol <27 B
Sy, (@) = Sy, (w) = {O lo| > 27 B (11.45b) 1

From Figs. 11.15 and 11.17b, we make the interesting observation that the areas under the‘
PSDs S (®), Sx (), and Sy (w) are equal. Hence, it follows that

2(0) = x2(1) = 220 (11.45¢)

(b)

Thus, the mean square values (or powers) of x.(¢) and x,(¢) are identical to that of x(z). Figure 11.18  (a) PSD of a bandpass white-noise process. (b) PSD of its quadrature components.

These results are derived by assuming ® to be an RV. For the representation in Eq. (11.43),

® = 0, and Eqs. (11.45b, ¢) may not be true. Fortunately, Egs. (11.45b, c) hold even forthe | We have the expression

n(t) = n.(¢) cos w.t + ng(t) sin w.t (11.48)
) where
;- S0, (@) = Sp, (@) = Sa(@ + o) + Sp(@ ~ o) lo| <27 B
: '2;% 58 0 B Yo, — A It follows from this equation and from Fig. 11.18 that
@ 5. (@) = 5, () = { 0 :ill = (11.49)
Sy (@) or S, (@) . Also

e J— fe+B N

P n? = 2/ Tdf =2NB . (11.50a)
= fe—B
—2nB 0 2mB
" ®) woe— i From Fig. 11.18b it follows that
- B

Figure 11.17  Derivation of PSDs of quadrature components of a bandpass random process. ng =n; = 2/(; Ndf =2NB (11.50b)
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Hence,
(11.500)

s
il
w":wl
Il
Rl
o
2
oo

Nonuniqueness of the Quadrature Representation o ,
No unique center frequency exists for a bandpass signal. For the spectrum in Fig. 11.19,, for
example, we may consider the spectrum to have abandwidth 2B centered at w,. The samespec. %
trum can be considered to have a bandwidth 2B’ centered at w;, as also shown in Fig. 11.19,

The quadrature representation [Eq. (11.43)] is also possible for center frequency w;:

X(1) = X, (t) cos w1t + Xy, (¢) sinw; (¢)

where
|lw| <27 B’

|w| > 27 B’

g‘x(a) + w1) + Sx(@ — wy) (11.51)

Sy, (@) = Sy, (@) = {
This is shown in Fig. 11.19b. Thus, the quadrature representation of a bandpass process is not
unique. An infinite number of possible choices exist for the center frequency, and corresponding
to each center frequency is a distinct quadrature representation. i

Figure 11.19  Nonunique nature of
Si(w) quadrature component representation of 3
l—— 4B I‘;ZﬁBK bandpass process.
- 1 ’ 1 i i
W, Tw; 0 W) W @ —> R
@) *

Sx (@) or Sy (w)

—27B’ 0 27 B’ w—>

ExAmPLE 11.12 A bandpass white-noise PSD of an SSB channel (lower sideband) is shown in Fig. 11.20a. :

Represent this signal in terms of quadrature components with the carrier frequency w,.
The true center frequency of this PSD is not ., but we can still use w, as the center
frequency, as discussed earlier,

n(t) = n.(t) cos wct + ny(t) sin wet (11.52)

The PSD S, (@) or Sy, (@) obtained by shifting S, (@) up and down by o, [see Eq. 11.51)]
is shown in Fig. 11.20b,
N
= <27B .
S@) =Su@=1{2 |=27 (15
0 lw| > 27 B

11.5 Bandpass Random Processes 519

(b)

Figure 11.20 A possible form of quadrature component representation of noise in SSB.

From Fig. 11.20a it follows that

n? = NB (11.54a)
Similarly, from Fig. 11.20b we have
n2=n2=NB (11.54b)
Hence,
0 =n2 =n? = NB (11.54c)

Bandpass White Gaussian Random Process
Thus far we have avoided defining a gaussian random process. The gaussian random process
is perhaps the single most important random process in the area of communication. It requires
a rather careful and unhurried discussion. Fortunately, we do not need to know much about the
gaussian process at this point; therefore, its detailed discussion is postponed until Chapter 14
in order to-avoid unnecessary digression. All we need to know here is that an RV x(z) formed
by sample-function amplitudes at instant ¢ of a gaussian process is gaussian, with a PDF of
the form of Eq. (10.38).

A gaussian random process with a uniform PSD is called a white gaussian random
process. A bandpass white gaussian process n(¢) with PSD N /2 centered at w, and with a
bandwidth 2B (Fig. 11.18a) can be expressed in terms of quadrature components as

n(t) = n.(r) cos .t + n,() sin w7

where, from Eq. (11.49), we have

(11.55)

N lw| <27 B

Spe (@) = 8, (w) = {O lw| > 27 B

Also, from Eq. (11.50c),
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520 RANDOM PROCESSES 11.5 Bandpass Random Processes 521
- = — ’ Figure 11.21  Phasor representation of a sinusoid and a
n?2 =n? =n?=2NB (1L.56) A Be narrow-band gaussian noise.
The bandpass signal can also be expressed in polar form [see Eq. (3.39)1:
n
n(t) = E(z) cos (o, + ©) (1157 ’
where |
E(t) = /n2(t) +1n2(2) (11.57y) 02 +n?=E%*~ A% — 24n,
t = E?-24(A +n,.) + A
@) = —tan"! 1G] (11.57¢) ( )
- n:()

The RVs n,.(¢) and ny(¢) are uncorrelated [see Eq. (11.46)] gaussian RVs with zero means anq
variance 2NB [Eq. (11.56)]. Hence, their PDFs are identical:

= E* —2AE cos O(z) + A?

we have

E 2 2 /02
_ —(E2~2AE cos0+42) /20
Po(@) = po, (@) = J_e‘“z/ 2 (11.58) peo(E, 0) = ———e cos (11.62)
o~/2m :
where o2 is the variance of n. (or n,) and is equal to 2NB for white noise. From Eq. (11.62)
where we have
o2 =2NB (11.58b)

It will also be shown in Chapter 14 that if two gaussian RVs are uncorrelateq, they are
independent. In such a case, as shown in Example.10.14, E(z) has a Rayleigh density

pe(E) = Eze—l‘”zﬂ“2 o2 =2NB o 1159)
o N . ‘.

~

and © in Eq. (11.57a) is uniformly distributed over (0, 2m).

Sinusoidal Signal in Noise ’ .

Another case of interest is a sinusoid plus a narrow-band gaussian noise. If A cos (@t + (e)
is a sinusoid mixed with n(¢), a gaussian bandpass noise centered at o, then the sum y(t)is
given by

y(r) = Acos (wct + @) +n(t)
Using Eq. (11.44) to represent the bandpass noise, we have

©y() = [A + ne()] cos (@t + @) + n(t) sin (@t + ) (11.60a)
=E(t) cos [w.t + O(1) + ¢] (11.60b)

where E(¢) is the envelope [E(t) > 0] and ©(¢) is the angle shown in Fig. 11:21,

E() = /[4 +n.0OP +02(0) (11.613)

O@) = —tan! LONS ‘ (11.61b) ’

A +n.()

Both n.(¢) and n,(¢) are gaussian, with variance o2. For white gaussian noise, o2 =2NB .
[Eq. (11.58b)]. Arguing in a manner analogous to that used in deriving Eq. (10.53), an¢

observing that

pE(E) = / peo(E, 0)d

E _ oo | 1 7 (4o coso
— _ze*( +A%) /20 [_/ e( /0?) cos d@] (1163)
o 2 J_n

The bracketed term on the right-hand side of Eq. (11.63) defines Iy(AE/0?), where I, is the
modified zero-order Bessel function of the first kind. Thus,
E AE
pe(E) = _ze—(E2+A2)/202[O (_2) (11.64a)
o o

This is known as the Rice density, or rician density. For a large sinusoidal signal (A > o),

it can be shown that*
AE o2 2
{25 ~ AE/o
0 ( o2 ) V2rAE®
E —(E-A)? /202
Po(E) =\ s— e (11.64b)

Because A > 0, E =~ A, and pg(FE) in Eq. (11.64b) is very nearly a gaussian density with
mean A and variance o,

and

p(E) = e~ (E—47/20 (11.64¢)

o2
Figure 11.22 shows the PDF of the normalized RV E/o. Note that for A/o = 0, we obtain
the Rayleigh density.
From the joint PDF pge(E, 6), we can also obtain pg(6), the PDF of the phase ©, by
integrating the joint PDF with respect to E,
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Figure 11.22  Rician PDF.

px(x)T
0.75

0.50

2NN

11.6 OPTIMUM FILTERING: WIENER-HOPF FILTER

P@(9)=/O pee(E, 6)dE

Although the integration is straightforward, there are a number of involved steps, and for this
reason it will not be repeated here. The final result is

1 Acosf ‘
Pe @) = Eevﬁ/zaz {1 + évzn cos G’ 005" 6/20 [1 —0 ( cjs )]} (11.64d)

~

When a desired signal is mixed with noise, the SNR can be improved by passing it through a
filter that suppresses frequency components where the signal is weak but the noise is strong. -
The SNR improvement in this case can be explained qualitatively by considering a case of *
white noise mixed with a signal m(r) whose PSD decreases at high frequencies. If the filter
attenuates higher frequencies more, the signal will be reduced—in fact, distorted. The distortion®
component m. () may be considered an added noise. Thus, attenuation of higher frequencies
will cause additional noise (from signal distortion), but, in compensation, it will reduce the
channel noise, which is strong at high frequencies. Because at higher frequencies the signal -
has a small power content, the distortion component will be small compared to the reduction
in channel noise, and the total noise may be smaller than before. - .
Let H,,(w) be the optimum filter (Fig. 11.23a). This filter, not being ideal, will cause
signal distortion. The distortion signal m,(¢) can be found from Fig. 11.23b. The distortion
signal power Np appearing at the output is given by :

1 [o ]
No= o /_w S (@) Hop (@) — 112 deo

where Sy, (w) is the signal PSD at the input of the receiving filter. The channel noise power
N,y appearing at the filter output is given by :

11.6 Optimum Filtering: Wiener-Hopf Filter = 523

m(t) + n(t) m(z) + myr) + nep(d)

H,(w)

(@)

o m() + m(2) % m(t) m(r) m(r)

Hap(w) -1

H op (w)

(b)

Figure 11.23  Wiener-Hopf filter calculations.

1 0
Na= o f_ _$:@)| Hop ) e

where S, (w) is the noi'se PSD appearing at the input of the receiving filter. The distortion
component acts as a noise. Because the signal and the channel noise are incoherent, the total
noise xu at the receiving filter output is the sum of the channel noise N, and the distortion
noise Np,

No = N + Np
1 [ 9 )

Using the fact that |A + B’=(A+ B)(A* + B*), and notin
s g that both §, d S,
real, Eq. (11.652) can be rearranged as () and (o) are

_ 1= S () [* S (@) Sa (@)
No - 27.[ /;oo [ HOP((’)) - m Sr(m) + WJ dw (1165b)

where S, Fa)) = Sn(w) + S,(w). The integrand on the right-hand side of Eq. (11.65b) is
no.mllegatlve. Moreover, it is a sum of two nonnegative terms. Hence, to minimize N,, we must
mlmmlze‘ each term. Becal.lse the second term Sy (w)S, (@) /S:(w) is independent of H,,(w)
‘())VI;lly the first term can be minimized. From Eq. (11.65b) it is obvious that this term is minifnun;

en
Sm(w)
Sr(w)
)

T Sn(®@) + Sa(w)

For this optimum choice, the output noise power N, is given by
_ L S @)8@)

27 o Su(@) + Sa@) “°

Hop (w) =

(11.66a)

o

(11.66b)
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The optimum filter is known as the Wiener-Hopf filter in the literature. Equatlon (11. 66a)

shows that H,,(w) ~ 1 (no attenuation) when Sy (@) > Sy(w). But when Sp(w) < § (@),

the filter has high attenuation. In other words, the optimum filter attenuates heavily the bang
where noise is relatively stronger. This causes some signal distortion, but at the same time j
attenuates the noise more heavily so that the overall SNR is improved.

Comments on the Optimum Filter
If the SNR at the filter input is reasonably large—e.g., Sm(®) > 100S,(w) (SNR of 20 dB)—
the optimum filter [Eq. (11.66a)] in this case is practically an ideal filter, and N, [Eq. (11.66b)]
is given by
1 o0
N, ~ — S (w)dw
2

Hence for a large input SNR, optimization ylelds insignificant improvement. The Wiener-Hopf
filter is therefore practical only when the input SNR is small (large-noise case).

Another issue is the realizability of the optimum filter in Eq. (11.66a). Because S, (w) and
S, (w) are both even functions of e, the optimum filter H,, () is an even function of w. Hence,
the unit impulse response ,,(¢) is an even function of 7 (see Prob. 3.1-1). This makes h,,(r)
noncausal and the filter unrealizable. As noted earlier, such a filter can be realized approximately
if we are willing to tolerate some delay in the output. If delay cannot be tolerated, the derivation
of H,,(w) must be repeated with a realizability constraint. Note that the realizable optimum
filter can never be superior to the unrealizable optimum filter [Eq. (11.66a)]. Thus, the filter
in Eq. (11.66a) gives the upper bound on performance (output SNR). Discussion of realizable
optlmum filters can be readily found in the literature. '

—~

ExAMPLE 11.13 A random process m(z) (the signal) is mixed with a white channel noise n(#). Given
. 20 N
Smiw) = m and Sh(w) = —
find the Wiener-Hopf filtér to maximize the SNR. Find the resulting output noise power N,.

From Eq. (11.66a),

make #p > 3/ and eliminate the tail for # < 0 (Fig. 11.24c).
The output noise power N, is [Eq (11.66b)]

Problems 525

hop(t)
0 11—
(a)
hopt = 1) ,
’ (Lag time #,)
!
!
0 o [—
(b)
hop(l - lo)u(l)
|
Ol ’0 [ —>

(©

Figure 11.24  Close realization of an unrealizable filter using delay.

H _ 4o
Hop(@) = 4o + N(a? + w?)
da , 4o 5
NEtrH P TwTe (
Hence, '
2a
_ —Bltl 11.67b)
hop(@) = j\fﬂe ( )

Figure 11.24a shows h,,(f). It is evident that this is an unrealizable filter. However, a..
delayed version (Fig. 11.24b) of this filter, that is, &, (f — 1), is closely reahzab]e if we -

o o /
_ 1 A (11.69)
No = / ,32+w2 do = B Ja?+ (da/N) ‘ ‘k
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11.1-1 (a) Sketch the ensemble of the random process
x(t) = acos(wt + ©)
where @ and © are constants and a is an RV uniformly distributed in the range (— A, A).

(b) Just by observing the ensemble, determine whether this is a stationary or a nonstationary
process. Give your reasons.

11.1-2 Repeat Prob. 11.1-1 part (a) if a and © are constants but w is an RV uniformly distributed in
the range (0, 100).
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526 RANDOM PROCESSES

11.1-3 (a) Sketch the ensemble of the random process
x(t)=at+b
where b is a constant and a is an RV uniformly distributed in the range (-2, 2).

(b) Just by observing the ensemble, state whether this is a stationary or 2 nonstationary procegs,

11.1-4 Determine x(7) and Ry (t1, #) for the random process in Prob. 11.1-1, and determine whether
this is a wide-sense stationary process.

11.1-5 Repeat Prob. 11.1-4 for the process x(z) in Prob. 11.1-2.
11.1-6 Repeat Prob. 11.1-4 for the process x(z) in Prob. 11.1-3.

11.1-7 Given arandom process x(f) = k, where k is an RV uniformly distributed in the range (-1, 1);
(a) Sketch the ensemble of this process.
(b) Determine x(z).
(c) Determine Ry(t1, t2).
(d) Is the process wide-sense stationary?
(e) Is the process ergodic?

(f) If the process is wide-sense stationary, what is its power Py [that is, its mean square value
x2(H]? :

11.1-8 Repeat Prob. 11.1-7 for the random process

x(1) = acos (ot + O) 75\
where o, is a constant and a and © are independent RVs uniformly distributed in the ranges
(=1, 1) and (0, 2m), respecﬁvcly.

11.2-1 Foreach of the following functions, state whether it can be a valid PSD of areal random process.

W 1

@ i 16 ® 576
@ 1

© 516 @@+ 56

(e) §(w + wo) — 8(w — wo) ) jI8(w + wo) + 8(w — wo)l
jo?

® 516

11.2-2 Show that for a wide-sense stationary process X(z),
@ R.(0) = |Rx()] -~ T#0
Hint: (x; £ %)? = X2 + x3 £ 2x1%; > 0. Let x; = x(#)) and X = X(%2)-

() lim Ry(z) =% Hint: Ast — 00, X; and X, tend to become independent.
T—=>00

11.2-3 Show that if the PSD of a random process x(¢) is band-limited to B Hz, and if

RX(%)={(1) ::Oﬂ, £2, £3, ...

Problems 527

then x(¢) is a white bandlimited process; that is, Sx(w) = krect (w/4x B). Hint: Using the
interpolation formula, reconstruct Ry (7).

11.2-4 For the random binary process in Example 11.5 (Fig. 11.9a), determine Ry(7) and Sy (w) if the
probability of transition (from 1 to —1 or vice versa) at each node is 0.6 instead of 0.5.

11.2-5 A wide-sense stationary white process m(¢) band-limited to B Hz is sampled at the Nyquist
rate. Each sample is transmitted by a basic pulse p(r) multiplied by the sample value. This is a
PAM signal. Show that the PSD of the PAM signal is 2B Ry (0)| P (w) 2. Hint: Use Eq. (11.29).
Show that Nyquist samples a; and ax., (# > 1) are uncorrelated.

11.2-6 A duobinary line code proposed by Lender is a ternary scheme similar to bipolar, but requires
only half the bandwidth of the latter. In this code, 0 is transmitted by no pulse, and 1 is transmitted
by pulse p(¢) or — p(¢) using the following rule: A 1is encoded by the same pulse as that used to
encode the preceding 1 if the two 1’s are separated by an even number of 0’s. It is encoded by the
negative of the pulse used to encode the preceding 1 if the two 1’s are separated by an odd number
of 0’s. Random binary digits are transmitted every 7}, seconds. Assuming P(0) = P(1) = 0.5,

show that
[P(@)? T,
Sy (@) = I, cos? -

Find Sy(w) if p(z), the basic pulse used, is a half-width rectangular pulse rect (2¢/T3).

11.2-7 Determine Sy(w) for polar signaling if P(1) = Q and P(0) =1 — Q.

PHSr L titt ot

Figure P11.2-8

1~

11.2-8 Animpulse noise x(#) can be modeled by a sequence of unit impulses located at random instants
(Fig. P11.2-8). There are an average of o impulses per second, and the location of any impulse
is independent of the locations of other impulses. Show that R.(7) = @ 8(z) + o?.

11.2-9 Repeat Prob. 11.2-8 if the impulses are equally likely to be positive and negative.

Bl I e Il O o
— | T

Figure P11.2-10

11.2-10 A sample function of a random process x(¢) is shown in Fig. P11.2-10. The signal x(z) changes

abruptly in amplitude at random instants. There are an average of 8 amplitude changes (or
shifts) per second. The probability that there will be no amplitude shift in T seconds is given
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528 RANDOM PROCESSES Problems 529

11.4-1 A simple RC circuit has two resistors R; and R, in parallel (Fig. P11.4-1a). Calculate the rms

= 7, litude after a shift is independent of the amplitude before the shify
T ampltsds e rndoni value of the thermal noise voltage v, across the capacitor in two ways:

The amplitudes are randomly distributed, with a PDF p,(x). Show that

2 ﬁg - (a) Consider resistors R and R, as two separate resistors, with respective thermal noise voltages
m o of PSD 2kT R, and 2kT R, (Fig. P11.4-1b). Note that the two sources are independent.

(b) Consider the parallel combination of R; and R, as a single resistor of value R R,/(R; +

R,), with its thermal-noise voltage source of PSD 2kT R; R, /(R; + R,) (Fig. P11.4- 1c).

Rmy =% and  S(w) =

This process represents a model for thermal noise.!

3 Comment.
11.3-1 Show that for jointly wide-sense stationary, real, random processes x(¢) and y(f), A
172 . ’ —0 ——o
|Rey (D] < [Rx(O)Ry(0)] ; . R R, . °
@ax—-y2 =0 . e < l R+ R, -
Hin: For any real number a, (ax —y)* = 0. RS Rz:’ c . ok . oo .
11.3-2 If x(¢) and y(¢) are two incoherent random processes, and two new procgsses u(t) and v(z) are 1 . T @ @ @
formed as follows: ] ) °
(@) (b) ©
u() =x() +y@® v =2x() +3y@) ’
find Ry(), Ry(z), Ruy(1), and Ry(7) in terms of Ry(v) and Ry (7). ~ Figure P11.4-1
11.3-3 Two random processes X(f) and y(t) are i 11.4-2 Show that R,y (), the crosscorrelation function of the input process x(z) and the output process

t) in Fig. 11.12, is
x(t) = Acos (wot + @) and y(t) = Bcos (nwpt + ng) y(@®) g

i i istri Ry(@) =h(r)*Re(z) and  Sy(w) = H(w)S(w
where n = integer # 1 and A, B, and wy are constants and ¢ is an RV uniformly distributed Xy Xy ( )

in the range (0, 27). Show that the two processes are incoherent. : ' Hence, show that for the thermal noise n(z) and the output v,(¢) in Fig. 11.13 (Example 11.9),
‘ i 2kTR 2kT _,
. - : — R — X —re
11.3-4 A sample function of a periodic random process X(f) is shown in Fig. P11.3-4. The intervalb Suo (@) = 7 ¥ joRC and Ry, (7) = c ¢ u(r)
where the first pulse begins is an RV uniformly distributed in the range 0, Ty). If 2 sg’mple ’ \
function with b = 0 is expressed by a compact trigonometric Fourier series, i 11.4-3 A shot noise is similar to impulse noise described in Prob. 11.2-8 except that instead of random
o . b impulses, we have pulses of finite width. If we replace each impulse in Fig. P11.2-8 by a
x(t) = Co + Z C, cos (nwot + 6,) ‘ ;. pulse A(t) whose width is large compared to 1/«, so that there is a considerable overlapping
n=1 - of pulses, we get shot noise. The result of pulse overlapping is that the signal looks like a
then show that i continuous random signal, as shown in Fig. P11.4-3.
en .
1 & 2 : (a) Derive the autocorrelation function and the PSD of such a random process. Hint.: Shot noise
Ry (1) = Cg 4+ = Z C? cosnayt w = : B results from passing impulse noise through a suitable filter. First derive the PSD of the shot
2 0 . noise and then obtain the autocorrelation function from the PSD. The answers will be in
Find the PSD Sy (). Hint: : terms of @, h(#), or H ().

0 (b) The shot noise in transistors can be modeled by
x(t) = Co + Z C, cos [nwy(t — b) + 6,]

n=1

h@t) = %e"ﬂu(t)

where b is an RV uniformly distributed in the range (0, Ty). Now use the results in Prob. 11.33.

ANTATATA
»‘bl«— L——TO—J s

Figure P11.3-4

where g is the charge on an electron and 7 is the electron transit time. Determine and sketch
the autocorrelation function and the PSD of the transistor shot noise.

/"\/\/\,\_/\»—»/\/\/“

P

Figure P11.4-3
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11.5-1 A white process of PSD /N72 is transmitted through a bandpass filter H (w) (Fig. P115.yy

Represent the filter output n(z) in terms of quadrature components, and determine Snlw), .
Sns (@), 02, n2, and n? when the center frequency used in this representation is 100 kHz (that is, )

w, = 200 x 10%).

[H(w)I?

Figure P11.5-1

11.5-2 Repeat Prob. 11.5-1 if the center frequency w, used in the representation is not a true centey
frequency. Consider three cases: (a) f. = 105 kHz; (b) f, = 95 kHz; (¢) f. = 90 kHz.

11.5-3 A random process x(z) with the PSD shown in Fig. P11.5-3a is passed through a bandpass filter
(Fig. 11.5-3b). Determine the PSDs and mean square values of the quadrature components of
the output process. Assume the center frequency in the representation to be 0.5 MHz.

Figure P11.5-3

11.5-4 A signal process m(¢) is mixed with a channel noise n(z). The respective PSDs are

Sm(w) = and Sa(w) =6

v
(a) Find the optimum Wiener-Hopf filter.
(b) Sketch its unit impulse response.

(¢) Estimate the amount of delay necessary to make this filter closely realizable.
(d) Compute the noise power at the input and the output of the filter.

Problems 531

(e) What is the SNR improvement realized by the use of this filter? Hint: Note that because of
the special way in which the problem of optimum filtering is formulated, the signal powers
at the input and the output of the filter are identical (see Fig. 11.23).

11.5-5 Repeat Prob. 11.5-4 if
32

Sule) = S+

Tt W K@=
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12

BEHAVIOR OF
ANALOG SYSTEMS IN
THE PRESENCE OF
NOISE

of noise to facilitate the comparison of various systems.

I n this chapter, we analyze the behavior of analog communication systems in the presence
Figure 12.1 shows a schematic of a communication system. A certain signal power §;

is transmitted over a channel.” The transmitted signal is corrupted by channel noise during -
~ transmission. We shall assume channel noise to be additive. The channel will attenuate (and

may also distort) the signal. At the receiver input, we have a signal mixed with noise. The signal
and noise powers at the receiver input are S; and N;, respectively. The receiver processes (ﬁlters
demodulates, etc.) the signal to yield the desired signal plus noise. The signal and noise powers

at the receiver output are S, and N,, respectlvely, In analog systems, the quality of the received -

signal is determined by S,/N,, the output SNR. Hence, we shall focus our attention on this.
parameter. But S, /N, can be increased as much as desired simply by increasing the transmitted
power Sy. In practice, however, the maximum value of St is limited by other considerations,
such as transmitter cost, channel capability, interference with other channels, and so on. Hence,
the value of S,/ N, for a given transmitted power is an appropriate figure of merit in an analog
communication system. In practice, it is more convenient to deal with the received power §;
rather than the transmitted power S7. From Fig. 12.1, it is apparent that S; is proportional to
Sr. Hence, the value of S, /N, for a given S; will serve equally well as a figure of merit.

12.1 BASEBAND SYSTEMS

In baseband systems, the signal is transmitted directly without any modulation. This mode of

communication is suitable over a pair of wires, optical fiber, or coaxial cables. It is mainly - -

used in short-haul links. The study of baseband systems is important because many of the
basic concepts and parameters encountered in baseband systems are carried over directly to0

modulated systems. Second, baseband systems serve as a basis against which other systems-

may be compared.

* Here the channel is used in the sense of a transmission medium.

532

Sm{w)

12.1 Baseband Systems 533

Channel noise

So' No

Receiver

Input Sr
—)—LTransmitter ]—-—)—-[ Channel
m(r)

} Output
$o(1), nyf2)

Figure 12.1  Communication system model.

For a baseband system, the transmitter and the receiver are ideal baseband filters
(Fig. 12.2). The low-pass filter H,(w) at the transmitter limits the input signal spectrum
to a given bandwidth. The low-pass filter H;(w) at the receiver eliminates the out-of-band
noise and other channel interference. These filters can also serve an additional purpose, that of

preemphasis and deemphasis, which optimizes the signal-to-noise ratio (SNR) at the receiver .

(or minimizes the channel noise interference).

The baseband signal m(#) is assumed to be a zero mean, wide-sense stationary random
process band-limited to B Hz. To begin with, we shall consider the case of ideal low-pass (or
baseband) filters with bandwidth B at the transmitter and the receiver (Fig. 12.2). The channel
is assumed to be distortionless. For this case,

S, = S; (12.1a)
and
B
N, = 2,/ Sy (w)df (12.1b)
0
where S, (w) is the PSD of the channel noise. For the case of a white noise, S,(w) = N7/2,
and
BN
N0=2/ 7df=.’]\fB (12.1¢)
0
and
S _ S (12.1d)
N, NB )
‘We define a parameter y as
S
y = -ﬂig (12.2)
From Egs. (12.1d) and (12.2) we have
So
— = 12.3
N,V (12.3)
Channel noise Figure 12.2  Baseband system.
n(z)
Sr
Hp(w) H (w) Hyw) t—>—
SN Sor No

i IV
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The parameter y is directly proportional to S; and, therefore, directly proportional to S Hence,
a given S (or S;) implies a given y. Equation (12.3) is precisely the result we are looking for
It gives the receiver output SNR for a given St (or S;). i :
The value of the SNR in Eq. (12.3) will serve as a standard against which the Outpyt
SNR of other systems will be measured.
The power, or the mean square value, of m(z) is m2, given by

B .
m =2 / Sm(@)df 124
0 .

In analog signals, the SNR is basic in specifying the signal quality. For voice signals, s
SNR of 5 to 10 dB at the receiver implies a barely intelligible signal. Telephone quality signa]g
have an SNR of 25 to 35 dB, whereas for television, an SNR of 45 to 55 dB is required.

We shall analyze DSB-SC, SSB-SC, and AM systems separately.

DSB-SC .
A basic DSB-SC system is shown in Fig. 12.3." The modulated signal is a bandpass signal
centered at w, with a bandwidth 2 B. The channel noise is assumed to be additive. The channe] 3
and the filters in Flg 12.3 are assumed to be ideal.

Let S; and S, represent the useful signal powers at the input and the output of the
demodulator, and let N, represent the noise power at the demodulator output. The signal at the
demodulator input is f 2m(z) cosw,t + n(t), where n(z) is the bandpass channel nmse ts 1
spectrum is centered at w, and has a bandwidth 2B. The input signal power S; is the power of
the modulated signal® ~/2 m(z) cos wt. From Eq. (11.20c),

$; = [vV2m(®) cos w112 = (v2)* () cos et P = m(7) = m? (125)

The reader may now appreciate our use of ~/2 cos wt (rather than cos w.t) in the modulator
(Fig. 12.3). This was done to make the received power equal to that in the baseband systemin -
order to facilitate comparison. We shall use a similar artifice in our analysis of the SSB system.

V2coswr  n() V2 cos wyt
m(r) Ba;;ﬁsfss Sis N; Baseband | | o> No
w, + 2B |.Y{) filter Yot
Transmitter Channel Receiver . . Demodulator

Figure 12.3  DSB-SC system.

* The use of an input bandpass filter in the receiver may appear redundant because the out-of-band noise compol.'xentsl
will be suppressed by the final baseband filter. In practicé, an input filter is useful because by removing the out-of-band . .4
noise, it reduces the probability of nonlinear distortion from overload effects. -

+ The modulated signal also has a random phase @, which is uniformly distributed in the range (0, 27). This random - .. - 2
phase [which is independent of m(z)] does not affect the final results and, hence, is ignored in this dlscusslon
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To determine the output powers S, and N,, we note that the signal at the demodulator
input is
k yi(t) = «/Em(t) cosw.t + n(t)

Because n(?) is a bandpass signal centered at w., we can express it in terms of quadrature
components, as in Eq. (11.48). This gives

yi(t) = [«/Em(t) + nc(t)] cos w.t + n,(t) sin wt

When this signal is multiplied by +/2 cos ,# (synchronous demodulation) and then low-pass
filtered, the terms m(¢) cos 2wt and m(?) sin 2w, are suppressed. The resulting demodulator
output y,(?) is

1
Yo() = m(t) + —=n.(?)

V2
Hence,
S,=mZ=2S$; (12.62)
] ——
N, = Eng(z) (12.6b)

For white noise with power density N/2, we have [Eq. (11.50b)]
n2(¢) = n%(r) = 2’NB

and
N, =NB 12.7)
Hence, from Egs. (12.6a) and (12.7) we have
S, S;
Fo = ﬁ =y (128)

Comparison of Egs. (12.8) and (12.3) shows that for a fixed transmitted power (which also
implies a fixed signal power at the demodulator input), the SNR at the demodulator output is
the same for the baseband and the DSB-SC systems. Moreover, quadrature multiplexing in
DSB-SC can render its bandwidth requirement identical to that of baseband systems. Thus,
theoretically, baseband and DSB-SC systems have identical capabilities.

SSB-SC
An SSB-SC system is shown in Fig. 12.4. The SSB signal” ¢ssp(#) can be expressed as [see
Eq. (4.17¢c)]

@ssa(t) = m(r) cos ot + my(f) sin w,t (12.9)

The spectrum of gssp(#) is shown in Fig. 4.15. This signal can be obtained (Fig. 12.4) by
multiplying m(¢#) by 2 cos w.t and then suppressing the unwanted sideband. The power of the
modulated signal 2 m(z) cos w.t is 2m?2 [four times the power of m(¢) cos w.t]. Suppression
of one sideband halves the power. Hence S;, the power of ¢ssp (¢), is

S; = m? (12.10)

* This is LSB. The discussion is valid for USB as well.
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2 cos wt n(?) 2 cos w,t i
Bandpass | S, N, Baseband iSo: N
1 o Vi aseband | | o
m(z) SSB filter scband 1170 %o
filter LSB yi(#) j Yol?)
Transmitter Channel Receiver

Figure 12.4  SSB-SC system.

Expressing the channel bandpass noise in terms of quadrature components as in Eq. (11.52),
the signal at the detector input, y;(¢), is

Yi(t) = [m(#) + n.(#)] cos w.t + [my () + ns(£)] sin w.t

This signal is multiplied by 2 cos w.¢ (synchronous demodulation) and then low-pass filtereq

to yield the demodulator output
Yo(t) = m(#) +n.(2)

Hence,
S{, =m?= Sl'

Ny=n? (1211

We have already found n_g for the SSB channel noisé (lower sideband) in Eq. (11.54b) as -

N, =n2=NB

Thus,
5 _ 5 _, 12.19)
N, NB ,

This shows that baseband, DSB-SC, and SSB-SC systems perform identicaI.Iy in terms
of resource utilization. All of them yield the same output SNR for a given transmitted power
and transmission bandwidth.
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But the power of the received signal km(z) cos wt is 1 pW. Hence,
k?m?

=1—6
2 0

and
S, =Km?=2x 10"
To compute E, we use Eq. (11.45¢):
n? =n?

where 12 is the power of the incoming bandpass noise of bandwidth 8 kIz centered at
500 kHz; that is,

_ 04000
n2=2f a2 a=10%
496,00 @°+a
1 [@msoa000 4 1 o |2™)504,000
= — PO do = — tan_l —
T J@mge,000 @+ a Ta 2 |27)496,000

=825x 1070 =p,

Therefore,
So 2 x 107¢

— — 3
N—o = 8% 1000 = 2.42 x 10

= 33.83dB

ExAMPLE 12.1 InaDSB-SC system, the carrier frequency is f, = 500 kHz, and the modulating signal m(z) has

auniform PSD band-limited to 4 kHz. The modulated signal is transmitted over a distortionless

channel with a noise PSD S, (w) = 1/(w? + a?), where a = 10%x. The useful signal power

at the receiver input is 1 uW. The received signal is bandpass filtered, multiplied by 2 cos w;tk;'

and then low-pass filtered to obtain the output s, (t) + n,(¢). Determine the output SNR.

n,(#) sin w.¢. When this is multiplied by 2 cos w,# and low-pass filtered, the output is

Hence,

S, = K*m? and N, =n2

Ifthereceived signal is km(z) cos w;t, the demodulator inputis [km(#) 4 n. ()] cos @t .

So(f) +1,(1) = km(t) +n.(t) Soa213)

AM

AM signals can be demodulated synchronously or by envelope detection. The former is of
theoretical interest only. It is useful, however, for comparing the noise performance of the
envelope detector. For this reason, we shall consider both of these methods.

Coherent, or Synchronous, Demodulation of AM: Coherent AMisidentical to DSB-
SCinevery respectexcept for the additional carrier. If the received signal /2[A+m ()] cos w.t
is multiplied by V2 cos wct, the demodulator output is m(z). Hence,

S, =m?
The output noise will be exactly the same as that in DSB-SC [Eq. (12.7)):
N,=12=NB
The received signal is v/2[A + m(t)] cos w:t. Hence,

_ o elA+m@))?
5 =(2) —

=[A+m()]?
= A%+ m2(2) + 24 m(@)
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i Eq. (11.20
Because m(¢) is assumed to have zero mean, is [see Eq. ( ©)l L
§; = A’ + m*(2) g _A+m@OP _ A’+m?
i ‘ i ) 5
and To find the envelope of y; (¢), we rewrite Eq. (12.16a) in polar form as
S _ m? Vi (@©) = Ei(t) cos [wet + ©;()] (12.16b)
N, NB
— < where the envelope E; (¢) is [see Eq. (3.40)]
m i
T A tm NB Ei(0) = /1A + m@) + 000 + 1) (12.16¢)
m2 191 The envelope detector output is E; (f) [Eq. (12.16¢)]. We shall consider two extreme cases:
= et 4 (12.14) small noise and large noise. :
If 10(f)max = ™, then A = m,,. For the maximum SNR, A = m,, and 1. Small-Noise Case:  If [A +m(r)] 3> n(z) for almost all 7, then [A + m(1)] > n,(r)
S, m2 and ny(z) for almost all ¢.* In this case E;(¢) in Eq. (12.16¢) can be approximated by
- =——="7 A+ m@) +n.(0)],
(No)mx oy [A+m®)+n0), |
» i Ei(t) ~ A +m() +n.()
(m2/m? + 1) : The dc component A of the envelope detector output E; is blocked by a capacitor, yielding
? 1 m(z) as the useful signal and n.(¢z) as the noise. Hence,
Because (m% /m?) > 1, . » S, =m?
, y )
R (1215 and from Eq. (11.50b),
Tt can be seen that the SNR in AM is at least 3 dB (and usuaily about 6 dB in pra!ctice) worse than N, = n? @) = 2NB
that in DSB-SC and SSB-SC (depending on the modulation index and the signal waveform). and
For example, when m(z) is sinusoidal, m; /m? = 2, and AM requires three times as much -
power (4.77 dB) as that needed for DSB-SC or SSB—SC: o - i _om
In many communication systems the transmitter is limited by peak power rathgr than . N, - 2NB
average power transmitted. In such a case, AM fares even worse. It can be shown (see Prob. . — s
12.2-6) that in tone modulation, for a fixed peak power transmitted, the output SNR of AM: - _ m S
is 6 dB below that of DSB-SC and 9 dB below that of SSB-SC. These results are valid under ’ A_—2 i NB
conditions most favorable to AM, that is, with modulation index p = 1: Eor w<1,AM woulg )
be worse than this. For this reason, volume compression and peak.llmltmg are generally use =—=y (1217
in AM transmission in order to have full modulation most of the time. A’+m

AM Envelope Detection: Assuming the received signal to be [A + m(r)] cos act;
the demodulator input is

yi(t) = [A + m(?)] cos ot + n(r)
Using the quadrature component representati"on for n(z), we have ;
yi(#) = [A +m(t) + n.(5)] cos wct + ns(t) sin wt . (12.162)

The desired signal at the demodulator input is [A +m(#)] cos at. Hence, the signal power -

whichis identical to the result for AM with synchronous demodulation [Eq. (12.14)]. Therefore
for AM, when the noise is small compared to the signal, the performance of the envelope
detector is identical to that of the synchronous detector.

2. Large-Noise Case: In this case n(r) > [A + m(#)]. Hence, n.(¢) and n,(r) >>
[A 4+ m(¢)] for almost all #. Under this condition Eq. (12.16¢) becomes

* Here we use the term “almost all #” because n.(r) and n,(f) are both gaussian (amplitude range —co to co), and
in some instances n.(#) or ns(¢) or both will exceed A + m(z), no matter how large A 4+ m(?) is. For large signals,
however, this occurs only over relatively short time intervals.
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E;(t) ~ {/n2(?) + n2(¢) + 2n.(1)[A + m(1)]

_ 2[A + m(?)]
= En(t)\ﬁ+ ——-En(t) cos @, (1)

where E;(7) and ©,(¢), the envelope and the phase of the noise n(7), are [see Egs. (3.40) anq

Fig. 12.5a]
En(t) = /nZ(t) + 0} (®) (12.18a)

1 [ns(0)
Q) = jtan 1 [m} (1218]3)
n:(t) = Eq(2) cos O (2) (12.18¢)
I (t) = En(t) sin ®n(l) (1218d)

Because E, (1) > A + m(z), E;(¢) may be further approximated as

A+ m(t)
—?n(t—)— cos @n(f)]

=E,(#) +[A +m(t)] cos O, () (12.19)

E; (1) ~ E.(?) [1 +

A glance at Eq. (12.19) shows that the output contains no term proportional to m(f). The
signal m(¢) cos ®, () represents m(z) multiplied by a time-varying function (actually a noise
signal) cos @, (¢) and, hence, is of no use in recovering m(z). In all previous cases, the
output signal contained a term of the form am(#), where a was constant. Furthermore, the
output noise was additive (even for envelope detection with small noise). In Eq. (12.19),
the noise is multiplicative. In this situation the useful signal is badly mutilated. This is the

threshold phenomenon, where the signal quality at the output undergoes disproportionately :

rapid deterioration when the input noise increases beyond a certain level (i.e., when y drops
below a certain value.)

Calculation of the SNR for the intermediate case (transition region) is quite complex.!
Here we shall state the final results only:
So —
= ~0.916A’m? y*
N, mwy

o

Figure 12.5b shows the plot of S,/N, as a function of y for AM with synchronous

detection and AM with envelope detection. The threshold effect is clearly seen from this =

figure. The threshold occurs when y is on the order of 10 or less. For a reasonable-quality
AM signal, y should be on the order of 1000 (30 dB), and the threshold is rarely a limiting
condition in practical cases. :

EXAMPLE 12.2  Find ¥inesn, the value of y at the threshold, in tone-modulated AM with y = 1 if the onset of
the threshold is when E, > A with probability 0.01, E, being the noise envelope.

to Eq. (10.54a) E, has a Rayleigh PDF with variance o2, and
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o
P(E, > A) =/ E_;e~En2/2cr§ dE,

A Oy
A2
=e M2 — 0,01

Hence, at the onset of the threshold,

2
Q = 4.605
The variance 6,2 of the bandpass noise of PSD N /2 and the bandwidth 2B is 2NB
Hence, at the onset of the threshold, .

2
INB = 4.605

For tone modulation,

m(t) = pA cos (wyt + ®)
= A cos (wnt + ©) nw=1

and

s - A +m?  A240542 342
T 2 —_ 2 :T

Hence,

S 3ar
Viwesh = = s = 3(4.605) = 138 (or 124 dB)

Because E; = \/n2 + n2, where both n, and n, are gaussian with variance anz, according :

12.3 ANGLE-MODULATED SYSTEMS

A block diagm of an angle-modulated system is shown in Fig. 12.6. The angle-modulated
(or exponentially modulated) carrier ggy(7) can be written as

PeM(2) = A cos[w.t + ¥ (1)] (12.20a)

where
¥ () = k,m(z) for PM (12.20b)
=k [ m@)da  for FM , (12.20¢)

and m(z) is the message signal. The channel noise n(z) at the demodulator input is a bandpass

noise with PSD S, (w) and bandwidth 2(Af + B). The noise n(f) can be expressed in terms
of quadrature components as

n(r) = n.(t) cos wet + ns(2) sin w,t (12.21a)

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 280



542

BEHAVIOR OF ANALOG SYSTEMS IN THE PRESENCE OF NOISE

Transmitter Channel
e —

A+ m() 1(1) detection and envelope detection).
0,
Synchronous detection (AM)
So apt
N,
N Envelope detection (AM)
/ i L A 1
5 10 15 20 Y,dB—
4
-
//
Y L
/
/
/ 5
/
/
L
(b)
n(z)
Sy, Ny
m() | Angle Bandpass Angle Baseband { ¢
modulator filter demodulator filter
Receiver

Figure 12.6  Angle-modulated system.

Figure 12.5  Performance of AM (synchrongyg

where n.(¢) and n, () are low-pass signals of bandwidth Af + B. The bandpass noise n(f)

may also be expressed in terms of the envelope Eq (#) and phase ©,

Egs. (12.18)]
1(f) = En(t) cos [wet + ©n(?)]

(¢) as [see Fig. 12.5a and

(12.21b) |

Angle modulation (and particularly wide-band angle modulation) is a nonlinear type t:§
modulation. Hence, superposition does not apply. In AM, the signal output can be calculal
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by assuming the channel noise to be zero, and the noise output can be calculated by assuming
the modulating signal to be zero. This is a consequence of linearity. The signal and noise do
not form intermodulation components. Unfortunately, exponential modulation is nonlinear,
and we cannot use superposition to calculate the output, as can be done in AM. We shall show
that because of special circumstances, however, even in angle modulation the noise output
can be calculated by assuming the modulating signal to be zero. To prove this we shall first
consider the case of PM and then extend those results to FM.

Phase Modulation
Because narrow-band modulation is approximately linear, we need to consider only wide-
band modulation. The crux of the argument is that for wide-band modulation, the signal m(z)
changes very slowly relative to the noise n(¢). The modulating signal bandwidth is B, and the
noise bandwidth is 2(Af + B), with Af >> B. Hence, the phase and frequency variations of
the modulated carrier are much slower than are the variations of n(z). The modulated carrier
appears to have constant frequency and phase over several cycles, and, hence, the carrier
appears to be unmodulated. We may therefore calculate the output noise by assuming m(#)
to be zero (or a constant). This is a qualitative justification for the linearity argument. A
quantitative justification is given in the following development.

To calculate the signal and noise powers at the output, we shall first construct a phasor
diagram of the signal y; (¢) at the demodulator input, as shown in Fig. 12.7,

yi(t) = Acos[wct + ¥ ()] +n(r)
= Acos[wct + ¥ (2)] + En(?) cos [w.t + On(?)]
= R(t) cos[wct + ¥ (1) + AY()] (12.22)
where

¥ (t) = k,m(t) for PM (12.23)

. For the small-noise case, where E, () < A for “almost all z,” Ay (r) « 7/2 for “almost all

t,” and
En() .
Ay () ~ % sin [0, (1) — ¥ (1)] (12.24)
The demodulator detects the phase of the input y; (t). Hence, the demodulator output is
Yo() = ¥ (1) + A (¥) (12.25a)
k E, () .
= kpm(t) + i sin [@, () — ¥ (2)] (12.25b)

Figure 12.7  Phasor representation of signals in an angle-

modulated system.
On() - W) 4

\ wct + Ou(t)

Reference
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Note that the noise term A (¢) involves the signal ¥ (¢) due to the nonlinear nature of angle
modulation. Because 1 (7) (baseband signal) varies much more slowly than ®n () (Wide-banq -
noise), we can approximate r(¢) by a constant ¥,

av )= 20 im0, - ¥1

- E“/i’ ) in ©,(¢) cos ¥ — E“f)

N0 LAYl
== cos Y — % sin

Also, because n.(¢#) and n,(¢) are incoherent for white noise,
052 n2
v Sns( ) + w Sn, (@)
A

_ S, (@)
=0
For a white channel noise with PSD N2 [Eq. (11.49)], ’
\fl=Af+B (12272)

otherwise

cos @ (¢) sinyr

Sap(w) =

[because Sy, (@) = Sp, ()] (12.26)

N
Sap(@) =1 A?
0

Note that if we had assumed () = 0 (zero message signal) in Eq. (12.26), we would have
obtained exactly the same result.”

The demodulated noise bandwidth is Af -+ B. But because the useful signal bandw1dth
is only B, the demodulator output is passed through a low-pass filter of bandwidth B to remove
the out-of-band noise. Hence, the PSD of the low-pass filter output noise is

N
S (@) = { A lo} <27 B (12.270)
0 |w| > 27w B
and
2:NB
N, =2B (Zj\—z{) = ye (12.282)
From Eq. (12.25b) we have
S, = kzm? (12.280)
Thus, .
S, m?
2o - (12.28¢)
N, = (4ky)’ 2NB

These results 'are valid for small noise, and they apply to both WBPM and NBPM. We also
have
S A2 /2 A?
Y=QNBT NB ~ 2NB

* This follows from the fact that E, (#) sin ©,(f) = n, (£). Hence, AY () = n5()/A, and Say (@) = S, @)/ A%
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and
5% ew \ 12.29
N, =k (12.29)
Also, for PM [Eq. (5.17a)],
Aw = kpm;, mlp = [1(?) Inax
Hence,
S m2
22— (Aw)? (%) y (12.30)
N, ] my

Note that the bandwidth of the angle-modulated waveform is about 2Af (for the wide-band
case). Thus, the output SNR increases with the square of the transmission bandwidth; that is,
the output SNR increases by 6 dB for each doubling of the transmission bandwidth. Remember,
however, that this result is valid only when the noise power is much smaller than the carrier
power. Hence, the output SNR cannot be increased indefinitely by increasing the transmission
bandwidth because this also increases the noise power, and at some stage the small-noise
assumption is violated. When the noise power becomes comparable to the carrier power, the
threshold appears as explained later, and a further increase in bandwidth actually reduces the
output SNR instead of increasing it.

Let us apply Eq. (12.30) to tone modulation, where m(¢) = « cos wj,t. For this case

m? = a?/2, and m), = [ (¢) lmax = ¢w,. Hence,
Af)
12.31
(m (1230

s, 1 ( Aw)2

R e

N, 2\ wp
Note that Egs. (12.28c), (12.29), (12.30), and (12.31) are valid for both NBPM and WBPM.

Frequency Modulation

Frequency modulation may be considered as a special case of phase modulation, where the
modulating signal is fiw m(e) da (Fig. 12.8). At the receiver, we can demodulate FM with
a PM demodulator followed by a differentiator, as shown in Fig. 12.8. The PM demodulator
output is ks |’ " m(«) da. The subsequent differentiator yields the output krm(z), so that

S, = k2m? (12.32)

The phase demodulator output noise will be identical to that calculated earlier, with PSD
N/ A? for white channel noise. This noise is passed through an ideal differentiator whose

<—FM modulator— n(t) «<FM demodulator—
m(z) f Phase PM d | Se Mo
T modulator receiver dr
m{a) do A cos [w.r + kffm(cx) da]

Figure 12.8  FM system as a special case of PM system.
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transfer function is jw. Hence, the PSD S, () of the output noise is | j w|? times the PSD i,

Eq. (12.27b),
N2 <27B
Soy@) = | 477 ol = (1233
0 lo| > 2n B
The PSD of the output noise is parabolic (Fig. 12.9), and the output noise power is
B .N )
N=2 [ exprdf
o A
2NR3
_ 872 NB (12.34
3A2
Hence, the output SNR is L
S0 _ g (A2/2)
N, ~\@nB)? )\ NB
22
=3 —kzﬂ— Y (12.35)
(2n B)? .
Because Aw = kfmp, .
2 2
S 51) Zly (1236)
N, B m%,
2 (2 | 12.3%
=3\ 2 (12.37)
P

Recall that the transmission bandwidth is about 2Af. Hence, for each doubling of the
bandwidth, the output SNR increases by 6 dB. Just as in the case of PM, th'e output SNR
does not increase indefinitely because threshold appears as the increased bandwidth makes the
channel noise power comparable to the carrier power.
For tone modulation; m?/m? = 0.5 and
So _3p (1238)
N, By
The output SNR S, /N, (in decibel) in Eq. (12.38) is plotted in Fig. 12.1(? as a function of ¥
(in decibels) for various values of B. The dotted portion of the curYes 1'nd1cates the thre@old
region (to be discussed later in this section). Although the curves in Fig. 12.10 are valid for :

tone modulation only (m?/ mﬁ = 0.5), they can_be used for any (ger r;lodulating signal m(t) -
simply by shifting them vertically by a factor (m?/ m2)/0.5 = 2m?/m3.

Figure 12.9  PSD of output noise in FM receiver.
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Figure 12.10  Performance of FM system.
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From Egs. (12.31) and (12.38), we observe that for tone modulation FM is superior to
PM by a factor of 3. This does not mean that FM is superior to PM for other modulating signals
as well. In fact, we shall see that PM is superior to FM for most of the practical signals. From
Egs. (12.30) and (12.36), it can be seen that

(S,/Noem _ (nBY’m2
(So/NoJem — 3m?

Hence, if 27 B)me, > 3m;,2, PM is superior to FM. If the PSD of m(z) is concentrated at lower
frequencies, low-frequency components predominate in m(z), and m’, is small. This favors PM.
Therefore, in general, PM is superior to FM when Sp, (@) is concentrated at lower frequencies
and FM is superior to PM when S, (w) is concentrated at higher frequencies. This explains
why FM is superior to PM for tone modulation, where all the signal power is concentrated at
the highest frequency in the band. But for most of the practical signals, the signal power is
concentrated at lower frequencies, and PM proves superior to FM.

(12.39)

ExampLE 12.3

For a zero mean gaussian random process m(z) as the baseband signal, determine the output
SNR for FM, assuming white gaussian channel noise.

For é gaussian m(¢), m, = co. But because the probability that amplitude m lies beyond
3om (Im} > 30y,) is about 0.0027, one may consider* m » 10 be 307, Hence,

* This is known as 3o loading. In the literature, 40 loading [m, = 4op)] is also used.
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m? = oy

From Eq. (12.37) it follows that

Narrow-Band Modulation: The equations derived thus far are valid for both narrow_
band and wide-band modulation. We observed in Chapter. S.that nanow—ba;ld CX}IIOHenua]
modulation (NBEM) is approximately linear and is very similar to AM. In ;Zt’ ]; e output
SNRs for NBEM and AM are similar. To sce this, consider the cases of NBP. [Eq. (5.10)]

and AM [Eq. (4.82)],
eam(t) = A cos ot + m(t) cos wct

onppm(t) = A cos ot — Akpym() sin w.t
= A cos w.t —my(t) sin ot
where my (¢) = Ak,m(t). Both gam and gnppy contain a carrier and a DSB term. In ¢ngpy the

carrier and the DSB component are out of phase by 77/2 rad, whereas ing AM they ?.Ie in phase.
But the 7/2-rad phase difference has no effect on the power. Thus, m(#) in @am 18 analogous

to my (¢) in ¢xseM-
Now let us compare the output

No AM A2+II12

whereas for NBPM with my () = Ak,m(?), Eq. (12.29) can be expressed as

S E)
(%)=
o/ PM

2
my

SNRs for AM and NBPM. For AM [Eq. (12.17)},

Note that for NBPM, we require that [k,m()| < 1, that is, m; (¢)/A < 1. Hence,
A%~ A%+ mi

and o

s
No/em — A?4mj

which is of the same form as (So/No) am- Hence, NBPM is very similar to AM. U(;l((i;rl ;11(3)
best possible conditions, however, AM outperforms NB?M b.ecause for Al\i, Zva; 1{1;; P
satisfy the conditions [A+ m()] > 0 [Eq. (4.9a)], which implies [m(#)max < A.

modulation, the modulation index for AM can be ne: y
the narrow-band condition would be equivalent to requirin,
NBPM have identical performance for a given value of u,
the SNR viewpoint.

g i < 1. Hence, although AM and
AM has the edge over NBPM from

arly equal to unity. For NBPM, howevet E
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It is interesting to look for the line (in terms of A ') that separates narrow-band and wide-
band FM. We may consider the dividing line to be that value of Af for which the output SNR
for FM given in Eq. (12.37) is equal to the maximum output SNR for AM. The maximum SNR
for AM occurs when p = 1, or when A = m,. Hence, equating Eq. (12.37) with Eq. (12.17)

[with A = m,],
m? m?
By | = |=——v
my m‘% + m?
or
1 1
== — (12.40)
31+ m?/m?)
Because m?/ m? < 1 for practical signals, and
1
2 —
B < 3
or
g <06 (12.41a)
This gives
Af =0.6B (12.41b)

Mean Square Bandwidth and Estimation of Angle-Modulation
Bandwidth

The bandwidth of a signal is a measure of the width of the signal spectrum. Several definitions of
bandwidth have appeared in the literature. All are meaningful and useful in different situations.
A 3-dB bandwidth is commonly used in electronic circuits.

‘We now introduce one such useful measure of bandwidth. In Chapter 10, we noted that
the standard deviation o is a good measure of the width of a PDF. We can extend this idea to the
PSD by normalizing the spectrum to a unit area. The variance of such a normalized spectrum
is known as the mean square bandwidth of the spectrum. The mean square bandwidth is
meaningful, extremely useful, and mathematically tractable for angle-modulated signals. A
normalized PSD, by definition, has unit area. Hence, to normalize a PSD, we divide it by its
area so that the resulting function has a unit area. For convenience, we shall use the variable f
(in hertz) rather than the variable o (in radians per second). This will give us the mean square
bandwidth in hertz rather than in radians per second.

Using this concept, for abaseband signal m(z), the normalized PSD is Sy, (w) / f fooo Sm(®)
df . Because the normalized PSD is symmetrical about the vertical axis (f = 0), it has a zero
mean (in the sense of the PDF), and its variance E is*

T _ Joeo 2Su @) df

== H 12.42
nE TR Se@xpdf (12.422)

= ; / ” F28u@rf)df Hz (12.42b)
m2 —00

* For B_fn to exist, Sy (w) must approach zero at a rate faster than 1/w? for large values of w.
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T ————

EXAMPLE 12.4  For a low-pass signal with PSD S, (w) = rect (w/4m B), show thatB_g1 = B%/3.
Because Sy (w) = 1 for | f] < B, and O for | f| > B, we have [Eqgs. (12.42)]
—  Jh frdf B

2 A

mT a3

EXAMPLE 12.5  For a gaussian PSD Sy, () = ke~“*/2" show that
—_— o \2
7= (2)
m 27

= K[ eI a0
mT f—ocoo e—472f2[20% df A2

From Eqs. (12.42),

We shall now investigate the dependence of the FM wave PSD on instantaneous
frequency. In wideband modulation instantaneous frequency f; in the range (f, f +df) gives
rise to power spectral components (components of the PSD) in the range (f, f + df). The
power contribution of these components is proportional to the relative time that f; remains in
this range. If p¢; () is the PDF of instantaneous frequency f;, then py; (f) df is the probability
of observing f; in the range (f, f + df). This probability is proportional to the time that f;
remains in the range (f, f -+ df) and, hence, is proportional to the power contributed by
spectral components in the range (f, f -+ df). If Sem(w) is the PSD of an FM wave, then the
preceding argument implies*

SmQ2rf) =kpu(f)  f>0 (12.43)

where k is a constant of proportionality.t ‘
To find the mean square bandwidth of Spy(27f), we observe from Eq. (12.43) that

pr: (f) is precisely Sgy (27 f) normalized to unit area. Hence, the mean square bandwidth of
Sem(27 ) is the variance o¢;2 of f;, because :
w; 1

fi=—=— ksm(t
i 2 7 [wc + fm( )]

_ 1 -

f; = — kem(t

I [a)c + f ( )]
=f. [because m(¢) = 0]

* Because py; (f) = O for f < 0, Spm(w) in Eq. (12.43) is the unilateral PSD. This means Sgy(w) = 0 forw < 0

and is twice the bilateral PSD for @ > 0.
+ By integrating both sides of Eq. (12.43) over (0, 00), it can be shown that k = A2/2.
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and

of = — f.)?

42
1,
=mhm
In other words,
- 1 —_—
2
B2, — y=s k; m?2 (12.44)
For phase modulation,
' 1 1
fi = A= E[wc + k()]
and

i (271)2 i c
= mkg[l‘h(t)]z
Because the PSD of 1i1(¢) is 0?Sp(w) = 472 f2S, 27 f),

1 oo
of = k| 4l fisa@af)df 1
477 o0 ‘
Using Eq. (12.42),
o= B f
1
that is,
Bhy=k:m? BZ (12.45) i
FromEgs. (%2.4%) and (12:45) we observe that the bandwidth of the FM wave is independent of |
the modulating signal spectrum, whereas the bandwidth of the PM wave is strongly influenced lj
by the modulating signal spectrum.
The output SNRs in Egs. (12.29) and (12.35) can now be expressed in terms of mean
square bandwidths. For PM,

So B,

N, B Y (12.46)
and for FM,

So _ B

A 3—Bz—y (12.47)

Quantities By and B, are the variances of the normalized PSDs of the PM and FM waves,
respectively. As seen earlier, the actual transmission bandwidth will be several times the
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standard deviation 1/ B3y or y/ By For example, when the modulated signal PSD has 5
gaussian form,” 99.74% of the total power resides within 3o of the carrier frequency. Hence,

Y (52
the bandwidth in this case may be taken as 60, or 6 B%M. for PM and 64/ Bgy fgr FM. From
Egs. (12.46) and (12.47), it follows that in PM as well as in FM the output SNR improves by
6 dB for each doubling of the transmission bandwidth. Tt should be stressed that these results
are valid only for small noise.

Which Is Superior: PM or FM? From Egs. (12.46) and (12.47), we have

(So/No)em _ B Bl%M)
(So/Noymt  \3B2 ) \ B3,
It ‘will be instructive to compare the performance of PM and FM for the same transmission

bandwidth (the same mean square bandwidth), that is, for B3, = Bk This gives
(So/Na)PM - Bz

(12.48)

(12.49)
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Sw(?) is gaussian of the form ke=®"/2°”. The radian bandwidth W = 27 B = 30, and
B =30/2m. Also, as seen in Example 12.5,
2
o 30
o ¢ B=2
472 an 2

Hence, from Egs. (12.49), it follows that PM is superior to FM by a factor of 3.

B

Threshold in Angle Modulation

‘When the noise power at the demodulator input is comparable to the carrier power, the threshold
phenomenon (discussed earlier for AM systems) appears. In FM this effect is much more
pronounced than in AM. Let us discuss qualitatively how the threshold effect appears. We refer
back to Fig. 12.7 and observe that the phasor E,, rotates from the terminal of the phasor A. When
E, « A, the angle A (¢) is quite small, and because ®, (¢) is random with uniform distribution
in the range (0, 27), Ay (¢) assumes positive as well as negative values (Fig. 12.11a), which
are usually much smaller than 277. When E,, is large (on the order of A or greater), however,

A the resultant phasor is much more likely to rotate around the origin, and Ay is more likely
(Sof ol 385 to go through changes of 27 (Fig. 12.11c¢) in a relatively short time, because the noise varies
Thus, if . much faster thfm the modulating signal. The noise at the FM demodulator output is given by
, 2 ‘ B2 (12.49b) Avr(t).” This is shown in Fig. 12.11 for large and small noise. For large noise, we observe
B . the appearance of spikes (of area 277), which give rise to a crackling sound. When the noise is
. ior to FM. Otherwise, EM is superior to PM. We showed in Example 12.4 that small (E, < A), the PSD of the output noise Ay (f) is parabolic, and most of its power is in
when the PSD iy i nsta;lt (over a band B Hz), 3B2 = B2. Hence, PM and FM the frequencies greater than B and is therefore filtered out by the baseband filter at the output.
g:égﬂﬂ;z;i]ﬁyi"gi(i;)tfa:fase- If the spectrum falls off withnflrequency, as it does for alt re;.ﬂ For the large-noise case, on the other hand, we have the presence of spikes, which are like
signals, E,{ is less than B2/3, and PM is superior to FM. If, on the other h@d, the sPectrum is .
weighted heavily at higher frequencies, B2 is greater than B?/3, and FM is superlczr ;o th AvE) (Small-noise case) A
This is exactly what happens for tone modulation, where the sPecu_ll_rn is c(;ncethrzft ed at the
highest frequency B, with no power at lower frequencies, making Bé = B*. This LS why f;)r ,W\"wh\,./ /‘\"V"‘J‘VAJ"
tone modulation FM is superior to PM by a factor of 3. Tone 1'nodu.lat10n }_)roves.to e g.rostsh y © P vmvﬂﬂf«cam%d-t%
misleading in the SNR analysis of angle modulation. For practical signals, including z:)udl(;, et ) ®)
spectrum falls off with frequency, and PM is superior to FM. A'ctually? so—ca]lefi FM rsoz; cas
is not pure FM but is FM modified by preemphasis-deemphasis, as discussed in Sec. >.5. - Large noise case)
We have derived two different criteria [Eqs. (12.39) and (12.49a)] fc_)r comparing P P N
and FM performance. In Eq. (12.39), the output SNRs are compared for a given transmission
bandwidth, whereas in Eq. (12.49a), the output SNRs are corgpared for a given mean S?Lmrz st
transmission bandwidth. Consequently, we may get slightl}f d{ffergnt answers by. usm% ;Sle Wl
two criteria (see Probs. 12.3-4 and 12.3-8). Although the cnter}on in Eq. (12.39) is pre .e:i n
to that in Eq. (12.49a), it is impossible in practice to determine the parameters requir
Eq. (12.39), and the only way to compare may be through Eq. (12.492).
R : —> f—
EXAMPLE 12.6  If a baseband signal m(¢) has a gaussian PSD, show that PM ‘is superior to Fl:ifl by 3 fzc:;r ﬂ‘:i (© @
3 (4.77 dB) when the bandwidth B is taken as 30, where o is the standard deviatio ; f N | ” -
normalized PSD of m(?). gure 12.11 Nature—o_(Mrecelver for small and large channel noise.
* Tt can be shown? that for wide-band angle modulation, the PSD of the modulated carrier js gaussian when 2 * Recall that FM demodulation requires differentiation of the angle because the instantaneous frequency is proportional

i i to the derivative of the angle.
modulating random process is' gaussian.
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impulses. Consequently, they have considerable power at lower frequencies. Hence, a spike
will contribute much more noise at the output. For this reason, when E, apgro:aches t.he order
of A, the output noise starts increasing disproportionately (Fig. 12.12). This is precisely the

phenomenon of threshold. ' y
Tt has been shown?® that the noise power caused by the spikes Nj;, is

_sx?BmiB [ [2B (1250
Ns————\/§ Q( BFMV) a)

and the total noise power Nr, is the sum of N, in Eq. (12.34) and N; in Eq. (12.50a). The
output SNR is

12.3 Angle-Modulated Systems 555

or

2
20 )= —

B+ INEB
By definition, the right-hand side of this equation is y at threshold. Thus, Viyesh, the value of
y at the onset of threshold, is

Yitresh = 2008 + 1) (12.51)

EXAMPLE 12.7

A gaussian m(z) with 40 loading (that is, m, = 4op,) frequency-modulates a carrier using
B = 4. The output SNR is found to be 20.5 dB. Determine whether the system is in threshold.

2
s, _ 3ﬂ2y(m2/mp) ] For 8 = 4, Vihresn 1S
2B/B
No+ N, 1+ (ZﬁBm/BBQ [v@B/Brn)y Vitwesh = 20(8 + 1) = 20(5) = 100
2 2 /m2 .
_ 3%y (m?*/m}) (12.50b) For this value of y [Eq. (12.37)],

1+4V/3(8+ Dy QLVy/(B + D]

The onset of the threshold is when the carrier power is 10 times the channel noise power. The

carrier power is A%/2, and for white noise with a PSD N7/2, the noise power is N Bry, where
Bgy, the bandwidth of an FM carrier, is

Bewm = 2(Af + B) =2B(B+ 1)

Hence, the threshold occurs when

S0\ _ 1Y
(E) — 3(16)(100) (1—6) — 300

Because 20.5 dB is a ratio of 160, the SNR is below 300, and the system is in threshold.

Threshold Extension in Angle Modulation
The problem of threshold is rather serious in angle modulation. The ability to communicate
even at low power levels simply by increasing the transmission bandwidth is the very raison

2
INBB+1) = -11—0 5 d’étre of angle-modulated systems, and threshold deprives angle modulation of its very essence.
For this reason, much attention has been paid to the problem of pushing the threshold level
) further down and extending the useful operating range. The two principal methods used for
S , dBT b this ‘purpose utilize frequency compression feedback (FCF) and phase-lock loop (PLL). We
No . shall look briefly into these techniques.
=
5
a0 / Frequency Compression Feedback (FCF): The basic circuit is shown in Fig. 12.13.
36 - g eo'b“b Let us consider a frequency-modulated wave A cos [w.t + ¥ (¢)] at the input. The quiescent
1k P g 2 frequency of the VCO is @, — w,. The instantaneous frequency w; of the VCO is given by
~
28F //’/ _ w; = (0, — w,) + ae(t)
241 _ ///
20f -~ A cos [w,t + ¥(1)]
~
16 - e (1) | Bandpass Je (1) 1 e(r)
P T e I e
. 1iter Ho (a)) Sw Nu
4 e,(1) |
0z 4 30723 24 26 28 30 32 v, dB — 2 vCOo

Figure 12.12  Threshold phenomenon in FM.

Figure 12,13  Frequency compression feedback (FCF).
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and the VCO output e, (¢) is given by” (assuming initial instant ¢ = 0),
t .
e,(t) =2cos [(wc — wy)t + ozf e(t) d‘c} (12.59)
0

The bandpass filter H, () is centered at w,. The multiplier output e, () has a spectrum centered
at the sum and difference frequencies. The sum frequencies are centered at 2w, = @, and are
suppressed by the bandpass filter H, (), which allows only the difference frequencies centered
at w, to pass. The output e, (¢) of the bandpass filter is

ep(t) = A cos [wot + () — ozfo e(t) dr} (12.53)

The limiter-discriminator frequency demodulates the signal e, () by differentiating its angle.
Therefore, the output e(¢) is given by

t
e(t) = 5; I:W(t) — oe/o e(7) d‘E:I

= (1) — ae(®)
Hencé,
R A0)
e(t) = 1+ a
Substitution of this value of e(#) into Eq. (12.53) yields
Y (1) : -
ep(t) = Acos l:a),,t + +a (12.54)

This interesting result shows that the signal e, (#) is another frequency-modulated signal with
carrier frequency @, and is similar to the incoming carrier A cos [@.t + ¥ (t)]. The difference
is that the angle is ¥ (¢)/(1 + «) instead of ¥ (7). This implies a reduction in the frequency
deviation and, consequently, areduction in the bandwidth of the modulated signal by afactorT of
(14+a). Hence, for a wide-band case, the bandwidth of H, () need only be about 2Af/(1+a).
The second conclusion is that when e, (¢) is applied to a limiter-discriminator, the 0L’1tput e'(t)
is ¥(2)/(1 + o). Hence, the FCF demodulator indeed frequency-demodulates the incoming
frequency-modulated carrier. ‘

Let us now see what happens when the input signal is a frequency-modulated carrier plus
bandpass channel noise. The signal plus noise can be expressed as R(?) cos [m.ct + 1[{([? +
Ay (2)] [Eq. (12.22)]. The amplitude variations R(?) are eventually eliminated in the limiter- - -
discriminator (see Sec. 5.4), and .

M] (12.55)
14+«

ep(t) = A cos [a)ct +
Similarly,
1 . .
e(t) = —[¥ (@) + AY ()]
® 1+«
* The amplitude of e, (¢) is immaterial in our discussion. For convenience, it is considered to be 2.

+ In order to avoid distortion of the modulating signal, the bandwidth (Af + B)/(1+ o) must be greater than' B.
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where v/ is the useful signal and A4/ is the noise. The output of the FCF demodulator is identical
to that of the conventional demodulator except for the multiplicative factor 1/(1 + «). Hence,
the output SNR of the FCF demodulator is identical to that of the conventional demodulator.
The advantage is gained, however, in extending the threshold. This can be seen from the fact
that the FM wave passes unmolested through the filter H, () [Eq. (12.55)]. The channel noise,
however, which had hitherto a bandwidth of about 2A f, has to pass through H,(w) having
1/(1 + «) times its former bandwidth. Hence, the carrier-power-to-noise ratio at the input of
the limiter-discriminator is enhanced by a factor of 1 4 «. As seen earlier, this does not affect
the SNR, but it does extend the threshold because of the relative enhancement of the carrier
power in relation to noise power. It can be seen that the carrier power can now afford to be
reduced by a factor of 1 + « before the onset of the threshold. In other words, the threshold
is extended roughly by 10 log @ dB. Because of practical problems, however, this benefit is
not completely realized. In practical FCF demodulators, threshold extension of about 5 to 7
dB can be realized.

Phase-Locked Loop (PLL): The functioning of the PLL was discussed in Chapters
4 and 5. For the small-noise case, the PLL performance is identical to that of a conventional
demodulator (just as in FCF). For large noise, however, the PLL extends the threshold just as
the FCF does, by reducing the filter bandwidth. The detailed analysis is beyond our scope.4 A
practical PLL extends the threshold region by about 3 to 6 dB.

12.4 PULSE-MODULATED SYSTEMS

Among pulse-modulated systems (PAM, PWM, PPM, and PCM), only PCM is of practical
importance. The other systems are rarely used in practice. For this reason we shall discuss
only PCM in detail. It can be shown that the performance of PAM is similar to that of AM-
SC systems (i.e., the output SNR is equal to ). The PWM and PPM systems are capable of
exchanging the transmission bandwidth with output SNR, as in angle-modulated systems. In
PWM, the output SNR is proportional to the transmission bandwidth By. This performance is
clearly inferior to that of angle-modulated systems, where the output SNR increases as B%. In
PPM systems under optimum conditions, the output SNR increases as B2 but is still inferior
to FM by a factor of 6. For in-depth treatment of PAM, PWM, and PPM, the reader is referred
to Panter! or Rowe.”

Another PM system that deserves mention is the delta-modulation (DM) system dis-
cussed in Chapter 6. For speech signals, this system’s performance is comparable to that of
PCM for a bandwidth expansion ratio Br/B of 7 to 8. For Br/B > 8, PCM is superior to
DM, and for By /B < 8, DM is superior to PCM.

Pulse-Code Modulation

In PCM, a baseband signal m(¢) band-limited to B Hz and with amplitudes in the range of
—m,, to m,, is sampled at a rate of 2B samples per second. The sample amplitudes are quantized
into L levels, each separated by 2m /L. Each quantized sample is encoded into n binary digits
(2" = L). The binary signal is transmitted over a channel. The receiver detects the binary
signal and reconstructs quantized samples (decoding). The quantized samples are then passed
through a low-pass filter to obtain the desired signal m(z). :
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There are two sources of error in PCM: (1) quantization or “r?)unding off” error, anq @
detection error. The latter is caused by error in the detecti(?n of the binary signal at the receiver,

As usual, m(z) is assumed to be a wide-sense stationary rand(?m process. Tge random
variable m(kTy), formed by sample-function amplitudes iit t= kTS ,.W111 be denotez;i y mk-.The
kth sample my is rounded off, or quantized, to a value my, \‘VI‘?lCh is encoded and transmitted
as binary digits. Because of the channel noise, some of Lhe .dlglts may ‘E)e detecte: zrroneously
at the receiver, and the reconstructed sample will be my instead of my. If q; and €, are the

quantization and detection errors, respectively, then
q = my — 1y (12.56)
€ = ﬁ’lk — rfﬁk
and ;
mg — my = Qx + €k (12.57)

Hence, the total errormy — iy at the receiveris q¢ + €. The receiver reconstructs the signal
fa(#) from samples My according to the interpolation formula in Eq. (6.10),

fi(r) = y_ e sinc 2 Bt — k)
k
= Z[mk — (qx + €x)]sinc Qw Bt — k)
’ k

= ka sinc Qmw Bt —km) — Z(qk + ) sinc 27 Bt — kw)
k k
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where P, is the detection error probability. For binary coding, each sample is encoded into n
binary digits. Hence, 2" = L, and
m2
2(t) = —2—[1 +4P.(2* - 1 12.59b
20 = 355 (1 + 4P = 1] (12.59)
As seen from Eq. (12.58a), the output m(z) — e(z) contains the signal m(z) and noise e(?).
Hence,

S0=F No=62(t)

and

> - ) i 12.60
N, 1+4P,22 —1) \m2 (12.60)

The error probability P, depends on A,, the peak pulse amplitude, and the channel noise power
o2 [Eq. (10.4D)],*
A
ol
On

It will be shown in Sec. 13.1 that A, /o, can be maximized (that is, P, can be minimized) by
passing the incoming digital signal through an optimum filter (known as the matched filter).
It will be shown that for polar signaling [Egs. (13.9¢) and (13.20a)],

4) _ 2B
On max— N

=m(t) —e(?) (12.58a) and
- /2Ep )
where (P)uin = O ( 7\[_ (12.61)
e(t) = E (qi + €) sinc 2 Bt — k) (12.58b)

k

Thé receiver therefore receives the signal m(r) —e(?) instead of m_(t). The error 51gn_al e(t) 1;1 :
random process with the kth sample q, + €. Because the process 13 w1de—sen§e stationary, the -
mean square value of the process is the same as the mean square value at any instant. Because

qx + € is the value ofe(t) att = kT,
(1) = (qk + €x)?

where E,, is the energy of the received binary pulse and the channel noise is assumed to be
white with PSD N7/2. Because there are n binary pulses per sample and there are 2B samples
per second, there are a total of 2Bn pulses per second. Hence, the received signal power
S; =2BnE,, and

. d
Because qi and ¢ are independent with zero mean RVs (see Examples 10.17, 10.18, an _ ( % (12.62)
10.19),
— = and
AN =i+ , _
, : S, 32" m?
N .64b) and (10.66b)]. 2o — 12.63
We have already derived g7 and €7 in Examples 10.17 and 10.18 [Egs. (10.64b) and , N, 11427 =10 (Vy/n) \m2 (1269
Hence, -
1 /1,2 4m§ P, (L2 -1 (12 59&): * This assumes polar signaling. Bipolar (or pseudoternary) signaling requires gboqt 3 dB more power than polar to
&2 @) = 5 (_L—P) + —-—3]:2——— . achieve the same P, (see Sec. 7.2). In practice, bipolar rather than polar signaling is used for PCM.
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560  BEHAVIOR OF ANALOG SYSTEMS IN THE PRESENCE OF NOISE 12.4 Pulse-Modulated Systems 561

Figure 12.14 shows a plot of the output SNR as a function of y for tone modulation (m?2/ mg = L. Because the pulse amplitude is large enough so that there is very little probability of making

0.5, 1 150 be used for a general case, with m2/m2 = A, where the SNR is 1/0.5 = % - a detection error, a further increase in y by increasing the pulse amplitude buys no advantage,
.5). It can also be . » g !
] ) that in Fig. 12.14. Hence, we simply shift the curves in Fig. 12.14 upward by 10log (27, and we have the saturation effect.
times that in I'ig. 12.14. > In the saturation region,
dB. . —
. : ino - the threshold and the saturation. When ' S 2
Figure 12.14 shows two interesting features: the 'hen y ) S, 3 m?
is too small, a large pulse-detection error results, and the decoded pulse sequence yields 5 ‘ N ) 10 {log3 +2nlog2 + log 2
sample value that has no relation to the actual sample transmitted. The recelv.ed signal is thyg
meaningless, and we have the phenomenon of threshold. To explain saturation, we observe i =a-+6n (12.64c)
that when y is sufficiently Jarge (implying sufficiently large pulse amplitude), the detection where a = 4.77 + 10log o (m?/m2).
error P, — 0, and Eq. (12.60) becomes ’
5 : ,
_‘Eﬂ_ =312 (22_) (12.64a) EXAMPLE 12.8  For PCM with n = 8, determine the output SNR for a gaussian m(#). Assume the saturation
N, m; region of operation.
=302 E—i (12.64b) For a gaussian signal, m, = 0o. In practice, however, we may clip amplitudes > 3oy, or
- m; 40p,, depending on the accuracy desired. For example, in the case of 30 loading,

The SNR in this case is practically independent of y. Because the detection error approaches

P(jm| > 30m) =20(3) = 0.0026
zero, the output noise now consists entirely of the quantization noise, which depends only-on

and for 40 loading,

. P(m| > 4oy) =20(4) =6 x 107°
®
-'\\u B If we take the case of 30 loading,
80 I I _ )
s RENEE IR m? oz 1
So 4B LR ‘A‘b — = s =3
N,’ 72 RENE RO N my  (3om) 9
o and .
F = S"—3(2)16 1 = 21,845 = 43.4 dB
56 N, a 9 - ’ a )
CE B SR : =8 For 40 loading,
48 Skl ran ‘_ TS 14 T
AT o So 61
% IEHNS R RN — =3(2) (—) = 12,288 = 40.9 dB
40 ” o X - ,-cn Ng ].6
T ..‘é‘%f’ n==6
P
2 ( // - _;9'9‘53 “ To facilitate the comparison of PCM with other types of modulation, the SNRs of FM
— o E and DSB-SC are superimposed on the SNR of PCM in Fig. 12.14. The theoretical bandwidth
: expansion ratio for PCM is Bpcy/B = n. In practice, this can be achieved by using duobinary
signaling. Today’s PCM systems use bipolar signaling, however, requiring Bpcm/B = 2n.
Moreover, P, in Eq. (12.62) is valid only for polar signaling. Bipolar signaling requires twice
as much power. Hence, the plot in Fig. 12.14 is valid for bipolar signaling if 3 dB is added to
each value of y.
5 v - o 7 ; From Eq. (12.64b) we have
. SD E 2Bpcm/ kB
; =2 =3 = 12.
vy, dB—> S N, 3(”%)2 (12.65)
Figure 12.14  Performance of PCM. i 'ﬁ where 1 < k < 2. For duobinary k = 1, and for bipolar k = 2.
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562  BEHAVIOR OF ANALOG SYSTEMS IN THE PRESENCE OF NOISE

It is clear from Eq. (12.65) that in PCM, the output SNR increases exponentially wit,
the transmission bandwidth. Compare this with angle modulation, where the SNR increaseg
as-a square of the transmission bandwidth. In angle modulation, doub.ling the Ifransmi.ssi(,n
bandwidth quadruples the output SNR. From Eq. (12.64c) we see th?t in PCM, increasing 5,
by 1 quadruples the SNR. But increasing » by 1 increases the band\jndth only by the fractioy
1/n. For n = 8, a mere 12.5% increase in the transmission bandwidth qua@ples tk}e SNR.
Therefore in PCM, the exchange of SNR for bandwidth is much more efficient than in angle
modulation. This is particularly evident for large values of n, as can be seen from Fig. 12.14,
For smaller values of », the difference between FM and PCM is not as impressive as for large
values of n.* .

Actually, to do full justice to PCM, we must consider the use of regenerative repeaters,
which cannot be used for angle modulation. The results for PCM derived thus far apply for 5
single link. If k regenerative repeaters are used along the path, the noise power over each link
is reduced by the factor k, and hence P,, the error probability over each link, is

ool

But because k links are now in tandem, the overall error probability is k P, (see Example 10.7),

and
S _ 3@™) _‘13; 1266
N, 11407 — DkQ (Jkyn) \m2

To maintain a given S,/N,, the value of y decreases as the number of repeaters £, increases.
Figure 12.15 shows the y vs. k needed to maintain S,/N, = 49.5 dB forn = 8.

Figure 12.15  Power reduction as a function of
the number of repeaters in PCM.

v, asl %
WEN

20 \

of \\\
s N

i 2 3 4 6 10 20 30 40 60 80 100
k—

* The FM plots in Fig. 12.14 are without preemphasis and deemphasis.

12.4 Pulse-Modulated Systems 563

Companded PCM

The output SNR of PCM is proportional to ﬁ—z/ mlz,, where m?2 is the power of the baseband
signal m(z) and m,, is the peak value of m(z). It may appear that E/ mlz, will remain more or
less constant regardless of the speech level, because m? is proportional to m;. Unfortunately,
mi is a constant of the quantizer with a quantization range (=mp, mp). Once a quantizer is
designed, m,, is fixed, and E/ mf, is proportional to the speech signal power m2 only. This
can vary from talker to talker (or even for the same talker) by as much as 40 dB, causing the
output SNR to vary widely. This problem can be mitigated, and a relatively constant SNR
over a large dynamic range of m? can be obtained, either by nonuniform quantization or by
signal companding. Both methods are equivalent, but the latter is simpler to implement. In this
method, the signal amplitudes are nonlinearly compressed.

Figure 6.12 shows the input-output characteristics of the two most commonly used
compressors (the y~law and the A-law). For convenience, let us denote

X [ —
mp

Clearly, the peak value of x is 1 (When m = m p)- Moreover, the peak value of the compressor
outputy is also 1 (occurring when m = m,,). Thus, x and y are the normalized input and output
of the compressor, each with unit peak value (Fig. 12.16). The input-output characteristics
have an odd symmetry about x = 0. For convenience, we have only shown the region x > 0.
The output signal samples in the range (—1, 1) are uniformly quantized into L levels, with a
quantization interval of 2/L. Figure 12.16 shows the jth quantization interval for the output
y as well as the input x. All input sample amplitudes that lie in the range A; are mapped into
¥;- For the input sample value x in the range A;, the quantization error is q = (x — x;), and

xXi+(4A;/2) )
2/ (x —x;)"px(x) dx
xj—(A;/2)

is the part of q_2 (the mean square quantizing error) contributed by x in the region A;. The
factor 2 appears because there is an equal contribution from negative amplitudes of x centered
at —x;. Thus,

_ x+(4;/2) ,
=23 [ - s
i JE=(4;/2)
Because L > 1, the quantizing interval (2/L) and A ; are very small, and py (x) can be assumed
to be constant over each interval. Hence,

__ Xj+(4j/2)

@ =2 pe(xy) (x —x;)%dx

j xi—(A;/2)

px(x;) A3
= 22 # (12.67)
J

Because 2/L and A; are very small, the compression characteristics can be assumed to be
linear over each A}, and
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Figure 12.16  Input-output characteristic of a PCp
y T compressor.

1+

Vit

b0x1) 2/L
xj) & ——
yiXj A]

Substituting this in Eq. (12.67), we have
’ px(xj
3UZU@W’

For L large enough, the preceding sum can be approximated by an integral

o f QLACIPN (12.68)
3.2 Jo YR ¢
_ For the p-law [Eq. (6.17a)],
y=1n(1+p,x) 0<x<l1
In(1+w)
and
. 1 ( 1 )
YO = mdam U e
and
7= (_) [l_n_(l_Jfﬂ] / (1 + ) pa(x) dx (12.69)
312

If px(x) is symmetrical about x = 0, o

1 .
02=2 / x2py(x) dx (12.70a)
(4}

and [x|, the mean of the rectified x, is

1
X[ =2 f xpx(x) dx (12.70b)
0

We can express g2 as

12.4 Pulse-Modulated Systems 565

— [l 2114 202 4+ 2ulx]
ae [ n( : u)] [ +u :Lj qu 2710
[In (1 + w))? 20x|
= T' + 7 + ﬁ (12.71b)

Recall that g2 in Eqs. (12.71) is the normalized quantization error. The actual error is mf, q—2 The

normalized output signal is x(t) and, hence, the normalized output power S, = 02 = E/ mﬁ.
The actual S, will be m?, 2. Hence,
A O'XZ 312 axz (12.72)
2o - X = — 72a
No @ [+ (o +20x/p+ 1/u?)
3L2 1
(12.72b)

T Ind+ P (1 + 2xl/uo? + 1/u?0?)

To get an idea of the relative importance of the various terms in the parentheses in Eq. (12.72b),
we note that x is an RV distributed in the range (—1, 1). Hence, axz and [x] are both less than
1, and Jx[/oy is typically in the range of 0.7 to 0.9. The values of 1 used in practice are greater
than 100. For example, the D2 channel bank used in conjunction with the T1 carrier system
has 1 = 255. Thus, the second and third terms in the parentheses in Eq. (12.72b) are small
compared to 1 if o2 is not too small, and so

S 3L 12.72

N, fin(1+ 0P (12729
which is independent of 2. The exact expression in Eq. (12.72b) has a weak dependence on
UXZ over a broad range of oy. Note that the SNR in Eq. (12.72b) also depends on the signal
statistics [x] and o:2. But for most of the practical PDFs, [x| /oy is practically the same (in the
range of 0.7 to 0.9). Hence, S,/N, depends only on ;xi. This means the plot of S,/N, vs. O‘XZ
will be practically independent of the PDF of x. Figure 12.17 shows the plot of S,/N, vs. 02
for two different PDFs; Laplacian and gaussian (see the next example). It can be seen that
there is hardly any difference between the two curves.

Because x = m/m,, UXZ = U[fl/m]%, and |x[ = I_In——l/mp, Eq. (12.72a) becomes

S, L? crlf1 m?
== 3 _/ L4 12.73)
No  [Mn(l+wP | oz/m3 +2[m|/wm, + 1/u?

One should be careful in interpreting m, in Eq. (12.73). Once the system is designed for some
m(t), m, is fixed. Hence, m, is a constant of the system, not of the signal m(z) that may be
subsequently transmitted.

EXAmPLE 12.9

A voice signal amplitude PDF can be closely modeled by the Laplace density*

* A better but more complex model for speech signal amplitude m is the gamma density®

Pmim) = [ et
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1 VAo
m) = ——=e
Pm(m) "
For a voice PCM system with n = 8 and y = 255, find and sketch the output SNR as a functiop
of the normalized voice power o2/ m12,

Figure 12.17  PCM performance with and withoyt
companding.

uw=0,L=25
(no compression)

20

0 L L 1 L —
—60 —s0 -—40 —30 —20 10 0
2
o2="% dB—s
mp

Itis stfaightforward to show that the variance of this Laplace PDF is o.2. In practice,' t.he
speech amplitude will be limited by either 3o or 40 loading. In either case, the probability
of observing m beyond this limit will be negligible, and in computing |m| (etc.), we may
use the limits 0 to co,
[}
Tmf = 2/ Vo gy = 0.7070m,
0 omvV2

Hence, from Eq. (12.73),

S _ 6394(631/m?,)

N, (o2 /m2) + 0.00555(0m/m,) + 1.53 x 1073

This is plotted as a function of 02/ mlz,) in Fig. 12.17.

12.74)

12.5 Optimum Preemphasis-Deemphasis Systems 567

EXAMPLE 12,10

Repeat Example 12.9 for the gaussian m(¢).

In this case,

™15 dm = 07980,

— *® m
=2
m 0 omv2m
and
S, 6394(c/m?)
N,  (c2/m2) +0.0063(om/m,) + 1.53 x 105

(12.75)

The SNR here is nearly the same as that in Eq. (12.74). The plot of SNR vs. o2 /m
(Fig. 12.17) is practically indistinguishable from that in Example 12.9.

12.5 OPTIMUM PREEMPHASIS-DEEMPHASIS SYSTEMS

It is possible to increase the output SNR by deliberate distortion of the transmitted signal
(preemphasis) and the corresponding compensation (deemphasis) at the receiver. For intuitive
understanding of this process, consider a case of white channel noise and a signal m(¢) whose
PSD decreases with frequency. In this case, we can boost the high-frequency components of
m(z) at the transmitter (preemphasis). Because the signal has relatively less power at high
frequencies, this preemphasis will require only a small increase in transmitted power.” At the
receiver, the high-frequency components are attenuated (or deemphasized) in order to undo the
preemphasis at the transmitter. This will restore the useful signal to its original form. It is an
entirely different story with the channel noise. Because the noise is added after the transmitter,
it does not undergo preemphasis. At the receiver, however, it does undergo deemphasis (i.e.,

" attenuation of high-frequency components). Thus, at the receiver output, the signal power is

restored but the noise power is reduced. The output SNR is therefore increased.

We shall first consider a baseband system and then extend the discussion to modulated
systems. A baseband system with a preemphasis filter H,(w) at the transmitter and the
corresponding complementary deemphasis filter H;(w) at the receiver is shown in Fig. 12.18.
The channel transfer function is H,(®), and the PSD of the input signal m(z) is Sy, (). We shall
determine the optimum preemphasis-deemphasis (PDE) filters H, (w) and H;(w) required for
distortionless transmission of the signal m(z). |

Channel noise Figure 12.18 Optimum PDE in abaseband

n(t) system.
ST Smlw)
> Hp(w) H.(w) Hyw) p——o
S N S50 N,
Trans'mitter Channel Receiver

* Actually, the transmitted power is maintained constant by attenuating the preemphasized signal slightly.
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For distortionless transmission,

|H, (0)H(0)Hy (@) =G (a constant) 4 (12'763)
and
Op (@) + e (@) + ba(w) = —la (12.76b)
We want to maximize the output SNR, S,/N,, for a given transmitted power S7.
Referring to Fig. 12.18, we have
oo
s1= [ Sa@itperas 1277
—00
Because | H, (w) He(w) Hy(w)| = G, the signal power S, at the receiver output is
N o0
, =G? f Sml@)df (12.77)
—co
The noise power N, at the receiver output is
o0 \
N, = / Sa(@)| Ha(@)* df (12.77¢)
. —00
Thus,
2 (o=l
So G [ Sm(@) ] (12.78)

Ny [ Su(@)|Ha(@) P df

We wish to maximize this ratio subject to the condition in Eq. (12.77a) with St asa given
constant. We can include this constraint by multiplying the numerator and thg denommaFor of
the right-hand side of Eq. (12.78) by the left-hand side and the right-hand side, respectively,
of Eq. (12.77a). This gives

S, G*Sy [, Sm(w) df

No [ Sa@)|Ha@Pdf [22, Sn(@)|Hp(@)P df
The numerator of the right-hand side of Eq. (12.79) is fixed. Hence, to maximize 5}, /No, we
need only minimize the denominator of the right-hand side of Eq. (12.79). To do this, we use
the Schwarz inequality (Appendix B),

foo Sm(w)IHp(w)Ide/ Sa(@)|Ha(@)* df

o

(12.79)

o0 2 :k
2 |[ism@s @ @H@ar| 0250

The equality holds only if
S (@) Hy(@)* = K28, ()| Hy (@) (12.81)

where K is an arbitrary constant. Thus to maximize So/No, Eq. (12.81) must be satisfied. ’

Substitution of Eq. (12.76a) into Eq. (12.81) yields

2 _
IHp(w)lopt =Gk |Ho ()]

12.5 Optimum Preemphasis-Deemphasis Systems 569
2 _ G 5@/ @)

[Hg(@}gp = Ie |Ho ()] (12.82b)
The constant K is found by substituting Eq. (12.82a) into Eq. (12.77a) as
St
K= = 12.82
G [ V5@ S @)/ | H @)l df (252
Substitution of this value of K into Eqgs. (12.82a, b) yields
874/ 83 (@)/ Sm (@)
H (o), = = 12.83
Hlp (lep [He(@)] [oo [/ Sm(@) Su(@)/|Ho (@) [1df ( Y
G? [2 [/ Sn(@)Sa(@)/ | He(@)]1d.
in(w)lip[ _ Soot (@) Sn()/|He()[1df (12.83b)

St|He (@) +/Sn(@)/ Sm(@)

The output SNR under optimum conditions is given by Eq. (12.79) with its denominator
replaced with the right-hand side of Eq. (12.80). Now substituting | H, (w) Hy ()| = G/|H,(w)|
yields

S, St [, Sm(w) df
(—) =— > (12.83¢)
NoJopt (70 [v/Sn(@)S: (@)/|Ho(0)|1df)

Equations (12.83a) and (12.83b) give the magnitudes of the optimum filters H,(w) and H,(w).
The phase functions must be chosen to satisfy the condition of distortionless transmission [Eq.
(12.76b)].

Observe that the preemphasis filter in Eq. (12.82a) boosts frequency components where
the signal is weak and suppresses frequency components where the signal is strong. The
deemphasis filter in Eq. (12.82b) does exactly the opposite. Thus, the signal is unchanged but
the noise is reduced.

V52 (@)/Sm(@) (12.822)

ExampLE 12.11

Consider the case with o = 14007,

C
Sm@) = | ooz @1 =80007 (12.842)
0 |lo| > 8000
The channel noise is white with PSD
N
Sp(@) = > (12.84b)

The channel is assumed to be ideal [H.(w) = 1 and G = 1] over the band of interest (0 to
4000 Hz).

Without preemphasis-deemphasis, we have

1 (80007
So = — / Sm(w)dw
27 J 8000

1 8000 o
. f L
7 Jo @? + o

=10"*C

o = 14007
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Also, because G = 1, the transmitted power St = S,, ‘ Il'__— o ‘“_—‘;
= S; =10"* i '
S, =8§r =107*C V n0) o | =' Tdeal
and the noise power without preemphasis-deemphasis is 1 (@) H (w) Hy(w) low-pass —>—(t) )
| | filter | ™ )
N, = NB = 4000N » i . N i
Therefore, ) V2 cos w,t V2 cos w,t
So —8 _C_ 12
]—\7; =25x10 N ( -85) Figure 12,19 Optimum PDE in an amplitude-modulated system.
; itting and receiving filters are given by [Egs. (12.83a and b)] ,
The optimum transmitting and receiving — i and optimization was performed under the constraint of a fixed transmitted power (because
2 10*vVw? + a2 _ 1286V’ +a lo| <8000 (12.86a) bandwidth remained fixed, it was of no concern). In FM, on the other hand, the transmitted
|Hp(@)” = I (1 / m) af 104 power is always fixed (A2/2), but the transmission bandwidth is modified by the preemphasis
e 5 filter. But optimization must be performed under the constraint of a fixed transmission band-
. ) idth. Which bandwidth should be used? The conventional (2A f) or the mean square? A look
, 104 [® (1//@? + a2) df 10 Wi
|Ha()|? = o ( /J—) = 0.778 X 2 lw| < 80007 (12.86b) at Eq. (12.36) shows that the SNR in terms of conventional bandwidth involves the constant
4 Vol +a? vol+a 7mp. When m(7) is passed through H,(w), m, will change, and no simple relationship exists
. .. between m(r), H,(w), and the new m,,. The problem is mathematically intractable. No such
. . . d from Eq. (12.83 4 4 :
The output SNR using optimum preemphasis and deemphasis in found from Eq. (12.83c) difficulty appears when we use Eq. (12.47), which uses the mean square bandwidth. Hence,
as (10-4C)2 ; we shall optimize the ratio S,/N, with the constraint of a fixed mean square bandwidth of
( i ) = 7 . transmission. Fortunately, this constraint turns out to be similar to that used in the baseband
\NoJopt  (nC /2) [ ot [1 /AT 2+ (14007r)2] af ] : system. This can be seen from Eq. (12.44):
—_— 1 —_—
7 _ 275
=33x 10—8% azsn Bru =gk m
Comparison of Eq. (12.85) with Eq. (12.87) shows that preemphasis-deemphasis has Thus to maintain @ fixed, m2, the power of the modulating signal, must be the same with :
. (;re};se d the outplit SNR by a factor of 1.32. ; or without preemphasis. This is exactly the constraint of the baseband system [Eq. (12.77a)]. i
m ’ : If the input to the system in the dotted box (Fig. 12.20a) is x(¢), its output is kex(t) plus the !
’ . . Svst L parabolic noise n'(¢) with the PSD in Eq. (12.33). Hence, the system in Fig. 12.20b is the 1
Optimum PreemphaSIS-Deempha§l§ in AM Sys ‘;mz the PDE should be carried : equivalent of the system in Fig. 12.20a. Our problem is the optimization of the output SNR
Because the channel noise in a DSB system is in the band w27 B, the 1 dasshown with the constraint that the output of H,(w) has a given mean square value. This problem is
out in this band. This means PDE filters H,, (@) and Hy () are bandpass. filters located as s T g
in Fig. 12.19. The optimization is localized to the subsystem shown in the dashed box. This
subsystem is identical to that in Fig. 12.18. Hence, H,(w) and Hy(w) can be Ol.’tall_l"—d ﬁo“gl . n(z) L k() + n'(e)
Egs. (12.83a, b). However, because the signal PSD at the input of the subsystetm in Fig. 1?331 a(t) )
is 1[Sn(@ + ©c) + Sn(@ — 0)], we should use this PSD in place of Su(w) in Eqs. (12.83% i Hy(@) ot P demege Hw)—>—
b) *The same argument applies to SSB and VSB systems. In these cases, Hp(w) and Hd(“]’; i -1 (modulator ilter demodulator
can be computed from Eqs. (12.83a, b) by replacing Sm(w) with the appropriate SSB or VSB - . e —
PSD. | @
: ol 5 n’(r)
. i is i Modulation
Optimum Preemphasis-Deemphasis in Angle ' : Jation p
We shall consider the case of PDE in the baseband, that is, prf:emphams before%dmold‘tlhit s m(_.;)_ H,(w) 0 H(w) = k; — Halw) f————
and deemphasis after demodulation (Fig. 12.20a). The channel is assumed to be ideal, kem(r) + ny(r)

H.(w)=1. o
¢ )The problem here is very different from the baseband commumcatlor.l case.dlthlt;f
baseband case, the preemphasis filter changes the transmitted power but not its bandwidth, -

(b)

Figure 12.20  (a) Optimum PDE in FM system. (b) Equivalent of system in part (a).
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572 BEHAVIOR OF ANALOG SYSTEMS IN THE PRESENCE OF NOISE Problems 573
identical to the optimization of the baseband S}item with G = H.(w) = k. Hence, from Hy() = ( jo+ oz) rect ( o )
Eqs. (12.83) with Sy(w) = Nw?/A® and St = m?, we have » o 2o
2w (12.885) The receiver output SNR is required to be at least 35 dB. Determine the minimum required
2 ®.1.1:) . . . .
| Hyp ()5 = value of 8 and the corresponding transmitted power Sy and the power S; received at the receiver
F o N Sm(@) f fooo v @S (@) df input.
o [
: ———f_w (12.88b) - 12.2-1 For a DSB-SC system with a channel noise PSD of S,(w) = 107!% and a baseband signal of
[Ha(@)op = 2w bandwidth 4 kHz, the receiver output SNR is required to be at least 30 dB. The receiver is as
22 B shown in Fig. 12.3.
(4—‘;75\7) m? / Sm(w) df (a) What must be the signal power S; received at the receiver input?
(&) = = g 7 (12j88°) (b) What is the receiver output noise power N,?
N, opt 2 [ f f\/m df ] (¢) What is the minimum transmitted power Sy if the channel transfer function is H,(w) = 10~
0 over the transmission band?
Because y = A2/2NB, 12.2-2 Repeat Prob. 12.2-1 for SSB-SC.
373 3‘3'2 12.2-3 Determine the output SNR of each of the two quadrature multiplexed channels and compare
( S ) _ B°m . (_BIZM y (12.884) the results with those of DSB-SC and SSB-SC.
N, 8 ’
o7 opt 6 [ / FV/ Sm(w) df ] 12.2-4 Assume [m(t)]max = —[0(0) lmin = 7,
0
- . . (a) Show that for AM,
Comparison of Eq. (12.88d) with Eq. (12.47) shows that PDE in FM 1rr.1pr0ves the SNR I?y the
factor inside the brackets on the right-hand side of Eq. (12.88d). Optimum preemphasis and my = A
deemphasis is not used in commercial FM broadcasting for historical anFl practical reasons. (b) Show that the output SNR for AM [Eq. (12.14)] can be expressed as
The relatively simple suboptimum scheme, discussed in Sec. 5.5, is used instead. -~ S, _ 2
. N, etz
where k* = m? /o,
REFEREN CES ) (¢) Using the result in part (b), show that for tone modulation with u = 1, S,/N, = y/3.
.. P.F. Panter, Modula tioﬁ Noise, and Spe ctral Analysis, McGraw-Hill, New York, 1965. (d) Show Fhat if. Sr and §7 are the AM and DSB-SC transmitted powers, respectively, required
2' N Ab:lms;n “Ban dwid;h and Spectra of Phase- and Frequency-Modulated Waves,” IEEE Trans. to attain a given output SNR, then
o n. Syst., vol. CS-11, pp. 407414, Dec. 1963. Sr~K2S, forp=1 and > 1.
3.8 OC (;glcr:u“Ma{hematical Analysis of Random Noise,” Bell Syst. Tech. J., vol. 23, pp. 282-332, ' T
. S. J;ﬂy 19,44. vol. 24, pp. 46-156, Jan. 1945. » . 12.2-5 A gaussian baseband random process m(¢) is transmitted by AM.
4. A.7.Viterbi, Principles of Coherent Communication, McGraw-Hill, New York, 1966. (a) Show that for 3¢ loading (that is, m, = 30°), the output SNR is y /10 when p = 1.

Van Nostrand, Princeton, NJ, 1965.

j Noise in Communication Systems,
S R B Quantization in Speech, PCM, and

i “Mini Error
6. M. D. Paez and T. H. Glissom, “Minimum Mean Square !
DPCM Systems,” IEEE Trans. Commun. Technol., vol. COM-20, pp. 225-230, April 1972

~ 10~3 over the signal band. The message signal PSD

12.1-1 A certain telephone channel has H.(w) yirgios

i i = hannel noise PSD is Sy(@) =
is Sp(w) = Brect (w/20), with o = 80007 . The ¢ : n(e t
out;ut'SNR at the receiver is required to be at least 30 dB, v'vhat is the minimum transmi
power required? Calculate the value of B corresponding to this power.

— 80007 is transmitted over 2

12.1-2 A signal m(¢) with PSD Sm(w) = Brect(w/20) and o T e moise oD

i i = 1073/(jo + ).
telephone channel with transfer function H.(w) = 10 ] /(jo )
is Sp(a)) — 10~1°. To compensate for the channel distortion, the recerver filter tran:

- n

is chosen to be

tted

sfer function

(b) Show that for 30 loading and 1 = 0.5, the output SNR =~ y/36.

12.2-6 In many communication systems, the transmitted signal is limited by peak power rather than
by average power. Under such a limitation, AM fares much worse than DSB-SC or SSB-SC.
Show that for tone modulation for a fixed peak power transmitted, the output SNR of AM is 6
dB below that of DSB-SC and 9 dB below that of SSB-SC.

12.2-7 Determine yumesy in AM with u = 1ifthe onset of the threshold is when E,, > A with probability
0.01, where E, is the noise envelope. Assume the modulating signal m(¢) to be gaussian and
use 40 loading.

12.3-1 Foran FM communication system with 8 = 2 and white channel noise with PSD S, (») = 10719,
the output SNR is found to be 28 dB. The baseband signal m(z) is gaussian and band-limited
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that PM is superior to FM if (1 + x2y?) < (1 + x?)/3 when they are compared for a given

L — 104 Thi
to 15 kHz, and 30 loading is used. The demodulator constant & = 107*. This means that the mean square transmission bandwidth. This example shows that two signal spectra with the same

FM demodulator output is onﬁ(t) .when the input is A cos [“fct + z/fl o1 Ir;;h;a. p;e;ent case, the kS mean square bandwidth can have different conventional bandwidths. Hint: In this case Sy (@)
signal at the demodulator output is ak;m(f). The output noise 1s also multiphied by c-. : is discrete. Normalize it, and then take the second moment about the origin. Show that

(a) Determine the received signal power S;. ; = af2+df?

(b) Determine the output signal power S,. : ‘ m = —a% )

(¢) Determine the output noise power No. ‘ o |
12.3-9 In a certain FM system used in space communication, the output SNR is found to be 23.4 dB

12.3-2 For the modulating signal m(z) shown in Fig. P12.3-2, show that PM is supetior to FM by : with B = 2. The modulating signal m(z) is gaussian with a bandwidth of 10 kHz, and 30
a factor 372/4 from the SNR point of view. Hint: Assume the bandwidth of m(z) to be the 3 loading is used. The system with B = 2 is in the nonthreshold region of operation. The output
frequency of its third harmonic. SNR is required to be at least 40 dB. Because power is at premium in space communication, it is

decided to increase the output SNR by increasing B (i.e., increasing the transmission bandwidth)
T m(?) : as much as is possible.
B ‘ (a) What are the maximum value of 8 and the corresponding transmission bandwidth that can
/\ /\ . , be used without running into the threshold? What is the corresponding output SNR? Hint:
/ : * ! f— v Use Egs. (12.51) and (12.37) to determine the minimum usable y.
-B (b) What must be the minimum increase in the transmitted power required to attain an output

SNR of 40 dB? What are the corresponding value of 8 and the transmission bandwidth?

Figure P12.3-2 12.3-10 Show that

12.3-3 For a modulating signal m(f) = cos® w,t, show that PM is superior to FM by a factor of 2.25 (a) For tone modulation, the dividing line between narrow-band and wide-band modulation is
from the SNR point of view. Hing: Determine m), by setting m() =0. - : B =047.

12.3-4 For m(f) = ‘a; coswit + ay ook wyt, show that PM is superior to FM from the SNR point of : (b) For a gaussian modulating signal with 3o loading, the dividing line is at § = 0.55.
view when (1 4+ xy)* < (1 +x)?/3, where x = a1/a; and y = w; Jw,. Hint: Use Eq. (12.39). - -~ (c) For 40 loading it is at 8 = 0.56.

12.3-11 For FM stereophonic broadcasting (Fig. 5.19), show-that the (L — R) channel is about 22 dB

3~ that B2 in Eq. (12.42a) can also be expressed directly in the time domain as ( . :
1235 Showthat By InEa. ) ? noisier than the L + R channel. Hint: L + R is the baseband signal. It is preemphasized to ) i

B2 — M f obtain (L + R) . The signal (L — R) is preemphasized to obtain (L — R)’, which is used to obtain
m ffzo m2(z) dt (L — R) cosw,t. The sum (L + R) + (L — R) cos w.t now frequency-modulates a carrier.
. ) " At the receiver, after frequency demodulation, (L + R)’ and (L — R)' cosw,t are separated.
12.3-6 Show that when the modulating signal m(r) has a Butterworth PSD, that is, y (L — R)' is deemphasized. (L + R)’ cos w.t is multiplied by 2 cos w,f to obtain (L — R)', which
Su@) = — /12 o . is then deemphasized.
+ (w/27 f,

124-1 In M-ary PCM, pulses can take M distinct amplitudes (in contrast to two for binary PCM).
Show that the signal-to-quantization-noise ratio for M-ary PCM is 3

then the mean square bandwidth Bl:zu is gi ven by
Bm2 = f2 'S.l /20 k=2 . So = 3M*" m’ ;
¢ sin (3JT /2k) i No m2 1

i4

B2 — 1¢2 .
andask — o0, By = 3/, 12.4-2 ATV signal band-limited to 4.5 MHz is to be transmitted by binary PCM. The receiver output

signal-to-quantization-noise ratio is required to be at least 55 dB.

12.3-7 A modulating signal PSD is given by :
@ 2202 (a) If all brightness levels are assumed to be equally likely, that is, amplitudes of m(z) are
Sm(@) = Fe . uniformly distributed in the range (—m,, m,), find the minimum number of quantization

: levels L required. Select the nearest value of L to satisfy L =2".

The effective bandwidth B of m(¢) is that bandwidth which contains x percent of the total power -
of m(z). Determine which of the angle modulations is superior if: (a) x = 9% (b) X = 95; (© r
x = 90.

(b) For this value of L, compute the receiver output SNR and the transmission bandwidth,
assuming the nonthreshold region of operation.

(c) If the output SNR is required to be increased be 6 dB (four times), what are the new value

12.3-8 In Prob. 12.3-4, FM and PM were compared for a given transmission bandwidth. If we compare of L and the corresponding transmission bandwidth?

them for a given mean square transmission bandwidth, we get a slightly different result. Show :
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ing si imi i led at a rate of 8000 samples per secopg
12.4-3 A modulating signal m(¢) band-limited to 4 kHz is samp! 8 d,
The samples are quantized into 256 levels, binary coded, and transm;tteq over a channe] With
S.(w) = 6.25 x 107", Each received pulse has energy E, = 2 x 1075, Given thatm,, = ] and
m? = 1/9, o
(a) Find the output SNR assuming polar signal, and the error probability given in Eq. (12.62),
(b) If the transmitted power is reduced by 10 dB, find the new SNR.

(c) At the reduced power level in part (b), is it possible to increase the output SNR by changing
the value of L? Determine the maximum output SNR achievable and the corresponding

value of L.

12.4-4 Ina PCM channel using k identical regenerative links, we have s.h.own that @e error prqbability
Pz of the overall channel is k P., where P, is the error probability of an individual link (see
Example 10.7). This shows that P, is cumulative.

(a) Show that if k — 1 links are identical with error probability P, and the remaining one link
has an error probability P,, then
Pg=(k—1P.+P
(b) For a certain chain of repeaters with k = 100 (100 repeaters), it is found that y over each

of the 99 links is 25 dB, and over the remaining link y is 23 dB. Calculate P, and P/ using

Eq. (12.62) (with n = 8). Now compute Pr and show that Pg is primarily determined by
the single weakest link in the chain.

12.4-5 For companded PCM with n = 8, u = 255, and amplitude m uniformly distributed in the
range (—A, A) (A <my,), show that
S, ‘ 6394(c2/m2)
Ny~ (02/m2) + 0.0068(cm/m,) + 1.53 x 105

I

Note that m, is a constant of the system, not of the signal. The peak signal A can vary form
talker to talker, whereas m, is fixed for a given system.

12.5-1 A message signal m(t) with
o
Sm(w) =

w? + a?

2
(a = 30007)

. . — _3 N
DSB-SC modulates a carrier of 100 kHz. Assume an ideal channel with H, (@) = 10~ and

the channel noise PSD S, (w) = 2 x 107°. The transmitted power is required to be 1 kW, and
G =102

(a) Determine transfer functions of optimum preemphasis and deemphasis filters.

(b) Determine the output signal power, the noise power, and the output SNR.

(e) Determine y at the demodulator input.

12.5-2 Repeat Prob. 12.5-1 for the SSB (USB) case.

12.5-3 It was shown in the text that when the baseband m(¢) is band-limited with a uniform PSD,

PM and FM have identical performance from the SNR point of view. For such m(t), show that :

optimum PDE filters in angle modulation can improve the output SNR by a factor of 4/3 (of
1.3 dB) only. Find the optimum PDE filter transfer functions.

1

BEHAVIOR OF DIGITAL
COMMUNICATION
SYSTEMS IN THE
PRESENCE OF NOISE

hence, the suitable performance criterion is the output signal-to-noise ratio. The choice of

this criterion stems from the fact that the signal-to-noise ratio is related to the ability of
the listener to interpret a message. In digital communication systems, the transmitter input is
chosen from a finite set of possible symbols, or messages. The objective at the receiver is not
to reproduce the waveform with fidelity, because the possible waveforms are already known
exactly. Our goal is to decide, from the noisy received signal, which of the waveforms has
been transmitted. Logically, the appropriate figure of merit in a digital communication system
is the probability of error in making such a decision at the receiver.

In analog systems, the chief objective is the fidelity of reproduction of waveforms, and,

13.1 OPTIMUM THRESHOLD DETECTION

In the threshold detection method discussed in Example 10.13, the received pulse is sampled
atits peak amplitude A,. Because of channel noise, the sampled value is not A, but A, + n.
The decision is made from the value A, +n! Tt was shown in Example 10.13 that for the polar
binary case the error probability P, is

Pe = Q(p) (13.1)
where
p= L (13.2a)
oy

o2 being the variance of the received noise. To minimize P,, we need to maximize p because
Q(p) decreases monotonically with o. Note that A p is the signal amplitude and o, is the rms
noise so that p is the signal amplitude to rms noise ratio,

Let the received pulse p(z) be time limited to 7, (Fig. 13.1). Note that here we use
a general symbol T, rather than 7}, because the pulse may not be binary. We shall keep the
discussion as general as possible at this point. There is a possibility of increasing p = Ay /oy

577
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by passing the received pulse through a filter that enhances the pulse amplitude at some instang

13.1 Optimum Threshold Detection 579

£, and simultaneously reduces the noise power o2 (Fig. 13.1). We thus seek a filter with 5 o+ H(w) | TPl tn0 Ko Tt | Tieshold Decision
transfer function H (o) that maximizes p, where h() device
) 2
2 _ D5 (tn) (13'21.)) @)
o2 .
Because pl1) + n(1) poft) + nyr)
po(t) = FP(@)H(@)]
o .
= i/ P(w)H (@)e'” do
27 o
t—>
we have | e . (b)
Poltn) = 7 / P(w)H(w)e’*™ do (133
27 J-oo Figure 13.1  Scheme to minimize the error probability in threshold detection.
Also,
N 1 [ 2 .
R =0 =5 [_S@H@Pdo a3
e Note that p (—f) <= P(—w) and e~/ represents the time delay of #,, seconds. Hence,
Hence, :
00 . JOtm 2 — % —
- [/2o H@)P(w)e dw} (135) h(t) =k'p(t, — 1) (13.7¢)

T 21 [2 Su(w)H ()P do

In the Schwarz inequality (Appeﬁdix B), if we identify X(0) = H(w)+/Sx(w) and

The signal p(t, — t) is the signal p (—t) delayed by #,,. Three cases, t,, < T,, t, = T,, and
tm > T, are shown in Fig. 13.2. The first case, #,, < T, yields a noncausal impulse response,

Y (@) = P(w)e!®™ //Sa(@), then it follows from Eq. (13.5) that c which is unrealizable.” Although the other two cases yield physically realizable filters, the last
L[> |P@)? . case, t,, > T, delays the decision-making instant #,, an unnecessary length of time. The case
< o f S dw (13.62) tm = T, gives the minimum delay for decision making using a realizable filter. In our future

T 2n J_ oo i@

with equality only if

P(@)e/'" ] _ kP(-w)e”

H(w)+/ Sn(@) =k|: m m

discussion, we shall assume #,, = 7,,, unless otherwise mentioned.

Observe that both p(¢) and A(#) have a width of T, seconds. Hence p,(¢), which is a
convolution of p(¢) and A(¢), has a width of 27, seconds, with its peak occurring at ¢ = T,,.
Also, because P,(w) = P(w)H (w) = K'|P(w)]?e™ 7T, p,(t) is symmetrical about 1 = 7,
(Fig. 13.1).7

Hence ; The arbitrary constant &’ in Eq. (13.7) multiplies both the signal and the noise by the same
& P(—w)e™7¥n : (13.6b) : factor and does not affect the ratio p. Hence, the error probability, or the system performance,
H(w) = Sn(®) ; is independent of the value of &’. For convenience, we choose &’ = 1. This gives
where k is an arbitrary constant. “h(t) =p(T,—1) (13.82)
For white channel noise Sa(w) = N/2, and Egs. (13.6) become 7
1 ® 2E, 7 and
P2 = — [P(@)Pdo="2 (13.72) ‘
™ T AN S N H(w) = P(—w)e %% (13.8b)
where E,, is the energy of p(#), and [ * The filter unrealizability can be readily understood intuitively when the decision-making instant is #,, < 7. In this
H(w) K P(—w)e” jotn (13_7b) . case, we are forced to make a decision even before the complete pulse is fed to the filter (#, < T,). This calls for a
w) = — : :

where k' = 2k/2Nis an arbitrary constant. o
The unit impulse response k(z) of the optimum filter is given by

h(t) = F 'K P(—w)e 7]

prophetic filter, which can respond to inputs even before they are applied. As we know, only unrealizable (noncausal)
filters can do this job.

+ This follows from the fact that because | P(w)|? is an even function of @, its inverse transform is symmetrical about
t = 0 (see Prob. 3.1-1). The output from the previous input pulse terminates and has a zero value at ¢ = 7. Similarly,
the output from the following pulse starts and has a zero value at ¢ = 7,. Hence, at the decision-making instant 7,,
no intersymbol interference occurs.
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N ' . . 't 3 For
* 1t is important to remember that the optimum filter is the matched filter only when the channel noise is white. ;

Figure 13.2  Optimum choice for sampling
p(t) instant.

p(—1)

plt,1)

Pty

plt,—1)

The optimum filter in Eqgs. (13.8) is known as the matched ﬁl.te.r.* At th.e 01.1tput of this filter,
the signal to rms noise amplitude ratio is maximum at the dec1§1qn-makmg instant ¢ = 1.
The matched filter is optimum in the sense that it maximizes the signal amplitude to
rms noise ratio at the decision-making instant. Although it is reasonable.to assume that max-
imization of this particular signal to noise ratio will mjnimiz.e ths? detecthn error probability,
we have not proved that threshold detection (sample apd decide) is the optimum method frgm
the detection error point of view. It will be shown in Chapter 1.4 that whe?-; the chanrlxe} noise
is white gaﬁssian, the matched-filter receiver is indeed the oPtlmum recelve.r that .mlmm.lzeg
the detection error probability. The maximum value of this S{gnal to rms noise ra.tm attacling .
by the matched filter is given in Eq. (13.7a). The peak amplitude p,(t,) = A, is found by ’
substituting Eq. (13.8b) (with ¥’ = 1) into Eq. (13.3), .

A, = 2i / |P()|*do = E, (13.92)
T J—co

The noise power o2 is obtained by substituting Eq. (13.8b) (with k¥’ = 1) into Eq. (13.4), ;
2= / T PP do = ——3\; Ep (13.9)

Tdw

a general case, the optimum filter is given in Eq. (13.6b).

13.1 Optimum Threshold Detection 581

Hence,

(13.9¢)

' E
P = Q(pmaxx) = Q <\/ %’) (13.9d)

Equations (13.9) are truly remarkable. They show that at the decision-making instant, the
signal amplitude, and the rms noise amplitude depend on the waveform p(?) only through its
energy Ep. As far as the system performance is concerned, when the matched-filter receiver
is used, all the waveforms used for p(1) are equivalent as long as they have the same energy.

The matched filter may also be realized by the alternative arrangement shown in Fig. 13.3.
If the input to the matched filter is 1(2), then the output y(z) is given by

and

y@) = /‘°° r(x)h(t — x)dx

where h(t) = p (T, — ¢) and
ht —x)=pIL, -t -)]=pE+T,—1)
Hence,

y@) = /oo @) px+T,—t)dx (13.10a)

o0

At the decision—making instant ¢ = T,, we have
57 = [t pyax (13.10b)
—c0
Because the input r(x) is assumed to start at x = Oand p(x) =0forx > T,
y(To) = /0 ’ r(x) p (x)dx (13.10¢)

We can implement Egs. (13.10) as shown in Fig. 13.3. This type of arrangement is known as
the correlation receiver and is equivalent to the matched-filter receiver.

The right-hand side of Eq. (13.10a)is Yrp (T —1), where ¥,p(7) is the crosscorrelation of
the received pulse with p(). Recall that correlation basically measures the similarity of signals
(see Sec. 2.6). Thus, the optimum detector measures the similarity of the received signal with
the pulse p(r). Based on this similarity measure, it decides whether p(?) was transmitted or not.

p(1)

=T,
1(1) = £p(r) + n(r) y(2) YTo) { Threshold | Decision
"% o 7<° 5 esho
() device

Figure 13.3  Correlation detector.
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582  BEHAVIOR OF DIGITAL COMMUNICATION SYSTEMS IN THE PRESENCE OF NOISE : - 13.2 General Analysis: Optimum Binary Receiver 583
Thus far we have discussed polar signaling where only one basic pulse p() is useq. .
Generally, in binary communication, we use two distinct pulses p(t) and g (t) to represent the i Prim(r]0) = e =9 )P /207
two symbols. The optimum receiver for such a case will now be discussed. B Onv 21
’ Pem(r]1) = 1 e~ TP (Ty)P/202
13.2 GENERAL ANALYSIS: OPTIMUM BINARY RECEIVER onv/ 21
The two PDFs are shown in Fig. 13.4b. If a, is the optimum threshold of detection, then the
In a binary scheme where symbols are transmitted every Tj seconds, let p(¢) and g (¢) be the . decisionism = 0ifr < g,andm = 1ifr > a,. The conditional error probability P (e | m = 0)
two pulses used to transmit 1 and 0. The optimum receiver structure considered here is.showp is the probability of making a wrong decision when m = 0. This is simply the area A, u;der
in Fig. 13.4a. The incoming pulse is transmitted through a filter H (w), and the output r(¢) is Prim(7]0) from a, to co. Similarly, P(ejm = 1) is the area A; under I 0
sampled at 7. The decision as to whether 0 or 1 was present at the input depends on whether ; (Fig. 13.4b), and ' Prm(r|D) from —co to a,
1(Tp) < or > a,, where q, is the optimum threshold. : ’
Let p,(t) and g,(z) be the response of H (w) to inputs p(¢) and g (), respectively. From P = Pelm)P(m) = 1
Eq. (13.3) it follows that : ¢ Z €lm)Pm;) = 3(4o + A
© j . . .
po(Ty) = ZL / P(0)H(®)e!*T dw 13113y assuming ngo) = .Pm(l) = 0.5. From Fig. 13.4b it can be seen that the sum A + A, of the
T Jco shaded areas is minimized by choosing g, at the intersection of the two PDFs. Thus,
1 [ ;
T,) = — H(w)e!" d 13. : Po(Tp) + q,(Tp)
at) =5- [ 0@H@E ™ do @iy = 22T+ 4 .10
and o2, the variance, or power, of the noise at the filter output, is and the corresponding P, is
1 [ i
o= / Sa@)| H@)P do (13.11¢) P, = P(el0) = P(e|1)
-0
- 1 oo N
If n is the noise output at T, then the sampler output (7)) = ¢,(Tp) + n or po(Tp) + n, E = Jom / e =4I /20 dr
depending on whether m = 0 or m = 1, is received. Hence, r is a gaussian RV of variance 52 » FaV T Jao
and mean g, (73) or p,(Ty), depending on whether m = 0 or 1. Thus, the conditional PDFs of 0 o — go(Tp)
the sampled output r(7}) are : On
_ _ | 2oTs) — go(T3)
=T, =0T (13.12b)
Threshold ; On
H(w) 0 . :
() @y | 9evice | pecision: m=0 if r(Tp)<a, i P B
m=1 if 1(Tp)>a, - - 2 (13.12¢)
@ . where we define
DPrim ﬁ _ pO(Tb) - QO(Tb)
PO pir D = o (13.13)

Substituting Egs. (13.11) into Eq. (13.13), we get
g _ UIP@ - 0@IH@el" do]?
27 [% So(@)|H(w)]? do
This equation is of the same form as Eq. (13.5) with P(w) replaced by P(w) — Q(w). Hence,

o oL /°° IP@) — Q@)
2w ~00 Sa(w)

|
|
|
|
]
|
|
1

| S % —
90(T) Po(Tp)
(b)

dw (13.14a)

Figure 13.4  Optimum binary threshold detection. and the optimum filter H (o) is given by
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[P(~0) — Q(-w)le

Hw) =k ) (13.14p)
where k is an arbitrary constant. o .
For white noise S, (w) = NN/2, and the optimum filter H (w) is given by
H() = [P(-0) — Q(-o)]e (13.15a)
and
M) =p(Tp—t) —q(Tp — 1) (13.15b)
This is a filter matched to the pulse p(¢) — g(#). The corresponding 8 is [Eq. (13.14a)]
1 0
B = o [ 1@~ 0@ de (13160
2 (% 2
-5 [ 10 -awrar (13,165
_Ey+E, 2By i
N/2
where E, and E, are the energies of p(¢) and g (), respectively, and )
Eu= [ p0ara (13.17)
0

So far, we have been using the notation P, to denote error probability. In thfe binary case,
this error probability is the bit error probability or bit error rate (BER), and will be denoted
by P, (rather than P,). Thus, from Egs. (13.12¢) and (13.16¢),

P =0 (%ﬂ) (13.189)
_0 < Ep+ B, —2Ep 2qu> (13.18b)
- 2N

The optimum threshold a, is obtained by substituting Egs. (13.11a, b) and (13.15a) into
Eq. (13.12a) and recognizing that (see Prob. 3.7-3)

%/_:P(m)Q(—a))da)z 51;f_mP(—w)Q(m)dm: Epg

This gives
a, = \E, — E;) (13.19)
In deriving the optimum binary receiver, we assumed a certain receiver structure (the threshold-

detection receiver in Fig. 13.4). It is not clear yet whether there exist.s another structureftha;
may have better performance than that in Fig. 13.4. It will be shown in Chapter 14 that for

gaussian noise, the receiver derived here is the absolute optimum. Equation (13.18b) gives ?b

* Because k in Eq. (13.14b) is arbitrary, we choose k = JN/2 for convenience.

13.2 General Analysis: Optimum Binary Receiver 585

for the optimum receiver when the channel noise is white. For the case of nonwhite noise, P,
is obtained by substituting Bmax from Eq. (13.14a) into Eq. (13.18a).

13.2.1 Equivalent Optimum Binary Receivers

For the optimum receiver in Fig. 13.4a,
H(@) = P(~w)e 7l — g(—w)e~ /ol

This filter can be realized as a parallel combination of two filters matched to p(t) and (),
respectively, as shown in Fig. 13.5a. Yet another equivalent form is shown in Fig. 13.5b.
Because the threshold is (E, — E)/2, we subtract Ep/2 and E, /2, respectively, from the
two matched filter outputs. This is equivalent to shifting the threshold to 0. In the case where

E, = E,, weneed not subtract E »/2and E, /2 from the two outputs, and the receiver simplifies
to that shown in Fig. 13.5¢.

P(Tp~ 1)
+ 1= Tb
S 10 Threshold
- r(Ty) | device Decision: p() if ©(Ty) <a,
9Ty~ @ ar) i KTy >a,
t=Ty Ep ;
o £l |
N y |
p(Tp-1) !
{
|
Comparator I?
__Ei Decision: select larger i
_ 2 |
\ 1
9Ty - 1) [
|
(b) ‘ ]4
AN = Tb ‘J
N ;
p(Ty—1) o No—
Comparator
Decision: select larger

q(Tp~1) 5)—-0\\0—.%_

Figure 13.5  Realization of the optimum binary threshold detector.
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Polar Signaling
In this case g () = —p(¢). Hence,

[
E,=E;, and Ep= —f p*(®)dt = —E,

(o]

Substituting these results into Eq. (13.18b) yields

rof{%)

k(1) =2p(Ty — 1)

(13.20a)

Also from Eq. (13.15b),

Recall that the multiplication of (¢) by any constant multiplies both the signal and the noise
by the same factor, and hence does not affect the system performance. For convenience, we
shall multiply #(¢) by 0.5 to obtain

() = p(Ty — 1) (13.20b)

From Egq. (13.19), the threshold a,, is
a,=0 - (13.20c)

Therefore, for the polar case, the receiver in Fig. 13.5a reduces to that shown in Fig. 13.6a

with threshold 0. This filter is equivalent to that in Fig. 13.3.
The error probability can be expressed in terms of a more basic parameter Ej, the energy

per bit:
E, = Energy per bit

In the polar case assuming 1 and ¢ are equally likely, the bit energy Ej, is the mean of E,, and
E,. Hence,

(13.21a)

and from Eq. (13.20a),

(13.21b)

r-o5)

The parameter Ej,/ N is the normalized energy per bit, which will be seen in future discussions
as a fundamental parameter serving as a figure of merit in digital communication.” Because
the signal power is equal to Ej times the bit rate, a given Ej is the same as a given signal: -
power (for a given bit rate). Hence, when we compare a system for a given value of Ep, W€
are comparing it for a given signal power. Using an asymptotic approximation [Eq. (10.36a)]

for Q(/2E;/N), we obtain

* If the transmission rate is R, pulses per second, the signal power S; is S; = E, Ry, and Ep/N:= §; JNRp. Observe::
that S; /INR, is similar to the parameter y (signal-to-noise ratio S;/NB) used in analog systems. o
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1
ZW/HEb/N

Fig;ret 13t.§b s?ows the plot of P, as a function of Ep/N (in decibels). Equation (13.21b)
Indicates that, for optimum threshold detection, the system perfo '
the pulse shape, but on the pulse energy. ¢ perormance does not depend on

—Ep /N

~

¢ Ey/ N> 1 (13.21¢)

On-Off Signaling
In this case, ¢(z) = 0, and Fig. 13.5a reduces to Fig. 13.6a (the same as that for the polar

case) except that the threshold, as seen from Eq. (13.19), is E
B (9 ot (o y q. ( ), is E,/2. Because q(t) = 0, From

Eq = 0’ qu = 0, and Pb = Q < &)

2NV
Also
Ey =t B _Ep
2 2
=T, Figure 13.6  Optimum threshold detector and
fts error probability for polar signaling.
h(®)=p(T,-9 Decision : p(#) if r > 0

1(?) 1(T3) -p@®)ifr<0 |
®
1.0

0.1 \\‘

0.01 \

1073 \
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Therefore,

Py=0 (J%) (13.22a)

~ 1 e—Eb 2N
v 2 Eh / N
A comparison of this with Eq. (13.21b) shows that on-off signaling requires twice as much
energy per bit (3 dB more power) to achieve the same performance (i.e., the same P,) as polar
signaling. :

Ep/N > 1 (13.22v)

Orthogonal Signaling
In orthogonal signaling, p(7) and g (z) are selected to be orthogonal over the interval (0, T;).
This gives

Ty
Epq =/ pt)g)dt =0
0

Two examples of binary orthogonal pulses are shown in Fig. 13.7. From Eq. (13.18),

P=0 ( E—”ﬁ%) (1323
Assuming 1 and 0 to be equiprobable, 4
E, = Ep '; Eq -
and .
P=0 ( \/Eg\bf) | (13.24a)
! BN BN > (13.24b)

= \/27[Eb/N

This shows that the performance of orthogonal signaling is inferior to that of polar signaling
by 3 dB, but it is identical to that of on-off signaling. This is not surprising in view of the fact
that on-off is a special case of orthogonal signaling because E,; = 0.

Bipolar Signaling

Bipolar signaling, although a binary scheme, uses three syrhbols: p(), —p(r), and 0. Hence, °

the preceding results cannot be used directly without some modifications. In this case, we
seek to distinguish between p(#) and 0 or —p(¢) and O so that it is basically similar to the
on-off case. Hence, we can use the receiver in Fig. 13.6a with threshold 4a, = *+E,/ 2
Thus, if [r(T3)] < E,/2, the decision is 0, and if |r(T3)| > E,/2, the decision is 1. This
receiver is a matched filter in Fig. 13.1a. To compute P;, we compute the conditional error

probabilities. When 0 is transmitted by no pulse, the receiver output is just the noise n with -

variance 02 = NE, /2 [see Eq. (13.9b)]. Hence,

P

13.2 General Analysis: Optimum Binary Receiver 589

P() Figure 13.7  Examples of orthogonal sig-

sin nw,t nals.

AN

q()

=

q(t) sin ma,t

()

Ty

Ty/2

(b) @ = =2

P (€]0) = probability ([n[ > %)
_ Ey
-20(32)
_ £,
_ZQ(ZmJ

When 1 is transmitted, the filter outputat 7, is A, +n, where A p = Ep when p(¢) is transmitted
[Eq. (13.92)]. Consequently, A p» = —E, when —p(¢) is transmitted. Thus,

. E,
P(e[1) = probability (n < ~7P) when p(¢) is used, or

. E
probability (n > —P) when — p(t) is used

2
— EP
—QGE)

(/%

Therefore, the average error probability is (assuming 1 and 0 equally likely)

1 E
Py = Z[P(€|0) + P(e]D)] = 1.5 =
b= 5[P(l0) + P(elD)] o ( TN
This shows that P, is 50% higher for bipolar signaling than for on-off signaling. But this
difference can be compensated by a very small increase in E, because the Q function, which
varies exponentially with £ »»is extremely sensitive to variations in E »- For example, to realize
P, =0.286 x 107°, we need (Ep)bipotar = 1.O16(E ) on—oft-
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13.3 CARRIER SYSTEMS: ASK, FSK, PSK, AND DPSK

In digital carrier systems, baseband pulses modulate a high—ﬁequency carrier. We hg.ve bﬁéﬂy

discussed amplitude-shift keying (ASK), frequency-shift keying (FSK), and phase-shift keying
i ter 7.

® K)I;ingfrtaf&S shows the three schemes, using a rectangul.ar pasebgnd pulse. Tllle baseband

pulse may be specifically shaped (e.g., a raised cosine) to eliminate intersymbol interference

and to have a finite bandwidth.

The error probability of the optimum detector depends only on the pulse energy, not
on the pulse shape. Hence, as far as the error probability is concerned, the performance. of 5
modulated scheme will be identical to that of the baseband scheme of the same energy.

The incoming modulated pulses can be demodulated either_ coherem.Iy (synchronou?ly)
or noncoherently (by envelope detection). The former method is the optlmun‘l and requ.lres
much more sophisticated equipment. Naturally, it has a superior performance in comparison
to the latter method.

13.3.1 Coherent Detection

Let the RF pulse p(r) = +/2 p/(z) cos w,t, where p’(¢) is a baseband pulse. "[_‘he RF pulse can
be detected by a filter matched to the RF pulse p(¢) followed by a sampler (Fig. 13.9a). In this

case [Eq. (13.7a)], /

13.3 Carrier Systems: ASK, FSK, PSK, and DPSK 591
t=nT,
= 201 b ..
() =/2p(1) cos .l 1) = p(Ty 1) Threshold | Decision
device
(a)
V2 cos w.t
t=nT,
P =2pt) cos w e

h@®) =p'(Tp- 1)

>0 o> |

(b)

Threshold | Decision
device

Figure 13.9  Coherent detection of digital modulated signals.

We may also detect the RF
by v/2 cos w.t. The product is the baseband
(see Example 11.11 and Sec. 12.2), and this
P'(#). Because p(r) = v/2 p/(¢) cos w,

0

Hence, the two schemes are equivalent.
Let us consider the cases of PSK, AS K, and FSK individually.

Phase-Shift Keying

pulse by first demodulating it coherently by multiplying it

pulse™ p'(¢) plus a baseband noise with PSD N, /2

is applied to a filter matched to the baseband pulse

t, E, = E,, and in this case also

25,
TN

This is a case of polar signaling, and the results derived earlier [Egs. (13.21b, ¢)] apply. The
optimum detector is shown in Fig. 13.9 with threshold 0. From Eg. (13.21b),

222 |
where E,, is the energy of p(z).
Baseband ‘ ® 11—
ASERNALANA i
ALY =
nam
UWUWJLWVUU VWV =
| ©
SCNAMAAAAAR A DARAA A N A

Figure 13.8  Digital modulated waveforms.

VY
@

VVVV —~

n-e({%) (13250
! BN B N1 (13.25b)

C2/RE N

Amplitude-Shift Keying

This is a case of on-off signaling, and Egs. (13.22) apply. Recall that the optimum detector
for on-off signaling is the same as that for polar. Hence, the optimum detector for ASK is the
same as that for PSK with threshold E »/2 (Fig. 13.9). From Egs. (13.22) we have

el

~ 1 e*Eb INY2
2nEp /N
Comparison of Egs. (13.26) with Eqs. (13.25) shows that for the same performance, the pulse

energy in ASK must be twice that in PSK. Hence, ASK requires 3 dB more power than
PSK. Thus, in coherent detection, PSK is always preferable to ASK. For this reason, ASK

(13.26a)

Ep/N > 1 (13.26b)

* There is also a spectrum of p/(¢) centered at 2., which is eventually eliminated by the filter matched to .
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is of no practical importance in coherent detection. But ASK can be us_eful in noncoherent
(envelope) detection. In PSK, the information lies in the phase, and, hence, it cannot be detecteq
noncoherently. o '

The baseband pulses used in carrier systems should be shaped to minimize the ISI. The
bandwidth of the PSK or ASK signal is twice that of the corresponding baseband signal because
of modulation.”

Frequency-Shift Keying
In FSK, binary 0 and 1 are transmitted by RF pulses N2p' () cos [w, - (Aw/2)]t and
V2P () cos [w; + (Aw/2)]t, respectively. Such a waveform may be considered to be two
interleaved ASK waves. Hence, the PSD will consist of two PSDs, centered at Lfe — (Af/2)]
and [£. + (Af/2)]. For a large Af/f,, the PSD will consist of two nonovgrlapping PSDs,
For a small Af/f,, the two spectra merge, and the bandwidth decreases. But in no case is the
bandwidth less than that of ASK or PSK.

The receiver in Fig. 13.5a or b can serve as the optimum receiver. But bgcause the
pulses have equal energy, the simplified form of the optimum receiver in Fig. 13.5¢ is the most
convenient. The filters p (T}, — £) and g (T, — t) are matched to the two RF pulses and can be

replaced by respective synchronous demodulators followed by filters matched to the baseband/

pulse p’(t).
Consider the case:

q(t) =2 A cos (a)c - %)t

) Aw
pt) = V2 A cos (coc — 7) t
To compute P, from Eq. (13.18b), we need Epy,

Ty
Epq Z/ p)q)dt
0

Ty A Aw
=24? cos { w, — £e t cos| w. + ——) tdt
0 2 2

Ty Ty
= A% [ / cos (Aw)t dt + f cos 2wt dt]
0 0

sin 2w, Ty
2(05 Tb

a2 sin (Aw)Ty
=8 T (AT,

In practice w.Tp > 1, and the second term on the right-hand side can be ignored. Therefore,

Epq = ATy sinc (Aw)T;

Figure 13.10a shows sinc (Aw)T} as a function of (Aw)Tp.

To minimize Py, [Eq. (13.18b)], E,, must be minimized. From Fig. 13.10a, the minimum

value of Ep, is —0.217 A*T;, and occurs at (Aw)T, = 1.437 or when
0.715
T,

Af = = 0.715R,

* We can also use QAM (quadrature multiplexing) to double the data rate.

sinc (Aa))TbT
1
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Figure 13.10  FSK and MSK spectra.

1437 NG
0 n 27 ET R .
-0:217 -—————V (AD)T,
(a)

MSK spectrum

Assuming 1 and 0 equiprobable, E, = E, = E, = A2Ty, and Eyy = —0.217A2T,,

1.217 A%T,
N e v
1217E,

When E,,; = 0, wehave the case of orthogonal signaling. From Fig. 13.10a, itis clear that
Ep, = Ofor Af = n/2T,, where n is any integer. Larger A f means wider separation between
signaling frequencies o, — (Aw/2) and w, + (Aw/2), and consequently larger transmission
bandwidth. To minimize the bandwidth, Af should be as small as possible. The minimum
value of Af that can be used for orthogonal signaling is 1/27;,. FSK using this value of Af is

(13.272)

" known as minimum-shift keying (MSK) or fast-frequency-shift keying.

In MSK, abrupt phase changes at the bit-transition instants, characteristic of other FSK
implementations, are avoided. FSK schemes where phase continuity is maintained are known
as continuous-phase FSK (CP-FSK), of which MSK is one example. These schemes have
rapid spectral roll-off and improved efficiency.

To maintain phase continuity in CP-FSK (or MSK), the phase at every bit transition is
made dependent on the past data sequence. Consider, for example, the data sequence 1001. . .
starting at ¢ = 0. The first pulse corresponding to the first bit 1 is cos [w. + (Aw/2)]t over
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the interval 0 to T, seconds. At ¢ = Tp, this pulse ends with a phase [ + (Aw/2)]T;. The 7 Amplitude-Shift Keying
next pulse, corresponding to the second data bit 0, is cos [@, — (Aw/2)]¢. This pulse is given The noncoherent detector for ASK is shown in Fig. 13.11. The filter H (w) is a filter matched to
additional ’phas ¢ [we+(Aw/2)]Tp in order to maintain phase continuity at the transition instan, the RF pulse, ignoring the phase. This means the filter output amplitude A, will not necessarily
We continue this way at each transition. be maximum at the sampling instant. But the envelope will be close to maximum at the sampling
MSK being an orthogonal scheme, its error probability is given by instant (Fig. 13.11). The matched filter output is now detected by an envelope detector. The
7 | envelope is sampled at # = T}, for making the decision.
P,=0 ( —_’Nb’) (13.271) L When a 1 is transmitted, the output of the envelope detector at r = T}, is an envelope of
a sine wave of amplitude A, in a gaussian noise of variance o2, In this case, the envelope r
This performance appears inferior to that of the optimum case in Eq. (13.27a). Closer ex- has a rician density, given by [Eq. (11.64a)]
amination shows that MSK is actually sx.xperior to the sc.)-cal.led optimum casc;.éf MSE were (lm=1) = I 242202 | rAp (13.2842)
coherently detected as ordinary FSK using an observation interval of Tp, M1 ‘Wgu have ] Pr 7 o : .
— O(J/E,/™N). Butrecall that MSK is CP-FSK, where the phase of each pulse 1s dependent .
5; thega(s ¢ dai:i f:;l)u ence. Hence, better performance may be obtained by observing the received ' Also, when A, > oy (small-noise case) from Eq. (11.64c), we have
waveform over a period longer than Tp. It can be shown th?lt if MSK is detected using an ] ¢lm=1) ~ T A2/} (13.28b)
observation interval of 2T, the performance of MSK is identical to that of PSK, that 1§, . Dr =D= a0 .
2Eb ’ 13 2 ] 1 _ A,)2 /202
p,=0,>2 (13.27¢) o gAY/ (13.28¢)
’ ( N ) - oV 2w
MSK also has other useful properties. It bas self-synchronization capabilities and its Observe that for small noise, the PDF of 1 is practically gaussian, with mean A, and variance
bandwidth is only 1.5Rj, as shown in Fig. 13.10b. This is only 50% higher than for duobinary - o2. When 0 is transmitted, the output of the envelope detector is an envelope of a gaussian
signaling. Moreover, the MSK spectrum decays much more rapidly as 1/ f*, in contrast to the noise of variance o2. The envelope in this case has a Rayleigh density, given by [Eq. (11.59)]
PSK (or bipolar) spectrum, which decays only as 1/f 2 [see Bgs. (7.14) and (7.21.)]. Bgcause : : ¢lm=0)= T _2pg?
of these properties, MSK has received a great deal of attention recently. More discussion of prrim=10)= "¢

1.2 e ; n
' Both p;(rjm = 1) and p, (r|m = 0) are shown in Fig. 13.12. Using the argument used earlier
(see Fig. 13.4), the optimum threshold is found to be the point where the two densities intersect.

MSK can be found in the references.

i Hence, the optimum threshold a, i
13.3.2 Noncoherent Detection ence, the optimum threshold a, is
' Lo g-@rapiad 1 (M) = %o a2}
If the phase © in the received RF pulse V2 p'(t) cos (wt + ©) is unknown, we cannot use : o2 o2 P
coherent detection techniques but must rely on noncoherent techniques, suc.h as envelope or
detection. It can be shown®* that when the phase ® of the received pulse is random.and ¢ - e
uniformly distributed over (0, 27), the optimum detector is a filter matched to the RF pulse - ‘ A28 ( sz ) _1
V2 p'(t) cosw.t followed by an envelope detector, a sampler (to sample at z = T,), and a —n
ke the decision (Fig. 13.11).
e " Figure 13.12 Conditional PDFs in noncoher-
prImT ent detection of ASK signals.
pe(rim = 0)
p(0)
Ty 2T} pr(r|m =1
Envelope 7( I' | Thresholdj
Hw) detector device | pecision |
p() Po(1) t=nTp !
a, A, r—s

Figure 13.11 Noncoherént detection of digital modulated signals.
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This equation is satisfied to a close approximation for

Ap 802
ap = —2- 1+ Ag

Because the matched filterisused, A, = E, and o2 = INE, /2 [see Egs. (13.9a,b)]. Moreovey,
for ASK there are, on the average, only Rj/2 pulses per second. Thus, E, = E,/2. Hence,

4\ _2E _ B
on) N TN

/ 2
a,,:E;, 1+m‘

Observe that the optimum threshold is not constant but depends on E,/N. This is a serious
drawback in a fading channel. For a strong signal, E,/N > 1,

and

(13.292)

a, >~ Ep (13.29b)
and
o0
Pelm=0)= / pe(rlm = 0)dr
2
P
= /oo —%' e—rz/Zo',% dr
Ap/2 %1
- e—Ag/sa,%
= o3 E/N (13.30)
Also,

Ap/2

Plem=1) = f pr(rlm = 1) dr

-0

Evaluation of this integral is somewhat cumbersome.’ For a strong signal (thatis, for E5/N >
1), the rician PDF can be approximated by the gaussian PDF [Eq. (11.64c)], and
4p/2

P =1)= ——1—f
: €lm=1)= O'n«/z_ﬂ’_ —00
_ AP)

- <2U'n

E

Py = Pp(0)(elm = 0) + Pn(D)P(elm = 1)

e—(r—Ap)z/za,% dr

Hence,

(1331)

1072

ICoherent ASK
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Assuming Pn(1) = Py (0) = 0.5,

P, = % [e—%Eb/W+ 0 ( %ﬂ (13.32a)
Using the approximation in Eq. (10.36a),
1 1 1
Pyl ———— e BN  E/N>1 13.32b)
b 25 < r—-———anb/N) b/ (
~ L dm (13.32¢)

Note that in an optimum receiver, for E; /N > 1, P(¢lm = 1) is much smaller than

P(elm = 0). For example, at E,/N = 10, P(ejm = 0) =~ 8.7 P(¢jm = 1). Hence,

mistaking 0 for 1 is the type of error that predominates. The timing information in noncoherent

detection is extracted from the envelope of the received signal by methods discussed in Sec. 7.5.
For a coherent detector,

ol

1 e*%Eb/N

T V2mE, /N
This appears similar to Eq. (13.32c) (the noncoherent case). Thus for a large Eb/ﬂ\f, the
performances of the coherent detector and the envelope detector are similar (Fig. 13.13). This
is similar to the behavior observed in the case of analog signals.

Ep/ N> 1 (13.33)

Figure 13.13  Error probability of ASK.

Noncoherent ASK
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Frequency-Shift Keying .
The goncthrent receiver for FSK is shown in Fig. 13.14. The filters Hy(w) and Hi(w) are

matched to the two RF pulses corresponding to 0 and 1, respectively. The outputs of the

envelope detectors at 7 = T, are ro and ry, respectively. The nm.se components of outputs of

filters Hy(w) and H; (w) are the gaussian RVs ng and n;, respectively, with oy, = 0n, = (.)‘n..
If 1 is transmitted (m = 1), then at the sampling instant, the envelope 11 has the rician

r 20 42y 0s? rA
1 e—(V1+AF)/25n I ( 7P)
o2 2

n

PDF*
Dry (r) =

n
and 1o is the noise envelope with Rayleigh density
o _r2j20}
2

Pro(r0)=—e 0

Op

The decision ism = 1if 1y > 19 and m = 0 if r; < ro. Hence, when binary 1 is transmitted,

an error is made if rp > 11,
Peim=1)= P(ro > 1)

i joi ¢ iti f 1o has a val
The event g > 1 is the same as the joint event “r; has any positive value and 1o e

greater than 11.” This is simply the joint event (0 <11 < 00, To > 7). Hence,

Peim=1)=P0 <1 <00, 1o > r1)

o0 o0
- f f pens(r1. o) drydrg
. 0 1

Because r; and 1o are independent, pr;ry = Pr Pro- Hence,

© rA b o 2942 .
L _¢2+A%)/202 14p Do 81207 dry dro
em=1)= — e Vit g | —— >
Pem=v= [ 2 o7 )b o
C L _@eab2e? ri4p d
= — e 1T v Iy ) 71
0 i n
t= Tb
H (o) Envelope ;Q r
i@ detector
Input
> Comparator p——>—
P Decision:
select larger
t=Tp
Envelope r
|—>—o0 0
Ho(w) detector

Figure 13.14  Noncoherent detection of binary FSK.

i i iti i en
* An orthogonal FSK is assumed. This ensures that ro and r; have Rayleigh and Rice densities, respectively, wh

1 is transmitted.
+ 1y is the envelope detector and can take only positive values.
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Letting x = «/§r1 and ¢ = AP/«/E, we have

1,—A2/402 ® x —(x2+4?) /202 Xo
P(élm:l):ig 'p/ %0 078 nIO _2 dx
0

n oy

Observe that the integrand is a rician density, and, hence, its integral is unity. Therefore,

Plelm=1) = ] e~4/% (13.34a)
Note that for a matched filter,
2
2 _ 4 _2E
Prox =52 = v

n

For FSK, Ej = E,, and Eq. (13.34a) becomes

Pelm=1) = ] ¢35/ (13.34b)
Similarly,
Plelm = 0) = L e 4E/N (13.34¢)
and
Py= 1 emiB/N (13.35)

This behavior is similar to that of noncoherent ASK [Eq. (13.32c)]. Again we observe that for
E,/N > 1, the performance of coherent and noncoherent FSK are essentially similar.

From the practical point of view, FSK is to be preferred over ASK because FSK has a
fixed optimum threshold, whereas the optimum threshold of ASK depends on Ej, /N (the signal
level). Hence, ASK is particularly susceptible to signal fading. Because the decision requires
a comparison between ry and ry, this problem does not arise in ESK. This is the outstanding

advantage of noncoherent FSK over noncoherent ASK. In addition, unlike noncoherent ASK,
probabilities P(¢|m = 1) and P(¢|m = 0) are equal in noncoherent FSK. The disadvantage

of FSK is that it requires a larger bandwidth than ASK.

Differentially Coherent PSK

Just as it is impossible to demodulate a DSB-SC signal with an envelope detector, it is also
impossible to demodulate PSK (which is really DSB-SC) noncoherently. We can, however,
demodulate PSK without the synchronous, or coherent, local carrier by using what is known
as differentially coherent PSK (DPSK).

The optimum receiveris shown in Fig. 13.15. This receiver is very much like a correlation
detector (Fig. 13.3), which is equivalent to a matched-filter detector. In a correlation detector,
we multiply pulse p(f) by a locally generated pulse p(z). In the case of DPSK, we take
advantage of the fact that the two RF pulses used in transmission are identical except for the
sign. In the detector in Fig. 13.15, we multiply the incoming pulse by the preceding pulse.
Hence, the preceding pulse serves as a substitute for the locally generated pulse. The only
difference is that the preceding pulse is noisy because of channel noise, and this tends to
degrade the performance in comparison to coherent PSK. When the output r is positive, the
present pulse is identical to the previous one, and when r is negative, the present pulse is the
negative of the previous pulse. Hence, from the knowledge of the first reference digit, it is
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possible to detect all the received digits. Detection is facilitated by using so-called differentiq]
ding, as discussed in Sec. 7.3. _ ‘ .

“ gIn order to derive the DPSK error probability, we observe that DPSK using differentiaj
coding is essentially an orthogonal signaling scheme. A binary 1 }s tran@qtted bya §equenge
of two pulses (p, p)or (=p, — p) over 2T, seconds (no transition). Similarly, a bma_x'y‘ 0is
transmitted by a sequence of two pulses (p, —p)or (—p. P) over 2T, seconds (transition).
Either of the pulse sequences used for binary 1 is orthogonal to either of.the pulse sequ.ence.s
used for binary 0. Because no local carrier is generated for demodulation, the detection is
noncoherent, with an effective pulse energy equal to 2E, (twice the energy of pulse p). The
actual energy transmitted per digit is only E,, however, the same as In noncoherent FSK.
Consequently, the performance of DPSK is 3 dB superior to that of noncoherent FSK. Hence
from Eq. (13.35), we can write P, for DPSK as

L -rov (13.36)

= —€ .
P, 2

This error probability (Fig. 13.16) is superior to that of noncoherent FSI.( t?y 3 dB and is
essentially similar to coherent PSK for Ey/N > 1 [Eq. (13.25b)]. This is as expected,

because we saw earlier that DPSK appears similar to PSK. Rigorous derivation of Eq. (13.36) .

can be found in the literature.’

t=Ty

}( Threshold

Decision

> H(®) - f T device
-~
Delay ; .

In Sec. 9.2, we explained how spread spectrum systems work. Spread spectrum is basically
a broad-band modulation scheme where the baseband spectrum is spread by using a pseudo-
random (PN) code. At the receiver, a replica of the same PN code is used to “despread” the
received signal to recover the original data. The key concept in spread spectrum systems is the
PN code sequence, which is generally periodic and consists of periodic coded sequence of 1’s
and 0’s with interesting autocorrelation property.

13.4.1 PN Sequence Generation

A good PN sequence is characterized by an autocorrelation that is similar to that of a white
noise. This means the autocorrelation function of a PN sequence should be high near 7 = 0 and
low forall T # 0, as shown in Fig. 13.17a. Moreover, in CDMA applications several users share
the same band using different PN sequences. Hence, it is necessary that the crosscorrelation
among different pairs of PN sequences be small to reduce mutual interference.

A PN code is periodic. A shift-register network with output feedback can generate a
sequence with long periods and low susceptibility to structural identification by an outsider. The
most widely known binary PN sequences are the maximum-length shift-register sequences
(m-sequences). Such a sequence can be generated by an m-stage shift register with suitable
feedback connections and has a length n = 2™ — 1 bits, which is a the maximum period

Tp for such a finite state machine. Figure 13.17b shows a shift-register encoder for m = 6 and
n =63.
Figure 13.15 Differential PSK detection.
) Figure 13.16  Error probability of PSK, DPSK, R(7)
and coherent and noncoherent FSK.
PbT 1
107! T T—
Coherent FSK ' T .
. — + 1 } t
1072 Noncoherent FSK — -nT, \——-—-—7_% i nTCL
o7 @
107
10—5 -
1oy + ) Output
107 ®)
1078 o L L Figure 13.17  (a) PN sequence autocorrelation function. (b) Six-stage generator of a maximum-length PN
oo =5 0 2 6 8 10 12 14 E g4 | sequence.
W
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13.4.2 Optimum Detection of DS/SS PSK

The signal m(¢) is a polar signal consisting of a sequence of NRZ pulses of duration T, ang
constant amplitude 1 or —1." This signal is multiplied by the PN coée c(t) anc} then DS.B_
modulated with a carrier +/2 cos (wit + 6).T Although t.he message slgne.l.l here is I‘n(.t) with
binary values =1, it is helpful to view the situation in a different way. During each bit interva]
Ty, we are transmitting either /2 c() cos (w.t + 6) or —ﬁ c(t) cos (wt + 9).h Henc'e, the
basic binary pulse may be taken as 2 c(t) cos (w.t —|— 6) [instead of m(t)], and t e_opumum
correlation receiver would be of the form shown in Fig. 13.18 (see Fig. 13.3). Tl{e integrator
integrates over the interval 0 to 7}, and its output is sampled at t+ = T}, to dec1fle whether
the transmitted pulse was ~/2 c(¢) cos (w.t + 0) or -2 C‘(t) C(?S (wct + 6); that is; whether
m(t) was 1 or —1. The low-pass filter shown in the receiver is not necessary beca_u§e the
subsequent integrator itself acts as a low-pass filter. We have shown the filter explicitly to

simplify understanding of the receiver. ) )
b ZEq (13.21b) we showed that for a channel with (white) noise of PSD N/2, the polar

optimum receiver error probability is given by

P=0 ( /%) (13.37)

where E}, is the energy per bit (energy of one pulse). This r_esulF appears rather surPrlsmg in
view of the fact that the error probability of an optimum receiver is unchanged whether we use
spread spectrum or not. We have seen in Sec. 9.2 how a spread sPectrur_n systen} can.rf?duce
the power of an interfering (jamming) signal by N, the processing gain. Is noise .d1 ferent
from an intentional interference? A heuristic explanation of this apparent anc?mal_y lies in the
fact that the spread spectrum reduces the interfering signal power by spreading its spectrum

t = Tb COY
m() x(%) (%) Towpass w(®) fn, _K_ Threshold Decision
___________ filter . 0 device
V2 cos (0.t +9) V2 cos (o, +96)
PN code PN code
generator generator
@ (b)

Figure 13.18  DS/SS PSK system. (a) Transmitter. (b) Receiver.

* In practice, the amplitude may be &=A. This makes no difference for the optimum receiver.

iver in Fi . i . The .~
1 The multipliers +/2 in the carriers of the transmitter and the receiver in Fig. 13.18 are for convenience only. S

- R L b
final results (for error probability) are independent of the values of these multipliers. The choice of /2 is dictated by

AT - tion
the fact that it leaves the power of the modulated (or the demodulated) signal identical to the signal before modulat .

itter i W jtted
(or demodulation). In the literature, the multiplier at the transmitter is often chosen as /2P to ensure the transmi

signal power to be P.
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over a very wide band. But the noise is a broad-band signal to begin with, and it cannot be
effectively spread any more. The spectral spreading can be realized only if the interference
signal bandwidth is on the order of the baseband signal.

In Sec. 9.2 we showed that a spread spectrum system reduces the power of the interfering
signal by N = T,/T,. Hence, the effective noise power is the channel noise power plus the
jamming signal power divided by N.

13.4.3 Multiple-Access Performance of DS/SS*

To analyze a DS/SS system with K multiple-access users, we compute the interference at the
output of a certain receiver caused by the remaining K — 1 users. Let my (¢) and my (z) be the
data signals and c; (t) and ¢ (?) the spreading signals (PN codes) for the first user and the kth
user, respectively. Let their respective carriers be +/2 cos (@t + 61) and /2 cos (wct + 6).
Moreover the two received signals will have different delays. Let the relative delay of the kth
signal with respect to the first signal be 7. Hence, the signal x; (#) from the kth user at the
input of the receiver of the first user is

X)) = V2me(t = 1)kt — 1) cos [0, (t — 1) + 6]
= V2mi(t ~ Wt — 1) cos (@t +d) G =6 — 0wy
The receiver multiplies x, () with V2 c1(t) cos (w.t + 6) to yield
zk(i) =2m(t — 7)) (t — 7)1 (2) cos (wet + ) cos (wt + 6)) (13.38)
The high-frequency component is suppressed by the low-pass filter to yield
Wie(t) = Myt — Te)cr(t — ) (£) cos (¢ — 67) (13.39)

The output (interference) of the integrator sampler is
Ty
I, = cos (¢ — 91)/ my(t ~ ) e (t — ey (2) dt (13.40a)
0

Recall that my(¢) is a polar NRZ binary signal with amplitudes 1. The bit duration is Tp,
and there is a possible change of amplitude of my(f — 7)) at t = 1. Let this amplitude be b_;
before 7 = 73 and by after r = 7. Then

T Ty
Iy = cos (¢ — 6y) [5—1/ c(t — o) (t) dt + bo/ alt — el (?) dtJ(]3.40b)
0 T

This is the interference from the kth user at the output of the first user. This expression makes
explicit the dependence of the interference on the crosscorrelation of the spreading codes
¢1(t) and c(2). Ideally, we would like f ekt — e () dt = 0 for any value of ;. This is not
possible in practice, but it is possible to find many sets of sequences with good crosscorrelation
properties.’

The Gaussian Approximation
The multiple-access interference (MAT) can be modeled as the sum of independent Bernoulli
trials. One frequent approximation is to apply the central limit theorem, which implies that

* Rest of the Section 13.4 is based on the material contributed by Prof. B. D. Woerner and R. M. Buehrer.
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the sum of these tiny effects (interferences) tends toward a gaussian distm'butlolr(l. SIIHCIZ the;e
are K — 1 independent identically distributed interferers, the total MAL I =Yy o Ir, maybe

pproximated by a gaussian random varigble. Tt can be shown that the resulting bit error rate
a

P, is given by>’

! (1341
DY S S
=0 (J(K —1)/3N +.’N/2Eb>

i i i 1 derive this result heuristically as follows. The power
th t‘;r: igte::fgrl:r?sr (s)f;;t;ﬁk%?ﬁs \g: 1?: But because this signal is despread l?y the first receiver,
?he power of the interfering signal wy (?) is only EpT,/N at the first r.ecelver: Mo_rer(;;/le; the
bandwidth of a polar NRZ binary signalis Tb(f.lz. .I—éeltlc;,.tiltz Ezlli)n;f glg r;:}‘tse;ftetl‘;lﬂeggft rece{; \E?r ,
i re are K — 1 identically distributed 1 : first
i:/hEoI;éAPISSIS S\(:;:)?l?d add to yield the PSD (K — 1DE/N. H9wever, each 1n'€erfebr1ng ;;;gtr:)il hfa§
a different relative time delay T, which effectively result§ in power reggglgs( I){/ i g /;,N

[recall the factor cos (¢ — 6;) in Eqgs. (13.40)] to‘y1eld the 1nterfer;;1cel N 2 bWh eI;

Consequently, the noise PSD at the first receiver is not N/2,but ( E— )1 3b o .

we substitute this PSD in place of N/2inEq. (13.37), we obtain 4(%- ( d S o B (1337
Observe that when a single user is present (K = 1), Eg. (13.41) reduce q. (13.37),

as expected. When the signal-to-noise ratio is very high (Ep/N — 00), we obtain

b 3N )
. _ 3N
Y -1

This shows the presence of an irreducible error floor for the MAI limited case.’

13.4.4 The Near/Far Problem

Equation (13.41) has been derived under the assumption that signals frotr_n all u:;rlj :z: ;:g:;;‘:
i i ithi bile system, such an assumption m: on
with the same signal power. ‘Within a mo o i
ink i i issions from a centrally located base s :
or the forward link in which all transmissio ent : e
xf;vith the same signal power and follow the same tra.nsrm;smn patt}l. }Lowae:seer,stgjaz;z s(l)lrrirgi)n on
i isti i the mobile to the base station bec
is not realistic on the reverse link from ; o ot
i i 1 his effect can be partially compen / pows
from diverse and moving locations. T e s i
i loop power control, a mobile
ontrol, which takes two forms. Under open loc _ : o
;ower based on the strength of the signal it receives from the base station. This presume:

i i may not
a reciprocal relationship exists between forward and reverse links, an assumption that may

trol .
hold if the links operate in different frequency bands. As a result, closed loop power contro

i i ion’ smitted
is often required in which the base station orders changes in the mobile station’s tra

power. v .

i i al limit theore!
* The gaussian approximation has limitations when used to predict systemperfgrn}z];ncg Whﬂ:vt:re c;lzt; o be sow
mplic ill tend toward a gaussian distribution near the center of its distribution, converg T iuton
%mph'es Cagort 1y, it is the extreme values of I that tend to produce errorsA'As a result, the gausif L ingle
s ta—‘}s‘ U"lfomnategiill{ 10 The problem is worsened in situations where there is a §1ngle strong interfer! oy dese
e g c;,nt This is of concern because low BERs are difficult to 51mul.ate, S0 We parh(;un Y been
Sﬁ;)lr;%igllﬂtzgﬁﬁgl?:; 1:1(1); are.: accurate at low BERs. Several improvements to the gaussian approximati
an:

proposed which represent MAT more accurately under a wide range of conditions.
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The effects of the near-far problem and power control may be investigated using the
analytic techniques described earlier with nonequal signal powers. Although the accuracy of
the gaussian approximation is reduced in the case of the near-far problem, quantitative results
may still be obtained because the central limit theorem may be applied to the chips from each
interferer as well as the number of interferers K.

By extending the qualitative interpretation of Eq. (13.41), the effects of the near-far
problem can be found as follows. If users have unequal powers, each will contribute £ ,Sk) /3N
to the noise level, where E,Ek) is the energy per bit for user k. Adding these as before to the

noise PSD, we can find a simple equation for the etror probability of user 1, similar to Eq.
(13.41):

1
B=0 — ; (13.42)
\/ZkzzEé)/3E,,)N+N/2E;>

Equation (13.42) illustrates the deleterious effect of the near-far problem. If just a single user
has a significantly higher power level than the desired user, that interferer will dominate the
performance. Substituting E,()k) = E;,l) results in Eq. (13.41), as expected.

As an example, the effect of imperfect power control is investigated by Woerner and
Cameron.'® Field trial results have indicated that even after the operation of open and closed
loop power control, the received signal level in the IS-95 digital cellular CDMA system reverse
channel varies according to a log-normal distribution with a variance of 1 to 2 dB. The BER
for this model is calculated using the method of Lehnert.!? For a wireless voice transmission
system, BERs of 102 to 10> are required for satisfactory performance. Thus the capacity
may be considered to be the maximum number of users for which the BER does not exceed
a fixed threshold. The results of Fig. 13.19 indicate that even after power control is applied,

the variance of received power levels can result in capacity losses of 10 to 30% in a CDMA
system.

13.4.5 Multipath Propagation

Thus far we have assumed that each user’s signal is transmitted via a single path. However,
the wireless channel is characterized by multipath propagation as signals reflect and scatter
off objects in the transmission path. The constructive and destructive interference between
arriving multipath components can result in severe fading in narrow-band systems. The ability
of spread spectrum signals to reject and even exploit multipath propagation is a key advantage
in the wireless environment. A spread spectrum signal can resolve multipath components if
the chip duration is of the same order as the multipath delay. In narrow-band systems, delays
are normally much smaller than a bit period, making them indistinguishable.

Since the desired user’s spreading code will have low autocorrelation, we can treat these
multipath components as additional interferers provided that they are at least one chip apart.
Practical experience indicates that at low microwave frequencies, 1 MHz of spread bandwidth
is required to resolve a significant amount of the multipath components, and 10 MHz of
bandwidth will resolve nearly all.'* Returning to the case of equal power levels, we can model
each individual path as an interferer contributing E3/3N to the noise level. Thus, there are
K —1 users with L paths along with L — 1 interfering versions of the desired signal contributing
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Figure 13.19  Error probability for num.

10-! 7 T ber of users under imperfect power cop.
trol.
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O 2users
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to the noise level. This results in a total noise level of. (KL — 1)E,/3N being added to the
overall noise PSD. Utilizing this in Eq. (13.41) results in

(13.43)

1
Po= Q[W]

Though the numerical accuracy of this equation is I@ted, it qualitative.ly shows }:le the
performance degrades as the number of arriving multipath compf)nents L }ncreases. o SE \;ve
can see that for L = 1, Eq. (13.43) reduces to Eq. (13.41): Ifthereisonly a smgl.e user ( _ﬁ ),
this equation shows that performance is still below optimum due to the multipath. Eg;ze(;r;
(13.43) assumes that the multipath and interferers have power levels of the same n;)agmt oo
the desired user’s primary path. Although this ils rarely the case, Eq. (13.43) can be extended .
imi to Eq. (13.42) for unequal power levels. 7
Slmﬂaﬁly addit?oﬁx to m)itigatingqthe multipath propagation, a .spreatd spectrum may ﬁctualtiy
exploit this effect by using a Rake receiver.'>16 A Ral.<e receiver is a device for co er;,:iny
combining the energy from two or more received 11}u1t13ath comppnents, thereby 1nc'1:zS ofi .
the received signal power and providing a form of d1v§rs1ty recept%on. The Ra.ke cont51 e
bank of correlation receivers, with each individual receiver c.orr.el‘atmg with a differen ar;:l e
multipath component. By adjusting for the delays, .th'e individual multipath .C(zn;%)erence., i
can contribute correlated energy to the decision statistic, rathef than harmful inte: o
Analogous to a garden rake, the Rake receiver gathers as much signal energy as possibie. .

13.4.6 Performance of Frequency Hopped Systems

. oot
Although DS/SS is currently more commercially important, some ?ommer-cm} appl.ticatll(;)‘r;sra‘t)é
FH/SS are emerging. FH/SS is used in some spread spectrum devices which provide :
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data communication in the unlicensed ISM frequency band from 902 to 928 MHz, and both
the cellular digital packet data (CDPD) and GSM standards have options for incorporating
frequency hopping.

Normally noncoherent detection is used for FH/SS because of the difficulty in maintain-
ing an accurate carrier phase reference under changing frequency conditions. For noncoherent
detection, we have shown that [see Eq. (13.32¢)]

1
Py = Ee—Eb/W (13.44)
However, if two users transmit simultaneously in the same frequency band, a collision or “hit”
occurs. In this case we will assume that the probability of error is % (This is actually pessimistic
since studies have shown that this value can be lower.) Thus the overall probability of bit error
can be modeled as

1 1
P, = Ee—Eb/ZW 1-P)+ 5Ph (13.45)

where Py, is the probability of a hit, which we must determine. If there are J frequency slots,
there is a 1/J probability that a given interferer will be present in the desired user’s slot. If
there are X — 1 interferers or other users, the probability that at least one is present in the
desired frequency slot is ‘

' k-1
Po=1-(1-= R —— 13.4
3 ( J> 7 (13.46)
assuming J is large. Substituting this into Eq. (13.45) gives
1 K -1 1K-1
Pp= e BN (1 - — )4 13.47
b=3¢ ( 7 )27 (13.47)

If K = 1, the probability of error reduces to Eq. (13.44), the standard probability of error for
BFSK. Also, if we allow Ej, /N to approach infinity, we see that

1i Pp=—— 13.48
E;,/.‘}\Ifll)co b 2 J ( )

which illustrates the irreducible error rate due to MAL

The previous analysis assumes that all users hop their carrier frequencies synchronously.
This is called slotted frequency hopping. This may not be a realistic scenario for many FH/SS
systems. Even when synchronization can be achieved between individual user clocks, individ-
uval paths will not arrive synchronously to each other due to the various propagation delays. A
simple development for asynchronous performance can be shown following the approach of
Geronoitis and Pursley,!” which shows that the probability of a hit in the asynchronous case is

1 1 K-1
Po=1-— [1 -5 (1 + E)] : (13.49)

where N, is the number of bits per hop. Comparing Egs. (13.49) and (13.46) we see that for
the asynchronous case, the probability of a hit is increased, as expected. Using Eq. (13.49) in
Eq. (13.45) we obtain the probability of error for the asynchronous case as

1 1 T 1 1\1% 1
P e BN L (4 L “hhoj1—2(1+= 13.50
y =3¢ [1 J(+Nb +511 U+ % (13.50)
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From the preceding analysis we can draw two inferences. First, FH/SS has an advantage
over DS/SS in that it is not as susceptible to the near-far problem. Because s1gna1§ are generally
not utilizing the same frequency simultaneously, the relative power levels of signals are not

as critical as in DS/SS. The near-far problem is not totally avoided, however, since there will )

be some interference caused by stronger signals bleeding into weaker signals due to imperfecy
filtering. The second inference drawn is that to achieve reasonable throughputs, error correction
coding is required. By applying strong Reed-Solomon or other burst error correcting codes,
the performance can be increased dramatically.

13.5 M-ARY COMMUNICATION

Thus far we have stressed binary communication, which happens to be perhaps the single most
important mode of communication in practice today. In the binary case, only two symbols are
used, whereas in the M-ary case, the total number of symbols used is M. Each M-ary symbo]
carries as much information as log, M binary digits [see Eq. (7.55)]. In corr.lpensaﬁon, we
may have to increase the transmitted power (as in the multiamplitudg or m}lltlphase case) or
transmission bandwidth (as in the-multitone case) in order to maintain a given performance

level.
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This means that for a given information rate, the MASK bandwidth is less than that of the binary
case by a factor of log, M.

To calculate the error probability, we observe that becanse we are dealing with the same
basic pulse p(z), the optimum M-ary receiver is a filter matched to p(z). When the input pulse
is kp(2), the output r(7},) at the sampling instant will be kA, +n,(T},). Note that A p = E,, the
energy of p(¢), and that 0.2, the variance of n,, (#),is NE, /2. Thus, the optimum receiver for the
multiamplitude M-ary signaling case is identical to that of the polar binary case (see Fig. 13.3
or 13.6a). The sampler has M possible outputs +kA, +n,(Ty) (k =1, 3, 5,..., M — 1)
that we wish to detect. The conditional PDFs p(r|m) are gaussian with mean kA p and variance
02, as shown in Fig. 13.20a. Let P, be the error probability detecting a symbol and P(e|m)
be the error probability given that the symbol m is transmitted.

To calculate P.y, we observe that the case of the two extreme symbols [represented
by £(M — 1) p(#)] is similar to the binary case because they have to guard against only one
neighbor. As for the remaining symbols, they must guard against neighbors on both sides, and,
hence, P(¢|m) in this case is twice that of the extreme symbol. From Fig. 13.20a it is evident
that P(e|m;) is Q(A,/oy) for the two extreme signals and is 2Q(A4,/o,) for the remaining
(M — 2) symbols. Hence,

M
Py =) P(mi)P(elm))

i=1

. . 7, u

Multiamplitude Signaling : N |
In the binary case, we transmit two symbols, consisting of the pulses p(z) and — p(t), whe.re p(t‘) = Zl P(elm;)
may be either a baseband pulse or a carrier modulated by a baseband pulse. In the multlam(Ph. i=
tude (MASK) case, the M symbols are transmitted by M pulses £p(z), +3 P(t), +5 p(t),.r: . _ l 0 ﬁ io ég 220 ﬁ
+(M — 1) p(¥). Thus, to transmit Ry, M-ary digits per second, we are required to transmit Ry, " e o o

Ises per second of the form kp(z). Pulses are transmitted every Ty, seconds, so that Ty, =
VRe i +5 2M -1 A,
1/Ry. If E,, is the energy of pulse p(t), then assuming that pulses :l:{p(z)‘, +3p(r), £5p@), _ L o2 (13,520
..., =(M — 1) p(¢) are equally likely, the average pulse energy E,y is given by on

Epu = %[Ep +9E, +25E, + -+ + (M — )?E,]

For a matched-filter receiver, (4,/ o)? = 2E, /N, and

M-1 2E
. =2 Py = 2(7) Q( W”) ) (13.52b)
=572 @kt 1)’
i - 2(MT;1)Q[ %(%ﬂ (13.520)
_ M- g, (13.51a)
23 ~ ZQ[ 8 log, M l;fj i (f—\l})] M>1 (13.52d)
~ M?E,, M>1 (13.51b)

Recall that an M-ary symbol carries an information of log, M bits. Hence, the bit energy Ej is

2
= B _ _ugp (13.510)
log, M~ 3log, M
Because the transmission bandwidth is independent of the pulse amplitgde, the M -ary ba.nd-
width is the same as in the binary case for the given rate of pulses, yet it carries more information.

Bit Error Rate (BER): It is somewhat unfair to compare M-ary signaling on the
basis of Py, the error probability of an M -ary symbol, which conveys the information of
k = log, M bits. This weighs unfairly against higher values of M. For a fair comparison,
we should compare various schemes for Py, the probability of bit error, rather than P,,, the
probability of symbol error (symbol error rate). We now show that for multiamplitude signaling
Py = Py /logy M.

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 314



610

BEHAVIOR OF DIGITAL COMMUNICATION SYSTEMS IN THE PRESENCE OF NOISE

P, Probability of symbol error
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Figure 13.20 () Conditional PDFs in MASK. (b) Error probability in MASK.

Because the type of errors that predominate are those where a symbol is mistaken for
its immediate neighbors (see Fig. 13.20a), it would be logical to assign neighboqng M -ary
symbols, binary code words that differ in the least possible digits. The Gray code™ is suitable

* The Gray code can be constructed as follows: Construct an n-digit natural binary code (NBC) corresponding t0
on decimal numbers. If b1b; . . . by, is a code word in this code, then the corresponding Gray code word g182-+- 81
is obtained by the rule

13.5 M-ARY COMMUNICATION 611

for this because adjacent binary combinations in this code differ only by one digit. Hence, an
error in one M-ary symbol detection will cause only one error in a group of log, M binary
digits transmitted by the M-ary symbol. Hence, the bit error rate P, = P,/ log, M.However,
the factor log, M is negligible compared to other factors that vary exponentially with M in
the expression for P, [see Egs. (13.52)], and, hence, it is not as influential in determining the
behavior of P,y . Figure 13.20b shows P,y as a function of E;, /N for several values of M.
The relationship P, = P.j;/log, M, although valid for MASK, is not valid for other schemes
due to the specific code structure. One must recompute this relationship for each scheme.

Trade-off between Power and Bandwidth
To maintain a given information rate, the pulse transmission rate in the M-ary case is reduced
by the factor £ = log, M. This means the bandwidth of the M-ary case is reduced by the same
factor k = log, M.Butto maintain the same P,, Eqs. (13.52) show that the power transmitted
(which is proportional to E}) increases roughly as M?2/log, M = 2% /k. On the other hand,
if we maintain a given bandwidth, the information rate in the M-ary case is increased by the
factor £ = log, M. The transmitted power is equal to E}, times the bit rate. Hence, an increased
data rate also necessitates increased power by the factor (M?/log, M)(log, M) = 2%. Thus,
the power increases exponentially with the increase in information rate by a factor of k. In high-
powered radio systems, such a power increase may not be tolerable. Multiamplitude systems
are attractive where bandwidth is at a premium. Because the voice channels of a telephone
network have a fixed bandwidth, multiamplitude (or multiphase, or a combination of both)
signaling appears to be an attractive method of increasing the information rate, particularly
because telephone lines can be made to have a high degree of channel stability and low additive
noise.

All the results derived here apply to baseband as well as modulated digital systems with
coherent detection. For noncoherent detection, similar relationships exist between the binary
and M-ary systems.”

Multiphase Signaling
In binary PSK (BPSK), the two basic pulses are p’(z) cos w.t and p’(¢) cos (w.t + 7).
We generalize the idea for the M-ary case (MPSK) using M pulses with the kth pulse
p' () cos[w.t + (27 /M)k]. Thus, the phases of successive pulses are 27 /M radians apart
(Fig. 13.21). From the symmetry of this scheme it is evident that if, because of channel noise,
the phase of any pulse deviates by more than /M radians, an error is made. Hence, the error
probability P, is the probability that the phase of any pulse deviates by more than 7/M
radians.

At the receiver, coherent phase reference is available. The basic function of the receiver
is to detect the phase of the received pulse. This can be done by two phase detectors with cos

g1 ="b

8k = br © b1 k>2
Thus for n = 3, the binary code 000, 001, 010, 011, 100, 101, 110, 111 is transformed into the Gray code 000, 001,
011, 010, 110, 111, 101, 100.

* For the noncoherent case, the baseband pulses must be of the same polarity; for example, 0, p(¢), 2p(?), ..., (M —
Dp@).
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Figure 13.22  Error probability of MPSK.

Figure 13.21  MPSK signals. ! 1
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/
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\XM I \NEANEAN
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@
Probability of symbol exror Py,
%)
—
e
/
/

B 10—3
w,t and sin a,? as respective references, along with alogic circuit to determine the ratio of the - \ \
two detected components.” ‘ . 5 \ Yy
To compute the error probability Py, we note that a detection error resul‘ts if tk}g phase 7 \M 16
of any pulse deviates by more than /M. The PDF pe () of the phase © of a sinusoid plus a ; 2 P
bandpass gaussian noise is found in Eq. (11.64d). Hence, , 104 = \ \
| WA
peM=1—/ Po(®) S 5
The PDF pe(8) in Eq. (11.64d) involves A (the sinusoid amplitude) and a,f (the noise vatiance). : 5
Assuming matched filtering and white noise [see Eq. (13.90)], ) ; “ \ \ \
-5
A> 2E, 2E,log; M 107 1 g iv) 16 20 24
2 NN 5 5 gp —
Hence, .
cos? §logy M '
1 [7/M Byl M [4m Ep log, M Eb__;f&_ w2 Er o2 M
Poy=1—— e TN 14+, ———"—cosfe / - w2 Eplog,
eM 27 J_ym N ~2Q TN (13.54b)
«l1-0 [2Eplog, M cos 0 46 (1353) . An alternate expression for P,y is derived in Chapter 14 [Eq. (14.59b)]. A comparison of
N . Eq. (13.54b) with Eq. (13.52d) shows that the behayior of MPSK is very similar to that of
. . 1 (weak noise) and ; MASK, at least for large E;/N and M > 2. Hence, the comments made in reference to
Figure 13.22 shows the plot of Pey as a func?gon of Ep/N.For Ep/ N> 1 (w j, MASK apply to MPSK also.
M > 2,Eq. (13.53) can be approximated as = One of the schemes frequently used in practice is the case of M = 4. This is four-phase,
2E,log, M . w 542) i or quadriphase, PSK (QPSK). This case can be thought of as two binary PSK systems in parallel
P ~20 | |/ == sin — (13.54a I - .
eM N M ; in which the carriers are in phase quadrature. Thus, one system uses pulses p(#) cos wt,
: and the other uses pulses &=p(#) sin w.t. Because the carriers are in quadrature, both of these
- ) / ively. If the i signals can be transmitted over the same channel without interference. Addition of these two
i allel bank of two filters matched to p/(£) sinw,? and /() cos wt, respectively I e g _ ‘ . i
;;3:; ioct?ﬁsbgagltril: ;’,Y(:; cp:: (wect +0), (t’he:] t‘k)le oi[smts of the two matched filters are proportional to sin 6 anlf)loc;oesnfs, streams yields four possible pulses, = ﬁ () cos (et = 7/4). Thisis premsely QPSK. Thus,
com] R

respectively. This is because the input p'(z) cos (.7 + 6) can be expressed as a sum of two orthogonal QPSK doubles the transmission rate without increasing the bandwidth.

sin@ p’(2) sin ¢ and cos @ p'(7) cos wl. The ratio of the outputs of these filters is tan 6.
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i the BER for MPSK also is given by
it Error Rate (BER): As in the case of MASK, .
P, = ?’lt I;Jliog M. This is because in MASK and MPSK, the type of errors that predominage
arl; :hoseéw wheri a symbol is mistaken for its immediate pe.lghbor. Using Gray code we cap
i jacent bols codes that differ in just one digit. o
aSSlgnﬁlle;Cgif;I; sg I(gPSK is found in the SPADE multiple-access communication system
used for PCM via the Intelsat satellite communication global network, Whl(':h ,attal.?s j(lrate.of
64 kbit/s over a transmission bandwidth of 38 kHz. The scheme.uses Nyqul;t s gn.zrt;:)n with
a roll-off factor of 19% (see Example 7.1). Regular telephom? llges with a ban Wlt fmll zthe
order of 2400 Hz (from 600 to 3000 Hz) are used to transmit binary datil at a ;a e o't d()()
i i ing MPSK. For example, to transmit data
igits per second. This rate can be increased by using :
:ﬁle:pgctive rates of 2400 and 4800 digits per second, QPSK and 8-2.1ry PSIZ arexltl)sed. Higher
rates (9600 digits per second) are obtained by using 16-ary QAM (discussed next).

rature Amplitude Modulation ©o ' ‘ .
%gziadrature amll:litude modulation (QAM), also called amplitude phase-shlft keying
(APK), is a combination of MASK and MPSK. A QAM signal can be written as

pi(t) = p/(t)(ai coS w,t + b; sin O)Ct)
= p'(0)[r; cos (wet + ;)] i=1,2,....,. M (13.55)

where r; = ,/a? +b? and 6, = —tan~" b;/a;. In MASK, 6; = O for all ; only r; is”diffe'rent,
In MPSIK T isl consltant for all i; only 6; is different. In APK, both r; and 6; V;try W:,;hséé
Gray hicaliy signal p;(¢) can be mapped into a point (a;, b;) or (r;, 6;). One sucl ds11gn e
is sl?own in’Fig 13.23. Because each M-ary pulse consists of a sum of pulses modulate by
rature ( i i is is the case of QAM. o

iers in quadrature (quadrature multiplexing), this is t. > ]
Camefls‘egq?ﬂques for analyzing such general signals are discussed in Chapter 14. For the 16-ary
case in Fig. 13.23, it can be shown that (see Example 14.3)

4Ey : 13.56)
Peu ~30Q ( —S—j\—f) (
Figure 13.23  16-ary (or 16-point) QAM.
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General analysis of MQAM (M-aty QAM) is rather involved and requires advanced techniques

discussed in Chapter 14, where a 16-ary QAM is analyzed in Example 14.3. It can be shown
that'8 an upper bound on P, is given by )

2FE
Py =4Q (\/ ':}\—;UM)

where 7, is an efficiency factor, normalized to the efficiency of antipodal signaling, and
depends on the constellation size and shape with 7, < 1. Wilson® gives the following values
of ny for various values of M for MASK and MQAM:

MASK MQAM nwmdB
4 16 -4
— 32 —6

8 64 —-8.5

— 128 —10.2

16 256 —13.3

Multitone Signaling (MFSK)

Inthis case, M symbols are transmitted by M orthogonal pulses of frequencies w, w,, .. W,
each of duration 7). Thus, the M transmitted pulses are of the form* +/2 P'(t) cos wy.t, where
o = 27 (N+k)/ Ty;. The receiver (Fig. 13.24)is a simple extension of the binary receiver, The
incoming pulse is multiplied by the corresponding references +/2 cos w;r i=1,2,..., M.
The filter H(w) is matched to the baseband pulse P'(1). The same result is obtained if in the

=Ty Figure 13.24  Coherent MFSK receiver,
1
)
H(w) \}ﬁo—)-
|
!
\/5 COS w; ¢ |
H(w) Y
| s
| g Decision
V2 cos wyt {' -
e
i > —o\fII{o—>-- O
| :
[ i
| |
H() }
\/i COS wy,t

* A better scheme is to use pulses ﬁp’(t) sin wit and ﬁp’(z) Cosayt, k=1, 2, ..., M/2. Because these are all
orthogonal pulses, we required only M/2 distinct frequencies, and the bandwidth is reduced by a factor of 2. This
scheme cannot be used for noncoherent detection for obvious reasons:
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ith bank, instead of using a multiplier and H(w), we use a filter matched to the RF . . .
lp’(t) coswit. The M banlég outputs :ampled att (=:)TM arerj, I, ..., Iy Theyare comp]:lrli? E.he il;tezgral appearing on the .rlght-hand side of Eq. (13.57) is computed and plotted in
and the decision is m = j if r; > 1; for all i # j. If a pulse p/(¢) cos w;? is received, it will Blg‘ 2 (PeM. Ve Eb/,:N,) - This pl?t shows an interesting behavior for the case of M = co.
cause an output only in the ith bank and will be completely suppressed in the outputs of all : y properly taking the limit of P,y in Bq. (13.57) as M — 00, it can be shown that®
the remaining banks if all the M RF pulses are orthogonal.” : 1 E,JN < log.2
The bandwidth of MFSK increases with M. When m = 1 is transmitted, the correspond- : - A}linoo Py = { 0 BN e )
ing sampler output will be Ap + nj,and the other sampler outputs are n, 03, ..., Ny, Where ) b Z log,
ny, Dg, ..., Dy areall mutually independent gaussian variables with the same variance o7, : Because .ThS.Slgﬂal power S; = E,R;, where R, is the bit rate, it follows that for error-free
An error is made if n; > A, +n1 (j # 1). Suppose the value of r; = r;. Now the correct communication,
decision will be made if ny, n3, ..., Ny are all less than r;. Because all these variables have Ep 1 s 1
identical PDFs (gaussian with varianrcie o), the probability of n; < 71 is ; N >log,2 = T or .’N}Qb > T
f ——l—e_"JZ' 1203 dn; ! Hence,
—c0 OV 27 s
If P(C)m = 1) is the probability of making a correct decision given that m = 1 is transmitted, Ry, < LMWi bit/s (13.58)
then .
: 107! - Figure 13.25  Error probability of coherent
P(C|m=1)=P(r1<oo, n, <y, N3 <TIp,..., Oy <T11) \ \k\\\ MFSK. ty coneren
\\\\ O\

/ * paean (T1 [ = i g
= ry)dr ——e 7" dnj
- D\ 1 W o Oy o 7

S B \\NNAY
e A B \\N
_ anj/ﬁ f_ Ze—m_Ap)Z/za& [I—Q(;—:)]M_l an . WA N\

Because of symmetry, P(Clm = 1) = P(Cjm = 2) = .-+ = P(C|m = M). Hence, Pey, : \\ \\ \ \ \\
the probability of a correct decision, is P(C!m = 1) provided all symbols are equiprobable. ' p \ \ \ \ \ \ \ \
Because the filters are matched [Eq. (13.9)], ' M , VULV V1) —\ 1024

éé=%E_p=2Eb10g2M v \\\\\\\ \ \ ;4V
2NN B 10 AR A

and we can express . 3 \ \
W)Z/Z[l - Q(y)]M_l dy (1357) / \ \ \\\ \ \

P, 1 ! f e
M = 1= T =
o HARANR
) 107 4

# This can be shown as follows: The filter matched to p(#) has impulse response h@t) = p(Ty — ). If q(¢) is applied ’ \ \ \ \ \ \ >
at the input of this filter, the response r(t) is i

r(t)=h<t)*q(t>=f p(Ty — x)q(t —x)dx \ \ \ \ \ \ \
and o - | 10t TR HA \

Ty = / Tyt = 2)a (T — D) dx = / p(q()dt : 0 2 4 6 8 0 12 14
in2 £y dB —>

If p(¢) and g(¢) are orthogonal, 7(Ty) = 0.
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This shows that M-ary orthogonal signaling can transmit data error-free at a rate of up to
1.44 S; /N bit/s as M — oo (see Fig. 13.25).

i  Rate (BER): For MASK and MPSK, we showed that P, = Peyr/10g, M.
This r]::;ll?;ls‘onot vali((?for )MFSK because in MASK and MPSK, the type of errors that
predominate are those where a symbol is mistaken for its.irr‘xmedlate IZIC‘IgthI'. Using Gray
code we can assign the adjacent symbols codes that differ in just one dl.gl.t. In MFSK, on the
other hand, a symbol is equally likely to be mistaken for any of the remaining M — 1 symbols,
Hence, P(€), the probability of mistaking one M -ary symbol for another, is

Pey _ Pey

M-1 2¢-1
If an M-ary symbol differs by 1 bit from Ny number of symbols, zjmd. differs py 2 bits .from N,
number of symbols, and so on, then N, the average number of bits in error in reception of an

M-ary symbol, is

Pe) =

k
N.= ZnNnP(e)

n=1

Py
_ ok-1_te
=k2 *_1

This is an average number of bits in error in a
Consequently, the BER, P, is this figure divided by k,
2k—1 PeM

Pb=§k—_-TPeMN

k>1

Noncoherent MFSK

From the practical point of view, the phase coherence of M frequencies i.s difficult to maint;lhn.
Hence in practice, coherent MFSK is rarely used. Noncoherent MFSK is more i:ommon. g e;
receiver for noncoherent MFSK is similar to that for binary noncoherent FSK (Fig. 13. 14), bu

with M banks corresponding to M frequencies. The : ) is m ¢
p(t) cos w;t. The analysis is straightforward. If m = 1 is transmitted, then 1 is the envelope

of a sinusoid of amplitude A, plus bandpass gaussian noise, and 7; (j = 2,3, ..., M)is

the envelope of the bandpass gaussian noise. Hence, r; has rician density, and 1z, 13, ...» T#

have Rayleigh density. Using the same arguments as in the coherent case, we have

PcM=P(C|m=1)=P(O§r1<oo, ny <ry, N3 <Tg,..., ny <Tp)
M—1

r
® 1 I rlAP) ef(rerAf,)/Zof dry (/ 12 e—xz/zaf dx) dx
= — o\ ——
o oF oy 0 %

sequence of k bits (one M-ary symbol).

filter H;(w) is matched to the RF pulse

13.5 M-ARY COMMUNICATION 619

o0
r riA (24 A2) 262 22\ M-1
:f _1210( 2p> o~ T AD)/257 (1 _e rl/ZG'n) dry
o O; o2

Substituting 7 /202 = x and (A,/0,)* = 2E,/N = 2E,logM /N, we obtain

_EplopM o E M
Pom =e .’732 f e (1 - e_x)M—l Iy (21 / x__%ffé_) dx (13.592)
0

Expanding (1 — ¢*)~1 using the binomial theorem, we obtain
M1

(1 - ex)M—l = Z (M,/; 1) (_1)me—mx

m=0

Substitution of this result into Eq. (13.59a) and recognizing that

& 2 1 2
/ ye ¥ Ioby)dy = e/
0 2a

we obtain (after interchanging the order of summation and integration)

M-1

\ M-1\ (=D" _
PCM = Z ( m ) m—_He mEp logy M/N(m+1) (1359b)

m=0

and

M-1
M-—-1 —1 m+1
Poyy=1—Pey = Z ( ) (__._).__*e—mEb logy M/N(m+1) (13590)

m m+1
m=1

The error probability P, is shown in Fig. 13.26 as a function of Ej/N It can be seen that
the performance of noncoherent MFSK is only slightly inferior to that of coherent MFSK,
particularly for large M.

Comments cn M-ary Signaling

M -ary signaling provides us with additional means of exchanging, or trading, the transmission
rate, transmission bandwidth, and transmitted power. It provides us a flexibility in designing
a proper communication system. Thus, for a given rate of transmission, we can trade the
transmission bandwidth for transmitted power. We can also increase the information rate
by a factor of k(k = log, M) by paying a suitable price in terms of the transmission
bandwidth or the transmitted power. Figures 13.25 and 13.26 show that in multitone signaling
the transmitted power decreases with M. However, the transmission bandwidth increases
linearly with M, or exponentially with the rate increase factor k (M = 2¥). Thus, multitone
signaling is radically different from multiamplitude or multiphase signaling. In the latter,
the bandwidth is independent of M, but the transmitted power increases as M2/ log, M =
2% /k; that is, the power increases exponentially with the information-rate increase factor
k. Thus, in the multitone case, the bandwidth increases exponentially with k, and in the
multiamplitude or multiphase case, the power increases exponentially with k. Hence, we should
use multiamplitude or multiphase signaling if the bandwidth is at a premium (as in telephone
lines) and use multitone signaling when power is at a premium (as in space communication). A
compromise exists between these two extremes. Let us investigate the possibility of increasing
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Figure 13.26 Error probability of noncoherent
107! MFSK.
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the information rate by a factor k simply by increasing the nurpber of bipary pulses tl'ansmltt}eld
by a factor k. In this case, the transmitted power incrpa_ses hnearly Wth k. Also })ecalllse t ﬂ(:
bandwidth is proportional to the pulse rate, the transmission bandwidth increases l{near y tl\livtlh

k. Thus, in this case, we can increase the information rate by a .factor of k by increasing both the
transmission bandwidth and the transmitted power linearly with &, thus avoiding the phantom

ired i i e .
of the exponential increase that was required in the M -ary system. But here we must increas

both the bandwidth and the power, whereas in the M-ary case the increase in mfomlatlo;
rate can be achieved by increasing either the bandwidth or the power. We have thus a gr:ur
flexibilityin trading various parameters and thus in our ability to match our resources to
requirements.

igi i —6 ible
EXAMPLE 13.1 It is required to transmit 2.08 x 10° binary digits per second with P, < 1075, Three possib
schemes are considered:
(a) Binary

13.5 M-ARY COMMUNICATION 621

(b) 16-ary ASK
(¢) 16-ary PSK

The channel noise PSD is S, (w) = 1078, Determine the transmission bandwidth and the signal
power required at the receiver input in each case.

(a) Binary: We shall consider polar signaling (the most efficient scheme)

RE,
Py=P, =10 = Q(\/Wb)

This yields E, /N = 11.35. The signal power S; = EjRj,. Hence,

>

S; = 1135 NRy = 11.35(2 x 107)(2.08 x 10%) = 0.47 W

Assuming raised-cosine baseband pulses, the bandwidth By is

Br = R, = 2.08 MHz

(b)  16-ary ASK: Because each 16-ary symbol carries the information equivalent
oflog, 16 = 4 binary digits, we need to transmit only Ry = (2.08 x 10%)/4 = 0.52 x 106
16-ary pulses per second. This requires a bandwidth By of 520 kHz for baseband pulses
and 1.04 MHz for modulated pulses (assuming raised-cosine pulses). Also,

PeM
P, =10 =
b log, 16

B 6 L (M—1 6E; log, 16
PeM—4><IO -——2(*M . Q m

For M = 16, this yields Ej, = 0.499 x 105, If the M-ary pulse rate is Ry, then

Therefore,

Si = EPMRM = Eb 10g2 MRM
=0.499 x 1075 x 4 x (0.52 x 105 = 9.34 W

()  I6-ary PSK: We need to transmit only Ry = 0.52 x 106 pulses per second.
For baseband pulses, this will require a bandwidth of 520 kHz. But PSK is a modulated
signal, and the required bandwidth is 2(0.52 x 106) = 1.04 MHz. Also,

|272E, log, 16
Py =4P, =4x107°~2 e S i
e = =410 @ 256N

This yields £, = 137.8 x 10~8 and
Si = Eb 10g2 16RM
= (137.8 x 107®) x 4 x (0.52 x 10°) = 2.86 W
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13.6 SYNCHRONIZATION

In synchronous, or coherent, detection, we need to ach'ieve synchronization at thrfee d.1fferem :
levels: (1) carrier synchronization, (2) bit synchronization, and (3) word synch.ron}zanon. 1?0;
noncoherent detection, we need only the second and third lev.els of synch.romlzauon—whlch
were discussed in Chapter 7. Here we shall consider only .canjler synchronlzatl(.)n. .
Carrier synchronization is similar to bit synch.romzatlon, .orfly more mfﬁcglt. In bit
synchronization, the problem is to achieve synchronism from bl‘F interval to b'1t mte?vafl‘
which is of the order Tj,. In carrier synchronization, we must ach}eve synchronism within a
fraction of a cycle, and because the duration of one carrier cycleis 1/fe < Tp, .the problem
is severe. It should be remembered that the phase error & that can ’F)e tolerat;@ is mucl.1 less
than 7r/2. For example, if we are transmitting data at a rate of 2 Mbit/s, the bit interval is 0.5
ws. If this data is transmitted by PSK with a carrier frequenc.:y of 1QO MHZ,. a phase c?f /2
corresponds to 2.5 ns; that is, the synchronization must be achieved within an interval of much
!
fes thér;riinnss);nchronizaﬁon is achieved by three general methods that are similar to those
used for bit synchronization (see timing extraction in Sec. 7.5):

1. Using a primary or a secondary standard (i.e., transmitter and receiver slaved to a master
timing source)

2. Transmitting a separate synchronizing signal (a pilot) .

3. Self—synchronizatioh, where the timing information is extracted from the received sign
itself

> -

The first method is expensive and is suitable only for large data systems, not for point-
to-point systems. ' o )

i The second method uses part of the channel capacity to tfansqut. urrngg information and
causes some degradation in performance (see Prob. 13.2-1). But thls is a widely used Jpe.tl}od
for point-to-point communication systems. A pilot may be transmitted by frequency-dlv1_s1on
multiplexing (by choosing a pilot of frequency at which the signal PSD has a null).or by t{me-
division multiplexing (in which the modulated signal is interrupted for a short period of time,
during which the synchronizing signal is transmitted). ) ) _

gA baseband signaling scheme with'a dc null—such as bipolar, duobinary, or §p11t-Phase—
is preferred, because such signals after modulation have a spectral null at the carrier frequency.
This facilitates the separation of the pilot at the receiver. . . . o

The self-synchronization method extracts the carrier by squaring the incoming slgpal
or by using a Costas loop, as discussed in Sec. 4.7. But becau'se t.hese methods yield sign
ambiguities, they cannot be used for PSK unless differential coding is used.
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13.1-1 The so-called integrate-and-dump filter is shown in Fig. P13.1-1. The feedback amplifier is an
- ideal integrator. The switch s; closes momentarily and then opens at the instant ¢ = 7}, thus
dumping-all the charge on C and causing the output to go to zero. The switch s, samples the

output immédiately before the dumping action.

(a) Sketch the output p, () when a square pulse p(¢) is applied to the input of this filter.
(b) Sketch the output p,(#) of the filter matched to the square pulse p).

(¢) Show that the performance of the integrate-and-dump filter is identical to that of the matched
filter; that is, show that p in both cases is identical.

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 321



624  BEHAVIOR OF DIGITAL COMMUNICATION SYSTEMS IN THE PRESENCE OF NOISE

Dump switch ~¢ 51
[—0\7A0~—

p@) ,
C

J .
1 Sample switch

Po(0)

Ty e

Figure P13.1-1

i i i i filter, where we assume a particular filter
.1- alternative to the optimum filter is a suboptimum » Where w .
112 g;m aid :tdjust its parameters to maximize p. Such filters are inferior to the optimum filter byt
ay be simpler to design. . . . ’ .
- For arectangular pulse p(¢) of height A and width 7, at the input (Fig. P13..1—2), det.ermme
Pmax if, instead of the matched filter, a one-stage RC filter with H (@)y=1/1+ j(uR.C) is }Ised.
Ans]:(ume a white gaussian noise of PSD /N/2. Show that the optimum performance is achieved
when 1/RC = 1.26/ T,. Hint: Set dp?/dx = 0 (x = T, /RC).

pn) o—MA——0 Polt)
() = Polh)
Ty t—> Ty 2T t—> -
(a) g (b) (©)

Figure P13.1-2 Suboptimum filter.

13.2-1 As discussed in Sec. 13.3, in coherent schemes, a small pilot i§ ad'dcd for sythronizanon.
' Because the pilot does not carry information, it causes degradation in P,. Consider coherent
PSK using the following two pulses of duration 7}, each:

p@) = AV'1—m? cos w.t + Am sin ot
g(®) = =AV1 — m? cos @t + Am sin @t

where Am sin w,t is the pilot. Show that when the channel noise is white gaussian,

[2E,(1 —m?)
psz[ __”(Trf__i!

Hint: Use Eq. (13.18b).

13.2-2 For polar binary communication systems, each error in the def:ision has some cost. S;fp(())srecgh:r
when m = 11is transmitted and we read it as m = 0 at the receiver, a quantitative penalty, oreos
C) is assigned to such an error, and, similarly, a cost Cy; is assigned when m = 0 i}sl tﬂﬁi e
and we read it as m = 1. For the polar case where Pm(.(l)'= P,(1) = 0.5, shc.)w ao o
gaussian channel noise the optimum threshold that minimizes the overall cost is not 0 but is g,
given by

=—1In—
do 4 Cy

Problems 625
Hint: See Hint for Prob. 10.2-11.
13.2-3 For a polar binary system with unequal message probabilities, show that the optimum decision
threshold a, is given by

_ ﬂfln P (0)Coy
T4 PaCy

where C; and Cy; are the cost of the errors as explained in Prob. 13.2-2, and Pn(0) and P, (1)
are the probabilities of transmitting 0 and 1, respectively. Hint: See Hint for Prob. 10.2-11.

4o

13.5-1 For 3-ary communication, messages are chosen from any one of three symbols, m_;, mg, and
my, which are transmitted by pulses —p(¢), 0, and p(t), respectively. A filter matched to @)
is used at the receiver. If r is the matched filter output at T, plot po(r|m;) (i = —1, 0,and 1),

and if P(m_)) = P(my) = P(m,), determine the optimum decision thresholds and the error
probability P,. The energy of the pulse p(t) is E, and the channel noise PSD is Sa(w) = Ny2.

13.5-2 Binary data is transmitted by using a pulse p(r) for 0 and a pulse 3p(¢) for 1. Show that the
optimum receiver for this case is a filter matched to p(t) with a detection threshold 2E,, as

shown in Fig. P13.5-2. Determine the error probability P, of this receiver as a function of E, /N
if 0 and 1 are equiprobable.

= Tb
p(Tp -0 7<°__._r_ D_ecision:
0ifr< 2E,
lifr> 2Ep

Figure P13.5-2

13.5-3 A binary source emits data at a rate of 256,000 bit/s. Multiamplitude-shift keying (MASK) with
M = 2,16, and 32 is considered. In each case, determine the signal power required at the receiver
input and the minimum transmission bandwidth required if Sa(w) = 107% and the bit error rate
Py, is required to be less than 107,

13.5-4 Repeat Prob. 13.5-3 for M. -ary PSK.
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OPTIMUM SIGNAL
DETECTION

the first place, we restricted ourselves primarily to binary systems with a receiver of -

O ur scope of the discussion of signal detection in Chapter 13 was rather limited. In

assumed (linear) form. Although we optimized the linear typfe of receiver,. we have
1o assurance that there does not exist another type of receiv'er that @ght be su[.)enqr;? me
optimum linear receiver derived in Chapter 13. Second, we did not derive the optimusm linear
receiver for the M-ary case in general. In Chapter 13 we only analyzed a few M-ary schemes
with an assumed receiver structure.

In this chapter, we shall analyze the problem of digital signal detection from a more

fundamental point of view. We shall determine the o;.)timum receiver (inthe sense o}fi Itmmalilszsir;i
the error probability) for general M-ary signaling in the presence of addm\klle 1Vlv et f ussian
noise (AWGN). We shall place no constrain.ts.on the rece;zli.) Ei}»:;f; we shall try

ion: t receiver will yield the minimum error ? ) :
e quglsltéﬁnz'lnvgl;;sis is greaﬂ; facilitated by a geometrical representation of 51gnals.d Vt&)’e
shall now show that a signal is in reality an n-dimensional vector and can be"represenlte'd iz
a point in an n-dimensional hyperspace. The foundations for such a viewpoint wtetre r:, o
Chapter 2. Here we shall refine and concretize our argument. The reader may want to
the concepts of vector representation of a signal in Chapter 2.

14.1 GEOMETRICAL REPRESENTATION OF SIGNALS: SIGNAL SPACE

. . A i
‘We are used to 3-dimensional physical space and 3-dimensional vectors in this space. The(r; t
no reason, however, to restrict ourselves to three dimensions Aonly. We can extend téle concep
to an n-dimensional space, although it may be hard to visualize the space for n > 3.

To begin with, we note that the familiar 3-dimensional vectors are nothing bgt entltl;s :
specified by three numbers (x;, x,, x3) in a certain order (F)rdered '3-tuple)—notlnt1)1g 1111(; ;; 5
nothing less. Extending this concept, we say that any entity specified by » numbers e

: . Lo . a
certain order (ordered n-tuple) is an n-dimensional vector. Thus, if an entity is specified by

626

14.1 Geometrical Representation of Signals: Signal Space 627

ordered n-tuple (x;, X2, ..., X,), it is an n-dimensional vector X. We define 7 unit vectors
Pis P2, ..., @, as
¢1=(,0,0,...,0

®=01,0...,0

¢.=(0,0,0 ..., 1 (14.1)
Any vector x = (xy, X2, ..., Xx) can be expressed as a linear combination of # unit vectors,
X=X101+ %00+ + x,9, (14.2a)
n
= xe (14.2b)
k=1
We define the scalar product x - y as
n
X-y= Zxkyk (14.3)
k=1
wherey = (yy, s, ..., Y») is another n-dimensional vector in the same space. Vectors x and
¥ are said to be orthogonal if

X-y=0 (14.4)

The length of a vector x is [x[, defined by
n
X?=x.x= Zx,f (14.5)
k=1

A set of n-dimensional vectors is said to be independent if none of the vectors in this
set can be represented as a linear combination of the remaining vectors in the set. Thus, if
X1, X2, ..., X, is an independent set, then it is impossible to find constants a, az, ..., a,
(not all zero) such that

axy+amxy+ -+ apX, =0 (14.6)

An n-dimensional space can have at most independent vectors. If a space has a maximum of n
independent vectors, then every vector X in this space can be expressed as a linear combination
of these n independent vectors, If not, then x becomes a member of the independent vector
space. But this is not possible with the assumption that there exists a maximum of 5 independent
vectors. Thus, any vector in this space can be specified by n numbers and, hence, is an n-
dimensional space. It also follows from this discussion that the dimensionality of a space can
be, at most, as large as the total number of vectors in the space.

A subset of vectors in a given n-dimensional space can have dimensionality less than
n..Thus, in a 3-dimensional space, all vectors lying in one plane can be specified by two
dimensions, and all vectors lying along a line can be specified by one dimension.

Asetofn independent vectors in an n-dimensional space are called basis vectors because
every vector in this space can be expressed as a linear combination of these 7 independent
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vectors. A set of basis vectors form coordinate axes, and they are not unique. The » unit vectorg
in Eq. (14.1) are independent and can serve as basis vectors. These vectors have an additiona]

14.1 Geometrical Representation of Signals: Signal Space 629

The signal set {¢,(¢)} will be assumed to be orthogonal, that is,”

c o0 0 j#k
property in that they are all mutually orthogonal, that is, ‘ /; . i Oe(t) dr = { k; J=k (14.12)
QP = { ? ; i i 147 If k; = 1 for all j, then the set is orthonormal. For an orthonormal set, the coefficients x; in

Such a set is an orthonermal set of vectors because in addition to being orthogonal, their

Eq. (14.11) can be obtained by multiplying both sides of Eq. (14.11) by ¢ (¢), then integrating
and using Eq. (14.12) (with k; = 1):

lengths are unity. «©
A vector X (x1, X2, ..., X,) can be represented as X = /_oo x(B)pr(t) dt (14.13)
X =x101+X2@2+ " XnPn Once the basis signals {g(?)} are specified, we can represent a signal x(¢) by an n-
. ino th lar product of both sides with : tuple (x1, X2, ..., x,). Alternately we may represent this signal geometrically by a point
If we kpow x, its components x can be found by taking the scalar p (x1, X2, ..., X,)inann-dimensional space. We can now associate a vector X (xy, xz, ..., X,)
@i Using Eq. (14.7) we get with the signal x (¢). Note that the basis signal ¢, (¢) is represented by the corresponding basis
X - Q= Xk k=1,2,...,n (14.8) i vector ¢1(1, 0, 0, ..., 0), and ¢,(¢) is represented by ¢>(0, 1, 0, ..., 0), and so on.

One final observation: in order to represent an n-dimensional vector completely, we
need n basis vectors (independent vectors). In general, an n-dimensional vector cannot be
completely represented by less than n basis vectors of the space. A set of n basis vectors forms
a complete set.

Turning our attention to Eq. (14.9), we see that in this case the basis signals are
{sinc (2 Bt — kx)}. This set is orthogonal because (see Prob. 3.7-4)

” sinc 2w Bt — jm) sinc 2w Bt — km) dt = 0 j#k (14.14)
o et 1128 j=k :

‘We can normalize this set by multiplying each member by +~/2B. Thus, if we define

Signal as a Vector . @ (t) = V2B sinc 27 Bt — kx) (14.15)
Any entity that can be represented by an n-tuple is an n-dimensional vector. If a-51g_na1 x(t)
can be specified by an n-tuple, it, too, is a vector. As we know, a signal x(¢) band-limited to B - then
Hz can be specified by the values of its Nyquist samples. Consequently, such a signal, too, is = Z i o160
a vector. We can express x (¢) as [see Eq. (6.10)] : A
k .
x(t) = ;x (—2—B~) sinc (2 Bt — k) | (14.9) where 1 )
ith this i i Xk ==X\ 5n 14.16b
Thus, x(¢) can be specified by an n-tuple (its Nyquist sample values). With this introduction, 3 T ( ZB) ( )

let us now turn to a systematic development of the signal-space concept.

and {gr(#)} is an orthonormal set of signals. Thus, any band-limited signal x(¢) can be

We define n signals ¢1(7), (), ..., @a(t) as independent if none of @ese n sigl}al_s represented by a point
can be represented by a linear combination of the remaining n — 1 signals. This means it 13
impossible to find constants a1, a2, ..., n (not all zero) such that ooy Xy vees X2y X1y X0y X1y X2y o vy Xiy o 0)
a1 () + ap2(t) + -+ + anpa(1) =0 (14.10) where x;, is the kth Nyquist sample of x (¢) divided by 1/+/2B. To determine the dimensionality

Suppose that a signal x(¢) can be represented by a linear combination of » independent sigpals
{oe(®} as

of this signal space, recall that a band-limited signal cannot be time-limited (i.e., it exists over

an infinite time interval). Hence, the total number of samples at a Nyquist rate of 2B samples

* If {gr(2)} is complex, orthogonality implies

— t e X0, (2 (14.11a) o
x(1) = x101() + x202(2) + [0 : / o Oa @ dt =0
= Zxkgl’k ® (14'11b) and Eq. (14.13) becomes
k=1

If every signal in a certain signal space can be represented by a linear combination of n ’

independent signals {¢ (#)}, then we have an n-dimensional signal space.

= / *WOgt @) dt
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per second will be infinite, and the dimensionality is infinite. Higher dimensions, however, can
be ignored, because their contribution is negligible. For example, a band-limited signal with
a finite energy may exist over an infinite time interval. But its amplitude for large values of ;
must approach 0, or the energy

E, = / x2(t) dt
—o0

will not be finite. Hence, the amplitude of every band-limited signal is negligible beyond some
|t] = T/2. Such a signal is essentially time-limited to T seconds. We can argue in the same
way that a signal time-limited to 7' seconds is essentially band-limited to B Hz. Because the
Nyquist rate is 2 B samples per second, the total number of samples over T secondsis™ 2BT +1,
where T and B are interpreted as before. If x(¢) is band-limited to B, then T is its essentia]
time duration, and if x(¢) is time-limited to T, then it is essentially band-limited to B Hz. A
rigorous development of this result, as well as an estimation of the error in ignoring higher
dimensions (those beyond 2BT + 1), can be found in Landau and Poliak.!

Just as there are an infinite number of possible sets of basis vectors for a vector space,
there are an infinite number of possible sets of basis signals for a given signal space. For a
band-limited signal space, {sinc (2w Bt — kx)} is one possible set of basis signals.

Scalar Product

In a certain signal space, let x () and y(#) be two signals represented by vectors X (x1,-xa, ...,
xn) and 'y (1, Y2, - -, Yu)- If {@r(¢)} are the orthonormal basis signals, then )

x(t) =) xpi(t)
i

y(@) = Z)’jﬁl’j(t)
j

Hence,
o0 N o0
/ x(O)y@) dt = f Yoxw@ | | Do ve@) | d
oo o |5 -
Because the basis signals are orthonormal, from Eq. (14.12) with k; = 1, we obtain
0 -
f x(@y@)dt =Y xiy (14.178)
oo p

The right-hand side of Eq. (14.17a), however, is by definition the scalar product of vectors x

and y;
X-y= Z Xie Yk
k
Hence, we have

X-y= /w x(@)y () dt (14.17b)

o0

* Including end samples.

14.1 Geometrical Representation of Signals: Signal Space 631

If x(¢) and y(¢) are mutually orthogonal, then it follows from Eq. (14.17b) that the correspond-
ing vectors X and y are also orthogonal. We conclude that the integral of the product of two
signals is equal to the scalar product of the corresponding vectors.

Energy of a Signal
For a signal x(z), the energy E, is given by

E. = /oo 22 dt

o0

It follows from Eq. (14.17b) that
E.=x-x=|x|? (14.18)

where |x |2 is the square of the length of the vector x. Hence, the signal energy is given by the
square of the length of the corresponding vector.

ExAMPLE 14.1

A signal space consists of four signals s;(¢), s2(), s3(¢), and s4(¢), as shown in Fig. 14.1.
Determine a suitable set of basis vectors and the dimensionality of the signals. Represent these
signals geometrically in the vector space.

1) () 53(0) 54(1)
1+ 1+
0.5
o 2 0 1 2 0
! 1= I 2t t 1 2 1—>
—0.51 —-0.5
_l.
(a)
|
[}
|
5,0 I+ s
20 (1) ¢ ‘
1 1
0.5t
90°
Y 1 +
1 1> 1 2 —1 -0.5 0.5 1
(b) —0.5¢+ 5,
—1¢5,

Figure 14.1  Signals and their representation in signal space
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The two rectangular pulses ¢ (¢) and ¢, (¢) in Fig. 14.1b are suitable as a basis signal set. I
terms of this set, the vectors s1, s,, §3, and s4 corresponding to signals 51(2), s2(¢), 53 ),
and s4(¢) are s; = (1, —0.5), 5o = (0.5, 1), s3 = (0, —1), and 54 = (0.5, 1). These
points are plotted in Fig. 14.1c. Observe that

S1~S4=O.5—0.5=0

Hence, s; and s4 are orthogonal. This result may be verified from the fact that

/oo s1(Dss(®)dt =0

(o]

Note that each point in the signal space in Fig. 14.1c corresponds to some waveform.

Systematic Determination of an Orthogonal Basis Set ‘
We have shown that the dimensionality of a vector space is equal to the maximum number of |
independent vectors in the space. Thus, in an n-dimensional space, there can be no more than
n vectors that are independent. Alternatively, it is always possiblc? to ﬁnd a set of n vectors that
are independent. Once such a set (basis set) is chosen, any vector.m this spa}ce can be expressed
in terms of (as a linear combination of) the vectors in this set. T}'flS setof n 1r.1dependent vectors
is by no means unique. The reader is familiar with this fact in the physical space of three
dimensions, where one can find an infinite number of independent sets of three \{ecftors, gach
forming a valid coordinate system. If we are given a set of » independent vectors, }t Is possible
to obtain from this set another set of 7 independent vectors that is orthogonal. This is done by
the Gram-Schmidt orthogonalization process discussed in Appendix C. -
A deterministic signal can be represented by one point in a signal space. A ra{xdom
process, on the other hand, consists of an ensemble of waveforms, each of Whlf)h maps into a
point in a signal space. Hence, a random process appears as an egsemble of pmpts ina S}gnal
space. Let us consider in detail the gaussian random process and its representation in a signal

space.

14.2 GAUSSIAN RANDOM PROCESS

In order to specify a gaussian random process, we need to familiarize ourselves first with
jointly gaussian random variables.

Jointly Gaussian Random Variables

Random variables (RVs) x;, X2, ..., X, are said to be jointly gaussian if their joint PDF is
given by

DPxix2..%, (xl, X2y ey Xp)

e ep | e Y Ay -y — ) | (1419
= exp Ay (xi — X)) (x; — %) (
@m)"2 /K] 21K| =45

where K is the covariance matrix

14.2 Gaussian Random Process 633

o1 012 -+ Oy
021 022 -+ Oy
K= . . . . (14.20a)
Onl Onz  --- Onp
and the covariance of x; and x; is
O’ij = (X[ - )E,‘)(Xj and )_(j) (1420b)

|K| is the determinant of matrix K , and A;; is the cofactor for the element o;;. Note that
2
Oii = 0]
Gaussian variables are important not only because they are frequently observed, but
also because they have certain properties that simplify many mathematical operations that are
practically impossible or very difficult for other types of RVs. These properties are as follows:

Property 1: The gaussian density is completely specified by only the first and second
moments (means and covariances). This follows from Eq. (14:19). It can be shown that, in
general, the probability density of an RV depends on all the moments x* (n = 1, 2, .. .) of the
variable. A gaussian variable is a special case where only the first two moments (means) and
the second moments (covariances) are necessary to specify the distribution.

Property 2: If n jointly gaussian variables X1, X2, ..., X, are uncorrelated, they are
independent.
If the n variables are uncorrelated, o; j =0( # j), and Eq. (14.19) reduces to
1 (x —%5)?
— =X
Pxyxgexg (X1, X2, ..., Xp) = H \/ﬁ CXp [T] (14.21a)
= i
= P (1) Pry (%2) . pr, (3) (14.21b)

As we observed earlier, independent variables are always uncorrelated, but uncorrelated
variables are not necessarily independent. For the case of jointly gaussian RVs, however, i
uncorrelatedness implies independence.

Property3: Whenx,, x,, ... » Xy are jointly gaussian, all the marginal densities, such |
as px;(x;), and all the conditional densities, such as Prixjlxixg-x, Xis Xjlxe, xp,..., Xp); are

gaussian. This property can be readily verified (see Prob. 10.2-9).

Property4: Linear combinations of jointly gaussian variables are also jointly gaussian.

Thus, if we form m variables yy, v, ..., Ym (m < n) such that
n
Yi = Zaikxk
k=1
then yi, ya, ..., ¥ are also jointly gaussian variables.

Definition of a Gaussian Random Process
A random process x(t) is said to be Gaussian if the RVs x(1), x(®), ..., x(1,) are jointly
gaussian [Eq. (14.19)] for every n and for every set (1, 2, ..., f,).
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For convenience, the RV x(z;) will be denoted by x;. Hence, the joint PDF of Ryg
X1, X2, .., X, Of a gaussian random process is given by Eq. (14.19). Observe that

= X% — K% — K&y + KK

= %% — K%

= x@)x(#) — &%;

= Ru(ti, 1) — x(&) x(1) (14.22)

This shows that a gaussian random process is completely specified by its autocorrelation
function Rx(%;, #) and its mean value x(¢).

tionary Gaussian Random Process . .
gﬁ? discussiscl)n of the gaussian process thus far applies to statlona}'y and r}onstamnary pro-
cesses. We have shown that the gaussian process is coglpletely specified by its a_utocorrelatlo.n
function Ry(#;, #;) and its mean value function.” An important corollary of this stat.ement is
that if the autocorrelation function Ry (#;, #;) and the means are unaffec'ted by a §h1ft of t.he )
time origin, then all of the statistics of the process are unaffected by a shift of the time origin.
In other words, the process is stationary. Thus, if

Re(t;, 1) = Re(ti — 1)) (14.23)

and i
X(7) = constant for all ¢

the process is stationary if it is gaussian. But the condition in Eq. (14.23.) deﬁn'es W1fie-§ense
stationarity. Hence, for a gaussian process, wide-sense stationarity implies stationarity in the

strict sense. ' .
For a stationary gaussian process, the covariance o;; becomes

oij = Rutj —1;) = & (14.24)

We shall once again stress the point that distinguishes the ga}ussian fror‘n the nongal;ss-lan
process. The complete statistics of a gaussian process are determined frf)n} its autocorre! aglor:
function (which is a second-order parameter) and its mean Value.. This is the prpr;:ny rd:r
simplifies the study of gaussian processes. In genera}, for nongaussian processes hlgher o] o
statistics cannot be determined from lower order statistics. For Fhe gaussian process, however,
the mean and the second-order parameter o;; determine a-ll the: higher c.n'der stfm.st}cs. ?;lms ZZZ
property also enables us to state that a gaussian process is strictly stationary if it is wide-s

stationary.

Transmission of a Gaussian Process through a Linear System _ o
Another significant property of the gaussian process is that the response of a linear sy e
to a gaussian process is also a gaussian process. This can be shown as follows. Let x(#)

i i i ion of 7.
* For nonstationary processes (or processes that are not wide-sense stationary), the mean value is a functi
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gaussian process applied to the input of a linear system whose unit impulse response is A(z).
If y(z) is the output (response) process, then

y@) = /w X(t — t)h(r)dt

oo
= lim x(t — )h(y) At T = kAT

0
Ar— il

Because x(r) is a gaussian process, all the variables X (¢ —7) are jointly gaussian (by definition).
Hence, the variables y (), y(t2), ..., y(2,) for all n and every set (1, f, ..., t,) are linear
combinations of variables that are jointly gaussian. Therefore, the variables y(t), y(t), ...,
y(#:) must be jointly gaussian, according to the earlier discussion. It follows that the process
y(?) is a gaussian process.

To summarize, the gaussian random process has the following properties:

1. A gaussian random process is completely specified by its autocorrelation function and mean
value.

- 2. If a gaussian random process is wide-sense stationary, then it is stationary in the strict sense.

3. The response of a linear system to a gaussian random process is also a gaussian random
process.

Geometrical Representation of a Random Process

Let x(¢) be a random process and ©1(8), ¢2(0), ..., 0. () a complete set of orthonormal basis
signals for this space. We can express x(f) as

X(®) = x101(t) + X202(t) + - - - + X0 ()

= Z Xe @ (£) (14.25)
k=1
where
Xp = / X)) dt (14.26)

Note that x(¢) is a random process, consisting of an ensemble of sample functions. The
coefficients x; in Eq. (14.25) will be different for each sample function. Consequently,
X1, X2,..., X, appearing in Eq. (14.25) are RVs. Each sample function will have a specific
set (x1, X3, ..., %,) and will map into one point in the signal space. Hence, the ensemble
of sample functions will map into an ensemble of points in the signal space, as shown in
Fig. 14.2. This figure shows only a 3-dimensional graph because it is not possible to show a
higher dimensional one. But it is sufficient to indicate the idea.

Each time the random experiment is repeated, the outcome (the sample function) is a
certain point x. The ensemble of points in the signal space appears as a cloud, with the density
of points directly proportional to the probability of observing x in that region. If we denote the
joint PDF of xy, x5, ..., X, by px(x), then .

px(x) = Dxixg--x,, (x1, x2, ..., Xn)
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Figure 14.2 Geometrical representation of a gaussian random
process.

Thus, px(x) has a certain value at each point in the signal space, and px(x) represents the
relative probability (cloud density) of observing X = Xx.

A Word about Notation: Let us clarify the notation used here to avoid confusion
later. As before, we use roman type to denote an RV or a random process. Thu§, X or x(-z)
represents an RV or a random process. A particular value assumed by the RY ina certain
trial is denoted by italic type. Thus, x represents the value assumed by x. Similarly, x(r)
represents a particular, sample function of the random process x(z). In the case of random
vectors, we follow the same convention; a random vector is denoted by roman boldface type,

and a particular value assumed by the vector in a certain trial is represented by boldface italic _

type. Thus, r denotes a random vector representing a random process r(.t), butr i§ a pamcu'larf
value of T and represents a particular received waveform (sample function) r(¢) in some trial.
Note that roman type represents random entities and italic type represents particular values
(which are, of course, nonrandom).

White Gaussian Noise
Consider a white noise process n,,(¢) with PSD N/2.Let 1(2), ¢aft), ... bea cqmplete set
of orthonormal basis signals for this space. We can express n, (¢) as

R (t) = 111 (1) + 022 (®) + - -
= anﬁﬂk(l)
&

White noise has infinite bandwidth. Consequently, the dimensjonality of the signal space is
infinity. ‘ ‘ ,
We shall now show that RVs nj, g, ... are independent, with variance N2 each.
Because [see Eq. (14.13)]

ny =/ n,, ()i (1) dt

Ar = f " no @y (@) do f 1 (B)0(B) dB
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_ / f B @ (B0 (@) e (B) dex df
_ [ f_ Ru, (B — )03 @0 () doc df
Because Ry, (t) = F HN/2) = (N/2) 5(1),
o0 o N
T = f /_ 2158 — gy @i(B) dor B

N o0
=3 [ ¢;(@)pi () dor
0 j#k
=N . (14.27)
2 =k

Hence, n; and n; are uncorrelated gaussian RVs, each with variance N/2. Since they are
gaussian, uncorrelatedness implies independence. This proves the result.

For the time being, assume that we are considering an N-dimensional case. The joint
PDF of independent joint gaussian RVs ny, n,, ..., ny, each with zero mean and variance
N2, is [see Eq. (14.21)]

N
1 —n2/2N2)
(n) = —
o E 2w N2
— W e—(n%—l—n%-é—m-%—n?v)/ﬁ\f (14.28a)
1
= amn " (1428b)

This shows that the PDF pp(r) depends only on [r], the magnitude of the noise vector n
in the hyperspace, and is therefore spherically symmetrical if plotted in the N-dimensional
hyperspace.

14.3 OPTIMUM RECEIVERZ->

We shall now consider, from a more fundamental point of view, the problem of M-ary
communication in the presence of additive white gaussian channel noise (AWGN). No
constraint shall be placed on the optimum structure, and we shall try to answer the fundamental
question: What receiver will yield the minimum error probability?

The comprehension of the signal-detection problem is greatly facilitated by geometrical
representation of signals. In a signal space, we can represent a signal by a fixed point (or a
vector). A random process can be represented by a random point (or a random vector). The
region in which the random point may lie will be shown shaded, with the shading intensity
proportional to the probability of observing the signal in that region. In the M-ary scheme, we
use M symbols, or messages, mi, ma, ..., my. Each of these symbols is represented by a
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638  OPTIMUM SIGNAL DETECTION 4 14.3 Optimum Receiver 639

space. In this case, there is virtually no overlap between the two regions. If either m; or my

n,,(f) is transmitted, the received signal will lie in one of the two regions. From the position of the

’ received signal, one can decide with a very small probability of error whether m; or m; was

P ; transmitted. Note that theoretically each region extends to infinity, although the probability of
m Transmitter 50 Receiver observing the received signal diminishes rapidly as one moves away from the center. Hence,
{m} {s: (0} r(?) i} L there will always be an overlap between the two regions, resulting in a nonzero error probability.

; , In Fig. 14.5a, the received signal r is much closer to s than to s;. It is therefore more likely
Figure 14.3  M-ary communication system. ' that m; was transmitted. .

: Figure 14.5b illustrates the case when the points s; and sy are spaced closely together. In
specified waveform. Let the corresponding waveforms be s1(¢), 52(¢), ..., Su (#). Thus, the this case, there is a considerable overlap between the two regions. Because the received signal
symbol (or message) my is sent by transmitting the waveform s (¢). These waveforms are r is closer to §; than to s, it is more likely that m; was transmitted. But in this case there is also
corrupted by AWGN n,,(r) (Fig. 14.3) with PSD ‘a considerable probability that m; may have been transmitted. Hence in this situation, there

will be a much higher probability of error in any decision scheme.

Sp, (@) = Y The optimum receiver must decide which message has been transmitted from a knowl-

f r. T i i : . . .
At the receiver, the received signal £(r) consists of one of the M message waveforms s (#) plus edge of r. The signal space must b? divided into M nonoverlapping, or disjoint, regions

the channel noise, | S Elogitslge 14.5 Binary communication in the presence of

() = si () + 1w (0) (14.29a) -

We can represent r(¢) in a signal space by letting r, s, and n,, be the points (or vectors)
representing signals r(¢), se(#), and ny (r), respectively, Then it is evident that

r=s;+ny, (14.29b)

The vector sy is a fixed vector, because the waveform sy (¢) is nonrandom. Thfa vect(?r n, .(or -
pointn,,) is random. Hence, the vector r is also random. Because ny, (¢) is a gaussian white noise,
the probability distribution of n,, has spherical symmetry in the signal space (see Sec. 14.2.).
Hence, the distribution of r is a spherical distribution centered at a fixed point s, as shown in
Fig. 14.4. Whenever the message rmy, is transmitted, the probability of ({bser.ving the received
signal r(¢) in a given region is indicated by the intensity of the shading in Fig. 14.4. .Actl?a!ly,
because the noise is white, the space has an infinite number of dimensions. For simplicity,
however, we have shown the space to be 3-dimensional. This will suffice to indicate our line
of reasoning. We can draw similar regions for various points 1, §2, ..., SM- Figu.re 1.4.5a
shows the regions for two messages m; and my when s; and s, are widely separated in signal

Figure 14.4  Effect of gaussian channel noise on the received
signal.

®)
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640  OPTIMUM SIGNAL DETECTION 143 Optimum Receiver 641
Ri, Rs, ..., Ry, corresponding to the M messages my, my, ..., my. If r falls in the regiop 0o ]
Ry, the decision is m;. The problem of designing the receiver then reduces to choosing the / no(e;t)dt =0 j=1,2,...,N
boundaries of these regions R;, Ra, ..., Ry such that the probability of error in decision B

making is minimum.

To recapitulate: A transmitter transmits a sequence of messages from a set of )y
messages mi, ma, ..., My. These messages are represented by finite energy waveformg
$160), $2(t), ..., su(t). One waveform is transmitted every Ty seconds. We assume that
the receiver is time synchronized with the transmitter. The waveforms are corrupted during
transmissions by an AWGN of PSD /N/2. Knowing the received waveform, the receiver must
make a decision as to which waveform was transmitted. The merit criterion of the receiver ig
the minimum probability of error in making this decision.

Let us now discuss the dimensionality of the signal space in our problem. If there wag
no noise, we would be dealing with only M waveforms s;(), s2(¢), ..., sy (?). In this case a
signal space of, at most, M dimensions would suffice. This is because the dimensionality of
a signal space is always equal to or less than the number of independent signals in the space

Therefore,

oy = / [n(¢) + no(t) g () d

= / " 0y, (£)g; (1) dt (14.33)

From Eqgs. (14.33) and (14.32a) it is evident that we can filter out the component ny(¢) from
n,,(¢). This can be seen from the fact that the received signal, r(¢), can be expressed as

r(t) = 5¢(2) + 0y ()
= 5¢(¢) + 1)+ no ()

. : =q(t t 14.34
(see Sec. 14.1). For the sake of generality we shall assume the space to have N dimensions a(®) +no(®) ( )
(N < M).Let gi(t), ¢a2(f), ..., n(t) be the orthonormal basis set for this space. Such a set where q(¢) is the projection of r(¢) on the N-dimensional space. Thus,
can be constructed by using the Gram-Schmidt procedure discussed in Appendix C. We can B
then represent the signal waveform s (¢) as q(®) = s (t) +n(@) (14.35)
5;(2) = S, 01(8) + Sk 02(8) + -+ - + SN (B) ‘We can obtain the projection q(¢) from r(z) by observing that [see Eqs. (14.30) and (14.32a)]
M
N
R 1) = ; Dot 14.36
= 5o () (14.30a) q(® ;(qu + 7)) (14.36)
Jj=1 ~
‘ From Egs. (14.30b), (14.33), and (14.36) it follows that if we feed the received signal r(z)
where o : into the system shown in Fig. 14.6, the resultant outcome will be q(z). Thus, the orthogonal
Spj = f s()e; (2) dt (14.30b) noise component can be filtered out without disturbing the message signal. The question here
—00

Now consider the white gaussian channel noise n,(t). This signal has an infinite
bandwidth (B = o0). It has an infinite number of dimensions and obviously cannot be
represented in the N-dimensional signal space discussed earlier. We can, however, split n,, (2)
into two components: (1) the projection of n,,(f) on the N-dimensional signal space, and (2)
the remaining component, which will be orthogonal to the N-dimensional signal space. Let us
denote the two components by n(¢) and ng(¢). Thus,

is: Would such filtering help in our decision making? We can easily show that it cannot hurt
us. The noise n,, (¢) is independent of the signal waveform s;.(r). Therefore, its component
g (z) is also independent of s;(z). Thus, ng(¢) contains no information about the transmitted
signal, and discarding such a component from the received signal r(z) will not cause any
loss of information regarding the signal waveform s (). This, however, is not enough. We
must also make sure that the noise being discarded [ny(#)] is not in any way related to the
remaining noise component n(z). If no(z) and n(z) are related in any way, it will be possible
to obtain some information about n(¢) from ng(#), thus enabling us to detect that signal with

ny () = n(z) +no(?) (14.31) less error probability. If the components ny(z) and n(z) are independent random processes, the
where component ny(¢) does not carry any information about n(¢) and can be discarded. Under these
N conditions, ny(?) is irrelevant to the decision making at the receiver.
n(t) = Z 1,9 (t) (14.322) The process n(¢) is represented by components ny, ny, ..., ny along ¢; (), ¢2(2), ...,
P on(t), and ny(¢) is represented by the remaining components (infinite number) along the
remaining basis signals in the complete set, {g; (¢)}. From Eq. (14.27) we observe that all the
and . components are independent. Hence, the components representing ng(z) are independent of
nj = / n()ep;(t) dt (14.32b) the components representing n(z). Consequently, ny(¢) is independent of n(¢) and is irrelevant
—© : data.

Because np(?) is orthogonal to the N-dimensional space, it is orthogonal to every signal in that
space. Hence,

The received signal r(¢) is now reduced to the signal q(¢), which contains the desired
signal waveform and the projection of the channel noise on the N-dimensional signal space.
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e(?) @1(?)

@y (1) @, (1)
(1) Q2 qa(t)

si() + ny(D) - Sk(t) +n(1)

Figure 14.6  Eliminating the noise orthogonal to signal space.

Thus, the signal q(z) can be completely represented in the signal space. Let the vectors
representing n(z) and q(¢) be denoted by n and q. Thus,

q=s+n

ey SM. L
where s may be any one of vectors sy, 82, S, . o
The random vector m (nj, ny, ..., ny) is represented by N independent Gaussian

variables, each with zero mean and variance 0,2 = N7/2. The joint PDF of vector n in
such a case has a spherical symmetry, as shown in Eq. (14.28b), ]

LI (14.37a)
Pan) = —e :
(w NN/
Note that this is actually a compact notation for
1 (22t Y N
Poyng,ny (B0, B2y ooy AN) = @RS (aptny+etng)/ (14.37b)

Decision Procedure . hened
Our problem is now considerably simplified. The irrelevant noise component has been filtere

out. The residual signal q(#) can be represented in an N-dimensional signal space. ‘We proceed

to determine the -M decision regions Ry, Ry, ..., Ry in this space. The regions must be so

chosen that the probability of error in making the decmop is mlgmuzei N
Suppose the received vector q = g. Then if the receiver decides iz = mi;, the conditional

probability of making the correct decision, given that q = ¢q, is
P(Clq=¢q) = P(milq=¢q) (14.38)

where P(C|q = ¢q) is the conditional probability of making the correc.t decis.ion givenq = 1(11 )
and P (m|q = q) is the conditional probability that m; was transmitted given q = ¢. The

unconditional probability P(C) is given by
PC) = / P(Cla=q)pq(q) dq (14.39)
q
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where the integration is performed over the entire region occupied by q. Note that this is an
N-fold integration with respect to the variables 91> g2 -, gn over the range (—oo, 00).
Also, because Pq(g) > 0, this integral is maximum when P(Clq = ¢q) is maximum, From
Eq. (14.38) it now follows that if a decision 75 — my, is made, the error probability is minimized
if

P(milq = q)

is maximized. The probability P(m;|q = q) is called the a posteriori probability of ;. This
is because it represents the probability that 1, was transmitted when q is received.

The decision procedure is now clear. Once we receive q = g, we evaluate all M a
posteriori probabilities. Then we make the decision in favor of that message for which the a
posteriori probability is highest—that is, the receiver decides that 7 — my if

Pimla=gq)> P(mjlq=q) forall j £k (14.40)

Thus, the detector that minimizes the error probability is the maximum a posteriori proba-
bility (MAP) detector.

We can use Bayes’ mixed rule [Eq. (10.49b)] to determine the a posteriori probabilities.
We have
P (mi) pa(glmy)

Pqlq)
Hence, the receiver decides 7 = my. if the decision function
P(mi) pq(qim;)
Pe@)

Pimlg=¢q) = (14.41)

i=1,2..., M

is maximum for 7 = k.
Note that the denominator Pq(g) is common to all decision functions and, hence, may
be ignored. Thus, the receiver sets 7 = m « if the decision function

Pm)pqe(gim:) i=1,2,.... M (14.42)

is maximum for / = k.

Thus, once ¢ is obtained, we compute the decision function [Eq. (14.42)] for all messages
mi, my, ..., my and decide that the message for which the function is maximum is the one
most likely to have been sent.

We now turn our attention to computing the decision functions. The a priori probability
P (m;) represents the probability that the message 7n; will be transmitted. These probabilities
must be known if the criterion discussed is to be used.* The term pq (¢ |m;) represents the PDF
of q when 5(#) = s;(¢). Under this condition,

q=s+n
and
n=q-—s;

The point s; is constant, and n is a random point. Obviously, q is a random point with the same
distribution as n but centered at the points s;.

* In case these probabilities are unknown, one must use other merit criteria, such as maximum likelihood or minimax,
as will be discussed in later sections.
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Alternately, the probability ¢ = ¢ (given m = m;) is the same as the probability
n = q — s;. Hence [Eq. (14.37a)},

1 2
—lg—sil*/N
Pqlglm;) = pn(q — i) = (ﬂ_fN)N/ze - (14.43)
The decision function in Eq. (14.42) now becomes
P@mi)  —ig-st/N (14.44)

(T NYN2
Note that the decision function is always nonnegative for all values of i. Hen.ce, comparing these
functions is equivalent to comparing their logarithms, b.ecause the logapthm isa mon?tone
function for the positive argument. Hence, for convenience, the degl/szl(.)n function will b?
chosen as the logarithm of Eq. (14.44). In addition, the factor (w N)N/? is common for all i
and can be left out. Hence, the decision function is

1
In P(m;) — 7004 = si? (;4.45)
Note that |g — s;1? is the square of the length of the vector g — S;. Hence,
lg —si*= (g —s:) - (g =8
=g+ Isil> —2g - si (14.46)

Hence, the decision function in Eq. (14.45) becomes (after multiplying throughout by N/2)

X in pom) - JllgP + 15 2 51 (1447) ©

Note that the term |s;|? is the square of the length of s; and represents l*?,-, the energy of signal
5;(t). The terms N'In P (m;) and E; are constants in the decision function. Let

a; = YN P(m;) — Ei] (14.48)
Now the decision function in Eq. (14.47) becomes
a+q-si—3lal

The term 1 |g|? is common to all M decision functions and can be omitted for the purpose of
2 . . . .
comparison. Thus, the new decision function b; is

bi=ai+q-si (14.49)

We compute this function b; for i = 1,2, ..., N, and the receiver decides that ;ﬁ = mkfif
this function is the largest for i = k. If the signal q@)is app_h’eq at the input terminals of a
system whose impulse response is h(#), the output at t = Ty is given by

foo gR(Ty — 1) dA

If we choose a filter matched to s;(#), that is, he) =s5;(Tu — 1),

h(Ty — 1) = si(3)

14.3 Optimum Receiver 645
and the output is
[oe]
f qM)si(A)dr=q -5
—00

Hence, g - s; is the output at ¢+ = T of a filter matched to s;(r) when ¢(¢) is applied to its
input.
Actually, we do not have g(¢). The incoming signal r(¢) is given by

r() =s5:(t) + ny ()

= 5;(t) +n(t) + no(?)
—_— =

g(® irrelevant
noise

where ng(z) is the (irrelevant) component of n,,(¢) orthogonal to the N-dimensional signal
space. Because ny(¢) is orthogonal to this space, it is orthogonal to every signal in this space.
Hence, it is orthogonal to the signal s; (¢), and

/‘°° no(t)si(t)dt =0

o0

and

q-si= /“’° ‘I(f)si(t)dl-l—/oo no(t)s; (t) dt

o0

= / [q(®) + no(t)]s;:(¢) dt

o
= / r(t)s; () dt (14.50)
—00

Hence, it is immaterial whether we use g (¢) or r(¢) at the input. We thus apply the incoming
signal 7(¢) to a parallel bank of matched filters, and the output of the filters is sampled at
t = Ty. Then a constant a; is added to the ith filter output sample, and the resulting outputs
are compared. The decision is made in favor of the signal for which this output is the largest.
The receiver implementation for this decision procedure is shown in Fig. 14.7a. As shown in
Chapter 13, a matched filter is equivalent to a correlator. One may therefore use correlators
instead of matched filters. Such an arrangement is shown in Fig. 14.7b.

‘We have shown that in the presence of AWGN, the matched-filter receiver is the optimum
receiver when the merit criterion is the minimum etror probability. Note that the system is linear,
although it was not constrained to be so. Therefore, for white gaussian noise the optimum
receiver happens to be linear. The matched filter obtained in Chapter 13 and the decision
procedure are identical to those derived here.

The optimum receiver can be implemented in another way. From Eq. (14.50), we have

q-8i=7r-5;
From Eq. (14.3), we can rewrite this as
N
q-5i= ersij
j=1
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. a;
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Sample at 1= Ty
(b)

Figure 14.7  Optimum M -ary receiver. (2) Matched-filter detector. (b) Correlation detector.

The term g -5; is computed according to this equation by first gen;ra@ng r;’s and then complitlg)gr
the sum of 7;5i; (remember that the s;;’s are known), as shown in Fig. 14.8a. The M corre;)a o
detectors in Fig. 14.7b can be replaced by N filters m'fltched to @1(2), @2(t), .-+ ; goNgca:H
shown in Fig. 14.8b. Both types of optimum receivers (Figs. 14.7 and 14.8) peﬁorm identi al?'e-
The choice will depend on the circumstances. For example, if N < M and signals {@; ()}

easier to generate than {s; (1)}, then the choice of Fig. 14.8 is obvious.

Decision Regions and Error Probability _ _
In order to compute the error probability of the optimum receiver, we need to fiet;‘m;elz
decision regions in the signal space first. As mentioned earlier, the signal space is 1\; o
into M nonoverlapping, or disjoint, decision regions Ry, Ra, .-+ Ry, corresponding

r(?)
]

r()

14.3 Optimum Receiver 647
oD a
f N r res
|
@,(1) a,
~ r. . r.s
f PN \0_,2__ Compute 2 Comparator | _
N (select _’)”_
| TiSij largest)
| J=1
on(1) - Ay
a ~ r r-s
[ }—>o0 ,Ko—;v— M
|
Sample at = Ty,
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| o
rl .5
ei(Ty-1) P—M !
I
|
I
| c %
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e2Ty~1) o Mo : (select
- ris; largest) _T_
|
|
| (1574
~ 7 s
omTy-t) o No—s] i
|
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Figure 14.8  Another form of optimum M -ary receiver. (a) Correlation detector. (b) Matched-filter detector.

messages. If q falls in the region Ry, the decision is that m; was transmitted. The decision
regions are so chosen that the probability of error of the receiver is minimum. In light of this
geometrical representation, we shall now try to interpret how the optimum receiver sets these
decision regions.

The decision function is given by Eq. (14.45). The optimum receiver sets m = m if the

decision function
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N P(m;) — g — s:|?

Figure 14.9  Determining optimum decision re-
. . . . . .. : gions in a binary case.
is maximum for i = k. This equation defines the decision regions.

For simplicity, let us first consider the case of equiprobable messages; that is, P(m;) <
1/M for all i. In this case, the first term in the decision function is the same for all i and,
hence, can be dropped. Thus, the receiver decides that 77 = m;, if the term —|g — s;|? is largest
(numerically the smallest) for i = k. Alternatively, this may also be stated as follows; the
receiver decides that /i = my, if the decision function |g — s;|? is minimum for i = k. Noge
that |g — s;| is the distance of point g from point s;. Thus, the decision procedure in this case
has a simple interpretation in geometrical space. The decision is made in favor of that signa}
which is closest to g, the projection of r [the component of r ()] in the signal space. This
result is expected on gualitative grounds for gaussian noise, because the gaussian noise has a
spherical symmetry. If, however, the messages are not equiprobable, we cannot go too far on
purely qualitative grounds. Nevertheless, we can draw certain broad conclusions. If a particular
message m; is more likely than the others, one will be safer in deciding more often in favor of
m; than other messages. Hence, in such a case the decision regions will be biased, or weighted,
in favor of m;. This is shown by the appearance of the term In P (m;) in the decision function,
To better understand this point, let us consider a 2-dimensional signal space and two signals
s1 and s,, as shown in Fig. 14.9a. In this figure, the decision regions R; and R, are shown for
equiprobable messages; P(m;) = P(m,) = 0.5. The boundary of the decision region is the
perpendicular bisector of the line joining points s, and s,. Note that any point on the boundary
is equidistant from s;-and s;. If ¢ happens to fall on the boundary, we just “flip a coin” and
decide whether to select m; or m,. Figure 14.9b shows the case when the two messages are
not equiprobable. To delineate the boundary of the decision regions, we use Eq. (14.45). The . :
decision is my if We now show that such a boundary is given by a straight line perpendicular to line s;s, and

assing through i
g — 5,12 — N'n Pmy) < g — 522 — Nl P(rma) p g gh 515, at a distance w from s;, where
s ; c+d* N [P
Otherwise, the decision is m;. 3 = 24 T2 In [ (ml)] i (14.51)
Note that |g — s1| and |g — 52| represent d; and d,, the distance of g from s; and s,, : . ) P(my) 2
respectively. Thus, the decision is m1 if : W‘here dis the. distance between s, and s,. To prove this, we redraw the pertinent part of
i Fig. 14.9b as Fig. 14.9¢. It is evident from this figure that
2 P(mi) gur
di —d; < Nln ———= |
P(m3) 7 , d?=a? 4 y?
The right-hand side of this inequality is a consta;l)t(c: : . d22 =a?+(d~ )?
mi
c=Nh Hence,
' P(m3) , 4 .
Thus, the decision is m if o d12 - d/zz =2dp—d*=c¢
B-B<c ~ Therefore,
The decision is my if _c+ d?
a: - d>c s . 2d
N ‘ ‘ This is the desired result. Thus, along the decision boundary d7 — d2 is constant and equal
On the boundary of the decision regions, tf) c. The boundaries of the decision regions for M > 2 may be determined along similar
P = : .lmle;,. The decision regions for the case 01'c t‘hree equiprobable 2-dimensional signals are shown
m Fig. 14.10. The boundaries of the decision regions are perpendicular bisectors of the lines
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Figure 14.10  Determining optimum decj.
sion regions.

joining the original transmitted signals. If the signals are not equiprobable, then the boundaries
will be shifted away from the signals with larger probabilities of occurrence.
For signals in N-dimensional space, the decision regions will be N-dimensional hyper-

cones.
If there are M messages my, my, ..., my with decision regions Ry, Ry, ..., Ry,
respectively, then P(Clm;), the probability of a correct decision when m; is transmitted, is

given by \
P(C|m;) = P(q liesin Ry) (14.52)
and P(C), the probability of a correct decision, is given by
M .
P(C) = P(m)P(Clm;) (14.530)
i=1
and P,p, the probability of error, is given by
Py =1- P(C) (14.53b)

EXAMPLE 14.2

Binary data is transmitted using polar signaling over an AWGN channel with noise PSD /N72.
The two signals used are '

51() = —s2(t) = VE@(t)

The symbol probabilities P(m;) and P(m,) are unequal. Design the optimum receiver and
determine the corresponding error probability. .

The two signals are represented graphically in Fig. 14.11a. If the energy of each signal
is E, the distance of each signal from the origin is /E. The distance d between the two
signals is

d=2VE

14.3 Optimum Receiver 651

R,
o
$2
he- /sl
@
(t) t= Tb
r Ly
—_— ‘P(Tb —9 . > T};;ejﬁ:ld Decision:
myif r> =Ny POmy)
4WE  P(my)
: N P(m,)
my if r < In =——27
®) 4/E = P(my)

Figure 14.11  Decision regions for a binary case in Example 14.2.

The deCISlon IegIOIlS 1?1 and 1?2 are ShOWn in Fig. 14.11a. The dlSta]lCe 1S grven by .

P(Clm = m;) = P(noise vector originating at s; remains in Ry) ?

=Pn>—p L

~1-o(2) |
) _Q< ;\Lf/Z)

Hﬂm:mﬁ:l—Q(d—M) H

and i

P(C) = P(my) [1 -0 (ﬁﬂ\ﬁi)} + P(my) [1 -0

[
d—,u)

Similarly,

and

Pe:l“P(C)zP(mI)Q( - )+P(mz)Q<d—“> (14.54a) |
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where
d=2VE (14.54b)

and
_ N PO
K= 4/E " Pmy)

When P(m;) = P(mp) =05, u = JVE = d/2, and Eq. (14.54a) reduces to

P.=0Q <,/ %f—r) (14.54d)

In this problem, because N = 1 and M = 2, the receiver in Fig. 14.8 is preferable
to that in Fig. 14.7. For this case the receiver of the form in Fig. 14.8b reduces to that
shown in Fig. 14.11b. The decision threshold d’ as seen from Fig. 14.11a is

N Pm)
d=vE-—p=-—"+n
HEAVE T P
Note that d’ is the decision threshold. Thus, in Fig. 14.11b, if the receiver output r > ¢,
the decision is m;. Otherwise the decision is m,.
When P(m;) = P(m3y) = 0.5, the decision threshold is zero. This is precisely the

result derived in Chapter 13 for polar signaling.

++~E (14.54¢)

Examprie 14.3 QAM
Design the optimum receiver and compute the corresponding error probability for the

16-point QAM configuration shown in Fig. 14.12a, assuming all signals to be equiprobable
and assuming an AWGN channel.

Let us first calculate the error probability. The first quadrant of the signal space is

reproduced in Fig. 14.12b. Because all the signals are equiprobable, the decision region

boundaries will be perpendicular bisectors joining various signals, as shown in Fig. 14.12b.
From Fig. 14.12b it follows that

P(C|my) = P(noise vector originating at s; lies within Ry)

=P(l’11 >——§, ny; > —%l)
d

14.3 Optimum Receiver 653

!
e L] L] L]
e L] e °
° ° ° s P—>
L] [} ] o
(@) (b)
@i(0) _5
2
r
/ 1 S
_E
Compute é 2 Comparator
1181 1 rsp (select m
largest) f—s—
210)] ~Es
I 2
/
(¢
Figure 1412 16-ary QAM. }i‘
[
For convenience, let us define 4
d
-1-e(h)
Vo, (14.55)
Hence,
P(Clmy) = p?

Using similar arguments, we have

P(Clmy) = P(Clmy) = [1 -0 (%ﬁ)} [1 -20 (—«/ZL‘T\I)]
=pC2p-1)

and
P(Clms) = 2p — 1)*
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Because of the symmetry of the signals in all four quadrants, we get similar probabilities
for the four signals in each quadrant. Hence,
16
P(C) =) _ P(Clm)P(m;)
i=1
1 Js
— P(C|m;
16 (Clm;)

i=1

= %[4;;2 +4p@2p — 1) +4pQ2p -1 +4C2p — 1]

= }1[9;72 —6p+1]

- (31’ - 1>2 (14.56a)
2

and 9 1
PeM=1—P(C):Z(p+§>(1—P)

In practice, P,y — 0, and, hence, P(C) — 1. This means p =~ 1 [see Eq. (14.562)], and

d S
Py ~3(1—p) =30 (ﬁ) ~(14.56b)

To express this in terms of the received power S;, we determine E, the average energy of
the signal set in Fig. 14.12. Because Ej, the energy of s, is the square of the distance of

from the origin,
Sy 110! g 3d 2 3d 2_2d2
E‘Z(T \2) 72
3d\2  (d\* 5,
== —) ==d
B (2) +(2) 2

Similarly,
5 2
E; = — and E,= Ed

Hence,

- 192 57 d2 52 52
N - N B, —d°l==d
E‘4[2d+2d+2+2 2

bits. Hence, the energy per bit Ep is

and

14.3 Optimum Receiver 655

Hence,
P,y =30 (—d )
MW,

4 E,
=3 —— 14.57
o ( 5 .’N) ( )
A comparison of this with binary PSK [Eq. (13.21b)] shows that 16-point QAM requires
almost 2.5 times as much power as does binary PSK; but the rate of transmission is
increased by a factor of log, M = 4. This comparison does not take into account the fact
that Py, the BER, is somewhat smaller than P, ;. In this case, N = 2 and M = 16. Hence,
the receiver in Fig. 14.8 is preferable. Such a receiver is shown in Fig. 14.12c. Note that
because all signals are equiprobable,
—E;

2
For QAM, ¢1(2) = /2/Tycos w,(t) and ¢2(t) = /2/Ty sin w,(t), where w, =
2 / Ty.

a; =

andd? = 0.4E. Moreover, for M = 16, each symbol carries the information of log, 16 = 4 ’

ExampLE 14.4 MPSK
Determine the error probability of the optimum receiver for equiprobable MPSK signals,
each with energy E.

Figure 14.13a shows the MPSK signal configuration for M = 8. Because all the signals are
equiprobable, the decision regions are conical, as shown. The message m; is transmitted
by a signal s;(¢) represented by the vector §; (s1, 0). If the projection in the signal space
of the received signal r is q (g1, g2), and the noise is n (ry, ny), then

q=(s1+n;, m)=wE+n, n)
——
q1 q2
Also,
P(C|m;) = P(qliesin Ry)
This is simply the volume under the conical region of the joint PDF of q; and q,. Because
n; and n, are independent gaussian RVs with variance N/2, q; and g, are independent

gaussian variables with means +/E and 0, respectively, and each with variance N7/2.
Hence,

! e—(m—«/E)Z/NM 1 e-quw]
vaN TN

Paggrp) = [

and

1
P(Clm) = — / /e—[(q1~«/f)2+q§]/3\qul da (14.58a)
Ry

o L ( / BN dq2> e @VE N ga  (14.58b)
ﬂw q q2
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92
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—
P ~.
/ N s
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Figure 14.13  MPSK signals.

To integrate over R;, we first integrate over the (dark) shaded strip in Fig. 14.13b. Along

the border of R, s
g = + (tan M> q1

o0 qy tan (/M) Y P 2
P(Clmy) = _1__/ ([ ' e‘qg/wdth) e (‘h ﬁ) /Ndlh
a N 0 \J —g1 tan (/M)

(e gy tan (/M) } (a—vE) I
1-2 —— | |e q1
\/TE.N/(; [ Q( N/2 )

Changing the variable to x = v/2/N g1, we get
1 o kL ,( -
P(Clmy) = E/{; [1-20 (xtan M)] e

Using the fact that Ej, the energy per bit, is E/log, M, we have
2
1 o0 b4 —[s—+/@0gz 1) Ey/N| Pgx  (14.59)
P(C|m =—/ [1—2Q xtan—)|e x ,
Clm) = —= | )l

Hence,

2
VEIN) P gy (14.59)

14.3 Optimum Receiver 657

‘The integration can also be performed in cylindrical coordinates using the transformation
‘g1 = p/N/2 cos0 and g, = p+/N/2 sin 6. The limits on p are (0, 0o) and those on #
are — /M to m/M. Hence,

/M [’
P(Clmy) = 1 / de / pe P20~/ 2B/ NeosoH2E[N)/2 4, (14.60a)
27 Joam 0
1 /M 00
=1 a0 / pe~1*~203/Q10g; 1) By N cosb-+(2lozs M)Es/NV/2 4, (14,60b)
2 —n/M 0

Because of the symmetry of the signal configuration, P(C|m;) is the same for all i. Hence,
P(C) = P(Clm1)
and
Py =1- P(Clm)

P.y is computed numerically. The plot is shown in Fig. 13.22. Still another form
of the integral for P,y was found in Chapter 13 [Eq. (13.53)]. For MPSK, s;(¢) =
A2E [Ty cos (wot + 6;), where @, = 27/ Ty, 6; = 27i /M, and the optimum receiver
turns out to be just a phase detector similar to that shown in Fig. 14.12 (see Prob. 14.3-3).

General Expression for Error Probability
Thus far we have considered rather simple schemes where the decision regions can be found
easily. The method of computing error probabilities from the knowledge of decision regions
has also been discussed. When the dimensions of the signal space increase, it becomes difficult
to visualize the decision regions graphically, and as a result the method loses its power. We now
develop an analytical expression for computing error probability for a general M-ary scheme.
From the structure of the optimum receiver in Fig. 14.7, we observe that if m; is
transmitted, then the correct decision will be made only if

by > by, b3, ..., by

In other words,

P(C}m:1) = probability (b > by, bs, ..., baglmy) (14.61)

If m; is transmitted, then (Fig. 14.7)

n

by = / [s1(£) -+ n(6)]s(¢) df + s (14.62)

0

Let
Tm
Pij =/ Si(l)Sj(l)df ihj=12,.... M (14.63)
0

pi; are known as crosscorrelation coefficients. Thus (if m; is transmitted),

Ty
by = pu + / n(t)s;(¢) dt + ay (14.642)
0
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N
= p1kr + a]; + Zsk]-nj (14641‘))
j=1

where n; is the component of n(t) along ¢;(¢). Note .that p1{C +arisa coqstmt, and variableg
n; (j =1, 2, ..., N) are independent jointly gaussian va1.'1ables', e.ach with zero mean and a
v]an'ance of N/2. Thus, variables by, are a linear combination Qf jointly gaussian vanables.. It
follows that the variables by, bs, ..., by are also jointly gaussian. The probability of making
a correct decision when m is transmitted can be computled from Eq. (14.61). Note 'that bl. can
lie anywhere in the range (—o00, 00). More precisely, if p(by, b2, ..., bylm,) is the joint
PDF of by, b, ..., by, then Eq. (14.61) can be expressed as

b b
P(Clml) = /w/ 1 '--/ 1 p(bl, b2, ceey bM|m1)db1, dbz, ey dbM (14653,)
-0 J —00 —00

where the limits of integration of b, are (—oo, 00), and for the remaining variables the limits
are (—oo, by). Thus,

b by
P(C|m1) = /oo dbl/ l dbz/ A p(bl, bz, ey bM\ml) dbM (14.65b)
—00 —o0 —00
Similarly, P(C|m2), ..., P(C|my) can be computed, and

M
P(C) = ) _ P(Clm))P(m;)

j=1

and
Py =1—P(C)

EXAMPLE 14.5

Orthogonal Signal Set

In this set all M equal-energy signals sy (t), s2(), ..., sy (t) are mutually orthogonal.

As an example, a signal set for M = 3 is shown in Fig. 14.14.

4

fk

Figure 14.14  Orthogonal signals.
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The orthogonal set {s (¢)} is characterized by the fact that

5 =10 j#k
Si Sk = { E J=k (14.66)
Hence,
0 L
Pij = Si - 8j = {E i ij (14.67)

Further, we shall assume all signals to be equiprobable. This yields

1 1
ay = 5 [.’Nln (M) — Ek]
= —%(.’NlnMJr E)

where E is the energy of each signal. Note that a is the same for all values of k. Because
the constants a; enter the expression only for the sake of comparison (see Fig. 14.8b),
they can be ignored, and hence, we can let a; = 0. Also for an orthogonal set, b

$(t) = VE g (t) (14.68)
Therefore, I
VE  k=j :
- 14. ‘
S { ; oy (14.69) ;

Hence, from Egs. (14.64b), (14.67), and (14.69), we have (when m; is transmitted)
bk={E+*/E“1 k=1 (14.70)
VEun k=23 ..., M
Note that ny, ny, ..., ny are independent gaussian variables, each with zero mean and

variance N/2. Variables by, that are of the form (ang + B) are also independent gaussian ‘
variables. Equation (14.70) shows that the variable by has the mean E and variance i

(WEY(N/2) = NE/2. Hence, |
1 f ;

2
(b ) — e~(bl—E) /NE B
Poiin JTWE ‘11 |
It
Do (b)) = Ee"b’z/m k=2,3,.... M “;3
b3 Ll
Because by, by, ..., by are independent, the joint probability density is the product of
the individual densities:
1 2 e T 1 2
(b1, b, ..., bymy) = e G1—EY/NE (»——e-bk/WE)
P ulms 7 NE IE VT NE

and
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by 1

M
1 * —1—EY/NE ] e HINE dbk)
P(Clmy) = wm[xmel “g N ToNE

M—-1
b 1 2
1 * ~1—EYNEY o (/ —* /Wde)
- 7 | e P\ Ve

M-1
by ):| X e—(bl_E)Z/NE db (14.713.)

-__1_/00 1—Q(————
" VANE J-w VvNE/2

Changing the variable so that by //NE /2 = y, and recognizing that E/N = (log, M)
Ey /N, we obtain

P(Clmy) = YIVEEIN) 21— o)™ dy (14.71b)

1 /°° e_(
v27T -0
1 o0 A[yf @logy D ES/ N /2 M-l gy (1471
=__/ e -0 dy (14710
VZTL’ —00

Note that because this signal set is geometrically symmetrical,

P(Clmy) = P(Clmp) = --- = P(C|my)
Hence,
P(C) = P(Clmy)
and
Py =1-P(C)
i _1_/°° o[~/ Con ETN] 2 [ — o)™ dy (14714)
INGZ

This confirms our earlier result in Eq. (13.57). Figure 13.25 shows the plot of Py Vs.
Ep/N.

Significance of the Geometrical Configuration of Signals ' e
From this discussion, one very interesting fact emerges. Whenever the optlmur.n P
is used, the error probability does not depend on specific mgn.al waveforms 1?ut %t aeg)i ol
only on their geometrical configuration in the signal space. A given cgnﬁguratlotl;l 1r'1S e
space can represent infinite possible signal sets, depending on the choice p.f the as1the germI
used. A given configuration does specify the average energy of the set. This r;lelel\ns e
probability depends on signal waveforms only through the average energy o dt te s .;ws -
the average signal energy (or power) emerges as a fundamental parameter that determi

error probability.

14.3 Optimum Receiver 661

This discussion also vividly demonstrates the insight provided by the use of signal space

in the study of optimum receivers.

Bandwidth of A-ary Signals

As discussed in Sec. 14.1, the dimensionality of a signal is 2BTy, + 1, where Ty is the signal
duration and B is its essential bandwidth. It follows that for an N-dimensional signal space

(N < M), the bandwidth is B = (N —1)/2Ty. Thus, reducing N reduces the bandwidth,

We can verify that N-dimensional signals can be transmitted over (N —1)/2Ty Hz by

constructing a specific signal set. Let us chooge the signals

sin 2¢w,t 0<r=<Ty (14.72)

=] 2 cos (% O
w(t) = ECOS (5 oN

These are k + 1 orthogonal pulses with a total bandwidth of k/2)(wo/27) = k/2Ty Hz.
Hence, when k + 1 = N, the bandwidth® is (N — 1)/2Ty. Thus, N = 2Ty B +1.

To attain a given error probability, there is a trade-off between the average energy of the
signal set and its bandwidth. If we reduce the signal space dimensionality, the transmission
bandwidth is reduced. But the signals are now closer together, because of the reduced
dimensionality. This will increase P, . Hence, to maintain a given Py, we must move the
signals farther apart; that is, increase energy. Thus, the cost of reduced bandwidth is paid in
terms of increased energy. In Chapter 15 we shall study the ideal trade-off between bandwidth
and signal energy and compare the performance of various signal schemes in light of this
relationship.

* Here we are ignoring the band spreading at the edge. This spread is about 1/ Ty Hz. The actual bandwidth is larger
than (N — 1)/27y by this amount.
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14.4 EQUIVALENT SIGNAL SETS

The computation of error probabilities is greatly facilitated by t.he translation and rotation of
coordinate axes. We now show that such operations are penms§1ble. o

Consider a signal set with its corresponding decision regions, as shown in Fig. 14.1 ?a,
The conditional probability P (C|m1) is the probability that the r{mise vector drawp from s, lies
within R;. Note that this probability does not depend on the origin of the coordinate system.
We may translate the coordinate system any way we wish. This is equivalent to translating the
signal set and the corresponding decision regions. Thus, the P (C|m;) for the translated system

shown in Fig. 14.15b is identical to that of the system in Fig. 14.15a. . '
In the case of gaussian noise, we make another important observation. The rotation of

the coordinate system does not affect the exror probability because the noise-vector probability

Figure 14.15  Translation and rotation of co-
ordinate axes.

(@)

(b)

14.4 Equivalent Signal Sets 663

density has spherical symmetry. To show this we shall consider Fig. 14.15¢c, where the signal
set in Fig. 14.15a is shown translated and rotated. Note that a rotation of the coordinate system
is equivalent to a rotation of the signal set in the opposite sense. Here for convenience we rotate
the signal set instead of the coordinate system. It can be seen that the probability that the noise

_vector n drawn from s; lies in Ry is the same in Fig. 14.15a and c, because this probability

is given by the integral of the noise probability density pn(r) over the region R;. Because
Pn(n) has a spherical symmetry for gaussian noise, the probability will remain unaffected by a
rotation of the region R;. Clearly, for additive gaussian channel noise, translation and rotation
of the coordinate system (or translation and rotation of the signal set) do not affect the error
probability. Note that when we rotate or translate a set of signals, the resulting set represents
an entirely different set of signals. Yet the error probabilities of the two sets are identical. Such
sets are called equivalent sets.

The following example demonstrates the utility of translation and rotation of a signal set
in the computation of error probability.

EXAMPLE 14.6

A quaternary PSK (QPSK) signal set is shown in Fig. 14.16a,
§1 = —8 = vE ?1
ss=—sa=vEp

Assuming all symbols to be equiprobable, determine P,y for an AWGN channel with noise
PSD N72.

(@)

oS3

.5, LTA

(b

Figure 14.16  Analysis of QPSK.

Qualcomm v. Cobblestone, IPR2024-01336
Qualcomm - Exhibit No. 1023
Page 341



664

OPTIMUM SIGNAL DETECTION

This problem has already been solved in Example 14.4 for a general value of M. Here we
shall solve it for M = 4 to demonstrate the power of the rotation of axes.

Because all the symbols are equiprobable, the decision region boundaries will be
perpendicular bisectors of lines joining various signal points (Fig. 14.16a). Now

P(C|m;) = P(noise vector originating at s; remains in R1) (14.73)

This can be found by integrating the joint PDF of components n; and n, (originating at
s1) over the region R;. This double integral can be found by using suitable limits, as in
Eq. (14.59). The problem is greatly simplified, however, if we rotate the signal set by 45°,
as shown in Fig. 14.16b. The decision regions are rectangular, and if n; and n, are noise
components along ¢; and ¢, then Eq. (14.73) can be expressed as

P(Clm) = P (m > —@ = '\E)
(o) ()

) r Q( 2%2)]2

0| oy

e

1 —

:1_Q0%9 (14.74a)
- 5\

=|1-0 ( /_ﬁ”ﬂ (14.74b)

Minimum-Energy Signal Set

As noted earlier, an infinite number of possible equivalent signal sets exist. Because signal
energy depends on its distance from the origin, however, equivalent sets do not necessarily
have the same average energy. Thus, among the infinite possible equivalent signal sets, the
one in which the signals are closest to the origin has the minimum average signal energy (or

transmitted power). .

Let my, ma, ..., my be M messages with waveforms s1(¢), s2(2), ..., sy (#) repre-
sented by poinfs §1, 2, ..., Sy in the signal space. The mean energy of these signals is E,
given by

.M
E=Y)" Pmls;
i=1
Translation of this signal set is equivalent to subtracting some vector a from each signal. Let
this operation yield the minimum-mean-energy set. We now wish to find the vector a such that
the new mean energy

14.4 Equivalent Signal Sets 665

E=) P(m)lsi —al*

M=

(14.75)

i=1

is minimum. We_ can show that @ must be the center of gravity of M points located at
1, 82, ..., Sy With masses P (m;), P(my), ..., P(my), respectively:
M
a= ZP(mi)Si =5

i=1

(14.76)

To prove this, suppose the mean energy is minimum for some translation . Then

M
E =" P(m)ls; — b

i=1

M
=) Pm)l(s; —a) + (@ — b
i=1

-

M M
Penolsi —al +2@~b)- 3" Poni)si ~ ) + 3 Pm)la — b2

i=1 i=1

i=1

Observe that the second term in the above ex; i i i i
pression vanishes because of th i
B (1476, Hoos ¢ of the relationship in

_ M M
E=) Pmls; —aP+ " P(nyla - b

i=1 i=1

This is minimum when b = a. Note that the rotation of the coordinates does not change the
energy, and, hence, there is no need to rotate the signal set to minimize the energy.

EXAMPLE 14.7

For.the binary orthogonal signal set shown in Fig. 14.17a, determine the minimum-ener
equivalent signal set. &

The minimum-energy set for this case is shown in Fi g. 14.17b. The origin lies at the center i

of gravity of the signals. We have also rotated the signals for convenience. The distances
k1 and k, must be such that i

ki+k=d !

k1 P(m1) = ko P (my)

Solution of these two equations yields !

k1 = P(my)d
and

k2 = P(ml)d
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53 51
— k |4——k,—>j o>
(@ ()
s

31(1) .
ATy V2ITek;
Ty T, ]
1 —>
5,(0) $5(0)
INTe T, V2ITyk
b ok
t—s Ty 1—>

(©) (@)

Figure 14.17  Equivalent signal sets.

Both signal sets (Fig. 14.17a and b) have the same error probat?ility, but the latter
has a smaller mean energy. If E and E’ are the respective mean energies of the two sets,

then
_ 42 e &
E = P(m1)? +P(m2)7 =73
and
F = P(m)k? + P(ma)ks

= P(my)PX(mp)d* + P(m) P*(m1)d’

= P(m)) P(m2)d”

Note that the product P (my) P (nz) is maximum when P (m1) = P(mz) = 1/2, in which

case .
P(my)P(mz) = I

and
_
’ N
E' < 2
Therefore, }
<kt
-2
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and for the case of equiprobable signals,

v E
T2
In this case,
d
k1=k2=—2—
2 2
2 4

The signals in Fig. 14.17b are called antipodal signals when k1 = k». The error probability
of the signal set in Fig. 14.17a (and Fig. 14.17b) is equal to that in Fig. 14.11a and can be
found from Eq. (14.54a).

As a concrete example, let us choose the basis signals as sinusoids of frequency

Wo =21/ Ty:
2 .
o) = ‘/ T sin w,t
0<t<Ty
2 .
©2(t) = [ 7 sin2w,t
Ty
Hence,
d d
51(t) = —=@1(t) = —= sinw,t
10 =700 = g sines
OSt<TM

d d .
52(8) = E%(t) = -—ﬁ_—M sin 2w,t

The signals s;(¢) and s,(¢) are shown in Fig. 14.17c, and the geometrical representation
is shown in Fig. 14.17a. Both signals are located at a distance d/+/2 from the origin, and
the distance between the signals is d.

The minimum energy signals s (¢) and s} (¢) for this set are given by

2
s1(t) = | =— P(mgz)d sin w,t
\ Tn
' 2 .
85(t) = [ — P(my)d sin w,t
V Tu

These signals are sketched in Fig. 14.17d.

0<t<Ty
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14.8 Simplex Signal Set ‘ .
panLe ? A minimum-energy equivalent set of an equiprobable orthogonal set is called a simplex,

or transorthogonal, signal set. Derive the simplex set corresponding to the orthogonal set in

Eg. (14.66).
A
@2
VE| W
I VE S

VIEI3

V2E,
VEI2 | VEI2 |

!
s 55 o> ' > L‘:;
»
© \Vﬁ(m

Figure 14.18  Simplex signals.

To obtain the minimum-energy set, the origin should be shifted t‘o the cente.r of gravi?y
of the signal set. For the 2-dimensional case (Fig. 14.18a), the s.1rnplex set is shown in
Fig. 14.18c, and for the 3-dimensional case (Fig. 14.18b}, the sm.lplex set is showfn tk11n
Fig. 14.18d. Note that the dimensionality of the simplex signal set is less than thath o the
orthogonal set by 1. This is true in general for any valut? 'of M. Tt can be show%m tl ?; ble
simplex signal set is the optimum (minimum error probaplllty) for @e cage; of equiprobable
signals embedded in white gaussian noise when energy 18 constre}med. v .

We can calculate the mean energy of the simplex set by noting that it is obtained by
translating the orthogonal set by a vector &, given by Eq. (14.76),

1 M
= — S;
a M;x

For orthogonal signals, .

Si=\/E<Pi

Therefore,

14.5 Nonwhite (Colored) Channel Noise 669

@i

i
<[5
Mk

Il
LR

i
where FE is the energy of each signal in the orthogonal set and ¢; is the unit vector along
the ith coordinate axis. The signals in the simplex set are given by

S, =58—a
JE &
= */E(Pk A Z%‘ 14.77)
i=1
The energy E’ of signal s}, is given by |s,’€[2,
E =g -5 (14.78)

Substituting Eq. (14.77) into Eq. (14.78) and observing that the set ¢; is orthonormal, we
have

E
E'=E-—
M

-+(1-3)

Hence, for the same performance (error probability), the mean energy of the simplex signal
set is 1 — 1/M times that of the orthogonal signal set. For M > 1, the difference is not
significant. For this reason and because they are easier to generate, orthogonal rather than
simplex signals are used in practice whenever M exceeds 4 or 5.

(14.79)

In the next chapter, we shall show that in the limit as M — o0, the orthogonal (as well as
the simplex) signals attain the upper bound of performance predicted by Shannon’s theorem.

14.5 NONWHITE (COLORED) CHANNEL NOISE

Thus far we have restricted our discussion exclusively to white gaussian channel noise. Our
discussion can be extended with relative ease to nonwhite, or colored, gaussian channel noise.

If the noise PSD S, (w) is not white, we use a noise-whitening filter H (w) at the input
of the receiver, where

1
|H(®)] = T

Consider a signal set {s;(¢)} and a channel noise n(¢) that is not white [S; () is not constant].
At the input of the receiver, we use a noise-whitening filter H (w) that transforms the colored
noise into white noise (Fig. 14.19). But it also alters the signal set {s;(z)} to {s/(¢)}, where

s/(t) = s5; () x h(2)
or

$/(@) = 5i(@)H()

1
I
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n(?)

Optimum receiver

Noise-whitening Decision
{s:(0} filter ) for‘ P
H(w) {s{(/)} in white noise

si(1) + n(z) si0) + n (1)

Figure 14.19  Optimum M -ary receiver for nonwhite channel noise.

We now have a new signal set {s;(¢)} mixed with white gaussian noise, for which the o.ptimum
receiver and the corresponding error probability can be determined by the method discussed

earlier.
In general, a whitening filter may be unrealizable. In such a case we need to allow a

sufficient delay in H (w) to be able to closely realize the filter.

14.6 OTHER USEFUL PERFORMANCE CRITERIA

The optimum receiver uses the decision strategy that makes the t.>est possible use of the obse.rved ;
data and any a priori information available. The strategy will also depend on the weights
assigned to various types of errors. In this chapter we have tl}us far agsumed that all e:—irors
have equal weight (or equal cost). This assumption may not be justified in some cases, and we
may therefore have to alter the decision rule. :

Generalized Bayes Receiver ' o 7
If we are given a priori probabilities and the cost functions of various types (.)f erfors, the
receiver that minimizes the average cost of decision is called the Bayes rec.elver, and the
decision rule is Bayes’ decision rule. Note that the receiver that has been dlscusse.:d SO f;u‘
is the Bayes receiver under the condition that all errors have equal cost (equal weight). To

generalize this rule, let

Cyj = costof deciding that /2 = m; when m; was transmitted (14.80)

and, as usual,

P(m;lq) = conditional probability that m; was transmitted when g is received

If g is received, then the probability that m; was transmitt.ed is J'D(mjlq) for all j
1,2, ..., M. Hence, the average cost of the decision 71 = my, is B, given by

B = Ckli)(ml|q) + CraP(malg) + -+ - + Cenr (marlq)
M
= Z Cj P(m;\q) (14.81)
=

Thus, if ¢ is received, the optimum receiver decides that i = my if

14.6 Other Useful Performance Criteria 671

Br < Bi foralli #k

M M
> CiP(mlg) <Y CyiP(mjlg)  forall i £k (14.82)
j=1 j=1
Use of Bayes’ mixed rule in Eq. (14.82) yields
M M
3 CuPmppylaim) < 3 CiP(m)py(gim)  forall i £k  (14.83)
j=1 j=1
Note that Cyy is the cost of setting % = m;, when my, is transmitted. This cost is generally zero.
If we assign equal weight to all other errors, then
_jo k=j
= { 1 k#)
and the decision rule in Eq. (14.83) reduces to the rule in Eq. (14.42), as expected. The
generalized Bayes receiver for M = 2, assuming Cy; = Cyp = 0, sets m = m; if

C12P (m2) pg(g|m2) < Ca1 P(my1) pq(glmi)

Otherwise, the receiver decides that /7t = m,.

Maximum-Likelihood Receiver

The strategy used in the Bayes receiver discussed in the preceding subsection is general, except
that it can be implemented only when the a priori probabilities P(m;), P(m3), ..., P(my)
are known. Frequently this information is not available. Under these conditions various
possibilities exist, depending on the assumptions made. When, for example, there is no reason
to expect any one signal to be more likely than any other, we may assign equal probabilities
to all the messages:

1
P(my) = P(my) =--- = P(my) = M
Bayes’ rule [Eq. (14.42)] in this case becomes: set #t = my, if
P(glmy) > pg(glm;)  foralli £k (14.84)

Observe that pq(g|m;) represents the probability of observing g when my; is transmitted.
Thus, the receiver chooses that signal which, when transmitted, will maximize the likelihood
(probability) of observing the received g. Hence, this receiver is called the maximum-
likelihood receiver. Note that the maximum-likelihood receiver is a Bayes receiver under the
condition that the a priori message probabilities are equal. In terms of geometrical concepts,
the maximum-likelihood receiver decides in favor of that signal which is closest to the received
data g. The practical implementation of the maximum-likelihood receiver is the same as that
of the Bayes receiver (Figs. 14.7 and 14.8) under the condition that all a priori probabilities
are equal'to 1/ M.

If the signal set is geometrically symmetrical, and if all a priori probabilities are equal
(maximum-likelihood receiver), then the decision regions for various signals are congruent.
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In this case, because of symmetry, the conditional probability of a correct decision is the same
no matter which signal is transmitted, that is,

P(C|m;) = constant for all i

14.6 Other Useful Performance Criteria 673

Figure 14.20  Explanation of minimax concept.

Because
M
P(C) =) P(m;)P(Clm;)
i=1
in this case False-alarm cost False-dismissal cost
P(C) = P(Clm) (1435) L /
.. fo
Thus, the error probability of the maximum-likelihood receiver is independent of the ac_tual c s NG Tinimas condition
source statistics P (m;) for the case of symmetrical signal sets. It should, 1}owever, be raah-zed C, B 1
that if the actual source statistics were known beforehand, one could design a better receiver - |
using Bayes’ decision rule. . o . TR —
It is apparent that if the source statistics are not known, the maximum-likelihood receiver (b)

proves very attractive for a symmetrical signal set. In such a receiver one can specify the error
probability independently of the actual source statistics.

Minimax Receiver . N .
Designing a receiver with a certain decision rule completely specifies the conditional proba-

bilities P(Cm;). The probability of error is given by
Py =1-P(C)

M
=1-) P(m)P(Clm;)

i=1
Thus, in general, for a given receiver (with some specified dgciéon rule) the error probability
depends on the source statistics P (m;). The error probability is the largest for some source
statistics. The error probability in the worst possible case is [ P Jmax and represents the upper
bound on the error probability of the given receiver. This upper bf)und [ P.e M Jmax seryes as an
indication of the quality of the receiver. Each receiver (with a certain decision rule) w1'11. havea
certain [ P,y lmax. The receiver that has the smallest upper bound on the error probability, that
is, the minimum [ PepImax, is called the minimax receiver. o

We shall illustrate the minimax concept for a binary receiver with on-off signaling. The

conditional PDFs of the receiving-filter output sampler att = T}, are p(r|1) and p (r10). These
are the PDFs of r for the “on” and the “off” pulse (i.e., no pulse), respectively. Figure 14.20a

shows these PDFs with a certain threshold a. If we receive r > a, we choose the hypothesis’

“signal present” (1), and the shaded area to the right of a is the probability of false alarllln
(deciding “signal present” when in fact the signal is not present). .If T <.a, w§ .choostt‘: tl e
hypothesis “signal absent” (0), and the shaded area to the left of a is the Rrobab%hty of fal ﬁe
dismissal (deciding “signal absent” when in fact the signal is present). It is 'obv10us that the
larger is the threshold a, the larger is the false dismissal error and the smaller is the false alarm
error (see Fig. 14.20b).

We shall now find the minimax condition for this receiver. For the minimax receiver,
we consider all possible receivers (all possible values of a in this case) and find the maximum
error probability (or cost) that occurs under the worst possible a priori probability distribution.
Let us choose a = a4, as shown in Fig. 14.20b. In this case the worst possible case occurs
when P(0) = 1 and P (1) = 0, that is, when the signal s(z) is always absent. The type of
error in this case is false alarm. These errors have a cost Cy. On the other hand, if we choose
a = a, the worst possible case occurs when P(0) = 0and P(1) = 1, that is, when the
signal is always present, causing only the false-dismissal type of errors. These errors have a
cost C. It is evident that for the setting a = «, the cost of false alarm and false dismissal are
equal, namely, C,. Hence, for all possible source statistics the cost is Cy. Because C, < C;
and Cy, this cost is the minimum of the maximum possible cost (because the worst cases are
considered) that accrues for all values of a. Hence, a = « represents the minimax seftting.

It follows from this discussion that the minimax receiver is rather conservative. It is
designed under the pessimistic assumption that the worst possible source statistics exist.
The maximum-likelihood receiver, on the other hand, is designed on the assumption that
all messages are equally likely. It can, however, be shown that for a symmetrical signal set,
the maximum-likelihood receiver is in fact the minimax receiver. This can be proved by
observing that for a symmetrical set, the probability of error of a maximum-likelihood receiver
(equal a priori probabilities) is independent of the source statistics [Eq. (14.85)]. Hence, for
a symmetrical set, the error probability P,y = « of a maximum-likelihood receiver is also
equal to its [P,psImax. We now show that no other receiver exists whose [P, Imax is less than
the o of a maximum-likelihood receiver for a symmetrical signal set. This is seen from the fact
that for equiprobable messages, the maximum-likelihood receiver is optimum by definition.
All other receivers must have Pem > a for equiprobable messages. Hence, [P,y |nax for these
receivers can never be less than c.. This proves that the maximum-likelihood receiver is indeed
the minimax receiver for a symmetrical signal set.
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14.3-1 A source emits M equiprobable messages, which are assigned signals §;, $2, ..., Sy, as shown
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in Fig. P14.3-1. Determine the optimum receiver and the corresponding error probability P,
for an AWGN channel as a function of Ej,.

a | ¥ i a
3. E. Arthurs and H. Dym, “On Optimum Detection of Digital Signals in the Presenf:e ‘of ‘White Gaussian A fe— > >t -—-’{ \
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6. H.J. Landau and D. Slepian, “On the Optimality of the Regular Simplex Code,” Bell Syst. Tech. J.,
vol. 45, pp. 1247-1272, Oct. 1966. o .
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14.1-1 Find at least three different sets of orthonormal basis signals for a 5-dimensional signal space.

14.1-2 The basis signals of a 3-dimensional signal space are given by ¢1(1) = @), @) =
p(t —T,), and g3(t) = p(t — 2T,), where ,

1
p(t) = Jﬁ[u(t) —u(t —T1,)]

Sketch the waveforms of the signals represented by (1, 1, 0), (2, -1, 1,3, 2, _%), and
(=4, =1, 1) in this space.

-chsl o5, .S, o5,

s oS o5, osg

Figure P14.3-1 / Figure P14.3-2

14.3-2 A source emits eight equiprobable messages, which are assigned signals 81, 8, ..., §3,asshown

in Fig. P14.3-2.
(a) Find the optimum receiver for an AWGN channel.

(b) Determine the decision regions and the error probability P. of the optimum receiver as a
function of Ej.

14.1-3 Repeat Prob. 14.1-2 if 14.3-3 Show that for MPSK, the optimum receiver of the form in Fig. 14.8a is equivalent to a phase
. 1 comparator. Assume all messages equiprobable and an AWGN channel.
o) =
VT 14.3-4 The vertices of an N-dimensional hypercube are a set of 2V signals
2 2 N
— | ZsinZs 0<t<T, d
o) = T, sin T, t =i=5 s (t) = 2 Zakjgpj(t)
j=1
o3(t) = 2 cos 2_7’? k where {91 (2), ¢2(2), ..., on(?)} is a set of N orthonormal signals, and ay; is either 1 or —1.
T, T, Note that all the N signals are at a distance of ~/Nd /2 from the origin and form the vertices of
the N-dimensional cube.
14.1-4 If p(7) is as in Prob. 14.1-2 and ; (a) Sketch the signal configuration in the signal space for N = 1, 2, and 3.
oe(®) = plt — (k — DT,) k=1,2,3,4,5 (b) For each configuration in part (a), sketch one possible set of waveforms. “
(a) Sketch the signals represented by (—1, 2, 3, 1, 4), 2,1, -4, -4,2),3, -2, 3,4, 1),and (c) If all the 2" symbols are equiprobable, find the optimum receiver and determine the error
(=2, 4, 2, 2, 0) in this space. probability P, of the optimum receiver as a function of E; assuming an AWGN channel.
(b) Find the energy of each signal. 14.3-5 A ternary signal configuration is shown in Fig. P14.3-5.

(c) Find the pairs of signals that are orthogonal.

14.2-1 For 2 certain stationary gaussian random process x(t), it is given that Rx(7) = e~ 17!, Determine
the joint PDF of RVs x(2), x(f + 1), and x(z + 2).

(@) If P(m,) = 0.5and P(m;) = P(m_;) = 0.25, determine the optimum decision regions and
P,y of the optimum receiver as a function of E. Assume an AWGN channel.

(b) Find P, as a function of E/N.
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r___ a’———’-<-—-d“’1 : g S .
)

s 5o 51
PO ) G ° 2d
Figure P14.3-5 l
14.3-6 A 16-ary signal configuration is shown in Fig. P14.3-6. Wri.te the expression (do not evaluate ; <—d—>'?<—d—>§
T various integrals) for the P,y of the optimum receiver, assuming all symbols to be equiprobable, : : :
Assume an AWGN channel. S T °
L T S @
&
® KN
_ o 8 . Figure P14.3-8
;" <—-—d—>{<—.‘ -
o ° e o 14.3-9 An orthogonal signal set is given by
: b . i / s =vE@() k=12, ...,N
o o A biorthogonal signal set is formed from the orthogonal set by augmenting it with the negative

of each signal. Thus, we add to the orthogonal set another set
s = —VE ¢:(0)

This gives 2N signals in an N-dimensional space. Assuming all signals to be equiprobable and an
AWGN channel, obtain the error probability of the optimum receiver. How does the bandwidth
space is shown in Fig. P14.3-7. : of the biorthogonal set compare with that of the orthogonal set?
: 14.4-1 (a) What is the minimum-energy equivalent signal set of a binary on-off signal set?

Figure P14.3-6

14.3-7 A five-signal configuration in a 2-dimensional

d (b) Using geometrical signal space concepts, explain why the binary on-off and the binary or-
P 1= Y : . . e . .
2 thogonal sets have identical error probabilities and why the binary polar energy requirements
are 3 dB lower than those of the on-off or the orthogonal set.
d 14.4-2 A source emits three equiprobable messages m, m,, and m3, encoded by signals s, (¢), 52(¢), and
3 s3(1), respectively, where
R o si(t) = 203/2sin Z+ .
) = 104/2cos &t Ty=—
u 20
‘ s3(0) = —10+/2 cos Tt
Figure P14.3-7 + e ivo sigals Each of these signal durations is 0 < ¢ < T}, and is zero outside this interval. The signals are
; d sketch the waveforms of the five signals. ; transmitted over AWGN channels.
(a) Choose the appropriate @1 () and ¢;(7) an i . ] )
(b) In the signal space, sketch the optimum decision regions, assuming an AWGN channel. (a) Represent these signals in a signal space.

o as a function of E of the optimum receiver. (b) Determine the decision regions.

(¢) Determine the error probability P,

P14.3-8. Assuming that all symbols are (¢) Obtain an equivalent minimum-energy signal set.

i i figuration is shown in Fig. .
14.3-8 A 16-point QAM signal configuratio eriom of E of the optimur rceiver

equiprobable, determine the error probability P as a fu

for an AWGN channel. . . ’
Compare the performance of this scheme with that in Example 14.3.

(d) Determine the optimum receiver.

14.4-3 A quaternary signaling scheme uses four waveforms,
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5= W3-Da@)

50 = —20:(6) + (V3= 1) 2
53(8) = ~(V3+1) g1 (1) = 22(2)
sa(t) = =(v/3+1) o)

where @1 (¢) and @,(¢) are orthonormal basis signals. All the signals are equiprobable, and the
channel noise is white gaussian with PSD $,(w) = 0.2.
(a) Represent these signals in the signal space, and determine the optimum decision regions.
(b) Compute the error probability of the optimum receiver.
(¢) Find the minimum-energy equivalent signal set.

14.4-4 A ternary signaling scheme (M = 3) uses the three waveforms s (¢), s2(), and s3(¢) shgwn inFig,
P14.4-4. The transmission rate is 500 symbols per second. All three messages are equiprobable,
and the channel noise is white gaussian with PSD Sy(w) = 105,
(a) Determine the error probability of the optimum receiver.
(b) Determine the minimum-energy signal set and sketch the waveforms.

(¢) Compute the mean energies of the signal set in Fig. P14.4-4 and its minimum-energy -

equivalent set, found in part (b).

5112’) ' 55(0) s3(2)

3 210~ X1 ) 3 2X107
107 2x10° 2107, 10 f—

Figure P14.4-4
14.4-5 Repeat Prob. 14.4-4 if P(m;) = 0.25, P(my) = 0.5, and P(m3) = 0.25.

14.4-6 A binary signaling scheme uses the two waveforms s (¢) and s,(¢) shown in Fig. P14.4-6. T.he
signaling rate is 1000 pulses per second. Both signals are equally likely, and the channel noise
is white gaussian with PSD S, (@) = 2.5 x 107%.
(a) Determine the minimum-energy equivalent signal set.
(b) Determine the error probability of the optimum receiver.
(c) Represent these signals as vectors using a suitable orthogonal signal space. Hint: Use Gram-
Schmidt orthogonalization to determine the appropriate basis signals ¢; (f) and @2 ).

51(1) 5:(0)

3 V2 sin (w,t/2)

0.001 — 0 0000 g,

Figure P14.4-6
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free. We may be able to improve the accuracy in digital signals by reducing the error

probability P,. But it appears that as long as a channel noise exists, the communication
cannot be error-free. For example, in all the digital systems discussed thus far, P, varies as
e*Es agymptotically. By increasing Ej, the energy per bit, we can reduce P, to any desired
level. Now, the signal power is S; = E, R}, where R), is the bit rate. Hence, increasing E,
means either increasing the signal power S; (for a given bit rate) or decreasing the bit rate R,
(for a given power), or both. Because of physical limitations, however, S; cannot be increased
beyond a certain limit. Hence, to reduce P, further, we must reduce Rj, the rate of transmission
of information digits. Thus, the price to be paid for reducing P, is areduction in the transmission
rate. To make P, — 0, R, — 0. Hence, it appears that in the presence of channel noise it
is impossible to achieve error-free communication. Thus thought communication engineers
until the publication of Shannon’s classical paper' in 1948. Shannon showed that for a given
channel, as long as the rate of information digits per second to be transmitted is maintained
within a certain limit (known as the channel capacity), it is possible to achieve error-free
communication. That is, to attain P, — 0, it is not necessary to make R, — 0. Such a goal
(P, = 0) can be attained by maintaining R, < C, the channel capacity (per second). The gist
of Shannon’s paper is that the presence of random disturbance in a channel does not, by itself,
set any limit on transmission accuracy. Instead, it sets a limit on the information rate for which
arbitrarily small error probability (P, — 0) can be achieved.

‘We have been using the phrase “rate of information transmission” as if information could
be measured. This is indeed so. We shall now discuss the information content of a message as
understood by our “common sense” and also as it is understood in the “engineering sense.”
Surprisingly, both approaches yield the same measure of information in a message.

l n all the modes of communication discussed thus far, the communication is not error-

15.1 MEASURE OF INFORMATION

Common-Sense Measure of Information
Consider the following three hypothetical headlines in a morning paper:

679
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1. Tomorow the sun will rise in the east.
2. United States invades Cuba.
3. Cuba invades the United States.

The reader will hardly notice the first headline. He or she .will be glr.y, .\tfery 1{1331;2:& 1;[11 ;k(:fl
der’s fancy is the third one. This 1tem w1
second. But what really catches the rea ! ! s e W e e
i i headlines. From the viewpoint of “comm ,
more attention than the previous two ' common sense,
i information, the second conveys a larg
the first headline conveys hardly any 1 ‘ ' o e e o
i i i t a larger amount of information.
information, and the third conveys ye to o o
iliti of these three events, we find that the pro y
probabilities of occurrence . ] O et of smil
i i that of the second is very
the first event is unity (a certain event), : (an eve
gfxt finite probability), and that of the third is practically zero (an al(rln(;lst impossible event).
’ P . . nveys more
t causes greater surprise and, hence, co '
1f an event of low probability occurs, 1 se e, o
i i t of larger probability. Thus, the
information than the occurrence of an event of . formation i
i i hich is a result of uncertainty, or unexp .
connected with the element of surprise, W r Joxpoc
ter the surprise, and hence the more tion.
The more unexpected the event, the grea ' P
ili i ure of its unexpectedness and, hence,
robability of occurrence of an event 1s a measu .
fo the ianrmation content. Thus, from the point of view of common sense, the amount of

information received from a message is directly related to the uncertainty or inversely related

to the probability of its occurrence. If P is the probability of occurrence d(;f a (Ijl'lezls;iieozni aIt
i i it is evi from the preceding dis )

i i tion gained from the message, 1t 18 evident . ‘

ﬁl?elfl ?fo—l;mla IO Il—f 0 and when P — 0, — 00, and, in general a smaller P glyes a larger

[. This suggests the following model:
! (15.1)
I ~log P

i i ion
Engineering Measure of Informat ' _ ‘ .
We ﬁow show%hat from an engineering point of view, the information conteﬁt ofa r;lgei;s:fr? II;
identi i intuitive basis [Eg. (15.1)]. What do we mean by an & .
identical to that obtained on an intuitive : We
point of view? An engineer is responsible for the efficient transmission of messages. For this

i i ion to be
service the engineer will charge a customer an amount proportional to the informatio

transmitted. But in reality the engineer will charge the cu§tome1: in ¥r9poﬂigg it::f ;11; :;zi
i i In short, from an engineering point of View,
required to transmit the message. tt, . e e essage, We
i i i time required to transmi
in a message is proportional to the (mmmum) e el o
i i also leads to Eq. (15.1). This 1mp.
shall now show that this concept of mfonnanop O (5.1 This T e
ith hi ili be transmitted in a shorter time than that require¢ 19
message with higher probability can . A B e ission
i ility. This fact may be verified by the example
message with lower probability. T / e O wade up of
i i ish language using Morse code. :
of alphabetic symbols in the English e
i inati k and a space, or pulses of heig ‘
various combinations of two symbols (such as a mark an B oot
i i bination of these symbols, calle
_ A volts). Each letter is represented by a certain comb hes e ot
i i ‘ously. for efficient transmission, shorter code
word, which has a certain length. Obviously, X e s are
i hich occur more frequently. The longer co ‘
assigned to the letters e, 7, a, and 0, Wi ode o ored
i i frequently. Each letter may oKt
ned to letters x, k, g, and z, which occur less T Ma :
:2Salxgmessage. It is obvious that the letters that occur more frequently (with higher probability

i se with
of occurrence) need a shorter time to transmit (shorter code words) as compared to tho

15.1 Measure of Information 681

smaller probability of occurrence. We shall now show that on the average, the time required
to transmit a symbol (or a message) with probability of occurrence P is indeed proportional
to log (1/P).
For the sake of simplicity, let us begin with the case of binary messages m; and m,, which

are equally likely to occur. We may use binary digits to encode these messages. Messages m;
and my may be represented by digits 0 and 1, respectively. Clearly, we must have a minimum
of one binary digit (which can assume two values) to represent each of the two equally likely
messages. Next, consider the case of the four equiprobable messages m 1, m,, ms3, and ma.
If these messages are encoded in binary form, we need a minimum of two binary digits per
message. Each binary digit can assume two values. Hence, a combination of two binary digits
can form the four code words 00, 01, 10, 11, which can be assigned to the four equiprobable
messages mj, mp, ms, and my, respectively. It is clear that each of these four messages takes

twice as much transmission time as that required by each of the two equiprobable messages

and, hence, contains twice as much information. Similarly, we can encode any one of eight

equiprobable messages with a minimum of three binary digits. This is because three binary

digits form eight distinct code words, which can be assigned to each of the eight messages.

It can be seen that, in general, we need log, n binary digits to encode each of n equiprobable

messages.” Because all the messages are equiprobable, P, the probability of any one message

occurring, is 1/rn. Hence, each message (with probability P) needs log,(1/P) binary digits
for encoding. Thus, from the engineering viewpoint, the information / contained in a message
with probability of occurrence P is proportional to log,(1/P),

1
I =klog, > (15.2)

where k is a constant to be determined. Once again, we come to the conclusion (from the
engineering viewpoint) that the information content of a message is proportional to the
logarithm of the reciprocal of the probability of the message.

We shall now define the information conveyed by a message according to Eq. (15.2).
The constant of proportionality is taken as unity for convenience, and the information is then
in terms of binary units, abbreviated bit (binary unit),

1
I =log, P bits (15.3)

According to this definition, the information 7 in a message can be interpreted as the
minimum number of binary digits required to encode the message. This is given by log,(1/P),
where P is the probability of occurrence of the message. Although here we have shown this
result for the special case of equiprobable messages, we shall show in the next section that this
is true for nonequiprobable messages also.

Next, we shall consider the case of r-ary digits instead of binary digits for encoding.
Each of the r-ary digits can assume r values (0,1, 2, . . ., r — 1). Each of n messages (encoded
by r-ary digits) can then be transmitted by a particular sequence of r-ary signals. Because each
r-ary digit can assume r values, k r-ary digits can form a maximum of r* distinct code words.
Hence, to encode each of the n equiprobable messages, weneed a minimum of k = log, n r-ary

* Here we are assuming that the number #» is such that log, n is an integer. Later on we shall observe that this
restriction is not necessary.
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n

. : 1
digits.* Butn = 1/ P, where P is the probability of occurrence of each message. Obviously, — Z Plog— bits (15.72)

we need a minimum of log,(1/P) r-ary digits. The information I per message is therefore = P,

1 n
= Z p- i 15. .

I =log, - r-aryunis as4 =-Y Plogh bits (15.7b)

From Egs. (15.3) and (15.4) it is evident that
‘ 1 . 1 .
I =log, P bits = log, 7 r-ary units

Hence,!

i=1

The entropy of a source is a function of the message probabilities. It is interesting to find the
message probability distribution that yields the maximum entropy. Because the entropy is a
measure of uncertainty, the probability distribution that generates the maximum uncertainty
will have the maximum entropy. On qualitative grounds, one expects entropy to be maximum

i i when all the messages are equiprobable. We s w show that this is indeed true.
Sk e Because H (mg) isa fu(llICtIi)OIl of Py, Pi,s%l? 11, I;(’i,, the maximum valuf‘;1 Zf I;YEI;) is found
from the equation dH(m)/dP; = Ofori = 1, 2, ..., n, with the constraint that
i ation:  Although it is tempting to use the r-ary unitas a

gener;ﬁ lflrl(i)ttgfoilr:lg;fllgtlil:n‘,)ﬁll: g?:an;; ltlll?ilt‘bit (r= Z)gis commonliy used in the literature. TI.lere Po=1-(P1+P+ -+ P1) (15.8)
is, of course, no loss of generality in using 7 = 2. These units can always be conv'ertefi into Because
any other units by using Eq. (15.5). Henceforth, we shall always' use th; binar}f unit (blF) for )
information, unless otherwise stated. The bases of the logarithmic functions will be omitted, Hm) = - Z Plog P, 159)
but will be understood to be 2. £

Average Information per Message: Entropy of a Source . o
Consider a memoriless source m emitting messages mi, Mz, ..., Mn with .prob.abllmes Py,
P,, ..., P, respectively (Pi + Py +---+ P = 1). A memoriless sou.r?e 1r.nphes that each
message emitted is independent of the previous message(s).. By the definition in Eq. (15.3) [or
Eq. (15.4)], the information content of message m; is I;, given by

I = log% bits (15.6)
i

The probability of occurrence of m; is P;. Hence, the mean, or average, inf(?rmation per message
emitted by the source is given by Y ;_; P;/; bits. The average information per message of a
source m is called its entropy, denoted by H (m). Hence,

n
Hm) =Y PI bits
i=1

* Here again we are assuming that n is such that log, 7 is an integer. As we shall see later, this restriction is not necessary.
+ In general,

1 r-ary unit = log, r s-ary units
The 10-ary unit of information is called the hartley in honor of R. V. L. Hartley,> who was one of the pioneers

(along with Nyquist3 and Carson) in the area of information transmission in 1th.e 1920s. The rigorous mathematical
foundations of information theory, however, were established by E. Shannon! in 1948:

1 hartley = log, 10 = 3.32 bits

Sometimes the unit nat is used:
1 nat = log, e = 1.44 bits

we need consider only the terms — P; log P; and — P, log P, [because P, is a function of P;,
as seen from Eq. (15.8)]. Hence,

dH@) _ 4 piog P — P,log P,)
ap = 75, CPlogPi— Plog P,

1 1
=—P (F) loge —log P; + P, (P )loge+10gP,,

i n

which is zero if P; = P,. Because this is true for all i, we have

1
PP=P=--=P=— (15.10)
n

To show that Eq. (15.10) yields [H (m)]max and not [ H () ]min, We note that when P; = 1 and
P, = P; =---= P, =0, H(m) = 0, whereas the probabilities in Eq. (15.10) yield

n

1 1
H(m) = —Z;log; ‘
= logn (15.11)

The Intuitive (Common:Sense) and the Engineering Interpretation of Entropy:
Earlier we observed that both the intuitive and the engineering viewpoints lead to the same
definition of the information associated with a message. The conceptual bases, however, are
entirely different for the two points of view. Consequently, we have two physical interpretations
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of information. According to the engineering point of view, the information content of any

15.2 Source Encoding 685

Consider now a typical sequence Sy of N messages from the source. Because the » messages

. . fprobability Py, Py, ..., P,)occur N P, NP,, ..., NP,times, and because each message
! s t ired to encode the message, and, (of P2 e ’ : n »anc bec
$ess?ge 1ihzq:;1r ;;yt};(i;l?srr;:?ﬂn;mtﬁ:r mc;fn(rirlxilni ;ngz of digits per message roquired, is independent, the probability of occurrence of a typical sequence Sy is given by
erefore, ! . .
on the average, for encoding. From the intuitive standpoint, on the other hand, information is P(Sy) = (PYNP (PN P2 .. (PN B (15.12)

thought of as being synonymous with the amount of sumﬁse, or uncertainty, as'soc1a:fd with
the event (or message). A smaller probability of occurrence 1mp11es.m0f§ uncertaln_ty about 'the
event. Uncertainty is, of course, associated with surprise. Hence intuitively, the 1nf0rmat19n
associated with a message is a measure of the uncertainty (unexpectedness)nof the message.
Therefore, log (1/ P;) is a measure of the uncertainty of the messagem;,and Y ;_; P;log (1/P;)
is the average uncertainty (per message) of the source that. generates messageih mi, ;:1?, fs
m, with probabilities Py, P», ..., P,. Both these 1nterpretz1_t19ns prove' useful in gqu itative
understanding of the mathematical definitions and results in information theory. Entropy may
also be viewed as a function associated with a random variable m that assumes values m;, m,,

..., my with probabilities P(m1), P(m,), ..., P(my):

H(m) = ZP(mi)log Pomy)
i=1

" 1
i=1

i i iscrete random variable. .
Thus, we can associate an entropy with every discre . ble. }
If the source is not memoriless (i.e., a message emitted at any time is not m.dependent of
the previous messages emitted), then the source entropy will be less than Hi (m) in Eq. ('15.9).
This is because the dependence of a message on previous messages reduces its uncertainty.

15.2 SOURCE ENCODING

The minimum number of binary digits required to encode a message was shown to be equal to
the source entropy log(1/ P) if all the messages of the source are equlprot.)able (each message
probability is P). We shall now generalize this result to the case of noneqmprobable messages.
We shall show that the average number of binary dig.its per message required for encoding is
given by H(m) (in bits) for an arbitrary probability dlsmbuFlon of mess,.afges. , ,
Let a source m emit messages mi, My, ..., m, with probabilities P;, P, ... » s
respectively. Consider a sequence of N messages with N — oco. ]_.,et k; be the nmber of ttutlllnes
message m; occurs in this sequence. Then according to the relative frequency interpreta

(or law of large numbers),

Thus, the message m; occurs-N P; times in a sequence qf N messages (Prov1ded N ) H—) cocou)I
Therefore, in a typical sequence of N messages, m; will occur N P, times, m W;iko1 o
NP, times, ..., m, will occur N P, times. All other compositions are extremely un efythe
occur (P — 0). Thus, any typical sequence (where .N — 00) has the same proportion ?n o
n messages, although in general the order will be different. We shall assume a zero—me‘ "
source, thatis, the message is emitted from the source independently of the previous messages.

Because all possible sequences of N messages from this source have the same composition,
all the sequences (of N messages) are equiprobable, with probability P(Sy). We can consider
these long sequences as new messages (which are now equiprobable). To encode one such
sequence we need Ly binary digits, where

1
Ly =log [P(SN)] binary digits (15.13)

Substituting Eq. (15.12) into Eq. (15.13), we obtain

= 1
LN=NZP,-logF
i=1 !

= NH(m) binary digits

Note that Ly is the length (number of binary digits) of the code word required to encode N
messages in sequence. Hence, L, the average number of digits required per mes sage,is Ly /N
and is given by

L= % = H(m) binary digits (15.14)
This is the desired result, which states that it is possible to encode the messages emitted by
a source using, on the average, H(m) number of binary digits per message, where H (m) is
the entropy of the source (in bits). Although it does not prove that, on the average, this is the
minimum number of digits required, one can show that & (m) is indeed the minimum. It is not
possible to find any uniquely decodable code whose average length is less than H (m).43

Compact Codes

The source encoding theorem says that to encode a source with entropy H(m), we need, on the
average, a minimum of H(m) binary digits per message, or H,(m) r-ary digits per message,
where H,.(m) is the entropy in Eq. (15.9) computed with r as the base of the logarithm, The
number of digits in the code word is the length of the code word. Thus, the average word
length of an optimum code is H (m). Unfortunately, to attain this length, in general, we have
to encode a sequence of N messages (N — 00) at a time. If we wish to encode each message

 directly without using longer sequences, then, in general, the average length of the code word

per message will be greater than H(m). In practice, it is not desirable to use long sequences,
as they cause transmission delay and add to equipment complexity. Hence, it is preferable to
encode messages directly, even if the price has to be paid in terms of increased word length.
In most cases, the price turns out to be small. The following is a procedure, given without
proof, for finding the optimum source code, called the Huffman code. The proof that this code
is optimum can be found elsewhere.4—6

We shall illustrate the procedure with an example using a binary code. We first arrange
the messages in the order of descending probability, as shown in Table 15.1. Here we have
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Table 15.1

Original Source Reduced Sources

Messages Probabilities Si M S Sa
) 0.57

0.30 0.30 0.30 0.43

s 0.25 0.25 0.27 0.30 043

- ) 13 0.25 027

ms 0.15 0. .

ma 0.12 0.15 0.18

ms 0.10 0.12

e 0.08

six messages with probabilities 0.30, 0.25, 0.15, 0.12, 0.10, anq 9.08, respectively. We now
combine the last two messages into one message with probability Ps + Ps = 0.18. This
leaves five messages with probabilities, 0.30, 0.25, 0.15, 0.12, and 0.18. '.Tpese messages are
now rearranged in the second column in the order of descending probability. We re.peat this
procedure by combining the last two messages in the second column and rearranging them
in the order of descending probability. This is done until the number of mes§ages.1s reduced
to 2. These two (reduced) messages are now assigned 0 and 1 as their first d1.glFs in the code
sequence. We now go back and assign the numbers 0 and 1 to the se?ond @glt for thef two
messages that were combined in the previous step. We keep regressing this way until the

first column is reached. The code finally obtained (for the first column) can be shown to be

optimum. The complete procedure is shown in Tables 15.1 and 15.2.
The optimum (Huffman) code obtained this way is also called a compact code. The
average length of the compact code in the present case is given by

L= Z P.L; = 0.3(2) +0.25(2) + 0.15(3) + 0.12(3) + 0.1(3) + 0.08(3)
i=1 ‘ . .

= 2.45 binary digits

The entropy H(m) of the source is given by

n

1

Hm) =) Pilog
i=1

= 2.418 bits
Table 15.2
Original Source Reduced Sources
S.
Messages Probabilities Code S S5 $3 4

1 057 0
0.30 00 030 00 0.30 00 0.43
Z; 025 10 025 10 027 01 030 00 043 1
ms 0.15 010 018 11 025 10 027 01

ma 0.12 011, 0.15 010 0.18 11

ms 0.10 110 0.12 011

mg 0.08 1

15.2 Source Encoding 687

Hence, the minimum possible length (attained by an infinitely long sequence of messages) is
equal to 2.418 binary digits. Using direct coding (the Huffman code), it is possible to attain an
average length of 2.45 bits in the example given. This is a close approximation of the optimum
performance attainable. Thus, little is gained by complex coding using long sequences of
messages in this case.

The merit of any code is measured by its average length in comparison to H(m) (the
average minimum length). We define the code efficiency 7 as

_ H(m)

L

where L is the average length of the code. In our present example,

2418
=245
= 0976

The redundancy y is defined as

y=1-n
= 0.024

Huffman code is uniquely decodable. If we receive a sequence of Huffman-coded
messages, it can be decoded only one way, that is, without ambiguity. For instance, if the
source in this example were to emit the following message sequence: mmsmam mamsme . . .,
it would be encoded as 601101000011010111. .. . The reader may verify that this message
sequence can be decoded only one way, viz, mymsmamimamsmg . . ., even if there is no
demarcation between individual messages.

A similar procedure is used to find a compact r-ary code. In this case we arrange the
messages in descending order of probability, combine the last » messages into one message,
and rearrange the new set (reduced set) in the order of descending probability. We repeat the
procedure until the final set reduces to » messages. Each of these messages is now assigned
one of the » numbers 0, 1, 2, ..., r — 1. We now regress in exactly the same way as in the
binary case until each of the original messages is assigned a code.

For an r-ary code, we will have exactly r messages left in the last reduced set if, and
only if, the total number of original messages is equal to» + k(r — 1), where k is an integer.
This is because each reduction decreases the number of messages by r — 1. Hence, if there is
a total of k reductions, the total number of original messages must be r + k(+ — 1). In case
the original messages do not satisfy this condition, we must add some dummy messages with
zero probability of occurrence until this condition is fulfilled. As an example, if r = 4 and the
number of messages # is 6, then we must add one dummy message with zero probability of
occurrence to make the total number of messages 7, that is, [4 + 1(4 — 1)], and proceed as
usual. The procedure is illustrated in Example 15.1.

ExampLE 15.1

A zero-memory source emits six messages with probabilities 0.3, 0.25,0.15,0.12,0.1,and 0.08.
Find the 4-ary (quaternary) Huffman code. Determine its average word length, the efficiency,
and the redundancy.

L
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In this case, we need to add one dummy message to satisfy the required condition of
r + k(r — 1) messages and proceed as usual. The Huffman code is found in Table 15.3,

The length L of this code is
L = 0.3(1) + 0.25(1) 4+ 0.15(1) + 0.12(2) + 0.1(2) + 0.08(2) + 0(2)
= 1.3 4-ary digits
Also,

6
Hy(m) = — Z P;log, P;
i—1

=1.209 4-ary units
The code efficiency 7 is given by
1.209
n=——=093
1.3

The redundancy y = 1 —n = 0.07.

Table 15.3

Original Source
Messages Probabilities Code Reduced Sources -
mi ' 030 0 030 0
my 0.25 2 > 0.30 1
m3 0.15 3 0.25 2
my 0.12 10 0.15 3
ms 0.10 1n
me 0.08 12
my 0.00 13

To achieve code efficiency n — 1, we need N — oc. The Huffman code uses N = 1,
but its efficiency is, in general, less than 1. A compromise exists between these two extremes
of N = 1 and N = 0o. We can use N = 2 or 3. In most cases, the use of N = 2 or 3 can yield
an efficiency close to 1, as the following example shows. -

ExampLE 15.2

A zero-memory source emits messages m; and m, with probabilities 0.8and 0.2, respectiv:ely.
Find the optimum (Huffman) binary code for this source as well as for its second- and third-

" order extensions (that is, for N = 2 and 3). Determine the code efficiencies in each case.

The Huffman code for the source is simply 0 and 1, giving L = 1, and
~ H(m) = —(0.81og 0.8 + 0.210g 0.2)
=0.72 bit
Hence,

n=072

15.2 Source Encoding 689

For the second-order extension of the source (N = 2), there are four possible composite
messages, mimp, mima, momy, and mom,, with probabilities 0.64, 0.16, 0.16, and 0.04,
respectively. The Huffman code is obtained in Table 15.4.

Table 15.4

Original Source

Messages Probabilities Code Reduced Source

mymy 0.64 0 0.64 0 0.64 0
mym; _ 016 1 0.20 10 0.36 1
mamy 0.16 100:]___|_—> 0.16 1

mama 0.04 101

In this case the average word length L’ is

L' =0.64(1) + 0.16(2) + 0.16(3) + 0.04(3)
=1.56

This is the word length for two messages of the original source. Hence L, the word length
per message, is

L/
L=—=0.78
2
and
0.72
= —— =10.923
=078 = 00

If we proceed with N = 3 (the third-order extension of the source), we have eight possible
messages, and following the Huffman procedure, we find the code as shown in Table 15.5.

Table 15.5

Messages Probabilities Code
mymym, . 0.512 0
mymimsy 0.128 100
mymamy 0.128 101
momny 0.128 110
mymymy 0.032 11100
momimy 0.032 11101
manizny 0.032 11110
mamamy 0.008 1111

The word length L” is
L" = (0.512)1 + (0.128 + 0.128 + 0.128)3
+ (0.032 4 0.032 4 0.032)5 + (0.008)5
=2.184
Then,

L//
L=—=0.728
3

I
/
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and
n= 272 _ 0089
0.728

15.3 ERROR-FREE COMMUNICATION OVER A NOISY CHANNEL

As seen in the previous section, messages of a source with entropy H (m) can be encoded by
using an average of H(m) digits per message. This encoding has zero redundancy. Hence,
if we transmit these coded messages over a noisy channel, some of the information will be
received erroneously. There is absolutely no possibility of error-free communication over a
noisy channel when messages are encoded with zero redundancy. The use of redur}dancy, in
general, helps combat noise. This can be seen from a simple example of a single parity-check
code, in which an extra binary digit is added to each code word to ensure that the total number
of 1’s in the resulting code word is always even (or odd). If a single error occurs in the received
code word, the parity is violated, and the receiver requests retransmission. This is a rather
simple example to demonstrate the utility of redundancy. More complex coding procedures,
which can correct up to 7 digits, will be discussed in the next chapter.

The addition of an extra digit increases the average word length to H(m) + 1, giving

n = H(m)/[H(m) + 1], and the redundancy is 1 —n = 1/[H (m) + 1]. Thus, the addition of .

an extra check digit increases redundancy, but it also helps combat noise. Immunity against
channel noise can be increased by increasing the redundancy. Shannon has shown that it is
possible to achieve error-free communication by adding sufficient redundancy. For example,
if we have a binary symmetric channel (BSC) with an error probability P,, then for error-
free communication over this channel, messages from a source with entropy H (m) must be
encoded by binary codes with a word length of at least H(m)/C, where (see Sec. 15.4)

:l (15.15)

1
C;=1- [Pelog%e + (1 —P)log )
The parameter C; (Cs < 1) is called the channel capacity.
The efficiency of these codes is never greater than C;. If a certain binary channel has
C, = 0.4, a code that can achieve error-free communication must have at least 2.§ H(m)
binary digits per message, which is two-and-one-half times as many digits as required for
coding without redundancy. This means there are 1.5 H (m) redundant digits per message.
Thus, on the average, for every 2.5 digits transmitted, one digit is the information digit and
1.5 digits are redundant, or check, digits, giving a redundancy of 1 — Cs = 0.6. .
As discussed in the beginning of this chapter, P,, the error probability of binary signaling,
varies as e~*E» and, hence, to make P, — 0, either S; — oo or R, — 0. Because §; must
be finite, P, — 0 only if R, — 0. But Shannon’s results state that it is really not necessary
to let R, — O for error-free communication. All that is required is to hold R, below C, .the
channel capacity per second (C = 2BC;). Where is the discrepancy? To answer this question
let us investigate carefully the role of redundancy in error-free communication. Although the
discussion here is with reference to a binary scheme, it is quite general and can be extended to

the M-ary case.
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Consider a simple method of reducing P, by repeating a given digit an odd number of
times. For example, we can transmit 0 and 1 as 000 and 111. The receiver uses the majority
rule to make the decision; that is, if at least two out of three digits are 1, the decision is 1, and
if at least two out of three digits are 0, the decision is 0. Thus, even if one out of three digits is
in error, the information is received error-free. This scheme will fail if two out of three digits
are in error. In order to correct two errors, we need five repetitions. In any case, repetitions
cause redundancy but improve P, (see Example 10.8). It will be instructive to understand this
situation from a graphic point of view. Consider the case of three repetitions. We can show all
eight possible sequences of three binary digits graphically as the vertices of a cube (Fig. 15.1).
It is convenient to map binary sequences as shown in Fig. 15.1 and to talk in terms of what
is called the Hamming distance between binary sequences. If two binary sequences of the
same length differ in j places (j digits), then the Hamming distance between the sequences is
considered to be j. Thus, the Hamming distance between 000 and 010 (or 001 and 101) is 1,
and between 000 and 111 it is 3. In the case of three repetitions, we transmit binary 1 by 111 and
binary 0 by 000. The Hamming distance between these two sequences is 3. Observe that of the
eight possible vertices, we are occupying only two (000 and 111) for transmitted messages. At
the receiver, however, because of channel noise, we are liable to receive any one of the eight
sequences. The majority decision rule can be interpreted as a rule that decides in favor of that
message (000 or 111), which is at the closest Hamming distance from the received sequence.
Sequences 000, 001, 010, and 100 are within 1 unit of Hamming distance from 000 but are
at least 2 units away from 111. Hence, when we receive any one of these four sequences, our
decision is binary 0. Similarly, when any one of the sequences 110, 111, 011, or 101 is received,
the decision is binary 1.

We can now see why the error probability is reduced in this scheme. Of the eight possible
vertices, we have used only two, which are separated by 3 Hamming units. If we draw a
Hamming sphere of unit radius around each of these two vertices (000 and 111), the two
Hamming spheres™ are nonoverlapping. The channel noise can cause a distance between the
received sequence and the transmitted sequence, and as long as this distance is equal to or less
than 1 unit, we can still detect the message without error. In a similar way, the case of five
repetitions can be represented by a hypercube of five dimensions. The transmitted sequences

Figure 15.1 3-dimensional cube in Hammin
001 01 space &
|
I
i
101 | 111
|
|
|
I
i
e | T 010
///
//
100 110

* Note that the Hamming sphere is not a true geometrical hypersphere because the Hamming distance is not a true
geometrical distance (e.g., sequences 001, 010, and 100 lic on a Hamming sphere centered at 111 and having a radius 2).
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00000 and 11111 occupy two vertices separated by five units, and the Hamming spheres of
7.unit radius drawn around each of these two vertices would be nonoverlapping. In this case,
even if channel noise causes two errors, we can still detect the message correctly. Hence, the
reason for the reduction in error probability is that we have not used all the available Vgnices
for messages. Had we occupied all the available vertices for messages (as is the case W1t}.10m
redundancy, or repetition), then if channel noise caused an error (even one), the recewetd
sequence would occupy a vertex assigned to another transmitted sequence,' and we are certain
to make a wrong decision. Precisely because we have left the neighboring vertl-ces of the
transmitted sequence unoccupied, are we able to detect the sequence correctly, despite channel
errors (within a certain limit). The smaller the fraction of vertices used, the 'smaller the erro.r
probability. It should also be remembered that redundancy (or repetition) is what makes it
possible to have unoccupied vertices. ) .
If we continue to increase n, the number of repetitions, we will reduce P., but we will
also reduce R, by the factor . But no matter how large we make 7, the error probability
never becomes zero. The trouble with this scheme is that it is inefficient because we are adding
redundant (or check) digits to each information digit. To give an analogy, redl}ndant (o.r che.ck~)
digits are like guards protecting the information digit. To hire guards for each information d}gn
is somewhat similar to a case of families living on a certain street hit by several burglaries.

Each family panics and hires a guard. This is obviously expensive and inefficient. A better :

solution would be for all the families on the street to hire one guard and share the expenses.
One guard can check on all the houses on the street, assuming a street of reasoina.ble ,SIZG.:‘.‘lf
the street is too long, it might be necessary to hire more than one guard. Bl.lt ¥t is cfercaj.nly
not necessary to hire one guard per house. In using repetitions, we had a sm'nl‘a.r 51t}1at10n.
Redundant (or repeated) digits were used to check on only one transmitted d1g1t.‘U.smg the
clue from the preceding analogy, it might be more efficient if we used r‘ed.ur.ldant dlglts .not to
check (guard) any one individual transmitted digit but, rather, a block of dlgItS.' Hefrem.hes the
key to our problem. Let us consider a group of information digits over a cF:ran time interval
of T seconds, and let us add some redundant digits to check on all these digits. ‘
Suppose we need to transmit o binary information digits per second. Then over a per}od
of T seconds, we have a block of T binary information digits. If to this block of information
digits we add (8 — a)T check digits (8 — « check digits, or redundant digits, per second),

then we need to transmit BT (B > o) digits for every «T information digits. Therefore over

a T-second interval, we have
aT information digits
BT total transmitted digits (8 > o)
(B —a)T check digits

Thus, instead of transmitting one binary digit every 1/a seconds, we let T digits accumulat;%
over T seconds. Now consider this as a message to be transmitted. There are a total of 2"‘

such supermessages. Thus, every T seconds we need to transmit one Of' the 2“'TV possible
supermessages. These supermessages are transmitted by a sequence of T binary dlglts.‘There
are in all 267 possible sequences of 8T binary digits, and they can be represented as vertices of
a BT-dimensional hypercube. Because we have only 2%T messages to be trangmtted whereas
BT yertices are available, we occupy only a 2-¢~97 fraction of the vertices of the BT-
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dimensional hypercube. Observe that we have reduced the transmission rate by a factor of
o/ B. This rate-reduction factor /8 is independent of T'. The fraction of the vertices occupied
(occupancy factor) by transmitted messages is 2~#~7 and can be made as small as possible
simply by increasing 7'. In the limit as T — oo, the occupancy factor approaches 0. This will
make the error probability go to 0, and we have the possibility of error-free communication.
One important question, however, remains to be answered. What must be the rate
reduction ratio «/8 for this dream to come true? To answer this question, we observe that
increasing T increases the length of the transmitted sequence (8T digits). If P, is the digit
error probability, then it can be seen from the relative frequency definition (or the law of large
numbers) that as T — oo, the total number of digits in error in a sequence of BT digits
(BT — o) is exactly BT P,. Hence, the received sequences will be at a Hamming distance
of BT P, from the transmitted sequences. Therefore, for error-free communication, we must
leave all the vertices unoccupied within spheres of radius BT P. drawn around each of the 2%
occupied vertices. In short, we must be able to pack 2%7 nonoverlapping spheres, each of radius
BT P,, into the Hamming space of BT dimensions. This means that for a given 8, o cannot
be increased beyond some limit without causing overlap in the spheres and the consequent
failure of the scheme. Shannon’s theorem states that for this scheme to work, «/8 must be
less than the constant (channel capacity) C;, which is a function of the channel noise and the
signal power:
% <G, (15.16)
It must be remembered that such perfect, error-free communication is not practical. In
this system we accumulate the information digits for 7' seconds before encoding them, and
because T — oo, for error-free communication we must wait until eternity before we start
encoding. Hence, there will be an infinite delay at the transmitter and an additional delay of
the same amount at the receiver. Second, the equipment needed for the storage, encoding, and
decoding sequence of infinite digits would be monstrous. Needless to say that in practice the

- dream of error-free communication cannot be achieved. Then what is the use of Shannon’s

result? For one thing, it indicates the upper limit on the rate of error-free communication that can
be achieved on a channel. This in itself is monumental. Second, it indicates the way to reduce
the error probability with only a small reduction in the rate of transmission of information
digits. We can therefore seek a compromise between error-free communication with infinite
delay and virtually error-free communication with a finite delay.

15.4 CHANNEL CAPACITY OF A DISCRETE MEMORILESS CHANNEL

In this section, discrete memoriless channels will be considered. Let a source emit symbols
X1, X2, ..., Xr. The receiver receives symbols y;, ¥2, ..., ¥s. The set of symbols {y;} may
or may not be identical to the set {x;}, depending on the nature of the receiver. If we use the
types of receivers discussed in Chapter 14, the set of received symbols will be the same as the
set transmitted. This is because the optimum receiver, upon receiving a signal, decides which
of the r symbols X1, x3, ..., x, has been transmitted. Here we shall be more general and shall
not constrain the set {y;} to be identical to the set {xx}.
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If the channel is noiseless, then the reception of some symbol y; uniquely determines
the message transmitted. Because of noise, however, there is a certain amount of uncertainty
regarding the transmitted symbol when y; is received. If P(x;|y;) represents the conditiona]
probabilities that x; was transmitted when y; is received, then there is an uncertainty of
log [1/P(x;|y;)] about x; when y; is received. When this uncertainty is averaged over al]
x; and y;, we obtain H (x|y), which is the average uncertainty about a transmitted symbo]
when a symbol is received. Thus,

1 .
HXly) = Z Z P(x;, y;)log P(lej) bits per symbol (15.17)
1A

If the channel were noiseless, the uncertainty would be zero.” Obviously, this uncertainty,
H(xly), is caused by channel noise. Hence, it is the average loss of information about a
transmitted symbol when a symbol is received. We call H(x|y) the equivocation of x with
respect to y.

Note that P (y;|x;) represents the probability that y; is received when x; is transmitted.
This is a characteristic of the channel and the receiver. Thus, a given channel (with its receiver)is
specified by the channel matrix:

15.4 Channel Capacity of a Discrete Memoriless Channel 695

H (x[y) bits of information per symbol. Therefore, in this transaction the amount of information
the receiver receives is, on the average, I(x; y) bits per received symbol, where

I(x;y) = H(x) — H(x]y) bits per symbol (15.19)

I(x; y) is called the mutual information of x and y. Because

bits

1
Hx) = ZP(xi)log o

we have

Ix;y) = ZP(xz)log

'—ZZP(xuy])IOg ] )

Also because
D P(xi,y) = P(x)
Jj

We have

Outputs . ’ )
" B ey I(xy) = Z}Z P(xi, ) log 5o - ZZJ: PG, yplog s
x1 [ POnlxt) Palx1) -+ PQslx1) PGaly,
' ' i1yi)
i | £ P POk -TT e G
» \POilx) POalw) - P(ulx) _ PGy :
T AT B2 ZZ PG y)log 5ot (15.20b)

We can obtain the reverse conditional probabilities P (x;|y;) using Bayes’ rule:
P(y;lxi) P(x:)

Alternatively, using Bayes’ rule in Eq. (15.20a), I(x; y) may be expressed as

" P(xilyy) = : (15.18a)
POy Iy =Y Z P, 3y)log U (15.200)
_ POylx) PCxi) (15.18b) , i )
2 PG, 3p) or we may substitute Eq. (15.18¢) into Eq. (15.20a):
P(ylx) P(x;) (15.180) P(lx) (15.20d)

T T PP

Thus, if the input symbol probabilities P (x;) and the channel matrix are known, the reverse
conditional probabilities can be computed from Eqgs. (15.18). The reverse conditional proba-
bility P(x;|y;) is the probability that x; was transmitted when y; is received.

If the channel were noise-free, the average amount of information received would be H(x)
bits (entropy of the source) per received symbol. Note that H(x) is the average information
transmitted over the channel per symbol. Because of channel noise, we lose an average of

* This can be verified from the fact that for a noiseless channel all the probabilities in Eq. (15.17) are either 0 or

Ix;y) =) )" P(x)P(y;lx:) log
i

i

2 PO)P(yjlx)

Equation (15.20d) expresses I(x; y) in terms of the input symbol probabilities and the channel
matrix. _

The units of I(x; y) should be carefully noted. I(x; y) is the average amount of information
received per symbol transmitted. Hence, its units are bits per symbol. If we use binary digits
at the input, then the symbol is a binary digit, and the units of /(x; y) are bits per binary digit.

Because I(x; y) in Eq. (15.20b) is symmetrical with respect to x and y, it follows that

0 I(x;y) = 1(y; x) (15.21a)
L If P(x;|y;) = 1, then log[1/P (x;|y;)] = 0 and if P(x;[y;) = O, then P(x;, y;) = P(y;)P(x:ly;) = 0. This
shows that H(xly) = 0 = H(y) — H(y|x) (15.21b)
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The quantity H(y|x) is the equivocation of y with respect to x and is the average uncertainty
about the received symbol when the transmitted symbol is known. Equation (15.21b) can be

rewritten as
H(x) — H(xly) = H(y) — H(yl®) (15.21¢)
From Eq. (15.20d) it is clear that I(x; y) is a function of the transmitted symbo]

probabilities P(x;) and the channel matrix. For a given channel, /(x; y) will be maximum
for some set of probabilities P (x;). This maximum value is the channel capacity C;,

C = r}{l(a}i I(x;y) bits per symbol (15.22)
i

Thus, C; represents the maximum information that can be transmitted by one symbol over the
channel. These ideas will become clear from the following example of a binary symmetric

channel (BSC). i

EXAMPLE 15.3

Find the channel capacity of the BSC shown in Fig. 15.2.

x)1 ——=1 (1)

(x;) 0@ pon 0 ()

Figure 15.2  Binary symmetric channel.
Let P(x1) = a and P(xp) = & = (1 — a). Also,

P(nlx2) = P(yalx1) = Pe
POilx1)) = POrlx) =P, =1—-P.

Substitution of these probabilities into Eq. (15.20d) gives

I(x;y) =aP,] ( P. )+ P,lo ( P )
xy) =aPlog| ————— o —_—
y ¢08 oaP, +aP, ¢08 oaP, +aP,

+aP,l ( Fe )+“F10( P )
<8\ 2P +an, <8\ aP. 1apb,

= OtPe-i-&P lo —_—
( ) g(aPe+otPe)

_ 1
+(@P. +aP)log| ————
whranyios( )

1 _ 1
— (Pe log m + P, log P?)
e e
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If we define
1 _ 1
Q@) =zlog~+7 log=
z z
with 7 = 1 — z, then
IX;y) = Q@P. +&P,) — Q(P,) (15.23)

The 11’unction 2(z) vs. z is shown in Fig. 15.3. It can be seen that Q(2) is maximum at
.z = 7. (Note that we are interested in the region 0 < z < 1 only.) For a given P,, Q(P,)
is fixed. Hence from Eq. (15.23) it follows that / (x; y) is maximum when Q(a P, + &P, )
is maximum. This occurs when ‘

aP,+aP,=05
or
aP.+(1—a)1—P)=05
This equation is satisfied when
=05 (15.24)
For this value of o, Q (« P, + @P,) =1and
Cs =1'Pn(3§I(XvY)=1‘Q(Pe)

1
=1- [Pe log 7 + ({1 —P)log (1 _IP )] (15.25)

e

l.O% ———————————

0.8+

O(z)
0.6

0.4

0.2

o~ ———————— =

v
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L
>
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o
o_
o0
—
o

o

Figure 15.3  Plot of (z).
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Figure 15.4 shows C; vs. P.. From this figure it .follox';vs that tpe maxirx}um val'un.i of st

is unity. This means we can transmit at most 1 bit of information per binary d.1g1t.bThls
is the expected result, because one binary digit can convey one of the two e'qllnpro2 Ziﬂe
messages. The information content of one of the two equiprobable messages 18 ogIZJ = 1
bit. Second, we observe that C; is maximum when tbe error probability P, = orC = 1.
When the error probability P, = 0, the channel is noiseless, and we expect Cy t;) be
maximum. But surprisingly, C; is also maximum when P, = 1. Thls is easy to explain,
because a channel that consistently and with certainty mak_es errors is as good as a noiseless
channel. All we have to do is reverse the decision that is made, and we h‘ave error-free
reception; that is, if 0 is received, we decide that 1 \ivas actually sent, anfi'vw'e \lrei;a. ’I$e
channel capacity Cy is zero (minimum) when P, = 35 ..If .the etror probabﬂlt)lrfls 7- then (ei
transmitted symbols and the received symbols are statistically 1nc.lependentt‘h W(; recelt\i/e

0, for example, either 1 or 0 is equally likely to have been transmitted, and the information

received is zero.

1 I
02 04 06 08 1.0
Error probability P,—>

Channel capacity in bits/binary digit C,

Figure 15.4  Binary symmetric channel capacity as a function of error probability P,.

Channel Capacity per Second . o . _
The channel capacity C; in Eq. (15.22) gives the maximum possible information transmitted

!
when one symbol (digit) is transmitted. If K symbols are bf:ing transm_ltt.ed per second, then t.hp
maximum rate of transmission of information per secopd is K Cf. This is the channel capacity
in information units per seconds and will be denoted by C (in bits per second):

C =KC, bit/s

A Comment on Channel Capacity: Channel ca}pacity is. thf: property (.)f adp;mzﬂr;r
physical channel over which the information is transmitted. This is @e Provu:ﬁ ebut .
channel is correctly interpreted. A channel means not only the transmission m almpm .
also includes the specifications of the kind of signals (bina}'y, r-ary, etc., or ortho.g.on , le ; tpl)l ese,
etc.) and the kind of receiver used (the receive{ determines the error probablhlty). o
specifications are included in the channel matrix. A channel matrix completely sp

15.4 Channel Capacity of a Discrete Memoriless Channel 699

channel. If we decide to use, for example, 4-ary digits instead of binary digits over the same
physical channel, the channel matrix changes (it becomes a 4 x 4 matrix), as does the channel
capacity. Similarly, a change in the receiver or the signal power or noise power will change
the channel matrix and, hence, the channel capacity.

Magnitude of the Channel Capacity

The channe] capacity C, is the maximum value of H(x)— H(x]y); clearly, C; < H(x) [because
H(x]y) > 0]. But H(x) is the average information per input symbol: Hence, C is always less
than (or equal to) the average information per input symbol. If we use binary symbols at the
input, the maximum value of & (x) is 1 bit, occurring when P(x;) = P(x) = % Hence, for
a binary channel, C, < 1 bit per binary digit. If we use r-ary symbols, the maximum value of
H.(x)is 1 r-ary unit. Hence, C; < 1 r-ary unit per symbol.

Verification of Error-Free Communication over a BSC

We have shown that over a noisy channel, C; bits of information can be transmitted per symbol.
If we consider a binary channel, this means that for each binary digit (symbol) transmitted, the
received information is C, bits (Cs < 1). Thus, to transmit 1 bit of information, we need to
transmit at least 1/C, binary digits. This gives a code efficiency C; and redundancy 1 — C,.
When the transmission of information is implied, it means etror-free transmission, because
I(x; y) was defined as the transmitted information minus the loss of information caused by
channel noise.

The problem with this derivation is that it is based on a certain speculative definition of
information [Eq. (15. 1)]. And based on this definition, we defined the information lost during
the transmission over the channel. We really have no direct proof that the information lost over
the channel will oblige us in this way. Hence, the only way to ensure that this whole speculative
structure is sound is to verify it. If we can show that C bits of error-free information can be
transmitted per symbol over a channel, the verification will be complete. A general case will
be discussed later. Here we shall verify the results for a BSC.,

Let us consider a binary source emitting messages at a rate of o digits per second. We
accumulate these information digits over T seconds to give a total of oT digits. Because
aT digits form 297 possible combinations, our problem is now to transmit one of these 2¢7
supermessages every T seconds. These supermessages are transmitted by a code of word length
BT digits, with 8 > ¢ to ensure redundancy. Because 8T digits can form 287 distinct patterns
(vertices of a BT -dimensional hypercube), and we have only 2*7 messages, we are utilizing
only a2~ =97 fraction of the vertices. The remaining vertices are deliberately unused in order
to combatnoise. [f welet 7 — 00, the fraction of vertices used approaches 0. Because there are
BT digits in each transmitted sequence, the number of digits received in error will be exactly
BT P, when T — co. We now construct Hamming spheres of radius BT P, each around the
29T vertices used for the messages. When any message is transmitted, the received message
will be on the Hamming sphere surrounding the vertex corresponding to that message. We
use the following decision rule: If a received sequence falls inside or on a sphere surrounding
message m;, then the decision is “m; is transmitted.” If T — o0, the decision will be without
error if all the 2%T spheres are nonoverlapping.

Of all the possible sequences of BT digits, the number of sequences that differ from a

given sequence by exactly j digits is ( 'BJT) (see Example 10.6). Hence, K, the total number

of sequences that differ from a given sequence by less than or equal to BT P, digits, is

Qualcomm v. Cobblestone, IPR2024-01336

Qualcomm - Exhibit No. 1023

Page 359



[ ——

700

INTRODUCTION TO INFORMATION THEORY

BT P
ﬂT) (15.26)
5
2\

i : 4,7
Here we use an inequality often used in information theory:

P,
MZ (ﬁT> < HBTOE) P, <05
N
Hence, (15.27)
K < 2fTR)
with 1 . 1
Q(Pe) = PelogE +(1- P,)log 1—P,

From the 267 possible vertices we choose 20T vert.ic'es to be a;sgnf:;ii StoC;:;:r stlkll;;et:rix?i:;
sages. How shall we select these vertices? From the decision procedure It ar that e
e icular vertex to a supermessage, thennone of the other vertices lying w1 pl :
aSSlgﬂ.aPaI;quP can be assigned to another supermessage. Thus, when we f:hoosg a vertex t}(:r
s nding K vertices [Eq. (15.26)] become ineligible for consu?eratwn. F.rom e
ron ﬂ?e’ cor;'%gpg K virtices we choose another vertex for ma. We proceed this way until a.11 the ‘
reﬁﬂj}alni? z(f:es are exhausted. This is a rather tedious procedure. Let us see what happelrlls if we
zhoo‘:; t;le required 2°7 vertices randomly from the 267 vertices. In this procedure there 15 a
fiaﬂgef tbat;" e:nn;?{lsil;; ;)I;?)abﬂity of making such a choice is extremgly small as‘3 }" - 0.
ils‘lfeuf)fgll::rll)ﬂ};ty of cl’loosing any particular vertex s, as oné of the 2o vertices from 277 vertices
H —(B—a)T N
w2 {izze;lfer:lg tha:t K vertices lie within a distance of T P, digits from s1, the pr.obablhty

that we ?nay also choose another vertex §2 that is within the distance BT P, from sy 18

P = Kz_(ﬂku)T

. (15.27) it follows that
From Eq ( ) P < 2—Lﬂ[1_Q(Pe)]'—Ol]T

Hence, as T — oo, P — 0/if
Bl — QP >«

that is, if ¢ ) (15.282)
B

But 1 — Q(P,) is Cs, the channel capacity of a BSC [Eq. (15.25)]. Therefore,
e ¢ .c (15.28b)
ry s

i i ithin a distance 87 P, approaches
bility of choosing two sequences randomly wi tanc :
Ek;snc; ﬂip;gb;olviged a/B < Cs, and we have error-free communication. We can choos

o/ = Cs — €, where € is arbitrarily small.

ro than one vertex lying within a distance BT P,.If, however,/f
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15.5 CHANNEL CAPACITY OF A CONTINUOUS CHANNEL®

For a discrete random variable x taking on values x1, xa, ..., X, with probabilities P(x1),
P(x2), ..., P(x,), the entropy H(x) was defined as
n
H(x) =" P(x;)log P(x;) (15.29)

i=1

For analog data, we have to deal with continuous random variables. Therefore, we must extend
the definition of entropy to continuous random variables. One is tempted to state that H(x) for

continuous random variables is obtained by using the integral instead of discrete summation
in Eq. (15.29)1:

o0
Hx) = f p(x)log de (15.30)
—c0 p(x) -
We shall see that Eq. (15.30) is indeed the meaningful definition of entropy for a continuous
random variable. We cannot accept this definition, however, unless we show that it has the
meaningful interpretation as uncertainty. A random variable x takes a value in the range
(nAx, (n + 1)Ax) with probability p(nAx)Ax in the limit as Ax — 0. The error in the
approximation will vanish in the limit as Ax — 0. Hence H(x), the entropy of a continuous
random variable x, is given by )

Hx)= H _
@) AliIEOXn:p(nAx)Ax log p(nAx)Ax

. 1
= lim [Z p(nAx)Axlog e Z p(nAx)Axlog Ax:l

o0 1 oo
= / p(x)log ——dx — lim log Ax/ p(x)dx
—00 px) Ax—0 —c0

o0
= / p(x)log —%— dx — lim log Ax (15.31)
—o0 px) Ax—0

In the limit as Ax — 0, logAx — —oo. It therefore appears that the entropy of a
continuous random variable is infinite. This is quite true. The magnitude of uncertainty
associated with a continuous random variable is infinite. This fact is also apparent intuitively. A
continuous random variable assumes a nonenumerably infinite number of values, and, hence,
the uncertainty is on the order of infinity. Does this mean that there is no meaningful definition
of entropy for a continuous random variable? On the contrary, we shall see that the first term in
Eq. (15.31) serves as ameaningful measure of the entropy (average information) of a continuous
random variable x. This may be argued as follows. We can consider [ p(x) log[1/p(x)]dx as
arelative entropy with — log Ax serving as a datum, or reference. The information transmitted
over a channel is actually the difference between the two terms H(x) and H (x]y). Obviously,

if we have a common datum for both H(x) and H(x|y), the difference H(x) — H (x]y) will

* The channel is assumed to be memoriless.

1 Throughout this discussion, the PDF p,(x) will be abbreviated as p(x), because it causes no ambiguity and
improves the clarity of equations.
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be the same as the difference between their relative ent}'opies. We are th\e;efore iulslt;f;ed in
considering the first term in Eq. (15.31) as the differential entropy of X. ei: m{ls " he rezlv.er,
always remember that this is a relative entropy a.nd not the abs.olut.e e{ltfopy. Eal ure tore 41Ze
this subtle point generates many apparent fallacies, one of Whlch is given in Examp ‘ ,-an'd'
Based on this argument, we define H(x), the differential entropy of a continuou: om

variable X, as

« 1 . :
H®x) = f_oo p(x)log 7209 dx bits (15.32a)
=— foo p(x)log p(x)dx bits (15.32b)

Although H(x) is the differential (relative) entropy of x, we shall call it the entropy of random
variable x.

ExXAMPLE 15.4

A signal amplitude xisa random variable uniformly distriputed intherange (— %, 1. Tm?fsfnmd
is passed through an amplifier of gain 2. The output y 18 also a rapdom variable, uniformly
distributed in the range (—2,2). Determine the (differential) entropies H(x) and H(y).

We have
1
it x| <1
PG = { ;!
0 otherwise
1
sl <2
P(y) = { 4 o
0 otherwise
Hence,

1
1 .
HRX) = f1 Elog2dx = 1bit

2 1 )
H@y) = f—z Zlog4 dx 2 bits
The entropy of the random variable y is twice that of X. 'This result may come _asza su}rll‘);zz,
since a knowledge of x uniquely determines ¥ and. vice versa, becguse? y E X. neithe;
the average uncertainty of x and y should be 1dent1(?al. Amplification 1t{s}e Thfalll) pener
add nor subtract information. Why, then, is H(y) twice as large as Hx)? his o
clear when we remember that H (x) and H(y) are differential (}‘elauve) entrop;les, a?erencz
will be equal if and only if their datum (or reference) entropies are equalAT (cit nri:h o
entropy R; for x is —log Ax, and the reference entropy Ra for y is —log Ay
as Ax, Ay = 0),

Ry = lim —logAx

Ax—0

= lim —logA
Ry A];r—{lo 082y

15.5 Channel Capacity of a Continuous Channel 703

and

: A
Ri—Ry= lim log( y)

Ax,Ay—0 Ax

—loe(®
=g dx
=log2 = 1bit

Thus, R;, the reference entropy of x, is higher than the reference entropy R, for y. Hence,

if x and y have equal absolute entropies, their differential (relative) entropies must differ
by 1 bit. :

Maximum Entropy for a Given Mean Square Value of x

For discrete random variables, we observed that the entropy is maximum when all the outcomes
(messages) were equally likely (uniform probability distribution). For continuous random
variables, there also exists a PDF p(x) that maximizes H(x) in Egs. (15.32). In the case
of a continuous distribution, however, we may have additional constraints on x. Either the
maximum value of x or the mean square value of x may be given. We shall find here the PDF

p(x) that will yield maximum entropy when x2 is given to be a constant o'2. The problem,
then, is to maximize H(X):

* 1
H®x) =/ p(x)log —— dx (15.33)
—o0 p(x) )
with the constraints

/ px)dx =1 (15.34a)

—oQ
/ *x*p(x) dx = o (15.34b)

—00

To solve this problem, we use a theorem from the calculus of variation. Given the integral 1,

b
I f F(x, p)dx (15.35)

subject to the following constraints:

) |
/ 0 pydx =y
a

b
/ ©2(x, p)dx = Ay
a

b
/ oe(x, p)dx = A (15.36)
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15.5 Channel Capacity of a Continuous Channel 705

where A1, Aa, ..., Ak are given constants. The result from the calculus of variation st?tes that or
Vof p th imizes I in Eq. (15.35) with the constraints in Eq. (15.36) is found )
the form of p(x) that maxi : el o
from the solution of the equation =
9 d
gE-l—t’)!lé('a—l'i-()lzgqﬁ-I-"'-E-Clk—qjli=0 (1537 and
) ap ap ap :
p ; fpli =7 (15.40b)
The quantities &1, o2, - .-, Ok are adjustable constants, called undetermined m‘ll;tl;;her-s’ = .
which can be found by substituting the solution of p(x) [obtained from Eq. (15.37)] in Substituting Eqe. (15.40) into B, (15.38), we have
Egq. (15.36). In the present case, 1 o
F(p,x) =plog 1 p(x) = me x2/20° (15.41)
' p

opi(x,p)=rp
@(x, p) = x°p

Hence, the solution for p is given by

3 1 3 ,
2 {plog—) +a1 +ar—xp=0
3P(P gp) ap ;

or

~(1+logp) +ai+opx’ =0

Solving for p, we have

p=e@V 2%

Substituting Eq. (15.38) into Eq. (15.34a), we have

i 2
1=f e e dx
-0

o0
2
= Ze"“'lf e** dx
0

=2en! _1_ I
2V —a
provided o is negative, or

- —Q2
Pt 1_ /=<

b1

Next we substitute Eqgs. (15.38) and (15.39) into Eq. (15.34b):

o0 — 2
o? =f x211__2€azx dx
oo T
oo
—o 2
=2,/ = / x2e™ dx
T Jo
1

20[2

‘We therefore conclude that for a given mean square value, the maximum entropy (or maximum
uncertainty) is obtained when the distribution of x is gaussian. This maximum entropy, or
uncertainty, is given by

*° 1
HG) = f () log, —— dx
- px)
Note that

1 2 2
log —— = log (V2ro2 e/
0g () og ( To?e )

* log (2 )+ 2 1o
= - o e
(15.38) 5 —

Hence,

o0 1 42
H(x) =/ p(x) | log2mo?) + ——loge | dx
—00 2 202

1 o0 1 g
=3 log Qro?) [w px)ydx + % [w 2 p(x)dx

loge.
ogeo2

L 2
=3 log 2no*) + 57

1
=3 log (2rec?) (15.42a)
(15.39) : 1 , |
: o =§log(17.la) (15.42b)

To reiterate, for a given mean square value x2, the entropy is maximum for a gaussian
distribution, and the corresponding entropy is % log 2mea?).

The reader can similarly show that if x is constrained to some peak value M (—M <
X < M), then the entropy is maximum when x is uniformly distributed:

1

=M -M<x<M
px)=42

0 otherwise
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Entropy of a Band-Limited White Gaussian Noise
Consider a band-limited white gaussian noise n(z) with PSD N72. Because

Ru(r) = INB sinc 2w Bt)

we know that sinc (27 B7) is zero at T = +k/2B (k integer). Therefore,

k
R, —)=0 k==+1,42,43, ...
“(23)

Hence,

k k
Rl — )= — ] =0 k==4+1,4+2, ...
h (2B> n(t)n (t + ZB) 2

Because n(¢) and n(t + k/2B) (k = £1, £2, ...) are Nyquist samples of n(z), it follows that
Nyquist samples of n(z) are all uncorrelated. Because n(z) is gaussian, uncorrelatedness implies
independence. Hence, all Nyquist samples of n(z) are independent. Note that

n? = R,(0) = NB

Hence, the variance of each Nyquist sample is N'B. From Eq. (15.42a) it follows that the
entropy H (n) of each Nyquist sample of n(¢) is

H@m) = % log 2meNB). bits per sample (15.43a)

Because n(t) is completely specified by 2B Nyquist samples per second, the entropy per
second of n(¢) is the entropy of 2B Nyquist samples. Because all the samples are independent,

knowledge of one sample gives no information about any other sample. Hence, the entropy of .

2B Nyquist samples is the sum of the entropies of the 2B samples, and
H'(n) = Blog 2neNB) bitls (15.43b)

where H'(n) is the entropy per second of n(t).

From the results derived thus far, we can draw one significant conclusion. Among all
signals band-limited to B Hz and constrained to have a certain mean square value o2, the white
gaussian band-limited signal has the largest entropy per second. The reason for this lies in the
fact that for a given mean square value, gaussian samples have the largest entropy; moreover,
all the 2B samples of a gaussian band-limited process are independent. Hence, the entropy per
second is the sum of the entropies of all the 2B samples. In processes that are not white, the
Nyquist samples are correlated, and, hence, the entropy per second is less than the sum of the
entropies of the 2B samples. If the signal is not gaussian, then its samples are not gaussian,
and, hence, the entropy per sample is also less than the maximum possible entropy for a given
mean square value. To reiterate, for a class of band-limited signals constrained to a certain
mean square value, the white gaussian signal has the largest entropy per second, or the largest
amount of uncertainty. This is also the reason why white gaussian noise is the worst possible
noise in terms of interference with signal transmission.

Mutual Information I (x;y)

The ultimate test of any concept is its usefulness. We shall now show that the relative entropy
defined in Eqs. (15.32) does lead to meaningful results when we consider (x; y), the mutual
information of continuous random variables x and y. We wish to transmit a random variable

15.5 Channel Capacity of a Continuous Channel 707

X over .a channel. Each value of x in a given continuous range is now a message that may be
transrmtt.ed, for §xample, as a pulse of height x. The message recovered by the receiver will
be.a continuous random variable y. If the channel were noise-free, the received value y would
uniquely determine the transmitted value x. But channel noise introduces a certain uncertainty
about the true value of x. Consider the event that at the transmitter, a value of x in the interval
(.x, x + Ax) has been transmitted (Ax — 0). The probability of this event is p(x)Ax in the
limit Ax — 0. Hence, the amount of information transmitted is log[1/p(x)Ax]. Let the value
of y at the receiver be y and let p(x]y) be the conditional probability density of x when y=
y. Th‘en p(x]y)Ax is the probability that x will lie in the interval (x, x + Ax) when y = y
(provided Ax — 0). Obviously, there is an uncertainty about the event that x lies in the interval
(x,x+ Ax). This uncertainty, log [1/ p(x|y) Ax], arises because of channel noise and therefore
represents a loss of information. Because log[1/p(x)Ax] is the information transmitted and
log{1/p(x|y)Ax] is the information lost over the channel, the net information received is
I(x; y) given by

p(xly)

p(x)
Note that this relation is true in the limit Ax — 0.Therefore, I (x; y), represents the information
tran§mitted over a channel when we receive y (y = y) when x is transmitted (x = x). We
are 1nt§rested in finding the average information transmitted over a channel when some x is
transmitted and a certain y is received. We must therefore average 7(x; y) over all values of
x and y. The average information transmitted will be denoted by I(x; y), where

I(x; y) =1og (15.44)

I Y)=/_ /_ P, MI(x; y)dx dy (15.45a)
Y p@ly)
[ . /_ P Ios =2 dx dy (15.45b)

x o0
= / / p(x,y)log L dx dy
—~00 J—00 p(x) .

+ f_ 1 P, y)log p(xly) dx dy
_ o oo 1
- [ i / PRI Io — dx dy

+/_ /_ p(x, y)log p(x|y)dx dy

— = 1 ®
= /;oo p(x)log p(x)dx /~°Q p(ylx)dy

[ee) o>
+ / / P, ) log p(xly) dx dy
—00 —0

Note that

/ piylx)dy =1 and / p(x)]og_l_dx = H(®x)
oo ~00 p(x)
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Hence,
I(x;y) = HX) + / / p(x, y)log p(x|y)dx dy (15.46a)
o0 o< 1
_ 15.
=H®X) — f_w /_Oop(x,y)log oG dx dy (15.46b)

The integral on the right-hand side is the average over X and y of log[1/p(x|y)]. But
log [1/p(x|y)] represents the uncertainty about x when y is received. This, as we have seen,
is the information lost over the channel. The average of log [1/ p(x]y)]is the average loss of
information when some x is transmitted and some y is received. This, by definition, is H(xly),
the equivocation of x with respect to y,

o o0 1 .
= — 15.4
oy = [ [ penion rsdray (15.47)
Hence,
I(x;y) = Hx) — Hxly) (15.48)

Thus, when some value of x is transmitted and some value of y is received, the average
information transmitted over the channel is I(x; y), given by Eq. (15.48). We caTl define the
channel capacity C; as the maximum amount of information that can be transmitted, on the‘

average, per sample or per value transmitted:
Cy =max I(x;y) (15.49)

For a given channel, I(x; y) is a function of the input probability density p(x) alone. This can
be shown as follows:

p(x,y) = px)p(ylx) (15.50)
PGy _ PO
P r®)
_ pO
T % px, y)dx
p(ylx) (15.51)

- [%, p(x)p(ylx)dx

Substituting Eqgs. (15.50) and (15.51) into Eq. (15.45b), we obtain

Y (53]

The conditional probability density p(y|x) is characteristic of a given channel. Hence, for
given channel, I(x; y) is a function of the input probability density p(x) alone. Thus,

C, =max I(x;y)
px)

15.5 Channel Capacity of a Continuous Channel 709

If the channel allows the transmission of K values per second, then C, the channel capacity
per second, is given by
C = K, bit/s (15.53)
Just as in the case of discrete variables, /(x;y) is symmetrical with respect to x and y for
continuous random variables. This can be seen by rewriting Eq. (15.45b) as
(o) [oo]
P, )
Ix;y) = f f (x,y)log———dx dy (15.54)
oo d-o TR B P ()

This equation shows that /(x; y) is symmetrical with respect to x and y. Hence,

1&xy) = I(y:%)
From Eq. (15.48) it now follows that
I(x;y)=HX) — Hxly) = H(y) — Hy[x) (15.55)

Capacity of a Band-Limited AWGN Channel
The channel capacity C is, by definition, the maximum rate of information transmission over
a channel. The mutual information I(x; y) is given by Eq. (15.55):

I(x;y) = H(y) — HyIx) (15.56)

The channel capacity C is the maximum value of the mutual information 7(x; y) per second.
Let us first find the maximum value of I(x;y) per sample. We shall find here the capacity
of a channel band-limited to B Hz and disturbed by a white gaussian noise of PSD N/2. In
addition, we shall constrain the signal power (or its mean square value) to S. The disturbance
is assumed to be additive; that is, the received signal y(¢) is given by

y(£) =x(t) +n() (15.57)

Because the channel is band-limited, both the signal x(z) and the noise n(z) are band-limited
to B Hz. Obviously, y(¢) is also band-limited to B Hz. All these signals can therefore be
completely specified by samples taken at the uniform rate of 2B samples per second. Let us
find the maximum information that can be transmitted per sample. Let x, n, and y represent
samples of x(¢), n(z), and y(#), respectively. The information /(x; y) transmitted per sample is
given by Eq. (15.56):

I(x;y) = H(y) — H(y[x)
We shall now find H(y|x). By definition [Eq. (15.47)],

o0 o0 1
Hylx) = f f . y)log dx dy

p(ylx)

o o0 1
= / px) dxf p(Oylx) log ———dy
oo —oo p(ylx)

Because
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for a given x, y is equal to x plus a constant (x). Hence, the distribution of y when X has a
given value is identical to that of n except for a translation by x. If pa() represents the PDF

of noise sample 1, then

pIx) = pa(y — %) (15.58)

1

o0 1 o0
—dy= —x)log————d
f_wp(yIX)log 2O dy= [_wpn(y x)log G —7) y

Letting y — X = z, we have

o 1
Lo S )

The right-hand side is the entropy H(n) of the noise sample n. Hence,

@] L
= og ——azg
4y /_m (@108 70

H(ylx) = H(n)f p(x)dx
= H(n) (15.59)

ivi i bout the noise. Hence, Eq. (15.59) is very
In deriving Eq. (15.59), we made no assumptions about the ce, Ex
general and applies to all types of noise. The only condition is that the noise disturb the channel

in an additive fashion. Thus,
Ix;y) = H(y) — H(n) bits per sample (15.60)

We have assumed that the mean square value of the signal x(¢) is constrained to. have a value
S. and the mean square value of the noise is N. We shall also assume that thfe signal x(¢) and
tt;e noise n(#) are independent. In such a case, the mean square value of y will be the sum of

the mean square values of x and n. Hence,
V¥ =S+N

y) is maximum when H(y) is maximum. We have seen

iven noise [given H (n’)], Ix; - We :
o " §+ N), H(y) will be maximum if y is gaussian,

that for a given mean square value of y (y? =
and the maximum entropy Hmax(y) 18 then given by

1

Hipax () = 3 log[2me(S + N)I (15.61)

Because
y=x+n
and n is gaussian, y will be gaussian only if x is gaussian. As the mean square value of X is S,
this implies that
(x) = 1 e~x2/25
P 2mS

and

Tnax (X5 y) = Hpmax(¥) — H(n)

% log [2re(S + N)] — H(n)

15.5 Channel Capacity of a Continuous Channel 711

For a white gaussian noise with mean square value N,

1
H@n) = 3 log2mweN N=NB

and
1 S+N
Cs = Imax (X3 y) = 3 log (T) (15.62a)
1 S
== 1+— 15.62b
2 10g( + N) ( )

The channel capacity per second will be the maximum information that can be transmitted
per second. Equations (15.62) represent the maximum information transmitted per sample. If
all the samples are statistically independent, the total information transmitted per second will
be 2B times C;. If the samples are not independent, then the total information will be less
than 2BC;. Because the channel capacity C represents the maximum possible information

transmitted per second,
1 S
C=2B|=1 —
[2 o (l * N)]

= Blog (1 + ?vs“) bit/s (15.63)

The samples of a band-limited gaussian signal are independent if and only if the signal
PSD is uniform over the band (see Example 11.2 and Prob. 11.2-3). Obviously, to transmit
information at the maximum rate [Eq. (15.63)], the PSD of signal y(¢) must be uniform. The
PSD of y is given by
Sy (@) = S (@) + Sa(w)

Because S,(w) = N/2, the PSD of x(¢f) must also be uniform, Thus, the maximum rate of
transmission (C bit/s) is attained when x(z) is also a white gaussian signal.

To recapitulate, when the channel noise is additive, white, gaussian with mean square
value N (N = INB), the channel capacity C of a band-limited channel under the constraint
of a given signal power S is given by

C = Blog (1 + %) bit/s

where B is the channel bandwidth in hertz. The maximum rate of transmission (C bit/s) can
be realized only if the input signal is a white gaussian signal.

Capacity of a Channel of Infinite Bandwidth: Superficially, Eq. (15.63) seems to
indicate that the channel capacity goes to co as the channel’s bandwidth B goes to 0o. This,
however, is not true. For white noise, the noise power N = N'B. Hence, as B increases, N
also increases. It can be shown that in the limit as B — oo, C approaches a limit:

S
C=Blog(1+—
<(1+%)

N
=Blog(l+ﬁ)
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' S
;ﬂocﬁﬁo“"g(“m)

. S T'NB _S__
=é§%oW[T‘°g (”m)]

This limit can be found by noting that

1
lim x log, (1 + ;) =log,e =144

X—>0Q
Hence,

S
im C = 1.44— bit/s (15.64)
pm € =147 /
Thus, for a white gaussian channel noise, the channel capacity C appr9aches alimitof 1 .4A.LS /N
as B — oo. The variation of C with B is shown in Fig. 15.5. It is evident that the capacity can
be made infinite only by increasing the signal power S to infinity. For finite signal and noise
powers, the channel capacity always remains finite.

Verification of Error-Free Communication over a Contipuous Chal}nel
Using the concepts of information theory, we have shown that it is poss1b}e to transmit error-
free information at a rate of B log, (1 + S/N) bit/s over a channel band-limited to B Hz. The

signal power is S, and the channel noise is white gaussian with power N. This theorem canbe .

verified in a way similar to that used for the verification of the channel capacity of a discrete
case. This verification using signal space is so general that it is in reality an alternate proof of

the capacity theorem. .
Let us consider M -ary communication with M equiprobable messages My, Ma, -5 my
transmitted by signals s1(t), s2(8), ..., sy (®). All signals are time-limited with duration T

and have an essential bandwidth B Hz. Their powers are less than or equal to S. The channel
is band-limited to B, and the channel noise is white gaussian with power N. o

All the signais and-hoise waveforms have 2BT -+ 1 dimensions. In the limit we shall
let T — oo. Hence 2BT > 1, and the number of dimensions will be taken as 2BT in our
future discussion. Because the noise power is N, the energy of the noise Waveform. of T-
second duration is NT. The maximum signal energy is ST. Because signa}s anq noise are
independent, the maximum received energy is (§+ N)T. Hean?, all the receweq signals ~w111
lie in a 2 BT-dimensional hypersphere of radius +/(S + N)T (Fig. 15.6a). A typical received

Figure 15.5  Channel capacity vs. bandwidth for a channel
* with white gaussian noise and fixed power.
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signal s;(f) 4+ n(z) has an energy (S; + N)T, and the point r representing this signal lies at a
distance of 4/(S; + N)T from the origin (Fig. 15.6a). The signal vector s;, the noise vector n,
and the received vector r are shown in Fig. 15.6a. Because

Isil = /ST, Inl =~/NT, lrl =V (S +NT

it follows that vectors s;, r, and r form a right triangle. Also, n lies on the sphere of radius
+/NT, centered at §;. Note that because n is random, it can lie anywhere on the sphere centered
ats;.”

We have M possible transmitted vectors located inside the big sphere. For each possible
5, we can draw a sphere of radius ~/N T around s. If a received vector r lies on one of the small
spheres, the center of that sphere is the transmitted waveform. If we pack the big sphere with
M nonoverlapping and nontouching spheres, each of radius VNT (Fig. 15.6b), and use the
centers of these M spheres for the transmitted waveforms, we will be able to detect all these
M waveforms correctly at the receiver simply by using the maximum-likelihood receiver.
The maximum-likelihood receiver looks at the received signal point r and decides that the
transmitted signal is that one of the M possible transmitted points that is closest to r (smallest
error vector). Every received point r will lie on the surface of one of the M nonoverlapping
spheres, and using the maximum-likelihood criterion, the transmitted signal will be chosen
correctly as the point lying at the center of the sphere on which 7 lies.

To compute the number of small spheres that can be packed into the big sphere, we must
determine the volume of a sphere of D dimensions.

®

@

Figure 15.6  (a) Signal space representation of transmitted and received signals and noise signal. (b) Choice
of signals for error-free communication.

* Because N is the average noise power, the energy over an interval T' is NT + €, where € — 0 as T — oo. Hence,
we can assume that n lies on the sphere.
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Volume of a D-Dimensional Sphere: A D-dimensional sphere is described by the
equation
x%+x§+~--+x12) =R?
where R is the radius of the sphere. We can show that the volume V (R) of a sphere of radius
R is given by )
V(R) = RPV (D) (15.65)

where V(1) is the volume of a D-dimensional sphere of unit radius and, thus, is constant. To
prove this, we have by definition

V(R) = // / d)Cld.XZ"'de

2,21 .12 <R2
x{+xy+ +xp <R

Letting y; = x;/R, we have

“ V(R)=RP /// dyidys -+ dyp
1

Yoyt tetyps
=RPV()

Hence, the ratio of the volumes of two spheres of radii R and R is

N A\ D

viRy (R

V(R (R)
A direct consequence of this result is that when D is large, almostall of the volume of the sphere
is concentrated at the surface. This is because if R/R < 1, then (R/ R? - 0asD — 0.
This ratio approaches zero even if R differs from R by a very small amount A (Fig. 15 .7).. This
means that no matter how small A is, the volume within radius R is a negligible fraction of
the total volume within radius R if D is latge enough. Hence, for a large D, almost all of the
volume of a D-dimensional sphere is concentrated at the surface. Such aresult sounds stre.mge,
but a little reflection will show that it is reasonable. This is because the volume is proportional
to the Dth power of the radius. Thus, for large D, a small increase in R can increase the
volume tremendously, and all the increase comes from a tiny increase in R near the surface of

Figure 15.7 Volume of a shell of a D-dimensional hyper-
sphere.

15.5 Channel Capacity of a Continuous Channel 715

the sphere. This means that most of the volume must be concentrated at the surface.

The number of nonoverlapping spheres of radius +/NT that can be packed into a sphere
of radius /(S + N)T is bounded by the ratio of the volume of the signal sphere to the volume
of the noise sphere. Hence,

_VEEmT vy _ (1+ s )BT
- («/NT)ZBT VD)

N
Each of the M-ary signals carries the information of log, M binary digits. Hence, the trans-
mission of one of the M signals every T seconds is equivalent to the information rate C
given by

(15.66)

¢ =5 < piog (14 7) vivs (15:67)

This equation gives the upper limit of C. To show that we can actually receive error-free
information at a rate of B log (1 + S/N), we use the argument proposed by Shannon.® Instead
of choosing the M transmitted messages at the centers of nonoverlapping spheres (Fig. 15.6b),
Shannon proposed to select the M points randomly located in the signal sphere I; of radius
/ST (Fig. 15.8). Consider one particular transmitted signal s;. Because the signal energy is
assumed to be < S, point s; will lie somewhere inside the signal sphere I, of radius +/ST.
Because all the M signals are picked randomly from this sphere, the probability of finding a
signal within a volume AV is M AV /V,, where V; is the volume of ;. But because for large
D all of the volume of the sphere is concentrated at the surface, all M signal points selected
randomly would lie near the surface of I;. Figure 15.8 shows the transmitted signal sy, the
received signal r, and the noise n. We draw a sphere of radius ~'NT with r as the center.
This sphere intersects the sphere /; and forms a common lens-shaped region. The signal sy
lies on the surface of both spheres. We shall use a maximum-likelihood receiver. This means
that when r is received, we shall make the decision that “s; was transmitted” provided none of

Figure 15.8  Derivation of channel capacity.
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— 1 signal points are closer to 7 than si. The probability of finding any one

the remaining M The . !
Hence P,, the error probability in the detection of s; when r is

signal in the lens 1S Viens/ Vs-

received, is

Viens
= —1)—
P.=M-1) V.

‘/IEHS
Vs
From Fig. 15.8, we observe that Viens < V(h), where. V(h). is the volume of the D-
dimensional sphere of radius . Because 7, Sk, and r form a right triangle,
SNT

hE+MNT =/ETHWNT)  and  h=\/c

<M

Hence, o
SNT
=2} v
= ()
Also,
V. = STEVQ)
and

N BT
P <M (m)

Iy

P, < [K)%T

If we choose

then

Ifweletk = 1 — A, where A is a positive number chosen as small as we wish, then

P,—0 as BT — 0

This means that P, can be made arbitrarily small by increasing T , provided M is chosen

arbitrarily close to (1 + S/N)5”. Thus,

1
= —log, M
C T g2

= [B log (1 + %) - e:\ bit/s . (15.68)

where ¢ is a positive number chosen as small as we please. This proves the degsired result. A
more rigorous derivation of this result can be found in Wozen.craft and Jacobs. .

Because the M signals are selected randomly from the signal space, they tend to acquire
the statistics of white noise® (i.e., a white gaussian random process).

15.6 Practical Communication Systems in Light of Shannon’s Equation 717

Comments on Channel Capacity: According to the result derived in this chapter,
theoretically we can communicate error-free up to C bit/s. There are, however, practical diffi-
culties in achieving this rate. In proving the capacity formula, we assumed that communication
is effected by signals of duration 7. This means we must wait 7 seconds to accumulate the
input data and then encode it by one of the waveforms of duration 7. Because the capacity rate
is achieved only in the limit as 7 — o0, we have to wait a long time at the receiver to get the
information. Moreover, because the number of possible messages that can be transmitted over
interval T increases exponentially with T, the transmitter and receiver structures increase in
complexity beyond imagination as 7 — oo.

The channel capacity indicated by Shannon’s equation [Eq. (15.68)] is the maximum
error-free communication rate achievable on an optimum system without any restrictions
(except for bandwidth B, signal power S, and gaussian white channel noise power N). If
we have any other restrictions, this maximum rate will not be achieved. For example, if we
consider a binary channel (a channel restricted to transmit only binary signals), we will not be
able to attain Shannon’s rate, even if the channel is optimum. The channel capacity formula
[Eq. (15.68)] indicates that the transmission rate is a monotonically increasing function of the
signal power S. If we use a binary channel, however, we know that increasing the transmitted
power beyond a certain point buys very little advantage (see Fig. 12.14). Hence, on a binary
channel, increasing S will not increase the error-free communication rate beyond some value.
This does not mean that the channel capacity formula has failed. It simply means that when
we have a large amount of power (with a finite bandwidth) available, the binary scheme is not
the optimum communication scheme.

One last comment: Shannon’s results tell us the upper theoretical limit of error-free
communication. But they do not tell us precisely how this can be achieved. To quote the words
of Abramson; “[This is one of the problems] which has persisted to mock information theorists
since Shannon’s original paper in 1948. Despite an enormous amount of effort spent since that
time in quest of this Holy Grail of information theory, a deterministic method of generating
the codes promised by Shannon is still to be found.”

15.6 PRACTICAL COMMUNICATION SYSTEMS IN LIGHT OF
SHANNON'S EQUATION

It would be instructive to determine the ideal law for the exchange between the SNR and the
transmission bandwidth using the channel capacity equation. Consider a message of bandwidth
B that is used for modulation (or coding), with the resulting modulated signal of bandwidth
By . This signal is received at the input of an ideal demodulator with signal and noise powers
of S; and N;, respectively” (Fig. 15.9). The demodulator output bandwidth is B, and the SNR
is S,/N,. Because an SNR S/N and a bandwidth B can transmit ideally Blog (1 + S/N)
bits of information, the ideal information rates of the signals at the input and the output of the
demodulator are By log (1 + S;/N;) bits and B log (1 + S,/N,) bits, respectively. Because the
demodulator neither creates nor destroys information, the two rates should be equal, that is,

Si S,
Br 1 14+ 2 }=Blog{1+=2
Tog( +Ni> g( +No)

* An additive white gaussian channel noise is assumed.
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Figure 15.9  Ideal exchange between SNR and

15.6 Practical Communication Systems in Light of Shannon’s Equation 719

%t:«;ms 5 3

S N; Ideal So» No bandwidth. ©
i AR
Bandwidth B, | demodulator | Bandwidth B T
50
S,
and v To B u
Br/B
S, S
1+—)= (1 + —‘—) (15.69a)
" N 30
Tn practice, for the majority of systems, So/N, as well as Si/N; > 1, and
Br/B
S0 o (i> ' (15.69b) 20
N, ~ \N; .
10
Also,
N 0
N;  NBr oL
Ss\(B)_B S ;
~\nB Br) B i v, aB——>
(NB) (BT> Br NB
Egs. (15.69) become Figure 15.10  Ideal behavior of SNR vs. ¥ for various ratios of B/ B.
Hence, Egs. (15. eCO
S ( r \" (15.70a) )
20 {1+ ) -1 . s, 2
N7 15.72
No BT /B No a ( )
Br/B
~ ( y ) T (15.70b). Thus DSB-SC, for which S, /N, = y, falls short of ideal performance. If, however, we consider
~ \Br/B

Equations (15.69) and (15.70) give the ideal law of exchange betwec?n the SNR and' the
bandwidth. The output SNR S,/N, is plotted in Fig. 15.10 as a function of y for various
values of Br/B. . ' 4

The oTutput SNR increases exponentially with the bagdw1th expansion factor E;T/ fd
This means that to maintain a given output SNR, the transmitted 31gna1. power can be re: u(ci:th
exponentially with the bandwidth expansion factor. Thus, for a small increase in bandwi ith,
we can reduce the transmitted power considerably. On the ot.her hand, for a s.mall re(-iuctlgln
in bandwidth, we need to increase the transmitted power considerably. .Hence, in pracuge, the
trade is in the sense of reducing the transmitted power at the cost of increased transmission
bandwidth ‘and rarely the other way. ) _

Let us now investigate various systems studied thus far and see how they fare in

comparison with the ideal system.

the fact that quadrature multiplexing can be used to transmit two DSB signals simultaneously,
with the effective bandwidth per signal as B rather than 2B, DSB-SC has ideal performance.
Because for AM quadrature multiplexing is not used,” AM performance [Eq. (12.14)] falls
considerably short of the ideal performance [Eq. (15.72)].

~ The ideal performance of the baseband and SSB-SC or DSB-SC systems is really an
empty boast, because these systems do not exchange SNR for bandwidth.

FM
For FM, we have [Eq. (12.37)]

Because By /B =2(8 + 1),

So 1 BT 2 m2
¥ =305 ) e ) 15.73
AM — 1, and Egs. (15.70) yield - [2(3) } )y 1573
For baseband and SSB-SC systems, Br/B = 1, and Egs. (15.70) ¥ :
So =y (15.71) Figure 15.11 shows the plots of S,/N, for Br/B = 8 and 20, assuming mi/mz - 9.
N,

-SC,
which is exactly the performance of these systems [see Egs. (12.3) and (12. 12)]. For DSB-S
Br/B =2, and Egs. (15.70) predict

The ideal S,/N, plots for By/B = 8 and 20 are also shown in the figure for comparison.

* Because this requires a phase reference at the receiver, it defeats the purpose of AM.
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Figure 15.11  Comparison of
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FM performance falls far below ideal performance. Even if a gain of 13 dB resulting from-
preemphasis and deemphasis is added to these plots, FM is several decibels inferior to ideal

curves. The comparison between FM and the ideal system gets progressively worse as y

increases. If we observe the behavior of FM at the threshold, however, it does not fare as badly.

It can be shown that for FM, when optimum demodulation (phase-locked loop) is used, the
behavior of the SNR at the threshold (the dashed line* in Fig. 15.11) is close to ideal.!

PCM

As seen earlier, M-ary PCM shows a saturation effect unless we go to higher values of M as
y increases. If the message signal is quantized in L levels, then each sample can be encoded
by log;, L number of M-ary pulses. If B is the bandwidth of the message signal, we need to
transmit 2B samples per second. Consequently, Ry, the number of M-ary pulses per second,

is
: Ry =2Blogy L
Also, the transmission bandwith By is half the number of (M-ary) pulses per second. Hence,

R
By = _2“1 = Blogy L (15.74a)

From Eq. (13.51a), the power S; is found as ‘
M?—1
Si= =5 —E,Ru (15.74b)

* The dashed threshold line shown in Fig. 15.11 is for a frequency discriminator. For optimum demodulation using
a phase-locked loop, the threshold line is shifted left by 3 to 5 dB.

15.6 Practical Communication Systems in Light of Shannon’s Equation 721

Also,

NRy
N; = NBr = — (15.75)

51 Eac; of th;, M -;u}; pulses carries the information of log, M bits, and we are transmitting
08y L number of M-ary pulses per second. Hence itting i i
ate o et o » We are transmitting information at a
Ry = (2Blog,, L)(log, M)

=2Brlog, M

= Brlog, M bit/s
Substitution of Egs. (15 -74b) and (15.75) into this equation yields

3N S
R[, = Brlo; 1 - = i
T log, ( + 25, Ni) bit/s (15.76)

We are transmitting the information equivalent of R, binary digits per second over the M. -ary
PCM c?)fmnel. The reception is not error-free, however. The pulses are detected with an error
probat?lhty Py given in Eq. (13.52b). If Pey is on the order of 1075, we could consider the
reception to be essentially error-free. From Eq. (13.52b),

2E
Poyy =20 ( 7\[1) =10"° M>1

=_r _
N 24

Substitution of this value in Eq. (15.76) gives

This gives

18;
Ry, = == i
» = Brlog, (l + SN,-) bit/s (15.77)
tI'hus, ov.er a channel of bandwith By with an SNR of Si/Ni, a PCM system can transmit
information a't a rate of R, in Eq. (15.77). The ideal channel with bandwidth By and SNR
S; /N; transmits information at a rate of C bit/s, where

i

Si .
C = Brlog, (1 + F) bit/s (15.78)

It follows tha.t PQM uses roughly eight times (9 dB) as much power as the ideal system. This
performance is still much superior to that of FM. Figure 15.12 shows R, /By as a function of

S/ N;. For the ideal system
R, C S;
‘. Br —E-l"&(”m)
PCM at the threshold is 9 dB inferior to the ideal curve.

When PCM is in saturation, the detection error probability approaches 0. Each M -ary
pulse transmits log, M bits, and there are 2Br pulses per second. Hence,
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Figure 15.12  Comparison of ideal system behav-
ior with that of PCM.
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Ry, =2Brlog, M
or

Ry

— =2log, M

Br 22
This is clearly seen in Fig. 15.12.

Orthogonal Signaling
We have already shown that [see Eq. (13.58)] for M-ary orthogonal signaling, the error-free
communication rate is

Ry < 1.44% bit/s (15.79)

We have shown in Eq. (15.64) that this is precisely the rate of error-free communication over an
an ideal channel with infinite bandwidth. Therefore, as M — oo, the bandwidth of an M-ary
scheme approaches oo, and its rate of communication approaches that of an ideal channel.
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15.1-1 Amessage source generates one of four messages randomly every microsecond. The probabilities
of these messages are 0.4, 0.3, 0.2, and 0.1. Each emitted message is independent of the other
messages in the sequence.

(a) What is the source entropy?
(b) What is the rate of information generated by this source (in bits per second)?

15.1-2 A television picture is composed of approximately 300,000 basic picture elements (about 600
picture elements in a horizontal line and 500 horizontal lines per frame). Each of these elements
can assume 10 distinguishable brightness levels (such as black and shades of gray) with equal
probability. Find the information content of a television picture frame.

15.1-3 A radio announcer describes a television picture orally in 1000 words out of his vocabulary
of 10,000 words. Assume that each of the 10,000 words in his vocabulary is equally likely
to occur in the description of this picture (a crude approximation, but good enough to give an
idea). Determine the amount of information broadcast by the announcer in describing the picture.
‘Would you say the announcer can do justice to the picture in 1000 words? Is the old adage “a
picture is worth a thousand words” an exaggeration or an underrating of the reality? Use data in
Prob. 15.1-2 to estimate the information of a picture.

15.1-4 From the Old North Church Tower in Boston, Paul Revere’s friend was to show him one lantern
if the British army began advancing overland and two lanterns if they chose to cross the bay in
boats.

(a) Assume Revere had no way of guessing ahead of time what route the British might choose.
How much information did he receive when he saw two lanterns?

(b) What if Revere were 90% sure the British would march overland? Then, how much infor-
mation would the two lanterns have conveyed?

15.1-5 Estimate the information per letter in the English language by various methods, assuming each
character is independent of the others. (This is not true, but is good enough to get a rough idea.)

(a) In the first method, assume that all 27 characters (26 letters and a space) are equiprobable.
This is a gross approximation, but is good for a quick answer.

(b) In the second method, use the table of probabilities of various characters (Table P15.1-5).

(c) Lastly, use Zipf’s law relating the word rank to its probability. In English prose, if we order
words according to the frequency of usage so that the most frequently used word (zhe) is
word number 1 (rank 1), the next most probable word (of) is number 2 (rank 2), and so on,
then empirically it is found that P (r), the probability of the rth word (rank r) is very nearly

0.1
P(r)= —

Using Zipf’s law, compute the entropy per word. Assume that there are 8727 words. The reason
for this number is that the probabilities P (r) sum to 1 for r from 1 to 8727. Zipf’s law, surprisingly,
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gives reasonably good results. Assuming there are 5.5 letters (including space) on average per
word, determine the entropy or information per letter.

Problems 725

15.4-1 A binary channel matrix is given by

Outputs
Table P15.1.5 y y
Probability of occurrence of letters in the English language ! ?
x1{ 2 1
t Probabili ~log P; Lett P ili ~logP; 3 3
Letter robability log P; etter robability log P; Tnputs 3 3
Space 0.187 2.46 M 0.02075 5.60
E 0.1073 322 U 0.02010 5.64 L9
T 0.0856 3.84 G 0.01633 5.94 10 10
A 0.0668 3.90 Y 0.01623 5.95 X
° s g x soe Tl s Bt ) = 215, B = 175, . Youae o iven i ) = 1
g - - - an X2) = 2/3. Determine H .
R 0.0559 416 B 0.01179 6.42 (%) = 2/3. Determine H(9), Hdy), H(y), H(y[x), and 1(x; ).
I 0.0519 427 v 0.00752 7.06 15.4-2 Forth inFi - -
S 0.0499 433 K 0.00344 820 - orthetemary channel inFig. P15.4-2, P, (x1) = P, Pi(x) = Py(x3) = Q. Note: P420 = 1)
H 0.04305 4.54 X 0.00136 9.54 I
D 0.03100 5.02 3 0.00108 9.85 nput { Output
L 0.02775 517 Q 0.00099 9.98 X} o ¥y
F 0.02395 5.38 Z 0.00063 10.63
C 0.02260 5.45
15.2-1 A source emits seven messages with probabilities 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, and 1/64, ¥y
respectively. Find the entropy of the source. Obtain the compact binary code and find the average
length of the code word. Determine the efficiency and the redundancy of the code.
15.2-2 A source emits seven messages with probabilities 1/3, 1/3, 1/9, 1/9, 1/27, 1/27, and 1/27, ® )’y
respectively. Find the entropy of the source. Obtain the compact 3-ary code and find the average
length of the code word. Determine the efficiency and the redundancy of the code. Figure P15.4-2
. . a) Determi .
15.2-3 A source emits one of four messages randomly every 1 microsecond. The probabilities of these (@) Determine H(x), H(xly), ny)’ anf‘l 15 y).
messages are 0.5, 0.3, 0.1, and 0.1. Messages are generated independently. b) Show that the channel capacity C is given by
(a) What is the source entropy? Cs =log (/3 + 2)
= 22
(b) Obtain a compact binary code and determine the average length of the code word, the B
efficiency, and the redundancy of the code. where 8 = 2-[Plogp+(-p)logi-p)]
(c) Repeat part (b) for a compact ternary code. . . .
15.4-3 Consider the binary symmetric channel shown in Fig. P15.4-3a. The channel matrix is given by
15.2-4 For the messages in Prob. 15.2-1, obtain the compact 3-ary code and find the average length of 1-P, P,
the code word. Determine the efficiency and the redundancy of this code. M= [ P, 1 _ P ]
15.2-5 For the messages in-Prob. 15.2-2, obtain the compact binary code and find the average length of Figure P15.4-3b shows a cascade of two such BSCs.
the code word. Determine the efficiency and the redundancy of this code.
Ot 0 1-P. g 1-P,
15.2-6 A source emits three equiprobable messages randomly and independently. 0 0
(a) Find the source entropy. ) P,
(b) Find a compact ternary code, the average length of the code word, the code efficiency, and p
the redundancy. €
(c) Repeat part (b) for a binary code. 1 s 1 1 1
(d) To improve the efficiency of a binary code, we now code the second extension of the source. (a) € L-P, (;) 1-P,

Find a compact binary code, the average length of the code word, the code efficiency, and
the redundancy.

Figure P15.4-3
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15.4-4

15.4-5

() Determine the channel matrix for the cascaded channel in Fig. P15.4-3b. Show that this matrix
is M2

(b) If the two BSC channels in Fig. P15.4-3b have error probabilities P,; and P, with channel
matrices M; amd M,, respectively, show that the channel matrix of the cascade of these two
channels is M; M.

(¢) Using the results in part (b), show that the channel marix for the cascade of k identical BSCs
each with channel matrix M is M*. Verify your answer for n = 3 by confirming the results
in Example 10.7.

(d) Use the result in part (¢) to determine the channel capacity for a cascade of k identical BSC
channels each with error probability P..

In data communication using error detection code, as soon as an error is detected, an automatic
request for retransmission (ARQ) enables retransmission of the data in error. In such a channel
the data in error is erased. Hence, there is an erase probability p, but the probability of error is
zero. Such a channel, known as a binary erasure channel (BEC), can be modeled as shown
in Fig. P15.4-4. Determine H (x), H(x]y), and I(x; y) assuming the two transmitted messages
equiprobable.

; 1-p YO
p
E
p
1 =5 1
Figure P15.4-4

A cascade of two channels is shown in Fig. P15.4-5. The symbols at the source, at the output of
the first channel, and at the output of the second channel are denoted by x, y, and z. Show that

H(x|z) = H(xly)
and
Ixy) = 1(x2)

This shows that the information that can be transmitted over a cascaded channel can be no greater
than that transmitted over one link. In effect, information channels tend to leak information. Hint:
For a cascaded channel, observe that

P(zely;, %) = P(zly;)
Hence, by Bayes’ rule,

P(xelys zi) = P(X:ly;)

X y z

Figure P15.4-5

15.5-1

15.5-2

15.5-3

15.5-4

15.5-5

Problems = 727

For a continuous random variable x constrained to a peak magnitude M (—M < x < M), show
that the entropy is maximum when x is uniformly distributed in the range (—M, M) and has zero
probability density outside this range. Show that the maximum entropy is given by log2M.

For a continuous random variable x constrained to only positive values 0 < x < oo and a mean
value A, show that the entropy is maximum when

P(x) = %e""/Au(x)

Show that the corresponding entropy is
H(x) =logeA

A television transmission requires 30 frames of 300,000 picture elements each to be transmitted
per second. Using the data in Prob. 15.1-2, estimate the theoretical bandwidth of the AWGN
channel if the SNR at the receiver is required to be at least 50 dB.

Show that the channel capacity of a band-limited channel disturbed by a colored gaussian noise
under the constraint of a given signal power is
d

¥
C = Blog[S,(@) + S.@)] - f logSu@df  df =22
il 21

where B is the channel bandwidth (in hertz) over the frequency range (fi, f2) (f2 — fi = B).
Ss(w) and S,(w) are the signal and the noise power densities, respectively. Show that this
maximum rate of information transmission is attained if the desired signal is gaussian and its
PSD satisfies the condition

Ss() + Sy(w) = (a constant)

Hint: Consider a narrow-band Af in the range (f;, f>). The maximum rate of transmission over
this band is given by

Aflog [Ss(w)Af + Sa(@Af

Sa(@)Af

provided the signal over this band is gaussian. The rate of transmission over the entire band is

given by
fz 85 (@) +.5, (w)]
log| ———|d
/fl °g[ s@ 1Y

Now maximize this under the constraint

Ss(w) + S, (w)}

]:Aflog[ 5. ()

f
Zf Ss(wydf =S
i

1

Using the results in Prob. 15.5-4, show that the worst kind of gaussian noise is a white gaussian
noise that is constrained to a given mean square value. Hint: Use the expression for channel
capacity in Prob. 15.5-4. The first term in this expression is a constant. Now show that the
second term attains a maximum value when S, (w) is a constant under the constraint

2
2| Sywdf=N
hf
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ERROR CORRECTING
CODES

is the use of appropriate redundancy. The addition of a single parity—chegk digit to
detect an odd number of errors is a good example. Since Shannon’s pioneering paper,
a great deal of work has been carried out in the area of error correcting codes.

ﬁ s seen from the discussion in Chapter 15, the key to realizing error-free communication

2

'16.1 INTRODUCTION

In this chapter we shall discuss two important types of codes: block codes and convolution.al
codes. The information coming from the data or message source will be assumed to be in
binary form (a sequence of binary digits). .

In block codes, a block of & data digits is encoded by a code word of » digits (n > k).
For each sequence of & data digits, there is a distinct code word of n digits. In convolflt.ional,
or recurrent codes, the coded sequence of n digits depends not only on the k data d‘1g1ts but
also on the previous N — 1 data digits (N > 1). Hence, the coded sequence for a cexf[zu_n k data
digits is not unique but depends on N — 1 earlier data digits. In block codes, k data digits are
accumulated and then encoded into an n-digit code word. In convolutional codes, the coding
is done on a continuous, or running, basis rather than by accumulating & data digits. .

If k data digits are transmitted by a code word of n digits, the number of check dlgiFs
is m = n — k. The code efficiency (also known as the code rate) is k/n. Such a gode is
known as an (n, k) code. Data digits (dy, da, ..., d;) are a k-tuple, and, hence, this is a k-
dimensional vector d. Similarly, a code word (c1, ¢2, ..., ¢,) is an n—dimensiqnal vector €.
As a preliminary, we shall determine the minimum number of check digits required to detect
or correct ¢ number of errors in an (n, k) code. .

A total of 2" code words (or vertices of an n-dimensional hypercube) is avallab'le. to
assign to 2% data words. Suppose we wish to find a code that will correct up to ¢ .Wrong digits.
In this case, if we transmit a data word d; by one of the code words (or vertices) ¢;, then

because of channel errors the received word will not be ¢; but will be ¢/. If the channel noise

728
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causes errors in ¢ or less digits, then ¢; will lie somewhere in the Hamming sphere of radius 7
centered at ¢;. If the code is to correct up to £ errors, then the code must have the property that
all of the Hamming spheres of radius ¢ centered at the code words are nonoverlapping. This
means we may not use vertices (or words) that are within a Hamming distance of ¢ from any
code word. If a received word lies within a Hamming sphere of radius ¢ centered at ¢j, then
we decide that the transmitted code word was ¢;. This scheme is capable of correcting up to ¢
errors, and dii, the minimum distance between # error correcting code words, is

i = 2t + 1 (16.1)

Next, in order to find a relationship between r and k, we observe that 2" vertices, or words, are
available for 2% data words, and 2* — 2F are redundant vertices. How many vertices, or words,
can lie within a Hamming sphere of radius #? The number of sequences (of # digits) that differ
from a given sequence by j digits is the number of the combination of n things taken j at a

time and is given by ( ’]1 ) [see Eq. (10.16)]. Hence, the number of ways in which up to ¢ errors

can occur is given by Z}=1 ( 7 ) Thus for each code word, we must leave th'=1 ( ;’) number

of words unused. Because we have 2* code words, we must leave 2% Z;:l (7]1) words unused.
Hence, the total number of words must be at least

#+22()=2£()

But the total number of words, or vertices, available is 2”. Hence,

t
2" >0k <n)
2

or

PSS (;’) (16.2a)
j=0

Observe that n — k = m is the number of check digits. Hence, Eq. (16.22) can be expressed as

=Y (”) ' (16.2b)
=0 M

This is known as the Hamming bound. It should also be remembered that the Hamming bound
is a necessary but not a sufficient condition in general. However, for single-error correcting
codes, it is a necessary and sufficient condition. If some m satisfies the Hamming bound, it
does not necessarily mean that a r-error correcting code of » digits can be constructed. Table
16.1 shows some examples of error correction codes and their efficiencies.

A code for which the inequalities in Egs. (16.2) become equalities is known as the
perfect code. In such a code the Hamming spheres (about all the code words) are not only
nonoverlapping but they exhaust all the 2" vertices, leaving no vertex outside some sphere.
An e-error correcting perfect code satisfies the condition that every possible sequence is at
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730 ERROR-CORRECTING CODES 16.2 Linear Block Codes 731
Table 16.1 16.2 LINEAR BLOCK CODES

Some examples of error correcting codes

Code Efficienc A code word consists of n digits c1, ¢, ..., c,, and a data word consists of k digi
Y gits di, d,
n k Code (or Code Rate) ..., di. Because the code word and the data word are an n-tuple and a k-tuple respectively,
th - -di i . > >
Single-error correcting, 7 — 1 3 1 6.1) 033 ey are n- and k-dimensional vectors. We shall use row matrices to represent these words,
4 1 4,1 0.25 -
Minimum code separation 3 5 2 5,2) : 0.4 c=(cy, ca5 ..., Cn), d=(, dy, ..., di)
6 3 (6, 3) 0.5 .
7 4 7.4) 0.57 For the general case of linear block codes, all the » digits of ¢ are formed by linear combinations
15 11 (15, 11) 0.73 (modulo-2 additions) of k data digits. A special case where ¢; = doa=d, ..., ¢ =d
31 26 (31, 26) 0.838 and the remalfung digits from ¢4, to ¢, are linear combinations of di, dy, ..., diis known
Double-error correcting, ¢ = 2 10 4 (10,4 04 as a systematic code.” Thus in a systematic code, the first & digits of a code word are the data
15 8 (15, 8) 0533 digits Y b ol . . ) b
Minimum code separation 5 ) fgd ar<11(ii the last m = n — k digits are the parity-check digits, formed by linear combinations
- of data digits dy, dy, . o, dy:
Triple-error correcting, t = 3 10 2 10,2) 0.2
15 5 15,5) 033 a=d
Minimum code separation 7 23 12 (23,12) 0.52

o =d

a distance at most e from some code word. Perfect codes exist in only a comparatively few ‘ :
cases. Binary, single-error correcting, perfect codes are called Hamming codes. cr =dy
For a Hamming code, ¢ = 1 and dpin = 3, and from Eq. (16.2b) we have Chrt = hndy ® hizdy @ - - - @ hyydy

1 -
k2 =hoidi ® hondo @ -+ - @ hopd,
om Z (n) =1+n (16.3) + 2141 202 @ - - @ hoydy (16.4a)
= :
and Cn = hpdi ® hmzdz DD hpdy
n=2"-1 or
Another way of correcting errors is to design a code to detect (not to correct) up to ¢ ¢c=dG (16.4b)
errors. When the receiver detects an error, it requests retransmission. Because error detection where
requires fewer check digits, these codes operate at a higher efficiency. \ 10 0 0 hy hy - B
To detect 7 errors, code words need to be separated by a Hamming distance of not more 010 0 hiy hyy - h’"l
than ¢ 4 1. Suppose a transmitted code word ¢; has o number of errors (@ < ¢). Then the . G- . m2
received codeword ¢ is at a distance of « from ¢;. Because o < t, c} can never be any other - : : (16.5)
valid code word, because all code words are separated by at least ¢ + 1. Thus, the reception of w,___l, hy hy - hm
[ e S

c;. immediately indicates that an error has been made. . I (k x k) Pk xm)

Thus, the minimum’ distance d,y, between ¢ error detecting code words is The k x n matrix G is called the generator matrix, which can be partitioned into a k x k

dmin =t +1
“In presenting the theory, we shall use modulo-2 addition, defined in Chapter 7:

161=090=0
0ol1=100=1

Note that the modulo-2 sum of any binary digit with itself is always zero. All the additions in
the mathematical development of binary codes presented henceforth are modulo-2.

identity matrix I and a k x m matrix P. All the elements of P are either 0 or 1. The code
word can be expressed as

c=dG
=d[I, P]
=[d,dP]
=d,¢c,] (16.6)

* It can be shown that the performance of systematic block codes is identical to that of nonsystematic block codes.
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732 ERROR-CORRECTING CODES

where

c,=dP

16.7)

Thus, knowing the data digits, we can calculate the check digits from Eq. (16.7).

ExampLE 16.1

For a (6, 3) code,

the generator matrix G is

100 101
010 011
G=190 o 110

For all eight possible data words, find the corresponding code words, and verify that this code
is a single-error correcting code.

¢c=dG.

Table 16.2

Data Word d Code Word ¢
m 111000
110 110110
101 101011
100 100101
011 011101
019 010011
001 001110
000 000000

Data input

Figure 16.1

Table 16.2 shows the eight data words and the corresponding code words found from

Note that the distance between any two code words is at least 3. Hence, the code
can correct at least one error. Figure 16.1 shows a possible encoder for this code, using a
three-digit shift register and three modulo-2 adders.

!

a3 i

d | @ | 4 | :‘
\

+

Encoder for linear block codes.

——0 Y
=
- (S
<2
Commutator
N (5
S~ S
)

16.2 Linear Block Codes 733

Decoding
Let us consider some code word properties that could be utilized for the purpose of decoding.
From Eq. (16.7) and the fact that the modulo-2 sum of any sequence with itself is zero, we get

dP ®c,=[d cp][f]zo (16.8)
c

where I, is the identity matrix of order m x m (m = n — k). Thus,

cH" =0 (16.9a)
where
HT = [Z ] (16.9b)
and its transpose
H=[PT I, (16.9¢)

is called the parity-check matrix. Every code word must satisfy Eq. (16.9a). This is our clue
to decoding. Consider the received word r. Because of possible errors caused by channel noise,
r in general differs from the transmitted code word ¢,

r=cde

where the error word (or error vector) e, is also a row vector of n elements. For example, if
the data word 100 in Example 16.1 is transmitted as a code word 100101 (see Table 16.2), and
the channel noise causes a detection error in the third digit, then

r =101101

¢ =100101
and

e = 001000

Thus, an element 1 in e indicates an error in the corresponding position, and 0 indicates no
error. The Hamming distance between r and ¢ is simply the number of 1’s in e.

Suppose the transmitted code word is ¢; and the channel noise causes an error e;, making
the received word r = ¢; + e;. If there were no errors, that is, if e; = 000000, then r H T =0,
But because of possible channel errors, r H Tisin general a nonzero row vector §, called the
syndrome,

s=rH" (16.10a)
=(c;®e)H"
=cH @ eH”
=eHT (16.10b)

Knowing r, we can compute s [Eq. (16.10a)] and presumably we can compute e; from
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734  ERROR-CORRECTING CODES

Eq. (16.10b). Unfortunately, knowledge of s does not allow us to solve uniquely for e;. This
is because r can also be expressed in terms of code words other than ¢;. Thus,

r=c¢oe JFi
Hence,
s=(c;®e)H =¢H"
Because there are 2¥ possible code words,
s=eHT

is satisfied by 2* error vectors. To give an example, if a data word d=100is trans@tted by
a code word 100101 in Example 16.1, and if a detection error is caused in the third digit,
then the received word is 101101. In this case we have ¢ = 100101 and e = 001000. But
the same word could have been received if ¢ = 101011 and e = 000110, or if ¢ = 010011
and e = 111110, and so on. Thus, there are eight possible error vectors (2% error vectors) that
satisfy Eq. (16.10b). Which vector shall we choose? For this, we must define our dec‘:ision
criterion. One reasonable criterion is the maximum-likelihood rule where, if we receive r,
then we decide in favor of that ¢ for which 7 is most likely to be received. In other words, we
decide “c; transmitted” if

P(rle) > P(rley)  allk #i

For a BSC, this rule gives a very simple answer. Suppose the Hamming distance b&.atx-;veen r
and ¢; is d, that is, the channel noise causes errors in d digits. Then if P, is the digit error
probability of a BSC,

d
P(rley = P{(1 = Py = (1= P’ (1 fep )
e
If P, < 0.5,then P (r|c;) is amonotonically decreasing function of d because P,/ (1. —P)<1.
Hence, to maximize P(r|c;), we must choose that ¢; which is closest to ; that is, we must
choose the error vector with the smallest number of 1’s. A vector with the smallest number of
1’s is called the minimum-weight vector.

EXAMPLE 16.2

A (6, 3) code is generated according to the generating matrix in Example 1§.1. The receiver
receives r = 100011, Determine the corresponding data word if the channel is a BSC and the
maximum-likelihood decision is used.

‘We have

s=rHT

=[1 0 0 0 1 1]

OO R O
O~ O~ =O
—_0 O O = =

=[1 1 0]

16.2 Linear Block Codes 735

Because for modulo-2 operation, subtraction is the same as addition, the correct transmitted
code word c is given by

c=rde
where e satisfies

s=[1 1 0]=eHT

=[e € e3 ey es e |

QO = = O -
O O == O
—_0O O O e

We see that e = 001000 satisfies this equation. But so does e = 000110, or 010101, or
011011, or 111110, or 110000, or 101101, or 100011. The suitable choice, the minimum-
weight e, is 001000. Hence,

¢ = 100011 ¢ 001000 = 101011

The decoding procedure just described is quite disorganized. A systematic procedure
would be to consider ail possible syndromes and for each syndrome associate a minimum-
weight error vector. For instance, the single-error correcting code in Example 16.1 has a
syndrome with three digits. Hence, there are eight possible syndromes. We prepare a table of
minimum-weight error vectors corresponding to each syndrome (see Table 16.3). This table
can be prepared by considering all possible minimum-weight error vectors and computing s
for each of them using Eq. (16.10b). The first minimum-weight error vector 000000 is a trivial
case that has the syndrome 000. Next, we consider all possible unit weight error vectors. There
are six such vectors: 100000, 010000, 001000, 000100, 000010, 000001. Syndromes for these
can readily be calculated from Eq. (16.10b) and tabulated (Table 16.3). This still leaves one
syndrome, 111, that is not matched with some error vector. Since all unit-weight error vectors
are exhausted, we must look for error vectors of weight 2.

We find that for the first seven syndromes (Table 16.3), there is a wunique
minimum-weight vector e. But for s = 111, the error vector e has a minimum weight of
2, and it is not unique. For example, e = 100010 or 010100 or 001001 all have s = 111, and
all three e’s are minimum weight (weight 2). In such a case, we can pick any one of these e’s
as a correctable error pattern. In Table 16.3, we have picked e = 100010 as the double-error
correctable pattern. This means the present code can correct all six single-error patterns and
one double-error pattern (100010). For instance, if ¢ = 101011 is transmitted and the channel
noise causes the double error 100010, the received vector r = 001001, and

s=rHT =[111]

From Table 16.3 we see that corresponding to s = 111 is ¢ = 100010, and we immediately
decide ¢ = r @ e = 101011. Note, however, that this code will not correct double-error
patterns other than 100010. Thus, this code not only corrects all single errors but one double-
error pattern as well. This extra bonus of one double-error correction occurs because 7 and
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Table 16.3
Decoding table for code in Table 16.2
e s

000000 000
100000 101
010000 011
001000 110
000100 100
000010 010
000001 001
100010 1

k oversatisty the Hamming bound [Eq. (16.2b)]. In case n and k were to satisfy the bound-

exactly, we would have only single-error correction ability. This is the case for the (7, 4) code,
which can correct all single-error patterns only.

Thus for systematic decoding, we prepare a table of all correctable error patterns and
the corresponding syndromes. For decoding, we need only calculate s = r H” and, from the
decoding table, find the corresponding e. The decisionis ¢ =r @ e.

Because s has m = n — k digits, there is a total of 2% syndromes, each of n — k digits.
There is the same number of correctable error vectors, each of » digits. Hence, for the purpose
of decoding, we need a storage of (2n — k)2" % = (2n — k)2™. This storage requirement
grows exponentially with m, the number of parity-check digits, and can be enormous, even for
moderately complex codes. :

Because the maximum-likelihood decision is the same as choosing the code word closest
to the received word, we could just as well compare the received word with each of the 2*
possible code words of z digits each. This involves a storage of n2*, which can be much larger
than the (2n — k)2™ storage required earlier.

It is still not clear how to choose coefficients of the generator or parity-check matrix.
Unfortunately, there is no systematic way to do this, except for the case of single-error correcting
codes, also known as Hamming codes. Let us consider a single-error correcting (7, 4) code.
This code satisfies the Hamming bound exactly, and we shall see that a proper code‘can be
constructed. In this case m = 3, and there are seven nonzero syndromes, and because n = 7,
there are exactly seven single-error patterns. Hence, we can correct all single-error patterns
and no more. Consider the single-error pattern e = 1000000. Because

s=eHT

eHT will be simply the first row of HT. Similarly, for e = 0100000, s = eH” will be

the second row of HT, and so on. Now for unique decodability, we require that all seven
syndromes corresponding to the seven single-error patterns be distinct. Conversely, if all the
seven syndromes are distinct, we can decode all the single-error patterns. This means that the
only requirement on H7 is that all seven of its rows be distinct and nonzero. Note that H
isan (n x n — k) matrix (i.e., 7 x 3 in this case). Because there exist seven nonzero patterns
of three digits, it is possible to find seven nonzero rows of three digits each. There are many
ways in which these rows can be ordered. But we must remember that the three bottom rows
must form identity matrix I, [see Eq. (16.9b)].
One possible form of HT is

16.3 Cyclic Codes 737

111
110
1 01
H =0 1 1 —[IP]
1 00 "
010
001
The corresponding generator matrix G is
100 01 11
0100110
G= I =
e Pl=16 0101 01
0001011

Thus when d = 1011, the corresponding code word ¢ = 1011001, and so forth.

A general (n, k) code has m-dimensional syndrome vectors (m = n — k). Hence, there
are 2™ — 1 distinct nonzero syndrome vectors that can correct 27 — 1 single-error patterns.
Because in an (n, k) code there are exactly » single-error patterns, all these patterns can be
corrected if

2" —~1>n
or
2% >p41

This is precisely the condition in Eq. (16.3) for ¢ = 1. Thus, for any (n, k) satisfying this
condition, it is possible to construct a single-error correcting code by the procedure discussed.

More discussion on block coding can be found in Peterson and Weldon! as well as in
Lin and Costello.?

16.3 CYCLIC CODES!2

Cyclic codes are a subclass of linear block codes. As seen before, a procedure for selecting a
generator matrix is relatively easy for single-error correcting codes. This procedure, however,
cannot carry us very far in constructing higher order error correcting codes. Cyclic codes have a
fair amount of mathematical structure that permits the design of higher order correcting codes.
Second, for cyclic codes, encoding and syndrome calculations can be easily implemented using
simple shift registers.

Cyclic codes are such that code words are simple lateral shifts of one another. For

example, if ¢ = (c1, €2, ..., ¢a_1, €y) is a code word, then so are (cy, c3, ..., Cu, ¢1) and
(c3, €4y ..., Cp, €1, €2), and so on. We shall use the following notation. If
e=(cy, €2y .ens Cp) (16.11a)

is a code vector of a code C, then ¢® denotes ¢ shifted cyclically i places to the left, that is,

D = (ciy1, cinas ovns Cay CLb Cay -, 1) (16.11b)
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Cyclic codes can be described in a polynomial form. This property is extremely useful
in the analysis and implementation of these codes. The code vector ¢ in Eq. (16.11a) can be
expressed as the (n — 1)-degree polynomial

cx)=cx" N F e r o F e (16.12a)
The coefficients of the polynomial are either 0 or 1, and they obey the following properties:
0+0=0 0x0=0
0+1=1+0=1 0x1=1x0=0
1+1=0 1x1=1

The code polynomial ¢® (x) for the code vector ¢®) in Eq. (16.11b) is )
D) = i1 x" x4+ Xl +ox T g (16.12b)

One of the interesting properties of the code polynomials is that when xe(x) is divided by
x" + 1, the remainder is ¢® (x). We can verify this property as follows:
xe(x) = xt + x4 onx
C1
x" + l)clx" dox" T+ Fepx
cax” +c

;x4 e3x™ 2 4o+ ¢ux + 01 < remainder

The remainder is clearly ¢®(x). In deriving this result, we have used the fact that subtraction

amounts to summation when modulo-2 operations are involved. Continuing in this fashion, *

we can show that the remainder of x‘c(x) divided by x* + 1 is ¢ (x).

We shall now prove an important theorem in cyclic codes. It says that a cyclic code
polynomial c(x) can be generated by the data polynomial d(x) of degree k — 1 and a generator
polynomial g(x) of degree n — k as

c(x) =d(x) g(x) (16.13)
where the generator polynomial g(x) is an (n — k)th-order factor of (x" +1).
For a data vector (dy, da, ..., dy), the data polynomial is
- dx) =dix*  +dox* 2+ + dp (16.14)

Proof: Consider a polynomial
c(x) =d(x) g(x)
= dix T g(x) ¥ dpx*2g(x) + -+ - + drg(x) - (16.15)

This is a polynomial of degree n — 1 or less. There are a total of 2% such polynomials
corresponding to 2* data vectors. Thus, we have a linear (n, k) code generated by Eq. (16.13).
To prove that this code is cyclic, let

c(x) =cx™ 4+ X" 2+ 4,

16.3 Cyclic Codes 739

be a code polynomial in this code [Eq. (16.15)]. Then,
xe(x) =cix"+ x4 Fepx
="+ D+ x"  Hex" 2+t ex ter)
=c(x"+ 1) +cDx)

Because xc(x) is xd(x)g(x), and g(x) is a factor of x* + 1, ¢ (x) must also be a multiple
of g(x) and can also be expressed as d(x)g(x) for some data vector d. Therefore, ¢V (x)
is also a code polynomial. Continuing this way, we see that cP(x), P (x), ... are all code
polynomials generated by Eq. (16.15). Thus, the linear (r, k) code generated by d(x)g(x) is
indeed cyclic.

ExAmPLE 16.3

Find a generator polynomial g (x) for a (7, 4) cyclic code, and find code vectors for the following
data vectors: 1010, 1111, 0001, and 1000.

Inthiscasen =7 and n — k = 3, and
+l=@+DE+r+DE +x2+1)

For a (7, 4) code, the generator polynomial must be of the order n — k = 3. In this case,
there are two possible choices for g(x): x> 4+ x 4 1 or x> + x2 + 1. Let us choose the
latter, that is,

g =x+x2+1

as a possible generator polynomial. Ford =[1 0 1 0],
dx)=x>+x
and the code polynomial is
cx) =d(x)g(x)

=+ +22+1)

=x+x" +x*+x
Hence,

¢ = 1110010

Similarly, code words for other data words can be found (see Table 16.4).

Table 16.4

d e
1010 1110010
1111 1001011
0001 0001101
1000 1101060
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Note the structure of the code words. The first k digits are not necessarily the data digits.
Hence, this is not a systematic code.

In a systematic code, the first k digits are data digits, and the last m = n — k digits are
the parity-check digits. Systematic codes are a special case of general codes. Our discussion
thus far applies to general cyclic codes, of which systematic cyclic codes are a special case.
‘We shall now develop a method of generating systematic cyclic codes.

Systematic Cyclic Codes
‘We shall show that for a systematic code, the code word polynomial ¢(x) corresponding to the
data polynomial d(x) is given by

c(x) = x"*d(x) + p(x) (16.162)

where p(x) is the remainder from dividing x"*d(x) by g(x),
x*d(x)

p(x) = Rem (16.16b)
&)
To prove this we observe that
x"*d(x) px)
— = — 16.17
P B PTe) (e-47e

where ¢ (x) is of degree kK — 1 or less. We add p(x)/g(x) to both sides of Eq. (16.17a), and
because f(x) + f(x) = 0 under modulo-2 operation, we have

n—k
x—dw =q(x) (16.17b)
or
q(x)g(x) = x"*d(x) + p(x) (16.17¢)

Because g (x) is on the order of k — 1 or less, g(x)g(x) is a code polynomial. As x"*d (x)
represents d (x) shifted to the left by n — k digits, the first & digits of this code word are precisely
d, and the last n — k digits corresponding to o (x) must be parity-check digits. This will become
clear by considering a specific example. '

ExAMPLE 16.4 Construct a systematic (7, 4) cyclic code using a generator polynomial (see Example 16.3).

We use

g(x)=x3+x2+1

Consider a data vector d = 1010,
dx) =x>+x

and

x*d(x) = x% + x*

16.3 Cyclic Codes 741

Hence,
PP+l gk
24+ x% 4+ x*

x®+ 20+ AP

x4+ x4 %3
2 4+ xt 4 52
2+ X2
24+ 41
I« p)
Hence, from Eq. (16.16a),

c(x) = x°d(x) + p(x)
=3P+ +1
=x84xt41

and
¢ = 1010001

We could also have found the code word ¢ directly by using Eq. (16.17c). Thus,
c(x) = gx)g(x) = (P +x2+D(x*+x24+1) = x5+ x*+1. We construct the entire code
table in this manner (Table 16.5). This is quite a laborious procedure. There is, however, a
shortcut, using the code generating matrix G. Using the earlier procedure, we compute the
code words corresponding to the data words 1000, 0100, 6010, 0001. These are 1000110,
0100011, 0010111, 0001101. Now recognize that these four code words are the four rows
of G. This is because ¢ = dG, and when d = 1000, dG is the first row of G, and so on.
Hence,

-0 O
_o OO
bt (O e
— et O

1
1
1
0

S oo =
SO O

0

Now, we can construct the rest of the code table using ¢ = dG. This is an efficient method
because it allows us to construct the entire code table from the knowledge of only n code
words.

Table 16.5 shows the complete code. Note that dpn, the minimum distance between
two code words, is 3. Hence, this is a single-error correcting code, and 14 of these code
words can be obtained by successive cyclic shifts of the two code words 1110010 and
1101000. The remaining two code words 1111111 and 0000000 remain unchanged under
cyclic shift.

Cyclic codes can also be described by a generator matrix G (see Probs. 16.3-6 and
16.3-7). It can be shown that Hamming codes are cyclic codes.
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Table 16.5 Decoding
Every valid code polynomial c(x) is a multiple of g(x). If an error occurs during the trans-
d ¢ mission, the received word polynomial r (x) will not be a multiple” of g(x). Thus,
1111 11111 x s(x
1110 1110010 ) =mi(x)+ s®) (16.18)
1101 1101000 g(x) &)
1100 1100101
1011 1011100 and
1010 1010001 r(x)
1001 1001011 s(x) = Rem —- (16.19)
1000 1000110 8(x)
gﬁ:) gﬁtl)ggll) where the syndrome polynomial s(x) has a degree n — k — 1 or less.
0101 0101110 If e(x) is the error polynomial, then
0100 0100011
0011 0011010 r(x) = c(x) + e(x)
0010 - 0010111
0001 0001101 R beri . .
0000 0000000 emembering that c(x) is a multiple of g(x),
s(x) = Rem r=
g(x)
Cyclic Code Generation — Rem S F e(x)
One of the advantages of cyclic codes is that coding and decoding can be implemented using g(x)
such simple elements as shift registers and modulo-2 adders. A systematic code generation is e(x)
described in Egs. (16.16). This involves division of x*~*d(x) by g(x) and can be implemented = Rem g(x) (16.20)

by a dividing circuit, which is a shift register with feedback connections according to the
generator polynomial® g(x) = x"*+ g x"*~1 4. .-+ g,_;_1x + 1. The gain g;’s are either 0
or 1. An encoding circuit with n — k shift registers is shown in Fig. 16.2. An understanding of
this dividing circuit requires some background in linear sequential networks. An explanation
of its functioning can be found in Peterson and Weldon.! The k data digits are shifted in one at
a time at the input with the switch s held at position p;. The symbol D represents a one-digit
delay. As the data digits move through the encoder, they are also shifted out onto the output
line, because the first k digits of the code word are the data digits themselves. As soon as
the last (or kth) data digit clears the last [or (n — k)th] register, all the registers contain the
parity-check digits. The switch s is now thrown to position p,, and the n — k parity-check
digits are shifted out one at a time onto the line.

n — k parity-check digits

digits

Figure 16.2  Encoder for systematic cyclic code.

* It can be shown that for cyclic codes, the generator polynomial must be of this form.

Again, as before, areceived word r could result from any one of the 2¥ code words and a suitable
error. For example, for the code in Table 16.5, if » = 0110010, this could mean ¢ = 1110010
and e = 1000000, or ¢ = 1101000 and ¢ = 1011010, or 14 more such combinations. As seen
earlier, the most likely error pattern is the one with the minimum weight (or minimum number
of 1’s). Hence, here ¢ = 1110010 and e = 1000000 is the correct decision.

Itis convenient to prepare a decoding table, that s, to list the syndromes for all correctable
errors. For any r, we compute the syndrome from Eq. (16.19), and from the table we find the
corresponding correctable error e. Then we determine ¢ = r @ e. Note that computation of
s(x) [see Eq. (16.18)] involves exactly the same operation as that required to compute p(x) in
coding [see Eq. (16.17a)]. Hence, the circuit in Fig. 16.2 can also be used to compute s(x).

EXAMPLE 16.5

Construct the decoding table for the single-error correcting (7, 4) code in Table 16.5. Determine
the data vectors transmitted for the following received vectors r: (a) 1101101; (b) 0101000;
(c) 0001100.

The first step is to construct the decoding table. Because n — k — 1 = 2, the syndrome
polynomial is of the second order, and there are seven possible nonzero syndromes. There
are also seven possible correctable single-error patterns because n = 7. Using Eq. (16.20),
we compute the syndrome for each of the seven correctable error patterns. For example,
for e = 1000000, e(x) = x5. Because g(x) = x> + x? + 1 for this code (see Example
16.4), we have

* This assumes that the number of errors in r is correctable.
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2+ +x
B +xr+1) £°
4+ x5+
X+ i
25+ xt 4 2
P +x
4

2 +x <« sk

Hence,
s =110

In a similar way, we compute the syndromes for the remaining error patterns (see Table
16.6).
Table 16.6

16.4 Burst-Error Detecting and Correcting Codes 745

Bose-Chaudhuri-Hocquenghen (BCH) Codes
The BCH codes are perhaps the most powerful of the random-error correcting cyclic codes.
Moreovet, their decoding procedure can be implemented simply. Hamming code is a special
case of BCH codes. These codes are described as follows: For any positive integers m’ and
t (t < 2™1), there exists a #-error correcting (, k) code withn = 2" _landn—k < m't. The
minimum distance dy;, between code words is related by the inequality 2t +1 < dyy;, < 2£4-2.
The detailed treatment of BCH codes requires extensive use of modern algebra and is
beyond our scope. For further discussion of BCH codes, the reader is referred to Lin and
Costello? or Peterson and Weldon.!

16.4 BURST-ERROR DETECTING AND CORRECTING CODES

Thus far we have considered detecting or correcting errors that occur independently, or
randomly, in digit positions. On some channels, disturbances can wipe out an entire block
of digits. For instance, a stroke of lightning or a human-made electrical disturbance can affect
several adjacent transmitted digits. On magnetic storage systems, magnetic tape defects usually
affect more than one digit. Burst errors are those errors that wipe out some or all of a sequential
set of digits. In general, random-error correcting codes are not efficient for correcting burst

€ s errors. Hence, special burst-error correcting codes are used for this purpose. i
1000000 110 A burst of length b is defined as a sequence of digits in which the first digit and the bth i
0100000 on digit are in error, with the b — 2 digits in between either in error or received correctly. For ‘
33(1)2333 ;1)11 example, an error vector e = 0010010100 has a burst length of 6.
0000100 100 It can be shown that for detecting all burst errors of length b or less with a linear block ;
ggggg;‘; 3(1)2 code of lengthn, b parity-check bits are nécessary and sufficient.! We shall prove the sufficiency 11

When the received word r is 1101101,
r(x) =54+ x5+ 42+ 1

We now compute s(x) according to Eq. (16.19):

x3

x3+x2+1) O R
%%+ x5+ 5

241
Hence, s = 101. From Table 16.6, this gives e = 0001000, and
¢ =r @ e = 1101101 & 0001000 = 1100101

Hence, from Table 16.5 we have
d =1100

In a similar way, we determine for » = 0101000,s = 110 and ¢ = 1000000; hence
¢ =r @ e = 1101000, and d = 1101. For r = 0001100, s = 001 and ¢ = 0000001;
hence ¢ = r @ e = 0001101, and d = 0001.

—>{b digitste—

i1011}0101}1101/1000/1100/0111
I [} 1 1 ] I

—

part of this theorem by constructing a code of length # with b parity-check digits that will detect
a burst of length b.

To construct such a code, let us group & data digits into segments of b digits in length
(Fig. 16.3). To this we add a last segment of b parity-check digits, which are determined
as follows. The modulo-2 sum of the ith digit in each segment (including the parity-check
segment) must be zero. For example, the first digits in the five data segments are 1, 0, 1, 1,
and 1. Hence, we must have 0 as the first parity-check digit in order to obtain a modulo-2 sum
zero. We continue in this way with the second digit, the third digit, and so on, to the bth digit.
Because parity-check digits are a linear combination of data digits, this is a linear block code.
Moreover, it is a systematic code.

Itis easy to see that if a digit sequence of length b or less is in error, parity will be violated
and the error will be detected (but not corrected), and the receiver can request retransmission
of the digits lost. One of the interesting properties of this code is that b, the number of parity-
check digits, is independent of k (or ), which makes it a very useful code for such systems as

Parity-check bits Figure 16.3  Burst-error detection.
———

! 1 1 | !
| | { ! {
| |

1

—

k data bits
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16.6 CONVOLUTIONAL CODES

packet switching, where the data digits may vary from packet to packet. It can be shown that
a linear code with b parity bits detects not only all bursts of length b or less, but also a high
percentage of longer bursts.! o

If we are interested in correcting rather than detecting burst errors, we require twice as
many parity-check digits. A theorem says: In order to correct all burst errors of length b or
less, a linear block code must have at least 2b parity-check digit‘s.1

16.5 INTERLACED CODES FOR BURST- AND RANDOM-ERROR
CORRECTION

In general, random-error correcting codes are not efficient for burst-error correcting, and
burst-error correcting codes are not efficient for random-error correcting. Unfortunately, in
most practical systems, we have errors of both kinds. Out of the several methods proposed to
simultaneously correct random and.burst errors, the interlaced code is the most effective.
For an (1, k) code, if we interlace A code words, we have what is known as a (An, Ak)
interlaced code. Instead of transmitting code words one by one, we group A code words and
interlace them. Consider, for example, the case of A = 3 and a two-error correcting (15, 8) code.
Each code word has 15 digits. We group code words to be transmitted in groups of three. Sup-

Convolutional (or recurrent) codes, first introduced in 1955 by Elias,? differ from block codes
as follows. In a block code, the block of n code digits generated by the encoder in any particular
time unit depends only on the block of k input data digits within that time unit. In a convolutional
code, on the other hand, the block of n code digits generated by the encoder in a particular
time unit depends not only on the block of & message digits within that time unit but also on
the block of data digits within a previous span of N — 1 time units (¥ > 1). For convolutional
codes, k and n are usually small. Convolutional codes can be devised for correcting random
errors, burst errors, or both. Encoding is easily implemented by shift registers. As a class,
convolutional codes invariably outperform block codes of the same order of complexity.

A convolutional coder with constraint length N consists of an N-stage shift register and
v modulo-2 adders. Figure 16.5 shows such a coder for the case of N = 3 and v = 2. The
‘message digits are applied at the input of the shift register. The coded digit stream is obtained
at the commutator output. The commutator samples the v moldulo-2 adders in sequence, once
during each input-bit interval. We shall explain this operation with reference to the input digits
11010. Initiaily, all the stages of the register are clear; that is, they are in a 0 state. When the
first data digit 1 enters the register, the stage s; shows 1 and all the other stages (s, and s3) are
unchanged; that is, they are in a 0 state. The two modulo-2 adders show v; = 1and v, = 1.
The commutator samples this output. Hence, the coder output is 11. When the second message

pose the first three code words to be transmitted are x (x1, X25 0ees x15)., Y1, Y2, - s Y15)s bit 1 enters the register, it enters the stage s1, and the previous 1 in s; is shifted to s,. Hence,
and 7 (z1, 22, . - -, Z15) Tespectively. Then instead of transmitting xyz in sequence as x1, xa, s1 and s, both show 1, and s; is still unchanged; that is, it is in a 0 state. The modulo-2 adders
ves X155 Y15 Y25 «+-» Y155 215 225 - -+, Z15, W transmit X1, Y1, 21, X2, Y2, 22, X3, Y3, 23, now show v; = 0 and v, = 1. Hence, the decoder output is 01. In the same way, when the

.., X15, Y15, 215. This can be explained graphically by Fig. 16.4, where A code words
(three in this case) are arranged in rows. In usual transmission, we transmit one row after
another. In the interlaced case, we transmit columns (of A elements) in sequence. When all
the 15 (n) columns are transmitted, we repeat the procedure for the next A code words to be

transmitted.
To explain the error correcting capabilities of this code, we observe that the decoder

third message digit 0 enters the register, we have s; = 0, s, = 1, and s3 = 1, and the decoder
output is 01. Observe that each data digit influences N groups of v digits in the output (in this
case three groups of two digits). The process continues until the last data digit enters the stage
s1.” We cannot stop here, however. We add N — 1 number of 0’s to the input stream (dummy
or augmented data) to make sure that the last data digit (0 in this case) proceeds all the way
through the shift register in order to influence the N groups of v digits. Hence, when the input

will first remove the interlacing and regroup the received digits as x; ,:'xz, -ees X155 V1 digits are 11010, we actually apply 1101000 (the digits augmented by N — 1 zeros) to the
Y25 +++» Y155 215 225 -+« Z15. Suppose the shaded digits in Fig. 16.4 were in error. Because ‘ .
the code is a two-error correcting code, two or less errors in each row will be corrected. Hence, Data in - - Figure 16.5 Convolutional coder.
1 5
all the errors in Fig. 16.4 are correctable. We see that there are two random, or independent, 1 2 3

errors and one burst of length 4 in all the 45 digits transmitted. In general, if the original (z, k)
code is t-error correcting, the interlaced code can correct any combination of # bursts of length
A or less. :

Figure 16.4 Random- and burst-error correc-
tion.

— -

Coded-sequence output

* For a systematic code, one of the output digits must be the data digit itself.
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input of the shift register. It can be seen that when the last digit of the augmented message ‘ [oom—————— 1 Figure 16.6  Code tree for the coder in Fig.
stream enters sy, the last digit of the message stream has passed through all the N stages of | 00 00 16.5.
the register. The reader can verify that the coder outputis givenby11 01 01 00 10 11 00a | at-11 :
00. Thus, there are in all n = (N + k — 1)v digits in the coded output for every k data digits. 00 (' al 11 (1)2 II
In practice, £ >> N, and, hence, there are approximately kv coded output digits for every k | 10 b 1 { a=
data digits, giving an efficiency n >~ 1/v.* 4 11b { _——cEOO j b=

It can be seen that unlike the block coder, the convolutional coder operates on a 151 01 L— 01 { c=
continuous basis, and each data digit influences N groups of v digits in the output. 00 : d-10 : d=[11]

11 60 |
Code Tree 10c | Ztn |'
Coding and decoding is considerably facilitated by what is known as the code tree, which 1 = el 0 7 (1)2 :
shows the coded output for any possible sequence of data digits. The code tree for the coder | 01 11 !
in Fig. 16.5 with k = 5 is shown in Fig. 16.6. When the first digit is 0, the coder output is bl g14 | —_—ccoo :
00, and when it is 1, the output is 11. This is shown by the two tree branches that start at the T jal_10 01 }
initial node. The upper branch represents 0, and the lower branch represents 1. This convention L, S——— .d::é”.__ J
will be followed throughout. At the terminal node of each of the two branches, we follow a l 1 i 00 00 |
similar procedure, corresponding to the second data digit. Hence, two branches initiate from ; 11a a=11 !
each node, the upper one for 0 and the lower one for 1. This continues until the kth data digit. 1 10 el 11 3 3(1)
From there on, all the input digits are 0 (augmented digit), and we have only one branch until i 10 11
the end. Hence, in all there are 32 (or 2*) outputs corresponding to 2¥ possible data vectors. IE ‘1 oo0b 200
]
1

The coded output for input 11010 can be easily read from this tree (the path shown dashed in

Fig. 16.6). . LS
Figure 16.6 shows that the code tree becomes repetitive after the third branch. This can 11 EOO ;

be seen from the fact that the two blocks enclosed inside the dashed lines are identical. It means Olc a-11

that the output from the fourth input digit is the same whether the first digit was 1 or 0. This an | hels _‘{‘_’___b =10

is not surprising in view of the fact that when the fourth input digit enters the shift register, ] o1 1

the first input digit is shifted out of the register, and it ceases to influence the output digits. d 10d -—5{00

In other words, the data vector 1x;x;x3x4 - - - and the data vector Ox;x,x3x4 - - - generate the d 10 E 01 : ‘

same output after the third group of output digits. It is convenient to label the four third-level L d-10 | ‘

nodes (the nodes appearing at the beginning of the third branch) as nodes «, b, ¢, andd ®¢. ~ "TTTTTTTT= 4 |
\

16.6). The repetitive structure begins at the fourth-level nodes and continues at the fifth-level
nodes, whose behavior is similar to that of nodes a, b, ¢, and d at the third level. Hence, we
label the fourth- and fifth-level nodes also as either a, b, ¢, or d. What this means is that at
the fifth-level nodes, the first two data digits have become irrelevant; that is, any of the four
combinations (11, 10, 01, or 00) for the first two data digits will give the same output after the
fifth node.

This behavior can be seen from another point of view. When a data bit enters the shift
register (in stage s;), the output bits are determined not only by the data bit in s;, but by the
two previous data bits already in stages s3 and s,. There are four possible combinations of the
two previous bits (in 53 and s,): 00, 01, 10, and 11. We shall label these four states as a, b, c,
and d, respectively, as shown in Fig. 16.7a. Thus, when the previous two bits are 01 (s3 = 0,
s2 = 1), the state is b, and so on. The number of states is equal to 2V~1,

A data bit 0 or 1 generates four different outputs, depending on the encoder state. If the

a, b, ¢, or d. Similarly if the data bit is 1, the encoder output is 11, 01, 00, or 10, depending
on whether the encoder state is a, b, ¢, or d. This entire behavior can be concisely expressed
by the state diagram shown in Fig. 16.7b. This is a four-state directed graph used to uniquely
represent the input-output relation of this encoder. We use solid lines when the input bit is 0,
and dashed lines when the input bit is 1. For instance, when the encoder is in state a, and we
input 1, the encoder output is 11 (dashed line). The encoder now goes to state b for the next
data bit because at this point the previous two bits become s3 = 0 and so = 1. Similarly, when
the encoder is in state ¢ and the input is 0, the output is 00 (solid line), and the encoder remains
in state a. Note that the encoder cannot go directly from state a to states c or d. From any given
state, the encoder can go to only two states directly by inputting a single data bit. This is an
extremely important observation, which will be used later. The encoder goes from state @ to
state b (when the input is 1), or to state @ (when the input is 0), and so on. The encoder cannot
go from a to ¢ in one step. It must go from a to b to ¢, or from @ to b to d to ¢, and so on. We

data bit is 0, the encoder output is 00, 10, 11, or 01, depending on whether the encoder state is g
can also verify these facts from the code tree. Figure 16.7b contains the complete information

* In general, instead of shifting one digit at a time, b digits may be shifted at a time. In this case n >~ b/v. of the code tree. b
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State b
State b State ¢

State d

ToTe] e
]

(a)

Figure 16.7  State diagram of the coder in Fig. 16.5.

Another useful way of representing the code tree is the trellis diagram in Fig. 16.8. The
diagram starts from scratch (all 0’s in the shift register, that is, state a) and makes .tran§itions
corresponding to each input data digit. These transitions are denoted by a solid line for .the
next data digit 0 and by a dashed line for the next data digit 1. Thus, when the first input digit
is 0, the encoder output is 00 (solid line), and when the input digit is 1, the encoder output is
11 (dashed line). This is readily seen from Fig. 16.7b. We continue this way with the second
input digit. After the first two input digits, the encoder is in one of the four states @, b, ¢, or d,
as shown in Fig. 16.8. If the encoder is in state a (previous two data digits 00), it goes to state
b if the next input bit is 1 or remains in state a if the next input bit is 0. In so doing, the encoder
output is 11 (a to b) or 00 (a to a). Note that the structure of the trellis diagram is completely
repetitive, as expected, and can be readily drawn using the state diagram in Fig. 16.7b.

Decoding

We shall consider two important techniques: (1) maximum-likelihood decoding (Viterbi’s
algorithm) and (2) sequential decoding.

Maximum-Likelihood Decoding—Viterbi’s Algorithm: Among various decoding
methods for convolutional codes, Viterbi’s maximum-likelihood algoril:hm4 is one of the
best techniques yet evolved for digital communications where energy efficiency dominates
in importance. It permits major equipment simplification while obtaining the full performance
benefits of maximum-likelihood decoding. The decoder structure is relatively simple for short
constraint lengths, making decoding feasible at relatively high rates of up to 100 Mbit/s.

The maximum-likelihood receiver implies selecting a code word closest to the received
word. Because there are 2¢ code words, the maximum-likelihood decision involves storage of
2% words and their comparison with the received word. This calculation is extremely difficult
for large & and would result in an overly complex decoder. )

A major simplification was made by Viterbi in the maximum-likelihood calculation by
noting that each of the fournodes (a, b, ¢, and d) has only two predecessors; that is, each node

16.6 Convolutional Codes 751

d 0 g T Ty T 10
Figure 16.8  Trellis diagram for the coder in Fig. 16.5.

can be reached through two nodes only (see Fig. 16.7 or 16.8), and only the path that agrees
most with the received sequence (the minimum-distance path) need be retained for each node.
To understand this, consider the trellis diagram in Fig. 16.8. Our problem is as follows: Given
a received sequence of bits, we need to find a path in the trellis diagram with the output digit
sequence that agrees most with the received sequence.
Suppose the first six received digits are 01 00 01. We shall consider two paths of
three branches (for six digits) leading to each of the nodes a, b, ¢, and d. Out of the two
paths reaching into each node, we shall retain only the one that agrees most with the received
sequence 01 00 01 (the minimum-distance path). The retained path is called the survivor
at that node. There are two paths (00 00 00 and 11 10 11 ) that arrive at the third-level
node a. These paths are at distances of 2 and 3, respectively, from the received sequence
01 00 01. Hence, the survivor at the third-level node @ is 00 00 00. We repeat the
procedure for nodes b, ¢, and d. For example, the two paths reaching the third-level node ¢
(the node after three branches) are 00 11 10 and 11 01 01 , at distances of 5 and 2,
respectively, from the received sequence 01 00 01. Hence, the survivor at the third-level
node cis 11 01 01. Similarly, we find survivors at the third-level nodes b and d. With
four paths eliminated, the four survivor paths are the only contenders. The reason behind
eliminating the other four paths is as follows. The two paths merging at the third-level node a,
for example, imply that the previous two data digits are identical (viz., 00). Hence, regardless
of what the future data digits are, both paths must merge at this node @ and follow a common
path in the future. Clearly, the survivor path is the minimum-distance path between the two,
regardless of future data digits. What we need to remember is the four survivor paths and their
distances from the received sequence. In general, the number of survivor paths is equal to the
number of states, that is, 2V=1.

Once we have survivors at all the third-level nodes, we look at the next two received di gits.
Suppose these are 00 (i.e., the received sequence is 01 00 01 00). We now compare the
two survivors that merge into the fourth-level node a. These are the survivors at nodes a and ¢ of
the third level, with paths 00 00 00 00and 11 01 01 11, respectively, and distances
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of 2 and 4 from the received sequence 01 00 01 00.Hence, the path 00 00 00 00
is the survivor at the fourth-level node a. We repeat this procedure for nodes b, ¢, and d and
continue in this manner until the end. Note that only two paths merge in a node and there are
only four contending paths (the four survivors at nodes a, b, c, and d) until the end. The only
remaining problem is how to truncate the algorithm and ultimately decide on one path rather
than four. This is done by forcing the last two data digits to be 00 (dummy or augmented data).
When the first dummy 0 enters the register, we consider the survivors only at nodes a and c.
The survivors at nodes b and d are discarded because these nodes can be reached only when
the input bit is 1, as seen from the state or trellis diagram. When the second dummy 0 enters
the register, we consider only the survivor at node a. We discard the survivor at node ¢ because
the last two dummy data bits 00 lead the encoder to state a. In terms of the trellis diagram, this

means that the number of states is reduced from four to two (a and c) by insertion of the first .

zero and to a single state (a) by insertion of the second zero.

With the Viterbi algorithm, storage and computational complexity are proportional to 2V
and are very attractive for constraint length N < 10. To achieve very low error probabilities,
longer constraint lengths are required, and sequential decoding (to be discussed next) becomes
attractive.

Sequential Decoding: In this technique, proposed by Wozencraft, the decoder com-
plexity increases linearly rather than exponentially. To explain this technique, let us consider
a coder with N = 4 and v = 3 (Fig. 16.9). The code tree for this coder is shown in Fig. 16.10.
Each data digit generates three (v = 3) output digits but affects four groups of three digits (12
digits) in all. : :

In this decoding scheme, we observe only three (or v) digits at a time to make a tentative
decision, with readiness to change our decision if it creates difficulties later. A sequential
detector acts much like a driver who occasionally makes a wrong choice at a fork in the road,
but quickly discovers the error (because of road signs), goes back, and tries the other path.

Applying this insight to our decoding problem, the analogous procedure would be as
follows. We look at the first three received digits. There are only two paths of three digits from

Figure 16.9  Convolution coder.

Data input

Coded sequence

16.6 Convolutional Codes 753

Input message

o0g 000, 000 000 000 000 00000
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000 4
ygy MO 011 011 000 000 00010
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L—] 101 | 001 _ 000 , 011 . 000
000 ey
011 _ 011 _ 000 _ 000 , 000
010 o ——
™ 100 | 001 011 011 , 000
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T T T T
000 —— 110 L 010 , 000 _o11 000
o1 1, 000, 000 000 000
o10 100 | 010 , 011 011 , 000
100 201 L ou o1l , 000 000
. —— 110 | 001 000 611 _ 000
000 . 011 , 000 , 000 , 000
001 e
io1 — 111 , oo1 011 , 011 , 000
010 . 000 , 011 , 000 . 000
T 110 T T T L
\ 101 , 010 , 000 , 011 , 000
—m o 900 000 . 000 000 , 000
i T T T T
l : org [l Ll 010 011 011, o000
i - 010 | 011 . 011 , 000 , 000
; | 100 oy
: o10 —— 101 L 001 000 , 011 , 000
| 7 011 , 011 , 000 , 000, 000
! 001 t } t t
1 100 ——1 100 | 001 | 011 , 011 , 000
| T T T T
! | 1g0 0L, 000 011 000 000 10110
H 4 T T T T
ST —ngL”“ 010 000 011 000
i o0 (L1, 000 000 000 000
| 001 — 100 , 010 , 011 , 011 , 000
P ™ 01 | 011 ., 011 . 000, 000
1 i ‘! 111 T T T —t
L_fi S=pluo o o ou, oo
WT1™ g 90 011 000, 000 000
1o | 111 001 , 011 , 011 , 000 11101
L] T T L
jor Y0, 000 o011 000 000 11110
101 , 010 , 000 , 011 , 000 11111
T T T T

Figure 16.10  Code tree for the coder in Fig. 16.9.

the initial node »;. We choose that path whose sequence is at the shortest Hamming distance
from the first three received digits. We thus progress to the most likely node. From this node
there are two paths of three digits. We look at the second group of the three received digits
and choose that path whose sequence is closest to these received digits. We progress this way I
until the fourth node. If we were unlucky enough to have a large number of errors in a certain |

TN
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received group of v digits, we will take a wrong turn, and from there on we will find it more
difficult to match the received digits with those along the paths available from the wrong node.
This is the clue to the realization that an error has been made. Let us explain this by an example.

Suppose a data sequence 11010 is encoded by the coder in Fig. 16.9. Because N = 4,
we add three dummy 0’s to this sequence so that the augmented data sequence is 11010000,
The coded sequence will be (see the code tree in Fig. 16.10) 111 101 001 111 001 011
011 000.Letthereceivedsequencebe 1601 011 001 111 001 011 011 000 (three
errors: one in the first group and two in the second group). We start at the initial node ;. The
first received group 101 (one error) being closer to 111, we make a correct decision to go to
node n,. But the second group 001 (two errors) is closer to 010 than to 101 and will lead us
to the wrong node nj rather than to z3. From here on we are on the wrong track, and, hence,
the received digits will not match any path starting from »5. The third received group is 001
and does not match any sequence starting at nj (viz., 001 and 100). But it is closer to 011.
Hence, we go to node n;. Here again the fourth received group 111 does not match any group
starting at n)y (viz., 011 and 100). But it is closer to.011. This takes us to node n%. It can be
seen that the Hamming distance between the sequence of 12 digits along the path nnyn3n)n
and the first 12 received digits is 4, indicating four errors in 12 digits (if our path is correct).
Such a high number of errors should immediately make us suspicious. If P, is the digit error
probability, then the expected number of errors n, in d digits is P.d. Because P, is on the
order of 10~ to 107¢, four errors in 12 digits is unreasonable. Hence, we go back to node 7}
and try the lower branch, leading to r;. This path n1nonznyny is even worse than the previous
one, because it gives five errors in 12 digits. Hence, we go back even farther to.node n, and
try the path leading to n3 and farther. We find the path nin,n3n4ns, giving three errors. If we
go back still farther to n; and try alternate paths, we find that none yields less than five errors.
Thus, the correct path is taken as nynynsngns, giving three errors. If we go back still farther
to n; and try alternate paths, we find that none yields less than five errors. Thus, the correct
path is taken as ninansngns. This enables us to decode the first transmitted digit as 1. Next,
we start at node n, discard the first three received digits, and repeat the procedure to decode
the second transmitted digit. We repeat this until all the digits are decoded.

-The next important question concerns the criterion for deciding when the wrong path is
chosen. The plot of the expected number of errors 7, as a function of the number of decoded
digits d is a straight line (rn, = P.d) with slope P,, as shown in Fig. 16.11. The actual number
of errors along the path is also plotted. If the errors remain within a limit (the discard level),
the decoding continues. If at some point it is found that the errors exceed the discard level, we
go back to the nearest decision node and try an alternate path. If errors still increase beyond
the discard level, we then go back one more node along the path and try an alternate path. The
process continues until the errors are within the set limit. By making the discard level very
stringent (close to the expected error curve), we reduce the average number of computations.
On the other hand, if the discard level is made too stringent, the decoder will discard all possible
paths in some extremely rare cases where the noise may cause an unusually large number of
errors. This difficulty is usually resolved by starting with a stringent discard level. If on rare
occasions the decoder rejects all paths, the discard level can be relaxed bit by bit until one of
the paths is acceptable.

It can be shown that the error probability in this scheme decreases exponentially as N,
whereas the system complexity grows only linearly with k. The efficiency is =~ 1/v. It can be

16.7 Comparison of Coded and Uncoded Systems 755

Figure 16.11  Setting the threshold in se-
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shown that for n < 7,, the average number of incorrect branches searched per decoded digit
is bounded, whereas for > 7, it is not; hence 7, is called the computational cutoff rate.
There are several disadvantages to sequential decoding:

1. The number of incorrect path branches, and consequently the computation complexity, is a
random variable depending on the channel noise.

2. To make storage requirements easier, the decoding speed has to be maintained at 10 to 20
times faster than the incoming data rate. This limits the maximum data rate capability.

3. The average number of branches can occasionally become very large and may result in a
storage overflow, causing relatively long sequences to be erased.

A third technique for decoding convolutional codes is feedback decoding, with threshold
decoding’ as a subclass. Threshold decoders are easily implemented. Their performance,
however, does not compare favorably with the previous two methods.

16.7 COMPARISON OF CODED AND UNCODED SYSTEMS

It is instructive to compare the error probability of coded and uncoded schemes under similar
constraints of power and information rate.

Let us consider a z-error correcting (n, k) code. In this case, k information digits are
coded into # digits. For a proper comparison, we shall assume that & information digits are
transmitted in the same time interval over both systems and that the transmitted power S; is
also maintained the same for both systems. Because only k digits are required to be transmitted
over the uncoded system (versus n over the coded one), the bit rate R;, is lower for the uncoded
system by a factor of k/n as compared to the coded system. Hence, for a given power, E;
is higher for the uncoded case as compared to the coded case by a factor n/k. This tends to
reduce the bit error probability for the uncoded case. Let P,, and P, represent the digit error
probabilities in the uncoded and coded cases, respectively.

For the uncoded case, a word of k digits will be received wrong if any one of the k digits
is in error. If Py, and Pg. represent the word error probabilities of the uncoded and coded
systems, respectively, then

<
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756  ERROR-CORRECTING CODES 16.7 Comparison of Coded and Uncoded Systems 757

Pg, = 1 — P(all k digits received correct) Figure 16.12 Comparison of coded and uncoded systems.

=1—(1=P,)* (16.21a)

~ kP, P,k1 (16.21b)

For a t-error correcting (n, k) code, the received word will be in error if more than ¢ errors 0.1

occur in # digits. If P(j, n) is the probability of j errors in # digits, then
n .
Pge= Y P(j,n) 107
j=r+1

Because there are (;‘) ways in which j errors can occur in z digits (Example 10.6), 107

N —

P(j,n) = (’]’) (Puc) (1 = Poe)™

and 107

. (n . »
Pgo= ) (.)(Pec)f(l — Py (16.22)
oy J
J=t+1 1075
For Pg. < 1, the first term in the summation in Eq. (16.22) dominates all the other terms, and
we are justified in ignoring all but the first term. Hence,

Pee=( " )(P)'(1 = Py =4V (16.23a) 0
t+1
n
o~ (t L 1)(1980)“rI P K1 (16.23b) 1077 |
For further comparison, we must assume some specific transmission scheme. Let us E, JB—»
consider a coherent PSK scheme. In this case for an AWGN channel, N
2E,
Po =0 N : (16.24a) of plots. For the case of a (7, 4) single-error correcting code (f = 1,n = 7, and k = 4), Pg.
and Pg, in Egs. (16.25) are plotted in Fig. 16.12 as a function of E,/JN. Observe that the
and because E}, for the coded case is k/n times that for the uncoded case, coded scheme is superior to the uncoded scheme, but the improvement (about 1 dB) is not too
KE significant. For large » and k, however, the coded scheme can become significantly superior
P.= ( 5\;) (16.24b) to the uncoded one. For practical channels plagued by fading and impulse noise, coding can
n yield substantial gains.
Hence,
P, = kQ % (16.252) EXAMPLE 16.6 Compare the performance of an AWGN BSC using a single-error correcting (15, 11) code with
N that of the same system using uncoded transmission, given that £, /N = 9.12 for the uncoded
1 scheme and coherent PSK is used to transmit the data.
n 2kE,,
Pge = (t N 1) [Q ( nﬂ\f):l P, k1 (16.25b) From Eq. (16.25a),
- oAy —4
To compare coded and-uncoded systems, we could plot Pg, and Pg. as functions of E;/N. Pgy =11Q(V18.24) =1.1 x 10
Because Egs. (16.25) involve parameters ¢, n, and k, a proper comparison requires families and from Eq. (16.25b)
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758 ERROR-CORRECTING CODES
16.2-3 Repeat Prob. 16.2-2 for
2
15 11 = 11
PEC=(2)[Q (,/3(18.24)>} G=[111 1
This gives a (5, 1) code.
_ —4\2 _ -6 »
= 105(1.37 x 107" = 1.96 x 10 16.2-4 Suppose we wish to increase reliability by repeating a message three times, e.g., by transmitting
Note that the word error probability of the coded system is reduced by a factor of 56. data 0 by 000 and 1 by 111. This is a (3, 1) code.
On the other hand, if we wish to achieve the error probability of the coded transmission (a) Is this a systematic code?
(1.96 x 1075) using the uncoded system, we must increase the transmitted power. If E; (b) If so, find the generating matrix G.
is the new value of E}, to achieve Pz, = 1.96 x 107,
2E! 16.2-5 Consider the following (k + 1, k) systematic linear block code with the parity-check digit ci+1
Pg, =110 ( .‘Nb> =1.96 x 10~° given by
r=dr+dp +--- +de
This gives E; /N = 10.7. This is an increase over the old value of 9.12 by a factor of
1.17,0r 0.7 dB. (a) Construct the appropriate generator matrix for this code.
(b) Construct the code generated by this matrix for £ = 3.
(¢) Determine the error detecting or correcting capabilities of this code.’
REFERENCES (d) Show that
cH" =0
1. W. W. Peterson and E. J. Weldon, Jr., Error Correcting Codes, 2nd ed., Wiley, New York, 1_972.
2. S. Lin and D. Costello, Error Control Coding: Fundamentals and Applications, Prentice-Hall, and
Englewood-Cliffs, NJ, 1983. , 0 if no etror occurs
3. P. Elias, “Coding for Noisy Channels,” IRE Nat. Conv. Rec., vol. 3, part 4, pp. 37-46, 1955. rH = 1 if single error occurs

4. A.J. Viterbi, “Convolutional Codes and Their Performance in Communications Systems,” IEEE

Trans. Commun. Technol., vol. CT-19, pp. 751-771, Oct. 1971. :
5. J. L. Massey, Threshold Decoding, M.LT. Press, Cambridge, MA, 1963.

16.1-1 Golay’s (23, 12) codes are three-error correcting codes. Verify that n = 23 and k = 12 satisfies
the Hamming bound exactly for ¢ = 3.

16.1-2 (a) Determine the Hamming bound for a ternary code.

(b) A ternary (11, 6) code exists that can correct up to two errors. Verify that this code satisfies
the Hamming bound exactly.

16.1-3 Confirm the possibility of a (18, 7) binary code that can correct up to three errors. Can this
code correct up to four errors?

16.2-1 If G and H are the generator and parity-check matrices, respectively, then show that

16.2-6 Consider a generator matrix G for a nonsystematic (6, 3) code:

011101
G=|111010
110001

Construct the code for this G, and show that d,, the minimum distance between code words,
is 3. Consequently, this code can correct at least one error.

100011
G=(010 101
001110

16.2-8 Find a generafor matrix G for a (15, 11) single-error correcting linear block code. Find the

16.2-7 Repeat Prob. 16.2-6 if

T
GH =0 code word for the data vector 10111010101,
16.2-2 Given a generator matrix 16.2-9 For a (6, 3) systematic linear block code, the three parity-check digits c4, cs, and cg are
G=[l 1 1] C4=d1+d2+d3
construct a (3, 1) code. How many errors can this code correct? Find the code word for data =ditd
vectors d = 0 and d = 1. Comment. cc=d+ds
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16.2-10

16.2-11

16.2-12

16.2-13

(a) Construct the appropriate generator matrix for this code.

(b) Construct the code generated by this matrix.

(c) Determine the error correcting capabilities of this code.

(d) Prepare a suitable decoding table.

(e) Decode the following received words: 101100, 000110, 101010.

(a) Construct a code table for the (6, 3) code generated by the matrix G in Prob. 16.2-6.
(b) Prepare a suitable decoding table.

Construct a single-error correcting (7, 4) linear block code (Hamming code) and the corre-
sponding decoding table.

For the (6, 3) code in Example 16.1, the decoding table is Table 16.3. Show that if we use this
decoding table, and a two-error pattern 010100 or 001001 occurs, it will not be corrected. If
it is desired to cotrect a single two-error pattern 010100 (along with six single-error patterns),
construct the appropriate decoding table and verify that it does indeed correct one two-error
pattern 010100 and that it cannot correct any other two-error patterns.

(a) Given k = 8, find the minimum value of n for a code that can correct at least one error.
(b) Choose a génerator matrix G for this code.

(¢) How many double errors can this code correct?

16.3-4

16.3-5

Problems 761

Hint: A third-order polynomial must have one factor of first order. The only first-order
polynomials that are prime (not factorable) are x and x + 1. Since x is not a factor of the
given polynomial, try x + 1. Divide x> + x2 +x + 1 by x + 1.

The concept explained in Prob. 16.3-3 can be extended to factorize any higher order polyno-
mial. Using this technique, factorize

x4l

Hint: There must be at least one first-order factor. Try dividing by the two first-order prime
polynomials x and x+ 1. The given fifth-order polynomial can now be expressed as ¢ (x) @4 (x),
where ¢;(x) is a first-order polynomial and ¢, (x) is a fourth-order polynomial which may or
may not contain a first-order factor. Try dividing ¢4(x) by x and x + 1. If it does not work, it
must have two second-order polynomials both of which are prime. The possible second-order
polynomials are x2, x? + 1, x2 + x, and x2 -+ x + 1. Determine which of these are prime (not
divisible by x or x + 1). Now try dividing ¢4(x) by these prime polynomials of the second
order. If neither divides, ¢4(x) must be a prime polynomial of the fourth order and the factors
are ¢;(x) and ¢4 (x).

Use the concept explained in Prob. 16.3-4 to factorize a seventh-order polynomial x” + 1.
Hint: Determine prime factors of first-, second-, and third-order polynomials. The possible
third-order polynomials are x>, x3 + 1, x3+x, x> +x +1, X3 +x2, x* +x2+ 1, 23 + x2 +x,
and x? + x? 4+ x + 1. See hint in Prob. 16.3-4.

(d) Construct a decoding table (syndromes and corresponding correctable error patterns). 16.3-6 Equation (16.15) suggests a method of constructing a generator matrix G’ for a cyclic code,
xlo(x N . 0 0 .- 0
16.2-14 Consider a (6, 2) code generated by the matrix G - xk‘zigx; _ %1 Z 2 § . 'k'+ 1 &uts1 O - 0
[1011101' - N . . .
011011 g(x) 0 0 o0 &1 & v &n—khl
. where g(x) = g1x" % + gx" 1 4+ ... 4 g, 4.1 is the generator polynomial. This is, in
(@) Con;truct the code table for this code and determine the minimum distance between code generafi 3 onsygsé ematic cfrzcli ¢ code. Sniett 8 powy
words.
, . . a) For a single-error correcting (7, 4) cyclic code with a generator polynomial g(x) =
(b) Prepare a suitable decoding table. Hmt This code can correct all smgle—crror patterns, @ 2+ 32 f 1, find G’ and ¢ or%stiuct t)he}; ode. & POy 8
seven double-error patterns, and two triple-error patterns. Choose the desired seven double- . ) k
error patterns and the two triple-error patterns. (b) Verify that this code is identical to that derived in Example 16.3 (Table 16.4).
16.3-1 (a) Construct a systematic (7, 4) cyclic code using the generator polynomial g (x) = x3+x+1. 16.3-7 The generator matrix G for a systematic cyclic code (see Prob. 16.3-6) can be obtained by

16.3-2

16.3-3

(b) What are the error correcting capabilities of this code?

(¢) Construct the decoding table.

(d) If the received word is 1101100, determine the transmitted data word.

A three-error correcting (23, 12) Golay code is a cyclic code with a generator polynomial
g =xl X 7+ x84 x 1

Determine the code words for the data vectors 000011110000, 101010101010, and
11000101011110.

Factorize the polynomial

P L Ny |

realizing that adding any row of a generator matrix to any other row yields another valid
generator matrix, because the code word is formed by linear combinations of data digits. Also,
a generator matrix for a systematic code must have an identity matrix I}, in the first k£ columns.
Such a matrix is formed step by step as follows. Observe that each row in G’ in Prob. 16.3-6is
a left shift of the row below it, with the last row being g(x). Start with the kth (last) row g(x).
Because g(x) is of the order n — &, this row has the element 1 in the kth column, as required.
For the (k — 1)th row, use the last row with one left shift. We require a 0 in the kth column of
the (k — 1)th row to form I;. If there is a 0 in the kth column of this (k — 1)th row, we accept
it as a valid (k — 1)th row. If not, then we add the kth row to the (k — 1)th row to obtain 0 in
its kth column. The resulting row is the final (¢ — 1)th row. This row with a single left shift
serves as the (k — 2)th row. But if this newly formed (k — 2)th row does not have a 0 in its
kth column, we add the kth (last) row to it to get the desired 0. We continue this way until all
k rows are formed. This gives the generator matrix for a systematic (r, k) cyclic code.
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(a) For a single-error correcting (7, 4) systematic cyclic code with a generator polynomial ‘ (b) Use Viterbi’s algorithm to decode the following received sequences:
g(x) = x* +x%+ 1, find G and construct the code. 100 110 111 101 001 101 001 010
(b) Verify that this code is identical to that in Table 16.5 (Example 16.4). ()010 110 111 101 101 101 001 010

16.3-8 (a) Find the generator matrix G’ for a nonsystematic (7, 4) cyclic code using the generator (i) 11 110 11 111 001 101 001 101

polynomial g(x) = x> + x + 1. . ) )
16.7-1 Uncoded data is transmitted using PSK over an AWGN channel with Ey/N = 9.12. This

> = 3 ! . .
(b) Find the code generated by this matrix G'. data is now coded using a three-error correcting (23, 12) Golay code (see Prob. 16.1-1) and
(¢) Determine the error correcting capabilities of this code. transmitted over the same channel at the same data rate and with the same transmitted power.

16.3-9 Find the generator matrix G for a systematic (7, 4) cyclic code using the generator polynomial @ De.te.rrmne the word error probabilities Pg, and Pg for the coded and the uncoded systems.

g(x) = x* + x + 1 (see Prob. 163-7). (b) If it is decided to achieve the error probability Pg. computed in part (a) using the uncoded

system by increasing the transmitted power, determine the required value of Ej, JN.

16.4-1 The simple burst-error detecting code in Fig. 16.3 can also be used as a single-error correcting

code with a slight modification. The k data digits are divided into groups of b digits in length,

as in Fig. 16.3. To each group we add one parity-check digit, so that each segment now has

b + 1 digits (b data digits and one parity-check digit). The parity-check digit is chosen to

ensure that the total number of 1’s in each segment of b + 1 digits is even. Now we consider

these digits as our new data and augment them with the last segment of » + 1 parity-check

digits, as was done in Fig. 16.3. The data in Fig. 16.3 will be transmitted thus:

10111 01010 11011 10001 11000 01111

Show that this (30,-20) code is capable of single.error correction as well as the detection of a
single burst of length 5.

16.5-1 Discuss the error correcting capabilities of an interlaced (An, Ak) cyclic code with A = 10 and
using a three-error correcting (31, 16) BCH code.

16.6-1 For the convolutional encoder in Fig. 16.5, the received bits are 01 00 01 00 10 11
11 00. Decode this sequence using Viterbi’s algorithm and the trellis diagram in Fig. 16.8.

Figure P16.6-2 i

16.6-2 For the convolutional encoder shown in Fig. P16.6-2: ]
(a) Draw the state and trellis diagrams and determine the output digit sequence for the data L

digits 11010100. ii\

L
i
i
é‘:
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Appendix A | e

ORTHOGONALITY OF
SOME SIGNAL SETS

f sin nwot cos mawgt dt = 0 alln and m (A.2¢0)
To

A.2 Orthogonality of the Exponential Signal Set

A.1 Orthogonality of the Trigonometric and Exponential Signal Set

Consider an integral I defined by

o =/ cos nwgt cos mwot dt (A.la)
To .

where fTo stands for integration over any contiguous interval of Ty = 27 /wg seconds. By
using a trigonometric identity (see Appendix D), Eq. (A.1a) can be expressed as

1
I=— [/ cos (n + m)wopt dt +/ cos (n — m)wotdt] (A.1b)
2 T To

Since cos wypt executes one complete cycle during any interval of T seconds, cos (n + m)wgt
executes (n-+m) complete cycles during any interval of duration Tp. Therefore, the first integral
in Eq. (A.1b), which represents the area under (n + m) complete cycles of a sinusoid, equals
zero, The same argument shows that the second integral in Eq. (A.1b) is also zero, except when
n = m. Hence, I in Eq. (A.1b) is zero for all n # m. When n = m, the first integral in Eq.
(A.1b) is still zero, but the second integral yields

1 To
I=- dt = —
2,/710 2

Thus,
. 0 n#Em
/ cos nwot cos magtdt = {3 Ty (A.22)
To -5- m=n # 0
Using similar arguments, we can show that
0 n#Em
/ sin nwpt sin mwgt dt = { Ty (A.2b)
To > n=m#0

764

The set of exponentials e/ (n = 0, £1, £2, .. )is orthogonal over any interval of duration
To, that iS,

/ elment (Imnty* gt = f elnmment gy = { 0 o (A3)
T T Ty m=n
Let the integral on the left-hand side of Eq. (A.3) be I,
I= / gImant (ginworyx gy
To
= / el tm=mant. gy (A4
To

The case m = n is trivial. In this case the integrand is unity, and I = Tp. When m # n,
1

= ej(m-n)wot,f1+7'0
J(m —n)awy

3]

e e — ) [ej(m‘n)ono —11=0
Jj(m —n)an !

The last result follows from the fact that wy Ty = 27, and /2% =1 for all integral values of k.
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with equality only if |Y (w)| = ¢|X ()|, where c is an arbitrary constant. Now recall that

Appendix B

b b b
/ X(w)Y(w)dw‘f/ ]X(a))llY(w)ldw:/ | X (@)Y (w)|dw B.4)

with equality if and only if ¥ (w) = ¢X*(w), where c is an arbitrary constant. Equation (B.2)

S CHWARZ INEQU ALITY immediately follows from Eqs. (B.3) and (B.4).

Prove the following Schwarz inequality for a pair of real finite energy signals f(¢) and g(z):

b 2 b b
U f(t)g(t)dt] 5[ / fz(t)dt:l U g2(z)dt] ®B.1)

with equality only if g(¢) = cf (¢), where c is an arbitrary constant.
The Schwarz inequality for finite-energy, complex-valued functions X (w) and Y (w) is
given by

2 o0 00
< f X (@)Pdo / ¥ (@)Pdw ®2)

) —00

l/w X ()Y (w)dw

with equality only if Y (w) = ¢X*(w), where c is an arbitrary constant.
We can prove Eq. (B.1) as follows: For any real value of A, we know that

b
f @) — g®Fdt =0

or

b b b
A2 f Fr@e)de —2a / F@g@) dt + / g*(t)dr =0

a

Because this quadratic in A is nonnegative for any value of A, its discriminant must be
nonpositive, and Eq. (B.1) follows. If the discriminant equals zero, then for some value of
A = ¢, the quadratic equals zero. This is possible only if cf(¢) — g(¢) = 0, and the result
follows.

To prove Eq. (B.2), we observe that | X (w)| and |Y (w)] are real functions and inequality
B.1 applies. Hence, ’

b 2 b b
[/ 1X<w)Y(w)xdw] < / IX (w)Pde f Y (@) *de (B.3)
766
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APPENDIX C: GRAM-SCHMIDT ORTHOGONALIZATION OF A VECTOR SET 769

Figure C.1  Gram-Schmidt process for a 2-
dimensional case.

Appendix C

GRAM-SCHMIDT
ORTHOGONALIZATION T
OF A VECTOR SET

We have defined the dimensionality of a vector space as equal to the maximum number of
independent vectors in the space. Thus in an N-dimensional space, there can be no more than
N vectors that are independent. Alternatively, itis always possible to find a set of N vectors that
are independent. Once such a set is chosen, any vector in this space can be expressed in terms
of (as a linear combination of) the vectors in this set. This set forms what we commonly refer
to as a basis set, which forms the coordinate system. This set of N independent vectors is by no
means unique. The reader is familiar with this fact in the physical space of three dimensions,
where one can find an infinite number of independent sets of three vectors. This is clear from
the fact that we have an infinite number of possible coordinate systems. An orthogonal set,
however, is of special interest because it is easier to deal with as compared to nonorthogonal
set. If we are given a set of N independent vectors, it is possible to obtain from this set another
set of N independent vectors that is orthogonal. This is done by the Gram-Schmidt process of
orthogonalization.

In the following derivation, we use the result [derived in Eq. (2.26)] that the projection
(or component) of a vector x, upon another vector x; ( see Fig. C.1) is c12x;, where

X1 X
&;n (C.1a)

C12 =

The error in this approximation is the vector x» — cipX1, that is,

X1 X2

2
%112

The error vector, shown dashed in Fig. C.1 is orthogonal to vector x;.

In order to get a physical insight into this procedure, we shall consider a simple case of
2-dimensional space. Let x; and x> be two independent vectors in a 2-dimensional space (Fig.
C.1). We wish to generate a new set of two orthogonal vectors y; and y, from x; and x. For
convenience, we shall choose

Error vector = x, — (C.1b)

yi=x (8))
We now find another vector y; that is orthogonal to y; (and x;. Figure C.1 shows that the error

768

vector in approximation of x, by y1 (shown by dashed lines) is orthogonal to y;, and can be
taken as y,. Hence,

- X
Y2 =% — 22
il
X
=x, - 222y €3)

[yl

Equations (C.2) and (C.3) yield the desired orthogonal set. Note that this set is not unique.
There is an inifinite number of possible orthogonal vector sets (y; , y,) that can be generated
from (x1, x2). In our derivation, we could as well have started with y = x, instead of y; = x;.
This starting point would have yielded an entirely different set.

The reader can extend these results to a 3-dimensional case. If vectors x;, X3, x3 form
an independent set in this space, then we form vectors y; and y, as in Eqs (C.2) and (C.3). To
determine y3;, we approximate x;3 in terms of vectors y; and y,. The error in this approximation
must be orthogonal to both y; and y, and, hence, can be taken as the third orthogonal vector
ys3. Hence,

¥y3 = x3 — sum of projections of x; ony; and y,

y1-x3 Y2 - X3
=X3 — 1 — » C4
ETANT: €4
These results can be extended to an N-dimensional space. In general, if we are given N
independent vectors X1, X2, ..., X, then proceeding along similar lines, one can obtain an
orthogonal set y;, y2, ..., yn, where
y1=x
and
Jj-1 Vi x
k  Xj .
yy=x-Y =Ly  j=23 .. N (C5)
= I3l
Note that this is one of the infinitely many orthogonal sets that can be formed from the set
X1, X2, ..., Xy. Moreover, this set is not an orthonormal set. The orthonormal set 1, ,, ...,
§n can be obtained by normalizing the lengths of the respective vectors,
o i
Je=——
[yl
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‘We can apply these concepts to signal space, because one-to-one correspondence exists between

signals and vectors. If we have N independent signals x;(¢), x2(f), ..., xy (), we can form
a set of N orthogonal signals y;(¢), y2(¢), ..., yn(t) as
yi(t) = x(¢t)
j-1
YO =x0 =Y cgn@® =23 ...,N (C.6)
k=1
where
_ Sn@®x @) dt

Crj = fy’%(t) dr (C7)

Note that this is one of the infinitely many possible orthogonal sets that can be formed from
the set x; (£), x2(2), ..., xn(z). The set can be normalized by dividing each signal y;(¢) by its
energy. :

ExampLe C.1
The exponential signals

gi(0) = e "'u(®)

&2(t) = e P u(t)

en(t) = e~ MPu(r)

form an independent set of signals in N-dimensional space, where N may be any integer. This
set, however, is not orthogonal. We can use the Gram-Schmidt process to obtain an orthogonal
set for this space. If y1(¢), y2(t), ..., yn(¢) is the desired orthogonal basis set, we choose

y1(6) = g1(t) = e Pu(t)
From Egs. (C.6) and (C.7) we have
»2(t) = x2(t) — ca1 (t)

where -
ey = Soooy1(@®x2(2) dt
2o yinde
Jo e Pre™r dt
- Joe P dt
2
~3
Hence,

y2(t) = (7% = Ze7P)yu(r)

Similarly, we can proceed to find the remaining functions y3(z), ..., yn (), and so on. The
reader can verify that all this represents a mutually orthogonal set.

Appendix [)
MISCELLANEOUS

D.1 L’Hopital’s Rule

Ifim f(x)/g(x) results in the indeterministic form 0/0 or co/00, then

i F® )
gx) g(x)
D.2 Taylor and Maclaurin Series
X — . —a)? ..
fo) = 1@+ ETD fay+ Co D g
X . 2,
F@ = 1O+ £ O+ 5 F O+
D.3 Power Series
x2 43 x"
x:l —_ P— e —_—
€ =l+xt 4+ +r
sinx = LA
T TR
2 4 6 8
cosx =1 g E a0 b
274 et 1
x3 2% 17x7 72 ‘
tanx =x+— 4+ 4" 4 .. 2o ‘
Tttt tast <7
-2 1 1-3 1.3.5 |
() = (1—- e
x+/2m x2+ x4 x6 + ) /
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-1 , ne-Dn-2) ;
T 31 et

~1+4+nx x] <« 1

n
A+x)"=14+nx+

1

——=ltx+x+C+ x <1
1—x
D.4 Sums

k B+ _ g

Y=l r#l
r—1

m=0

N N+1 _ M

o=l s
r—1

m=M

k+1 _ bk+1

k m
rg(%) =abk(a—b) a#b

D.5 Complex Numbers
e:‘:jﬂ/z — i]

i 1 n even
*jnmw __
¢ - { -1 n odd

et = cos + jsing

) (b
a+jb=re® r=+a2+b%, 6=t 1(—)

a
(rel®)F = rkeik

(167 (r267%) = rirpel @+

D.6 Trigonometric Identities
et = cosx + jsinx
cosx = %(ej" +e7%)
sinx = i,(efx — e
2j

T .
cos (x + —2—) = Fsinx

)xk-l-----{—x”

APPENDIX D: MISCELLANEQUS
) b4
sin (x + 5) = Fcosx
2sinx cosx = sin2x
sin?x + cos?x =1

2

cos® x ~ sin? x = cos 2x

1
cos’x = 5(1 + cos 2x)

1
sin?x = 5(1 — €0s 2x)

1
cos’x = Z(3 cos x + cos 3x)

1
sinx = Z(3 sinx — sin 3x)
sin(x + y) = sinxcosy % cosxsiny

cos(x & y) = cosx cosy Fsinxsiny
tanx +tany

t ) =———
anx £ ) lFtanxtany

. 1
sinxsiny = E[cos (x —y) —cos (x + y)]
1
COSX COSy = ~2~[cos (x —y) +cos(x + y)]

1
sinxcosy = E[sin (x — y) +sin(x + y)]

acosx +bsinx = Ccos (x +6)

inwhich C =+v/a2+5? and 6 =tan~! (—b)

a

D.7 Indefinite Integrals

/udv:uv~fvdu

/ F@EC) dx = F()g(x) — f F)g(x) dx

. 1 1 .
fsm axdx = ——cosax cosaxdx = —-sinax
a a
i x  sin2ax x  sin2ax
fsmzaxdx=—— coslaxdx = = +
2 4a 2 4a

. 1 .
xsinaxdx = —2—(s1n ax — ax cosax)
a
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fx cosaxdx = —7(cosax + ax sin ax)

1 : 2.2
x?sinax dx = — (2axsinax +2cosax —a’x cos ax)
a

/ x2cosaxdx = l(Zax cosax — 2sinax + a*x? sinax)

) ) sin(@ —b)x sin(a+b)x )
sin ax sinbx dx = 2a—b) TR #
cos(a —b)x cos(a-+ b)x] 24P
sinax cosbxdx = — [w 5@+b)
sin (@ —b)x  sin(a+b)x 2 2
cosax cosbxdx = ( a #b

2(a —b) * 2(a +b)

(ax -1

e dx = ——(a —2ax +2)

/
/
[ oraeaten
[
f

ax
/ e sinbxdx = aze+ 7 (asinbx — b cos bx)

e
ax _
/e cosbxdx_a2+b

o d -—1tan_1£
/xz+a2 T a

/—x——dx= L2 +a?

5 (a cos bx + bsinbx)

x2+a? 2

INDEX

2-binary 1-quaternary (2B1Q), 371

Aliasing error (spectral folding), 60, 133, 257

Alternate mark inversion (AMI), 295, 306, 359

American national standards institute (ANSI),
432

Amplitude modulation (AM), 162-170,
537-541,718

Amplitude phase shift keying (APK), 341

Amplitude shift keying, 337-339, 591, 595

Amplitude spectrum, 49, 74

Analog-to-digital conversion, 5, 265

Analog message, 3

Analog signals, 20

conversion to digital, 5, 265-270

Angle modulation, 208, 209, 541

Asymmetric digital subscriber line (ADSL), 393

Asynchronous transfer mode (ATM), 383

Autocorrelation function, 40, 125, 127, 490

Avalanche photodiode (APD), 423

Bandpass limiter, 234
Bandpass signals, 95, 514
distortionless transmission, 102
Bandwidth, 8, 81
and duration of signal, 89
essential, 117
of product of signals, 89
of rect function, 81
Baseband signal, 1, 151
Basic rate interface (BRI), 369
Bayes’ receiver, 670
Bayes’ rule, 439
Bearer channel (B channel), 369

Bipolar return to zero (BPRZ), 359

Binary
with 8 zero substitution (B8ZS), 309, 360
with 6 zero substitution (B6ZS), 309

Binary 8 zero suppression (B8ZS), 309, 360

Binary message, 3, 20

Binary symmetric channel (BSC) 447
channel capacity of, 696

Bipolar (pseudoternary) signaling, 295, 306

Bit (binary digit), 263

Bit error rate (BER), 584, 609, 613, 617

Bit stuffing, 345

Block codes, 728, 731

Bose-Chaudhuri-Hocquenghen (BCH) codes,

745

Broadband ISDN (BISDN), 390

Butterworth filters, 108

Burst-error-detection and -correction codes, 745 -

Capture effect, 242

Capture range of PLL, 186
Carrier, 10

Carrier acquisition, 183
Carrier communication, 151
Carson’s rule, 219

Causal systems, 107
CCITT, 275

Cellular and digital packet data (CDPD), 412
Cellular telephone, 404, 412
Central-limit theorem, 472
Channel, 1

Channel bank, 358

Channel capacity, 693, 709

775
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INDEX

Channel matrix, 694
Channel service unit (CSU), 363
Chebyshev’s inequality, 471
Chip, 407
Chip rate, 407
Circuit, switched, 368
Code-division multiple access (CDMA), 406,
412, 600
Code efficiency, 687, 728
Code polynomial, 738
Code rate, 728
Code tree, 748
Coefficient of correlation, 36, 476, 657
Coherent detection, 154, 590
Communication systems, 1
analog, 532
digital, 294, 577
Compact codes, 685
Companding, 268, 563
Compressors, 268, 563
Conditional probability, 439
Conjugate symmetry property, 75
Consultative Committee on International
Telegraphy and Telephony (CCITT), 275
Continuous-time signals, 20
Convolutional codes, 728, 747
Correlation, 35, 473-476
Correlation coefficient, 36
Correlation functions, 39
Correlator detector, 581
Costas loop, 187
Cross-correlation function, 40, 509
Cross-power spectral density, 510
Cumulative distribution function (CDF), 449
Cyclic codes, 737-746
Cyclostationary random process, 504n

D4 framing (DF), 355
Data channel (D channel), 369
Decision regions, 646
Deemphasis, 243
Delta modulation, 281-288
adaptive, 285
comparison with PCM, 287
double integration, 285
output SNR, 286
overloading in, 284-285
threshold of coding, 284
Demodulation, 10, 154, 161, 167, 177, 233
Detection error probability, 329, 586-589
Deviation ratio, 219
Differential coding, 318, 600
Differential GPS, 416

Differential pulse code modulation (DPCM),
278-281
Differentially coherent phase-shift keying
(DPSK), 599
Digit interleaving, 343
Digital carrier systems, 337,590
Digital communication systems, 4,294,577
advantages of, 263 )
Digital filters, 109
Digital hierarchy, 346-348
Digital multiplexing, 342
Digital service unit (DSU), 363
Digital signal cross connect, level 1 (DSX1),
363
Digital signal at level one (DS1), 355
Digital signal at level zero (DS0), 354
Digital signals, 3,20
noise immunity of, 4, 263
Direchlet conditions, 49
strong, 49
weak, 49
Ditect sequence spread spectrum (DS/SS), 407,
602
Discrete cosine transform (DCT), 396
Discrete Fourier transform, 60, 130
Discrete multitone (DMT), 394
Discrete-time signals, 20
Dispersion
material, 425
multimode, 425
profile, 425
waveguide, 425
Distortion, 110
in audio and video signals, 104
due to multipaths, 114
linear, 110
nonlinear, 111
Distortionless transmission, 102
Double sideband modulation (DSB), 152,534
Duality, time frequency, 86
Duobinary signaling, 295, 317, 527
modified, 296n

Elastic store, 345
Energy, 15

of complex signals, 15

of modulated signals, 120
Energy spectral density (ESD), 116, 121
Ensemble of a random process, 487
Entropy of a source, 682
Envelope detection, 168, 233, 538
Envelope (group) delay, 104n
Equalizer, 323-325

automatic and adaptive, 326

least mean square error (LMSE), 326

zero-forcing, 323
Equivalent signal set, 662
Equivocation, 694
Error-free communication, 690, 699, 712
Essential bandwidth, 117, 134
Estimation, linear mean square, 476
Events, 435

compliment of, 435

disjoint, 436

independent, 439

intersection of, 436

joint, 436

mutually exclusive, 436

union of, 435
Extended superframe (ESF), 277, 356

Fading, 115
selective, 115
Fast Fourier transform, 61, 135
Feedback decoding, 755
Fiber-to-the-curb (FTTC), 393
Fiber-optic link around the globe (FLAG), 424
First-order hold circuit, 134, 255
Folding frequency, 257
Fortune magazine, 226
Fourier series, 43
convergence at jump discontinuities, 49
effect of symmetry, 53
exponential, 53
generalized, 43
periodicity of, 47
trigonometric, 44
trigonometric, compact, 45
Fourier transform, 74
conjugate symmetry, property of, 75
direct, 74
discrete, 60
duality (symmetry) property, 86
existence of, 76
fast, 61
frequency-convolution property, 98
frequency-shifting property, 92
inverse, 74
linearity of, 76
scaling property, 88
symmetry (duality) property, 86
time-convolution property, 98
time-differentiation property, 99
time-integration property, 99
time-shifting property, 90
Frame, 355
Frame relay, 372
Frequency

Index 777

folding, 257

fundamental, 44

instantaneous, 208, 209

nth harmonic, 44
Frequency compression feedback (FCF), 555
Frequency converter (mixer), 160, 189
Frequency-convolution property, 98
Frequency discriminators, 236
Freqlflncy-division multiple access (FDMA),

0
Frequency-division mutiplexing, 12, 189
Frequency domain description of a signal, 49
Frequency-hopping spread spectrum system
(FH/SS), 411, 606

fast hopping, 411

slow hopping, 411
Frequency modulation (FM), 10, 211
Frequency-shift keying (FSK), 337, 592, 598
Full cosine roll-off characteristic, 314

Gate function, 78
Gaussian probability density, 331, 452
Gaussian random process, 632
bandpass, 519
transmission through linear systems, 634
Generalized angle, 209
Generalized function, 29
Generator matrix, 731
Generator polynomial, 738
Global positioning system (GPS), 413
Global system for mobile communications
(GSM), 412
Graded index fiber, 425
Gram7—6S§hmidt orthogonalization process, 632,
Ground reflected wave, 419
Ground wave, 419

Hamming bound, 729

Hamming codes, 730

Hamming distance, 691, 729

Hamming sphere, 729

High definition television (HDTV), 400
High-bit rate digital subscriber line (HDSL), 364
High-density bipolar (HDB) signaling, 308
Hilbert transform, 173

Hold-in range of PLL, 186

Hybrid circuit, 427

Hybrid fiber coax (HFC), 393

Ideal filters, 106
Image station, 190
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INDEX

TImpulse function, 28
Industrial, scientific, and medical frequency
band (ISM), 412

Information measure, 680
Instantaneous frequency, 208-210
Integrated services digital network (ISDN), 369
Interference

in AM systems, 242n

in angle-modulated systems, 241
Interleaving effect, 247
Intermediate frequency (IF), 189-190, 245
Interpolation (sinc) function, 80
Intersymbol interference (ISI), 310

Jitter, 202, 328

Laplace probability density function, 565
Lasers, 423

Light emitting diodes (LED), 423

Line coding, 295, 297

Linear mean-square estimation, 476
Linear predictor (estimator), 276, 476
Local access and transport areas (LATA), 432
Local exchange companies (LEC), 432
Lock range of PLL, 186

Logarithmic units, 273

Low earth orbit (LEO), 405

Manchester (split-phase) signaling, 304
M-ary communication, 334, 608
M-ary message, 4, 334, 608
Matched filter, 580
Maximum a posteriori probability (MAP)
detector, 643
Maximum frequency deviation, 217
Maximum length shift register sequences, 601
Maximum-likelihood decoding, 734, 750
Maximum-likelihood receiver, 671
Mean square bandwidth, 549
Minimax receiver, 672~
Minimum energy signal set, 664
Minimum weight vector, 734
Mobile radio, 404
Mobile telephone switching office (MTSO), 404
Modem, 342
Modified duobinary, 296n
Modulation, 10, 93
amplitude (AM), 93, 162, 537, 718
double sideband (DSB), 152, 534
frequency (FM), 10, 209
phase, (PM), 10, 209
single sideband (SSB), 171, 535

vestigial sideband (VSB), 179
Modulation index, 164, 219
Modulators

balanced, 157, 15

FM, 229 :

nonlinear, 156

switching, 157
Moments of random variables, 466
Motion picture experts group (MPEG), 396
Mulitamplitude signaling, 335, 608, 613
Multipath effect; 114, 605
Multiphase signaling (MPSK), 611

- Multiple access, 410, 603

Multiple access interference (MAI), 603
Multiplexing
asynchronous channels, 345
digital, 342
frequency division, 12, 189
time division, 12, 261
Multitone signaling, 615
Mutual information, 695

Narrowband angle modulation, 216, 548
Natural binary code (NBC), 262
Near-far problem, 410, 604

Negative frequency, 57

Noise, 3

Noncoherent detection, 594, 618
Nonreturn to zero (NRZ), pulses, 296
North American digital hierarchy, 346, 365
Null event, 435

Nyquist criteria for zero IST, 310
Nyquist interval, 253

Nyquist sampling rate, 253

On-off keying (OOK), 337
On-off signaling, 295, 304, 587
Optical carrier (OC-n), 378
Optimum filters, 522, 580
Optimum preemphasis-deemphasis, 567
Optimum receiver, 626
Optical communication systems, 422
Orthogonal set, 42
Orthogonal signals, 33, 24
Orthogonal signaling, 588, 615, 658
Orthogonal vectors, 32
Orthogonality

of exponential set, 765

of trigonometric set, 764
Orthonormal set, 42

Packet switched, 368

Paley-Wiener criterion, 107, 107n
Partial response signals, 316
Parity-check digits, 731
Parity-check matrix, 733
Parseval’s theorem, 59, 115
PCM, 6, 262, 557
PCM repeater, 442
Permanent virtual circuit (PVC), 373
Phase delay, 104n
Phase-lock loop (PLL), 184, 236, 557
capture (pull-in) range, 186
hold-in (lock) range, 186
Phase modulation (PM), 10, 209, 219
Phase-shift keying (PSK), 337, 339, 591
Phase spectrum, 49, 75
Plesiochronous, 367
Pointer, 381
Polar signaling, 295, 302, 586
Power
of complex signals, 15
of modulated signals, 130
of real signals, 15
quer spectral density, 123, 496
interpretation of, 126
Prediction coefficients, 276
Preemphasis-deemphasis (PDE), 243, 567
Preenvelope, 172n
Primary rate interface (PRI), 369
Probability density function (PDF), 331, 450
conditional, 439, 461
joint, 459
Pseudonoise (PN) sequence, 407
generation of, 600
Pseudoternary (bipolar) signaling, 295
Public switched telephone network (PSTN), 430
Pull-in range of PLL, 186
Pulse-amplitude modulation (PAM), 260
Pulse-code modulation (PCM), 6, 262, 557
companded, 268, 563
noise due to detection erroré, 468-469
output SNR, 272, 559, 565
of quantization noise, 266, 468, 565
synchronizing and signaling, 276
Pulse-position modulation (PPM), 260
Pulse shaping, 310
Pulse stuffing, 345
Pulse-width (or duration) modulation (PWM),
260

Quadrature-amplitude modulation (QAM), 170,
341, 613, 652 :

Quadrature multiplexing, 171

Qualcomm code-excited linear prediction
(QCELP), 413

Index 779

Quantization, 5, 262
Quantization noise, 265, 467, 565

Raised cosine characteristics, 314
Rake receiver, 410, 606
Random processes, 487-495
bandpass, 514
classification of, 492
cross-power spectral density, 510
cyclostationary, 504n
ergodic, 494
gaussian, 519, 633
geometrical representation of, 635
incoherent, 509
independent, 509
mean square value (power) of, 499
orthogonal, 509
power spectral density (PSD), 499
stationary, 492
uncorrelated, 509
wide-sense (weakly) stationary, 493
Random variables, 445
continuous, 446
correlation of, 473
discrete, 445
means, 463
Rate of communication, 8, 696, 709, 711
Ratio detector, 236
Rayleigh probability density, 461, 595
Realizable systems, 107
Rectifier detector, 167
Redundancy, 13, 687
Regeneration, 358
Regenerative repeater, 4, 263, 322
Relative frequency, 436
Return to zero (RZ) pulses, 296
Rice probability density, 521, 595
Robbed bit signaling, 277, 356
Roll-off factor, 314

Sample function, 487

Sample point, 435

Sample space, 435

Sampling, instantaneous, 251
practical, 258

Sampling (sifting) property, 28

Sampling theorem, 5, 251

Satellite communication systems, 421

Scaling property of the Fourier transform, 88

Scatter diagram, 474

Schwartz inequality, 36, 568, 578, 766

Scrambling, 319

Sequential decoding, 752
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Sidebands, 152
Signal classification, 20
aperiodic, 20, 21
analog, 20
continuous-time, 20
deterministic, 24, 434
digital, 20
discrete~time, 20
energy, 20, 23
periodic, 20, 21
power, 20, 23
random, 20, 24, 434
Signal comparison (correlation), 35
Signal component, 32
Signal distortion
linear, 110
multipath effect, 114
nonlinear, 111
Signal energy, 15, 23
Signal power, 15, 23
Signal size, 14
Signal-to-noise ratio (SNR), 3, 8, 14
in amplitude-modulated systems, 534-541
in angle-modulated systems, 541-552
in baseband systems, 532
in DM, 286
exchange with bandwidth, 12, 611, 619, 718
in PCM, 272
Signal space, 626, 642
Signaling system 7 (SS7), 383
Signals
analog, 3, 20
bandpass, 95
digital, 3, 20
energy, 15
periodic, 21
power, 15
vector representation of, 628
Sign (sgn) function, 84
Simplex signal set, 668
Sinc function, 80
Single sideband modulation (SSB), 171-179,
535
Sky wave, 419
Slope detector, 236
Source encoding, 684
Spectrum
amplitude, 49, 75
continuous, 75
discrete (or line), 49
energy density, 116
exponential Fourier, 55
phase, 49, 75
power density, 123
Split-phase (twinned binary) signaling, 304

Spread spectrum systems, 406
direct sequence (DS/SS), 407, 602
frequency-hopping, (FH/SS), 411, 606
Square-law detector, 205
Standard deviation, 467
Statistical time division multiplexing
(STATDM), 383
Stochastic processes, 487
Superframe, 277, 355
extended, 277, 357
Superheterodyne receiver, 189
Switched circuit, 368
Switched multi-megabit data service (SMDS),
391
Symmetry (duality) property, 86
Synchronization, 276, 328, 622
Synchronous detection or demodulation, 161
Synchronous optical network (SONET), 379
Synchronous payload envelope (SPE), 379
Synchronous transport signal (STS-n), 378
Synchronous satellite, 421
Syndrome, 733
Systematic codes, 731, 740

T-1 carrier system, 274278, 343, 346, 347, 355

Television, 191-201

Thermal noise, 511, 528

Threshold detection, 39, 455, 579

Threshold effect, 540, 553, 560

Time assignment system interpolation, 430

Time convolution property, 98

Time correlation, 121, 125

Time-differentiation property, 99

Time-division multiple-access (TDMA)

systems, 345, 410, 413

Time-division multiplexing, 12, 261

Time domain description of a signal, 49

Time-integration property, 99

Time-shifting property, 90

Timing extraction, 328

Timing jitter, 328, 329

Tone modulation, 164, 220

Transmission media, 416427

Transparency, 297

Transversal filter, 115, 148, 279, 319

Trellis diagram, 751

Triangle function, 79

Tropospheric scattering, 421

Tropospheric wave, 419

Trunk circuit, 432

Twinned binary (split-phase or Manchester)
signaling, 304

Unrealizable systems, 107

Variance, 467

Vector space, 41, 626-628

Very high data rate ADSL (VDSL), 395
Vestigal sideband modulation, 179182
Vestigal spectrum, 314
Video-on-demand (VOD), 392

Virtual channel, (VC), 384

Virtual path (VP), 384

Virtual tributary (VT), 379

Viterbi algorithm, 750

Index

781

Voltage-controlled oscillator (VCO), 185, 236,

555

Weaver’s method of SSB generation, 176
Wiener-Hopf filter, 522

Wiener-Khinchine relation, 499
x-DSL, 393

Zero padding, 132
Zero-forcing equalizer, 323
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