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10.1-1 A card is drawn randomly from a regular deck of cards. Assign probability to the event that the 
card drawn is: ( a) a red card; (b) a black queen; ( c) a picture card ( count an ace as a picture card); 
(d) a number card with number 7; (e) a number card with number::: 5. 

10.1-2 Three regular dice are thrown. Assign probabilities to the following events: the sum of the points 
appearing on the three dice is: (a) 4; (b) 9; (c) 15. 

10.1-3 The probability that the number i appears on a throw of a certain loaded dice is k; (i == 
1, 2, ... , 6). Assign probabilities to all six outcomes. 

10.1-4 A bin contains three oscillator microchips, marked 0 1 and 0 2, and 03, and two PLL microchips, 
marked P1 and P2. Two chips are picked randomly in succession without replacement. 

(a) How many outcomes are possible, that is, how many points are in the sample space? ~ist all 
the outcomes and assign probabilities to each of them. 

(b) Express the following events as unions of the outcomes in part (a) (i) one chip drawn is 
oscillator and the other is PLL; (ii) both chips are PLL; (iii) both chips are oscillator; and (iv) 
both chips are of the same kind. Assign probabilities to each of these events. 

10.1-5 Find the probabilities in Prob. 10.1-4, part (b), using Eq. (10.12). 

10.1-6 In Prob. 10.1-4, determine the probability that: 

(a) The second pick is an oscillator chip given that the first pick is a PLL chip. 

(b) The second pick is an oscillator chip given that the first pick is also an oscillator chip. 

10.1-7 A binary source generates digits 1 and O randomly with equal probability. Assign probabilities 
to the following events. In ten digits generated by the source (a) there are exactly two l's and 
eight O's; (b) there are at least four O's. 

10.1-8 In the California lottery (Lotto), a player chooses any 6 numbers out of 49 numbers ( 1 through 49). 
Six balls are drawn randomly (without replacement) from the 49 balls numbered 1 through 49. 

(a) Find the probability of matching all 6 balls to the 6 numbers chosen by the player. 

(b) Find the probability of matching exactly 5 balls. 

( c) Find the probability of matching exactly 4 balls. 

(d) Find the probability of matching exactly 3 balls. 
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10.1-9 A system consists of ten subsystems s1, s2 , ... , s10 in cascade (Fig. Pl 0.1-9). If any one of the 
subsystems fails, the entire system fails. The probability of failure of any one of the subsystems 
is 0.01. 

(a) What is the probability of failure of the system? Hint: Consider the probability that none of 
the subsystems fails. 

(b) The reliability of a system is the probability of not failing. If the system reliability is required 
to be 0.99, what must be the failure probability of each subsystem? 

Output 

Figure P10.1-9 

10.1-10 System reliability improves by using redundant systems. The reliability of the system in Prob. 
10.1-9 (Fig. Pl0.1-9) can be improved by using two such systems in parallel (Fig. Pl0.1-10). 
Thus, if one system fails, the other one will still function. 

(a) Using the data in Prob. 10.1-9, determine the reliability of the system in Fig. Pl0.1-10. 

(b) If the reliability of this system is required to be 0.999, what must be the failure probability of 
each subsystem? 

Figure P10.1-10 

10.1-11 Compare the reliability of the two systems in Fig. Pl0.1-11, given that the probability offailure 
of subsystems s1 and s2 is p each. 

(a) (a) 

Figure P10.1-11 

10.1-12 In a poker game each player is dealt five cards from a regular deck. What is the probability that 
a player will get a flush (all five cards of one suit)? 

10.1-13 Two dice are tossed. One die is regular and the other is biased with probabilities: 

P(l) = P(6) = ~. P(2) = P(4) = 0, P(3) = P(5) = ~ 
6 3 

Determine the probabilities of obtaining a sum: (a) 4; (b) 5. 
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10.1-14 In Sec. 10.1, Example 10.5, determine: 

(a) P(B), the probability of drawing a red ace in the second draw. 

(b) P(AIB), the probability that the first draw was a red ace given that the second draw is a red 
ace. Hint: Event B can occur in two ways: the first draw ia a red ace and the second draw is a 
red ace, or the first draw is not a red ace and the second draw is a red ace. This is AB u Ac B 
(see Fig. 10.2). 

10.1-15 A binary source generates digits 1 and 0randomlywith probabilities P(l) = 0.8 and P(O) == 0.2. 

(a) What is the probability that two l's and three O's will occur in a five-digit sequence? 

(b) What is the probability that at least three l's will occur in a five-digit sequence? 

10.1-16 In _a binary communication channel, the receiver detects binary pulses with an error probability 
P,. What is the probability that out of 100 received digits, no more than three digits are in error? 

10.1-17 A PCM channel is made up of 10 links, with a regenerative repeater at the end of each link. If the 
detection error probabilities of the 10 detectors are p 1, p 2 , ... , p 10 , determine the dectection 
error probability of the entire channel if p; « 1. 

10.1-18 Example 10.8 in Sec. 10.1 considers the possibility of improving reliability by three repetitions 
of a digit. Repeat this analysis for five repetitions. 

10.1-19 A bin contains nine bad microchips. A good microchip is thrown into the bin by mistake. Someone 
is trying to retrieve the good chip. He draws a chip randomly and tests it. If the chip is bad he 
throws it out and draws another chip randomly, repeating the procedure until he finds the good 
chip. 

(a) What is the probability that he will find the good chip in the first trial? 

(b) What is the probability that he will find the good chip in five trials? 

10.1-20 One out of a group of 10 people is to be selected for a suicide mission by drawing straws. There 
are 10 straws-nine are of the same length and the tenth is shorter than the others. The straws are 
drawn one by one by all ten people. The person who draws the shortest straw is selected for the 
mission. Determine which position in the sequence favors the most and which favors the least 
drawing the short straw. 

10.1-21 A binary source generates digits 1 and0randomlywith probabilities P(l) = 0.7 and P(0) = 0.3. 

(a) What is the probability that no l's will be generated in a sequence of 10 digits? 

(b) What is the probability that eight l's and two O's will be generated in a sequence of 10 digits? 

(c) What is the probability that at least five O's will be generated in a sequence of 10 digits? 

10.2-1 For a certain binary nonsymmetric channel it is given that 

Py1x(0ll) = 0.1 and 

where xis the transmitted digit and y is the received digit. If Px(0) = 0.4, determine Py(0) and 
Py(l). 

10.2-2 A binary symmetric channel (see Example 10.6) has an error probability P,. The probability 
of transmitting 1 is Q, and the probability of transmitting O is 1 - Q. If the receiver detects 
an incoming digit as 1, what is the probability that the corresponding transmitted digit was: 
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(a) 1; (b) 0? Hint: If x is the transmitted digit and y is the received digit, you are given 
Py1x(Oll) = Py1x(ll0) = P,. Now using Bayes' rule, find Pxiy(lll) and Pxiy(0ll). 

10.2-3 The PDF of amplitude x of a certain signal x(t) is given by Px(x) = 0.5lxle-lxl_ 

(a) Find the probability that x :::_ 1. 

(b) Find the probability that -1 < x ::, 2. 

(c) Find the probability that x::, -2. 

10.2-4 The PDF of an amplitude x of a gaussian signal x(t) is given by 

1 2; 2 Px(x) = --e-x Zo-

a,./iir 

!his si~nal is applied to the input of a half-wave rectifier circuit (Fig. Pl0.2-4). Assuming an 
ideal d10de, determine Fy (y) and Py (y) of the output signal amplitude y. 

Figure Pl0.2-4 

10.2-5 The PDF of a gaussian variable x is given by 

1 ( 2 Px(x) = --e- x-4) /18 

3$ 
Determine: (a) P(x 2'.. 4); (b) P(x :::_ 0); (c) P(x :::_ -2). 

10.2-6 For an RV x with PDF 

(a) Sketch Px (x) and state (with reasons) if this is a gaussian RV. 

(b)Determine: (i) P(x :::_ 1), (ii) P(l < x::, 2). 

(c) Can you generate RV x from another gaussian RV? Explain. 

10.2-7 The joint PDF of RVs x and y is shown in Fig. Pl0.2-7. 

(a) Determine: (i) A; (ii) Px(x); (iii) Py(y); (iv) Pxly(xly); (v) Pyix(Ylx). 

(b) Are x and y independent? Explain. 

10.2-8 The joint PDF Pxy (x, y) of two continuous RVs is given by 

Pxy(X, y) = xye-<x
2
+Y

2
)12u(x)u(y) 

(a)FindPx(X), Py(y), Pxly(xly), andpylx(Ylx). 

(b) Are x and y independent? 
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Pxy(X, Y) 

Y-

1 

1/ 
Figure Pl0.2-7 

10.2-9 RVs x and y are said to be jointly gaussian if their joint PDF is given by 

( ) 
1 -(ax2+by2-2cxy)/2M 

Pxy x, y = 2n,Jiie 

where M =ab_ c2. Show that Px(x), py(y), Pxiy(xly), and Py1x(ylx) are all gaussian and that 

x2 = b, y2 = a, and xy = c. Hint: Use 

1
00 l 2 

e-px2+qx dx = -eq /4p 

-00 p 
C 

10.2-10 The joint PDF of RVs x and y is given by 

10.2-11 

Pxy(X, y) = ke-(x2+xy+y2) 

Determine: (a) the constant k; (b) Px(x); (c) Py(y); (d) Px1y(x, y); (e) Py1x(ylx). Are x and Y 

independent? 

In the example on threshold detection (Example 10.13), it was assume~ ~-at the digits~ ~d 0 
were transmitted with equal probability. If Px(l) and Px(0), the probab11i1:J.es of transilllttrng 1 
and O, respectively, are not equal, show that the optimum threshold is not 0 but is a, where 

0' 2 Px(0) 
a=-n-ln--

2Ap Px(l) 

Hint: Assume that the optimum threshold is a, and write Pe in terms of the Q functions. For the 

optimum case, dPe/da = 0. Use the fact that 

l lx -y2f2d Q(x) = 1 - -- e y 
,./iir -00 

and 
dQ(x) 1 -x2/2 ------e 

dx - ,./iir 

10.3-1 If an amplitude x of a gaussian signal x(t) has a mean value of2 and anrms value of 3, detennine 

its PDF. 
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10.3-2 Determine the mean, the mean square, and the variance of the RV x in Prob. 10.2-3. 

10.3-3 Determine the mean and the mean square value of yin Prob. 10.2-4. 

10.3-4 Determine the mean and the mean square value of x in Prob. 10.2-6. 

10.3-5 Find the mean, the mean square, and the variance of the RV x whose PDF is shown in Fig. Pl0.3-5. 

Px(x) 

-1 3 
x-

Figure Pl 0.3-5 

10.3-6. The sum of the points on two tossed dice is a discrete RV x, as analyzed in Example 10.9. 
Determine the mean, the mean square, and the variance of x. 

10.3-7. For a gaussian PDF Px(x) = (l/O'x../iir)e-x
2
f2,/f, show that 

xn = { 
0

(1)(3)(5) • • • (n - 1)0'; n even 

nodd 

Hint: See appropriate definite integrals in any standard mathematical table. 

10.3-8 Ten regular dice' are thrown. The sum of the numbers appearing on these ten dice is an RV x. 

10.4-1 

Find x, x2, and O';. Hint: Remember that the outcome of each die is independent. 

The random binary signal x(t), shown in Fig. Pl0.4-la, can take on only two values, 3 and 0, 
with equal probability. A gaussian channel noise n(t) shown in Fig. Pl0.4-lb is added to this 
signal, giving the received signal y(t). The PDF of the noise amplitude n is gaussian with a zero 
mean and an rms value of 2. Determine and sketch the PDF of the amplitude y. Hint: Use of 
Eq. (10.72) yields Py(y) = Px(x) * Pn(n). 

x(t) 
3 

o---__.___.__l □____.___~_.___[_· 
(a) t-

Figure Pl0.4-1 
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10.4-2 Repeat Prnb. 10.4-1 if the amplitudes 3 and O of x(t) are not equiprobable but Px(3) = 0.6 and 

Px(O) = 0.4. 

10.3-4 If x(t) and y(t) are both independent binary signals each taking on values -1 and 1 only With 

Px(l) = Q = 1- Px(-1) 

Py(l) = P = 1 - Py(-1) 

determine P,(z;) where z = x + y. 

10.4-4 If z = x + y, where x and y are independent gaussian RVs with 

Px(x) = __ l_e-(x-x)2/2aJ and Py(y) = __ I_e-(y-y)2/2a'f 

<Yx ../2Jr <Yy../2Jr 

then show that z is also Gaussian with 

and c,2 = c,2 +u2 
Z X y 

Hint: Use Eq. (3.43) to convolve Px(x) and py(y). See pair 22 in Table 3.1. 

10.5-1 Show that IPxyl ::::: 1, where Pxy is the correlation coefficient [Eq. (10.76)] of RVs x and y. Hint: 

For any real number a, 

[a(x - x) - (y - y)]2 c:: 0 

The discriminant of this quadratic in a is non positive. 

10.5-2 Show that if two RVs x and y are related by 

y = k1x+k2 

where k1 and k2 are arbitrary constants, the correlation coefficient Pxy = 1 if k1 is positive, and 

Pxy = -1 if k1 is negative. 

10.5-3 Given x = cos e and y = sin E>, where E> is an RV uniformly distributed in the range (0, 2rr), 
show that x and y are uncorrelated but are not independent. 

10.6-1 In Example 10.21, design the optimum third-order predictor processor for speech sign~s and 
determine the SNR improvement. Values of various correlation coefficients for speech signals 

are given in Example 10.21. 

11 RANDOM PROCESSES 

T he notion of a random process is an exten~io~ of the random variable (RV). Consider, 
for example, the temperature x of a certam city at noon. The temperature x is an RV 
and takes on different values every day. To get the complete statistics of x, we need to 

record values of x at noon over many days (a large number of trials). From this data, we can 
determine Px(x), the PDF of the RV x (the temperature at noon). 

But the temperature is also a function of time. At 1 P.M., for example, the temperature 
may have an entirely different distribution from that of the temperature at noon. Thus, the RV 
xis a function of time and can be expressed as x(t). An RV that is a function of time* is called 
a random process, or stochastic process, which is the subject of this chapter. Thus, a random 
process is a collection of an infinite number of RVs. 

11.1 FROM RANDOM VARIABLE TO RANDOM PROCESS 

To specify an RV x, we repeat the experiment a large number of times and from the outcomes 
determine Px(x). Similarly, to specify the random process x(t), we do the same thing for each 
value oft. To continue with our example of the random process x(t), the temperature of the 
city, we need to record daily temperatures for each value oft (for each time of the day). This 
can be done by recording temperatures at every instant of the day, which gives a waveform 
x(t, t;), where t; indicates the day for which the record was taken. We need to repeat this 
procedure every day for a large number of days. The collection of all possible waveforms is 
known as the ensemble (corresponding to the sample space) of the random process x(t). A 
waveform in this collection is a sample function (rather than a sample point) of the random 
process (Fig. 11.1). Sample-function amplitudes at some instant t = t1 are the values taken by 
the RV x(t1) in various trials. 

We can view a random process in another way. In the case of an RV, the outcome of 
each trial of the random experiment is a number. We can view a random process also as the 

* Actually, to qualify as a random process, x could be a function of any otber variable, such as distance. A random 
process may also be a function of more than one variable. 

487 
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Figure 11.1 Random process to represent the te 
ature of a city. 01Per. 

C 

outcome of a random experiment, where the outcome of each trial is a waveform (a sample 
function) that is a function of t. The number of waveforms in an ensemble may be finite or 
infinite. In the case of the random process x(t) (the temperature of a city), the ensemble has 
infinite waveforms. On the other hand, if we consider the output of a binary signal generator 
(over the period Oto lOT), there are at most 210 waveforms in this ensemble (Fig. 11.2). 

One fine point that needs clarification is that the waveforms (sample functions) in the 
ensemble are not random. They are deterministic. Randomness in this situation is associated 
not with the waveform but with the uncertainty as to which waveform will occur in a given 
trial. This is completely analogous to the situation of an RV. For example, in the experiment 
of tossing a coin four times in succession (Example 10.4), 16 possible outcomes exist, all of 
which are known. The randomness in this situation is associated not with the outcomes but 
with the uncertainty as to which of the 16 outcomes will occur in a given trial. 

Specification of a Random Process 
The next important question is how to specify a random process. In some cases, we may 
be able to describe it analytically. Consider, for instance, a random process described by 
x(t) = A cos (wet+ 8), where 8 is an RV uniformly distributed over the range (0, 2rr). This 
analytical expression completely describes a random process (and its ensemble). Each sample 
function is a sinusoid of amplitude A and frequency We- But the phase is random (see Fig. 
11.5). It is equally likely to take any value in the range (0, 2rr). 
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tfl_s'-r___,J 
Figure 11.2 Ensemble with a finite number 
of sample functions. 

lOT r-

n 9J· lJ lid 7T 

n r.7 r.7 lOT 

tru4TL__JSTLJ r-

1 lR 6T I 

Unfortunately, it is not always possible to be able to describe a random process analyti­
~ally. W~ may have just an ensemble obtained experimentally. The ensemble has the complete 
mformat10n about the random process. From this ensemble, we must find some quantitative 
measure that will specify or characterize the random process. In this case, we consider the 
random process as an RV x that is a function of time. Thus, a random process is just a collection 
?f an in~nite number of RVs, which are generally dependent. We know that the complete 
mformat10n of several dependent RVs is provided by the joint PDF of those variables. Let x; 
represent ~he RV x(t;) generated by the amplitudes of the random process at instant t = t;. 

Thus, xi. 1s the RV generated by the amplitudes at t = ti, and x2 is the RV generated by 
the amphtudes at t = t2, and so on, as shown in Fig. 11.1. Then RVs xi, x2 , x3 , ... , Xn 
generat~d b~ the ~mpl_itudes at t = ti, t2, t3, ... , tn, respectively, are dependent in general. 
From this d1scuss10n, 1t follows that the random process is completely described by the joint 
PDF Px1xz ... Xn (xi, X2, • ·., Xn) for all n (up to 00) and for any choice of ti, t2, t3, ... , tn. This 
nt~-orderjoi~tPJ?F is also _express~d as Pxixz ... xn (xi, x2, ... , xn; ti, t2, ... , tn). Determining 
t~s PDF ( of mfimte order) 1s a formidable task. Fortunately, we shall soon see that when dealing 
with random processes in conjunction with linear systems, we can get by with only the first­
and second-order statistics. 

. We can always derive a lower order PDF from a higher order PDF by simple integration. 
For mstance, 

Px1 (xi) = 1_: Px1x2 (xi, X2) dx2 

Hence, when the nth-order PDF is available, there is no need to specify PDFs of order lower 
than n. 

The mean x(t) of a random process x(t) can be determined from the first-order PDF as 

x(t) = 1_: XPx(x; t) dx (11.1) 

Why Do We Need Ensemble Statistics? 
The preceding discussion shows that to specify a random process, we need ensemble statistics. 
For instance, to determine the PDF Pxi (xi), we need to find the amplitudes of all the sample 
functions at t = ti. This is ensemble statistics. In the same way, all possible statistics in the 
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specification of a random process necessitates some kind of ensemble statistics. In deterministic 
signals, we are used to studying the data of a waveform ( or waveforms) as a function of time 
Hence, the idea of investigating ensemble statistics makes us feel a bit uncomfortable at first: 
Theoretically, we may accept it, but does it have any practical significance? How is this concept 
useful in practice? We shall now answer this question. 

To understand the necessity of ensemble statistics, consider the problem of threshold 
detection in Example 10.13. A 1 is transmitted by p(t) and a O is transmitted by - p(t) (polar 
signaling). The peak pulse amplitude is Ap. When 1 is transmitted, the received sample value 
is AP + n, where n is the noise. We shall make a decision error if the noise amplitude at the 
sampling instant ts is less than -AP. To find this error probability, we repeat the experiment 
N times (N--+ oo), and see how many times the noise amplitude at t = ts is less than -A 
(Fig. 11.3). This information is precisely one of ensemble statistics of the noise process n(t) 
at instant ts. 

The importance of ensemble statistics is clear from this example. When we are dealing 
with a random process or processes, we do not know which sample function will occur in a 
given trial. Hence, for any specification, characterization, or optimization, we need to average 
over the entire ensemble. This is the basic physical reason for the appearance of ensemble 
statistics in random processes. 

Autocorrelation Function of a Random Process 
One of the most important characteristics of a random process is its autocorrelation function, 
which leads to the spectral information of the random process. The frequency content of a 
process depends on the rapidity of the amplitude change with time. This can be measured by 
correlating amplitudes at t1 and t1 + r. The random process x(t) in Fig. 11.4a is a slowly 
varying process compared to the process y(t) in Fig. 11.4b. For x(t), the amplitudes at t1 and 
t1 + r are similar (Fig. 11.4a), that is, have stronger correlation. On the other hand, for y(t), the 
amplitudes at t1 and t1 + r have little resemblance (Fig. 11 .4b ), that is, have weaker correlation. 
Recall that correlation is a measure of the similarity of two RVs. Hence, we can use correlation 

Figure 11.3 A random process to repre­
sent a channel noise. 

:;;, I ~~~ 
n3(t) I 

_.....,___ I ___.., ~ ,,,,.-----'\L7" ~ "-7' 1-

nN(t) I 

_;;;;,-~~~.,.....-----...---
1 1-

t = ts 
(Sampling instant) 
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to measure the similarity of amplitudes at t1 and t2 = t1 + r. If the RVs x(ti) and x(tz) are 
denoted by x 1 and xz, respectively, then for a real random process,* the autocorrelation function 
RxU1, t2) is defined as 

(11.2a) 

This is the correlation of ~Vs x(ti) and x(t2). It is computed by multiplying amplitudes at 
t1 and t2 of a sample funct10n and then averaging this product over the ensemble. It can be 
seen that for a small r, _the product x1x2 will be positive for most sample functions of x(t), 
but the product Y1Y2 will be equally likely to be positive or negative. Hence, x1x2 will be 
larger than Y1Y2- Moreo~er, X1 and xz will show correlation for considerably larger values of 
r, whereas Y 1 and Y2 will lose correlation quickly, even for small r, as shown in Fig. 11.4c. 

l2 y(t) 

T 

X2 
(a) (b) 

T-

(c) 

Figure 11.4 Autocorrelation functions for a slowly varying and a rapidly varying random process. 

*Fora complex random process x(t), the autocorrelation function is defined as 

Rx(t1, lz) = x*(t1)x(t2) 
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Thus, Rx (t1, t2 ), the autocorrelation function of x(t), provides valuable information about the 
frequency content of the process. In fact, we shall show that the PSD of x(t) is the Fourier 
transform of its autocorrelation function, given by (for real processes) 

Rx(tl, t2) = X1X2 

= £:L: X1X2Px1x2 (X1, X2)dx1dx2 (11.2b) 

Hence, Rx(t1, t2 ) can be derived from the joint PDF of x1 and x2, which is the second-order 
PDF. 

Classification of Random Processes 
Random processes may be classified in the following broad categories. 

Stationary and Nonstationary Random Processes: A random process whose statis­
tical characteristics do not change with time is classified as a stationary random process. For 
a stationary process, we can say that a shift of time origin will be impossible to detect; the 
process will appear to be the same. Suppose we determine Px(x; t1), then shift the origin by 
to, and again determine Px(x; t1). The instant t1 in the new frame ofreference is t2 = t1 +to in 
the old frame of reference. Hence, the PDFs of x at t1 and t2 = t1 + to must be the same, that 
is, Px(x; t1) and Px(x; t2) must be identical for a stationary random process. This is possible 
only if Px (x; t) is independent oft. Thus, the first-order density of a stationary random process 
can be expressed as 

Px(x; t) = Px(x) 

Similarly, for a stationary random process the autocorrelation function Rx (t1, t2 ) must depend 
on t1 and t2 only through the difference t2 - t1. If not, we could determine a unique time origin. 
Hence, for a real stationary process, 

Therefore, 

Rx(r) = x(t)x(t + r) (11.3) 

For a stationary process, the joint PDF for x1 and x2 must also depend only on t2 - t1. Similarly, 
higher order PDFs, such as Pxixz ... xn (x1, x2, ... , Xn) where X; = x(t;), are all independent of 
the choice of origin. 

The random process x(t) representing the temperature of a city is an example of a, 
nonstationary random process, because the temperature statistics (mean value, for example) 
depend on the time of the day. On the other hand, the noise process in Fig. 11.3 is stationary, 
because its statistics (the mean and the mean square values, for example) do not change with 
time. In general, it is not easy to determine whether a process is stationary, because it involves 
investigation of the nth-order (n = oo) statistics. In practice, we can ascertain stationarity if 
there is no change in the signal-generating mechanism. Such is the case for the noise process 
in Fig. 11.3. 

EXAMPLE 11.1 
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Wide-Sense (or Weakly) Stationary Processes: A process may not be stationary in 
the strict sense, as discussed in the last subsection, yet it may have a mean value and an 
autocorrelation function that are independent of the shift of time origin. This means 

x(t) = constant 

and 

(11.4) 

Such a process is known as a wide-sense stationary, or weakly stationary, process. Note that 
stationarity is a much stronger condition than wide-sense stationarity. All stationary processes 
are wide-sense stationary, but the converse is not necessarily true. 

Just as no sinusoidal signal exists in actual practice, no truly stationary process can occur 
in real life. All processes in practice are nonstationary because they must begin at some finite 
time and must terminate at some finite time. A truly stationary process must start at t = -oo 
and go on forever. Many processes can be considered stationary for the time interval of interest, 
however, and the stationarity assumption allows a manageable mathematical model. The use 
of a stationary model is analogous to the use of a sinusoidal model in deterministic analysis. 

Show that the random process 

x(t) = A cos (cvct + 8) 

where 8 is an RV uniformly distributed in the range (0, 2n ), is a wide-sense stationary process. 

The ensemble (Fig. 11.5) consists of sinusoids of constant amplitude A and constant 
frequency eve, but the phase 8 is random. For any sample function, the phase is equally 
likely to have any value in the range (0, 2n). Because 8 is an RV uniformly distributed 
over the range (0, 2n), one can determine1 Px(x, t) and, hence, x(t), as in Eq. (11.1). 
For this particular case, however, x(t) can'be determined directly as follows: 

x(t) = A cos (cvct + 8) = A cos (cvct + 8) 

Because cos (cvct + 8) is a function of an RV 8, we have [see Eq. (10.57b)] 

cos (cvct + 8) = fo
2

" cos (cvct + 0)pe(0) d0 

Because pe(0) = 1/2n over (0, 2n) and O outside this range, 

1 12" cos (cvct + 8) = - cos (cvct + 0) d0 = 0 
2n 0 

Hence, 

x(t) = 0 

Thus, the ensemble mean of sample-function amplitudes at any instant t is zero. 

(11.5a) 

The autocorrelation function Rx(t1, t2) for this process also can be determined 
directly from Eq. (11.2a), 
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Rx(t1, t2) = A2 cos (wet1 + 8) COS (wet2 + 8) 

= A2 cos (wetl + 8) COS (wet2 + 8) 

A2{ __ ___,...,, } = 2 cos [we(t2 - t1)] + COS [we(t2 + t1) + 28] 

Thefirsttermon theright-handsidecontainsnoRV. Hence, cos[we(tz - t1)] is cos [we(tz­

t1)] itself. The second term is a function of the RV 8, and its mean is 

Hence, 

or 

cos [we(t2 + t1) + 28] = _!__ f
2

"' cos [we(t2 + t1) + 20] d0 = 0 
2n lo 

From Eqs. (1 l.5a,b) it is clear that x(t) is a wide-sense stationary process. 

(\/\0/\f 

Figure 11.5 Ensemble for the random process A cos ( Wet + 8). 

(11.5b) 

(11.5c) 

C 

Ergodic Processes: We have studied the mean and the autocorrelation function of a 
- f random process. These are ensemble averages. For example, x(t) is the ensemble average 0 

sample-function amplitudes att, and Rx(t1, t2) = x1x2 is the ensemble average of the product 
of sample-function amplitudes x(t1) and x(tz). 
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We can also define time averages for each sample function. For example, a time mean 
x(t) of a sample function x(t) is* 

- 1 1T/2 
x(t) = lim - x(t) dt 

T➔oo T -T/Z 
(11.6a) 

Similarly, the time-autocorrelation function '.Rx ( r) defined in Eq. (3.82a) is 

1 1T/2 
'.Rx(r) = x(t)x(t + r) = lim - x(t)x(t + r) dt 

T➔oo T -T/Z 
(11.6b) 

For ergodic processes, ensemble averages are equal to the time averages of any sample 
function. Thus, for an ergodic process x(t), 

x(t) = x(t) 

Rx(T) = '.Rx(r) 

(11.7a) 

(11.7b) 

These are just two of the many possible averages. For an ergodic process, all possible ensemble 
averages are equal to the corresponding time averages of one of its sample functions. Because 
a time average cannot be a function of time, it is evident that an ergodic process is necessarily 
a stationary process; but the converse is not true (see Fig. 11.6). 

It is difficult to test whether a process is ergodic or not, because we must test all 
possible orders of time and ensemble averages. Nevertheless, in practice many of the stationary 
processes are ergodic with respect to at least second-order averages, such as the mean and the 
autocorrelation. For the process in Example 11.1 (Fig. 11.5), we can show that x(t) = O and 
'.Rx ( r) = (A 2 /2) cos We r (see Problem 3.8-1). Therefore, this process is ergodic at least with 
respect to the first- and second-order averages. 

The ergodicity concept can be explained by a simple example of traffic lights in a city. 
Suppose the city is well planned, with all its streets in E-W and N-S directions only and with 
traffic lights at each intersection. Assume that each light stays green for 0. 7 5 second in the E-W 
direction and 0.25 second in the N-S direction and that switching of any light is independent 
of the other lights. For the sake of simplicity, we ignore the orange light. 

If we consider a certain person driving a car arriving at any traffic light randomly in 
the E-W direction, the probability that the person will have a green light is 0.75; that is, on 
the average, 75% of the time the person will observe a green light. On the other hand, if we 
consider a large number of drivers arriving at a traffic light in the E-W direction at some instant 

sense station 

Stationary 

Ergodic 

Figure 11.6 Classification of random pro­
cesses. 

* Here a sample function x(t, {;) is represented by x(t) for convenience. 
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t, then 75% of the drivers will have a green light, and the remaining 25% will have a red light, 
Thus, the experience of a single driver arriving randomly many times at a traffic light Will 
contain the same statistical information (sample-function statistics) as that of a large number 
of drivers arriving simultaneously at various traffic lights (ensemble statistics) at one instant. 

The ergodicity notion is extremely important, because we do not have a large number of 
sample functions available in practice from which to compute ensemble averages. If the process 
is known to be ergodic, then we need only one sample function to compute ensemble averages. 
As mentioned earlier, many of the stationary processes encountered in practice are ergodic with 
respect to at least second-order averages. As we shall see in dealing with stationary processes 
in conjunction with linear systems, we need only the first- and second-order averages. This 
means that in most cases we can get by with a single sample function. 

11.2 POWER SPECTRAL DENSITY OF A RANDOM PROCESS 

An electrical engineer instinctively thinks of signals and linear systems in terms of their 
frequency-domain descriptions. Linear systems are characterized by their frequency response 
( the transfer function), and signals are expressed in terms of the relative amplitudes and phases 
of their frequency components ( the Fourier transform). From a know ledge of the input spectrum 
and transfer function, the response of a linear system to a given signal can be obtained in terms 
of the frequency content of that signal. This is an important procedure for deterministic signals. 
We may wonder if similar methods may be found for random processes. Ideally, all the sample 
functions of a random process are assumed to exist over the entire time interval (-oo, oo) 
and thus, are power signals.* We therefore inquire about the existence of a power spectral 
density (PSD). Superficially, the concept of a PSD of a random process may appear ridic1.tlous 
for the following reasons. In the first place, we may not be able to describe a sample function 
analytically. Second, for a given process, every sample function may be different from another 
one. Hence, even if a PSD does exist for each sample function, it may be different for different 
sample functions. Fortunately, both problems can be neatly resolved, and it is possible to 
define a meaningful PSD for a stationary (at least in the wide sense) random process. For 
nonstationary processes, the PSD does not exist. 

Whenever randomness is involved, our inquiries can at best provide answers in terms 
of averages. When tossing a coin, for instance, the most we can say about the outcome is that 
on the average we will obtain heads in about half the trials and tails in the remaining half 
of the trials. For random signals or RVs, we do not have enough information to predict the<s'.' 
outcome with certainty, and we must accept answers in terms of averages. It is not possible1 
to transcend this limit of knowledge because of the fundamental ignorance of the process. It 
seems reasonable to define the PSD of a random process as a weighted mean of the PSDs of all 
sample functions. This is the only sensible solution, because we do not know exactly which of 
the sample functions may occur in a given trial. We must be prepared for any sample function. 
Consider, for example, the problem of filtering a certain random process. We would not want 
to design a filter with respect to any one particular sample function because any of the sample 
functions in the ensemble may be present at the input. A sensible approach is to design the filter 
with respect to the mean parameters of the input process. In designing a system to perform 

* As we shall soon see, for the PSD to exist, the process must be stationary (at least in the wide sense). Stationary 
processes, because their statistics do not change with time, are power signals. 

11 .2 Power Spectral Density of a Random Process 497 

certain operations, one must design it with respect to the whole ensemble. We are therefore 
justified in defining the PSD Sx(w) of a random process x(t) as the ensemble average of the 
PSDs of all sample functions. Thus [see Eq. (3.79)], 

(11.8a) 

where Xr(w) is the Fourier transform of the truncated random process x(t) rect (t/T) and the 
bar represents ensemble average. Note that ensemble averaging is done before the limiting 
operation. We shall now show that the PSD as defined in Eq. (11.8a) is the Fourier transform 
of the autocorrelation function Rx(r) of the process x(t); that is, 

This can be proved as follows: 

Thus, for real x(t), 

and 

= lim [ _!.1T/Z1T/Z x(t1)x(t2)e-Jw(tz-ti) dt1dt2] 
T-HXJ T -T/2 -T/2 

Interchanging the operation of integration and ensemble averaging,* we get 

. 1 1T/21T/2 -----,---~ . 
Sx(w) = lim - x(t1)x(t2)e-Jw(tz-ti) dt1dt2 T-+oo T -T/2 -T/2 

1 1T/21T/2 = lim - Rx (tz - ti)e-Jw(tz-ti) dtidt2 T-+oo T -T/2 -T/2 

(11.8b) 

(11.9) 

(11.10) 

Here we are assuming that the process x(t) is at least wide-sense stationary, so that x(t1)x(t2) = 
Rx(tz - ti). For convenience, let 

* The operation of ensemble averaging is also an operation of integration. Hence, interchanging integration with 
ensemble averaging is equivalent to interchanging the order of integration. 
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Ol.11) 

Then, 

l / T/2 f T/2 
Sx(w) = lim - <p(t2 - ti) dtidt2 

T➔OO T -T/2 -T/2 
01.12) 

The integral on the right-hand side is a double integral over the range ( - ~ /2, T /2~ fo~ each of 
the variables ti and t2. The square region of integration in the ti-t2 plane 1s shown m Fig. 11.7. 
The integral in Eq. (11.12) is a volume under the surface <p(t2 - ti) over the square region in 
Fig. 11.7. The double integral in Eq. (11.12) can be converted to~ single integral by o~serving 
that <p(t2 - ti) is constant along any line t2 - ti = r (a constant) m the ti-t2 plane (Fig. 11.7). 

Let us consider two such lines, t2 -ti = r and t2 -ti = r +Ar. If Ar ~ 0, <p(t2 -ti) ~ 
<p ( r) over the shaded region whose area is (T - r) Ar. Hence, the volume under the surface 
<p(t2 _ ti) over the shaded region is <p(r)(T - r) Ar. If r were negative, the volume would be 
<p(r)(T+r) Ar. Hence, in general, the volumeovertheshadedregionis<p(r)(T-lrl) Ar. The 
desired volume over the square region in Fig. 11.7 is the sum of the volumes over the shaded 
strips and is obtained by integrating <p ( r) (T - Ir I) over the range of r, which is ( - T, T ) (see 

Fig. 11.7). Hence, 

l IT Sx(w) = lim - <p(r)(T - lrl) dr 
T➔OO T -T 

= lim !T/2 <p(r) (1 - !.:1) dr 
T➔OO -T/2 T 

= 1_: <p(r) dr 

provided f ~
00 

Ir I <p ( r) d r is bounded. Substituting Eq. ( 11.11) into this equation, we have 

Figure 11.7 Derivation of Wiener-Khinchine theorem. 

T/2 

-T 

11 .2 Power Spectral Density of a Random Process 499 

Sx(w) = 1_: Rx(r)e-jwr dr (11.13) 

provided f~
00 

lrlRx(r)e-jwr dr is bounded. Thus, the PSD ofa wide-sense stationary random 
process is the Fourier transform of its autocorrelation function,* 

(11.14) 

This is the well-known Wiener-Khinchine theorem. 
From the discussion thus far, the autocorrelaton function emerges as one of the most 

significant entities in the spectral analysis of a random process. Earlier we showed heuristically 
how the autocorrelation function is connected with the frequency content of a random process. 

The autocorrelation function Rx ( r) for real processes is an even function of r. This can 
be proved in two ways. First, because IXr(w)l 2 = JXr(w)X}(w)J = IXr(w)Xr(-w)I is an 
even function of w, Sx(w) is also an even function of w, and Rx(r), its inverse transform, is 
also an even function of r (see Prob. 3.1-1). Alternately, we may argue that 

Rx(r) = x(t)x(t + r) 

Letting t - r = a, we have 

and Rx(-r) = x(t)x(t - r) 

Rx(-r) = x(a)x(a + r) = Rx(T) 

The PSD Sx(w) is also a real and even function of w. 
The mean square value x2 (t) of the random process x(t) is Rx(0), 

Rx(0) = x(t)x(t) = x2 (t) = x2 

(11.15) 

(11.16) 

The mean square value x2 is not the time mean square of a sample function but the ensemble 
average of the amplitude squares of sample functions at any instant t. 

The Power of a Random Process 
The power Px (average power) of a wide-sense random process x(t) is its mean square value 
x2. From Eq. (11.14), 

Rx(r) = - Sx(w)ejwr dw 1 /
00 

2n: -oo 

Hence, from Eq. (11.16), 

- 1 /00 / Px = x2 = Rx(0) = - Sx(w) dw 
2n: -oo 

Because Sx(w) is an even function of w, we have 

f = .!!_ 
2n: 

(11.17b) 

where f is the frequency in hertz. This is the same relationship as that derived for deterministic 
signals in Chapter 3 [Eq. (3.81)]. The power Px is the area under the PSD. Also, Px = x2 is 
the ensemble mean of the square amplitudes of the sample functions at any instant. 

* It can be shown thatEq. (11.13) holds also for complex random processes, for which we define Rx(r) = x•(t)x(t + r). 
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It is helpful to repeat here, once again, that the PSD does not exist for processes that are 
not wide-sense stationary. Hence, in our future discussion, random processes will be assumed 
to be at least wide-sense stationary, unless specifically stated otherwise. 

EXAMPLE 11.2 Determine the autocorrelation function Rx ( r) and the power Px of a low-pass random process 
with a white-noise PSD Sx((t)) = N/2 (Fig. 11.8a). 

w-

T-

(b) 

Figure 11.8 Bandpass white-noise PSD and its autocorrelation function. 

We have 

Sx((t)) = Nrect (~) 
2 41rB 

Hence, from Table 3.1 (pair 17), 

Rx(r) = NB sine (21r Br) 

This is shown in Fig. 11.8b. Also, 

Alternately, 

1
B N 

=2 -df 
0 2 

= NB 

(11.18a) 

(11.18b) 

(11.18c) 
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EXAMPLE 11 .3 Determine the PSD and the mean square value of a random process 

x(t) = A COS ((t)ct + 0) 

where 0 is an RV uniformly distributed over (0, 21r). 

For this case Rx(r) is already determined [Eq. (ll.5c)]., 

A2 
Rx(r) = 2 COS (t)cT 

Hence, 
;rA2 

Sx((t)) = 2 [o((t) + (t)c) + O((t) - (t)c)] 

- A2 
Px =x2 = Rx(O) = 2 
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(11.19a) 

(11.19b) 

(11.19c) 

(11.19d) 

Thus, the power, or the mean square value, of the process x(t) = A cos ((t)ct + 0) is A2 /2. 
The power Px can also be obtained by integrating Sx ( (t)) with respect to (t) ( or /). 

EXAMPLE 11.4 Amplitude Modulation 
Determine the autocorrelation function and the PSD of the DSB-SC-modulated process 

m(t) cos ((t)ct + 0), where m(t) is a wide-sense stationary random process, and 0 is an RV 
uniformly distributed over (0, 21r) and independent ofm(t). 

Let 

<p(t) = m(t) cos ((t)cf + 0) 

Then 

R'P(r) = {m(t) cos ((t)cf + 0)][m(t + r) cos [(t)c(t + r) + 0]} 

Because m(t) and 0 are independent, we can write [see Eqs. (10.60b) and (ll.5c)] 

Rrp(r) = m(t)m(t + r) cos ((t)cf + 0) cos [(t)c(t + r) + 0] 

1 
= 2Rm(r)cOS(t)cT (11.20a) 

Consequently,* 
1 

Srp((t)) = 4[Sm((t) + (t)c) + Sm((t) - (t)c)] (11.20b) 

From Eq. (11.20a) it follows that 

-- 1 1--
<p2 (t) = R<p(O) = 2Rm(O) = 2m2 (t) (11.20c) 

Hence, the power of the DSB-SC-modulated signal is half the power of the modulating 
signal. We derived the same result earlier [Eq. (3.92)] for deterministic signals. 

* We obtain the same result even if rp(t) = m(t) sin (wet + 8). 
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EXAMPLE 11 .5 Random Binary Process 

-Tb 

In this example we shall consider a random binary process for which a typical sample 
function is shown in Fig. 11.9a. The signal can assume only two states (values), 1 or -1, with 
equal probability. The transition from one state to another can take place only at node points 
which occur every Tb seconds. The probability of a transition from one state to the other is o.s'. 
The first node is equally likely to be situated at any instant within the interval Oto Tb from the 
origin.* The amplitudes at t represent RV x1, and those at t + r represent RV x2. Note thatx

1 
and x2 are discrete and each can assume only two values, -1 and I. Hence, 

4,-T T 

t t + T 

at4-

r- n1 n2 

X1 X2 

(a) X1 

(b) 

Tb 
1:--

-4rr -2rr 0 2rr 4rr 
w-n n 

I 
n Ti, 

I I I I 

-2Rb -Rb 0 Rb 2Rb 

(c) (d) 

Figure 11.9 Derivation of autocorrelation function and PSD of a random binary process. 

Rx(r) = X1X2 = L LX1X2Px1x2 (X1, X2) 
x1 x2 

* Analytically, we can represent x(t) as 

where a is an RV uniformly distributed over the range (0, Tb) and p(t) is the basic pulse (in this case rect [(t -
Tb/2) / Tb]). Note that a is the distance of the first node from the origin, and it varies randomly from sample funcuon 
to sample function. In addition, an is random, taking values 1 or -1 with equal probability. 
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By symmetry, the first two terms and the last two terms on the right-hand side are equal. 
Therefore, 

Rx(r) = 2[Px1x2(1, 1) - Px1x2(1, -1)] 

Using Bayes' rule, we have 

Rx(r) = 2Px1 (l)[Px21x1 (111) - Px21x1 (-111)] 

= Px2lx1 (111) - Px21xiC-lll) 

Moreover, 

Hence, 

Rx(r) = 1 - 2Px21x1 (-111) 

(11.21b) 

(11.21c) 

It is helpful to compute Rx(r) for small values of r first. Let us consider the case r < Tb, 
where, at most, one node is in the interval t to t + r. In this case, the event x2 = -1 given 
x1 = 1 is a joint event AB, where the event A is "a node in the interval (t, t + r)" and Bis 
"the state change at this node." Because A and Bare independent events, 

Px21x1 (-111) = P(a node lies int tot+ r)P(state change) 

= ½P(anodeliesinttot+r) 

Figure 11.9b shows adjacent nodes n1 and n2, between which t lies. We mark off the interval 
r from the node n2. If t lies anywhere in this interval (hatched area), the node n2 lies within t 
and t + r. But because the instant t is chosen arbitrarily between nodes n 1 and n2 , it is equally 
likely to be at any instant over the Tb seconds between n1 and n2, and the probability that t 
lies in the shaded interval is simply r / Tb. Therefore, 

Px2lx1 (-111) = ~ (;J (11.22) 

and 
r 

Rx(r) = 1- -n 
Because Rx ( r) is an even function of r, we have 

lrl 
Rx(r) = 1- -

Tb 

(11.23) 

(11.24) 

Next, consider the ranger > Tb. In this case at least one node lies in the interval t to 
t + r. Hence, x1 and x2 become independent, and 

Rx(r) = X1X2 = X1 X2 = 0 

where, by inspection, we observe that x1 = x2 = 0 (Fig. 11.9a). This result can also be obtained 
by observing that for Ir I > Tb, x 1 and x2 are independent, and it is equally likely that x2 = 1 
or-1 given thatx1 = 1 (or-1). Hence, all four probabilities inEq. (11.21a) are equal to 1/4, 
and 

Rx(r) = 0 



504 RANDOM PROCESSES 

Therefore, 

01.25a) 

and 

01.25b) 

The autocorrelation function and the PSD of this process are shown in Fig. 11.9c and d. Observe 
that x2 = Rx(O) = 1, as expected. 

Let us now consider a more general case of the pulse train y(t), discussed in Sec. 7.2 
(Fig. 7 .3). From the knowledge of the PSD of this train, we can derive the PSD ofon-off, polar, 
bipolar, duobinary, split-phase, and many more important digital signals. 

EXAMPLE 11. 6 Random PAM Pulse Train 
Digital data is transmitted using a basic pulse p(t), as shown in Fig. 11.lOa. The 

successive pulses are separated by Tb seconds, and the kth pulse is akp(t), where ak is an 
RV. The distance a of the first pulse ( corresponding to k = 0) from the origin is equally likely 
to be any value in the range (0, Tb). Find the autocorrelation function and the PSD of such a 
random pulse train y(t) whose sample function is shown in Fig. 11.lOb. The random process 
y(t) can be described as 

00 

y(t) = L akp(t - kTb - a) 
k=-oo 

where a, is an RV uniformly distributed in the interval (0, Tb). Thus, a is different for each 
. sample function. Note that p(a) = I/Tb over the interval (0, Tb), and is zew everywhere 
else.* It can be shown that y(t) = (ak/Tb) f~

00 
p(t) dt is a constant.t 

We have the expression 

Ry(r) = y(t)y(t + r) 

00 00 

= L akp(t -kTb - a) L amp(t + r -mTb -a) 
k=-oo m=-oo 

00 00 

= L L akamp(t - kTb - a)p(t + r - mTb - a) 
k=-oo m=-oo 

* If a= 0, the process can be expressed as y(t) = I::-oo akp(t - kTb)- In this case y(t) = a;;I;:_00 p(t - kTb! 
is not constant, but is periodic with period n. Similarly, we can show that the autocorrelation function is periodic 
with the same period Tb. This is an example of a cyclostationary, or periodically stationary, process (a process whose 
statistics are invariant to a shift of the time origin by integral multiples of a constant Tb)- Cyclostationary processes, as 
seen here, are clearly not wide-sense stationary. But they can be made wide-sense stationary with slight modification 
by adding the RV a in the expression of y(t), as in this example. 

t Using exactly the same approach, as used in the derivation ofEq. (11.26) we can show that y(t) = (iii/ Tb) f ~00 p(t) dt. 

y(t) 

I>-
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t-

t-

(b) 

Figure 11.10 Random PAM process. 

Because ak and am are independent of a, 

00 00 ~~ 

Ry(r) = L L akam p(t - kTb - a)p(t + r - mTb - a) 
k=-oo m=-oo 

Both k and m are integers. Letting m = k + n, this expression can be written 
00 00 

Ry(r) = L L akak+n p(t - kTb - a)p(t + r - [k + n]Tb - a) 
k=-oo n=-oo 
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The first term under the double sum is the correlation of RVs ak and ak+n and will be 
denot~d by !Rn. The second term, being a mean with respect to the RV a, can be expressed 
as an mtegral. Thus, 

Rec~ll that a is unifo~y distributed over the interval O to Tb. Hence, p (a) = 1; Tb over 
the mterval (0, n), and IS zero otherwise. Therefore, 

oo ool Tb 

Ry(r)7 = n~ !Rn k~oo Tb 1 p(t - kTb - a)p(t + r - [k + n]Tb - a) da 

1 
00 

100 = Tb n~oo !Rn -oo p(fJ)p(fJ + i - nTb) dfJ 

T~e integral on the right-hand side is the time-autocorrelation function of the pulse p(t) 
with the argument r - nTb. Thus, 
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EXAMPLE 11.7 

(11.26) 

where 
(11.27) 

and 

1/tp(r) = 1_: p(t)p(t + r)dt (11.28) 

As seen in Eq. (3.73), if p(t) {=>- P(w), then 1/tl•! {=>- IP(w)l
2

• Therefore, the PSD 
of y(t), which is the Fourier transform of Ry(r), 1s given by 

00 

1 " ro ( )l2 -jnwTb Sy(w) = T, ~ ,.nnlP W e 
b n=-oo 

= jP(w)l
2 f ffine-jnwTb 

Tb n=-oo 

(11.29) 

This result is similar to that found in Eq. (7.10b). The only di~erence is the_use of_the 
ensemble average in defining ffin in this chapter, whereas Rn m Chapter 7 1s the time 

average. 

F d th PSD s (w) for a polar binary random signal where 1 is transmitted by a ~~ls~-p(t) 
m e Y . • o · · t d b - (t) The digits 1 and (Fig. 11.11) whose Founer transform 1s P(w), and 1s transrmt e Y P . •. . . 

o are equally likely, and one digit is transmitted every Tb seconds. Each d1g1t 1s independent 

of the other digits. 

1 
Figure 11.11 Basic pulse for a random binary polar signal. 

p(t) 

t-

In this case, ak can take on values 1 and -1 with probability 1 /2 each. Hence, 

ak = L akP(ak) = (l)Pak(l) + (-l)Pak(-1) 
k=l, -1 

1 1 
=---=0 

2 2 

ffi:o =al= L alP(ak) = (1)2Pak(l) + (-1)2 Pak(-1) 
k=l, -1 

1 2 1 2 1 
= 2(1) + 2(-1) = 

11 .2 Power Spectral Density of a Random Process 

and because each digit is independent of the remaining digits, 

Hence, from Eq. (11.29), 

IP(w)l 2 

Sy(w) = ---
Tb 

n:::_1 
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We already found this result in Eq. (7.12), where we used time averaging instead of 
ensemble averaging. When a process is ergodic of second order ( or higher), the ensemble 
and time averages yield the same result. Note that Example 11.5 is a special case 
of this result, where p(t) is a full-width rectangular pulse rect (t/n) with P(w) = 
Tb sine (wTb/2), and 

EXAMPLE 11.8 Find the PSD Sy ( w) for on-off and bipolar random signals which use a basic pulse for p(t ), as 
shown in Fig. 11.11. The digits 1 and Oare equally likely, and digits are transmitted every Tb 
seconds. Each digit is independent of the remaining digits. All these line codes are described 
in Sec. 7.2. 

In each case we shall first detennine ffio, ffi1, ffi2, • • ·, !Rn. 
(a) On-off signaling: In this case, an can take on values 1 and O with probability 

1 /2 each. Hence, 

1 1 1 
ak = (l)Pak(l) + (O)Pak(O) = 

2
(1) + 

2
(0) = 

2 
- 1 1 1 

ffio = al = (1)2 Pak (1) + (0)2 
Pak (0) = -(1)2 + -(0)2 = -

2 2 2 

and because each digit is independent of the remaining digits, 

ffin = akak+n = ak ak+n = ( ~) ( ~) = i n ?:. 1 

Therefore, from Eq. (11.29), 

Sy(w) = 1Pt)l
2 

[~ + i J:~oo e-jn0Tb] 

n;,eO 

(11.30a) 

(11.30b) 

Equation (11.30b) is obtained from Eq. (11.30a) by splitting the term 1/2 corresponding 
to ffi0 into two: 1/4 outside the summation and 1/4 inside the summation (corresponding 
ton= 0). This result is identical to Eq. (7.17b) found earlier by using time averages. 
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We now use the formula (see the footnote* for a proof), 
00 

• 2n 
00 

( 2nn) L e-1nwTb = Tb L 8 W - Tb 
n=-oo n=-oo 

Substitution of this result into Eq. (11.30b) yields 

\P(w)\
2 

[ 2n ~ 8 ( _ 2nn)] 
Sy(w) = 4T. 1 + Ti ~ w Tb 

b b n=-oo 

O1.30c) 

Note that the spectrum Sy(w) consists of both a discrete and a continuous part. A discrete 
component of clock frequency (Rb = l/Tb) is present in the spectrum. The continuous 
component of the spectrum is \ P ( w) \ 2 / 4 Tb is identical ( except for a scaling factor 1 / 4) to 
the spectrum of the polar signal in Example 11.7. This is a logical result because as Fig. 7 .2 
shows, an on-off signal can be expressed as a sum of a polar and a periodic component. 
The polar component is exactly half the polar signal discussed earlier. Hence, the PSD 
of this component is one-fourth of the PSD of the polar signal. The periodic component 
is of clock frequency Rb, and consists of discrete components of frequency Rb and its 

harmonics. 
(b) Bipolar signaling: in this case, ak can take on values 0, 1, and -1 with 

probabilities 1 /2, 1 / 4, and 1 / 4, respectively. Hence, 

ak = (0)Pak(0) + (l)Pak(l) + (-l)Pak(-1) 

1 1 1 
= 2(0) + 4(1) + 4(-1) = 0 

ffi:o =al= (0)2Pak(0) + (1)2 Pak Cl)+ (-1)
2
Pa/-1) 

1 1 1 1 
= -(0)2 + -(1)2 + -(-1)2 = -

2 4 4 2 

Also, 

ffi:1 = akak+l = LL akak+l Pakak+1 (akak+I) 
k k+l 

Because ak and ak+1 can take three values each, the sum on the right-hand side has nine 
terms, of which only four terms ( corresponding to values ± 1 for ak and ak+ 1) are nonzero. 

Thus, 

ffi:1 = (l)(l)Pakak+l(l, 1) + (-l)(l)Pakak+1(-l, 1) 

+(1)(-l)Pakak+l(l, -1)+(-1)(-l)Pakak+l(-1, -1) 

oo -jnwTI; 
* The impulse train in Fig. 3.24ais 8r. (t) can be expressed as orb (t) = Ln=-oo 8(t-nTb)- Also 8(t-nTb) # e . • 

Hence, the Fourier transform of this impulse train is I:::"=-oo e-jnwrb. But we found the alternate form of the Founer 
transform of this train in Eq. (3.42) (Example 3.13). Hence, 

00 
• 2:n: ~ ( 2:n:n) " efnWTb = _ L.., 0 w _ -

L.., Tb Tb 
n=-oo n=-oo 
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Because of the bipolar rule, 

and 

Similarly, we find Pakak+i (1, -1) = 1/8. Substitution of these values in ffi:1 yields 

] 

~ 

1 
ffi:1 = --

4 

For n ~ 2, the pulse strengths lllc and ak+1 become independent. Hence, 

Substitution of these values in Eq. (11.29) and noting that ffi:n is an even function of n 
yields ' 

S ( ) _ \P(w)\
2 

• 2 (wTb) 
yW - sm -

Tb 2 

This result is identical to Eq. (7.20b) found earlier by using time averages. 

11.3 MULTIPLE RANDOM PROCESSES 

For two real random processes x(t) and y(t), we define the crosscorrelation function* 
Rxy(t1, t2) as 

(11.31a) 

The two processes are said to be jointly stationary (in the wide sense) if each of the 
processes is individually wide-sense stationary and if 

Rxy(t1, t2) = Rxy(t2 - t1) 

= Rxy(r) (11.31b) 

Uncorrelated, Orthogonal (Incoherent), and Independent Processes 
Two processes x(t) and y(t) are said to be uncorrelated if their crosscorrelation function is 
equal to the product of their means; that is, 

Rxy(r) = x(t)y(t + r) = xy 

This implies that RVs x(t) and y(t + r) are uncorrelated for all t and r. 

* For complex random processes, the crosscorrelation function is defined as 

Rxy(t1, t2) = x*(t1)y(t2) 

(11.32) 

(11.31a) 
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Processes x(t) and y(t) are said to be incoherent, or orthogonal, if 

Rxy(r) = 0 

Incoherent, or orthogonal, processes are uncorrelated processes with x and/or y = 0. 

01.33) 

Processes x(t) and y(t) are independent random processes if for any t1 and t2, x(t1) and 

y(t2) are independent. 

Cross-Power Spectral Density 
We define the cross-power spectral density Sxy(w) for two random processes x(t) and y(t) 

as 

S ( ) _ l" Xr(w)YT(w) 
xy W - T~1! T (11.34) 

where XT(w) and Y T(w) are the Fourier transforms of the truncated processes x(t) rect (t /T) 
and y(t) rect (t / T), respectively. Proceeding along the lines of the derivation of Eq. (11.14), 
it can be shown that* 

Rxy(r) ~ Sxy(w) (11.35a) 

It can be seen from Eqs. (11.31) that for real random processes x(t) and y(t), 

R~y(r) = Ryx(-r) (11.35b) 

Therefore, 
Sxy(w) = Syx(-w) (11.35c) 

11.4 TRANSMISSION OF RANDOM PROCESSES THROUGH LINEAR 
SYSTEMS 

If a random process x(t) is applied at the input of a linear time-invariant system (Fig. 11.12) 
with transfer function H(w), we can determine the autocorrelation function and the PSD of 
the output process y(t). We now show that 

Ry(r) = h(r) * h(-r) * Rx(r) (11.36)" 

and 
(11.37) 

To prove this, we observe that 

y(t) = 1_:_h(a)x(t - a) da 

and 

y(t + r) = 1_: h(a)x(t + r - a) da 

* Equation (11.35a) is valid for complex processes as well. 
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x(I) H(w) 
h(t) 

y(I) 
Figure 11.12 Transmission of a random process through a linear time­
invariant system. 

Hence,* 

'\8-r"' Ry(r) = y(t)y(t + r) = 1_: h(a)x(t - a) da 1_: h(f3)x(t + r - /3) d/3 

= 1_:1_: h(a)h(f3)x(t - a)x(t + r - /3) da d/3 

= 1_:1_: h(a)h(/3)Rx(r + a - /3) da d/3 

This double integral is precisely the double convolution h(r) * h(-r) * Rx(r). Hence, Eqs. 
(11.36) and (11.37) follow. 

EXAMPLE 11.9 Thermal Noise 
Random thermal motion of electrons in a resistor R causes a random voltage across its 

terminals. This voltage n(t) is known as the thermal noise. Its PSD Sn(w) is practically flat 
over a very large band (up to 1000 GHz at room temperature) and is given by1 

Sn(w) = 2kT R (11.38) 

where k is the Boltzmann constant (1.38 x 10-23) and Tis the ambient temperature in kelvins. 
A resistor R at a temperature TK can be represented by a noiseless resistor R in series with 
a random white-noise voltage source (thermal noise) having a PSD of 2kT R (Fig. 11.13a). 
Observe that the thermal noise power over a band!!../ is (2kT R) 2!!..f = 4kT R!!..f. 

a a 

1 
R C - C Vo 

Sn(w) = 2kTR Sn(w) 

I 
b b 

(a) (b) (c) 

Figure 11.13 Thermal noise representation in a resistor. 

Let us calculate the thermal noise voltage (rms value) across the simple RC circuit in 
Fig. 11.13b. The resistor R is replaced by an equivalent noiseless resistor in series with the 
thermal-noise voltage source. The transfer function H ( w) relating the voltage v O at terminals 
ab to the thermal noise voltage is given by 

* In this development, we interchange the operations of averaging and integrating. Because averaging is really an 
operation ofintegration, we are really changing the orderof integration, and we assume that such a change is permissible. 
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1/jwC 1 
H(w) = R + 1/jwC = 1 + jwRC 

If S0 (w) is the PSD of the voltage v0 , then from Eq. (11.37) we have 

S0(w)=I ~ 1

2

2kTR 
1 + JWRC 

2kTR 

The mean square value v~ is given by 

v2 - _1 foo 2kTR dw 
o - 2rr Loo 1 + w2 R2C2 

kT 

C 
(11.39) 

Hence, the rms thermal noise voltage across the capacitor is ✓kT IC. 

Sum of Random Processes 
If two stationary processes (at least in the wide sense) x(t) and y(t) are added to form a process 
z(t), the statistics of z(t) can be determined in terms of those of x(t) and y(t). If 

then 

z(t) = x(t) + y(t) 

Rz(i) = z(t)z(t + -c) = [x(t) + y(t)][x(t + r) + y(t + r)] 

= Rx(r) + Ry(-c) + Rxy(r) + Ryx(r) 

If x(t) and y(t) are uncorrelated, then from Eq. (11.32), 

Rxy(r) = Ryx(r) = iy 

and 

(11.40a) 
,~ 

(11.40b) 

(11.41) 

Most processes of interest in communication problems have zero means. If processes x(t) and 
y(t) are uncorrelated with either x or y = 0 (that is, if x(t) and y(t) are incoherent), then 

Rz(i) = Rx(i) + Ry(i) (11.42a) 

and 

Sz(w) = Sx(w) + Sy(w) 

It also follows from Eqs. (11.42a) and (11.17) that 

22 = x2 +y2 

(11.42b) 

(11.42c) 
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Hence, the mean square of a sum of incoherent ( or orthogonal) processes is equal to the sum 
of the mean squares of these processes. 

EXAMPLE 11.1 0 Two independent random voltage processes x 1 (t) and x2 (t) are applied to an RC network, as 
shown in Fig. 11.14. It is given that 

2a 
Sxz(w) = 2 2 

a +w 

Figure 11.14 Noise calculations in a resistive circuit. 

y(t) 

Determine the PSD and the power Py of the output random process y(t). Assume that the 
resistors in the circuit contribute negligible thermal noise (i.e., assume that they are noiseless). 

Because the network is linear, the output voltage y(t) can be expressed as 

y(t) = YI (t) + Y2(t) 

where Yr (t) is the output from input x1 (t) [assuming x2(t) = O] and Y2(t) is the output 
from input x2(t) [assuming x1 (t) = O]. The transfer functions relating y(t) to x1 (t) and 
x2(t) are Hr (w) and H2 (w), respectively, given by 

1 1 
Hr (w) = -3(-3-jw_+_l_)' H (w) - ----2 

- 2(3jw + 1) 

Hence, 

and 

2 a 
Sy2 (w) = IH2(w)I Sx2 (w) = 2(9w2 + l)(a2 + w2) 

Because the input processes x1 (t) and x2(t) are independent, the outputs y1 (t) and y2(t) 
generated by them will also be independent. Also, the PSDs of y1 (t) and y2(t) have no 
impulses at w = 0, implying that they have no de components [i.e., y1 (t) = y2(t) = 0]. 
Hence, Yr (t) and y2(t) are incoherent, and 

Sy(w) = SY! (cu)+ Sy2 (w) 

2K(a2 + w2
) + 9a 

18(9w2 + l)(a2 + w2) 
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The power Py (or the mean square value y2) can be determined in two ways. We can find 
Ry ( r) by taking the inverse transforms of Sy1 ( c.v) and Sy2 ( c.v) as 

and 

K 3a -e-al,I 
R (r) = -e-1,1/3 + ----

Y 54 4(9a2 - 1) 
'-,-'--,..-, 

Ry1 (,) Ry
2 

(,:) 

- K 3a -1 
Py = yz = Ry(O) = 54 + 4(9a2 - 1) 

Alternatively, we can determine y2 by integrating Sy(c.v) with respect to c.v (or f) [see 
Eq. (11.17)]. 

11.5 BANDPASS RANDOM PROCESSES 

If the PSD of a random process is confined to a certain passband (Fig. 11.15), the process is a 
bandpass random process. Just as a bandpass signal can be represented in terms of quadrature 
components [see Eq. (3.38)], we can express a bandpass random process x(t) in terms of 
quadrature components as follows: 

x(t) = Xc(t) COS C.Vct + Xs (t) sin Wet (11.43) 

This can be proved by considering the system in Fig. 11.16a, where H0 (c.v) is an ideal 
low-pass filter (Fig. 11.16b) with unit impulse response ho(t). First we show that the system 
in Fig. 11.16a is an ideal bandpass filter with the transfer function H(c.v) shown in Fig. 11.16c. 
This can be conveniently done by computing the response h(t) to the unit impulse input 8(t). 
Because the system contains time-varying multipliers, however, we must also test whether it 
is a time-varying or a time-invariant system. It is therefore appropriate to consider the system 
response to an input o(t - a). This is an impulse at t =a.Using the fact that [see Eq. (2.18b)] 
f (t) o(t - a) = f (a)o(t - a), we can express the signals at various points as follows: 

Signal at a1 

a2 

b1 

b2 

2cos (c.vca + 0) 8(t - a) 

2 sin (c.vca + 0) o(t - a) 

2cos (c.vca + 0)ho(t - a) 

2sin (c.vca + 0)ho(t - a) 

c1 2 cos (c.vca + 0) cos (c.vct + 0)ho(t - a) 

c2 ~ 2 sin (c.vca + 0) sin (c.vct + 0)ho(t - a) 

d 2ho(t - a) [cos (c.vca + 0) cos (c.vct + 0) + sin(c.vca + 0) sin (c.vct +0)] 

= 2ho(t - a) cos [c.vc(t - a)] 

Thus, the system response to the input 8(t - a) is 2h0 (t - a) cos[c.vc(t - a)]. Clearly, the 
system is linear time-invariant, with impulse response 

h(t) = 2ho(t) cos Wet 
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0 
w---

figure 11.15 PSD of a bandpass random process. 

x(t) 

and 

H(c.v) = Ho(c.v + C.Vc) + Ho(c.v - C.Vc) 

The transfer function H (c.v) (Fig. 11.16c) represents an ideal bandpass filter. 
. Ifwe apply the bandpass pr~cess x(t) (Fig. 11.15) to the input of this system, the output 

will be x(t), Ifth~ processes at pomts b1 and b2 (low-pass filter outputs) are denoted by Xc(t) 
and Xs (t), respectively, then the output x(t) can be written as 

2 cos (Wet+ 0) 

2 sin (wet+ 0) 

Ideal 
low-pass 

filter 
Ho(w) 

Ideal 
low-pass 

filter 
Ho(w) 

(a) 

(b) 

H(w) 

0 

(c) 

x(t) = Xc(t) cos (c.vct + 0) + Xs (t) sin (c.vct + 0) (11.44) 

COS (wet+ 0) Figure 11.16 (a) Equivalent circuit of an 
ideal bandpass filter. (b) Ideal low-pass fil-
ter frequency response. {c) Ideal bandpass 

xJt) filter frequency response. 

br 

I 
x(t) 

d 

X8 (t) 

b2 

sin (wet+ 0) 

w-

I 4rr B--J 

w-
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where Xe(t) and Xs(t) are low-pass random processes band-limited to B Hz (because they ar 
the outputs oflow-pass filters of bandwidth B). Because Eq. (11.44) is valid for any value 0; 
0, by substituting 0 = 0, we get the desired representation in Eq. (11.43). 

In order to characterize Xe (t) and Xs (t), consider once again Fig. 11.16a with the input 
x(t). Let 0 be an RV uniformly distributed over the range (0, 2n'), that is, for a sample function 
0 is equally likely to take on any value in the range (0, 2Jr). In this case x(t) is represented 
as in Eq. (11.44). We observe that Xe(t) is obtained by multiplying x(t) by 2cos (uJc! + 0) 
and then passing the result through a low-pass filter. The PSD of 2x(t) cos (wet + 0) is [se~ 
Eq. (ll.20b)] 

This PSD is Sx(w) shifted up and down by We, as shown in Fig. 11.17a. When this is passed 
through a low-pass filter, the resulting PSD of xc(t) is as shown in Fig. 11.17b. It is clear that 

S (w) = { Sx(W +We)+ Sx(W - We) lwl :S 2Jr B 
Xe 0 lwl > 2Jr B (11.45a) 

We can obtain Sxs(w) in the same way. As far as the PSD is concerned, multiplication by 
cos (wet+ 0) or sin (wet+ 0) makes no difference (see footnote following Eq. (11.20a), and 
we get 

lwl :s 21TB 
lwl > 2JrB 

(11.45b) 

From Figs. 11.15 'and 11.17b, we make the interesting observation that the areas under the 
PSDs Sx ( w), Sxc ( w), and Sxs ( w) are equal. Hence, it follows that 

xJ(t) = x;(t) = x2(t) (11.45c) 

Thus, the mean square values (or powers) ofxe(t) and Xs(t) are identical to that ofx(t). 
These results are derived by assuming 0 to be an RV. For the representation in Eq. (11.43), 

0 = 0, and Eqs. (11.45b, c) may not be true. Fortunately, Eqs. (11.45b, c) hold even for the 

Figure 11.17 

(a) 

0 

(b) 

271'B w-

Derivation of PSDs of quadrature components of a bandpass random process. 

w-
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case of 0 = 0. The proof is rather long and cumbersome and will not be given here.1•2·3 It can 
also be shown that1,2,3 

(11.46) 

That is, the amplitudes Xe and Xs at any given instant are uncorrelated. Moreover, if Sx(w) is 
symmetrical about We (as well as -we), then 

(11.47) 

EXAMPLE 11.11 The PSD of a bandpass white noise n(t) is :N/2 (Fig. 11.18a). Represent this process in terms 
of quadrature components. Derive S11c (w) and Sns (w), and verify that nJ = n; = n2. 

w-
(b) 

Figure 11.18 (a) PSD of a bandpass white-noise process. (b) PSD of its quadrature components. 

We have the expression 

where 

It follows from this equation and from Fig. 11.18 that 

Also, 

Snc(w) = Sns(w) = { f: lwl :s 21TB 
lwl > 2JrB 

_ 1/c+B :Jv 
n2 = 2 - df = 2:NB 

fc-B 2 • 

From Fig. 11.18b it follows that 

nJ = n; = 2 foB :Ndf = 2:NB 

lwl :s 21TB 
lwl > 21TB 

(11.48) 

(11.49) 

(11.50a) 

(11.50b) 
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I Hence, 

n2 = n2 = n2 = 2NB e S OL50c) 

Nonuniqueness of the Quadrature Representation 
No unique center frequency exists for a bandpass signal. For the spectrum in Fig. 11.19a, for 
example, we may consider the spectrum to have a bandwidth 2B centered at We. The same spec. 
trum can be considered to have a bandwidth 2B' centered at w1, as also shown in Fig. 11.19a. 
The quadrature representation [Eq. (11.43)] is also possible for center frequency w1: 

x(t) = Xci (t) cos w1t + Xs1 (t) sin W1 (t) 

where 
lwl :s 2n B' 
lwl > 2nB' (11.51) 

This is shown in Fig. 11.19b. Thus, the quadrature representation of a bandpass process is not 
unique. An infinite number of possible choices exist for the center frequency, and corresponding 
to each center frequency is a distinct quadrature representation. 

-2rrB' 

Sx(w) 

0 
(a) 

w-

21TB' w-

Figure 11.19 Nonunique nature of 
quadrature component representation of a 
bandpass process. 

EXAMPLE 11.12 A bandpass white-noise PSD of an SSB channel (lower sideband) is shown in Fig. 11.20a. 
Represent this signal in terms of quadrature components with the carrier frequency We. 

The true center frequency of this PSD is not We, but we can still use We as the center 
frequency, as discussed earlier, 

n(t) = ne(t) COS Wet+ ns(t) Sin Wet (11.52) 

Th~ PSD Snc (w) or Sns (w) obtained by shifting Sn(w) up and down by We [see Eq. 11.51)] 
is shown in Fig. 11.20b, 

S~(w) = S,,,(ro) = { Y lwl :s 2nB (11.53) 

/wl > 2nB 
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0 

(a) 

(1)-

Figure 11.20 A possible form of quadrature component representation of noise in SSB. 

From Fig. 11.20a it follows that 

Similarly, from Fig. 11.20b we have 

n2 =n2 = NB e S 

Hence, 

Bandpass White Gaussian Random Process 

(11.54a) 

(11.54b) 

(11.54c) 

:mus far we ha:7e avoided defining a gaussian random process. The gaussian random process 
1s perhaps the smgle most important random process in the area of communication. It requires 
a rather careful and unhurried discussion. Fortunately, we do not need to know much about the 
?aussian proce_ss at this point; therefore, its detailed discussion is postponed until Chapter 14 
m order toav01d unnecessary digression. All we need to know here is that an RV x(t) formed 
by sample-function amplitudes at instant t of a gaussian process is gaussian, with a PDF of 
the form of Eq. (10.38). 

A gaussian random process with a uniform PSD is called a white gaussian random 
process. A bandpass white gaussian process n(t) with PSD N/2 centered at w and with a 
bandwidth 2B (Fig. 11.18a) can be expressed in terms of quadrature componentse as 

n(t) = ne(t) COS Wet+ ns(f) sin wet 

where, from Eq. (11.49), we have 

Sllc(w) = Sns (w) = { gv 
Also, from Eq. (11.50c), 

/wl :S 2nB 
/wl > 2nB 

(11.55) 
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n2 = n2 = n2 = 2NB e S 

The bandpass signal can also be expressed in polar form [see Eq. (3.39)]: 

n(t) = E (t) cos (wet + 8) 

where 

E(t) = Jn~(t) + n;(t) 

-1 Ils (t) 
E>(t) = - tan ne(t) 

(11.56) 

(11.57a) 

(11.57b) 

(11.57c) 

The RVs ne(t) and ns(t) are uncorrelated [see Eq. (11.46)] gaussian RVs with zero means and 
variance 2NB [Eq. (11.56)]. Hence, their PDFs are identical: 

1 -a2j2a2 
PT1c(a) = Pns(a) = r,:ce 

a,v2:,r 
(11.58a) 

where 

a 2 =2NB (11.58b) 

It will also be shown in Chapter 14 that if two gaussian RVs are uncorrelated, they are 
independent. In such a case, as shown in Examplel0.14, E(t) has a Rayleigh density 

E _g2;2a2 2 2""rB PE(E) = -e a = J'I. 
a2 

(11.59) 

and e in Eq. (11.57a) is uniformly distributed over (0, 2:,r). 

Sinusoidal Signal in Noise 
Another case of interest is a sinusoid plus a narrow-band gaussian noise. If A cos (wet+ <p) 
is a sinusoid mixed with n(t), a gaussian bandpass noise centered at We, then the sum y(t) is 

given by 

y(t) = A cos (wet+ <p) + n(t) 

Using Eq. (11.44) to represent the bandpass noise, we have 

y(t) =[A+ ne(t)] cos (wet+ <p) + Ils(t) sin (wet+ <p) 

= E(t) cos [wet+ E>(t) + <p] 

where E(t) is the envelope [E(t) > 0] and E>(t) is the angle shown in Fig. 11.21, 

E(t) = ✓[A+ ne(t)]2 + n;(t) 

-l Ils(t) 
E>(t) = - tan A ( ) +net 

(11.60a) 

(11.60b) 

(11.61a) 

(11.61b) 

Both ne(t) and ns(t) are gaussian, with variance a 2
• For white_gauss~~ noise, a

2 = 2.'.N"! 
[Eq. (ll.58b)]. Arguing in a manner analogous to that used m denvmg Eq. (10.53), an 

observing that 

I 
I 
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Figure 11.21 Phasor representation of a sinusoid and a 

~] n Ils 

narrow-band gaussian noise. 

n2 + n2 = E 2 
- A 2 

- 2An e S e 

= E2 
- 2A(A + ne) + A2 

= E2 
- 2AE cos E>(t) + A2 

we have 

(11.62) 

where a 2 is the variance of Ile ( or ns) and is equal to 2NB for white noise. From Eq. (11.62) 
we have 

(11.63) 

The bracketed term on the right-hand side of Eq. (11.63) defines I 0 (AE /a2), where Io is the 
modified zero-order Bessel function of the first kind. Thus, 

PE(E) = !!._e-(E2+A2)/2a2 Io (AE) 
a2 a2 

(11.64a) 

This is known as the Rice density, or rician density. For a large sinusoidal signal (A » a), 
it can be shown that4 

(
AE) ~

2 
AE/a2 Io - ::::: --e 

a 2 2:,rAE 

and 

PE(E) '.::::'. ✓ E e-(E-A)2;2a2 (11.64b) 
2:,rAa2 

Because A » a, E ::::: A, and PE(E) in Eq. (11.64b) is very nearly a gaussian density with 
mean A and variance a, 

PE(E) ::::: _l_e-(E-A)2 ;2a2 

a$ 
(11.64c) 

Figure 11.22 shows the PDF of the normalized RV E/a. Note that for Aja= 0, we obtain 
the Rayleigh density. 

From the joint PDF PEe(E, 0), we can also obtain pe(0), the PDF of the phase 8, by 
integrating the joint PDF with respect to E, 
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Figure 11.22 Rician PDF. 

px(x)t 
0.751----1--.:! = o (Rayleigh) 1---+----+----+-----1 

cr I 
.:! = 1· 

! 

0 L...~-=:::;;--~---.__;:=,,,,,;;:,,,,._.::::=,,,__,;:::o.,i._.;;::,,,.___...J 

0 1 2 3 4 5 6 7 
E x=­a 

x--

Pe(0) = fo
00 

PEe(E, 0) dE 

Although the integration is straightforward, there are a number of involved steps, and for this 
reason it will not be repeated here. The final result is 

Pe(0) = 2~e-A2/2CJ2 { 1 + ~-v'2ncos0eA2cos20;2(J2 [1 - Q ( Ac;s0) ]} (11.64d) 

11.6 OPTIMUM FILTERING: WIENER-HOPF FILTER 

When a desired signal is mixed with noise, the SNR can be improved by passing it through a 
filter that suppresses frequency components where the signal is weak but the noise is strong. 
The SNR improvement in this case can be explained qualitatively by considering a case of 
white noise mixed with a signal m(t) whose PSD decreases at high frequencies. If the filter 
attenuates higher frequencies more, the signal will be reduced-in fact, distorted. The distortion 
component l14 (t) may be considered an added noise. Thus, attenuation of higher frequencies 
will cause additional noise (from signal distortion), but, in compensation, it will reduce the 
channel noise, which is strong at high frequencies. Because at higher frequencies the signal 
has a small power content, the distortion component will be small compared to the reduction 
in channel noise, and the total noise may be smaller than before. 

Let H0 p(w) be the optimum filter (Fig. 11.23a). This filter, not being ideal, will cause 
signal distortion. The distortion signal l14(t) can be found from Fig. 11.23b. The distortion 
signal power ND appearing at the output is given by 

Nn = - Sm(w)\Hop(w) - 1\2 dw 1 100 

2n _00 

where Sm (w) is the signal PSD at the input of the receiving filter. The channel noise power 
Nch appearing at the filter output is given by 
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m(t) 

m(t) + n(t) m(t) + m,(t) + nch(t) 
----f H 0p(w) t-~-----

m(t) + m,(t) 
H0P (w) t-------4 

(a) 

(b) 

Figure 11.23 Wiener-Hopf filter calculations. 

Nch = -2

1 f00 

Sn(w)IH0 p(w)\2 dw 
11: -co 

where Sn(w) is the noi_se PSD appearing at the input of the receiving filter. The distortion 
co~ponent acts as a_ n?1se. Because the signal and the channel noise are incoherent, the total 
no~se No at the rece1vmg filter output is the sum of the channel noise Nch and the distortion 
nmse Nn, 

(11.65a) 

Using the fact that IA+ Bl2 
= (A+ B)(A * + B*), and noting that both Sm (w) and Sn (w) are 

real, Eq. (11.65a) can be rearranged as 

No= _I loo [IH (w) - Sm(w) 12 S ( ) Sm(w)Sn(w)] 
2n op S ( ) r w + ---- dw 

-co r W Sr(W) (11.65b) 

where Sr~w) = Sm(w) -~ Sn(w). The integrand on the right-hand side of Eq. (11.65b) is 
n~n~e~atlve. Moreover, 1t 1s a sum of two nonnegative terms. Hence, to minimize No, we must 
mm1m1ze each term. Because the second term Sm(w)Sn(w)/Sr(w) is independent of H (w) 
only the first term can be minimized. From Eq. (11.65b) it is obvious that this term is mini~ur~ 
when 

H (w) = Sm(w) 
op Sr(w) 

Sm(w) 

Sm(W) + Sn(w) (11.66a) 

For this optimum choice, the output noise power N
0 

is given by 

N 
_ I Joo Sm(w)Sn(w) 

o-- -----dw 
2n -co Sm(w) + Sn(w) (11.66b) 
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The optimum filter is known as the Wiener-Hopf filter in the literature. Equation (11.66a) 
shows that H0 p(w) ~ l (no attenuation) when Sm(w) » Sn(w). But when Sm(w) « Sn(cv), 
the filter has high attenuation. In other words, the optimum filter attenuates heavily the band 
where noise is relatively stronger. This causes some signal distortion, but at the same time it 
attenuates the noise more heavily so that the overall SNR is improved. 

Comments on the Optimum Filter 
If the SNR at the filter input is reasonably large-e.g., Sm(w) > lOOSn(w) (SNR of20 dB)­
the optimum filter [Eq. (ll.66a)] in this case is practically an ideal filter, and N0 [Eq. (ll.66b)] 
is given by 

l 100 

N0 '.::::'. - Sn(w) dw 
2rr _00 

Hence for a large input SNR, optimization yields insignificant improvement. The Wiener-Hopf 
filter is therefore practical only when the input SNR is small (large-noise case). 

Another issue is the realizability of the optimum filter in Eq. ( 11. 66a). Because Sm ( w) and 
Sn ( w) are both even functions of w, the optimum filter Hop ( w) is an even function of w. Hence, 
the unit impulse response h 0p(t) is an even function oft (see Prob. 3.1-1). This makes hap(t) 
noncausal and the filter unrealizable. As noted earlier, such a filter can be realized approximately 
if we are willing to tolerate some delay in the output. If delay cannot be tolerated, the derivation 
of H0 p(w) must be repeated with a realizability constraint. Note that the realizable optimum 
filter can never be superior to the unrealizable optimum filter [Eq. (ll.66a)]. Thus, the filter 
in Eq. (11.66a) gives the upper bound on performance ( output SNR). Discussion of realizable 
optimum filters can be readily found in the literature.1•3 

EXAMPLE 11.13 A random process m(t) (the signal) is mixed with a white channel noise n(t). Given 

2a :N 
Sm(w) = 

2 2 
and Sn(w) = -

2 a +w 

find the Wiener-Hopf filter to maximize the SNR. Find the resulting output noise power N0 . 

From Eq. (11.66a), 

Hence, 

4a 
cHop(w) = 4a + :N(a2 + w2) 

4a 4a 
132 = - +a2 

:N 

2a 
h (t) = -e-,61tl 

op :N/3 

(11.67a) 

(11.67b) 

Figure 11.24a shows h0p(t). It is evident that this is an unrealizable filter. However, a 
delayed version (Fig. 11.24b) of this filter, that is, hop (t - to), is closely realizable if we 
make to 2':: 3/ f3 and eliminate the tail fort < 0 (Fig. 11.24c). 

The output noise power N0 is [Eq. (ll.66b)] 

N l (oo 2a dw a a (11.68) 
0

=2n}o f3 2 +w2 =73= Ja2 +(4aj:N) 
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1---+ 

(a) 

(Lag time 10 ) 

0 

(b) 

(c) 

Figure 11.24 Close realization of an unrealizable filter using delay. 
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11.1-1 (a) Sketch the ensemble of the random process 

x(t) = a cos(cvt + 0) 

where cv and 0 are constants and a is an RV uniformly distributed in the range (-A, A). 

(b) Just by observing the ensemble, determine whether this is a stationary or a nonstationary 
process. Give your reasons. 

11.1-2 Repeat Prob. 11.1-1 part (a) if a and 0 are constants but cv is an RV uniformly distributed in 
the range (0, 100). 
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11.1-3 (a) Sketch the ensemble of the random process 

x(t) = at +b 

where bis a constant and a is an RV uniformly distributed in the range (-2, 2). 

(b) Just by observing the ensemble, state whether this is a stationary or a nonstationary process. 

11.1-4 Determine x(t) and Rx(ti, t2) for the random process in Prob. 11.1-1, and determine whether 

this is a wide-sense stationary process. 

11.1-5 Repeat Prob. 11.1-4 for the process x(t) in Prob. 11.1-2. 

11.1-6 Repeat Prob. 11.1-4 for the process x(t) in Prob. 11.1-3. 

11.1-7 Given a random process x(t) = k, where kis an RV uniformly distributed in the range (-1, 1). 

(a) Sketch the ensemble of this process. 

(b) Determine x(t). 

(c) Determine Rx(t1, tz). 

(d) Is the process wide-sense stationary? 

(e) Is the process ergodic? 

(t) If the process is wide-sense stationary, what is its power Px [that is, its mean square value 

x2 (t)]? 

11.1-8 Repeat Prob. 11.1-7 for the random process 

x(t) = a cos (wet + 0) 

where we is a constant and a and 0 are independent RVs uniformly distributed in the ranges 

(-1, l)and(O, 2rr),respectively. 

11.2-1 For each of the following functions, state whether it can be a valid PSD of a real random process. 

w2 
(a) w2 + 16 

w 
(c) w2 + 16 

(e) 8(w + wo) - 8(w - wo) 

jw2 
(g) w2 + 16 

1 
(b) w2 - 16 

1 
(d) 8(w) + wz + 16 

(t) j[8(w + w0) + 8(w - wo)] 

11.2-2 Show that for a wide-sense stationary process x(t), 

Hint: (x1 ± x2)2 =Xi+ x~ ± 2x1x2 c:: 0. Let X1 = x(t1) and Xz = x(tz). 

(b) lim Rx(r) = x.2 Hint: As r ➔ oo, x1 and x2 tend to become independent. 
T➔OO 

11.2-3 Show that if the PSD of a random process x(t) is band-limited to B Hz, and if 

n=O 
n = ±l, ±2, ±3, ... 
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then x(t) is a white bandlirnited process; that is, Sx(w) = krect (w/4rr B). Hint: Using the 
interpolation formula, reconstruct Rx(r). 

11.2-4 For the random binary process in Example 11.5 (Fig. 11.9a), determine Rx(r) and Sx(w) if the 
probability of transition (from 1 to -1 or vice versa) at each node is 0.6 instead of 0.5. 

11.2-5 A wide-sense stationary white process m(t) band-limited to B Hz is sampled at the Nyquist 
rate. Each sample is transmitted by a basic pulse p(t) multiplied by the sample value. This is a 
PAM signal. Show thatthePSD of the PAM signal is2BRm(O)IP(w)l2. Hint: UseEq. (11.29). 
Show that Nyquist samples ak and ak+n (n :::: 1) are uncorrelated. 

11.2-6 A duobinary line code proposed by Lender is a ternary scheme similar to bipolar, but requires 
only half the bandwidth of the latter. In this code, 0 is transmitted by no pulse, and 1 is transmitted 
by pulse p(t) or - p(t) using the following rule: A 1 is encoded by the same pulse as that used to 
encode the preceding 1 if the two 1 's are separated by an even number of O's. It is encoded by the 
negative of the pulse used to encode the preceding 1 if the two l's are separated by an odd number 
ofO's. Random binary digits are transmitted every Tb seconds. Assuming P(0) = P(l) = 0.5, 
show that 

Sy(w) = IPr)l2 cos2 ( w;b) 

Find Sy(w) if p(t), the basic pulse used, is a half-width rectangular pulse rect (2t/Tb). 

11.2-7 Determine Sy(w) for polar signaling if P(l) = Q and P(0) = 1 - Q. 

t ttt tt t ttt t tttt ~ t 
1-

Figure Pl 1.2-8 

11.2-8 An impulse noise x(t) can be modeled by a sequence ofunit impulses located at random instants 
(Fig. Pl 1.2-8). There are an average of a impulses per second, and the location of any impulse 
is independent of the locations of other impulses. Show that Rx ( r) = a 8 ( r) + a 2 . 

11.2-9 Repeat Prob. 11.2-8 if the impulses are equally likely to be positive and negative. 

.....J 

Figure Pl 1.2-10 

11.2-10 A sample function of a random process x(t) is shown in Fig. Pll.2-10. The signal x(t) changes 
abruptly in amplitude at random instants. There are an average of /3 amplitude changes ( or 
shifts) per second. The probability that there will be no amplitude shift in r seconds is given 
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by p
0 

( r) = e-f3,. The amplitude after a shift is independent of the amplitude before the shift. 
The amplitudes are randomly distributed, with a PDF Px (x ). Show that 

and 
2{3x2 

Sx(w) = f32 + w2 

This process represents a model for thermal noise.1 

11.3-1 Show that for jointly wide-sense stationary, real, random processes x(t) and y(t), 

I Rxy ( r) I ::: [ Rx (0) Ry (0)] 112 

Hint: For any real number a, (ax - y)2 
::: 0. 

11.3-2 Ifx(t) and y(t) are two incoherent random processes, and two new proc-:sses u(t) and v(t) are 

formed as follows: 

u(t) = x(t) + y(t) v(t) = 2x(t) + 3y(t) 

find Ru(r), Rv(r), Ruv(r), and Rvu(r) in terms of Rx(r) and Ry(r). 

11.3-3 Two random processes x(t) and y(t) are 

11.3-4 

x(t) = A cos (wot + cp) and y(t) = B cos (nwot + n<p) 

where n = integer f=- 1 and A, B, and w0 are constants and cp is an RV uniformly distributed 
in the range (0, 2rr). Show that the two processes are incoherent. 

A sample function of a periodic random process x(t) is shown in Fig. Pl 1.3-4. The. interval b 
where the first pulse begins is an RV uniformly distributed in the range (0, Tb)- If a sample 
function with b = 0 is expressed by a compact trigonometric Fourier series, 

then show that 

00 

x(t) = Co + L Cn cos (nwot + 0n) 
n=l 

1 00 

Rx(r) = C5 + 2 L C~cosnwor 
n=l 

2rr 
Wo=­

To 

Find the PSD Sx(w). Hint: 
00 

x(t) =Co+ L Cn cos [nwo(t - b) + 0n] 

where bis an RV uniformly distributed in the range (0, To). Now use the results in Prob. 11.3-3. 

1-

Figure Pl 1.3-4 

11.4-1 
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A simple RC circuit has two resistors R1 and R2 in parallel (Fig. Pll.4-la). Calculate therms 
value of the thermal noise voltage v O across the capacitor in two ways: 

(a) Consider resistors R1 and R2 as two separate resistors, with respective thermal noise voltages 
of PSD 2kT R1 and 2kT R2 (Fig. Pll.4-lb). Note that the two sources are independent. 

(b) Consider the parallel combination of R1 and R2 as a single resistor of value R1R2/(R1 + 
R2), with its thermal-noise voltage source of PSD 2kT R1Rif (R1 + R2) (Fig. Pll.4- le). 
Comment. 

C C C 

'----+--+-----0 

(a) (b) (c) 

Figure P11.4-1 

11.4-2 Show that Rxy ( r), the crosscorrelation function of the input process x( t) and the output process 
y(t) in Fig. 11.12, is 

11.4-3 

Rxy(r) = h(r) * Rx(r) and 

Hence, show that for the thermal noise n(t) and the output v0 (t) in Fig. 11.13 (Example 11.9), 

s (w) - 2kT R and Rnvo(r) = 2kcT e-,/RC u(r) 
IlVo - 1 + jwRC 

A shot noise is similar to impulse noise described in Prob. 11.2-8 except that instead of random 
impulses, we have pulses of finite width. If we replace each impulse in Fig. Pll.2-8 by a 
pulse h(t) whose width is large compared to 1/a, so that there is a considerable overlapping 
of pulses, we get shot noise. The result of pulse overlapping is that the signal looks like a 
continuous random signal, as shown in Fig. Pll.4-3. 

(a) Derive the autocorrelation function and the PSD of such a random process. Hint: Shot noise 
results from passing impulse noise through a suitable filter. First derive the PSD of the shot 
noise and then obtain the autocorrelation function from the PSD. The answers will be in 
terms of a, h(t), or H(w). 

(b) The shot noise in transistors can be modeled by 

h(t) = !l...e-tfT u(t) 
T 

where q is the charge on an electron and T is the electron transit time. Determine and sketch 
the autocorrelation function and the PSD of the transistor shot noise. 

r-

Figure P11.4-3 
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11.5-1 A white process of PSD :N/2 is transmitted through a bandpass filter H(w) (Fig. Pll.5-l). 
Represent the filte~utput n(t) in terms of quadrature components, and determine S°"(w), 
Sn, (w), n~, n;, and n2 when the center frequency used in this representation is 100 kHz (that is 
We = 200n X 103). ' 

Figure Pl 1.5-1 

IH(ro)l2 

2 

1 

lO0kHz 1--

11.5-2 Repeat Prob. 11.5-1 if the center frequency we used in the representation is not a true center 
frequency. Consider three cases: (a) le= 105 kHz; (b) le= 95 kHz; (c) le= 90 kHz. 

11.5-3 A random process x(t) with the PSD shown in Fig. Pl l.5-3a is passed through a bandpass filter 
(Fig. ll.5-3b). Determine the PSDs and mean square values of the quadrature components of 
the output process. Assume the center frequency in the representation to be 0.5 MHz. 

11.5-4 

(a) 

■ 
H] ---1 1 100 kHz 

■ 
0.5MHz 1-+-

(b) 

Figure Pl 1.5-3 

A signal process m(t) is mixed with a channel noise n(t). The respective PSDs are 

6 
Sm(w) = 9+w2 

(a) Find the optimum Wiener-Hopf filter. 

(b) Sketch its unit impulse response. 

and 

(c) Estimate the amount of delay necessary to make this filter closely realizable. 

( d) Compute the noise power at the input and the output of the filter. 
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( e) What is the SNR improvement realized by the use of this filter? Hint: Note that because of 
the special way in which the problem of optimum filtering is formulated, the signal powers 
at the input and the output of the filter are identical (see Fig. 11.23). 

11.5-5 Repeat Prob. 11.5-4 if 

4 
S (w)=--

m 4+w2 and S ( ) 32 
nW =64+w2 



12 BEHAVIOR OF 
ANALOG SYSTEMS IN 
THE PRESENCE OF 
NOISE 

I n this chapter, we analyze the behavior of analog communication systems in the presence 
of noise to facilitate the comparison of various systems. 

Figure 12.1 shows a schematic of a communication system. A certain signal power Sr 
is transmitted over a channel.* The transmitted signal is corrupted by channel noise during 
transmission. We shall assume channel noise to be additive. The channel will attenuate (and 
may also distort) the signal. At the receiver input, we have a signal mixed with noise. The signal 
and noise powers at the receiver input are S; and N;, respectively. The receiver processes (filters, 
demodulates, etc.) the signal to yield the desired signal plus noise. The signal and noise powers 
at the receiver output are S0 and N 0 , respectively. In analog systems, the quality of the received 
signal is determined by S0 / N 0 , the output SNR. Hence, we shall focus our attention on this 
parameter. But S0 / N 0 can be increased as much as desired simply by increasing the transmitted 
power Sr. In practice, however, the maximum value of Sr is limited by other considerations, 
such as transmitter cost, channel capability, interference with other channels, and so on. Hence, 
the value of S0 / N 0 for a given transmitted power is an appropriate figure of merit in an analog 
communication system. In practice, it is more convenient to deal with the received power S; 
rather than the transmitted power Sr. From Fig. 12.1, it is apparent that S; is proportional to 
Sr. Hence, the value of S0 / N 0 for a given S; will serve equally well as a figure of merit. 

12.1 BASEBAND SYSTEMS 

In baseband systems, the signal is transmitted directly without any modulation. This mode of 
communication is suitable over a pair of wires, optical fiber, or coaxial cables. It is mainly 
used in short-haul links. The study of baseband systems is important because many of the 
basic concepts and parameters encountered in baseband systems are carried over directly to 
modulated systems. Second, baseband systems serve as a basis against which other systems 
may be compared. 

* Here the channel is nsed in the sense of a transmission medium. 

532 

12 .1 Baseband Systems 533 

Input 
--- Transmitter Channel 

Channel noise 
n(t) 

So, No 
Receiver .-----

m(t) .__ ___ _, ._ __ __, ..._ __ .., Output 

so(t), no(t) 

Figure 12.1 Communication system model. 

For a baseband system, the transmitter and the receiver are ideal baseband filters 
(Fig. 12.2). The low-pass filter Hp(OJ) at the transmitter limits the input signal spectrum 
to a given bandwidth. The low-pass filter Hd(OJ) at the receiver eliminates the out-of-band 
noise and other channel interference. These filters can also serve an additional purpose, that of 
preemphasis and deemphasis, which optimizes the signal-to-noise ratio (SNR) at the receiver _ 
(or minimizes the channel noise interference). 

The baseband signal m(t) is assumed to be a zero mean, wide-sense stationary random 
process band-limited to B Hz. To begin with, we shall consider the case of ideal low-pass ( or 
baseband) filters with bandwidth B at the transmitter and the receiver (Fig. 12.2). The channel 
is assumed to be distortionless. For this case, 

(12.la) 

and 

N0 = 21B Sn(OJ)df (12.lb) 

where Sn (OJ) is the PSD of the channel noise. For the case of a white noise, Sn (OJ) = N/2, 
and 

1B :N 
No=2 -df=NB 

0 2 

and 

We define a parameter y as 

From Eqs. (12. ld) and (12.2) we have 

S; 

NB 

Figure 12.2 Baseband system. 

(12.lc) 

(12.ld) 

(12.2) 

(12.3) 
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The parameter y is directly proportional to Si and, therefore, directly proportional to Sr. Bence 
a given Sr ( or Si) implies a given y. Equation (12.3) is precisely the result we are looking fo ' 
It gives the receiver output SNR for a given Sr (or Si)- r. 

The value of the SNR in Eq. (12.3) will serve as a standard against which the output • 
SNR of other systems will be measured. 

The power, or the mean square value, of m(t) is m2 , given by 

m2 = 2 iB Sm(w) df 02.4) 

In analog signals, the SNR is basic in specifying the signal quality. For voice signals, an 
SNR of 5 to 10 dB at the receiver implies a barely intelligible signal. Telephone quality signals 
have an SNR of 25 to 35 dB, whereas for television, an SNR of 45 to 55 dB is required. ,. 

12.2 AMPLITUDE-MODULATED SYSTEMS 

We shall analyze DSB-SC, SSB-SC, and AM systems separately. 

DSB-SC 
A basic DSB-SC system is shown in Fig. 12.3.* The modulated signal is a bandpass signal 
centered at We with a bandwidth 2B. The channel noise is assumed to be additive. The channel 
and the filters in Fig. 12.3 are assumed to be ideal. 

Let Si and S0 represent the useful signal powers at the input and the output of the 
demodulator, and let N0 represent the noise power at the demodulator output. The signal at the 
demodulator input is ✓2 m(t) cos wet + n(t), where n(t) is the bandpass channel noise".-Its 
spectrum is centered at We and has a bandwidth 2B. The input signal power Si is the power of 
the modulated signalt ✓2 m(t) cos Wet. From Eq. (11.20c), 

Si = [ ✓2 m(t) cos WetF = ( ✓2)2[m(t) cos WetF = m2 (t) = m2 (12.5) 

The reader may now appreciate our use of ✓2 cos Wet (rather than cos Wet) in the modulator 
(Fig. 12.3). This was done to make the received power equal to that in the baseband system in 
order to facilitate comparison. We shall use a similar artifice in our analysis of the SSB system. 

Transmitter Channel 

Figure 12.3 DSB-SC system. 

Bandpass 
filter 

we+ 2rrB 

Receiver 

* The use of an input bandpass filter in the receiver may appear redundant because the out-of-band noise components 
will be suppressed by the final baseband filter. In practice, an input filter is useful because by removing the out-of-band 
noise, it reduces the probability of nonlinear distortion from overload effects. 

t The modulated signal also has a random phase 0, which is uniformly distributed in the range (0, 2n ). This random 
phase [ which is independent of m(t)] does not affect the final results and, hence, is ignored in this discussion. 
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To determine the output powers S0 and N0 , we note that the signal at the demodulator 
input is 

Yi (t) = ✓2 m(t) cos Wet+ n(t) 

Because n(t) is a bandpass signal centered at We, we can express it in terms of quadrature 
components, as in Eq. (11.48). This gives 

Yi(t) = [ ✓2m(t) + ne(t)] COS Wet+ ns(t) sin wet 

When this signal is multiplied by ✓2 cos wet (synchronous demodulation) and then low-pass 
filtered, the terms m(t) cos 2wet and m(t) sin 2wet are suppressed. The resulting demodulator 
output y 0 (t) is 

Hence, 

So= m2 = Si 

I­
No = 2n;(t) 

For white noise with power density N/2, we have [Eq. (ll.50b)] 

n;(t) = n2(t) = 2NB 

and 

No=NB 

Hence, from Eqs. (12.6a) and (12.7) we have 

So Si 
No= NB =y 

(12.6a) 

(12.6b) 

(12.7) 

(12.8) 

Comparison of Eqs. (12.8) and (12.3) shows that for a fixed transmitted power (which also 
implies a fixed signal power at the demodulator input), the SNR at the demodulator output is 
the same for the baseband and the DSB-SC systems. Moreover, quadrature multiplexing in 
DSB-SC can render its bandwidth requirement identical to that of baseband systems. Thus, 
theoretically, baseband and DSB-SC systems have identical capabilities. 

SSB-SC 
An SSB-SC system is shown in Fig. 12.4. The SSB signal* cpssB(t) can be expressed as [see 
Eq. (4.17c)] 

(12.9) 

The spectrum of cpssB(t) is shown in Fig. 4.15. This signal can be obtained (Fig. 12.4) by 
multiplying m(t) by 2 cos Wet and then suppressing the unwanted sideband. The power of the 
modulated signal 2 m(t) cos Wet is 2 m2 [four times the power of m(t) cos wet]. Suppression 
of one sideband halves the power. Hence Si, the power of cpssB ( t), is 

Si =m2 (12.10) 

* This is LSB. The discussion is valid for USB as well. 
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EXAMPLE 12.1 

SSB 
filter 

Transmitter 

Figure 12.4 55B-SC system. 
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Expressing the channel bandpass noise in terms of quadrature components as in Eq. (11.52), 
the signal at the detector input, y; (t), is 

y;(t) = [m(t) + ne(t)] cos Wet + [mh(t) + ns(t)] sin Wet 

This signal is multiplied by 2 cos wet (synchronous demodulation) and then low-pass filtered 
to yield the demodulator output 

Yo(t) = m(t) + ne(t) 

Hence, 

(12.11) 

We have already found n; for the SSB channel noise (lower sideband) in Eq. (11.54b) asc 

N 0 =n;=NB 
Thus, 

(12.12) 

This shows that baseband, DSB-SC, and SSB-SC systems perform identically in tenns 
of resource utilization. All of them yield the same output SNR for a given transmitted power 
and transmission bandwidth. 

In a DSB-SC system, the carrier frequency is fe = 500 kHz, and the modulating signal m(t) has 
a uniform PSD band-limited to 4 kHz. The modulated signal is transmitted over a distortionless 
channel with a noise PSD S0 (w) = 1/(w2 + a2), where a= 1067!. The useful signal power 
at the receiver input is 1 µ, W. The received signal is bandpass filtered, multiplied by 2 cos wJ, 
and then low-pass filtered to obtain the output s0 (t) + n0 (t). Determine the output SNR. 

Ifthereceivedsignaliskm(t) cos wet, the demodulator input is [km(t) + ne(t)] cos Wet+ 
ns (t) sin Wet. When this is multiplied by 2 cos wet and low-pass filtered, the output is 

s0 (t) + n0 (t) = km(t) + ne(t) (12.13) 

Hence, 

and 
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But the power of the received signal km(t) cos wet is 1 µ, W. Hence, 

k2m2 
--=10-6 

2 
and 

So = k2m2 = 2 x 10-6 

To compute n;, we use Eq. (11.45c): 

n2 = n2 
e 

537 

where n
2 

is the power of the incoming bandpass noise of bandwidth 8 kHz centered at 
500 kHz; that is, 

- 1504,000 1 
n2 =2 ---df 

496,ooo w2 + a 2 

= _!_l(2,r)504.000 1 _ 1 _
1 

wl(2,r)504.000 

2 2 dw- - tan -
J! (2,r)496,ooo w + a J!a a (2,r)496,ooo 

= 8.25 X 10-10 = N
0 

Therefore, 

S0 2 X 10-6 

N
0 

- 8.25 X lQ-10 = l.4l X l0
3 

= 33.83dB 

AM 
AM si~nals_ can be demodulated synchronously or by envelope detection. The former is of 
theoretical mterest only. _ It is useful, however, for comparing the noise performance of the 
envelope detector. For this reason, we shall consider both of these methods. 

. Coherent, or Synchronous, Demodulation of AM: Coherent AM is identical to DSB­
~C m e:e1: respect except for the additional carrier. If the received signal -Ji[ A+ m (t)] cos wet 
1s multiphed by -J2 cos Wet, the demodulator output is m(t). Hence, 

So =m2 

The output noise will be exactly the same as that in DSB-SC [Eq. (12.7)]: 

No =n~ =NB 

The received signal is -Ji[A + m(t)] cos wet, Hence, 

S; = chi [A+ m(t)]2 
2 

=[A+ m(t)]2 

= A2 + m2(t) + 2Am(t) 
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Because m(t) is assumed to have zero mean, 

and 

S; = A2 + m2 (t) 

m2 S; 

= A2+m2:NB 

m2 
= -Y 

A2+m2 

If m(t)max = mp, then A 2: mp. For the maximum SNR, A = mp, and 

Because (m~/ m2) 2: 1, 

m2 
-Y 

m2 +m2 
p 

(12.14) 

(12.15a) 

(12.15b) 
,-

It can be seen that the SNR in AM is at least 3 dB ( and usually about 6 dB in practice) worse than 
that in DSB-SC and SSB-SC (depending on the modulation index and the signal waveform). 
For example, when m(t) is sinusoidal, m~/m2 = 2, and AM requires three times as much 
power (4.77 dB) as that needed for DSB-SC or SSB-SC. 

In many communication systems the transmitter is limited by peak power rather than 
average power transmitted. In such a case, AM fares even worse. It can be shown (see Prob. 
12.2-6) that in tone modulation, for a fixed peak power transmitted, the output SNR of AM 
is 6 dB below that of DSB-SC and 9 dB below that of SSB-SC. These results are valid under 
conditions most favorable to AM, that is, with modulation index µ, = l. For µ, < l, AM would 
be worse than this. For this reason, volume compression and peak limiting are generally used 
in AM transmission in order to have full modulation most of the time. 

AM Envelope Detection: Assuming the received signal to be [A + m(t)] cos Wcf; 

the demodulator input is 

y;(t) =[A+ m(t)] cos Wet + n(t) 

Using the quadrature component representation for n(t), we have 

y; (t) = [A+ m(t) + fic(t)] COS Wet + n5 (t) sin Wet (12.16a) 

The desired signal at the demodulator input is [A+ m(t)] cos Wet. Hence, the signal power S; 
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is [see Eq. (ll.20c)] 

[A+ m(t)]2 A 2 + m2 
S· - ---- - ---' - 2 - 2 

To find the envelope ofy;(t), we rewrite Eq. (12.16a) in polar form as 

y;(t) = E;(t) cos [wet+ G;(t)] (12.16b) 

where the envelope E; (t) is [see Eq. (3.40)] 

E;(t) = j[A + m(t) + ne(t)]2 + n;(t) (12.16c) 

The envelope detector output is E;(t) [Eq. (12.16c)]. We shall consider two extreme cases: 
small noise and large noise. 

1. Small-Noise Case: If [A+ m(t)] » n(t) for almost all t, then [A+ m(t)] » ne(t) 
and ns(t) for almost all t.* In this case E;(t) in Eq. (12.16c) can be approximated by 
[A+ m(t) + ne(t)], 

E; (t) ::::: A+ m(t) + ne(t) 

The de component A of the envelope detector output E; is blocked by a capacitor, yielding 
m(t) as the useful signal and ne(t) as the noise. Hence, 

and from Eq. (11.50b), 

and 

m2 
-Y 

A2+m2 
(12.17) 

which is identical to the result for AM with synchronous demodulation [Eq. (12.14)]. Therefore 
for AM, when the noise is small compared to the signal, the performance of the envelope 
detector is identical to that of the synchronous detector. 

2. Large-Noise Case: In this case n(t) » [A + m(t)]. Hence, ne(t) and n5 (t) » 
[A+ m(t)] for almost all t. Under this condition Eq. (12.16c) becomes 

~ Here \\'e use the term "almost all t" because nc(t) and n,(t) are both gaussian (amplitude range -oo to oo), and 
m some ms~ances nc(t) or n,(t) or both will exceed A+ m(t), no matter how large A+ m(t) is. For large signals, 
however, this occurs only over relatively short time intervals. 
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EXAMPLE 12.2 

E; (t) c:::: Jn~(t) + n;(t) + 2ne(t)[A + m(t)] 

2[A + m(t)] 
= En(t) 1 +----COS 0n(t) 

En(t) 

where En (t) and 0n (t), the envelope and the phase of the noise n(t), are [see Eqs. (3.40) and 
Fig. 12.Sa] 

0 (t) = - tan-1 [ns(t)] 
n • lle(t) 

lle(t) = En (t) COS 0n (t) 

ll8 (t) = En(t) sin 0n(t) 

(12.18a) 

(12.18b) 

(12.18c) 

(12.18d) 

Because En(t) »A+ m(t), E;(t) may be further approximated as 

E; (t) '.::::'. En (t) [1 + A+ m(t) cos 0n (t)] 
En(t) 

= En(t) +[A+ m(t)] COS 0n(t) (12.19) 

A glance at Eq. (\2.19) shows that the output contains no term proportional to m(t). The 
signal m(t) cos 0n (t) represents m(t) multiplied by a time-varying function (actually a noise 
signal) cos 0n (t) and, hence, is of no use in recovering m(t). In all previous cases, the 
output signal contained a term of the form am(t), where a was constant. Furthermore, the 
output noise was additive (even for envelope detection with small noise). In Eq. (12.19), 
the noise is multiplicative. In this situation the useful signal is badly mutilated. This is the 
threshold phenomenon, where the signal quality at the output undergoes disproportionately 
rapid deterioration when the input noise increases beyond a certain level (i.e., when y drops 
below a certain value.) 

Calculation of the SNR for the intermediate case (transition region) is quite complex.1 

Here we shall state the final results only: 

So z- 2 
- c:::: 0.916A m2 y 
No 

Figure 12.5b shows the plot of S0 /N0 as a function of y for AM with synchronous 
detection and AM with envelope detection. The threshold effect is clearly seen from this 
figure. The threshold occurs when y is on the order of 10 or less. For a reasonable-quality 
AM signal, y should be on the order of 1000 (30 dB), and the threshold is rarely a limiting 
condition in practical cases. 

Find Ythresh, the value of y at the threshold, in tone-modulated AM withµ, = 1 if the onset of 
the threshold is when En > A with probability 0.01, En being the noise envelope. 

I Because En= Jn~ + n;, where both ne and ns are gaussian with variance a;, according 
to Eq. (10.54a) En has a Rayleigh PDF with variance a;, and 
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Hence, at the onset of the threshold, 

Az 

2
~ = 4.605 

an 

The variance a; of the bandpass noise of PSD N/2 and the bandwidth 2B is 2:NB 
Hence, at the onset of the threshold, • 

A2 

4:NB =4.605 

For tone modulation, 

m(t) = µ,A cos (wmt + 0) 

= A COS (wmt + 0) µ, = 1 

and 

A2 + 0.5A2 3A2 

2 4 
Hence, 

S; 3A2 

Ythresh = NB = 4:NB = 3(4.605) = 13.8 (or 12.4 dB) 

12.3 ANGLE-MODULATED SYSTEMS 

A block dia~arn of an angle-modulated system is shown in Fig. 12.6. The angle-modulated 
(or exponentially modulated) carrier fPEM(t) can be written as 

(/)EM(t) = A cos [wet+ 1/r(t)] 

where 

1/r(t) = kpm(t) forPM 

for FM 

(12.20a) 

(12.20b) 

(12.20c) 

an~ m(tj is the message signal. The channel noise n(t) at the demodulator input is a bandpass 
noise with PSD Sn(w) and bandwidth 2(t./ + B). The noise n(t) can be expressed in terms 
of quadrature components as 

n(t) = lle(t) cos Wet + lls (t) sin Wet (12.21a) 
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Figure 12.5 Performance of AM (synchronous 
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Figure 12.6 Angle-modulated system. 

where ne(t) and ns(t) are low-pass signals of bandwidth llf + B. The bandpa~s noise n(tl 
may also be expressed in terms of the envelope En (t) and phase E>n (t) as [ see Fig. 12.5a an 
Eqs. (12.18)] 

(12.21b) 

Angle modulation (and particularly wide-band angle modulation) is a nonlinear type of 
modulation. Hence, superposition does not apply. In AM, the signal output can be calculated 
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by assuming the channel noise to be zero, and the noise output can be calculated by assuming 
the modulating signal to be zero. This is a consequence of linearity. The signal and noise do 
not form intermodulation components. Unfortunately, exponential modulation is nonlinear, 
and we cannot use superposition to calculate the output, as can be done in AM. We shall show 
that because of special circumstances, however, even in angle modulation the noise output 
can be calculated by assuming the modulating signal to be zero. To prove this we shall first 
consider the case of PM and then extend those results to FM. 

Phase Modulation 
Because narrow-band modulation is approximately linear, we need to consider only wide­
band modulation. The crux of the argument is that for wide-band modulation, the signal m(t) 
changes very slowly relative to the noise n(t). The modulating signal bandwidth is B, and the 
noise bandwidth is 2(/lf + B), with llf » B. Hence, the phase and frequency variations of 
the modulated carrier are much slower than are the variations of n(t). The modulated carrier 
appears to have constant frequency and phase over several cycles, and, hence, the carrier 
appears to be unmodulated. We may therefore calculate the output noise by assuming m(t) 
to be zero (or a constant). This is a qualitative justification for the linearity argument. A 
quantitative justification is given in the following development. 

To calculate the signal and noise powers at the output, we shall first construct a phasor 
diagram of the signal Yi (t) at the demodulator input, as shown in Fig. 12.7, 

where 

Yi(t) = A cos [wet+ 1/l(t)] + n(t) 

= A COS [wet+ 1/l(t)] + E0 (t) COS [wet+ 8 0 (t)] 

= R(t) COS [wet + 1/l(t) + ll lj,(t)] 

forPM 

(12.22) 

(12.23) 

For the small-noise case, where En (t) « A for "almost all t," 1:1 lj,(t) « rr /2 for "almost all 
t," and 

En(t) . 
ll lj,(t) '.:::'. -- sm [80 (t) - 1/l(t)] 

A 
(12.24) 

The demodulator detects the phase of the input Yi (t). Hence, the demodulator output is 

Yo(t) = 1/l(t) + lllj,(t) 
En(t) . 

= kµm(t) + ~ sm [80 (t) -1/l(t)] 

(12.25a) 

(12.25b) 

Figure 12.7 Phasor representation of signals in an angle­
modulated system. 
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Note that the noise term!).. 'ljr(t) involves the signal 1/r(t) due to the nonlinear nature of angle 
modulation. Because 1j, (t) (baseband signal) varies much more slowly than E>n ( t) ( wide-band 
noise), we can approximate 'lj,(t) by a constant 1/r, 

En(t) . 
!)..'lj,(t) '.:::'. ~ sm[E>n(t)-1/r] 

En(t) En(t) . = -- sin E>n (t) cos 1/r - -- cos E>n (t) sm 1/r 
A A 

ns(t) nc(t) . .,, = -- cos 1j, - -- sm 'f' 

A A 

Also, because nc(t) and ns (t) are incoherent for white noise, 

cos21j, sin2 1j, 
S!l,t,(W) = A2Sns(w) + }llSnJw) 

Sns(w) 
A2 

For a white channel noise with PSD N/2 [Eq. (11.49)], 

S!l,t,(W) = { 0~ Iii :5 !)..j + B 
otherwise 

(12.26) 

(12.27a) 

Note that if we had assumed 'lj,(t) = 0 (zero message signal) in Eq. (12.26), we would have 
obtained exactly the same result.* 

The demodulated noise bandwidth is !)..j + B. But because the useful signal bandwidth 
is only B, the demodulator output is passed through a low-pass filter of bandwidth B to remcive 
the out-of-band noise. Hence, the PSD of the low-pass filter output noise is 

and 

From Eq. (12.25b) we have 

Thus, 

{ 
:N lwl:::; 27iB 

Sno(w) = OA2 (12.27b) 
lwl > 27iB 

N =2B (:J'i\ = 2:NB 
o A.2 j A2 

S - k2m2 
0 - p 

(12.28a) 

(12.28b) 

S0 = (Ak )2 ~ (12.28c) 
N

0 
P 2:NB 

These results are valid for small noise, and they apply to both WBPM and NBPM. We also 
have 

S; A2/2 A2 

y = :NB = :NB = 2:NB 

* This follows from the fact that E,,(t) sin E>n(t) = ns(t). Hence, !';.,fr(t) = ns(t)/ A, and St,.,y(w) ~ Sn, (w)/ A
2

-
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and 

So 2-
- =k m2 y 
No P 

(12.29) 

Also, for PM [Eq. (5.17a)], 

m; = [rh(t)lmax 

Hence, 

So = (!)..w)2 (~:) y 
N0 mp 

(12.30) 

Note that the bandwidth of the angle-modulated waveform is about 2!)..f (for the wide-band 
case). Thus, the output SNR increases with the square of the transmission bandwidth; that is, 
the output SNR increases by 6 dB for each doubling of the transmission bandwidth. Remember, 
however, that this result is valid only when the noise power is much smaller than the carrier 
power. Hence, the output SNR cannot be increased indefinitely by increasing the transmission 
bandwidth because this also increases the noise power, and at some stage the small-noise 
assumption is violated. When the noise power becomes comparable to the carrier power, the 
threshold appears as explained later, and a further increase in bandwidth actually reduces the 
output SNR instead of increasing it. 

Let us apply Eq. (12.30) to tone modulation, where m(t) = a cos Wmt. For this case 
m2 = a 2/2, andm; = lm(t)lmax = awm. Hence, 

So = ! (!)..w)2 Y = ! (!)..f)2 Y (12.31) 
N0 2 Wm 2 fm 

Note that Eqs. (12.28c), (12.29), (12.30), and (12.31) are valid for both NBPM and WBPM. 

Frequency Modulation 
Frequency modulation may be considered as a special case of phase modulation, where the 
modulating signal is f 00 m(a) da (Fig. 12.8). At the receiver, we can demodulate FM with 
a PM demodulator followed by a differentiator, as shown in Fig. 12.8. The PM demodulator 
output is kt f m(a) da. The subsequent differentiator yields the output ktm(t), so that 

(12.32) 

The phase demodulator output noise will be identical to that calculated earlier, with PSD 
:Nj A 2 for white channel noise. This noise is passed through an ideal differentiator whose 

~FM modulator➔ n(t) ~FM demodulator➔ 

Phase PM 
modulator receiver 

A cos [wet+ k1 J m(a) da] 

Figure 12.8 FM system as a special case of PM system. 
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transfer function is jw. Hence, the PSD Sn)w) of the output noise is ljwl
2 

times the PSD in 

Eq. (12.27b), 

lwl s 2nB 

lwl > 2nB 

The PSD of the output noise is parabolic (Fig. 12.9), and the output noise power is 

Hence, the output SNR is 

Because /::;.w = kjmp, 

1B N 2 
N0 = 2 2 (2nf) df 

o A 

8n2NB3 

3A2 

(12.33) 

(12.34) 

(12.35) 

(12.36) 

r~ 

(12J7) 

Recall that the transmission bandwidth is about 2/::;.f. Hence, for each doubling of the 
bandwidth, the output SNR increases by 6 dB. Just as in the case of PM, the output SNR 
does not increase indefinitely because threshold appears as the increased bandwidth makes the 

channel noise power comparable to the carrier power. 
For tone modulation; m2 Im! = 0.5 and 

S0 = ~ /32 y (12.38) 
Na 2 

The output SNR Sal N
0 

(in decibel) in Eq. (12.38) is plotted in Fig. 12.10 as a function of Y 
(in decibels) for various values of {3. The dotted portion of the curves indicates the threshold 
region (to be discussed later in this section). Although the curves in Fig. 12.10 are valid for 
tone modulation only (m2 Im! = 0.5), they can be used for any other modulating signal m(t) 

simply by shifting them vertically by a factor (m2 lm!)I0.5 = 2m
2 
Im!. 

Figure 12.9 PSD of output noise in FM receiver. 
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Figure 12.10 Performance of FM system. 
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From Eqs. (12.31) and (12.38), we observe that for tone modulation FM is superior to 
PM by a factor of 3. This does not mean that FM is superior to PM for other modulating signals 
as well. In fact, we shall see that PM is superior to FM for most of the practical signals. From 
Eqs. (12.30) and (12.36), it can be seen that 

(Sol N0 )PM (2JT B)2m; 
(12.39) 

Hence, if (2n B)2m; > 3m;, PM is superior to FM. If the PSD of m(t) is concentrated at lower 
frequencie~, low-frequenc~ compo_nents predominate in m ( t), and m; is small. This favors PM. 
Therefore, m general, PM 1s supenor to FM when Sm ( w) is concentrated at lower frequencies 
and FM is superior to PM when Srn(w) is concentrated at higher frequencies. This explains 
why FM is superior to PM for tone modulation, where all the signal power is concentrated at 
the highest frequency in the band. But for most of the practical signals, the signal power is 
concentrated at lower frequencies, and PM proves superior to FM. 

ExAMPLE 12.3 For a zero mean gaussian random process m(t) as the baseband signal, detennine the output 
SNR for FM, assuming white gaussian channel noise. 

I For a gaussian m(t), mp= oo. But because the probability that amplitude m lies beyond 
3am (1ml ::: 3am) is about 0.0027, one may consider* mp to be 3ain. Hence, 

* This is known as 3a loading. In the literature, 4a loading [mp = 4am)l is also used. 

1, 

I 

I ! 
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From Eq. (12.37) it follows that 

Narrow-Band Modulation: The equations derived thus far are valid for both narro:'­
band and wide-band modulation. We observed in Chapter_ 5 _that narrow-band exponential 
modulation (NBEM) is approximately linear and is very sumlar to AM. In fact, the output 
SNRs for NBEM and AM are similar. To see this, consider the cases of NBPM [Eq. (5.10)] 

and AM [Eq. (4.8a)], 

<f!NBPM(t) = A cos wet - Akpm(t) sin Wet 

= A cos Wet - m1 (t) sin Wet 

where mi (t) = Akpm(t). ~oth<pAM and <PNBPM contain a carrier and a_DSB term. In ~PM the 
carrier and the DSB component are out of phase by :rr /2 rad, whereas m <P ~ they ~em phase. 
But the :rr /2-rad phase difference has no effect on the power. Thus, m(t) m <PAM is analogous 

to m1 (t) in <PNBPM· M F AM [E (12 17)] 
Now let us compare the output SNRs for AM and NBP • or q. • , 

(~) AM A2:m2 y 

whereas for NBPM with m1 (t) = Akpm(t), Eq. (12.29) can be expressed as 

(
So) = k~m2y 
No PM 

m2 
1 

= A2Y 

Note that for NBPM, we require that lkpm(t) I « 1, that is, m1 (t) I A « l. Hence, 

A2 
::::::'. A2 + mf 

and 
m2 

1 y 
A2+mf 

NBPM • • ·1ar to AM Under the 
which is of the same form as (So/No)AM· Hence, is very sum • d nl to 
best ossible conditions, however, AM outperforms NBPM because for AM, we nee o :aue 
satisiy the conditions [A +m(t)] > 0 [Eq. (4.9a)], which implies [m(~)]mF ::: ~Pi:t~!:ever, 
modulation, the modulation index for AM can be nearl~ _equal to umty. or 'h AM and 
the narrow-band condition would be equivalent to requmng µ, « l. Hence, althoiBPM from 
NBPM have identical performance for a given value ofµ,, AM has the edge over 

the SNR viewpoint. 
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It is interesting to look for the line (in terms of llf) that separates narrow-band and wide­
band FM. We may consider the dividing line to be that value of fl/ for which the output SNR 
for FM given in Eq. (12.37) is equal to the maximum output SNR for AM. The maximum SNR 
for AM occurs whenµ, = 1, or when A =mp.Hence, equating Eq. (12.37) with Eq. (12.17) 
[with A= mp], 

(-) -m2 m2 
3f32y 2 = --=-- y 

m m2 +m2 p p 

or 

132 
= i [1 + (~/m~)] 

Because m2 / m~ < 1 for practical signals, and 

or 

1 132 < -
3 

f3 < 0.6 

This gives 

flf = 0.6B 

Mean Square Bandwidth and Estimation of Angle-Modulation 
Bandwidth 

(12.40) 

(12.41a) 

(12.41b) 

The bandwidth of a signal is a measure of the width of the signal spectrum. Several definitions of 
bandwidth have appeared in the literature. All are meaningful and useful in different situations. 
A 3-dB bandwidth is commonly used in electronic circuits. 

We now introduce one such useful measure of bandwidth. In Chapter 10, we noted that 
the standard deviation a is a good measure of the width of a PDF. We can extend this idea to the 
PSD by normalizing the spectrum to a unit area. The variance of such a normalized spectrum 
is known as the mean square bandwidth of the spectrum. The mean square bandwidth is 
meaningful, extremely useful, and mathematically tractable for angle-modulated signals. A 
normalized PSD, by definition, has unit area. Hence, to normalize a PSD, we divide it by its 
area so that the resulting function has a unit area. For convenience, we shall use the variable / 
(in hertz) rather than the variable w (in radians per second). This will give us the mean square 
bandwidth in hertz rather than in radians per second. 

Using this concept, for a baseband signal m(t), the normalized PSD is Sm ( w) / f ~
00 

Sm ( w) 
df. Because the normalized PSD is symmetrical about the vertical axis (f = 0), it has a zero 
mean (in the sense of the PDF), and its variance B'/n is* 

- J
00 

f 2Sm(2:rrf) df 
B 2 = -oo Hz 

m f~oo Sm(2:rrf) df 
(12.42a) 

= = J2Sm(2:rrf)df Hz 1 Joo 
m2 -oo 

(12.42b) 

* For Bl;, to exist, Sm(cv) must approach zero at a rate faster than 1/cv2 for large values of cv. 
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EXAMPLE 12.4 For a low-pass signal with PSD Sm(cv) = rect (cv/4n B), show that B'?n = B2 /3. 

Because Sm(cv) = 1 for Iii < B, and O for Iii > B, we have [Eqs. (12.42)] 

- f!s f 2 df B 2 

B2 =-C....---=-
m J!s df 3 

EXAMPLE 12.5 For a gaussian PSD Sm(cv) = ke-0:l12a
2 

show that 

From Eqs. (12.42), 

- ( (J' )2 B2 = -
m 2n 

We shall now investigate the dependence of the FM wave PSD on instantaneous 
frequency. In wideband modulation instantaneous frequency f; in the range (f, f + d f) gives 
rise to power spectral components (components of the PSD) in the range (f, f + df). The 
power contribution of these components is proportional to the relative time that f; rernains in 
this range. If Pfi (f) is the PDF of instantaneous frequency f;, then Pfi (f) df is the probability 
of observing f; in the range (f, f + d f). This probability is proportional to the time that f; 
remains in the range (f, f + df) and, hence, is proportional to the power contributed by 
spectral components in the range (f, f + d f). If SFM ( cv) is the PSD of an FM wave, then the 
preceding argument implies* 

(12.43) 

where k is a constant of proportionality. t 
To find the mean square bandwidth of SFM(2nf), we observe from Eq. (12.43) that 

Pf i (f) is precisely SFM (2n f) normalized to unit area. Hence, the mean square bandwidth of 
SFM(2nf) is the variance O'fi

2 off;, because 

CVi l 
fi = - = -[eve+ k1m(t)] 

2n 2n 

- 1 -
fi = -[eve+ k1m(t)] 

2n 

= le [because m(t) = O] 

* Because pu(f) = 0 for f < 0, SFM(cv) iu Eq. (12.43) is the unilateral PSD. This means SFM(cv) = 0 for w < 0 
and is twice the bilateral PSD for cv > 0. 

t By integrating both sides of Eq. (12.43) over (0, oo ), it can be shown that k = A 2 /2. 

and 

In other words, 

For phase modulation, 

and 
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O'f7 = (f; - fe)2 

1 
= 4n2 [k1m(t)]2 

1 2-
=-k m2 

4n2 f 

2 1 ' 
O'f; = (2n)2 (f; - fc)2 

1 2--
= 4n2 kp[rh(t)]2 

(12.44) 

Because the PSD of rh(t) is cv2 Sm (cv) = 4n2 J2 Sm (2n f), 

a2 - 1 k2100 4 2f2 
f; - 4n2 p _

00 

TC Sm(2nf) df 

Using Eq. (12.42), 

a2 = k2m2 B2 
f; p m 

that is, 

-2- 2--
BPM = kP m2 B~ (12.45) 

From Eqs. (~2.4~) and (12.45) we observe that the bandwidth of the FM wave is independent of 
the modulating. sign~l spectrum, whereas the bandwidth of the PM wave is strongly influenced 
by the modulatmg signal spectrum. 

The out~ut SNRs in Eqs. (12.29) and (12.35) can now be expressed in terms of mean 
square bandwidths. For PM, 

(12.46) 

and for FM, 

(12.47) 

Quanti~es BtM and ~ ai:e the variances of the normalized PSDs of the PM and FM waves, 
respectively. As seen earlier, the actual transmission bandwidth will be several times the 
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EXAMPLE 12.6 

standard deviation /sf:r_ or /sf:r_. For example, when the modulated signal PSD has a 
gaussian form,* 99. 7 4% of the total power resides within 3a of the carrier frequency. Hence, 

the bandwidth in this case may be taken as 6a, or 6/sf:r_ for PM and 6/sf:r_ f~r FM. From 
Eqs. (12.46) and (12.47), it follows that in PM as well as in FM the output SNR improves by 
6 dB for each doubling of the transmission bandwidth. It should be stressed that these results 
are valid only for small noise. 

Which Is Superior: PM or FM? From Eqs. (12.46) and (12.47), we have 

(So/No)PM = ( B
2 

) (BJM) (12.48) 
(So/ No)FM 3B;. Bf;M 

It will be instructive to compare the performance of PM and FM for the same transmission 

bandwidth (the same mean square bandwidth), that is, for BiM = Bf;M. This gives 

(S0 / No)PM B 2 

(12.49a) 

Thus, if 

B 2 > 3B2 (12.49b) m 

PM is superior to FM. Otherwise, FM is superior to PM. We showed in Example 12.4 that 
when the PSD of m(t) is constant (over a band B Hz), 3B;. = B 2 . Hence, PM and FM 
perform equally well in that case. If the spectrum falls off with frequency, as it does for f:11 re~l 
signals, B;. is less than B2 /3, and PM is sup~rior to FM. If, o~ the other h~d, the s~ectrmn 1s 

weighted heavily at higher frequencies, B;. is greater than B /3, and~ is supenor to PM. 
This is exactly what happens for tone modulation, where the spectrum is concentrated at the 
highest frequency B, with no power at lower frequencies, making B~ = B 2 . This is why for 
tone modulation FM is superior to PM by a factor of 3. Tone modulat10n proves to be grossly 
misleading in the SNR analysis of angle modulation. For practical signals, including audio, the 
spectrum falls off with frequency, and PM is superior to FM. A~tually: so-calle~ FM broadcast 
is not pure FM but is FM modified by preemphasis-deemphasis, as discussed m Sec. ~-5. 

We have derived two different criteria [Eqs. (12.39) and (12.49a)] for comparmg PM 
and FM performance. In Eq. (12.39), the output SNRs are compared for a given transmission 
bandwidth, whereas in Eq. (12.49a), the output SNRs are compared for a given me~n square 
transmission bandwidth. Consequently, we may get slightly different answers by usmg these 
two criteria (see Probs. 12.3-4 and 12.3-8). Although the criterion in Eq. (12.39) is pre~erab!e 
to that in Eq. (12.49a), it is impossible in practice to detennine the parameters requrred m 
Eq. (12.39), and the only way to compare may be through Eq. (12.49a). 

. . .. f 
If a baseband signal m(t) has a gaussian PSD, show tllat PM is supenor to FM b! ~ factoro . 
3 (4.77 dB) when the bandwidth Bis taken as 3a, where a is the standard deviation of the 
normalized PSD of m(t). 

d • • • when the * It can be shown2 that for wide-band angle modulation, the PSD of the modulate earner ~s gauss1an 
modulating random process is gaussian. 

Ai/l(t) 

Figure 12.11 
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Sm (t) is gaussian of the form ke_",212"
2

• The radian bandwidth W = 2n B = 3a, and 
B = 3a /2n. Also, as seen in Example 12.5, 

2 
B2 __ _ a 3a 

and B = -
m 4n 2 2n 

Hence, from Eqs. (12.49), it follows that PM is superior to FM by a factor of 3. 

Threshold in Angle Modulation 
When the noise power at the demodulator input is comparable to the carrier power, the threshold 
phenomenon (discussed earlier for AM systems) appears. In FM this effect is much more 
pronounced than in AM. Let us discuss qualitatively how the threshold effect appears. We refer 
back to Fig. 12.7 and observe that the phasor En rotates from the tenninal of the phasor A. When 
En « A, the angle fl1/J(t) is quite small, and because Gn(t) is random with uniform distribution 
in the range (0, 2n), fl 1/l(t) assumes positive as well as negative values (Fig. 12. lla), which 
are usually much smaller than 2n. When En is large ( on the order of A or greater), however, 
the resultant phasor is much more likely to rotate around the origin, and fl 1/J is more likely 
to go through changes of 2n (Fig. 12. llc) in a relatively short time, because the noise varies 
m~ch faster than the modulating signal. The noise at the FM demodulator output is given by 
fl1/l(t).* This is shown in Fig. 12.11 for large and small noise. For large noise, we observe 
the appearance of spikes ( of area 2n ), which give rise to a crackling sound. When the noise is 
small (En « A), the PSD of the output noise fl '!fr (t) is parabolic, and most of its power is in 
the frequencies greater than B and is therefore filtered out by the baseband filter at the output. 
For the large-noise case, on the other hand, we have the presence of spikes, which are like 

(Small-noise case) 

,y'\ ,.... " I\ ~ f\ I"\ /"'\ ,:;;;.. ~v VS, V4.7~ ,_ 
(b) 

(Large-noise case) 

t---.+-
(c) 

Nature of output noise in FM receiver for small and large channel noise. 

* Recall that FM demodulation requires differentiation of the angle because the instantaneous frequency is proportional 
to the derivative of the angle. 
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impulses. Consequently, they have considerable power at lower frequencies. Hence, a spike 
will contribute much more noise at the output. For this reason, when En approaches the order 
of A, the output noise starts increasing disproportionately (Fig. 12.12). This is precisely the 

phenomenon of threshold. 
It has been shown3 that the noise power caused by the spikes Ns; is 

8:n:
2
BFMB ( ~) 

Ns = J3 Q fii;;:; Y 
(12.50a) 

and the total noise power Nr, is the sum of N 0 in Eq. (12.34) and Ns in Eq. (12.50a). The 

output SNR is 

S
0 

3t2y(rr.2-/m;) 

N 0 + Ns = 1 + (2J3BFM/B) yQ [✓(2B/BFM)Y] 

3t2y(m2/m;) 

= -1 +-4J3-;:3=-(t-+---:-:-1 )-y-:-Q-::-[ ✓";:::Y::;::/ (:;::::;:;t:=+::::;:1::;:)] 
(12.50b) 

The onset of the threshold is when the carrier power is 10 times the channel noise power. The 
carrier power is A 2 /2, and for white noise with a PSD N/2, the noise power is NBFM, where 

BFM, the bandwidth of an FM carrier, is 

BFM = 2(!::.f + B) = 2B(t + 1) 

Hence, the threshold occurs when 

~ dBt 
N' 0 

40 

36 

32 

28 

24 

20 

16 

12 

8 

4 

1 A2 

2:N'B(t + 1) = - -
10 2 

o 2 4 6 8 IO 12 14 16 18 20 22 24 26 28 30 32 'Y, dB -

Figure 12.12 Threshold phenomenon in FM. 

EXAMPLE 12.7 

or 

12.3 Angle-Modulated Systems 

A2 
20(t + 1) = 

2
:N'B 

555 

By definition, the right-hand side of this equation is y at threshold. Thus, Ythresh, the value of 
y at the onset of threshold, is 

Ythresh = 20(t + 1) (12.51) 

A gaussian m(t) with 4a loading (that is, mp = 4am) frequency-modulates a carrier using 
t = 4. The output SNR is found to be 20 .5 dB. Determine whether the system is in threshold. 

For t = 4, Ythresh is 

Ythresh = 20(t + 1) = 20(5) = 100 

For this value of y [Eq. (12.37)], 

(~) = 3(16)(100) C~) = 300 

Because 20.5 dB is a ratio of 160, the SNR is below 300, and the system is in threshold. 

Threshold Extension in Angle Modulation 
The problem of threshold is rather serious in angle modulation. The ability to communicate 
even at low power levels simply by increasing the transmission bandwidth is the very raison 
d'etre of angle-modulated systems, and threshold deprives angle modulation of its very essence. 
For this reason, much attention has been paid to the problem of pushing the threshold level 
further down and extending the useful operating range. The two principal methods used for 
this purpose utilize frequency compression feedback (FCF) and phase-lock loop (PLL). We 
shall look briefly into these techniques. 

Frequency Compression Feedback (FCF): The basic circuit is shown in Fig. 12.13. 
Let us consider a frequency-modulated wave A cos [cvct + 1,lr(t)] at the input. The quiescent 
frequency of the VCO is eve - cv0 • The instantaneous frequency cv; of the VCO is given by 

A cos [wet+ l/l(t)] 

Bandpass 1--4-f---{ 
filter 

CV; = (eve - cv0 ) + ae(t) 

Bandpass 
filter 
H0 (w) 

Limiter­
discriminator 

Figure 12.13 Frequency compression feedback (FCF). 

Baseband 
filter 
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and the VCO output e0(t) is given by* (assuming initial instant t = 0), 

ea(t) =2cos[(we-w0)t+a lot e(r)dr] (12.52) 

The bandpass filter H0 ( w) is centered at w0• The multiplier output em ( t) has a spectrum. centered 
at the sum. and difference frequencies. The sum. frequencies are centered at 2we - w0 and are 
suppressed by the bandpass filter H0 ( w), which allows only the difference frequencies centered 
at w0 to pass. The output ep (t) of the bandpass filter is 

ep(t) = A cos [ w0t + 1/f(t) - a lot e(r) dr] (12.53) 

The limiter-discriminator frequency demodulates the signal ep(t) by differentiating its angle. 

Therefore, the output e(t) is given by 

Hence, 

e(t) = :t [ 1/f(t) - a lot e(r) dr] 

= 'if!(t) - ae(t) 

e(t) = 'if!(t) 
l+a 

Substitution of this value of e(t) into Eq. (12.53) yields 

ep(t) = A cos [w0t + 1/f(t) ] 
l+a 

(12,-54) 

This interesting result shows that the signal ep(t) is another frequency-modulated signal with 
carrier frequency w0 and is similar to the incoming carrier A cos [ Wet + 1/f (t)]. The difference 
is that the angle is 1/f(t)/(1 + a) instead of 1/f(t). This implies a reduction in the frequency 
deviation and, consequently, a reduction in the bandwidth of the modulated signal by afactort of 
(1 +a). Hence, for a wide-band case, the bandwidth of H0(w) need only be about2~f /(1 +a). 
The second conclusion is that when ep(t) is applied to a limiter-discriminator, the output e(t) 
is 'if/(t)/(1 + a). Hence, the FCF demodulator indeed frequency-demodulates the incoming 
frequency-modulated carrier. • 

Let us now see what happens when the input signal is a frequency-modulated carrier plus 
bandpass channel noise. The signal plus noise can be expressed as R(t) cos [wet + 1/r(t) + 
~1/r(t)] [Eq. (12.22)]. The amplitude variations R(t) are eventually eliminated in the limiter-

discriminator (see Sec. 5.4), and 

Similarly, 

[ 
1/f(t)+~i/f(t)] 

ep(t) = A cos Wet+-----
1 +a 

1 . . 
e(t) = --[1/f(t) + ~1/f(t)] 

l+a 

(12.55) 

* The amplitude of e
0 
(t) is immaterial in our discussion. For convenience, it is considered to be 2. 

t In order to avoid distortion of the modulating signal, the bandwidth (!;.f + B)/(1 + a) must be greater than B. 
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where 'if/ is the useful signal and~ 'if/ is the noise. The output of the FCF demodulator is identical 
to that of the conventional demodulator except for the multiplicative factor 1 / (1 +a). Hence, 
the output SNR of the FCF demodulator is identical to that of the conventional demodulator. 
The advantage is gained, however, in extending the threshold. This can be seen from. the fact 
that the FM wave passes unmolested through the filter H 0 ( w) [Eq. ( 12.5 5)]. The channel noise 
however, w?ich ~ad hitherto a bandwidth of about 2~f, has to pass through H0(w) havin~ 
1/(1_ +_a) tl~es_ 1t~ former bandwidth. Hence, the carrier-power-to-noise ratio at the input of 
the hllllter-d1scnrnmator is enhanced by a factor of 1 +a.As seen earlier, this does not affect 
the SNR, but it does extend the threshold because of the relative enhancement of the carrier 
power in relation to noise power. It can be seen that the carrier power can now afford to be 
~educed by a factor of 1 + a before the onset of the threshold. In other words, the threshold 
1s extended roughly by 10 log a dB. Because of practical problems, however, this benefit is 
not completely realized. In practical FCF demodulators, threshold extension of about 5 to 7 
dB can be realized. 

Phase-Locked Loop (PLL): The functioning of the PLL was discussed in Chapters 
4 and 5. For the small-noise case, the PLL performance is identical to that of a conventional 
demodulator (just as in FCF). For large noise, however, the PLL extends the threshold just as 
the F~F does, by reducing the filter bandwidth. The detailed analysis is beyond our scope.4 A 
practical PLL extends the threshold region by about 3 to 6 dB. 

12.4 PULSE-MODULATED SYSTEMS 

~ong pulse-modulated systems (PAM, PWM, PPM, and PCM), only PCM is of practical 
importance. The other systems are rarely used in practice. For this reason we shall discuss 
only PCM in detail. It can be shown that the performance of PAM is similar to that of AM­
SC systems (i.e., the output SNR is equal to y ). The PWM and PPM systems are capable of 
exchanging the transmission bandwidth with output SNR, as in angle-modulated systems. In 
PWM, the output SNR is proportional to the transmission bandwidth Br. This performance is 
clearly inferior to that of angle-modulated systems, where the output SNR increases as B 2

. In 
PPM systems under optirn~rn conditions, the output SNR increases as B'§:. but is still inf~rior 
to FM by a factor of 6. Form-depth treatment of PAM, PWM, and PPM, the reader is referred 
to Panter1 or Rowe.5 

~other PM system. that deserves mention is the delta-modulation (DM) system. dis­
cussed m Chapter 6. For speech signals, this system's performance is com.parable to that of 
PCM for a bandwidth expansion ratio Br/ B of 7 to 8. For Br/ B > 8, PCM is superior to 
DM, and for Br/ B < 8, DM is superior to PCM. 

Pulse-Code Modulation 
In PCM, a ~aseband signal rn(t) band-limited to B Hz and with amplitudes in the range of 
~mp tom p 1s sampled at a rate of 2B samples per second. The sample amplitudes are quantized 
mto L levels, each separated by 2mp/ L. Each quantized sample is encoded into n binary digits 
(~n = L). The binary signal is transmitted over a channel. The receiver detects the binary 
signal and reconstructs quantized samples ( decoding). The quantized samples are then passed 
through a low-pass filter to obtain the desired signal rn(t). 
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There are two sources of error in PCM: (1) quantization or "rounding off" error, and (2) 
detection error. The latter is caused by error in the detection of the binary signal at the receiver. 

As usual, m(t) is assumed to be a wide-sense stationary random process. The random 
variable m(kTs ), formed by sample-function amplitudes att = kTs, will be denoted by mk. The 
kth sample mk is rounded off, or quantized, to a value mk, which is encoded and transmitted 
as binary digits. Because of the channel noise, some of the digits may be detected erroneously 
at the receiver; and the reconstructed sample will be IDk instead of IDk- If qk and Ek are the 

quantization and detection errors, respectively, then 

and 

qk = mk - ffik 

Ek = ffik - ffik 

(12.56) 

(12.57) 

Hence, the total error mk - mk at the receiver is qk + Ek. The receiver reconstructs the signal 
fii(t) from samples fiik according to the interpolation formula in Eq. (6.10), 

where 

m(t) = L illk sine (2n Bt - kn) 
k 

= L[mk - (qk + Ek)] sine (2n Bt - kn) 

k 

= Lmk sine (2n Bt - kn) - L(qk + Ek) sine (2n Bt - kn) 
k k 

= m(t) - e(t) 

e(t) = L(qk + Ek) sine (2n Bt - kn) 
k 

(12.58a) 

(12.58b) 

The receiver therefore receives the signal m(t) - e(t) instead of m(t). The error signal e(t) is a 
random process with the kth sample qk +Ek-Because the process is wide-sense stationary, the 
mean square value of the process is the same as the mean square value at any instant. Because 

qk +Ekis the value of e(t) at t = kTs, 

e2 (t) = (qk + Ek)2 

Because qk and Ek are independent with zero mean RVs (see Examples 10.17, 10.18, and 

10.19), 

e2(t) = qr + Ek 

We have already derived qr and E} in Examples 10.17 and 10.18 [Eqs. (10.64b) and (10.66b)]. 

Hence, 

(12.59a) 
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where Pe is the detection error probability. For binary coding, each sample is encoded into 
binary digits. Hence, 2n = L, and n 

-- m2 
e2(t) = _P_[l + 4P (22n - l)] 

3(22n) e (12.59b) 

As seen from Eq. (12.58a), the output m(t) - e(t) contains the signal m(t) and noise e(t). 
Hence, 

and 

(12.60) 

The error probability Pe depends on AP, the peak pulse amplitude, and the channel noise power 
a; [Eq. (10.41)],* 

It wi_ll be sh?wn i~ Sec: 1_3.1 t~at Ap/an can be maximized (that is, Pe can be minimized) by 
pass!ng the mcommg d1g1tal signal through an optimum filter (known as the matched filter). 
It wdl be shown that for polar signaling [Eqs. (13.9c) and (13.20a)], 

and 

( 12.61) 

where Ep is the energy of the received binary pulse and the channel noise is assumed to be 
white with PSD N/2. Because there are n binary pulses per sample and there are 2B samples 
per second, there are a total of 2Bn pulses per second. Hence, the received signal power 
S; = 2BnEp, and 

and 

Pe= Q(s;;) 
= Q (If) (12.62) 

(12.63) 

* ~s assumes polar signaling. Bipolar (or_pseu~oternary) signaling requires about 3 dB more power than polar to 
achieve the same Pe (see Sec. 7.2). In practice, bipolar rather than polar signaling is used for PCM. 
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Figure 12.14 shows a plot of the output SNR as a function of y for tone modulation (m
2 
/ m~ ::::: 

0.5). It can also be used for a general case, with m2 / m~ = ).,, where the SNR is ).,/0.5 :::: 2). 
times that in Fig. 12.14. Hence, we simply shift the curves in Fig. 12.14 upward by lOlog (2).) 

dB. 
Figure 12.14 shows two interesting features: the threshold and the saturation. When y 

is too small, a large pulse-detection error results, and the decoded pulse ~eque~ce yields a 
sample value that has no relation to the actual sample transmitted. 1:he rece1v~d signal is thus 
meaningless, and we have the phenomenon of threshold. To explam sat~ration, we observe 
that when y is sufficiently large (implying sufficiently large pulse amplitude), the detection 

error Pe ➔ 0, and Eq. (12.60) becomes 

So = 3L 2 (m:) (12.64a) 
N0 mp 

= 3(22n) ( :; ) (12.64b) 

The SNR in this case is practically independent of y. Because the detection error approaches 
zero, the output noise now consists. entirely of the quantization noise, which depends only on 
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Figure 12.14 Performance of PCM. 

EXAMPLE 12.8 
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L. Because the pulse amplitude is large enough so that there is very little probability of making 
a detection error, a further increase in y by increasing the pulse amplitude buys no advantage, 
and we have the saturation effect. 

In the saturation region, 

(~)dB= 10 [log3+2nlog2+log (:;)] 

=a+6n (12.64c) 

where a= 4.77 + 10log10 (m2/m;). 

For PCM with n = 8, determine the output SNR for a gaussian m(t). Assume the saturation 
region of operation. 

For a gaussian signal, mp = oo. In practice, however, we may clip amplitudes> 3crm or 
4crm, depending on the accuracy desired. For example, in the case of 3cr loading, 

P(lml > 3crm) = 2Q(3) = 0.0026 

and for 4cr loading, 

P(lml > 4crm) = 2Q(4) = 6 x 10-5 

If we take the case of 3cr loading, 

and 

For 4cr loading, 

m2 

m2 
p 

1 
-
9 

~ = 3(2)16 (i) = 21,845 = 43.4 dB 

~ = 3(2)
16 

( l~) = 12,288 = 40.9 dB 

To facilitate the comparison of PCM with other types of modulation, the SNRs of FM 
and DSB-SC are superimposed on the SNR of PCM in Fig. 12.14. The theoretical bandwidth 
expansion ratio for PCM is BPcM/ B = n. In practice, this can be achieved by using duobinary 
signaling. Today's PCM systems use bipolar signaling, however, requiring BpcM! B = 2n. 
Moreover, Pe in Eq. (12.62) is valid only for polar signaling. Bipolar signaling requires twice 
as much power. Hence, the plot in Fig. 12.14 is valid for bipolar signaling if 3 dB is added to 
each value of y. 

From Eq. (12.64b) we have 

S (m2) __!!_ = 3 2 22BpCM/kB 

No mp 
(12.65) 

where 1 :S k :S 2. For duobinary k = 1, and for bipolar k = 2. 
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It is clear from Eq. (12.65) that in PCM, the output SNR increases exponentially with 
the transmission bandwidth. Compare this with angle modulation, where the SNR increases 
as a square of the transmission bandwidth. In angle modulation, doubling the transmission 
bandwidth quadruples the output SNR. From Eq. (12.64c) we see that in PCM, increasing n 
by 1 quadruples the SNR. But increasing n by 1 increases the bandwidth only by the fraction 
1/n. For n = 8, a mere 12.5% increase in the transmission bandwidth quadruples the SNR. 
Therefore in PCM, the exchange of SNR for bandwidth is much more efficient than in angle 
modulation. This is particularly evident for large values of n, as can be seen from Fig. 12.14. 
For smaller values of n, the difference between FM and PCM is not as impressive as for large 
values of n. * 

Actually, to do full justice to PCM, we must consider the use of regenerative repeaters, 
which cannot be used for angle modulation. The results for PCM derived thus far apply for a 
single link. If k regenerative repeaters are used along the path, the noise power over each link 
is reduced by the factor k, and hence Pe, the error probability over each link, is 

But because k links are now in tandem, the overall error probability is kPe (see Example 10.7), 
and 

(12.66) 

To maintain a given S0/ N0, the value of y decreases as the number of repeaters k, incr~ases. 
Figure 12.15 shows they vs. k needed to maintain S0/N0 = 49.5 dB for n = 8. • 

Figure 12.15 Power reduction as a function of 
the number of repeaters in PCM. 
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* The FM plots in Fig. 12.14 are without preemphasis and deemphasis. 
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Companded PCM 

The output SNR of PCM is proportional to m2 /m;, where m2 is the power of the baseband 

signal m(t) and mp is the peak value ofm(t). It may appear that m2/m; will remain more or 

less constant regardless of the speech level, because m2 is proportional tom;. Unfortunately, 

m; is a constant of the quantizer with a quantization range (-mp, mp)- Once a quantizer is 

designed, mp is fixed, and m2 / m; is proportional to the speech signal power m2 only. This 
can vary from talker to talker (or even for the same talker) by as much as 40 dB, causing the 
output SNR to vary widely. This problem can be mitigated, and a relatively constant SNR 
o_ver a large dy~amic range of m2 can be obtained, either by nonuniform quantization or by 
signal companding. Both methods are equivalent, but the latter is simpler to implement. In this 
method, the signal amplitudes are nonlinearly compressed. 

Figure 6.12 shows the input-output characteristics of the two most commonly used 
compressors (the µ,-law and the A-law). For convenience, let us denote 

ill 
X=-

mp 

Clearly, the peak value of xis 1 (when m = mp)- Moreover, the peak value of the compressor 
outputy is also 1 (occurring when m = mp)- Thus, x and y are the normalized input and output 
of the ~ompressor, each with unit peak value (Fig. 12.16). The input-output characteristics 
have an odd symmetry about x = 0. For convenience, we have only shown the region x :::: O. 
The output signal samples in the range ( -1,. 1) are uniformly quantized into L levels, with a 
quantization interval of 2/ L. Figure 12.16 shows the jth quantization interval for the output 
Y as well as the input x. All input sample amplitudes that lie in the range & . are mapped into 
Yj· For the input sample value x in the range &j, the quantization error is/= (x - Xj), and 

1

Xj+(l'>j/2) 

2 (x - Xj) 2 Px(x) dx 
Xj-(l'>j/2) 

is the part of q2 (the mean square quantizing error) contributed by x in the region &j. The 
factor 2 appears because there is an equal contribution from negative amplitudes of x centered 
at -xj. Thus, 

_ 1Xj+(l'>j/2) 

q2 = 2 L (x - Xj) 2 Px(x)dx 
j Xj-(l'>j/2) 

Because L » 1, the quantizing interval (2/ L) and &j are very small, and Px(x) can be assumed 
to be constant over each interval. Hence, 

_ 1Xj+(l'>j/2) 

q2 = 2L Px(Xj) (x - Xj) 2 dx 
j xr(l'>j/2) 

(12.67) 

Because 2/ L and &j are very small, the compression characteristics can be assumed to be 
linear over each .6: j, and 



564 BEHAVIOR OF ANALOG SYSTEMS IN THE PRESENCE OF NOISE 

figure 12.16 Input-output characteristic of a PCM 
compressor. 

Substituting this in Eq. (12.67), we have 

2 ~ 2 '°' Px(Xj) ~­
q - 3L2 ~ [y(Xj)]2 J 

J 

For L large enough, the preceding sum can be approximated by an integral 

. For the µAaw [Eq. (6.17a)], 

and 

and 

- 2 (1 Px(x) d 
q

2
:::::: 3L2 Jo [y(x)]2 x 

ln(l + /.u) 
y = ln (1 + ,u) 

• ,u ( 1 ) 
y(x) = In (1 + ,u) 1 + ,ux 

q2 = (
3

~
2
) [In (l,u+ ,u) r fo\1 + ,ux)2px(x) dx 

If Px (x) is symmetrical about x = 0, 

a;= 2 fo
1 

x2Px(x)dx 

and Txf, the mean of the rectified x, is 

Tx[ = 2 fo
1 

XPx(x) dx 

We can express q2 as 

(12.68) 
r 

(12.69) 

(12.70a) 

(12.70b) 
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(12.71a) 

(12.71b) 

:Recall that q 2 in Eq s. ( 12. 71) is the normalized quantization error. The actual error is m; q 2 . The 

normalized output signal is x(t), and, hence, the normalized output power S0 = a; = m2 /m;. 
The actual S0 will be m; a;. Hence, 

_S_0 = a; = 3L2 a; 
N0 q2 [ln(l+,u)F(af+2Tx[/,u+l/,u2) 

(12.72a) 

3L2 1 

[In (1 + ,u)]2 (1 + 2Tx[/ ,uaf + 1/ ,u2ai) 
(12.72b) 

To get an idea of the relative importance of the various terms in the parentheses in Eq. (12. 72b ), 
we note that x is an RV distributed in the range ( -1, 1). Hence, a; and Txf are both less than 
1, and Txf/ax is typically in the range of0.7 to 0.9. The values of ,u used in practice are greater 
than 100. For example, the D2 channel bank used in conjunction with the Tl carrier system 
has ,u = 255. Thus, the second and third terms in the parentheses in Eq. (12.72b) are small 
compared to 1 if a; is not too small, and so 

S0 3L2 

No - [In (1 + ,u)]2 
(12.72c) 

which is independent of a;. The exact expression in Eq. (12.72b) has a weak dependence on 
a; over a broad range of ax, Note that the SNR in Eq. (12.72b) also depends on the signal 
statistics TxT and a;. But for most of the practical PDFs, Txf/ax is practically the same (in the 
range of 0.7 to 0.9). Hence, S0/ N0 depends only on af. This means the plot of S0/ N0 vs. a; 
will be practically independent of the PDF of x. Figure 12.17 shows the plot of S0 / N0 vs. a; 
for two different PDFs; Laplacian and gaussian (see the next example). It can be seen that 
there is hardly any difference between the two curves. 

Because x = m/mp, a;= a~/m;, and Txf = TmT/mp, Eq. (12.72a) becomes 

S0 3L
2 

[ a~/m; ] 
No = [In (1 + ,u)F a;,/m;, + 21ml/ ,ump+ l/ ,u2 (

12
•
73

) 

One should be careful in interpreting mp in Eq. (12.73). Once the system is designed for some 
m(t), mp is fixed. Hence, mp is a constant of the system, not of the signal m(t) that may be 
subsequently transmitted. 

ExAMPLE 12.9 A voice signal amplitude PDF can be closely modeled by the Laplace density* 

* A better but more complex model for speech signal amplitude m is the gamma density6 

P (m) = ~ e-k!m! 
m V 47rfmr 
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Fora voice PCM system with n = 8 andµ, = 255, find and sketch the output SNR as a function 

a1i d • 2; 2 of the norm ze vmce power am mp-

Figure 12.17 PCM performance with and without 
companding. 

It is straightforward to show that the variance of this Laplace PDF is a~. In practice,_ ~e 
speech amplitude will be limited by either 3a or 4a loading. In either case, the probability 
of observing m beyond this limit will be negligible, and in co1:1puting 1ml (etc.), we may 

use the limits 0 to oo, 

Hence, from Eq. (12.73), 

s
0 

6394(a~/m~) 

N
0 

= (a;Jm~) + 0.00555(am/ mp)+ 1.53 x 10-5 
(12.74) 

This is plotted as a function of (a~/m~) in Fig. 12.17. 
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EXAMPLE 12 .1 0 Repeat Example 12. 9 for the gaussian m ( t). 

In this case, 

1ml = 2 ---e-m /lo-mdm = 0.798am - 100 

m 2 2 

O am,,/in 

and 

(12.75) 

The SNR here is nearly the same as that in Eq. (12.74). The plot of SNR vs. a~/m~ 
(Fig. 12.17) is practically indistinguishable from that in Example 12.9. 

12.5 OPTIMUM PREEMPHASIS-DEEMPHASIS SYSTEMS 

It is possible to increase the output SNR by deliberate distortion of the transmitted signal 
(preemphasis) and the corresponding compensation (deemphasis) at the receiver. For intuitive 
understanding of this process, consider a case of white channel noise and a signal m(t) whose 
PSD decreases with frequency. In this case, we can boost the high-frequency components of 
m(t) at the transmitter (preemphasis). Because the signal has relatively less power at high 
frequencies, this preemphasis will require only a small increase in transmitted power.* At the 
receiver, the high-frequency components are attenuated ( or deemphasized) in order to undo the 
preemphasis at the transmitter. This will restore the useful signal to its original form. It is an 
entirely different story with the channel noise. Because the noise is added after the transmitter, 

. it does not undergo preemphasis. At the receiver, however, it does undergo deemphasis (i.e., 
attenuation of high-frequency components). Thus, at the receiver output, the signal power is 
restored but the noise power is reduced. The output SNR is therefore increased. 

Transmitter 

We shall first consider a baseband system and then extend the discussion to modulated 
systems. A baseband system with a preemphasis filter Hp(w) at the transmitter and the 
corresponding complementary deemphasis filter Ha(w) at the receiver is shown in Fig. 12.18. 
The channel transfer function is Hc(w), and thePSD oftheinputsignalm(t) is Sm(w). We shall 
determine the optimum preemphasis-deemphasis (PDE) filters Hp ( w) and Ha ( w) required for 
distortionless transmission of the signal m(t). 

Hc(w) 

Channel Receiver 

Figure 12.18 Optimum PDE in a baseband 
system. 

* Actually, the transmitted power is maintained constant by attenuating the preemphasized signal slightly. 
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For distortionless transmission, 

jHp(w)Hc(w)Hd(w)I = G (a constant) (12.76a) 

and 

(12.76b) 

We want to maximize the output SNR, S0 / N0 , for a given transmitted power Sr• 
Referring to Fig. 12.18, we have 

Sr = 1_: Sm(w)IHp(w)l2 df (12.77a) 

Because IHp(w)Hc(w)Hd(w)I = G, the signal power S0 at the receiver output is 

S
0 

= G2 1_: Sm(w) df (12.77b) 

The noise power N0 at the receiver output is 

N
0 

= 1_: Sn(w)IHd(w)l2 df (12.77c) 

Thus, 

S
0 

G2 f°: Sm(w) df 

No = J.:, Sn(w)IHd(w)l2 df 
(12.78) 

We wish to maximize this ratio subject to the condition in Eq. (12.77a) with Sr as. a given 
constant. We can include this constraint by multiplying the numerator and the denomma~or of 
the right-hand side of Eq. (12.78) by the left-hand side and the right-hand side, respectively, 

ofEq. (12.77a). This gives 

s
0 

G2Srf':,sm(w)df 

No = r:00 Sn(w)IHd(w)l2 df f'~oo Sm(w)jHp(w)l2 df 
(12.79) 

The numerator of the right-hand side of Eq. (12.79) is fixed. Hence, to maximize ~of No, we 
need only minimize the denominator of the right-hand side ofEq. (12.79). To do this, we use 

the Schwarz inequality (Appendix B), 

1_: Sm(w)IHp(w)l2 df 1_: Sn(w)IHd(w)l
2 
df 

00 12 
:::: \/_

00 

[Sm(w)Sn(w)] 112 IHp(w)Hd(w)I df , (12.80), 

The equality holds only if 
(12.81) 

where K is an arbitrary constant. Thus to maximize So/ No, Eq. (12.81) must be satisfied. 

Substitution ofEq. (12.76a) into Eq. (12.81) yields 
~~--,---;,---,-----,-

2 ✓Sn(w)/Sm(w) (12.82a) 
IHp(w)lopt = GK IHc(w)I 

EXAMPLE 12.11 
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IH (w)l2 = G ✓Sm(w)/Sn(w) 
d opt K IHc(w)I 

(12.82b) 

The constant K is found by substituting Eq. (12.82a) into Eq. (12.77a) as 

K- Sr 
- G J~00 [✓Sm(w)Sn(w)/IHc(w)j] df 

(12.82c) 

Substitution of this value of K into Eqs. (12.82a, b) yields 

H w 2 _ Sr✓Sn(w)/Sm(w) 
I p( )lopt - IHc(w)j f~00 [✓Sm(w)Sn(w)/IHc(w)l]df (12.83a) 

2 G2 J~
00

[-JSm(w)Sn(w)/IHc(w)j] df 
IHd(w)lopt = SrlHc(w)I ✓Sn(w)/Sm(w) (12.83b) 

The output SNR under optimum conditions is given by Eq. (12.79) with its denominator 
replaced with theright-handsideofEq. (12.80).Nowsubstituting IHp(w)Hd(w)I = G/IHc(w)I 
yields 

(!~
00

[ ✓Sm(w)Sn (w)/IHc(W) I] df)
2 (12.83c) 

Equations (12.83a) and (12.83b) give the magnitudes of the optimum filters Hp(w) and Hd(w). 
The phase functions must be chosen to satisfy the condition of distortionless transmission [Eq. 
(12.76b)]. 

Observe that the preemphasis filter in Eq. (12.82a) boosts frequency components where 
the signal is weak and suppresses frequency components where the signal is strong. The 
deemphasis filter in Eq. (12.82b) does exactly the opposite. Thus, the signal is unchanged but 
the noise is reduced. 

Consider the case with a = 1400n, 

Sm(w) - k ~ a' 

The channel noise is white with PSD 

lwl :S 8000n 

jwj:::: 8000n 
(12.84a) 

(12.84b) 

The channel is assumed to be ideal [Hc(w) = 1 and G = l] over the band of interest (0 to 
4000Hz). 

Without preemphasis-deemphasis, we have 

1 18000,r 
So = -

2 
Sm(w) dw 

7i -8000,r 

l 

1
sooo,r c 

=- ---dw 
7i o w2 + aZ 

a= 1400n 
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Also, because G = 1, the transmitted power Sr= So, 

S0 =Sr= 10-4c 

and the noise power without preemphasis-deemphasis is 

N0 = :NB = 4000:N 

Therefore, 

So = 2.5 x 10-s £ 
No :N 

(12.85) 

The optimum transmitting and receiving filters are given by [Eqs. (12.83a and b)] 

2 10-4✓w2 +a2 l.286✓w2 +a2 
IHp(w)I = ( ) 104 J~00 1 / ✓ w2 + a2 df 

lwl :'.S 8000;,r (12.86a) 

2 104 f~oo(l/✓w2+a2) df - 0.778 x 104 
IHd(w)I = ✓w2 +a2 - ✓w2+a2 lwl ::; 8000n (12.86b) 

The output SNR using optimum preemphasis and deemphasis in found from Eq. (12.83c) 
as 

(:NC /2) [f~~~o [ 1/ J4n 2 J2 + (1400n)2] df r 
sC = 3.3 X 10- :N (12.87} 

Comparison of Eq. (12.85) with Eq. (12.87) shows that preemphasis-deemphasis has 
increased the output SNR by a factor of 1.32. 

Optimum Preemphasis-Deemphasis in AM Systems 
Because the channel noise in a DSB system is in the band We± 2n B, the PDE should be carried 
out in this band. This means PDE filters Hp ( w) and Hd ( cv) are bandpass filters located as shown 
in Fig. 12.19. The optimization is localized to the subsystem shown in the dashed box. This 
subsystem is identical to that in Fig. 12.18. Hence, Hp(w) and Hd(cv) can be obtained from 
Eqs. (12.83a, b ). However, because the signal PSD at the input of the subsystem in Fig. 12.19 
is ½[Srn(w +We)+ Srn(w - We)], we should use this PSD in place of Srn(w) in Eqs. (12.83a, 
b). The same argument applies to SSB and VSB systems. In these cases, Hp(w) and Ha(w) 
can be computed from Eqs. (12.83a, b) by replacing Srn(w) with the appropriate SSB or VSB , 
PSD. 

Optimum Preemphasis-Deemphasis in Angle Modulation . 
We shall consider the case of PDE in the baseband, that is, preemphasis before modulation 
and deemphasis after demodulation (Fig. 12.20a). The channel is assumed to be ideal, that is, 
Hc(w) = 1. 

The problem here is very different from the baseband communication case. ~ the 
baseband case, the preemphasis filter changes the transmitted power but not its bandwidth, 

12.5 Optimum Preemphasis-Deemphasis Systems 

Figure 12.19 Optimum PDE in an amplitude-modulated system. 

Ideal 
low-pass 

filter m( t) + n0 (t) 

571 

and op_timizatio~ was performed under the constraint of a fixed transmitted power (because 
bandw~dth remamed fixed, it was of no concern). In FM, on the other hand, the transmitted 
power 1s alw~ys_fix~d (A

2 
/2), but the transmission bandwidth is modified by the preemphasis 

filter. But opt1m1zat1on must be performed under the constraint of a fixed transmission band­
width. Which bandwidth should be used? The conventional (2t,;,,f) or the mean square? A look 
at Eq. (12.36) shows that the SNR in terms of conventional bandwidth involves the constant 
mp. When m(t) is passed through Hp(cv), mp will change, and no simple relationship exists 
b~tween m(t), Hp(w), and the new mp. The problem is mathematically intractable. No such 
difficulty appears when we use Eq. (12.47), which uses the mean square bandwidth. Hence 
we sha_ll ?Ptimize the ratio So/ No with the constraint of a fixed mean square bandwidth of 
translllss1on. Fortunately, this constraint turns out to be similar to that used in the baseband 
system. This can be seen from Eq. (12.44): 

- 1 
B2 = -k2m2 

FM 4;,r2 f 

Thu~ to maintain BfiM fixed, m2
, the power of the modulating signal, must be the same with 

or w1t~out preemphasis. This is exactly the constraint of the baseband system [Eq. (12.77a)]. 
If the I~put t~ the

1 
syste~ in the dott~d box (Fig. 12.20a) is x(t), its output is kJx(t) plus the 

par~bohc n01se n (t) with the PSD m Eq. (12.33). Hence, the system in Fig. 12.20b is the 
e~mvalent of th~ system in Fig. 12.20a. Our problem is the optimization of the output SNR 
with the constraint that the output of Hp(w) has a given mean square value. This problem is 

Figure 12.20 

r-------------------------
1 r----......., n(t) r----- r--------.7 k1x(t) + n'(t) 

FM Bandpass FM 
modulator filter demodulato 

L _________________________ _J 

(a) 

n'(t) 

(a) Optimum PDE in FM system. (b) Equivalent of system in part (a). 
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identical to the optimization of the baseband system with G 

Eqs. (12.83) with Sn(cv) = Ncv2 
/ A 2 and Sr= rn

2
, we have 

Hc(cv) = kJ· Hence, from 

rn2cv (12.88a) 

2 
A(c0 J':'

00 
Jcv2 Sm(cv) df 

!Ha(w)lopt = 2 
Ill CV 

(12.88b) 

( ~) ~ 1: Sm(cv)df 

2 [J>JSm(cv)df r (12.88c) 

Because y = A 2 /2:NB, 

(~t-(6u>~dfr1 (
3

!h) 
(12.88d) 

Comparison ofEq. (12.88d) with Eq. (12.47) shows that PDE in FM i~proves the SNR ?Y the 
factor inside the brackets on the right-hand side of Eq. (12.88d). Optirnurn pree~phas1s and 
deemphasis is not used in commercial FM b~oadcasti~g for histo~cal an? practical reasons. 
The relatively simple suboptirnurn scheme, discussed m Sec. 5.5, 1s used mstead. ( 
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12.1-1 

12.1-2 

A certain telephone channel has Hc(w) '.:::'. 10-3 over the sign~ band. T~e messa~e sig_I!a\:: 
· s ( ) = i:i rect (w/2a) with a = 8000rr. The channel noise PSD 1s Sn ( w) - 10 • . 
1s m w JJ , • h • • transllltted 
output SNR at the receiver is required to be at least 30 dB, what 1st e rmmmum 
power required? Calculate the value of /3 corresponding to this power. 

A signal m(t) with PSD Sm(w) = {3rect(w/2a) and a = 8000rr is transmitte~ ov;;; 
telephone channel with transfer function Hc(w) = 10-

3 
/(jw + a~. The channel no:e tion 

is Sn(w) = 10-10. To compensate for the channel distortion, the receiver filter transfer nc 

is chosen to be 
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(
jw+a) ( w) Ha(w) = -a-- rect 

2
a 

The receiver output SNR is required to be at least 35 dB. Determine the minimum required 
value of /3 and the corresponding transmitted power ST and the power S; received at the receiver 
input. 

12.2-1 For a DSB-SC system with a channel noise PSD of Sn(w) = 10-10 and a baseband signal of 
bandwidth 4 kHz, the receiver output SNR is required to be at least 30 dB. The receiver is as 
shown in Fig. 12.3. 

(a) What must be the signal power S; received at the receiver input? 

(b) What is the receiver output noise power N0 ? 

( c) What is the minimum transmitted power ST if the channel transfer function is He ( w) = 10-4 

over the transmission band? 

12.2-2 Repeat Prob. 12.2-1 for SSB-SC. 

12.2-3 Determine the output SNR of each of the two quadrature multiplexed channels and compare 
the results with those of DSB-SC and SSB-SC. 

12.2-4 Assume [m(t)Jmax = -[m(t)Jmin = mp, 

(a) Show that for AM, 

mp=µ,A 

(b) Show that the output SNR for AM [Eq. (12.14)] can be expressed as 

So µ,2 

No= k2 +µ,2 y 

where k2 = m 2 jm2 p • 

(c) Using the result in part (b), show that for tone modulation withµ, = 1, S0 / N0 = y /3. 

( d) Show that if ST and S~ are the AM and DSB-SC transmitted powers, respectively, required 
to attain a given output SNR, then 

for µ, = 1 and k2 » 1. 

12.2-5 A gaussian baseband random process m(t) is transmitted by AM. 

(a) Show that for 3cr loading (that is, mp= 3cr), the output SNR is y /10 whenµ,= 1. 

(b) Show that for 3cr loading andµ, = 0.5, the output SNR '.:::'. y /36. 

12.2-6 In many communication systems, the transmitted signal is limited by peak power rather than 
by average power. Under such a limitation, AM fares much worse than DSB-SC or SSB-SC. 
Show that for tone modulation for a fixed peak power transmitted, the output SNR of AM is 6 
dB below that of DSB-SC and 9 dB below that of SSB-SC. 

12.2-7 Determine Ythresh in AM withµ, = 1 if the onset of the threshold is when En > A with probability 
0.01, where En is the noise envelope. Assume the modulating signal m(t) to be gaussian and 
use 4cr loading. 

12.3-1 For an FM communication system with /3 = 2 and white channel noise with PSD Sn ( w) = 10-10
, 

the output SNR is found to be 28 dB. The baseband signal m(t) is gaussian and band-limited 
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to 15 kHz, and 3o- loading is used. The demodulator constant a = 10-4
• This means that the 

FM demodulator output is mfr(t) when the input is A cos [wet+ 1/r(t)]. In the present case, the 
signal at the demodulator output is ak1m(t). The output noise is also multiplied by a. 

(a) Determine the received signal power S;. 

(b) Determine the output signal power So, 

(c) Determine the output noise power No, 

12.3-2 For the modulating signal m(t) shown in Fig. Pl2.3-2, show that PM is superior to FM by 
a factor 37r2 /4 from the SNR point of view. Hint: Assume the bandwidth of m(t) to be the 

frequency of its third harmonic. 

Figure Pl 2.3-2 

12.3-3 For a modulating signal m(t) = cos3 w 0 t, show that PM is superior to FM by a factor of 2.25 
from the SNR point of view. Hint: Determine m~ by setting m(t) = 0. 

12.3-4 For m(t) = a1 cosw1t + a2 cosw2t, show that PM is superior to FM from the SNR point of 
view when (1 + xy)2 < (1 + x)2 /3, where x = aif a 2 and y = wif w2. Hint: Use Eq. (12.39). 

12.3-5 

12.3-6 

Show that B;, in Eq. (12.42a) can also be expressed directly in the time domain as 

_ f 00 [m(t)]2 dt 
s2 - :_-__:oo:.::_ __ _ 

m - f':'oo m2(t) dt 

Show that when the modulating signal m(t) has a Butterworth PSD, that is, 

1 

then the mean square bandwidth B;, is given by 

- 2 sin(n/2k) 
s2 = J, 

m 
O sin (3n /2k) 

and ask--+ oo, B;,--+ ½J;. 
12.3-7 A modulating signal PSD is given by 

S ( ) - ~ -w2 /2a2 
m w - o-2 e 

The effective bandwidth B of m(t) is that bandwidth which contains X percent of the total power 
of m(t). Determine which of the angle modulations is superior if: (a) X = 99; (b) X = 95; (c) 

X = 90. 

12.3-8 In Prob. 12.3-4, FM and PM were compared for a given transmission bandwidth. Ifwe compare 
them for a given mean square transmission bandwidth, we get a slightly different result. Show 
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that PM is superior to FM if (1 + x 2y 2 ) < (1 + x2)/3 when they are compared for a given 
mean square transmission bandwidth. This example shows that two signal spectra with the same 
mean square bandwidth can have different conventional bandwidths. Hint: In this case Sm(w) 

is discrete. Normalize it, and then take the second moment about the origin. Show that 

212 + 2f2 
s2 = a1 1 a2 2 

m af +a? 

12.3-9 In a certain FM system used in space communication, the output SNR is found to be 23.4 dB 
with f3 = 2. The modulating signal m(t) is gaussian with a bandwidth of 10 kHz, and 3o­
loading is used. The system with f3 = 2 is in the nonthreshold region of operation. The output 
SNR is required to be at least 40 dB. Because power is at premium in space communication, it is 
decided to increase the output SNR by increasing f3 (i.e., increasing the transmission bandwidth) 
as much as is possible. 

(a) What are the maximum value of f3 and the corresponding transmission bandwidth that can 
be used without running into the threshold? What is the corresponding output SNR? Hint: 
Use Eqs. (12.51) and (12.37) to determine the minimum usable y. 

(b) What must be the minimum increase in the transmitted power required to attain an output 
SNR of 40 dB? What are the corresponding value of f3 and the transmission bandwidth? 

12.3-10 Show that 

12.3-11 

12.4-1 

(a) For tone modulation, the dividing line between narrow-band and wide-band modulation is 
f3 = 0.41. 

(b) For a gaussian modulating signal with 3o- loading, the dividing line is at f3 = 0.55. 

(c) For 4o- loading it is at f3 = 0.56. 

For FM stereophonic broadcasting (Fig. 5.19), show that the (L - R) channel is about 22 dB 
noisier than the L + R channel. Hint: L + R is the baseband signal. It is preemphasized to 
obtain (L + R)'. The signal (L - R) is preemphasized to obtain (L - R)', which is used to obtain 
(L - R)' cos Wet. The sum (L + R)' + (L - R)' cos Wet now frequency-modulates a carrier. 
At the receiver, after frequency demodulation, (L + R)' and (L - R)' cos wet are separated. 
(L - R)' is deemphasized. (L + R)' cos Wet is multiplied by 2 cos Wet to obtain (L - R)', which 
is then deemphasized. 

In M-ary PCM, pulses can take M distinct amplitudes (in contrast to two for binary PCM). 
Show that the signal-to-quantization-noise ratio for M-ary PCM is 

So = 3M2n (m:) 
N 0 mp 

12.4-2 A TV signal band-limited to 4.5 MHz is to be transmitted by binary PCM. The receiver output 
signal-to-quantization-noise ratio is required to be at least 55 dB. 

(a) If all brightness levels are assumed to be equally likely, that is, amplitudes of m(t) are 
uniformly distributed in the range (-mp, mp), find the minimum number of quantization 
levels L required. Select the nearest value of L to satisfy L = 2n. 

(b) For this value of L, compute the receiver output SNR and the transmission bandwidth, 
assuming the nonthreshold region of operation. 

(c) If the output SNR is required to be increased by 6 dB (four times), what are the new value 
of Land the corresponding transmission bandwidth? 
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12.4-3 

12.4-4 

12.4-5 

A modulating signal m(t) band-limited to 4 kHz is sampled at a rate of ~000 samples per seco~d. 
The samples are quantized into 256 levels, binary coded, and trans~tte~ over a chan~l With 
Sn(cv) = 6.25 x 10-7 . Each received pulse has energy EP = 2 x 10 . Given that mp_- 1 and 

m2 = 1/9, 

(a) Find the output SNR assuming polar signal, and the error probability given in Eq. (12.62). 

(b) If the transmitted power is reduced by 10 dB, find the new SNR. 

(c) At the reduced power level in part (b), is it possible to increa~e the output SNR by chang~g 
the value of L? Determine the maximum output SNR achievable and the corresponding 
value of L. 

In a PCM channel using k identical regenerative links, we have s~?wn that ~e ~1:'or pr~bability 
pE of the overall channel is kP,, where P, is the error probability of an md1v1dual hnk (see 
Example 10.7). This shows that P, is cumulative. 

(a) Show that if k - I links are identical with error probability P, and the remaining one link 
has an error probability P;, then 

PE = (k - l)P, + P: 

(b) For a certain chain of repeaterswith k = 100 (100 rep~aters), it is found that Y ov~r e~ch 
of the 99 links is 25 dB, and over the remaining link y rs 23 dB. Cal~ulat~ P, and P_, usrng . 
Eq. (12.62) (with n = 8). Now compute PE and show that PE is pnmarily detenmned by 
the single weakest link in the chain. 

d d PCM I.th n - 8 µ - 255 and amplitude m uniformly distributed in the For compan e w - , - , 
range (-A, A) (A::: mp), show that 

s 6394(cr~/ m~) 

~ = (er~/ m~) + 0.0068(crm/ mp)+ 1.53 x 10 5 

Note that m is a constant of the system, not of the signal. The peak signal A can vary fonn 
p . 

talker to talker, whereas mp is fixed for a given system. 

12.5-1 A message signal m(t) with 

a2 
Sm(cv) = w2 + a2 (a= 3000rr) 

DSB-SC modulates a carrier of 100 kHz. Assume an ideal chann~l with_ Hc(cv) = 10-3 and 
the channel noise PSD Sn(cv) = 2 x 10-9. The transmitted power rs required to be 1 kW, and 
G = 10-2 . 

(a) Determine transfer functions of optimum preemphasis and deemphasis filters. 

(b) Determine the output signal power, the noise power, and the output SNR. 

( c) Determine y at the demodulator input. 

12.5-2 Repeat Prob. 12.5-1 for the SSB (USB) case. 

12.5-3 It was shown in the text that when the baseband m(t) is band-limited with a uniform P~~ 
PM and FM have identical performance from the SNR point of view. For such m(t), show

3 
;r 

optimum PDE filters in angle modulation can improve ~he output SNR by a factor of 4/ ( 
1.3 dB) only. Find the optimum PDE filter transfer functions. 

13 BEHAVIOR OF DIGITAL 
COMMUNICATION 
SYSTEMS IN THE 
PRESENCE OF NOISE 

I n analog systems, the chief objective is the fidelity of reproduction of waveforms, and, 
hence, the suitable performance criterion is the output signal-to-noise ratio. The choice of 
this criterion stems from the fact that the signal-to-noise ratio is related to the ability of 

the listener to interpret a message. In digital communication systems, the transmitter input is 
chosen from a finite set of possible symbols, or messages. The objective at the receiver is not 
to reproduce the waveform with fidelity, because the possible waveforms are already known 
exactly. Our goal is to decide, from the noisy received signal, which of the waveforms has 
been transmitted. Logically, the appropriate figure of merit in a digital communication system 
is the probability of error in making such a decision at the receiver. 

13.1 OPTIMUM THRESHOLD DETECTION 

In the threshold detection method discussed in Example 10.13, the received pulse is sampled 
at its peak amplitude Ap. Because of channel noise, the sampled value is not Ap but Ap + n. 
The decision is made from the value Ap + n'. It was shown in Example 10.13 that for the polar 
binary case the error probability P, is 

Pe= Q(p) (13.1) 
where 

(13.2a) 

er; being the variance of the received noise. To minimize Pe, we need to maximize p because 
Q(p) decreases monotonically with p. Note that AP is the signal amplitude and crn is therms 
noise so that p is the signal amplitude to rms noise ratio. 

Let the received pulse p(t) be time limited to T0 (Fig. 13.1). Note that here we use 
a general symbol T0 rather than Tb because the pulse may not be binary. We shall keep the 
discussion as general as possible at this point. There is a possibility of increasing p = Ap/crn 

577 
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by passing the received pulse through a filter that e~an~es the pulse amplitude at some in~tant 
tm and simultaneously reduces the noise power an (Fig. 13.1). We thus seek a filter with a 
transfer function H(cv) that maximizes p, where 

2 p;(tm) (13.2b) 
p = ---;;z-

n 

Because 
p0 (t) = T 1[P(cv)H(cv)] 

= - P(cv)H(cv)ejwt dcv 1 100 

2n -oo 

we have 

Po(tm) = - P(cv)H(cv)ejwtm dcv 1 100 

2n -oo 

Also, 
- 1 loo 2d a 2 = n2(t) = - Sn(cv)IH(cv)I CV 

n o 2n -oo 

Hence, 
[j00 H(cv)P(cv)ejwtm dcv]2 

2 -00 

P = 2n J~
00 

Sn(cv)IH(cv)l2dcv 

In the Schwarz inequality (Appendix B), if we identify X(cv) 
f(cv) = P(cv)ejwtm / ✓Sn(cv), then it follows from Eq. (13.5) that 

2 1 loo IP(cv)l2 d 
p < - CV 

- 2n _00 Sn(cv) 

with equality only if 

(13.3) 

(13.4) 

(13.5) 

= H(cv),JSn(w) and 

C 

(13.6a) 

[

P(cv)ejwtm ]* 
H(cv)JSn(cv) = k ✓s;;Tu)) 

kP(-cv)e-jwtm 

✓Sn(cv) 

Hence 

(13.6b) 

where k is an arbitrary constant. 
For white channel noise Sn(cv) = :N/2, and Eqs. (13.6) become 

1 loo 2E 
p2 =- IP(cv)l2dcv= ,.,._~ 

max 7T :N _
00 

J'I 

(13.7a) 

where Ep is the energy of p(t), and 

H(cv) = k' P(-w)e-jwtm (13.7b) 

where k' = 2k / :N is an arbitrary constant. 
The unit impulse response h (t) of the optimum filter is given by 

h(t) = T 1[k' P(-cv)e-jwtm] 

±p(t)+n(t) H(w) 
h(t) 

13.1 Optimum Threshold Detection 

t = Im Tlrreshold Decision 
~---'e.-------t'I-J<.."9--___,,_--1 device 

(a) 

1-

(b) 

Figure 13.1 Scheme to minimize the error probability in threshold detection. 
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Note that p (-t) ~ P(-cv) and e-jwtm represents the time delay of tm seconds. Hence, 

h(t) = k' p(tm - t) (13.7c) 

The signal p(tm - t) is the signal p (-t) delayed by tm. Three cases, tm < T0 , tm = T0 , and 
tm > T0 ; are shown in Fig. 13.2. The first case, tm < T0 , yields a noncausal impulse response, 
which is unrealizable.* Although the other two cases yield physically realizable filters, the last 
case, tm > T0 , delays the decision-making instant tm an unnecessary length of time. The case 
tm = T0 gives the minimum delay for decision making using a realizable filter. In our future 
discussion, we shall assume tm = T0 , unless otherwise mentioned. 

Observe that both p(t) and h(t) have a width of T0 seconds. Hence p 0 (t), which is a 
convolution of p(t) and h(t), has a width of 2T0 seconds, with its peak occurring at t = T0 . 

Also, because Po(cv) = P(cv)H(cv) = k'IP(cv)l 2e-jwr0 , p 0 (t) is symmetrical about t = T0 

(Fig. 13.1).t 
The arbitrary constant k' in Eq. (13 .7) multiplies both the signal and the noise by the same 

factor and does not affect the ratio p. Hence, the error probability, or the system performance, 
is independent of the value of k'. For convenience, we choose k' = I. This gives 

h(t) = p (T0 - t) (13.8a) 

and 

(13.8b) 

* The filter unrealizability can be readily understood intuitively when the decision-making instant is tm < T0 • In this 
case, we are forced to make a decision even before the complete pulse is fed to the filter (tm < T0 ). This calls for a 
prophetic filter, which can respond to inputs even before they are applied. As we know, only unrealizable (noncausal) 
filters can do this job. 

t This follows from the fact that because IP ( w) 1
2 is an even function of w, its inverse transform is symmetrical about 

t = 0 (see Prob. 3.1-1). The output from the previous input pulse terminates and has a zero value att = T0 • Similarly, 
the output from the following pulse starts and has a zero value at t = T0 • Hence, at the decision-making instant T0 , 

no intersymbol interference occurs. 
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Figure 13.2 Optimum choice for sampling 
instant. 

r.-

1-

p(,21 

t-

Im= To 

r.-

J\ 
1-

The optimum filter in Eqs. (13.8) is known as the matched filter.* At the output of this filter, 
the signal to rms noise amplitude ratio is maximum at the decision-making instant t = To, 

The matched filter is optimum in the sense that it maximizes the signal amplitude to 
rms noise ratio at the decision-making instant. Although it is reasonable to assume that max­
imization of this particular signal to noise ratio will minimize the detection error probability, 
we have not proved that threshold detection (sample and decide) is the optimum method fr~m 
the detection error pofot of view. It will be shown in Chapter 14 that when the chan~e~ n?1se 
is white gaussian, the matched-filter receiver is indeed the optimum receiver that ~m~zes 
the detection error probability. The maximum value of this signal to rms noise ratio attamed 
by the matched filter is given in Eq. (13.7a). The peak amplitude p 0 (tm) = Ap is found by 
substituting Eq. (13.8b) (with k' = 1) into Eq. (13.3), 

Ap = - IP(w)l2 dw = Ep 1 100 

2n _00 

(13.9a) 

The noise power a; is obtained by substituting Eq. (13.8b) (with k' = 1) into Eq. (13.4), 

:Nloo :NE a;= - IP(w)l2 dw = T (13.9b) 
4n _00 

1 • • bite For * It is important to remember that the optimum filter is the matched filter only when the channe noise is w • 
a general case, the optimum filter is given in Eq. (13.6b ). 
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Hence, 

(13.9c) 

and 

(13.9d) 

Equations (13.9) are truly remarkable. They show that at the decision-making instant, the 
signal amplitude, and therms noise amplitude depend on the waveform p(t) only through its 
energy Ep, As far as the system performance is concerned, when the matched-filter receiver 
is used, all the wavef9rms used for p(t) are equivalent as long as they have the same energy. 

The matched filter may also be realized by the alternative arrangement shown in Fig. 13.3. 
If the input to the matched filter is r(t), then the output y(t) is given by 

y(t) = 1-: r(x)h(t - x) dx 

where h(t) = p (T0 - t) and 

h(t - x) = p [T0 - (t - x)] = p (x + T
0 

- t) 

Hence, 

y(t) = 1-: r(x~p (x + T0 - t) dx 

At the decision-making instant t = T
0 , we have 

y(To) = 1-: r(x) p (x) dx 

Because the input r(x) is assumed to start at x = O and p (x) = O for x > T
0

, 

y(T0 ) = la To r(x) p (x) dx 

(13.lOa) 

(13.lOb) 

(13.lOc) 

We can implement Eqs. (13.10) as shown in Fig. 13.3. This type of arrangement is known as 
the correlation receiver and is equivalent to the matched-filter receiver. 

The right-hand side ofEq. (13.lOa) is 1frrp(T0 -t), where i/rrp( r) is the crosscorrelationof 
the received pulse with p(t). Recall that correlation basically measures the similarity of signals 
(see Sec. 2.6). Thus, the optimum detector measures the similarity of the received signal with 
the pulse p ( t). Based on this similarity measure, it decides whether p (t) was transmitted or not. 

p(t) 

r(t) = ±p(t) + n(I) 
y( To) Threshold Decision 

device 

Figure 13.3 Correlation detector. 
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Thus far we have discussed polar signaling where only one basic pulse p(t) is used. 
Generally, in binary communication, we use two distinct pulses p(t) and q(t) to represent the 
two symbols. The optimum receiver for such a case will now be discussed. 

13.2 GENERAL ANALYSIS: OPTIMUM BINARY RECEIVER 

In a binary scheme where symbols are transmitted every Tb seconds, let p(t) and q(t) be the 
two pulses used to transmit 1 and 0. The optimum receiver structure considered here is shown 
in Fig. 13.4a. The incoming pulse is transmitted through a filter H(w), and the output r(t) is 
sampled at Tb. The decision as to whether O or 1 was present at the input depends on whether 
r(Tb) < or > a 0 , where a 0 is the optimum threshold. 

Let p 0 (t) and q0 (t) be the response of H(w) to inputs p(t) and q(t), respectively. From 
Eq. (13.3) it follows that 

Po(Tb) = - P(w)H(w)ejwTb dw l Joo 
2n -oo 

(13.lla) 

qo(Tb) = - Q(w)H(w)ejwTb dw l Joo 
2n _00 

(13.llb) 

and u;, the variance, or power, of the noise at the filter output, is 

a 2 = - Sn(w)JH(w)l2 dw l Joo 
n 2:rr -oo 

(13.llc) 

If n is the noise output at Tb, then the sampler output r(Tb) = qo(Tb) + nor Po(Tb) + }1, 
depending on whether m = 0 or m = 1, is received. Hence, r is a gaussian RV of variance cr; 
and mean q0 (Tb) or p 0 (Tb), depending on whether m = 0 or 1. Thus, the conditional PDFs of 
the sampled output r(Tb) are 

Threshold 
device t--D-e-ci-sio_n_: ➔m-=-0-if-r(-Tb_)_<_ao 

m = 1 if r(Tb) > a0 

(a) 

Prim 

(b) 

Figure 13.4 Optimum binary threshold detection. 
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PrJm(rJO) = __ I_e-[r-qo(Tb)]2/2a/: 
an,,/Er 

Pr1m(rJl) = __ I_e-[r-po(n)l2J2a; 
an,,/Er 

The two PDFs are shown in Fig. 13.4b. If a0 is the optimum threshold of detection, then the 
decision ism= 0ifr < a0 andm = lifr > a0 • Theconditionalerrorprobability P(E J m = 0) 
is the probability of making a wrong decision when m = 0. This is simply the area Ao under 
PrJm(rJO) fromao to oo. Similarly, P(EJm = 1) is the area A1 under PrJm(rJl) from -oo to a

0 (Fig. 13.4b), and 

assuming Pm(O) = Pm(l) = 0.5. From Fig. 13.4b it can be seen that the sum Ao+ A
1 

of the 
shaded areas is minimized by choosing a0 at the intersection of the two PDFs. Thus, 

Po(Tb) + qo(Tb) 
ao = 2 (13.12a) 

and the corresponding Pe is 

where we define 

= Q [ao -::(Tb)] 

= Q [Po(Tb) - qo(Tb)] 
2an 

f3 = Po(Tb) - %(Tb) 

O'n 

Substituting Eqs. (13.11) into Eq. (13.13), we get 

132 
= [f~00 [P(w) - Q(w)]H(w)ejwTh dw]2 

2n r:,0 Sn(w)JH(w)J 2 dw 

(13.12b) 

(13.12c) 

(13.13) 

This equation is of the same form as Eq. (13.5) with P(w) replaced by P(w) - Q(w). Hence, 

f3m2ax = __!._ Joo JP(w) - Q(w)J2 d'·' 
"" (13.14a) 2n -oo Sn(w) 

and the optimum filter H(w) is given by 
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[P(-c.v) - Q(-c.v)]e-j"'Tb 
H(c.v) = k Sn(c.v) (13.14b) 

where k is an arbitrary constant. 
For white noise Sn ( c.v) = :N/2, and the optimum filter H ( c.v) is given by* 

H(c.v) = [P(-c.v) - Q(-c.v)]e-j"'Tb (13.15a) 

and 

h(t) = p (Tb - t) - q (Tb - t) (13.15b) 

This is a filter matched to the pulse p(t) - q(t). The corresponding f3 is [Eq. (13.14a)] 

1 100 f3!ax = ,-,,.r IP(c.v) - Q(c.v)l 2 dc.v 
:rr J'I -00 

= ~ lo Tb [p(t) - q(t)]2 dt 

Ep + Eq -2Epq 

:N/2 

where Ep and Eq are the energies of p(t) and q(t), respectively, and 

Epq = 1Tb p(t)q(t) dt 

(13.16a) 

(13.16b) 

(13.16c) 

(13.17) 

So far, we have been using the notation Pe to denote error probability. In the binary cas~, 
this error probability is the bit error probability or bit error rate (BER), and will be denoted 

' by Pb (rather than Pe)- Thus, from Eqs. (13.12c) and (13.16c), 

Pb= Q (f3;ax) (13.18a) 

= Q ( ✓ Ep + ~~ 2Epq) (13.18b) 

The optimum threshold a0 is obtained by substituting Eqs. (13.lla, b) and (13.15a) into 
Eq. (13.12a) and recognizing that (see Prob. 3.7-3) 

1 100 1 100 

2 P (c.v)Q (-c.v)dc.v = - P (-c.v)Q (c.v)dc.v = Epq 
:rr -00 2:rr -00 

This gives 

(13.19) 

In deriving the optimum binary receiver, we assumed a certain receiver structure (the threshold­
detection receiver in Fig. 13.4). It is not clear yet whether there exists another structure that 
may have better performance than that in Fig. 13.4. It will be shown in Chapter 14 that for a 
gaussian noise, the receiver derived here is the absolute optimum. Equation (13.18b) gives Pb 

* Because kin Eq. (13.14b) is arbitrary, we choose k = N/2 for convenience. 
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~or the_ optimum rec~iv~r when the channel noise is white. For the case of nonwhite noise p 
1s obtamed by substltutmg f3max from Eq. (13.14a) into Eq. 03_lSa). ' b 

13.2.1 Equivalent Optimum Binary Receivers 

For the optimum receiver in Fig. 13.4a, 

H(c.v) = P(-c.v)e-j"'Tb _ Q(-c.v)e-j"'Tb 

This fil~er can be realized as a parallel combination of two filters matched to p(t) and q(t) 
respectively, as shown in Fig. 13.5a. Yet another equivalent form is shown in Fig 13 5b' 
Because the threshold is (E - E )/2 b · • • • 

p q , we su tract Ep/2 and Eq/2, respectively from the 
two matched filter outputs. This is equivalent to shifting the threshold to o In th ' h 
E - E d b • e case w ere 

Ph- hq, we ~ee . not su tract Ep /2 and Eq /2 from the two outputs, and the receiver simplifies 
to t at s own m Fig. 13.5c. 

p(Tb - t) r------.. 

q(Tb - t) r----..1 

EP 

2 

'j" t=Tb 
I 

p(Tb - t) i-----;i----o 

q(Tb - t) t-----3---o 

=----..i Threshold 
device t----...;;.... ____ _ 

Decision: p(t) if r(Tb) < a
0 

(a) 
q(t) if r(Tb)>a0 

Decision: select larger 

(b) 

Decision: select larger 

(c) 

Figure 13.5 Realization of the optimum binary threshold detector. 
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Polar Signaling 
In this case q(t) = -p(t). Hence, 

and 

Substituting these results into Eq. (13.18b) yields 

(13.20a) 

Also from Eq. (13.15b), 

h(t) = 2p(Tb - t) 

Recall that the multiplication of h(t) by any constant multiplies both the signal and the noise 
by the same factor, and hence does not affect the system performance. For convenience, we 
shall multiply h(t) by 0.5 to obtain 

h(t) = p(Tb - t) (13.2Gb) 

From Eq. (13.19), the threshold a0 is 

a0 = 0 . (13.20c) 

Therefore, for the polar case, the receiver in Fig. 13.5a reduces to that shown in Fig. 13.6a 
with threshold 0. This filter is equivalent to that in Fig. 13.3. 

The error probability can be expressed in terms of a more basic parameter Eb, the energy 
per bit: 

Eb = Energy per bit 

In the polar case assuming 1 and Oare equally likely, the bit energy Eb is the mean of Ep and 
Eq. Hence, 

(13.21a) 

and from Eq. (13.20a), 

(13.21b) 

The parameter Eb/ :Nis th~ normalized energy per bit, which will be seen in future discussions . 
as a fundamental parameter serving as a figure of merit in digital communication.* Because.· 
the signal power is equal to Eb times the bit rate, a given Eb is the same as a given signal 
power (for a given bit rate). Hence, when we compare a system for a given value of Eb, we 
are comparing it for a given signal power. Using an asymptotic approximation [Eq. (10.36a)] 
for Q(J2Eb/:N), we obtain 

* If the transmission rate is Rb pulses per second, the signal power S; is S; = Eb Rb, and Eb/N= S;f:N'Rb- Observe 
that S;/ :N'Rb is similar to the parameter y (signal-to-noise ratio S;/ NB) used in analog systems. 
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(13.21c) 

~ig~e 13.6b shows t~e plot of Pb as a function of Eb/ :N (in decibels). Equation (13 21b) 
mdicates that, for optimum threshold detection, the system performance does not depe~d on 
the pulse shape, but on the pulse energy. 

On-Off Signaling 
In this case q(t) - O and F" 13 5 d • , - , ig. • a re uces to Fig. 13.6a (the same as that for the olar 
case) except that the threshold, as seen from Eq. (13.19), is E /2. Becau (t) _ 0 Fp 
Eqs. (13.17) and (13.18), P seq - , rom 

Also 

t= Tb --•-I h(t) = p(T, t) I ,~,, K ,,;,, 
(a) 

0.01 

w-4 

I0-6H--r--t-+++-l-­

l0-7 I , 
-15 -IO -5 0 

(b) 

Decision : p(t) if r > O 
-p(t) ifr < O 

and 

Figure 13.6 Optimum threshold detector and 
its error probability for polar signaling. 
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Therefore, 

(13.22a) 

l e-Eb/2:N 

J2nEb/:N 
(13.22b) 

A comparison of this with Eq. (13.21b) shows that on-off signaling requires twice as much 
energy per bit (3 dB more power) to achieve the same performance (i.e., the same Pb) as polar 
signaling. 

Orthogonal Signaling 
In orthogonal signaling, p(t) and q(t) are selected to be orthogonal over the interval (0, Tb). 
This gives 

Epq = 1Tb p(t)q(t) dt = 0 

Two examples of binary orthogonal pulses are shown in Fig. 13.7. From Eq. (13.18), 

Assuming 1 and O to be equiprobable, 

and 

Ep +Eq 
Eb= --

2
--

l e-Eb/2:N 

J2nEb/:N 

(13.23) 

(13.24a) 

(13.24b) 

This shows that the performance of orthogonal signaling is inferior to that of polar signaling 
by 3 dB, but it is identical to that of on-off signaling. This is not surprising in view of the fact 
that on-off is a special case of orthogonal signaling because Epq = 0. 

Bipolar Signaling 
Bipolar signaling, although a binary scheme, uses three symbols: p(t), -p(t), and 0. Hence, 
the preceding results cannot be used directly without some modifications. In this case, we 
seek to distinguish between p(t) and O or - p(t) and O so that it is basically similar to the 
on-off case. Hence, we can use the receiver in Fig. 13.6a with threshold ±a0 = ±Ep/2. 
Thus, if lr(Tb)I < Er/2, the decision is 0, and if lr(Tb)I > Ep/2, the decision is 1. This 
receiver is a matched filter in Fig. 13.la. To compute Pb, we compute the conditional error 
probabilities. When O is transmitted by no pulse, the receiver output is just the noise n with 
variance <J"; = :NEp/2 [see Eq. (13.9b)]. Hence, 

q(I) 
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Figure 13.7 Examples of orthogonal sig-
nals. 

I-:-+-

1--
(a) 

q(t) sin mw
0
1 

Tb 

1--
1-

(b) mb = Tb 
27' 

P(EIO) = probability (1nl > ~P) 

When 1 is transmitted, the filter output at Tb is Ap +n, where AP = Ep when p(t) is transmitted 
[Eq. (13.9a)]. Consequently, Ap = - Ep when - p(t) is transmitted. Thus, 

P(Ell) = probability ( n < - ; ) when p(t) is used, or 

probability ( n > ; ) when - p(t) is used 

Therefore, the average error probability is (assuming 1 and O equally likely) 

Pb= ~[P(EIO) + P(Ell)] = I.SQ ( fli-) 
T~is shows that Pb is 50% higher for bipolar signaling than for on-off signaling. But this 
difference can be compensated by a very small increase in E P because the Q function, which 
varies exponentially with E P, is extremely sensitive to variations in E P. For example, to realize 
Pb = 0.286 x 10-6

, we need (Ep)bipolar = l.016(Ep)on-off· 
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13.3 CARRIER SYSTEMS: ASK, FSK, PSK, AND DPSK 

In digital carrier systems, baseband pulses modulate a _high-~equency carrier. We ha:7e bri~fly 
discussed amplitude-shift keying (ASK), frequency-sh1ftkeymg (FSK), and phase-shift keying 
(PSK) in Chapter 7. 

Figure 13.8 shows the three schemes, using a rectangular baseband pulse. T~e baseband 
pulse may be specifically shaped (e.g., a raised cosine) to eliminate intersymbol mterference 
and to have a finite bandwidth. 

The error probability of the optimum detector depends only on the pulse energy, not 
on the pulse shape. Hence, as far as the error probability is concerned, the performance.of a 
modulated scheme will be identical to that of the baseband scheme of the same energy. 

The incoming modulated pulses can be demodulated either coherently (synchronously) 
or noncoherently (by envelope detection). The former method is the optimu~ and req~ires 
much more sophisticated equipment. Naturally, it has a superior performance m comparison 
to the latter method. 

13 .3 .1 Coherent Detection 

Let the RF pulse p(t) = ,/2 p' (t) cos wet, where p' (t) is a baseband pulse. The RF pulse can 
be detected by a filter matched to the RF pulse p(t) followed by a sampler (Fig. 13.9a). In this 
case [Eq. (13.7a)], 

where Ep is the energy of p(t). 

1 l 0 1 0 0 

Baseband I ---~ !._ ______ _. 
1 (a) I 
I I 
I I 
I I I 

ASK n A A A o A n n , rLn o A 1 

1--

:iJV \fV V V VIJ iV V V~ 
i l I (b) I 
I I I I 

PSK h n n Aft o o %P o nitln o %P n o n n o o n 
i\J\J\fVVVV VVVTVVV V1VlJVVV 
I I I I 
I I I ( c) I 
I I I I 

FSK WVWWAMovOJIJ\f\M 
1--

t--

(d) 

Figure 13.8 Digital modulated waveforms. 
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p(t) = -Ji.p'(t) cos Wcf I I 
~ ~ h(t) = p(Tb - t) ~ .) 

-Ji, cos wcf 

p(t) = -Ji,p'(t) cos wet 

(a) 

0 Threshold Decision 
"0-------f 

device 

h(t) = p'(Tb - t) .__,_.,., "r>--__,,_-----1 Threshold ~D➔e-ci_si_on 
device 

(b) 

Figure 13.9 Coherent detection of digital modulated signals. 

We may also detect the RF pulse by first demodulating it coherently by multiplying it 
by ,/2 cos wet. The product is the baseband pulse* p'(t) plus a baseband noise with PSD :N/2 
(see Example 11.11 and Sec. 12.2), and this is applied to a filter matched to the baseband pulse 
p'(t). Because p(t) = ,/2 p'(t) cos Wet, Ep = Ep', and in this case also 

2 2Ep 
p =-

:N 
Hence, the two schemes are equivalent. 

Let us consider the cases of PSK, ASK, and FSK individually. 

Phase-Shift Keying 
This is a case ofpolar signaling, and the results derived earlier [Eqs. (13.21b, c)] apply. The 
optimum detector is shown in Fig. 13.9 with threshold 0. From Eq. (13.21b), 

(13.25a) 

(13.25b) 

Amplitude-Shift Keying 
This is a case of on-off signaling, and Eqs. (13.22) apply. Recall that the optimum detector 
for on-off signaling is the same as that for polar. Hence, the optimum detector for ASK is the 
same as that for PSK with threshold Ep/2 (Fig. 13.9). From Eqs. (13.22) we have 

(13.26a) 

l e-Eb/:N/2 

J2nEb/:N 
(13.26b) 

Comparison ofEqs. (13.26) with Eqs. (13.25) shows that for the same performance, the pulse 
energy in ASK must be twice that in PSK. Hence, ASK requires 3 dB more power than 
PSK. Thus, in coherent detection, PSK is always preferable to ASK. For this reason, ASK 

* There is also a spectrum of p' (t) centered at 2wc, which is eventually eliminated by the filter matched top' (t). 



592 BEHAVIOR OF DIGITAL COMMUNICATION SYSTEMS IN THE PRESENCE OF NOISE 

is of no practical importance in coherent detection. But ASK can be useful in noncoherent 
(envelope) detection. In PSK, the information lies in the phase, and, hence, it cannot be detected 

noncoherently. 
The baseband pulses used in carrier systems should be shaped to minimize the ISL The 

bandwidth of the PSK or ASK signal is twice that of the corresponding baseband signal because 

of modulation.* 

Frequency-Shift Keying 
In FSK, binary O and 1 are transmitted by RF pulses -/2p'(t) cos [eve - (~ev/2)]t and 
,Jip'(t) cos [eve+ (~ev/2)]t, respectively. Such a waveform may be considered to be two 
interleaved ASK waves. Hence, the PSD will consist of two PSDs, centered at [Jc - (~f/2)] 
and [Jc+ (~f/2)]. For a large ~fife, the PSD will consist of two nonoverlapping PSDs. 
For a small ~f / fc, the two spectra merge, and the bandwidth decreases. But in no case is the 
bandwidth less than that of ASK or PSK. 

The receiver in Fig. 13.Sa orb can serve as the optimum receiver. But because the 
pulses have equal energy, the simplified form of the optimum receiver in Fig. 13.Sc is the most 
convenient. The filters p (Tb - t) and q (Tb - t) are matched to the two RF pulses and can be 
replaced by respective synchronous demodulators followed by filters matched to the baseband 

pulse p'(t). 
Consider the case: 

q(t) = ✓2A cos (eve - ~t) t 
p(t) = ✓2 A cos ( eve - ~t) t 

To compute Pb from Eq. (13.18b), we need Epq, 

Epq = 1Tb p(t)q(t) dt 

= 2A2 1Tb cos (eve - ~2ev) t cos (eve+ ~2ev) t dt 

= A2 [1Tb cos (~ev)tdt + 1Tb cos2evctdt] 

2 [sin (~ev)Tb sin 2evcTb] 
= A Tb ---- + ----

(~ev)Tb 2evcTb 

C 

In practice eve Tb » 1, and the second term on the right-hand side can be ignored. Therefore, 

Epq = A2 Tb sine (~ev)Tb 

Figure 13.lOa shows sine (~ev)Tb as a function of (~ev)Tb. 
To minimize Pb [Eq. (13.18b)], Epq must be minimized. From Fig. 13.lOa, the minimum 

value of Epq is -0.217 A2Tb and occurs at (~ev)Tb = 1.43n or when 

0.715 
~f = -- = 0.715Rb 

Tb 

* We can also use QAM (quadrature multiplexing) to double the data rate. 

sine (!',m)Tb t 

0 
-0217 

MSK spectr,um 
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Figure 13.10 FSK and MSK spectra. 

(a) 

(b) 

Assuming 1 and O equiprobable, Eb = Ep = Eq = A2 Tb and Epq = -0.217 A2Tb, 

P, ~ Q ( 1.21:;_;''T, 

= Q (✓ l.2:Nl7Eb) (13.27a) 

When E pq = 0, we have the case of orthogonal signaling. From Fig. 13. lOa, it is clear that 
Epq = 0 for ~f = n/2Tb, where n is any integer. Larger ~f means wider separation between 
signaling frequencies eve - (~ev/2) and eve+ (~ev/2), and consequently larger transmission 
bandwidth. To minimize the bandwidth, ~f should be as small as possible. The minimum 
value of ~f that can be used for orthogonal signaling is 1/2Tb, FSK using this value of ~f is 
known as minimum-shift keying (MSK) or fast-frequency-shift keying. 

In MSK, abrupt phase changes at the bit-transition instants, characteristic of other FSK 
implementations, are avoided. FSK schemes where phase continuity is maintained are known 
as continuous-phase FSK (CP-FSK), of which MSK is one example. These schemes have 
rapid spectral roll-off and improved efficiency. 

To maintain phase continuity in CP-FSK (or MSK), the phase at every bit transition is 
made dependent on the past data sequence. Consider, for example, the data sequence 1001 . .. 
starting at t = 0. The first pulse corresponding to the first bit 1 is cos [eve + (~ev/2)]t over 

'i 
II 

I 
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p(t) 

the interval Oto Tb seconds. At t = Tb, this pulse ends ~ith a phase [we+ (t.w/2)]Tb. The 
next pulse, corresponding to the second data bit 0, is cos [ We - ( t..°: I 2) ]t. This p~l_se i~ given 
additional phase [we+ ( t.w /2)] Tb in order to maintain phase contimuty at the transition mstant. 

We continue this way at each transition. 
MSK being an orthogonal scheme, its error probability is given by 

Pb = Q ( !¥r) (13.27b) 

This performance appears inferior to that of the optimum case in _Eq. (13.27a). Closer ex­
amination shows that MSK is actually superior to the so-called optimum case. If MSK were 
coherently detected as ordinary FSK using an observation interval of Tb, MSK _would have 
pb = Q( J Eb/ :N). But recall that MSK is CP-FSK, where the p~ase of each pu~se :s depen~ent 
on the past data sequence. Hence, better performance may be obtai~ed by o~servmg the re~e1ved 
waveform over a period longer than Tb. It can be shown that 1f MSK 1s detected u_smg an 
observation interval of 2Tb, the performance of MSK is identical to that of PSK, that 1s, 

(13.27c) 

MSK also has other useful properties. It has self-synchronization capabilities and its 
bandwidth is only l.5Rb, as shown in Fig. 13.lOb. This is only 50% higher than for duobinary 
signaling. Moreover, the MSK spectrum decays much more rapidly as 1 / f

4
, in contrast to the 

PSK (or bipolar) spectrum, which decays only as 1/ f 2 [see Eqs. (7.14) and (7.2~)]. B~cause 
of these properties, MSK has received a great deal of attention recently. More d1scuss10~of 

MSK can be found in the references.1.2 

13.3.2 Noncoherent Detection 

If the phase e in the received RF pulse ,,/2p' (t) cos (wet + 8) is ~nknown, we cannot use 
coherent detection techniques but must rely on noncoherent techmques, such as envelope 
detection. It can be shown3• 4 that when the phase e of the received pulse is random and 
uniformly distributed over (0, 2n), the optimum detector is a filter matched to the RF pulse 
,,/2p' (t) cos wet followed by an envelope detector, a sampler (to sample at t = Tb), and a 

comparator to make the decision (Fig. 13.11). 

Figure 13.11 Noncoherent detection of digital modulated signals. 
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Amplitude-Shift Keying 
The noncoherentdetectorfor ASK is shown in Fig. 13.11. The filter H(w) is a filter matched to 
the RF pulse, ignoring the phase. This means the filter output amplitude Ap will not necessarily 
be maximum at the sampling instant. But the envelope will be close to maximum at the sampling 
instant (Fig. 13.11). The matched filter output is now detected by an envelope detector. The 
envelope is sampled at t = Tb for making the decision. 

When a 1 is transmitted, the output of the envelope detector at t = Tb is an envelope of 
a sine wave of amplitude Ap in a gaussian noise of variance u;. In this case, the enveloper 
has a rician density, given by [Eq. (ll.64a)] 

Pr(rlm = 1) = !_e-(r
2
+A~)/Za; Io (rAp) u; u; (13.28a) 

Also, when Ap » CTn (small-noise case) from Eq. (11.64c), we have 

Pr(rlm = 1) '.:::'. ~ e-(r-Ap)2/2a'/: 

V 2n:Apu; 

'.:::'. __ l_ e-(r-Ap)2/2a; 

Cfn,./in 

(13.28b) 

(13.28c) 

Observe that for small noise, the PDF of r is practically gaussian, with mean Ap and variance 
Cf;. When O is transmitted, the output of the envelope detector is an envelope of a gaussian 
noise of variance Cf;. The envelope in this case has a Rayleigh density, given by [Eq. (11.59)] 

r 212 2 
Pr(rlm = 0) = - e-r a" 

Cf; 

Both Pr(rlm = 1) and Pr(rlm = 0) are shown in Fig. 13.12. Using the argument used earlier 
( see Fig. 13 .4 ), the optimum threshold is found to be the point where the two densities intersect. 
Hence, the optimum threshold a0 is 

a0 -(az+A2)/Zcr2 I, ( Apao) a0 -a2/2a2 -e O p n O -- =-e O n 

Cf; (f; Cf; 

or 

Figure 13.12 Conditional PDFs in noncoher-
ent detection of ASK signals. 

p,(rlm = 0) 

,_ 
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This equation is satisfied to a close approximation for 

A 8a2 
P l+-n ao = 2 A2 

p 

Becausethematchedfilteris used, Ap = Ep and a;= :NEp/2 [seeEqs. (13.9a, b)]. Moreover, 
for ASK there are, on the average, only Rb/2 pulses per second. Thus, Eb= Ep/2. Hence, 

and 

(
Ap)

2 = 2Ep = 4 Eb 
O'n :N :N 

a0 = Eb✓l + Eb~:N (13.29a) 

Observe that the optimum threshold is not constant but depends on Eb/ N. This is a serious 
drawback in a fading channel. For a strong signal, Eb/ :N» 1, 

and 

Also, 

P(Elm = 0) = r)O Pr(rlm = 0) dr 
]Ap/2 

100 r _,2 ;202 d 
= 2e n r 

Ap/2 an 

= e-A~/80; 

= e-½Eb/:N 

!
Ap/2 

P(Elm = 1) = -oo Pr(rlm = 1) dr 

(13.29b) 

(13.30) 

Evaluation of this integral is somewhat cumbersome. 5 For a strong signal ( that is, for Eb I :N » 
1), the rician PDF can be approximated by the gaussian PDF [Eq. (ll.64c)], and 

l f Ap/2 2 2 
P(Elm = 1) = --- e-(r-Ap) 120n dr 

an.Jfir -oo 

(13.31) 

Hence, 
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Assuming Pm(l) = Pm(0) = 0.5, 

Using the approximation in Eq. (10.36a), 

Pb '.::::: ! (1 + l ) e-½Eb/:N 
2 J2nEb/:N 

597 

(13.32a) 

(13.32b) 

(13.32c) 

Note that in an optimum receiver, for Eb/:N » l, P(Elm = 1) is much smaller than 
P(Elm = 0). For example, at Eb/:N = 10, P(Elm = 0) :::::: 8.7 P(Elm = 1). Hence, 
mistaking O for 1 is the type of error that predominates. The timing information in noncoherent 
detection is extracted from the envelope of the received signal by methods discussed in Sec. 7 .5. 

For a coherent detector, 

1 _lEb/:N 
-----;::===_e 2 

J2nEb/:N 
(13.33) 

This appears similar to Eq. ( 13 .3 2c) ( the noncoherent case). Thus for a large Eb/ :N, the 
performances of the coherent detector and the envelope detector are similar (Fig. 13.13). This 
is similar to the behavior observed in the case of analog signals. 

Noncoherent ASK 

-8 -4 0 4 8 12 16 20 Eb, dB ➔ 
Jy 

Figure 13.13 Error probability of ASK. 
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Frequency-Shift Keying . . . 
The noncoherent receiver for FSK is shown m Fig. 13.14. The filters Ho(w) and H1 (w) are 
matched to the two RF pulses corresponding to O and 1, respectively. The outputs of the 
envelope detectors at t = Tb are ro and r1, respectively. The no~se com~onents of outputs of 
filters Ho(w) and H1 (w) are the gaussian RVs no and n1, respectively, with O"n0 = O"n1 = ~n-

If 1 is transmitted (m = 1), then at the sampling instant, the envelope r1 has the ncian 

PDF* 

and r0 is the noise envelope with Rayleigh density 

P ( ) _ ~ e-r5/2a-; 
ro ro - 2 

(Jn 

The decision is m = 1 if r1 > ro and m = 0 if r1 < ro. Hence, when binary 1 is transmitted, 

an error is made if ro > r1, 
P(Elm = 1) = P(ro > r1) 

The event ro > r1 is the same as the joint event "r1 has any positive valuet and ro has a value 
greater than r1 ." This is simply the joint event (0 < r1 < oo, ro > r1) • Hence, 

Input 

P(Elm = 1) = P(0 < r1 < oo, ro > r1) 

= f
00 f 00 Priro (r1, ro) dr1 dro 

lo ri 

Envelope L.-,-~ 
detector 

Envelope L-' __ _,, 

detector 

Comparator 
L-----~ Decision: 

select larger 

Figure 13.14 Noncoherent detection of binary FSK. 

• h d R" d ·r ectively when * An orthogonal FSK is assumed. This ensures that ro and r1 have Rayle1g an ice ens11es, resp , 

1 is transmitted. 

t r1 is the envelope detector and can take only positive values. 
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Letting x = -v'2 r1 and a = Ap/-v'l, we have 

P ( I _ 1) _ 1. -A2 /4a-; 100 

~ -(x2+a2)/20'.2 , (xa) E m - - 2 e P e n 10 - dx 
o a; a; 

Observe that the integrand is a rician density, and, hence, its integral is unity. Therefore, 

Note that for a matched filter, 

For FSK, Eb = Ep, and Eq. (13.34a) becomes 

P(Elm = 1) = ½ e-½Eb/:N 

Similarly, 

and 

(13.34a) 

(13.34b) 

(13.34c) 

(13.35) 

This behavior is similar to that of noncoherent ASK [Eq. (13.32c)]. Again we observe that for 
Eb/N» 1, the performance of coherent and noncoherent FSK are essentially similar. 

From the practical point of view, FSK is to be preferred over ASK because FSK has a 
fixed optimum threshold, whereas the optimum threshold of ASK depends on Eb/ :JV ( the signal 
level). Hence, ASK is particularly susceptible to signal fading. Because the decision requires 
a comparison between ro and r1, this problem does not arise in FSK. This is the outstanding 
advantage of noncoherent FSK over noncoherent ASK. In addition, unlike noncoherent ASK, 
probabilities P(Elm = 1) and P(Elm = 0) are equal in noncoherent FSK. The disadvantage 
of FSK is that it requires a larger bandwidth than ASK. 

Differentially Coherent PSK 
Just as it is impossible to demodulate a DSB-SC signal with an envelope detector, it is also 
impossible to demodulate PSK (which is really DSB-SC) noncoherently. We can, however, 
demodulate PSK without the synchronous, or coherent, local carrier by using what is known 
as differentially coherent PSK (DPSK). 

The optimum receiver is shown in Fig. 13 .15. This receiver is very much like a correlation 
detector (Fig. 13.3), which is equivalent to a matched-filter detector. In a correlation detector, 
we multiply pulse p(t) by a locally generated pulse p(t). In the case of DPSK, we take 
advantage of the fact that the two RF pulses used in transmission are identical except for the 
sign. In the detector in Fig. 13.15, we multiply the incoming pulse by the preceding pulse. 
Hence, the preceding pulse serves as a substitute for the locally generated pulse. The only 
difference is that the preceding pulse is noisy because of channel noise, and this tends to 
degrade the performance in comparison to coherent PSK. When the output r is positive, the 
present pulse is identical to the previous one, and when r is negative, the present pulse is the 
negative of the previous pulse. Hence, from the knowledge of the first reference digit, it is 
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possible to detect all the received digits. Detection is facilitated by using so-called differential 

coding, as discussed in Sec. 7.3. 
In order to derive the DPSK error probability, we observe that DPSK using differential 

coding is essentially an orthogonal signaling scheme. A binary 1 is transmitted by a sequence 
of two pulses (p, p) or (-p, - p) over 2Tb seconds (no transition). Similarly, a binary O is 
transmitted by a sequence of two pulses (p, -p) or (-p, p) over 2Tb seconds (transition). 
Either of the pulse sequences used for binary 1 is orthogonal to either of the pulse sequences 
used for binary O. Because no local carrier is generated for demodulation, the detection is 
noncoherent, with an effective pulse energy equal to 2£ p (twice the energy of pulse p ). The 
actual energy transmitted per digit is only Ep, however, the same as in noncoherent FSK. 
Consequently, the performance of DPSK is 3 dB superior to that of noncoherent FSK. Hence 

from Eq. (13.35), we can write Pb for DPSK as 

(13.36) 

This error probability (Fig. 13.16) is superior to that of noncoherent FSK by 3 dB and is 
essentially similar to coherent PSK for Eb/N » 1 [Eq. (13.25b)]. This is as expected, 
because we saw earlier that DPSK appears similar to PSK. Rigorous derivation of Eq. (13.36) . 

-2 

can be found in the literature.6 
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Figure 13.15 Differential PSK detection. 

Noncoherent FSK 

DPSK 

0 2 4 6 8 10 

Threshold ....,_ ___ --I 

device Decision r 

C 

Figure 13.16 Error probability of PSK, DPSK, 
and coherent and noncoherent FSK. 
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13.4 PERFORMANCE OF SPREAD SPECTRUM SYSTEMS 

In Sec. 9.2, we explai~ed how spread spectrum systems work. Spread spectrum is basically 
a broad-band modulation scheme where the baseband spectrum is spread by using a pseudo­
rand_om (E~N) code. At the receiver, a replica of the same PN code is used to "despread" the 
received signal to reco:er ~he original data. The key concept in spread spectrum systems is the 
PN c~de ~eq~ence, ':hich is generally periodic and consists of periodic coded sequence of l's 
and O s with mterestmg autocorrelation property. 

13.4.1 PN Sequence Generation 

A ~ood ~N sequence is characterized by an autocorrelation that is similar to that of a white 
n01se. This means the autocorrelation function of a PN sequence should be high near r = O and 
low for all r f= 0, as showninFig.13.17a. Moreover, in CDMA applications several users share 
the same band using different PN sequences. Hence, it is necessary that the crosscorrelation 
among different pairs of PN sequences be small to reduce mutual interference. 

AP~ code is p~riodic. A shift-register network with output feedback can generate a 
sequen~e with long penods and low susceptibility to structural identification by an outsider. The 
most widely known binary PN sequences are the maximum-length shift-register sequences 
(m-sequences). Such a sequence can be generated by an m-stage shift register with suitable 
feedback con~ections and ~as a !ength n = 2m - 1 bits, which is a the maximum period 
for such a fimte state machme. Figure 13.17b shows a shift-register encoder form = 6 and 
n =63. 

Figure 13.17 
sequence. 

R('t) 

'C-

n 

(a) 

(a) PN sequence autocorrelation function. (b) Six-stage generator of a maximum-length PN 
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13.4.2 Optimum Detection of DS/SS PSK 

The signal m(t) is a polar signal consisting of a sequence of NRZ pulses of duration Tb and 
constant amplitude 1 or -1.* This signal is multiplied by the PN code c(t) and then DSB­
modulated with a carrier .Jlcos (wet+ 0).t Although the message signal here is m(t) with 
binary values ± 1, it is helpful to view the situation in a different way. During each bit interval 
Tb, we are transmitting either .J2 c(t) cos (wet + 0) or -.Jl c(t) cos (wet + 0). Hence, the 
basic binary pulse may be taken as .J2 c(t) cos (wet+ 0) [instead of m(t)], and the optimum 
correlation receiver would be of the form shown in Fig. 13.18 (see Fig. 13.3). The integrator 
integrates over the interval O to Tb, and its output is sampled at t = Tb to decide whether 
the transmitted pulse was .J2 c(t) cos (wet + 0) or -.Jl c(t) cos (wet + 0); that is, whether 
m(t) was 1 or -1. The low-pass filter shown in the receiver is not necessary because the 
subsequent integrator itself acts as a low-pass filter. We have shown the filter explicitly to 
simplify understanding of the receiver. 

In Eq. (13.21b) we showed that for a channel with (white) noise of PSD :N/2, the polar 
optimum receiver error probability is given by 

(13.37) 

where Eb is the energy per bit (energy of one pulse). This result appears rather surprising in 
view of the fact that the error probability of an optimum receiver is unchanged whether we use 
spread spectrum or not. We have seen in Sec. 9.2 how a spread spectrum system can reduce 
the power of an interfering (jamming) signal by N, the processing gain. Is noise different 
from an intentional interference? A heuristic explanation of this apparent anomaly lies in tne 
fact that the spread spectrum reduces the interfering signal power by spreading its spectrum 

z(t) w(t) --- ----------- 1--.._--1 Low-pass 1----1 
filter 

Threshold Decision 
device 

PN code 
generator 

(a) 

PN code 
generator 

(b) 

Figure 13.18 DS/55 PSK system. (a) Transmitter. (b) Receiver. 

* In practice, the amplitude may be ±A. This makes no difference for the optimum receiver. 

t The multipliers ,,/2 in the carriers of the transmitter and the receiver in Fig. 13.18 are for convenience only. The 
final results (for error probability) are independent of the values of these multipliers. The choice of ,,/2 is dictated by 
the fact that it leaves the power of the modulated ( or the demodulated) signal identical to the signal before modulation 
(or demodulation). In the literature, the multiplier at the transmitter is often chosen as ffi to ensure the transmitted 
signal power to be P. 
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over ~ very wide band. But the noise is a broad-band signal to begin with, and it cannot be 
e!f ectively s~read_ any more. The spectral spreading can be realized only if the interference 
signal bandwidth 1s on the order of the baseband signal. 

. In Sec. ~2 we showed that a spread_ spectr:um system reduces the power of the interfering 
~igna~ by~ - Tb/Tc. ~e~ce, the effective n01se power is the channel noise power plus the 
Jamming signal power d1v1ded by N. 

13.4.3 Multiple-Access Performance of DS/SS* 

To analyze a DS'.SS sy~tem with K multiple-access users, we compute the interference at the 
outpu~ of a certam receiver caused by the remaining K - I users. Let m1 (t) and mk(t) be the 
data signals ~nd er (t) and_ck(t) the _spreading signals (PN codes) for the first user and the kth 
user, respectively. Let _their ~espectl~e carrier~ be .J2 cos (wet + 01) and .J2 cos (wet + 0k), 

~oreov~r the two received signals will have different delays. Let the relative delay of the kth 
~1gnal with resp~ct to the first signal be rk. Hence, the signal xk(t) from the kth user at the 
mput of the receiver of the first user is 

Xk(t) = ✓2mk(t - Tk)Ck(t - Tk) cos [wc(t - Tk) + 0k] 

= ✓2mk(t - Tk)ck(t - Tk) COS (Wet+ </Jk) </Jk = 0k - WcTk 

The receiver multiplies xk(t) with .J2 c1 (t) cos (wet+ 01) to yield 

Zk(t) = 2mk(t - Tk)ck(t - rk)C1 (t) cos (wet+ </Jk) cos (wet+ 01) 

The high-frequency component is suppressed by the low-pass filter to yield 

Wk(t) = mk(t - Tk)ck(t - Tk)cI (t) cos (</Jk - 01) 

The output (interference) of the integrator sampler is 

[Tb 
h = cos (</Jk - 01) Jo mk(t - rk)ck(t - rk)c1 (t) dt 

(13.38) 

(13.39) 

(13.4Oa) 

Recall th~t mk(t) ~s a polar NRZ binary signal with amplitudes ±1. The bit duration is Tb, 
and there 1s a possible change of amplitude ofmk(t - Tk) at t = rk. Let this amplitude be h_

1 before t = Tk and ho after t = rk. Then 

[ 
rk 1n h = cos (</Jk - 01) h_1 }
0 

ck(t - rk)cI (t) dt + ho 'k ck(t - rk)c1 (t) dt ]cl3.40b) 

This_ i~ the interference from the kth user at the output of the first user. This expression makes 
explicit the dependence of the interference on the crosscorrelation of the spreading codes 
c1 (t) and ck(t). Ideally, we would like f ck(t - Tk)c1 (t) dt = 0 for any value of-r Th' · t 

"bl • · . . "k· 1s 1s no 
possi ~ m practice, but it 1s possible to find many sets of sequences with good crosscorrelation 
properties.7 

The Gaussian Approximation 
T~e multiple-access interference (MAI) can be modeled as the sum of independent Bernoulli 
tnals. One frequent approximation is to apply the central limit theorem, which implies that 

* Rest of the Section 13.4 is based on the material contributed by Prof. B. D. Woerner and R. M. Buehrer. 
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. c· _.., ) tends toward a gaussian distribution. Since there 
th sum of these tmy effects mteuerences '-'K 1 b 

e . · d ticall distributed interferers, the total MAI, I = ~k=2 k, may e 
are K - l mdependent i ~n J . bl It can be shown that the resulting bit error rate 
approximated by a gaussian ran om vana e. 

Pb is given by8
•
9 

( 
1 ) (13.41) 

Pb= Q j(K _ 1)/3N + :.N/2Eb 

. • · w, an derive this result heuristically as follows. The power 
where. N is the ~ro~essmg gru~. e;. But because this signal is despread by the first receiver, 
of the mterferer s signal mk(t) is !'f b·( ) . ly E T, IN at the first receiver. Moreover, the 
the power of the interferinb~ sign . walk~ :: oHnz Henb cbe the PSD of the interfering signal wk(t) 

d • dth f lar NRZ mary sign is Lb • , 
ban wi o a po K l . d f ally distributed interfering signals at the first receiver 
is Eb/ N • Also there :: ~ ld ~h:nP~D (K _ 1) Eb IN. However, each interfering signal has 
whose PSDs would a to yie . . ults in ower reduction by a factor of 3 
a different relative time delay :k, which effectivelre;~~e inte~erence PSD as (K - l)Eb/3N. 
[recallthefactorcos(¢k-0i)mEqs.(lJ40}]to_y :.N/l b t(K-l)E /3N+:.N/2.When 
Consequently,thenoisePSDatthefirstreceiverisnot , bu. E (1; 41) 

thi PSD • 1 f :.N/2 in Eq (13 37) we o trun q. • • 
we substitute s m P ~ce O 

. • t (K _' l) Eq (13.41) reduces to Eq. (13.37), 
Observe that when a smgle user is presen - , • bt . 

. . • high (E ;:.N ~ oo) we o run 
as expected. When the signal-to-nmse ratio is very b ' 

lim Pb = Q (✓ :~ 1) 
Eb/:N➔oo 

This shows the presence of an irreducible error floor for the MAI limited case.* C 

13 .4.4 The Near/Far Problem 

Equation (13 .41) has been deriv~d_under thb~
1
assumt ptio:;::t!g~:~=po:~~:;r~:::::~~:i: 

. h h • nal power Within a mo i e sys em, . . 
wit t e same sig . . • . . f a centrally located base station ongmate 
fo: the forward _link i\:~:~~lf:l::~;i;:e r~:smission path. However, this assui:n~tion 
with the s~e signal p . th mobile to the base station because signals ongmate 
is not realistic on the re~erse lm~ from . e ff b artially compensated for by power 
from diverse and movmg locations. This e ~ct can e p control a mobile station adjusts its 

controlb wh~t::~~=ss~:~:::t~h~:t:~a~~;;ec~~~e~:: the bas~ station. Th~s presumes tha: 
power ase . . . £ ard and reverse links, an assumption that may no 
a reciprocal relationship ~xis:s between orw b d As a result, closed loop power control , 
hold if the links operate m different fre_quencdy an hs. . the mobile station's transmitted 
is often required in which the base station or ers c anges m 

power. 
Whil th ntral limit theorem . • · · · h ed to predict system performance. e e ce 1 * The gaussian approXllllat:Lon has li!Illt~t:to: w .:nts ear the center of its distribution, convergence may ?e slow a 

implies that I will tend toward a gauss1an strl u ion n roduce errors. As a result, the gaussian distnbuuon 
its tails. Unfortunately, it is the extreme v~ues of I t:~t t~:i :?o~s where there is a single strong interferer or a sm~le 
is optimistic for low BER.10 The_p~oblem is worsene m s1 a IERs are difficult to simulate, so we particularly desire 
strong multipath component. This is of c~nce;::ca~::~~; !provements to the gaussian approximation have been 
analytical techniques that are accurate at ow s. . f ditions 10-12 
proposed which represent MAl more accurately under a wide range o con • 
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The effects of the near-far problem and power control may be investigated using the 
analytic techniques described earlier with nonequal signal powers. Although the accuracy of 
the gaussian approximation is reduced in the case of the near-far problem, quantitative results 
may still be obtained because the central limit theorem may be applied to the chips from each 
interferer as well as the number of interferers K. 

By extending the qualitative interpretation of Eq. (13.41), the effects of the near-far 
problem can be found as follows. If users have unequal powers, each will contribute Et) /3N 
to the noise level, where Et) is the energy per bit for user k. Adding these as before to the 
noise PSD, we can find a simple equation for the error probability of user 1, similar to Eq. 
(13.41): 

~=Q[ 1 ] 
/'£f=2 Ebk) /3Ebl) N + :.N/2Ebl) 

(13.42) 

Equation (13.42) illustrates the deleterious effect of the near-far problem. If just a single user 
has a significantly higher power level than the desired user, that interferer will dominate the 
performance. Substituting Et1 = Eb1

) results in Eq. (13.41), as expected. 
As an example, the effect of imperfect power control is investigated by Woerner and 

Cameron. 13 Field trial results have indicated that even after the operation of open and closed 
loop power control, the received signal level in the IS-95 digital cellular CDMA system reverse 
channel varies according to a log-normal distribution with a variance of 1 to 2 dB. The BER 
for this model is calculated using the method of Lehnert. 10 For a wireless voice transmission 
system, BERs of 10-2 to 10-3 are required for satisfactory performance. Thus the capacity 
may be considered to be the maximum number of users for which the BER does not exceed 
a fixed threshold. The results of Fig. 13.19 indicate that even after power control is applied, 
the variance of received power levels can result in capacity losses of 10 to 30% in a CDMA 
system. 

13.4.5 Multipath Propagation 

Thus far we have assumed that each user's signal is transmitted via a single path. However, 
the wireless channel is characterized by multipath propagation as signals reflect and scatter 
off objects in the transmission path. The constructive and destructive interference between 
arriving multipath components can result in severe fading in narrow-band systems. The ability 
of spread spectrum signals to reject and even exploit multipath propagation is a key advantage 
in the wireless environment. A spread spectrum signal can resolve multipath components if 
the chip duration is of the same order as the multipath delay. In narrow-band systems, delays 
are normally much smaller than a bit period, making them indistinguishable. 

Since the desired user's spreading code will have low autocorrelation, we can treat these 
multipath components as additional interferers provided that they are at least one chip apart. 
Practical experience indicates that at low microwave frequencies, 1 MHz of spread bandwidth 
is required to resolve a significant amount of the multipath components, and 10 MHz of 
bandwidth will resolve nearly all. 14 Returning to the case of equal power levels, we can model 
each individual path as an interferer contributing Eb/3N to the noise level. Thus, there are 
K - I users with L paths along with L - I interfering versions of the desired signal contributing 
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to the noise level. This results in a total noise level of (KL - l)Eb/3N being added to the 

overall noise PSD. Utilizing this in Eq. (13.41) results in 

p Q [ l ] (13.43) 
b = • /(KL - l)/3N + :N/2Eb 

Though the numerical accuracy of this equation is limited, it qualitatively shows how the 
performance degrades as the number of arriving multipath components L increases. Also we 
can see that for L = l, Eq. (13.43) reduces toEq. (13.41). If there is only a single user (K = 1), 
this equation shows that performance is still below optimum due to the multipath. Equation 
(13.43) assumes that the multipath and interferers have power levels of the same magnitude as 
the desired user's primary path. Although this is rarely the case, Eq. (13.43) can be extended 

similarly to Eq. (13.42) for unequal power levels. 
In addition to mitigating the multipath propagation, a spread spectrum may actually 

exploit this effect by using a Rake receiver.15• 16 A Rake receiver is a device for ~ohere~tly 
combining the energy from two or more received multipath components, thereby mcreasmg 
the received signal power and providing a form of diversity reception. The Rake consists of a 
bank of correlation receivers, with each individual receiver correlating with a different arriving 
multipath component. By adjusting for the delays, the individual multipath components 
can contribute correlated energy to the decision statistic, rather than harmful interference. 
Analogous to a garden rake, the Rake receiver gathers as much signal energy as possible. 

13.4.6 Performance of Frequency Hopped Systems 

Although DS/SS is currently more commercially important, some commercial applications for 
FH/SS are emerging. FH/SS is used in some spread spectrum devices which provide low rate 
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data communication in the unlicensed ISM frequency band from 902 to 928 MHz and both 
the cellular dig~tal packet data (CDPD) and GSM standards have options for inc~rporating 
frequency hoppmg. 
. Normally no~coherent detection is used for FH/SS because of the difficulty in maintain­
mg an_ accurate earner phase reference under changing frequency conditions. For noncoherent 
detection, we have shown that [see Eq. (13.32c)] 

1 
Pb = -e-Eb/2:N 

2 
(13.44) 

However, if :wo users transmit simultaneously in the same frequency band, a collision or "hit" 
o~curs. In :his case we will assume that the probability of error is ½. (This is actually pessimistic 
smce studies have shown that this value can be lower.) Thus the overall probability of bit error 
can be modeled as 

1 1 
Pb = -e-Eb/Z:N(l - Ph) + - Ph 

2 2 
(13.45) 

wher~ Ph is the proba~~lity of a hi~, w~ch we must determine. If there are J frequency slots, 
there 1s a 1/ J probab1hty that a given mterferer will be present in the desired user's slot. If 
the~e are K - 1 interferers or other users, the probability that at least one is present in the 
desrred frequency slot is 

( 
1 )K-l K -1 

Ph = 1 - 1 - J ~ -
1

- (13.46) 

assuming J is large. Substituting this into Eq. (13.45) gives 

P - ! -Eb/2:N (1 K - 1) 1 K - 1 b- e --- +---
2 J 2 J 

(13.47) 

If K = 1, the_probability of error reduces to Eq. (13.44), the standard probability of error for 
BFSK. Also, 1fwe allow Eb/Nto approach infinity, we see that 

. 1 K-1 
hm Pb = --- (13.48) 

Eb/:N--+oo 2 ] 

which illustrates the irreducible error rate due to MAI. 
. . The previous analysis assumes ~hat all users hop their carrier frequencies synchronously. 

This 1s called slotted frequency hoppmg. This may not be a realistic scenario for many FH/SS 
systems. Even when synchronization can be achieved between individual user clocks individ­
u_al paths will not arrive synchronously to each other due to the various propagation delays. A 
simple ~~velopment for asynchronous performance can be shown following the approach of 
Geronmtls and Pursley, 17 which shows that the probability of a hit in the asynchronous case is 

[ 
1 ( 1 )]K-1 

Ph = 1 - 1 - J 1 + Nb (13.49) 

where Nb is the number of bits per hop. Comparing Eqs. (13.49) and (13.46) we see that for 
the asynchronous c~se, the probability of a hit is increased, as expected. Using Eq. (13.49) in 
Eq. (13.45) we obtam the probability of error for the asynchronous case as 

_ 1 -Eb/:N[ 1 ( 1 )]K-l 1 { [ 1 ( 1 )]K-1} Pb - 2e 1 - 1 1 + Nb + 2 1 - 1 - 1 1 + Nb (13.50) 
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From the preceding analysis we can draw two inferences. First, FH/SS has an advantage 
over DS/SS in that it is not as susceptible to the near-far pro?lem. Because signal~ are generally 
not utilizing the same frequency simultaneously, the relative power levels of signals are not 
as critical as in DS/SS. The near-far problem is not totally avoided, however, since there Will 
be some interference caused by stronger signals bleeding into weaker signals due to imperfect 
filtering. The second inference drawn is that to achieve reasonable throughputs, error correction 
coding is required. By applying strong Reed-Solomon or other burst error correcting codes, 
the performance can be increased dramatically. 

13.5 M-ARY COMMUNICATION 

Thus far we have stressed binary communication, which happens to be perhaps the single most 
important mode of communication in practice today. In the binary case, only two symbols are 
used, whereas in the M -ary case, the total number of symbols used is M. Each M-ary symbol 
carries as much information as log2 M binary digits [see Eq. (7.55)]. In compensation, we 
may have to increase the transmitted power (as in the multiamplitude or multiphase case) or 
transmission bandwidth (as in the multitone case) in order to maintain a given performance 
level. 

Multiamplitude Signaling 
In the binary case, wetransmittwosymbols, consisting of the pulses p(t) and-p(t), where p(t) 
may be either a baseband pulse or a carrier modulated by a baseband pulse. In the multia~pli­
tude (MASK) case, the M symbols are transmitted by M pulses ±p(t), ±3 p(t), ±5 p(t), : .. , 
±(M - l)p(t). Thus, to transmit RM M-ary digits per second, we are required to transmit RM 
pulses per second of the form kp(t). Pulses are transmitted every TM seconds, so that TM = 
1/ RM. If Ep is the energy of pulse p(t), then assuming that pulses ±p(t), ±3p(t), ±5p(t), 
. . . , ±(M - l)p(t) are equally likely, the average pulse energy EpM is given by 

2 2 
EpM = -[Ep + 9Ep + 25Ep + · · · + (M - 1) Ep] 

M 
M-2 

= 21:: i)2k + 1)2 
k=O 

M 2 - l = ---Ep 
3 

M2 

:::::: 3EP M » l 

(13.51a) 

(13.51b) 

Recall that an M -ary symbol carries an information of log2 M bits. Hence, the bit energy Eb is 

EpM M 2
- l 

Eb= -- = ---Ep 
log2 M 3 log2 M 

(13.51c) 

Because the transmission bandwidth is independent of the pulse amplitude, the M -ary band­
width is the same as in the binary case for the given rate of pulses, yet it carries more information. 
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This means that for a given information rate, the MASK bandwidth is less than that of the binary 
case by a factor of log2 M. 

To calculate the error probability, we observe that because we are dealing with the same 
basic pulse p(t), the optimum M-ary receiver is a filter matched to p(t). When the input pulse 
is kp(t), the outputr(Tp) at the sampling instant will be kAp +n

0
(TM). Note that Ap = Ep, the 

energy of p(t), and that a;, the variance ofna(t), is NEp/2. Thus, the optimum receiver for the 
multiamplitude M-ary signaling case is identical to that of the polar binary case (see Fig. 13.3 
or 13.6a). The sampler has M possible outputs ±kAp + n

0
(TM) (k = l, 3, 5, ... , M - l) 

that we wish to detect. The conditional PDFs p(r Im) are gaussian with mean kA and variance 
a;, as shown in Fig. 13.20a. Let PeM be the error probability detecting a symbil and P(Elm) 
be the error probability given that the symbol m is transmitted. 

To calculate PeM, we observe that the case of the two extreme symbols [represented 
by ±(M - l)p(t)] is similar to the binary case because they have to guard against only one 
neighbor. As for the remaining symbols, they must guard against neighbors on both sides, and, 
hence, P(Elm) in this case is twice that of the extreme symbol. From Fig. 13.20a it is evident 
that P(Elm;) is Q(Ap/an) for the two extreme signals and is 2Q(Ap/an) for the remaining 
(M - 2) symbols. Hence, 

M 

PeM = L P(m;)P(Elm;) 
i=l 

= ~ [ Q ( :: ) + Q ( :: ) + (M - 2)2Q ( :: ) ] 

= 2(M - 1) Q (AP) 
M an • 

Foramatched-filterreceiver, (Ap/an)2 = 2Ep/N, and 

PeM = 2( M; l )Q( f!i) 

= 2( M; l)Q[ 6~~g~~ (~)] 

M» 1 

(13.52a) 

(13.52b) 

(13.52c) 

(13.52d) 

Bit Error Rate (BER): It is somewhat unfair to compare M -ary signaling on the 
basis of PeM, the error probability of an M-ary symbol, which conveys the information of 
k = log2 M bits. This weighs unfairly against higher values of M. For a fair comparison, 
we should compare various schemes for Pb, the probability of bit error, rather than PeM, the 
probability of symbol error (symbol error rate). We now show that for multiamplitude signaling 
Pb= PeM/log2 M. 
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Figure 13.20 (a) Conditional PDFs in MASK. (b) Error probability in MASK. 

Because the type of errors that predominate are those where a symbol is mistaken for 
its immediate neighbors (see Fig. 13.20a), it would be logical to assign neighboring M-ary 
symbols, binary code words that differ in the least possible digits. The Gray code* is suitable 

* The Gray code can be constructed as follows: Construct an n-digit natural bin~ code (NBC) corresponding to 
2n decimal numbers. If b1 b2 ... bn is a code word in this code, then the corresponding Gray code word g1 gz • • • gn 
is obtained by the rule 
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for this because adjacent binary combinations in this code differ only by one digit. Hence, an 
error in one M-ary symbol detection will cause only one error in a group of log2 M binary 
digits transmitted by the M -ary symbol. Hence, the bit error rate Pb = PeM / log2 M. However, 
the factor log2 M is negligible compared to other factors that vary exponentially with M in 
the expression for PeM [see Eqs. (13.52)], and, hence, it is not as influential in determining the 
behavior of PeM· Figure 13.20b shows PeM as a function of Eb/Nfor several values of M. 

The relationship Pb = PeM / log2 M, although valid for MASK, is not valid for other schemes 
due to the specific code structure. One must recompute this relationship for each scheme. 

Trade-off between Power and Bandwidth 
To maintain a given information rate, the pulse transmission rate in the M -ary case is reduced 
by the factor k = log2 M. This means the bandwidth of the M -ary case is reduced by the same 
factor k = log2 M. But to maintain the same PeM, Eqs. (13 .52) show that the power transmitted 
(which is proportional to Eb) increases roughly as M 2 / log2 M = 22k / k. On the other hand, 
if we maintain a given bandwidth, the information rate in the M -ary case is increased by the 
factor k = log2 M. The transmitted power is equal to Eb times the bit rate. Hence, an increased 
data rate also necessitates increased power by the factor (M2 / log2 M) (log2 M) = 22k. Thus, 
the power increases exponentially with the increase in information rate by a factor of k. In high­
powered radio systems, such a power increase may not be tolerable. Multiamplitude systems 
are attractive where bandwidth is at a premium. Because the voice channels of a telephone 
network have a fixed bandwidth, multiamplitude (or multiphase, or a combination of both) 
signaling appears to be an attractive method of increasing the information rate, particularly 
because telephone lines can be made to have a high degree of channel stability and low additive 
noise. 

All the results derived here apply to baseband as well as modulated digital systems with 
coherent detection. For noncoherent detection, similar relationships exist between the binary 
and M-ary systems.* 

Multiphase Signaling 
In binary PSK (BPSK), the two basic pulses are p'(t) cos wet and p'(t) cos (wet + n). 

We generalize the idea for the M-ary case (MPSK) using M pulses with the kth pulse 
p' (t) cos [ Wet + (2n / M)k]. Thus, the phases of successive pulses are 2n / M radians apart 
(Fig. 13.21). From the symmetry of this scheme it is evident that if, because of channel noise, 
the phase of any pulse deviates by more than n / M radians, an error is made. Hence, the error 
probability PeM is the probability that the phase of any pulse deviates by more than n / M 
radians. 

At the receiver, coherent phase reference is available. The basic function of the receiver 
is to detect the phase of the received pulse. This can be done by two phase detectors with cos 

g1 =b1 

gk = bk EB bk-I k 2: 2 

Thus for n = 3, the binary code 000, 001, 010, 011, 100, 101, 110, 111 is transformed into the Gray code 000, 001, 
011, 010, 110, 111, 101, 100. 

* For the noncoherent case, the baseband pulses must be of the same polarity; for example, 0, p (t), 2 p (t), ... , (M -
l)p(t). 
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Figure 13.21 MPSK signals. 

• 

-~· •• • .·• rr/M _ ... ••• • •. 
. ·• __ ... •• ·. 

rr/ M 

•. ••• . rr/ M 

•••·· ... Jrr;;;·• ...... :/ .. 

wet and sin wet as respective references, along with alogic circuit to determine the ratio of the 

two detected components.* 
To compute the error probability PeM, we note that a detection error results if the phase 

of any pulse deviates by more than rr / M. The PDF pe(0) of the phase 0 of a sinusoid plus a 

bandpass gaussian noise is found in Eq. (11.64d). Hence, 

f
rr/M 

PeM = 1 - pe(0) 
-n/M 

The PDF p
0

(0) inEq. (ll.64d)involves A (the sinusoid amplitude) and a; (the noise variance). 

Assuming matched filtering and white noise [see Eq. (13.9c)], 

A2 2Ep 2Eb log2 M 
a 2 = N = N 

n 

Hence, 

(13.53) 

Figure 13.22 shows the plot of PeM as a function of Eb/ N. For Eb/ N » 1 (weak noise) and 

M » 2, Eq. (13.53) can be approximated as18 

(✓2Eblog2 M • Jr) 
PeM '.:::'. 2Q N sm M 

(13.54a) 

* This can be done by a parallel bank of two filters matched to p' (t) sin wet and p' (t) cos Wet, respectively. If !he 
input to this bank is p' (t) cos (wet+ 0), then the outputs of the two matched filters are proportional to sin 0 and cose, 
respectively. This is because the input p' (t) cos (wet+ 0) can be expressed as a sum of two orthogonal components 
sin0 p'(t) sin wet and cos0 p'(t)coswet. The ratio of the outputs of these filters is tan 0. 
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Figure 13.22 Error probability of MPSK . 

M=2 

4 

(13.54b) 

An alternate expression for PeM is derived in Chapter 14 [Eq. (14.59b)]. A comparison of 
Eq. (13.54b) with Eq. (13.52d) shows that the behavior of MPSK is very similar to that of 
MASK, at least for large Eb/ N and M » 2. Hen~e, the comments made in reference to 
MASK apply to MPSK also. 

One of the schemes frequently used in practice is the case of M = 4. This is four-phase, 
or quadriphase, PSK (QPSK). This case can be thought of as two binary PSK systems in parallel 
in which the carriers are in phase quadrature. Thus, one system uses pulses ±p(t) cos wet, 
and the other uses pulses ±p(t) sin Wet. Because the carriers are in quadrature, both of these 
signals can be transmitted over the same channel without interference. Addition of these two 
streams yields four possible pulses, ±-v2 p(t) cos (wet± n /4). This is precisely QPSK. Thus, 
QPSK doubles the transmission rate without increasing the bandwidth. 
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Bit Error Rate (BER): As in the case of MASK, the BER for MPSK also is given by 
Pb = PeM / log2 M. This is because in MASK and MPSK, the type of errors that predominate 
are those where a symbol is mistaken for its immediate neighbor. Using Gray code we can 
assign the adjacent symbols codes that differ in just one digit. 

An example of QPSK is found in the SPADE multiple-access communication system 
used for PCM via the Intelsat satellite communication global network, which attains a rate of 
64 kbit/s over a transmission bandwidth of 38 kHz. The scheme uses Nyquist's criterion with 
a roll-off factor of 19% (see Example 7.1). Regular telephone lines with a bandwidth on the 
order of 2400 Hz (from 600 to 3000 Hz) are used to transmit binary data at a rate of 1200 
digits per second. This rate can be increased by using MPSK. For example, to transmit data 
at respective rates of 2400 and 4800 digits per second, QPSK and 8-ary PSK are used. Higher 
rates (9600 digits per second) are obtained by using 16-ary QAM (discussed next). 

Quadrature Amplitude Modulation 
The quadrature amplitude modulation (QAM), also called amplitude phase-shift keying 
(APK), is a combination of MASK and MPSK. A QAM signal can be written as 

p;(t) = p'(t)(a; cos wet+ b; sin wet) 

= p'(t)[r; cos (wet+ 0;)] i = l, 2, ... , M (13.55) 

where r; = ✓ ar + br and 0; = - tan-1 b; /a;. In MASK, 0; = 0 for all i; only r; is different. 
In MPSK, r; is constant for all i; only 0; is different. In APK, both r; and 0; vary with i. 
Graphically, signal p;(t) can be mapped into a point (a;, b;) or (r;, 0;). One such signal set 
is shown in Fig. 13.23. Because each M-ary pulse consists of a sum of pulses modulated by 
carriers in quadrature ( quadrature multiplexing), this is the case of QAM. c 

Techniques for analyzing such general signals are discussed in Chapter 14. For the 16-ary 
case in Fig. 13.23, it can be shown that (see Example 14.3) 

PeM ~ 3Q ( f!ir) (13.56) 

• • • " 
Figure 13.23 16-ary (or 16-point) QAM. 
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General analysis ofMQAM (M QAM) • . 
discussed in Chapter 14, where-:r 6-ary Q1:t~er m~olved_ and requires advanced techniques 
thatl8 an upper bound on p . . b is ana yzed m Example 14.3. It can be shown 

eM 1s given y 

P,M ~ 4Q (✓2; "M) 
where 11M is an efficiency factor, normalized to the efficienc of · · • 
depends on t~e constellation size and shape with IJM < l. Wilso~Is gi~:~~~d~l l;ign'.11mg, and 
of n M for various values of M for MASK and MQAM: e o owmg values 

MASK MQAM 1/MdB 

4 16 -4 
32 -6 8 64 -8.5 

128 -10.2 16 256 -13.3 

Multitone Signaling (MFSK) 

e
inacthhios fcadse, Mt· symbols are transmitted by M orthogonal pulses of frequencies w1 Wz w 

ura ion T Th th M tr • ' , • • ·, M, 
M· us, e anslllltted pulses are of the form* '2 '(t) h 

wk - 2n(N +k)/T Th • ( . v Lp coswkt, w ere 
. - . 

1 
. M• . ~receiver Fig.13.24)isasimpleextensionofthebinaryreceiver The 

;;o:;ng pu se i~ multiphed by the corresponding references v'2 cos w· t (i = l 2 • M) 
e ter H ( w) is matched to the baseband pulse p' ( t). The same res~lt is obt;in~d if in th~ 

Figure 13.24 Coherent MFSK receiver. 
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* A better scheme is to use pulses ../2p' (t) sin w t and .,/2 , ( 
orthogonal pulses, we required only M/2 distin;t fre uen/ t) coswkt, k = _l, 2,_ • • ·, M/2. Because these are all 
scheme cannot be used for noncoherent detect1·on "o q b . ies, and the bandwidth is reduced by a factor of 2. This 

1' r o v1ous reasons. 
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ith bank, instead of using a multiplier and H(w), we use a filter matched to the RF pulse 
p'(t) cosw;t. The M bank outputs sampled att = TM arer1, r2, ••• , rM. They are compared, 
and the decision is m = j if rj > r; for all i -1- j. If a pulse p' (t) cos w; t is received, it will 
cause an output only in the ith bank and will be completely suppressed in the outputs of all 
the remaining banks if all the M RF pulses are orthogonal.* 

The bandwidth ofMFSK increases with M. When m = 1 is transmitted, the correspond-
ing sampler output will be Ap + n1, and the other sampler outputs are n2, n3, ••• , nM, where 
n

1
, n2, ... , nM are all mutually independent gaussian variables with the same variance a;. 

An error is made if nj > Ap + n1 (j -f. 1). Suppose the value of r1 = r1. Now the correct 
decision will be made if n2, n3, ... , nM are all less than r1. Because all these variables have 
identical PDFs (gaussian with variance un), the probability of nj < r1 is 

---e J n nj 1r1 1 -nz/20-2 d 

-oo Un ,./fir 
If P(Clm = 1) is the probability of making a correct decision given thatm = 1 is transmitted, 

then 

Because of symmetry, P(Clm = 1) = P(Clm = 2) = • • • = P(Clm = M). Hence, PcM, 
the probability of a correct decision, is P(Clm = 1) provided all symbols are equiprobable. 

Because the filters are matched [Eq. (13.9)], 

and we can express 

PeM = l _ _ 1_ 100 e-(y-✓2Eb log2 Mf.Jvf /2[l - Q(y)]M-1 dy 
,./fir -00 

(13.57) 

* This can be shown as follows: The filter matched to p(t) has impulse response h(t) = p(TM - t). If q(t) is applied 

at the input of this filter, the response r(t) is 

r(t) = h(t) * q(t) = I: p(TM - x)q(t - x) dx 

and 

r(TM) = [: p(TM -x)q(TM -x)dx = [: p(t)q(t)dt 

If p(t) and q(t) are orthogonal, r(TM) = 0. 
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T~e integral appearing on the right-hand side of Eq. (13.57) is computed and plotted in 

Fig. 13.25 (PeM_ vs. Eb/ :N). This plot shows an interesting behavior for the case of M = 00. 

By properly taking the limit of PeM in Eq. (13.57) as M - oo, it can be shown that3 

1
. { 1 Eb/:N < loge2 
Im PeM = 

M➔oo O Eb/ :N?:. loge 2 

Because the signal power S; = EbRb, where Rb is the bit rate, it follows that for error-free 

communication, 

Eb 1 
- > log 2 = -- or :N - e. 1.44 

Hence, 

S; 1 
-->-­
:NRb - 1.44 

(13.58) 

Figure 13.25 Error probability of coherent 
MFSK. 
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This shows that M-ary orthogonal signaling can transmit data error-free at a rate of up to 

1.44 S; / .'.Nbit/s as M ---+ oo (see Fig. 13.25). 

Bit Error Rate (BER): For MASK and MPSK, we showed that Pb = PeM / log2 M. 
This result is not valid for MFSK because in MASK and MPSK, the type of errors that 
predominate are those where a symbol is mistaken f~r its_i~ediate ~e~ghbor. Using Gray 
code we can assign the adjacent symbols codes that differ m Just one digit. In MFSK, on the 
other hand, a symbol is equally likely to be mistaken for any of the remaini~g M - l symbols. 
Hence, p ( E), the probability of mistaking one M -ary symbol for another, is 

PeM PeM 
P(E) = M - l = 2k - 1 

If an M-ary symbol differs by 1 bit from N1 number of symbols, and differs by 2 bits _from N2 
number of symbols, and so on, then NE, the average number of bits in error in recepuon of an 

M-ary symbol, is 
k 

NE= LnNnP(E) 
n=l 

PeM k k ( ) = 2k -1 Ln n 
n=l 

= k2k-1 PeM 
2k -1 

This is an average number of bits in error in a sequence of k bits ( one M -ary symbol). 

Consequently, the BER, Pb is this figure divided by k, 

2k-l ~ PeM 
Pb = 

2
k _ l PeM ~ 2 k » l 

C 

Noncoherent MFSK . . 
From the practical point of view, the phase coherence of M frequencies i_s difficult to mamtam. 
Hence in practice, coherent MFSK is rarely used. Noncoherent MFSK is more ~ommon. The 
receiver for noncoherent MFSK is similar to that for binary noncoherent FSK (Fig. 13.14), but 
with M banks corresponding to M frequencies. The filter H;(w) is matched to the RF pulse 
p(t) cosw;t. The analysis is straightforward. If m = 1 is transmitted, then r1 is the envelo~e 
of a sinusoid of amplitude Ap plus bandpass gaussian noise, and rj (j = 2, 3, •• •, M) is 
the envelope of the bandpass gaussian noise. Hence, r1 has rician density, and r2, r3, • • • , r M 

have Rayleigh density. Using the same arguments as in the coherent case, we have 

PcM = P(C!m = 1) = P(O:::: r1 < oo, n2 < r1, rt3 < r1, ••• , nM < r1) 
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= 1°" ;J Io c~;P) e-<rf+A~)/2cr; ( 1 - e-rf/2cr;)M-1 dr1 

Substituting rrf2a} = x and (Ap/an)2 = 2Ep/.'.N = 2EblogM/.'.N, we obtain 

PcM = e - Eb 1;;2M 1°" e-x (1 - e-x)M-1 Io ( 2/ xEb ~2 M) dx 

Expanding (1 - ex)M-l using the binomial theorem, we obtain 

M-l(M 1) (1- ex)M-1 = ,!; ;::, (-lre-mx 

Substitution ofthis result into Eq. (13.59a) and recognizing that 

ye-ay Io(by) dy = -e- /4a 1
00 

2 1 b2 

o 2a 

we obtain (after interchanging the order of summation and integration) 

M-1 (M 1) ( l)m 
PcM = L - ----e-mEb log2 M/N(m+l) 

m=O m m + 1 

and 

M-l (M 1) ( 1r+1 
PeM = l - PcM = L - - e-mEb log2 M/N(m+l) 

m=l m m + 1 

619 

(13.59a) 

(13.59b) 

(13.59c) 

The error probability PeM is shown in Fig. 13.26 as a function of Eb/.'.N. It can be seen that 
the performance of noncoherent MFSK is only slightly inferior to that of coherent MFSK, 
particularly for large M. 

Comments on M-ary Signaling 
M -ary signaling provides us with additional means of exchanging, or trading, the transmission 
rate, transmission bandwidth, and transmitted power. It provides us a flexibility in designing 
a proper communication system. Thus, for a given rate of transmission, we can trade the 
transmission bandwidth for transmitted power. We can also increase the information rate 
by a factor of k (k = log2 M) by paying a suitable price in terms of the transmission 
bandwidth or the transmitted power. Figures 13.25 and 13.26 show that in multitone signaling 
the transmitted power decreases with M. However, the transmission bandwidth increases 
linearly with M, or exponentially with the rate increase factor k (M = 2k). Thus, multitone 
signaling is radically different from multiamplitude or multiphase signaling. In the latter, 
the bandwidth is independent of M, but the transmitted power increases as M2 / log2 M = 
22k / k; that is, the power increases exponentially with the information-rate increase factor 
k. Thus, in the multitone case, the bandwidth increases exponentially with k, and in the 
multiamplitude or multiphase case, the power increases exponentially with k. Hence, we should 
use multiamplitude or multiphase signaling if the bandwidth is at a premium ( as in telephone 
lines) and use multi tone signaling when power is at a premium ( as in space communication). A 
compromise exists between these two extremes. Let us investigate the possibility of increasing 
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Figure 13.26 Error probability of non coherent 
MFSK. 
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the information rate by a factor k simply by increasing the number of binary pulses transmitted 
by a factor k. In this case, the transmitted power increases linearly with k. Also ?ecause ~he 
bandwidth is proportional to the pulse rate, the transmission bandwidth increases lmearly with 
k. Thus, in this case, we can increase the information rate by a factor of k by increasing both the 
transmission bandwidth and the transmitted power linearly with k, thus avoiding the phantom 
of the exponential increase that was required in the M-ary system. But here we must incre~se 
both the bandwidth and the power, whereas in the M -ary case the increase in informat10n 
rate can be achieved by increasing either the bandwidth or the power. We have thus a great 
flexibility in trading various parameters and thus in our ability to match our resources to our 
requirements. 

EXAMPLE 13.1 It is required to transmit 2.08 x 106 binary digits per second with Pb :::== 10-6. Three possible 
schemes are considered: 

(a) Binary 

(b) 16-ary ASK 
(c) 16-ary PSK 
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The channe! noise PSD is Sn ( w) = 10-3
• Determine the transmission bandwidth and the signal 

power requrred at the receiver input in each case. 

(a) Binary: We shall consider polar signaling (the most efficient scheme), 

This yields Eb/ :N = 11.35. The signal power S; = Eb Rb. Hence, 

S; = 11.35:N"Rb = 11.35(2 x 10-8)(2.08 x 106) = 0.47W 

Assuming raised-cosine baseband pulses, the bandwidth Br is 

Br = Rb = 2.08 MHz 

(b) 16-ary ASK: Because each 16-ary symbol carries the information equivalent 
oflog2 16 = 4binary digits, we need to transmit only RM= (2.08 x 106)/4 = 0.52 x 106 
16-ary pulses per second. This requires a bandwidth Br of 520 kHz for baseband pulses 
and 1.04 MHz for modulated pulses (assuming raised-cosine pulses). Also, 

Therefore, 

Pb= 10-6 = PeM 
log2 16 

PeM = 4 x 10-6 = 2 (M - 1.) Q [ 6Eb log2 l6] 
M :N"(M2 -1) 

For M = 16, this yields Eb= 0.499 x 10-5_ If the M-ary pulse rate is RM, then 

S; = EpMRM = Eb log2 MRM 

= 0.499 X 10-5 X 4 X (0.52 X 106) = 9.34 W 

(c) 16-ary PSK: We need to transmit only RM = 0.52 x 106 pulses per second. 
For baseband pulses, this will require a bandwidth of 520 kHz. But PSK is a modulated 
signal, and the required bandwidth is 2(0.52 x 106) = 1.04 MHz. Also, 

PeM = 4Pb = 4 x 10-6 '.c:'. 2Q [ 2:rr2Eb log2 l6] 
256:N 

This yields Eb= 137.8 x 10-8 and 

S; = Eb log2 16RM 

= (137.8 X 10-8) X 4 X (0.52 X 106) = 2.86W 
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13.6 SYNCHRONIZATION 

In synchronous, or coherent, detection, we need to achieve synchronization at thr~e ~ifferent 
levels: (1) carrier synchronization, (2) bit synchronization, and (3) word synchromzat10n. For 
noncoherent detection, we need only the second and third levels of synchronization-which 
were discussed in Chapter 7. Here we shall consider only carrier synchronization. 

Carrier synchronization is similar to bit synchronization, only more difficult. In bit 
synchronization, the problem is to achieve synchronism from bit interval to bit interval­
which is of the order Tb. In carrier synchronization, we must achieve synchronism within a 
fraction of a cycle, and because the duration of one carrier cycle is 1 / Jc « Tb, the problem 
is severe. It should be remembered that the phase error 0 that can be tolerated is much less 
than n /2. For example, if we are transmitting data at a rate of 2 Mbit/s, the bit interval is 0.5 
µ,s. If this data is transmitted by PSK with a carrier frequency of 100 MHz, a phase of n /2 
corresponds to 2.5 ns; that is, the synchronization must be achieved within an interval of much 

less than 2.5 ns! 
Carrier synchronization is achieved by three general methods that are similar to those 

used for bit synchronization (see timing extraction in Sec. 7.5): 

1. Using a primary or a secondary standard (i.e., transmitter and receiver slaved to a master 

timing source) 

2. Transmitting a separate synchronizing signal (a pilot) 

3. Self-synchronization, where the timing information is extracted from the received signal 

itself 

The first method is expensive and is suitable only for large data systems, not for point-

to-point systems. 
The second method uses part of the channel capacity to transmit timing information and 

causes some degradation in performance (see Prob. 13.2-1). But this is a widely used method 
for point-to-point communication systems. A pilot may be transmitted by frequency-division 
multiplexing (by choosing a pilot of frequency at which the signal PSD has a null) or by time­
division multiplexing (in which the modulated signal is interrupted for a short period of time, 
during which the synchronizing signal is transmitted). 

A baseband signaling scheme with a de null-such as bipolar, duobinary, or split-phase­
is preferred, because such signals after modulation have a spectral null at the carrier frequency. 
This facilitates the separation of the pilot at the receiver. 

The self-synchronization method extracts the carrier by squaring the incoming signal 
or by using a Costas loop, as discussed in Sec. 4.7. But because these methods yield sign 
ambiguities, they cannot be used for PSK unless differential coding is used. 
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13.1-1 The so-called integrate-and-dump filter is shown in Fig. P13.1-1. The feedback amplifier is an 
• ideal integrator. The switch s, closes momentarily and then opens at the instant t = Tb, thus 
dumping all the charge on C and causing the output to go to zero. The switch s2 samples the 
output immediately before the dumping action. 

(a) Sketch the output Po(t) when a square pulse p(t) is applied to the input of this filter. 

(b) Sketch the output p 0 (t) of the filter matched to the square pulse p(t). 

( c) Show that the performance of the integrate-and-dump filter is identical to that of the matched 
filter; that is, show that p in both cases is identical. 
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13.1-2 

13.2-1 

13.2-2 

p(I) 

Sample switch 

~----->---;--<;~ 

1-

Figure P13.1-1 

An alternative to the optimum filter is a suboptimum filter, where we assume a particular filter 
form and adjust its parameters to maximize p. Such filters are inferior to the optimum filter but 
may be simpler to design. 

For a rectangular pulse p (t) of height A and width Tb at the input (Fig. P13 :1-2), determine 
Pmax if, instead of the matched filter, a one-stage RC filter with H(w) = 1/(1 + jwR_C) is ~sed. 
Assume a white gaussian noise of PSD :N/2. Show that the optimum performance 1s achieved 
when 1/RC = 1.26/Tb. Hint: Setdp2 /dx = O(x = Tb/RC). 

(a) (b) (c) 

Figure P13.1-2 Suboptimum filter. 

As discussed in Sec. 13.3, in coherent schemes, a small pilot is added for synchronization. 
Because the pilot does not carry information, it causes degradation in Pb. Consider coherent 
PSK using the following two pulses of duration Tb each: 

p(t) = A✓l - m2 cos Wet+ Am sin Wet 

q(t) = -A✓l - m2 cos Wet+ Am sin Wet 

where Am sin wet is the pilot. Show that when the channel noise is white gaussian, 

_ [✓2Eb(l - m
2
)] Pb - Q :N 

Hint: Use Eq. (13.18b). 

For polar binary communication systems, each error in the decision has some cost. Suppose that 
when m = 1 is transmitted and we read it as m = 0 at the receiver, a quantitative penalty, or cost, 
C 10 is assigned to such an error, and, similarly, a cost C01 is assigned when m = 0 is transmitt~d 
and we read it as m = 1. For the polar case where Pm(O) = Pm(l) = 0.5, show that for '_'fate 
gaussian channel noise the optimum threshold that minimizes the overall cost is not O but is ao, 
given by 

:N Co1 
a0 =-ln-

4 C10 
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Hint: See Hint for Prob. 10.2-11. 

13.2-3 For a polar binary system with unequal message probabilities, show that the optimum decision 
threshold a0 is given by 

:N Pm(O)Co1 
Go=-In----

4 Pm(l)C10 

where Co1 and Cw are the cost of the errors as explained in Prob. 13.2-2, and Pm(O) and Pm(l) 
are the probabilities of transmitting O and 1, respectively. Hint: See Hint for Prob. 10.2-11. 

13.5-1 
For 3-~ communication, messages are chosen from any one of three symbols, m_

1
, mo, and 

m1, which are transmitted by pulses -p(t), 0, and p(t), respectively. A filter matched to p(t) 
is us~d at the receiver. If r is the matched filter output at TM, plot Pr(r Im;) (i = -1, O, and 1), 
and if P(m_1) = P(mo) = P(m1), determine the optimum decision thresholds and the error 
probability P,. The energy of the pulse p(t) is EP and the channel noise PSD is S

0
(w) = :N/2. 

13.5-2 

13.5-3 

Binary data is transmitted by using a pulse p(t) for O and a pulse 3p(t) for 1. Show that the 
optimum receiver for this case is a filter matched to p(t) with a detection threshold 2£ as 
shown in Fig. P13.5-2. Determine the error probability Pb of this receiver as a function of E Pl :N 
if O and 1 are equiprobable. b 

t= Tb 

--i•----il p(Tb - t) ]r---•--oo ~ 

Figure P13.5-2 

Decision: 
0 if r < 2Ep 
1 ifr > 2EP 

A binary source emits data at a rate of 256,000 bit/s. Multiamplitude-shift keying (MASK) with 
M = 2, 16, and 32 is considered. In each case, determine the signal power required at the receiver 
input and the minimum transmission bandwidth required if S

0 
( w) = 1 o-8 and the bit error rate 

Pb, is required to be less than 10-7 . 

13.5-4 Repeat Prob. 13.5-3 for M-ary PSK. 

I: 
i·, 



14 OPTIMUM SIGNAL 
DETECTION 

0 ur scope of the discussion of signal detection in Chapter 13 was rather limited. In 
the first place, we restricted ourselves primarily to binary systems with a receiver of · 
assumed (linear) form. Although we optimized the linear type of receiver, we have 

no assurance that there does not exist another type of receiver that might be superior to the 
optimum linear receiver derived in Chapter 13. Second, we did not derive the optimum linear 
receiver for the M -ary case in general. In Chapter 13 we only analyzed a few M -ary schemes 
with an assumed receiver structure. 

In this chapter, we shall analyze the problem of digital signal detection from a monr 
fundamental point of view. We shall determine the optimum receiver (in the sense of minimizing 
the error probability) for general M-ary signaling in the presence of additive white gaussian 
noise (AWGN). We shall place no constraints on the receiver. Rather, we shall try to answer 
the question: What receiver will yield the minimum error probability? 

Such an analysis is greatly facilitated by a geometrical representation of signals. We 
shall now show that a signal is in reality an n-dimensional vector and can be represented by 
a point in an n-dimensional hyperspace. The foundations for such a viewpoint were laid in 
Chapter 2. Here we shall refine and concretize our argument. The reader may want to review 
the concepts of vector representation of a signal in Chapter 2. 

14.1 GEOMETRICAL REPRESENTATION OF SIGNALS: SIGNAL SPACE 

We are used to 3-dimensional physical space and 3-dimensional vectors in this space. There is 
no reason, however, to restrict ourselves to three dimensions only. We can extend the concept 
to an n-dimensional space, although it may be hard to visualize the space for n > 3. 

To begin with, we note that the familiar 3-dimensional vectors are nothing but entities 
specified by three numbers (x1, x2, x3) in a certain order (ordered 3-tuple)-nothing more, 
nothing less. Extending this concept, we say that any entity specified by n numbers in a 
certain order ( ordered n-tuple) is an n-dimensional vector. Thus, if an entity is specified by an 
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0rdered n-tuple (xi, Xz, • • •, Xn), it is an n-dimensional vector x. We define n unit vectors 
<{)1, <{)2, ••. , <fJn as 

<{)1 = (1, 0, 0, ... , 0) 

<{)2 = (0, 1, 0, ... , 0) 

................ 
<fJn = (0, 0, 0, ... , 1) (14.1) 

Anyvectorx = (x1 x x) b d · , 2, • • ·, n can e expresse as a linear combination of n unit vectors, 

n 

= LXk<fJk 
k=l 

We define the scalar product x . y as 

n 

X. y = LXkYk 
k=l 

(14.2a) 

(14.2b) 

(14.3) 

where y = (y1 y y ) • th d" · · . , 2, • • • , n is ano er n- 1mens1onal vector m the same space Ve t d 
y are said to be orthogonal if • c ors x an 

The length of a vector xis jxj, defined by 
(14.4) 

n 

jxj2 = x • x = L x; (14.5) 
k=l 

A set of n-dimension~ vectors is said to be independent if none of the vectors in this 
set can be repre~ente~ as a hnear combination of the remaining vectors in the set. Thus, if 
X1, X2, • • ·, Xm 1s an mdependent set, then it is impossible to find constants a 
(not all zero) such that 1, a2, • • • , am 

a1x1 + a2X2 + · · · + amXm = 0 (14.6) 

~n n-dimensional space can have at most n independent vectors. If a space has a maximum of n 

i~~~ende~t ~ectors, then every vector x in this space can be expressed as a linear combination 
o ese n I~ ~pendent ~ector~. If not, then x becomes a member of the independent vector 
space. But this is not possible with the assumption that there exists a maximum of n independent 
v~ctors: Thus, any vector in this space can be specified by n numbers and, hence is an n­
dimenswnal space. It also follows from this discussion that the dimensionality of a ~ ace can 
be, at most, as large as the total number of vectors in the space. p 

Th A s~bset of_ vecto:s in a given n-dimensional space can have dimensionality less than 
n: u~, m a 3-d1mens10nal space, all vectors lying in one plane can be specified b two 
dimens10ns, an~ all vectors lying along a line can be specified by one dimension. Y 

A set of_n m~ependent vectors in an n-dimensional space are called basis vectors because 
every vector m this space can be expressed as a linear combination of these n independent 
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vectors. A set of basis vectors form coordinate axes, and they are not unique. Then unit vectors 
in Eq. (14.1) are independent and can serve as basis vectors. These vectors have an additional 
property in that they are all mutually orthogonal, that is, 

{
O j i= k 

<{Jj • <fJk = 1 j = k (14.7) 

Such a set is an orthonormal set of vectors because in addition to being orthogonal, their 

lengths are unity. 
A vector x (x1, x2, ... , Xn) can be represented as 

X = X1(f11 + X2(f12 + · · · Xn<fJn 

If we know x, its components Xk can be found by tal<lng the scalar product of both sides with 

<fJk· Using Eq. (14.7) we get 

X • <fJk = Xk k = 1, 2, ... , n (14.8) 

One final observation: in order to represent an n-dimensional vector completely, we 
need n basis vectors (independent vectors). In general, an n-dimensional vector cannot be 
completely represented by less than n basis vectors of the space. A set of n basis vectors forms 

a complete set. 

Signal as a Vectoi-
Any entity that can be represented by an n-tuple is an n-dimensional vector. If a signal x(t) 
can be specified by an n-tuple, it, too, is a vector. As we know, a signal x (t) band-limited to B 
Hz can be specified by the values of its Nyquist samples. Consequently, such a signal, too, is c 
a vector. We can express x(t) as [see Eq. (6.10)] 

x(t) = ~x (
2
:) sine (2:1r Bt - k:1r) (14.9) 

Thus, x(t) can be specified by an n-tuple (its Nyquist sample values). With this introduction, 
let us now tum to a systematic development of the signal-space concept. 

We define n signals <p1 (t), (()2 (t), ... , (f}n (t) as independent if none of these n signals 
can be represented by a l1near combination of the remaining n - 1 signals. This means it is 
impossible to find constants a1, a2, ... , an (not all zero) such that 

(14.10) 

Suppose that a signal x(t) can be represented by a linear combination of n independent signals 

{<pk(t)}as 

n 

= LXk(f}k(t) 
k=l 

(14.lla) 

(14.llb) 

If every signal in a certain signal space can be represented by a linear combination of n 
independent signals {<pk(t)}, then we have an n-dimensional signal space. 

14.1 Geometrical Representation of Signals: Signal Space 

The signal set {</!k(t)} will be assumed to be orthogonal, that is,* 

1
00 

(f}j(t)<pk(t)dt = { ~- j ,j= k 
-oo 1 j = k 
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(14.12) 

If kj = 1 for all j, then the set is orthonormal. For an orthonormal set, the coefficients xk in 
Eq. (1~.11) can be obtained by multiplying both sides ofEq. (14.11) by (f}k(t), then integrating 
and usmg Eq. (14.12) (with kj = 1): 

Xk = 1_: x(t)(f}k(t) dt (14.13) 

Once the basis signals {<pk(t)} are specified, we can represent a signal x(t) by an n­
tuple (x1, X2, .. : , Xn), ~tem~tely we may represent this signal geometrically by a point 
(~1, X2, •: - , Xn) m ann-dimens10nal space. We can now associate a vectorx (x1, x2, ... , xn) 
with the signal x (t). Note that the basis signal <p1 (t) is represented by the corresponding basis 
vector <f11 (~, 0, 0, ... , 0), and <p2(t) is represented by q,2(0, 1, 0, ... , 0), and so on. 

. Turrung our attention to Eq. (14.9), we see that in this case the basis signals are 
{smc (2:1r Bt - k:1r)}. This set is orthogonal because (see Prob. 3.7-4) 

1
00 

sine (2:1r Bt - j:1r) sine (2:1r Bt - k:1r) dt = { O 
-oo 1/2B 

j i= k 
J=k 

We can normalize this set by multiplying each member by ../2ii. Thus, if we define 

(14.14) 

(f}k(t) = EB sine (2:1r Bt - k:Tr) (14.15) 

then 

x(t) = LXk(f}k(t) (14.16a) 
k 

where 

(14.16b) 

and {<pk(t)} is an orthonormal set of signals. Thus, any band-limited signal x(t) can be 
represented by a point 

whe~e x~ is the kth Nyquist sample of x (t) divided by 1 / ../2ii. To determine the dimensionality 
of~h1s s~gn~l sp~ce, recall that a band-limited signal cannot be time-limited (i.e., it exists over 
an mfimte time mterval). Hence, the total number of samples at a Nyquist rate of 2B samples 

* If { ,Pk (t)} is complex, orthogonality implies 

1_: ,Pj(t),p{(t) dt = 0 

and Eq. (14.13) becomes 

Xk = 1_: x(t),p{(t) dt 
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per second will be infinite, and the dimensionality is infinite. Higher dimensions, however, can 
be ignored, because their contribution is negligible. For example, a band-limited signal with 
a finite energy may exist over an infinite time interval. But its amplitude for large values oft 
must approach 0, or the energy 

Ex = 1: x 2
(t) dt 

will not be finite. Hence, the amplitude of every band-limited signal is negligible beyond some 
ltl = T /2. Such a signal is essentially time-limited to T seconds. We can argue in the same 
way that a signal time-limited to T seconds is essentially band-limited to B Hz. Because the 
Nyquist rate is 2B samples per second, the total number of samples over T seconds is* 2BT + 1, 
where T and B are interpreted as before. If x(t) is band-limited to B, then Tis its essential 
time duration, and if x(t) is time-limited to T, then it is essentially band-limited to B Hz. A 
rigorous development of this result, as well as an estimation of the error in ignoring higher 
dimensions (those beyond 2BT + 1), can be found in Landau and Pollak.1 

Just as there are an infinite number of possible sets of basis vectors for a vector space, 
there are an infinite number of possible sets of basis signals for a given signal space. For a 
band-limited signal space, {sine (2;r Bt - kn)} is one possible set of basis signals. 

Scalar Product 
In a certain signal space, let x(t) and y(t) be two signals represented by vectors x (x1, x2, ... , 

Xn) and y (y1, Y2, ... , Yn)- If {'Pk(t)} are the orthonormal basis signals, then 

Hence, 

x(t) = L x;q.i; (t) 

y(t) = L Yj'Pj (t) 
j 

Because the basis signals are orthonormal, from Eq. (14.12) with kj = I, we obtain 

1: x(t)y(t)dt = ~XkYk (14.17a) 

The right-hand side of Eq. (14.17a), however, is by definition the scalar product of vectors x 
andy; 

Hence, we have 

x • y = 1: x(t)y(t) dt (14.17b) 

* Including end samples. 

EXAMPLE 14.1 

14.1 Geometrical Representation of Signals: Signal Space 631 

If x (t) and y(t) are mutually orthogonal, then it follows from Eq. (14.17b) that the correspond­
ing vectors x and y are also orthogonal. We conclude that the integral of the product of two 
signals is equal to the scalar product of the corresponding vectors. 

Energy of a Signal 
For a signal x(t), the energy Ex is given by 

Ex = 1: x 2
(t) dt 

It follows from Eq. (14.17b) that 

(14.18) 

where Ix 12 is the square of the length of the vector x. Hence, the signal energy is given by the 
square of the length of the corresponding vector. 

A signal space consists of four signals s1 (t), s2(t), s3(t), and s4(t), as shown in Fig. 14.1. 
Determine a suitable set of basis vectors and the dimensionality of the signals. Represent these 
signals geometrically in the vector space. 

0 
2 2 

0 0 
r- 2 t-+- t-+- 2 r-

-0.5 -0.5 

-I 

(a) 

<P1U) <P2U) 
s2• 

0.5 

r- 2 r- -I -0.5 

(b) -0.5 St 

-I S3 

Figure 14.1 Signals and their representation in signal space 
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The two rectangular pulses <p1 (t) and<p2(t) in Fig. 14.lb are suitable as a basis signal set. In 
terms of this set, the vectors s1, s2, s3, and S4 corresponding to signals s1 (t), s2(t), s3(t), 
and s4 (t) are s1 = (1, -0.5), s2 = (-0.5, 1), S3 = (0, -1), and s4 = (0.5, 1). These 
points are plotted in Fig. 14.lc. Observe that 

S1 · S4 = 0.5 - 0.5 = 0 

Hence, s1 and s4 are orthogonal. This result may be verified from the fact that 

1-: s1 (t)s4(t) dt = 0 

Note that each point in the signal space in Fig. 14.lc <:;orresponds to some waveform. 

Systematic Determination of an Orthogonal Basis Set 
We have shown that the dimensionality of a vector space is equal to the maximum number of 
independent vectors in the space. Thus, in an n-dimensional space, there can be no more than 
n vectors that are independent. Alternatively, it is always possible to find a set of n vectors that 
are independent. Once such a set (basis set) is chosen, any vector in this space can be expressed 
in terms of (as a linear combination of) the vectors in this set. This set of n independent vectors 
is by no means unique. The reader is familiar with this fact in the physical space of three 
dimensions, where one can find an infinite number of independent sets of three vectors, each 
forming a valid coordinate system. If we are given a set of n independent vectors, it is possible 
to obtain from this set another set of n independent vectors that is orthogonal. This is done by 
the Gram-Schmidt orthogonalization process discussed in Appendix C. -

A deterministic signal can be represented by one point in a signal space. A random c 
process, on the other hand, consists of an ensemble of waveforms, each of which maps into a 
point in a signal space. Hence, a random process appears as an ensemble of points in a signal 
space. Let us consider in detail the gaussian random process and its representation in a signal 
space. 

14.2 GAUSSIAN RANDOM PROCESS 

In order to specify a gaussian random process, we need to familiarize ourselves first with 
jointly gaussian random variables. 

Jointly Gaussian Random Variables . 
Random variables (RVs) x1, x2, ... , Xn are said to be jointly gaussian if their joint PDF 1s 
given by 

where K is the covariance matrix 
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a12 

a1n] a22 a2n 

O'n2 ... O'nn 

(14.20a) 

and the covariance of x; and Xj is 

(14.20b) 

!Kl is the determinant of matrix K, and t,,.ij is the cofactor for the element a;j. Note that 
a;; =a;2. 

Gaussian variables are important not only because they are frequently observed, but 
also because they have certain properties that simplify many mathematical operations that are 
practically impossible or very difficult for other types of RVs. These properties are as follows: 

Property 1: The gaussian density is completely specified by only the first and second 
moments (means and covariances). This follows from Eq. (14.19). It can be shown that, in 
general, the probability density of an RV depends on all the moments xn (n = 1, 2, ... ) of the 
variable. A gaussian variable is a special case where only the first two moments (means) and 
the second moments (covariances) are necessary to specify the distribution. 

Property 2: If n jointly gaussian variables x1, x2, ... , Xn are uncorrelated, they are 
independent. 

If then variables are uncorrelated, aij = 0 (i I=}), and Eq. (14.19) reduces to 

ITn l [-(x; - xt)2] Px1x2-··Xn(x1, X2, • • ·, Xn) = ~ exp l 

i=I 2na2 2 a; l 

(14.21a) 

(14.21b) 

As we observed earlier, independent variables are always uncorrelated, but uncorrelated 
variables are not necessarily independent. For the case of jointly gaussian RVs, however, 
uncorrelatedness implies independence. 

Property 3: When x 1, x2, ... , Xn are jointly gaussian, all the marginal densities, such 
as Px;(x;), and all the conditional densities, such as Px;xjlxkxz .. •xp(x;, XjlXk, x1, ... , xp), are 
gaussian. This property can be readily verified (see Prob. 10.2-9). 

Property 4: Linear combinations of jointly gaussian variables are also jointly gaussian. 
Thus, ifwe form m variables Y1, Y2, ... , Ym (m :::; n) such that 

n 

Y; = La;kxk 

k=I 

then y 1, Y2, ... , y m are also jointly gaussian variables. 

Definition of a Gaussian Random Process 
A random process x(t) is said to be Gaussian if the RVs x(t1), x(t2), ... , x(tn) are jointly 
gaussian [Eq. (14.19)] for every n and for every set (t1, t2, ... , tn)-
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For convenience, the RV x(ti) will be denoted by X;. Hence, the joint PDF of RVs 
X X x of a gaussian random process is given by Eq. (14.19). Observe that 1, 2, • • •, n 

aij = (x; - x;)(xj - Xj) 

= X;Xj - X;Xj - X;Xj + X;Xj 

= X;Xj - X;Xj 

= x(t;)x(tj) - X;Xj 

= Rx(t;, tj) - x(t;)x(tj) (14.22) 

This shows that a gaussian random process is completely specified by its autocorrelation 
function Rx(t;, tj) and its mean value x(t). 

Stationary Gaussian Random Process . . 
Our discussion of the gaussian process thus far applies to stat10n3:Y and ~onstatlonary p_ro­
cesses. We have shown that the gaussian process is completely specified by its ~utocorrelation 
function Rx (t;, tj) and its mean value function.* An important corollary of this sta~ement is 
that if the autocorrelation function Rx (t;, tj) and the means are unaffected by a shift of the 
time origin, then all of the statistics of the process are unaffected by a shift of the time origin. 
In other words, the process is stationary. Thus, if 

(14.23) 

and 

x(t) = constant for all t 

the process is stationary if it is gaussian. But the condition _in E~. (~4.2~) defin~s wi?e-~ense 
stationarity. Hence.for a gaussian process, wide-sense statzonarzty zmplzes statzonarzty m the 
strict sense. 

For a stationary gaussian process, the covariance aij becomes 

) 
-2 a;j = Rx(tj - t; - X (14.24) 

We shall once again stress the point that distinguishes the gaussian from the nongauss~an 
process. The complete statistics of a gaussian process are determined fr?~ its autocorrelation 
function (which is a second-order parameter) and its mean value._ This 1s the pr?perty that 
simplifies the study of gaussian processes. In general, for nongauss1an processes higher order 
statistics cannot be determined from lower order statistics. For the gaussian process, however, 
the mean and the second-order parameter aij determine all the higher order statistics. This very 
property also enables us to state that a gaussian process is strictly stationary if it is wide-sense 
stationary. 

Transmission of a Gaussian Process through a Linear System 
Another significant property of the gaussian process is that the response of a linear system 
to a gaussian process is also a gaussian process. This can be shown as follows. Let x(t) be a 

* For nonstationary processes ( or processes that are not wide-sense stationary), the mean value is a function of 1 • 

C 
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gaussian process applied to the input of a linear system whose unit impulse response is h(t). 
Ify(t) is the output (response) process, then 

y(t) = £: x(t - r)h(r) dr 

00 

= lim ~ x(t - rk)h(rk) ~r 
L'.r--+0 ~ 

k=-oo 

Because x(t) is a gaussian process, all the variables x(t-rk) are jointly gaussian (by definition). 
Hence, the variables y(t1), y(t2), ... , y(tn) for all n and every set (t1, t

2
, ... , tn) are linear 

combinations of variables that are jointly gaussian. Therefore, the variables y(t1), y(t2), ... , 
y(tn) must be jointly gaussian, according to the earlier discussion. It follows that the process 
y(t) is a gaussian process. 

To summarize, the gaussian random process has the following properties: 

1. A gaussian random process is completely specified by its autocorrelation function and mean 
value. 

2. If a gaussian random process is wide-sense stationary, then it is stationary in the strict sense. 

3. The response of a linear system to a gaussian random process is also a gaussian random 
process. 

Geometrical Representation of a Random Process 
Letx(t) be a random process and ({)1 (t), cp2(t), ... , ({Jn(t) a complete set of orthonormal basis 
signals for this space. We can express x(t) as 

n 

(14.25) 

where 

(14.26) 

Note that x(t) is a random process, consisting of an ensemble of sample functions. The 
coefficients xk in Eq. (14.25) will be different for each sample function. Consequently, 
X1, X2, ••• , Xn appearing in Eq. (14.25) are RVs. Each sample function will have a specific 
set (x1, X2, ••• , Xn) and will map into one point in the signal space. Hence, the ensemble 
of sample functions will map into an ensemble of points in the signal space, as shown in 
Fig. 14.2. This figure shows only a 3-dimensional graph because it is not possible to show a 
higher dimensional one. But it is sufficient to indicate the idea. 

Each time the random experiment is repeated, the outcome (the sample function) is a 
certain pointx. The ensemble of points in the signal space appears as a cloud, with the density 
of points directly proportional to the probability of observing x in that region. If we denote the 
joint PDF ofx1, x2, ... , Xn by Px(X), then 
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Figure 14.2 Geometrical representation of a gaussian random 
process. 

Xz-

Thus, Px(x) has a certain value at each point in the signal space, and Px(x) represents the 
relative probability (cloud density) of observing x = x. 

A Word about Notation: Let us clarify the notation used here to avoid confusion 
later. As before, we· use roman type to denote an RV or a random process. Thu~, x or x(~) 
represents an RV or a random process. A particular value assumed by the R':' 1~ a certam 
trial is denoted by italic type. Thus, x represents the value assumed by x. Similarly, x(t) 

represents a particular, sample function of the random p~ocess x(t). In the case of random 
vectors, we follow the same convention; a random vector 1s denoted by roman boldface ~yp~, 

d a particular value assumed by the vector in a certain trial is represented by boldface 1tahc ,­an • · 
1 

, 
type. Thus, r denotes a random vector representing a random process r\t), but r 1_s a part1c~ ar 
value of rand represents a particular received waveform (sample function) r (t) ~n some tnal. 
Note that roman type represents random entities and italic type represents particular values 

(which are, of course, nonrandom). 

White Gaussian Noise 
Consider a white noise process nw(t) with PSD N/2. Let <p1 (t), <pz(t), •••be a complete set 
of orthonormal basis signals for this space. We can express nw(t) as 

nw(t) = n1<p1(t) + n2<p2(t) + · · · 

= Lllk<fJk(t) 
k 

White noise has infinite bandwidth. Consequently, the dimensionality of the signal space is 

infinity. 
We shall now show that RVs n1, n2, ... are independent, with variance N/2 each. 

Because [see Eq. (14.13)] 

Ilk = 1_: Ilw(t)<pk(t) dt 

lljllk = 1_: Ilw(a)<pj(a) da 1_: nw(f3)<pk(f3) d/3 
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= 1_: 1_: nw (a)nw (f3)<pj (a)<pk(/3) da d/3 
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= 1_:1_: Rnw(f3-a)<pj(a)<pk(/3)dadf3 

Because Rnw(r) = :r-1(:N/2) = (N/2) 8(r), 

1

00100 N 
lljllk = -8(/3 - a)<pj(a)<pk(/3) da d/3 

-00 -co 2 

j f= k 

j=k 
(14.27) 

Hence, nj and nk are uncorrelated gaussian RVs, each with variance N/2. Since they are 
gaussian, uncorrelatedness implies independence. This proves the result. 

For the time being, assume that we are considering an N-dimensional case. The joint 
PDF of independent joint gaussian RVs n1, n2, ... , nN, each with zero mean and variance 
N/2, is [see Eq. (14.21)] 

N 

( ) IT 1 -n2 /2(:N/2) 
Pn n = ~===e J 

j=l J2TC:N°j2 

1 -(n2+n2+·•+n2 )/:N ---e I 2 N 
(TC:N)N/2 

(14.28a) 

l -lnl 2/N 
(TC :N)N/2 e (14.28b) 

This shows that the PDF Pn(n) depends only on lnl, the magnitude of the noise vector n 
in the hyperspace, and is therefore spherically symmetrical if plotted in the N -dimensional 
hyperspace. 

14.3 OPTIMUM RECEIVER2-5 

We shall now consider, from a more fundamental point of view, the problem of M -ary 
communication in the presence of additive white gaussian channel noise (AWGN). No 
constraint shall be placed on the optimum structure, and we shall try to answer the fundamental 
question: What receiver will yield the minimum error probability? 

The comprehension of the signal-detection problem is greatly facilitated by geometrical 
representation of signals. In a signal space, we can represent a signal by a fixed point ( or a 
vector). A random process can be represented by a random point ( or a random vector). The 
region in which the random point may lie will be shown shaded, with the shading intensity 
proportional to the probability of observing the signal in that region. In the M-ary scheme, we 
use M symbols, or messages, m 1, m2, ... , mM. Each of these symbols is represented by a 



638 OPTIMUM SIGNAL DETECTION 

m s(t) 
------t Transmitter L------' r 1-------t 

{sk(t)} r(t) 
Receiver 

m 

Figure 14.3 M-ary communication system. 

specified waveform. Let the corresponding waveforms be s1(t), s2(t), ... , sM(t). Thus, the 
symbol (or message) mk is sent by transmitting the waveform sk(t). These waveforms are 
corrupted by AWGN nw(t) (Fig. 14.3) with PSD 

:N 
Snw(cv) = l 

At the receiver, the received signalr(t) consists of one of the M message waveforms sk(t) plus 

the channel noise, 

(14.29a) 

We can represent r(t) in a signal space by letting r, sk, and nw be the points (or vectors) 
representing signals r(t), Sk(t), and nw(t), respectively, Then it is evident that 

r = Sk + Ilw (14.29b) 

The vector skis a fixed vector, because the waveform sk(t) is nonrandom. The vector nw (ore 
point nw) is random. Hence, the vector r is also random. Because nw (t) is a gaussian white noise, 
the probability distribution of nw has spherical symmetry in the signal space (see Sec. 14.2). 
Hence, the distribution of r is a spherical distribution centered at a fixed point Sk, as shown in 
Fig. 14.4. Whenever the message mk is transmitted, the probability of observing the received 
signal r(t) in a given region is indicated by the intensity of the shading in Fig. 14.4. Actually, 
because the noise is white, the space has an infinite number of dimensions. For simplicity, 
however, we have shown the space to be 3-dimensional. This will suffice to indicate our line 
of reasoning. We can draw similar regions for various points s1, s2, ... , SM- Figure 14.5a 
shows the regions for two messages mj and mk when Sj and sk are widely separated in signal 

Figure 14.4 Effect of gaussian channel noise on the received 

signal. 
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space. In this case, there is virtually no overlap between the two regions. If either mj or mk 

is transmitted, the received signal will lie in one of the two regions. From the position of the 
received signal, one can decide with a very small probability of error whether mj or mk was 
transmitted. Note that theoretically each region extends to infinity, although the probability of 
observing the received signal diminishes rapidly as one moves away from the center. Hence, 
there will always be an overlap between the two regions, resulting in a nonzero error probability. 
In Fig. 14.5a, the received signal r is much closer to sk than to Sj. It is therefore more likely 
that mk was transmitted. 

Figure 14.5b illustrates the case when the points Sj and sk are spaced closely together. In 
this case, there is a considerable overlap between the two regions. Because the received signal 
r is closer to Sj than to Sk, it is more likely that m j was transmitted. But in this case there is also 
a considerable probability that mk may have been transmitted. Hence in this situation, there 
will be a much higher probability of error in any decision scheme. 

The optimum receiver must decide which message has been transmitted from a knowl­
edge of r. The signal space must be divided into M nonoverlapping, or disjoint, regions 

Figure 14.5 Binary communication in the presence of 
noise. 

• •. er 

(a) 

(b) 
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R1, R2, ... , RM,correspondingtotheMmessagesm1, m2, •.. , mM,Ifrfallsintheregion 
Rk, the decision is mk, The problem of designing the receiver then reduces to choosing the 
boundaries of these regions R1, R2 , ... , RM such that the probability of error in decision 
making is minimum. 

To recapitulate: A transmitter transmits a sequence of messages from a set of M 
messages m1, m 2 , ... , mM. These messages are represented by finite energy waveforms 
s1 {t), s2(t), ... , sM(t). One waveform is transmitted every TM seconds. We assume that 
the receiver is time synchronized with the transmitter. The waveforms are corrupted during 
transmissions by an AWGN of PSD :N/2. Knowing the received waveform, the receiver must 
make a decision as to which waveform was transmitted. The merit criterion of the receiver is 
the minimum probability of error in making this decision. 

Let us now discuss the dimensionality of the signal space in our problem. If there was 
no noise, we would be dealing with only M waveforms s1 (t), s2(t), ... , sM(t). In this case a 
signal space of, at most, M dimensions would suffice. This is because the dimensionality of 
a signal space is always equal to or less than the number of independent signals in the space 
(see Sec. 14.1). For the sake of generality we shall assume the space to have N dimensions 
(N :s M). Let cp1 (t), cp2(t), ... , ({JN(t) be the orthonormal basis set for this space. Such a set 
can be constructed by using the Gram-Schmidt procedure discussed in Appendix C. We can 
then represent the signal waveform sk(t) as 

where 

Sk(t) = Sk1 ({Jl (t) + Sk2 ({J2(t) + · ·' + SkN(fJN(t) 

N 

= LSkj({Jj(t) 
j=l 

Skj = 1_: Sk(t)<pj(t) dt 

(14.30a) 

(14.30b) 

Now consider the white gaussian channel noise nw(t). This signal has an infinite 
bandwidth (B = oo). It has an infinite number of dimensions and obviously cannot be 
represented in the N-dimensional signal space discussed earlier. We can, however, split nw(t) 
into two components: (1) the projection of nw(t) on the N-dimensional signal space, and (2) 
the remaining component, which will be orthogonal to the N -dimensional signal space. Let us 
denote the two components by n(t) and no(t). Thus, 

where 

and 

nw(t) = n(t) + no(t) 

N 

n(t) = Lnj({Jj(t) 
k=l 

nj = 1_: n(t)<pj (t) dt 

(14.31) 

(14.32a) 

(14.32b) 

C 

Because n0(t) is orthogonal to the N-dimensional space, it is orthogonal to every signal in that 
space. Hence, 
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1_: no(t)<pj(t)dt = 0 j = 1, 2, ... , N 

Therefore, 

nj = 1_: [n(t) + n0(t)]<pj (t) dt 

= 1_: nw(t)cpj(t) dt (14.33) 

From Eqs. (14.33) and (14.32a) it is evident that we can filter out the component n0(t) from 
nw(t). This can be seen from the fact that the received signal, r(t), can be expressed as 

r(t) = sk(t) + nw(t) 

= sk(t) + n(t) + no(t) 

= q(t) + no(t) 

where q(t) is the projection ofr(t) on the N-dimensional space. Thus, 

q(t) = Sk(t) + n(t) 

(14.34) 

(14.35) 

We can obtain the projection q(t) from r(t) by observing that [see Eqs. (14.30) and (14.32a)] 

M 

q(t) = L(Skj + nj)({Jj(t) (14.36) 
j=l 

From Eqs. (14.30b), (14.33), and (14.36) it follows that if we feed the received signal r(t) 
into the system shown in Fig. 14.6, the resultant outcome will be q(t). Thus, the orthogonal 
noise component can be filtered out without disturbing the message signal. The question here 
is: Would such filtering help in our decision making? We can easily show that it cannot hurt 
us. The noise nw(t) is independent of the signal waveform sk(t). Therefore, its component 
no(t) is also independent of sk(t). Thus, no(t) contains no information about the transmitted 
signal, and discarding such a component from the received signal r(t) will not cause any 
loss of information regarding the signal waveform sk(t). This, however, is not enough. We 
must also make sure that the noise being discarded [n0(t)] is not in any way related to the 
remaining noise component n(t). If n0 (t) and n(t) are related in any way, it will be possible 
to obtain some information about n(t) from n0(t), thus enabling us to detect that signal with 
less error probability. If the components n0 (t) and n (t) are independent random processes, the 
component no(t) does not carry any information about n(t) and can be discarded. Under these 
conditions, no(t) is irrelevant to the decision making at the receiver. 

Theprocessn(t)isrepresentedbycomponentsn1, n2, ... , nNalongcp1(t), <p2(t), ... , 
({JN(t), and n0(t) is represented by the remaining components (infinite number) along the 
remaining basis signals in the complete set, {<pk(t) }. From Eq. (14.27) we observe that all the 
components are independent. Hence, the components representing n0 (t) are independent of 
the components representing n(t). Consequently, n0(t) is independent of n(t) and is irrelevant 
data. 

The received signal r(t) is now reduced to the signal q(t), which contains the desired 
signal waveform and the projection of the channel noise on the N -dimensional signal space. 
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qz q(t) 

Sk(t) + n(t) 

Figure 14.6 Eliminating the noise orthogonal to signal space. 

Thus, the signal q(t) can be completely represented in the signal space. Let the vectors 
representing n(t) and q(t) be denoted by n and q. Thus, 

q=s+n 

where s may be any one of vectors s1, s2, ... , s M. 

The random vector n (n1, n2, ... , nN) is represented by N independent Gaussian 
variables, each with zero mean and variance an 2 = N/2. The joint PDF of vector n in 
such a case has a spherical symmetry, as shown in Eq. (14.28b), 

l -lnl2/N 
Pn(n) = (n:N)N/2e (14.37a) 

Note that this is actually a compact notation for 

(14.37b) 

Decision Procedure 
Our problem is now considerably simplified. The irrelevant noise component has been filtered 
out. The residual signal q (t) can be represented in an N -dimensional signal space. We proceed 
to determine the M decision regions R1, R2, ... , RM in this space. The regions must be so 
chosen that the probability of error in making the decision is minimized. 

Suppose the received vector q = q. Then if the receiver decides m = mk, the conditional 
probability of making the correct decision, given that q = q, is 

P(C/q = q) = P(mk/q = q) (14.38) 

where P ( C / q = q) is the conditional probability of making the correct decision given q = q, 
and P(mk/q = q) is the conditional probability that mk was transmitted given q = q. The 
unconditional probability P ( C) is given by 

P(C) = 1 P(C/q = q)pq(q) dq (14.39) 
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where t~e integ~ation_ is performed over the entire region occupied by q. Note that this is an 
N-fold mtegrat10n with resp~c: to the ".'ariabl~s q1, q2, ... , qN over the range (-oo, oo). 
Also, beca~se pq(q) ::=:: 0, this mtegral 1s maximum when P(C/q = q) is maximum. From 
:q. (14.38) 1t now follows that if a decision m = mk is made, the error probability is minimized 

P(mk/q = q) 

~s maximiz~d. The probability P(mk/q = q) is called the a posteriori probability of mk. This 
1s because 1t represents the probability that mk was transmitted when q is received. 

The decision procedure is now clear. Once we receive q = q, we evaluate all M a 
posteriori probabilities. Then we make the decision in favor of that message for which the a 
posteriori probability is highest-that is, the receiver decides that m = mk if 

for all j f= k (14.40) 

Thus, the detector that minimizes the error probability is the maximum a posteriori proba­
bility (MAP) detector. 

We can use Bayes' mixed rule [Eq. (10.49b)] to determine the a posteriori probabilities. 
We have 

P(mk/q = q) = P(mk)Pq(q/mk) 
Pq(q) 

Hence, the receiver decides m = mk if the decision function 

is maximum for i = k. 

P(m;)pq(q/m;) 

Pq(q) 
i = l, 2, ... , M 

(14.41) 

. Note that the denominator pq(q) is common to all decision functions and, hence, may 
be ignored. Thus, the receiver sets m = mk if the decision function 

i = I, 2, ... , M (14.42) 
is maximum for i = k. 

Thus, once q is obtained, we compute the decision function [Eq. (14.42)] for all messages 
m1, m2, ••• , mM and decide that the message for which the function is maximum is the one 
most likely to have been sent. 

We now turn our attention to computing the decision functions. The a priori probability 
P(m;) represents the probability that the message m; will be transmitted. These probabilities 
must be known if the criterion discussed is to be used.* The term pq(q /m;) represents the PDF 
of q when s(t) = s; (t). Under this condition, 

q =S; +n 
and 

n = q-s; 

The points; is constant, and n is a random point. Obviously, q is a random point with the same 
distribution as n but centered at the points s;. 

* In case these probabilities are unknown, one must use other merit criteria, such as maximum likelihood or minimax 
as will be discussed in later sections. ' 
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Alternately, the probability q = q (given m 
n = q - s;. Hence [Eq. (14.37a)], 

m;) is the same as the probability 

1 -lq-sd2/J'.f 
p4 (qlm;) = Pn(q - s;) = (nN)N/2e 

The decision function in Eq. (14.42) now becomes 

P(m;) e-lq-s;i2(fif 
(n:N')N/2 

(14.43) 

(14.44) 

Note that the decision function is always nonnegative forall values of i. Hen~e, c~mparing these 
functions is equivalent to comparing their logarithms, because the lo~~thm 1s ~ mon?tone 
function for the positive argument. Hence, for convenience, the de~1~1~n function will b~ 

th I ·thm f Eq (14 44) In addition the factor (n :NJ 1 1s collllllon for all 1 chosen as e ogan o . . . , 
and can be left out. Hence, the decision function is 

In P(m;) - ~lq - s;\2 (14.45) 

Note that lq - s; 12 is the square of the length of the vector q - s;. Hence, 

lq - s;\2 = (q - s;) • (q - s;) 

(14.46) 

Hence, the decision function in Eq. (14.45) becomes (after multiplying throughout by :N/2) 

:N In P(m;) - ![lql2 + \s;\2 - 2q. s;] (14.47) 
2 2 

Note that the term Is; 12 is the square of the length of S; and n'.p~esents ~;, the energy of signal 
s;(t). The terms :Nln P(m;) and E; are constants in the dec1s10n function. Let 

a; = !(:Nln P(m;) - E;] (14.48) 

Now the decision function in Eq. (14.47) becomes 

a; +q ·S; -½lql
2 

The term ! lq 12 is collllllon to all M decision functions and can be omitted for the purpose of 
2 • b . 

comparison. Thus, the new decision function ; 1s 

b; = a; +q • s; (14.49) 

We compute this function b; for i = 1, 2, ... , N, and the re~eiver deci_des that m_ = m;/! 
this function is the largest for i = k. If the signal q(t) is applied at the mput termmals 
system whose impulse response is h(t), the output at t = TM .is given by r: q(>..)h(TM _ >..) d>.. 

If we choose a filter matched to s;(t), that is, h(t) = s;(TM - t), 

h(TM - >..) = s;(>..) 
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and the output is 

1_: q(>..)s;(>..) d>.. = q • s; 

Hence, q · s; is the output at t = TM of a filter matched to s;(t) when q(t) is applied to its 
input. 

Actually, we do not have q(t). The incoming signal r(t) is given by 

r(t) = S; (t) + nw (t) 

= s;(t) + n(t) + no(t) 
~ '-..,-' 

q(t) irr~~~;;n' 

where no(t) is the (irrelevant) component of nw(t) orthogonal to the N-dimensional signal 
space. Because n0 (t) is orthogonal to this space, it is orthogonal to every signal in this space. 
Hence, it is orthogonal to the signals; (t), and 

1_: no(t)s; (t) dt = 0 

and 

q•s;= 1_:q(t)s;(t)dt+ 1_: n 0 (t)s;(t)dt 

= 1_:[q(t) +n0 (t)]s;(t)dt 

= 1_: r(t)s;(t)dt (14.50) 

Hence, it is illllllaterial whether we use q(t) or r(t) at the input. We thus apply the incoming 
signal r(t) to a parallel bank of matched filters, and the output of the filters is sampled at 
t = TM. Then a constant a; is added to the i th filter output sample, and the resulting outputs 
are compared. The decision is made in favor of the signal for which this output is the largest. 
The receiver implementation for this decision procedure is shown in Fig. 14.7a. As shown in 
Chapter 13, a matched filter is equivalent to a correlator. One may therefore use correlators 
instead of matched filters. Such an arrangement is shown in Fig. 14. 7b. 

We have shown that in the presence of AWGN, the matched-filterreceiver is the optimum 
receiver when the merit criterion is the minimum error probability. Note that the system is linear, 
although it was not constrained to be so. Therefore, for white gaussian noise the optimum 
receiver happens to be linear. The matched filter obtained in Chapter 13 and the decision 
procedure are identical to those derived here. 

The optimum receiver can be implemented in another way. From Eq. (14.50), we have 

q • S; = r · S; 

From Eq. (14.3), we can rewrite this as 

N 

q ·S; = Z::rjSij 

j=l 
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Figure 14.7 Optimum M-ary receiver. (a) Matched-filter detector. (b) Correlation detector. 

The term q -s; is computed according to this equation by first generating rj 's and then computing 
the sum of TjSij (remember that the Sij 's are known), as shown in Fig. 14.8a. The M correlator 
detectors in Fig. 14.7b can be replaced by N filters matched to <p1 (t), <p2(t), ••• : <{JN~t), as 
shown in Fig. 14.8b. Both types of optimum receivers (Figs. 14.7 and 14.8) perform 1denucally. 
The choice will depend on the circumstances. For example, if N < Mand signals {<pj(t)} are 
easier to generate than {sj (t)}, then the choice of Fig. 14.8 is obvious. 

Decision Regions and Error Probability . 
In order to compute the error probability of the optimum receiver, we need to ~ete~me 
decision regions in the signal space first. As mentioned earlier, the signal space 1s divided 
into M nonoverlapping, or disjoint, decision regions R1, R2, ••• , RM, corresponding to M 

J 

J 

J 

r(t) 

I 
I 

r2 

Sample at t = TM 

I 
I 

Sample at t = TM 

Compute 
N 

2 r1su 
j=I 

(a) 

Compute 
N 

2 rs 
j=l J lj 

(b) 

14.3 Optimum Receiver 

r • s2 

r • s2 

Comparator 
(select 
largest) 

Comparator 
(select 
largest) 

647 

m 

m 

Figure 14.8 Another form of optimum M-ary receiver. (a) Correlation detector. (b) Matched-filter detector. 

messages. If q falls in the region Rk, the decision is that mk was transmitted. The decision 
regions are so chosen that the probability of error of the receiver is minimum. In light of this 
geometrical representation, we shall now try to interpret how the optimum receiver sets these 
decision regions. 

The decision function is given by Eq. (14.45). The optimum receiver sets m = mk if the 
decision function 
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is maximum for i = k. This equation defines the decision regions. 
For simplicity, let us first consider the case of equiprobable messages; that is, P (m;) == 

1 / M for all i. In this case, the first term in the decision function is the same for all i and 
hence, can be dropped. Thus, the receiver decides that m = mk if the term -lq -s; 12 is larges~ 
(numerically the smallest) for i = k. Alternatively, this may also be stated as follows: the 
receiver decides that m = mk if the decision function lq - s; 12 is minimum for i = k. Note 
that lq - s; I is the distance of point q from points;. Thus, the decision procedure in this case 
has a simple interpretation in geometrical space. The decision is made in favor of that signal 
which is closest to q, the projection of r [the component of r(t)] in the signal space. This 
result is expected on qualitative grounds for gaussian noise, because the gaussian noise has a 
spherical symmetry. If, however, the messages are not equiprobable, we cannot go too far on 
purely qualitative grounds. Nevertheless, we can draw certain broad conclusions. If a particular 
message m; is more likely than the others, one will be safer in deciding more often in favor of 
m; than other messages. Hence, in such a case the decision regions will be biased, or weighted, 
in favor of m;. This is shown by the appearance of the term 1n P (m;) in the decision function. 
To better understand this point, let us consider a 2-dimensional signal space and two signals 
s1 and s2, as shown in Fig. 14.9a. In this figure, the decision regions R1 and R2 are shown for • 
equiprobable messages; P(m1) = P(m2) = 0.5. The boundary of the decision region is the 
perpendicular bisector of the line joining points s1 and s2. Note that any point on the boundary 
is equidistant from s1 and s2. If q happens to fall on the boundary, we just "flip a coin" and 
decide whether to select m1 or m2. Figure 14.9b shows the case when the two messages are 
not equiprobable. To delineate the boundary of the decision regions, we use Eq. (14.45). Tuer 
decision is m 1 if • 

Otherwise, the decision is m2. 
Note that lq - s1 I and lq - s21 represent d1 and d2, the distance of q from s1 and s2, 

respectively. Thus, the decision is m1 if 

d2 - d2 < .'.N"ln P(m1) 
1 2 P(m2) 

The right-hand side of this inequality is a constant c: 

Thus, the decision is m1 if 

The decision is m2 if 

c = .'.N"ln P(m1) 
P(m2) 

d2 -d2 < C 1 2 

df-di>C 

On the boundary of the decision regions, 

df-d}=c 

~ 

(a) ;x::\ 
(c) 

(b) 

~ 

'$ 
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F~gur~ 14.9 Determining optimum decision re­
gions in a binary case. 

We ~ow show that such a boundary is given by a straight line perpendicular to line 8182 and 
passmg through s1s2 at a distanceµ from s1, where 

/,l=c+d
2 

=Nln[P(m1)] <!_ 
2d 2d P(m2) + 2 (14.51) 

"".here d is the_ distance b~twe~n s1 and s2. To prove this, we redraw the pertinent part of 
Fig. 14.9b as Fig. 14.9c. It is evident from this figure that 

df = a2 + µ2 

di= a2 + (d - µ)2 

Hence, 

df - di = 2dµ - d2 = c 

Therefore, 

C +d2 

/,l=~ 

This is the desire~ result. Thus, along the decision boundary df _ d} is constant and equal 
t~ c • The bou~~anes ~f the decision regions for M > 2 may be determined along similar 
~me~. The decision reg10ns ~or the case of three equiprobable 2-dimensional signals are shown 
m Fig. 14.10. The boundanes of the decision regions are perpendicular bisectors of the lines 
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Figure 14.10 Determining optimum deci-
sion regions. 

joining the original transmitted signals. If the signals are not equiprobable, then the boundaries 
will be shifted away from the signals with larger probabilities of occurrence. 

For signals in N -dimensional space, the decision regions will be N-dimensional hyper­
cones. 

If there are M messages m1, m2, ... , mM with decision regions R1, R2, ... , RM, 
respectively, then P(C\m;), the probability of a correct decision when m; is transmitted, is 
given by 

P(C\m;) = P(q lies in Ri) 

and P ( C), the probability of a correct decision, is given by 

M 

P(C) = L P(m;)P(C\m;) 
i=l 

and PeM, the probability of error, is given by 

PeM = l - P(C) 

(14.52) 

(14.53a) 

(14.53b) 

EXAMPLE 14.2 Binary data is transmitted using polar signaling over an AWGN channel with noise PSD :.N/2. 
The two signals used are 

S1 (t) = -sz(t) = ✓£<p(t) 

The symbol probabilities P(m1) and P(m2) are unequal. Design the optimum receiver and 
determine the corresponding error probability. 

I 
The two signals are represented graphically in Fig. 14.lla. If the energy of each signal 
is E, the distance of each signal from the origin is,./£. The distanced between the two 
signals is 

d=2✓E 

(a) 

r(t) r 
--,..) ---1 cp(Tb - t) 

(b) 

Threshold 
device 

14.3 Optimum Receiver 

cp-

Decision: 

Figure 14.11 Decision regions for a binary case in Example 14.2. 
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. The decision regions R1 and R2 are shown in Fig. 14.lla. The distanceµ is given by Eq 
(14.51). Also, • 

Similarly, 

and 

and 

P(C[m = m1) = P(noise vector originating at s1 remains in R1) 

= P(n > -µ) 

=1-Q(:) 

=l-Q(J3W2) 

P(C\m = m2) = 1 - Q ( d - µ) 
J:Nj2 

P(C)- P(m,) [1 - Q (J3Wz)] + P(m,) [, - Q (~)] 

= 1 - P(m1)Q ( ~)- P(mz)Q ( d - µ) 
v:N/2 J:Nj2 

Pe= I - P(C) = P(m1)Q ( ~) + P(m2)Q ( d - µ) (14.54a) 
v:N/2 J:N/2 
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where 

and 

d=2✓E 

:N P(m1) r;:; 
µ,= --ln--+-vE 

4,./E P(m2) 

When P(m1) = P(m2) = 0.5, µ, = ,./E = d/2, and Eq. (14.54a) reduces to 

(14.54b) 

(14.54c) 

(14.54d) 

In this problem, because N = l and M = 2, the receiver in Fig. 14.8 is preferable 
to that in Fig. 14.7. For this case the receiver of the form in Fig. 14.8b reduces to that 
shown in Fig. 14.11 b. The decision threshold d' as seen from Fig. 14. lla is 

d' = ✓E - µ, = :N ln p (mz) 
4,./E P(m1) 

Note that d' is the decision threshold. Thus, in Fig. 14.11 b, if the receiver output r > d', 
the decision is m1. Otherwise the decision is m2. 

When P(m1) = P(m2) = 0.5, the decision threshold is zero. This is precisely the 
result derived in Chapter 13 for polar signaling. 

ExAMPLE 14.3 QAM 
Design the optimum receiver and compute the corresponding error probability for the 

16-point QAM configuration shown in Fig. 14.12a, assuming all signals to be equiprobable 
and assuming an AWGN channel. 

Let us first calculate the error probability. The first quadrant of the signal space is 
reproduced in Fig. 14.12b. Because all the signals are equiprobable, the decision region 
boundaries will be perpendicular bisectors joining various signals, as shown in Fig. 14.12b. 

From Fig. 14.12b it follows that 

P(C\m1) = P(noise vector originating at s1 lies within R1) 

= P (n1 > -~, n2 > -~) 

= P (n1 > -~) P (n2 > -~) 

= [ 1 - Q ( d~2) r 
=[1-Q(~)T 

t 
<P2 

• • • • 

• • • • 

• • • • 

• • • • 

(a) 

f 

f 

Figure 14.12 16-ary QAM. 

For convenience, let us define 

Hence, 

Using similar arguments, we have 

<P1-

Compute 
r1s;1 + r2s;2 

(c) 

14.3 Optimum Receiver 

(b) 

Comparator 
(select 

largest) 

653 

(14.55) 

P(C\m2) = P(C\m4) = [1 - Q (~)] [1 -2Q (~)] 

= p(2p - I) 

and 
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Because of the symmetry of the signals in all four quadrants, we get similar probabilities 

for the four signals in each quadrant. Hence, 

16 

P(C) = L P(Clm;)P(m;) 

and 

i=l 

1 16 

= 16 L P(Clm;) 
i=l 

= _!__[4p2 + 4p(2p - 1) + 4p(2p - 1) + 4(2p - 1)
2
] 

16 

1 = -[9p2 
- 6p + 1] 

4 

=(3p;lr 

PeM = 1 - P(C) = ~ (p + ~) (1 - p) 

(14.56a) 

In practice, PeM--+ 0, and, hence, P(C)--+ 1. This means p '.:::'. 1 [see Eq. (14.56a)], and 

PeM '.:::'. 3(1- p) = 3Q (~) (14.56b) 

To express this in terms of the received power S;, we determine E, the average energy of 
the signal set in Fig. 14.12. Because Ek, the energy of Sk, is the square of the distance of 

sk from the origin, 

Similarly, 

Hence, 

and 
5 2 

E4 = -d 
2 

and d2 = 0.4E. Moreover, for M = 16, each symbol carries the information oflog2 16 = 4 

bits. Hence, the energy per bit Eb is 

and 

E 
Eb= 4 

Eb E 5d2 

:N= 4:N= 8:N 
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Hence, 

(14.57) 

A comparis~n of this with binary PSK [Eq. (13.21b)] shows that 16-point QAM requires 
almost 2.5 tunes as much power as does binary PSK; but the rate of transmission is 
increased by a factor of log2 M = 4. This comparison does not take into account the fact 
that Pb, the BER, is somewhat smaller than PeM. In this case, N = 2 and M = 16. Hence, 
the receiver in Fig. 14.8 is preferable. Such a receiver is shown in Fig. 14.12c. Note that 
because all signals are equiprobable, 

For QAM, cp1 (t) 

211:/TM. 

EXAMPLE 14.4 MPSK 

-E; 
a;=--

2 

✓2/TMcos Wo(t) and <p2(t) = ,J2/TM sin w0 (t), where w0 = 

Determine the error probability of the optimum receiver for equiprobable MPSK signals, 
each with energy E. 

Fi~re 14.13a shows the MPSK signal configuration for M = 8. Because all the signals are 
eqmprobable, the decision regions are conical, as shown. The message m1 is transmitted 
by a signal_ s1 (t) _represe_nted by the vector s1 (s1, 0). If the projection in the signal space 
of the received signal r is q (q1, q2 ), and the noise is n (n1, n2), then 

Also, 

q = (s1 +n1, n2) = (✓E +n1, n2) 
'-.,,-' '-v-' 

P(Clm1) = P(q lies in R1) 

This is simply the volume under the conical region of the joint PDF of q1 and q2. Because 
n1 and n2 are independent gaussian RVs with variance :N/2, q1 and q2 are independent 
gaussian variables with means ✓E and 0, respectively, and each with variance :N/2. 
Hence, 

and 

P(Clmi) = n~ f }-[(qi-../E)2+q?J!N dq1 dq2 

R1 

(14.58a) 

(14.58b) 
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(a) 

(b) 

Figure 14.13 MPSK signals. 

To integrate over Ri, we first integrate over the (dark) shaded strip in Fig. 14.13b. Along 

the border of R 1, 

Hence, 

Changing the variable to x = -/2[:F{ q1, we get 

P(C/m 1) = ~ fo 00 

[1 - 2Q (x tan:)] e -(x-,,/iiii:N}2
12 

dx (14.59a) 

Using the fact that Eb, the energy per bit, is E /log2 M, we have 

1 [ 00 [ ( TC )] -[x-✓~(2-lo-gz_M_)_Eb-/:N..,...r /2 dx (14.59b) 
P(C/m 1) = ,J2n Jo 1-2Q xtan M e 
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The integration can also be performed in cylindrical coordinates using the transformation 
q1 = pJ :N/2 cos 0 and q2 = pJ :N/2 sin 0. The limits on p are (0, oo) and those on 0 
are -n/M to n/M. Hence, 

P(C/mi) = _ d0 pe-(P2-2p,,/iiijNcos0+2E/:N)/2 dp 1 1:rc/M 100 

2n -:rc/M 0 
(14.60a) 

= _ d0 pe-[p2-2p✓(2log2 M)Eb/:Ncos0+(2log2 M)Eb/:N]/2dp (14.60b) 1 1:rc/M 100 

2n -:rc/M 0 

Because of the symmetry of the signal configuration, P(C/m;) is the same for all i. Hence, 

P(C) = P(C/m1) 

and 

PeM = 1- P(C/mi) 

PeM is computed numerically. The plot is shown in Fig. 13.22. Still another form 
of the integral for PeM was found in Chapter 13 [Eq. (13.53)]. For MPSK, s;(t) = 

. ✓2E/TM cos (w0 t + 0;), where w0 = 2n/TM, 0; = 2ni/M, and the optimum receiver 
turns out to be just a phase detector similar to that shown in Fig. 14.12 (see Prob. 14.3-3). 

General Expression for Error Probability 
Thus far we have considered rather simple schemes where the decision regions can be found 
easily. The method of computing error probabilities from the knowledge of decision regions 
has also been discussed. When the dimensions of the signal space increase, it becomes difficult 
to visualize the decision regions graphically, and as a result the method loses its power. We now 
develop an analytical expression for computing error probability for a general M -ary scheme. 

From the structure of the optimum receiver in Fig. 14.7, we observe that if m1 is 
transmitted, then the correct decision will be made only if 

In other words, 

P(C/mi) = probability (b1 > b2, b3, ... , bM/mi) 

If m 1 is transmitted, then (Fig. 14. 7) 

bk= foTM [s1 (t) + n(t)]sk(t) dt + ak 

Let 

{TM 
Pij = lo s; (t)sj (t) dt i, j = 1, 2, ... , M 

Pij are known as crosscorrelation coefficients. Thus (if m1 is transmitted), 

bk = P1k + 1TM n(t)sk(t) dt + ak 

(14.61) 

(14.62) 

(14.63) 

(14.64a) 
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N 

= Plk + ak + L:Skjnj (14.64b) 
j=l 

where n • is the component of n(t) along <{Jj (t). Note that Plk + ak is a constant, and variables 
nj (j = \, 2, ... , N) are independent jointly gaussian variables, each with zero mean and a 
variance of :N/2. Thus, variables bk are a linear combination of jointly gaussian variables. It 
follows that the variables b1, b2, ... , b M are also jointly gaussian. The probability of making 
a correct decision when m1 is transmitted can be computed from Eq. (14.61). Note that b1 can 
lie anywhere in the range (-oo, oo ). More precisely, if p(b1, b2, ... , bMlm1) is the joint 
PDF ofb1, b2, ... , bM, then Eq. (14.61) can be expressed as 

P(C!m1) = 1_: 1_:-• -/_: p(b1, b2, ... , bMlm1) db1, db2, ... , dbM (14.65a) 

where the limits of integration of b1 are (-oo, oo), and for the remaining variables the limits 
are (-oo, b1). Thus, 

100 lb' lb' P(Cim1) = -oo db1 -oo db2... -oo p(b1, b2, ••• , bMlm1) dbM 

Similarly, P(Clm2), ... , P(ClmM) can be computed, and 

M 

and 

P(C) = L P(Clmj)P(mj) 
j=l 

PeM = 1- P(C) 

(14.65b) 

EXAMPLE 14.5 Orthogonal Signal Set 
In this set all M equal-energy signals s1 (t), s2(t), ... , sM(t) are mutually orthogonal. 

As an example, a signal set for M = 3 is shown in Fig. 14.14. 

Figure 14.14 Orthogonal signals. 

14.3 Optimum Receiver 

The orthogonal set {sk(t)} is characterized by the fact that 

659 

Hence, 

j-::/= k 
j=k 

i -::/= j 
i=j 

Further, we shall assume all signals to be equiprobable. This yields 

(14.66) 

(14.67) 

where E is the energy of each signal. Note that ak is the same for all values of k. Because 
the constants ak enter the expression only for the sake of comparison (see Fig. 14.Sb), 
they can be ignored, and hence, we can let ak = 0. Also for an orthogonal set, 

Therefore, 

k=j 
k-::/= j 

(14.68) 

(14.69) 

Hence, from Eqs. (14.64b), (14.67), and (14.69), we have (when m1 is transmitted) 

bk = { E + -/£ n1 k = 1 
r;; (14.70) 

v Enk k = 2, 3, ... , M 

Note that n1, n2, ••• , nM are independent gaussian variables, each with zero mean and 
v~ance N/2. ".'ariables bk that are of the form (amk + {3) are also independent gaussian 
vanables. Equation (14.70) shows that the variable b1 has the mean E and variance 
(-/£)2(:N/2) = NE/2. Hence, 

k=2, 3, ... , M 

Because b1, b2, ••• , bM are independent, the joint probability density is the product of 
the individual densities: 

and 
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Changing the variable so that b1 / J NE /2 = y, and recognizing that EI N = (log2 M) 
Eb/N, we obtain 

P(C\m1) = _1_ ('° e-(y-,/iijj:t/12 [1 - Q(y)]M-1 dy 
,JEi Loo 

(14.71b) 

= _1_ [
00 

e-[y-,J(2logzM)Eb/N]212 [1- Q(y)]M-1 dy (14.71c) 
,Jiii}_oo 

Note that because this signal set is geometrically symmetrical, 

Hence, 

and 

PeM = 1- P(C) 

= l __ 1_ {
00 

e-[y-✓(2log2 M)Eb/NJ2 /2 [l _ Q(y)]M-1 dy (14.71d) 
v'2,rr J_oo 

This confirms our earlier result in Eq. (13.57). Figure 13.25 shows the plot of PeM vs. 
Eb/N. 

Significance of the Geometrical Configuration of Signals . . 
From this discussion, one very interesting fact emerges. Whenever the optimum receiver 
is used, the error probability does not depend on specific signal waveforms but it depends 
only on their geometrical configuration in the signal space. A given configuration i~ a ~ignal 
space can represent infinite possible signal sets, depending on the choice of the basis signals 
used. A given configuration does specify the average energy of the set. This means the error 
probability depends on signal waveforms only through the average energy of the set. Thus, 
the average signal energy (or power) emerges as a fundamental parameter that determines the 
error probability. 
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. This discussion also vividly demonstrates the insight provided by the use of signal space 
m the study of optimum receivers. 

Bandwidth of M-ary Signals 
As di~cussed in ~e~. 14.1, the dimensionality of a signal is 2BTM + 1, where TM is the signal 
dur~10n and B is its _esse~tial bandwidth. It follows that fo~ an N-dimensional signal space 
(N - M), the bandwidth 1s B = (N - 1)/2TM. Thus, reducmg N reduces the bandwidth. 

We_can verif~ tha: N-dimensional signals can be transmitted over (N - l)/2TM Hz by 
constructmg a specific signal set. Let us choose the signals 

1 
<po(t) = --

ffM 

............................... 0. 

(f}k-1 (t) = fr; sin(~ w0 t) 

(f)k(t) = fr; COS(~ Wat) 

(14.72) 

These are k + 1 orthogonal pulses with a total bandwidth of (k/2)(w
0
/27i) = k/2TM Hz. 

Hence, when k + 1 = N, the bandwidth* is (N - l)/2TM. Thus, N = 2TMB + 1. 
. To attain_ a given e~or probability, there is a trade-off between the average energy of the 

signal ~et ~d its bandwidth. If we reduce the signal space dimensionality, the transmission 
b~ndw1dth 1s reduced. But the signals are now closer together, because of the reduced 
~mensionality. This will increase PeM. Hence, to maintain a given PeM, we must move the 
signals f~her apart; that is, increase energy. Thus, the cost of reduced bandwidth is paid in 
terms of mcreased energy. In Chapter 15 we shall study the ideal trade-off between bandwidth 
and signal energy and compare the performance of various signal schemes in light of this 
relationship. 

* Here we are ignoring th~ band spreading at the edge. This spread is about 1/ TM Hz. The actual bandwidth is larger 
than (N - l)/2TM by this amount. 
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14.4 EQUIVALENT SIGNAL SETS 

The computation of error probabilities is greatly facilitated by the translation and rotation of 
coordinate axes. We now show that such operations are permissible. 

Consider a signal set with its corresponding decision regions, as shown in Fig. 14.15a. 
The conditional probability P ( C \m I) is the probability that the noise vector drawn from sI lies 
within RI· Note that this probability does not depend on the origin of the coordinate system. 
We may translate the coordinate system any way we wish. This is equivalent to translating the 
signal set and the corresponding decision regions. Thus, the P ( C \m;) for the translated system 
shown in Fig. 14.15b is identical to that of the system in Fig. 14. 15a. 

In the case of gaussian noise, we make another important observation. The rotation of 
the coordinate system does not affect the error probability because the noise-vector probability 

t 
<P2 

(a) 

Figure 14.15 Translation and rotation of co­
ordinate axes. 

Szt-
1 --

(b) 

(c) 

<P1---+-

EXAMPLE 14.6 
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den_sity_has spheri_cal symmetry. To show this we shall consider Fig. 14.15c, where the signal 
set m Fig. 14.15a IS shown translated and rotated. Note that a rotation of the coordinate system 
is equivalent to a rotation of the signal set in the opposite sense. Here for convenience we rotate 
the signal set instead of the coordinate system. It can be seen that the probability that the noise 
~ec~or n drawn ~rom SI lies in R1 is the same in Fig. 14.15a and c, because this probability 
IS given by the mtegral of the noise probability density Pn(n) over the region R1. Because 
Pn (n) has a spherical symmetry for gaussian noise, the probability will remain unaffected by a 
rotation of the region RI· Clearly, for additive gaussian channel noise, translation and rotation 
of the coordinate system (or translation and rotation of the signal set) do not affect the error 
probability. Note that when we rotate or translate a set of signals, the resulting set represents 
an entirely different set of signals. Yet the error probabilities of the two sets are identical. Such 
sets are called equivalent sets. 

The following example demonstrates the utility of translation and rotation of a signal set 
in the computation of error probability. 

A quaternary PSK (QPSK) signal set is shown in Fig. 14.16a, 

S1 = -S2 = ✓£ <{JI 

S3 = -S4 = ✓£ <()2 

Assuming all symbols to be equiprobable, determine PeM for an A WGN channel with noise 
PSD:N/2. 

<P1--+-

(a) 

v'Efi 

(b) 

Figure 14.16 Analysis of QPSK. 
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This problem has already been solved in Example 14.4 for a general value of M. Here we 
shall solve it for M = 4 to demonstrate the power of the rotation of axes. 

Because all the symbols are equiprobable, the decision region boundaries will be 
perpendicular bisectors of lines joining various signal points (Fig. 14.16a). Now 

P(Clm1) = P(noise vector originating at s1 remains in R1) (14.73) 

This can be found by integrating the joint PDF of components n1 and n2 (originating at 
s1) over the region Rr. This double integral can be found by using suitable limits, as in 
Eq. (14.59). The problem is greatly simplified, however, if we rotate the signal set by 45°, 
as shown in Fig. 14.16b. The decision regions are rectangular, and if n1 and n2 are noise 
components along <{Jr and <{)2, then Eq. (14.73) can be expressed as 

P(Clm1) = P ( n1 > -ff, n2 > -ff) 
= P (n1 > -ff) P (n2 > -ff) 
-[l-Qu~r 
-[1-Q(R;)J 
-[1-Q(~J 

Minimum-Energy Signal Set 

(14.74a) 

(14.74b) 

As noted earlier, an infinite number of possible equivalent signal sets exist. Because signal 
energy depends on its distance from the origin, however, equivalent sets do not necessarily 
have the same average energy. Thus, among the infinite possible equivalent signal sets, the 
one in which the signals are closest to the origin has the minimum average signal energy (or 
transmitted power). 

Let m1, m2, ... , mM be M messages with waveforms s1(t), s2(t), ... , SM(t) repre­
sented by points s1, s2, ... , sM in the signal space. The mean energy of these signals is E, 
given by 

M 

- " 2 E = L.., P(m1)/s;/ 
i=l 

Translation of this signal set is equivalent to subtracting some vector a from each signal. Let 
this operation yield the minimum-mean-energy set. We now wish to find the vector a such that 
the new mean energy 

r 

EXAMPLE 14.7 
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M 

E = L P(m;)/s; - a/ 2 
(14.75) 

i=l 

is minimum. We_ can show that a must be the center of gravity of M points located at 
s1, s2, ••• , sMwithmassesP(m1), P(m2), ... , P(mM),respectively: 

M 

a= L P(m;)s; = s; 
i=I 

To prove this, suppose the mean energy is minimum for some translation b. Then 
M 

E = L P(m;)/s; - b/ 2 

i=l 

M 

= L P(m;)/(s; - a)+ (a_ b)/2 
i=l 

M M M 

= ~ P(m;)/s; -a/
2 + 2(a - b) • L P(m;)(s; - a)+ L P(m;)/a - b/ 2 

1=1 
i=I i=l 

(14.76) 

Observe that the second term in the above expression vanishes because of the relationship in 
Eq. (14.76). Hence, 

M M 

E = L P(m;)/s; - a/2 + L P(m;)/a - b/2 

i=l i=l 

This is minimum when h_ = a. Note that the rotation of the coordinates does not change the 
energy, and, hence, there is no need to rotate the signal set to minimize the energy. 

For_the bin~ orthogonal signal set shown in Fig. 14.17a, determine the minimum-energy 
equivalent signal set. 

The mi~mum-en~rgy set for this case is shown in Fig. 14.17b. The origin lies at the center 
of gravity of the signals. We have also rotated the signals for convenience. The distances 
k1 and k2 must be such that 

and 

k1P(m1) = k2P(m2) 

Solution of these two equations yields 

and 
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t 
d 

(a) (b) 

1---+- r-

1-+- 1-

(c) (d) 

Figure 14.17 Equivalent signal sets. 

Both signal sets (Fig. 14.17 a and b) have the same error probability, but the latter 
has a smaller mean energy. If E and E' are the respective mean energies of the two sets, 

then 

and 
- 2 2 E' = P(m1)k1 + P(m2)k2 

= P(m1)P
2(m2)d2 + P(m2)P

2
(m1)d

2 

= P(m1)P(m2)d
2 

Note that the product P(m1)P(m2) is maximum when P(m1) = P(m2) = 1/2, in which 

case 

and 

Therefore, 

- d2 
E'<­- 4 

- E E'<­- 2 

and for the case of equiprobable signals, 

In this case, 

- d2 
E=-

2 
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- E 
E'=-

2 

and 

The sig~als in Fi?. 1 ~. l 7b are called antipodal signals when k 1 = k2 • The error probability 
of the signal set m Fig. 14.17a (and Fig. 14.17b) is equal to that in Fig. 14.lla and can be 
found from Eq. (14.54a). 

As a concrete example, let us choose the basis signals as sinusoids of frequency 
W0 = 2]'{/TM: 

Hence, 

0 :St< TM 

d d 
s2(t) = ;,;<fJ2(t) = ~ sin2w0 t 

-v2 -vTM 

:11e sign~ls s~ (t) and s2(t) are shown in Fig. 14.17c, and the geometrical representation 
is sh~wn m Fig. 14.17 a. Both signals are located at a distance d / ./2 from the origin, and 
the distance between the signals is d. 

The minimum energy signals si (t) and s~(t) for this set are given by 

I /2 
s1 (t) = Y ~ P(m2)d sin w0 t 

I /2 
si(t) = Y ~P(m1)d sinw0 t 

These signals are sketched in Fig. 14.17 d. 
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EXAMPLE 14.8 Simplex Signal Set . . 
A minimum-energy equivalent set of an equiprobable orthogonal set 1s called a simplex, 

or transorthogonal, signal set. Derive the simplex set corresponding to the orthogonal set in 

Eq. (14.66). 

(a) 

-JE/2 -/Ei2' 

( c) 

Figure 14.18 Simplex signals. 

<P1-

s;"'~:::.,_-~-').i-\l-,,~(d_)_➔ s2 

To obtain the minimum-energy set, the origin should be shifted to the center of gravity 
of the signal set. For the 2-dimensional case (Fig. 14.18a), the simplex set ~s shown ~n 
Fig. 14.18c, and for the 3-dimensional case (Fig. 14.18b), the simplex set 1s shown m 
Fig. 14.18d. Note that the dimensionality of the simplex signal set is less than that of the 
orthogonal set by 1. This is true in general for any value of M. It can be show~ that the 
simplex signal set is the optimum (minimum error probab_ility) for t~e case of eqmprobable 
signals embedded in white gaussian noise when energy 1s constr~med. 

6
•
7

. . . 
We can calculate the mean energy of the simplex set by notmg that 1t 1s obtamed by 

translating the orthogonal set by a vector a, given by Eq. (14.76), 

1 M 

a= M.Ls; 
i=l 

For orthogonal signals, 

S;= ✓£({J; 

Therefore, 

"1 
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where E is the energy of each signal in the orthogonal set and ({J; is the unit vector along 
the ith coordinate axis. The signals in the simplex set are given by 

(14.77) 

The energy E' of signals£ is given by Is£ 12, 

E' = s£ • s£ (14.78) 

Substituting Eq. (14.77) into Eq. (14.78) and observing that the set ({J; is orthonormal, we 
have 

(14.79) 

Hence, for the same performance ( error probability), the mean energy of the simplex signal 
set is 1 - 1/ M times that of the orthogonal signal set. For M » 1, the difference is not 
significant: For this reason and because they are easier to generate, orthogonal rather than 
simplex signals are used in practice whenever M exceeds 4 or 5. 

In the next chapter, we shall show that in the limit as M ➔ oo, the orthogonal ( as well as 
the simplex) signals attain the upper bound of performance predicted by Shannon's theorem. 

14.5 NONWHITE (COLORED) CHANNEL NOISE 

Thus far we have restricted our discussion exclusively to white gaussian channel noise. Our 
discussion can be extended with relative ease to nonwhite, or colored, gaussian channel noise. 

If the noise PSD Sn(cv) is not white, we use a noise-whitening filter H(cv) at the input 
of the receiver, where 

1 
IH(cv)I = ✓sn(cv) 

Consider a signal set {s; (t)} and a channel noise n(t) that is not white [Sn (cv) is not constant]. 
At the input of the receiver, we use a noise-whitening filter H ( cv) that transforms the colored 
noise into white noise (Fig. 14.19). But it also alters the signal set {s; (t)} to {s; (t) }, where 

s; (t) = s; (t) * h (t) 

or 

s;(cv) = S;(cv)H(cv) 
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n(I) 

Noise-whitening Optimum receiver 
filter for 

Decision 

H(w) {s1(t) l in white noise 
s;(I) + n(I) '-------_. s;(I) + nw(I) .__ ______ _. 

figure 14.19 Optimum M-ary receiver for nonwhite channel noise. 

We now have a new signal set {s[ (t)} mixed with white gaussian_noise, for which the ~ptimum 
receiver and the corresponding error probability can be detenmned by the method discussed 

earlier. 
In general, a whitening filter may be unrealizable. In such a case we need to allow a 

sufficient delay in H(w) to be able to closely realize the filter. 

14.6 OTHER USEFUL PERFORMANCE CRITERIA 

The optimum receiver uses the decision strategy that makes the ~est possible use of the obse:"ed 
data and any a priori information available. The strategy will also depend on the weights 
assigned to various types of errors. In this chapter we have ~us ~ar a~sumed that all errors 
have equal weight ( or equal cost). This assumption may not be Justified m some cases, and we 

may therefore have to alter the decision rule. 

Generalized Bayes Receiver 
If we are given a priori. probabilities and the cost functions of various types ?f errors, the 
receiver that minimizes the average cost of decision is called the Bayes re~e1ver, and the 
decision rule is Bayes' decision rule. Note that the receiver that has been discuss~d so far 
is the Bayes receiver under the condition that all errors have equal cost (equal weight). To 

generalize this rule, let 

Ckj = cost of deciding that m = mk when mj was transmitted (14.80) 

and, as usual, 

p (m; lq) = conditional probability that m; was transmitted when q is received 

If q is received, then the probability that mj _':'as ~ansmit~ed is ~(mjlq) for all j == 
1, 2, ... , M. Hence, the average cost of the decis10n m = mk is f3k, given by 

f3k = Ck1P(m1lq) + Ck2P(m2lq) + ... + ckM(mMlq) 

M 

= L CkjP(mjlq) 
j=l 

Thus, if q is received, the optimum receiver decides that m = mk if 

(14.81) 
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for alli =j:. k 

' or 
M M 

L ckjP(mjlq) < L C;jP(mjlq) for all i =j:. k (14.82) 
j=l j=l 

Use of Bayes' mixed rule in Eq. (14.82) yields 

M M 

L ckjP(mj)pq(qlmj) < L CijP(mj)pq(qlmj) for all i =j:.k (14.83) 
j=l j=l 

Note that Ckk is the cost of setting m = mk when mk is transmitted. This cost is generally zero. 
If we assign equal weight to all other errors, then 

Ckj = { ~ k=j 
k =j:. j 

and the decision rule in Eq. (14.83) reduces to the rule in Eq. (14.42), as expected. The 
generalized Bayes receiver for M = 2, assuming Cu = C22 = 0, sets m = m1 if 

Otherwise, the receiver decides that m = m2. 

Maximum-Likelihood Receiver 
The strategy used in the Bayes receiver discussed in the preceding subsection is general, except 
that it can be implemented only when the a priori probabilities P(m1), P(m2), ... , P(mM) 
are known. Frequently this information is not available. Under these conditions various 
possibilities exist, depending on the assumptions made. When, for example, there is no reason 
to expect any one signal to be more likely than any other, we may assign equal probabilities 
to all the messages: 

Bayes' rule [Eq. (14.42)] in this case becomes: set m = mk if 

for alli =j:. k (14,84) 

Observe that p 4 (qlmk) represents the probability of observing q when mk is transmitted. 
Thus, the receiver chooses that signal which, when transmitted, will maximize the likelihood 
(probability) of observing the received q. Hence, this receiver is called the maximum­
likelihood receiver. Note that the maximum-likelihood receiver is a Bayes receiver under the 
condition that the a priori message probabilities are equal. In terms of geometrical concepts, 
the maximum-likelihood receiver decides in favor of that signal which is closest to the received 
data q. The practical implementation of the maximum-likelihood receiver is the same as that 
of the Bayes receiver (Figs. 14.7 and 14.8) under the condition that all a priori probabilities 
are equal to 1/ M. 

If the signal set is geometrically symmetrical, and if all a priori probabilities are equal 
(maximum-likelihood receiver), then the decision regions for various signals are congruent. 
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In this case, becau~e of symmetry, the conditional probability of a correct decision is the same 
no matter which signal is transmitted, that is, 

P(Clm;) = constant for all i 

Because 
M 

P(C) = L P(m;)P(Clm;) 
i=l 

in this case 

P(C) = P(CJm;) (14.85) 

Thus, the error probability of the maximum-likelihood receiver is independent of the actual 
source statistics P(m;) for the case of symmetrical signal sets. It should, however, be realized 
that if the actual source statistics were known beforehand, one could design a better receiver 
using Bayes' decision rule. 

It is apparent that if the source statistics are not known, the maximum-likelihood receiver 
proves very attractive for a symmetrical signal set. In such a receiver one can specify the error 
probability independently of the actual source statistics. 

Minimax Receiver 
Designing a receiver with a certain decision rule completely specifies the conditional proba­
bilities P(CJm;). The probability of error is given by 

PeM = 1- P(C) 

M 

= 1 - L P(m;)P(CJm;) 
i=l 

Thus, in general, for a given receiver (with some specified decision rule) the error probability 
depends on the source statistics P(mJ. The error probability is the largest for some source 
statistics. The error probability in the worst possible case is [PeMJmax and represents the upper 
bound on the error probability of the given receiver. This upper bound [PeM Jmax serves as an 
indication of the quality of the receiver. Each receiver ( with a certain decision rule) will have a 
certain [PeM Jmax· The receiver that has the smallest upper bound on the error probability, that 
is, the minimum [PeM]max, is called the minimax receiver. 

We shall illustrate the minimax concept for a binary receiver with on-off signaling. The 
conditionalPDFs of the receiving-filteroutput sampler att = Tb are p(rll) and p(rl0). These 
are the PDFs of r for the "on" and the "off" pulse (i.e., no pulse), respectively. Figure 14.20a 
shows these PDFs with a certain threshold a. If we receiver 2: a, we choose the hypothesis 
"signal present" (1), and the shaded area to the right of a is the probability of false alarm 
(deciding "signal present" when in fact the signal is not present). If r < a, we choose the 
hypothesis "signal absent" (0), and the shaded area to the left of a is the probability of false 
dismissal (deciding "signal absent" when in fact the signal is present). It is obvious that the 
larger is the threshold a, the larger is the false dismissal error and the smaller is the false alarm 
error (see Fig. 14.20b). 

p(rlO) 

(a) 

False-alarm cost 

(b) 

I 
1p(rll) 
I 
I 
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Figure 14.20 Explanation of minimax concept. 

a-

We shall now find the minimax condition for this receiver. For the minimax receiver 
we consider all possible receivers (all possible values of a in this case) and find the maximu~ 
error probability ( or cost) that occurs under the worst possible a priori probability distribution. 
Let us choose a = a1, as shown in Fig. 14.20b. In this case the worst possible case occurs 
when P(O) = 1 and P(l) = 0, that is, when the signal s(t) is always absent. The type of 
error in this case is false alarm. These errors have a cost C 1. On the other hand, if we choose 
a = a2, the worst possible case occurs when P(O) = 0 and P(l) = 1, that is, when the 
signal is always present, causing only the false-dismissal type of errors. These errors have a 
cost C2. It is evident that for the setting a = a, the cost of false alarm and false dismissal are 
equal, namely, Ca. Hence, for all possible source statistics the cost is Ca. Because Ca < C

1 
and C2, this cost is the minimum of the maximum possible cost (because the worst cases are 
considered) that accrues for all values of a. Hence, a = a represents the minimax setting. 

It follows from this discussion that the minimax receiver is rather conservative. It is 
designed under the pessimistic assumption that the worst possible source statistics exist. 
The maximum-likelihood receiver, on the other hand, is designed on the assumption that 
all messages are equally likely. It can, however, be shown that for a symmetrical signal set, 
the maximum-likelihood receiver is in fact the minimax receiver. This can be proved by 
observing that for a symmetrical set, the probability of error of a maximum-likelihood receiver 
(equal a priori probabilities) is independent of the source statistics [Eq. (14.85)]. Hence, for 
a symmetrical set, the error probability PeM = a of a maximum-likelihood receiver is also 
equal to its [PeM Jmax• We now show that no other receiver exists whose [PeM Jmax is less than 
the a of a maximum-likelihood receiver for a symmetrical signal set. This is seen from the fact 
that for equiprobable messages, the maximum-likelihood receiver is optimum by definition. 
All other receivers must have PeM > a for equiprobable messages. Hence, [PeM lmax for these 
receivers can never be less than a. This proves that the maximum-likelihood receiver is indeed 
the minimax receiver for a symmetrical signal set. 
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14.1-1 Find at least three different sets of orthonormal basis signals for a 5-dimensional signal space. 

14.1-2 The basis signals of a 3-dimensional signal space are giv~n by <P1 (t) = p(t), <P2(t) = 
p(t - T0), and cp3(t) = p(t - 2T0), where 

1 
p(t) = r,;,[u(t) - u(t - Ta)] 

-vTa 

Sketch the waveforms of the signals represented by (1, 1, 0), (2, -1, 1), (3, 2, -½), and 

(-½, -1, 1) in this space. 

14.1-3 RepeatProb.14.l-2if 

#. 2n: 
cp2(t) = sin -t 

Ta 

14.1-4 If p(t) is as in Prob. 14.1-2 and 

<Pk(t) = p[t - (k - l)T0 ] k = 1, 2, 3, 4, 5 

(a) Sketchthesignalsrepresentedby(-1, 2, 3, 1, 4), (2, 1, -4, -4, 2),(3, -2, 3, 4, 1),and 

(-2, 4, 2, 2, 0) in this space. 

(b) Find the energy of each signal. 

(c) Find the pairs of signals that are orthogonal. 

14.2-1 For a certain stationary gaussian random process x(t), it is given that Rx('r) = e-l•I. Determine 

the joint PDF ofRVsx(t), x(t + 1), andx(t + 2). 

Problems 675 

14.3-1 A source emits M equiprobable messages, which are assigned signals s1, s2, ... , sM, as shown 
in Fig. Pl4.3-1. Determine the optimum receiver and the corresponding error probability P,M 

for an AWGN channel as a function of Eb. 

r--a "'I"' 
I 

"'I"' a--, a 
• \ • • I • • \ • 
SI SM/2 0 SM 

I 

Figure Pl 4.3-1 I Figure P14.3-2 

14.3-2 A source emits eight equiprobable messages, which are assigned signals s1, s2 , ... , s8, as shown 
in Fig. P14.3-2. 

(a) Find the optimum receiver for an AWGN channel. 

(b) Determine the decision regions and the error probability P,M of the optimum receiver as a 
function of Eb. 

14.3-3 Show that for MPSK, the optimum receiver of the form in Fig. 14.8a is equivalent to a phase 
comparator. Assume all messages equiprobable and an AWGN channel. 

14.3-4 The vertices of an N -dimensional hypercube are a set of 2N signals 

d N 

Sk(t) = 2 I>kj(f)j(t) 
j=l 

where {cp1 (t), cp2(t), ... , <PN(t)} is a set of N orthonormal signals, and akj is either 1 or -1. 
Note that all the N signals are at a distance of ✓Nd/2 from the origin and form the vertices of 
the N -dimensional cube. 

(a) Sketch the signal configuration in the signal space for N = 1, 2, and 3. 

(b) For each configuration in part (a), sketch one possible set of waveforms. 

(c) If all the 2N symbols are equiprobable, find the optimum receiver and determine the error 
probability P,M of the optimum receiver as a function of Eb assuming an AWGN channel. 

14.3-5 A ternary signal configuration is shown in Fig. Pl4.3-5. 

(a) If P(mo) = 0.5 and P(m1) = P(m_1) = 0.25, determine the optimum decision regions and 
P,M of the optimum receiver as a function of E. Assume an AWGN channel. 

(b) Find P,M as a function of E / :N. 
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14.3-6 

• • 

Figure P14.3-5 

A 16-ary signal configuration is shown in Fig. Pl4.3-6. Write the expression (do no: evaluate 
various integrals) for the PeM of the optimum receiver, assuming all symbols to be eqmprobable. 

Assume an AWGN channel. 

. .-

_ . .-
·•. 

Figure Pl 4.3-6 

14.3-7 A five-signal configuration in a 2-dimensional space is shown in Fig. Pl4.3-7. 

14.3-8 

• 
d • 2 

d 
2 

• • 

Figure Pl 4.3-7 

(a) Choose the appropriate cp1 (t) and cp2 (t) and sketch the waveforms of the five signals. 

(b) In the signal space, sketch the optimum decision regions, assuming an AWGN channel. 

(c) Determine the error probability PeM as a function of E of the optimum receiver. 

A 16-point QAM signal configuration is shown in Fig. Pl4.3-8. Assuming that ~11 symbols_are 
equiprobable, determine the error probability PeM as a function of Eb of the opumum receiver 

for an AWGN channel. 
Compare the performance of this scheme with that in Example 14.3. 

Problems 677 

.l 
•··· ..... ········• • 2d 

········• 

•·················· ······• 

Figure P14.3-8 

14.3-9 An orthogonal signal set is given by 

Sk(t) = ✓£ cpk(t) k = I, 2, ... , N 

A biorthogonal signal set is formed from the orthogonal set by augmenting it with the negative 
of each signal. Thus, we add to the orthogonal set another set 

S_k(t) = -✓£ cpk(t) 

This gives 2N signals in an N-dimensional space. Assuming all signals to be equiprobable and an 
AWGN channel, obtain the error probability of the optimum receiver. How does the bandwidth 
of the bi orthogonal set compare with that of the orthogonal set? 

14.4-1 (a) What is the minimum-energy equivalent signal set of a binary on-off signal set? 

14.4-2 

(b) Using geometrical signal space concepts, explain why the binary on-off and the binary or­
thogonal sets have identical error probabilities and why the binary polar energy requirements 
are 3 dB lower than those of the on-off or the orthogonal set. 

A source emits three equiprobable messages m 1 , m2 , and m3 , encoded by signals s1 (t), s2 (t), and 
s3 (t), respectively, where 

s1 (t) 20.Jl sin ;: t ) 

s2(t) 10.Jlcos ;:t 

S3 (t) - 10.J2 COS ;: t 

Each of these signal durations is O .::: t .::: TM and is zero outside this interval. The signals are 
transmitted over AWGN channels. 

(a) Represent these signals in a signal space. 

(b) Determine the decision regions. 

(c) Obtain an equivalent minimum-energy signal set. 

(d) Determine the optimum receiver. 

14.4-3 A quaternary signaling scheme uses four waveforms, 
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s1(t) = (✓3 - 1) <p1(t) 

s2(t) = -2<p1 (t) + ( ✓3 - 1) <p2(t) 

S3(t) = -( ✓3 + 1) (pJ (t) - 2<p2(t) 

S4(t) = -( ✓3 + 1) <p(t) 

where cp
1
(t) and cp2 (t) are orthonormal basis signals. All the signals are equiprobable, and the 

channel noise is white gaussian with PSD Sn(w) = 0.2. 
(a) Represent these signals in the signal space, and determine the optimum decision regions. 

(b) Compute the error probability of the optimum receiver. 

(c) Find the minimum-energy equivalent signal set. 

14.4-4 A ternary signaling scheme (M = 3) uses the three waveforms s1 (t), s2 (t), and s3 (t) shown in Fig. 
P14.4-4. The transmission rate is 500 symbols per second. All three messages are equiprobable, 
and the channel noise is white gaussian with PSD Sn(w) = 10-

5
• 

(a) Determine the error probability of the optimum receiver. 

(b) Determine the minimum-energy signal set and sketch the waveforms. 

(c) Compute the mean energies of the signal set in Fig. P14.4-4 and its minimum-energy 

equivalent set, found in part (b). 

2 

1-
1-

Figure P14.4-4 

14.4-5 Repeat Prob. 14.4-4 if P(m1) =:= 0.25, P(m2) = 0.5, and P(m3) = 0.25. 

14.4-6 A binary signaling scheme uses the two waveforms s1 (t) and s2(t) shown in Fig. P14.4-6. The 
signaling rate is 1000 pulses per second. Both signals are equally likely, and the channel noise 

is white gaussian with PSD Sn(w) = 2.5 x 10-6
• 

(a) Determine the minimum-energy equivalent signal set. 

(b) Determine the error probability of the optimum receiver. 
(c) Represent these signals as vectors using a suitable orthogonal signal space. Hint: Use Gram­

Schmidt orthogonalization to determine the appropriate basis signals <p1 (t) and <p2(t). 

t ,5_ 
0.001 ,_ 

t 
f~Jlsin( _,,,~-.,,;2) 

0 0.001 ,_ 
Figure P14.4-6 

15 INTRODUCTION TO 
INFORMATION 
THEORY 

In all the modes of communication discussed thus far, the communication is not error­
free. w_~ may be a~le to improve the accuracy in digital signals by reducing the error 
probab1hty Pe. But 1t appears that as long as a channel noise exists, the communication 

cannot be error-free. For example, in all the digital systems discussed thus far, Pe varies as 
e-kEb asymptotically. By increasing Eb, the energy per bit, we can reduce Pe to any desired 
level. Now, the signal power is S; = EbRb, where Rb is the bit rate. Hence, increasing Eb 
means either increasing the signal power S; (for a given bit rate) or decreasing the bit rate Rb 
(for a given power), or both. Because of physical limitations, however, S; cannot be increased 
beyond a certain limit. Hence, to reduce Pe further, we must reduce Rb, the rate of transmission 
of information digits. Thus, the price to be paid for reducing Pe is a reduction in the transmission 
rate. To make Pe -+ 0, Rb -+ 0. Hence, it appears that in the presence of channel noise it 
is impossible to achieve error-free communication. Thus thought communication engineers 
until the publication of Shannon's classical paper1 in 1948. Shannon showed that for a given 
channel, as long as the rate of information digits per second to be transmitted is maintained 
within a certain limit (known as the channel capacity), it is possible to achieve error-free 
communication. That is, to attain Pe -+ 0, it is not necessary to make Rb -+ 0. Such a goal 
(Pe -+ 0) can be attained by maintaining Rb < C, the channel capacity (per second). The gist 
of Shannon's paper is that the presence ofrandom disturbance in a channel does not, by itself, 
set any limit on transmission accuracy. Instead, it sets a limit on the information rate for which 
arbitrarily small error probability (Pe -+ 0) can be achieved. 

We have been using the phrase "rate of information transmission" as if information could 
be measured. This is indeed so. We shall now discuss the information content of a message as 
understood by our "common sense" and also as it is understood in the "engineering sense." 
Surprisingly, both approaches yield the same measure of information in a message. 

15.1 MEASURE OF INFORMATION 
Common-Sense Measure of Information 
Consider the following three hypothetical headlines in a morning paper: 

679 
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1. Tomorow the sun will rise in the east. 

2. United States invades Cuba. 

3. Cuba invades the United States. 

The reader will hardly notice the first headline. He or she will be very, very interested in the 
second. But what really catches the reader's fancy is the third one. This item will attract much 
more attention than the previous two headlines. From the viewpoint of "common sense," 
the first headline conveys hardly any information, the second conveys a large amount of 
information, and the third conveys yet a larger amount of information. If we look at the 
probabilities of occurrence of these three events, we find that the probability of occurrence 
of the first event is unity (a certain event), that of the second is very low (an event of small 
but finite probability), and that of the third is practically zero (an almost impossible event). 
If an event of low probability occurs, it causes greater surprise and, hence, conveys more 
information than the occurrence of an event of larger probability. Thus, the information is 
connected with the element of surprise, which is a result of uncertainty, or unexpectedness. 
The more unexpected the event, the greater the surprise, and hence the more information. The 
probability of occurrence of an event is a measure of its unexpectedness and, hence, is related 
to the information content. Thus, from the point of view of common sense, the amount of 
information received from a message is directly related to the uncertainty or inversely related 
to the probability of its occurrence. If P is the probability of occurrence of a message and / 
is the information gained from the message, it is evident from the preceding discussion that 
when P ➔ 1, I ➔ 0 and when P ➔ 0, I ➔ oo, and, in general a smaller P gives a larger 

I. This suggests the following model: 
1 

I~ log­p 
(15.1) 

Engineering Measure of Information 
We now show that from an engineering point of view, the information content of a message is 
identical to that obtained on an intuitive basis [Eq. (15.1)]. What do we mean by an engineering 
point of view? An engineer is responsible for the efficient transmission of messages. For this 
service the engineer will charge a customer an amount proportional to the information to be 
transmitted. But in reality the engineer will charge the customer in proportion to the time 
required to transmit the message. In short, from an engineering point of view, the information 
in a message is proportional to the (minimum) time required to transmit the message. We 
shall now show that this concept of information also leads to Eq. (15.1). This implies that a 
message with higher probability can be transmitted in a shorter time than that required for a 
message with lower probability. This fact may be verified by the example of the transmission 
of alphabetic symbols in the English language using Morse code. This code is made up of 
various combinations of two symbols (such as a mark and a space, or pulses of height A and 
-A volts). Each letter is represented by a certain combination of these symbols, called the code 
word, which has a certain length. Obviously, for efficient transmission, shorter code words are 
assigned to the letters e, t, a, and o, which occur more frequently. The longer code words are 
assigned to letters x, k, q, and z, which occur less frequently. Each letter may be considered 
as a message. It is obvious that the letters that occur more frequently (with higher probability 
of occurrence) need a shorter time to transmit (shorter code words) as compared to those with 
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:::~::~~:ability of occurrence. We ~hall now show that on the average, the time required 
to log (1/ P). symbol ( or a message) with probability of occurrence p is indeed proportional 

F:ith; sake of simplicity, let us begin with the case of binary messages mi and m which 
are equ Y ikely to occur. We may use binary digits to encode these messa 

2
' 

;;~:'t:y b~;',epre,v"'.'ted by digits O and 1, respectively. Cleady, we musf;:~~::!::~ 
a;J' git (w~ch can assume two values) to represent each of the two equally likely 

;:sages. ext, consider the case of the four equiprobable messages m I m2 m and m 

mes::ee m;;~:g:s are e~~oded in binary form, we need a minimum of tw~ bi~ary3 digits p;; 
can fo~ th £ rn~ digit can assume two values. Hence, a combination of two binary digits 

e our co e words 00, 01, 10, 11, which can be assigned to the four equiprobable 
messages m1 m2 m3 and m rep f 1 I • t . h ' '. . ~• s ec ive y. t 1s clear that each of these four messages takes 
w1ce as muc tra~sm1s~1on time as that required by each of the two equiprobable messa es 

and, hence, contams twice as much information S. ·1 1 g . b bl . lffil ar y, we can encode any one of eight 
eqmpro a e messages with a minimum of three binary d1·g1·ts Thi • b thr • d" ·t £ • . . • • s 1s ecause ee bmary 
r:~~ borm eig!t d1~tmct code words, which can be assigned to each of the eight messages 

e s:en at, m general, we need log2 n binary digits to encode each of n e ui robabl~ 
messages. Because all the messages are equiprobable p the probabi"lity f q p 
0 

· · 1/ ' , o any one message 
£ ccurrmdg: is Thn. Hence, each ~ess~ge (with probability P) needs log2(1/ P) binary digits 
or enco mg. us, from the engmeenng vie • t h • ,, • • with p b b T t f . . wpom , t e mLormat10n I contamed in a message 

ro a 11 yo occurrence pis proportional to log2(1/ P), 

1 
I = k log2 p (15.2) 

where k is a constant to be detennined. Once again we come to th • 
engi~eering viewpoint) that the information conte~t of a messa e eisco:clus1~n (from the 
loganthm of the reciprocal of the probability of the message. g p oport1onal to the 

We shall now define the inf f • The constant f . r .. orma wn c~nveyed by a message according to Eq. (15.2). 

in terms of bi::=t:,
1
~~~:~~i:t~:~~ ~~~: !::t;~nvenience, and the information is then 

1 
I = log2 p bits (15.3) 

. . According to this definition, the information I in a message can be interpreted as the 
~mm~m. number ofbi_n~ digits required to encode the message. This is given by log (1 / P) 
w ere is the pr~bability of occurrence of the message. Although here we have sh;wn thi~ 
:e:ult fr the spec~al case of equiprobable messages, we shall show in the next section that this 
is rue or noneqmprobable messages also. 

Next, we shall consider the case of r-ary digits instead of binary dig·t £ d. 
Each of the r-ary digits can assume r al (0 i s or enco mg. 
by r-ary di ·t ) th . v ues , 1, 2, ••• , r-1). Each ofn messages (encoded 
- d. . g1 s can en be transm1tted by a particular sequence of r-ary signals. Because each 

r ary 1g1t can assume r values, k r-ary digits can form a maxim k • • 

Hence, to encode each of then equiprobable messages, we need a =ni~~m d~;~m:t too:,en w;~: 

* Here we are assunring that the number n is such that lo • • restriction is not necessary. gz n is an rnteger. Later on we shall observe that this 
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digits.* But n = 1/ P, where Pis the probability of occurrence of each message. Obviously, 
we need a minimum of log, (1 / P) r-ary digits. The information I per message is therefore 

1 
I = log, p r-ary units (15.4) 

From Eqs. (15.3) and (15.4) it is evident that 
1 1 

I = log2 p bits = log, p r-ary units 

Hence,t 

1 r-ary unit = log2 r bits (15.5) 

A Note on the Unit oflnformation: Although it is tempting to use the r-ary unit as a 
general unit of information, the binary unit bit (r = 2) is commonly used in the literature. There 
is, of course, no loss of generality in using r = 2. These units can always be converted into 
any other units by using Eq. (15.5). Henceforth, we shall always use the binary unit (bit) for 
information, unless otherwise stated. The bases of the logarithmic functions will be omitted, 

but will be understood to be 2. 

Average Information per Message: Entropy of a Source 
Consider a memoriless source m emitting messages m1, m2, .•• , mn with probabilities Pi, 
P2, ... , Pn, respectively (P1 + P2 + • • • + Pn = 1). A memoriless source implies that each 
message emitted is independent of the previous message(s). By the definition in Eq. (15.3) [or 
Eq. (15.4)], the information content of message m; is I;, given by 

1 
I; = log - bits (15.6) 

P; 

The probability of occurrence of m; is P;. Hence, the mean, or average, information per message 
emitted by the source is given by I::7=1 P; I; bits. The average information per message of a 
source mis called its entropy, denoted by H(m). Hence, 

n 

H(m) = L P;l; bits 
i=l 

* Here again we are assuming that n is such that log, n is an integer. As we shall see later, this restriction is not necessary. 

t In general, 
1 r-ary unit = log, r s-ary units 

The 10-ary unit of information is called the hartley in honor of R. V. L. Hartley,2 who was one of the pioneers 
(along with Nyquist3 and Carson) in the area of information transmission in the 1920s. The rigorous mathematical 
foundations of information theory, however, were established by E. Shannon

1 
in 1948: 

1 hartley = Jog2 10 = 3.32 bits 

Sometimes the unit nat is used: 
1 nat = Jog2 e = 1.44 bits 

--, 
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n 1 
= LP; log - bits 

i=l P; 
(15.7a) 

n 

= - L P; log P; bits (15.7b) 
i=l 

The entropy of ~ ~our~e i~ a ~nction of the message probabilities. It is interesting to find the 
message probab1h~ d1stnbut1on that yields the maximum entropy. Because the entropy is a 
m~asure of unce1:amty, the probability distribution that generates the maximum uncertainty 
will have the maximum entropy. On qualitative grounds, one expects entropy to be maximum 
when all the messages are equiprobable. We shall now show that this is indeed true. 

Because. H (m) is a function of P1, P2, ... , Pn, the maximum value of H (m) is found 
from the equation dH(m)/dP; = 0 for i = 1, 2, ... , n, with the constraint that 

Because 
n 

H(m) = - LP;logP; 
i=l 

(15.8) 

(15.9) 

we need consider only the terms - P; log P; and - Pn log Pn [because Pn is a function of P;, 
as seen from Eq. (15.8)]. Hence, 

dH(m) d 
~ = d P; (- P; log P; - Pn log Pn) 

= -P; (;;) loge - log P; + Pn (:n) loge+ log Pn 

Pn 
=log-

P; 

which is zero if P; = Pn. Because this is true for all i, we have 

1 
P1 = P2 = • • • = Pn = - (15.10) 

n 

To show that Eq. (15.10) yields [H(m)]max and not [H(m)lmin, we note that when p1 = 1 and 
P2 = P3 = · · · = Pn = 0, H(m) = 0, whereas the probabilities in Eq. (15.10) yield 

n 1 1 
H(m) = - L-log-

i=l n n 

= logn (15.11) 

. The Intuitive (Common-Sense) and the Engineering Interpretation of Entropy: 
Earlier we observed that both the intuitive and the engineering viewpoints lead to the same 
de~nition_ of the information associated with a message. The conceptual bases, however, are 
entirely different for the two points of view. Consequently, we have two physical interpretations 
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of information. According to the engineering point of view, the information content of any 
message is equal to the minimum number of digits required to encode the message, and, 
therefore, the entropy H(m) is equal to the minimum number of digits per message required, 
on the average, for encoding. From the intuitive standpoint, on the other hand, information is 
thought of as being synonymous with the amount of surprise, or uncertainty, associated with 
the event ( or message). A smaller probability of occurrence implies more uncertainty about the 
event. Uncertainty is, of course, associated with surprise. Hence intuitively, the information 
associated with a message is a measure of the uncertainty (unexpectedness) of the message. 
Therefore,log (1/ P;) is ameasureoftheuncertaintyofthemessagem;, and I:7=1 P; log (1/ P;) 
is the average uncertainty (per message) of the source that generates messages m1, m2, ... , 
mn with probabilities P1, P2, ... , Pn. Both these interpretations prove useful in the qualitative 
understanding of the mathematical definitions and results in information theory. Entropy may 
also be viewed as a function associated with a random variable m that assumes values m 1, m2, 
... , mn with probabilities P(m1), P(m2), ... , P(mn): 

n l 
H(m) = LP(m;)log P(m·) 

i=l l 

n l 
= """"'P;log-L., p. 

i=l l 

Thus, we can associate an entropy with every discrete random variable. 
If the source is not memoriless (i.e., a message emitted at any time is not independent of 

the previous messages emitted), then the source entropy will be less than H(m) in Eq. (15.9). 
This is because the dependence of a message on previous messages reduces its uncertainty. 

15.2 SOURCE ENCODING 

The minimum number of binary digits required to encode a message was shown to be equal to 
the source entropy log(l/ P) if all the messages of the source are equiprobable (each message 
probability is P). We shall now generalize this result to the case of nonequiprobable messages. 
We shall show that the average number of binary digits per message required for encoding is 
given by H(m) (in bits) for an arbitrary probability distribution of messages. 

Let a source m emit messages m1, m2, ... , mn with probabilities Pi, A, ... , Pn, 
respectively. Consider a sequence of N messages with N ➔ oo. Let k; be the number of times 
message m; occurs in this sequence. Then according to the relative frequency interpretation 
( or law of large numbers), 

k-
lim ~=Pt 

N-+00 N 

Thus, the message m; occurs NP; times in a sequence of N messages (provided N ➔ 00 ). 

Therefore, in a typical sequence of N messages, m1 will occur N P1 times, m2 will occur 
N P2 times, ... , mn will occur N Pn times. All other compositions are extremely unlikely to 
occur (P ➔ 0). Thus, any typical sequence (where N ➔ oo) has the same proportion of the 
n messages, although in general the order will be different. We shall assume a zero-memory 
source, that is, the message is emitted from the source independently of the previous messages. 
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Consider ~~w a typical sequence SN of N messages from the source. Because then messages 
~o~probabihtyP1, P2, •··: _Pn)occurNP1, NP2, ... , NPntimes,andbecauseeachmessage 
is mdependent, the probability of occurrence of a typical sequence SN is given by 

P(SN) = (P1)NP1 (P2)NP2 • • • (Pn)NPn (15.12) 

Because all possible sequences of N messages from this source have the same composition, 
all the sequences (of N messages) are equiprobable, with probability P(SN ). We can consider 
these long sequences as new messages (which are now equiprobable). To encode one such 
sequence we need LN binary digits, where 

L N = log [-
1
-] binary digits 

P(SN) 

Substituting Eq. (15.12) into Eq. (15.13), we obtain 

n I 
LN = NLPtlog-

i=l P; 

= NH(m) binary digits 

(15.13) 

Note that ~ N is the length (number of binary digits) of the code word required to encode N 
mes~ag~s m sequence. Hence, L, the average number of digits required per message, is LN; N 
and is given by 

L . 
L = : = H (m) binary digits (15.14) 

This is the ~esired result, which states that it is possible to encode the messages emitted by 
a source usmg, on the average, H(m) number of binary digits per message, where H(m) is 
th~ ~ntropy of the source (in bits). Although it does not prove that, on the average, this is the 
nnmmum number of digits required, one can show that H (m) is indeed the minimum. It is not 
possible to find any uniquely decodable code whose average length is less than H(m).4,5 

Compact Codes 
The source e~c?ding theorem says that to encode a source with entropy H (m), we need, on the 
average, a nn~imum of H(m_) binary digits per message, or H,(m) r-ary digits per message, 
where H,(m) is the entropy m Eq. (15.9) computed with r as the base of the logarithm. The 
number of digits in the code word is the length of the code word. Thus, the average word 
length of an optimum code is H(m). Unfortunately, to attain this length, in general, we have 
t~ encode~ sequen~e of N messages (N ➔ oo) at a time. If we wish to encode each message 
drrectly without usmg longer sequences, then, in general, the average length of the code word 
per message will be greater than H(m). In practice, it is not desirable to use long sequences, 
as they cause transmission delay and add to equipment complexity. Hence, it is preferable to 
encode messages dir~ctly, even if the price has to be paid in terms of increased word length. 
In most cases, the pnce turns out to be small. The following is a procedure, given without 
proof, for finding the optimum source code, called the Huffman code. The proof that this code 
is optimum can be found elsewhere.4- 6 

We shal~ illustrate the procedure with an example using a binary code. We first arrange 
the messages m the order of descending probab_ility, as shown in Table 15.1. Here we have 
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Table 15.1 

Original Source Reduced Sources 

Messages Probabilities 

0.30 0.30 0.30~0.43~0.57 
0.25 0.25 ~ 0.27 0.30 0.43 

0.12 0.15 0.18 
0.15 ~ 0.18 0.25 0.27 

0.10 0.12 
0.08 

six messages with probabilities 0.30, 0.25, 0.15, 0.12, 0.10, and 0.08, respectively. We now 
combine the last two messages into one message with probability P5 + P6 = 0.18. This 
leaves five messages with probabilities, 0.30, 0.25, 0.15, 0.12, and 0.18. These messages are 
now rearranged in the second column in the order of descending probability. We repeat this 
procedure by combining the last two messages in the second column and rearranging them 
in the order of descending probability. This is done until the number of messages is reduced 
to 2. These two (reduced) messages are now assigned O and 1 as their first digits in the code 
sequence. We now go back and assign the numbers O and 1 to the second digit for the two 
messages that were combined in the previous step. We keep regressing this way until the 
first column is reached. J:he code finally obtained (for the first column) can be shown to be 
optimum. The complete procedure is shown in Tables 15.1 and 15.2. 

The optimum (Huffman) code obtained this way is also called a compact code. The 

average length of the compact code in the present case is given by 

n 
L = L P;L; = 0.3(2) + 0.25(2) + 0.15(3) + 0.12(3) + 0.1(3) + 0.08(3) 

i=l 

= 2.45 binary digits 

The entropy H(m) of the source is given by 
n 1 

H(m) =LP; log2 p. 
i=l l 

= 2.418 bits 

Table 15.2 

Original Source Reduced Sources 

Messages Probabilities Code 

0.30 
0.25 
0.15 
0.12 
0.10 
0.08 

00 0.30 
10 0.25 

010/0.18 011 0.15 
110 0.12 
111 

00 0.30 

10/0.27 11 0.25 
010 0.18 
011 

00/0.43 
01 0.30 
10 0.27 
11 

l}J0.57 0 
00 0.43 1 
01 
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Hence, the minimum possible length ( attained by an infinitely long sequence of messages) is 
equal to 2.418 binary digits. Using direct coding (the Huffman code), it is possible to attain an 
average length of 2.45 bits in the example given. This is a close approximation of the optimum 
performance attainable. Thus, little is gained by complex coding using long sequences of 
messages in this case. 

The merit of any code is measured by its average length in comparison to H(m) (the 
average minimum length). We define the code efficiency r, as 

H(m) 
r, = -L-

where L is the average length of the code. In our present example, 

2.418 

The redundancy y is defined as 

11 = 2.45 

= 0.976 

y=l-r, 

= 0.024 

Huffman code is uniquely decodable. If we receive a sequence of Huffman-coded 
messages, it can be decoded only one way, that is, without ambiguity. For instance, if the 
source in this example were to emit the following message sequence: m1m5m2m1m4m3m6 .. . , 

it would be encoded as 001101000011010111 ... . The reader may verify that this message 
sequence can be decoded only one way, viz, m 1m5m2m1m4m3m6 .. . , even if there is no 
demarcation between individual messages. 

A similar procedure is used to find a compact r-ary code. In this case we arrange the 
messages in descending order of probability, combine the last r messages into one message, 
and rearrange the new set (reduced set) in the order of descending probability. We repeat the 
procedure until the final set reduces to r messages. Each of these messages is now assigned 
one of the r numbers 0, 1, 2, ... , r - 1. We now regress in exactly the same way as in the 
binary case until each of the original messages is assigned a code. 

For an r-ary code, we will have exactly r messages left in the last reduced set if and 
only if, the total number of original messages is equal tor + k(r - 1), where k is an in;eger. 
This is because each reduction decreases the number of messages by r - 1. Hence, if there is 
a total of k reductions, the total number of original messages must be r + k(r - 1). In case 
the original messages do not satisfy this condition, we must add some dummy messages with 
zero probability of occurrence until this condition is fulfilled. As an example, if r = 4 and the 
number of messages n is 6, then we must add one dummy message with zero probability of 
occurrence to make the total number of messages 7, that is, [4 + 1(4 - 1)], and proceed as 
usual. The procedure is illustrated in Example 15.l. 

EXAMPLE 15.1 A zero-memory source emits six messages with probabilities 0.3, 0.25, 0.15, 0.12, 0.1, and 0.08. 
Find the 4-ary (quaternary) Huffman code. Determine its average word length, the efficiency, 
and the redundancy. 
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In this case, we need to add one dummy message to satisfy the required condition of 
r + k(r - 1) messages and proceed as usual. The Huffman code is found in Table 15.3. 
The length L of this code is 

Also, 

L = 0.3(1) + 0.25(1) + 0.15(1) + 0.12(2) + 0.1(2) + 0.08(2) + 0(2) 

= 1.3 4-ary digits 

6 

H4 (m) = - LP; log4 P; 
i=l 

= 1.209 4-ary units 

The code efficiency rJ is given by 

The redundancy y = 1 - rJ = 0.07. 

Table 15.3 

Original Source 

- 1.209 - 0 93 rJ - - • 
1.3 

Messages Probabilities Code Reduced Sources 

mi 0.30 0 0.30 0 

mz 0.25 
2~0.30 

1 

m3 0.15 3 0.25 2 

m4 0.12 10 0.15 3 

ms 0.10 11 
m6 0.08 12 

m7 0.00 13 

To achieve code efficiency ri ➔ 1, we need N ➔ oo. The Huffman code uses N = l, 
but its efficiency is, in general, less than 1. A compromise exists between these two extremes 
of N = I and N = oo. We can use N = 2 or 3. In most cases, the use of N = 2 or 3 can yield 
an efficiency close to 1, as the following example shows. 

EXAMPLE 15.2 A zero-memory source emits messages m1 and m2 with probabilities 0.8 and 0.2, respectively. 
Find the optimum (Huffman) binary code for this source as well as for its second- and third­
order extensions (that is, for N = 2 and 3). Determine the code efficiencies in each case. 

The Huffman code for the source is simply O and 1, giving L = I, and 

H(m) = -(0.8log0.8 + 0.2log0.2) 

= 0.72 bit 

Hence, 

rJ = 0.72 
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For the second-order extension of the source (N = 2), there are four possible composite 
messages, m1m1, m1m2, m2m1, and m 2m 2, with probabilities 0.64, 0.16, 0.16, and 0.04, 
respectively. The Huffman code is obtained in Table 15.4. 

Table 15.4 

Original Source 

Messages Probabilities Code Reduced Source 

m1m1 0.64 0 0.64 0 0.64 
m1m2 0.16 11)-J0.20 10~0.36 
m2m1 0.16 100 0.16 11 
m2m2 0.04 101 

In this case the average word length L' is 

L' = 0.64(1) + 0.16(2) + 0.16(3) + 0.04(3) 

= 1.56 

0 
1 

This is the word length for two messages of the original source. Hence L, the word length 
per message, is 

and 

L' 
L = - = 0.78 

2 

0.72 
rJ = 0.78 = 0.923 

If we proceed with N = 3 (the third-order extension of the source), we have eight possible 
messages, and following the Huffman procedure, we find the code as shown in Table 15 .5. 

Table 15.5 

Messages Probabilities Code 

m1m1m1 0.512 0 
m1m1m2 0.128 100 
m1m2m1 0.128 101 
m2m1m1 0.128 110 
m1m2m2 0.032 11100 
m2m1m2 0.032 11101 
m2m2m1 0.032 11110 
m2m2m2 0.008 11111 

The word length L" is 

L" = (0.512) 1 + (0.128 + 0.128 + 0.128)3 

+ (0.032 + 0.032 + 0.032)5 + (0.008)5 

= 2.184 

Then, 
L" 

L = 3 =0.728 
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I 
and 

= 
0

•
72 

= 0.989 
7/ 0.728 

15.3 ERROR-FREE COMMUNICATION OVER A NOISY CHANNEL 

As seen in the previous section, messages of a source with entropy H(m) can be encoded by 
using an average of H(m) digits per message. This encoding has zero redundancy. Hence, 
if we transmit these coded messages over a noisy channel, some of the information will be 
received erroneously. There is absolutely no possibility of error-free communication over a 
noisy channel when messages are encoded with zero redundancy. The use of redundancy, in 
general, helps combat noise. This can be seen from a simple example of a single parity-check 
code, in which an extra binary digit is added to each code word to ensure that the total number 
of l's in the resulting code word is always even ( or odd). If a single error occurs in the received 
code word, the parity is violated, and the receiver requests retransmission. This is a rather 
simple example to demonstrate the utility of redundancy. More complex coding procedures, 
which can correct up to n digits, will be discussed in the next chapter. 

The addition of an extra digit increases the average word length to ll(m) + 1, giving 
T/ = H(m)/[H(m) + l], and the redundancy is 1 - 7/ = 1/[H(m) + 1]. Thus, the. addition of 
an extra check digit increases redundancy, but it also helps combat noise. Immunity against 
channel noise can be increased by increasing the redundancy. Shannon has shown that it is 
possible to achieve error-free communication by adding sufficient redundancy. For example, 
if we have a binary symmetric channel (BSC) with an error probability Pe, then for error­
free communication over this channel, messages from a source with entropy H (m) must be 
encoded by binary codes with a word length of at least H (m) / Cs, where (see Sec. 15.4) 

Cs = 1 - [Pe log_!_ + (1 - Pe) log l ~ p ] (15.15) 
Pe e 

The parameter Cs (Cs < 1) is called the channel capacity. 
The efficiency of these codes is never greater than Cs. If a certain binary channel has 

Cs = 0.4, a code that can achieve error-free communication must have at least 2.5 H(m) 
binary digits per message, which is two-and-one-half times as many digits as required for 
coding without redundancy. This means there are 1.5 H(m) redundant digits per ~e~sage. 
Thus, on the average, for every 2.5 digits transmitted, one digit is the information d1g1t and 
1.5 digits are redundant, or check, digits, giving a redundancy of 1 - Cs = 0.6. . 

As discussed in the beginning of this chapter, Pe, the error probability of binary signalmg, 
varies as e-kEb and, hence, to make Pe ➔ 0, either S; ➔ oo or Rb ➔ 0. Because S; muSt 

be finite, Pe ➔ 0 only if Rb ➔ 0. But Shannon's results state that it is really not necessary 
to let Rb ➔ 0 for error-free communication. All that is required is to hold Rb below C, ~e 
channel capacity per second (C = 2BCs)- Where is the discrepancy? To answer this question 
let us investigate carefully the role of redundancy in error-free communication. Although the 
discussion here is with reference to a binary scheme, it is quite general and can be extended to 

the M-ary case. 
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Consider a simple method of reducing Pe by repeating a given digit an odd number of 
times. For example, we can transmit O and 1 as 000 and 111. The receiver uses the majority 
rule to make the decision; that is, if at least two out of three digits are 1, the decision is 1, and 
if at least two out of three digits are 0, the decision is 0. Thus, even if one out of three digits is 
in error, the information is received error-free. This scheme will fail if two out of three digits 
are in error. In order to correct two errors, we need five repetitions. In any case, repetitions 
cause redundancy but improve Pe (see Example 10.8). It will be instructive to understand this 
situation from a graphic point of view. Consider the case of three repetitions. We can show all 
eight possible sequences of three binary digits graphically as the vertices of a cube (Fig. 15.1). 
It is convenient to map binary sequences as shown in Fig. 15.1 and to talk in terms of what 
is called the Hamming distance between binary sequences. If two binary sequences of the 
same length differ in j places (j digits), then the Hamming distance between the sequences is 
considered to be j. Thus, the Hamming distance between 000 and 010 (or 001 and 101) is 1, 
and between 000 and 111 it is 3. In the case of three repetitions, we transmit binary 1 by 111 and 
binary Oby 000. The Hamming distance between these two sequences is 3. Observe that of the 
eight possible vertices, we are occupying only two (000 and 111) for transmitted messages. At 
the receiver, however, because of channel noise, we are liable to receive any one of the eight 
sequences. The majority decision rule can be interpreted as a rule that decides in favor of that 
message (000 or 111), which is at the closest Hamming distance from the received sequence. 
Sequences 000, 001, 010, and 100 are within 1 unit of Hamming distance from 000 but are 
at least 2 units away from 111. Hence, when we receive any one of these four sequences, our 
decision is binary 0. Similarly, when any one of the sequences 110,111,011, or 101 is received, 
the decision is binary 1. 

We can now see why the error probability is reduced in this scheme. Of the eight possible 
vertices, we have used only two, which are separated by 3 Hamming units. If we draw a 
Hamming sphere of unit radius around each of these two vertices (000 and 111), the two 
Hamming spheres* are nonoverlapping. The channel noise can cause a distance between the 
received sequence and the transmitted sequence, and as long as this distance is equal to or less 
than 1 unit, we can still detect the message without error. In a similar way, the case of five 
repetitions can be represented by a hypercube of five dimensions. The transmitted sequences 

001 ~-------.... 011 

101-----~I --..r.111 
I 

/ 

100 
------

,,.-----­
/ 

I 
I 
I 
I ,. ____ --------

/ 000 

110 

010 

Figure 15.1 3-dimensional cube in Hamming 
space. 

* Note that the Hamming sphere is not a true geometrical hypersphere because the Hamming distance is not a true 
geometrical distance ( e.g., sequences 001, 010, and 100 lie on a Hamming sphere centered at 111 and having a radius 2). 
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00000 and 11111 occupy two vertices separated by five units, and the Hamming spheres of 
2-unit radius drawn around each of these two vertices would be nonoverlapping. In this case, 
even if channel noise causes two errors, we can still detect the message correctly. Hence, the 
reason for the reduction in error probability is that we have not used all the available vertices 
for messages. Had we occupied all the available vertices for messages (as is the case without 
redundancy, or repetition), then if channel noise caused an error (even one), the received 
sequence would occupy a vertex assigned to another transmitted sequence, and we are certain 
to make a wrong decision. Precisely because we have left the neighboring vertices of the 
transmitted sequence unoccupied, are we able to detect the sequence correctly, despite channel 
errors (within a certain limit). The smaller the fraction of vertices used, the smaller the error 
probability. It should also be remembered that redundancy (or repetition) is what makes it 

possible to have unoccupied vertices. 
If we continue to increase n, the number of repetitions, we will reduce Pe, but we will 

also reduce Rb by the factor n. But no matter how large we make n, the error probability 
never becomes zero. The trouble with this scheme is that it is inefficient because we are adding 
redundant (or check) digits to each information digit. To give an analogy, redundant (or check) 
digits are like guards protecting the information digit. To hire guards for each information digit 
is somewhat similar to a case of families living on a certain street hit by several burglaries. 
Each family panics and hires a guard. This is obviously expensive and inefficient. A better 
solution would be for all the families on the street to hire one guard and share the expenses. 
One guard can check on all the houses on the street, assuming a street of reaso_n~ble-_siz~. If 
the street is too long, it might be necessary to hire more than one guard. But 1t 1s certamly 
not necessary to hire one guard per house. In using repetitions, we had a similar situation. 
Redundant (or repeated) digits were used to check on only one transmitted digit. Using the 
clue from the preceding analogy, it might be more efficient if we used redundant digits not to 
check (guard) any one individual transmitted digit but, rather, a block of digits. Herein lies the 
key to our problem. Let us consider a group of information digits over a certain time interval 
of T seconds, and let us add some redundant digits to check on all these digits. 

Suppose we need to transmit a binary information digits per second. Then over a pe~od 
of T seconds, we have a block of aT binary information digits. If to this block of informat10n 
digits we add (f3 - a) T check digits (f3 - a check digits, or redundant digits, per second), 
then we need to transmit f3T (f3 > a) digits for every aT information digits. Therefore over 

a T -second interval, we have 

aT information digits 

f3 T total transmitted digits (f3 > a) 

(f3 - a) T check digits 

Thus instead of transmitting one binary digit every 1 / a seconds, we let a T digits accumulate 
, . f 2aT 

over T seconds. Now consider this as a message to be transnntted. There are a total o 
such supermessages. Thus, every T seconds we need to transmit one of the 2aT possible 
supermessages. These supermessages are transmitted by a sequence of f3T binary digits._There 
are in all 2/3T possible sequences of f3T binary digits, and they can be represented as vertices of 
a fJT-dimensional hypercube. Because we have only 2aT messages to be transmitted whereas 
2/JT vertices are available, we occupy only a 2-(/3-a)T fraction of the vertices of the f3T-
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dimensional hypercube. Observe that we have reduced the transmission rate by a factor of 
a I f3. This rate-reduction factor a/ f3 is independent of T. The fraction of the vertices occupied 
(occupancy factor) by transmitted messages is 2-(/3-a)T and can be made as small as possible 
simply by increasing T. In the limit as T ➔ oo, the occupancy factor approaches 0. This will 
make the error probability go to 0, and we have the possibility of error-free communication. 

One important question, however, remains to be answered. What must be the rate 
reduction ratio a/ f3 for this dream to come true? To answer this question, we observe that 
increasing T increases the length of the transmitted sequence (fJT digits). If Pe is the digit 
error probability, then it can be seen from the relative frequency definition ( or the law of large 
numbers) that as T ➔ oo, the total number of digits in error in a sequence of f3T digits 
(f3T ➔ oo) is exactly fJT Pe. Hence, the received sequences will be at a Hamming distance 
of f3T Pe from the transmitted sequences. Therefore, for error-free communication, we must 
leave all the vertices unoccupied within spheres of radius fJ T Pe drawn around each of the 2aT 
occupied vertices. In short, we must be able to pack 2aT nonoverlapping spheres, each of radius 
f3T Pe, into the Hamming space of fJT dimensions. This means that for a given {3, a cannot 
be increased beyond some limit without causing overlap in the spheres and the consequent 
failure of the scheme. Shannon's theorem states that for this scheme to work, a/ f3 must be 
less than the constant (channel capacity) Cs, which is a function of the channel noise and the 
signal power: 

(X 

-<C f3 s 
(15.16) 

It must be remembered that such perfect, error-free communication is not practical. In 
this system we accumulate the information digits for T seconds before encoding them, and 
because T ➔ oo, for error-free communication we must wait until eternity before we start 
encoding. Hence, there will be an infinite delay at the transmitter and an additional delay of 
the same amount at the receiver. Second, the equipment needed for the storage, encoding, and 
decoding sequence of infinite digits would be monstrous. Needless to say that in practice the 
dream of error-free communication cannot be achieved. Then what is the use of Shannon's 
result? For one thing, it indicates the upper limit on the rate of error-free communication that can 
be achieved on a channel. This in itself is monumental. Second, it indicates the way to reduce 
the error probability with only a small reduction in the rate of transmission of information 
digits. We can therefore seek a compromise between error-free communication with infinite 
delay and virtually error-free communication with a finite delay. 

15.4 CHANNEL CAPACITY OF A DISCRETE MEMORILESS CHANNEL 

In this section, discrete memoriless channels will be considered. Let a source emit symbols 
XI, x2, ... , x,. The receiver receives symbols YI, Y2, ... , Ys· The set of symbols {yd may 
or may not be identical to the set {xd, depending on the nature of the receiver. If we use the 
types of receivers discussed in Chapter 14, the set of received symbols will be the same as the 
set transmitted. This is because the optimum receiver, upon receiving a signal, decides which 
of the r symbols XI, x2 , ... , x, has been transmitted. Here we shall be more general and shall 
not constrain the set {yk} to be identical to the set {xd. 
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If the channel is noiseless, then the reception of some symbol Yj uniquely determines 
the message transmitted. Because of noise, however, there is a certain amount of uncertainty 
regarding the transmitted symbol when Yj is received. If P (x; I Yj) represents the conditional 
probabilities that x; was transmitted when Yj is received, then there is an uncertainty of 
log [1/ P(x;lyj)] about x; when Yj is received. When this uncertainty is averaged over all 
xi and Yj, we obtain H(xly), which is the average uncertainty about a transmitted symbol 
when a symbol is received. Thus, 

1 
H(xly) = LLP(xi, Yj)log P(x·I ·) bits per symbol (15.17) 

; j , Y1 

If the channel were noiseless, the uncertainty would be zero.* Obviously, this uncertainty, 
H(xly), is caused by channel noise. Hence, it is the average loss of information about a 
transmitted symbol when a symbol is received. We call H(xly) the equivocation of x with 
respect to y. 

Note that P(yj Ix;) represents the probability that Yj is received when x; is transmitted. 
This is a characteristic of the channel and the receiver. Thus, a given channel ( with its receiver)is 
specified by the channel matrix: 

Outputs 

YI Y2 

x1 ( P(y1 lx1) P(y2lx1) 

Inputs ~~. P ?~ '.x2) P (y2 lx2) 

Xr P(y1IXr) P(y2IXr) 

Ys 

P(Yslx1)l 
P(Yslx2) 

P(YslXr) 

We can obtain the reverse conditional probabilities P(x; IYj) using Bayes' rule: 

P(yjlx;)P(x;) 
P(x;lyj) = P(yj) 

P (yj Ix;) P (x;) 

I:, P(x;, yj) 
i 

P (yj Ix;) P (xj) 

I:, P(x;)P(yjlx;) 
i 

(15.18a) 

(15.18b) 

(15.18c) 

Thus, if the input symbol probabilities P(x;) and the channel matrix are known, the reverse 
conditional probabilities can be computed from Eqs. (15.18). The reverse conditional proba­
bility P (x; I Yj) is the probability that x; was transmitted when Yj is received. 

If the channel were noise-free, the average amount ofinformation received would be H (x) 
bits (entropy of the source) per received symbol. Note that H(x) is the average information 
transmitted over the channel per symbol. Because of channel noise, we lose an average of 

* This can be verified from the fact that for a noiseless channel all the probabilities in Eq. (15.17) are either O or 
1. If P(x; IYj) = I, then log [I/ P(x; IYj)] = 0 and if P(x;lyj) = 0, then P(x;, Yj) = P(yj)P(x; IYj) = 0. This 
shows that H(xly) = 0 
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H (x I y) bits of information per symbol. Therefore, in this transaction the amount of information 
the receiver receives is, on the average, /(x; y) bits per received symbol, where 

/(x; y) = H(x) - H(xly) bits per symbol 

/(x; y) is called the mutual information ofx and y. Because 

1 
H(x) = LP(xi)log-- bits 

we have 

Also because 

We have 

. P(x;) 
l 

L P(xi, Yj) = P(x;) 
j 

_ '°' '°' P( ) l P(x;, Yj) 
- ~ ~ Xi, Yj og P( ·)P( ·) 

; j x, Y1 

Alternatively, using Bayes' rule in Eq. (15.20a), /(x; y) may be expressed as 

/(x;y) = LLP(xi,Yj)log P(yjlx;) 
i j P(yj) 

or we may substitute Eq. (15.18c) into Eq. (15.20a): 

/(x; y) =LL P(x;)P(yjlx;) log L P(yjlx;) 
_ _ P(x;)P(yjlx;) 
l ] i 

(15.19) 

(15.20a) 

(15.20b) 

(15.20c) 

(15.20d) 

Equation (15.20d) expresses /(x; y) in terms of the input symbol probabilities and the channel 
matrix. 

The units of/ (x; y) should be carefully noted. I (x; y) is the average amountofinformation 
received per symbol transmitted. Hence, its units are bits per symbol. If we use binary digits 
at the input, then the symbol is a binary digit, and the units of /(x; y) are bits per binary digit. 

Because /(x; y) in Eq. (15.20b) is symmetrical with respect to x and y, it follows that 

/(x; y) = /(y; x) 

= H(y) - H(ylx) 

(15.21a) 

(15.21b) 
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The quantity H(yJx) is the equivocation of y with respect to x and is the average uncertainty 
about the received symbol when the transmitted symbol is known. Equation (15.21b) can be 
rewritten as 

H(x) - H(xly) = H(y) - H(ylx) (15.21c) 

From Eq. (15.20d) it is clear that /(x; y) is a function of the transmitted symbol 
probabilities P(x;) and the channel matrix. For a given channel, /(x; y) will be maximum 
for some set of probabilities P(x;). This maximum value is the channel capacity Cs, 

Cs = max I (x; y) bits per symbol 
P(x;) 

(15.22) 

Thus, Cs represents the maximum information that can be transmitted by one symbol over the 
channel. These ideas will become clear from the following example of a binary symmetric 
channel (BSC). 

EXAMPLE 15.3 Find the channel capacity of the BSC shown in Fig. 15.2. 

Figure 15.2 Binary symmetric ~hannel. 

Let P(x1) = a and P(x2) = a = (1 - a). Also, 

P(y1lx2) = P(y2Jx1) = Pe 

P(y1lx1) = P(y2lx2) =Pe= l - Pe 

Substitution of these probabilities into Eq. (15.20d) gives 

- ( Pe ) ( Pe ) I(x;y)=aPelog _ +aPelog -p 
Of, Pe + Of, Pe Of, Pe + Of, e 
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Ifwe define 

1 1 
Q (z) = z log - + z log -=-

z z 
with z = 1 - z, then 

(15.23) 

The function Q (z) vs. z is shown in Fig. 15.3. It can be seen that Q (z) is maximum at 
~ = ½- (Note that we are interested in the region O < z < 1 only.) For a given Pe, Q (Pe) 
1s fixed. Hence from Eq. (15.23) it follows that I (x; y) is maximum when Q (a Pe + a Pe) 
is maximum. This occurs when 

or 

This equation is satisfied when 

a =0.5 

For this value of a, Q (a Pe+ a Pe) = l and 

Cs= max /(x; y) = 1 - Q(Pe) 
P(x;) 

Figure 15.3 Plot of Q (z). 

(15.24) 

(15.25) 

z-
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Figure 15.4 shows Cs vs. Pe. From this figure it follows that the maximum value of Cs 
is unity. This means we can transmit at most 1 bit of information per binary digit. This 
is the expected result, because one binary digit can convey one of the two equiprobable 
messages. The information content of one of the two equiprobable messages is log2 2 = 1 
bit. Second, we observe that Cs is maximum when the error probability Pe = 0 or Pe = 1. 
When the error probability Pe = 0, the channel is noiseless, and we expect Cs to be 
maximum. But surprisingly, Cs is also maximum when Pe = 1. This is easy to explain, 
because a channel that consistently and with certainty makes errors is as good as a noiseless 
channel. All we have to do is reverse the decision that is made, and we have error-free 
reception; that is, if O is received, we decide that 1 was actually sent, and vice versa. The 

1 b b·1· • 1 h channel capacity Cs is zero (minimum) when Pe = 2. If the error pro a 11ty 1s 2, t en the 
transmitted symbols and the received symbols are statistically independent. If we received 
O, for example, either 1 or O is equally likely to have been transmitted, and the information 
received is zero. 
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Figure 15.4 Binary symmetric channel capacity as a function of error probability Pe. 

Channel Capacity per Second . 
The channel capacity Cs in Eq. (15.22) gives the maximum possible information transm1tte1 
when one symbol (digit) is transmitted. If K symbols are being transmitted per second, then ~h~ 
maximum rate of transmission of information per second is KC s. This is the channel capacity 
in information units per seconds and will be denoted by C (in bits per second): 

C = KCs bit/s 

A Comment on Channel Capacity: Channel capacity is the property of a particular 
physical channel over which the information is transmitted. This is ~e ?rovide~ the te~ 
channel is correctly interpreted. A channel means not only the transm1ss1on medium but it 
also includes the specifications of the kind of signals (binary, r-ary, etc., or orthogonal, simplex, 
etc.) and the kind of receiver used (the receiver determines the error probability). All_ these 
specifications are included in the channel matrix. A channel matrix completely specifies a 
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chan~el. If we decide to use, for example, 4-ary digits instead of binary digits over the same 
phys1~al c~a~el, the channel matrix changes (it becomes a 4 x 4 matrix), as does the channel 
capacity. S1m1lar_ly, a change in the receiver or the signal power or noise power will change 
the channel matnx and, hence, the channel capacity. 

Magnitude of the Channel Capacity 
The channel capacity Cs is the maximum value of H (x)- H(xly); clearly, Cs :::; H (x) [because 
H(xly) ::::: O]. But H(x) is the average information per input symbol. Hence, Cs is always less 
~an ( or equal _to) the average information per input symbol. If we use binary symbols at the 
mp~t, the maximum value of H(x) is 1 bit, occurring when P(x1) = P(x

2
) = !_ Hence, for 

a bmary channel, Cs :S 1 bit per binary digit. If we use r-ary symbols, the maxi~um value of 
H,(x) is 1 r-ary unit. Hence, Cs :::; 1 r-ary unit per symbol. 

Verification of Error-Free Communication over a BSC 
We have s~own t~at over a noisy c~annel, Cs bits of information can be transmitted per symbol. 
Ifw~ con~1der a b~n~ chan~el, this means that for each binary digit (symbol) transmitted, the 
rece1v~d mformat10n 1s Cs bits (Cs :S 1). Thus, to transmit 1 bit of information, we need to 
transm1t at least 1/ ~s binary digits. This gives a code efficiency Cs and redundancy 1 - Cs. 
When the transm1ss10n of information is implied, it means error-free transmission, because 
/(x; y) was defined as the transmitted information minus the loss of information caused by 
channel noise . 

. Th_e problem with this derivation is that it is based on a certain speculative definition of 
mformat10~ [_Eq. (15.1)]. And based on this definition, we defined the information lost during 
the transrrnss1on over the channel. We really have no direct proof that the information lost over 
the chann~I will ob!ige us i~ t~s way. Hence, the only way to ensure that this whole speculative 
structure 1s sound is to venfy 1t. If we can show that Cs bits of error-free information can be 
tran~mitted per symbol over a channel, the verification will be complete. A general case will 
be discussed later. Here we shall verify the results for a BSC. 

Let us consider a binary source emitting messages at a rate of a digits per second. We 
accumulate these information digits over T seconds to give a total of aT digits. Because 
aT digits form 2"'T possible combinations, our problem is now to transmit one of these 2ar 

supe1:11~ssa~es every T seconds. These supermessages are transmitted by a code of word length 
/JT digits, with /3 > a to ensure redundancy. Because /JT digits can form 2/JT distinct patterns 
(vertices of a /3 T-dimensional hypercube), and we have only 2ar messages, we are utilizing 
ill 2-({J-a)T fr t· fth . ' . . 0 

Y a ac 10n o e vertices. The remaimng vertices are deliberately unused in order 
to combat noise. If we let T -+ oo, the fraction of vertices used approaches O. Because there are 
/JT digits in each transmitted sequence, the number of digits received in error will be exactly 
/JT Pe when T-+ oo. We now construct Hamming spheres of radius fJT P each around the pT · e 

. vertices used for ~he messages. When_ any message is transmitted, the received message 
will be on the_ Ha~~g sphere surrounding the vertex corresponding to that message. We 
use the followmg dec1s10n rule: If a received sequence falls inside or on a sphere surrounding 
message m;, then the decision is "m; is transmitted." If T -+ oo, the decision will be without 
error if all the 2ar spheres are nonoverlapping. 

Of all the possible sequences of f3 T digits, the number of sequences that differ from a 

given sequence by exactly j digits is (/JI) (see Example 10.6). Hence, K, the total number 

of sequences that differ from a given sequence by less than or equal to f3 T Pe digits, is 
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f3TPe (fJT) 
K=L . 

j=O ] 

(15.26) 

• f f theory.4,7 
Here we use an inequality often used in m orma 10n • 

f3f (/J~) S 2{3TQ(Pe) Pe< 0.5 

j=O J 

Hence, (15.27) 

with 1 1 
Q(Pe) = Pe log Pe+ (1 - Pe) log 1 - Pe 

. . h ose 2aT vertices to be assigned to the supermes-
F the 2f3T possible vertices we c o . . 1 th t 'f rom . ? F the decision procedure it is c ear a i we 

sages. How shall we select these vertices. ;om of the other vertices lying within a sphere 
assign a particular vertex to a supermessage, t en none e Thus when we choose a vertex for 

• f3 T p be assigned to another supermessag • ' th 
of radms e ca~ . [E (l5 26)] become ineligible for consideration. From e 
m1,thecorrespondmgKvertices q. .h rt f rm Weproceedthiswayuntilallthe 

• • 2 f3T K vertices we choose anot er ve ex o 2- "f 
temammg - . . h t di s rocedure. Let us see what happens i we 
2f3T vertices are exha~~ted. ~his is a ra:ur f;o;~: 2f3T vertices. In this procedure there is a 
choose the required 2 vertices rando y rt 1 . ng within a distance f3 T Pe. If, however, a/ f3 
danger that we may select more t~~n one ve .:x ~~ch a choice is extremely small as T ➔ oo. 
is sufficiently small, the probability. of maki g f the 2aT vertices from 2f3T vertices 
The probability of choosing any particular vertex si as o~e o 
• aT /2f3T 2-({3-a)T b bT 
is 2 R = bering th~t K vertices lie within a distance of f3 T Pe digits from s1' the p~o a i ity 
that we :~lso choose another vertex s2 that is within the distance f3T Pe from s1 is 

p = K2-({3-a)T 

From Eq. (15.27) it follows that 
p S r[f3[1-Q(Pe)]-a]T 

Hence, as T ➔ oo, P ➔ 0 if 
fJ[l - Q(Pe)] > a 

that is, if Ol 
- < 1- Q(Pe) 

(15.28a) 

f3 

But 1 - Q (Pe) is Cs, the channel capacity of a BSC [Eq. (15.25)]. Therefore, 
a (15.28b) 
- < Cs 
f3 

. d ml within a distance f3 T Pe approaches 
Hence, the probability of choosmg two sequences ran o fry unication. We can choose 

"d d //3 < C and we have error- ee comm o as y ➔ oo provi e a s, 

a I f3 = cs _ E, where E is arbitrarily small. 
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15.5 CHANNEL CAPACITY OF A CONTINUOUS CHANNEL* 

For a discrete random variable x taking on values x1, xz, ... , Xn with probabilities P(x1), 
P(x2), ... , P(xn), the entropy H(x) was defined as 

n 

H(x) = L P(x;) log P(x;) (15.29) 
i=l 

For analog data, we have to deal with continuous random variables. Therefore, we must extend 
the definition of entropy to continuous random variables. One is tempted to state that H(x) for 
continuous random variables is obtained by using the integral instead of discrete summation 
in Eq. (15.29)t: 

1
00 I 

H(x) = p(x)log-( )dx 
-oo p X 

(15.30) 

We shall see that Eq. (15.30) is indeed the meaningful definition of entropy for a continuous 
random variable. We cannot accept this definition, however, unless we show that it has the 
meaningful interpretation as uncertainty. A random variable x takes a value in the range 
(nt..x, (n + I)t..x) with probability p(nt..x)t..x in the limit as t..x ➔ 0. The error in the 
approximation will vanish in the limit as t..x ➔ 0. Hence H(x), the entropy of a continuous 
random variable x, is given by 

. I 
H(x) = hm '°"" p(nt..x)t..x log----

~x➔O ~ p(nt..x)t..x 
n 

= lim [Lp(nt..x)t..xlog 
1 

- LP(nt..x)t..xlogt..x] 
~x➔O p(nt..x) 

n n 

1

00 1 100 = p(x) log -- dx - lim log t..x p(x) dx 
_ 00 p(x) ~x➔O _ 00 

1
00 1 = p(x) log-- dx - lim log t..x 

-oo p(x) ~x➔O 
(15.31) 

In the limit as t..x ➔ 0, log t..x ➔ -oo. It therefore appears that the entropy of a 
continuous random variable is infinite. This is quite true. The magnitude of uncertainty 
associated with a continuous random variable is infinite. This fact is also apparent intuitively. A 
continuous random variable assumes a nonenumerably infinite number of values, and, hence, 
the uncertainty is on the order of infinity. Does this mean that there is no meaningful definition 
of entropy for a continuous random variable? On the contrary, we shall see that the first term in 
Eq. (15 .31) serves as a meaningful measure of the entropy ( average information) ofa continuous 
random variable x. This may be argued as follows. We can consider J p(x) log [I/ p(x)] dx as 
a relative entropy with - log t..x serving as a datum, or reference. The information transmitted 
over a channel is actually the difference between the two terms H(x) and H(xly). Obviously, 
if we have a common datum for both H(x) and H(xly), the difference H(x) - H(xly) will 

* The channel is assumed to be memoriless. 

t Throughout this discussion, the PDF Px (x) will be abbreviated as p(x ), because it causes no ambiguity and 
improves the clarity of equations. 

i I 

I 
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be the same as the difference between their relative entropies. We are therefore justified in 
considering the first term in Eq. (15.31) as the differential entropy of x. We must, however, 
always remember that this is a relative entropy and not the absolute entropy. Failure to realize 
this subtle point generates many apparent fallacies, one of which is given in Example 15.4. 

Based on this argument, we define H (x), the differential entropy of a continuous random 

variable x, as 

1
00 l 

H(x) = p(x)log--dx bits 
-oo p(x) 

(15.32a) 

= - l: p(x) log p(x) dx bits (15.32b) 

Although H (x) is the differential (relative) entropy of x, we shall call it the entropy of random 

variable x. 

EXAMPLE 15 .4 A signal amplitude xis a random variable uniformly distributed in the range ( -1, 1). This signal 
is passed through an amplifier of gain 2. The output y is also a random variable, uniformly 
distributed in the range (-2, 2). Determine the (differential) entropies H(x) and H(y). 

We have 

P(x) = ! ! lxl < 1 

otherwise 

P(y) = ! ~ IYI < 2 

otherwise 

Hence, 

f
l 1 

H(x) = - log2 dx = l bit 
-1 2 

H(y) = 12 

! log4 dx = 2 bits 
-2 4 

The entropy of the random variable y is twice that of x. This result may come as a surprise, 
since a knowledge of x uniquely determines y, and vice versa, because y = 2x. Hence, 
the average uncertainty of x and y should be identical. Amplification itself can neither 
add nor subtract information. Why, then, is H(y) twice as large as H(x)? This becomes 
clear when we remember that H (x) and H (y) are differential (relative) entropies, and they 
will be equal if and only if their datum ( or reference) entropies are equal. The reference 
entropy R1 for xis - log Ax, and the reference entropy R2 for y is - log Ay (in the limit 

as Ax, Ay ➔ 0), 

R1 = lim - log t,,.x 
Ax-+0 

R2 = lim - log t,,.y 
Ay-+0 
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and 

R1 - R2 = • lim log (t,,.y) 
Ax,Ay-+0 t,,.x 

=log(!~) 

= log2 = 1 bit 

!hus, R 1, the reference entropy of x, is higher than the reference entropy R2 for Hence t xlanb? y have equal absolute entropies, their differential (relative) entropies m:st diffe; 
y It. 

M~imum Entropy for a Given Mean Square Value of x 
For discrete random variables, we observed that the entropy is maximum when all the outcomes 
(m~s~;ges)thwerealequall~ likely (uniform probability distribution). For continuous random 
vana es,_ ere _so _ex1~ts a PDF p(x) that maximizes H(x) in Eqs. (15.32). In the case 
of a_continu~us d1stnbut1on, however, we may have additional constraints on x Either the 
maxrmum v_ ue_of x or the mean square value of x may be given. We shall find h;re the PDF 

th
p(x) ~at will ?~ld maximum entropy when x2 is given to be a constant a-2. The problem 

en, 1s to max1ID1ze H(x): ' 

1
00 1 

H(x) = p(x)log- dx 
-oo p(x) 

(15.33) 

with the constraints 

1_: p(x) dx = 1 (15.34a) 

1_: x2p(x) dx = a-2 (15.34b) 

To solve this problem, we use a theorem from the calculus of variation. Given the integral I, 

I lb F(x, p) dx (15.35) 

subject to the following constraints: 

lb <P1 (x, p) dx = )q 

lb <P2 (x, p) dx = .11.2 

(15.36) 
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where "-I, "-2, ... , "-k are given constants. The result from the calculus of variation states that 
the form of p(x) that maximizes I in Eq. (15.35) with the constraints in Eq. (15.36) is found 

from the solution of the equation 
a F acp1 acp2 acpk 
- +a1- +a2- + • • • +ak- = 0 (15.37) 
ap ap ap ap 

The quantities a 1, a2, ... , ak are adjustable constants, called undetermined multipliers, 
which can be found by substituting the solution of p(x) [obtained from Eq. (15.37)] in 

Eq. (15.36). In the present case, 
1 

F(p,x)=plog­
p 

<p1(X, p) = p 

cp2(x, p) = x2
p 

Hence, the solution for p is given by 

- plog- +a1+a2-x p=O a ( 1) a 2 

ap p ap 

or 

Solving for p, we have 

Substituting Eq. (15.38) into Eq. (15.34a), we have 

provided a2 is negative, or 

{00 2 
= 2ea,-I Jo ea2x dx 

a,-1 fffea2 e = --
:rr 

Next we substitute Eqs. (15.38) and (15.39) into Eq. (15.34b): 

1
00 

fffea2 2 a2 = x2 --ea2x dx 
-00 1( 

2fffe
a2 ioo 2 a2x2d = -- xe x 

1( 0 

1 

(15.38) 

(15.39) 
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or 

(15.40a) 

and 

a,-1_~ e - --
2xa2 

(15.40b) 

Substituting Eqs. (15.40) into Eq. (15.38), we have 

1 2 2 
p(x) = --e-x /2a (15.41) 

a./2ir 
We therefore conclude that for a given mean square value the maximum entropy ( • rt · ) · • ' or maximum 
unce ~nty _is ~btamed when the distribution of x is gaussian. This maximu tr 
uncertamty, is given by m en opy, or 

Note that 

Hence, 

1
00 1 

H (x) = p(x) log2 -- dx 
-oo p(x) 

log-1- = log (J2xa2ex2/2a2) 
p(x) 

1 x2 
= -

2 
log (2xa2) + - loge 

2a2 

1
00 [1 2 H(x)= p(x) -

2
log(2:rra2)+~loge]dx 

-oo 2a2 

- 1 2100 loge loo - 2 log (2:rra ) p(x) dx + - x 2 p(x) dx 
-oo 2a2 _ 00 

1 loge 
= - log (2:rra2) + -~0-2 

2 2a2 

1 = 2 log (2x ea2
) 

1 
= 2 log (17.la-2) 

(15.42a) 

(15.42b) 

T? r~ite~ate, for a given mean_ square value x2, the entropy is maximum for a gaussian 
d1stnbut1on, and the co~e_spondmg entropy_ is ½ log (2xea2). 

The reader can s1nn~arly s~ow that if x is constrained to some peak value M ( - M < 
x < M), then the entropy 1s maximum when xis uniformly distributed: 

{ 

1 
-M 

p(x) = ~ 
-M <X< M 

otherwise 
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Entropy of a Band-Limited White Gaussian Noise 
Consider a band-limited white gaussian noise n(t) with PSD N/2. Because 

Rn(r) = NB sine (2Jr Br) 

we know that sine (2Jr Br) is zero at r = ±k/2B (k integer). Therefore, 

Rn(
2
:) =0 k=±l,±2,±3, ... 

Hence, 

Rn ( 2:) = n(t)n (t + 2:) = 0 k= ±1,±2, ... 

Because n(t) and n(t + k/2B) (k = ±1, ±2, ... ) are Nyquist samples of n(t), it follows that 
Nyquist samples of n( t) are all uncorrelated. Because n(t) is gaussian, uncorrelatedness implies 
independence. Hence, all Nyquist samples of n(t) are independent. Note that 

n2 = Rn(0) = NB 

Hence, the variance of each Nyquist sample is NB. From Eq. (15.42a) it follows that the 
entropy H (n) of each Nyquist sample of n(t) is 

H(n) = ~ log (2neNB) bits per sample (15.43a) 

Because n(t) is completely specified by 2B Nyquist samples per second, the entropy per 
second of n(t) is the entropy of 2B Nyquist samples. Because all the samples are independent, 
knowledge of one sample gives no information about any other sample. Hence, the entropy of 
2B Nyquist samples is the sum of the entropies of the 2B samples, and 

H'(n) = Blog(2neNB) bit/s (15.43b) 

where H'(n) is the entropy per'second ofn(t). 
From the results derived thus far, we can draw one significant conclusion. Among all 

signals band-limited to B Hz and constrained to have a certain mean square value a 2, the white 
gaussian band-limited signal has the largest entropy per second. The reason for this lies in the 
fact that for a given mean square value, gaussian samples have the largest entropy; moreover, 
all the 2B samples of a gaussian band-limited process are independent. Hence, the entropy per 
second is the sum of the entropies of all the 2B samples. In processes that are not white, the 
Nyquist samples are correlated, and, hence, the entropy per second is less than the sum of the 
entropies of the 2B samples. If the signal is not gaussian, then its samples are not gaussian, 
and, hence, the entropy per sample is also less than the maximum possible entropy for a given 
mean square value. To reiterate, for a class of band-limited signals constrained to a certain 
mean square value, the white gaussian signal has the largest entropy per second, or the largest 
amount of uncertainty. This is also the reason why white gaussian noise is the worst possible 
noise in terms of interference with signal transmission. 

Mutual Information I (x; y) 
The ultimate test of any concept is its usefulness. We shall now show that the relative entropy 
defined in Eqs. (15.32) does lead to meaningful results when we consider J(x; y), the mutual 
information of continuous random variables x and y. We w!sh to transmit a random variable 
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x over _a channel. Each value of x in a given continuous range is now a message that may be 
transrmtt~d, for example, as a pulse of height x. The message recovered by the receiver will 
be_a contmuous ~andom variable y. If the channel were noise-free, the received value y would 
umquely determme the transmitted value x. But channel noise introduces a certain uncertainty 
about the true value of x • Consider the event that at the transmitter, a value of x in the interval 
(:,:+Lu) has been transmitted (bx ➔ 0). The probability of this event is p(x)bx in the 
hrmt bx ➔ 0. ~ence, the amount of information transmitted is log [1/ p(x)bx]. Let the value 
of Y at the receiver ~e Y and let ~ ~x I y) be the conditional probability density of x when y = 
y. Th~n p(x[y)bx is the_ probability _that x will lie in the interval (x, x + bx) when y = y 
(provided bx ~ 0). Obviously, there is an uncertainty about the event that x lies in the interval 
(x, x + bx). This uncertainty, log [1/ p(x[y)bx], arises because of channel noise and therefore 
represents a loss of information. Because log [1; p (x) bx] is the information transmitted and 
log[l/p(:ly)bx] is the information lost over the channel, the net information received is 
I(x; y) given by 

I(x; y) = log p(x[y) 
p(x) (15.44) 

Note t~at this relation is true in the limit bx ➔ 0. Therefore, I (x; y)' represents the information 
tran~rmtted o~er a c~annel when we receive y (y = y) when x is transmitted (x = x ). We 
are mt~rested m findmg the average information transmitted over a channel when some x is 
transrmtted and a certain y is received. We must therefore average J (x; y) over all values of 
x and y. The average information transmitted will be denoted by J(x; y), where 

/(x;y)= 1_:1_:p(x,y)I(x;y)dxdy (15.45a) 

-100 100 

p(x[y) - p(x, y) log -- dx dy 
-oo -oo p(x) (15.45b) 

1

00100 1 
= p(x, y) log -- dx dy 

-oo -oo p(x) 

+ 1_:1_:p(x,y)logp(x[y)dxdy 

l
oo 100 I = p(x)p(y[x) log-dx dy 

-oo -oo p(x) 

+ 1_: 1_: p(x, y) log p(x[y) dx dy 

1

00 

I loo = p(x)log-dx p(y[x)dy 
-oo p(x) -oo 

+ 1_: 1_: p(x, y) Iogp(x[y)dx dy 

Note that 

1_: p(y[x) dy = I and 1
00 I 

p(x)Iog-dx = H(x) 
-oo p(x) 
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Hence, 

J(x; y) = H(x) + 1_: 1_: p(x, y) log p(xly) dx dy (15.46a) 

= H(x) -!co f co p(x, y) log-(;I) dx dy 
-co -co p y 

(15.46b) 

The integral on the right-hand side is the average over x and y of log [1/ p(xly)]. But 
log [1/ p(xly)] represents the uncertainty about x when y is received. This, as we have seen, 
is the information lost over the channel. The average oflog [1/ p(xly)] is the average loss of 
information when some xis transmitted and some y is received. This, by definition, is H(xly), 

the equivocation of x with respect to y, 

!

co !co 1 
H(xly) = p(x, y) log-(xl) dx dy 

-co -co p y 
(15.47) 

Hence, 

I(x; y) = H(x) - H(xly) (15.48) 

Thus, when some value of x is transmitted and some value of y is received, the average 
information transmitted over the channel is I(x; y), given by Eq. (15.48). We can define the 
channel capacity Cs as the maximum amount of information that can be transmitted, on the 

average, per sample or per value transmitted: 

Cs= max I(x; y) (15.49) 

For a given channel, J(x; y) is a function of the input probability density p(x) alone. This can 

be shown as follows: 

p(x, y) = p(x)p(ylx) 

• p(xly) p(ylx) 

p(x) = p(y) 

p(ylx) 

- f~co p(x, y)dx 

p(ylx) 

- f~co p(x)p(ylx)dx 

Substituting Eqs. (15.50) and (15.51) into Eq. (15.45b), we obtain 

I(x; y) = L: L: p(x)p(ylx)log (f':p~x~~:~lx)dx) dx dy 

(15.50) 

(15.51) 

(15.52) 

The conditional probability density p(ylx) is characteristic of a given channel. Hence, for a 
given channel, J(x; y) is a function of the input probability density p(x) alone. Thus, 

Cs= max I(x; y) 
p(x) 
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If the channel allows the transmission of K values per second, then C, the channel capacity 
per second, is given by 

C = KCs bit/s (15.53) 

Just as in the case of discrete variables, I(x; y) is symmetrical with respect to x and y for 
continuous random variables. This can be seen by rewriting Eq. (15.45b) as 

!

co !co p(x y) 
I(x;y)= p(x,y)log (),(')dxdy 

-co -co p X p y 

This equation shows that I(x; y) is symmetrical with respect to x and y. Hence, 

I(x; y) = I(y; x) 

From Eq. (15.48) it now follows that 

I(x; y) = H(x) - H(xly) = H(y) - H(yjx) 

Capacity of a Band-Limited AWGN Channel 

(15.54) 

(15.55) 

The channel capacity C is, by definition, the maximum rate of information transmission over 
a channel. The mutual information I(x; y) is given by Eq. (15.55): 

I(x; y) = H(y) - H(ylx) (15.56) 

The channel capacity C is the maximum value of the mutual information I (x; y) per second. 
Let us first find the maximum value of I(x; y) per sample. We shall find here the capacity 
of a channel band-limited to B Hz and disturbed by a white gaussian noise of PSD N/2. In 
addition, we shall constrain the signal power ( or its mean square value) to S. The disturbance 
is assumed to be additive; that is, the received signal y(t) is given by 

y(t) = x(t) + n(t) (15.57) 

Because the channel is band-limited, both the signal x(t) and the noise n(t) are band-limited 
to B Hz. Obviously, y(t) is also band-limited to B Hz. All these signals can therefore be 
completely specified by samples taken at the uniform rate of 2B samples per second. Let us 
find the maximum information that can be transmitted per sample. Let x, n, and y represent 
samples ofx(t), n(t), and y(t), respectively. The information I(x; y) transmitted per sample is 
given by Eq. (15.56): 

I(x; y) = H(y) - H(ylx) 

We shall now find H(ylx). By definition [Eq. (15.47)], 

!

co !co 1 
H(ylx) = p(x, y) log-( - dx dy 

-co -co P ylx) 

!

co !co 1 = p(x)dx p(ylx)log--dy 
-co -co p(ylx) 

Because 

y=x+n 
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for a given x, y is equal ton plus a constant (x). Hence, the distribution of y when x has a 
given value is identical to that of n except for a translation by x. If Pn (,) represents the PDF 

of noise sample n, then 
p(ylx) = Pn(Y - x) (15.58) 

J
oo 1 Joo 1 

p(ylx) log--
1
- dy = Pn(Y - x) log (· ) dy 

-oo p(y x) -oo Pn Y -x 

Letting y - x = z, we have 

J
oo 1 Joo 1 

p(ylx) log -- dy = Pu(z) log-(-) dz 
-oo p(ylx) -oo Pn Z 

The right-hand side is the entropy H(n) of the noise sample n. Hence, 

H(yjx) = H(n) r: p(x)dx 

= H(n) (15.59) 

In deriving Eq. (15.59), we made no assumptions about the noise. Hence, Eq. (15.59) is very 
general and applies to all types of noise. The only condition is that the noise disturb the channel 

in an additive fashion. Thus, 

I (x; y) = H (y) - H (n) bits per sample (15.60) 

We have assumed that the mean square value of the signal x(t) is constrained to have a value 
s, and the mean square value of the noise is N. We shall also assume that the signal x(t) and 
the noise n(t) are independent. In such a case, the mean square value of y will be the sum of 

the mean square values of x and n. Hence, 

y2 = S +N 

For a given noise [given H(ri)], J(x; y) is maximum when H(y) is maximum. We have seen 
that for a given mean square value ofy (y2 = S + N), H(y) will be maximum ify is gaussian, 

and the maximum entropy Hmax(Y) is then given by 
1 

Hmax(Y) = 2 log [2ne(S + N)] (15.61) 

Because 
y=x+n 

and n is gaussian, y will be gaussian only if xis gaussian. As the mean square value of xis S, 

this implies that 

and 

1 -x2;2s 
p(x) = --e 

,/2ns 

Imax(x; y) = Hmax(Y) - H(n) 

1 
= - log [2ne(S + N)] - H(n) 

2 
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For a white gaussian noise with mean square value N, 

1 
H(n) = 2 log2neN N = NB 

and 

711 

(15.62a) 

(15.62b) 

The channel capacity per second will be the maximum information that can be transmitted 
per second. Equations ~1~.62) r~present the maximum information transmitted per sample. If 
all the s'.1111ples are statistically mdependent, the total information transmitted per second will 
be 2B times Cs, If the samples are not independent, then the total information will be less 
than 2BCs, Because the channel capacity C represents the maximum possible information 
transmitted per second, 

C = 2B G log ( 1 + ! ) ] 
= Blog ( 1 + ! ) bit/s (15.63) 

_The ~amples of a band-limited gaussiansignal are independent if and only if the signal 
~SD 1s ~mform over ~e band (see Example 11.2 and Prob. 11.2-3). Obviously, to transmit 
mformation at the maximum rate LEq. (15.63)J, the PSD of signal y(t) must be uniform. The 
PSD of y is given by 

Sy(cv) = Sx(cv) + Su(cv) 

Because Su(cv) = N/2, the PSD of x(t) must also be uniform. Thus, the maximum rate of 
transmission (C bit/s) is attained when x(t) is also a white gaussian signal. 

To recapitulate, when the channel noise is additive, white, gaussian with mean square 
value N (N = NB), the channel capacity C of a band-limited channel under the constraint 
of a given signal power S is given by 

C = B log ( 1 + ! ) bit/s 

where Bis the channel bandwidth in hertz. The maximum rate of transmission (C bit/s) can 
be realized only if the input signal is a white gaussian signal. 

. . Capacity of a Channel of Infinite Bandwidth: Superficially, Eq. (15.63) seems to 
md1cate t~at the channel capacity goes to oo as the channel's bandwidth B goes to oo. This, 
however, 1s not true. For white noise, the noise power N = NB. Hence, as B increases N 
also increases. It can be shown that in the limit as B -+ oo, C approaches a limit: ' 

C = Blog ( 1 + ! ) 
= Blog ( 1 + ;B) 
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lim C = lim Blog (1 + ,,.~B) 
B-HXJ B➔oo J'I. 

= lim !._ [:NB log (1 + ~)] 
B➔oo :N S :NB 

This limit can be found by noting that 

lim x log2 (1 + ~) = log2 e = 1.44 
x➔OO X 

Hence, 
s 

lim C = 1.44 ,,.r bit/s 
B➔OO J'I 

(15.64) 

Thus, for a white gaussian channel noise, the channel capacity C approaches a limit of 1.44S / :N 
as B ➔ oo. The variation of C with Bis shown in Fig. 15.5. It is evident that the capacity can 
be made infinite only by increasing the signal power S to infinity. For finite signal and noise 
powers, the channel capacity always remains finite. 

Verification of Error-Free Communication over a Continuous Channel 
Using the concepts of information theory, we have shown that it is possible to transmit error­
free information at a rate of B log2 (1 + S / N) bit/s over a channel band-limited to B Hz. The 
signal power is S, and the channel noise is white gaussian with power N. This theorem can be 
verified in a way similar to that used for the verification of the channel capacity of a discrete 
case. This verification using signal space is so general that it is in reality an alternate proof of 

the capacity theorem. 
Let us consider M -ary communication with M equiprobable messages m 1, m2, ••• , m M 

transmitted by signals s1 (t), s2 (t), ... , sM(t). All signals are time-limited with duration T 
and have an essential bandwidth B Hz. Their powers are less than or equal to S. The channel 
is band-limited to B, and the channel noise is white gaussian with power N. 

All the signals and noise waveforms have 2BT + 1 dimensions. In the limit we shall 
let T ➔ oo. Hence 2BT » 1, and the number of dimensions will be taken as 2BT in our 
future discussion. Because the noise power is N, the energy of the noise waveform of T -
second duration is NT. The maximum signal energy is ST. Because signals and noise are 
independent, the maximum received energy is ( S + N) T. Hence, all the received signals will 
lie in a 2BT-dimensional hypersphere of radius ✓(S + N)T (Fig. 15.6a). A typical received 

0 2 3 

B -
SIX 

Figure 15.5 Channel capacity vs. bandwidth for a channel 
with white gaussian noise and fixed power. 
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signal s;(t) + n(t) has an energy (S; + N)T, and the point r representing this signal lies at a 
distance of J(S; + N)T from the origin (Fig. 15.6a). The signal vectors;, the noise vector n, 
and the received vector rare shown in Fig. 15.6a. Because 

lnl = ✓NT, lrl = ✓(S; + N)T 

it follows that vectors s;, n, and r form a right triangle. Also, n lies on the sphere of radius 
,,/Fff, centered at s;. Note that because n is random, it can lie anywhere on the sphere centered 
at S;.* 

We have M possible transmitted vectors located inside the big sphere. For each possible 
s, we can draw a sphere of radius ,,/Fff around s. If a received vector r lies on one of the small 
spheres, the center of that sphere is the transmitted waveform. If we pack the big sphere with 
M nonoverlapping and nontouching spheres, each of radius ,,/Fff (Fig. 15.6b), and use the 
centers of these M spheres for the transmitted waveforms, we will be able to detect all these 
M waveforms correctly at the receiver simply by using the maximum-likelihood receiver. 
The maximum-likelihood receiver looks at the received signal point rand decides that the 
transmitted signal is that one of the M possible transmitted points that is closest tor (smallest 
error vector). Every received point r will lie on the surface of one of the M nonoverlapping 
spheres, and using the maximum-likelihood criterion, the transmitted signal will be chosen 
correctly as the point lying at the center of the sphere on which r lies. 

To compute the number of small spheres that can be packed into the big sphere, we must 
determine the volume of a sphere of D dimensions. 

(b) 

(a) 

Figure 15.6 (a) Signal space representation of transmitted and received signals and noise signal. (b) Choice 
of signals for error-free communication. 

* Because N is the average noise power, the energy over an interval Tis NT+ E, where E ➔ 0 as T ➔ oo. Hence, 
we can assume that n lies on the sphere. 
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Volume of a D-Dimensional Sphere: A D-dimensional sphere is described by the 

equation 
2 2 2 R2 

Xi +x2+··•+xv= 

where R is the radius of the sphere. We can show that the volume V (R) of a sphere of radius 

R is given by 

(15.65) 

where V (1) is the volume of a D-dimensional sphere of unit radius and, thus, is constant. To 

prove this, we have by definition 

V(R) = ff·· J dx1dx2 • • -dxv 

xf+xi+-•+xb::.;R2 

Letting Yj = Xj / R, we have 

V(R) = RD ff·· J dy1dY2 • • -dyv 

Yi +Yi+·+Yb::51 

= RDV(l) 

Hence, the ratio of the volumes of two spheres of radii R. and R is 

V(R) = (!)D 
V(R) R 

A direct consequence of this result is that when D is large, almost all of the volume of the sphere 
is concentrated at the surface. This is because if R./ R < 1, then (R./ R)D ➔ 0 as D ➔ oo. 
This ratio approaches zero even if R differs from R by a very smallAamount !).. (Fig. 15.7). This 
means that no matter how small I),. is, the volume within radius R is a negligible fraction of 
the total volume within radius R if Dis large enough. Hence, for a large D, almost all of the 
volume of a D-dimensional sphere is concentrated at the surface. Such a result sounds strange, 
but a little reflection will show that it is reasonable. This is because the volume is proportional 
to the Dth power of the radius. Thus, for large D, a small increase in R can increase the 
volume tremendously, and all the increase comes from a tiny increase in R near the surface of 

Figure 15.7 Volume of a shell of a D-dimensional hyper-
sphere. 
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the sphere. This means that most of the volume must be concentrated at the surface. 
The number of nonoverlapping spheres of radius ../NT that can be packed into a sphere 

of radius J ( S + N) T is bounded by the ratio of the volume of the signal sphere to the volume 
of the noise sphere. Hence, 

< [✓(S + N)T]2BT V(l) - ( s )BT 
M - 2BT - 1 +-

( ../NT) V(l) N 
(15.66) 

Each of the M -ary signals carries the information of log2 M binary digits. Hence, the trans­
mission of one of the M signals every T seconds is equivalent to the information rate C 
given by 

logM ( s) 
C = -T- S Blog 1 + N bit/s (15.67) 

This equation gives the upper limit of C. To show that we can actually receive error-free 
information at a rate of B log (1 + S / N), we use the argument proposed by Shannon. 8 Instead 
of choosing the M transmitted messages at the centers of nonoverlapping spheres (Fig. 15 .6b ), 
Shannon proposed to select the M points randomly located in the signal sphere Is of radius 
../Sf (Fig. 15.8). Consider one particular transmitted signal sk. Because the signal energy is 
assumed to be S S, point Sk will lie somewhere inside the signal sphere Is of radius ../Sf. 
Because all the M signals are picked randomly from this sphere, the probability of finding a 
signal within a volume !).. V is M !).. V /Vs, where Vs is the volume of Is. But because for large 
D all of the volume of the sphere is concentrated at the surface, all M signal points selected 
randomly would lie near the surface of Is. Figure 15.8 shows the transmitted signal sk, the 
received signal r, and the noise n. We draw a sphere of radius ../NT with r as the center. 
This sphere intersects the sphere Is and forms a common lens-shaped region. The signal sk 

lies on the surface of both spheres. We shall use a maximum-likelihood receiver. This means 
that when r is received, we shall make the decision that "sk was transmitted" provided none of 

Figure 15.8 Derivation of channel capacity. 
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th .,;ning M _ l signal points are closer tor than sk. The probability of finding any one 
erem...._ • f h · 

· 1 · th 1 ·s Vi ; v Hence p the error probability in the detection o sk w en r 1s s1gna 1ll e ens 1 lens s • e, 

received, is 
½ens 

Pe= (M-1)­
Vs 

M
½ens 

< --
Vs 

From Fig. 15.8, we observe that Viens < V(h), wher~ V(h~ is the volume of the D­
dimensional sphere of radius h. Because r, sk, and n form a nght tnangle, 

Hence, 

Also, 

and 

Ifwe choose 

then 

h = ✓ SNT 
hJ(S + N)T = J(ST)(NT) and S + N 

( 
SNT )BT 

V(h) = -- V(l) 
S+N 

( 
N )BT 

Pe< M S+N 

Pe< [ktT 

If we let k = 1 _ .6., where .6. is a positive number chosen as small as we wish, then 

Pe -,,. 0 as BT -,,. 00 

This means that Pe can be made arbitrarily small by increasing T, provided M is chosen 

arbitrarily close to (1 + S / N)BT. Thus, 

1 
C = -log2 M 

T 

= [Blog ( 1 + ! ) -E] bit/s (15.68) 

where E is a positive number chosen as small as we please. This proves the desired result. A 
more rigorous derivation of this result can be found in Wozencraft and Jacobs. 

9 
. 

Because the M signals are selected randomly from the signal space, they tend to acquire 

the statistics of white noise8 (i.e., a white gaussian random process). 
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Comments on Channel Capacity: According to the result derived in this chapter, 
theoretically we can communicate error-free up to C bit/s. There are, however, practical diffi­
culties in achieving this rate. In proving the capacity formula, we assumed that communication 
is effected by signals of duration T. This means we must wait T seconds to accumulate the 
input data and then encode it by one of the waveforms of duration T. Because the capacity rate 
is achieved only in the limit as T -,,. oo, we have to wait a long time at the receiver to get the 
information. Moreover, because the number of possible messages that can be transmitted over 
interval T increases exponentially with T, the transmitter and receiver structures increase in 
complexity beyond imagination as T -,,. oo. 

The channel capacity indicated by Shannon's equation [Eq. (15.68)] is the maximum 
error-free communication rate achievable on an optimum system without any restrictions 
(except for bandwidth B, signal power S, and gaussian white channel noise power N). If 
we have any other restrictions, this maximum rate will not be achieved. For example, if we 
consider a binary channel ( a channel restricted to transmit only binary signals), we will not be 
able to attain Shannon's rate, even if the channel is optimum. The channel capacity formula 
[Eq. (15.68)] indicates that the transmission rate is a monotonically increasing function of the 
signal power S. If we use a binary channel, however, we know that increasing the transmitted 
power beyond a certain point buys very little advantage (see Fig. 12.14). Hence, on a binary 
channel, increasing S will not increase the error-free communication rate beyond some value. 
This does not mean that the channel capacity formula has failed. It simply means that when 
we have a large amount of power (with a finite bandwidth) available, the binary scheme is not 
the optimum communication scheme. 

One last comment: Shannon's results tell us the upper theoretical limit of error-free 
communication. But they do not tell us precisely how this can be achieved. To quote the words 
of Abramson; "[This is one of the problems] which has persisted to mock information theorists 
since Shannon's original paper in 1948. Despite an enormous amount of effort spent since that 
time in quest of this Holy Grail of information theory, a deterministic method of generating 
the codes promised by Shannon is still to be found."4 

15.6 PRACTICAL COMMUNICATION SYSTEMS IN LIGHT OF 
SHANNON'S EQUATION 

It would be instructive to determine the ideal law for the exchange between the SNR and the 
transmission bandwidth using the channel capacity equation. Consider a message of bandwidth 
B that is used for modulation ( or coding), with the resulting modulated signal of bandwidth 
Br. This signal is received at the input of an ideal demodulator with signal and noise powers 
of S; and N;, respectively* (Fig. 15.9). The demodulator output bandwidth is B, and the SNR 
is S0 / N0 • Because an SNR S/ Nanda bandwidth B can transmit ideally Blog (1 + S/ N) 
bits of information, the ideal information rates of the signals at the input and the output of the 
demodulator are Br log (1 + S;/ N;) bits and Blog (1 + S0 / N0 ) bits, respectively. Because the 
demodulator neither creates nor destroys information, the two rates should be equal, that is, 

( 
S;) ( Sa) Br log 1 + N; = B log 1 + Na 

* An additive white gaussian channel noise is assumed. 
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Ideal 

Bandwidth Br '--d-em_o_du_l_at_o_r_, 

Figure 15.9 ideal exchange between SNR and 
bandwidth. 

and 

Bandwidth B 

( 
Sa) ( S; )Br/B 

1+- = 1+­
No N; 

In practice, for the majority of systems, S0 / N0 as well as S; / N; » 1, and 

Sa '.::::'. (~)Br/B 

N0 N; 

Also, 
S; S; 
N; = :NBr 

= ( ;;B) ( :r) = :r y 

Hence, Eqs. (15.69) become 

_'.:_= 1+-Y_ -1 S ( )Br/B 

N0 Br/B 

'.::::'. (-y )Br/B 

Br/B 

S; 
y=­

:NB 

(15.69a) 

(15.69b) 

(15.70a) 

(15.70b) 

Equations (15.69) and (15.70) give the ideal law of exchange betwe~n the SNR and_ the 
bandwidth. The output SNR S

0
/ N

0 
is plotted in Fig. 15.10 as a funct10n of y for vanous 

values of Br/ B. 
The output SNR increases exponentially with the bandwidth expansion factor Br I B. 

This means that to maintain a given output SNR, the transmitted signal power can be reduced 
exponentially with the bandwidth expansion factor. Thus, for a small increase in bandwi~th, 
we can reduce the transmitted power considerably. On the other hand, for a small reduction 
in bandwidth. we need to increase the transmitted power considerably. Hence, in practice, the 
trade is in th~ sense of reducing the transmitted power at the cost of increased transmission 

bandwidth and rarely the other way. . 
Let us now investigate various systems studied thus far and see how they fare m 

comparison with the ideal system. 

AM 
For baseband and SSB-SC systems, Br/ B = 1, and Eqs. (15.70) yield 

Sa = y (15.71) 
Na 

which is exactly the performance of these systems [see Eqs. (12.3) and (12.12)]. For DSB-SC, 

Br/ B = 2, and Eqs. (15.70) predict 

15.6 Practical Communication Systems in Light of Shannon's Equation 

60 Br= oo 16 8 5 
B 

2 

t 50 

Sa 
N,dB 

40 0 

30 

20 

10 

0 
-IO 0 IO 30 

Figure 15.10 Ideal behavior of SNR vs. y for various ratios of Br/ B. 

s 2. 
_'.:_ ~ L 
Na 4 
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(15.72) 

Thus DSB-SC, for which Sa/ N0 = y, falls short ofideal performance. If, however, we consider 
th~ fact that qu_adrature ~ultiplexi~g can be used to transmit two DSB signals simultaneously, 
with the effect:Ive bandwidth per signal as B rather than 2B, DSB-SC has ideal performance. 
Because for AM quadrature multiplexing is not used,* AM performance [Eq. (12.14)] falls 
considerably short of the ideal performance [Eq. (15.72)]. 

. The ideal performance of the baseband and SSB-SC or DSB-SC systems is really an 
empty boast, because these systems do not exchange SNR for bandwidth. 

FM 
For FM, we have [Eq. (12.37)] 

Because Br/B = 2({3 + 1), 

Sa = 3 [! (Br)- ]
2 (m2

) N
0 

2 B l m2 Y 
p 

(15.73) 

Figu~e 15.11 shows the plots of S0 /N0 for Brf B = 8 and 20, assuming m;/m2 = 2. 
The ideal Sa/ Na plots for Br/ B = 8 and 20 are also shown in the figure for comparison. 

* Because this requires a phase reference at the receiver, it defeats the purpose of AM. 
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Figure 15.11 Comparison of 
ideal behavior with FM system 
behavior. 

FM performance falls far,below ideal performance. Even if a gain of 13 dB resulting from 
preemphasis and deemphasis is added to these plots, FM is several decibels inferior to ideal 
curves. The comparison between FM and the ideal system gets progressively worse as y 
increases. If we observe the behavior of FM at the threshold, however, it does not fare as badly. 
It can be shown that for FM, when optimum demodulation (phase-locked loop) is used, the 
behavior of the SNR at the threshold (the dashed line* in Fig. 15.11) is close to ideal.10 

PCM 
As seen earlier, M -ary PCM shows a saturation effect unless we go to higher values of M as 
y increases. If the message signal is quantized in L levels, then each sample can be encoded 
by logM L number of M-ary pulses. If B is the bandwidth of the message signal, we need to 
transmit 2B samples per second. Consequently, RM, the number of M-ary pulses per second, 
is 

RM= 2BlogM L 

Also, the transmission bandwith Br is half the number of (M-ary) pulses per second. Hence, 

RM 
Br = 2 = B logM L (15.74a) 

From Eq. (13.51a), the power S; is found as 

(15.74b) 

* The dashed threshold line shown in Fig. 15.11 is for a frequency discriminator. For optimum demodulation using 
a phase-locked loop, the threshold line is shifted left by 3 to 5 dB. 
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Also, 

(15.75) 

Each of the M -ary pulses carries the information of log2 M bits, and we are transmitting 
2B logM L number of M-ary pulses per second. Hence, we are transmitting information at a 
rate of Rb bits, where 

Rb= (2B logM L)(logz M) 

= 2Brlog2 M 

= Br Iog2 M
2 bit/s 

Substitution ofEqs. (15.74b) and (15.75) into this equation yields 

Rb = Br log2 (1 + 3:N S; ) bit/s 
2EpN; (15.76) 

We are transmitting the information equivalent of Rb binary digits per second over the M-ary 
PCM c~'.11111el. Th~ reception is not error-free, however. The pulses are detected with an error 
proba~ihty PeM given in Eq. (13.52b). If PeM is on the order of 10-6, we could consider the 
recept10n to be essentially error-free. From Eq. (13.52b), 

P,Mee2Q(~ = 10-6 M» 1 

This gives 

2Ep = 24 
:N 

Substitution of this value in Eq. (15.76) gives 

Rb = Br log2 (1 + ! S; ) 
SN; 

bit/s (15.77) 

:nius, o~er a channel of bandwith Br with an SNR of S;/N;, a PCM system can transmit 
mformation at a rate of Rb in Eq. (15.77). The ideal channel with bandwidth B and SNR 
S; IN; transmits information at a rate of C bit/s, where r 

( 
S;) C = Br log2 1 + N; bit/s (15.78) 

It follows tha~ P~M uses roug~y eight times (9 dB) as much power as the ideal system. This 
performance 1s still much supenor to that of FM. Figure 15.12 shows Rb/ Br as a function of 
S; IN;. For the ideal system 

Rb = .E__ = logz (1 + S; ) 
Br Br N; 

PCM at the threshold is 9 dB inferior to the ideal curve. 

When PCM is in saturation, the detection error probability approaches o. Each M-ary 
pulse transmits log2 M bits, and there are 2Br pulses per second. Hence, 
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This is clearly seen in Fig. 15.12. 

Orthogonal Signaling 

Figure 15.12 Comparison of ideal system behav­
ior with that of PCM. 

We have already shown that [see Eq. (13.58)] for M-ary orthogonal signaling, the error-free 
communication rate is 

S· 
Rb :S 1.44; bit/s (15.79) 

We have shown in Eq. ( 15. 64) that this is precisely the rate of error-free communication over an 
an ideal channel with infinite bandwidth. Therefore, as M --+ oo, the bandwidth of an M-ary 
scheme approaches oo, and its rate of communication approaches that of an ideal channel. 
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15.1-1 A message source generates one of four messages randomly every microsecond. The probabilities 
of these messages are 0.4, 0.3, 0.2, and 0.1. Each emitted message is independent of the other 
messages in the sequence. 

(a) What is the source entropy? 

(b) What is the rate of information generated by this source (in bits per second)? 

15.1-2 A television picture is composed of approximately 300,000 basic picture elements (about 600 
picture elements in a horizontal line and 500 horizontal lines per frame). Each of these elements 
can assume 10 distinguishable brightness levels (such as black and shades of gray) with equal 
probability. Find the information content of a television picture frame. 

15.1-3 A radio announcer describes a television picture orally in 1000 words out of his vocabulary 
of 10,000 words. Assume that each of the 10,000 words in his vocabulary is equally likely 
to occur in the description of this picture (a crude approximation, but good enough to give an 
idea). Determine the amount of information broadcast by the announcer in describing the picture. 
Would you say the announcer can do justice to the picture in 1000 words? Is the old adage "a 
picture is worth a thousand words" an exaggeration or an underrating of the reality? Use data in 
Prob. 15.1-2 to estimate the information of a picture. 

15.1-4 From the Old North Church Tower in Boston, Paul Revere's friend was to show him one lantern 
if the British army began advancing overland and two lanterns if they chose to cross the bay in 
boats. 

(a) Assume Revere had no way of guessing ahead of time what route the British might choose. 
How much information did he receive when he saw two lanterns? 

(b) What if Revere were 90% sure the British would march overland? Then, how much infor­
mation would the two lanterns have conveyed? 

15.1-5 Estimate the information per letter in the English language by various methods, assuming each 
character is independent of the others. (This is not true, but is good enough to get a rough idea.) 

(a) In the first method, assume that all 27 characters (26 letters and a space) are equiprobable. 
This is a gross approximation, but is good for a quick answer. 

(b) In the second method, use the table of probabilities of various characters (Table P15.1-5). 

( c) Lastly, use Zipf' s law relating the word rank to its probability. In English prose, if we order 
words according to the frequency of usage so that the most frequently used word (the) is 
word number 1 (rank 1), the next most probable word (of) is number 2 (rank 2), and so on, 
then empirically it is found that P(r), the probability of the rth word (rank r) is very nearly 

0.1 
P(r) = -

r 

Using Zipf's law, compute the entropy per word. Assume that there are 8727 words. The reason 
for this number is that the probabilities P (r) sum to 1 for r from 1 to 8727. Zipf' s law, surprisingly, 

11 

1.,1 
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gives reasonably good results. Assuming there are 5.5 letters (including space) on average per 
word, determine the entropy or information per letter. 

Table P15.1.5 
Probability of occurrence of letters in the English language 

Letter Probability -logP; Letter Probability -IogP; 

Space 0.187 2.46 M 0.02075 5.60 
E 0.1073 3.22 u 0.02010 5.64 
T 0.0856 3.84 G 0.01633 5.94 
A 0.0668 3.90 y 0.01623 5.95 
0 0.0654 3.94 p 0.01623 5.95 
N 0.0581 4.11 w 0.01620 6.32 
R 0.0559 4.16 B 0.01179 6.42 
I 0.0519 4.27 V 0.00752 7.06 
s 0.0499 4.33 K 0.00344 8.20 
H 0.04305 4.54 X 0.00136 9.54 
D 0.03100 5.02 J 0.00108 9.85 
L 0.02775 5.17 Q 0.00099 9.98 
F 0.02395 5.38 z 0.00063 10.63 
C 0.02260 5.45 

15.2-1 A source emits seven messages with probabilities 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, and 1/64, 
respectively. Find the entropy of the source. Obtain the compact binary code and find the average 
length of the code word. Determine the efficiency and the redundancy of the code. 

15.2-2 A source emits seven messages with probabilities 1/3, 1/3, 1/9, 1/9, 1/27, 1/27, and 1/27, 
respectively. Find the entropy of the source. Obtain the compact 3-ary code and find the average 
length of the code word. Determine the efficiency and the redundancy of the code. 

15.2-3 A source emits one of four messages randomly every 1 microsecond. The probabilities of these 
messages are 0.5, 0.3, 0.1, and 0.1. Messages are generated independently. 

(a) What is the source entropy? 

(b) Obtain a compact binary code and determine the average length of the code word, the 
efficiency, and the redundancy of the code. 

(c) Repeat part (b) for a compact ternary code. 

15.2-4 For the messages in Prob. 15.2-1, obtain the compact 3-ary code and find the average length of 
the code word. Determine the efficiency and the redundancy of this code. 

15.2-5 For the messages in,Prob. 15.2-2, obtain the compact binary code and find the average length of 
the code word. Determine the efficiency and the redundancy of this code. 

15.2-6 A source emits three equiprobable messages randomly and independently. 

(a) Find the source entropy. 

(b) Find a compact ternary code, the average length of the code word, the code efficiency, and 
the redundancy. 

(c) Repeat part (b) for a binary code. 

( d) To improve the efficiency of a binary code, we now code the second extension of the source. 
Find a compact binary code, the average length of the code word, the code efficiency, and 
the redundancy. 
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15.4-1 A binary channel matrix is given by 

Outputs 

YI Y2 

XJ 2 1 
- -

Inputs 3 3 

Xz 9 

10 10 

This means Py1x(Y1lx1) = _2/3, Py1x(Y2lx1) = 1/3, etc. You are also given that Px(x
1

) = 1/3 
and Px(x2) = 2/3. Deterrnme H(x), H(xly), H(y), H(ylx), and /(x; y). 

15.4-2 FortheternarychannelinFig.P15.4-2, Px(x1) = P, Px(x2) = Px(x3 ) = Q.(Note: P+2Q = 1.) 

15.4-3 

Input Output 
X1---------Y1 

x,~,, 1-p 

1-p 

X3 p J'3 

Figure Pl 5.4-2 

(a) Determine H(x), H(xly), H(y), and /(x; y). 

(b) Show that the channel capacity C, is given by 

Cs = log C' ; 2) 

where f3 = 2-[plogp+(I-p)Iog(I-p)J_ 

Consider the binary symmetric channel shown in Fig. P15.4-3a. The channel matrix is given by 

M=[l-Pe Pe] 
Pe 1-Pe 

Figure P15.4-3b shows a cascade of two such BSCs. 

l -Pe 
(a) 

Figure Pl 5.4-3 
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15.4-4 

(a) Determine the channel matrix for the cascaded channel in Fig. P15.4-3b. Show that this matrix 

isM2. 

(b) If the two BSC channels in Fig. P15.4-3b have error probabilities P,1 and P,2, with channel 
matrices M 1 amd M2, respectively, show that the channel matrix of the cascade of these two 

channels is M1Mz. 

(c) Using the results in part (b), show that the channel matrix for the cascade of k identical BSCs 
each with channel matrix M is Mk. Verify your answer for n = 3 by confirming the results 

in Example 10.7. 

(d) Use the result in part (c) to determine the channel capacity for a cascade of k identical BSC 
channels each with error probability P,. 

In data communication using error detection code, as soon as an error is detected, an automatic 
request for retransmission (ARQ) enables retransmission of the data in error. In such a channel 
the data in error is erased. Hence, there is an erase probability p, but the probability of error is 
zero. Such a channel, known as a binary erasure channel (BEC), can be modeled as shown 
in Fig. Pl5.4-4. Determine H(x), H(xly), and I(x; y) assuming the two transmitted messages 

equiprobable. 

X 1 - p 
0 

E 

1 1 
1 - p 

Figure P15.4-4 

15.4-5 A cascade of two channels is shown in Fig. P15.4-5. The symbols at the source, at the output of 
the first channel, and at the output of the second channel are denoted by x, y, and z. Show that 

H(xlz) ::: H(xly) 

and 

/(x; y) 2: I(x; z) 

This shows that the information that can be transmitted over a cascaded channel can be no greater 
than that transmitted ov;er one link. In effect, information channels tend to leak information. Hint: 

For a cascaded channel, observe that 

Hence, by Bayes' rule, 

X y z 

Figure P15.4-5 
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15.5-1 For a continuous random variable x constrained to a peak magnitude M (-M < x < M), show 
that the entropy is maximum when xis uniformly distributed in the range (-M, M) and has zero 
probability density outside this range. Show that the maximum entropy is given by log 2M. 

15.5-2 For a continuous random variable x constrained to only positive values O < x < oo and a mean 
value A, show that the entropy is maximum when 

15.5-3 

15.5-4 

15.5-5 

1 
Px(x) = -e-xfAu(x) 

A 

Show that the corresponding entropy is 

H(x) = logeA 

A television transmission requires 30 frames of 300,000 picture elements each to be transmitted 
per second. Using the data in Prob. 15.1-2, estimate the theoretical bandwidth of the AWGN 
channel if the SNR at the receiver is required to be at least 50 dB. 

Show that the channel capacity of a band-limited channel disturbed by a colored gaussian noise 
under the constraint of a given signal power is 

l
h 

C =Blog [S.(w) + Sn(w)] - log Sn(w) df 
/1 

df= dw 
2n 

where Bis the channel bandwidth (in hertz) over the frequency range (/1, fz) (!2 - f 1 = B). 
S8 (w) and Sn(w) are the signal and the noise power densities, respectively. Show that this 
maximum rate of information transmission is attained if the desired signal is gaussian and its 
PSD satisfies the condition 

S.(w) + Sn(w) = a (a constant) 

Hint: Consider a narrow-band !j.f in the range (!1 , fz). The maximum rate of transmission over 
this band is given by 

!j,_f log [S.(w)/j.f + Sn(w)/j.f] = !j,_f log [S8 (w) + Sn(w)] 
Sn(w)/j.f Sn(w) 

provided the signal over this band is gaussian. The rate of transmission over the entire band is 
given by 

fh log [S.(w) + Sn(w)] df 
}Ji Sn(w) 

Now maximize this under the constraint 

l
h 

2 s.(w)df = s 
Ji 

Using the results in Prob. 15.5-4, show that the worst kind of gaussian noise is a white gaussian 
noise that is constrained to a given mean square value. Hint: Use the expression for channel 
capacity in Prob. 15.5-4. The first term in this expression is a constant. Now show that the 
second term attains a maximum value when Sn ( w) is a constant under the constraint 

l
h 

2 Sn(w)df = N 
Ji 



16 ERROR CORRECTING 
CODES 

A s seen from the discus~ion in Chapter 15, the key_ t? realizin~ error-fr~e coITlITluni~a:ion 
is the use of appropnate redundancy. The addition of a smgle panty-check digit to 
detect an odd number of errors is a good example. Since Shannon's pioneering paper, 

a great deal of work has been carried out in the area of error correcting codes. 

16.1 INTRODUCTION 

In this chapter we shall discuss two important types of codes: block codes and convolutional 
codes. The information corning from the data or message source will be assumed to be in 
binary form (a sequence of binary digits). 

In block codes, a block of k data digits is encoded by a code word of n digits (n > k). 
For each sequence of k data digits, there is a distinct code word of n digits. In convolutional, 
or recurrent codes, the coded sequence of n digits depends not only on the k data digits but 
also on the previous N -1 data digits (N > 1). Hence, the coded sequence for a certain k data 
digits is not unique but depends on N - 1 earlier data digits. In block codes, k data digits are 
accumulated and then encoded into an n-digit code word. In convolutional codes, the coding 
is done on a continuous, or running, basis rather than by accumulating k data digits. 

If k data digits are transmitted by a code word of n digits, the number of check digits 
is m = n - k. The code efficiency (also known as the code rate) is k/n. Such a code is 
known as an (n, k) code. Data digits (d1, d2, ... , dk) are a k-tuple, and, hence, this is a k­
dimensional vector d. Similarly, a code word (c1, c2 , ... , en) is an n-dimensional vector c. 
As a preliminary, we shall detennine the minimum number of check digits required to detect 
or correct t number of errors in an (n, k) code. 

A total of 2n code words (or vertices of an n-dimensional hypercube) is available to 
assign to 2k data words. Suppose we wish to find a code that will correct up to t wrong digits. 
In this case, if we transmit a data word dj by one of the code words (or vertices) Cj, then 
because of channel errors the received word will not be Cj but will be c1. If the channel noise 
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causes errors in t or less digits, then c1 will lie somewhere in the Hamming sphere of radius t 
centered at Cj. If :he code is to corr~ct up to t errors, then the code must have the property that 
all of the HaIT1IT11ng spheres of radms t centered at the code words are nonoverlapping. This 
means we may not use vertices ( or words) that are within a Hamming distance of t from any 
code word. If a received word lies within a Hamming sphere of radius t centered at c. then 
we decide that the transmitted code word was Cj. This scheme is capable of correcting ~p to t 
errors, and drmn, the minimum distance between terror correcting code words, is 

drnin = 2t + 1 (16.1) 

Next, in order to find a relationship between n and k, we observe that 2n vertices, or words, are 
available for 2k data words, and 2n - 2k are redundant vertices. How many vertices, or words 
can lie within a Hamming sphere of radius t? The number of sequences ( of n digits) that diffe; 
from a given sequence by j digits is the number of the combination of n things taken j at a 

time and is given by (1]) [see Eq. (10.16)]. Hence, the number of ways in which up tot errors 

can occur is given by I:}=1 ( 1J). Thus for each code word, we must leave I:}=1 ( j) number 

of words unused. Because we have 2k code words, we must leave 2k r:;=1 ( 1J) words unused. 
Hence, the total number of words must be at least 

2' +2't, G) =2't, G) 
But the total number of words, or vertices, available is 2n. Hence, 

or 

2n-k 2:: t (~) 
j=O J 

(16.2a) 

Observe that n - k =mis the number of check digits. Hence, Eq. (16.2a) can be expressed as 

2m 2:: t (~) 
j=O J 

(16.2b) 

!his is known as the Hamming bound. It should also be remembered that the Hamming bound 
1s a ne~e~sary but not a sufficient condition in general. However, for single-error correcting 
codes, 1t 1s a necessary and sufficient condition. If some m satisfies the Hamming bound, it 
does not necessarily mean that at-error correcting code of n digits can be constructed. Table 
16.1 shows some examples of error correction codes and their efficiencies. 

A code for which the inequalities in Eqs. (16.2) become equalities is known as the 
perfect code. In such a code the Hamming spheres ( about all the code words) are not only 
nonoverlapping but they exhaust all the 2n vertices, leaving no vertex outside some sphere. 
An e-error correcting perfect code satisfies the condition that every possible sequence is at 



730 ERROR-CORRECTING CODES 

Table 16.1 
Some examples of error correcting codes 

Single-error correcting, t = 1 

Minimum code separation 3 

Double-error correcting, t = 2 

Minimum code separation 5 

Triple-error correcting, t = 3 

Minimum code separation 7 

n 

3 
4 
5 
6 
7 

15 
31 

10 
15 

10 
15 
23 

k 

1 
1 
2 
3 
4 

11 
26 

4 
8 

2 
5 

12 

Code 
Code Efficiency 
(or Code Rate) 

(3, 1) 0.33 
(4, 1) 0.25 
(5, 2) 0.4 
(6, 3) 0.5 
(7, 4) 0.57 

(15, 11) 0.73 
(31, 26) 0.838 

(10, 4) 0.4 
(15, 8) 0.533 

(10, 2) 0.2 
(15, 5) 0.33 
(23, 12) 0.52 

a distance at most e from some code word. Perfect codes exist in only a comparatively few 
cases. Binary, single-error correcting, perfect codes are called Hamming codes. 

For a Hamming code, t = 1 and dnun = 3, and from Eq. (16.2b) we have 

2m = t (~) = 1 +n (16.3) 
j=O J 

and 

Another way of correcting errors is to design a code to detect (not to correct) up tot 
errors. When the receiver detects an error, it requests retransmission. Because error detection 
requires fewer check digits, these codes operate at a higher efficiency. 

1 
To detect t errors, code words need to be separated by a Hamming distance of not more 

than t + 1. Suppose a transmitted code word Cj has a number of errors (a :::; t). Then the 
received codeword c1 is at a distance of a from Cj. Because a :::; t, c1 can never be any_ other 
valid code word, because all code words are separated by at least t + 1. Thus, the reception of 
c~ immediately indicates that an error has been made. 

1 
Thus, the minimum distance dmin between t error detecting code words is 

dmin=t+l 

In presenting the theory, we shall use modulo-2 addition, defined in Chapter 7: 

1EB1=0EB0=0 
0EB1=1EB0=1 

Note that the modulo-2 sum of any binary digit with itself is always zero. All the additions in 
the mathematical development of binary codes presented henceforth are modulo-2. 
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16.2 LINEAR BLOCK CODES 

A code word consists of n digits c1, c2, ... , Cn, and a data word consists of k digits d
1

, d
2

, 

••• , dk, Because the code word and the data word are an n-tuple and a k-tuple, respectively, 
they are n- and k-dimensional vectors. We shall use row matrices to represent these words, 

For the general case oflinear block codes, all then digits of c are formed by linear combinations 
(modulo-2 additions) of k data digits. A special case where c1 = d1, c2 = d2, ... , ck = dk 
and the remaining digits from ck+l to cn are linear combinations of d1, d2, ... , dk is known 
as a systematic code.* Thus in a systematic code, the first k digits of a code word are the data 
digits and the last m = n - k digits are the parity-check digits, formed by linear combinations 
of data digits d1, d2, ... , dk: 

or 

where 

G= 

Ck= dk 

Ck+l = h11d1 EB h12d2 EB • • • EB hlkdk 

Ck+2 = h21d1 EB h22d2 EB··· EB h2kdk 

1 0 0 
0 1 0 

0 0 0 

c=dG 

0 
0 

1 

P(k x m) 

(16.4a) 

(16.4b) 

(16.5) 

The k x n matrix G is called the generator matrix, which can be partitioned into a k x k 
identity matrix Ik and a k x m matrix P. All the elements of P are either O or 1. The code 
word can be expressed as 

C=dG 

= d[lk, P] 

= [d, dP] 

= [d, Cp] (16.6) 

* It can be shown that the performance of systematic block codes is identical to that of nonsystematic block codes. 
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EXAMPLE 16.1 

where 

Cp =dP 

Thus, knowing the data digits, we can calculate the check digits from Eq. (16.7). 

For a (6, 3) code, the generator matrix G is 

[

1 0 0 
0 1 0 

G= Q_9-J 
Ik 

1 0 1] 0 1 1 
1 1 0 
'--,-' 

p 

(16.7) 

For all eight possible data words, find the corresponding code words, and verify that this code 
is a single-error correcting code. 

Table 16.2 shows the eight data words and the corresponding code words found from 
c=dG. 
Table 16.2 

DataWordd 

111 
110 
101 
100 
011 
010 
001 
000 

CodeWordc 

111000 
110110 
101011 
100101 
011101 
010011 
001110 
000000 

Note that the distance between any two code words is at least 3. Hence, the code 
can correct at least one error. Figure 16.1 shows a possible encoder for this code, using a 
three-digit shift register and three modulo-2 adders. 

/ 
I 

....---+-----1---------0 C3 

Data input 

-----oc 4 

\ 
\ 

\ 

/ 

/ 
/ 

Commutator 

\ 
'\ 

' C5 
........... ___ c6 

Figure 16.1 Encoder for linear block codes. 
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Decoding 
Let us consider some code word properties that could be utilized for the purpose of decoding. 
From Eq. (16.7) and the fact that the modulo-2 sum of any sequence with itself is zero, we get 

dP EB Cp = [d Cp] [ p] = 0 (16.8) 
'-,-.' Im 

C 

where Im is the identity matrix of order m x m (m = n - k). Thus, 

cHT =0 (16.9a) 

where 

(16.9b) 

and its transpose 

(16.9c) 

is called the parity-check matrix. Every code word must satisfy Eq. (16.9a). This is our clue 
to decoding. Consider the received word r. Because of possible errors caused by channel noise, 
r in general differs from the transmitted code word c, 

where the error word (or error vector) e, is also a row vector of n elements. For example, if 
the data word 100 in Example 16.1 is transmitted as a code word 100101 (see Table 16.2), and 
the channel noise causes a detection error in the third digit, then 

r = 101101 

C = 100101 

and 

e = 001000 

Thus, an element 1 in e indicates an error in the corresponding position, and O indicates no 
error. The Hamming distance between rand c is simply the number of l's in e. 

Suppose the transmitted code word is c; and the channel noise causes an error e;, making 
the received word r = c; + e;. If there were no errors, that is, if e; = 000000, then r HT = 0. 
But because of possible channel errors, r HT is in general a nonzero row vector s, called the 
syndrome, 

s =rHT 

= (c; EB e;)HT 

= c;HT EB e;HT 

=e;HT 

(16.lOa) 

(16.lOb) 

Knowing r, we can compute s [Eq. (16.lOa)] and presumably we can compute e; from 



734 ERROR-CORRECTING CODES 

EXAMPLE 16.2 

Eq. (16.lOb). Unfortunately, knowledge of s does not allow us to solve uniquely for ei. This 
is because r can also be expressed in terms of code words other than c;. Thus, 

j =I= i 

Hence, 

s = (cj EB ej)HT = ejHT 

Because there are 2k possible code words, 

s =eHT 

is satisfied by 2k error vectors. To give an example, if a data word d = 100 is transmitted by 
a code word 100101 in Example 16.1, and if a detection error is caused in the third digit, 
then the received word is 101101. In this case we have c = 100101 and e = 001000. But 
the same word could have been received if c = 101011 and e = 000110, or if c = 010011 
and e = 111110, and so on. Thus, there are eight possible error vectors (2k error vectors) that 
satisfy Eq. (16.lOb). Which vector shall we choose? For this, we must define our decision 
criterion. One reasonable criterion is the maximum-likelihood rule where, if we receive r, 
then we decide in favor of that c for which r is most likely to be received. In other words, we 

decide "ci transmitted" if 

allk=l=i 

For a BSC, this rule gives a very simple answer. Suppose the Hamming distance between r 
and Ci is d, that is, the channel noise causes errors ind digits. Then if Pe is the digit error 

probability of a BSC, 

P(rlc;) = Pj(l - Pet-d = (1 - Pet C ~ePey 

If Pe < 0.5, then P(rlc;) is a monotonically decreasing function of d because Pe/(1-Pe) < 1. 
Hence, to maximize P(rlci), we must choose that C; which is closest tor; that is, we must 
choose the error vector with the smallest number of l's. A vector with the smallest number of 
l's is called the minimum-weight vector. 

A (6, 3) code is generated according to the generating matrix in Example 16.1. The receiver 
receives r = 100011. Determine the corresponding data word if the channel is a BSC and the 
maximum-likelihood decision is used. 

We have 

s =rHT 
1 0 1 
0 1 1 

= [1 0 0 0 1 1] 
1 1 0 
1 0 0 
0 1 0 
0 0 1 

= [1 1 0] 
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Because for modulo-2 operation, subtraction is the same as addition, the correct transmitted 
code word c is given by 

c=rEBe 

where e satisfies 

s=[l 1 0]=eHT 

1 0 1 
0 1 1 
1 1 0 
1 0 0 
0 1 0 
0 0 1 

We see that e = 001000 satisfies this equation. But so does e = 000110, or 010101, or 
011011, or 111110, or 110000, or 101101, or 100011. The suitable choice, the minimum­
weight e, is 001000. Hence, 

c = 100011 EB 001000 = 101011 

The decoding procedure just described is quite disorganized. A systematic procedure 
would be to consider all possible syndromes and for each syndrome associate a minimum­
weight error vector. For instance, the single-error correcting code in Example 16.1 has a 
syndrome with three digits. Hence, there are eight possible syndromes. We prepare a table of 
minimum-weight error vectors corresponding to each syndrome (see Table 16.3). This table 
can be prepared by considering all possible minimum-weight error vectors and computing s 
for each of them using Eq. (16.1 Ob). The first minimum-weight error vector 000000 is a trivial 
case that has the syndrome 000. Next, we consider all possible unit weight error vectors. There 
are six such vectors: 100000, 010000, 001000, 000100, 000010, 000001. Syndromes for these 
can readily be calculated from Eq. (16.lOb) and tabulated (Table 16.3). This still leaves one 
syndrome, 111, that is not matched with some error vector. Since all unit-weight error vectors 
are exhausted, we must look for error vectors of weight 2. 

We find that for the first seven syndromes (Table 16.3), there is a unique 
minimum-weight vector e. But for s = 111, the error vector e has a minimum weight of 
2, and it is not unique. For example, e = 100010 or 010100 or 001001 all have s = 111, and 
all three e's are minimum weight (weight 2). In such a case, we can pick any one of these e's 
as a correctable error pattern. In Table 16.3, we have picked e = 100010 as the double-error 
correctable pattern. This means the present code can correct all six single-error patterns and 
one double-error pattern (100010). For instance, if c = 101011 is transmitted and the channel 
noise causes the double error 100010, the received vector r = 001001, and 

s = rHT = [111] 

From Table 16.3 we see that corresponding to s = 111 is e = 100010, and we immediately 
decide c = r EB e = 101011. Note, however, that this code will not correct double-error 
patterns other than 100010. Thus, this code not only corrects all single errors but one double­
error pattern as well. This extra bonus of one double-error correction occurs because n and 
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Table 16.3 
Decoding table for code in Table 16.2 

e s 

000000 000 
100000 101 
010000 011 
001000 110 
000100 100 
000010 010 
000001 001 
100010 111 

k oversatisfy the Hamming bound [Eq. (16.2b)]. In case n and k were to satisfy the bound 
exactly, we would have only single-error correction ability. This is the case for the (7, 4) code, 
which can correct all single-error patterns only. 

Thus for systematic decoding, we prepare a table of all correctable error patterns and 
the corresponding syndromes. For decoding, we need only calculate s = r HT and, from the 
decoding table, find the corresponding e. The decision is c = r EB e. 

Because s has m = n - k digits, there is a total of 2n-k syndromes, each of n - k digits. 
There is the same number of correctable error vectors, each of n digits. Hence, for the purpose 
of decoding, we need a storage of (2n - k)2n-k = (2n - k)2m. This storage requirement 
grows exponentially with m,,the number of parity-check digits, and can be enormous, even for 
moderately complex codes. 

Because the maximum-likelihood decision is the same as choosing the code word closest 
to the received word, we could just as well compare the received word with each of the 2k 
possible code words of n digits each. This involves a storage of n2k, which can be much larger 
than the (2n - k)2m storage required earlier. 

It is still not clear how to choose coefficients of the generator or parity-check matrix. 
Unfortunately, there is no systematic way to do this, except for the case of single-error correcting 
codes, also known as Hamming codes. Let us consider a-Single-error correcting (7, 4) code. 
This code satisfies the Hamming bound exactly, and we shall see that a proper code,can be 
constructed. In this case m = 3, and there are seven nonzero syndromes, and because n = 7, 
there are exactly seven single-error patterns. Hence, we can correct all single-error patterns 
and no more. Consider the single-error pattern e = 1000000. Because 

s = eHT 

eHT will be simply the first row of HT. Similarly, for e = 0100000, s = eHT will be 
the second row of HT, and so on. Now for unique decodability, we require that all seven 
syndromes corresponding to the seven single-error patterns be distinct. Conversely, if all the 
seven syndromes are distinct, we can decode all the single-error patterns. This means that the 
only requirement on HT is that all seven of its rows be distinct and nonzero. Note that HT 
is an (n x n - k) matrix (i.e., 7 x 3 in this case). Because there exist seven nonzero patterns 
of three digits, it is possible to find seven nonzero rows of three digits each. There are many 
ways in which these rows can be ordered. But we must remember that the three bottom rows 
must form identity matrix Im [see Eq. (16.9b)]. 

One possible form of HT is 
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1 1 1 
1 1 0 
1 0 1 

=[£] HT= 0 1 1 
1 0 0 
0 1 0 
0 0 1 

The corresponding generator matrix G is 

P]-[i 
0 0 0 1 1 

i] G=[lk 
1 0 0 1 1 
0 1 0 1 0 
0 0 1 0 1 

Thus when d = 1011, the corresponding code word c = 1011001, and so forth. 
A general (n, k) code has m-dimensional syndrome vectors (m = n - k). Hence, there 

are 2m - 1 distinct nonzero syndrome vectors that can correct 2m - 1 single-error patterns. 
Because in an (n, k) code there are exactly n single-error patterns, all these patterns can be 
corrected if 

or 

This is precisely the condition in Eq. (16.3) for t = 1. Thus, for any (n, k) satisfying this 
condition, it is possible to construct a single-error correcting code by the procedure discussed. 

More discussion on block coding can be found in Peterson and Weldon1 as well as in 
Lin and Costello.2 

16.3 CYCLIC CODES1,2 

Cyclic codes are a subclass of linear block codes. As seen before, a procedure for selecting a 
generator matrix is relatively easy for single-error correcting codes. This procedure, however, 
cannot carry us very far in constructing higher order error correcting codes. Cyclic codes have a 
fair amount of mathematical structure that permits the design of higher order correcting codes. 
Second, for cyclic codes, encoding and syndrome calculations can be easily implemented using 
simple shift registers. 

Cyclic codes are such that code words are simple lateral shifts of one another. For 
example, if c = (c1, c2, ... , Cn-1, en) is a code word, then so are (c2, c3, ... , en, c1) and 
(c3, c4, ... , en, c1, c2), and so on. We shall use the following notation. If 

(16.lla) 

is a code vector of a code C, then c(il denotes c shifted cyclically i places to the left, that is, 

(16.llb) 
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Cyclic codes can be described in a polynomial form. This property is extremely useful 
in the analysis and implementation of these codes. The code vector c in Eq. (16.lla) can be 
expressed as the (n - 1)-degree polynomial 

(16.12a) 

The coefficients of the polynomial are either O or 1, and they obey the following properties: 

0+0=0 0x0=0 
0+1=1+0=1 0xl=lx0=0 

lxl=l 

The code polynomial cCi)(x) for the code vector cCil in Eq. (16.llb) is 

cCi\x) = C;+1Xn-l + C;+2Xn-Z + · · · + CnXi + C1Xi-l + · · · + c; (16.12b) 

One of the interesting properties of the code polynomials is that when xi c(x) is divided by 
xn + 1, the remainder is cCil (x). We can verify this property as follows: 

xc(x) = c1xn + CzXn-l + · · · + CnX 

C1 

Xn + 1 )c1Xn + CzXn-l + · • · + CnX 

C1Xn + c1 

The remainder is clearly cC1l(x). In deriving this result, we have used the fact that subtraction 
amounts to summation when modulo-2 operations are involved. Continuing in this fashion, 
we can show that the remainder of xic(x) divided by xn + 1 is cOl(x). 

We shall now prove an important theorem in cyclic codes. It says that a cyclic code 
polynomial c(x) can be generated by the data polynomial d (x) of degree k - 1 and a generator 
polynomial g(x) of degree n - k as 

c(x) = d(x) g(x) (16.13) 

where the generator polynomial g(x) is an (n - k)th-order factor of (xn + 1). 
For a data vector (d1, d2, ... , dk), the data polynomial is 

d(x) = d1xk-l + d2xk-Z + · · · + dk (16.14) 

Proof: Consider a polynomial 

c(x) = d(x) g(x) 

= d 1xk-l g(x) + d2xk-2g(x) + · · · + dkg(x) (16.15) 

This is a polynomial of degree n - 1 or less. There are a total of 2k such polynomials 
corresponding to 2k data vectors. Thus, we have a linear (n, k) code generated by Eq. (16.13). 
To prove that this code is cyclic, let 

c(x) = C1Xn-l + CzXn-Z + · · · + Cn 

be a code polynomial in this code [Eq. (16.15)]. Then, 

xc(x) = C1Xn + C2Xn-l + · · · + CnX 
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= C1 (xn + 1) + (c2xn-l + C3Xn-Z + · · · + CnX + c1) 

= CJ (xn + 1) + c(ll(x) 

739 

Because xc(x) is xd(x)g(x), and g(x) is a factor of xn + I, cC1l(x) must also be a multiple 
~f g(x) and can also be expressed as d(x)g(x) for some data vector d. Therefore, cC1l(x) 
1s also a code polynomial. Continuing this way, we see that cC2l (x), cC3l (x), ... are all code 
polynomials generated by Eq. (16.15). Thus, the linear (n, k) code generated by d(x)g(x) is 
indeed cyclic. 

EXAMPLE 16.3 Find a generator polynomial g(x) for a (7, 4) cyclic code, and find code vectors for the following 
data vectors: 1010, 1111, 0001, and 1000. 

In this case n = 7 and n - k = 3, and 

x 7 + 1 = (x + l)(x3 +x + l)(x3 +x2 + 1) 

For a (7, 4) code, the generator polynomial must be of the order n - k = 3. In this case, 
there are two possible choices for g(x): x 3 + x + I or x 3 + x 2 + 1. Let us choose the 
latter, that is, 

g(x) = x 3 + x 2 + I 
as a possible generator polynomial. Ford = [ 1 O 1 O ], 

d(x) = x 3 +x 

and the code polynomial is 

Hence, 

c(x) = d(x)g(x) 

= (x 3 +x)(x3 +x2 + 1) 

= x 6 + x 5 + x 4 + x 

C = 1110010 

Similarly, code words for other data words can be found (see Table 16.4). 

Table 16.4 

d e 

1010 1110010 
1111 1001011 
0001 0001101 
1000 1101000 

11 
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I Note the structure of the code words. The first k digits are not necessarily the data digits. 
Hence, this is not a systematic code. 

In a systematic code, the first k digits are data digits, and the last m = n - k digits are 
the parity-check digits. Systematic codes are a special case of ge~eral codes. Our di~cussion 
thus far applies to general cyclic codes, of which systematic cyclic codes are a special case. 
We shall now develop a method of generating systematic cyclic codes. 

Systematic Cyclic Codes . . 
We shall show that for a systematic code, the code word polynolllal c(x) correspondmg to the 
data polynomial d (x) is given by 

c(x) = xn-kd(x) + p(x) (16.16a) 

where p(x) is the remainder from dividing xn-kd(x) by g(x), 

To prove this we observe that 

xn-kd(x) 
p(x) = Rem g(x) 

xn-kd(x) p(x) 
--- = q(x) + --

g(x) g(x) 

(16.16b) 

(16.17a) 

where q(x) is of degree k - l or less. We add p(x)/ g(x) to both sides of Eq. (16.17a), and 
because f(x) + f(x) = 0 under modulo-2 operation, we have 

xn-kd(x) + p(x) ( ) 
------=qx 

g(x) 
(16.17b) 

or 

q(x)g(x) = xn-kd(x) + p(x) (16.17c) 

Because q(x) is on the order of k - l or less, q(x)g(x) is a code polynomial. As xn-k~(x) 
represents d (x) shifted to the left by n - k digits, the first k digits of this code word are precisely 
d, and the last n - k digits corresponding top (x) must be parity-check digits. This will become 
clear by considering a specific example. 

EXAMPLE 16.4 Construct a systematic (7, 4) ,cyclic code using a generator polynomial (see Example 16.3). 
We use 

g(x) = x 3 + x2 + l 

Consider a data vector d = 1010, 

d(x) = x 3 +x 

and 

Hence, 

16.3 Cyclic Codes 

x 3 + x 2 + l 
x

3 + x
2 + 1) x 6 + x 4 

+- q(x) 

x6 + xs + x3 

xs + x4 + x3 

xs + x4 + x2 

x3 + x2 

x 3 + x 2 + l 

1 +- p(x) 

Hence, from Eq. (16.16a), 

and 

c(x) = x 3d(x) + p(x) 

= x 3(x3 +x) + l 

= x 6 +x4 + l 

C = 1010001 
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We could also have found the code word c directly by using Eq. (16.17c). Thus, 
c(x) = q(x)g(x) = (x3+x2+l)(x3+x2+l) = x 6+x4+l. Weconstructtheentirecode 
table in this manner (Table 16.5). This is quite a laborious procedure. There is, however, a 
shortcut, using the code generating matrix G. Using the earlier procedure, we compute the 
code words corresponding to the data words 1000, 0100, 0010, 0001. These are 1000110, 
0100011, 0010111, 0001101. Now recognize that these four code words are the four rows 
of G. This is because c = dG, and when d = 1000, dG is the first row of G, and so on. 
Hence, 

[ 

1 0 0 0 1 1 OJ 
G= 0 1 0 0 0 1 1 

0 0 1 0 1 1 1 
0 0 0 1 1 0 1 

Now, we can construct the rest of the code table using c = d G. This is an efficient method 
because it allows us to construct the entire code table from the knowledge of only n code 
words. 

Table 16.5 shows the complete code. Note that dmm, the minimum distance between 
two code words, is 3. Hence, this is a single-error correcting code, and 14 of these code 
words can be obtained by successive cyclic shifts of the two code words 1110010 and 
1101000. The remaining two code words 1111111 and 0000000 remain unchanged under 
cyclic shift. 

Cyclic codes can also be described by a generator matrix G (see Probs. 16.3-6 and 
16.3-7). It can be shown that Hamming codes are cyclic codes. 
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Table 16.5 

d 

1111 
1110 
1101 
1100 
1011 
1010 
1001 
1000 
0111 
0110 
0101 
0100 
0011 
0010 
0001 
0000 

C 

1111111 
1110010 
1101000 
1100101 
1011100 
1010001 
1001011 
1000110 
0111001 
0110100 
0101110 
0100011 
0011010 
0010111 
0001101 
0000000 

Cyclic Code Generation 
One of the advantages of cyclic codes is that coding and decoding can be implemented using 
such simple elements as shift registers and modulo-2 adders. A systematic code generation is 
described in Eqs. (16.16). This involves division of xn-kd(x) by g(x) and can be implemented 
by a dividing circuit, which is a shift register with feedback connections according to the 
generator polynomial* g(x) = xn:..._k + g1xn-k-l + • • • + 8n-k-1x + 1. The gain gk's are either0 
or 1. An encoding circuit with n - k shift registers is shown in Fig. 16.2. An understanding of 
this dividing circuit requires some background in linear sequential networks. An explanation 
of its functioning can be found in Peterson and Weldon.1 The k data digits are shifted in one at 
a time at the input with the switch s held at position P1. The symbol D represents a one-digit 
delay. As the data digits move through the encoder, they are also shifted out onto the output 
line, because the first k digits of the code word are the data digits themselves. As soon as 
the last (or kth) data digit clears the last [or (n - k)th] register, all the registers contain the 
parity-check digits. The switch s is now thrown to position p2, and the n - k parity-check 
digits are shifted out one at a time onto the line. 

Data 
input 

k data 
digits 

Figure 16.2 Encoder for systematic cyclic code. 

o--­
P2 

n - k parity-check digits 

* It can be shown that for cyclic codes, the generator polynomial must be of this form. 

EXAMPLE 16.5 
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Decoding 
Every valid code polynomial c(x) is a multiple of g(x). If an error occurs during the trans­
mission, the received word polynomial r(x) will not be a multiple* of g(x). Thus, 

and 

r(x) s(x) 
- = m1(x)+ - (16.18) 
g(x) g(x) 

r(x) 
s(x) = Rem-­

g(x) 
(16.19) 

where the syndrome polynomial s (x) has a degree n - k - 1 or less. 
If e(x) is the error polynomial, then 

r(x) = c(x) + e(x) 

Remembering that c(x) is a multiple of g(x), 

r(x) 
s(x) = Rem--

g(x) 

= Rem c(x) + e(x) 
g(x) 

= Rem e(x) 
g(x) 

(16.20) 

Again, as before, a received word r could result from any one of the 2k code words and a suitable 
error. For example, for the code in Table 16.5, if r = 0110010, this could mean c = 1110010 
and e = 1000000, or c = 1101000 and e = 1011010,.or 14 more such combinations. As seen 
earlier, the most likely error pattern is the one with the minimum weight ( or minimum number 
of l's). Hence, here c = 1110010 and e = 1000000 is the correct decision. 

It is convenient to prepare a decoding table, that is, to list the syndromes for all correctable 
errors. For any r, we compute the syndrome from Eq. (16.19), and from the table we find the 
corresponding correctable error e. Then we determine c = r EB e. Note that computation of 
s(x) [see Eq. (16.18)] involves exactly the same operation as that required to compute p(x) in 
coding [see Eq. (16.17a)]. Hence, the circuit in Fig. 16.2 can also be used to compute s(x). 

Construct the decoding table for the single-error correcting (7, 4) code in Table 16.5. Determine 
the data vectors transmitted for the following received vectors r: (a) 1101101; (b) 0101000; 
(c) 0001100. 

The first step is to construct the decoding table. Because n - k - 1 = 2, the syndrome 
polynomial is of the second order, and there are seven possible nonzero syndromes. There 
are also seven possible correctable single-error patterns because n = 7. Using Eq. (16.20), 
we compute the syndrome for each of the seven correctable error patterns. For example, 
fore = 1000000, e(x) = x 6. Because g(x) = x 3 + x 2 + 1 for this code (see Example 
16.4), we have 

* This assumes that the number of errors in r is correctable. 
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Hence, 

x 3 + x 2 
+x 

x 3 + x 2 + 1) x
6 

x6 + xs + x3 

XS+ X3 

xs + x4 + x2 

x4 + x3 + x2 

x
4 + x 3 + x 

x 2 + x +- s(x) 

s =110 

In a similar way, we compute the syndromes for the remaining error patterns (see Table 

16.6). 

Table 16.6 

e s 

1000000 110 
0100000 011 
0010000 111 
0001000 101 
0000100 100 
0000010 010 
0000001 001 

When the received word r is 1101101, 

r(x) = x 6 +xs +x3 +x
2 + 1 

We now compute s(x) according to Eq. (16.19): 

x3 

x 3 + x 2 + 1) x
6 + xs + x 3 + x 2 + 1 

x6 + xs + x3 

x 2 + 1 

Hence, s = 101. From Table 16.6, this gives e = 0001000, and 

c = r E9 e = 1101101 E9 0001000 = 1100101 

Hence, from Table 16.5 we have 

d=llOO 

In a similar way, we determine for r = 0101000, s = 110 and e = 1000000; hence 
c = r E9 e = 1101000, and d = 1101. For r = 0001100, s = 001 and e = 0000001; 
hence c = r E9 e = 0001101, and d = 0001. 
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Bose-Chaudhuri-Hocquenghen (BCH) Codes 
The BCH codes are perhaps the most powerful of the random-error correcting cyclic codes. 
Moreover, their decoding procedure can be implemented simply. Hamming code is a special 
case of BCH codes. These codes are described as follows: For any positive integers m' and 
t (t < 2m'-1), there exists at-error correcting (n, k) codewithn = 2m' -1 andn-k:::; m't. The 
minimum distance dmin between code words is related by the inequality 2t + 1 :S dmin :::; 2t + 2. 

The detailed treatment of BCH codes requires extensive use of modem algebra and is 
beyond our scope. For further discussion of BCH codes, the reader is referred to Lin and 
Costello2 or Peterson and Weldon. 1 

16.4 BURST-ERROR DETECTING AND CORRECTING CODES 

Thus far we have considered detecting or correcting errors that occur independently, or 
randomly, in digit positions. On some channels, disturbances can wipe out an entire block 
of digits. For instance, a stroke of lightning or a human-made electrical disturbance can affect 
several adjacent transmitted digits. On magnetic storage systems, magnetic tape defects usually 
affect more than one digit. Burst errors are those errors that wipe out some or all of a sequential 
set of digits. In general, random-error correcting codes are not efficient for correcting burst 
errors. Hence, special burst-error correcting codes are used for this purpose. 

A burst of length b is defined as a sequence of digits in which the first digit and the bth 
digit are in error, with the b - 2 digits in between either in error or received correctly. For 
example, an error vector e = 0010010100 has a burst length of 6. 

It can be shown that for detecting all burst errors of length b or less with a linear block 
code oflength n, b parity-check bits are necessary and sufficient.1 We shall prove the sufficiency 
part of this theorem by constructing a code oflength n with b parity-check digits that will detect 
a burst of length b. 

To construct such a code, let us group k data digits into segments of b digits in length 
(Fig. 16.3). To this we add a last segment of b parity-check digits, which are determined 
as follows. The modulo-2 sum of the ith digit in each segment (including the parity-check 
segment) must be zero. For example, the first digits in the five data segments are 1, 0, 1, 1, 
and 1. Hence, we must have Oas the first parity-check digit in order to obtain a modulo-2 sum 
zero. We continue in this way with the second digit, the third digit, and so on, to the bth digit. 
Because parity-check digits are a linear combination of data digits, this is a linear block code. 
Moreover, it is a systematic code. 

It is easy to see that if a digit sequence of length b or less is in error, parity will be violated 
and the error will be detected (but not corrected), and the receiver can request retransmission 
of the digits lost. One of the interesting properties of this code is that b, the number of parity­
check digits, is independent of k (or n), which makes it a very useful code for such systems as 

Parity-check bits Figure 16.3 Burst-error detection. 

---ib digits!+- 1 1 1 I 1 
I I I I I I I 

I 1o11 Io 1 o 1 I 1 1 o 1 i 1 o o o l 11oolo11 1 I 
I I I I I I I 

k data bits 
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packet switching, where the data digits may vary from packet to packet. It can be shown ~at 
a linear code with b parity bits detects not only all bursts of length b or less, but also a high 
percentage of longer bursts. I 

If we are interested in correcting rather than detecting burst errors, we require twice as 
many parity-check digits. A theorem says: In order to correct all burst errors of length b or 
less, a linear block code must have at least 2b parity-check digits. I 

16.5 INTERLACED CODES FOR BURST- AND RANDOM-ERROR 
CORRECTION 

In general, random-error correcting codes are not efficient for burst-error correcting, and 
burst-error correcting codes are not efficient for random-error correcting. Unfortunately, in 
most practical systems, we have errors of both kinds. Out of the several methods pro~osed to 
simultaneously correct random and burst errors, the interlaced code is the most effective. 

For an (n, k) code, if we interlace A code words, we have what is known as a (An, Ak) 
interlaced code. Instead of transmitting code words one by one, we group A code words and 
interlace them. Consider, for example, the case of A = 3 and a two-error correcting (15, 8) code. 
Each code word has 15 digits. We group code words to be transmitted in groups of three. Sup­
pose the first three code words to be transmitted are x (XI, xz, ... , XIs), Y (YI, Yz, • • •, Yis), 

and z (zi, zz, ... , Zis), respectively. Then instead of transmitting xyz in sequence as XI, xz, 

... , XIs, YI, y2, ... , Yis, ZI, z 2, ... , Zis, we transmit XI, YI, ZI, xz, Yz, z2, x3, Y3, Z3, 

... , XIs, Yis, ZIS· This can be explained graphically by Fig. 16.4, where A code words 
(three in this case) are arranged in rows. In usual transmission, we transmit one row after 
another. In the interlaced case, we transmit columns ( of A elements) in sequence. When all 
the 15 (n) columns are transmitted, we repeat the procedure for the next A code words to be 

transmitted. 
To explain the error correcting capabilities of this code, we observe that the decoder 

will first remove the interlacing and regroup the received digits as XI,_xz, ••• , XIs, YI, 

y2, ... , Yis, ZI, z2, ... , ZIS· Suppose the shaded digits in Fig. 16.4 were in error. Because 
the code is a two-error correcting code, two or less errors in each row will be corrected. Hence, 
all the errors in Fig. 16.4 are correctable. We see that there are two random, or independent, 
errors and one burst of length 4 in all the 45 digits transmitted. In general, if the original (n, k) 
code is t-error correcting, the interlaced code can correct any combination oft bursts of length 

A or less. 

Figure 16.4 Random- and burst-error correc-
tion. 

Y1s 
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16.6 CONVOLUTIONAL CODES 

Convolutional ( or recurrent) codes, first introduced in 1955 by Elias,3 differ from block codes 
as follows. In a block code, the block of n code digits generated by the encoder in any particular 
time unit depends only on the block of k input data digits within that time unit. In a convolutional 
code, on the other hand, the block of n code digits generated by the encoder in a particular 
time unit depends not only on the block of k message digits within that time unit but also on 
the block of data digits within a previous span of N - 1 time units (N > 1). For convolutional 
codes, k and n are usually small. Convolutional codes can be devised for correcting random 
errors, burst errors, or both. Encoding is easily implemented by shift registers. As a class, 
convolutional codes invariably outperform block codes of the same order of complexity. 

A convolutional coder with constraint length N consists of an N-stage shift register and 
v modulo-2 adders. Figure 16.5 shows such a coder for the case of N = 3 and v = 2. The 
message digits are applied at the input of the shift register. The coded digit stream is obtained 
at the commutator output. The commutator samples the v moldulo-2 adders in sequence, once 
during each input-bit interval. We shall explain this operation with reference to the input digits 
11010. Initially, all the stages of the register are clear; that is, they are in a 0 state. When the 
first data digit 1 enters the register, the stage sI shows 1 and all the other stages (s2 and s3) are 
unchanged; that is, they are in a 0 state. The two modulo-2 adders show VI = 1 and v2 = 1. 
The commutator samples this output. Hence, the coder output is 11. When the second message 
bit 1 enters the register, it enters the stage sI, and the previous 1 in sI is shifted to s2 . Hence, 
sI and s2 both show 1, and s3 is still unchanged; that is, it is in a O state. The modulo-2 adders 
now show VI = 0 and v2 = 1. Hence, the decoder output is 01. In the same way, when the 
third message digit 0 enters the register, we have sI = 0, s2 = 1, and s3 = 1, and the decoder 
output is 01. Observe that each data digit influences N groups of v digits in the output (in this 
case three groups of two digits). The process continues until the last data digit enters the stage 
sI,* We cannot stop here, however. We add N - 1 number of O's to the input stream (dummy 
or augmented data) to make sure that the last data digit (0 in this case) proceeds all the way 
through the shift register in order to influence the N groups of v digits. Hence, when the input 
digits are 11010, we actually apply 1101000 (the digits augmented by N - 1 zeros) to the 

Data in Figure 16.5 Convolutional coder. 

Coded-sequence output 

* For a systematic code, one of the output digits must be the data digit itself. 
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input of the shift register. It can be seen that when the last digit of the augmented message 
stream enters s1, the last digit of the message stream has passed through all the N stages of 
the register. The reader can verify that the coder output is given by 11 01 01 00 10 11 
00. Thus, there are in all n = (N + k - l)v digits in the coded output for every k data digits. 
In practice, k » N, and, hence, there are approximately kv coded output digits for every k 
data digits, giving an efficiency 'f/ '.::::'. 1/v.* 

It can be seen that unlike the block coder, the convolutional coder operates on a 
continuous basis, and each data digit influences N groups of v digits in the output. 

Code Tree 
Coding and decoding is considerably facilitated by what is known as the code tree, which 
shows the coded output for any possible sequence of data digits. The code tree for the coder 
in Fig. 16.5 with k = 5 is shown in Fig. 16.6. When the first digit is 0, the coder output is 
00, and when it is 1, the output is 11. This is shown by the two tree branches that start at the 
initial node. The upper branch represents 0, and the lower branch represents 1. This convention 
will be followed thro:ughout. At the terminal node of each of the two branches, we follow a 
similar procedure, corresponding to the second data digit. Hence, two branches initiate from 
each node, the upper one for O and the lower one for 1. This continues until the kth data digit. 
From there on, all the input digits are O (augmented digit), and we have only one branch until 
the end. Hence, in all there are 32 (or 2k) outputs corresponding to 2k possible data vectors. 
The coded output for input 11010 can be easily read from this tree (the path shown dashed in 
Fig. 16.6). 

Figure 16.6 shows that the code tree becomes repetitive after the third branch. This can 
be seen from the fact that the two blocks enclosed inside the dashed lines are identical. It means 
that the output from the fourth input digit is the same whether the first digit was 1 or 0. This 
is not surprising in view of the fact that when the fourth input digit enters the shift register, 
the first input digit is shifted out of the register, and it ceases to influence the output digits. 
In other words, the data vector lx1x2x3x4 • • • and the data vector 0x1x2x 3x 4 • • • generate the 
same output after the third group of output digits. It is convenient to label the four third-level 
nodes (the nodes appearing at the beginning of the third branch) as nodes a, b, c, and d (Fig. 
16.6). The repetitive structure begins at the fourth-level nodes and continues at the fifth-level 
nodes, whose behavior is similar to that of nodes a, b, c, and d at the third level. Hence, we 
label the fourth- and fifth-level nodes also as either a, b, c, or d. What this means is that at 
the fifth-level nodes, the first two data digits have become irrelevant; that is, any of the four 
combinations (11, 10, 01, or 00) for the first two data digits will give the same output after the 
fifth node. 

This behavior can be seen from another point of view. When a data bit enters the shift 
register (in stage s1), the output bits are determined not only by the data bit in s1, but by the 
two previous data bits already in stages s3 and s2. There are four possible combinations of the 
two previous bits (in s3 and s2): 00, 01, 10, and 11. We shall label these four states as a, b, c, 

and d, respectively, as shown in Fig. 16.7a. Thus, when the previous two bits are 01 (s3 = 0, 
s2 = 1), the state is b, and so on. The number of states is equal to 2N-l _ 

A data bit O or 1 generates four different outputs, depending on the encoder state. If the 
data bit is 0, the encoder output is 00, 10, 11, or 01, depending on whether the encoder state is 

* In general, instead of shifting one digit at a time, b digits may be shifted at a time. In this case 7/ '.:o:'. b / v. 
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Figure 16.6 Code tree for the coder in Fig. 
16.5. 

a, b, c, or d. Similarly if the_ data bit is 1, the encoder output is 11, 01, 00, or 10, depending 
on whether t~e encoder stat~ 1s ~• b, c, or d. This entire behavior can be concisely expressed 
by the state d~agram shown m ~1g. 16.7b. This is a four-state directed graph used to uniquely 
represent the_ mput-output ~elat10n_ of this encoder. We use solid lines when the input bit is O, 
~nd dashed Imes when the mput bit is 1. For instance, when the encoder is in state a, and we 
mput 1, the encoder output is 11 (dashed line). The encoder now goes to state b for the next 
data bit bec~u~e at this point the previous two bits become s3 = O and s2 = 1. Similarly, when 
~e encoder 1s m state a and the input is 0, the output is 00 (solid line), and the encoder remains 
m state a. Note that the encoder cannot go directly from state a to states cord. From any given 
state, the encoder can go to only two states directly by inputting a single data bit. This is an 
extremely important observation, which will be used later. The encoder goes from state a to 
state b (when the input is 1), or to state a (when the input is 0), and so on. The encoder cannot 
go from a to c in one step. It must go from a to b to c, or from a to b to d to c, and so on. We 
can also verify these facts from the code tree. Figure 16.7b contains the complete information 
of the code tree. 
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State a 

~ State b 

State b 

~ 
[]I] 

State c 

----OTI Stated 

(a) 

Figure 16.7 State diagram of the coder in Fig. 16.5. 

00 

(b) 

Stated 

[IT] 

State a 

[][] 

State c 

[!!I] 

Another useful way ofrepresenting the code tree is the trellis diagram in Fig. 16.8. The 
diagram starts from scratch (all O's in the shift register, that is, state a) and makes transitions 
corresponding to each input data digit. These transitions are denoted by a solid line for the 
next data digit O and by a dashed line for the next data digit 1. Thus, when the first input digit 
is 0, the encoder output is 00 (solid line), and when the input digit is 1, the encoder output is 
11 (dashed line). This is readily seen from Fig. 16.7b. We continue this way with the second 
input digit. After the first two input digits, the encoder is in one of the four states a, b, c, or d, 
as shown in Fig. 16.8. If the encoder is in state a (previous two data digits 00), it goes to state 
b if the next input bit is 1 or remains in state a if the next input bit is 0. In so doing, the encoder 
output is 11 (a to b) or 00 (a to a). Note that the structure of the trellis diagram is completely 
repetitive, as expected, and can be readily drawn using the state diagram in Fig. 16.7b. 

Decoding 
We shall consider two important techniques: (1) maximum-likelihood decoding (Viterbi's 
algorithm) and (2) sequential decoding. 

Maximum-Likelihood Decoding-Viterbi's Algorithm: Among various decoding 
methods for convolutional codes, Viterbi's maximum-likelihood algorithm4 is one of the 
best techniques yet evolved for digital communications where energy efficiency dominates 
in importance. It permits major equipment simplification while obtaining the full performance 
benefits of maximum-likelihood decoding. The decoder structure is relatively simple for short 
constraint lengths, making decoding feasible at relatively high rates of up to 100 Mbit/s. 

The maximum-likelihood receiver implies selecting a code word closest to the received 
word. Because there are 2k code words, the maximum-likelihood decision involves storage of 
2k words and their comparison with the received word. This calculation is extremely difficult 
for large k and would result in an overly complex decoder. 

A major simplification was made by Viterbi in the maximum-likelihood calculation by 
noting that each of the four nodes (a, b, c, and d) has only two predecessors; that is, each node 

\ 
\ 
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\ 
\ 
\ 
\01 
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\ 
\ 
\ 
\ 

01 

d 

Figure 16.8 Trellis diagram for the coder in Fig. 16.5. 
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d d 

can be reached through two nodes only (see Fig. 16.7 or 16.8), and only the path that agrees 
most with the received sequence (the minimum-distance path) need be retained for each node. 
To understand this, consider the trellis diagram in Fig. 16.8. Our problem is as follows: Given 
a received sequence of bits, we need to find a path in the trellis diagram with the output digit 
sequence that agrees most with the received sequence. 

Suppose the first six received digits are 01 00 01. We shall consider two paths of 
three branches (for six digits) leading to each of the nodes a, b, c, and d. Out of the two 
paths reaching into each node, we shall retain only the one that agrees most with the received 
sequence 01 00 01 (the minimum-distance path). The retained path is called the survivor 
at that node. There are two paths ( 00 00 00 and 11 10 11) that arrive at the third-level 
node a. These paths are at distances of 2 and 3, respectively, from the received sequence 
01 00 01. Hence, the survivor at the third-level node a is 00 00 00. We repeat the 
procedure for nodes b, c, and d. For example, the two paths reaching the third-level node c 
(the node after three branches) are 00 11 10 and 11 01 01, at distances of 5 and 2, 
respectively, from the received sequence 01 00 01. Hence, the survivor at the third-level 
node c is 11 01 01. Similarly, we find survivors at the third-level nodes b and d. With 
four paths eliminated, the four survivor paths are the only contenders. The reason behind 
eliminating the other four paths is as follows. The two paths merging at the third-level node a, 
for example, imply that the previous two data digits are identical (viz., 00). Hence, regardless 
of what the future data digits are, both paths must merge at this node a and follow a common 
path in the future. Clearly, the survivor path is the minimum-distance path between the two, 
regardless of future data digits. What we need to remember is the four survivor paths and their 
distances from the received sequence. In general, the number of survivor paths is equal to the 
number of states, that is, 2N-l. 

Once we have survivors at all the third-level nodes, we look at the nexttwo received digits. 
Suppose these are 00 (i.e., the received sequence is 01 00 01 00). We now compare the 
two survivors that merge into the fourth-level node a. These are the survivors at nodes a and c of 
the third level, with paths 00 00 00 00 and 11 01 01 11, respectively, and distances 
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of 2 and 4 from the received sequence 01 00 01 00 . Hence, the path 00 00 00 00 
is the survivor at the fourth-level node a. We repeat this procedure for nodes b, c, and d and 
continue in this manner until the end. Note that only two paths merge in a node and there are 
only four contending paths (the four survivors at nodes a, b, c, and d) until the end. The only 
remaining problem is how to truncate the algorithm and ultimately decide on one path rather 
than four. This is done by forcing the last two data digits to be 00 (dummy or augmented data). 
When the first dummy O enters the register, we consider the survivors only at nodes a and c. 
The survivors at nodes b and d are discarded because these nodes can be reached only when 
the input bit is 1, as seen from the state or trellis diagram. When the second dummy 0 enters 
the register, we consider only the survivor at node a. We discard the survivor at node c because 
the last two dummy data bits 00 lead the encoder to state a. In terms of the trellis diagram, this 
means that the number of states is reduced from four to two ( a and c) by insertion of the first 
zero and to a single state (a) by insertion of the second zero. 

With the Viterbi algorithm, storage and computational complexity are proportional to 2N 

and are very attractive for constraint length N < 10. To achieve very low error probabilities, 
longer constraint lengths are required, and sequential decoding (to be discussed next) becomes 
attractive. 

Sequential Decoding: In this technique, proposed by Wozencraft, the decoder com­
plexity increases linearly rather than exponentially. To explain this technique, let us consider 
a coder with N = 4 and v = 3 (Fig. 16.9). The code tree for this coder is shown in Fig. 16.10. 
Each data digit generates three (v = 3) output digits but affects four groups of three digits (12 
digits) in all. 

In this decoding scheme, we observe only three ( or v) digits at a time to make a tentative 
decision, with readiness to change our decision if it creates difficulties later. A sequential 
detector acts much like a driver who occasionally makes a wrong choice at a fork in the road, 
but quickly discovers the error (because of road signs), goes back, and tries the other path. 

Applying this insight to our decoding problem, the analogous procedure would be as 
follows. We look at the first three received digits. There are only two paths of three digits from 

Data input Figure 16.9 Convolution coder. 

Coded sequence 

000 

000 

111 

t 
0 

1 

i 
010 

101 

16.6 Convolutional Codes 

Input message 

.--oo_o--+_o-'-00--+_o_o_o-+-o_o_o-1---=-oo:.:o_ 00000 
111 010 011 011 000 
010 011 011 000 000 
101 001 000 011 000 
011 011 000 000 000 
100 001 011 011 000 

001 000 011 000 000 
110 010 000 011 000 
011 000 000 000 000 
100 010 011 011 000 
001 011 011 000 000 
110 001 000 011 000 
000 011 000 000 000 
111 001 011 011 000 

010 000 011 000 000 

101 010 000 011 000 

000 000 000 000 000 
111 010 011 011 000 
010 011 011 000 000 
101 001 000 011 000 
011 011 000 000 000 
100 001 011 011 000 

001 000 011 000 000 
110 010 000 011 000 
011 000 000 000 000 

010 011 011 000 
011 011 000 000 
001 000 011 000 
011 000 000 000 

111 001 011 011 000 
010 000 011 000 000 
101 010 000 011 000 

00001 
00010 

10110 

11101 

11110 
11111 

Figure 16.10 Code tree for the coder in Fig. 16.9. 
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the initial node n 1. We choose that path whose sequence is at the shortest Hamming distance 
from the first three received digits. We thus progress to the most likely node. From this node 
there are two paths of three digits. We look at the second group of the three received digits 
and choose that path whose sequence is closest to these received digits. We progress this way 
until the fourth node. If we were unlucky enough to have a large number of errors in a certain 
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received group of v digits, we will take a wrong tum, and from there on we will find it more 
difficult to match the received digits with those along the paths available from the wrong node. 
This is the clue to the realization that an error has been made. Let us explain this by an example. 

Suppose a data sequence 11010 is encoded by the coder in Fig. 16.9. Because N = 4, 
we add three dummy O's to this sequence so that the augmented data sequence is 11010000. 
The coded sequence will be (see the code tree in Fig. 16.10) 111 101 001 111 001 011 
011 000.Letthereceivedsequencebe 101 011 001 111 001 011 011 000 (three 
errors: one in the first group and two in the second group). We start at the initial node n1. The 
first received group 101 (one error) being closer to 111, we make a correct decision to go to 
node n2. But the second group 001 (two errors) is closer to 010 than to 101 and will lead us 
to the wrong node n; rather than to n3 . From here on we are on the wrong track, and, hence, 
the received digits will not match any path starting from n;. The third received group is 001 
and does not match any sequence starting at n; (viz., 001 and 100). But it is closer to 011. 
Hence, we go to node n~. Here again the fourth received group 111 does not match any group 
starting at n~ (viz., 011 and 100). But it is closer to 011. This takes us to node n;. It can be 
seen that the Hamming distance between the sequence of 12 digits along the path n1n2n;n~n; 
and the first 12 received digits is 4, indicating four errors in 12 digits (if our path is correct). 
Such a high number of errors should immediately make us suspicious. If Pe is the digit error 
probability, then the expected number of errors ne ind digits is Ped, Because Pe is on the 
order of 10-4 to 10-6, four errors in 12 digits is umeasonable. Hence, we go back to node n; 
and try the lower branch, leading ton;. This path n1n2n~n;n; is even worse than the previous 
one, because it gives five errors in 12 digits. Hence, we go back even farther to node n2 and 
try the path leading to n3 and farther. We find the path n1n2n3n4n5, giving three errors. If we 
go back still farther to n1 and try alternate paths, we find that none yields less than five errors. 
Thus, the correct path is taken as n1n2n3n4n5, giving three errors. If we go back still farther 
to n1 and try alternate paths, we find that none yields less than five errors. Thus, the correct 
path is taken as n1n2n3n4n5. This enables us to decode the first transmitted digit as 1. Next, 
we start at node n2, discard the first three received digits, and repeat the procedure to decode 
the second transmitted digit. We repeat this until all the digits are decoded. 

. The next important question concerns the criterion for deciding when the wrong path is 
chosen. The plot of the expected number of errors ne as a function of the number of decoded 
digits dis a straight line (ne = Ped) with slope Pe, as shown in Fig. 16.11. The actual number 
of errors along the path is also plotted. If the errors remain within a limit (the discard level), 
the decoding continues. If at some point it is found that the errors exceed the discard level, we 
go back to the nearest decision node and try an alternate path. If errors still increase beyond 
the discard level, we then go back one more node along the path and try an alternate path. The 
process continues until the errors are within the set limit. By making the discard level very 
stringent (close to the expected error curve), we reduce the average number of computations. 
On the other hand, if the discard level is made too stringent, the decoder will discard all possible 
paths in some extremely rare cases where the noise may cause an unusually large number of 
errors. This difficulty is usually resolved by starting with a stringent discard level. If on rare 
occasions the decoder rejects all paths, the discard level can be relaxed bit by bit until one of 
the paths is acceptable. 

It can be shown that the error probability in this scheme decreases exponentially as N, 
whereas the system complexity grows only linearly with k. The efficiency is TJ ::::: 1/v. It can be 
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Figure 16.11 Setting the threshold in se-
quential decoding. 

t 
n, 

shown that for TJ < T/o, the average number of incorrect branches searched per decoded digit 
is bounded, whereas for T/ > T/o it is not; hence T/o is called the computational cutoff rate. 

There are several disadvantages to sequential decoding: 

1. The number of incorrect path branches, and consequently the computation complexity, is a 
random variable depending on the channel noise. 

2. To make storage requirements easier, the decoding speed has to be maintained at 10 to 20 
times faster than the incoming data rate. This limits the maximum data rate capability. 

3. The average number of branches can occasionally become very large and may result in a 
storage overflow, causing relatively long sequences to be erased. 

A third technique for decoding convolutional codes is feedback decoding, with threshold 
decoding5 as a subclass. Threshold decoders are easily implemented. Their performance, 
however, does not compare favorably with the previous two methods. 

16.7 COMPARISON OF CODED AND UNCODED SYSTEMS 

It is instructive to compare the error probability of coded and uncoded schemes under similar 
constraints of power and information rate. 

Let us consider at-error correcting (n, k) code. In this case, k information digits are 
coded into n digits. For a proper comparison, we shall assume that k information digits are 
transmitted in the same time interval over both systems and that the transmitted power S; is 
also maintained the same for both systems. Because only k digits are required to be transmitted 
over the uncoded system (versus n over the coded one), the bit rate Rb is lower for the uncoded 
system by a factor of k/n as compared to the coded system. Hence, for a given power, Eb 

is higher for the uncoded case as compared to the coded case by a factor n / k. This tends to 
reduce the bit error probability for the uncoded case. Let Peu and Pee represent the digit error 
probabilities in the uncoded and coded cases, respectively. 

For the uncoded case, a word of k digits will be received wrong if any one of the k digits 
is in error. If PEu and PEc represent the word error probabilities of the uncoded and coded 
systems, respectively, then 
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PEu = 1 - P(all k digits received correct) 

= 1- (1- Peul 

Peu « 1 

(16.21a) 

(16.21b) 

For at-error correcting (n, k) code, the received word will be in error if more than t errors 
occur in n digits. If P (j, n) is the probability of j errors in n digits, then 

n 

PEc = L P(j,n) 
j=t+l 

Because there are CJ) ways in which j errors can occur inn digits (Example 10.6), 

P(j,n) = G)<Pee)j(l - Peer-j 

and 

n ( ) n j n-j 
PEc = L . (Pee) (1 - Pee) 

j=t+l J 
(16.22) 

For PEc « 1, the first term in the summation in Eq. (16.22) dominates all the other terms, and 
we are justified in ignoring all but the first term. Hence, 

PEe = C: 1)<Pee/+1(1 - Peer-(t+l) (16.23a) 

'.:::'. C: 
1
)(Pee/+l Pee« 1 (16.23b) 

For further comparison, we must assume some specific transmission scheme. Let us 
consider a coherent PSK scheme. In this case for an A WGN channel, 

(16.24a) 

and because Eb for the coded case is k/n times that for the uncoded case, 

(16.24b) 

Hence, 

PEu =kQ(~) (16.25a) 

P&= c:1) [Q (mi) r Pee« l (16.25b) 

To compare coded and uncoded systems, we could plot PEu and PEc as functions of Eb/ :N. 
Because Eqs. (16.25) involve parameters t, n, and k, a proper comparison requires families 

EXAMPLE 16.6 

16.7 Comparison of Coded and Uncoded Systems 757 

Figure 16.12 Comparison of coded and uncoded systems. 

of plots. For the case of a (7, 4) single-error correcting code (t = 1, n = 7, and k = 4), PEc 
and PEu in Eqs. (16.25) are plotted in Fig. 16.12 as a function of Eb/:N. Observe that the 
coded scheme is superior to the uncoded scheme, but the improvement (about 1 dB) is not too 
significant. For large n and k, however, the coded scheme can become significantly superior 
to the uncoded one. For practical channels plagued by fading and impulse noise, coding can 
yield substantial gains. 

Compare the performance of an A WGN BSC using a single-error correcting ( 15, 11) code with 
that of the same system using uncoded transmission, given that Eb/:N = 9.12 for the uncoded 
scheme and coherent PSK is used to transmit the data. 

I 
From Eq. (16.25a), 

PEu = 11Q(✓18.24) = 1.1 X 10-4 

and from Eq. (16.25b), 
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P,c - (~) [ Q ( :!(1824)) r 
= 105(1.37 X 10-4)2 = 1.96 X 10-6 

Note that the word error probability of the coded system is reduced by a factor of 56. 
On the other hand, if we wish to achieve the error probability of the coded transmission 
(1.96 x 10-6) using the uncoded system, we must increase the transmitted power. If E;, 
is the new value of Eb to achieve PEu = l.96 x 10-6, 

( 
(iif{;) -6 PEu = 11Q y N = 1.96 X 10 

This gives Eif N = 10.7. This is an increase over the old value of 9.12 by a factor of 
1.17, or0.7 dB. 
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16.1-1 Golay's (23, 12) codes are threecerror correcting codes. Verify that n = 23 and k = 12 satisfies 
the Hamming bound exactly fort = 3. 

16.1-2 (a) Determine the Hamming bound for a ternary code. 

(b) A ternary (11, 6) code exists that can correct up to two errors. Verify that this code satisfies 
the Hamming bound exactly. 

16.1-3 Confirm the possibility of a (18, 7) binary code that can correct up to three errors. Can this 
code correct up to four errors? 

16.2-1 If G and Hare the generator and parity-check matrices, respectively, then show that 

GHT=O 

16.2-2 Given a generator matrix 

G=[l 1 1] 

construct a (3, l) code. How many errors can this code correct? Find the code word for data 
vectors d = 0 and d = 1. Comment. 

16.2-3 Repeat Prob. 16.2-2 for 

G=[l 1 1 1 1] 

This gives a (5, 1) code. 

Problems 759 

16.2-4 Suppose we wish to increase reliability by repeating a message three times, e.g., by transmitting 
data Oby 000 and 1 by 111. This is a (3, 1) code. 

(a) Is this a systematic code? 

(b) If so, find the generating matrix G. 

16.2-5 Consider the following (k + 1, k) systematic linear block code with the parity-check digit ck+I 

given by 

16.2-6 

(a) Construct the appropriate generator matrix for this code. 

(b) Construct the code generated by this matrix for k = 3. 

( c) Determine the error detecting or correcting capabilities of this code.· 

(d) Show that 

and 

if no error occurs 
if single error occurs 

Consider a generator matrix G for a nonsystematic (6, 3) code: 

[
o 1 1 1 o 1] 

G= 1 1 1 o 1 o 
110001 

Construct the code for this G, and show that dmin, the minimum distance between code words, 
is 3. Consequently, this code can correct at least one error. 

16.2-7 Repeat Prob. 16.2-6 if 

[

1 0 0 0 1 1] 
G= o 1 o 1 o 1 

0 0 1 1 1 0 

16.2-8 Find a generator matrix G for a (15, 11) single-error correcting linear block code. Find the 
code word for the data vector 10111010101. 

16.2-9 For a (6, 3) systematic linear block code, the three parity-check digits c4, cs, and c6 are 

C4 = d1 + d2 + d3 

C5 = d1 +d2 

C6 = d1 +d3 
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(a) Construct the appropriate generator matrix for this code. 

(b) Construct the code generated by this matrix. 

( c) Detennine the error correcting capabilities of this code. 

(d) Prepare a suitable decoding table. 

(e) Decode the following received words: 101100, 000110, 101010. 

16.2-10 (a) Construct a code table for the (6, 3) code generated by the matrix Gin Prob. 16.2-6. 

(b) Prepare a suitable decoding table. 

16.2-11 Construct a single-error correcting (7, 4) linear block code (Hamming code) and the corre­
sponding decoding table. 

16.2-12 For the (6, 3) code in Example 16.1, the decoding table is Table 16.3. Show that if we use this 
decoding table, and a two-error pattern 010100 or 001001 occurs, it will not be corrected. If 
it is desired to correct a single two-error pattern 010100 ( along with six single-error patterns), 
construct the appropriate decoding table and verify that it does indeed correct one two-error 
pattern 010100 and that it cannot correct any other two-error patterns. 

16.2-13 (a) Given k = 8, find the minimum value of n for a code that can correct at least one error. 

(b) Choose a generator matrix G for this code. 

(c) How many double errors can this code correct? 

(d) Construct a decoding table (syndromes and corresponding correctable error patterns). 

16.2-14 Consider a (6, 2) code generated by the matrix 

[~ ~ ! ~ ! n 
(a) Construct the code table for this code and detennine the minimum distance between code 

words. 

(b) Prepare a suitable decoding table. Hint: This code can correct all single-error patterns, 
seven double-error patterns, and two triple-error patterns. Choose the desired seven double­
error patterns and the two triple-error patterns. 

16.3-1 (a) Construct a systematic (7, 4) cyclic code using the generatorpolynomialg(x) = x 3 +x+ 1. 

(b) What are the error correcting capabilities of this code? 

(c) Construct the decoding table. 

(d) If the received word is 1101100, detennine the transmitted data word. 

16.3-2 A three-error correcting (23, 12) Golay code is a cyclic code with a generator polynomial 

g(x) = x 11 + x9 + x7 + x6 + x5 + x + 1 

Detennine the code words for the data vectors 000011110000, 101010101010, and 
11000101011110. 

16.3-3 Factorize the polynomial 

x 3 +x2 +x + 1 

Problems 761 

Hint: A third-order polynomial must have one factor of first order. The only first-order 
polynomials that are prime (not factorable) are x and x + 1. Since x is not a factor of the 
given polynomial, try x + 1. Divide x 3 + x 2 + x + 1 by x + 1. 

16.3-4 The concept explained in Prob. 16.3-3 can be extended to factorize any higher order polyno­
mial. Using this technique, factorize 

x 5 +x4 +x2 + 1 

Hint: There must be at least one first-order factor. Try dividing by the two first-order prime 
polynomials x andx+ 1. The given fifth-order polynomial can now be expressed as </>1 (x )</>4 (x ), 
where ¢ 1 (x) is a first-order polynomial and <f>4 (x) is a fourth-order polynomial which may or 
may not contain a first-order factor. Try dividing 4>4 (x) by x and x + 1. If it does not work, it 
must have two second-order polynomials both of which are prime. The possible second-order 
polynomials are x 2

, x 2 + 1, x2 + x, and x 2 + x + 1. Determine which of these are prime (not 
divisible by x or x + 1). Now try dividing ¢4 (x) by these prime polynomials of the second 
order. If neither divides, ¢4 (x) must be a prime polynomial of the fourth order and the factors 
are¢1 (x) and¢4 (x). 

16.3-5 Use the concept explained in Prob. 16.3-4 to factorize a seventh-order polynomial x 7 + 1. 
Hint: Detennine prime factors of first-, second-, and third-order polynomials. The possible 
third-order polynomials arex3

, x 3 + 1, .x3 +x, x 3 +x + 1, x 3 +x2
, x 3 +x2 + 1, x 3 +x2 +x, 

and x 3 + x 2 + x + 1. See hint in Prob. 16.3-4. 

16.3-6 Equation (16.15) suggests a method of constructing a generator matrix G' for a cyclic code, 

G' = [::=_:_;~:n = [~ :: gz gn-k+l gn:+1 ~ ~ l 
g(x) J O O O g1 gz gn~k+IJ 

where g(x) = g1xn-k + gzxn-k-l + · · · + gn-k+l is the generator polynomial. This is, in 
general, a nonsystematic cyclic code. 

(a) For a single-error correcting (7, 4) cyclic code with a generator polynomial g(x) = 
x 3 + x 2 + 1, find G' and construct the code. 

(b) Verify that this code is identical to that derived in Example 16.3 (Table 16.4). 

16.3-7 The generator matrix G for a systematic cyclic code (see Prob. 16.3-6) can be obtained by 
realizing that adding any row of a generator matrix to any other row yields another valid 
generator matrix, because the code word is formed by linear combinations of data digits. Also, 
a generator matrix for a systematic code must have an identity matrix Ik in the first k columns. 
Such a matrix is formed step by step as follows. Observe that each row in G' in Prob. 16.3-6 is 
a left shift of the row below it, with the last row being g(x ). Start with the kth (last) row g(x). 
Because g(x) is of the order n - k, this row has the element 1 in the kth column, as required. 
For the (k - l)th row, use the last row with one left shift. We require a O in the kth column of 
the (k - l)th row to form lk. If there is a O in the kth column of this (k - l)th row, we accept 
it as a valid (k - l)th row. If not, then we add the kth row to the (k - l)th row to obtain O in 
its kth column. The resulting row is the final (k - l)th row. This row with a single left shift 
serves as the (k - 2)th row. But if this newly formed (k - 2)th row does not have a O in its 
kth column, we add the kth (last) row to it to get the desired 0. We continue this way until all 
k rows are formed. This gives the generator matrix for a systematic (n, k) cyclic code. 
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(a) For a single-error correcting (7, 4) systematic cyclic code with a generator polynomial 
g(x) = x 3 + x2 + 1, find G and construct the code. 

(b) Verify that this code is identical to that in Table 16.5 (Example 16.4). 

16.3-8 (a) Find the generator matrix G' for a nonsystematic (7, 4) cyclic code using the generator 
polynomial g(x) = x 3 + x + 1. 

(b) Find the code generated by this matrix G'. 
( c) Determine the error correcting capabilities of this code. 

16.3-9 Find the generator matrix G for a systematic (7, 4) cyclic code using the generator polynomial 
g(x) = x 3 + x + 1 (see Prob. 16.3-7). 

16.4-1 The simple burst-error detecting code in Fig. 16.3 can also be used as a single-error correcting 
code with a slight modification. The k data digits are divided into groups of b digits in length, 
as in Fig. 16.3. To each group we add one parity-check digit, so that each segment now has 
b + 1 digits (b data digits and one parity-check digit). The parity-check digit is chosen to 
ensure that the total number of l's in each segment of b + 1 digits is even. Now we consider 
these digits as our new data and augment them with the last segment of b + 1 parity-check 
digits, as was done in Fig. 16.3. The data in Fig. 16.3 will be transmitted thus: 

10111 01010 11011 10001 11000 01111 

Show that this (30, 20) code is capable of single.error correction as well as the detection of a 
single burst of length 5. 

16.5-1 Discuss the error correcting capabilities of an interlaced (ln, Ak) cyclic code with 1 = 10 and 
using a three-error correcting (31, 16) BCH code. 

16.6-1 For the convolutional encoder in Fig. 16.5, the received bits are 01 00 01 00 10 11 
11 00. Decode this sequence using Viterbi's algorithm and the trellis diagram in Fig. 16.8. 

I 

Figure Pl 6.6-2 

16.6-2 For the convolutional encoder shown in Fig. P16.6-2: 

(a) Draw the state and trellis diagrams and determine the output digit sequence for the data 
digits 11010100. 

16.7-1 

(b) Use Viterbi's algorithm to decode the following received sequences: 

(i) 100 110 111 101 001 101 001 010 
(ii) 010 

(iii) 111 

110 111 101 101 101 001 010 

110 111 111 001 101 001 101 

Problems 763 

Uncoded data is transmitted using PSK over an AWGN channel with Eb/:Jlf = 9.12. This 
data is now coded using a three-error correcting (23, 12) Golay code (see Prob. 16.1-1) and 
transmitted over the same channel at the same data rate and with the same transmitted power. 

(a) Determine the word error probabilities PEu and PEc for the coded and the uncoded systems. 

(b) If it is decided to achieve the error probability PEc computed in part (a) using the uncoded 
system by increasing the transmitted power, determine the required value of Eb/ N. 



Appendix A 
ORTHOGONALITY OF 
SOME SIGNAL SETS 

A.1 Orthogonality of the Trigonometric and Exponential Signal Set 

Consider an integral I defined by 

I = f cos nwot cos mwot dt 
}To 

(A.la) 

where f To stands for integration over any contiguous interval of To = 2n / wo seconds. By 
using a trigonometric identity (see Appendix D), Eq. (A.la) can be expressed as 

I = ~ [£
0 

cos (n + m)wot dt + £
0 

cos (n - m)wot dt] (A.lb) 

Since cos wot executes one complete cycle during any interval of To seconds, cos (n + m )wot 
executes (n + m) complete cycles during any interval of duration To. Therefore, the first integral 
in Eq. (A.lb), which represents the area under (n + m) complete cycles of a sinusoid, equals 
zero. The same argument shows that the second integral in Eq. (A.1 b) is also zero, except when 
n = m. Hence, I in Eq. (A.lb) is zero for all n =I= m. When n = m, the first integral in Eq. 
(A.lb) is still zero, but the second integral yields 

Thus, 

f cos nwot cos mwot dt = { ~o 
}¼ 2 

Using similar arguments, we can show that 

764 

f sin nwot sin mwot dt = { ~o 
}¼ 2 

n =I= m 

m=n:/=O 

n =I= m 

n=m:/=O 
(A.2b) 
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and 

f sin nwot cos mw0t dt = 0 
}To 

all n and m 

A.2 Orthogonality of the Exponential Signal Set 

(A.2c) 

The set of exponentials ejnwot (n = 0, ± 1, ±2, ... ) is orthogonal over any interval of duration 
To, that is, 

{ ejrnwot (ejnwot)* dt = { ej<m-n)wot dt = { 0 
}¼ }¼ ~ 

Let the integral on the left-hand side ofEq. (A.3) be J, 

I = { ejrnwot (ejnwot)* dt 
}To 

m :/= n 
m=n 

(A.3) 

= { ej(m-n)wotdt (A.4) 
}To 

The case m = n is trivial. In this case the integrand is unity, and I = To. When m =I= n, 

I = l ej(rn-n)wot lt1+To 
j(m - n)wo 11 

= . l ej(rn-n)wot1 [ej(rn-n)woTo _ l] = O 
;(m - n)wo 

The last result follows from the fact that w0T0 = 2n, and ejZrrk = 1 for all integral values of k, 



Appendix B 
SCHWARZ INEQUALITY 

Prove the following Schwarz inequality for a pair ofreal finite energy signals f (t) and g(t): 

[lb f (t)g(t) dt r :::: [lb f 2(t) dt J [lb g2(t) dt J (B.1) 

with equality only if g(t) = cf (t), where c is an arbitrary constant. 
The Schwarz inequality for finite-energy, complex-valued functions X(w) and Y(w) is 

given by 

11_: X(w)Y(w)dwl

2 

=::: 1_: /X(w)/
2
dw 1_: /Y(w)/

2
dw (B.2) 

with equality only if Y(w) = cX*(w), where c is an arbitrary constant. 
We can prove Eq. (B.1) as follows: For any real value of).., we know that 

lb [)..f (t) - g(t)]2dt ~ 0 

or 

Because this quadratic in ).. is nonnegative for any value of ).., its discriminant must be 
nonpositive, and Eq. (B.1) follows. If the discriminant equals zero, then for some value of 
).. = c, the quadratic equals zero. This is possible only if cf (t) - g(t) = 0, and the result 
follows. 

To prove Eq. (B.2), we observe that /X(w)/ and /Y(w)/ are real functions and inequality 
B.l applies. Hence, 

[ r ]2 b b la /X(w)Y(w)/ dw :::'. 1 /X(w)/
2
dw 1 /Y(w)/

2
dw (B.3) 
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with equality only if /Y(w)/ = c/X(w)/, where c is an arbitrary constant. Now recall that 

/lb X(w)Y(w) dw/ :::'. lb /X(w)IIY(w)/ dw = lb /X(w)Y(w)/ dw (B.4) 

with equality if and only if Y(w) = cX*(w), where c is an arbitrary constant. Equation (B.2) 
immediately follows from Eqs. (B.3) and (B.4). 



Appendix C 
GRAM-SCHMIDT 
ORTHOGONALIZATION 
OF A VECTOR SET 

We have defined the dimensionality of a vector space as equal to the maximum number of 
independent vectors in the space. Thus in an N -dimensional space, there can be no more than 
N vectors that are independent. Alternatively, it is always possible to find a set of N vectors that 
are independent. Once such a set is chosen, any vector in this space can be expressed in terms 
of (as a linear combination of) the vectors in this set. This set forms what we commonly refer 
to as a basis set, which forms the coordinate system. This set of N independent vectors is by no 
means unique. The reader is familiar with this fact in the physical space of three dimensions, 
where one can find an infinite number of independent sets of three vectors. This is clear from 
the fact that we have an infinite number of possible coordinate systems. An orthogonal set, 
however, is of special interest because it is easier to deal with as compared to nonorthogonal 
set. If we are given a set of N independent vectors, it is possible to obtain from this set another 
set of N independent vectors that is orthogonal. This is done by the Gram-Schmidt process of 
orthogonalization. 

In the following derivation, we use the result [derived in Eq. (2.26)] that the projection 
(or component) of a vector x2 upon another vector x1 ( see Fig. C.l) is c12x1, where 

X1 • X2 
C12=~Y1 

The error in this approximation is the vector X2 - c12x1, that is, 
X1 ·X2 

Error vector = X2 - --
12
-x1 

lx1 

The error vector, shown dashed in Fig. C.1 is orthogonal to vector x1. 

(C.la) 

(C.lb) 

In order to get a physical insight into this procedure, we shall consider a simple case of 
2-dimensional space. Let x 1 and x2 be two independent vectors in a 2-dimensional space (Fig. 
C.l). We wish to generate a new set of two orthogonal vectors Y1 and Y2 from x1 and x2. For 
convenience, we shall choose 

(C.2) 

We now find another vector y2 that is orthogonal to Y1 ( and x1. Figure C. l shows that the error 
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Figure C.1 Gram-Schmidt process for a 2-
dimensional case. 

Y2 

vector in approximation of X2 by Y1 (shown by dashed lines) is orthogonal to yi, and can be 
taken as Y2- Hence, 

X1 • X2 
Y2 =X2- --X1 

lx112 

Y1 ·X2 
=X2-I.Yil2Y1 (C.3) 

Equations (C.2) and (C.3) yield the desired orthogonal set. Note that this set is not unique. 
There is an inifinite number of possible orthogonal vector sets (y1 , Y2) that can be generated 
from (x1, x2). In our derivation, we could as well have started with y = X2 instead of Y1 = x1. 
This starting point would have yielded an entirely different set. 

The reader can extend these results to a 3-dimensional case. If vectors x 1 , x2, X3 form 
an independent set in this space, then we form vectors y1 and y2 as in Eqs (C.2) and (C.3). To 
determine y3, we approximate x3 in terms of vectors y1 and y 2 . The error in this approximation 
must be orthogonal to both y1 and Y2 and, hence, can be taken as the third orthogonal vector 
y3 . Hence, 

y3 = X3 - sum of projections of x3 ony1 andy2 

Y1 • X3 Y2 • X3 
= X3 - i.Yil2Y1 - i.Y212Y2 (C.4) 

These results can be extended to an N -dimensional space. In general, if we are given N 
independent vectors X1, x 2 , ... , XN, then proceeding along similar lines, one can obtain an 
orthogonal set Y1, Y2, ... , YN, where 

and 

j-1 
"'Yk. Xj 

Jj = Xj - B 1Ykl2 Yk j = 2, 3, ... , N (C.5) 

Note that this is one of the infinitely many orthogonal sets that can be formed from the set 
x1, x2, ... , XN, Moreover, this set is not an orthonormal set. The orthonormal set y1 , y2, ... , 

YN can be obtained by normalizing the lengths of the respective vectors, 

A Yk 
Yk=[.yJ 
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We can apply these concepts to signal space, because one-to-one correspondence exists between 
signals and vectors. If we have N independent signals x1 (t), x2(t), ... , XN(t), we can fonn 
a set of N orthogonal signals Y1 (t), yz(t), ... , YN(t) as 

where 

Yl (t) = x(t) 

j-1 

Yj(t) = Xj(t) - I>kjYk(t) j = 2,3, ... , N 
k=l 

J Yk(t)Xj (t) dt 
Ck· -1 

- f y;(t)dt 

(C.6) 

(C.7) 

Note that this is one of the infinitely many possible orthogonal sets that can be formed from 
the setx1 (t), x2(t), ... , XN(t). The set can be normalized by dividing each signal yj(t) by its 
energy. 

EXAMPLE C.1 
The exponential signals 

g1(t) = e-Ptu(t) 

g2(t) = e-Zpt u(t) 

gN(t) = e-Nptu(t) 

fonn an independent set of signals in N -dimensional space, where N may be any integer. This 
set, however, is not orthogonal. We can use the Gram-Schmidt process to obtain an orthogonal 
set for this space. If Y1 (t), yz(t), ... , YN(t) is the desired orthogonal basis set, we choose 

Y1(t) = g1(t) = e-Ptu(t) 

From Eqs. (C.6) and (C.7) we have 

Yz(t) = Xz(t) - C12Y1(t) 

where 

Hence, 

J::'
00

y1 (t)xz(t) dt 

C12 = f::'oo Yf (t) dt 

= 
fooo e-pt e-2pt dt 

fte-Zpt dt 

2 
= -

3 

Yz(t) = (e-Zpt - ~e-Pt)u(t) 

Similarly, we can proceed to find the remaining functions y3(t), ... , YN(t), and so on. The 
reader can verify that all this represents a mutually orthogonal set. 

Appendix D 
MISCELLANEOUS 

D.1 L'Hopital's Rule 

If lim f (x)/ g(x) results in the indeterministic fonn 0/0 or 00/00, then 

lim f (x) = lim j(x) 
g(x) g(x) 

D.2 Taylor and Maclaurin Series 

(x - a) . (x - a )2 

f (x) = f (a)+ 
1
, f (a)+ --J(a) + ... 
. 2! 

2 

f(x) = /(0) + ;, j(0) +; f(0) + · ·. 
. 2. 

D.3 Power Series 

x x 2 x 3 xn 
e =l+x+-+-+···+-+··· 

2! 3! n! 

. x 3 x 5 x 7 

smx = x - - + - - - + ... 
3! 5! 7! 
x2 x4 x6 xs 

cosx = 1 - - + - - - + - - ... 
2! 4! 6! 8! 

x 3 2x5 17x7 
tanx =x+-+- +--+··· 

3 15 315 
71:2 

X2<-
4 

-x
2
/2 ( 

X --- --+------+ Q( ) _ e 1 1 1 • 3 1 . 3 . 5 ) 
x./iii x 2 x4 x6 ••• 
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n n(n - 1) 2 n(n - l)(n - 2) 3 (n) k n 
(1 + x) = 1 + nx + 

2
! x + 

3
! x + • • • + k x + .. • + x 

~ 1 + nx lxl « 1 

1 2 3 --=l+x+x +x + ... 
1-x 

D.4 Sums 

D.5 Complex Numbers 

e±jrr/2 = ±j 

e±jnrr = { 1 
-1 

n even 
n odd 

e±je = cose ± j sine 

a+ jb = rej0 

(rej0l = rkejk0 

(r1ej01 )(r2ej02 ) = r1r2ej(ei+0z) 

D.6 Trigonometric Identities 

e±jx = cosx ± j sinx 

1 . . 
cosx = -(e1x + e-JX) 

2 
1 . . 

sinx = 
2

j (e1x - e-1x) 

cos ( x ± i) = =f sin x 

a I= b 

lxl < 1 

sin (x ± ~) = ±cosx 

2 sinx cosx = sin 2x 

sin2 x + cos2 x = 1 

cos2 x - sin2 x = cos 2x 

2 1 
cos x = 2(1 +cos2x) 

. 2 1 
sm x = 2(1- cos2x) 

3 1 
COS X = 4 (3 COS X + COS 3x) 

• 3 1 . . 
sm x = 4(3smx - sm3x) 

sin(x ± y) = sinx cosy± cosx sin y 

cos(x ± y) = cosx cosy =f sinx siny 

tan(x±y)= tanx±tany 
1 =ftanxtany 

. . 1 
smx smy = 2[cos (x - y) - cos (x + y)] 

1 
cosxcosy = 2[cos(x -y) +cos(x + y)] 

sinx cosy= ![sin (x - y) + sin (x + y)] 
2 

acosx + bsinx = C cos (x + 0) 

APPENDIX D: MISCELLANEOUS 

in which C = J a2 + b2 and e = tan-1 ( ~b) 

D.7 Indefinite Integrals 

f udv = uv - f vdu 

ff (x)g(x) dx = f (x)g(x) - f j(x)g(x) dx 

f
. 1 

sm ax dx = ---;;_ cos ax 
/ 

1 . 
cosaxdx =--;;_ smax 

sm axdx = - - -- cos2 axdx = - +--f . 2 x sin2ax f x sin2ax 
2 4a 2 4a 

f . d I . xsmax x = a2 (smax -axcosax) 
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f x cos ax dx = _!_(cos ax+ ax sin ax) 
a2 

f x2 sin ax dx = _!__(2ax sin ax+ 2cosax - a
2
x

2 
cos ax) 

a3 

f 
1 22· ) 

x2 cos ax dx = - (2ax cos ax - 2 sin ax + a x sm ax 
a3 

f 
. . sin (a - b)x sin (a+ b)x a2 =I=- b2 

smaxsmbxdx= l(a-b) - l(a+b) 

f [cos (a - b)x cos (a+ b)x] a2 =I=- b2 
sinaxcosbxdx=- l(a-b) + 2(a+b) 

f 
sin (a - b)x sin (a+ b)x a2 "I- b2 

cosaxcosbxdx= l(a-b) + 2(a+b) 

f 
eax . 

eax sinbxdx = ---=-(a smbx - bcosbx) 
a2 +b2 

f eax cos bx dx = _e_ax-(a cos bx+ b sin bx) 
a2 +b2 

f 
1 1 -1 X 

---dx = -tan -
x2 + a2 a fl 

f x dx = ~ ln (x2 + a2) 
x2 +a2 2. 
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2-binary I-quaternary (2BlQ), 371 
Aliasing error (spectral folding), 60, 133, 257 
Alternate mark inversion (AMI), 295, 306, 359 
American national standards institute (ANSI), 

432 
Amplitude modulation (AM), 162-170, 

537-541, 718 
Amplitude phase shift keying (APK), 341 
Amplitude shift keying, 337-339, 591, 595 
Amplitude spectrum, 49, 74 
Analog-to-digital conversion, 5,265 
Analog message, 3 
Analog signals, 20 

conversion to digital, 5, 265-270 
Angle modulation, 208,209,541 
Asymmetric digital subscriber line (ADSL), 393 
Asynchronous transfer mode (ATM), 383 
Autocorrelation function, 40, 125, 127,490 
Avalanche photodiode (APD), 423 

Bandpass limiter, 234 
Bandpass signals, 95, 514 

distortionless transmission, 102 
Bandwidth, 8, 81 

and duration of signal, 89 
essential, 117 
of product of signals, 89 
ofrect function, 81 

Baseband signal, 1, 151 
Basic rate interface (BRI), 369 
Bayes' receiver, 670 
Bayes' rule, 439 
Bearer channel (B channel), 369 

Bipolar return to zero (BPRZ), 359 
Binary 

with 8 zero substitution (B8ZS), 309, 360 
with 6 zero substitution (B6ZS), 309 

Binary 8 zero suppression (B8ZS), 309, 360 
Binary message, 3, 20 
Binary symmetric channel (BSC) 447 

channel capacity of, 696 
Bipolar (pseudotemary) signaling, 295, 306 
Bit (binary digit), 263 
Bit error rate (BER), 584, 609, 613, 617 
Bit stuffing, 345 
Block codes, 728, 731 
Bose-Chaudhuri-Hocquenghen (BCH) codes, 

745 
Broadband ISDN (BISDN), 390 
Butterworth filters, 108 
Burst-error-detection and -correction codes, 745 

Capture effect, 242 
Capture range of PLL, 186 
Carrier, 10 
Carrier acquisition, 183 
Carrier communication, 151 
Carson's rule, 219 
Causal systems, 107 
CCITT,275 
Cellular and digital packet data (CDPD), 412 
Cellular telephone, 404,412 
Central-limit theorem, 472 
Channel, 1 
Channel bank, 358 
Channel capacity, 693, 709 

775 
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Channelmatrix,694 
Channel service unit (CSU), 363 
Chebyshev's inequality, 471 
Chip, 407 
Chip rate, 407 
Circuit, switched, 368 
Code-division multiple access (CDMA), 406, 

412,600 
Code efficiency, 687, 728 
Code polynomial, 738 
Code rate, 728 
Code tree, 7 48 
Coefficient of correlation, 36,476, 657 
Coherent detection, 154, 590 
Communication systems, 1 

analog, 532 
digital, 294, 577 

Compact codes, 685 
Companding, 268, 563 
Compressors, 268, 563 
Conditional probability, 439 
Conjugate symmetry property, 75 . 
Consultative Committee on Intemauonal 

Telegraphy and Telephony (CCITT), 275 
Continuous-time signals, 20 
Convolutional codes, 728, 747 
Correlation, 35, 473-476 
Correlation coefficient, 36 
Correlation functions, 39 
Correlator detector, 581 
Costas loop, 187 
Cross-correlation function, 40, 509 
Cross-power spectral density, 510 
Cumulative distribution function (CDF), 449 
Cyclic codes, 737-746 
Cyclostationary random process, 504n 

D4 framing (DF), 355 
Data channel (D channel), 369 
Decision regions, 646 
Deemphasis, 243 
Delta modulation, 281-288 

adaptive, 285 
comparison with PCM, 287 
double integration, 285 
output SNR, 286 
overloading in, 284--285 
threshold of coding, 284 

Demodulation, 10, 154, 161, 167,177,233 
Detection error probability, 329, 586-589 
Deviation ratio, 219 
Differential coding, 318,600 
Differential GPS, 416 

Differential pulse code modulation (DPCM), 
278-281 

Differentially coherent phase-shift keying 
(DPSK), 599 

Digit interleaving, 343 
Digital carrier systems, 337, 590 
Digital communication systems, 4, 294, 577 

advantages of, 263 
Digital filters, 109 
Digital hierarchy, 346-348 
Digital multiplexing, 342 
Digital service unit (DSU), 363 
Digital signal cross connect, level 1 (DSXl), 

363 
Digital signal at level one (DSl), 355 
Digital signal at level zero (DSO), 354 
Digital signals, 3, 20 

noise immunity of, 4, 263 
Direchlet conditions, 49 

strong,49 
weak, 49 

Direct sequence spread spectrum (DS/SS), 407, 
602 

Discrete cosine transform (DCT), 396 
Discrete Fourier transform, 60, 130 
Discrete multitone (DMT), 394 
Discrete-time signals, 20 
Dispersion 

material, 425 
multimode, 425 
profile, 425 
waveguide, 425 

Distortion, 110 
in audio and video signals, 104 
due to multipaths, 114 
linear, 110 
nonlinear, 111 

Distortionless transmission, 102 
Double sideband modulation (DSB), 152, 534 
Duality, time frequency, 86 
Duobinary signaling, 295,317,527 

modified, 296n 

Elastic store, 345 
Energy, 15 

of complex signals, 15 
of modulated signals, 120 

Energy spectral density (ESD), 116, 121 
Ensemble of a random process, 487 
Entropy of a source, 682 
Envelope detection, 168, 233, 538 
Envelope (group) delay, 104n 
Equalizer, 323-325 

automatic and adaptive, 326 

least mean square error (LMSE), 326 
zero-forcing, 323 

Equivalent signal set, 662 
Equivocation, 694 
Error-free communication, 690,699, 712 
Essential bandwidth, 117, 134 
Estimation, linear mean square, 476 
Events, 435 

compliment of, 435 
disjoint, 436 
independent, 439 
intersection of, 436 
joint, 436 
mutually exclusive, 436 
union of, 435 

Extended superframe (ESF), 277, 356 

Fading, 115 
selective, 115 

Fast Fourier transform, 61, 135 
Feedback decoding, 755 
Fiber-to-the-curb (FTTC), 393 
Fiber-optic link around the globe (FLAG), 424 
First-order hold circuit, 134, 255 
Folding frequency, 257 
Fortune magazine, 226 
Fourier series, 43 

convergence at jump discontinuities, 49 
effect of symmetry, 53 
exponential, 53 
generalized, 43 
periodicity of, 47 
trigonometric, 44 
trigonometric, compact, 45 

Fourier transform, 74 
conjugate symmetry property of, 75 
direct, 74 
discrete, 60 
duality (symmetry) property, 86 
existence of, 76 
fast, 61 
frequency-convolution property, 98 
frequency-shifting property, 92 
inverse, 74 
linearity of, 76 
scaling property, 88 
symmetry (duality) property, 86 
time-convolution property, 98 
time-differentiation property, 99 
time-integration property, 99 
time-shifting property, 90 

Frame, 355 
Frame relay, 372 
Frequency 

folding, 257 
fundamental, 44 
instantaneous, 208, 209 
nth harmonic, 44 
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Frequency compression feedback (FCF), 555 
Frequency converter (mixer), 160, 189 
Frequency-convolution property, 98 
Frequency discriminators, 236 
Frequency-division multiple access (FDMA), 

410 
Frequency-division mutiplexing, 12, 189 
Frequency domain description of a signal, 49 
Frequency-hopping spread spectrum system 

(FH/SS), 411, 606 
fast hopping, 411 
slow hopping, 411 

Frequency modulation (FM), 10, 211 
Frequency-shift keying (FSK), 337, 592, 598 
Full cosine roll-off characteristic, 314 

Gate function, 78 
Gaussian probability density, 331,452 
Gaussian random process, 632 

bandpass, 519 
transmission through linear systems, 634 

Generalized angle, 209 
Generalized function, 29 
Generator matrix, 731 
Generator polynomial, 738 
Global positioning system (GPS), 413 
Global system for mobile communications 

(GSM), 412 
Graded index fiber, 425 
Gram-Schmidt orthogonalization process, 632, 

768 
Ground reflected wave, 419 
Ground wave, 419 

Hamming bound, 729 
Hamming codes, 730 
Hamming distance, 691, 729 
Hamming sphere, 729 
High definition television (HDTV), 400 
High-bit rate digital subscriber line (HDSL), 364 
High-density bipolar (HDB) signaling, 308 
Hilbert transform, 173 
Hold-in range of PLL, 186 
Hybrid circuit, 427 
Hybrid fiber coax (HFC), 393 

Ideal filters, 106 
Image station, 190 
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Impulse function, 28 
Industrial, scientific, and medical frequency 

band (ISM), 412 
Information measure, 680 
Instantaneous frequency, 208-210 
Integrated services digital network (ISDN), 369 
Interference 

in AM systems, 242n 
in angle-modulated systems, 241 

Interleaving effect, 247 
Intermediate frequency (IF), 189-190, 245 
Interpolation (sine) function, 80 
Intersymbol interference (ISi), 310 

Jitter, 202, 328 

Laplace probability density function, 565 
Lasers, 423 
Light emitting diodes (LED), 423 
Line coding, 295,297 
Linear mean-square estimation, 476 
Linear predictor (estimator), 276,476 
Local access and transport areas (LATA), 432 
Local exchange companies (LEC), 432 
Lock range of PLL, 186 
Logarithmic units, 273 
Low earth orbit (LEO), 405 

Manchester (split-phase) signaling, 304 
M-ary communication, 334,608 
M-ary message, 4,334,608 
Matched filter, 580 
Maximum a posteriori probability (MAP) 

detector, 643 
Maximum frequency deviation, 217 
Maximum length shift register sequences, 601 
Maximum-likelihood decoding, 734, 750 
Maximum-likelihood receiver, 671 
Mean square bandwidth, 549 
Minimax receiver, 672 ~ 
Minimum energy signal set, 664 
Minimum weight vector, 734 
Mobile radio, 404 
Mobile telephone switching office (MTSO), 404 
Modem, 342 
Modified duobinary, 296n 
Modulation, 10, 93 

amplitude (AM), 93, 162, 537, 718 
double sideband (DSB), 152, 534 
frequency (FM), 10, 209 
phase, (PM), 10,209 
single sideband (SSB), 171,535 

vestigial sideband (VSB ), 179 
Modulation index, 164,219 
Modulators 

balanced, 157, 159 
FM,229 
nonlinear, 156 
switching, 157 

Moments of random variables, 466 
Motion picture experts group (MPEG), 396 
Mulitamplitude signaling, 335, 608, 613 
Multipath effect, 114, 605 
Multiphase signaling (MPSK), 611 
Multiple access, 410, 603 
Multiple access interference (MAI), 603 
Multiplexing 

asynchronous channels, 345 
digital, 342 
frequency division, 12, 189 
time division, 12, 261 

Multitone signaling, 615 
Mutual information, 695 

Narrowband angle modulation, 216,548 
Natural binary code (NBC), 262 
Near-far problem, 410,604 
Negative frequency, 57 
Noise, 3 
Noncoherent detection, 594, 618 
Nonreturn to zero (NRZ), pulses, 296 
North American digital hierarchy, 346,365 
Null event, 435 
Nyquist criteria for zero ISi, 310 
Nyquist interval, 253 
Nyquist sampling rate, 253 

On-off keying (OOK), 337 
On-off signaling, 295, 304, 587 
Optical carrier (OC-n), 378 
Optimum filters, 522, 580 
Optimum preemphasis-deemphasis, 567 
Optimum receiver, 626 
Optical communication systems, 422 
Orthogonal set, 42 
Orthogonal signals, 33, 24 
Orthogonal signaling, 588, 615, 658 
Orthogonal vectors, 32 
Orthogonality 

of exponential set, 765 
of trigonometric set, 764 

Orthonormal set, 42 

Packet switched, 368 

Paley-Wiener criterion, 107, 107n 
Partial response signals, 316 
Parity-check digits, 731 
Parity-check matrix, 733 
Parseval's theorem, 59, 115 
PCM, 6, 262, 557 
PCM repeater, 442 
Permanent virtual circuit (PVC), 373 
Phase delay, 104n 
Phase-lock loop (PLL), 184,236,557 

capture (pull-in) range, 186 
hold-in (lock) range, 186 

Phase modulation (PM), 10,209,219 
Phase-shift keying (PSK), 337,339,591 
Phase spectrum, 49, 75 
Plesiochronous, 367 
Pointer, 381 
Polar signaling, 295, 302, 586 
Power 

of complex signals, 15 
of modulated signals, 130 
ofreal signals, 15 

Power spectral density, 123,496 
interpretation of, 126 

Prediction coefficients, 276 
Preemphasis-deemphasis (PDE), 243,567 
Preenvelope, 172n 
Primary rate interface (PRI), 369 
Probability density function (PDF), 331,450 

conditional, 439, 461 
joint, 459 

Pseudonoise (PN) sequence, 407 
generation of, 600 

Pseudotemary (bipolar) signaling, 295 
Public switched telephone network (PSTN), 430 
Pull-in range of PLL, 186 
Pulse-amplitude modulation (PAM), 260 
Pulse-code modulation (PCM), 6, 262, 557 

companded,268,563 
noise due to detection errors, 468-469 
outputSNR,272,559,565 
of quantization noise, 266, 468, 565 
synchronizing and signaling, 276 

Pulse-position modulation (PPM), 260 
Pulse shaping, 310 
Pulse stuffing, 345 
Pulse-width (or duration) modulation (PWM), 

260 

Quadrature-amplitude modulation (QAM), 170, 
341,613,652 

Quadrature multiplexing, 171 
Qualcomm code-excited linear prediction 

(QCELP), 413 

Index 

Quantization, 5,262 
Quantization noise, 265,467, 565 

Raised cosine characteristics, 314 
Rake receiver, 410,606 
Random processes, 487-495 

bandpass, 514 
classification of, 492 
cross-power spectral density, 510 
cyclostationary, 504n 
ergodic, 494 
gaussian, 519, 633 
geometrical representation of, 635 
incoherent, 509 
independent, 509 
mean square value (power) of, 499 
orthogonal, 509 
power spectral density (PSD), 499 
stationary, 492 
uncorrelated, 509 
wide-sense (weakly) stationary, 493 

Random variables, 445 
continuous, 446 
correlation of, 473 
discrete, 445 
means, 463 

Rate of communication, 8, 696, 709, 711 
Ratio detector, 236 
Rayleigh probability density, 461, 595 
Realizable systems, 107 
Rectifier detector, 167 
Redundancy, 13,687 
Regeneration, 358 
Regenerative repeater, 4, 263, 322 
Relative frequency, 436 
Return to zero (RZ) pulses, 296 
Rice probability density, 521,595 
Robbed bit signaling, 277, 356 
Roll-off factor, 314 

Sample function, 487 
Sample point, 435 
Sample space, 435 
Sampling, instantaneous, 251 

practical, 258 
Sampling (sifting) property, 28 
Sampling theorem, 5,251 
Satellite communication systems, 421 
Scaling property of the Fourier transform, 88 
Scatter diagram, 474 
Schwartz inequality, 36, 568, 578, 766 
Scrambling, 319 
Sequential decoding, 752 

779 
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Sidebands, 152 
Signal classification, 20 

aperiodic, 20, 21 
analog, 20 
continuous-time, 20 
deterministic, 24, 434 
digital, 20 
discrete-time, 20 
energy, 20, 23 
periodic, 20, 21 
power, 20, 23 
random,20,24,434 

Signal comparison (correlation), 35 
Signal component, 32 
Signal distortion 

linear, 110 
multipath effect, 114 
nonlinear, 111 

Signal energy, 15, 23 
Signal power, 15, 23 
Signal size, 14 
Signal-to-noise ratio (SNR), 3, 8, 14 

in amplitude-modulated systems, 534-541 
in angle-modulated systems, 541-552 
in baseband systems, 532 
inDM,286 
exchange with bandwidth, 12, 611, 619, 718 
inPCM,272 

Signal space, 626, 642 
Signaling system 7 (SS7), 383 
Signals 

analog, 3, 20 
bandpass, 95 
digital, 3, 20 
energy, 15 
periodic, 21 
power, 15 
vector representation of, 628 

Sign (sgn) function, 84 
Simplex signal set, 668 
Sine function, 80 
Single sideband modulation (SSB), 171-179, 

535 
Sky wave, 419 
Slope detector, 236 
Source encoding, 684 
Spectrum 

amplitude, 49, 75 
continuous, 75 
discrete ( or line), 49 
energy density, 116 
exponential Fourier, 55 
phase, 49, 75 
power density, 123 

Split-phase (twinned binary) signaling, 304 

Spread spectrum systems, 406 
direct sequence (DS/SS), 407, 602 
frequency-hopping, (FH/SS), 411,606 

Square-law detector, 205 
Standard deviation, 467 
Statistical time division multiplexing 

(STATDM), 383 
Stochastic processes, 487 
Superframe,277,355 

extended, 277, 357 
Superheterodyne receiver, 189 
Switched circuit, 368 
Switched multi-megabit data service (SMDS), 

391 
Symmetry (duality) property, 86 
Synchronization,276,328,622 
Synchronous detection or demodulation, 161 
Synchronous optical network (SONET), 379 
Synchronous payload envelope (SPE), 379 
Synchronous transport signal (STS-n), 378 
Synchronous satellite, 421 
Syndrome, 733 
Systematic codes, 731, 740 

T-1 carrier system, 274-278, 343,346,347,355 
Television, 191-201 
Thermal noise, 511,528 
Threshold detection, 39, 455, 579 
Threshold effect, 540, 553, 560 
Time assignment system interpolation, 430 
Time convolution property, 98 
Time correlation, 121, 125 
Time-differentiation property, 99 
Time-division multiple-access (TDMA) 

systems, 345,410,413 
Time-division multiplexing, 12, 261 
Time domain description of a signal, 49 
Time-integration property, 99 
Time-shifting property, 90 
Timing extraction, 328 
Timing jitter, 328, 329 
Tone modulation, 164,220 
Transmission media, 416-427 
Transparency,297 
Transversal filter, 115, 148, 279, 319 
Trellis diagram, 751 
Triangle function, 79 
Tropospheric scattering, 421 
Tropospheric wave, 419 
Trunk circuit, 432 
Twinned binary (split-phase or Manchester) 

signaling, 304 

Unrealizable systems, 107 

Variance,467 
Vector space, 41, 626-628 
Very high data rate ADSL (VDSL), 395 
Vestigal sideband modulation, 179-182 
Vestigal spectrum, 314 
Video-on-demand (VOD), 392 
Virtual channel, (VC), 384 
Virtual path (VP), 384 
Virtual tributary (VT), 379 
Viterbi algorithm, 750 

Index 781 

Voltage-controlled oscillator (VCO), 185, 236 
555 ' 

Weaver's method of SSB generation, 176 
Wiener-Hopf filter, 522 
Wiener-Khinchine relation, 499 

x-DSL, 393 

Zero padding, 132 
Zero-forcing equalizer, 323 
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