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CHAPTER OPENING PHOTO: Flow past a blunt body: On any object placed in a moving fluid there is a stag-
nation point on the front of the object where the velocity is zero. This location has a relatively large pres-
sure and divides the flow field into two portions—one flowing to the left, and one flowing to the right of
the body. (Dye in water.) (Photograph by B. R. Munson.)

Learning Objectives

After completing this chapter, you should be able to:
m discuss the application of Newton’s second law to fluid flows.
m explain the development, uses, and limitations of the Bernoulli equation.

m use the Bernoulli equation (stand-alone or in combination with the continuity
equation) to solve simple flow problems.

m apply the concepts of static, stagnation, dynamic, and total pressures.
m calculate various flow properties using the energy and hydraulic grade lines.

In this chapter we investigate some typical fluid motions (fluid dynamics) in an elementary way.
We will discuss in some detail the use of Newton’s second law (F = ma) as it is applied to fluid
particle motion that is “ideal” in some sense. We will obtain the celebrated Bernoulli equation
and apply it to various flows. Although this equation is one of the oldest in fluid mechanics and
the assumptions involved in its derivation are numerous, it can be used effectively to predict and

The Bernoulli equa- analyze a variety of flow situations. However, if the equation is applied without proper respect
tion may be the most for its restrictions, serious errors can arise. Indeed, the Bernoulli equation is appropriately called
used and abused “the most used and the most abused equation in fluid mechanics.”
equation in fluid A thorough understanding of the elementary approach to fluid dynamics involved in this chap-
mechanics. ter will be useful on its own. It also provides a good foundation for the material in the following
chapters where some of the present restrictions are removed and “more nearly exact” results are
presented.
93
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94 Chapter 3 H Elementary Fluid Dynamics—The Bernoulli Equation

3.1 Newton’s Second Law

Inviscid fluid flow
is governed by
pressure and grav-

ity forces.

Cylindrical

As a fluid particle moves from one location to another, it usually experiences an acceleration or de-
celeration. According to Newton’s second law of motion, the net force acting on the fluid particle
under consideration must equal its mass times its acceleration,

F = ma

In this chapter we consider the motion of inviscid fluids. That is, the fluid is assumed to have zero
viscosity. If the viscosity is zero, then the thermal conductivity of the fluid is also zero and there
can be no heat transfer (except by radiation).

In practice there are no inviscid fluids, since every fluid supports shear stresses when it is
subjected to a rate of strain displacement. For many flow situations the viscous effects are rela-
tively small compared with other effects. As a first approximation for such cases it is often possi-
ble to ignore viscous effects. For example, often the viscous forces developed in flowing water
may be several orders of magnitude smaller than forces due to other influences, such as gravity or
pressure differences. For other water flow situations, however, the viscous effects may be the dom-
inant ones. Similarly, the viscous effects associated with the flow of a gas are often negligible, al-
though in some circumstances they are very important.

We assume that the fluid motion is governed by pressure and gravity forces only and exam-
ine Newton’s second law as it applies to a fluid particle in the form:

(Net pressure force on a particle) + (net gravity force on particle) =
(particle mass) X (particle acceleration)

The results of the interaction between the pressure, gravity, and acceleration provide numerous use-
ful applications in fluid mechanics.

To apply Newton’s second law to a fluid (or any other object), we must define an appropri-
ate coordinate system in which to describe the motion. In general the motion will be three-
dimensional and unsteady so that three space coordinates and time are needed to describe it. There
are numerous coordinate systems available, including the most often used rectangular (x, y, z) and
cylindrical (r, 6, z) systems shown by the figure in the margin. Usually the specific flow geometry
dictates which system would be most appropriate.

In this chapter we will be concerned with two-dimensional motion like that confined to the
x—z plane as is shown in Fig. 3.1a. Clearly we could choose to describe the flow in terms of the
components of acceleration and forces in the x and z coordinate directions. The resulting equations
are frequently referred to as a two-dimensional form of the Euler equations of motion in rectan-
gular Cartesian coordinates. This approach will be discussed in Chapter 6.

As is done in the study of dynamics (Ref. 1), the motion of each fluid particle is described
in terms of its velocity vector, V, which is defined as the time rate of change of the position of the
particle. The particle’s velocity is a vector quantity with a magnitude (the speed, ¥ = |V|) and di-
rection. As the particle moves about, it follows a particular path, the shape of which is governed
by the velocity of the particle. The location of the particle along the path is a function of where
the particle started at the initial time and its velocity along the path. If it is szeady flow (i.e., noth-
ing changes with time at a given location in the flow field), each successive particle that passes
through a given point [such as point (1) in Fig. 3.1a] will follow the same path. For such cases the

Streamlines

X X

(a) (b)

B FIGURE 3.1 (a) Flow in the x—z plane. (b) Flow in terms of streamline and normal
coordinates.
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Fluid particles ac-
celerate normal to
and along stream-
lines.

V3.1 Streamlines
past an airfoil

a,>0

a,>0

a;>0,a,>0

3.1 Newton’s Second Law 95

path is a fixed line in the x—z plane. Neighboring particles that pass on either side of point (1) fol-
low their own paths, which may be of a different shape than the one passing through (1). The entire
x—z plane is filled with such paths.

For steady flows each particle slides along its path, and its velocity vector is everywhere
tangent to the path. The lines that are tangent to the velocity vectors throughout the flow field
are called streamlines. For many situations it is easiest to describe the flow in terms of the
“streamline” coordinates based on the streamlines as are illustrated in Fig. 3.15. The particle
motion is described in terms of its distance, s = s(7), along the streamline from some convenient
origin and the local radius of curvature of the streamline, R = R(s). The distance along the
streamline is related to the particle’s speed by V = ds/dt, and the radius of curvature is related
to the shape of the streamline. In addition to the coordinate along the streamline, s, the coordi-
nate normal to the streamline, 7, as is shown in Fig. 3.1, will be of use.

To apply Newton’s second law to a particle flowing along its streamline, we must write the
particle acceleration in terms of the streamline coordinates. By definition, the acceleration is the
time rate of change of the velocity of the particle, a = dV/dt. For two-dimensional flow in the x—z
plane, the acceleration has two components—one along the streamline, a,, the streamwise accel-
eration, and one normal to the streamline, a,, the normal acceleration.

The streamwise acceleration results from the fact that the speed of the particle generally
varies along the streamline, V' = F{(s). For example, in Fig. 3.1a the speed may be 100 ft/s at
point (1) and 50 ft/s at point (2). Thus, by use of the chain rule of differentiation, the s com-
ponent of the acceleration is given by a, = dV/dt = (V/ds)(ds/dt) = (aV/ds)V. We have used the
fact that speed is the time rate of change of distance, V' = ds/dr. Note that the streamwise ac-
celeration is the product of the rate of change of speed with distance along the streamline, 9¥/ds,
and the speed, V. Since dF/ds can be positive, negative, or zero, the streamwise acceleration
can, therefore, be positive (acceleration), negative (deceleration), or zero (constant speed).

The normal component of acceleration, the centrifugal acceleration, is given in terms of the
particle speed and the radius of curvature of its path. Thus, a, = V'*/%R, where both " and % may
vary along the streamline. These equations for the acceleration should be familiar from the study
of particle motion in physics (Ref. 2) or dynamics (Ref. 1). A more complete derivation and dis-
cussion of these topics can be found in Chapter 4.

Thus, the components of acceleration in the s and » directions, a, and a,,, are given by

v o

a, = a

1
=V a= @3.1)

where R is the local radius of curvature of the streamline, and s is the distance measured along
the streamline from some arbitrary initial point. In general there is acceleration along the stream-
line (because the particle speed changes along its path, d¥/ds # 0) and acceleration normal to the
streamline (because the particle does not flow in a straight line, R # o). Various flows and the ac-
celerations associated with them are shown in the figure in the margin. As discussed in Section
3.6.2, for incompressible flow the velocity is inversely proportional to the streamline spacing.
Hence, converging streamlines produce positive streamwise acceleration. To produce this acceler-
ation there must be a net, nonzero force on the fluid particle.

To determine the forces necessary to produce a given flow (or conversely, what flow results
from a given set of forces), we consider the free-body diagram of a small fluid particle as is shown
in Fig. 3.2. The particle of interest is removed from its surroundings, and the reactions of the

- ~<

z // ~
L Vs Fluid particle >«
/

Streamline/

/ 18
/ F J/
F 2
\\1 F3 //
-

~N— - X

B FIGURE 3.2 Isolation of a small fluid particle in a flow field. (Photo courtesy
of Diana Sailplanes.)
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96 Chapter 3 H Elementary Fluid Dynamics—The Bernoulli Equation

surroundings on the particle are indicated by the appropriate forces present, F,, F,, and so forth.
For the present case, the important forces are assumed to be gravity and pressure. Other forces,
such as viscous forces and surface tension effects, are assumed negligible. The acceleration of grav-
ity, g, is assumed to be constant and acts vertically, in the negative z direction, at an angle 6 rela-
tive to the normal to the streamline.

3.2 F = ma along a Streamline

In a flowing fluid
the pressure varies
from one location
to another.

Consider the small fluid particle of size 8s by 6n in the plane of the figure and 6y normal to the
figure as shown in the free-body diagram of Fig. 3.3. Unit vectors along and normal to the stream-
line are denoted by § and f, respectively. For steady flow, the component of Newton’s second law
along the streamline direction, s, can be written as
> 6F, = dma, = dm Vﬂ/ = p 6¥F Vﬂ/ (3.2)
as as

where X 8F) represents the sum of the s components of all the forces acting on the particle, which
has mass ém = p 8¥%, and V 9V/ds is the acceleration in the s direction. Here, 8% = &8s én 8y is
the particle volume. Equation 3.2 is valid for both compressible and incompressible fluids. That
is, the density need not be constant throughout the flow field.

The gravity force (weight) on the particle can be written as 8W = y 6 ¥, where y = pg is
the specific weight of the fluid (Ib/ft’ or N/m?). Hence, the component of the weight force in the
direction of the streamline is

SW, = —6W sinf = —y 5¥ sin 0

If the streamline is horizontal at the point of interest, then 6 = 0, and there is no component of
particle weight along the streamline to contribute to its acceleration in that direction.

As is indicated in Chapter 2, the pressure is not constant throughout a stationary fluid (Vp # 0)
because of the fluid weight. Likewise, in a flowing fluid the pressure is usually not constant. In gen-
eral, for steady flow, p = p(s, n). If the pressure at the center of the particle shown in Fig. 3.3 is
denoted as p, then its average value on the two end faces that are perpendicular to the streamline are
p + 6p, and p — 8p,. Since the particle is “small,” we can use a one-term Taylor series expansion
for the pressure field (as was done in Chapter 2 for the pressure forces in static fluids) to obtain

_ds
as 2

op,

X

PR g

(p+8p,) 8s oy

Particle thickness = ﬁx /

(p+ op,) 6n Sy

i
— & x/ ‘
§
sw |\ W
on ~Jo
= /Y
Tds0y=0
(p = 6py)on oy
on
6z B FIGURE 3.3 Free
(p— dp,)0s 8y body diagram of a fluid particle for

6,
62

Along streamline

which the important forces are those
due to pressure and gravity.

Normal to streamline
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3.2 F = ma along a Streamline 97

Thus, if 0F), is the net pressure force on the particle in the streamline direction, it follows that

8F,, = (p — p,)dndy — (p + dp,) én 8y = —2 8p, dn dy

The net pressure ps

force on a particle _ _(lp _ _‘lp
is determined by the as 8s on &y as oF

pressure gradient.

Note that the actual level of the pressure, p, is not important. What produces a net pressure
force is the fact that the pressure is not constant throughout the fluid. The nonzero pressure gradi-
ent, Vp = dp/ds § + dp/dn 1, is what provides a net pressure force on the particle. Viscous forces,
represented by T ds dy, are zero, since the fluid is inviscid.

Thus, the net force acting in the streamline direction on the particle shown in Fig. 3.3 is given by

)
SV6F, = 6W, + oF,, = (—7 sin 6 — ap)SV 3.3)
s
By combining Egs. 3.2 and 3.3, we obtain the following equation of motion along the streamline
direction:

9, 14
—7sin0—£=p — = pa, (34)

as as

We have divided out the common particle volume factor, §#, that appears in both the force and
the acceleration portions of the equation. This is a representation of the fact that it is the fluid den-
sity (mass per unit volume), not the mass, per se, of the fluid particle that is important.

The physical interpretation of Eq. 3.4 is that a change in fluid particle speed is accomplished
by the appropriate combination of pressure gradient and particle weight along the streamline. For
fluid static situations this balance between pressure and gravity forces is such that no change in
particle speed is produced—the right-hand side of Eq. 3.4 is zero, and the particle remains sta-
tionary. In a flowing fluid the pressure and weight forces do not necessarily balance—the force
unbalance provides the appropriate acceleration and, hence, particle motion.

_EXAMPLE Ll Pressure Variation along a Streamline

GIVEN Consider the inviscid, incompressible, steady flow FIND Determine the pressure variation along the streamline
along the horizontal streamline 4—B in front of the sphere of ra-  from point 4 far in front of the sphere (x, = — and V, = V;) to
dius a, as shown in Fig. E3.1a. From a more advanced theory of  point B on the sphere (x; = —a and V; = 0).

flow past a sphere, the fluid velocity along this streamline is

3
a
V= Vo(l + 7) 1 VO
x
as shown in Fig. E3.15. 0.75 7,
z
4,/ v o057,
V,=Voi V=i Vz=0 |
. o 0.25 7,
Y B N x
a
N
4\ -3a —2a -la 0
X
(a) (b)
P P
ox
—————— 0.610pVy%la —————— 0.5p¥2
|
|
|
|
|
\ \ I
-3a -2a -a 0 & -3a —-2a -a 0
(c) (d) B FIGURE E3.1
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SOLUTION

Chapter 3 M Elementary Fluid Dynamics—The Bernoulli Equation

Since the flow is steady and inviscid, Eq. 3.4 is valid. In addition,
since the streamline is horizontal, sin § = sin 0° = 0 and the
equation of motion along the streamline reduces to

ap _ 14

— = —pV—

as s M

With the given velocity variation along the streamline, the
acceleration term is

14 14 a 3Vya’
V—=V—=Vl1+3])|—
as ox X X

a3>a3
= —3V2(1 + =)=
0 x3 x4

where we have replaced s by x since the two coordinates are iden-
tical (within an additive constant) along streamline 4—B. It follows
that 7 97/ds < 0 along the streamline. The fluid slows down
from ¥, far ahead of the sphere to zero velocity on the “nose” of
the sphere (x = —a).

Thus, according to Eq. 1, to produce the given motion the
pressure gradient along the streamline is

p 3pa’Vi(1 + a’i®)

ox x*

(2

This variation is indicated in Fig. E3.1c. It is seen that the pres-
sure increases in the direction of flow (dp/dx > 0) from point A
to point B. The maximum pressure gradient (0.610 p¥3/a) occurs
just slightly ahead of the sphere (x = —1.2054). It is the pressure
gradient that slows the fluid down from V, = V; to V3 = 0 as
shown in Fig. E3.1b.

The pressure distribution along the streamline can be obtained
by integrating Eq. 2 from p = 0(gage) at x = — to pressure p at
location x. The result, plotted in Fig. E3.1d, is

p-) 2

COMMENT The pressure at B, a stagnation point since
Vs = 0, is the highest pressure along the streamline (pg = pV3/2).
As shown in Chapter 9, this excess pressure on the front of the
sphere (i.e., p > 0) contributes to the net drag force on the
sphere. Note that the pressure gradient and pressure are directly
proportional to the density of the fluid, a representation of the fact
that the fluid inertia is proportional to its mass.

(Ans)

F | u i d s i n

t h e N e w s

Incorrect raindrop shape The incorrect representation that
raindrops are teardrop shaped is found nearly everywhere—
from children’s books, to weather maps on the Weather Chan-
nel. About the only time raindrops possess the typical teardrop
shape is when they run down a windowpane. The actual shape
of a falling raindrop is a function of the size of the drop and re-
sults from a balance between surface tension forces and the air
pressure exerted on the falling drop. Small drops with a radius
less than about 0.5 mm are spherical shaped because the sur-
face tension effect (which is inversely proportional to drop

size) wins over the increased pressure, pV2/2, caused by the
motion of the drop and exerted on its bottom. With increasing
size, the drops fall faster and the increased pressure causes the
drops to flatten. A 2-mm drop, for example, is flattened into a
hamburger bun shape. Slightly larger drops are actually con-
cave on the bottom. When the radius is greater than about
4 mm, the depression of the bottom increases and the drop
takes on the form of an inverted bag with an annular ring of wa-
ter around its base. This ring finally breaks up into smaller
drops. (See Problem 3.28.)

Streamline

For steady, inviscid
[flow the sum of cer-
tain pressure, ve-
locity, and
elevation effects is
constant along a
streamline.

Equation 3.4 can be rearranged and integrated as follows. First, we note from Fig. 3.3 that along
the streamline sin @ = dz/ds. Also, we can write V' dV/ds = 5d(V'?)/ds. Finally, along the streamline the
value of n is constant (dn = 0) so that dp = (3dp/ds) ds + (dp/on) dn = (dp/ds) ds. Hence, as indi-
cated by the figure in the margin, along a given streamline p(s, n) = p(s) and dp/ds = dp/ds. These
ideas combined with Eq. 3.4 give the following result valid along a streamline

dz dp 1 d(v?)

Vi a2 s

This simplifies to

1
dp + 5 pd(V?) + ydz=0 (along a streamline) 3.5
which, for constant acceleration of gravity, can be integrated to give
d 1
J ?p + 5 V*+ gz=C  (along a streamline) (3.6)

where C is a constant of integration to be determined by the conditions at some point on the
streamline.
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V3.2 Balancing
ball

V3.3 Flow past a
biker

3.2 F = ma along a Streamline 929

In general it is not possible to integrate the pressure term because the density may not be con-
stant and, therefore, cannot be removed from under the integral sign. To carry out this integration we
must know specifically how the density varies with pressure. This is not always easily determined.
For example, for a perfect gas the density, pressure, and temperature are related according to
p = p/RT, where R is the gas constant. To know how the density varies with pressure, we must also
know the temperature variation. For now we will assume that the density and specific weight are con-
stant (incompressible flow). The justification for this assumption and the consequences of compress-
ibility will be considered further in Section 3.8.1 and more fully in Chapter 11.

With the additional assumption that the density remains constant (a very good assumption
for liquids and also for gases if the speed is “not too high”), Eq. 3.6 assumes the following sim-
ple representation for steady, inviscid, incompressible flow.

p+ %p V2 + yz = constant along streamline 3.7

This is the celebrated Bernoulli equation—a very powerful tool in fluid mechanics. In 1738 Daniel
Bernoulli (1700—1782) published his Hydrodynamics in which an equivalent of this famous equa-
tion first appeared. To use it correctly we must constantly remember the basic assumptions used
in its derivation: (1) viscous effects are assumed negligible, (2) the flow is assumed to be steady,
(3) the flow is assumed to be incompressible, (4) the equation is applicable along a streamline. In
the derivation of Eq. 3.7, we assume that the flow takes place in a plane (the x—z plane). In gen-
eral, this equation is valid for both planar and nonplanar (three-dimensional) flows, provided it is
applied along the streamline.

We will provide many examples to illustrate the correct use of the Bernoulli equation and will
show how a violation of the basic assumptions used in the derivation of this equation can lead to
erroneous conclusions. The constant of integration in the Bernoulli equation can be evaluated if suf-
ficient information about the flow is known at one location along the streamline.

L SEULIGEERY The bernoulli Equation

GIVEN Consider the flow of air around a bicyclist moving
through still air with velocity ¥, as is shown in Fig. E3.2.

V,=0 V="V,
FIND Determine the difference in the pressure between points <
(2) (1)
(1) and (2).
SoLuTiON

In a coordinate fixed to the ground, the flow is unsteady as the bi-
cyclist rides by. However, in a coordinate system fixed to the bike,
it appears as though the air is flowing steadily toward the bicyclist
with speed 7. Since use of the Bernoulli equation is restricted to
steady flows, we select the coordinate system fixed to the bike. If
the assumptions of Bernoulli’s equation are valid (steady, incom-
pressible, inviscid flow), Eq. 3.7 can be applied as follows along
the streamline that passes through (1) and (2)

P+ 3pV3 + vz, = p, + 3pVE + vz

We consider (1) to be in the free stream so that V', = ¥ and (2) to
be at the tip of the bicyclist’s nose and assume that z; = z, and
¥V, = 0 (both of which, as is discussed in Section 3.4, are reason-
able assumptions). It follows that the pressure at(2) is greater than
that at (1) by an amount

P> — P = 3pV3 = 3pV} (Ans)

COMMENTS A similar result was obtained in Example 3.1
by integrating the pressure gradient, which was known because

B FIGURE E3.2

the velocity distribution along the streamline, ¥(s), was known.
The Bernoulli equation is a general integration of F = ma. To
determine p, — p;, knowledge of the detailed velocity distri-
bution is not needed—only the “boundary conditions” at (1) and
(2) are required. Of course, knowledge of the value of 7 along
the streamline is needed to determine the pressure at points
between (1) and (2). Note that if we measure p, — p; we can de-
termine the speed, V;. As discussed in Section 3.5, this is the
principle upon which many velocity measuring devices are
based.

If the bicyclist were accelerating or decelerating, the flow
would be unsteady (i.e., ¥, # constant) and the above analysis
would be incorrect since Eq. 3.7 is restricted to steady flow.
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100 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

The difference in fluid velocity between two points in a flow field, V; and V,, can often be
controlled by appropriate geometric constraints of the fluid. For example, a garden hose nozzle
is designed to give a much higher velocity at the exit of the nozzle than at its entrance where it
is attached to the hose. As is shown by the Bernoulli equation, the pressure within the hose must
be larger than that at the exit (for constant elevation, an increase in velocity requires a decrease
in pressure if Eq. 3.7 is valid). It is this pressure drop that accelerates the water through the noz-
zle. Similarly, an airfoil is designed so that the fluid velocity over its upper surface is greater (on
the average) than that along its lower surface. From the Bernoulli equation, therefore, the aver-
age pressure on the lower surface is greater than that on the upper surface. A net upward force,
the lift, results.

3.3 F = ma Normal to a Streamline

N

V3.4 Hydrocyclone
separator

To apply F = ma
normal to stream-
lines, the normal
components of
force are needed.

V3.5 Aircraft wing
tip vortex

In this section we will consider application of Newton’s second law in a direction normal to
the streamline. In many flows the streamlines are relatively straight, the flow is essentially
one-dimensional, and variations in parameters across streamlines (in the normal direction) can
often be neglected when compared to the variations along the streamline. However, in nu-
merous other situations valuable information can be obtained from considering F = ma normal
to the streamlines. For example, the devastating low-pressure region at the center of a tornado
can be explained by applying Newton’s second law across the nearly circular streamlines of
the tornado.

We again consider the force balance on the fluid particle shown in Fig. 3.3 and the figure in
the margin. This time, however, we consider components in the normal direction, fi, and write New-
ton’s second law in this direction as

SmV: pd¥IV?
> 6F, = T (3.8)

where X 8F), represents the sum of n components of all the forces acting on the particle and dm
is particle mass. We assume the flow is steady with a normal acceleration a, = V*/%R, where R is
the local radius of curvature of the streamlines. This acceleration is produced by the change in di-
rection of the particle’s velocity as it moves along a curved path.

We again assume that the only forces of importance are pressure and gravity. The compo-
nent of the weight (gravity force) in the normal direction is

W, = —06W cos@ = —y ¥ cos 6

If the streamline is vertical at the point of interest, & = 90°, and there is no component of the par-
ticle weight normal to the direction of flow to contribute to its acceleration in that direction.

If the pressure at the center of the particle is p, then its values on the top and bottom of the
particle are p + &p, and p — 8p,, where 8p, = (dp/on)(6n/2). Thus, if 6F,, is the net pressure
force on the particle in the normal direction, it follows that

0F,, = (p — 8p,)6s 8y — (p + dp,)ds 6y = —2 8p, Os Oy

dJ )
— L ssondy = —L sy
on on
Hence, the net force acting in the normal direction on the particle shown in Fig 3.3 is given by

J
SV6F, = 8W, + OF,, = (—y cos 6 — ap)SV 3.9)
n

By combining Eqgs. 3.8 and 3.9 and using the fact that along a line normal to the streamline

cos 8 = dz/dn (see Fig. 3.3), we obtain the following equation of motion along the normal direction
d _op pV?

= E P 3.10
Yan " on @ (3.102)
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33 F = ma Normal to a Streamline

The physical interpretation of Eq. 3.10 is that a change in the direction of flow of a fluid
particle (i.e., a curved path, & < o) is accomplished by the appropriate combination of pressure
gradient and particle weight normal to the streamline. A larger speed or density or a smaller radius

of curvature of the motion requires a larger force unbalance to produce the motion. For example,
if gravity is neglected (as is commonly done for gas flows) or if the flow is in a horizontal (dz/dn = 0)

plane, Eq. 3.10 becomes

N

V3.6 Free vortex

p pV?

A a1
P ) (3.10b)

This indicates that the pressure increases with distance away from the center of curvature
(dp/on is negative since pV¥R is positive—the positive n direction points toward the “inside”

of the curved streamline). Thus, the pressure outside a tornado (typical atmospheric pres-
sure) is larger than it is near the center of the tornado (where an often dangerously low
partial vacuum may occur). This pressure difference is needed to balance the centrifugal
acceleration associated with the curved streamlines of the fluid motion. (See Fig. E6.6a in

Section 6.5.3.)

EXAWPLE 3. I —

GIVEN Shown in Figs. E3.3a,b are two flow fields with circu-

lar streamlines. The velocity distributions are
V(r) = (Volro)r for case (a)

and

V(r) _ (Vor”o)

for case (b)
where V, is the velocity at r = rq.

FIND Determine the pressure distributions, p = p(r), for each,
given that p = p, atr = r,.

SoLuTION

We assume the flows are steady, inviscid, and incompressible
with streamlines in the horizontal plane (dz/dn = 0). Because the
streamlines are circles, the coordinate » points in a direction op-
posite that of the radial coordinate, d/dn = —d/dr, and the radius
of curvature is given by R = r. Hence, Eq. 3.9 becomes

ap  pV?

o
For case (a) this gives

4
o = p(Vo/ro)zr

whereas for case (b) it gives

9P _ p(Vo o)
ar r3

For either case the pressure increases as 7 increases since dp/dr > 0.
Integration of these equations with respect to 7 starting with a
known pressure p = p, at r = r, gives

P = po = (V3/2)[(r/re)* — 1] (Ans)

P—Po
Va2

rlrg
()
B FIGURE E33

for case (a) and
p = po = (PV3/2)[1 = (ro/r)*]

for case (b). These pressure distributions are shown in Fig. E3.3¢c.

(Ans)

COMMENT The pressure distributions needed to balance the
centrifugal accelerations in cases (a) and () are not the same be-
cause the velocity distributions are different. In fact, for case (a) the
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pressure increases without bound as » — oo, whereas for case (b) case (b) represents a free vortex (an approximation to a tornado, a
the pressure approaches a finite value as  — co. The streamline  hurricane, or the swirl of water in a drain, the “bathtub vortex™).

patterns are the same for each case, however.

See Fig. E6.6 for an approximation of this type of flow.

Physically, case (a) represents rigid body rotation (as obtained
in a can of water on a turntable after it has been “spun up”’) and

The sum of pres-
sure, elevation, and
velocity effects is
constant across
streamlines.

3.4

If we multiply Eq. 3.10 by dn, use the fact that dp/on = dp/dn if s is constant, and integrate
across the streamline (in the » direction) we obtain

dp V2 .
J ? + J @dn + gz = constant across the streamline 3.11)
To complete the indicated integrations, we must know how the density varies with pressure and
how the fluid speed and radius of curvature vary with n. For incompressible flow the density is
constant and the integration involving the pressure term gives simply p/p. We are still left, how-
ever, with the integration of the second term in Eq. 3.11. Without knowing the » dependence in
V = Vs, n)and R = R(s, n) this integration cannot be completed.

Thus, the final form of Newton’s second law applied across the streamlines for steady, in-
viscid, incompressible flow is

V2
pt+tp J adn + yz = constant across the streamline 3.12)

As with the Bernoulli equation, we must be careful that the assumptions involved in the derivation
of this equation are not violated when it is used.

Physical Interpretation

z

p+%sz+yz

= constant

2
P+ pJ % dn +
= constant

S

/7

&y /4

5‘
.

~

~

In the previous two sections, we developed the basic equations governing fluid motion under a
fairly stringent set of restrictions. In spite of the numerous assumptions imposed on these flows,
a variety of flows can be readily analyzed with them. A physical interpretation of the equations
will be of help in understanding the processes involved. To this end, we rewrite Eqs. 3.7 and 3.12
here and interpret them physically. Application of F = ma along and normal to the streamline re-
sults in

p+ %sz + yz = constant along the streamline 3.13)

and
V2
ptp J adn + yz = constant across the streamline 3.149)

as indicated by the figure in the margin.

The following basic assumptions were made to obtain these equations: The flow is steady
and the fluid is inviscid and incompressible. In practice none of these assumptions is exactly
true.

A violation of one or more of the above assumptions is a common cause for obtaining an
incorrect match between the “real world” and solutions obtained by use of the Bernoulli equa-
tion. Fortunately, many “real-world” situations are adequately modeled by the use of Egs. 3.13
and 3.14 because the flow is nearly steady and incompressible and the fluid behaves as if it were
nearly inviscid.

The Bernoulli equation was obtained by integration of the equation of motion along the “nat-
ural” coordinate direction of the streamline. To produce an acceleration, there must be an unbalance
of the resultant forces, of which only pressure and gravity were considered to be important. Thus,
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there are three processes involved in the flow—mass times acceleration (the p/’?/2 term), pressure
(the p term), and weight (the yz term).

Integration of the equation of motion to give Eq. 3.13 actually corresponds to the work-
energy principle often used in the study of dynamics [see any standard dynamics text (Ref. 1)].
This principle results from a general integration of the equations of motion for an object in a way
very similar to that done for the fluid particle in Section 3.2. With certain assumptions, a statement
of the work-energy principle may be written as follows:

The work done on a particle by all forces acting on the particle is equal to the change
of the kinetic energy of the particle.

The Bernoulli equation is a mathematical statement of this principle.

As the fluid particle moves, both gravity and pressure forces do work on the particle. Recall
that the work done by a force is equal to the product of the distance the particle travels times the
component of force in the direction of travel (i.e., work = F - d). The terms yz and p in Eq. 3.13
are related to the work done by the weight and pressure forces, respectively. The remaining term,
pV?*/2, is obviously related to the kinetic energy of the particle. In fact, an alternate method of de-
riving the Bernoulli equation is to use the first and second laws of thermodynamics (the energy
and entropy equations), rather than Newton’s second law. With the appropriate restrictions, the gen-
eral energy equation reduces to the Bernoulli equation. This approach is discussed in Section 5.4.

An alternate but equivalent form of the Bernoulli equation is obtained by dividing each term
of Eq. 3.7 by the specific weight, vy, to obtain

p .,V :

— + — + z = constant on a streamline

Y 2
Each of the terms in this equation has the units of energy per weight (LF/F = L) or length (feet,
meters) and represents a certain type of head.

The elevation term, z, is related to the potential energy of the particle and is called the eleva-
tion head. The pressure term, p/y, is called the pressure head and represents the height of a column
of the fluid that is needed to produce the pressure p. The velocity term, V%/2g, is the velocity head
and represents the vertical distance needed for the fluid to fall freely (neglecting friction) if it is to
reach velocity V' from rest. The Bernoulli equation states that the sum of the pressure head, the ve-
locity head, and the elevation head is constant along a streamline.

—EXAMPLE E¥-¥ Kinetic, Potential, and Pressure Energy

GIVEN Consider the flow of water from the syringe shown in  plunger will produce a pressure greater than atmospheric at point
Fig. E3.4(a). As indicated in Fig. E3.4b, a force, F, applied to the (1) within the syringe. The water flows from the needle, point (2),

(a)

B FIGURE E34

with relatively high velocity and coasts up to point (3) at the top of

(f)\ its trajectory.
4
\
[‘ A FIND Discuss the energy of the fluid at points (1), (2), and (3) by
€ using the Bernoulli equation.
(2)
Energy Type
Kinetic Potential Pressure
] | Point pV*/2 vz p
1 Small Zero Large
2 Large Small Zero
3 Zero Large Zero

?[

(b)
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If the assumptions (steady, inviscid, incompressible flow) of the
Bernoulli equation are approximately valid, it then follows that
the flow can be explained in terms of the partition of the total en-
ergy of the water. According to Eq. 3.13 the sum of the three types
of energy (kinetic, potential, and pressure) or heads (velocity, ele-
vation, and pressure) must remain constant. The table above indi-
cates the relative magnitude of each of these energies at the three
points shown in the figure.

The motion results in (or is due to) a change in the magnitude
of each type of energy as the fluid flows from one location to an-
other. An alternate way to consider this flow is as follows. The

pressure gradient between (1) and (2) produces an acceleration to
eject the water from the needle. Gravity acting on the particle be-
tween (2) and (3) produces a deceleration to cause the water to
come to a momentary stop at the top of its flight.

COMMENT If friction (viscous) effects were important,
there would be an energy loss between (1) and (3) and for the given
p1 the water would not be able to reach the height indicated in the
figure. Such friction may arise in the needle (see Chapter 8 on
pipe flow) or between the water stream and the surrounding air
(see Chapter 9 on external flow).

F | u i d s i n

t h e N e w s

Armed with a water jet for hunting Archerfish, known for their
ability to shoot down insects resting on foliage, are like subma-
rine water pistols. With their snout sticking out of the water, they
eject a high-speed water jet at their prey, knocking it onto the wa-
ter surface where they snare it for their meal. The barrel of their
water pistol is formed by placing their tongue against a groove in
the roof of their mouth to form a tube. By snapping shut their
gills, water is forced through the tube and directed with the tip of

their tongue. The archerfish can produce a pressure head within
their gills large enough so that the jet can reach 2 to 3 m. How-
ever, it is accurate to only about 1 m. Recent research has shown
that archerfish are very adept at calculating where their prey will
fall. Within 100 milliseconds (a reaction time twice as fast as a
human’s), the fish has extracted all the information needed to pre-
dict the point where the prey will hit the water. Without further vi-
sual cues it charges directly to that point. (See Problem 3.41.)

A net force is required to accelerate any mass. For steady flow the acceleration can be in-
terpreted as arising from two distinct occurrences—a change in speed along the streamline and
a change in direction if the streamline is not straight. Integration of the equation of motion along
the streamline accounts for the change in speed (kinetic energy change) and results in the Bernoulli
equation. Integration of the equation of motion normal to the streamline accounts for the cen-
trifugal acceleration (V2/R) and results in Eq. 3.14.

When a fluid particle travels along a curved path, a net force directed toward the center of cur-

The pressure varia-
tion across straight
streamlines is hy-
drostatic.

vature is required. Under the assumptions valid for Eq. 3.14, this force may be either gravity or pres-
sure, or a combination of both. In many instances the streamlines are nearly straight (R = %) so that
centrifugal effects are negligible and the pressure variation across the streamlines is merely hydro-

static (because of gravity alone), even though the fluid is in motion.

L ILLTTCRER Pressure Variation in a Flowing Sweam

GIVEN Water flows in a curved, undulating waterslide as
shown in Fig. E3.5a. As an approximation to this flow, consider

B FIGURE E3.5a
Schlitterbahn® Waterparks.)

(Photo courtesy of

‘g

Y

Y

B FIGURE E3.5b

the inviscid, incompressible, steady flow shown in Fig. E3.55.
From section 4 to B the streamlines are straight, while from C to D
they follow circular paths.

FIND Describe the pressure variation between points (1) and (2)
and points (3) and (4).
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Static, Stagnation, Dynamic, and Total Pressure

With the above assumptions and the fact that & = oo for the por-
tion from 4 to B, Eq. 3.14 becomes

p + yz = constant

The constant can be determined by evaluating the known variables at
the two locations using p, = 0 (gage), z; = 0,andz, = h, ; to give

=D+ ¥z —z) =py+ vhy (Ans)

Note that since the radius of curvature of the streamline is infinite,
the pressure variation in the vertical direction is the same as if the
fluid were stationary.

However, if we apply Eq. 3.14 between points (3) and (4) we ob-
tain (using dn = —dz)

With p, = 0 and z, — z; = h,_5 this becomes
(Ans)

To evaluate the integral, we must know the variation of /" and R
with z. Even without this detailed information we note that the in-
tegral has a positive value. Thus, the pressure at (3) is less than the
hydrostatic value, yh, ;, by an amount equal to p [7* (V*/R) de.
This lower pressure, caused by the curved streamline, is neces-
sary to accelerate the fluid around the curved path.

COMMENT Note that we did not apply the Bernoulli equa-
tion (Eq. 3.13) across the streamlines from (1) to (2) or (3) to (4).

V
Pyt PJ @(—dz) t yzy = p3 vz

Rather we used Eq. 3.14. As is discussed in Section 3.8, applica-
tion of the Bernoulli equation across streamlines (rather than
along them) may lead to serious errors.

2

3.5 Static, Stagnation, Dynamic, and Total Pressure

Each term in the
Bernoulli equation
can be interpreted
as a form of pres-
sure.

A useful concept associated with the Bernoulli equation deals with the stagnation and dynamic pres-
sures. These pressures arise from the conversion of kinetic energy in a flowing fluid into a “pres-
sure rise” as the fluid is brought to rest (as in Example 3.2). In this section we explore various results
of this process. Each term of the Bernoulli equation, Eq. 3.13, has the dimensions of force per unit
area—psi, Ib/ft2, N/m?. The first term, D, is the actual thermodynamic pressure of the fluid as it
flows. To measure its value, one could move along with the fluid, thus being “static” relative to the
moving fluid. Hence, it is normally termed the sfatic pressure. Another way to measure the static
pressure would be to drill a hole in a flat surface and fasten a piezometer tube as indicated by the
location of point (3) in Fig. 3.4. As we saw in Example 3.5, the pressure in the flowing fluid at (1)
is p; = vhs; + p;, the same as if the fluid were static. From the manometer considerations of Chap-
ter 2, we know that p; = yh, 5. Thus, since sy | + hy_3 = h it follows that p, = yh.

The third term in Eq. 3.13, vyz, is termed the Ahydrostatic pressure, in obvious regard to the hy-
drostatic pressure variation discussed in Chapter 2. It is not actually a pressure but does represent the
change in pressure possible due to potential energy variations of the fluid as a result of elevation changes.

The second term in the Bernoulli equation, p?%/2, is termed the dynamic pressure. Its in-
terpretation can be seen in Fig. 3.4 by considering the pressure at the end of a small tube inserted
into the flow and pointing upstream. After the initial transient motion has died out, the liquid will
fill the tube to a height of H as shown. The fluid in the tube, including that at its tip, (2), will be
stationary. That is, ¥, = 0, or point (2) is a stagnation point.

If we apply the Bernoulli equation between points (1) and (2), using ¥, = 0 and assuming
that z; = z,, we find that

pa=pi+ 30V

-

=
S

B FIGURE 3.4 Measurement

of static and stagnation pressures.
CMS Cepcor EX 1046 Page 15

CMS Cepcor v. Sandvik IPR2024-01380

N
I
o




106 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

V3.7 Stagnation
point flow

Stagnation point

7

—

N

(a)
(b)

B FIGURE 3.5 Stagnation points.

Hence, the pressure at the stagnation point is greater than the static pressure, p;, by an amount
pV1/2, the dynamic pressure.

It can be shown that there is a stagnation point on any stationary body that is placed into a
flowing fluid. Some of the fluid flows “over” and some “under” the object. The dividing line (or sur-
face for two-dimensional flows) is termed the stagnation streamline and terminates at the stagnation
point on the body. (See the photograph at the beginning of Chapter 3.) For symmetrical objects (such
as a baseball) the stagnation point is clearly at the tip or front of the object as shown in Fig. 3.5a.
For other flows such as a water jet against a car as shown in Fig. 3.5b, there is also a stagnation point
on the car.

If elevation effects are neglected, the stagnation pressure, p + pV?/2, is the largest pressure
obtainable along a given streamline. It represents the conversion of all of the kinetic energy into a
pressure rise. The sum of the static pressure, hydrostatic pressure, and dynamic pressure is termed
the fotal pressure, pr. The Bernoulli equation is a statement that the total pressure remains con-
stant along a streamline. That is,

p + 5pV? + yz = p; = constant along a streamline 3.15)

Again, we must be careful that the assumptions used in the derivation of this equation are appro-
priate for the flow being considered.

F | u i d s i n

t h e N e w s

Pressurized eyes Our eyes need a certain amount of internal pres-
sure in order to work properly, with the normal range being be-
tween 10 and 20 mm of mercury. The pressure is determined by a
balance between the fluid entering and leaving the eye. If the
pressure is above the normal level, damage may occur to the op-
tic nerve where it leaves the eye, leading to a loss of the visual
field termed glaucoma. Measurement of the pressure within the
eye can be done by several different noninvasive types of instru-

ments, all of which measure the slight deformation of the eyeball
when a force is put on it. Some methods use a physical probe that
makes contact with the front of the eye, applies a known force,
and measures the deformation. One noncontact method uses a
calibrated “puff” of air that is blown against the eye. The stagna-
tion pressure resulting from the air blowing against the eyeball
causes a slight deformation, the magnitude of which is correlated
with the pressure within the eyeball. (See Problem 3.29.)

Knowledge of the values of the static and stagnation pressures in a fluid implies that the fluid
speed can be calculated. This is the principle on which the Pitot-static tube is based [H. de Pitot
(1695-1771)]. As shown in Fig. 3.6, two concentric tubes are attached to two pressure gages (or a
differential gage) so that the values of p; and p, (or the difference p; — p,) can be determined. The
center tube measures the stagnation pressure at its open tip. If elevation changes are negligible,

py=p+pV
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V3.8 Airspeed
indicator
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3)
[ ]
e (4)
, 1)
AN .L
———————
P 2) B FIGURE 3.6 The Pitot-static tube.

where p and V are the pressure and velocity of the fluid upstream of point (2). The outer tube is
made with several small holes at an appropriate distance from the tip so that they measure the sta-
tic pressure. If the effect of the elevation difference between (1) and (4) is negligible, then

Ps=P1 =P
By combining these two equations we see that
ps = pa =139V’
which can be rearranged to give

V="N2p;— pslp (3.16)

The actual shape and size of Pitot-static tubes vary considerably. A typical Pitot-static probe used
to determine aircraft airspeed is shown in Fig. 3.7. (See Fig. E3.6a also.)

Four static pressure ports
Heated outer case R

Stagnation
pressure port

Mounting flange

~— Static pressure fitting

B FIGURE 3.7 Airplane
Pitot-static probe. (a) Schematic, (b) Photo-
graph, (Photograph courtesy of SpaceAge
(b) Control, Inc.)
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t h e N e w s

Bugged and plugged Pitot tubes Although a Pitot tube is a sim-
ple device for measuring aircraft airspeed, many airplane acci-
dents have been caused by inaccurate Pitot tube readings. Most of
these accidents are the result of having one or more of the holes
blocked and, therefore, not indicating the correct pressure
(speed). Usually this is discovered during takeoff when time to re-
solve the issue is short. The two most common causes for such a
blockage are either that the pilot (or ground crew) has forgotten to
remove the protective Pitot tube cover, or that insects have built

their nest within the tube where the standard visual check cannot
detect it. The most serious accident (in terms of number of fatali-
ties) caused by a blocked Pitot tube involved a Boeing 757 and
occurred shortly after takeoff from Puerto Plata in the Dominican
Republic. The incorrect airspeed data was automatically fed to
the computer, causing the autopilot to change the angle of attack
and the engine power. The flight crew became confused by the
false indications, the aircraft stalled, and then plunged into the
Caribbean Sea killing all aboard. (See Problem 3.30.)

Exanrie 3.c D

GIVEN Anairplane flies 200 mi/hr at an elevation of 10,000 ft
in a standard atmosphere as shown in Fig. E3.6a.

FIND Determine the pressure at point (1) far ahead of the air-
plane, the pressure at the stagnation point on the nose of the
airplane, point (2), and the pressure difference indicated by a Pitot-
static probe attached to the fuselage.

SOLUTION

From Table C.1 we find that the static pressure at the altitude
given is

Py = 1456 Ib/ft* (abs) = 10.11 psia

Also, the density is p = 0.001756 slug/ft’.
If the flow is steady, inviscid, and incompressible and eleva-
tion changes are neglected, Eq. 3.13 becomes

(Ans)

pVi
pr=p Tt TN

With 7, = 200 mi/hr = 293 ft/s and ¥V, = 0 (since the co-
ordinate system is fixed to the airplane) we obtain

P, = 1456 Ib/f + (0.001756 slugs/ft})(2937 ft*/s?)/2
= (1456 + 75.4) Ib/f* (abs)
Hence, in terms of gage pressure
P2 = 754 1b/ft = 0.524 psi (Ans)

Thus, the pressure difference indicated by the Pitot-static tube is

pVi :
Pr— D1 = N = 0.524 psi

(Ans)
COMMENTS Note that it is very easy to obtain incorrect re-
sults by using improper units. Do not add 1b/in.> and Ib/ft>. Recall
that (slug/ft)(f*/s?) = (slug - ft/s?)/(ft*) = 1b/ft’.

V1 =200 mph . ]
Pitot-static tube

B FIGURE E3.6a
courtesy of Hawker Beechcraft.)

(Photo

0.8 (200 mph, 0.951)
~ 0.6
&
04
0.2
0
0 100 200 300 400 500 600
V1, mph

B FIGURE E3.6b

It was assumed that the flow is incompressible—the density re-
mains constant from (1) to (2). However, since p = p/RT, a change in
pressure (or temperature) will cause a change in density. For this rel-
atively low speed, the ratio of the absolute pressures is nearly unity
[i.e., pi/p> = (10.11 psia)/(10.11 + 0.524 psia) = 0.951], so that
the density change is negligible. However, by repeating the calcula-
tions for various values of the speed, V|, the results shown in Fig.
E3.6b are obtained. Clearly at the 500 to 600 mph speeds nor-
mally flown by commercial airliners, the pressure ratio is such
that density changes are important. In such situations it is neces-
sary to use compressible flow concepts to obtain accurate results.
(See Section 3.8.1 and Chapter 11.)

The Pitot-static tube provides a simple, relatively inexpensive way to measure fluid speed.
Its use depends on the ability to measure the static and stagnation pressures. Care is needed to
obtain these values accurately. For example, an accurate measurement of static pressure requires
that none of the fluid’s kinetic energy be converted into a pressure rise at the point of
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Ve A A
. ° ’J’L‘ B FIGURE 3.8 Incor-
(1) (1) (1) rect and correct design of static
P1>p p1<p P1=P pressure taps.
P
1% (2)
NG o) Tube
Stagnation Stagnation
pressure at y pressure on ~—_
tip stem
(1) _
0 (2) =
L/ \ Static 2
pressure @
—

B FIGURE 3.9 Typical pressure distribution along
a Pitot-static tube.

measurement. This requires a smooth hole with no burrs or imperfections. As indicated in
Fig. 3.8, such imperfections can cause the measured pressure to be greater or less than the ac-
tual static pressure.

Also, the pressure along the surface of an object varies from the stagnation pressure at
its stagnation point to values that may be less than the free stream static pressure. A typical
pressure variation for a Pitot-static tube is indicated in Fig. 3.9. Clearly it is important that
the pressure taps be properly located to ensure that the pressure measured is actually the static
pressure.

In practice it is often difficult to align the Pitot-static tube directly into the flow direction. Any
misalignment will produce a nonsymmetrical flow field that may introduce errors. Typically, yaw
angles up to 12 to 20° (depending on the particular probe design) give results that are less than 1%
in error from the perfectly aligned results. Generally it is more difficult to measure static pressure
than stagnation pressure.

One method of determining the flow direction and its speed (thus the velocity) is to use a di-
rectional-finding Pitot tube as is illustrated in Fig. 3.10. Three pressure taps are drilled into a small
circular cylinder, fitted with small tubes, and connected to three pressure transducers. The cylinder
is rotated until the pressures in the two side holes are equal, thus indicating that the center hole
points directly upstream. The center tap then measures the stagnation pressure. The two side holes
are located at a specific angle (8 = 29.5°) so that they measure the static pressure. The speed is
then obtained from V = [2(p, — p,)/p]"~

The above discussion is valid for incompressible flows. At high speeds, compressibility be-
comes important (the density is not constant) and other phenomena occur. Some of these ideas are
discussed in Section 3.8, while others (such as shockwaves for supersonic Pitot-tube applications)
are discussed in Chapter 11.

The concepts of static, dynamic, stagnation, and total pressure are useful in a variety of flow
problems. These ideas are used more fully in the remainder of the book.

R
B ) Ifo =0
i =@ Pr=ps=p
w B
(1) P :p+lpV2
P Y N Z 2 B FIGURE 3.10 Cross section

of a directional-finding Pitot-static tube.
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110 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

3.6 Examples of Use of the Bernoulli Equation

The exit pressure
for an incompress-
ible fluid jet is
equal to the sur-
rounding pressure.

V3.9 Flow from a
tank

In this section we illustrate various additional applications of the Bernoulli equation. Between any
two points, (1) and (2), on a streamline in steady, inviscid, incompressible flow the Bernoulli equa-
tion can be applied in the form

P+ 3pVE+ vz = py +3pV3 + yz, (3.17)

Obviously if five of the six variables are known, the remaining one can be determined. In many in-
stances it is necessary to introduce other equations, such as the conservation of mass. Such consid-
erations will be discussed briefly in this section and in more detail in Chapter 5.

3.6.1 Free Jets

One of the oldest equations in fluid mechanics deals with the flow of a liquid from a large reservoir.
A modern version of this type of flow involves the flow of coffee from a coffee urn as indicated by
the figure in the margin. The basic principles of this type of flow are shown in Fig. 3.11 where a jet
of liquid of diameter d flows from the nozzle with velocity V. (A nozzle is a device shaped to ac-
celerate a fluid.) Application of Eq. 3.17 between points (1) and (2) on the streamline shown gives

Yh = 3pV?

We have used the facts that z; = &, z, = 0, the reservoir is large (¥, = 0) and open to the atmos-
phere (p; = 0 gage), and the fluid leaves as a “fiee jet” (p, = 0). Thus, we obtain

h
y=./2 77 = \2gh (3.18)

which is the modern version of a result obtained in 1643 by Torricelli (1608—1647), an Italian
physicist.

The fact that the exit pressure equals the surrounding pressure (p, = 0) can be seen by ap-
plying F = ma, as given by Eq. 3.14, across the streamlines between (2) and (4). If the streamlines
at the tip of the nozzle are straight (R = ), it follows that p, = p,. Since (4) is on the surface of
the jet, in contact with the atmosphere, we have p, = 0. Thus, p, = 0 also. Since (2) is an arbi-
trary point in the exit plane of the nozzle, it follows that the pressure is atmospheric across this
plane. Physically, since there is no component of the weight force or acceleration in the normal
(horizontal) direction, the pressure is constant in that direction.

Once outside the nozzle, the stream continues to fall as a free jet with zero pressure throughout
(ps = 0) and as seen by applying Eq. 3.17 between points (1) and (5), the speed increases according to

V="V2g(h+ H)

where H is the distance the fluid has fallen outside the nozzle.

Equation 3.18 could also be obtained by writing the Bernoulli equation between points (3)
and (4) using the fact that z, = 0,z; = €. Also, V5 = 0 since it is far from the nozzle, and from
hydrostatics, p; = y(h — €).

HBFIGURE 3.1
Vertical flow from a tank.

(5)

CMS Cepcor EX 1046 Page 20
CMS Cepcor v. Sandvik IPR2024-01380



111

3.6 Examples of Use of the Bernoulli Equation

(1)

1

(a) (b)

B FIGURE 3.12 Horizontal flow from a tank. B FIGURE 313 Vena

contracta effect for a sharp-edged orifice.

As learned in physics or dynamics and illustrated in the figure in the margin, any object
dropped from rest that falls through a distance 4 in a vacuum will obtain the speed V' = \/2gh,
the same as the water leaving the spout of the watering can shown in the figure in the margin. This
is consistent with the fact that all of the particle’s potential energy is converted to kinetic energy,
provided viscous (friction) effects are negligible. In terms of heads, the elevation head at point (1)
is converted into the velocity head at point (2). Recall that for the case shown in Fig. 3.11 the pres-
sure is the same (atmospheric) at points (1) and (2).

For the horizontal nozzle of Fig. 3.12a, the velocity of the fluid at the centerline, V,,will be
slightly greater than that at the top, V|, and slightly less than that at the bottom, V3, due to the dif-
ferences in elevation. In general, d < / as shown in Fig. 3.12bh and we can safely use the center-
line velocity as a reasonable “average velocity.”

If the exit is not a smooth, well-contoured nozzle, but rather a flat plate as shown in Fig. 3.13,
the diameter of the jet, d;, will be less than the diameter of the hole, d),. This phenomenon, called
a vena contracta effect, is a result of the inability of the fluid to turn the sharp 90° corner indi-
cated by the dotted lines in the figure.

Since the streamlines in the exit plane are curved (R < ), the pressure across them is
not constant. It would take an infinite pressure gradient across the streamlines to cause the
fluid to turn a “sharp” corner (2 = 0). The highest pressure occurs along the centerline at (2)
and the lowest pressure, p; = p; = 0, is at the edge of the jet. Thus, the assumption of uni-
form velocity with straight streamlines and constant pressure is not valid at the exit plane. It
is valid, however, in the plane of the vena contracta, section a—a. The uniform velocity as-
sumption is valid at this section provided d; < 4, as is discussed for the flow from the nozzle

The diameter of a shown in Fig. 3.12.

fluid jet is often The vena contracta effect is a function of the geometry of the outlet. Some typical configu-
smaller than that of  rations are shown in Fig. 3.14 along with typical values of the experimentally obtained contrac-
the hole from tion coefficient, C, = 4;/A4,, where 4; and A4, are the areas of the jet at the vena contracta and the

which it flows. area of the hole, respectively.

F | u i d s i n t h e N e w s

Cotton candy, glass wool, and steel wool Although cotton candy
and glass wool insulation are made of entirely different materials
and have entirely different uses, they are made by similar processes.
Cotton candy, invented in 1897, consists of sugar fibers. Glass wool,
invented in 1938, consists of glass fibers. In a cotton candy machine,
sugar is melted and then forced by centrifugal action to flow through
numerous tiny orifices in a spinning “bowl.” Upon emerging, the
thin streams of liquid sugar cool very quickly and become solid
threads that are collected on a stick or cone. Making glass wool in-

sulation is somewhat more complex, but the basic process is similar.
Liquid glass is forced through tiny orifices and emerges as very fine
glass streams that quickly solidify. The resulting intertwined flexible
fibers, glass wool, form an effective insulation material because the
tiny air “cavities” between the fibers inhibit air motion. Although
steel wool looks similar to cotton candy or glass wool, it is made by
an entirely different process. Solid steel wires are drawn over special
cutting blades which have grooves cut into them so that long, thin
threads of steel are peeled off to form the matted steel wool.
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The continuity
equation states that
mass cannot be cre-
ated or destroyed.

v, =2V,

Ay =24,

Pttt

(1)

(a) Knife edge (b) Well rounded

\$
=

(c) Sharp edge (d) Re-entrant

B FIGURE 3.14 Typical flow patterns and contraction coefficients
for various round exit configurations. (¢) Knife edge, (b)) Well rounded, (¢) Sharp
edge, (d) Re-entrant.

Y
YYY

3.6.2 Confined Flows

In many cases the fluid is physically constrained within a device so that its pressure cannot be pre-
scribed a priori as was done for the free jet examples above. Such cases include nozzles and pipes
of variable diameter for which the fluid velocity changes because the flow area is different from
one section to another. For these situations it is necessary to use the concept of conservation of
mass (the continuity equation) along with the Bernoulli equation. The derivation and use of this
equation are discussed in detail in Chapters 4 and 5. For the needs of this chapter we can use a
simplified form of the continuity equation obtained from the following intuitive arguments. Con-
sider a fluid flowing through a fixed volume (such as a syringe) that has one inlet and one outlet
as shown in Fig. 3.15a. If the flow is steady so that there is no additional accumulation of fluid
within the volume, the rate at which the fluid flows into the volume must equal the rate at which
it flows out of the volume (otherwise, mass would not be conserved).

The mass flowrate from an outlet, 7 (slugs/s or kg/s), is given by m = pQ, where Q (ft¥s or mJs)
is the volume flowrate. 1f the outlet area is 4 and the fluid flows across this area (normal to the area)
with an average velocity ¥, then the volume of the fluid crossing this area in a time interval 6¢ is VA4 dt,
equal to that in a volume of length ¥ 6¢ and cross-sectional area 4 (see Fig. 3.15b). Hence, the vol-
ume flowrate (volume per unit time) is Q = VA. Thus, m = pVA. To conserve mass, the inflow rate
must equal the outflow rate. If the inlet is designated as (1) and the outlet as (2), it follows that m, = m,.
Thus, conservation of mass requires

pid Vi = pdy Vs

If the density remains constant, then p, = p,, and the above becomes the continuity equation for
incompressible flow

AV, = AV, 01 O = O 3.19)

For example, if as shown by the figure in the margin the outlet flow area is one-half the size of the
inlet flow area, it follows that the outlet velocity is twice that of the inlet velocity, since
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T =

- ianiﬁmpﬁ} |
L L

e
|
R v, 6t
| _~Volume =V, 6t 4 ’F 2 4‘
— |'/ 1 1 :

V

H

|
|
| I
| @) ]’

Volume = ¥, 6t 4,

b

(1)

Fluid parcel at 1= 0 l JISame parcel at z = 6¢

B FIGURE 3.15 (a) Flow through a syringe. (b) Steady flow into
and out of a volume.

V, = A,V,/4, = 2V;. The use of the Bernoulli equation and the flowrate equation (continuity equa-
tion) is demonstrated by Example 3.7.

LITLTICIEWA Flov from a Tank—Craviy

GIVEN A stream of refreshing beverage of diameterd = 0.0l m  FIND Determine the flowrate, O, from the bottle into the
flows steadily from the cooler of diameter D = 0.20 m as shown cooler if the depth of beverage in the cooler is to remain constant
in Figs. E3.7a and b. ath = 0.20 m

1.10
010, 1.05
(0.05, 1.000003)
1.00 /
0 0.2 0.4 0.6 0.8
d=0.01m 2
(a) (b) ()

B FIGURE E3.7
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SOLUTION

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

For steady, inviscid, incompressible flow, the Bernoulli equation
applied between points (1) and (2) is
P+ 3Vt 4y =py+3pVi+ yn )
With the assumptions that p; = p, = 0,z, = h,andz, = 0, Eq. 1
becomes
W+ gh =373 2

Although the liquid level remains constant (4 = constant), there is an
average velocity, V/, across section (1) because of the flow from the
tank. From Eq. 3.19 for steady incompressible flow, conservation of
mass requires Q; = Q,, where Q = AV. Thus, A,V = A,V,, or

0 T
Zﬁm=zfn
Hence,
d 2
V= (5) 2 ©)

Equations 1 and 3 can be combined to give

2
%2/ 2gh ZJw&mmmmm:L%Ws
1 — (d/D)* 1 — (0.01 m/0.20 m)?*

Thus,

Q=AH=&%=%&Mmﬂw&m®

=1.56 X 10™* m’/s (Ans)

COMMENTS Note that this problem was solved using
points (1) and (2) located at the free surface and the exit of the
pipe, respectively. Although this was convenient (because most
of the variables are known at those points), other points could be
selected and the same result would be obtained. For example,
consider points (1) and (3) as indicated in Fig. E3.7b. At (3), lo-
cated sufficiently far from the tank exit, /5 = 0 and z; = z, = 0.
Also, p; = vyh since the pressure is hydrostatic sufficiently far
from the exit. Use of this information in the Bernoulli equation
applied between (1) and (3) gives the exact same result as ob-
tained using it between (1) and (2). The only difference is that
the elevation head, z; = A, has been interchanged with the pres-
sure head at (3), ps/y = h.

In this example we have not neglected the kinetic energy of
the water in the tank (7, # 0). If the tank diameter is large com-
pared to the jet diameter (D > d), Eq. 3 indicates that ¥, < V,
and the assumption that //; = 0 would be reasonable. The error
associated with this assumption can be seen by calculating the
ratio of the flowrate assuming 7, # 0, denoted Q, to that as-
suming V; = 0, denoted Q,. This ratio, written as

0_ v Nwwll-@pf]_
O  Valp-= V2gh V1 — (d/D)*

is plotted in Fig. E3.7¢. With 0 < d/D < 0.4 it follows that
1 < Q/Q, =< 1.01, and the error in assuming ¥; = 0 is less than
1%. For this example with d/D = 0.01 m/0.20 m = 0.05, it follows
that O/Q, = 1.000003. Thus, it is often reasonable to assume
V= 0.

The fact that a kinetic energy change is often accompanied by a change in pressure is shown

by Example 3.8.

GIVEN Air flows steadily from a tank, through a hose of di-
ameter D = 0.03 m, and exits to the atmosphere from a nozzle of
diameter d = 0.01 m as shown in Fig. E3.8. The pressure in the
tank remains constant at 3.0 kPa (gage) and the atmospheric con-
ditions are standard temperature and pressure.

FIND Determine the flowrate and the pressure in the hose.

SoLuTION

| STXLINIERY riow rom a Tankc—pressure |

py=3.0 kPa ?=0.03m @= 0l
:+ 0
B @ ®)

HBEFIGURE E3.8

If the flow is assumed steady, inviscid, and incompressible, we
can apply the Bernoulli equation along the streamline from (1) to
(2) to (3) as
p Vit vz =py +3pls + oz
=ps +10V3+ v5

With the assumption that z; = z, = z; (horizontal hose), ¥, = 0
(large tank), and p; = 0 (free jet), this becomes

2
v = 22
p
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@

The density of the air in the tank is obtained from the perfect gas
law, using standard absolute pressure and temperature, as

P =p1 —1pV3

_ P
PRty
[(3.0 + 101) kN/m?]
y 10° N/KN
(286.9N - m/kg - K)(15 + 273)K
= 1.26 kg/m*

Thus, we find that

2(3.0 X 10° N/m?)
Vy= | = 69.0m/s
1.26 kg/m

0=4,V, = %dz v, = %(0.01 m)*(69.0 m/s)

or

= 0.00542 m*/s (Ans)

The pressure within the hose can be obtained from Eq. 1 and
the continuity equation (Eq. 3.19)

AV, = A3V;

Hence,

d 2
V2 = A3V3/A2 = (B) V3

0.01 m\?
= <0.03 m> (69.0 m/s) = 7.67 m/s

3.6 Examples of Use of the Bernoulli Equation 115

and from Eq. 1

P2 = 3.0 X 10° N/m* — 3 (1.26 kg/m?)(7.67 m/s)

= (3000 — 37.1)N/m> = 2963 N/m” (Ans)

COMMENTS Note that the value of V5 is determined strictly by
the value of p, (and the assumptions involved in the Bernoulli equa-
tion), independent of the “shape” of the nozzle. The pressure head
within the tank, p,/y = (3.0 kPa)/(9.81 m/s*)(1.26 kg/m?) =
243 m, is converted to the velocity head at the exit, V3/2g =
(69.0 m/s)*/(2 X 9.81 m/s?) = 243 m. Although we used gage
pressure in the Bernoulli equation (p; = 0), we had to use
absolute pressure in the perfect gas law when calculating the
density.

In the absence of viscous effects the pressure throughout the
hose is constant and equal to p,. Physically, the decreases in
pressure from p, to p, to p; accelerate the air and increase its
kinetic energy from zero in the tank to an intermediate value in
the hose and finally to its maximum value at the nozzle exit.
Since the air velocity in the nozzle exit is nine times that in the
hose, most of the pressure drop occurs across the nozzle
(py = 3000 N/m?, p, = 2963 N/m?, and p; = 0).

Since the pressure change from (1) to (3) is not too great
[i.e., in terms of absolute pressure (p, — p3)/p; = 3.0/101 =
0.03], it follows from the perfect gas law that the density change
is also not significant. Hence, the incompressibility assumption is
reasonable for this problem. If the tank pressure were consider-
ably larger or if viscous effects were important, the above results
would be incorrect.

F | u i d s i n

t h e N e w s

Hi-tech inhaler The term inhaler often brings to mind a treat-
ment for asthma or bronchitis. Work is underway to develop a
family of inhalation devices that can do more than treat respira-
tory ailments. They will be able to deliver medication for
diabetes and other conditions by spraying it to reach the blood-
stream through the lungs. The concept is to make the spray
droplets fine enough to penetrate to the lungs’ tiny sacs, the
alveoli, where exchanges between blood and the outside world
take place. This is accomplished by use of a laser-machined
nozzle containing an array of very fine holes that cause the

liquid to divide into a mist of micron-scale droplets. The device
fits the hand and accepts a disposable strip that contains the
medicine solution sealed inside a blister of laminated plastic and
the nozzle. An electrically actuated piston drives the liquid from
its reservoir through the nozzle array and into the respiratory
system. To take the medicine, the patient breathes through the
device and a differential pressure transducer in the inhaler
senses when the patient’s breathing has reached the best condi-
tion for receiving the medication. At that point, the piston is au-
tomatically triggered.

In many situations the combined effects of kinetic energy, pressure, and gravity are important.

Example 3.9 illustrates this.

—EXAMPLE c¥:N Flow in a Variable Area Pipe

GIVEN Water flows through a pipe reducer as is shown in Fig.
E3.9. The static pressures at (1) and (2) are measured by the in-
verted U-tube manometer containing oil of specific gravity, SG,
less than one.

FIND Determine the manometer reading, 4.
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116 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

SoLuTION 1l
With the assumptions of steady, inviscid, incompressible flow, the T
Bernoulli equation can be written as RN

pr+apli + vz =p+ V3 + v5 { ”

2
The continuity equation (Eq. 3.19) provides a second relationship 4 ’
between V| and V, if we assume the velocity profiles are uniform
at those two locations and the fluid incompressible:
0 =4V, =40,

By combining these two equations we obtain
pr—p=Y =)+ %PV%[I - (AZ/AI)Z] @

This pressure difference is measured by the manometer and can
be determined by using the pressure—depth ideas developed in
Chapter 2. Thus,

P~ Y@ —z) =yt —yh+ SGyh + vyt = p,

B FIGURE E3.9

or

P — P2 = 7(22 - Zl) + (1 — SG)yh )

As discussed in Chapter 2, this pressure difference is neither
merely yh nor y(h + z; — z,).

Equations 1 and 2 can be combined to give the desired result
as follows:

COMMENT The difference in elevation, z; — z,, was not
needed because the change in elevation term in the Bernoulli
equation exactly cancels the elevation term in the manometer
equation. However, the pressure difference, p; — p,, depends on
the angle 6, because of the elevation, z; — z,, in Eq. 1. Thus, for a
1 4, given flowrate, the pressure difference, p; — p,, as measured by a
(1 = SG)yh = — pV? {1 - (7) } pressure gage would vary with 6, but the manometer reading, #,
2 A, .
would be independent of 6.
or since V, = Q/4,

5 1 - (AZ/A1)2

h=(0/4) 2¢(1 — SG)

(Ans)

In general, an increase in velocity is accompanied by a decrease in pressure. For example,
| the velocity of the air flowing over the top surface of an airplane wing is, on the average, faster
K than that flowing under the bottom surface. Thus, the net pressure force is greater on the bottom
V3.10 Venturi than on the to'p—the wipg gene?ates a lift. ' ' '
channel If the differences in velocity are considerable, the differences in pressure can also be con-
siderable. For flows of gases, this may introduce compressibility effects as discussed in Section
3.8 and Chapter 11. For flows of liquids, this may result in cavitation, a potentially dangerous sit-
uation that results when the liquid pressure is reduced to the vapor pressure and the liquid “boils.”
As discussed in Chapter 1, the vapor pressure, p,, is the pressure at which vapor bubbles form
in a liquid. It is the pressure at which the liquid starts to boil. Obviously this pressure depends on
the type of liquid and its temperature. For example, water, which boils at 212 °F at standard
atmospheric pressure, 14.7 psia, boils at 80 °F if the pressure is 0.507 psia. That is, p, = 0.507 psia
Cavitation occurs at 80 °F and p, = 14.7 psia at 212 °F. (See Tables B.1 and B.2.)
when the pressure One way to produce cavitation in a flowing liquid is noted from the Bernoulli equation. If the
is reduced 1o the fluid velocity is increased (for example, by a reduction in flow area as shown in Fig. 3.16) the pres-
vapor pressure. ua ve vy . p'e, by . & P
sure will decrease. This pressure decrease (needed to accelerate the fluid through the constriction)
can be large enough so that the pressure in the liquid is reduced to its vapor pressure. A simple ex-
ample of cavitation can be demonstrated with an ordinary garden hose. If the hose is “kinked,” a
restriction in the flow area in some ways analogous to that shown in Fig. 3.16 will result. The water
velocity through this restriction will be relatively large. With a sufficient amount of restriction the
sound of the flowing water will change—a definite “hissing” sound is produced. This sound is a
result of cavitation.
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p

(Absolute
pressure)

L T

B FIGURE 3.16 Pressure
variation and cavitation in a variable
X area pipe.

Large O Incipient cavitation

B FIGURE 3.17 Tip cavitation from a propeller. (Photograph
courtesy of Garfield Thomas Water Tunnel, Pennsylvania State University.)

Cavitation can In such situations boiling occurs (though the temperature need not be high), vapor bubbles form,

cause damage to and then they collapse as the fluid moves into a region of higher pressure (lower velocity). This process

equipment. can produce dynamic effects (imploding) that cause very large pressure transients in the vicinity of the
bubbles. Pressures as large as 100,000 psi (690 MPa) are believed to occur. If the bubbles collapse close
to a physical boundary they can, over a period of time, cause damage to the surface in the cavitation
area. Tip cavitation from a propeller is shown in Fig. 3.17. In this case the high-speed rotation of the
propeller produced a corresponding low pressure on the propeller. Obviously, proper design and
use of equipment are needed to eliminate cavitation damage.

—EXAMPLE 3.10 BILELECT eI £

GIVEN A liquid can be siphoned from a container as shown in  as shown in Fig. E3.10b. The end of the siphon is 5 ft below the
Fig. E3.10a provided the end of the tube, point (3), is below the  bottom of the tank, and the atmospheric pressure is 14.7 psia.
free surface in the container, point (1), and the maximum elevation

of the tube, point (2), is “not too great.” Consider water at 60° F FIND Determine the maximum height of the hill, H, over which
being siphoned from a large tank through a constant diameter hose  the water can be siphoned without cavitation occurring.
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SOLUTION

(2)
If the flow is steady, inviscid, and incompressible we can apply ¢
the Bernoulli equation along the streamline from (1) to (2) to (3) as
follows:

PVt yn =p Vit vn

=ps+ 2PV + vz () M

With the tank bottom as the datum, we have z; = 15 ft, z, = H,

and z; = —5 ft. Also, V; = 0 (large tank), p; = 0 (open tank),

p3 = O(free jet), and from the continuity equation 4,7, = A;V3, or

because the hose is constant diameter, V, = V5. Thus, the speed of
the fluid in the hose is determined from Eq. 1 to be

Vs = V2g(z — z3) = V2(322 ft/sH)[15 — (=5)] ft
=3591t/s =V,

® (3)

Use of Eq. 1 between points (1) and (2) then gives the pressure p,
at the top of the hill as

BFIGURE E3.10a
P2 =pi +3pV3 + vz, — 3pV3 — vz,

= y(zy — z) — 3pV3 ()

From Table B.1, the vapor pressure of water at 60 °F is
0.256 psia. Hence, for incipient cavitation the lowest pressure in
the system will be p = 0.256 psia. Careful consideration of Eq. 2
and Fig. E3.105 will show that this lowest pressure will occur at T
the top of the hill. Since we have used gage pressure at point (1) | 15 ft
(p; = 0), we must use gage pressure at point (2) also. Thus,
py = 0.256 — 14.7 = —14.4 psi and Eq. 2 gives

(—14.4 1b/in.?)(144 in.?/ft?)
= (62.4 Ib/f)(15 — H)ft — 3(1.94 slugs/ft*)(35.9 ft/s)>

or EFIGURE E3.10b

H=1282ft (Ans)
F.or larger yalues of H, vapor bubbles will form at point (2) and the By using the fluid properties listed in Table 1.5 and repeating
siphon action may stop. the calculations for various fluids, the results shown in

Fig. E3.10c are obtained. The value of H is a function of both the

COMMENTS Note that we could have used absolute pres- specific weight of the fluid, y, and its vapor pressure, p,.

sure throughout (p, = 0.256 psia and p, = 14.7 psia) and ob-

tained the same result. The lower the elevation of point (3), the 40
larger the flowrate and, therefore, the smaller the value of H al- 3BT
lowed. 30 —
We could also have used the Bernoulli equation between (2) 25
and (3), with 7, = V3, to obtain the same value of /. In this case =
it would not have been necessary to determine ¥, by use of the <
Bernoulli equation between (1) and (3). s =
The above results are independent of the diameter and length 10 5 _ 2 %
of the hose (provided viscous effects are not important). Proper 5 E 2 2 =
design of the hose (or pipe) is needed to ensure that it will not col- 0 = = ° ©
lapse due to the large pressure difference (vacuum) between the Fluid
inside and outside of the hose. B FIGURE E3.10c

3.6.3 Flowrate Measurement

Many types of devices using principles involved in the Bernoulli equation have been developed
to measure fluid velocities and flowrates. The Pitot-static tube discussed in Section 3.5 is an
example. Other examples discussed below include devices to measure flowrates in pipes and
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The flowrate varies
as the square root
of the pressure dif-
ference across the
flow meter.

Ap=py-p2

3.6 Examples of Use of the Bernoulli Equation 119

Orifice

_—— Nozzle

| B FIGURE 3.18 Typical devices
(1) (2) for measuring flowrate in pipes.

conduits and devices to measure flowrates in open channels. In this chapter we will consider
“ideal” flow meters—those devoid of viscous, compressibility, and other “real-world” effects.
Corrections for these effects are discussed in Chapters 8 and 10. Our goal here is to understand
the basic operating principles of these simple flow meters.

An effective way to measure the flowrate through a pipe is to place some type of restric-
tion within the pipe as shown in Fig. 3.18 and to measure the pressure difference between the
low-velocity, high-pressure upstream section (1), and the high-velocity, low-pressure downstream
section (2). Three commonly used types of flow meters are illustrated: the orifice meter, the noz-
zle meter, and the Venturi meter. The operation of each is based on the same physical principles—
an increase in velocity causes a decrease in pressure. The difference between them is a matter of
cost, accuracy, and how closely their actual operation obeys the idealized flow assumptions.

We assume the flow is horizontal (z; = z,), steady, inviscid, and incompressible between
points (1) and (2). The Bernoulli equation becomes

pr+3pVi=py+ 2003
(The effect of nonhorizontal flow can be incorporated easily by including the change in elevation,
z) — z, in the Bernoulli equation.)

If we assume the velocity profiles are uniform at sections (1) and (2), the continuity equation
(Eq. 3.19) can be written as

0 =4V, = 4,0,

where 4, is the small (4, < A4,) flow area at section (2). Combination of these two equations re-
sults in the following theoretical flowrate

2(p1 — p2)
P[l - (Az/Al)z]

Thus, as shown by the figure in the margin, for a given flow geometry (4, and A4,) the flowrate
can be determined if the pressure difference, p; — p,, is measured. The actual measured flowrate,
QO,ctual, Will be smaller than this theoretical result because of various differences between the “real
world” and the assumptions used in the derivation of Eq. 3.20. These differences (which are quite
consistent and may be as small as 1 to 2% or as large as 40%, depending on the geometry used) can
be accounted for by using an empirically obtained discharge coefficient as discussed in Section 8.6.1.

0=4, (3.20)
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—EXAMPLE 3.1 1 RGN,

GIVEN Kerosene (SG = 0.85) flows through the Venturi
meter shown in Fig. E3.11a with flowrates between 0.005 and
0.050 m’/s.

FIND Determine the range in pressure difference, p; — p,,

3 3
needed to measure these flowrates. BSOS QSO S

B FIGURE E3.11a

SOLUTION

If the flow is assumed to be steady, inviscid, and incompressible, results presented here are independent of the particular flow
the relationship between flowrate and pressure is given by Eq.  meter geometry—an orifice, nozzle, or Venturi meter (see
3.20. This can be rearranged to give Fig. 3.18).
a . It is seen from Eq. 3.20 that the flowrate varies as the
O'p[1 — (4/41)]

pL—pr= square root of the pressure difference. Hence, as indicated by

243 the numerical results and shown in Fig. E3.11b, a 10-fold in-

. . . . crease in flowrate requires a 100-fold increase in pressure dif-
With the density of the flowing fluid ference. This nonlinear relationship can cause difficulties when
p = SG pyp = 0.85(1000 kg/m®) = 850 kg/m> measuring flowrates over a wide range of values. Such mea-

surements would require pressure transducers with a wide

and the area ratio . .. .
range of operation. An alternative is to use two flow meters in

A,/4; = (D,/D,)* = (0.06 m/0.10 m)> = 0.36 parallel—one for the larger and one for the smaller flowrate
ranges.
the pressure difference for the smallest flowrate is £
(0.005 m¥s)%(850 kg/m”) (1~ 036
— p, = (0.005 m7s m
prep & S [(7/4)(0.06 m)’ P o
= 1160 N/m* = 1.16 kPa (0.05 ms, 116 kPa) A
100
Likewise, the pressure difference for the largest flowrate is
< 80
— (0.05(850) (1 —0.36%) %
pp = 2[(m/4)0.06) F 0
= 1.16 X 10°N/m® = 116 kPa > 40 :
(0.005 m’/s, 1.16 kPa)
Thus, 20
LellE 4 &5 n = o == LG 1t (Ans) %0 o001 o002 005 004 005

0, m¥s
COMMENTS These values represent the pressure differ- WM F1 G U R E E3.11b
ences for inviscid, steady, incompressible conditions. The ideal

Other flow meters based on the Bernoulli equation are used to measure flowrates in open chan-
nels such as flumes and irrigation ditches. Two of these devices, the sluice gate and the sharp-crested
weir, are discussed below under the assumption of steady, inviscid, incompressible flow. These and
other open-channel flow devices are discussed in more detail in Chapter 10.

Sluice gates like those shown in Fig. 3.194 are often used to regulate and measure the flowrate
in open channels. As indicated in Fig. 3.195, the flowrate, O, is a function of the water depth up-
stream, z;, the width of the gate, b, and the gate opening, a. Application of the Bernoulli equation
and continuity equation between points (1) and (2) can provide a good approximation to the actual
flowrate obtained. We assume the velocity profiles are uniform sufficiently far upstream and down-
stream of the gate.
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The flowrate under
a sluice gate de-
pends on the water
depths on either
side of the gate.
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o
— Sluice gate
:: width = b
Sluice gates —
>
b Bd
—>-| Zl
L >
=1
— 22
— v, (@]
—_—

(@) (b)
B FIGURE 319 Sluice gate geometry. (Photograph courtesy of Plasti-Fab, Inc.)

Thus, we apply the Bernoulli equation between points on the free surfaces at (1) and (2) to
give

P+ 3oV + vz = py + 30V3 + vz
Also, if the gate is the same width as the channel so that 4, = bz, and 4, = bz,, the continuity
equation gives
Q = AIVI = bVIZI = A2V2 = szZz

With the fact that p; = p, = 0, these equations can be combined and rearranged to give the flowrate
as

2g(z) — )
=zb\ | 3.21
Q 2 1 — (22/21)2 ( )
In the limit of z; > z, this result simply becomes
0 = 2,bV2gz

This limiting result represents the fact that if the depth ratio, z,/z,, is large, the kinetic energy of
the fluid upstream of the gate is negligible and the fluid velocity after it has fallen a distance
(z; — z,) = z, is approximately V, = V2gz,.

The results of Eq. 3.21 could also be obtained by using the Bernoulli equation between points
(3) and (4) and the fact that p; = yz, and p, = 7z, since the streamlines at these sections are straight.
In this formulation, rather than the potential energies at (1) and (2), we have the pressure contri-
butions at (3) and (4).

The downstream depth, z,, not the gate opening, a, was used to obtain the result of Eq. 3.21.
As was discussed relative to flow from an orifice (Fig. 3.14), the fluid cannot turn a sharp 90° cor-
ner. A vena contracta results with a contraction coefficient, C, = z,/a, less than 1. Typically C, is
approximately 0.61 over the depth ratio range of 0 < a/z; < 0.2. For larger values of a/z, the
value of C. increases rapidly.

|_EXAMPLE 3.12

GIVEN  Water flows under the sluice gate shown in Fig. E3.12a. FIND Determine the approximate flowrate per unit width of

the channel.
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SoLUTION

Under the assumptions of steady, inviscid, incompressible flow,
we can apply Eq. 3.21 to obtain Q/b, the flowrate per unit width,

as
0_ . 281 — 2,)
b N1 - (/)

In this instance z; = 5.0 m and a = 0.80 m so the ratio
a/z; = 0.16 < 0.20, and we can assume that the contraction co-
efficient is approximately C. = 0.61. Thus, z, = C.a = 0.61
(0.80 m) = 0.488 m and we obtain the flowrate

2 —
2 _ (0488 m) \/2(9.81 m/s)(5.0m 0458 m)
1 — (0.488 m/5.0 m)

b

= 4.61 m’/s (Ans)

COMMENT If we consider z; > z, and neglect the kinetic
energy of the upstream fluid, we would have
0

S =2 Vg = 0488m V/2(9.81 m/s?)(5.0 m)

= 4.83 m%/s

In this case the difference in Q with or without including ¥ is not
too significant because the depth ratio is fairly large
(z/z, = 5.0/0.488 = 10.2). Thus, it is often reasonable to
neglect the kinetic energy upstream from the gate compared to
that downstream of it.

By repeating the calculations for various flow depths, z,, the
results shown in Fig. E3.12h are obtained. Note that the

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

0.8 m
H FIGURE E3.12a

9
8
7
6
Q
< 5
S 4 (5m, 4.61 m?/s)
S
3
2
1
0
0 5 10 15
zy, m

B FIGURE E3.12b

flowrate is not directly proportional to the flow depth. Thus,
for example, if during flood conditions the upstream depth dou-
bled from z; = 5 mto z; = 10 m, the flowrate per unit width of
the channel would not double, but would increase only from
4.61 m*/s to 6.67 m%/s.

Another device used to measure flow in an open channel is a weir. A typical rectangular,
sharp-crested weir is shown in Fig. 3.20. For such devices the flowrate of liquid over the top of
the weir plate is dependent on the weir height, P,, the width of the channel, b, and the head, H,
of the water above the top of the weir. Application of the Bernoulli equation can provide a sim-
ple approximation of the flowrate expected for these situations, even though the actual flow is

quite complex.

Between points (1) and (2) the pressure and gravitational fields cause the fluid to accelerate
from velocity ¥, to velocity V,. At (1) the pressure is p, = yh, while at (2) the pressure is essen-
tially atmospheric, p, = 0. Across the curved streamlines directly above the top of the weir plate
(section a—a), the pressure changes from atmospheric on the top surface to some maximum value
within the fluid stream and then to atmospheric again at the bottom surface. This distribution is
indicated in Fig. 3.20. Such a pressure distribution, combined with the streamline curvature and
gravity, produces a rather nonuniform velocity profile across this section. This velocity distribu-
tion can be obtained from experiments or a more advanced theory.

Pressure distributionT
— Width = b

)

l B FIGURE 3.20

Rectangular, sharp-crested weir geometry.
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For now, we will take a very simple approach and assume that the weir flow is similar in
many respects to an orifice-type flow with a free streamline. In this instance we would expect the
average velocity across the top of the weir to be proportional to V2gH and the flow area for this
rectangular weir to be proportional to Hb. Hence, it follows that

0 = C,Hb \2gH = C,b \/2g H*

where C, is a constant to be determined.

Simple use of the Bernoulli equation has provided a method to analyze the relatively com-
plex flow over a weir. The correct functional dependence of Q on H has been obtained (Q ~ H*?,
as indicated by the figure in the margin), but the value of the coefficient C; is unknown. Even a
more advanced analysis cannot predict its value accurately. As is discussed in Chapter 10, exper-
iments are used to determine the value of C;.

—EXAMPLE 3.13

GIVEN Water flows over a triangular weir, as is shown in Fig.
E3.13.

FIND Based on a simple analysis using the Bernoulli equation,
determine the dependence of the flowrate on the depth H. If the
flowrate is O, when H = H,, estimate the flowrate when the
depth is increased to H = 3H,,.

SOLUTION

With the assumption that the flow is steady, inviscid, and incom-
pressible, it is reasonable to assume from Eq. 3.18 that the aver-
age speed of the fluid over the triangular notch in the weir plate is
proportional to V2gH. Also, the flow area for a depth of H is
H[H tan (6/2)]. The combination of these two ideas gives

0 0
Q=AV=H2tanE(C2 V2gH) = Cztana\/ZgHS/2 (Ans)
where C, is an unknown constant to be determined experimentally.

Thus, an increase in the depth by a factor of three (from H, to
3H,) results in an increase of the flowrate by a factor of

’“Htang

N | 3N
/’—\ 1% "
_ NN

B FIGURE E3.13

Osi,  Cytan(6/2) V2g (3H,)”

On, Gy tan(6/2) V2g (H,)*?
= 15.6

(Ans)

COMMENT Note that for a triangular weir the flowrate is
proportional to H¥2, whereas for the rectangular weir discussed
above, it is proportional to /7*%. The triangular weir can be accu-
rately used over a wide range of flowrates.

3.7 The Energy Line and the Hydraulic Grade Line

The hydraulic
grade line and en-
ergy line are graph-
ical forms of the
Bernoulli equation.

As was discussed in Section 3.4, the Bernoulli equation is actually an energy equation repre-
senting the partitioning of energy for an inviscid, incompressible, steady flow. The sum of the
various energies of the fluid remains constant as the fluid flows from one section to another. A
useful interpretation of the Bernoulli equation can be obtained through the use of the concepts
of the hydraulic grade line (HGL) and the energy line (EL). These ideas represent a geometri-
cal interpretation of a flow and can often be effectively used to better grasp the fundamental
processes involved.

For steady, inviscid, incompressible flow the total energy remains constant along a stream-
line. The concept of “head” was introduced by dividing each term in Eq. 3.7 by the specific weight,
v = pg, to give the Bernoulli equation in the following form

p. .V

— + — + z = constant on a streamline = H

3.22
y g (3-22)
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AY

Under the assump-
tions of the Bernoulli
equation, the energy
line is horizontal.

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

-_— e — Energy line (EL)
- V12/2g 2* 2 8y
ni= V2/2g -
__________ 2
T ———r ——=- Hydraulic
Py grade line (HGL)
p/y/
Py
H
Static
j 1 Zy
V4
%y
1
b
I Datum
Stagnation

B FIGURE
hydraulic grade line.

3.21 Representation of the energy line and the

Each of the terms in this equation has the units of length (feet or meters) and represents a certain
type of head. The Bernoulli equation states that the sum of the pressure head, the velocity head,
and the elevation head is constant along a streamline. This constant is called the total head, H.

The energy line is a line that represents the total head available to the fluid. As shown in
Fig. 3.21, the elevation of the energy line can be obtained by measuring the stagnation pressure
with a Pitot tube. (A Pitot tube is the portion of a Pitot-static tube that measures the stagnation
pressure. See Section 3.5.) The stagnation point at the end of the Pitot tube provides a measure-
ment of the total head (or energy) of the flow. The static pressure tap connected to the piezometer
tube shown, on the other hand, measures the sum of the pressure head and the elevation head,
p/y + z. This sum is often called the piezometric head. The static pressure tap does not measure
the velocity head.

According to Eq. 3.22, the total head remains constant along the streamline (provided the as-
sumptions of the Bernoulli equation are valid). Thus, a Pitot tube at any other location in the flow
will measure the same total head, as is shown in the figure. The elevation head, velocity head, and
pressure head may vary along the streamline, however.

The locus of elevations provided by a series of Pitot tubes is termed the energy line, EL.
The locus provided by a series of piezometer taps is termed the hydraulic grade line, HGL. Un-
der the assumptions of the Bernoulli equation, the energy line is horizontal. If the fluid veloc-
ity changes along the streamline, the hydraulic grade line will not be horizontal. If viscous effects
are important (as they often are in pipe flows), the total head does not remain constant due to a
loss in energy as the fluid flows along its streamline. This means that the energy line is no longer
horizontal. Such viscous effects are discussed in Chapters 5 and 8.

The energy line and hydraulic grade line for flow from a large tank are shown in Fig. 3.22.
If the flow is steady, incompressible, and inviscid, the energy line is horizontal and at the eleva-
tion of the liquid in the tank (since the fluid velocity in the tank and the pressure on the surface

B FIGURE 3.22 The energy line
and hydraulic grade line for flow from a tank.
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B FIGURE 3.23
Use of the energy line and the

hydraulic grade line.

are zero). The hydraulic grade line lies a distance of one velocity head, V%/2g, below the energy
line. Thus, a change in fluid velocity due to a change in the pipe diameter results in a change in
the elevation of the hydraulic grade line. At the pipe outlet the pressure head is zero (gage) so the
pipe elevation and the hydraulic grade line coincide.

For flow below
(above) the hy-
draulic grade line,
the pressure is
positive (negative).

—EXAMPLE LI F-¥ Energy Line and Hydraulic Grade Line

GIVEN Water is siphoned from the tank shown in Fig. E3.14
through a hose of constant diameter. A small hole is found in the
hose at location (1) as indicated.

FIND When the siphon is used, will water leak out of the hose,

or will air leak into the hose, thereby possibly causing the siphon
to malfunction?

SOLUTION

Whether air will leak into or water will leak out of the hose de-
pends on whether the pressure within the hose at (1) is less than or
greater than atmospheric. Which happens can be easily determined
by using the energy line and hydraulic grade line concepts. With
the assumption of steady, incompressible, inviscid flow it follows
that the total head is constant—thus, the energy line is horizontal.

Since the hose diameter is constant, it follows from the continuity
equation (4V = constant) that the water velocity in the hose is con-
stant throughout. Thus, the hydraulic grade line is a constant dis-
tance, 7'?/2g, below the energy line as shown in Fig. E3.14. Since the
pressure at the end of the hose is atmospheric, it follows that the hy-
draulic grade line is at the same elevation as the end of the hose out-
let. The fluid within the hose at any point above the hydraulic grade
line will be at less than atmospheric pressure.

Thus, air will leak into the hose through

A
the hole at point (1). (Ans)

The distance from the pipe to the hydraulic grade line indicates the pressure within the pipe,
as is shown in Fig. 3.23. If the pipe lies below the hydraulic grade line, the pressure within the
pipe is positive (above atmospheric). If the pipe lies above the hydraulic grade line, the pressure is
negative (below atmospheric). Thus, a scale drawing of a pipeline and the hydraulic grade line can
be used to readily indicate regions of positive or negative pressure within a pipe.

HGL with valve closed and
)_EL with valve open or closed

— HGL with valve open

B FIGURE E3.14

COMMENT In practice, viscous effects may be quite impor-
tant, making this simple analysis (horizontal energy line) incor-
rect. However, if the hose is “not too small diameter,” “not too
long,” the fluid “not too viscous,” and the flowrate “not too large,”
the above result may be very accurate. If any of these assumptions
are relaxed, a more detailed analysis is required (see Chapter 8). If
the end of the hose were closed so that the flowrate were zero, the
hydraulic grade line would coincide with the energy line
(V*/2g = 0 throughout), the pressure at (1) would be greater than
atmospheric, and water would leak through the hole at (1).

The above discussion of the hydraulic grade line and the energy line is restricted to ideal sit-
uations involving inviscid, incompressible flows. Another restriction is that there are no “sources”
or “sinks” of energy within the flow field. That is, there are no pumps or turbines involved. Al-
terations in the energy line and hydraulic grade line concepts due to these devices are discussed in

Chapters 5 and 8.
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3.8 Restrictions on Use of the Bernoulli Equation

Ap
Ap ~ 2

The Bernoulli
equation can be
modified for com-
pressible flows.

Proper use of the Bernoulli equation requires close attention to the assumptions used in its de-
rivation. In this section we review some of these assumptions and consider the consequences of
incorrect use of the equation.

3.8.1 Compressibility Effects

One of the main assumptions is that the fluid is incompressible. Although this is reasonable for
most liquid flows, it can, in certain instances, introduce considerable errors for gases.

In the previous section, we saw that the stagnation pressure, py,,, is greater than the static
PIessure, Pyuic, by an amount Ap = pyae — Pstic = pV?/2, provided that the density remains con-
stant. If this dynamic pressure is not too large compared with the static pressure, the density change
between two points is not very large and the flow can be considered incompressible. However, since
the dynamic pressure varies as V2, the error associated with the assumption that a fluid is incom-
pressible increases with the square of the velocity of the fluid, as indicated by the figure in the mar-
gin. To account for compressibility effects we must return to Eq. 3.6 and properly integrate the term
[ dp/p when p is not constant.

A simple, although specialized, case of compressible flow occurs when the temperature of a
perfect gas remains constant along the streamline—isothermal flow. Thus, we consider p = pRT,
where 7 is constant. (In general, p, p, and T will vary.) For steady, inviscid, isothermal flow, Eq.
3.6 becomes

1 _,
RT | — + —V* + gz = constant
p 2

where we have used p = p/RT. The pressure term is easily integrated and the constant of integration
evaluated if z;, p;, and V| are known at some location on the streamline. The result is

Vi RT V3
1+zl+ln<51>=2+zz (3.23)
g 8 b

Equation 3.23 is the inviscid, isothermal analog of the incompressible Bernoulli equation. In the
limit of small pressure difference, p,/p, = 1 + (p; — p2)/p, = 1 + &, with ¢ < | and Eq. 3.23
reduces to the standard incompressible Bernoulli equation. This can be shown by use of the ap-
proximation In(1 + &) = & for small . The use of Eq. 3.23 in practical applications is restricted by
the inviscid flow assumption, since (as is discussed in Section 11.5) most isothermal flows are ac-
companied by viscous effects.

A much more common compressible flow condition is that of isentropic (constant entropy)
flow of a perfect gas. Such flows are reversible adiabatic processes—“no friction or heat transfer”—
and are closely approximated in many physical situations. As discussed fully in Chapter 11, for
isentropic flow of a perfect gas the density and pressure are related by p/p* = C, where k is the
specific heat ratio and C is a constant. Hence, the [ dp/p integral of Eq. 3.6 can be evaluated
as follows. The density can be written in terms of the pressure as p = p'*C~'* so that Eq. 3.6
becomes

1
C'* Jp‘l/" dp + EVZ + gz = constant

The pressure term can be integrated between points (1) and (2) on the streamline and the constant
C evaluated at either point (C'* = pi*/p, or C'* = p}*/p,) to give the following:

k - _
)[p(zk Dk plk=1]

p2
Cl/kj p—l/kdp — Cl/k<
)e-2)
k—=1/\p, p
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For small Mach
numbers the com-
pressible and in-
compressible
results are nearly
the same.
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Thus, the final form of Eq. 3.6 for compressible, isentropic, steady flow of a perfect gas is
k Vi k V3
()]71 + -+ gz, = < >pz + 2+ gz, (3.24)

The similarities between the results for compressible isentropic flow (Eq. 3.24) and incompressible
isentropic flow (the Bernoulli equation, Eq. 3.7) are apparent. The only differences are the factors
of [k/(k — 1)] that multiply the pressure terms and the fact that the densities are different (p; # p,).
In the limit of “low-speed flow” the two results are exactly the same, as is seen by the following.

We consider the stagnation point flow of Section 3.5 to illustrate the difference between the
incompressible and compressible results. As is shown in Chapter 11, Eq. 3.24 can be written in
dimensionless form as

— _ Kfk—1
I Kl + k-1 Maf) - 1} (compressible) 3.25)
P 2

where (1) denotes the upstream conditions and (2) the stagnation conditions. We have assumed
z, = z,, ¥, = 0, and have denoted Ma, = V,/c, as the upstream Mach number—the ratio of the
fluid velocity to the speed of sound, ¢, = VRT].

A comparison between this compressible result and the incompressible result is perhaps most
easily seen if we write the incompressible flow result in terms of the pressure ratio and the Mach
number. Thus, we divide each term in the Bernoulli equation, p¥3/2 + p, = p,, by p, and use the
perfect gas law, p; = pRT,, to obtain

P~ P V%

p 2RT,
Since Ma; = V;/VkRT, this can be written as

- kMa?
]% = Tl (incompressible) (3.26)
1

Equations 3.25 and 3.26 are plotted in Fig. 3.24. In the low-speed limit of Ma; — 0, both of the

results are the same. This can be seen by denoting (k — 1)Ma}/2 = & and using the binomial expan-

sion, (1 +&)" =1+ n& + n(n — 1)&/2 + -, where n = k/(k — 1), to write Eq. 3.25 as
Pz_Pl_kMa%( 1 2 —k

1+ —Maj +
40T Ty

P1 2

For Ma, < 1 this compressible flow result agrees with Eq. 3.26. The incompressible and com-
pressible equations agree to within about 2% up to a Mach number of approximately Ma, = 0.3.
For larger Mach numbers the disagreement between the two results increases.

Maf + - ) (compressible)

1

4
0.8 /
Compressible /
(Eq.3.25)
0.6
g
NES k=1.4
Q
0.4
Incompressible
0.2 (Eq. 3.26)
B FIGURE 3.24 Pressure
0 ratio as a function of Mach number
0 0.2 0.4 0.6 0.8 L for incompressible and compressible

Ma; (isentropic) flow.
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Thus, a “rule of thumb” is that the flow of a perfect gas may be considered as incompress-
ible provided the Mach number is less than about 0.3. In standard air (7}, = 59 °F, ¢, = VKRT, =
1117 ft/s) this corresponds to a speed of ¥, = Ma,c; = 0.3(1117 ft/s) = 335 ft/s = 228 mi/hr. At
higher speeds, compressibility may become important.

LILXTICIENEY Compressible Flow—Mach Number

GIVEN The jet shown in Fig. E3.15 flies at Mach 0.82 at an
altitude of 10 km in a standard atmosphere.

FIND Determine the stagnation pressure on the leading edge
of its wing if the flow is incompressible; and if the flow is com-
pressible isentropic.

SOLUTION

From Tables 1.8 and C.2 we find that p, = 26.5 kPa (abs),
T, = —49.9°C, p = 0.414 kg/m?, and k = 1.4. Thus, if we as-
sume incompressible flow, Eq. 3.26 gives

Pz py WM (0.82)
2 2 ’ 2

= 0.471

B FIGURE E3.15 (Photograph courtesy of

or

)4

P> — p1 = 0.471(26.5 kPa) = 12.5 kPa (Ans)

On the other hand, if we assume isentropic flow, Eq. 3.25 gives

T LR

=0.555 are often not only quantitative but also qualitative.
or Note that if the airplane were flying at Mach 0.30 (rather than
0.82) the corresponding values would be p, — p; = 1.670 kPa for
P2 — p1 = 0.555(26.5 kPa) = 14.7 kPa (Ans)  incompressible flow and p, — p1 = 1.707 kPa for compressible

COMMENT  We see that at Mach 0.82 compressibility effects
are of importance. The pressure (and, to a first approximation, the

Pure stock/superstock.)

lift and drag on the airplane; see Chapter 9) is approximately
14.7/12.5 = 1.18 times greater according to the compressible
flow calculations. This may be very significant. As discussed in
Chapter 11, for Mach numbers greater than 1 (supersonic flow)
the differences between incompressible and compressible results

flow. The difference between these two results is about 2%.

The Bernoulli
equation can be
modified for un-
steady flows.

3.8.2 Unsteady Effects

Another restriction of the Bernoulli equation (Eq. 3.7) is the assumption that the flow is steady. For
such flows, on a given streamline the velocity is a function of only s, the location along the stream-
line. That is, along a streamline ¥ = I{(s). For unsteady flows the velocity is also a function of
time, so that along a streamline V' = Vs, 7). Thus when taking the time derivative of the velocity
to obtain the streamwise acceleration, we obtain a, = dV/ot + V dV/ds rather than justa, = V dV/ds
as is true for steady flow. For steady flows the acceleration is due to the change in velocity re-
sulting from a change in position of the particle (the ¥ d¥/ds term), whereas for unsteady flow
there is an additional contribution to the acceleration resulting from a change in velocity with
time at a fixed location (the 9V/0¢ term). These effects are discussed in detail in Chapter 4. The
net effect is that the inclusion of the unsteady term, d7/d¢, does not allow the equation of motion
to be easily integrated (as was done to obtain the Bernoulli equation) unless additional assump-
tions are made.

The Bernoulli equation was obtained by integrating the component of Newton’s second law
(Eq. 3.5) along the streamline. When integrated, the acceleration contribution to this equation, the
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3.8 Restrictions on Use of the Bernoulli Equation

3 pd(V?) term, gave rise to the kinetic energy term in the Bernoulli equation. If the steps leading
to Eq. 3.5 are repeated with the inclusion of the unsteady effect (97/9¢ # 0) the following is
obtained:

14 1
p Eds +dp + 5 pd(V?) + ydz =0 (along a streamline)
For incompressible flow this can be easily integrated between points (1) and (2) to give

1 & 1
P+ EpV% + yz, = pJ’ ;ds + p, + EpVg + vz, (along a streamline)  (3.27)
V3.11 Oscillations o

in a U-tube Equation 3.27 is an unsteady form of the Bernoulli equation valid for unsteady, incompressible,
inviscid flow. Except for the integral involving the local acceleration, d¥/d¢, it is identical to the
steady Bernoulli equation. In general, it is not easy to evaluate this integral because the variation
of d¥/dt along the streamline is not known. In some situations the concepts of “irrotational flow”
and the “velocity potential” can be used to simplify this integral. These topics are discussed in
Chapter 6.

—EXAM PLE 3.16 BYUBICEC A A LIV VES R T2

GIVEN An incompressible, inviscid liquid is placed in a verti- ?psg

cal, constant diameter U-tube as indicated in Fig. E3.16. When py 5 N

released from the nonequilibrium position shown, the liquid v,

column will oscillate at a specific frequency. ‘ . T ()

FIND Determine this frequency. T_ 0

=i/ /=] e eaZ=
Equilibrium
position

(1)
SOLUTION % I

>

B FIGURE E3.16

The frequency of oscillation can be calculated by use of Eq. 3.27
as follows. Let points (1) and (2) be at the air—water interfaces of
the two columns of the tube and z = 0 correspond to the equilib-
rium position of these interfaces. Hence, p, = p, = 0 and if
z, = z, then z; = —z. In general, z is a function of time, z = z(¢).
For a constant diameter tube, at any instant in time the fluid speed
is constant throughout the tube, V; = V, = V, and the integral
representing the unsteady effect in Eq. 3.27 can be written as

which has the solution z(f) = C,sin(V2g/€ ) + C, cos
(V2g/€ t). The values of the constants C; and C, depend on the

—dss = — | ds—=—4€—

JSZ 14 desz dv
ot dt dt

where € is the total length of the liquid column as shown in the
figure. Thus, Eq. 3.27 can be written as

dv
—z)=pl{— +
W=z =pt— s+ vz
Since V = dz/dt and y = pg, this can be written as the second-
order differential equation describing simple harmonic motion
d*z 2g

+ 2, =
a2 e? 0

initial state (velocity and position) of the liquid at 7 = 0. Thus, the
liquid oscillates in the tube with a frequency

o= \V2g/l

COMMENT This frequency depends on the length of the col-
umn and the acceleration of gravity (in a manner very similar to
the oscillation of a pendulum). The period of this oscillation (the
time required to complete an oscillation) is 7, = 27 V{/2g.

(Ans)

In a few unsteady flow cases, the flow can be made steady by an appropriate selection of the
coordinate system. Example 3.17 illustrates this.
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130 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

ExavrLe 5.17 K

GIVEN A submarine moves through seawater (SG = 1.03)ata
depth of 50 m with velocity 7, = 5.0 m/s as shown in Fig. E3.17.

FIND Determine the pressure at the stagnation point (2).

SOLUTION

In a coordinate system fixed to the ground, the flow is unsteady.
For example, the water velocity at (1) is zero with the submarine
in its initial position, but at the instant when the nose, (2), reaches
point (1) the velocity there becomes V, = —Vyi. Thus,
dV,/dt # 0 and the flow is unsteady. Application of the steady
Bernoulli equation between (1) and (2) would give the incorrect = (12,900 + 505,000) N/m’

result that “p; = p, + pV3/2.” According to this result the static = 518 kPa (Ans)
pressure is greater than the stagnation pressure—an incorrect use
of the Bernoulli equation.

We can either use an unsteady analysis for the flow (which is
outside the scope of this text) or redefine the coordinate system so
that it is fixed on the submarine, giving steady flow with respect
to this system. The correct method would be

B FIGURE E3.17

similar to that discussed in Example 3.2.

COMMENT  If the submarine were accelerating, 9V, /¢ # 0,
the flow would be unsteady in either of the above coordinate sys-
tems and we would be forced to use an unsteady form of the

Bernoulli equation.

>
= PV + yh = [(1.03)(1000) kg/m*] (5.0 m/s)*/2

2
+ (9.80 X 10° N/m?)(1.03)(50 m)

Some unsteady flows may be treated as “quasisteady” and solved approximately by using the
steady Bernoulli equation. In these cases the unsteadiness is “not too great” (in some sense), and the
steady flow results can be applied at each instant in time as though the flow were steady. The slow
draining of a tank filled with liquid provides an example of this type of flow.

3.8.3 Rotational Effects

Another of the restrictions of the Bernoulli equation is that it is applicable along the streamline. Ap-
o T plication of the Bemoulli equation across streamlines (i.e., frgm a point on one streamline tQ a po'int
Bernoulli equation on another streamline) can lead to considerable errors, depending on the particular flow conditions in-
GRS SR, volved. In general, the Bernoulli constant varies from streamline to streamline. However, under certain
restrictions this constant is the same throughout the entire flow field. Example 3.18 illustrates this fact.

Care must be used

—EXA MPLE 3.18 BRUEKJE:EAGEITUINCTEN TR G T E L LT TS
GIVEN Consider the uniform flow in the channel shown in Fluid particles spin
Fig. E3.18a. The liquid in the vertical piezometer tube is sta- /// /‘\\\
ti : 3
ionary. =0 T ) / \|

I
FIND Discuss the use of the Bernoulli equation between 3 /I
points (1) and (2), points (3) and (4), and points (4) and (5). % R\ y’/
/N ~ B
§ %
3) T v . | °
SoLuTiOoN =¥ ®
. . . . . @ ,_
If the flow is steady, inviscid, and incompressible, Eq. 3.7 written | p, =p, 2=
between points (1) and (2) gives Vs
pt %PV% tyz=pt %PV% + vz, (a)
= constant = Cy BFIGURE E3.18
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Since V, = V, = Vyand z; = z, = 0, it follows that p;, = p, = p,
and the Bernoulli constant for this streamline, C|,, is given by

Cp = %PV% + Po

Along the streamline from (3) to (4) we note that V5 = V, = ¥,
and z; = z, = h. As was shown in Example 3.5, application of
F = ma across the streamline (Eq. 3.12) gives p; = p; — vh be-
cause the streamlines are straight and horizontal. The above facts
combined with the Bernoulli equation applied between (3) and (4)
show that p; = p, and that the Bernoulli constant along this
streamline is the same as that along the streamline between
(1) and (2). That is, C3, = C,, or

ps Tt %pV% t+yzz =ps t+ %Pszt t vz = Gy = Cpy

Similar reasoning shows that the Bernoulli constant is the same
for any streamline in Fig. E3.18. Hence,

p + ipV? + yz = constant throughout the flow

131

3.9 Chapter Summary and Study Guide

Again from Example 3.5 we recall that

Py =ps + yH =vyH

If we apply the Bernoulli equation across streamlines from (4) to
(5), we obtain the incorrect result “H = p,/y + V3/2g.” The cor-
rect result is H = p,/y.

From the above we see that we can apply the Bernoulli equation
across streamlines (1)—+2) and (3)-(4) (i.e., C;, = Cs,) but not across
streamlines from (4) to (5). The reason for this is that while the flow
in the channel is “irrotational,” it is “rotational” between the flowing
fluid in the channel and the stationary fluid in the piezometer tube.
Because of the uniform velocity profile across the channel, it is seen
that the fluid particles do not rotate or “spin” as they move. The flow
is “irrotational.”” However, as seen in Fig. E3.18b, there is a very thin
shear layer between (4) and (5) in which adjacent fluid particles in-
teract and rotate or “spin.” This produces a “rotational” flow. A more
complete analysis would show that the Bernoulli equation cannot be
applied across streamlines if the flow is “rotational” (see Chapter 6).

As is suggested by Example 3.18, if the flow is “irrotational” (i.e., the fluid particles do not

/N

V3.12 Flow over a
cavity

3.8.4 Other Restrictions

“spin” as they move), it is appropriate to use the Bernoulli equation across streamlines. However,
if the flow is “rotational” (fluid particles “spin”), use of the Bernoulli equation is restricted to flow
along a streamline. The distinction between irrotational and rotational flow is often a very subtle
and confusing one. These topics are discussed in more detail in Chapter 6. A thorough discussion
can be found in more advanced texts (Ref. 3).

Another restriction on the Bernoulli equation is that the flow is inviscid. As is discussed in Section
3.4, the Bernoulli equation is actually a first integral of Newton’s second law along a streamline. This

general integration was possible because, in the absence of viscous effects, the fluid system consid-
ered was a conservative system. The total energy of the system remains constant. If viscous effects
are important the system is nonconservative (dissipative) and energy losses occur. A more detailed
analysis is needed for these cases. Such material is presented in Chapter 5.

The Bernoulli
equation is not
valid for flows that
involve pumps or
turbines.

The final basic restriction on use of the Bernoulli equation is that there are no mechanical
devices (pumps or turbines) in the system between the two points along the streamline for which
the equation is applied. These devices represent sources or sinks of energy. Since the Bernoulli
equation is actually one form of the energy equation, it must be altered to include pumps or tur-
bines, if these are present. The inclusion of pumps and turbines is covered in Chapters 5 and 12.

In this chapter we have spent considerable time investigating fluid dynamic situations gov-
erned by a relatively simple analysis for steady, inviscid, incompressible flows. Many flows can
be adequately analyzed by use of these ideas. However, because of the rather severe restrictions
imposed, many others cannot. An understanding of these basic ideas will provide a firm founda-
tion for the remainder of the topics in this book.

3.9

Chapter Summary and Study Guide

In this chapter, several aspects of the steady flow of an inviscid, incompressible fluid are discussed.
Newton’s second law, F = ma, is applied to flows for which the only important forces are those
due to pressure and gravity (weight)—viscous effects are assumed negligible. The result is the often-
used Bernoulli equation, which provides a simple relationship among pressure, elevation, and veloc-
ity variations along a streamline. A similar but less often used equation is also obtained to describe
the variations in these parameters normal to a streamline.

The concept of a stagnation point and the corresponding stagnation pressure is introduced
as are the concepts of static, dynamic, and total pressure and their related heads.
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132 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

steady flow
streamline
Bernoulli equation
elevation head
pressure head
velocity head

static pressure
dynamic pressure
stagnation point
stagnation pressure
total pressure
Pitot-static tube
free jet

volume flowrate
continuity equation
cavitation

flow meter
hydraulic grade line
energy line

Several applications of the Bernoulli equation are discussed. In some flow situations, such

as the use of a Pitot-static tube to measure fluid velocity or the flow of a liquid as a free jet
from a tank, a Bernoulli equation alone is sufficient for the analysis. In other instances, such
as confined flows in tubes and flow meters, it is necessary to use both the Bernoulli equation
and the continuity equation, which is a statement of the fact that mass is conserved as fluid
flows.

The following checklist provides a study guide for this chapter. When your study of the

entire chapter and end-of-chapter exercises has been completed, you should be able to

write out meanings of the terms listed here in the margin and understand each of the related
concepts. These terms are particularly important and are set in ifalic, bold, and color type
in the text.

explain the origin of the pressure, elevation, and velocity terms in the Bernoulli equation
and how they are related to Newton’s second law of motion.

apply the Bernoulli equation to simple flow situations, including Pitot-static tubes, free jet
flows, confined flows, and flow meters.

use the concept of conservation of mass (the continuity equation) in conjunction with the
Bernoulli equation to solve simple flow problems.

apply Newton’s second law across streamlines for appropriate steady, inviscid, incompress-
ible flows.

use the concepts of pressure, elevation, velocity, and total heads to solve various flow prob-
lems.

explain and use the concepts of static, stagnation, dynamic, and total pressures.
use the energy line and the hydraulic grade line concepts to solve various flow problems.
explain the various restrictions on use of the Bernoulli equation.

Some of the important equations in this chapter are:

Streamwise and normal 9 12

lerati =V, = 3.1
acceleration a s a 7R 3.1)
Force balance along a streamline 1, _ .
for steady inviscid flow j s + > V-+gz=0C (along a streamline) 3.6)
The Bernoulli equation p+ %p J2 + yz = constant along streamline 3.7
Pressure gradient normal to )
streamline for inviscid flow in ap — _ﬂ (3.10b)
absence of gravity on R
Force balance normal to a )

streamline for steady, inviscid, pt pJ dn + yz = constant across the streamline  (3.12)
incompressible flow

Velocity measurement for a _ \/f
Pitot-static tube V'="\N2(ps = plp (3.16)

h
Free jet v=1/2 77 ~ \2gh (3.18)

Continuity equation AV, = AV, 0t Q) = O, 3.19)
2 —
Flow meter equation Q0 =4, (131—]72)2 (3.20)
pl1 = (4,/4,)]
. . _ 2g(z) — z)
Sluice gate equation O=zb\— 3.21)
1 = (z/z))
p. V :
Total head ; + P + z = constant on a streamline = H  (3.22)
g

R
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Review Problems

Go to Appendix G for a set of review problems with answers. De-
tailed solutions can be found in Student Solution Manual and Study

Problems

Guide for Fundamentals of Fluid Mechanics, by Munson et al.
(© 2009 John Wiley and Sons, Inc.).

Note: Unless otherwise indicated, use the values of fluid prop-
erties found in the tables on the inside of the front cover. Prob-
lems designated with an (*) are intended to be solved with the
aid of a programmable calculator or a computer. Problems des-
ignated with a () are “open-ended” problems and require crit-
ical thinking in that to work them one must make various
assumptions and provide the necessary data. There is not a
unique answer to these problems.

Answers to the even-numbered problems are listed at the
end of the book. Access to the videos that accompany problems
can be obtained through the book’s web site, www.wiley.com/
college/munson. The lab-type problems can also be accessed on
this web site.

Section 3.2 F = ma along a Streamline

3.1 Obtain a photograph/image of a situation which can be ana-
lyzed by use of the Bernoulli equation. Print this photo and write
a brief paragraph that describes the situation involved.

3.2 Air flows steadily along a streamline from point (1) to point (2)
with negligible viscous effects. The following conditions are mea-
sured: At point (1) z; = 2 m and p; = 0 kPa; at point (2) z, = 10
m, p, = 20 N/m?, and ¥, = 0. Determine the velocity at point (1).

3.3 Water flows steadily through the variable area horizontal pipe
shown in Fig. P3.3. The centerline velocity is given by V =
10(1 + x) i ft/s, where x is in feet. Viscous effects are neglected.
(a) Determine the pressure gradient, dp/dx, (as a function of x)
needed to produce this flow. (b) If the pressure at section (1) is
50 psi, determine the pressure at (2) by (i) integration of the pres-
sure gradient obtained in (a), (ii) application of the Bernoulli
equation.

0 0

—_—
. (2)

(1)
b x

B FIGURE P33

3.4 Repeat Problem 3.3 if the pipe is vertical with the flow down.

3.5 An incompressible fluid with density p flows steadily past
the object shown in Video V3.7 and Fig. P3.5. The fluid velocity
along the horizontal dividing streamline (—% < x = —q) is found
to be V' = V,(1 + a/x), where a is the radius of curvature of the

front of the object and ¥ is the upstream velocity. (a) Determine
the pressure gradient along this streamline. (b) If the upstream
pressure is p,, integrate the pressure gradient to obtain the pres-
sure p(x) for —o%0 < x = —a. (c) Show from the result of part (b) that
the pressure at the stagnation point (x = —a) is p, + pV3/2, as
expected from the Bernoulli equation.

Dividing
streamline

S

Po

Stagnation
point

BEFIGURE P3.5

3.6 What pressure gradient along the streamline, dp/ds, is required
to accelerate water in a horizontal pipe at a rate of 30 m/s??

3.7 A fluid with a specific weight of 100 Ib/ft* and negligible vis-
cous effects flows in the pipe shown in Fig. P3.7. The pressures at
points (1) and (2) are 400 Ib/ft> and 900 Ib/ft, respectively. The
velocities at points (1) and (2) are equal. Is the fluid accelerating
uphill, downhill, or not accelerating? Explain.

M ./\10
&

30° °(2)
t

B FIGURE P3.7

3.8 What pressure gradient along the streamline, dp/ds, is required
to accelerate water upward in a vertical pipe at a rate of 30 ft/s??
What is the answer if the flow is downward?

3.9 Consider a compressible fluid for which the pressure and
density are related by p/p” = C,, where n and C,, are constants. In-
tegrate the equation of motion along the streamline, Eq. 3.6, to
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obtain the “Bernoulli equation” for this compressible flow as
[n/(n — 1)]p/p + V?/2 + gz = constant.

3.10 An incompressible fluid flows steadily past a circular cylin-
der as shown in Fig. P3.10. The fluid velocity along the dividing
streamline (— < x =< —q) is found to be V = V, (1 — &*/x?),
where a is the radius of the cylinder and ¥}, is the upstream ve-
locity. (a) Determine the pressure gradient along this streamline.
(b) If the upstream pressure is p,, integrate the pressure gradient
to obtain the pressure p(x) for —» < x < —a. (¢) Show from
the result of part (b) that the pressure at the stagnation

point (x = —a) is p, + pV3/2, as expected from the Bernoulli
equation.
Dividing /
streamline
s x=0

Do Stagnation
point

.

B FIGURE P3.10

3.11 Consider a compressible liquid that has a constant bulk mod-
ulus. Integrate “F = ma” along a streamline to obtain the equiva-
lent of the Bernoulli equation for this flow. Assume steady, inviscid
flow.

Section 3.3 F = ma Normal to a Streamline

3.12 Obtain a photograph/image of a situation in which Newton’s
second law applied across the streamlines (as given by Eq. 3.12)
is important. Print this photo and write a brief paragrph that de-
scribes the situation involved.

3.13 Air flows along a horizontal, curved streamline with a 20 ft
radius with a speed of 100 ft/s. Determine the pressure gradient
normal to the streamline.

3.14 Water flows around the vertical two-dimensional bend with
circular streamlines and constant velocity as shown in Fig. P3.14.
If the pressure is 40 kPa at point (1), determine the pressures at
points (2) and (3). Assume that the velocity profile is uniform as
indicated.

(3)

T

(2)

V= 10m/s

YYYYYYY

(1)
B FIGURE P3.14

*3.15 Water flows around the vertical two-dimensional bend with
circular streamlines as is shown in Fig. P3.15. The pressure at point
(1) is measured to be p; = 25 psi and the velocity across section
a—a is as indicated in the table. Calculate and plot the pressure
across section a—a of the channel [p = p(z) for 0 = z = 2 ft].

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

z (ft) V (ft/s)
0 0
0.2 8.0
0.4 14.3
0.6 20.0
0.8 19.5
1.0 15.6
1.2 8.3
1.4 6.2
1.6 3.7
1.8 2.0
2.0 0

lg
20 ft

a

B FIGURE P3.15

3.16 Water in a container and air in a tornado flow in horizontal
circular streamlines of radius » and speed V as shown in Video
V3.6 and Fig. P3.16. Determine the radial pressure gradient, dp/or,
needed for the following situations: (a) The fluid is water with
r =3 in.and V = 0.8 ft/s. (b) The fluid is air with » = 300 ft and
V' = 200 mph.

B FIGURE P3.16

3.17 Air flows smoothly over the hood of your car and up past the
windshield. However, a bug in the air does not follow the same path;
it becomes splattered against the windshield. Explain why this is so.

Section 3.5 Static, Stagnation, Dynamic,
and Total Pressure

3.18 Obtain a photograph/image of a situation in which the con-
cept of the stagnation pressure is important. Print this photo and
write a brief paragraph that describes the situation involved.

3.19 Ata given point on a horizontal streamline in flowing air, the
static pressure is —2.0 psi (i.e., a vacuum) and the velocity is 150 ft/s.
Determine the pressure at a stagnation point on that streamline.
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+3.20 Estimate the maximum pressure on the surface of your car
when you wash it using a garden hose connected to your outside
faucet. List all assumptions and show calculations.

3.21 When an airplane is flying 200 mph at 5000-ft altitude in a
standard atmosphere, the air velocity at a certain point on the wing
is 273 mph relative to the airplane. (a) What suction pressure is de-
veloped on the wing at that point? (b) What is the pressure at the
leading edge (a stagnation point) of the wing?

3.22 Some animals have learned to take advantage of Bernoulli ef-
fect without having read a fluid mechanics book. For example, a
typical prairie dog burrow contains two entrances—a flat front
door, and a mounded back door as shown in Fig. P3.22. When the
wind blows with velocity ¥ across the front door, the average ve-
locity across the back door is greater than V; because of the mound.
Assume the air velocity across the back door is 1.07V;. For a wind
velocity of 6 m/s, what pressure differences, p; — p,, are generated
to provide a fresh air flow within the burrow?

1.07 ¥,

Vo —_—
— (2)
[ ]

| —

B FIGURE P3.22

3.23 A loon is a diving bird equally at home “flying” in the air or
water. What swimming velocity under water will produce a dy-
namic pressure equal to that when it flies in the air at 40 mph?

3.24 A person thrusts his hand into the water while traveling 3 m/s
in a motorboat. What is the maximum pressure on his hand?

3.25 A Pitot-static tube is used to measure the velocity of he-
lium in a pipe. The temperature and pressure are 40 °F and
25 psia. A water manometer connected to the Pitot-static tube in-
dicates a reading of 2.3 in. Determine the helium velocity. Is it
reasonable to consider the flow as incompressible? Explain.

3.26 An inviscid fluid flows steadily along the stagnation stream-
line shown in Fig. P3.26 and Video V3.7, starting with speed V, far
upstream of the object. Upon leaving the stagnation point, point
(1), the fluid speed along the surface of the object is assumed to be
given by V' = 2 ¥ sin 6, where 6 is the angle indicated. At what an-
gular position, 6,, should a hole be drilled to give a pressure differ-
ence of p; — p, = pV3/2? Gravity is negligible.

B FIGURE P3.26

3.27 A water-filled manometer is connected to a Pitot-static tube
to measure a nominal airspeed of 50 ft/s. It is assumed that a change
in the manometer reading of 0.002 in. can be detected. What is the
minimum deviation from the 50 ft/s airspeed that can be detected
by this system? Repeat the problem if the nominal airspeed is 5 ft/s.

135

Problems

3.28 (See Fluids in the News article titled “Incorrect raindrop
shape,” Section 3.2.) The speed, V, at which a raindrop falls is a
function of its diameter, D, as shown in Fig. P3.28. For what sized
raindrop will the stagnation pressure be equal to half the internal
pressure caused by surface tension? Recall from Section 1.9 that
the pressure inside a drop is Ap = 40/D greater than the surround-
ing pressure, where o is the surface tension.

30

0 0.05 0.1
D, in.

B FIGURE P3.28

0.15 0.2

3.29 (See Fluids in the News article titled “Pressurized eyes,”
Section 3.5.) Determine the air velocity needed to produce a stag-
nation pressure equal to 10 mm of mercury.

3.30 (See Fluids in the News article titled “Bugged and plugged
Pitot tubes,” Section 3.5.) An airplane’s Pitot tube used to indicate
airspeed is partially plugged by an insect nest so that it measures
60% of the stagnation pressure rather than the actual stagnation
pressure. If the airspeed indicator indicates that the plane is flying
150 mph, what is the actual airspeed?

Section 3.6.1 Free Jets

3.31 Obtain a photograph/image of a situation in which the con-
cept of a free jet is important. Print this photo and write a brief para-
graph that describes the situation involved.

3.32 Water flows through a hole in the bottom of a large, open tank
with a speed of 8 m/s. Determine the depth of water in the tank. Vis-
cous effects are negligible.

3.33 Water flows from the faucet on the first floor of the building
shown in Fig. P3.33 with a maximum velocity of 20 ft/s. For steady

T
—

IN
=

V=20 ft/s f

—

12 ft
A

—17
HEFIGURE P333
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inviscid flow, determine the maximum water velocity from the
basement faucet and from the faucet on the second floor (assume
each floor is 12 ft tall).

13.34 The “super soaker” water gun shown in Fig. P3.34 can
shoot more than 30 ft in the horizontal direction. Estimate the
minimum pressure, p;, needed in the chamber in order to ac-
complish this. List all assumptions and show all calculations.

B FIGURE P3.34

3.35% An inviscid liquid drains from a large tank through a square
duct of width b as shown in Fig. P3.35. The velocity of the fluid at
the outlet is not precisely uniform because of the difference in ele-
vation across the outlet. If b < A, this difference in velocity is negli-
gible. For given b and /, determine v as a function of x and integrate
the results to determine the average velocity, ¥ = Q/b”. Plot the ve-
locity distribution, v = v(x), across the outlet if # = 1 and b = 0.1,
0.2,0.4, 0.6, 0.8, and 1.0 m. How small must b be if the centerline
velocity, v atx = b/2, is to be within 3% of the average velocity?

B FIGURE P3.35

3.36 Several holes are punched into a tin can as shown in Fig.
P3.36. Which of the figures represents the variation of the water ve-
locity as it leaves the holes? Justify your choice.

53

(a) (b) (c)
B FIGURE P3.36

3.37 Water flows from a garden hose nozzle with a velocity of
15 m/s. What is the maximum height that it can reach above the
nozzle?

3.38 Water flows from a pressurized tank, through a 6-in.-diameter
pipe, exits from a 2-in.-diameter nozzle, and rises 20 ft above the
nozzle as shown in Fig. P3.38. Determine the pressure in the tank if
the flow is steady, frictionless, and incompressible.

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

|
1 6in.
B FIGURE P3.38

3.39 Aninviscid, incompressible liquid flows steadily from the large
pressurized tank shown in Fig. P.3.39. The velocity at the exit is
40 ft/s. Determine the specific gravity of the liquid in the tank.

@ 10 psi

Air

5 ft Liquid

10 ft

‘/40 ft/s

B FIGURE P3.39

3.40 Water flows from the tank shown in Fig. P3.40. If viscous ef-
fects are negligible, determine the value of / in terms of H and the
specific gravity, SG, of the manometer fluid.

jﬂ

N
SG
B FIGURE P3.40

3.41 (See Fluids in the News article titled “Armed with a water
jet for hunting,” Section 3.4.) Determine the pressure needed in
the gills of an archerfish if it can shoot a jet of water 1 m vertically
upward. Assume steady, inviscid flow.

Section 3.6.2 Confined Flows (Also see Lab Problems
3.118 and 3.120.)

3.42 Obtain a photograph/image of a situation that involves a con-
fined flow for which the Bernoulli and continuity equations are
important. Print this photo and write a brief paragraph that de-
scribes the situation involved.
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3.43 Air flows steadily through a horizontal 4-in.-diameter pipe and
exits into the atmosphere through a 3-in.-diameter nozzle. The veloc-
ity at the nozzle exit is 150 ft/s. Determine the pressure in the pipe if
viscous effects are negligible.

3.44 A fire hose nozzle has a diameter of 11 in. According to some
fire codes, the nozzle must be capable of delivering at least
250 gal/min. If the nozzle is attached to a 3-in.-diameter hose, what
pressure must be maintained just upstream of the nozzle to deliver
this flowrate?

3.45 Water flowing from the 0.75-in.-diameter outlet shown in
Video V8.14 and Fig. P3.45 rises 2.8 in. above the outlet. Deter-
mine the flowrate.

[

2.8in.

L ——= 0.75in.
- éﬂ

B FIGURE P3.45

3.46 Pop (with the same properties as water) flows from a
4-in.-diameter pop container that contains three holes as shown in
Fig. P3.46 (see Video 3.9). The diameter of each fluid stream is
0.15 in., and the distance between holes is 2 in. If viscous effects
are negligible and quasi-steady conditions are assumed, determine
the time at which the pop stops draining from the top hole. Assume
the pop surface is 2 in. above the top hole when # = 0. Compare
your results with the time you measure from the video.

/Surface atr=0

2in. |i0.15in.

2in. |

2in. |

/4

B FIGURE P3.46

3.47 Water (assumed inviscid and incompressible) flows steadily
in the vertical variable-area pipe shown in Fig. P3.47. Determine
the flowrate if the pressure in each of the gages reads 50 kPa..

B FIGURE P3.47
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3.48 Air is drawn into a wind tunnel used for testing automobiles
as shown in Fig. P3.48. (a) Determine the manometer reading, #,
when the velocity in the test section is 60 mph. Note that there is a
1-in. column of oil on the water in the manometer. (b) Determine
the difference between the stagnation pressure on the front of the
automobile and the pressure in the test section.

NS

/Wind tunnel

A
\’\ 60 mph -
— -
ey ~
/ Fan
Water 0il (SG = 0.9)

B FIGURE P3.48

3.49 Small-diameter, high-pressure liquid jets can be used to cut
various materials as shown in Fig. P3.49. If viscous effects are negli-
gible, estimate the pressure needed to produce a 0.10-mm-diameter
water jet with a speed of 700 m/s. Determine the flowrate.

B FIGURE P3.49

3.50 Water (assumed inviscid and incompressible) flows steadily
with a speed of 10 ft/s from the large tank shown in Fig. P3.50. De-
termine the depth, A, of the layer of light liquid (specific weight =
50 Ib/ft*) that covers the water in the tank.

50 Ib/ft3

T 10 ft/s

!
H
!

Water

B FIGURE P3.50

3.51 Water flows through the pipe contraction shown in Fig. P3.51.
For the given 0.2-m difference in manometer level, determine the
flowrate as a function of the diameter of the small pipe, D.
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B FIGURE P3.51

3.52 Water flows through the pipe contraction shown in Fig. P3.52.
For the given 0.2-m difference in the manometer level, determine
the flowrate as a function of the diameter of the small pipe, D.

B FIGURE P3.52

3.53 Water flows through the pipe contraction shown in Fig. P3.53.
For the given 0.2-m difference in the manometer level, determine
the flowrate as a function of the diameter of the small pipe, D.

B FIGURE P3.53

3.54 A 0.15-m-diameter pipe discharges into a 0.10-m-diameter
pipe. Determine the velocity head in each pipe if they are carrying
0.12 m%¥s of kerosene.

3.55 Carbon tetrachloride flows in a pipe of variable diameter with
negligible viscous effects. At point 4 in the pipe the pressure and
velocity are 20 psi and 30 ft/s, respectively. At location B the pres-
sure and velocity are 23 psi and 14 ft/s. Which point is at the higher
elevation and by how much?

3.56 The circular stream of water from a faucet is observed to ta-
per from a diameter of 20 mm to 10 mm in a distance of 50 cm. De-
termine the flowrate.

3.57 Water is siphoned from the tank shown in Fig. P3.57. The
water barometer indicates a reading of 30.2 ft. Determine the max-
imum value of /4 allowed without cavitation occurring. Note that
the pressure of the vapor in the closed end of the barometer equals
the vapor pressure.

3.58 As shown in Fig. P3.58, water from a large reservoir flows
without viscous effects through a siphon of diameter D and into a
tank. It exits from a hole in the bottom of the tank as a stream of di-
ameter d. The surface of the reservoir remains H above the bottom

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

N.— Closed end

3-in.
diameter

30.2 ft

B FIGURE P3.57

B FIGURE P3.58

of the tank. For steady-state conditions, the water depth in the tank,
h, is constant. Plot a graph of the depth ratio #/H as a function of the
diameter ratio d/D.

3.59 A smooth plastic, 10-m-long garden hose with an inside diam-
eter of 20 mm is used to drain a wading pool as is shown in Fig. P3.59.
If viscous effects are neglected, what is the flowrate from the pool?

0.2m

B FIGURE P3.59

3.60 Water exits a pipe as a free jet and flows to a height / above
the exit plane as shown in Fig. P3.60. The flow is steady, incom-
pressible, and frictionless. (a) Determine the height 4. (b) Deter-
mine the velocity and pressure at section (1).

=16 ft/s

<ain. diameter

4-in. diameter
B FIGURE P3.60
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3.61 Water flows steadily from a large, closed tank as shown in
Fig. P3.61. The deflection in the mercury manometer is 1 in. and
viscous effects are negligible. (a) Determine the volume flowrate.
(b) Determine the air pressure in the space above the surface of the
water in the tank.

N
””” = | 1-ft diameter
8 it . 3-in. diameter
T ) ——
/P
i
1in.
!
Mercury

B FIGURE P3.61

3.62 Blood (SG = 1) flows with a velocity of 0.5 m/s in an artery.
It then enters an aneurysm in the artery (i.e., an area of weakened
and stretched artery walls that cause a ballooning of the vessel)
whose cross-sectional area is 1.8 times that of the artery. Determine
the pressure difference between the blood in the aneurysm and that
in the artery. Assume the flow is steady and inviscid.

3.63 Water flows steadily through the variable area pipe shown in
Fig. P3.63 with negligible viscous effects. Determine the manome-
ter reading, H, if the flowrate is 0.5 m?/s and the density of the
manometer fluid is 600 kg/m>.

Density = 600 kg/m>

¥ o
H
N F

Area = 0.05 m? Area = 0.07 m?

B FIGURE P3.63

3.64 Water flows steadily with negligible viscous effects through
the pipe shown in Fig. P3.64. It is known that the 4-in.-diameter
section of thin-walled tubing will collapse if the pressure within it
becomes less than 10 psi below atmospheric pressure. Determine
the maximum value that / can have without causing collapse of the
tubing.

4 ft 4-in.-diameter thin-walled tubing

B FIGURE P3.64

3.65 Helium flows through a 0.30-m-diameter horizontal pipe
with a temperature of 20 °C and a pressure of 200 kPa (abs) at a rate
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of 0.30 kg/s. If the pipe reduces to 0.25-m-diameter determine the
pressure difference between these two sections. Assume incom-
pressible, inviscid flow.

3.66 Water is pumped from a lake through an 8-in. pipe at a rate of
10 ft¥/s. If viscous effects are negligible, what is the pressure in the
suction pipe (the pipe between the lake and the pump) at an eleva-
tion 6 ft above the lake?

3.67 Air flows through a Venturi channel of rectangular cross sec-
tion as shown in Video V3.10 and Fig. P3.67. The constant width of
the channel is 0.06 m and the height at the exit is 0.04 m. Com-
pressibility and viscous effects are negligible. (a) Determine the
flowrate when water is drawn up 0.10 m in a small tube attached
to the static pressure tap at the throat where the channel height is
0.02 m. (b) Determine the channel height, /,, at section (2)
where, for the same flowrate as in part (a), the water is drawn up
0.05 m. (c) Determine the pressure needed at section (1) to pro-
duce this flow.

b = width = 0.06 m

Free jet

0.04 m

B FIGURE P3.67

3.68 Water flows steadily from the large open tank shown in Fig.
P3.68. If viscous effects are negligible, determine (a) the flowrate,
0, and (b) the manometer reading, /.

-H- i 4m
2m ﬁ
0 | f
0.08m Mercury

0.10m
B FIGURE P3.68

3.69 Water from a faucet fills a 16-0z glass (volume = 28.9 in.%) in
20 s. If the diameter of the jet leaving the faucet is 0.60 in., what is
the diameter of the jet when it strikes the water surface in the glass
which is positioned 14 in. below the faucet?

3.70 Air flows steadily through a converging—diverging rectangu-
lar channel of constant width as shown in Fig. P3.70 and Video
V3.10. The height of the channel at the exit and the exit velocity
are H, and V;, respectively. The channel is to be shaped so that the
distance, d, that water is drawn up into tubes attached to static
pressure taps along the channel wall is linear with distance along
the channel. That is, d = (d,./L) x, where L is the channel length
and d,,,, is the maximum water depth (at the minimum channel
height; x = L). Determine the height, H(x), as a function of x and
the other important parameters.
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B FIGURE P3.70

*3.71 The device shown in Fig. P3.71 is used to spray an appro-
priate mixture of water and insecticide. The flowrate from tank A4 is
to be O, = 0.02 gal/min when the water flowrate through the hose
is Q = 1| gal/min. Determine the pressure needed at point (1) and
the diameter, D, of the device For the diameter determined above,
plot the ratio of insecticide flowrate to water flowrate as a function
of water flowrate, O, for 0.1 = O = 1 gal/min. Can this device be
used to provide a reasonably constant ratio of insecticide to water
regardless of the water flowrate? Explain.

0.10-in. diameter

0%0,=0

0.015-in.
diameter

[ Insecticide

B FIGURE P3.71

3.72 1If viscous effects are neglected and the tank is large, deter-
mine the flowrate from the tank shown in Fig. P3.72.

\V4
0il,
SG =0.81
2m
=

Water
50-mm
diameter

B FIGURE P3.72

3.73 Water flows steadily downward in the pipe shown in Fig.
3.73 with negligible losses. Determine the flowrate.
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/ Open

0il SG=0.7

B FIGURE P3.73

3.74 Air at 80 °F and 14.7 psia flows into the tank shown in Fig.
P3.74. Determine the flowrate in ft*/s, Ib/s, and slugs/s. Assume in-
compressible flow.

0.5 in. Hg vacuum
0.6-in.
diameter

B FIGURE P3.74

3.75 Water flows from a large tank as shown in Fig. P3.75. At-
mospheric pressure is 14.5 psia, and the vapor pressure is 1.60 psia.
If viscous effects are neglected, at what height, /4, will cavitation
begin? To avoid cavitation, should the value of D, be increased or
decreased? To avoid cavitation, should the value of D, be increased
or decreased? Explain.

g

B FIGURE P3.75

T D, =2in.

3.76 Water flows into the sink shown in Fig. P3.76 and Video
V5.1 at a rate of 2 gal/min. If the drain is closed, the water will
eventually flow through the overflow drain holes rather than over
the edge of the sink. How many 0.4-in.-diameter drain holes are
needed to ensure that the water does not overflow the sink? Neglect
viscous effects.
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0.4-in. diameter
holes

B FIGURE P3.76

3.77 What pressure, p;, is needed to produce a flowrate of
0.09 ft/s from the tank shown in Fig. P3.77?

Gasoline 2.0 ft
Salt water
SG=1.1 36ft

0.06-ft dianM

B FIGURE P3.77

3.78 Water is siphoned from the tank shown in Fig. P3.78. Deter-
mine the flowrate from the tank and the pressures at points (1), (2),
and (3) if viscous effects are negligible.

2)

B FIGURE P3.78

3.79 Water is siphoned from a large tank and discharges into
the atmosphere through a 2-in.-diameter tube as shown in Fig.
P3.79. The end of the tube is 3 ft below the tank bottom, and vis-
cous effects are negligible. (a) Determine the volume flowrate
from the tank. (b) Determine the maximum height, H, over
which the water can be siphoned without cavitation occurring.
Atmospheric pressure is 14.7 psia, and the water vapor pressure
is 0.26 psia.
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9ft —>| [« 2-in. diameter

!

3 ft

L

B FIGURE P3.79

3.80 Determine the manometer reading, 4, for the flow shown in
Fig. P3.80.

0.37m

f

0.08-m
diameter

|
_ ’.L/ ‘ Free
————> et
1

0.05-m diameter
HFIGURE P3.80

3.81 Air flows steadily through the variable area pipe shown in
Fig. P3.81. Determine the flowrate if viscous and compressibility
effects are negligible.

b

0.1m

T

Water

B FIGURE P3.81

3.82 JP-4 fuel (SG = 0.77) flows through the Venturi meter
shown in Fig. P3.82 with a velocity of 15 ft/s in the 6-in. pipe.
If viscous effects are negligible, determine the elevation, 4, of
the fuel in the open tube connected to the throat of the Venturi
meter.
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V=15ft/s
B FIGURE P3.82

3.83 Repeat Problem 3.82 if the flowing fluid is water rather than
JP-4 fuel.

3.84 Oil flows through the system shown in Fig. P3.84 with negli-
gible losses. Determine the flowrate.

_o0in?2
A=20in. ~_

Tﬂ_

Oil
SG =0.86
5 ft

B FIGURE P3.84

3.85 Water, considered an inviscid, incompressible fluid, flows
steadily as shown in Fig. P3.85. Determine 4.

;l L—Air
3|

T — 1 Water
‘ 1-ft diameter
3 ft l

!

|
0=141t%s E

0.5-ft diameter

B FIGURE P3.85

3.86 Determine the flowrate through the submerged orifice shown
in Fig. P3.86 if the contraction coefficient is C. = 0.63.
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i
T

4 ft

diameter l

B FIGURE P3.86

*3.87 An inexpensive timer is to be made from a funnel as indi-
cated in Fig. P3.87. The funnel is filled to the top with water and the
plug is removed at time # = 0 to allow the water to run out. Marks
are to be placed on the wall of the funnel indicating the time in 15-s
intervals, from 0 to 3 min (at which time the funnel becomes empty).
If the funnel outlet has a diameter of d = 0.1 in., draw to scale the
funnel with the timing marks for funnels with angles of 6 = 30, 45,
and 60°. Repeat the problem if the diameter is changed to 0.05 in.

Plug
B FIGURE P3.87

3.88 A long water trough of triangular cross section is formed from
two planks as is shown in Fig. P3.88. A gap of 0.1 in. remains at the
junction of the two planks. If the water depth initially was 2 ft, how
long a time does it take for the water depth to reduce to 1 ft?

B FIGURE P3.88

*3.89 A spherical tank of diameter D has a drain hole of diameter
d at its bottom. A vent at the top of the tank maintains atmospheric
pressure at the liquid surface within the tank. The flow is quasi-
steady and inviscid and the tank is full of water initially. Determine
the water depth as a function of time, # = A(z), and plot graphs of
h(?) for tank diameters of 1, 5, 10, and 20 ftif = 1 in.

3.90 When the drain plug is pulled, water flows from a hole in the
bottom of a large, open cylindrical tank. Show that if viscous ef-
fects are negligible and if the flow is assumed to be quasisteady,
then it takes 3.41 times longer to empty the entire tank than it does
to empty the first half of the tank. Explain why this is so.

*3.91 The surface area, 4, of the pond shown in Fig. P3.91 varies
with the water depth, /4, as shown in the table. At time # = 0 a valve is
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opened and the pond is allowed to drain through a pipe of diameter D.
If viscous effects are negligible and quasisteady conditions are as-
sumed, plot the water depth as a function of time from when the valve
is opened (¢# = 0) until the pond is drained for pipe diameters of
D =0.5,1.0,1.5,2.0,2.5, and 3.0 ft. Assume # = 18 ftat¢ = 0.

B FIGURE P3.91

h (ft) A [acres (1 acre = 43,560 ft%)]
0 0
2 0.3
4 0.5
6 0.8
8 0.9

10 1.1
12 1.5
14 1.8
16 24
18 2.8

3.92 Water flows through a horizontal branching pipe as shown in
Fig. P3.92. Determine the pressure at section (3).

V3
A3=0.07 m?
()
) — 7
P, =350 kPa
/ @ =0.02m?
(1
Vi=4mls
p1 =400 kPa
A4,=0.1m?

B FIGURE P3.92

3.93 Water flows through the horizontal branching pipe shown in
Fig. P3.93 at a rate of 10 ft*/s. If viscous effects are negligible, de-
termine the water speed at section (2), the pressure at section (3),
and the flowrate at section (4).

/ A, = 0.07 ft?
Py = 5.0 psi
2)
A3=0.21

1) Vs =20ft/s
—>b —_—
Ay =12 (3)
0,=101s

=10 psi ~

~ @)

B FIGURE P3.93
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3.94 Water flows from a large tank through a large pipe that splits
into two smaller pipes as shown in Fig. P3.94. If viscous effects are
negligible, determine the flowrate from the tank and the pressure at

point (1).

{ - f
3m
b

0.03-m diameter
0.05-m diameter

°

&)
0.02-m diameter

HFIGURE P394

3.95 An air cushion vehicle is supported by forcing air into the
chamber created by a skirt around the periphery of the vehicle as
shown in Fig. P3.95. The air escapes through the 3-in. clearance be-
tween the lower end of the skirt and the ground (or water). Assume
the vehicle weighs 10,000 1b and is essentially rectangular in shape,
30 by 65 ft. The volume of the chamber is large enough so that the
kinetic energy of the air within the chamber is negligible. Deter-
mine the flowrate, O, needed to support the vehicle. If the ground
clearance were reduced to 2 in., what flowrate would be needed? If
the vehicle weight were reduced to 5000 1b and the ground clear-
ance maintained at 3 in., what flowrate would be needed?

Fan %)
Vehicle

i

3in.

B FIGURE P3.95
3.96 Water flows from the pipe shown in Fig. P3.96 as a free jet and

strikes a circular flat plate. The flow geometry shown is axisymmet-
rical. Determine the flowrate and the manometer reading, /.

‘f
H

0.1-m i
diameter
1} 14
~— / b
\ | 0.4 mm
0.2m
I ‘
- 0.01-m
diameter
Pipe

t

B FIGURE P3.96

3.97 Air flows from a hole of diameter 0.03 m in a flat plate as
shown in Fig. P3.97. A circular disk of diameter D is placed a dis-
tance / from the lower plate. The pressure in the tank is maintained
at 1 kPa. Determine the flowrate as a function of /4 if viscous
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r-iD =0.15 mﬂ

B FIGURE P3.97

effects and elevation changes are assumed negligible and the flow
exits radially from the circumference of the circular disk with uni-
form velocity.

3.98 A conical plug is used to regulate the air flow from the
pipe shown in Fig. P3.98. The air leaves the edge of the cone
with a uniform thickness of 0.02 m. If viscous effects are negli-
gible and the flowrate is 0.50 m/s, determine the pressure
within the pipe.

v
Free jet~_ /

—__ / O.ZTO m
- -5
_Q Cone

N

o
0.02 \V

B FIGURE P3.98

3.99 Water flows steadily from a nozzle into a large tank as shown
in Fig. P3.99. The water then flows from the tank as a jet of diame-
ter d. Determine the value of d if the water level in the tank remains
constant. Viscous effects are negligible.

4 ft
0.1-ft diameter ‘

=

0.15-ft diameter

3 ft L d
J 1ft

HFIGURE P3.99

3.100 A small card is placed on top of a spool as shown in
Fig. P3.100. It is not possible to blow the card off the spool by
blowing air through the hole in the center of the spool. The harder
one blows, the harder the card “sticks” to the spool. In fact, by
blowing hard enough it is possible to keep the card against the

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

fCardI

f ~— Spool

Q=

B FIGURE P3.100

spool with the spool turned upside down. (Note: It may be neces-
sary to use a thumb tack to prevent the card from sliding from the
spool.) Explain this phenomenon.

3.101 Water flows down the sloping ramp shown in Fig. P3.101
with negligible viscous effects. The flow is uniform at sections (1)
and (2). For the conditions given, show that three solutions for the
downstream depth, 4,, are obtained by use of the Bernoulli and con-
tinuity equations. However, show that only two of these solutions
are realistic. Determine these values.

V=10 fts == |n =11t hy

H=2ft

B FIGURE P3.101

3.102 Water flows in a rectangular channel that is 2.0 m wide as
shown in Fig. P3.102. The upstream depth is 70 mm. The water sur-
face rises 40 mm as it passes over a portion where the channel bottom
rises 10 mm. If viscous effects are negligible, what is the flowrate?

Q ==

L
70?“”1/_ 10 mm

B FIGURE P3.102

*3.103 Water flows up the ramp shown in Fig. P3.103 with negligi-
ble viscous losses. The upstream depth and velocity are maintained at
hy = 03 mand ¥, = 6 m/s. Plot a graph of the downstream depth,
h,, as a function of the ramp height, H, for 0 = H = 2 m. Note that
for each value of H there are three solutions, not all of which are re-
alistic.

V)= 6mM/S s T
1 !

B FIGURE P3.103
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Section 3.6.3 Flowrate Measurement (Also see Lab
Problems 3.119 and 3.121.)

3.104 Obtain a photograph/image of a situation that involves some
type of flow meter. Print this photo and write a brief paragraph that
describes the situation involved.

3.105 A Venturi meter with a minimum diameter of 3 in. is to be
used to measure the flowrate of water through a 4-in.-diameter
pipe. Determine the pressure difference indicated by the pressure
gage attached to the flow meter if the flowrate is 0.5 ft*/s and vis-
cous effects are negligible.

3.106 Determine the flowrate through the Venturi meter shown in
Fig. P3.106 if ideal conditions exist.

py =735 kPa P2 =550 kPa

y=9.1 kN/m®
B FIGURE P3.106

3.107 For what flowrate through the Venturi meter of Problem
3.106 will cavitation begin if p, = 275 kPa gage, atmospheric pres-
sure is 101 kPa (abs), and the vapor pressure is 3.6 kPa (abs)?

3.108 What diameter orifice hole, d, is needed if under ideal con-
ditions the flowrate through the orifice meter of Fig. P3.108 is to be
30 gal/min of seawater with p; — p, = 2.37 Ib/in.?? The contrac-
tion coefficient is assumed to be 0.63.

gty

B FIGURE P3.108

2-in.
diameter

3.109 Water flows over a weir plate (see Video V10.13) which has
a parabolic opening as shown in Fig. P3.109. That is, the opening in
the weir plate has a width CH'?, where C is a constant. Determine
the functional dependence of the flowrate on the head, O = O(H).

CHI/Z

B FIGURE P3.109

3.110 A weir (see Video V10.13) of trapezoidal cross section is
used to measure the flowrate in a channel as shown in Fig. P3.110.
If the flowrate is Q, when H = €/2, what flowrate is expected
when H = €?

145

Problems

B FIGURE P3.110

3.111 The flowrate in a water channel is sometimes determined by
use of a device called a Venturi flume. As shown in Fig. P3.111, this
device consists simply of a hump on the bottom of the channel. If
the water surface dips a distance of 0.07 m for the conditions
shown, what is the flowrate per width of the channel? Assume the
velocity is uniform and viscous effects are negligible.

B FIGURE P3.111

3.112 Water flows under the inclined sluice gate shown in
Fig. P3.112. Determine the flowrate if the gate is 8 ft wide.

1.6ft == e s
!

B FIGURE P3.112

Section 3.7 The Energy Line and the Hydraulic
Grade Line

3.113 Water flows in a vertical pipe of 0.15-m diameter at a rate of
0.2 m%s and a pressure of 200 kPa at an elevation of 25 m. Determine
the velocity head and pressure head at elevations of 20 and 55 m.

3.114 Draw the energy line and the hydraulic grade line for the
flow shown in Problem 3.78.

3.115 Draw the energy line and the hydraulic grade line for the
flow of Problem 3.75.

3.116 Draw the energy line and hydraulic grade line for the flow
shown in Problem 3.64.

Section 3.8 Restrictions on the Use of the Bernoulli
Equation
3.117 Obtain a photograph/image of a flow in which it would not

be appropriate to use the Bernoulli equation. Print this photo and
write a brief paragraph that describes the situation involved.
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B Lab Problems

3.118 This problem involves the pressure distribution between
two parallel circular plates. To proceed with this problem, go to Ap-
pendix H which is located on the book’s web site, www.wiley.com/
college/munson.

3.119 This problem involves the calibration of a nozzle-type
flow meter. To proceed with this problem, go to Appendix H which
is located on the book’s web site, www.wiley.com/college/munson.

3.120 This problem involves the pressure distribution in a two-
dimensional channel. To proceed with this problem, go to Appen-
dix H which is located on the book’s web site, www.wiley.com/
college/munson.

3.121 This problem involves the determination of the flowrate un-
der a sluice gate as a function of the water depth. To proceed with
this problem, go to Appendix H which is located on the book’s web
site, www.wiley.com/college/munson.

B Life Long Learning Problems

3.122 The concept of the use of a Pitot-static tube to measure the
airspeed of an airplane is rather straightforward. However, the de-
sign and manufacture of reliable, accurate, inexpensive Pitot-static
tube airspeed indicators is not necessarily simple. Obtain informa-
tion about the design and construction of modern Pitot-static tubes.
Summarize your findings in a brief report.

Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

3.123 In recent years damage due to hurricanes has been signifi-
cant, particularly in the southeastern United States. The low baro-
metric pressure, high winds, and high tides generated by hurri-
canes can combine to cause considerable damage. According to
some experts, in the coming years hurricane frequency may in-
crease because of global warming. Obtain information about the
fluid mechanics of hurricanes. Summarize your findings in a brief
report.

3.124 Orifice, nozzle, or Venturi flow meters have been used for a
long time to predict accurately the flowrate in pipes. However, re-
cently there have been several new concepts suggested or used for
such flowrate measurements. Obtain information about new meth-
ods to obtain pipe flowrate information. Summarize your findings
in a brief report.

3.125 Ultra-high-pressure, thin jets of liquids can be used to cut
various materials ranging from leather to steel and beyond. Ob-
tain information about new methods and techniques proposed for
liquid jet cutting and investigate how they may alter various
manufacturing processes. Summarize your findings in a brief
report.

B FE Exam Problems

Sample FE (Fundamentals of Engineering) exam questions for fluid
mechanics are provided on the book’s web site, www.wiley.com/
college/munson.
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CHAPTER OPENING PHOTO: A vortex ring: The complex, three-dimensional structure of a smoke ring is indi-
cated in this cross-sectional view. (Smoke in air.) [Photograph courtesy of R. H. Magarvey and C. S.
MacLatchy (Ref. 4).]

Learning Objectives

After completing this chapter, you should be able to:

m discuss the differences between the Eulerian and Lagrangian descriptions of
fluid motion.

m identify various flow characteristics based on the velocity field.

m determine the streamline pattern and acceleration field given a velocity field.

m discuss the differences between a system and control volume.

m apply the Reynolds transport theorem and the material derivative.

o

In this chapter we will discuss various aspects of fluid motion without being concerned with the

V4.1 Streaklines actual forces necessary to produce the motion. That is, we will consider the kinematics of the
motion—the velocity and acceleration of the fluid, and the description and visualization of its motion.
The analysis of the specific forces necessary to produce the motion (the dynamics of the motion)
will be discussed in detail in the following chapters. A wide variety of useful information can be
gained from a thorough understanding of fluid kinematics. Such an understanding of how to describe
and observe fluid motion is an essential step to the complete understanding of fluid dynamics.

4.1 The Velocity Field

In general, fluids flow. That is, there is a net motion of molecules from one point in space to another
point as a function of time. As is discussed in Chapter 1, a typical portion of fluid contains so
many molecules that it becomes totally unrealistic (except in special cases) for us to attempt to

147
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Chapter 4 B Fluid Kinematics

Particle 4 at
time ¢ + &¢

V4
. Particle path
Particle 4 at
time ¢
40 vt +80)

w

V4.2 Velocity field

B FIGURE 4.1 Particle
location in terms of its position
vector.

account for the motion of individual molecules. Rather, we employ the continuum hypothesis and
consider fluids to be made up of fluid particles that interact with each other and with their
surroundings. Each particle contains numerous molecules. Thus, we can describe the flow of a fluid
in terms of the motion of fluid particles rather than individual molecules. This motion can be
described in terms of the velocity and acceleration of the fluid particles.

The infinitesimal particles of a fluid are tightly packed together (as is implied by the continuum

day or night.

assumption). Thus, at a given instant in time, a description of any fluid property (such as density,
pressure, velocity, and acceleration) may be given as a function of the fluid’s location. This
representation of fluid parameters as functions of the spatial coordinates is termed a field
representation of the flow. Of course, the specific field representation may be different at different
times, so that to describe a fluid flow we must determine the various parameters not only as a
function of the spatial coordinates (x, y, z, for example) but also as a function of time, #. Thus, to
completely specify the temperature, 7, in a room we must specify the temperature field,
T = T(x,y, z, 1), throughout the room (from floor to ceiling and wall to wall) at any time of the

Shown in the margin figure is one of the most important fluid variables, the velocity field,

V = u(x,y, z, t)i + (x, y, z, t)j + w(x, y, z, t)lA(

where u, v, and w are the x, y, and z components of the velocity vector. By definition, the velocity

V4.3 Cylinder-
velocity vectors

of a particle is the time rate of change of the position vector for that particle. As is illustrated in
Fig. 4.1, the position of particle 4 relative to the coordinate system is given by its position vector,
r,, which (if the particle is moving) is a function of time. The time derivative of this position gives
the velocity of the particle, dr,/dt = V ,. By writing the velocity for all of the particles we can

obtain the field description of the velocity vector V = V(x, y, z, ¢).
. Since the velocity is a vector, it has both a direction and a magnitude. The magnitude of V,
)’ denoted ¥ = |V| = (u* + v* + w?)"2, is the speed of the fluid. (It is very common in practical
o situations to call ¥ velocity rather than speed, i.e., “the velocity of the fluid is 12 m/s.”) As is
- discussed in the next section, a change in velocity results in an acceleration. This acceleration may
be due to a change in speed and/or direction.

F | u i d s i n

t h e N e w s

Follow those particles Superimpose two photographs of a
bouncing ball taken a short time apart and draw an arrow between
the two images of the ball. This arrow represents an approxima-
tion of the velocity (displacement/time) of the ball. The particle
image velocimeter (PIV) uses this technique to provide the in-
stantaneous velocity field for a given cross section of a flow. The
flow being studied is seeded with numerous micron-sized parti-
cles which are small enough to follow the flow yet big enough to
reflect enough light to be captured by the camera. The flow is

illuminated with a light sheet from a double-pulsed laser. A digi-
tal camera captures both light pulses on the same image frame,
allowing the movement of the particles to be tracked. By using
appropriate computer software to carry out a pixel-by-pixel inter-
rogation of the double image, it is possible to track the motion of
the particles and determine the two components of velocity in the
given cross section of the flow. By using two cameras in a stereo-
scopic arrangement it is possible to determine all three compo-
nents of velocity. (See Problem 4.62.)
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GIVEN A velocity field is given by V = (Vo/€) (— xi + yj)
where V,, and € are constants.

SoLuTION
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4.1 The Velocity Field

L STUTICRY Velocity Field Representation

FIND At what location in the flow field is the speed equal to
V,? Make a sketch of the velocity field for x = 0 by drawing ar-
rows representing the fluid velocity at representative locations.

The x, y, and z components of the velocity are given by
u= —Vyx/€,v = V,y/€,and w = 0 so that the fluid speed, V, is

v
V= W) = R ) o)
The speed is V' = ¥, at any location on the circle of radius € centered

at the origin [(x* + »*)'? = €] asshown in Fig. E4.1a. ~ (Ans)

The direction of the fluid velocity relative to the x axis is given
in terms of @ = arctan (v/u) as shown in Fig. E4.15. For this flow
v_ Vot y

tanf = — = =
an u  —Vox/€ —x

Thus, along the x axis (y = 0) we see that tan§ = 0, so that
6 = 0° or & = 180°. Similarly, along the y axis (x = 0) we ob-
taintan § = oo so thatf® = 90° or 6 = 270° Also, fory = 0 we
find V = (—V,x/0)i, while for x = 0 we have V = (Vy/0)j,

(@)

indicating (if ¥, > 0) that the flow is directed away from the ori-
gin along the y axis and toward the origin along the x axis as
shown in Fig. E4.1a.

By determining V and 6 for other locations in the x—y plane, the
velocity field can be sketched as shown in the figure. For example,
on the line y = x the velocity is at a 45° angle relative to the x axis
(tan 6 = v/u = —y/x = —1). At the origin x = y = 0 so that
V = 0. This point is a stagnation point. The farther from the origin
the fluid is, the faster it is flowing (as seen from Eq. 1). By careful
consideration of the velocity field it is possible to determine consid-
erable information about the flow.

COMMENT The velocity field given in this example approxi-
mates the flow in the vicinity of the center of the sign shown in
Fig. E4.1c. When wind blows against the sign, some air flows
over the sign, some under it, producing a stagnation point as indi-
cated.

|
9 v

u

(b)

R
V=06 -

(c)
HFIGURE E4.1
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T Flow

/7

Flow

FEither Eulerian or
Lagrangian meth-
ods can be used to
describe flow

fields.

The figure in the margin shows the velocity field (i.e., velocity vectors) for flow past two
square bars. It is possible to obtain much qualitative and quantitative information for complex
flows by using plots such as this.

4.1.1 Eulerian and Lagrangian Flow Descriptions

There are two general approaches in analyzing fluid mechanics problems (or problems in other
branches of the physical sciences, for that matter). The first method, called the Eulerian method,
uses the field concept introduced above. In this case, the fluid motion is given by completely
prescribing the necessary properties (pressure, density, velocity, etc.) as functions of space and time.
From this method we obtain information about the flow in terms of what happens at fixed points
in space as the fluid flows through those points.

A typical Eulerian representation of the flow is shown by the figure in the margin which
involves flow past a row of turbine blades as occurs in a jet engine. The pressure field is indicated
by using a contour plot showing lines of constant pressure, with grey shading indicating the intensity
of the pressure.

The second method, called the Lagrangian method, involves following individual fluid
particles as they move about and determining how the fluid properties associated with these particles
change as a function of time. That is, the fluid particles are “tagged” or identified, and their
properties determined as they move.

The difference between the two methods of analyzing fluid flow problems can be seen in the
example of smoke discharging from a chimney, as is shown in Fig. 4.2. In the Eulerian method one
may attach a temperature-measuring device to the top of the chimney (point 0) and record the
temperature at that point as a function of time. At different times there are different fluid particles
passing by the stationary device. Thus, one would obtain the temperature, 7, for that location
(x = x0, ¥ = ¥, and z = z;) as a function of time. That is, 7 = T'(xo, Vo, Z, ¢). The use of numerous
temperature-measuring devices fixed at various locations would provide the temperature field,
T = T(x, y, z, t). The temperature of a particle as a function of time would not be known unless the
location of the particle were known as a function of time.

In the Lagrangian method, one would attach the temperature-measuring device to a particular
fluid particle (particle 4) and record that particle’s temperature as it moves about. Thus, one would
obtain that particle’s temperature as a function of time, 7, = T(¢). The use of many such measuring
devices moving with various fluid particles would provide the temperature of these fluid particles
as a function of time. The temperature would not be known as a function of position unless the
location of each particle were known as a function of time. If enough information in Eulerian form
is available, Lagrangian information can be derived from the Eulerian data—and vice versa.

Example 4.1 provides an Eulerian description of the flow. For a Lagrangian description we
would need to determine the velocity as a function of time for each particle as it flows along from
one point to another.

In fluid mechanics it is usually easier to use the Eulerian method to describe a flow—in
either experimental or analytical investigations. There are, however, certain instances in which the
Lagrangian method is more convenient. For example, some numerical fluid mechanics calculations
are based on determining the motion of individual fluid particles (based on the appropriate
interactions among the particles), thereby describing the motion in Lagrangian terms. Similarly, in

y
Location O:
T = T(xg, yo, 1)~ Particle A4:
0 T,=T,0
Yo !
3 [ X
-

B FIGURE 4.2 Eulerian and
Lagrangian descriptions of temperature of a
flowing fluid.
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Most flow fields
are actually three-
dimensional.

V4.6 Flow past a
wing
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some experiments individual fluid particles are “tagged” and are followed throughout their motion,
providing a Lagrangian description. Oceanographic measurements obtained from devices that flow
with the ocean currents provide this information. Similarly, by using X-ray opaque dyes it is possible
to trace blood flow in arteries and to obtain a Lagrangian description of the fluid motion. A
Lagrangian description may also be useful in describing fluid machinery (such as pumps and
turbines) in which fluid particles gain or lose energy as they move along their flow paths.

Another illustration of the difference between the Eulerian and Lagrangian descriptions can
be seen in the following biological example. Each year thousands of birds migrate between their
summer and winter habitats. Ornithologists study these migrations to obtain various types of
important information. One set of data obtained is the rate at which birds pass a certain location on
their migration route (birds per hour). This corresponds to an Eulerian description—“flowrate” at a
given location as a function of time. Individual birds need not be followed to obtain this information.
Another type of information is obtained by “tagging” certain birds with radio transmitters and
following their motion along the migration route. This corresponds to a Lagrangian description—
“position” of a given particle as a function of time.

4.1.2 One-, Two-, and Three-Dimensional Flows

Generally, a fluid flow is a rather complex three-dimensional, time-dependent phenomenon—
V=V(xyzi)= ui + vjA + wk. In many situations, however, it is possible to make simplifying
assumptions that allow a much easier understanding of the problem without sacrificing needed
accuracy. One of these simplifications involves approximating a real flow as a simpler one- or two-
dimensional flow.

In almost any flow situation, the velocity field actually contains all three velocity components
(u, v, and w, for example). In many situations the three-dimensional flow characteristics are
important in terms of the physical effects they produce. (See the photograph at the beginning of
Chapter 4.) For these situations it is necessary to analyze the flow in its complete three-dimensional
character. Neglect of one or two of the velocity components in these cases would lead to considerable
misrepresentation of the effects produced by the actual flow.

The flow of air past an airplane wing provides an example of a complex three-dimensional
flow. A feel for the three-dimensional structure of such flows can be obtained by studying Fig. 4.3,
which is a photograph of the flow past a model wing; the flow has been made visible by using a
flow visualization technique.

In many situations one of the velocity components may be small (in some sense) relative to
the two other components. In situations of this kind it may be reasonable to neglect the smaller
component and assume two-dimensional flow. That is, V = u + vj, where u and v are functions
of x and y (and possibly time, 7).

It is sometimes possible to further simplify a flow analysis by assuming that two of the
velocity components are negligible, leaving the velocity field to be approximated as a one-
dimensional flow field. Thatis, V = ui. As we will learn from examples throughout the remainder
of the book, although there are very few, if any, flows that are truly one-dimensional, there are

B FIGURE 43
Flow visualization of the
complex three-dimensional
flow past a model wing.
(Photograph by M. R. Head.)
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V4.7 Flow types

Chapter 4 B Fluid Kinematics

many flow fields for which the one-dimensional flow assumption provides a reasonable
approximation. There are also many flow situations for which use of a one-dimensional flow field
assumption will give completely erroneous results.

4.1.3 Steady and Unsteady Flows

In the previous discussion we have assumed steady flow—the velocity at a given point in space does
not vary with time, 9V/d¢ = 0. In reality, almost all flows are unsteady in some sense. That is, the
velocity does vary with time. It is not difficult to believe that unsteady flows are usually more difficult
to analyze (and to investigate experimentally) than are steady flows. Hence, considerable simplicity
often results if one can make the assumption of steady flow without compromising the usefulness of
the results. Among the various types of unsteady flows are nonperiodic flow, periodic flow, and truly
random flow. Whether or not unsteadiness of one or more of these types must be included in an
analysis is not always immediately obvious.

An example of a nonperiodic, unsteady flow is that produced by turning off a faucet to stop
the flow of water. Usually this unsteady flow process is quite mundane and the forces developed
as a result of the unsteady effects need not be considered. However, if the water is turned off
suddenly (as with the electrically operated valve in a dishwasher shown in the figure in the margin),
the unsteady effects can become important [as in the “water hammer” effects made apparent by
the loud banging of the pipes under such conditions (Ref. 1)].

In other flows the unsteady effects may be periodic, occurring time after time in basically
the same manner. The periodic injection of the air—gasoline mixture into the cylinder of an
automobile engine is such an example. The unsteady effects are quite regular and repeatable in a
regular sequence. They are very important in the operation of the engine.

F | u i d s i n

t h e N e w s

New pulsed liquid-jet scalpel High-speed liquid-jet cutters are
used for cutting a wide variety of materials such as leather
goods, jigsaw puzzles, plastic, ceramic, and metal. Typically,
compressed air is used to produce a continuous stream of water
that is ejected from a tiny nozzle. As this stream impacts the ma-
terial to be cut, a high pressure (the stagnation pressure) is pro-
duced on the surface of the material, thereby cutting the mater-
ial. Such liquid-jet cutters work well in air, but are difficult to
control if the jet must pass through a liquid as often happens in

surgery. Researchers have developed a new pulsed jet cutting
tool that may allow surgeons to perform microsurgery on tissues
that are immersed in water. Rather than using a steady water jet,
the system uses wunsteady flow. A high-energy electrical dis-
charge inside the nozzle momentarily raises the temperature of
the microjet to approximately 10,000 °C. This creates a rapidly
expanding vapor bubble in the nozzle and expels a tiny fluid jet
from the nozzle. Each electrical discharge creates a single, brief
jet, which makes a small cut in the material.

V4.8 Jupiter red
spot

In many situations the unsteady character of a flow is quite random. That is, there is no
repeatable sequence or regular variation to the unsteadiness. This behavior occurs in turbulent
flow and is absent from laminar flow. The “smooth” flow of highly viscous syrup onto a pancake
represents a “deterministic” laminar flow. It is quite different from the turbulent flow observed in
the “irregular” splashing of water from a faucet onto the sink below it. The “irregular” gustiness
of the wind represents another random turbulent flow. The differences between these types of
flows are discussed in considerable detail in Chapters 8 and 9.

It must be understood that the definition of steady or unsteady flow pertains to the behavior
of a fluid property as observed at a fixed point in space. For steady flow, the values of all fluid
properties (velocity, temperature, density, etc.) at any fixed point are independent of time. However,
the value of those properties for a given fluid particle may change with time as the particle flows
along, even in steady flow. Thus, the temperature of the exhaust at the exit of a car’s exhaust pipe
may be constant for several hours, but the temperature of a fluid particle that left the exhaust pipe
five minutes ago is lower now than it was when it left the pipe, even though the flow is steady.

4.1.4 Streamlines, Streaklines, and Pathlines

Although fluid motion can be quite complicated, there are various concepts that can be used to
help in the visualization and analysis of flow fields. To this end we discuss the use of streamlines,
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streaklines, and pathlines in flow analysis. The streamline is often used in analytical work while
the streakline and pathline are often used in experimental work.

A streamline is a line that is everywhere tangent to the velocity field. If the flow is steady,
nothing at a fixed point (including the velocity direction) changes with time, so the streamlines
are fixed lines in space. (See the photograph at the beginning of Chapter 6.) For unsteady flows
the streamlines may change shape with time. Streamlines are obtained analytically by integrating
the equations defining lines tangent to the velocity field. As illustrated in the margin figure, for
two-dimensional flows the slope of the streamline, dy/dx, must be equal to the tangent of the
angle that the velocity vector makes with the x axis or

dy v

o “.1)
If the velocity field is known as a function of x and y (and ¢ if the flow is unsteady), this equation
can be integrated to give the equation of the streamlines.

For unsteady flow there is no easy way to produce streamlines experimentally in the laboratory.
As discussed below, the observation of dye, smoke, or some other tracer injected into a flow can provide
useful information, but for unsteady flows it is not necessarily information about the streamlines.

—EXAMPLE .98 Streamlines for a Given Velocity Field

GIVEN Consider the two-dimensional steady flow discussed
in Example 4.1, V = (Vo /€)(—xi + yj).

SOLUTION

FIND Determine the streamlines for this flow.

Since
u=(=Vy/€)xandv = (V,/€)y @
it follows that streamlines are given by solution of the equation

(Vo/€)y y

—(Vo/Ox  x

& _v y

d  u

in which variables can be separated and the equation integrated to

give
Jﬂ=_J@
v X

Iny = —Inx + constant

or

Thus, along the streamline
(Ans)

By using different values of the constant C, we can plot various
lines in the x—y plane—the streamlines. The streamlines forx = 0
are plotted in Fig. E4.2. A comparison of this figure with Fig.
E4.1a illustrates the fact that streamlines are lines tangent to the
velocity field.

xy = C, where C is a constant

COMMENT Note that a flow is not completely specified by
the shape of the streamlines alone. For example, the streamlines
for the flow with ¥/€ = 10 have the same shape as those for the
flow with V,/¢ = —10. However, the direction of the flow is op-
posite for these two cases. The arrows in Fig. E4.2 representing the
flow direction are correct for Vy/€ = 10 since, from Eq. 1,
u = —10x and v = 10y. That is, the flow is from right to left. For
Vo/€ = —10 the arrows are reversed. The flow is from left to right.

>
=

>
S

-
<

B FIGURE E4.2
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A streakline consists of all particles in a flow that have previously passed through a common
point. Streaklines are more of a laboratory tool than an analytical tool. They can be obtained by
taking instantaneous photographs of marked particles that all passed through a given location in
the flow field at some earlier time. Such a line can be produced by continuously injecting marked
fluid (neutrally buoyant smoke in air, or dye in water) at a given location (Ref. 2). (See Fig. 9.1.)
If the flow is steady, each successively injected particle follows precisely behind the previous one,
forming a steady streakline that is exactly the same as the streamline through the injection point.

For unsteady flows, particles injected at the same point at different times need not follow the
same path. An instantaneous photograph of the marked fluid would show the streakline at that instant,
but it would not necessarily coincide with the streamline through the point of injection at that particular
time nor with the streamline through the same injection point at a different time (see Example 4.3).

The third method used for visualizing and describing flows involves the use of pathlines. A
pathline is the line traced out by a given particle as it flows from one point to another. The pathline
is a Lagrangian concept that can be produced in the laboratory by marking a fluid particle (dying
a small fluid element) and taking a time exposure photograph of its motion. (See the photograph
at the beginning of Chapter 7)

N

V4.10 Streaklines

F | u i d s i n t h e N e w s

Air bridge spanning the oceans It has long been known that
large quantities of material are transported from one location to
another by airborne dust particles. It is estimated that 2 billion
metric tons of dust are lifted into the atmosphere each year.
Most of these particles settle out fairly rapidly, but significant
amounts travel large distances. Scientists are beginning to un-
derstand the full impact of this phenomena—it is not only the
tonnage transported, but the type of material transported that is
significant. In addition to the mundane inert material we all
term “dust,” it is now known that a wide variety of hazardous

materials and organisms are also carried along these literal
particle paths. Satellite images reveal the amazing rate by
which desert soils and other materials are transformed into air-
borne particles as a result of storms that produce strong winds.
Once the tiny particles are aloft, they may travel thousands of
miles, crossing the oceans and eventually being deposited on
other continents. For the health and safety of all, it is important
that we obtain a better understanding of the air bridges that
span the oceans and also understand the ramification of such
material transport.

If the flow is steady, the path taken by a marked particle (a pathline) will be the same as the line
formed by all other particles that previously passed through the point of injection (a streakline). For
such cases these lines are tangent to the velocity field. Hence, pathlines, streamlines, and streaklines
are the same for steady flows. For unsteady flows none of these three types of lines need be the same
(Ref. 3). Often one sees pictures of “streamlines” made visible by the injection of smoke or dye into
a flow as is shown in Fig. 4.3. Actually, such pictures show streaklines rather than streamlines. However,
for steady flows the two are identical; only the nomenclature is incorrectly used.

For steady flow,
streamlines, streak-
lines, and pathlines
are the same.

—EXAMPLE :Mc8 Comparison of Streamlines, Pathlines, and Streaklines

GIVEN Water flowing from the oscillating slit shown in Fig.
E4.3a produces a velocity field given by V = u, sin[w(z —
y/vo) i + vy, where u,, vy, and o are constants. Thus, the y com-
ponent of velocity remains constant (v = ;) and the x component
of velocity at y = 0 coincides with the velocity of the oscillating
sprinkler head [u = u sin(w?) aty = 0].

SOLUTION

FIND (a) Determine the streamline that passes through the ori-
ginat# = 0; at/ = 7/2w. (b) Determine the pathline of the parti-
cle that was at the origin at # = 0; at # = /2. (c) Discuss the
shape of the streakline that passes through the origin.

(a) Since u = uysinf[w(t — y/vy)] and v = v, it follows from
Eq. 4.1 that streamlines are given by the solution of
@_o_ Yo

d u up sin[w(t — y/vy)]

in which the variables can be separated and the equation inte-
grated (for any given time 7) to give

cfofofe-D oo
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or
y

1o(vo/w) cos {w(t = ;)} =vpx + C )
o

where C is a constant. For the streamline at # = 0 that passes
through the origin (x = y = 0), the value of C is obtained
from Eq. 1 as C = uyv,/w. Hence, the equation for this

streamline is
Uy wy
x=—|cos{— |—1
w 'UO

Similarly, for the streamline at # = 7/2w that passes through the
origin, Eq. 1 gives C = 0. Thus, the equation for this streamline is

x=—cos|w|z———||=—cos|— ——
[0} 20 v, [0} 2 Vo

@ (Ans)

or
Uy . [wy
== == A
x =—sin ( Uo) 3) (Ans)
COMMENT These two streamlines, plotted in Fig. E4.3b, are

not the same because the flow is unsteady. For example, at the ori-
gin (x =y =0) the velocity is V=12v,j at /=0 and
V= uoi I voj at 1 = m/2w. Thus, the angle of the streamline
passing through the origin changes with time. Similarly, the shape
of the entire streamline is a function of time.

(b) The pathline of a particle (the location of the particle as a
function of time) can be obtained from the velocity field and
the definition of the velocity. Since u = dx/dt and v = dy/dt

we obtain
d:
;); = uysin {w(t - vl())} and

The y equation can be integrated (since v, = constant) to give the
y coordinate of the pathline as

dy
a

y =1yt + C “4)

where C| is a constant. With this known y = y(¢) dependence, the
x equation for the pathline becomes

dx . { (t v0t+C1>}_ . (C1w>
- dosin | 71)0 = —u,sin o
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This can be integrated to give the x component of the pathline as

x = —|uysin| — ||t + C, Q)
Vo

where C, is a constant. For the particle that was at the origin
(x =y = 0)attimes = 0, Eqs. 4 and 5 give C; = C, = 0. Thus,
the pathline is

x=0 and y= vy (6) (Ans)

Similarly, for the particle that was at the origin at # = /2w, Egs.
4 and 5 give C; = —mvy/2w and C; = —muy/2w. Thus, the path-
line for this particle is

aa T
x = uo(t—%> and y = vo(t—£> @)

The pathline can be drawn by plotting the locus of x(¢), y(¢) values
for # = 0 or by eliminating the parameter 7 from Eq. 7 to give

Uy

y=—X
Uy

@) (Ans)
COMMENT The pathlines given by Egs. 6 and 8, shown in
Fig. E4.3c, are straight lines from the origin (rays). The pathlines
and streamlines do not coincide because the flow is unsteady.

(¢) The streakline through the origin at time # = 0 is the locus of
particles at # = 0 that previously (+ < 0) passed through the ori-
gin. The general shape of the streaklines can be seen as follows.
Each particle that flows through the origin travels in a straight line
(pathlines are rays from the origin), the slope of which lies between
*vy/uy as shown in Fig. E4.3d. Particles passing through the ori-
gin at different times are located on different rays from the origin
and at different distances from the origin. The net result is that a
stream of dye continually injected at the origin (a streakline) would
have the shape shown in Fig. E4.3d. Because of the unsteadiness,
the streakline will vary with time, although it will always have the
oscillating, sinuous character shown.

COMMENT Similar streaklines are given by the stream of
water from a garden hose nozzle that oscillates back and forth in
a direction normal to the axis of the nozzle.

In this example neither the streamlines, pathlines, nor streaklines
coincide. If the flow were steady, all of these lines would be the
same.

Streamlines
through origin

y
2nvg/o,
Pz
c \
X N\
=0 vy
Oscillating
sprinkler head
1 1
—2uylo
TQ ¢

(a)

(b) B FIGURE E4.3(a), (b)
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y
\
u \
| 1=0 / \\
volug / \\
. \
P_athlmes o_f _ / Streaklines
parhcleg at origin / / / through origin
at time ¢ /\ /[ at time ¢

(d) B FIGURE E4.3(c), (d)

4.2 The Acceleration Field

AN

V4.11 Pathlines

Acceleration is the
time rate of change
of velocity for a
given particle.

As indicated in the previous section, we can describe fluid motion by either (1) following individual
particles (Lagrangian description) or (2) remaining fixed in space and observing different particles
as they pass by (Eulerian description). In either case, to apply Newton’s second law (F = ma) we
must be able to describe the particle acceleration in an appropriate fashion. For the infrequently
used Lagrangian method, we describe the fluid acceleration just as is done in solid body dynamics—
a = a(7) for each particle. For the Eulerian description we describe the acceleration field as a
function of position and time without actually following any particular particle. This is analogous
to describing the flow in terms of the velocity field, V = V (x, y, z, £), rather than the velocity for
particular particles. In this section we will discuss how to obtain the acceleration field if the velocity
field is known.

The acceleration of a particle is the time rate of change of its velocity. For unsteady flows
the velocity at a given point in space (occupied by different particles) may vary with time, giving
rise to a portion of the fluid acceleration. In addition, a fluid particle may experience an acceleration
because its velocity changes as it flows from one point to another in space. For example, water
flowing through a garden hose nozzle under steady conditions (constant number of gallons per
minute from the hose) will experience an acceleration as it changes from its relatively low velocity
in the hose to its relatively high velocity at the tip of the nozzle.

4.2.1 The Material Derivative

Consider a fluid particle moving along its pathline as is shown in Fig. 4.4. In general, the particle’s
velocity, denoted V , for particle 4, is a function of its location and the time. That is,

V=V, (1, 0) = Vu[x,(0), va(0), z42), 1]

Particle 4 at
time ¢
Particle path r,
y
t
Z x (1)
BEFIGURE 4.4
V40 Velocity and position of particle 4
X at time
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The material deriv-
ative is used to de-
scribe time rates of
change for a given
particle.

T=Txyz1)

Particle A

N

)Z_
5 Y
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where x, = x,(¢),y, = v, (f), and z, = z, (f) define the location of the moving particle. By
definition, the acceleration of a particle is the time rate of change of its velocity. Since the velocity
may be a function of both position and time, its value may change because of the change in time
as well as a change in the particle’s position. Thus, we use the chain rule of differentiation to obtain
the acceleration of particle 4, denoted a,, as

_Va Vi Vadxy | Vadyy | OVadz

1) = = + + + 4.2
al) =~ ot ox dt 9y dt oz dr “-.2)

Using the fact that the particle velocity components are given by u, = dx,/dt, v, = dy,/dt,
and w, = dz,/dt, Eq. 4.2 becomes
A% A% A% av
aA=7A+uA7A+vA7A+wA7A
ot 0x Y 0z
Since the above is valid for any particle, we can drop the reference to particle 4 and obtain the
acceleration field from the velocity field as

oV oV oV oV
a=—+tu—+tov—+tw_— 4.3)
ot ox dy 0z

This is a vector result whose scalar components can be written as

a, = u—+ov—+w—
at 0. ay Z
) v v av
a=—%u—+tvo—+w_— “4.4)
ot 0x dy 0z
and
ow aw ow ow
a=—rtu—+v—+w—
ot 0x )% 0z

where a,, a,, and a, are the x, y, and z components of the acceleration.
The above result is often written in shorthand notation as

_Dv

a_
Dt

where the operator

PO 30 a0, H) ) s
Dt ot ax dy Jz

is termed the material derivative or substantial derivative. An often-used shorthand notation for
the material derivative operator is

D() _a()

Dr Py +(V-V)() (4.6)
The dot product of the velocity vector, V, and the gradient operator, V( ) = a( )/axi + a( )/
ayj + a( )/oz k (a vector operator) provides a convenient notation for the spatial derivative terms
appearing in the Cartesian coordinate representation of the material derivative. Note that the notation
V - V represents the operator V - V() = ud( )/dx + va( )/dy + wa( )/oz.

The material derivative concept is very useful in analysis involving various fluid parameters,
not just the acceleration. The material derivative of any variable is the rate at which that variable
changes with time for a given particle (as seen by one moving along with the fluid—the Lagrangian
description). For example, consider a temperature field 7 = T(x, y, z, ) associated with a given
flow, like the flame shown in the figure in the margin. It may be of interest to determine the time
rate of change of temperature of a fluid particle (particle 4) as it moves through this temperature
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field. If the velocity, V = V (x, y, z, 1), is known, we can apply the chain rule to determine the rate

of change of temperature as

dr, _ o,
dt ot
This can be written as
DT oT
—=—+u
Dt ot

Ty dvy | Tydyy | 9T, dy
ax dt dy dt dz dt
aT aT oT  oT
—Fv—+w—=—+V:VT
ox dy 0z ot

As in the determination of the acceleration, the material derivative operator, D( )/Dt, appears.

—EXAMPLE 3.8 Acceleration along a Streamline

GIVEN An incompressible, inviscid fluid flows steadily past a
ball of radius R, as shown in Fig. E4.4a. According to a more ad-
vanced analysis of the flow, the fluid velocity along streamline
A-B is given by

3 R\ .
V = ux)i = V0<1 4 T)i
x
where V, is the upstream velocity far ahead of the sphere.

FIND Determine the acceleration experienced by fluid parti-
cles as they flow along this streamline.

SOLUTION

Along streamline 4—B there is only one component of velocity
(v = w = 0) so that from Eq. 4.3

A% aV <8u au>c
a=-——tu—=(—+tu—]|i
ot ox ot ox
or
u du
a=—+tu—, ay=0, a, =0
at ox

Since the flow is steady the velocity at a given point in space does
not change with time. Thus, du/d¢ = 0. With the given velocity dis-
tribution along the streamline, the acceleration becomes

3

R ) VR(=3x)]

Ju
— — =l =
E ox 0( X

or

1 + (Ri)?

a, = _3(V%/R) (x/R)4

(Ans)

COMMENTS Along streamline 4-B(—o = x = —R and
»y = 0) the acceleration has only an x component and it is negative
(a deceleration). Thus, the fluid slows down from its upstream

y
e /
f
A B= =
\
Vo N\
(@)
gX
(VEIR)
-3 -2 -1
M 03 xR
-0.2
-0.4
-0.6
(b)
B FIGURE E4.4
velocity of V = Vol atx = —oo to its stagnation point velocity of

V = 0atx = —R, the “nose” of the ball. The variation of a, along
streamline 4—B is shown in Fig. E4.45. It is the same result as is
obtained in Example 3.1 by using the streamwise component of
the acceleration, a, = 7 9¥/ds. The maximum deceleration occurs
at x = —1.205R and has a value of a, ,,,, = —0.610 V3/R. Note
that this maximum deceleration increases with increasing velocity
and decreasing size. As indicated in the following table, typical val-
ues of this deceleration can be quite large. For example, the
A pax = —4.08 X 10* ft/s? value for a pitched baseball is a decel-
eration approximately 1500 times that of gravity.
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In general, for fluid particles on streamlines other than A-B,

Object Vi (ft/s) R(ft) ymax (f6/57) 2l three components of the acceleration (ay, a,, and a.) will be
Rising weather NONZETo.
balloon 1 4.0 —0.153
Soccer ball 20 0.80 —305
Baseball 90 0.121 —4.08 x 10*
Tennis ball 100 0.104 —5.87 X 10*
Golf ball 200 0.070 —3.49 X 10°

4.2.2 Unsteady Effects

As is seen from Eq. 4.5, the material derivative formula contains two types of terms—those
involving the time derivative [d( )/0¢] and those involving spatial derivatives [d( )/dx, d( )/dy,

The local devivative ~ ad 9( )/0z]. The time derivative portions are denoted as the local derivative. They represent

is a result of the un-  ©ffects of the unsteadiness of the flow. If the parameter involved is the acceleration, that portion
steadiness of the given by 9dV/dt is termed the local acceleration. For steady flow the time derivative is zero
Slow. throughout the flow field [9( )/d¢ = 0], and the local effect vanishes. Physically, there is no change

in flow parameters at a fixed point in space if the flow is steady. There may be a change of those
parameters for a fluid particle as it moves about, however.
If a flow is unsteady, its parameter values (velocity, temperature, density, etc.) at any location

. K may change with time. For example, an unstirred (V = 0) cup of coffee will cool down in time
because of heat transfer to its surroundings. That is, D7/Dt = dT/ot + V - VT = 9T/ot < 0.

V4.12 Unsteady Similarly, a fluid particle may have nonzero acceleration as a result of the unsteady effect of the flow.
Sflow Consider flow in a constant diameter pipe as is shown in Fig. 4.5. The flow is assumed to be spatially

uniform throughout the pipe. Thatis, V = V(¢) iatall points in the pipe. The value of the acceleration
depends on whether V|, is being increased, dV,/d¢t > 0, or decreased, dV,/d¢t < 0. Unless ¥ is
independent of time (¥, = constant) there will be an acceleration, the local acceleration term. Thus,
the acceleration field, a = 9V /ot i, is uniform throughout the entire flow, although it may vary with
time (9 ¥,,/0¢ need not be constant). The acceleration due to the spatial variations of velocity (u du/ox, v
dv/9y, etc.) vanishes automatically for this flow, since du/ox = 0 and v = w = 0. That is,

% A% 6V+ A

a=—+u—+v—+w i
at ax ay az o ot

4.2.3 Convective Effects

The portion of the material derivative (Eq. 4.5) represented by the spatial derivatives is termed
the convective derivative. It represents the fact that a flow property associated with a fluid
particle may vary because of the motion of the particle from one point in space where the
parameter has one value to another point in space where its value is different. For example,
the water velocity at the inlet of the garden hose nozzle shown in the figure in the margin is
different (both in direction and speed) than it is at the exit. This contribution to the time rate
of change of the parameter for the particle can occur whether the flow is steady or unsteady.

B FIGURE 4.5 Uniform, unsteady
flow in a constant diameter pipe.
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The convective de-
rivative is a result
of the spatial varia-
tion of the flow.

=

Water \ Hot

heater ™\ Tow > Tin

/ Pathline

aT _
i 0
DT
Br #0
O Cold B FIGURE 4.6 Steady-state
operation of a water heater. (Photo courtesy
Tin of American Water Heater Company.)

It is due to the convection, or motion, of the particle through space in which there is a gradient
[V()=a( )oxi+ a( )/ay]j + o( )/oz k] in the parameter value. That portion of the acceleration
given by the term (V - V)V is termed the convective acceleration.

As is illustrated in Fig. 4.6, the temperature of a water particle changes as it flows through
a water heater. The water entering the heater is always the same cold temperature and the water
leaving the heater is always the same hot temperature. The flow is steady. However, the temperature,
T, of each water particle increases as it passes through the heater—T7,, > T;,. Thus, DT/Dt # 0
because of the convective term in the total derivative of the temperature. That is, d7/0¢ = 0, but
u 0T/ox # 0 (where x is directed along the streamline), since there is a nonzero temperature gradient
along the streamline. A fluid particle traveling along this nonconstant temperature path (97/0x # 0)
at a specified speed (u) will have its temperature change with time at a rate of D7/Dt = u 9T/ox
even though the flow is steady (37/d¢ = 0).

The same types of processes are involved with fluid accelerations. Consider flow in a variable
area pipe as shown in Fig. 4.7. It is assumed that the flow is steady and one-dimensional with
velocity that increases and decreases in the flow direction as indicated. As the fluid flows from
section (1) to section (2), its velocity increases from V| to V,. Thus, even though dV/d¢ = 0 (steady
flow), fluid particles experience an acceleration given by a, = u du/dx (convective acceleration).
For x; < x < x,, it is seen that du/dx > 0 so that a, > 0—the fluid accelerates. For x, < x < x3,
it is seen that du/ox < 0 so that a, < 0—the fluid decelerates. This acceleration and deceleration
are shown in the figure in the margin. If V; = V;, the amount of acceleration precisely balances
the amount of deceleration even though the distances between x, and x; and x; and x, are not the
same.

The concept of the material derivative can be used to determine the time rate of change of
any parameter associated with a particle as it moves about. Its use is not restricted to fluid mechanics
alone. The basic ingredients needed to use the material derivative concept are the field description
of the parameter, P = P(x, y, z, {), and the rate at which the particle moves through that field,
V=V(,y,z1).

_ u=Vy=V, <V,
u="n u="v,>", s

X2
Xl X3

B FIGURE 4.7 Uniform, steady flow in a variable
area pipe.
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GIVEN Consider the steady, two-dimensional flow field dis-
cussed in Example 4.2.
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—EXAMPLE MY Acceleration from a Given Velocity Field

FIND Determine the acceleration field for this flow.

SoLuTiOoN
In general, the acceleration is given by
DV 9V
a="=2Y 4 (v.v)V)
Dt at
A% aV aV aV
=—tu—+v—+w— a
at ox dy 0z

where the velocity is given by V = (Vo/€)(—xi + yj) so that
u= —Vy/€)x and v = (V,/€)y. For steady [d( )/dt = 0], two-
dimensional [w = 0 and d( )/dz = 0] flow, Eq. | becomes

9
I
<

u o\ » av v\ a
<u + v)l + <u + 1))_]
ox dy ox ay

Hence, for this flow the acceleration is given by
Z Vo (V0> } .
=|[==2 =242
2= (2w (-2)+ (B i
Y Yo oy (Do)
(oo (Fo ()]

or
Vix oy
a, = 7, a, = 7 (AIIS)
COMMENTS The fluid experiences an acceleration in both

the x and y directions. Since the flow is steady, there is no local
acceleration—the fluid velocity at any given point is constant in
time. However, there is a convective acceleration due to the
change in velocity from one point on the particle’s pathline to an-
other. Recall that the velocity is a vector—it has both a magnitude
and a direction. In this flow both the fluid speed (magnitude) and
flow direction change with location (see Fig. E4.1a).

For this flow the magnitude of the acceleration is constant on
circles centered at the origin, as is seen from the fact that

2
=@+ drar=(2f @ o

—_ 7
——=>a

Streamline

BFIGURE E4.5

Also, the acceleration vector is oriented at an angle 6 from the x
axis, where

tanh = — =

X

1N)
X I<

]

This is the same angle as that formed by a ray from the origin to
point (x, y). Thus, the acceleration is directed along rays from the
origin and has a magnitude proportional to the distance from the
origin. Typical acceleration vectors (from Eq. 2) and velocity vec-
tors (from Example 4.1) are shown in Fig. E4.5 for the flow in the
first quadrant. Note that a and V are not parallel except along the
x and y axes (a fact that is responsible for the curved pathlines of
the flow), and that both the acceleration and velocity are zero at
the origin (x = y = 0). An infinitesimal fluid particle placed pre-
cisely at the origin will remain there, but its neighbors (no matter
how close they are to the origin) will drift away.

|_EXAMPLE M) The Material Derivative

GIVEN A fluid flows steadily through a two-dimensional nozzle
of length ¢ as shown in Fig. E4.6a. The nozzle shape is given by

v/ ==£05/[1+ (x/€)]

If viscous and gravitational effects are negligible, the velocity
field is approximately

u= "Vl +x/€], v=—Vy/t 8))
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and the pressure field is
P = po=—(pV3/2)[( + Y)/€ + 2x/¢]

where ¥ and p, are the velocity and pressure at the origin,
x =y = 0. Note that the fluid speed increases as it flows through
the nozzle. For example, along the center line (y = 0), V' = V; at
x=0and V=2V atx = {.

FIND Determine, as a function of x and y, the time rate of
change of pressure felt by a fluid particle as it flows through the
nozzle.

SoLUTION

The time rate of change of pressure at any given, fixed point in
this steady flow is zero. However, the time rate of change of pres-
sure felt by a particle flowing through the nozzle is given by the
material derivative of the pressure and is not zero. Thus,

D, ) 9 ) 9 )
—p=£+u£+v£=u£+v£ 2)
Dt ot ax ay 0x ay
where the x- and y-components of the pressure gradient can be
written as
b o <x )
—=—(=-+1 3
dx € \¢ ©)
and
p _ pVi(y
peie Ay @
)y ¢ \¢

Therefore, by combining Egs. (1), (2), (3), and (4) we obtain

Z-n(0- ) A

Dt
__Ph[(x Y _(¥Y
> _ & [(€+1> (M ) (Ans)

or

B FIGURE E4.6b

y__05
€ A +x/0)

05
4 (1 + x/€)

B FIGURE E4.6a

COMMENT Lines of constant pressure within the nozzle are
indicated in Fig. E4.6b, along with some representative stream-
lines of the flow. Note that as a fluid particle flows along its
streamline, it moves into areas of lower and lower pressure.
Hence, even though the flow is steady, the time rate of change of
the pressure for any given particle is negative. This can be verified
from Eq. (5) which, when plotted in Fig. E4.6¢, shows that for any
point within the nozzle Dp/Dt < 0.

Dp/Dt
Py

B FIGURE E4.6¢c
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4.2.4 Streamline Coordinates

In many flow situations it is convenient to use a coordinate system defined in terms of the streamlines
of the flow. An example for steady, two-dimensional flows is illustrated in Fig. 4.8. Such flows
can be described either in terms of the usual x, y Cartesian coordinate system (or some other system
such as the r, 6 polar coordinate system) or the streamline coordinate system. In the streamline
coordinate system the flow is described in terms of one coordinate along the streamlines, denoted
s, and the second coordinate normal to the streamlines, denoted »n. Unit vectors in these two
directions are denoted by § and i, as shown in the figure. Care is needed not to confuse the coordinate
distance s (a scalar) with the unit vector along the streamline direction, $.

The flow plane is therefore covered by an orthogonal curved net of coordinate lines. At any
point the s and » directions are perpendicular, but the lines of constant s or constant »n are not
necessarily straight. Without knowing the actual velocity field (hence, the streamlines) it is not
possible to construct this flow net. In many situations appropriate simplifying assumptions can be
made so that this lack of information does not present an insurmountable difficulty. One of the major
advantages of using the streamline coordinate system is that the velocity is always tangent to the s
direction. That is,

V=rs

This allows simplifications in describing the fluid particle acceleration and in solving the equations
governing the flow.
For steady, two-dimensional flow we can determine the acceleration as

DV .
a= E =aS + agn
where a, and a,, are the streamline and normal components of acceleration, respectively, as indicated
by the figure in the margin. We use the material derivative because by definition the acceleration
is the time rate of change of the velocity of a given particle as it moves about. If the streamlines

Streamlines

B FIGURE 4.8
Streamline coordinate system
for two-dimensional flow.
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The orientation of
the unit vector
along the stream-
line changes with
distance along the
streamline.

are curved, both the speed of the particle and its direction of flow may change from one point to
another. In general, for steady flow both the speed and the flow direction are a function of location—
V = V(s,n) and § = §(s, n). For a given particle, the value of s changes with time, but the value
of n remains fixed because the particle flows along a streamline defined by » = constant. (Recall
that streamlines and pathlines coincide in steady flow.) Thus, application of the chain rule gives
D(V'3) _ DV S

sty 2
ore, D3
Dt Dt Di

a=

or
(aV oV ds 8Vdn>,\ (a§ 08 ds 8§dn>
a=(—+——F+—FB+V|—+——+ ——
ot ds dt  om dt at  dsdt ondt

This can be simplified by using the fact that for steady flow nothing changes with time at a given
point so that both d7/d¢ and 98/9¢ are zero. Also, the velocity along the streamline is V' = ds/dt and
the particle remains on its streamline (» = constant) so that dn/df = 0. Hence,

ar\., 08
a=\|\V— IS+ V| V—
as as

The quantity 98/ds represents the limit as 8s — 0 of the change in the unit vector along the
streamline, 68, per change in distance along the streamline, ds. The magnitude of § is constant
(8| = 1; it is a unit vector), but its direction is variable if the streamlines are curved. From Fig. 4.9
it is seen that the magnitude of 98/ds is equal to the inverse of the radius of curvature of the
streamline, R, at the point in question. This follows because the two triangles shown (4OB and
A O'B’) are similar triangles so that 8s/%% = |88|/[8|] = |88], or |88/8s| = 1/R. Similarly, in the
limit 8s — 0, the direction of 6§/8s is seen to be normal to the streamline. That is,

5 i o8 h

s ovm 85 R
Hence, the acceleration for steady, two-dimensional flow can be written in terms of its streamwise
and normal components in the form

e+ U 14 4.7
a = _— —n T = e = — .
aS R (V) a 5 a,

The first term, a, = V 9V/ds, represents the convective acceleration along the streamline and the
second term, a, = V ?/R, represents centrifugal acceleration (one type of convective acceleration)
normal to the fluid motion. These components can be noted in Fig. E4.5 by resolving the
acceleration vector into its components along and normal to the velocity vector. Note that the unit
vector fi is directed from the streamline toward the center of curvature. These forms of the

acceleration were used in Chapter 3 and are probably familiar from previous dynamics or physics
considerations.

o
R
B
8s
A B
K 55

&

° /50 A’

o’ S(s)

B FIGURE 4.9 Relationship between the unit vector along the
streamline, S, and the radius of curvature of the streamline, .
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4.3 Control Volume and System Representations

Both control vol-
ume and system
concepts can be
used to describe

Sluid flow.

(Photograph courtesy
of NASA.)

As is discussed in Chapter 1, a fluid is a type of matter that is relatively free to move and
interact with its surroundings. As with any matter, a fluid’s behavior is governed by fundamental
physical laws which are approximated by an appropriate set of equations. The application of laws
such as the conservation of mass, Newton’s laws of motion, and the laws of thermodynamics form
the foundation of fluid mechanics analyses. There are various ways that these governing laws can
be applied to a fluid, including the system approach and the control volume approach. By definition,
a system is a collection of matter of fixed identity (always the same atoms or fluid particles), which
may move, flow, and interact with its surroundings. A control volume, on the other hand, is a
volume in space (a geometric entity, independent of mass) through which fluid may flow.

A system is a specific, identifiable quantity of matter. It may consist of a relatively large
amount of mass (such as all of the air in the earth’s atmosphere), or it may be an infinitesimal size
(such as a single fluid particle). In any case, the molecules making up the system are “tagged” in
some fashion (dyed red, either actually or only in your mind) so that they can be continually
identified as they move about. The system may interact with its surroundings by various means (by
the transfer of heat or the exertion of a pressure force, for example). It may continually change size
and shape, but it always contains the same mass.

A mass of air drawn into an air compressor can be considered as a system. It changes shape
and size (it is compressed), its temperature may change, and it is eventually expelled through the
outlet of the compressor. The matter associated with the original air drawn into the compressor
remains as a system, however. The behavior of this material could be investigated by applying the
appropriate governing equations to this system.

One of the important concepts used in the study of statics and dynamics is that of the free-
body diagram. That is, we identify an object, isolate it from its surroundings, replace its surroundings
by the equivalent actions that they put on the object, and apply Newton’s laws of motion. The body
in such cases is our system—an identified portion of matter that we follow during its interactions
with its surroundings. In fluid mechanics, it is often quite difficult to identify and keep track of a
specific quantity of matter. A finite portion of a fluid contains an uncountable number of fluid
particles that move about quite freely, unlike a solid that may deform but usually remains relatively
easy to identify. For example, we cannot as easily follow a specific portion of water flowing in a
river as we can follow a branch floating on its surface.

We may often be more interested in determining the forces put on a fan, airplane, or
automobile by air flowing past the object than we are in the information obtained by following a
given portion of the air (a system) as it flows along. Similarly, for the Space Shuttle launch vehicle
shown in the margin, we may be more interested in determining the thrust produced than we are in
the information obtained by following the highly complex, irregular path of the exhaust plume from
the rocket engine nozzle. For these situations we often use the control volume approach. We identify
a specific volume in space (a volume associated with the fan, airplane, or automobile, for example)
and analyze the fluid flow within, through, or around that volume. In general, the control volume
can be a moving volume, although for most situations considered in this book we will use only
fixed, nondeformable control volumes. The matter within a control volume may change with time
as the fluid flows through it. Similarly, the amount of mass within the volume may change with
time. The control volume itself is a specific geometric entity, independent of the flowing fluid.

Examples of control volumes and control surfaces (the surface of the control volume) are
shown in Fig. 4.10. For case (a), fluid flows through a pipe. The fixed control surface consists of
the inside surface of the pipe, the outlet end at section (2), and a section across the pipe at (1). One
portion of the control surface is a physical surface (the pipe), while the remainder is simply a surface
in space (across the pipe). Fluid flows across part of the control surface, but not across all of it.

Another control volume is the rectangular volume surrounding the jet engine shown in Fig.
4.10b. If the airplane to which the engine is attached is sitting still on the runway, air flows through
this control volume because of the action of the engine within it. The air that was within the engine
itself at time ¢# = ¢, (a system) has passed through the engine and is outside of the control volume
at a later time ¢ = 1, as indicated. At this later time other air (a different system) is within the engine.
If the airplane is moving, the control volume is fixed relative to an observer on the airplane, but it
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Jet engine
Pine - Balloon
P |
) t
[\
= [ | ! |
\ y 1
\Z T
(1) @ e :
(a) (b) (c)
— — —— Control volume surface |:| System at time #; |:| System at time #, > #;

B FIGURE 4.10 Typical control volumes: (a) fixed control volume, (b) fixed or moving
control volume, (¢) deforming control volume.

is a moving control volume relative to an observer on the ground. In either situation air flows
through and around the engine as indicated.

The deflating balloon shown in Fig. 4.10c provides an example of a deforming control volume.
As time increases, the control volume (whose surface is the inner surface of the balloon) decreases
in size. If we do not hold onto the balloon, it becomes a moving, deforming control volume as it
darts about the room. The majority of the problems we will analyze can be solved by using a fixed,
nondeforming control volume. In some instances, however, it will be advantageous, in fact
necessary, to use a moving, deforming control volume.

In many ways the relationship between a system and a control volume is similar to the relationship
between the Lagrangian and Eulerian flow description introduced in Section 4.1.1. In the system or
Lagrangian description, we follow the fluid and observe its behavior as it moves about. In the control
volume or Eulerian description we remain stationary and observe the fluid’s behavior at a fixed location.
(If a moving control volume is used, it virtually never moves with the system—the system flows
through the control volume.) These ideas are discussed in more detail in the next section.

All of the laws governing the motion of a fluid are stated in their basic form in terms of a

The governing laws . .
system approach. For example, “the mass of a system remains constant,” or “the time rate of change

of fluid motion are

stated in terms of of momentum of a system is equal to the sum of all the forces acting on the system.” Note the word
Sluid systems, not system, not control volume, in these statements. To use the governing equations in a control volume
control volumes. approach to problem solving, we must rephrase the laws in an appropriate manner. To this end we

introduce the Reynolds transport theorem in the following section.

4.4 The Reynolds Transport Theorem

We are sometimes interested in what happens to a particular part of the fluid as it moves about.
Other times we may be interested in what effect the fluid has on a particular object or volume in
space as fluid interacts with it. Thus, we need to describe the laws governing fluid motion using
both system concepts (consider a given mass of the fluid) and control volume concepts (consider
a given volume). To do this we need an analytical tool to shift from one representation to the other.
The Reynolds transport theorem provides this tool.
All physical laws are stated in terms of various physical parameters. Velocity, acceleration, mass,
temperature, and momentum are but a few of the more common parameters. Let B represent any of
v these (or other) fluid parameters and b represent the amount of that parameter per unit mass. That is,

B = mb

where m is the mass of the portion of fluid of interest. For example, as shown by the figure in the
margin, if B = m, the mass, it follows that » = 1. The mass per unit mass is unity. If B = mV'*/2,
the kinetic energy of the mass, then b = V'?/2, the kinetic energy per unit mass. The parameters B
and b may be scalars or vectors. Thus, if B = mV, the momentum of the mass, then b = V. (The
momentum per unit mass is the velocity.)

The parameter B is termed an extensive property and the parameter b is termed an intensive
property. The value of B is directly proportional to the amount of the mass being considered,
whereas the value of b is independent of the amount of mass. The amount of an extensive property
that a system possesses at a given instant, By, can be determined by adding up the amount associated
with each fluid particle in the system. For infinitesimal fluid particles of size 6% and mass p 6 ¥,
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tween control vol-
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4.4 The Reynolds Transport Theorem 167

this summation (in the limit of 6% — 0) takes the form of an integration over all the particles in
the system and can be written as

By, = lim > b;(p; 8¥,) :J pb d¥
sys

S¥—0

The limits of integration cover the entire system—a (usually) moving volume. We have used the
fact that the amount of B in a fluid particle of mass p 6% is given in terms of b by 6B = bp 6.

Most of the laws governing fluid motion involve the time rate of change of an extensive property
of a fluid system—the rate at which the momentum of a system changes with time, the rate at which
the mass of a system changes with time, and so on. Thus, we often encounter terms such as

d b d¥
stys <Lysp >

= 4.8

dt dt “8)
To formulate the laws into a control volume approach, we must obtain an expression for the time
rate of change of an extensive property within a control volume, B, not within a system. This can

be written as
d b d¥
dB,, <J” >

dt dt “49)
where the limits of integration, denoted by cv, cover the control volume of interest. Although Eqgs.
4.8 and 4.9 may look very similar, the physical interpretation of each is quite different.
Mathematically, the difference is represented by the difference in the limits of integration. Recall
that the control volume is a volume in space (in most cases stationary, although if it moves it need
not move with the system). On the other hand, the system is an identifiable collection of mass that
moves with the fluid (indeed it is a specified portion of the fluid). We will learn that even for those
instances when the control volume and the system momentarily occupy the same volume in space,
the two quantities dB,/dt and dB.,/dt need not be the same. The Reynolds transport theorem
provides the relationship between the time rate of change of an extensive property for a system
and that for a control volume—the relationship between Eqs. 4.8 and 4.9.

—EXAMPLE Myl Time Rate of Change for a System and a Control Volume

GIVEN  Fluid flows from the fire extinguisher tank shown in

Fig. E4.7a.

FIND Discuss the differences between dBiy,/dt and dB../dt if B

represents mass.

SoLuTION

With B = m, the system mass, it follows that » = 1 and Egs. 4.8
and 4.9 can be written as

d ( J p dV)
stys dmsys sys

dt dt dt
and
d d¥ .
dBcvidmcv_ <LP ) (a) B FIGURE EA4.7
dt dr dt
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Physically these represent the time rate of change of mass within
the system and the time rate of change of mass within the control
volume, respectively. We choose our system to be the fluid within

The actual numerical value of the rate at which the mass in the
control volume decreases will depend on the rate at which the fluid
flows through the nozzle (i.e., the size of the nozzle and the speed

the tank at the time the valve was opened (¢ = 0) and the control ~ and density of the fluid). Clearly the meanings of dB,,,/dt and
volume to be the tank itself as shown in Fig. E4.7b. A short time
after the valve is opened, part of the system has moved outside of
the control volume as is shown in Fig. E4.7¢c. The control volume
remains fixed. The limits of integration are fixed for the control
volume; they are a function of time for the system.

Clearly, if mass is to be conserved (one of the basic laws gov-

erning fluid motion), the mass of the fluid in the system is con-

Sys

dt

sys

dB.,/dt are different. For this example, dB../dt < dBg/dt. Other
dByy /dt.

sys

sys
situations may have dB,,/dt =

t>0

[ system

— — Control
surface

On the other hand, it is equally clear that some of the fluid has left the
control volume through the nozzle on the tank. Hence, the amount of
mass within the tank (the control volume) decreases with time, or

dt

(b) (c)
B FIGURE E4.7

<0

4.4.1 Derivation of the Reynolds Transport Theorem

A simple version of the Reynolds transport theorem relating system concepts to control volume
concepts can be obtained easily for the one-dimensional flow through a fixed control volume such
as the variable area duct section shown in Fig. 4.11a. We consider the control volume to be that
stationary volume within the duct between sections (1) and (2) as indicated in Fig. 4.115. The system
that we consider is that fluid occupying the control volume at some initial time z. A short time
later, at time ¢ + Ot, the system has moved slightly to the right. The fluid particles that coincided
with section (2) of the control surface at time ¢ have moved a distance 8¢, = V, 8¢ to the right,
where ¥, is the velocity of the fluid as it passes section (2). Similarly, the fluid initially at section
(1) has moved a distance 8¢, = V; 6t, where V is the fluid velocity at section (1). We assume the
fluid flows across sections (1) and (2) in a direction normal to these surfaces and that 7, and V, are
constant across sections (1) and (2).

As is shown in Fig. 4.11c, the outflow from the control volume from time 7 to ¢ + ¢ is denoted
as volume II, the inflow as volume I, and the control volume itself as CV. Thus, the system at time
t consists of the fluid in section CV; that is, “SYS = CV” at time 7. At time ¢ + &¢ the system
consists of the same fluid that now occupies sections (CV — I) + II. Thatis, “SYS = CV — I + II”
at time ¢ + 6¢. The control volume remains as section CV for all time.

The moving system
flows through the
fixed control
volume.

— — — Fixed control surface and system
boundary at time ¢

— —— System boundary at time ¢ + 6¢
(b)

Control volume and system for flow through a variable area pipe.

(a)
BEFIGURE 4.11

(c)
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If B is an extensive parameter of the system, then the value of it for the system at time
tis

Bsys(t) = Bcv(t)

since the system and the fluid within the control volume coincide at this time. Its value at time
t+ otis

B, (t + 8t) = B (t + 8f) — B|(t + &t) + By(t + 87)

sys

Thus, the change in the amount of B in the system in the time interval 6¢ divided by this time
interval is given by

8By Byt +81) = By(f) Bt + 81) = By(t + 8t) + By(t + 81) — B (1)

ot ot ot

By using the fact that at the initial time 7 we have B, (¢) = B.,(?), this ungainly expression may
be rearranged as follows.

ot ot ot ot

8By,  B.(t + 6t) — B.(t) By(t+ 8t) Byt + ¢
v Bey( ) (0 By( )+ u( ) @.10)

In the limit 61 — 0, the left-hand side of Eq. 4.10 is equal to the time rate of change of B for the
system and is denoted as DB,,/Dt. We use the material derivative notation, D( )/Dt, to denote this
time rate of change to emphasize the Lagrangian character of this term. (Recall from Section 4.2.1
that the material derivative, DP/Dt, of any quantity P represents the time rate of change of that
quantity associated with a given fluid particle as it moves along.) Similarly, the quantity DB, /Dt
represents the time rate of change of property B associated with a system (a given portion of fluid)
as it moves along.

In the limit 6t — 0, the first term on the right-hand side of Eq. 4.10 is seen to be the time
rate of change of the amount of B within the control volume

. BCV(t + 8t) - BCV(t) aBCV a <JCV pb dV)
lim = = 4.11)

510 ot Jat ot

The third term on the right-hand side of Eq. 4.10 represents the rate at which the extensive parameter
B flows from the control volume, across the control surface. As indicated by the figure in the
margin, during the time interval from # = 0 to # = 6¢ the volume of fluid that flows across section
(2) is given by 8 = 4,8¢, = A, (V,5¢). Thus, the amount of B within region II, the outflow
region, is its amount per unit volume, pb, times the volume

By (t + 81) = (p20,)(8F 1) = prbrAsV, 6t

where b, and p, are the constant values of b and p across section (2). Thus, the rate at which this
property flows from the control volume, B, is given by

m By(t + 61)

t
M 50 5t

= p, 05 b, 4.12)

Similarly, the inflow of B into the control volume across section (1) during the time interval
ot corresponds to that in region I and is given by the amount per unit volume times the volume,
8%, = A, 8¢, = A,(V, &¢). Hence,

By (t + 8t) = (p1b1)(8%1) = p1b1A,V, 6t

where b, and p; are the constant values of b and p across section (1). Thus, the rate of inflow of
the property B into the control volume, B, is given by

. . Byt + &)
B‘ = hm T = plAlVlbl (4.13)
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If we combine Eqs. 4.10, 4.11, 4.12, and 4.13 we see that the relationship between the time
rate of change of B for the system and that for the control volume is given by

Py B _j 4.14
Dt - 8t out in ( . )
or
DBSYS chv
= + pydsVaby — pidiVib, 4.15)

Dt ot

This is a version of the Reynolds transport theorem valid under the restrictive assumptions
associated with the flow shown in Fig. 4.11—fixed control volume with one inlet and one outlet
having uniform properties (density, velocity, and the parameter b) across the inlet and outlet with
the velocity normal to sections (1) and (2). Note that the time rate of change of B for the system
(the left-hand side of Eq. 4.15 or the quantity in Eq. 4.8) is not necessarily the same as the rate
of change of B within the control volume (the first term on the right-hand side of Eq. 4.15 or the
quantity in Eq. 4.9). This is true because the inflow rate (b,p,7,4,) and the outflow rate (b, p,V, 4,)

The time derivative
associated with a
system may be dif-
ferent from that for

a control volume.

of the property B for the control volume need not be the same.

GIVEN Consider again the flow from the fire extinguisher
shown in Fig. E4.7. Let the extensive property of interest be the
system mass (B = m, the system mass, or b = 1).

SOLUTION

L SLXTCILIN Use of the Reynolds Transport Theorem

FIND Write the appropriate form of the Reynolds transport
theorem for this flow.

Again we take the control volume to be the fire extinguisher, and
the system to be the fluid within it at time # = 0. For this case
there is no inlet, section (1), across which the fluid flows into the
control volume (4, = 0). There is, however, an outlet, section (2).
Thus, the Reynolds transport theorem, Eq. 4.15, along with Eq.
4.9 with b = 1 can be written as

ad d¥
Dmgy ( J P )

= = + pa A,V

Dt ot P2AzV2

COMMENT If we proceed one step further and use the basic

law of conservation of mass, we may set the left-hand side of this

equation equal to zero (the amount of mass in a system is con-
stant) and rewrite Eq. 1 in the form

(1 (Ans)

The physical interpretation of this result is that the rate at which
the mass in the tank decreases in time is equal in magnitude but
opposite to the rate of flow of mass from the exit, p,4,V,. Note
the units for the two terms of Eq. 2 (kg/s or slugs/s). Note that
if there were both an inlet and an outlet to the control volume
shown in Fig. E4.7, Eq. 2 would become

CcV

ot

In addition, if the flow were steady, the left-hand side of Eq. 3
would be zero (the amount of mass in the control would be con-
stant in time) and Eq. 3 would become

= p1 A1V — p 4,V 3

p1 AV = paAsVs

This is one form of the conservation of mass principle discussed in
Sect. 3.6.2—the mass flowrates into and out of the control volume
are equal. Other more general forms are discussed in Chapter 5.

AR
o p2A42V5 2)

Equation 4.15 is a simplified version of the Reynolds transport theorem. We will now derive
it for much more general conditions. A general, fixed control volume with fluid flowing through
it is shown in Fig. 4.12. The flow field may be quite simple (as in the above one-dimensional flow
considerations), or it may involve a quite complex, unsteady, three-dimensional situation such as
the flow through a human heart as illustrated by the figure in the margin. In any case we again
consider the system to be the fluid within the control volume at the initial time 7. A short time
later a portion of the fluid (region II) has exited from the control volume and additional fluid
(region I, not part of the original system) has entered the control volume.

VALY
Ri

TN
b
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— — — Fixed control surface and system
boundary at time ¢

— — — System boundary at time ¢ + &¢

B FIGURE 4.12 Control volume B FIGURE 4.13 Typical control volume with more than one
and system for flow through an arbitrary, fixed inlet and outlet.
control volume.

We consider an extensive fluid property B and seek to determine how the rate of change of B

The simplified . . . e

Repio la{; t{ansp ort associated with the system is related to the rate of change of B within the control volume at any
e @i [ instant. By repeating the exact steps that we did for the simplified control volume shown in Fig.
easily generalized. 4.11, we see that Eq. 4.14 is valid for the general case also, provided that we give the correct

interpretation to the terms Bcut and Bin. In general, the control volume may contain more (or less)
than one inlet and one outlet. A typical pipe system may contain several inlets and outlets as are
shown in Fig. 4.13. In such instances we think of all inlets grouped together (I = I, + I, + I, + --+)
and all outlets grouped together (Il = II, + II, + II. + ---), at least conceptually.

The term B, represents the net flowrate of the property B from the control volume. Its
value can be thought of as arising from the addition (integration) of the contributions through
each infinitesimal area element of size 64 on the portion of the control surface dividing region
IT and the control volume. This surface is denoted CS,,. As is indicated in Fig. 4.14, in time 6¢
the volume of fluid that passes across each area element is given by 6# = 8¢, A4, where
8¢, = 8¢ cos 0 is the height (normal to the base, 64) of the small volume element, and 6 is the
angle between the velocity vector and the outward pointing normal to the surface, fi. Thus,
since 6¢ = V t, the amount of the property B carried across the area element 64 in the time
interval &¢ is given by

8B = bp 6% = bp(V cos 0 ¢) 64

The rate at which B is carried out of the control volume across the small area element 64, denoted

8B, is
. b é6¥ . bV cos 6 6t) 64
8B, = | P = lim o ) = pbV cos 6 64
5—0 O 8§t—0 ot
Outflow
portion of
control
surface 6% =8¢, 64

\%

(@) (b) (c)
B FIGURE 4.14 Outflow across a typical portion of the control surface.
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The flowrate of a
parameter across
the control surface
is written in terms
of a surface inte-
gral.

Inflow
portion of
control surface

(@) (b) (c)
B FIGURE 4.15 Inflow across a typical portion of the control surface.

By integrating over the entire outflow portion of the control surface, CS,,, we obtain

B, = dBm=J pbV cos 6 dA

CSout CSout

The quantity V cos 0 is the component of the velocity normal to the area element 64. From the
definition of the dot product, this can be written as V' cos # = V - fi. Hence, an alternate form of
the outflow rate is

By, = J pbV - i dA (4.16)
In a similar fashion, by considering the inflow portion of the control surface, CS;,, as shown
in Fig. 4.15, we find that the inflow rate of B into the control volume is

B, = —J pbV cos 0 dA = —J pbV - i1 dA (@.17)
We use the standard notation that the unit normal vector to the control surface, fi, points out from the
control volume. Thus, as is shown in Fig. 4.16, —90° < 6 < 90° for outflow regions (the normal
component of V is positive; V - i > 0). For inflow regions 90° < 6 < 270° (the normal component
of V is negative; V - fi < 0). The value of cos 6 is, therefore, positive on the CV,, portions of the
control surface and negative on the CV,, portions. Over the remainder of the control surface, there is
no inflow or outflow, leadingto V - fi = V' cos 6 = 0 on those portions. On such portions either V' = 0
(the fluid “sticks™ to the surface) or cos 8 = 0 (the fluid “slides along the surface without crossing it)
(see Fig. 4.16). Therefore, the net flux (flowrate) of parameter B across the entire control surface is

Bom—Bm=J pr-ﬁdA—(—J pr-ﬁdA>
= J pbV - i dA (4.18)

[

where the integration is over the entire control surface.

CS;,
\ Csout
A 4 B FIGURE 4.16
n Possible velocity configurations
V-A<o Vens>0 on portio‘ns of the control sur-
face: (a) inflow, (b) no flow
(a) (b) (c) across the surface, (c) outflow.
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By combining Eqgs. 4.14 and 4.18 we obtain

DBS)’S chv
= < 4 | pbV - hdd
Dt ot o

This can be written in a slightly different form by using B., = [ pb d¥ so that

Di ot

DBsys [é]
f pb d¥ + J pbV - dA (4.19)

cS

Equation 4.19 is the general form of the Reynolds transport theorem for a fixed, nondeforming
control volume. Its interpretation and use are discussed in the following sections.

4.4.2 Physical Interpretation

The Reynolds transport theorem as given in Eq. 4.19 is widely used in fluid mechanics (and other
areas as well). At first it appears to be a rather formidable mathematical expression—perhaps one
to be steered clear of if possible. However, a physical understanding of the concepts involved will
show that it is a rather straightforward, relatively easy-to-use tool. Its purpose is to provide a link
between control volume ideas and system ideas.

The left side of Eq. 4.19 is the time rate of change of an arbitrary extensive parameter of a
system. This may represent the rate of change of mass, momentum, energy, or angular momentum
of the system, depending on the choice of the parameter B.

Because the system is moving and the control volume is stationary, the time rate of change
of the amount of B within the control volume is not necessarily equal to that of the system. The first
term on the right side of Eq. 4.19 represents the rate of change of B within the control volume as
the fluid flows through it. Recall that b is the amount of B per unit mass, so that pb d¥ is the amount
of B in a small volume d#. Thus, the time derivative of the integral of pb throughout the control
volume is the time rate of change of B within the control volume at a given time.

The last term in Eq. 4.19 (an integral over the control surface) represents the net flowrate of
the parameter B across the entire control surface. As illustrated by the figure in the margin, over a
portion of the control surface this property is being carried out of the control volume (V - i > 0);
over other portions it is being carried into the control volume (V - ft < 0). Over the remainder of
the control surface there is no transport of B across the surface since bV - fi = 0, because either
b =0,V =0,orV is parallel to the surface at those locations. The mass flowrate through area
element 84, given by pV - fi 84, is positive for outflow (efflux) and negative for inflow (influx).
Each fluid particle or fluid mass carries a certain amount of B with it, as given by the product of
B per unit mass, b, and the mass. The rate at which this B is carried across the control surface is
given by the area integral term of Eq. 4.19. This net rate across the entire control surface may be
negative, zero, or positive depending on the particular situation involved.

4.4.3 Relationship to Material Derivative

In Section 4.2.1 we discussed the concept of the material derivative D( )/Dt = 9( )/ot + V- V( ) =
a( ot + u d( )ox + v a( )y + wd( )/dz. The physical interpretation of this derivative is that it
provides the time rate of change of a fluid property (temperature, velocity, etc.) associated with a
particular fluid particle as it flows. The value of that parameter for that particle may change because
of unsteady effects [the d( )/07 term] or because of effects associated with the particle’s motion
[the V - V() term].

Careful consideration of Eq. 4.19 indicates the same type of physical interpretation for the
Reynolds transport theorem. The term involving the time derivative of the control volume integral
represents unsteady effects associated with the fact that values of the parameter within the control
volume may change with time. For steady flow this effect vanishes—fluid flows through the control
volume but the amount of any property, B, within the control volume is constant in time. The term
involving the control surface integral represents the convective effects associated with the flow of the
system across the fixed control surface. The sum of these two terms gives the rate of change of the
parameter B for the system. This corresponds to the interpretation of the material derivative,
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o~
Control volume,~

Momentum out

(Photograph courtesy
of NASA.))

The Reynolds
transport theorem
involves both
steady and un-
steady effects.

D( )/Dt = 9( )/ot + V - V( ), in which the sum of the unsteady effect and the convective effect
gives the rate of change of a parameter for a fluid particle. As is discussed in Section 4.2, the material
derivative operator may be applied to scalars (such as temperature) or vectors (such as velocity). This
is also true for the Reynolds transport theorem. The particular parameters of interest, B and b, may
be scalars or vectors.

Thus, both the material derivative and the Reynolds transport theorem equations represent
ways to transfer from the Lagrangian viewpoint (follow a particle or follow a system) to the Eulerian
viewpoint (observe the fluid at a given location in space or observe what happens in the fixed
control volume). The material derivative (Eq. 4.5) is essentially the infinitesimal (or derivative)
equivalent of the finite size (or integral) Reynolds transport theorem (Eq. 4.19).

4.4.4 Steady Effects
Consider a steady flow [d( )/d¢ = 0] so that Eq. 4.19 reduces to
DB,

Dt

= J pbV - it dA (4.20)

In such cases if there is to be a change in the amount of B associated with the system (nonzero
left-hand side), there must be a net difference in the rate that B flows into the control volume
compared with the rate that it flows out of the control volume. That is, the integral of pbV - fi over
the inflow portions of the control surface would not be equal and opposite to that over the outflow
portions of the surface.

Consider steady flow through the “black box™ control volume that is shown in Fig. 4.17. If
the parameter B is the mass of the system, the left-hand side of Eq. 4.20 is zero (conservation of
mass for the system as discussed in detail in Section 5.1). Hence, the flowrate of mass into the
box must be the same as the flowrate of mass out of the box because the right-hand side of Eq.
4.20 represents the net flowrate through the control surface. On the other hand, assume the
parameter B is the momentum of the system. The momentum of the system need not be constant.
In fact, according to Newton’s second law the time rate of change of the system momentum equals
the net force, F, acting on the system. In general, the left-hand side of Eq. 4.20 will therefore be
nonzero. Thus, the right-hand side, which then represents the net flux of momentum across the
control surface, will be nonzero. The flowrate of momentum into the control volume need not be
the same as the flux of momentum from the control volume. We will investigate these concepts
much more fully in Chapter 5. They are the basic principles describing the operation of such
devices as jet or rocket engines like the one shown in the figure in the margin.

For steady flows the amount of the property B within the control volume does not change
with time. The amount of the property associated with the system may or may not change with
time, depending on the particular property considered and the flow situation involved. The difference
between that associated with the control volume and that associated with the system is determined
by the rate at which B is carried across the control surface—the term [ _pbV - fi dA.

4.4.5 Unsteady Effects

Consider unsteady flow [d( )/d¢ # 0] so that all terms in Eq. 4.19 must be retained. When they
are viewed from a control volume standpoint, the amount of parameter B within the system may
change because the amount of B within the fixed control volume may change with time

Control volume

~.

out

\r BFIGURE 4.17 Steady flow
through a control volume.
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y
AA N -

n=—i 4—_,: g V, = V(1)

v, = Ve [ n ¥
17 o Vol = 5-1

m — ima

1) l A @)
n=
B FIGURE 4.18 Unsteady
———~ Control surface flow through a constant diameter pipe.

[the d( f,, pb d¥)/dt term ] and because there may be a net nonzero flow of that parameter across
the control surface (the [ pbV * @i dA term).

For the special unsteady situations in which the rate of inflow of parameter B is exactly
balanced by its rate of outflow, it follows that [ pbV + id4d = 0, and Eq. 4.19 reduces to

DBsys d

= 2| ppa¥ 421
Dt aer @.21)

For such cases, any rate of change in the amount of B associated with the system is equal to the
rate of change of B within the control volume. This can be illustrated by considering flow through
a constant diameter pipe as is shown in Fig. 4.18. The control volume is as shown, and the system
is the fluid within this volume at time 7,. We assume the flow is one-dimensional with V = Vof,
where V(#) is a function of time, and that the density is constant. At any instant in time, all
particles in the system have the same velocity. We let B = system momentum = mV = mVOf,
where m is the system mass, so that b = B/m =V = Voi, the fluid velocity. The magnitude of
the momentum efflux across the outlet [section (2)] is the same as the magnitude of the momentum
influx across the inlet [section (1)]. However, the sign of the efflux is opposite to that of the influx
since V - fi > 0 for the outflow and V + i < 0 for the inflow. Note that V + fi = 0 along the sides
of the control volume. Thus, with V - fi = —F; on section (1), V - fi = ¥ on section (2), and
A, = A4, we obtain

J pbV - 1 dA J p(Vol )(V + ) dA

| ori=rian + | oipoas
(1) @

—pVZAi+ pV3idi =0

It is seen that for this special case Eq. 4.21 is valid. The rate at which the momentum of the system
changes with time is the same as the rate of change of momentum within the control volume. If
V, is constant in time, there is no rate of change of momentum of the system and for this special
case each of the terms in the Reynolds transport theorem is zero by itself.

Consider the flow through a variable area pipe shown in Fig. 4.19. In such cases the fluid
velocity is not the same at section (1) as it is at (2). Hence, the efflux of momentum from the control
volume is not equal to the influx of momentum, so that the convective term in Eq. 4.20 [the integral
of pV(V - i) over the control surface] is not zero. These topics will be discussed in considerably
more detail in Chapter 5.

B FIGURE 4.19 Flow
———~ Control surface through a variable area pipe.
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The absolute and
relative velocities
differ by an amount
equal to the control
volume velocity.

/ Moving vane
/ I

|

—> V=V

| Control volume

| moves with speed 7

B FIGURE 4.20 Example of a moving control volume.

4.4.6 Moving Control Volumes

For most problems in fluid mechanics, the control volume may be considered as a fixed volume
through which the fluid flows. There are, however, situations for which the analysis is simplified
if the control volume is allowed to move or deform. The most general situation would involve a
control volume that moves, accelerates, and deforms. As one might expect, the use of these control
volumes can become fairly complex.

A number of important problems can be most easily analyzed by using a nondeforming
control volume that moves with a constant velocity. Such an example is shown in Fig. 4.20 in
which a stream of water with velocity V, strikes a vane that is moving with constant velocity V.
It may be of interest to determine the force, F, that the water puts on the vane. Such problems
frequently occur in turbines where a stream of fluid (water or steam, for example) strikes a series
of blades that move past the nozzle. To analyze such problems it is advantageous to use a moving
control volume. We will obtain the Reynolds transport theorem for such control volumes.

We consider a control volume that moves with a constant velocity as is shown in Fig. 4.21.
The shape, size, and orientation of the control volume do not change with time. The control volume
merely translates with a constant velocity, V,,, as shown. In general, the velocity of the control
volume and the fluid are not the same, so that there is a flow of fluid through the moving control
volume just as in the stationary control volume cases discussed in Section 4.4.2. The main difference
between the fixed and the moving control volume cases is that it is the relative velocity, W, that
carries fluid across the moving control surface, whereas it is the absolute velocity, V, that carries
the fluid across the fixed control surface. The relative velocity is the fluid velocity relative to the
moving control volume—the fluid velocity seen by an observer riding along on the control volume.
The absolute velocity is the fluid velocity as seen by a stationary observer in a fixed coordinate
system.

The difference between the absolute and relative velocities is the velocity of the control
volume, V., =V — W, or

V=W+V, 4.22)

Since the velocity is a vector, we must use vector addition as is shown in Fig. 4.22 to obtain the
relative velocity if we know the absolute velocity and the velocity of the control volume. Thus, if
the water leaves the nozzle in Fig. 4.20 with a velocity of V, = 100i ft/s and the vane has a velocity
of Vy = 20i ft/s (the same as the control volume), it appears to an observer riding on the vane that
the water approaches the vane with a velocity of W =V =V = 80i ft/s. In general, the absolute

Control volume and system

R Nt at time ¢
Particle 4 at ¢, % 0
—_—— Att —_—— | vol
; - <) - 1 ontrol volume
Particle Batz, -~ - N 7 attime 1, >
\ s
//I\/ ——=—= System at time #; > 7y
.
S~/ /
/4(\ /
( AN Vi // /\
\\ S~ 7 7 Vv = Control volume velocity
N T ———
~ -

B FIGURE 4.21 Typical moving control volume and system.
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V, = Absolute velocity of 4

) \ Wy = Velocity of
W, = Velocity of B relative

A relative to control HEFIGURE 4.22
to ICO”'[’()' volume Relationship between absolute and relative
volume velocities.

velocity, V, and the control volume velocity, V., will not be in the same direction so that the
relative and absolute velocities will have different directions (see Fig. 4.22).

The Reynolds transport theorem for a moving, nondeforming control volume can be derived
in the same manner that it was obtained for a fixed control volume. As is indicated in Fig. 4.23, the
only difference that needs be considered is the fact that relative to the moving control volume the
fluid velocity observed is the relative velocity, not the absolute velocity. An observer fixed to
the moving control volume may or may not even know that he or she is moving relative to some
fixed coordinate system. If we follow the derivation that led to Eq. 4.19 (the Reynolds transport
theorem for a fixed control volume), we note that the corresponding result for a moving control
volume can be obtained by simply replacing the absolute velocity, V, in that equation by the relative
velocity, W. Thus, the Reynolds transport theorem for a control volume moving with constant

velocity is given by
DBy, 9
T == J pb d¥ + J
Dt at |,

pb W -« i dA (4.23)

[

where the relative velocity is given by Eq. 4.22.

4.4.7 Selection of a Control Volume

Any volume in space can be considered as a control volume. It may be of finite size or it may be
infinitesimal in size, depending on the type of analysis to be carried out. In most of our cases,
the control volume will be a fixed, nondeforming volume. In some situations we will consider
control volumes that move with constant velocity. In either case it is important that considerable
thought go into the selection of the specific control volume to be used.

The selection of an appropriate control volume in fluid mechanics is very similar to the selection
of an appropriate free-body diagram in dynamics or statics. In dynamics, we select the body in which
we are interested, represent the object in a free-body diagram, and then apply the appropriate governing
laws to that body. The ease of solving a given dynamics problem is often very dependent on the
specific object that we select for use in our free-body diagram. Similarly, the ease of solving a given
fluid mechanics problem is often very dependent on the choice of the control volume used. Only by
practice can we develop skill at selecting the “best” control volume. None are “wrong,” but some are
“much better” than others.

Solution of a typical problem will involve determining parameters such as velocity, pressure,
and force at some point in the flow field. It is usually best to ensure that this point is located on
the control surface, not “buried” within the control volume. The unknown will then appear in the
convective term (the surface integral) of the Reynolds transport theorem. If possible, the control

Control volume 7N
and system at time ¢ K N W=V-Vy

———— System at time

t+ 6t Flow as seen by an
observer moving with
velocity V¢
Pathlines as B FIGURE 4.23
seen from the Control volume and system as seen
moving control by an observer moving with the
volume control volume.
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\
/;ontrol surface

Control surface
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| | I \
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L | —_— | 4 5

[ —— _ | _ N

(a) (b) (c)

B FIGURE 4.24 Various control volumes for flow through
a pipe.

surface should be normal to the fluid velocity so that the angle 6 (V - i = V cos 6 as shown by
the figure in the margin) in the flux terms of Eq. 4.19 will be 0 or 180°. This will usually simplify
the solution process.

Figure 4.24 illustrates three possible control volumes associated with flow through a pipe.
If the problem is to determine the pressure at point (1), the selection of the control volume (a) is
better than that of (b) because point (1) lies on the control surface. Similarly, control volume (a) is
better than (c) because the flow is normal to the inlet and exit portions of the control volume. None
of these control volumes are wrong—(a) will be easier to use. Proper control volume selection will
become much clearer in Chapter 5 where the Reynolds transport theorem is used to transform the
governing equations from the system formulation into the control volume formulation, and
numerous examples using control volume ideas are discussed.

4.5 Chapter Summary and Study Guide

field representation

velocity field

Eulerian method

Lagrangian method

one-, two-, and three-
dimensional flow

steady and unsteady
flow

streamline

streakline

pathline

acceleration field

material derivative

local acceleration

convective acceleration

system

control volume

Reynolds transport

theorem

This chapter considered several fundamental concepts of fluid kinematics. That is, various aspects
of fluid motion are discussed without regard to the forces needed to produce this motion. The
concepts of a field representation of a flow and the Eulerian and Lagrangian approaches to
describing a flow are introduced, as are the concepts of velocity and acceleration fields.

The properties of one-, two-, or three-dimensional flows and steady or unsteady flows are
introduced along with the concepts of streamlines, streaklines, and pathlines. Streamlines, which
are lines tangent to the velocity field, are identical to streaklines and pathlines if the flow is steady.
For unsteady flows, they need not be identical.

As a fluid particle moves about, its properties (i.e., velocity, density, temperature) may
change. The rate of change of these properties can be obtained by using the material derivative,
which involves both unsteady effects (time rate of change at a fixed location) and convective
effects (time rate of change due to the motion of the particle from one location to another).

The concepts of a control volume and a system are introduced, and the Reynolds transport
theorem is developed. By using these ideas, the analysis of flows can be carried out using a control
volume (a volume, usually fixed, through which the fluid flows), whereas the governing principles
are stated in terms of a system (a flowing portion of fluid).

The following checklist provides a study guide for this chapter. When your study of the entire
chapter and end-of-chapter exercises has been completed you should be able to

m write out meaning of the terms listed here in the margin and understand each of the related
concepts. These terms are particularly important and are set in italic, bold, and color type in
the text.

m understand the concept of the field representation of a flow and the difference between
Eulerian and Lagrangian methods of describing a flow.

m explain the differences among streamlines, streaklines, and pathlines.
m calculate and plot streamlines for flows with given velocity fields.

m use the concept of the material derivative, with its unsteady and convective effects, to deter-
mine time rate of change of a fluid property.

m determine the acceleration field for a flow with a given velocity field.
m understand the properties of and differences between a system and a control volume.

m interpret, physically and mathematically, the concepts involved in the Reynolds transport
theorem.
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Problems 179
Some of the important equations in this chapter are:
. . dy v
Equation for streamlines — = “.1)
dx u
. A% A% av av
Acceleration a=—+u—+tv—+tw—— 4.3)
ot ox dy 0z
D ad
Material derivative bO) = o) +(V-V)() (4.6)
Dt at
Streamwise and normal components _y ar B ﬁ
of acceleration 4=V DG =g “.7)
) DBsys chv
Reynolds transport theorem (restricted form) D = Py + pA,Voby — pi A\ Vb, (4.15)
DBsys Jd
Reynolds transport theorem (general form) o o J pbd¥ + J pbV -irdd (4.19)
Relative and absolute velocities V=W+YV, 4.22)
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Review Problems

Go to Appendix G for a set of review problems with answers. De-
tailed solutions can be found in Student Solution Manual and Study

Problems

Guide for Fundamentals of Fluid Mechanics, by Munson et al.
(© 2009 John Wiley and Sons, Inc.).

Note: Unless otherwise indicated, use the values of fluid prop-
erties found in the tables on the inside of the front cover. Prob-
lems designated with an (*) are intended to be solved with the
aid of a programmable calculator or a computer. Problems
designated with a (1) are “open-ended” problems and require
critical thinking in that to work them one must make various
assumptions and provide the necessary data. There is not a
unique answer to these problems.

Answers to the even-numbered problems are listed at the
end of the book. Access to the videos that accompany problems
can be obtained through the book’s web site, www.wiley.com/
college/munson. The lab-type problems can also be accessed on
this web site.

Section 4.1 The Velocity Field

4.1 Obtain a photograph/image that shows a flowing fluid. Print
this photo and write a brief paragraph that describes the flow in
terms of an Eulerian description; a Lagrangian description.

4.2 Obtain a photograph/image of a situation in which the
unsteadiness of the flow is important. Print this photo and write a
brief paragraph that describes the situation involved.

4.3 Obtain a photograph/image of a situation in which a fluid is
flowing. Print this photo and draw in some lines to represent how
you think some streamlines may look. Write a brief paragraph to
describe the acceleration of a fluid particle as it flows along one
of these streamlines.

4.4 The x- and y-components of a velocity field are given by
u= —(V,/€) xand v = —(V,/€) y, where V, and € are constants.
Make a sketch of the velocity field in the first quadrant
(x > 0,y > 0) by drawing arrows representing the fluid velocity
at representative locations.

4.5 A two-dimensional velocity field is given by # = 1 + y and
v = 1. Determine the equation of the streamline that passes
through the origin. On a graph, plot this streamline.

4.6 The velocity field of a flow is given by V=
(5z = 3)i + (x + 4)] + 4yk ft/s, where x, y, and z are in feet. De-
termine the fluid speed at the origin (x = y = z = 0) and on the x
axis (y = z = 0).

4.7 A flow can be visualized by plotting the velocity field as
velocity vectors at representative locations in the flow as shown in
Video V4.2 and Fig. E4.1. Consider the velocity field given in
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polar coordinates by v, = —10/r, and v, = 10/r. This flow approx-
imates a fluid swirling into a sink as shown in Fig. P4.7. Plot the ve-
locity field at locations given by » = 1,2, and 3 with 6 = 0, 30, 60,
and 90°.

N

B FIGURE P4.7

4.8 The wvelocity field of a flow is given by V=
20p/(x* + y)'21 — 20x/(x? + y?)'2] ft/s, where x and y are in
feet. Determine the fluid speed at points along the x axis; along the
v axis. What is the angle between the velocity vector and the x axis
at points (x, y) = (5, 0), (5, 5), and (0, 5)?

4.9 The components of a velocity field are given by v = x + y,
v = xp® 4+ 16, and w = 0. Determine the location of any stagna-
tion points (¥ = 0) in the flow field.

4.10 The x and y components of velocity for a two-dimensional
flow are u = 6y ft/s and v = 3 ft/s, where y is in feet. Determine
the equation for the streamlines and sketch representative stream-
lines in the upper half plane.

4.11 Show that the streamlines for a flow whose velocity compo-
nents are # = ¢(x* — y*)and v = —2cxy, where c is a constant, are
given by the equation x’y — y¥3 = constant. At which point
(points) is the flow parallel to the y axis? At which point (points) is
the fluid stationary?

4.12 A velocity field is given by V = xi + x(x — 1)(y + 1)],
where u and v are in ft/s and x and y are in feet. Plot the streamline
that passes through x = 0 and y = 0. Compare this streamline with
the streakline through the origin.

4.13 Fromtime ¢ = 0 to ¢ = 5 hr radioactive steam is released from
a nuclear power plant accident located at x = —1 mile and y =
3 miles. The following wind conditions are expected: V. = 101 — 5
mph for0 < 7 <3hr,V = 15i + 8jmph for3 < 7 < 10hr, and
V = Simph forz > 10 hr. Draw to scale the expected streakline of
the steam for z = 3, 10, and 15 hr.

*4.14 Consider a ball thrown with initial speed ¥, at an angle
of 6 as shown in Fig. P4.14a. As discussed in beginning physics, if
friction is negligible the path that the ball takes is given by

y = (tan O)x — [g/(2 V> cos® 0) x>

That is, y = ¢;x + c,x% where ¢, and ¢, are constants. The path
is a parabola. The pathline for a stream of water leaving a small
nozzle is shown in Fig. P4.14b and Video V4.12. The coordinates
for this water stream are given in the following table. (a) Use the
given data to determine appropriate values for ¢, and ¢, in the above
equation and, thus, show that these water particles also follow a
parabolic pathline. (b) Use your values of ¢; and ¢, to determine
the speed of the water, V;, leaving the nozzle.

x (in.) y (in.) 1

0 0 o

0.25 0.13 el N

0.50 0.16 & S
0.75 0.13 5
1.0 0.00 \
1.50 —0.53 y

1.75 —0.90

V,
2.00 —1.43
I C%//‘/:\\ .

(b)
B FIGURE P4.14

4.15 The x and y components of a velocity field are given by
u = x*y and v = —x)”. Determine the equation for the streamlines
of this flow and compare it with those in Example 4.2. Is the flow
in this problem the same as that in Example 4.2? Explain.

4.16 A flow in the x—y plane is given by the following velocity
field: =3 and v=6m/s for 0 <7 <20s; u= —4 and
v =0m/s for 20 < ¢t < 40s. Dye is released at the origin
(x =y = 0) for = 0. (a) Draw the pathlines at = 30 s for two
particles that were released from the origin—one released at # = 0
and the other released at # = 20 s. (b) On the same graph draw the
streamlines at times # = 10 s and 7 = 30 s.

4.17 1In addition to the customary horizontal velocity components of
the air in the atmosphere (the “wind”), there often are vertical air cur-
rents (thermals) caused by buoyant effects due to uneven heating of the
air as indicated in Fig. P4.17. Assume that the velocity field in a certain
region is approximated by u = ug, v = vy (1 — y/h) for 0 < y < h,
and v = uy, v = 0 for y > h. Plot the shape of the streamline that
passes through the origin for values of u,/v, = 0.5, 1, and 2.

y
//
-
// 4 o
4
llo II I{
/I /
/1
J !
0 X

B FIGURE P4.17

*4.18 Repeat Problem 4.17 using the same information except
that u = wuqy/h for 0 =< y < h rather than u = u,. Use values of
uy/vy = 0,0.1,0.2,0.4, 0.6, 0.8, and 1.0.

4.19 As shown in Video V4.6 and Fig. P4.19, a flying airplane
produces swirling flow near the end of its wings. In certain circum-
stances this flow can be approximated by the velocity field
u=—Ky/(x* + y?)and v = Kx/(x* + y?), where K is a constant
depending on various parameters associated with the airplane (i.e.,
its weight, speed) and x and y are measured from the center of the
swirl. (a) Show that for this flow the velocity is inversely propor-
tional to the distance from the origin. That is, V' = K/(x? + y?)!/2.
(b) Show that the streamlines are circles.
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4.20 (See Fluids in the News article titled “Follow those parti-
cles,” Section 4.1.) Two photographs of four particles in a flow past
a sphere are superposed as shown in Fig. P4.20. The time interval
between the photos is A7 = 0.002 s. The locations of the particles,
as determined from the photos, are shown in the table. (a) Deter-
mine the fluid velocity for these particles. (b) Plot a graph to com-
pare the results of part (a) with the theoretical velocity which is
given by V = V(1 + a*/x*), where a is the sphere radius and V, is
the fluid speed far from the sphere.

Particle xatzs = 0s (ft) xats = 0.002 s (ft)
1 —0.500 —0.480
2 —0.250 —0.232
3 —0.140 —0.128
4 —0.120 —0.112
v, ft
®:=0
G 1=0.002s
S < S S x, ft
-0.4 -0.2

B FIGURE P4.20

4.21 (See Fluids in the News article titled “Winds on Earth and
Mars,” Section 4.1.4.) A 10-ft-diameter dust devil that rotates one
revolution per second travels across the Martian surface (in the x-
direction) with a speed of 5 ft/s. Plot the pathline etched on the sur-
face by a fluid particle 10 ft from the center of the dust devil for
time 0 = ¢ =< 3 s. The particle position is given by the sum of that
for a stationary swirl [x = 10 cos(27¢), y = 10 sin(27¢)] and that
for a uniform velocity (x = 5¢,y = constant), where x and y are in
feet and 7 is in seconds.

Section 4.2 The Acceleration Field

4.22 The x- and y-components of a velocity field are given by
u= (Vy/€xandv = —(V;/€)y, where V; and € are constants. Plot
the streamlines for this flow and determine the acceleration field.

4.23 A velocity field is given by # = cx* and v = ¢)?, where c is
a constant. Determine the x and y components of the acceleration.
At what point (points) in the flow field is the acceleration zero?

4.24 Determine the acceleration field for a three-dimensional flow
with velocity components # = —x, v = 4x*p% andw = x — y.

4.25 Estimate the deceleration of a water particle in a raindrop as
it strikes the sidewalk. List all assumptions and show all calcula-
tions.

4.26 The velocity of air in the diverging pipe shown in Fig. P4.26
is given by V; = 4t ft/s and V, = 2t ft/s, where ¢ is in seconds. (a)
Determine the local acceleration at points (1) and (2). (b) Is the av-
erage convective acceleration between these two points negative,
zero, or positive? Explain.

Problems 181
v, = 4t ftls V, =21 ft/s
— —

(1)

(2)
B FIGURE P4.26

4.27 Water flows in a pipe so that its velocity triples every 20 s. At
t = 0ithas u = 5ft/s. Thatis, V = u(#)i = 5 (3"*°)i ft/s. Deter-
mine the acceleration when 7 = 0, 10, and 20 s.

4.28 When a valve is opened, the velocity of water in a certain
pipe is given by u = 10(1 — ¢™), v = 0, and w = 0, where  is in
ft/s and 7 is in seconds. Determine the maximum velocity and max-
imum acceleration of the water.

4.29 The velocity of the water in the pipe shown in Fig. P4.29 is
given by ¥, = 0.50t m/s and V, = 1.0t m/s, where ¢ is in seconds.
Determine the local acceleration at points (1) and (2). Is the average
convective acceleration between these two points negative, zero, or
positive? Explain.

V=
0.50f m/s
—

B FIGURE P4.29

4.30 A shock wave is a very thin layer (thickness = €) in a high-
speed (supersonic) gas flow across which the flow properties
(velocity, density, pressure, etc.) change from state (1) to state
(2) as shown in Fig. P4.30. If V;, = 1800 fps, V, = 700 fps, and
€ = 107* in., estimate the average deceleration of the gas as it
flows across the shock wave. How many g’s deceleration does
this represent?

"
! V2

)

Shock wave
HFIGURE P4.30

4.31 Estimate the average acceleration of water as it travels
through the nozzle on your garden hose. List all assumptions and
show all calculations.

4.32 As avalve is opened, water flows through the diffuser shown
in Fig. P4.32 at an increasing flowrate so that the velocity along the
centerline is given by V = ui = Vy(1 — e ) (1 — x/€) i, where
u,, ¢, and € are constants. Determine the acceleration as a function
of x and ¢. If ¥, = 10 ft/s and € = 5 ft, what value of ¢ (other than
¢ = 0)is needed to make the acceleration zero for any x at # = 1 s?
Explain how the acceleration can be zero if the flowrate is increas-
ing with time.
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u="ryl-e*

X

B FIGURE P4.32

4.33 A fluid flows along the x axis with a velocity given by
V = (x/f) i, where x is in feet and ¢ in seconds. (a) Plot the speed
for 0 = x = 10 ft and # = 3 s. (b) Plot the speed for x = 7 ft and
2 = t = 4 5. (c) Determine the local and convective acceleration. (d)
Show that the acceleration of any fluid particle in the flow is zero.
(e) Explain physically how the velocity of a particle in this unsteady
flow remains constant throughout its motion.

4.34 A hydraulic jump is a rather sudden change in depth of a
liquid layer as it flows in an open channel as shown in Fig. P4.34
and Video V10.12. In a relatively short distance (thickness = €)
the liquid depth changes from z, to z,, with a corresponding change
in velocity from V) to V,. If V; = 1.20 ft/s, V;, = 0.30 ft/s, and
€ = 0.02 ft, estimate the average deceleration of the liquid as it
flows across the hydraulic jump. How many g’s deceleration does
this represent?

Hydraulic jump
I_Aﬁ
Va

.
.
ERRE!

B FIGURE P4.34

4.35 A fluid particle flowing along a stagnation streamline, as
shown in Video V4.9 and Fig. P4.35, slows down as it approaches
the stagnation point. Measurements of the dye flow in the video
indicate that the location of a particle starting on the stagnation
streamline a distance s = 0.6 ft upstream of the stagnation point
at £ = 0 is given approximately by s = 0.6e~*%, where ¢ is in
seconds and s is in feet. (a) Determine the speed of a fluid
particle as a function of time, V,uci(?), as it flows along the
streamline. (b) Determine the speed of the fluid as a function of
position along the streamline, ¥ = ¥(s). (¢) Determine the fluid
acceleration along the streamline as a function of position,
a, = afs).

Stagnation point, s = 0

Fluid particle

B FIGURE P4.35

4.36 A nozzle is designed to accelerate the fluid from V; to V,
in a linear fashion. That is, V' = ax + b, where a and b are

constants. If the flow is constant with ; = 10 m/s at x;, = 0 and
V, = 25m/s at x, = 1 m, determine the local acceleration, the
convective acceleration, and the acceleration of the fluid at points
(1) and (2).

4.37 Repeat Problem 4.36 with the assumption that the flow is not
steady, but at the time when 7, = 10 m/s and V, = 25 m/s, it is
known that 9V,/0¢ = 20 m/s> and 9V,/9t = 60 m/s>.

4.38 An incompressible fluid flows past a turbine blade as shown
in Fig. P4.38a and Video V4.9. Far upstream and downstream of
the blade the velocity is V. Measurements show that the velocity of
the fluid along streamline 4—F near the blade is as indicated in
Fig. P4.38b. Sketch the streamwise component of acceleration, a,,
as a function of distance, s, along the streamline. Discuss the im-
portant characteristics of your result.

(a)

157,

o

0.5 ¥,

(b)

B FIGURE P4.38

*4.39  Air flows steadily through a variable area pipe with a veloc-
ity of V = u(x)i ft/s, where the approximate measured values of
u(x) are given in the table. Plot the acceleration as a function of x
for 0 = x = 12 in. Plot the acceleration if the flowrate is increased
by a factor of N (i.e., the values of u are increased by a factor of N)
for N = 2,4, 10.

x (in.) u (ft/s) x (in.) u (ft/s)
0 10.0 7 20.1
1 10.2 8 17.4
2 13.0 9 13.5
3 20.1 10 11.9
4 28.3 11 10.3
5 28.4 12 10.0
6 25.8 13 10.0

*4.40 Asis indicated in Fig. P4.40, the speed of exhaust in a car’s
exhaust pipe varies in time and distance because of the
periodic nature of the engine’s operation and the damping
effect with distance from the engine. Assume that the speed is
given by ¥V = Vy[1 + ae " sin(w?)], where V, = 8 fps, a = 0.05,
b=021ft", and w = 50rad/s. Calculate and plot the fluid
acceleration at x = 0, 1,2, 3,4, and 5 ft for 0 = r = 7/25s.
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V=Vl + ae™ sin(wn)]

4.41 Water flows over the crest of a dam with speed 7 as shown in
Fig. P4.41. Determine the speed if the magnitude of the normal ac-
celeration at point (1) is to equal the acceleration of gravity, g.

B FIGURE P4.41

4.42 Assume that the streamlines for the wingtip vortices from
an airplane (see Fig. P4.19 and Video V4.6) can be approximated
by circles of radius r and that the speed is V' = K/r, where K is a
constant. Determine the streamline acceleration, a,, and the normal
acceleration, a,, for this flow.

4.43 A fluid flows past a sphere with an upstream velocity of
Vy = 40 m/s as shown in Fig. P4.43. From a more advanced theory
it is found that the speed of the fluid along the front part of the sphere
is ¥ = 3V, sin 6. Determine the streamwise and normal components
of acceleration at point 4 if the radius of the sphere is @ = 0.20 m.

v
400

Vo | 0 a

\ |

Y

B FIGURE P4.43

*4.44 For flow past a sphere as discussed in Problem 4.43, plot a graph
of the streamwise acceleration, a,, the normal acceleration, a,,, and the
magnitude of the acceleration as a function of 6 for 0 = 6 = 90° with
Vy = 50 ft/s and a = 0.1, 1.0, and 10 ft. Repeat for ¥V, = 5 ft/s. At
what point is the acceleration a maximum; a minimum?

*4.45 The velocity components for steady flow through the nozzle
shown in Fig. P4.45 are u = —Vyx/€ and v = V, [1 + (y/€)],

\\1
N
/2

(2)
\
7

B FIGURE P4.45

>
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where 7, and € are constants. Determine the ratio of the magnitude
of the acceleration at point (1) to that at point (2).

*4.46 A fluid flows past a circular cylinder of radius a with an
upstream speed of V;, as shown in Fig. P4.46. A more advanced the-
ory indicates that if viscous effects are negligible, the velocity of the
fluid along the surface of the cylinder is given by V' = 2V sin 6.
Determine the streamline and normal components of acceleration
on the surface of the cylinder as a function of ¥, a, and 6 and plot
graphs of g, and a, for 0 =6 =< 90° with V, = 10 m/s and
a = 0.01,0.10, 1.0, and 10.0 m.

Vo __
TN\

B FIGURE P4.46

4.47 Determine the x and y components of acceleration for the
flow given in Problem 4.11. If ¢ > 0, is the particle at point
x =xy>0 and y = 0 accelerating or decelerating? Explain.
Repeat if x, < 0.

4.48 When flood gates in a channel are opened, water flows
along the channel downstream of the gates with an increasing
speed given by ¥ = 4(1 + 0.17) ft/s, for 0 = ¢t = 20 s, where ¢
is in seconds. For # > 20 s the speed is a constant V' = 12 ft/s.
Consider a location in the curved channel where the radius of
curvature of the streamlines is 50 ft. For 7 = 10 s determine (a)
the component of acceleration along the streamline, (b) the
component of acceleration normal to the streamline, and (¢)
the net acceleration (magnitude and direction). Repeat for
t=130s.

4.49 Water flows steadily through the funnel shown in
Fig. P4.49. Throughout most of the funnel the flow is approxi-
mately radial (along rays from O) with a velocity of ¥ = ¢/r?,
where r is the radial coordinate and c is a constant. If the veloc-
ity is 0.4 m/s when r = 0.1 m, determine the acceleration at
points 4 and B.

I*—O.IZ m—=

B FIGURE P4.49

4.50 Water flows though the slit at the bottom of a two-
dimensional water trough as shown in Fig. P4.50. Throughout most
of the trough the flow is approximately radial (along rays from O)
with a velocity of V' = ¢/r, where r is the radial coordinate and c is
a constant. If the velocity is 0.04 m/s when » = 0.1 m, determine
the acceleration at points 4 and B.

CMS Cepcor EX 1046 Page 93
CMS Cepcor v. Sandvik IPR2024-01380



184

Chapter 4 B Fluid Kinematics

B FIGURE P4.50

4.51 Air flows from a pipe into the region between two parallel cir-
cular disks as shown in Fig. P4.51. The fluid velocity in the gap be-
tween the disks is closely approximated by V' = V,R/r, where R is
the radius of the disk, r is the radial coordinate, and ¥}, is the fluid
velocity at the edge of the disk. Determine the acceleration for
r=1,2or3ftifV, =5ft/sandR = 3 ft.

Disks R ‘

SN
u I U\Pipe '

B FIGURE P4.51

-
1
—7,
1

4.52 Air flows into a pipe from the region between a circular disk
and a cone as shown in Fig. P4.52. The fluid velocity in the gap be-
tween the disk and the cone is closely approximated by ¥ = V,R*/r%,
where R is the radius of the disk, r is the radial coordinate, and ¥, is
the fluid velocity at the edge of the disk. Determine the acceleration
forr =05and2 ftif ¥, = 5 ft/sand R = 2 ft.

Cone

Disk

\ )

B FIGURE P4.52

Section 4.2.1 The Material Derivative

4.53 Air flows steadily through a long pipe with a speed of
u = 50 + 0.5x, where x is the distance along the pipe in feet, and « is
in ft/s. Due to heat transfer into the pipe, the air temperature, 7, within
the pipe is 7 = 300 + 10x °F. Determine the rate of change of the
temperature of air particles as they flow past the section at x = 5 ft.

4.54 A company produces a perishable product in a factory
located at x = 0 and sells the product along the distribution route
x > 0. The selling price of the product, P, is a function of the
length of time after it was produced, #, and the location at which it
is sold, x. That is, P = P(x, ?). At a given location the price of the
product decreases in time (it is perishable) according to dP/dt = —8
dollars/hr. In addition, because of shipping costs the price increases
with distance from the factory according to dP/dx = 0.2 dollars/mi.
If the manufacturer wishes to sell the product for the same 100-dollar

price anywhere along the distribution route, determine how fast he
must travel along the route.

4.55 Assume the temperature of the exhaust in an exhaust pipe can
be approximated by 7 = Ty(1 + ae™®)[1 + ¢ cos(w?)], where T, =
100°C,a = 3,5 =0.03m™", ¢ = 0.05, and @ = 100 rad/s. If the
exhaust speed is a constant 3 m/s, determine the time rate of change of
temperature of the fluid particles at x = 0 and x = 4 m when 7 = 0.

4.56 A bicyclist leaves from her home at 9 A.M. and rides to a
beach 40 mi away. Because of a breeze off the ocean, the tempera-
ture at the beach remains 60 °F throughout the day. At the cyclist’s
home the temperature increases linearly with time, going from
60 °F at 9 A.M. to 80 °F by 1 p.m. The temperature is assumed to
vary linearly as a function of position between the cyclist’s home
and the beach. Determine the rate of change of temperature ob-
served by the cyclist for the following conditions: (a) as she pedals
10 mph through a town 10 mi from her home at 10 A.m.; (b) as she
eats lunch at a rest stop 30 mi from her home at noon; (c) as she ar-
rives enthusiastically at the beach at 1 p.M., pedaling 20 mph.

4.57 The temperature distribution in a fluid is given by
T = 10x + 5y, where x and y are the horizontal and vertical coor-
dinates in meters and 7 is in degrees centigrade. Determine the
time rate of change of temperature of a fluid particle traveling (a)
horizontally with # = 20 m/s, v = 0 or (b) vertically with # = 0,
v = 20 m/s.

Section 4.4 The Reynolds Transport Theorem

4.58 Obtain a photograph/image of a situation in which a fluid is
flowing. Print this photo and draw a control volume through which
the fluid flows. Write a brief paragraph that describes how the fluid
flows into and out of this control volume.

4.59 The wind blows through the front door of a house with a speed
of 2 m/s and exits with a speed of 1 m/s through two windows on
the back of the house. Consider the system of interest for this flow
to be the air within the house at time 7 = 0. Draw a simple sketch
of the house and show an appropriate control volume for this flow.
On the sketch, show the position of the system at time # = 1 s.

4.60 Water flows through a duct of square cross section as shown
in Fig. P4.60 with a constant, uniform velocity of ¥ = 20 m/s.
Consider fluid particles that lie along line A—B at time # = 0. Deter-
mine the position of these particles, denoted by line 4'—B’, when
t = 0.20 s. Use the volume of fluid in the region between lines
A-B and A'—B’ to determine the flowrate in the duct. Repeat the
problem for fluid particles originally along line C—D; along line
E—F. Compare your three answers.

B B’ D
[ ~ |
1 T
V=20 m/s |
— | 0.5m
| 45° l
d
[ hd |
A A C E

B FIGURE P4.60

4.61 Repeat Problem 4.60 if the velocity profile is linear from 0 to
20 m/s across the duct as shown in Fig. P4.61.

20 m/s

0m/s B FIGURE P4.61
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4.62 In the region just downstream of a sluice gate, the water
may develop a reverse flow region as is indicated in Fig. P4.62
and Video V10.9. The velocity profile is assumed to consist of
two uniform regions, one with velocity ¥, = 10 fps and the other
with V), = 3 fps. Determine the net flowrate of water across the
portion of the control surface at section (2) if the channel is 20 ft
wide.

v, =10 ft/s
EFIGURE P4.62

4.63 At time ¢ = 0 the valve on an initially empty (perfect vac-
uum, p = 0) tank is opened and air rushes in. If the tank has a vol-
ume of #, and the density of air within the tank increases as
p = p(1 — "), where b is a constant, determine the time rate of
change of mass within the tank.

+4.64 From calculus, one obtains the following formula (Leibnitz
rule) for the time derivative of an integral that contains time in both
the integrand and the limits of the integration:

X2

d td—Jifd+ ac PRl
dt x[(l)f(xa ) X = N ot X f(xla ) dt f(xl’ )

dr

Discuss how this formula is related to the time derivative of the
total amount of a property in a system and to the Reynolds transport
theorem.

4.65 Water enters the bend of a river with the uniform velocity
profile shown in Fig. P4.65. At the end of the bend there is a re-
gion of separation or reverse flow. The fixed control volume ABCD
coincides with the system at time # = 0. Make a sketch to indicate
(a) the system at time # = 5 s and (b) the fluid that has entered and
exited the control volume in that time period.

V=1m/s

Control volume

B FIGURE P4.65

4.66 A layer of oil flows down a vertical plate as shown in
Fig. P4.66 with a velocity of V = (V,/h?) (2hx — x*) ] where
and / are constants. (a) Show that the fluid sticks to the plate and
that the shear stress at the edge of the layer (x = 4) is zero. (b) De-
termine the flowrate across surface AB. Assume the width of the
plate is b. (Note: The velocity profile for laminar flow in a pipe has
a similar shape. See Video V6.13.)

185
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L v(x)
Plate

/g ——-B

B FIGURE P4.66

4.67 Water flows in the branching pipe shown in Fig. P4.67 with
uniform velocity at each inlet and outlet. The fixed control volume
indicated coincides with the system at time # = 20 s. Make a sketch
to indicate (a) the boundary of the system at time # = 20.1 s, (b) the
fluid that left the control volume during that 0.1-s interval, and (c)
the fluid that entered the control volume during that time interval.

Vi=2mls

Vi=25mis (3)

— — — Control volume
B FIGURE P4.67

V,=1m/s

4.68 Two plates are pulled in opposite directions with speeds of
1.0 fi/s as shown in Fig. P4.68. The oil between the plates moves
with a velocity given by V = 10 yi ft/s, where y is in feet. The fixed
control volume 4ABCD coincides with the system at time # = 0. Make
a sketch to indicate (a) the system at time # = 0.2 s and (b) the fluid
that has entered and exited the control volume in that time period.

y
Bk4702ﬁ44*+4702ﬁ44ﬂc
[ —1 ft/s
— —
control | ol # ) = 10
vqume\A: -+ V)= |y
f T X
o1t I
I I
1 ft/s ~amm] ]
A D

B FIGURE P4.68

4.69 Water is squirted from a syringe with a speed of ¥ = 5 m/s by
pushing in the plunger with a speed of ¥, = 0.03 m/s as shown in
Fig. P4.69. The surface of the deforming control volume consists of
the sides and end of the cylinder and the end of the plunger. The sys-
tem consists of the water in the syringe at # = 0 when the plunger
is at section (1) as shown. Make a sketch to indicate the control sur-
face and the system when 7 = 0.5 s.
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Cylinder\

|.— Plunger

>V, =0.03 m/s —-- ] = 5 m/s

(1)
f«——0.08 m —~

B FIGURE P4.69

4.70 Water enters a 5-ft-wide, 1-ft-deep channel as shown in
Fig. P4.70. Across the inlet the water velocity is 6 ft/s in the cen-
ter portion of the channel and 1 ft/s in the remainder of it. Farther
downstream the water flows at a uniform 2 ft/s velocity across
the entire channel. The fixed control volume ABCD coincides
with the system at time 7 = 0. Make a sketch to indicate (a) the
system at time # = 0.5 s and (b) the fluid that has entered and ex-
ited the control volume in that time period.

IZ_T_ —————————— 4=
| |
1ft/s |21t |
i |
i |

6 ft/s |1t 5ft | 2 ft/s
|

|

, |
11t/s : 2 ft I
oy | ¢!

B FIGURE P4.70

4.71 Water flows through the 2-m-wide rectangular channel
shown in Fig. P4.71 with a uniform velocity of 3 m/s. (a) Directly
integrate Eq. 4.16 with » = 1 to determine the mass flowrate (kg/s)
across section CD of the control volume. (b) Repeat part (a) with
b = 1/p, where p is the density. Explain the physical interpretation
of the answer to part (b).

A D
- T T T 7

= | /

> SN

= ! /
| /

—» I_ _______ M

V=3m/s B C

————— Control surface
HFIGURE P4.71

4.72 The wind blows across a field with an approximate velocity
profile as shown in Fig. P4.72. Use Eq. 4.16 with the parameter b
equal to the velocity to determine the momentum flowrate across the
vertical surface A—B, which is of unit depth into the paper.

15 ft/s 1
1

— bp
1
1
1
1
1
1
20ft |
1
1
10t :
1
1
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A

B FIGURE P4.72

B Life Long Learning Problems

4.73 Even for the simplest flows it is often not be easy to visually
represent various flow field quantities such as velocity, pressure, or
temperature. For more complex flows, such as those involving three-
dimensional or unsteady effects, it is extremely difficult to “show the
data.”” However, with the use of computers and appropriate software,
novel methods are being devised to more effectively illustrate the
structure of a given flow. Obtain information about methods used to
present complex flow data. Summarize your findings in a brief report.

4.74 For centuries people have obtained qualitative and quantita-
tive information about various flow fields by observing the motion
of objects or particles in a flow. For example, the speed of the cur-
rent in a river can be approximated by timing how long it takes a
stick to travel a certain distance. The swirling motion of a tornado
can be observed by following debris moving within the tornado
funnel. Recently various high-tech methods using lasers and
minute particles seeded within the flow have been developed to
measure velocity fields. Such techniques include the laser doppler
anemometer (LDA), the particle image velocimeter (PIV), and oth-
ers. Obtain information about new laser-based techniques for mea-
suring velocity fields. Summarize your findings in a brief report.

B FE Exam Problems

Sample FE (Fundamentals of Engineering) exam questions for fluid
mechanics are provided on the book’s web site, www.wiley.com/
college/munson.

CMS Cepcor EX 1046 Page 96
CMS Cepcor v. Sandvik IPR2024-01380



) Piniie CO’/)H'O/
Volume Anclysi

~

S

CHAPTER OPENING PHOTO: Wind turbine farms (this is the Middelgrunden Offshore Wind Farm in Denmark)
are becoming more common. Finite control volume analysis can be used to estimate the amount of energy
transferred between the moving air and each turbine rotor. (Photograph courtesy of Siemens Wind Power:)

Learning Objectives

After completing this chapter, you should be able to:
m select an appropriate finite control volume to solve a fluid mechanics problem.

m apply conservation of mass and energy and Newton’s second law of motion to
the contents of a finite control volume to get important answers.

m know how velocity changes and energy transfers in fluid flows are related to
forces and torques.

m understand why designing for minimum loss of energy in fluid flows is so
important.

To solve many practical problems in fluid mechanics, questions about the behavior of the contents

Many fluid me- ; e .

chanics problems of a finite region in space (a finite control volume) are answered. For example, we may be asked
can be solved by us- to estimate the maximum anchoring force required to hold a turbojet engine stationary during a
ing control volume test. Or we may be called on to design a propeller to move a boat both forward and backward. Or
analysis. we may need to determine how much power it would take to move natural gas from one location

to another many miles away.

The bases of finite control volume analysis are some fundamental laws of physics, namely,
conservation of mass, Newton’s second law of motion, and the first and second laws of thermody-
namics. While some simplifying approximations are made for practicality, the engineering answers
possible with the estimates of this powerful analysis method have proven valuable in numerous in-
stances.

Conservation of mass is the key to tracking flowing fluid. How much enters and leaves a
control volume can be ascertained.

187
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188 Chapter 5 B Finite Control Volume Analysis

Newton’s second law of motion leads to the conclusion that forces can result from or cause
changes in a flowing fluid’s velocity magnitude and/or direction. Moment of force (torque) can re-
sult from or cause changes in a flowing fluid’s moment of velocity. These forces and torques can
be associated with work and power transfer.

The first law of thermodynamics is a statement of conservation of energy. The second law
of thermodynamics identifies the loss of energy associated with every actual process. The me-
chanical energy equation based on these two laws can be used to analyze a large variety of steady,
incompressible flows in terms of changes in pressure, elevation, speed, and of shaft work and loss.

Good judgment is required in defining the finite region in space, the control volume, used
in solving a problem. What exactly to leave out of and what to leave in the control volume are im-
portant considerations. The formulas resulting from applying the fundamental laws to the contents
of the control volume are easy to interpret physically and are not difficult to derive and use.

Because a finite region of space, a control volume, contains many fluid particles and even
more molecules that make up each particle, the fluid properties and characteristics are often aver-
age values. In Chapter 6 an analysis of fluid flow based on what is happening to the contents of
an infinitesimally small region of space or control volume through which numerous molecules
simultaneously flow (what we might call a point in space) is considered.

5.1 Conservation of Mass—The Continuity Equation

The amount of
mass in a system is
constant.

5.1.1 Derivation of the Continuity Equation

A system is defined as a collection of unchanging contents, so the conservation of mass principle
for a system is simply stated as

time rate of change of the system mass = 0
or

DM,

sys

o =0 (5.1)

where the system mass, M, is more generally expressed as

My, = f pd¥ (5.2)
sys

and the integration is over the volume of the system. In words, Eq. 5.2 states that the system mass
is equal to the sum of all the density-volume element products for the contents of the system.

For a system and a fixed, nondeforming control volume that are coincident at an instant of
time, as illustrated in Fig. 5.1, the Reynolds transport theorem (Eq. 4.19) with B = mass and b = 1
allows us to state that

D d
J pdV=J'pdV+JpV-f1dA (5.3)
Dt Sys at cv Ccs
System Control Volume
//—-\\\ // ~
N\ /
\ /
\ /
\ /
| |
| |
/ \
/ \
/ \
/ N
\__// \\‘__/
(a) (b) (¢)

B FIGURE 5.1 System and control volume at three different
instances of time. () System and control volume at time z — . (b) System and
control volume at time ¢, coincident condition. (¢) System and control volume at
time 7 + ot.
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The continuity
equation is a state-
ment that mass is
conserved.

5.1 Conservation of Mass—The Continuity Equation 189

or
. time rate of change net rate of flow
time rate of change
of the mass of the of mass through
of the mass of the = .
contents of the coin- the control

coincident system .
Y cident control volume  surface

In Eq. 5.3, we express the time rate of change of the system mass as the sum of two control vol-
ume quantities, the time rate of change of the mass of the contents of the control volume,

9
= | pa¥
at J;V p

and the net rate of mass flow through the control surface,
J pV - i dA

When a flow is steady, all field properties (i.e., properties at any specified point) including
density remain constant with time and the time rate of change of the mass of the contents of the
control volume is zero. That is,

0
Sl par =0
ot Lp

The integrand, V - fi d4, in the mass flowrate integral represents the product of the compo-
nent of velocity, V, perpendicular to the small portion of control surface and the differential area,
dA. Thus, V - fi dA is the volume flowrate through d4 and pV - fi d4 is the mass flowrate through
dA. Furthermore, as shown in the sketch in the margin, the sign of the dot product V - fi is “+”
for flow out of the control volume and “—" for flow info the control volume since fi is considered
positive when it points out of the control volume. When all of the differential quantities, pV - fi d4,
are summed over the entire control surface, as indicated by the integral

J pV - i dA

the result is the net mass flowrate through the control surface, or

j pV - dAd = D gy — O, iy, (5.4)

where m is the mass flowrate (Ibm/s, slug/s or kg/s). If the integral in Eq. 5.4 is positive, the net flow
is out of the control volume; if the integral is negative, the net flow is into the control volume.

The control volume expression for conservation of mass, which is commonly called the corn-
tinuity equation, for a fixed, nondeforming control volume is obtained by combining Egs. 5.1, 5.2,
and 5.3 to obtain

9
medV+JpV-ﬁdA=o (5.5)

In words, Eq. 5.5 states that to conserve mass the time rate of change of the mass of the contents
of the control volume plus the net rate of mass flow through the control surface must equal zero.
Actually, the same result could have been obtained more directly by equating the rates of mass flow
into and out of the control volume to the rates of accumulation and depletion of mass within the
control volume (see Section 3.6.2). It is reassuring, however, to see that the Reynolds transport the-
orem works for this simple-to-understand case. This confidence will serve us well as we develop
control volume expressions for other important principles.

An often-used expression for mass flowrate, m, through a section of control surface having
area A4 is

m = pQ = pAV (5.6)
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190 Chapter 5 B Finite Control Volume Analysis

Mass flowrate
equals the product
of density and vol-
ume flowrate.

~I

NL~<

N

V5.1 Sink flow

where p is the fluid density, Q is the volume flowrate (fts or m%), and ¥ is the component of
fluid velocity perpendicular to area A. Since

;h=JpV-ﬁdA
A

application of Eq. 5.6 involves the use of representative or average values of fluid density, p, and
fluid velocity, V. For incompressible flows, p is uniformly distributed over area 4. For compress-
ible flows, we will normally consider a uniformly distributed fluid density at each section of flow
and allow density changes to occur only from section to section. The appropriate fluid velocity to
use in Eq. 5.6 is the average value of the component of velocity normal to the section area in-
volved. This average value, V, defined as

JpV-fldA
4

V= VI (5.7)

is shown in the figure in the margin.
If the velocity is considered uniformly distributed (one-dimensional flow) over the section
area, 4, then

J pV - i dA

T A

V=——"—=V 5.8
oA (5-8)

and the bar notation is not necessary (as in Example 5.1). When the flow is not uniformly distrib-

uted over the flow cross-sectional area, the bar notation reminds us that an average velocity is be-

ing used (as in Examples 5.2 and 5.4).

5.1.2 Fixed, Nondeforming Control Volume

In many applications of fluid mechanics, an appropriate control volume to use is fixed and nonde-
forming. Several example problems that involve the continuity equation for fixed, nondeforming
control volumes (Eq. 5.5) follow.

—EXAMPLE YN Conservation of Mass—Steady, Incompressible Flow

GIVEN  Water flows steadily through a nozzle at the end of a  tions, the nozzle exit velocity must be at least 20 m/s as shown in
fire hose as illustrated in Fig. E5.1a. According to local regula-  Fig. ES.1b.

B FIGURE E5.1a

FIND Determine the minimum pumping capacity, Q, required
3
in m’/s.

Section (1) (pump discharge)

0 / Section (2) (nozzle exit)
—

| = Control volume
B FIGURE ES5.1b
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Conservation of Mass—The Continuity Equation

The pumping capacity sought is the volume flowrate delivered by
the fire pump to the hose and nozzle. Since we desire knowledge
about the pump discharge flowrate and we have information
about the nozzle exit flowrate, we link these two flowrates with
the control volume designated with the dashed line in Fig. E5.15.
This control volume contains, at any instant, water that is within
the hose and nozzle from the pump discharge to the nozzle exit
plane.

Equation 5.5 is applied to the contents of this control volume
to give

0 (flow is steady)

%pdVJerV-ﬁdA—O 1)

cv Ccs
The time rate of change of the mass of the contents of this control
volume is zero because the flow is steady. Because there is only
one inflow [the pump discharge, section (1)] and one outflow [the
nozzle exit, section (2)], Eq. (1) becomes
p2A2Vy — p1d1 Vi = 0

so that with m = pAV

iy = iy (2)
Because the mass flowrate is equal to the product of fluid density, p,
and volume flowrate, O (see Eq. 5.6), we obtain from Eq. 2

p20> = p104 3)

Liquid flow at low speeds, as in this example, may be considered
incompressible. Therefore

P2 = P1 “@
and from Egs. 3 and 4
0, = 0 )

The pumping capacity is equal to the volume flowrate at the nozzle
exit. If, for simplicity, the velocity distribution at the nozzle exit plane,
section (2), is considered uniform (one-dimensional), then from Eq. 5

01 =0, =14,
T 5 T 40 mm )2
=V,—D3=(2 ———
Vo D2 = (20m/s) 4 <1000mm/m
= 0.0251 m*/s (Ans)

COMMENT By repeating the calculations for various val-
ues of the nozzle exit diameter, D,, the results shown in Fig.
ES5.1c are obtained. The flowrate is proportional to the exit area,
which varies as the diameter squared. Hence, if the diameter
were doubled, the flowrate would increase by a factor of four,
provided the exit velocity remained the same.

0.15

0.10
o
=
3

0.05

(40 mm, 0.0251 m3/s)
0
0 20 40 60 80 100

Dy, mm

B FIGURE E5.1c

GIVEN Air flows steadily between two sections in a long,
straight portion of 4-in. inside diameter pipe as indicated in
Fig. ES.2. The uniformly distributed temperature and pressure at
each section are given. The average air velocity (nonuniform ve-
locity distribution) at section (2) is 1000 ft/s.

FIND Calculate the average air velocity at section (1).

SOLUTION

The average fluid velocity at any section is that velocity which
yields the section mass flowrate when multiplied by the section
average fluid density and section area (Eq. 5.7). We relate the
flows at sections (1) and (2) with the control volume designated
with a dashed line in Fig. E5.2.

Equation 5.5 is applied to the contents of this control volume
to obtain

—EXAMPLE .34 Conservation of Mass—Steady, Compressible Flow

Control volume Pipe
Flow %Y % % (%
Section (1) Dy=D,=4in Section (2)
p1 =100 psia P, = 18.4 psia
T, = 540 °R T, =453 °R

¥, = 1000 ft/s
B FIGURE E5.2

0 (flow is steady)

dJ
e~ pdV—l—J

cv C:

pV - fidd =0

The time rate of change of the mass of the contents of this control
volume is zero because the flow is steady. The control surface
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integral involves mass flowrates at sections (1) and (2) so that from
Eq. 5.4 we get

IpV'fldA:ﬁ’lz—ﬁ’h:O

or
’hl =, Q)]
and from Egs. 1, 5.6, and 5.7 we obtain
P1A1[71 = PzAz?z )
orsince 4, = A4,
— pzf
V,=—V, 3
! P1 ’ ®)

Air at the pressures and temperatures involved in this example
problem behaves like an ideal gas. The ideal gas equation of state
(Eq. 1.8)is

(C))

Thus, combining Egs. 3 and 4 we obtain

_ iz
7 P21V
piTs
(18.4 psia)(540 °R)(1000 ft/s)

- ~ 219 ft
(100 psia)(453 °R) A

(Ans)

COMMENT We learn from this example that the continuity
equation (Eq. 5.5) is valid for compressible as well as incom-
pressible flows. Also, nonuniform velocity distributions can be
handled with the average velocity concept. Significant average ve-
locity changes can occur in pipe flow if the fluid is compressible.

L ILTTCREIEY Conservation of Mass—Two Fluids

GIVEN The inner workings of a dehumidifier are shown in
Fig. E5.3a. Moist air (a mixture of dry air and water vapor) enters
the dehumidifier at the rate of 600 Ibm/hr. Liquid water drains out

Fan
Cooling _—

coil

B FIGURE E5.3a

SOLUTION

of the dehumidifier at a rate of 3.0 Ibm/hr. A simplified sketch of
the process is provided in Fig. E5.35.

FIND Determine the mass flowrate of the dry air and the water
vapor leaving the dehumidifier.

WI4 m5

—_—

. Cooling coil
Section (1) Control vol
ontrol volume Motor
e N T | o=
600 Ibm/hr | £ Fan | N
— | CEEH I
| [\
| It
|
J I Section (2)
Condensate I
(water) ]
|
Section (3) v_
ms = 3.0 Ibm/hr

B FIGURE E5.3b

The unknown mass flowrate at section (2) is linked with the known
flowrates at sections (1) and (3) with the control volume designated
with a dashed line in Fig. E5.35. The contents of the control vol-
ume are the air and water vapor mixture and the condensate (lig-
uid water) in the dehumidifier at any instant.

Not included in the control volume are the fan and its motor,
and the condenser coils and refrigerant. Even though the flow in
the vicinity of the fan blade is unsteady, it is unsteady in a cycli-
cal way. Thus, the flowrates at sections (1), (2), and (3) appear
steady and the time rate of change of the mass of the contents of
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the control volume may be considered equal to zero on a time-
average basis. The application of Eqs. 5.4 and 5.5 to the control
volume contents results in

JpV-ﬁdA=—rh1+rh2+rh3=0
CS

or
m, = m; — my = 600 Ibm/hr — 3.0 Ibm/hr

= 597 lbm/hr (Ans)

COMMENT Note that the continuity equation (Eq. 5.5) can

be used when there is more than one stream of fluid flowing
through the control volume.

193

Conservation of Mass—The Continuity Equation

The answer is the same with a control volume which includes
the cooling coils to be within the control volume. The continuity
equation becomes

”h2=”h1_l’h3+”h4_”h5 (1)
where m, is the mass flowrate of the cooling fluid flowing
into the control volume, and m5 is the flowrate out of the
control volume through the cooling coil. Since the flow
through the coils is steady, it follows that m; = ms. Hence,

Eq. 1 gives the same answer as obtained with the original con-
trol volume.

—EXAMPLE J-8 Conservation of Mass—Nonuniform Velocity Profile

GIVEN TIncompressible, laminar water flow develops in a
straight pipe having radius R as indicated in Fig. ES.4a. At section
(1), the velocity profile is uniform; the velocity is equal to a con-
stant value U and is parallel to the pipe axis everywhere. At sec-
tion (2), the velocity profile is axisymmetric and parabolic, with
zero velocity at the pipe wall and a maximum value of u,,,, at the
centerline.

FIND
(a) How are U and u,,,, related?

(b) How are the average velocity at section (2), V5, and
related?

SoLuTION

Section (1) Control volume

dA, = 2nr dr Section (2)

Pipe

Up = Upay [l -(

i~
N

B FIGURE E5.4a

(a) An appropriate control volume is sketched (dashed lines) in
Fig. E5.4a. The application of Eq. 5.5 to the contents of this con-
trol volume yields

0 (flow is steady)

%pd%‘ﬁ-JpV-ﬁdA:O 1)

cv cs

At the inlet, section (1), the velocity is uniform with V', = U so
that

J pV:ndd = —p AU )

)
At the outlet, section (2), the velocity is not uniform. How-
ever, the net flowrate through this section is the sum of flows

through numerous small washer-shaped areas of size d4, = 27r dr
as shown by the shaded area element in Fig. E5.4bh. On each of

dd,
dr.

B FIGURE E5.4b

these infinitesimal areas the fluid velocity is denoted as u,.
Thus, in the limit of infinitesimal area elements, the summation
is replaced by an integration and the outflow through section (2)
is given by

R
J pV - ndAd = sz u27r dr A3)
@ 0

By combining Egs. 1, 2, and 3 we get

R
pzj u2mrdr — pA,U = 0 “)
0

Since the flow is considered incompressible, p; = p,. The para-
bolic velocity relationship for flow through section (2) is used in
Eq. 4 to yield

R ~\2
27TumaXJ {1 - (7) }rdr - A4U=0 5)
L R

Integrating, we get from Eq. 5

2 AR .
2TMUmax | 5 — 7| — 7RU =0
2 4R* /o
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or

=2U (Ans)

umax

(b) Since this flow is incompressible, we conclude from Eq.
5.7 that U is the average velocity at all sections of the control vol-
ume. Thus, the average velocity at section (2), V>, is one-half the
maximum velocity, #,,,,, there or

T umax
2=, (Ans)
COMMENT The relationship between the maximum veloc-
ity at section (2) and the average velocity is a function of the
“shape” of the velocity profile. For the parabolic profile as-
sumed in this example, the average velocity, u,,,,/2, is the actual
“average” of the maximum velocity at section (2), uy = U,y
and the minimum velocity at that section, #, = 0. However, as
shown in Fig. ES.4c, if the velocity profile is a different shape
(non-parabolic), the average velocity is not necessarily one half

of the maximum velocity.

B FIGURE E5.4c

. VZ = Umay/2
(parabolic)

AN
)
/

/

L 7 ‘

= Vz F Upa/2
(non-parabolic)

L SLUTIORHE Conservation of Mass—Unsieady Flow

GIVEN A bathtub is being filled with water from a faucet. The
rate of flow from the faucet is steady at 9 gal/min. The tub volume
is approximated by a rectangular space as indicated in Fig. E5.5a.

FIND Estimate the time rate of change of the depth of water in
the tub, d//d¢, in inches per minute at any instant.

SOLUTION

We use the fixed, nondeforming control volume outlined with a
dashed line in Fig. E5.5a. This control volume includes in it, at
any instant, the water accumulated in the tub, some of the water
flowing from the faucet into the tub, and some air. Application of
Egs. 5.4 and 5.5 to these contents of the control volume results in

d J
J air Pair dVair + L:Tl Jwater Pwater aLVwater

ot
volume volume

- rhwater + rhair =0 (1)
Recall that the mass, dm, of fluid contained in a small volume
d¥ isdm = p d¥. Hence, the two integrals in Eq. 1 represent the
total amount of air and water in the control volume, and the sum
of the first two ferms is the time rate of change of mass within
the control volume.

Note that the time rate of change of air mass and water mass
are each not zero. Recognizing, however, that the air mass must
be conserved, we know that the time rate of change of the mass of
air in the control volume must be equal to the rate of air mass flow
out of the control volume. For simplicity, we disregard any water
evaporation that occurs. Thus, applying Eqs. 5.4 and 5.5 to the air
only and to the water only, we obtain

)

ail‘ ,L.Lr Pair @air + rhair =0

volume

Control volume

7 |
1 (I |
T : T //
1.5ft (I
| i~ e
—— 2 ft
! 5 ft f
B FIGURE E5.5a
for air, and
d .
5 water  Pwater deater = Myater (2)

volume
for water. The volume of water in the control volume is given by

J s Pwater deater = Pwater [h(2 ft)(5 ft)

volume
+ (1.5 ft — h)4;] 3)
where 4; is the cross-sectional area of the water flowing from the

faucet into the tub. Combining Egs. 2 and 3, we obtain

mwater

oh
2 —
Pwater (10 ft” — A/) E -

and, thus, since m = pQ,

% _ Qwater
at (10 f* — 4))
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For 4; < 10 ft* we can conclude that 3
ih _ Qwater 2.5
ar (10 ft*) c o
£
or £15
oh (9 gal/min)(12 in./ft 3 (1in., 1.44 in./min)
= = O )(3 2) = 1.44 in./min (Ans) = 1
ar  (7.48 gal/ft”)(10 ft)
0.5
COMMENT By repeating the calculations for the same 0
flowrate but with various water jet diameters, D;, the results 0 10 20 30

shown in Fig. E5.5b are obtained. With the flowrate held constant,
the value of 94/t is nearly independent of the jet diameter forval- M F 1 G U R E E5.5b
ues of the diameter less than about 10 in.

Dj, in.

The appropriate
sign convention
must be followed.

N

V5.2 Shop vac filter

V5.3 Flow through
a contraction

The preceding example problems illustrate some important results of applying the conserva-
tion of mass principle to the contents of a fixed, nondeforming control volume. The dot product
V - fiis “+” for flow out of the control volume and “—" for flow into the control volume. Thus,
mass flowrate out of the control volume is “+” and mass flowrate in is “—.” When the flow is
steady, the time rate of change of the mass of the contents of the control volume

9
= | pa¥
at J;V p

is zero and the net amount of mass flowrate, m, through the control surface is therefore also zero

> gy — X miy =0 (5.9)
If the steady flow is also incompressible, the net amount of volume flowrate, O, through the con-
trol surface is also zero:

E Qout - 2 Qin =0 (5.10)

An unsteady, but cyclical flow can be considered steady on a time-average basis. When the flow
is unsteady, the instantaneous time rate of change of the mass of the contents of the control vol-
ume is not necessarily zero and can be an important variable. When the value of

0
2| pa¥
ot Lp

is “+,” the mass of the contents of the control volume is increasing. When it is “—,” the mass of
the contents of the control volume is decreasing.

When the flow is uniformly distributed over the opening in the control surface (one-dimensional
flow),

m = pAV
where V' is the uniform value of the velocity component normal to the section area 4. When the
velocity is nonuniformly distributed over the opening in the control surface,

m = pAV (5.11)
where V is the average value of the component of velocity normal to the section area 4 as defined
by Eq. 5.7.

For steady flow involving only one stream of a specific fluid flowing through the control vol-
ume at sections (1) and (2),

m= P1A1171 = PzAzT/z (5.12)
and for incompressible flow,
0 =4V, = 4,1, (5.13)
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For steady flow involving more than one stream of a specific fluid or more than one specific
fluid flowing through the control volume,

E ’:nin = E rhout

The variety of example problems solved above should give the correct impression that the
fixed, nondeforming control volume is versatile and useful.

F | u i d s i n

t h e N e w s

New 1.6 GPF standards Toilets account for approximately 40%
of all indoor household water use. To conserve water, the new
standard is 1.6 gallons of water per flush (gpf). Old toilets use
up to 7 gpf; those manufactured after 1980 use 3.5 gpf. Neither
are considered low-flush toilets. A typical 3.2 person household
in which each person flushes a 7-gpf toilet 4 times a day uses
32,700 gallons of water each year; with a 3.5-gpf toilet the
amount is reduced to 16,400 gallons. Clearly the new 1.6-gpf
toilets will save even more water. However, designing a toilet

that flushes properly with such a small amount of water is not
simple. Today there are two basic types involved: those that are
gravity powered and those that are pressure powered. Gravity
toilets (typical of most currently in use) have rather long cycle
times. The water starts flowing under the action of gravity and the
swirling vortex motion initiates the siphon action which builds to
a point of discharge. In the newer pressure-assisted models, the
flowrate is large but the cycle time is short and the amount of
water used is relatively small. (See Problem 5.32.)

5.1.3 Moving, Nondeforming Control Volume

It is sometimes necessary to use a nondeforming control volume attached to a moving reference

Some problems are
most easily solved

by using a moving

control volume.

frame. Examples include control volumes containing a gas turbine engine on an aircraft in flight,
the exhaust stack of a ship at sea, and the gasoline tank of an automobile passing by.
As discussed in Section 4.4.6, when a moving control volume is used, the fluid velocity rela-

tive to the moving control volume (relative velocity) is an important flow field variable. The relative
velocity, W, is the fluid velocity seen by an observer moving with the control volume. The control
volume velocity, V., is the velocity of the control volume as seen from a fixed coordinate system.
The absolute velocity, V, is the fluid velocity seen by a stationary observer in a fixed coordinate sys-

w

tem. These velocities are related to each other by the vector equation

V=W+V, (5.14)

as illustrated by the figure in the margin. This is the same as Eq. 4.22, introduced earlier.

For a system and a moving, nondeforming control volume that are coincident at an instant
of time, the Reynolds transport theorem (Eq. 4.23) for a moving control volume leads to

DM,

sys

Dt

)
6tJ pdV+J pW - fi dA (5.15)

From Egs. 5.1 and 5.15, we can get the control volume expression for conservation of mass
(the continuity equation) for a moving, nondeforming control volume, namely,

ot

J
J pdV+J pW - fdd = 0 (5.16)

Some examples of the application of Eq. 5.16 follow.

—EXAMPLE MY Conservation of Mass—Compressible Flow with

GIVEN An airplane moves forward at a speed of 971 km/hr as
shown in Fig. E5.6a. The frontal intake area of the jet engine is
0.80 m? and the entering air density is 0.736 kg/m®. A stationary
observer determines that relative to the earth, the jet engine
exhaust gases move away from the engine with a speed of

a Moving Control Volume

1050 km/hr. The engine exhaust area is 0.558 m?, and the exhaust
gas density is 0.515 kg/m?.

FIND Estimate the mass flowrate of fuel into the engine in
kg/hr.
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Vp\ane =
971 km/hr
e
e
Control volume /J\'— fuel in
(a) Vplane = L
3
I — V, = 1050 km/hr
— | \
1= Nee——mre= W, =1050 + 971 =
971 km/hr £ 2021 km/hr
Section (2)
Section (1)
(b) B FIGURE E5.6
SoLuTiON
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The control volume, which moves with the airplane (see Fig.
E5.6b), surrounds the engine and its contents and includes all flu-
ids involved at an instant. The application of Eq. 5.16 to these
contents of the control volume yields

0 (flow relative to moving control
volume is considered steady on a
time-average basis)

9
- pdV+JpW-ﬁdA:0 )

cv cs

Assuming one-dimensional flow, we evaluate the surface integral
in Eq. 1 and get

_rh_fuel = p AW+ AW, = 0
mn

or

rhﬁjel = p Wy — pr AW, )
We consider the intake velocity, 7, relative to the moving con-
trol volume, as being equal in magnitude to the speed of the air-
plane, 971 km/hr. The exhaust velocity, W,, also needs to be
measured relative to the moving control volume. Since a fixed

observer noted that the exhaust gases were moving away from the
engine at a speed of 1050 km/hr, the speed of the exhaust gases
relative to the moving control volume, W,, is determined as fol-
lows by using Eq. 5.14

V2 = W2 + Vplane
or

Wy =V, = Vyane = 1050 km/hr — (=971 km/hr)

= 2021 km/hr

and is shown in Fig. E5.6h.
From Eq. 2,

Mg = (0.515 kg/m*)(0.558 m)(2021 km/hr)(1000 m/km)
— (0.736 kg/m?)(0.80 m?)(971 km/hr)(1000 m/km)
— (580,800 — 571,700) kg/hr
mmel = 9100 kg/hr

in

(Ans)

COMMENT Note that the fuel flowrate was obtained as the
difference of two large, nearly equal numbers. Precise values of W,
and W, are needed to obtain a modestly accurate value of 72

in

GIVEN  Water enters a rotating lawn sprinkler through its base
at the steady rate of 1000 ml/s as sketched in Fig. E5.7. The exit
area of each of the two nozzles is 30 mm?.

FIND Determine the average speed of the water leaving the
nozzle, relative to the nozzle, if

(a) the rotary sprinkler head is stationary,
(b) the sprinkler head rotates at 600 rpm, and
(¢) the sprinkler head accelerates from 0 to 600 rpm.

L SLXTIUREN Conservation of Mass—Relative Velocity

A, =30 mm?
Section (2)

Control volume

Section (1) % "

W,
Sprinkler head

Section (3)

" 0= 1000 miis
EFIGURE E5.7
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SOLUTION

(a) We specify a control volume that contains the water in the
rotary sprinkler head at any instant. This control volume is non-
deforming, but it moves (rotates) with the sprinkler head.

The application of Eq. 5.16 to the contents of this control volume
for situation (a), (b), or (¢) of the problem results in the same ex-
pression, namely

0 flow is steady or the
control volume is filled with
an incompressible fluid

dJ
thdV+JpW~ﬁdA=0
or

2poul Aout Woul - 2pin Ain VVin =0 (1)

The time rate of change of the mass of water in the control vol-
ume is zero because the flow is steady and the control volume is
filled with water.

Because there is only one inflow [at the base of the rotating
arm, section (1)] and two outflows [the two nozzles at the tips of
the arm, sections (2) and (3), each have the same area and fluid
velocity], Eq. 1 becomes

P2 AW + p3AsWs — pr AW, = 0 )

Hence, for incompressible flow with p; = p, = ps, Eq. 2 becomes
AW + AWy — AW, =0
With Q = A, W,, A, = A, and W, = Wj it follows that

Y

W, = —
2 24,

or

(1000 m1/s)(0.001 m*/liter)(10° mm?/m?)
(1000 ml/liter)(2)(30 mm?)
16.7 m/s

Hh =

(Ans)

(b), (¢) The value of 17, is independent of the speed of rotation
of the sprinkler head and represents the average velocity of the
water exiting from each nozzle with respect to the nozzle for
cases (a), (b), and (¢).

COMMENT  The velocity of water discharging from each noz-

zle, when viewed from a stationary reference (i.e., V), will vary as

the rotation speed of the sprinkler head varies since from Eq. 5.14,
V2 = W2 - U

where U = wR is the speed of the nozzle and w and R are the an-

gular velocity and radius of the sprinkler head, respectively.

When a moving, nondeforming control volume is used, the dot product sign convention

Care is needed to
ensure that absolute
and relative veloci-
ties are used cor-
rectly.

used earlier for fixed, nondeforming control volume applications is still valid. Also, if the flow
within the moving control volume is steady, or steady on a time-average basis, the time rate of
change of the mass of the contents of the control volume is zero. Velocities seen from the con-
trol volume reference frame (relative velocities) must be used in the continuity equation. Rela-
tive and absolute velocities are related by a vector equation (Eq. 5.14), which also involves the
control volume velocity.

5.1.4 Deforming Control Volume

Occasionally, a deforming control volume can simplify the solution of a problem. A deforming
control volume involves changing volume size and control surface movement. Thus, the Reynolds
transport theorem for a moving control volume can be used for this case, and Eqgs. 4.23 and 5.1
lead to

DMy 9
J pdV+J pW -fid4d =0

= 5.17
Dt at ( )

The time rate of change term in Eq. 5.17,
2 par
or ), °

is usually nonzero and must be carefully evaluated because the extent of the control volume varies
with time. The mass flowrate term in Eq. 5.17,

JpW-fldA

cs
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must be determined with the relative velocity, W, the velocity referenced to the control surface.
Since the control volume is deforming, the control surface velocity is not necessarily uniform and

The velocity of the
surface of a de-
forming control
volume is not the
same at all points
on the surface.

identical to the control volume velocity, V,, as was true for moving, nondeforming control vol-
umes. For the deforming control volume,

V=W+V, (5.18)

where V is the velocity of the control surface as seen by a fixed observer. The relative velocity, W,
must be ascertained with care wherever fluid crosses the control surface. Two example problems that

illustrate the use of the continuity equation for a deforming control volume, Eq. 5.17, follow.

—EX AMPLE 5.8
GIVEN A syringe (Fig. E5.8) is used to inoculate a cow. The
plunger has a face area of 500 mm?. The liquid in the syringe is
to be injected steadily at a rate of 300 cm*/min. The leakage rate
past the plunger is 0.10 times the volume flowrate out of the
needle.

FIND With what speed should the plunger be advanced?

SoLuTION

Conservation of Mass—Deforming Control Volume

Oleak =
—
0.1
Plunger Qz‘ _______ L 2, ?
motion | A = I 300 cm>/min
e 500 mmZ L —— =
LY |
Dy L U Section (2)
Section (1) Control volume

B FIGURE E5.8

The control volume selected for solving this problem is the de-
forming one illustrated in Fig. E5.8. Section (1) of the control sur-
face moves with the plunger. The surface area of section (1), 4, is
considered equal to the circular area of the face of the plunger, 4,
although this is not strictly true, since leakage occurs. The differ-
ence is small, however. Thus,

A =4, )

Liquid also leaves the needle through section (2), which involves
fixed area 4,. The application of Eq. 5.17 to the contents of this
control volume gives

%J pd¥ + iy + pQiey = 0 ©)]
cvV

Even though Q. and the flow through section area 4, are
steady, the time rate of change of the mass of liquid in the
shrinking control volume is not zero because the control volume
is getting smaller. To evaluate the first term of Eq. 2, we note
that

J P dV - p(€A1 + 'Vneedle) (3)

where € is the changing length of the control volume (see Fig.
ES5.8) and # ..q. is the volume of the needle. From Eq. 3, we
obtain

d ¢

d
— d¥ = pd, —
asz e “)

Note that

(24
=V 3)

where V), is the speed of the plunger sought in the problem state-
ment. Combining Egs. 2, 4, and 5 we obtain

—pA\V, + iy + pQieax = 0 (6)
However, from Eq. 5.6, we see that
my = pQ, )
and Eq. 6 becomes
_PAle + p0; + pOieak = 0 ®
Solving Eq. 8 for V,, yields

+
Vp _ Q2 AlQleak (9)

Since Qi = 0.10,, Eq. 9 becomes

, 4010, 110,
! 4, 4,

and

_ (1.1)(300 cm’/min) (1000 mm3>
7 (500 mm?) 3
= 660 mm/min

cm

(Ans)

—EXAMPLE M}l Conservation of Mass—Deforming Control Volume

GIVEN Consider Example 5.5.

FIND Solve the problem of Example 5.5 using a deforming con-
trol volume that includes only the water accumulating in the bathtub.
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ar

SoLuTiON
For this deforming control volume, Eq. 5.17 leads to where 4; and V; are the cross-sectional area and velocity of the
3 water flowing from the faucet into the tube. Thus, from Egs. 1, 2,
54[ pd¥ + J pW - fdd =0 (1)  and 3 we obtain
'water cs
volume % . VIAI _ Qwater
The first term of Eq. 1 can be evaluated as ot (10f¢ —4) (10 — 4))
d or for 4, < 10 ft*

J DEFE = % [ph(2 R)(5 )]

volume

The second term of Eq. 1 can be evaluated as

oh
=p(10f2) - @)
COMMENT Note that these results using a deforming con-
trol volume are the same as that obtained in Example 5.5 with a
oh fixed control volume.
J pW-fldA=—p(Vj+87>Aj ()

oh 9(gal/min)(12 in./ft)
at  (7.48 gal/ft)(10 fY)

= 1.44 in./min (Ans)

The conservation of mass principle is easily applied to the contents of a control volume. The
appropriate selection of a specific kind of control volume (for example, fixed and nondeforming,
moving and nondeforming, or deforming) can make the solution of a particular problem less com-
plicated. In general, where fluid flows through the control surface, it is advisable to make the con-
trol surface perpendicular to the flow. In the sections ahead we learn that the conservation of mass
principle is primarily used in combination with other important laws to solve problems.

5.2 Newton’s Second Law—The Linear Momentum
and Moment-of-Momentum Equations

V5.4 Smokestack
plume momentum

Forces acting on a
flowing fluid can
change its velocity
magnitude and/or
direction.

5.2.1 Derivation of the Linear Momentum Equation
Newton’s second law of motion for a system is

time rate of change of the = sum of external forces
linear momentum of the system  acting on the system

Since momentum is mass times velocity, the momentum of a small particle of mass pd# is
Vpd#. Thus, the momentum of the entire system is | SyszdV and Newton’s law becomes

D J Vpd¥ = > F, (5.19)
Dt |

Any reference or coordinate system for which this statement is true is called inertial. A fixed coor-
dinate system is inertial. A coordinate system that moves in a straight line with constant velocity
and is thus without acceleration is also inertial. We proceed to develop the control volume formula
for this important law. When a control volume is coincident with a system at an instant of time,
the forces acting on the system and the forces acting on the contents of the coincident control vol-
ume (see Fig. 5.2) are instantaneously identical, that is,

E FSyS = E Fcontents of the (5.20)

coincident control volume

Furthermore, for a system and the contents of a coincident control volume that is fixed and non-
deforming, the Reynolds transport theorem [Eq. 4.19 with b set equal to the velocity (i.e., momen-

tum per unit mass), and By being the system momentum] allows us to conclude that

D d
— | Vpd¥ =—_| Vpd¥ + | VpV - hdd 5.21
Dt szs p at jCV p JCS p ! ( )
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V5.5 Marine
propulsion

Flow out

Flow in
Control volume

Ffluid out

Ffluid in

V5.6 Force due to a
water jet
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FD
F; Coincident
\\control volume
\/
\
Fy \
\
FC
FB
FG
B FIGURE 5.2 External forces acting on system and
System ’ coincident control volume.
or

time rate of change

. net rate of flo
of the linear W

time rate of change

of the linear of linear momentum
= momentum of the +
momentum of the through the
contents of the
system control surface

control volume

Equation 5.21 states that the time rate of change of system linear momentum is expressed
as the sum of the two control volume quantities: the time rate of change of the /inear momentum
of the contents of the control volume, and the net rate of linear momentum flow through the con-
trol surface. As particles of mass move into or out of a control volume through the control sur-
face, they carry linear momentum in or out. Thus, linear momentum flow should seem no more
unusual than mass flow.

For a control volume that is fixed (and thus inertial) and nondeforming, Eqs. 5.19, 5.20, and 5.21
provide an appropriate mathematical statement of Newton’s second law of motion as

d
Y J Vp d¥ + J VpV chdd = EFcontents of the (5'22)

at control volume

We call Eq. 5.22 the linear momentum equation.

In our application of the linear momentum equation, we initially confine ourselves to fixed,
nondeforming control volumes for simplicity. Subsequently, we discuss the use of a moving but
inertial, nondeforming control volume. We do not consider deforming control volumes and accel-
erating (noninertial) control volumes. If a control volume is noninertial, the acceleration compo-
nents involved (for example, translation acceleration, Coriolis acceleration, and centrifugal accel-
eration) require consideration.

The forces involved in Eq. 5.22 are body and surface forces that act on what is contained in
the control volume as shown in the sketch in the margin. The only body force we consider in this
chapter is the one associated with the action of gravity. We experience this body force as weight, W
The surface forces are basically exerted on the contents of the control volume by material just out-
side the control volume in contact with material just inside the control volume. For example, a wall
in contact with fluid can exert a reaction surface force on the fluid it bounds. Similarly, fluid just
outside the control volume can push on fluid just inside the control volume at a common interface,
usually an opening in the control surface through which fluid flow occurs. An immersed object
can resist fluid motion with surface forces.

The linear momentum terms in the momentum equation deserve careful explanation. We clar-
ify their physical significance in the following sections.

5.2.2 Application of the Linear Momentum Equation

The linear momentum equation for an inertial control volume is a vector equation (Eq. 5.22). In
engineering applications, components of this vector equation resolved along orthogonal coordi-
nates, for example, x, y, and z (rectangular coordinate system) or r, 0, and x (cylindrical coordinate
system), will normally be used. A simple example involving steady, incompressible flow is con-
sidered first.
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GIVEN As shown in Fig. E5.10a, a horizontal jet of water ex-
its a nozzle with a uniform speed of V; = 10 ft/s, strikes a vane,
and is turned through an angle 6.

SoLuTION

—EXAMPLE Y I\l Linear Momentum—Change in

Flow Direction

FIND Determine the anchoring force needed to hold the vane
stationary if gravity and viscous effects are negligible.

We select a control volume that includes the vane and a portion of
the water (see Figs. E5.105, ¢) and apply the linear momentum
equation to this fixed control volume. The only portions of the
control surface across which fluid flows are section (1) (the en-
trance) and section (2) (the exit). Hence, the x and z components
of Eq. 5.22 become

0 (flow is steady)
d
at%]# + J upV-hdd= D F,
0 (flow is steady)

9
M%VJerpV-ﬁdA— S F,

2F, @

and

or

Uy pAy Vo — uypAVy =

[Al: 0.06 ft2

6 Nozzle >

"

Control __, — —
volume

6 Nozzle

N
=~

B FIGURE E5.10

and
2F, )

where V = ui + wk, and 3F, and SF, are the net x and z compo-
nents of force acting on the contents of the control volume. De-
pending on the particular flow situation being considered and the
coordinate system chosen, the x and z components of velocity,
and w, can be positive, negative, or zero. In this example the flow is
in the positive directions at both the inlet and the outlet.

The water enters and leaves the control volume as a free jet at
atmospheric pressure. Hence, there is atmospheric pressure sur-
rounding the entire control volume, and the net pressure force on
the control volume surface is zero. If we neglect the weight of the
water and vane, the only forces applied to the control volume con-
tents are the horizontal and vertical components of the anchoring
force, F,, and F,, respectively.

With negligible gravity and viscous effects, and since p; = p,,
the speed of the fluid remains constant so that V', = V, = 10 ft/s
(see the Bernoulli equation, Eq. 3.7). Hence, at section (1),
u, =V, w; = 0, and at section (2), u, = V; cos 0, w, = V; sin 6.

By using this information, Egs. 1 and 2 can be written as

wapAaVa — wipAi V) =

Vicos 0 p AV — Vip AiVi = Fyy 3
and
VlsiHGPAle _OpAlVl :FAZ (4)

Equations 3 and 4 can be simplified by using conservation of
mass, which states that for this incompressible flow 4,V =
A,V,, or Ay = A, since V| = V,. Thus

Fue = —pA\ V3 + pA,V3cos 0 = —pd, V3 (1 — cos 6) (5)
and
F,, = pA,V3sin0 (6)
With the given data we obtain

F . = —(1.94 slugs/ft*)(0.06 f*)(10 ft/s)*(1 — cos 6)
—11.64(1 — cos 0) slugs - ft/s?

= —11.64(1 — cos 0) Ib (Ans)
and
F,. = (1.94 slugs/ft*)(0.06 £t*)(10 ft/s) sin 6
= 11.64 sin 0 1b (Ans)
COMMENTS The values of F,, and F . as a function of 0 are

shown in Fig. E5.10d. Note that if 6 = 0 (i.e., the vane does not
turn the water), the anchoring force is zero. The inviscid fluid
merely slides along the vane without putting any force on it. If
0 = 90°, then F,, = —11.641band F,, = 11.64 Ib. It is necessary
to push on the vane (and, hence, for the vane to push on the water)
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15 to the left (<, is negative) and up in order to change the direction
of flow of the water from horizontal to vertical. This momentum
1o = change requires a force. If 6 = 180°, the water jet is turned back
5 N on itself. This requires no vertical force (¥, = 0), but the hori-
zontal force (F,, = —23.3 1b) is two times that required if
- 0 0 = 90°. This horizontal fluid momentum change requires a hor-
& 0 izontal force only.
5 Note that the anchoring force (Eqs. 5, 6) can be written in
S 10 terms of the mass flowrate, m = pA,V, as
s Fuo = —mVy(1 — cos 0)
and
-20
F . = mV;sin 0
-25
6, deg In this example exerting a force on a fluid flow resulted in a
HFIGURE E5.10d change in its direction only (i.e., change in its linear momentum).
F I ui d s i n t h e N e w s

Where the plume goes Commercial airliners have wheel brakes
very similar to those on highway vehicles. In fact, antilock brakes
now found on most new cars were first developed for use on air-
planes. However, when landing, the major braking force comes
from the engine rather than the wheel brakes. Upon touchdown, a
piece of engine cowling translates aft and blocker doors drop
down, directing the engine airflow into a honeycomb structure
called a cascade. The cascade reverses the direction of the high-
speed engine exhausts by nearly 180° so that it flows forward. As

predicted by the momentum equation, the air passing through the
engine produces a substantial braking force—the reverse thrust.
Designers must know the flow pattern of the exhaust plumes to
eliminate potential problems. For example, the plumes of hot ex-
haust must be kept away from parts of the aircraft where repeated
heating and cooling could cause premature fatigue. Also, the
plumes must not re-enter the engine inlet, or blow debris from the
runway in front of the engine, or envelop the vertical tail. (See
Problem 5.67.)

—EXAMPLE YS BB Linear Momentum—Weight, Pressure, and Change in Speed

GIVEN As shown in Fig. ES.11a, water flows through a noz-

FIND Determine the anchoring force required to hold the noz-

zle attached to the end of a laboratory sink faucet with a flowrate ~ zle in place.

of 0.6 liters/s. The nozzle inlet and exit diameters are 16 and 5
mm, respectively, and the nozzle axis is vertical. The mass of the
nozzle is 0.1 kg. The pressure at section (1) is 464 kPa.

SOLUTION

The anchoring force sought is the reaction force between the
faucet and nozzle threads. To evaluate this force we select a con-
trol volume that includes the entire nozzle and the water contained
in the nozzle at an instant, as is indicated in Figs. E5.11a and
ES5.11b. All of the vertical forces acting on the contents of this con-
trol volume are identified in Fig. E5.115. The action of atmos-
pheric pressure cancels out in every direction and is not shown.
Gage pressure forces do not cancel out in the vertical direction and
are shown. Application of the vertical or z direction component of
Eq. 5.22 to the contents of this control volume leads to

0 (flow is steady)
d
a‘/J/Wp d¥ +

J wpV - hdd = F, — W, — pA,

— W, + p4> Q)]

where w is the z direction component of fluid velocity, and the
various parameters are identified in the figure.

Note that the positive direction is considered “up” for the
forces. We will use this same sign convention for the fluid veloc-
ity, w, in Eq. 1. In Eq. 1, the dot product, V - fi, is “+” for flow
out of the control volume and “—" for flow into the control vol-
ume. For this particular example

V-hdd= *|w| dd Q)

2

with the “+” used for flow out of the control volume and “—
used for flow in. To evaluate the control surface integral in Eq. 1,
we need to assume a distribution for fluid velocity, w, and fluid
density, p. For simplicity, we assume that w is uniformly distrib-
uted or constant, with magnitudes of w;, and w, over cross-
sectional areas 4, and 4,. Also, this flow is incompressible so the
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=1

I
|
i/ Control volume
) [+— D;=16 mm —= ¢ !
q
I
w
L |
|
|
1

Section (1)

=
1}

Section (2)

[*— D, =5 mm

w2

Y

B FIGURE E5.11a

fluid density, p, is constant throughout. Proceeding further we ob-
tain for Eq. 1

(=my)(=wy) + my(—=w,)
=F, =W, —pd, — W, + p4, 3)
where m = pAV is the mass flowrate.
Note that —w; and —w, are used because both of these veloc-
ities are “down.” Also, —m; is used because it is associated with
flow into the control volume. Similarly, +m, is used because it is

associated with flow out of the control volume. Solving Eq. 3 for
the anchoring force, F;, we obtain

Fy=mw, — myw, + W, +pid, + W, — pd, ©)]

From the conservation of mass equation, Eq. 5.12, we obtain

iy = 1y, = 1

5)
which when combined with Eq. 4 gives
Fy=m(wy —wy) + W, + pid; + W, — prd, (6)

It is instructive to note how the anchoring force is affected
by the different actions involved. As expected, the nozzle
weight, W,, the water weight, W,,, and gage pressure force at
section (1), p14,;, all increase the anchoring force, while the
gage pressure force at section (2), p,4,, acts to decrease the
anchoring force. The change in the vertical momentum
flowrate, m(w, — w,), will, in this instance, decrease the an-
choring force because this change is negative (w, > wy).

1
1
1
1
1
1
— Control volume
1

1

1

1

1

1

F, = anchoring force that holds

nozzle in place

W, = weight of nozzle

W, = weight of water contained in

the nozzle

p1 = gage pressure at section (1)

A; = cross section area at
section (1)

p, = gage pressure at section (2)

A, = cross section area at
section (2)

wy = z direction velocity at
control volume entrance

w, =z direction velocity at

control volume exit

B FIGURE E5.11b

\ A2

To complete this example we use quantities given in the

problem statement to quantify the terms on the right-hand side
of Eq. 6.

From Eq. 5.6,

m = pwid, = pQ
= (999 kg/m?)(0.6 liter/s)(10~* m¥liter)

= 0.599 kg/s @)

and
0

i
1

__ 9
m(Di/4)
(0.6 liter/s)(10~3 m¥liter)
(16 mm)*4(1000> mm?%/m?)
Also from Eq. 5.6,
_9__ 9
4, 77'(Dg/ 4)
(0.6 liter/s)(10 > m¥liter)
- (5 mm)*4(1000°> mm%m?)

=298 m/s ®)

Wy

=30.6m/s )

The weight of the nozzle, W,, can be obtained from the nozzle
mass, m,, with

W, = m,g = (0.1 kg)(9.81 m/s?) = 0.981 N (10)

The weight of the water in the control volume, W,, can be ob-
tained from the water density, p, and the volume of water, #,,, in
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the truncated cone of height /. That is,
W, = p¥.g

where

¥, = Smh(D? + D3 + D,\D,)
1 (30 mm)
= —
12 (1000 mm/m)
(16 mm)* + (5 mm)? + (16 mm)(5 mm)
(1000° mm?/m?)
=2.84 X 107 m’

Thus,

W, = (999 kg/m?®)(2.84 X 107¢ m*)(9.81 m/s?)

= 0.0278 N (11)

The gage pressure at section (2), p, is zero since, as discussed in
Section 3.6.1, when a subsonic flow discharges to the atmosphere
as in the present situation, the discharge pressure is essentially at-
mospheric. The anchoring force, /4, can now be determined from

Egs. 6 through 11 with
F, = (0.599 kg/s)(2.98 m/s — 30.6 m/s) + 0.981 N
+ (464 kPa)(1000 Pa/kPa) 77'(16—mm)2
4(1000* mm?/m?)

+ 0.0278 N — 0

or
Fy= —165N + 0981 N + 933N + 0.0278 N

77.8 N

(Ans)

Since the anchoring force, £, is positive, it acts upward in the z
direction. The nozzle would be pushed off the pipe if it were not
fastened securely.

COMMENT The control volume selected above to solve

problems such as these is not unique. The following is an alternate
solution that involves two other control volumes—one containing

Patm

T
|

I JAURUA JAUA

Tt

B FIGURE ES5.11c
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only the nozzle and the other containing only the water in the noz-
zle. These control volumes are shown in Figs. E5.11¢ and ES.11d
along with the vertical forces acting on the contents of each con-
trol volume. The new force involved, R_, represents the interaction
between the water and the conical inside surface of the nozzle. It
includes the net pressure and viscous forces at this interface.

Application of Eq. 5.22 to the contents of the control volume
of Fig. ES.11c¢ leads to

FA = 0I/Vn + Rz - palm(Al - AZ) (12)

The term py, (A4, — 4,) is the resultant force from the at-
mospheric pressure acting upon the exterior surface of the
nozzle (i.e., that portion of the surface of the nozzle that is not
in contact with the water). Recall that the pressure force on a
curved surface (such as the exterior surface of the nozzle) is
equal to the pressure times the projection of the surface area
on a plane perpendicular to the axis of the nozzle. The projec-
tion of this area on a plane perpendicular to the z direction is
A, — A4,. The effect of the atmospheric pressure on the inter-
nal area (between the nozzle and the water) is already in-
cluded in R, which represents the net force on this area.

Similarly, for the control volume of Fig. E5.11d we obtain

Rz = rh(wl - Wz) + OWW + (pl + palm)Al
= (P2 — Pam)42

where p; and p, are gage pressures. From Eq. 13 it is clear that
the value of R. depends on the value of the atmospheric pressure,
Pams Since 4; # A,. That is, we must use absolute pressure, not
gage pressure, to obtain the correct value of R,. From Eq. 13 we
can easily identify which forces acting on the flowing fluid
change its velocity magnitude and thus linear momentum.

By combining Eqgs. 12 and 13 we obtain the same result for F,
as before (Eq. 6):

FA = m(wl - Wz) + ol/i/;q +P1A1 + Ww _pZAZ

Note that although the force between the fluid and the nozzle wall,
R., is a function of p,,, the anchoring force, F, is not. That is, we
were correct in using gage pressure when solving for 7, by means
of the original control volume shown in Fig. ES.115.

13)

l(pl + patm)Al

!
1 (2)
}(Pz +patm)A2

2

B FIGURE E5.11d
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=>
=

Control
volume

[

X

=>
=>

Vp V<o

V5.7 Running on
water

A control volume
diagram is similar
to a free-body
diagram.

Several important generalities about the application of the linear momentum equation (Eq.

5.22) are apparent in the example just considered.

1. When the flow is uniformly distributed over a section of the control surface where flow into

or out of the control volume occurs, the integral operations are simplified. Thus, one-
dimensional flows are easier to work with than flows involving nonuniform velocity distri-
butions.

. Linear momentum is directional; it can have components in as many as three orthogonal

coordinate directions. Furthermore, along any one coordinate, the linear momentum of a
fluid particle can be in the positive or negative direction and thus be considered as a pos-
itive or a negative quantity. In Example 5.11, only the linear momentum in the z direction
was considered (all of it was in the negative z direction and was hence treated as being
negative).

. The flow of positive or negative linear momentum info a control volume involves a nega-

tive V - i1 product. Momentum flow out of the control volume involves a positive V - ii
product. The correct algebraic sign (+ or —) to assign to momentum flow (VpV - fi d4)
will depend on the sense of the velocity (+ in positive coordinate direction, — in negative
coordinate direction) and the V - fi product (+ for flow out of the control volume, — for
flow into the control volume). This is shown in the figure in the margin. In Example 5.11,
the momentum flow into the control volume past section (1) was a positive (+) quantity
while the momentum flow out of the control volume at section (2) was a negative (—) quantity.

. The time rate of change of the linear momentum of the contents of a nondeforming control

volume (i.e., 9/0t [ Vp d¥) is zero for steady flow. The momentum problems considered in
this text all involve steady flow.

. If the control surface is selected so that it is perpendicular to the flow where fluid enters or

leaves the control volume, the surface force exerted at these locations by fluid outside the
control volume on fluid inside will be due to pressure. Furthermore, when subsonic flow ex-
its from a control volume into the atmosphere, atmospheric pressure prevails at the exit cross
section. In Example 5.11, the flow was subsonic and so we set the exit flow pressure at the
atmospheric level. The continuity equation (Eq. 5.12) allowed us to evaluate the fluid flow
velocities w; and w, at sections (1) and (2).

. The forces due to atmospheric pressure acting on the control surface may need consideration

as indicated by Eq. 13 in Example 5.11 for the reaction force between the nozzle and the fluid.
When calculating the anchoring force, F,, the forces due to atmospheric pressure on the con-
trol surface cancel each other (for example, after combining Eqgs. 12 and 13 the atmospheric
pressure forces are no longer involved) and gage pressures may be used.

. The external forces have an algebraic sign, positive if the force is in the assigned positive

coordinate direction and negative otherwise.

. Only external forces acting on the contents of the control volume are considered in the lin-

ear momentum equation (Eq. 5.22). If the fluid alone is included in a control volume, reac-
tion forces between the fluid and the surface or surfaces in contact with the fluid [wetted
surface(s)] will need to be in Eq. 5.22. If the fluid and the wetted surface or surfaces are
within the control volume, the reaction forces between fluid and wetted surface(s) do not ap-
pear in the linear momentum equation (Eq. 5.22) because they are internal, not external forces.
The anchoring force that holds the wetted surface(s) in place is an external force, however,
and must therefore be in Eq. 5.22.

. The force required to anchor an object will generally exist in response to surface pressure

and/or shear forces acting on the control surface, to a change in linear momentum flow
through the control volume containing the object, and to the weight of the object and the
fluid contained in the control volume. In Example 5.11 the nozzle anchoring force was re-
quired mainly because of pressure forces and partly because of a change in linear momen-
tum flow associated with accelerating the fluid in the nozzle. The weight of the water and
the nozzle contained in the control volume influenced the size of the anchoring force only
slightly.
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Motorized surfboard When Bob Montgomery, a former pro-
fessional surfer, started to design his motorized surfboard
(called a jet board), he discovered that there were many engi-
neering challenges to the design. The idea is to provide surfing
to anyone, no matter where they live, near or far from the ocean.
The rider stands on the device like a surfboard and steers it like
a surfboard by shifting his/her body weight. A new, sleek, com-
pact 45-horsepower engine and pump was designed to fit within

the surfboard hull. Thrust is produced in response to the change
in linear momentum of the water stream as it enters through the
inlet passage and exits through an appropriately designed noz-
zle. Some of the fluid dynamic problems associated with de-
signing the craft included one-way valves so that water does not
get into the engine (at both the intake or exhaust ports), buoy-
ancy, hydrodynamic lift, drag, thrust, and hull stability. (See
Problem 5.68.)

To further demonstrate the use of the linear momentum equation (Eq. 5.22), we consider
another one-dimensional flow example before moving on to other facets of this important

equation.

—EXAMPLE 5.12 QELLEL,

GIVEN Water flows through a horizontal, 180° pipe bend as
illustrated in Fig. ES.12a. The flow cross-sectional area is con-
stant at a value of 0.1 ft* through the bend. The magnitude of the
flow velocity everywhere in the bend is axial and 50 ft/s. The
absolute pressures at the entrance and exit of the bend are 30 psia
and 24 psia, respectively.

SOLUTION

Momentum—Pressure and Change in Flow Direction

FIND Calculate the horizontal (x and y) components of the an-
choring force required to hold the bend in place.

Since we want to evaluate components of the anchoring force to
hold the pipe bend in place, an appropriate control volume (see
dashed line in Fig. E5.12a) contains the bend and the water in the
bend at an instant. The horizontal forces acting on the contents of
this control volume are identified in Fig. E5.125. Note that the
weight of the water is vertical (in the negative z direction) and
does not contribute to the x and y components of the anchoring
force. All of the horizontal normal and tangential forces exerted
on the fluid and the pipe bend are resolved and combined into the
two resultant components, 7, and F,,. These two forces act on
the control volume contents, and thus for the x direction, Eq. 5.22
leads to

J upV - fvdAd = F,, )
CS
Section (1) A4=0.11f
V = 50 ft/s ==
i \
|
/
)
v x7_ /4\Control
50 ft/s volume
-

(a)

B FIGURE E5.12

Ve

Pody =—>—

At sections (1) and (2), the flow is in the y direction and therefore
u = 0 at both cross sections. There is no x direction momentum
flow into or out of the control volume and we conclude from Eq. 1
that

Fyu=0 (Ans)
For the y direction, we get from Eq. 5.22
j WPV - Rdd = Fyy + pids + pody @)

For one-dimensional flow, the surface integral in Eq. 2 is easy to
evaluate and Eq. 2 becomes

(to)(=m) + (—0,)(+my) = Fy + pid, + pod, @A)
Pipe bend
and water Fy

P14 =—>—
V)

z
tW
u)-v—;

V)

/

Control volume F,

x

(b)

CMS Cepcor EX 1046 Page 117
CMS Cepcor v. Sandvik IPR2024-01380




208

Chapter 5 B Finite Control Volume Analysis

Note that the y component of velocity is positive at section (1) but
is negative at section (2). Also, the mass flowrate term is negative
at section (1) (flow in) and is positive at section (2) (flow out). From
the continuity equation (Eq. 5.12), we get
m=m; = m, “)

and thus Eq. 3 can be written as

—m(v, + v,) = Fy + pd, + pa4; )
Solving Eq. 5 for F,;, we obtain

1y

= —m(v, + v;) — pid; — P4, (6)

From the given data we can calculate the mass flowrate, m, from
Eq. 5.6 as

m = pidv; = (1.94 slugs/ft*)(0.1 ft*)(50 fi/s)
= 9.70 slugs/s
For determining the anchoring force, F,, the effects of atmos-
pheric pressure cancel and thus gage pressures for p; and p, are

appropriate. By substituting numerical values of variables into
Eq. 6, and using the fact that 1 Ib = 1 slug - ft/s> we get

F,, = —(9.70 slugs/s)(50 ft/s + 50 ft/s)
— (30 psia — 14.7 psia)(144 in./ft*)(0.1 fi?)
— (24 psia — 14.7 psia)(144 in./ft*)(0.1 f1?)
F, = —9701b — 2201b — 1341b = —13241b  (Ans)

The negative sign for F, is interpreted as meaning that the y
component of the anchoring force is actually in the negative y
direction, not the positive y direction as originally indicated in
Fig. ES.12b.

COMMENT As with Example 5.11, the anchoring force for

the pipe bend is independent of the atmospheric pressure. How-
ever, the force that the bend puts on the fluid inside of it, R,,

Water in 180° bendx\ R,

(c)
B FIGURE E5.12 cont.

depends on the atmospheric pressure. We can see this by using a
control volume which surrounds only the fluid within the bend as
shown in Fig. E5.12¢. Application of the momentum equation to
this situation gives

R, = —m(v; + vy) — pidy — prds

where p; and p, must be in terms of absolute pressure because
the force between the fluid and the pipe wall, R,, is the complete
pressure effect (i.e., absolute pressure). We see that forces exerted
on the flowing fluid result in a change in its velocity direction (a
change in linear momentum).

Thus, we obtain

R, = —(9.70 slugs/s)(50 ft/s + 50 ft/s)
— (30 psia)(144 in./ft*)(0.1 %) ™
— (24 psia)(144 in./f%)(0.1 ft%)
= —1748 1b

We can use the control volume that includes just the pipe
bend (without the fluid inside it) as shown in Fig. E5.12d to
determine £, the anchoring force component in the y direction
necessary to hold the bend stationary. The y component of the
momentum equation applied to this control volume gives

FAy = Ry + patm(Al + AZ) (8)

where R, is given by Eq. 7. The pyum(d4; + A,) term represents the
net pressure force on the outside portion of the control volume.
Recall that the pressure force on the inside of the bend is ac-
counted for by R,. By combining Eqs. 7 and 8 and using the fact that
Pam = 14.71b/in.2 (144 in /*) = 2117 Ib/ft>, we obtain

Fy =

, = —17481b + 2117 b/ (0.1 f* + 0.1 %)
= —13241b

in agreement with the original answer obtained using the control
volume of Fig. E5.125.

In Examples 5.10 and 5.12 the force exerted on a flowing fluid resulted in a change in flow
direction only. This force was associated with constraining the flow, with a vane in Example 5.10,
and with a pipe bend in Example 5.12. In Example 5.11 the force exerted on a flowing fluid
resulted in a change in velocity magnitude only. This force was associated with a converging
nozzle. Anchoring forces are required to hold a vane or conduit stationary. They are most easily
estimated with a control volume that contains the vane or conduit and the flowing fluid involved.
Alternately, two separate control volumes can be used, one containing the vane or conduit only
and one containing the flowing fluid only.

N

V5.8 Fire hose
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—EXAMPLE 5.13 @EELEEL

GIVEN Air flows steadily between two cross sections in a long,
straight portion of 4-in. inside diameter pipe as indicated in Fig.
E5.13, where the uniformly distributed temperature and pressure at
each cross section are given. If the average air velocity at section (2)
is 1000 ft/s, we found in Example 5.2 that the average air velocity at
section (1) must be 219 ft/s. Assume uniform velocity distributions
at sections (1) and (2).

SoLuTION

The control volume of Example 5.2 is appropriate for this prob-
lem. The forces acting on the air between sections (1) and (2) are
identified in Fig. E5.13. The weight of air is considered negligibly
small. The reaction force between the wetted wall of the pipe and
the flowing air, R,, is the frictional force sought. Application of
the axial component of Eq. 5.22 to this control volume yields

J upV * idd = —R, + pid, — pr4, )

The positive x direction is set as being to the right. Furthermore,
for uniform velocity distributions (one-dimensional flow), Eq. 1
becomes

(+”1)(_7h1) + (+”2)(+7h2) = =R, + pid, — pA;, @

From conservation of mass (Eq. 5.12) we get

m =y = 3)
so that Eq. 2 becomes
m(uy — uy) = =R, + Ay(p1 = p2) )
Solving Eq. 4 for R, we get
R, = Ay(p) = p2) — m(u, — u,) )

The equation of state gives

_ D
b= ar ©
and the equation for area 4, is
s 7D} -
2=, ™

Thus, from Egs. 3, 6, and 7

= () ()
"=\rr,)\ 4 )"

209

Momentum—Pressure, Change in Speed, and Friction

FIND Determine the frictional force exerted by the pipe wall on
the air flow between sections (1) and (2).

Control volume V, =
TN 1000 ft/ls ¥
Py (-
~—R i b 5
/J, ____________ P2dz Flow

Section (1) Pipe Section (2)
p1 =100 psia p,=18.4 psia
T, = 540 °R T,=453 °R

B FIGURE E5.13

English Engineering (EE) units are often used for this kind of
flow. The gas constant, R, for air in EE units is

_ 1716(ft - Ib)/(slug - °R)

~ 32.174(Ibm/slug)

(18.4 psia)(144 in. /%)

[53.3(ft - Ib)/(Ibm - °R)] (453 °R)

(4 in.)?
4(144 in2/f%)

Thus, from Egs. 5 and 8

= 53.3(ft - b)/(Ibm - °R)

Hence, m =

(1000 fi/s) = 9.57 Ibm/s  (8)

4in.)?
R— (4 in.)
4
— (9.57 1bm)(1000 ft/s — 219 ft/s)/
32.174(lbm - ft)/(Ib - s?)
=10251b — 232 1b

(100 psia — 18.4 psia)

or

R, =793 1b (Ans)

COMMENT For this compressible flow, the pressure differ-
ence drives the motion which results in a frictional force, R,, and
an acceleration of the fluid (i.e., a velocity magnitude increase).
For a similar incompressible pipe flow, a pressure difference re-
sults in fluid motion with a frictional force only (i.e., no change in
velocity magnitude).

|_EXAMPLE M K-} Linear Momentum—Weight, Pressure,
and Nonuniform Velocity Profile

GIVEN Consider the flow of Example 5.4 to be vertically
upward.

Friction,

FIND Develop an expression for the fluid pressure drop that
occurs between sections (1) and (2).
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SoLUTION

A control volume (see dashed lines in Fig. E5.14) that includes
only fluid from section (1) to section (2) is selected. The forces
acting on the fluid in this control volume are identified in Fig.
E5.14. The application of the axial component of Eq. 5.22 to the
fluid in this control volume results in

J wpV - vdd = pd, — R. — W — p,4, )

where R, is the resultant force of the wetted pipe wall on the
fluid. Further, for uniform flow at section (1), and because the
flow at section (2) is out of the control volume, Eq. 1 becomes

Comdm) + [ Cwplrmnda) = ity ~ R
2 @
=W = pd,
The positive direction is considered up. The surface integral over
the cross-sectional area at section (2), 4,, is evaluated by using

the parabolic velocity profile obtained in Example 5.4,
w, = 2wi[1 — (r/R)*], as

|

A

R
Whpw, dA, = pJ W3 2mr dr
0
R ~\272
= 27TpJ 2w, [1 - <7) } rdr
L R

RZ
[ Wapw, dA, = dpw? — 3)
8

or

3
Combining Egs. 2 and 3 we obtain
_W%PWRZ + %W%PWRZ =pdy — R =W = pd, “)

Solving Eq. 4 for the pressure drop from section (1) to section (2),
P1 — P2, We obtain

o R W A
Pr— D2 3 4, 4 (Ans)
COMMENT We see that the drop in pressure from section (1)

to section (2) occurs because of the following:

1. The change in momentum flow between the two sections
associated with going from a uniform velocity profile to
a parabolic velocity profile, pw?/3

2. Pipe wall friction, R,

3. The weight of the water column, “W'; a hydrostatic pres-
sure effect.

If the velocity profiles had been identically parabolic at sections
(1) and (2), the momentum flowrate at each section would have

been identical, a condition we call “fully developed” flow. Then,
the pressure drop, p; — p,, would be due only to pipe wall fric-
tion and the weight of the water column. If in addition to being
fully developed, the flow involved negligible weight effects (for
example, horizontal flow of liquids or the flow of gases in any
direction) the drop in pressure between any two sections,
P1 — P2, would be a result of pipe wall friction only.

Note that although the average velocity is the same at section
(1) as it is at section (2) (¥, = V, = w;), the momentum flux
across section (1) is not the same as it is across section (2). If it
were, the left-hand side of Eq. (4) would be zero. For this nonuni-
form flow the momentum flux can be written in terms of the av-
erage velocity, V, and the momentum coefficient, 3, as

J wpV - 1 dA
= pl72A
Hence the momentum flux can be written as

J wpV « AdAd = —BwipmR* + BwipmR?

where B; = 1 (B = 1 for uniform flow)and 3, = 4/3(B > 1for
any nonuniform flow).

Section (2)
f -

> = |

|
|
L/Control volume

=

Fluid only —

|
|
|
|
|
|
|
Wy

B q Section (1)
L

B FIGURE E5.14

—EXAMPLE 5.15 BRI

GIVEN A static thrust stand as sketched in Fig. E5.15 is to be
designed for testing a jet engine. The following conditions are
known for a typical test: Intake air velocity = 200 m/s; exhaust gas
velocity = 500 m/s; intake cross-sectional area = 1 m?; intake

m—Thrust

static pressure = —22.5kPa = 78.5 kPa (abs); intake static temper-
ature = 268 K; exhaust static pressure = 0 kPa= 101 kPa (abs).

FIND Estimate the nominal anchoring force for which to design.

CMS Cepcor EX 1046 Page 120
CMS Cepcor v. Sandvik IPR2024-01380



5.2 Newton’s Second Law—The Linear Momentum and Moment-of-Momentum Equations

SoLUTION

The cylindrical control volume outlined with a dashed line in
Fig. E5.15 is selected. The external forces acting in the axial di-
rection are also shown. Application of the momentum equation
(Eq. 5.22) to the contents of this control volume yields

J upV' i dA =p1A1 +F1h_p2A2
cs

= Pam (A1 = 4)) M

where the pressures are absolute. Thus, for one-dimensional flow,
Eq. 1 becomes

(Fu)(=m) + (+ur)(+1m3) = (p1 ~ Pam)ds
- (pZ - palm)AZ + Flh )

The positive direction is to the right. The conservation of mass
equation (Eq. 5.12) leads to

m =y = pidyuy = my = prdyu, 3)
Combining Egs. 2 and 3 and using gage pressure we obtain
m(uy — uy) = prd, — pydy + Fy, “)
Solving Eq. 4 for the thrust force, Fy,, we obtain
Fo = —pidy + ppdy + m(u, — u)) %)

We need to determine the mass flowrate, m, to calculate Fy,, and
to calculate m = p,4,u,, we need p;. From the ideal gas equation
of state

p_ (78.5kPa)(1000 Pa/kPa)[ 1(N/m?)/Pa]

P1 =

211

Control volume

i 1
I_¥h— Pam(4 — 45)
|

I

|<— P24,

| )
)

I

Jd

Section (2)

B FIGURE E5.15

Thus,

m = pAu; = (1.02 kg/m?)(1 m*)(200 m/s)

= 204 kg/s ©

Finally, combining Egs. 5 and 6 and substituting given data with
P> = 0, we obtain

Fy = —(1 m?)(—22.5 kPa)(1000 Pa/kPa)[ 1(N/m?*)/Pa]
+ (204 kg/s)(500 m/s — 200 m/s)[ 1 N/(kg - m/s%)]

or

Fy, = 22,500 N + 61,200 N = 83,700 N (Ans)

COMMENT The force of the thrust stand on the engine is di-
rected toward the right. Conversely, the engine pushes to the left
on the thrust stand (or aircraft).

"~ RT, (2869 J/kg-K)(268 K)(1 N - m/J)
= 1.02 kg/m®
F I ui d s i n t h e N e w s

Bow thrusters In the past, large ships required the use of tugboats
for precise maneuvering, especially when docking. Nowadays,
most large ships (and many moderate to small ones as well) are
equipped with bow thrusters to help steer in close quarters. The
units consist of a mechanism (usually a ducted propeller mounted
at right angles to the fore/aft axis of the ship) that takes water from
one side of the bow and ejects it as a water jet on the other side.
The momentum flux of this jet produces a starboard or port force

on the ship for maneuvering. Sometimes a second unit is installed
in the stern. Initially used in the bows of ferries, these versatile
control devices have became popular in offshore oil servicing
boats, fishing vessels, and larger ocean-going craft. They permit
unassisted maneuvering alongside of oilrigs, vessels, loading plat-
forms, fishing nets, and docks. They also provide precise control at
slow speeds through locks, narrow channels, and bridges, where
the rudder becomes very ineffective. (See Problem 5.69.)

L FTXTIHIENRTA Linear Momentum—Nonuniform pressure

GIVEN A sluice gate across a channel of width b is shown in
the closed and open positions in Figs. E5.16a and E5.16b.

SOLUTION

FIND Is the anchoring force required to hold the gate in place
larger when the gate is closed or when it is open?

We will answer this question by comparing expressions for the
horizontal reaction force, R,, between the gate and the water
when the gate is closed and when the gate is open. The control

volume used in each case is indicated with dashed lines in Figs.
ES5.16a and E5.165.
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When the gate is closed, the horizontal forces acting on the
contents of the control volume are identified in Fig. E5.16¢. Ap-
plication of Eq. 5.22 to the contents of this control volume yields

0 (no flow)

Jup -fdd = 5yHbh — R, Q)

Note that the hydrostatic pressure force, yH*b/2, is used. From
Eq. 1, the force exerted on the water by the gate (which is equal to
the force necessary to hold the gate stationary) is

R, = 3yHb )

which is equal in magnitude to the hydrostatic force exerted on
the gate by the water.

When the gate is open, the horizontal forces acting on the con-
tents of the control volume are shown in Fig. E5.16d. Application
of Eq. 5.22 to the contents of this control volume leads to

j upV*fldA=%yH2b—Rx—%'yh2b—Ff &)

Note that because the water at sections (1) and (2) is flowing
along straight, horizontal streamlines, the pressure distribution at
those locations is hydrostatic, varying from zero at the free sur-
face to y times the water depth at the bottom of the channel (see
Chapter 3, Section 3.4). Thus, the pressure forces at sections (1)
and (2) (given by the pressure at the centroid times the area) are
vH?b/2 and yh*b/2, respectively. Also, the frictional force be-
tween the channel bottom and the water is specified as F. The
surface integral in Eq. 3 is nonzero only where there is flow
across the control surface. With the assumption of uniform veloc-
ity distributions,

|| v nat = @pt—uyp + (rpCrae @

Thus, Egs. 3 and 4 combine to form

Open sluice
gate

Closed sluice
gate

Control volume -Z Control volume

PR —— |
(a)
Water only Water only
Control vqume</ Control volume
\|l__ gl = !
Ly )b | = DS
57 | 1 |
(2 ) I : (2 7/H)Hb| : Section (2)
> | —|
: : | — 11,
____________ <
/ Lyn\nb
Section F 57
(1)
(c) (d)

B FIGURE E5.16

If H > h, the upstream velocity, #;, is much less than u, so that the
contribution of the incoming momentum flow to the control sur-
face integral can be neglected and from Eq. 5 we obtain

R, = SyHb — yi’b — F; — pudhb (©)

By using the continuity equation, m = pbHu; = pbhu,, Eq. (6)
can be rewritten as

R, = 5yH’b — 5yI*b — Fp— m(uy — u,) (7

Hence, since u#, > u;, by comparing the expressions for R, (Egs.
2 and 7) we conclude that the reaction force between the gate and
the water (and therefore the anchoring force required to hold the
gate in place) is smaller when the gate is open than when it is

—puitb + pushb = 3yH’b — R, — 3yl*b — F;,  (5)

closed. (Ans)

The linear momen-

tum equation can
be written for a
moving control
volume.

N

V5.9 Jelly fish

All of the linear momentum examples considered thus far have involved stationary and non-
deforming control volumes which are thus inertial because there is no acceleration. A nondeform-
ing control volume translating in a straight line at constant speed is also inertial because there is
no acceleration. For a system and an inertial, moving, nondeforming control volume that are both
coincident at an instant of time, the Reynolds transport theorem (Eq. 4.23) leads to

D J
J VpdV=J VpdV+J VoW - i dd (5.23)
Dt sys at cv cs
When we combine Eq. 5.23 with Egs. 5.19 and 5.20, we get
J
E J Vp d¥ + J VpW chdd = 2 Fcontents of the (5'24)
cv cs control volume

When the equation relating absolute, relative, and control volume velocities (Eq. 5.14) is used with
Eq. 5.24, the result is

d
Py J (W + ch)p d¥ + J (W + ch)pw chdd = E Fcontents of the (5'25)

ot cs control volume
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tum equation for a
moving control vol-
ume involves the
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For a constant control volume velocity, V., and steady flow in the control volume reference frame,

9
- J (W + Vo )pd¥ =0 (5.26)

Also, for this inertial, nondeforming control volume

WpW - frdd + VCVJ pW - i dA (5.27)

cs

J (W + V,)pW - hdd = J

cs

For steady flow (on an instantaneous or time-average basis), Eq. 5.15 gives
J pW - iid4d =0 (5.28)

Combining Egs. 5.25, 5.26, 5.27, and 5.28, we conclude that the linear momentum equation for
an inertial, moving, nondeforming control volume that involves steady (instantaneous or time-
average) flow is

J WPW “hdd = E Fcontents of the (5'29)

control volume

Example 5.17 illustrates the use of Eq. 5.29.

| STXTIIERFA Linear Momentum—Hoving Control Volume

when a stream of water
turned 45° by the vane

earlier. The speed of the

GIVEN A vane on wheels moves with constant velocity V,  and the vane is moving to the right with a constant speed of

this is the same moving vane considered in Section 4.4.6 FIND Determine the magnitude and direction of the force, F,

having a nozzle exit velocity of V| is 20 ft/s.
as indicated in Fig. E5.17a. Note that

water jet leaving the nozzle is 100 ft/s, exerted by the stream of water on the vane surface.

B FIGURE E5.17

Moving —
control
volume

N

ozzle >
_)

"

(b)
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SOLUTION

To determine the magnitude and direction of the force, F, exerted
by the water on the vane, we apply Eq. 5.29 to the contents of the
moving control volume shown in Fig. E5.175h. The forces acting
on the contents of this control volume are indicated in
Fig. E5.17¢. Note that since the ambient pressure is atmospheric,
all pressure forces cancel each other out. Equation 5.29 is ap-
plied to the contents of the moving control volume in component
directions. For the x direction (positive to the right), we get

J W.pW-hdd =R,
Ccs
or

(+W)(=m,) + (+ W, cosd5°)(+m,) = —R, (1))
where
my = p WA,

m; = p\Wi4, and

For the vertical or z direction (positive up) we get

f W.pW - dd = R. — W,

or
(+W,sin45°)(+m,) = R. — W, ?2)

We assume for simplicity that the water flow is frictionless and that
the change in water elevation across the vane is negligible. Thus,
from the Bernoulli equation (Eq. 3.7) we conclude that the speed of
the water relative to the moving control volume, 7, is constant or

W1:W2

The relative speed of the stream of water entering the control vol-
ume, W, is
W, =V, — V, =100 ft/s — 20 ft/s = 80 ft/s = W,
The water density is constant so that
p1 = p, = 1.94 slugs/ft*

Application of the conservation of mass principle to the contents
of the moving control volume (Eq. 5.16) leads to

my = pi WA, = p,Wrd, = m,

Combining results we get
R, = pW3 4, (1 — cos 45°)

or

R, = (1.94 slugs/ft*)(80 ft/s)*(0.006 ft*)(1 — cos 45°)

=2181b
Also,
R. = pWi(sin 45°)4, + W,
where
W,, = pgd,€

Thus,

R. = (1.94 slugs/ft*)(80 ft/s)*(sin 45°)(0.006 ft*)
+ (62.4 Ib/f%)(0.006 f2)(1 )
=52.61b + 0.371b = 53 1b

Combining the components we get
R= VR + R =[(21.81b) + (531b)*]'"* = 57.3 b

The angle of R from the x direction, a, is

R,
a = tan_lz = tan"' (53 1b/21.8 Ib) = 67.6°
The force of the water on the vane is equal in magnitude but op-
posite in direction from R; thus it points to the right and down at
an angle of 67.6° from the x direction and is equal in magnitude
to 57.3 Ib. (Ans)

COMMENT The force of the fluid on the vane in the x-
direction, R, = 21.8 Ib, is associated with x-direction motion of the
vane at a constant speed of 20 ft/s. Since the vane is not accelerat-
ing, this x-direction force is opposed mainly by a wheel friction
force of the same magnitude. From basic physics we recall that the
power this situation involves is the product of force and speed. Thus,
P =RV,
(21.8 1b)(20 ft/s)
~ 550(ft - 1b)/(hp - s)
= 0.79 hp

All of this power is consumed by friction.

It is clear from the preceding examples that a flowing fluid can be forced to

. change direction
. speed up or slow down

N A W N -

. do none of the above

. have a velocity profile change
. do only some or all of the above

A net force on the fluid is required for achieving any or all of the first four above. The forces
on a flowing fluid balance out with no net force for the fifth.
Typical forces considered in this book include

(a) pressure
(b) friction
(c) weight
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and involve some type of constraint such as a vane, channel, or conduit to guide the flowing fluid.
A flowing fluid can cause a vane, channel or conduit to move. When this happens, power is pro-
duced.

The selection of a control volume is an important matter. For determining anchoring forces,
consider including fluid and its constraint in the control volume. For determining force between a
fluid and its constraint, consider including only the fluid in the control volume.

5.2.3 Derivation of the Moment-of-Momentum Equation’

In many engineering problems, the moment of a force with respect to an axis, namely, forgue, is im-
portant. Newton’s second law of motion has already led to a useful relationship between forces and
linear momentum flow. The linear momentum equation can also be used to solve problems involving
torques. However, by forming the moment of the linear momentum and the resultant force associated
with each particle of fluid with respect to a point in an inertial coordinate system, we will develop a
moment-of-momentum equation that relates torques and angular momentum flow for the contents of
a control volume. When torques are important, the moment-of-momentum equation is often more con-
venient to use than the linear momentum equation.
Application of Newton’s second law of motion to a particle of fluid yields

D
E (Vp S‘V) = 8Fparticle (5.30)
where V is the particle velocity measured in an inertial reference system, p is the particle density,
0¥ is the infinitesimally small particle volume, and OF ;. is the resultant external force acting
on the particle. If we form the moment of each side of Eq. 5.30 with respect to the origin of an
inertial coordinate system, we obtain

D
r X E (Vp SV) =rX SFparticle (5'31)

where r is the position vector from the origin of the inertial coordinate system to the fluid parti-
cle (Fig. 5.3). We note that

g[(rxV)pSV]=%pr5V+rxw (5.32)
and
Dr
D A% (5.33)
Thus, since
VXV=0 (5.34)
by combining Egs. 5.31, 5.32, 5.33, and 5.34, we obtain the expression
L[ % V)p6F] = 1 X 6F i, (5.35)

Dt

B FIGURE 5.3 Inertial coordinate system.

This section may be omitted, along with Sections 5.2.4 and 5.3.5, without loss of continuity in the text material. However, these sec-
tions are recommended for those interested in Chapter 12.
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For a system, the
rate of change of
moment-of-momen-
tum equals the net
torque.

Equation 5.35 is valid for every particle of a system. For a system (collection of fluid particles),
we need to use the sum of both sides of Eq. 5.35 to obtain

D
J D [(r X V)pd¥] = D (r X F)y, (5.36)
Sys
where
Dor X SF e = X, (r X F)g, (5.37)
We note that
D D
= X Vpd¥ = | =[(rx V)pd¥ 5.38
b | X viar = | Diwxvipar (5.38)

since the sequential order of differentiation and integration can be reversed without consequence. (Re-
call that the material derivative, D( )/Dt, denotes the time derivative following a given system; see
Section 4.2.1.) Thus, from Egs. 5.36 and 5.38 we get

D
= j (r x V)pd# = D (r x F), (5.39)
Dt |y
or
the time rate of change of the = sum of external torques

moment-of-momentum of the system  acting on the system

The sketch in the margin illustrates what torque, T = r X F, is. For a control volume that is in-
stantaneously coincident with the system, the torques acting on the system and on the control vol-
ume contents will be identical:

D (r X F)y = > (r X F), (5.40)

Further, for the system and the contents of the coincident control volume that is fixed and nonde-
forming, the Reynolds transport theorem (Eq. 4.19) leads to

DJ (rxV)pdV=aJ (rXV)pdV—FJ (r x V)pV - i d4 (5.41)
Dt g at o o
or

time rate of change  time rate of change  net rate of flow

of the moment-of- of the moment-of- of the moment-of-

momentum of the = momentum of the + momentum through

system contents of the the control surface

control volume

For a control volume that is fixed (and therefore inertial) and nondeforming, we combine Egs. 5.39,
5.40, and 5.41 to obtain the moment-of-momentum equation:

dJ
'Y J (l' X V)p d¥ + J (I' X V)pV “hdd = 2(1’ X F)comemsofthe (5'42)

at cs control volume

An important category of fluid mechanical problems that is readily solved with the help of
the moment-of-momentum equation (Eq. 5.42) involves machines that rotate or tend to rotate around
a single axis. Examples of these machines include rotary lawn sprinklers, ceiling fans, lawn mower
blades, wind turbines, turbochargers, and gas turbine engines. As a class, these devices are often
called turbomachines.

5.2.4 Application of the Moment-of-Momentum Equation®
We simplify our use of Eq. 5.42 in several ways:

1. We assume that flows considered are one-dimensional (uniform distributions of average ve-
locity at any section).

3This section may be omitted, along with Sections 5.2.3 and 5.3.5, without loss of continuity in the text material. However, these sec-
tions are recommended for those interested in Chapter 12.
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w. - ™ ~«— Control volume
2 \\
\\4— Section (2)

V5.10 Rotating
lawn sprinkler

“~Fiowin )
(a)
L<__1_____ [ —0O
Control volume D Section (1)
H FIGURE 5.4 (a) Rotary water FIW
sprinkler. (b) Rotary water sprinkler, plane view.
(¢) Rotary water sprinkler, side view. (c)

2. We confine ourselves to steady or steady-in-the-mean cyclical flows. Thus,

d
J (rxV)pd¥ =0
ot oy

at any instant of time for steady flows or on a time-average basis for cyclical unsteady
flows.

3. We work only with the component of Eq. 5.42 resolved along the axis of rotation.

i S e Consider the rotating sprinkler sketched in Fig. 5.4. Because the direction and magnitude of the flow
of fluidvelociey through the sprinkler from the inlet [section (1)] to the outlet [section (2)] of the arm changes, the
IR G G5 G water exerts a torque on the sprinkler head causing it to tend to rotate or to actually rotate in the di-
result in torque and rection shown, much like a turbine rotor. In applying the moment-of-momentum equation (Eq. 5.42)
rotation around to this flow situation, we elect to use the fixed and nondeforming control volume shown in Fig. 5.4.
that same axis. This disk-shaped control volume contains within its boundaries the spinning or stationary sprinkler
head and the portion of the water flowing through the sprinkler contained in the control volume at
an instant. The control surface cuts through the sprinkler head’s solid material so that the shaft torque
that resists motion can be clearly identified. When the sprinkler is rotating, the flow field in the sta-
tionary control volume is cyclical and unsteady, but steady in the mean. We proceed to use the ax-
ial component of the moment-of-momentum equation (Eq. 5.42) to analyze this flow.
The integrand of the moment-of-momentum flow term in Eq. 5.42,

J (r X V)pV - i dd

can be nonzero only where fluid is crossing the control surface. Everywhere else on the control
surface this term will be zero because V - fi = 0. Water enters the control volume axially through
the hollow stem of the sprinkler at section (1). At this portion of the control surface, the compo-
nent of r X V resolved along the axis of rotation is zero because as illustrated by the figure in the
margin, r X V lies in the plane of section (1), perpendicular to the axis of rotation. Thus, there is
no axial moment-of-momentum flow in at section (1). Water leaves the control volume through
each of the two nozzle openings at section (2). For the exiting flow, the magnitude of the axial
component of r X V is r,V,, where r, is the radius from the axis of rotation to the nozzle centerline
and ¥, is the value of the tangential component of the velocity of the flow exiting each nozzle as
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The algebraic sign
of v X V is obtained
by the right-hand
rule.

observed from a frame of reference attached to the fixed and nondeforming control volume. The
fluid velocity measured relative to a fixed control surface is an absolute velocity, V. The velocity
of the nozzle exit flow as viewed from the nozzle is called the relative velocity, W. The absolute
and relative velocities, V and W, are related by the vector relationship

V=W+U (5.43)

where U is the velocity of the moving nozzle as measured relative to the fixed control surface.
The cross product and the dot product involved in the moment-of-momentum flow term of
Eq. 5.42,

J (r X V)pV - i dd

can each result in a positive or negative value. For flow into the control volume, V - fi is negative.
For flow out, V - i1 is positive. The correct algebraic sign to assign the axis component of r X V
can be ascertained by using the right-hand rule. The positive direction along the axis of rotation is
the direction the thumb of the right hand points when it is extended and the remaining fingers are
curled around the rotation axis in the positive direction of rotation as illustrated in Fig. 5.5. The di-
rection of the axial component of r X V is similarly ascertained by noting the direction of the cross
product of the radius from the axis of rotation, r€,, and the tangential component of absolute ve-
locity, V,€,. Thus, for the sprinkler of Fig. 5.4, we can state that

{J (r x V)pV - i1 d4 = (=1 Vyp)(+m) (5.44)
cs axial
where, because of mass conservation, m is the total mass flowrate through both nozzles. As was
demonstrated in Example 5.7, the mass flowrate is the same whether the sprinkler rotates or not. The
correct algebraic sign of the axial component of r X V can be easily remembered in the following
way: if V, and U are in the same direction, use +; if V, and U are in opposite directions, use —.
The torque term [ 2 (r X F) gpents of the control volume | Of the moment-of-momentum equation (Eq.
5.42) is analyzed next. Confining ourselves to torques acting with respect to the axis of rotation
only, we conclude that the shaft torque is important. The net torque with respect to the axis of ro-
tation associated with normal forces exerted on the contents of the control volume will be very
small if not zero. The net axial torque due to fluid tangential forces is also negligibly small for the
control volume of Fig. 5.4. Thus, for the sprinkler of Fig. 5.4

E|:(l' X F)comems ofthe:| = Tshaft (5'45)
axial

control volume.

Note that we have entered 7y, as a positive quantity in Eq. 5.45. This is equivalent to assuming
that T,,q 1s in the same direction as rotation.

For the sprinkler of Fig. 5.4, the axial component of the moment-of-momentum equation (Eq.
5.42) is, from Egs. 5.44 and 5.45

-r 2V92’h = Tnat (5.46)

We interpret T, being a negative quantity from Eq. 5.46 to mean that the shaft torque actually
opposes the rotation of the sprinkler arms as shown in Fig. 5.4. The shaft torque, 7,4 Opposes
rotation in all turbine devices.

B FIGURE 5.5 Right-hand rule convention.

CMS Cepcor EX 1046 Page 128
CMS Cepcor v. Sandvik IPR2024-01380



5.2

Power is equal to
angular velocity
times forque.

V5.11 Impulse-type
lawn sprinkler
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We could evaluate the shaft power, Wshaﬁ, associated with shaft torque, T4, by forming the
product of Ty, and the rotational speed of the shaft, w. [We use the notation that
W = work, (+) = d( )/dt, and thus W = power.] Thus, from Eq. 5.46 we get

Wshaﬁ = Tqan @ = —1nVpm (5.47)
Since r,w is the speed of each sprinkler nozzle, U, we can also state Eq. 5.47 in the form
Wshaft = —UVpm (5.48)

Shaft work per unit mass, wy,q, 1S equal to Wshaﬁ/rh. Dividing Eq. 5.48 by the mass flowrate, m,
we obtain

Wenatt = — UV (5.49)

Negative shaft work as in Eqs. 5.47, 5.48, and 5.49 is work out of the control volume, that is, work
done by the fluid on the rotor and thus its shaft.

The principles associated with this sprinkler example can be extended to handle most sim-
plified turbomachine flows. The fundamental technique is not difficult. However, the geometry of
some turbomachine flows is quite complicated.

Example 5.18 further illustrates how the axial component of the moment-of-momentum equa-
tion (Eq. 5.46) can be used.

—EXA VAN F.J Moment-of-Momentum—Torque
GIVEN Water enters a rotating lawn sprinkler through its base | ry=
at the steady rate of 1000 ml/s as sketched in Fig. ES.18a. The exit I 200 mm ———
area of each of the two nozzles is 30 mm? and the flow leaving each Control volume ~_ __ IZ_ N area = 30 mm?

nozzle is in the tangential direction. The radius from the axis of ro-
tation to the centerline of each nozzle is 200 mm.

FIND (a) Determine the resisting torque required to hold the
sprinkler head stationary.

(b) Determine the resisting torque associated with the sprinkler
rotating with a constant speed of 500 rev/min.

(¢) Determine the speed of the sprinkler if no resisting torque is

applied.

SOLUTION

///
==

Flow out
Flow out

0 = 1000 mi/s

(a)

To solve parts (a), (b), and (c) of this example we can use the Vs
same fixed and nondeforming, disk-shaped control volume illus-
trated in Fig. 5.4. As indicated in Fig. ES.18a, the only axial
torque considered is the one resisting motion, Ty;q-

(a) When the sprinkler head is held stationary as specified in part ®
(a) of this example problem, the velocities of the fluid entering and
leaving the control volume are shown in Fig. E5.18h. Equation
5.46 applies to the contents of this control volume. Thus,

Topae = — 72 Vezﬁ’l (@)

Since the control volume is fixed and nondeforming and the flow
exiting from each nozzle is tangential,

Equations 1 and 2 give

Tohate = —F2Vom 3)

Vo="V2

ng = V2 (2)

(c)
B FIGURE E5.18
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In Example 5.7, we ascertained that /, = 16.7 m/s. Thus, from
Eq. 3 with

(1000 ml/s)(10~> m*/liter)(999 kg/m?)
(1000 ml/liter)

m=0p=
= 0.999 kg/s
we obtain

(200 mm)(16.7 m/s)(0.999 kg/s)[1(N/kg)/(m/s?)]
(1000 mm/m)

I shaft —

or

Tyt = —3.34N - m (Ans)

(b) When the sprinkler is rotating at a constant speed of 500
rpm, the flow field in the control volume is unsteady but cyclical.
Thus, the flow field is steady in the mean. The velocities of the flow
entering and leaving the control volume are as indicated in Fig.
ES5.18c. The absolute velocity of the fluid leaving each nozzle, V5,
is from Eq. 5.43,

Vo=W, — U, “)
where
W, = 16.7 m/s

as determined in Example 5.7. The speed of the nozzle, U,, is ob-
tained from

U2 = rnw (5)
Application of the axial component of the moment-of-momentum
equation (Eq. 5.46) leads again to Eq. 3. From Egs. 4 and 5,
Vz = 16.7m/s — rw
(200 mm)(500 rev/min)(27 rad/rev)

= 16.7 m/s —
6.7 m/s (1000 mm/m)(60 s/min)

or

V, =16.7m/s — 10.5m/s = 6.2 m/s

Thus, using Eq. 3, with m = 0.999 kg/s (as calculated previ-

ously), we get

(200 mm)(6.2 m/s) 0.999 kg/s [1(N/kg)/(m/s?)]
(1000 mm/m)

I shaft —

or

Tt = —1.24N - m (Ans)
COMMENT Note that the resisting torque associated with
sprinkler head rotation is much less than the resisting torque that
is required to hold the sprinkler stationary.

(¢) When no resisting torque is applied to the rotating sprinkler
head, a maximum constant speed of rotation will occur as demon-
strated below. Application of Egs. 3, 4, and 5 to the contents of the
control volume results in

Tohate = —12(W2 = raw)m (6)
For no resisting torque, Eq. 6 yields
0= —ry(W, — row)m
Thus,

W
r

® (W)

In Example 5.4, we learned that the relative velocity of the
fluid leaving each nozzle, 7., is the same regardless of the speed
of rotation of the sprinkler head, w, as long as the mass flowrate
of the fluid, m, remains constant. Thus, by using Eq. 7 we obtain

W, (16.7 m/s)(1000 mm/m)
w=—= = 83.5rad/s
7 (200 mm)

or

(83.5 rad/s)(60 s/min)
2 ar rad/rev a

= 797 rpm (Ans)
For this condition (7y,,; = 0), the water both enters and leaves the

control volume with zero angular momentum.

COMMENT Note that forcing a change in direction of a
flowing fluid, in this case with a sprinkler, resulted in rotary mo-
tion and a useful “sprinkling” of water over an area.

By repeating the calculations for various values of the angular
velocity, w, the results shown in Fig. E5.18d are obtained. It is seen
that the magnitude of the resisting torque associated with rotation is
less than the torque required to hold the rotor stationary. Even in the
absence of a resisting torque, the rotor maximum speed is finite.

, rpm

400

200 600 800

-4
B FIGURE E5.18d

When the moment-of-momentum equation (Eq. 5.42) is applied to a more general, one-
dimensional flow through a rotating machine, we obtain

Tshaft = (_mm)( irinVBin) + mout( iroutVﬁout)

(5.50)
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by applying the same kind of analysis used with the sprinkler of Fig. 5.4. The “—" is used with
mass flowrate into the control volume, m;,, and the “+” is used with mass flowrate out of the

control volume, m,,, to account for the sign of the dot product, V - fi, involved. Whether

Vy>0
“+” or “—" is used with the 7V, product depends on the direction of (r X V)., A simple way to
o determine the sign of the ¥, product is to compare the direction of V;; and the blade speed, U. As
” (AN shown in the margin, if ¥, and U are in the same direction, then the »V}, product is positive. If ¥

U and U are in opposite directions, the rV, product is negative. The sign of the shaft torque is
“+7if Ty.q 1 in the same direction along the axis of rotation as w, and “—"" otherwise.
The shaft power, W4 is related to shaft torque, 7y.q, bY

Wt = Toparn @ (5.51)
Thus, using Eqs. 5.50 and 5.51 with a “+” sign for T, in Eq. 5.50, we obtain
Vi/shaft = (_’/hin (trinw Vﬁin) + rhout(iroutw V()out) (5'52)
or since ro = U
Vi/shaft = (_’/hin (i UinVOin) + ’/hout(i UoutV()out) (5'53)

w__ 9

The “+” is used for the UV, product when U and V, are in the same direction; the “—

When shaft torque
and shaft rotation
are in the same
(opposite) direc-
tion, power is into
(out of) the fluid.

From Eq. 5.53, we obtain

is used when U and ¥}, are in opposite directions. Also, since + 7y, Was used to obtain Eq. 5.53,

when W4 is positive, power is into the fluid (for example, a pump), and when W, 4 is negative,
power is out of the fluid (for example, a turbine).

The shaft work per unit mass, wy,,q, can be obtained from the shaft power, Wz, by divid-
ing Eq. 5.53 by the mass flowrate, m. By conservation of mass,

m = my, = Mgy

Wehaft — _( * (]in VBin) + ( x Uout Veout)

(5.54)

The application of Egs. 5.50, 5.53, and 5.54 is demonstrated in Example 5.19. More exam-
ples of the application of Egs. 5.50, 5.53, and 5.54 are included in Chapter 12.

L SEULIGERE) vomencof Momentum—power

GIVEN An air fan has a bladed rotor of 12-in. outside di-
ameter and 10-in. inside diameter as illustrated in Fig.
E5.19a. The height of each rotor blade is constant at 1 in.
from blade inlet to outlet. The flowrate is steady, on a time-
average basis, at 230 ft*/min and the absolute velocity of the

SOLUTION

air at blade inlet, V,, is radial. The blade discharge angle is
30° from the tangential direction. The rotor rotates at a con-
stant speed of 1725 rpm.

FIND Estimate the power required to run the fan.

We select a fixed and nondeforming control volume that includes
the rotating blades and the fluid within the blade row at an instant, as
shown with a dashed line in Fig. E5.19a. The flow within this con-
trol volume is cyclical, but steady in the mean. The only torque we
consider is the driving shaft torque, 7y,,q. This torque is provided by
amotor. We assume that the entering and leaving flows are each rep-
resented by uniformly distributed velocities and flow properties.
Since shaft power is sought, Eq. 5.53 is appropriate. Application of
Eq. 5.53 to the contents of the control volume in Fig. E5.19 gives

0 (V, is radial)

Wepate = =i (2U¥g1) + tin(£Us Vi) @®

From Eq. 1 we see that to calculate fan power, we need mass
flowrate, m, rotor exit blade velocity, U,, and fluid tangential ve-
locity at blade exit, Vy,. The mass flowrate, m, is easily obtained
from Eq. 5.6 as

(2.38 X 10~ slug/ft*)(230 ft*/min)
(60 s/min)

m=pQ =
= 0.00912 slug/s ?2)

Often, problems involving fans are solved using English Engi-
neering units. Since 1slug = 32.174 Ibm, we could have used as
the density of air p,, = (2.38 X 107° slug/ft*)(32.1741bm/slug)
= 0.0766 Ibm/ft’.
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\\
Section (1)

2
/4
7™ Fixed

control volume

Dy =2r, =12 in. ————

D, =21 =10n.

Fixed
control volume

(a)
B FIGURE E5.19

Then
~ (0.0766 1bm/ft*)(230 ft’/min)
" (60 s/min)
The rotor exit blade speed, U,, is
(6 in.)(1725 rpm)(27r rad/rev)
(12 in./ft)(60 s/min)

= 0.294 Ibm/s

U2 = Inw =
= 90.3 ft/s ©)

To determine the fluid tangential speed at the fan rotor exit, V,,
we use Eq. 5.43 to get

V, =W, + 0, “)

The vector addition of Eq. 4 is shown in the form of a “velocity
triangle” in Fig. E5.19b. From Fig. E5.19b, we can see that

ng = U2 - W2 cos 30° (5)

To solve Eq. 5 for V), we need a value of W,, in addition to the
value of U, already determined (Eq. 3). To get I7,, we recognize
that

W, sin30° = V,, (6)

where V,, is the radial component of either W, or V,. Also, us-
ing Eq. 5.6, we obtain

m = pAyV,, @)
or since

Ay = 2 7o ®

(b)

where / is the blade height, Eqs. 7 and 8 combine to form

I’h = p27Tr2h Vr2 (9)
Taking Eqgs. 6 and 9 together we get
m pQ
w, = = 10
: p2mryh sin 30° p2aryh sin 30° (10
0

~ 2mryhsin 30°
Substituting known values into Eq. 10, we obtain
(230 ft*/min)(12 in./ft)(12 in./ft)
2T (60 s/min)277(6 in.)(1 in.) sin 30°
= 29.3 ft/s

By using this value of /7, in Eq. 5 we get
ng S U2 - W2 cos 30°
= 90.3 ft/s — (29.3 t/s)(0.866) = 64.9 ft/s

Equation 1 can now be used to obtain

T U — (0.00912 slug/s)(90.3 ft/s)(64.9 ft/s)
shaft = 1 22502 1 (Glug - /s2)/1b][550(ft - Ib)/(hp - 5)]

with BG units.
With EE units

(0.294 1bm/s)(90.3 ft/s)(64.9 ft/s)
[32.174 (Ibm - ft)/(1b/s*)][550 (ft - 1b)/(hp - 5)]

Wshaft =
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In either case

Wear = 0.097 hp (Ans)

COMMENT Note that the “+” was used with the U,V,
product because U, and V), are in the same direction. This result,

223

0.097 hp, is the power that needs to be delivered through the fan
shaft for the given conditions. Ideally, all of this power would go
into the flowing air. However, because of fluid friction, only some
of'this power will produce useful effects (e.g., movement and pres-
sure rise) on the air. How much useful effect depends on the effi-
ciency of the energy transfer between the fan blades and the fluid.

5.3 First Law of Thermodynamics—The Energy Equation
5.3.1 Derivation of the Energy Equation
The first law of thermodynamics for a system is, in words
time rate of net time rate of net time rate of
increase of the energy addition by  energy addition by
total stored energy = heat transfer into + work transfer into
of the system the system the system
In symbolic form, this statement is
D . . ) .
DJ epdV:(EQin_Eth) +(EVVin_EWout)
4 sys sys sys
The first law of or

thermodynamics is
a statement of con-
servation of energy.

Dt

J ep dV = (Q-l_iet + Wpet)sys
sys n in

(5.55)

Some of these variables deserve a brief explanation before proceeding further. The total stored
energy per unit mass for each particle in the system, e, is related to the internal energy per unit
mass, 77, the kinetic energy per unit mass, ?/2, and the potential energy per unit mass, gz, by the

equation

2

e=u+—_—+gz

5 (5.56)

The net rate of heat transfer into the system is denoted with Q.net i, and the net rate of work trans-
fer into the system is labeled W, ;,. Heat transfer and work transfer are considered “+” going into

the system and “—” coming out.

Equation 5.55 is valid for inertial and noninertial reference systems. We proceed to develop
the control volume statement of the first law of thermodynamics. For the control volume that is
coincident with the system at an instant of time

(Qpet + Wx_lel)sys = (Qpet + Wnet)coincidem
in in in

(5.57)

in control volume

Furthermore, for the system and the contents of the coincident control volume that is fixed and
nondeforming, the Reynolds transport theorem (Eq. 4.19 with the parameter b set equal to e) allows

us to conclude that

Dt
or in words,

the time rate

D d
J epd-V=JepdV+JepV-ﬁdA
sys cv Ccs

” (5.58)

the net rate of flow

the time rate of in-

of increase
of the total
stored energy
of the system

_ crease of the total stored
energy of the contents
of the control volume

of the total stored energy

+ out of the control
volume through the
control surface
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The energy equa-
tion involves stored
energy and heat
and work transfer.

Q3 T \/Qz

/
/

\ /
\ /O
~___-~

Ql T\Control Volume
Onet =01+ 0, -03-0y
n

F l
W =FV
= FV cos@

Chapter 5 B Finite Control Volume Analysis

Combining Egs. 5.55, 5.57, and 5.58 we get the control volume formula for the first law of ther-
modynamics:

epV - 1dd = (O + Woew (5.59)

9 J ep d¥ + J
at cv Ccs
The total stored energy per unit mass, e, in Eq. 5.59 is for fluid particles entering, leaving, and
within the control volume. Further explanation of the heat transfer and work transfer involved in
this equation follows. )

The heat transfer rate, O, represents all of the ways in which energy is exchanged between
the control volume contents and surroundings because of a temperature difference. Thus, radiation,
conduction, and/or convection are possible. As shown by the figure in the margin, heat transfer
into the control volume is considered positive, heat transfer out is negative. In many engineering
applications, the process is adiabatic; the heat transfer rate, Q is zero. The net heat transfer rate,
Oretin» can also be zero when 3 O, — SO0y =

The work transfer rate, W also called power, is positive when work is done on the contents
of the control volume by the surroundings. Otherwise, it is considered negative. Work can be trans-
ferred across the control surface in several ways. In the following paragraphs, we consider some
important forms of work transfer.

In many instances, work is transferred across the control surface by a moving shaft. In rotary
devices such as turbines, fans, and propellers, a rotating shaft transfers work across that portion of
the control surface that slices through the shaft. Even in reciprocating machines like positive dis-
placement internal combustion engines and compressors that utilize piston-in-cylinder arrangements,
a rotating crankshaft is used. Since work is the dot product of force and related displacement, rate
of work (or power) is the dot product of force and related displacement per unit time. For a rotat-
ing shaft, the power transfer, W, is related to the shaft torque that causes the rotation, 7y,,s, and
the angular velocity of the shaft, w, by the relationship

Wshaft =

T, shaft®@

When the control surface cuts through the shaft material, the shaft torque is exerted by shaft ma-
terial at the control surface. To allow for consideration of problems involving more than one shaft
we use the notation

shaft - E Wshaft E Wshaft

net in out

(5.60)

Work transfer can also occur at the control surface when a force associated with fluid nor-
mal stress acts over a distance. Consider the simple pipe flow illustrated in Fig. 5.6 and the con-
trol volume shown. For this situation, the fluid normal stress, o, is simply equal to the negative of
fluid pressure, p, in all directions; that is,

o= —-p (5.61)

This relationship can be used with varying amounts of approximation for many engineering prob-
lems (see Chapter 6). )

The power transfer, 7, associated with a force F acting on an object moving with velocity V
is given by the dot product F - V. This is illustrated by the figure in the margin. Hence, the power
transfer associated with normal stresses acting on a single fluid particle, 6 W o mar siess» Can be evalu-
ated as the dot product of the normal stress force, 6F o mai swess» ad the fluid particle velocity, V, as

6VVnormal stress 5Fnormal stress \4

If the normal stress force is expressed as the product of local normal stress, ¢ = —p, and
fluid particle surface area, fi 64, the result is

SWnormalslress =cofidd -V = —pfl 64 -V = —pV - fi 64

For all fluid particles on the control surface of Fig. 5.6 at the instant considered, power transfer
due to fluid normal stress, W, mai stress> 1S

Wnormal
stress

=JaV*ﬁdA=J—pV-ﬁdA (5.62)

cs cs
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Work is transferred
by rotating shaffts,
normal stresses,
and tangential
stresses.

5Wtangential stress = O
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Section (1) Control volume  Section (2) Pipe

AN

%ﬂ J _.{

Uy = Upnax

“max

1.([)2] B FIGURE 5.6 Simple, fully
R developed pipe flow.

e

Note that the value of ermal stress_for particles on the wetted inside surface of the pipe is zero be-
cause V - 11 is zero there. Thus, W, mai swess €a0 be nonzero only where fluid enters and leaves the
control volume. Although only a simple pipe flow was considered, Eq. 5.62 is quite general and
the control volume used in this example can serve as a general model for other cases.

Work transfer can also occur at the control surface because of tangential stress forces. Ro-
tating shaft work is transferred by tangential stresses in the shaft material. For a fluid particle, shear
stress force power, 8W  ngential siress» €an be evaluated as the dot product of tangential stress force,
OF yungential siress> and the fluid particle velocity, V. That is,

5I/Vtangential stress 5Ftangentia1 stress Vv

For the control volume of Fig. 5.6, the fluid particle velocity is zero everywhere on the wetted in-
side surface of the pipe. Thus, no tangential stress work is transferred across that portion of the
control surface. Furthermore, if we select the control surface so that it is perpendicular to the fluid
particle velocity, then the tangential stress force is also perpendicular to the velocity. Therefore,
the tangential stress work transfer is zero on that part of the control surface. This is illustrated in
the figure in the margin. Thus, in general, we select control volumes like the one of Fig. 5.6 and
consider fluid tangential stress power transfer to be negligibly small.

Using the information we have developed about power, we can express the first law of ther-
modynamics for the contents of a control volume by combining Egs. 5.59, 5.60, and 5.62 to obtain

9 . .
o J epd¥ + J epV - vdA = Qpet + Wyart — J pV - ndA (5.63)
cv cs in net in cs

When the equation for total stored energy (Eq. 5.56) is considered with Eq. 5.63, we obtain the
energy equation:

9 V2 . .
J epdV—l—J (a+’;+2+gz)pv~ﬁdA=Qm+ W (5.64)

at in net in

5.3.2 Application of the Energy Equation

In Eq. 5.64, the term /0t [ ep d¥ represents the time rate of change of the total stored energy,
e, of the contents of the control volume. This term is zero when the flow is steady. This term is
also zero in the mean when the flow is steady in the mean (cyclical).

In Eq. 5.64, the integrand of

2

J <L7+p+V+gz>pV-fldA
Ccs p 2

can be nonzero only where fluid crosses the control surface (V - it # 0). Otherwise, V - i is zero

and the integrand is zero for that portion of the control surface. If the properties within parenthe-

ses, i, p/p, V*/2, and gz, are all assumed to be uniformly distributed over the flow cross-sectional

areas involved, the integration becomes simple and gives

; V2 > < p Vz )
U+ —+-—+gz|pV-idd = v+ —+-—+gz|m
Jcs< p 2 g P flow p 2 g
out

7? .
—2(ﬁ+p++gz)m (5.65)
ﬂ_ow P 2
mn
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The energy equa-
tion is sometimes
written in terms of
enthalpy.

— Mg ¢

dA
Streamtube

BFIGURE 5.7
\% Streamtube flow.

Furthermore, if there is only one stream entering and leaving the control volume, then

VZ
J<ﬁ+z+2+g2)pV-ﬁdA=

(V+p+V2+ ) ; (V+p+V2+ > 5.66
u p 2 8z Ommout u p 2 8z mmm ( . )
Uniform flow as described above will occur in an infinitesimally small diameter streamtube as il-
lustrated in Fig. 5.7. This kind of streamtube flow is representative of the steady flow of a particle
of fluid along a pathline. We can also idealize actual conditions by disregarding nonuniformities
in a finite cross section of flow. We call this one-dimensional flow and although such uniform flow
rarely occurs in reality, the simplicity achieved with the one-dimensional approximation often jus-
tifies its use. More details about the effects of nonuniform distributions of velocities and other fluid
flow variables are considered in Section 5.3.4 and in Chapters 8, 9, and 10.

If shaft work is involved, the flow must be unsteady, at least locally (see Refs. 1 and 2). The
flow in any fluid machine that involves shaft work is unsteady within that machine. For example,
the velocity and pressure at a fixed location near the rotating blades of a fan are unsteady. How-
ever, upstream and downstream of the machine, the flow may be steady. Most often shaft work is
associated with flow that is unsteady in a recurring or cyclical way. On a time-average basis for
flow that is one-dimensional, cyclical, and involves only one stream of fluid entering and leaving
the control volume, Eq. 5.64 can be simplified with the help of Eqs. 5.9 and 5.66 to form

. Vou = Vi : :
m|:l’vlout - ﬁin + (p) - (p) + : + g(Zout - Zin) = Qnet + Wshaﬁ (5'67)
P/ out P/in 2 in net in

We call Eq. 5.67 the one-dimensional energy equation for steady-in-the-mean flow. Note that Eq. 5.67
is valid for incompressible and compressible flows. Often, the fluid property called enthalpy, h, where
f= i+ P (5.68)
p
is used in Eq. 5.67. With enthalpy, the one-dimensional energy equation for steady-in-the-mean
flow (Eq. 5.67) is

y . Ve — Vi : :
m hout - hin + % + g(zout - Zin) - Q;let + Wshaﬁ (5'69)

net in

Equation 5.69 is often used for solving compressible flow problems. Examples 5.20 and 5.21
illustrate how Eqgs. 5.67 and 5.69 can be used.

—EXAMPLE W41 Energy—Pump Power

GIVEN A pump delivers water at a steady rate of 300 gal/min as  the pump is zero. The rise in internal energy of water, i, — 1,, as-
shown in Fig. E5.20. Just upstream of the pump [section (1)]  sociated with a temperature rise across the pump is 93 ft - 1b/Ibm.
where the pipe diameter is 3.5 in., the pressure is 18 psi. Just The pumping process is considered to be adiabatic.
downstream of the pump [section (2)] where the pipe diameter is

1 in., the pressure is 60 psi. The change in water elevation across FIND  Determine the power (hp) required by the pump.
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SoLUTION

First Law of Thermodynamics—The Energy Equation

We include in our control volume the water contained in the pump
between its entrance and exit sections. Application of Eq. 5.67 to
the contents of this control volume on a time-average basis yields

0 (no elevation change)
. Vi - V2\
m{ﬁz — i + (E) - (E) R zl)}
2 1

p p 2

0 (adiabatic flow)
- Q/ + Watan (1

in net in

We can solve directly for the power required by the pump,
Whatt net in» from Eq. 1, after we first determine the mass flowrate,
m, the speed of flow into the pump, ¥;, and the speed of the flow
out of the pump, ¥,. All other quantities in Eq. 1 are given in the
problem statement. From Eq. 5.6, we get

(1.94 slugs/ft*)(300 gal/min)(32.174 Ibm/slug)
(7.48 gal/ft%)(60 s/min)
= 41.8 Ibm/s ?2)

= p0 =

Also from Eq. 5.6,

pod_ £
A wD%4
SO
0 (300 gal/min)4(12 in./ft)’
"7 A, (7.48 gal/fe)(60 s/min)r (3.5 in.)’
= 10.0 ft/s 3)
and
_— QO (300 gal/min)4 (12 in./ft)
2 A, (748 gal/ft)(60 s/min)m(1 in.)?
= 123 ft/s @)

227

Control volume

Q=
300 gal/min.

Section (2)

Section (1) P, = 60 psi

p1 =18 psi
U, — 17 = 93 ft-Ib/lbm
B FIGURE E5.20

Substituting the values of Egs. 2, 3, and 4 and values from the
problem statement into Eq. 1 we obtain

Wt = (41.8 lbm/s){(93 ft-1b/Ibm)

(60 psi)(144 in.?/ft?)
(1.94 slugs/ft*)(32.174 Tbm/slug)
(18 psi)(144 in.?/ft?)

* (1.94 slugs/ft*)(32.174 Ibm/slug)
(123 fi/s)? — (10.0 ft/s)?
2[32.174 (Ibm-ft)/(Ib-s?)] }

1
" [550(fv1b/s)/hp]

= 322hp (Ans)

COMMENT Of the total 32.2 hp, internal energy change ac-
counts for 7.09 hp, the pressure rise accounts for 7.37 hp, and the
kinetic energy increase accounts for 17.8 hp.

L FTXTTUIEFT] reray—Turbine Power per Unit Mass of Flow

GIVEN A steam turbine generator unit used to produce elec-
tricity is shown in Fig. E5.21a. Assume the steam enters a turbine
with a velocity of 30 m/s and enthalpy, /;, of 3348 kJ/kg (see Fig.
E5.21b). The steam leaves the turbine as a mixture of vapor and
liquid having a velocity of 60 m/s and an enthalpy of 2550 kJ/kg.
The flow through the turbine is adiabatic, and changes in eleva-
tion are negligible.

FIND Determine the work output involved per unit mass of
steam through-flow.

B FIGURE E5.21a
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SoLUTION

We use a control volume that includes the steam in the turbine
from the entrance to the exit as shown in Fig. E5.21h. Applying
Eq. 5.69 to the steam in this control volume we get

0 (elevation change is negligible)

0 (adiabatic flow)
s « - ) )
m h2 - hl + T + g(ZZ Zl) = Qpet g Wshaft (1)

net in

The work output per unit mass of steam through-flow, Wy, netin» €20
be obtained by dividing Eq. 1 by the mass flow rate, m, to obtain

Wshaft V2 _ VZ
net in > 7 2 1
Wenat = > = My — hy + 5 @
net in m
Since Wshaft net out— — Wshaft net in» W€ obtain
. V3 — v3
Wepattk = M1 — hp + ————
net out 2

or

Woae = 3348 kl/kg — 2550 kl/kg

[(30 m/s)* — (60 m/s)*][1J/(N-m)]
2[1 (kgm)/(N-%)](1000 J/kJ)

Section (1)
v, =30 m/s
hy = 3348 kJ/kg

Section (2)

V, =60 m/s
hy = 2550 kJ/kg

B FIGURE E5.21b

Thus,

Weaan = 3348 kJ/kg — 2550 kJ/kg — 1.35 kJ/kg

net out

= 797 kl/kg (Ans)
COMMENT Note that in this particular example, the change
in kinetic energy is small in comparison to the difference in en-
thalpy involved. This is often true in applications involving steam
turbines. To determine the power output, Wy, we must know
the mass flowrate, m.

V5.12 Pelton wheel
turbine

If the flow is steady throughout, one-dimensional, and only one fluid stream is involved, then the
shaft work is zero and the energy equation is

, Vi — Vi :
m|:1’vlout - ﬁin + (;D)) - (i) + = 2 - + g(Zout - Zin):| = Qnet
out in in

(5.70)

We call Eq. 5.70 the one-dimensional, steady flow energy equation. This equation is valid for in-
compressible and compressible flows. For compressible flows, enthalpy is most often used in the
one-dimensional, steady flow energy equation and, thus, we have

2 2
Vout B Vin

rh|:ilout - };in + 2 + g(zout - Zin):| = Qnet (5'71)

An example of the application of Eq. 5.70 follows.

L SLUIRFFA creroy—Temperature Change

GIVEN The 420-ft waterfall shown in Fig. E5.22a involves
steady flow from one large body of water to another.

SOLUTION

FIND Determine the temperature change associated with this
flow.

a small cross-sectional streamtube from the nearly motionless
surface of the upper body of water to the nearly motionless sur-
face of the lower body of water as is sketched in Fig. E5.225. We
need to determine 7, — 7. This temperature change is related to

To solve this problem we consider a control volume consisting of

the change of internal energy of the water, 7, — u;, by the rela-
tionship

u, —u
- T =—— a)
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B FIGURE E5.22a
[Photograph of Akaka Falls (Hawaii)
courtesy of Scott and Margaret Jones.]

where ¢ = 1 Btu/(Ibm - °R) is the specific heat of water. The ap-
plication of Eq. 5.70 to the contents of this control volume leads to

) V2 _ VZ
m[i[z + ay + <§) = (%) 3 % + g(z, — z;)
2 1

= O @)

We assume that the flow is adiabatic. Thus Q.ml i = 0. Also,

G)-C) ®

229

Section (1)
/

Control
volume

420 ft
Section (2)

B FIGURE E5.22b

because the flow is incompressible and atmospheric pressure pre-
vails at sections (1) and (2). Furthermore,

i="0=0 “@

because the surface of each large body of water is considered mo-
tionless. Thus, Egs. 1 through 4 combine to yield

gz — z)

IL,—-T = B

so that with
¢ = [1 Btu/(Ibm - °R)] (778 ft - Ib/Btu)
= [778 ft - Ib/(Ibm - °R)]
(32.2 ft/s?)(420 ft)

[778 ft - Ib/(Ibm - °R)][32.2 (Ibm - ft)/(Ib - s?)]
= 0.540 °R (Ans)

Tz_le

COMMENT Note that it takes a considerable change of po-
tential energy to produce even a small increase in temperature.

A form of the energy equation that is most often used to solve incompressible flow prob-

lems is developed in the next section.

5.3.3 Comparison of the Energy Equation with the Bernoulli Equation

When the one-dimensional energy equation for steady-in-the-mean flow, Eq. 5.67, is applied to a
flow that is steady, Eq. 5.67 becomes the one-dimensional, steady-flow energy equation, Eq. 5.70.
The only difference between Eq. 5.67 and Eq. 5.70 is that shaft power, W .q ot ins 1S zero if the
flow is steady throughout the control volume (fluid machines involve locally unsteady flow). If in
addition to being steady, the flow is incompressible, we get from Eq. 5.70

m| Uy — Uip +

pout _ & + Viut B V12n

Dividing Eq. 5.72 by the mass flowrate, m, and rearranging terms we obtain

Pout i Vgul
p 2

+ gz

p 2 + g(zoul - Zin) = Q'?net (5'72)
in Vlzn
= % + 2 + 8&Zin — (ﬁout - ﬁin - qnet) (5'73)
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where

Qnet in

Gnet = -

in m

is the heat transfer rate per mass flowrate, or heat transfer per unit mass. Note that Eq. 5.73 in-
volves energy per unit mass and is applicable to one-dimensional flow of a single stream of fluid
between two sections or flow along a streamline between two sections.

If the steady, incompressible flow we are considering also involves negligible viscous effects
(frictionless flow), then the Bernoulli equation, Eq. 3.7, can be used to describe what happens be-
tween two sections in the flow as

2 2
P Vout P Vin
) + YZout = Pin + )

Pout + + YZin (5'74)

where y = pg is the specific weight of the fluid. To get Eq. 5.74 in terms of energy per unit mass, so

that it can be compared directly with Eq. 5.73, we divide Eq. 5.74 by density, p, and obtain

Pout Vgut Pin V12n
4oout e 5.75
P ) T&w =T T g (5.75)
A comparison of Egs. 5.73 and 5.75 prompts us to conclude that
(5.76)

Uoyr — Uin — qpet =0
in

when the steady incompressible flow is frictionless. For steady incompressible flow with friction,
we learn from experience (second law of thermodynamics) that

u

out — Uin T Gnet >0

in

(5.77)

In Egs. 5.73 and 5.75, we can consider the combination of variables

2
§+7+gz

as equal to useful or available energy. Thus, from inspection of Egs. 5.73 and 5.75, we can con-

Minimizing loss is
the central goal of
fluid mechanical
design.

clude that z,, —

iy, — Gnetin Tepresents the /oss of useful or available energy that occurs in an in-
compressible fluid flow because of friction. In equation form we have

For a frictionless flow, Eqs. 5.73 and 5.75 tell us that loss equals zero.
It is often convenient to express Eq. 5.73 in terms of loss as

Pou
p 2

2
V out

Uout — Z‘iin T Gnet = loss (5.78)
Pin V12n
+ 8Zow = 3 + By + gz, — loss (5.79)

An example of the application of Eq. 5.79 follows.

GIVEN As shown in Fig. E5.23a, air flows from a room
through two different vent configurations: a cylindrical hole in
the wall having a diameter of 120 mm and the same diameter
cylindrical hole in the wall but with a well-rounded entrance.
The room pressure is held constant at 1.0 kPa above atmos-
pheric pressure. Both vents exhaust into the atmosphere. As dis-
cussed in Section 8.4.2, the loss in available energy associated
with flow through the cylindrical vent from the room to the vent

—EXAMPLE WY Energy—Effect of Loss of Available Energy

exit is 0.5V3/2 where V, is the uniformly distributed exit veloc-
ity of air. The loss in available energy associated with flow
through the rounded entrance vent from the room to the vent exit
is 0.0573/2, where V, is the uniformly distributed exit velocity
of air.

FIND Compare the volume flowrates associated with the two
different vent configurations.
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5.3 First Law of Thermodynamics — The Energy Equation

SOLUTION

We use the control volume for each vent sketched in Fig. E5.23a.
What is sought is the flowrate, Q = 4,V,, where 4, is the vent exit
cross-sectional area, and V is the uniformly distributed exit veloc-
ity. For both vents, application of Eq. 5.79 leads to

0 (no elevation change)

p V3 D1
p+;+g2:p+%+ 1_110552
0(V; =~ 0) @

where ;loss, is the loss between sections (1) and (2). Solving Eq.
1 for V, we get

v, = \/2[(’);’72) - 110552} @)

v
110552 = KL? (3)

Since

where K; is the loss coefficient (K; = 0.5 and 0.05 for the two vent
configurations involved), we can combine Egs. 2 and 3 to get

— 2
O (G S I
p 2

Solving Eq. 4 for V, we obtain

_ PL— P2
2= NGl + K] &)

Therefore, for flowrate, O, we obtain

_ _ LD% P~ P
Q=AM = TN+ K)/2] ©

For the rounded entrance cylindrical vent, Eq. 6 gives
(120 mm)?
- 4(1000 mm/m)?
(1.0 kPa)(1000 Pa/kPa)[ 1(N/m”)/(Pa)]
8 \/( 1.23 kg/m*)[(1 + 0.05)/2][1(N-s?)/(kg:m)]

or
0 = 0.445 m’/s (Ans)
For the cylindrical vent, Eq. 6 gives us
(120 mm)>
" 4(1000 mm /m)’

(1.0 kPa)(1000 Pa/kPa)[ 1(N/m?)/(Pa)]
(1.23 kg/m*)[(1 + 0.5)/2][1(N-5?)/(kg-m)]

231

| W\/\,
Control |

vqume\ﬂI
|

—~ )
Section (1) for Sl (2

both vents is
in the room and
involves 7, =0
p1 = 1.0 kPa \

\:
S —
V>

|
—_— D2:120mml —_—

b ———
/;/ ™ Section (2)

/,
/

Control |
volume\«I
|

B FIGURE E5.23a

or

0 = 0372m’/s (Ans)

COMMENT By repeating the calculations for various values
of the loss coefficient, K;, the results shown in Fig. E5.23b are
obtained. Note that the rounded entrance vent allows the passage
of more air than does the cylindrical vent because the loss asso-
ciated with the rounded entrance vent is less than that for the
cylindrical one. For this flow the pressure drop, p; — p,, has two
purposes: (1) overcome the loss associated with the flow, and (2)
produce the kinetic energy at the exit. Even if there were no loss
(i.e., K; = 0), a pressure drop would be needed to accelerate the
fluid through the vent.

0.5

0.4 1(0.05, 0.445 m%/s)
y

(0.5, 0.372 m%/s)

© 03

o

=

Qo2

0.1

0 0.1 0.2 0.3 0.4 0.5
KL

B FIGURE E5.23b

An important group of fluid mechanics problems involves one-dimensional, incompressible,
steady-in-the-mean flow with friction and shaft work. Included in this category are constant density
flows through pumps, blowers, fans, and turbines. For this kind of flow, Eq. 5.67 becomes

out — Uin +

Pou _ Pin |

2 _ 12
Vout Vin

5 (5.80)

net in

+ g(zout - Zin) = Qpet + Wshaft
in
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The mechanical
energy equation
can be written in
terms of energy per
unit mass.

V5.13 Energy
transfer

Chapter 5 B Finite Control Volume Analysis

Dividing Eq. 5.80 by mass flowrate and using the work per unit mass, wgy,; = Wshaﬁ /m, we
obtain net in net in

2 2
Pout Vout Pi Vi .
:)u + 20u t &Zou = f + 2111 + gzip + Wlsll:fitn - (uout -

If the flow is steady throughout, Eq. 5.81 becomes identical to Eq. 5.73, and the previous observation

(5.81)

Uin — qnet)
in

that 77, — %, — Gnerin €quals the loss of available energy is valid. Thus, we conclude that Eq. 5.81
can be expressed as
Pout Vgul Pin i2n
+ 4 =20+ 0 gz Wy — loss 5.82
p 2 8Zout p 2 8Zin W;}:I:tn ( )

This is a form of the energy equation for steady-in-the-mean flow that is often used for incompressible
flow problems. It is sometimes called the mechanical energy equation or the extended Bernoulli equa-
tion. Note that Eq. 5.82 involves energy per unit mass (ft - Ib/slug = ft%s* or N - m = m?%s?).

According to Eq. 5.82, when the shaft work is into the control volume, as for example with a
pump, a larger amount of loss will result in more shaft work being required for the same rise in avail-
able energy. Similarly, when the shaft work is out of the control volume (for example, a turbine), a
larger loss will result in less shaft work out for the same drop in available energy. Designers spend
a great deal of effort on minimizing losses in fluid flow components. The following examples demon-
strate why losses should be kept as small as possible in fluid systems.

—EXAMPLE -YX:-% Energy—Fan Work and Efficiency

GIVEN An axial-flow ventilating fan driven by a motor that
delivers 0.4 kW of power to the fan blades produces a 0.6-m-
diameter axial stream of air having a speed of 12 m/s. The flow
upstream of the fan involves negligible speed.

SoLuTION

FIND Determine how much of the work to the air actually pro-
duces useful effects, that is, fluid motion and a rise in available
energy. Estimate the fluid mechanical efficiency of this fan.

We select a fixed and nondeforming control volume as is illus-
trated in Fig. E5.24. The application of Eq. 5.82 to the contents of
this control volume leads to

0 (atmospheric pressures cancel) 0V, =0)

2
Wshaft _1OSSZG£+2+§2)_<%+/£+§1 Q)]
net in P 2 P 2

0 (no elevation change)

where Wyagnetin — 1088 18 the amount of work added to the air that
produces a useful effect. Equation 1 leads to

| 2 (12 m/s)?
et O T T 1 (kg m)/(N5Y)]
= 72.0 N-m/kg @) (Ans)

A reasonable estimate of efficiency, n, would be the ratio of
amount of work that produces a useful effect, Eq. 2, to the amount
of work delivered to the fan blades. That is
"t — loss

Wshaft
net in

n = Q3)

To calculate the efficiency, we need a value of Wy et in» Which is
related to the power delivered to the blades, Wgpas net in- We note
that

Wshaﬁ
_ net in (4)
Wshaft =
net in m

Section (1)

\
\\/Stream surface
N L/Control volume

oY
It
o
=—=

NNV /S

Section (2)

______ -1,

I
! D,= | V=12 mis
0.6 m

motor | J)

B F

G URE E5.24
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5.3 First Law of Thermodynamics — The Energy Equation 233
where the mass flowrate, 2, is (from Eq. 5.6) or
. ’TI'D% Wshaft — 95.8 N'm/kg (6)
m = pAV = p 2 |23 Q) net in
From Egs. 2, 3, and 6 we obtain
For fluid density, p, we use 1.23 kg/m® (standard air) and, thus,
i 72.0 N-m/k
from Eqgs. 4 and 5 we obtain 5= g _ 0752 (Ans)
. 95.8 N-m/kg
VVSh’;lfl
Wshatt = 7 O N
net in D5/4 9
' (pmDa/4)V> COMMENT Note that only 75% of the power that was deliv-
_ (0-4 kW)[1000 (Nm)/(skW)] ered to the air resulted in useful effects, and, thus, 25% of the
(1.23 kg/m*)[ (7)(0.6 m)*/4](12 m/s) shaft power is lost to air friction.
F I u i d s i n t h e N e w s

Curtain of air An air curtain is produced by blowing air through
a long rectangular nozzle to produce a high-velocity sheet of air,
or a “curtain of air.” This air curtain is typically directed over a
doorway or opening as a replacement for a conventional door.
The air curtain can be used for such things as keeping warm air
from infiltrating dedicated cold spaces, preventing dust and other
contaminates from entering a clean environment, and even just
keeping insects out of the workplace, still allowing people to en-
ter or exit. A disadvantage over conventional doors is the added

power requirements to operate the air curtain, although the ad-
vantages can outweigh the disadvantage for various industrial
applications. New applications for current air curtain designs
continue to be developed. For example, the use of air curtains as
a means of road tunnel fire security is currently being investi-
gated. In such an application, the air curtain would act to isolate
a portion of the tunnel where fire has broken out and not allow
smoke and fumes to infiltrate the entire tunnel system. (See
Problem 5.123.)

If Eq. 5.82, which involves energy per unit mass, is multiplied by fluid density, p, we obtain

P V<2>ut

Pou T

N

V5.14 Water plant

+ YZout = Pin +

Vi

+ YZin + PWshate — p(lOSS) (5'83)

net in

where y = pg is the specific weight of the fluid. Equation 5.83 involves energy per unit volume and
the units involved are identical with those used for pressure (ft - Ib/ft* = 1b/ft> or N - m/m* = N/m?).
If Eq. 5.82 is divided by the acceleration of gravity, g, we get

aerator
V2 ; v
Pow  Zow =P T —hy (5.84)
Y 2 2g
where
Wshat_‘t Wshaf_l
hs — Wehaft net in/g = f]m "= . (5'85)
mg vQ
is the shaft work head and h; = loss/g is the head loss. Equation 5.84 involves energy per unit weight
The energy equa-

tion written in

terms of energy
per unit weight
involves heads.

(ft- 1b/1b = ftor N - m/N = m). In Section 3.7, we introduced the notion of “head,” which is energy
per unit weight. Units of length (for example, ft, m) are used to quantify the amount of head involved.
If a turbine is in the control volume, /4, is negative because it is associated with shaft work out of
the control volume. For a pump in the control volume, %, is positive because it is associated with
shaft work into the control volume.

We can define a total head, H, as follows

V2
H= 4 +—+z
Yy 2
Then Eq. 5.84 can be expressed as
Hout = I{in + hs - hL
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HO\I[ T’
h
s
L ho—
- Z__ ~— F _____ Hm
L
hS
¢ ho+hy
o o o o ;
Il I A A
& 5 > >
~ ~ ~ ~
(=) o o o > o
i A I A Il v AV
~ ~ ~ ~ @ ~N =
~ ~ ~ ~ ~

B FIGURE 5.8 Total-head change in
fluid flows.

Some important possible values of H,, in comparison to H;, are shown in Fig. 5.8. Note that /4,
(head loss) always reduces the value of H,,, except in the ideal case when it is zero. Note also that
h; lessens the effect of shaft work that can be extracted from a fluid. When 4; = 0 (ideal condi-
tion) the shaft work head, %,, and the change in total head are the same. This head change is some-
times called “ideal head change.” The corresponding ideal shaft work head is the minimum required
to achieve a desired effect. For work out, it is the maximum possible. Designers usually strive to
minimize loss. In Chapter 12 we learn of one instance when minimum loss is sacrificed for sur-
vivability of fish coursing through a turbine rotor.

L SLXTIUREIE] Ereroy—Head Loss and Power Loss

GIVEN The pump shown in Fig. E5.25a adds 10 horsepower Se;tion @
to the water as it pumps water from the lower lake to the upper
lake. The elevation difference between the lake surfaces is 30 ft
and the head loss is 15 ft.

FIND Determine

(a) the flowrate and o
(b) the power loss associated with this flow.

Section (1)
SoLuTiON \

T

(a) The energy equation (Eq. 5.84) for this flow is

Flow

V2 V2
12+4+22:&+71+21+hs_m 1| "FIGURE E5.25a
Yy 2

Y 2g

where points 2 and 1 (corresponding to “out” and “in” in Eq.
5.84) are located on the lake surfaces. Thus, p, = p; = 0 and

’ H from Eq. 2
V, = ¥, = 0 so that Eq. 1 becomes enee, trom £9- <,

88.1/0 = 15 ft + 30 ft

hy=h + 2z, =z 2)
where z, = 30 ft,z;, = 0, and &, = 15 ft. The pump head is ob- or
tained from Eq. 5.85 as 0 = 1.96 ft*/s (Ans)
hs = Wshaft net in/y Q
= (10 hp)(550 ft1b/s/hp)(62.4 Ib/t) O COMMENT Note that in this example the purpose of the
— 88.1,0 pump is to lift the water (a 30-ft head) and overcome the head loss
’ (a 15-ft head); it does not, overall, alter the water’s pressure or
where A, is in ft when O is in ft*/s. velocity.
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(b) The power lost due to friction can be obtained from
Eq. 5.85 as

Wiess = v Ohy = (62.4 1b/ft%)(1.96 ft3/s)(15 ft)
= 1830 ftdb/s (1 hp/550 ft1b/s)

=333 hp (Ans)

COMMENTS The remaining 10 hp — 3.33 hp = 6.67 hp
that the pump adds to the water is used to lift the water from the

235

lower to the upper lake. This energy is not “lost,” but it is stored
as potential energy.

By repeating the calculations for various head losses, /;, the
results shown in Fig. E5.25b are obtained. Note that as the head
loss increases, the flowrate decreases because an increasing por-
tion of the 10 hp supplied by the pump is lost and, therefore, not
available to lift the fluid to the higher elevation.

35

0, ft¥/s

(15 ft, 1.96 ft3/s)

15 20 25

By, ft
B FIGURE E5.25b

A comparison of the energy equation and the Bernoulli equation has led to the concept of
loss of available energy in incompressible fluid flows with friction. In Chapter 8, we discuss in de-
tail some methods for estimating loss in incompressible flows with friction. In Section 5.4 and
Chapter 11, we demonstrate that loss of available energy is also an important factor to consider in

compressible flows with friction.

F | u i d s i n

t h e N e w s

Smart shocks Vehicle shock absorbers are dampers used to pro-
vide a smooth, controllable ride. When going over a bump, the rel-
ative motion between the tires and the vehicle body displaces a
piston in the shock and forces a viscous fluid through a small ori-
fice or channel. The viscosity of the fluid produces a sead loss that
dissipates energy to dampen the vertical motion. Current shocks
use a fluid with fixed viscosity. However, recent technology has
been developed that uses a synthetic oil with millions of tiny iron
balls suspended in it. These tiny balls react to a magnetic field

generated by an electric coil on the shock piston in a manner that
changes the fluid viscosity, going anywhere from essentially no
damping to a solid almost instantly. A computer adjusts the current
to the coil to select the proper viscosity for the given conditions
(i.e., wheel speed, vehicle speed, steering-wheel angle, lateral ac-
celeration, brake application, and temperature). The goal of these
adjustments is an optimally tuned shock that keeps the vehicle on
a smooth, even keel while maximizing the contact of the tires with
the pavement for any road conditions. (See Problem 5.107.)

5.3.4 Application of the Energy Equation to Nonuniform Flows

The forms of the energy equation discussed in Sections 5.3.2 and 5.3.3 are applicable to one-
dimensional flows, flows that are approximated with uniform velocity distributions where fluid

crosses the control surface.
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The kinetic energy
coefficient is used
to account for non-
uniform flows.

Parabolic
(laminar)

a=1.08

Turbulent

Uniform

<

Chapter 5 B Finite Control Volume Analysis

If the velocity profile at any section where flow crosses the control surface is not uniform,
inspection of the energy equation for a control volume, Eq. 5.64, suggests that the integral

V2
JZpV~ﬁdA

will require special attention. The other terms of Eq. 5.64 can be accounted for as already dis-
cussed in Sections 5.3.2 and 5.3.3.
For one stream of fluid entering and leaving the control volume, we can define the relationship

Lz V-hdd=rn (aoutV(z)ut _ ainVi2n>
Lo Py et =l 2

where « is the kinetic energy coefficient and V is the average velocity defined earlier in Eq. 5.7.
From the above we can conclude that

maV? J V2 V - i dd
= Zov-a
2 2

for flow through surface area 4 of the control surface. Thus,

J (V¥2)pV - f dA
a="2 s (5.86)

It can be shown that for any velocity profile, « = 1, with @ = 1 only for uniform flow. Some typical
velocity profile examples for flow in a conventional pipe are shown in the sketch in the margin. There-
fore, for nonuniform velocity profiles, the energy equation on an energy per unit mass basis for the
incompressible flow of one stream of fluid through a control volume that is steady in the mean is

a I72 in ainVizn
Pow | Gowou | o =P S0 o Wi — loss (5.87)
P 2 P 2 net in
On an energy per unit volume basis we have
oV a, V2
Dout + & 01; = + YZout = Pin + P + YZin + PWshatt — p(lOSS) (5'88)
net in
and on an energy per unit weight or head basis we have
= = w
ouf Aoy Vgu in Uiy Vlzn i};afiln
Pou | Zouwlou Py Gl et (5.89)
Y 2g Y 2g

The following examples illustrate the use of the kinetic energy coefficient.

—EXAMPLE WA Y Energy—Effect of Nonuniform Velocity Profile

GIVEN The small fan shown in Fig. E5.26 moves air at a
mass flowrate of 0.1 kg/min. Upstream of the fan, the pipe di-
ameter is 60 mm, the flow is laminar, the velocity distribution is
parabolic, and the kinetic energy coefficient, o, is equal to 2.0.
Downstream of the fan, the pipe diameter is 30 mm, the flow is
turbulent, the velocity profile is quite uniform, and the kinetic

energy coefficient, a,, is equal to 1.08. The rise in static pres-
sure across the fan is 0.1 kPa and the fan motor draws 0.14 W.

FIND Compare the value of loss calculated: (a) assuming uni-
form velocity distributions, (b) considering actual velocity distri-
butions.
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SOLUTION

Application of Eq. 5.87 to the contents of the control volume
shown in Fig. E5.26 leads to

0 (change in gz is negligible)

V3 o V3
123 n 2V 2 i QZZ _ P n 171 n g/
P 2 p 2
— loss + Wahatt 1)
net in
or solving Eq. 1 for loss we get
= a Vb3
loss = s — (Pz Pl) Ll @ba @
net in P 2 2

To proceed further, we need values of W netins Vi, and V5. These
quantities can be obtained as follows. For shaft work

power to fan motor

Wehatt =
net in m
or
(0.14 W)[(1 N - m/s)/W]
= 60 i
W;';??n 0.1 kg/min (60 s/min)
— 84.0N - m/kg 3)

For the average velocity at section (1), 171 , from Eq. 5.11 we obtain
— m
=

pA,

- (C))
p(mDi/4)

_ (0.1 kg/min) (1 min/60 s) (1000 mm/m)’

a (1.23 kg/m®)[7(60 mm)2/4]

= 0.479 m/s

For the average velocity at section (2), 172,
= _ (0.1 kg/min) (1 min/60 s) (1000 mm/m)?
P (1.23 kg/m®)[7(30 mm)?>/4]
= 1.92 m/s

(6))
(a) For the assumed uniform velocity profiles (¢, = a, = 1.0),
Eq. 2 yields

_(PZ_P1>+ﬁ_ﬁ ©)
P 2 2

Using Eqgs. 3, 4, and 5 and the pressure rise given in the problem
statement, Eq. 6 gives

loss = Wypaq
net in

N-m (0.1 kPa)(1000 Pa/kPa)(1 N/m?*/Pa)
loss = 84.0 =
kg 1.23 kg/m’
(0.479 m/s)? (1.92 m/s)?

2[1 (kg-m)/(N-s)] 21 (kg-m)/(N-s%)]

237

D, =30 mm
'
Turbulent -
flow
Section (2)
o, =1.08 /
\
|
|
Control volume :
1L
‘}tﬁf
e
Dy =60 mm —| ~—
Section (1) \_/C
;=20 1
Laminar flow
m =0.1 kg/min

B FIGURE E5.26

or
loss = 84.0 N - m/kg — 81.3 N - m/kg
+ 0.115N - m/kg — 1.84 N - m/kg

= 0.975 N - m/kg (Ans)

(b) For the actual velocity profiles (¢; = 2, @, = 1.08), Eq. 1

gives
_ 72 72
_<P P1)+ e =
p

> 2 U

10SS = Wgpap
net in

If we use Egs. 3, 4, and 5 and the given pressure rise, Eq. 7
yields
(0.1 kPa)(1000 Pa/kPa)(1 N/m?/Pa)

1.23 kg/m®
1.08(1.92 m/s)?

2[1 (kg - m)/(N - s%)]

loss = 84 N - m/kg —

2(0.479 m/s)?
2[1 (kg - m)/(N - s%)]

or
loss = 84.0 N - m/kg — 81.3 N - m/kg
+ 0.230 N - m/kg — 1.99 N - m/kg

= 0.940 N - m/kg (Ans)

COMMENT The difference in loss calculated assuming uni-
form velocity profiles and actual velocity profiles is not large
compared t0 Wypagi net in fOr this fluid flow situation.
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GIVEN Consider the flow situation of Example 5.14.

FIND Apply Eq. 5.87 to develop an expression for the fluid
pressure drop that occurs between sections (1) and (2). By compar-

SoLUTION

—EXAMPLE ¥4 Energy—Effect of Nonuniform Velocity Profile

ing the equation for pressure drop obtained presently with the re-
sult of Example 5.14, obtain an expression for loss between sec-
tions (1) and (2).

Application of Eq. 5.87 to the flow of Example 5.14 (see Fig.
ES5.14) leads to

0 (no shaft work)

+ gz — 1oss + Wyn 0))

net in

Solving Eq. 1 for the pressure drop, p; — p,, we obtain
aw;  awi

2 2

pPr=Pr= P +glzy —z) + 1055} (0))
Since the fluid velocity at section (1), w, is uniformly distributed
over cross-sectional area A4,, the corresponding kinetic energy
coefficient, a;, is equal to 1.0. The kinetic energy coefficient at
section (2), a,, needs to be determined from the velocity profile
distribution given in Example 5.14. Using Eq. 5.86 we get

J pw3 dA,
A,

a = 3)

e
Substituting the parabolic velocity profile equation into Eq. 3 we
obtain

pj @w,)’[1 — (//R?T 2ar dr

a, = ——
2

(pA;w)w3

From conservation of mass, since 4; = 4,

Wy = W, (4)

Then, substituting Eq. 4 into Eq. 3, we obtain

pSWSZWJR [1 — (#/R)*Prdr
o 0p77R2W3
or
a, = 1—62 [R [1 = 3(R)* + 3(/R)* — (/R)Jr dr
—5 ‘ ®

Now we combine Egs. 2 and 5 to get
20w3  1.0w?

2 2

Pr—P2=pP + g(z, — z;) + loss (6)
However, from conservation of mass w, = w; = w so that Eq. 6
becomes
pw?

pi =P =+ pg(z — z) + p(loss) @]
The term associated with change in elevation, pg(z, — z,), is equal
to the weight per unit cross-sectional area, ‘W/A, of the water con-
tained between sections (1) and (2) at any instant,

w
pglz = 21) = — ®)

Thus, combining Egs. 7 and 8 we get

—72
pw W
nop=— 4 p(loss) )

The pressure drop between sections (1) and (2) is due to:

1. The change in kinetic energy between sections (1) and (2) as-
sociated with going from a uniform velocity profile to a par-
abolic velocity profile.

2. The weight of the water column, that is, hydrostatic pressure
effect.

3. Viscous loss.

Comparing Eq. 9 for pressure drop with the one obtained in
Example 5.14 (i.e., the answer of Example 5.14) we obtain

— —>
pw w pw R, W
— = =t 2+ —
5 y p(loss) 3 i (10)
or
R, w2
loss = — — — (Ans)
pA 6

COMMENT We conclude that while some of the pipe wall
friction force, R., resulted in loss of available energy, a portion of
this friction, pAw?>/6, led to the velocity profile change.

5.3.5 Combination of the Energy Equation
and the Moment-of-Momentum Equation*

If Eq. 5.82 is used for one-dimensional incompressible flow through a turbomachine, we can use
Eq. 5.54, developed in Section 5.2.4 from the moment-of-momentum equation (Eq. 5.42), to evaluate

“This section may be omitted without loss of continuity in the text material. This section should not be considered without prior study
of Sections 5.2.3 and 5.2.4. All of these sections are recommended for those interested in Chapter 12.
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5.4 Second Law of Thermodynamics—Irreversible Flow

shaft work. This application of both Eqgs. 5.54 and 5.82 allows us to ascertain the amount of loss that
occurs in incompressible turbomachine flows as is demonstrated in Example 5.28.

L STUTICRHRTY creray—Fan Performance

GIVEN Consider the fan of Example 5.19.

FIND Show that only some of the shaft power into the air
is converted into useful effects. Develop a meaningful effi-

SoLUTION

ciency equation and a practical means for estimating lost shaft
energy.

We use the same control volume used in Example 5.19. Applica-

tion of Eq. 5.82 to the contents of this control volume yields
12 n N

=4=4 ==4H=4 + — loss

p 2 BT T e T e &

As in Example 5.26, we can see with Eq. 1 that a “useful effect”

in this fan can be defined as

useful effect = wy,; — loss

net in

VZ VZ
2(&+J+gzz)—(&+fl+gzl>
P 2 P 2

In other words, only a portion of the shaft work delivered to the
air by the fan blades is used to increase the available energy of the
air; the rest is lost because of fluid friction.

A meaningful efficiency equation involves the ratio of shaft
work converted into a useful effect (Eq. 2) to shaft work into the
air, W net in 1US, we can express efficiency, 7, as

@ (Ans)

Wshaft
netin loss

n= 3
Wshaft ( )
net in

However, when Eq. 5.54, which was developed from the moment-
of-momentum equation (Eq. 5.42), is applied to the contents of
the control volume of Fig. E5.19, we obtain

Wenatt = T UV “)

net in
Combining Eqgs. 2, 3, and 4, we obtain
n = {[(po/p) + (V3/2) + g2,]
= [(pi/p) + (V%/Z) + gz, [}/ UV
Equation 5 provides us with a practical means to evaluate the ef-

ficiency of the fan of Example 5.19.
Combining Egs. 2 and 4, we obtain

(%) (Ans)

(6) (Ans)

COMMENT Equation 6 provides us with a useful method of
evaluating the loss due to fluid friction in the fan of Example
5.19 in terms of fluid mechanical variables that can be mea-
sured.

5.4 Second Law of Thermodynamics—Irreversible Flow®

The second law of thermodynamics affords us with a means to formalize the inequality

5[2 - I’Vll T et =0 (5'90)

The second law of
thermodynamics
formalizes the no-
tion of loss.

for steady, incompressible, one-dimensional flow with friction (see Eq. 5.73). In this section we
continue to develop the notion of loss of useful or available energy for flow with friction. Min-
imization of loss of available energy in any flow situation is of obvious engineering impor-
tance.

5.4.1 Semi-infinitesimal Control Volume Statement
of the Energy Equation

If we apply the one-dimensional, steady flow energy equation, Eq. 5.70, to the contents of a con-
trol volume that is infinitesimally thin as illustrated in Fig 5.8, the result is

. 7?2 .
m[dﬁ v d(f)) ¥ d(z) v g(a’z)} =

SThis entire section may be omitted without loss of continuity in the text material.

(5.91)
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240 Chapter 5 B Finite Control Volume Analysis

The second law of
thermodynamics in-
volves entropy, heat
transfer, and tem-
perature.

z Semi-infinitesimal
control volume

Flow

B FIGURE 5.9 Semi-infinitesimal control volume.

For all pure substances including common engineering working fluids, such as air, water, oil, and
gasoline, the following relationship is valid (see, for example, Ref. 3).

1
Tds = dit + pd <p> (5.92)

where T is the absolute temperature and s is the entropy per unit mass.
Combining Egs. 5.91 and 5.92 we get

'[Td - d(l)+d<p)+d(V2)+ d}—éQ’
S R p 2) EE i

or, dividing through by 7 and letting 8¢, = 8Q,./1, we obtain

d 2
?p + d<V2> + gdz = —(Tds — 84y0) (5.93)
5.4.2 Semi-infinitesimal Control Volume Statement

of the Second Law of Thermodynamics

A general statement of the second law of thermodynamics is

D 59’?:‘)
= d¥ = 5.94
Dt Lys P 2 ( T sys ( )

or in words,

the time rate of increase of the ~ sum of the ratio of net heat

entropy of a system = transfer rate into system to
absolute temperature for each
particle of mass in the system
receiving heat from
surroundings

The right-hand side of Eq. 5.94 is identical for the system and control volume at the instant when
system and control volume are coincident; thus,

803 50m
(%) - =(F), (599

s
With the help of the Reynolds transport theorem (Eq. 4.19) the system time derivative can be ex-
pressed for the contents of the coincident control volume that is fixed and nondeforming. Using
Eq. 4.19, we obtain

D d
— d¥ = — d¥ + V - hdA 5.96
Dt szs sp at JCV Sp JCS sp ! ( )
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The relationship
between entropy
and heat transfer
rate depends on the
process involved.

5.4 Second Law of Thermodynamics—Irreversible Flow 241

For a fixed, nondeforming control volume, Eqs. 5.94, 5.95, and 5.96 combine to give

0 6Qnet
atj SpdV-I-J spV - fhdd = D T (5.97)

— S/) dV 0 (5.98)
at cy

If the flow consists of only one stream through the control volume and if the properties are uni-
formly distributed (one-dimensional flow), Egs. 5.97 and 5.98 lead to

80
m(*gout - sin) = E Tm (5.99)
For the infinitesimally thin control volume of Fig. 5.8, Eq. 5.99 yields
80
mds = ET‘“ (5.100)

If all of the fluid in the infinitesimally thin control volume is considered as being at a uniform tem-
perature, 7, then from Eq. 5.100 we get

Tds = 8¢y,

or

Tds — 8¢y = 0 (5.101)

The equality is for any reversible (frictionless) process; the inequality is for all irreversible (fric-
tion) processes.

5.4.3 Combination of the Equations of the First and Second Laws
of Thermodynamics

Combining Eqgs. 5.93 and 5.101, we conclude that

2
—[dp + d<V> + gdz} =0 (5.102)
p 2
The equality is for any steady, reversible (frictionless) flow, an important example being flow for
which the Bernoulli equation (Eq. 3.7) is applicable. The inequality is for all steady, irreversible
(friction) flows. The actual amount of the inequality has physical significance. It represents the
extent of loss of useful or available energy which occurs because of irreversible flow phenom-
ena including viscous effects. Thus, Eq. 5.102 can be expressed as

d) V2
—[If + d(z) + gdz} = 5(loss) = (T ds — 8q,,,) (5.103)

The irreversible flow loss is zero for a frictionless flow and greater than zero for a flow with
frictional effects. Note that when the flow is frictionless, Eq. 5.103 multiplied by density, p,
is identical to Eq. 3.5. Thus, for steady frictionless flow, Newton’s second law of motion (see
Section 3.1) and the first and second laws of thermodynamics lead to the same differential
equation,

2
% + d(g) +gdz=0 (5.104)
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242 Chapter 5 B Finite Control Volume Analysis

Zero loss is associ-
ated with the
Bernoulli equation.

If some shaft work is involved, then the flow must be at least locally unsteady in a cyclical
way and the appropriate form of the energy equation for the contents of an infinitesimally thin con-
trol volume can be developed starting with Eq. 5.67. The resulting equation is

d %
—[If + d(z) + gdz} = 5(108S) — SWypuq (5.105)

net in

Equations 5.103 and 5.105 are valid for incompressible and compressible flows. If we combine
Egs. 5.92 and 5.103, we obtain

1
dit + pd(p> — 8, = (loss) (5.106)

For incompressible flow, d(1/p) = 0 and, thus, from Eq. 5.106,
dit — 8¢, = 8(loss) (5.107)

Applying Eq. 5.107 to a finite control volume, we obtain

Uoyr — Uin — qpet = loss
in

which is the same conclusion we reached earlier (see Eq. 5.78) for incompressible flows.
For compressible flow, d(1/p) # 0, and thus when we apply Eq. 5.106 to a finite control vol-
ume we obtain

out
1
Uy = Ui + J pd <p) = Gpe = loss (5.108)

indicating that u,, — #;, — ¢nerin 1S NOt equal to loss.

5.4.4 Application of the Loss Form of the Energy Equation

Steady flow along a pathline in an incompressible and frictionless flow field provides a simple ap-
plication of the loss form of the energy equation (Eq. 5.105). We start with Eq. 5.105 and integrate
it term by term from one location on the pathline, section (1), to another one downstream, section
(2). Note that because the flow is frictionless, loss = 0. Also, because the flow is steady through-
out, Wenaninetin = 0. Since the flow is incompressible, the density is constant. The control volume
in this case is an infinitesimally small diameter streamtube (Fig. 5.7). The resultant equation is

+ gz, (5.109)

which is identical to the Bernoulli equation (Eq. 3.7) already discussed in Chapter 3.
If the frictionless and steady pathline flow of the fluid particle considered above was com-
pressible, application of Eq. 5.105 would yield

Ydp V3 Vi
— + -t gn= 7 + gz, (5.110)
1

To carry out the integration required, [ 12 (dp/p), a relationship between fluid density, p, and pres-
sure, p, must be known. If the frictionless compressible flow we are considering is adiabatic and in-
volves the flow of an ideal gas, it is shown in Section 11.1 that

Ek = constant (5.111)
p
where k = c,/c, is the ratio of gas specific heats, ¢, and c,, which are properties of the fluid. Us-
ing Eq. 5.111 we get
2
d k
J L _ <p2 - ;71) (5.112)
P k—=1\p2 P
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Thus, Egs. 5.110 and 5.112 lead to

Second Law of Thermodynamics—Irreversible Flow

243

(5.113)

Note that this equation is identical to Eq. 3.24. An example application of Egs. 5.109 and 5.113

follows.

GIVEN Air steadily expands adiabatically and without friction
from stagnation conditions of 100 psia and 520 °R to 14.7 psia.

SoLuTION

—EXAMPLE LYW4'N Energy—Comparison of Compressible and Incompressible Flow

FIND Determine the velocity of the expanded air assuming (a)
incompressible flow, (b) compressible flow.

(a) Ifthe flow is considered incompressible, the Bernoulli equa-
tion, Eq. 5.109, can be applied to flow through an infinitesimal
cross-sectional streamtube, like the one in Fig. 5.7, from the stag-
nation state (1) to the expanded state (2). From Eq. 5.109 we get

0 (1 is the stagnation state)

2
P2 V3 P Vi
++g2=+lz+g1 @
p 2 P

0 (changes in gz are negligible for air flow)

2 (171 P2>

p
We can calculate the density at state (1) by assuming that air be-
haves like an ideal gas,

or

Vz:

~pr (100 psia)(144 in /1Y)
~ RT, (1716 ft - Ib/slug - °R)(520 °R)
= 0.0161 slug/ft* Q?)

Thus,

B \/2(100 psia — 14.7 psia)(144 in.2/ft)
> N (0.016 slug/fe)[ 1 (Ib - s2)/(slug - f1)]

= 1240 ft/s (Ans)

The assumption of incompressible flow is not valid in this case
since for air a change from 100 psia to 14.7 psia would undoubt-
edly result in a significant density change.

(b) Ifthe flow is considered compressible, Eq. 5.113 can be ap-
plied to the flow through an infinitesimal cross-sectional control
volume, like the one in Fig. 5.7, from the stagnation state (1) to
the expanded state (2). We obtain

0 (1 is the stagnation state)

k V3 k
—&+—2+g2——ﬂ+ z
k—1 ps 2 1 p:

0 (changes in gz are negligible for air flow)

or

2k P2
vy = 1 <* - E) “)

Given in the problem statement are values of p; and p,. A value
of p; was calculated earlier (Eq. 2). To determine p, we need to
make use of a property relationship for reversible (frictionless)
and adiabatic flow of an ideal gas that is derived in Chapter 11;
namely,

% = constant Q)

where £ = 1.4 for air. Solving Eq. 5 for p, we get

or
14.7 psia
100 psi

Then, from Eq. 4, with p, = 100 lb/in.}(144 in.2/ft*) = 14,400
Ib/f* and p, = 14.7 Ib/in.}(144 in*/f®) = 2117 Ib/f,

Vo \/(2)(1.4) ( 14,400 Ib/f* 2117 Ib/f? >
2 1.4 — 1 \0.0161 slug/f  0.00409 slug/ft’
= 1620 (Ib - ft/slug)'?[(1 slug - ft/s*)/1b]'?

1/1.4
= (0.0161 slug/ft’) [ } = 0.00409 slug/ft*

or

V, = 1620 ft/s (Ans)
COMMENT A considerable difference exists between the air
velocities calculated assuming incompressible and compressible
flow. In Section 3.8.1, a discussion of when a fluid flow may be
appropriately considered incompressible is provided. Basically,
when flow speed is less than a third of the speed of sound in the
fluid involved, incompressible flow may be assumed with only a
small error.
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5.5 Chapter Summary and Study Guide

conservation of mass

continuity equation

mass flowrate

linear momentum
equation

moment-of-
momentum
equation

shaft power

shaft torque

first law of
thermodynamics

heat transfer rate

energy equation

loss

shaft work head

head loss

kinetic energy
coefficient

In this chapter the flow of a fluid is analyzed by using important principles including conservation of
mass, Newton’s second law of motion, and the first and second laws of thermodynamics as applied to
control volumes. The Reynolds transport theorem is used to convert basic system-orientated laws
into corresponding control volume formulations.

The continuity equation, a statement of the fact that mass is conserved, is obtained in a
form that can be applied to any flow—steady or unsteady, incompressible or compressible. Sim-
plified forms of the continuity equation enable tracking of fluid everywhere in a control volume,
where it enters, where it leaves, and within. Mass or volume flowrates of fluid entering or leav-
ing a control volume and rate of accumulation or depletion of fluid within a control volume can
be estimated.

The linear momentum equation, a form of Newton’s second law of motion applicable to flow
of fluid through a control volume, is obtained and used to solve flow problems. Net force results
from or causes changes in linear momentum (velocity magnitude and/or direction) of fluid flow-
ing through a control volume. Work and power associated with force can be involved.

The moment-of-momentum equation, which involves the relationship between torque and
changes in angular momentum, is obtained and used to solve flow problems dealing with turbines
(energy extracted from a fluid) and pumps (energy supplied to a fluid).

The steady-state energy equation, obtained from the first law of thermodynamics (conser-
vation of energy), is written in several forms. The first (Eq. 5.69) involves power terms. The sec-
ond form (Eq. 5.82 or 5.84) is termed the mechanical energy equation or the extended Bernoulli
equation. It consists of the Bernoulli equation with extra terms that account for energy losses due
to friction in the flow, as well as terms accounting for the work of pumps or turbines in the flow.

The following checklist provides a study guide for this chapter. When your study of the en-
tire chapter and end-of-chapter exercises has been completed you should be able to

m write out meanings of the terms listed here in the margin and understand each of the related
concepts. These terms are particularly important and are set in ifalic, bold, and color type
in the text.

m select an appropriate control volume for a given problem and draw an accurately labeled con-
trol volume diagram.

m use the continuity equation and a control volume to solve problems involving mass or vol-
ume flowrate.

m use the linear momentum equation and a control volume, in conjunction with the continuity
equation as necessary, to solve problems involving forces related to linear momentum change.

B use the moment-of-momentum equation to solve problems involving torque and related work
and power due to angular momentum change.

m use the energy equation, in one of its appropriate forms, to solve problems involving losses
due to friction (head loss) and energy input by pumps or extraction by turbines.

m use the kinetic energy coefficient in the energy equation to account for nonuniform flows.

Some of the important equations in this chapter are given below.
J
Conservation of mass Py J pd¥ + J pV-fdd =0 (5.5)
Mass flowrate m = pQ = pAV (5.6)
J pV - hdA
Average velocity =" &7
pA

Steady flow mass conservation E My — niy, = 0 (5.9)
Movi trol vol d

oving control volume Kl J pd¥ + J pW - hidd — 0 (5.16)
mass conservation at o o
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Problems 245
Deforming control volume DMy 9 R
mass conservation Di ot LV pd¥ + L pW - fidd =0 (5.17)
Force related to change in 9 N
linear momentum a | Vo VOV R = 2 e (522
Moving control volume force related N _
to change in linear momentum L WoW - fidd = 3 Fggg;fgfsvgf;gz (5.29)
Vector addition of absolute and relative velocities V=W+U (5.43)
Shaft torque from force 2|:(r X F)eontents Ofthei| = Tyun (5.45)
control volume_] axial
Shaft torque related to change in ) )
moment-of-momentum (angular Toan = (=min)(E730Voin) + Mo ErouVoou) — (5.50)
momentum)
Shaft power related to change in . ) )
moment-of-momentum (angular Wia = (=m3n)( £ UinViin) + Mou( = UouVgou) ~ (5.53)
momentum)
First law of P p ) )
thermodynamics — J epd¥ + J (ﬁ + =+ > + gz) pV - fdd = Quet + Wyarn  (5.64)
(Conservation of v o p in net in
energy)
y . Ve — Vi : .
Conservation of power I’;’l|:hom - h, + % + g(Zou — zm)] = Ouet + Wt (5.69)
in net in
COHSCI'V.atiOIl of Pout Vgut _ Pin Vlzn
mechanical energy 7 + BN + gZow = ? + — + 2ziy + Wgan — lOss (5.82)
net in
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Review Problems

Go to Appendix G for a set of review problems with answers. De-
tailed solutions can be found in Student Solution Manual and Study

Problems

Guide for Fundamentals of Fluid Mechanics, by Munson et al. (O
2009 John Wiley and Sons, Inc.).

Note: Unless otherwise indicated, use the values of fluid
properties found in the tables on the inside of the front cover.
Problems designated with an (¥) are intended to be solved
with the aid of a programmable calculator or a computer.
Problems designated with a () are “open-ended” problems
and require critical thinking in that to work them one must
make various assumptions and provide the necessary data.
There is not a unique answer to these problems.

Answers to the even-numbered problems are listed at the
end of the book. Access to the videos that accompany problems
can be obtained through the book’s web site, www.wiley.com/
college/munson. The lab-type problems can also be accessed on
this web site.

Section 5.1.1 Derivation of the Continuity Equation

5.1 Explain why the mass of the contents of a system is constant
with time.

5.2 Explain how the mass of the contents of a control volume can
vary with time or not.

5.3 Explain the concept of a coincident control volume and system
and why it is useful.

5.4 Obtain a photograph/image of a situation for which the con-
servation of mass law is important. Briefly describe the situation
and its relevance.
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Section 5.1.2 Fixed, Nondeforming Control Volume—
Uniform Velocity Profile or Average Velocity.

5.5 Water enters a cylindrical tank through two pipes at rates of
250 and 100 gal/min (see Fig. P5.5). If the level of the water in the
tank remains constant, calculate the average velocity of the flow
leaving the tank through an 8-in. inside-diameter pipe.

S ————

Section (1)
0

~— e

Section (2 1=
ection (2) =100 gal/min
Qz = \
-
250 gal/min ! Section (3)

B FIGURE P5.5

5.6 Water flows out through a set of thin, closely spaced blades as
shown in Fig. 5.6 with a speed of ¥ = 10 ft/s around the entire cir-
cumference of the outlet. Determine the mass flowrate through the
inlet pipe.

‘Inlet

—| = 0.08-ft diameter

Blades

[ o1

60°

) 4

V=10 ft/s
B FIGURE P5.6

5.7 The pump shown in Fig. P5.7 produces a steady flow of 10
gal/s through the nozzle. Determine the nozzle exit diameter, D,,
if the exit velocity is to be 7, = 100 ft/s.

Section (1)

V>

Pump Section (2)
é ) X\ DZ

<

t

B FIGURE P5.7

5.8 Water flows into a sink as shown in Video V5.1 and Fig. P5.8
at a rate of 2 gallons per minute. Determine the average velocity
through each of the three 0.4-in.-diameter overflow holes if
the drain is closed and the water level in the sink remains
constant.

Three 0.4—in.-diameter
overflow holes 0 =2 gal/min

B FIGURE P5.8

5.9 The wind blows through a 7 ft X 10 ft garage door opening
with a speed of 5 ft/s as shown in Fig. P5.9. Determine the average
speed, V, of the air through the two 3 ft X 4 ft openings in the win-
dows.

16 ft

|
|
|
1 \5 ft/s
|

| 22 ft
HEFIGURE P5.9

5.10 The human circulatory system consists of a complex branch-
ing pipe network ranging in diameter from the aorta (largest) to the
capillaries (smallest). The average radii and the number of these
vessels is shown in the table below. Does the average blood veloc-
ity increase, decrease, or remain constant as it travels from the aorta
to the capillaries?

Vessel Average Radius, mm Number
Aorta 12.5 1
Arteries 2.0 159
Arterioles 0.03 1.4 x 107
Capillaries 0.006 3.9 X 10°
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5.11 Air flows steadily between two cross sections in a long,
straight section of 0.1-m inside diameter pipe. The static tempera-
ture and pressure at each section are indicated in Fig. P5.11. If the
average air velocity at section (1) is 205 m/s, determine the average
air velocity at section (2).

Section (1) Section (2)
p1 =77 kPa (abs) P =45 kPa (abs)
T, =268 K T, =240 K
V,=205m/s

B FIGURE P5.11

5.12 A hydraulic jump (see Video V10.10) is in place downstream
from a spillway as indicated in Fig. P5.12. Upstream of the jump,
the depth of the stream is 0.6 ft and the average stream velocity is
18 ft/s. Just downstream of the jump, the average stream velocity is
3.4 ft/s. Calculate the depth of the stream, /4, just downstream of
the jump.

— 8 ft/s

T

B FIGURE P5.12

5.13 An evaporative cooling tower (see Fig. P5.13) is used to cool
water from 110 to 80°F. Water enters the tower at a rate of
250,000 Ibm/hr. Dry air (no water vapor) flows into the tower at a
rate of 151,000 Ibm/hr. If the rate of wet air flow out of the tower
is 156,900 Ibm/hr, determine the rate of water evaporation in
Ibm/hr and the rate of cooled water flow in lbm/hr.

Wet air
m = 156,900 Ibm/hr

t

Warm water s
m = 250,000 Ibm/hr

Cooled
water

Dry air =3
m = 151,000 Ibm/hr

B FIGURE P5.13

5.14 At cruise conditions, air flows into a jet engine at a steady
rate of 65 Ibm/s. Fuel enters the engine at a steady rate of 0.60 Ibm/s.
The average velocity of the exhaust gases is 1500 ft/s relative to the
engine. If the engine exhaust effective cross-sectional area is
3.5 ft?, estimate the density of the exhaust gases in Ibm/ft>.

247

Problems

5.15 Water at 0.1 m*/s and alcohol (SG=0.8) at 0.3 m?/s are mixed
in a y-duct as shown in Fig. 5.15. What is the average density of the
mixture of alcohol and water?

Water and
alcohol mix

~~

Water
0=0.1m%s

/

Alcohol (SG = 0.8)
0=03m%s

B FIGURE P5.15

5.16 Freshwater flows steadily into an open 55-gal drum initially
filled with seawater. The freshwater mixes thoroughly with the sea-
water and the mixture overflows out of the drum. If the freshwater
flowrate is 10 gal/min, estimate the time in seconds required to de-
crease the difference between the density of the mixture and the
density of freshwater by 50%.

Section 5.1.2 Fixed, Nondeforming Control Volume—
Nonuniform Velocity Profile

5.17 A water jet pump (see Fig. P5.17) involves a jet cross-sectional
area of 0.01 m?, and a jet velocity of 30 m/s. The jet is surrounded by
entrained water. The total cross-sectional area associated with the
jet and entrained streams is 0.075 m>. These two fluid streams leave
the pump thoroughly mixed with an average velocity of 6 m/s
through a cross-sectional area of 0.075 m”. Determine the pumping
rate (i.e., the entrained fluid flowrate) involved in liters/s.

6 m/s

Entrained
water

111

> 3Q m/s
>1 jet >

Entrained
water

111

B FIGURE P5.17

5.18 Two rivers merge to form a larger river as shown in
Fig. P5.18. At a location downstream from the junction (before the
two streams completely merge), the nonuniform velocity profile is
as shown and the depth is 6 ft. Determine the value of V.

T
50 ft
¥

Depth = 3 ft

Depth = 5 ft

B FIGURE P5.18
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5.19 Various types of attachments can be used with the shop vac
shown in Video V5.2. Two such attachments are shown in Fig. P5.19
—a nozzle and a brush. The flowrate is 1 ft¥/s. (a) Determine the
average velocity through the nozzle entrance, V,,. (b) Assume the air
enters the brush attachment in a radial direction all around the brush
with a velocity profile that varies linearly from 0 to V, along the length
of the bristles as shown in the figure. Determine the value of V.

0=11t%

0=11%s

l— 2-in. dia. B
v 4»‘ v, L—3—in. dia.—»‘
n
EFIGURE P5.19

5.20 An appropriate turbulent pipe flow velocity profile is

R —r\'",
V=u, i
R

where u, = centerline velocity, 7 = local radius, R = pipe radius,
and i = unit vector along pipe centerline. Determine the ratio of av-
erage velocity, u, to centerline velocity, u,, for (a) n = 4, (b) n = 6,
(¢)n = 8, (d) n = 10. Compare the different velocity profiles.

5.21 As shown in Fig. P5.21, at the entrance to a 3-ft-wide channel
the velocity distribution is uniform with a velocity V. Further down-
stream the velocity profile is given by u = 4y — 2)?, where u is in
ft/s and y is in ft. Determine the value of V.

1ft u=4y-2y°

i

f
0.7¢5 ft »

B FIGURE P5.21

5.22 A water flow situation is described by the velocity field equation
V=06x+2)1+Qy—4)) — 5k fi/s

where x, y, and z are in feet. (a) Determine the mass flowrate through
the rectangular area in the plane corresponding to z = 2 feet having
corners at (x, y,z) = (0,0, 2), (5,0, 2), (5, 5, 2),and (0, 5, 2) as shown
in Fig P5.22a. (b) Show that mass is conserved in the control volume
having corners at (x, v, z) = (0, 0, 2), (5, 0, 2), (5, 5, 2), (0, 5, 2), (0, 0, 0),
(5,0,0),(5,5,0),and (0, 5, 0), as shown in Fig. P5.225.

z z
2 2
—— |5 5
| 1,7 v v
S5l ___V 5
X X
(a) (b)

B FIGURE P5.22

5.23 An incompressible flow velocity field (water) is given as

1. 1.
V=—¢ +—¢m/s
r r

where 7 is in meters. (a) Calculate the mass flowrate through the
cylindrical surface at » = 1 m fromz = 0 to z = 1 m as shown in
Fig.P5.23a. (b) Show that mass is conserved in the annular control
volume from» = I mtor =2mandz = 0toz = 1 m as shown
in Fig. P5.235.

(a) (b)
B FIGURE P5.23

5.24 Flow of a viscous fluid over a flat plate surface results in the
development of a region of reduced velocity adjacent to the wetted
surface as depicted in Fig. P5.24. This region of reduced flow is
called a boundary layer. At the leading edge of the plate, the veloc-
ity profile may be considered uniformly distributed with a value U.
All along the outer edge of the boundary layer, the fluid velocity
component parallel to the plate surface is also U. If the x direction
velocity profile at section (2) is

1 B (X>1/7
U \s

develop an expression for the volume flowrate through the edge of
the boundary layer from the leading edge to a location downstream
at x where the boundary layer thickness is 6.

Section (2)
Section (1) U Oute(;fedge
v == -~ boundary
— ’,,"ﬂ_, T layer
< -7 —> S
/”
= | |
[

B FIGURE P5.24

Section 5.1.2 Fixed, Nondeforming Control Volume—
Unsteady Flow

5.25 Air at standard conditions enters the compressor shown in Fig.
P5.25 at arate of 10 ft*/s. It leaves the tank through a 1.2-in.-diame-
ter pipe with a density of 0.0035 slugs/ft* and a uniform speed of
700 ft/s. (a) Determine the rate (slugs/s) at which the mass of air in
the tank is increasing or decreasing. (b) Determine the average time
rate of change of air density within the tank.

Compressor

_ 3
Tank volume = 20 ft 1.2in.

700 ft/s
= 3
T 0.0035 slugs/ft

10 ft¥/s

0.00238 slugs/ft3
B FIGURE P5.25
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5.26 Estimate the time required to fill with water a cone-shaped
container (see Fig. P5.26) 5 ft high and 5 ft across at the top if the
filling rate is 20 gal/min.

[—;5 ft

B FIGURE P5.26

+5.27 Estimate the maximum flowrate of rainwater (during a heavy
rain) that you would expect from the downspout connected to the gut-
ters of your house. List all assumptions and show all calculations.

Section 5.1.3 Moving, Nondeforming Control Volume

5.28 For an automobile moving along a highway, describe the con-
trol volume you would use to estimate the flowrate of air across the
radiator. Explain how you would estimate the velocity of that air.

Section 5.1.4 Deforming Control Volume

5.29 A hypodermic syringe (see Fig. P5.29) is used to apply a vac-
cine. If the plunger is moved forward at the steady rate of 20 mm/s
and if vaccine leaks past the plunger at 0.1 of the volume flowrate out
the needle opening, calculate the average velocity of the needle exit
flow. The inside diameters of the syringe and the needle are 20 mm
and 0.7 mm.

AN

Q\eak -
_>[

-
<

r

B FIGURE P5.29

Qout
[

5.30 The Hoover Dam (see Video V2.4) backs up the Colorado
River and creates Lake Mead, which is approximately 115 miles long
and has a surface area of approximately 225 square miles. If during
flood conditions the Colorado River flows into the lake at a rate of
45,000 cfs and the outflow from the dam is 8000 cfs, how many feet
per 24-hour day will the lake level rise?

5.31 Storm sewer backup causes your basement to flood at the steady
rate of 1 in. of depth per hour. The basement floor area is 1500 ft*.
What capacity (gal/min) pump would you rent to (a) keep the water
accumulated in your basement at a constant level until the storm sewer
is blocked off, and (b) reduce the water accumulation in your base-
ment at a rate of 3 in./hr even while the backup problem exists?

5.32 (See Fluids in the News article “New 1.6 gpf standards,”
Section 5.1.2.) When a toilet is flushed, the water depth, 4, in the
tank as a function of time, 7, is as given in the table. The size of the
rectangular tank is 19 in. by 7.5 in. (a) Determine the volume of
water used per flush, gpf. (b) Plot the flowrate for0 =7 = 6.

£(s) h (in.)
0 5.70
0.5 533
1.0 4.80
2.0 3.45
3.0 2.40
4.0 1.50
5.0 0.75
6.0 0

249

Problems
Section 5.2.1 Derivation of the Linear Momentum
Equation

5.33 What is fluid linear momentum and the “flow” of linear
momentum?

5.34 Explain the physical meaning of each of the terms of the lin-
ear momentum equation (Eq. 5.22).

5.35 What is an inertial control volume?
5.36 Distinguish between body and surface forces.

5.37 Obtain a photograph/image of a situation in which the linear
momentum of a fluid changes during flow from one location to an-
other. Explain briefly how force is involved.

Section 5.2.2 Application of the Linear Momentum
Equation (Also see Lab Problems 5.140, 5.141, 5.142,
and 5.143.)

5.38 A 10-mm diameter jet of water is deflected by a homoge-
neous rectangular block (15 mm by 200 mm by 100 mm) that
weighs 6 N as shown in Video V5.6 and Fig. P5.38. Determine the
minimum volume flowrate needed to tip the block.

0.10m

B FIGURE P5.38

5.39 Determine the anchoring force required to hold in place the
conical nozzle attached to the end of the laboratory sink faucet
shown in Fig. P5.39 when the water flowrate is 10 gal/min. The
nozzle weight is 0.2 1b. The nozzle inlet and exit inside diameters
are 0.6 and 0.2 in., respectively. The nozzle axis is vertical and the
axial distance between sections (1) and (2) is 1.2 in. The pressure at
section (1) is 68 psi.

Section (1)
1.2in
Section (2) l
0.2in
Q=10 gal/min

B FIGURE P5.39

5.40 Water flows through a horizontal, 180° pipe bend as is illus-
trated in Fig. P5.40. The flow cross section area is constant at a value
of 9000 mm> The flow velocity everywhere in the bend is 15 m/s.
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B FIGURE P5.40

The pressures at the entrance and exit of the bend are 210 and 165 kPa,
respectively. Calculate the horizontal (x and y) components of the an-
choring force needed to hold the bend in place.

5.41 Water enters the horizontal, circular cross-sectional, sudden
contraction nozzle sketched in Fig. P5.41 at section (1) with a uni-
formly distributed velocity of 25 ft/s and a pressure of 75 psi. The
water exits from the nozzle into the atmosphere at section (2) where
the uniformly distributed velocity is 100 ft/s. Determine the axial
component of the anchoring force required to hold the contraction
in place.

| V=

100 ft/s

T Section (2)
|
D, = 3 in. | P2 =
: p1 =75 psi 0 psi
- Ir=25fls T AT
|

Section (1)

B FIGURE P5.41

5.42 The four devices shown in Fig. P5.42 rest on frictionless
wheels, are restricted to move in the x direction only, and are ini-
tially held stationary. The pressure at the inlets and outlets of each
is atmospheric, and the flow is incompressible. The contents of
each device is not known. When released, which devices will move
to the right and which to the left? Explain.

(a) (b)
@T—ﬁ @  ©
(c) (d)

B FIGURE P5.42

5.43 Exhaust (assumed to have the properties of standard air)
leaves the 4-ft-diameter chimney shown in Video V5.4 and
Fig. P5.43 with a speed of 6 ft/s. Because of the wind, after a few
diameters downstream the exhaust flows in a horizontal direction
with the speed of the wind, 15 ft/s. Determine the horizontal com-
ponent of the force that the blowing wind puts on the exhaust
gases.

B FIGURE P5.43

5.44 Air flows steadily between two cross sections in a long, straight
section of 12-in.-inside diameter pipe. The static temperature and pres-
sure at each section are indicated in Fig P5.44. If the average air
velocity at section (2) is 320 m/s, determine the average air velocity at
section (1). Determine the frictional force exerted by the pipe wall on
the air flowing between sections (1) and (2). Assume uniform velocity
distributions at each section.

Section (1) Section (2)
py = 690 kPa (abs) Py = 127 kPa (abs)
T, =300 K T,=252K
V, =320 m/s

B FIGURE P5.44

5.45 Determine the magnitude and direction of the anchoring force
needed to hold the horizontal elbow and nozzle combination shown
in Fig. P5.45 in place. Atmospheric pressure is 100 kPa(abs). The
gage pressure at section (1) is 100 kPa. At section (2), the water ex-
its to the atmosphere.

\Section (1)
p, =100 kPa
Vi=2mls

B FIGURE P5.45

5.46 Water flows as two free jets from the tee attached to the pipe
shown in Fig. P5.46. The exit speed is 15 m/s. If viscous effects
and gravity are negligible, determine the x and y components of the
force that the pipe exerts on the tee.

V=15m/s
Area = 0.3 m?

L.

Area=1m?

V=15m/s

Area = 0.5 m?

N N
B FIGURE P5.46

Pipe Tee
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5.47 A converging elbow (see Fig. P5.47) turns water through an
angle of 135° in a vertical plane. The flow cross section diameter is
400 mm at the elbow inlet, section (1), and 200 mm at the elbow out-
let, section (2). The elbow flow passage volume is 0.2 m? between
sections (1) and (2). The water volume flowrate is 0.4 m>/s and the
elbow inlet and outlet pressures are 150 kPa and 90 kPa. The elbow
mass is 12 kg. Calculate the horizontal (x direction) and vertical
(z direction) anchoring forces required to hold the elbow in place.

|
Section |

Section (2)

B FIGURE P5.47

5.48 The hydraulic dredge shown in Fig. P5.48 is used to dredge
sand from a river bottom. Estimate the thrust needed from the pro-
peller to hold the boat stationary. Assume the specific gravity of the
sand/water mixture is SG = 1.2.

2-ft diameter 30 fUs

B FIGURE P5.48

5.49 A static thrust stand is to be designed for testing a specific jet
engine. Knowing the following conditions for a typical test,

intake air velocity = 700 ft/s

exhaust gas velocity = 1640 ft/s
intake cross section area = 10 ft*
intake static pressure = 11.4 psia
intake static temperature = 480 °R

exhaust gas pressure = 0 psi

estimate a nominal thrust to design for.

5.50 A horizontal, circular cross-sectional jet of air having a diam-
eter of 6 in. strikes a conical deflector as shown in Fig. P5.50.
A horizontal anchoring force of 5 Ib is required to hold the cone in

—_— /
60°

—_— in.

=8

B FIGURE P5.50

FA—5Ib
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Problems

place. Estimate the nozzle flowrate in ft*/s. The magnitude of the
velocity of the air remains constant.

5.51 A vertical, circular cross-sectional jet of air strikes a conical de-
flector as indicated in Fig. P5.51. A vertical anchoring force of 0.1 N
is required to hold the deflector in place. Determine the mass (kg) of
the deflector. The magnitude of velocity of the air remains constant.

F,=0.1N

Z
NN

V=30 m/s B FIGURE P5.51

5.52 Water flows from a large tank into a dish as shown in Fig.
P5.52. (a) If at the instant shown the tank and the water in it
weigh | 1b, what is the tension, 7}, in the cable supporting the
tank? (b) If at the instant shown the dish and the water in it weigh
W, 1b, what is the force, F’,, needed to support the dish?

~—Tank

b,
B FIGURE P5.52

5.53 Two water jets of equal size and speed strike each other as
shown in Fig. P5.53. Determine the speed, V, and direction, 6, of
the resulting combined jet. Gravity is negligible.

V=10 ft/s =—p

v, =10 ft/s

B FIGURE P5.53
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5.54 Assuming frictionless, incompressible, one-dimensional flow
of water through the horizontal tee connection sketched in Fig.
P5.54, estimate values of the x and y components of the force exerted
by the tee on the water. Each pipe has an inside diameter of 1 m.

Section (3) Secti/on (2)

Section (1)

Vi =6m/s
p1 = 200 kPa

B FIGURE P5.54

5.55 Determine the magnitude of the horizontal component of the
anchoring force required to hold in place the sluice gate shown in
Fig. 5.55. Compare this result with the size of the horizontal com-
ponent of the anchoring force required to hold in place the sluice
gate when it is closed and the depth of water upstream is 10 ft.

1.5ft
4 ft/s

NS

!

B FIGURE P5.55

5.56 The rocket shown in Fig. P5.56. is held stationary by the hor-
izontal force, F, and the vertical force, F.. The velocity and pres-
sure of the exhaust gas are 5000 ft/s and 20 psia at the nozzle exit,
which has a cross section area of 60 in.2. The exhaust mass flowrate
is constant at 21 Ibm/s. Determine the value of the restraining force
F .. Assume the exhaust flow is essentially horizontal.

d

—
A -~
ﬁ/%\

Fz
B FIGURE P5.56

5.57 A horizontal circular jet of air strikes a stationary flat plate as
indicated in Fig. 5.57. The jet velocity is 40 m/s and the jet diameter

Vs
Dj =30 mm /
T 90°
=
40 m/s 30°
8 Fy

B FIGURE P5.57

is 30 mm. If the air velocity magnitude remains constant as the air
flows over the plate surface in the directions shown, determine: (a)
the magnitude of F, the anchoring force required to hold the plate
stationary; (b) the fraction of mass flow along the plate surface in
each of the two directions shown; (¢) the magnitude of 7, the an-
choring force required to allow the plate to move to the right at a
constant speed of 10 m/s.

5.58 Water is sprayed radially outward over 180° as indicated in
Fig. P5.58. The jet sheet is in the horizontal plane. If the jet veloc-
ity at the nozzle exit is 20 ft/s, determine the direction and magni-
tude of the resultant horizontal anchoring force required to hold the
nozzle in place.

8 in.ﬂ 0.5 in.
'
v V=

—_§ 20fts

B FIGURE P5.58

5.59 A sheet of water of uniform thickness (2 = 0.01 m) flows
from the device shown in Fig. P5.59. The water enters vertically
through the inlet pipe and exits horizontally with a speed that varies
linearly from 0 to 10 m/s along the 0.2-m length of the slit. Deter-
mine the y component of anchoring force necessary to hold this de-
vice stationary.

B FIGURE P5.59

5.60 A variable mesh screen produces a linear and axisymmetric
velocity profile as indicated in Fig. P5.60 in the air flow through a

Variable mesh screen

7
D=2ft - -

L5
I—>
A
Section (1) Section (2)
p1=0.2psi p,=0.15 psi
¥, =100 ft/s

B FIGURE P5.60
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2-ft-diameter circular cross section duct. The static pressures up-
stream and downstream of the screen are 0.2 and 0.15 psi and are
uniformly distributed over the flow cross section area. Neglecting
the force exerted by the duct wall on the flowing air, calculate the
screen drag force.

5.61 Water flows vertically upward in a circular cross-sectional
pipe as shown in Fig. P5.61. At section (1), the velocity profile over
the cross-sectional area is uniform. At section (2), the velocity pro-

file is
R—r\"".
V=wc< ) k
R

where V = local velocity vector, w, = centerline velocity in the
axial direction, R = pipe radius, and » = radius from pipe axis.
Develop an expression for the fluid pressure drop that occurs be-
tween sections (1) and (2).

Section (2) A |

Section (1)
B FIGURE P5.61

5.62 In a laminar pipe flow that is fully developed, the axial ve-
locity profile is parabolic. That is,

NG

as is illustrated in Fig. P5.62. Compare the axial direction momen-
tum flowrate calculated with the average velocity, u, with the axial
direction momentum flowrate calculated with the nonuniform ve-
locity distribution taken into account.

\ / 7

| | = >
—Rit—-”i{ s —{—]—

/ \

B FIGURE P5.62

15.63 Water from a garden hose is sprayed against your car to
rinse dirt from it. Estimate the force that the water exerts on the car.
List all assumptions and show calculations.

5.64 A Pelton wheel vane directs a horizontal, circular cross-
sectional jet of water symmetrically as indicated in Fig. P5.64 and
Video V5.6. The jet leaves the nozzle with a velocity of 100 ft/s.
Determine the x direction component of anchoring force required
to (a) hold the vane stationary, (b) confine the speed of the vane to
a value of 10 ft/s to the right. The fluid speed magnitude remains
constant along the vane surface.

Problems 253
BN
| 100
ft/s 10 ft/s
— —
D=1in

(a)
HFIGURE P5.64

5.65 How much power is transferred to the moving vane of Prob-
lem 5.64?

5.66 The thrust developed to propel the jet ski shown in Video
V9.11 and Fig. P5.66 is a result of water pumped through the vehi-
cle and exiting as a high-speed water jet. For the conditions shown
in the figure, what flowrate is needed to produce a 300-Ib thrust?
Assume the inlet and outlet jets of water are free jets.

3.5-in.-diameter
outlet jet

\25»in.2 inlet area

B FIGURE P5.66

5.67 (See Fluids in the News article titled “Where the plume
goes,” Section 5.2.2.) Air flows into the jet engine shown in Fig.
P5.67 at a rate of 9 slugs/s and a speed of 300 ft/s. Upon landing,
the engine exhaust exits through the reverse thrust mechanism
with a speed of 900 ft/s in the direction indicated. Determine the
reverse thrust applied by the engine to the airplane. Assume
the inlet and exit pressures are atmospheric and that the mass
flowrate of fuel is negligible compared to the air flowrate through
the engine.

V3 = 900 ft/s
(3)

. 4-ft diameter

v, = 300 ft/s
v, = 900 ft/s

B FIGURE P5.67

5.68 (See Fluids in the News article titled “Motorized surf-
board,” Section 5.2.2.) The thrust to propel the powered surfboard
shown in Fig. P5.68 is a result of water pumped through the board
that exits as a high-speed 2.75-in.-diameter jet. Determine the
flowrate and the velocity of the exiting jet if the thrust is to be
300 Ib. Neglect the momentum of the water entering the pump.
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B FIGURE P5.68

5.69 (See Fluids in the News article titled “Bow thrusters,” Sec-
tion 5.2.2). The bow thruster on the boat shown in Fig. P5.69 is
used to turn the boat. The thruster produces a 1-m-diameter jet of
water with a velocity of 10 m/s. Determine the force produced by
the thruster. Assume that the inlet and outlet pressures are zero and
that the momentum of the water entering the thruster is negligible.

V=10m/s

B FIGURE P5.69

5.70 A snowplow mounted on a truck clears a path 12 f# through
heavy wet snow, as shown in Figure P5.70. The snow is 8 in. deep
and its density is 10 Ibm/ft’. The truck travels at 30 mph. The snow
is discharged from the plow at an angle of 45° from the direction of
travel and 45° above the horizontal, as shown in Figure P5.70. Esti-
mate the force required to push the plow.

U =30 mph

0 = 45° A

(in plane of blade)

d=8in.¢

f

B FIGURE P5.70

&)

Section 5.2.3 Derivation of the Moment-of-Momentum
Equation

5.71 What is fluid moment-of-momentum (angular momentum)
and the “flow” of moment-of-momentum (angular momentum)?

5.72 Describe the orthogonal components of the moment-of-
momentum equation (Eq. 5.42) and comment on the direction of each.

5.73 Describe a few examples (include photographs/images) of
turbines where the force/torque of a flowing fluid leads to rotation
of a shaft.

5.74 Describe a few examples (include photographs/images) of
pumps where a fluid is forced to move by “blades” mounted on a
rotating shaft.

Section 5.2.4 Application of the Moment-of-Momentum
Equation

5.75 Water enters a rotating lawn sprinkler through its base at the
steady rate of 16 gal/min as shown in Fig. P5.75. The exit cross-
sectional area of each of the two nozzles is 0.04 in.2, and the flow
leaving each nozzle is tangential. The radius from the axis of rotation
to the centerline of each nozzle is 8 in. (a) Determine the resisting
torque required to hold the sprinkler head stationary. (b) Determine
the resisting torque associated with the sprinkler rotating with a con-
stant speed of 500 rev/min. (¢) Determine the angular velocity of the
sprinkler if no resisting torque is applied.

Q=16 gal/min

B FIGURE P5.75

5.76 Five liters/s of water enter the rotor shown in Video V5.10
and Fig. P5.76 along the axis of rotation. The cross-sectional area
of each of the three nozzle exits normal to the relative velocity is
18 mm?. How large is the resisting torque required to hold the rotor
stationary? How fast will the rotor spin steadily if the resisting
torque is reduced to zero and (a) 6 = 0°, (b) 6 = 30°, (¢) 6 = 60°?

Nozzle exit area normal to
/relative velocity = 18 mm?

B FIGURE P5.76

5.77 Shown in Fig. P5.77 is a toy “helicopter” powered by air
escaping from a balloon. The air from the balloon flows radially
through each of the three propeller blades and out through small
nozzles at the tips of the blades. Explain physically how this flow
can cause the rotation necessary to rotate the blades to produce the
needed lifting force.

5.78 A simplified sketch of a hydraulic turbine runner is shown in
Fig. P5.78. Relative to the rotating runner, water enters at section
(1) (cylindrical cross section area A, at »,=1.5 m) at an angle of
100° from the tangential direction and leaves at section (2) (cylin-
drical cross section area 4, at r,=0.85 m ) at an angle of 50° from
the tangential direction. The blade height at sections (1) and (2) is
0.45 m and the volume flowrate through the turbine is 30 m*/s. The
runner speed is 130 rpm in the direction shown. Determine the shaft
power developed.
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Balloon

B FIGURE P5.77

Section (1)

Section (2) *
HEFIGURE P5.78

5.79 A water turbine with radial flow has the dimensions shown in
Fig.P5.79.The absolute entering velocity is 50 ft/s, and it makes an

V, =50 ftfs

30°
et

‘«1 ft »‘

J,
h)

Section (1) Section (2)
HEFIGURE P5.79
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Problems

angle of 30° with the tangent to the rotor. The absolute exit veloc-
ity is directed radially inward. The angular speed of the rotor is 120
rpm. Find the power delivered to the shaft of the turbine.

5.80 Shown in Fig. P5.80 are front and side views of a centrifugal
pump rotor or impeller. If the pump delivers 200 liters/s of water
and the blade exit angle is 35° from the tangential direction, deter-
mine the power requirement associated with flow leaving at the
blade angle. The flow entering the rotor blade row is essentially ra-
dial as viewed from a stationary frame.

B FIGURE P5.80

5.81 The velocity triangles for water flow through a radial pump
rotor are as indicated in Fig. P5.81. (a) Determine the energy added
to each unit mass (kg) of water as it flows through the rotor. (b)
Sketch an appropriate blade section.

NN
.\/fo@ Q)é\ *
Y
"

B FIGURE P5.81

5.82 An axial flow turbomachine rotor involves the upstream (1)
and downstream (2) velocity triangles shown in Fig.P5.82. Is this
turbomachine a turbine or a fan? Sketch an appropriate blade sec-
tion and determine energy transferred per unit mass of fluid.

(Wil =w,l

W, U, =30 ft/s W, U, =30 ft/s

=

Ly, =20fts 60"/

B FIGURE P5.82
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5.83 An axial flow gasoline pump (see Fig. P5.83) consists of a ro-
tating row of blades (rotor) followed downstream by a stationary row
of blades (stator). The gasoline enters the rotor axially (without any an-
gular momentum) with an absolute velocity of 3 m/s. The rotor blade
inlet and exit angles are 60° and 45° from the axial direction. The
pump annulus passage cross-sectional area is constant. Consider the
flow as being tangent to the blades involved. Sketch velocity triangles
for flow just upstream and downstream of the rotor and just down-
stream of the stator where the flow is axial. How much energy is
added to each kilogram of gasoline? Is this an actual or ideal amount?

Arithmetic
mean radius blade
60° sections

Vi=3m/s

B FIGURE P5.83

5.84 Sketch the velocity triangles for the flows entering and leaving
the rotor of the turbine-type flow meter shown in Fig. P5.84. Show
how rotor angular velocity is proportional to average fluid velocity.

Magnetic sensK

Turbine

B FIGURE P5.84
Technology, Inc.)

(Courtesy of EG&G Flow

5.85 By using velocity triangles for flow upstream (1) and down-

stream (2) of a turbomachine rotor, prove that the shaft work in per

unit mass flowing through the rotor is
Vi-Vi+U-UI+W2—-W3

Wehaft =
net in 2

where V' = absolute flow velocity magnitude, W = relative flow
velocity magnitude, and U = blade speed.

Section 5.3.1 Derivation of the Energy Equation

5.86 Distiguish between shaft work and other kinds of work asso-
ciated with a flowing fluid.

5.87 Define briefly what heat transfer is. What is an adiabatic
flow? Give several practical examples of nearly adiabatic flows.

Section 5.3.2 Application of the Energy Equation — No
Shaft Work and Section 5.3.3 Comparison of the Energy
Equation with the Bernoulli Equation

5.88 What is enthalpy and why is it useful for energy considera-
tions in fluid mechanics?

5.89 Cite a few examples of evidence of loss of available energy in
actual fluid flows. Why does loss occur?

5.90 Is zero heat transfer a necessary condition for application of
the Bernoulli equation (Eq. 5.75)?

5.91 A 1000-m-high waterfall involves steady flow from one large
body to another. Detemine the temperature rise associated with this
flow.

5.92 A 100-ft-wide river with a flowrate of 2400 ft¥/s flows over a
rock pile as shown in Fig. P5.92. Determine the direction of flow
and the head loss associated with the flow across the rock pile.

Rock pile

B FIGURE P5.92

5.93 Air steadily expands adiabatically and without friction from
stagnation conditions of 690 kpa (abs) and 290 K to a static pres-
sure of 101 kpa (abs). Determine the velocity of the expanded air
assuming: (a) incompressible flow; (b) compressible flow.

5.94 A horizontal Venturi flow meter consists of a converging—di-
verging conduit as indicated in Fig. P5.94. The diameters of cross
sections (1) and (2) are 6 and 4 in. The velocity and static pressure
are uniformly distributed at cross sections (1) and (2). Determine
the volume flowrate (ft*/s) through the meter if p; — p, = 3 psi,
the flowing fluid is oil (p = 56 Ibm/ft), and the loss per unit mass
from (1) to (2) is negligibly small.

Dy=6in. Section (1)

Section (2)
HFIGURE P5.94

5.95 Oil(SG = 0.9) flows downward through a vertical pipe con-
traction as shown in Fig. P5.95. If the mercury manometer reading,
h, is 100 mm, determine the volume flowrate for frictionless flow.
Is the actual flowrate more or less than the frictionless value?
Explain.

5.96 An incompressible liquid flows steadily along the pipe
shown in Fig. P5.96. Determine the direction of flow and the head
loss over the 6-m length of pipe.
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100 mmJ

B FIGURE P5.96

5.97 Water flows through a vertical pipe, as is indicated in
Fig. P5.97. Is the flow up or down in the pipe? Explain.

[T

h
Mercury
B FIGURE P5.97

5.98 A circular disk can be lifted up by blowing on it with the de-
vice shown in Fig. P5.98. Explain why this happens.

B FIGURE P5.98
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Problems

5.99 A siphon is used to draw water at 20°C from a large container
as indicated in Fig. P5.99. Does changing the elevation, 4, of the
siphon centerline above the water level in the tank vary the flowrate
through the siphon? Explain. What is the maximum allowable
value of /?

HFIGURE P5.99

5.100 A water siphon having a constant inside diameter of 3 in. is
arranged as shown in Fig. P5.100. If the friction loss between 4 and
B is 0.87%/2, where V is the velocity of flow in the siphon, deter-
mine the flowrate involved.

3in.—»

B FIGURE P5.100

5.101 Water flows through a valve (see Fig.P5.101) at the rate of
1000 lbm/s. The pressure just upstream of the valve is 90 psi and the
pressure drop across the valve is 50 psi. The inside diameters of
the valve inlet and exit pipes are 12 and 24 in. If the flow through
the valve occurs in a horizontal plane determine the loss in avail-
able energy across the valve.

!

12 in.

- 24 in.

B FIGURE P5.101

5.102 Compare the volume flowrates associated with two differ-
ent vent configurations, a cylindrical hole in the wall having a di-
ameter of 4 in. and the same diameter cylindrical hole in the wall
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but with a well-rounded entrance (see Fig. P5.102). The room is
held at a constant pressure of 1.5 psi above atmospheric. Both vents
exhaust into the atmosphere. The loss in available energy associ-
ated with flow through the cylindrical vent from the room to the
vent exit is 0.5V%/2, where V, is the uniformly distributed exit veloc-
ity of air. The loss in available energy associated with flow through
the rounded entrance vent from the room to the vent exit is
0.05V%/2, where V, is the uniformly distributed exit velocity of air.

N\
)

BEpue

~
-

) |
e

2
B FIGURE P5.102

5.103 A gas expands through a nozzle from a pressure of 300 psia
to a pressure of 5 psia. The enthalpy change involved, 4, — h,,
is 150 Btu/Ibm. If the expansion is adiabatic but with frictional ef-
fects and the inlet gas speed is negligibly small, determine the exit
gas velocity.

5.104 For the 180° elbow and nozzle flow shown in Fig. P5.104,
determine the loss in available energy from section (1) to section (2).
How much additional available energy is lost from section (2) to
where the water comes to rest?

p1=15psi
Vi =5ft/s >

B FIGURE P5.104

5.105 An automobile engine will work best when the back pressure
at the interface of the exhaust manifold and the engine block is min-
imized. Show how reduction of losses in the exhaust manifold, pip-
ing, and muffler will also reduce the back pressure. How could
losses in the exhaust system be reduced? What primarily limits the
minimization of exhaust system losses?

15.106 Explain how, in terms of the loss of available energy in-
volved, a home sink water faucet valve works to vary the flow
from the shutoff condition to maximum flow. Explain how you
would estimate the size of the overflow drain holes needed in the
sink of Video V5.1 (Video V3.9 may be helpful).

5.107 (See Fluids in the News article titled “Smart shocks,” Section
5.3.3.) A 200-1b force applied to the end of the piston of the shock ab-
sorber shown in Fig. P5.107 causes the two ends of the shock absorber
to move toward each other with a speed of 5 ft/s. Determine the head
loss associated with the flow of the oil through the channel. Neglect
gravity and any friction force between the piston and cylinder walls.

Oil

Piston—{] |

Channel —

1-in. diameter —H|

200 Ib
B FIGURE P5.107

Section 5.3.2 Application of the Energy Equation—With
Shaft Work

5.108 What is the maximum possible power output of the hydro-
electric turbine shown in Fig.P5.108?

Turbine

B FIGURE P5.108

5.109 The pumper truck shown in Fig. P5.109 is to deliver
1.5 ft¥/s to a maximum elevation of 60 ft above the hydrant. The
pressure at the 4-in.-diameter outlet of the hydrant is 10 psi. If head
losses are negligibly small, determine the power that the pump
must add to the water.

60 ft

10 psi
4-in.
diameter

|

Hydrant
HFIGURE P5.109
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5.110 The hydroelectric turbine shown in Fig. P5.110 passes 8 million
gal/min across a head of 600 ft. What is the maximum amount of
power output possible? Why will the actual amount be less?

Turbine

B FIGURE P5.110

5.111 A pump is to move water from a lake into a large, pressur-
ized tank as shown in Fig. P5.111 at a rate of 1000 gal in 10 min or
less. Will a pump that adds 3 hp to the water work for this purpose?
Support your answer with appropriate calculations. Repeat the prob-
lem if the tank were pressurized to 3, rather than 2, atmospheres.

p=2atm
Air

B FIGURE P5.111

5.112 A hydraulic turbine is provided with 4.25 m?/s of water at
415 kPa. A vacuum gage in the turbine discharge 3 m below the
turbine inlet centerline reads 250 mm Hg vacuum. If the turbine
shaft output power is 1100 kW, calculate the power loss through
the turbine. The supply and discharge pipe inside diameters are
identically 80 mm.

5.113 Water is supplied at 150 ft*/s and 60 psi to a hydraulic tur-
bine through a 3-ft inside diameter inlet pipe as indicated in Fig.
P5.113. The turbine discharge pipe has a 4-ft inside diameter. The
static pressure at section (2), 10 ft below the turbine inlet, is 10-in.
Hg vacuum. If the turbine develops 2500 hp, determine the power
lost between sections (1) and (2).

pp =60 psi3
. 0 =150 ft¥/s
Section (1) Dy=3 1t
10 ft
po = 10-in. Hg
vacuum

Dy=4 1t

\Section (2)

B FIGURE P5.113
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Problems

5.114 A centrifugal air compressor stage operates between an in-
let stagnation pressure of 14.7 psia and an exit stagnation pressure
of 60 psia. The inlet stagnation temperature is 80 °F. If the loss of
total pressure through the compressor stage associated with irre-
versible flow phenomena is 10 psi, estimate the actual and ideal
stagnation temperature rise through the compressor. Estimate the
ratio of ideal to actual temperature rise to obtain an approximate
value of the efficiency.

5.115 Water is pumped through a 4-in.-diameter pipe as shown in
Fig. P5.115a. The pump characteristics (pump head versus
flowrate) are given in Fig. P5.115b. Determine the flowrate if the
head loss in the pipe is 2, = 8V?/2g.

0, ftd/s
(a) (b)
B FIGURE P5.115

5.116 Water is pumped from the large tank shown in Fig. P5.116.
The head loss is known to be equal to 4V2/2g and the pump head is
h, = 20 — 407, where h, is in ft when Q is in ft’/s. Determine the
flowrate.

Pipe area = 0.10 ft?
HFIGURE P5.116

5.117 When a fan or pump is tested at the factory, head curves
(head across the fan or pump versus volume flowrate) are often
produced. A generic fan or pump head curve is shown in
Fig.P5.117a. For any piping system, the drop in pressure or head
involved because of loss can be estimated as a function of vol-
ume flowrate. A generic piping system loss curve is shown in
Fig.P5.117h. When the pump or fan and piping system associated
with the two curves of Fig.P5.117 are combined, what will the
flowrate be? Why? How can the flowrate through this combined
system be varied?

w0 c
38 a =
= e 9w
O v =
© 2 o wn
a -7
®s R oo
e 2 o £
I(U Ie_
She 58

0, Volume flowrate 0, Volume flowrate
(a) (b)

B FIGURE P5.117
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5.118 Water flows by gravity from one lake to another as sketched in
Fig. P5.118 at the steady rate of 80 gpm. What is the loss in available
energy associated with this flow? If this same amount of loss is asso-
ciated with pumping the fluid from the lower lake to the higher one at
the same flowrate, estimate the amount of pumping power required.

B FIGURE P5.118

5.119 Water is pumped from a tank, point (1), to the top of a wa-
ter plant aerator, point (2), as shown in Video V5.14 and Fig.
P5.119 at a rate of 3.0 ft¥/s. (a) Determine the power that the pump
adds to the water if the head loss from (1) to (2) where V, = 0is 4 ft.
(b) Determine the head loss from (2) to the bottom of the aerator
column, point (3), if the average velocity at (3) is V5 = 2 ft/s.

/— Aerator column

Ve

_ 4L (Pump) ~—

B FIGURE P5.119

5.120 A liquid enters a fluid machine at section (1) and leaves at
sections (2) and (3) as shown in Fig. P5.120. The density of the fluid
is constant at 2 slugs/ 6. All of the flow occurs in a horizontal plane
and is frictionless and adiabatic. For the above-mentioned and ad-
ditional conditions indicated in Fig. P5.120, determine the amount
of shaft power involved.

T po =50 psia
V, =35 ft/s

Section (2)

]
Section (3)/'I

p3 = 14.7 psia
V3 =45 ft/s

| .
Section (1)
L Ay=5in2

p1 = 80 psia
¥, = 15 ft/s
4,=30in.2

B FIGURE P5.120

5.121 Water is to be moved from one large reservoir to another at
a higher elevation as indicated in Fig. P5.121. The loss of available

Section (2)

8-in. inside-
diameter pipe

Section (1)
™ /V

B FIGURE P5.121

energy associated with 2.5 ft*/s being pumped from sections (1) to
(2)is loss = 617°%/2 ft*/s*, where V is the average velocity of wa-
ter in the 8-in. inside diameter piping involved. Determine the
amount of shaft power required.

5.122 Water is to be pumped from the large tank shown in Fig.
P5.122 with an exit velocity of 6 m/s. It was determined that the
original pump (pump 1) that supplies 1 kW of power to the water
did not produce the desired velocity. Hence, it is proposed that an
additional pump (pump 2) be installed as indicated to increase the
flowrate to the desired value. How much power must pump 2 add to
the water? The head loss for this flow is 4, = 250 0%, where A, is in
m when Q is in m*/s.

Nozzle area = 0.01 m?

Ve 6 ms . /Pipe area = 0.02 m?
g 1 Pump | | Pump
t L#2 ] L #1
2m
| W VAl
AV

B FIGURE P5.122

5.123 (See Fluids in the News article titled “Curtain of air,” Sec-
tion 5.3.3.) The fan shown in Fig. P5.123 produces an air curtain to
separate a loading dock from a cold storage room. The air curtain is
ajet ofair 10 ft wide, 0.5 ft thick moving with speed V' = 30 ft/s. The
loss associated with this flow is loss = K;V'%/2, where K, = 5. How
much power must the fan supply to the air to produce this flow?

NN

Fan |
I

Y= 30 ft/%/Air curtain

(0.5-ft thickness)

| |*=—Open door

B FIGURE P5.123

Section 5.3.2 Application of the Energy Equation—
Combined with Linear momentum

5124 Ifa %—hp motor is required by a ventilating fan to produce a
24-in. stream of air having a velocity of 40 ft/s as shown in
Fig. P5.124, estimate (a) the efficiency of the fan and (b) the thrust
of the supporting member on the conduit enclosing the fan.

5.125 Air flows past an object in a pipe of 2-m diameter and exits
as a free jet as shown in Fig. P5.125. The velocity and pressure up-
stream are uniform at 10 m/s and 50 N/m?, respectively. At the
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.—12 m/s

A

p=50NM* J_ 10 s
BEFIGURE P5.125

pipe exit the velocity is nonuniform as indicated. The shear stress
along the pipe wall is negligible. (a) Determine the head loss asso-
ciated with a particle as it flows from the uniform velocity upstream
of the object to a location in the wake at the exit plane of the pipe.
(b) Determine the force that the air puts on the object.

5.126 Water flows through a 2-ft-diameter pipe arranged horizon-
tally in a circular arc as shown in Fig. P5.126. If the pipe discharges
to the atmosphere (p = 14.7 psia) determine the x and y components
of the resultant force exerted by the water on the piping between
sections (1) and (2). The steady flowrate is 3000 ft*/min. The loss in
pressure due to fluid friction between sections (1) and (2) is 60 psi.

y
X
90° Section (2)
1000 ft
Section (1) /'
7\
Fl — \“l
?) o Vi B FIGURE P5.126

5.127 Water flows steadily down the inclined pipe as indicated in
Fig. P5.127. Determine the following: (a) the difference in pressure

Mercury

B FIGURE P5.127
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Problems

P1 — P> (b) the loss between sections (1) and (2), (c) the net axial
force exerted by the pipe wall on the flowing water between sec-
tions (1) and (2).

5.128 Water flows steadily in a pipe and exits as a free jet through
an end cap that contains a filter as shown in Fig. P5.128. The flow
is in a horizontal plane. The axial component, R, of the anchoring
force needed to keep the end cap stationary is 60 1b. Determine the
head loss for the flow through the end cap.

R =60 Ib
Area = 0.10 ft2 * !

Area=0.12 ft?

1V=10ﬁ‘js
B FIGURE P5.128

5.129 When fluid flows through an abrupt expansion as indicated
in Fig. P5.129, the loss in available energy across the expansion,
loss,,, is often expressed as

AN V3
lossey = |1 — — | —
4,) 2

where 4, = cross-sectional area upstream of expansion, 4, =
cross-sectional area downstream of expansion, and V; = velocity
of flow upstream of expansion. Derive this relationship.

_»

—_
(

Section (1)

Section (2)
HEFIGURE P5.129

5.130 Two water jets collide and form one homogeneous jet as
shown in Fig. P5.130. (a) Determine the speed, V, and direction, 6,
of the combined jet. (b) Determine the loss for a fluid particle flow-
ing from (1) to (3), from (2) to (3). Gravity is negligible.

B FIGURE P5.130
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Section 5.3.4 Application of the Energy Equation to
Nonuniform Flows

5.131 Water flows vertically upward in a circular cross-sectional
pipe. At section (1), the velocity profile over the cross-sectional area
is uniform. At section (2), the velocity profile is

R—r\".
V=w, k
R

where V = local velocity vector, w, = centerline velocity in the
axial direction, R = pipe inside radius, and, » = radius from pipe
axis. Develop an expression for the loss in available energy be-
tween sections (1) and (2).

5.132 The velocity profile in a turbulent pipe flow may be approx-
imated with the expression

u o (R - r)l/”
U, R

where u = local velocity in the axial direction, #, = centerline ve-
locity in the axial direction, R = pipe inner radius from pipe axis,
r = local radius from pipe axis, and » = constant. Determine the
kinetic energy coefficient, a, for (a) n = 5, (b) n = 6, (¢) n = 7,
(d)yn=28,()yn=29,(f)n=10.

5.133 A small fan moves air at a mass flowrate of 0.004 Ibm/s. Up-
stream of the fan, the pipe diameter is 2.5 in., the flow is laminar, the
velocity distribution is parabolic, and the kinetic energy coefficient,
a, is equal to 2.0. Downstream of the fan, the pipe diameter is 1 in.,
the flow is turbulent, the velocity profile is quite flat, and the kinetic
energy coefficient, a,, is equal to 1.08. If the rise in static pressure
across the fan is 0.015 psi and the fan shaft draws 0.00024 hp, com-
pare the value of loss calculated: (a) assuming uniform velocity dis-
tributions, (b) considering actual velocity distributions.

Section 5.3.5 Combination of the Energy Equation
and the Moment-of-Momentum Equation

5.134 Air enters a radial blower with zero angular momentum. It
leaves with an absolute tangential velocity, V;, of 200 ft/s. The ro-
tor blade speed at rotor exit is 170 ft/s. If the stagnation pressure
rise across the rotor is 0.4 psi, calculate the loss of available energy
across the rotor and the rotor efficiency.

5.135 Water enters a pump impeller radially. It leaves the impeller
with a tangential component of absolute velocity of 10 m/s. The
impeller exit diameter is 60 mm, and the impeller speed is 1800
rpm. If the stagnation pressure rise across the impeller is 45 kPa,
determine the loss of available energy across the impeller and the
hydraulic efficiency of the pump.

5.136 Water enters an axial-flow turbine rotor with an absolute ve-
locity tangential component, ¥, of 15 ft/s. The corresponding blade
velocity, U, is 50 ft/s. The water leaves the rotor blade row with no
angular momentum. If the stagnation pressure drop across the tur-
bine is 12 psi, determine the hydraulic efficiency of the turbine.

5.137 An inward flow radial turbine (see Fig. P5.137) involves a
nozzle angle, ;, of 60° and an inlet rotor tip speed, U;, of 30 ft/s.
The ratio of rotor inlet to outlet diameters is 2.0. The radial compo-
nent of velocity remains constant at 20 ft/s through the rotor, and
the flow leaving the rotor at section (2) is without angular momen-
tum. If the flowing fluid is water and the stagnation pressure drop
across the rotor is 16 psi, determine the loss of available energy
across the rotor and the hydraulic efficiency involved.

5.138 An inward flow radial turbine (see Fig. P5.137) involves a
nozzle angle, a;, of 60° and an inlet rotor tip speed of 30 ft/s. The
ratio of rotor inlet to outlet diameters is 2.0. The radial component
of velocity remains constant at 20 ft/s through the rotor, and the

U, =
30 ft/s

B FIGURE P5.137

flow leaving the rotor at section (2) is without angular momentum.
If the flowing fluid is air and the static pressure drop across the ro-
tor is 0.01 psi, determine the loss of available energy across the ro-
tor and the rotor aerodynamic efficiency.

Section 5.4 Second Law of Thermodynamics—
Irreversible Flow

5.139 Why do all actual fluid flows involve loss of available energy?

B Lab Problems

5.140 This problem involves the force that a jet of air exerts on a
flat plate as the air is deflected by the plate. To proceed with this
problem, go to Appendix H which is located on the book’s web site,
www.wiley.com/college/munson.

5.141 This problem involves the pressure distribution produced on
a flat plate that deflects a jet of air. To proceed with this problem, go
to Appendix H which is located on the book’s web site, www.
wiley.com/college/munson.

5.142 This problem involves the force that a jet of water exerts on
a vane when the vane turns the jet through a given angle. To proceed
with this problem, go to Appendix H which is located on the book’s
web site, www.wiley.com/college/munson.

5.143 This problem involves the force needed to hold a pipe elbow
stationary. To proceed with this problem, go to Appendix H which is
located on the book’s web site, www.wiley.com/college/munson.

B Life Long Learning Problems

5.144 What are typical efficiencies associated with swimming
and how can they be improved?

5.145 Explain how local ionization of flowing air can accelerate
it. How can this be useful?

5.146 Discuss the main causes of loss of available energy in a
turbo-pump and how they can be minimized. What are typical
turbo-pump efficiencies?

5.147 Discuss the main causes of loss of available energy in a
turbine and how they can be minimized. What are typical turbine
efficiencies?

B FE Exam Problems

Sample FE (Fundamentals of Engineering) exam questions for fluid
mechanics are provided on the book’s web site, www.wiley.com/
college/munson.
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CHAPTER OPENING PHOTO: Flow past an inclined plate: The streamlines of a viscous fluid flowing slowly
past a two-dimensional object placed between two closely spaced plates (a Hele-Shaw cell) approximate
inviscid, irrotational (potential) flow. (Dye in water between glass plates spaced 1 mm apart.) (Photography
courtesy of D. H. Peregrine.)

Learning Objectives

After completing this chapter, you should be able to:
m determine various kinematic elements of the flow given the velocity field.

m explain the conditions necessary for a velocity field to satisfy the continuity
equation.

m apply the concepts of stream function and velocity potential.
m characterize simple potential flow fields.
m analyze certain types of flows using the Navier—Stokes equations.

In the previous chapter attention is focused on the use of finite control volumes for the solution
of a variety of fluid mechanics problems. This approach is very practical and useful, since it does
not generally require a detailed knowledge of the pressure and velocity variations within the control
volume. Typically, we found that only conditions on the surface of the control volume were needed,
and thus problems could be solved without a detailed knowledge of the flow field. Unfortunately,
there are many situations that arise in which the details of the flow are important and the finite
control volume approach will not yield the desired information. For example, we may need to
know how the velocity varies over the cross section of a pipe, or how the pressure and shear stress
vary along the surface of an airplane wing. In these circumstances we need to develop relationships
that apply at a point, or at least in a very small infinitesimal region within a given flow field. This
approach, which involves an infinitesimal control volume, as distinguished from a finite control
volume, is commonly referred to as differential analysis, since (as we will soon discover) the
governing equations are differential equations.

263
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V6.1 Spinning

Jfootball-velocity
contours

V6.2 Spinning

football-velocity
vectors

In this chapter we will provide an introduction to the differential equations that describe (in
detail) the motion of fluids. Unfortunately, we will also find that these equations are rather complicated,
non-linear partial differential equations that cannot be solved exactly except in a few cases, where
simplifying assumptions are made. Thus, although differential analysis has the potential for supplying
very detailed information about flow fields, this information is not easily extracted. Nevertheless, this
approach provides a fundamental basis for the study of fluid mechanics. We do not want to be too
discouraging at this point, since there are some exact solutions for laminar flow that can be obtained,
and these have proved to be very useful. A few of these are included in this chapter. In addition, by
making some simplifying assumptions many other analytical solutions can be obtained. For example,
in some circumstances it may be reasonable to assume that the effect of viscosity is small and can
be neglected. This rather drastic assumption greatly simplifies the analysis and provides the
opportunity to obtain detailed solutions to a variety of complex flow problems. Some examples of
these so-called inviscid flow solutions are also described in this chapter.

It is known that for certain types of flows the flow field can be conceptually divided into two
regions—a very thin region near the boundaries of the system in which viscous effects are important,
and a region away from the boundaries in which the flow is essentially inviscid. By making certain
assumptions about the behavior of the fluid in the thin layer near the boundaries, and using the
assumption of inviscid flow outside this layer, a large class of problems can be solved using
differential analysis. These boundary layer problems are discussed in Chapter 9. Finally, it is to be
noted that with the availability of powerful computers it is feasible to attempt to solve the differential
equations using the techniques of numerical analysis. Although it is beyond the scope of this book
to delve extensively into this approach, which is generally referred to as computational fluid
dynamics (CFD), the reader should be aware of this approach to complex flow problems. CFD has
become a common engineering tool and a brief introduction can be found in Appendix A. To
introduce the power of CFD, two animations based on the numerical computations are provided
as shown in the margin.

We begin our introduction to differential analysis by reviewing and extending some of the
ideas associated with fluid kinematics that were introduced in Chapter 4. With this background the
remainder of the chapter will be devoted to the derivation of the basic differential equations (which
will be based on the principle of conservation of mass and Newton’s second law of motion) and
to some applications.

6.1 Fluid Element Kinematics

Fluid element mo-
tion consists of
translation, linear
deformation, rota-
tion, and angular
deformation.

In this section we will be concerned with the mathematical description of the motion of fluid elements
moving in a flow field. A small fluid element in the shape of a cube which is initially in one position
will move to another position during a short time interval ¢ as illustrated in Fig. 6.1. Because of
the generally complex velocity variation within the field, we expect the element not only to translate
from one position but also to have its volume changed (linear deformation), to rotate, and to undergo
a change in shape (angular deformation). Although these movements and deformations occur
simultaneously, we can consider each one separately as illustrated in Fig. 6.1. Since element motion
and deformation are intimately related to the velocity and variation of velocity throughout the flow
field, we will briefly review the manner in which velocity and acceleration fields can be described.

Element at 7, Element at 7, + &1

//’// /
r |
I ;
| |
|
|
_

O

' | : o _‘ : I et | —
| | ' l \ \ - /
I | ' I \ \ / /

i _—T = I |+ | + \ \ + / /
L—=—"1 | —___ .| | \ \ /

I " /=]

General Translation Linear Rotation Angular
motion deformation deformation

B FIGURE 6.1 Typesof motion and deformation for a fluid element.
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The acceleration of
a fluid particle is
described using the
concept of the ma-
terial derivative.

6.1 Fluid Element Kinematics 265

6.1.1 Velocity and Acceleration Fields Revisited

As discussed in detail in Section 4.1, the velocity field can be described by specifying the velocity
V at all points, and at all times, within the flow field of interest. Thus, in terms of rectangular
coordinates, the notation V (x, y, z, #) means that the velocity of a fluid particle depends on where
it is located within the flow field (as determined by its coordinates, x, y, and z) and when it
occupies the particular point (as determined by the time, 7). As is pointed out in Section 4.1.1,
this method of describing the fluid motion is called the Eulerian method. It is also convenient to
express the velocity in terms of three rectangular components so that

V =ui + 0] + wk (6.1)

where u, v, and w are the velocity components in the x, y, and z directions, respectively, and
i, j, and k are the corresponding unit vectors, as shown by the figure in the margin. Of course,
each of these components will, in general, be a function of x, y, z, and 7. One of the goals of
differential analysis is to determine how these velocity components specifically depend on x, y,
z, and ¢ for a particular problem.

With this description of the velocity field it was also shown in Section 4.2.1 that the
acceleration of a fluid particle can be expressed as

V. 9V a9V v

a=—4+u—+v—+w (6.2)
ot ox Jy 0z
and in component form:
du du du du
a=—"—+u—+v—+tw_— (6.3a)
ot ox dy 0z
v v v v
a="—Fu_—+v_—+w_— (6.3b)
ot ox ay 0z
ow ow ow aw
a=—"—tu—+v—+w_— (6.3¢)
ot 0x ady 0z
The acceleration is also concisely expressed as
DV 6.4)
a=— .
Dt
where the operator
D J J J J
O _a0), o), ), o) 65
Dt ot ax dy Jz
is termed the material derivative, or substantial derivative. In vector notation
D() _a()
= +(V-V 6.6
o= (V) (66)
where the gradient operator, V( ), is
) I ) O )~
V()=7()i+7()j+7()k 6.7)
ox dy 0z

which was introduced in Chapter 2. As we will see in the following sections, the motion and
deformation of a fluid element depend on the velocity field. The relationship between the motion
and the forces causing the motion depends on the acceleration field.

6.1.2 Linear Motion and Deformation

The simplest type of motion that a fluid element can undergo is translation, as illustrated in Fig.
6.2. In a small time interval &¢ a particle located at point O will move to point O as is illustrated
in the figure. If all points in the element have the same velocity (which is only true if there are no
velocity gradients), then the element will simply translate from one position to another. However,
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266 Chapter 6 W Differential Analysis of Fluid Flow

The rate of volume
change per unit
volume is related
to the velocity
gradients.

-—— e
v I
u v 6t

u &t B FIGURE 6.2 Translation of a fluid element.

because of the presence of velocity gradients, the element will generally be deformed and rotated
as it moves. For example, consider the effect of a single velocity gradient, du/dx, on a small cube
having sides dx, 6y, and 6z. As is shown in Fig. 6.3a, if the x component of velocity of O and B
is u, then at nearby points 4 and C the x component of the velocity can be expressed as
u + (du/ox) dx. This difference in velocity causes a “stretching” of the volume element by an
amount (9u/dx)(8x)(8¢) during the short time interval 8¢ in which line O4 stretches to OA’ and BC
to BC' (Fig. 6.3b). The corresponding change in the original volume, § ¥ = 8x 8y 8z, would be

9
Change in 6% = (a” 8x) (8y 62)(51)
X

and the rate at which the volume 8# is changing per unit volume due to the gradient du/ox is

1 d6¥) o {(M/ax) St} _ du
S¥ dt _azIE}) ot Cox

(6.8)

If velocity gradients dv/dy and dw/dz are also present, then using a similar analysis it follows that,
in the general case,

1 dé6¥) ou ov Iw

= =V-V 6.9
o¥  dt ax dy 9z (69)

This rate of change of the volume per unit volume is called the volumetric dilatation rate. Thus, we
see that the volume of a fluid may change as the element moves from one location to another in the
flow field. However, for an incompressible fluid the volumetric dilatation rate is zero, since the element
volume cannot change without a change in fluid density (the element mass must be conserved).
Variations in the velocity in the direction of the velocity, as represented by the derivatives du/dx, dv/dy,
and dw/ 0z, simply cause a linear deformation of the element in the sense that the shape of the element
does not change. Cross derivatives, such as du/dy and dv/dx, will cause the element to rotate and
generally to undergo an angular deformation, which changes the shape of the element.

6.1.3 Angular Motion and Deformation

For simplicity we will consider motion in the x—y plane, but the results can be readily extended to
the more general three dimensional case. The velocity variation that causes rotation and angular
deformation is illustrated in Fig. 6.4a. In a short time interval 67 the line segments O4 and OB will

u+ g_u Sx
B U C o B c
> ——
I
|
|
8y Sy I
I
ou
" u -:5 ox :
0 ox 4 0 bx 4 T/
(g_ugx)g, BEFIGURE 6.3
* Linear deformation of a fluid
(a) (b) element.

CMS Cepcor EX 1046 Page 176
CMS Cepcor v. Sandvik IPR2024-01380



V6.3 Shear
deformation

Rotation of fluid
particles is related
to certain velocity
gradients in the

flow field.

6.1 Fluid Element Kinematics 267

Jdu
(W 5y) &t
Ju ‘ ‘
u+ -8y
B & BB
T
58/
gyl
/
3y syl /
//
v 44"
v —— v
" v+ 95 | V5 ) |Gy 8x)ar
0 Sx A 0 Sx HBFIGURE 6.4
Angular motion and deforma-
(a) () tion of a fluid element.

rotate through the angles da and 68 to the new positions OA4" and OB’, as is shown in Fig. 6.4b.
The angular velocity of line O4, w,, is

Woy = 1im7
510 Ot

For small angles

av/ox) dx o6t 9

tan da = da =
ox 0x

(6.10)

so that

woy = lim
8t—0

{(av/ﬂx) St} v
ot Coox

Note that if dv/dx is positive, @y, will be counterclockwise. Similarly, the angular velocity of the

line OB is

5B
“on = I 50
and
tan 68 =~ 68 = M{S}))/&}& = % ot (6.11)
so that

i { (9u/dy) St} du
wop = lim|———— | = —
o8 ot ay
In this instance if du/dy is positive, wp Will be clockwise. The rotation, w., of the element about the

z axis is defined as the average of the angular velocities w,, and w of the two mutually perpendicular
lines OA4 and OB.! Thus, if counterclockwise rotation is considered to be positive, it follows that

1w o
w, = (v = ”) (6.12)
2\ox  dy

8t—0

Rotation of the field element about the other two coordinate axes can be obtained in a similar
manner with the result that for rotation about the x axis

1/ow  dv
w, = < — ) (6.13)
2\dy oz
and for rotation about the y axis
1 <6u 8w) (6.14)
w,=—\—-— .
72\ dz  ox

'With this definition w, can also be interpreted to be the angular velocity of the bisector of the angle between the lines OA4 and OB.
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268 Chapter 6 W Differential Analysis of Fluid Flow

The three components, w,, ®,, and w, can be combined to give the rotation vector, o, in the form
o = w,j + wyj + leA{ (6.15)

An examination of this result reveals that w is equal to one-half the curl of the velocity vector. That is,

w=3cul V=3V xV (6.16)
since by definition of the vector operator V X V
i ] Kk
Ifo a9 0
—VXV=— — —
2 2 |ox dy oz
u o vw
Vorticity in a flow =1<8w_8’v>i; +1(au_aw)j+l<av_8u>ﬁ
field is related to 2\ay oz 2\0z  ox 2\ox  dy
JZZ;dp article rota- The vorticity, £, is defined as a vector that is twice the rotation vector; that is,

(=20=VXV (6.17)

——=The use of the vorticity to describe the rotational characteristics of the fluid simply eliminates the
(3) factor associated with the rotation vector. The figure in the margin shows vorticity contours of
Wing the wing tip vortex flow shortly after an aircraft has passed. The lighter colors indicate stronger
vorticity. (See also Fig. 4.3.)

We observe from Eq. 6.12 that the fluid element will rotate about the z axis as an undeformed
block (i.e., wpy; = —wep) only when du/dy = —dv/dx. Otherwise the rotation will be associated
with an angular deformation. We also note from Eq. 6.12 that when du/dy = dv/dx the rotation
around the z axis is zero. More generally if V X V = 0, then the rotation (and the vorticity) are zero,
and flow fields for which this condition applies are termed irrotational. We will find in Section 6.4
that the condition of irrotationality often greatly simplifies the analysis of complex flow fields.
However, it is probably not immediately obvious why some flow fields would be irrotational, and we
will need to examine this concept more fully in Section 6.4.

—EXAM PLE 6.1 RUJgi413%

GIVEN For a certain two-dimensional flow field the velocity ~FIND  Ts this flow irrotational?
is given by the equation

V=(*— yz)i = 2xyj

SOLUTION

For an irrotational flow the rotation vector, @, having the compo- ~ zero, since by definition of two-dimensional flow  and v are not
nents given by Eqs. 6.12, 6.13, and 6.14 must be zero. For the pre- ~ functions of z, and w is zero. In this instance the condition for ir-
scribed velocity field rotationality simply becomes w. = 0 or dv/dx = du/dy.

The streamlines for the steady, two-dimensional flow of this ex-
ample are shown in Fig. E6.1. (Information about how to calculate

u=x*—y> v = —2xy w=20

and therefore

A-2)- -
o2\ oz
1/0 J
o= 3(%-2)-0
Z X y
1/0v ou 1
== -2 )==[(-2) - (-29)] =0
0. =3(2-2) - Ji-2) - -2
Thus, the flow is irrotational. (Ans)
COMMENTS Itis to be noted that for a two-dimensional flow x

field (where the flow is in the x—y plane) , and w, willalwaysbe B F 1 G U R E EG6.1
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6.2 Conservation of Mass 269

streamlines for a given velocity field is given in Sections 4.1.4  OA4 and OB of Fig. 6.4 rotate with the same speed but in opposite
and 6.2.3.) It is noted that all of the streamlines (except for the one  directions.

through the origin) are curved. However, because the flow is irro- Asshown by Eq. 6.17, the condition of irrotationality is equivalent
tational, there is no rotation of the fluid elements. That is, lines  to the fact that the vorticity, £, is zero or the curl of the velocity is zero.

In addition to the rotation associated with the derivatives du/dy and 9v/dx, it is observed
from Fig. 6.4b that these derivatives can cause the fluid element to undergo an angular
deformation, which results in a change in shape of the element. The change in the original right
angle formed by the lines O4 and OB is termed the shearing strain, d7y, and from Fig. 6.4b

o0y = da + 683

where v is considered to be positive if the original right angle is decreasing. The rate of change
of &y is called the rate of shearing strain or the rate of angular deformation and is commonly
denoted with the symbol y. The angles 6« and 68 are related to the velocity gradients through Eqgs.
6.10 and 6.11 so that

o8y . [(ov/ox) &t + (ou/dy) &t
¥y = lim— = lim
5—0 O 510 ot

and, therefore,

av u
, oV ou

¥ (6.18)

ox 9y
As we will learn in Section 6.8, the rate of angular deformation is related to a corresponding shearing
stress which causes the fluid element to change in shape. From Eq. 6.18 we note that if
du/dy = —v/ox, the rate of angular deformation is zero, and this condition corresponds to the case
in which the element is simply rotating as an undeformed block (Eq. 6.12). In the remainder of this
chapter we will see how the various kinematical relationships developed in this section play an important
role in the development and subsequent analysis of the differential equations that govern fluid motion.

6.2 Conservation of Mass

Conservation of
mass requires that
the mass of a
system remain
constant.

As is discussed in Section 5.1, conservation of mass requires that the mass, M, of a system remain
constant as the system moves through the flow field. In equation form this principle is expressed as

DM,

sys

Dt

=0

We found it convenient to use the control volume approach for fluid flow problems, with the control
volume representation of the conservation of mass written as

;deV+JpV-ﬁdA=0 (6.19)
where the equation (commonly called the continuity equation) can be applied to a finite control
volume (cv), which is bounded by a control surface (cs). The first integral on the left side of Eq. 6.19
represents the rate at which the mass within the control volume is changing, and the second integral
represents the net rate at which mass is flowing out through the control surface (rate of mass
outflow — rate of mass inflow). To obtain the differential form of the continuity equation, Eq. 6.19
is applied to an infinitesimal control volume.

6.2.1 Differential Form of Continuity Equation

We will take as our control volume the small, stationary cubical element shown in Fig. 6.5a. At
the center of the element the fluid density is p and the velocity has components u, v, and w. Since
the element is small, the volume integral in Eq. 6.19 can be expressed as

d ap
— | pd¥ = o ox 0y 0z (6.20)

Jat
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The continuity
equation is one of
the fundamental
equations of fluid
mechanics.

|
v, _alpu) 6x|sy 6
8y [p B2l L e mvos (O D
|, > | | —
y w y Vi i S
e 5 e 52 [pu+% 7)‘]5)/ &z
Sx ox
x x
V4 V4
(a) (b)

B FIGURE 6.5 A differential element for the development of conservation of mass equation.

The rate of mass flow through the surfaces of the element can be obtained by considering the flow
in each of the coordinate directions separately. For example, in Fig. 6.5b flow in the x direction is
depicted. If we let pu represent the x component of the mass rate of flow per unit area at the center
of the element, then on the right face

d(pu) dx
= — 6.21
pu |x +(8x/2) pu ax 2 ( )
and on the left face
d(pu) dx
_ = - — 6.22
pulx (6x/2) pu Ix 2 ( )

Note that we are really using a Taylor series expansion of pu and neglecting higher order terms
such as (8x)?, (8x)?, and so on. When the right-hand sides of Egs. 6.21 and 6.22 are multiplied by
the area 0y 0z, the rate at which mass is crossing the right and left sides of the element are obtained
as is illustrated in Fig. 6.5b. When these two expressions are combined, the net rate of mass flowing
from the element through the two surfaces can be expressed as

Net rate of mass N d(pu) x
outflow in x direction ox 2

} oy 0z

 [pu- 2205 5y 5, o0

= ox 8y 6z (6.23
ax 2 - ax x oy oz (6.23)
For simplicity, only flow in the x direction has been considered in Fig. 6.5, but, in general,
there will also be flow in the y and z directions. An analysis similar to the one used for flow in the
x direction shows that

Jd(pv
oo i don 1y 357 629
and
Net rate of mass ~ _ a(pw) o 8y o2 (6.25)
outflow in z direction 9z
Thus,

d(pu d(pv d(pw
Net rate of (P)+ (P)+ (pw)

mass outflow | ox ay oz | (6.26)

From Egs. 6.19, 6.20, and 6.26 it now follows that the differential equation for conservation of mass is

d d(pu Jd(pv J(pw
£+(p)+(p)+(p)
ot 0x ay 0z

=0 (6.27)

As previously mentioned, this equation is also commonly referred to as the continuity equation.
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For incompressible
fluids the continuity
equation reduces to
a simple relation-
ship involving cer-
tain velocity gradi-
ents.

6.2 Conservation of Mass 271

The continuity equation is one of the fundamental equations of fluid mechanics and, as
expressed in Eq. 6.27, is valid for steady or unsteady flow, and compressible or incompressible
fluids. In vector notation, Eq. 6.27 can be written as

P
a—’;+v-pv=o (6.28)

Two special cases are of particular interest. For steady flow of compressible fluids
V.-pV=0
or

d(pu) N a(pv) . a(pw)
0x ay 0z

=0 (6.29)

This follows since by definition p is not a function of time for steady flow, but could be a function
of position. For incompressible fluids the fluid density, p, is a constant throughout the flow field
so that Eq. 6.28 becomes

V-V=0 (6.30)

or

ou v 0 (6.31)

ox  dy 0z
Equation 6.31 applies to both steady and unsteady flow of incompressible fluids. Note that Eq. 6.31
is the same as that obtained by setting the volumetric dilatation rate (Eq. 6.9) equal to zero. This
result should not be surprising since both relationships are based on conservation of mass for
incompressible fluids. However, the expression for the volumetric dilatation rate was developed
from a system approach, whereas Eq. 6.31 was developed from a control volume approach. In the
former case the deformation of a particular differential mass of fluid was studied, and in the latter
case mass flow through a fixed differential volume was studied.

L SEULIGHF Continity Equation

GIVEN The velocity

ible, steady flow field are satisfy the continuity equation.

u=x2+y2+z2

S

SoLuTION

components for a certain incompress- FIND Determine the form of the z component, w, required to

=xy +tyz+z

=7 so that the required expression for dw/dz is
)
l=—2x—(x+z)=—3x—z
0z

Any physically possible velocity distribution must for an incom-

pressible fluid satisfy co:
continuity equation
du
ox

For the given velocity distribution

u
ox

= 2x

Integration with respect to z yields

nservation of mass as expressed by the ) = B — %2 + f(x, ») (Ans)
gﬁ ?TW -0 COMMENT The third velocity component cannot be explic-
) 4

itly determined since the function f{x, y) can have any form and
conservation of mass will still be satisfied. The specific form of
this function will be governed by the flow field described by these
v velocity components—that is, some additional information is

and —=x+tz
ay needed to completely determine w.
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For some problems,
velocity components
expressed in cylin-
drical polar coordi-
nates will be
convenient.

B FIGURE 6.6 The representation of
velocity components in cylindrical polar coordinates.

6.2.2 Cylindrical Polar Coordinates

For some problems it is more convenient to express the various differential relationships in cylindrical
polar coordinates rather than Cartesian coordinates. As is shown in Fig. 6.6, with cylindrical coordinates
a point is located by specifying the coordinates r, 6, and z. The coordinate r is the radial distance from
the z axis, 6 is the angle measured from a line parallel to the x axis (with counterclockwise taken as
positive), and z is the coordinate along the z axis. The velocity components, as sketched in Fig. 6.6,
are the radial velocity, v,, the tangential velocity, v,, and the axial velocity, v.. Thus, the velocity at
some arbitrary point P can be expressed as

V =08, + 0,8 + v,€, (6.32)

where &,, €y, and €, are the unit vectors in the 7, 6, and z directions, respectively, as are illustrated
in Fig. 6.6. The use of cylindrical coordinates is particularly convenient when the boundaries of
the flow system are cylindrical. Several examples illustrating the use of cylindrical coordinates will
be given in succeeding sections in this chapter.

The differential form of the continuity equation in cylindrical coordinates is

J d(rpv Jd(pv J(pv
ap  130pv,) 1 0(pv) | 0pv) _
ot rooor r 00 0z

(6.33)

This equation can be derived by following the same procedure used in the preceding section (see
Problem 6.20). For steady, compressible flow

1 8(rp, 9 3(pv,
1a(rpv,)  10(pvy)  3(pv.)
ro or r 96 0z

=0 (6.34)

For incompressible fluids (for steady or unsteady flow)

19(rv,)  1dv, 0v.
——t -+ =0 (6.35)
roor r 90 0z

6.2.3 The Stream Function

Steady, incompressible, plane, two-dimensional flow represents one of the simplest types of flow
of practical importance. By plane, two-dimensional flow we mean that there are only two velocity
components, such as » and v, when the flow is considered to be in the x—y plane. For this flow
the continuity equation, Eq. 6.31, reduces to
Ju v
[— + - =

0 6.36
ox  dy ( )
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6.2 Conservation of Mass 273

We still have two variables, # and v, to deal with, but they must be related in a special way as
indicated by Eq. 6.36. This equation suggests that if we define a function ¢s(x, y), called the stream
Jfunction, which relates the velocities shown by the figure in the margin as

Velocity compo-
nents in a two-

dimensional flow

field can be ex-

pressed in terms of _ % — _% 6.37
a stream function. ‘e ay U= ox ©37)

then the continuity equation is identically satisfied. This conclusion can be verified by simply
substituting the expressions for # and v into Eq. 6.36 so that

a(a¢)+ a( alp)_ ERV} P o
0x \ 9y ay ox)  ox Jdy  dy ox B
Thus, whenever the velocity components are defined in terms of the stream function we know that
conservation of mass will be satisfied. Of course, we still do not know what ¢s(x, ) is for a particular
problem, but at least we have simplified the analysis by having to determine only one unknown
function, s(x, ), rather than the two functions, u(x, y) and v(x, y).

Another particular advantage of using the stream function is related to the fact that /ines
along which s is constant are streamlines. Recall from Section 4.1.4 that streamlines are lines in

the flow field that are everywhere tangent to the velocities, as is illustrated in Fig. 6.7. It follows
from the definition of the streamline that the slope at any point along a streamline is given by

d _v
dx u

The change in the value of ¢ as we move from one point (x, y) to a nearby point (x + dx, y + dy)
is given by the relationship:

i I
dp =—dx+ —dy=—vdx+ udy
ox dy

Along a line of constant ) we have diy = 0 so that
—vdx+tudy=20
and, therefore, along a line of constant s
y_v
dx u

which is the defining equation for a streamline. Thus, if we know the function i(x, y) we can plot
lines of constant ¢ to provide the family of streamlines that are helpful in visualizing the pattern

Streamlines

B FIGURE 6.7 Velocity and velocity
components along a streamline.
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The change in the
value of the stream
function is related
to the volume rate

of flow.

V2>V

v +dy

(a) (b)
B FIGURE 6.8 The flow between two streamlines.

of flow. There are an infinite number of streamlines that make up a particular flow field, since for
each constant value assigned to ¢ a streamline can be drawn.

The actual numerical value associated with a particular streamline is not of particular
significance, but the change in the value of ¢ is related to the volume rate of flow. Consider two
closely spaced streamlines, shown in Fig. 6.8a. The lower streamline is designated ¢ and the upper
one ¥ + difp. Let dq represent the volume rate of flow (per unit width perpendicular to the x—y
plane) passing between the two streamlines. Note that flow never crosses streamlines, since by
definition the velocity is tangent to the streamline. From conservation of mass we know that the
inflow, dg, crossing the arbitrary surface AC of Fig. 6.8a must equal the net outflow through surfaces
AB and BC. Thus,

dg = udy — vdx

or in terms of the stream function

J J
dg = il dy + il dx (6.38)
Y 0x
The right-hand side of Eq. 6.38 is equal to di so that
dg = diy (6.39)

Thus, the volume rate of flow, g, between two streamlines such as ¢, and i, of Fig. 6.8b can be
determined by integrating Eq. 6.39 to yield

12
q = J dfp =, — (6.40)

The relative value of ¢, with respect to i; determines the direction of flow, as shown by the figure
in the margin.

In cylindrical coordinates the continuity equation (Eq. 6.35) for incompressible, plane, two-
dimensional flow reduces to

1900) | 109,
r or r 90

=0 (6.41)

and the velocity components, v, and vy, can be related to the stream function, s(r, #), through the
equations

10 B
= —— = - .42
U e Y or (6.42)

as shown by the figure in the margin.

Substitution of these expressions for the velocity components into Eq. 6.41 shows that the
continuity equation is identically satisfied. The stream function concept can be extended to
axisymmetric flows, such as flow in pipes or flow around bodies of revolution, and to two-
dimensional compressible flows. However, the concept is not applicable to general three-dimensional
flows.
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GIVEN The velocity components in a steady, incompressible,
two-dimensional flow field are
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6.3 Conservation of Linear Momentum

Exanpie 6.3 I

FIND

(a) Determine the corresponding stream function and

(b) Show on a sketch several streamlines. Indicate the direction
of flow along the streamlines.

u =2y
v = 4x
SoLuTION
(a) From the definition of the stream function (Egs. 6.37)
J
u = kid =2y
9y
and
)
= _7¢ = 4x
Jax

The first of these equations can be integrated to give
¥ =+ fi)
where f|(x) is an arbitrary function of x. Similarly from the sec-
ond equation
Y= =2 + f(»)
where f5(y) is an arbitrary function of y. It now follows that in or-

der to satisty both expressions for the stream function

=2 +)y"+C (Ans)

where C is an arbitrary constant.

COMMENT Since the velocities are related to the derivatives
of the stream function, an arbitrary constant can always be added
to the function, and the value of the constant is actually of no con-
sequence. Usually, for simplicity, we set C = 0 so that for this
particular example the simplest form for the stream function is

g = —2x% + y* (1) (Ans)
Either answer indicated would be acceptable.

(b) Streamlines can now be determined by setting ¢y = constant
and plotting the resulting curve. With the above expression for
i (with C = 0) the value of ¢ at the origin is zero so that the
equation of the streamline passing through the origin (the ¢ = 0
streamline) is

0= —2x2-|-y2

v=0 y =0

W
N

y:i\/ix

Other streamlines can be obtained by setting ¢ equal to various
constants. It follows from Eq. 1 that the equations of these stream-
lines (for 4 # 0) can be expressed in the form

/

B FIGURE E6.3

v
A\

or

2
»ooox

v e !

which we recognize as the equation of a hyperbola. Thus, the
streamlines are a family of hyperbolas with the y = 0 stream-
lines as asymptotes. Several of the streamlines are plotted in
Fig. E6.3. Since the velocities can be calculated at any point, the
direction of flow along a given streamline can be easily de-
duced. For example, v = —di/dx = 4x so that v > 0 if x > 0
and v < 0 if x < 0. The direction of flow is indicated on the
figure.

6.3 Conservation of Linear Momentum

To develop the differential momentum equations we can start with the linear momentum

equation

_br

F =
Dt

(6.43)

sys

where F is the resultant force acting on a fluid mass, P is the linear momentum defined as

P = J V dm
sys
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Both surface forces
and body forces
generally act on
fluid particles.

and the operator D( )/Dt is the material derivative (see Section 4.2.12). In the last chapter it was
demonstrated how Eq. 6.43 in the form

E Fcomems ofthe — % J Vp dV + J VpV : fl dA (6'44)
control volume cv cs

could be applied to a finite control volume to solve a variety of flow problems. To obtain the

differential form of the linear momentum equation, we can either apply Eq. 6.43 to a differential

system, consisting of a mass, ém, or apply Eq. 6.44 to an infinitesimal control volume, 6%, which

initially bounds the mass om. It is probably simpler to use the system approach since application

of Eq. 6.43 to the differential mass, om, yields

D(V &m)
Dt

oF =

where 8F is the resultant force acting on ém. Using this system approach ém can be treated as a

constant so that
DV
OF = ém—
Dt

But DV/Dt is the acceleration, a, of the element. Thus,
OF = éma (6.45)

which is simply Newton’s second law applied to the mass J,,. This is the same result that would
be obtained by applying Eq. 6.44 to an infinitesimal control volume (see Ref. 1). Before we can
proceed, it is necessary to examine how the force 6F can be most conveniently expressed.

6.3.1 Description of Forces Acting on the Differential Element

In general, two types of forces need to be considered: surface forces, which act on the surface of the
differential element, and body forces, which are distributed throughout the element. For our purpose,
the only body force, OF,, of interest is the weight of the element, which can be expressed as

oF, =6émg (6.46)
where g is the vector representation of the acceleration of gravity. In component form

oF,, = ém g, (6.47a)

oFy,, = dmg, (6.47b)

O0F,, = dm g. (6.47¢)

where g,, g,, and g. are the components of the acceleration of gravity vector in the x, y, and z
directions, respectively.

Surface forces act on the element as a result of its interaction with its surroundings. At any
arbitrary location within a fluid mass, the force acting on a small area, 64, which lies in an arbitrary
surface, can be represented by 8F,, as is shown in Fig. 6.9. In general, 6F; will be inclined with
respect to the surface. The force 6F, can be resolved into three components, 6F,, 6F,, and 8F,,
where 6F), is normal to the area, 64, and 6F, and 6F, are parallel to the area and orthogonal to
each other. The normal stress, o,, is defined as

Arbitary B F1 G URE 6.9 Components of force acting
surface on an arbitrary differential area.
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(b) (a)

z

B FIGURE 6.10 Double subscript notation for stresses.

and the shearing stresses are defined as
Tl = lim T,

and

We will use o for normal stresses and 7 for shearing stresses. The intensity of the force per unit
area at a point in a body can thus be characterized by a normal stress and two shearing stresses, if the
orientation of the area is specified. For purposes of analysis it is usually convenient to reference the
area to the coordinate system. For example, for the rectangular coordinate system shown in Fig. 6.10
we choose to consider the stresses acting on planes parallel to the coordinate planes. On the plane
ABCD of Fig. 6.10a, which is parallel to the y—z plane, the normal stress is denoted o, and the shearing
stresses are denoted as 7, and 7,.. To easily identify the particular stress component we use a double
subscript notation. The first subscript indicates the direction of the normal to the plane on which
the stress acts, and the second subscript indicates the direction of the stress. Thus, normal stresses have
repeated subscripts, whereas the subscripts for the shearing stresses are always different.

It is also necessary to establish a sign convention for the stresses. We define the positive direction
for the stress as the positive coordinate direction on the surfaces for which the outward normal is in
the positive coordinate direction. This is the case illustrated in Fig. 6.10a where the outward normal
to the area ABCD is in the positive x direction. The positive directions for o,, 7,,, and 7,. are as shown
in Fig. 6.10a. If the outward normal points in the negative coordinate direction, as in Fig. 6.10b for
the area A'B'C'D’, then the stresses are considered positive if directed in the negative coordinate
directions. Thus, the stresses shown in Fig. 6.105 are considered to be positive when directed as shown.
Note that positive normal stresses are tensile stresses; that is, they tend to “stretch” the material.

It should be emphasized that the state of stress at a point in a material is not completely
defined by simply three components of a “stress vector.” This follows, since any particular stress
vector depends on the orientation of the plane passing through the point. However, it can be shown
that the normal and shearing stresses acting on any plane passing through a point can be expressed
in terms of the stresses acting on three orthogonal planes passing through the point (Ref. 2).

We now can express the surface forces acting on a small cubical element of fluid in terms
of the stresses acting on the faces of the element as shown in Fig. 6.11. It is expected that in general
the stresses will vary from point to point within the flow field. Thus, through the use of Taylor
series expansions we will express the stresses on the various faces in terms of the corresponding
stresses at the center of the element of Fig. 6.11 and their gradients in the coordinate directions.
For simplicity only the forces in the x direction are shown. Note that the stresses must be multiplied
by the area on which they act to obtain the force. Summing all these forces in the x direction yields

aa—xx aTJ’x (')sz
8Fy=|—"+—+
) 0x ay 0z

)Sx dy &z (6.48a)
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B FIGURE 6.11 Surface forces in the x direction acting on a
fluid element.

for the resultant surface force in the x direction. In a similar manner the resultant surface forces in
the y and z directions can be obtained and expressed as

Ty, doy,  IT,

oF,, = +——+ —|oxdy oz (6.48b)
ox dy 0z
asz aTyz ao-zz

oF, = + ox Oy 6z (6.48¢)
0x dy 0z

The resultant surface force can now be expressed as
8F, = 8F,i + &F, ] + 8F .k (6.49)

and this force combined with the body force, 8F,, yields the resultant force, 6F, acting on the
differential mass, 6m. That is, 6F = 6F, + J6F,.

6.3.2 Equations of Motion

The expressions for the body and surface forces can now be used in conjunction with Eq. 6.45 to
develop the equations of motion. In component form Eq. 6.45 can be written as

OF, = dma,
oF, = dm a,
OF, = ém a,

where ém = p dx Oy &z, and the acceleration components are given by Eq. 6.3. It now follows
(using Eqs. 6.47 and 6.48 for the forces on the element) that

. do,, 0T, 0T, 9 9 9 9
The motion of a pg, ooy +=p(u+ ul+ vu+wu) (6.50a)
Sfluid is governed ox dy 0z ot ax dy
by a s.et of nenlm- aTxy 30'yy asz o o . .
ear differential pg,+—+—+—=pl—Ftu—+tv—+w_— (6.50Db)
equations. 0x ay 0z ot 0x ay 0z
asz aTyZ (90'22 aw aw aw ow
pg. + + + =pl—tu—+v—+w— (6.50¢)
ox ay 0z ot ox Y 0z

where the element volume éx dy 6z cancels out.

Equations 6.50 are the general differential equations of motion for a fluid. In fact, they are
applicable to any continuum (solid or fluid) in motion or at rest. However, before we can use the
equations to solve specific problems, some additional information about the stresses must be obtained.
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Otherwise, we will have more unknowns (all of the stresses and velocities and the density) than
equations. It should not be too surprising that the differential analysis of fluid motion is complicated.
We are attempting to describe, in detail, complex fluid motion.

6.4 Inviscid Flow

Euler’s equations
of motion apply to
an inviscid flow
field.

As is discussed in Section 1.6, shearing stresses develop in a moving fluid because of the viscosity
of the fluid. We know that for some common fluids, such as air and water, the viscosity is small,
and therefore it seems reasonable to assume that under some circumstances we may be able to
simply neglect the effect of viscosity (and thus shearing stresses). Flow fields in which the shearing
stresses are assumed to be negligible are said to be inviscid, nonviscous, or frictionless. These terms
are used interchangeably. As is discussed in Section 2.1, for fluids in which there are no shearing
stresses the normal stress at a point is independent of direction—that is, o, = 0, = 0. In this
instance we define the pressure, p, as the negative of the normal stress so that

_p:U)C)CZO-

w = O

zz

The negative sign is used so that a compressive normal stress (which is what we expect in a fluid)
will give a positive value for p.

In Chapter 3 the inviscid flow concept was used in the development of the Bernoulli equation,
and numerous applications of this important equation were considered. In this section we will again
consider the Bernoulli equation and will show how it can be derived from the general equations of
motion for inviscid flow.

6.4.1 Euler’s Equations of Motion

For an inviscid flow in which all the shearing stresses are zero, and the normal stresses are replaced
by —p, the general equations of motion (Egs. 6.50) reduce to

ap u u Ju Ju
pg,——=pl—tu—+v—+w— (6.51a)
0x ot 0x Y 0z
) Jv v v v
pgy—p=p<+u+’v+w) (6.51b)
)% ot 0x Y 0z
ap ow ow ow ow
pg.— —=p|l—Ftu—+v—+w— (6.51¢)
0z ot 0x Y 0z

These equations are commonly referred to as Euler’s equations of motion, named in honor of
Leonhard Euler (1707—1783), a famous Swiss mathematician who pioneered work on the relationship
between pressure and flow. In vector notation Euler’s equations can be expressed as

A%
pg—Vp=p {81‘ + (V- V)V} (6.52)

Although Egs. 6.51 are considerably simpler than the general equations of motion, Egs. 6.50,
they are still not amenable to a general analytical solution that would allow us to determine the
pressure and velocity at all points within an inviscid flow field. The main difficulty arises from the
nonlinear velocity terms (u du/dx, v du/dy, etc.), which appear in the convective acceleration.
Because of these terms, Euler’s equations are nonlinear partial differential equations for which we
do not have a general method of solving. However, under some circumstances we can use them to
obtain useful information about inviscid flow fields. For example, as shown in the following section
we can integrate Eq. 6.52 to obtain a relationship (the Bernoulli equation) between elevation, pressure,
and velocity along a streamline.

6.4.2 The Bernoulli Equation

In Section 3.2 the Bernoulli equation was derived by a direct application of Newton’s second law
to a fluid particle moving along a streamline. In this section we will again derive this important
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g=—gVz
=01+ 0j — gk

V X(V X V)

Euler’s equations
can be arranged to
give the relation-
ship among pres-
sure, velocity, and
elevation for invis-
cid fluids

Streamline
ds

B FIGURE 6.12 The notation for
X differential length along a streamline.

equation, starting from Euler’s equations. Of course, we should obtain the same result since Euler’s
equations simply represent a statement of Newton’s second law expressed in a general form that
is useful for flow problems and maintains the restriction of zero viscosity. We will restrict our
attention to steady flow so Euler’s equation in vector form becomes

pg — Vp = p(V - V)V (6.53)

We wish to integrate this differential equation along some arbitrary streamline (Fig. 6.12) and select
the coordinate system with the z axis vertical (with “up” being positive) so that, as shown by the
figure in the margin, the acceleration of gravity vector can be expressed as

g=—gVz

where g is the magnitude of the acceleration of gravity vector. Also, it will be convenient to use
the vector identity

(V-V)V=3V(V:-V) =V x (VXV)

Equation 6.53 can now be written in the form
—pgVz — Vp =§V(V *V) = pV x(VXYV)

and this equation can be rearranged to yield

Vo 1 )
7+EV(V)+gV2=VX(VXV)

We next take the dot product of each term with a differential length ds along a streamline (Fig.
6.12). Thus,

\/ 1
7" ds + V(P ds +gVzds = [V x (VX V)] - ds (6.54)

Since ds has a direction along the streamline, the vectors ds and V are parallel. However, as shown
by the figure in the margin, the vector V X (V X V) is perpendicular to V (why?), so it follows that

[VX(VXV)]-ds=0

Recall also that the dot product of the gradient of a scalar and a differential length gives the
differential change in the scalar in the direction of the differential length. That is, with ds =
dxi+ dyj + dzk we can write Vp - ds = (dp/ox) dx + (9p/dy)dy + (9p/dz)dz = dp. Thus, Eq.
6.54 becomes

dp 1
?p Fod(V?) + gds =0 (6.55)

where the change in p, V, and z is along the streamline. Equation 6.55 can now be integrated to
give

— + — + gz = constant (6.56)

J dp V?
p 2

which indicates that the sum of the three terms on the left side of the equation must remain a
constant along a given streamline. Equation 6.56 is valid for both compressible and incompressible
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inviscid flows, but for compressible fluids the variation in p with p must be specified before the
first term in Eq. 6.56 can be evaluated.
For inviscid, incompressible fluids (commonly called ideal fluids) Eq. 6.56 can be written as

2

Z 4 5 + gz = constant along a streamline (6.57)
p

B

and this equation is the Bernoulli equation used extensively in Chapter 3. It is often convenient to
write Eq. 6.57 between two points (1) and (2) along a streamline and to express the equation in the
“head” form by dividing each term by g so that

V2 V2
%+2—g1+zl=% ?;4-22 (6.58)

It should be again emphasized that the Bernoulli equation, as expressed by Eqs. 6.57 and 6.58, is
restricted to the following:

m inviscid flow m incompressible flow
m steady flow m flow along a streamline

You may want to go back and review some of the examples in Chapter 3 that illustrate the use of
the Bernoulli equation.

6.4.3 Irrotational Flow

If we make one additional assumption—that the flow is irrotational—the analysis of inviscid
flow problems is further simplified. Recall from Section 6.1.3 that the rotation of a fluid
element is equal to 3(V X V), and an irrotational flow field is one for which V. x V = 0 (i.e.,
the curl of velocity is zero). Since the vorticity, ¢, is defined as V X V, it also follows that in
an irrotational flow field the vorticity is zero. The concept of irrotationality may seem to be
a rather strange condition for a flow field. Why would a flow field be irrotational? To answer
this question we note that if 3(V X V) = 0, then each of the components of this vector, as
are given by Eqs. 6.12, 6.13, and 6.14, must be equal to zero. Since these components include
the various velocity gradients in the flow field, the condition of irrotationality imposes specific
relationships among these velocity gradients. For example, for rotation about the z axis to be
zero, it follows from Eq. 6.12 that

1(31) au)
w.==-—-—]=0
2\ox ady

and, therefore,

dJ dJ
o _ o (6.59)
dx  dy

Similarly from Egs. 6.13 and 6.14
d J
ow_ v (6.60)
Y 0z
Y _ow (6.61)
dz  ox )

A general flow field would not satisfy these three equations. However, a uniform flow as is illustrated
in Fig. 6.13 does. Since # = U (a constant), v = 0, and w = 0, it follows that Egs. 6.59, 6.60, and
6.61 are all satisfied. Therefore, a uniform flow field (in which there are no velocity gradients) is
certainly an example of an irrotational flow.

Uniform flows by themselves are not very interesting. However, many interesting and
important flow problems include uniform flow in some part of the flow field. Two examples are
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Flow fields involv-
ing real fluids often
include both
regions of negligi-
ble shearing
stresses and regions
of significant shear-
ing stresses.

—_— u = U (constant)

B FIGURE 6.13 Uniform flow in the x
z direction.

shown in Fig. 6.14. In Fig. 6.14a a solid body is placed in a uniform stream of fluid. Far away
from the body the flow remains uniform, and in this far region the flow is irrotational. In Fig.
6.14b, flow from a large reservoir enters a pipe through a streamlined entrance where the velocity
distribution is essentially uniform. Thus, at the entrance the flow is irrotational.

For an inviscid fluid there are no shearing stresses—the only forces acting on a fluid element
are its weight and pressure forces. Since the weight acts through the element center of gravity, and
the pressure acts in a direction normal to the element surface, neither of these forces can cause the
element to rotate. Therefore, for an inviscid fluid, if some part of the flow field is irrotational, the
fluid elements emanating from this region will not take on any rotation as they progress through
the flow field. This phenomenon is illustrated in Fig. 6.14a in which fluid elements flowing far
away from the body have irrotational motion, and as they flow around the body the motion remains
irrotational except very near the boundary. Near the boundary the velocity changes rapidly from
zero at the boundary (no-slip condition) to some relatively large value in a short distance from the
boundary. This rapid change in velocity gives rise to a large velocity gradient normal to the boundary
and produces significant shearing stresses, even though the viscosity is small. Of course if we had
a truly inviscid fluid, the fluid would simply “slide” past the boundary and the flow would be
irrotational everywhere. But this is not the case for real fluids, so we will typically have a layer
(usually very thin) near any fixed surface in a moving stream in which shearing stresses are not
negligible. This layer is called the boundary layer. Outside the boundary layer the flow can be
treated as an irrotational flow. Another possible consequence of the boundary layer is that the main
stream may “separate” from the surface and form a wake downstream from the body. (See the

Uniform Boundary
approach velocity layer

Separation

—_—
/
—_—

—_— Inviscid
_— irrotational

flow region T

(a)

\ % Entrance region —>> é— Fully developed region *»?

Uniform Inviscid,
entraqce irrotational core —
velocity

(b)

B FIGURE 6.14 Various regions of flow: (a) around bodies; (b) through channels.

Boundary layer
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photographs at the beginning of Chapters 7, 9, and 11.) The wake would include a region of slow,
perhaps randomly moving fluid. To completely analyze this type of problem it is necessary to
consider both the inviscid, irrotational flow outside the boundary layer, and the viscous, rotational
flow within the boundary layer and to somehow “match” these two regions. This type of analysis
is considered in Chapter 9.

As is illustrated in Fig. 6.14b, the flow in the entrance to a pipe may be uniform (if the
entrance is streamlined), and thus will be irrotational. In the central core of the pipe the flow
remains irrotational for some distance. However, a boundary layer will develop along the wall
and grow in thickness until it fills the pipe. Thus, for this type of internal flow there will be an
entrance region in which there is a central irrotational core, followed by a so-called fully
developed region in which viscous forces are dominant. The concept of irrotationality is
completely invalid in the fully developed region. This type of internal flow problem is considered
in detail in Chapter 8.

The two preceding examples are intended to illustrate the possible applicability of
irrotational flow to some “real fluid” flow problems and to indicate some limitations of the
irrotationality concept. We proceed to develop some useful equations based on the assumptions
of inviscid, incompressible, irrotational flow, with the admonition to use caution when applying
the equations.

6.4.4 The Bernoulli Equation for Irrotational Flow

In the development of the Bernoulli equation in Section 6.4.2, Eq. 6.54 was integrated along a
streamline. This restriction was imposed so the right side of the equation could be set equal to
zero; that is,

[VX(VXV)]-ds=0

(since ds is parallel to V). However, for irrotational flow, V X V = 0, so the right side of Eq. 6.54
is zero regardless of the direction of ds. We can now follow the same procedure used to obtain Eq.
6.55, where the differential changes dp, d(V?), and dz can be taken in any direction. Integration of
Eq. 6.55 again yields

— + — + gz = constant (6.62)

J dp V?
p 2

where for irrotational flow the constant is the same throughout the flow field. Thus, for
incompressible, irrotational flow the Bernoulli equation can be written as

2
D L= 2y (6.63)

between any two points in the flow field. Equation 6.63 is exactly the same form as Eq. 6.58 but
is not limited to application along a streamline. However, Eq. 6.63 is restricted to

m inviscid flow m incompressible flow
m steady flow B irrotational flow

It may be worthwhile to review the use and misuse of the Bernoulli equation for rotational flow
as is illustrated in Example 3.18.

6.4.5 The Velocity Potential

For an irrotational flow the velocity gradients are related through Egs. 6.59, 6.60, and 6.61. It
follows that in this case the velocity components can be expressed in terms of a scalar function

(x,y,z, 1) as

_d 9 _ 9%

u = v = w =
0x ay 0z

(6.64)
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Inviscid, incom-
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tional flow fields
are governed by
Laplace’s equation
and are called
potential flows.

V2 =0

Streamlines

Vorticity contours

where ¢ is called the velocity potential. Direct substitution of these expressions for the velocity
components into Egs. 6.59, 6.60, and 6.61 will verify that a velocity field defined by Eqs. 6.64 is
indeed irrotational. In vector form, Eqgs. 6.64 can be written as

V=V (6.65)

so that for an irrotational flow the velocity is expressible as the gradient of a scalar function ¢.
The velocity potential is a consequence of the irrotationality of the flow field, whereas the
stream function is a consequence of conservation of mass (see Section 6.2.3). It is to be noted,
however, that the velocity potential can be defined for a general three-dimensional flow, whereas
the stream function is restricted to two-dimensional flows.
For an incompressible fluid we know from conservation of mass that

V-v=0
and therefore for incompressible, irrotational flow (with V = V) it follows that

Vo =0 (6.66)
where V*( ) = V - V() is the Laplacian operator. In Cartesian coordinates

2 2 2
0x ady 0z

This differential equation arises in many different areas of engineering and physics and is called
Laplace’s equation. Thus, inviscid, incompressible, irrotational flow fields are governed by
Laplace’s equation. This type of flow is commonly called a potential flow. To complete the
mathematical formulation of a given problem, boundary conditions have to be specified. These are
usually velocities specified on the boundaries of the flow field of interest. It follows that if
the potential function can be determined, then the velocity at all points in the flow field can be
determined from Eq. 6.64, and the pressure at all points can be determined from the Bernoulli
equation (Eq. 6.63). Although the concept of the velocity potential is applicable to both steady and
unsteady flow, we will confine our attention to steady flow.

Potential flows, governed by Egs. 6.64 and 6.66, are irrotational flows. That is, the vorticity
is zero throughout. If vorticity is present (e.g., boundary layer, wake), then the flow cannot be
described by Laplace’s equation. The figure in the margin illustrates a flow in which the vorticity
is not zero in two regions—the separated region behind the bump and the boundary layer next to
the solid surface. This is discussed in detail in Chapter 9.

For some problems it will be convenient to use cylindrical coordinates, r, 6, and z. In this
coordinate system the gradient operator is

o), 1), a0),

Vi)=—="8 +——-8¢ + — 6.67
( ) ar €, ’ 60 eB 9z € ( )
so that
ad 1 9 b

Vp = —@& +——¢, + —& 6.68
P T T (6.68)

where ¢ = ¢(r, 0, z). Since
V =08 + v, + v.e, (6.69)

it follows for an irrotational flow (with V = V¢)

ad 10 d
v, = i) Vg = fi) v, = i) (6.70)
ar r 90 0z

Also, Laplace’s equation in cylindrical coordinates is

19/ ap 1 &b ¢
——r—)+=—+—=0 6.71
roor (r ar) 700> 9 ©.71)
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—EXAMPLE 6.4

GIVEN The two-dimensional flow of a nonviscous, incom-
pressible fluid in the vicinity of the 90° corner of Fig. E6.4a is
described by the stream function

y = 2r* sin 26

where ¢ has units of m?/s when r is in meters. Assume the
fluid density is 10° kg/m’ and the x—y plane is horizontal—

6.4 Inviscid Flow 285

Velocity Potential and Inviscid Flow Pressure

that is, there is no difference in elevation between points (1)
and (2).

FIND

(a) Determine, if possible, the corresponding velocity potential.
(b) If the pressure at point (1) on the wall is 30 kPa, what is the
pressure at point (2)?

d
ib = 4r cos 26
ar

y
y Streamline (y = constant)
_ Equipotential
) line
T (¢ = constant)
05m /
L \ © (1)
I x
I ;
(a) (b)
ocLL /
() B FIGURE E6.4
SoLuTION
(a) The radial and tangential velocity components can be ob-  and therefore by integration
tained from the stream function as (see Eq. 6.42) & = 2% cos 20 + £(9) )
o= 194 _ 47 cos 20 where f(0) is an arbitrary function of 6. Similarly
" roe
_ 1% _ —4r sin 20
and O = e =
a and integration yields
Vg = —i = —4rsin 20 £ Y
ar ¢ = 2r* cos 20 + £(r) ?)
Since where f5(r) is an arbitrary function of 7. To satisfy both Egs. 1 and
acb 2, the velocity potential must have the form
P ¢ =2r*cos20 + C (Ans)
it follows that where Cis an arbitrary constant. As is the case for stream functions,
W

the specific value of C is not important, and it is customary to let
C = 0 so that the velocity potential for this corner flow is

¢ = 2r*cos 20 (Ans)
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COMMENT In the statement of this problem it was implied
by the wording “if possible” that we might not be able to find a
corresponding velocity potential. The reason for this concern is
that we can always define a stream function for two-dimensional
flow, but the flow must be irrotational if there is a corresponding
velocity potential. Thus, the fact that we were able to determine a
velocity potential means that the flow is irrotational. Several

This result indicates that the square of the velocity at any point
depends only on the radial distance, r, to the point. Note that the
constant, 16, has units of s~2. Thus,

Vi = (16s2)(1 m)* = 16 m*/s
and

V3 = (16572)(0.5 m)* = 4 m%/s?

streamlines and lines of constant ¢ are plotted in Fig. E6.45.
These two sets of lines are orthogonal. The reason why stream-

lines and lines of constant ¢ are always orthogonal is explained in X , 10°kg/m’
Section 6.5. p» =30 X 10°N/m” + ———

Substitution of these velocities into Eq. 3 gives

(16 m*/s* — 4 m*/s?)

2
(b) Since we have an irrotational flow of a nonviscous, incom- = 36 kPa (Ans)
pressible fluid, the Bernoulli equation can be applied between any
two points. Thus, between points (1) and (2) with no elevation COMMENT The stream function used in this example could
change . . .
also be expressed in Cartesian coordinates as
2 2
oho, Vi, ¥ = 2r% sin 20 = 4% sin 0 cos 0
Yy 2 v 2 or
or ¥ = 4xy
L P 2 _ 2 3 since x = r cos 6 and y = r sin . However, in the cylindrical po-
P2=pTy " 2) @) Jar form the results can be generalized to describe flow in the vicin-
ity of a corner of angle « (see Fig. E6.4¢) with the equations
Since

2 _ .2 2 :Aﬂ/a'Le
V=2 + 02 Y = Ar™*sin
@

it follows that for any point within the flow field and

V2 = (4r cos 20)* + (—4r sin 20)?
16r*(cos?26 + sin’ 26)
= 16r?

0
b = Ar™* cos —
o

where A4 is a constant.

6.5 Some Basic, Plane Potential Flows
e A major adva.ntage of Laplace’s equation is that it i.s a linear partial differenti.al eguation. Since it
basic solutions can is linear, various solutions can be added to obtain other solutions—that is, if ¢,(x,y,z) and
be simply added to ¢dy(x, y,z) are two solutions to Laplace’s equation, then ¢; = ¢; + ¢, is also a solution. The
obtain more com- practical implication of this result is that if we have certain basic solutions we can combine them
plicated solutions. to obtain more complicated and interesting solutions. In this section several basic velocity potentials,

which describe some relatively simple flows, will be determined. In the next section these basic
potentials will be combined to represent complicated flows.

For simplicity, only plane (two-dimensional) flows will be considered. In this case, by using
Cartesian coordinates

dJ J
= % (6.72)
0x Y
or by using cylindrical coordinates
aep 1 3¢
v, = o vy = ey (6.73)

as shown by the figure in the margin. Since we can define a stream function for plane flow, we
can also let
I g

u=— v =

.74
Y 0x ©.74)
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or

1 oy
= — 7)0:

ay
v, -
r 00

P (6.75)

where the stream function was previously defined in Eqgs. 6.37 and 6.42. We know that by defining
the velocities in terms of the stream function, conservation of mass is identically satisfied. If we
now impose the condition of irrotationality, it follows from Eq. 6.59 that

o _ o
dy  ox
and in terms of the stream function
K2 <a¢;> _9 (_34’>
dy \ dy 0x 0x
or
02 02
B,
0x ady

Thus, for a plane irrotational flow we can use either the velocity potential or the stream function—
both must satisfy Laplace’s equation in two dimensions. It is apparent from these results that the velocity
potential and the stream function are somehow related. We have previously shown that lines of constant
i are streamlines; that is,

dy v

= (6.76)
dx along ¢ = constant

The change in ¢ as we move from one point (x, y) to a nearby point (x + dx, y + dy) is given by

the relationship

d d
dp = —dx + —dy=udx +vdy
0x Jy

Along a line of constant ¢» we have d¢p = 0 so that
@

u
dx along ¢ = constant v

(6.77)

A comparison of Egs. 6.76 and 6.77 shows that lines of constant ¢ (called equipotential lines)
are orthogonal to lines of constant ¢ (streamlines) at all points where they intersect. (Recall that
two lines are orthogonal if the product of their slopes is —1, as illustrated by the figure in the
margin.) For any potential flow field a “flow net” can be drawn that consists of a family of
streamlines and equipotential lines. The flow net is useful in visualizing flow patterns and can
be used to obtain graphical solutions by sketching in streamlines and equipotential lines and
adjusting the lines until the lines are approximately orthogonal at all points where they intersect.
An example of a flow net is shown in Fig. 6.15. Velocities can be estimated from the flow net,
since the velocity is inversely proportional to the streamline spacing, as shown by the figure in
the margin. Thus, for example, from Fig. 6.15 we can see that the velocity near the inside corner
will be higher than the velocity along the outer part of the bend. (See the photographs at the
beginning of Chapters 3 and 6.)

6.5.1 Uniform Flow

The simplest plane flow is one for which the streamlines are all straight and parallel, and the
magnitude of the velocity is constant. This type of flow is called a uniform flow. For example,
consider a uniform flow in the positive x direction as is illustrated in Fig. 6.16a. In this instance,
u = U and v = 0, and in terms of the velocity potential

ad 9
W _
0x ay

0
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Equipotential line
(¢ = constant)

>V

--VV/

Streamline
(v = constant)

H FIGURE 6.15 Flow net for a 90° bend.
(From Ref. 3, used by permission.)

These two equations can be integrated to yield
dp=Ux+C

where C is an arbitrary constant, which can be set equal to zero. Thus, for a uniform flow in the
positive x direction

¢ = Ux (6.78)
The corresponding stream function can be obtained in a similar manner, since
d dJ
and, therefore,
¢ = Uy (6.79)

These results can be generalized to provide the velocity potential and stream function for a
uniform flow at an angle «a with the x axis, as in Fig. 6.16b. For this case

¢ = Ulxcosa + ysina) (6.80)
and
¢ = U(y cosa — xsin a) (6.81)

6.5.2 Source and Sink

Consider a fluid flowing radially outward from a line through the origin perpendicular to the x—y
plane as is shown in Fig. 6.17. Let m be the volume rate of flow emanating from the line (per unit
length), and therefore to satisfy conservation of mass

Q2mr)v, = m
or

m
vV, = —
2Tr

y y \ "L:d’l
_’U [ l =i /\/\/\ V=i,
e | o
—_— ' b=143 / \/
— U=, X

i /a \\\ 9 =0

0 =0

<
0]
<
—
<
<
N

B FIGURE 6.16
Uniform flow: (a) in the x direction;
(b) in an arbitrary direction, .
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y
= c\onstant et - ¢ = constant
N - ~
e
X N
/ \\ \

/ AN v, \

~—L -

N e B FIGURE 6.17 The streamline pattern for a
~——_—— source.

A source onsink Also, since the flow is a purely radial flow, v, = 0, the corresponding velocity potential can be
represents a purely obtained by integrating the equations

radial flow. ad m 1 9¢

o 2 rog
It follows that

b= %m r (6.82)

If m is positive, the flow is radially outward, and the flow is considered to be a source flow. If m
is negative, the flow is toward the origin, and the flow is considered to be a sink flow. The flowrate,
m, is the strength of the source or sink.

As shown by the figure in the margin, at the origin where » = 0 the velocity becomes infinite,
which is of course physically impossible. Thus, sources and sinks do not really exist in real flow
fields, and the line representing the source or sink is a mathematical singularity in the flow field.
However, some real flows can be approximated at points away from the origin by using sources or
sinks. Also, the velocity potential representing this hypothetical flow can be combined with other
basic velocity potentials to approximately describe some real flow fields. This idea is further discussed
in Section 6.6.

The stream function for the source can be obtained by integrating the relationships

_1¥#_ m ¥ _,
U 90  2mr Ve or
to yield
P (6.83)
2

It is apparent from Eq. 6.83 that the streamlines (lines of ¢y = constant) are radial lines, and from Eq.
6.82 the equipotential lines (lines of ¢ = constant) are concentric circles centered at the origin.

Exanrie 6.5 R

GIVEN A nonviscous, incompressible fluid flows between ¥
wedge-shaped walls into a small opening as shown in Fig. E6.5.
The velocity potential (in ft*/s), which approximately describes
this flow is

¢=—-2Inr

FIND Determine the volume rate of flow (per unit length) into
the opening.

B FIGURE E6.5
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SoLuTION
The components of velocity are
ap 2 1 9¢
V=" =" U9:77=0
ar r r 40

which indicates we have a purely radial flow. The flowrate per
unit width, g, crossing the arc of length R7r/6 can thus be ob-

COMMENT Note that the radius R is arbitrary since the
flowrate crossing any curve between the two walls must be the
same. The negative sign indicates that the flow is toward the open-
ing, that is, in the negative radial direction.

<
Il

tained by integrating the expression

/6 /6 2
J v,RdO = — J (—)R do
0 0 R

T
= 1052
3 /s

(Ans)

A vortex represents
a flow in which the
streamlines are con-
centric circles.

Vo

6.5.3 Vortex

We next consider a flow field in which the streamlines are concentric circles—that is, we interchange
the velocity potential and stream function for the source. Thus, let

¢ = Kb (6.84)

and

¢y =—Klnr (6.85)

where K is a constant. In this case the streamlines are concentric circles as are illustrated in Fig.
6.18, with v, = 0 and

_1d_ W _K

Yo = rop  or r (6.86)

This result indicates that the tangential velocity varies inversely with the distance from the origin,
as shown by the figure in the margin, with a singularity occurring at » = 0 (where the velocity
becomes infinite).

It may seem strange that this vorfex motion is irrotational (and it is since the flow field
is described by a velocity potential). However, it must be recalled that rotation refers to the
orientation of a fluid element and not the path followed by the element. Thus, for an irrotational
vortex, if a pair of small sticks were placed in the flow field at location 4, as indicated in Fig.
6.19a, the sticks would rotate as they move to location B. One of the sticks, the one that is
aligned along the streamline, would follow a circular path and rotate in a counterclockwise

/ v = constant

B FIGURE 6.18 The streamline
pattern for a vortex.

¢ = constant
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(a)

(b)

B FIGURE 6.19 Motion of fluid element from 4 to B: (a) for
irrotational (free) vortex; (b) for rotational (forced) vortex.

Vortex motion can
be either rotational

or irrotational.

direction. The other stick would rotate in a clockwise direction due to the nature of the flow
field—that is, the part of the stick nearest the origin moves faster than the opposite end. Although
both sticks are rotating, the average angular velocity of the two sticks is zero since the flow is
irrotational.

If the fluid were rotating as a rigid body, such that v, = K;» where K, is a constant, then
sticks similarly placed in the flow field would rotate as is illustrated in Fig. 6.19b. This type of
vortex motion is rotational and cannot be described with a velocity potential. The rotational vortex
is commonly called a forced vortex, whereas the irrotational vortex is usually called a free vortex.
The swirling motion of the water as it drains from a bathtub is similar to that of a free vortex,
whereas the motion of a liquid contained in a tank that is rotated about its axis with angular velocity
w corresponds to a forced vortex.

A combined vortex is one with a forced vortex as a central core and a velocity distribution
corresponding to that of a free vortex outside the core. Thus, for a combined vortex

Vg = @r r=r, (6.87)
and
K
vy = " r>r (6.88)

where K and w are constants and r, corresponds to the radius of the central core. The pressure
distribution in both the free and forced vortex was previously considered in Example 3.3. (See Fig.

E6.6a for an approximation of this type of flow.)

F | u i d s i n

t h e N e w s

Some hurricane facts One of the most interesting, yet potentially
devastating, naturally occurring fluid flow phenomenan is a hurri-
cane. Broadly speaking a hurricane is a rotating mass of air circulat-
ing around a low pressure central core. In some respects the motion
is similar to that of a fiee vortex. The Caribbean and Gulf of Mexico
experience the most hurricanes, with the official hurricane season
being from June 1 to November 30. Hurricanes are usually 300 to
400 miles wide and are structured around a central eye in which
the air is relatively calm. The eye is surrounded by an eye wall
which is the region of strongest winds and precipitation. As one
goes from the eye wall to the eye the wind speeds decrease sharply
and within the eye the air is relatively calm and clear of clouds.

However, in the eye the pressure is at a minimum and may be 10%
less than standard atmospheric pressure. This low pressure creates
strong downdrafts of dry air from above. Hurricanes are classified
into five categories based on their wind speeds:

Category one—74-95 mph

Category two—96—110 mph
Category three—111-130 mph
Category four—131-155 mph
Category five—greater than 155 mph.

(See Problem 6.58.)
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The numerical value
of the circulation
may depend on the
particular closed
path considered.

V6.4 Vortex in a
beaker

Arbitrary

curve C B FIGURE 6.20 The notation

for determining circulation around closed
curve C.

A mathematical concept commonly associated with vortex motion is that of circulation. The
circulation, T, is defined as the line integral of the tangential component of the velocity taken
around a closed curve in the flow field. In equation form, I can be expressed as

r =ﬂg V- ds (6.89)
C

where the integral sign means that the integration is taken around a closed curve, C, in the
counterclockwise direction, and ds is a differential length along the curve as is illustrated in Fig. 6.20.
For an irrotational flow, V = V¢ so that V - ds = V¢ - ds = d¢p and, therefore,

F=SE dp =0
C

This result indicates that for an irrotational flow the circulation will generally be zero. (Chapter 9
has further discussion of circulation in real flows.) However, if there are singularities enclosed
within the curve the circulation may not be zero. For example, for the free vortex with vy, = K/r
the circulation around the circular path of radius » shown in Fig. 6.21 is

2m
= J K(rdﬂ) = 27K
0o T

which shows that the circulation is nonzero and the constant K = I'/277. However, for irrotational
flows the circulation around any path that does not include a singular point will be zero. This can
be easily confirmed for the closed path ABCD of Fig. 6.21 by evaluating the circulation around
that path.

The velocity potential and stream function for the free vortex are commonly expressed in
terms of the circulation as

r
d=—06 (6.90)
2
and
r
y=—Inr (6.91)
2

The concept of circulation is often useful when evaluating the forces developed on bodies immersed
in moving fluids. This application will be considered in Section 6.6.3.

B FIGURE 6.21 Circulation around various paths
in a free vortex.
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L STUTINRHD potential Flow—Free Vortex

GIVEN A liquid drains from a large tank through a small
opening as illustrated in Fig. E6.6a. A vortex forms whose veloc-
ity distribution away from the tank opening can be approximated
as that of a free vortex having a velocity potential
r
(b e

oy

FIND Determine an expression relating the surface shape to
the strength of the vortex as specified by the circulation I'.

SoLuTION

Since the free vortex represents an irrotational flow field, the
Bernoulli equation

VZ

P 71

Yy 2

can be written between any two points. If the points are selected
at the free surface, p; = p, = 0, so that

i V3
2g 2g
where the free surface elevation, z,, is measured relative to a da-

tum passing through point (1) as shown in Fig. E6.6b.
The velocity is given by the equation

1dp T
Vy = =

M

Zs

r a0 2mr

We note that far from the origin at point (1), ¥; = v, = 0 so that
Eq. 1 becomes

1‘*2

a 8772r2g

zZy =

(Ans)

which is the desired equation for the surface profile.

N

B FIGURE E6.6a

B FIGURE E6.6b

COMMENT The negative sign indicates that the surface falls
as the origin is approached as shown in Fig. E6.6. This solution is
not valid very near the origin since the predicted velocity be-
comes excessively large as the origin is approached.

6.5.4 Doublet

A doublet is formed
by an appropriate

source—sink pair. stream function for the pair is

V2 p
a1

6

a4

The final, basic potential flow to be considered is one that is formed by combining a source and
sink in a special way. Consider the equal strength, source—sink pair of Fig. 6.22. The combined

\°
N sink

e

Source

B FIGURE 6.22 The combination of
a source and sink of equal strength located along
the x axis.
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A doublet is formed
by letting a source
and sink approach
one another.

which can be rewritten as

tan 6, — tan 0,

¢ (m>—t 0, — 6,) = —201 — A0 (6.92)
an m ) T % 1 + tan 6, tan 6, )

From Fig. 6.22 it follows that

rsin 6
tanh, = ———
rcosf —a
and
rsin 6
tanf, = ———
rcosf + a

These results substituted into Eq. 6.92 give

< 277«,/1) 2ar sin 0
tan =

m r2_a2

so that

m 2ar sin 0
) (6.93)

_ —1
v = Zwtan (rz—a2

The figure in the margin shows typical streamlines for this flow. For small values of the distance a

m 2arsin®  marsin

2 7 — )

o= (6.94)

2m P —a
since the tangent of an angle approaches the value of the angle for small angles.

The so-called doublet is formed by letting the source and sink approach one another (¢ — 0)
while increasing the strength m (m — o) so that the product ma/7r remains constant. In this case,
since r/(r* — a*) — 1/r, Eq. 6.94 reduces to

K sin 0
r

g = — (6.95)

where K, a constant equal to ma/r, is called the strength of the doublet. The corresponding velocity
potential for the doublet is

_ Kcos b
N r

¢ (6.96)
Plots of lines of constant ¢ reveal that the streamlines for a doublet are circles through the origin
tangent to the x axis as shown in Fig. 6.23. Just as sources and sinks are not physically realistic
entities, neither are doublets. However, the doublet when combined with other basic potential flows

B FIGURE 6.23 Streamlines for a
doublet.
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6.6 Superposition of Basic, Plane Potential Flows

H TABLE 6.1
Summary of Basic, Plane Potential Flows

Description of Velocity
Flow Field Velocity Potential Stream Function Components®
Uniform flow at ¢ = U(x cosa + ysin a) = U(ycosa — x sin @) u= Ucosa
angle « with the x v = Usina
axis (see Fig.
6.16b)
Source or sink m m m
(see Fig. 6.17) ¢ =7 lnr i =E0 Ly
m > 0 source V=
m < 0 sink 0
Free vortex I r
(see Fig. 6.18) =50 Y= Inr v, =0
r>o r
counterclockwise Vo = 5
i 2mr
motion
I'<o
clockwise motion
Doubl'et K cos 0 Ksin 0 K cos 0
(see Fig. 6.23) ¢ = y=— v, =——
r r r
Ksin 6
Vp= ———

*Velocity components are related to the velocity potential and stream function through the relationships:
__ W W __ 1w _1%_ W

u = = = = v, = Vy = — = -
ox Iy ay ax or r a0 r a0 ar

provides a useful representation of some flow fields of practical interest. For example, we will
determine in Section 6.6.3 that the combination of a uniform flow and a doublet can be used to
represent the flow around a circular cylinder. Table 6.1 provides a summary of the pertinent
equations for the basic, plane potential flows considered in the preceding sections.

Superposition of Basic, Plane Potential Flows

Flow around a
half-body is
obtained by the
addition of a source
to a uniform flow.

As was discussed in the previous section, potential flows are governed by Laplace’s equation, which
is a linear partial differential equation. It therefore follows that the various basic velocity potentials
and stream functions can be combined to form new potentials and stream functions. (Why is this
true?) Whether such combinations yield useful results remains to be seen. It is to be noted that any
streamline in an inviscid flow field can be considered as a solid boundary, since the conditions
along a solid boundary and a streamline are the same—that is, there is no flow through the boundary
or the streamline. Thus, if we can combine some of the basic velocity potentials or stream functions
to yield a streamline that corresponds to a particular body shape of interest, that combination can
be used to describe in detail the flow around that body. This method of solving some interesting
flow problems, commonly called the method of superposition, is illustrated in the following three
sections.

6.6.1 Source in a Uniform Stream—Half-Body

Consider the superposition of a source and a uniform flow as shown in Fig. 6.24a. The resulting
stream function is

lp = lpuniform flow + lpsource

= Ursinf + —¢ (6.97)
21
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N

V6.5 Half-body

For inviscid flow, a
streamline can be
replaced by a solid
boundary.

y y = nbU
Stagnation point

s

Stagn_ation /'
> point r
\ 0
—_—

v

(a) (b)

B FIGURE 6.24 The flow around a half-body: (a) superposition of a source and a uniform
flow; (b) replacement of streamline ¥ = wwbU with solid boundary to form half-body.

—_—
—_— |
—

and the corresponding velocity potential is
b= Urcos + ——Inr (6.98)
2

It is clear that at some point along the negative x axis the velocity due to the source will just cancel
that due to the uniform flow and a stagnation point will be created. For the source alone

m

2

I

so that the stagnation point will occur at x = —b where

m

U:*
2mh

or

m

= — 6.99
27U ( )

The value of the stream function at the stagnation point can be obtained by evaluating ¢ at
r = b and 0 = 7, which yields from Eq. 6.97

m

l//stagnation - ?

Since m/2 = wbU (from Eq. 6.99) it follows that the equation of the streamline passing through
the stagnation point is

wbU = Ursin 0 + bUO
or

b(m — 6)
r=—— (6.100)
sin 0

where 60 can vary between 0 and 27r. A plot of this streamline is shown in Fig. 6.24b. If we replace
this streamline with a solid boundary, as indicated in the figure, then it is clear that this combination
of a uniform flow and a source can be used to describe the flow around a streamlined body placed
in a uniform stream. The body is open at the downstream end, and thus is called a /alf-body. Other
streamlines in the flow field can be obtained by setting ¢y = constant in Eq. 6.97 and plotting the
resulting equation. A number of these streamlines are shown in Fig. 6.245. Although the streamlines
inside the body are shown, they are actually of no interest in this case, since we are concerned with
the flow field outside the body. It should be noted that the singularity in the flow field (the source)
occurs inside the body, and there are no singularities in the flow field of interest (outside the body).
The width of the half-body asymptotically approaches 27b. This follows from Eq. 6.100,

which can be written as

y = b(m = 0)
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For a potential flow
the fluid is allowed
to slip past a fixed
solid boundary.

6.6 Superposition of Basic, Plane Potential Flows 297

so that as # — 0 or § — 27 the half-width approaches = b7r. With the stream function (or velocity
potential) known, the velocity components at any point can be obtained. For the half-body, using
the stream function given by Eq. 6.97,

1 oy

v,=*f=Ucos0+£
r 00 2mr

and

d
Vg = W —Usin 0
ar

Thus, the square of the magnitude of the velocity, V, at any point is

2
V2=v3+v5=U2+UmC°se+(m>

mr 27r

and since b = m/2wU
, 5 b b?
Ve-=U 1+2;cos(9—f—f2 (6.101)
r

With the velocity known, the pressure at any point can be determined from the Bernoulli
equation, which can be written between any two points in the flow field since the flow is irrotational.
Thus, applying the Bernoulli equation between a point far from the body, where the pressure is p,
and the velocity is U, and some arbitrary point with pressure p and velocity V, it follows that

where elevation changes have been neglected. Equation 6.101 can now be substituted into Eq. 6.102 to
obtain the pressure at any point in terms of the reference pressure, p,, and the upstream velocity, U.
This relatively simple potential flow provides some useful information about the flow around
the front part of a streamlined body, such as a bridge pier or strut placed in a uniform stream. An
important point to be noted is that the velocity tangent to the surface of the body is not zero; that
is, the fluid “slips” by the boundary. This result is a consequence of neglecting viscosity, the fluid
property that causes real fluids to stick to the boundary, thus creating a “no-slip” condition. All
potential flows differ from the flow of real fluids in this respect and do not accurately represent
the velocity very near the boundary. However, outside this very thin boundary layer the velocity
distribution will generally correspond to that predicted by potential flow theory if flow separation
does not occur. (See Section 9.2.6.) Also, the pressure distribution along the surface will closely
approximate that predicted from the potential flow theory, since the boundary layer is thin and
there is little opportunity for the pressure to vary through the thin layer. In fact, as discussed in
more detail in Chapter 9, the pressure distribution obtained from potential flow theory is used in
conjunction with viscous flow theory to determine the nature of flow within the boundary layer.

—EXAMPLE (¥4l Potential Flow—Half-body

GIVEN A 40 mi/hr wind blows toward a hill arising from a 40 mi/hr
plain that can be approximated with the top section of a half-body
as illustrated in Fig. E6.7a. The height of the hill approaches 200 ft
as shown. Assume an air density of 0.00238 slugs/ft*.

FIND

(a) What is the magnitude of the air velocity at a point on the L b J ’
hill directly above the origin [point (2)]?
(b) What is the elevation of point (2) above the plain and what

is the difference in pressure between point (1) on the plain far
from the hill and point (2)?

200 ft

B FIGURE E6.7a
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SoLuTioN
(a) The velocity is given by Eq. 6.101 as and
b b . 5280 ft/mi)
2 _ 2 = = V, = (474 mi/hr)( ——— | = 69.5ft
14 U(1+2rc059+r2) = ( mi/ r)(36005/hr /s
At point (2), # = 7/2, and since this point is on the surface it follows that
(Eq. 6.100) _ (000238 slugs/fr) 9
e—8) n=pa - (695 S — (58.7 /5]
TS Tsme 2 @ + (0.00238 slugs/ft')(32.2 ft/s?)(100 ft — 0 ft)
Thus, = 9.31 Ib/ft* = 0.0647 psi (Ans)
2
V3 = Uz{l + biz} COMMENTS This result indicates that the pressure on the
(wb/2) hill at point (2) is slightly lower than the pressure on the plain at
e (1 n i > some distance from the base of the hill with a 0.0533 psi differ-
a? ence due to the elevation increase and a 0.0114 psi difference due

to the velocity increase.
By repeating the calculations for various values of the upstream
wind speed, U, the results shown in Fig. E6.7b are obtained. Note
4 \172 that as the wind speed increases, the pressure difference increases
V= (1 + ;) (40 mi/hr) = 47.4 mi/hr  (AnS)  from the calm conditions of p; — p» = 0.0533 psi.
The maximum velocity along the hill surface does not occur at

and the magnitude of the velocity at (2) for a 40 mi/hr approach-
ing wind is

(b) The elevation at (2) above the plain is given by Eq. 1 as point (2) but farther up the hill at 6 = 63°. At this point
) Viutace = 1.26U. The minimum velocity (¥ = 0) and maximum
=7 pressure occur at point (3), the stagnation point.
Since the height of the hill approaches 200 ft and this height is
equal to 7rb, it follows that 0.14
200 ft
n=T, = 100 ft (Ans) 0.12
From the Bernoulli equation (with the y axis the vertical axis) G
V3 V3 & 0.08
&'*'*1*}’1:12"'*2*)’2 g
Y 2 Y 2 " 0.06
<o that < (40 mph, 0.0647 psi)
0.04
p
b= P2 = E(V% - V%) + v =) 0.02
and with 0
0 20 40 60 80 100
5280 ft/mi U, mph
Vi, = (40 mi/hr)| ———— )| = 58.7 ft
1 = (40 mi/ r)(3600s/hr> /s EFIGURE E6.7b

6.6.2 Rankine Ovals

The half-body described in the previous section is a body that is “open” at one end. To study the
flow around a closed body, a source and a sink of equal strength can be combined with a uniform
flow as shown in Fig. 6.25a. The stream function for this combination is

¥ = Ursin 6 — %(01 ~ 6, (6.103)
and the velocity potential is

¢ = Urcos§ — %(m = Inry) (6.104)
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- e (;J
(a) (b)

B FIGURE 6.25 The flow around a Rankine oval: (a) superposition of source-sink pair
and a uniform flow; (b) replacement of streamline iy = 0 with solid boundary to form Rankine oval.

1]
o

As discussed in Section 6.5.4, the stream function for the source—sink pair can be expressed as in
Eq. 6.93 and, therefore, Eq. 6.103 can also be written as

Y = Ursin g — 7 an~! (2ar sin 0)
2 P —d
or
Y= Uy — —tan"! (22?2) (6.105)
2 X +y —a

The corresponding streamlines for this flow field are obtained by setting ¢y = constant. If several
of these streamlines are plotted, it will be discovered that the streamline ¢y = 0 forms a closed body
as is illustrated in Fig. 6.25bh. We can think of this streamline as forming the surface of a body of
length 2¢ and width 2/ placed in a uniform stream. The streamlines inside the body are of no practical
interest and are not shown. Note that since the body is closed, all of the flow emanating from the
source flows into the sink. These bodies have an oval shape and are termed Rankine ovals.

Stagnation points occur at the upstream and downstream ends of the body as are indicated
in Fig. 6.25b. These points can be located by determining where along the x axis the velocity is
zero. The stagnation points correspond to the points where the uniform velocity, the source velocity,
and the sink velocity all combine to give a zero velocity. The locations of the stagnation points
depend on the value of a, m, and U. The body half-length, € (the value of |x| that gives V = 0
when y = 0), can be expressed as

12
= ('”Z + a2) (6.106)
a
or
¢ 12
= (W’Za + 1) (6.107)

The body half-width, %, can be obtained by determining the value of y where the y axis intersects
the ¢y = 0 streamline. Thus, from Eq. 6.105 with 4 = 0, x = 0, and y = A, it follows that
W —d 2aUh

h = tan (6.108)
2a m

hoo1[(RY Ua'\ h
==3 [(a) - l}tan [2(”’””)(1} (6.109)

Equations 6.107 and 6.109 show that both €/a and //a are functions of the dimensionless parameter,
mwUa/m. Although for a given value of Ua/m the corresponding value of €/a can be determined
directly from Eq. 6.107, h/a must be determined by a trial and error solution of Eq. 6.109.

A large variety of body shapes with different length to width ratios can be obtained by using
different values of Ua/m, as shown by the figure in the margin. As this parameter becomes large, flow

or
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A doublet combined
with a uniform flow
can be used to rep-
resent flow around
a circular cylinder.

V6.6 Circular
cylinder
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V6.7 Ellipse
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around a long slender body is described, whereas for small values of the parameter, flow around a
more blunt shape is obtained. Downstream from the point of maximum body width the surface pressure
increases with distance along the surface. This condition (called an adverse pressure gradient) typically
leads to separation of the flow from the surface, resulting in a large low pressure wake on the downstream
side of the body. Separation is not predicted by potential theory (which simply indicates a symmetrical
flow). This is illustrated by the figure in the margin for an extreme blunt shape. Therefore, the potential
solution for the Rankine ovals will give a reasonable approximation of the velocity outside the thin,
viscous boundary layer and the pressure distribution on the front part of the body only.

6.6.3 Flow around a Circular Cylinder

As was noted in the previous section, when the distance between the source—sink pair approaches zero,
the shape of the Rankine oval becomes more blunt and in fact approaches a circular shape. Since the
doublet described in Section 6.5.4 was developed by letting a source—sink pair approach one another,
it might be expected that a uniform flow in the positive x direction combined with a doublet could be
used to represent flow around a circular cylinder. This combination gives for the stream function

K sin 0

¢y = Ursinf — (6.110)

and for the velocity potential

K cos 0

¢ = Urcosf + (6.111)

In order for the stream function to represent flow around a circular cylinder it is necessary that
¢ = constant for » = a, where a is the radius of the cylinder. Since Eq. 6.110 can be written as

K .
¢=(U—2)rsm0
r

it follows that 4y = 0 for » = a if

which indicates that the doublet strength, K, must be equal to Ua?. Thus, the stream function for
flow around a circular cylinder can be expressed as

2
¥ = Ur<1 - 612> sin 0 (6.112)
r
and the corresponding velocity potential is
2
b= Ur<1 + "2> cos 6 (6.113)
r

A sketch of the streamlines for this flow field is shown in Fig. 6.26.
The velocity components can be obtained from either Eq. 6.112 or 6.113 as

3 19 §
vrzil):——d[: U(l —(12)0050 (6.114)
ar r 00 r
and
19 d §
v = 138 _ W _ —U(l + "z)sme (6.115)
r 00 ar r

On the surface of the cylinder (» = a) it follows from Eq. 6.114 and 6.115 that v, = 0 and
Vs = —2Usin 0

As shown by the figure in the margin, the maximum velocity occurs at the top and bottom of
the cylinder (9 = */2) and has a magnitude of twice the upstream velocity, U. As we move
away from the cylinder along the ray 8 = 7r/2 the velocity varies, as is illustrated in Fig. 6.26.
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2U

v B FIGURE 6.26 The flow around a

circular cylinder.

The pressure distribution on the cylinder surface is obtained from the Bernoulli equation
written from a point far from the cylinder where the pressure is p, and the velocity is U so that

po +3pU* = p, + 3p05,

where p, is the surface pressure. Elevation changes are neglected. Since vy, = —2U sin 0, the
surface pressure can be expressed as
Py = po + 3pU(1 — 45sin’ 6) (6.116)

A comparison of this theoretical, symmetrical pressure distribution expressed in dimensionless form
with a typical measured distribution is shown in Fig. 6.27. This figure clearly reveals that only on
the upstream part of the cylinder is there approximate agreement between the potential flow and
the experimental results. Because of the viscous boundary layer that develops on the cylinder, the
main flow separates from the surface of the cylinder, leading to the large difference between
the theoretical, frictionless fluid solution and the experimental results on the downstream side of
the cylinder (see Chapter 9).

The resultant force (per unit length) developed on the cylinder can be determined by integrating
the pressure over the surface. From Fig. 6.28 it can be seen that

2
F, = —J P, cos B adf (6.117)
0
3
U

—_— ->

—_—

—_—

—

Py~ Po
T 0
2

7

/
/
/

-2
Theoretical
(inviscid)
B FIGURE 6.27 A compari-
-3 son of theoretical (inviscid) pressure distri-
0 30 60 90 120 150 180

bution on the surface of a circular cylinder
B(deg) with typical experimental distribution.
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2w
F, = —J pssin 0 a do

B FIGURE 6.28 The notation for determining lift and drag
on a circular cylinder.

(6.118)

0

where F, is the drag (force parallel to direction of the uniform flow) and F is the /ift (force perpendicular
to the direction of the uniform flow). Substitution for p, from Eq. 6.116 into these two equations, and
subsequent integration, reveals that . = 0 and F,, = 0 (Problem 6.73). These results indicate that both
the drag and lift as predicted by potential theory for a fixed cylinder in a uniform stream are zero.
Since the pressure distribution is symmetrical around the cylinder, this is not really a surprising result.
However, we know from experience that there is a significant drag developed on a cylinder when it is
placed in a moving fluid. This discrepancy is known as d’Alembert’s paradox. The paradox is named

Potential theory in-
correctly predicts
that the drag on a
cylinder is zero.

—EXAMPLE 6.8

GIVEN When a circular cylinder is placed in a uniform
stream, a stagnation point is created on the cylinder as is shown in
Fig. E6.8a. If a small hole is located at this point, the stagnation
pressure, Py, can be measured and used to determine the ap-
proach velocity, U.

point
(a) (b)

after Jean le Rond d’Alembert (1717—-1783), a French mathematician and philosopher, who first showed
that the drag on bodies immersed in inviscid fluids is zero. It was not until the latter part of the nineteenth
century and the early part of the twentieth century that the role viscosity plays in the steady fluid
motion was understood and d’Alembert’s paradox explained (see Section 9.1).

Potential Flow—Cylinder

FIND
(a) Show how py,, and U are related.

(b) If the cylinder is misaligned by an angle « (Figure E6.80),
but the measured pressure is still interpreted as the stagnation
pressure, determine an expression for the ratio of the true
velocity, U, to the predicted velocity, U'. Plot this ratio as a func-
tion of « for the range —20° =< a = 20°.

102 0° 10°

20°

B FIGURE E6.8
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(a) The velocity at the stagnation point is zero so the Bernoulli
equation written between a point on the stagnation streamline up-
stream from the cylinder and the stagnation point gives

P,
Y

|

COMMENT A measurement of the difference between the
pressure at the stagnation point and the upstream pressure can
be used to measure the approach velocity. This is, of course, the
same result that was obtained in Section 3.5 for Pitot-static tubes.

(b) If the direction of the fluid approaching the cylinder is not
known precisely, it is possible that the cylinder is misaligned by
some angle, «. In this instance the pressure actually measured,
P Will be different from the stagnation pressure, but if the mis-
alignment is not recognized the predicted approach velocity, U,
would still be calculated as

lz_pslag
g v

Thus,

2

12
;(pstag _pO):| (Ans)

. 2 12
U = {;(pa _Po)}
Thus,
U(true) Dstag — Do\
U’ (predicted) B < Pa — Do ) M

The velocity on the surface of the cylinder, vy, where r = a, is ob-
tained from Eq. 6.115 as

vy = —2Usin 6

If we now write the Bernoulli equation between a point upstream
of the cylinder and the point on the cylinder where 7 = a, 0 = a,
it follows that

1 1
Do+ E'DUZ = P+ Ep(—ZUsin a)’

and, therefore,

Pa — Po = 7pU(1 — 4sin’e) @)
Since pyag — Po = 1pU? it follows from Egs. 1 and 2 that
Ultrue)
— 2 — (1 — 4si 2 \—1/2
U’ (predicted) ( sin‘a) (Ans)

This velocity ratio is plotted as a function of the misalignment an-
gle « in Fig. E6.8c.

COMMENT 1t is clear from these results that significant er-
rors can arise if the stagnation pressure tap is not aligned with the
stagnation streamline. As is discussed in Section 3.5, if two addi-
tional, symmetrically located holes are drilled on the cylinder, as
are illustrated in Fig. E6.84, the correct orientation of the cylinder
can be determined. The cylinder is rotated until the pressures in
the two symmetrically placed holes are equal, thus indicating that
the center hole coincides with the stagnation streamline. For
B = 30° the pressure at the two holes theoretically corresponds to
the upstream pressure, p,. With this orientation a measurement of
the difference in pressure between the center hole and the side
holes can be used to determine U.

An additional, interesting potential flow can be developed by adding a free vortex to the
stream function or velocity potential for the flow around a cylinder. In this case

l//=Ur(

and

¢ = Ur(l +

2

a . r
1 - 2> sinf — —Inr (6.119)
r 27

)

2

r
cos O + Py 0 (6.120)

a
1"2 w

where I is the circulation. We note that the circle » = a will still be a streamline (and thus can be
replaced with a solid cylinder), since the streamlines for the added free vortex are all circular. However,
the tangential velocity, vy, on the surface of the cylinder (r = a) now becomes

Flow around a ro-
tating cylinder is
approximated by
the addition of a
free vortex.

. r
—2Usinf + —
2ma

(6.121)

This type of flow field could be approximately created by placing a rotating cylinder in a uniform
stream. Because of the presence of viscosity in any real fluid, the fluid in contact with the rotating
cylinder would rotate with the same velocity as the cylinder, and the resulting flow field would resemble
that developed by the combination of a uniform flow past a cylinder and a free vortex.
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r=0 <1

4 Ua

(b)

& Stagnation

B FIGURE 6.29
The location of stagnation

(a)
—
T

Inla =1 ﬁ >1 points on a circular cylinder:
(a) without circulation; (b, ¢, d)
(c) (d) with circulation.

A variety of streamline patterns can be developed, depending on the vortex strength, I'. For
example, from Eq. 6.121 we can determine the location of stagnation points on the surface of the
cylinder. These points will occur at 6 = 6,, where v, = 0 and therefore from Eq. 6.121

r

S0 Oss = 4

(6.122)
IfT" = 0, then 6,, = 0 or m—that is, the stagnation points occur at the front and rear of the cylinder
as are shown in Fig. 6.29a. However, for —1 = I'/47rUa = 1, the stagnation points will occur at
some other location on the surface as illustrated in Figs. 6.29b,c. If the absolute value of the
parameter I'/47mUa exceeds 1, Eq. 6.122 cannot be satisfied, and the stagnation point is located
away from the cylinder as shown in Fig. 6.294.

The force per unit length developed on the cylinder can again be obtained by integrating the
differential pressure forces around the circumference as in Eqs. 6.117 and 6.118. For the cylinder
with circulation, the surface pressure, p,, is obtained from the Bernoulli equation (with the surface
velocity given by Eq. 6.121)

+1U2 +1(2U'0+F)2
— = — — sin —
Pot P pst 5P rma

or

T si I
sinf_ ) (6.123)

1
= po+ - pUt( 1 — 4sin’o +
Ps = Po 2 P ( st malU 47°ad*U?

Equation 6.123 substituted into Eq. 6.117 for the drag, and integrated, again yields (Problem 6.74)
F.=0

That is, even for the rotating cylinder no force in the direction of the uniform flow is developed.
However, use of Eq. 6.123 with the equation for the lift, F, (Eq. 6.118), yields (Problem 6.74)

F, = —pUl (6.124)

e
Thus, for the cylinder with circulation, lift is developed equal to the product of the fluid density,
the upstream velocity, and the circulation. The negative sign means that if U is positive (in the
positive x direction) and 1 is positive (a free vortex with counterclockwise rotation), the direction
of the F, is downward.

Of course, if the cylinder is rotated in the clockwise direction (I' < 0) the direction of £, would
be upward. This can be seen by studying the surface pressure distribution (Eq. 6.123), which is plotted
in Fig. 6.30 for two situations. One has 1'/47rUa = 0, which corresponds to no rotation of the cylinder.
The other has I'/4wUa = —0.25, which corresponds to clockwise rotation of the cylinder. With no
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B FIGURE 6.30

Pressure distribution on a circular cylinder with and without rotation.

rotation the flow is symmetrical both top to bottom and front to back on the cylinder. With rotation
the flow is symmetrical front to back, but not top to bottom. In this case the two stagnation points
[i.e., (p, — po)/(pU?/2) = 1] are located on the bottom of the cylinder and the average pressure on
the top half of the cylinder is less than that on the bottom half. The result is an upward lift force. It
is this force acting in a direction perpendicular to the direction of the approach velocity that causes
baseballs and golf balls to curve when they spin as they are propelled through the air. The development
of this lift on rotating bodies is called the Magnus effect. (See Section 9.4 for further comments.)
Although Eq. 6.124 was developed for a cylinder with circulation, it gives the lift per unit
length for any two-dimensional object of any cross-sectional shape placed in a uniform, inviscid
stream. The circulation is determined around any closed curve containing the body. The general-
ized equation relating lift to fluid density, velocity, and circulation is called the Kutta—Joukowski
law, and is commonly used to determine the lift on airfoils (see Section 9.4.2 and Refs. 2-6).

F | u i d s i n

t h e N e w s

A sailing ship without sails A sphere or cylinder spinning about
its axis when placed in an airstream develops a force at right an-
gles to the direction of the airstream. This phenomenon is com-
monly referred to as the Magnus effect and is responsible for the
curved paths of baseballs and golf balls. Another lesser-known
application of the Magnus effect was proposed by a German
physicist and engineer, Anton Flettner, in the 1920s. Flettner’s
idea was to use the Magnus effect to make a ship move. To
demonstrate the practicality of the “rotor-ship” he purchased a
sailing schooner and replaced the ship’s masts and rigging with

two vertical cylinders that were 50 feet high and 9 feet in diame-
ter. The cylinders looked like smokestacks on the ship. Their spin-
ning motion was developed by 45-hp motors. The combination of
a wind and the rotating cylinders created a force (Magnus effect)
to push the ship forward. The ship, named the Baden Baden,
made a successful voyage across the Atlantic, arriving in New
York Harbor on May 9, 1926. Although the feasibility of the
rotor-ship was clearly demonstrated, it proved to be less efficient
and practical than more conventional vessels and the idea was not
pursued. (See Problem 6.72.)

6.7

Other Aspects of Potential Flow Analysis

In the preceding section the method of superposition of basic potentials has been used to obtain
detailed descriptions of irrotational flow around certain body shapes immersed in a uniform stream.
For the cases considered, two or more of the basic potentials were combined and the question is
asked: What kind of flow does this combination represent? This approach is relatively simple and
does not require the use of advanced mathematical techniques. It is, however, restrictive in its
general applicability. It does not allow us to specify a priori the body shape and then determine
the velocity potential or stream function that describes the flow around the particular body.
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Potential flow solu-
tions are always ap-
proximate because
the fluid is assumed
to be frictionless.

V6.10 Potential
flow

Determining the velocity potential or stream function for a given body shape is a much more
complicated problem.

It is possible to extend the idea of superposition by considering a distribution of sources and
sinks, or doublets, which when combined with a uniform flow can describe the flow around bodies
of arbitrary shape. Techniques are available to determine the required distribution to give a
prescribed body shape. Also, for plane potential flow problems it can be shown that complex
variable theory (the use of real and imaginary numbers) can be effectively used to obtain solutions
to a great variety of important flow problems. There are, of course, numerical techniques that can
be used to solve not only plane two-dimensional problems, but the more general three-dimensional
problems. Since potential flow is governed by Laplace’s equation, any procedure that is available
for solving this equation can be applied to the analysis of irrotational flow of frictionless fluids.
Potential flow theory is an old and well-established discipline within the general field of fluid
mechanics. The interested reader can find many detailed references on this subject, including Refs.
2, 3,4, 5, and 6 given at the end of this chapter.

An important point to remember is that regardless of the particular technique used to obtain
a solution to a potential flow problem, the solution remains approximate because of the
fundamental assumption of a frictionless fluid. Thus, “exact” solutions based on potential flow
theory represent, at best, only approximate solutions to real fluid problems. The applicability of
potential flow theory to real fluid problems has been alluded to in a number of examples considered
in the previous section. As a rule of thumb, potential flow theory will usually provide a reasonable
approximation in those circumstances when we are dealing with a low viscosity fluid moving at
a relatively high velocity, in regions of the flow field in which the flow is accelerating. Under
these circumstances we generally find that the effect of viscosity is confined to the thin boundary
layer that develops at a solid boundary. Outside the boundary layer the velocity distribution and
the pressure distribution are closely approximated by the potential flow solution. However, in
those regions of the flow field in which the flow is decelerating (for example, in the rearward
portion of a bluff body or in the expanding region of a conduit), the pressure near a solid boundary
will increase in the direction of flow. This so-called adverse pressure gradient can lead to flow
separation, a phenomenon that causes dramatic changes in the flow field which are generally not
accounted for by potential theory. However, as discussed in Chapter 9, in which boundary layer
theory is developed, it is found that potential flow theory is used to obtain the appropriate pressure
distribution that can then be combined with the viscous flow equations to obtain solutions near
the boundary (and also to predict separation). The general differential equations that describe
viscous fluid behavior and some simple solutions to these equations are considered in the remaining
sections of this chapter.

6.8 Viscous Flow

To incorporate viscous effects into the differential analysis of fluid motion we must return to the
previously derived general equations of motion, Egs. 6.50. Since these equations include both
stresses and velocities, there are more unknowns than equations, and therefore before proceeding
it is necessary to establish a relationship between the stresses and velocities.

6.8.1 Stress—Deformation Relationships

For incompressible Newtonian fluids it is known that the stresses are linearly related to the rates
of deformation and can be expressed in Cartesian coordinates as (for normal stresses)

J
o.=—p+2u (6.125a)
ox
v
[ 6.125b
o, p +2u o ( )
9
o, =—p+2u= (6.125¢)
Jdz
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(for shearing stresses)

Ju av

Ty = Tyx = :u'(ay + ax) (6.125(1)
v ow

Ty = Ty = K (82 + ay) (6.1256)
J d

Ta=TL= (W + ”) (6.125f)
ox 0z

where p is the pressure, the negative of the average of the three normal stresses; that is,
—p = (3)(o + o, + 0..). For viscous fluids in motion the normal stresses are not necessarily the
same in different directions, thus, the need to define the pressure as the average of the three normal
stresses. For fluids at rest, or frictionless fluids, the normal stresses are equal in all directions. (We
have made use of this fact in the chapter on fluid statics and in developing the equations for inviscid
flow.) Detailed discussions of the development of these stress—velocity gradient relationships can
be found in Refs. 3, 7, and 8. An important point to note is that whereas for elastic solids the
stresses are linearly related to the deformation (or strain), for Newtonian fluids the stresses are
linearly related to the rate of deformation (or rate of strain).

In cylindrical polar coordinates the stresses for incompressible Newtonian fluids are expressed
as (for normal stresses)

v,
g, =—p+t2u— (6.126a)
or
S ] L 6.126b
Teg — —P KA 20 - (6. )
v,
o,=—p+2u (6.126¢)
0z
(for shearing stresses)
d (v, 1 av,}
e Y A 6.126d
Tro Tor /J"|:rar<r) r 90 ( )
=1y = <av9 + 181}2) 6.126
To: — Tz — M Iz r 90 ( . e)
v, v,
T, =T, = ,LL( + > (6.126f)
0z ar

The double subscript has a meaning similar to that of stresses expressed in Cartesian coordinates—
that is, the first subscript indicates the plane on which the stress acts, and the second subscript the
direction. Thus, for example, o, refers to a stress acting on a plane perpendicular to the radial direction
and in the radial direction (thus a normal stress). Similarly, 7,, refers to a stress acting on a plane
perpendicular to the radial direction but in the tangential (6 direction) and is therefore a shearing stress.

6.8.2 The Navier—Stokes Equations

The stresses as defined in the preceding section can be substituted into the differential equations
of motion (Egs. 6.50) and simplified by using the continuity equation (Eq. 6.31) to obtain:

(x direction)
Ju Ju Ju Ju ap Pu  u
p(—l—ua-l-v+w)=—+pgx+,u(axz+ay2+azz) (6.127a)
(v direction)

(av L, av) P\ pe + (32” 4 o +"’2”) (6.127b)
— 4y w = -/ 2 :
p . y T Ps R G T
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The Navier—Stokes
equations are the
basic differential
equations describ-
ing the flow of
Newtonian fluids.

(z direction)

ow aw aow ow ap Fw  Pw  Pw
opl—tu—+v—+w—|=——""+pg +pun 72+72+72
ot 0x dy 0z 0z 0x )Y 0z

where u, v, and w are the x, y, and z components of velocity as shown in the figure in the margin
of the previous page. We have rearranged the equations so the acceleration terms are on the left
side and the force terms are on the right. These equations are commonly called the Navier—Stokes
equations, named in honor of the French mathematician L. M. H. Navier (1785-1836) and the
English mechanician Sir G. G. Stokes (1819—1903), who were responsible for their formulation.
These three equations of motion, when combined with the conservation of mass equation (Eq. 6.31),
provide a complete mathematical description of the flow of incompressible Newtonian fluids. We
have four equations and four unknowns (u, v, w, and p), and therefore the problem is “well-posed”
in mathematical terms. Unfortunately, because of the general complexity of the Navier—Stokes
equations (they are nonlinear, second-order, partial differential equations), they are not amenable
to exact mathematical solutions except in a few instances. However, in those few instances in which
solutions have been obtained and compared with experimental results, the results have been in close
agreement. Thus, the Navier—Stokes equations are considered to be the governing differential
equations of motion for incompressible Newtonian fluids.

In terms of cylindrical polar coordinates (see the figure in the margin), the Navier—Stokes
equations can be written as

(6.127¢)

(r direction)

o, o, v, v, v} o,
pl = +v,—L+ 2 =Lty
ot or r 90 r 0z

o, [l 0 ( 81},) v, 1 v, 2 v, N aZv,} (6.1283)
= —— - - — 4+ = - =— .128a
o PET R0\ o rr o 200> r? o 9z%

(6 direction)
av, av, Vg AV, V,, av,
p(9+v,9+99+" v29>
at ar r 90 r 0z

16p+ N [18(61)9) v
= - —_ N\ r— |- —
rao PSR\ ) T 2

(z direction)

Jv, v, vy 0V, v,
p to—+— + v,
ot ar r 960 0z

1 0%, &%,

op + + [1 a< avl) + +
=—-— ——\r
oz PETEL ") T e T a2
To provide a brief introduction to the use of the Navier—Stokes equations, a few of the
simplest exact solutions are developed in the next section. Although these solutions will prove to

be relatively simple, this is not the case in general. In fact, only a few other exact solutions have
been obtained.

10, 200 azﬂ (6.128b)
r? 06° r? 90 9z )

} (6.128¢)

6.9 Some Simple Solutions for Laminar, Viscous, Incompressible Fluids

A principal difficulty in solving the Navier—Stokes equations is because of their nonlinearity arising
from the convective acceleration terms (i.e., u du/dx, w 9v/dz, etc.). There are no general analytical
schemes for solving nonlinear partial differential equations (e.g., superposition of solutions cannot
be used), and each problem must be considered individually. For most practical flow problems, fluid
particles do have accelerated motion as they move from one location to another in the flow field.
Thus, the convective acceleration terms are usually important. However, there are a few special cases
for which the convective acceleration vanishes because of the nature of the geometry of the flow
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can be obtained for
steady laminar flow
between fixed paral-
lel plates.

V6.11 No-slip
boundary condition
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system. In these cases exact solutions are often possible. The Navier—Stokes equations apply to both
laminar and turbulent flow, but for turbulent flow each velocity component fluctuates randomly with
respect to time and this added complication makes an analytical solution intractable. Thus, the exact
solutions referred to are for laminar flows in which the velocity is either independent of time (steady
flow) or dependent on time (unsteady flow) in a well-defined manner.

6.9.1 Steady, Laminar Flow between Fixed Parallel Plates

We first consider flow between the two horizontal, infinite parallel plates of Fig. 6.31a. For this
geometry the fluid particles move in the x direction parallel to the plates, and there is no velocity
in the y or z direction—that is, » = 0 and w = 0. In this case it follows from the continuity equation
(Eq. 6.31) that du/dx = 0. Furthermore, there would be no variation of u in the z direction for
infinite plates, and for steady flow du/dt = 0 so that u = u(y). If these conditions are used in the
Navier—Stokes equations (Egs. 6.127), they reduce to

SV -
ox H 0y )
J

0=-L_ ) (6.130)
ay
J

0=-2 (6.131)
Jdz

where we have set g, = 0, g, = —g, and g, = 0. That is, the y axis points up. We see that for this
particular problem the Navier—Stokes equations reduce to some rather simple equations.
Equations 6.130 and 6.131 can be integrated to yield

p=—pgy + filx) (6.132)

which shows that the pressure varies hydrostatically in the y direction. Equation 6.129, rewritten
as

du_1ip
dy2 mox

du l(ap)
== )y+q
dy M \dx

1 [fap) ,
=—|— ] +ey+
u ZM(ax)y cy t o

can be integrated to give

and integrated again to yield
(6.133)
Note that for this simple flow the pressure gradient, dp/dx, is treated as constant as far as the

integration is concerned, since (as shown in Eq. 6.132) it is not a function of y. The two constants
¢, and ¢, must be determined from the boundary conditions. For example, if the two plates are

Y { Y
]Tl Y — | z
umax
* g
h z
v

L ) L )

(a) (b)

B FIGURE 6.31 Theviscous flow between parallel plates:
(a) coordinate system and notation used in analysis; (b) parabolic velocity
distribution for flow between parallel fixed plates.
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V6.12 Liquid—
liquid no-slip

The Navier—Stokes
equations provide
detailed flow char-
acteristics for lami-
nar flow between

fixed parallel plates.

fixed, then # = 0 for y = =/ (because of the no-slip condition for viscous fluids). To satisfy this

condition ¢; = 0 and
1 (9
oLy,
2 \ dx

Thus, the velocity distribution becomes

1 /9
w=— (p) 07 = 1) (6.134)
2w\ dx
Equation 6.134 shows that the velocity profile between the two fixed plates is parabolic as illustrated

in Fig. 6.315.
The volume rate of flow, ¢, passing between the plates (for a unit width in the z direction) is
obtained from the relationship

h hoy ap
q = ua’y=J () 2 — dy
J—h —n 2 \Ox v )

2K ap)
= —\= 6.135
q 3 ( . ( )

The pressure gradient dp/dx is negative, since the pressure decreases in the direction of flow. If
we let Ap represent the pressure drop between two points a distance € apart, then

or

Ap _ op
T o
and Eq. 6.135 can be expressed as
21 Ap
q = 3t (6.136)

The flow is proportional to the pressure gradient, inversely proportional to the viscosity, and strongly
dependent (~#*) on the gap width. In terms of the mean velocity, V, where V = ¢/2h, Eq. 6.136
becomes

_ WAp
3ul
Equations 6.136 and 6.137 provide convenient relationships for relating the pressure drop along a

parallel-plate channel and the rate of flow or mean velocity. The maximum velocity, u,,,,, occurs
midway (y = 0) between the two plates, as shown in Fig. 6.315, so that from Eq. 6.134

At
Unax = 75 |\ -
2w\ dx

Upax = 3V (6.138)

The details of the steady laminar flow between infinite parallel plates are completely predicted
by this solution to the Navier—Stokes equations. For example, if the pressure gradient, viscosity, and
plate spacing are specified, then from Eq. 6.134 the velocity profile can be determined, and from
Eqgs. 6.136 and 6.137 the corresponding flowrate and mean velocity determined. In addition, from
Eq. 6.132 it follows that

(6.137)

or

50 = (L)e 45,

where p, is a reference pressure at x = y = 0, and the pressure variation throughout the fluid can
be obtained from

9
p=—pgy + (ap)x + Do (6.139)
X
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6.9 Some Simple Solutions for Laminar, Viscous, Incompressible Fluids 311
For a given fluid and reference pressure, p,, the pressure at any point can be predicted. This relatively
simple example of an exact solution illustrates the detailed information about the flow field which
can be obtained. The flow will be laminar if the Reynolds number, Re = pV(2h)/u, remains below
about 1400. For flow with larger Reynolds numbers the flow becomes turbulent and the preceding

analysis is not valid since the flow field is complex, three-dimensional, and unsteady.

F | u i d s i n

t h e N e w s

10 tons on 8 psi Place a golf ball on the end of a garden hose
and then slowly turn the water on a small amount until the ball
just barely lifts off the end of the hose, leaving a small gap be-
tween the ball and the hose. The ball is free to rotate. This is the
idea behind the new “floating ball water fountains” developed
in Finland. Massive, 10-ton, 6-ft-diameter stone spheres are
supported by the pressure force of the water on the curved sur-
face within a pedestal and rotate so easily that even a small
child can change their direction of rotation. The key to the

fountain design is the ability to grind and polish stone to an ac-
curacy of a few thousandths of an inch. This allows the gap be-
tween the ball and its pedestal to be very small (on the order of
5/1000 in.) and the water flowrate correspondingly small (on
the order of 5 gallons per minute). Due to the small gap, the
flow in the gap is essentially that of flow between parallel
plates. Although the sphere is very heavy, the pressure under
the sphere within the pedestal needs to be only about 8§ psi. (See
Problem 6.88.)

For a given flow
geometry, the char-
acter and details of
the flow are
strongly dependent
on the boundary
conditions.

6.9.2 Couette Flow

Another simple parallel-plate flow can be developed by fixing one plate and letting the other plate
move with a constant velocity, U, as is illustrated in Fig. 6.32a. The Navier—Stokes equations
reduce to the same form as those in the preceding section, and the solution for the pressure and
velocity distribution are still given by Eqgs. 6.132 and 6.133, respectively. However, for the moving
plate problem the boundary conditions for the velocity are different. For this case we locate the
origin of the coordinate system at the bottom plate and designate the distance between the two
plates as b (see Fig. 6.32a). The two constants ¢, and ¢, in Eq. 6.133 can be determined from the
boundary conditions, # = 0 at y = 0 and # = U at y = b. It follows that

y 1 Gp) 5
=U=+ — -b 6.140
u 5 2,u<8x 0" = by) (6.140)
or, in dimensionless form,
o= a6 -3)
— == — = = 6.141
U b 2uU\ox/\b b ( )

Moving
plate

Fixed
plate

Q=

(a) (b)

B FIGURE 6.32 The viscous flow between parallel plates with bottom plate fixed and
upper plate moving (Couette flow): (a) coordinate system and notation used in analysis; (b) velocity
distribution as a function of parameter, P, where P = —(b*/2uU) dp/0x. (From Ref. 8, used by
permission.)
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Flow between par-
allel plates with one
plate fixed and the
other moving is
called Couette flow.

Lubricating
oil

Rotating shaft

Housing
/

B FIGURE 6.33 Flow in the narrow gap of a
journal bearing.

The actual velocity profile will depend on the dimensionless parameter

b (9
o)
2uU \ dx

Several profiles are shown in Fig. 6.32b. This type of flow is called Couette flow.

The simplest type of Couette flow is one for which the pressure gradient is zero; that is, the
fluid motion is caused by the fluid being dragged along by the moving boundary. In this case, with
dp/dx = 0, Eq. 6.140 simply reduces to

u=U 4 (6.142)
b

which indicates that the velocity varies linearly between the two plates as shown in Fig. 6.315 for
P = 0. This situation would be approximated by the flow between closely spaced concentric cylinders
in which one cylinder is fixed and the other cylinder rotates with a constant angular velocity, . As
illustrated in Fig. 6.33, the flow in an unloaded journal bearing might be approximated by this simple
Couette flow if the gap width is very small (i.e., r, — r; < r;). In this case U = r,w, b = r, — r;, and
the shearing stress resisting the rotation of the shaft can be simply calculated as 7 = ur;0/(r, — r;).
When the bearing is loaded (i.e., a force applied normal to the axis of rotation), the shaft will no longer
remain concentric with the housing and the flow cannot be treated as flow between parallel boundaries.
Such problems are dealt with in lubrication theory (see, for example, Ref. 9).

L STUTINAY Plane CouetteFlow

GIVEN A wide moving belt passes through a container of a = 4 |=

velocity, V5, as illustrated in Fig. E6.9a. Because of viscous forces
the belt picks up a film of fluid of thickness /. Gravity tends to
make the fluid drain down the belt. Assume that the flow is lami-
nar, steady, and fully developed.

FIND Use the Navier-Stokes equations to determine an ex-
pression for the average velocity of the fluid film as it is dragged
up the belt.

SoLuTION

viscous liquid. The belt moves vertically upward with a constant =

Since the flow is assumed to be fully developed, the only velocity
component is in the y direction (the » component) so that
u=w=0. It follows from the continuity equation that
dv/dy = 0, and for steady flow dv/dr = 0, so thatv = v(x). Under
these conditions the Navier—Stokes equations for the x direction
(Eq. 6.127a) and the z direction (perpendicular to the paper)
(Eq. 6.127¢) simply reduce to

w_,

ox 0z

|

/Fluid layer

B FIGURE E6.9a

This result indicates that the pressure does not vary over a hori-
zontal plane, and since the pressure on the surface of the film
(x = h) is atmospheric, the pressure throughout the film must be
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atmospheric (or zero gage pressure). The equation of motion in
the y direction (Eq. 6.1275b) thus reduces to

0= —pg+ull
pg T M e
or
dv vy
z7_ 7 1
i @
Integration of Eq. 1 yields
dv
LUy @
dx M

On the film surface (x = #) we assume the shearing stress is
zero—that is, the drag of the air on the film is negligible. The
shearing stress at the free surface (or any interior parallel surface)
is designated as 7,,, where from Eq. 6.125d

xp2
dv
Ty = M\ o

Thus, if 7, = 0 at x = 4, it follows from Eq. 2 that

313

and thus
h3
q = Voh — fa
3p
The average film velocity, V' (where ¢ = Vh), is therefore
yh
V="V-——— (Ans)
3p

COMMENT Equation (3) can be written in dimensionless

form as
v x\? (x)
— =cl =] —2¢c[=]+1
o C(h) “n

where ¢ = yh*2uV,. This velocity profile is shown in Fig. E6.95.
Note that even though the belt is moving upward, for ¢ > 1 (e.g.,
for fluids with small enough viscosity or with a small enough belt
speed) there are portions of the fluid that flow downward (as in-
dicated by v/V, < 0).

It is interesting to note from this result that there will be a net

A second integration of Eq. 2 gives the velocity distribution in

the film as

At the belt (x = 0) the fluid velocity must match the belt velocity,

Vs, so that

and the velocity distribution is therefore
D==—x =—xF 3)
w

With the velocity distribution known we can determine the
flowrate per unit width, ¢, from the relationship

h h
h
q=J vdx=[(fy Bl Vo)dx i
0 b \2un © BEFIGURE E6.9b

upward flow of liquid (positive V) only if ¥, > yh*/3 . It takes a
_Lh relatively large belt speed to lift a small viscosity fluid.

o

c =

=V,

-0.8

=l

An exact solution
can be obtained for
steady, incompress-
ible, laminar flow in
circular tubes.

6.9.3 Steady, Laminar Flow in Circular Tubes

Probably the best known exact solution to the Navier—Stokes equations is for steady, incompressible,
laminar flow through a straight circular tube of constant cross section. This type of flow is commonly
called Hagen—Poiseuille flow, or simply Poiseuille flow. It is named in honor of J. L. Poiseuille (1799—
1869), a French physician, and G. H. L. Hagen (1797—1884), a German hydraulic engineer. Poiseuille
was interested in blood flow through capillaries and deduced experimentally the resistance laws
for laminar flow through circular tubes. Hagen’s investigation of flow in tubes was also
experimental. It was actually after the work of Hagen and Poiseuille that the theoretical results
presented in this section were determined, but their names are commonly associated with the
solution of this problem.

Consider the flow through a horizontal circular tube of radius R as is shown in Fig. 6.34a.
Because of the cylindrical geometry it is convenient to use cylindrical coordinates. We assume that
the flow is parallel to the walls so that v, = 0 and v, = 0, and from the continuity equation (6.34)
dv./dz = 0. Also, for steady, axisymmetric flow, v. is not a function of ¢ or 6 so the velocity, v

2z
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V6.13 Laminar
flow

The velocity distri-
bution is parabolic
for steady, laminar
flow in circular
tubes.

B FIGURE 6.34
The viscous flow in a horizon-
tal, circular tube: (a) coordi-
nate system and notation used
in analysis; (b) flow through
differential annular ring.

(a) (b)

is only a function of the radial position within the tube—that is, v. = v.(r). Under these conditions
the Navier—Stokes equations (Egs. 6.128) reduce to

. p
0= —pgsinf — — (6.143)
ar
0=- 0 — Lap (6.144)
pg cos s .
0= -2, [1‘9< avz)} 6.145
oz ® ror g ar (6.145)
where we have used the relationships g, = —g sin § and g, = —g cos 6 (with § measured from the
horizontal plane).
Equations 6.143 and 6.144 can be integrated to give
p = —pg(rsin6) + fi(z)
or
p=—pgy + £i(2) (6.146)

Equation 6.146 indicates that the pressure is hydrostatically distributed at any particular cross
section, and the z component of the pressure gradient, dp/dz, is not a function of r or 6.
The equation of motion in the z direction (Eq. 6.145) can be written in the form

10 ( 8’02) 1 dp
Bl (Al [
ror or M 0z

and integrated (using the fact that dp/dz = constant) to give

w., 1 /9
7 = (p)rz + ¢
ar  2u\oz

Integrating again we obtain

1/
v (p) 2 4 e/lnr+ ¢ (6.147)

* 4u\oz

Since we wish v, to be finite at the center of the tube (» = 0), it follows that ¢; = 0 [since
In (0) = —oc]. At the wall (» = R) the velocity must be zero so that

1 /d
Cy = —— (p) Rz
4\ 9z
and the velocity distribution becomes
1 [a
b= (L) - w)
4u \ 9z

Thus, at any cross section the velocity distribution is parabolic.

To obtain a relationship between the volume rate of flow, O, passing through the tube and the
pressure gradient, we consider the flow through the differential, washer-shaped ring of Fig. 6.345.
Since v, is constant on this ring, the volume rate of flow through the differential area d4 = (27rr) dr is

dQ = v.(2mr) dr

(6.148)
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V6.14 Complex
pipe flow

Poiseuille’s law re-
lates pressure drop
and flowrate for
steady, laminar flow
in circular tubes.

Umax

F I

u
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and therefore

R

0 =2m J v.rdr (6.149)

0

Equation 6.148 for v, can be substituted into Eq. 6.149, and the resulting equation integrated to
yield

(6.150)

This relationship can be expressed in terms of the pressure drop, Ap, which occurs over a length,
€, along the tube, since

Ap _
¢ oz
and therefore
TR*Ap
=— 6.151
8l ( )

For a given pressure drop per unit length, the volume rate of flow is inversely proportional to the
viscosity and proportional to the tube radius to the fourth power. A doubling of the tube radius
produces a 16-fold increase in flow! Equation 6.151 is commonly called Poiseuille’s law.

In terms of the mean velocity, ¥, where V' = Q/mR?, Eq. 6.151 becomes

R*Ap
=— (6.152)
8ut
The maximum velocity v,,,, occurs at the center of the tube, where from Eq. 6.148
R* (9 R*A
Vmax = —, (p) = P (6.153)
4u \ 0z 4ul
so that
vmax = 2V

The velocity distribution, as shown by the figure in the margin, can be written in terms of v,,, as

SN
=1—-1—
vmax R

As was true for the similar case of flow between parallel plates (sometimes referred to as
plane Poiseuille flow), a very detailed description of the pressure and velocity distribution in
tube flow results from this solution to the Navier—Stokes equations. Numerous experiments
performed to substantiate the theoretical results show that the theory and experiment are in
agreement for the laminar flow of Newtonian fluids in circular tubes or pipes. In general, the
flow remains laminar for Reynolds numbers, Re = pV(2R)/u, below 2100. Turbulent flow in
tubes is considered in Chapter 8.

(6.154)

i d s i n t h e N e w s

Poiseuille’s law revisited Poiseuille’s law governing laminar
flow of fluids in tubes has an unusual history. It was developed in
1842 by a French physician, J. L. M. Poiseuille, who was inter-
ested in the flow of blood in capillaries. Poiseuille, through a
series of carefully conducted experiments using water flowing
through very small tubes, arrived at the formula, 0 = KAp D*/¢.
In this formula Q is the flowrate, K an empirical constant, Ap the
pressure drop over the length €, and D the tube diameter. Another

formula was given for the value of K as a function of the water
temperature. It was not until the concept of viscosity was intro-
duced at a later date that Poiseuille’s law was derived mathe-
matically and the constant K found to be equal to 7/8u, where
w is the fluid viscosity. The experiments by Poiseuille have long
been admired for their accuracy and completeness considering
the laboratory instrumentation available in the mid nineteenth
century.
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An exact solution
can be obtained for
axial flow in the an-
nular space be-
tween two fixed,
concentric cylin-
ders.

B FIGURE 6.35 The viscous flow through an annulus.

6.9.4 Steady, Axial, Laminar Flow in an Annulus

The differential equations (Eqs. 6.143, 6.144, 6.145) used in the preceding section for flow in
a tube also apply to the axial flow in the annular space between two fixed, concentric cylinders
(Fig. 6.35). Equation 6.147 for the velocity distribution still applies, but for the stationary
annulus the boundary conditions become v, = 0 at » = r, and v, = 0 for r = r;. With these
two conditions the constants ¢, and ¢, in Eq. 6.147 can be determined and the velocity

distribution becomes

1 /a R

%z(P)PL—4+r’”mr} (6.155)
4\ 0z In(r,/r;) 7

The corresponding volume rate of flow is
7 (i (2 - r,ﬂ
= | vemd = —Z (L[t -t -
Q J"l z( ’]TI") r 8M<62>[r0 r 111(7”0/”',')
or in terms of the pressure drop, Ap, in length € of the annulus
2 - r,ﬂ
In(r,/r;)

The velocity at any radial location within the annular space can be obtained from Eq. 6.155.
The maximum velocity occurs at the radius » = r,, where dv,/dr = 0. Thus,

r2 =2 2
= |2 6.157
T [2 ln(ro/rl-)} ( )

Q:iﬂAp |:I"2_V?_

6.156
8l (6.156)

An inspection of this result shows that the maximum velocity does not occur at the midpoint of
the annular space, but rather it occurs nearer the inner cylinder. The specific location depends on
r, and r;.

These results for flow through an annulus are valid only if the flow is laminar. A criterion
based on the conventional Reynolds number (which is defined in terms of the tube diameter) cannot
be directly applied to the annulus, since there are really “two” diameters involved. For tube cross
sections other than simple circular tubes it is common practice to use an “effective” diameter,
termed the hydraulic diameter, D,, which is defined as

D 4 X cross-sectional area
=

wetted perimeter
The wetted perimeter is the perimeter in contact with the fluid. For an annulus

Am(ry = r})

- =2 — 1
h 2m(r, + 17) (o = 1)

In terms of the hydraulic diameter, the Reynolds number is Re = pD,V/u (where V = Q/
cross-sectional area), and it is commonly assumed that if this Reynolds number remains below
2100 the flow will be laminar. A further discussion of the concept of the hydraulic diameter as it
applies to other noncircular cross sections is given in Section 8.4.3.
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6.9

GIVEN A viscous liquid (p = 1.18 X 10° kg/m* u =
0.0045 N - s/m?) flows at a rate of 12 ml/s through a horizontal,
4-mm-diameter tube.

FIND (a) Determine the pressure drop along a I-m length of the
tube which is far from the tube entrance so that the only component

SOLUTION

Some Simple Solutions for Laminar, Viscous, Incompressible Fluids

317

L STUIICCRTY Lominar Fow in an Annuius

of velocity is parallel to the tube axis. (b) If a 2-mm-diameter rod is
placed in the 4-mm-diameter tube to form a symmetric annulus,
what is the pressure drop along a I-m length if the flowrate remains
the same as in part (a)?

(a) We first calculate the Reynolds number, Re, to determine
whether or not the flow is laminar. With the diameter
D = 4mm = 0.004 m, the mean velocity is

0 (12ml/s)(10"° m*/ml)
C(@/AD>  (w/4)(0.004 m)?
= 0.955 m/s

and, therefore,

_pVD (118 X 10° kg/m’)(0.955 m/5)(0.004 m)
T Tw T 0.0045 N - s/m’
= 1000

Since the Reynolds number is well below the critical value of
2100 we can safely assume that the flow is laminar. Thus, we can
apply Eq. 6.151, which gives for the pressure drop

8ulQ
hr = mR*
8(0.0045 N - s/m?)(1 m)(12 X 10~ ° m%/s)
a 7(0.002 m)*
= 8.59 kPa (Ans)

(b) For flow in the annulus with an outer radius », = 0.002 m
and an inner radius ; = 0.001 m, the mean velocity is

0 B 12 X 107 m’/s

a(r2 —r?) B (7)[(0.002 m)* — (0.001 m)?*]

i

=127m/s

and the Reynolds number [based on the hydraulic diameter,
D;, = 2(r, — r;) = 2(0.002 m — 0.001 m) = 0.002 m] is
D,V
Re — PLy

i
(1.18 X 10° kg/m?) (0.002 m) (1.27 m/s)

0.0045 N - s/m?

= 666

This value is also well below 2100 so the flow in the annulus
should also be laminar. From Eq. 6.156,
Sul rﬁ = rl2 2=
Py = A0 g (o = ri)
T In(r, /r;)

so that
~8(0.0045 N - s/m?)(1 m)(12 X 107° m*/s)

T

Ap

X {(0.002 m)* — (0.001 m)*

_ [(0.002 m)*> — (0.001 m)z]z}‘l
1n(0.002 m/0.001 m)
= 68.2 kPa (Ans)

COMMENTS The pressure drop in the annulus is much larger
than that of the tube. This is not a surprising result, since to main-
tain the same flow in the annulus as that in the open tube, the aver-
age velocity must be larger (the cross-sectional area is smaller) and
the pressure difference along the annulus must overcome the shear-
ing stresses that develop along both an inner and an outer wall.

By repeating the calculations for various radius ratios, r;/,,
the results shown in Fig. E6.10 are obtained. It is seen that the
pressure drop ratio, Ap,muis/APube (i-€., the pressure drop in the
annulus compared to that in a tube with a radius equal to the outer
radius of the annulus, r,), is a strong function of the radius ratio.
Even an annulus with a very small inner radius will have a pressure
drop significantly larger than that of a tube. For example, if the in-
ner radius is only 1/100 of the outer radius, Ap,uus/APwpe = 1.28.
As shown in the figure, for larger inner radii, the pressure drop ra-
tio is much larger [i.e., Ap s/ APupe = 7.94 for r,/r, = 0.50 as in
part (b) of this example].

(0.50, 7.94)
(0.01, 1.28)

1.2

1.1

0.005 0.01

Aptube

APannulus

1\

0 0.1 0.2 0.4 0.5

rilry

0.3

B FIGURE E6.10
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6.10 Other Aspects of Differential Analysis

Very few practical
Sfluid flow problems
can be solved using
an exact analytical
approach.

N

V6.15 CFD example

In this chapter the basic differential equations that govern the flow of fluids have been developed.
The Navier—Stokes equations, which can be compactly expressed in vector notation as

oV
p(at + V- VV) = —Vp + pg + uV?V (6.158)

along with the continuity equation
V-v=0 (6.159)

are the general equations of motion for incompressible Newtonian fluids. Although we have
restricted our attention to incompressible fluids, these equations can be readily extended to include
compressible fluids. It is well beyond the scope of this introductory text to consider in depth
the variety of analytical and numerical techniques that can be used to obtain both exact and
approximate solutions to the Navier—Stokes equations. Students, however, should be aware of the
existence of these very general equations, which are frequently used as the basis for many advanced
analyses of fluid motion. A few relatively simple solutions have been obtained and discussed in
this chapter to indicate the type of detailed flow information that can be obtained by using
differential analysis. However, it is hoped that the relative ease with which these solutions were
obtained does not give the false impression that solutions to the Navier—Stokes equations are
readily available. This is certainly not true, and as previously mentioned there are actually very
few practical fluid flow problems that can be solved by using an exact analytical approach. In
fact, there are no known analytical solutions to Eq. 6.158 for flow past any object such as a sphere,
cube, or airplane.

Because of the difficulty in solving the Navier—Stokes equations, much attention has been
given to various types of approximate solutions. For example, if the viscosity is set equal to zero,
the Navier—Stokes equations reduce to Euler’s equations. Thus, the frictionless fluid solutions
discussed previously are actually approximate solutions to the Navier—Stokes equations. At the other
extreme, for problems involving slowly moving fluids, viscous effects may be dominant and
the nonlinear (convective) acceleration terms can be neglected. This assumption greatly simplifies
the analysis, since the equations now become linear. There are numerous analytical solutions to these
“slow flow” or “creeping flow” problems. Another broad class of approximate solutions is concerned
with flow in the very thin boundary layer. L. Prandtl showed in 1904 how the Navier—Stokes
equations could be simplified to study flow in boundary layers. Such “boundary layer solutions”
play a very important role in the study of fluid mechanics. A further discussion of boundary layers
is given in Chapter 9.

6.10.1 Numerical Methods

Numerical methods using digital computers are, of course, commonly utilized to solve a wide
variety of flow problems. As discussed previously, although the differential equations that govern
the flow of Newtonian fluids [the Navier—Stokes equations (6.158)] were derived many years ago,
there are few known analytical solutions to them. With the advent of high-speed digital computers
it has become possible to obtain numerical solutions to these (and other fluid mechanics) equations
for many different types of problems. A brief introduction to computational fluid dynamics (CFD)
is given in Appendix A.

Access to a program called FlowLab is available with this textbook. FlowLab is an
educational version of a commercial CFD program. The backbone of FlowLab is the Fluent
CFD package, which was used to create the numerical animations of flow past a spinning football
referenced at the beginning of the chapter (V6.1 and V6.2). FlowLab provides a virtual
laboratory for fluids experiments that makes use of the power of CFD, but with a student-
friendly interface. Chapters 7-9 contain fluids problems that require the use of FlowLab to
obtain the solutions.
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6.11 Chapter Summary and Study Guide

i d s i n t h e N e w s

Fluids in the Academy Awards A computer science professor at
Stanford University and his colleagues were awarded a Scientific
and Technical Academy Award for applying the Navier—Stokes
equations for use in Hollywood movies. These researchers make
use of computational algorithms to numerically solve the
Navier—Stokes equations (also termed computational fluid dynam-

ics, or CFD) and simulate complex liquid flows. The realism of the
simulations has found application in the entertainment industry.
Movie producers have used the power of these numerical tools to
simulate flows from ocean waves in “Pirates of the Caribbean” to
lava flows in the final duel in “Star Wars: Revenge of the Sith.”
Therefore, even Hollywood has recognized the usefulness of CFD.

6.11

Chapter Summary and Study Guide

volumetric dilatation
rate

vorticity

irrotational flow

continuity equation

stream function

Euler’s equations of
motion

ideal fluid

Bernoulli equation

velocity potential

potential flow

equipotential lines

flow net

uniform flow

source and sink

vortex

circulation

doublet

method of
superposition

half-body

Rankine oval

Navier—Stokes
equations

Couette flow

Poiseuille’s law

Differential analysis of fluid flow is concerned with the development of concepts and techniques that
can be used to provide a detailed, point by point, description of a flow field. Concepts related to the
motion and deformation of a fluid element are introduced, including the Eulerian method for describing
the velocity and acceleration of fluid particles. Linear deformation and angular deformation of a fluid
element are described through the use of flow characteristics such as the volumetric dilatation rate,
rate of angular deformation, and vorticity. The differential form of the conservation of mass equation
(continuity equation) is derived in both rectangular and cylindrical polar coordinates.

Use of the stream function for the study of steady, incompressible, plane, two-dimensional
flow is introduced. The general equations of motion are developed, and for inviscid flow these
equations are reduced to the simpler Euler equations of motion. The Euler equations are integrated
to give the Bernoulli equation, and the concept of irrotational flow is introduced. Use of the velocity
potential for describing irrotational flow is considered in detail, and several basic velocity potentials
are described, including those for a uniform flow, source or sink, vortex, and doublet. The technique
of using various combinations of these basic velocity potentials, by superposition, to form new
potentials is described. Flows around a half-body, a Rankine oval, and around a circular cylinder
are obtained using this superposition technique.

Basic differential equations describing incompressible, viscous flow (the Navier—Stokes
equations) are introduced. Several relatively simple solutions for steady, viscous, laminar flow
between parallel plates and through circular tubes are included.

The following checklist provides a study guide for this chapter. When your study of the entire
chapter and end-of-chapter exercises has been completed you should be able to

m write out meanings of the terms listed here in the margin and understand each of the related
concepts. These terms are particularly important and are set in ifalic bold, and color type
in the text.

m determine the acceleration of a fluid particle, given the equation for the velocity field.

determine the volumetric dilatation rate, vorticity, and rate of angular deformation for a fluid
element, given the equation for the velocity field.

show that a given velocity field satisfies the continuity equation.

use the concept of the stream function to describe a flow field.

use the concept of the velocity potential to describe a flow field.

use superposition of basic velocity potentials to describe simple potential flow fields.

use the Navier—Stokes equations to determine the detailed flow characteristics of in-
compressible, steady, laminar, viscous flow between parallel plates and through circular tubes.

Some of the important equations in this chapter are:
A% oV A% A%
Acceleration of fluid particle a=—+u—+v—+w— (6.2)
ot ax ay 0z
Vorticity (=20=V XV (6.17)
J J Jd(pv J
Conservation of mass » + (pu) + (pv) + (pw) =0 (6.27)
ot 0x dy 0z
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