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PREFACE TO THE SECOND EDITION 

In preparing the second edition of this volume, an effort 
has been made to adapt the book to the teaching requirements 
of our engineering schools. 

With this in view, a portion of the material of a more 
advanced character which was contained in the previous edi­
tion of this volume has been removed and will be included in 
the new edition of the second volume. At the same time, 
some portions of the book, which were only briefly discussed 
in the first edition, have been expanded with the intention of 
making the book easier to read for the beginner. For this 
reason, chapter II, dealing with combined stresses, has been 
entirely rewritten. Also, the portion of the book dealing with 
shearing force and bending moment diagrams has been ex­
panded, and a considerable amount of material has been added 
to the discussion of deflection curves by the integration 
method. A discussion of column theory and its application 
has been included in chapter VIII, since this subject is usually 
required in undergraduate courses of strength of materials. 
Several additions have been made to chapter X dealing with 
the application of strain energy methods to the solution of 
statically indetermined problems. In various parts of the 
book there are many new problems which may be useful for 
class and home work. 

Several changes in the notations have been made to con­
form to the requirements of American Standard Symbols for 
Mechanics of Solid Bodies recently adopted by The American 
Society of Mechanical Engineers. 

It is hoped that with the changes made the book will be 
found more satisfactory for teaching the undergraduate 
course of strength of materials and that it will furnish a better 
foundation for the study of the more advanced material 
discussed in the second volume. 

PALO ALTO, CALIFORNIA 

June 13, 1940 
iii 

s. TIMOSHENKO 
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PREFACE TO THE FIRST EDITION 

At the present time, a decided change is taking place in 
the attitude of designers towards the application of analytical 
methods in the solution of engineering problems. Design is 
no longer based principally upon empirical formulas. Theim­
portance of analytical methods combined with laboratory 
experiments in the solution of technical problems is becoming 
generally accepted. 

Types of machines and structures are changing very rap­
idly, especially in the new fields of industry, and usually time 
does not permit the accumulation of the necessary empirical 
data. The size and cost of structures are constantly increas­
ing, which consequently creates a severe demand for greater 
reliability in structures. The economical factor in design 
under the present conditions of competition is becoming of 
growing importance. The construction must be sufficiently 
strong and reliable, and yet it must be designed with the 
greatest possible saving in material. Under such conditions, 
the problem of a designer becomes extremely difficult. Re­
duction in weight involves an increase in working stresses, 
which can be safely allowed only on a basis of careful analysis 
of stress distribution in the structure and experimental investi­
gation of the mechanical properties of the materials em­
ployed. 

It is the aim of this book to present problems such that the 
student's attention will be focussed on the practical applica­
tions of the subject. If this is attained, and results, in some 
measure, in increased correlation between the studies of 
strength of materials and engineering design, an important 
forward step will have been made. 

The book is divided into two volumes. The first volume 
contains principally material which is usually covered in 
required courses of strength of materials in our ,engineering 

V 
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schools. The more advanced portions of the subject are of 
interest chiefly to graduate students and research engineers, 
and are incorporated in the second volume of the book. This 
contains also the new developments of practical importance in 
the field of strength of materials. 

In writing the first ·volume of strength of materials, atten­
tion was given to simplifying all derivations as much as 
possible so that a student with the usual preparation in math­
ematics will be able to read it without difficulty. For example, 
in deriving the theory of the deflection curve, the area moment 
method was extensively used. In this manner, a considerable 
simplification was made in deriving the deflections of beams for 
various loading and supporting conditions. In discussing 
statically indeterminate systems, the method of superposition 
was applied, which proves very useful in treating such problems 
as continuous beams and frames. For explaining combined 
stresses and deriving principal stresses, use was made of the 
Mohr's circle, which represents a substantial simplification in 
the presentation of this portion of the theory. 

Using these methods of simplifying the presentation, the 
author was able to condense the material and to discuss some 
problems of a more advanced character. For example, in 
discussing torsion, the twist of rectangular bars and of rolled 
sections, such as angles, channels, and I beams, is considered. 
The deformation and stress in helical springs are discussed in 
detail. In the theory of bending, the case of non-symmetrical 
cross sections is discussed, the center of twist is defined and 
explained, and the effect of shearing force on the deflection of 
beams is considered. The general theory of the bending of 
beams, the materials of which do not follow Hooke's law, is 
given and is applied in the bending of beams beyond the yielding 
point. The bending of reinforced concrete beams is given 
consideration. In discussing combinations of direct and bend­
ing stress, the effect of deflections on the bending moment is 
considered, and the limitation of the method of superposition 
is explained. In treating combined bending and torsion, 
the cases of rectangular and elliptical cross sections are dis-
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cussed, and applications in the design of crankshafts are 
given. Considerable space in the book is devoted to methods 
for solving elasticity problems based on the consideration of 
the strain energy of elastic bodies. These methods are ap­
plied in discussing statically indeterminate systems. The 
stresses produced by impact are also discussed. All these 
problems of a more advanced character are printed in small 
type, and may be omitted during the first reading of the book. 

The book is illustrated with a number of problems to 
which solutions are presented. In many cases, the problems 
are chosen so as to widen the field covered by the text and to 
illustrate the application of the theory in the solution of design 
problems. It is hoped that these problems will be of interest 
for teaching purposes, and also useful for designers. 

The author takes this opportunity of thanking his friends 
who have assisted him by suggestions, reading of manuscript 
and proofs, particularly Messrs. W. M. Coates and L. H. 
Donnell, teachers of mathematics and mechanics in the 
Engineering College of the University of Michigan, and Mr. 
F. L. Everett of the Department of Engineering Research 
of the University of Michigan. He is indebted also to Mr. 
F. C. Wilharm for the preparation of drawings, to Mrs. E. D. 
Webster for the typing of the manuscript, and to the Van 
Nostrand Company for its care in the publication of the book. 

S. TIMoSHENKO 
ANN ARBOR, MICHIGAN 

May 1, 1930 





NOTATIONS 

""' u11, u •.... Normal stresses on planes perpendicular to x, y 
and z axes. 

un . ........ Normal stress on plane perpendicular to direction 
n. 

uy.P ........ Normal stress at yield point. 
uw . ........ Normal working stress 
,,. .......... Shearing stress 
Tx11, T 11z, Tz:r•. Shearing stresses parallel to x,y and z axes on the 

planes perpendicular to y, z and x axes. 
Tw . ........ Working stress in shear 
8 . ......... Total elongation, total deflection 
E . ......... Unit elongation 
Ex, E11, E, .... . Unit elongations in x, y and z directions 
-y .......... Unit shear, weight per unit volume 
E .... ...... Modulus of elasticity in tension and compression 
G ... ....... Modulus of elasticity in shear 
µ . ......... Poisson's ratio 
~- ......... Volume expansion 
K . ........ Modulus of elasticity of volume 
M, ....... . Torque 
M ......... Bending moment in a beam 
17. . . ...... Shearing force in a beam 
A . ........ Cross sectional area 
J.11, I •. ..... Moments of inertia of a plane figure with respect 

to y and z axes 
k11, k •. ..... Radii of gyration corresponding to / 11, I. 
IP . ........ Polar moment of inertia 
Z . ......... Section modulus • 
C .... ...... Torsional rigidity 
I . ......... Length of a bar, span of a beam 
P, Q . ...... Concentrated forces 
I . ......... Temperature, thickness 

ix 



NOTATIONS 

a . ......... Coefficient of thermal expansion, numerical coef-
ficient 

U . . ..... .. Strain energy 
w . ......... Strain energy per unit volume 
h . ......... Depth of a beam, thickness of a plate 
q . ......... Load per unit length 
<I>, 0 . . .... . . Angles 
p ......... . Pressure 
D, d . ...... Diameters 
R, r ........ Radii 
W .. ....... Weight, load 
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STRENGTH OF MATERIALS 

PART I 

CHAPTER I 

TENSION AND COMPRESSION WITWN THE ELASTIC LIMIT 

1. Elasticity.-We assume that a body consists of small 
particles, or molecules, between which forces are acting. 
These molecular forces resist the change in the form of the 
body which external forces tend to produce. If such external 
forces are applied to the body, its particles are displaced and 
the mutual displacements continue until equilibrium is estab­
lished between the external and internal forces. It is said 
in such a case that the body is in a state of strain. During 
cleformation the external forces acting upon the body do 
work, and this work is transformed completely or partially 
into the potential energy of strain. An example of such an 
accumulation of potential energy in a strained body is the 

• case of a watch spring. If the forces which 
0, produced the deformation of the body are 

now gradually diminished, the body returns 
wholly or partly to its initial shape and dur-

1 
ing this reversed deformation the potential 
energy of strain, accumulated in the body, 
may be recovered in the form of external 
work. 

Take, for instance, a prismatical bar 
loaded at the end as shown in Fig. I. 

Under the action of this load a certain elon­

(b) 

Fm. 1. 

gation of the bar will take place. The point of application 
of the load will then move in a downward direction and 
positive work will be done by the load during this· motion. 

1 



2 STRENGTH OF MATERIALS 

When the load is diminished, the elongation of the bar dimin­
ishes also, the loaded end of the bar moves up and the poten­
tial energy of strain will be transformed into the work of 
moving the load in the upward direction. 

The property of bodies of returning, after unloading, to 
their initial form is called elasticity. It is said that the body 
is perfectly elastic if it recovers its original shape completely 
after unloading; it is partially elastic if the deformation, 
produced by the external forces, does not disappear com­
pletely after unloading. In the case of a perfectly elastic 
body the work done by the external forces during deformation 
will he completely transformed into the potential energy of 
strain. In the case of a partially elastic body, part of the 
work done by the external forces during deformation will he 
dissipated in the form of heat, which will he developed in the 
body during the non-elastic deformation. Experiments show 
that such structural materials as steel, wood and stone may 
he considered as perfect! y elastic within certain limits, which 
depend upon the properties of the material. Assuming that 
the external forces acting upon the structure are known, it is 
a fundamental problem for the designer to establish • such 
proportions of the members of the structure that it will 
approach the condition of a perfectly elastic body under all 
service conditions. Only under such conditions will we have 
continued reliable service from the structure and no permanent 
set in its members. 

2. Hooke's Law.-By direct experiment with the exten­
sion of prismatical bars (Fig. 1) it has been established for 
many structural materials that within certain limits the elon­
gation of the bar is proportional to the tensile force. This 
simple linear relationship between the force and the elonga­
tion which it produces was first formulated by the English 
scientist Robert Hooke 1 in 1678 and bears his name. Using 
the notation: 

P = force producing extension of bar, 
l = length of bar, 

1 Robert Hooke, De Potentia restitutiva, London, 1678. 



TENSION AND COMPRESSION 

A = cross sectional area of bar, 
8 = total elongation of bar, 

3 

E = elastic constant of the material, called its Mod­
ulus of Elasticity, 

Hooke's experimental law may be given by the following 
equation: 

Pl 
0 = AE" (1) 

The elongation of the bar is proportional to the tensile force 
and to the length of the bar and inversely proportional to 
the cross sectional area and to the modulus of elasticity. 
In making tensile tests precautions are usually taken to secure 
central application of the tensile force. In this manner any 
bending of the bar will be prevented. Excluding from con­
sideration those portions of the bar in the vicinity of the 
applied forces,2 it may be assumed that during tension all 
longitudinal fibers of the prismatical bar have the same 
elongation and the cross sections of the bar originally plane 
a!ld perpendicular to the axis of the bar remain so after 
extension. 

In discussing the magnitude of internal forces let us im­
a1P,ne the bar cut into two parts by a cross section mn and 
let us consider the equilibrium of the lower portion of the 
bar (Fig. I, b). At the lower end of this portion the tensile 
force P is applied. On the upper end there are acting the 
forces representing the action of the particles of the upper 
portion of the strained bar on the particles of the lower 
portion. These forces are continuously distributed over the 
cross section. A familiar example of such a continuous diS­
tribution of forces over a surface is that of a hydrostatic 
pressure or of a steam pressure. In handling such continu­
ously distributed forces the intensity of force, i.e., the force per 
unit area, is of a great importance. In our case of axial 
tension, in which all fibers have the same elongation, the 

2 The more complicated stress distribution near the points of appli-
cation of the forces will be discussed later in Part II. -
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distribution of forces over the cross section mn will be uni­
form. Taking into account that the sum of these forces, 
from the condition of equilibrium (Fig. 1, b), must be equal 
to P and denoting the force per unit of cross sectional area 
by <T, we obtain 

This force per unit area is called stress. In the following, 
the force will be measured in pounds and the area in square 
inches so that the stress will be measured in pounds per square 
inch. The elongation of the bar per unit length is deter­
mined by the equation 

0 
t:=7 

and is called the unit elongation or the tensile strain. 
eqs. (2) and (3), Hooke's law may be represented 
following form: 

Using 
in the 

and the unit elongation is easily calculated provided the stress 
and the modulus of elasticity of the material are known. The 
unit elongation E is a pure number representing the ratio of 
two lengths (see eq. 3); therefore, from eq. (4), it may be 
concluded that the modulus of elasticity is to be measured in 
the same units as the stress <T, i.e., in pounds per square inch. 
In Table I, which follows, the average values of the modulus 
E for several materials are given in the first column.3 

Equations (1)-(4) may be used also in the case of the com­
pression of prismatical bars. Then o will denote the total 
longitudinal contraction, E the compressive strain and <T the 
compressive stress. The modulus of elasticity for compression 
is for most structural materials the same as for tension. In 
calculations, tensile stress and tensile strain are considered 
as positive, and compressive stress and strain as negative. 

3 More details on the mechanical properties of materials are given in 
Part II. 
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TABLE r 
MECHANICAL PROPERTIES OF MATERIALS 

Materials E Yield Point Ultimate Strength 
lbs./in.2 lbs./in.2 lbs./in.2 

Structural carbon steel 0.1 5 to 
0.25% carbon ..... ... .... . 30 X 106 30 X Io"-40 X Io" 55 X 1c3-65 X 1c3 

Nickel steel J to 3.5% nickel. .. 29 X 106 40 X 10"--50 X 103 78 X 10"--100 X 1c3 
Duraluminum . .. . . . ........ 10X 1a6 35 X 1o"--45 X Ic3 54 X 1c3---65 X lc3 
Copper, cold rolled ... .. .. ... . 16 X 106 18 X I o"--40 X 103 

Glass ...... ... ......... . . . ... IO X 106 3-5 X Ic3 
Pine, with the grain . ..... . . . . . 1.5 X 1a6 8 X lo"-20 X lc3 
Concrete, in compression .. . . ... 4 X 106 3 X 103 

Problems 

I. Determine the total elongation of a steel bar 25 in. long, if the 
tensile stress is equal to 15 X 103 lbs. per sq. in. 

Answer. 

o = E X 1 = -2.S.._ = _..!_ in. 
2,000 80 

'.2. Determine the tensile force on a cylindrical steel bar of one 
inch diameter, if the unit elongation is equal to .7 X 10-3• 

Solution. The tensile stress in the bar, from eq. (4), is 

u = E· E = 21 X 103 lbs. per sq. in. 

The tensile force, from eq. (2), is 
'If 

P = u · A = 21 X 103 X - = 16,500 lbs. 
4 

3. What is the ratio of the moduli of elasticity of the materials 
of.two bars of the same size if under the action of equal tensile forces 
the unit elongations of the bars are in the ratio 1 : I 5/8. Determine 
these elongations if one of the bars is of steel, the other of copper and 
the tensile stress is 10,000 lbs. per sq. inch. 

Solution. The moduli are inversely proportional to the unit 
elongations. For steel 

10,000 

for copper 

E= =--, 
JO X 106 3,000 

I 
E=-- • 

1,600 
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4. A prismatical steel bar 25 in. long is elongated 1/ 40 in. under 
the action of a tensile force. Find the magnitude of the force if 
the volume of the bar is 25 in.3 

5. A piece of wire 100 ft. long subjected to a tensile force 
P = 1,000 lbs. elongates by I in. Find the modulus of elasticity of 
the material if the cross-sectional area of the wire is 0.04 sq. in. 

3. The Tensile Test Diagram.-The proportionality be­
tween the tensile force and the elongation holds only up to 
a certain limiting value of the tensile stress, called the limit 
of proportionality, which depends upon the properties of the 
material. Beyond this limit, the relationship between the 
elongation and the tensile stress becomes more complicated. 
For such a material as structural steel the proportionality 
between the load and elongation holds within a considerable 
range and the limit of proportionality may be taken as high 

as 25 X 103-30 X 103 lbs. per sq. 
in. For such materials as cast iron 

0 or soft copper the limit of propor­
tionality is very low, that is, devia­
tions from Hooke's law may be 
noticed at a low tensile stress. In 

0------------

()'----------

investigating the mechanical prop­
erties of materials beyond the limit 
of proportionality the relationship 
between the strain and the corre­
sponding stress is usually presented 
graphically by the tensile test dia­
gram. Figure 2 (a) presents a typ­
ical diagram for structural steel. 
Here the elongations are plotted 
along the horizontal axis and the 
corresponding stresses are given 
by the ordinates of the curve 

Fm. 2. OA BCD. From O to A the stress 
and the strain are proportional; beyond A the deviation from 
Hooke's law becomes marked; hence the stress at A is the 
limit of proportionality. Upon loading beyond this limit the 
elongation increases more quickly and the diagram becomes 
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curved. At B a sudden elongation of the bar takes place 
without an appreciable increase in the tensile force. This 
phenomenon, called yielding of the metal, is shown in the 
diagram by an almost horizontal portion of the curve. The 
stress corresponding to the point B is called the yield point. 
Upon further stretching of the bar, the material recovers 
and, as is seen from the diagram, the necessary tensile force 
increases with the elongation up to the point C, at which 
this force attains its maximum value. The corresponding 
stress is called the ultimate strength of the material. Beyond 
the point C, elongation of the bar takes place with a dim­
inution of the load and finally fracture occurs at a load 
corresponding to point D of the diagram. 

It should be noted that the stretching of the bar is con­
nected with the lateral contraction but it is an established 
practice in calculating the yield point and the ultimate 
strength to use the initial cross sectional area A. This ques­
tion will be discussed later in more detail (see Part II). 

Figure 2 (b) represents a tensile test diagram for cast iron. 
This material has a very low limit of proportionality 4 and 
has no definite yield point. 

Diagrams analogous to those in tension may be obtained 
also for compression of various materials and such charac­
teristic points as the limit of proportionality, the yield point, 
in the case of steel, and the ultimate strength for compression 
can be established. The mechanical properties of materials 
in tension and compression will be discussed later in more 
detail (see Part II). 

• 4. Working Stress.-A tensile test diagram gives very 
valuable information on the mechanical properties of a ma­
terial. Knowing the limit of proportionality, the yield point 
and the ultimate strength of the material, it is possible to 
establish for each particular engineering problem the magni­
tude of the stress which may be considered as a safe stress. 
This stress is usually called the working stress. 

4 This limit can be established only by using very sensitive exten­
someters in measuring elongations. See Griineisen, Berichte d. deutsch. 
;,hys. Gesellschaft, 1906. 
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In choosing the magnitude of the working stress for steel 
it must he taken into consideration that at stresses below 
the limit of proportionality this material may he considered 
as perfectly elastic and beyond this limit a part of the strain 
usually remains after unloading the bar, i.e., permanent set 
occurs. In order to have the structure in an elastic condition 
and to remove the possibility of a permanent set, it is usual 
practice to keep the working stress well below the limit of 
proportionality. In the experimental determination of this 
limit, sensitive measuring instruments (extensometers) are 
necessary and the position of the limit depends to some extent 
upon the accuracy with which the measurements are made. 
In order to eliminate this difficulty one takes usually the 
yield point or the ultimate strength of the material as a basis 
for determining the magnitude of the working stress. De­
noting by CTw, "v.P. and CTu respectively the working stress, the 
yield point and the ultimate strength of the material, the 
magnitude of the working stress will be determined by one 
of the two following equations: 

or 

Here n and n1 are factors usually called/actors of safety, which 
determine the magnitude of the working stress. In the case 
of structural steel, it is logical to take the yield point as the 
basis for calculating the working stress because here a con­
siderable permanent set may occur, which is not permissible 
in engineering structures. In such a case a factor of safety 
n = 2 will give a conservative value for the working stress 
provided that only constant loads are acting upon the struc­
ture. In the cases of suddenly applied loads, or variable 
loads, and these occur very often in machine parts, a larger 
factor of safety becomes necessary. For brittle materials 
such as cast iron, concrete, various kinds of stone and for 
such material as wood, the ultimate strength is usually taken 
as a basis for determining the working stresses. 

The magnitude of the factor of safety depends very much 
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upon the accuracy with which the external forces acting upon 
a structure are known, upon the accuracy with which the 
stresses in the members of a structure may be calculated and 
also upon the homogeneity of the materials used. This im­
portant question of working stresses will he discussed in more 
detail later (see Part II). Here we will include several simple 
examples o( the determination of safe cross sectional dimen­
sions of bars, assuming that the working stress is given. 

Problems 

I. Determine the diameter d of the steel bolts N of a press for a 
maximum compressive force P = 100,000 lbs. (Fig. 3), if the working 
stress for steel in this case is IJ'w = 10,000 

lbs. per sq. in. Determine the total 
elongation of the bolts at the maximum 
load, if the length between their heads is 
l= 50 in. 

Solution. The necessary cross sec­
tional area, from eq. (2), 

A __ 1rd2 __ _!_ __ 50,000 __ 
n 5 in.2

; 
4 2./J'w I0,000 

tlien 
[2; 

d = '\J-; = 2..52. in. 

Total elongation, from eqs. (3) and (4), 

ul 104· 50 I 
l, = el = - = --- = - in 

E 30· 106 6o • 

z 
N 

r,-...,---------r--r 
: L--J '-- ... .J 1 
I I 

FIG. 3· 

A __ L __________ C 

2.. A structure consisting of two 
equal steel bars (Fig. 4) I 5 feet 

(i:1) 

Solution. 

FIG. 4· 

,, long and with hinged ends is sub­
mitted to the action of a vertical 
load P. Determine the necessary 
cross sectional areas of the bars 
and the deflection of the point B 
when P = 5,000 lbs., u.,, = 10,000 

lbs. per sq. in. and the initial angle 
of inclination of the bars 8 = 30°. 

From Fig. 4 (b), representing the condition for equi-
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librium of the hinge B, the tensile force in the bars is 

p 
s---· 

- '2 sin 8' for s = P = 5,000 lbs. 

The necessary cross sectional area 

S 5,000 I. 
d = - = -- = -1n.2 

<Tw I0,000 2 

The deflection BB1 will be found from the small right triangle 
DBB 1 in which the arc BD, of radius equal to the length of the bars, 
is considered as a perpendicular dropped upon dBi, which is the 
position of the bar AB after deformation. Then the elongation of 
the bar AB is 

B D = E·l = <Twl = 10,000 X 15 X 12 = 0.06 in. 
1. E 30 X 106 

and the deflection 

It is seen that the change of the angle due to the deflection BB1 is 
very small and the previous calculation of S, based upon the 
assumption that 8 = 30°, is accurate enough. 

p 

3. Determine the total elongation of the steel 
bar AB having a cross sectional area d = I in.2 and 
submitted to the action of forces Q = 10,000 lbs. 

~•JOln. and P = 5,000 lbs. (Fig. 5). 
Solution. The tensile force in the upper and 

lower portions of the bar is equal to Q and that 
z.-ioin. in the middle portion is Q - P. Then the total 

elongation will be 

0 
= 

2 
Q/1 (Q - P)/2 = 

2 
10,000 X IO 

dE+ dE l X JO X 106 

5,000 X IO • I l I . +~----- -+-=- = 0008331n 
I X 30 X 106 - I 50 600 I 20 • • 

F10.5. 
4. Determine· the cross sectional dimensions of 

the wooden beam BC and of the steel bar dB of the structure dBC, 
loaded at B, when the working stress for wood is taken as u10 = 160 

lbs. per sq. in. and for steel <Tw = 10,000 lbs. per sq. in. The load 
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p = 6,000 lbs. The dimensions of the structure are shown in 
Fig. 6. Determine the vertical and the horizontal components of 
the displacement of the point B due to deformation of the bars. 

Solution. From Fig. 6 (/J) giving the condition for equilibrium of 
hinge B, similar to the triangle ABC of Fig. 6 (a), we have 

C 

p. 15 
S = -- = IO,ooo lbs.; 

9 
p. 12 

Si = -- = 8,000 lbs. 
9 

41/4 

i-l■--- l1!1
---

8
-

(ti) p 

FIG. 6. 

p 

The cross sectional areas of the steel bar and of the wooden beam are 

S I0,000 . 
A= - = -- = 1 m.2; 

<Tw 10,000 

Si 8,000 . 
A1 = - = -- = 50 m.2 

<Tw 160 

The total elongation of the steel bar and the total compression of 
the wooden beam are 

S·l JO,OOO·I5·I2 . 
o = E A = X 6 = o.o6o m.; 

,n JO IO 

S1/1 16ox12x12 . 
01 = -- = ------ = 0.0154 In. 

E.,,A1 1.5 X 106 

To determine the displacement of the hinge B, due to deformation, 
arcs are drawn with centers A and C (Fig. 6, a) and radii equal to 
the lengths of the elongated bar and of the compressed beam re­
spectively. They, intersect in the new position B' of the hinge B. 
This is shown on a larger scale in Fig. 6 (c), where BB1 is the elon-



12 STRENGTH OF MATERIALS 

gation of the steel bar and BB2 the compression of the wooden beam. 
The dotted perpendiculars replace the arcs mentioned above. 
Then BB' is the displacement of the hinge B. The components of 
this displacement may be easily obtained from the figure. 

5. Determine in the previous problem the inclination of the 
bar AB to make its weight a minimum. 

Solution. If 8 denotes the angle between the bar and the 
horizontal beam and 11 the length of the beam, then the length of 
the bar isl = Ii/cos 8, the tensile force in the bar is S = P/sin 8 and 
the necessary cross sectional area is A= P/uw sin 8. The volume 
of the bar will be 

l·A = _ l1P 2l1P 
<Tw sm 8 cos 8 <Tw sin 28 

It is seen that the volume and the weight of the bar become a 
minimum when sin 28 = I and 8 = 45°. 

6. The square frame ABCD (Fig. 7, a) consisting of five steel 
bars of I in.2 cross sectional area is submitted to the action of two 
forces P = IO,ooo lbs. in the direction of the diagonal. Determine 
the changes of the angles at A and C due to deformation of the 
frame. Determine the changes of the same angles if the forces are 
applied as shown in Fig. 7 (b). 

p 

I 
I 

I I I 
/ I 

_s ---J~ 
-- // I" 

cV'<o 

F10. 7. 

p p 

Solution. In the case shown in Fig. 7 (a) the diagonal will 
take the complete load P. Assuming that the hinge D and the 
direction of the diagonal are stationary, the displacement of the 
hinge Bin the direction of the diagonal will be equal to the elongation 
of the diagonal o = Pl/AE. The determination of the new position 
C' of the hinge C is indicated in the figure by dotted lines. It is 
seen from the small right triangle CC1C' that CC' = o/-fi.. Then 
the angle of rotation of the bar DC due to deformation of the frame 
is equal to 
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cc' o-fi o P I . 
-- = - = - = - = -- radian. 
DC ,{'ii I I. E 3,000 

Then the increase of the angle at C will be 

I I d" 2. X -- = --ra 1an. 
3,000 I,500 

The solution of the problem shown in Fig. 7 (b) is left to the student. 
7. Determine the position of the load Pon the beam ABD so 

that the force in the bar BC becomes a maximum. Determine the 
angle 8 to make the volume of the bar BC a minimum (Fig. 8). 

p 

C 

F10. 8. Fm. 9. 

Answer. The force in the bar BC becomes maximum when the 
load P has its extreme position on the right at point D. The 
volume of the bar will be a minim"..lm when 0 = 45°. 

8. Determine the necessary cross sectional area of the steel bar 
BC (Fig. 9) if the working stress <Tw = I 5,000 lbs. per sq. in. and the 
uniformly distributed vertical 
load per foot of the beam AB 
is q = I,ooo lbs. 

Answer. A = o.6 sq. in. 
9. Determine the necessary 

cross sectional areas of the bars 
AB· and BC of the structures 
shown· in Figs. IO (a) and (b) 
if <Tw = I6,ooo lbs. per sq. in. 

Answer. In the case of 
structure Io (a) the cross sec­
tional area of AB should be 2.5 

8' 

FIG. IO. 

sq. in. and of the bar BC 2..0 sq. in. In the case of Fig. IO (b) 
the cross sectional area of the bar AB should be 2.2.5 sq. in. and of 
the bar BC 2..03 sq. il' .. 

Io. Solve problem 3 assuming that the material is duraluminum 
and that P = Q = 10,000 lbs. per sq. in. • 
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I 1. Find the cross-sectional areas of the bars CD in Figs. Ioa 

and 10b and the total elongation of these bars if the material is 
structural steel and <Tw = 16,000 lbs. per sq. in. 

12. Solve problem 9 assuming that the load is applied at only 
one joint of the upper chord at a distance 8 ft. from support .d. 

5. Stress and Strain Produced in a Bar by its Own 
Weight.-In discussing the extension of a bar, Fig. 1, only 
the load P applied at the end was taken into consideration. 
If the length of the bar is large, its own weight may produce a 
considerable additional stress and should he taken into ac­
count. In this case the maximum stress will be at the built-in 
upper cross section. Denoting by 'Y the weight per unit 
volume of the bar, the complete weight will he A-yl and the 
maximum stress will he given by the equation: 

<Tmax = P + A-rl = P + I 
A A 'Y· (6) 

The second term on the right side of eq. (6) represents the 
stress produced by the weight of the bar. The weight of 
that portion of the bar below a cross section at distance x 
from the lower end (Fig. I) is A-yx and the stress will he given 
by the equation: 

P + A-yx 
u= A 

Substituting the working stress <Tw for <Tmax in eq. (6), the 
equation for calculating the safe cross sectional area will be 

' p 
A= !" 

<Tw - 'Y 
(8) 

It is interesting to note that with increasing length/ the bar's 
own weight becomes more and more important, the denomi­
nator of the right side of eq. (8) diminishes and the necessary 
cross sectional area d increases. When 7/ = u.,,, i.e., the 
stress due to the weight of the bar alone becomes equal 
to the working stress, the right side of eq. (8) becomes 
infinite. Under such circumstances it is impossible to use a 
prismatical design and recourse to a bar of variable cross 
section is made. 
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In calculating the total elongation of a prismatical bar 
submitted to the action of a tensile force P at the end and 
its own weight, let us consider first the elongation of an ele­
ment of length dx cut from the bar by two adjacent cross 
sections (see Fig. 1). It may be assumed that along the very 
short length dx the tensile stress is constant and is given by 
eq. (7). Then the elongation do of the element will be 

Jr: _ udx _ P + A-yx d 
uu - E - AE x. 

The total elongation of the bar will he obtained by summing 
the elongations of all the elements. Then 

{' P + A-yx I 1 o = Jo AE dx = AE (P + 2A-rl). (9) 

Comparing this with eq. (1) it is seen that the total elongation 
produced by the bar's own weight is equal to that produced 
by a load of half its weight applied at its end. 

Problems 

'I. Determine the cross sectional area of a vertical prismatical 
steel bar carrying on its lower end a load P = 70,000 lbs., if the 
length of the bar is 720 feet, the working stress <Tw = 10,000 lbs. per 
sq. in. and the weight of a cubic foot of steel is 490 lbs. Determine 
the total elongation of the bar. 

Solution. The cross sectional area, from eq. (8), is 

A= 
10,000 

70,000 - • 2 

490 X 720 X 12 - 9•27 rn. 

I 2.a 

The total elongation, from eq. (9), is 

72.0 X I 2. ( I ) • 0 = X 6 7,55° +- 2.,45o = 2.53 rn. 
JO IO 2 

2. Determine the elongation of a conical bar under the action 
of its own weight (Fig. 11) if the length of the bar is /, the diameter 
of the base is d and the weight per unit volume of the material is 'Y· 
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Solution. The weight of the bar will be 

Q = 1rd2h. 
4 3 

z For any cross section at distance x from the lower 
end of the bar the tensile force, equal to the weight 
of the lower portion of the bar, is 

Assuming that the tensile force is uniformly distributed over the 
cross section 6 and considering the element of length dx as a pris­
matical bar, the elongation of this element will be 

do= -yx dx 
3E 

and the total elongation of the bar is 

F10. 12. 

the rod will 
Then 

'Y r' ,,12 
o = 3E Jo xdx = 6E • 

This elongation is one third that of a prismatical 
bar of the same length (see eq. 9). 

3. The vertical prismatical rod of a mine pump 
is moved up and down by a crank shaft (Fig. 12). 

Assuming that the material is steel and the working 
stress is uw = 7,000 lbs. per sq. in., detetmine the 
cross sectional area of the rod if the resistance of 
the piston during motion downward is 200 lbs. and 
during motion upward is 2,000 lbs. The length of 
the rod is 320 feet. Determine the necessary 
length of the radius r of the crank if the stroke of 
the pump is equal to 8 in. 

Solution. The necessary cross sectional area of 
be found from eq. (8) by substituting P = 2,000 lbs. 

A= - - '2,000 8 . 2 
- = o.33 m. 

490· 320· I 2 
7,000 - ' 

123 

The difference in total elongation of the rod when it moves up and 
when it moves down is due to the resistance of the piston and will be 

6 Such an assumption is justifiable when the angle of the cone is small. 
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equal to 
(2,000 + 200) • 320• l 2 . 

-6.li = 6 X 
8 

= 0.833 m. 
30· JO 0.33 

The radius of the crank should be 

8 + 0.833 . 
r = 2 -- = 4.42 in. 

4. Lengths of wire of steel and aluminum are suspended verti­
cally. Determine for each the length at which the stress due to the 
weight of the wire equals the ultimate strength if for steel wire 
u,. = 300,000 lbs. per sq. in. and 'Y = 490 lbs. per cubic foot, and for 
aluminum wire <Tu = 50,000 lbs. per sq. in. and 'Y = 170 lbs. per 
cubic foot. 

Answer. For steel / = 88,200 ft., for aluminum / = 42,300 ft. 
5. In what proportion will the maximum stress produced in a 

prismatical bar by its own weight increase if all the dimensions of 
'the bar are increased in the proportion n : 1 (Fig. 1)? 

Answer. The stress will increase in the ratio n : I. 

6. A bridge pillar consisting of two prismatical portions of equal 
length (Fig. 13) is loaded at the upper end by a compressive force 
P = 600,000 lbs. Determine the volume of masonry if the height 
of the pillar is 120 ft., its weight per cubic foot is 100 lbs., and the 
maximum compressive stress in each portion is 150 lbs. per sq. in. 
Compare this volume with that of a single prismatical pillar designed 
for the same condition. 

p 

p 

7 
,c 

1/ 

FIG. 13. 

7. Solve the preceding problem assuming three prismatical 
portions of equal length. 

8. Determine the form of the pillar in Fig. 14 such that the 
stress in each cross section is just equal to <Tw. The form satisfying 
this condition is called the form of equal strength. . 

Solution. Considering a differential element, shaded in the 
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figure, it is evident that the compressive force on the cross section 
m1n1 is larger than that on the cross section mn by the magnitude 
of the weight of the element. Thus since the stress in both cross 
sections is to be the same and equal to <Tw, the difference dA in the 
cross-sectional area must be such as to compensate for the difference 
in the compressive force. Hence 

(a) 
where the right side of the equation represents the weight of the 
element. Dividing this equation by A<Tw and integrating we find 

f dA = f-ydx, 
A <Tw 

from which 
')'X 

log A=--+ Ci 
<Tw 

and 
(b) 

where e is the base of natural logarithms and C = e01• At x = o 
this equation gives for the cross-sectional area at the top of the pillar 

(A)x=O = C. 

But the cross-sectional area at the top is equal to P/uw; hence 
C = P/<Tw and equation (b) becomes 

(c) 

The cross-sectional area at the bottom of the pillar is obtained by 
substituting x = I in equation (c), which gives 

(d) 

9. Find the volume of the masonry for a pillar of equal strength 
designed to meet the conditions of problem 6. 

Solution. By using equation (d) the difference of the cross-
sectional areas at the bottom of the pillar and at its top is found to be 

p p p 
-e'Ylfr,w - - = - (e'Ylfr,w - I)• 
<Tu, <Tw <Tw 

This difference multiplied by the working stress <Tw evidently gives 
the weight of the pillar; its volume is thus 

p 
V = - (e-Y 1i"w - 1) = 5,36o cubic feet. 

'Y 
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6. Statically Indeterminate Problems in Tension and 
Compression.-There are cases in which the axi-e.l forces 
acting in the bars of a structure cannot he determined from 
the equations of statics alone and the deformation ot the 
structure must he taken into consideration. Such structures 
are called statically indeterminate systems. 

A simple example of such a system is shown in Fig. 15. 
The load P produces extension in the bars OB, QC and OD, 
which are in the same plane. The conditions for equilibrium 
of the hinge O give two equa­
tions of statics which are not 
sufficient to determine the three 
unknown tensile forces in the 
bars, and for a third equation a 
consideration of the deformation 
of the system becomes neces­
sary. Let us assume, for sim­
plicity, that the system is sym­
metrical with respect to the 
vertical axis OC, that the ver­
tical bar is of steel with .da and 

B 

I 

p 

Ea as the cross sectional area and the modulus of elasticity 
for the material, and that the inclined bars are of copper with 
Ac and E0 as area and modulus. The length of the vertical 
bar is/ and that of the inclined bars is //cos a. Denoting by 
X the tensile force in the vertical bar and by Y the forces in 
the inclined bars, the only equation of equilibrium for the 
hinge O in this case of symmetry will he 

X + 2 Y cos a = P. (a) 

In order to derive the second equation necessary for deter­
mining the unknown quantities X and Y, the deformed con­
figuration of the system indicated in the figure by dotted 
lines must he considered. Let o be the total elongation of 
the vertical bar under the action of the load P; then the 
elongation· 01 of the inclined bars will he found from the 
triangle OFO1• Assuming that these elongations are- very 



20 STRENGTH OF MATERIALS 

small, the circular arc OF from the center D may be replaced 
by a perpendicular line and the angle at 0 1 may be taken 
equal to the initial angle a; then 

01 = o cos a. 

The unit elongations and the stresses for the vertical and the 
inclined bars will be 

and 
o cos2 a 

Ee = / 

respectively. Then the forces in the bars will be obtained 
by multiplying the stresses by the cross sectional areas as 
follows: 

X _ A _ A.E.o 
- <Ts • - I , 

from which 

Substituting in eq. (a), we obtain 

X = _____ P __ ,-,,-. 
AcEc 

I+ 2 cos3 a-­
A.Es 

(b) 

(10) 

It is seen that the force X depends not only upon the angle 
of inclination a but also upon the cross sectional areas and 
the mechanical properties of the materials of the bars. In 
the particular case in which all bars have the same cross 
section and the same modulus we obtain, from eq. (10), 

p 
X = --,-----=--

1 + 2 cos3 a 

When a approaches zero, cos a approaches unity, and the 
force in the vertical bar approaches 1/3P. When a ap­
proaches 90°, the inclined bars become very long and the 
complete load will be taken by the middle bar. 

As another example of a statically indeterminate system 
let us consider a p~ismatical bar with built-in ends, loaded 



TENSION AND COMPRESSION 21 

axially at an intermediate cross section mn (Fig. 16). The 
load P will be in equilibrium with the reactions R and R1 at 
the ends and we have 

(c) 

In order to derive the second equation for determining the 
forces R and R 1 the deformation of the bar must be consid­
ered. The load P with the force R produces shortening of 
the lower portion of the bar and with the force R1 elongation 
of the upper portion. The total shortening of 
one part is equal to the total elongation of the 0 
other. Then, by using eq. (1), we obtain 

Q 

Ria Rb mt-AE= AE. 
,, 

i 
p 

Hence b 

R a 
(d) 

R1 = b' 0 
ft 

i.e., the forces R and R1 are inversely propor­
tional to the distances of their points of appli­

FIG. 16. 

cation from the loaded cross section mn. Now from eqs. 
(c)' and (d) the magnitudes of these forces and the stresses 
in the bar may be readily calculated. 

Problems 
I. A steel cylinder and a copper tube are compressed between 

the plates of a press (Fig. 17). Determine the stresses in steel and 
p copper and also the unit compression if P = 

100,000 lbs., d = 4 ins. and D = 8 ins. 
Solution. Here again static conditions are 

inadequate, and the deformation of cylinder and 
tube must be considered to get that part of the 
load carried by each material. The unit short­
ening in the steel and in the copper will be 
equal; therefore the stresses of each material 

P will be in the same ratio as their moduli (eq. 4, 
F p. 4), i.e., the compressive stress in the steel 

10
• 

17
• will be 15/8 the compressive stress in the copper. 

Then the magnitude <Tc of the stress in the copper will be_ found 
from the equation of statics, 
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,rt/2 I 5 7r 
p = - -8 <Tc + - (D2 - d2)u,. 

4 4 

Substituting numerical values, we obtain 

<Tc = 1,630 lbs. per sq. in., 

unit compression 

15 
u, = 8 · uc = 3,060 lbs. per sq. m.; 

<Tc 
E = - = 102 X 10-6• 

Ee 

2. A column of reinforced concrete is com-
~ pressed by a force P = 60,000 lbs. What 

part of this load will be taken by the concrete 
and what part by the steel if the cross sectional 
area of the steel is only 1/10 of the cross 
sectional area of the concrete? 

A f...___-+-T_c _ __,IB 
♦" 

FIG. 18. 

3. A rigid body AB of weight Q hangs 
on three vertical wires symmetrically situated 
with respect to the center of gravity C of 
the body (Fig. 18). Determine the tensile 

forces in the wires if the middle wire is of steel and the two others 
of copper. Cross sectional areas of all wires are equal. 

Suggestion. Use method of problem I. 

4. Determine the forces in four legs 
of a square table, Fig. 19, produced by ,,., 
the load P acting on one diagonal. The --...,,,,:r---,-,---,.-,-, 

top of the table and the floor are as­
sumed absolutely rigid and the legs are 
attached to the floor so that they can 
undergo tension as well as compression. 

Soluiion. Assuming that the new 
position of the top of the table is that 
indicated by the· dotted line mn, the 
compression of legs 2 and 4 will be the 
average of that of legs I and 3. Hence 

2Y= X+ Z 

and since 2Y + X + Z = P we obtain 

2Y = X+ Z = ½P. (a) 

An additional equation for determining X and Z is obtained by 
taking the moment of all the forces with respect to the horizontal 
axis O - 0 parallel toy and in the plane of the force P. Then 

X(½a-{i + e) + ½P·e = Z(½a-{i - e). (b) 
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From (a) and (b) we obtain 

X = p ( ~ - a :i); p 
Y= - . 

4' 

23 

When e >a ✓2/ 4, X becomes negative. This indicates that there 
will be tension in leg , . 

5. Determine the forces in the legs of the above table when the 
load is applied at the point with the coordinates 

a )' = - . 
5 

Hint. In solving this problem it should be noted that when 
the point of application of the load P is not on the diagonal of the 
table, this load may be replaced by two loads statically equivalent to 
the load P and applied at points on the two diagonals. The forces 

, produced in the legs by each of these two loads are found as explained 
above. Summarizing the effects of the two com-
ponent loads, the forces in the legs for any posi­
tion of the load P may be found. 

6. A rectangular frame with diagonals is 
submitted to the action of compressive forces P 
(Fig. :20). Determine the forces in the bars it 
they are all of the same material, the cross sec­
tional area of the verticals is A, and that of the 
remaining bars A1. 

Solution. Let X be the compressive force 
in each vertical, Y the compressive force in 
each diagonal and Z the tensile force in each 

p 

p 

p 

p 
,ti 

FIG. 20. 

horizontal bar. Then from the condition of equilibrium of one 
of the hinges, 

Y = 1/sin a(P - X); Z = Y cos a = (P - X) cot a. (a) 

The third equation will be obtained from the condition that the 
frame after deformation remains rectangular by virtue of symmetry; 
therefore 

(tr + h2
) ( 1 - J'.:._ )

2 

= h2 
( I - ~ )

2 

+ a2 ( 1 + z )\ 
A1E AE A1E 

from this, neglecting the small quantities of higher order, we get 

(a2 + h2)Y h2X a2Z 
A1E = AE - //

1
F. (b) 
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Solving eqs. (a) and (b), the following value of the force in a diagonal 
will be obtained: 

p 
y = a2 + h~ A a2 A . 

ht • Ai+ h2 • Ai cos a+ sin a 

The forces in other bars will now be easily determined from eqs. (a). 
7. Solve the above problem, assuming a = h, A = 5A1 and 

P = 50,000 lbs. 

z 

Fm. 21. 

8. What stresses will be produced in a steel bolt 
and a copper tube (Fig. 21) by ¼ of a turn of the 
nut if the length of the bolt I= 30 ins., the pitch of 
the bolt thread h = ½ in., the area of the cross sec­
tion of the bolt A. = I sq. inch, the area of the cross 
section of the tu be Ac = 2 sq. inches? 

Solution. Let X denote the unknown tensile force 
in the bolt and the compressive force in the tube. 
The magnitude of X will be found from the condition 
that the extension of the bolt plus the shortening of 
the tube is equal to the displacement of the nut along 

the bolt. In our case, assuming the length of the tube equal to the 
length of the bolt, we obtain 

XI XI I 
A L' + A L' = - h, 

/1 s~s fl c~c 4 

30 X rn6 
16,100 lbs. 

The tensile stress in the bolt is <Ts= XJA. = 16,rno lbs. per sq. in. 
Th~ compressive stress in the tube is <Tc= X/Ac = 8,050 lbs. per 
sq. m. 

9. What change in the stresses calculated in the above problem 
will be produced by tensile forces P = 5,000 lbs. applied to the 
ends of the bolt? 

Solution. Let X denote the increase in the tensile force in the 
bolt and Y the decrease in the compressive force in the tube. 
Then from the condition of equilibrium, 

X+ Y= P. (a) 
A second equation may be written down from the consideration 
that the unit elongation of the bolt and tube under the application 
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',t of the forces P must be equal, i.e., 

...---· 

X y 
(b) 

From eqs. (IZ) and (b) the forces X and Y and the 
corresponding stresses are easily calculated. 

10. A prismatical bar with built-in ends is loaded 
axially at two intermediate cross sections (Fig. 22) by 
forces P1 and P2. Determine the reactions Rand R1. 

Hint. Solution will be obtained by using eq. (d) 
on page 21, calculating the reactions produced by each 
load separately and then summarizing these reactions. 
Determine the reactions when FIG. 22. 

~ tJ a = 0.3!, b = 0.3! and P1 = 2P2 = 1,000 lbs. 

11. Determine the forces in the bars of the 

0 
system, shown in Fig. 23, where OA is an axis of 

~---+-~~ symmetry. 

FIG. 23. 

Answer. The tensile force in the bar OB is 
equal to the compressive force in the bar OC 
and is P/2 sin a. The force in the horizontal bar 
OA is equal to zero. 

12. Solve problem 10 assuming that the lower portion of length 
c of the bar has a cross-sectional area two times larger than the cross­
sectional area of the two upper parts of lengths a and b. 

7. Initial and Thermal Stresses.-In a statically indeter-
• minate system it is possible to have some initial stresses 
produced in assembly and due to inaccuracies in the lengths 
of the bars or to intentional deviations from the correct values 
of these lengths. These stresses will exist when external 
loads are absent, and depend only upon the geometrical pro­
portions of the system, on the mechanical properties of the 
materials and on the magnitude of the inaccuracies. Assume, 
for example, that the system represented in Fig. I 5 has, by 
mistake, l + a as the length of the vertical bar instead of /. 
Then after assembling the bars BO and DO, the vertical bar 
can be put into place only after initial compression and due 
to this fact it will produce some tensile force in the inclined 
bars. Let X denote the compressive force in the vertical 
bar, which finally takes place after assembly. Then the 
corresponding tensile force in the inclined bars will be X/ 2 cos a 
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and the displacement of the hinge O due to the extension of 
these bars will he (see eq. b, p. 20) 

0 = XI 
2.dcEc cos3 a 

The shortening of the vertical bar will he 

XI 
01 = -- . 

A.E. 

(a) 

(b) 

From elementary geometrical considerations, the displace­
ment of the hinge 0, together with the shortening of the 
vertical bar, must he equal to the error a in the length of the 
vertical bar. This gives the following equation for deter­
mining X: 

XI Xl 
-~-~-+--=a· 
2AcEc cos3 a A.E. 

Hence 
X = aA.E. . 

z( + A.E. ) 
I 2A cEc cos3 a 

(ll) 

Now the initial stresses in all the bars may he calculated. 
Expansion of the bars of a system due to changes in tempera­
ture may have also the same effect as inaccuracies in lengths. 
Assume a bar with built-in ends. If the temperature of the 
bar is raised from lo to t and thermal expansion is prevented 
by the reactions at the ends, there will be produced in the 
bar compressive stresses, whose magnitude may be calculated 
from the condition that the length remains unchanged. Let 
a denote the coefficient of thermal expansion and <1 the com­
pressive stress produced by the reactions. Then the equation 
for determining <1 will be 

from which 

(1 

a(t-lo)=E' 

<1 = Ea(t - lo). (12) 

As a second example, let us consider the system represented 
in Fig. 15 and assume that the vertical bar is heated from 
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the assembly temperature lo to a new temperature I. The 
corresponding thermal expansion will be partially prevented 
by the two other bars of the system, and certain compressive 
stresses will develop in the vertical bar and tensile stresses 
in the inclined bars. The magnitude of the compressive force 
in the vertical bar will be given by eq. (11), in which instead 
of the magnitude a of the inaccuracy in length we substitute 
the thermal expansion al(I - lo) of the vertical bar. 

Problems 

1. The rails of a tramway are welded together at 50° Fahrenheit. 
What stresses will be produced in these rails when heated by the 
sun to 100° if the coefficient of thermal expansion of steel is 70· 10-1? 

Answer. <1 = 10,500 lbs. per sq. in. 
2. What change of stresses will be produced in the case repre-

• sented in Fig. 21 by increasing the temperature from 10° to t0 if the 
coefficient of expansion of steel is a. and that of copper ac? 

Solution. Due to the fact that ac > a, the increasing tempera­
ture produces compression in the copper and tension in the steel. 
The unit elongations of the copper and of the steel should be equal. 
Denoting by X the increase in the tensile force in the bolt due to the 
change of temperature, we obtain 

X X 
a,(t - to) + A.Ea = ac(t - lo) - AcEc' 

from which 

X = (ac - a,)(t - to)A.E • . 
A.E. 

I+ AcEc 

The change in the stresses in the bolt and in the tube may be 
calculated now in the usual way. 

3. A strip of copper is soldered 
, between two strips of steel (Fig. 24). 

::===========::I ~~~%,•r What stresses will be produced in the 
,,. steel and in the copper by a rise in the 

Fm. 24. temperature of the strips from /0 tot 
degrees? 

Suggestion. The same 
should be used. 

method as in: the previous problem 

4. What stresses will be produced in the bars of the .system 
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represented in Fig. I 5 if the temperature of all the bars be raised 
from lo tot? 

Solution. Let X denote the tensile force produced in the steel 
bar by an increase in temperature. Then from the condition of 
equilibrium of the hinge O it can be seen that in the copper bars 
compressive forces act, equal to X/2 cos a; consequently the 
elongation of the steel bar becomes 

XI 
o = a,(t - to)l + A.E, 

and the elongation of the copper bars is 

I XI 
01 = ac(t - to)-- - • ,r E cos a 2 cos· anc c 

Furthermore from previous considerations (see p. 20), 

01 = o cos a; 

therefore 

XI I XI 
a,(t - to)l + -;,-E = ac(t - to) - 2- - a A E , n 8 8 COS a 2 cos anc c 

from which 

(t - to) ( ~ - a, ) A,E, 
X = cos a 

I A.E. 
I+-----

2 cos3 a AcEc 

The stresses in the steel and in the copper will now be obtained from 
the following equations: 

X X 
u. = A,; <J = . 

c 2 COS aAc 

5. Assuming that in the case shown in Fig. 17 a constant load 
P = 100,000 is applied at an initial temperature 10, determine at 
what increase in temperature the load will be completely transmitted 
to the copper if a, = 70 X 10-7 and ac = 92 X 10-1. 

Solution. 

from which 
I - lo= 75.4 degrees Fahrenheit. 
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6. A steel bar consisting of two portions of lengths /1 and /2 

and cross-sectional areas A1 and A2 is fixed at the ends. Find the 
thermal stresses if the temperature rises by 100 degrees Fahrenheit. 
Assume /1 = /2, A1 = 2A2, and a. = 70 X 10-1• 

7. Find the thermal stresses in the system shown in Fig. 24 
if the temperature of all three strips rises by 100 degrees Fahren­
heit. The thickness of each of the three strips is the same and 
the coefficients of thermal expansion are a, = 70 X 10-7 and 

ac = 92 X 10--1. Assume Ee : E. = _! · 
15 

8. The temperature of the system shown in Fig. 1 5 rises by 100 

degrees Fahrenheit. Find the thermal stresses if all three bars are 
of steel and have equal cross-sectional areas. Take a. = 70 X 10-1 

and E. = 30 X 106 lbs. per sq. in. 
9. Find the stresses in the wires of the system shown in Fig. 18 

if the cross-sectional area of the wires is o. 1 sq. in., the load Q = 4,ooc 
1-bs., and the temperature of the system rises after assembly by 10 

-degrees Fahrenheit. 
10. Determine the stresses which will be built up in the system 

represented in Fig. 20 if the temperature of the upper horizontal 
bar rises from t0 to t degrees. 

8. Extension of a Circular Ring.-If uniformly distributed 
rl!-dial forces act along the circumference of a thin circular 
rmg (Fig. 25), uniform enlargement of the ring will he pro-

p 

(a) 

r _j ~ 
(b) 

duced. In order to determine the tensile force P in the ring 
let us imagine that the ring is cut at the horizontal diametral 
section (Fig. 25, b) and consider the upper portion as a free 
body. If q denotes the uniform load per unit length of the 
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center line of the ring and r is the radius of the center line, 
the force acting on an element of the ring cut out by two 
adjacent cross sections will be qrdcp, where dcp is the central 
angle, corresponding to the element. Taking the sum of the 
vertical components of all the forces acting on the half ring, 
the following equation of equilibrium will be obtained: 

f.-/2 
2P = 2 J

O 
qr sin cp dcp = 2qr, 

from which 
P = qr. 

The tensile stress in the ring will now be obtained by dividing 
the force P by the cross sectional area of the ring. 

In practical applications very often the determination of 
tensile stresses in a rotating ring is necessary. Then q repre­
sents the centrifugal force per unit length of the ring and is 
given by the equation: 

w v2 

q = gi' 

in which w is the weight of the ring per unit length, r is the 
radius_ of the center line, v is the velocity of the ring at the 
radius r, and g is acceleration due to gravity. Substituting 
this expression for q in eq. (13), we obtain 

wv2 

P=-
g ' 

and the corresponding tensile stress will be 

P wv2 -yv2 

"=A= Ag= g. 
It is seen that the stress is proportional to the density -y/g of 
the material and to the square of the peripheral velocity. For 
a steel ring and for the velocity v = 100 feet per second this 
stress becomes 1,060 lbs. per sq. in. Then for the same mate­
rial and for any other velocity v1 the stress will be o. rn6 X v2 

in lbs. per sq. in., when v is in feet per sec. 
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Problems 

1. Determine the tensile stress in the cylindrical wall of the 
press shown in Fig. 3 if the inner diameter is IO ins. and the thick­
ness of the wall is I in. 

Solution. The maximum hydrostatic pressure p in the cylinder 
will be found from the equation: 

1r1o2 
p· -- = 100,000 lbs., 

4 

from which p = 1,270 lbs. per sq. in. Cutting out from the cylinder 
an elemental ring of width I in. in the direction of the axis of the 
cylinder and using eq. (13) in which, for this case, q = p = I ,270 lbs. 
per in. and r = 5 ins., we obtain 

p i,270 X 5 6 b . 
<1 = A = 

1 
X 

1 
= ,350 I s. per sq. m. 

2. A copper tube is fitted over a steel tube at a high temperature 
I (Fig. 26), the fit being such that no pressure exists between tubes 

•• at this temperature. Determine the stresses 
which will be produced in the copper and in the 
steel when cooled to room temperature to if the 
outer diameter of the steel tube is d, the thick­
n~ss of the steel tube is h, and that of the copper 
tube is he. 

Solution. Due to the difference in the co­
efficients of expansion ac and a. there will be a 
pressure between the outer and the inner tubes 

cr 
F10. '.16. 

after cooling. Let x denote the pressure per square inch; then 
the tensile stress in the copper tube will be 

and the compressive stress in the steel will be 

xd 
(1 = - . 
• 2h. 

The pressure x will now be found from the condition that during 
cooling both tubes have the same circumferential contraction; hence 

xd xd 
a.(t - to) - E· z. = a.(t - to) + Eh , 

2.,.. 2,. 
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from which 
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xd 
<Tc= - = 

2hc 

(ac - a.)(t - to)Ec 

he Ee 
1+--

h. E. 

In the same manner the stress in the steel may be calculated. 
3. Referring to Fig. 26, what additional tensile stress in the 

tube will be produced by submitting it to a hydrostatic inner 
pressure p = 100 lbs. per sq. in. if the inner diameter d1 = 4 in., 
h, = 0.I in. and he= 15/8 X 0.1 in.? 

Solution. Cutting out of the tube an elemental ring of width I 

in., the complete tensile force in the ring will be 

P = pdi = 200 lbs. 
2 

Due to the fact that the unit circumferential elongations in copper 
and in steel are the same, the stresses will be in proportion to the 
moduli, i.e., the stress in the copper will be 8/15 that in the steel. 
At the same time the cross sectional area of the copper is I 5/8 that 
of the steel; hence the force P will be equally distributed between 
two metals and the tensile stress in the copper produced by,f..a 
hydrostatic pressure will be 

p 200 · 
O"e = -- = / = 533 lbs. per sq. m. 

2 X he 2 X I 5 8 X 0. l 

The stress in the steel will be 

I 5 lb • u. = 8 O"e = 1,000 s. per sq. m. 

4. A built-up ring consists of an inner copper ring and an outer 
steel ring. The inner diameter of the steel ring is smaller than the 
outer diameter of the copper ring by the amount o and the structure 
is assembled after preliminary heating of the steel ring. When 
cooled the steel ring produces pressure on the copper ring (shrink 
fit pressure). Determine the stresses in the steel and the copper 
after assembly if both rings have rectangular cross sections with the 
dimensions h. and he in radial direction and dimensions equal to 
unity in the direction perpendicular to the plane of the ring. The 
dimensions h. and he may be considered small as compared with the 
diameter d of the surface of contact of the two rings. 

Solution. Let x be the uniformly distributed pressure per 
square inch of the surface of contact of the rings; then the com­
pressive stress in the copper and the tensile stress in the steel will be 
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found from the equations: 

xd 
<J = - . 

c 2hc' 
(a) 

The decrease in the outer diameter of the copper ring will be 

<JC xd2 
ll1=-·d= --. 

Ee 2hcEc 

The increase of the inner diameter of the steel ring will be 

<ls xd2 
ll2= --d= --. 

E. 2hsE. 

The unknown pressure x will be found from the equation: 

ll1 + ll2 = x:2 ( hc~c + h.~J = ll, 

from which 

x= ( hE) 
d2 I + h:E: 

Now the stresses <ls and <le, from eqs. (a), will be 

/l h., E. /l E. 
<le = d • he, • hsE.s ' <ls = d • hsEs 

I + -E- I + hcEc he ,c 

5. Determine the stresses which will be produced in the built­
up ring of the previous problem by rotation of the ring with a 
constant speed n r.p.m. 

Solution. Due to the fact that copper has a greater density and 
a smaller modulus of elasticity than steel, the copper ring will 
press on the steel ring during rotation. Let x denote the pressure 
per square inch of the surface of contact between the two rings. 
Then the corresponding stresses will be given by eqs. (a) of the 
previous problem. In addition to these stresses the stresses pro­
duced by centrifugal forces should be taken into consideration. 
Denoting by 'Ys and 'Ye the weights per unit volume of steel and 
copper and using eq. (15), we obtain 

<la = 'Ys ( 21rn )
2 

( d + hs )
2

• 
g 60 2 , 

Combining these stresses with the stresses due to pressur~ x and 
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noting that the unit elongation for both rings should be the same, 
the following equation for determining x will be obtained: 

= le [;c ( 2;: )2 ( d ~he)~_ :tJ, 

from which x may be calculated for each particular case. Knowing 
x, the complete stress in the copper and the steel may be found 
without difficulty. 

6. Determine the limiting peripheral speed of a copper ring if 
the working stress is uw = 3,000 lbs. per sq. in. and 'Ye = 550 lbs. per 
cubic foot. 

Answer. 
v = I 59 feet per sec. 

7. Referring to problem 2 and Fig. 26, determine the stress in 
the copper at room temperature if t - t0 = 100° Fahrenheit, 

Answer. 
Uc = 2,300 lbs. per sq. in. 

8. Referring to problem 5, determine the number of revolu­
tions n per minute at which the stress in the copper ring becomes 
equal to zero if the initial assembly stress in the same ring was a 
compression equal to u0, and he = h., and E. = 2Ec. 

Solution. The number of revolutions n will be determined from 
the equation: 

9. Find the stresses in the built-up ring of problem 4 assuming 
~ = 0.001 in., d = 4 in., h, = he, and E,/ Ee = I 5/8. Find the 
changes of these stresses if the temperature of the rings increases 
after assembly by Io degrees Fahrenheit. Take ac = 92 X 10-7 

and a. = 70 X 10-1. 

IO. Referring to problem 5, find the stresses in steel and in 
copper if n = 3,000 r.p.m., d = 2 ft., h. = he = ½ in., 'Y• = 490 lbs. 
per cubic foot, and 'Ye = 550 lbs. per cubic foot. 



CHAPTER II 

ANALYSIS OF STRESS AND STRAIN 

9. Variation of the Stress with the Orientation of the 
Cross Section for Simple Tension and Compression.-In 
discussing stresses in a prismatic bar submitted to an axial 
tension P we have previously considered (art. 2) only the 
stress over cross sections perpen­
dicular to the axis of the bar. 
We now take up the case in which 
the cross section pq (Fig. 27a), 
perpendicular to the plane of y (a) 

• the figure, is inclined to the axis. 
Since all longitudinal fibers have P 
the same elongation (see p. 3) --t---+-'E=~---"x 

the forces representing the action 
of the right portion of the bar on 
its left portion are uniformly dis­
tributed over the cross section pq. The left portion of the bar, 
isolated in Fig. 27b, is in equilibrium under the action of these 
forces and the external force P applied at the left end. Hence 
the resultant of the forces distributed over the cross section pq 
is equal to P. Denoting by A the area of the cross section 
normal to the axis of the bar and by cp,the angle between the 
axis x and the normal n to the cross section pq, the cross­
sectional area of pq will be A/cos cp and the stress s over this 
cross section is 

p cos cp 
s = = u,, cos cp A 

where u,, = P / A denotes the stress on the cross section normal 
to the axis of the bar. It is seen that the stress s over any 
inclined cross section of the bar is smaller than the stress u,, 
over the cross section normal to the axis of the bar and that 
it diminishes as the angle cp increases. For cp = 1r/2 the sec-

35 
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tion pq ts parallel to the axis of the bar and the stress s 
becomes zero, which indicates that there is no pressure be­
tween the longitudinal fibers of the bar. 

The stress s, defined by equation (16), has the direction 
of the force P and is not perpen­
dicular to the cross section pq. In 

L 2 such cases it is usual to resolve the 
total stress into two components, 

9 as is shown in Fig. 28. The stress 
Fie. 28

• component un perpendicular to the 
cross section is called the normal stress. I ts magnitude is 

(17) 

The tangential component r is called the shearing stress and 
has the value 

r = s sin 'P = ux co:; cp sin y 
<J, . 

,.., Sin '2.cp, (I 8) 

To visualize the strain which each component stress produces 
let us consider a thin clement cut out of the bar by two ad­
jacent parallel sections pq and 
p1q1, Fig. 29a. The stresses act­
ing on this clement are shown 
in Fig. 29a. Figures 29b and 29c 
are obtained by resolving these 
srresscs into normal and tan­
gential components as explained 
above and show separately the 
action of each of these compo­
nents. It is seen that the normal 
stresses un produce extension of the clement in the direction of 
the normal n to the cross section pq and the shearing stresses 
produce sliding of section pq with respect to p,q,. 

From equation (17) it is seen that the maximum normal 
stress acts over cross sections normal to the axis of the bar 
and we have 
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The maximum shearin;; stress, as seen from equation (18), acts 
over cross section s inclined at 45° to the axis of the bar, 
where sin 2,p - 1, and has the magnitude 

T11,>1X 

Although the maximum shearing stress is one-half the max­
imum normal stress, this stress is sometimes the controlling 
factor when considering the strength of materials which arc 
much weaker in shear than in tension. For example, in a 
tensile test of a bar of mild steel with a polished surface, 
yielding of the metal is visible to the naked eye, Fig. 30. l t 

Fl(,, JO. 

occurs along the inclined planes for which the shearing stress 
is a maximum and at the value of the force P which corre­
sponds to the point R in Fig. 2a. This indicates that in the 
case of mild steel failure is produced by the maximum shearing 
stress although this stress is onlr equal to one-half of the 
maximum normal stress. 
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Formulas (17) and (18), derived for a bar in tension can 
be used also in the case of compression. Tensile stress is 
assumed positive and compressive negative. Hence for a bar 
under axial compression we have only to take a-z with a 
negative sign in formulas (17) and (18). The negative sign 
of qn will then indicate that in Fig. 29b we obtain, instead of 
tension, a compressive action on the thin element between the 
adjacent cross sections pq and P1q1. The negative sign f<;>r T 

in formula (18) will indicate that for compression of the bar 

-0-
{a) 

-LJ-
(b) 

(+) 

t~I t I 
t I 
{c) 

Fm. 31. 

(-) 

l~t t t 
I t 

(d) 

the shearing action on the ele­
ment has the direction opposite 
to that shown in Fig. 29c. Figure 
31 illustrates the rules for signs 
of normal and shearing stresses 
which will be used. Positive sign 
for shearing is taken when they 

form a couple in clockwise direction and negative sign for 
opposite direction. 

10. The Circle of Stress.-Formulas (17) and (18) can be 
represented graphically.1 We take an orthogonal system of 
coordinates with the origin at O and 
with positive direction of axes as 
shown in Fig. 3 2. Beginning with the 
cross section pq perpendicular to the 
axis of the bar we have for this case 
cp = o, in Fig. 28, and we find, from ._.,--'--1"--....,....,c-+----'--'--t'-""'-~(J'+.> 
formulas (17) and (18) O"n = a-,,, T = o. 
Selecting a scale for stresses and meas­
uring normal components along the 
horizontal axis and shearing compo­
nents along the vertical axis, the stress 

c-, 

FIG. 32. 

acting on the plane with cp = o is represented in Fig. 32 by a 
point A having the abscissa equal to a-,, and the ordinate equal to 
zero. Taking now a plane parallel to the axis of the bar we have 

1 This graphical representation is due to 0. Mohr, Zivilingenieur, 
1882, p. 113. See also his "Abhandlungen," p. 219, 1906. In this 
book the references to other publications on the same subject are given. 
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(fJ = 1r/2, and observing that both stress components vanish for 
such a plane we conclude that the origin 0, in Fig. 32, corre­
sponds to this plane. Constructing now on OA as diameter 
a circle it can be readily proved that the stress components 
for any cross section pq with an arbitrarily chosen angle cp, 
Fig. 28, will be represented by the coordinates of a point on 
that circle. To obtain the point on the circle corresponding 
to a definite angle cp it is only necessary to measure in the 
counter-clockwise direction from the point A the arc sub­
tending an angle equal to 2cp. Let D be the point obtained in 
this manner; then, from the figure, 

- - - <T:,; <T:,; 
OF = OC + CF = - + - cos 2cp = ""' cos2 ,,, 2 2 ..,, 

DF CD 
. <Tx • 

= sin 2cp = - sin 2cp. 
2 

Comparing these expressions for the coordinates of point D 
with expressions (17) and (18) it is seen that this point defines 
the stresses acting on the plane pq, Fig. 28. As the section 
pq .rotates in the counter-clockwise direction about an axis 
perpendicular to the plane of Fig. 28, cp varying from o to 1r/2, 

. the point D moves from A to 0, so that the upper half-circle 
determines the stresses for all values of cp within these limits. 
If the angle cp is larger than 1r/2 we obtain a cross section as 
~hown in Fig. 33a cut by a plane mm the external normal 2 n 1 

to which makes with the x axis an angle larger than 1r/2. 

Measuring again in the counter-clockwise direction from the 
point A, in Fig. 32, the arc subtending an angle equal to 2cp 

we will obtain now a point on the lower half-circle. 
Take, as an example, the case when mm is perpendicular 

to cross section pq which was previously considered. In 
such a case the corresponding point on the circle in Fig. 32 

is point D1 such that the angle DOD1 is equal to 1r; thus DD1 is 
a diameter of the circle. Using the coordinates of point D1 

2 The portion of the bar on which the stresses act is indicated by 
shading. The external normal n 1 is directed outward from that portion. 
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we find the stress components u,., and 71 for the plane mm 

OF oc F C <Tx <Tx • 1Tn
1

= 1= - I = 2 - 2 COS2cp=<TxSln2 cp 

FD CD 
. <T.i, • 

71 = - l l = - l sin 2cp = - - Sln 2cp.3 
2 

Comparing these results with expressions (17) and (18) we 
find 

<Tn + u., = <Tx cos2 cp + <Tx sin2 cp = <Tx (22) 

71 = - 7. (23) 

This indicates that the sum of the normal stresses acting on 
two perpendicular planes remains constant and equal to <Tx• 

The shearing stresses acting on two perpendicular planes are 
numerically equal but of opposite sign. 

p 
p 

FIG. 33· 

By taking the adjacent cross sections m1m1 andp1q1 parallel 
to mm and pq an element, such as shown in Fig. 33b, is isolated 
and the directions of stresses acting on this element are 
indicated. It is seen that the shearing stresses acting on the 
sides of the element parallel to the pq plane produce a couple 
in the clockwise direction, which, according to the accepted 
rule defined in Fig. 31c, must be considered positive. The 
shearing stresses acting on the other two sides of the element 

3 The minus sign is taken since point D1 is on the side of negative 
ordinates. 
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produce a couple in the counter-clockwise direction which, 
according to the rule defined in Fig. 31d, is negative. 

The circle in Fig. 32 called the circle of stress is used to 
determine the stress components <Tn and r for a cross section 
pq whose normal makes any angle 'P with the x axis, Fig. 28. 
A similar construction can be used to solve the inverse prob­
lem, when the components <Tn and T are given and it is re­
quired to find the tensile stress <Tz in the axial direction and 
the angle 'P· We observe that the angle between the chord 
OD and the x axis is equal to <P, Fig. 32. Hence, after 
constructing the point D with coordinates <Tn and r, we obtain 
'P by drawing the line OD. Knowing the angle 'P, the radius 
DC making the angle 21/> with the axis OC can be drawn and 
the center C of the circle of stress obtained. 

Problems 

I. Determine O"n and T analytically and graphically if <Tx = I 5,000 
lbs. per sq. in. and cp = 30° or cp = 120°. By using the angles 30° 
and 120° isolate an element as shown in Fig. 33b and show by 
arrows the directions of stresses acting on the element. 

2. Solve the previous problem assuming that instead of tensile 
stress <rx there acts compressive stress of the same amount. Observe 
that in this case the diameter of the circle, Fig. 32, must lie on the 
negative side of the abscissa. 

3. On a plane pq, Fig. 28, are acting a normal stress <Tn = 12,000 

lbs. per sq. in. and a shearing stress T = 4,000 lbs. per sq. in. Find 
the angle cp and the stress IT,,. 

Answer. 

tan cp = ½, O"n 
IT,, = --2 - = 13,330 lbs. per sq. in. 

cos cp 

4. On the two perpendicular sides of the element in Fig. 33b 

are acting the normal stresses <Tn = 12,CX>O lbs. per sq. in. and 
<Tn1 = 6,000 lbs. per sq. in. Find a,, and T. 

Answer. IT,,= 18,000 lbs. per sq. in., T = ± 8,485 lbs. per sq. in. 
5. Find maximum shearing stress for the case in problem I. 

. 6. Determine the aspect of cross sections for which the normal 
and t_he shearing stresses are numerically equal. 

11. Tension or Compression in Two Perpendicular Di­
rections.-There are cases in which the material of a structure 
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is submitted to the action of tension or compression in two 
perpendicular directions. As an example of such a stress 
condition let us consider stresses in the cylindrical wall of a 
boiler submitted to internal pressure p lbs. per sq. in.4 Let 
us cut out a small element from the cylindrical wall of the 
boiler by two adjacent axial sections and by two circum­
ferential sections, Fig. 34a. Because of the internal pressure 

y 

p 

(bl 

FIG. 34· 

the cylinder will expand both in the circumferential and in 
the axial directions. The tensile stress <T11 in the circum­
ferential direction will be determined in the same manner 
as in the case of a circular ring (art. 8). Denoting the inner 
diameter of the boiler by d and its wall thickness by h, this 
stress is 

pd 
(1 = -. 11 2h 

In calculating the tensile stress <T,, in the axial direction we 
imagine the boiler cut by a plane perpendicular to the x axis. 
Considering the equilibrium of one portion of the boiler it will 
be appreciated that the tensile force producing longitudinal 
extension of the boiler is equal to the resultant of the pressure 
on the ends of the boiler, i.e., equal to 

(
1rd2) P=p 4 . 

4 More accurately p denotes the difference between the internal 
pressure and the external atmospheric pressure. 
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The cross sectional area of the wall of the boiler is 6 

A= 1rdh. 
Hence 

43 

It is seen that the element of the wall undergoes tensile stresses 
<T,, and <Ty in two perpendicular directions.6 The tensile stress 
<r11 in the circumferential direction being twice as large as the 
stress <T:i: in the axial direction. We consider now the stress 
over any cross section pq, Fig. 34a, perpendicular to xy plane 
and whose normal n makes an angle cp with the x axis. By 
using formulas (17) and (18) of the previous article we con­
clude that the tensile stresses <T:i: acting in the axial direction 
produces on the plane pq normal and shearing stresses of 
magnitude 

' - 2 <Tn - <T:,: COS cp, I I ' 
T = 2<T:i:S1n2cp. (a) 

To calculate the stress components produced on the same 
plane pq by the tensile stress <Ty, we observe that the angle 

b~tween <Ty and the normal n, Fig. 34a, is ~ - cp and is meas-
2 

.ured clockwise from they axis, while cp is measured counter­
clockwise from the x axis. From this we conclude that in 
using equations (17) and (18) we must substitute in this case 

<T11 for <Tz and - ( ~ - cp) , instead of cp. This gives 

(b) 

Summing up the stress components (a) and (b) produced by 
<T,, and <r11 stresses respectively, the resultant normal and shear­
ing stress components for the case of tension in the two 

6 The thickness of the wall is assumed small in comparison with the 
diameter and the approximate formula for the cross-sectional area is used. 

s There is also a pressure on the inner cylindrical surface of the 
element but this pressure is small in comparison with u., and <111 and is 
neglected in further discussion. 



44 STRENGTH OF MATERIALS 

perpendicular directions are obtained 

<Tn = <Tx cos2 cp + <Ty sin2 cp, 

12. The Circle of Stress for Combined Stresses.-Pro­
ceeding as in article IO the graphical representation of the 
formulas (26) and (27) can be readily obtained using the circle 
of stress. Assuming again that the abscissas and the ordinates 
represent to a certain scale the normal and the shearing stress 
components, we conclude that the points A and B, in Fig. 35, 

FIG. 35. 

with abscissas equal to u,, and <Ty represent the stresses acting 
on the sides of the element in Fig. 34a, perpendicular to the x 
and y axes respectively. To obtain the stress components on 
any inclined plane, defined by an angle cp in Fig. 34a, we have 
only to construct a circle on AB as a diameter and draw the 
radius CD making the angle ACD, measured in the counter­
clockwise direction from point A, equal to 2cp. From the 
figure ·we conclude that 

OE = OC - CE = 1 (OA + OB) ½( OB - OA) cos 2cp 

~+~ ~-~ . 
= --- - . cos 2cp = <Tx cos2 cp + <Ty sm2 cp. 

2 2 

This inqicates that the abscissa OE of the point D on the 
circle, if measured to the assumed scale, gives the normal 
stress component <Tn, (26). 
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The ordinate of the point Dis 

DE CD 
. (Ty - (T z . = Slll 2cp = 

2 
Sln 2cp. 

Observing that this ordinate must be taken with negative 
sign, we conclude that the ordinate of the point D, taken with 
the proper sign, gives the shearing stress component (27). 

When the plane pq is rotating counter-clockwise with 
respect to an axis perpendicular to xy plane, Fig. 34a, the 
corresponding point D is moving in the counter-clockwise 
direction along the circle of stress in Fig. 35 so that for each 
value of cp the corresponding values of the components <Tn 

and r are obtained as the coordinates of the point D. 
From this graphical representation of formulae (26) and 

(27) it follows at once that the maximum normal stress com­
ponent in our case is equal to <Ty and the maximum shearing 
stress represented by the radius Cf, of the circle in Fig. 35 is 

Tmax = 
2 

and occurs when sin 2cp = - I and cp = 31r/4. The same 
magnitude of shearing stress but with negative sign is acting 
on the plane for which cp = 1r/4. 

Taking two perpendicular. planes defined by the angles 
cp and 1r/2 + cp, which the normals n and n1 make with the x 
axis, the corresponding stress components are given by the 
co-ordinates of points D and D1 in Fig. 35, and we conclude 

Tl = - T. 

This indicates that the sum of the normal stresses acting on 
two perpendicular planes remains constant as the angle cp 

varies. Shearing s~resses acting on two perpendicular planes 
are numerically equal but of opposite sign. 

The circle of stress, similar to that in Fig. 35, can be con­
structed also if one or both stresses u,, and u11 are compressive, 
it is only necessary to measure the compressive stresses on the 



46 STRENGTH OF MATERIALS 

negative side of the abscissa axis. Assuming, for example, 
that the stresses acting on an element are as shown in Fig. 36a, 
the corresponding circle is shown in Fig. 36b. The stress 

p 
ly n 

A (' 0 

"j, 'I 

er, (ti/ 

(II) 

FIG. 36. 

components acting on a plane pq with normal n are given by 
the coordinates of the point Din the diagram. 

Problems 

I. The boiler shown in Fig. 34 has d = 100 in., h = -½ in. 
Determine rr,, and u11 if p = 100 lbs. per sq. in. Isolate a small 
element by the planes for which cp = 30° and 120° and show the 
magnitudes and the directions of the stress components acting on 
the lateral sides of that element. 

2. Determine the stresses u.,, rr.,, T and T1 if, in Fig. 36a, 
<Tx = 10,000 lbs. per sq. in., u11 = - 5,000 lbs. per sq. in. and cp = 30°, 

(/JI = 1'20°. 

Answer. un = 6,250 lbs. per sq. in., u., = - 1,250 lbs. per 
sq. in., T = - T1 = 6,500 lbs. per sq. in. 

3. Determine u., u.,, T and T1 in the previous problem, if the 
angle cp is chosen so that Tis a maximum. 

Answer. u. = u., = 2,500 lbs. per sq. in., T = - T1 = 7,500 
lbs. per sq. in. 

13. Principal Stresses.-lt was shown in the previous ar­
ticle that for tension or compression in two perpendicular 
directions x and y one of the two stresses <1,, or <r11 is the maxi­
mum and the other the minimum normal stress. For all 
inclined planes, such as planes pq in Figs. 34a and 36a, the 
value of the normal stress <Tn lies between these limiting values. 
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At the same time there is acting on all inclined planes not only 
normal stresses <Tn, but also shearing stresses, r. Such stresses 
as u., and u11, of which one is the maximum and the other the 
minimum normal stress, are called the principal stresses and 
the two perpendicular planes on which they act are called the 
principal planes. There are no shearing stresses acting on 
these planes. 

In the example of the previous article, Fig. 34, the principal 
stresses u., and u11 were found from very simple considerations 
and it was required to find the expressions for the normal and 
shearing stress components acting on any inclined plane, 
such as plane pq in Fig. 34a. In our further discussion (see 
p. 122) there will be cases in which it will be possible to 
determine the shearing and the normal stress components 
acting on two perpendicular planes. From the previous dis­
cussion we already know that such normal stresses do not 
represent the maximum stress which is the stress particularly 

·important in design. To get the maximum value of stress, 
the principal stresses are required. The simplest way of 
solving this problem is by using the circle of stress we con­
sidered in Fig. 35. Assume that the stresses acting on an 
elementary rectangular parallelepiped are as shown in Fig. 

1' 

X 

0 

(o) 

(b) 

FIG. 37. 

37a. The stresses u., and u11 are not principal stresses, since 
not only normal but also shearing stresses are acting on the 
planes perpendicular to the x and y axes. To construct the 
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circle of stress in this case, we use first the stress components 
<Tx, <Ty and r and construct the points D and D 1 as shown in 
Fig. 37b. Since these two points represent the stresses acting 
on two perpendicular planes, the length DD1 represents a 
diameter of the circle of stress. The intersection of this 
diameter with the x axis gives the center C of the circle, so 
that the circle can be readily constructed. The intersection 
points A and B of the circle with the x axis define the 'magni­
tudes of the maximum and the minimum normal stresses, 
which are the principal stresses and are denoted by <T1 and u2• 

Using the circle, the formulas for calculating u1 and u 2 can be 
easily obtained. From the figure we have 

u, = OA = OC + CD = <Tx ~<Ty+ ✓ ( <Tx ~ <Ty r + 7 2, (31) 

u2 = OB = OC - CD= <Tx ~ <Ty - ✓ ( <Tx ~ <Ty r + 7 2• (32) 

The directions of the principal stresses can also be obtained 
from the figure. We know that the angle DCA is the double 
angle between the stress u1 and the x axis and since 2cp is 
measured from D to A in the clockwise direction the direction 
of <11 must be as indicated in Fig. 37a. If we isolate the ele­
ment shaded in the figure with the sides normal and parallel 
to u1 there will be only normal stresses <11 and <12 acting on its 
sides. For the calculation of the numerical value of the 
angle cp we have, from the figure, 

DE 
!tan 2cpl =-= • 

CE 

Regarding the sign of the angle cp, it must be taken negative 
in this case since it is measured from the x axis in the clock­
wise direction, Fig. 37a. Hence 

tan 2cp = 
<Tx - <Ty 

(33) 

The maximum shearing stress is given by the magnitude of 
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the radius of the circle of stress and we have 

_ 0"1 - 0"2 _ ✓ (U:,; - O"y)
2 + 2 

Tmax -
2 

-
2 

T • 

The equations (31)-(34) completely solve the problem of the 
determination of the maximum normal and the maximum 
shearing stresses if the normal and shearing stresses acting on 
any two perpendicular planes are given since a circle is fixed 
by two points at the ends of a diameter. 

Problems 

I. An element, Fig. 37a, is submitted to the action of stresses 
u., = 5,000 lbs. per sq. in., uy = 3,000 lbs. per sq. in., r = 1,000 lbs. 
per sq. in. Determine the magnitudes and the directions of 
principal stresses u1 and u2. 

Solution. By using formulas (31) and (32) we obtain 

5,000 + 3,000 ✓ (5,000 - 3,000 )
2 

0-1 = • + ' + l ,0002 

2 2 

= 4,000 + 1,414 = 5,414 lbs. per sq. in., 

0-2 = 4,000 - 1,414 = 2,586 lbs. per sq. in. 

From formula (33) we have 

tan 2cp = - 1, 2cp = - 450, 

The minus sign indicates that cp is measured from the x axis in the 
clockwise direction as shown in Fig. 37a. 

2. Determine the direction of the 
principal stresses in the previous prob­
lem if u,, = - 5,000 lbs. per sq. in. 

Solution. The corresponding circle 
of stress is shown in Fig. 38, tan 2cp = ¼, H--==-F-__:::::,,,::..:::1,=-----114 
2cp = 14°2'. Hence the angle which the D, 
maximum compressive stress makes with 
the x axis is equal to 7°1' and i5 measured 
counter-clockwise from the x axis. 

3. Find the circle of stress for the FIG. 38. 
case of two equal tensions ux = uy = u 

and for two equal compressions ux = uy = - u. r = o in both cases. 
Answer. Ci.-cles become points on the horizontal axis with the 

abscissas u and - u respectively. 
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4. On the sides of the element shown in Fig. 39a are acting the 
stresses u., = - 500 lbs. per sq. in., u'/1 = 1,500 lbs. per sq. in., 
T = 1,000 lbs. per sq. in. Find, by using the circle of stress, the 
magnitudes of the normal and shearing stresses on (a) the principal 
planes, (b) the planes of maximum shearing stress. 

Solution. The corresponding circle of stress is shown in Fig. 39b. 
The points D and D1 represent stresses acting on the sides of the 
element in Fig. 39a perpendicular to the x and y axes. OB and 0.A 
represent the principal stresses. Their magnitudes are u1 = 1,914 
lbs. per sq. in. and u2 = - 914 lbs per sq. in. respectively. The 
direction of the maximum compressive stress u2 makes the angle = 
22½

0 with the x axis, this angle being measured from the x axis in 
the cotmter-clockwise direction as shown in Fig. 39a. The points 

FIG. 39· 

F and F 1 represent stresses acting on the planes subject to maximum 
shear. The magnitude of this shear is 1,414 lbs. per sq. in. OC 
represents the normal stresses equal to 500 lbs. per sq. in. acting on 
the same plane. 

5. Solve the previous problem if u,, = - 5,000 lbs. per sq. in., 
u11 = 3,000 lbs. per sq. in., T = 1,000 lbs. per sq. in. 

14. Analysis of Strain in the Case of Simple Tension.-
1 n article z, the axial elongation of a bar in tension was 
discussed. Experiments show that such axial elongation is 
always accompanied by lateral contraction of the bar, and 

. unit lateral contraction . . 
that the ratio . . l l . is constant for a given 

umt axia e ongation 
bar within the elastic limit. This constant will be called µ 

and is known as Poisson's ratio, after the name of the French 
mathematician who determined this ratio analytically by 
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using the molecular theory of structure 0f the material. For 
materials which have the same elastic properties in all direc­
tions, so-called isotropic materials, Poisson found µ = 1/4. 
Experimental investigation of the lateral contraction in struc­
tural metals 7 shows thatµ is usually not very far off the value 
calculated by Poisson. For instance, in the case of structural 
steel it can be taken asµ = 0.30. Knowing the Poisson ratio 
of a material, the change in volume of a bar in tension can 
be calculated. The length of the bar will increase in the 
ratio (1 + E) : 1. The lateral dimensions diminish in the 
ratio ( 1 - µE) : I; hence the cross-sectional area diminishes 
in the ratio (1 - µE) 2 : 1. Then the volume of the bar 
changes in the ratio (1 + E)(1 - µE) 2 : 1, which becomes 
(1 + E - 2µE) : 1 if we recall that E is a small quantity and 
neglect its powers. Then the unit volume expansion is 
E(I - 2µ). It is unlikely that any material diminishes its vol­
ume when in tension; henceµ must be less than 0.50. For such 
_materials as rubber and paraffinµ approaches the above limit 
and the volume of these materials during extension remains 
approximately constant. On the other hand such material 
as concrete has a small magnitude ofµ(µ = 1/8 to 1/12) and 
for cork µ can be taken equal to zero. 

The above discussion of lateral contraction during tension 
can be applied with suitable changes to the case of com­
pression. Longitudinal compression will be accompanied by 
lateral expansion and for calculating this expansion the same 

, value for µ as in the case of extension is used. 

Problems 

I. Determine the increase in unit volume of the bar in tension 
if <Tw = 5,600 lbs. per sq. in., µ = 0.30, E = 30· 106 lbs. per sq. in. 

Solution. Increase in unit volume is 

<Tw 5,600 
E(I - 2µ) = E (1 - 2µ) = 6 (1 - o.6) = 74.7 X rn-&. 

• 30 X IO 

2. Determine the increase in volume of a bar the extension of 

7 These materials can be considered as isotropic {see Part II). 
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which is produced by the force P at the end and the weight of the 
bar (see article 5), p. 14. 

Answer. The increase in volume is equal to 

Al(I - 2µ) (? + 7/) . 
E A 2 

15. Strain in the Case of Tension or Compression in Two 
Perpendicular Directions.-lf a bar in the form of a rec­
tangular parallelepiped is submitted to tensile forces acting 
in two perpendicular directions x and y (Fig. 34), the elonga­
tion in one of these directions will depend not only upon the 
tensile stress in this direction but also upon the stress in the 
perpendicular direction. The unit elongation in the direc­
tion of the x axis due to the tensile stress u,, will be <Tx/ E. 

The tensile stress <Ty will produce lateral contraction into x 
direction equal to µuy/E; then if both stresses <Tx and u 11 act 
simultaneously the unit elongation in x direction will be 

<T:,; <T11 
E:,; = E - µ E. (35) 

Similarly, for they direction, we obtain 

In the particular case, for the two tensions equal, u,, = u 11 = u, 

we obtain 
(T 

E:,; = E11 = E ( I - µ) • 

From eqs. (35) and (36) the stresses <Tx and u 11 can he obtained 
as functions of unit strains Ex and Ey as follows: 

I - µ2 
<Ty = (38) 

If in the case shown in Fig. 39a the elongation Ex in axial 
direction and the elongation Ey in circumferential direction are 
measured by an extensometer the corresponding tensile stresses 
u,, and u 11 will be found from equations (38). 
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Problems 

1. Determine the increase in the volume of the cylindrical steel 
boiler under internal pressure (Fig. 34), neglecting the deformation 
of the ends and taking uy = 6,000 lbs. per sq. in. 

Solution. By using eqs. (35) and (36) 

6,000 3,000 
E11 = 30 X 106 -o .3 30 X 106 

5,100 
----"--'---- = 17 X 10-5 
30 X 10

6 
' 

3,000 6,000 1,200 
Ex = 30 X 106 - 0.3 30 X 106 = 30 X 106 = 4 X 10-5. 

The volume of the boiler will increase in the ratio 

(I + E,,)(I + Ey)2 : I = (I +Ex+ 2Ey) : I = I.00038 : I. 

2. A cube of concrete is compressed in two perpendicular 
directions by the arrangement shown in Fig. 40. Determine the 
decrease in the volume of the 
cube if it is 4 inches on a side, 
the compressive stress is uni-

• formly distributed over the faces, 
µ = 0.1 and P = 20,000 lbs. 

Solution. Neglecting friction 
in the hinges and considering the 
equilibrium of each hinge (Fig. 
40, b), it can be shown that the 
block is submitted to equal com­
pression in two perpendicular 

p 

p 

(6) 

FIG. 40. 

directions and that the compressive force is equal to P-fi = 28,300 
lbs. The corresponding strain, from eq. (37), is 

28,300 
E:,; = Ell = - 6 X X 6 ( I - o. I) = - 0.000398. 

I 4 IO 

In the direction perpendicular to the plane of the figure a lateral 
expansion of the block takes place which is 

Ux u11 28,300 
Ez = - µ-E - µ E = 0.2 X 6 6 =0.0000885. 

I X4X10 

The decrease per unit volume of the block will be 

E:,; + E11 + Ez = - 2 X 0.000398 + 0.00008 8 5 = - 0.000707. 

3. Determine the increase in the cylindrical lateral surface of 
the boiler considered in problem I above. • 
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Solution. Increase per unit area of lateral surface = E., + E11 
= 21 X 10-6• 

4. Determine the unit elongation in the u1 direction of a bar of 
steel, if the stress conditions are such as indicated in problem 1, p. 49. 

Solution. 
I 

E1 = X 6 (5,414 - 0.3 X 2,586) = I 54.6 X 10-·&. 30 IO 

16. Pure Shear. Modulus in Shear.-Let us consider the 
particular case of normal stresses acting in two perpendicular 
directions in which the tensile stress u., in the horizontal di­
rection is numerically equal to the compressive stress u11 in 
the vertical direction, Fig. 41a. The corresponding circle of 

0 

Jt 0 

C 

(a} (b} 

stress is shown in Fig. 41b. Point Don this circle represents 
the stresses acting on the planes ab and ed perpendicular to xy 
plane and inclined at 45° to the x axis. Point Di represents 
stresses acting on the planes ad and be perpendicular to ab 
and ed. It is seen from the circle of stress that the normal 
stress on each of these planes is zero and that the shearing 
stress over the same planes, represented by the radius of the 
circle, is numerically equal to the normal stress u,,, so that 

T = <T x = - (TY• (a) 

If we imagine the element abed to be isolated it will be in 
equilibrium under the shearing stresses only as shown in 
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Fig. 41a. Such a state of stress is called pure shear. It may 
be concluded that pure shear is equivalent to the state of 
stress produced by tension in one direction and an equal 
compression in the perpendicular direction. If a rectangular 
element, similar to the element abed in Fig. 41a, is isolated 
by planes which are no longer at 45° to the x axis, normal 
stress as well as shearing stress will act on the sides of such an 
element. The magnitude of these stresses may be obtained 
from the circle of stress, Fig. 41b, in the usual way. 

Let us consider now the deformation of the element abed. 
Since there are no normal stresses acting on the sides of this 
element the lengths ab, ad, be and ed will not change due to 
the deformation, but the horizontal diagonal bd will be 
stretched and the vertical diagonal ae will be shrunk changing 
the square abed into a rhombus after deformation as indicated 
in the figure by dotted lines. The angle at b, which was 1r/2 
before deformation, now becomes less than 1r/2, say (1r/2) - 'Y, 

and at the same time the angle at a increases and becomes 
equal to (1r/2) + -y; The small angle 'Y determines the dis­
tortion of the element abed, and is called the shearing strain. 
The shearing strain may also be visual­
ized as follows: The element abed of Fig. 
41a is turned counter-clockwise through 
45° and put into the position shown in 
Fig. 42. After distortion, produced by 
the shearing stresses r, the same element 
takes the position indicated by the dotted 
lines. The shearing strain, represented 
by the magnitude of the small angle 'Y, 

Q 
r 

b 

may be taken equal to the ratio aai/ad, equal to the horizontal 
sliding aa1 of the side ab with respect to the side de divided 
by the distance between these two sides. If the material 
obeys Hooke's law this sliding is proportional to the stress r 
and we can express the relation between the shearing stress 
and the shearing strain by the equation 
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in which G is a constant depending on the mechanical proper­
ties of the material. Equation (39) is similar to equation (4) 
which was established for simple tension and the constant G 
is called modulus of elasticity in shear, or modulus of rigidity. 

Since the distortion of the element abed, Fig. 42, is en­
tirely defined by the elongation of the diagonal bd and the 
contraction of the diagonal ac, which deformations can be 
calculated by using the equations of the preceding article, it 
may be concluded that the modulus G can be expressed by 
the modulus in tension E and Poisson's ratioµ. To establish 
this relationship we consider the triangle Oab, Fig. 41a. The 
elongation of the side Ob and the shortening of the side Oa 
of this triangle during deformation will be found by using 
equations (35) and (36). In terms of Ex and E11 we have 

and, from the triangle 0a1b1, 

For a small angle 'Y we have also 

7r 'Y 
tan- - tan-

tan (: - } ) = 
4 

1r \ 

I + tan -- tan · -
4 2 

Observing that in the case of pure shear 

<Tx = - <Ty = T, 

'Y 
I - -

2 
=--· 

'Y 
1+-

2 

u,,(I + µ) r(I + µ) 
Ex= - Ey = E E ' 

and equating expressions (b) and (c) we obtain 

r( I + µ) 'Y 
I - E I-; 

+ r(I + µ) = + }'. 
I E I 2 

(b) 

(c) 
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from which 

or 
2T(1 + µ) 

'Y = E 

1 Comparing this result with formula (39) we conclude that 

G = E 
2(1 + µ) 

We see that the modulus of elasticity in shear can be easily 
calculated if the modulus in tension E and Poisson's ratio µ 

are known. In the case of steel, for example, 

30·1c6 . 
G = 

2
(

1 
+ 

0
_
30

) = 11.5 • l06 lbs. per sq. m, 

It should be noted that the application of a uniform shear­
ing stress to the sides of a block as assumed in Fig. 42 is very 
difficult to realize so that the condition of pure 
shear is usually produced by the torsion of a 
circular tube, Fig. 43. -D~e to a small rotation 
of one end of the tube with respect to the other 
the generators traced on the cylindrical surface 
become inclined to the axis of the cylinder and 
an element abed formed by two generators and 
two adjacent circular cross sections undergoes a 
shearing strain similar to that shown in Fig. 42. 

I I 
,_af_tb..,,. 

..... _LJ[_ ✓ 
df-/t: 

I I 

FIG. 43· 

The problem of twist will be discussed later (see chapter 9) 
where will be shown how the shearing stress rand the shearing 
strain 'Y of the element abed can be calculated if the torque and 
the corresponding angle of twist of the shaft are measured. 
If T and 'Y are found from such a torsion test, the value of the 
modulus G can be calculated from equation (39). With this 
value of G, and knowing E from a tensile test, Poisson's 
ratio µ can be calculated from equation (40). The direct 
determination ofµ. by measuring lateral contraction during a 
tensile test is more complicated since this contraction is very 
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small and an extremely sensitive instrument 1s required to 
measure it with sufficient accuracy. 

Problems 

I. The block abed, Fig. 42, is made of a material for which 
E = 10· 106 lbs. per sq. in. and µ = 0.25. Find 'Y and the unit 
elongation of the diagonal bd if T = 10,000 lbs. per sq. in. 

2. Find for the previous problem the sliding aa1 of the side ab 
with respect to the side ed if the diagonal bd = 2 in. 

3. Prove that the change in volume of the block abed in Fig. 42 
is zero if the first powers only of the strain components e., and Eu 
are considered. 

17. Working Stresses in Shear.-Submitting a material 
to pure shear the relation between shearing stress and shearing 

.,. 

A 

strain can be established experimentally. 
Such a relationship is usually shown by 
a diagram, Fig. 44, in which the abscissa 
represents shearing strain and the ordi-
nate-shearing stress. The diagram is 
similar to that of a tensile test and we can 

oL-------
7
- mark on it the proportional limit A and 

the yield point 8 B. The experiments 
show that for a material such as struct­

ural steel the yield point in shear Typ is only about 0.55 - 0.60 

of uyp• Since at yield point a considerable distortion occurs 
without an appreciable change in stress, it is logical to take 
as the working stress in shear only a portion of yield point 
stress so that 

FIG. 44· 

Typ 
Tw =n 

where n is the factor of safety. Taking this factor of the 
same magnitude as in tension or compression we obtain 

Tw = 0.55 to 0.60 of U'w 

which indicates that the working stress in shear should be 
8 To obtain a pronounced yield point tubular specimens are used 

in the torsion test. 
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taken much smaller than the working stress in tension. It 
was already indicated that in practical applications we do not 
encounter a uniform distribution of shearing stress over the 
sides of a block as was assumed in Fig. 42 and that pure shear 
is realized in the case of torsion. We will see later that pure 
shear also occurs in the bending of beams. But there are 
many practical problems in which a solution is obtained on 
the assumption that we are dealing with pure shear although 
this assumption is only a rough approximation. Take, for 
example, the case of the joint in Fig. 45. It is evident that if 

p 

b 

FIG. 45· 

the diameter of the bolt ab is not large enough the joint may 
fail due to shear along the cross sections mn and m1n1. Al­
though a more rigorous study of the problem indicates chat 
the shearing stresses are not uniformly distributed over these 
cross sections and that the bolt undergoes not only shear but 
also bending under the action of tensile forces P, a rough 
approximation for the required diameter of the bolt is ob­
tained by assuming that we have along the planes mn and 
m1n1 a uniformly distributed shearing stress r which is ob­
tained by dividing the force P by the sum of the cross sec­
tional areas mn and m1n1. Hence 

2P 
T = 1rd2' 

and the required diameter of the bolt is obtained from the 
equation 

2P 
Tw = 1rtf2 • 
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We have another example of such a simplified treatment 
of shear problems in the case of riveted joints, Fig. 46. Since 

the heads of the rivets are formed at high temperature the 
rivets produce after cooling a great compression of the plates.9 

If tensile forces Pare applied the relative motion between the 
plates is prevented by friction due to the above mentioned 
pressure between the plates. Only after friction is overcome 
do the rivets begin to work in shear and if the diameter of the 
rivets is not sufficient failure due to shear along the planes 
mn and m1n1 may occur. It is seen that the problem of stress 
analysis for a riveted joint is very complicated. A rough 
approximate solution of the problem is usually obtained by 
neglecting friction and assuming that the shearing stresses are 
uniformly distributed along the cross section mn and m1n 1• 

Then the correct diameter of the rivets is obtained by using 
the equation (42) as in the previous example. 

Problems 

I. Determine the diameter of the bolt in the joint shown in 
Fig. 45 if P = 10,000 lbs. and Tw = 6,000 lbs. per sq. in. 

2. Find the safe length 2/ of the joint of two rectangular wooden 
bars, Fig. 47, submitted to tension, if P = 10,000 lbs., Tw = IOO 

lbs. per sq. in. for shear parallel to the fibers and b = IO in. De­
termine the proper depth mni, if the safe limit for the local compres­
sive stress along the fibers of wood is 800 lbs. per sq. in. 

9 Experiments show that tensile stress in rivets is usually approaching 
the yield point of the material of which the rivets are made. See C. 
Bach, Zeitschr. d. Ver. Deutsch. Ing. 1912. 
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FIG. 47. 

3. Find the diameter of the rivets in Fig. 46, if r,,, = 8,000 lbs. 
per sq. in. and P = 8,000 lbs. 

4. Determine the dimensions/ and o in the joint of two rectangu­
lar bars by steel plates, Fig. 48, if the forces, the dimensions and the 
working stresses are the same as in problem 2. 

6000/b-3. 

6 

p f-- z T p 

FIG. 49· 

5. Determine the distance a which is required in the structure 
shown in Fig. 49, if the allowable shearing stress is the same as in 
problem 2 and the cross-sectional dimensions of all bars are 4 by 
8 in. Neglect the effect of friction. 

18. Tension or Compression in Three 
Perpendicular Directions.-lf a bar in the 
form of a rectangular parallelepiped is sub­
mitted to the action of forces P.,, P 11 and P. 
(Fig. 50), the normal stresses over cross 
sections perpendicular to x, y and z axes are ~ 
respectively 

It is assumed below that u., > u11 > u,. 

FIG. 50. 

Combining the effects of the forces P.,, P 11 and Pz, it can be 
concluded that over a section through the z axis only the 
forces P., and P11 produce stresses and therefore these stresses 
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may be calculated from eqs. (26) and (27) and represented 
graphically by using the Mohr circle. In Fig. 51 the stress 

, ......,,.,mn'I'= circle with a diameter AB rep-
resents these stresses. In the 

rmox same manner the stresses over 
any section through the x axis 

O'+-----+'---~-----q can be represented by a circle 

-----c1'x 

FIG. 51. 

having BC as a diameter. The 
circle with the diameter AC 
represents stresses over any sec­
tion through the y axis. The 
three Mohr circles represent 

stresses over three series of sections through the x, y and z 
axes. For any section inclined to x, y and z axes the stress 
components are the coordinates of a point located in the 
shaded area of Fig. 51.10 On the basis of this it can be con­
cluded that the maximum shearing stress will be represented 
by the radius of the largest of the three circles and will be 
given by the equation Tmax = (CT., - CT,)/2. It will act on the 
section through the y axis bisecting the angle between the x 
and z axes. 

The equations for calculating the unit elongations in the 
directions of the x, y and z axes may be obtained by combin­
ing the effects of P.,, P 11 and P. in the same manner as in con­
sidering tension or compression in two perpendicular directions 
(see article 15). In this manner we obtain 

CT,: µ ( 
Ez = E - E CT 11 + CT z), 

CTy µ ) 
Ey = E - E ( CT z + CT z ' 

CT, µ ( ) 
Ez = E - E CTx + CT11 • 

10 The proof of this statement can be found in the book by A. Foppl, 
Technische Mechanik, Vol. 5, p. 18, 1918. See also H. M. Westergaard, 
Z. angew. Math. Mech., Vol. 4, p. 520, 1924. 
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The volume of the bar increases in the ratio 

or, neglecting smali quantities of higher order, 

(1 + Ex + Ey + Ez) ; I. 

It is seen that the unit volume expansion is 

The relation between the unit volume expansion and the 
stresses acting on the sides of the bar will be obtained by 
adding together eqs. (43). In this manner we obtain 

In the particular case of uniform hydrostatic pressure we have 

Ux = Uy = <Tz = - p. 

Then from eqs. (43) 

p 
Ex= Ev = Ez = - E (1 - 2µ), 

and from eqs. (44) 

:6. = 3(1 - 2µ) 
E p, 

or, using the notation 

E = K 
3(1 - 2µ) ' 

we obtain 

The unit compression is proportional to the compressive stress 
p and inversely proportional to the quantity K, which is 
called the modulus of elasticity of volume. 
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Problems 

I. Determine the decrease in the volume of a solid steel sphere 
of 10 inch diameter submitted to a uniform hydrostatic pressure 
p = 10,000 lbs. per sq. inch. 

Solution. From eq. (49) 

..:1 = _ p__ = _ 10,000 X 3(1 - 2 X 0.3) 

K 30 X 106 

The decrease in the volume is, therefore, 

4 1rd3 b" • h 
- 4 X -6 = 0.209 cu 1c inc . 
IO 

2. Referring to Fig. 52, a rubber cylinder A is compressed in a 
steel cylinder B by a force P. Determine the pressure between the 

rubber and the steel if P = 1 ,ooo lbs., d = 2 ins., 
Poisson's ratio for rubber µ = 0.45. Friction be­
tween rubber and steel is neglected. 

Solution. Let p denote the compressive stresses 
over any cross section perpendicular to the axis of 
the cylinder and q the pressure between the rubber 
and the inner surface of the steel cylinder. Com-

®
x ':)' pressive stress of the same magnitude will act be­

tween the lateral surfaces of the longitudinal fibers 
of the rubber cylinder, from which we isolate an 
element in the form of a rectangular parallelepiped, 
with sides parallel to the axis of the cylinder (see 
Fig. 52). This element is in equilibrium under 

Fm. 5z. the compressive stresses q on the lateral faces of the 
element and the axial compressive stress p. Assum­

ing that the steel cylinder is absolutely rigid, the lateral expansion 
of the rubber in the x and y directions should be equal to zero and 
from eqs. (43) we obtain 

from which 

µp o.45 q=--= 
_ I - µ I - 0.45 

1,000 X 4 b . 
----2 - = 260 1 s. per sq. m. 

1r X 2 

3. A concrete column is enclosed in a steel tube (Fig. 53). Deter­
mine the pressure between the steel and concrete and the circumfer-
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ential tensile stress in the tube, assuming that there is no friction 
between concrete and steel and that all the dimensions and the 
longitudinal compressive stress in the column are 
known (Fig. 53). 

Solution. Let p denote the longitudinal and q 
the lateral compressive stress, d the inner diameter 
and h the thickness of the tube, E. the modulus of 
elasticity for steel, Ee, µe the modulus of elasticity ,=,1--x 
and Poisson's ratio for concrete. The expansion 
of the concrete in a lateral direction will be, from 
eqs. (43), 

q µe ( ) 
E., = - Ee + Ee p + q • (a) FIG. 53· 

This expansion should be equal to the circumferential expansion of 
the tube (see eq. 13) 

qd 
e=--· 

2hE. 

From eqs. (a) and (b) we obtain 

from which 

qd q µe 
2hE. = - Ee+ Ee (p + q), 

q =pd Ee 
--+1-µ, 
2hE. 

(b) 

The circumferential tensile stress in the tube will now be calculated 
from equation 

qd 
<T = 2h' 

4. Determine the maximum shearing stress in the concrete 
column of the previous problem, assuming that p = 1,000 lbs. 
per sq. in.,µ, = o.IO, d/2h = 7.5. 

Solution. 

Tmax = p - q = P.( l - O.l) = 474 lbs. per sq. in. 
2 2 1.9 



CHAPTER III 

SHEARING FORCE AND BENDING MOMENT 

19. Types of Beams.-ln this chapter we will discuss the 
simplest types of beams such as shown in Fig. 54. Figure 54a 

A 

(c) 

FIG. 54· 

C 

L 
8 

represents a beam with simply 
supported ends. Points of sup­
port A and B are hinged so 
that the ends of the beam can 
rotate freely during bending. 
It is also assumed that one of 
the supports is mounted on 
rollers and can move freely in 
the horizontal direction. Fig­
ure 54b represents a cantilever 
beam. The end A of this beam 
is built into the wall and cannot 

rotate during bending, while the end B is entirely free. 
Figure 54c represents a beam with an overhanging end. This 
beam is hinged to an immovable support at the end A and 
rests on a movable support at C. 

All three of the foregoing cases represent statically de­
terminate beams since the reactions at the supports produced 
by a given load can be determined from the equations of 
statics. For instance, considering the simply supported beam 
carrying a vertical load P, Fig. 54a, we see that the reaction 
R2 at the end B must be vertical, since this end is free to move 
horizontally. Then from the equation of statics, ~X = o, it 
follows that reaction R1 is also vertical. The magnitudes of 
R1 and R2 are then determined from the equations of mo­
ments. Equating to zero the sum of the moments of all forces 
with respect to point B, we obtain 

Rd- Pb= o 
66 
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from which 

In a similar way, by considering the moments with respect to 
point A, we obtain 

The reactions for the beam with an overhanging end, Fig. 54c, 
can be calculated in the same manner. 

In the case of the cantilever beam, Fig. 54b, the load P 
is balanced by the reactive forces acting on the built-in end. 
From the equations of statics, 2:X = o and 2:Y = o, we con­
clude at once that the resultant of the reactive forces R1 must 
be vertical and equal to P. From the equation of moments, 
2:M = o, it follows that the moment M1 of the reactive forces 
with respect to point A is equal to Pa and acts in the counter­
clockwise direction as shown in the figure. 

The reactions produced by any other kind of loading on 
the above types of beams can be calculated by a similar 
procedure. 

It should be noted that the special provisions permitting 
free rotation of the ends and free motion of the support are 
used in practice only in beams of large spans, such as those 
found in bridges. In beams 
of shorter span, the conditions 
at the support are usually as 
illustrated in Fig. 55. During 
bending of such a beam friction 
forces between the supporting 
surfaces and the beam will be 

r 
I 

Fm. 55. 

produced such as to oppose rotation and horizontal move­
ment of the ends of the beam. These forces can be of some 
importance in the case of flexible bars and thin metallic strips, 
seep. 178; but for a rigid beam the deflection of which is very 
small in comparison with the length/ of the span these forces 
can be neglected, and the reactions can be calculated as though 
the beam were simply supported, Fig. 54a. 
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20. Bending Moment and Shearing Force.-Let us now 
consider a simply supported beam on which act vertical forces 
Pi, P2, and Pa, Fig. 56a. We assume that the beam has an 
axial plane of symmetry and that the loads act in this plane. 
Then, from considerations of symmetry, we conclude that the 
bending also occurs in this same plane. In most practical 
cases this condition of symmetry is fulfilled since the usual 
cross-sectional shapes, such as a circle, a rectangle, an I, or 
a T, are symmetrical. The more general case of a non­
symmetrical cross section will be discussed later (see p. 93)'. 

~ 
P, m 

P, 
A 

IJ 
8 

·1: 
X 

,, 
I 

y (d) 

Fm. 56. 

To investigate the stresses produced in a beam during 
bending, we proceed in the same manner as we have already 
used in discussing the stresses produced in a bar by a central 
tension, Fig. I. We imagine that the beam dB is cut in two 
parts by a cross section mn taken at any distance x from the 
left support A., Fig. 56a, and that the right portion of the beam 
is removed. In discussing the equilibrium of the remaining 
left-hand portion of the beam, Fig. 56b, we must consider not 
only the external forces such as loads Pi, P2, and reaction Ri 
but also the internal forces which are distributed over the 
cross section mn and which represent the action of the right 
portion of the beam on the left portion. These internal forces 
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must be of such a magnitude as to equilibrate the above men­
tioned external forces P1, P2, and R1. 

In the ensuing discussion it will be advantageous to reduce 
the actual system of external forces to a simplified equivalent 
system. From statics we know that a system of parallel 
forces can be replaced by one force equal to the algebraic sum 
of the given forces together with a couple. In our particular 
case we can replace the forces Pi, P2, and R 1 by the vertical 
force V acting in the plane of the cross section mn and by the 
couple M. The magnitude of the force is 

V = R1 - P 1 - P 2, 

and the magnitude of the couple is 

(a) 

M = Rix - P1(x - c1) - P2(x - c2). (b) 

The force V, which is equal to the algebraic sum of the ex­
ternal forces to the left of the cross section mn, is called the 
shearing force at the cross section mn. The couple M, which 
is equal to the algebraic sum of the moments of the external 
forces to the left of the cross section mn with respect to the 
centroid of this cross section, is called the bending moment at 
the cross section mn. Thus the system of external forces to 
the left of the cross section mn can be replaced by the statically 
equivalent system consisting of the shearing force V acting 
in the plane of the cross section and the couple M, Fig. 56c. 
The stresses which are distributed over the cross section mn 
and which represent the action of the right portion of the 
beam on its left portion must then be such as to balance the 
bending moment Mand the shearing force V. 

If a distributed load rather than a number of concentrated 
forces acts on a beam, the same reasoning can be used as in 
the previous case. Take, as an example, the uniformly loaded 
beam shown in Fig. 57a. Denoting the load per unit length 
by q, the reactions in this case are 



70 STRENGTH OF MATERIALS 

To investigate stresses distributed over a cross section mn we 
again consider the equilibrium of the left portion of the beam, 

Fig. 57b. The external forces 
acting on this portion of the 

,c beam are the reaction R1 and 
the load uniformly distrib­
uted along the length x. This 
latter load has, of course, a 
resultant equal to qx. The 
algebraical sum of all forces 
to the left of the cross section 

FIG. 57. 
mn is thus R 1 - qx. The 

algebraic sum of the moments of all forces to the left of the 
cross section mn with respect to the centroid of this cross sec­
tion is obtained by subtracting the moment of the resultant 
of the distributed load from the moment R{x of the reaction. 
The moment of the distributed load is evidently equal to 

X qx2 
qx X - = -. 

2 2 

Thus we obtain for the algebraic sum of the moments the 
express10n 

qx2 
Rix - -· 

2 

All the forces acting on the left portion of the beam can now 
be replaced by one force acting in the plane of the cross section 
mn and equal to 

V = R1 - qx = q ( { - x) (c) 

together with a couple equal to 

qx2 qx 
M = Rix - - = - (l - x) • 

2 2 
(d) 

The expressions (c) and (d) represent, respectively, the shear­
ing force and the bending moment at the cross section mn. 

In the above examples the equilibrium of the left portion 
of the beam has been discussed. If, instead of the left portion, 
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the right be considered, the algebraic sum of the forces to the 
right of a cross section and the algebraic sum of the moments 
of those forces have the same magnitudes V and Mas have 
already been found but are of opposite sense. This follows 
from the fact that the loads acting on a beam together with 
the reactions R1 and R2 represent a system of forces in equi­
librium; and the moment of all these forces with respect to 
any point in their plane, as well as their algebraic sum, must 
be equal to zero. Hence the moment of the forces acting on 
the left portion of the beam with respect to the centroid of a 
cross section mn must be equal and opposite to the moment 
with respect to the same point of the forces acting on the right 
portion of the beam. Also the algebraic sum of forces acting 
on the left portion of the beam must be equal and opposite 
to the algebraic sum of forces acting on the right portion. 

In the following discussion the bending moment and the 
shearing force at a cross section mn are taken as positive if in 
considering the left portion of a beam the directions obtained 
are such as shown in Fig. 57c. To visualize this rule of sign 
for bending moments, let us isolate an element of the beam by 
two adjacent cross sections mn and m1n1, Fig. 58. If the 

FIG. 58. 

(-) -----­(bl 

bending moments in these cross sections are positive the 
forces to the left of the cross section mn give a moment in the 
clockwise direction and the forces to the right of the cross 
section m1n 1 a moment in the counter-clockwise direction as 
shown in Fig. 58a. It is thus seen that the directions of the 
moments are such that a bending is produced which is convex 
downwards. If the bending moments in the cross sections 
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mn and m1n1 are negative, a bending convex upwards is 
produced as shown in Fig. 58b. Thus in portions of a beam 
where the bending moment is positive, the deflection curve is 
convex downwards, while in portions where bending moment 

(+) 

FIG. 59. 

is negative the deflection curve is 
convex upwards. 

The rule of signs for shearing 
forces is visualized in Fig. 59. 

21. Relation Between Bend­
ing Moment and Shearing Force. 
-Let us consider an element of a 
beam cutout by two adjacent cross 
sections mn and m1n1 which are a 

distance dx apart, Fig. 60. Assuming that there is a positive 
bending moment and a positive shearing force at the cr~ss sec­
tion mn, the action of the left portion of the beam on the element 
is represented by the force V and the couple M as indicated 
in Fig. 6oa. In the same manner, assuming that at section 

~~~F1E~~~3 
n ~ 

(b) 

m ------, 

1~ )H+dH;) 
_____ ,-J 

,,, 
(c/ 

FIG. 60. 

m1n1 the bending moment and the shearing force are positive, 
the action of the right portion of the beam on the element is 
represented by the couple and the force shown. If no forces 
act on the beam between cross sections mn and m1n1, Fig. 6oa, 
the shearing forces at these two cross sections are equal.1 

1 The weight of the element of the beam is neglected in this discussion. 
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Regarding the bending moments, it can be seen from the equi­
librium of the element that they are not equal at two adjacent 
cross sections and that the increase dM in the bending moment 
equals the moment of the couple represented by the two equal 
and opposite forces V, i.e., 

dM = Vdx 
and 

dM _ V 
dx - • (50) 

Thus, on all portions of a beam between loads the shearing 
force is the rate of change of the bending moment with 
respect to x. 

Let us now consider the case in which a distributed load 
of intensity q acts between the cross sections mn and m1n1, 

Fig. 6ob. Then the total load acting on the element is qdx. 
If q is considered positive when the load acts downward, it 
may be concluded from the equilibrium of the element that 
the shear~ng. force at the cross section m1n1 is different from 
that at mn by an amount 

dV = - qdx, 

from which it follows that 

dV 
dx = - q. (5 I) 

Thus the rate of change of the shearing force is equal to the 
intensity of the load with negative sign. 

Taking the moment of all forces acting on the element 
we obtain 

dx 
dM = V dx - qdx X - • 

2 

Neglecting the second term on the right side as a small 
quantity of the second order, we again arrive at equation (50) 
and conclude that the rate of change of the bending moment 
is equal to the shearing force in the case of a distributed load 
as well. 
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If a concentrated load P acts between the adjacent cross 
sections mn and m1n1, Fig. 6oc, there will be an abrupt change 
in the magnitude of the shearing force. Let V denote the 
shearing force at the cross section mn and V1 that at the cross 
section m1n1. Then from the equilibrium of the element 
mm1n1n, we find 

V1 = V- P. 

Thus the magnitude of the shearing force changes by the 
amount P as we pass the point of application of the load. 
From equation (50) it can then be concluded that at the point 
of application of a concentrated force there is an abrupt change 
in the magnitude of the derivative dM/dx. 

22. Bending Moment and Shearing Force Diagrams.-
1 t was shown in the preceding discussion that the stresses 
acting on a cross section mn of a beam are such as to balance 
the bending moment Mand shearing force V at that cross 
section. Thus the magnitudes of M and V at any cross 
section entirely define the magnitudes of stresses acting on 
that cross section. To simplify the investigation of stresses 
in a beam it is advisable to use a graphical representation of 
the variation of the bending moment and the shearing force 
along the axis of the beam. In such a representation the 
abscissas indicate the position of the cross section and the 
ordinates, the values respectively of the bending moment and 
shearing force which act at this cross section, positive values 
being plotted above the horizontal axis and negative values 
below. Such graphical representations are called bending 
moment and shearing force diagrams, respectively. 

Let us consider, as an example, a simply supported beam 
with a single concentrated load P, Fig. 61.2 The reactions 
in this case are 

Pb 
R1 = / and 

Taking a cross section mn to the left of P, it can be concluded 
2 For simplicity the rollers under the movable supports will usually 

be omitted in subsequent figures. 
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that at such a cross section 

V - Pb 
- I and 

Pb 
M= 1 x. (a) 

The shearing force and the bending moment have the same 
sense as those in Figures 58a and 59a and are therefore posi­
tive. It is seen that the shearing force remains constant 
along the portion of the beam to the left of the load and that 
the bending moment varies directly as x. For x = o the 
moment is zero and for x = a, i.e., at the cross section where 
the load is applied, the moment is equal to Pab/1. The corre­
sponding portions of the shearing force and bending moment 
diagrams are shown in Fig. 61b and 6rc, respectively, by the 

Fm. 61. 

straight lines ac and a1c1. For a cross section to the right of 
the load we obtain 

Pb Pa 
V = I - P = - T and 

Pb 
M = Ix - P(x - a), (b) 

x always being the distance from the left end of the beam. 
The shearing force for this portion of the beam remains 
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constant and negative. In Fig. 61b this force is represented 
by the line c' b parallel to the x axis. The bending moment is 
a linear function of x which for x = a is equal to Pab/1 and 
for x = I is equal to zero. It is always positive and its varia­
tion along the right portion of the beam is represented by the 
straight line c1b1. The broken lines ace' b and a1c1b1 in Figs. 
6rb and 6rc represent respectively the shearing force and 
bending moment diagrams for the whole length of the beam. 
At the load P there is an abrupt change in the magRitude of 
the shearing force from the positive value Pb// to the negative 
value - Pa// and a sharp change in the slope of the bending 
moment diagram. 

In deriving expressions (b) for the shearing force and 
bending moment, we considered the left portion of the beam, 
a portion which is acted upon by the two forces R1 and P. 
It would have been simpler in this case to consider the right 
portion of the beam where only the reaction Pa// acts. Fol­
lowing this procedure and using the rule of signs indicated in 
Figures 58 and 59, we obtain 

V - _ Pa 
- I and 

Pa 
M = T (!- x). (c) 

Expressions (b) previously obtained can also be brought to 
this simpler form if we observe that a = I - b. 

It is interesting to note that the shearing force diagram 
consists of two rectangles the areas of which are equal. 
Taking into consideration the opposite signs of these areas we 
conclude that the total area of the shearing force diagram is 
zero. This result is not accidental. By integrating equation 
(50), we have 

(d) 

where the limits A and B indicate that the integration is 
taken over the entire length of the beam from the end A to 
the end B. The right side of equation (d) then represents the 
total area of the shearing force diagram. The left side of 
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the same equation, after integration, gives the difference 
Ms - MA of the bending moments at the ends B and A. 
In the case of a simply supported beam the moments at the 
ends vanish; hence the total area of the shearing force diagram 
vanishes. 

If several loads act on a beam, Fig. 62, the beam is divided 
into several portions and expressions for V and M must be 

R, 

a, T b, 
a,---t 

R. 
a, P, 

P. P, 
IC 

I 
(a) 

}R. 
(b) ,, /J 

established for each portion. Measuring x from the left end 
of the beam and taking x < a1, we obtain for the first portion 
of the beam 

and (e) 

For the second portion of the beam, i.e., for a1 < x < a2, 

we obtain 

and 

For the third portion of the beam, i.e., for a2 < x < aa, it is 
advantageous to consider the right portion of the beam rather 
than the left. In this way we obtain 

V = - (R2 - Pa) 
• and 
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Finally for the last portion of the beam we obtain 

V = - R2, M = R2(/ - x). (h) 

From expressions (e) • • • (h) we see that in each portion of the 
beam the shearing force remains constant; hence the shearing 
force diagram is as shown in Fig. 62b The bending moment 
in each portion of the beam is a linear function of x; hence in 
the corresponding diagram it is represented by an inclined 
straight line. To draw these lines we note from expressions 
(e) and (h) that at the ends x = o and x = I the moments are 
zero. The moments under the loads are obtained by sub­
stituting in expressions (e), (/), and (h) x = a1, x = a2, and 
x = aa, respectively. In this manner we obtain for the above 
mentioned moments the values 

M = R1a1, M = R1a2 - P1(a2 - a1), and M = R2ba. 

By using these values the bending moment diagram, shown in 
Fig. 62e, is readily constructed. 

In practical applications it is of importance to find the 
cross sections at which the bending moment has its maximum 
or minimum values. In the case of concentrated loads just 
considered, Fig. 62, the maximum bending moment occurs 
under the load P2. This load corresponds in the bending 
moment diagram to point di, at which point the slope of the 
diagram changes sign. Further, from equation (50), we know 
that the slope of the bending moment diagram at any point 
is equal to the shearing force. Hence the bending moment 
has its maximum or minimum values at the cross sections in 
which the shearing force changes its sign. If, as we proceed 
along the x axis, the shearing force changes from a positive 
to a negative value, as under the load P2 in Fig. 62, the slope 
in the bending moment diagram also changes from positive 
to negative. Hence we have the maximum bending moment 
at this cross section. A change in V from a negative to a 
positive value indicates a minimum bending moment. In the 
general case a shearing force diagram may intersect the hori­
zontal axis in several places. To each such intersection point 
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there then corresponds a maximum or a minimum in the 
bending moment diagram. The numerical values of all these 
maxima and minima must be investigated to find the nu­
merically largest bending moment. 

Let us next consider the case of a uniformly distributed 
·load, Fig. 63. From our previous discussion (p. 70), we have 
for a cross section a distance x from the left support 

and M = qx (l - x) 2 • (i) 

We see that the shearing force diagram consists in this case 
of an inclined straight line the ordinates of which for x = o 
and x = I are equal to ql/2 and - q//2 respectively, as shown 
in Fig. 63b. As can be seen from expression (i) the bending 

l!,} I II II I 1:::fi I 11IIIII1111111 %,; , 
,~% 11 

moment in this case is a parabolic curve with its vertical axis 
at the middle of the span of the beam, Fig. 63c. The moments 
at the ends, i.e., for x = o and x = I, vanish; and the max­
imum value of the mo11J.ent occurs at the middle of the span 
where the shearing force changes the sign. This maximum 
is obtained by substituting x = l/2 in expression (i), which 
gives Mmax = q/2/8. 

If a uniform load covers only a part of the span, Fig. 64, 
we must consider three portions of the beam of length a, b, 
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and c. Beginning with the determination of the reactions R1 
and R2 we replace the uniformly distributed load by its re­
sultant qb. From the equations of statics for the moments 

with respect to B and A, we then obtain 

qb( b) Ri = 1 c + 2 and 

The shearing force and the bending moment for the left 
unloaded portion of the beam (o < x < a) are 

V = Ri and M = Rix. (j) 

For a cross section mn taken in the loaded portion of the beam 
the shearing force is obtained by subtracting the load q(x - a) 
to the left of the cross section from the reaction Ri. The 
bending moment in the same cross section is obtained by 
subtracting the moment of the load to the left of the cross 
section from the moment of the reaction R1. In this manner 
we find 

V = Ri - q(x - a) 

and 
x-a 

M = Rix - q(x - a) X -
2

- • (k) 
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For the right unloaded portion of the beam, considering the 
forces to the right of a cross section, we find 

and 

By using expressions (j), (k), and (/) the shearing force and 
bending moment diagrams are readily constructed. The 
shearing force diagram, Fig. 64b, consists of the horizontal 
portions a1c1 and d1b1 corresponding to the unloaded portions 
of the beam and the inclined line c1d1 corresponding to the 
uniformly loaded portion. The bending moment diagram, 
Fig. 64c, consists of the two inclined lines a2c2 and b2d2 
corresponding to the unloaded portions and of the parabolic 
curve c2d2 with vertical axis corresponding to the loaded por­
tion of the beam. The maximum bending moment is at the 
point e2, which corresponds to the point e1 where the shearing 
force changes sign. At points C2 and d2 the parabola is 
tangent to the inclined lines a2c2 and d2b2 respectively. This 
follows from the fact that at points c1 and d1 of the shearing 

I 
M 

force diagram there is no ab­
rupt change in the magnitude 
of the shearing force; hence, by 
virtue of equation (50), there 
cannot occur an abrupt change 
in slope of the bending moment P,{I <-> I 
diagram at the corresponding a=-,----~(lc, 

• dd R 
Pomts c2 an 2-

-=----------'t,, In the case of a cantilever (b} c' 

beabm~ Fig._ 6 5, thde same method 4=--::~c-, 
as erore 1s use to construct 
the shearing force and bending (, ----

(c} 4 
moment diagrams. Measuring 
x from the left end of the 
beam and considering the portion to the left of the load P2 

(o < x < a), we obtain 

and 

The minus sign in these expressions follows from the rule of 
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signs indicated in Fig. 58b and Fig. 59b. For the right portion 
of the beam (a < x < l) we obtain 

and 

The corresponding diagrams of shearing force and bending 
moment are shown in Fig. 65b and 65c. The total area of the 
shearing force diagram does not vanish in this case and is 
equal to - Pd - P 2b, which is the bending moment Ms at 
the end B of the beam. The bending moment diagram con­
sists of the two inclined lines a2c2 and c2b2 the slopes of which 
are equal to the values of the shearing force at the correspond­
ing portions of the cantilever. The numerical maximum of 
the bending moment is at the built-in end B of the beam. 

If a cantilever carries a uniform load, Fig. 66, the shearing 
force and bending moment at a distance x from the left end are 

V = - qx and 
X qx2 

M = - qx X 2 = - 2 · 

The shearing force is represented in the diagram by the in­
clined line ab and the bending moment by the parabola a1b1 

<-) 

(c) 

4 
FIG. 66. 

which has a vertical axis and 
is tangent to the horizontal 
axis at a 1, where the shearing 
force vanishes. The numeri­
cal maximum of the bending 
moment and shearing force 
occurs at the end B of the 
beam. 

If concentrated loads and 
f!,f distributed loads act on the 

beam simultaneously· it is 
advantageous to draw the 
diagrams separately for each 
kind of loading and obtain 
the total values of V or M 

at any cross section by summing up the corresponding or­
dinates of the two partial diagrams. If, for example, we 
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have concentrated loads Pi, P2 and Pa, Fig. 62, acting simul­
taneously with a uniform load, Fig. 63, the bending moment 
at any cross section is obtained by summing up the corre­
sponding ordinates of the diagrams in Fig. 62c and Fig. 63c. 

Problems 

1. Draw approximately to scale the shearing force and bending 
moment diagrams and label the values of the largest positive and 
negative shearing forces and bending moments for the beams shown 
in Fig. 67. 

(o) 7 (b} 

, (d) 

z. Draw approximately to scale the shearing force and bending 
moment diagrams and label the values of the largest positive and 

t r·· ◄--4-oo_' p,r'--lf-. _..,,.1 

LIS' 
(d) 

F1G. 68. 

/000' 

negative shearing forces and bending moments for the cantilever 
beams shown in Fig. 68. 
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3. A cantilever carrying a total load W which increases uni­
formly from zero at the left end as shown by the inclined line dC, 

C 

(o) 

Fig. 69a, is built in at the right end. 
Draw the diagrams of shearing force and 
bending moment. 

Solution. The shearing force at a 
cross section mn at a distance x from the 
left end of the cantilever is numerically 
equal to the shaded portion of the load. 
Since the total load W is represented 
by the triangle dCB the shaded portion 

IV is Wx2/l2. By using the rule of sign pre­
viously adopted, Fig. 59, we obtain 

(cJ W¼ The shearing force diagram is thus rep-
resented in Fig. 69b by the parabola ab 
which has a vertical axis at the point a. 

~ The bending moment at the cross section 
Fm. 69. mn is obtained by taking the moment 

of the shaded portion of the load with 
respect to the centroid of the cross section mn. Thus 

This moment is represented by the curve a1b1 in Fig. 69c. 
4. A beam of length l uniformly supported along its entire 

length carries at the ends two equal loads P, Fig. 70. Draw the 
shearing force and bending moment diagrams. 

1-p-t r t I I 1

10()0' 

r-d'--+---6' 

fill It~ 
FIG. 70. FIG. 71. 

5. A beam of length l, uniformly supported along its entire 
length, carries at the center a concentrated load P = 1,000 lbs., 
Fig. 71. Find the numerical maximum of the bending moment. 
Draw the shearing force and bending moment diagrams. 

6. A simply supported beam oflength l carries a total distributed 
load W the intensity of which increases uniformly from zero at the 
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left end, as shown in Fig. 72a. Draw approximately to scale the 
shearing force and bending moment diagrams if W = 12,000 lbs. 
and l = 24 ft. 

Solution. The reactions at the supports in this case are 
R1 = ½W = 4,000 lbs. and R2 = 8,000 lbs. The shearing force at 
a cross section mn is obtained by 
subtracting the shaded portion 
of the load from the reaction R1. 
Hence 

V = R 1 - W ~ = W (} - ;) • 

The shearing force diagram is rep­
resented by the parabolic curve 
acb in Fig. 72b. The bending 
moment at a cross section mn is 

X2 X 
M = Rix - W- X-

/2 3 

= ½Wx ( I 

This moment is represented by 
the curve a1c1b1 in Fig. 72c. The 
maximum bending moment is at 
c1 where the shearing force changes 
its sign and where x = 1/ ..Jj. 

(cJ 

FIG. 72. 

7. A simply supported beam dB carries a distributed load the 
intensity of which is represented by the line dCB, Fig. 73. Find 

C 

b 

w 

FIG. 73. 

the expressions for the shearing force and the bending moment at 
a cross section mn. 

Solution. Assuming the total load W to be applied at the cen-
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troid of the triangle ACB, the reactions at the supports are 

Ri=Wl+b and R2 =Wl+a. 
31 31 

The total load is then divided into two parts, represented by the 
triangles ACD and CBD, of the amount Wa/1 and Wb/1 respectively. 

The shaded portion of the load is W 7 X ~ = w:Z. For the shear­

ing force and the bending moment at mn we then obtain 

x2 x2 x 
V = R - W - and M = Rix - W- X - • 1 al al 3 

In a similar manner the shearing force and bending moment for a 
cross section in the portion DB of the beam can be obtained. 

8. Find Mmax. in the previous problem if l = 12 ft., b = 3 ft., 
W = 12,000 lbs. 

Answer. Mmax. = 22,400 ft. lbs. 
9. Draw approximately to scale the shearing force and bending 

moment diagrams and label the values of the largest positive and 
negative shearing forces and bending moments for the beams with 
overhangs shown in Fig. 74. 

~-400/bs;ff. 

A ui 11111111 rn 1111111 11 11111111 n~ 
~ .. ____ 6'--------- 4'_J ,,ooo. 

f 8' f:,L, 1 
--- --- 1 .,~ !000~ 

o,) 

C 

/?JO-· }f 
g-400 p,r N. 

(c) 

~ C, 

Ip 

L C L d :=£ C =l p 
{d) 

Fm. 74· 

Solution. In the case shown in Fig. 74a the reactions are 670 
lbs. and 3,330 lbs. The shearing force for the left portion of the 
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beam is P = 670 - 4oox. It is represented in the figure by the 
inclined line ab. The shearing force for the right portion of the 
beam is found as for a cantilever beam and is shown by the inclined 
line b'c. The bending moment for the left portion of the beam is 
M = 67ox - 4oox2/2. It is represented by the parabola a 1e1bi. The 
maximum of the moment at e1 corresponds to the point e, at which 
the shearing force changes its sign. The bending moment diagram 
for the right portion is the same as for a cantilever and is repre­
sented by the parabola b1c1 tangent at c1• 

l'.'''''~,~~''''''.I 
FIG. 75. 

10. A beam with two equal overhangs, Fig. 75, loaded by a 
uniformly distributed load, has a length l. Find the distance d 
between the supports such that the bending moment at the middle 
of the beam is numerically equal to the moments at the supports. 
Draw the shearing force and bending moment diagrams for this case. 

Answer. d = 0.586!. 



CHAPTER IV 

STRESSES IN TRANSVERSALLY LOADED BEAMS 

23. Pure Bending.-It was mentioned in the previous 
chapter that the magnitude of the stresses at a cross section 
is defined by the magnitude of the shearing force and bending 

moment at that cross section. 
:_ P 0 -J

1 
To calculate the stresses we 

1 a P 1m 

A1----''----+----.J....----1tJ shall begin with the instance 
p (a) D P in which the shearing force 

vanishes and only the bending 
moment acts. This case is 
called pure bending. An ex­
ample of such bending is 
shown in Fig. 76. From sym-

metry we can conclude that the reactions in this case are equal 
to P. Considering the equilibrium of the portion o{ the beam 
to the left of a cross section mn, it can be concluded that the 
internal forces which are distributed over the cross section mn 
and which represent the action of the removed right portion 
of the beam on the left portion must be statically equivalent 
to a couple equal and opposite to the bending moment Pa. 
To find the distribution of these internal forces over the cross 
section, the deformation of the beam must be considered. For 
the simple case of a beam having a longitudinal plane of sym­
metry with the external bending couples acting in this plane, 
bending will take place in this same plane. If the beam is of 
rectangular cross section and two adjacent vertical lines mm 
and pp are drawn on its sides, direct experiment shows that 
these lines remain straight during bending and rotate so as 
to remain perpendicular to the longitudinal fibers of the beam 
(Fig. 77). The following theory of bending is based on the 
assumption that not only such lines as mm remain straight 
but that the entire transverse section of the beam, originally 

88 
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plane, remains plane and normal to the longitudinal fibers of 
the beam after bending. Experiment shows that the theory 
based on this assumption gives very accurate results for the 
deflection of beams and the strain of longitudinal fibers. From 
the above assumption it follows that during bending the cross 
sections mm and pp rotate with respect to each other about 

0 
!i n 

r-'---, 
I ' 
I \ 
1m 1P 

M ~z +----re 

n!..-----0 
X 

y 

FIG. 77. 

h 

axes perpendicular to the plane of bending, so that longitu­
dinal fibers on the convex side suffer extension and those on 
the concave side compression. The line nn1 is the trace of 
the surface in which the fibers do not undergo strain during 
bending. This surface is called the neutral surface and its 
intersection with any cross section is called the neutral axis. 
The elongations' s1 of any fiber, at distance y from the neutral 
surface, is obtained by drawing the line n1s1 parallel to mm 
(Fig. 77, a). Denoting by r the radius of curvature of the 
deflected axis 1 of the beam and using the similarity of the 
triangles non1 and s1n1s', the unit elongation of the fiber ss' is 

s'si y 
Ex= - = - • 

nn1 r 
(52) 

It can be seen that the strains of the longitudinal fibers are 
proportional to the distance y from the neutral surface and 
inversely proportional to the radius of curvature. 

Experiments show that longitudinal extension in the fibers 
1 The axis of the beam is the line through the centroids of its cross 

sections. 0 denotes the center of curvature. 
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on the convex side of the beam is accompanied by lateral contrac­
tion and longitudinal contraction on the concave side, by lateral 
expansion, as in the case of simple tension or compression 
(see article 14). This changes the shape of all cross sec­
tions, the vertical sides of the rectangular section becoming 
inclined to each other as in Fig. 77 (b). The unit strain in 
the lateral direction is 

where µ is Poisson's ratio. Due to this distortion all straight 
lines in the cross section, parallel to the z axis, curve so as 
to remain normal to the sides of the section. Their radius 
of curvature R will be larger than r in the same proportion 
in which E., is numerically larger than E, (see eq. 53) and we 
obtain 

I 
R = -r. 

µ 

From the strains of the longitudinal fibers the corresponding 
stresses follow from Hooke's law ( eq. 4, p. 4): 

Ey 
<T., = -;:- • Cs5) 

The distribution of these stresses is shown in Fig. 78. The 
stress in any fiber is proportional to its distance from the 

z 
neutral axis nn. The position 
of the neutral axis and the 
radius of curvature r, the two 

1../,,.f'¼t---'~---~ unknowns in eq. (55), can now 

y 

FIG. 78. 

external couple M (Fig. 76). 

be determined from the condi­
tion that the forces distributed 
over any cross section of the 
beam must give rise to a resist­
ing couple which balances the 

Let dA denote an elemental area of a cross section 
distant y from the neutral axis (Fig. 78). The force acting 
on this elemental area is the product of the stress (eq. 55) 
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and its area dA, i.e., (Ey/r)dA. Due to the fact that all such 
forces distributed over the cross section represent a system 
equivalent to a couple, the resultant of these forces must be 
equal to zero and we obtain 

IE: dA = ; JydA = o, 

i.e., the moment of the area of the cross section with respect 
to the neutral axis is equal to zero; hence the neutral axis 
passes through the centroid of the section. 

The moment of the force on the above element with 
respect to the neutral axis is (Ey /r) • dA ·y. Summarizing such 
moments over the cross section and putting the resultant 
equal to the moment M of the external forces, the following 
equation for determining the radius of curvature r is obtained: 

IE 2d Elz -y A=-= M r r or 
I M - = __ ,. 
r El1: 

in which 

is the moment of inertia of the cross section with respect to 
the neutral axis z (see appendix, p. 343). From eq. (56) it 
is seen that the curvature varies directly as the bending 
moment and inversely as the quantity Elz, which is called 
the.flexural rigidity of the beam. Elimination of r from eqs. 
(55) and (56) gives the following equation for the stresses: 

My 
<Tx=-y;• 

The preceding discussion was for the case of a rectangular 
cross section. It will hold also for a bar of any type of cross 
section which has a longitudinal plane of symmetry and is 
bent by end couples acting in this plane, since for such cases 
also bending takes place in the plane of the couples and cross­
sectional planes remain plane and normal to the longitudinal 
fibers after bending. 

In eq. (57) M is positive when it produces a deflection 
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of the bar convex down, as in Fig. 77;y is positive downwards. 
A negative sign for u., indicates compressive stress. 

The maximum tensile and compressive stresses occur in 
the outermost fibers, and for the rectangular cross section or 
any other type which has its centroid at the middle of the 
depth h they occur for y = ± h/2 and are 

Mh 
( <T x) max = 2 / z and 

Mh 
(ux)min= - -/ • 

2 z 

For simplification we will use the following notation: 

z = 21 •. 
h 

Then 
M 

(<T.,) max = z ; M 
(ux)min = - -Z • 

J 

(58) 

(60) 

The quantity Z is called the section modulus. In the case of 
a rectangular cross section (Fig. 77, b) we have 

bh3 

I=-· 
z I 2 ' 

For a circular cross section of diameter d 

For the various profile sections, e.g., for I beams, channels 
and so on, the magnitudes of lz and Z for the sizes manu­
factured are tabulated in handbooks. 

When the centroid of the cross section is not at the mid­
dle of the depth, as, for instance, in the case of a T beam, 
let h1 and h2 denote the distances from the neutral axis to the 
outermost fibers in the downward and upward directions re­
spectively. Then for a positive bending moment we obtain 

Mh1 
(u.,)max = T; 
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For a negative bending moment we obtain 

The preceding derivations were made on the assumption 
that the beam has a longitudinal plane of symmetry in which 
the bending couples act. However they can also be used 
when no such plane of symmetry exists, provided the bending 
couples act in an axial plane which contains one of the two 
principal axes of the cross section (see appendix, p. 351). 
These planes are called the princt"pal planes of bending. 

When there is a plane of symmetry and the bending 
couples act in this plane, deflection occurs also in this plane. 
The moments of t]le internal forces such as shown in Fig. 78 
about the horizontal axis are balanced by the external couple. 
The moments of these forces about the vertical axis cancel 
each other, because the moments of the forces on one side of 
this axis are just balanced by the moments of the correspond­
ing forces on the other side. 

When there is no plane of symmetry, but the bending 
couples act in an axial plane through one principal axis of 
the cross section, xy in Fig. 79, a distribution of the stresses 

FlG. 79. 

following eq. (56) will still satisfy all the conditions of equi­
librium. This distribution gives a couple about the horizon­
tal axis which balances the external couple. About the ver­
tical axis y, it gives a resultant moment: 

J Ey EI Mu= z7dA = ,.- yzdA. 

The integral on the right side is the product of inertia of the 
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cross section (see appendix, p. 348) and it is zero if they and z 
axes are the principal axes of the section. Therefore this couple 
is zero and, since the component about they axis of the applied 
couple is zero, the conditions of equilibrium are satisfied. 

Problems 

I. Determine the maximum stress in a locomotive axle (Fig. 80) 

lbs. in. 

if c = 13.5 in., diameter d of the axle 
is 10 io. and the spring-borne load P 
per journal is 26,000 lbs. 

10 

FJG. 80. 

Solution. The bending moment 
acting in the middle portion of the 
axle is M = P X c = 26,000 X 13.5 

The maximum stress, from eq. (6o), is 

M 32•M 32 X 26,000 X 13.5 _ • lb 
umax = z = --;;fa = 1r X 103 - 3,580 s. per sq. m. 

2. Determine the radius of curvature rand the deflection of the 
axle of the previous problem, if the material is steel and the distance 
between the centers of the journals is 59 in. 

Solution. The radius of curvature r is determined from eq. (55) 
by substituting y = d/2 = 5 in., (u,,)max = 3,580 lbs. per sq. in. 
Then 

E d 30 X 1ofi X 5 
r=-·-= =41,9ooin. 

u 2 3,580 

For calculating o (Fig. So), the deflection curve is an arc of a circle of 
radius rand DB is one leg of the right triangle DOB, where O is the 
center of curvature. Therefore 

DB2 = r2 - (r - o)2 = 2ro - o2• 

o is very small in comparison with the radius rand the quantity o2 

can be neglected in the above equation; then 

DB2 592 

o = -- = ----"-'--- = 0.0104 in. 
2r 8 X 41,900 

3. A wooden beam of square cross section IO X 10 inches is 
supported at A and B, Fig. So, and the loads Pare applied at the 
ends. Determine the magnitude of P and the deflection o at the 
middle if AB = 6'; C = 1

1
; (ux)max = 1,000 lbs. per sq. in. and 
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E = 1.5 X 106 lbs. per sq. in. The weight of the beam 1s to be 
neglected. 

Answer. P = 13,900 lbs.; o = 0.0864 in. 
4. A standard 30" girder beam is supported as shown in Fig. 8 r 

and loaded on the overhangs 
by a uniformly distributed load 
of 10,000 lbs. per foot. Deter­
mine the maximum stress in the 
middle portion of the beam and 
the deflection at the middle of 
the beam if I, = 9,150 in. 4 

FIG. 81. 

Solution. The bending moment for the middle portion of the 
beam is M = 10,000 X 10 X 60 = 6 X ro6 lbs. in. 

M 6 X 106 X 15 . 
(u,,)max = z = = 9,840 lbs. per sq. m., 

o = ·0.157 in. 
9,150 

5. Determine the maximum stress produced in a steel wire of 
diameter d = 1/32 in. when coiled round a pulley of diameter 
D = 20 in. 

Solution. The maximum elongation due to bending, from eq. 
(52), is 

d I 
E = - = 

D 32 X 20 

and the corresponding tensile stress is 

JO X 106 
• 

(u.,)max = eE = X = 46,900 lbs. per sq. m. 
32 20 

6. A steel rule having a cross section r/32 X I in. and a length 
I= 10 in. is bent by couples at the ends into a circular arc of 6o 0

• 

Determine the maximum stress and deflection. 
Solution. The radius of curvature r is determined from the 

equation l = i21rr, from which r = 9.55 in., and the maximum 
stress will be given by eq. (55), 

E X 1/64 30 X 106 
• 

(u,,)max = = 
6 

X = 49,100 lbs. per sq. m. 
r 4 9-55 

The deflection, calculated as for a circular arc, will become 

o = r(r - cos 30°) = 1 .28 in. 
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7. Determine the maximum stress and the magnitude of the 
couples applied at the ends of the rule in the previous problem if 
maximum deflection at the middle is I in. 

Answer. 

(u.,)max = 38,300 lbs. per sq. in., M = 6.23 lbs. ins. 

8. Determine the curvature produced in a freely supported 
steel beam of rectangular cross section by non-uniform heating over 
the depth h of the cross section. The temperature at any point at 
distance y from the middle plane xz of the beam (Fig. 77) is given by 
the equation: 

11 + to (t1 - to)y 
I = --+ -'------=--

2 h ' 

where 11 is the temperature at the bottom of the beam, to tempera­
ture at the top, ti - to= 123 degrees Fahrenheit, and the coeffi­
cient of expansion a 8 = 70 X 10-1. What stresses will be pro-. 
duced if the ends of the beam are clamped? 

Solution. The temperature of the middle plane xz is the 
constant (11 + t0)/2, and the change in temperature of other fibers is 
proportional toy. The corresponding unit thermal expansions are 
also proportional toy, i.e., they will follow the same law as the unit 
elongations given by eq. (52). As a result of this non-uniform 
expansion of the fibers bending of the beam will occur and the 
radius r of curvature is found from eq. (52) with a.(t1 - to)/2 for 
e,, and h/2 for y. Then 

h 
r= ( )=1,16oh. a, t1 - to 

If the ends of the beam are clamped, reactive couples at the 
ends will be produced of magnitude such as to remove the curvatur~ 
due to non-uniform heating. Hence 

M = E}, = t:6oh. 
Substituting this in eq. (57), we obtain 

Ey 
u =--
" 1,160h' 

and the maximum stress is 

(u~)m•x = 2 X~,160 = 12,900 lbs. flf'r sq. in. 
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9. Solve problems 6 and 7 if the arc is of 10° and material is 
copper. 

10. Solve problem 4, assuming that the beam is of wood, has a 
square cross section 12" X 12" and the intensity of distributed 
load is 1,000 lbs. per foot. 

24. Various Shapes of Cross Sections of Beams.2-From 
the discussion in the previous article it follows that the 
maximum tensile and compressive stresses in a beam in pure 
bending are proportional to the distances of the most remote 
fibers from the neutral axis of the cross section. Hence if 
the material has the same strength in tension and compression, 
it will be logical to choose those shapes of cross section in 
which the centroid is at the middle of the depth of the beam. 
In this manner the same factor of safety for fibers in tension 
and fibers in compression will be obtained. This is the under­
lying idea in the choice of sections symmetrical with respect 
to the neutral axis for materials such as structural steel, 
which have the same yield point in tension and compression. 
If the section is not symmetrical with respect to the above 
axis, e.g., a rail section, the material is so distributed between 
the head and the base as to have the centroid at the middle 
of its height. 

For a material of small strength in tension and high 
strength in compression, e.g., cast iron or concrete, the ad­
visable cross section for a beam is not symmetrical with 
respect to the neutral axis but such that the distances h1 and 
h2 from the neutral axis to the most remote fibers in tension 
and compression are in the same proportion as the strengths 
of the material in tension and in compression. In this manner 
equal strength in tension and compression is obtained. For 
example, with a T section, the centroid of the section may be 
put in any prescribed position along the height of the section 
by properly proportioning its flange and web. 

For a given bending moment the maximum stress depends 
upon the section modulus and it is interesting to note that 

2 A very complete discussion of various shapes of cross sections of 
beams is given by Barre de Saint Venant in his notes to the book by 
Navier, Resistance des Corps Solides, 3d ed., 1864. See pp. 128-162. 
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there are cases in which increase in area does not give a 
decrease in this stress. As an example, a bar of square cross 
section bent by couples acting in the vertical plane through 
a diagonal of the cross section (Fig. 82) will have a lower 
maximum stress if the corners shown shaded on the figure 

p 
!Y 

are cut off. Letting a denote the 
length of the side of the square 
cross section, the moment of in­
ertia with respect to the z axis is 
( see appendix) I z = a4 

/ 1 2 and the 
corresponding section modulus is 

Z = lz {2 = {2 a3. 

a 12 
FIG. 82. 

Let us now cut off the corners so 
that mp = aa, where a is a fraction to be determined later. 
The new cross section consists of a square mm1mm1 with the 
sides a(I - a) and of two parallelograms mnn1m1. The mo­
ment of inertia of such a cross section with respect to the z 
axis 1s 

, a4(I - a) 4 aa~ [a(1 - a)]3 a4(1 - a) 3 

fz = __.:_ _ __;_ + 2·-- ~ = --- (1 + Ja) 
12 3 2 12 

and the corresponding section modulus is 

Z I Jz' ~ ~ 3( )2 ( = ( )=-·a 1-a I a I - a 12 
+ 3a). 

Now if we determine the value of a to make this section 
modulus a maximum, we find a = 1/9. With this value of 
a in Z' it is found that cutting off the corners decreases the 
maximum bending stress by about 5 per cent. This result is 
easily understood once we consider that the section modulus 
is the quotient of the moment of inertia and half the depth 
of the cross section. By cutting off the corners the moment 
of inertia of the cross section is diminished in a smaller pro­
portion than the depth; hence the section modulus increases 
and (u,,)max decreases. A similar effect may be obtained in 
other cases. For a rectangle with narrow outstanding par-
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tions (Fig. 83, a) the section modulus is increased, under 
certain conditions, by cutting off these portions. For a 
circular cross section (Fig. 83, b) the section modulus is 
increased by 0.7 per cent by cut­
ting off the two shaded segments 
which have a depth ~ = o.or rd. 
In the case of a triangular section 
(Fig. 83, c) the section modulus 
can be increased by cutting off the 
shaded corner. 

9 IL_, 
(b) ~ 

FIG. 83. 

In designing a beam to undergo pure bending, not only the 
conditions of strength should be satisfied but also the condition 
of economy in the beam's own weight. Of two cross sections 
having the same section modulus, i.e., satisfying the condition 
of strength with the same factor of safety, that with the smaller 
area is more economical. In comparing various shapes of 
cross sections, we consider first the rectangle of depth h and 
width b. The section modulus is 

bh2 I 
Z = 6 = 6 Ah, (a) 

where A denotes the cross-sectional area. 
It is seen that the rectangular cross section becomes more 

and more economical with increase in its depth h. However, 
there is a certain limit to this increase, and the question of 
the stability of the beam arises as the section becomes nar­
rower. The collapse of a beam of very narrow rectangular 
section may be due not to overcoming the strength of the 
material but to sidewise buckling (see part II). 

In the case of a circular cross section we have 

1rd3 I 
Z = - = -A·d. 

32 8 
(b) 

Comparing circular and square cross sections of the same 
area, we find that the side h of the square will be h = d...[ii-/2, 
for which eq. (a) gives 

Z = o.147A•d. 
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Comparison of this with (b) shows a square cross section to 
be more economical than a circular one. 

Consideration of the stress distribution along the depth 
of the cross section (Fig. 78) leads to the conclusion that 
for economical design most of the material of the beam 
should be ·put as far as possible from the neutral axis. The 
most favorable case for a given cross-sectional area A and 
depth h would be to distribute each half of the area at a 
distance h/2 from the neutral axis. Then 

I =2x:!.x(~)2=Ah2_ 
z 2 2 4 ' Z = ½Ah. (c) 

This is a limit which may be approached in practice by use 
of an I section with most of the material in the flanges. Due 
to the necessity of putting part of the material in the web 
of the beam, the limiting condition (c) can never be realized, 
and for standard I profiles we have approximately 

Z ""o.30Ah. (d) 

Comparison of (d) with (a) shows that an I section is more 
economical than a rectangular section of the same depth. At 
the same time, due to its wide flanges, an I beam will always 
be more stable with respect to sidewise buckling than a beam 
of rectangular section of the same depth and section modulus. 

Problems 

I. Determine the width x of the flange of a cast iron beam 
having the section shown in Fig. 84, such that the maximum 

tensile stress is one third of the maximum compressive stress. 
The depth of the beam h = 4 in., the thickness of the web and of the 
flange t = I in. 

Solution. In order to satisfy the conditions, it is necessary for 
the beam to have dimensions such that the distance of the centroid 
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from the extreme bottom edge will satisfy the equation C = ¼h­
Now, referring to Fig. 84, the position of the centroid is calculated 
from the equation: 

h t2 
ht· 2 + (x - t) 2 h 

c= 
ht + (x - t)t 4' 

from which 
h2 16 

X = t + -- = I + -- = 9 in. 
h-2t 4-2 

M M ~ C b---------------dJ ~ 
FIG. 85. 

2. Determine the ratio (ux)max : (ux)min for a channel, bent as 
shown in Fig. 8 5, if t = 2 in., h = ro in., b = 24 in. 

Answer. 

(ux)max : (ux)min = 3 : - 7· 

3. Determine the condition at which the di­
minishing of the depth h1 of the section shown in 
Fig. 86 is accompanied by an increase in section 
modulus. 

Solution. 

z = bh
3 + dhi2, 

6h1 6 

dZ bh3 dh1 
dh1 - - 6h12 + 3 • 

The condition for increase in Z with decrease of h1 is 

or 

z 

FIG. 86. 

4. Determine what amount should be cut from an equilat­
eral triangular cross section (Fig. 83, c) in order to obtain the maxi­
mum Z. 

5. Determine the ratio of the weights of three beams of the 
same length under the same M and (ux)max and having as cross 
sections respectively a circle, a square and a rectangle with pro­
portions h = 2b. 

Solution. 
I.12: I : 0.793, 
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25. General Case of Transversally Loaded Beams.-In 
the general case of transversally loaded beams, the stresses 
distributed over a cross section of a beam must balance the 
shearing force and the bending moment at that cross section. 
The calculation of the stresses is usually made in two steps by 
determining first the stresses produced by the bending mo­
ment, the so-called bending stresses, and afterwards the shear­
ing stresses produced by the shearing force. In this article we 
shall limit ourself to the calculation of the bending stresses; 
the discussion of shearing stresses will be given in the next 
article. In calculating bending stresses we assume that these 
stresses are distributed in the same manner as in the case of 
pure bending and will use the formulas derived for the stresses 
in article 23. Experiments show that such a procedure gives 
satisfactory results if we are dealing with sections which are 
not very close to the point of application of a concentrated 
force. In the vicinity of the application of a concentrated load 
the stress distribution is more complicated. This problem 
will be discussed in Part II. 

The calculation of bending stresses is usually made for 
the cross sections at which the bending moment has the 
largest positive or negative value. Having the numerical 
maximum of the bending moment and the magnitude of the 
allowable stress uw in bending, the required cross-sectional 
dimensions of a beam can be obtained from the equation 

Mmax 
(J" w = ------.z-- • 

The application of this equation will now be shown by a 
number of examples. 

Problems 

I. Determine the necessary dimensions of a standard I beam to 
support a distributed load of 400 lbs. per foot, as shown in Fig. 87, 
when the working stress uw = 16,000 lbs. per sq. in. Only the 
normal stresses u,, are to be taken into consideration and the weight 
of the beam is neglected. 



STRESSES IN LOADED BEAMS 103 

Solution. To obtain the dangerous section the shearing force 
diagram should be constructed (Fig. 87, b). The reaction at the 

A r---=~=*-5==-l=-=~~ 
ll' ~3·..l.--6' '.°' ~---• ;.:hc...---.11a 

(a) 1 1 ffz 
I I 
I I 
I I 
I I 
I I 

left support is 

I 2 X 400 X I 5 + 6 X 400 X 3 lb 
R1 = 21 = 3,770 s. 

The shearing force for any cross section of the portion AC of the 
beam is 

V = R1 - qx = 3,770 - 400 X x. 

This force is zero for x = 3,770/ 400 = 9.43 feet. 
the bending moment is a maximum, 

Mmax = 3,770 X 9·43 - 400 X -½ X 9.4J2 
= 17,800 X 12 lbs. in. 

The necessary section modulus 

Z 
17,800 X I 2 0 3 

= 6 = 13.4 m. 
I ,ooo 

This condition is satisfied by a standard 
I beam of depth 8 in., cross-sectional area 
5.33 sq. in., and Z = 14.2 in.3 

2. A wooden dam (Fig. 88) consists of 
vertical bars such as AB of rectangular 

For this section 

1l 

'/ 

FIG. 88. 

cross section and dimension h = I foot supported at the ends. De­
termine (u,,)max if the length of the bars l = I 8 feet and the weight 
of the bar is neglected. 

Solution. If bis the width of one bar, the complete hydrostatic 
pressure on the bar, represented by the triangular prism ABC, is 
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W = ½b/2 X 62.4 lbs. The reaction at A is R1 = ¼W = ¼b/2 X 62.4 
lbs. and the shearing force at any cross section mn is equal to the 
reaction R1 minus the weight of the prism Amn of water, i.e., 

x
2 

(r x
2

) V = R1 - w F = w 3 - F • 

The position of the cross section corresponding to Mmax. is found 
from the condition V = o or 

from which 

I X2 
---= 0 
3 /2 ' 

l 
x = 1 = ro.4 feet. 

'\J 

The bending moment at any cross section mn is equal to the moment 
of the reaction R1 minus the moment of the distributed load repre­
sented by the triangular prism Amn. Then 

M = Rx - Wx2 · '.: = Wx ( r - x2) · 
I /2 J J /2 

Substituting, from the above, x2/l2 = ½ and x = 10.4 feet, we obtain 

Mmax = ½b/2 X 62.4 X ro.4 lbs. feet, 

Mmax 6Mmax '2 ( l ) 2 62.4 X I0.4 . 
(u,.)max = z"-: = ~ = J h 122 = 973 lbs. per sq. m. 

3. Determine the magnitude 
of Mmax in a beam loaded by a 
triangular load ADE equal to W 
= 12,000 lbs. if l = 12 feet and 
d = 3 feet (Fig. 89). 

Solution. The distance c to 
the vertical through the center o( 
gravity C from the support B is, in 
the case of a triangle, 

c = ½U + d) = 5'. 

The reaction at the support A is then 

. W•c 12,000 X 5 lb 
R1 = -

1
- = = 5,000 s. 

12 
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The shearing force at any cross section m n is equal to the reaction R1 

minus the weight of the load represented by area Amn. Since the 
load represented by the area 

ADE= W(/ - d) = 3.w 
/ 4 ' 

we obtain 
3 x2 

J7 = R1 - 4 W (/ - d)2 

The position of the section with Mms:x is found from the condition 

3 x2 

R1 - 4 W (/ _ d) 2 = o 

or 

x2 4R1 5 
(/ - d)2 = 3W = 9' 

from which 

X = 6.71 feet. 

The bending moment at any cross section mn is equal to the moment 
of the reaction R1 minus the moment of the load Amn. Then 

Substituting for the above value x, 

Mmax = 22,400 lbs. ft. 

4. Construct the bending 
moment and shearing force dia­
grams for the case in Fig. 90 (a) 
and determine the necessary 
standard I beam if a = c = //4 
= 6 feet, P = 2,000 lbs., q = 400 

lbs. per foot, <Fw = I 5,000 lbs. per 
sq. in. The weight of the beam 
can be neglected. 

Solution. In Fig. 90 (b) and 
(c) the bending moment and 
shearing force diagrams pr0-
duced by the distributed loads 
are shown. To this the moment 
and the shearing force produced 

(b) d 

(c) c; 

by P should be added. The 
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maximum bending moment will be at the middle of the span, 

Mmax = 19,200 lbs. ft. 
The necessary 

Z 
19,200 X 12 . 

= ~---- = 15.4 tn.3 
15,000 

The standard I beam of depth 8 in. and cross-sectional area 6.71 
sq. in., Z = 16.1 in.3, is the nearest cross section satisfying the 
strength conditions. • 

5. Determine the most unfavorable position of the hoisting 
carriage of a crane which rides on a beam as in Fig. 9r. Find Mma-x. 

if the load per wheel is P = ro,ooo lbs., ::::t:::=1 I= 24 feet, d = 6 feet. The weight 

t x d w+ of the beam is neglected. 
. P { __ _j-i Solution. If x is the distance of the 

F left wheel from the left support of the IG. 91. 

wheel is 
beam, the bending moment under this 

2P(I - x - ½d)x 
I 

This moment becomes a maximum when 

I d 
x=---• 

2 4' 

hence in order to obtain the maximum bending moment under the 
left wheel the carriage must be displaced from the middle position 
by a distance d/4 towards the right support. The same magnitude 
of bending moment can be obtained also under the right wheel by 
displacing the carriage by d/4 from the middle position towards the 
left support. 

FIG. 92. 

6. The rails of a crane (Fig. 92) are supported by two standard I 
beams. Determine the most unfavorable position of the crane, the 
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corresponding Mmax and the dimensions of the I beams if <T,. = 15,000 

lbs. per sq. in., l = 30 feet, a = 12 feet, d = 6 feet, the weight of the 
crane W = 10,000 lbs., the load lifted by the crane P = 2,000 lbs. 
The loads are acting in the middle plane between the two I beams 
and are equally distributed between them. 

Solution. The maximum bending moment will be under the 
right wheel when the distance of this wheel from the right support is 
equal to Ii = ½(I - ¼ti); Mmax = 1,009,000 lbs. in. Dividing the 
moment equally between the two beams, we find the necessary 

Mmax . 
Z = -- = 33.6 m.3 

2<Tw 

The necessary I beam has a depth 12 in., cross-sectional area 9.26 sq. 
in.; Z = 36.0 in.3 The weight of the beam is neglected. 

7. A circular wooden beam supported at C and attached to the 
foundation at ,d (Fig. 93) carries a load q = 300 lbs. per foot uni-

8 
y·-r-r--rr-n.==-=:-=-=--=-===----

-,---=--- - -·-
=-~-

_.___1--1--1: __ , 

' ' ' ' '-. C 

FIG. 93· FIG. 94· 

formly distributed along the portion BC. Construct the bending 
moment diagram and determine the necessary diameter d if <Tw 

= I ,200 lbs. per sq. in., a = 3 feet, b = 6 feet. 
Solution. The bending moment diagram is shown in Fig. 93 

(b). Numerically the largest moment will be at C and is equal 
to 64,800 lbs. in.: 

a/12M' 
d = '\I'"; • -;;_ = 8.2 in. 

1r U,n 
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8. The wooden dam backed by vertical pillars built in at the 
lower ends (Fig. 94) consists of horizontal boards. Determine the 
dimension of the square cross section of the pillars if l = 6 feet, 
d = 3 feet and <Tw = 500 lbs. per sq. in. Construct the bending 
moment and shearing force diagrams. 

Solution. The total lateral load on one pillar is represented by 
the weight W of the triangular prism dBC of water. At any cross 
section mn, the shearing force and the bending moment are 

W·x2 

V= ---; 
/2 

Wx2 x 
M= --·-· 

/2 3 

In determining the signs of V and M it is assumed that Fig. 94 is 
rotated 90° in the counter-clockwise direction so as to bring the 
axes x and y into coincidence with those of Fig. 56. The necessary 
dimension b is found from equation 

z = 1!.. = M max = 3 X 62 X 62.4 X I 2 
6 O'w 500 

from which 
b = 9.90 in. 

The construction of diagrams is left to the ~eader. 
9. Determine the necessary dimensions of a cantilever beam 

of a standard I section which carries a uniform load q = 200 lbs. 
per foot and a concentrated load P = 500 lbs. at the end if the 
length l = 5 feet and <Tw = I 5,000 lbs. per sq. in. 

Solution. 

z = (500 X 5 + 1,000 X 2.5)12 = 
4 

in.s 
15,000 

The necessary standard I beam is 5 in. deep and of 2.87 in.2 cross­
sectional area. 

h ; 

p 

h 

FIG. 95· 

10. Determine the bending stresses in a rivet by assuming that 
the loads acting on the rivet are distributed as shown in Fig. 95. 
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The diameter of the rivet d = 3/4 in., h = 1/ 4 in., h1 = 3/8 in., 
P = 10,000 lbs. per sq. in. • 

Solution. The bending moment at the cross section mn is 
?/2 X h/2. The bending moment at the middle cross section min1 

f(~ + ~!). 
2 2 4 

This latter moment is the one to be taken into account in calculating 
the stresses. Then 

P(h hi) 1rd3 4P 2h + h1 . 
(u.,)max = - - + - : - = ----:n • d = 26,400 lbs. per sq. m. 

2 2 4 32 1r,r 

I I. Determine the necessary standard I beams for the cases in 
Figures 67a, 67d, and 68b, assuming working stress of 16,000 lbs. 
per sq. in. 

12. Determine the necessary dimensions of a simply supported 
beam of standard I-section such as to carry a uniform load of 400 
lbs. per ft. and a load of P = 4000 lbs. placed at the middle. The 
length ?f the beam is I 5 ft. and working stress <Tw = 16,000 lbs. 
per sq. in. 

13. A channel the cross section of which is shown in Fig. 8 5 is 
simply supported at the ends and carries a concentrated load at the 
middle. Calculate the maximum value of the load which the beam 
will carry if the working stress is I ,ooo lbs. per sq. in. for tension and 
2,000 lbs. per sq. in. for compression. 

26. Shearing Stresses in Bending.-ln the preceding ar­
ticle it was shown that when a beam is bent by transverse 
loads not only normal stresses 
u., but also shearing stresses r 
are produced in any cross sec- .,,/,), 
tion mn of the beam, Fig. 96. 
Considering the action on the 
right portion of the beam, Fig. 
96, it can be concluded from 
the conditions of equilibrium 

H(~-' -'r ~ 

1l 

that the magnitude of these shearing stresses is such that their 
summation is equal to the shearing force V. In investigating 
the law of their distribution over the area of the cross section 
we begin with the simple case of a rectangular cross section, 
Fig. 97. In such a case it is natural to assume that the shear-
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ing stress at each point of the cross section is parallel to the 
shearing force V, i.e., parallel to the sides mn of the cross 
section. We denote the stress in such a case by r11x. The 
subscript y in r11x indicates that the shearing stress is parallel 
to they axis and the subscript x that the stress acts in a plane 
perpendicular to the x axis. As a second assumption we take 

\' 

Fm. 97. 

:--T 
I dy 

~""-"-~Ll~;,d e 
dx 

(6) 

the distribution of the shearing stresses to be uniform across 
the width of the beam cci. These two assumptions will 
enable us to determine completely the distribution of the 
shearing stresses. A more elaborate investigation of the prob­
lem shows that the approximate solution thus obtained is 
usually sufficiently accurate and that for a narrow rectangle 
(h large in comparison with b, Fig. 97) it practically coincides 
with the exact solution.3 

If an element be cut from the beam by adjacent cross 
sections and by adjacent planes parallel to the neutral plane, 

3 The exact solution of this problem is due to de Saint Venant, 
Journal de Math. (Liouville), 1856. An account of de Saint Venant's 
famous work is given in Todhunter and Pearson's" History of the Theory 
of Elasticity." The approximate solution given below is by Jouravski. 
For the French translation of his work see Annales des Pon ts et Chaussees, 
1856. The exact theory shows that when the depth of the beam is small 
in comparison with the width the discrepancy between the exact and the 
approximate theories becomes considerable. 
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as in Fig. 97 (b), in accordance with our assumption there 
is a uniform distribution of the· shearing stresses r 11,, over 
the vertical face acc1a1. These stresses have a moment 
(r11,,bdy)dx about the lower rear edge ee of the element which 
must be balanced by the moment (r,, 11bdx)dy due to shearing 
stresses distributed over the horizontal face of the element, 
cdd1c1. Then 

r11,,bdydx = r,,11bdxdy and 

i.e., the shearing stresses acting on the two perpendicular 
faces of the element are equal. The same conclusion was 
met before in simple tension (see p. 40) and also in tension 
or compression in two perpendicular directions (see p. 45). 
The existence of these shearing stresses in the planes parallel 
to the neutral plane can be demonstrated by simple experi­
ments. Take two equal rectangular bars put together on 
simple supports as shown in Fig. 

tP 98 and bent by a concentrated t 

I t!1..L_J_

'"T.h.._ load P. If there is no friction be- n _ ;'. 
tween the bars, the bending of ,... ________ ~ 
each bar will be independent of fa~ 

that of the other; each will have 
compression of the upper and ten­
sion of the lower longitudinal fibers 
and the condition will be that in­
dicated in Fig. 98 (b). The lower 

(b) 

• longitudinal fibers of the upper bar slide with respect to the 
upper fibers of the lower bar. In a solid bar of depth 2h 
(Fig. 98, a) there will be shearing stresses along the neutral 
plane nn of such magnitude as to prevent this sliding of the 
upper portion of the bar with respect to the lower, shown in 
Fig. 98 (b). Due to this prevention of sliding the single 
bar of depth 2h is much stiffer and stronger than two bars 
each of depth h. In practice keys such as a, b, c, . . . are 
sometimes used with built-up wooden beams in order to pre­
vent sliding (Fig. 99, a). Observation of the clearances 
around a key, Fig. 99 (b), enables us to determine the direc­
tion of sliding in the case of a built-up beam and therefore 
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the direction of the shearing stresses over the 
in the case of a solid beam. 

neutral plane 

The above discussion shows that the shearing stress r 11:i: 
at any point of the vertic~l 
cross section is vertical in 
direction and numerically 
equal to the horizontal 
shearing stress T:r:11 in the 

p 

Fm. 99· 

' horizontal plane through 
the same paint: This latter 
stress can easily be calcu­
lated from the condition of 
equilibrium of the element 
pp1nn1 cut out from the 

beam by two adjacent cross sections mn and m1n1 and by the 
horizontal plane PPi, Fig. 100 (a) and (b). The only forces on 

Fm. 100. 

this element in the direction of the x axis' are the shearing 
stresses T:r:11 over the side PPi and the normal stress <Tx over the 
sides pn and P1n1. If the bending moments at cross sections 
mn and m1n1 are equal, i.e., in the case of pure bending, the 
normal stresses <Tx over the sides np and n1P1 will be also 
equal and will be in· balance between themselves. Then the 
shearing stress T:r:11 must be equal to zero. 

Let us consider now the more general case of a varying 
bending moment, denoting by Mand M + dM the moments 
in the cross sections mn and m1n1 respectively. Then the 
normal force acting on an elemental area dA of the side nppn 
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will be (eq. 57) 
My 

uxdA = I, dA. 

113 

The sum of all these forces distributed over the side nppn of 
the element will be 

I.

h/2 My 
ydA. 

1/1 z 
(a) 

In the same manner the sum of the normal forces acting on 
the side n1p1p1n1 is 

i h/
2 (M + dM)y 

I dA. 
11, z 

(b) 

The force due to the shearing stresses rx11 acting on the top 
side PP1 of the element is 

(c) 

The forces given in (a), (b) and (c) must satisfy eq. ~X = o,hence 

i

h/2 (M + dM)y ih/2 My 
Tx11bdx = J dA - T dA, 

Vi z i,1 Z 

from which 
dM I 14/2 

T,:11 = -d b-1 ydA, 
X z 111 

or, by using eq. (50), 

V I.h/2 
T:r:11 = Ty;r; = bl ydA. 

z 1/1 

The integral in this equation has a very simple meaning. It 
represents the moment of the shaded portion of the cross 
section, Fig. 100 (b), with respect to the neutral axis z. For 
the rectangular section discussed 

dA = bdy 

and the integral becomes 

i h/2 I by2 1h12 b ( h2 ) bydy = - = - - - yi2 • 
1/1 2 1/1 2 4 

(d) 

The same result can be obtained by multiplying the· area 
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b[(h/2) - yi] of the shaded portion by the distance ½[(h/2) + Yi] 
of its centroid from the neutral axis. 

Substituting (d) in eq. (64), we obtain for the rectangular 
section 

(65) 

It is seen that the shearing stresses r11x are not uniformly 
distributed from top to bottom of the beam. The maximum 
value of r11x occurs for Yi = o, i.e., for points on the neutral 
axis; and is, from equation (65), 

or, since I, = bh3/12, 

(66) 

Thus the maximum shearing stress in the case of a rectangular 
cross section is 50 per cent greater than the average shearing 
stress, obtained by dividing the shearing force by the area of 
the cross section. 

For the bottom and for the top of the cross section, 
Yi = ± h/2 and equation (65) gives r11x = o. The graph of 
equation (65) (Fig. 100, c) shows that the distribution of the 
shearing stresses along the depth of the beam follows a para­

bolic law. The shaded area bounded by the 
parabola multiplied with the width b of the 
beam gives j{ryx) maxhb = V, as it should. 

A natural consequence of these shear­
ing stresses is shearing strain, which 

P causes cross sections, initially plane, to 
become warped. This warping can be 

FlG. IOI, easily demonstrated by bending with a 
force on the end a rectangular piece of rubber (Fig. 101), 

on whose sides vertical lines have been drawn. The lines 
will not remain straight as indicated by the dotted lines, 
but become curved, so that the maximum shear strain 
occurs at the neutral surface. At the points m', mi', n', ni' 
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the shearing strain is zero, so that the curves m'n' and mi'ni' 
are normal to the upper and lower surfaces of the bar after 
bending. At the neutral surface the angles between the tan­
gents to the curves m'n' and mi'n1' and the normal sections 
mn and m1n1 are equal to 'Y = 1/G· (rvx)max• As long as the 
shearing force remains constant along the beam, the warping 
of all cross sections is the same, so that mm' = m1mi', nn' 
= n1n1' and the stretching or the shrinking produced by the 
bending moment in the longitudinal fibers is unaffected. This 
fact explains the validity here of eq. (57), which was devel­
oped for pure bending and based on the assumption that 
cross sections of a bar remain plane during bending. 

A more elaborate investigation of the problem 4 shows that 
the warping of cross sections also does not substantially 
affect the strain in longitudinal fibers if a distributed load 
acts on the beam and the shearing force varies continuously 
along the beam. In the case of concentrated loads the stress 
distribution near the 
loads is more compli­
cated, but this devia­
tion from the straight 
line law is of a local 
type (see Part II). 

Problems 

1. Determine the 
limiting values of the 
loads P acting on the 
wooden rectangular 
beam, Fig. 102, if b = S 
in.,h = rnin.,o-w = Soolbs. 
per sq. in., Tw = 200 lbs. 
per sq. in., c = 1.5 feet. 

;j 
I8 

p 

+ 

[J 
FIG. 102. 

Solution. The bending moment and shearing force diagrams are 
given in Fig. 102. 

4 See W. Voigt, Gottingen Abhandlungen, Bd. 34 (1887); J. H. 
Michell, Quart. J. of Math., Vol. 32 (1901); and L. N. G. Filon, Phil. 
Trans. Roy. Soc. (Ser. A), Vol. 201 (1903), and London Roy. Soc. Proc., 
V<•l. 72 (1904). 
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Vmax = P; Mmax = P•.c. 
From equations 

Pc 
Z = <Tw and 

we obtain 

P = 5,930 lbs. and P = 10,700 lbs.; 

therefore P = 5,930 lbs. is the limiting value of the load P. 

FIG. 103. 

dnswer. 

Cux)max = 720 lbs. per sq. in.; 

2. Determine the maximum nor­
mal stress <Txand the maximum shear­
ing stress r11x in the neutral plane 
of the beam represented in Fig. 103 

if a = 2 feet, c = 4 feet, b = 8 in., 
h = 10 in. and P = 6,000 lbs. 

(r11x)max = 75 lbs. per sq. in. 

3. Determine the maximum shearing stress in the neutral plane 
of a uniformly loaded rectangular beam if the length of the beam 
l = 6 feet, the load per foot q = 1,000 lbs., the depth of the cross 
section h = IO in. and the width b = 8 in. 

dnswer. 
Tmax = 56.3 lbs. per sq. in. 

4. Determine the maximum shearing stresses in problem 2 of 
article 25. 

27. Distribution of Shearing Stresses in the Case of a Circular 
Cross Section.-In considering the distribution over a circular 
cross section (Fig. 104) there 
is no foundation for the as­
s um pt ion that the shearing 
stresses are all parallel to the 
shearing force V. In fact 
we can readily show that at 
points p (Fig. 104, b) of the 
cross section along the bound­
ary the shearing stress is 
tangent to the boundary. 

V 

S
p 

z 

y {a) (b) y 

Let us consider an infinitesimal element abed (Fig. 104, c) in 
the form of a rectangular parallelepiped with the face adfg in 
the surface of the beam and the face abed in the plane yz of the 
cross section. If the shearing stress acting over the side abed of 
the element has a direction such as r, it can always be resolved 
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into two components Tiz in a radial direction and T2z in the direction 
of the tangent to the boundary. Now it has been proved before 
(see p. II 1), by using the equation of equilibrium of an element, 
that if a shearing stress T acts over an elemental area, an equal 
shearing stress will act also over an elemental area perpendicular 
to T. Applying this in our case it must be concluded that if a 
shearing stress T1:i: is acting on the element abed in a radial direction 
there must be an equal shearing stress T:i:1 on the side adfg of the 
element lying in the surface of the beam. If the lateral surface of 
the beam is free from shearing stresses, the radial component T!z of 
the shearing stress T must be equal to zero, i.e., T must be in the 
direction of the tangent to the boundary of the cross section of the 
beam. At the midpoint n of the chord pp symmetry requires that 
the shearing stress have the direction of the shearing force V. 
Then the directions of the shearing stresses at the points p and n will 
intersect at some point O on they axis (Fig. 104, b). Assuming now 
that the shearing stress at any other point of the line pp is also 
directed toward the point 0, we have a complete determination of 
the directions of the shearing stresses. As a second assumption we 
take the vertical components of the shear-
ing stresses equal for all points of the line 
pp.5 As this assumption coincides com­
pletely with that made in the case of a 
rectangular cross section, we can use eq. z 
(64) for calculating this component. Know-
ing the actual direction of the shearing 
stress and its vertical component, its mag­
nitude may be easily calculated for any 
point of the cross section. 

y 
Fm. 105. 

Let us calculate now the shearing stresses along the line pp of 
the cross section (Fig. 105). In applying eq. (64) to the calculation 
of the vertical component Tyz of these stresses we must find the 
moment of the segment of the circle below the line pp with respect 
to the z axis. The elemental area mn has the length 2 ✓ R2 - y2 
and the width dy. The area is dA = 2 ✓R2 - y2dy. The moment 
of this strip about Cz is ydA and the total moment for the entire 
segment is 

6 The approximate theory based on the above two assumptions gives 
satisfactory accuracy and comparison with the exact theory shows that 
the error in the magnitude of the maximum shearing stress is about 5 
per cent, which is not high for practical application. See Saint Venant, 
loc. cit., p. I 10. See also the book by A. E. H. Love, "Mathematical 
Theory of Elasticity," 4th ed., 1927, p. 346. 
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i R 2 ✓R2 - y2-ydy = i(R2 - y12)3l2_ 
v, 

Substituting this in eq. (64) and taking 2 ✓R2 
- yi2 for b, we obtain 

V(R2 - y12) 
Tyx = __ _.:___ (67) 

3!, 

and the total shearing stress at points p (Fig. 105) is 

It is seen that the maximum -r is obtained for y 1 = o, i.e., for the 
neutral axis of the cross section. Then, substituting I, = 1rR4/ 4, 

4 V 4 V 
T -----•-• 

max - J 7r R2 - 3 A (68) 

In the case of a circular cross section, therefore, the maximum 
shearing stress is 33 per cent larger than the average value obtained 
by dividing the shearing force by the cross-sectional area. 

28. Distribution of Shearing Stresses in I Beams.-ln 

V 

y 

Fm. 106. 

considering the distribution of the shear­
ing stresses in I beams (Fig. I06) for the 

e section of the web, the same assumptions are 
made as for a rectangular cross section; 
these were that the shearing stresses are 
parallel to the shearing force V and are uni­
formly distributed over the thickness b1 of 
the web. Then eq. (64) will be used for 
calculating the stresses Tyz• For points on 
the line pp at a distance Yi from the neu­
tral axis, where the width of the cross sec-

tion is bi, the moment of the shaded portion with respect 
to the neutral axis z is 

ihJ2ydA = ! (r- h;2) + t (h;2 -y12) · 

Substituting in eq. (64), we obtain 
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The stress then varies along the depth of the beam following 
a parabolic law. The maximum and minimum values of Tuz 
in the web of the beam are obtained by putting y 1 = o and 
Yi = h1/2: 

When b1 is very small in comparison with b there is no great 
difference between (rux)max and (rvz)min and the distribution 
of the shearing stresses over the cross section of the web is 
practically uniform. 

A good approximation for (rvz)max is obtained by dividing 
the complete shearing force V by the cross-sectional area of 
the web alone. This follows from the fact that the shearing 
stresses distributed over the cross section of the web yield a 
force which is nearly equal to V, which means that the web 
takes nearly all the shearing force, and the flanges have only 
a secondary part in its transmission. To prove this the 
summation of the stresses ryx over the web which we will call 

i h,/2 

V1 is Tuzb,dy, from eq. (69): 
hi/2 

Vi=__!:_ r• 12 

[~ ('!!__ - h
12

) + t! (hi2 -y12)] b1dy 
bd.J_h,12 2 4 4 2 4 

and, after integration, 

(a) 

For small thickness of flanges, i.e., when h, approaches h, the 
moment of inertia I. is represented with sufficient accuracy 
by the equation: 

(b) 

in which the first term represents the cross-sectional area of 
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the flanges multiplied by the square of the distance (h + h1)/4 
of their centers from the z axis, which is approximately the 
moment of inertia of the cross section of the flanges. The 
second term is the moment of inertia of the cross section of 
the web. Comparing (a) and (b), we see that ash, approaches 
h the force Vi approaches V and the shearing force will be 
taken by the web alone. 

In considering the distributio'n of the shearing stresses 
over the cross sections of the flanges the assumption of 
no variation along the width of the section cannot be made. 
For example, at the level ae (Fig. 106), along the lower 
boundary of the flange, ac and de, the shearing stress Tyx 
must be zero since the corresponding equal stress Txu in the 
free bottom surface of the flange is zero (seep. I 16 and also 
Fig. rn4, c). In the part cd, however, the shearing stresses 
are not zero, but have the magnitudes calculated above for 
(rux)min in the web. This indicates that at the junction cd 
of the web and the flange the distribution of shearing stresses 
follows a more complicated law than can be investigated by 
our elementary analysis. In order to dissipate a stress con­
centration at the points c and d, the sharp corners are usually 
replaced by fillets as indicated in the figure by dotted lines. 
A more detailed discussion of the distribution of shearing 
stresses in flanges will be given later (see Part II). 

Problems 

I. Determine (ru.r)max and (ruz)min in the cross section of the web 
of an I beam, Fig. 106, if b = 5 in., b1 = ½ in., h = 12 
in., h1 = 10½ in., V = 30,000 lbs. Determine the 
shearing force transmitted by the web V1. 

Answer. (Tyz)max = 5,870 lbs. per sq. in., (Ty:i:)min 

= 4,430 lbs. per sq. in., V1 = 0.945V. 
2. Determine the maximum shearing stress in the 

web of a T beam (Fig. 107) if h = 8 in., h1 = 7 in., 
b = 4 in., b1 = l in. and V = 1,000 lbs. 

Answer. Using the sa91e method as in the case of 
an I beam, we find (Tuz)max = 176 lbs. per sq. in. 

3. Determine the maximum shearing stress in problems I and 
6 of article 25. 
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29. Principal Stresses in Bending.-By using eqs. (57) 
and (64) the normal stress u., and the shearing stress Tuz can 
easily be calculated for any point of a cross section provided 
the bending moment Mand the shearing force V are known 
for this cross section. The maximum numerical value of u,, 
will be in the fiber most remote from the neutral axis, and 
the maximum value of Tyz usually at the neutral axis. In 
the majority of cases only the maximum values of u,, and Tuz 

obtained in this manner are used in design and the cross­
sectional dimensions of beams are taken so as to satisfy the 
conditions 

and 

It is assumed here that the material is equally strong in 
tension and compression and <Tw is the same for both. Other-

FIG. 108. 

wise the conditions of strength in tension and in compression 
must be satisfied separately and we obtain 

(u.,)max < <Twin tension; (u.,)min < <Twin compression. 
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There are cases, however, which require a more detailed 
analysis of stress conditions. We shall now demonstrate the 
method of analysis necessary for such cases with a beam simply 
supported and loaded at the middle (Fig. I08). For a point 
A below the neutral axis in the cross section mn, the magni­
tudes of the stresses u., and Tuz = Txy are given by eqs. (57) 
and (64). In Fig. I08 (b) those stresses are shown acting 
on an infinitesimal element cut out of the beam at the point A, 
their senses being easily determined from those of M and V. 
For such an infinitesimal element the changes in stresses u,, 
and Tuz for various points of the element can be neglected 
and it can be assumed that the element is in a homogeneous 
state of stress, i.e., the quantities u., and Tyx may be regarded 
as the same throughout the element. Such a state of stress 
is illustrated by the element of finite dimensions in Fig. 37a. 

From our previous investigation (see p. 46) we know 
that the stresses on the sides of an element cut out from a 
stressed body vary with the directions of these sides and 
that it is possible to so rotate the element that only normal 
stresses are present (see p. 47). The directions of the sides 
are then called principal directions and the corresponding 
stresses principal stresses. The magnitudes of these stresses 
can be found from eqs. (31) and (32) by substituting in these 
equations <Ty = o. Then we obtain 

_ <Tx I ( <Tx )
2 

2 
<Tmu: - 2 + \ 2 +Ty:,;' 

<TI= u.,_ ✓ (~)2+r 2. mn 
2 2 

yx 

It should be noted that umax is always tension and umin always 
compression. Knowing principal stresses, the maximum 
shearing stress at any point will be obtained from eq. (34) 
(see p. 49): 

_ <Tmax - <l'min = ✓ (<Tr)2 + 2 
Tmax -

2 2 
Tyx • 

For determining the directions of principal stresses Mohr's 
circle will be used. For an element such as at point A (Fig. 
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108, b), the corresponding Mohr's circle is shown in Fig. 108 
(e). By taking the distance OF = <Tz and DF = r11x, the 
point D, representing stresses over the sides be and ad of 
the element, is obtained. The distance OF is taken in the 
direction of positive u and DF in the upward direction because 
u., is tensile stress and shearing stresses r11x over sides be and 
ad give a clockwise couple (see p. 38). Point D, represents 
the stresses over the sides ab and de of the element on which 
the normal stresses are zero and the shearing stresses are 
negative. The circle constructed on the diameter DD, deter­
mines umax = Od and <Tmin = - OB. From the same con­
struction the angle 2cp is determined and the direction of 
<Tmax in Fig. 108 (b) is obtained by measuring cp from the 
x axis in the clockwise direction. Of course u min is perpen­
dicular to u max• 

By taking a section m,n, to the right of the load P (Fig. 
108, a) and considering a point A above the neutral axis, 
the direction of the stresses acting on an element abed at A 
will be that indicated in Fig. 108 (d). The corresponding 
Mohr's circle is shown in Fig. 108 (e). Point D represents 
the stresses for the sides ab and de of the element abed and 
point D1 the stresses over the sides ad and be. The angle cp 
determining the direction <Tmax must be measured in the clock­
wise direction from the outer normal to the side ab or ed as 
shown in Fig. 108 (d). 

If we take a point at the neutral surface, then <Tx becomes 
zero. An element at this point will be in the condition of 
pure shear. The directions of the principal stresses will be 
at 45° to the x and y axes. 

It is possible to construct two systems of orthogonal curves 
whose tangents at each point are in the directions of the 
principal stresses at this point. Such curves are called the 
trajeftories of the stresses. Figure 109 shows the stress trajec­
tories for a rectangular cantilever beam, loaded at the end. 
All these curves intersect the neutral surface at 45° and have 
horizontal or vertical tangents at points where the shearing 
stress r 11., is zero, i.e., at the top and at the bottom surfaces 
of the beam. The trajectories giving the directions of u max 
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(tension) are represented by full lines and the other system 
of trajectories by dotted lines. Figure I IO gives the tra­
jectories and the stress distribution diagrams for u,, and r11x 

over several cross sections of a simply supported rectangular 

/. ~l~~ 
',1 (HI J' ¥ .. l, ... 'ij 

Fm. 110. 

beam under uniform load. It is clearly seen that u,, has a 
maximum value at the middle, where the bending moment 
Mis a maximum, and r11z is maximum at the supports, where 
the maximum shearing force acts. 6 In the design of beams 
the concern is for the numerically maximum values of u. 
From eq. (72) it can be seen that for the most remote fibers 
in tension, where the shear is zero, the longitudinal normal 
stress u"' becomes the principal stress, i.e., umax = (uz)max• 

For fibers nearer to the neutral axis the longitudinal fiber 
stress <Tx is less than at the extreme fiber; however we now 
have a shear stress r 11x also and the stresses <Tz and r 11z acting 
together at this point may produce a principal stress, given 
by eq. (72), which will be numerically larger even than that 
at the extreme fiber. In the case of beams of rectangular or 
circular cross section, in which the shearing stress r 11z varies 
continuously down the depth of the beam, this is not usually 
the case, that is, the stress (uz)max calculated for the most 
remote fiber at the section of maximum bending moment is 
the maximum stress acting in the beam. However, in such 
a case as an I beam, where a sudden change occurs in the 
magnitude of shearing stress at the junction of flange and 
web (seep. 120), the maximum stress calculated at this joint 

6 Several examples of construction of the trajectories of stresses are 
discussed by I. Wagner, Zeitschr. d. Osterr. Ing. u. Archit. Ver., 1911, p. 
615. 
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from eq. (72) may be larger than the tensile stress (u.,)max 

in the most remote fiber and should be taken into account 
in design. To illustrate, consider the case represented in 
Fig. I08 (a) with a beam of I ____ ---..,.---"7 

section and the same dimen-rrEr~-- i;--;, 
sior,s as in problem 1, page h _ ryx _ - -- "max ,/,in 
1 20, the length l = 2 feet and "min ''f'""'• 
P = 60,000 1 bs. Then M max ": "• ',,,, 

= 30,000 lbs. feet; V max = =--:....- , --- =- -- ---

lb F ( ) 
Fm. 111. 

30,000 s. rom eq. 57 
the tensile stress in the most remote fiber is 

30,000 X 12 X 6 . 
(u,,)max = 

286 
= 7,550 lbs. per sq. m. 

Now for a point at the junction of flange and web we obtain 
the following values of normal and shearing stresses: 

7,550 X IO½ . 
u., = 

12 
= 6,610 lbs. per sq. m.; 

Tux = 4,430 lbs. per sq. in. 

Then, from eq. (72), the principal stress is 

umax = 8,830 lbs. per sq. in. 

It can be seen that Umax at the joint between the flange 
and the web is larger than the tensile stress at the most remote 
fiber and therefore it must be considered in design. The 
variations of u.,, Tuz, Umax and Umin along the depth of the 
beam are shown in Fig. 1 1 1. 

Problems 

I. Determine Umax and Umin at a point 2 in. below the neutral 
axis in the section 3 feet from the loaded end of the cantilever (Fig. 
109) if the depth h = S in., the width b = 4 in. and P = 2,000 lbs. 
Determine the angle between Umax at this point and the x axis. 

Solution. (ux) = - 844 lbs. per sq. in.; (ru,) = 70.3 lbs. per 
sq. in.; O"max = 5.7 lbs. per sq. in.; Umin = - 849.7 lbs. per sq. in. 
The angle between Umax and the x axis is 85° 16' measured clockwise. 

2. • Determine O"max and Umin at the neutral axis and in the cross 
section I foot from the left support for the uniformly loaded 
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rectangular beam supported at the ends (Fig. no). The cross­
sectional dimensions are the same as in the previous problem, 
and q = 1,000 lbs. per foot; l = 10 feet. 

Answer. 
O'max = - O'min = 187.5 lbs. per sq. in. 

3. Determine the length of the I beam considered on p. 125 if 
(ux)max is equal to umax at the junction of flange and web. 

Answer. l = 39.8 in. 

30. Stresses in Built-up Beams.-In engineering practice 
built-up beams are frequently used and the stresses in them 
are usually calculated on the assumption that their parts are 
rigidly connected. The computation will then involve (a) 
the designing of the beam as a solid beam and (b) the designing 
and spacing of the elements which unite the parts of the 
beam. In the first case the formulas for solid beams are 
used, making an allowance for the effect of rivet holes, bolts, 
slots, etc., by the use of reduced sections. The computations 
necessary for the uniting of the elements will be indicated by 
illustrations. 

Let us discuss first a wooden beam built up as shown in 
Fig. 99. It is assumed that the keys used between the two 
parts of the beam are strong enough to resist the shearing 
forces S (Fig. 99, b). Then eq. (57) can be used for calcu­
lating u.,. In order to take into account the weakening of 
the section by the keyways and the bolt holes, only the shaded 
portion of the section, indicated in Fig. 99 (c), should be 
taken into consideration. Then 

In calculating the shearing force S acting on each key we 
assume that this force is equal to the shearing force dis­
tributed in a solid beam over the area eb of the neutral surface 
where b is the width of the beam and e is the distance between 
the middle points of the keys (see Fig. 99, a). Then by 
using eq. (66) and considering that the depth of the beam 
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is equal to 2h in this case, we obtain 

3 V 3 Ve 
S = eb • 2 b2h = 2 2h • (75) 

The dimensions ·of the keys and the distance e between them 
should be chosen so as to insure sufficient strength against 
shear of the key and against crushing of the wood on the 
lateral sides of the key and the keyway. In such calculations 
the rough assumption is usually made that the shearing 
stresses are uniformly distributed over the middle section 
a X b of the key and that the pressure on the lateral sides 
of the keys is uniformly distributed over the areas c X b. 
Then denoting by Tw the working shearing stress for the keys, 
and by <Tw' the working stress in lateral compression of the 
wood of the keys or the keyways, the following equations 
for designing the keys are obtained: 

It is necessary to insure also sufficient strength against shear­
ing of the wood of the beam along the fibers between two 
keys. The shearing force will be again equal to S and the 
resisting area is b X (e - a). Denoting with Tw' the working 
stress in shear of the material of the beam along the fibers, 
the condition of strength becomes 

s = I 

b(e - a)< Tw • 

In addition to keys there are bolts (Fig. 99) uniting the 
parts of the beam. By tightening them friction between the 
parts of the beam is produced. This friction is usually 
neglected in calculations and it is assumed that the total 
shearing force is taken by keys. Experiments show that such 
built-up wooden beams are weaker than solid beams of the 
same dimensions. 7 

7 The experiments made by Prof. E. Kidwell at the Michigan College 
of Mines show that built-up wooden beams have about 75 per cent of the 
strength of the solid beam of the same dimensions. 
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In calculating the <T,, stresses in built-up I beams the 
weakening effect of rivet holes is usually taken into account 
by assuming that all the holes are in the same cross section 
(Fig. 112, a) of the beam 8 and subtracting their diametral 
sections in calculating lz in eq. (57). 

0 i;-
IC 

• 

J:f 0 0 0 

(a) 

FIG. 112. 

In calculating the maximum shearing stress T11,, it is also 
the practice to take into account the weakening effect of the 
rivet holes. It can be seen that the cross-sectional area of 
the web is diminished, by holes, in the ratio (e - d)/e, where 
e is the distance between the centers of the holes and d the 
diameter of the holes. Hence the factor e/(e - d) is usually 
included in' the right side of eq. (64) for calculating T11,, in 
the web of built-up I beams. It should be noted that this 
manner of calculating the weakening effect of rivet holes is 
only a rough approximation. The actual distribution of 
stresses near the holes is very complicated. Some discussion 
of stress concentration near the edge of a hole will be given 
later (see Part II). 

In calculating ,the shearing force acting on one rivet, such 
as rivet d (Fig. I 12, b), let us consider the two cross sections 
mn and m1n1. Due to the difference of bending moments in 
these two cross sections the normal stresses <T,, on sections 
mn and m1n1 will be different and there is a tendency'for the 

8 The holes in vertical web are present in sections where vertical 
stiffeners are riveted to the girder. 
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flange of the beam shaded in Fig. 112 (c) to slide along the 
web. This sliding is prevented by friction forces and by the 
rivet d. Neglecting friction, the force acting on the rivet 
becomes equal to the difference of forces acting in sections 
mn and m1n1 of the flh.nge. The force in the flange in the 
cross section mn is (see eq. (a), p. 113) 

1f ydd, 

where the integration should he extended over the shaded 
cross sectional area of the flange. In the same manner for 
the cross section m1n1 we obtain 

. Then the force transmitted by the rivet d from the flange 
to the web will be 

AMI S =-y; ydd. (a) 

By using eq. (50) and substituting the distance e between 
the rivets instead of dx, we obtain 

AM= Ve, 

where Vis the shearing force in the cross section of the beam 
through the rivet d. Substituting in eq. (a), we obtain 

Vef S = I. ydd. 

The integral entering in this equation represents the moment 
of the shaded cross section (Fig. II 2, c) of the flange with 
respect to the neutral axis z. 

It is easy to see that in order to get sliding of the flange 
along fhe web the rivet must be sheared through two ~ross 
sections. Assuming that the force S is uniformly distributed 
over these two cross sections, the shearing stress in the rivet 
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S 2Ve J 
T = -;;fa = 1rd2J • ydd. 

2·-
4 

The force S sometimes produces considerable shearing stress 
in the web of the beam along the plane ab (see Fig. I 12, b) 
which must be taken into consideration. Assuming that these 
stresses are uniformly distributed and dividing S by the area 
b1(e - d), we obtain 

T' = b~z. e ~ d J ydd. (b) 

In addition to this stress produced by forces S transmitted 
from the flanges there will act along the same plane ab shear­
ing stresses T

11 due to bending of the web. The magnitude 
of these stresses will be obtained by using the above eq. (b) 
and substituting for the integral f ydd the statical moment 
with respect to the neutral axis z of the portion of the rectan­
gular cross section of the web above the plane ab. In this 
manner we arrive at the following equation for the shearing 
stress T.,11 in the web along the plane ab: 

T,, 11 = T
1 + T 11 = b~z • e ~ d J ydd, (78) 

in which the integral is extended over the shaded area of the 
cross section shown in Fig. 112 (d). Knowing <T,, and T,, 11, 

the <Tmax and <Tmin for the points in the plane ab can be cal­
culated from eqs. (72) and (74), as was explained in the 
previous article, and the directions of principal stresses can 
be determined. 

From the above discussion it is seen that in calculating 
stresses in built-~p I beams several assumptions are made for 
simplifying the calculations. This to a certain extent reduces 
the accuracy of the calculated stresses, which fact should be 
considered in choosing the working stresses for built-up I 
beams.9 

9 Experiments show that the failure of I beams usually occurs due 
to buckling of the compressed flanges or of the web (see H. F. Moore, 
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Problems 

I. A built-up wooden beam (Fig. 99) consists of two bars of 
rectangular cross section connected by keys. Determine the 
shearing force acting on the keys, the shearing stress in the key and 
pressure per unit area on its lateral sides if the load P = 5,000 lbs., 
the width of the beam b = 5 in., the depth 2h = 16 in., the width 
of the key a = 3 in., the depth of the key 2c = 2½ in., and the 
distance between centers of the keys e = 11 in. 

Answer. 

S 
= 3 . 2,500 X I I 

2 16 
= 2,580 lbs. 

Shearing stress in the key is 

2,580 
r = -- = 172 lbs. per sq. in. 

5 X 3 

The pressure per unit area on the lateral side is 

S 2,580 X 2 . 
p = b- = 1 = 413 lbs. per sq. m. 

c 22 X 5 

2. Determine the shearing stress at the neutral axis of a girder, 
the web of which is ¾ in. thick and 50 in. high, the flanges consisting 
of two pairs of angles 6 in. X 6 in. X ½ in., when the total shearing 
force on the section is I 50,000 lbs. Determine also the shearing 
stresses in the rivets attaching the flanges to the web if the diameter 
of these rivets is I in. and the pitch e = 4 in. (Fig. II2). 

Solution. For the dimensions given we have 

3 503 • 
1, = - X - + 4(i9.9 + 5-75 X 23.32

) = 20,400 in.4 

4 I 2 

T~e _moment of half of the cross section with respect to the neutral 
axis 1s 

J:h/2 3 25 X 25 
ydA = -~-..... + z X 5.75 X 23.3 = 502 in.3 

0 4 '2 

In this calculation 5.75 in.2 is the cross sectional area of an angle, 
19.9 in.4 is the moment of inertia of the cross section of an angle with 

University of Illinois, Bulletin 68, 1913). This question of buckling will 
be considered later. The effect of bending of rivets on the distribution of 
stresses in I beams has been discussed by I. Arnovlevic, Zeitschr. f. 
Architekt. u. Ingenieurwesen, 1910, p. 57. He found that due to this 
bending stresses for usual proportions increase about 6 per cent. 
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respect to the axis through its centroid parallel to the neutral axis of 
the beam, 23.3 in. is the distance of the centroid of each angle from 
the neutral axis z of the beam. All such numerical data can be 
taken directly from a handbook. Now we obtain, from eq. (64), 

150,000 X 502 . 
(rz11)max = 3 X = 4,920 lbs. per sq. In. 

1" 20,400 

If we consider weakening of the web by the rivet holes, then 

(rx11)max = _!!__d ·4,920 = ±4,920 = 6,56o lbs. per sq. in. 
e - 3 

The force S transmitted by one rivet, from eq. (76), 

S 
__ 150,000 X 4 X 268 lb -"---'-----'---- = 7,880 s. 

20,400 

The shearing stress in the rivet, from eq. (77), 

7,880 X 2 b . 
r = ~--- = 5,020 l s. per sq. in. 

3· 14 

3. Determine O'mu in points of the plane ab (Fig. I 12) a distance 
of 21.5 in. from the neutral axis if the dimensions of the beam are 
the same as in the previous problem, V = I 50,000 and the bending 
moment M = 3 X 106 lbs. in. 

Solution. From eq. (78), 

150,000 4 ( 6 bs • 
Tx11 = 3 X • - 2 8 + 61) = 4,3001 . per sq. in., 

4i 20,400 3 

_ 3 X 106 X 2 I. S _ . . 
O'z - "'----- - 3,16o lbs. per sq. in., 

20,400 

O'max = ~ + ✓O'z2 + Tz112= 6,160 lbs. per sq. in. 
2 4 

4. Determine the shearing force in the 
rivets connecting the two rails of the beam 
shown in Fig. 113 if the cross-sectional 
area of a rail is A= IO sq. in., the distance ~~~'T 1 1 

from the bottom of the rail to the centroid z 
of its cross section c = 3 in., the moment 

1--e--T 

of inertia of the cross section of the rail with (oJ 

respect to the axis through its centroid c and 
parallel to the z axis is 40 in.4, the distance 
between the rivets e = 6 in., and the shear-
ing force V = 5,000 lbs. 

(b) 

FIG. IIJ. 
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Solution. 
I 5 ,ooo X 6 X 30 

S = - • ( + X ) = 1,730 lbs. 
2 2 40 IO 9 



CHAPTER V 

DEFLECTION OF TRANSVERSALLY LOADED BEAMS 

31. Differential Equation of the Deflection Curve.-In 
the design of a beam the engineer is usually interested not 
only in the stresses produced by the loads acting hut also in 
the deflections produced by these loads. In many cases, 
furthermore, it is specified that the maximum deflection 
shall not exceed a certain small portion of the span. 

0 

dO 
r 

l(, 

Let the curve dmB in Fig. 114 represent the shape of the 
axis of the beam after bending. This curve is called the 
deflection curve. To derive the differential equation of this 
curve we take the coordinate axes as shown in the figure and 
assume that the curvature of the deflection curve at any point 
depends only on the magnitude of the bending moment M 
at that point.1 In such a case the relation between the curva­
ture and the moment is the same as in the case of pure bending 
(see equation (56)), and we obtain 

I M 
r =EI •• (a) 

1 The effect of shearing force on the curvature will be discussed later 
(see art. 39). It will be shown that this effect is usually small and can 
be neglected. 

134 
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To derive an expression for the relation between the curvature 
and the shape of the curve, we shall consider two adjacent 
points m and mi, ds apart on the deflection curve. If the 
angle which the tangent at m makes with the x axis is denoted 
by 8, the angle between the normals to the curve at m and 
m1 is do. The intersection point O of these normals gives 
the center of curvature and defines the length r of the radius 
of the curvature. Then 

ds = rdO and ~ = ldo I, 
r ds 

(b) 

the bars indicating that we consider here only the numerical 
value of the curvature. Regarding the sign, it should he 
noted that the bending moment is taken positive in equation 
(a) if it produces upward concavity (see p. 71). Hence the 
curvature is positive when the center of curvature is above 
the curve as in Fig. I 14. However, it is easy to see that for 
such a curvature the angle 8 decreases as the point m moves 
along the curve from A to B. Hence, to a positive increment 
ds corresponds a negative do. Thus to have the proper sign 
equation (b) must he written in the form 

1 do r = - ds. (c) 

In practical applications only very small deflections of beams 
are allowable, and the deflection curves are very flat. In 
such cases we can assume with sufficient accuracy that 

ds ~ dx and 8 ~ tan 8 = dy/dx. (d) 

Substituting these approximate values fords and 8 in equation 
(c) we obtain 

I - = 
r 

Equation (a) thus becomes 

J2y 
Elz dx2 = - M. 

(e) 
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This is the differential equation of the deflection curve which 
must be integrated in each particular case to find deflections 
of beams. 

It should he noted that the sign in equation (79) depends 
upon the direction of the coordinate axes. For example, if 
we take y positive upwards, it is necessary to put 

0 ~ - dy/dx 

in place of equation (d); and we obtain plus instead of minus 
on the right side of equation (79). 

In the case of very slender bars, in which the deflection 
may be large, it is not permissible to use the simplifications 
(d); and we must have recourse to the exact expression 

0 = arc tan ( i ) • 

Then 

I d arc tan ( ¥x ) dx 
- = 
r dx ds 

= 
[I+ (t YT'2 (J) 

Comparing this result with equation (e), it can be concluded 
that the simplifications shown in equation (d) are equivalent 
to assuming that the quantity (dy/dx) 2 in the denominator of 
the exact formula (J) is small in comparison with unity and 
can therefore he neglected.2 

By differentiating equation (79) with respect to x and 
using equations (50) and (51), Wf: obtain 

J3y 
Elzdx3 =-V 

2 The exact expression (f) for the curvature was used by the first 
investigators of the deflection curves. It was used, for example, by 
L. Euler in his famous work on "Elastic Curves," an English translation 
of which was published in "Isis," No. 58 (vol. XX, 1) November, 1933. 
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and 

(80) 

The last equation is sometimes used in considering the de­
flection of beams under a distributed load. 

32. Bending of a Uniformly Loaded Beam.-ln the case 
of a simply supported beam which is uniformly loaded, Fig. 63, 
the bending moment at a cross section mn, a distance x from 
the left support, is 

and the differential equation (79) becomes 

d2y qlx qx2 

El-=--+-· • dx2 2 2 

Multiplying both sides by dx and integrating, we obtain 

El dy = - qlx2 + qx3 + C 
z dx 4 6 (a) 

where C is the constant of integration which is to be adjusted 
to satisfy the conditions of this particular problem. To this 
end, we note that as a result of symmetry the slope at the 
middle of the span is zero. Setting dy/dx = o when x = l/2, 
we thus obtain 

and equation (a) becomes 

El dy = - qJx2 + qxa + q/3 . 
z dx 4 6 24 (b) 

A second integration gives 

1 3 4 /3 
El = - q,x + qx + q x + C . 

zY 12 24 24 l 

The new constant of integration C1 is determined from the 
condition that the deflection at the supports is zero. Sub-



138 STRENGTH OF MATERIALS 

stituting y = o and x = o into equation (c) we find C1 = o. 
Equation (c) then becomes 

(8 I) 

This is the deflection curve of a simply supported and uni­
formly loaded beam. The maximum deflection of this beam 
is evidently at the middle of the span. Substituting x = l/2 
in equation (81) we thus find 

The maximum slope occurs at the left end of the beam where, 

y 

by substituting x = o in equation 
(b), we obtain 

In the case of a uniformly 
loaded cantilever beam, Fig. I I 5a, 
the bending moment at a cross 
section mn a distance x from the 
left end is 

M= 
qx2 - -, 

2 

and equation (79) becomes 

J2y qx2 
El - = -. • Jx2 '2 

The first integration gives 

dy qx3 
EI.dx = 6 + C. (a) 

The constant of integration is found from the condition that 
the slope at the built-in end is zero, that is dy/dx = o for 
x = l. Substituting these values in equation (a) we find 

q/3 
C=--r;· 
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The second integration gives 

EI = qx4 - ql3x + C 
zJ 24 6 l• (b) 

The constant C1 is found from the condition that the deflection 
vanishes at the built-in end. Thus, by substituting x = I, 
y = o in equation (b), we obtain 

Substituting this value in equation (b), we find 

This equation defines the deflection curve of the uniformly 
loaded can ti lever. 

If the left end, instead of the right end, is built in, as in 
Fig. I I 5b, the deflection curve is evidently obtained by sub­
stituting I - x instead of x in equation (84). In this way 
we find 

(8 5) 

Problems 

I. A simply supported and uniformly loaded wooden beam of 
square cross section has a span l = ro ft. Find the maximum 
deflection if (u.,)max = r,ooo lbs. per sq. in., E = r.5 X ro6 lbs. per 
sq. in. and q = 400 lbs. per ft. 

2. Find the depth of a uniformly loaded and simply supported 
steel I beam having a span of ro ft., if the maximum bending stress 
is 16,000 lbs. per sq. in. and the maximum deflection o = o.r in. 

Answer: h = r6 in. 
3. A uniformly loaded cantilever beam of a span / = ro ft. 

has a deflection at the end equal to 0.01/. What is the slope of the 
deflection curve at the end? 

4. What is the length of a uniformly loaded cantilever beam if 
its deflection at the free end is I in. and the slope of the deflection 
curve at the same point is o.or? 
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5. A uniformly loaded steel I beam supported at the ends has a 
deflection at the middle of o = 5/ r6 in. while the slope of the deflec­
tion curve at the end 0 = 0.01. Find the depth h of the beam if the 
maximum bending stress is u = 18,000 lbs. per sq. in. 

Solution: 
We use the known formulas 

q/2 h 
<Tmax = g X 2/ ' 

From the first two formulas we find 

j_ l = ~ = j_ X roo in. 
16 0 16 

and l = 100 in. 

The second formula then gives 

q/2 _ JE0 _ J X JO X ro6 X 0.01 

8/ - / - roo 

Substituting this in the third formula, we obtain 

h 
= 2 X 18,000 X IOO . = 41n. 

J X JO X 106 X 0.01 

33. Deflection of a Simply Supported Beam Loaded with 
a Concentrated Load.-ln this case there are two different 

P expressions for the bend-
-m------- b ing moment (see p. 75) 

B A 1:------+-__ ..__ __ -i-'C;.__..,% corresponding to the two 
n _____ , ____ _ 

y 
Fw. u6. 

portions of the beam, Fig. 
116. Equation (79) for 
the deflection curve'-must 
therefore be written for 

each portion. In this way we obtain 

for X < a 

and 

for X ~ a. 
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By integrating these equations we obtain 

El dy = - Pbx2 + C 
• dx 2/ for x~a 

and (a) 
dy Pbx2 P(x - a)2 

EI. dx = - ?J + 2 + C1 for X > a. 

Since the two branches of the deflection curve must have a 
common tangent at the point of application of the load P, 
the above expressions (a) for the slope must be equal for 
x = a. From this we conclude that the constants of in­
tegration are equal, i.e., C = C1. Performing the second 
integration and substituting C for C1, we obtain 

Pbx3 

El,y = - 7T + Cx + C2 for X;'.2a 

and (b) 

El.y = - p:r + P(x 6 a)
3 

+ Cx + c3 for X ~ a. 

Since the two branches of the deflection curve have a common 
deflection at the point of application of the load, the two 
expressions (b) must be identical for x = a. From this it 
follows that C2 = Ca. Finally we need to determine only two 
constants C and C2, for which determination we have two 
conditions, namely that the deflection at each of the two ends 
of the beam is zero. Substituting x = o and y = o in the 
first of expressions (b), we find 

(c) 

Substituting y = o and x = I in the second of expressions 
(b) we obtain 

Pb! Pb3 Pb(/2 - b2) 
C=T-r;r= 6! • (d) 

Substituting the values (c) and (d) of the constants into 
equations (b) for the deflection curve, we obtain 
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Pbx 
EI zY = U (12 - b2 - x2) for x~a (86) 

and 

EI,y = Pix (12 - b2 - x2) + P(x;: a)3 for x ~ a. (87) 

The first of these equations gives the deflections for the left 
portion of the beam and the second gives the deflections for 
the right portion. 

Substituting the value (d) into equations (a) we obtain 

dy Pb 
EI - - - (/2 - b2 - 3x2) • dx - 61 for X ~ a 

and (e) 

El dy - Pb (/2 - b2 - 3x2) + P(x - a)2 f • dx - 61 2 or x ~ a. 

From these equations the slope at any point of the deflection 
curve can readily be calculated. Often we need the values of 
the slopes at the ends of the beam. Substituting x = o in 
the first of equations (e), x = l in the second, and denoting 
the slopes at the corresponding ends by 01 and 02 we obtain 3 

01 = (dy) = Pb(/2 - b2)' 
dx x=O 6/EJ. 

(88) 

02 =(dy) =-Pab(l+a)_ 
dx :x=l 6/EI, 

The maximum deflection occurs at the point where the 
tangent to the deflection curve is horizontal. If a > b as 
in Fig. n6, the maximum deflection is evidently in the left 
portion of the beam. We can find the position of this point 
by equating the first of the expressions (e) to zero to obtain 

12 - b2 - 3x2 = o, 
3 For flat curves, which we have in most cases, the slopes 81 and 8, 

can be taken numerically equal to the angles of rotation of the ends of 
the beam during bending, the slopes being taken positive when the 
rotation is clockwise. 
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from which 

X = (/) 

This is the distance from the left support to the point of 
maximum deflection. To find the maximum deflection itself 
we substitute expression (/) in equation (86), which gives 

Pb(/2 _ b2)312 

Jmax = 9 ✓}/£/, (g) 

If the load P is applied at the middle of the span the 
maximum deflection is evidently at the middle also. Its 
magnitude is obtained by substituting b = l/2 in equation (g), 
which gives 

P/3 
(J)x-l/2 = 8£/ • 

a=b 4 z 

From equation (/) it can be concluded that in the case of 
one concentrated force the maximum deflection is always near 
the middle of the beam. When b = l/2 it is at the middle; 
in the limiting case, when b is very small and P is at the 
support, the distance x as given by equation (/) is // ✓}, and 
the point of maximum deflection is only a distance 

I I 
- - - = 0.077/ 
✓} 2 

from the middle. Due to this fact the deflection at the middle 
is a close approximation to the maximum deflection. To 
obtain the deflection at the middle we substitute x = l/2 in 
equation (86), which gives 

(J)x-l/2 = 81] (J/2 - 4b2). 
a>b 4 z 

The difference of the deflections (g) and (91) in the most 
unfavorable case, that is when b approaches zero, is only about 
2.5 per cent of the maximum deflection. 
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Problems 

I. Find the position of the load P, Fig. u6, if the ratio of 
the numerical values of the slopes at the ends of the beam is 
101/82! = ¾. 

2. Find the difference between the maximum deflection and the 
deflection at the middle of the beam in Fig. I 16 if b = 2a. 

3. Find the maximum deflection of the beam shown in Fig. I 16 
if AB is an American Standard I beam, 8 in. in depth and 5.34 
sq. in. in cross-sectional area, and a = 12 ft., b = 8 ft., and P = 
2000 lbs. 

4. What will be the maximum deflection if the I beam of the 
previous problem is replaced by a wooden beam having a cross 
section IO in. by IO in. The modulus of elasticity for wood can be 
taken as E = 1.5 X 106 lbs. per sq. in. 

34. Determination of Deflections by the use of the Bend­
ing Moment Diagram; Method of Superposition.-In the pre­

I I 
I I 
ldx I _,I 
f- -f- X 
I I I 
I I I 

I I 
61 

FIG. 117. 

ceding articles it was shown 
how the deflection curve of a 
beam can be determined by 
integration of the differential 
equation (79). In many cases, 
however, especially if we need 
the deflection in a prescribed 
point rather than the gen­
eral equation of the deflection 
curve, the calculation can be 
considerably simplified by the 
use of the bending moment 
diagram as will be described in 
the following discussion.4 

In Fig. 117 AB represents a portion of a deflection curve 
and a1b1 the corresponding portion of the bending moment 

4 The use of the bending moment diagram in calculating deflections 
of beams was developed by 0. Mohr, see Zeitschr. d. Architekten und 
Ingenieur-Vereins zu Hannover, p. 10, 1868. See also 0. Mohr, Abhand­
lungen aus dem Gebiete der Technischen Mechanik, p. 294, Berlin, 1906. 
A similar method was developed independently of 0. Mohr by Prof. C. 
E. Green, University of Michigan, 1874. 
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diagram. Two adjacent cross sections of the beam at dis­
tance ds apart will intersect after bending, at an angle do, 
and, from eq. (56), 

I M 
d0 = -ds = -ds. r El, 

For beams used in structures, the curvature ts very small, 
and we may use dx for ds. Then 

I 
d0 = EI, (Mdx). (a) 

Graphically interpreted, this means that the elemental angle 
d0 between two consecutive radii or two consecutive tangents 
to the deflection curve equals the shaded elemental area Mdx 
of the bending moment diagram, divided by the flexural 
rigidity. 5 This being so for each element, the angle 0 between 
the tangents at A and B will be obtained by summarizing 
such elements as given by eq. (a). Then 

iB I 

0 = A EI, Mdx, 

that is, the angle between the tangents at two points A and B 
of the deflection curve equals the area of the bending moment 
diagram between the corresponding verticals, divided by the 
flexural rigidity of the beam. 

Let us consider now the distance of the point B from the 
tangent AB' at point A. Recalling that a deflection curve is a 
flat curve, the above distance can be measured along the 
vertical BB'. The contribution made to this distance by the 
bending of an element mn of the beam and included between 
the two consecutive tangents at m and n is equal to 

Mdx 
xd0 = x El. • 

Interpreted graphically this is 1/EJ, (moment of shaded area 
Mdx with respect to the vertical through B). Integration 

b By way of dimensional check: d8 is in radians, i.e., a pure number, 
Mdx in inch lbs. X inches, EI, in lbs. per sq. in. X (inches)4• 
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gives the total deflection BB': 

BB'= o = -xMdx - LB I 
A EI, ' 

that is, the distance of B from the tangent at d is equal to 
the moment with respect to the vertical through B of the area 
of the bending moment diagram between d and B, divided by 
the flexural rigidity EI,. By using eqs. (92) and (93) the 
slope of the ·deflection curve and the magnitude of deflec­
tion at any cross section of the beam can easily be calculated. 
This method of calculating deflections is called drea-Moment 
Method. 

t- C 
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~ 
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Ar,;1 f/,11, 

Fw. 118. 

It should be noted that the deflection of a beam of a given 
flexural rigidity (see equation (93)) is entirely defined by the 
bending moment diagram. From this fact a very important 
conclusion can be drawn. It will be appreciated from the 
definition of the bending moment (art. 19) that the bending 
moment produced at a cross section mn of a beam by several 
simultaneously acting loads is equal to the sum of the mo­
ments produced at the same cross section by the individual 
loads acting separately. On the basis of this conclusion, 
together with equation (93), it can be stated that the deflec­
tion produced at a point of a beam by a system of simultane-
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ously acting loads can be obtained by summing up the de­
flections produced at that point by the individual loads. For 
example, if the deflection curve produced by a single load 
(equations (86) and (87)) is known, the deflection produced 
by several loads is obtained by simple summation. This 
method of calculating deflections will be called the meihod 
of superposition in the subsequent discussion. 

The calculation of the integrals in equations (92) and (93) 
can often be simplified by the use of known formulas concern­
ing areas and centroids. Several formulas which are often 
encountered in applications are given in Fig. l'l 8. 

35. Deflection of a Cantilever Beam by the Area-Moment 
Method.-For the j::ase of a canti- \ 
lever beam with a concentrated 
load at the end (Fig. 119, a) the 
bending moment diagram is shown 
in Fig. I 19 (b). Since a tangent 
at the built-in end A remains fixed, 
the distances of points of the de- Pl 

flection curve from this tangent 
are actual deflections. The angle Ob 

which the tangent to the deflection 
curve at B makes with the tangent 

a 

p 

B 

(b) 

FIG. 119. 

at A is called the angular deflection of B with respect to A. 
Then from eq. (92) 6 

/ l P/2 

eb = Pl x - x - - = -- • 
2 El, 2Elz 

The deflection o is calculated from eq. (93) as the moment of 
the area aba1 about the vertical through b divided by EI,. 
Then 

/ 2 I P/3 o = Pl X - X - l X - = - • (95) 
2 3 EI, 3EI. 

For any cross section such as mn,_ the angular deflection from 
6 The numerical value of the angular deflection is calculated. The 

direction of the deflection is readily seen from the loading conditions. 
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A is the area m'n'aa1 of Fig. 119 (b), divided by Eiz. In the 
case of flat curves such as deflection curves of beams, angular 
deflection can be taken equal to the slope of the curve and we 
obtain 

= dy = P/2 [ _ (/ - x) 2
] • 

O dx 2Elz 1 
/ 2 

The deflectiony at the same cross section is the moment of the 
area m'n'aa1 about m'n' divided by EI. (see eq. 93). Separat­
ing this area into the rectangle and the triangle indicated in 
the figure, this is 

1 [ x
2 

Px2 
2x] P (lx

2 
x

3
) y = - P(l - x) - + - - = -- - - - · 

Elz 2 2 3 Elz 2 6 

For a cantilever with a concentrated load Pat a cross sec­
tion a distance c from the support (Fig. 120, a) the bending 

moment diagram is shown in 
Fig. 120 (b). The slope and 

'?f'---=-:=:;::::::1=-~'-"----r-l( the deflection for any section 
to the left of the point of ap-

-.-,,,__ ___ '7---_ __,. __ -+_x plication of the load are deter-

FIG. 120. 

mined from eqs. (96) and (97) 
with c in place of /. For any 
cross section to the right of the 
load the bending moment and 

the curvature are zero; hence this portion of the beam re­
mains straight. The slope is constant and equal to the slope 
at D, i.e., from eq. (94), Pc2/2Eiz. The deflection at any • 
cross section mn is the moment of the area of the triangle aa1d 
about the vertical m'n' divided by EI., which gives 

In the case of a cantilever with a uniform load of intensity 
q (Fig. 121, a) the bending moment at any cross section 
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mn distant x1 from the built-in end is 

The slope at any cross section a 
distance x from the support 1s, 
from eq. (92), 

0 = dy = _I_ rx q(l - X1)2 dx1 
dx EI. J0 2 

= _q_ ( z2x - /x2 + x3) . (99) 
2EI. 3 

The slope at the end is obtained by 
Fm. 121. 

substituting l for x in the above equation, giving 

( dy) _ L. 
dx x~l - 6EJ. (100) 

The deflection at any section a distance x from the built-in 
end is the moment of the area aa1cd about the vertical cd 
divided by EI. (Fig. 121, b). The moment of the element of 
this area, shown shaded, is 

and the total moment is the integral of this with respect to Xi 

from xi = ·o to x, = x. Hence 

The deflection at any point a distance x from the support is 
then, after integration, 

(IOI) 
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For the deflection at the end x = I, 

(102) 

The same problem can be solved by using the method 
of superposition. The uniform load can be considered as a 
system of infinitesimal loads qdc as indicated by the shaded 

i.---l 
%),o---c, 

area in Fig. 122. The deflection 
produced at the cross section mn 
by each elemental load qdc to its 

,. left can be found from eq. (98) by 
~~""'Fl--.;;;;i~:ffl'-r- substituting qdc for P. The de-

:y 

Fm. 122 

flection J1 produced by the total 
load to the left of mn is the sum-
mation of the deflections produced 

by all such elemental loads with c varying from c = o to 
C = X: 

I i"'qc2 q x4 
Y1 =- -(x - ·k)dc = ---· 

EI, 0 2 2E/,4 

The deflection produced at the cross section mn by an ele­
mental load qdc, to its right is found from eq. (97) by 
substituting qdc1 for P and c1 for/. The deflectiony2 produced 
at mn by the total load to the right is the summation of the 
deflections due to all such elemental load, with c1 varying 
from c1 = x to c1 = /: 

Y2 = _1_ i\ (c,x2 - x3 )dc1 = _q_(- x4 + x2z2 - lx2) . 
EI z I& 2 6 2E/, 6 2 3 

Then the total deflection at the section mn is 

q (/2x2 /x3 x4) 
y = Yi + Y2 = 2EJ, 2 - J + 12 ' 

which agrees with eq. (101) found above. 

Problems 
I. Determine the deflection and the slope of the cantilever 

beam in problem 9, p. 108. 
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P/3 ql4 
o=-+-· 3EI, SEI, 

2. Determine the deflection of the top of the pillar represented 
in Fig. 94. 

Solution. The bending moment at any cross section mn, a 
distance x from the top, is 

Wx3 
3/2 , M= 

where W = ½dl2 X 62.4 lbs. is the total hydrostatic pressure trans­
mitted to one pillar. Using eq. (93), the deflection of the top of 
the pillar is 

W i' x4dx W/3 3X62 X62.4X63 X123 X12 . 
{;=El, o 312 = i5EI, = 2X15X1.5Xw6X9"94 = o.070 m. 

3. Determine the deflection and the slope at the end of a canti­
lever bent by a couple M (Fig. 123). 

Answer. 

(J)x=l = 
Ml2 (2 t=! = 

Ml 
- 2EI,; - EI •• 

' 
X V 

l 
y l 

Fm. 123. Flo. 124. 

4. Two wooden rectangular beams clamped at the left end 
(Fig. 124) are bent by tightening the bolt at the right end. Deter­
mine the diameter d of the bolt to make the factors of safety for 
the wooden beams and for the steel bolt the same. The length of 
the beams I = 3 feet, the depth h = 8 in., the width b = 6 in., 
working stress for steel <Fw = 12,000 I bs. per sq. in., for wood 
<Fw = 1,200 lbs. per sq. in. Determine the deflection of the beams 
when the tensile stress in the bolt is 12,000 lbs. per sq. in. 

Solution. If P is the force in the bolt, the equation for deter­
mining the diameter d will be 

4P 6Pl 12,000 
1rd2 : bh2 = I ,200 = IO, 
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from which 

and 
1rcP 

P = 12,000 X - = 2,130 lbs. 
4 

Then from eq. (95), by taking E = I. 5 X 106 lbs. per sq. in. the 
deflection o = 0.0864 in. 

5. What is the ratio of the deflections at the ends of the canti­
levers shown in Fig. 125 if the intensity of uniform load is the same 
in both cases? 

Answer. 7 : 41. 

Fm. 125. FIG. 126. 

6. What must be the equation of the axis of the curved bar AB 
before it is bent if the load P, moving along the bar, remains always 
on the same level (Fig. 126)? 

Answer. 
Px3 

y = - 3Elz. 

7. Determine the safe deflection of the beam shown in Fig. 123 

when the working stress O'w is given. Determine this also for a 
cantilever loaded at the end (Fig. 119). 

Answer. 
2 O'w/2 

(2) o = - - · 
3 Eh 

8. A circular disc N of radius R (Fig. 127) 

produces on a thin steel strip of thickness h 
an attraction of q lbs. per sq. in. uniformly 

distributed. Determine the length I of the unsupported part AC. 
of the strip and the maximum stress in it if h = 0.01 inch, R = 3 
in., and q = 15 lbs. per sq. in. 

Solution. The length of the unsupported part of the strip can 
be determined from the condition that at the point C the curvature 
produced by the uniformly distributed load q must be equal to 
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I/ R. Therefore 

from which 
✓2EJ, . 

I= qR = 1/3 m. 

The maximum stress is determined from the equation ITmax = 
Eh/2R = 50,000 lbs. per sq. in. 

9. Determine the deflections of the cantilever beams shown in 
Fig. 68, assuming that the material is steel, the depth of each 
beam is IO in., and the maximum bending stress is 16,000 lbs. 
per sq. m. 

36. Deflection of a Simply Supported Beam by the Area­
Moment Method.-Let us consider the case of a simply 
supported beam with a load P applied at point F, Fig. 
128. The bending moment diagram is the triangle a1bif1• 

(-------

FIG. 128. 

Its area is Pab/2, and its centroid C is at distance (/ + b)/3 
from the vertical Bb1. The distance o from the end B to the 
line Ab' which is tangent to the deflection curve at A is ob­
tained from equation (93) and is 

0 = _1_ Pab X l + b = Pab(l + b). 
EI. 2 3 6EI. 
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By using this value the slope 0, at the left end of the beam 
is found to be 

0 
_ ~ _ Pab(/ + b) 

1 - / - 6/EI, (a) 

which coincides with previously obtained formula (88). 7 A 
simple interpretation of the formula (a) is obtained if we 
consider a1b1 as a simply supported beam, carrying the tri­
angular load represented by the triangle aif1b1• The reaction 
at the left support a1 of this imaginary beam is evidently 

R _ Pab X I + b X 1 __ Pab(I + b) _ 
- 2 J / - 6/ 

By comparing this with formula (a), it can be concluded that 
the slope 01 is equal to the reaction at the corresponding 
support of the imaginary beam divided by the flexural rigidity 
of the real beam. The slope 02 at the right end of the beam 
can be obtained in a similar way; to get the correct sign for 
02 the reaction at the right end must be taken with minus sign, 
which represents the shearing force at the right end of the 
imaginary beam. The imaginary beam a,b, which carries the 
fictitious load represented by the area of the bending moment 
diagram is called a conjugate beam. It can thus be concluded 
that the numerical values of the slopes at the ends of a simply 
supported beam can be obtained by dividing the reacti~ns at 
the ends of the conjugate beam by the flexural rigidity EI,. 
This conclusion, which was derived for the case of a single 
load, holds for any transverse loading, since, as has been 
shown (p. 146) the moments and the deflections in the case 
of several loads can be obtained by the superposition of the 
moments and deflections due to single loads. 

To calculate the slope at any point d of the deflection 
curve, Fig. 128, it is necessary to subtract the angle 0 between 
the tangents at A and at d from the angle 01 at the support. 
Using equation (92) for the calculation of the angle 0, we 
obtain 

7 Note that a ~ I - b. 
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dy I 
dx = 01 - 0 = EI, (R - .6.a1mn). 

The first term in the parenthesis is the reaction at the left 
support of the conjugate beam a1b1 and the second is the load 
on the conjugate beam to the left of the cross section mn. 

The expression in the parenthesis therefore represents the 
shearing force at the cross section mn of the conjugate beam. 
Consequently the slope of the actual beam at a point d can 
be obtained by dividing the shearing force at the correspond­
ing cross section of the conjugate beam by the flexural 
rigidity EI,. 

Considering next the deflection y at a point d, it may be 
seen from Fig. 128 that 

y = ce - de. 

From the triangle Ace we obtain the relation 

Rx 
ce = 01x = EI, 

(b) 

(c) 

where R is the reaction at the left support of the conjugate 
beam. The second term on the right side of equation (b) 
represents the distance of the point d of the deflection curve 
from the tangent Ae and is obtained from equation (93) as 

(d) 

Substituting expressions (c) and (d) in equation (b), we obtain 

y = E~. ( Rx - .6.a1mn X 1) · (e) 

The expression in parenthesis is seen to be the bending moment 
at the cross section mn of the conjugate beam. Thus the 
deflection at any point of a simply supported beam is obtained 
by dividing the bending moment at the corresponding cross 
section of the conjugate beam by the flexural rigidity EI •. 
Substituting the actual value of R in equation (e) and noting 
that 
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we obtain 

__ 1_ [ Pabx(l + b) _ Pbx3] = Pbx (/2 _ b2 _ 2) 

y - EI. 61 6! 6/EI. x • 

This checks with equation (86), which was previously ob­
tained by integration of the differential equation of the de­
flection curve. The deflection for a point to the right of the 
load P can be calculated in a similar manner. The result 
will, of course, be the same as equation (87). 

Having the deflection curve produced by a single load P, 
the deflection curve produced by any system of transverse 
concentrated loads can readily be obtained by employing the 
method of superposition. It is simply necessary to use 
equations (86) and (87) for each individual load. 

db-, r- IJ--, 

AR 11111111111111 ' 1111111118 
(a) fdb 

C 

t· 
f'X, 

Ot------+--___ J 
(6) 

The same method is also 
applicable to the case of a dis­
tributed load. As an example 
we shall take the case of a 
simply supported beam under 
a uniformly distributed load, 
Fig. 129, and calculate the 
slopes at the ends and the de­
flection at the middle. From 
equation (a) the increment of 
slope d01 produced at the left 
end of the beam by the ele­

ment of load qdb shown in the Fig. 129 is 

.,
0 

_ qabdb(l + b) _ qb(/2 - b2)db 
lll I - 6/EI z - 6/EI z • • 

The slope 01 produced by the total load is then the summation 
of the increments of slope produced by all the elements qdb 
from b = o to b = !. Thus 

81 = f' qb(/2 - b2)db = 1_ . (j) 
Jo 6/EI. 24EI. 

• 
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The deflection at the middle is obtained from equation (91), 
which was derived on the assumption that the load is to the 
right of the middle. Any element of load qdb to the right of • 
the middle produces at the middle a deflection 

. _ qbdb 2 (dy)x=l/2 -
4
8EI, (3/ - 4b2). 

Summing up the deflections produced by all such elements of 
load to the right of the middle, and noting that the load on 
the left half of the beam produces the same deflection at the 
middle as the load on the right half, we obtain for the total 
deflection 

(g) 

The results (f) and (g) coincide with formulas (83) and (82) 
previously obtained by integration of the differential equation 
of the deflection curve. 

The same results are readily obtained by considering the 
conjugate beam ab, Fig. I 29b, loaded by the parabolic segment 
acb, which is the bending moment diagram in this case. The 
total fictitious load on the conjugate beam is 

2 q/2 
- X - XI 3 8 , 

and each reaction is equal to q/3/24. The slope (j) is then 
obtained by dividing this reaction by EI.. To calculate the 
deflection at the middle we find the bending moment at the 
middled of the conjugate beam, which is 

q/3 ( £ - 3/ ) = 5ql
4 

• 

24 2 16 384 

The deflection (g) is then obtained by dividing this moment 
by EI •. 

The method of superposition is r--c 7 I 11111111 rd-i 
especially useful if the distributed lS. A 

FIG. 130. 

load covers only a part of the span 
as in Fig. 130. Using the expression developed above for 
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(dy)z-l/2, the deflection produced at the middle by the load 
to the right of the middle is 

i 112 qbdb 
<h = d 48EI. (3/2 - 4b2). 

The load to the left of the middle produces the deflection 

I
112 qbdb 

<h = C 48EI. (312 - 4b2). 

The total deflection at the middle is therefore 

In the case of a simply supported beam A.B with a couple 

Fm. 131. 

at the ends of the actual beam are 

and 

Ml 
81 = 6EI. 

Ml 
82 = 3EI •• 

M acting at the end, Fig. 
131, the bending moment 
diagram is a triangle abd, 
as shown in Fig. 131b. 

Considering ab as the 
conjugate beam, the total 
fictitious load is Ml/2. 
The reactions at the 
ends of the conjugate 
beam are thus Ml/6 and 
Ml/3. Hence the numer­
ical values of the slopes 

The sign of the slope at the right end is of course negative. 
The deflection at a cross section mn of the beam is obtained 
by dividing the bending moment at the corresponding· cross 
section m1n1 of the conjugate beam by EI., which gives 
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y __ 1_ (Ml x _Ml. x
2

• '.:) = 
6
MElJx. ( 1 _ x

1
:). (lOS) 

- EI, 6 2 / 2 3 . 

Problems 

1. Determine the angles at the ends and the deflection under 
the loads and at the middle of the beam 
shown in Fig. 132. 

Solution. The conjugate beam will 
be loaded by the trapezoid adeb, the area 
of which is Pc(! - c). The angles at the 
ends are 

r Pc(/ - c) 
81 = 02 = - _;__---'-

EI, 2 

The deflection under the loads is 

FIG. 132. 

( ) = _r [Pc
2
(/ - c) _ Pc

2
. !_] = Pc

2
(~ _ =-c). 

y x=c EI, 2 2 3 El, 2 3 

The deflection at the middle, from eq. (91), is 

) - __!__!__ ( /2 2) (y X=l/2 -
24

£/, 3 - 4( • 

2. Determine the slope at the ends of the beam shown in Fig. 88. 
Answer. 

( 
dy ) _ _J_ W/2 . 
dx x=O - 180£/,' 

3. Determine the deflection at the middle of the beam AB, 
shown in Fig. 133, when/,= 9r.4 in.4, q = 

,~11~11~, ~~B 500 lbs. per foot, I= 24 feet,a = 12 feet, 
b = 8 feet. E = 30 X 1o6 lbs. per sq. in. 

Solution. Due to the fact that a 
= l/2 the deflection produced at the 

F middle by the load acting on the left IG. 133. 
half of the beam, from eq. (82), is 

The deflection produced at the middle by the load on the right 
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half of the beam is 

- rb qcdc - 2 - 25 .!i!:_ . 
(y2)x-l/2 - Jo 48£/, (3/2 4c) - 48 X 162 X El, 

The total deflection is 

4. Determine the deflection at the middle of the beam shown 
in Fig. 91 when the load is in a position to produce the maximum 
bending moment. 

Suggestion. The deflection can be obtained by using eq. (91) 
together with the method of superposition and substituting b = l/2 
- d/4 in this equation for one load and b = l/2 - ¾d for the 
other. 

5. Determine the deflections at the middle and the angles of 
rotation of the ends of the 
beams shown in Figs. 67 (b) 
and 67 (e). Assume in these 
calculations a standard I 
beam of 8 in. depth and 5.97 
sq. in. area, E = 30 X 106 

.,,r-==::::..._--~f---+.--;-t----=--lb. lbs. per sq. in. 

(b) 

FIG. 134. 

6. Determine the angles 
(Ji and 82 and the deflection 
at any cross section mn of a 
beam simply supported at 
the ends and bent by a 
couple Pc (Fig. 134). 

Solution. The loading of the conjugate beam is indicated in 
Fig. 134 (b). The reactions at a 1 and b1 are 

Therefore 
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If a = b = l/2, we obtain 
Pel 

81 = 82 = -- • 
24Elz 

If a> l/ ✓3 the angle 82 changes its sign. The bending moment at 
the cross section m1n1 of the conjugate beam is 

Therefore the deflection curve for the left part of the actual beam is 

7. A beam with supported ends is bent by two couples M1 and 
M 2, applied at the ends (Fig. M 
135). Determine the angles r:;-~' ~ 91~7{ 
of rotation of the ends and the \ f';;;;;;;::;~-_:.-::_-:_-:_:_-_-_-_---'_:....i...a~aal"f)H--x 
position of the cross section te---- z. 
in which the deflection is a 'Y 
maximum. 

FIG. 135. 

Solution. The absolute values of the angles are 

The deflection curve, by using eq. (105), is 

= Mil(! - x) [ -(~)
2
] M 2lx( _ x

2
). 

y 6EI, I l +6EI, I / 2 

The position of maximum deflection can be found from this equa­
tion by equating the first derivative to zero. 

8. A beam is bent by two couples as shown in Fig. 136. Deter­
mine the ratio M1 : M 2 if the 
point of inflection is at a distance 
l/3 from the left support. 

Answer. M2 = 2M1. 

9. Two planks of different FIG. 136. 
thicknesses h1 and h2, resting one 

on the other, support. a uniformly distributed load as shown in 
Fig. 137. Determine the ratio of the maximum stresses occur­
ing in each. 
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Solution. Both planks have the same deflection curves and 
curvature; hence their bending moments are in the same ratio as 
the moments of inertia of their cross sections, i.e., in the ratio 
h13 

: h23

• The section moduli are in the ratio h
1

2 : h
2

2

; hence the 
maximum stresses are in the ratio h1 : h2• 

FIG. 137. 

Io. A steel bar dB has such an initial curvature that after 
being straightened by the forces P (Fig. 138) it produces a uni­
formly distributed pressure along the length of the rigid plane 
surface MN. Determine the forces P necessary to straighten the 
bar and the maximum stress produced in it if l = .20 in., o = 0.1 in., 
and the cross section of the bar is a square having I in. sides. 

Solution. To obtain a uniformly distributed pressure, the 
initial curvature of the bar must be the same as the deflection curve 
of a simply supported beam carrying a uniformly distributed load 
of intensity 2P/l. Then we obtain 

2P/2 Pl 
Mmax = /S = 4 , 

5 2P /4 
o=-X-X-· 

384 l EI. 

The maximum stress will be 

Now from (b) and (c) 

Mmax Pih 
O'max = z= 81 •• 

(a) 

(b) 

(c) 

24Eoh 24 X 30 X I06 X 0.1 X I - . 
u = -l- = 2 - 36,000 lbs. per sq. in. 

max 5 2 5 X 20 

and from (c) 
P = 1,200 lbs. 

37. Deflection of Beams with Overhangs.-A beam with an 
overhang can be divided into two parts: the one between the 
supports which is to be treated as a beam with supported ends 
and the overhang which is to be treated as a cantilever: As an 
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illustration, we consider the bending of a beam with an overhang 
under the action of a uni­
formly distributed load q (Fig. 
139). The beam is divided 
into the parts A.Band BC and 
the action of the overhang on 
the portion of the beam be­
tween the supports is replaced 
by a shearing force qa and a 
couple M = qa2/2. We find 
that the shearing force is di­
rectly transmitted to the sup­

f~11111111111111111~? 
I (b) 11-fl'½ 
y 1" 

IC 

8,~c, 
'Y 

(c) 

FIG. 139. 

port and that only the couple qa2/2 need be considered. Then 
the deflection at any cross section between the supports is 
obtained by subtracting the deflection produced by the couple 
qa2/2 from the deflections produced by the uniform load q 
(Fig. 139, b). Using eqs. (81) and (105), we obtain 

q qa
2
lx ( x

2
) 

y = 24El. (lax - 2/xa + x4) - 12EJ, I - 12 • 

The angle of rotation of the cross section at B is obtained by 
using eqs. (83) and (104), from which, by considering rotation 
positive when in the clockwise direction, we have 

qa2/ q/3 
82- --- --· - 6EI. 24El, 

The deflection at any cross section of the overhang (Fig. 139, 
c) is now obtained by superposing the deflection of a cantilever 
(eq. 101) on the deflection 

( 
qa2z qla ) 

82
,X' = 6EI. - 24El, X 

due to the rotation of the cross section B. 

Problems 

1. Determine the deflection and the slop;:: at the end C of the 
beam shown in Fig. 141a. 
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Answer. 
. Pa2(/ + a) 

Deflection = 
3
EI. ; 

Pa(2/ + 3a) 
Slope = -----

6EI, 

2. For the beam shown in Fig. 140 determine the deflection at 
the end C and also that at the midpoint between the supports. 

Solution. That part of the 
beam between the supports 
will be in the condition of a 
beam loaded by the force P 
and by the couples P 1a and 
Ab at the supports. By using 

eqs. (91) and (105), pp. 143, 159, and the method of superposition, 
the deflection at the middle is 

The angle 01 at the support A is obtained from eqs. (88), (103) 
and (rn4) on pp. 142, 158, 

Pc(/2 - c2) P1al Ab/ 
81 = ---- - -- - -- . 

6/EI. 3EI. 6EI. 

From eq. (95) the deflection at the end C is 

3. A beam with an overhang is 
bent in one case by the force P at 
the end (Fig. 141, a), and in another 
case by the same force applied at 
the middle of the span (Fig. 141, 
b). Prove that the deflection at 
the point Din the first case is equal 

t· 

to the deflection at the end C in the second case. 
Answer. In each case the deflection is 

C 

4. A beam of length / with two equal" overhangs is loaded by 
two equal forces Pat the ends (Fig. 142). Determine the ratio x(l 
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at which (1) the deflection at the middle is equal to the deflection at 
either end, (2) the deflection at the middle has its maximum value. 

Answer. (r) x = 0.1521; (2) x = 1/6. 

lz~-~~!jD 
Fm. 143. 

5. A wooden beam of circular cross section supported at C, 
with the end attached at A, carries a uniformly distributed load 
q on the overhang CD (Fig. 143). Determine the diameter of the 
cross section and the deflection at D if 1 = 3 feet, a = 6 feet, q = 
300 lbs. per foot, <rw = r ,200 lbs. per sq. in. 

Solution. The diameter dis found from equation 

qa2 1rd3 
-:-= <lw• 

2 32 

Then the deflection at the end D is 

o = _ff.!!!_ + _q_a31 . 
8EI. 6EI. 

6. A beam of length I carries a uniformly distributed load of 
intensity q (Fig. 144). Determine the 
length of omhang, to make the numcr- § ' § 
ical maximum value of the bending:ljl!!Ollillf2l_..1 
moment as small as possible. Determine 
the deflection at the middle for this Fm. 144. 
condition. 

Solution. Making the numerical values of the bending mo­
ments at the middle and at the supports equal we obtain 

X = 0.2071. 

The deflection at the middle is determined from the equation 

5 q(/ - 2x) 4 qx2(/ - 2x) 2 
0 - - . ~---'- - .__;_ __ :,_' 

- 384 EI. 16EI. 

in which the first term on the right side represents the deflection pro­
duced by the load between the support (eq. 82) and the second, 
the deflection produced by the load on the overhangs (eq. 105). 

7. Determine the deflections at the ends of the overhangs for 
the beams represented in Fig. 74 a, b, c. Assume a standard I 
beam of 8 in. depth and 5.97 sq. in. area. E = 30 X I06 lbs. 
per sq. in. 
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38. The Deflection of Beams When the Loads Are Not 
Parallel to One of the Two Principal Planes of Bending.­

FIG. 145. 

Let us consider first a simple ex­
ample of a cantilever, whose cross 
section has two axes of symmetry 
(Fig. 145). The load Pat the end 
is perpendicular to the axis of the 
beam and makes an angle a with 
the principal axis y of the cross 

section. In calculating the stresses and deflections of the 
beam the method of superposition will be used. The load P 
will be resolved into two components Pcosa and Psina in the 
directions of the two principal axes of the cross section. The 
deflection produced by each of these components can easily be 
obtained by using the theory of bending in the plane of 
symmetry. Then the resultant deflection is obtained by 
superpos1t10n. The absolute values of the two components 
of the bending moment at any cross section mn of the canti­
lever are Mz = P cos a(l - x) about the z axis, and MY 
= P sin a(/ - x) about they axis. From the directions of 
the two components and of the axes y and z, it will be seen 
that the moment Mz produces compression in points with a 
positive y and MY produces compression in points with ~ 
pos1t1ve z. Then the normal stress <Tx at any point of the 
cross section (y, z) is obtained by adding together the stresses 
produced by Mz and MY separately. We thus arrive at the 
equation: 

P cos a(/ - x)y P sin a(/ - x)z 
Ux = - f z - fy 

= _ P(l _ x) [y cos a+ z sin a]. (a) 
I. Iy 

The neutral axis is found by taking points with such coordi­
nates that the expression in brackets in eq. (a) equals zero. 
The equation of the neutral axis is therefore 

y cos a + z sin a 
J. J-;-=O. (b) 
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This is an axis through the centroid of the cross section making 
an angle /3 with the z axis (see Fig. 146) such that, from eq. (b), 

y 1. 
tan J3 = - - = tan a -

1 
. 

z II 
(c) 

A 

It will be seen that, in general, tan /3 is 
not equal to tan a; hence the neutral '-.-+--1"--½=----1--+-r 

axis nn is not perpendicular to the plane 
of the bending forces and the plane of 
the deflection curve, which is perpen­
dicular to nn, does not coincide with 
the plane of the bending forces. These 
two planes coincide only when tan a 

h 

= o or oo or I, = 111• In the first two cases the plane of the 
bending forces coincides with one of the principal planes of 
bending. In the last case the ellipse of inertia becomes a 
circle since the two principal moments of inertia are equal and 
any two perpendicular directions may be taken as the two 
principal axes of the cross section. When 1,/111 is a large 
number, i.e., when the rigidity of the beam in the xy plane is 
much larger than that in the xz plane, tan/3 becomes large in 
comparison with tana and when angle a is small, angle /3 
will approach 90° and the neutral axis will approach the 
vertical axis. The deflection will be principally in the xz 
plane, i.e., there is a tendency to deflect in the plane of greatest 
flexibility. This can be demonstrated in a very simple 
manner on a thin rule. The slightest deviation of the bending 
force from the plane of greatest rigidity results in a bending in 
the perpendicular direction. This can be shown also by 
resolving the force P (Fig. 145) into two components and 
calculating deflections produced by each component. If the 
flexural rigidity of the cantilever in the horizontal plane is 
very small in comparison with the rigidity in vertical plane, a 
small horizontal component may produce a much greater 
horizontal deflection than the deflection in the vertical plane; 
hence the resultant deflection will be principally in the plane of 
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greatest flexibility. It is interesting to note that the neutral 
axis nn is parallel to the tangent drawn to the ellipse of 
inertia at the point of intersection of this ellipse with the 
direction of the force P. This can be proved as follows. The 
equation of the ellipse is 

y2 z2 

k,2 + k/ = I 

and the equation of the tangent at the point with the coordi­
nates Yo and zo (Fig. 146) is 

f.2° + ~~ = I. 

The tangent of the angle between the z axis and this tangent 
will be 

Zo k,2 ], 
- • - 2 = tan a-= tan/3. 
Yo ku lu 

When the direction of the neutral axis is determined the points 
of maximum normal stress will be those most distant from it. 
In our case the maximum tension will be at point A and 
maximum compression at point B. Substituting in eq. (a) 
x = o;y = - (h/2); z = - (b/2), we obtain 

() -Pz(hcosa bsina)· 
<T:,; max - 2/, + 2/1/ (d) 

The compressive stresses at the point B will have the same 
magnitude. The method developed above for the case of a 
cantilever with two planes of symmetry and loaded at the end 
can be applied also to beams supported at the ends and loaded 
by several loads. Resolving each force into two components 
parallel to the two axes of symmetry of the cross section, the 
problem is reduced to two simple problems of bending of a 
beam in the two principal planes. The resultant deflections 
will be obtained by superposing the two deflections in the 
principal planes. 
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Problems 

1. A cantilever beam of Z section is loaded at the end by a 
vertical load P = 400 lbs. (Fig. 147). Determine the maximum 
normal stress u., and the vertical 
and horizontal components of 
the deflection at the end. The 
dimensions are as indicated in 
the figure. a = 17° ::20', princi­
pal moments of inertia 

I,, = 60.3 in.4; lu, = 3.54 in.4 

Answer. (u.,)max = 6,420 lbs. 
per sq. in. at B; overt. = 0.178 
in.; Ohoriz. = 0.336 in. 

'.2. A cantilever of rectangu­
lar cross section is bent by a force 

p 

F10. 147. 

P at the end. What curve will be described by the loaded end, 
when the angle a (Fig. 145) varies from o to 21r? 

Answer. The curve will be an ellipse with the semi axes 

P/3 
3EI. 

and 

3. A wooden beam of rectangular cross section carries a uni­
formly distributed load of intensity q and is supported 
at the ends in the position shown in Fig. 148. Deter­
mine the maximum normal stress and the vertical deflec­
tion at the middle if the length of the beam l = IO feet, 

q q = 200 lbs. per foot, h = 8 in., b = 6 in., tan a = 1/3. 
F 8 Solution. The maximum bending moment will be at 

10
• 

14 
• the middle 

q/2 200 X 102 

Mmax = 8 = 
8 

2,500 lbs. feet = 30,000 lbs. ins. 

The components of the bending moment in the principal planes are 
M. = Mmax cos a = 30,000 X 0.949 = 28,500 lbs. ins. and M 11 = 
Mmax sin a= 30,000 X 0.316 = 9,480 lbs. in. The maximum stress 
at the point B is 

6 X 28,500 6 X 9,480 . 
(u.,)max = bh2 + hb2 = 643 lbs. per sq. m. 

The deflections at the middle in the two principal planes are 

5 q/4 cos a 5 q/4 sin a 
ou = 384 EI. and o. = 384 EI.,, • 
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The vertical deflection at the middle is 

• 5 ql
4 

( /, • 2 ) Ii= liucosa+li,sma=--,- cos2 a+-sm a 
384 EI. lu 

= 0.117 in. X 1.08 = .126 in. 

4. Soive the above problem if the distance between the sup­
ports is b feet and the beam has two equal overhangs each 2 feet 
long. 

39. Effect of Shearing Force on the Deflection of Beams.-ln 
the previous discussion (see p. 134) only the action of the bending 
moment in causing deflection was considered. An additional de­
flection will be produced by the shearing force, in the form of a 

mutual sliding of adjacent cross sections along 
each other. As a result of the non-uniform dis­

k:-f-:::::...'l<::::.--:----x tribution of the shearing stresses, the cross sec­
tions, previously plane, become curved as in 
Fig. 149, which shows the bending due to shear 
alone.8 The elements of the cross sections at 

Fm. 149. the centroids remain vertical and slide along one 
another; therefore the slope of the deflection 

curve, due to the shear alone, is equal at each cross section to the 
shearing strain at the centroid of this cross section. Denoting by 
y1 the deflections due to shear, we obtain for any cross section the 
following expression for the slope: 

(a) 

in which V/A is the average shearing stress Tux, G is the modulus 
in shear and a is a numerical factor with which the average shearing 
stress must be multiplied in order to obtain the shearing stress at 
the centroid of the cross sections. For a rectangular cross-section 
a= 3/2 (see eq. 66, p. 114); for a circular cross-section a= 4/3 
(see eq. 68, p. 118). With a continuous load on the beam, the 
shearing force V is a continuous function which may be differ-;­
entiated with respect to x. The curvature caused by the shear 
alone is then 

8 The deformation produced by the bending moment and consisting of 
a mutual rotation of adjacent cross sections is removed. 
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The sum of this and the curvature produced by the bending moment 
(see eq. 79) gives 

d2y 1 ( aEI, ) 
dx2 = - EI, M + AG q • (106) 

This equation must be used instead of eq. (79) to determine 
deflections in all cases in which the effect of the shearing force 
should be taken into consideration.9 Knowing M and q as func­
tions of x, eq. (106) can be easily integrated in the same manner 
as has been shown in article 32. 

The conjugate beam method (see p. 154) may also be applied 
to good advantage in this case by taking as ordinates of the imag­
inary load diagram 

(b) 

instead of only M. 
Let us consider, for example, the case of a simply supported 

beam with a uniform load (Fig. 150). The bending moment at 
any section x is 

qi qx2 

M=-x--· 
2 2 

(c) 

The load on the conjugate beam consists of two parts: (1) that 
represented by the first term of (b) and given by the parabolic 
bending moment diagram (Fig. I 50, b) and (2) that represented 
by the second term of (b), which is a(EI,/dG)q. Since q is constant, 
the second term is a uniformly distributed load shown in Fig. I 50 (c). 

The additional deflection at 
any section due to the shearing 
force is the bending moment pro­
duced at this section of the con­
jugate beam by such a load, di­
vided by EI,. At the middle of 
the beam the additional deflection 
is consequently 

JI 

!~----------.11 «~ (c) 

FIG. 150. 

Adding this to the deflection due to the bending moment (see eq. 
9 Another way of determining additional deflection due to shear is 

discussed on page 298. 
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82, p. 138), we obtain the total deflection 

5 q/4 a/2q 5 q/4 ( 48a k,2 E) 
~ - 384 EI, + SAG - 384 EI, 1 + 5 /2 G ' (d) 

in which k, = ✓I,/A is the radius of gyration of the cross section 
with respect to the z axis. 

For a rectangular cross-section of depth h, k,2 = 1\h2, a = 3/2. 
Putting E/G = 2(1 + µ) = 2.6, we obtain from (d) 

5 q/4 ( h2) 
0 = 384 EI, I + 3.12 /2 • 

It may be seen that for 1/h = IO the effect of the shearing force 
on the deflection is about 3 per cent. As the ratio 1/h decreases 
this effect increases. 

The factor a is usually larger than 2 for I beams and when 
they are short the effect of the shearing force may be comparatively 
great. Using eq. (70) and Fig. 106, we have 

aV V [bh
2 

hi2 ] A= bd, 8 - 8 (b - b,) ' 

from which 

d [bh
2 

hi2 ] a = - - - - (b - b1) • 
bd. 8 8 

(e) 

For example, suppose h = 24 in., A = 31.0 sq. in., I. = 2,810 in.4, 
the thickness of the web b, = 5/8 in., / = 6h. Then eq. (e) gives 
a = 2.42. Substituting in eq. (d), we find 

5 q/4 ( 48 2,8 IO ) 5q/4 

o = - 8- EI 1 + - X 2.42 X X 2 X 2.6 = 1.265 8 EI • 
J 4 z 5 JI 144 J 4 z 

The additional deflection due to shear in this case is equal to 26.5 

p 

f l 
per cent of the deflection produced by 
the bending moment and must therefore 
be considered. 

In the case of a concentrated load 
P (Fig. I 5 I) such a load can be con-r sidered as the limiting case of a load 

.. ,:,---------"""'b distributed over a very short portion' e 
A, B, of the beam. The amount of the im-

F10. 151. 
aginary loading P1 on the conjugate 

beam A,B,, corresponding to the second term in expression (b), 



DEFLECTION OF LOADED BEAMS 173 

will be 
EI, 

Pi= a AGP. (/) 

The additional deflection due to shearing forces is obtained by 
dividing by EI. the bending moment produced in the conjugate 
beam by the imaginary concentrated load given by eq. (/). For 
instance, for central loading of a beam the bending moment at the 
middle of the conjugate beam produced by the load (/) will be 
a(EI,/AG)Pl/4 and the additional deflection at the middle due to 
shearing forces is 

(g) 

Adding this to the deflection produced by the bending moment 
alone (see eq. 90, p. 143), the following expression for the complete 
deflection is obtained: 

P/3 a Pl P/3 ( l'2ak.2 E ) 
a - 48EJ, + AG • 4 - 48EJ, 1 + /2 G • 

For a beam of rectangular cross-section of depth h we have 

k,2 h2 
/2 = 12/2; 

a = J_ '2 , 
and we obtain 

(h) 

For h/l = 1/10 the additional effect of the shearing force is about 
4 per cent. 

It has been assumed throughout the above discussion that 
the cross sections of the beam can warp freely as shown in Fig. 
149. The uniformly loaded beam is one case in which this 
condition is approximately satisfied. The shearing force at the 
middle of such a beam is zero and there will be no warping here. 
The warping increases gradually with the shearing force as we 
proceed along the beam to the left or to the right of the middle. 
The condition of symmetry of deformation with respect to the 
middle section is therefore satisfied. Consider now bending by a 
concentrated load at the middle. From the condition of symmetry 
the middle cross section of the beam must remain plane. At the 
same time, adjacent cross sections to the right and to the left of 
the load carry- a shearing force equal to P/'2, and warping of cross 
sections caused by these shearing forces should take place. From 
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the condition of continuity of deformation, however, there can be 
no abrupt change from a plane middle section to warped adjacent 
sections. There must be a continuous increase in warping as we 
proceed along the beam in either direction from the middle, and 
only at some distance from the load can the warping be such as a 
shearing force P/2 produces under conditions of freedom in warping. 
From this discussion it must be concluded that in the neighborhood 
of the middle cross section the stress distribution will not be that 
predicted by the elementary theory of bending (seep. I 13). Warp­
ing will be partially prevented and the additional deflection due 
to shearing forces will be somewhat less than that found above (see 
eq. g). A more detailed investigation 10 shows that in the case of 
a concentrated load at the middle the deflection at the middle is 

p 

P/3 [ h
2 

( h )a] o = 48£/ I + 2.85 /2 - 0.84 / • (k) 

t 
I 
1--z--

FIG. 152. 

We have an analogous condi­
tion also in the case of a cantilever 
beam. If the built-in cross sec­
tion can warp freely as shown 
in Fig. I 52 (a), the conditions 

(bJ p will be as assumed in the deri-

l vation of eq. (h). The deflection 
of a cantilever of rectangular 

by substituting 
cross section will be obtained 

/ for //2 and P for P/2 in this equation, giving 

O = :~ ( I + ~.98 ; ) • (/) 

When the built-in cross section is completely prevented from warp­
ing (Fig. I 52, b), the conditions will be the same as assumed in 
the derivation of eq. (k) and the deflection will be 

P/3 [ h
2 

( h )s] 0 = 3EI I + 0. 7 I /2 - o. IO 7 , (m) 

which is less than the deflection given by (l). 
10 See L. N. G. Filon, Phil. Trans. Roy. Soc. (A), Vol. 201, p. 63, 

1903, and S. Timoshenko, Phil. Mag., Vol. 47, p. 1095, 1924. See also 
Th. v. Karman, Scripta Universitatis atque Bibliothecae Hierosolmi­
tanarum, 1923, and writer's "Theory of Elasticity," p. 95, 1934. 



CHAPTER VI 

STATICALLY INDETERMINATE PROBLEMS IN BENDING 

40. Redundant Constraints.-In our previous discussion 
three types of beams have been considered: (a) a cantilever 
beam, (b) a beam supported at the ends and (c) a beam with 
overhangs. In all three cases the reactions at the supports 
can be determined from the fundamental equations of statics; 
hence the problems are statically determinate. We will now 
consider problems on the bending of beams in which the 
equations of statics are not sufficient to determine all the 
reactive forces at the supports, so that additional equations, 
based on a consideration of the deflection of the beams, must 
be derived. Such problems are called statically indeterminate. 

Let us consider the various types of supports which a 
beam may have. The support represented in Fig. 153 (a) is 

Fro. 153. 

called a hinged movable support. Neglecting the friction in the 
hinge and in the rollers, it is evident that in this type of 
support the reaction must act through the center of the hinge 
and must be perpendicular to the plane mn on which the rollers 
are moving. Hence we know the point of application of the 
reaction and its direction. There remains only one unknown 
element, the magnitude of the reaction. 

In Fig. I 53 (b) a hinged immovable support is shown. In 
this case the reaction must go through the center of the hinge 
but it may have any direction in the plane of the figure. We 
have two unkn9wns to determine from the equations of 

175 
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statics, the direction of the reaction and its magnitude, or, 
if we like, the vertical and horizontal components of the 
reaction. 

In Fig. 153 (c) a built-in end is represented. In this case 
not only the direction and the magnitude of the reaction are 
unknown, but also the point of application. The reactive 
forces distributed over the built-in section can be replaced by 
a force R applied at the centroid of the cross section and a 
couple M. We then have three unknowns to determine from 
the equations of statics, the two components of the reactive 
force R and the magnitude of the couple M. 

For beams loaded by transverse loads in one plane we have, 
for determining the reactions at the supports, the three 
equations of statics, namely, 

:rx = o; :rY = o; :rM = o. (a) 

If the beam is supported so that there are only three unknown 
reactive elements, they can be determined from eqs. (a); 
hence the problem is statically determinate. These three 
elements are just sufficient to assure the immovability of the 
beam. When the number of reactive elements is larger than 
three, we say there are redundant constraints and the problem 
is statically indeterminate. 

A cantilever is supported at the built-in end. In this 
case, as was explained above, the number of unknown reactive 
elements is three and they can be determined from the equa­
tions of statics. For beams supported at both ends and 
beams with overhangs it is usually assumed that one of the 
supports is an immovable and the other a movable hinge. In 

su::h a case we have again three 
unknown reactive elements, 

.,,, which can be determined from 
the equations of statics. 

Fro. 154. 
If the beam has immovable 

hinges at both ends (Fig. 154), 
the problem becomes statically indeterminate. At each end 
we have two unknown elements, the two components of the 
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corresponding reaction, and for determining these four un­
knowns we have only the three equations (a). Hence we 
have one redundant constraint and a consideration of the 
deformation of the beam becomes necessary to determine the 
reactions. The vertical components of the reactions can be 
calculated from the equations of statics. In the case of 
vertical loads it can be concluded also from statics that the 
horizontal components Hare equal and opposite in direction. 
To find the magnitude of H let us consider the elongation of 
the axis of the beam during bending. A good approximation 
to this elongation can be obtained by assuming that the 
deflection curve of the beam is a parabola,1 the equation of 
which is 

4ox(I - x) (b) 
y = /2 

where o is the deflection at the middle. The length of the 
curve 1s 

rz,2 
s = 2 Jo ✓dx2 + dy2 = (c) 

In the case of a flat curve the quantity (dy/dx) 2 is small in 
comparison with unity and neglecting small quantities of 

' • order higher than the second we obtain approximately 

✓ (dy )
2 

1 ( dy )
2 

1 + dx ~ 1 + 2 \ dx • 

Substituting this expression in equation (c) and using equation 
(b) we find the length of the curve to be 

s = I ( r + 1 ~: )· 
Then the difference between the length of the curve and the 
distance / between the supports represents t\e total axial 
elongation of the beam and is (8/3)(02//); the u.1it elongation 

1 The exact expression for the deflection curve will be given later 
(see Part II) . 
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is then (8/J)(ri2//2). Knowing this and denoting by E the 
modulus of elasticity of the material of the beam and by d 
its cross-sectional area, we obtain the horizontal reaction from 
equation: 

(b) 

It is interesting to note that for most beams in practice the 
deflection o is very small in comparison with the length and 
the tensile stress (8/3)(02//2)E produced by the forces H is 
usually small in comparison with bending stresses and can be 
neglected. This justifies the usual practice of calculating 
beams with supported ends by assuming that one of the two 
supports is a movable hinge, although the special provisions 
for permitting free motion of the hinge are actually used only 
in cases of large spans such as bridges. 

In the case of the bending of flexible bars and thin metallic 
strips, where the deflection o is no longer very small in 
comparison with I, the tensile stresses produced by the 
longitudinal forces H can not be neglected. Such problems 
will be discussed later (see Part II). In the following discus­
sion of statically indeterminate problems of bending the 
method of superposition will be used and the solutions will be 
obtained by combining statically determinate cases in such a 
manner as to satisfy the conditions at the supports. 

41. Beam Built-in at One End and Supported at the 
Other.-Consider first the case where there is a single con­
centrated load P (Fig. I 55).2 In this case we have three 
unknown reactive elements at the left end and one at the 
right end. Hence the problem is statically indeterminate 
with one redundant constraint. In the solution of this prob­
lem let us consider as redundant the constraint which prevents 
the left end d of the beam from rotating during bending. Re­
moving this constraint, we obtain the statically. determinate 
problem shown in Fig. 155 (b). The bending produced by the 
statically indeterminate couple Ma will be studied separately 
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as shown in Fig. 155 (c).2 It is evident that the bending of 
the beam represented in Fig. 155 (a) can be obtained by a 
combination of cases (b) and (c). 
It is only necessary to adjust 
the magnitude of the couple 
Ma at the support in such a 
manner as to satisfy the con­
dition 

(a) 
Thus, the rotation of the left 
end of the beam, due to the 
force P, will be annihilated by 
M,. and the condition of a 
built-in end with zero slope will 
be satisfied. To obtain the stat­
ically indeterminate couple Ma 
it is necessary only to substitute 
in eq. (a) the known values for 

C 

(d) 

FIG. 155. 

the angles 01 and 01' from equations (88), p. 
p. 158. Then 

from which 

. Pc(/2 - c2) 

6/EI. 

Pc(/2 - c2) 
M,. = - I • 2 2 

The bending moment diagram c·an now be obtained by com­
bining the diagrams for cases (b) and (c) as shown by the 
shaded area in Fig. 155 (d). The maximum bending moment 
will be either that at a or that at d. 

The deflection at any point can easily be obtained by 
subtracting from the deflection at this point produced by the 
load P the deflection produced by the couple Ma. The 
equations of the deflection curves for both these cases have 
already been given in (86) and (87), p. 142, and in (105), 
p. 159. Let us take, for instance, the case c < ½I and calcu-

2 Deflection curves and bending moment diagrams are shown to­
gether. 
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late the deflection at the middle of the span. From eqs. (91) 
and (105) 

~ Pc ( 12 2) + Ma/2 
u = 48£/, 3 - 4c i6EI, 

or, by using eq. (107), 

Pc o = -- (3/2 - 5c2). 
96EI, 

At the point C where the bending moment becomes zero, the 
curvature of the deflection curve is also zero and we have a 
point of inflection, i.e., a point where the curvature changes 
sign. 

It may be seen from eq. (107) that the bending moment 
at the built-in end depends on the position of the load P. If 
we equate to zero the derivative of eq. (107) with respect to c, 
we find that the moment Ma has its numerical maximum value 
when c = !/ {j. Then 

Pl 
I Ma I mnx = J ✓} = 0. l92P/. (108) 

The bending moment under the load, from Fig. 15 5 (d), is 

M _ Pc(/ - c) _ :. Pc(/
2 

- c
2

) = Pc (I _ )2 ( I + ) 
d - I I 2/2 2/3 C 2 C • 

(b) 

If we take the derivative of (b) with respect to c and equate it 
to zero, we find that Md becomes a maximum when 

Substituting this in eq. (b), we obtain 

Comparing this with eq. (108), we find that in the case of a 
moving load the maximum normal stresses q"' are at the 
built-in section. 

Having the solution for the single concentrated load and 
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using the method of superposition, the problem can be solved 
for other types of transverse 
loading by simple extension of 
the above theory . Take, for 
instance, the case represented in 
Fig. I 56. The moment at the 
support ..d, produced by any 

M 

~r-b 
~ B 

C , 

z----
FIG. 156. 

element qdc of the load, is obtained from eq. (107) by substi­
tuting qdc for P. The total moment Ma at the support will be 

M = _ .[b qcdc(/2 
- c'2) = _ .!L [/2

( b2 
- a2

) _ b4 
- a

4]. 
a a 2/2 2/2 2 4 ( C) 

If the load be distributed along the entire length of the beam, 
then substituting in eq. (c) a = o, b = I, we obtain 

q/2 
M = --· a 8 

The bending moment diagram is obtained by subtracting 
the triangular diagram due to the couple Ma (Fig. 157) 
from the parabolic diagram, due to uniform loading. It can 

FIG. 157. 

be seen that the maximum bend­
ing stresses will be at the built-in 
section. The deflection at any 
point is obtained by subtracting 
the deflection at this point pro­
duced by the couple Ma (see eq. 
105, p. 159) from the deflection at 
the same point produced by the 
uniform load (see eq. 81, p. 138). 

For the middle of the span we will obtain 

(110) 

Problems 

1. Draw shearing force diagrams for the cases shown in Figures 
155 and 157. 
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2. Determine the maximum deflection for the case of a uni­
formly distributed load shown in Fig. I 57. 

Solution. Combining eqs. (81) and (105), the following equa­
tion for the deflection curve is obtained: 

(d) 

Setting the derivative dy/dx equal to zero, we find the point of 
maximum deflection at x = (l/16) ( 1 5 - ✓ 33) = o. 5791. Substi­
tuting in (d), we obtain 

q/4 
Omax = 185£/z• 

3. Determine the reaction at the right support of the beam 
shown in Fig. I 57, considering this reaction as the redundant con­
straint. 

Solution. Removing support B, the deflection of this end of 
the beam, considered as a cantilever, will be ql4/8EI. from eq. (84). 
Reaction Rb at B (Fig. 157, a) must be such as to eliminate the 
above deflection. Then by using eq. (95) we obtain the equation: 

from which 

q/2 7 
-M =-+-q/2· 

a 8 120 l ' 

ql4 Rb/3 
-- = --, 
8EI, 3EI, 

4. A beam is loaded as shown in 
Fig. 158. Determine the moment 
Ma and the reactions Ra and & at the 
supports. 

dnswer. 

J I I 
Rb= -8 qi+ -qi/. 

40 

5. Determine the reaction & at the support B of a uniformly 
loaded beam such as shown in Fig. I 57 if the support B is elastic, 
so that a downward force of the magnitude k lowers the support a 
unit distance. 

Solution. Using the same method as in problem 3 above, the 
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equation for determining & will be 

qi• &f3 & 
8 EI, - 3 EI, = k ' 

from which 

6. Construct the bending moment diagram for a uniformly 
loaded beam supported at three equidistant points. 

Suggestion. From the condition 
of symmetry the middle cross section 
does not rotate during bending and 
each half of the beam will be in the 
condition of a beam built in at one end 
and supported at the other. 

7. Determine the deflection of the 
end C of the beam shown in Fig. I 59. 

Solution. Replacing the action of 
the overhang by a couple Pa, the 
bending of the beam between the sup­

(b) 

(c) 

FIG. 159. 

ports will be obtained by superposing cases (b) and (c). The stat­
ically indeterminate couple Ma will be found from the equation 
81 = - 81' or 

Pal Mal 
6EI, = 3EI,' 

from which Ma = Pa/2. The deflection at C will be 

Pa3 Pa3 Pa2I 
o = 3EI, + a(82 - 82') = 3EI, + 4EI,' 

The first term on the right side represents the deflection of a canti­
lever and the second represents the deflection due to rotation of 
the cross section at B. 

8. Determine the additional pressure of the beam AB on the 
support B (Fig. I 55) due to non-uniform heating of the beam, 
provided that the temperature varies from to at the bottom to t 
at the top of the beam according to a linear law. 

Solution. If the support at B is removed, the non-uniform 
heating will cause the deflection curve of the beam to become an 
arc of a circle. The radius of this circle can be determined from 
the equation 1/r = a(t - t0)/h, i1! which h = the depth of the beam 
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and a = the coefficient of thermal expansion. The corresponding 
deflection at B can be found as in problem 2, p. 94, and is 

l2 l2a(t - to) 
0 = 2r = 2h • 

This deflection is eliminated by the reaction of the support B. 
Letting & denote this reaction, 

from which 

Ii B ½ l, C l:Jp 

FIG. 16o. 

&,/3 _ l2a(t - lo) 

3EI, - 2h 

3EI, 
& = 

2
hl ·a(t - t0). 

9. A cantilever AB, loaded at the 
end, is supported by a shorter cantilever 
CD of the same cross section as cantilever 
AB. Determine the pressure X between 
the two beams at C. 

Solution. Pressure X will be found 
from the condition that at C both the can­

tilevers have the same deflection. Using eq. (95) for the lower 
cantilever and eq. (97) together with eq. (95) for the upper we 
obtain 

XI? = _!___(lli2 - l_l)- Xli3' 
3EI, EI, 2 6 3EI. 

from which 

X = 3:(t- ~) · 
From a consideration of the bending moment diagrams for the 
upper and lower cantilevers it can be concluded that at C the upper 
cantilever has a larger angular deflection than the lower has. This 
indicates that there will be contact between the two cantilevers 
only at points D and C. 

Io. Solve problem 7 assuming, instead of a concentrated load 
P, a uniformly distributed load of intensity q to be distributed (1) 
along the length a of the overhand, (2) along the entire length of 
the beam. 

II. Draw the bending moment and shearing force diagrams for 
the case shown in Fig. I 56 if a = 4 ft., b = I 2 ft., l = I 5 ft. and 
q = 400 lbs. per ft. 

42. Beam with Both Ends Built in.-ln this case we have 
six reactive elements (three at each end), i.e., the problem has 
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three statically indeterminate elements. However, for ordi­
nary beams, the horizontal components of the reactions can be 
neglected (see p. 178), which 
reduces the number of stati­
cally indeterminate quantities 
to two. Let us take the mo­
ments Ma and Mb at the sup­
ports for the statically inde­
terminate quantities. Then 
for the case of a single concen­
trated load P (Fig. 161, a) the 
solution can be obtained by 
combining the two statically 
determinate problems shown 
in Fig. 161 (b) and (c). It is 
evident that the conditions at 
the built-in ends of the beam 

0. 
I (b) 

FIG. 161. 

dB will be satisfied if the couples Ma and Mb are adjusted 
so as to make 

(a) 

From these two equations the two statically indeterminate 
couples are obtained. Using eqs. (88) and (89) for a con­
centrated load and eqs. (103) and (104) for the couples, 
eqs. (a) become 

from which 

M,, = 

Pc(/2 - c2) Mal Mi 
---- = --+ --, 

6/EI. 3EI. 6Elz 

Pc(/ - c)(2! - c) = Mal + Mb!, 
6/EI. 6EI. 3EI. 

Pc2(/ - c) 
/2 

Pc(! - c) 2 

/2 (III) 

Combining the bending moment diagrams for cases (b) and (c), 
the diagram shown in Fig. 161 (d) is obtained. The maximum 
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posltlve bending moment is under the load at the point C. 
Its magnitude can be found from Fig. 161 (d) and is given by 
the following: 

M _ Pc(! - c) + Mac + Mb(/ - c) _ 2Pc2(l - c)2 ( ) 
c - / / / - /3 • I I 2 

From Fig. 161 (d) it may be seen that the numerically 
maximum bending moment is either that at C or that at the 
nearest support. For a moving load, i.e., when c varies, 
assuming c < l/2, the maximum numerical value of Mb is 
obtained by putting c = 1/3/in eq. (III). This maximum is 
equal to 4/27P/. The bending moment under the load is a 
maximum when c = l/2 and this maximum, from eq. (112), 
is equal to 1/8P/. Hence for a moving load the greatest 
moment is at the end. 

By using the method of superposition the deflection at any 
point can also be obtained by combining the deflection pro­
duced by load P with that produced by couples Ma and Mb. 

Having the solution for a single concentrated load P, any 
other type of transverse loading can easily be studied by using 
the method of superposition. 

Problems 

I. Draw the shearing force diagram for the case in Fig. 161 (a) 
if P = 1,000 lbs., l = 12 ft., and c = 4 ft. 

2. Construct the bending moment diagram for a uniformly 

---/ 
loaded beam with built-in ends (Fig. 
162). 

Solution. The moment at // pro­
duced by one element qdc of the load 
(Fig. 162, a) is, from eq. (111), 

dM 
__ qdcc2(l - c) . 

a - /2 

The moment produced by the load 
over the entire span is then 

Ma = _ [' qdcc2(! - c) = qP 
• 0 /2 - ;;:; 
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the moment at the support B will have the same magnitude. Com­
bining the parabolic bending moment diagram produced by the 
uniform load with the rectangular diagram given by two equal 
couples applied at the ends, we obtain the diagram shown in Fig. 
162 (b) by the shaded area. 

3. Determine the moments at the 
ends of a beam with built-in ends and 
loaded by the triangular load shown 
in Fig. 163. 

Solution. The intensity of the 
load at distance c from the support B 
is qac/1 and the load represented by the shaded element is qacdc/1. 
The couples acting at the ends, produced by this elementary load, as 
given by eqs. (111), are 

dMa= 

therefore 

qac3(! - c)dc 
/3 

4. Determine the reactive couples Ma and Mb in a beam with 
built-in ends and bent by a couple Pc 
(Fig. 164). 

Solution. By using the solution of 
problem 5, p. 16o, and eqs. (104) and 
(105), the following equations are ob­
tained: 

2Mb + Ma = J;c [} a3 
- b2 ( a + 1)] , 

from which Ma and Mb can easily be calculated. 
5. Determine the bending moments at the ends of a built-in 

beam due to non-uniform heating of the beam if the temperature 
varies from to at the bottom to t at the top of the beam according 
to a linear law. 
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Ma = Mb = aEI,(t - to) , 
h 

where a is the coefficient of thermal expansion and h is the depth 
of the beam. 

6. Determine the effect on the reactive force and reactive couple 
at A of a small vertical displacement o of the built-in end A of the 
beam AB (Fig. 161). 

Solution. Remove the support A; then the deflection o1 at A 
and the slope 01 at this point will be found as for a cantilever built 
in at B and loaded by P, i.e., 

Pr Pc2 

01 = 3EI, + 2EI, (I - c); 
Pc2 

O=-· 1 2EI. 

Applying at A an upward reactive force X and a reactive couple 
Y in the same direction as Ma, of such magnitude as to annihilate 
the slope 81 and to make the deflection equal to o, the equations 
for determining the unknown quantities X and Y become 

X/2 YI Pc2 

2EJ, - EI,= 2EI,' 

X/3 Y/2 
3EI. - 2EJ, = o1 - o. 

7. Draw the shearing force and bending moment diagrams for 
the beam shown in Fig. l 63 if qa = 400 lbs. per ft. and I = l 5 ft. 

8. Draw the shearing force and bending moment diagrams for 
a beam with built-in ends if the left half of the beam is uniformly 
loaded with a load q = 400 lbs. per ft. The length of the beam is 
I= 16 ft. 

43. Frames.-The method used above for the cases of 
statically indeterminate beams can be applied also to the 
study of frames. Take, as a simple example, the symmetrical 
and symmetrically loaded frame, Fig. 165, hinged at C and D. 
The shape of the frame after deformation is shown by the 
dotted lines. Neglecting the change in the length of the bars 
and the effect of axial forces on the bending of bars,3 the frame 
can be considered to be made up of three beams as shown in 

3 Simultaneous action of bending and thrust will be discussed later 
(see Part II). 
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Fig. 165 (b). It is evident that there will be couples Mat the 
ends of the horizontal beam dB which oppose the free rotation 
of these ends and represent the action of the vertical bars 
on the horizontal beam. This couple M can be considered as 
the only statically indeterminate quantity. Knowing M, the 

(b) 

C 
{c) 

D 

bending of all three bars can be investigated without any 
difficulty. For determining M we have the condition that at 
d and at B there are rigid joints between the bars so that the 
rotation of the top end of the vertical bar AC must be equal to 
the rotation of the left end of the horizontal bar. Hence the 
equation for determining Mis 

(a) 

81 must be determined from the bending of the horizontal 
beam dB. Denoting by I the length of this beam and by El 
its flexural rigidity, the rotation of the end d due to the load P, 
by eq. (88) (b = //2), is Pl2/16EJ. The couples at the ends 
resist this bending and give a rotation in the opposite direction, 
which, from eqs. (103) and (104), equals Ml/2EI. The final 
value of the angle of rotation will be 

P/2 Ml 
81 = I 6EJ - 2EI • 
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Considering now the vertical bar AC as a beam with supported 
ends, bent by a couple M, and denoting by hits length and by 
E/1 its flexural rigidity, the angle at the top, from eq. (104), 
will be 

I Mh 
01 = 3EI1. 

Substituting in eq. (a), we obtain 

Pl2 Ml Mh 
16EI - 2EI = 3El1' 

from which 
(113) 

This is the absolute value of M. Its direction is shown in 
Fig. 165 (b). Knowing M, the bending moment diagram can 
be constructed as shown in Fig. 165 (c). The reactive forces 

H 

C 

A 

,, 
.,A __ -.&. ___ B 

{a} 

C 0 H 

F10. 166. 

at the hinges C and D are also 
shown (Fig. 165, a). The verti­
cal components of these forces, 
from considerations of symmetry, 
are each equal to P/2. As regards 
the horizontal components, their 
magnitude M/h is obtained by con­
sidering the vertical bars as simply 
supported beams loaded at the top 
by the couples M. 

The same problem can be solved 
in another way by taking the hori­
zontal reaction H at the hinges 
C and D as the statically inde­
terminate quantity, instead of M 
(Fig. 166). The statically inde­
terminate problem is solved by 
superposing the two statically de­
terminate problems shown in Fig. 

166 (b) and (c). In case (b) the redundant constraint prevent-
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ing the horizontal motion of the hinges C and D is removed. 
The vertical bars no longer have any bending. The horizontal 
bar AB is in the condition of a bar with simply supported ends 
whose angles of rotation are equal to Pl2/16EI, and the hori­
zontal motion of each hinge C and Dis therefore h(P/2/16El). 
In case (c) the effect of the forces His studied. These forces 
produce bending couples on the ends of the horizontal bar AB 
equal to H·h, so that the angles of rotation of its ends 0' will 
be Hh•l/2EI. The deflection of each hinge C and D consists 
of two parts, the deflection 0' h = Hh2l/2EI due to rotation of 
the upper end and the deflection Hh3/3EI1 of the vertical bars 
as cantilevers. In the actual case (Fig. 166, a) the hinges C 
and D do not move; hence the horizontal displacements pro­
duced by the force P (Fig. 166, b) must be counteracted by 
the forces H (Fig. 166, c), i.e., 

from which 

H 
Remembering that Hh = M, this re-

--z 
I 

(o/ 

sult agrees with the equation (113) r--~~~=~h 
above. 

This latter method of analysis is fol 
especially useful for nonsymmetrical 
loading such as shown in Fig. 167. °' c 
Removing the constraint preventing Fm. 167. 

the hinges C and D from horizontal 
motion, we have the condition represented in Fig. 167 (b). It 
is evident that the increase in distance between C and D may 
be obtained by multiplying by h the sum of the angles 81 

and 02• Using eqs. (88) and (89), this increase in distance 
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becomes 

h [ Pc(/2 
- c2

) Pc(/ - c)(2I - c)] 
6/EJ + 6/EI 

Pc(/ - c)h 
2EJ 

It must be eliminated by the horizontal reactions H (Fig. 
166, c). Then, using the results obtained in the previous 
problem, we get the following equation for determining H: 

from which 
H = Pc(!- c) __ 1 __ 

2hl 2 I h 
I + J f If 

(114) 

Having the solution for one concentrated load, any other case 
of loading of the beam AB of the frame can easily be studied 
by the method of superposition. 

Let us consider now a frame with built-in supports and an 
unsymmetrical loading as shown in Fig. 168. In this case we have 

I p C , c ~ '9z C 
A 8 r A B 

h (a) (J,} 

l I, 

C 0 
1/. / 

.K % 
0 lJ 

L l-c l 
¼ h 

l 
1/. 

(d) D 

FIG. 168. 

three reactive elements at each support and the system has three 
statically indeterminate elements. In the solution of this problem 
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we will use a method based on the method of superposition in 
which the given system of loading is split into parts such that 
for each partial loading a simple solution can be found.' The . 
problem shown in Fig. 168 (a) can be solved by superposing the 
solutions of the two problems shown in Fig. 168 (b) and (c). The 
case shown in (b) is a symmetrical one and can be considered in 
the same manner as the first example shown in Fig. 165. A study 
of the case shown in (c) will show that the point of inflection 0 
of the horizontal bar AB is situated at the middle of the bar. This 
follows from the condition that the loads P/2 are equally distant 
from the vertical axis of symmetry of the frame and are opposite 
in sense. The moment, the deflection, and the axial force produced 
at the mid point O of the horizontal beam AB by one of the loads 
P/2 will be removed by the action of the other load P/2. Hence 
there will be no bending moment, no vertical deflection and no axial 
force at 0. The magnitude of the shearing force at the same point 
X can be found from the condition that the vertical deflection of 0 
is equal to zero (Fig. 168, ti). This deflection consists of two parts, 
a deflection o1 due to the bending of the cantilever OB and a deflec­
tion o2 due to rotation of the end B of the vertical bar BD. Using 
the known equations for a cantilever (eq. 98), and using the notations 
given in the figure, the following equations are obtained: 

(')3 
01 = !:_ ~ + ~ ~ ( ~ - c) - X 

2 , 
2 3EI 2 2EI 2 3EI 

02 = (Pc - x~)J::.-~-
2 2 Eli 2 

Substituting this in the equation 01 + 02 = o, the magnitude X of 
the shearing force can be found. Having determined X, the bend­
ing moment at every cross section of the frame for case (c) can be 
calculated. Combining this with the bending moments for the sym­
metrical case (b), the solution of the problem (a) is obtained. 5 

Problems 

I. Determine the bending moments at the corners of the frame 
shown in Fig. 169. 

4 Such a method was extensively used by W. L. Andree; see his book 
"Das B-U Verfahren," Miinchen and Berlin, 1919. 

5 Solutions of many important problems on frames can be found in 
the book by Kleinlogel, "Mehrstielige Rahmen," Berlin, 1927. 
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Considering the bar AB as a beam supported at the 

p I 
A 

I, 

;t~· ,., , 
~ 

{t,) 

Fm. 169. 

ends (Fig. 169, b) and denoting by M the moments at the corners, 
the angle 81 will be 

P/2 Ml -----· 
16EI 2EJ 

Putting this equal to the angle Bi' at the ends of the vertical bars 
which are bent by the couples M only, the following equation for 
Mis obtained: 

from which 

H C 

P/2 Ml Mh -----=--, 
16EI 2EI 2El1 

Pl 
M= 8--h-l 

l + / /1 

2. Determine the horizontal reactions H 
for the case shown in Fig. 170. 

Suggestion. By using eq. (114) and ap. 
h plying the method of superposition, we get 

H = q/2 I 
24'i 2 I h 

I+ 3 11 I 
3. Draw the bending moment diagram for the three bars of the 

preceding problem assuming h = land I = 11 . 

• 
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4. Determine the bending moments at the joints of the frame 
shown in Fig. 171. 

FIG. 171. 

Solution. Disjointing the frame as shown in Fig. 171 (b), the 
equations for determining the couples M and M1 are 

Substituting in these equations 

Pc(/ - c) Ml 
8 ------· 1 

- 2EI 2EJ' 

Mh M1h 
Bi' = 3EI1 - 6EI1 ; 

Mil 
82 =--. 

2EI2' 

and 

we obtain two equations for deter­
mining Mand M1. 

5. A symmetrical rectangular 
frame is submitted to the action of 
a horizontal force H as shown in 
Fig. 172. Determine the bending 
moments M and M1 at the joints. 

H A 8 

1,, 

I 71 
k--...... ~------.t,: i 

~I 

~~ ~~'c-:;i!-----,J; 
I? ' 
(b) 

F10. 172. 

Solution. The deformed shape of the frame is shown in Fig. 
172 (a). Disjointing the frame as shown in Fig. 172 (b), and 
applying moments the directions of which are chosen to comply 
with the distorted shape of the frame, Fig. 172 (a), we have 
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for the bar CD 

Mil (Hh ) I 81 = 6EI = 2 - M 6EI • (a) 

Considering now the vertical bar AC as a cantilever built in at the 
end Cat an angle 81, the slope at the end A will be 

1 
fl h2 Mh 

82 = 81 + -- -- - - · (b) 
2 2EI1 E/1 

Finally, due to bending of the bar AB, 

82 = 82' = Ml · 
6EI2 

Then, from eqs. (a), (b) and (c), 

M = H h ( 1 + 3h !_) I 
2 / 11 I 

6 
h I 

1+-+ --
12 I 11 

(c) 

(d) 

Substituting in eq. (a), the bending moment M1 can be found. 
When the horizontal bar CD has very great rigidity, we approach 
the condition of the frame shown in Fig. 168, submitted to a lateral 
load H. Substituting in (d) I= oo, we obtain for this case 

M= Hh l 

4 l / /1 
l +---

6h 12 

(e) 

The case of a frame such as shown in Fig. 165 with hinged supports 
and submitted to the action of a lateral load applied at A can also 
be obtained by substituting I= o in eq. (d). 

6. Determine the horizontal reactions H, and the moments M,. 
and M 6 at the joints A and B for the frame shown in Fig. 173. 

Answer. 

where 

qh nm+ 20 
H= -----, 

20 2m + 3 

qh2 7m 
Ma= Mb= ~6 + > o 2m 3 

I h 
m= -.-. 

/1 / 
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7. A frame consists of two bars joined rigidly at B and built 
in at A and C (Fig. 174). Determine the bending moment M at 

tJ 
I 

I, 

Fm. 173. 

B and the compressive force Pin AB when, due to a rise in tem­
perature, the bar AB increases in length by .6. = al(t - t0). 

Answer. P and M can be found from equations:-

P/i3 Mli2 
----=.6. 
3EI 2EI ' 

Pli2 M/1 Ml 
2EI - EI = 4El • 

44. Beams on Three Supports.-ln the case of a beam 
on three supports (Fig. 175, a) there is one statically inde­
terminate reactive element. Let the reaction of the inter­
mediate support be this element. Then by using the. method 
of superposition the solution of case (a) may be ol;>tained by 
combining the cases repr~sented in (b) and (c), Fig. 17 5. The 
intermediate reaction X is found by using the condition 
that the deflection 8 produced at C by the load P must be 
eliminated by the reaction X. Using eq. (86), we get the 
following equation for determining X: 

Pc/1[(/1 + /2) 2 - c2 
- /i2] Xli2/l 

from which 

6(/1 + l2)El, = 3(/1 + l2)EI.' 

X = Pc[U1 + /2) 2 - c2 
- /12]. 

2/ill (115) 

If Pis acting on the left span of the beam, the same equation 
can be used, but the distance c must be measured from the 
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support A and /1 and l2 must be interchanged. For /1 = /2 = I, 
from (n5), 

Pc(3l2 - c2) 
X = 2/3 • (II6) 

Having the solution for a single load P, any other loading can 
easily be studied by using the method of superposition. 

The same problem can be solved in another manner. Im­
agine the beam cut into two parts at C (Fig. 175, d) and let 

r-- - --,,.-5- -~ 
6, K 

(c) 

Fm. 175. 

Mc denote the magnitude of the bending moment of the orig­
inal beam at this cross section. In this manner the problem 
is reduced to the consideration of the two simply supported 
beams shown in (d) which are statically determinate. The 
magnitude of Mc is determined from the condition of con­
tinuity of the deflection curve at the support C. From this 
() = 0', whence, using the eqs. (88), p. 142, and (104), p. 158, 
we obtain 

from which 

Mell Pc(/22 - c2) MJ2 
- -- - -....,....,.."=""=---'-- + -- ' 

3Elz - 6l2Elz 3Elz 

M = _ Pc(ll - c2
) • 

C 2/2('1 + /2) 
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The direction of Mc as determined from the condition of bend­
ing is shown by arrows in Fig. 175 (d). The bending moment 
diagram is shown by the shaded area in Fig. 175 (d). 

Problems 

I. For the example in Fig. 175 prove that the magnitude of the 
bending moment Mc given by eq. (n7) is the same as that given 
for the cross section C by eq. (II5). 

2. Draw the shearing force diagram for the beam of the preced­
ing problem if /1 = /2, c = /2/2, and P = 1,000 lbs. 

3. A beam on three supports (Fig. 175, a) is carrying a uni­
formly distributed load of intensity q. Determine the bending 
moment at the support C. 

Solution. By the method of superposition, substituting qdc for 
Pin eq. (n7) and integrating along both spans, we obtain 

_ (12 qc(/22 - c2)dc _ (11 qc(/1
2 - c2)dc = q '23 + /i3 

Mc = J0 2Ml1 + /2) J0 2/1(/i + /2) - 8 Ii + 12 ' 

when 

The direction of this moment is as shown in Fig. 175 (d). 
4. Draw the shearing force diagram for the preceding problem 

assuming /1 = /2 and q = 500 lbs. per ft. 
5. Determine the numerical maximum bending moment in the 

beam ACE (Fig. 175) if P = 10,000 lbs., Ii = 9 ft., /2 = 12 ft., 
C = 6 ft. 

Answer" Mmax = 23,600 lbs. ft. 
6. A beam on three equidistant supports is carrying a uniformly 

distributed load of intensity q. What effect will it have on the 
middle reaction if the middle support is lowered a distance o? 

Solution. Using the method shown in Fig. 175 (b) and (c), 
the middle reaction Xis found from the equation: 

5 q( 21)4 X( 2/)a 
-- --= --+ o, 
384 EI 48EI 

from which 
5 6oEI 

X= 82qt- 13 -

7. Determine the additional pressure of the beam AB on the 
support C (Fig. 175, a) due to non-uniform heating of the beam 
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if the temperature varies from t at the bottom to t1 at the top of 
the beam according to a linear law, t > t1 and /1 = /2 = /. 

Solution. If the support at C were removed, then, due to the 
non-uniform heating, the deflection curve of the beam would be,. 
come the arc of a cir.de. The radius of this circle is determined 
by the equation: 

in which h = the depth of the be.am and a = the coefficient of 
thermal expansion. The corresponding deflection at the middle 
is o = /2/2r and the reaction X at C can be found from the equation: 

X(2/) 3 

48£/ = o. 

8. Determine the bending moment diagram for the beam ABC 
supported by three pontoons (Fig. 176) if the horizontal cross-sec­
tional area of each pontoon is A and the weight of unit volume 
of water is 'Y· 

Solution. Removing the support at C, the deflection o pro­
duced at this point by the load 
P consists of two parts: (a) the 
deflection due to bending of the 
beam and (b) the deflection due 
to sinking of pontoons A and B. 
From eq. (91) we obtain 

(a) 

The reaction X of the middle support diminishes the above deflec­
tion by 

X(2/)3 X . 
48E/, + 2Ay (b) 

The difference between (a) and (b) represents the distance the 
middle pontoon sinks, from which we get the following equation 
for determining X: 

Pc P X(2/) 3 X X 
48EI. [

3

(

2
/)

2 
- 4 c

2
] + 2A-y - 48E/, - 2A-y = d-y • 

Knowing X, the bending moment diagram can readily be obtained. 
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45. Continuous Beams.-ln the case of a continuous beam 
on many supports (Fig. 177) one support is usually considered 
as an immovable hinge while the other supports are hinges on 
rollers. In this arrangement every intermediate support has 
only one . unknown reactive element, the magnitude of the 
vertical reaction; hence the number of statically indeterminate 

J;; 
H, H, H, H, Hs 

0 

(c} 

Fm. 177. 

elements is equal to the number of intermediate supports. 
For instance, in the case shown in Fig. 177 (a) the number of 
statically indeterminate elements is five. Both methods 
shown in the previous article can be used here also. But if 

' the number of supports is large, the second method, in which 
the bending moments at the supports are taken as the stati­
cally indeterminate elements, is by far the simpler method. 
Let Fig. 177 (b) represent two adjacent spans n and n + I of a 
continuous beam cut at supports n - I, n and n + I. Let 
Mn-1, Mn and Mn+1 denote the bending moments at these 
supports. The directions of these moments depend on the 
loads on the beam. We will assume the directions shown in 
the figure.6 It is evident that if the bending moments at the 
supports are known the problem of the continuous beam will 
be reduced to that of calculating as many simply supported 

6 If finally we would obtain negative signs for some moments, this will 
indicate that the directions of these moments are opposite to that shown 
in the figure. 
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beams as there are spans in the continuous beam. For 
calculating the bending moments Mn-1, Mn, Mn+i the con­
dition of continuity of the deflection curve at the supports 
will be used. For any support n this condition of continuity 
is satisfied if the deflection curves of the two adjacent spans 
have a common tangent at the support n, i.e., if the slope at 
the right end of span n is equal to the slope at the left end of 
span n + 1. To calculate these slopes the area moment 
method will be used. Let An denote the area of the bending 
moment diagram for the span n, considered as a simply sup­
ported beam, due to the actual load on this span; let an and bn 
represent the horizontal distances of the centroid Cn of the 
moment area from the supports n - I and n. Then the slope 
at the right end for this condition of loading is (see Art. 35) 

Anan 
- lnEI •• 

In addition to the deflection caused by the load on the span 
itself, the span n is also bent by the couples Mn-1 and Mn. 
From equations (103) and (104) the slope produced at the 
support n by these couples is 

The total angle of rotation is then* 

(a) 

In the same manner, for the left end of the span n + 1, we 
obtain 

From the condition of continuity it follows that 

0 = 0'. 

* The angle is taken positive if rotation is in clockwise direction. 

(b) 

(c) 
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Substituting expressions (a) and (b) in this equation we obtain 

Mn-ifn + '2Mn(/n + fn+1) + Mn+ifn+J 

6Anan 6An+lbn+I ( 
= - -Z:- - fn+I I I 8) 

This is the well-known equation of three moments. 7 It is 
evident that the number of these equations is equal to the 
number of intermediate supports and the bending moments at 
the supports can be calculated without difficulty. 

In the beginning it was assumed that the ends of the 
continuous beam were supported. If one or both ends are 
built in, then the number of statically indeterminate quantities 
will be larger than the number of intermediate supports and 
derivation of additional equations will be necessary to express 
the condition that no rotation occurs at the built-in ends (see 
problem 5 below). 

Knowing the moments at the supports, there is no difficulty 
in calculating the reactions at the supports of a continuous 
beam. Taking, for instance, the two adjacent spans n and 
n + I (Fig. 177, b), and considering them as two simply 
supported beams, the reaction R,.' at the support n, due to the 
loads on these two spans, can easily be calculated. In 
addition to this there will be a reaction due to the moments 
Mn-h Mn and Mn+l• Taking the directions of these moments 
as indicated in Fig. 177 (b), the additional pressure on the 
support n will be 

Mn-I - Mn + - Mn + Mn+I 
fn fn+i 

Adding this to the above reaction Rn', the total reaction will be 

Rn = Rn' + Mn-I - M,. + - Mn + Mn+I. (I 19) 
I,. ln+i 

If concentrated forces are applied at the supports they will 
7 This equation was established by Bertot; see Comptes rendus de 

la Societe des lngenieurs civils, p. 278, 1855; see also Clapeyron, Paris, 
C.R., t. 45 (1857). 
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be transmitted directly to the corresponding supports and 
must be added to the right side of equation (119). 

The general equation of continui'ty (c) can also be used for 

t _1_/J,, ---1---------------~ 
--,------ + t /Pn., I 

II --.,----------{n,t 
z,, ------ z,,.,--.i 

FIG. 178. 

those cases where, by mis-align­
ment, the supports are not situ­
ated on the same level (Fig. 
178). Let f3n and /3n+l denote the 
angles of inclination to the hori­
zontal of the straight lines con­

necting the points of supports in the nth and (n + 1)th spans. 
The angle of rotation given by eqs. (a) and (b) was measured 
from the line connecting the centers of the hinges; hence the 
angle (J between the tangent at n and the horizontal line will be, 
for the span n, 

__ ( M nfn + Mn-ifn A nan _ ) , 8 - 3EI, 6EJ, + lnEI, /3n 

In the same manner for the span n + I 

1 An+lbn+l M nfn+l Mn+iln-!-1 
(J = fn+iEJ, + 3£], + 6£], + /3n+l• 

Equating these angles we obtain 

Mn-1/n + '2Mn(fn + fn+t) + Mn+ifn+l 

= _ 6Anan _ 6An+1bn+l _ 6EJ (/3 _ /3 ) (I2o) 
/,. fn+l z n+l n • 

If hn-i, hn, hn+i denote the vertical heights of the supports n - I, 

n and n + I above a horizontal reference line, we have 

Substituting in eq. (120), the bending moments at the supports 
due to mis-alignment can easily be calculated. 

Problems 

1. Determine the bending moment and shearing force diagrams 
for a continuous beam with three equal spans carrying a uniformly 
distributed load of intensity q (Fig. 179). 

Solution. For a simply supported beam and a uniformly dis­
tributed load the bending moment diagram is a parabola with 
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maximum ordinate q/,,2/8. The area of the parabolic segment is 

A = ~ l ql,,2 = qfna . 
n J n 8 12 

The centroid is at the middle of the span, so an = bn = l,./2. Sub­
stituting in eq. (II8), we obtain 

qln3 q(/n+1) 3 

Mn-ifn + 'lMn(/n + ln+l) + Mn+ifn+l = - - - -- • (II8') 
4 4 

Applying this equation to our case (Fig. 179) for the first and the 
second span and noting that at the support o the bending moment 
is zero, we obtain 

From the condition of symmetry 
it is evident that M1 = M2. 
Then, from (d), M 1 = - (ql2/10). 

The bending moment diagram 
is shown in Fig. 179 (a) by 
the shaded area. The reaction 
at support o is 

qi ql2 l 4 
Ro = 2 - Io / = IO qi. 

The reaction at support 1 is 

q/2 I I I 
R = qi + - - = - qi. 1 

10 I 10 

(d) 

n,i 

F10. 180. 

The shearing force diagram is shown in Fig. 179 (b). The maximum 
moment will evidently be at a distance 41/10 from the ends of the 
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beam, where the shearing force is zero. The numerical maximum 
bending moment is at the intermediate supports. 

2. Set up the expression for the right side of eq. (u8) when 
there is a concentrated force in the span n and no load in the span 
n + 1 (Fig. 180). 

Solution. In this case An is the area of the triangle of height 
Pc(ln - c)/ln and with the base ln; hence An = Pc(ln - c)/2 and 
an = In - bn = ln - Un+ c)IJ. Substituting in (II8), we get 

Pc(ln - c)(2ln - c) 
Mn-ifn + 2Mn(/n + ln+i) + Mn+ifn+I = - In • 

3. Determine the bending moments at the supports and the 
reactions for the continuous beam shown in Fig. I 8 r. 

Fm. 181. 

Answer. Mi = - 1.54 ton ft.; M2 = - 3.74 ton ft.; Ma 
= - r.65 ton ft. The reactions are Ro = - 0.386 ton; Ri = 2.69 
tons; R2 = 6.22 tons; Ra = 3.75 tons; R4 = - 0.275 ton. The 
moments at the supports are negative and produce bending con­
vex up. 

4. Construct the bending moment and shearing force diagrams 
for the continuous beam shown in Fig. 182 (a) if P = ql, c = l/4. 

Solution. In this case the imaginary loading for the first span 
is A 1 = qf?'/12, for the second span A2 = o, and for the third span 

Aa = Pc(! - c) . aa = 2/ - c . ba = I+ c. 
2 ' 3 , 3 

Substituting in eq. (u8) gives the following equations for deter­
mining the bending moments M 1 and M2: 

from which 
49 

Mi = -
9

6o q/2 ; 
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Both these moments are negative, so that the bending moment 
diagram will be as shown in Fig. 182 (b). To obtain the shearing 

fo.:ce diagram it is necessary to find the reactions at the supports 
of the separate spans (eq. I 19). The pressures on supports o and 
1 for the first span of the beam are 

and 

The pt"essure on supports I and 2 of the second span of the beam are 

and 

and on supports 2 and 3 of the third span 

and 

From this, the shearing force diagram is obtained as shown m 
Fig. 182 (c). 

5. Determine the bending moment diagram for the case shown 
in Fig. 183 {a). 

Solution. Equation (II 8) for this case becomes 

MJ + 4M1I + M2l = o. 

Now, M 2 = - Pc, while the condition at the built-in end (sup-
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port o) gives (from eqs. 103, I04) 

Mo! Mil 
3EI + 6EI = o. 

From the above equations we obtain Mo = - !_ Pc; Mi = + ~ Pc; 
7 7 

M2 = - Pc. The bending moment diagram is as shown in 
Fig. 183 (b). 

·i 1-- I I 

z 

t P (a) 

Frn. 183. 

6. Determine the bending moments at the supports of a con­
tinuous beam with seven equal spans when the middle span alone 
is loaded by a uniformly distributed load q. 

Answer. 

q/2 I I 
Ma= M4 = -

18
_
9

; M2 = M. = -

3
_
75 

Ma; Mi= M6 = ~ M,. 

7. A continuous beam having four equal spans of length r6 ft. 
each is uniformly loaded over the last span. Draw the shearing 
force and bending moment diagrams if q = 400 lbs. per ft. 

8. Solve problem 5 assuming that a uniform load of intensity q 
is distributed along the entire length of the beam and that c = !/':' .. 
Draw the shearing force diagram for this loading condition. 



CHAPTER VII 

BEAMS OF VARIABLE CROSS SECTION. BEAMS 
OF TWO MATERIALS 

46. Beams of Variable Cross Section.-ln the preceding 
discussion all of the beams considered were of prismatical 
form. More elaborate investigation shows that equations 
(56) and (57), which were derived for prismatical bars, can 
also be used with sufficient accuracy for bars of variable cross 
section provided the variation is not too extreme. Cases of 
abrupt changes in cross section, in which considerable stress 
concentration takes place, will be discussed in Part II. 

As a first example of a beam of a variable cross section 
let us consider the deflection of a cantilever beam of uniform 
strength, i.e., a beam in which the section modulus varies along 
the beam in the same proportion as the bending moment. 
Then, as is seen from eqs. ( 60), ( <T x) max remains constant along 
the beam and can be taken equal to <Tw• Such a condition is 
favorable as regards the amount of material used, because 

• each cross section will have only the area 
necessary to satisfy the conditions of ~It 

strength. P x 

For a cantilever with an end load (Fig. y , 

184), the bending moment at a cross sec- z 
• d" f h l d • Fm. I 84. tion a 1stance x rom t e oa 1s numer-

ically equal to Px. In order to have a beam of uniform 
strength the section modulus also must be proportional to x. 
This condition can be fulfilled in various ways. 

Let us take as a first example the case of a rectangular cross 
section of constant width b and variable depth h. From the 
definition of the beam of equal strength it follows that 

M 6Px 6Pl z = bh2 = bho2 = const., 

209 
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in which ho is the depth of the beam at the built-in end. Then 

h2 _ hix 
- I • 

It may be seen that in this case the depth of the beam varies 
following a parabolic law. At the loaded end the cross­
sectional area is zero. This result is obtained because the 
shearing stress was neglected in the derivation of the form of 
the beam of uniform strength. In practical applications this 
stress must be taken into account by making certain changes 
in the above form at the loaded end to have a cross-sectional 
area sufficient to transmit the shearing force. The deflection 
of the beam at the end is found from eq. (93): 

f' 12Px2dx 12P/312 {' 2 P/3 
~ = J

0 
-Ebh3 = Ebhi Jo ,Jxdx = 3 El o' (121) 

where 10 = bh0
3/12 represents the mo­

ment of inertia of the cross section at 
the built-in end. Comparison with 
eq. (95) shows that this deflection 
is twice that of a prismatical bar 
having the flexural rigidity E/0 and 
subjected to the same load. That 
is, the bar has the same strength, 
but not the same stiffness as the pris­
matical bar. 

As a second example we consider a 
cantilever of rectangular cross section 
of constant depth h and variable 
width b (Fig. 18 5 a, b). As the section 

modulus and moment of inertia I. of a beam of triangular 
shape increases with x in the same proportion as the bending 
moment, the maximum stress (<rx)max and the curvature (see 
eq. 56) remain constant along the beam and the magnitude 
of the radius of curvature can be determined from the equation 
(see eq. 5 5): 

hE 
(<T) - - • 

X m&X - 'J.r (c) 
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The deflection at the end of a circular arc can be taken, for 
small deflections, equal to 

12 P/3 
o=-=--

2r 2El0 
(122) 

or, by using (c), 

(123) 

It is seen from this equation that for this type of cantilever of 
uniform strength the deflection at the end varies as the square 
of the length and inversely as the depth. 

These results may be used to compute the approximate 
stresses and deflections in a spring of leaf type. The triangular 
plate considered above is thought of as divided into strips, 
arranged as shown in Fig. 185 (b, c, d). The initial curvature 
and the friction between the strips are neglected for a first 
approximation and eq. ( 1 23) can then be considered as 
sufficiently accurate.1 

The conjugate beam theory can also be used in calculating 
the deflection of beams of variable cross section. In this 
connection it is only necessary to bear in mind that the 
curvature of the deflection line at any cross section is equal to 
the ratio M/Elz (eq. 56, p. 91). Therefore an increase in 
the flexural rigidity at a given section will have the same 
effect on the deflection as a decrease of the bending moment 
there in the same ratio. Consequently the problem of the 
deflection of beams of variable cross section can be reduced to 
that of beams of constant cross section, by using the modified 

1 This solution was obtained by E. Phillips, Annales des Mines, 
Vol. 1, pp. 195-336, 1852. See also Todhunter and Pearson, History of 
Elasticity, Vol. 2, part 1, p. 330, and Theorie der Biegungs- und Torsions­
Federn v. A. Castigliano, Wien, 1888. The effect of friction between 
the leaves was discussed by G. Marie, Annales d~s Mines, Vols. 7-9, 
1905 and 1906. D. Landau and P. H. Parr investigated the distribution 
of load between the individual leaves of the spring, Journ. of the Franklin 
Inst., Vols. 185, 186, 187. A com.plete bibliography on mechanical 
springs was published by the Amer. Soc. Mech. Eng., New York, 1927. 
See also the book by S. Gross and E. Lehr," Die Federn," V. D. I. Verlag, 
1938. 
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bending moment diagram in which each ordinate is multiplied 
by 10/I, where I is the moment of inertia at that cross section 
and lo is the constant mf>ment of a uniform bar to the de­
flection of which we will reduce our bar of variable cross section. 

For example, the problem of the deflection of a circular 
shaft (Fig. I 86) which has sections of two different diameters, 

with moments of inertia 10 and 1 1, 

~ and loaded by P, can be reduced to 
~ that for a circular shaft having a 

A c, 8 constant moment of inertia of the 
~ cross section lo as follows. In con-

A, lf!"~--..................... = ......... .....,,.......,....,,.B, sidering the conjugate beam A1B1 

" " instead of a triangular loading 
FIG. 186. 

A1C1B1 representing the bending 
moment diagram, we use the loading represented by the shaded 
area. This area is obtained by reducing ordinates of the 
diagram along the middle portion of the shaft in the ratio 10/11• 

Determination of deflections and slopes can now be made as 
in the case of prismatical bars, the magnitude of the deflection 
and slope at any cross section of the beam being equal to the 
bending moment and shearing force of the conjugate beam 
divided by Elo. It should be noted that in the case repre­
sented in Fig. I 86 an abrupt change in the diameter of the 
shaft takes place at a distance //4 from the supports, producing 
local stresses at these points. These have no substantial 
effect upon the deflection of the shaft provided the difference 
in diameter of the two portions is small in comparison with 
the lengths of these portions. 

The method used for a shaft of variable cross section can be 
applied also to built-up I beams of variable cross section. An 
example of an I beam supported at the ends and uniformly 
loaded is shown in Fig. 187. The bending moment decreases 
from the middle towards the ends of the beam and the weight 
of the beam can be reduced by diminishing the number of 
plates in the flanges as shown schematically in the figure. The 
deflection of such a beam may be calculated on the basis of the 
moment of inertia of the middle cross section. The load on 
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the conjugate beam, instead of being a single parabola indi­
cated by the dotted line, is taken as represented by the shaded 

diagram in Fig. 187, each diminution in the cross section being 
compensated for by an increase of the ordinates of the moment 
diagram in the ratio I middle/ I. 

Problems 

I. A steel plate of the form shown 
in Fig. 188 is built in at one end and 
loaded by a force P at the other. 
Determine the deflection at the end if 
the length is 2/, a is the width, h the 
thickness of the plate, and P the load at 
the end. 

Solution. The deflection will con­
sist of three parts: 

pp pp . 
(I) 01 = -EI + 1,.1 , the deflection at B, 

3 z 2 , z 

Fm. 188. 

3PP 
(2) Oz = - }if , the deflection at C due to the slope at B, 

2 _, z 

and 

(.1) &3 = PE/3/ , the deflection due to bending of part BC of the plate. 
2 , z 

The complete deflection is given by o = 01 + 02 + 03. 
2. Solve the previous problem assuming / = 10 in., a = 3 in., 

p -= 1,000 lbs. and CTmax = 70,000 lbs. per sq. in. 
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3. Determine the width d of a carriage leaf spring (Fig. 185) 
and its deflection if P = 6,000 lbs., h = ½ in., l = 24 in., <Tw = 
70,000 lbs. per sq. in., and the number of leaves n = 10. 

Solution. Considering the leaves of the spring as cut out of a 
triangular plate (Fig. 185, b), the maximum stress will be 

6PI 
u max = ndh2 ' 

from which 

d = . 6PI = 6 X 6,000 X 24 X 4 = in 
nuwh2 IO X 70,000 4·94 • 

The deflection is determined from eq. (123), 

70,000 X 242 
• 

o = i X X s = 2.69 in. 
2 3o JO 

4. Compare the deflection at the middle and the slope at the 
ends of the shaft shown in Fig. 186 with those of a shaft of the 
same length but of constant cross section whose moment of inertia 
is equal to Io. Take 11 : / 0 = 2. 

Solution. Due to the greater flexural rigidity at the middle, 
the slopes at the ends of the shaft shown in Fig. 186 will be less 
than those at the ends of the cylindrical shaft in the ratio of the 
shaded area to the total area of the triangle A1C1B1. The total area 

is the loading for the case of the 
cylindrical shaft. For the values 
given, this ratio is 5/8 : I. 

The deflections at the middle 
x for the two types of shaft are in 

the ratio given by the bending mo­
ment produced by the shaded area) 
divided by that produced by the 
area of the triangle A1C1B1• This 
will be 9/ I 6 : I. 

5. A beam supported at the ends is loaded as shown in Fig. 189. 
How should the depth h of the beam vary in order to have a form 
of equal strength if the width b of the rectangular cross section 
remains constant along the beam? 

Answer. 

Jr = ho2 ( I - 8 ; ) • 
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6. Determine the deflection of a steel plate½ in. thick shown in 
Fig. 190 under the action of the load P = 20 lbs. at the middle. 

Solution. Reducing the problem to 
that of the deflection of a plate of con- f=:::c=:::lit:P=:c=::i 
stant width = 4 in., the transformed ~-•--- ,f 
moment area for this case will be repre­
sented by the trapezoid adeb, and we 
obtain 

where /, is the moment of inertia at the 
middle of the ~pan. The numerical 

0
'-------::Ab 

value of the deflection can now be easily 
calculated. 

Fm. 190. 

7. Determine the maximum deflection of a leaf spring (Fig. 
I 8 5) if l = 36 in., h = ½ in., E = 30 X 106 lbs. per sq. in., <Tw = 
60,000 lbs. per sq. in. 

Answer. o = 5.18 in. 
8. A simply supported rectangular beam carries a load P which 

moves along the span. How should the depth I,, of the beam vary 
in order to have a form of equal strength if the width b of the 
rectangular cross section remains constant along the beam? 

Solution. For any given position of the load, the maximum 
moment occurs under the load. Denoting the distance of the load 
from the middle of the span by x, the bending moment under the 
load is 

M=P(~-x)(~+x) 
l 

The required depth 1,, of the beam under· the load is obtained from 
the equation 

6M 
uw = bh2 ' 

from which 

and 
1,,2 x2 

6Pl/ ¥uw + /2/4 = 1. 

It may be seen that in this case the depth of the beam varies follow­
ing an elliptical law, the semi-axes of the ellipse being 

1/z and ✓6Pl/4bu.,,. 
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p 
I, 

.--------'-, 

9. Determine the bending 
moments at the ends of the 
beam ,dB shown in Fig. 191, 

B M with built-in ends and centrally 
loaded. Take / 1//0 = 2. 

Solution. A solution is ob­
tained by combining the two 
simple cases shown in (b) and 
(c). It is clear that the con­
dition at the built-in ends will 
be satisfied if the slopes at the 
ends are equal to zero, i.e., if 
the reactions due to the imag­
inary loading (see p. I 54) repre­
sented by the shaded areas in 

(b) and (c) are equal. Therefore the equation for calculating the 
numerical value of M is 

Pl l 1 Pl l Ml - - - '- - -- = Ml - - , 
4 2 8 4 2 4 

from which 

10. Solve the above problem on the assumption that two equal 
loads P are applied at C and D. 

Answer. M = Pl/6. 

47. Beams of Two Different Materials.-There are cases 
when beams of two or more different materials are used. 
Figure 192 (a) represents a simple case, a wooden beam re­
inforced by a steel plate bolted to the beam at the bottom. 
Assuming that there is no sliding between the steel and wood 
during bending, the theory of solid beams can also be used 
here. According to this theory elonga­
tions and contractions of longitudinal 
fibers are proportional to the distance 
from the neutral axis. Due to the fact 
that the modulus of elasticity of wood is 
much smaller than that of steel, the 
wooden part of the beam in bending 
will be equivalent to a much narrower 

(I,) 

web of steel as shown in Fig. 192 (b). To have the moment 
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of the internal forces unchanged, for a given curvature, i.e., 
for a given elongation and contraction, the thickness b1 of this 
web must be as follows: 

(a) 

In this manner the problem is reduced to that of the bending 
of a steel beam of T section, which can be solved on the basis of 
the previous theory. Consider, for instance, a simply sup­
ported beam IO feet long loaded at the middle by 1,000 lbs. 
The cross-sectional dimensions of the wooden part of the beam 
are b = 4 in. and h = 6 in. and at the convex side it is re­
inforced by a steel plate I inch wide and ½ inch thick. As­
suming Ew/E. = 1/20 and using eq. (a), the equivalent section 
will have a web 6 X 0.20 and the flange I X 0.50. The dis­
tances of the outermost fibers from the neutral axis (Fig. 
192, b) are h1 = 2.54 in. and h2 = 3.96 in. The moment of 
inertia with respect to the neutral axis is lz = 7.37 in.4, whence 
the stresses in the outermost fibers are (from eqs. 61, p. 92) 

<lmax = Mmaxh1 30,000 X 2.54 lb . 
I = = 10,300 s. per sq. in., 

O"min = -

z 7.37 

30,000 X 3.96 6 lb . = - 1 ,ooo s. per sq. m. 
7.37 

To obtain the maximum compressive stress in the wood of the 
actual beam the stress <Tmin obtained above for steel must be 
multiplied by Ew/E. = 1/20. 

As another example of the bending of a beam of two different 
materials let us consider the case of a bi-metallic strip built up of 
nickel steel and monel metal (Fig. 193). The bending of such a 
strip by external forces can be discussed in the same manner as 
in the above problem of wood and steel, it being necessary only to 
know the ratio Emf E,, in which Em and E, are respectively the 
moduli of elasticity of monel metal and steel. Let us consider now 
the bending of such a strip due to a change in temperature. The 
coefficient of thermal expansion of monel metal is larger than that 
of nickel steel and when the temperature rises bending will occur 
concave on the side of the steel. This phenomenon of bending of 
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bi-metallic strips under varying temperatures is used in various 
automatic instruments for regulating temperature 3 (thermostats). 
Let h/2 be the thickness of each metal, b the width of the strip, 
t the_ increase in temperature, r the radius of curvature, a. and am 

e {r---:+--1 --+-[---1

1 

~ e 

(tr) 

n n, 

the coefficients of thermal expansion of steel and monel respec­
tively, E,I. = the flexural rigidity of the steel, EJm = the flexural 
rigidity of monel metal. When the temperature rises, the strip of 
monel metal, having a greater coefficient of expansion, will be sub­
jected to both bending and compression and the steel will he sub­
jected to bending and tension. Considering an element of the strip 
cut out by two adjacent cross sections mn and m1n1 (Fig. 193, c), 
the internal forces over the cross section of the steel can be reduced 
to a tensile force P 1 and a couple M 1. In the same manner for 
the monel metal, the internal forces can be reduced to a compressive 
force P 2 and a couple M 2• The internal forces over any cross 
section of the beam must be in equilibrium; therefore 

Pi=A=P 
and 

Using equations: 

Ph 
2 

M _ E.I •. 
1- r ' 

Then, from eq. (a), 
Ph E.I. Emlm -=-+-
2 r r 

(a) 

(b) 

3 See author's paper in Journal of the Optical Soc. of Amer., Vol. I 1, 
1925, p. 233. 
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another equation for determining P and r can be derived from the 
condition that at the joining surface, c-c, the unit elongation of 
monel metal and steel must be the same; therefore 

2P1 h 2P2 h 
a,i+Ehb+-=a.,,,t-E hb--

• 4r m 4r 
or 

2
P ( 2- + _2_ ) = (etm - a,)t - !!__ • 

hb E, Em 2r 

From eqs. (b) and (c) we obtain 

b:2,. (E.I. + EJm) ( ;, + ~m) = (Otm - a,)t - :,. • 

Substituting in this equation 

bh3 

I,= Im= 
96 

and 

the following approximate equation is obtained: 

! _ ,1 (etm - a,)t 
r - 2 h 

Now, from eq. (b), 

p = -h32 (Otm - a,)t(E,I. + Err.Im) = bh (a,,, - et,)t(E. + Em) 
32 

and 

M = J (etm - a,)t E I . 
1 

2 h 
8 8 

' 

M = J_ (etm - a,)t E l 
2 2 h m m• 

(c) 

(d) 

(e) 

(j) 

(g) 

From eqs. (J) and (g) P, M1 and M2 can be determined. The 
maximum stress in the steel is obtained by adding to the tensile 
stress produced by the force P the tensile stress due to the curva­
ture 1/r: 

2P h E, 4 ( bh3 ) 
O"max = bh + 4--; = bh2r E.I. + EJ.,. + I6 E. • 

Assuming, for example, that both metals have the same modulus 
E, we obtain 

hE 
q --DlalC - 3r, 

or, by using eq. (e),4 
O"max = ½Et(a,,. - 0t1). 

----------- ---------
4 Thill equation holds also for E, = E.,.. 
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For E = 27 X 106 lbs. per sq. in., t = 200 degrees Centigrade and 
am - a. = 4 X 10-6 we find 

umax = 10,800 lbs. per sq. in. 

The distribution of stresses due to heating is shown in Fig. 193 (c). 

Problems 

I. Find the safe bending moment for the wooden beam rein­
forced by a steel plate, Fig. 192, if b = 6 in., h = 8 in., and the 
thickness of the steel plate is ½ in. Assume Ew = 1.5 X 106 lbs. 
per sq. in., E, = 30 X 106 lbs. per sq. in., uw = 1,200 lbs. per sq. in. 
for wood and uw = 16,000 lbs. per sq. in. for steel. 

2. Assume that the wooden beam of the previous problem is 
reinforced at the top with a steel plate 2 in. wide and l in. thick 
and at the bottom with a steel plate 6 in. wide and ½ in. thick. 
Calculate the safe bending moment if E and u,,, are the same as in 
the previous problem. 

dnswer. M = 308,000 in. lbs. 
3. A bimetallic strip has a length l = I in. Find the deflection 

at the middle produced by a temperature increase equal to 200 

degrees Centigrade if E. = 1.15Em and am - a,= 4 X 10-t1. 

48. Reinforced-Concrete Beams.-It is well known that 
the strength of concrete is much greater in compression than in 
tension. Hence a rectangular beam of concrete will fail 
from the tensile stresses on the convex side. The beam can 
be greatly strengthened by the addition of steel bars on the 
convex side as shown in Fig. I 94- As concrete grips the steel 

strongly there will be no slid­
ing of the steel bars with re­

-:t--o--c::~r 
R spect to the concrete during 

,,, 

-----------
bending and the methods de­
veloped in the previous article 
can also be used here for 

{b) 

calculating bending stresses. 
In practice the cross-sectional area of the steel bars is usually 
such that the tensile strength of the concrete on the convex 
side is overcome before yielding of the steel begins and at 
larger loads the steel alone takes practically all the tension. 
Hence it is the established practice in calculating bending 
stresses in rein forced-concrete beams to assume that all the 
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tension is taken by the steel and all the compression by the 
concrete. Replacing the tensile forces in the steel bars by 
their resultant R, the distribution of internal forces over any 
cross section mp will be as shown in Fig. 194 (b). Assuming 
as before that cross sections remain plane during bending 
and denoting by kh the distance of the neutral axis nn from 
the top," the maximum longitudinal unit contraction in the 
concrete Ee, and the unit elongation of the axes of the steel 
bars E,, are given by the following: 

kh 
Ee= - r; Ea = r 

(I - k)h 
(a) 

Concrete does not follow Hooke's law and a compression 
test diagram for this material has a shape similar to that for 
cast iron in Fig. 2 (b). As the compression stress increases, the 
slope of the tangent to the diagram decreases, i.e., the modulus 
of concrete decreases with an increase in stress. In calcu­
lating stresses in reinforced-concrete beams it is the usual 
practice to assume that Hooke's law holds for concrete, and to 
compensate for the variable modulus by taking a lower value 
for this modulus than that obtained from compression tests 
when the stresses are small. In specifications for reinforced­
concrete it is usually assumed that E./ Ee = I 5. Then, from 
eqs. (a), the maximum compressive stress in the concrete and 
the tensile stress in the steel 6 are, respectively, 

kh 
Uc= --Ee; 

r 
er, = (I - k)h E •. 

r 
(b) 

We will now calculate the position of the neutral axis from 
the condition that the normal forces over the cross section mp 
reduce to a couple equal to the bending moment. The sum of 
the compressive forces in the concrete must equal the tensile 
force R in the steel bars, or 

_ bkhuc = u.A. 
2 ' 

(c) 

5 k is a numerical factor less than unity. 
6 The cross-sectional dimensions of the steel bars are usually smali 

and the average tensile stress is used instead of the maximum stress. 
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where A. is the total cross sectional area of steel. Using the 
notation A,/bh = n1 and E,!E. = n, we get from (c) and (b) 

k2 = 2(1 - k)nni, (d) 
from which 

After determining the position of the neutral axis from eq. 
(124), the ratio between the maximum stress in the concrete 
and the stress in the steel becomes, from eqs. (b), 

The distance a between the resultants R of the compressive 
and tensile forces acting over the cross section of the beam 
(Fig. 194, b) is 

a = j kh + ( 1 - k) h = ( 1 - 1 ) h ( 126) 

and the moment of the internal forces equal to the bending 
moment Mis 

from which 

= _ akbh u = M 
2 e , 

M 
<T, = ~' a.a, 

2M 
u. = - akbh. (128) 

By using eqs. ( 124) to ( 128) the bending stresses in reinforced­
concrete beams are easily calculated. 

Problems 

I. If E,/Ee = I 5 and d, = o.oo8bh, determine the distance of 
the neutral axis from the top of the beam (Fig. 194). 

Solution. Substitutingineq. (124) n = I 5, n1 = 0.008, we obtain 
k = 0.384 and the distance from the top of the beam is kh = 0.384h. 

z. Determine the ratio n 1 = d,/bh if the maximum tensile stress· 
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in the steel is 12,000 lbs. per sq. in., the maximum compressive 
stress in the concrete is 645 lbs. per sq. in., and E,/ Ee = n = I 5. 

Solution. From eq. (125) k = 0.446. Then, from eq. (d), 

/c2 
n1 = 2 ( 1 _ k)n = 0.012. 

3. Determine the ratio n1 if the maximum compressive stress 
in the concrete is one-twentieth of the tensile stress in the steel. 

Answer. n1 = 0.0107. • 

4. If n = I 5 and the working compressive stress for concrete 
is 650 lbs. per sq. in., determine the safe load at the middle of a 
reinforced-concrete beam 10 feet long supported at the ends and 
having b = 10 in., h = I 2 in., A. = I. 17 sq. in. 

Answer. P = 5,570 lbs. 
5. Calculate the maximum moment which a concrete beam will 

safely carry if b = 8 in., h = 12 in., A. = 2 sq. in., E,/Ec = 12, 

and the working stress for steel is I 5,000 lbs. per sq. in. and for 
concrete 800 lbs. per sq. in. 

Answer. M = 16,000 ft. lbs. 
6. Determine the value of k for which the maximum permissible 

stresses in the concrete and the steel are realized simultaneously. 
Solution. Let uc and u. be the allowable stresses for the concrete 

and the steel. Then taking the ratio of these stresses, as given 
by formulas (b), and considering only the absolute value of this 
ratio, we obtain 

kEc 
(1-k)E.' 

from which 
k = __ u_c __ 

E: 
G'c + G'a E. 

If this condition is satisfied the beam is said to have balanced 
reinforcement . . Having k and using equation (126) the depth is 
obtained from equation (128) and the area A. from equation (127). 

7. Determine the steel ratio n1 = A./bh if u. = 12,000 lbs. per 
sq. in., G'c = 645 lbs. per sq. in., and n = E./Ec = I 5. 

Solution. From the formula of the preceding problem we find 

k = 0.446. 

Then, substituting in equation (d), we obtain 
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8. Design a beam 10 in. wide to withstand safely a moment of 
22,500 ft. lbs. if uc = 750 lbs. per sq. in., u, = 12,000 lbs. per sq. in., 
and E./ Ee = 12. Find the depth h and the steel area d,. Assume 
balanced reinforcement as in problem 6. 

49. Shearing Stresses in Reinforced-Concrete Beams.­

FIG. 195. 

Using the same method as in arti­
cle 26, by considering an element 
mnm1n1 between the two adjacent 
cross sections mp and m1P1 (Fig. 
195) it can be concluded that the 
maximum shearing stress T.,11 will 
act over the neutral surface nn1. 

Denoting by dR the difference between the compressive forces 
on the concrete on cross sections mp and m1p1, the shearing 
stress T:e11 over the neutral surface is found from the following: 

from which 
1dR 

(r:ry)max = bdx • 

Since the bending moment is 

M = Ra, 
eq. (a) becomes 

(a) 

(b) 

in which Vis the shearing force at the cross section considered. 
Using eq. (126), the above equation for shearing stresses 
becomes 

In practical calculations not only the shearing stresses over 
the neutral surface but also the shearing stresses over the 
surface of contact between the steel and concrete are of 
importance. Considering again the two adjacent cross 
sections (Fig. 195), the difference between the tensile forces 
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in the steel bars at these two sections is 

dR = Vdx. 
a 

This difference is balanced by the shearing stresses distributed 
over the surface of the bars. Denoting by A the total laterai 
surface of all the steel bars per unit length of the beam, the 
shearing stress over the surface of the bars is 

dR V 3V 
Adx = Aa = (3 - k)hA. 

This stress becomes larger than the stress on the neutral 
surface (eq. 129) if A is less than b. To increase A and at the 
same time keep the cross sectional area of steel constant, it is 
only necessary to increase the number of bars and decrease 
their diameter. 



CHAPTER VIII 

COMBINED BENDING AND TENSION OR COMPRESSION; 
THEORY OF COLUMNS 

50. Bending Accompanied by Compression or Tension.-
1 tis assumed here that a prismatical bar is loaded by forces in 
one of its planes of symmetry, but, whereas in the previous 
discussion these forces were all transverse, here they may have 
components along the axis of the bar. A simple case of this 
kind is shown in Fig. 196, which represents a column loaded by 
an inclined force P. This force is resolved into a transverse 
component N and a longitudinal T and it is assumed that the 
column is comparatively stiff with a deflection so small that 
it can be neglected in discussing the stresses produced by the 
force T. Then the resultant stress at any point is obtained 
by superposing the compressive stress due to the force Ton 

I" 
I 

(b) 

N N 

the bending stress produced by the 
transverse load N. The case of a 
flexible column, in which the thrust, 
due to deflection of the column (Fig. 
196, b), has a considerable effect on 
the bending, will be discussed later 
(see Art. 53). The stress due to 

~~o/7"'Y force Tis constant for all cross sec­
tions of the column and equal to 
T/ A where A is .the cross-sectional 
area. The bending stress depends 

IN 
FIG. 196. 

upon the moment, which increases from zero at the top to a 
maximum NI at the bottom. Hence the dangerous section 
is at the built-in end, and the stress there, for a point at dis­
tance y from the z axis, is 

(a) 
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Assuming, for instance, that the cross section of the column is 
a rectangle bXh with the side h parallel to the plane of bending, 
we have A = bh and lz = bh3/12. Maximum compressive 
stress will be at point n, at which 

6N! T 
(u,,)min = - bh2 - bh • (b) 

This stress is numerically the largest. 
At point m we obtain 

6N! T 
(u.,,)max = bb2 - bh • 

When the force P is not parallel to one of the two principal 
planes of bending, the bending stresses, produced by its 
transverse component N, are found by resolving N into 
components parallel to those planes (see the discussion in art. 
38). The resultant stress at any point is obtained by super­
posing these bending stresses with the compressive stress 
produced by the longitudinal force. 

Problems 

1. Determine the maximum compressive stress in the circular 
wooden poles 20 feet high and 8 inches in diameter shown in Fig. 
197 if the load Pon the wire ABC is 60 lbs. The tensile force in 

,, ,,. 
(e,} (b) 

Fro. 197. 

each cable DF is S = 1,000 lbs.; tan a = 1/10; sin ,S = 1/ 5, and 
Lk = 15 feet. 

Solution. The components of the force in the wire BC (Fig. 
197, b) are Ni = 300 lbs.; Tr = 30 lbs. The components of the 
force in the cable DF are N 2 = 200 lbs.; T,. = 980 lbs. The maxi-
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mum bending moment is found to be at the built-in end, where 
Mmax = 36,000 lbs. in. The thrust at the same cross section is 
T1 + T2 = 1,010 lbs. The maximum compressive stress at the 
point mis 

4 X 1,010 32 X 36,000 
u = 1rd2 + 1rd3 = 21 + 715 = 736 lbs. per sq. in. 

2. Determine the maximum tensile stress in the rectangular 
wooden beam shown in Fig. 198 if S = 4,000 lbs.; b = 8 in.; 
h = 10 in. 

Answer. 

6 X 72 X r,ooo 4,000 . 
(ux)max = 8 X + - 8- = 590 lbs. per sq. m. 

100 0 

p 

3. Determine the maximum compressive stress in the structure 
ABC, which supports a load P = 2,000 lbs. (Fig. 199), has a rigid 
connection between the bars at B, an immovable hinge at A, and 
a movable support at C. The cross section of the bars AB and BC 
is a square 10 X 10 in. 

\ 

' ' 8 

FIG. 200. 

Answer. 

6 X I ,ooo X 8 X I 2 600 . 
ic3 + id = 582 lbs. per sq. m. 

4. A brick wall 6 feet thick and 1 5 feet high 
supports sand pressure (Fig. 200). Determine 
the maximum tensile compressive stresses at 
the bottom of the wall if its weight is -y = I 50 
lbs. per cubic foot and the lateral pressure of 
the sand is 10,000 lbs. per yard of the wall. 
The distribution of the sand pressure along the 
height of the wall follows a linear law, given by 
the line AB. 

Answer. The stress at m = 
10,000 X 60 X 6 

36 X 722 144 

= - 15.6 - 19.3 = - 34.9 lbs. per sq. in. The stress at 
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150 X 15 10,000 X 60 X 6 . 
n = - + 6 X 2 = 3.7 lbs. per sq. m. 

144 3 72 

5. Determine the thickness of the wall in the previous problem 
which will give zero stress at n. 

Answer. 80 in. 
6. A circular column, 6 ft. high, Fig. 196, is acted upon by a 

force P the components N and T of which are equal to 1 ,ooo lbs. 
Find the diameter of the column if the maximum compressive stress 
is 1,000 lbs. per sq. in. 

7. Find CTmax and O"min at the cross section at the middle of the 
bar BC, Fig. 199, if, instead of the concentrated load P, a uniform 
vertical load q = 400 lbs. per ft. is distributed along the axis ABC. 

8. A circular bar AB hinged at B and supported by a smooth 
vertical surface (no friction) at A is submitted to the action of its 
own weight. Determine the position of the 
cross section mn (Fig. 201) at which the com­
pressive stress is maximum. 

Solution. Denote by l the length of the 
bar, by q its weight per unit length and by 
a its angle of inclination to the horizon. 
The horizontal reaction at A is R= (ql/2) cot a. 
The compressive force at any cross section 8 
mn, distant x from A, is qx sin a + (ql/2) 
X (cos2 a/sin a); the bending moment at the FIG. 201. 

same cross section is M = (ql/2) cos a•x 
- (q cos a/2)x2• The maximum compressive stress at the cross 
section mn is 

4 ( • q/cos2 a) 32 (qi qcosa ) - qx sm a + - -. - + - -- cos a· x - --- x2 , 
1rd2 2 sm a 1rd3 2 2 

where dis the diameter of the bar. 
Equating the derivative of this stress with respect to x to zero, 

we obtain the required distance 

l d 
x = 2 + 8 tan a. 

9. The bar shown in Fig. 196 is 6' long and has a 12" diameter. 
Determine the magnitude of the force P if its components N and 
Tare equal and the maximum compressive stress at n is 1 ,ooo lbs. 
per sq. in. 

Answer. P = 3,260 lbs. 
10. A force P produces bending of the bar ABC built in at A 

(Fig. 202). Determine the angle of rotation of the end C, during 
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bending, if the bending moments at A and at B are numerically 
equal. 

Solution. From the equality of the bending moments at A and 
B, it follows that the' force P passes through the midpoint D of 

/--- B 

I (if 

the bar AB. Then Pz = Pi/2a, and the 
components P,, and P11 may now be calcu­
lated. The rotation of the cross section 
B due to bending of the portion AB by the 
component P11 is P11/2/2EJ in a clockwise 
direction. The rotation of the same 

FIG. 202. 

P cross section due to the component P, is 
P,,al/EI in a counter-clockwise direction. 
The rotation of the cross section C with 

respect to the cross section B, due to bending of the portion BC of 
the bar, is P,,a2/2EI in a counter-clockwise direction. The total 
angle of rotation of the end C in a clockwise direction is 

Pi2 Pxal Pxa2 P,,a2 

2EJ - El - 2EI - - 2EI • 

51. Eccentric Loading of a Short Strut.-Eccentric load­
ing is a particular case of the combination of direct and 
bending stresses. When the length of the bar is not very 
large in comparison with its lateral 
dimensions, its deflection is so small 
that it can be neglected in compar­
ison with the initial eccentricity e; 
hence the method of superposition 
may be used.1 Take, for example, 
the case of compression by a longi­
tudinal force P applied with an eccen­
tricity e (Fig. 203) on one of the two 
principal axes of the cross section. 
Then, if we put two equal and oppo­
site forces P at the centroid O of the 

ITIIlfilI}i.i 

~(d) 

cross section, the problem is not F JG. 20J. 

changed, as they are equivalent to 
zero, and we obtain an axial compression by the force P pro­
ducing direct compressive stresses, - (Pf A), as shown in 

1 For the case of eccentric loading of long bars see art. 53. 
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Fig. 203 (b), and bending in one of the principal planes by 
the couple Pe producing bending stresses, - (Pey/1,;), as 
shown in Fig. 203 (c). The total stress is then 

P Pey 
u,, = - A-1.. (a) 

The distribution diagram of this total stress is shown in Fig. 
203 (d). It is assumed that the maximum bending stress is 
less than the direct stress; then there will be compressive 
stresses all over the cross section of the bar. If the maximum 
bending stress is larger than the direct compressive stress, 
there will be a line of zero stress parallel to the z axis, dividing 
the cross section into two zones with tensile stresses on the 
left and compressive stresses on the right. For a rectangular 
cross section with sides h and b (Fig. 203, a) eq. (a) becomes 

P 12Pey 
U:, = - bh-bh3 

and we obtain, by putting y = - (h/2), 

and, by putting y = h/2, 

P 6Pe 
(u,,)min = - bh - bh2 = _ P (i + 6e)· 

bh h 

(a') 

(b) 

(c) 

It may be seen that when e < h/6 there is no reversal of sign 
of the stresses over the cross section; when e = h/6, the 
maximum compressive stress, from eq. (c), is 2P/bh, and 
the stress on the opposite side of the rectangular cross section 
is zero; when e > h/6, there is a reversal of sign of the stress 
and the position of the line of zero stress is obtained by 
equating to zero the general expression (a') for u,,, giving 

h2 
y= --

12e 
(d) 

or, using the notation kz for the radius of gyration with 
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respect to the z axis (see appendix), 

kz2 

y = --. 
e 

It will be seen that the distance of the line of zero. stress from 
the centroid O diminishes as the eccentricity e increases. 
The same discussion applies as well to the case of eccentric 
loading in tension. Equation (131) may also be used for other 
shapes of cross sections if the point of application of the load 
is on one of the principal axes of inertia. 

Let us consider now the case in which B, the point of applica­
tion of the eccentric compressive force P, is not on one of the two 
principal axes of the cross section, taken as the y and the z axes, 
in Fig. 204. Using m and n as the coordinates of this point, the 
moments of P with respect to the y and z axes are Pn and Pm 
respectively. By superposition, the stress at any point F of the 

cross section is 
z 

P Pmy Pnz 
U:r; = - - - -- - -- , (e} 

A 1, 111 

-Pt.'-'---L..--'£+-----'>+-JL....1--.Y in which the first term on the right side 

FIG. 204. 

represents the direct stress and the two 
other terms are the bending stresses pro­
duced by the moments Pm and Pn re­
spectively. It may be seen that the 
stress distribution follows a linear law. 
The equation of the line of zero stress 

is obtained by equating the right side of eq. (e) to zero. Using 
the notation 1,/A = k.2 and 111/ A = k/, where k, and k11 are the 
r~dii of gyration with respect to the z and y axes respectively, this 
gives 

my nz 
k.2 + kl + I = o. 

By substituting in this equation first y = o and then z = o we 
obtain the points Mand N of intersection of the line of zero stress 
with the axes of coordinates z and y (Fig. 204). The coordinates 
of these points, s and r, are 

kl 
s= --· r 

k,2 
m 

(g) 
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From these equations we obtain 

kl 
n = --· 

s ' 
m= 

These equations have the same form as eqs. (g) and it can be con­
cluded that when the load is put at the point B' with the coordinates 
s and r, the corresponding line of zero stress will be the line N' M', 
indicated in the figure by the dotted line, and cutting off from the 
y and z axes the lengths m and n. 

There is another important relation be­
tween the point of application B of the load 
and the position of the corresponding line 
of zero stress, namely, as B moves along a 
line B1B2 (Fig. 205), the corresponding line 
of zero stress turns about a certain constant 1 

point B'. This is proven as follows: Re­
solve the load at B into two parallel com­
ponents, one at B1 and the other at B2• 
The component at B1 acts in the principal FIG. 205. 
plane xz; hence the corresponding line of 
zero stress is parallel to they axis and its intercept on OZ, as found 
from an equation analogous to eq. (131), is 

m 

(h) 

Similarly the line of zero stress for the component 
B2_ i~ parallel to the z axis and its distance from this 
axis 1s 

r= (k) 

For any position of the load on the line B1B2 there will 
be zero stress at B'; hence as the point of application of 

FIG. 200. the load moves along the straight line B1B2, the corre-
sponding line of zero stress turns about the point B', 

the coordinates of which are determined by eqs. (h) and (k). 

Problems 

I. The cross-sectional area of a square bar is reduced one 
half at mn (Fig. 206). Determine the maximum tensile stress at 
this cross section produced by an axial load P. 
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Answer. 
2P Pa24 SP 

(uz)max = ~ + 4 a3 = a2 • 

2. Solve the above problem, assuming the bar to have a circular 
cross section. 

3. A bar of ..L section is excentrically loaded by the forces P (Fig. 
207). Determine the maximum tensile and compressive stresses in 
this bar if d = 1", h = 5", the width of the flange b = 511

, P = 
4,000 lbs. 

Solution. The distances of the centroid of the ..L section from 
the bottom and the top are respectively h1 = H in. and h2 = Hin. 
The eccentricity of the force P is e = ½ + -H = 2½ in. The 
moment of inertia/,= 19.64 in.4 The bending stresses are 

P·e·h, 4,000 X 2A X 29 . 
(ux)max = -

1
- = 6 X -8- = 693 lbs. per sq. m., 
z 19. 4 I 

Peh2 4,000 X 2i X 61 . 
(uz)min = -y= 

19
_
64 

X 18 - 1,458lbs.persq.m. 

Combining with the direct stress P/A = 4,000/9 = 444 lbs. per 
sq. in., we obtain the maximum tensile stress 693 
+ 444 = 1,137 lbs. per sq. in., maximum compres­
sive stresses 1,458 - 444 = 1,014 lbs. per sq. in. 

4. Determine the maximum tensile stress at 
the section mn of the clamp shown in Fig. 208 if 
P = 300 lbs., b = 3 in., and the cross section is a 
rectangle with the dimensions I in. X ¼ in. 

Answer. CTmax = 22,800 lbs. per sq. in. 
5. Determine the width of the cross section mn 

FIG. 208. in the previous problem to make CTmax = 20,000 lbs. 
per sq. in. 

6. Find the maximum and the minimum stress at the built-in 
cross section of the rectangular column shown in Fig. 203, if b = 10 
in., h = 12 in., P = 5,000 lbs., and the coordinates of the point B 
of application of the load, Fig. 204, are m = n = 2 in. Find the 
position of the neutral axis. 
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52. The Core of a Section.-ln the previous article it was 
shown tihat for a small eccentricity e the normal stresses have the 
same sign over all of the cross section of an eccentrically loaded bar. 
For larger values of e the line of zero stress cuts the cross section 
and there is a reversal of sign of the stress. In the case of a mate­
rial very weak in tension, such as brick work, the question arises 
to determine the region in which the compressive load may be 
applied without producing any tensile stress on the cross section. 
This region is called the core of the cross section. The method of 
determining the core is illustrated in the following simple examples. 

In the case of a circular cross section of radius R we can con­
clude from symmetry that the core is a circle. The radius a of 
this circle is found from the condition that when the point of appli­
cation of the load is on the boundary of the core the corresponding 
line of zero stress must be tangent to the boundary of the cross 
section. Remembering that the moment of inertia of a circle about 
a diameter is 1rR4/ 4 (see appendix), and hence the radius of gyration 
is k = ✓//A= R/2, we find from eq. (131) (p. 232), by substituting 
afore and R for - y, that 

i.e., the radius of the core is one quarter of the radius of the cross 
section. 

For the case of a circular ring section with outer radius Ro and 
inner radius Ri we have 

I Ro2 + Ri k2= - =----A 4 , 

and the radius of the core, from eq. (131), 
becomes 

k2 Ro2 + RI 
a = Ro= 4Ro (133) 

For Ri = o, eq. (133) coincides with eq. (132). 
For a very narrow ring, when Ri approaches 
Ro the radius a of the core approaches the 
value R0/2. 

In the case of a rectangular cross section 
(Fig. 209) the line of zero stress coincides 
with the side cg when the load is applied at 

.____" 1---------J l 
"I-- 6 ---V 

point A, a distance b/6 from the centroid (seep. 231). In the same 
manner the line of zero stress coincides with the side gf when the 
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load is at the point B, a distance h/6 from the centroid. As the 
load moves along the line AB the neutral axis rotates about the 
point g (see p. 233) without cutting the cross section. Hence AB 
is one of the sides of the core. The other sides follow from sym­
metry. The core is therefore a rhombus with diagonals equal to 
h/3 and b/3. As long as the point of application of the load remains 
within this rhombus the line of zero stress does not cut the cross 
section and there will be no reversal in the sign of the stress. 

For an I section (Fig. 210) the extreme 
A 8 positions of the lines of zero stress, in which 

r 
:: they do not cut the cross section, are given by 

:2ko/'1,, the sides AB and CD and by the dotted lines 
h ' -4~~--'--r AC and BD. The corresponding positions 

l j of the point of application of the load may be 
determined from eq. (131). From symmetry 

C y D it may be concluded that these points will 
FIG. 210. be the corners of a rhombus, shaded in 

Fig. 210. 

If the point of application of the eccentric load is outside the 
core of a cross section, the corresponding line of zero stress crosses 
the section and the load produces not only compressive but also 
tensile stresses. If the material does not resist tensile stresses at 
all, part of the cross section will be inactive and the rest will carry 
compressive stresses only. Take, for example, a rectangular cross 
section (Fig. 211) with the point of application A of the load on 
the principal axis y and at a distance c from the edge of the section. 
If c is less than h/3, part of the cross section will not work. The 
working portion may be found from the condition that the distri-

FIG. 211. FIG. 212. 

bution of the compressive forces over the cross section follows a 
linear law, represented in the figure by the line mn, and that the 
resultant of these forces is P. Since this resultant must pass 
through the centroid of the triangle mns, the dimension ms of the 
working portion of the cross section must be equal to 3c. 
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In the case of a circular cross section (Fig. 212), if the eccen­
tricity Cd of the load is larger than Rf 4 and the material does not 
resist tensile stresses, only a portion of the cross section will work. 
Let the line nn, perpendicular to dC, be the limit of this portion. 
Its distance b from the point d may be found from the conditions 
that (1) the compressive stresses are proportional to the distance 
y from nn, (2) the sum of the compressive forces over the working 
portion of the cross section is equal to the load P, and (3) the 
moment of these forces with respect to nn is equal to the moment 
Pb of the load P with respect to the same axis. Denoting the 
maximum compressive stress by <Tma., the compressive stress at any 
distance y from nn is 

J<Tmax 
u= --

b+c 

and the equations for determining b become 

from which 

Jy2u"'"": dd = Pb 
b + C ' 

b = Inn, 
Qnn 

(a) 

in which Inn = fy2dd is the moment of inertia of the working 
portion of the cross section with respect to the nn axis and Qnn 
= f ydd is the moment of the working portion of the cross section 
with respect to the same axis. By using eq. (a) the position of d 
for any given position of nn may easily be found. The same 
equation may also be used for other shapes of cross sections, pro­
vided d is on one of the principal axes.2 If the load is not on a 
principal axis, the problem of determining the working portion of 
the cross section becomes more complicated.3 

By using the notion of the core, the calculation of maximum 
bending stresses when the bending is not in a principal plane may 
be greatly simplified. For example, in Fig. 209 let mm be the axial 

2 For the cases of circular cross sections and circular ring sections, 
which are of importance in calculating stresses in chimneys, tables have 
been published which simplify these calculations. See Keck, Z. Han­
nover. Arch. u. Ing. Ver., 1882, p. 627; see also V. D. I., 1902, p. 1321, 
and the paper by G. Dreyer in "Die Bautechnik," 1925. 

3 Some calculations for a rectangular cross section will be found in 
the following papers: Engesser, Zentralblatt d. Bauv., 1919, p. 429; 
K. Pohl, Der Eisenbau, 1918, p. 211; 0. Henkel, Zentralbl. d. Bauv., 
1918, p. 447; F. K. Esling, Proc. of the Institute of Civ. Eng., 1905-
1906, part 3. 
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plane of the beam in which a bending moment M acts and nn the 
corresponding neutral axis, which makes an angle a with the plane 
mm (seep. 166). Denoting by <Tmax the maximum stress in the most 
remote point c and by d its distance from the neutral axis nn, the 
stress at any other point, distant w from nn, is <T = <Tmaxw/d, and 
the moment of all forces distributed over the cross section with 
respect to the axis nn is 

<TmaxW d A = <Tmax J 
d fl. d nn, (b) 

in which Inn is the moment of inertia of the cross section with 
respect to the n-n axis. The moment of the external forces with 
respect to the same axis is M sin a. Equating this to (b), we have 

Md sin a 
<Tmax = (c) 

This equation may be greatly simplified by using the property of 
the core of the cross section.4 Let O be the point of intersection 
of the plane mm with the core and r its distance from the centroid 
of the cross section. From the property of the core it follows that 
a compressive force P at O produces zero stress at the corner c; 
hence the tensile stress produced at c by the bending moment Pr, 
acting in the plane mm, is numerically equal to the direct com­
pressive stress P/A, or, substituting Pr for Min eq. (c), we obtain 

P Prdsina 
-=----
A fnn 

from which 
d sin a I 

--Y::- = Ar· 

Substituting this into eq. (c), we obtain 

M 
<Tmax = dr. 

(d) 

The product dr is called the section modulus of the cross section 
in the plane mm. This definition agrees with the definition which 
we had previously (see p. 92), and for bending in a principal plane 
dr becomes equal to Z. 

Problems 
I. Determine the core of a standard I beam, 24" depth, for 

• See R. Land, Zeitschr. f. Architektur und lngenieurwesen, 1897, 
p. 291. 
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which A = 23.33 sq. in., I. = 2,087 in.4, k. = 9.46 in., 111 = 42.9 
in.', k11 = 1.36 in. The width of the flanges b = 7 in. 

Answer. The core is a rhombus with diagonals equal to 14.9 
in. and I .06 in. 

2. Determine the radius of the core of a circular ring section 
if Ro = 10 in. and R, = 8 in. 

Answer. The radius of the core a = 4.10 in. 
3. Determine the core of a cross section in the form of an equi­

lateral triangle. 
4. Determine the core of the cross section of a square thin tube. 
Solution. If h is the thickness of the tube and b the side of 

the square cross section, we have 

2 
I, = T11 ~ - h!r; 

3 

The core is a square with diagonal 

k2 2b 
d=2-=-· 

½b 3 

53. Eccentric Compression of a Slender Column.-In dis­
cussing the bending of a slender column under the action of 
an eccentric load, Fig. 213, the deflection 
o can no longer be neglected as being small 
in comparison with the eccentricity e. 
Assuming that the eccentricity is in the 
direction of one of the principal axes of the 
cross section of the column, the deflection 
occurs in the same axial plane xy in which 
the load P acts, and the bending moment 
at any cross section mn is 

M = - P(o + e - y). (a) 

In determining the sign of the moment it F IG. 2IJ. 

should be noted that by rotating Fig. 213 
in the clockwise direction by an angle 1 /2 the'same directions 
of the coordinate axes are:: 0btained as those used in deriving 
equation (79). Hence, to follow the rule shown in Fig. 58 
(b), the moment (a) is taken with a minus sign since the de­
flection curve is concave in the positive direction of the y 
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axis. The differential equation of the deflection curve ob­
tained by substituting (a) in equation (79) is 

J2y 
EI. dx2 = P(li + e - y). (b) 

Using the notation 
p 
-- =p2 
EI. 

we obtain from equation (b) 

J2y 
dx2 + p2y = p2(li + e). 

By substitution it can be readily proved that 

y = C1 sin px + C2 cos px + li + e 

(135) 

(c) 

(d) 

is the solution of equation (c). This solution contains two 
constants of integration C1 and C2 whose magnitudes must 
be adjusted so as to satisfy the conditions at the ends of the 
column if we are to obtain the true deflection curve of the 
column. At the lower end, which is built-in, the conditions are 

(y).:z:-0 = o, (e) 

Using these conditions together with expression (d) and its 
first derivative, we obtain 

The equation of the deflection curve (d) thus becomes 

y = (li + e)(1 - cos px). 

To obtain the magnitude of the deflection li at the upper end 
of the column, we substitute x = l in the right side of equation 
(/). The deflection y on the left side must then be equal to li 
and we obtain the equ'.ltion 

from which 
li = ( li + e) ( 1 - cos pl) 

li = e(I - cos pl). 
cos pl 
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Substituting this into equation (J) we obtain the deflection 
curve 

e(1 - cos px) 
y = cos pl 

By using this equation the deflection at any cross section of 
the column can readily be calculated. 

In the case of short columns, which were considered in 
Art. 51, the quantity plis small in comparison with unity and 
it is sufficiently accurate to take 

(g) 

Using this value of cos pl and neglecting the quantity p2l2(2 
in the denominator of expression (136), as being small in 

• comparison with unity, we obtain 

ep2z2 
o=-= 

2 

ePl2 

2Elz. (h) 

This represents the magnitude of the deflection at the end of a 
cantilever bent by a couple Pe applied at the end. Hence the 
use of the approximate expression (g) is equivalent to neglect­
ing the effect of the deflections upon the magnitude of the 
bending moment and taking instead a constant moment 
equal to Pe. 

If pl is not small, as is usually the case when the column 
is slender, we must use expression (136) in calculating o. In 
this way we find that the deflection is no longer proportional 
to the load P. Instead, it increases more rapidly than P, 
as is seen from the values of this deflection as given in the 
second line of the table below. 

DEFLECTIONS PRODUCED BY AN EccENTRIC LONGITUDINAL LOAD 

pl. ................ 0.1 0.5 LO 1.5 1r/2 

a .................. o.005e o.139e o.85u 13.u 00 

Approximate a ...... o.005e o.139e 0.84cc 12.Se 00 

sec pl ............. . 1.005 1.140 1.867 13.2 00 

P/P,, ........ . ..... 0.004 0.101 0.405 o.9ll 



242 STRENGTH OF MATERIALS 

The maximum bending moment occurs at the built-in end 
of the column and has a magnitude 

Mmax = P(e + o) = Pe sec pl. (138) 

A series of values of sec pl is given in the fourth line of the 
above table. These values show how rapidly the moment 
increases as pl approaches the value 1r/2. This phenomenon 
will be discussed in the next article. 

Here, however, we should like to repeat that in the case 
under discussion there is no proportionality between the mag­
nitude of the compressive force and the deflection o which it 
produces. Hence the method of superposition (p. 147) cannot 
be used here. An axially applied force P produces only 
compression of the bar; but when the same force acts in 
conjunction with a bending couple Pe, it produce not only 
compression but also additional bending, so that the resulting 
deformation cannot be obtained by simple superposition of 
an axial compression due to the force P and a bending due 
to the couple Pe. The reason why in this case the method of 
superposition is not applicable can readily be seen if we 
compare this problem with the bending of a beam by trans­
verse loads. In the latter case, it can be assumed that small 
deflections of the beam do not change the distances between 
the forces, and the bending moments can be calculated without 
considering the deflection of the beam. In the case of 
eccentric compression of a column the deflections produced 
by the couple Pe entirely change the character of the action of 
the axial load by causing it to have a bending action as well 
as a compressive action. In each case in which the deforma­
tion produced by one load changes the action of the other 
load it will be found that the final deformation cannot be ob­
tained by the method of superposition. 

In the previous discussion bending in one of the principal 
planes of the column was considered. If the eccentricity e 
is not in the direction of one of the principal axes of the cross 
section, it is necessary to resolve the bending couple Pe into 
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two component couples each acting in a principal plane of 
the column. The deflection in each of the two principal planes 
can then be investigated in the same 
manner as discussed above. 

The preceding discussion of bending 
of a column built-in at one end can also 
be applied to the case of a strut eccen- 11z 

trically compressed by two equal and 
opposite forces P, Fig. 214. From sym-
metry it can be appreciated that the 
cross section A at the middle does not ro-
tate during bending and each half of the 
strut in Fig. 214 is in exactly the same 
condition as the strut in Fig. 213. Hence 
the deflection and the maximum bending 
moment are obtained by substituting //2 
far l in equations (136) and (138). In 
this way we obtain 

and 
pl 

M = Pe sec-• max 
2 

Problems 

A y 

I. Find the deflection at the middle and the maximum tensile 
and compressive stresses in an eccentrically compressed strut 10 

ft. long with hinged ends if the cross section is a channel of 8 in. 
depth with lz = 1.3 in.4, ly = 32.3 in.4, and .d = 3.36 sq. in. The 
distance between the centroid and the back of the channel is 0.58 
in., and the compressive forces P = 4,000 lbs. act in the plane of 
the back of the channel and in the symmetry plane of the channel. 

2. A square steel bar 2 by 2 in. and 6 ft. long is eccentrically 
compressed by forces P = 1,000 lbs. The eccentricity e is directed 
along a diagonal of the square and is equal to 1 in. Find the 
maximum compressive stress, assuming that the ends of the bar 
are hinged. 
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3. A steel bar 4 ft. long and having a rectangular cross section 
I by 2 in. is compressed by two forces P = 1,000 lbs. applied at the 
corners of the end cross sections so that the eccentricity is in the 
direction of a diagonal of the cross section and is equal to half 
the length of the diagonal. Considering the ends to be hinged, find 
the maximum compressive stress. 

54. Critical Load.-It was indicated in the previous article 
that the deflection of an eccentrically compressed column 
increases very rapidly as the quantity pl in equation (136) 
approaches the value 1r/2. When pl becomes equal to 1r/2, 

the formula (136) for the deflections and (138) for the max­
imum bending moment both give infinite values. To find the 
corresponding value of the load we use formula (135). Sub­
stituting p = 1r/2l in this expression we fir1d that the value of 
the load at which the expressions (136) and (138) become 
infinitely large is 

This value depending, as we see, only on the dimensions of 
the column and on the modulus of the material is called the 
critical load or Euler's load since Euler was the first to derive 
its value in his famous study of elastic curves.5 To see more 
clearly the physical significance of this load let us plot curves 
representing the relation between the load P and the deflection 
8 as given by equation (136). Several curves of this kind, 
made for various values of the eccentricity ratio e(k,, are 
shown in Fig. 2 1 5. The abscissas of these curves are the 
values of the ratio 8/k, while the ordinates are the ratio Pf Per, 
that is the values of the ratio of the acting load to its critical 
value defined by equation (141). 

It is seen from the curves that the deflections 8 become 
smaller and smaller and the curves approach closer and closer 
to the vertical axis as the eccentricity e decreases. At the 
same time the deflections increase rapidly as the load P ap-

5 An English translation of this work is given in "Isis" No. 58 
( vol. XX, I), 1933. 
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proa.ches its critical value (141), and all the curves have as 
their assymptote the horizontal line Pf Pc, = I. 

The differential equation of the deflection curve (79), 
which was used in the discussion of the preceding article, was 
derived on the assumption that the deflections are small in 
comparison with the length I of the column. Hence formula 
(136) for the deflection 8 cannot give us an accurate result 
when Pis very close to Per• However, the curves in Fig. 215 
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indicate that, irrespective of how small the eccentricity e may 
lie, very large deflections are produced if the load P is suffi­
ciently close to its critical value. If the deflection becomes 
large, the bending moment at the built-in end and the stresses 
are also I arge. 

Experiments dealing with the compression of columns 
show that even when all practicable precautions are taken to 
apply the load centrally there always exists some unavoidable 
small eccentricities. Consequently in such experiments the 
load P produ, es not only compression but also bending. The 
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curves in Fig. 216 show the results of such experiments as 
obtained by several experimenters. It may be seen that 
with increasing accuracy in the application of the load the 

• curves become closer and closer to the vertical axis and the 
rapid increase in the deflection as the load approaches its 
critical value becomes more and more pronounced. The loads 
P which are close to their critical values always produce large 
deformations which usually go beyond the elastic limit of the 
material, so that after such a loading the column loses its 
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practical usefulness. This indicates that the critical value of 
the load, as given by equation (141), must be considered as 
an ultimate load which will produce complete failure of the 
column. In practical applications the allowable load should 
be smaller than the critical load and is obtained by dividing 
the critical value of the load by a certain factor of safety. 
Further discussion of this question is given in the next two 
articles. 

In the preceding discussion a column with one end built-in 
and the other end free was considered. Similar conclusions 
can be made in the case of a strut with hinged ends, Fig. 214. 
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Equations (139) and (140) give infinite values when 

pl='.'.:. 
2 2 

Subst:ituting for pits value from formula (135) we obtain 

P = 1r
2Elz. 

CT 12 

This· is the critical value of the compressive force 
for a strut with hinged ends. 

In the case of compression of columns with 
built-in ends the deflection has the form shown in 
Fig. 217. The deflection curve can be considered 
as consisting of four portions each similar to the 
curve previously obtained for a column with one 
end built-in and the other free. The critical 
value of the load is found in such a case by 
substituting l/4 instead of I into equation (141), 
which gives 

p 

FIG. 217. 

This is the critical load for a column with built-in ends. 
It should be noted that in the derivation of equation (136) 

it was assumed that the eccentricity is in the direction of the 
y axis and that the bending occurs in the xy plane. Similar 
formulas will be obtained if the initial eccentricity is in the 
direction of the z axis. The bending then occurs in the xz 
piane and, to calculate the deflections, IY must be substituted 
in place of I. in equation (136). If an attempt is made to 
apply the load centrally and bending occurs as a result of 
small unavoidable eccentricities, we must consider deflections 
in both principal planes xy and xz; and, in calculating the 
critical value of the load, we must use the smaller of the two 
rrincipal moments of inertia in equations (141), (142) and 
(143). In the following discussion it is assumed that I. is 
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the smaller principal moment of inertia and k. is the corre­
sponding radius of gyration. 

In calculating deflections it is sometimes advantageous to 
use approximate formulas instead of the accurate formulas 
(136) and (138). It was shown in the preceding article that 
for small loads, that is when pl is a small fraction, say less 
than 1/10, the deflection is given with sufficient accuracy by 
the equation 

Pe/2 

0 = --2EI. (a) 

in which the influence of the longitudinal force on the bending 
is neglected and a constant bending moment Pe is assumed. 
For larger loads the equation (a) is not accurate enough, and 
the influence of the compressive force on bending should be 
considered. This influence depends principally on the ratio 
Pf Per and the deflection can be obtained with very satisfactory 
accuracy from the approximate formula 

(b) 
I - -

Per 

The deflections calculated from this formula are given in the 
third line of the table on p. 241. Comparison of these figures 
with those of the second line of the same table shows that the 
formula (b) is sufficiently accurate almost up to the critical 
value of the load. 

A similar approximate formula for the deflection of a strut 
with hinged ends is 0 

0 = Pe/2 . __ 1----=-
8EI. P • 

I - -
Per 

(c) 

The first factor on the right side is the deflection produced 
by the two couples Pe applied at the ends. The second factor 

• This approximate solution was given by Prof. J. Perry. See Engi­
neer, December 10 and 24, 1886. 
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represents the effect on the deflection of the longitudinal 
compressive foi'ce P. 

Equation (c) is very useful for determining the critical 
load from an experiment with a compressed strut. If the 
results of such experiment are represented in the form of a 
curve, such as the one shown in Fig. 216, the horizontal 
asymptote to that curve must be drawn to determine Per• 

This operation cannot be done with sufficient accuracy, 
especially if the unavoidable eccentricities are not very small 
and the curve does not turn very sharply in approaching the 
horizontal asymptote. A more satisfactory determination 
of Per is obtained by using equation (c). Dividing this 
equation by Pf Per we obtain 

5 e1r2 I 
p •Per= 8 p 

I - Per 

and 

This equation shows that, if we plot the 
ratio ~/ P against the deflection 5 meas­
ured during experiment, the points will 
fall on a straight line, Fig. 218. This 
line will cut the horizontal axis (5/P = o) 

0 

FIG. 218. 

at the distance e1r2/8 from the origin, and the inverse slope of 
the line gives the critical load.7 

55. Critical Stress; Design of Columns.-Considering 
the case of a strut with hinged ends, the critical stress is 
obtained by dividing the critical load given by equation (142) 
by the cross-sectional area d. In this way we find 

7 This method, suggested by R. V. Southwell, Proc. Roy. Soc. London, 
series A, vol. 135, p. 601, 1932, has proved a very useful one and.is widely 
used in column tests. 
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It i.; seen that for a given material the value of the critical 
stress depends on the magnitude of the ratio 1/k., which is 
called the slenderness ratio. In Fig. 219 the curve ACB 
represents 8 the relation between O-cr and // k, for the case of 
steel having E = 30 X 106 lbs. per sq. in. It will be appreci­
ated that the curve is entirely defined by the magnitude of 
the modulus of the material and is independent of its ultimate 
strength. For large values of the slenderness ratio 1/ k. the 
critical stress becomes small, which indicates that a very 
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FIG. 219. 

slender strut buckles sidewise and loses its strength at a very 
small compressive stress. This condition cannot be improved 
by taking a steel of higher strength, since the modulus of steel 
does not vary much with alloy and heat treatment and remains 
practically constant. The strut can be made stronger by in­
creasing the moment of inertia I. and the radius of gyration 
k,, which can very often be accomplished without any increase 
in the cross-sectional area by placing the material of the strut 
as far as possible from the axis. Thus tubular sections are 
more economical as columns than are solid sections. As the 
slenderness ratio diminishes the critical stress increases and 
the curve ACB approaches the vertical axis asymptotically. 
However, there must be a certain limitation to the use of the 
Euler curve for shorter struts. The derivation of the ex-

8 This curve is sometimes called the Euler curve, since it is derive~ 
from Euler's formula for the critical load. 
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pression for the critical load is based on the use of the differ­
ential equation (79) for the deflection curve, which equation 
assumes that the material is perfectly elastic and follows 
Hooke's law (see art. 31). Hence the curve dCB in Fig. 219 

gives satisfactory results only for comparatively slender bars 
for which Uer remains within the elastic region of the material. 
For shorter struts, for which Uer as obtained from equation 
(144) is higher than the proportional limit of the material, the 
Euler curve does not give a satisfactory result and recourse 
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should be had to experiments with the buckling of struts 
compressed beyond the proportional limit. These experi­
ments show that struts of materials such as structural steel, 
which have a pronounced yield point, lose all their stability 
and buckle sidewise as soon as the compressive stress becomes 
equal to the yield point stress. Some experimental results 
are shown in Fig. 220. The material is a structural steel 
having a very pronounced yield point at Uy_ P. = 45,000 lbs. per 
sq. in. It is seen that for struts of relatively large slenderness 
(l/k, > 80) the experimental values of the critical stresses 
coincide satisfactorily with the Euler curve, while for shorter 
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struts the critical stress remains practically independent of 
the slenderness ratio l/k, and is equal to the yield point stress. 

In the case of an ordinary low carbon structural steel the 
yield point is not as pronounced as in the preceding example 
and occurs at a much lower stress. For such steel we may 
take o-y_ P. = 34,000 lbs. per sq. in. The proportional limit is 
also much lower, so that the Euler curve is satisfactory only 
for slenderness ratios beginning with // k, = 1 oo, to which 
value corresponds the compressive stress 0-0 , = 30,000 lbs. 
per sq. in. For higher stresses, i.e., for l/k, < mo, the ma­
terial does not follow Hooke's law and the Euler curve cannot 
be used. It is usually replaced in the inelastic region by the 
two straight lines dB and BC as shown in Fig. 221. The 

Fro. 221. 

horizontal line dB corresponds to the yield point stress and 
the inclined line BC is taken for the stresses between the 
proportional limit and the yield point of the material. 

Having such a diagram as the line dBCD in Fig. 221, 

constructed for ordinary structural steel, the critical stress 
for a steel strut of any dimensions can readily be obtained. 
It is only necessary to calculate in each particular case the 
value of the slenderness ratio l/k, and take the corresponding 
ordinate from the curve. To obtain the safe stress on the 
strut the critical stress must then be divided by a proper 
factor of safety. In selecting this factor it must be considered 
that as the slenderness ratio increases various imperfections, 
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such as an initial crookedness of the column, are likely to 
increase. It appears logical therefore to introduce a variable 
factor of safety which increases with the slenderness ratio. 
In some specifications the factor of safety increases from 1.7 

for 1/k. = o to 3.5 for 1/k. = 100. It varies in such a way 
that the allowable stress in the inelastic range follows a para­
bolic law. For 1/k. > 100, the factor of safety is taken as 
constant at 3.5, and the allowable stresses are calculated from 
the Euler curve. In Fig. 221 curves are given which represent 
the allowable stress and the factor of safety as functions of 
the slenderness ratio for ordinary structural steel. 

In the preceding discussion a strut with hinged ends was 
considered. This case is sometimes called the fundamental 
case of buckling of struts, since it is encountered very often 
in the design of compressed members of trusses with hinged 
Jmnts. The allowable stresses established by the diagram in 
Fig. 221 for the fundamental case can also be used in other 
cases provided we take, instead of the actual length of the 
column, a reduced length the magnitude of which depends on 
the conditions at the ends of the column. Considering, for 
example, the case of a column with one end built-in and the 
other end free and also the column with both ends built-in, 
the corresponding formulas for the critical loads can be put 
respectively in the form 

and 

Comparing these formulas with formula (142) for the funda­
mental case it can be concluded that in the design of a column 
with one end built-in and the other free we must take a length 
two times larger than the actual length of the column when 
using the diagram of Fig. 221. In the case of a column with 
both ends built-in the reduced length is equal to half of the 
actual length. 

The selection of proper cross-sectional dimensions of a 
column is usually made by trial and error. Having the load 
P which acts on the column, we assume certain cross-sectional 



254 STRENGTH OF MATERIALS 

dimensions and calculate k, and !/ k, for these dimensions. 
Then the safe value of the compressive stress is obtained from 
the diagram of Fig. 221. Multiplying this value by the area 
of the assumed cross section, the safe load on the column is 
obtained. If this load is neither smaller nor overly larger 
than P, the assumed cross section is satisfactory. Otherwise 
the calculations must be repeated. In the case of built-up 
columns the gross cross section is used in calculating k.,' 
since the rivet holes do not appreciably affect the magnitude 
of the critical load. However, in calculating the safe load 
on the column the safe stress is multiplied by the net cross­
sectional area in order to insure against excessive stresses in 
the column. 

Problems 

I. A steel bar of rectangular cross section l by 2 in. and having 
hinged ends is compressed axially. Determine the minimum length 
at which equation (144) for the critical stress can be applied if the 
limit of proportionality of the material is 30,000 lbs. per sq. in. and 
E = 30 X ro6 lbs. per sq. in. Determine the magnitude of the 
critical stress if the length of the bar is 5 ft. 

Answer. Minimum length = 28.9 in. The critical stress for 
I= 5 ft. is 6,850 lbs. per sq. in. 

2. Solve the preceding problem assuming a bar with a circular 
cross section l in. in diameter and built-in ends. 

3. Determine the critical compressive load for a standard I 
section 6 ft. long and 6 in. deep assuming hinged ends. I. = l .8 
in.4, / 11 = 2r.8 in.4 and A = 3.61 sq. in. Determine the safe load 
from the curve of Fig. ·l2I. 

4. Solve the preceding problem assuming that the ends of the 
column are built-in. 

__ 5. Calculate, by the use of Fig. 221, the safe 

I~ load on a member built-up of two I beams of the 
J! same cross section as those in problem 3, Fig. 222. 

!' The length of the member is ro ft. and the ends 
l--'!.4 are hinged. Assume that the connecting details 

Frn. 222_ a_re so rigid that both I beams work together as a 
single bar. 

6. Solve the preceding problem assuming that the ends of the 
member are built-in. 
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7. A column 10 ft. long with hinged ends is made of two channels 
8 in. deep having I, = I .3 in.4, ly = 32.3 in.4, d = 3.36 in.2 and a 
·distance of c = 0.58 in. between the centroid and the back of 
channel. Find the safe load on the column if the back to back 
distance between the channels is 4 in. 

8. Determine the cross-sectional dimension of a square steel 
strut 6 ft. long if the load P = 40,000 lbs. and the ends are hinged. 
Use Fig. 121. 

9. Solve the preceding problem assuming that the ends of the 
strut are built-in. Use Fig. r2r. 

56. Design of Columns on Basis of Assumed Inaccuracies. 
-In the preceding article the safe load on a column was 
obtained by dividing the critical load for the column by a 
proper factor of safety. The weakness of that method lies in 
a certain arbitrariness in the selection of the factor of safety 
which, as we have seen, varies with the slenderness ratio. To 
make the procedure of column design more rational, another 
method based on assumed inaccuracies has been developed.9 

On the basis of existing experimental data we can assume 
certain values for the magnitude of the unavoidable ec­
centricity e in the application of the compressive force P. 
Then, by using these values in the formulas of Article 53, we 
can calculate the magnitude PY. P . of the load at which the 

. maximum stress in the compressed strut becomes equal to 
the yield point stress of the material. The safe load is then 
obtained by dividing the load Pv.P. by a proper factor of safety. 
Thus instead of using the critical load, which is equivalent 
to the ultimate load, we use the load at which yielding begins 
as a basis for calculating the safe load. 

This method of column design can be simplified by the 
use of diagrams the calculations of which will now be ex­
plained. Taking the case of a strut with hinged ends, Fig. 
214, the maximum bending moment is obtained from equation 
(140) and the maximum compressive stress is 

P Pe JP l 
a- max = .d + z sec \Ju 2 • (a) 

9 See paper by D. H. Young, Proceedings Am. Soc. Civil Eng., 
December, 1934. 
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The first term on the right side is the direct stress and the 
second is the maximum compressive bending stress. The load 
at which yielding begins is obtained by substituting o-Y.P. for 
O"max in this equation, which gives 

PY.P. ( e I tijY.P.) u = -- 1 + -- sec -- -- · 
Y.P. d r 2k. Ed (b) 

We now introduce the notations r = Z/d for the radius of the 

core of the cross section (see p. 238) and k. = ✓I./d for the 
smaller principal radius of gyration. The quantity PY. P./d is 
the average compressive stress or centroidaf compressive stress 
at which yielding begins. Denoting this stress by <Tc we obtain 

( 
e I Fe) 

<Ty_p_ = O"c I+ ,.sec2k. \/.E • (c) 

From this equation, for a given value of the eccentricity ratio 
e/r, the value of O"c can readily be obtained for any value of the 
slenderness ratio !/ k.. The results of such calculations for a 
structural steel having o-Y.P. = 36,000 lbs. per sq. in. are repre-

i-28 
(./) 

L241--k:"t'--d"-1-c----''t-li 
ci, 

~20t--c~~::---l.:""'21~Mn\ 
IJ) 

:3 I or--t-.Fr'~~~~~n .-1-----+----1 

0 

s'2. 
~ 81-+--+--+-+-+-+--F~~~ 
~4t--t--+--t---,f-+--+--+--+-+---I 

c O .___.__,___,___..__...__...1...__._--1._.L-....J 
0 40 80 120 160 200 t 

Voilues of Sleno!erness Rot+io Kz 
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sented by curves in Fig. 223. By the use of these curves the 
average compressive stress 0-0 and the compressive load 
PY.P. = due at which yielding begins can readily be calculated 
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if e/r and l/k. are given. The safe load is then obtained by 
dividing PY.P. by the factor of safety. 

We assumed in the foregoing discussion that the unavoid­
able inaccuracies in the column could he represented by an 
eccentricity of the load. In a similar manner we can also 
consider the inaccuracies to he equivalent to an initial crooked­
ness of the column. Denoting the maximum initial deviation 
of the axis of the column from a straight line 10 by a, curves 
similar to those shown in Fig. 223 and representing <Tc as a 
function of the ratio a/rand the slenderness ratio l/k. can he 
obtained. 
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FIG. 224. 

In practical design it is usually assumed that the initial 
deflection a is in a certain ratio to the length I of the column. 
Taking a certain magnitude for that ratio,11 the magnitude 
of a is calculated and the value of <Tc is then obtained from the 
above-mentioned curves. The results obtained in this way 
for three different values of the ratio a/! and for <Ty_p_ = 36,000 
lbs. per sq. in. are shown for an I section in Fig. 224. For 
very short columns all three curves give <Tc = 36,000 lbs. 

10 A half wave of a sinusoidal form is usually taken as r,~presenting 
the initial crookedness of a column. 

11 It is usually taken within the limits_!_~ a~ -
1
- • 

400 1000 
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per sq. in. For very slender columns the values given by the 
curves approach those obtained from the Euler curve. Using 
one of the curves and dividing the value <Tc from the curve by 
a proper factor of safety, say by 2, the safe value of the average 
compressive stress is obtained. The advantage of this 
method is that it employs a constant factor of safety, since 
the increase of inaccuracies with the length I of the column 
has already been taken into consideration by assuming that 
the eccentricity is proportional to the span. However, the 
magnitude of the inaccuracies which should be taken remains 
to a certain extent indefinite and dependent upon existing 
experimental data. 

57. Empirical Formulas for Column Design.-ln both of 
the methods of column design developed in the last two articles 
on the basis of theoretical considerations there occur some 
uncertainties such as a variable factor of safety in the design 
procedure illustrated by Fig. 221 or the assumed inaccuracies 
as used in making the curves in Fig. 224. These quantities 
can be properly selected only on the basis of experiments with 
actual columns. Under such circumstances it is natural that 
many practical engineers prefer to use directly the results 
of experiments as represented by empirical formulas. Such a 
procedure is entirely legitimate so long as the application of 
these formulas remains within the limits for which they were 
established and for which there is sufficient experimental 
information. However, as soon as it is necessary to go beyond 
those limits, the formulas must be modified to conform with 
the new conditions. In this work the theoretical considera­
tions become of primary importance. 

One of the oldest empirical formulas was originated by 
Tredgold.12 It was adapted by Gordon to represent the re­
sults of Hodgkinson's experiments and was given in final form 
by Rankine. The allowable average compressive stress as 

12 Regarding the history of the formula see E. H. Salmon," Columns," 
London, 1921. See also Todhunter and Pearson," History of the Theory 
of Elasticity," vol. 1, p. 105, Cambridge, 1886. 
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% '.f given by the Rankine formula is 

a 
(1 w = -I _+_b_(--c--k--,--lz-,-r,-- , (a) 

in which a is a stress and b is a numerical factor, both of which 
are constant for a given material. By a proper selection of 
these constants the formula can be made to agree satisfactorily 
with the results of experiments within certain limits. 

The American Institute of Steel Construction in its specifica­
tions of 1928 takes for the safe stress on the cross section of 
a column 

I 8,000 
CTw = ----'-----12--

1 + 18,oooki 

(b) 

for 1/kz > 60. For shorter columns CTw 1s taken as 15,000 

lbs. per sq. in. 
The straight-line formula used by the American Railway 

Engineering Association and incorporated also in the building 
codes of the cities of Chicago and New York gives the working 
stress in the form 

CTw = 16,000 - 701/r (c) 

to be used for 30 < 1/k, < 120 for main members and as high 
as 1/k, = 150 for secondary members. For values off/ kz < 30, 

CTw = 14,000 lbs. per sq. in. is used. 
The parabolic formula proposed by A. Ostenf eld 13 is also 

sometimes used. It gives for the critical compressive stress 

(d) 

in which the constants a and b depend upon the mechanical 
properties of the material. For structural steel equation (d) 

13 Zeitschr. Ver. Deutsch Ing. vol. 42, p. 1462, 1898. See also C. E. 
Fuller and W. A. Johnston, "Applied Mechanics," vol. 2, p. 359, 1919. 
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is sometimes taken in the form 

<Fer = 40,000 - I.JJ (:. r · 
This gives a parabola tangent to the Euler curve at !/k. = I 22.5 
and makes <Fer = 40,000 lbs. per sq. in. for short columns. A 
suitable factor of safety varying from 2-1/2 to 3 should be 
used with this formula to obtain the working stress. 

Problems 

I. A 6 in. X 6 in. 22-1/2 lb. H-beam, I,= 12.2 in.4, A= 6.61 
sq. in., is to be used as a column with hinged ends. Three lengths 
are to be considered: l = 5 ft., 10 ft., and 13 ft.-4 in. What are 
the safe loads using the formulas (b), (c), and (e), the latter with a 
factor of safety of 2-1/2. 

Answers. 

F0rmulas 
(b) 
(c) 
(e) 

I= 60 in. 
99,000 
85,300 
98,700 

I= 120 m. 
83,000 
65,000 
78,300 

I= t6o in. 
67,300 
51,000 
57,000 

2. Select a Carnegie Beam section to serve as a column 25 ft. 
long with fixed ends to carry a load of 200,000 lbs. Use formula (b) . 

Solution. Taking the reduced length l = ½ • 25 ft. = 150 in., 
equation (b) gives 

200,000 18,000 
1.25 

I + k,2 

A 

The minimum area may be found by taking Uw = 15,000 lbs. per sq. 
in. as for a short column. This gives A= 200,000/15,ooo = 13.3 
sq. in. We therefore need not try any section which has an area 
less than 13.3 sq. in. We try a 12 in. X IO in. 53 lb. section, for 
which A= 15.57 sq. in., k, = 2.48, and 1/k, = 60.5. The safe 
stress as given by the right side of equation (/) is 14,970 lbs. per sq. 
in. The actual stress given by the left side is 12,850 lbs. per sq. in. 
It may be seen that a smaller section should be tried. Taking a 
12 in. X 8 in. 50 lb. section, for which A = 14.69 sq. in., k, = 1.96 
in., and l/k. = 76.5, the permissible stress is found to be 13,600 
lbs. per sq. in. This value is also given by the left side of equation 
(f). The above section is therefore satisfactory. 
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CHAPTER IX 

TORSION AND COMBINED BENDING AND TORSION 

38. Torsion of a Circular Shaft.-Let us consider a cir­
cular shaft built in at the upper end and twisted by a couple 
applied to the lower end (Fig. 225). It can be shown by 
measurements at the surface that circular sections of the shaft 
remain circular during twist, and that their diameters and 
the distances between them do not change provided the angle 
of twist is small. 

A disc, isolated as in Fig. 225 (b), will be in the following 
state of strain. There will be a rotation of its bottom cross 
section with reference to its top through an angle dcp where 
cp measures the rotation of the section mn with reference to 
the built-in end. An element abed of the surface of the disc 
whose sides were vertical before strain takes the form shown 

Fm. 225. 

in Fig. 225 (b). The lengths of the sides remain essentially 
the same, and only the angles at the corners change. Th~ 

, element is in a state of pure shear (see article 16) and the 
magnitude of the shearing strain is found from the small 

261 
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triangle cac': 

Since c'c is the small arc of radius d/2 corresponding to the 
difference dcp in the angle of rotation of the two adjacent 
cross sections, c'c = (d/2)dcp, we obtain 

= ~ dcp d 
'Y 2 dx • (a) 

For a shaft twisted by a torque at the end the a:igle of twist 
is proportional to the length and the quantity dcp/dx is con­
stant. It represents the angle of twist per unit length of the 
shaft and will be called 0. Then, from (a), 

'Y = ½0d. 

The shearing stresses which act on the sides of the element 
and produce the above shear have the directions shown. The 
magnitude of each, from eq. (39), is 

T = ½G0d. 

So much for the state of stress of an element at the surface 
of the shaft. As for that within the shaft the assumption 
will now be made that not only the circular boundaries of 
the cross sections of the shaft remain undistorted but also 
the cross sections themselves remain plane and rotate as if 
absolutely rigid, that is, every diameter of the cross section 
remains straight and rotates through the same angle. The 
tests of circular shafts show that the theory developed on this 
assumption is in very good agreement with the experimental 
results. Such being the case, the discussion for the element 
a/Jed at the surface of the shaft (Fig. 225, b) will hold also for 
a similar element of the surface of an inner cylinder, whose 
radius r replaces d/2 (Fig. 225, c). The thickness of the ~le­
ment in radial direction is considered as very small. 

Such elements are then also in pure shear, and the shearing 
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stress on their sides is 

r = Gr0. (b) 

This states that the shearing stress varies directly as the 
distance r from the axis of the shaft. Figure 226 pictures this 
stress distribution. The maximum stress occurs in the outer 
surface of the shaft. For a ductile material, plastic flow 
begins first in this surface. For a material which is weaker 
in shear longitudinally than transversely, e.g., a wooden shaft 
with the fibers parallel to the axis, the first 
cracks will be produced by shearing stresses 
acting in the axial sections and they will ap­
pear on the surface of the shaft in the longi­
tudinal direction. In the case of a mate­
rial which is weaker in tension than in shear, 
e.g., a circular shaft of cast iron or a cylindrical piece of 
chalk, a crack along a helix inclined at 45° to the axis of 
the shaft often occurs (Fig. 227). The explanation is simple. 

We recall that the state of pure shear is equivalent 
to one of tension in one direction and equal com­
pression in the perpendicular direction (see Fig. 41). 
A rectangular element cut from the outer layer of a 
twisted shaft with sides at 45° to the axis will be 
submitted to such stresses as shown in Fig. 227. 

The tensile stresses shown produce the helical crack 
mentioned. 

F We seek now the relationship between the applied JG. 227. 

twisting couple Mt and the stresses which it produces. 
From the equilibrium of that portion of the shaft between the 
bottom and the imaginary section mn, we conclude that the 
~hearing stresses distributed over the cross section are statically 
equivalent to a couple equal and opposite to the torque M1. 
For each element of area dd (Fig. 225, c), shearing force 
= rdd. The moment of this force about the axis of the 
shaft = (rdd)r = G0r2dd, from eq. (b). The total moment 
Mt about the axis of the shaft is the summation, taken over the 
entire cross-sectional area, of these moments on the individual 
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elements, i.e., 

rr=d/2 f r=d/2 

Mt = J,=O G0r2dd = G0 r~O r2dd = G0/P} (c) 

where IP is the polar moment of inertia of the circular cross 
section. From the appendix, for a circle of diameter d, 
Ip = 1rd4/32; 

and 

1rd4 
Mt= G0-

32 

0 
M, 31 Mt 

= G 1rd4 = Gip. 

We see that 0, the angle of twist per unit length of the shaft, 
varies directly as the applied torque and inversely as the 
modulus of shear G and the fourth power of the diameter. 
If the shaft is of length !, the total angle of twist will be 

Mtf 
cp = 01 = - 0 

GIP (148) 

This equation is useful in the physical verification of the 
theory, and is checked by numerous experiments which prove 
the assumptions made in deriving the theory. It should be 
noted that experiments in twist are commonly used for deter­
mining the modulus of materials in shear. If the angle of 
twist produced in a given shaft by a given torque be measured, 
the magnitude of G can be easily calculated from eq. (148). 

Substituting 0 from eq. (147) in eq. (146), we obtain an 
equation for calculating the maximum shearing stress in twist 
of a circular shaft: 

(149) 

That is, this stress is proportional to the torque Mt and 
inversely proportional to the cube of the diameter of the 
shaft. In practical applications the diameter of the shaft 
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must usually he calculated from the horse-power H which it 
transmits. Given H, the torque is obtained as lbs. ins. from 
the well-known equation: 

21rn 
Mt. 60 = 550 X 12 X H 

in which n denotes the number of revolutions of the shaft 
per minute. The quantity 21rn/60 is then the angle of rotation 
per second and the left side of the equation (150) represents 
the work done during one second by the torque Mt measured 
in in. lbs. The right side of the same equation represents the 
work done in in. lbs. per second as calculated from the horse­
power H. Taking Mt from eq. (150) and substituting it into 
eq. (149), we obtain 

a{IT 
d = 68.5 '\J~-- · 

nTmax 

Taking, for instance, the working stress for shear as Tw = 9,000 
lbs. per sq. in., we have 

3 {ll 
d = 3.29 '\Jri • 

Problems 

I. Determine the shaft diameter d of a machine of 200 h.p. of 
speed n = 120 r.p.m., for the working stress Tw = 3,000 lbs. per 
sq. in. 

Answer. 
d = 5.63 in. 

2. Determine the horse-power transmitted by a shaft if d = 6 
ins., n = 120 r.p.m., G = 12 X I06 lbs. per sq. inch, and the 
angle of twist, as measured between two cross sections 2 5 ft. apart, 
is 1/15 of a radian. 

Solution. From eq. (148) 

1rd4 <P·G 1r X 64 12 X 106 
Mt=-· - = -- · -----

32 I 32 . I 5 X 25 X I2 
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The power transmitted is, from eq. (150), 

Mr21rn 1r X 6 4 X 12 X 106 X 21r X 120 
6 

H = 60 X 550 X 12 = 32 X 15 X 25 X 12 X 60 X 550 X 12 = 46• 

3. A shaft of diameter d = 3.5 in. makes 45 r.p.m. Determine 
the power transmitted if the maximum shearing stress is 4,500 lbs. 
per sq. m. 

4. A steel shaft (G = 12 X 106 lbs. per sq. in.) is to have such 
proportions that the maximum shearing stress is 13,500 lbs. per sq. 
in. for an angle of twist of 90°. Determine the ratio 1/d. 

Answer, 

5. A steel shaft with built-in ends (Fig. 228) is submitted to the 
action of a torque Mi, applied at an intermediate cross section mn. 
Determine the angle of twist if the working stress Tw is known. 

Solution. For both parts of the shaft the angles of twist are 
equal; therefore, from eq. (148), the twisting moments are inversely 
proportional to the lengths of these parts. If a > b, the greater 
twisting moment is in the right part of the shaft and its magnitude is 

FIG. 228. 

M 1·a/(a + b). Substituting this for the torque, and Tw for Tmax in 
eq. (149), the following equation ford is obtained: 

3/ 16aM1 

d = \J(a + b)nu, 

Now the angle of twist can be obtained by using eq. (148). 
6. 500 h.p. is transmitted from pulley I, 200 h.p. to pulley II 

and 300 h.p. to pulley III (Fig. 229). Find the ratio of the diameters 
d1 and d2 to give the same maximum stress in both parts of the 
shaft. Find the ratio of the angles of twist for these two parts. 

Solution. The torques in the two parts of the shaft are in the 
ratio 5 : 3. In order to have the same maximum stress from eq. 



COMBINED BENDING AND TORSION 267 

d2 

The angles of twist, from eqs. (148) and (149), must be in the ratio 

,,, .,,, =!:.~J . .,.,1 • .,.,2 I 
2 5 

7. Assuming that the shaft of the preceding problem has a 
constant diameter and turns at 200 r.p.m., find the magnitude of 
the diameter if rw = 6,000 lbs. per sq. in. Find the angle of twist 
for each portion of the shaft if G = 12 X 106 lbs. per sq. in. and 
/1 = /2 = 4 ft. 

8. Determine the length of the steel shaft of 2 in. diameter 
(G = 12 X 106 lbs. per sq. in.) if the maximum stress is equal to 
13,500 lbs. per sq. in. when the angle of twist is 6°. 

Answer. 
I= 93 in. 

9. Determine the diameter beginning from which the angle of 
twist of the shaft, and not the maximum stress, is the controiling 
factor in design, if G = 12 X 106 lbs. per sq. in., rw = 3,000 lbs. 
per sq. in. and the maximum allowable twist is ¼0 per yard. 

Solution. Eliminating Mt from the equations 

16M1 32M, 1r 
1rd3 = 3 ,ooo; G·1rd4 = 180 X 4 X 36' 

we obtain d = 4.12 in.; ford< 4.12 in., the angle of twist is the 
· .controlling factor in design. 

10. Determine the torque in each 
portion of a shaft with built-in ends 
which is twisted by the moments Mt' 
and M/' applied in two intermediate ~a 

sections (Fig. 230). ~---- z ----v✓,,, 
Solution. By finding the torques 

produced in each portion of the shaft 
Fm. 230. 

by each of the moments Mt' :md Mt'' (see problem 5 above) and 
adding these moments for each portion we obtain 

M/(b + c) + M/'c M/a - M/'c M/a + M/'(a + b) 
I l l 

I I. Determine the diameters and the angles of twist for the 
shaft of problem 6 if n = 120 r.p.m., Tmax = 3,000 lbs. per sq. in., 
i1 = 6 feet, 12 = 4 feet. 
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59. Torsion of a Hollow Shaft.- From the previous dis­
cussion of the twist of a solid shaft, it is seen (see Fig. 226) 
that only the material at the outer surface of the shaft can 
he stressed to the limit assigned as the working stress. The 
material within will work at a lower stress, and in the cases 
in which reduction in weight is of great importance, e.g., 
propeller shafts of aeroplanes, it is advisable to use hollow 
shafts. In discussing the torsion of hollow shafts the same 
assumptions are made as in the case of solid shafts. The 
general expression for shearing stresses will then be the same 
as is given by eq. (b) of the previous article. In calculating 
the moment of the shearing stresses, however, the radius 
r varies from the radius of the inner hole, which we will 
denote by ½d1, to the outer radius of the shaft, which, as 
hefore, will be 1d. Then eq. (c) of the previous article must 
be replaced by the following equation: 

i i' 
GO r'd,1 ~ M, = GOI., 

1,. 

where I, = (.-/,12) (d4 - d1') is the polar moment of inertia of 
the ring section. Then 

32M, M, 
o - -:;{_c!•~d1')G = GI, 

and the angle of twist will be 

M,! 
<P - o! - cT,, • ( 153) 

Substituting eq. (1 52) in eq. ( 146), we obtain 

16M, M,d 
d"( d1') -- lip• 

7i" I - d' 
TDJBX = 

We see from eqs. (153) and ( 154) that hy taking, for instance, 
di = ½d the angle of twist and the maximum stress, as com­
pared with the same quantities for a solid shaft of diameter d, 
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will increase about 6 per cent while the reduction in the 
weight of the shaft will be 25 per cent. 

Problems 

1. A hollow cylindrical steel shaft, 10 in . outside diameter and 
6 in. inside diameter, turns at I ,coo r.p.m. \Vhat horse-power is 
being transmitted if Tr.un: = 8,000 lbs. per sq. in. 

A1uwer. H = 21,700 h.p. 
2. Find the maximum torque that may he applied to a hollow 

circular shaft if d ~ 6 in ., d, = 4 in., and,,. ~ 8,000 lbs. per sq. in. 
3. A hollow propeller shaft of a ship transmits 8,000 h.p. at 

100 r.p.m. with a working stress of 4,500 lbs. per sq. in. If d/d1 = 2, 
find d. 

Solution. 

Eq. (154) becomes 

from which 

8,000 X 12 X 33,000 
M, - ---;,.. X 100 • 

16 16M, 
.•max= is· --;F, 

d = 'f'6><- 16 X 8,000 X 12 X 33_,<XX: = 
\ 15 X 21r X 100 X 1r X 4,500 

Then d1 = 9.1 in. 

6o. The Shaft of Rectangular Cross Section. 
-The problem of the twist of a shaft of rectangu­
lar cross section is complicated, due to the 
warping of the cross section during twist. This 
warping can be shown experimentally with a rec­
tangular har of rubber on whose faces a system 
of small squares has been traced. It is seen 
from photograph 231 that during twist the lines 
originally perpendicular to the axis of the bar he­
come curved. This indicates that the distortion 
of the small squares, mentioned above, varies 
along the sides of this cross section, reaches a 
maximum value at the middle and disappears at 
the corners. We therefore expect that the 
shearing stress varies as this di~tortion, namely, 
is maximum at the middle of the sides and zero 
at the corners of the cross section. Investiga tion 

18.2 in. 

FtG. 2.J l . 
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of the problem 1 indicates that the maximum shearing stress occurs 
at the middle of the longer sides of the rectangular cross section 
and is given by the equation: 

Mi 
Tmax = abc2) (I 55) 

in which b is the longer and c the shorter side of the rectangular 
cross section and a is a numerical factor depending upon the ratic 
b/c. Several values of a are given in Table 3 below. It is interesting 
to note that the magnitude of the maximum stress can be calculated 
with satisfactory accuracy from the following approximate equation: 

Mt( c) 
T max = bc2 3 + I • 8 b 

TABLE 3 

DATA FOR THE TWIST OF A SHAFT OF RECTANGULAR CROSS SECTION 

b 
6 = 1.00 1.50 I.75 2.00 2.50 3.00 4.00 8 IO ,,, 

C 

a= 0.208 0.231 0.239 0.246 0.258 0.267 0.282 0.299 0.307 0.313 o.333 

{3 = 0.141 0.196 0.214 0.229 0.249 0.263 0.281 0.299 0.307 0.313 o.333 

The angle of twist per unit length in the case of a rectangular 
cross section is given by the equation: 

The values of the numerical factor /3 are given in the third line of the 
above table. 

In all cases considered the angle of twist per unit length 
1s proportional to the torque and can be represented by the 
equation 

0 = ~t, (a) 

where C is a constant called the torsional rigidity of the shaft. 
In the case of a circular shaft (eq. 147), C = Glw 
For a rectangular shaft (eq. 156), C = {3bc3G. 
1 The complete solution is due to de Saint Venant, Mem. des Savants 

etrangers, t. 14 (1855). An account of this work will be found in Tod­
hunter and Pearson's "History of the Theory of Elasticity," Vol. II, p. 
312. 
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61. Helical Spring, Close Coiled.-Assume that a helical 
spring of circular cross section is submitted to the action of 
axial forces P (Fig. 232), and that any one coil lies nearly in 
a plane perpendicular to the axis of the helix. Considering 
the equilibrium of the upper portion of the spring bounded 
by an axial section such as mn (Fig. 232, b), it can be concluded 
from the equations of statics that the stresses over the cross 
section mn of the coil reduce to a shearing force P through 
the center of the cross section and a couple acting in a counter 
clockwise direction in the plane of the cross section of mag-

nitude PR, where R is the radius of the cylindrical surface 
containing the center line of the springo The couple PR 
twists the coil, and causes a maximum shearing stress given 
by eq. (149), which becomes here 

16PR 
Ti = 1T"d3 ' (a) 

where d is the diameter of the cross section mn of the coil. 
Upon this stress due to twist that due to the shearing force 
P is superposed. For a rough approximation, this shearing 
force is assumed to be uniformly distributed over the cross 
section; the corresponding shearing stress will be 

(b) 

At the point m the directions of r1 and r2 coincide so that 
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the maximum shearing stress occurs here and has the mag­
nitude 

(157) 

It can be seen that the second term in the parenthesis, which 
represents the effect of the shearing force, increases with the 
ratio d/R. It becomes of practical importance in heavy heli­
cal springs, such as are used on railway cars. Due to this 
term points such as m on the inner side of a coil are in a less 
favorable condition than points such as n. Experience with 
heavy springs shows that cracks usually start on the inner 
side of the coil. 

There is another reason to expect higher stresses at the 
inner side of the coil. In calculating the stresses due to 
twist, we used eq. (a), which was derived for cylindrical bars. 
In reality each element of the spring will be in the condi­

FIG. 233. 

tion shown in Fig. 233. It is seen that 
if the cross section bf rotates with re­
spect to ac, due to twist, the displace­
ment of the point b with respect to a 
will be the same as that of the point f 
with respect to c. Due to the fact that 

the distance ab is smaller than the distance cf, the shearing 
strain at the inner side ab will be larger than that at the outer 
side cf, and therefore the shearing stresses produced by the 
couple PR will be larger at b than atf. Taking this into con­
sideration, together with the effect of the shearing force,2 we 
replace eq. (157) by the following equation for calculating the 
maximum shearing stress: 

7 
=16PR(4m-1+0.615) 

max 1rd3 4m - 4 m ' 
2 Such investigations were made by V. Roever, V. D. I., Vol. 57, p. 

1906, 1913; also A. M. Wahl, Trans. Am. Soc. Mech. Eng., 1928. The 
latter also determined the stresses experimentally by making measure­
ments at the surface of the coil. Recent literature on helical springs 
is given in the paper by J. R. Finniecome. See Trans. Am. Soc. Mech. 
Eng., Vol. 6 A, p. 188, 1939. 
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in which 
2R 

m=7· 

It can be seen that the correction factor in 'the parenthesis 
increases with a decrease of m; for instance, in case m = 4 
this factor is about 1.40 and for m = IO it is equal to 1.14. 
In calculating the deflection of the spring, usually only the 
effect of the twist of the coils is taken into consideration. 
For the angle of twist of one element between the two adja­
cent cross sections mn and m'n' (Fig. 232, c), using eq. (148), 
in which Rda is used instead of I, we obtam 

P-R·Rda 
dcp = I G 

p 

Due to this twist the lower portion of the spring rotates with 
respect to the center of mn (Fig. 232, a), and the point of appli­
cation B of the force P describes the small arc BB' equal to 
adrp. The vertical component of this displacement is 

B'B" = BB' R = Rdcp = PR3da. 
a lpG (c) 

The complete deflection of the spring is obtained by summa­
tion of the deflections B'B" due to each element mnm'n', over 
the length of the spring. Then 

in which n denotes the num her of coils. 
For a spring of other than circular cross section, the 

method above can be used to calculate stresses and deflections 
if, instead of eqs. (148) and (149), we take the corresponding 
equations for this shape of cross section. For example, in the 
case of a rectangular cross section eqs. (155) and (156) should 
be used. 

Problems 

I. Determine the maximum stress and the extension of the 
helical spring (Fig. 232.) if P = 2.50 lbs., R = 4 in., d = o.8 in., the 
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number of coils is 20 and G = 12 X 1a6 lbs. per sq. in. 
Answer. 

Tmax = I 1,300 lbs. per sq. in., o = 4.17 in. 

2. Solve the previous problem, assuming that the coil has a 
square cross section o.8 in. on a side. 

Solution. Assuming that the correction factor for the shearing 
force and the curvature of the coils (see eq. I 58) in this case is the 
same as for a circular cross section, we obtain from eq. (155) 

PR 250 X 4 X 1.14 . 
Truax = 0.208 X ba 1.14 = 0.208 X o.83 = 10,700 lbs. per sq. m. 

In calculating extension o.141d4 (see eq. I 56) instead of 1rd4/32 must 
be used in eq. (159); then 

c = 4.17~_ 
32 X o.141 = 2.90 m. 

3. Compare the weights of two helical springs, 
one of circular, the other of square cross section, 
designed for the conditions stated in problem I and 
having the same maximum stress. Take the cor­
rection factor in both cases as 1.14. Compare the 
deflections of these two springs. 

Solution. The length of the side of the square 
cross section is found from the equation 1rd3/r6 
= o.208b3, from which b = ~o.944·d = 0.981d. 
The weights of the springs are in the same ratio as 
the cross-sectional areas, i.e., in the ratio 

The deflections of the two springs are in the ratio 

1rd4 71" 

o.141b4 : - = 0.141 X 0.926: - = 1.33. 
32 32 

FIG. 234. 

4. How will the load P be distributed between the two ends of 
the helical spring shown in Fig. 234 if the number of coils above the 
point of application of the load is 6 and that below this point is 5? 

Answer. R1 : R2 = 5 : 6. 
5. Two helical springs of the same material and of equal circular 

cross sections and lengths, assembled as shown in Fig. 235, are 
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compressed between two parallel planes. Determine the maximum 
stress in each spring if d = 0.5 and P = 100 lbs. 

Solution. From eq. (159) it follows that the load Pis distributed 
between two springs in inverse proportion to the cubes of the radii 
of the coils, i.e., the forces compressing the outer and the inner 
springs will be in the ratio 27 : 64. The maximum stresses in these 
springs are then (from eq. I 58) 2,860 lbs. per sq. in. and 
5,380 lbs. per sq. in. respectively. 

6. What will be the limiting load for the spring of 
problem I if the working stress is rw = 20,000 lbs. per sq. 
in.? What will be the deflection of the spring at this 
limiting load ? 

Answer. 442 lbs. o = 7.38 in. 
7. A conical spring (Fig. 236) is submitted to the ac­

tion of axial forces P. Determine the safe magnitude of 
P for a working stress rw = 45,000 lbs. per sq. in.; diam­
eter of the cross section d = I in.; radius of the cone at 
the top of the spring R 1 = 2 in.; and at the bottom, 
R2 = 8 in. Determine the extension of the spring if the number 
of coils is n, and the horizontal projection of the center line of the 
spring is a spiral given by the equation 

Solution. For any point A of the 
spring, determined by the magnitude of 
the angle a, the distance from the axis of 

, the spring is 

R - R 
(R2 - Ri)a 

- 1 +-"------'--
21rn 

and the corresponding torque is 

(a) 

The maximum torque, at a = 21rn, is 
P·R2• The safe limit for P, from eq. 
(158), will be 

P = 45,000 X 1r = b 
6 8 1,010 I s. 

I X X 1.09 
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The deflection of the spring will be obtained, from eq. (c) (seep. 273), 
as follows: 

8. Determine the necessary cross sectional area of coils of a 
conical spring, designed for the same conditions as in the previous 
problem, but of a square cross section. Take 1.09 as the correction 
factor (see previous problem). 

Answer. b2 = 0.960 sq. in. 

62. Combined Bending and Twist in Circular Shafts.­
In the previous discussion of twist (seep. 261) it was assumed 
that the circular shaft was in simple torsion. In practical 
applications we often have cases where torque and bending 

moment are acting simulta­
neously. The forces trans­
mitted to a shaft by a pul­
ley, a gear or a flywheel 
can usually be reduced to a 
torque and a bending force. 
A simple case of this kind 

f.1) is shown in Fig. 237. A 
circular shaft is built in at 
one end and loaded at the 
other by a vertical force P 

(11) at a distance R from the 

FIG. 237. axis. This case reduces to 
one of loading by a torque 

Mt = PR and by a transverse force Pat the free end.3 The 
torque is constant along the axis and the bending moment 
due to P, at any cross section, is 

M = - P(l - x). (a) 

In discussing the maximum stress produced in the shaft it 
is necessary to consider (1) shearing stresses due to the torque 

3 The weight of the shaft and of the pulley is neglected in this problem. 



COMBINED BENDING AND TORSION 277 

M,, (2) normal stresses due to the bending moment (a), and 
(3) shearing stresses due to the shearing force P. The maxi­
mum torsional stress occurs at the circumference of the shaft 
and has the value 

(b) 

The maximum normal stress <Tx due to bending occurs in the 
fibers most remote from the neutral axis at the built-in end; 
where the bending moment is numerically a maximum, it has 
the value 

M 32M 
(ux)max = z = 1rd3 • (c) 

The stress due to the shearing force is usually of only secondary 
importance. Its maximum value occurs at the neutral axis 
where the normal stress due to bending is zero; hence the 
maximum combined stress usually occurs at the point where 
stresses (1) and (2) are a maximum, in this case at the top and 
bottom surface elements at the built-in end. 

Figure 237 (b) is a top view of the portion of the shaft at 
the built-in end, showing an element and the stresses acting 
on it. The principal stresses on this element are found from 
eqs. (72) and (73) (p. 122): 

<Tx I ,---~ 
<T = - + - ✓ <T 2 + 4r2 max 

2 2 
x , 

or, using eqs. (b) and (c), 

In the same manner using eq. (73) 

I 
IT min = 2Z (M - ✓M2 + M,2) 

16 
= 1rd3 (M - ✓M2 + Mi2

). (160') 
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It will be noted that O"max would have the same value for a 
case of simple bending in which the equivalent bending moment 
IS 

Mequlvalent = ½(M + ✓M2 + M,2
). 

The maximum shearing stress at the same element (Fig. 237, 
b), from eq. (34) (p. 49), is 

Tmax = O"max - O"min = ~ fM2 + M 2 
2 1rda' t. 

For ductile metals such as are used in shafting it is now 
common practice to use the maximum shearing stress to 
determine the safe diameter of the shaft. Calling the working 
stress in shear Tw, and substituting it into eq. (161) for Tmax, 

the diameter must then be 

The above discussion can be used also in the case of a 
hollow shaft of outer diameter d and inner diameter d1. Then 

z = 1r(d4 - d14) = 1rda[ l - (d1)4] 
32d 32 d ' 

and setting di/d = n, eqs. (160) and (16o') for a hollow shaft 
become 

<Tmax = da( 16 4) (M + ✓M2 + M,2), 
7r I - n 

<Tmin = da( 16 4) (M - ✓M2 + M,2). 
7f l - n 

The maximum shearing stress is 

and d becomes 

Tmax = d3( 
16 

4) ✓M2 + M,2
, 

7r l - n 

(166) 
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If several parallel transverse forces act on the shaft, the total 
bending moment M and the total torque Mt at each cross 
section must be taken in calculating the necessary diameter at 
that point, from eq. (162) or (166). If the transverse forces 
acting on the shaft are not parallel, the bending moments due 
to them must be added vectorially to get the resultant bend­
ing moment M. An example of such a calculation is discussed 
in problem 3 below. 

Problems 

I. A 2½-in. circular shaft carries a 30-inch diameter pulley 
weighing 500 lbs. (Fig. 238). Determine the maximum shearing 

m 

Fm. 238. Fm. 239. 

stress at cross section mn if the horizontal pulls in the upper and 
lower portions of the belt are 1,750 lbs. and 250 lbs. respectively. 

Solution. At cross section mn, 

Mt= (1,750 - 250)15 = 22,500 lbs. ins., 

M = 6✓ 5002 + 2,0002 = 12,370 lbs. ins. 

Then, from eq. (161), 

Tmax = 8,370 lbs. per sq. in. 

2. A vertical tube, shown in Fig. 239, is submitted to the action 
of a horizontal force P = 250 lbs. acting 3 feet from the axis of the 
tube. Determine <Tmax and Tmax if the length of the tube is / = 25' 
and the section modulus Z = IO in.3 

Answer. 

Umax = 7,530 lbs. per sq. in. Tmax = 3,780 lbs. per sq. in. 
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3. Determine the necessary diameter for a uniform shaft (Fig. 
240) carrying two equal pulleys, 30 in. in diameter, weighing 500 

lbs. each. The horizontal forces in the 
belt for one pulley and the vertical 
forces for another are shown in the 
figure. Tw = 6,000 lbs. per sq. in. 

Solution. The worst sections are 
mn and m1n1, which carry the full torque 
and the highest bending moments. 
The torque at both points is Mi = 
(1,500 - 500)15 = 15,000 lbs. ins. The 
bending moment at mn is (1,500 + 

,so0 500 + 500)6 = 15,000 lbs. ins. The 
bending moment at m 1n1 in the hori-

FIG. 24°• zontal plane is 

¼(1,500 + 500) X 30 = 15,000 lbs. ins. 

The bending moment at the same cross section in the vertical 
plane is 

500 X 30 
4 

2,500 X 6 X I 5 . 
~----~ =- 3,750 lbs. ms. 

30 

The combined bending moment at cross section m1n1 is 

M = ✓15,0002 + 3,75a2 = 15,46o lbs. ins. 

This is larger than the moment at cross section mn and should 
therefore be used together with the above calculated M, in eq. 
(162), from which 

d = 2.63 in. 

4. Determine the diameter of the shaft shown in Fig. 238 if 
the working stress in shear is Tw = 6,000 lbs. per sq. in. 

5. Determine the outer diameter of a hollow shaft if Tw = 6,000 
lbs. per sq. in., d1/d = 1/3, and the other dimensions and forces 
are as in Fig. 240. 

6. Solve problem 3 assuming that the same torque is produced 
by a horizontal force tangent to the periphery of the pulley instead 
of by vertical tensions of I ,500 lbs. and 500 lbs. in the belt acting 
on the right-hand pulley. 



CHAPTER X 

ENERGY OF STRAIN 

63. Elastic Strain Energy in Tension.-ln the discussion 
of a bar in simple tehsion (see Fig. 1), we saw that, during 
elongation under a gradually increasing load, work was done 
on the bar, and that this work was transformed, either 
partially or completely, into potential energy of strain. If the 
strain remains within the elastic limit, the work done will be 
completely transformed into potential energy and can be 
recovered during a gradual unloading of the strained bar. 

If the final magnitude of the load is P and the correspond­
ing elongation is 5, the tensile test diagram will be as shown in 
Fig. 241, in which the abscissas are 
the elongations and the ordinates are 
the corresponding loads. P 1 repre­
sents an intermediate value of the 
load, and 51 the elongation due to it. 
An increase dP1 in the load causes an 
increase d51 in the elongation. The 
work done by Pi during this elonga­
tion is P1d51, represented in the fig­
ure by the shaded area. If allow­
ance is made for the increase of P 1 during the elongation, the 
work done will be represented by the area of the trapezoid 
abed. The total work done in increasing the load from O to P 
is the summation of such elemental areas, and is given by the 
area of the triangle OAB. This represents the total energy V 
stored up in the bar during strain. Then 

P5 
U=-· 

2 

By use of eq. (1), we obtain the following two expressions for 
281 
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the strain energy in a prismatical bar: 

p21 
U = 2AE' 

U = AEo
2

. 

2/ 

(168) 

The first of these gives the strain energy as a function of the 
load P and the second the same energy as a function of the 
elongation o. For a bar of given dimensions and a given 
modulus of elasticity the strain energy is completely deter­
mined by the value of the force P or the value of the elon­
gation o. 

In practical applications the strain energy per unit volume 
is often of importance; this is, from eqs. (168) and (169): 

u 0'2 
w--- -- Al- 2E' or 

in which O' = Pf A is the tensile stress and E = o// is the unit 
elongation. 

The greatest amount of strain energy per unit volume 
which can be stored in a bar without permanent set 1 is found 
by substituting the elastic limit of the material in place of O' in 
eq. (170). Steel, with an elastic limit of 30,000 lbs. per sq. in. 
and E = 30 X 106 lbs. per sq. in., gives w = 15 inch lbs. per 
cubic inch; rubber, with a modulus of elasticity E = 150 lbs. 
per sq. in. and an elastic limit of 300 lbs. per sq. in., gives 
w = 300 inch lbs. per cubic inch. It is sometimes of interest 
to know the greatest amount of strain energy per unit weight 
of a material w1 which can be stored without producing 
permanent set. This quantity is calculated from eq. (170) 
by substituting the elastic limit for O' and dividing w by the 
weight of one cubic inch of the material. Several numerical 
results calculated in this manner are given in the table on the 
following page. 

1 This quantity sometimes is called the modulus of resilien,e. 
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E Elastic limit w 
Material Density lbs. per sq. lbs. per sq. 

w, 
per cu. per pound 

inch inch inch 

Structural 
steel. .... 7.8 30 X 106 28,000 13.1 inch lbs. 46 inch lbs. 

Tool steel... 7.8 30 X 106 120,000 240 " " 850 " " 
Copper ..... 8.5 16 X 106 4,000 .5 " " r.6 " " 
Oak ....... l.O 1.5 X 106 4,000 5.3 " " 146 " " 
Rubber .... ·93 150 300 300 " " 8,900 " " 

This indicates that the quantity of energy which can be stored 
in a given weight of rubber is about IO times larger than for 
tool steel and about 20) larger than for structural steel. 

Problems 

I. A prismatical steel bar 10 inches long and 4 sq. ins. in cross 
sectional area is compressed by a force P = 4,000 lbs. Determine 
the amount of strain energy. 

Answer. 
U =¾inch lb. 

2. Determine the amount of strain energy in the previous 
problem if the cross-sectional area is 2 sq. in. instead of 4 sq. in. 

Answer. 
U = 1} inch lbs. 

3. Determine the amount of strain energy in a vertical uniform 
steel bar strained by its own weight if the length of the bar is 
100 feet and its cross-sectional area I sq. in., the weight of steel 
being 490 lbs. per cubic foot. 

Answer. 
U = 0.772 inch lb. 

4. Determine the amount of strain energy in the previous 
problem if in addition to its own weight the bar carries an axial 
load P = I ,ooo lbs. applied at the end. 

Answer. 
U = 27.58 inch lbs. 

5. Check the solution of the problem shown in Fig. I 5 for the 
case in which all bars have the same cross section and the same 
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modulus by equating the strain energy of the system to the work 
done by the load P. 

Solution. If Xis the force in the vertical bar, its elongation is 
Xl/AE and the work done by Pis ½P(Xl/AE). Equating this to 
the energy of strain, we obtain 

.!p XI = X 2I + 2 (X cos2 a)2
/, 

2 AE 2AE 2AE cos a 
from which 

p 
X= l + 2cos3 a' 

which checks the previous solution. 
6. Check problem 2, p. 9, by showing that the work done 

by the load is equal to the strain energy of the two bars. 
7. A steel bar 30 inches long and of 1 sq. in. cross-sectional 

area is stretched 0.02 in. Find the amount of strain energy. 

Solution. 

Answer. From eq. (169), 

U 
(0.02)2 X 30 X 10

6 
• h lb 

= =200!0C & 
2 X30 

8. Compare the amounts of strain 
energy in the two circular bars shown · 
in Fig. 242 (a) and (b) assuming a uni­
form distribution of stresses over cross 
sections of the bars. 

The strain energy of the prismatical bar is 

p21 
U= 2AE. 

The strain energy of the grooved bar is 

P2i.f P2If 7 P2I 
Ui = 2AE + 8AE = °i6 2AE. 

Hence 

U1: U= / 6 • 

For a given maximum stress the quantity of energy stored in a 
grooved bar is less than that in a bar of uniform thickness. It 
takes only a very small amount of work to bring the tensile stress 
to a dangerous limit in a bar such as shown in Fig. 242 (c), having 
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a ~·ery narrow groove and a large outer diameter, although its 
diameter at the weakest place is equal to that of the cylindrical bar. 

64. Tension Produced by Impact.-A simple arrangement 
for producing tension by impact is shown in Fig. 243. A 
weight W falls from a height h onto the flange mn 
and during the impact produces an extension of ,.~~~~ 

the vertical bar AB, which is fixed at the upper 
end. If the masses of the bar and flange are w 
small in comparison with the mass of the falling 
body, a satisfactory approximate solution is 
obtained by neglecting the mass of the bar and 
assuming that there are no losses of energy dur­
ing impact. After striking the flange mn the 
body W continues to move downward, causing an exten­
sion of the bar. Due to the resistance of the bar the ve­
locity of the moving body diminishes until it becomes zero. 
At this moment the elongation of the bar and the corre­
sponding tensile stresses are a maximum and their magnitudes 
are calculated on the assumption that the total work done by 
the weight W is transformed into strain energy of the bar.2 

If 5 denotes the maximum elongation, the work done by Wis 
W(h + 5). The strain energy of the bar is given by eq. (169). 
Then the equation for calculating 5 is 

(a) 

from which 

where 
WI 

5.1 = AE 

is the static elongation of the bar by the load Wand v = ✓2gh 
is the velocity of the falling body at the moment of striking 
the flange mn. If the height h is large in comparison with 

2 In actual cases part of the energy will be dissipated and the actual 
elongation will always be less than that calculated on the above as­
sumption. 
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Ost, this reduces to approximately 

r, = ✓io.tv2. 
The corresponding tensile stress in the bar is 

u = oE = E ~- = ✓2E. Wv2 (173) 
l l '\Jg o,tV" d l 2g • 

The expression under the radical is directly proportional to 
the kinetic energy of the falling body, to the modulus of 
elasticity of the material of the bar and inversely proportional 
to the volume Al of the bar. Hence the stress can be di­
minished not only by an increase in the cross-sectional area but 
also by an increase in the length of the bar or by a decrease in 
the modulus E. This is quite different from static tension of 
a bar where the stress is independent of the length land the 
modulus E. 

' 

By substituting the working stress for <T in eq. (173) we 
obtain the following equation for proportioning a bar sub­
mitted to an axial impact: 

i.e., for a given material the volume of the bar must be pro­
portional to the kinetic energy of the falling body in order to 
keep the maximum stress constant. 

Let us consider now another extreme case in which h is 
equal to zero, i.e., the body Wis suddenly put on the support 
mn (Fig. 243) without an initial velocity. Although in this 
case we have no kinetic energy at the beginning of extension of 
the bar, the problem is quite different from that of a static 
loading of the bar. In the case of a static tension we assume 
a gradual application of the load and consequently there is 
always equilibrium between the acting load and the resisting 
forces of elasticity in the bar. The question of the kinetic 
energy of the load does not enter into the problem at all under 
such conditions. In the case of a sudden application of the 
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load, the elongation of the bar and the stress in the bar are 
zero at the beginning and the suddenly applied load begins to 
fall under the action of its own weight. During this motion 
the resisting force of the bar gradually increases until it just 
equals W when the vertical displacement of the weight is Ost• 
But at this moment the load has a certain kinetic energy, 
acquired during the displacement Ost; hence it continues to 
move downward until its velocity is brought to zero by the 
resisting force in the bar. The maximum elongation for this 
condition is obtained from eq. (172) 
by setting v = o. Then 1r 

i.e., a suddenly applied load, due to 
dynamic conditions, p;oduces a de­
flection which is twice as great as 
that which is obtained when the load 
is applied gradually. 

This may also be shown graphic­
ally as in Fig. 244. The inclined line 
QA is the tensile test diagram for the 
bar shown in Fig. 243. Then for 
any elongation such as OC the area 

p 

AOC gives the corresponding strain energy in the bar. The 
horizontal line DB is at distance W from the o axis and the 
area ODBC gives the work done by the load W during the 
displacement OC. When o is equal to Ost, the work done by W 
is represented in the figure by the area of the rectangle 
ODA1C1. At the same time the energy stored in the bar is 
given by the area of the triangle OA1C1, which is only half the 
area of the above rectangle. The other half of the work done 
is transformed into the kinetic energy of the moving body. 
Due to its acquired velocity the body continues to move and 
comes to rest only at the distance o = 20,t from the origin. 
At this moment the total work done by the load W, repre­
sented by the rectangle ODBC, equals the amount of energy 
stored in the bar and represented by the triangle OAC. 
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The above discussion of impact is based on the assumption 
that the stress in the bar remains within the elastic limit. 
Beyond this limit the problem becomes more involved, 
because the elongation of the bar is no longer proportional to 
the tensile force. Assuming that the tensile test diagram 
does not depend upon the speed of straining the bar,3 elonga-

p 

I 
I 
I 
I 

I 
I 
I 
I 
I 

8 

c 4 

tion beyond the elastic limit during 
impact can be determined from an 
ordinary tensile test diagram such 
as shown in Fig. 245. For any 
assumed maximum elongation o 
the corresponding area OADF 
gives the work necessary to pro­
duce such an elongation; this must 
equal the work W(h + o) produced 
by the weight W. When W(h + o) 

is equal or larger than the total area OABC of the tensile test 
diagram, the falling body will fracture the bar. 

From this it follows that any change in the form of the bar 
which results in diminishing the total area OABC of the 
diagram diminishes also the resisting power of the bar to 
impact. In the grooved specimens shown in Fig. 242 (b) and 
(c), for instance, the plastic flow of metal will be concentrated 
at the groove and the total elongation and the work necessary 
to produce fracture will be much smaller than in the case of the 
cylindrical bar shown in the same figure. Such grooved 
specimens are very weak in impact; a slight shock may 
produce fracture, although the material itself is ductile. 
Members having rivet holes or any sharp variation in cross 
section are similarly weak against impact. 4 

In the previous discussion we neglected the mass of the bar 
3 Experiments with ductile steel show that with a high velocity of 

straining the yield point is higher and the amount of work necessary 
to produce fracture is greater than in a static test. See N. N. Daviden­
koff, Bulletin Polyt. Institute, St. Petersburg, 1913; also Welter, Ztschr. 
f. Metallkunde, 1924. 

4 See Hackstroh, Baumaterialienkunde, 1905, p. 321, and H. Zim, 
mermann. Zentralbl. d. Bauverw., 1899, p. 265. 
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in comparison with the mass of the falling body W. Only then 
may we assume that the total energy of the falling body is trans­
formed into strain energy of the bar. The actual conditions of 
impact are more complicated and when the bar has an appreciable 
mass a part of the energy will be lost during impact. It is well 
known that when a mass W/g moving with a velocity v strikes 
centrally a stationary mass Wi/g and the deformation at the point 
of contact is plastic the final common velocity Va, of the two bodies, is 

w 
(b) 

In the case of the bar shown in Fig. 243 the conditions are more 
complicated. During impact the upper end A is at rest while the 
lower end B acquires the velocity of the moving body W. Hence, 
to calculate the final velocity Va from eq. (b) we use a reduced mass 
in place of the actual mass of the bar. Assuming that the velocity 
of the bar varies linearly along its length, it can be shown that 
the reduced mass in such a case is equal to one third of the mass 
of the bar.° For a bar of weight q per unit length, eq. (b) becomes 

w 

This is the common velocity of the load Wand the lower end of 
the bar which is established at the first moment of impact. Assum­
ing plastic deformation a_t the surface of contact between the falling 
load and the support mn (Fig. 243) so that there will be no question 
of rebounding, the corresponding kinetic energy is 

Va2 Wv2 
- (W + ql/3) = -
2g 2g 

This quantity must be substituted for 

Wv2 = Wh 
2g 

m eq. (a) in order to take into account the loss of energy at the 
6 This solution was obtained by H. Cox, Cambridge Phil. Soc. Trans., 

1849, p. 73. See also Todhunter and Pearson, History, Vol. 1, p. 895. 



290 STRENGTH OF MATERIALS 

first moment of impact. Then, instead of eq. (172), we obtain 

The method described gives satisfactory results as long as the mass 
of the bar is small in comparison with the mass of the falling body. 
Otherwise a consideration of longitudinal vibrations of the bar 
becomes necessary. 6 The local deformation at the point of contact 
during impact has been discussed by J. E. Sears 7 and J. E. P. 
Wagstaff.8 

Problems 

1. A weight of 10 lbs. attached to a steel wire ¼ in. in diameter 
(Fig. 246) falls from d with the acceleration g. De­
termine the stress produced in the wire when its upper 
e~d d is suddenly stopped. Neglect the mass of the 
wire. 

Solution. If the acceleration of the weight W is 
equal to g, there is no tensile stress in the wire. The 

" 6 stress after stopping the wire at d is obtained from eq. r!G, 24 • 
(173), in which Ost is neglected. Substituting rr = 2gh 

and / = h, we obtain 

~ --#JEW __ ✓~x30X106 X10xs2 
__ 22•

1 v X 1a8 lbs. per sq. in. 
d 0.785 

It may be seen that the stress does not depend upon the height h 
through which the load falls, because the kinetic energy of the body 
increases in the same proportion as the volume of the wire. 

2. A weight W = 1,000 lbs. falls from a height h = 3 ft. upon 
a vertical wooden pole 20 feet long and 12 in. in diameter, fixed 
at the lower end. Determine the maximum compressive stress in 
the pole, assuming that for wood E = 1.5 X 106 lbs. per sq. in. 
and neglecting the mass of the pole and the quantity Oat• 

6 The longitudinal vibrations of a prismatical bar during impact 
were considered by Navier. A more comprehensive solution was de­
veloped by St. Venant; see his translation of Clebsch, "Theorie der 
Elasticitat fester Korper," note on par. 61. See also I. Boussinesq, 
"Application des Potentiels," p. 508, and C. Ramsauer, Ann. d. Phys., 
Vol. 30, 1909. 

7 J. E. Sears, Trans. Cambridge Phil. Soc., Vol. 21 (1908), p. 49. 
8 J. E. P. Wagstaff, London Royal Soc. Proc. (Ser. A), Vol. 105, 

1924, p. 544· 
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Answer. u = 2,000 lbs. per sq. in. 
3. A weight W = 10,000 lbs. attached to the end of a steel wire 

rope (Fig. 246) moves downwards with a constant velocity ti = 3 
feet per sec. What stresses are produced in the rope when its 
upper end is suddenly stopped? The free length of the rope at 
the moment of impact is / = 60 feet, its net cross-sectional area 
is A= 2.5 sq. in. and E = 15 X 106 lbs. per sq. in. 

Solution. Neglecting the mass of the rope and assuming that 
the kinetic energy of the moving body is completely transformed 
into the potential energy of strain of the rope, the equation for 
determining the maximum elongation o of the rope is 

in which o, 1 denotes the statical elongation of the rope. Noting 
that W = AEo,t/l we obtain, from eq. (d), 

AE Wt12 

-(o - o )2 = -2/ st 2g , 

from which 

Hence, upon sudden stopping of the motion, the tensile stress in 
the rope increases in the ratio 

o t1 ✓' WI t1 
Ost = I + o, t A Eg = I + ✓g" • 

Ust 

(e) 

For the above numerical data 

WI ro,ooo X 60 X r2 
8-,= AE= 2.5 X r5X 106 = .r92in., 

8 3 X I2 
-= I+--.======= 5.18. 
8,t ✓386 X .r92 

Hence 
w 

u = 5.18 A= 20,700 lbs. per sq. in. 

4. Solve the previous problem if a spring, which elongates .5 in. 
per thousand pounds load, is put between the rope and the load. 
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Solution. o,, = 0.192 + 0.5 X Io= 5.192 in. Substituting into 
eq. (e), 

o W b . o,t = I + 0.80 = 1.80; <1 = 1.80 A = 7,200 1 s. per sq. m. 

5. For the case shown in Fig. 243 determine the height h for 
which the maximum stress in the bar during impact is 30,000 lbs. 
per sq. in. Assume W = 25 lbs.,/ = 6 feet, A = ½ sq. in., E = 30 

X 106 lbs. per sq. in. Neglect the mass of the bar. 
Answer. h = 21.6 in. 

65. Elastic Strain Energy in Shear and Twist.-The 
strain energy stored in an element submitted to pure shearing 
stress (Fig. 247) may be calculated by the method used in the 
case of simple tension. If the bottom side ad of the element is 

d 

taken as fixed, only the work done during 
strain by the force P at the upper side be 
need be considered. Assuming that the 
material follows Hooke's law, the shearing 
strain is proportional to the shearing stress 
and the diagram showing this relationship is 
analogous to that shown in Fig. 241. The 
work done by the force P and stored m 

the form of elastic strain energy is then (see eq. 167) 

Remembering that 
0 T p 
7 = 'Y = G = AG' 

we obtain the following two equations from (167'): 

We obtain two expressions for the shearing strain energy per 
unit volume by dividing these equations by the volume Al of 
the block: 

T2 
w=-

2G' 
,,2G 

w=-2 , (180) 
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in which r = Pf A is the shearing stress and 'Y = o// is the 
shearing st·ain. The amount of shear energy per unit 
volume, which can be stored in the block without permanent 
set, is obtained by substituting the elastic limit for T in 
eq. (179). 

The energy stored in a twisted circular shaft is easily 
calculated by use of eq. (179). If Tmax is the maximum 
shearing stress at the surface of the shaft, then Tmax(2r/d) is 
the shearing stress at a point a distance r from the axis, where 
dis the diameter of the shaft. The energy per unit volume at 
this point is, from eq. (179), 

(a) 

The energy stored in the material included between two 
cylindrical surfaces of radii r and r + dr is 

2T2 r 2 

Gd2 21rlrdr, 

where I is the length of the shaft. Then the total energy 
stored in the shaft is , 

u = Tmaxr 21rlrdr = _ '!!,__ Tmax. i d/2 2 2 2 l J2/ 2 

0 Gd2 2 4 2G 

This shows that the total energy is only half 
what it would be if all elements of the shaft 
were stressed to the maximum shearing Me 
Stress Tmax• 

The energy of twist may be calculated 
from a diagram of twist (Fig. 248) in which 
the torque is represented by the ordinates or---++-+.::.J..tp 
and the angle of twist by the abscissas. 
Within the elastic limit, the angle of twist F s IG. 24 . 

is proportional to the twisting moment, as 
represented by an inclined line OA. A small area shaded in 
the figure represents the work done by the torque during an 
increase dip in the angle of twist q,. The area OAB = M,q,/2 
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represents the total energy stored in the shaft during twist 
Recalling that <P = Mil/GIP> we obtain 

or U 
_ <P2Glp 
- 2/ • 

In the first of these two equations the energy is represented as 
a function of the torque, in the second as a function of the 
angle of twist. 

In the general case of any shape of cross section and a 
torque varying along the length of the shaft, the angle of 
twist between the two adjacent cross sections is given by the 
equation (seep. 270) 

The strain energy of one element of the shaft is 

-M -dx = -- - dx 1 dcp C(d,p)
2 

1 1 dx 2 dx 

and the total energy of twist is 

U = ff1 (dcp)2 dx. 
_ 

0 
dx 

Problems 

r. Determine the ratio between the elastic limit in shear and 
the elastic limit in tension if the amount of strain energy per cubic 
inch, which can be stored without permanent set, is the same in 
tension and in shear. 

Solution. From eqs. (r70) and (r79)," 

from which 
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For steel 

r = u Jr = o.62u. \} 2.6 
[ 2. Determine the deflection of a helical spring (Fig. 232) by 
[ using the expression for the strain energy of twist. 
r Solution. Denote by P the force acting in the direction of the 
!: axis of the helix (Fig. 232), by R the radius of the coils and by n 
t the number of coils. The energy of twist stored in the spring, r from eq. (182), is 

Equating this to the work done, Po/2, we obtain 

21rnP R3 64nP R3 

0 = Gip = Gd4 

3. The weight of a steel helical spring is IO lbs. Determine 
the amount of energy which can be stored in this spring without 
producing permanent set if the elastic limit in shear is 74,300 lbs. 
per sq. in. 

Solution. The amount of energy per cubic inch, from eq. 
(179), is 

(74,300)2 . 
w = X X 6 = 240 1 bs. ms. 

2 I 1.5 JO 

The energy per pound of material (seep. 282) is 850 lbs. ins. Then 
the total energy of twist 9 which can be stored in the spring is 

½ X 10 X 850 = 4,250 lbs. ins. 

4. A solid circular shaft and a thin tube of the same material 
and the same weight are submitted to twist. In what ratio are 
the amounts of energy in shaft and tube if the maximum stresses 
in both are equal? 

Answer. ·~ : 1. 

5. A circular steel shaft with a flywheel at m~e end rotates at 
120 r.p.m. It is suddenly stopped at the other end. Determine 
the maximum stress in the shaft during impact if the length of 
the shaft l = 5 feet, the diameter d = 2 inches, the weight of the 
flywheel W = IOO lbs., its radius of gyration r = IO inches. 

Solution. Maximum stress in the shaft is produced when the 

9 The stress distribution is assumed to be the same as that in a twisted 
circular bar. 
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total kin~tic energy of the flywheel is transformed into strain energy 
of the twisted shaft. The kinetic energy of the flywheel is 

Wr2w2 - 100 X 102 X (41r)2 - lb . 
- X 86 - 2,050 s. ms. 

2g 2 3 

Substituting this for U in eq. (181), 

-✓16 X I 1.5 X 10
6 X 2,050 -

Tmax - 7r X 4 X 60 - 22,400 lbs. per sq. in. 

6. Two circular bars of the same material, the same length but 
different cross sections A and Ai, are twisted by the same torque. 
In what ratio are the amounts of energy of strain stored in these 
two bars? 

Answer. Inversely proportional to the squares of the cross 
sectional areas. 

66. Elastic Strain Energy in Bending.-Let us begin with 
pure bending. For a prismatic bar built in at one end and 

bent by a couple M applied at the other 
end (Fig. 249) the angular displacement at 
the free end is 

Ml 
cp =-· 

Elz 
(a) 

This displacement is proportional . to the 
bending moment Mand by using a diagram similar to that 
in Fig. 248 we may conclude from similar reasoning that the 
work done during deflection by the bending moment M, or 
also the energy stored in the bar, is 

U = Mcp. 
2 

(b) 

By use of eq. (a) this energy may be expressed in either of 
these forms: 

M21 
U=--· 2EI,' 

It is sometimes useful to have the potential energy expressed 
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as a function of the maximum normal stress O'mas = Mmax/Z; 
thus, for a rectangular bar CTmas = 6M/bh2 or M = bh2CTmax/6, 
and eq. (184) becomes 

2 
U = ~ bh/ CT max . 

3 2E 
(186) 

In this case the total energy is evidently only one third as 
much as it would be if all fibers carried the stress CT max• 

In the discussion of bending by transverse forces, the 
strain energy of shear will be neglected, at first. The energy 
stored in an element of the beam oflength dx is, from eqs. (184) 
and (185), 

dU = M2dx 
2Elz or 

Here the bending moment Mis variable with respect to x, and 

dx ld
2
y I dcp = - = - dx 

r dx2 

(see p. 135). The total energy stored in the beam is conse­
quently 

{" M 2dx {" El, ( d2y ) 2 

U = Jo 2EI., (187) or U = Jo 2 dx2 dx. (188) 

Take, for instance, the cantilever AB (Fig. 250). The 
bending moment at any cross section mn is M = - Px. 
Substitution into eq. (187) gives 

U = .[1 p2x2dx = p213 . (c) 
0 2E/, 6EI. 

For a rectangular bar, CTmax = 
6Pl/bh2, and eq. (c) may be put in 
the form 

2 
U = !_ bhJ CT max • 

9 2E 
(c') 

This shows that the quantity of energy which can be stored 
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in a rectangular cantilever beam, loaded at the end, without 
producing permanent set, is one third of that for pure bending 
of the same bar and one ninth of that for the same bar in 
simple tension. This consideration is of importance in de.. 
signing springs, which must absorb a given amount of energy 
without damage and yet have as small a weight as possible. 
The capacity of a cantilever to absorb energy may be in­
creased by giving it a variable cross section. For example, a 
cantilever of uniform strength with a rectangular cross section 
of constant depth h (Fig. 185), and with the same values for 
P, h, and o- max, has a deflection and hence an amount of stored 
energy 50 per cent greater than for the prismatical bar. At 
the same time the bar of uniform strength has half the weight 
of the prismatical bar, so it can store three times as much 
energy per pound of material. 

Returning to eq. (c) and equating the strain energy to the 
work done by the load P during deflection, we obtain 

Po P2!3 
1 = 6EI:' 

from which the deflection at the end is 

P/3 
0 = 3Elz' 

which coincides with eq. (95). 

(d) 

The additional deflection due to shear may also be determined 
from the potential energy of strain. For the cantilever shown in 
Fig. 250, with a rectangular cross section, the shearing stress at a 
distance y from the neutral axis is (see eq. 65) 

~z ( :2 - y2) • 

The energy of shear in an elemental volume bdxdy is, therefore, 
from eq. (179), 
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J: l L+h/2 }J2 ( h2 )2 P2/h2 
U= -- --y2 bdxdy =--· 

0 -h/2 8Gl.2 4 20GI. 
(e) 

fhis must be added to the right side of eq. (d) above 10 to obtain 

I 
the equation for determining the total deflection: 

Po P2/3 P2/h2 

2 = 6EI, + 20GI.; (j) 
l consequently 

'f () = P/3 ( I + 1.. ~ ~). (g) 
~ 3EI. IO / 2 G 

! The second term in the parentheses represents the effect of the 
' shearing stresses on the deflection of the beam. By use of the 

method developed in article 39 under the assumption that the 
: element of the cross section at the centroid of the built-in end 

remains vertical (Fig. 250, b), the additional slope due to shear is 

Trnax J P 
"I= c= 2 bhG' 

and the additional deflection is 

hence 

3 Pl. 
2bhG' 

(g') 

It will be seen that eqs. (g) and (g') do not coincide. The dis­
crepancy is explained as follows: The derivation of article 39 was 
based on the assumption that the cross sections of the beam can 
warp freely under the action of shearing stresses. In such a case 
the built-in cross section will be distorted to a curved surface mon 
(Fig. 250, b) and in calculating the total work done on the cantilever 
we must consider not only the work done by the force P, Fig. 250 (a), 
but also the work done by the stresses acting on the built-in cross 
section, Fig. 250 (b). If this later work is taken into account, the 

10 Such an addition of the energy of shear to the energy due to normal 
stresses is justified, because the shearing stresses acting on an element 
(Fig. 247) do not change the lengths of the sides of the element and if 
normal forces act on these sides, they do no work during shearing strain. 
Hence shearing stresses do not change the amount of energy due to 
tension or compression and the two kinds of energy may be simply 
added together. 
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deflection calculated from the consideration of the strain energy 
coincides with that obtained in article 39 and given in equation 
(g') above.11 

In the case of a simply supported beam loaded at the middle, 
the middle cross section does not warp, as can be concluded from 
considerations of symmetry. In such a case equation (g), if applied 
to each half of the beam, will give a better approximation for the 
deflection than will equation (g'). This can be seen by comparing 
the approximate equations (g) and (g') with the more rigorous 
solution given in article 39. 

Problems 
I. A wooden cantilever beam, 6 feet long, of rectangular cross 

section 8" X 511 carries a uniform load q = 200 lbs. per foot. De­
termine the amount of strain energy stored if E = r.5 X 106 lbs. 
per sq. in. • 

dnswer. 

u = ---1!_ = I2oo2 X 72
3 X 12 

40EI, 40 X r.5 X 106 X 5 X gs= 42 lbs. ins. 

2. In what ratio does the amount of strain energy calculated 
in the previous problem increase if the depth of the beam is 511 

and the width 8"? 
dnswer. The strain energy increases in the ratio 82/ 52

• 

3. Two identical bars, one simply supported, the other with 
built-in ends, are bent by equal loads applied at the middle. In 
what ratio are the amounts of strain energy stored? 

dnswer. 4 : I. 

4. Solve the above problem for a uniformly distributed load of 
the same intensity q for both bars. 

5. Find the ratio of the amounts of strain energy stored in 
beams of rectangular section equally loaded, having the same length 
and the same width of cross sections but whose depths are in the 
ratio 2/1. 

Solution. For a given load the strain energy is proportional 
to the deflection and this is inversely proportional to the moment 
of inertia of the cross section. By halving the depth the deflection 
is therefore increased 8 times and the amount of strain energy 
increases in the same proportion. 

67. Bending Produced by Impact.-The dynamic deflec­
tion of a beam which is struck by a falling body W may be 

11 See "Theory of Elasticity," p. 150, 1934. 
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' determined by the method used in the case of impact causing 
- tension (art. 64). Take, as an example, a simply supported 

beam struck at the middle (Fig. 2.51), and assume that the 
, mass of the beam may be neglected in comparison with the 
• mass of the falling body, and that the beam is not stressed be­

yond the yield point. Then there will be no loss of energy dur­
ing impact and the work done by the weight W during its fall 
is completely transformed into strain energy of bending of the 
beam.12 Let ~ denote the maximum deflection of the beam 

! .. • during impact. If we assume that the deflection curve during 
impact has the same shape as that during 
static deflection, the force which would 
cause such a deflection is, from eq. (90), 

(a) 

The total energy stored in the beam is equal to the work done 
by the force P: 

U _ P5 _ ~2 2.4El z • 
- 2 -u /3 

If h denotes, as before, the distance fallen, the equation for 
determining 5 is 

(b) 

from which 

where 

and 

Equation (189) is exactly the same as that for impact causing 
tension (eq. 172.). 

It should be noted that the form of the equation remains 
the same for any other case of impact, provided the deflection 

12 Local deformation at the surface of contact of the load and the 
beam is neglected in this calculation. 
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at the point of impact is proportional to the force P, exerted 
at this point. If we represent by a the factor of proportion­
ality which depends upon the structure, we have 

aP = o and U =Po=~. 
2 2a 

Then 

and since Ost = Wa, this reduces to eq. (189) above. 
It should be noted also that the deflection o calculated 

from (189) represents the upper limit, which the maximum 
dynamic deflection approaches when there are no losses of 
energy during impact. Any such loss will reduce the dynamic 
deflection. When the dynamic deflection is found from eq. 
(189), the corresponding stresses can be found by multiplying 
by 0/0.1 the stresses obtained for a statical application of the 
load W. 

When his large in comparison with 0,1, eq. (189) may take 
the simpler form 

(c) 

For the case of a beam supported at the ends and struck at 
the middle this equation gives 

✓Wv2 13 • 
0 = 2g 24EI •• (d) 

The maximum bending moment in this case is 

and 

For a rectangular cross section, using eq. (d), 

U max = ✓":;
2 1

18} • (e) 



r 
f. 
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This indicates that the maximum stress depends upon the 
kinetic energy of the falling body and the volume IA of the 
beam. 

In determining the effect of the mass of the beam on the maxi­
mum deflection we will assume that the deflection curve during 
impact has the same shape as during static deflection. Then it 
can be shown that the reduced mass of the beam 13 supported at the 
ends is 17/ 35 (ql/g) and the common velocity which will be estab­
lished at the first moment of impact is 

w 
Va = W + (17/35) qlv. 

The total kinetic energy after the establishment of common velocity 
Va IS 

•• 2 Wv2 
~ (W + (17/35) qi) = - ---
2g 2g 1 . qi' 

I+ 36 lf' 

using this instead of 
Wv'2 

Wh 

in eq. (b), we obtain 

r--·· o,1rr I 
5 = b,1 + ;o,t2 + - -----!' 

\ 
K 1+ui.. , nw 

which takes account of the effect of the mass of the beam on the 
deflection o.14 

13 See paper by Homersham Cox mentioned before (see p. 289). 
14 Several examples of the application of this equation will be found 

in the paper by Prof. Tschetsche, Zeitschr. d. Ver. d. Ing., 1894, p. 134. 
A more accurate theory of transverse impact on the beam is based on 
the investigation of its lateral vibration together with the local deforma­
tions at the point of impact. See St. Venant, loc. cit., p. 537. Note 
finale du par. 61; C.R., Vol. 45, 1857, p. 204. See also writer's paper in 
Ztschr. f. Math. u. Phys., Vol. 62, 1913, p. 198. Experiments with beams 
subjected to impact have been made in Switzerland and are in satis­
factory agreement with the above approximate theory; see "Tech. 
Komm. d. Verband Schweiz. Briickenbau- u. Eisenhochbaufabriken," 
Bericht von M. Ros, March, 1922. See also the recent articles by Tuzi, 
Z., and Nisida, M., Phil. Mag. (7), Vol. 21, p. 448; and R. N. Arnold, 
Proc. of the Institution of Mechanical Engineers, Vo!. 137, 1937, p. 217. 
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In the case of a cantilever, if the weight W strikes the beam 
at the end, the magnitude of the reduced mass of the beam is 
33/140 (ql/g). When a beam simply supported at ends is struck 
at a point whose distances from the supports are respectively a 
and b, the reduced mass is 

1:5 [ I + 2 ( I + ~ YJ?· 
Problems 

I. A simply supported rectangular wooden beam 9 feet long is 
struck at the middle by a 40 lb. weight falling from a height h = 12 

in. Determine the necessary cross-sectional area if the working 
stress is Uw = 1,000 lbs. per sq. in., E = 1.5 X I06 lbs. per sq. in. 

Solution. Using eq. (e), p. 302,1• 

Wv2 18£ 18 X 1.5 X 106 

A= - --= 40 X 12---~--= 120 sq. in. 
2g luw2 9 X 12 X 1,ooo2 

2. In what proportion does the area in the previous problem 
change (1) if the span of the beam increases from 9 to 12 feet; 
(2) if the weight W increases by 50 per cent? 

Answer. (1) The area diminishes in the ratio 3 : 4. (2) The 
area increases by 50 per cent. 

3. A weight W = 100 lbs. drops 12 inches upon the middle of 
a simply supported I beam, 10 ft. long. Find safe dimensions if 
Uw = 30 X I03 lbs. per sq. in. 

Solution. Neglecting Ost in comparison with h (see eq. c), the 
ratio between the dynamic and the static deflections is 

~- Ju2 - ✓2h. 
0.1 - \J~ - Ost 

If the deflection curve during impact is of the same shape as for 
static deflection, the maximum bending stresses will be in the same 
ratio as the deflections; hence 

WI . Z 6EWh 
- = u from which-= ---

0,1 4Z w, C Uw2 f' 

in which Z is the section modulus and c is the distance from the 
neutral axis of the most remote fiber, which is half the depth of 

15 Local deformation at the surface of contact of the load and the 
beam is neglected in this calculation. 
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the beam in our case. Substituting the numerical data, 

~ = 6 X 30 X 10
6 X 100 X 1 2 = 

2 
in.2 

C 30,0002 X I 20 

The necessary I beam is of 5 11 depth, wt. per foot 12.25 lbs. 

305 

4. What stress is produced in the beam of the previous problem 
by a 200 lb. weight falling onto the middle of the beam from a 
height of 6 in.? 

dnswer. O"max = 28,900 lbs. per sq. in. 
5. A wooden cantilever beam 6 feet long and of square cross 

section 12" X 12" is struck at the end by a weight W = 100 lbs. 
falling from a height h = 12 in. Determine the maximum deflec­
tion, taking into account the loss in energy due to the mass of the 
beam. 

Solution. Neglecting 8,t in comparison with h, the equation 
analogous to eq. (190) becomes 

For qi = 40 X 6 = 240 lbs., 

/

• 24 _ ✓ 15.3 X 100 X 72
3 

• 
Ust 

O 

- = 0 271 Jn 0 = 
1 

+ .13 X 240 3 X 1.5 X 106 X 123 • • 

\ 140 X 100 

6. A beam simply supported at the ends is struck at the middle 
by a weight W falling down from the height h. Neglecting <>st in 
comparison with h, find the magnitude of the ratio ql/W at which 
the effect of the mass of the beam reduces the dynamical deflection 
by 10 per cent. 

dnswer. 

qi 
w = 0.483. 

68. The General Expression for Strain Energy .-In the 
discussion of problems in tension, compression, twist and 
bending it has been shown that the energy of strain can be 
represented in each case by a function of the second degree in 
the external forces (eqs. 168, 177 and 184) or by a function of 
the second degree in the displacements (eqs. 169, 178 and 
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185). This is also true for the most general deformation of an 
elastic body, with the following provisions: the materiai 
follows Hooke's law; the conditions are such that the small 
displacements, due to strain, do not affect the action of the 
external forces and are negligible in cal:ulating the stresses. 16 

With these two provisions, the displacements of an elastic 
system are linear functions of the external loads; if these 
loads increase in a certain proportion, all the displacements 
increase in the same proportion. Consider a body submitted 
to the action of the external forces P 1, P 2, P 3, • • • (Fig. 2 5 2) 

and supported in such a manner that movement as a rigid 
body is impossible and displacements are due to elastic 
deformations only. Let 01, 02, 03, • • • denote the displace­

ments of the points of application of the 
forces each measured in the direction of 
the corresponding force.17 If the external 
forces increase gradually so that they are 

I' always in equilibrium with the resisting in­
ternal elastic forces, the work which they 
do during deformation will be equal to the 

F strain energy stored in the deformed body. 'IG. 252. 
The amount of this energy does not de-

pend upon the order in which the forces are applied and is 
completely determined by their final magnitudes. Let us 
assume that all external forces Pi, P2, P3, • • • increase simul­
taneously in the same ratio; then the relation between each 
force and its corresponding displacement can be represented 
by a diagram analogous to that shown in Fig. 241, and the 
work done by all the forces P1, P 2, P3, ···,equal to the strain 
energy stored in the body, is 

U = P101 + P202 + P303 + . . . (191 ) 
2 2 2 ' 

16 Such problems as the bending of bars by lateral forces with simul­
taneom: axial tension or compression do not satisfy the above condition 
and are excluded from this discussion. Regarding these exceptional 
cases see article 72. 

17 The displacements of the same points in the directions perpendicular 
to the corresponding forces are not considered in the following discussion. 
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i.e., the total energy of strain is equal to half the sum of the 
products of each external force and its corresponding displace­
ment.18 On the assumptions made above, the displacements 

, o1, o2, o3, • • • are linear functions of the forces P1, P2, P 3, • • •• 

The substitution of these functions into eq. (191) gives a 
general expression for the strain energy in the form of a 

i homogeneous function of the second degree in the external 
forces. If the forces be represented as linear functions of 
displacements and these functions be substituted into eq. 
( 191), an expression for the strain energy in the form of a 
homogeneous function of the second degree in displacements 

' is obtained. 
In the above discussion the reactions at the supports were 

not taken into consideration. The work done by these 
reactions during the deformation is equal to zero since the 
displacement of an immovable support, such as A (Fig. 252), 
is zero and the displacement of a movable support, such as B, 
is perpendicular to the reaction, friction at the supports 
being neglected. Consequently, the reactions add nothing to 
the expression for the potential energy ( I 9 I). 

As an example of the application of eq. (191) let us consider 
the energy stored in a cubic element submitted to uniform tension 
in three perpendicular directions (Fig. 50). If the edge of the cube 
is of unit length, the tensile forces on its faces are numerically u,,, 
<Ty, u, and the corresponding elongations, Ex, Ey, E,. Then the strain 
energy stored in one cubic inch, from eq. (191), is 

<lxEx <lyEy <lzEz 
w=-+-+-· 

2 2 2 

Substituting, for the elongations, the values given by (43),19 

I µ 
W = 

2
E (u/ + u/ + u.2) - E (<lx<ly + <ly<lz + u,u,,). (192) 

18 This conclusion was obtained first by Clapeyron; see Lame, 
Le~ons sur la theorie mathematique de l'elasticite, 2 ed., l 866, p. 79. 

19 Here the changes in temperature due to strain are considered of 
no practical importance. For further discussion see the book by T. 
Weyrauch, "Theorie elastischer Korper," Leipzig, I 884, p. I 63. See 
also Z. f. Architektur- und lngenieurwesen, Vol. 54, 1908, p. 91 and 
p. 277. 
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This expression can also be used when some of the normal stresses 
a:e compressive, in which case they must be given a negative 
sign. 

If in addition to normal stresses there are shearing stresses 
acting on the faces of the element, the energy of shear can be added 
to the energy of tension or compression (see p. 299), and using 
eq. (179) the total energy stored in one cubic inch is 

I µ 
W = 

2
£ (u,? + uy2 + <Tz

2
) - E (<11:<Ty + <Ty<Tz + <Tz<Tz) 

I 
+ 

2
G (rxi +Ty/+ r.,,2). (193) 

As a second example let us consider a beam supported at the 
ends, loaded at the middle by a force P and bent by a couple M 
applied at the end A. The deflection at the middle is, from eqs. 
(90) and (105), 

P/3 M/2 
0 = 48£/+ 16£1· (a) 

The slope at the end A is, from eqs. (88) and (104), 

Pl2 Ml 
8 = 16EI + 3EI' (b) 

Then the strain energy of the beam, equal to the work done by the 
force P and by the couple M, is 

This expression is a homogeneous function of the second degree in 
the external force and the external couple. Solving eqs. (a) and 
(b) for Mand P and substituting in eq. (c), an expression for the 
strain energy in the form of a homogeneous function of the second 
degree in displacements may be obtained. It must be noted that 
when external couples are acting on the body the corresponding 
displacements are the angular displacements of surface elements on 
which these couples are acting. 

69. The Theorem of Castigliano.-From the expressions 
for the energy of strain in various cases a very simple method 
for calculating the displacements of points of an elastic body 
during deformation may be established. For example, in 
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the case of simple tension (Fig. I), the strain energy as given 
by eq. (168) is 

By taking the derivative of this expression with respect to P 
we obtain 

dU Pl 
dP = AE = 0' 

i.e., the derivative of the strain energy with respect to the 
load gives the displacement corresponding to the load, i.e., at 
the point of application of the load in the direction of the 
load. In the case of a cantilever loaded at the end, the strain 
energy is (eq. c, p. 297) 

The derivative of this expression with respect to the load P 
gives the known deflection at the free end Pl3/3EI. 

In the twist of a circular shaft the strain energy is (eq. 182) 

MN 
2Glv. 

The derivative of this expression with respect to the torque 
gives 

dU Mtl 
dMt = GIP= cp, 

which is the angle of twist of the shaft, and represents the 
displacement corresponding to the torque. 

When several loads act on an elastic body, the same 
method of calculation of displacements may be used. For 
example, expression (c) of the previous article gives the strain 
energy of a beam bent by a load P at the middle and by a 
couple Mat the end. The partial derivative of this expression 
with respect to P gives the deflection under the load and the 
partial derivative with respect to M gives the angle of rotation 
of the end of the beam on which the couple M acts. 
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The theorem of Castigliano is a general statement of these 
results.20 If the material of the system follows Hooke's law 
and the conditions are such that the small dispiacements due 
to deformation can be neglected in discussing the action of 
forces, the strain energy of such a system may be given by a 
homogeneous function of the second degree in the acting 
forces (see art. 68). Then the partial derivative of strain 
energy with respect to any such force gives the displacement 
corresponding to this force ( exceptional cases see art. 72). 
The terms "force" and "displacement" here may have their 
generalized meanings, that is, they include "couple" and 
"angular displacement" respectively. 

Let us consider a general case such as shown in Fig. 252. 

Assume that the strain energy is represented as a function of 
the forces P1, P2, P3, • • ·, so that 

(a) 

If a small increase dPn is given to any external load Pn, the 
strain energy will increase also and its new amount will be 

au 
U + aPn dPn, (b) 

But the magnitude of the strain energy does not depend upon 
the order in which the loads are applied to the body-it 
depends only upon their final values. It can be assumed, for 
instance, that the infinitesimal load dP n was applied first, and 
afterwards the loads P1, P2, P3, • • •. The final amount of 
strain energy remains the same, as given by eq. (b). The load 
dPn, applied first, produces only an infinitesimal displacement, 
so that the corresponding work done is a small quantity of the 
second order and can be neglected. Applying now the loads 
Pi, P 2, Pa, • • ·, it must be noticed that their effect will not be 

20 See the paper by Castigliano, ":Nuova Teoria Intorno dell' Equi­
librio <lei Sistemi Elastici," Atti della Academia delle scienze, Torino, 
1875. See also his" Theorie de l'equilibre des system es elastiq ues," Turin, 
1879. For an English translation of Castigliano's work see E. S. An­
drews, London, 191 9. 
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modified by the load dPn previously applied 21 and the work 
done by these loads will be equal to U (eq. a), as before. But 
during the application of these forces, however, JP n is given 
some displacement On in the direction of Pn, and does the 
work (dPn)On• The two expressions for the work must be 
equal; therefore 

As an application of the theorem let us consider a can~i­
lever beam carrying a load P and a couple Ma at the end, 
Fig. 253. The bending moment at a cross section mn is 
M = - Px - Ma and the strain energy, from equation 
( I 84), is 

- i1M2Jx u - 0 2£/ • 

To obtain the deflection o at the end of the cantilever we have 
only to take the partial derivative of U with respect to P, 
which gives 

au I i 1 aM 0 = aP = EI 
O 

M aP dx. 

Substituting for M its equivalent expression, m terms of F 
and Ma, we obtain 

I il P/3 Ma/2 o = EI o (Px + Ma)xdx = 3EI + 2EI • 

The same expression would have been obtained by applying 
one of the previously described methods, such as the area 
moment method. 

To obtain the slope at the end we calculate the partial 

21 This follows from the provisions made on page 306 on the basis of 
which the strain energy was obtained as a homogeneous function of the 
second degree. 
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derivative of the strain energy with respect to the couple 
Ma. Then 

au 1 J: 1 aM 8 = aMa = EI 
O 

M aMa dx 

m 
B 

I il P/2 Mal 
= EI o (Px + Ma)dx = 2EI + EI • 

·n 

z :...· ---..i 

F10. 253. 

,, The positive signs obtained for o and () 
indicate that the deflection and rotation 
of the end have the same directions re­
spectively as the force and the couple in 

Fig. 253. 
It should be noted that the partial derivative aM/aP is 

the rate of increase of the moment M with respect to the 
increase of the load P and can be visualized by the bending 
moment diagram for a load equal to unity, as shown in Fig. 
254 (a). The partial derivative aM/aMa can be visualized 

I X ,---[ -h---1-/ --,---c-=--~ 

(Q) (6) 

in the same manner by the bending moment diagram m 
Fig. 254 (b). Using the notations 

aM _ M' 
aP - P 

and 

we can represent our previous results in the following form: 

I fl o =EI. 
0 

MM/dx; 
I t 

8 = EI Jo MMm'dx. 
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These equations, derived for the particular case shown in 
Fig. 253, also hold for the general case of a beam with any 
kind of loading and any kind of support. They can also be 
used in the case of distributed loads. 

Let us consider, for example, the case of a uniformly loaded 
and simply supported beam, Fig. 255, and calculate the de­
flection at the middle of this beam by using the Castigliano 
theorem. In the preceding cases concentrated forces and 
couples acted, and partial derivatives with respect to these 
forces and couples gave the corresponding displacements and 

C ~ 

•~---'~_¾_-_~z_¼e,_) __ ~6 ~ 
(6) (d} 

FIG. 255. 

rotations. In the case of a uniform load there is no vertical 
force acting at the middle of the beam which would correspond 
to the deflection at the middle. Thus we cannot proceed as 
in the previous problem. This difficulty can, however, be 
readily removed by assuming that there is a fictitious load P 
of infinitely small magnitude at the middle. Such a force 
evidently will not affect the deflection and the bending mo­
ment diagram shown in Fig. 255 (b). At the same time, the 
rate of increase of the bending moment due to the increase of P, 
represented by the partial derivative aM/aP, is as represented 
by Fig. 255 (c) and 255 (d). With these values of M andaM/aP 
the value of the deflection is 

au 1 t aM 
0 = aP = El, J

0 
M aP dx. 

Observing that M and aM/aP are both symmetrical with 
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respect to the middle of the span, we obtain 

2 {''2 aM 
0 =EI.Jo M aP dx 

- 2 {'':;. ( q!x - qx2) x dx - 5 q/4 . 
El z Jo 2 2 2 384 Elz 

(6) 

If it is required to calculate 
the slope at the end B of the 
beam in Fig. 255 (a) by using 
the Castigliano theorem, we 
have only to assume an infi­
nitely small couple Mb applied 
at B. Such a couple does not 
change the bending moment 
diagram in Fig. 255 (b). The 

partial derivative aM/aM& is then as represented in Fig. 256 
(a) and 256 (b). The required rotation of the end B of the 
beam is then 

au 1 [ 1 aM 0 = a Mb = EI~ . 0 M a Mb dx 

= _1_ [1 (q!x - qx2)~dx 
Efz. 0 2 2 / 

q/3 
= 24EI,. 

We see that the results ob­
tained by the use of Castig­
liano' s theorem coincide with 
those previously obtained (p. 
138). 

The Castigliano theorem is 
especially useful in the calcula­
tion of deflections in trusses. 
As an example let us consider 
the case shown in Fig. 2 57. All 

FIG. 257. 

members of the system are numbered and their lengths and 
cross-sectional areas given in the table below. The force S, 
produced in any bar i of the system by the loads P1, P2, P3 
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may be calculated from simple equations of statics. These 
forces are given in column 4 of the table. The strain energy 

2 

/; 
1n. 

250 
2 150 

3 200 

4 I 50 

5 250 
6 300 

7 250 
8 15c 

9 200 
10 250 
II 150 

TABLE OF DATA FOR THE TRUSS IN FIGURE 257 

3 4 

A, S; 
in. 2 tn. 

6 - 13.75 

3 8.25 
2 8.oo 

3 8.25 
2 3.75 
4 -10.50 
2 6.25 

J 6.75 
1 4.00 
6 -11.25 

! 
6.7, J 

; ! 

5 6 7 
'· 

Si' 
S,S/l, 

S/' --
A, 

-0.625 358 0 

o.375 155 I 

0 0 0 

o.375 155 I 

0.625 293 0 
-0.750 59 0 

0.625 488 0 

o.375 127 0 
0 0 0 

-0.625 293 0 

o.375 127 0 
' ' 

i=m S;S/li. . 
L -- = 2,055 tns. per mch. 
i=I A, 

of any bar i, from eq. (168), is S;2!;/2A;E. 
strain energy in the whole system is 

The amount of 

'=m S .2f. 
U = I: '' 

(=l 2A;E' 

in which the summation is extended over all the members of 
the system, which in our case is m = Ir. The forces Si are 
functions of the loads P, and the deflection o,. under any load 
P" is, therefore, from eq. ( I 94), 

0" = au = 'f: SJ; . aS; . 
aPn (=l A;E aPn (197) 

The derivative aS;jaPn is the rate of increase of the force Si 
with increase of the load P,.. Numerically it is equal to the 
force produced in the bar i by a unit load applied in the 
position of Pn, and we will use this fact in finding the above 
derivative. These derivatives will hereafter he denoted by 
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S/. The equation for calculating the deflections then 
becomes 

'=m S S-'/. 
On = L _i_i_i • (198) 

'=I A;E 

Consider for instance the deflection 02 corresponding to P2 at A 
in Fig. 257 (a). The magnitudes S/ tabulated in column 5 
above are obtained by the simple principles of statics from the 
loading conditions shown in Fig. 257 (b), in which all actual 
loads are removed and a vertical load of one ton is applied at 
the hinge A. The values tabulated in column 6 are calculated 
from those entered in columns 2 through 5. Summation and 
division by the modulus E = (30/2,000) X 106 tns. per sq. in. 
gives the deflection at A, eq. (198), 

t _ 2,055 X 2,000 _ . 
u2 - X 6 - o. 137 m. 30 IO 

The above discussion was concerned with the computation 
of displacements oi, 02, • • • corresponding.to the given external 
forces Pi, P2, • • •. In investigating the deformation of an 
elastic system, it may be necessary to calculate the displace­
ment of a point at which there is no load at all, or the dis­
placement of a loaded point in a direction different from that 
of the load. The method of Castigliano may also be used 
here. We merely apply at that point an additional infinitely 
small imaginary load Q in the direction in which the displace­
ment is wanted, and calculate the derivative aU/aQ. In this 
der.ivative the added load Q is put equal to zero, and the 
desired displacement obtained. For example, in the truss 
shown in Fig. 257 (a), let us calculate the horizontal displace­
ment of the point A. A horizontal force Q is applied at this 
point, and the corresponding horizontal displacement is 

0 _ (au) _ ':E SJ; as; (d) 
,. - aQ Q=o - ,=1 A£· aQ' 

in which the summation is extended over all the members of 
the system. The forces S; in eq. (d) have the same meaning 
as before, because the added load Q is zero, and the derivatives 
iJSi/aQ = S/' are obtained as the forces in the bars of the 
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truss produced by the loading shown in Fig. 257 (c). These 
are tabulated in column 7. Substituting these forces into 
eq. (d), we find that the horizontal displacement of A is equal 
to the sum of the elongations of the bars 2 and 4, namely, 

I ( S2/2 S4/4) 150 X 2,000 • 
oh = E A2 + A4 = 3 X 30 X l06 (8.25 + 8.25) = o.055 m. 

In investigating the deformation of trusses 
it is sometimes necessary to know the change 
in distance between two points of the system. 
This can also be done by the Castigliano 
method. Let us determine, for instance, what 
decrease o, in the distance between the joints 
A and B (Fig. 258, a), is produced by the loads 
Pi, P 2, Pa. At these joints, two equal and 
opposite imaginary forces Qare applied as in­
dicated in the figure by the dotted lines. It 
follows from the Castigliano theorem that the 
partial deri,vative (aU/aQ)Q=o gives the sum 

Jt
P. 

, ; 

(d) 

of the displacements of A and B, in the direction AB, produced 
by the loads Pi, P2, Pa. Using eq. ( 194), this displacement is 22 

o = (au) = im SJ; as;= im SJ; . S;', (199) 
aQ Q=o ,=i A£ aQ; ,=1 A£ 

in which S; are the forces produced in the bars of the system by 
the actual loads Pi, P2, Pa; S/ are the quantities to be 
determined from the loading shown in Fig. 258 (b), in which all 
actual loads are removed and two opposite unit forces are 
applied at A and B; and mis the number of members. 

Problems 
I. Determine by the use 

of Castigliano's theorem the 
deflection and the slope at 
the end of a uniformly loaded 
cantilever beam. FIG. 259. 

2. Determine the deflec­
tion at the end B of the overhang of the beam shown in Fig. 259. 

22 This problem was first solved by J. C. Maxwell, "On the Calcu­
lation of the Equilibrium and Stiffness of Frames," Phil. Mag. (4), 
Vol. 27, 1864, p. 294. Scientific Papers, Vol. 1, Cambridge, 1890, p. 598. 
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3. A system consisting of two prismatical bars of equal length 
and equal cross section (Fig. 260) carries a vertical load P. Deter­

mine the vertical displacement of the hinge .d. 
Solution. The tensile force in the bar 

dB and compressive force in the bar .dC are 
equal to P. Hence the strain energy of the 
system is 

FJG. 260. The vertical displacement of .d is 

dU 2Pl 
o=-=-· 

dP .dE 

4. Determine the horizontal displacement of the hinge .d in 
the previous problem. 

Solution. Apply a horizontal imaginary load Q as shown in 
Fig. 260 by the dotted line. The potential energy of the system is 

(P + 1/-{JQ)2l (P - 1/{3Q)2l 
U = 2d E + 2d E • 

The derivative of this expression with respect to Q for Q = o gives 
the horizontal displacement 

5. Determine the angular displacement of the bar AB produced 
by the load P in Fig. 261. 

Solution. An imaginary couple M is ap­
plied to the system as shown in the figure by 
dotted lines. The displacement correspond­
ing to this couple is the angular displacement 
<P of the bar .dB due to the load P. The 
forces Si in this case arc: P + 1/-{J(M/l) 
in the bar AB and - P - 2/-{j(M/l) in the 
bar AC. The strain energy is 

A 
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from which 

~ = (:Z)M=O =c ( :/1 + }~)M=O = ~1 • 

6. What horizontal displacement 
of the support B of the frame shown 
in Fig. 262 is produced by horizontal 
force H? 

Answer. 

A 
H 

7. Determine the vertical dis- FIG. 262. 

placement of the point A and hori-
zontal displacement of the point C of the steel truss shown in Fig. 263 
if P = 2,000 lbs., the cross-sectional areas of the compressed bars 
are 5 sq. in., and of the other bars 2 sq. in. 

r-· ,. 
8~c 

. p 

----16'---l 

FIG. 263. 

8. Determine the increase in the distance AB produced by 
forces H (Fig. 264) if the bars AC and BC are of the same dimen­
sions and only the bending of the bars need be taken into account. 
It is assumed that a is not small, so that the effect of deflections on 
the magnitude of bending moment can be neglected. 

Answer. 

1---a-t-1 6 

(6) 
FIG. 265. 

2 H sin2a /3 
0 = - EI 3 

9. Determine the deflection at 
a distance a from the left end of 
the uniformly loaded beam shown 
in Fig. 255 (a). 

Solution. Applying an infi­
nitely small load P at a distance 
a from the left end, the partial 
derivative aM/aP is as visual­
ized in Fig. 265 (a) and 265 (b). 

Using for M the parabolic diagram in Fig. 255 (b), the desired 
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deflection is 

0 = au = _I_ t M aM dx = _I_ ra ( qlx - qx
2

) xb dx 
aP EI J0 aP EI J0 2 2 I 

I 11 
(qlx qx2) a(/ - x) qab + - - - - --~dx = -- (a2 + b2 + 3ab). 

EI b 2 2 / 24EI 

Substituting x for a and / - x for b this result can be brought 
into agreement with the equation for the deflection curve previously 
obtained (p. 138). 

70. Application of Castigliano Theorem in Solution of 
Statically Indeterminate Problems.-The Castigliano theorem 
is very useful also in the solution of statically indeterminate 
problems. Let us begin with problems in which the reactions 
at the supports are considered as the statically indeterminate 
quantities. Denoting by X, Y, Z, • • · the statically inde­
terminate reactive forces, the strain energy of the system is a 
function of these forces. For the immovable supports and 
for the supports whose motion is perpendicular to the direction 
of the reactions the partial derivatives of the strain energy 
with respect to the unknown reactive forces must be equal to 
zero by the Castigliano theorem. Hence 

au 
-=o· ax ' 

au 
aY = o; 

au 
az = o; (200) 

In this manner we obtain as many equations as there are 
statically indeterminate reactions. 

It can be shown that eqs. (200) represent the conditions 
for a minimum of function U, from which it follows that 
the magnitudes of statically indeterminate reactive forces are 
such as to make the strain energy of the system a minimum. 
This is the principle of least work as applied to the determi­
nation of redundant reactions.23 

23 The principle of least work was stated first by F. Menabrea in 
his article, "Nouveau principe sur la distribution des tensions clans Jes 
systemes elastiques," Paris, C. R., Vol. 46 (1858), p. 1056. See also 
C.R., Vol. 98 (1884), p. 714. The complete proof of the principle was 
given by Castigliano, who made of this principle the fundamental method 
of solution of statically indeterminate systems. The application of 
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As an example of application of the above principle let 
us consider a uniformly loaded beam 
built in at one end and supported 
at the other (Fig. 266). This is the 
problem with one statically indeter­
minate reaction. Taking the verti­
cal reaction X at the right support as 

FIG. 266. 

the statically indeterminate quantity, this unknown force 1s 
found from the equation: 

dU 
dX = o. 

The strain energy of the beam, from eq. (187), is 

('M2dx 
U = J

0 
2EI' 

in which 
qx2 

M= Xx--· 
2 

Substituting in (a), we obtain 

from which 
X = fql. 

(a) 

(b) 

Instead of the reactive force X the reactive couple Ma at 
the left end of the beam could have been taken as the statically 
indeterminate quantity. The strain energy will now be a 
function of Ma. Equation (b) still holds, where now the 

strain energy methods in engineering was developed by 0. Mohr (see 
his "Abhandlungen aus dem Gebiete d. technischen Mechanik "), by 
H. MiiJler-Breslau in his book, "Die neueren Methoden der Festigkeits­
lehre," and F. Engesser, "Uber die Berechnung statisch unbestimmter 
Systeme," Zentralbl. d. Bauverwalt. 1907, p. 606. A very complete 
bibliography of this subject is given in the art. by M. Griining, Encyklo­
padie d. Math. Wiss., Vol. IV, 2, II, p. 419. 
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bending moment at any cross section is 

From the condition that the left end of the actual beam does 
not rotate when the beam is bent the derivative of the strain 
energy with respect to Ma must be equal to zero. From this 
we obtain 

from which the absolute value of the moment is 

Problems in which we consider the forces acting in 

redundant members of the system as the statically indeter­
minate quantities can also be solved by using the Casti­

8 

p 

gliano theorem. Take, as an ex­
c ample, the system represented in Fig. 

i 5 which was already discussed (see 
p. 19). Considering the force X in 

0 the vertical bar OC as the statically 
x indetermined quantity, the forces 

in the inclined bars OB and OD are 
(o) 

(P - X)/2 cos a. Denoting by U1 

the strain energy of the inclined bars 
(Fig. 267, a) and by U2 the strain eryergy of the vertical bar 
(Fig. 267, b), the total strain energy of the system is,24 

u - u u - (P - x)2 z x2z 
-

1 + 2 
- 2 cos a A E cos a + 2A E • (c) 

' 24 It is assumed that all bars have the same cross-sectional area A 
and the same modulus of elasticity E. 
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If o is the actual displacement downwards of the joint O in 
Fig. 15 the derivative with respect to X of the energy U1 of 
the system in Fig. 267 (a) should be equal to - o, since the 
force X of the system has the direction opposite to that of 
the displacement o. In the same time the derivative aU2/aX 
will be equal to o. Hence 

au = au1 + au2 = 
ax ax ax - 0 + 0 = 0 • (d) 

It is seen that the true value of the force X in the redundant 
member is such as to make the total strain energy of the 
system a m1mmum. Substituting for U its expression (c) in 
equation (d) we obtain 

(P - X) l Xl 
2 cos2 a A E cos a + A E = 0 

from which 
p 

X = I + 2 cos3 a 

A similar reasoning can be applied to any statically indeter­
mined system with one redundant member, and we can state 
that the force in that member is such as to make the strain 
energy of the syste'm a minimum. To illustrate the procedure 
of calculating stresses in such systems let us consider the frame 

(cJ 

shown in Fig. 268 (a). The reactions here are statically deter­
minate, but when we try to compute the forces in the bars, 
we find that there is one redundant member. Let us consider 
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the bar CD as this redundant member. Cut this bar at any 
point and apply to each end F and F1 a force X, equal to that 
in the bar. We thus arrive at a statically determinate system 
acted upon by the known force P, and, in addition, unknown 
forces X. The forces in the bars of this system are found in 
two groups: first, those produced by the external loading P 
assuming X = o, Fig. 268, b, and denoted by S ;°, where i in­
dicates the number of the bar; second, those produced when 
the external force P is removed and unit forces replace the 
X forces (Fig. 268, c). The latter forces are denoted by S/. 
Then the total force in any bar, when the force P and the 
forces X are all acting, is 

S; = S;° + S/X. (e) 

The total strain energy of the system, from eq. (196), is 

u = 'i: S;2!; = 'i:(S;0 + S/X)
2
l; ' (j) 

,=1 2A;E l=l 2A;E 

in which the summation is extended over all the bars of the 
system including the bar CD, which is cut. 25 The Castigliano 
theorem is now applied and the derivative of U with respect 
to X gives the displacement of the ends F and F1 towards each 
other. In the actual case the bar is continuous and this 
displacement is equal to zero. Hence 

dU 
dX = o, (g) 

i.e., the force X in the redundant bar is such as to make the 
strain energy of the system a minimum. From eqs. (/) and (g) 

_i_ i (S;0 + S/X) 2l; = i (S;0 + S/X)l;S;' = O 

dX '=I 2A;E l=i A;E ' 

from which 

X= (201) 

---------------------------
:Ii For this bar S,0 = o and S/ = 1. 
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This process may be extended to a system in which there are 
several redundant bars. • 

The principle of least work can be applied also when the 
statically unknown quantities are couples. Take, as an 
example, a uniformly loaded beam on three supports (Fig. 
269). If the bending moment at the middle support be 
considered the statically indeterminate quantity, the beam is 
cut at B and we obtain two simply supported beams (Fig. 

A~l~~lllllllllllll!Wlllll~~l~~o) 

,·~IIIIIIOOU®lfJ (itJjlIDID c' 
z1 ~M• ~ z, (b) 

FIG. 269. 

269, b) carrying the unknown couples Mb in. addition to the 
known uniform load q. There is no rotation of the end B' 
with respect to the end B" because in the actu.al case (Fig. 
269, a) there is a continuous deflection curve. Hence 

dU 
dMb = o. (202) 

Again the magnitude of the statically indeterminate quantity 
is such as to make the strain energy of the system a minimum. 

Problems 

I. The vertical loa1 P is supported by a vertical bar DB of 
length l and cross-sectional area // and by two 
equal inclined bars of length l and cross sec­
tional area //1 (Fig. 270). Determine the forces 
in the bars and also the ratio //1/// which will 
make the forces in all bars numerically equal. 

Solution . The system is statically indeter­
minate. Let X be the tensile force in the ver­
tical bar. The compressive forces in the inclined 
bars are 1/..f,i,(p - X) and the strain energy of FIG. 27°· 
the system is 
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The principle of least work gives 

dU XI (P - X)l 
dX = .d E - .d1E = o, 

from which 

Substituting this into equation 

I 
p X = {i (P - X), 

2. Determine the horizontal reaction X in the 
FIG. 271. system shown in Fig. 271. 

Solution. The unknown force X will enter only 
into the expression for the potential energy of bending of the por­
tion.dB of the bar. For this portion, M = Pa - Xx, and the equa­
tion of least work gives 

dU d .[
1 
M 2dx 1 .[

1 
dM dX = dX 

O 
2EI = El 

O 
M dXdx = 

from which 

X=J.pf!.. 
2 / 

3. Determine the horizontal 
reactions X of the system shown 
in Fig. 272. All dimensions are 
given in the table below. 

Solution. From the principle A 

of least work we have 
dU d SN, 
dX= dXL 2.d,E 

~ S;l; dS; 
= ~ .d.EdX= o. 

Let S;0 be the force in bar i pro­
duced by the known load P assum. 

I .[' - - (Pa - Xx)xdx 
El 0 

= _I ( X/
3 

_ Pa/2) = O 
El 3 2 ' 

F10. 272. 
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ing X = o, S/ the force produced in the same bar by unit forces 
which replace the X forces (Fig. 272, b) . The values of Si0 and S/ 
are determined from statics. They are given in columns 4 and 5 of 
the table below. Then the total force in any bar is 

S, =SP+ S/X. 

-·· 

i 
I; A, s,• I S/ I S,0S//; --

in. in.2 A, 

I 180.3 5 -1.803P J.2O2 - 78.1P 
2 158.1 3 1.581P -2.108 -r75.7P 
3 50.0 2 1.000P -i.333 - 33.3P 
4 180.3 5 -1.803P 1.202 - 78.1P 
5 158.1 3 i 

1.581P -2.108 - 175.7P 

Substituting into the equation of least work (200), 

t (s,o + S/ X)l; S-' = o, 
1 A£ ' 

from which 

- . . 

S/2/, -A, 

52.0 
234 
44.5 
sz.o 

234 

X= (/) 

The necessary figures for calculating X are given in columns 6 and 
7. Substituting this data into eq. 
(/), we obtain 

X = 0.877P. 

4. Determine the force in the 
redundant horizontal bar of the 
system shown in Fig. 273, assum-~ 
ing that the length of this bar is 
/ 0 = 300" and the cross-sectional 
area is Ao. The other bars have ~ 7J 
the same dimensions as in prob- F JG. 273• 
lem 3. 

Solution. The force in the horizontal bar is calculated from 
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eq. ('201). This equation is of the same kind as eq. (/) in problem 3 
but in the system of Fig. '273 there is the additional horizontal 
bar. The force produced in this bar by the force P alone (X = o) 
is zero, i.e., So0 = o. The force produced by two forces equal to 
unity (Fig. '273, b) is So' = I. The additional term in the numer­
ator of eq. (/) is 

So0So'lo --;;r;- = o. 

The additional term in the denominator is 

S0'
2/0 I ·lo 300 

Ao= Ao= Ao· 

Then, by using the data of problem 3, 

540.9P X=-"-'----'---
300 
Ao + 616.5 

Taking, for instance, A0 = 10 sq. in., 

X = 540.9P = o.836P. 
30 + 616.5 

That is only 4.7 per cent less than the value obtained in problem J 
for immovable supports.26 

Taking the cross-sectional area Ao = I sq. in., 

p 

p 

X = 540.9 = o.590P. 
300 + 616.5 

It can be seen that in statically indeterminate sys­
tems the forces in the bars depend also on their 
cross-sectional areas. 

5. Determine the forces in the bars of the sys­
tems shown in Fig. 'lo by using the principle of 
least work. 

6. Determine the forces in the bars of the sys­
tem shown in Fig. 274, assuming that all bars are 
of the same dimensions and material. 

Solution. If one bar be removed, the forces in the remaining bars 
can be determined from statics; hence the system has one redundant 
bar. Let I be this bar and X the force acting in it. Then all the 

26 Taking Ao = 00, we obtain the same condition as for immovable 
supports. 
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bars on the sides of the hexagon will have tensile forces X, bars 8, 9, 
11 and 12 have compressive forces X, and bars 7 and 10 have the 
force P - X. The strain energy of the system is 

X 2! (P - X) 2l 
U = 10 2dE + 2 2dE • 

From the equation dU/dX = o we obtain 

X=f · 
7. Determine the forces in the system shown in Fig. 268, 

assuming the cross-sectional areas of all bars equal and taking the 
force X in the diagonal AD as the statically indeterminate quantity. 

Solutior1o Substituting the data, given in the table below, in 
eq. (201), 

I 

2 

3 
4 

5 
6 

p 
p 

S/ 

-1/✓ i 
-1/✓i 
-1;..r,. 
-1/✓2 

+1 

+1 

-aP/✓1 
-aP/✓1 

0 

-aP/✓2 
-2aP 

0 

a/2 
a/2 
a/2 
a/2 
a ✓2 
a✓i 

,, = - (3 + 2✓i)aP. ,, = ( + ✓-) .:., ✓i , .:., 2a I 2. 

8. A rectangular frame of uniform cross section (Fig. 275) is 
submitted to a uniformly distributed load of intensity q as shown. 
Determine the bending moment Mat the corner. 

dnswer. 
(as + b3)q M = _;__ _ _;_._. 
12(a + b) 

Fm. 275. 
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9. A load P is supported by two beams of equal cross section, 
crossing each other as shown in Fig. 276. Determine the pressure 
X between the beams. 

Answer. 
P/3 

X = /3 + /13. 

. 
10. Find the statically indeterminate quantity in the frame 

shown in Fig. 167 by using the principle of least work. 
Solution. The strain energy of bending of the frame is 

_ Ih H 2x2dx i
1 (M0 - Hh) 2dx 

U - 2 EI + EI ' O 2 I O 2 
(g) 

in which Mo denotes the bending moment for the horizontal bar 
calculated as for a beam simply supported at the ends. Substi-
tuting in equation: 

dU 
dH = o, (h) 

we find 
2H h3 Hh2l h Il 

EI1 3 + EI = EI 
O 

Modx. (k) 

The integral on 1!he right side is the area of the triangular moment 
diagram for a beam carrying the load P. Hence 

11 I 

Modx =- Pc(l - c). 
0 2 

Substituting in (k), we obtain for H the same expression as in (114). 
(Seep. 192.) 

I I. Find the statically indeterminate quantities in the frames 
shown in Figs. 166, 169 and 171 by using the principle of least 
work. 

I 2. Find the bending moment in Fig. 269 assuming that /1 = 2/2. 

71. The Reciprocal Theorem.-Let us begin with a prob­
lem of a simply supported beam shown in Fig. 277 (a) and 
calculate the deflection at a point D when the load Pis acting 
at C. This deflection is obtained by substituting x = d into 
equation (86) which gives 

(a) 
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It is seen that the deflection (a) does not change if we put d 
for b and b for d, which indicates that for the case shown in 
Fig. 277 (b) the deflection 
at D1 is the same as the de­
flection at Din Fig. 277 (a). 
From Fig. 277 (b) we obtain 
Fig. 277 (c) by simply rotat­
ing the beam through 1 80 

degrees which brings point 
C1 in coincidence with point 
D and point D1 with point 
C. Hence the deflection at 
C in Fig. 277 (c) is equal 
to the deflection at D in 

,., 0 l 

(p} 

Fig. 277 (a). This means that if the load P is moved from 
point C to point D, the deflection which in the first case 
of loading was measured at D will be obtained in the 
second case at point C. This is a particular case of the 
reciprocal theorem. 

To establish the theorem in general form 27 we consider an 
elastic body, shown in Fig. 278, loaded in two different 
manners and supported in such a way that displacement as 
a rigid body is impossible. In the first state of stress the 
applied forces are Pi and P2, and in the second state Pa and P4. 
The displacements of the points of application in the directions 
of the forces are 01, 02, oa, 04 in the first state and oi', o/, oa', o/ 
in the second state. The reciprocal theorem states: The work 
done by the forces of the first state on the corresponding 
displacements of the secona state is equal to the work done 
by the forces of the second state on the corresponding dis-

27 A particular case of this theorem was obtained by J. C. Maxwell, 
Joe. cit., p. 317. The theorem is due to E. Betti, II nuovo Cimento 
(Ser. 2), V. 7 and 8 (187'.2). In a more general form, the theorem was 
given by Lord Rayleign, London Math. Soc. Proc., Vol. 4 (1873), or 
Scientific Papers, Vol. 1, p. 179. Various applications of this theorem 
to the solution of engineering problems were made by 0. Mohr, Joe. cit., 
p. 327, and H. Miiller-Breslau, Joe. cit., p. 327. 
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placements of the first. In symbols this means 

P1oi' + P202' = Paoa + P404. 

To prove this theorem let us consider the strain energy of the 
body when all forces P1, • • • P4 are acting together and let us 

use the fact that the amount of the strain energy does not 
depend upon the order in which the forces are applied but 
only upon the final values of the forces. In the first manner 
of loading assume that forces P1 and P2 are applied first and 
later forces Pa and P4. The strain energy stored during the 
application of P1 and P2 is 

P101 + P202 
2 2 • (a) 

Applying now P 3 and P4, the work done by these forces is 

Paoa' + P40/ 
2 2 • (b) 

It must be noted, however, that during the application of P 3 

and P4 the points of application of the previously applied 
forces Pi and P2 will be displaced by 01' and 02'. Then Pi and 
P2 do the work 

(c) 

Hence the total strain energy stored in the body, by summing 
28 These expressions are not divided by 2 because forces Pi and P2 

remain constant during the time in which their points of application 
undergo the displacements 01' and o2'. 
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(d) 

In the second manner of loading, let us apply the forces Pa and 
P4 first and afterwards P1 and P2. Then, repeating the same 
reasoning as above, we obtain 

U = Paoa' + P40/ + P101 + P202 + Paoa + P
4
o

4
• (e) 

2 2 2 2 

Putting (d) and (e) equal, eq. (203) is obtained. This 
theorem can be proven for any number of forces, and also for 
couples, or for forces and couples. In the case of a couple 
the corresponding angle of rotation is considered as the dis­
placement. 

For the particular case in which a single force P1 acts in 
the first state of stress, and a single force P2 m the second 
state, eq. (203) becomes 29 

P101' = P202, (204) 

If P 1 = P 2, it follows that ot' = 02, i.e., the displacement of 
the point of application of the force P2 in the direction of 
this force, produced by the force Pi, is equal to the displace­
ment of the point of application of the force Pi in the direction 
of Pi, produced by the force P2, A verification of this 
conclusion for a particular case was given in considering the 
beam shown in Fig. 277. 

As another example let us again consider the bending 
of a simply supported beam. In the first state let it be 
bent by a load P at the middle, and in the second state by 
a bending couple M at the end. The load P produces the 
slope 0 = Pl2/16EI at the end. The couple M, applied at the 
end, produces the deflection Ml2/16EI at the middle. Equa­
tion (204) becomes 

M/2 pz2 
p 16EI =M 16EI. 

• 29 This was proved first by J. C. Maxwell, and is frequently called 
Maxwell's theorem. 
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The reciprocal theorem is very useful in the problem of 
finding the most unfavorable position of moving loads on a 

FIG. 279. 

statically indeterminate system. An 
example is shown in Fig. 279, which 
represents a beam built in at one 
end and simply supported at the othet 
and carrying a concentrated load P. 
The problem is to find the variation in 
the magnitude of the reaction X at 
the left support as the distance x of 
the load from this support changes. 

Let us consider the actual condition of the beam (Fig. 279, a) 
as the first state of stress. The second, or fictitious, state is 
shown in Fig. 279 (b). The external load and the redundant 
support are there removed and a unit force upward replaces 
the unknown reaction X. This second state of stress is stat­
ically determinate and the corresponding deflection curve is 
known (see eq. 97, p. 148). If the coordinate axes are taken 
as shown in Fig. 279 (b), 

I 
y = 6EI (I - x)2(2/ + x). (J) 

Leto denote the deflection at the end and y the deflection at 
distance x from the left support. Then, applying the re­
ciprocal theorem, the work done by the forces of the first 
state on the corresponding displacements of the second state is 

Xo - Py. 

In calculating now the work done by the forces of the second 
state, there is only the unit force on the end,30 and the corre­
sponding displacement of the point A in the first state is equal 
to zero. Consequently this work is zero and the reciprocal 
theorem gives 

Xo - Py= o, 
from which 

(g) 

30 The reactions at the built-in end are not considered in either case 
because the corresponding displacement is zero. 
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It is seen that, as the load P changes position, the reaction X 
is proportional to the corresponding values of yin Fig. 279 (b). 
Hence the deflection curve of the second state (eq. j) gives a 
complete picture of the manner in which X varies with x. 
Such a curve is called the influence line for the reaction X. 31 

If several loads act simultaneously, the use of eq. (g) 
together with the method of superposition gives 

where y n is the deflection corresponding to the load P n and the 
summation is extended over all the loads. 

Problems 

I. Construct the influence lines for the reactions at the sup­
ports of the beam on three supports (Fig. 280). 

Solution. To get the influence line for the middle support the 
actual state shown in Fig. 280 (a) is taken as the first state of stress. 
The second state is indicated in Fig. 
280 (b), in which the load P is re­
moved and the reaction X is replaced 
by a unit force upward. This second 
state 'of stress is statically determin­
ate and the deflection curve is known 
(eqs. 86 and 87, p. 142); hence the 
deflections o and y can be calculated. 
Then the work done by the forces of 
the first state on the corresponding 
displacements of the second state is 

Xo - Py. 

FIG. 280. 

The work of the forces of the second state (force-unity) on the 
corresponding displacements of the first state (zero deflection at 
C) is zero; hence 

Xo - Py= o; X= pl. 
0 

Hence the deflection curve of the second state is the influence line 
for the reaction X. In order to get the influence line for the reac-

31 The use of models in determining the influence lines was developed 
by G. E. Beggs, Journal of Franklin Institute 1927. 
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tion at B, the second state of stress should be taken as shown in 
Fig. 280 (c). 

2. By using the influence line of the previous problem, deter­
mine the reaction at B if the load P is at the middle of the first 
span (x = '1/2) (Fig. 280, a). 

Answer. Reaction is downward and equal to 

3P li2 
16 '22 + '211 

3. Find the influence line for the bending moment at the middle 
support C of the beam on. three supports (Fig. 281 ). By using 
this line calculate the bending moment Mc when the load P is at 
the middle of the second span. 

Solution. The first state of stress is the actual state (Fig. 281, 
a) with a bending moment Mc acting at the cross section C. For 
the second state of stress the load P is removed, the beam is cut 
at C and two equal and opposite unit couples replace Mc (Fig. 281, 

FIG. 281. 

b). This case is statically deter­
minate. The angles 81 and 82 are 
given by eq. (104) and the de­
flection y by eq. (105). The sum 
of the angles 81 + 82 represents the 
displacement in the second state 
corresponding to the bending mo­
ment Mc acting in the first state. 

The work done by the forces of the first state on the corresponding 
displacement in the second state is 32 

Mc(81 + 82) - Py. 

The work done by the forces of the second state on the displace­
ments of the first state is zero because there is no cut at the support 
C in the actual case and the displacement corresponding to the 
two unit couples of the second state is zero. Hence 

and 

(h) 

It will be seen that as the load P changes its position, the bending 
moment Mc changes in the same ratio as the deflection y. Hence 

32 It is assumed that the bending moment Mc produces a deflection 
curve concave downward. 
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the deflection curves of the second state represent the influence line 
for M 0 • Noting t_hat 

/1 + /2 
01 + 02 = JEI 

and that the deflection at the middle of the second span is 

l • /22 

(y),_ 1•12 = 16EI' 

the bending moment when the load P is at the middle of the second 
span is, from eq. (h), 

M = _J__ . Pll . 
C 16 Ii + l2 

The positive sign obtained for Mc indicates that the moment has 
the direction indicated in Fig. 281 (b). Following bur general rule 
for the sign of moments (Fig. 58) we then consider M 0 as a negative 
bending moment. 

4. Find the influence line for the bending moment at the built­
in end B of the beam AB shown in Fig. 279, and calculate this 
moment when the load is at the distance x = //3 from the left 
support. 

Answer. 

5. Construct the influence line 
for the horizontal reactions Hof the 
frame shown in Fig. 167 (a) as the 
load P moves along the bar AB. 

Answer. The influence line has 
the same shape as the deflection 
curve of the bar AB for the loading 
condition shown in Fig. 166 (c). 

6. Construct the influence line 
for the force X in the horizontal 
bar CD (Fig. 282, a) as the load 
P moves along the beam AB. 
Calculate X when the load is at 
the middle. The displacements 
due to elongation and contraction 
of the bars are to he neglected 
and only the displacement due to 
the bending of the beam AB is to be taken into account. 
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Solution. The actual condition (Fig. 282, a) is taken as the 
first state of stress. In the second state the load P is removed 
and the forces X are replaced by unit forces (Fig. 282, b). Due to 
these forces, upward vertical pressures equal to (1 •h)/c are trans­
mitted to the beam dB at the points F and Hand the beam de­
flects as indicated by the dotted line. If y is the deflection of the • 
beam at the point corresponding to the load P, and o is the dis­
placement of the points C and D towards one another in the second 
state of stress, the reciprocal theorem gives 

Xo - Py= o and X= pl. 
0 

(i) 

Hence the deflection curve of the beam dB in the second state is 
the required influence line. The bending of the beam by the two 
symmetrically situated loads is discussed in problem I, p. I 59. 
Substituting (1 ·h)/c for Pin the formulas obtained there, the de­
flection of the beam at F and that at the middle are 

and 

respecti vel r. 
Considering the rotation of the triangle /JFC (Fig. 282, c) as 

a rigid body, the horizontal displacement of the point C is equal 
to the vertical displacement of the point F multiplied by h/c; hence 

h h2 

o = 2~(y)_,, = 
3

E
1

(3l - 4c). 

Substituting this and the deflection at the middle into eq. (i) gives 

X = P 3/2 - 4c2 
. 

Sh 3/ - 4c 

FlG. 283. 

7. Find the influence line for the force in the bar CD of the 
system shown in Fig. 283, neglecting displacements due to con-
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tractions and elongations and considering only the bending of the 
beam dB. 

dnswer. The line will he the same as that for the middle 
reaction of the beam on three supports (see problem I, p. 335). 

8. Construct the influence line for the bar BC which supports 
the beam dB. Find the force in BC when P is at the middle 
(Fig. 284). 

dnswer. Neglecting displacements due to elongation of the bar 
BC and contraction of the beam AB, the force in BC is / 6 (P/sin a). 

72. Exceptional Cases.-In the derivation of both the Cas­
tigliano theorem and the reciprocal theorem it was assumed that 
the displacements due to strain are proportional to the loads acting 
on the elastic system. There are cases in which the displacements 
are not proportional to the loads, although the material of the 
body may follow Hooke's law. This always occurs when the dis­
placements due to deformations must he considered in discussing 
the action of external loads. In such cases, the strain energy is no 
longer a second degree function and the theorem of Castigliano 
does not hold. In order to explain this limitation let us consider 
a simple case in which only one force P acts on the elastic system. 
Assume first that the displacement o is proportional to the corre­
sponding force Pas represented by the straight line Odin Fig. 285 

------ , A 

B 

(a). Then the area of the triangle OdB represents the strain 
energy stored in the system during the application of the load P. 
For an infinitesimal increase do in the displacement the strain energy 
increases by an amount shown in the figure by the shaded area 
and we obtain 

JU= Pdo. 

With a linear relationship the infinitesimal 
similar to the triangle OAB; therefore 

do = i J• = JJ?o . 
JP p or u p 

(a) 

triangle dDC is 

(b) 
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Substituting this into eq. (a), 

dU = p dPo, 
p 

from which the Castigliano statement is obtained: 

dU 
dP = o. (c) 

An example to which the Castigliano theorem cannot be applied is 
shown in Fig. 286. Two equal horizontal bars AC and BC hinged at 

C, 

p 

FIG. 286. 

A, B and C are subjected to the ac­
tion of the vertical force Pat C. Let 
C1 be the position of C after deforma-

• tion and a the angle of inclination of 
either bar in its deformed condition. 
The unit elongation of the bars, 
from Fig. 286 (a), is 

€ = (-/ - / ) : /. 
cos a 

(d) 

If only small displacements are con­
sidered, a is small and r/cos a = I + (a:2/2) approximatdy. Then, 
from (d), 

a2 

€ = - . 
2 

The corresponding forces in the bars are 

A.Ea2 

T= A.Ee=--· 
2 

From the condition of equilibrium of the point C1 (Fig. 286, b), 

P = 2aT, 

and for T, as given in eq. (e), 

from which 

and 

P = AEa3, 

31/ 
a= '\Jdf; 

a{p 
o = la= I '\JTE • 

(e) 

(/) 

(g) 
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In this case the displacement is not proportional to the load P, 
although the material of the bars follows Hooke's law. The rela­
tion between o and P is represented in Fig. 28 5 (b) by the curve 
OA. The shaded area OAB in this figure represents the strain 
energy stored in the system. The amount of strain energy is 

U = J:6 

Pdo. (h) 

Substituting, from (205), 

we obtain 

{j3 
P = AE-, /3 (i) 

u = AE t o3do = dEo
4 = Po = Pl a[P • (/) 

t3 Jo 4/3 4 4 '\JTE 
This shows that the strain energy is no longer a function of the 
second degree in the force P. Also it is not one half but only one 
quarter of the product Po (see art. 68). The Castigliano theorem 
of course does not hold here: 

JU= .i_(Pf 3/P) = !__/ 31/ = !5 
dP dP 4 '\JTE 3 '\JA.£ 3 • 

. Analogous results are obtained in all cases in which the displace­
ments are not proportional to the loads . 

• 





APPENDIX 

MOMENTS OF INERTIA OF PLANE FIGURES 

I. The Moment of Inertia of a Plane Area with Respect to an 
• Axis in Its Plane 

In discussing the bending of beams, we encounter integrals 
of this type: 

in which each element of area dA is multiplied by the square 
of its distance from the z-axis and integration is extended over 
the cross sectional area A of the beam (Fig. 1). Such an 
integral is called the moment of inertia of the area A with 

y 

FIG. I. Frc. 2. 

respect to the z-axis. In simple cases, moments of inertia can 
readily be calculated analytically. Take, for instance, a 
rectangle (Fig. 2). In calculating the moment of inertia of 
this rectangle with respect to the horizontal axis of symmetry 
z we can divide the rectangle into infinitesimal elements such 
as shown in the figure by the shaded area. Then 

rh/2 

lz = 2 Jo y 2bdy = bh3/12. 

In the same manner, the moment of inertia of the rectangle 
343 
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with respect to the y-axis is 

i b/2 

Iv = 2 
11 

z2hdz = hb1/12. 

Equation (2) can also be used for calculating I,, for the 
parallelogram shown in Fig. 3, because this parallelogram 
can be obtained from the rectangle shown by dotted lines by a 
displacement parallel to the axis z of elements such as the one 
shown. The areas of the elements and their distances from 
the 2-axis remain unchanged during such displacement so that 
lz is the same as for the rectangle. 

y 

FIG. 3- FIG. 4· 

In calculating the moment of inertia of a triangle with 
respect to the base (Fig. 4), the area of an element such as 
shown in the figure is 

and eq. (1) gives 

h-y 
dd = b-h-dy 

fz = lh bh ~ Y fdy = bh3/ 12. 

The method of calculation illustrated by the above examples 
can be used in the most general case. The moment of inertia 
is obtained by dividing the figure into infinitesimal strips 
parallel to the axis and then integrating as in eq. (1). 

The calculation can often be simplified if the figure can be 
divided into portions whose moments of inertia about the axis 
are known. In such case, the total moment of inertia is the 
sum of the moments of inertia of all the parts. 
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From its definition, eq. (1), it follows that the moment of 
inertia of an area with respect to an axis has the dimensions 
of a length raised to the fourth power; hence, by dividing the 
moment of inertia with respect to a certain axis by the cross 
sectional area of the figure, the square of a certain length 
is obtained. This length is called the radius of gyration with 
respect to that axis. For they and z axes, the radii of gy­
ration are 

Problems 
I. Find the moment of inertia of the rectangle in Fig. 2 with 

respect to the base. (Ans. lz = bh3/3.) 
2. Find the moment of inertia of the triangle // BC with respect 

to the axis z' (Fig. 4). 
Solution. This moment is the difference between the moment of 

inertia of the oarallelogram // BDC and the triangle BDC. Hence, 

I,, = bh3/3 - bh3/12 = bh3/4. 
y y 1 

Fm. 5. 

3. Find I, for the cross sections shown in Fig. 5. 
(b - h1)(a - 2h)3 

(Ans.lz = a4/I2 - (a - 2h)4/12;/z = ba3/12 - ----'-'------'-•) 
12 

4. Find the moment of inertia of a square with sides a with 
respect to a diagonal. (Ans. I = a4/12.) 

5. Find k'II and k, for the rectangle shown in Fig. 2. (Ans. 
ky = b/2 ✓}; kz = h/2 ✓}.) 

6. Find k, for Figs. 5a and 5b. 

II. Polar Moment of Inertia of a Plane Area 
The moment of inertia of a plane area with respect to an 

axis perpendicular to the plane of the figure is called the polar 
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moment of inertia with respect to the point, where the axis 
intersects the plane (point O in Fig. I)/ It is defined as the 
integral 

I = Jr2JA_ p ' 
A 

in which each element of area dd is multiplied by the square of 
its distance to the axis and integration is extended over the 
entire area of the figure. 

Referring back to Fig. 1, r2 = y 2 + z2, and from eq. (4) 

Ip = l (y2 + z2)dd = I. + / 11• 

That is, the polar moment of inertia with respect to any point 0 
y is equal to the sum of the moments of in­

ertia with respect to two perpendicular 
axes y and z through the same point. 

Let us consider a circular cross section. 
~---+--z We encounter the polar moment of inertia 

-"'«'?,-,-,,-r// of a circle with respect to its center in dis-

Frc. 6. 

cussing the twist of a circular shaft (see 
article 58). If we divide the area of the 
circle in to thin elemental rings, as shown 

in Fig. 6, we have dd = 21rrdr, and from eq. (4), 

(6) 

We know from symmetry that in this case 111 = I,; hence, 
from eqs. (5) and (6), 

The moment of inertia of an ellipse with respect to a 
principal axis z (Fig. 7) can be obtained by comparing the 
ellipse with the circle shown in the figure by dotted line. 

The height y of any element of the ellipse such as the one 
shown shaded can be obtained by reducing the height y1 of the 
corresponding element of the circle in the ratio bf a. From 
eq. (2), the moments of inertia of these two elements 
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with respect to the z-axis are in the ratio b3/a3
• The moments 

of inertia of the ellipse and of the circle are evidently in the 
same ratio; hence, the moment of inertia of the ellipse is 

J 
-- ---.... ,,--7 
---t--= - -'\---. 

' I a 
\ b 

I 

In the same manner, for the vertical axis 

I'll= 1rba3/4; 

(8) 

the polar moment of inertia of an ellipse 1s then, from eq. 
(5), 

Problems 
I. Find the polar moment of a rectangle with respect to the 

centroid (Fig. 2). (Ans. lp = bh3/12 + hb3/12.) 

2 Find the polar moments of inertia with respect to their 
centroids of the areas shown in Fig. 5. 

m. Transfer of Axis 
If the moment of inertia of an area with respect to an axis z 

through the centroid (Fig. 8) is known, 
the moment of inertia with respect to 
any parallel axis z' can be calculated 
from the equation: 

(10) 
Fm. 8. 
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in which A is the area of the figure and d is the distance 
between the axes. This can be prdved as follows: from 
eq. (1) 

I,,= i (y + d) 2dA = iy2dA + 2 iyddA + i d2dA. 

The first integral on the right side is equal to Iz, the third 

., integral is equal to Ad2 and the second 
integral vanishes due to the fact that z 
passes through the centroid; hence, this 

h equation reduces to (10). Equation (10) 
z 

is especially useful in calculating moments 
-1-c----1--z of inertia of cross sections of built- up 

b 11 beams (Fig. 9). The positions of the cen-
2 troids of standard angles and the moments 

of inertia of their cross sections with re­
spect to an axis through their centroid 

Fm. 9. 
are given in hand books. By transfer of 

axis, the moment of inertia of such a built-up section with 
respect to the z-axis can readily be calculated. 

Problems 

I. By transfer of axis, find the moment of inertia of a triangle 
(Fig. 4) with respect to the axis through the centroid and parallel to 
the base. (Ans. I = bh3/36.) 

2. Find the moment of inertia lz of the section shown in Fig. 9 
if h = 20

11, b = ½", and the angles have the dimensions 411 X 4" 
X ½", 

Solution. I,, = 203/(2 X 12) + 4[5.56 + 3.75(10 - 1.18)2] 

= I ,522 in.4
, 

3. Find the moment of inertia with respect to the neutral axis 
of the cross section of the channel shown in Fig. 85. 

IV. Product of Inertia, Principal Axes 
The integral 

(II) 

in which each element of area dA is multiplied by the product 
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of its coordinates and integration is extended over the entire 
area A of a plane figure, is called the product of inertia of the 
figure. If a figure has an axis of symmetry which is taken for 
they or z axis (Fig. 10), the product of inertia is equal to zero. 
This follows from the fact that in this case for any element 
such as dA with a positive z there exists ·an equal and sym­
metrically. situated element dA' with a negative z. The 
corresponding elementary products yzdA cancel each other; 
hence integral (11) vanishes. 

y 

y 

dA 

-+--+---+--! 

Fm. IO. Fm. 11. 

In the general case, for any point of any plane figure, we 
can always find two perpendicular axes such that the product 
of inertia for these axes vanishes. Take, for instance, the axes 
y and z, Fig. I I. If the axes are rotated about O 90° in the 
clock-wise direction, the new positions of the axes are y' and 
z' as shown in the figure. There is then the following relation 
between the old coordinates of an element dA and its new 
coordinates: 

y' = z; z' = - y. 

Hence, the product of inertia for the new coordinates is 

I 11,z1 = l_y'z'dA = - iyzdA = - l 11z; 

thus, during this rotation, the product of inertia changes its 
sign. As the product of inertia changes continuously with 
the angle of rotation, there must be certain directions for which 
this quantity becomes zero. The axes in these directions are 
called the principal axes. Usually the centroid is taken as the 
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origin of coordinates and the corresponding principal axes are 
then called the centroidal principal axes;,_ If a figure has an 

axis of symmetry, this axis and an 
axis perpendicular to it are prin­
cipal axes of the figure, because 
the product of inertia with respect 
to these axes is equal to zero, as 
explained above. 

z' If the product of inertia of a 
Frn. 12. 

figure is known for axes y and z 
(Fig. I 2) through the centroid, the product of inertia for 
parallel axes y' and z' can be found from the equation: 

I i/z' = l11z + Aab. 

The coordinates of an element dA for the new axes are 

y' = y + b; z' = z + a. 
Hence, 

I,,,, = iy'z'dA = i (y + b)(z + a)dA 

= i yzdA + i abdA + i yadA + i bzdA. 

The last two integrals vanish because C is the centroid so that 
the equation reduces to (12). 

Problems 

I. Find lvz1 for the rectangle in Fig. 2. (Ans. 111,z, = (b2h2/ 4).) 
2. Find the product of inertia of the r 

angle section with respect to the y and z 

1 
,?, 

axes. Do the same for the J1 and Z1 axes // 
(Fig. 13). a / 

Solution. Dividing the figure into two Y:_ j /\s• 
rectangles and using eq. (12) for each of ',, /~' -~-, 
these rectangles, we find '--11'-"'~: -----1 

//I-- a 

h d.. I Fw. 13. 
From t e symmetry con 1t10n 1112i = o. 

3. Determine the products of inertia I 11z of the sections shown in 
Fig. 5 if C is the centroid. 
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Solution. For Figs. 5a and 5b, / 11, = o because of symmetry. 
In the case of Fig. 5c, dividing the section into three rectangles, 
and using eq. (12), we find 

a - hb 
I· = - 2(b - h1)h---. 

IIZ 2 2 

V. Change of Direction of Axis. Determination of the 
Principal Axes 

Suppose that the moments of inertia 

1. = iy2dA; 

and the product of inertia 

111 = iz2dA 

111, = iyzdA 

(a) 

(b) 

are known, and it is required to find the same quantities for 

z, 

the new axes Yi and z1 (Fig. 14). Considering an elementary 

area dd, the new coordinates from the figure are 

z1 = z cos cp + y sin cp; Yi = y cos cp - z sm cp, (c) 

in which cp is the angle between z and Z1. Then, 

lz. = iy12dA = i (y cos cp - z sin cp)2dA = f y 2 cos2 cpdA 
A A JA 

+ .( z2 sin2 cpdA - i 2yz sin cp cos cpdA, 
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or by using (a) and (b) 

I.1 = lz cos2 cp + 111 sin2 cp - I 11z sin 2cp. (13) 

In the same manner 

1111 = lz sin2 cp + 111 cos2 cp + I 11 z sin 2cp. 

By taking the sum and the difference of eqs. (13) and (131) 

we find 
I,

1 
+ 1111 = lz + 111, (14) 

lz,. - 1 111 = (I, - 1 11 ) cos 2cp - 2/11 , sin 2cp. (15) 

These equations are very useful for calculating lz,. and / 111 • 

For calculating 1111,
1
, we find 

f 111z,. = i y,z,dA = i (y cos cp - z sin cp) (z cos cp 

+ y sin cp )dA = i y2 sin cp cos cpdA 

-i z2 sin cp cos cpdA + i yz(cos2 cp - sin2 cp)dA, 

• or by using (a) and (b) 

l111z,. = (I. - 111)½ sin 2cp + 1 11 • cos 2cp. (16) 

The principal axes of inertia are those two perpendicular 
axes for which the product of inertia vanishes. The axes J1 

and z1 in Fig. 14 are principal axes if the right side of eq. (16) 

vanishes. 

(I. - 1 11)½ sin 2cp + 1 11 , cos 2cp = o; 

this gives 

Let us determine, as an example, the directions of the principal 
axes of a rectangle through a corner of the rectangle (Fig. 2). 
In this case, 
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hence, 

In the derivation of eq. (17), the angle cp was taken as posi­
tive in the counter-clockwise direction (Fig. 14), so cp must 
be taken in this direction if it comes out positive. Equation 
(d) gives two different values for cp differing by 90°. These 
are the two perpendicular directions of the principal axes. 
Knowing the directions of the principal axes, the corresponding 
moments of inertia can be found from eqs. (14) and (15). 

The radii of gyration corresponding to the principal axes 
are called principal radii of gyration. 

If y, and z1 are the principal axes of inertia (Fig. 15) and k11, 

and k,
1 

the principal radii of gyration, the ellipse with k
111 

and 

y, 

k,
1 

as semi-axes, as shown in the figure, is called the ellipse of 
inertia. Having this ellipse, the radius of gyration k. for any 
axis z can be obtained graphically by drawing a tangent to the 
ellipse parallel to z. The distance of the origin O from this 
tangent is the length of k.. The ellipse of inertia gives a 
picture of how the moment of inertia changes as the axis z 
rotates in the plane of the figure about the point 0, and shows 
that the maximum and minimum of the moment of inertia 
are the principal moments of inertia. 
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Problems 

I. Determine the directions of the centroidal principal axes of 
the Z section (Fig. 5c) if h = h1 = 1"; b = 511

; a= 10". 

2. Find the directions of the centroidal principal axes and the 
corresponding principal moments of inertia for an angle sectiQn 
511 X 2½" X ½". (Ans. tan 2cp = 0.547; I max= 9.36 in.4; I min= 0.99 
in.4.) 

3. Determine the semi-axes of the ellipse of inertia for an 
elliptical cross section (Fig. 7). (Ans. k, = b/2; k11 = a/2.) 

4. Under what conditions does the ellipse of inertia become a 
circle? (Ans. When the moments of inertia with respect to the 
principal axes are equal.) 
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