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ABSTRACT 

This paper presents a novel wavelet-based image denois- 
ing algorithm under overcomplete expansion. In order to 
optimize the denoising performance, we make a systematic 
study of both signal and noise characteristics under over- 
complete expansion. Highband coefficients are viewed as 
the mixture of non-edge class and edge class observing dif- 
ferent probability models. Based on improved statistical 
modeling of wavelet coefficients, we derive optimal MMSE 
estimation strategies to suppress noise for both non-edge 
and edge coefficients. We have achieved fairly better ob- 
jective performance than most recently-published wavelet 
denoising schemes. 

1. INTRODUCTION 

There has been growing interest of wavelet-based denoising 
schemes for removing additive white Gaussian noise from 
corrupted images recently. Such popularity is mainly due 
to that wavelet provides an appropriate basis for separat- 
ing noise signal from image signal. Important features in 
images(e.g. edges) are usually represented by large coef- 
ficients, thus facilitating their separation from noise com- 
ponents which usually correspond to small coefficients in 
wavelet domain. Even ad-hoc thresholding strategy [ 13  gen- 
erates satisfactory denoising result and often outperforms 
other class of denoising schemes such as nonlinear filter- 
ing or nonlinear diffusion in terms of objective performance 
(MSE or PSNR). 

When noise characteristics is additive white Gaussian, 
image denoising problem is closely related to lossy image 
coding problem studied in [7] because they both heavily rely 
on statistical models employed in wavelet domain. Since 
lossy image coding has been extensively studied in image 
processing community, it is natural to make use of modeling 
maturity in lossy image coding to enhance the performance 
of wavelet-based image denoising algorithms. Indeed, re- 
cent works e.g. [2, 3, 41 follow this trend and have demon- 
strated impressive improvements over ad-hoc thresholding 
strategy. On the other hand, due to different goals between 

image denoising and image coding, appropriate wavelet ba- 
sis to expand image signal becomes different. Redundant 
representation or overcomplete expansion is obviously inef- 
ficient for coding purpose. However, it has been shown in 
[5,4] that redundant representation is substantially superior 
to non-redundant representation for denoising purpose. [5] 
summarizes the benefits of using redundant representation 
as improvement in approximation and suppression of Gibbs 
phenomena. 

We present a new image denoising scheme using over- 
complete expansion in this paper. The overcomplete expan- 
sion is obtained in a similar fashion as Translation-Invariant 
(TI) denoising [5] by shifting original signal. But unlike 
[5] processing shifted versions separately, we propose to 
put them together for the reason of achieving more accu- 
rate statistical models for signal components. The highband 
coefficients are viewed as the mixture of non-edge coeffi- 
cients observing a zero-mean model and edge coefficients 
observing a biased-mean model. The optimal noise sup- 
pression strategies(MMSE estimation) are derived for both 
edge and non-edge coefficients. For edge coefficients whose 
true bias is not available, an approximated solution based on 
Least-Square estimation and directional filtering is adopted. 
The new denoising algorithm appears to give smaller MSE 
results than almost all recently-published results in the lit- 
erature of wavelet denoising. The rest of this paper is orga- 
nized as following. Section 2 studies overcomplete expan- 
sion and its effect on signal and noise characteristics. Sec- 
tion 3 derives the optimal MMSE estimation for non-edge 
and edge coefficients under overcompelete expansion sepa- 
rately. Section 4 includes our experiment results for the new 
denoising algorithm. 

2. OVERCOMPLETE EXPANSION 

The preference of overcomplete expansion over conventional 
orthogonal wavelet originated from Coifman and Donoho’s 
Translation-Invariant(TI) denoising [5]. In 1D case, transla- 
tion invariance is achieved by shifting the input signal X by 
K - 1 indices to obtain K redundant representations where 
K is the decimation ratio in orthogonal wavelet transform. 
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Then denoising operation is applied to all shifted versions 
and the average of K denoised signal is taken as the final 
result i. The whole procedure can be written as: 

~ K-1 
. . I  
S = - Unshif tli[Denoise[Shi f t k [ X ] ] ]  (1) 

k=O 
K 

where Unshi f t is just the inverse operation of Shif t .  We 
also obtain overcomplete expansion by shifting the input 
signal by K - 1 indices to generate K redundant represen- 
tations. However, we look at the overcomplete expansion 
from point of view of its effect on signal and noise charac- 
teristics. The new perspective not only helps us better un- 
derstand the preference of overcomplete expansion over or- 
thogonal expansion in denoising scenario but also motivates 
us to come up with a better strategy for noise suppression. 
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Fig. 1. Overcomplete expansion of a 1D step-edge signal. 

Let us use a 1D step edge s, as an example to explain 
the advantage of using overcomplete expansion. Similar ar- 
guments also hold for 2D signal. Since wavelet transform is 
linear, the effect of noise on signal can still be treated as ad- 
ditive in wavelet domain. So we can separately study signal 
and noise components. On signal part, figure 1 shows the 
highband coefficients of all shifted version of sn. Our inter- 
est actually only lies in large coefficients(spikes) since they 
carry the information about transitions. When step edge is 
shifted by one sample, the spike changes its sign but still 
remains as a spike. On noise part, one obvious fact is its 
correlated structure(e.g. version (a) and (b) are correlated). 
However, the noise is still independent of s, and its power is 
typically much lower than that of signal component(spikes). 
Consequently, the probability of both spikes disappearing is 
much less then the probability of either one disappearing, 
which explains why signal is better preserved under over- 
complete expansion. Averaging over all shifted versions is 
simply a convenient solution without resolving the uncer- 
tainty of in which version the spike is gone. 

Theoretically jointly processing of noisy coefficients is 
necessary for the optimal estimation in the case of correlated- 
noise. In practice independently processing each coefficient 

Fig. 2. Diagram of our new denoising approach. 

is preferred due to its simplicity. This is dual to the prefer- 
ence of scalar quantization over vector quantization in im- 
age coding. When we are constrained to a scalar version 
of denoising scheme, the correlated structure of noise does 
not impede the derivation of optimal estimation strategy as 
we shall detail in the following section. The MMSE estima- 
tion actually only needs the assumption of zero-mean and 
independence from the signal for noise characteristics. 

Based on the above observations, we propose to pro- 
cess all shifted versions jointly rather than independently 
like [5,  41. In spite of correlated noise structure, the task 
of accurately statistical modeling of signal components is 
greatly facilitated. For example, at the highest resolution, 
the overcomplete expansion is equivalent to the result of 
wavelet filtering without decimation. Since wavelet filter- 
ing is linear, many nice properties of edges such as geomet- 
ric constraint [7] are well preserved in wavelet domain. And 
statistical modeling of edge coefficients could benefit from 
those properties. To clarify the distinction between our ap- 
proach and former works [5,4], figure 2 shows the diagram 
of our approach in 1D case. Generalization into 2D case is 
straightforward. Redundancy ratio in 2D case would be 4 
instead of 2. 

3. MMSE ESTIMATION 

Since we process each coefficient independently, the effi- 
ciency of noise suppression strategy mainly depends on the 
accuracy of statistical models describing signal and noise 
characteristics under overcomplete expansion. All the deriva- 
tion of MMSE estimation below will assume that noise is 
zero-mean and independent of signal but might be corre- 
lated. Similarly as [7], highband coefficients are viewed 
as the mixture of two classes: edge coefficient observing 
a biased-mean model whose biased mean depends on its lo- 
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cation across the edge orientation and non-edge coefficient 
observing a zero-mean model with spatially-varying vari- 
ance. From now on, we use index n to denote spatial coor- 
dinate and subscript w for noise component. 

3.1. Non-edge Coefficients 

In smooth areas, we model wavelet coefficients X ,  with 
N(0,a;) and assume variance field U; slowly varies, re- 
flecting the spatial clustering energy within each band. The 
Maximum Likelihood(ML) estimation of n; is given by [2]: 

where local neighbor N,  is a square window centered at 
Y,. Its size IN,I can be adaptively chosen across different 
resolution and orientation. 

With the knowledge of 0; and CT;, it is not difficult to 
obtain the optimal linear MMSE estimation of X,: 

2 

(3) On x, = aY,,a = ~ 

0; + U; 

and the minimal MSE achieved by (3) is 

(4) 

It should be noted that correlated structure of noise does 
not affect the above derivation because it only employs the 
assumption of zero-mean and independence of signal. Putting 
all shifted versions together facilitates the estimation of sig- 
nal characteristics 02 than treating them separately because 
they all contain the information about the same signal. Im- 
proved modeling of signal components directly leads to bet- 
ter objective performance of estimation strategy. 

3.2. Edge Coefficients 

We have found that biased-mean models are more suitable 
for edge coefficients in the framework of lossy image cod- 
ing due to smoothness constraint along the edge orientation 
[7]. Actually the smoothness constraint is even better pre- 
served under overcomplete expansion than orthogonal ex- 
pansion as we mentioned at the end of section 2. Therefore 
we should be able to more accurately model edge coeffi- 
cients under overcomplete expansion and improve the effi- 
ciency of estimation strategy. 

However, if we still use the estimator X,  = ay,, we 
find that the efficiency is not really improved. When X ,  
observes a biased-mean model, the MMSE estimation a is: 

and the minimal MSE is: 

We note that the MMSE result given by (6) is lower bounded 
by (4) because E [ X i ]  = c; + m i  >> g;. Actually, for 
edge coefficients, we have: 

E [ X i ]  >> U: =+ M M S E  M U: (7) 

It shows that noise has not been efficiently suppressed around 
edge area. 

To enhance the performance of noise suppression for 
edge coefficients, it is possible to obtain an improved esti- 
mation of X ,  by incorporating the biased mean m,(temporarily 
assuming it is known by some oracle) into the estimation: 

X, = ay, + (1 - a)m,, (8) 

It is easy to verify that (8) is an unbiased estimation of 
X n ( E [ X n ]  = E[X,]). Some simple derivation will show 
that the MMSE solution a goes back to (4) and minimal 
MSE reaches (4) again. Since E [ X i ]  >> ~ 2 ,  (4) is dra- 
matically smaller than (6), as we anticipate. Without the 
oracle about m,, we propose the following approximated 
solution based on Least-Square estimation and directional 
filtering. 

Firstly we estimate Y,(actually its biased mean) from its 
eight nearest corrupted pixels(set N,): 

y n  = akyk (9) 
k E N ,  

where d is optimized through a standard Least-Square method 
inside a local square window centered at Y, (including Y,). 
Secondly, to smooth out the noise along the edge orienta- 
tion, we take a simplified directional filtering approach: 

where N i  is the subset of N,: 

N: = {Yk E Nn : IYk - Ynl < 20) (1 1) 

Intuitively, set N i  defined by (1 1) is an approximation of 
pixels which live along the same edge orientation as Y, 
without explicitly estimating the orientation. In spite of the 
approximation, we find that directional filtering helps re- 
duce MSE around strong edges. 

4. SIMULATION RESULTS 

We have compared our results to several current state-of-art 
schemes: I )  AWEQ(Adaptive Wiener EQ) [2] by M. Mih- 
cak et al. of UIUC in ICASSP'99; 2) SSMM(Scale-Space 
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image 
Lena 

Barbara 

Table 1. MSE Performance comparison for Lena and Bai 
bara 

gUl 10 
AWEQ 23.7 
SSMM 21.5 

Ours 20.9 
AWEQ 35.2 
SSMM 37.3 
S A N S  - 
Ours 30.3 

SANS - 

t-EF-p 
10/18 

20.6 26.3 
31.3 43.8 

29.4 39.8 

- 
15 

34.0 
32.5 
31.9 
52.7 
50.9 
48.8 

- 
- 
- 
- 
- 
- 
- 

, 
44.1 I 56.6 I 

E!PEl 70.4 92.2 

Table 2. MSE Performance comparison using different fil- 
ters 

Mixture-Modeling) [3] by J. Liu of UIUC in ICIP'99; 3) 
SANS(Spatia1ly Adaptive Denoising) [4] by S.G.Chang of 
UC-Berkeley in ICIP'98. Among them SANS also used 
overcomplete expansion and achieved the best denoising re- 
sults so far. Unlike other schemes using orthogonal filters, 
we employ a pair of biorthogonal 10/18 filters which have 
been used in lossy image coding [7]. The computational 
complexity of suppressing noise in wavelet domain is com- 
parable to that of forward and inverse transforms. 

Table 1 compares our denoising scheme with others in 
terms of MSE. For Lena image, our scheme gives noticeably 
smaller MSE than other schemes when the noise power(a,) 
is not strong. For Barbara image containing abundant strong 
edges, substantial gain has been achieved over former schemes. 
Figure 3 shows the comparison of denoised images using 
SANS [4] and ours. It can be observed that texture patterns 
around the scarf are better preserved in our scheme than in 
[4]. A well-recognized fact in lossy image coding is that 
longer filters gives better R-D performance shorter filters. 
The preference of longer filters can also be justified in the 
scenario of image denoising. As we can see the compari- 
son results among 9/7, 1048 and 28/28 filters from table 2, 
28/28 filters achieves the smallest MSE among all. 

Fig. 3. Comparison of reconstructed Barbara in the case of 
noise variance a = 25. Top-left: original image. Top-right: 
noisy image. Bottom-left: SANS [4]. Bottom-right: Ours. 
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