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of Stability and Drift Behavior
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Hydraulic cylinders are commonly used and many works deal with modeling and control
of such devices. This article deals with the stability properties of hydraulic cylinders
drift in various situations. The study is based on a classic nonlinear model of
these physical systems. The cases of system models without leakages and models
with cylinder leakages or servovalve leakages are distinguished and lead to distinct
behaviors. The stability properties are proven by various mathematical arguments such
as first integrals, yaApuNov theorems, BWSALLE invariance principle, BRBALATS
lemma, and the center manifold theoffdOI: 10.1115/1.1433482]
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1 Introduction 2 A Hydraulic Cylinder Driven

Hydraulic devices including cylinders are commonly used iRY & Four-Way Servovalve

industrial processes and in manufa(;tured prod.ucts, and many re, 1 Description of the Actuator System. The system under
search works are devoted to modeling, analysis, control, and @@nsideration is composed of a four-way servovalve driving a
sign of such hydraulic systentéor example se¢1-4] as refer- jinear cylinder which carries a madd submitted to a viscous
ence books and the work§—14)). friction —bv and a constant external forceF,. The control
This article deals with the stability properties of the hydraulimput u is the servovalve voltage; the scheme of Fig. 1 represents
cylinders drift in various situations. These properties are describtids system. The origin of the positionis chosen such that the
by nonlinear models, and the proofs are based on mathemati¢@iumes of both cylinder chambers are the same and equ&J.to
arguments such as first integralsyabunov theorems, kSaLLe  The useful piston areas are denoteddpyandA, and the chamber
invariance principle, BRBALAT’S lemma and the center manifold Préssures b, andP, . The position verifies-1,<y<I, and the
theory. In the proofs, auxiliary functions derived from physicay®/ume of the chambers ané,(y) =Vo+Syy and V,(y) =V,
considerations are used. This study leads to a better understandir y. If dead volumes are taken into account th&(—1,)>0

. o . andV,(l,)>0, moreover, at each cylinder end stroke, a stop rep-
of the natural behavior of this kind of hydraulic system and can Ssented by a forcd(y) is introduced. OtherwiseV (I ,)

useful in design of nonlinear control laws. From a practical point y, (1,)=0, that is to say .=V, /S,, |,=V,/S,, and the stop
of view, these properties are roughly known but are not clearfyca Fns(y) ‘s removed. 0O R o
explained by mathematical models. Moreover, to the best of our

knowledge, no precise mathematical analysis of these properties i 2 Assumptions and Nonlinear Model of the Actuator
available in the literature. For example, in the case of a syste®ystem. In order to obtain the system models, the following
model without leakages, using the tangent linearized modehain assumptions are usually magee[1,2,4]):(i) the dynamic
which presents two eigenvalues equal to zero and two eigenvalwéshe servovalve is negligibléii) the pressures are homogeneous
on the imaginary axis, it is often asserted that the solution isimeach cylinder chambe(iji) the cylinder has no dry frictior{jv)
periodic function of the time. Although the result is valid, th¢he temperature is constant.
mathematical analysis is wrong. Under the previous assumptions, the system model is deduced
The first section is concerned with the description of the phydfom the three following lawsti) the pressure evolution law writ-
cal hydraulic device and its corresponding model, and in the sdg for each cylinder chambefii) the flow rates provided by the
ond section the existence of solutions is proved. For the ﬂovggrvoyalve ports to_the cylinder chambefsi) the mechanical
model only the properties used in the proofs are given. In the thi?&‘uat'on of the moving part.
section the drift dynamic behavior of the hydraulic actuator with- 2.2.1 Cylinder Chamber Model.Consider a pressure cham-
out any leakages induced in the model is studied. The cases wittr of volume filled with a massn of fluid with a densityp (see
and without viscous friction are examined. The fourth sectioRig. 2). The continuity equation leads tom=pV+Vp=m,
deals with the dynamic behavior of the hydraulic actuator with-my,, wherem;, andm,, represent respectively the mass flow
internal actuator leakages. For these leakages, it should be nd&igs entering and leaving the chamber. Using the bulk modulus
that the mass flow rate is used instead of the usual volumetric fi§lgfinition
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rate which prevents from using the mass conservation property. Bépi @)

Finally, in the fifth section the dynamic system behavior of the dp’

system with servovalve leakages is analyzed and a conclus@ies the pressure evolution laipd,3,4]):

summarizes the obtained results. o B [Min Moy d_V) @
Vi p p dt)’

Contributed by the Dynamic Systems and Control Division for publication in th : f : ;
JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, AND CONTROL. Manuscript fto the working range domain of pressures evolution, it can be

received by the Dynamic Systems and Control Division May 18, 2001. Associaﬁ@sumed thad remains constant, and by integrating definitia,
Editor: F. Conrad. it follows ([12]):
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/I7¢T l o >< —‘N\ In the case of a model of servovalve including leakages, inequali-
ties (5) are also satisfied when=0. Moreover, the equations
A servovaive

Qp(u,Py)=0 andQ,(u,P,)=0 define two smooth implicit func-
tions, called pressure gain curves, verifying:

40
supply

pressure W Py reen i @p: [—un,up]—=[P/,P¢]
Fig. 1 Scheme of the hydraulic actuator is onto and is an increasing functio(%
@n’ [—Un,un]—=[Pg,P/]
p P—P, is onto and is a decreasing function
% :exp< B ) @) hereP; andP/ are two pressures closed®e andPg, u, denotes

whereP,, is an arbitrary reference pressure ardhe correspond- the maximal servovalve voltage. Regarding the internal leakage
ing density. m (P, ,P,) between the cylinder chambers, it is assumed:

2.2.2 Compressibility Energy.Now, the compressibility en- (P ,P)(P,—Py)>0 VP,#P, and m(P,P)=0 VP.
ergy of the fluid in a chamber, which will be used later, is com- (8)
puted. The compressibility work by unity of massd$* = (P,
—P)dv wherev 2 1/p represents the specific volume aRglis an
arbitrary reference pressure. By using E8), the previous rela-
tion can be integrated and leads to the compressibility potent
energy for a chambdf12]):

2.2.4 Piston Motion. On the subject of the mechanical point
of view, at the end stroke of the piston=—1, ory=1,), a force
F:-'(y) corresponding to the piston stop is considered. The function

s(Y) is a nondecreasing smooth function such that:

Fs(y)=0 Vye[_lpxln]_

Sch(V,P,Po):mf*:BV( exp( P_BPO) - P_FE)30+B)- @) |Fsy)<0 Vye =0~ FY=0 Vyeln b0 (9)

and

It is interesting to note that&.n(V,Po,Po)=0 and that ) ) )

Ean(V,P,P)>0 if V>0. lim  E(y)= lim &(y)=+e with E(y)
y——l,—6 y—=ln+é

2.2.3 Flow Equations. In this section, the properties of the ’ v
flow rates needed in the theorem proofs are listed below. Formu- 2 0_r_
lations of flow rates can be found |a,4,5,7,13]. The servovalve, LOFS(G)dG (7 el=lp.lnD) (10)

whose dynamics have been neglected, can be schematized by a ) )
Wheatstone bridge in which the four restrictions areas are mogitere 6>0 is a very small distance such thei(—1,—5)>0
lated by the control inpu.. Usually, the volumetric flows rates, andVn(l,+8)>0. The application of the main principle of me-
chanics to the motion madg gives:
(u,Pp) my(u,Py)

m .
Qp(urpp):pp—p: Qn(unpn):T: MU:Appp_AnPn_FO_Fs(y)_bU- (11)
provided by the servovalve ports connected to the cylinder chafecause, the external fordg, is assumed to be less than the

bers, are used instead of the mass flow rates. These volumef@ximum actuator forceF, is within the range [S,Ps

flow rates verifies: —SyP;,S,P = S,Psl.
IQp(u,Pp) IQn(U,Pp) 2.2.5 Nonlinear State Model of the Electrohydraulic System
P P 0 Vu#0, (5) Under Consideration. Taking into account the various flow
p n rates, shown by Fig. 1 and applying relati(#) to each cylinder
and, in addition, for a model of servovalve assuming null lealchamber in addition to Eq11), the hydraulic state modél2) is
ages: deduced.
|
(6B i B P - — PO_Pp)'PP
PT VotAy Pt VotApy Qw1 Po) Rex B M(Pp.Pu)
L R A (Q( P+ — ;:(PO_P”)'(P P))
= v u, —ex m ,
"Vo— Ay Vo Ay | T pg B /P (12)
1
v= M(ApPp—AnPn—FO—FS(y)—bU)
\ y=v
Journal of Dynamic Systems, Measurement, and Control MARCH 2002, Vol. 124 / 207

2

d'17902/8€¥0055/90Z/ L /vZ | 4pd-ajonie/swaisAsoliweulp/61o0-swse uonos|jodjepbipawse//:dny wol pspeojumoq

UBY0) BSEI{ I

¥20Z AInf L} uo sasn atemeja( JO AlsiaAun Ag [D00XNBINSHXS-BEUNOMWDOWABIDDY-IAYHPNOIE LIFADNY IO L 8d81607NbZ810Z1: VYV WV #IMOOZIHIOXN



3 Uniqueness of the Solution and Pressures Positivity Vot+Spy Vo— Sy
- E(Y)=B(Vo+Syy)In| o—<5)/ tB(Vo—Sy)IN| —=5
Within the open sel/= RXRXRX]—1,—48,I,+ d[, the vector Vot Spy Vo— Sy
field corresponding to modéll2) is of classC? for a constant
value ofu. In the following proofs, it will be shown that is a +B(Y*=y)(S,—Sw. 19)

positive invariant set. By virtue Of_ﬂ.JCHY-LIPSCHI_TZS theorem 4.1 System Model Without Viscous Friction. Theorem 1.

(see[15,16]), for any initial state in I, there existd(xo) >0 Here, systent15) with b=0 is considered.

and 8y (%) >0 such that the solution initialized &g exists fort ) .

in the interval - 6,,(Xo), dm(Xo)[ and is unique. 1. The constantsPK, and PK, being given, the reduced sys-
Regarding the pressure positivity, remarks that it is possible #@m (15) has a single equilibrium poin0,y®), corresponding to

choose initial states it such that the pressures become negativthe intersection of E andM(PK,,PK.). Moreover ye

Without going into too much detail, it should be noticed that thig—1,,1,] iff Foe[Fn(l,),Fn(—1,)]1.

behavior can be avoided by taking into account cavitation phe-2. If the initial state is not the equilibrium point, then the

nomenons or by considering the bulk moduRiss a function of solution of(15) is periodic (and also the one ¢12)).

the pressuré such that3(0) =0. 3. In the case of §e[—I,,l,] and 0<&y(0)=inf(&,

(—1p),&(15)), the piston does not reach the actuator ends and

the period can be approximated :by,~27M/Kp(y®) with the

4 Dynamic Behavior of the System Model Drift With-  hydraulic stiffnessiCy(y®) =BS)/Vo+ Spy*+BS/Vo—S,y°.
out Leakages 4. Moreover, if€,(0)>supEy(—1,),&(1n)), at least one ac-

) ) ) N tuator end is reached by the piston. This result is still true when
In this section, system mod¢l2) with u=0 and conditions there are no dead volumes although the hydraulic forgetdhds

Qp(0,Pp)=Q(0,P;)=0 andrm (P, ,P,)=0 is considered. o infinity when the piston comes near to the cylinder.end
First of all, let us look at the state equations corresponding t05  prgof

the pressures evolution. As a result of the mass conservation law ) o ) . )
in each cylinder chamber, a simple integration of the two first statel- First, an equilibrium point (§7) of (15) is such that

equations 0f12) leads to the following first integrals: Fr(y®) —Fs(y®)=Fo. The function Fy(y):]—Vo/Ay,VolA,
[—R being decreasing fromte to —o, the function F(y)
Pp+BIn(Vo+Apy) and P +BIn(Vo—Ayy) —F4(y) is also decreasing, therefore, the previous equation has a
s, given two constanK, andPK,,, if the initial conditions are Single solution and systerl5) admits an unique equilibrium
such that point. Clearly, this point is the intersection oE and
M(PKP,PKn).

[PPP((())):BBIm(\\//Oj Spy(é)))_zlf}fp (13) Now, asF,—F; is decreasingy®c[—1,,l,] is equivalent to
(OB INYVo = SO =P (Fo=FI(9) €[(Fy—F (1), (Fy—F)(~1)] which is_itself
the trajectories of the system evolve on the two-dimensionefuivalent toFe[Fq(l,),Fn(—1,)], becauseF(y®) —F4(y®)

manifold M(PK,,PK,) defined by the equations: =Fo andF4(—1,)=F4(l,)=0.
Pp+BIn(Vo+Spy)=PK, 2. In order to show the periodicity of the movement, it is
P,+BIn(Vy—S.y)=PK,. (14)  noticed first that the mechanical energy is a proper positive

definite function with respect to (). Indeed, & is non-
negative &, + & is equal tofie(Fo—(Fh—Fs)(cr)dcr and is non-
negative because the functian—(Fo—(F,—F¢) (o) has the
same sign ay—y°®. Also, it is clear that, vanishes only when
(15) v=0 and&,+ & only wheny=y®. The fact thatt, is proper on
U2 RX]—1,=8,1,+ d] arises from lin, y) . 2 Em(v,y) = (this
is due to property10)).
where Then, a straightforward, computation shows that=0 which
F.(V)2A.P.—A P =A PK.—A PK.—B(A. In(Vq+ proves that the trajectories @GI5) remain on the level surfaces of
HY)=AoPp = AnPn=AgPKp = AP Kn = B(A; I(Vot Spy) En Which are contained ity since&,, is a proper function. Con-
—AnIn(Vo—Any)) (16)  sider an initial condition such thal,(0)=&,(v(0),y(0)) >0, the
represents the hydraulic force. These equations represent the & ched_zysgem rtlrajectoryu(t),y(t))brema_uns on the curve
lution of the system model restricted to the manifold™m v.y) = &m(0) whose equation can be written as
M(PK, ,PK,) defined by Eqs(14). . \/2(5m<0)—(€p+83)(y))
The setE of equilibrium points of system(12) is a two- v== M
dimensional manifold defined by the equations:0 andAP, which is a closed curvé. The periodicity of the movement results

~AnPy—Fo—Fy(y) =0, _ ) _
In the following, the mechanical enerdy, will be considered; fro_m the faqt_ th_atZ 1S a clo_sed curve, which does not contain the
unique equilibrium point sincé€,,(0)>0.

it is defined by:
3. Now, point 3 is proved. Denote by (t),y(t)) the trajec-

In view of the previous first integrals, the system model) can
be reduced to the equation:

1
v="17 (Fa(y)=Fo=Fs(y)—bv)

y=v

(20)

Em(v,Y)ZE(0) +E(Y) +ELY) (A7) tory issued from initial conditions v((0),y(0)). Since &,(0)

with: <inf(E,(—1,),&p(10)), y(t) e[ —1;.10] for all t, so &(y(t))=0
n y for all t. The function£, being decreasingesp. increasingn the

E(v)2 = Mp? Sp(y)éf (Fo interval[flp,ye]e (resp. on[y®,1,]) from 5p(_,|p) to E_p(ye)=0

2 Ve (resp. from&,(y®)=0 to &y(1,)), there exists a uniqug e

[_|p7ye] (resp. Ymaxe[Yeln)) such tI']atgm(o):gp(ymin) (resp.

y
—Fp(o))do E(y)2 f Fy(o)do (18)  Em(0) =Ep(Ymax)-

v The points on the trajectory such thg{t) =y, or y(t)
where y© represents an equilibrium position. A straightforward=y,.,are such that (t)=0 and the time needed to go from point
computation of the hydraulic potential energy gives: A(0Ymin) 10 B(0,yma ON the trajectory can be computed as in
208 / Vol. 124, MARCH 2002 Transactions of the ASME
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[17]:

max 1
T:Jy dy. (22)
mn  [2(E(0) = Ep(Y))

M

Due to the symmetry in the relatigq@0), the periodr,, is equal to
2T.

Since the previous integral cannot be analytically computed,
second-order series development of the potential energy agdunc ~ 4°

is used:

1
Sp(y):EICh(ye)(y—ye)zw(y—ye)z- (22)

In the light of approximation(22) the extremum positions are
Ymaxmii=Y- = V2Em(0)/ K (y®) and using an adequate change of

variable, an approximation of the period is given by:

T2y fl d__, - 23
TN ) e 2Ny B

One may point out thati®€,(y)/d?yl,_ye= —dFu(y)/dy|,_ye
leads to the well-knowrisee[1,3]) hydraulic stiffness:
. dFy, AB AZB
S e A
Notice also that the pressure evolution of systdi) is also
periodic with the same period since frqii8) and(14) it follows:
V0+SpY(0))

VotSy
VO_SnY(O)>
Vo= Sy
The maximum pressure, ac and minimum pressur, y, cor-
respond, respectively, to the minimum positigp;, and to the

maximum positiony ., and conversely concernirfg, .

(24)

P,=Py(0)+BIn

(25)
P,=P,(0)+B In(

y(T)

e

v° v

Fig. 3 Shape of reduced system trajectory

and the case without dead volumes is studied. In fact, it will be
shown that there are trajectories(f),y(t)) such thaty(t)—
=V, /S, or Vi /S, in finite time.

Consider the cas€,(0)>&,(—1p,) and assume that the equi-
librium point (v,y)=(0,y®) is globally asymptotically stable.
Then a trajectory beginning at the point(Q),y(0)) with v(0)
>0 andy(0)>y® intersects they axis at a timeT with y(T)
<V, /A, (see Fig. 3).

Then consider the integral:

|= b 1F d d
= ¢ “witw n(y) |dy—v dv,

where I' represents the path defined by the segnj@mi(0)]
x{y(0)}, the trajectory part going fromu(0),y(0)) to (Oy(T))
and the segmer0} X[y(T),y(0)]. On one hand, by calculating
| along the patH’, it follows:

1. Let us now turn our attention to point 4. The first thing that

must be pointed out is that although {im-v, /s, Fy(y)=c and
limy—v,/s,Fr(y)=—o the corresponding limits of,(y) are fi-
nite. It follows that if £,(0)>supEp(—1,),&(1n)), then the

fyw) 1 1,
= —Fr(y)dy—5v(0)=.
ym M 2

equation&,(0) =&,(y) has at most one solution in the interval On the other hand, by usingrREeNs formula it is obtained:

[—1p.In], which means that the piston reaches at least one end of

the actuator. | |

4.2 System Model With Viscous Friction. Theorem 2.

Here, systenil5) with b#0 is considered.

1. The constantsPK, and PK, being given, the reduced sys-

tem(15) has a single equilibrium point0,y€), which is globally

asymptotically stable. (This equilibrium point sets the equilibrium

pressures of systefi?)).

2. Ify®e[—Ip,1n] and 0<EL(0)=<inf(Ey(— 1), E(1n)), the
piston does not reach the actuator ends

3. Moreover, if £,(0)>supEp(—1,),&(1n)), the piston can

= bd dy= bA
= M v dy=—+r rea(A)

Equating both expressions bthe following relation is deduced:

1 y(0)

—Mv(0)2=j Fr(y)dy+b Area A).

2 y(m

On Fig. 3 the obvious inequality Ared)<v(0)(y(T)—y(0)) is
noticeable. Then:

1 y(0)
Fr(y)dy+Db(y(T)—y(0)).

1
~Mu(0)< —
2Mv® v(0) Jym

reach the actuator end stroke. This result is still true when there

are no dead volumes.

Proof
A simple computation leads ,(v,y) = —bv2<0. Now, con-

In view of the fact that®,(y) is bounded, for values af(0) large
enough, the previous inequality is impossible with the condition
y(T)<Vyl/A,. |

sider a trajectory (t),y(t)) of the reduced system such that

Em(v(t),y(t))EO. Along this trajectoryp(t)=0, thenv(t)=0
and using Eq(15) it follows F(y(t))=Fy+F4(y(t)) and from
the uniqueness of the equilibrium point it resujt&) =y®. By

using LASALLE invariance principlégsee[15,16])and the fact that

&n is a proper function the global asymptotic stability @f5)
follows. Clearly, using the first integral€l4), the equilibrium
pressures are determined.

Point 2 is obvious in view of theorem 1.

5 Dynamic Behavior of the System Model Drift With
Actuator Leakage and Without Servovalve Leakages

In this section, Eq(12) with u=0 is considered and it is as-
sumed thatQ,(0,Pp)=Q,(0,P,)=0, m(P,,P,)#0 andb+0.
From the conditiomrn; =0, it follows that the right-hand members
of (14) are no more first integrals but the conservation of the fluid
mass contained in both cylinder chambers leads to the consider-

Point 3 is obvious in the case of the existence of dead volumaton of:

Journal of Dynamic Systems, Measurement, and Control
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Pp—Po Now, two situations have to be distinguished: the case of a
m(Py,P, ,y)=pO(V0+Spy)ex;< B ) nonsymmetrical actuator with an external force and the case of a
symmetrical actuator without external force.
First Case (A,#A,). From lim_.(P,—P,)=0, it follows

n~ o
+P0(V0_Sny)e"p( B ) (26) b (t)=Py(t)+e(t) with lim,_.. &(t)=0. Substituting forP, in
whereP, and p, are respectively an arbitrary reference pressuFQe third equation 0f12) and in Eq.(27) and using lin... v (t)

and the corresponding density of the fluid. An easy computationO, the following relations are deduced:

shows thath(P,(t),P,(t),y(t))=0 along the trajectories of sys- )
tem(12)and so. lim (S,— $,) (1) = F(y(1)) = Fo (30a)
t—o

m(Pp(t),Pn(t),y(t))=m(0) for all t. (27)
. P,(t)—Pq m(0)
Theorem 3. System (12) with the above conditions is considered. M exp ———5——|(2Vo+ (S, = Sy)y(1) = e (30b)
t—ox
1. In the case of a non symmetrical actua{@,+S,) and F,

such that Equation (30a) can be written under the fornP(t)=1/A,
Fo —An(Fot+Fs(y() +e(t)Ze(y(t) +e(t)  with lim,_.."e(t)
1 my(0) Po~ S-S =0. Substituting forP(t) in Eq. (30b) and taking into account
—lpSa— —2Vp|<ly,  (28) lim,_.e(t)=0, the following equality is deduced:
S-S\ o B
Pepﬂ P¢, P,— PS¢, vﬁp_, y—y®withy®e[—1,,1,] _w_h_ere P g_nd _ o(y(t) =Py m(0

y® depends on the initial pressures and on the initial position lim ex - e— (2Vo+(Ap—AyY(t)=

2. In the case of a symmetrical cylindé$,=S,) and without e (31)

external load(Fo=0), P,—P® P,—P® v—0 and y—y®e
[—1p.1.] where P, given in the proof, and % depend on the Since the function of appearing in Eq(31) is monotonousy(t)
initial pressures and on the initial position admits a limit,y®, ast tends to infinity, hence the same is true for
In this proof the total energy of syste(@2) will be used: P,(t). Now these two limits are easy to compute: from condition
(28), it is clear thaty®e[—I,,l,] and Eq.(30a) gives Py

1 =Fq,/A,—A,; substituting forP, in Eq. (30b), the expression of
E(Py P .0.Y) = 5 MUZ+Ect(Vo+ $,Y.Py . Po) Clows: | @ 0rF In E5. (3000, the &xp

y© follows:
+En(Vo=Sy,Pn. Po) +&(y).  (29) you 1 (mT(O) . p(Po*Pe) 2V )
= — - 0 .
with Py any arbitrary reference pressure which will be set later. Sp=Shl po B
The time derivative oE(P,,P,,v,y) along the system trajecto-  ggcongd Cas€A,=A,). From lim_...(P,—P,)(t)=0 and Eq.
ries gives: - P e B e it
(27), it follows that lim_,.. Pp(t) =lim_... Pn(t) = P® with:
E=((Sy=S)Po—Fo)v—bv? m(0)
P¢=Py+BIn . (32)
. P Po—Pp 2poVo
——m(P,,P,)| ex - X B .
Po Now, it is shown thaty(t) tends to some limit® ast tends to

For a symmetrical actuator without external force or for a norfinity. To this end, first it is shown that each singular point of
symmetrical actuator by choosiip=Fy/A,— A, it follows that system(12) is Lyapunov stable; this can be done by using the
((S,—S)Po—Fo)u=0. From property(8), it is clear thaté=<0, cer;tere n:anelfold theory [1.9,20]. The equilibrium points
so& is a nonincreasing function. As, lim_; _;&=lim,_, . 5 (Pp,Pn,v%y°) are such that:
=+, if follows that there exist&>0 such that the position 0e=0
ve_rifi(_asf lp— d+esy<I,+ 5*.8, then& rem_ains positive. From (P2, P2) = 0= PE— P2 pe
this, it can be deduced that ljm, £(t) =1 with 0<I<+< and "pTn P

(33)

also: In order to compute the Jacobian matrix of the right hand member
1 of (12), notice that, in the hydraulic case, the leakagecan be
0< -Mv? =&1)=<&0) expressed ag (P, ,P,)=¢(P,—P,) whereg is a ¢ function
2 satisfyinge(0) =0 andxe(x)>0 if x+# 0. This Jacobian matrix is
0= (Vo Apy(1),Po(1), Po) <E(1) =£(0) equal to:
_ Pe’ e Pe, e . e 0
0= (Vo Any(t) Py(1), Po) <E() <£(0) PRy alPhyD) =)
B(PEY®)  —B(P%Y®)  y(y®) O
0=n&(y(1))<&t)<&0) SIM —S/M “b/M 0
which proves that all the state variables remain in a compact set. 0 0 1 0

Moreover, the initial conditions being fixed(t) can be ex-
pressed as a function of the state variables, these variables bé’WfGre:
bounded, it follows tha£(t) is bounded too and sBis uniformly B p._pe
continuous. From BRBALAT's lemma (see[18]), it follows that a(Pey®) = exp{ 0 )
lim, .. &(t)=0 and, since £&=0 iff v=0 and P,=P,, po(Vo+ SY’) B
lim¢_..v(t)=0 and lim_.(P,—P,)(t)=0. By derivating the

state equation corresponding @0 it is clear thaty is bounded, B(PC.y®) = ex Po—P*®

and using again BRBALAT's lemmauv —0 is deduced. ’ po(Vo—Sy) B

210 / Vol. 124, MARCH 2002 Transactions of the ASME
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BS IS In conclusion, ifFyel, the equilibrium points of systeri2)
h(ye):\/oT)F 72(ye):W—Sf’ are (pp(u®),¢n(u®),0y%), whereu® is the unique solution of
Fstar(U®)=0 andy®e[—I,,l,] is indeterminate. Regarding the
\ being equal tap’ (0) (due to assumptiofB), \ is positive). The behavior of the system, the following theorem is stated.
characteristic polynomial of this matrix is equ_al K?(Xer(a_ Theorem 4. If e | and if the control (§, solution of the equa-
+B+b/IM)X+S/M(y;1+ y2) +B/M(a+B)) and it can be easily tion Fg,,(u®)=0, is applied then, for any initial conditions and
seen that this polynomial has two roots with negative real par;_ig t tends to infinity, the pressures,(® and P,(t) tend to P
and the root 0 of multiplicity two. Making the change of variables_ ep(U°) and PE= g, (U°) respectivelyp(t) tends to 0 and ft)

X1=B(P,—P®)+ a(P,—P®)+(By1— ay)(y—Y°) tends to a value $belonging to[ —1,,1,].
Xo=S/M(P,—P®)+ av +(S/My, +b/Ma)(y—y°) Proof :
2 =P.—pP As in the proof of theoren(3), the total energy of systefi2) is
1 p n . .
7 =1 considered:
=

. 1
system(12) can be express as: &Py Py v,Y) = EMUZ+gch(VO+Spvap P9)

Xlz fl(X,Z)
5(2=f2(X,Z) +gch(V0_Sny!Panﬁ)+gS(y)' (35)

“ (a;[j)é,lMiyiE,ﬁ)zzﬁg(x'z) Clearly, £20 and£=0P,=Pg, P,=P¢, v=0 for ye] -1,
—4,1,+ 8. The time derivative of along the system trajectories

the functionsf;(i=1,2) andg being G and such thatf;(0,0) is equal to:
=g(0,0)=0, f{(0,0)=g’(0,0)=0 (the denotes the differential
Moreover, the manifold defined by the equatians-z,=0 is the
set of singular points of systef@?2), so it is an invariant manifold
for (12).

It was shown that the conditions of application of the theorem P,—Pq
of the center manifoldsee[19,20]) are met, the restriction of ex
system (12) to the above invariant manifold is, obviously,
Lyapunov stable about an equilibrium poi®§P¢,0y®) so itis Now, using(5), the reasoning is as in the prove of theor@n the
possible to conclude that systefh2) is Lyapunov stable about consideration of and the use of the &RBALAT lemma(see[18])
every singular point. lead to:

It is now possible to prove that lim.. y(t) exists by contradic- ) o o .
tion. Assume that there exists™>0 such that for allf>0, there lim Pp(t)=Py  lim Pp(t)=P,  lim v(t)=0
existt’ andt” such that|y(t')—y(t")|>¢,. All the state vari- o o R

ables being bounded, thelimit set of a trajectory is non empty, Now, it is proved thaty(t) admits a limit ast tends to infinity,

+BQy(u®,Py)

o 2 . P,—P% -
E bv“+BQ,(U%Pp)| ex B 1

-~ 1) (36)

let ) be a point in this set, since lim.. Pp(t)=lim,_..Po(t)  again, the scheme of the proof is the same as in the proof of

=P® and lim_.v(t)=0, Q is under the form: Q theorem(3). First, the Jacobian matrix of the left hand of system
=(P®,P®0y®), soQ is a singular point. Now for all>0, there (12) about an equilibrium point is computed, this matrix is equal
exists an index such that Pp(t), Pn(ty),v(ty),y(ty)) belongs to  to:

B(Q,a) the ball of cente) and radiuse. Since systen{12) is

Lyapunov stable abou®, if « is chosen small enough, the trajec- a 0 -y, O

tory remains inB(€,&,/2) for all t=t,, which contradicts our 0 B y 0
assumption. 2

] Ap/M =AM —b/IM 0

0 0 1 0

6 Dynamic Behavior of the System Drift With Servo- Wwith:
valve Leakages and Without Actuator Leakage B 40 0
p n e e)

_ This section consider system mod@R) with the conditions a= \/C)JF—W(?—PP(U‘?,PS) B= W(?_Pn(u Py
m(P,,P,)=0 andQ,(0,P,)#0, Q,(0,P,)#0. First, the singu-
lar points are searched, these points verify the systems of equa- BA, BA,

tions: 1TV AYE 72 V- AyE
p n

ve=0
Notice thate and B are negative while/, andy, are positive. The
ApPp = AnPr—Fo—Fy(y%) =0 (34)  characteristic pcﬁynomia?J of the a?)%ve rg;trix ?:an be written
Qp(Us,Pp)=Qn(u,P)=0 XP3(X) whereP; is equal to:

As only the singular points such thgte [—1,,1,] are interesting,
the second equation reduces AgPp;—A,Pr—F,=0 whereas, Ps(X)=X3+
from the last two equations, it follow$p=@,(u®) and Py
=p(U°) (see(7)). Now the function

Fstath:[ = Un ,Un]—[SpPs—SiPy ,SpPr — S,P¢]
Ue—Ap@p(U®) — Angn(Ue) —Fg All the roots of P; have negative real parts: callimg, a; andag
o ) . . o . the coefficients oK?, X andX?, it is clear that these coefficients
is increasing, so ifF, belongs to the intervall=[S,;Ps  are all positive and an easy computation shows that, —a,
—SyP{,S,P/—S,P¢], there exists an unique®e[—u,,u,]  >0. From the Routh criterion, the result follows.
such that the second equation(8#) with F4(y®)=0) is satisfied. After the change of variables:

A b

X?+ a,8+7ﬁ+7—n—a—
IM " 2M M

b
woeh

b A, A, b
“By X By T avyy teBy
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P e P e b Ao A
x==By (Po=Pptar(Pa=Po)t+afot| aB = Byigr—avoy (Y=Y

21: Pp_ PS
Zy= Pn_ Pﬁ

Z3=V

system(12) writes: Nomenclature

X:f(X,Z) Apy An
2;=az;— y123+ 91(X,2) B
25= BZy+ ¥2Z31 92(X,2)
23=A,/Mz;— A, /Mz,—b/MZz3+g5(X,2) Er(y)

h
with f(0,0)=g(0,0)=0, f'(0,0=0 andg’(0,0)=0. The mani- Fs(y)
fold defined by the equatiors =2z,=25;=0 is the set of singular Iy In
points of systen{12), so it is an invariant manifold fdi2). It is M

b
Fo

concluded by using exactly the same arguments as in the proof of Py, Pq
theorem(3). B Qu(u,Py), Qn(u,Py)
Th

. u

7 Conclusion u,
In this article, the dynamic behavior of a hydraulic actuator that v
consist of a cylinder driven by a four-way servovalve in several V(t)
situations of leakages, has been studied. The study is based on a Vo

mathematical analysis of the nonlinear model. Vo(y), Va(y)
In the case of a system without any leakages, there are two first

integrals which enable to define the hydraulic force as a function y

of the position. This hydraulic force has been used in order to at

reduce the system model to its mechanical part. Moreover, on the m
one hand if there is no friction, it is rigorously shown that the m(Py,Pn) =
solution is periodic. On the other hand, for a system with viscous
friction, it is proved that the reduced system has a unique globally Ex
asymptotically stable equilibrium point which depends on the ini- Em
tial conditions of the whole system. Ecn(V,P,Py)
Regarding a device with internal leakages between the cylinder p
chambers, it has been proved tiat, P,,, v, y converge, respec- ®p, Pn
tively, to P¢, P®, O, y®. Meanwhile, the situations are differents Kn(y®) =

for a symmetrical and a dissymetrical actuator. In the case of a
dissymetrical actuator the common pressure vadhieis deter-

mined by the equilibrium conditions and the equilibrium positioReferences
y© is related to the initial mass contained in both cylinder cham-
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coefficient of viscous friction
load force

hydraulic force

stop force
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