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Mathematical Analysis
of Stability and Drift Behavior
of Hydraulic Cylinders Driven
by a Servovalve
Hydraulic cylinders are commonly used and many works deal with modeling and co
of such devices. This article deals with the stability properties of hydraulic cylind
drift in various situations. The study is based on a classic nonlinear mode
these physical systems. The cases of system models without leakages and
with cylinder leakages or servovalve leakages are distinguished and lead to dis
behaviors. The stability properties are proven by various mathematical arguments
as first integrals, LYAPUNOV theorems, LASALLE invariance principle, BARBALAT’s
lemma, and the center manifold theory.@DOI: 10.1115/1.1433482#
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1 Introduction

Hydraulic devices including cylinders are commonly used
industrial processes and in manufactured products, and man
search works are devoted to modeling, analysis, control, and
sign of such hydraulic systems~for example see@1–4# as refer-
ence books and the works@5–14#!.

This article deals with the stability properties of the hydrau
cylinders drift in various situations. These properties are descr
by nonlinear models, and the proofs are based on mathema
arguments such as first integrals, LYAPUNOV theorems, LASALLE

invariance principle, BARBALAT ’s lemma and the center manifol
theory. In the proofs, auxiliary functions derived from physic
considerations are used. This study leads to a better understa
of the natural behavior of this kind of hydraulic system and can
useful in design of nonlinear control laws. From a practical po
of view, these properties are roughly known but are not clea
explained by mathematical models. Moreover, to the best of
knowledge, no precise mathematical analysis of these properti
available in the literature. For example, in the case of a sys
model without leakages, using the tangent linearized mo
which presents two eigenvalues equal to zero and two eigenva
on the imaginary axis, it is often asserted that the solution
periodic function of the time. Although the result is valid, th
mathematical analysis is wrong.

The first section is concerned with the description of the phy
cal hydraulic device and its corresponding model, and in the s
ond section the existence of solutions is proved. For the flo
model only the properties used in the proofs are given. In the t
section the drift dynamic behavior of the hydraulic actuator wi
out any leakages induced in the model is studied. The cases
and without viscous friction are examined. The fourth sect
deals with the dynamic behavior of the hydraulic actuator w
internal actuator leakages. For these leakages, it should be n
that the mass flow rate is used instead of the usual volumetric
rate which prevents from using the mass conservation prop
Finally, in the fifth section the dynamic system behavior of t
system with servovalve leakages is analyzed and a conclu
summarizes the obtained results.
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2 A Hydraulic Cylinder Driven
by a Four-Way Servovalve

2.1 Description of the Actuator System. The system under
consideration is composed of a four-way servovalve driving
linear cylinder which carries a massM submitted to a viscous
friction 2bv and a constant external force2F0 . The control
input u is the servovalve voltage; the scheme of Fig. 1 represe
this system. The origin of the positiony is chosen such that the
volumes of both cylinder chambers are the same and equal toV0 .
The useful piston areas are denoted byAp andAn and the chamber
pressures byPp andPn . The position verifies2 l p<y< l n and the
volume of the chambers areVp(y)5V01Spy and Vn(y)5V0
2Sny. If dead volumes are taken into account thenVp(2 l p).0
andVn( l n).0, moreover, at each cylinder end stroke, a stop r
resented by a forceFs(y) is introduced. Otherwise,Vp(2 l p)
5Vn( l n)50, that is to sayl p5V0 /Sp , l n5V0 /Sn , and the stop
force Fs(y) is removed.

2.2 Assumptions and Nonlinear Model of the Actuator
System. In order to obtain the system models, the followin
main assumptions are usually made~see@1,2,4#!: ~i! the dynamic
of the servovalve is negligible,~ii! the pressures are homogeneo
in each cylinder chamber,~iii! the cylinder has no dry friction,~iv!
the temperature is constant.

Under the previous assumptions, the system model is dedu
from the three following laws:~i! the pressure evolution law writ
ten for each cylinder chamber,~ii! the flow rates provided by the
servovalve ports to the cylinder chambers,~iii! the mechanical
equation of the moving part.

2.2.1 Cylinder Chamber Model.Consider a pressure cham
ber of volume filled with a massm of fluid with a densityr ~see
Fig. 2!. The continuity equation leads toṁ5rV̇1Vṙ5ṁin
2ṁout , whereṁin andṁout represent respectively the mass flo
rates entering and leaving the chamber. Using the bulk mod
definition

B,r
]P

]r
, (1)

gives the pressure evolution law~@1,3,4#!:

Ṗ5
B

V S ṁin

r
2

ṁout

r
2

dV

dt D . (2)

Into the working range domain of pressures evolution, it can
assumed thatB remains constant, and by integrating definition~1!,
it follows ~@12#!:

he

iate
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r0
5expS P2P0

B D . (3)

whereP0 is an arbitrary reference pressure andr0 the correspond-
ing density.

2.2.2 Compressibility Energy.Now, the compressibility en-
ergy of the fluid in a chamber, which will be used later, is co
puted. The compressibility work by unity of mass isd f* 5(P0
2P)dv wherev,1/r represents the specific volume andP0 is an
arbitrary reference pressure. By using Eq.~3!, the previous rela-
tion can be integrated and leads to the compressibility poten
energy for a chamber~@12#!:

Ech~V,P,P0!5m f* 5BVS expS P2P0

B D2
P2P01B

B D . (4)

It is interesting to note thatEch(V,P0 ,P0)50 and that
Ech(V,P,P0).0 if V.0.

2.2.3 Flow Equations. In this section, the properties of th
flow rates needed in the theorem proofs are listed below. For
lations of flow rates can be found in@1,4,5,7,13#. The servovalve
whose dynamics have been neglected, can be schematized
Wheatstone bridge in which the four restrictions areas are mo
lated by the control inputu. Usually, the volumetric flows rates,

Qp~u,Pp!5
ṁp~u,Pp!

rp
, Qn~u,Pn!5

ṁn~u,Pn!

rn
,

provided by the servovalve ports connected to the cylinder ch
bers, are used instead of the mass flow rates. These volum
flow rates verifies:

]Qp~u,Pp!

]Pp
,0

]Qn~u,Pp!

]Pn
,0 ;uÞ0, (5)

and, in addition, for a model of servovalve assuming null le
ages:

Fig. 1 Scheme of the hydraulic actuator
Journal of Dynamic Systems, Measurement, and Control
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Qp~0,Pp![Qn~0,Pn![0. (6)

In the case of a model of servovalve including leakages, inequ
ties ~5! are also satisfied whenu50. Moreover, the equations
Qp(u,Pp)50 andQn(u,Pn)50 define two smooth implicit func-
tions, called pressure gain curves, verifying:

wp : @2un ,un#→@Pr8 ,Ps8#

is onto and is an increasing function
(7)

wn : @2un ,un#→@Ps8 ,Pr8#

is onto and is a decreasing function

herePr8 andPs8 are two pressures closed toPr andPs , un denotes
the maximal servovalve voltage. Regarding the internal leak
ṁl(Pp ,Pn) between the cylinder chambers, it is assumed:

ṁl~Pp ,Pn!~Pp2Pn!.0 ;PpÞPn and ṁl~P,P![0 ;P.
(8)

2.2.4 Piston Motion. On the subject of the mechanical poin
of view, at the end stroke of the piston~y52 l p or y5 l n!, a force
Fs(y) corresponding to the piston stop is considered. The func
Fs(y) is a nondecreasing smooth function such that:

FFs~y![0 ;yP@2 l p ,l n#
Fs~y!,0 ;yP 2 lp2d,2lp@Fs~y!.0 ;yPln ,ln1d (9)

and

lim
y→2 l p2d

Es~y!5 lim
y→ l n1d

Es~y!51` with Es~y!

,E
y0

y

Fs~s!ds ~y0P@2 l p ,l n# ! (10)

where d.0 is a very small distance such thatVp(2 l p2d).0
and Vn( l n1d).0. The application of the main principle of me
chanics to the motion massM gives:

M v̇5ApPp2AnPn2F02Fs~y!2bv. (11)

Because, the external forceF0 is assumed to be less than th
maximum actuator forceF0 is within the range @SpPs
2SnPr ,SpPr2SnPs#.

2.2.5 Nonlinear State Model of the Electrohydraulic Syst
Under Consideration. Taking into account the various flow
rates, shown by Fig. 1 and applying relation~2! to each cylinder
chamber in addition to Eq.~11!, the hydraulic state model~12! is
deduced.

Fig. 2 A variable volume Chamber
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5
Ṗp52

B

V01Apy
Apv1

B

V01Apy S Qp~u,Pp!2
1

r0
expS P02Pp

B D ṁl~Pp ,Pn! D
Ṗn5

B

V02Any
Anv1

B

V02Any S Qn~u,Pn!1
1

r0
expS P02Pn

B D ṁl~Pp ,Pn! D
v̇5

1

M
~ApPp2AnPn2F02Fs~y!2bv !

ẏ5v

(12)
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on 11 July 2024



i

t

r

-

e

nd

en

as a

is

f

s
he

t
in

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/dynam

icsystem
s/article-pdf/124/1/206/5500438/206_1.pdf?casa_token=N

XO
lFizO

C
J4AAAAA:lzC

i8Zqu4o948p81O
l7tL4uC

V4kTcBR
tQ

N
dH

AYl-R
Q

C
jabm

G
C

m
w

evh3g-54xKsN
feU

xooC
I by U

niversity O
f D

elaw
are user 
3 Uniqueness of the Solution and Pressures Positivity
Within the open setU5R3R3R3] 2 l p2d,l n1d@ , the vector

field corresponding to model~12! is of classC1 for a constant
value of u. In the following proofs, it will be shown thatU is a
positive invariant set. By virtue of CAUCHY-LIPSCHITZ’s theorem
~see@15,16#!, for any initial statex0 in U, there existdm(x0).0
anddM(x0).0 such that the solution initialized atx0 exists fort
in the interval ]2dm(x0),dM(x0)@ and is unique.

Regarding the pressure positivity, remarks that it is possible
choose initial states inU such that the pressures become negat
Without going into too much detail, it should be noticed that th
behavior can be avoided by taking into account cavitation p
nomenons or by considering the bulk modulusB as a function of
the pressureP such thatB(0)50.

4 Dynamic Behavior of the System Model Drift With-
out Leakages

In this section, system model~12! with u[0 and conditions
Qp(0,Pp)[Qn(0,Pn)[0 andṁl(Pp ,Pn)[0 is considered.

First of all, let us look at the state equations corresponding
the pressures evolution. As a result of the mass conservation
in each cylinder chamber, a simple integration of the two first s
equations of~12! leads to the following first integrals:

Pp1B ln~V01Apy! and Pn1B ln~V02Any!

so, given two constantsPKp andPKn , if the initial conditions are
such that

H Pp~0!1B ln~V01Spy~0!!5PKp

Pn~0!1B ln~V02Sny~0!!5PKn, (13)

the trajectories of the system evolve on the two-dimensio
manifold M(PKp ,PKn) defined by the equations:

H Pp1B ln~V01Spy!5PKp

Pn1B ln~V02Sny!5PKn . (14)

In view of the previous first integrals, the system model~12! can
be reduced to the equation:

H v̇5
1

M
~Fh~y!2F02Fs~y!2bv !

ẏ5v
(15)

where

Fh~y!,ApPp2AnPn5ApPKp2AnPKn2B~Ap ln~V01Spy!

2An ln~V02Any!! (16)

represents the hydraulic force. These equations represent the
lution of the system model restricted to the manifo
M(PKp ,PKn) defined by Eqs.~14!.

The set E of equilibrium points of system~12! is a two-
dimensional manifold defined by the equations:v50 andApPp
2AnPn2F02Fs(y)50.

In the following, the mechanical energyEṁ will be considered;
it is defined by:

Em~v,y!,Ek~v !1Ep~y!1Es~y! (17)

with:

Ek~v !,
1

2
Mv2 Ep~y!,E

ye

y

~F0

2Fh~s!!ds Es~y!,E
ye

y

Fs~s!ds (18)

where ye represents an equilibrium position. A straightforwa
computation of the hydraulic potential energy gives:
208 Õ Vol. 124, MARCH 2002
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Ep~y!5B~V01Spy!lnS V01Spy

V01SpyeD1B~V02Sny!lnS V02Sny

V02SnyeD
1B~ye2y!~Sp2Sn!. (19)

4.1 System Model Without Viscous Friction. Theorem 1.
Here, system~15! with b50 is considered.

1. The constants,PKp and PKn being given, the reduced sys
tem ~15! has a single equilibrium point(0,ye), corresponding to
the intersection of E andM(PKp ,PKn). Moreover yeP
@2 l p ,l n# iff F 0P@Fh( l n),Fh(2 l p)#.

2. If the initial state is not the equilibrium point, then th
solution of~15! is periodic (and also the one of~12!!.

3. In the case of yeP@2 l p ,l n# and 0,Em(0)<inf(Ep
(2 l p),Ep( l n)), the piston does not reach the actuator ends a
the period can be approximated by: Th'2pAM /Kh(ye) with the
hydraulic stiffnessKh(ye)5BSp

2/V01Spye1BSn
2/V02Snye.

4. Moreover, ifEm(0).sup(Ep(2 l p),Ep( l n)), at least one ac-
tuator end is reached by the piston. This result is still true wh
there are no dead volumes although the hydraulic force Fh tends
to infinity when the piston comes near to the cylinder end.

5. Proof

1. First, an equilibrium point (0,ye) of ~15! is such that
Fh(ye)2Fs(ye)5F0 . The function Fh(y):]2 V0 /Ap ,V0 /An
@→R being decreasing from1` to 2`, the function Fh(y)
2Fs(y) is also decreasing, therefore, the previous equation h
single solution and system~15! admits an unique equilibrium
point. Clearly, this point is the intersection ofE and
M(PKp ,PKn).

Now, asFh2Fs is decreasing,yeP@2 l p ,l n# is equivalent to
(Fh2Fs)(ye)P@(Fh2Fs)( l n),(Fh2Fs)(2 l p)# which is itself
equivalent toF0P@Fh( l n),Fh(2 l p)#, becauseFh(ye)2Fs(ye)
5F0 andFs(2 l p)5Fs( l n)50.

2. In order to show the periodicity of the movement, it
noticed first that the mechanical energyEm is a proper positive
definite function with respect to (0,ye). Indeed, Ek is non-
negative,Ep1Es is equal to*ye

y (F02(Fh2Fs)(s)ds and is non-
negative because the functions°(F02(Fh2Fs)(s) has the
same sign asy2ye. Also, it is clear thatEk vanishes only when
v50 andEp1Es only wheny5ye. The fact thatEm is proper on
UR,R3] 2 l p2d,l n1d@ arises from lim(v,y)→]UEm(v,y)5` ~this
is due to property~10!!.

Then, a straightforward, computation shows thatĖm50 which
proves that the trajectories of~15! remain on the level surfaces o
Em which are contained inUR sinceEm is a proper function. Con-
sider an initial condition such thatEm(0),Em(v(0),y(0)).0, the
reduced system trajectory (v(t),y(t)) remains on the curve
Em(v,y)5Em(0) whose equation can be written as

v56A2~Em~0!2~Ep1Es!~y!!

M
(20)

which is a closed curveC. The periodicity of the movement result
from the fact thatC is a closed curve, which does not contain t
unique equilibrium point sinceEm(0).0.

3. Now, point 3 is proved. Denote by (v(t),y(t)) the trajec-
tory issued from initial conditions (v(0),y(0)). Since Em(0)
< inf(Ep(2 l p),Ep( l n)), y(t)P@2 l p ,l n# for all t, so Es(y(t))50
for all t. The functionEp being decreasing~resp. increasing!on the
interval @2 l p ,ye# ~resp. on@ye,l n#! from Ep(2 l p) to Ep(ye)50
~resp. fromEp(ye)50 to Ep( l n)!, there exists a uniqueyminP
@2lp ,ye# ~resp. ymaxP@ye,ln#! such thatEm(0)5Ep(ymin) ~resp.
Em(0)5Ep(ymax)!.

The points on the trajectory such thaty(t)5ymin or y(t)
5ymax are such thatv(t)50 and the time needed to go from poin
A(0,ymin) to B(0,ymax) on the trajectory can be computed as
Transactions of the ASME
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@17#:

T5E
ymin

ymax 1

A2~Em~0!2Ep~y!!

M

dy. (21)

Due to the symmetry in the relation~20!, the periodTh is equal to
2T.

Since the previous integral cannot be analytically compute
second-order series development of the potential energy arounye

is used:

Ep~y!5
1

2
Kh~ye!~y2ye!21s~y2ye!2. (22)

In the light of approximation~22! the extremum positions ar
ymax,min5ye6A2Em(0)/Kh(ye) and using an adequate change
variable, an approximation of the period is given by:

Th'2A M

Kh~ye! E21

1 ds

A12s2
52pA M

Kh~ye!
. (23)

One may point out thatd2Ep(y)/d2yuy5ye52dFh(y)/dyuy5ye

leads to the well-known~see@1,3#! hydraulic stiffness:

Kh~ye!52
dFh

dy U
y5ye

5
Ap

2B

V01Spye 1
An

2B

V02Anye (24)

Notice also that the pressure evolution of system~12! is also
periodic with the same period since from~13! and~14! it follows:

HPp5Pp~0!1B lnSV01Spy~0!

V01Spy
D

Pn5Pn~0!1B lnSV02Sny~0!

V02Sny
D . (25)

The maximum pressurePp max and minimum pressurePp min cor-
respond, respectively, to the minimum positionymin and to the
maximum positionymax and conversely concerningPn .
1. Let us now turn our attention to point 4. The first thing th
must be pointed out is that although limy→2V0 /Sp Fh(y)5` and
limy→V0 /SnFh(y)52` the corresponding limits ofEp(y) are fi-
nite. It follows that if Em(0).sup(Ep(2 l p),Ep( l n)), then the
equationEm(0)5Ep(y) has at most one solution in the interva
@2 l p ,l n#, which means that the piston reaches at least one en
the actuator. j

4.2 System Model With Viscous Friction. Theorem 2.
Here, system~15! with bÞ0 is considered.

1. The constants,PKp and PKn being given, the reduced sys
tem ~15! has a single equilibrium point(0,ye), which is globally
asymptotically stable. (This equilibrium point sets the equilibriu
pressures of system~12!!.

2. If yeP@2 l p ,l n# and 0,Em(0)<inf(Ep(2 l p),Ep( l n)), the
piston does not reach the actuator ends.

3. Moreover, ifEm(0).sup(Ep(2 l p),Ep( l n)), the piston can
reach the actuator end stroke. This result is still true when th
are no dead volumes.

Proof
A simple computation leads toĖm(v,y)52bv2<0. Now, con-

sider a trajectory (v(t),y(t)) of the reduced system such th
Ėm(v(t),y(t))[0. Along this trajectory,v(t)[0, then v̇(t)[0
and using Eq.~15! it follows Fh(y(t))[F01Fs(y(t)) and from
the uniqueness of the equilibrium point it resultsy(t)5ye. By
using LASALLE invariance principle~see@15,16#!and the fact that
Em is a proper function the global asymptotic stability of~15!
follows. Clearly, using the first integrals~14!, the equilibrium
pressures are determined.

Point 2 is obvious in view of theorem 1.
Point 3 is obvious in the case of the existence of dead volu
Journal of Dynamic Systems, Measurement, and Control
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and the case without dead volumes is studied. In fact, it will
shown that there are trajectories (v(t),y(t)) such thaty(t)→
2V0 /Sp or V0 /Sn in finite time.

Consider the caseEm(0).Ep(2 l p) and assume that the equ
librium point (v,y)5(0,ye) is globally asymptotically stable
Then a trajectory beginning at the point (v(0),y(0)) with v(0)
.0 and y(0).ye intersects they axis at a timeT with y(T)
,V0 /An ~see Fig. 3!.

Then consider the integral:

I 5 R
G
S 2

b

M
v1

1

M
Fh~y! Ddy2v dv,

where G represents the path defined by the segment@0,v(0)#
3$y(0)%, the trajectory part going from (v(0),y(0)) to (0,y(T))
and the segment$0%3@y(T),y(0)#. On one hand, by calculating
I along the pathG, it follows:

I 5E
y~T!

y~0! 1

M
Fh~y!dy2

1

2
v~0!2.

On the other hand, by using GREEN’s formula it is obtained:

I 5E E
A

2
b

M
dv dy52

b

M
Area~A!

Equating both expressions ofI the following relation is deduced

1

2
Mv~0!25E

y~T!

y~0!

Fh~y!dy1b Area~A!.

On Fig. 3 the obvious inequality Area(A),v(0)(y(T)2y(0)) is
noticeable. Then:

1

2
Mv~0!<

1

v~0! Ey~T!

y~0!

Fh~y!dy1b~y~T!2y~0!!.

In view of the fact thatEp(y) is bounded, for values ofv(0) large
enough, the previous inequality is impossible with the condit
y(T),V0 /An . j

5 Dynamic Behavior of the System Model Drift With
Actuator Leakage and Without Servovalve Leakages

In this section, Eq.~12! with u[0 is considered and it is as
sumed thatQp(0,Pp)[Qn(0,Pn)[0, ṁl(Pp ,Pn)Þ0 and bÞ0.
From the conditionṁlÓ0, it follows that the right-hand member
of ~14! are no more first integrals but the conservation of the fl
mass contained in both cylinder chambers leads to the cons
ation of:

Fig. 3 Shape of reduced system trajectory
MARCH 2002, Vol. 124 Õ 209
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mT~Pp ,Pn ,y!5r0~V01Spy!expS Pp2P0

B D
1r0~V02Sny!expS Pn2P0

B D (26)

whereP0 andr0 are respectively an arbitrary reference press
and the corresponding density of the fluid. An easy computa
shows thatṁT(Pp(t),Pn(t),y(t))[0 along the trajectories of sys
tem ~12! and so:

mT~Pp~ t !,Pn~ t !,y~ t !!5mT~0! for all t. (27)

Theorem 3. System (12) with the above conditions is conside

1. In the case of a non symmetrical actuator(SpÞSn) and F0
such that

2lp<
1

Sp2Sn

SmT~0!

r0
expSP02

F0

Sp2Sn

B
D22V0

D<ln , (28)

Pp→Pe, Pn→Pe, v→0, y→ye with yeP@2 l p ,l n# where Pe and
ye depends on the initial pressures and on the initial position.

2. In the case of a symmetrical cylinder(Sp5Sn) and without
external load(F050), Pp→Pe, Pn→Pe, v→0 and y→yeP
@2 l p ,l n# where Pe, given in the proof, and ye depend on the
initial pressures and on the initial position.

In this proof the total energy of system~12! will be used:

E~Pp ,Pn ,v,y!5
1

2
Mv21Ech~V01Spy,Pp ,P0!

1Ech~V02Sny,Pn ,P0!1Es~y!. (29)

with P0 any arbitrary reference pressure which will be set la
The time derivative ofE(Pp ,Pn ,v,y) along the system trajecto
ries gives:

Ė5~~Sp2Sn!P02F0!v2bv2

2
B

r0
ṁl~Pp ,Pn!S expS Pp2Pn

B D21DexpS P02Pp

B D .

For a symmetrical actuator without external force or for a no
symmetrical actuator by choosingP05F0 /Ap2An it follows that
((Sp2Sn)P02F0)v50. From property~8!, it is clear thatĖ<0,
so E is a nonincreasing function. As, limy→2 l p2d E5 limy→ l n1d E
51`, if follows that there exists«.0 such that the position
verifies2 l p2d1«<y< l n1d2«, thenE remains positive. From
this, it can be deduced that limt→` E(t)5 l with 0< l ,1` and
also:

0<
1

2
Mv2 <E~ t !<E~0!

0<Ech~V01Apy~ t !,Pp~ t !,P0!<E~ t !<E~0!

0<Ech~V02Any~ t !,Pn~ t !,P0!<E~ t !<E~0!

0<nEs~y~ t !!<E~ t !<E~0!

which proves that all the state variables remain in a compact
Moreover, the initial conditions being fixed,Ë(t) can be ex-

pressed as a function of the state variables, these variables b
bounded, it follows thatË(t) is bounded too and soĖ is uniformly
continuous. From BARBALAT ’s lemma ~see@18#!, it follows that
limt→` Ė(t)50 and, since Ė50 iff v50 and Pp5Pn ,
limt→` v(t)50 and limt→`(Pp2Pn)(t)50. By derivating the
state equation corresponding tov, it is clear thatv̈ is bounded,
and using again BARBALAT ’s lemmav̇→0 is deduced.
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Now, two situations have to be distinguished: the case o
nonsymmetrical actuator with an external force and the case
symmetrical actuator without external force.

First Case (ApÞAn). From limt→`(Pp2Pn)50, it follows

Pp(t)5Pn(t)1«(t) with limt→` «(t)50. Substituting forPp in

the third equation of~12! and in Eq.~27! and using limt→` v̇(t)

50, the following relations are deduced:

lim
t→`

~Sp2Sn!Pp~ t !2Fs~y~ t !!5F0 (30a)

lim
t→`

expS Pp~ t !2P0

B D ~2V01~Sp2Sn!y~ t !!5
mT~0!

r0
(30b)

Equation ~30a! can be written under the formPp(t)51/Ap
2An(F01Fs(y(t))1«(t)),w(y(t))1 «̄(t) with limt→` «̄(t)

50. Substituting forPp(t) in Eq. ~30b! and taking into account
limt→` «̄(t)50, the following equality is deduced:

lim
t→`

expS w~y~ t !!2P0

B D ~2V01~Ap2An!y~ t !!5
mT~0!

r0
.

(31)

Since the function ofy appearing in Eq.~31! is monotonous,y(t)
admits a limit,ye, ast tends to infinity, hence the same is true f
Pp(t). Now these two limits are easy to compute: from conditi
~28!, it is clear thatyeP@2 l p ,l n# and Eq. ~30a! gives Pp

e

5F0 /Ap2An ; substituting forPp in Eq. ~30b!, the expression o
ye follows:

ye5
1

Sp2Sn
S mT~0!

r0
expS P02Pe

B D22V0D .

Second Case(Ap5An). From limt→`(Pp2Pn)(t)50 and Eq.
~27!, it follows that limt→` Pp(t)5 limt→` Pn(t)5Pe with:

Pe5P01B lnS mT~0!

2r0V0
D . (32)

Now, it is shown thaty(t) tends to some limitye as t tends to
infinity. To this end, first it is shown that each singular point
system~12! is Lyapunov stable; this can be done by using t
center manifold theory @19,20#. The equilibrium points
(Pp

e ,Pn
e ,ve,ye) are such that:

H ve50
ṁl~Pp

e ,Pn
e!50⇒Pp

e5Pn
e,Pe (33)

In order to compute the Jacobian matrix of the right hand mem
of ~12!, notice that, in the hydraulic case, the leakageṁl can be
expressed asṁl(Pp ,Pn)5w(Pp2Pn) wherew is a C1 function
satisfyingw(0)50 andxw(x).0 if xÞ0. This Jacobian matrix is
equal to:

S 2a~Pe,ye! a~Pe,ye! 2g1~ye! 0

b~Pe,ye! 2b~Pe,ye! g2~ye! 0

S/M 2S/M 2b/M 0

0 0 1 0

D
where:

a~Pe,ye!5
B

r0~V01Sye!
expS P02Pe

B Dl

b~Pe,ye!5
B

r0~V02Sye!
expS P02Pe

B Dl
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g1~ye!5
BS

V0Sye g2~ye!5
BS

V02Sye ,

l being equal tow8(0) ~due to assumption~8!, l is positive!. The
characteristic polynomial of this matrix is equal toX2(X21(a
1b1b/M )X1S/M (g11g2)1B/M (a1b)) and it can be easily
seen that this polynomial has two roots with negative real p
and the root 0 of multiplicity two. Making the change of variable

H x15b~Pp2Pe!1a~Pn2Pe!1~bg12ag2!~y2ye!

x25S/M ~Pp2Pe!1av1~S/Mg11b/Ma!~y2ye!

z15Pp2Pn

z25v

system~12! can be express as:

H ẋ15 f 1~x,z!

ẋ25 f 2~x,z!

ż152~a1b!z12~g11g2!z21g~x,z!

ż25S/Mz12b/Mz2

the functions f i( i 51,2) andg being C2 and such thatf i(0,0)
5g(0,0)50, f i8(0,0)5g8(0,0)50 ~the 8 denotes the differential!.
Moreover, the manifold defined by the equationsz15z250 is the
set of singular points of system~12!, so it is an invariant manifold
for ~12!.

It was shown that the conditions of application of the theor
of the center manifold~see @19,20#! are met, the restriction o
system ~12! to the above invariant manifold is, obviousl
Lyapunov stable about an equilibrium point (Pe,Pe,0,ye) so it is
possible to conclude that system~12! is Lyapunov stable abou
every singular point.

It is now possible to prove that limt→` y(t) exists by contradic-
tion. Assume that there exists«0.0 such that for allT.0, there
exist t8 and t9 such thatuy(t8)2y(t9)u.«0 . All the state vari-
ables being bounded, thev-limit set of a trajectory is non empty
let V be a point in this set, since limt→` Pp(t)5 limt→` Pn(t)
5Pe and limt→`v(t)50, V is under the form: V
5(Pe,Pe,0,ye), soV is a singular point. Now for alla.0, there
exists an indexk such that (Pp(tk),Pn(tk),v(tk),y(tk)) belongs to
B(V,a) the ball of centerV and radiusa. Since system~12! is
Lyapunov stable aboutV, if a is chosen small enough, the traje
tory remains inB(V,«0/2) for all t>tk , which contradicts our
assumption.

j

6 Dynamic Behavior of the System Drift With Servo-
valve Leakages and Without Actuator Leakage

This section consider system model~12! with the conditions
ṁl(Pp ,Pn)[0 andQp(0,Pp)Ó0, Qp(0,Pp)Ó0. First, the singu-
lar points are searched, these points verify the systems of e
tions:

H ve50
ApPp

e2AnPn
e2F02Fs~ye!50

Qp~ue,Pp
e!5Qn~ue,Pn

e!50
(34)

As only the singular points such thatyeP@2 l p ,l n# are interesting,
the second equation reduces toApPp

e2AnPn
e2F050 whereas,

from the last two equations, it followsPp
e5wp(ue) and Pn

e

5wp(ue) ~see~7!!. Now the function

Fstath:@2un ,un#→@SpPs82SnPr8 ,SpPr82SnPs8#

ue°Apwp~ue!2Anwn~ue!2F0

is increasing, so if F0 belongs to the intervalI,@SpPs8
2SnPr8 ,SpPr82SnPs8#, there exists an uniqueueP@2un ,un#
such that the second equation of~34! ~with Fs(ye)50! is satisfied.
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In conclusion, ifF0PI , the equilibrium points of system~12!
are (wp(ue),wn(ue),0,ye), where ue is the unique solution of
Fstath(u

e)50 andyeP@2 l p ,l n# is indeterminate. Regarding th
behavior of the system, the following theorem is stated.

Theorem 4. If F0PI and if the control ue, solution of the equa-
tion Fstath(u

e)50, is applied then, for any initial conditions and
as t tends to infinity, the pressures Pp(t) and Pn(t) tend to Pp

e

5wp(ue) and Pn
e5wn(ue) respectively,v(t) tends to 0 and y(t)

tends to a value ye belonging to@2 l p ,l n#.
Proof

As in the proof of theorem~3!, the total energy of system~12! is
considered:

E~Pp ,Pn ,v,y!5
1

2
Mv21Ech~V01Spy,Pp ,Pp

e!

1Ech~V02Sny,Pn ,Pn
e!1Es~y!. (35)

Clearly, E>0 andE50⇔Pp5Pp
e , Pn5Pn

e , v50 for yP] 2 l p
2d,l n1d@ . The time derivative ofE along the system trajectorie
is equal to:

Ė52bv21BQp~ue,Pp!S expS Pp2Pp
e

B D 21D 1BQn~ue,Pn!

3S expS Pn2Pn
e

B D 21D (36)

Now, using~5!, the reasoning is as in the prove of theorem~3!: the
consideration ofË and the use of the BARBALAT lemma~see@18#!
lead to:

lim
t→`

Pp~ t !5Pp
e lim

t→`

Pn~ t !5Pn
e lim

t→`

v~ t !50

Now, it is proved thaty(t) admits a limit ast tends to infinity,
again, the scheme of the proof is the same as in the proo
theorem~3!. First, the Jacobian matrix of the left hand of syste
~12! about an equilibrium point is computed, this matrix is equ
to:

S a 0 2g1 0

0 b g2 0

Ap /M 2An /M 2b/M 0

0 0 1 0

D
with:

a5
B

V01Apye

]Qp

]Pp
~ue,Pp

e! b5
B

V02Anye

]Qn

]Pn
~ue,Pn

e!

g15
BAp

V01Apye g25
BAn

V02Anye .

Notice thata andb are negative whileg1 andg2 are positive. The
characteristic polynomial of the above matrix can be writt
XP3(X) whereP3 is equal to:

P3~X!5X31S b

M
2a2b DX21S ab1g1

Ap

M
1g2

An

M
2a

b

M

2b
b

M DX2bg1

Ap

M
2ag2

An

M
1ab

b

M

All the roots ofP3 have negative real parts: callinga2 , a1 anda0

the coefficients ofX2, X andX0, it is clear that these coefficient
are all positive and an easy computation shows thata1a22a0
.0. From the Routh criterion, the result follows.

After the change of variables:
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e
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system~12! writes:

H ẋ5 f ~x,z!

ż15az12g1z31g1~x,z!

ż25bz21g2z31g2~x,z!

ż35Ap /Mz12An /Mz22b/Mz31g3~x,z!

with f (0,0)5g(0,0)50, f 8(0,0)50 and g8(0,0)50. The mani-
fold defined by the equationsz15z25z350 is the set of singular
points of system~12!, so it is an invariant manifold for~12!. It is
concluded by using exactly the same arguments as in the pro
theorem~3!. j

7 Conclusion
In this article, the dynamic behavior of a hydraulic actuator t

consist of a cylinder driven by a four-way servovalve in seve
situations of leakages, has been studied. The study is based
mathematical analysis of the nonlinear model.

In the case of a system without any leakages, there are two
integrals which enable to define the hydraulic force as a func
of the position. This hydraulic force has been used in orde
reduce the system model to its mechanical part. Moreover, on
one hand if there is no friction, it is rigorously shown that t
solution is periodic. On the other hand, for a system with visc
friction, it is proved that the reduced system has a unique glob
asymptotically stable equilibrium point which depends on the
tial conditions of the whole system.

Regarding a device with internal leakages between the cylin
chambers, it has been proved thatPp , Pn , v, y converge, respec
tively, to Pe, Pe, O, ye. Meanwhile, the situations are differen
for a symmetrical and a dissymetrical actuator. In the case
dissymetrical actuator the common pressure valuePe is deter-
mined by the equilibrium conditions and the equilibrium positi
ye is related to the initial mass contained in both cylinder cha
bers. In the case of a symmetrical actuator the common pres
value Pe depends on the mass contained in both cylinder ch
bers and the equilibrium position which is reached cannot be s
ply deduced from the initial conditions.

As far as a device with servovalve leakages is concerned,
equilibrium pressures reached are determined only by the co
value and are independent of the initial conditions. In this cas
is also proved thatv, y converge, respectively, toO andye where
ye depends on the initial conditions.

The study of the nonlinear model properties leads to a be
understanding of the open-loop system functioning. It can also
useful to carry out a nonlinear control design by using the op
loop dissipative properties. This study points out some shortc
ings of classic nonlinear models of the literature. In particular
emphasizes the necessity of the modelization of the actuator
stroke in order to avoid the finite escape time phenomenon
second important point is that the compressibility modulus sho
vanish with the pressure in order to avoid negative pressure.

Acknowledgments
For the two years 1997-1998, this work has been supporte

a grant from the PRC-GDR Automatic Control of the French N
tional Center for Scientific Research, CNRS.
212 Õ Vol. 124, MARCH 2002

7

f of

at
ral
on a

first
ion
to
the
e
us
lly

ni-

der

s
f a

n
m-
sure
m-
im-

the
trol

e it

tter
be

en-
m-

, it
end
. A
uld

by
a-

Nomenclature

Ap , An 5 useful piston areas
B 5 bulk modulus
b 5 coefficient of viscous friction

F0 5 load force
Fh(y) 5 hydraulic force
Fs(y) 5 stop force
l p , l n 5 extreme values of position

M 5 cylinder piston and load mass
Pp , Pn 5 chamber pressures

Qp(u,Pp), Qn(u,Pn) 5 volumetric flow rates
Th 5 hydraulic period
u 5 control input

un 5 maximal servovalve voltage
v 5 piston velocity

V(t) 5 volume of a chamber
V0 5 chambers volume at null position

Vp(y), Vn(y) 5 volumes of the chambers with the
piston at positiony

y 5 position of the load
ye 5 equilibrium position
ṁ 5 mass flow rate

ṁl(Pp ,Pn) 5 internal leakage between the cylinde
chambers

Ek 5 kinetic energy
Em 5 mechanical energy

Ech(V,P,P0) 5 compressibility energy of the fluid
r 5 density of the fluid

wp , wn 5 pressure gain curves
Kh(ye) 5 hydraulic stiffness at positionye
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