
Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 1 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 2 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 3 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 4 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 5 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 6 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 7 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 8 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 9 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 10 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 11 of 47



Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 12 of 47



S.1 OVERVIEW OF CODE DESIGN 229

Coding for Wireless Channels

Coding allows bit errors introduced by transmission of a modulated signal through a wireless 
channel to be either detected or corrected by a decoder in the receiver. Coding can be consid­
ered as the embedding of signal constellation points in a higher-dimensional signaling space 
than is needed for communications. By going to a higher-dimensional space, the distance 
between points can be increased, which provides for better error correction and detection.

In this chapter we describe codes designed for additive white Gaussian noise channels 
and for fading channels. Codes designed for AWGN channels typically do not work well on 
fading channels because they cannot correct for long error bursts that occur in deep fading. 
Codes for fading channels are mainly based on using an AWGN channel code combined with 
interleaving, but the criterion for the code design changes to provide fading diversity. Other 
coding techniques to combat performance degradation due to fading include unequal error 
protection codes and joint source and channel coding.

We first provide an overview of code design in both fading and AWGN. along with basic 
design parameters such as minimum distance, coding gain, bandwidth expansion, and diver­
sity order. Sections 8.2 and 8.3 provide a basic overview of block and convolutional code 
designs for AWGN channels. Although these designs are not directly applicable to fading 
channels, codes for fading channels and other codes used in wireless systems (e.g., spreading 
codes in CDMA) require background in these fundamental techniques. Concatenated codes 
and their evolution to turbo codes - as well as low-density parity-check (LDPC) codes - for 
AWGN channels are also described. These extremely powerful codes exhibit near-capacity 
performance with reasonable complexity levels. Coded modulation was invented in the Ian 
1970s as a technique to obtain error correction through a joint design of the modulation . 
coding. We will discuss the basic design principles behind trellis and more general lattiw 

coded modulation along with their performance in AWGN.
Code designs for fading channels are covered in Section 8.8. These designs combine 

or convolutional codes designed for AWGN channels with interleaving and then me 1 
AWGN code design metric to incorporate maximum fading diversity. Diversity 
also be obtained by combining coded modulation with symbol or bit interleaving- 
bit interleaving generally provides much higher diversity gain. Thus, coding combine 
interleaving provides diversity gain in the same manner as other forms ol “I'tl jtjVcto 
the diversity order built into the code design. Unequal error protection is an alte

Figure 8.1: Coding gain in AWGN channels.

diversity in fading mitigation. In these codes bits are prioritized, and high-priority bits are 
encoded with stronger error protection against deep fades. Since bit priorities are part of the 
source code design, unequal error protection is a special case of joint source and channel 
coding, which we also describe.

Coding is a very broad and deep subject, with many excellent books devoted solely to 
this topic. This chapter assumes no background in coding, and thus it provides an in-depth 
discussion of code designs for AWGN channels before designs for wireless systems can be 
treated. This in-depth discussion can be omitted for a more cursory treatment of coding for 
wireless channels by focusing on Sections 8.1 and 8.8.

8.1 Overview of Code Design

The main reason to apply error correction coding in a wireless system is to reduce the proba- 
“ility of bit or block error. The bit error probability Pt, for a coded system is the probability 
that a bit is decoded in error. The block error probability Ph , also called the packet error rate, 
15 Probability that one or more bits in a block of coded bits is decoded in error. Block 
^rroi probability is useful for packet data systems where bits are encoded and transmitted in 
□locks "Th i• *ne amount of error reduction provided by a given code is typically characterized 
' its coding gain in AWGN and its diversity gain in fading.

P°wei ln$ ^a”1 'n AWGN is defined as the amount that the bit energy or signal-to-noise 
W rai'° Can reduced under the coding technique for a given Ph or Ph- We illustrate 
lhan the ^'^ure We see in this figure that the gain Csi at Ph = 10-4 is less
codes ain ^’2 at Ph = ^~6, ar|d ^cre *s negligible coding gain at Pt, = IO-2. In fact, 
extra re I,w high-SNR channels can have negative coding gain at low SNRs. since the 

ancy of the code does not provide sufficient performance gain in Ph or PM at
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low SNRs to compensate for spreading the bit energy over multiple coded bits. Thus, unex­
pected fluctuations in channel SNR can significantly degrade code performance. The coding 
gain in AWGN is generally a function of the minimum Euclidean distance of the code, which 
equals the minimum distance in signal space between codewords or error events. Thus, codes 
designed for AWGN channels maximize their Euclidean distance for good performance.

Error probability with or without coding tends to fall off with SNR as a waterfall shape 
at low to moderate SNRs. Whereas this waterfall shape holds all SNRs for uncoded sys­
tems and many coded systems, some codes (such as turbo codes) exhibit error floors as SNR 
grows. The error floor, also shown in Figure 8.1, kicks in at a threshold SNR that depends 
on the code design. For SNRs above this threshold, the slope of the error probability curve 
decreases because minimum distance error events dominate code performance in this SNR 
regime.

Code performance is also commonly measured against channel capacity. The capacity 
curve is associated with the SNR (Eb/No) where Shannon capacity B log2(l + SNR) equals 
the data rate of the system. At rates up to capacity, the capacity-achieving code has a proba­
bility of error that goes to zero, as indicated by the straight line in Figure 8.1. The capacity 
curve thus indicates the best possible performance that any practical code can achieve.

For many codes, the error correction capability of a code does not come for free. This 
performance enhancement is paid for by increased complexity and - for block codes, convo­
lutional codes, turbo codes, and LDPC codes - by either a decrease in data rate or an increase 
in signal bandwidth. Consider a code with n coded bits for every k uncoded bits. This code 
effectively embeds a k-dimensional subspace into a larger w-dimensional space to provide 
larger distances between coded symbols. However, if the data rate through the channel is 
fixed at Rb, then the information rate for a code that uses n coded bits for every k uncoded 
bits is (k/n)Rb\ that is, coding decreases the data rate by the fraction k/n. We can keep the 
information rate constant and introduce coding gain by decreasing the bit time by k/n. This 
typically results in an expanded bandwidth of the transmittted signal by n/k. Coded mod­
ulation uses a joint design of the code and modulation to obtain coding gain without this 
bandwidth expansion, as discussed in more detail in Section 8.7.

Codes designed for AWGN channels do not generally work well in fading owing to bursts 
of errors that cannot be corrected for. However, good performance in fading can be obtained 
by combining AWGN channel codes with interleaving and by designing the code to opumi® 
its inherent diversity. The interleaver spreads out bursts of errors over time, so it provides a 
form of time diversity. This diversity is exploited by the inherent diversity in the code, 
fact, codes designed in this manner exhibit performance similar to MRC diversity, with *| 
versity order equal to the minimum Hamming distance of the code. Hamming 
the number of coded symbols that differ between different codewords or error events. 
coding and interleaving designed for fading channels maximize their Hamming distance 

good performance.

8.2 Linear Block Codes
Linear block codes are conceptually simple codes that are basically an extension 
parity-check codes for error detection. A single-bit parity-check code is one

of singl‘d 
of the m°sl
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common forms of detecting transmission errors. This code uses one extra bit in a block of n 
data bits to indicate whether the number of 1-bits in a block is odd or even. Thus, if a single 
error occurs, either the parity bit is corrupted or the number of detected 1-bits in the informa­
tion bit sequence will be different from the number used to compute the parity bit; in either 
case the parity bit will not correspond to the number of detected 1-bits in the information bit 
sequence, so the single error is detected. Linear block codes extend this notion by using a 
larger number of parity bits to either detect more than one error or correct for one or more 
errors. Unfortunately, linear block codes - along with convolutional codes - trade their error 
detection or correction capability for either bandwidth expansion or a lower data rate, as we 
shall discuss in more detail. We will restrict our attention to binary codes, where both the 
original information and the corresponding code consist of bits taking a value of either 0 or 1.

8.2.1 Binary Linear Block Codes
A binary block code generates a block of n coded bits from k information bits. We call this 
an (n, k) binary block code. The coded bits are also called codeword symbols. The n code­
word symbols can take on 2” possible values corresponding to all possible combinations of 
the n binary bits. We select 2^ codewords from these 2" possibilities to form the code, where 
each k bit information block is uniquely mapped to one of these 2k codewords. The rate of 
the code is Rc = k/n information bits per codeword symbol. If we assume that codeword 
symbols are transmitted across the channel at a rate of Rs symbols per second, then the infor­
mation rate associated with an (n, k) block code is Rh = RCRS = (k/n)Rs bits per second. 
Thus we see that block coding reduces the data rate compared to what we obtain with un­
coded modulation by the code rate Rc.

A block code is called a linear code when the mapping of the k information bits to the 
n codeword symbols is a linear mapping. In order to describe this mapping and the corre­
sponding encoding and decoding functions in more detail, we must first discuss properties 
of the vector space of binary n-tuples and its corresponding subspaces. The set of all binary 
n-tuples Bn is a vector space over the binary field, which consists of the two elements 0 
and 1, All fields have two operations, addition and multiplication: for the binary field these 
operations correspond to binary addition (modulo 2 addition) and standard multiplication. A 
subset S of Bn is called a subspace if it satisfies the following conditions.

L The all-zero vector is in 5.
2- The set S is closed under addition; that is, if Si e S and Sj e S then Si + Sj e S.

(n. k) block code is linear if the 2k length-n codewords of the code form a subspace of 
"• us, if cf and C; are two codewords in an (n. k) linear block code, then C, + C, must 

ni another codeword of the code.

example 8.1: The vector space B^ consists of all binary tuples of length 3:

#3 = {[000], [001], [010], [Oli], [100], [101], [110], [111]}.
Note that B^ is a subspace of itself, since it contains the all-zero vector and is closed 

er addition. Determine which of the following subsets of B? form a subspace:
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■ A] = {[000], [001], [100], [101]};
H A2 = {[000], [100],[110], [111]};
■ A3 = {[001], [100], [101]}.

Solution: It is easily verified that Ai is a subspace, since it contains the all-zero vec­
tor and the sum of any two tuples in Ai is also in A| . A2 is not a subspace because it 
is not closed under addition, as 110 + 111 = 001 £ A2. A3 is not a subspace because 
it is not closed under addition (001 + 001 = 000 £ A3) and it does not contain the 
all-zero vector.

Intuitively, the greater the distance between codewords in a given code, the less chance that 
errors introduced by the channel will cause a transmitted codeword to be decoded as a differ­
ent codeword. We define the Hamming distance between two codewords C, and C;, denoted 
as d(Ct, Cj) or d,j, as the number of elements in which they differ:

n
d^^C^ + Cjd)), (8.1)

/=i

where Cm(l) denotes the Zth bit in Cm. For example, if C( = [00101] and Cj = [10011] 
then dij = 3. We define the weight of a given codeword C, as the number of 1-bits in the 
codeword, so Cj = [00101] has weight 2. The weight of a given codeword C, is just its 
Hamming distance dot from the all-zero codeword Co = [00... 0] or, equivalently, the sum 
of its elements:

n
w(Ci) = YtCi(l). (8-2)

(=i

Since 0 + 0 = 1 + 1 = 0, the Hamming distance between C, and Cj is equal to the weight 
of C, + Cj. For example, with C( = [00101] and Cj = [10011] as given before, w(C;) = 
2, w(Cj) = 3, and d^ = w(Ci + C;) = w([10110]) = 3. Since the Hamming distance 
between any two codewords equals the weight of their sum and since this sum is also a code­
word, we can determine the minimum distance between all codewords in a code by just 
looking at the minimum distance between all nonzero codewords and the all-zero codeword 
Co- Thus, we define the minimum distance of a code as

, • , (8.3)dmin = minr/oi. k

We will see in Section 8.2.6 that the minimum distance of a linear block code is a critica 

parameter in determining its probability of error.

8.2.2 Generator Matrix -nfor.
The generator matrix is a compact description of how codewords are generated 11 
mation bits in a linear block code. The design goal in linear block codes is to ^<>1? 
matrices such that their corresponding codes are easy to encode and decode : yet ^.on 
ful error correction/detection capabilities. Consider an (n,k) code with £ infer171 
denoted as

Ui — [^ii, ..., Wii],

that are encoded into the codeword

C/ = [C|l, • • •, C/n].

We represent the encoding operation as a set of n equations defined by

cij = Ungij + ui2g2j + ■ • ■ + uikgkj, j = l,...,n, (8.4)

where gij is binary (0 or 1) and where binary (standard) multiplication is used. We can write 
these n equations in matrix form as

C; = U(G, (8.5)

where the k x n generator matrix G for the code is defined as

G =

~gu
#21

gl2 1

g22 ' g2n
(8.6)

~gk\ gk2 ' gkn -

If we denote the Zth row of G as g; = [g/i,..., g(n], then we can write any codeword C( as 
linear combinations of these row vectors as follows:

Ci = Milgl + M(2g2 + ' ' ■ + Uikgk- (8.7)

Since a linear (n, k) block code is a subspace of dimension k in the larger n-dimensional 
space, it follows that the k row vectors {g/}^] of G must be linearly independent so that they 
span the ^-dimensional subspace associated with the 2k codewords. Hence, G has rank k. 
Since the set of basis vectors for this subspace is not unique, the generator matrix is also not 
unique.

A systematic linear block code is described by a generator matrix of the form

" 1 0 0 Pll P12 PHn-k) '

G = [It| P] =
0 1 0 P21 P22 P2(n-k)

(8.8)

_0 0 1 Pkl Pk2 Pk(n-k) _

y ere I* is the k x k identity matrix and P is a k x (n — k) matrix that determines the redun- 
ant. or parity, bits to be used for error correction or detection. The codeword output from a 
ystematic encoder is of the form

C, = U,G = UJI* | P] = [un,... ,utk, pi,..., P(n^k)]^ (8.9)

of b’ts °f ^6 codeword are the original information bits and the last (n — k) 
e codeword are the parity bits obtained from the information bits as

Pj = unPij + ■ ■ ■ + UikPkj, j = 1,...,n — k. (8.10)

lions and generator matrix for an (n. k) linear block code can be reduced by row opera- 
umn permutations to a generator matrix in systematic form.
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The generator matrix is a compact description of how codewords are generated 11 
mation bits in a linear block code. The design goal in linear block codes is to ^<>1? 
matrices such that their corresponding codes are easy to encode and decode : yet ^.on 
ful error correction/detection capabilities. Consider an (n,k) code with £ infer171 
denoted as

Ui — [^ii, ..., Wii],

that are encoded into the codeword

C/ = [C|l, • • •, C/n].

We represent the encoding operation as a set of n equations defined by

cij = Ungij + ui2g2j + ■ • ■ + uikgkj, j = l,...,n, (8.4)

where gij is binary (0 or 1) and where binary (standard) multiplication is used. We can write 
these n equations in matrix form as

C; = U(G, (8.5)

where the k x n generator matrix G for the code is defined as

G =

~gu
#21

gl2 1

g22 ' g2n
(8.6)

~gk\ gk2 ' gkn -

If we denote the Zth row of G as g; = [g/i,..., g(n], then we can write any codeword C( as 
linear combinations of these row vectors as follows:

Ci = Milgl + M(2g2 + ' ' ■ + Uikgk- (8.7)

Since a linear (n, k) block code is a subspace of dimension k in the larger n-dimensional 
space, it follows that the k row vectors {g/}^] of G must be linearly independent so that they 
span the ^-dimensional subspace associated with the 2k codewords. Hence, G has rank k. 
Since the set of basis vectors for this subspace is not unique, the generator matrix is also not 
unique.

A systematic linear block code is described by a generator matrix of the form

" 1 0 0 Pll P12 PHn-k) '

G = [It| P] =
0 1 0 P21 P22 P2(n-k)

(8.8)

_0 0 1 Pkl Pk2 Pk(n-k) _

y ere I* is the k x k identity matrix and P is a k x (n — k) matrix that determines the redun- 
ant. or parity, bits to be used for error correction or detection. The codeword output from a 
ystematic encoder is of the form

C, = U,G = UJI* | P] = [un,... ,utk, pi,..., P(n^k)]^ (8.9)

of b’ts °f ^6 codeword are the original information bits and the last (n — k) 
e codeword are the parity bits obtained from the information bits as

Pj = unPij + ■ ■ ■ + UikPkj, j = 1,...,n — k. (8.10)

lions and generator matrix for an (n. k) linear block code can be reduced by row opera- 
umn permutations to a generator matrix in systematic form.
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Figure 8.2: Implementation of (7,4) binary code.

<•

EXAMPLE 8.2: Systematic linear block codes are typically implemented with n - k 
modulo-2 adders tied to the appropriate stages of a shift register. The resulting parity 
bits are appended to the end of the information bits to form the codeword. Find the 
corresponding implementation for generating a (7,4) binary code with the generator
matrix

"1000 1 1 0“
0 10 0 10 1 /O1„

G - „ „ , n n n 1 - (8.110 0 1 0 0 0 1
0 0 0 1 0 1 0_

Solution: The matrix G is already in systematic form with
“110"

1 0 1
0 0 1
0 1 0

(8.12)

Let P/j denote the Zjth element of P. By (8.10) we see that the first parity bit in the 
codeword is p\ = wnPn + M/2P21 + Wisest + W/4P41 = Un + “12- Similarly, the sec­
ond parity bit is pz = unP\z + U12P22 + W13P32 + u^P^z = w<i + «i4 anc* the thir 
parity bit is pz = M/1P13 + U12P23 + “13^33 + u^P^ = Uiz + The shift regis 
ter implementation to generate these parity bits is shown in Figure 8.2. The codewor 
output is [HnM(2«/3Mi4PiP2P3]t where the switch is in the down position to output t e 
systematic bits Uy (j = 1,..., 4) of the code or in the up position to output the parity 
bits pj (j = 1,2,3) of the code.

8.2.3 Parity-Check Matrix and Syndrome Testing
The parity-check matrix is used to decode linear block codes with generator matrix 
parity-check matrix H corresponding to a generator matrix G = [I* | P] is defined as

_ (8.13)
H = [Pr| !„_*].

/ _ k) niaui*'
It is easily verified that GH7 = 0k,n-k> where denotes an all-zero k x ( . j-ppmatio” 
Recall that a given codeword C, in the code is obtained by multiplication of the 1 

bit sequence U,- by the generator matrix G: C( = U(G. Thus,
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C,Hr = U,GH7 = 0„_* (8.14)

for any input sequence U,, where 0n_A denotes the all-zero row vector of length n-k. Thus, 
multiplication of any valid codeword with the parity-check matrix results in an all-zero vec­
tor. This property is used to determine whether the received vector is a valid codeword or 
has been corrupted, based on the notion of syndrome testing, which we now define.

Let R be the received codeword resulting from transmission of codeword C. In the ab­
sence of channel errors, R = C. However, if the transmission is corrupted, then one or more 
of the codeword symbols in R will differ from those in C. We therefore write the received 
codeword as

R = C + e, (8.15)

where e — [ei, ez,..., en] is the error pattern indicating which codeword symbols were cor­
rupted by the channel. We define the syndrome of R as

S = RHr. (8.16)

If R is a valid codeword (i.e., R = C, for some i) then S = C,Hr = 0„_^ by (8.14). Thus, 
the syndrome equals the all-zero vector if the transmitted codeword is not corrupted - or is 
corrupted in a manner such that the received codeword is a valid codeword in the code but 
is different from the transmitted codeword. If the received codeword R contains detectable 
errors, then S 0„ . If the received codeword contains correctable errors, the syndrome 
identifies the error pattern corrupting the transmitted codeword, and these errors can then be 
corrected. Note that the syndrome is a function only of the error pattern e and not the trans­
mitted codeword C, since

S = RHr = (C + e)HT = CH7 + eH7 = 0„_^ + eH7. (8.17)

Because S = eH7 corresponds to n — k equations in n unknowns, there are 2k possible error 
patterns that can produce a given syndrome S. However, since the probability of bit error is 
typically small and independent for each bit, the most likely error pattern is the one with min­
imal weight, corresponding to the least number of errors introduced in the channel. Thus, if 
an error pattern e is the most likely error associated with a given syndrome S, the transmitted 
codeword is typically decoded as

C = R + e = C + e + e. (8.18)

the most likely error pattern does occur, then e = e and C = C - that is, the corrupted 
codeword is correctly decoded. The decoding process and associated error probability will 
be covered in Section 8.2.6.

codeword in a given (n,k) code with minimum weight (excluding the 
Then C^H7 = is just the sum of dmin columns of H7 since <Zmin

We rank t ^‘^ts (the weight) in the minimum weight codeword of the code. Since 
Cnj ■ 's at m°st n-k, this implies that the minimum distance of an (n.k) block 

ls upper bounded by

dmin < n - k + 1, (8.19)

Let Cn, denote a 
^-zero codeword). ' 
equals the number of

Which is referred to
as the Singelton bound.

Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 19 of 47



CODING FOR WIRELESS CHANNELS234

Figure 8.2: Implementation of (7,4) binary code.

<•

EXAMPLE 8.2: Systematic linear block codes are typically implemented with n - k 
modulo-2 adders tied to the appropriate stages of a shift register. The resulting parity 
bits are appended to the end of the information bits to form the codeword. Find the 
corresponding implementation for generating a (7,4) binary code with the generator
matrix

"1000 1 1 0“
0 10 0 10 1 /O1„

G - „ „ , n n n 1 - (8.110 0 1 0 0 0 1
0 0 0 1 0 1 0_

Solution: The matrix G is already in systematic form with
“110"

1 0 1
0 0 1
0 1 0

(8.12)

Let P/j denote the Zjth element of P. By (8.10) we see that the first parity bit in the 
codeword is p\ = wnPn + M/2P21 + Wisest + W/4P41 = Un + “12- Similarly, the sec­
ond parity bit is pz = unP\z + U12P22 + W13P32 + u^P^z = w<i + «i4 anc* the thir 
parity bit is pz = M/1P13 + U12P23 + “13^33 + u^P^ = Uiz + The shift regis 
ter implementation to generate these parity bits is shown in Figure 8.2. The codewor 
output is [HnM(2«/3Mi4PiP2P3]t where the switch is in the down position to output t e 
systematic bits Uy (j = 1,..., 4) of the code or in the up position to output the parity 
bits pj (j = 1,2,3) of the code.

8.2.3 Parity-Check Matrix and Syndrome Testing
The parity-check matrix is used to decode linear block codes with generator matrix 
parity-check matrix H corresponding to a generator matrix G = [I* | P] is defined as

_ (8.13)
H = [Pr| !„_*].

/ _ k) niaui*'
It is easily verified that GH7 = 0k,n-k> where denotes an all-zero k x ( . j-ppmatio” 
Recall that a given codeword C, in the code is obtained by multiplication of the 1 

bit sequence U,- by the generator matrix G: C( = U(G. Thus,
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C,Hr = U,GH7 = 0„_* (8.14)

for any input sequence U,, where 0n_A denotes the all-zero row vector of length n-k. Thus, 
multiplication of any valid codeword with the parity-check matrix results in an all-zero vec­
tor. This property is used to determine whether the received vector is a valid codeword or 
has been corrupted, based on the notion of syndrome testing, which we now define.

Let R be the received codeword resulting from transmission of codeword C. In the ab­
sence of channel errors, R = C. However, if the transmission is corrupted, then one or more 
of the codeword symbols in R will differ from those in C. We therefore write the received 
codeword as

R = C + e, (8.15)

where e — [ei, ez,..., en] is the error pattern indicating which codeword symbols were cor­
rupted by the channel. We define the syndrome of R as

S = RHr. (8.16)

If R is a valid codeword (i.e., R = C, for some i) then S = C,Hr = 0„_^ by (8.14). Thus, 
the syndrome equals the all-zero vector if the transmitted codeword is not corrupted - or is 
corrupted in a manner such that the received codeword is a valid codeword in the code but 
is different from the transmitted codeword. If the received codeword R contains detectable 
errors, then S 0„ . If the received codeword contains correctable errors, the syndrome 
identifies the error pattern corrupting the transmitted codeword, and these errors can then be 
corrected. Note that the syndrome is a function only of the error pattern e and not the trans­
mitted codeword C, since

S = RHr = (C + e)HT = CH7 + eH7 = 0„_^ + eH7. (8.17)

Because S = eH7 corresponds to n — k equations in n unknowns, there are 2k possible error 
patterns that can produce a given syndrome S. However, since the probability of bit error is 
typically small and independent for each bit, the most likely error pattern is the one with min­
imal weight, corresponding to the least number of errors introduced in the channel. Thus, if 
an error pattern e is the most likely error associated with a given syndrome S, the transmitted 
codeword is typically decoded as

C = R + e = C + e + e. (8.18)

the most likely error pattern does occur, then e = e and C = C - that is, the corrupted 
codeword is correctly decoded. The decoding process and associated error probability will 
be covered in Section 8.2.6.

codeword in a given (n,k) code with minimum weight (excluding the 
Then C^H7 = is just the sum of dmin columns of H7 since <Zmin

We rank t ^‘^ts (the weight) in the minimum weight codeword of the code. Since 
Cnj ■ 's at m°st n-k, this implies that the minimum distance of an (n.k) block 

ls upper bounded by

dmin < n - k + 1, (8.19)

Let Cn, denote a 
^-zero codeword). ' 
equals the number of

Which is referred to
as the Singelton bound.
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8.2.4 Cyclic Codes
Cyclic codes are a subclass of linear block codes in which all codewords in a given code are 
cyclic shifts of one another. Specifically, if the codeword C = [co, Ci,..., c„_i ] is a code­
word in a given code, then a cyclic shift by 1, denoted as C(1) = [cn_i, co,..., c„_2], is also a 
codeword. More generally, any cyclic shift C(() = [cn_(-, cn-i+i,Cn-^] is also a code­
word. The cyclic nature of cyclic codes creates a nice structure that allows their encoding 
and decoding functions to be of much lower complexity than the matrix multiplications as­
sociated with encoding and decoding for general linear blotk codes. Thus, most linear block 
codes used in practice are cyclic codes.

Cyclic codes are generated via a generator polynomial instead of a generator matrix. The 
generator polynomial g(X) for an (n, k) cyclic code has degree n — k and is of the form

g(X) = go + giX + • • • + g^X" k, (8.20)

where g, is binary (0 or 1) and go = gn-k = 1- The k-bit information sequence [mq, • ■ •, t] 
is also written in polynomial form as the message polynomial

u(X) = uq + U\X + • ■ • + uk-\Xk \ (8.21)

The codeword associated with a given k-bit information sequence is obtained from the poly­
nomial coefficients of the generator polynomial multiplied by the message polynomial; thus, 
the codeword C = [co,..., c„_]] is obtained from

c(X) = u(X)g(X) = co + clX + --- + c^X^1. (8.22)

A codeword described by a polynomial c(X) is a valid codeword for a cyclic code with gen­
erator polynomial g(X) if and only if g(X) divides c(X) with no remainder (no remainder 
polynomial terms) - that is, if and only if

= (8.23)
g(X)

for a polynomial q(X) of degree less than k.

EXAMPLE 8.3: Consider a (7,4) cyclic code with generator polynomial giX) = 
1 + X2 + X3. Determine if the codewords described by polynomials c, (X) = 1 + 
X2 + X5 + X6 and c2(X) = 1 + X2 + X3 + X5 + X6 are valid codewords for this 
generator polynomial.
Solution: Division of binary polynomials is similar to division of standard polynomi­
als except that, under binary addition, subtraction is the same as addition. Dividing 
Ci(X) = 1 + X2 + X5 + X6 by g(X) = 1 + X2 + X3, we have:

X3 + l_______________
X3 + X2 + 1) X6 + X5 + X2 + 1

X6 4- X5 + X3

X3 + X2 + 1 
x3 + x2 +1

0.

Since g(X) divides c(X) with no remainder, it is a valid codeword. In fact, we have 
d(X) = (1 + X3)g(X) = w(X)g(X) and so the information bit sequence corre­
sponding to ci(X) is U = [1001], corresponding to the coefficients of the message 
polynomial m(X) = 1 + X3.

Dividing c2(X) = 1 + X2 + X3 + X5 + X6 by glX) = 1 + X2 + X3 yields
X3 + 1_______________

X3 + X2 + 1) X6 + X5 + X3 + X2 + 1
X6 + X5 + X3

X2+ 1, 
where we note that there is a remainder of X2 + 1 in the division. Thus, c2(X) is not 
a valid codeword for the code corresponding to this generator polynomial.

Recall that systematic linear block codes have the first k codeword symbols equal to the in­
formation bits and the remaining codeword symbols equal to the parity bits. A cyclic code 
can be put in systematic form by first multiplying the message polynomial m(X) by Xn~k, 
yielding

Xn~ku(X) = u0Xn~k + UlXn~k+l + • • • + uk_]Xn~l. (8.24)

This shifts the message bits to the k rightmost digits of the codeword polynomial. If we next 
divide (8.24) by g(X), we obtain

• Xn~ku(X) p(X)
 = q(X) H , (8.25) 

gm-------gm>

where q(X) is a polynomial of degree at most k — 1 and p(X) is a remainder polynomial of 
degree at most n — k — 1. Multiplying (8.25) through by g(X), we now have

Xn~k u(X') = q(X')g(X) + p(X'). (8.26)

Adding p(X) to both sides yields

p(X) + Xn~ku(X-) = q(XMX). (8.27)

This implies that p(X) + Xn~ku(X) is a valid codeword, since it is divisible by g(X) with 
no remainder. The codeword is described by the n coefficients of the codeword polynomial 
P^X) + Xn~ku(X). Note that we can express p(X) (of degree n — k — 1) as

p(X) = po + PiX + • ■ • + pMXn-k-1. (8.28)

Combining (8.24) and (8.28), we get

P^ + Xn~ku{X)

= Po + piX + •.. + pn_k_}Xn-k~x + hoX"-* + uiXn~k+l + • • • + uk^Xn~l. (8.29) 

Thus1 s> the codeword corresponding to this polynomial has the first k bits consisting of the 
as is * °'tS ...... and the last n — k bits consisting of the parity bits 1 po. • ■ ■ • Pn-nb 

required for the systematic form.
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8.2.4 Cyclic Codes
Cyclic codes are a subclass of linear block codes in which all codewords in a given code are 
cyclic shifts of one another. Specifically, if the codeword C = [co, Ci,..., c„_i ] is a code­
word in a given code, then a cyclic shift by 1, denoted as C(1) = [cn_i, co,..., c„_2], is also a 
codeword. More generally, any cyclic shift C(() = [cn_(-, cn-i+i,Cn-^] is also a code­
word. The cyclic nature of cyclic codes creates a nice structure that allows their encoding 
and decoding functions to be of much lower complexity than the matrix multiplications as­
sociated with encoding and decoding for general linear blotk codes. Thus, most linear block 
codes used in practice are cyclic codes.

Cyclic codes are generated via a generator polynomial instead of a generator matrix. The 
generator polynomial g(X) for an (n, k) cyclic code has degree n — k and is of the form

g(X) = go + giX + • • • + g^X" k, (8.20)

where g, is binary (0 or 1) and go = gn-k = 1- The k-bit information sequence [mq, • ■ •, t] 
is also written in polynomial form as the message polynomial

u(X) = uq + U\X + • ■ • + uk-\Xk \ (8.21)

The codeword associated with a given k-bit information sequence is obtained from the poly­
nomial coefficients of the generator polynomial multiplied by the message polynomial; thus, 
the codeword C = [co,..., c„_]] is obtained from

c(X) = u(X)g(X) = co + clX + --- + c^X^1. (8.22)

A codeword described by a polynomial c(X) is a valid codeword for a cyclic code with gen­
erator polynomial g(X) if and only if g(X) divides c(X) with no remainder (no remainder 
polynomial terms) - that is, if and only if

= (8.23)
g(X)

for a polynomial q(X) of degree less than k.

EXAMPLE 8.3: Consider a (7,4) cyclic code with generator polynomial giX) = 
1 + X2 + X3. Determine if the codewords described by polynomials c, (X) = 1 + 
X2 + X5 + X6 and c2(X) = 1 + X2 + X3 + X5 + X6 are valid codewords for this 
generator polynomial.
Solution: Division of binary polynomials is similar to division of standard polynomi­
als except that, under binary addition, subtraction is the same as addition. Dividing 
Ci(X) = 1 + X2 + X5 + X6 by g(X) = 1 + X2 + X3, we have:

X3 + l_______________
X3 + X2 + 1) X6 + X5 + X2 + 1

X6 4- X5 + X3

X3 + X2 + 1 
x3 + x2 +1

0.

Since g(X) divides c(X) with no remainder, it is a valid codeword. In fact, we have 
d(X) = (1 + X3)g(X) = w(X)g(X) and so the information bit sequence corre­
sponding to ci(X) is U = [1001], corresponding to the coefficients of the message 
polynomial m(X) = 1 + X3.

Dividing c2(X) = 1 + X2 + X3 + X5 + X6 by glX) = 1 + X2 + X3 yields
X3 + 1_______________

X3 + X2 + 1) X6 + X5 + X3 + X2 + 1
X6 + X5 + X3

X2+ 1, 
where we note that there is a remainder of X2 + 1 in the division. Thus, c2(X) is not 
a valid codeword for the code corresponding to this generator polynomial.

Recall that systematic linear block codes have the first k codeword symbols equal to the in­
formation bits and the remaining codeword symbols equal to the parity bits. A cyclic code 
can be put in systematic form by first multiplying the message polynomial m(X) by Xn~k, 
yielding

Xn~ku(X) = u0Xn~k + UlXn~k+l + • • • + uk_]Xn~l. (8.24)

This shifts the message bits to the k rightmost digits of the codeword polynomial. If we next 
divide (8.24) by g(X), we obtain

• Xn~ku(X) p(X)
 = q(X) H , (8.25) 

gm-------gm>

where q(X) is a polynomial of degree at most k — 1 and p(X) is a remainder polynomial of 
degree at most n — k — 1. Multiplying (8.25) through by g(X), we now have

Xn~k u(X') = q(X')g(X) + p(X'). (8.26)

Adding p(X) to both sides yields

p(X) + Xn~ku(X-) = q(XMX). (8.27)

This implies that p(X) + Xn~ku(X) is a valid codeword, since it is divisible by g(X) with 
no remainder. The codeword is described by the n coefficients of the codeword polynomial 
P^X) + Xn~ku(X). Note that we can express p(X) (of degree n — k — 1) as

p(X) = po + PiX + • ■ • + pMXn-k-1. (8.28)

Combining (8.24) and (8.28), we get

P^ + Xn~ku{X)

= Po + piX + •.. + pn_k_}Xn-k~x + hoX"-* + uiXn~k+l + • • • + uk^Xn~l. (8.29) 

Thus1 s> the codeword corresponding to this polynomial has the first k bits consisting of the 
as is * °'tS ...... and the last n — k bits consisting of the parity bits 1 po. • ■ ■ • Pn-nb 

required for the systematic form.
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Note that the systematic codeword polynomial is generated in three steps: first multiply­
ing the message polynomial u(X) by Xn~k\ then dividing Xn~ku(X) by g(X) to obtain 
the remainder polynomial p(X) (along with the quotient polynomial q(X), which is not 
used); and finally adding p(X) to Xn~ku{X) to get (8.29). The polynomial multiplications 
are straightforward to implement, and the polynomial division is easily implemented with a 
feedback shift register [1, Chap. 8.1; 2, Chap. 6.7], Thus, codeword generation for systematic 
cyclic codes has very low cost and low complexity.

Let us now consider how to characterize channel error^ for cyclic codes. The codeword 
polynomial corresponding to a transmitted codeword is of the form

c(X) = u(X)g(XY (8.30)

The received codeword can also be written in polynomial form as

r(X) = c(X) + e(X) = u(X)g(X) + e(X), (8.31)

where e(X) is the error polynomial with coefficients equal to 1 where errors occur. For ex­
ample, if the transmitted codeword is C = [1011001] and the received codeword is R = 
[1111000], then e(X) = X + Xn~l. The syndrome polynomial s(X) for the received code­
word is defined as the remainder when r(X) is divided byg(X),so^(X) has degreen —£-1. 
B ut by (8.31), the syndrome polynomial 5 (X) i s equivalent to the error polynomial e (X) mod­
ulo g(X). Moreover, we obtain the syndrome through a division circuit similar to the one used 
for generating the code. As stated previously, this division circuit is typically implemented 
using a feedback shift register, resulting in a low-cost implementation of low complexity.

8.2.5 Hard Decision Decoding (HDD)
The probability of error for linear block codes depends on whether the decoder uses soft de­
cisions or hard decisions. In hard decision decoding (HDD), each coded bit is demodulated 
as a 0 or 1 - that is. the demodulator detects each coded bit (symbol) individually. Forex- 
ample. in BPSK. the received symbol is decoded as a 1 if it is closer to s^Eb and as a 0 if 
it is closer to —\Eb. This form of demodulation removes information that can be used by 
the channel decoder. In particular, for the BPSK example the distance of the received bit 
from '/Ed, and —/Eb can be used in the channel decoder to make belter decisions about (he 
transmitted codeword. In soft decision decoding, these distances are used in the decoding 
process. Soft decision decoding of linear block codes, which is more common in wireless 

systems than hard decision decoding, is treated in Section 8.2.7.
Hard decision decoding uses minimum distance decoding based on Hamming distance. 

In minimum distance decoding the n bits corresponding to a codeword are first demodulate 
to a 0 or 1. and the demodulator output is then passed to the decoder. The decoder compa^8 
this received codeword to the 2* possible codewords that constitute the code and decides i 
favor of the codeword that is closest in Hamming distance to (differs in the least num 
bits from) the received codeword. Mathematically, for a received codeword R. the cc 

uses the formula o ^2)
pick Cj s.t. d(Cj, R) < d(Ch R) Yi j.

£ $
If there is more than one codeword with the same minimum distance to R, one 0 

chosen at random by the decoder.
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Figure 8.3: Maximum likelihood decoding in code space.

Maximum likelihood decoding picks the transmitted codeword that has the highest proba­
bility of having produced the received codeword. In other words, given the received codeword 
R, the maximum likelihood decoder choses the codeword C; as

Cj = argmax, p(R | CJ, i = 0,...,2* - 1. (8.33)

Since the most probable error event in an AWGN channel is the event with the minimum 
number of errors needed to produce the received codeword, the minimum distance criterion 
(8.32) and the maximum likelihood criterion (8.33) are equivalent. Once the maximum like­
lihood codeword C, is determined, it is decoded to the k bits that produce codeword C,.

Because maximum likelihood detection of codewords is based on a distance decoding 
metric, we can best illustrate this process in code space, as shown in Figure 8.3. The mini­
mum Hamming distance between codewords, which are illustrated by the black dots in this 
figure, is dniin. Each codeword is centered inside a sphere of radius t = L-S^minl- where [xJ 
denotes the largest integer less than or equal to x. The shaded dots represent received se­
quences where one or more bits differ from those of the transmitted codeword. The figure 
'udicates the Hamming distance between Cj and C2.

Minimum distance decoding can be used either to detect or to correct errors. Detected er- 
R in a data block cause either the data to be dropped or a retransmission of the data. Error 

Correction allows the corruption in the data to be reversed. For error correction the mini- 
^um distance decoding process ensures that a received codeword lying within a Hamming

ance t from the transmitted codeword will be decoded correctly. Thus, the decoder can 
. et up to t errors, as can be seen from Figure 8.3: since received codewords correspond- 
^'ill b ' °r fewer errors within the sphere centered around the correct codeword, it

e decoded as that codeword using minimum distance decoding. We see from Figure 8.3
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Note that the systematic codeword polynomial is generated in three steps: first multiply­
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c(X) = u(X)g(XY (8.30)

The received codeword can also be written in polynomial form as
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B ut by (8.31), the syndrome polynomial 5 (X) i s equivalent to the error polynomial e (X) mod­
ulo g(X). Moreover, we obtain the syndrome through a division circuit similar to the one used 
for generating the code. As stated previously, this division circuit is typically implemented 
using a feedback shift register, resulting in a low-cost implementation of low complexity.
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bits from) the received codeword. Mathematically, for a received codeword R. the cc 

uses the formula o ^2)
pick Cj s.t. d(Cj, R) < d(Ch R) Yi j.

£ $
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chosen at random by the decoder.
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Figure 8.3: Maximum likelihood decoding in code space.
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number of errors needed to produce the received codeword, the minimum distance criterion 
(8.32) and the maximum likelihood criterion (8.33) are equivalent. Once the maximum like­
lihood codeword C, is determined, it is decoded to the k bits that produce codeword C,.

Because maximum likelihood detection of codewords is based on a distance decoding 
metric, we can best illustrate this process in code space, as shown in Figure 8.3. The mini­
mum Hamming distance between codewords, which are illustrated by the black dots in this 
figure, is dniin. Each codeword is centered inside a sphere of radius t = L-S^minl- where [xJ 
denotes the largest integer less than or equal to x. The shaded dots represent received se­
quences where one or more bits differ from those of the transmitted codeword. The figure 
'udicates the Hamming distance between Cj and C2.

Minimum distance decoding can be used either to detect or to correct errors. Detected er- 
R in a data block cause either the data to be dropped or a retransmission of the data. Error 

Correction allows the corruption in the data to be reversed. For error correction the mini- 
^um distance decoding process ensures that a received codeword lying within a Hamming

ance t from the transmitted codeword will be decoded correctly. Thus, the decoder can 
. et up to t errors, as can be seen from Figure 8.3: since received codewords correspond- 
^'ill b ' °r fewer errors within the sphere centered around the correct codeword, it

e decoded as that codeword using minimum distance decoding. We see from Figure 8.3

Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 24 of 47



240 CODING FOR WIRELESS CHANNELS 8.2 LINEAR BLOCK CODES 241

that the decoder can detect all error patterns of dmjn — 1 errors. In fact, a decoder for an (m, k) 
code can detect 2n - 2* possible error patterns. The reason is that there are 2k - 1 nonde- 
tectable errors, corresponding to the case where a corrupted codeword is exactly equal to a 
codeword in the set of possible codewords (of size 2*) that is not equal to the transmitted 
codeword. Since there are 2" - 1 total possible error patterns, this yields 2" - 2k detectable 
emor patterns. Note that this is not hard decision decoding because we are not correcting 
errors, just detecting them.

t

EXAMPLE 8.4: A (5,2) code has codewords Co = [00000], Ci = [01011], C2 = 
[10101], and C3 = [11110], Suppose the all-zero codeword Co is transmitted. Find 
the set of error patterns corresponding to nondetectable errors for this codeword 
transmission.
Solution: The nondetectable error patterns correspond to the three nonzero code­
words. That is, e] = [01011], e2 = [10101], and e3 = [11110] are nondetectable 
error patterns, since adding any of these to Co results in a valid codeword.

on error probability. The lower bound is the probability of mistaking a codeword for a given 
nearest neighbor at distance

(8.35)

The upper bound, a union bound, assumes that all of the other 2^ — 1 codewords are at dis­
tance dmin from the transmitted codeword. Thus, the union bound is just 2k — 1 times (8.35), 
the probability of mistaking a given codeword for a nearest neighbor at distance Jmjn:

^min / t \
Pe < (2k - 1) 22 ( min )p>(l - p)d^-j. 

j=t+y ] '
(8.36)

8.2.6 Probability of Error for HDD in AWGN
The probability of codeword error, Pe, is defined as the probability that a transmitted code­
word is decoded in error. Under hard decision decoding a received codeword may be decoded 
in error if it contains more than t errors (it will not be decoded in error if there is not an alter­
native codeword closer to the received codeword than the transmitted codeword). The error 
probability is thus bounded above by the probability that more than t errors occur. Since 
the bit errors in a codeword occur independently on an AWGN channel, this probability is 
given by

Pe< ^(n \pj(l-py-j, (8.34)

When the number of codewords is large or the SNR is low, both of these bounds are quite 
loose.

A tighter upper bound can be obtained by applying the Chemoff bound, P(X > x) < 
e~x I2 for X a zero-mean, unit-variance, Gaussian random variable, to compute codeword 
error probability. Using this bound, it can be shown [3, Chap. 5.2] that the probability of 
decoding the all-zero codeword as the jth codeword with weight Wj is upper bounded by

P(wj) < [4p(l - p)]w^2. (8.37)

Since the probability of decoding error is upper bounded by the probability of mistaking the 
all-zero codeword for any of the other codewords, we obtain the upper bound

2*-l

Pe <
7=1

(8.38)

where p is the probability of error associated with transmission of the bits in the codeword. 
Thus, p corresponds to the error probability associated with uncoded modulation for the given 
energy per codeword symbol, as treated in Chapter 6 for AWGN channels. For example, it 
the codeword symbols are sent via coherent BPSK modulation then p = Q{p/2.EC/I^t> )• 
where Ec is the energy per codeword symbol and N$/2 is the noise power spectral density- 
Since there are k/n information bits per codeword symbol, the relationship between the en­
ergy per bit and the energy per symbol is Ec = kEb/n. Thus, powerful block codes with a 
large number of parity bits (k/n small) reduce the channel energy per symbol and therefore 
increase the error probability in demodulating the codeword symbols. However, the e 
correction capability of these codes typically more than compensates for this reduction, 
pecially at high SNRs. At low SNRs this may not happen, in which case the code 
negative coding gain - it has a higher error probability than uncoded modulation. The 
(8.34) holds with equality when the decoder corrects exactly t or fewer errors in a c 
and cannot correct for more than t errors in a codeword. A code with this property

a perfect code. _ •odewordt'°r
At high SNRs, the most likely way to make a codeword error is to mistake at 

one of its nearest neighbors. Nearest neighbor errors yield a pair of upper and o

This bound requires the weight distribution {wf}2 j]1 for all codewords (other than the all-zero 
codeword corresponding to j = 0) in the code. A simpler, slightly looser upper bound is 
obtained from (8.38) by using dmin instead of the individual codeword weights. This simpli­
fication yields the bound

Pe < (2* - l)[4p(l - p)]^2. (8.39)

Note that the probability of codeword error Pe depends on p, which is a function of 
the Euclidean distance between modulation points associated with the transmitted codeword 
symbols. In fact, the best codes for AWGN channels should not be based on Hamming dis- 
tance: they should be based on maximizing the Euclidean distance between the codewords 
^cr modulation. However, this requires that the channel code be designed jointly with the 
Modulation This is the basic concept of coded modulation, which will be discussed in Sec-

S'7- However, Hamming distance is a better measure of code performance in fading 
geodes are combined with interleaving, as discussed in Section 8.8.

the 6 of bit error after decoding the received codeword depends in general on
lhe ^eC'^c c°de and decoder and in particular on how bits are mapped to codewords, as in 

is oft procedure associated with nonbinary modulation. This bit error probability
en approximated as
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that the decoder can detect all error patterns of dmjn — 1 errors. In fact, a decoder for an (m, k) 
code can detect 2n - 2* possible error patterns. The reason is that there are 2k - 1 nonde- 
tectable errors, corresponding to the case where a corrupted codeword is exactly equal to a 
codeword in the set of possible codewords (of size 2*) that is not equal to the transmitted 
codeword. Since there are 2" - 1 total possible error patterns, this yields 2" - 2k detectable 
emor patterns. Note that this is not hard decision decoding because we are not correcting 
errors, just detecting them.

t

EXAMPLE 8.4: A (5,2) code has codewords Co = [00000], Ci = [01011], C2 = 
[10101], and C3 = [11110], Suppose the all-zero codeword Co is transmitted. Find 
the set of error patterns corresponding to nondetectable errors for this codeword 
transmission.
Solution: The nondetectable error patterns correspond to the three nonzero code­
words. That is, e] = [01011], e2 = [10101], and e3 = [11110] are nondetectable 
error patterns, since adding any of these to Co results in a valid codeword.

on error probability. The lower bound is the probability of mistaking a codeword for a given 
nearest neighbor at distance

(8.35)

The upper bound, a union bound, assumes that all of the other 2^ — 1 codewords are at dis­
tance dmin from the transmitted codeword. Thus, the union bound is just 2k — 1 times (8.35), 
the probability of mistaking a given codeword for a nearest neighbor at distance Jmjn:

^min / t \
Pe < (2k - 1) 22 ( min )p>(l - p)d^-j. 

j=t+y ] '
(8.36)

8.2.6 Probability of Error for HDD in AWGN
The probability of codeword error, Pe, is defined as the probability that a transmitted code­
word is decoded in error. Under hard decision decoding a received codeword may be decoded 
in error if it contains more than t errors (it will not be decoded in error if there is not an alter­
native codeword closer to the received codeword than the transmitted codeword). The error 
probability is thus bounded above by the probability that more than t errors occur. Since 
the bit errors in a codeword occur independently on an AWGN channel, this probability is 
given by

Pe< ^(n \pj(l-py-j, (8.34)

When the number of codewords is large or the SNR is low, both of these bounds are quite 
loose.

A tighter upper bound can be obtained by applying the Chemoff bound, P(X > x) < 
e~x I2 for X a zero-mean, unit-variance, Gaussian random variable, to compute codeword 
error probability. Using this bound, it can be shown [3, Chap. 5.2] that the probability of 
decoding the all-zero codeword as the jth codeword with weight Wj is upper bounded by

P(wj) < [4p(l - p)]w^2. (8.37)

Since the probability of decoding error is upper bounded by the probability of mistaking the 
all-zero codeword for any of the other codewords, we obtain the upper bound

2*-l

Pe <
7=1

(8.38)

where p is the probability of error associated with transmission of the bits in the codeword. 
Thus, p corresponds to the error probability associated with uncoded modulation for the given 
energy per codeword symbol, as treated in Chapter 6 for AWGN channels. For example, it 
the codeword symbols are sent via coherent BPSK modulation then p = Q{p/2.EC/I^t> )• 
where Ec is the energy per codeword symbol and N$/2 is the noise power spectral density- 
Since there are k/n information bits per codeword symbol, the relationship between the en­
ergy per bit and the energy per symbol is Ec = kEb/n. Thus, powerful block codes with a 
large number of parity bits (k/n small) reduce the channel energy per symbol and therefore 
increase the error probability in demodulating the codeword symbols. However, the e 
correction capability of these codes typically more than compensates for this reduction, 
pecially at high SNRs. At low SNRs this may not happen, in which case the code 
negative coding gain - it has a higher error probability than uncoded modulation. The 
(8.34) holds with equality when the decoder corrects exactly t or fewer errors in a c 
and cannot correct for more than t errors in a codeword. A code with this property

a perfect code. _ •odewordt'°r
At high SNRs, the most likely way to make a codeword error is to mistake at 

one of its nearest neighbors. Nearest neighbor errors yield a pair of upper and o

This bound requires the weight distribution {wf}2 j]1 for all codewords (other than the all-zero 
codeword corresponding to j = 0) in the code. A simpler, slightly looser upper bound is 
obtained from (8.38) by using dmin instead of the individual codeword weights. This simpli­
fication yields the bound

Pe < (2* - l)[4p(l - p)]^2. (8.39)

Note that the probability of codeword error Pe depends on p, which is a function of 
the Euclidean distance between modulation points associated with the transmitted codeword 
symbols. In fact, the best codes for AWGN channels should not be based on Hamming dis- 
tance: they should be based on maximizing the Euclidean distance between the codewords 
^cr modulation. However, this requires that the channel code be designed jointly with the 
Modulation This is the basic concept of coded modulation, which will be discussed in Sec-

S'7- However, Hamming distance is a better measure of code performance in fading 
geodes are combined with interleaving, as discussed in Section 8.8.

the 6 of bit error after decoding the received codeword depends in general on
lhe ^eC'^c c°de and decoder and in particular on how bits are mapped to codewords, as in 

is oft procedure associated with nonbinary modulation. This bit error probability
en approximated as
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E (s.40)
"A.

[2, Chap. 6.5]; for t = 1, this can be simplified [2] to Pb p - p(l — p~)n 1

EXAMPLE 8.5: Consider a (24,12) linear block code with a minimum distance dmin = 
8 (an extended Golay code, discussed in Section 8.2.8, is one such code). Find Pe 
based on the loose bound (8.39), assuming the codeword symbols are transmitted over 
the channel using BPSK modulation with Eb/Ng = 10 dB. Also find Pb for this code 
using the approximation Pb = Pe/k and compare with the bit error probability for 
uncoded modulation.
Solution: For Eb/Ng = 10 dB we have Ec/Ng = ^10 = 5. Thus, p = Q(VTo) = 
7.82’IO-4. Using this value in (8.39) with/: = 12anddmin = 8 yields Pe < 3.92 10~7. 
Using the Pb approximation we get Pb % (1/^)7^ = 3.27 ■ 10-8. For uncoded modu­
lation we have Pb = 2Eb/Ng} = <2(V20) = 3.87 ■ 10-6. Thus we obtain over 
two orders of magnitude performance gain with this code. Note that the loose bound 
can be orders of magnitude away from the true error probability, so this calculation 
may significantly underestimate the performance gain of the code.

8.2.7 Probability of Error for SDD in AWGN
The HDD described in the previous section discards information that can reduce probabil­
ity of codeword error. For example, in BPSK, the transmitted signal constellation is ±VEb 
and the received symbol after matched filtering is decoded as a 1 if it is closer to VHf and 
as a 0 if it is closer to —VEb- Thus, the distance of the received symbol from VEb and 
-s[Eb is not used in decoding, yet this information can be used to make better decisions 
about the transmitted codeword. When these distances are used in the channel decoder it is 
called soft decision decoding (SDD), since the demodulator does not make a hard decision 
about whether a 0 or 1 bit was transmitted but rather makes a soft decision corresponding to 
the distance between the received symbol and the symbol corresponding to a O-bit or a 1-bit 
transmission. We now describe the basic premise of SDD for BPSK modulation; these ideas 
are easily extended to higher-level modulations.

Consider a codeword transmitted over a channel using BPSK. As in the case of HDD, 
the energy per codeword symbol is Ec = (k/n)Eb. If the 7 th codeword symbol is a 1 it will 
be received as rj = + nj and if it is a 0 it will be received as rj — —VE^ + np where
nj is the AWGN sample of mean zero and variance Ng/2 associated with the receiver. In 
SDD, given a received codeword R = [rj,..., r„], the decoder forms a correlation metric 
C(R, C,) for each codeword C, (i = 0,..., 2k — 1) in the code and then the decoder chooses 
the codeword C, with the highest correlation metric. The correlation metric is defined as

n
C(R,C;) = ^(2C,7-l)r>, (8.41)

7 = 1

where denotes the jth coded bit in the codeword C,-. If c,; = 1 then 2cy - 
Cjj = 0 then 2cy — 1 = -1. Thus the received codeword symbol is weighted by 

1 — 1 and i* 
the polarf#

associated with the corresponding symbol in the codeword for which the correlation metric 
is being computed. Hence C(R, C() is large when most of the received symbols have a large 
magnitude and the same polarity as the corresponding symbols in C/, is smaller when most 
of the received symbols have a small magnitude and the same polarity as the corresponding 
symbols in C,, and is typically negative when most of the received symbols have a differ­
ent polarity than the corresponding symbols in C,. In particular, at very high SNRs, if C, is 
transmitted then C(R, C,) ny/Hf while C(R, C7) < ns/E~c for j i.

For an AWGN channel, the probability of codeword error is the same for any codeword of 
a linear code. Error analysis is typically easiest when assuming transmission of the all-zero 
codeword. Let us therefore assume that the all-zero codeword Co is transmitted and the cor­
responding received codeword is R. To correctly decode R, we must have that C(R, Co) > 
C(R, Ci), i = 1,..., 2k — 1. Let w, denote the Hamming weight of the ith codeword C/, 
which equals the number of 1-bits in C,. Then, conditioned on the transmitted codeword 
C;, it follows that C(R, C,) is Gauss distributed with mean VEfn(l - 2wi/n) and variance 
nNg/2. Note that the correlation metrics are not independent, since they are all functions of 
R. The probability Pe(C() = p(C(R,Co) < C(R,Ci) can be shown to equal the proba­
bility that a Gauss-distributed random variable with variance 2w,Ng is less than —2wi*/E^; 
that is,

Pe(C,) = = Q^w7ybRc}. (8.42)
\j2wiNo /

Then, by the union bound, the probability of error is upper bounded by the sum of pairwise 
error probabilities relative to each C,:

2*-l 2*—1 __________

Pe < E = E Q(^^iYbRc). 
i=l <=1

(8.43)

Computing (8.43) requires the weight distribution wt (i = 1,..., 2k — 1) of the code. This 
bound can be simplified by noting that wt > dmin, so

Pe < (2k - l)Q^2ybRcdmin). (8.44)

The Chernoff bound on the (J-function is Q(V2x) < e~x. Applying this bound to (8.43) 
yields

< (2* - l)e-w«c^n < min — e~VbRc^min+Hn2. (8.45)

Comparing this bound with that of uncoded BPSK modulation,

Pb = Q^Wb} (8.46)

We get a dB coding gain of approximately

Gc = 101og10[(n7?cjmin - * In 2)/y*] = 101ogio[Rcdmin - (fcln2)/yd. (8.47)

Word^h1 C°d’n® ®a'n depends on the code rate, the number of information bits per code­

minimum distance of the code, and the channel SNR. In particular, the coding gain
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E (s.40)
"A.

[2, Chap. 6.5]; for t = 1, this can be simplified [2] to Pb p - p(l — p~)n 1

EXAMPLE 8.5: Consider a (24,12) linear block code with a minimum distance dmin = 
8 (an extended Golay code, discussed in Section 8.2.8, is one such code). Find Pe 
based on the loose bound (8.39), assuming the codeword symbols are transmitted over 
the channel using BPSK modulation with Eb/Ng = 10 dB. Also find Pb for this code 
using the approximation Pb = Pe/k and compare with the bit error probability for 
uncoded modulation.
Solution: For Eb/Ng = 10 dB we have Ec/Ng = ^10 = 5. Thus, p = Q(VTo) = 
7.82’IO-4. Using this value in (8.39) with/: = 12anddmin = 8 yields Pe < 3.92 10~7. 
Using the Pb approximation we get Pb % (1/^)7^ = 3.27 ■ 10-8. For uncoded modu­
lation we have Pb = 2Eb/Ng} = <2(V20) = 3.87 ■ 10-6. Thus we obtain over 
two orders of magnitude performance gain with this code. Note that the loose bound 
can be orders of magnitude away from the true error probability, so this calculation 
may significantly underestimate the performance gain of the code.

8.2.7 Probability of Error for SDD in AWGN
The HDD described in the previous section discards information that can reduce probabil­
ity of codeword error. For example, in BPSK, the transmitted signal constellation is ±VEb 
and the received symbol after matched filtering is decoded as a 1 if it is closer to VHf and 
as a 0 if it is closer to —VEb- Thus, the distance of the received symbol from VEb and 
-s[Eb is not used in decoding, yet this information can be used to make better decisions 
about the transmitted codeword. When these distances are used in the channel decoder it is 
called soft decision decoding (SDD), since the demodulator does not make a hard decision 
about whether a 0 or 1 bit was transmitted but rather makes a soft decision corresponding to 
the distance between the received symbol and the symbol corresponding to a O-bit or a 1-bit 
transmission. We now describe the basic premise of SDD for BPSK modulation; these ideas 
are easily extended to higher-level modulations.

Consider a codeword transmitted over a channel using BPSK. As in the case of HDD, 
the energy per codeword symbol is Ec = (k/n)Eb. If the 7 th codeword symbol is a 1 it will 
be received as rj = + nj and if it is a 0 it will be received as rj — —VE^ + np where
nj is the AWGN sample of mean zero and variance Ng/2 associated with the receiver. In 
SDD, given a received codeword R = [rj,..., r„], the decoder forms a correlation metric 
C(R, C,) for each codeword C, (i = 0,..., 2k — 1) in the code and then the decoder chooses 
the codeword C, with the highest correlation metric. The correlation metric is defined as

n
C(R,C;) = ^(2C,7-l)r>, (8.41)

7 = 1

where denotes the jth coded bit in the codeword C,-. If c,; = 1 then 2cy - 
Cjj = 0 then 2cy — 1 = -1. Thus the received codeword symbol is weighted by 

1 — 1 and i* 
the polarf#

associated with the corresponding symbol in the codeword for which the correlation metric 
is being computed. Hence C(R, C() is large when most of the received symbols have a large 
magnitude and the same polarity as the corresponding symbols in C/, is smaller when most 
of the received symbols have a small magnitude and the same polarity as the corresponding 
symbols in C,, and is typically negative when most of the received symbols have a differ­
ent polarity than the corresponding symbols in C,. In particular, at very high SNRs, if C, is 
transmitted then C(R, C,) ny/Hf while C(R, C7) < ns/E~c for j i.

For an AWGN channel, the probability of codeword error is the same for any codeword of 
a linear code. Error analysis is typically easiest when assuming transmission of the all-zero 
codeword. Let us therefore assume that the all-zero codeword Co is transmitted and the cor­
responding received codeword is R. To correctly decode R, we must have that C(R, Co) > 
C(R, Ci), i = 1,..., 2k — 1. Let w, denote the Hamming weight of the ith codeword C/, 
which equals the number of 1-bits in C,. Then, conditioned on the transmitted codeword 
C;, it follows that C(R, C,) is Gauss distributed with mean VEfn(l - 2wi/n) and variance 
nNg/2. Note that the correlation metrics are not independent, since they are all functions of 
R. The probability Pe(C() = p(C(R,Co) < C(R,Ci) can be shown to equal the proba­
bility that a Gauss-distributed random variable with variance 2w,Ng is less than —2wi*/E^; 
that is,
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2*-l 2*—1 __________

Pe < E = E Q(^^iYbRc). 
i=l <=1

(8.43)

Computing (8.43) requires the weight distribution wt (i = 1,..., 2k — 1) of the code. This 
bound can be simplified by noting that wt > dmin, so

Pe < (2k - l)Q^2ybRcdmin). (8.44)

The Chernoff bound on the (J-function is Q(V2x) < e~x. Applying this bound to (8.43) 
yields

< (2* - l)e-w«c^n < min — e~VbRc^min+Hn2. (8.45)

Comparing this bound with that of uncoded BPSK modulation,

Pb = Q^Wb} (8.46)

We get a dB coding gain of approximately

Gc = 101og10[(n7?cjmin - * In 2)/y*] = 101ogio[Rcdmin - (fcln2)/yd. (8.47)

Word^h1 C°d’n® ®a'n depends on the code rate, the number of information bits per code­

minimum distance of the code, and the channel SNR. In particular, the coding gain
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decreases as yb decreases, and it becomes negative at sufficiently low SNRs. In general the 
performance of SDD is about 2-3 dB better than HDD [1, Chap. 8.1].

EXAMPLE 8.6: Find the approximate coding gain of SDD over uncoded modulation 
for the (24,12) code with dmin = 8 considered in Example 8.5, with yh = 10 dB.

Solution: Setting Yb = 10, Rc = 12/24, <7min = 8, and k = 12 in (8.47) yields Gc = 
5 dB. This significant coding gain is a direct result of the large minimum distance of 
the code.

8.2.8 Common Linear Block Codes
We now describe some common linear block codes. More details can be found in [1; 2; 3; 
4]. The most common type of block code is a Hamming code, which is parameterized by an 
integer m > 2. For an (n, k) Hamming code, n - 2m — 1 and k = 2”' — m — 1, so n — k = 
m redundant bits are introduced by the code. The minimum distance of all Hamming codes 
is rimin = 3, so t = 1 error in the n = 2m — 1 codeword symbols can be corrected. Although 
Hamming codes are not very powerful, they are perfect codes and thus have probability of 
error given exactly by the right side of (8.34).

Golay and extended Golay codes are another class of channel codes with good perfor­
mance. The Golay code is a linear (23,12) code with rirajn = 7 and t = 3. The extended 
Golay code is obtained by adding a single parity bit to the Golay code, resulting in a (24,12) 
block code with dmin = 8 and t = 3. The extra parity bit does not change the error correction 
capability (since t remains the same), but it greatly simplifies implementation because the in­
formation bit rate is exactly half the coded bit rate. Thus, both uncoded and coded bit streams 
can be generated by the same clock, using every other clock sample to generate the uncoded 
bits. These codes have higher rimjn and thus better error correction capabilities than Hamming 
codes, but at a cost of more complex decoding and a lower code rate Rc = k/n. The lower 
code rate implies that the code either has a lower data rate or requires additional bandwidth.

Another powerful class of block codes is the Bose-Chadhuri-Hocquenghem (BCH) 
codes. These are cyclic codes, and at high rates they typically outperform all other block 
codes with the same n and k at moderate to high SNRs. This code class provides a large se­
lection of blocklengths, code rates, and error correction capabilities. In particular, the most 
common BCH codes haven = 2m — 1 for any integer m > 3.

The Pb for a number of BCH codes under hard decision decoding and coherent BPSK 
modulation is shown in Figure 8.4. The plot is based on the approximation (8.40), where for 
coherent BPSK we have

P = 2^) = 2(72^7).

In the figure, the BCH (127,36) code actually has a negative coding gain at low SNRs- 
is not uncommon for powerful channel codes owing to their reduced energy per sy 
discussed in Section 8.2.6.

2458.2 LINEAR BLOCK CODES
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Figure 8.4: Ft for different BCH codes.

8.2.9 Nonbinary Block Codes: The Reed Solomon Code
A nonbinary block code has similar properties as the binary code: it has K information 
symbols mapped into codewords of length N. However, the N codeword symbols of each 
codeword are chosen from a nonbinary alphabet of size q > 2. Thus the codeword symbols 
can take any value in {0,1,..., q - 1}. Usually q = 2k, so that k bits can be mapped into one 
symbol.

The most common nonbinary block code is the Reed Solomon (RS) code, used in a 
range of applications from magnetic recording to cellular digital packet data (CDPD). Reed 
Solomon codes have N = q — 1 = 2* — 1 and K = 1,2,... ,N — 1. The value of K dic­
tates the error correction capability of the code. Specifically, an RS code can correct up to 
t = ,5\N _ K\ codeword symbol errors. In nonbinary codes the minimum distance be­
tween codewords is defined as the number of codeword symbols in which the codewords 
differ. Reed Solomon codes achieve a minimum distance of <Zmin = N — K + 1, which is the 
largest possible minimum distance between codewords for any linear code with the same en­
coder input and output blocklengths. Reed Solomon codes are often shortened to meet the 
requirements of a given system [4, Chap. 5.10].

Because nonbinary codes - and RS codes in particular - generate symbols correspond- 
ing to 2* bits, they are sometimes used with M-ary modulation where M = 2*. In particular, 
with 2'-ary modulation each codeword symbol is transmitted over the channel as one of 2* 
Possible constellation points. If the error probability associated with the modulation (the 
Probability of mistaking the received constellation point for a constellation point other than 

c transmitted point) is Pm- then the probability of codeword error associated with the non- 
1nary code is upper bounded by
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decreases as yb decreases, and it becomes negative at sufficiently low SNRs. In general the 
performance of SDD is about 2-3 dB better than HDD [1, Chap. 8.1].

EXAMPLE 8.6: Find the approximate coding gain of SDD over uncoded modulation 
for the (24,12) code with dmin = 8 considered in Example 8.5, with yh = 10 dB.

Solution: Setting Yb = 10, Rc = 12/24, <7min = 8, and k = 12 in (8.47) yields Gc = 
5 dB. This significant coding gain is a direct result of the large minimum distance of 
the code.

8.2.8 Common Linear Block Codes
We now describe some common linear block codes. More details can be found in [1; 2; 3; 
4]. The most common type of block code is a Hamming code, which is parameterized by an 
integer m > 2. For an (n, k) Hamming code, n - 2m — 1 and k = 2”' — m — 1, so n — k = 
m redundant bits are introduced by the code. The minimum distance of all Hamming codes 
is rimin = 3, so t = 1 error in the n = 2m — 1 codeword symbols can be corrected. Although 
Hamming codes are not very powerful, they are perfect codes and thus have probability of 
error given exactly by the right side of (8.34).

Golay and extended Golay codes are another class of channel codes with good perfor­
mance. The Golay code is a linear (23,12) code with rirajn = 7 and t = 3. The extended 
Golay code is obtained by adding a single parity bit to the Golay code, resulting in a (24,12) 
block code with dmin = 8 and t = 3. The extra parity bit does not change the error correction 
capability (since t remains the same), but it greatly simplifies implementation because the in­
formation bit rate is exactly half the coded bit rate. Thus, both uncoded and coded bit streams 
can be generated by the same clock, using every other clock sample to generate the uncoded 
bits. These codes have higher rimjn and thus better error correction capabilities than Hamming 
codes, but at a cost of more complex decoding and a lower code rate Rc = k/n. The lower 
code rate implies that the code either has a lower data rate or requires additional bandwidth.

Another powerful class of block codes is the Bose-Chadhuri-Hocquenghem (BCH) 
codes. These are cyclic codes, and at high rates they typically outperform all other block 
codes with the same n and k at moderate to high SNRs. This code class provides a large se­
lection of blocklengths, code rates, and error correction capabilities. In particular, the most 
common BCH codes haven = 2m — 1 for any integer m > 3.

The Pb for a number of BCH codes under hard decision decoding and coherent BPSK 
modulation is shown in Figure 8.4. The plot is based on the approximation (8.40), where for 
coherent BPSK we have

P = 2^) = 2(72^7).

In the figure, the BCH (127,36) code actually has a negative coding gain at low SNRs- 
is not uncommon for powerful channel codes owing to their reduced energy per sy 
discussed in Section 8.2.6.
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8.2.9 Nonbinary Block Codes: The Reed Solomon Code
A nonbinary block code has similar properties as the binary code: it has K information 
symbols mapped into codewords of length N. However, the N codeword symbols of each 
codeword are chosen from a nonbinary alphabet of size q > 2. Thus the codeword symbols 
can take any value in {0,1,..., q - 1}. Usually q = 2k, so that k bits can be mapped into one 
symbol.

The most common nonbinary block code is the Reed Solomon (RS) code, used in a 
range of applications from magnetic recording to cellular digital packet data (CDPD). Reed 
Solomon codes have N = q — 1 = 2* — 1 and K = 1,2,... ,N — 1. The value of K dic­
tates the error correction capability of the code. Specifically, an RS code can correct up to 
t = ,5\N _ K\ codeword symbol errors. In nonbinary codes the minimum distance be­
tween codewords is defined as the number of codeword symbols in which the codewords 
differ. Reed Solomon codes achieve a minimum distance of <Zmin = N — K + 1, which is the 
largest possible minimum distance between codewords for any linear code with the same en­
coder input and output blocklengths. Reed Solomon codes are often shortened to meet the 
requirements of a given system [4, Chap. 5.10].

Because nonbinary codes - and RS codes in particular - generate symbols correspond- 
ing to 2* bits, they are sometimes used with M-ary modulation where M = 2*. In particular, 
with 2'-ary modulation each codeword symbol is transmitted over the channel as one of 2* 
Possible constellation points. If the error probability associated with the modulation (the 
Probability of mistaking the received constellation point for a constellation point other than 

c transmitted point) is Pm- then the probability of codeword error associated with the non- 
1nary code is upper bounded by
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Length-n Codeword
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Figure 8.5: Convolutional encoder.

8.3 CONVOLUTIONAL CODES

Figure 8.6: Convolutional encoder example (n = 3, k = 1, k = 3).

(8.49)

which is similar to the form of (8.34) for the binary code. We can then approximate the prob­
ability of information symbol error as

(8.50)
i=t+\

8.3 Convolutional Codes
A convolutional code generates coded symbols by passing the information bits through a lin­
ear finite-state shift register, as shown in Figure 8.5. The shift register consists of K stages 
with k bits per stage. There are n binary addition operators with inputs taken from all K 
stages: these operators produce a codeword of length n for each k-bit input sequence. Specif­
ically, the binary input data is shifted into each stage of the shift register k bits at a time, and 
each of these shifts produces a coded sequence of length n. The rate of the code is Rc = k/n. 
The maximum span of output symbols that can be influenced by a given input bit in a con­
volutional code is called the constraint length of the code. It is clear from Figure 8.5 that a 
length-n codeword depends on kK input bits - in contrast to a block code, which only de 
pends on k input bits. Thus, the constraint length of the encoder is kK bits or. equivalency, 
K k-bit bytes. Convolutional codes are said to have memory since the current codcwoi $ 
pends on more input bits {kK} than the number input to the encoder to generate it (£)■ 
that in general a convolutional encoder may not have the same number of bits per stage.

8.3.1 Code Characterization; Trellis Diagrams Miscode'
When a length-n codeword is generated by the convolutional encoder of Figure 8.5, t 
word depends both on the k bits input to the first stage of the shift register as well as 
of the encoder, defined as the contents in the other K — 1 stages of the shift register. 

to characterize this convolutional code, we must characterize how the codeword generation 
depends both on the k input bits and the encoder state, which has 2i(*-1) possible values. 
There are multiple ways to characterize convolutional codes, including a tree diagram, state 
diagram, and trellis diagram [1, Chap. 8.2]. The tree diagram represents the encoder in the 
form of a tree, where each branch represents a different encoder state and the corresponding 
encoder output. A state diagram is a graph showing the different states of the encoder and 
the possible state transitions and corresponding encoder outputs. A trellis diagram uses the 
fact that the tree representation repeats itself once the number of stages in the tree exceeds 
the constraint length of the code. The trellis diagram simplifies the tree representation by 
merging nodes in the tree corresponding to the same encoder state. In this section we focus 
on the trellis representation of a convolutional code, since this is the most common charac­
terization. The details of trellis diagram representation are best described by an example.

Consider the convolutional encoder shown in Figure 8.6 with n = 3, k = 1, and K = 3. 
In this encoder, one bit at a time is shifted into Stage 1 of the three-stage shift register. At a 
given time t we denote the bit in Stage i of the shift register as S;. The three stages of the shift 
register are used to generate a codeword of length 3, CiC2C3; from the figure we see that 
^•i = Sj, C2 = 5i 4- S2 + S3, and C3 = Si + S3. A bit sequence U shifted into the encoder 
generates a sequence of coded symbols, which we denote by C. Note that the coded sym­
bols corresponding to Ci are just the original information bits. As with block codes, when 
one of the coded symbols in a convolutional code corresponds to the original information 
hs we say that the code is systematic. We define the encoder state as S = S2S3 (i.e.. the 

contents of the last two stages of the encoder), and there are 22 = 4 possible values for this 
encoder state. To characterize the encoder, we must show for each input bit and each possi- 
b- encoder state what the encoder output will be, and we must also show how the new input 

an£es encoder state for the next input bit.
dicat 6 ^'a8ram f°r this code is shown in Figure 8.7. The solid lines in Figure 8.7 in- 
dashV1-6 encoder state transition when a O-bit is input to Stage 1 of the encoder, and the 

mes indicate the state transition corresponding to a 1 -bit input. For example, starting
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Figure 8.5: Convolutional encoder.

8.3 CONVOLUTIONAL CODES

Figure 8.6: Convolutional encoder example (n = 3, k = 1, k = 3).

(8.49)

which is similar to the form of (8.34) for the binary code. We can then approximate the prob­
ability of information symbol error as

(8.50)
i=t+\

8.3 Convolutional Codes
A convolutional code generates coded symbols by passing the information bits through a lin­
ear finite-state shift register, as shown in Figure 8.5. The shift register consists of K stages 
with k bits per stage. There are n binary addition operators with inputs taken from all K 
stages: these operators produce a codeword of length n for each k-bit input sequence. Specif­
ically, the binary input data is shifted into each stage of the shift register k bits at a time, and 
each of these shifts produces a coded sequence of length n. The rate of the code is Rc = k/n. 
The maximum span of output symbols that can be influenced by a given input bit in a con­
volutional code is called the constraint length of the code. It is clear from Figure 8.5 that a 
length-n codeword depends on kK input bits - in contrast to a block code, which only de 
pends on k input bits. Thus, the constraint length of the encoder is kK bits or. equivalency, 
K k-bit bytes. Convolutional codes are said to have memory since the current codcwoi $ 
pends on more input bits {kK} than the number input to the encoder to generate it (£)■ 
that in general a convolutional encoder may not have the same number of bits per stage.

8.3.1 Code Characterization; Trellis Diagrams Miscode'
When a length-n codeword is generated by the convolutional encoder of Figure 8.5, t 
word depends both on the k bits input to the first stage of the shift register as well as 
of the encoder, defined as the contents in the other K — 1 stages of the shift register. 

to characterize this convolutional code, we must characterize how the codeword generation 
depends both on the k input bits and the encoder state, which has 2i(*-1) possible values. 
There are multiple ways to characterize convolutional codes, including a tree diagram, state 
diagram, and trellis diagram [1, Chap. 8.2]. The tree diagram represents the encoder in the 
form of a tree, where each branch represents a different encoder state and the corresponding 
encoder output. A state diagram is a graph showing the different states of the encoder and 
the possible state transitions and corresponding encoder outputs. A trellis diagram uses the 
fact that the tree representation repeats itself once the number of stages in the tree exceeds 
the constraint length of the code. The trellis diagram simplifies the tree representation by 
merging nodes in the tree corresponding to the same encoder state. In this section we focus 
on the trellis representation of a convolutional code, since this is the most common charac­
terization. The details of trellis diagram representation are best described by an example.

Consider the convolutional encoder shown in Figure 8.6 with n = 3, k = 1, and K = 3. 
In this encoder, one bit at a time is shifted into Stage 1 of the three-stage shift register. At a 
given time t we denote the bit in Stage i of the shift register as S;. The three stages of the shift 
register are used to generate a codeword of length 3, CiC2C3; from the figure we see that 
^•i = Sj, C2 = 5i 4- S2 + S3, and C3 = Si + S3. A bit sequence U shifted into the encoder 
generates a sequence of coded symbols, which we denote by C. Note that the coded sym­
bols corresponding to Ci are just the original information bits. As with block codes, when 
one of the coded symbols in a convolutional code corresponds to the original information 
hs we say that the code is systematic. We define the encoder state as S = S2S3 (i.e.. the 

contents of the last two stages of the encoder), and there are 22 = 4 possible values for this 
encoder state. To characterize the encoder, we must show for each input bit and each possi- 
b- encoder state what the encoder output will be, and we must also show how the new input 

an£es encoder state for the next input bit.
dicat 6 ^'a8ram f°r this code is shown in Figure 8.7. The solid lines in Figure 8.7 in- 
dashV1-6 encoder state transition when a O-bit is input to Stage 1 of the encoder, and the 

mes indicate the state transition corresponding to a 1 -bit input. For example, starting

Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 32 of 47



CODING FOR WIRELESS CHANNELS248

at state S = 00, if a O-bit is input to Stage 1 then, when the shift register transitions, the new 
state will remain as S = 00 (since the 0 in Stage 1 transitions to Stage 2, and the 0 in Stage 2 
transitions to Stage 3, resulting in the new state S = S2S3 = 00). On the other hand, if a 1-bit 
is input to Stage 1 then, when the shift register transitions, the new state will become S = 10 
(since the 1 in Stage 1 transitions to Stage 2, and the 0 in Stage 2 transitions to Stage 3, re­
sulting in the new state S = S2S3 = 10). The encoder output corresponding to a particular 
encoder state S and input Si is written next to the transition lines in the figure. This output 
is the encoder output that results from the encoder addition operations on the bits Si, S2, and 
S3 in each stage of the encoder. For example, if S = 00 and Si = 1 then the encoder output 
C1C2C3 has Ci = Si = 1, C2 = Si + S2 + S3 = 1, and C3 = Si + S3 = 1. This output 111 is 
drawn next to the dashed line transitioning from state S = 00 to state S = 10 in Figure 8.7. 
Note that the encoder output for Si = 0 and S = 00 is always the all-zero codeword regard­
less of the addition operations that form the codeword C1C2C3, since summing together any 
number of 0s always yields 0. The portion of the trellis between time t, and r,+i is called 
the 1 th branch of the trellis. Figure 8.7 indicates that the initial stale at time to is the all-zero 
state. The trellis achieves steady state, defined as the point where all states can be entere 
from either of two preceding states, at time fj. After this steady stale is reached, the irel is 
repeats itself in each time interval. Note also that, in steady state, each slate transitions to 
one of two possible new states. In general, trellis structures starting from the all-zero s 

at time to achieve steady state at time tK.For general values of k and K. the trellis diagram will have 2*-’ states, where each s a 
has 2k paths entering each node and 2k paths leaving each node. Thus, the number 0 p 
through the trellis grows exponentially with k, K. and the length of the trellis path.

8.3 CONVOLUTIONAL CODES 249

EXAMPLE 8.7: Consider the convolutional code represented by the trellis in Figure 8.7. 
For an initial state S = S2S3 = 01, find the state sequence 5 and the encoder output 
C for input bit sequence U = 011.

Solution: The first occurrence of S = 01 in the trellis is at time t^. We see at tz that if 
the information bit Si = 0 then we follow the solid line in the trellis from S = 01 at 
t2 to S = 00 at t^, and the output corresponding to this path through the trellis is C = 
Oil. Now at t3, starting at S = 00, for the information bit Si = 1 we follow the dashed 
line in the trellis to S = 10 at 14, and the output corresponding to this path through the 
trellis is C = 111. Finally, at 14, starting at S = 10, for the information bit Si = 1 we 
follow the dashed line in the trellis to S = 11 at tj, and the output corresponding to 
this path through the trellis is C = 101.

8.3.2 Maximum Likelihood Decoding
The convolutional code generated by the finite state shift register is basically a finite-state 
machine. Thus, unlike an (n,k) block code - where maximum likelihood detection entails 
finding the length-n codeword that is closest to the received length-n codeword - maximum 
likelihood detection of a convolutional code entails finding the most likely sequence of coded 
symbols C given the received sequence of coded symbols, which we denote by R. In par­
ticular, for a received sequence R, the decoder decides that coded symbol sequence C* was 
transmitted if

p(R | C*) > p(R | C) VC. (8.51)

Since each possible sequence C corresponds to one path through the trellis diagram of the 
code, maximum likelihood decoding corresponds to finding the maximum likelihood path 
through the trellis diagram. For an AWGN channel, noise affects each coded symbol inde­
pendently. Thus, for a convolutional code of rate \/n, we can express the likelihood (8.51) 
for a path of length L through the trellis as

L-l L-l n
p(R|C) = f[p(^ IG) =nnp(Rij I (8.52)

i=0 i=0 j=l

where C; is the portion of the code sequence C corresponding to the ith branch of the trel­
lis, Ri is the portion of the received code sequence R corresponding to the i th branch of the 
trellis, Cy is the jth coded symbol corresponding to Cj, and R,j is the jth received coded 
symbol corresponding to Ri. The log likelihood function is defined as the log of p(R | C), 
given as

L-l L-l n
log p(R | C) = E log p(Ri I G) = E E10® P(Rh I C'^ <8-53)

i=0 1=0 2=1
The expression

n
Bi = E log P(Rij I Cij) (8.54)

7=1

branch metric because it indicates the component of (8.53) associated with the 
anch of the trellis. The sequence or path that maximizes the likelihood function also
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at state S = 00, if a O-bit is input to Stage 1 then, when the shift register transitions, the new 
state will remain as S = 00 (since the 0 in Stage 1 transitions to Stage 2, and the 0 in Stage 2 
transitions to Stage 3, resulting in the new state S = S2S3 = 00). On the other hand, if a 1-bit 
is input to Stage 1 then, when the shift register transitions, the new state will become S = 10 
(since the 1 in Stage 1 transitions to Stage 2, and the 0 in Stage 2 transitions to Stage 3, re­
sulting in the new state S = S2S3 = 10). The encoder output corresponding to a particular 
encoder state S and input Si is written next to the transition lines in the figure. This output 
is the encoder output that results from the encoder addition operations on the bits Si, S2, and 
S3 in each stage of the encoder. For example, if S = 00 and Si = 1 then the encoder output 
C1C2C3 has Ci = Si = 1, C2 = Si + S2 + S3 = 1, and C3 = Si + S3 = 1. This output 111 is 
drawn next to the dashed line transitioning from state S = 00 to state S = 10 in Figure 8.7. 
Note that the encoder output for Si = 0 and S = 00 is always the all-zero codeword regard­
less of the addition operations that form the codeword C1C2C3, since summing together any 
number of 0s always yields 0. The portion of the trellis between time t, and r,+i is called 
the 1 th branch of the trellis. Figure 8.7 indicates that the initial stale at time to is the all-zero 
state. The trellis achieves steady state, defined as the point where all states can be entere 
from either of two preceding states, at time fj. After this steady stale is reached, the irel is 
repeats itself in each time interval. Note also that, in steady state, each slate transitions to 
one of two possible new states. In general, trellis structures starting from the all-zero s 

at time to achieve steady state at time tK.For general values of k and K. the trellis diagram will have 2*-’ states, where each s a 
has 2k paths entering each node and 2k paths leaving each node. Thus, the number 0 p 
through the trellis grows exponentially with k, K. and the length of the trellis path.

8.3 CONVOLUTIONAL CODES 249

EXAMPLE 8.7: Consider the convolutional code represented by the trellis in Figure 8.7. 
For an initial state S = S2S3 = 01, find the state sequence 5 and the encoder output 
C for input bit sequence U = 011.

Solution: The first occurrence of S = 01 in the trellis is at time t^. We see at tz that if 
the information bit Si = 0 then we follow the solid line in the trellis from S = 01 at 
t2 to S = 00 at t^, and the output corresponding to this path through the trellis is C = 
Oil. Now at t3, starting at S = 00, for the information bit Si = 1 we follow the dashed 
line in the trellis to S = 10 at 14, and the output corresponding to this path through the 
trellis is C = 111. Finally, at 14, starting at S = 10, for the information bit Si = 1 we 
follow the dashed line in the trellis to S = 11 at tj, and the output corresponding to 
this path through the trellis is C = 101.

8.3.2 Maximum Likelihood Decoding
The convolutional code generated by the finite state shift register is basically a finite-state 
machine. Thus, unlike an (n,k) block code - where maximum likelihood detection entails 
finding the length-n codeword that is closest to the received length-n codeword - maximum 
likelihood detection of a convolutional code entails finding the most likely sequence of coded 
symbols C given the received sequence of coded symbols, which we denote by R. In par­
ticular, for a received sequence R, the decoder decides that coded symbol sequence C* was 
transmitted if

p(R | C*) > p(R | C) VC. (8.51)

Since each possible sequence C corresponds to one path through the trellis diagram of the 
code, maximum likelihood decoding corresponds to finding the maximum likelihood path 
through the trellis diagram. For an AWGN channel, noise affects each coded symbol inde­
pendently. Thus, for a convolutional code of rate \/n, we can express the likelihood (8.51) 
for a path of length L through the trellis as

L-l L-l n
p(R|C) = f[p(^ IG) =nnp(Rij I (8.52)

i=0 i=0 j=l

where C; is the portion of the code sequence C corresponding to the ith branch of the trel­
lis, Ri is the portion of the received code sequence R corresponding to the i th branch of the 
trellis, Cy is the jth coded symbol corresponding to Cj, and R,j is the jth received coded 
symbol corresponding to Ri. The log likelihood function is defined as the log of p(R | C), 
given as

L-l L-l n
log p(R | C) = E log p(Ri I G) = E E10® P(Rh I C'^ <8-53)

i=0 1=0 2=1
The expression

n
Bi = E log P(Rij I Cij) (8.54)

7=1

branch metric because it indicates the component of (8.53) associated with the 
anch of the trellis. The sequence or path that maximizes the likelihood function also
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maximizes the log likelihood function, since the log is monotonically increasing. However, 
it is computationally more convenient for the decoder to use the log likelihood function be­
cause it involves a summation rather than a product. The log likelihood function associated 
with a given path through the trellis is also called the path metric, which by (8.53) is equal 
to the sum of branch metrics along each branch of the path. The path through the trellis with 
the maximum path metric corresponds to the maximum likelihood path.

The decoder can use either hard or soft decisions for the expressions log p(Rij | Cy) in 
the log likelihood metric. For hard decision decoding, the is decoded as a 1 or a 0. The 
probability of hard decision decoding error depends on the modulation and is denoted as p. 
If R and C are N symbols long and differ in d places (i.e., their Hamming distance is d), 
then

p(R | C) = p\\ - p)N~d

and
log p(R | C) = -d log -—- + N log(l - p). (8.55)

Since p < .5, (8.55) is maximized when d is minimized. So the coded sequence C with 
minimum Hamming distance to the received sequence R corresponds to the maximum like­
lihood sequence.

In soft decision decoding, the value of the received coded symbols (Ry) are used directly 
in the decoder, rather than quantizing them to 1 or 0. For example, if the Cjj are sent via 
BPSK over an AWGN channel with a 1 mapped to and a 0 mapped to — Ve^, then

Ry = ‘SEcQCij — 1) + ntj, (8.56)

where Ec = kEb/n is the energy per coded symbol and nq denotes Gaussian noise of mean 
zero and variance cr2 = .5Vq. Thus,

1 
p(Ry | Cy) = exp

(Ry - - I))2
2 a-2

(8.57)

Maximizing this likelihood function is equivalent to choosing the Cy that is closest in Eu­
clidean distance to Ry. In determining which sequence C maximizes the log likelihood 
function (8.53), any terms that are common to two different sequences Ci and C2 can be ne­
glected, since they contribute the same amount to the summation. Similarly, we can scale all 
terms in (8.53) without changing the maximizing sequence. Thus, by neglecting scaling fac­
tors and terms in (8.57) that are common to any Cy, we can replace lo8 P^R'i ' 10
(8.53) with the equivalent branch metric

n
M/ = £Ry(2C,7-l)

7=1

(8.58)

and obtain the same maximum likelihood output.
We now illustrate the path metric computation under both hard and soft decisions j 

convolutional code of Figure 8.6 with the trellis diagram in Figure 8.7. For 
will consider only two possible paths through the trellis and compute their corresp* 
likelihoods for a given received sequence R. Assume we start at time to in the all zer

The first path we consider is the all-zero path, corresponding to the all-zero input sequence. 
The second path we consider starts in state S = 00 at time t0 and transitions to state 5 = 10 
at time q, then to state S = 01 at time t2, and finally to state S = 00 at time t3, at which 
point this path merges with the all-zero path. Since the paths and therefore their branch met­
rics at times t < to and t > t3 are the same, the maximum likelihood path corresponds to the 
path whose sum of branch metrics over the branches in which the two paths differ is smaller. 
From Figure 8.7 we see that the all-zero path through the trellis generates the coded sequence 
Co = 000000000 over the first three branches in the trellis. The second path generates the 
coded sequence C] = 111010011 over the first three branches in the trellis.

Let us first consider hard decision decoding with error probability p. Suppose the received 
sequence over these three branches is R = 100110111. Note that the Hamming distance be­
tween R and Co is 6 while the Hamming distance between R and Ci is 4. As discussed 
previously, the most likely path therefore corresponds to Cb since it has minimum Hamming 
distance to R. The path metric for the all-zero path is

2 3

Mo = EElog P^Rg I Cg) = 6 log p + 3 log(l - p), (8.59)
<=0 j=l

while the path metric for the other path is

2 3

= E E log P(Ry | Cy) = 4 log p + 5 log(l - p). (8.60)
1=0 >1

Assuming p 1, which is generally the case, this yields Mo & 6 log p and M\ « 4 log p. 
Since log p < 1, this confirms that the second path has a larger path metric than the first.

Let us now consider soft decision decoding over time t0 to t3. Suppose the received se­
quence (before demodulation) over these three branches, for Ec = 1, is R = (.8, —.35, —.15, 
1.35,1.22, —.62, .87, 1.08, .91). The path metric for the all-zero path is

2 2 3 2 3

= E = E E Py (2g7 -1) = e E-Rp = -5-11’ 
i=0 i=o ; = 1 i=o ; = 1

and the path metric for the second path is

2 3
Ml = ^Y/Rij(2Cij-i) = L9L

i=0 ;=1

Thus, the second path has a higher path metric than the first. In order to determine if the 
econd path is the maximum likelihood path, we must compare its path metric to that of all 

01 er paths through the trellis.
[|je. difficulty with maximum likelihood decoding is that the complexity of computing 

g ike I ihood function (8.53) grows exponentially with the memory of the code, and this 
putation must be done for every possible path through the trellis. The Viterbi algorithm,

** ko.L, O । * It -
takino n nCXt sect*on' reduces the complexity of maximum likelihood decoding by 

$ advantage of the structure of the path metric computation.
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maximizes the log likelihood function, since the log is monotonically increasing. However, 
it is computationally more convenient for the decoder to use the log likelihood function be­
cause it involves a summation rather than a product. The log likelihood function associated 
with a given path through the trellis is also called the path metric, which by (8.53) is equal 
to the sum of branch metrics along each branch of the path. The path through the trellis with 
the maximum path metric corresponds to the maximum likelihood path.

The decoder can use either hard or soft decisions for the expressions log p(Rij | Cy) in 
the log likelihood metric. For hard decision decoding, the is decoded as a 1 or a 0. The 
probability of hard decision decoding error depends on the modulation and is denoted as p. 
If R and C are N symbols long and differ in d places (i.e., their Hamming distance is d), 
then

p(R | C) = p\\ - p)N~d

and
log p(R | C) = -d log -—- + N log(l - p). (8.55)

Since p < .5, (8.55) is maximized when d is minimized. So the coded sequence C with 
minimum Hamming distance to the received sequence R corresponds to the maximum like­
lihood sequence.

In soft decision decoding, the value of the received coded symbols (Ry) are used directly 
in the decoder, rather than quantizing them to 1 or 0. For example, if the Cjj are sent via 
BPSK over an AWGN channel with a 1 mapped to and a 0 mapped to — Ve^, then

Ry = ‘SEcQCij — 1) + ntj, (8.56)

where Ec = kEb/n is the energy per coded symbol and nq denotes Gaussian noise of mean 
zero and variance cr2 = .5Vq. Thus,

1 
p(Ry | Cy) = exp

(Ry - - I))2
2 a-2

(8.57)

Maximizing this likelihood function is equivalent to choosing the Cy that is closest in Eu­
clidean distance to Ry. In determining which sequence C maximizes the log likelihood 
function (8.53), any terms that are common to two different sequences Ci and C2 can be ne­
glected, since they contribute the same amount to the summation. Similarly, we can scale all 
terms in (8.53) without changing the maximizing sequence. Thus, by neglecting scaling fac­
tors and terms in (8.57) that are common to any Cy, we can replace lo8 P^R'i ' 10
(8.53) with the equivalent branch metric

n
M/ = £Ry(2C,7-l)

7=1

(8.58)

and obtain the same maximum likelihood output.
We now illustrate the path metric computation under both hard and soft decisions j 

convolutional code of Figure 8.6 with the trellis diagram in Figure 8.7. For 
will consider only two possible paths through the trellis and compute their corresp* 
likelihoods for a given received sequence R. Assume we start at time to in the all zer

The first path we consider is the all-zero path, corresponding to the all-zero input sequence. 
The second path we consider starts in state S = 00 at time t0 and transitions to state 5 = 10 
at time q, then to state S = 01 at time t2, and finally to state S = 00 at time t3, at which 
point this path merges with the all-zero path. Since the paths and therefore their branch met­
rics at times t < to and t > t3 are the same, the maximum likelihood path corresponds to the 
path whose sum of branch metrics over the branches in which the two paths differ is smaller. 
From Figure 8.7 we see that the all-zero path through the trellis generates the coded sequence 
Co = 000000000 over the first three branches in the trellis. The second path generates the 
coded sequence C] = 111010011 over the first three branches in the trellis.

Let us first consider hard decision decoding with error probability p. Suppose the received 
sequence over these three branches is R = 100110111. Note that the Hamming distance be­
tween R and Co is 6 while the Hamming distance between R and Ci is 4. As discussed 
previously, the most likely path therefore corresponds to Cb since it has minimum Hamming 
distance to R. The path metric for the all-zero path is

2 3

Mo = EElog P^Rg I Cg) = 6 log p + 3 log(l - p), (8.59)
<=0 j=l

while the path metric for the other path is

2 3

= E E log P(Ry | Cy) = 4 log p + 5 log(l - p). (8.60)
1=0 >1

Assuming p 1, which is generally the case, this yields Mo & 6 log p and M\ « 4 log p. 
Since log p < 1, this confirms that the second path has a larger path metric than the first.

Let us now consider soft decision decoding over time t0 to t3. Suppose the received se­
quence (before demodulation) over these three branches, for Ec = 1, is R = (.8, —.35, —.15, 
1.35,1.22, —.62, .87, 1.08, .91). The path metric for the all-zero path is

2 2 3 2 3

= E = E E Py (2g7 -1) = e E-Rp = -5-11’ 
i=0 i=o ; = 1 i=o ; = 1

and the path metric for the second path is

2 3
Ml = ^Y/Rij(2Cij-i) = L9L

i=0 ;=1

Thus, the second path has a higher path metric than the first. In order to determine if the 
econd path is the maximum likelihood path, we must compare its path metric to that of all 

01 er paths through the trellis.
[|je. difficulty with maximum likelihood decoding is that the complexity of computing 

g ike I ihood function (8.53) grows exponentially with the memory of the code, and this 
putation must be done for every possible path through the trellis. The Viterbi algorithm,

** ko.L, O । * It -
takino n nCXt sect*on' reduces the complexity of maximum likelihood decoding by 

$ advantage of the structure of the path metric computation.
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Figure 8.9: Common stem for all survivor paths in the trellis.
Figure 8.8: Partial path metrics on maximum likelihood path.

8.3.3 The Viterbi Algorithm
The Viterbi algorithm, introduced by Viterbi in 1967 [5], reduces the complexity of maxi­
mum likelihood decoding by systematically removing paths from consideration that cannot 
achieve the highest path metric. The basic premise is to look at the partial path metrics asso­
ciated with all paths entering a given node (node V) in the trellis. Since the possible paths 
through the trellis leaving node N are the same for each entering path, the complete trel­
lis path with the highest path metric that goes through node N must coincide with the path 
that has the highest partial path metric up to node N. This is illustrated in Figure 8.8, where 
path 1, path 2, and path 3 enter node N (at trellis depth n) with partial path metrics Pl = 

Bk U = 2’3) UP to this node- Assume is the largest of these partial path met­
rics. The complete path with the highest metric has branch metrics {Bk} after node N. The 
maximum likelihood path starting from node N (i.e., the path starting from node N with the 
largest path metric) has partial path metric Bk. The complete path metric for path I 
(I = 1,2,3) up to node N and the maximum likelihood path after node N is P1 + Y,k=n Bk 
(I = 1,2,3), and thus the path with the maximum partial path metric Pl up to node N (path 1 
in this example) must correspond to the path with the largest path metric that goes through 
node N.

The Viterbi algorithm takes advantage of this structure by discarding all paths entering a 
given node except the path with the largest partial path metric up to that node. The path that 
is not discarded is called the survivor path. Thus, for the example of Figure 8.8. path I 1S 
the survivor at node N and paths 2 and 3 are discarded from further consideration. Hence, 
every stage in the trellis there are 2^“' surviving paths, one for each possible encoder state. 
A branch for a given stage of the trellis cannot be decoded until all surviving paths at a su 
quent trellis stage overlap with that branch; see Figure 8.9, which shows the surviving 
at time tk+3. We see in the figure that all of these surviving paths can be traced back to a 
mon stem from time tk to tk+l. At this point the decoder can output the codeword sytn 
associated with this branch of the trellis. Note that there is not a fixed decoding de ay a 
ated with how far back in the trellis a common stem occurs for a given set of surviv 

since this delay depends on k, K, and the specific code properties. To avoid a random decod­
ing delay, the Viterbi algorithm is typically modified so that, at a given stage in the trellis, 
the most likely branch n stages back is decided upon based on the partial path metrics up to 
that point. Although this modification does not yield exact maximum likelihood decoding, 
for n sufficiently large (typically n > 5K) it is a good approximation.

The Viterbi algorithm must keep track of 2*(A--1) surviving paths and their corresponding 
metrics. At each stage, in order to determine the surviving path, 2k metrics must be com­
puted for each node corresponding to the 2k paths entering each node. Thus, the number of 
computations in decoding and the memory requirements for the algorithm increase exponen­
tially with k and K. This implies that practical implementations of convolutional codes are 
restricted to relatively small values of k and K.

8.3.4 Distance Properties
As with block codes, the error correction capability of convolutional codes depends on the 
distance between codeword sequences. Since convolutional codes are linear, the minimum 
distance between all codeword sequences can be found by determining the minimum dis­
tance from any sequence or, equivalently, determining any trellis path to the all-zero se- 
quence/trcllis path. Clearly the trellis path with minimum distance to the all-zero path will 
diverge and rcmerge with the all-zero path, so that the two paths coincide except over some 
number of trellis branches. To find this minimum distance path we must consider all paths 
that diverge from the all-zero state and then remerge with this state. As an example, in Fig- 
Ure 8.10 we draw all paths in Figure 8.7 between times to and t$ that diverge and remerge 
*>’h the all-zero state. Note that path 2 is identical to path 1 - just shifted in time - and 

s is not considered as a separate path. Note also that we could look over a longer time 
sanT^ bUl P31*18 diverge and remerge over this longer interval would traverse the 

^ranc^es (lifted in time) as one of these paths plus some additional branches and 

lis h have larger path metrics. In particular, we see that path 4 traverses the trel-
ranches 00-10-01-10-01-(X). whereas path 1 traverses the branches 00-10-01-00. Since
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Figure 8.9: Common stem for all survivor paths in the trellis.
Figure 8.8: Partial path metrics on maximum likelihood path.

8.3.3 The Viterbi Algorithm
The Viterbi algorithm, introduced by Viterbi in 1967 [5], reduces the complexity of maxi­
mum likelihood decoding by systematically removing paths from consideration that cannot 
achieve the highest path metric. The basic premise is to look at the partial path metrics asso­
ciated with all paths entering a given node (node V) in the trellis. Since the possible paths 
through the trellis leaving node N are the same for each entering path, the complete trel­
lis path with the highest path metric that goes through node N must coincide with the path 
that has the highest partial path metric up to node N. This is illustrated in Figure 8.8, where 
path 1, path 2, and path 3 enter node N (at trellis depth n) with partial path metrics Pl = 

Bk U = 2’3) UP to this node- Assume is the largest of these partial path met­
rics. The complete path with the highest metric has branch metrics {Bk} after node N. The 
maximum likelihood path starting from node N (i.e., the path starting from node N with the 
largest path metric) has partial path metric Bk. The complete path metric for path I 
(I = 1,2,3) up to node N and the maximum likelihood path after node N is P1 + Y,k=n Bk 
(I = 1,2,3), and thus the path with the maximum partial path metric Pl up to node N (path 1 
in this example) must correspond to the path with the largest path metric that goes through 
node N.

The Viterbi algorithm takes advantage of this structure by discarding all paths entering a 
given node except the path with the largest partial path metric up to that node. The path that 
is not discarded is called the survivor path. Thus, for the example of Figure 8.8. path I 1S 
the survivor at node N and paths 2 and 3 are discarded from further consideration. Hence, 
every stage in the trellis there are 2^“' surviving paths, one for each possible encoder state. 
A branch for a given stage of the trellis cannot be decoded until all surviving paths at a su 
quent trellis stage overlap with that branch; see Figure 8.9, which shows the surviving 
at time tk+3. We see in the figure that all of these surviving paths can be traced back to a 
mon stem from time tk to tk+l. At this point the decoder can output the codeword sytn 
associated with this branch of the trellis. Note that there is not a fixed decoding de ay a 
ated with how far back in the trellis a common stem occurs for a given set of surviv 

since this delay depends on k, K, and the specific code properties. To avoid a random decod­
ing delay, the Viterbi algorithm is typically modified so that, at a given stage in the trellis, 
the most likely branch n stages back is decided upon based on the partial path metrics up to 
that point. Although this modification does not yield exact maximum likelihood decoding, 
for n sufficiently large (typically n > 5K) it is a good approximation.

The Viterbi algorithm must keep track of 2*(A--1) surviving paths and their corresponding 
metrics. At each stage, in order to determine the surviving path, 2k metrics must be com­
puted for each node corresponding to the 2k paths entering each node. Thus, the number of 
computations in decoding and the memory requirements for the algorithm increase exponen­
tially with k and K. This implies that practical implementations of convolutional codes are 
restricted to relatively small values of k and K.

8.3.4 Distance Properties
As with block codes, the error correction capability of convolutional codes depends on the 
distance between codeword sequences. Since convolutional codes are linear, the minimum 
distance between all codeword sequences can be found by determining the minimum dis­
tance from any sequence or, equivalently, determining any trellis path to the all-zero se- 
quence/trcllis path. Clearly the trellis path with minimum distance to the all-zero path will 
diverge and rcmerge with the all-zero path, so that the two paths coincide except over some 
number of trellis branches. To find this minimum distance path we must consider all paths 
that diverge from the all-zero state and then remerge with this state. As an example, in Fig- 
Ure 8.10 we draw all paths in Figure 8.7 between times to and t$ that diverge and remerge 
*>’h the all-zero state. Note that path 2 is identical to path 1 - just shifted in time - and 

s is not considered as a separate path. Note also that we could look over a longer time 
sanT^ bUl P31*18 diverge and remerge over this longer interval would traverse the 

^ranc^es (lifted in time) as one of these paths plus some additional branches and 

lis h have larger path metrics. In particular, we see that path 4 traverses the trel-
ranches 00-10-01-10-01-(X). whereas path 1 traverses the branches 00-10-01-00. Since
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Path 1 and 2: 00-10-01-00

Path 3: 00-10-11-01-00

Path 4: 00-10-01-10-01-00

Figure 8.10: Path distances to the all-zero path.

path 4 traverses the same branches as path I on its first, second, and last transition - and since 
it has additional transitions - its path metric will be no smaller than the meteric of path I. 
Thus we need not consider a longer time interval to find the minimum distance path. For 
each path in Figure 8.10 we label the Hamming distance of the codeword on each branch to 
the all-zero codeword in the corresponding branch of the all-zero path. By summing up the 
Hamming distances on all branches of each path, we see that path 1 has a Hamming distance 
of 6 and that paths 3 and 4 have Hamming distances of 8. Recalling that dashed lines in­
dicate 1-bit inputs while solid lines indicate O-bit inputs, we see that path 1 corresponds to 
an input bit sequence from to to *5 of 10000, path 3 corresponds to an input bit sequence of 
11000, and path 4 corresponds to an input bit sequence of 10100. Thus, path 1 results in one 
bit error relative to the all-zero squence. and paths 3 and 4 result in two bit errors.

We define the minimum free distance dr of a convolutional code, also called simply the 
free distance, to be the minimum Hamming distance of all paths through the trellis to the 
all-zero path, which for this example is 6. The error correction capability of the code is ob­
tained in the same manner as for block codes, with rfmjn replaced by df, so that the code can 

correct t channels errors with t = L-5^/J.

8.3.5 State Diagrams and Transfer Functions
The transfer function of a convolutional code is used to characterize paths that diverge an^ 
remerge from the all-zero path, and it is also used to obtain probability of error bounds- 
transfer function is obtained from the code’s state diagram representing possible transiltot 
from the all-zero state to the all-zero stale. The state diagram for the code illustrated in 
ure 8.7 is shown in Figure 8.11. with the all-zero state a = 00 split into a second no 
facilitate representing paths that begin and end in this state. Transitions between states 
a 0 input bit are represented by solid lines, while transitions due to a 1 input bit are tep
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Figure 8.11: State diagram.

by dashed lines. The branches of the state diagram are labeled as either D° = 1, D[, D2, or 
D3, where the exponent of D corresponds to the Hamming distance between the codeword 
(which is shown for each branch transition) and the all-zero codeword in the all-zero path. 
The self-loop in node a can be ignored because it does not contribute to the distance proper­
ties of the code.

The state diagram can be represented by state equations for each state. For the example 
of Figure 8.11, we obtain state equations corresponding to the four states

Xc = D2Xa + DXb, Xb = DXC + DXd, Xd - D2XC + D2Xd, Xe = D2Xb, (8.61)

where Xa,-..,Xe are dummy variables characterizing the partial paths. The transfer func­
tion of the code, describing the paths from state a to state e, is defined as T(D) = XeIXa. 
By solving the state equations for the code, which can be done using standard techniques 
such as Mason’s formula, we obtain a transfer function of the form

00

T(D) = £ (8.62)
d=df

where ad is the number of paths with Hamming distance d from the all-zero path. As stated 
before, the minimum Hamming distance to the all-zero path is df, and the transfer function

(D) indicates that there are ad/ paths with this minimum distance. For the example of Fig- 
Ure 8.11, we can solve the state equations given in (8.61) to get the transfer function

+ 2D*+ + ■■■ . (8.63)

see from the transfer function that there is one path with minimum distance df = 6 
^two paths with Hamming distance 8, which is consistent with Figure 8.10. The transfer 
^ctlOn is a convenient shorthand for enumerating the number and corresponding Hamming 

nceof all paths in a particular code that diverge and later remerge with the all-zero path.
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Path 1 and 2: 00-10-01-00

Path 3: 00-10-11-01-00

Path 4: 00-10-01-10-01-00

Figure 8.10: Path distances to the all-zero path.

path 4 traverses the same branches as path I on its first, second, and last transition - and since 
it has additional transitions - its path metric will be no smaller than the meteric of path I. 
Thus we need not consider a longer time interval to find the minimum distance path. For 
each path in Figure 8.10 we label the Hamming distance of the codeword on each branch to 
the all-zero codeword in the corresponding branch of the all-zero path. By summing up the 
Hamming distances on all branches of each path, we see that path 1 has a Hamming distance 
of 6 and that paths 3 and 4 have Hamming distances of 8. Recalling that dashed lines in­
dicate 1-bit inputs while solid lines indicate O-bit inputs, we see that path 1 corresponds to 
an input bit sequence from to to *5 of 10000, path 3 corresponds to an input bit sequence of 
11000, and path 4 corresponds to an input bit sequence of 10100. Thus, path 1 results in one 
bit error relative to the all-zero squence. and paths 3 and 4 result in two bit errors.

We define the minimum free distance dr of a convolutional code, also called simply the 
free distance, to be the minimum Hamming distance of all paths through the trellis to the 
all-zero path, which for this example is 6. The error correction capability of the code is ob­
tained in the same manner as for block codes, with rfmjn replaced by df, so that the code can 

correct t channels errors with t = L-5^/J.

8.3.5 State Diagrams and Transfer Functions
The transfer function of a convolutional code is used to characterize paths that diverge an^ 
remerge from the all-zero path, and it is also used to obtain probability of error bounds- 
transfer function is obtained from the code’s state diagram representing possible transiltot 
from the all-zero state to the all-zero stale. The state diagram for the code illustrated in 
ure 8.7 is shown in Figure 8.11. with the all-zero state a = 00 split into a second no 
facilitate representing paths that begin and end in this state. Transitions between states 
a 0 input bit are represented by solid lines, while transitions due to a 1 input bit are tep
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Figure 8.11: State diagram.

by dashed lines. The branches of the state diagram are labeled as either D° = 1, D[, D2, or 
D3, where the exponent of D corresponds to the Hamming distance between the codeword 
(which is shown for each branch transition) and the all-zero codeword in the all-zero path. 
The self-loop in node a can be ignored because it does not contribute to the distance proper­
ties of the code.

The state diagram can be represented by state equations for each state. For the example 
of Figure 8.11, we obtain state equations corresponding to the four states

Xc = D2Xa + DXb, Xb = DXC + DXd, Xd - D2XC + D2Xd, Xe = D2Xb, (8.61)

where Xa,-..,Xe are dummy variables characterizing the partial paths. The transfer func­
tion of the code, describing the paths from state a to state e, is defined as T(D) = XeIXa. 
By solving the state equations for the code, which can be done using standard techniques 
such as Mason’s formula, we obtain a transfer function of the form

00

T(D) = £ (8.62)
d=df

where ad is the number of paths with Hamming distance d from the all-zero path. As stated 
before, the minimum Hamming distance to the all-zero path is df, and the transfer function

(D) indicates that there are ad/ paths with this minimum distance. For the example of Fig- 
Ure 8.11, we can solve the state equations given in (8.61) to get the transfer function

+ 2D*+ + ■■■ . (8.63)

see from the transfer function that there is one path with minimum distance df = 6 
^two paths with Hamming distance 8, which is consistent with Figure 8.10. The transfer 
^ctlOn is a convenient shorthand for enumerating the number and corresponding Hamming 

nceof all paths in a particular code that diverge and later remerge with the all-zero path.
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Figure 8.12: Extended state diagram.

Although the transfer function is sufficient to capture the number and Hamming distance 
of paths in the trellis to the all-zero path, we need a more detailed characterization to com­
pute the bit error probability of the convolutional code. We therefore introduce two additional 
parameters into the transfer function, N and J, for this additional characterization. The fac­
tor N is introduced on all branch transitions associated with a 1 input bit (dashed lines in 
Figure 8.11). The factor J is introduced to every branch in the state diagram such that the 
exponent of J in the transfer function equals the number of branches in any given path from 
node a to node e. The extended state diagram corresponding to the trellis of Figure 8.7 is 
shown in Figure 8.12.

The extended state diagram can also be represented by state equations. For the example 
of Figure 8.12, these are given by:

Xc = JND3Xa + JNDXb, Xb = JDXC + JDXd,
(8.64) 

Xd = JND2Xc + JND2Xd, Xe = JD2Xb.

Similarly to the previous transfer function definition, the transfer function associated with 
this extended state is defined as T{D, N, J) = XJXa, which for this example yields 

the other path of Hamming distance 8 is of length 5 and results in two bit errors, consistent 
with Figure 8.10. The extended transfer function is a convenient shorthand for representing 
the Hamming distance, length, and number of bit errors that correspond to each diverging 
and remerging path of a code from the all-zero path. In the next section we show that this 
representation is useful in characterizing the probability of error for convolutional codes.

8.3.6 Error Probability for Convolutional Codes
Since convolutional codes are linear codes, the probability of error can be obtained by first 
assuming that the all-zero sequence is transmitted and then determining the probability that 
the decoder decides in favor of a different sequence. We will consider error probability for 
both hard decision and soft decision decoding; soft decisions are much more common in 
wireless systems owing to their superior performance.

First consider soft decision decoding. We are interested in the probability that the all-zero 
sequence is sent but a different sequence is decoded. If the coded symbols output from the 
convolutional encoder are sent over an AWGN channel using coherent BPSK modulation 
with energy Ec — RcEb, then it can be shown [1] that, if the all-zero sequence is transmit­
ted, the probability of mistaking this sequence with a sequence Hamming distance d away 
is _____

PiW = q(, = Q(V2ybRcd). (8.67)

We call this probability the pairwise error probability, since it is the error probability asso­
ciated with a pairwise comparison of two paths that differ in d bits. The transfer function 
enumerates all paths that diverge and remerge with the all zero path, so by the union bound 
we can upper bound the probability of mistaking the all-zero path for another path through 
the trellis as oo _______

Pe < 22 adQ^2ybRcd), (8.68)
d=df

where ad denotes the number of paths of distance d from the all-zero path. This bound can 
be expressed in terms of the transfer function itself if we use the Chemoff upper bound for 
the Q-function, which yields

T(D, N, J) =
J3ND6

1 - JND\\ + J)
Q^2ybRcd) < e-^d.

= j3nd6 + j*n2d* + j5n2ds + j5n3dw + • • •. (8.65) Using this in (8.68) we obtain the upper bound

The factor J is most important when we are interested in transmitting finite-length sequences, 
for infinite-length sequences we typically set J = 1 to obtain the transfer function for the

Pe < T(D)\D=e~O>R<: ■ (8.69)

extended state:
T(D,N) = T(D,N,J = 1). (8.66)

The transfer function for the extended state tells us more information about the ^*ve 
ing and remerging paths than just their Hamming distance; namely, the minimum 0 
path with Hamming distance 6 is of length 3 and results in a single bit error (exponent o 
is unity), one path of Hamming distance 8 is of length 4 and results in two bit errors,

This upper bound tells us the probability of mistaking one sequence for another, but it 
does not yield the more fundamental probability of bit error. We know that the exponent in 
’he factor A of T{D, N) indicates the number of information bit errors associated with se­
lecting an incorrect path through the trellis. Specifically, we can express T(D, N) as

OO
T(D,N) = 22 adDdNPd\ 

d=df
(8.70)
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Figure 8.12: Extended state diagram.

Although the transfer function is sufficient to capture the number and Hamming distance 
of paths in the trellis to the all-zero path, we need a more detailed characterization to com­
pute the bit error probability of the convolutional code. We therefore introduce two additional 
parameters into the transfer function, N and J, for this additional characterization. The fac­
tor N is introduced on all branch transitions associated with a 1 input bit (dashed lines in 
Figure 8.11). The factor J is introduced to every branch in the state diagram such that the 
exponent of J in the transfer function equals the number of branches in any given path from 
node a to node e. The extended state diagram corresponding to the trellis of Figure 8.7 is 
shown in Figure 8.12.

The extended state diagram can also be represented by state equations. For the example 
of Figure 8.12, these are given by:

Xc = JND3Xa + JNDXb, Xb = JDXC + JDXd,
(8.64) 

Xd = JND2Xc + JND2Xd, Xe = JD2Xb.

Similarly to the previous transfer function definition, the transfer function associated with 
this extended state is defined as T{D, N, J) = XJXa, which for this example yields 

the other path of Hamming distance 8 is of length 5 and results in two bit errors, consistent 
with Figure 8.10. The extended transfer function is a convenient shorthand for representing 
the Hamming distance, length, and number of bit errors that correspond to each diverging 
and remerging path of a code from the all-zero path. In the next section we show that this 
representation is useful in characterizing the probability of error for convolutional codes.

8.3.6 Error Probability for Convolutional Codes
Since convolutional codes are linear codes, the probability of error can be obtained by first 
assuming that the all-zero sequence is transmitted and then determining the probability that 
the decoder decides in favor of a different sequence. We will consider error probability for 
both hard decision and soft decision decoding; soft decisions are much more common in 
wireless systems owing to their superior performance.

First consider soft decision decoding. We are interested in the probability that the all-zero 
sequence is sent but a different sequence is decoded. If the coded symbols output from the 
convolutional encoder are sent over an AWGN channel using coherent BPSK modulation 
with energy Ec — RcEb, then it can be shown [1] that, if the all-zero sequence is transmit­
ted, the probability of mistaking this sequence with a sequence Hamming distance d away 
is _____

PiW = q(, = Q(V2ybRcd). (8.67)

We call this probability the pairwise error probability, since it is the error probability asso­
ciated with a pairwise comparison of two paths that differ in d bits. The transfer function 
enumerates all paths that diverge and remerge with the all zero path, so by the union bound 
we can upper bound the probability of mistaking the all-zero path for another path through 
the trellis as oo _______

Pe < 22 adQ^2ybRcd), (8.68)
d=df

where ad denotes the number of paths of distance d from the all-zero path. This bound can 
be expressed in terms of the transfer function itself if we use the Chemoff upper bound for 
the Q-function, which yields

T(D, N, J) =
J3ND6

1 - JND\\ + J)
Q^2ybRcd) < e-^d.

= j3nd6 + j*n2d* + j5n2ds + j5n3dw + • • •. (8.65) Using this in (8.68) we obtain the upper bound

The factor J is most important when we are interested in transmitting finite-length sequences, 
for infinite-length sequences we typically set J = 1 to obtain the transfer function for the

Pe < T(D)\D=e~O>R<: ■ (8.69)

extended state:
T(D,N) = T(D,N,J = 1). (8.66)

The transfer function for the extended state tells us more information about the ^*ve 
ing and remerging paths than just their Hamming distance; namely, the minimum 0 
path with Hamming distance 6 is of length 3 and results in a single bit error (exponent o 
is unity), one path of Hamming distance 8 is of length 4 and results in two bit errors,

This upper bound tells us the probability of mistaking one sequence for another, but it 
does not yield the more fundamental probability of bit error. We know that the exponent in 
’he factor A of T{D, N) indicates the number of information bit errors associated with se­
lecting an incorrect path through the trellis. Specifically, we can express T(D, N) as

OO
T(D,N) = 22 adDdNPd\ 

d=df
(8.70)
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where f(d) denotes the number of bit errors associated with a path of distance d from the 
all-zero path. Then we can upper bound the bit error probability for k = 1 as

00 ___________

Ph < E adf(d)Q(^2VbRcd) 
d—df

(8.71)

[1, Chap. 8.2], which differs from (8.68) only in the weighting factor f(d) corresponding to 
the number of bit errors in each incorrect path. If the g-function is upper bounded using the 

Chemoff bound as before, we get the upper bound f

dT(D,N)
Pb < dN

(8.72)
N=l,D=e~VbRc

If k > 1 then we divide (8.71) or (8.72) by k to obtain Pi,.
All of these bounds assume coherent BPSK transmission (or coherent QPSK, which is 

equivalent to two independent BPSK transmissions). For other modulations, the pairwise 
error probability P2W must be recomputed based on the probability of error associated with 

the given modulation.Let us now consider hard decision decoding. The probability of selecting an incorrect 
path at distance d from the all-zero path, for d odd, is given by

w = E L 
k=.5W+l)X

p^X-p^ k\ (8.73)

where p is the probability of error on the channel. This follows because the incorrect path 
will be selected only if the decoded path is closer to the incorrect path than to the all-zero 
path - that is, the decoder makes at least .5(d +1) errors. If d is even then the incorrect path 
is selected when the decoder makes more than ,5d errors, and the decoder makes a choice at 
random if the number of errors is exactly ,5d. We can bound the pairwise error probability as

P2(d) < [4p(l - P^-

Following the same approach as in soft decision decoding, we then obtain the error proba- 

bility bound as 00

Pe < E a<^ - P^2 <
d^df

and °° dT^N)
Pb < E adf(d')P2(.d') — 

d=df W=l,D=V4p(l-p)

(8.76)

8.4 Concatenated Codes
A concatenated code uses two levels of coding: an inner code and an outer code, as she 

in Figure 8.13. The inner code is typically designed to remove most of the errors in 1 
by the channel, and the outer code is typically a less powerful code that further reduces

2598.5 TURBO CODES

Figure 8.13: Concatenated coding.

probability when the received coded bits have a relatively low probability of error (since 
most errors are corrected by the inner code). Concatenated codes can be particularly effec­
tive at correcting bursts of errors, which are common in wireless channels as a result of deep 
fades. In addition, at low SNRs Viterbi decoding of a convolutional code tends to have er­
rors that occur in bursts. To compensate for these error bursts, an inner convolutional code is 
often concatenated with an outer Reed Solomon code, since RS codes have good burst error 
correcting properties. In addition, concatenated codes frequently have the inner and outer 
codes separated by an interleaver to break up bursts of errors. Interleaver design for different 
coding techniques is described in Section 8.8.

Concatenated codes typically achieve very low error probability with less complexity 
than a single code with the same error probability performance. The decoding of concate­
nated codes is usually done in two stages, as indicated in the figure: first the inner code is 
decoded, and then the outer code is decoded separately. This is a suboptimal technique, since 
in fact both codes are working in tandem to reduce error probability. However, the maxi­
mum likelihood decoder for a concatenated code, which performs joint decoding, is highly 
complex. It was discovered in the mid-1990s that a near-optimal decoder for concatenated 
codes can be obtained based on iterative decoding. This is the basic premise behind turbo 
codes, described in the next section.

8-5 Turbo Codes

Turbo codes, introduced in 1993 in a landmark paper by Berrou, Glavieux, and Thitimaj- 
shima ([6]; see also [7]), are powerful codes that can come within a fraction of a decibel of 

Shannon capacity limit on AWGN channels. Turbo codes and the more general family of 
codes on graphs with iterative decoding algorithms [8; 9] have been studied extensively, yet 
s°me of their characteristics are still not well understood. The main ideas behind codes on 
?raphs were introduced by Gallagcr in the early sixties [10]; at the time, however, these cod- 
lng techniques were thought impractical and were generally not pursued by researchers in the 

c ■ The landmark 1993 paper on turbo codes [6] provided more than enough motivation to 
^‘sil the work of Gallager and others on iterative, graph-based decoding techniques.
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where f(d) denotes the number of bit errors associated with a path of distance d from the 
all-zero path. Then we can upper bound the bit error probability for k = 1 as
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[1, Chap. 8.2], which differs from (8.68) only in the weighting factor f(d) corresponding to 
the number of bit errors in each incorrect path. If the g-function is upper bounded using the 

Chemoff bound as before, we get the upper bound f
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N=l,D=e~VbRc

If k > 1 then we divide (8.71) or (8.72) by k to obtain Pi,.
All of these bounds assume coherent BPSK transmission (or coherent QPSK, which is 

equivalent to two independent BPSK transmissions). For other modulations, the pairwise 
error probability P2W must be recomputed based on the probability of error associated with 

the given modulation.Let us now consider hard decision decoding. The probability of selecting an incorrect 
path at distance d from the all-zero path, for d odd, is given by
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p^X-p^ k\ (8.73)

where p is the probability of error on the channel. This follows because the incorrect path 
will be selected only if the decoded path is closer to the incorrect path than to the all-zero 
path - that is, the decoder makes at least .5(d +1) errors. If d is even then the incorrect path 
is selected when the decoder makes more than ,5d errors, and the decoder makes a choice at 
random if the number of errors is exactly ,5d. We can bound the pairwise error probability as

P2(d) < [4p(l - P^-

Following the same approach as in soft decision decoding, we then obtain the error proba- 
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8.4 Concatenated Codes
A concatenated code uses two levels of coding: an inner code and an outer code, as she 

in Figure 8.13. The inner code is typically designed to remove most of the errors in 1 
by the channel, and the outer code is typically a less powerful code that further reduces
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Figure 8.13: Concatenated coding.

probability when the received coded bits have a relatively low probability of error (since 
most errors are corrected by the inner code). Concatenated codes can be particularly effec­
tive at correcting bursts of errors, which are common in wireless channels as a result of deep 
fades. In addition, at low SNRs Viterbi decoding of a convolutional code tends to have er­
rors that occur in bursts. To compensate for these error bursts, an inner convolutional code is 
often concatenated with an outer Reed Solomon code, since RS codes have good burst error 
correcting properties. In addition, concatenated codes frequently have the inner and outer 
codes separated by an interleaver to break up bursts of errors. Interleaver design for different 
coding techniques is described in Section 8.8.

Concatenated codes typically achieve very low error probability with less complexity 
than a single code with the same error probability performance. The decoding of concate­
nated codes is usually done in two stages, as indicated in the figure: first the inner code is 
decoded, and then the outer code is decoded separately. This is a suboptimal technique, since 
in fact both codes are working in tandem to reduce error probability. However, the maxi­
mum likelihood decoder for a concatenated code, which performs joint decoding, is highly 
complex. It was discovered in the mid-1990s that a near-optimal decoder for concatenated 
codes can be obtained based on iterative decoding. This is the basic premise behind turbo 
codes, described in the next section.

8-5 Turbo Codes

Turbo codes, introduced in 1993 in a landmark paper by Berrou, Glavieux, and Thitimaj- 
shima ([6]; see also [7]), are powerful codes that can come within a fraction of a decibel of 

Shannon capacity limit on AWGN channels. Turbo codes and the more general family of 
codes on graphs with iterative decoding algorithms [8; 9] have been studied extensively, yet 
s°me of their characteristics are still not well understood. The main ideas behind codes on 
?raphs were introduced by Gallagcr in the early sixties [10]; at the time, however, these cod- 
lng techniques were thought impractical and were generally not pursued by researchers in the 

c ■ The landmark 1993 paper on turbo codes [6] provided more than enough motivation to 
^‘sil the work of Gallager and others on iterative, graph-based decoding techniques.
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X = (m,XbX2)

Figure 8.14: Parallel concatenated (turbo) encoder.

Figure 8.15: Turbo decoder.

As first described by Berrou et al., turbo codes consist of two key components: parallel 
concatenated encoding and iterative, “turbo” decoding [6; 11], A typical parallel concate­
nated encoder is shown in Figure 8.14. It consists of two parallel convolutional encoders 
separated by an interleaver, with the input to the channel being the data bits m along with 
the parity bits X\ and %2 output from each of the encoders in response to input m. Since 
the m information bits are transmitted as part of the codeword, we consider this a systematic 
turbo code. The key to parallel concatenated encoding lies in the recursive nature ol the en­
coders and the impact of the interleaver on the information stream. Interleavers also play a 
significant role in the reduction of error floors [11], which are commonly exhibited in turbo 

codes.Iterative or “turbo” decoding exploits the component-code substructure of the turbo en­
coder by associating a component decoder with each of the component encoders. More 
specifically, each decoder performs soft input-soft output decoding, as shown in Figure 8.1- 
for the example encoder of Figure 8.14. In this figure decoder 1 generates a soft decision in

2618.5 TURBO CODES

Figure 8.16: Turbo code performance (rate 1/2, K = 5 component codes with interleaver depth 216).

the form of a probability measure p(m\) on the transmitted information bits based on the re­
ceived codeword {m, Xi). The probability measure is generated based on either a maximum 
a posteriori (MAP) probability or a soft output Viterbi algorithm (SOVA), which attaches 
a reliability indicator to the VA hard decision outputs [4, Chap. 12.5]. This probability in­
formation is passed to decoder 2, which generates its own probability measure from 
its received codeword (m,X2) and the probability measure p{m\). This reliability infor­
mation is input to decoder 1, which revises its measure p(mi) based on this information 
and the original received codeword. Decoder 1 sends the new reliability information to de­
coder 2, which revises its measure using this new information. Turbo decoding proceeds in 
an iterative manner, with the two component decoders alternately updating their probability 
measures. Ideally the decoders will eventually agree on probability measures that reduce to 
hard decisions m = mi = m^. However, the stopping condition for turbo decoding is not 
well-defined, in part because there are many cases in which the turbo decoding algorithm 
does not converge: the decoders cannot agree on the value of m. Several methods have been 
proposed for detecting convergence (if it occurs), including bit estimate variance [7] and 
neural net-based techniques [12],

The simulated performance of turbo codes over multiple iterations of the decoder is shown 
in Figure 8.16 for a code composed of two convolutional codes of rate 1/2 with constraint 
length K = 5 separated by an interleaver of depth d = 216 = 65536. The decoder converges 
after approximately eighteen iterations. This curve indicates several important aspects of 
turbo codes. First, note their exceptional performance: bit error probability of IO-6 at an

of less than 1 dB. In fact, the original turbo code proposed in [6] performed within 
■5 dB of the Shannon capacity limit at P/, = 10~5. The intuitive explanation for the amazing 
Performance of turbo codes is that the code complexity introduced by the encoding structure 
ls similar to the codes that achieve Shannon capacity. The iterative procedure of the turbo 
decoder allows these codes to be decoded without excessive complexity. However, note that

turbo code exhibits an error floor: in Figure 8.16 this floor occurs at 10"6. This floor is 
Problematic for systems that require extremely low bit error rates. Several mechanisms have

Collision Communications, Inc. EX2005
Case No.: IPR2024-01500

Page 45 of 47



CODING FOR WIRELESS CHANNELS260

X = (m,XbX2)

Figure 8.14: Parallel concatenated (turbo) encoder.

Figure 8.15: Turbo decoder.

As first described by Berrou et al., turbo codes consist of two key components: parallel 
concatenated encoding and iterative, “turbo” decoding [6; 11], A typical parallel concate­
nated encoder is shown in Figure 8.14. It consists of two parallel convolutional encoders 
separated by an interleaver, with the input to the channel being the data bits m along with 
the parity bits X\ and %2 output from each of the encoders in response to input m. Since 
the m information bits are transmitted as part of the codeword, we consider this a systematic 
turbo code. The key to parallel concatenated encoding lies in the recursive nature ol the en­
coders and the impact of the interleaver on the information stream. Interleavers also play a 
significant role in the reduction of error floors [11], which are commonly exhibited in turbo 

codes.Iterative or “turbo” decoding exploits the component-code substructure of the turbo en­
coder by associating a component decoder with each of the component encoders. More 
specifically, each decoder performs soft input-soft output decoding, as shown in Figure 8.1- 
for the example encoder of Figure 8.14. In this figure decoder 1 generates a soft decision in
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the form of a probability measure p(m\) on the transmitted information bits based on the re­
ceived codeword {m, Xi). The probability measure is generated based on either a maximum 
a posteriori (MAP) probability or a soft output Viterbi algorithm (SOVA), which attaches 
a reliability indicator to the VA hard decision outputs [4, Chap. 12.5]. This probability in­
formation is passed to decoder 2, which generates its own probability measure from 
its received codeword (m,X2) and the probability measure p{m\). This reliability infor­
mation is input to decoder 1, which revises its measure p(mi) based on this information 
and the original received codeword. Decoder 1 sends the new reliability information to de­
coder 2, which revises its measure using this new information. Turbo decoding proceeds in 
an iterative manner, with the two component decoders alternately updating their probability 
measures. Ideally the decoders will eventually agree on probability measures that reduce to 
hard decisions m = mi = m^. However, the stopping condition for turbo decoding is not 
well-defined, in part because there are many cases in which the turbo decoding algorithm 
does not converge: the decoders cannot agree on the value of m. Several methods have been 
proposed for detecting convergence (if it occurs), including bit estimate variance [7] and 
neural net-based techniques [12],

The simulated performance of turbo codes over multiple iterations of the decoder is shown 
in Figure 8.16 for a code composed of two convolutional codes of rate 1/2 with constraint 
length K = 5 separated by an interleaver of depth d = 216 = 65536. The decoder converges 
after approximately eighteen iterations. This curve indicates several important aspects of 
turbo codes. First, note their exceptional performance: bit error probability of IO-6 at an

of less than 1 dB. In fact, the original turbo code proposed in [6] performed within 
■5 dB of the Shannon capacity limit at P/, = 10~5. The intuitive explanation for the amazing 
Performance of turbo codes is that the code complexity introduced by the encoding structure 
ls similar to the codes that achieve Shannon capacity. The iterative procedure of the turbo 
decoder allows these codes to be decoded without excessive complexity. However, note that

turbo code exhibits an error floor: in Figure 8.16 this floor occurs at 10"6. This floor is 
Problematic for systems that require extremely low bit error rates. Several mechanisms have
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been investigated to lower the error floor, including bit interleaving and increasing the con­
straint length of the component codes.

An alternative to parallel concatenated coding is serial concatenated coding [13]. In this 
coding technique, one component code serves as an outer code, and then the output of this 
first encoder is interleaved and passed to a second encoder. The output of the second encoder 
comprises the coded bits. Iterative decoding between the inner and outer codes is used for 
decoding. There has been much work comparing serial and parallel concatenated code per­
formance (see e.g. [13; 14; 15]). Whereas both codes peifonp very well under similar delay 
and complexity conditions, in some cases serial concatenated coding performs better at low 
bit error rates and also can exhibit a lower error floor.

8.6 Low-Density Parity-Check Codes

Low-density parity-check (LDPC) codes were originally invented by Gallager [10]. How­
ever, these codes were largely ignored until the introduction of turbo codes, which rekindled 
some of the same ideas. Subsequent to the landmark paper [6] on turbo codes in 1993, LDPC 
codes were announced by Mackay and Neal [16] and Wiberg [17]. Shortly thereafter it was 
recognized that these new code designs were actually reinventions of Gallager’s original 
ideas, and subsequently much work has been devoted to finding the capacity limits, encoder 
and decoder designs, and practical implementation of LDPC codes for different channels.

Low-density parity-check codes are linear block codes with a particular structure for the 
parity check matrix H, which was defined in Section 8.2.3. Specifically, a (dv,dc) regular 
binary LDPC has a parity-check matrix H with dv Is in each column and dc Is in each row, 
where dv and dc are chosen as part of the codeword design and are small relative to the code­
word length. Since the fraction of nonzero entries in H is small, the parity-check matrix for 
the code has a low density - hence the name low-density parity-check codes.

Provided that the codeword length is long, LDPC codes achieve performance close to 
the Shannon limit and in some cases surpass the performance of parallel or serially con­
catenated codes [18]. The fundamental practical difference between turbo codes and LDPC 
codes is that turbo codes tend to have low encoding complexity (linear in blocklength) but 
high decoding complexity (due to their iterative nature and message passing). In contrast, 
LDPC codes lend to have relatively high encoding complexity but low decoding complex­
ity. In particular, like turbo codes, LDPC decoding uses iterative techniques that are related 
to Pearl’s belief propagation, which is commonly used by the artificial intelligence commu­
nity (see [19]). However, the belief propagation corresponding to LDPC decoding may be 
simpler than for turbo decoding [19; 20]. In addition, this belie! propagation decoding is 
parallelizable and can be closely approximated with decoders of very low complexity I ■ 
although this may also be possible for turbo decoding. Finally, the decoding algorithm o 
LDPC codes can determine when a correct codeword has been detected, which is not neces 
sarily the case for turbo codes. The trade-offs between turbo and LDPC codes is an acu 
research area, and many open questions remain regarding their relative performance.

Additional work in the area of LDPC codes includes finding capacity limits tor these co 
[21], determining effective code designs [22] and efficient encoding and decoding a 
[21; 23], and expanding the code designs to include nonregular [18] and nonbinaD 
codes [24] as well as coded modulation [25].

2638.7 CODED MODULATION

Signal Points Signal Points

Figure 8.17: General coding scheme.

8.7 Coded Modulation

Although Shannon proved the capacity theorem for AWGN channels in the late 1940 s, it 
wasn’t until the 1990s that rates approaching the Shannon limit were attained - primarily for 
AWGN channels with binary modulation using turbo codes. Shannon’s theorem predicted 
the possibility of reducing both energy and bandwidth simultaneously through coding. How­
ever, as described in Section 8.1, traditional error correction coding schemes (e.g., block, 
convolutional, and turbo codes) provide coding gain at the expense of increased bandwidth 
or reduced data rate.

The spectrally efficient coding breakthrough came when Ungerboeck [26] introduced a 
coded modulation technique to jointly optimize both channel coding and modulation. This 
joint optimization results in significant coding gains without bandwidth expansion. Unger- 
boeck’s trellis coded modulation, which uses multilevel/phase signal modulation and simple 
convolutional coding with mapping by set partitioning, compares favorably to later develop­
ments in coded modulation (coset and lattice codes) as well as to more complex trellis codes 
[27], We now outline the general principles of this coding technique. Comprehensive treat­
ments of trellis, lattice, and coset codes can be found in [26; 27; 28].

The basic scheme for trellis and lattice coding - or, more generally, for any type of coset 
coding - is depicted in Figure 8.17. There are five elements required to generate the coded 
modulation:

!• a binary encoder E, block or convolutional, that operates on k uncoded data bits to pro­
duce k + r coded bits;

A

• a subset (coset) selector, which uses the coded bits to choose one of 2k+r subsets from a 
partition of the TV-dimensional signal constellation;

• a point selector, which uses n — k additional uncoded bits to choose one of the 2n~k sig- 
nal points in the selected subset;
a constellation map, which maps the selected point from TV-dimensional space to a se- 

g ^Uence of TV/2 points in two-dimensional space; and
an MQAM modulator (or other ALary modulator).
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