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PREFACE 

·rrus book is an introduction ta semiconductol!' de-vie£s for undergraduate
elech:ic.s.l ,engiaeers. olh. ,r .lmerested...sludem . and pmcti.cmg engin:eers and
sdentists whose nnderS1andlng of modem etectromos nee-ds updati11g. Toe
book ls organized 'Lo l:mn.g stude:ms wkh a background i:n :iopbo.D101·e physics
to a level of understanding which wil. a

l

lo them to read ntuch of the eut•
rent Uteratur:e oo new devices and appUcations.

·Anuudi;:;tgreduatc cour::ic in ckctmniodcvicea ha;, two basicpurposcs: (1} to GOALS
pro ide slude11ts Nith a und 11I:u'.l.etsU1.nding of e:x:istmg devlces,.s that their
stuilies of electronic cln:ui15 and s -terns will bee rneaningf.ul: and (2) ta de�
velop the ba1;1ictoo witb Wbi.c"b Ibey can later !earn a out newly develop�d
devices and applications.Perhaps the econd ofthese bjectl es is tne mQre
importati.t m lbe I. ng n.i.n•Jt is �ear- thf!:t engineer· nd soientists '.hp deal
witl:i electro [es wiH c .n • 11ually be. caUed upon • o learn a ou new de- 'ces
and proce es in the f utnri!. For ,this-reason, we have tried t .ncorporat • the
basic of senriconducmr materlaJ.s and conduction processes m solids, wbic.b
ame repeat� .in the lilcratW'e-wheµ ne • evices are explai-ne-d. • ome f
these concept • are ofteu omitted' iu mlroductory oonrse. with, the vi.ew • hat
tl:u:y re 1.mnece·ssaty tor understarullt:1. the fundamentals of junctions and
b:aasisto,rs. We be.lieve this view ne,g1e th i mportant goal or equipping
• tudemt for th ta t f undey a't1ding a i:iew·devke y reading he •current
Hm�ratu:re. Therefor,e. tn fh.i text mou.ofthe commonly used s.emiconduc�or
Letms and OOilOOpls are :inlroduced and related to .a broad range f deviees.

As a fu.r
t

ber aid ,in d,�veloping techniqoeS"for independent study, the. reading �EADING UST.5 
.lisrat the end of ea.ch chapter includes a.few articles w,hich., n1dents can,.read 
coro:Eoi:tabl:y �s fbe.y study this book. We.do notexpeat th 'l ·.tud.tm.ts wilt.re.a:d 
=all atticles rec:omrnended :in the readin.g lists· ·ne'llertheles.s.·sonre exposure 
to periodicals ls useful 'in la:ymg tbe folUliiati n for a career of oon,stantup-
datingand .self-education. We hav also added a. !ll1rnmary ofthe.Jc.ey .concepts 
al the li!nd a:l eaclJ. chat L 

Oneof theke Lmiuccesein W1derstandmg,lhismaterielis to work pmhlems that PROBLEMS 
exel:'9S �concepts.Toe pr • blems at th,e end af,�ach r;J:mpter m:e designed to 
'facllitat learning tlie material Very few . tr�sm:ipl.e-·"plug-m" problems. Instead, 
theJare chooen to retnfu* orc:xtend the mater:jal presented.in thc.chapler. In 

xiii 
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:xrv Prelace 

addition,, we have added ··self qpiz'' pwblems wbkh test the-seonceptual under­
stanfilng,oll the p� of the studm:i;�. 

UNITS [n •1;1eping with ,b� goals deK<'Jibed above. examples and problems are. stat­
ed in terms ofunits conunon1y used in tlle-semicrn1dtJctor Utetainre. The basic 
system of units: is r£1.lion111&ed 1vIKS. al.though cm is often used il.'i a convenien 
unit Qft�g:tb. Siqlilarly elecl'r:on oln, (eY) are oiten \lSed. rattterlila.f.l joules 
(] to measure the:-enerSY or alec\-r0ns: . .Units for variomi q�ntiti�:;, are given 
in.Jli,p_penijjc:es I iqtd II. 

PRESENTATION 1n :present ng th' mate:ri<1l at the undergradu te le.,,el, one must nJ1t1cipate a 
(ew. instanCciWhioh call.101 phta,se.su�as •}11 can �e �owu .. : 'Titis is al­
way clisappo.intiag· on the, oilier- hand, the alte-roative jg to d�lay study of 
dlid ta:! de ·c-ei;-umil thc_gr duate Jev.e!, wl1en:: l.l1tisticalme.�:ban/ �uan-

1:um tl1eory, and ther advanced background can be freely in·voked. ucb. a 
delay wQuld �1,1.U in a man: elegant t,re.au:nen111f c.ert.ain ubjeet but it 
w,ould prevent undergraduate students from enjoying the study of some Mery 
exci c�n,g de-vice 

The dfacasKiao includes both :siliooum d  compound emlconductors, Lo 
reflect. the u;rr.tinuing_gww.tb in �rlance oomptmnas in �t I tr rue 
and high��eed de ice applications. Topics sll.Ch s ete:rojunotion. lattice­
ma.tchhi.g 11. ini ternary a11d qua em. aty- allo�s, ariati n of band •gal) with
eilloy comp ·i ·on,and prop ui. of quantUUl wells aru;l upto 111li hreruitb-0f 
the ilis�Ussion. - ot to be mttd ne l:iy the o ·(tlpoi:tnd.$, silicon-based devices 
b-i1.ve- c.cmtinued th m dni.u mtic reeord ,ot-1\dv:�ncei:nen t. The dh.�.ssion oIFEt 
S,tructur:es and Si integrated.circuits reflects the.�e advancetae.nLs. ur bjec­
tiv is not ta c�r alt the late�t devices, w'bi -h tan caly be clone in_ tJ;,e jmn­
ual an.d canfurence liter.d.:ure. Inst�ad, ,,:ie .htl.ve. chose.n_ devices to discuss 

hic,ll are b;i;:C:l!-dly iJJLlffl"llliYe cf importcan pri�cipli!l. 
The fun lour chapters of-the-hook pro,vide background on the nature 

of.l\erru't.,ondu.ctru:s cl ca.m:mction proc-� sesirl lid , Included ts a brfe:. in-
oduction to qu.aJ1,tum com:epf (Chapter Z) tor those tudents who d nor 

au:eady bave t'b· b!!icli:grbMii from otbier 'lll:Se8. Chapter S deli r.ib t'h'e 
p-n junction and some of its applications, Chapters 6 and 7 deal' with the prin,
clpkl of ra.n-s�toropi;rat.i Chapter Bco 1e1:S ,optaeleotronics and Cha.prer 9
disousses integrated drorti.ts: • 'bapt - -& 10. applies- the theory of ji111ctions and
conduuti0,11 proc,�es t . n;iiCTQw-ave .nnd porer 'd ice All f 1he dev�.,
cov rnd are imporU11:it in l0day' rc:lec:lronJc ; furthermore, learning abow 
th.es.e: de'li·ces should b ·• an enjoyable- a�d.r�wauling-e�peri.e:n,c�. We hope 
this book pliovide.s: th.al kind of e:-:.Fer:i.e-uce for its readers. 
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The ·iJ:tn edition. benefil · greail ggestipns provided 
b;y st.udeni and fe-a.chcrs of the rrst five editions. The book's Ienders ba e 
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t:he. present version, We remain ind bted' to those pe.cson.s meationeci in the 
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Multilevel copper mem.llixotion of o ·complementary metal oxide semicond1Ktor (CMOS) chip. This 
scanning eledron microgroph (scale·: 1 cm� 3.5 1T1i.arons} pf a CMOS infegrated circuit shows six levels 
of·coppar melolllxotion thor ore. vsed tp carry eledrlcol.signals o,n the chip. The lnter-melal dlelectrtc 
insulators have been chemicolly ekhed owox here lo reveal lhe copper interconnects_ [Photograph 
courtesy of IBM.) 
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Chapter 1 

Crystal Properties and Growth 
of Semiconductors 

OBJECTi:VES 

l. Oe$crlbe what o semiconductor rs 
2. Perrorim.slmple oolcvla/iQns, about q'y;l9k 
3. Onderstond -what is invplvec/ In b1.1lk Cz6cnralsld and thin-film epitoxiol 

c:r.ystql .growth 
4. team cibout crystal-defeats 

Instudyi!\g solid state electronic devices we are intere:sted primarily i11 the 
elecrrlcal behavior of solids. However, we shali see In later chapters that the 
transport of charge thtougb a metal or .a se.miconcfoctor.d·epends·nol olily on 
th.e propettles of the electron but aJso 011 the arrangement of atoms in 1he 
solid. In the first chapter we shall di.~cuss some of the physical properties of 
semiconductors c.ompared with other solids,.the atomic arrangements of var­
ioll~ materials, ;.mJ:1 some-methods of growing semiconcluctorcrystals. Topics 
such as crystalst.ructill:e and ~tal growth tccbnolagy are often the subjects 
ot bo<ik,s rattler '!ban introductory chapters; lbw. we shall consider ooly a few 
of.the.more important and fundamental ideas.that form.the basis for UJJder­
standing e.lectronic properties of semicondoctors and devfoe fabrication. 

Semiconductors are agroup of materials having electrical conductivities in­
tent)ediate between metals and i11,5ulators. lt is significant ilia.t the conduc­
tivity of these materials cail be varied over orders of magnitude by changes 
in temperature, optt.c11I excita,tion, .:incl impurity content. This vari.ability of 
electrical properties makes.the semiconductor materia1s narural choices for 
electronic device investigations. 

Semiconductor materials are found in column TV and ncighborin.g 
columns of the periodic table (Table 1- l ). 'Ibe column rv semiconductors,sil­
icon andgennaoium, are called elemenra.l semiconductors because they·are 
composed of single species ofatoms. Jn addition to tile elemental materials, 
compounds of column ill and column V atoms, as well as certain combina­
tions from IT and Yr, anclfrom IV,make up tlie compotmd semfoondu.c_tors. 

u 
SEMICONDUCTOR 
MATERIALS 

1 
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2 Chapter l 

ASTable-1-1 indicates, there.are numerou.~ se,m.lco,ndµctor materials.As Wf. 
shall see, the wide variety of electronic and optical properties of tlwse semi~n­
ductors p.rovides the device engioeer with greai flexibility in the design of elec­
tronic and o_ptoelecttonicfunctious. Toe elemeotal semiconductor Ge was widely 
used-in tbe.early days ofsemicondoctor development for transistors and diodes. 
Silicon is, now used, foI the majority of rectifiers,transis-tors, and :integrated cir-
0uiu. However, tb.e r:ompeunds are widely used in high-speed devices.and devices 
requiring the.emission or absorption of light. The two-element (binary) ill-Y 
compounds such as GaN; GaP, and GaAs are COmmOI) in li.ght-erttitting di.odes 
(LEDs). As discussed inSectionl.2-4, three-eieroent (ternary) .rompounds such 
·as GaAsP and fourrelement (qi.mtemary ).compoui¥ls such as lnGa.AsP can be 
grown to provide adde.d .flexibility in cheosingmaterials properties. 

Flume.scent materials such as those used lt\ t~levision screens usually 
are II-VI compound semiconducto~ such .as ZnS. Light d!:!teators are com­
_monly 1liadewith.InSb, CdSe, or other eompounds such as Pb Te.and H;gC::dTe. 
Si and Oe are 1:11~0 widely used as infrru:ed ;wd nuclear radiation detectors. 
An important microwave device, the Gunn diode. ls usually-made of GaAs 
or l.nP. Semiconductor lasers are made using GaAt AIGaAs, and other 
ternary and qp.atemlltj' compounds. 

One of t}J.e ntQSt important obacacteristieli o( a semiooi:iductur, whick 
disting!)ishes it from metals and insulato~. is its energy band gap. This prop­
erty, which we will discuss in detail in Chapter 3. dete~ine.s among other 
things the wavelengths of light that can be absorbed or emitted by the, semi­
conductor. For example, lhe band gap of GaA.s is aboutl.43 electron vo!ls 
(e'V), wb.ich cones-ponds to light wavelengths in the·near infrared. In contrast, 

Tobie 1-I. Common ,,emico11duclor·moterialn; (o} ihe porllon of lf\e periodic loble where 
semiconductors occur; (b) el,menlal and compoun·d aemiccnduc:for>. 

fol (I Ill ,v V VI 

B C N 
Al Si r s 

Zn 60 G, Ao Se 
Cd In Sb Te 

I 

(b) Binary 111-V Binary II-VI 
Elemental IV compound~ rompoumh compoUflds 

Sj SiC AJp ZnS 
Ge Si~ A.IA$. ZnSe 

AISb ZnTe-
GoN CJS 
GoP CdSe 

.Ga¾ CdTe 
GaSb 

lnP 
lnA. 

lnSb 
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Crys1ol Properffe~ end Growth er Semlcond,1c:tQ~ 

GaP has a. band g_ap of abo.ul 2.3 eV, corre.spon.ding to wavelengths in t)le 
green. portion of the spectrum. 1 'Ihe band gap Eg for various semiconductor 
materials is listed alon,g with other p)"()perties in Appendix JII,N-a result of 
the wide variety of semiconducror band gap:1'. light'-emitriug diodes and lasers 
c:an be tonslructea wiih.w,weie11gthsover 1! broad raoge of theil]frared and 
visible portions of the spectrum. 

'l"he electronic and opti,Qal,-properti(3~ of semiconclucl,or materi.als are 
strongly affected by impurities, which may be added in precisely contl'Olled 
;,.moun.ts .. Si,ch.imptrri!ies arc Olled ti> vary the couduc~il~es of semicon­
ductors over Wide range:; and even to alter the nature of the oonduclioo 
prooesses fi:oru oorulucti011 by negative chargt: carriers to posi,tive charge car­
ders. For e,,cample_. an impurity concentration or one ·part per million can 
change a sample of Si from a poor conduotOr lo a good conductor of elec.tric 
current. This process of cootroUed additioq of impurities, called ti.oping, will 
be discu.-;s.ed in detail in subsequent chapters. 

To investigate these use-fut properties of semiconducrors,iris nec:e.~ry to 
understai,d the atomic arrangements in. the materials. Obv\ously,ifslight alter­
ations in purity of lbe original material can produc:c such dramatic changes in 
electrical _properties, then the oarure and speoi.fic arm ngement of atoms :in eaob 
senrloooductor must be or critical importance. Therefore, we begin our study of 
semioonductots with a brie[i:ntroduetion to cryst.11 strnctw;e. 

In this sec:.tion we discuss the arrangements of atoms in 11arious: solids. Wt!: 

shall aistinguisb between single crystals and oth.e-r forms of materials and 
then inve~tigate the perlodici~y of crystal lat t.ices, Certain important crystal• 
logmphic lenns,.will be defined and .illustrated in re(-ertmoe to crystals hav­
ing a basic cubic structute. Tue~e definitions will allow us to refer to certain 
planes and direction~ within a lattice. Fina Uy, we shall investigate the dia­
mond l at.lice; this structure, witl1 some va,riatioti.t is t'y;pical o'f most of the 
semicon.ductor materials used in electronic devices. 

1 .2. 1 l>eriod!c Structures; 

A crystaUjtle solid is tliS\.ing\li,shed by. tl1e fac_;l that tht; atoms making up Lhe 
crystal are,arranged in a periodic fashion. That is, the-re is some basic arrange­
ment ciratolllii that i1,eepeated througb.out tbe enlii:e solid. Thus the CTy!\tal ap­
pears exactly the same at one point as It does at a series o[ other equivalent 
pcifnts, once the basic periodicity is di:;covered. However, not nil solids are 
crystals (l'ig.1-1); ~ome have no:p.erlodicst.ructure at ail (amorphous solids), 
and· others· a:re composed of many s111all te&ions of sia.g'le-aryst-al tµaterial 
(polycryscalline solids). The b.igh-resoluti.on micrograph shown in Fig, 6-33 il­
lustnne~ lhe :periodic auliy of atoms i11 the sin_gle-ory~lal silicon of a transls­
tor·chaonel compared with the amorphous SlO-:_ (glass) of theoxicle la~. 

1'rhe.tor,wer.s111r1 Wv,..,,, lhe energy eol a phplon ol l!gh1 (eY) ond its wl1'@langlh ~ti.ml is~= 1.-24/E. 
For GaA1. i.. ~ 1~/1.43 ~9.8~ µ.m. 

3 

1 .2 
CRYSTAL LATTICES 
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(a) Gcystalline (b) J\mo,pbtlus ( cc) l'olyary,iralliire 

Fi:gure 1- 1 
Three lypes of solids, dossified occord in9 to atomic 0rron9emenl: (o) crystoll ine ond (b} omorphous mo• 
t.eriols are illus1n1ted by mi'croscopic views of the atoms, whereas le) polyct-t,slolline strodure is illuslraled 
by a more moc;roscopic view of 'adjacent singliH:rys)olline regions, such os (a). 

Figure 1- 2 
A two-dlmeri5ionol 

lattice showing 
troi'1$lotion of o 

onit cell by 
r = 3a +2b, 

The pe.rioilicity 1n a crystal ili de[ineclin terms or a symmetric array of 
points in space.caned the lou{ce. We can add atoms at each lattice point .in an 
,arrangement called a basis, which can he 01\e aiomor a group afatom~ hav­
ing the same spatial arrangement, to get a crystal. In every sa~e. tbe lattice 
contains. a volume or cell t11at represents the entire lattice.and is regµlarly re­
peated tbroughout~the crystal. As an·ex,mi.ple ofsucha lattice,Fig.1-2 snows 
a two-ditnensional am1n.gemeut of atoms called a r hombic lattice, wi'tb a 
primitive cell ODE'!:<. whlcb. iE the smailei;t su.ch cell Notice that we Cll.l). de­
fine vectors a and b such I lla'l if. 'the primlti ve cell is u:anslated by integral 
mulliples of these vectors, a new primitive cell idenHcal to the orjginal is 
feiu1td (e.g., O'D'E 'f'). These vectors, a and b (and c if-the lattice is three di­
mensionai), are called the prtmitiv,e vectors for ~ lattice. P~ ts within the 
Lattice are indisring,uishable if the vector between the points is 

r = pa +qi> + sc. (1-1) 

where p, q, and.v are integers. A primitive cell has lattice poi,nts only al the cor­
ners of the celL l t is :not unique, but the conveution is to ehoose the smallest 
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primftive vectors. Note that,in a primitive cell, the latti.ce points a1 tne comers 
are shared with adjacenLcells; thus, the effcctlve number o.C latti¢e points be­
lon.ging to the primitive cell is always unity. Sioctd hete ;ue many different 
ways of placing atom.~ in a volume, the distances and orientation between 
atoms can tako many t01'1lls, but it is tbe.symmetr,y that detenni.nes the lat­
tice, not the magnitudes of the distancel? between lhe lattice poir$ 

Jn many lattices, however, the prhnltiv.e cell ls not the most convenient 
to work with. Foe cxam.ple,in..Fig.1-2, we see that the rhombic attangement 
of tne,lattice points is,s\:Jch that it c-.11.1 also be considered robe tectang~ 
(.PQRS) with a 1atti,ce point in Lhc; center at 1' (a so-called cdritered rectanguitu 
lattice). [Not:e t:hat this is not troe o( a11 rhombic lattices!] Clearly, it i$ sim­
pler to deal with a rectangle rat)ler than a .chombus. So. io this case we can. 
choose to work with a larger reotangu!ar emit cell, PORS, rathe.r lhan the 
smalle;,t primi.llvecell, OQEF. A unit cell allows lattioe-poin!S not only at the 
comers, but also at th.e face center (and body cenler in 3-D) if nec~'!lary. It 
is sometimes wed instead of the pcimjtive ccllifh cann:!Jlre:,ent.thesynunetry 
of the lattice better (in this example ''centered rectangular" 2-P lattl<:e). lt 
.replicates th,e lattice by integer t~-slation·s of basis vectors. 

The imponance of the unit cell lies in the .fact th.at we can analyze the 
crystal as a: whole by investigating a representative volume. For example, 
from the·unit cell we can find U,e distanc;es between nearest atoms and neict 
nea(est atoms for calculation of the forces hi;,lding the latdce together; VfC can· 
look at the fraction ef the unit cell volume. filled by atoms and-relate the 
density of the solid to th·e atomic arrangem,ent. But even more important for 
our interest in electronic devices, the proper.ties of the.periodic crystal lattice 
determine tbe allowed ener.gies of electrons that _participate in th~ conduc­
tion process. 'Thus the lattice determines not only the mechanical properties 
of. the crystal but also its ele~trical p,;opcrties. 

1.2.2 Cubic latti,es 

The simp~t three-dimensional lattice is one fa which the unit cell is a cubic 
vo)ume,-such. as the three cells l;hown in Fig.1-3. The simple c.u{)ic structure 
( a"1bteviatedsc) has-an atomJocated lit each. corner df the unii cell. TI1e body­
cencµcd cubic (bee) lat tice.has an additional.atom at the centet: of tbe cube, 
and the face--ce11rered c1Jbic (ft:c) unil cell has atoms at the eight corners and 
ceriierecl on tlte six f.aces, All three structures have different primitive. cella, 
but the same cubic unit cell. We will generally work wilh. unit cells. 

a 
Slmplo cubic .B·ody-cenieted cubic Faee-eentereu oub,e 

f igure·l-'3 
Uriil c~lls for three 
types o! .cubic lot­
lice strudures. 
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rigure h-4 
Packing of hard 

spheres in 0n fee 
lotti.ce. 

E'XAMPlE 1- l 

SOLUTION 

nt2 
11/2 

.! /) (2 
2 ' 

As atoms are packed into the Janice in any of these.arrangements, the dis­
tances between.neigb.boring;i.toms will be determined by a balance bet:,,;een Lhe 
forces that attract tj,em together and ol{re:rforces that hold them aparL We shl\ll 
discuss the nature of th1;:.~e for.ce.~ 'for pattic:ular soltds in Section 3.1.l. For now,. 
we can calculllte the maximum frao1ion of the lattice v.olu:me that can be filled 
~tnato.ms by approximating the atoms as hlfJ'd Sphe,res, For example.Fig. L-4 
illustrates the.packing-of spheres in a'facea.eenrered cubic cell of side a;.sueh that 
the.nearest neiglibors toucll,. The dimension_a for a cubic1!1lit ceU is c;alled the 
/artice consumt.For the fee lattice the nearest neighbor distance is one0nalf the 
diagonal ofa face, or }(a V2.). Toerefote,fortb.eatom centered on tbefa~to 

For a occfanice of identical .atoms wirli alat1ice con~tant o'f 5 :.\:, cialculale 
the'1llaximum packirt_g fractlo~, attd the mdJUS-ofthe,ato~sstte!ited ~ ~~d 
sphefei;- wi tli tl\e nearest neig_blfor~ tvlicbing . 

. rner atom fo.,a caeic unn cen is shii.red with seven neighbor-
• • unit•ll<ell cofitilinsoµ~•ei~th of a,~here at each_ of. the 

otal of one.atom. !The: bee .llell c0ntains one atom::i:n 
• e_: 'Ulllli; we lia.v~ 

Nearest.atoms.are at a,sepaFalicim ½ X V52 + 52 "" '52 = 4.330' A 

Radius.-0£ e-ach atom,,;= ½ X 4.330 k - .2.16!i A 

'V'.41\Jme of each a tom :: i-rr(i, l.;65)3 = 42,S ,A_'J 
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l 
Nuniber oJ alums per cube.= l + 8 ~ 8 =''2 

112.S * 2 
Pack1nJl 11'8Ctlon = ' 3 = 68% 

(.S) 

nier~fgr$l;'ifdtli~ afom~ m a t,gi la~ce are packe,;f as densely as pQ$$k­
ble, with:no distance.net ween the 0ule1n~d~s of.,71eare·st neW3bors;_68Wo 

, of ~e volume~,@.~$!, 1Jli,s is a ie\litiveJy'hign pe.rc,eg.rageco,qipart d \Yilh1. 
spme,·ocher lattiee-structure~,(l'J'.©b. 1.14). 

just tol!,i:Jl the atoms at each comer of the faee, the raclius of lhe sphere must be 
one-half the nearest neighbor distance; or ¼ (a V2 ). 

1.2. l Plane5 and Directions 

[n discussing crystals i t js very helpful to be a.blc to refer to planes .and di­
rections within the lattice. The notatio11 system genei:ally adopted uses. a 
set of lhree integers~ describe the posjtign of a plane or the directi,oIJ of 
a vector within the lattice. We first set up an xyi coordinate system with the 
origin at any lattice point (it does not matter wb.ich one because they are 
all equivalent!), aml the axes are lined u-p with the edges of the cubicunit 
ceU. 'rhe three integers describing a p.a.11icular plane are founclio lhe fol­
lowing way: 

1. Fmd the intercepts of the plane with the crystaJ axes and exptess 
Lhese intt;rcepts as integral multiples of th.e-basis vectors (the plane 
can be moved in and out from the odgin, retaining its orientation. 
until such cl1l integr<1l intercept is discovered on eac;h axis). 

2. Ta,ke the reciproc.a ls of the tllree integer,s foundin•step 1 apq reduce 
these to the smallest set of integers h, k , and/, which have t,he same 
relationship to each other as the three reciprocals. 

3. Label I.he plane '(hkl). 

Toe pl~~e,llli.tstr,ate,Wi.n '.Fig,J 15 AA~ lJl(if:' , 41;1, aJJd le a.lo . , the EXAMPlE i..-2 
llu:ee ·ccys~ 8:l(es!"f.aking the recipr_9tal$' o er.cep!S, w ~ , ¼ 1 

an/t-t. 'ln~ lions , · • o ea r as 
(be'inf,egets I p • ll • us 
theipli! • I cepti • tl{e 
• · . • ·an:t a. In tbatcase we·<fo:natre-

!At E'or !'1"lmP es par-
a • oirJ l!l&h lh.e bo . in,.,tlie ticl::, 
Ja < •. d ,nnt 1 '; 

7 
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8 C:bopter 1 

fig~re ~-5 
A {2hl)c~I 

plane. 

The lhree,integers h, k, and/ are called tbe Miller indices;ihese three 
numbers define a set ef parallel planes in the lattice. One advantage of tak­
ing the r:eciprocals of the inter.cepts is avoid'asice of infinitie$ in the nota­
tlon. One interce_pt is infinity for a plane-parallel 10 an axis; however, the 
reciprocal of such .an intercept is taken as zero. If a plane contains one of the 
axes, it is pa'!allel to Lb.at axis and has a zero repipt:cical inte:rc:epL If a plane 
pass-es through the odgin, it can be translated to .a parallel position for cal-. 
culation o[the Miller indiees, Jfan intercept ~curs on the11egative branch 
of an axis, Lhe (tllIIQS sigll.is placed above the Miller index for convenience, 
such as (flkl). 

From a crf~tallogra.phlc point or view,.many planes in a lattice are eq_uiv­
alent; that is, a plane with given.Miller:Jndices can be shifted about in the lat­
tice simply by choice of the position and orientation of the unit cell. The 
indices of such equivalent f!lanes are enclos-ed in braces ( J instead of paren­
theses, For example, in the cubic lattice of Fig. 1-6 all the <..'Ube faces a.re c:rys­
tallograplrically equivalent .in that the unit cell can be rotated in various 
directions and still app.ear the same. TI1e six equivalent faces -are collective­
Jy,deslgnated as {lQOJ. 

A direction in a lattice is expressed as a set of th.ree·integers with ·the 
sall)e Ielatioi}shlp us lhe components or~ vector in that direction. 'The three 
vecter oomponents are expressed in multiples of tbe basis vectors, and the 
three integers .are reduced to their smallest values while retaining the rela­
tionship among them. For example.. the body diagonal in. the. cubic lattice 
(Fig. l -7a} is composed of':tb.e components la, lb, 'and le; therefore, t'his di, 
agonal is the [ill] direction. (Brackets are used for direction. indices.) As .in 
the case of pla,nes,.many directions in a lattice ate equivalent1 ¢pending only 
on. the arbitrary choice of orientation for the axes. Such.eguivalent direction 
indices a:re placed:i.n l).)lgular brackets ().For example, the crystalaxes in the 
cubic lattice (100], (010), and (001) are all equivalent and.are cailed (100) di­
rection_s (Fig. I -7b ). 
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0 

(O(H 1 

: r I (001) 

?( ~ 
(010] 

C C . ,\ · 

- ~ (UO] 
f) 0 

~ • 
...._____ I ...._____ .r 

(100) 

(a} {b} 

Two usefulrelatiooships in tenns of Miller indices describe the distance 
between planes and angles between directions, The distance ·d between tw.o 
adjacent planes labeled (hkO is given in terms of tbe lattice constant. a, as 

d = al(Jz2 + Jc2 + 12)112 (l - 2a} 

The angle 8 between two different Miller Index direetions is given by 

Cqs 8 = h1h2 + k,1kz + l1/z/((11i2 + ki2 + l/) 112(/ii+ kl + ti2) 112
) ( l-2b) 

Figure 1-6 
Equivalenee of 
the cube faces 

9 

({ 1 00} planes) by 
rotatk,n of the 
unil cell within the 
cubic lattice. 

Figure 1- 7 
Crystal direcllons 
in the cubic 
lattice. 
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Comparing.Ft~l-f> and 1-7. we n<;>llce Lhat lp cubic lallices a directien 
!hkl] Is perpendicular lo the plane (hkl). This fa convenient in analyzing lat• 
lioes Witt\ cubi'c unit ceJJs. but ii should be remembered that it is not neces­
sarily true in noncubic systoms. 

1.2.4 The Diamond Lattice 

The basic crystal structure for many important semiconductors is the1cc lat­
tice witb a basis of two atruns, ghring rise 10 the diamond strucrur.e, charac­
lerlstic of Si, Ge, and C in the diamond form. In many compound 
semiconductors, atoms are an:angedin a basic diamond strucrure, bul ate 
differe.nt on alternating sites. This!~ called a zinc blerlde structure and i,~ typ­
ical of the m-V com-pounds. One of the simplest ways of stating the con­
struction of ihe qiamond·strnctu.re is the following: 

The diamo11d struct.ute can be thought of as an (cc laitice with an 
extra atom placed at a/4 + b/4 + c/4 from each o.f the Ice atoms. 

Figure l-8a illustra1es the construction of a diamond lattice from an 
fee unh ~ell. We ootice tlwt when rhe vectors are drawn with components 
one-fourth of tbe. cube edge in each dlrection, only four additional points 
within the same unit cell are reached. V-eotors drawn from any of the other 
1cc atoms simply determine correspondmgpoims 1n adjacent unit cells. This 
method l1f'constrt1cting the diamond lattice Implies that the oti~nal fee has 
associated with it a second interpenetrating fee displaced, by ¼,~•~- The cwo 
inlerpenetra th1g fco .rub(,ittices can be visualized by looking down on the unit 
cell of Pig. I -Ba from the top (or along any (100) direction). Jn the top view 
of Fig . .L- Sb., atoms belonging to the oclginal fo.c ate reprei;enied by open cir­
cles, and tl1e intcrpcnetrating subJanice is shaded. If the atoms are all simi­
lar, we call this strucLµre a diamond lattiee;lf t.qe atoms d:i!fer on alternating 

(n) (b) 

Figure l-8 
Diamond lattice structure: (al a unit cell of the diamond lattice constructed by plooing oloms{1 ¼, ¼ from 

each oiom In on fee; lb) top view (along ohy ( I 00) direc!ion} of on 1:1x.te,,-ded didf!lond lot!lce. Toii colored 
circles indrcote ooe Ice sublottice and the block circles indicate the interpenetroting fee:. 
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sites. it is a zinc blende struotu.re. For example. if one l'cc sublalt:ice is com­
posed of Ga atoms and lbe interp.,neiratlng sublallice is As, the zinc blemle 
structure of Ga.As results, Mose of the compound semicondnccors have this 
type of latti'ce, ,!ILnough some of 1he TT-V[ compounds are arranged in a 
slightly different. suucture called the wur.cdte lattice. Wo shall resrrict our 
discu~-sion here to tl1e dlamonli a11d z:\nc blende. slructUn:s, since they are 
Lypical of most of !he con1CI1011ly used semiconductors. 

CalwJate th-e v,olume d~111li~y of Si atow.s (n$Pber•of ijtoms/cm~}1give.n cXAMPLE 1..:..3 
that the lattice constant of.Si is 5.43 A. Calculate tbe,area] density of atoms 
(11umber/<;th2) 011 the (M)Q) plane. 

On the (ll.00) plaile, we have' fQUI atoms· op corn~ -and o~e on tbe SOLUTION 
face center. 

For Si, we haye 8 corner lattice poin(SI 6 face centered-poinfs, and i 
atoms 

V6)1.1IM densitv - ( 
8 

8 3 = 5.0 x. 1'022 cm- 1 
• .., ;s,43 x- Hr l 

A particularly interestiilg and useful feature ·of the nr-V comp0uads 
is the ability-to vary the mixture of elements.on each of the two interpene­
traung foe sublatti<;es of t11e zinc hlend.e crystal. For example, in the ternary 
compounciAIGaAs, itis possible to vary the composition of the ternary alloy 
liy-thoosing the l;racLion of Al or Ga a Lon\s cm Lhe column Ill subl.iittice. Jt is 
common to represent the composition by assigning sU:bsc.ripts to tb.e various 
elements_ F'or example.Al,Gai..,.As refers lo a ternary alloy in whie;:h the col­
umn 11.1 sublattice in the zinc blende su:ucture oonraiJ\s a fraction x of A l 
atoms and 1-x of Ga afoms. Tue composition AJ0,3Gn1l.7As bas 30 percent Al 
and 70 percent Ga on !.he oo.lumo Ill sites, with the intetpene.u-ating column 
V suhlattice occupied entirely by As atoms. II is extremely UJlCful to be able 
to grow Lernary alloy crys.tals suah as this with a given composition. For the 
Al,.Ga1 . .,As example we can, grow crystals over the ·entire composiLioil range 
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Figure 1-9 
Diamond lattice 

unit cell, ~howing 
the Fo.ur nearest 
neighbor slruc­

lure. (From Elec­
trons ond Holes in 

Semiconductors 
by W. Shockley, 

@ 19.50 by Ul\on 
Ed()(:Qtionol Pub­
lrshlng Co., ln·c.; 
by permission of 

Von Nostrand 
Reinhold Co., 

Inc,) 

1.3 
6ULK CRYSTAL 

GROWTH 
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~~ 
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~~ 
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-------

Q/;; --- ~ ___ n- t} 

'fr-om x = 0 to x = 1, thus varying the electrol)io and optioal properties of the 
materi,a)lrom that of GaAs. (x = 0) lo that of Al:As (x = 1 ). To vary the prop­
erties even further, it is possible to grow four-element (q,uaternary) com­
pau1,1cJs such .as In.,,Ga1.,.AsyP1. ,, having a very wide range of properties. 

Ir is important from an electronic point of view to notice that each arom 
in the diamond and zinc: blcnde structures is surrounded by four nearest 
neighbors (F1g. 1-9-). The importanee of thfa relationship of each atom to its 
neighbors will becom,e evident in Section 3.1.1 when we dis~ the boncilng 
forces which hold tbe lattice. together. 

The .fact rhat atoms in a crystal are arranged in certain planes is im­
portfill't to many o( the mechanical, met:all urgical, and chemical prC>pertiei; of 
the material. For example. crystals Qften can be cleaved along certain atom­
ic plane&, resulting-in ,exceplional1y planar surfaces, This.is a·familiar result 
in cleaved diamonds for jewelry; lhe face\s .of a, diamond reveal clearly the 
triangular, hexagonal, and rectangufa.r symmetries ofintetsecting planes in 
various crystallographic directions. Se.miconductors witlt diamond and zinc 
blende la11foes have sirrular cleavageplanes. Chcmfoal reactions. sueh as etch­
ing of t'he c,rys1.al, often take place preferentially along cenain directions. 
These properties sene as.inter.estiniillustrarions of crystal sy.mmetry,1>ut ln 
addition, each-plays anipiportant role in' fabrication processes for many semi­
conductor devices. 

l11e progress of solid state devfoe technology since the invention of the tran­
sistor in 1.948 has depended not o.nly 9n the development aidevice concepts 
but also on the improvement pf materials. For exru;nple., tl)e, J,ict thaL inte­
grated ci rcoi1s cao l:)e made today is the result of a considerable breakthrough 
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in the growth of pure, single-crystal Si _ip the early and mid-1950s. The re­
quirements on the growing of device-grade semiconductor crystals are more 
stringent than.those for any other materials., Not only mu.11t semicol),ductors 
be available in lar,ge single crystals, but also the purity must be controlled 
witht1,1 extremely close limits. For example., Si crystals now beiog used in de­
vices are~grown with concentrations of most impurities of less than one part 
in ten billion. Such puri#es require cardu.l hl!lldling and treatment-of the 
material at each step 01' the manufacturing process. 

1.3.1 Starling Materials 

The raw feedstock foi: Si crystal is silicon dioxide (SiO2). We react SfOi 
with C in the form o.f coke m an arc furnace at very hlgh. temperatures 
{-1800°C) to reduce SiO2 aocordingto lbeiollmving reaction: 

SiO2 + 2C , Si + 2CO {1-3) 

Thislorms metallurgical grade Si (MGS) which.has impurities such as 
Fe.Al and he;ivy melals al levels of several hundred to several thousand 
parts p,er million (pptn).Ref'.erback toExampJe 1-3 to see 1bat 1 -ppm of Si 
corres_ponds to an impurity level 9f5 x 1016cm -3. While MGS ,is clean enough 
for metallurgical applications sllcb as using Si to make stainless steel, ii is 
not. pure enol.\gh for electronic apPlicationsiir is also not single erys1al. 

'.The MOS is refined further to yie)dsemieonductor-grade or elecrronic­
gradeS,i (BGS), in which the levels of impurities are reduced to parts per bil­
lion er ppb (1 p_pb= 5 x 101~cm-3

) . This involves reacting the MOS with dry 
HCl .according to the following reaction Lo form lrichlorosilane,Si1iCl3, which 
is a liquid with a boiling point af-32°C 

(1-4) 

Along with SiRC'3, cblorides o( impurities such as FeC~ are fanned 
which fonunateJy have boiling points thata:rc differenc from that of SiHCl3• 

Th.is allows a tecb.nique called fractional distillation to be used, in which we 
h~at up the mixture of SiHClJ and the impurity chlorides, ·and condense the 
vapors in different distillation towe-rs· held at appropriate tempera.tu.es. We 
can therel1y.separate pui;e SiHCI~ from the imptidties. SiHC13 .is then con­
verted to highly pure EGS by reaction with H i, 

2SiHCl3 + 2}¾ ➔ 2Si + 6HCI ,(1- 5) 

1.3.2 Growth of Single-Crystal Ingots 

Next, we have to convert the.high purity but still polycrystalline EGS to single­
~rjstal Si ingots qr boules. This is generally done today by a procesi; commonly 

13 
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Asure 1-10 
i>ullfng of o Si qys­

tal from the. melt 
(Czochtolski 

melhod): (o) M:ha­
motic dlagrom of 
the crystal growth 

proces~; (bl cm 
13-ln. diameter, 

(1 .00) oriented Si 
crystal being 

pulled from !lie 
rnelt. (Phologropfi 

t:ourtesy of MEMC 
E!eclronlcs lnll.l 

called tbe C?,ochralski meth0q. In order lo grow siagle-ory~ta;J material, it is 
necessary to have a seed crystal which can provide a £emplate fol' growth. We 
mcll lJ1e EGS ma quartz;lirred gniphitc C11.1C1'ble by resistillelf heath1g ii to 1)1e 
melting point of Si (1412°C). 

A seed crystal is lowered into the molte.n tr\aterial a,nd then is raised 
slowly. allowing the crystal to grow onto the seed (Fig. 1-10). Geo.er-ally, tbe 
crystal ls rotated slowly as it grows to provide a slight stirring of theJJ1elt 
and to ave.rage out any 1.emperature vai,iations that would cause inhomoge• 
.a:eous solidifical!on. This technique is widely used In growing.Si. Ge, and 
some of the compoun.d semiconductors. 

111 pulling campoUnds such as GaA.s from tbc melt, it is necessary to pre­
vent vo\a1ile elements (1:1..g .. As) fr.om vaponz.ing. ln one metbod a layer or 
8 20 _,, which is den~(} and viscous when mol tei1. floats on the su_rface of the 
molten GaAs to prevent As evaporation. 1'his growth meiliod is called liq11id­
em:,1p!.•11l at11d C:;:ochrolski (LE<;) gtowth. 

1n Cz0chral.ski crystal growth. the shape of the ingot is determloed by 
a coml;ljm,tion of thil tendency of the cross section Lci assume a polygonal 
shape due to the crystalsu·ucture an.d the influence of surface tens.ion,wbicb 
encourages-a circular cross section. The crystal facets-are noticeable in. the ini­
tial growth neat the seed crystal -in Fig, 1- lOb. :However. the cross seclion of 
the large.ingot-in frig. 1- 11 L~ almost oircul.ar. 

lo the fabrication of Si integrated circuits (Chapter 9) it is economical 
louse very large Si wafers.so that many ICch.ips can be OµU:]e simulmneoµsly. 
As a result, considerable research. and development have gone into met.h­
otl~Jor growing very large Si crystals. For exam-pie, Ftg.J -11 illustrates a l2-
inc.b-diame1er Si iagot.1.0 m lon.g. weighing 140 kg. 

" Crucifue 
(•) 
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Figure- l-11 
Silk on crystal grown by the Czoc:hralskl m¢thod. This lqrge single-crys1al 111901 proVides 300 mm ( 12-in.) 
diameter wafers when sllcea using,a sow, The frigot i5 cboul 1.0 m long (lndudlng lhe tapered regions), 
ond. we1gl.s. obout 140 kg. [!'holograph caurlesy of MEMC Electronic§ Intl'.) 

1.3.3 Wafers 

After the single-crystal. ingot is grewn. it is then mechanically pro=sed to 
manufacture wafers. Thefi.rsL·st.ep involves. n,,e~hanioally grincUog the more­
or-less cylindrical ingot into a perfect cylinder with a ·precisdy controlled di­
ameter. Thi$ .is important beca11se in a modern in tegraled circ1,1lt fabrication 
facility many processing tools and wafer handling rnbots-requice tight tokr­
a:nces on the slze of the w;ifer,'I. Us.ing X-ray crys1allography, crystal planes in 
the ingot are 1denti.fied. For reasons discussed in Section ,6.43, most Si in­
gois are grown along the (lOQ> direction (Fig. 1-10). For such ingots, a small 
notch is ground on one side o.f the cylinder to delineate .a [J 10) fa.ce of the 
C!)'Stal. Tb.is is useful because [or (100) Si warers, the [11 OJ cleavage planes ate 
orthogonal to each other. TI1is notch then allows the. individual integrated 
circuit chips lo be made oriented a,long [110} planes so that when the cb.ips 
are sawed apart, there is less chance of spurious cleav~ge of the crystaL whlch 
wuld GallSll good chips to belosL 

Next. the Si cylinder is sawed into individual wafers about 775 µ,m thick, 
by us1ng a diamond-tipped inner-hole-blade saw, or a wire saw (Fig. l - 12a). 
The resulting wafers are mechanically lapped and ground on both sides to 
ll-Ghic.ve a fla,surfacC', and ta remove the mechanical damage due to sawing, 
Such damage would have a. detrimental effect on devices. The-flatness of t he. 
wafer is critical .from Lhe point ol' view of "depth of focus" or how sharp an 
image can be focussed on the wafer surface during phota.tithograpby. as dis­
cussed in Chapter 5. The Si wafers are Lb.el"/ rounded or "chamfered;, along the 
edges to minimize the likelihood of cliipping the wafers during, processing. 
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figure 1- 12 
Steps involved in 
manufacturing Si 

woferst (o) A 
300 mm Si cylin­
drical lngol, wit~ 

·o notch on one 
side, being 

loaded into o 
wire sow lo pro­
duce Si .wafers; 
lo} o technician 

holding a cassette 
or 300 mm 

wafers. IPholo-
9rophs courtesy 

of MEMC 
Eledronics lntl.J 

<ii> 

(ti) 

Finhlly, the wafers lt)ldergo-chemical-mechanical polislling using a slurry of 
very fine SiO2 particles in. a basicNaOH solution to gi.v.e tbefront surface of 
the wafer-a rn"rrror-lik:e finish. The wafers are now ready for int~grated circuit 
fabrication (Fig. 1-llb). Toe economic value added in this process ·is im­
pressive. Fr.om sand (SiO2) costing pennies, we can obtain Si wafers costing 
a few hundred dollars, on which we can make hundreds of microprocessors, 
fur example, each costing sever.al hundred do!1a,s. 

l.3.4 Doping 

As p reviously mentioned, there are some jmpurities in the moltenEGS. We 
may also add intentional impurities ·or dopants to the Si melt to change its 
electronic prope,rtics. At the solidifying interface between I.be i;ne}t and I.he 
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solid, there will be a certain dis.ti:ibution of impurities between the two phas­
es. An important quantity that identifies this property is the 4istribution co­
efficient kd, which is the ratio of the conce11tratioa of the impurity in the solid 
Cs to the concentration in the liquid CL at equillbdllin: 

C 
k _-1_ 

d -
CL 

(l-6) 

The distribution coefficient /s a function of the material, tl1e impurity, 
the temperature of the solid-liquid interface, and the growth rate. For mim­
purity with a distribntfon coefficient of one-half, the relatlv~ concentration 
of the impurity in the molten liquid to that in the refreezing solid is two to 
one. Thus the concenir.uion of iµ1purities ln iliat portion of material that so­
lidifies first is one-half tbe ociginnl concentration ¼· 'lne distribution coe.f­
ficient Ji; thus important during growth from a melt. lllis can be illnstra ted by 
an example involving Czochralski growth: 

ASi Cl)'l!talJs·to b~growh t;,.i tb:e (RQOhr~ski method,'abd ft.ls 4esire.~ ~at EXAMPU: 1-4 
the ingot contain l,016 phosphor-us atom!i/eni:3. 

(a) Whjleonce1J,t,ralioij•Q! phospborus.ato11~ $oWq the ,!llelt <\Q_j;tJ:ain 
to give thi~ infpurity concentration in the crystal during. the initial 
g(O\Vth,1 .For P jpjji, l,;a_ = 0:SS,. 

(b) 1£.,hemilialJoad ofSiin fue,crucible is'5 kg;.how many,grams-.(;)f pllos.­
llJ40f1.'IS sh9\ll_d,b,~added? 'The 11to1.nic:weight-0fp)lospho11.0S is,31. 

17 

--- --- --- - -----
(a) Assume' t)lat Cs= !fl£.,,, l!:rr-0ughout the·grewth. 'Thus the initial SOLUTION 

caocen,~ration Qf Pin llie melt should be 

(b) 1;tie P co:n~entrati~.p ~ .so sm~U tltat the vQl\/.m~ QI'.qfelJ ~~n l>e 
calculatedftomtheweightofSi:FromAppendixfi[thedellSltyof 
Si is 2~3 F/r:ml. Ili ~ e)iami:i-le \Ve will neglect the piffer'!il.11<:e i11, 
density between solid and molten SL 

5.Q.09 &of Si_ 2, ''" .~ f s' 
I r - ,._...,cm o 1 

2.33g cm 

2.86 x 1of6•cm-=l x 2146 cm~ ti.14 x iow '.P atoms 
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L4 
EPITAXIAL 
GROWTH 

Since the P C01J"Centriiti® '·i'l:l tlle growing crystal is onlY,-aboul one• 
,t_rurtf"of·1;lia,1 m 19,e me) 1, Si is ·· ore r,api -P'in ~be.growtn. 
Tl'fus~be melt beconres richiir i ecgrow ee~ and the cr~-
Lalis-dop,e(!,J)lore lie1,wily,in ttle es df .[his asslluies fuiil 
• • ' ot'Var:ied; a more- unif9~l d ingot can :be grown by varying 

U rat~ (and tfierefore k;i) app:rop,riately,Medetn <;:zochral~i m:,:wtl\ 
s use com Ruler conuo.ls 'to. vary.rbe ~ mpe:ratv-re, pull.rate; and 

o r param~ters .to .achieye !aidy unif<:irnuy do![ed ingots. 

One of tbe mosl impotlan:t and versatile methods of cry~(al growth for de­
vice applications is the growth of a thin crystal layer on a wafer of a com­
patible crystal. The substrate crystal may be a wafer of the saq:1e m,ateriaJ as 
the grown layer or a cliffecent material with a similaf lattice structure. In this 
process ll).e substrate se,rves as.-lhe ~eed crystalonto.wb.ich the iiew crystalline 
material grow& The growing crystal layer main tams the crystal structure. and 
orie.ntation of lhc subsLtate. The technique of growing an oriented single­
crystal layer on a substrate wafer is called epiraxial'growth, or epiJ.a-xy. As w.e 
shall see tn this section, epitax:lar growth.can be performed at temperatures 
considerably below the melting point of the substrate crystal.. A variecy of 
melltods ate used to P.rovide tbe appropriate ato·rns 10 lbe surface of the 
growing layer. These m.etheds include ahernica1, vapor de.positioTL (CVD),2 

growtj:i from a melt (liquid-phase epiia:xy, LPE), an_d evaporation of-the ele­
ments in a vacuum (molecular beam,epi1ary, .MBE). With this wide range of 
epitaxial growth techniques, µ- is ,possibJe-to,grow a variety of crystals for de­
vice app.licatlons, having pr.eperties specifically designed for the electronic or 
,optoelectronic device-being made. 

1.4.1 lottiQe-Matching in Epiloxial Growth 

When Si epitm<ial layers-are grown on Si substrates, then, is a naturaLmatch­
i.og·of the crystal lattice_ and high-quality single-crystal layers resu1l. On the 
other band, itis often ~ble to obtain epitaxial layers lilat differ somew.hat 
from the subslTate, which is known as hetemepli.a:xy. This can be-accomplished 
easily if 1he lattice stru.ctme and latt(ce CQ0Stant a match for the Lwo mate­
rials. For example, GaAs and AlAs b0th have the zinc blende structur~ with 
a lattice corutant ofabout 5.65 A.As a result, eplta.xial layers of the ternary 
alloy AIGaAs can be grown on GaAs substrates with little lattice mismatch. 
Similarly, Ga.As C8.I) he grown on Ge substrates (see Append.ix ill). 

'The generic tem,,c/:omlool vopo,· ,f.,,,osi/Jcn lndil<ies the depo,i<icm of lay,,,, fltat may b<, polycry,tnlli/lC 
or amo:r.phou~. Wheri !J CV0 proc:e-s;. ~ uh1 in..-a 1Tng!e-ctyJ.1ol eflilCJxiOl loy'er, o mof~ &pedfie forh1 ti 
vopor,p/104" opitc,l<)· IYPE) 
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Since A1As .and GaAs have simllar lattice constant.~, rt is also true t hat 
the temary all<iy AlGaAs has essentially tbe same lattice COJ,1Stil,1ll over t.he 
entire range of compositio.ns ftom AlAs to GaAs,As-aresult, one can choose 
ihe con1position x of the temary·comp_ound Al.i,Ga1_.,As to fit the pattic.ula'r 
device requirement, and grow this composition on a .GaAs wafer. The re­
sulting epltaidal layer will.beJattice-matched to the GaAs subsltall,\ 

Rg1i,(e 1- t3 ill.uwates the energy band gap E~ as a function of lattice 
constanl a for several ill-V ternary coµipo~.as they are varied over their 
c@mposilion c:anges. .F'o., eJrnmple;-as the ternm:y- c:ompound.InGa.A:I is varied 
by chqice elf composition on the colmun m sublatlice frominAs to Ga.As, tlfe 
band g11p changes from 0.36 lo 1.43 e V while the lattice constant of the·crys­
tal vadeJ,from 6,Qt.i,A k'rr 1.nAS to 5.65 A for GaAs. Clearly, we cannot grow 
tllls ternary compound over the-entire.composition range on a particular bl­
nary substral:e, which has a fixed lattice copstanl.A;;.Fig. l-13 illustrates, how­
ever.iris-possible to grow a specific composition-ofinGaAs on an 1nP substrate. 
The verrfoa] (invarianl lattice constant) Jin.e froni l·nP to the JnGa:As CUJVe 
shows that a midtange ternary composition. (aciuaUy, J.no.~Gao,47As) can be 
grown la,tt;ce-matclied lo an JnP sub_strate.Sln:iilarly. ~ ternary JnGaP allo_y 
with about• 50 pen:ent Ga and 50 percent rn. on l.be column III sublanice can be 
grown lattice-matched to a GaAs substrate.To achieve a.broaden:ange of alloy 
coi:npositions, gi:own Janice-matched on parti.cular substrates, it i~ hel_pful to 
u_se quaternary alloys such as lnGaAsP. The va:riaUop of compositions ol'l, bot.q 
the column IT! and co11lmn V sublatticcs provides.additional flexibility in choos­
ing ~_particular !Jan.cl gap while providlllgJattice-matohing lu convelj.ient binary 
substrates such. as GaAs or fnP. 

In the case of OaAsP. the Lattice constant is mtem:iecl..itlte belweentJu1,t 
of. Ga.-\s and GaP, depending upon the composition. For eitample, GaAsP 
e;rystals used in red LEDs have 40 percent phosphorus and 60 percenr ar.­
seuic on lbe column V sublattice-. Sine-e such a ccyslal c.'llllllot be grown directly 
Oll C\llier·a OaAs or•a Q,u>-subs~te,il is nece;;sary to gradually cb-angi: the 
lattice constant as the crystal is grown. Using a GaAs or Ge wafer as·a sub­
strate; ftie gi;0ffih is begµn at a composiqon near GaAs.A region ~2,5 µ.m 
thick. is grown while gradually h1troducing phosphorus untU the,desiredAs/P 
ratio 1s achiev~ The desired ·epitaxial layer (e.g., lQO µ.m tb.jciy) is tnen grown 
on Ibis graded .layer. By this method epitaxial growth always occurs on a 
crystal, of sjwilar 1!1.tti~e constant Although sorne cryst.al dislocations oacµr 
du.e to 'lattice strain in lhe graded region, such c:rys_taJs are of high qualiry 
and can be used in LEDs. 

1n addition to the widespread useoflartlce,match-ed epita,'(lallaye-rs-, the 
advanced epitaxiiu gtowfu techniques described io the following·secllons allow 
the growth of vecy thin ( ~ 100 A} layer-s or lattice-mismatched cry~talsJf the 
mlsm,atcli is only a; (e,v petcent'and the tayet ts thin, lhe epiU\xial Layer gtows 
with a Jan.ice constant in compliance wif:h that of-the seed ocystaJ (Frg.1- 14). 
The resulting layer is in com.prcssion or tension along• the sur(acl! plane as i ts 
lattice constant adapts to tbe -s.eed crystal (Fig.1- 14), Sucli a .layer ls caUed 
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Relationship betweeh bond gap and lalfice cansiant for alloys in ihe lnGaAsP· and AIGaAsSb s~tems. 
The dos~ed vertk:ol llnes show the lattice constant!; for the comme~olly available binary substrates 
GaAs -ond lnP, For the marked example of ln_.(3o1.,.As, the ternary composition x = 0.53 con be·grown 
lattice-molched on lnP, slnc::e the lattice constants are the same. for qu·atemory alloys, the oornpositions 
on beth the Ill and V subloltices con ~e varied lo grow lottlc&-matched eplfo)(1al layers along the dosheq 
Y-er!lodl lines between curves. For example, ln,Ga, . .,As/1..,. can be 9-rown on lnP substrates, with re.suit­
ing bond gaps ranging Iron; 0.75 eV lo L35 eV. In using this figure1 assume tho lattice consl0111 a ol o 
ternary alloy varies linearly with the composition x. 

ps~11domorplllc because il is not lattice-matched to lh,e substrate without strain. 
However, if lhe epitaxial layer exceeds a critical layer tbickn~ t., which de­
pends on the ]act ice misµ}atch, the strain energy leads to formation of def~ 
called misfit dislocations. Using thin alternating layers of slightly mismatched 
crystal layers,itis p<?S$ible fo grow a .scrlib1ed•layer superlaJtic~ (SLS) in which 
alternate layers-are in tension and compression. The overall SLS lattice eon• 
stanl l,s an average of chat of the two bulk maceri.als. 
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T 
SiOc 

I 

l 
t > t,. 

(b) 

Figure 1-14 
fieteroepiloxy and misfit dislocations. For e)lomple, in neleroepllaxy of-a SiGe layer on Si, the lottk-e 
mismatch belween SiGe and Si leads lo compressive s.train ln ·the-SIGe layer. The amount of strain de­
pends on the mole lroctron of Ge. (a) For layer thicknesses less than the criHcol layer thfckness, t,, 
pseudomorphic ~rowth gccurs. (bl However, obove t.,, m,sfit dislocations form at the interface w~lc;h mt:t:t 
reduce the usefulness of the layefs in device applications. 

1.4.2 Vapor-Phase Epitaxy 

The advantages of low teinpe.raru.re and high purity epitaxial growth can 
be-achieved by crystallizationirom the· vap_or phase. Crystalline laye(S can 
be grown onto a seed or substrate ,from a chemical vapor of the semicon­
ductor material or from mixtures of chemical vapors containing the semi­
conductor. Vapor•p/iµse epftaxy (VPE.) is a par ticularly important source 
of semrconductor material for use in devices. St:)me compounds·such as 
Ga.As can be grown with betle r purity and crystal perfection by vapor epi­
taxy than by other methods. Furthermore, these tecl):niques offer great 
flexibility in the actual fabrication of devices. When an epitaxial layer is 

. grown on a substrate, it is relatively simple to obrain a s_ha:rp demarcation 
between the typti\ of impurity doping in the substrate and in the grown 
layer. The advantages of this fre.edom to vary the impurily will be dis­
cus:Sed in subsequent chapters. We poir).t ouc here, however, that Si inte­
grated-circuit device·s {Chapter 9) are usually built in layers grown by VPE 
on Si wafers. 
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Figun, 1- 15 
A borrel-lype re­
actor for Si VPE. 
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Epitaxial layers are generally grown on Si substrates by the controlled 
deposition of Si atoms onto the surface front a chemic.-i'I vapor containing 
Si. In one method, a gas of silicon tetraahloride reacts with hydrogen gas to 
give Si and anhydrous H CJ: 

SiCl4 + 2Ei - Si + 4F~CI (1-7) 

1f this reaction-occurs at the surfaee or aheated crystal,the Si atoms .re­
leased in the reaction can be dej)Ollited as an epitaxial layer. Toe Hc:;:1.re.lIDUQS 
·gaseous at .the reaction tern pe.rature and does not disturb the growing orys• 
tal As indicated. this Ieaction is reve.,;sible. This is very important because it 
implies that by aqjustiog the process parameter$, the reaction in Eq. (1-7) can 
be driven to thi:: left (providiogetching·oftbe Si rather thart deposition). This 
etching can be used forpreparing an atomically clean surface on which epi­
tax.y can. QCOUr. 

Thls vapor epitaxyteclmiqoe i:equires a obam~r inte which the gases cao 
be-inu:oduce'd and a method for heating the Si wafers. Since the chemical re­
actions take place in this chamber, it is called a reaction chamber or, more sim• 
_ply, a reactor. Hydro_gen gas is p~e.d through a heated vessel io which SiC14 

.is ev~porated; then lh.e two gases are introduced into the reactor over the sub­
strate crysta~ along_ with other gases containil)g'.lbe desired dopi11g impurities. 
The Si slice is•placed on a graphite susceptor or some other material that cao 
be heated to tbe n~actio.n.temperature-with an rfheating c,oil or tuogst-eo balo­
genliunps. This m<$od ca.n be adapted to growepitax.ialJ.ayers of closely coa­
ttolledimpurity concenttatioo on many Si-slices simultaneously (Fig. 1--15). 

Tue reaction te,rnperarure for the hydrogen i:ed1iction ofSiC14 js approx­
imately l 15{}-1250?-C. Other teastions may be employed at some.what lower 
tempel;'iitures. including the use .o[ dichlorosilaae (Si.Fr2da) at 1000-'1.lOO"C, or 
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0 

Radio frequency! 
sour.oe o 

C 
0 
0 
. , 0 

L ven1 

• 
0 
0 
0 
0 

Susceptor 

. - Pedesiol 

Petitioner Runergy USA Inc., Ex. 1030, p. 22



Cry$lol Properlies end Growth pf Semi.conductors 

tbe pyrolysis of s.ilane (Sif-Li) at S00°C-l.000°C •Pyrolysis involves the breaking 
up Qt the silane at th~ rea'ctioo temperature.: 

(]-8) 

There are several advantages of the lower reruition (emperature 
processes, incJuding the fact tbat they reduce migration of impurities from the 
substrate to the. growing epitaxial layer. 

Io some appliCA.tionsh ism;eful to growthio Si layers ou iosulat:iugsub­
strates. For e~ple, yapor-phase epita.'tial tecbniqves Cl.lO be used to ,grow 
-1,_.:m S'i films on sapphire and other insulators. 1bis application of VPE [s. 

discussed .in Section 9.3.2. 
Vapor,phase epitaxial growth is also imp9rtailt in the ill- V com­

pounqJ;, such as GaAs, Ga.P,•and the tarnary alloy GaAsP, w.hfob i.s widely 
used in the fabrication of LEDs .. Substrates are held at about 800°C On a to­
tal ing wafer ho.Ider while pb.ospnine, arsine, and gallium chloride gases are 
mixed and passed over lhe samples.The GaO ts obtained by reactfng anh,y­
drous HCl with molten Ga within the.reactor. Variation of Lhe crystal com­
position. for GaAsP can be controlled by altering tbe·mb:ture of arsine and 
phosphine gases. 

Another useful method fur epitaxial.growth of compound s-emlconduc­
ton; fa.called metal-organic 11apor-pha.~e epicaxy (MOVPE), or org1Ur.0mewl0 

lie vapflr-plta.re epitaxy ( 0 MVP E). Par example, the organometallic compound 
.trimethylgalJi:um can be reacted with arsine to form GaAs and methane: 

(CH;)3Ga + AsH3 -+ GaAs + 3CH4 (l-9) 

This reaction takes. place at about 700°C, and epitaxial growth of high­
quality GaAs £ayers oanbe obtained. Other compound seµiicpnductors can 
also be grown by this method. For example, trimethylalumioum can be added 
to the gas mixture to grow AlGaAs. This grqwth method is widely usedin I.be 
fabrication of a variety of devices, including solar cells and lasers. '11le con­
venient variability of tbe gas mix.~ allows the·growtb of multiple thiI) lay­
e·rs similar to those discussed below for molecular beam epitaxy. 

1 .4.3 Moleeiulor Beom Epitaxy 

One of the most versatile techniques -for growmg .epitaxial layers is called 
mol¢culilr beam epitaxy (MBE).fu thismetbo'd the substrate is_b_eld in a high 
'Vacuum. while-molecular or ·atomic beams, of the c,onstituents impinge upon 
its surface (F\g. l-16a). For example,:in lbe growth of AlGaAs layers on GaAs 
subslFates, the Al, Ga, and ru compo.nents, along with dopaots, are heated in 
separate cylindrical cells. Collimated be-ams of these constituents ~cape into 
the vacuum a.nd 11r-e directed ont.o the surface of the .substrate. The l'ates at 
w,ruch these atomic beams strike the iiurlace can be closely controlled, a:nd 
gn,wtb of very high quality crystals results. The sample is held at a relative­
ly loW temperature (aoout 600°C for GaAs) in tbis growth procedure. Abrupt 
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Crystal groW1h by molecular beam epi!oxy. IMBE): (a),eve1porotion cells inside o high-vacutJm chamber 
direcling beams of Al, Ga, As, and doponts onto o Gol\s substrole; (b) scanning elecfror, micrograph 
~f the cro~s section of an MBE-grown crystal having gfternoling, laye~s of GaAs· !dork lines) and 
AJGoAs !light finest. Each layer is four monolayers (4 x a/1.= 11.3 A) thick, [Photograph courtesy of 
Bell Laborotorh%.) 
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changes in doping or in ru-ystal <lOmposition ( e.g., changing from OaAs lo Al­
GaAs) can be obtained by cont.TolHng shutters in front of the individual 
beams, Usjng stow growth rates ($ 1 µm/h) , it is possible to control the shut­
ters to make composition changes on the scale of the lattice constant. For 
example, Fig. 1-16b illustrates a _portion of a e1rys1a1 grown with alternating 
layers of GaAs,and AlGaAs only fourmonolayets thick.Because of theJugl). 
vacuum and close controls Involved, MBE requires a ralher saphlstfoated 
setup .(Fig. 1-17). However, the versatility of this growth method makes it 
vezyattr.active for many applications. 

As MBE has developed in recent years. it has become common to r~­
place some of.the solid sources snown la Fig. l-16 wHh gilseol/S chemical 
sources. This app.ro.ach, called chemical beam epiraxy, or gas-source MBE, 
combines many of the advantages Qf MBE amj VPE. 

26 

figure 1-17 
Molecular beam 
epilaxy focilily In 
lhe Microeleclrofl. 
ics Reseorch Cen­
ler ct tho 
Unlverslly of 
Texos ot Austin , 

1.1 SemicortuuctOF devices are at the he-art of information technology, Elemen!nl SUMMARY 
semiconductors such as Si appear fn column TV ofthe periodic table, while 
compowid semcit.-onductor-s such as· OaA~ consist of elem11nrs-symmel'ricaUy 
around column IV. More complicated alloy semlcond\!Qtors are used to optimize 
opttiele<:ttonic properties. 

1.2 Thelie devices -are geae111lly made in singl.e-csysfal mnterial for besl perfor­
mance. Single qystals have long-range order. while p.olyo.rystaUine and amer­
phou.-; materials bav·c short-range and no order. tespeaUvcly, 

1.3 La1tices are d'etecmined by-s_ymqiet.ry.In-3-D, tbes.e are talledBravais lattices. 
When we put. a basis of. atom(s) on. the lattice sites, we get a crystnl. Common 
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PROijlEMS 

Figure Pl- 3 

semiconductors have an'fcc~ymmetry with.a basis of'twojdenUcal or different 
a.turns, Tesulting in diamontl or ziru:,blende:crystlils, respectlvel.y, 

J.4 'Oieiundmnental building block oh lattii;.e is apronilive cell with !ah.ice poinlli at 
!ts comers. Sometimes it is easier to describe the aystalin terms of a larger "unit" 
cell wi.th lattice points not only at~!! oomi,r5, but als<? atbody or [ace centeq. 

l..5 'franslating unit cells by integer nuJJ1bers of basis vectors can.rcplicate-thelal· 
dee.Plane{; a:nd dlreciionsin a lattice can be defined in terms of Miller indices, 

1.6 Real ccysUIJs = have defects in ·o., 1-, 2-, and 3-D, some otwhich. are benign, 
bu! many o[ wht~lrl!J'cJ:iannful for device operat~on. 

1. 7 Semiconductor bulk.crystals are grown from a melt by the Czochralsld method. 
5tarting from a seed, Single-ciystal epitaxial layers can be grown on top ohemi­
cond,uutor wafers in v;u-iou~ ways, such as vapor-pba5e epitaxy, MOCVD, or 
MBE. One can t.heteby opl:iroize doping aod band-st'ructure properti~s for de­
viee (abric;ttion. 

1.1. lJ-sing-A.pp;mdix m. wltlclt of the listed scmicond11Ctors in Table t-1 has, the 
largest band gap? Toe smallest? What are the corresponding w0velenglhs if 
Hght i~ emttted att l~e energy Er,11s there a no~ice1,1ble-paftet11 in tbe 'b!l!ld gap 
encr~y of IIT-V compounds related to the column !Ir element'! 

t .2 Find the U'acuon of th.I! !cc unit cell volume filled with hard spheres. 

1.3 Usbel the planes illustraied.in Fig. Pl - 3, 

y 

(ti) (b) 

y 

1.4 Calculate th.e dl!TI$ities of Si .and Gl.lAs from th.e lattice constant!! (Appendoc 
ID),atomic wei~,.andAvoiadro'scnumber. Compare the results with densl• 
ties• given it, A.ppe)).dix LltThe atomic weigh-ti; or Si, Ga, and As ii.re 28.1, 69.7, 
and 74.9,respi:ctively. 

LS The atomic radii of In and Sb atoms are,apP.~<5ximate\y 1.44 A and 1.36 A, re­
spectively. Using the bard-sphere approximatio:n, find 1Jie lattir.e con,;tant of 
InSb· (zinc blcnde s1ruoture), and the volume a l' 1he primitjye call. What is the 
atomic density on the (110) planes? (Rint.:The v.o1ume of the prin:t1tive oe1J is 
one-fourth ihe fee unit cell volume.) 
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J.6 A ¢ry.stal .vith ~.)illllp)e cubic lattice Jlllod a mQnoatomic basis hii~1!D atopllc Ql­

dius,of 2.5 A alld an aton1ic'Weighl 6f 5.42. Calculate its density,assnrning that 
the atoms touch each o lhe:r. 

l. 7 Skercb a view down 11 (U0> direction of a diamond lattice, using Fig.1 "'9 as a 
gµiiie: l'nclul:ie·1ines co,m~ting nearest nelghb'ocs. 

1.8 Sbow by a sketch that die l?e<: lattice can.pereprcsentcd by two interpen.ettat­
ingsc lattices. To simplify the sketch, show a (100) v.iew of the Janice. 

1.9 (a) Find the.nurµbcr of atornstcm1 on the (100) surface of a Si wa.Cer . 

(b) Wb.a1 is the dislilnce (in A.)'btlrweea nearesl ln neighbors in faP? 

1.10 ll1e ionic:radii of Nal-(a tomic weight 23) aod c 1- (atomic weight 35.5) are 1..0 
anp l,8 A, rcspectively:'Irearlng the iQns as hard spheres, calculiltc tbede11!iity 
of NaCl. Cempare tlris w.ith 1he measured dcllsi:ty of 2. l.7 f}/cm'. 

Lll Sketch an si: unit ceU with lattice constant a.= 4 A, w.bosc diatomic ba.sis ot 
atom A is located al the lattice sit~ and with,atom B disp,laced by (a/2,0.0), A&A 

same that both atoms hav~ tbesame size and we have a·close-packed str.ucime. 
{1.e., aea.rest neighl,,or atoms touoh each other). Calculate 

(1) the paaking fraction (i.e., fraction of tbe total \(ofume occupied by atoms), 

{ir) .the number of:S atoms per unit volume, 

(iii) the number of A atoms pe.t unit arell oo (100) planes. 

1. U How many atoms a:rc found trrside a unit cell of an se, a bee, and an fee crystal? 
Row fur apart in te~ oflattice ooru;laQl a, are thee nearei;t.neighbor atoms In eacb 
case, mca·sured from center to center? 

1.13 prnw•a cube such as J:,1g.1,-i, imd show (our {11. I) plane_s with difforeot'orien­
tat:ions. Rte peal for I 1101 -planes. 

1..14 Find the maximum fractions of Llul unit ce11 volume that can be filletl by hard 
.sphe~in lhe.sc, £co, and diamond latticll5. 

1,15 Cal.cul ate tbe densities of; Oe and lnP from the lattice co11Stants (Appendix 
Ill )', atomic weights, and Avogadro's n.uaiber. Compru:e the resillts with the 
densities given: tn Appendh: ill. 

1.16 Be~inning with a sketch of an f.cc lallicc, add atoms ,at (¼, ¼, ~) from each fee 
11to~ I Q obtain tlie dlanwnd lattice, Show thar o.nly the four added atoms In 
Flg, 1--&! appear ln the diamond unll cell. 

l .17 Assumin&, th.al t)1e lllllice constant varms linearJy wilb, co.mposifiol1 :dm: !l 
ternary alloy (e,g .. see the variation for InGaAs inF'ig. l - t3), what Gomposition. 
ofAISb,Ast-, is la\tice-mlltched to InP?What CODJ.J)()sill.on ofln,Ga1..,P is lat­
tice-matched to GaAs'? What is the band gap en&gy in. each case? 

(Note: Such lin'ear variations of crystal pl'operties (e.g., lattice constant and 
band gap) with mole fraction in alloys is known as Vegard's.lcrw. A second­
order polynorrtial or quadratic .fiL to (he data-is called the bowing parameter.) 

1.Ul An Si 9IYSL;tl is lo l:lc pulled from the melt and doped with arsenic (k,=03). 
l.f the Si weighs J kg. bow many grams of arsenic should be introduced to 
achieve 1ou cm-3 doping durlrtg the u1itlal growth'/ 
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SELF QUIZ Question 1 

(a) Label the foUowing plaJles using the eorre-ct notation for a c;nbic lattice of UJtit 

ceU edge lengili a (shown wltbin• the unit cell). 

X! 

(b) Write out all of the equivalent {100) directions u~ng the com:cl .notation. 

( c) On the two Jollowing sets of nx~ (1) slce.lcb. tl)e [0111 d\rectiou ami.(2) a (111) 
plane (fora cubic system wilhprlmitive vectors a, b. and c). 

(1) (2) 

I! 

X 
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Qnestion2 

(a} Which of the following three unlLccllsare primitive cells for the two-d}mc,nsional 
lattice'/ Circle the co.rrect combmation in bold below. 

1 I 2 I J I J and 2 I l and J I 2 a11d J I I , 2, a11d J 

0 0 

00 
u11.ir~12 

O 0 

0 O 

(b) Tbe following planes (shown·within the first quadrant for O <x,y,z <a only. with 
the <;Jotted lines for reference only) an: 1111 frorn )Vhat one set of equivr1fem 

planes? Use t()rrect notation_ 

answer: 

t 

X .r X 

(c) Wbicl1 of the following tlrree. planes (shown wi thin Ure first quadran'l only) is a 
(121) plane? Circle the correct diagram. 

l 

X X 
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Question:3 

(a) Diamond and imc blende-crysial structure~ ore botJ1cornp0;ed o.r a Bmvais lat­
tke whh 11 two -RI Om basil., Circle the corre,el ll'nit ce.11 fortrus Brave.is mh.iee .. 

{h) Which statement beli>W i~ tnre'!. 

I. • GaA:s has a diamo11d I ti11c blen'de crystal strncrurc. 

2. Si ha.~ a diamond I ~im · blmde cry~lnl structure. 

Queslion-4 

Glve ~01ne e)(ampl~ o(zero-c.limeru,lona.L onc-dime11stonal. two-dimen~ional.and r!ITT'e­
tlimensional detects in a semiconductor. 

Question 5 

(11) Wh111 is ihe differenc"c bcrwtmn >I prlmiti\'eccll and a unit cell? \Vhar. i~·the 1.llil­

ity of both Goncep.s? 

(b) What is the di'.l'fe.rence between !L lattice and a crysu1l'! How many di.fferem 1-D 
latrices,can you have'/ 

Ques1ion6 

Con.~ider growing lnAs on the fc;, llnwing 1:J-y~tal Suh$lrnte,;: fnP.Al/1.!.. GaAs. and OaP. 
Fbr whfth.case·would t11e ariticul thick11ess ·or the lnAs lay.er be g.re-aIesr? You may nse 
Fig, 1- l3 fr.om your teit. 

CaP I GtJAs I A/As I JnP 
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Chapter 2 

Atoms and Electrons 

0 1}.lECTIVES 

l . Unde~talfd the rticle duality ~f nature in quantum mechanics 
2-. Stu Ifie lloh:~ h:itoms 
3. App 119oation lo ~imple pro8lem} 
4. Llr{c/e' · ic strlJc;ture qf,oto111s-onl:I fhe ~rib.die taoJe 
5. Und~ i~ductor pr.cilperlies ore determined 

Sim:.e th.is b.crok isi,riinarily a11 introducl\on lo solid suite tlevjc.:e,. il would l)e 
preferable not to delay this discussion with subjects s:uch as atomic theory. 
quanrurn met:ll11nics, and electro.n mode.ls, However, lhe behavior or solid 
stale devices is d:irecJ.ly related to these subjects, For .example. it would be 
difficult to understand how an electron is transported tb'rough a semicon~ 
ductor device-wit.ltout some know.ledge of the electron and. its interaction 
with the crystal lattice. T\),e-refore, in this cihaptt!r we shall investigate some of 
the important properties of electrons, with special emphasis on two points: 
(1) the elecl.ron.ic slrucLuTe of atoms, and (2) lhe inrel'ac1ion of Moms and 
electrons with excitation, suah as the absorption -and emission of light. By 
studying e lectron ene.rgies in an atom. we lay lhe Co1.t ndati0n for under ­
standing the influence of the lattice on ekctrcms pnrticipatmgin current now 
through a solid. Our discussions concerning the interact ion. of light with elel:­
trons form the basis for later descriptions of changes in the conductivity of 
a ~cmiconduotor with optic.al excitation, properties of li~rt-sensi tive devices, 
and lasefs. 

F"trst, wesball investiga.te som.e af the l)Xperimental observalions which 
led to the modem concept of the atom. and th.e11 we shall give a brief intro• 
duclion 10 the theory af qnant um mechanics; Sevcrnl imp~,rLant concepts-will 
emerge from this introduction: the. electrons in atoms are resLricted tc, cer­
tain energy levels by qi.Lan tum rules; the-electronic stru~t ure of atoms is de-­
terrnined from tbese quantum conditions; and this "quantization" 1.fofines 
cenain allowable t:rw,sitio:ns involving abserption and emission of energy by 
the electrons. 
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2.1 
INTRO0.UCl'TON 

TO PHYSICAL 
MODEtS 

-nie mafo effort of ~cience,is to desolibe. whar ha pp.ens in oatUTe, in ai. com­
plete and concise o.fom1 as possible. ln physics lliisefforl invoives observing 
natural phenomena. relating these observations to prevlou~ly establ.ishcd 
theory. aud finally establishing a physical i:nodet fQT tbe.ohservatiC>.ns.Far ell­
ampli; we ean explain 1he behavior of a spring-supported wdgh.t moving up, 
and down periodiciilly atiel an initjal dir.,placement. bec:ause the cli(-fercmiaJ 
equatio~ des-otibing such :i simple harmonic motion have been einabllshed 
by-NeWlonian olassJcal mechanics. 

'Vi'hen t1 new physioalphenom.enon is obsel'\led, it is 1teeessary to find ouc 
how rt fits into the establlshed models and "laws"' ofphysics .. fn the vas~ ma­
jority ofcases lhis involves a direct exteM.ion of the mathematics of weU­
es_tablished models to tbe pa~culw conditions of the new ptob)er.n. a·n fact, 
it is nor uncommon for a scienri~t or engineer to predict that a new phe11om­
anon should ncct.U1 before ii ill actv,ally ot>served; simply by a careful study 
and extension of existing models and laws. The beauty of: science .is that nat-
1.u:al phenomena a:n: not isqlatep even.ts bu't are related 10 oiber evems l)y a 
few analytlc.1Uy describable laws. However. 1t does happen occasionally that 
a set of observations cannot be desaribed i.n l.e!!ijl! qfoxi5tin£ theories. In such 
cases it .is necessa1:y to develop models which are based as far ,as possib.le on 
ex.isling laws, bul which coniAin new aspect& arill'iog Frain 'Ille neW plrenome­
na. Postulating new physical pnnciples is a smous business, and. it ls done 
only when there is oo possibjllly of i;x_plai_ning ihe ob~ervations with estab­
lish.ed theory. When m:w assumptions and models are made. their JUStifica­
lion Iles in tbe f<>.ll011,>ipg question:" Doel; (be model describe precisely the 
observati.ons,.and can. reliable predictions be made based oa the. model?" The 
model is good or p.oor depending on. the 8Jl~er to t.his q ue:ition. 

1n the 1920s it became nec,essary to develop a new theory to dest:Tib.e· 
phenomena on lhe atomic scale. A long series of careful observations had 
been made that. clearly indic<1le-d that many eve.uts involving electrons and 
atoms d.id nor obey the classical laws o{ mechawcs. lt WilS n-caesiary, theTe­
fore; to develop a new. kind of mechanics to describe tbe bebavior ofp.artl­
eles on this small scale.. Thi.& .ne\v. apprn,u,h, called quantum meclumics, 
de~aribes atomic phc.nomeua. very well and also p.roperJy predicts the wey in 
which electrons, behave in solids-our primary interest here. Through lhe 
);ears, qm1ntum mecb.ioit'.5 has been so successful th,11 uo\V it b°f~ beside 
the c[a.ssicol laws as a valid descrjption of ualur.e. 

A spechi] problem arises when students fl:rst eucoUJU_et the Qieoty ~f 
quantum mechanics. The pTOblem 'is that-9uantmn concepts are largely math­
ema,ticyd in nnl1,J.re a,nd do pot involve the "commorisensen gu,ality•associ.at­
ed wtlh_ classical mecba:oics. At first, many -students-find quantum ooneepts 
difficult, not so muclJ 1be.cause of tbe mathama.tics involved, bill l:)ecause 'ijley 
feel the-concepts are somehow divorced fwm. "realhy."Th1sis a reasonable 
,eactltln .. sit}ce ideas wh1ch we cons~r to be ceal or u:iluitrvel;: sansfymg.are 
usually based on 011r own observation. Thus the classical laws of.motion are 
easy to urulerstantl because we observe bodies in motio11 eve,ry day. On the 
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other hand, we obseive the effects of atoms and ele1,troos only indirectly, 
and naturnlfy we have. very little feeling for what ls happeL1lng on .the atom­
re s.cale. It is necess.uy, therefore. to depend on the facility of the lhet,ry to 
predict expei:imental results lather Lban to auempl to force c:lasslcal amllogs 
onto the nonclassical phenomena of atoms and electrons, 

Out approach ht IJJ,is chapter will be to investigate the 1mportanl ei.­
pe.rimental observations that led to the quantUm tht1ury, and then te i,ndi­
catc how the tltemy a:ccountslor these observations. Discussions of q U:an,tum 
theo:ry.muS'I nece-ssarily b>e largely qualitative in,such a,brief presentation. and 
tho~e topic.~1.llat are most i1npo1:tant Lo solid srnte theory will be emphasv.ed 
here. Several good references for furtlier individual stucly are given at the 
end of thil; c.:bapter. 

Toe c,xpe.rimenis th.at led to the develop,uenr of quannim tht!ory were con­
cerned with ihc-interaolion oflighl ruid ma'ller. On lhe ~me hand, there were 
phenomena such as iruer:fereoce or diffraction which clearly indicated that 
light has a wave charader as proposed by Huygens, in conttast to the parti­
cle <ir t:orpttS<1Ult1r view o( light proposed by Newton, But on Lbe,other hand, 
many e.xperiments i1t the rum of the 20th centurycloarly showed that a uew 
theory oflighl was needed. 

~-2, 1 The Photoeleclrk Effect 

An important observation by-Planck indk:ated that radiat ion from a heated 
sample.known as blackbody q1diation. is emil1ed in di~rel'e units of energy 
called quanta; the energy units were described by hv, where v is the frequency 
o'[ the radiation, and hi~ a quantity now called Planck's co.nstant (h ..,. 6.63 x 
10- iJll J -s). Soon after Planck developed tliishypolhesis. Einstein interpreted an 
Jinportant experiment t\mt dear!y de.mopsu-ated the. discrete nature (q11ont~a­
tion) of light This ex:pacim~nt inyolved absorption of optical ene~gy.by the e1ec­
).ronsfaametal and.the relationship b.ctwccrr lhe amount ·of energy absorbed and 
the frequency of the light (Fig. 2-l ). Let us suppose that. monochromatic light is 
incident on 'th~ surfac;e of a metal plate in a vacullii).. The cleo(toris in the metal 
a.bsorb energy from the light. and some of the eJectrons ceooive enough energy 
lo be ejectcil from the metal surl'c!.CC into the vacuum.-l1lis phenomenon ts called 
the photoelecrric.effect. If 1he energy of the escaping.e.lectrons is measured. a plot 
can be made of the n1axinlwnenergy ~a fun.ction of the frequency,, o(t)le_\i}­
cident light (Fig. 2- lb). 

One simple way of finding. the maximum energy of th<; ejec.ted elec­
trons is to place-another plate abo:vc lhe-onc shown inFig.2-la and then crc­
aie@elec:tric field be-twe.(m the two plate.s.:llle potential 11ecei;~ary t<, retard 
ah electron flow between the plates gives the-energy E1r1. For a partlcular fre­
quency of light incident' on t.he sample, a .maxiinum energy E,., is observed 
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Figure 2-1 
The pholoelectrit 

¢[feel: 19) elec­
llons o~ ejec)ed 
from lhe surface 
of o metal wheh 
exwsed lo light 

of frequency " in 
d vacuum; (b) plot 

of the maximum 
kinetic eriergy of 
e!eded electrons 
vs,. frequency of 

the fncoming 
lighl-

LiJ1}11 

~;= /Iv ( -\ Clc:ttr,111 

c-,___,1 
I 

I ' ,. 
- -<J(I\ I 

II 

.(nJ (b) 

for the emitted electrons. "Toe r~ulling plol' oI E., vs. 1, ii; Uaear, wi1h a slnpe 
equal LO Plamik"s constant-The equ<1ii<m of the Hne shown in Fig. 2-.lb i.s 

(2- 1) 

where q is the magnitude of the electronic charge. The quantity <P (vol'ts) 
ls a characteristic of 1he par1iouh11' me ,al used. When <t> is multipli'ed by 
th:e el.e..c.lronic charge, an energy (joules) is ohtalne<i which represents the 
mininrnm enetgy requjied for ru1 elccuon to escape froq1 Lhe metal inlo 
a vacuum. The energy q\l>is called 1.he work function o.f the meta l. These 
resuHs in.dicate that i.be electrons receive an energy /r11 fnml the liglu am) 
lose an amount.of energy q1l1 in escaping. from the surface cif th.e metal. 

Tbis experimenl demonstrotes cleerly thal Pla11ck's hypothesis was 
correct- light energy is contained in discrete units rather lhan in a con­
tinuous dislrlbution of energie:1. O01er experiments also indicate thl.ll. in 
additi.0n to th.e- wave natun:i.of Jight. the quantized units of light imergy 
can be-considered as locallied _pac.kets of energy. called photon.~ (Inter­
estingly, this ls reminiscent o{ the Newtonfa.'rl picture.) We gel tl:\.e Plll-llc~ 
relalio11ship 

E = /11, p -2aJ 

Some experiment& e-mphasi:z.e the wave natui:e of light, wbile o(ber exp~ri­
ments reveal tbe discrete n,ature of photons. This w11ve-parricle <luaJily i_s 
fundame.ntal to quantum processes and does not fmply a.n ambiguity in the 
theory. Based on the wave-particle duality ofligh11 Louis de Broglie pro­
posed th;tt pa.rticles of matter (~uch as electrons) similarly could ma11ifesta 
wave character in certain experitnenrs. l11is observation was confirmed by, the 
diffraction or elei:i.ro.n$ by the periodic array of atoms in a crystal obseived 
by Davisson and Oenner. De Brogile propo~ed that a particle of momen­
tum po: m v has a wavelength give a by 

A = hip= Ji/mv (2-2h) 

The Planck and de Brogile relationships are fun.damenlal in quantum 
physics and are valid for llli si1uatibns and objects, including ph01ons and 
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electrons. T;J\eycorn1ecl t·he wave description of phenomena (frequency and 
wavelength) to a par ticle descriplion, (energy a.mi momentum). 

' lne rel!'llion between frc.q11ency and waveleng1 h, ltnov,:n as the disper­
siott relationship·, however, is 11or t:he same for different objects. For example, 
for photons. the wavelength(>..) is rehucd tq frequency by>,.= c/11, where c 
is the speed of light. For electr.:ms. iL is a different relutionship. known as the 
band str,ucture, as dL~cussed in Chapter 3. 

·2.2.2 Atomic Spe<tra 

One of the most valuable experiments or modern physics 1s th.e analysis oJ 
absorption a.nu emi~Si()n 0f lighl by ato·ms. For exampte. an electric discharge 
ca□ be cre.ated in a gas,so th.at the aioms begin to emit light ,vith wavelengths 
characteristic of the gas. We se-e Lhi~ effeal ia a neo,nslgn. whi~b is typically 
<1 glass rube fi.Ued with neon or a gas mlxrure. with electrodes for cre."lting a 
discharge. lJ t he intensity or fhe emitted liglit ls measured as a function of 
wavelength. one finds a series 0f sharp lines ra1her chan a continuous distri­
bution of.. wavelengths. By the early 190\}.l I.he cl1ara1;t~i:istic spec1t'a fur sev­
eral atoms were well known. A portion of tb.e·measured en,issloo spectrum 
J0r hydrogen is.shown in Pi,.g. 2-2, in which the verHcal lines rep resent tb.e po­
sitions of observed emission peaks on thu wavelengtb·scale. Photo□ energy 
hv is then related to wav.ele.ng_t l, by tin: dispersi.on re.lru:ion I\ = c/v. 

The liu-es in Fig. 2-2 appear in sevcra.1 groups labeled tJ1e Lyma11, 
811/mer, and P,w!l1en. series arier their early inves1igators. O nce rhe hydrogen 
spectrum was established,scienrists noticed severaJ interesting reladonships 
.among tlJ~ lines. The various series in the spec! rum were ob~erve<l to follow 
ccnain empirical forms: 

I 

0 

Lvm111, 

' 2 

Lyman: V = c.R(..!_ - ...!..) f! n1 • 
n = 2.3.4 . ... 

Balmer: 11 = cR(J.. - l) 
2z n1- ' n = 3;4, 5, ... 

Pa$<;bcn: 11 = cR(J__ - J..) 
32 n2 ' 

n = 4, 5, 6 . . , . 

Balm..:r J'ns'-:l1t:11 

I I I 
(i tl 10 12 14 

h ( 1hOl:1$3IldS of ang~trom~, 

I 
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I 

2!) 

(2.-Ja) 
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(2~ 1c) 

35 

Figure 2-2 
Some. importont 
lines. m the emtI­

sion !ipe_cirum 0f 
hydrogen. 

Petitioner Runergy USA Inc., Ex. 1030, p. 35



36 Chuple, 2 

Figu~ 2-3 
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2.3 
THE BOHR MODEL 
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whereR is a. const·ant caUed the Rydberg constant (R = 109.678 cm-·1). lf the 
phot;t.>n energies hv arepl9ttcd for stic:cessiycva):ues of the inte_ger n, we.no• 
tice thal each energy can be obtained by taking sums and d1fferences of 
other photon enei,gtes in the s_pectrum (Fig. 2-3). For example, E-42 in Lhe 
Balmer series is the difference between £~1 and E,,.J. Jo the Lym.an series. 
This relationship among the .variou~ .series is called the Rit;. combil1atio11 
principle. Naturally, lhese empirical observations stirred a great de-al of in­
terest in coosu:ucling a comprehens'ive theory for lbe origin of lhe photons 
given off by atoms. 

The resul1s o f emission spectra experiment~ led Niels Bohr lo constnict a 
rnodelfcn: the hydrogen atom, based on the malhcmatics of planetary systems. 
JI the ~ledron in ~ e hydr0gen atom has II series of p lanetary-type orbits 
available roit,lL can be excited lo an outerorbitand th-en canfa11 to'<lny one 
Qi µie inner orbits, giving off energy ~orresponding to one of the line~ of 
Fig, 2-3. 'To develop the q1odel, Boru: made several postulates: 

I. Electrons exist in certain stable, circular orbits abo·ut the uucleu~ 
This assumptkm implies t hat the orbiting electron does not gi•ve off 
radiation.as classical electromagnetic theory would11ormaljy re.quite 
of a charge experiencing angular acceleration; otherwise, the elec­
tron wouicl ci.ot he stable in the orbit but would spiral intoi:he nucle­
us as h los1 ener&Y by radiation. 

2. The cl!)!,7.tron·may shift to an orbit ()f, higher or-tower energy, I hereby 
gaining or losing energy equal to the difference in tile energy '!eve.ls 
(by absorption or emission of a pbolon of ene:1;gy liv), 
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3. 11u: angulannomenlum Pa of the eleciron in an orbit is always an 
integral multiple of Planck's c0-nstant divided by 2rr (lz/2Tr is ofien 
abbreviatc,;d ft for co.nvenJence). 'This as.si;unption, 

Po = nf;,. n = 1, 2,3, 4, ... (2-5) 

is necessary to obt.aln the observed results o{ Fig.2-3.Allhough Bohr 
propose.d this ad hoc relatipnsbip simply to exp,lain the dat:i , one can ~ee 
that this is·equivaJent to having an integer number of de Brogliewave­
Jeng:ths fit v.'ithin the c.ircUIJiference of the eJectron or.bit (J>rob. 2 .. 2). 
These were called pilot W(lVes, guiding the motion of lhe electrons 
around the nucleus. TI1e de Broglie wave concept provided fue in­
spiration for the Schr<>dinger wave equati cm in .quantum mechanics 
discussed in Section 2.4. 

If we visualize the electron in a stable orbit of radius r about the pro­
ton of the hydrogel,1 a tom, we t.'lilJ equate the electroota tic force between the 
charges to the centripetal force: 

q2 mv2 
--.,=---

Kr r 
(2-6) 

,vhere K = 4'11'~0.io MKS unit's, 111 is rhe mass of the electron, ancl v is its ve­
locity. Frnm assumption 3 we have 

Pe = hivr = 11/i: (2 7) 
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Since n talce.s on iruegraL values., r sb.ouJd be deno.ted by r., 10 lndicate 
I.he .llth urbll. Then Eq. (2- 7) can be wri!le1} 

Substi1utiv-g Eq. (2-$) in E_q. (2-6) we find 1ha1 

q2 l 0 2 z 
-- ,=-- ,c--

Kr; mr" r1; 
(2- 9) 

.KnJ_2 

' mer 
(2-10) 

for tbe radius of the nth orbit of the electron. N_ow we must find the expi:~­
sion for the rota! energy ofthe electron in this orbit,so that we can calculate 
the energies involved in trausi1fons between orbils. 

From Eqs. (2-7) and (2- lO) we have 

(2- 12) 

Therefore. the kine(ic.energy of the elec1ron 1.s 

I . • mq' 
K . E . =, mv- = -, v ~ l r.-l 

- =" D , t 
(2-13) 

Tue potential energy ls tb,c product of the clectrnstattc fotce and t he dis­
tanc:e be t.ween the charges: 

Thus the total energy o[ the electron in. the ulh. orbit is 

. mq' 
E., = K. E. + P, E.:. 2K.l i , 1 

II II 

(2- 14) 

(2-15) 

The cri.lical rest of the modt:1 is whether energy differences between 
orbits correspond to the. observed plioton energies of the hydrogen_ spec­
trum. 11,c transitimi~ between orbits corresponding to lhe Lyman, Balmer, 
and Pascnen_series are ilh1strated ii) Fig. 2-4. The energy difference between 
orbits n, and n? is given by 

mq-l J I. 
£ 112 - E,., = 

2
K·2.,i (2 - 2 ) (2- 16) 

- 11, 111 n2 
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The .ErequencyoflighL given offhy a transition between tbe-se orbits is 

(2-I7J 

The iaclor in brnck.cls is cssenuaUy th!:- Rydberg c.ons111nt R limes lhe 
speed 0f light c. A comparison of Eq. (2-17) with the ~x-perimental results 
summed up by £q. (l-3) indJca1es that the Bohr th.eory provides a good 
model for eleetrooicnransitious within the hydrogen at0Tl),as far.as th\: <;a,fly 
experimen.tal evidenceis concern.ed. 

Whereas (be Bollr model ai.:curately describes Ll'l.e gross features a[ lhe 
hydrogen spectrum, .it does not include many tin.e points. For example. ex­
perimemal evjd-ence indicates some splitting of levels in addition to 1h~ lev­
els predicted by the theory.Also, difficulties arise in extending the mode.I to 
atoms more complicated l.haa hydrogen. Attempts were made lo modify Lhe 
Bohr modeUor. more ge~1eral cases, but it soon became. obvio\lS that a more 
comprehensive theory wi:Urneeded.. However, rhe-partiaJ success of1J, e Bohr 
model was an important step toward the eventual development of the quan­
tum U,eor.y. The concepl that electrons are quantized in certain allowed en­
erg,)' le.ve ts. and the. relationsh1.p of photon encl'f,) and trat'L~itioas-belwee11 
levels, had bi;:cn established rrfinly by the Bohr the·ocy; 

The prindples of quantum mechanics were develope.d from n.vo different 
points.of view al.about Lite sani.:. time (the late 1920s). One appro11cfi, de­
veloped by Reisen berg, utilize~ (be' malhernatks of matrices and ts c.aJled 
mqtri:r: ,r1eclumics. Jndepcmdently, Schrodin_ger developed au approach uti­
lizing a wave eq·uation, now called wave mechanics. ' [hese two ri1athematical 
formuJations appear t,o be quite diffe-rcrnt. However, do5er examtnatlon 

Figure 2~ 
Electron orbits 
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reveals lhat l1eyond the fommli~in, I he Dasie principle!> of-the two appro.aches 
are the s1:1me.1t is possible to .show. for example, that the results of matrix me­
chaniCS Teduce to those of wave mecl)anie.~ after mathematical manJpula.­
tioJ1. We shall concentrote here on the wave mechrurios appr.oa-ch, since 
sol'ulions to a few simple prohle'..ms cm be obtained with it, involving less 
mathematical discussion. 

2.11.1 Pi'obobllfty ond the Uncertointy Principle 

lt is impossible to describe with abs.olute precision events involving individ-
1.1.11 particles oil cbe atomic scale. J,nstead,,ve must speak of the average val­
ue.s (expectaf/011 values) of J?OSit.ion, mome:nrum. and energy of a par.tide 
such as an elecLrOo. Lt I~ imporuml to note, however. thal lhe uncerta;inOes 
revealed in quantum calculations an: not based on.some shortcoming or \be 
1beory. ln fac1, a major strenglh of the theory is tbat it describes the proba­
bilistic. nature of events involving atoms apd e,iectron!,;The fact inharsuch 
quantities as the po.sition al'l.d momentum of 1111 efoctroa dc1 not u'Xi.vt apart 
from ~ purticuiar uncer(ainLy.111e magJ11tu~e of this inherent w1<'ertamty is 
described by the Helsenbetg Ulli:ertaimy princlple:1 

ln any me,isurement oC the posilion and momentum o( a particle. 
the unce-rta.inties in the two mea~ured quantities will be related by 

Similurly, the uncertainties in :,i.n enei;gy ~easurement wi.ll he re­
lated tb the uncertainty in the time at which the measurement 
was nJad1:1 by, 

(2-19) 

1l1ese- liml1atiQns lnclic/lle lhat sirnulti;neous measu11emen1 or position 
and momentum or of energy and time are inherently inaccurate to some degree. 
Of course,Y.tanc:k 's constant'/, is a ratl'ier small number ( 6.63 x I 0°3,1 J-s), and 
we ar-e not coi:ieemed with this iuaccutacy in the mensurement (;)f x and p, for 
a truck, l'or example, On Ille. 9lhcr hand, measurements of lhc _position of ~u1 

elec;rron and lts speed are seriously limited by the uncenahrry principle. 
One implication or the u.ncerti'\in\y prii1ciple is tha! we cannot properly 

speak or 1he position o! an electron. for e.xample. but mm;t took for the ''prob­
ability" of.finding an elecl-ron ata cer11t:in position. Thus one Q(the intportant 
results of quantum mechanics is lhat a prob(1btti1y density ft11u:tio11 can be 

'Thi~ I; oHl!l'l called liw prin~isi/• of /ntlolarm,nacy. 
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obtai,ned for a pa,rticle tn a cedain e:nvlronJI1enl, and lhi.s function can be 
used to.find the expectation value of important quantities such as position, 

:m0incnlun1, and, ei,ergy. We are familiar ,vith the methods for calc'ulatirlg 
discrete (singl~v.alu.ed) probabilities from common experience. For example, 
it is clear ·lhal the prnbabillty of drawing a particu}.ar card out 0f a, random 
der.kis 1/~and thcprobabil.ity that a tossed coin will come up heads is 1/2.Thc 
te<ib1'iques for mnkil)g prediotjons•when the probability varies are less fa­
miliar; )lowever. In such cases it is common to define a probabiHty of finding 
l\ pilrticle within a certa'iu volume. Given a prnbabil ity d.enshy function P{x) 
for a one-dimensional problem, the probability of fmding the-particle in a 
,ange from x to x + d.t is P(i)dx. Since the parljcle wi ll be s<m1twhere, this 
definition implies that 

L:l'(x)ax ~ I (2- 20) 

jf the function.P(x:) is properly chosen. Equatioa(2-20).is impliep by.stating 
that the function P(x) is normalized (i.e., the integral equals unity). 

To l'i:lid the average-\lalue efa function of x, we need. only mulriply the 
va,lue of that function in eaoh increment lb: by the probability of finding the 
p-arLitje in that dx and sum overall x. Thus the average value uf /~) is 

(f(x )) = J"' f(x)P(.\•)d:,t 
-..0, 

(2-21n) 

lI the probabillty ue11si ty function is not normalized, this equa1ion 
~bould be y,,ritten 

(/(x)) 
f' Ax )l:(:,:)d.:~ 

_,,. 
(2-21hJ 

2,4.2 fhe Sd,r&!inger Wove Egua!ion 

Thereare·several ways to develo_p·the wave-equation. by aflPly.ing quantum.con­
cepts to various classical equatiens of meclianics. One or l.jle simplestappro1.rcl1e.~ 
is to coosjder,,a few basic posntlalcs, develop the-wave equation from them, and 
rely on.the accuracy of tire results to.serve as a justification or the posLulales.ln 
more advanceotexts these assumptions are dealt wi:tb'in more convincing detru1. 

Dasie Postulates 

1. Encl) particle in a physical system is de$cribed by a wav~ fur,iction 
'l•(_x, ;v, .i:, 1).Thisfunction and itsspaccoerivative (ii'l'/!l.t + t1'i'lny •r 
il'lt/i}?) a-re conti~ilqus, finile,.and single valued. 
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2. 1n dealin~ with classical quantities such as energy E and momentum 
p, we prn_st relate :these qµantities with abstt.act quantuni me.obanical 
operators defined in the fol10wing way: 

cinssica.l varlablc 

X 

E 

Quantum operator 

X 

f(x) 

r,, a 
j cli: 
f, ii 
j iJt 

and similarly for the other two di r.ections. 

3. The probability of find:u}g.ll particle with witvefunction '1' i:n the vol­
ume d.i: dy di is '[)'.'if! dx dy 4r.. 2·11te product q,•,p is normalized ac­
cording to Bq. (2-20) so that 

f ~w·w rlxdydz = 1 

and the average value (Q) of any variable Q is calculated from the 
wilvefunclfan by using the operatodqnn. Q.P de.fined in postulate 2: 

Once we find lhe wave function 'It :for a particle, we can ·calculate its 
average position, energy, and momentum, within the liln:its of tbe uncer­
tainty principle. Thus, a major _part of the·effort in quantum calculations in­
volves solving-for q, within tbc coriilitions imposed py a particular physical 
system. We notice from assumption 3 that the ptobabiHty density function 
is 1y·'}[, or i'P-12-

The classic.al equation for tbe energy of a particle can be w.ritten: 

Kinetic energy + pote11L1al ene~gy = totul energy 

l , + 
2m-p· V = E 

•,p• 11 the complex con/ugoltl of 'i', abtalnod byrovorslng 11io sign on each · / , T hu,, (e"J• ~ e ·1'. 

(2- 22} 
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ln quantum me<.lhanic:s we use 1he c;ipe,rat<,r rom1 for tlwse variables 
tpnslulate 2): the operators are allowed 10 opera1e on the wave fUtlCl i.oll 'Ir. 
For a orie-dimcnsioital proplem Eq. (."?-121 bccorues3 

,,~ 11"'11(:t. I) V( ) l ( ) Ii <J'l!(x. r) -- ., + . x '.' x , r = -, - -----
2111 ,,x- 1 ,Jt 

,vhicb is the S1':hrodingerwave equation. In three clim<;nsions the i::qua,lion is 

where v1ift Is 

1l1e wave function '11 In Eqs. (2"'2.1) an.d (2- 24) includes both splice and 
time dependencies. IL is common lo eakulate these dcpend<mcies separately 
and c0111l1lqe tllem la\er. Furthermore, many ~roblcms are time h1di::pende·111 , 
r.i.od only rhc ·space variables arc neccssary.'T.1ms we try to solve the wave equ;i­
,tion by break.Ing ii into lwo equati-0as by lhe technique ·~f separation or v<1ri· 
ables. Let 1P'(x, r) be repn:.sentcd by the produel it,(x)d,(c). Using.this product 
hi Eq. (2-23). we obtain 

fi.' r1?111(.t) ( fi ( iiqi(r) 
- - - -, <b(r) + V(x},1,(x),t, 1)= --:- 111 .\') --:--

2111 fl.r .f r}[ 
(2-25) 

Now thc.•variables,can be scpanHt\d t (> obtain the \ime•dependent equa­
tion in one dr~cnsioa, 

12- 27) 

We can $how lhttt Lh~scparntion constant £ corresponds LO the energy 
of the particle when particular solutions are oblaine:d: ~uch that n wave func• 
tiotl ~,,, (elg·enfunc1ion) corresponds to a particle .energy£,, (eige11cnergy). 

1l1e:;e equati<1t1s•are the basis of ,~",we ii1ech,an.ics. Fl'Om 11le01 we can uc--
1ermi ne the wave functions for particles in var.iotts S:imple ·systems. Fm cal­
culations involving ekctrons. the pornmial term V(x) usually results from un 
elecLrostatic or magnetic fiald. 

'Tne opt110llonul lnl••P"'lqllon o f (i,/e~)' is 1he ¥'cor,d,do11vuHve iorm • '/ /1~· lhe square oi / 4 -1 . 
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Figure 2-5 
The-problem of o 

particle ln o p<; 
lentiol well: (o) 

potential ·energy 
dlogrom; (b) 

wove functions in 
tha, first three 

quorifum stoles; 
(c) pro_bobility 

density dish'ibu-
tlon for lhe 

second stole. 

2.4.J Potential Well Problem 

Tl is q:uite difficult to find.solutions to the Schrodlngw rtJ.uation for.most -re­
alistic potential fields. O,ne can solve .the prQblem with some.effort for the hy­
drogen atom, for example, but sqlutions for more complicated atoms are 
hllrd to obtain:. TheFe areseverslimportant problems, however, whieh illus­
lJ'ate the theory without cbmplicated llllllUpnlation. The simpl~Sl problem is 
lhe potential energy well with infinite boundaries. Let-us assume a particle 
is trapped in a potential well with V(.r) zero e-xcept at the boundaries x = O 
and L, where it is infini tely large (Fig. 2- 5a}: 

V(x) = 0, 0 < x < L 
V(x) = 00• x :: 0, L 

Inside the well we set V(xJ = 0 in Eq. (2..:27): 

O<x<L 

(2-2S) 

(2- 291 

This fa the wave equation for a free partide; it applies to the potential 
well prqbiem in the region with no potenti'al Y{x). 

Possible solutions to Eq. (2-29) are sin kx and cos kx, where k is 
'VW/h. In choosing a solution, hp;vever, we must examine lhe bound;iry 
conditions. The only allowable value of lj, at l:he walJs·is zero. Olherw.isc, lhere 
would be·a nonzero l1J,l2 outside the potential well. which is impossibie be­
ca\\se·a particiccru;IJlot 13.enetraic an infinite barrier. Toen;fore; we-ni\lSt choose 
only the sine solution and define k such that sin kx gees to zero at x = L: 

ljJ = A sip kx, 

,. .. 
1/(x) 

'I/I 

L 0 
X 

(~) 

k-VW 
- fl 

✓1/L 
I ~1zl1 

(l,J 

l!L 

(2-JO} 

L 
.x 

(c) 
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TI1e constant A is the amplitude o·f the wave function and will be·evaluat­
e.dfrom .thenormalizat.ion condition (postulate 3). Tf ~1 is to be zero at x = I..,. then 
k must be some .\ntegcalmultiple of r./L: 

k = nr. . L. n = 1. 2. 3 .... (2-3 1 l 

From Eqs. (2- 30) a,nd (2-31) we ctm solve for the tot.1J e~er.gy F;,, for 
ea:ch value of the integer n: 

tl-33} 

Thus for each .a!Jo:w.able -.ialu.e of n the pmticle energy is described by 
.Eq_. (2-33). We not'ice thiJ.t the enei'gy is quantized. Onlyoertai.n values o'f en­
ergy are allowed. The integer n is called a (JHWlJH/t'I nmrrbi:r; the particular 
wa:ve Function ii,. snd corre!iponding energy state E,, de.scribe the c1uarwcm 
stale of the particle-

The qua,1nized energy levels dest,ibed by Eq (2-33 ) appear in I¼ vari­
ety of sma.11-geomeLry s.tmctures cncounteTed in semiconduclor devkes. We 
shaJI return 10 ll1is potential wcll problem (often Clllled U1e "particle in R 
box" problem) in later discussions. 

The con.~tant A is found from postulate 3: 

J: t\i"~1 ,L~ = J:Ai(~in nLrr x )
1 

dx =- A i ~ 

Setting Eq. (2- 34) equal fo unity-we olitain 

'2 fa . O'IT 

A = Vi- 11,,; s: VL sm T. x 

·rue first Lhree. ,v;ive funoticms 1J11. t!Ji , ,1,.1 are sketched in Flg. 2-Sb. The 
probability density funclion ,~ .. ,~. or h!il2. is sketchtid for ,1,1 in Fig;2-5c. 

Given a plan~ wave-~, = A ~,cp(:i~.if), whl\tis ~lte elpeo.tatfrw value fur p3 , 

the X"qlmpeaent of'momenttt:rtl? 
00 

1 A• e~/1<~(4 _!_) ;4.eJ.lc,.r tl,.J 
J,<iJx , 

(px,'} = - 00 
r< tri/,:c) after nQt\'TllllizatlQ.1,1 

l d J2e _./k,xeik,x dx 

- oo 

45 

EXAMPtE 2-1 

SOLUTION 

Petitioner Runergy USA Inc., Ex. 1030, p. 45



46. Chopter 2 

Figure 2-6 
Quantum rnechan .. 

lcal tunneling: 
la) peJentiol 

barrier bf ~eight 
V0 and 1hlcknes~ 

W: (I:!) probabihiy 
density for an 
el~ctron with 

erergy E< V0, i11-
dicating. o non,, 

-zero vol~e al Iha 
wove function be­
yond the barrier. 

It we ~ ·to,eva.lU~te these. fotegrals.directly, we run lnt~tb~ problem 
tbaf b~Lb nllDJeraJor a1.1i;l den_ominator t~d ti:>-~liriig; ~e'catMt ao 'f,deyil 
plane wave is strictly not a normalizabJc,wave function. Thectrick to use 
is lo ~0$'e the fan.its of. i-n:tegratieo, from, sii,y,- L,fl l-Q -t.W2 ,in a ~gj'.op 
of lengt/;l L. The-factor L cancels out in theaJ1umerator,and denominator. 
'Fli~,t 'Ve canrCP9si4e11_L appfo'ache~.irif4tlt:Y., For wayej1,1J.1otfons-fhat a e 
normalizable, suc·h n nathematical "trick" does:not have to beam,ed. 

'..l.4.4 Tunneling 

'The ,vave [un~tioas are rel;ttiveJy e-i)sy Lo obta:i11 fc:,r the potenLwJ. Wt!ll witli 
infinite walls, since the-boundary conditions force 11, lo-zero at the walls. A 
slight moai'flcat.ion of lhis problem illuscr:nes a. principle 11>a1 is v.ery hn­
portanl in some solid state devices-Ute quantum mechanical wnmtling oI 
a.n elecm.'ln thm-ugti a barrier of finite ht!'ight and thickness. Let us con.sid­
er the potential barrier oi Fig. 2-6. ff the barrier is not intinil'e, the bound­
ary conditions do not force ii, to icro at the harrier. 'Instead, Yle Q'lU.'-\ U.'ll! 

the coodition that ,1, and its slope tllj,ldx are continuous at each bo-ullda.ry of 
the barrier(pos-tula1e 1). 'Th,us 1~ must have a nonze(O val,ue wi(lliJJ the bar­
cierand also on the other side,. Since,!, has a value to the right of 11\e barri­
er, tµ'\111 exists there also, implyil}g, tba1, there is sorµe probability or .finding 
the p.article b,eyond the bar,rier. We 11otice that the particle does not go.over 
UH: battier; its tot.'11 energy is assumed to be less than th.e barrie'r heighrYii• 
The 01echaJ1ism by whlch the particle "penetrates" the •harrier is called t.un­
ncling, However. no t l~ssi<;al analog, including cla~sical di:Script.ions o( tun­
·n:eHng through barrien;. in appropriate for this effect. Quantum mechanical 

.. 
V(x) 

(b)' 

LHl1 X 

E-:<.pon<l'illnl d~trenS\.· 
, ' inside bnrricr 

- -
--I WL X 
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tunneling is intimately bound lo the uncertainty prim .. ipie. lf the barrier'is suf­
ficiently thin, we i::aonot say wi1h eertainty tha~ the particle exts ts only on oott 
side. However. the wave function amplitude for the particle is reduced by the 
barrier as Fig. 2-6 indic~tes; so that b,y 01akJng tlie thickness W great.er, we 
can reduce 11' on the righl-hand side to ·the point that negligible tunneling oc­
curs. ~eljng is important 9nly ov.er very-small dilllenllions. but it can be 
of great importance in the conduction of electrons In solids. as we shall see 
in Chapters 5. 6. and \0. 

A nov.el electrnnic device caned the resonant lunnelingdiod.: has been 
devetope!'.l .'.IQis de.vice operates by tunneling ete_ctrons llrrougb "particle in 
a _potential welt'' ener_gy levels o( th.e type described In Section 2A.3. 

The Sch-rodirige-r eq1.1J:ttion describes accurately the interaatlons of parii_~Jes 
with potential fields, such.as electrons within aroms. Indeed, the modern uo­
derst.anding of atomic theory (the modern atomk nuuli:ts) c.omes Fron, the 
wa,ve equa 1:ion and from Heisenberg's- matrix mechanics_ IL should be -poin l­
ed out, however, that the probl!im of solving tbe Schr~_dinger eqw1tion di­
rectly for complicated atom!l is extremely difficult. l.n fret, onlythe hydroge,n 
alom is genetaJJY sQlvcd directly; 11t9ms of ato:n;uc number greater t),an one 
are usual ly handled by techniques. involving approximations. Many atoms 
sucli as the alkali metals (Li,Na, etc.), which nave a neutrlj:( co-r:e·w.ith ~ siil· 
gle electron in an outer orbir; can be treated by a rathersimple extension of 
the hydroge n atom results. Th.e hydrogen at-om solution is also impor(ant in· 
iclen.tIIying the basic selection rules for describing allowed electron energy 
fevels. 1'bese quantum mechanical results must coincide with the experi­
mental spectra. and We expect tbe energy levels to include those J?redicted 
by the :Bohr model. Williout actuallyworldng through the mathematics for 
the hydrogen arom, in_ this section we shall inves\1gate the enemy level 
schemes dictated by lbe wave equation. 

2.5.l The Hydrogen Atom 

Fmding the wave function$ fµr t,be hydrogen atoo:n-equires a solution of the 
Schrodinger equati-0n in three dimensions for a c;ouloni&ic potential field. 
Since the,prohlem _is spherically syntmetrlc,the spbe-ric;il coorcµnate system 
is used.in .the calculation (Fig. 2-7).The term Y(:>.·, y, z) in Eq. (2-24) must be 
rep_laced by V(,~ 01 q,) ,representing the Coulomb potential which. the electron 
experiences in the vicinity of the prot011. The Coulomb _po tential varies only 
witb r in spheri.cal coordinates 

(1-36) 

as in Eq. (2-J 4). 

2.5 
ATOMIC 
STRUCTURE AND 
THE PERIODJC 
TABLE 
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Figor.e 2- 7 
l he spheri<:ol co-
orqi n6ie sysh,;in. 

)' 

When the separation of. variables is 111adc, lh_c lime:-i~1dependent equa­
t ion c11n be .written as 

12-.,7) 

Tirns the wavi:: function.s are l'ound in three parts. Separate solutions 
must l:te obtained for tlie r-.clependent equation, the !l-depe1rdem eqttatton. 
and rhe·d>-dcpendenl equation. After these t1u~e <!qu_ations ;i,re solved, tbc 
mtal wave function 111 is nbt,1ined from the product 

As in the simple potential w~ll prr:iblem, each of the three hydrogi:n 
acom equations_gives a solution which 1s quantized. Thus we would expect a 
qua11tum number to be associated with each of the three parrs or the wave 
equaticm. As an iBustrali.on. the <h-ctepende11l equation obtained <1Cler sepa­
ration of-variables is 

d¼> .,,, 0 -, + m··<,l = 
tl~r 

where n, is a quantum number. ·111esolution to this equation is 

1{) (·',) = .Ael""i• m '-l 

where A can. be evaluated by th.e norma.tizarion condition. as before: 

ltt 

[ cti;,(1J1)<l>,,.(tf1)t/,j, = 1 
J,) 

(2- 38) 

r~-4 1J 
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Thus tbe value of ,.1 is 

I. 
A =vi; 

an'd the cf>-dependent waveiunction is 

<l> e~) = I e'Jrn6> 
"' V2'1f 

(2-43) 

Si.nee yalues of 4> repeat l}veTy 211' .radians, <I> should repeal' alsC1.11ris oc­
curs if mis an integer. including negative integers and zero. Thus the wave 
nu.1ctfons for the ,~-dependent equation are quaiitizetl v.icb rltefollowing se­
lection rule for the quantum numbersi 

m = ... , - 3. - 2. - 1, 0, +1, +2, +3, . . . (2- 44) 

By similar treatments, the l'unciioiis R(r) an.d 0(tl) can be oblaineo, 
each being quantized by its own selection rule. For the ,-dependent e<jua­
tioo, the quantum number n can be any positi.ve inl'eger (no1 2ero), and for 
the 0-dependent. equation the quantum number I can be zero or a ·positive 
1Utegec.However, there ar~ inteuelatiohspips among Ille equatio_ns wltiqh 
restrict the various quantum numbers used wtth a single wave (unclion 'Vnlm; 

'Vnrm(r,.&, I\)} = R,.(t)0, (O)l'l?,,,(q,) 

These restrictions are summ.ari,r,ed as follows: 

n=-1,2,3, .. . 

l =0,1,2, . .. , (n - l) 

m = - /, ... , - 2,-1,0, +1 , +2, . . .. + I 

(2-45) 

(2-4/ia) 

(2-46b) 

(2- 46c) 

fn addition to the three.quantum numbers arising fr0m the three pans 
of rhe wave equation, there is an ~portant quantization condition on the 
" spin;' of the elecrron. lnvestigations of-electron spin employ the theory of 
relativity as well ;is quantum mecbanics;tberefore, wesha.U simply state that 
.the iouinsic angular momentums of-an. electron with.lJ,,.,m ~ecified is 

r.. 
s = ±2 (2- 47) 

1.bat is,.in units of h, the electron bas a spm of½, ;µtd the angular mo­
mentum produced by this spin.is positive er negative (\ep.encling on wheth.er 
the electron is ''.spin up" or "spin down.'' The important point for a ur dis­
cussion is that e,1ob allowed energy state of the electron in the hydrogen 
atom is uniq,uety described by four quantum numbers: n, I, m and s.4 

'in many !Ol<t<, thu numbei, v,,9 ho•• colled m o,,d • ore roforrod lo as m1 and m, ,-w.,.;tiv_ely. 
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50 Choprer 2 

Using·these four quantum numbers, we ctan ide111iiy the various states 
which Lhe electron can occupy in a, hydroge[) arom. The numbar .n, called 
the pri11cipul q_uanrum number, specifies the "orbit" of the electron iri l3obr 
teaninolog)1• 0f couTse. the concept of. orbit is replaced by probabilicy den• 
sity functions in quanwm mechanical ca:Iculatioos. It is common to tel'er to 
sta~es w.lth ii given principal quantum.number as helonging to a shell rather 
than a.Li orbit. 

There is considerable fine sTrUcrurein the energy levels about the Bohr 
orbi1.s, due to Lhe dictates '<>f the other three quantum conditions. Fo:r: ex• 
arni>le, an clectr.on with n = 1 (the first Bohr orbit} can have only / = 0 and 
,n = 0 acaofding LO Eq. (2~46), bllt there !\T'e two spin states allowed from 
Eq. (2-47). For o = 2, I can be O or l, and m can be -1, 0, or 1- l. The vari-
0 1.1.o; allowed c·ombina tions of-quantum num'ben appear in the fi rst four 
columns o[TabJe 2-1.From th.ese combinations il is apparent that the elec~ 
min i:n a hydrogen a1om t"lln occupy any one ~fa large n umber of exwted 
stalt:S .inaddilion to the lowest. (grour1d) state ij,100• Energy diffecenc.es be• 
t"'een tbe variou.~ states properly ac<:oum for the observecl Lines In 1he by­
.dmgen spectrum. 

2.5. 2 The Periodic Table 

Tue •tfUatttum numbers discussed in Section 2.5.1 a.rise from the solutions to 
the hydrogen a tom problem. Tuns 1he e11ergies obl.a.in,able from the wnve 
funclfons are unique to the hydrQgen atom and ca.nnol be extended to more 
complicated Jltqrns wiLhout apvtoprla te al terations. H-0wever, the quantum 
number setection rules are valid for more cornplkated structures, and we ean 
use these rules lo gain an understanding.of the arrangccmenl of atoms in the 
pedotlic table 1)f chemical elements. Without rh'&.1e selection rules.it is diffi­
culno understand why only two electrons fit (nto the first Bohr orbit of;in 
atom. \yhereas eighr el.ecu:ons· are. allowed in the ~.eeelid orbit. After even 
the hrief discussion of quamurn numbers given i1bov.e, we should be able to 
11nswer these questions ,vilh mote insight. 

Before discuslillJg the periodic table, we must be 11w13,re 0f an im­
portant principle ef quantum theory, the Pcmli ex.clusicin print /pie. This 
ru.le states I.hat no two electrons i.ti an int1:1racting, system5 can have the 
$amc set of quantum numbers n, I, m, s. In other words. only two elec­
trons can have the same three quantum aumbers n, /, m, and those two 
must lmve oppo!<ite spin. The importance of th is principle· cartno l be 
overemph11Sized; it is ba'sic to tbe electronic str.uctw:e of all atoms in the 
pedodic table. One implication of this princil?le is that by listing the var-
10us combinations of quanlurn nu.mbers, we cun determine into wluch 
$hell ea.ch electron of a compll:cate:d atom fits, and how many electrons are 
a.Uowed per shell. Th.e quantum s tales summarized in Table -2-1 ca.n be 

'An lnfeiocUn9 ,y,lep, r, a •Y•••m lr1 whro!, oleo/roil Yiove flm<lions ove,fcp-m ih1s casq, an olo,n wllfi 
two•or n,ore e,l9dton.1. 
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Table 2-1 Quantum numbers to n - 3 and allowable sta°fes for the electron In o 
hydrogen atom: The first four columns ihow the va rious complnotfons-,of quantum 
ntJmbers allowed by the selection rules o f Eq (2--46); the losl two columns indicole 
the number of allowed sloles (combinations of n, /, m, and s) for e:och / (subshelll 
and n, (shell,, or Bohr ol'hil), 

Alfowablt stales· Allowable slates 
II I OI sit! in subshell in coJnpleh, ~b.U 

l 0 0 :!: ! 
1 2 2 

2 0 0 .=l 
~ 

2 

I -j ..., 1 
-i 8 

0 ~!· 6 
? 

1 +.!.. -~ 
3 0 0 + I 

- i 2 

1 -I =! 
0 .., 1 

- i '6 

I :!:! 

1 - 2 ::i: l 
2 

Ill 

- I _ l 
-'-i 

0 +l 
- i JO 

I .... , 
-~ 

2 ~·i 

'Used co indicate the electro,nic configurations for atoms in the lowest en­
ergy state. 

In the first eleotfl)mc shell (n = 1), I can be 0nly zero since the-max1-
mil.n1 value of / is always n - l. Similarly, m. can be only zero sfuc.e m runs 
from the negative value of I to tbe positive value of /. Two e:!ectrons with 
op,p(').site spin can fit in this ,~100 state; tbercfo,rc, the fir~t shell can have a\ 
most two electrons. For the heHum atom (atomic number Z = 2) in the 
ground state, both electrons will be in tbe tlrst Bohr or)?ii (n = 1). both \vill have 
I = 0 and m = 0, and they will have opposil:e spin. Of course. one or both of 
the He atom electrons can be excited tQ one o-C the higher energy sta:res of 
Table 2- 1 and subseqt1ently relax to the ground state, giving off a photon 
chara.cteristic of the He spectnun. 

As Table 2-'l indicates, there can be two electrons in the l = 0 subshell. 
six electrons when / = 1, and ten e lectron:; for I = 2. The electTonic con• 
figurations of vanous. atoms in. the periodic table can be deduced from tlus 
list of a.Uowed slates. TI1e grqun,d st~te el.e~tro.11 structures· for n number of 
atoms are listed in Table 2-2. There ls a sl:mple shorthand notation for 
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Table 2-2 Electronic configurolions for atoms in the ground 5lole. 

n =l 2 3 4 
-1~ 0 0 l 0 ), 2 0 1 

Atomic l s 2s lp Js 3p 3d 4s 4p 
nun.1bt!r Etc.-

(Z ) mcnl Number of etectrom SbprH1nnd nqt~1lon 

J t·l 1 ls 1 
2 He 2 •l•s2 

3 Li l 1 .. 2 2 ; 1 

4 Be 2 Iii: 2$ 2 

5 8 2. L t s-2 2s2 lpl 
6 C he'liom core, 2. 2 l s2 2_s2 2p2 

7 N 2 clec_l(OO~ 2 J I s2 2sl 2p 3 
8 0 2 4 1-s2 2.1,a 2p' 
9 p 2 :; Lrl bl 2,,, 

j '() Ne z 6 1.v? is: 2p6 

Lt Na I [Ne) Jsl 
12 ~ 

2 w 
LS 2 l 3s1 3pl 

l4 Si llt!Ofl CUrt1'. 2 2 J.t7 Jpl 

LS p 10.ctactrons 2 3 ·3s2-:Jp 3 

16 s 2 4 3s2 3/J' 
17 Cl 2 5 3s1 3p!J 

18 Ar 2 :6 3.,2- 3p6 

l9 j,; I [AIJ 4s l 

'20 Ca 2 4t! 

2_! Sc 1 2 3dl 4$2 

22 Ti 2 2 3 ,12 4s2 

'2J V 3 2 3 ,1,1 4,.v l 

24 Cr 5 I 3d~ 4s1 

25 Mn 5 2 3d} 4s;2-

u. Fe 6 2. '3d6 ,1-s-2 

27 Co argnn core. 7 2 3tf.7 4s l 
28 Ni J8 cleCl f(lfl,~ 8 2 3d• 4~-'2 
29 Cu 10 1 JdlQ 4sl 
30 Zn JO :!. JdlO 4 8 2 
31 G>l 10 2, 1 Jdl0•4_,2 4p' 
32 Ge .10 2 2 J,JIQ 4sl 4pl 
33 As 10 2 3 3J10 4sl 4rfl 
34 Se 10 2 4 3dl0 4~ 4-p' 
3:i i3r JO 2 5 3if l0 4s1 4p.S 
.36 Kr to 2 6 3d1Q 4$~ 4p~ 
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electrtmic structures \Yhich is commonly used instead of s.uch a t'able. The only 
new convention to remember tn 1his notation is, the. naming of me / val.ues: 

l=0.1.2,3, 4, .. . 

s.p. tl.J:g . .. . 

171is conventlon was created by early s_pecLr~copistswho rclerr:ed to 
the first four spectral groups as sharp. principal. diffuse. and fundamental. 
AlphabeticaJ orc!er is used beyond f. Willi ~his conventiq[) for /, we can write 
an electron state as follows: 

,6 electrons in the 3p•subsJ1ell 
/3p6 

(11 = 3) Lu=i) 

For l!1ta;mple. the to ta.I elect\·onic configuration for Si (Z = 14) .ia the 
groui1d stale is 

We notice that Si has a closed Ne configuration (se~ Tablcf2-2) plus four 
electrons in an outern =- Jorbjt (3.\.?3p2). 11,e.s<;: ate the.rout valence elcclrons 
of Si: two valence electrons are in. an.s state-aud tv.•o are in ap stale. Th.eSi elec­
tronic configuration c;an b.e wntteo, [Ne]3.v23p2 for conveoience, since the Ne 
i::onfiguralion ls22r2p6 forms a closed shell (typical of the inert elements). 

Figure 2- 8a shows tile orbital model of a Si acorn, which hmu1 Dll<:leus 
coosisting or 14 protons (v.itb a charge of + 14) and neutrons, 1.0 core. elecu:ons 
tn shells 11 = 1 and 2, and 4 valence electrons in the 3s and Jp subs.hell~. Fig­
ure 2-8b sh.ov.-s the energy levels oft.he varim1s electrons in the coulombic pci­
tentlal well oI thentrcleus. Since unlike charges attract c.ach qt.her, there ls iin 
attractive potential between the negati.ve-ly charged electrons and the p,,s,­
tiv~ly cl,arged ntlclell6. As indicated In Eq. (2-36), a Coulomb potential varies 
as Llr as a function of disiance from the charge, in this case the Si nucleus. 'The 
potential ~Tiet&Y·&radually goes to zera when we approach infini1y. we end up 
getting "partlcle,in-a-box"states for these electrons in this pot:entlal weJ~ as dis-
0U$Sed in Sedlon2.4,J and Eq. (2-33), Of cours~ in !,his case the shape of i.he 
potential well is not rectangular, as.shown in Fig. 2•5a, but coulombic. asshown 
in Fig. ~8b.1l1erefore. th<;: ene.rgy levels hav.e a Ionn closer 10 those of the H 
atom as shown in Eq. (2-15), ratht:r than in Eq. (2-33). • 

If we s·ofve the Schrodinger equation for the Si atom as we did in Sec_­
tion 2.5.l forthe H atl)m, we can get the radial ruid angular dependence of tbe 
W&\iefunctfons llr "o;rbila,ls" of !hei:leoi..0ns. Let us focus on the valence shell, 
n = 3, where we have 1.1,,,0 3s and two 3p e lectrons. It turns out that Lhe 3s or­
bi tal Is spherically sym\De:tric with no anguJat dependence, and is positive 
cvt:rywhere. Ir can hold 2 electrons with opposite spin according to •the Pauli 
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Electronic slru.clµre .ond energy levels in o Si olom: (o) The o[bitol mc;,del of e Si atom .showing the 10 
core eledrons (n = 1 and 2), ond the-A valence electrons In = 3); jb) energy lev.els in the coulombic po· 
lenttol of the nud eus ore also shown schemolicolly. • 
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l 

r 
II Py I/ x (sp:') hy6.rid 

ptfociple. There are 3p-mbitals wbic:h are·mutµally perpendicular. Tbese are 
shaped like dumbbells with a positive Loee and a negative-fobe (Fig. 2-9). The 
'3p subsb:ellcan hold up to-6 eleclnms, but in the caseot Si hai.-only 2_. Inter­
estingly, in a Si crystal when we bring indivld1.1al atoms very close together, the 
.i:- and p-erbit.als overlap so much that they lose their distinct character, and 
.lead to four mixed sp1 orbitals. The negative :part of the p orbital cancels lhe 
s-type waye.fU11ctiOll, wblle the positive part enhances !t, thereby leading to a 
"directed" bond in spac.e. As shown in Fig. 2--9, these linear combinacions-of 
olomia orbitals (LCAO} or "hybridiieit' sp3 orbitals poi,nt symmetrically in 
space aiongthe 4 t-etFagonal dlrections (see Fig. 1-9).Jn Chapter 3 we shallsee 
that tlwse ''direi;led" c;bentital bonds are1esponsibJe(or the. te~gonal clia­
n\ond or zinc blende lattice strue,-ture inm.ost semiconductors. They are also 
very important in the ~ndemanding of eoergy bah~, and in the conduction 
of ch1ugcs iu lhese semiconductors. 

'Ihe colwnn lV sen:riconcluctor Ge.(Z = 32) has an electronic strUCUh'e 
similar to Si, except that the four valence ele.e-croos are-outside a dosed. n = 3 
shell. To~ the Ge configuration Is [Ar] 3ai04s-24pi. Tbci;e-at~ several case~ Jn 
Table 2-2 that do not follow the most straightforward choice of quantum num­
bei:s. For eX3JnPle, we notiae that irLK (Z·= 19) ,lJld Ca (Z = 20) lhe 4s sta,te 
is filled before the 3d state; in Cr (Z = 24) and Cu (Z = 29) there-is a transfer 
of aq. electron back to the 3d $tale. 'These exceptions,Iequired by minimum 
energy coo.sidewtions,.are discussed more fully in most atomicpbysi.cs texts. 

:u .Lo classical physics, mntter (includu1& eleotrons) was described as partiales by 
Newt~nJari mech,inil:,s, wMe light ·wude~cribed ai. wav~s. consistept with phe­
nomena sucb as uiterl'ereoueand cll{frnction of lighl. 

2.2 Phenomena such as blackbody radiation· and the photoelectric effeet forced 
Planck and.Bjns_tein to in,ti:oduce a particle aspect lo.light (photons). Analysis 
of atomic spectra then led Bohr and de Broglie to analogously inttaduce a 
wave ilspeaJ 10 wuaromic parricles suc.lus electrons. 11bis led io a wav11c-partide 
dua/uy ~d-a quimtuin med101llcnl description of It11ture by Hei~enbe'& and 
ScbrMl.nger. 
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f.igure 2--9 
Orbitals in a Si 
otem: Tho spheri­
cally syinrpefric 
N-s• type wave 
functions or or­
b,tols ore positive 
everywhere, while 
the three rnUtually 
perpendi(lulor 'tp 'r 
type orbitals jp,,· 
Py, pJ ore du-m~ 
bell shaped and 
have o positive 
lobe and a nega­
tive lobe. The four 
sp3 "h,ybt\dized• 
orbitals, only 
one·of ~hich is 
shown here, point 
symmetrically in 
space and lead ta 
the diamond lot­
iice in Si. 

SUMMARY 
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PROIILEMS 

2.J lb !litderst.trrd how eleotrous move in s~icoaducror devices or .interact ,v 
light, we m::ed to determine a complex wave ·[unc1ion of the electron. The wa1 
-[unulionhas 10 be ,mat~en:iatic:ajl,y well behaved, coru;lstcnt witb the imerpn. 
tation that the wave functiori magnitude squared is the probability de.risity 01 

£indlt)g the elec;trori iri spate nrid tin,e. 

.2.4 We get tlkwave ruoctinn by solving Schr:t\dinger's time-d.epeadent partial dif­
ferential cquatiOI\. The application of bo1111dory co>idirions (the poteotial C}lergy 
prnf.ile) allows certaiµ (proper) elge11fii11c1io11.r as valid solutlon.", wit~ cprre­
spor;ding eigeneJ~rgfes, dct-emuned byallowed·quantum 111,mht r.1•. Result~ of 
physical measuremei:1ts ai:i; no longer</eremtlnfstic (as 111 claS!:iCal mecl\lln.ics), 
but proboblli.vtic, with an ape.i:tarion value gjven by nnavllrage using the wave 
function of appropri:ate·guao-mm m~cbankal op~ators c'or~Ondirtg io~phyS­
ical qaanti.tie:s: 

2.S Applic,,tion o!these principles to the simpte,n at0m (H) introdtices.four qunn• 
nm1 oumbers-n. I. tn, <)Pd s. whicl. are ,;-ut,jcct 10 apptopri:1-te quanlllnt ooe­
obanicol rules. Ex.trapolatiog ,hese ideas to more complicated atoms such as 
Si leads to the idea of eleetro1Jlc sttucture~d the perlodia tab/11,if we apply the 
Pauli exclusion pri11cJple that one can haveo m1111lmun1 oCone e.lec1ron for o.n.e 
set of the$e quantum munbe;:,; 

2.1 (a) Sketch a .simple vacuum tube device aod the as.~oc.lated circui try for meo• 
surirrg E,,. in the photoulec(ric cffe.ct el(J)etime.ni. The electrodes can be 
placed in a scaled glass envelope. 

(b) Sketch the pbo1ocu:rrcnrl vs.;retarding voltage V (hat you would ei.l'etno 
me115ure Ior II giveA clec'l.rodenurteriol and configuration. Milke (be s~etch 
for several lnteoslues of ligh1 at a givc-n wavelength, 

('c) The work fwtction of platinum ifi 4.09 eV. What retarding poten.nol will be 
,<.>,quired to t edu1,e 11te pltotocurrent 10 ze!'o iaa photoelectric expc,-iment 
with Pl clectTOde:s if the wavelength of incident ligbt is 2440 A 2 Remem­
ber that an energy of q<I> is lost by each clecLron fu C$caping lhe ~'UI(m:c. 

2.2 Sh.ow thanhe-Lhird Bohr i:1osmlats, Eq. (2-5), is equivalent to an integer num­
ber or de Broglie waves ulting with iu the ci.rcrumference 9f a IlohT circular tn-bil, 

2.3 (l.l) Sllow that tile various Jmes \D Hie hydmten specinun cqn be expressed hi 
angstroms ns-

9110101. 

>-(Al=-.,--,. 
o- - nr 

v.-bere n, ; 1 for l he Lyman·scries. 2 for the BnJmcr s<.,rics, and J fot' the 
Pas~eivseri.:s, 'llie ill\cger n is /~er lllan n1• 

( b) Calculate >. for the Lyman series to, n = S. the Ba.lmerserles to n = 7, and 
the: Pase hen -series to n = l 0. Plot tbe results as Jrt Ng.. 2-2. WJ1at 11re rhe 
wavelength limits for e,aoh. of the thre~serie:;'.? 
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2.4 Sb:ow that the catoulated Bohr expn:sslon ior frequeru,y of emitted light irl 
the b.ytlrogen spectrum, Eq. (2"-17).corresponds to the experimenta.l cxpr,es­
sions. Eq. (2~3). 

2.5 (a) The position or an electron is. determined lo wilhln l A. What is tb,e mloi­
mum uncertainty in its momentum'/ 

(b) An electron's energy, is measllfed with an µm:ert.alnty c,,f 1 cV. Whal is 
.the minimum uncertalnty·inthe time over which the cneasurem.eot was 
made'! 

2.6 What is Ote de Bro~ie wavelength (in A) of-an olcctron at ii~ eY} What is the 
wavelength for ele~trons at 12 keV. whidl lstJplcal of electron microscCipeli? Com­
pi,ring t.l:iis to v~sible .light, comment on tbe advantag~~ of electron microscopes. 

2.7 A sample of radloactiv.e .marcrial undergoes decay rucb that the number of 
atoms N(t) remaining int.he 'Unstable state at lime I is reluted to l11enumber 
NQ at r =·0 •by the relation N(t) =N-0 exp( -c/.r). Sbow that.,. 1s the average 
lifellme (1). of:~ atom in the unstable sfate before it spontaneously decays. 
Eq-oation (2-2lb) Clln be used with r subsfd:uted for x. 

2:8 We dclioe·a-potentfal well having energies V as·a funcuon uf position x, as follows: 

v = "'for ;t= -()Snm to O;V = OeV for x = OTO 5<nm;Y= 10 eV ror x = 5 
to 6 nm .. and V = 0 for .t > 6 nm and x < - 0.5 nm. We pm an electron w.ith 
ener_gy '7 eV in Lhe region x, beLween O and5 nm. WhuL is Uie prc1babili1y of 
finding the electron at x < 0 nm? ls the probability af f.ii1di:ng tbc electron at 
:r > 6 nm ie.ro or nonzero? What is this probabiHty for x > ~ nm if the elec­
tron was described 'by dassical mechanics 8.Ild not quant.um mechanies'/ 

2.9 An. electron ls deson'bed by a plane-wave wave fum:t,on ij,(X,f) = Aei<1°'1<'~-41l. 
Calcul~te the txpectalion value of a.fu~ti.on define.d as (4J1/ -r Zp;+ 7 £/m). 
where mis the mllSS. of the electron.p~ and p, ate the x and z components of 
momentum., and Eis energy., (Give-valullS in terms of the Plllnck 0011.51:!\nt,} 

2.10 A part.icle is trapped in the.ground state (lowest energy level) ofa potential wen 
of 'itidth L To unde111l(lnd how the particle •is localiied, a OO!fililon measure is 
the struitlarddevintion ru- defined by .c).x = Y(r) - (x)l , wher.e (xl-, arul ~") are 
tbe eitpeotatjon values of;¢ and x, re.~pelltively. Find the w1cer1:t't inty A.tin the, po• 
sition of the panicle in tenns of leo_gth L and estimate the minimum uncertAinty 
in 11\e momentw11 or th~ pliltiole, using the Ffe~ertberg.uncenaimy principle in 

terms of Land the Planck's constant /1.tJote: 1 1.Lx ( sln 7 Yd:(= 0.SL and 

f fo\; ( sin 7 r d.r = 028L. u 

2. 11 Calculate the first lhti;e ~e:rgy li!Vt1ls Jo.r a:a electron 111 ~ g1rnnlUl)'1 well of 
width 10 A with infinlte walls. 

2.12 'Schemntica.llyshow lb.e number of electrons in lhe vilrioussubsh'e!Js ofan atom 
-wl1h llie electronic shell s\tl)ctut~Js1ll2p◄ and an a\omic -y,eigbt oflt. Indi• 
cale how many proturu; and 11e.1,trons lhere are in the nucluus. Is this atom 
chemic.ally reaqtive, and why? 
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SELF QULZ. Question 1 

Decide whether each of.the f91lowingone. dimens!Qrilll func.tions defined between the 
limits X approaches negative infinity ana X approaches poshi:ve infinity is an allowed 
q11antum mechanical wave function (circle one answer in each case): 

l . ,J,(x) "' C ior - lal < x.< la.I; 'fr(x) = 0 otherwise 

2. 'ft(x) = C(;;-•1• +. e.-"•) 

3. '¥(,r) = C exp( - r /!111) 

where both C-an.d a Are nonzero and finite consi-ants. 

Qu.1!$tfon 2, 

CorJ.sider tl)e finite potential well s)re:tched below. 

(:; 

l 1 
I X 

x = - a ,t = q 

allowed /·not allowed 

allowed/ not allowed 

allowed/ ool allowed 

E = leV 

c =0eV 
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1. Can the nfeasured value or a11a:rticle's energy in the well~ 0 eV'? 

2. 'If the particle·bas' an energy of£< l eV, can the measured value of th.e parti­
cle's pesition be Ix! > a? 

Q11es1ion 3 

(a) For a partiole in the following potential well of minimum potent.i'alenergy equal 
to O eV. could .the.ground ~lace eigenenergy /I1 of tne particle be equal to zero'/ 
CircJe one choice below. 

yes I no I r:101 enough informatiun provided 

e.nergy E 

poienlial V(r). 

(b) Given tire Jrd and 4•JL most energetic eigenstates of energies ,15 shown above, is 
it possibie under any circumstances ttiat the·expectalion value of the particle's 
energy.could be exactly 0.S(E, + E,).'1 (Do not ·assume the particle is in an en­
ergy e igenstate.) Circle one choice below. 

Jt:!f I no I "01 enough i1iforma1ion pl'(1vided 

(c) Consider t)le foll.owj1Jgcon/i1111011s,smb0th,and nomia/lzab/lwnvefunctlon \fr(.:r). 
ls this wave function an allowed quantum mechanical wave function for a parti­
cle (currently) above the p.otentiai V(x) or part (a)? (Cfrcle o.nc.) 

yes I no I can't tell 
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Quc.sHon 4 
C011.$iderquant\JJ1'1 mecharJ.ical panicles. inciqen1 .from the left havi'Qg weJ l-defined 
energy-,is indicated by lhe v.ertical pooltioru; of the arrows. in_ the two s~tem~ sl\own 
below, Will ~he p~ol;,a~1ility. of being refk,cted be greater fQr the incid.ent partiole in Sys­
te.m I than for the incld.enl J>ilTl ide in S}:st.em 2'! Circle nnc cboice bt<low. 

yeti I tw I rtOI enough i11formotio11 provided 

{JOWl/iftl V(.r). fJ<l!{'nrinl V(,T) 
~-- -~ -

Sys1ern I 
(narrow b,gh potcntml l,~rric r) 

S,vstcm Z 
(wide IO'!N. pvtuQlinl b11rrH.lr) 

Question 5 

Suppose five preci,~ me,\surcments w~r.: mu.(le Qn \I particle. in rapid su~ssiOTI,$llch 
lhal the 1imc u.vo.lution of r.he p~1'uclc w~ve fUJ1ction //111wee11 m,;asuwmo11ts could t,e 
neglected, in the following order; (l ) po,5irion. (2) momentum. (3) momentum. (4) po­
sition. (5) momentum. If lhc rc~ults of 1he fir.-1 f.wo mc_asurements ,vcre x., a11d I'.-re­

spectively. wh;11 woulcl be the rl!sultsufthe nexrlhr<!C measuremc_n1s (clrcl~one each)'1 

Question 6 

rnensuremenl (3); momen1um 

meas11remenl .( 4): pos:ition 

rneasll.l'e111en1 (S ): momentum 

p.l unl<nown 

x0 /1mlmown 

p~/unknown 

II tilt: pbot<lclcctric effee1 were goveme.d by classical p~ysics rather tl1an quantum me­
el.Ulmcs. wJiat weuld be resu lt <>f the following experiments: 

ta) By cbaog)ng the intcns[1y of'1he incidem rndmtion. whet would happen to the 
e1JCf'gy and nl,!mber of cjc~red ·e1c:c1rons'l 

(b) How ab9ut cl'Ulnging the fr,equcncy of the light'! 
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Chapter 3 

Energy Bands and Charge 
Carriers in Semiconductors 

OBJKTIVES 

1. Ur,derstcan~ conduction qnd valence en~y ~and$., ond f.i.ow 
lkmdgof.s o~~furmed 

2.: ApPree,otrf the ldf!9 of d'c!pi119 in seml<'.g~dycfo,rs " 
3. Use the·density of slples and F.ermi Dli-oc: $lofi~tics~ IQ colculo\e cofner 

concentrdl~ns 
4. e ok;JJlote drlft curreots- irn an electric fi11ld in lerms: of cerrier mobilily, 

ond hoW inobilt!)' tS\o~tei:11:Sy sto~ir\g 
S. bis~ss the ideci .Qf "eff~e!!: masses 

la this ch.apter we begin to di$cuss tl1espeoific rnechanisms by wbich cumlnl 
nows in a solid. l n examining these mechamsms we shall learn why some 
IJlllteriaj,s are good conductors of eletttic current, wberea$ others are poor 
co.o·ductors. We shall see how the conductivity of a semiconductor can be 
varied by c:lu11;1ging the tempefature 01: the 1IUIITC1er of.impurities. These fun­
·ctameJltal concepts of charge t ransport form lhe basis for laier discussions of 
solid Slate devjce beh;i.viQ.r. 

ln C[ll:lpter 2 we foi.rntl tl111t eTectrqm; are restricted lo set~ of dftcrnt~0 encr­
gy levels within atoms. Large gaps exist in the energy scale in which no en­
ergy Sliltes are available.1ua si1J1ilar fashion, electrons i,n solids are restricted 
Lo certain energies and are nm allowed al other energies. The basic differ­
ence between the ~e er ru1 elec:troJJ in a solid a)ld that of an electTon in an 
isolated atom is that in the solid the electron has a range. or bam/, of avail­
.able energies. The d~erete =rgy levels of clie isolated atoril spread into. 
bands of energies i n. the solid because ln the ·solid. the wave functions of 
electrons.in neig;hborin!l. atoms Qver.(ap,and an electron is not necessan1y ki­
calized aL a particular a'l()ll't Thus, for example; an electn)n m the outer orbit 
of one atom feels the influenqe of nelgbhorlng atoms, 11.nd i1s ovenrn wave 
funttion is altered. Natur ally, this influence-affects lhe potentW energy term 
ano rhe bou.nd;rry conditions ia tbe Sclirodfoger equution, an(} we would 

3.1 
BONDING 
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Figure 3- 1 
Dlfferenl types of 

chemicol bonding 
in solids: fo) on 

example.of ionic 
bonding in Nod; 

(b) c.ovolenl 
bonding in 1he Si 

crystal, viewed 
olo.ng o < l 00> 

direcMon {sece 
also Figs_ 7 -8 

and 1-91-

expect te obtain cillferenl energies in the solutien. Usually, the influence of 
neighb0ring atoms_Qn Lhe energyjevels· of a J)IIIticular arom can be treated 
as a small penurbatio~ giving rise to shifting and splitting of energy states 
into energy baa:ds. • 

3.1.1 Bonding Force$ in Solids 

The interaction c;,_f electrons in aeigl1bqring atoms of a solid serves the very. 
important function of holding the crystal togetlJer.For·example, alkalihalides 
such as NaO are typified by ionic bo11dlng, ln the NaO Janice, each Na atom 

(a) 
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is i,urroundeq by six l)efil"G.!it neigh bot Cl atoms, and ·vice ,1en;a, Fout·of th~ 
nearest neighbors are evidemin the L wosdimensional represenmtion sh own 
in.Eig.3- .).a.The e)cu .. iro¢csq.u.cture of:N13 (Z = ll,) is j;Ne] 3s\ 11¢ Cl (Z = .l7) 
has the slructure [Nel3.r'<3p-\ In the lattice each Na atom gives up.its outer3.r 
cle1=tron Lo a Cl a1.om. so th!)t, the t;r}'Slal is. ma!ile up oUqns ,vith the dectronl.c 
strnctnte.s• of the uren atoms Ne and Ar (Ar has the·electronic strocture 
[Ne]3.r3p6).H owever, the fo1\s have net electric cba.rgcs-after the electron ex­
change. The Na· ion has a net positive charge. haying lost au e-kctron. and 
tile c 1- ionJms a 11 e'L negaLive chJlrge, bi;i.vlng gain.ad an e!edron, 

Each Na+ ion exerts an electrosratfo attractive force upon its six d­
oeigh bor.s, l\11tl ·,<i_ce ve~a. These co.ulombic forces pull the l.atrice together 
until a balance is reacheu with repulsive torces. A reasonably accurate •c:al­
~lation of !he atomic spacing can'be made hy cons.idering the ions a$ 'lvrr-d 
spheres beirri atlracte.d together (Example 1- 1). 

An jmporl.int ol:is.erva1inn in the NaCl stni~ure Is that all electrons 
are tlg,hDy bou.nd to atoms. O nce !he electr~n exchange~ have been made 
between.iheNa and Cl atoms to fqrm the T'fa 1' and c1- ion$, the outer omits 
or all atQIIiS llfe comp.lctely ffik:d. Smee the ioM have Iha closed-sheh con­
figuraUom,·otthe inert ,i toms Ne and Ar. there are no loo:;ely boUfld eledmns 
ro par.tic.ipl'lte in current now;• as a result, NaCl is a gcJc)d irt<;ulator. 

ln a .i;netal atom tbe outer electronic she11 i!ionly partially filled, usual­
ly by no mor~ Lhan thrc.e electrons. We have already noic•ct that lh~alkari me1-
ill~ (e.g., Nu) bt1ye qoly one elect:ron lo the outer otbi1 . This eJ1;:c,:ro11 .is lpo$ely 
boun.d and L'i given up easily in ion formation. l'hilnu:coucits for the g;re&L 
chemical ;.ictivit,y In the alkali metals, as well as for tl1eiT hl.gh e le.ctrfcl\l con­
ductivi\y.ln the metal lhe outerelectton ofeach alkali atom is eont ri.bil tecl to 
the crystal a15 a whole, so lbat the solid is made u.p of ions '"'.itn closed shell~ 
immersed io a sea of free ele<: lr9ns. Th1i fortes holding the lauice together 
arise !roman inter.action betwe1.m 'the posi p\le ion cori::s and t he surrounding 
free eloc1r0n~. This is one IJpe 9f melullii: bon'tiii1g. Obviously, there are t:UJ'JJ• 

plio.ated dUie.enoes in_ the boncUng i(;)rces for various met.tlls. as evidenced by 
Ute wi'diii• range o[ melting li?mperatures (234 K [ur Rg,3643 K_for W). Howev• 
er, the metahi..have the 11ea ofclectraos in co.mmon,;md ih&-e electrons11re 'free 
to mo¥e aboot· tHe crystal under the influe_ntc; nf an.c;lectric field. 

A thTTd type oi bonding is ,exhibited by the diamond ll!ltic-e semicon ­
ductors, We recall tha t each iLIQnt in lhe Oe, Si. or C di'!unomJ lallite is ~ur­
rounded by four neares.1 no.i;gh bars_ each wl th tbu.r el!;lutrons In the a u ter orbit. 
to these crystals each atomsb(lres its vali;nce electrons with irs rournei~bors 
(fi,g. 3- 1 b), Bon.ding between neuresL nei~hbor atoms i:i illusLfated in the di­
amond lattice diagram oi' Fig. 1 ~9. The bonding forces arise from a quantum 
n\eohanlcal lnteractlon betwetin the shared elei;trorn1. Thi~ is ]cn(lwn as ~·1111(1-

leru bon(:(ing: eacb electrc,n pair consrhu1·e5 a covalenu buntl. In the sharing 
procesa it is no longerrel.:vant tQ f!Sl;. which e.lectrQn ~t:iongs lo a pacticula.r 
arom-botlibelong ro the bond. th!! 1wo t?lcctrons are iodisti11guislmble. ex­
ct_pt tli11t they TiiUStli'clve oppositi:: spin 1u sads!y the Pnuli el<clusion pr.ind pie. 
Covalent bo□dinl);is, also fourid ill C1:.rtaln molemles,such a$ H1. 
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As in n,e ca e of tlte ionic l'irystals. 1,10 Cree elecu·ons.,are available to 
the latticl! in the eov.aJent, diamond structure of Fig. 3~ lb. By this reasoning 
Ge and Si should also be insulators. However, 1vehave pictured an ldeallze.d 
loHice at '(J,K il, this f.igITTe. As we shall see in subsequent sections, an elec• 
iron can be thermally or op1ically e,ccited out of 11 covalent bonu.and Lht!te• 

by necome free lo pattlclpatl! ineondu.cliqn.Thi:; isaa iinportnnl feati.1re .of 
semic.onducto~ 

Compoundsemiconductors such as G-a.As lla,ve mh.-i:dbonding, in wh:icll 
both ionic Bltd covalent bo11dingforces participate: Smnc ionic bo11cling is to 
bf! expec1ed in 11 crys~l such -as GaAs beCJ:11,1~e of ~he diffe1en·r,:e in pJace­
me.nt of the- Ga and As a1oms in the periodic table.111e·iomc characier of 
1 be bondi!]g b!!comes.more important as the,atoms of I.he ·compound become 
furth.erseparared Jn the-periodic talile. as io lbe IT- v.t c0111pounds. S1.1ch elec­
lronicslr\lClllTC, amd speoilicalfy the id'i:i» t.hal the outern10~t valent:e shell is 
cvmp/ete i£ it has a s1able·set of ejght eleetrons (Ne,Ar, Kr), 1s the basis nf 
most of c:hem~t.ry and.many ofthe se.micond~tfpg_ prope.11ie~. 

J .1 . .i ~nergy Bands 

As isol.il.l.ed atoms are brought t()gccher to form N snlio, Yarious i nteraction~ 
occur between neighboritig aroms. includfog Those described io the preced­
ing secfion.11te force)'; of aitn1cti1>n t1nd repulsioo between atoms will find:a 
balance at the proper interntomfo spacin_g for the crystal. In the process: im• 
portant cl'tanges occuri□ the clt:cu-on energy level configurations, and these 
changes.result in the varied electrical properties of solids. 

In Fig. 2wS. we slloWed Lite orbit.al model t>f a Si atom. alo118 with the 
ene:r$}' lev~l:s- of the various e lectrons in the coulombjc potential wdt of 
rhe nucleus. Lei us focus on the oute.rmost licll.or vlllenC!!'Shc.ll n = .31 wl1cre 
nva Js·aud t.wo 3p elec.troQS inierac-i to .Corm the f<Jur .. hybridized'' spJ elec­
trons when the nto111!\ nre bt0\1gh1 close ltigethi!l'. ln Fig. 3-2, we schemat-
1c.illy s lJow the coulombic p.oLentiaJ wells (lr two al oms-close lQ each atber, 
aloug with Llie wave functions of two electrons centered on thenvo1111c1ei. 
.By solving th'e Scln'oding;er equarioa for such an interacting system, we find 
1ht1.t Lli'e tomposi re two-elec1rm1 wnve functim1s are /m(ttl,r combiJJariorrs of 
thti individual arorrih' Clrl>irals lLCA:0). Toe oqd or a111h;ymmetric combi­
nation is called the anti bonding orbital, while the even or symmetric com­
b.i"na.tion: i~ the t1on.dµi.g orbital. It can be seen th!!L llie bondfog orb,ital has 
a higher value. of the-wave ru.ncrion (and therefore the electron probability 
qeusity) tbo-n Lhe 1mt(bonding suite ftt the reg.ion between the twoJJucle'i. 
Tb.is corresponds to tlic co.va!ent bond between Lhe ittorns.. 

To-determine the energy levels of the bonding ~nd Ll\e ·airu.bond!11_g 
states. -it is important to recor,nize th.al in. the tegion belween the two nuclei 
(h.e ooul,ombic pc1le111itd ene;rg;Y V(r) iidc)w~rt!d (.50Jid line irn Fig. 3-2) com­
pared ro is.ol.ated atorns (dashe-dlines). Lt is easy te1see why tbe potential eo.• 
ergy would be lowered i.n this region. because:an electron here would be 
altract©d by two 011c!ei, rather than just one-.For the bonding state the electro11 
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Figure 3-2 
Uneor .combinalion.s of, atomic orbJtols (LCAO): 'The. LCAO when 2 atoms ore brovght together leads lo 2, 
dlslinct "normol" modas-d higher energy onti~o'1dio9 orbital, ond o lower EH,ergy bonding orbital. Note 
t¼\01 the elllciron p(obobillty den~lfy Is high In the region between the ion cores (covalent "~nd1'l, l09din9 
to. lowering of the bondin,g eriergy level .and the cohesion of the c:rys.lol, IF instead of 2 atoms, one brings 
together N oloms1 there will be N distin.ct LCAO

1 
ond N dosely .spaced energy levels in a bond. 

probability density is higher in this region oflowered potential ener~y U1an 
fot tlle antibond.ing state. As a resulr, the originru isolated a.tomic energy 
level wouJd be split into lWO, a lower bonding energy level and a higher an­
tibonding Leve!. It is• the lowering of the energy of the bpnding state t~at 
gives rise to cohesion of the crystal. For even smaller interatomic spacings, 
the energy of the ctysc-al goes up oeC/ltise of repulsion between the nuclei, 
and other electronic interactions. Since tb:e probability density-is given by tlle 
sq\Ulre oflhe wav.e fu:nctiou , ifthe.eruire w.avefttoclion is multiplied by -1, 
it does :oot lead to a differen:tLCAO. Toe imponant poi11t to note in this dis­
cus~ion ls !bat tbe number of distinct LCAO, aria the number of distinct en­
ergy levels, depends on the number of atoms that are brought logelher. Toe 
lowest ener,gy le:vel oorrespo.nds to the totally symmetric LCAO. the bi_gliest 
conesponds to the totally ·antisymmetric case; and the other combinations 
le.i.d to e.n.ergy levels in b.eiween. 

Qualitatively, we can see (hat as atoms are brought together, the iw· 
plication of the Pauli exclusion principle becomes imponant. When two atoms 
a:re completely isolated from each orher so that lhere is no inlerae::tion of 
eleo~i:on w;3ve fuaction_s between t·hem. they can have identical eleclr(lllic 
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structures. As the spacing beiween ibe.two atoms become:. smaller, bowev­
er, electron wave fupct;ions begin to overlap. T!l4 exclnsi on prindple dictates 
that 110 two electrons in a,given interacting system may baveihesan1equan­
LUm state; thus. there rn:ust be al most one elee,lxon per level after there Is a 
splitting or the discrete energy levels of the-isolated atoms into new le,;,e!s be­
longillg to 1b.e pair iatjl{!r than to indlvicb:Jal atoms. 

In a sofid, many atoms are brought toge ther, so that tl1e split energy 
levels fonn essentially continuc,us b1111ds of energies. As 3.11 example,,Pig. 3-3 
illustrates the jmaginary formation of a silicon crystal from isolated sfJicon 
atoms. Each isolated'-sH\ttinatom has an electronic structure 1:r-2s22p63:l3p,2 

in the gr.ound state.Each atom has available two 1s states, two 1s states, six 2p 
states, two '.3s s1ates1 six.3p states, and higher sta1·es (see Tubl'e 2-1 and 2·-2.). 
ff we consider N atoms. ther.e wfll be ZN. 2N. 6N, ZN, aud 6N suites of type 
~s. 2:,, 2p, 3.,-,and 3_p, Tespectjvely. As the rnteratomic spacing decreases, these 
energy levels split into bands, bcginnit1g with the outer ( n = 3) shell. As the "3/' 
and "3p'· b::utds grow, they me'!'ge into a sh+gle ban:tl tomposed of a mixture of 
energy Jevelll.This band of ''3.r-3p'' levels contains 8N available sh\\es. As the 

4N.StalCS 
OELectroM 

8NS1aIcs 
4NEl~ rmi.~ 

(

c!(j ) i.1} } 
>==----..--------- - ---,-"IH O I L 

!!:(fl ~1 
-====----;-------------- ~m o o 

- - ---------------- ~H) 0 0 11 

Outer shell 

l'vUddle shell 

I nner·slrell 

f igure 3-3 
EnE!!gy levels in Si os o function of interolom1c spacing. The core levels (n = 1,2} in Si ore completely 
frtled with eledfQns. At lhe oc:tuol atomic spocf~g d rhe crysrol, the 2N electrons in the 3s subshell cod 
1he 2N electrons in 1he 3p subshell 1Jndergo sp' hybridizolion, and oli end up in 1he lower 4N sloles- (vo­
lenc:e ban.cl). wh,le.1he higher-lying 4N slol!als {~onduclion bond) ore empty, ·seporqled by o b,and gap, 
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djst,an(;e b~-tween atoms approaches the equilibrium interatomic spacing ol 
silicon, tbis band splits into two hand~ Stl'parnted by an e11ergy gr,p .Ey. The 
upper band (called the condudio11 brmd) coolains 4N s.tates,as does the 1.ower 
(w1[e11c~) band. Thus, a1jatt from the low-lying ~nd tightly bin,nd '"co,e'' lev­
els. the s.ilicon crystal bns: two bands of availabl.e energy levels separa ted. by 
an energ_y gap E~ wide, whkh containfi no allowed e ncr.gy levels tor el'ecl:roos 
to occ,upy. '.lliis gap is sometimes cal l.ed a "Jorbtdd,m bund," since in a perfei::! 
crystal it contains no elei:t.ron .e11ergy stateii. 

We should pause at tbis poim an d count electrons. The lower 1' ls" band 
is ril led, with lhe 2N e lectron~ ·which originally resided in the collective h' 
stat.es of tl1e isolated atoms. Similarly, the 2s band and 1.he 2p bands wilJ ha-ve 
2N and 6N electrons in tbem;respectively, H,1wever. there were 4N erecttons 
in the original tsolated 11 = 3s hells (2Nin 3ssl,ates and 3N m ~P states). These 
4Nelec1.rons must liccupy St?t~s In the valence band.or t ~e cond.ucllon band 
m the crystal.At OK the electrons will occupy the lowest energy stales avail~ 
able to Lhem. In the case oflhe Si crystal, Lhe:ce are exactly 4N states-in. thji: va­
lence 'bandavai(ab'le to tbe 4N electrons.Thus al O K.e11ery state rn 'tbe·val.ence 
band will be filled, while the conduc~ion 'b<1nd wlll be crompletely empty· of 
e-leotrons. As we shaJJ see, tb.i.s arrangement of completely filled and empty en­
ergy b"nd~ has a.11 importan~ e.ffeo't c>n Lhe efe¥!.rica.J-condllctivity of the solid. 

3, 1.3 Metals, Serr,icondut1or41 ord Insulators 

Every solid has its 11Wn characteristic: energy band structure. This varia.ti'.on 
.in. band str:ucture is ,esponsiblefor .the wide -range of electrical characteris­
tics obser"cd in various male'rial,;. The su.icon band structure.ofl'./ig. 3-3, if.o, 
example, can l(ive a go.od picl□:re of why silicon in the diamond Ja.t Lke is. a 
g.ood insul.l:ltor. To rea·c;~suc)l a conclusiQn .. we.musl COOBidet the properties. 
of c-01uplet.eiy filled -and w mpletely· em_pty energy bands in the current ron• 
duclicin ,process. 

Before discussing tb.e mechanisms of current flow in solids:funher, we can 
obs~rve here tlI.aL for-electrons to e'xperience acceletalionJn an a pplied elc.:c­
tric field, they must be-able 1.0 move into new energy states.This implies t he.te 
m~ be ei.b~ty sla t~ (al~owed 1rn.ergy $l-a1es which are not already o-ccupiecl 
by eleettoos) avadabte 10 the electronr.. For example, iheJa tive Ly tew electrons 
reside-' ill an otherwise empty baclid, ample unoccupieds~le;s anrnvailable into 
which 1he-elbclrons e::anmove. On the other hand, the siJicon band-structur.e is 
SL!Oh that the valence band Tu cQmpletely filled with elec(rons at OK and Lhecqn­
duction band is empty. There, can be,no chai;ge transport within the valence 
band,si'nce110 empty states ate a~jlaJ;,le into whieb electrons can rnove, There 
.arc no electrons in the conduction band, so no charge LrffllSj)Ort can take-place. 
there either. Thus sili1:01,1: bus a high resistivity tj•pical o,f iruiulator_s. 

Semiconduetor materials at O J( have basieaUy the same- structure as­
in5ula~ors-afilled valence band sepatated".from an empty corid-uclion ba11d 
by a band gap containing-no allowed energy scat es (Fig. 3~4). The difference 
lie~ i!l' the sJze \1f th.e bane.I gap E~ , whleh islµtlcl,l $1.Ila1ler in ~clllillond_µcton,: 
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Figure:3--4 
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thailin instilators. For e.xarp'ple, the semiconductor SLha:s a band gap of aboul 
1.1 eV compared with 5 eV for diamond. The relatively small band gc1ps or 
sel)lioonductors (Appendix JU,) allow for exci tation of eleotrdns [ram the 
lower (valence) band to the upper (conduction) band by reasonable.amounts 
of thermal or optioul energy. For example, at room letnperanire a semi~ot\-. 
ductor w.ith a 1-eV band gap w/11 have asignificanl number of electrons ex­
cited thennaJly across· the ene~gy gap into lhe conduction band, whereas an 
.insulator with F11 = 10 eV wll.l have a negligil>le number of such excitations. 
Thus .mi imoortantdiffereuee between semiconductms and j.nsul;1tors is tl:)cai 
the num.be; ~f electrons ~vailablc for conduction can b.eincrease<l gr~tlyin 
sen1icond11clors by thennalor optical energy. 

In metals the bands el ther overlap or are only partiaUy lille:d.-Tlms 
electr·ous·Md empty energy Sta1es are intennixed with.in the bands so that 
e1ectrons can mov.e freely under the influence of an electric fie1i:L As ex­
pected from the met;dlic band Structures of Hg.3:.4, 111etals have a h.igb ctec:-
tdcal conducllvity. • 

3.1.4 Direct qnd Indirect Semi_conducton 

The '' thought e~eriment" of Section 3.1.2, in which isolated atoms were 
brouglrt together to form a solid, is useful iry pointing oui thi;: exis'teo·te o;f 
energy bands and some of their properties.Other techniques are geuer,al­
ly used, hb\vever, when quantitative cale\llati'ons are made of barid struc­
tures. lu a typical calculation, a single electron is assumed to travel througb 
a petfeclly periodic lattice. The wave functio11-of the cloctr9n is assumed to 
bc·in tbe form of a plane wave1 moving,; for exampl.e, in tbe x- direction 

lf);.o,1,,.lo~, o! -plona v,ovos ore aw,iloble In mo,1 sophomarn"J'hyuo tom c,r in lnlmdycto,y·ele<lromog, 
neulca IE:OOi~ • • 
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5 E 

(a) Oirec1 (b) lndiI~ct 

wilh propagation constant k, also called a wa11e J.1ecior. The space-dependent 
wave.t'.unctionfor 1he elect,ron is 

(3-1) 

where the ~unction U(k..,x) medulates the w.ii,vei1mction according to ll1e-pe• 
dodicity of the lattke. 

ln such a calculaHo.n. allowed value~ ef energy can b.e plotted ys, I.he. 
pn;,pagatiou const.anl k. Since the periodicity of most lattices is different in 
various directions. I.he (E. k) djagruru must be plolted for the various erys.tal 
directions, and the full relatfoniihip between E and k is a com pie?= ·surface 
which should be visualized in three dimensions. 

The band structure of OaAs-bas a minimum in the conduction band and 
amaximum in the valenc~ band for tbe-s::imeak value (k = 0). On toe other 
haml,Si Ms its valence band maidmum.-ata-different-value ot k thanits con­
duction .band minimum. Thus an electron making a smalle-i;t-energy transi­
tion from the conduction ba,nd to the valence band in Ga As -c,ao do so without 
a ·cb.angein k value; on.the other hand, a transitioa from the minimum point 
in the Si conduction band to the rnc1ximum poinl of the valence band cequires 
some change ink, Thus lbere are two classes of s.emicond.uctor energy bands; 
dlrectand Indirect (Fig. 3-5). We can show lbat an indirect transition, invotv, 
ing a change in k, requires a chaage of momentum for l'be eJectro.n. 
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Figure 3-5 
Direct and indi­
rect electron 
tran.slliol)s in 
semiconductors: 
(a) directlronsi• 
lion with accom­
panying photon 
emission; lb) indi­
rect transition via 
.a detect level. 

~sum in~ tb:at rns aonstant i~ 'Eq. ,{3-li)iol'an· ~simtially free 1ele~,;on, EXAMPLE 3-11 
show tl'(at thex-'tompo:nent.of th~-el.ectron momenfiimin the cyystal is 
given by {px)' = Ii k.,.. • -
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SOUJTION From El;{. (3-,,.J) 

\l&h -~~e•liinl~ of.in~ g;I"n'.lion, b.oth ~e·nuine.c;ito•r,-.~d deoottiif)~­
tor are i.n:tinite.For;problemi, of t his-type, one integratei between ilie',£:nite 
limi~ 412 ailij '+.Lf?. ~<hin'the fmal r&lill. then _assum1$ tllatiL approc(che~ 
infinity. 

Tiiis:reimJ.J:unpJj~s tµa_t (E,k.),.cliagrBJiW ~~ sh_9wnlnEig. 3-5'can be 
col)Jiidefed plots of e1ecEF.on energy vs. momentum, w:i.fu,a sealing factor /i, 

The direct and indirect semiconductors are identified in Appendlx 111 
In a direct semiconductor -su.cli as GaAs,an elect1:9n in ~he contfuci:ion band 
can fall to an empty state i ll the. valence band, giving off the energy differ­
ence E;: as a ph9toa of light. On the otber hand, a.11 electron in the conduc­
ti.011 band mini.mum. of an in.direct samioonductor such as Si cannot faJL 
directly to (he. vzjencre band maxirpum bu:t musLunderg9 a momentum 
change·as well as changing its-energy. For example, it may go through some 
defect state (E,) Within-the band gap. We shall di~cuss such dcfe~t states in 
Sections 4,2.1 and 4,3,2. ln an indirect trans.it.ion which involves a change .in 
k,_part of the energy is generally given up as beat to the lattice raL)ler than 
as an.emitted photon, This difference between direct and indirect band struo-
11:1resi.s very important for decidlng whichs~miconducrors can be used in de­
vices requiring fight output. fo.r example. semiconductot'light emitters a.nil 
l!l\'ler.s {Chapter 8) generally must be made of materials capable of clirec1 
band-to-band. transi'tioqs or of i ndi rect materials with vertical tr(lnsitions 
b,n:ween defect states. 

:Bl}nd diagrams such as those shown in Fig. 3.:5 are cumbersome to dn1.w 
in analyzing devices.and. do not provide a view of tile variation o( e lectron 
energy wiUi distan<;e in the sample. Therefore, inmosl,discu.ssions we shall use 
simple band pictures such as those sh.owo. in Pig. 3--4, remembering that elec­
tron transitioo·s across the band gap may be direct or indirect. 
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3. l .5 Voriolion of Enru-gy Bonds wilh Alloy Compruition 

As lll- V remacy an.d quale-rnl)ry all <;iys me varied over 1herr cQmpr.>~ition 
ranges (..sea &,>ctions 1.2.4 and 1.4.1 ). their band 11ltot.:1ures change.For example. 
Fig, 3_.6 iJJustratys the b~nd struelute ofOaAs a.nd AIA,.o;. ~1\d u,e. WflY in wbich 
th~ bands change with composition :dn the ternary eompound~t,Ga1 -,As. 
The binary compound GaAs iR a dlret1. material, with ,1 hand gap Af 1.43 eV 
~t mom lemperature. Far reference. we cnlJ the direal (,k = ll) conduction ba11d 
minimull1J, TI,ereare·also t\l•o higher-lyiug ind~c:l minima in the GaAJ;·c:on­
·<luctian 131md. huL these are suffiei•emly f;tr above r that few elecu-ons r~ue 
thel'e (wed~.,:uss .in impoT(anl excep1ion tn Ch;ipter HJ in ~Ilieh lligh-fidd ex.­
ciuition of clet:tr.oqs into the indirect minima le.ads to the Gunn effect). We 
call tb.e lllwe;rt.-1ying GaA~ 1.11.tlire(;t mmimun\ Land the other X. In AlAs the 
wrect r minimum is tr.11Jth higher than.the Inilirect X minimum, and thi~ ma .. 
terial is tbere:for<l indirect with a band.gap of 216 eV at .room temperature, 

Jn the ternary alloy Al.,Ga1 ,.As ;ill of these conduction ba□.d minin'la 
move uµ relative to the vale.m:e band us lbe cornpo~ition .,vEU"ics frnm 0 
(GnAs) to I (Al As). However. the inilltect mi11imum X nmves up lesi; than 
tl,e othe.rs. and (orcomposillons above 11boui38 pe-rcentAI tbis Indirect n:tin,­
inurm bec{imes the l01itest-lying conduction band. Therefore, the ternary alloy 
AlGaAs is ,J direi:t semiconductor for Al compositions on the column l1l sub­
lattice up tu ahouLJS pcrte1~t. 1,1nd is 11nfodirect.sen1.iconduclllr for higher Al 
mole f.roctions. The band_g;ip ent:\r~ £~ 1s s!Jnwll in c:olor·on Flg. J~6c. 

The varialion of eaer&'Y ban as for the ternary alloy 0-aAs)-_,.P. is g_en­
erlllly similar lo that of AlGaAs shown m Fig. 3-o. GaAs1' i~ a cfirect semi­
condill:lnr fq'.lm GaAs to about, OaAs_;sP.-1! an.ct is indin:ct from lhis 
corupeisi.llon lo GaP (5ee Fig, ,8- 1 J ). T'llis material is often used i.n villible 
LE:Pa. 

Since light emission is most efficient for.direct m.a,H:riaJ5; m wlncbe!ec­
tron:,; ca□ drop frt>m tbe cbndncLlon lnand lo Lhe ,valence band without chang­
Lng k (and ther.efore momentwn), LEDs in GaAs.P are generally made it1 
mare:rlal ,grown with acorilposi:tian h;:sstllan (= 0.45,For cxample1most red 
U l Ds in this.matenalarc.madc at abouu = 0.4. where U1e f minimum is sdU 
th~ loWest-lyi.ng ct.mduction hand ed_ge. and whtirtl 1be pbc,rvn \'e.su f.w1&ln1m 
a dircCT, rrnns! tion from 1hisb.and to the wueoc-e band is in tbe red portion of 
the ~pc,c.lrum (about J..9 ~V),. Tbc-1,r.;e o f impurlt.i.es lO l..'Ubimce radia1ive re­
combitialion io indirect ma.lcriaJ will be discussed in Section 8,2, 

The mechanism of current comluction is relatively ettsy to visualize io lbe 
case pf a motlll; tlie .!lletal aioms ar,e imbedded in a "sea" of tel11ttv.dy [ree­
elettrons1 ano these electrons can move as a.grot1p under ,he:infiuence of an 
electric field. This free e.li!ct11on ,•iew i.s ovcrslmplif.red. 'btlt ma:ny important 
cundud10n properties.of metals can be derived from Just such amude!. How­
ever, we canllOL account for all of Ute electrt!:lli prq.perlies oi seniitontluctqrs 
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figure 3-6 
Variation of direct and indirect condudion bonds in AIGoA, as a function of-composition: lo) the {E;k) 
diagram for GoAs, showing thiee minima in the conduction bond; {b) AIAi bond diagram; {~) posiflons 
of the three conduction b.?nd mini mo in Al,Go1_, As a_s x varies over the range of ~ompositions from· 
G.,aAs (x = 0) to AJAs Ix."" 1 j. The smolle1t bond gap, E11 (shown In cofor), follows the direct r bond IO 
x ., 0.38, on'd then follows the indirect X band. 
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in this way. Since. the semiconductor has a. filled valence band a.ad an empty 
conduction band at O JC.. we .rrttiSt consltler 1he increase in e.onductlon bund 
electrcms by. therm.al excitations a.:ro~s the b1:1nd gap as-the temperature is 
raised. Tn addHion, after eleotron& are excited to llie conduc1Jon band. the 
empty St!Hf}sJefl in the valence band can contribute to the 0011duc.:tio11 proce-ss, 
The introduction of impurltie-s.has an import.ant effect on the energy hand 
structure and on the availability o(cbarge canicrs. Thus the.re i!. considerable 
nex!bility in controllin·g the electrical properties or semiconductor... 

3.2.1 Electrons ond Holes 

As the temperature of a semiconductor is r_aised from OK, some electrons in 
the valence band receive enou,th thermal enc.rgy 10 be excited acr,oss the 
band g_ap co the contftiction·band. The resillr is a material wilh some clec­
tro11s in an otherwise empry,co.nduction bancl and som.e unoccupied states in 
ap otherwilleJilled val.:-nce ·band (E.g . .?i-7).2 .for con-.>er1ience. an em,ply slate 
in the valence band is referred to as a hole. If the conduction band.electron 
and the hole are created hy t lie excitation of a valence band electron to the 
cond:uction band, they are called a.n elecrro.n-Jwie pair (abbreviated EHP). 

A.fler excitation to the conduc(ion band, anelecLJ:M i$ surrounded by 
a l~rge number of unQ\:cupietl energy states. For exampl~. tbe. cq_uilibriuni 
number of elec1rort-holc-pairs in pure Si a'I room temperature is or1Jy about 
I 010 EJ.-IP/cro3• t ompared to ihe Si atom rlensity of 5 x JO"'- utoms/crn,;. Thus 
the few electrons in the-conduction band a re free to move about via the rna.11y 
11vai.11bl~empty states. 

The corresponding problem -Of charge transpott in th-e v,1lencc bantl i~ 
somewha.t more complicated. However. it is possihl.e to show that the effects 
of current' in a .v11leuce band containing holes can be accountt.cl for by sim­
ply kecpilJg track ofth~hol.es therns~lves. 

tall lille<l band. a1J av.ail.able energy states are occopied, For every elec­
t ron moving witha givenv.elocity,1berc is.:in equal andoppo~ile alectron mo­
tion else\vhere in the band. lf we apply an electric field. Ute net cwTent is zero 

7tn Fig. 3-1 and in ,obmtl;,,nl df1CtJ,_,J0n,, we, « _ler lo 1he bollcm cl th.e conduction bond o, f, <md !h-• 
l<>f' oF ~,n • .,1~n« lmod m f ,. 

Figure 3-7 
~lectro<1-hole 
pairs in a 
semiconduclor 
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because for ev{;ry electron/ moving with v~lqcity v1 there ,is a corresponding 
electron j' with velocity -v1. Figure 3-8 ilJustrates tl1is effect in terms of the 
electron ener.gyvs. wa've~ector plot.for the valetl~ b,and. Since k isprQpomonal 
to electron momentum, it is clear the two electrons have oppositely d1rected 
velocities. With N electromVcnr in l4c band we express the current density using 
a snm over all af the electron velocities, and including the chai:ge -q, on each 
electron.Jn ·a un:itvolume, 

N 

1 = (-q)L Vi =-0 (filled band) (3-2a) 
I 

Now if we create a hole by J'emoving lhejth eleetron, thenel current 
de.nsily in lhc valllllce band involves lhe sum over all yelpoiti~ mfnus the &in­
tribution of the elutron we have removed: 

I\' 

1= (-q)}: v,-(-q)v1 (;th ef&:troll missing) 
I 

(3-2b) 

But the ftr-sl terni is :reto; from Eq. (3- 2a). Thus the net current i.s +qv1. 
ln other words, the current contribucio,n of the hole .is equivalent to that of 
a positivelycha,rged parliclc with vefocity v1, that of the mis.<artg electron. Of 
course, the charge Lranspon is aclllally due co the motion of the new un­
compensated electron(j'). Its current contrJbuti.Qn (-q) (-v1) ill e~uivruent 
to that of a positively charged particle with. velocity +v;. For simplicity. it is 
customary to treat empry states in the vale-nee band as cha:i;ge carriers· wfth 
posttive ,charge and positive .mass. 

A slmple analogy may help in unders'landing (he behavior of holes. ff 
we have two bottlel>. one completeiy filled with water and one completely 
empty. we can a~k ourselves "Wlll there be any net lransport o( water when 
we tilt I.be bottles1"The unswer Is "no". fn tbe case of the emptybetUe; the 
answer is obvious. In the case of the completely full boUle Etlso. lhere cannot 
be any net motion of water because there is .no empty space for water to 
move. into. SimilarlY., an em_pty conduction band completely devoid of elec­
trons or a valence band complet1:1ly .full oC elet;trons cW1not give rise to a net 
motion of electJ·ons. and tltus to current conduction. 

Next. we imagine transferring some water droplets from the full bottle 
i~to the empty bottle, leaving behind some air bubble1,, and ask oucse.lves 
the same question. Now when we (iit the bottles there wiU be aet transport 
ohvater. the waler droplets will roll do~vnliill in one bottle and the air bub­
ble$ will move uphill in r,he other.'Similarly, a few eiectrons ID an otherwise 
empty conduction band move ·oP,posite-to an electric field, while h<;>les in an 
otherwi.sefilled valence band mo.vein \he di~lion of the.field.The p-ubble 
analogy is !rnperlecr, but it 'may provide a ph}'sica 1 reel for why Lhe charge and 
ma,ss of-a hole have op,posite sign8 from those of !l.D: electron. 

ln all the following discussions we s hall concentrate on the electrons 1n 
tlie conduction b.an_d ;,lnd oo fhe. holes in the val~nce bimd.We c:tn aoc0.unt 
for the curret1,flow in a sernioonductor bythe motieo ofThese two~type'S of 
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E 

k 

Figure 3-8 
A volen.ce b!:ind with oll 5lt:lles filled, Including states i and/', marked For di.scussicin. The 1)h eleclro'J 
with wave vector k1 is matched by on e!eclron at i' wlth the opposite. wove veotor - k1, There is no net 
cur(ent frl the bond unless dn -electron ls removed. For example, li lhe-ph electron is r-emoved, the motion 
of the el~tron at i' is no longer compens.oted. 

charge carrlers. We dnlw valence and conduct:ion bands on an electron ener­
gy scale .E, as .in fig. 3-8. However, we should remember thal in the valence 
band,nole-enet_g_v increases oppositely to eleclroti energy: becaus~ thetW4 car­
riers have opposite cbarge. Thus hole energy increases downward ln Fig. 3-8 
an<!i holes, seeking lhe loWeftt energ_v state ;\vailable, are ge11er11lly found at the 
rop of !he valence band. fn contrast .. conduction band electrons are found at the 
bol1on1 Of the COl'ldUction band. 

It would. be instructive to compare the (l!,, k) band cliagr-a.ms with the 
"simplified''band diagrams that are usedfot routine device ~naly/iis.(Pig.3- 9). 
As discussed in Eiwmples3- l and 3-2, on (E, k) chagrnrn is a plot of the total 
electron energy (potential [1lus kinetic) as a function of tbecrystal-<llrection­
dependent electrnn wave vector (whicb is proportional to the mocncn1U111 
and therefore the velocity) ;it some point in space. Hence. rhe bottom of tb,e 
conduction band corresponds to zero ele.ctron velocity or kinetic energy, and 
simply gives us tbe potenliaJ 1:1:ne.rgy at that point ln spalle. For holes, the lo~ 
of the valenc.e band corresponds to zero kinetic energy . . For simplified. band 
diagrams,, ,ve plot th.e edges of the cc,nductiun and val_e+ice bal'.\d.~ (i.e., the 
potential energy) as a function of position in the device. Energies higher in 
the band corresp\)lld to additional.kineti,c energy of. the electron. Also, the fil,cl 
th.at the band edge corresponds to the electron potential energy tells us that 
the variation of th~ band edge in space is related. lO the electric field a'L ~if­
ferent points in the semiconductor. We will show this relationship explicitly 
in Section 4,4.2. 

In Fig.,3-9, an electron at location A sees au electric field given by the 
~lope of Lbe band edge {poten.tjal energy),andgain.~ ldneti.c energy (at the ex­
J?Cnse ofpo1ential energy) by moving to point "8. Correhl)Ondingly,.in the (E,.k) 
diagr.am, the elec1ro1u'tarts at k = 0, but moves lo a nonzero wave ve.ator k11. 
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Figure 3- 9 
Superim~ifion 

ol lhe IE,k) 
borid structure 

on the & 
versu~osllion 

simplified band 
di.agram for a 

semicondudor f n 
on elec)Tlc: field . 

Electron ener,gies 
increase going 

up, while hole eh-
ergies increose 

going down. Simf• 
lorly. eledron ond 
hole wove veclors 
point in oppcs1te 

directions ond 
these charg·e car­
riers move oppo­

site lo each other, 
as shown. 

~LE3-2 

Elet:lron 
~.E. 

" + 
I 
l ks 

energy l 
'Elec1ron 

1lH! ekctron the□ loses kinl:l.tic cnot_gy lo heur hy K1:a11e.ring mechanisms (dis• 
cussod in Sec:tion 3.4.;l) an(} returns W u,.i \l()l'.IOm uf the bnncl at 8. Tiu: slope.~ 
or the. (/.:.x) bM<l .cctges ut Jiffunmt p<i inls in spocc reflect the loca l clc.ctric 
fields at thofit? roints, In pm ct ice. the clc:c.:Lt·~,n m ,ly Josi.: its kinetic energy iT1 

stagc.:s hy a s~r ies ti't' scattering even is. as i hown by rhe colored. dashed line~ 

3.2. 2 .Effective Mass 

The c::lettrons in a crystal itr(! not completely fr~c. hut ill~tcad interact with 
1J1e periodic potential of the lutlicc. Ai. a result. th~ir .. ,vave-particle .. 111otion 
,cannot be expected to be the same as for clcctrnlls in fn;~ space.Thus. in ap• 
plyi111,1- th.: ·usm1l equa'tfons llf clcc1rotlynamic~ 1.0 ci1arge r arr11: r<: in 111-olid. Wl: 

rJHl~l use altered valui::s or par1ic:le mass.Jn doing sn. " 'C•account for most of 
the Influences of Lh~ lactic.:. so tha1 t he clcdrnn~ 11nt.1 holes C:lT1 be trea ted ns 
~almost free·· cm:rJ.ers in. most c.omputulions.1l1c c11lculntion of effective mass 
must take In to account the shape of th'c energy hands in t hri.:e-climc:nsional 
k-spacc. taking npprop.date avcrag.es over the various cner~ bands·. 

Find tli~ (e, I() re111flonship (ora free elecn:on and relate it to the electron 

~ 
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E 

Brom E?Cample:.3--,1,.the•e lectrommome,iaJum n· 

1 I l'l:t /i2 
E= -mv2 = - r...= ,....,..,k2 

12 2, m -2m 

' Jihus n#lergy ts P,a,i:ap9!ic wjth. Ml)(e yectot.k. 
ma$_s ~s i red to the curvature (serond d·erivativ 1 k1 relati _ 

<11-'E fl­
dk? ~ -; 

<Alth_ou'gb",el~ctrefis,iii.soli bands;are close 
to pa1'a-bolic at. their oihtlma m.alri1na (fer vq-
Jence banp~). We cad aiso 88JI t; t_lip~ band e~ 
~i;na fromthece.ur\tature oh . 

• ,c_,· ~ • ' 

111e ef[ective mass of an electron in a band wirh a given (E. k) rela­
tionshlp is found in Example 3-2 lo be 

In'" - '1 ., 
d E f dJ;.· 

1'bits the ct1rvature oft.he band determines (he electron effective. mas,..,_ 
For example, in Fig. 3- 6a·it is clear tlrn t the electron effective mass in b11As 
is much smaller in the direct r conduci'ion ba11d (strong c11rvature) th;in in 
the L 0r X mimma (weaker curvature. srnalJer value in the dcnominatM of 
tbe ,,,* expression), 

A partieulatly imernsting feat-ure of Fig-s. J-5 and 3-6 is lhat Lhe cur­
vature of (l•£frlk1 i:;."positive nl the conduc1ion b~nd -n, inimA. bat is negative 
at tbe valence band maxima, Thus, 1bc electrons n~ar the top of the ·valence 
baodhave negative ejfectii1e mu~\~, accordjng Lo Ec1. (3-3). Valence band eJec­
trous with negative charge and negaLivc mass move in an electric field in the 
same dir~ction as hples with positive rhat!ge and posi tiv.e mass.As cfucussed 
in Section 3.2.l, we-can ful ly ac;count for charge 1ransport h1 the valence band 
by considering hole mo.tiQn. 
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4 

3 

§: 

r 1 

-3 

"For a band centered at k = 0 (such as the r band in GaAs), the ( R, k) 
relatiop~h\p near .the rni11im1.1ITT is usualJ.y pl.l.raboli<!: 

,~2 
E=--k2+E 2m• C 

(34 ) 

Comparing this ~elation lo Eq. (3-.3') indicates that the effective mass 
m"' is constarll in a par.abo,ti_c band. Oathe other hand, many conduction 
bands have complex (E, k) relationships that.depend on the direction of elec­
tron transport with ra<;pect to the pdnci:pal crystal direct ions. In lhls case. the 
effective mass is·a tensor quantity. However, we can use appropria1e averages 
over s uch bands in most calculalioµs. 

Figure 3- lOa shows tlleband smioturesforSi and GaAs.viewed along two 
major directions: While the .shape is parabolic near lhe band edges (tls indkat­
od in figure 3-5 and &ample 3-2). the.re are sigm!ican1 non-ptin160Licilics At 
higher energies. The energies are plotted along !he high symmetry Ill t] and 
[1 OOJ directions in the crystal. The k = 0 point is deno1ed as f. When we go along 

Cu11due11on b11.11d 

k 1 

Eg "'• 

L [UlJ r [lOOJ X. L [lJ.11 [100) X 

(b) 

Figure 3-10 
Rec11is1tc bond s\rochrres in semicondudors; (o) Cenduction ond v.olence bO]lds in Si ond G.aAs 
a long (11 l] ond (100]; (b) .ellipsoidal constant energy surface for S,, near the 6 canduction bond 
minimo,along the X directions. (From Chelikowsky and Cohen, Phys. Rev. B 14, 556, 197'6). 
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the [1001 direction,we reacl:I a valley-near X. while we reach the L valley along 
Ille [, 1J ,I direction. (Since the energies are plotted along differe11t clj.rections. the 
Clll'YtlS ·do not look symmetric.) TI1e·valence band maximum in most semicon­
ductors is at L~e r poir\t.11 h<J.S three braruilles: the he,wy hql~ band. with I.be 
~mallesL ourviiture. a light hole bt111d wi1h a largercur:v\'lture, and asplit•o/f'btmd 
at a diff~renf energy. We notice that fot GaAs thei;onductlon band minimum and 
lhe valence band maxirmun are b(Hh at k = 0;therefore it is direct band iap. Sil­
icon, on Lhe other hand, Iuis. 6 equivalent condu,ction mfulma a~X-a.tong t.he 6 
equivalem (lCJO) direc1:ions; rh:crefore,.it is indirecL 

• Fig\11'~ 3~10h shows the co_nsta11t energy snrJace.for elect:r.ons in one 
of the· si.x conduction bands for Si. The way ro relate these surfaces to the 
band srr.uetur.es shown in Fig. 3--toa is to consider a certain value of ener­
gy; ;ui'd determine al1 ~be k vectors in 3 dimensions for wliich we gct this en­
ergy. We .find that for Si we liave 6 cigav-sha.ped ellipsoidal equi-energy 
si.1rfaces near the conduclfon band mrnima along the!liK equivalent X-di­
.rectiaes, wilh a, longitudinal elJ:ective mass. m,. a long --cbe. majoi;: ax.fa. and 
two t ranwe,t'se effective masses. m,, .along I.hi:; minor aKes. for GaAs. tb.e 
conduction band is more or less spherical for low ener-gies•. On the other 
hal).d, Web.ave warped spberieal surfa1;1es in the valence band. The impor­
tance of these-surfaces will he clear io Secdions 3.3.2 and 3.4.l when we 
consider different types of effective masses in semiconductors. 

Ln any ealculatl.on involving the mass, of the •charge, carriers, we must use 
effecLive m1,1ss values".l'or the particular material involvea_ In alt Nubseguent dis­
cussions, the-electron effective mass is denoted by mf and t he hole effecHve 
mass by Inf Th~ nsubscripUndi~tes the electron as a negative charge carri­
er, and. tlie p subscriprindicates t.he hole as a positive charge carrier. 

There is nothi'ng_ 111%teri9us 1.1),out the conc~t of ao ''eiteclive•· mass, 
m~. and about the fact that it is dilferen tin differem. semieonductors. lndeecl., 
the " true" m a$.~ Qf an el!:ctron, m. is· Lhe saµic :i,a. Si, Ge. 01: GaAs-il is the 
same as fora free dectronin vacuum. To understand why fl1e effective mass 
is different froll\ the, true mass, con.\iderNewton'-s second law, which states 
that the time rate -of change of momentum is the force. 

dp/ae = d(mv)/dt =- Potce (:Hi,1) 

An ~lectron in a ,ccystal e,xp~riences 11 lotal force F101 + l'i.,... where F1,., 

is !:he collecdon of internal periodic crystal force!;, and F.,1 is the extemally 
appfied force. TL is inefficient lo solve this CQlilp,licated problem i nY,olving 
th:e periodic crystal _potential ,(whlch is obviously diffe-rent in diffe-rent semi­
corrdu~loTI?) every time w.e try lo solve a semi.conductor devic.e problem. It 
is betli<:r to solve the complieated problem of carrier motion in the periodic: 
crystal potemtial just onee, and.en.cap$ulatethat information in whaf is cal.led 
the bandstrucrure, (E, k), whose curvature givt:S us the effective mass,mw. 'The 
electroJ~ then responds to external. forces,wlfh this new rrQ,Newto.n'.s law is 
then wri.'tten as: 

79 

Petitioner Runergy USA Inc., Ex. 1030, p. 79



80 Chapter 3 

Figure 3-11 
electron-hole 

pairs in the 
covalenl bonding 

mo.de! oF lhe 
Si crystal. 

"Ihls is clearly an enormous simplifieation compar-Od to the more de­
Lailed problem. Obviously, lhe 1:1eriodic-crys1al forces depend on tbe details 
of a specific semiconductor; lhere(ore, 1 he eff.eollve mass .is different in dif­
ferem malerials. 

Once we.determine the band curvature effective mass components from 
the orien.ta tiun:-depcndent {E. k}. we IJ.avc to COI1Jbjne them.appropriately 
tor differ-Ont types of calculallons. We shall see in Sect.ion 3.32 ,that when we 
are in terested in determining the □umbers of c.arriers in Ute bands; .we have 
to use a '·densiry-of-sta,es" effective mass by laking the geometric mean o{ 
the l)aad curvature effective mi,sses. and the number of equiY~lent band e~­
trema. On the other hand we will fi nd in Section ~.4.1 that in problems in­
volving li\e motion of carrfers, one must tak.e Lhe harmonic meali of the band 
cun1awre effective masses to gc.t the-•·condud.1,vity'1 effective mass. 

3.2.3 Intrinsic 
1
f,foteriol 

/\ perfect semiconductorccysull ),Villi no impuri ties or 1.attice de{ecti; l~ caUed. 
a.a irllrb1slc semiconductor. In such rn·aterlaJ there are no charge carrieril at 
Cl K, sinee tbe vale:nce band isfi llechvirh electrons 11nd Lhe conduction band 
Ls empty, At higher temperatures electron-hole -pai;rs are genera:ted as va-
1.mce band electrons are exclted therm.ally across the band gap to the eon­
duction. bwid. These EHPs are tile only char&ecm:riers in intrinsic material. 

The generation of EHPs can be vlsu.atized in a quali ta tive wa:y'by con­
sidering the breaking.ofcovalent bonds in the crystal lattice (Fig. 3-'1 l ). If one 
of the Si vale.nee electrons is brok.en away frpm its posit io11 il, lhe bonding 
structure such that it becomes free LO move-a'bou tin the lattice, a conduct.ion 
~ectron Is created and a. b roken 'bond (hole} is lefl behind. The enei:gy re­
quired to break the bond is the band gap energy £,_, 111is roodel J\elps in vi­
s1,rnlizj.t1g t b.e physical' mechanism of El:IP creation, bul the ehergy band 
model is m·ore productive for purposes of quantitativ:e cak ul.ation. One iin­
port;lol difficlll t.y iri the "broken bond" model.is Lbat the free e}eclr911 and the 
hole seem deceptively localized in the la ttice. Aclua.J.Ly. lbe positions. of the 
free eleotroll a11d the hole ,µ-e spread om over·sevcral lattice ~paoiogs a11d 
should be considered quant1.1m me.;hanically by probabili1y distributions (see 
Section 2.4). 

r- E-l1J.-Jrup 

Ii' Hotu 
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Since lite electrons and holes are created in pairs, lhe co11ductloo. band 
eleciToo conce.ntcation n (electrons.pe.r om3) is equul.to lhetonceni,aticin of 
!toles in tlie valence band p (holes per cm1) , Each of these intrinsic carrier 
concen1rations is commouly refo.rred 11) a~ n,. Thus for intrinsic materiul 

11 = p = 11, (3-!i) 

Al a given tempe:rature .there is a ct¾rcain concentration of e)ectron. ­
hcle pairs n1. 0bviousJy,if a s1eady stale carrier concentration .is maintained. 
rhere must be recombi,iarion of .BHP:. ai the ~ame rate al which. they are gen­
ernted. Reeombina,tJon ocours when an electron in the conduction band 
makes a transition ( din'!cl or indirect) to an empty state (l1olc}in lhe valence 
band, th:.is aonihllating. the pair. tf we denote the generation rate of EHPs as­
g1 (El!Ptem3-s) and the tecomblnntion ra.te as r,. equilibrium require.s that 

(·3-7a) 

Each of1hese races .is temperature dependent. F'or exampJe.grf,r) in­
creases when.the temperature is.raised, and a new ca1·)'.ier concentration II; is 
eStablished sucn. that t'he higher rec·omb,inaHon rate r,(T) just balances gen­
eration. Al an.y temperat1.1re, we CiU\ predict lhat the rate of recombioalion 
of electrons and holes r1 is proportional tQ lhe cq1Jilibrium concentration o! 
electrons n0 and the concentration of holes p0: 

r1 = a,noPo = ·rt,:n.J = g1 (.'\-7hJ 

The factor er, is a eonstant of proportionality which depends on the partlc:u­
lar mecharusm by which recombination lakes place. We $halJ discw;s the cal­
eulatfo.tt.of n1 as· a function of tempe.nuure· in Section 33.3; rec0mbm0tion 
processes will be discussed in Chapter 4. 

3.2.4 Extrinsic •Moleriol 

.In addition to lbei:ntrinsic carriers generated thermally.it is possible-to cm:ate 
carriers in semie£>n<!uctors by purposely introducing impurities loto the crys­
taL 111isprocess, called dopmg. ls the most common technique !or varyi11g lbe 
c0nQ"11ct1vity of semic()uductors. By doping. a Ofy!i1AI can be altered ~o that lr 
has a predominance of either electrons or boles. Thus there are two 1ypes o'f 
doped samiconductors. n-t)'pe (mostly e]ectt-0ns) and-p-type {mo_stly hole$). 
When a crystal L~ doped·suclt thal the equilibrium carrier c011cen1ra1ions "" 
and .Po are di(fereot Crom the intrinsic carrier conceniration n,, 'j.he material is 
said to be e..i-.,rinsic. 

When impurities.or lattjce defects an: i.ntroduced inlo _an olherwise 
perfect crystal, additional levels are created in the energy band structure, 
usually w\tllin. the band gap. For cxampl~ an.impurity from column V of tbc 
periodic table (RAs, and Sb) introduces an energy level very nenr the con­
duction band in Ge or Si. This le\•el is 'filled with electrons !l'l O K, and very 
Httlethem1al energy·is required to excite these electrons to the conductfon 
l:!;tnd (Fig. 3-12a). Tuns at about 50-100 I< virtually all of the electrons in the 
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Figure 3-12 
Energy bond 

model one! cherni• 
c.al bond model of 

dopont.s in semi• 
conductors: (a) 

donolion •Qf elec­
tron~ from .donor 
lev·el lo conduc-

tion bond; {b) o_c­
cepton~ of 

valence bond 
electrons-by on 
c:,cceptor level, 

ond the resulting 
creation of holes; 
{c) donor and oc-

·ceptor atoms fn 
the co11olenl bond­
ing model o! a. Si 

crystal. 

T =O K 

E. --- -

'/' =O K 

'f "' SOK 

E, • ._ 
•• ,.,.. 11,•1" 

•--••o••••• Ii •" 
T '"' 50K 

(b) 

impuritr level are "dOJ1ated'' to the conduetion band. Such a11 impurity level 
i:s called a donor level, and the column V impurities in Ge or Si are called 
donor impuri.ties. FromFlg. 3- l2a we note that the material doped with donor 
imp.u;tities cau have a considerable concenlra.lion of electrons in t.hc con­
duction band, even when the tempetature :is too low for the intrinsic EHP 
concentratioq to be appreciable. Thus seiilioonductors doped \ylth il signifi­
cant number of donor atoms w.ill have n0 >> (n,, p0) at room temperature. 
This is n-t)pe m,aterial 
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Atoms from column ill (B,Al, Ga. andln)fotroduce impurity levels in 
Ge or Si oear ·1 fie valeu~ band. Thes.e levels are empty of electrons at O 1<. 
(fig. J-12b ).AL low temperatures, enough 1bermal energy is available to ex­
cite electrons from the valence band into the impuriLy level.leaving behind 
holes in the valence band. Since· this type of impurity level "aciccpts" electi:cm, 
from tl~e valenc:e 1:mn~ it.,is.calied an accept<)t level,.and the column m im­
·puriti.e.s are acceptor tmpuritie$ in Ge !llld Si. As Fig. 3-12b indicates, doping 
with accepto, impurities can create a ~mi~nductorwit/1 a hole concentra­
tion 'p0 IJ\U'ch greater than the r.onrl11ction bantl e.lertroo cono1.mtr11ti.on n0 
('this typeis p· IYJJe material). 

fo the covalent bonding model, donor and acceptor atonis can be-visual­
ized as shown in 1'ig. 3- 12c.AnAs aiom (column V) in the Si lattice has thc.fultr 
necessary valence electrons to complete the covalent bonds with. the neighbor• 
ing Si atoms,plus one extra electron. 'This fifth electron does 1.1cit 61 inio the QOnd­
ingstructure of the lattice and is therefore loosely bound 10 the As atom.A small 
amQUlll of thetmal. cme:rgy enables lhis ex.tra electron io overcome its cou1om­
bic bind1ng lo t.1ie impurity ,rtorn and be donated to the laltice'as-a whole. Th~ 
it is.free'lo po.rti.dpatein currcmtcooduction.This process u;_ a qualitative.moclel 
of the ei-.oitatio.n of electrons out of a donor levcl andlnto the conduction band 
(Fig. 3- l.2a). Similarly; the column nI impurity .B has only three val~nce elec­
trcinS 10 contri□ote- t.o U1e covalent bonding (Fig. 3-12c), thereby leaving one 
bond incomplete. With a small amount ofth.ennal.energy.tbis incomplete b<lnd 
·can be ll'ansfe~red t0 other atoms as the bondiQg electrons excblmge positions, 
,Again, the idea o! an electron "hopping" Crom .an acl,jacent bond into the in• 
corrrplele bond .l l th,e B $itc provides somc-pl,~icaL.ins.lghL into lhe benav!Qr of: 
an aceeptor, but the·roode! of Fig. 3-12.b is preferable for most discussions. 

We can calculale ratbe.t simp•Jy lhe·approxi'mate-enet'gy req_uired to ex­
ci1.e lhe fifth electron. of a donor atom into the conduction band (the don-or 
bl11ding energy~. Let ~ 11$SUIIle for nrugh oalculaliolll5 that tile As at6'ni of 
Fig. 3-12c has its four covalent bonding electrons rather tightly boun.d and 
tl:fe fif.th "ex;tni" electron loosely bo1Uld lo Lhe atom. We c;an approximate 
tbis·siiu.ation by using the Bohr model results, c0nsiderin& the loosely bound 
-electron as ran~g abaut the tiglllly bound "core" electrons If\ a hyd:rogen­
like orbit. From Eg. (2- 15) lhe magnitude 0I 1he &round-state energy (n. = 1) 
of s.uob an eJectron is 

ml( 
E=21{2fi2 

The value of K mJJSt be modified from the free-space value 4;;1:(i med 
in lhe hydrogen-ato.m problem to 

where 1;0 is th~ relative dieleotric cons1ant of the semic-0nduc1.or mate.rial. Jn 
addition., we must use the conditcti.vi~y e.ffective ma$$· 111: typical of. the semi­
conductor, discussed in more detail in Section J.4j. 
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EXAMPlEJ-3 It was:rnen,ti_oned in Section 3.2 that the c:ovaJentbo.ttding ,node! gives-a 
false i.rqpres'$ton, o( the 1.pcaliza,tion of cau'iers. As ai;i iUuatntion, calcu, .. 
latec t~e radius !Of tl}c electron orbit:around the donor in ng, 3-12Cr as, 
suming a gi:oµ_nd state l;iydro_ge n-lrke orbit in Si,. Compare with tlte Si 
larni:econstant. U$e nt; = Cfi6m0 Io'r S~ 

SOLUTION !from Eq, (2-,10) with n= ii. and usfug £ , = 1J .8 {or-Si, 

4 - , 10-:i-il)f 
r= - . 

. . . X lW-19)1< 

r = 2,41 X lO_.,m = 24.l A. 
N6te ibit'tm._s,i!i Il\Of~ than four lattlce :;paow.gs" "' 5,43 A. 

Generally, the cioh:rmn V donor levels lie a:pp_rox:imately O.ol eV beJow 
theoo-nduction band in Ge.and the CQlumn 11 l a<Xlep~or levels Lie about 0.Ot e V 
above the valence band. In Si tbe ~'Wll donor and acc~ptor levels lie about 
0.03-0.06 eV frpm a band edge. 

ln ill- V compounds, column V1 impurities occ1,1pying column V sit~s 
sei\le-as donprs.Fpr e.xamplo, S.Se, and Te are donors in GaAs,s.iace they sub­
s ritute for As and provide an extra electron compared whh the As atom. 
Similarly, impurities from column ll (B!!. Z n, Cd) substltule for column ITT 
atoms LO form acceptors in the rn-V cori1pouods. A more ambiguous case 
11 ri~~ \vhen a rn-V mate.rial is doped \yjlli SI or Ge, from colunm rv. The$e 
impurities are called amphmr.ric, meaning thaL Si or Ge can seTVe as donors 
or accepturs depending on whether they f\lSide 011 lhe column m or column 
V subl<1ttice of the·crystal. 1.n Ga . .O..S it is common for Si impurities to 0ecupy 
Ga sites. Since the SJ has an exira eJ.ectrcm co.mpared with the Ga it replaces, 
it serYes as a donor.. However. <10, excess 1Jf As vacancies arising during growth 
or prooos.~i11g of Lhe GaAs C!ln ca.use Si Impurities tu ocqupy As sit~. where 
they sen •e as acceptors. 

The· in1portance of dopfng will become obvious whcll we. discuss elec­
tronic device.s made from junctions between p-type and n-type semicondu-c­
tormaterial.1'be exLen( to whict1 doprngcomrnls the electronic properties of 
sern!.conduc:tors cnu be illustrated here byoom,'ider.ing chang~ in U,e:sarople 
resi.-.tance which otcur wrth doping. In Si, for example, the i:nttinSic eru-rier 
couoeotration n1 is aboUJ 1010 ctn-3 al mom temperature. Tf we dope Si with 
101'5 As atoms/cm3, lhe c:entluetion electron concenrr~ri"on changes by five 
orders of magriitade. The n;si>-tivi1·y of Si changes f'rpm abo_ut 2 x 1frl 0 -cm 
to 5 n-crn wi(h this doping. 

When a serruronduotoT is doped n-l)'pe or p-type. one type of carrier 
dominates. In the example i,riven above, I.he conduction band electrons out­
numbc_r 1be holes.u1 the valence band by ma,ny orden1 of-magnitude. We Tefer 
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to tbe small number of holes in n•type material as minorily earners and the 
relatfvely la-rge number of conduclion btLJid elec1rons as maj11ri/y cal'riers. 
Similarly, elec\rons arc the minority oarriers in -p, type matetiat, and holes 
are the majority carnets. 

3.2.5 Eleclron.s and Hales in Quontum Wells-

We navt: discus:,ed single-v.alucd (dis.:re1e) energy levels in 1he band gap aris­
ing frmu <lopiug, and 11 cumumwn of allow~cl ~ra te~ in the va lcm;t! 11ml con­
ducl ion bands. A tb.ir.d po~sibility 1s the f(:irrnaLio1-1 of (iiscre t~ l~veJs for 
electrons and holes.as a result ofquanrum-meohanical confln·ement. 

One ol'-lhe mqsi useful ap1jJications of MBE or OMVPE gr.owth of 
mul ti-layer compound semiconductors. as described in Secrion 1.4, is the fnCI 

tnal a wminuous single crysl.'11 can be grown in which adjucenl layers have dil'• 
ferent band gaps. For example. Fig. 3-13 shows !he spatial vari,nion in con­
duct ion and vale.rce bands for a nmllilayers1rucru.re in which a very thin layi:r· 
of GM\ ~ 1s l\0!ldwiched berween two layers of AIGaAs. which has a wider 
bane! g,tp lh~t the G,tAs. We will discu~b lhi;: delltil!:i ~1f such here,•,ij11m·rh111s 
(junctions hct ,veen dissimilar mareriah,) in St.oction ~-8. Tl is intctescin.g 10p0inr 
out here. howev.er. thaL a consequence of confining electrons and h oles in ,1 

Very thin layer. ts that the~e particles behave-according ro thepr,nir./e ill II P(J• 

teni/(1/ we.fl problem. wiu1 quantum states calculined·ln Section 2.4.3. Therefore. 

i.85eV 

Figure 3- 13 

E .J 

1.4

1 
cV 

I 

0.28 eV 

t 0.14 1:N 
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Energy bond di~cor\finuities for a rhin layer of GoAs sondwicned between layers al wider bond gop 
AlGeAs. In rh1s .cose, the OoA.s region is so thin rhot qvontum stores ore formed In the valence and con­
duction bonds .• Electrons in the GoAs conducifon bond re5ide on .. porlicle in o poleiltiol well" sroIes 
ollc~ os E1 shown here, rather !hon tn lhe usual conduction bond slo.les. Holes in rhe quonlurn welLoccu• 
py sln,ilaf discrete ·stoles, such oe Eh, 
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3.3 
CARRIER 

CONCENTRATIONS 

instead. of having tl1e continnum of stares 00rmally av.ailable ln the conduc­
tion band, the condlli!tion band eleetrons in. the narrow-gap material are con­
fined to discrete quantum stales as described by Eq. (2-33), modified for 
effective mass and finite \)a.trier height. Similarly, 1be states m th.e valencJ?. 
band available for holes are re..~triered to discrete levelsin the quantum well. 
This is one of the clearest de'11onsuralion.s of the quantum mechanical re­
sults·cllscussed in Cbapter 2.From a practical device point of view, the t'.or­
m.a~joo•of discrete quantum state~ in tlie GaAs layer cif.Fig. 3-13 ch.an.ges 
the energy at \\ihich photons can be. emitted. An electron .on on.e of the dis­
~ete conduction bapd states (Bi in Fig. 3-13) can make a transili<m to an 
empty dis&eie valence band state in the OaAs quantum well (sud1 as £ 11). 
giving off a photon of energy £ 8 + E1 + £1, 1 greater th;µ1 lli.e.GilA.s band gtip. 
Semiconductor lasers have been made in which such a· quamum well is used 
(o raise the energy of the transition from the ipfrared, typical o( Ga.t\s, to 
the red ponion of the spectnuu. We will s-ee otiler examples of quanrum wells 
in semicondl.ll;ltpr devices in later chaptcill. 

In calculating semiconductor eleclrical properties and analyz.ing device be­
hav,ior, it is o}fon necessary fo know the number of charge carriers per cm3 

ln the material The majority.carrier coneentration is. usually obvious in heav­
ily dQped materi'al, sinee one majority carrier is obtained for each impurity 
atom (for the.standard ·doping impurities:). Toe concentration or qtln_ority 
c;arriers is not obviouS; however, nor-is th~ tempetature dependence of the 
carrier concentrations. 

To obtain eguat:ions for the car.rier concentrations we must invest igaf.e 
the distribution of earners over the available encr~ states. This type of dis­
tribution•~ not;difficult to calculate, blll 1·be derivation requires some. back­
ground in statislical methods..Since we at.e primarily concerned here with 
tbe appUca,i.oo ofthese. .esults to i;emiconduclor materials and devices, we 
shall accept the distribution function as given. 

3.3. 1 The Fern1i level 

Electrons ln solids obey Fermi.- Dv-ac sUitistics-3 ln lhe development or !his 
type or stat.istics, one mu.st con&idilr 1be.indist.in,gu.is·hability of t•he eleo1rons; 

2f i_<omp!e, ol1>1her iyJ>0.1 of ~ ,r,flo a(e "!Ol'W.~ll-8ol1z;monn l9r do,sl\:Q) p,:,rti~> l"-9 , 90,) ol!d Bo,~ 
Elos!ein for ;>1,010,u. ~ IWo di,croleo~•'BY l.vt!I,, c, u~d ·£1 (wllh f~ :> 1:11, cloulcol gUl ui<>n~. fo_!low u 
tl;,liz•nonn d\,lr',bullon; 1h .. 11u111be1 .fl, ut alom, In >IQ\O ~ h l blc!•d lo)~• nµmb., . , In e, ot 11,ormol oqui­
lil,ri'-"'1_.bY 

w ,um,119 Jl1<1 ~ !oval, hovo N, gnd N, numboi of s10fe.>. ra,,pectlirely T~e 1'X~nenllol ienn e~p(-Alf/ Ul 
l.-c,i1J11T1only callod ll>o lli>lltrr.ann rac1o, It oppeoa'Ol,o In Ifie denomi~olo( ·or l~e fenni-Olror. nlslribulloo 
fu~clloo, We ,hall Iohlfn lo 1ho 8ollz.mdml dlsbibllilori In Ch~ter-8 in di;cu.siom of the propuslles.ol 
lo,eli-
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their-wave.nature, and the Pirnli exclusion principle. The rather simple n!SUlt 

of these statistical argt\mentsis that the distribution ofelecttons ov-er a ran-gt! 
.of allowea energy .levels at thermal equilibrbun is 

1 
J{E) = 1 + efE-E,J/kT \3· JO) 

where k is Boltz.mann'cs consmnt (k. = 8.62 x 10-s eV/K : 1.38 X 10- Zl .J/K). 
Thdunctionf{E), the Fe.rmi-Dirac disu:ibution function, gives the probabil­
ltY, that an available energy stale at Ti will be occupied by an electron at ab­
splule temperature T. Toe quau!ity ,F:,.. is called the Fern:1i level, and it 
represents an important quantity in the analysis of semiconductor behavior. 
We noti.te lhal, for an energy E equal to ilie Fermi leve.l energy Eh the oc­
cupation probabiliLJ is 

(3- ll ) 

Thus·an energy stal.e at the Fermi level h.11.s a probability of 1/z of being 
occupied by an electron. 

A closerexamination ofj(l{) in.aigires i:hal al OK the distribution takes 
the simple rectlll).gular form shown in Fig. 3-14.With T = 0 in tbe denomi­
nator Qt the expqneJ1t.f(.E.) "is 11(1 + 0) = J when t1te exppne,nt is ne~ative 
(E < EF)., and is 1/(i + oo) = 0 when tbeexponenc is positive (E > EF)-This 
re.ccangu1ar distribution implies !hat at O K every available energy state up 
lo Epi$ fi11ed with electrons, and all ,states above E,.. areempty. 

At temperatures higher than OK, some probability exjsµ; for states 
above the FermI level to be filled. for. example. at T= T1 in Fig. '.3 -14 there 
is some probability /(E) thaJ..states above £ , are filled, and there is a corre­
sponding probability [1 - f(E)] that states below E F are empty. l11e Fermi 
function is symmetrical about E,, for all teQ1peraturcs: lhat is; the probabili­
ty fi.Ep + AE)' that a stale AE above E.r is filled i.s the·same as the probabil­
ity (1 - JtEF - AE)] that a state iiE below E Fii, empty. Tue symmetry of the 

/{E) 

112 ---

E 
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figure 3-14 
The !Cem,1-Dirac: 
distribution 
function, 
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Figure 3-15 
The Fermi disfribu­

ijon fundion 
applied to 

$~miconductors; 
lct) intrinsic motari-

o) i lb) n•type mo­
terlof; le) p-lyp.e 

moJerldl. 

distribution of empty and filled s.tales a.bout£1,,rriakes the Fermi level a nat­
ural reference point in calculations of electron and hole toncen1ra1.ions in 
semiconductors. 

ht applying the Fermi-Dirac distribution to semiconductors, ,we must 
recall. that j(E) is the probability of occupancy o.f an a,1ailab/e1;ta1-e at £ . 
Thus if there is no available .-.u,11e at E ( e.g., in ~he band gap of"a semicon­
dua'tor), there is no pos.'libility of finding an electron there. We can best vi­
sualizethe ~elation bet ween J(E) and the band ~tructUie by turning the f( E) 
vs E diagrnm.on its side so that I.he E scale.corresponds to the energies of the 
ba11d diagram (Fig. 3-15), F6( intrinsic material we know 1h11t 1.he concen­
tration of holes tn tlte valence b,md is equal to 1be concentration of•c lec­
lrans in 1)1e conduc'lion band. 1'heref()re, the Fermi lev~I £F must lie at the 
middle of lb.e band g,aµ in intrinsio material.' Since ft.£) is symmetrical aboUl 
EF> the electron probabJJity "tail" of fi. 6) extending into the conducrion band 
ofFig.3-LSais symmeirical wilh the hole probabili\y tail 11 - ~E)l in the va­
lence band. The distribut ion fun'ction has values within the band gap between 

f[c} l 1/2 U 

{n} lnuio~,c 
/(EJ l 112 0 

(b) n-iype 

--- -4,· 
~~- ~. 

T 
j'(T;:) 10 0 

(c) P·t.J'r i; 

•Acniolly 1ho lnlrlnsic E,. 1, dr,plocod tllgh~y fm111 lhe middle· of ,~~ 90p,. ,iru;& th~ den,,~.,. <>I _,1(oble 
1101 .. In llie valence onil'can'ducflon bonds ore 1101 el:;ual'(Se"fon ~.3.2). 
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£ , and E"' but t11ere are no wiergy states available. and no elecl!ron (iccu­
pancy results from ft.E) in_ this range. 

The tails in/CE) are exaggerated m Ffg.3-15 for illustrative pu1:pos· 
-es. Acttmlly, the ptobabilityvalucs at£. and E, are guile small for intrin­
~ic mineli.al at reasonable temperatures. For exumple, in Si at 300 K, n1 ""' 

JJr= 101" cm-,, whereas the dens.itie,s of avnilablestates at E, and£, arc Oll 

the order oft 019 CJl1 - 3_ Thunhe probability of occ1Jpancy f(E) for an i.nd.i­
.vidual stale in tne conduc1 ion band and the hole probability [l - f(E)J for 
a state in the vaJcncc band -arc quite amaU, Because of the :relatively large 
density of slates ln each band, small changes in f(E) can.result in significanL 
cbanges in carrier concentration. 

Jn n-type material there is a high conc;;nttation of clectr-ons i:p the con­
duction band compared with the hole concentration in the valence band ( re• 
call Fig. 3-12a):mus inn-type material Lhe clistribu_tion function ,/(.1::.l must lie 
above its intrinsic position on the energy scale (Fig. 3-1Sb). Since ft£) re.ta ins 
its s.h,1 pe for a pnnicula:r tempc:~ramre. the larger conceni.ration of eli!eli.'ons at 
E., ill n-type material implies a correspondingly smaller bole concent.ra1io:n 
.atE .. We ooLice that lhe value of/(£) for each energy le-v:e'I hi lhe cond.uc1fon 
band (and therefore the total electron coacentration 710) increases as £ " moves 
closer l() Ec- 1l1us the energy dl[tcrcncc (Z!, B,) gives a measure oJ 11; we 
shallexpress this.relation mathematically in 1he foUowingsection. 

For p-type material the P-e.rmj level Lies ne-.ir ll,1e valem:~ band (Fig.3-15c) 
such l.hat the [l- j(E,'}j tail below E,, is largerthan theft£) tail above E,. The value 
of ( E F - Ev) indicates h9w strongly p, type the material ,is, 

It is usually inconvenient lo draw /(E) vs.Eon every eo.ergy band dia· 
gram ~Q indi.Gate the elect.ro11 and hole distribulions. Therefore, it Is common 
practioe me-re-1y to indicate the position of£, i.o baud diagrams. This is suffl. 
dent into·miatlo11, since for a 7'a.rticulat ternperature t:be position of E f" im­
plies the distributions. in Fig. 3 -15. 

3.3.2 Electron and Hole Concentration~ at Equilibrium 

The Fermi distribution fuo_ction ca.n be used to calculate lhe c0nceotratio11s 
of ele_cLrcms and-holes in a semiconductor, if the dcmsitle,~ of avail;,ible states 
in thee valence and conduction ba.nds a:re known. For example. the concen­
tration of electrons in 'the conduoiioo barid is 

no.= 1 «> f(E)N(E)dE 
E, 

(3- 12 J 

where N(.E)dE is the density of states (r.m- 3) in the energy range dE. The 
subsoriptO used with t)1e e!ectron and hole concentration symbol~ (110 ,p0) in­
,dicatcs equilibrium conditions. Toe number of electrons-per unit volume in 
the energy r1111ge dE Js ihe product of the density o(states and the probabik 
ily of occupancy f(E) . Thus the total electron cone.em.ration is the integra l. 
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over the entire conduclion band, as h1 Bq. (3-12).. 5 'The. functi!'lll,N(E) caii.be 
calcolated by using quantum mechanics and. the Pauli exclusion priocip!.c 
(AppencJjx IV). 

lt is shown in Appendix_ IV that N (E) is proportional to E 112, so die 
density of stales in I.he conduction band tnoreases with electn;in energy, On 
the other hand. the Fenni function becomes extremely.small for large 1.mer­
gics. The resul 1 1s that the prodw:t ftE)N( E) decreases rapidly above E., and 
very Cew electrons occupy energy s.tates far above the conductlon band edge. 
Similarly, the ptobabiUty ofii'nding:an empty scare (hole) in lhe valence bar.id 
ll - f(E)J decceases rapidly b¢.low E. , aod most boles occupy stales near 
the top of the valence band. Tiiis effect is demonsll'ated in Flg. 3-16, whicb 
snows the density 0f availab'le i;fates, the• f:'en:ni function, and the re.salting 
nlmloe.r of electrons and holes occupyiRg available energy sta~es in the con­
-duction and valence bands a.t therm.al eq_uilibnum (i.e., with no excitations eit­
cept thermal energy) . .For holes, increa..~ing energy-points down in Fig. 3-16, 
since the E scale 11:fcrs to electron energy. 

1he.result•of thein1egration of Eq. (3- 12) is the same as that obtained 
if we represenL alJ ot the di~r ributed electron state.~ in the con.duetion band 
by an e/feG'Iive density of $1ar£s Ne located a£ che oooduccion band edge£,. 
'Therefore, the conduction band ele1:tron concentration is s1mply Lbe effective 
densicy of states at fie times the probability 0f occupancy at E,6 

ll11 = N,f( H,) (3- [3') 

1n this expression we assume l:he Fermi level EF Hes at least several kT 
below the c.onduction band. Then the exponential. term is large compared 
witb unity, and the Penn\ function f( E,J can be 'Simplified as 

(3- 14) 

Siucek Tat room temperature is only 0.02.6 eV, this isge~erally ti good 
approx.imation. For this condition the concentration of electrons in the c-0n­
di1Cti.6n band is 

The effective density of states N0 is shoWTI in Appendix IV to be 
3/2 

( 
2:rrTT1;,kT) 

Nc= 2 - ----
112 

(:l - L6n) 

>n,,, uppor flmlt J.octvoJiy lmp,op•r In Eq. 13~1 2'1, sin,., il,e conduction bond doo• not extnod lp inflnlle· 
energy. 1'hi1 b unimpo't1onl ln· th• c:olculol1on cf no, however, ••oce RE) b""~""" negligibll'. ~inoll ro,, largo. 
values al I:, Most daemon, oc~upy !lore, "°"' rh:• ho~om of lfla,conduet[Ofl bood ol .aqaillbrium, 
61h9 simple e,pt•S>lon fot ~ c;blolrled in l:9 t3-13J i• lho ilireolT•••fl of fni.gmtln.9 E9. (:1--l.21, q, fn Ap 
pel'idl"- (V, EqUolion, (J-l SJ ond 13-l 9} p<ope,ly lod.,de 1h0 cl!ed, of lhe coadudioo cod "'Inna-band, 
lh1009h the deo»')'<>l-1\olot IO/JllS; 

Petitioner Runergy USA Inc., Ex. 1030, p. 90



Energy Bonds end Charge Carriers- in 5eq1 icond1.1ctors 

E 

Ee- ----

E..-----

(a) fofa•insic 

E .-----

(b) n-rypc 

E ,.-----

N(EJ 

E 

I 
I 
I 

E 

-----r----------
1 ,£ F __ -,..,,="',;..... __ 

I 
I 
I 
I 

___ __L __ _____ __ _ 

r 

I 
I 
I 

----7-----

I 

1 
I 
I 

- 1------
1 

' -----}--- --

' I 
0.5 

](£) 

Electrons 
/ 
----- £ , 

----£. 

N <E!./1£) 

Carrier 
cOncentnt.tlon 

91 

Figure 3-16, 
Schemotlc band dia9ram, densily of states, Fern,i-Djrac dislributi'on, and lhe carrier concenlrorions for 
(a) intrinsic:, lb) irl'ype, and le) p-type semiconductors at thermal equilibrium, 

Since the quantities in.Eq. (3- l6a) are known, values of N, can be tab­
ulated as a function of remperanrre. As Eq. (3-15) indicates, the electron 
concentration increases as Eprnoves closer to thJ:: <.:onduciion band. ·nus is die 
result we would predict from Fig. 3-15b. 

in Eq. (3-16a), m,:; is the-densily-o!-states•ef:fective muss ·for eleclrnns. 
To illust.l!te how it is obtained from the ba-nd curvature effective masses 
mentioned in Section 3.2.2, let us consider the 6 e·quivalent conauc:tion 
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band minima along Lile X-<lirectioos toi: Si. L-ooking at the cigar-shaped 
equi-energy surfac-es in Fig. 3-lOb, we find tbar we have lllere than one 
band curvature to deal with in calculaiingeffective masses. There is a lon­
gitudinal effective mass m, along the major axis of the ellipsoid, and the 
transverse effective mass m, along the two minor axes. Since we have. (mt f 11. 
appearing in th.edenslty-of-srates ex.pression Eq. (3-l6a), by·using dimen­
s(onal e.quivalence and ac)ding conrribullOUS µom all 6 valleys, we gel 

(int y;rz = 6(m1n11?)112 (3-16b} 

Tc can be seen that this is the geometdc mean of the effective masses. 

EXAMPLE 3-4 €alcu1atestlie dens.ity-of-s~.a~ effec~ve .n;iass 0$electto1)s'iil.Si. 

SOlUTIO~ For Si,.m1 = 0.98 m0; m, = 0.19 m0 go,:n AQp_endix Ill. 
There a;e -six equivalent X '-'.alle.ys ill the conduction ·b~d. 

mt-= 61/3(0.9&(0.19)Z)'113 m0• = 1.1 mo 

Note: For GaAs, the con du cl.ion band eq ui•energy surfaces are~pher-­
~l- SQ t~~te'iis only one band curvature eff~\ive me~ and it is egualto 
1h~ densiiy-cif:ssl.a1)s ~ffectivermess (= 0.067 mo). • 

By similar arguments, the concenLratiop of holes in tb.e valenc;; band is 

Po "' N,,[1 - f(E.),J (3-17) 

where N,. is the effective density of states in the valence band. Toe probabil­
ity-offiodiQg an en1piy state at E, is 

fer EFlarger tha11E, by several:JcT. From thes.eequations, the concentration 
o{ holeil in-the valence band is . 

·(3-19) 

Toe e·ffective density of'sllltes in the valence band reduced to lhe 
bancl edgeis 

, "" (l'ITm;JtDJn 
N,. 2 h'J. / (3-20) 

As expected from Fig, 3-15c,Eq. (3~ 19) predicts that the hole concen­
tration increases as Ep moves cl~ser to tl)c vale11ce band. 
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Theelectron and hole concentrations predicted by Eqs. (3- 15) and (3-1.9) 
are valid whether l'he mater.lal is intrinsi.c or doped, provided thermal equilibri­
um.is maintained. Thus/ or imrlnsicmnterinl, Ef lies al someJnuinsic level E1 near 
the middle of the bandga_p (Fig . .3-15a ), and the intrinsic electron and hole con­
centrations are 

(3-21) 

The-product of ho and p0 at equilibrium is. a coastani fur a partill'Ulatma­
terfal and temperature, even i( ~he doping is -varied: 

noPo = (N,e- (S,.- e,llk:l)(N,,c- CE,- e,)/ltT) ~ N.N,.e-<e,-eJ/kr (3.-22u) 

= N/f.e - 1!:ifkT 

n,p1= (N,,B-(E,-~)/1.T)(N.,e- (f:.-R,)/k'l) = N,!v.e- E,/1.r 

The Intrinsic eleftroo .md hole conctntrai.ions ai:e equal (since the car­
riers are created in pairs), 111 = p1; thus the intrinsic concentration is 

n =-v'iiii e- £/2tr 
' f,, . , 

U111 constant product of electron and bole ooncentratlons in Eq. (3-22) 
cao be written conveniently as 

I nop0= n~I (3-24) 

This is an important relation, and we shall use it exrensively in later 
calculations. The intrinsic conce~lration for Si at. room tempet'al.ure ls ap­
proximately ri, = LS x 10lO cm-':,. 

Com puring Eqs. (3-21) and (3-2.1}, we note tllat Lhe intrinsic level 51 ls 
the middle oftbe band gap (E, - E1 = E,12), if the effective densities of states 
N, and N1 are eq_ual.11\ere is usually some differeDf:eJ n ef(ective m~ f,or elei;;­
lrons and holes, however, and N, and N, are slightly different.as Eqs. (3-16) an<l 
(3-20) indica:te. The intrinsic level E1 is displaced from the middle of the band 
gap, more for GaAs than for Ge or Si, 

An.other convenient way of writing Eqs. (3-15) and (3-19) -is 

1111 = II / e(li.r- iii )(kT 

Po = n, e'E.- E;,)/H 

(J~25u) 
(3-25b) 

obtai.ned by the application of Eq. (3-21). This for.m of the equations Indicates 
directly tha l the-elec1mn con'CelllTalinns is n, ,vhen EF is at the intrinsic level 
Er, and that 110 increases ex.ponentiaJly as the Fer.mi level JPoves -away from 
£1 toward the C<l!ldilt:lion band. Similarly, the hcle c<mcei:rtration Po varies 
from n1 to larger values as £,moves from E1 toward the valence band. Since 
lhese equ~tions reveal the quailiatiye reatures of carrier concentration so 
dir.ectly, they.are particularly-convenient to remembe(. 

93 

Petitioner Runergy USA Inc., Ex. 1030, p. 93



94 Chapler J 

SOllmO!'i 

ASi sample.is do,.eecJ wfth 10•·~saton1s/cm>: Wh~,is the eguffioriU:m'ltole 
eO'pce.n'IJ'illion Yb a_t 3.00 Ki? W'!rere is Eli relative' t(:i E:17 

SlJlceW,s >::>- 11,r, we••c;\Jll app,;qxim~te 'io :.'N,rtp.!1 

Iii ,o -
·n0-= - -',-,~-=2,25 X lc?i:ibi ~ 
,,- ,n.o -· 

From Eq. (3-2Sa), we bave 

. . " - . . w~ !Jiffe_ - b'1=ki ln ~ =0.Q259 In 1 S. >< f0\0 =.!k407 eV 
lit , · ' 

The resulting band cliagram Is: 

h i ,:V, 

-----=--.,-------~-

3.3.3 Temperature Depe_ndence of. Carrier Conc.entrotions 

The v,ariation of carrier coneentrat!.oo with temperature is indicated by 
Eq. (3-25.). Ini.tiallyi (he variation of 110 aod p0 witb Tseems relatively straight­
forward in lhese-relations. The problem is complicated, however, by the fact 
Ll'!-al n1 has a strong tempera I ure d·epet1de1Jce {Eq. (3-23)] and that £F can 
also vary with temperarure. Let us begin by examining the intrinsic carrier 
concentration. By c~mbining f.qs. (3-23), (3-16a), and {3-20) we obtain 

(3-26) 

The exponential tempet,lture depea'dencedominates ,1,(T), and a ·plor 
of In nivs.10.1/T appearsllne.ar (Fig.J -J7).7 ln iliis figure we neglect varia­
tion., due LO the T 312 dependence of lhe density-of-states function and tbe facl 

"NI,,,,, plotting quontltlos-...,th os co<rlos conoeMCJ!f,;,o, ,.hid, i~vol"" o Boltzmann fu.<;to,, it i,,coo,,_ ta"* 
on inveoe remp<!rOIIJ~ xcJ,,: Thj, oll_owz tom,, whic h ore ~pone.olkil in 1/T 10 OPPl"'f l inoor ,n lhe ....,;. 
,! 090rilhmic plot Wt,ao reodm g wch gmpli., romomber iha1 !ompc,otv,o 1,,.,..,,,.,, ' from ngftt lo le/1. 
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that E8 •tarles somewhat with terupe1:ature. 8 ' lb;;: valu.e of n1 a:1 any tempe.ra­
ture is a definite number for a given semiconductor, and is known f,or most 
materials. Thus. we can taken, as given i.n calculating 110 or p0 frc:nn.Eq. (3-25).9 

With n1 and T given, the unk.nowns in Eq. (3.,-25) are. the carrier con­
centrntions and the Fermi lev.el position relative lo E,. One of these two 

' Fat Si the bond gap f9 ~n~ fr,;m obout I. 11 aV ol 300 K lo abour 1 16 eV ot O K. 

'Coro '"°"' bo tol;,,n lo uu, conil.iont uni!, I~ lf>a>~ et1lculoH~•· for ••P!'lple. 1f on """'9Y'•uch as E," 
f!JCP••.ned In .~lectron volt, leV), II s"1,ukf be rnul•iplio,tl by q !1 .6 x 1 o· 1• q lo ,ronvul1 lo louleo ~ k·1, ln 
J/K; alt_u,nafi""ty, 60,ton ba kopl In el/ end lho voluo cf k In rN/K can be u_")d. Al 300 K wo oan "'"/: 
H = 0,0259 eV and 'E, lo eV. 
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Figure. 3-l 7 
lnlrinsic co'rrier 
com:enlrotion for 
Ge, Si, o.nd GoAs 
as ·o function of irf. 
ve(se lemperoture. 
The room 'temper­
a.lure voluei ore 
morke.d for 
refere.nce. 
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Figure 3-18 
Corrfer concentra• 

tic~ vs. inverse 
tempererur:e for SI 
doped with 1 0 1 .s 

~onors/cm3, 

quan1i1:ies must be givenJf the other i~ lo be found. If the earrler•con.centnl­
Lion is held 81 .a certain value, a5 u1 heavily doped extrinsic material. Epcan 
be obtained frotn Eq. (3--25). The temperature depende11ce of electron coo­
centrat ion in a doped semiconductor can be visualiied a~ shown in Flg.3-18. 
In this example.Si is d0ped n•lY{>C with a donor concentration Nd of WIS·cm - 3_ 

At very low temperatures (large. VT). negligible in trinsk E HPs exist, and 
the donor el_e¢trons are bounrl to the donor atoms. As the tenrperature is 
tiilsed. tliese electrons are doniue<l to th~ cond ucti;m bane!, anclnt about 100 
K(J000/T "= 10) all the donor atorns.are i011ized.1Jtls temperalwe rru!'geis 
called the ionh(lfion re•gioo. Onc.e tthe donors ru.:e ionized, (be conduction 
\,and electron c0-ncentration is-n:,i,., Nd == 1075 cm-•,~e ane electron isob­
tainedforeach donor atom. When evi;ry 11vai1,able extrinsic electron has been 
transferred 10 the conduce ion band,n0 is virtually constant with temperature 
ontil the concenirruion of intrinsic carrie{S 111 b.ec:Om<:$ c-0mparable to lh.; ex­
trinsic concentration N.J- Fnnally. at higher temperatures 111 is much ireater 
than Nd, and the intrlnsio ca,rriers dominate. In most diwices it is desixable 
to conttol the carrier concentration by doping nnher lhan by thermal ERP 
gene.ration. Thus one usually dopes the matepal such thaJ Lhe c~r\nsicrange 
extends beyond the highest temperature al which the C!levice is to be used. 

3.3.4 Compensation ond Spoce Charge Neutrality 

When the cGOcept of doping was in troduced, we assw:r.\ed the material c.on­
t11incd either N;1 donors or N. acceptors, so that the extri:nsfo: majority carr.i• 
er co1Jcentralions we.re· 11n = Nt1, or Po= N,., respectively, for the o:t}'P.c or 
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- - - ------ - -- - - E, 

fHype material. 11 often happens, b.owe,ver. that a semiconductor conta.ins 
both donors and acceptors. Fo.r example. Flg. J - 1 \J illustrates a semiounduc• 
tor (or whiuh bath donors and acceptors are present. but N,i > NA. The pre• 
duminanc.:. of donors makes lhe· !}later~al n-lype, anrl lhc Penni level is 
therefore in the u:pper part or the ba.nd gap. Since Etis weU above the ac­
ceptor le,,el E • . th is level is essentially filled wffh electrons. However, with 
Er above E1, we.c.annotexpect a hole canceotr.ation i:n the valence band cam­
oiensl,irate wiih the acceptor co1,cenlration. 1n fact, the f'\lling or thee. states 
occurs at the expense of the donated conduction band ·elcatrons. The mech­
anism can be visualizi:d as.l'ollows: A $SUTne an._.ic;ceptpr slate is fi!Jed with a 
valence baud electTOU as described in Ftg. 3- 12b, with a hole resulting in the 
v.\lel)ce band. This hole IS then filled l1y rec:om.bina\ ion wit,h one of-tii.e ~ou­
dttction band electrons. Extending this logia to all t.he acceptor atoms.:we-ex­
pec1 the rcsu.liant.ccinoo11tra:lion Qtelectrons in theconduc,ion band ll1 beN0 
- N. instead 0f the total N,1 .. This process is called comp.e1:1sacion, By this 
µroi:ess ilisipo~il>1e to begin ~itb aa,1-type s~mirondUctor ancl add accc_p· 
tors un til N0 = N, and no. donated electrons remain io the·conduction band. 
In sui;:h coml?cnsated material, n0 = ,11 = p0 andinlrinsic conduc11on is ob-
111ined. With forth.er acceplor doping the semiconductor becomes p-lJpe with 
a hole concentration of e$sentiall¥ N9 - N,1• 

Toe. exact relationship among the electron, hole. donor, and acceptor 
concentrations ca.n. be obtained by considering the ,requirements for space 
charge ne1'/,rafity. 1J the mate.rial is to remain clectrostatical.ly neut.raL the 
sum c,f lhe.positivechi11:ges (holes and ioniz-ecl donor atoms} IJ'lUSi balance the 
sum or the negative ci1a.rgi:~ ( electron-s and ionized acceptor atoms): 

Pu -t NJ "" n1i + N;; ( > -27 I 

Th.us infJg.3-19 the net electron conccotration in the conduction band is 
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Figure 3--19 
Compensation fn 
on o-!ype $emi­
con<;luttor 
(Nd > N.). 
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DRIFT OF 

CARRI_ERS \Ill 
ELECTRIC AND 

MAGNETIC FIELDS 

Figure. 3-20 
(a) Random iher­
mcl mcficn of on 

eleci,on in o 
solid; (b). well­

directed drift 
velocity with an 
applied electric 

field . 

H ihe material is doped n-type ( 110 >> p 0) and all 'Ch_e impurities are 
ionized, we can approximate Eq. (3-28) by t lt) °"" Nit - N,,. 

Since the inttm!)ic seiµicooductor itself is elec-trostatically neutral and 
the doping atoms we add are a1so ueutral, the r equirement oi 'Eq. (3-27) 
m\151 be. maintained at equiJibcium. Toe electron and bole com:enLratio~s 
and the Fermi Level adjust such that Eqs. (3~27) and (3-25) are satisfied. 

Knowledge of cacrier concentrations in a solid.ls nec~sa.cy for calculating cur­
rent flow in rhc pres·ence of elec\ ric qr magnetic fields. Tn addilio,:i 10 the val­
ues of n and p. we musrbe able to t.ake into account lhl:l collisions or the 
charge cru:riers with the lattice aQd·w,ith the impuriri.es. These process-es will 
affect the ease W.ith which electrons and holes can flow through rhe crystal , 
that i,s, their moblllry wi•1hio the solid.As should be expected, these collli;ion 
and sc-<1 L1ering processes depend on temperature, which affects the thc rm.aJ 
motion of the la nice atoms and the velocity of the carriers. 

3.4.1 Conduc~vity end Mobility 

Toe charge carriers in•a solid are in .constant -motion, even at thermal equi­
li_brium. At room temperature, for example, the thermal mot.iol) of an indi­
vidual electron may be visualized as-r.andom scattering from lattice vibrations, 
impuriti~s. other electrons, and defecrs (.Fig. 3-20a). ~iru:e rhe s<;:;a.ttering.i_~ ran­
dom, thete is no net motion of the group of II electrons/en? over aay _period 
of time. This is not tr.µe of an indiyidual electron, of course. 'Dle probabili~y of 

Field 
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the electron in .Fig. 3-20a returning to its starting point -after some time r is 
J1egligibly small. However, if a large mn:nber of electrons is-considerep ( e.g., 
1016 cm -3 in an n-type.semiconductor), thcr-e will be no preferred direction 
of µiotionfQI the group 0£ electrons a11d no net c11rrent flow. 

lC an electric field~ .. is applied.in lhe x-direclion. each etectron. cxpe­
rienc~ a netforne -q_i.-from the field. Th.is f.orce may be in,&ufficient to alte~ 
n_ppreoiablythe random path of an individual electron; lhe effect when av­
eraged over all the eleatro11,s, however, is a net motio,n o(the group in Lile 
- x-directiClU (Fig. 3-20b). Ii p., is the x-component of tbe total momentum 
of the group, lhe force of tbe liel.d on then electro.ns/q113 is 

- w~ -~1 
"'I "'.•• - dr Geld (3-29) 

laitiafly, Eq. (3-29) seems to indicate a continuous acceleration of the 
electrons in the .:..x-direction. Th:is is nol th~ casc,.however, because the nel 
.acceleration of Eq. (3~29) is just balanced•in steady state by the deceJera­
tiox1s of the colli.s.ion processes. Thus while tlJ·e §ready field f&x does produce 
a net momentum P-,, the net rate of change-of momentum when collisions 
a:re included musl be zero ~11 llie ca,se oi.sleady stale c1u1cnt flow. 

To find the total rate of momeo:tum cl1ange from eollisions, we must 
investigl!te the collision probabilities more closely. If tbe collisions are trr,i'ly 
random, there wrn be a constant probability of collision at any time for each 
electron. Lei us consider a group of N0 electroµs al _time 1 = 0 and define N(t) 
as the number of elecLrons that ha,v.e 11.ot,undergone a collision by timer,. The 
rate of decrease inN(t) at .any tlme I is proportional LO the nurober l.eft un­
scattered at t, 

(3- 30) 

where, - 1 is a constant of proportipnality, 
The ~.olution 10 eq. (-3-3()) is an exponential function. 

N(t) = Nr,e-(/t (3-31) 

.uid r represents the mean time between scanering events, 10 called lhc mean 
free time. The probability that any electron bas a collision in tbe time inter­
Vll.l dt is dtli. Thus the differential change in p. due to callisions in time dt is 

dt 
dp,=-p,~ 

r (3-32) 

" 'Equakoml (3-301 ond (3-31 ) Ore lyplcal of ovenls dorninolod by rnnclom procos,n.,, and lhe folf!1,·of 
lb..,,,eqoolion< occur ohon in many brond,.,. ol phy, ks ond en9inccrlng, For exomplo, in tho rndiooclive 
-decoy a/ ~n•lobla nud r,ar Isotope,; Nt, nuclidoi dP.<oy ewp01)8nli~lly -.,ljh c, mwn llfoilmo r Other 01<om­
pl~ wlll be fo~nd ln 1hi, la.-1, lpcli,d,ng lho al:,,orpllon of light in a, 'tl'miconductor and the r~mb_inofion 
of e•-c••• EHf,. 

99 

Petitioner Runergy USA Inc., Ex. 1030, p. 99



100 Chapter 3 

The rate of change of p, due to the decelerating effect of collisions is 

~1 _ _ Bi, 
dt. <Oltltlons - 'i 

(3--33) 

The sum of acceleration and deceleration effeets must be zero for 
ste_ady ~tale. Taltlng the sum of Eqs. {3-29) and (3-33), we have 

~• - nq~, =0 
l 

The averagemomentum-pei electron js 

(3-34.) 

(3- 35) 

where U1c cmgulnr brackets indicate an average over ~he entire gi:oup of c)ec­
tfOns. As expected (or steady-state, Eq. (3-35) indicat;,1s that the ele1::trcms 
have on, the average a const-1ot oel velocity in th,enegative x-dircctloo: 

(v } = <P.,) = - qr• i.- (3-3.6) 
¥- ni: 111: 

Actually, thcindhcidual electrons.move in many. di-r:ectioos by thermal 
motion during a given time period, but Eq. (3-36) tells us Lbe net ,irift of an 
average electrnn in response 10 the electric field. The drift speed de.scribed 
by Eq. (3-36) is usually much smaller than the random speed due to the ther­
JJllil motion V(Ji• 

The current d~nsity resLilting from this net drift js just the number of 
electn:ms crossing a.unit.area pei;:unit time (n{v;_}) multiplied oy, the charge 
0n lhe electron (-q) : 

J,, = - qn(v,} 
ampere coulomb electt.~ms cm 

c:m1 = eleotr.on • cm9 s. 

Using E4. (3-36) for the ave.rage velocity, we obtain 
·2· 

1 =nq r~ 
X mt ~ 

(3-37) 

(3-36) 

Thus the current density is proportional to lhe·clcctric_µeld, IIS we ex.­
peel from Ohm's law: 

Th,e conduotivi.ty O"(U-cm)- 1 can be writte.o 

qt 
whereµ.~.,,._ 

nit 

(3-39) 

(3-40a) 
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The qulllltity µ.., called the electron mol>iliry, describes tbe ease with 
which electrons drift in the material. Mobility is a very important quantity in 
characterizing.semiconductor materials ao,din device development. 

Herem; _is the conductivity-effective ma~stor electrons, different from 
the density-of-states effeetivemass·mentionedin Eq. (3-16b). Whll.e we use 
the density-of-~tates effective mass t-b count lhe number of carriers in bands, 
we must use the-conductivity effective mass for charge tra.asportproblems. 
To illustrate how it is obtained from ,the band curvature effective mas.$es 
mentioned in Section 3.2.2, once againJet us consider thc 6 equivalent con­
duct.ion band.mini.ma along the X-direclions f~ Si, wilh the band curvature 
longitudinal effective mass, m,, along the major axis o:t the ellipsoid, and the 
transverse effective mass,m,, ·along tlie two mirto.r axes (Eilg. 3- l0b).Since we 
have l/m% in. the mohility el!'.pression Eq. (3-40a), by using dimensional 
equivalence, we can w.rite the conductivity effective mass as the liannonic 
mean of the band curvatnre effective masses. 

101 

Calculate the conductlvicy-. effective·mass of electrons in Si. EXAMPlf 3-6 

For Si. m1 = 0'.98 m0;m, = 0.19 m4_ (Appendix Ill). SOWTION 
Tb,ere- are 6 equival,enlX valleys ip the CQnduciliQn b::1.nd, 

,l/m: = 1/3,(1/mx + 1/?ftJI + 1/ mt) .:a 1/3(tfm1 -t, 2/p,) 

L( 1 2 J 
l/m; =3 0.9817½ + 0.19mit 

m; = 0.26mo 

Note: For GaAs; the conduction band equi-energy s{ITT'ac;es 111'.e spheri­
.ca1. So there is only one band cu.rvat_ute effective·~~ _ffhe density of 
states effective 1Dll$S and the conouctMty, effective.mass are bolli 0JJ67 mo,) 

The mobility defined.irtEq. (3-40a}i;:an be expressecl as 11).e average pru:­
ticle drift veloGity -per unit electric field. Compa:ring.Eqs. (3-3'6) and (3-40a), 
we have 

Toe units of mobility aTe (cm./s~/(Wcm) = cm2/V.s. as Eq. (3"41) sug­
gests.. The min1.1s sign l;n the de.Rnftion results in a positive value of mobilit.y. 
since electrons drift opposite to the field. 
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Fi911re 3-~ 1 
Dri~ of eledrons 

and holes In a 
semiconductor 

bar. 

The current density can be·written in rer.ms ofniobiljty as 

J. == qnµ,/t ., (3-42) 

Thls derivation has eeen eased on the assumption that the current is 
carried primarily by electrons. For bole conduction we chan.g~ 11 top, - q to 
+q, andµ,,, to µP' whereµ," =< .+(v,,)/'f., is themobility for boles. l f b.oth elec­
trons andlioles participate, we must modify Eq. (3-42) lo 

I 1, = q{nf-Ln + pµpY6> , = u<&, \ (3-43) 

Values o"E 1i.,. and l"'p are given for many of the cornmonse.tuit:011.d_uctor ma­
terials in Appendix !It. Ac:oo.rding to Eq. (3-40), t'he parameters determining 
mobility are m* and mea,n free time 7.Effee.tlv~ mass lsli prop~ty of che:ma­
terial's b&nd structure, as·described by Eq. (3-3), Thus we expect m~ ta be small 
in t\Je ~trpngly' curved r Q'1inimum of the Ga.As cortctJ.iGtiOn oand (Fig. 3-6), 
with. the .r.esalt tl1at µ,,, is very b.igh. In .a mme gradually curved band, aJarger m"' 
in lhe denominator of Eq. (3-40) Jea·as to a smaller value of mobility. JI ·is .tea­
sonable co expect that light.er particles are mo.re mobile than bea~er particles 
( which l~ satisf}'lllg, since lllc common-sense v-a.lue of effective rtlll.'\S is not always 
:apparenl).The other parameter dete:rmia.lJJg mot,ility is !he mean time between 
scattering_ even[li, r. ln Section 3.4.3 we shall see that this ls deterniined ptinmr­
lly bytemperat!lreandJmpnrity concentration in 1.j1e semiconductor. 

3.4.1 Drift and R85islonce 

Let us look more closely al lhe drift of electrons and holes. lf I.he semicon­
ductor bar of •frig, 3·~21 c:ontains both types of carrier, Eq- (3-43) gives the 
conductivity of the material. The .resistance otthe bar is tlten 

R = pL = £ _:!:. 

Electtic field 
Clll:rcmt 
Ho!emotlon 

_i-

Wl Wt CI 

/ Electron mor:iQn 

--- w 

(3-44) 
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where p·i!i q1e tesi.stivity (.11-cll)). Toe physical mechanism of carrier drift 
-requires that t'he holes in 1he bar move as a group ,in the direorion of lhe 
electric field and tbat the electrons rµove·'3li a group tn the opposite direc. 
tioo .. Both the electcoa and the hokcomponents of current are in the di­
.reclion of tht; '& field, since conventional curi'en.l is positive ia the directfon 
of bole flow and opposite to thedirection.,of electr6n flow. The-drift current 
i:lesc:ibed by Eq. (3-43) i~ con.stant thro_ughout the bar. A valid question 
arises. therefore. concerning the nature of the electron and hole now at the 
contacts and io the exLer11al ciccu_it. We should specify that the· cootacts 10 

the bar of Fig, 3-21 are ohmic, meaning tha l they a.re perfect sources and 
sinks of-bolh carrier type$ and have no special tendency to inject or col)ecl 
eilher electrons or holes. 

H we co~ider lb.at ourt~nl is carried around the cx.temal circuit hy 
electrons .. there is no problemfo visualizing electrons fl.owmg into tbebar·at 
6oeend and on~ at the.other (always o_pposi(e to /) .Thus for every eleotron 
leav.il'!& the left end (x = 0) o! lbe bar fn~ig~3-21, there is a correspondmg 
elecrron entering.at x- = L, so that tile eleelron concentratfon in th,e bar re­
mains constant at n But what. happens to the holes al the contacts? NJ a 
hole reaches- lh_e ohmic contact a~ x = L, it•recombiq.es wi,th an electron, 
which must be supelied through the ex1en,at tircuit.Asi:bis hole disappears; 
a co.rresponding bole mDst aP.pear at x = 0 lo maintain spaee charge neu­
trality. I1 is r.easqnable to consider the _sOlu·ce of 1his hole as the generatJ.on 
of anEHP au = 0, with the hole flowing into the bar and the electron.flow• 
l n& inl_o the exterq.al circuit. 

3.4.3 Effects of Temperature and Doping on Mobilrty 

The two bll'Sic types of soatterin& mechanisms that int11lence electron and 
,hole mobi.li):y i;ll'e lattice scatr.erirt,g and impurity scaireri.11g. In laLtice 8cauer­
ing n carrier moving tlrrou&11 ~he crystal is scattered by a vibration of the lat­
tice, resulting from tile temperatura.11 TI1e frcqllency of such stattering events 
increases as_ lhe remperature·increases, since the thermal agitation of I be-lat­
tice becorn~ greatex. Therefore, we shoulQ expect the mo~ility to d;;icrease 
-as the sample is heated (Fig. 3-2'2). On !he other hand, ~cattering from crys­
tal' defecls such as ionize-0 impurtties becomes the dominant mechanism a1 

lmvlemperau.u:es, Siuc-e the atoms ofthe ·cooler latLice are1ess agirated,1at­
ticc scatteririg is less important; lioweyer, the thermal motion of ihe carriers 
is also slower. Since a slowly moving- carrier- i~ likely to be SO!illered more 
strnugly l,,y an, lnJeraotion with a charged ion than ·is a c--arrier with greater mo­
mentum, impurity sMtlering events cause a deor,eas-e iu mobility with de­
creasing t~erature.As..Fig. 3-2'2jodicates, the approximate temperature 
~pe-ndencies are , 312 for lattice scauerlng _and T ·1rz for impurity•scattering. 
.Sil)ce the scattering probability ofEq.,(3.-32) isuwersely proportional.to the 

11('q1l•ctlvo.,lb101lon1 al ohms In rlie ~ry,lal 0,d callod p~,:,non,. Tuu1 lottlte-SCanerfng lnil,a \nown·o, 
phonon .J~att,jr/ng. 
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Figure 3-22 
Approxlmole Jem­

peroture depen­
dence of mobility 

with b-oth lotlice 
and impurity 

scoll,idng. 

EXAMPLE 3-7 

SOWTION 

I , 

l111puri1y sca.r1.;ring 

T(K ) 
(log scil-,J 

L~t.1ice sautorlng 

1neim free time and tberetore to mobility, the mobihties due c0 two or more 
sca11eri:ng mechanisms add inversely: 

1 7 1 
- =- +-+ . .. 
j.L µ. , J.L2 

As a result, the mechanism G'\usin& the lowest mobility 1111lue clomi­
na.tes. as shown in Fig, 3-22. 

As the coaceniration of iin.pw:iries lncreases, 1.he effect., of impurity 
scattering arc felt at higher t emperatures. For example, the eleotrnn mobi11• 
ty µ.,, of inu-in.sic silicon at 301) K is l350 cmI/(V-s).,Vith a dc,inor doping cbn­
centration of 1011

• cm- 3; however. µ.11 is 700 cm2/(V-s) . .Tbus. the p rl:lsence of 
\he· 1017 ioaite<.l donors/cm~ introduces a sigliificaru a.mourn of impuri,ly, slial­
tering. This effect is illustrated in Fig. 3- 23, whlch shows the varianon of mo­
bility with d1~ping conoentnuion at rooi:n temperature. 

A Si bar Q.1 cm loog and 100 pm.2 in cross-sectio;nal area is doped with 
10.17 cm-3 phosphorus. Fmd the cwrent al 300 K with 10 Va pp lied. . 

For this a.Pplied voltagenve see that the .electric field is lo..v enough 
that we are in t,!ie ohmic'regi~ Ftom Fig: 3~23, fo)' this d,o.¢ng,.,tbe 
P.11•= 700 cm1./V-s; • 

ll = qµ,in()' = t,.Q, X J 0-19 X ·7QQ X. 1017 = H.2( () -om)- 1 = p--:1 

p-=- o.~93 f,). • cm 

R = pL/'A = 0.0893 X 0.1:/10-'{; = 8.93 X lc>3fl 

1 -=; WR = 10l(8.93· X 103) === iU.mA 
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Figure 3-23 
Vdriotlon of mobi[rty with "total doplryg Impurity concel11rqtion {N0 + NJ for Ge, Si, and GoAs at 300 K. 

3.4.4 High-Field Effects 

One assumption implied in the derivation of Eq. (3-39) was that Ohm_'s law 
isvalid in thecarri.erdriftprocesses.TI1at is,jt was assumedthar the drift cur­
rent is,>roportional to the electric field a.nd that the-proPQrliomility collSfant 
(er) is 001 a function of field ~-This assumption is valid ()ver a widennge of 
<t;. Rowever, large electric fields (> I (i-V /cro.) -can cause the drift velocity and 
therefore the current J "' - qhvd to exhibit a sublinear dependence on the 
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Figure 3-24 
Soh.1roliori .of elec-

tro~ drl ft velocily 
al high electric 

fields for Si. 
LO' 

1 LO" 
> .. 

I!)~ 

/ 
/ 

/ / ...------
,? 

I lfl 

li(Vicrn) 

electric field.U1.i-s depende nce of ,r 11pon 'ii: i.s an,eiq1mple of u hot wr~if!.r ef­
fect, which implies that the carrier drift velocityvd is comparn_ble to the ther­
mal veloci ty Vu,• 

ln:many e11se_s.an upper limit ls reached fonbeci!frier drift velocity in 
a p.igh field (Fig. 3-24). This limit qccurs aear the mean thermal vefocity 
(= l (f cm/~)·and n:presenr·s ihe point at' which added energy imparted by the' 
field is transferred w -thc lanice rather than im,Teasing tlie carrier velociLy. The 
reslllt o( this scatteri,t1g /lmir.ed ve,locity is a fairly constant current at hlgh 
Ciel!,i. '!'his heliavior i.s ~ipica1 of Si, Ge, and somi.: other semiconductors. 1-lvw­
ever, there ll-re o ther impbrtallt effecL~ In some mate.rials; for ex'an:lple. in 
Chapter. 10 we shall discuss a de.crease in electron velocity at h.igh fields for 
OaAs and certain ot·ber m,\tcrials. which rel\ults rn negative conductivtLy lll'id 
currenl instabilities in the sample. AnoLher important bigh-fieLd effect is 
avalanchemulliplicat.ion, which \ire sliall discuss in Section 5.42 . 

3.4.5 The Hall Effecl 

Tf II magtietic field is-applied perpendicufar to the direction in wbfah holes 
dri(t in a p•ty.pe bar, the path of lhe holes tends to be deflected (Fig. 3- 25). 
U$ing vector noratlon, rJ1e to'talforce o,i a single hole dire to 1he electr ic and 
magnetic fields is 

F = ,q("& + v X ~) 

In ~e y-direcl ion the foti;e is 

Py = q('~y - v,£11:) 

The lmportant result of Eq. (3'-47) is that unless an ele<1tric field iy is 
established aJ,ong rbe width of the bar, e1c1ch hule wiU experience ·a net force 
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I 
I 

I W 

"-, 

•( and there-fore an acceleration) in the -_y-dir-eclion due to the qv,,'ll!,, product. 
Therefore, to·maintain a steady state flow.of holes down the length of Lhe bar, 
the electric field·"&>' must just balance the product v,'!11,: 

i, = v,'lA.1 (3-48) 

so that the'llet force Ey is zero.Phys~oally, Lhis electric field is set~p when the 
n1agnetic field shifts the hole distribution slightly in the ~y-.dlrection. OI)ce 
the electric field~, becomes as large as v~~ .. no net lateral force is experi­
enced by t,be.holes as they drift along the bar. The establishment ofthe elec­
tric field 't1 is known as the Hall effect, and the resulting voltage V,18 = ~,w 
is called the H,aU volrag~ If we use the expression derived fo Eq. (3-37) for 
the drift velocity (using +q and.p0 for holes), the field ~r beoom~s 

1 
R11 a - . 

qpo 
(3-49) 

Thus the Hall field is proportionai to the produd of the current densi­
ty and the magnetic flux density. The proportinnality constantR11 = (qpot1 

ls called the Hall coefficient. A measurement of the Hall voltage fora known 
current and magnetic field yields a value for the hole concentration.p0 

1 J.J!@,i (lxf'wt)~ lz'11!,c 
Po =--=-- = = --.-
' qRH q~1 q(V:~ofw) qtV ,ui 

(S-50) 

Since all of the quantities in the right-hand side o(Eq. (3-50) can be 
measured, the Hall·effect can be used to give quile ac-,cu:rate values for ellr• 
tier conoentratiqn. 

107 

Figure 3-25 
The Holl effect. 

Petitioner Runergy USA Inc., Ex. 1030, p. 107



108 Chopler 3 

aAMPt.£:3-8 

SOLIJTIO}II 

3:5 
'INVARIANCE OF 
THE FERMI lfVEl 
AT EQUILIBRIUM 

If a m·e1,1sui-emeUL of resis~nce R ts made, tl1e sample resistivity p can 
be calculated: 

p(!l- cm) =Rull= VcDl(r 
l /.;/wL 

Since Lhe·conduorivity r, =<]/pis given by qiJ.,,Po, the mobility is simply 
the rat•io of the Hall. coefficient and the resistivity: 

(3 -5}1 

Measurcinenl.s of the Hall coefficie.nl and t:heresistlvity lWCT a r~ng,e of 
cernperamres yield pl0tS •Of majority carrier concentration and mobility vs. 
temperature. Such measurements are extremely useful.in the analysis of semi­
conducwr materials.Alchough the discussion here has been related 10 p-type 
material, similar results are <')blained (or n-type maieiial. A negaJi"e value 
of q is used for electrons, and the Ball voltage V.:1.n and Han coefficient R11 are 
negative. 1n fact, tneasurcment of the sign of the lia.U voltage is a cc1mn1<.>n 
technique.for determirung if an unknown sample is p-type or n-type. 

Reien· g,'3- • • • · • ™·"' 0.1 m1t;1,, 
"' IQ :,,,. - 'l k:Q_;.:. :1p-s 

Wli) rn'bm'l. 
En'i! 1: ej. 

$_ = rn-" Wl'tlcm2a 
.From tne sign dt~~8 • weean,see :'bat the m~lori,ty cartiers-are.el'ec• 

,troll ·: 

no, - Ii?,~ = l = 31125 ~ 1~ 1 Qfll~:i 
1!(-V'i!e) 1.6' , X 10-~) - • 

. [( 
/} = LI.wt b 3 - 1).002 n. cm 

1 l tO _,_"'J: 1 ,., ,..,.1 
w;i = pqn:C/ = _ i:d'1ij ~ , ,uoo cm (•~· • s, 

Tli tbis chapter web.aw discussed homogeneou6.Semioende1otors; without 
variations in doping and withoutjunccions between clissirnilarmateriats. Jn 
the followir)g chapters we: will be consid~·ing cases in which non.uniform 
doping occurs, i11 a given semiconductor, or junctions occur between differ­
ent se\IDC<)nducLorli or II semicpnu.uctor :'\lld a meral.;lJ1e:se cases are oruc.lal 
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to the various types of electronic. and optoel·ectronic devices made in semi­
conductors. fn anticipation or those discussions, an important concept should 
be establishedhere regarding th.e demands of eq;uilibrium. Thal concept can 
be summariz~d by ootlng tbat no di1rcorftinui1y ur gradient can arise in the 
equilibrium 1-"enni level EF-

To deQ1onslrate ~ $ assertion, l~I us consider two materials in int:imate 
contact sud:i tl1at electrons can move between the two (Fig. 3-26).11,ese may 
be, for-i;xaniple., diss.hnilat semiconductors. n- and p-type regions, a metal and 
a semiconductor, or simply two adjacent regions of a nonunifonnly doped semt­
conduotOr. Baell mate.rial is dcscribc!l by aFem1j-Olrac distribution function 
and some distribution of available energy states that electrons can occupy. 

Th.ere is no Cl)-rrent, and therel'ore no :n.et cruµ-ge. transport, at thermal 
equilibrium. There is ulso no net transfer of ene:r,gy.171erefore. for each en­
ergy E in Pig. 3-26 any lransfer of e lectr00s frqm maLerial 1 ro material 2 
must be exactly balllnced by the oppoi,.ite, transfer of electrons from 2 to 1. 
We ,vm leL the deosity of states at, energy E in material J be called 1;11(£) 
and in material 2 we wilh;aJJ ii N:(E). At energy E r.he rate of transfer of 
electrons from 1 lo 2 is proportional t0 Lhcnumbei- pffi lled,states atEin ma­
terial I times the number of empty states at£ in material 2: 

(3-53) 

where A E) is the probability of a s late being fi lled 111 Ein eac;;h.material, Le., 
the 'Fermi-Dirac distribution· funclion giv~n by Eq, ('.-1-10). Sirrularly, 

A~ eqi1ilibrium these mus.\ be equal: 

I -- ------ - ----

t\i.fmcrwt J 

DlmSIIYllf Sl&!e:.f N1(~) 

Fc,rrniDistnu o1inn/,(r.) 

E 

(3-54·) 

('3-55) 

<.: 

,. 
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Fig_ure 3-26 
Two moterfols in 
inlimo te c/:intoct at 
e911il ibr,;m. Since 
the net moHon o~ 
eleclrons Is zero, 
lhe e,9uil ibrium 
Fermi le1tel must 
be constant 
throug~oul·, 
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SUMMARY 

Rearranging Lerrns. we have. at energy £. 

N.J1N 2 - N1 ftN:2f2 = N ,.f-!J1 - N2fi N 1fi 

which results in 

Therefore, we C'onclude thaJ £ 1'1 = EFL· That is, rhere is no discon tinu­
ity io tho: equilibrium Fermi level. More gene.rally; we can state thatthe Fenni 
l evel at equllibrium musL be constant Llirop.ghciut matel'ials in intimate con­
tact. One way .of stating this is that no gradient exists in tl1e Fermi level at 
equilibrium: 

[E 
We will make.considerable use of'this resulr in the chapters to fo]l0w. 

J. I In 11 diiunpnd lattiee. each Si a tom (with four valence electrons) is•6Urrt>unped 
by four Si ar.om5 ~hnt1c-,mJ four c<Jvafl!11i bonds con.~'istin& of shared' electron 
pmrt.. thereby forming a 11 (Jt:(e/ of electrons in the vufoaceshell. [n zim; blendt: 
srrueturessuch as G~A.o;,:electrons are p~rtly .shared (oova1en1 bond1ng) a'nd 
partly ttansferred rrom 0a lo As (./011fc bonding). 

J.Z Jn ,;:r:ystals.. dectrqnic wayejiincfion., overlap to give various.linear co:rnbi011• 
, ions oLatomic orbitals (LCAO}. Bonding or symmetric combinations of tbe 
wnve functions or valem::~shell ekcuons form (almnsr) qor,rinl,U)us allowed. 

1,a,u/s of encrgi.is in t"\le (almcm) filled valttire band, separated by nn energy 
gap from higher energy states in an (afmosr) empryconducr.ion banc;l that co;r­
respon.d to the antlbo1tding l/rai;,ti~jmmctric LCAOs. En1pty: electronic~1ales 
ir1 the valence band cnn be considered lo be p.ositively ch11Tged .carriers 
(holes), while filled states in the conduction band are negatively charged (wn• 

ct11.c1jan) elec.crmrs. 

J .J Jr the: band gaps are large, we.get insulators: if they ace small (- 1 c.V),we gel 
semi.:oncluctors: n~1d .U' they ·arc zero, we ge1 conductocs (mutals), 

3.4 Sfmplifie,l band dill!:,'1'.MDS plot elecrron Mergy in tb.e conductjon_ band (i11• 
cr11asw.g upwards ) as a funelfon of .position. The band edgl' corresponds 10 po• 
(t111fu l liner.gy, and th.e dislancc .from the band edge giv~ 1 he kinetic 1mergy. 
Holt! errergies i11uease dowmvard in ib.e valence band. 

3.5 Carrie:t' energies can aJso be plotted as a ru.nctioo of wave vector k (proporti0nal 
to vcl(>city or 111omeatum),to give {£, k) band .itr11c/11res, \Y.lucb. ~an be· direct 
{coodmnfon band m:iniwum directly nboYe \>alence bond maximum) or indirect. 
'Ille c11rva1w'e of the (~ k) ls,rnvc.rsely proportion a I to rb.e.effer:tive t /lilS.$ m'" of 
tJ1e carriers. Them"' accounts tor tbe-interaclions of Lbe carriers. with the peri­
odic crystal poten1tiiJ. 
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3.6 In a pure semkondrn;ftu, we lia.v~an ilitri(iti'c com:entri!tion of•electrons (or 
holes), n,, that result fro~ thermal generation-recombmatia,11 between the va­
leru:e and conduction ban_d (•or bond brea~g). U we replll_l:e some Si atoms 
(with fol)i: valence electroJIS) with donor impurltles wilh five valence electrons, 
they donate conduction eleatrons,n (=N/); similar;ly,11cce)Jt9r,foreilre boles p. 

3.7 The nlltlIDl,!ror eli!ctrons, n, istliei;nregral with respect 10 energy from the bot­
tom to the top of the coJJduction band of the produce of the available density af 
$(ate-r, (DOS) and 1heFem1I-.Dirac (Fl;>} distribWi.on fun,ction. For parabolic band 
structu res, we gee 11 parabolic DOS. 'lbe FD (unction ls the average occupancy 
ofan i:(e<:tr"(}mc-siate.The electron concentration 11 can also be eiqiressedssthe 
pr-0du.cc of an effeative.DOS ac the band edge and' LheFD occupancy at £,,, and 
similarly (or hol~ p. Toe 11p prQduci in eq_uilihtium i'S_oorn;tac\1 (,10, 

~-IJ Electrons.in .a.solidexe;cute t,a11dom Brow11lan motion wit.h an avera,ge .l<lneJ..­
ic enecg'y Telated to the thermal eirergy k T. In an ulectric field, electrons· drift 
(on top of tl(j: .c11t1dom motion) witl1 a velQCity e,1ual tO'f/ltJbility times field in 
the ohmic cegime•andsfl,ruratio11 vt!lot:i1y illl!f$/r fii!lrk TI1e drift current Is pro­
portional to cattier concentration times-drift velocity. Ne,gatiycly chUiged elec­
trons dr] Ct opposite 10 lhe eleclr.ic field, and tl1e.aurreut is opposite to the­
rnmioniPesitively charged ho,les·clrift in the ~er.ion of the electric.field. 8.l)d 
tlie currenl goes in the same direction,a$ the hole flow . 

.1.9 Carriere .mobility Is determined by scaeierin,g, caused by tfev /atlons from a p eri­

odic lartlce potential,sud1 as lattice.vibrations (phonons) or ionized iropuritie1;, 
Cimie~mobility and coQcentriition can be obtained by the Hall effect and re­
sistivity meusur.ements. 

~-l Calculate r.h.e appro:..'Ullat~ donor binding e'!lergy tor Ga,As te, = 13.2. 111~ = PROSlEMS 
0.057 m0). 

3.2 Catculatevaluedor the Fenni fun.ctioof(C) at 3.00Kond p latvs.eoergy,in eV 
as lo-Plg. 3-14. CnOOl;t! .Sp--=- t eV and make the calculated points closer to• 
gctltcr o eaT the-Fern-ii level to obWn a smO'Oih curve.Notice. th.at!(£) varies 
q11itc '11!?1clly wi~in a few kT of E"' Show that thcsprobahiijty tll,ata ~aie.t.E 
above Eris occupied is the.sa!lle es the probability lhol the s tate de below E, 

is empty, 

3.3 An unlcnown semiconductor has E8 = 1.1 -eV and Nr. = N,.. 1t is doped with 
l.015 cm-.J doao.rs, where lhe donor level is(l;2 t!V be.tow Ee. OiventhaLE,,lll <US 

eV bel'ow £., calculate 111 and lhe concentration· of electrons and holes in the 
seroico11duoror at 30() K. 

3.4 At 'ro!lrn rernperature, an unknown inctlrccl band gap.intrinsic, cubic semicon­
ductor !J<1s tire following bandstruclure:'.Oiere Jlie 6 X minim1l alopg•lhe ( 100) 
cfuedions. U m~(r). = 0.06Smo. ni~(X) = 0.30 1110 (fot ea,i:h of the X mi'nima) 
and mt = 0.471110, a1 wJiat tempenture is the number oji ele,:trans in the r mini­
ma and the X minima eCJllaLif lhe r 10 X energy .sepata1J.un fs 0.35 ~V. 8J¥i lhe 
bandgap isl , 7 eV (m0 : free electron m.iss)? 

111 
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JS Since ll1e l:!f{eci\ve mass of electrons in II conductio11 band decrea.<ies wilh in­
crt:asing curvatu.re of the: band according to Eq. (1-3), -comment oa the elec­
Lron effective mnss in the r v11lley or OnAs compared with fhc mdirect X ur L 
valleys. (See Pig. 3-.10.) How is this effectiv~mass dl!fercrlce reflected .in the 
electron rnobjlliy for GaAs ll.lld QaP sho'l'n.inAppen.dixlD? From Fig. 3-1-0, 
wltnt w01Jld you expect to happen lo the-cooductivity oI GaA:s ;rr-valley elec­
trons drifting in an electric fiel.d were suddenly µromoted co the L valh,y'/ 

.V, Calculate the band gap of Sl from Eq. {3-23)' and the plot of 11, vs. 100()/T 
(Fig. 3-17). Hilw The slope cannot be measured directly from asernilogarith.-

111k plot; rea,d the valueJi from two pnint.!I M the plot til!d la,ke the natonil l11g­
a:rithtn as needed for the, solution. 

3.7 (a) A Si sample-is doped with 101~ cm· 1 boron atoms and a certain number of 
shall<>(\' tlonors. 1111e Fenpi 11:vcl is 0.36 eV above E1 a_l 3<lQ K. What is !119 
donor conocm1ration Nd 'l 

tb) A Si ~ample c:ontai~-101
• cm"' in aeccptor atoms and a certain uum~·-of 

shallow donurs. The 1:n· ac~ep1or level is 0.16 eV above E,, and Et· Is 0.26 e V 
above E,, at JOO K. How many (cm·3)lnatOlIIS areun-iortired (i.e., neutral)? 

.Ul Show that Eq, (3- 25) results from Bqs. (J-15) an_d (3- 19). lf n0= 1016 cm-\ 
where\$ the Fenni level relative to £., io Si .it 300 K? 

~.,Y Derive an expression.relating the intrinsic le:vel.F.i 10 the center of the ba;1d 
gap E/2. -Calculate ll1c displaaement of £, f'rom E.J2 for Sf at 300 K, -assum· 
ing the eJfeotlve mnss values for electrons and holes are1.1m0 and 0.56mQ• 
re~pectivcly. 

J.J II A semio:onduclordcv1cc req uiros n, type'I!l~l'~rial;il is tn be operllleaJ at 4-00 K 
Would Si clqped ~;1b 1015 atoms/cm1 o{ ar~enio be useful in this <\PPTICation7 
Could Ge·¢oped wiJh 1ou cm·3 antimony be used'? 

J.11 A oew semiconductor Ila~ N<= 101~ crrc1,N. = 5.x 101
' cm·\ andE~= 2 eV, If 

it is doped with 1011 donors (fu lly ionized),cll,lc,ulate che electroo,_hole,andin­
lrins1c carrier ccmcentrations al 627°C. Sketch' the simplified bund diogra.m. 
sho,vitlg-tbe position of E1. 

3.12 (a) SbQw thJl,t thE' mioim_um conduutlv.ity or a semiconductor snmpl~ oc:cvrs 
whe11t1u = n1V µ,.f µ, •. Hine begin wllhEq. (3-43') and a.pp!~ Eq. (3-24). 

(b) Wltat is theeitpression for the minimum conducti-vity c,,•~•? 

(c) Calculme <10..,.foT Si at 300 I< and.eompare wit·h.t bti intci11sic conducuvity. 

3. 0 (a) A Si bar 0.1 µm long. and 100 JLl112 in cross-sectional area is doped w,th 
l011 cm~3 phosphorus. Find the curn!nt at JOO K with 10 V -ap[)lied. 
Repeat for o Si bar I µ.m long. 

(b}- liO\V long doe& It take an ,average ·electron to drift 1 J,Lrn in pure Si at an 
electric field of100 V/cm? Repeat for 105Vlcm. 

3,14, (a) A Si sample is doped-with 10n boron atoms/tm1J_ What is the electrmicon• 
centr!ltion n0 ~t 3(/0 K'I What _;i, the resjstjv.ity'/ 

(b) A Ge s_ample is doped wJth.3 x 1ou Sb 111orns/cm'. Using the reqtiir-ermml~ 
ofspace cbacgc neutrality,oalculatelheelectron t'.011ci.otrat1on 110 at300 K. 
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3.15 For a Si ~'Onductor of length 5 JJITl; doped n.-type at .1.01' cm-l. calculace the cur­
rem derlsi~y for an applied vollngc of,2.5 V across iL~ length. How about fora v1)IL­
age of 2500V'/ The electron and nole mobilities ·are ·1500 cml /V-~ and500 cm21V-s, 
respectivclr, in the oh,;11ic region for electri.c fields tielow IO" Vien~. For higher 
fie.lds,eleott01ts and boles have a 'i>atw:auon velo.cit~ of 101 emfs. 

3.16 ln a long semicooductor bar (Ec-=2 eV)•. conauction band e lectrons come io 
from the left in the positive x ditection With a kinetic energy; of 3 eV. They move 
f rom locat[on A to B 10 C to D. Between A and B, the elbotrlcfield is zero; be­
tween locations:B !U),d C. the-re is a llnerirly varying vollage.in.crc.u:e-of 4 V; be­
tween C and D, tire field is again zero. Ass.uming no scattering. sketd1 ·11 

simplified band diagram describing the mo1.lot1 of these eledmns. A>.snoiing 
that these el.eclI ons can be-0~or.i bed as plane waves .. y,i tb a free-elecm;m mass, 
write down rhe-wavefun~tio11 o! !he elettroru. at :Q. Letive yourre~u.lt in terms 
of an arbitrary o.ormalizatlon consrnnt. 

3.17 Assume that ·a conducrion eleetron in Si (JJ.. ~ 1350 cm2N -s) hos ·a t-hermal 
energy of kT, telat<!d to its mean lheTT1fal veloei1y by £,,, a (m0v,/ )/2.. This 
electron is placed ia lll1 e lectric field of 1()0 V/r;m. Show that IJ1e dri~ velocity 
of the electron ia this ca.~e is sn.1al l compared with its rbem1al'velocity. Repeat 
for a l'ield of 10~ V/crn. u.sing the snme v3 luc of 1,1,,. C0mmenl on the a(!tUalmo­

biJiLy effecli. at th'is highervaJue oL!he field. 

3.18 Use Eq. (3-45) 10 calculate ll1)d plol the rru;ibillty vs. tempe'r'alure 1.1,('I') from 10 K 
to 500 K for Si. doped with Ni"' 10". !01~. '1nd 1()'ij donors cm-3, Consider the 
mobility lo be determiaed by itnpurii.y and plmno~ (lattic:e) scattering, Tm pu­
rity scattering timited mobI!ity can be described by 

E}-[4/1 

where 

z = 1.3 X lQn1c,T1(m#fm0){N; )- 1 

Assume that the ionlzed fmpurity,concentration N; is equal to N,1at all tem­
·pe'ra tu.res. 

The t:ontlucrivity effecl'ivemass m: for.Si:is·0.26 m0.Acous11c phonon {lattice) 
,calter \ng 11:mitedmobility qin be described by 

µ.,.c = 1.18 X lt) · "c1(m;t/)n0t 51~r,-W ( E,,c) · 1 

where the stillness (c1) 1s given by 
a1 = I.!'J- X !'Pm dyne t'ln- 2 for Si 

and the cunductioo band noou.stic deformation potential (£,.c:) is 

E,,c;. = 9.5 eV for Si 

3.1 IJ Rew,,r•J. Pro~. 3'.I.S considering carrier l'.r!leze-ou1 ont-0 dono.rs at low T. That 
is, consider 

t - Nd 
N. - 1 + exp( E,s/ k.T} 
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as the:ionized impurity concentration. Consider the donot ionization enerm-
(E4) to .be 45 me.V for Si. • 

~.20 Hall meru,urements· ~re made on a p•type semicondue1or bar 500 µ.m wide and 
20 µ.m. thick. The Hall contacts.A and 8 are displaced 2 µ,m with respect lo 
each other in the direction of current flow of 3 mA. Tua voltage behveen A 
and B·Witha m~gnetic field of10 kG (lk.G = lO--s Wb/cm2) poinilng o u1 or tbc 
plal)eof the sample is 3.2 m V: When the IT:l1!gneiicfield direction is reveFsed the 
vcil1age cblirigesi:o -2;.8 m V, Wlrnt Is the hole conc:e.ntralioa and mobility'? 

3,21 In soldering wires to a sample such as tliat $hown iq F\g.-3-25, it is oiffiouh 10 
align the Hall probes A and 8 precisely. Tf Bis di~placedslightly down the 
lenglh of tbe 'bar fyom A, an ei:rone,'ms Hall voltage resu Its, S:tiow that tne v ue 
Hall voltage V H can be obtained from two measurements of V ,w, with the mag­
netic field fit~t in llie +,•direcrion and then in lh·e-i,directioIL 

3.?Z A sample o! Si is doped with 1017 phowhor~ a1-0ms/cmJ, Wliat would you ex­
peel to measure for its resistivity? What Hail vo1t·age would you expect ill !I' 

sample lOO µm thieklf 11 ~ 1 mA anl,I B,: = l liG = l0' 5 Wpfc.m2? 
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Quesffoo 1 
,(a) '111e foUo'l9il1g tlu:ee di:ligtams show Lhree.different energy bands of S'ome by­

pothetical crystalline materials (energy varies vertically➔. The only difference 
between the llirec materials ls the assumed Fermi level energy £ F· Ch art1cter­
iz;, each material as a meJJJI, lia ir,s11/ator, or a semicfJntlucJor. 

(tr) Ass.11mlngyou can sue 1prough one ~d only.one ofihe material,;of part (a) above, 
w11ich,one would it most likely be~ Material I I Ma1erial 2 / Material 3, 
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Material} Mat,rlaJ 2 MaiP.rilll 3 

bamU band 3 band :l 

EF 

LJ band'.? LJ Ee 

lmnd ,I band 1 band I 

Que,ruon2 
Consider 1he following conduction band energy E vs. wave:ve1.1or k,- dispersion relatio11. 

~a:) Whicb energy valley has the grea ter effective ma.ssin. the x-direclion m, (cir­
cle one)'! f -v11lley / X-valley 

(b) Consider two electrons. one each located ar the posilio11s of tbe bea'fy crosses. 
Whic1l.-bas toe greater vt:)oclty magnjtudi: (c_ircle one)? T!Je one in tl1e r -vaU~y / 
The one in the X-tiallcy 

J:. 
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Queytion ~ 

Tl1ese.qtiestions refer to the band structut~s ef Si and GaAs shown ill Fig. 3-10. 

(;i) W~ch matctial appearS to have lh.e lcwest (cpnductiyn band) electron c-f(ec­
tive-m.ass. Si or .GaAs~ 

(b) Wbicb of tb:ese would you expect to ptaduce ph0tons (light) mere dflcienlly 
·11u;ough. electron-b_ole re.comi:>ln,1tion? 

(c) Consiste11t with your answer to pa.rt (I) ) and ma'l~ing use of Appendix 1U, w!iat 
wo11,ld you expect the energy of the emitted photons to be? Whnt would be 
thefr wavelength in µ,m? Would these be vlirible. infrared, or ull.Eaviolet? 

(d) How many equ.ivaleot conduction hand mh,l.ma do we have for Si'.( GaAs:1 

Question 4 

.Ref-e.r to Fig. 3-10, wh:i.on shows lhe E vs. k dispersion rela1ionsfoq1allium arsen.i_de 
(OaAs) and for silicon (Si) 'llfong the [lllJ 1\lld [!00) directions. showing both va• 
len(:e.and conduction bands. 

(<i) Neglecting differences in elecu:on scattering Tate~ in the two. m11terials, wo11td 
you eqied Si or GaAs 10 have the,1,-realesi e lectton 111.otiif.ity µ.? 

(b-) n a ron.s1antforee were applied in 11\c {100] dim:tioo for a shor~perioo of time 
on an elec1roo ini tially J.ocated at i.be conduction band minimum of eacl1 serni­
co11ductor and if ;;catte(ljng were neglected. would. the n1agn1thde ofc.hnnge. i-n 
k in Si be greater, equal to. or smaller than the magnitude of the change in k in 
GaAs for the same foroi, f ? 

greaterhqual/sm11ller 

Qllestion -5 

(a:) Toe equilibrium band diagram for,a doped direc~ ga:p sentlconductor is shown 
b,eldw. ls ii n-lype, p-type:. or u/tkp,)wa? Circle one below. 

n-type/.p•type/no.r enouglr infonnation provide 

A&cl!p/or /u.,,l t:. · -··•·" ····- ···""--"··--··- ·· " ·· .. --... , ...... f1urmf/evid Er 

va/enc, band r.dge li,, 
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(b.) Based on the band diagram opposite (E, is in the middle of the .gap). would you 
~ t that t~e conduction band de))siry-of•:,tates ef(ective mas$ is greater than, 
equal to, or smaller than the valence band effective mass-? Circle one: 

Gruutr tltanlequal/.smalltr than 

'( e) What,if any, of the followin•gconclitlons by themselves could lead to the a,bove 
band diagr.am? Circle each correct answer, 

(a) very hlgb. tempera.tur.e 

(b) very high acceptor doping 

(c) very low acceptor doping 

Qoeslio.n 6 

Ahypotheticahemic.Ol)ductor h11$ an intrinsic carrier ooncenlratioo ofl.0 X l010/cm3 

at 3001(, it has conduction and valence, band effective densities of states N, and N,, 
both.equJ!I ro 1019/cm3. 

(a) What is the band gap 1£&7 

(b) If the se01ieonductor is doped with N,1 = 1 x 1016 donors/cm', what are the• 
eqmlibrium electron a11d h.ole concentrntlo11s ill 30QK? 

(c) tfthe same piece of semiconducti>c.,i.Ireadyhaving N,1 = L x 1016 donoi:s/cm1, 

is also doped with N. = 2 X 1016·acceptors/c013, wh.a.1 are the new equilibrium 
elec:tr.on and hole concentr:ations at 300 K? 

ta) Gonsi~tenl with ,y,our answer to part (o), wh11 L is the F'errni level position with 
respettlo ihe lntrinsi:c.Feoni Jevel,EF- E;? 

Question 7 

Whiµ i~ the. differenro•bet:ween d~nsily af stales and ejfec,til(e deo~ty.of stale:,, and why 
is the latter sucb a useful eoncept? 

Question 8 
(a) Does mobility have any meaning al very high field? Wliy? 

(b) How di;,•yo1,1 measure mqbility and carr.ier eoncemration? 
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