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PREFACE

This book is an introduction to semiconductor devices for undergraduate
electricsl engineers, other interested students, and practicing engineers and
scieptists whose nnderstanding of modem electronics needs updating. The
book is organized to bring students with a background in sophomore physics
to a level of understanding which will allow them to read much of the cur-
rent literature on new devices and applications.

An undergraduate coursc in clectronic devices has two basic purposes: (1) to GOALS
provide students with a sound understanding of existing devices, so that their
studies of electronic circuits and systems will be meaningful; and (2) ta de-
velop the basic tools with which they can later learn about newly developed
devices and applications. Perhaps the second of these objectives is the more
important in the long run; it is clear that engineers and scientists who deal
with electronics will continually be called upon fo learn about new devices
and processes in the future. For this reason, we have tried to incorporate the
basics of semiconductor materials and conduction processes in solids, which
arise repeatedly in the lilerature when new devices are explained. Some of
these concepts are often omitted in introductory courses, with the view that
they are unnecessary for understanding the [undamentals of junctions and
transistors. We believe this view neglects the important goal of equipping
students for the task of understanding a new device by reading the current
literature. Therefore, in this text most of the commonly used semiconductor
terms and concepls are introduced and related to a broad range of devices

As a further aid in developing technignes for independent study, the reading  READING LISTS
list-at the end of each chapter includes a few articles which students can read

comfertably as they study this book. We do not expect that students will read

all articles recommended in the reading lists; nevertheless, some exposure

to periodicals is useful in laying the foundation for a career of constant up-

dating and self-education. We have also added a summary of the key concepts

at the end of each chater.

One of the keys to success in understanding, this matetial is to work problems that  PROBLEMS
exercise the concepts The problems at the end of each chapter are designed to
facilitate leamning the material. Very few are simple “plug-in” problems. Instead,
they are chosen to reinforce or extend the material presented in the chapter. In
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Pretace

addition, we have added “seif quiz" problems which test the conceptual under-
standing on the part of the students.

UNITS In keeping with the goals described above, examples and problems are stat-
ed in terms of units commonly used in the semiconductor literature. The basic
system of units is rationaltzed MKS, although cm is often used as a convenient
unit of lemgth. Similarly, electron volts (e V) are often used rather lhan joules
(1) to measure the energy of electrons. Units for various quantities are given
in Appendices I and II.

PRESENTATION In presenting this material at the undergraduate level, one must anticipate a
few instances which call for a phrase such as “It can be shown . , " This is al-
ways disappointing; on the oiher hand, the alternative is to delay study of
solid slate devices until the graduate level, where statistical mechanics, (uan-
tum theory, and other advanced background can be freely invoked. Such a
delay would result in a mose elegant treatmeént of certain subjects, but it
would prevent undergraduate students from enjoying the study of some very
exciting devices.

The discussien includes both siliconaun d compound semiconductors, to
reflect the continuing growth in fmportance for compounds in aptoelectronie
and high-speed device applications. Topics such as heterojunctions, lattice-
matching using tetnary and quatemary alloys, variation of band gap with
alley composition, and properties of quantum wells add up to the breadth of
the discussion. Not to be outdone by the compounds, silicon-based devices
have continued their dramatic record of advancement. The discussion of FET
structures and Si integrated circuits reflects these advancemenis Our objec-
tive i5 not to cover all the latest devices, which can only be done in the jour-
nal and conference literature. Insiead, we have chosen devices (o discuss
which are broadly illusirative af important priaciples.

The first four chapters of the book provide background on the nature
of semiconductors and conduction processes in solids. Tncluded is a brief m-
troduction to quantum concepts (Chapter 2) for these students who do not
already have this background from other courses, Chapter 5 describes the
p-u junction and some of itz applications. Chapters 6 and 7 deal with the prin-
ciples of transistor operation. Chapter 8 covers optoclectronies and Chapter 9
discusses integrated circuits Chapters 10 applies the theory of junctions and
conduction processes to microwave and pewer devices. All of the devices
covered are important in today's eleclronics; furthermore, learning abou!
these devices should be an emjoyable and rewarding experience. We hope
this book provides that kind ef expericnce for its readers.

Petitioner Runergy USA Inc., Ex. 1030, p. xiv



Preface xv

The sixth edition benefits greatly from comments and suggestions provided ACKNOW-
by students and teachers of the first five editions. The book’s readers have LEDGMENTS
generously pravided comments which have been invaluable in developing

the present version. We remain indebted to those persons mentioned in the

Preface of the first five editions, who contributed so much to the development

of the book. In particular, Nick Holenyak has been a source of continuing in-

formaticn and inspiration for all six editions. Additional thanks go to our

colleagues at UT—Austin whe have provided special assistance. particularly

Joe Campbell, Leeonard Frank Register, Ray Chen, Archie Holmes, Dim-Lee

Kwong, Jack Lee, and Dean Neikirk. Lisa Weltzer provided useful assistance

with the typing of the homéwork solutions, We thank the many companies

and orgamzations cited in thefigure captions for generously providing pho-

tographs and Ulustrations of devices and fabrication pracesses Bill Dunnigan,

Naras [yengar, and Pradipto Mukherjee at Freescale, Peter Rickert and

Puneet Kohli at T1, Chandra Mouli and Dan Spangler at Micron, Majeed

Foad at Applied Materials, and Tim Sater at MEMC deserve special mention

far the new pictures in this edition. Finally, we recall with gratitude many

years of association with the late Al Tasch, a valued cotleague and friend.

Ben G. Streetman
Sanjay Kumar Banerjee
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Multilevel copper metallization of a complementary meial oxide semiconducior {CMOS) chip. This
scanning eleciron microgroph (scale: 1 cm = 3.5 nicrons} of a CMOS infegrated circult shows six levels
of copper metallization thot are vsed to carry electrical signals on the chip. The Inter-metal dieleckic

insulators have been chemically etched owoy here to reveal the copper interconnects. [Photagraph
couttesy of 1BM.)
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Chapter 1

Crystal Properties and Growth
of Semiconductors

OBJECTIVES

1. Describe what o semiconductor is

2. Perform simple caleulations about crystals

3. Understand what is involved in bulk Czochralski and thin-film epitaxial
erystal growth '

4. learn about crystal defects

In studying solid state electronic devices we are interested primarily in the
electrical behavior of solids. However, we shall see in later chapters that the
transport of charge through a metal or a semiconductor depends not orily on
the properties of the electron but also on the arrangement of atoms in the
solid. In the first chapter we shall discuss some of the physical properties of
semiconductors compared with other solids, the atomic arrangements of var-
tous materials, and some methods of growing semiconductor crystals. Topics
such as crystal structure and erystal growth technology are often the subjects
of books rather than introductory chapters; thus we shall consider only a few
of the more important and fundamental ideas that form the basis for tunder-
standing electranic properties of semiconductors and device fabrication.

Semiconductors are a group of materials having electrical conductivities in- 1.1
termediate between metals and insulators. It is significant that the conduc- SEMICONDUCTOR
tivity of these materials can be varied over orders of magnitude by chanpges  MATERIALS
in temperature, optical excitation, and impurily content. This varabilily of
electrical properties makes the semiconductor materials natural choices for
electronic device investigations.

SBemiconductor materials are found in column I'V and peighboring
columns of the periodic table (Table 1-1). The column I'V semiconductors, sil-
icon and germanium, are called elemental semiconductors because they are
composed of single species of atoms. In addition to the elemental materials,
compounds of column 111 and column V atoms, as well as certain combina-
tions from I and V1, and from IV, make up the compound semiconductors.

1
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Chapter |

AsTable 1-1 indicates, there are numerous semiconductor materials As we
shall see, the wide vaniety of electronic and optical properties of these semicon-
ductors provides the device engineer with great flexibility in the design of elec-
tronic and optoelectronic functions. The elemental semiconductor Ge was widely
used in the early days of semiconductor development for transistors and diodes.
Silicon is now used for the majority of rectifiers, transistors, and integrated cir-
cuits However, the compounds are widely used in high-speed devices and devices
requiring the emission or absorption of light. The two-clement (binary) I1-V
compounds such as GaN, GaPF, and GaAs are commen in light-emitting diodes
(LEDs). As discussed in Section 1.2.4, three-element (ternary) compounds such
as GaAsP and four-element (quarernary) compounds such as InGaAsP can be
grown fo provide added flexibility in choosing materials properties.

Fluorescent materials such as those used in television screens usually
are 11-VI compound semiconductors such as Zn8. Light detectors are com-
monly made with InSb, CdSe, or other compounds such as PbTe and HeCdTe,
Si and Ge are also widely used as infrared and nuclear radiation detectors.
An important microwave device, the Gunn diode, is usually made of GaAs
or InP. Semiconductor lasers are made using GaAs, AlGaAs, and other
ternary and quaternary compounds.

One of the most important characteristics of a semiconductor, which
distinguishes it from metals and insulators, is ils energy band gap. This prop-
erty, which we will discuss in detail in Chapter 3, determines among other
things the wavelengths of light that ean be absorbed or emitied by the semi-
conductor, For example, the band gap of GaAs is about 1.43 electron volls
(eV), which corresponds to fight wavelengths in the near infrared, In contrast,

Table 1-1. Commen semicanductor matarials; (o) the parfion of the pariodic 1able where
semiconductors accur; [b) elemental and compound semiconduclors.

() Ll i v v vi
B c M
Al S P )
In Go Ge As Se
Cd I Sh Te
{b) Binary -V Binary [1-VI
Elemental IV compounds compounds compounds
Si Sic Alp Zn§
Ge 5iGe AlAs Zn5e
AlSk InTe
GoN Cds
GaP Cdbe
Gahs Cdls
GuSh
InP
InAs
InSk
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Crystal Properties ond Growth ol Samicanduciors 3

GaP has a band gap of about 2.3 eV, corresponding to wavelengths in the
green portion of the spectrum.’ The band gap E, for various semiconductor
materials is listed along with other properties in Appendix ITL As a result of
the wide variety of semiconductor band paps, light-emitting diodes and lasers
can be constructed with wavelengths over a broad range of the infrared and
visible portions of the spectrum.

'The electronic and optical properties of semiconductor materials are
strongly affected by impurities, which may be added in precisely controlled
amounts, Such impurities are vsed to vary the conductvities of semicon-
ductors over wide ranges and even to alter the nature of the conduction
processes from conduction by negative charge carriers to positive charge car-
riers. For example, an impurity concentration of one part per million can
change a sample of §i from a poor conductor to a good conductor of electric
current, This process of controlled addition of impurities, ealled doping, will
be discussed in detail in subsequent chapters,

To investigate these useful properties of semiconductors, it is necessary to
understand the atomic arrangements in the materials. Obviously. if slight alter-
ations in purity of the original material can produce such dramatic changes in
slectrical properties, then the nature and specific arrangement of atoms in each
sermiconductor must be of critical importance. Therefore, we begin ourstudy of
semicanductors with a brief introduction to erystal structure.

In this section we discuss the arrangements of atoms in various solids, We 1.2

shall distinguish between single crystals and other forms of materials and  CRYSTAL LATTICES
then investigate the periodicity of erystal latrices, Certain important erystal-

lographic terms will be defined and illustrated in reference to crystals hav-

ing a basic cubic structure, These definitions will allow us to refer to certain

planes and directions within a lattice. Finally, we shall investigate the dia-

mond lattice; this structure, with some variations, is typical of most of the

semiconductor materials used in electronic devices,

1.2.1 Periodic Structures

A crystalline solid is distinguished by the fact that the atoms making up the
crystal are arranged in a periodic fashion. That is, there is some basic arrange-
ment of atoms that is repeated throughout the entire solid. Thus the crystal ap-
pears exactly the same at one point as it dees at a series of other equivalent
points, once the basie periodicity is discovered. However, not all solids are
crystals (Fig. 1-1); some have no periodic structure at all (amorphous solids),
and others are composed of many small regions of single-crystal material
(polycrystalline solids). The high-resolution micrograph shown in Fig. 6-33 il-
lustrates the periodic arrdy of atoms in the single-crystal silicon of a transis-
tor channel compared with the amorphous Si0, (glass) of the oxide layer.

'The conversian betwean the anergy & of o photon of light (eV) and its wavelsngth Mum) is A = 1. 24/E
For GaAs, A= 1.24/1.43 = 0.87 pm.

Petitioner Runergy USA Inc., Ex. 1030, p. 3
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{a} Crystalline {b) Amarphous {c) Polyorystalline

Figure 1-1

Three types of solids, clossified according to otomic arrangement: [a} erystalline and (b} amorphous ma-
terials are illusirated by microscopic views of the aloms, whereas [c] polycrystalline structure is illusiroted
by @ more macroscopic view of adjocent single<rystalline regions, such as (a).

The periodicity in a crystal is defined in terms of a symmetric array of
peints in space called the /afice. We can add atoms at each lattice point in an
arrangement called a basis, which can be one atom or a group of atoms hav-
mg the same spatial arrangement, to get a crystal. In every case. the lattice
contains a volume or cell that represents the entire lattice and is regularly re-
peated throughout the crystal. As an example of such a lattice, Fig. 1-2 shows
a two-dimensional arrangement of atoms called a rhombic lattice, with a
primitive cell ODEF, which is the smallest such cell. Notice that we can de-
fine vectors & and b such that if the primitive cell is translated by integral
multiples of these vectors, a new primitive cell identical to the original is
found (e.g., O'D'E'F'). These vectors, a and b (and ciif the lattice is three di-
mensional), are called the primitive vectory for the lattice. Points within the
lattice are indistinguishable if the vector between the points is

r= pa -+ gb + sc (1-1)

where p, g, and § are integers. A primitive cell has lattice points only at the cor-
pers of the cell. It is not unique, but the convention 1s to choose the smallest

NAT7 T
7V

5 R F
Figure 1-2
A twe-dimensional D E J/ .
lattice showing
translation of @ o /
uniteell by |

r=3a+2b. O n F
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primitive vectors. Note that, in a primitive cell, the lattice points al the corners
are shared with adjacent cells; thus, the effective number of lattice points be-
longing to the primitive cell is always unity, Since there are many different
ways of placing atoms in a volume, the distances and orientation between
atoms can take many forms, but it is the symmetry that determines the lat-
tice, not the magnitudes of the distances between the lattice points.

In many lattices, however, the primitive cell is not the most convenient
to work with. For example, in Fig, 1-2, we see that the rhombic arrangement
of the lattice points is such that it can also be considered to be rectangular
(PQRS) with a lattice point in the center at T (a so-called centered recrangular
lattice). [Note that this is not true of all rhombic lattices!] Clearly, it is sim-
pler to deal with a rectangle rather than a rhombus. So, in this case we can
choose to work with a larger rectangular unit cell, PORS, rather than the
smallest primitive cell, ODEF. A unit cell allows lattice points not only at the
carners, but also at the face center (and body center in 3-D) if necessary. It
is sometimes used instead of the primitive cell if it can represent the symmetry
of the lattice better (in this example “centered rectangular” 2-I lattice), It
replicates the lattice by integer translations of basiy vectors.

The importance of the unit cell lies in the fact that we can analyze the
crystal as a whole by invesligating a representative volume, For example,
from the unit cell we can find the distances between nearest atoms and next
nearesi atoms for calculation of the forces holding the lattice together, we can
look at the fraction of the unit cell volume filled by atoms and relate the
density of the salid to the atomic arrangement. But even more important for
our interest in electronic devices, the properties of the periodic crystal lattice
determine the allowed energies of electrons that participate in the conduc-
tion process. Thus the lattice determines not only the mechanical properties
of the crysial but alse its electrical properties.

1.2.2 Cubic Lattices

The simplest three-dimensional lattice is one in which the unit cell is a cubic
volume, such as the three cells shown in Fig. 1-3. The simple cubic structure
(abbreviated sc) has an atom located at each comer of the unit cell. The body-
centered cuhie (bee) lattice has an additional atom at the center of the cube.
and the face-cenrered cubic (fec) unil cell has atoms at the eight corners and
centered on the six faces. All three structures have different primitive cells,
but the same cubic unit cell, We will generally work with unit cells.

Figure 1-3

Unit cells for three
a a a types of cubic lak
Simpis cubic Body-ventered cubic Face-centerad cubic lica sfruciures.

Petitioner Runergy USA Inc., Ex. 1030, p. 5
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Figure 1-4
Packing of hard
spheres in an fec
lattice.

EXAMPLE 1-1

As atoms are packed into the lattice in any of these arrangements, the dis-
tances between neighboring atoms will be determined by a balance between the
forces that attract them together and other forces that hold them apart. We shall
discuss the nature of these forees for particular solids in Section 3,1.1. For now,
we can caleulate the maximum fraction of the lattice volume that can be filled
with atoms by approximating the atoms as hard spheres For example, Fig. 1-4
illusirates the packing of spheres in a face-centered cubic cell of side 4, such that
the nearest neighbors louch. The dimension a for a cubic unit cell is called the
lartice constant. For the fec lattice the nearest neighbor distance is one-half the
diagonal of a face, or 3 (a V2 ). Therefore, for the atom centered on the face to

For a bec lattice of identical atoms with a lattice constant of § A. calculate
the maximum packing fraction and the radius of the atoms treated as hard
-spheres with the nearest neighbors touching.

SOLUTION

Each corner atom in 2 cubic unit cell is shared with seven neighbor-
ing cells; thus, each unit cell contains one-eighth of a sphere at each of the
eight corners for a total of one atom. The bee cell contains one atom in
the center of the cube; Thus, we have

Nearest atoms are at asuparatimn% % V5 +52 + 5% = 4330 A

Radius of each atom = % % 4330 A=72.165 A

Voline of sach atodt = %«(2.1_-65)3 — 425K

Petitioner Runergy USA Inc., Ex. 1030, p. 6
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Number of atoms per cube = 1 + 8 X

WIH

425 % 2
Gy
Therefore, if the atoms in a bee lattice are packed as densely as possi-

ble, with no distance between the outer edges of nearest neighbors, 68%

. of the volume is filled. This is a relatively high percentage compared with
some other latuce structures (Prob. 1.14).

Eacking fraction = = 68%

just touch the atoms at each corner of the face, the radius of the sphere must be
one-half the nearest neighbor distance, or : (a V2 ).

1.2.3 Planes and Directions

In discussing crystals it is very helpful to be able to refer to planes and di-
rections within the lattice. The notation system generally adopted uses a
sel of three integers to describe the position of a plane or the direction of
a vector within the lattice. We first set up an xyz coordinate system with the
origin at any lattice point (it does not matter which one because they are
all equivalent!), and the axes are lined up with the edges of the cubic unir
cell. The three integers describing a particular plane are found in the fol-
lowing way:

1. Find the intercepts of the plane with the crystal axes and express
these intercepts as integral multiples of the basis vectors (the plane
can be moved in and out from the origin, retaining its orientation,
until such an integral intercept is discovered on each axis),

2. 'Take the reciprocals of the three integers found in step 1 and reduce
these to the smallest set of integers A, k, and [, which have the same
relationship to sach other as the three reciprocals.

3. Label the plane (hkl).

The plane 'Ulustratéd mn Fig. 1-5 has intercepts at 2a,4b, and 1¢ :iiltamg thl:_ EXAMPLE 1-2
three crystal axes Takmg the reciprocals of these intercepts, we get 3, 5,

and 1. These three fractions have the same relationship to each other as

the integers 2, 1, and 4 (obtained by multiplying each fraction by 4). Thus

the plane can be referred to as a (214) plane, The only exception is if the

intercept is a fraction of the lattice constant a. In that case, we do not re-

duice it to the lowest set of integers. For example, in Fig. 1-3, planes par-

allel to the cube faces, but gomg through the body center atoms in the bec

lattice, would be (200) and not (100).

Petitioner Runergy USA Inc., Ex. 1030, p. 7



The three integers A, k, and / are called the Miller indices; these three
numbers define a set of parallel planes in the lattice. One advantage of tak-
ing Lhe reciprocals of the intercepts is avoidance of infinities in the nota-
tion. One intercept is infinity for a plane parallel to an axis; however, the

reciprocal of such an intercept is taken as zero. If a plane contains one of the
axes, il is parallel to that axis and has a zero reciproeal intercept. If a plane
passes through the origin, it can be translated to a parallel position for cal-
culation of the Miller indices, If an intercept occurs on the negative branch
of an axis, the minus sign is placed above the Miller index for convenience,
such as (hki). _

From a crystallographic point of view, many planes in a lattice are equiv-
alent; that is, a plane with given Miller indices can be shifted about in the lat-
tice simply by choice of the position and orientation of the unit cell. The
indices of such equivalent planes are enclased in braces [ | instead of paren-
theses, For example, in the cubic lattice of Fig. 1-6 all the mbﬁfnmamnrys-
tallographically equivalent in that the unit cell can be rolated in various
directions and still appear the same. The six equivalent faces are collective-
ly designated as {100). .

A direction in a lattice is expressed as a set of three integers with the
same relationship as the components of a vector i that direction. The three
vector components are expressed in multiples of the basis vectors, and the
three integers are reduced to their smallest values while retaining the rela-
tionship among them. For example, the body diagonal in the cubic lattice
(Fig. 1-7a) is composed of the components 1a, 1b, and 1¢; therefore, this di-
agonal is the [111] direction. (Bmckets are used for direction indices.) As in
the case of planes, many directions in a lattice are equivalent, depending only
on the arbitrary choice of orientation for the axes. Such eguivalent direction
indices are placed in angular brackets ( ). For example, the crystal axes in the
cubic lattice [100], [010], and [001] are all equivalent and are called (100} di-
rections (Fig. 1-7b).

Petitioner Runergy USA Inc., Ex. 1030, p. 8
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Figure 1-6
El:guivul&nce of
the cube faces
({100} plares) by
rotation of the
unit cell within the
cubic laftice.

101y

3 z Figure 1-7

[o01] Crystal directions
[111] in the cubic
lattice,

(a)

Two useful relationships in terms of Miller indices describe the distance
between planes and angles between directions. The distance d between two
adjacent planes labeled (hk7) is given in terms of the lattice constant, a, as

d = al(i* + I + )2 (1-2a)
The angle 0 between two different Miller index directions is given by
Cos 8 = hihy + keky + LB/I(RE + k2 + LDY2(h? + k2 + 1)) (1-2b)

Petitioner Runergy USA Inc., Ex. 1030, p. 9
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Comparing Figs. 1-6 and 1-7, we notice that in cubic lattices a direction
|hkl] is perpendicular to the plane (hk/l). This is convenient in analyzing lat-
tices with cubic unit cells, but it should be remembered that it is not neces-
sarily true in noncubic systems.

1.2.4 The Diamend Lattice

The basic crystal structure for many important semiconductors is the fec lat-
tice with a basis of two atoms, giving rise 10 the diamond structure, charac-
teristic of 81, Ge, and C in the diamond form, In many compound
semiconduetors, atoms are arranged in & basic diamond structure, but are
different on alternating sites. This is called a zinie Blende structure and is typ-
ical of the T11-V compounds. One of the simplest ways of stating the con-
struction of the diamond structure is the following:

The diamond structure can be thought of as an fee lattice with an
extra atom placed at a/d + b/d + ¢/4 from each of the fcc atoms.

Figure 1-8a illustrates the construction of a diamond lattice from an
fec unit cell. We notice that when the vectors are drawn with components
one-fourth of the cube edge in each direction, only four additional points
within the same unit cell are reached. Vectors drawn from any of the other
fee atoms sunply determine correspondmg points in adjacent unit cells This
method of constructing the diamond lattice implies that the oﬁ@inal foe has
associated with it a second interpenctrating fee displaced, by ;!_ % i The two
interpenetraling fee sublaitices can be visualized by looking down on the unit
cell of Fig. 1-Ba from the top (or along any (100) direction). In the top view
of Fig. 1-8b, atoms belonging to the original fee are represented by open cir-
cles, and the interpenetrating sublattice is shaded. If the atoms are all simi-
lar, we call this structure a diamond lattice; if the atoms differ on alternating

(a) (b}

Figure 1-8

Diamond latfica structure: {a] a unit cell of the diamond laffice constructed by placing otoms %, %, ;:- from
each atom in an fec; (b) top view (along any (100) direction) of an extended diomond latfice. The colored
circles indicate one fec sublaltice and the block circles indicate the interpenetrafing fec.

Petitioner Runergy USA Inc., Ex. 1030, p. 10
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sites, it 3s a zine blende structure. For example, if one foc sublattice is com-
posed of Ga atoms and the interpenetrating sublattice is As, the zinc blende
siructure of GaAs results. Most of the compound semiconductors have Lhis
type of lattice, although some of the 1I-V1 compounds are arranged in a
slightly different structure called the wurizite lattice. Wa shall restrict our
discussion here to the diamond and zinc blende structures, since they are
typical of most of the commaonly used semiconductors,

Calcuiate the volume density of Si atoms (number of atoms/cm’), given  EXAMPLE 1-3
that the lattice constant of Si is 5.43 A. Calculate the areal density of atoms
(number/cm?) on the (100) plane.

On the (100) plane, we have {our atoms on corners and one on the  SOLUTION
face cenler.

4 x % +1
(100) plane; — - —— = 68 x 10 cm™2
(100) glate (43 % 10 (R X10H ST

For Si, we have 8 corner lattice points; 6 face centered points, and 2
aloms

1
Number of atoms percube = (Bi'x% s 6) x2=8

8

— 500 % 102 em =2
m-5,ﬂﬂxlﬂn-m_

Volume density =

A particularly interesting and useful feature of the 111-V compounds
is the ability to vary the mixture of elements on each of the two interpene-
trating foc sublaftices of the zinc blende Crystal. For example, in the ternary
compound AlGaAs, it is possible to vary the composition of the ternary alloy
by choosing the fraction of Al or Ga atoms on the ¢olumn 111 sublattice, It is
commaon to represent the composition by assigning subscripts to the various
elements. For example, Al, Ga,; As refers Lo a ternary alloy in which the col-
umn 11 sublattice in the zinc blende structure contains a fraction x of Al
atoms and 1-x of Ga atoms. The composition Al,2Gag A% has 30 percent Al
and 70) percent Ga on the column I11 sites, with the interpenetrating column
V sublattice occupied entirely by As atoms. It is extremely useful to be able
to grow ternary alloy crystals such as this with a given composition. For the
AlGa,_,As example we can grow crystals over the entire composition range

Petitioner Runergy USA Inc., Ex. 1030, p. 11
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Figure 1-9
Diamond latfice
unit cell, showing
the Four nearest
neighbor struc-
ture. {From Elec-
trons and Holes in
Semiconductors
by W. Shockley,
© 1950 by Litton
Educational Pub-
lishing Ca., Inc.;
by permission of
Van Nostrand
Reinhold Co.,
Inc.)

from x = 0 1o x = 1, thus varying the electronic and optical properties of the
material from that of GaAs (x = 0) to that of AlAs (x = 1).To vary the prop-
erties even further, it is possible to grow four-element (quaternary) com-
pounds such as In,Ga,_ As P, , having a very wide range of properties,

It is important from an electronic point of view to notice that each atom
in the diamond and zinc blende structures is surrounded by four nearest
neighbors (Fig. 1-9). The importance of this relationship of each atom to its
neighbors will become evident in Section 3.1.1 when we discuss the bonding
forces which hold the lattice together.

The fact that atoms in a crystal are arranged in certain planes is im-
portant to many of the mechanical, metallurgical, and chemical properties of
the material. For example, crystals often can be cleaved along certain atom-
ic planes, resulting in exceptionally planar surfaces, This is a familiar result
in cleaved diamonds for jewelry: the facets of a diamond reveal clearly the
triangular, hexagonal, and rectangular symmetries of intersecting planes in
various crystallographic directions. Semiconductors with diamond and zinec
blende lattices have similar cleavage planes. Chemical reactions, such as etch-
ing of the crystal, often take place preferentially along certain directions.
These properties serve as interesting illustrations of erystal symmetry, but in
addition, each plays an important role in fabrication processes for many semi-
conductor devices,

1.3
BULK CRYSTAL
GROWTH

The progress of solid state device technology since the invention of the tran-
sistor in 1948 has depended not only on the development of device concepts
but also on the improvement of materials. For example, the fact that inte-
grated circuits can be made today is the result of a considerable breakthrough

Petitioner Runergy USA Inc., Ex. 1030, p. 12
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in the growth of pure, single-crystal Si in the early and mid-1950s. The re-
quirements on the growing of device-grade semiconductor crystals are more
stringent than those for any other materials. Not only must semiconduciors
be available in large single crystals, but also the purity must be controlled
within extremely close limits. For example, Si crystals now being used in de-
vices are grown with concentrations of most impurities of less than one part
in ten billion. Such purities require careful handling and treatment of the
material at each step of the manufacturing process.

1.3.1 Starting Materials

The raw feedstock for Si erystal is silicon dioxide (Si0;). We react §i0;
with C in the form of coke in an arc furnace at very high temperatures
(—1800°C) to reduce 810, according to the following reaction:

Si0, + 2C 5 Si + 2CO (1-3)

This forms metallurgical grade 8i (MGS) which has impurities such as
Fe. Al and heavy metals at levels of several hundred to several thousand
parts per million (ppm). Refer back to Example 1-3 to see that 1 ppm of Si
corresponds to an impurity level of 5 x 10'%m ™ While MGS is clean enough
for metallurgical applications such as using Si to make stainless steel, it i3
not pure enough for electronic applications; it is also not single crystal.

The MGS is refined further to yield semiconductor-grade or electromic-
grade Si (EGS), in which the levels of impurities are reduced to parts per bil-
lion or ppb (1 ppb=5 X 10%em ), This involves reacting the MGS with dry
HCl aceording to the following reaction to form trichlorosilane, SiHCl., which
1 a liquid with a boiling point of 32°C.

Si + 3HCI - SiHCL + H, (1-4)

Along with SiHCI,, chlorides of impurities such as FeCl; are formed
which foertunately have boiling points that are different from that of SiHCl,,
This allows a technique called fractional distillation to be used, in which we
heat up the mixture of SiHCl; and the impurity chlorides, and condense the
vapors in different distillation towers held at appropriate temperatures. We
can thereby separate pure SiHCl; from the impurities, SiHCl, is then con-
verted to highly pure EGS by reaction with H,,

2SiHCly + 2H, - 2Si + 6HCI (1-5)

1.3.2 Growth of Single-Crystal Ingots

Nexd, we have to convert the high purity but still polyerystalline EGS to single-
crystal Si ingols or boules. This is generally done today by a process commonly

Petitioner Runergy USA Inc., Ex. 1030, p. 13
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Figure 1-10
Pulling of o Si crys-
tal from the melt
(Czachralskl
methed): (o) sche
matic diagram of
the crystal growth
process; [b] an
B-n. diameter,
(100} oriented 5
crystal being
pulled from the
melt, Photograph
courlesy of MEMC
Eleciranies Inil.)

called the Czochralski method. In order to grow single-crystal material, it is
necessary to have a seed crystal which can provide a templaze for growth, We
melt the EGS in a quartz-lined graphite crucible by resistively heating it to the
melting point of Si (1412°C).

A seed crystal is lowered into the molten material and then is raised
slowly, allowing the crystal to grow onto the seed (Fig. 1-10). Generally, the
crystal is rotated slowly as it grows to provide a slight stirring of the melt
and to average out any lemperature variations that would cause inhomoge-
neous solidification. This technique is widely used in growing Si, Ge, and
some of the compound semiconductors.

In pulling compounds such as GaAs from the melt, it is necessary to pre-
venl volatile elements (e.g. As) {rom vaponizing, In one method a layer of
B0, which is dense and viscous when molten, floats on the surface of the
molten GaAs to prevent As evaporation. This growth method is called ligiid-
encapsulited Czockiralski (LEC) growth,

In Czochralski crystal growth. the shape of the ingot is determined by
a combination of the tendency of the cross section to assume a polygonal
shape due to the crystal structure and the influence of surface tension, which
encourages a circular cross section. The trystal facels are noticeable in the ini-
tinl growth near the seed crystal in Fig. 1-10b, However, the cross section of
the large ingot in Fig. 1-11 is almost circular.

In the fabrication of 81 integrated circuits (Chapter 9) it is economical
to use very large Si wafers, so that many IC chips can be made simultaneoysly.
As a result, considerable research and development have gone into meth-
ods for growing very large Si ¢rystals. For example, Fig. 1-11 illustrates a 12-
inch-diameter Si ingot, 1.0 m long, weighing 140 kg.

(1)
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Figure 1-11

Silicon crystal grown by the Czochralski method. This large singlecrystal ingot Errnwdas 300 mm {124n.)
diameter wafers when sliced using o sow. The ingot is aboul 1.0 m long [including the topered regions),
and weighs obout 140 kg. [Pholegraph courtesy of MEMC Electrenics Inl |

1.3.3 Wafers

After the single-crystal ingot is grown, it is then mechanically processed to
marnufacture wafers, The first step involves mechanically grinding the more-
or-less cylindrical ingot into a perfect cylinder with a precisely controlied di-
ameter. This is important because in a modsrn integrated circuit fabrication
facility many processing tools and wafer handling robots require tight toler-
ances on the size of the wafers. Using X-ray crystallography, crystal planes in
the mgot are identified. For reasons discussed in Section 6.4.3, most Si in-
gots are grown along the (100) direction (Fig. 1-10). For such ingots, a small
notch is ground on one side of the cylinder to delineate a [110] face of the
erystal. This is useful because for (100) Si wafers, the [110] cleavage planes are
orthogonal to each other. This notch then allows the individual integrated
circuit chips to be made oriented along {110} planes so that when the chips
are sawed apart, there is less chance of spurious cleavage of the crystal, which
could cause good chips to be lost.

Next, the Si cylinder is sawed into individual wafers about 775 pm thick,
by using a diamond-tipped inner-hole blade saw, or a wire saw (Fig. 1-12a),
The resulting wafers are mechanically lapped and ground on both sides (o
achieve a flat surface, and to remove the mechanical damage due to sawing,
Such damape would have a detrimental effect on devices. The flatness of the
waler is eritical from the point of view of “depth of focus™ or how sharp an
image can be focussed on the wafer surface during photolithography. as dis-
cussed in Chapter 5. The Si waters are then rounded or “chamfered” along the
edges to minimize the likelihood of chipping the wafers during processing,
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Figure 1-12
Steps involved in
manufacturing Si

waofers: () A
300 mm Si cylin-
drical ingot, with

a nofch on one
side, being

loaded into a

wire saw fo pro-
duce Si wafers;
[b) @ technician
holding o cosselte
of 300 mm
wafers. (Photo-
graphs courlesy
of MEMC
Electronics Infl.)

()

(b)

Finally, the wafers undergo chemical-mechanical polishing using a slurry of
very fine 5i0), particles in a basic NaOH solution to give the front surface of
the wafer a mirror-like finish. The wafers are now ready for integrated circuit
fabrication (Fig. 1-12b). The economic value added in this process is im-
pressive. From sand (8i0,) costing pennies, we can obtain Si wafers costing
a few hundred dollars, on which we can make hundreds of microprocessors,
for example, each costing several hundred dollars.

 1.3.4 Doping

As previously mentioned, there are some impurities in the molten EGS. We
may also add intentional impurities or dopants to the Si melt to change its
electronic properties. At the solidifying interface between the melt and the
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solid, there will be a certain distribution of impurities between the two phas-
es. An important quantity that identifies this property is the distribution co-
efficient k4 which is the ratio of the concentration of the impurity in the solid
Cy to the concentration in the liquid C; at equilibrium:

ky=—2 (1-6)

The distribulion coefficient is a function of the material, the impurity,
the temperature of the solid-liquid interface, and the growth rate. For an im-
purity with a distribution coefficient of one-half. the relative concentration
of the impurity in the molten liquid to that in the refreezing solid is two to
one. Thus the concentration of impurities in that portion of material that so-
lidifies first is one-half the original concentration C,,. The distribution coef-
ficient is thus important during growth from a melt. This can be illustrated by
an example involving Czochralski growth:

A Sicrystal is to be grown by the Czochralski method, and itis desired that ~ EXAMPLE 1-4
the ingot contain 10'® phosphorus atoms/em?.
(a) What concentration of phosphorus atoms should the melt contain
to give this impurity concentration in the crystal during the initial
growth? For P in Si, &, = 0.35.
(b) Iftheinitial logd of Siin the crucible is § kg, how many grams of phos-
phorus should be added? The atomic weight of phosphorus is 31,

(a) Assume that Cy= k,C, throughout the growth, Thus the initial ~ SOLUTION
concentration of P in the melt should be

Iulﬁ
o ® 16 -3
g5~ roatd0gan
(b) The P concentration is so small that the volume of melt can be
caleulated from the weight of Si. From Appendix [11 the density of
Siis 2.33 g/om’. In this example we will neglect the difference in
density between solid and molten Si.

5000 g of Si

v 3 1
233 g/en? 2146 cm® of §i
2.86 X 10%cm™ X 2146 cm® = 6,14 ¥ 10" P atoms

.14 x 10" atoms x 31 g/mole
6,02 ¥ 10* atoms/mole

=316 % 10 gof P
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Since the P concentration in the growing crystal is only about one-
third of that in the melt, $i is used up more rapidly than P in the growth.
Thus the melt becomes richer in P as the growth proceeds, and the. cTys-
talis doped more heavily in the latter stages of growth, This assumes that
k15 not varied; a more uniformly doped ingot can be grown by varying
the pull rate (and therefore k,) appropriately. Modern Czochralski growth
systems use computer controls to vary the temperature, pull rate, and
other parameters to achieve fairly uniformly doped ingots.

1.4 One of the most important and versatile methods of crystal growth for de-
EPITAXIAL  vice applications is the growth of a thin crystal layer on a wafer of a com-
GROWTH  patible erystal. The substrate crystal may be a wafer of the same material as

the grown layer or a different material with a similar lattice structure. In this
process the substrate serves as the seed crystal onto which the new crystalline
material grows. The growing crystal layer maintains the crystal structure and
orientation of the substrate, The technique of growing an oriented single-
crystal layer on a substrate wafer is called epitaxial growith, or epitaxy. As we
shall see in this section, epitaxial growth can be performed at temperatores
considerably below the melting point of the substrate crystal. A variety of
methods are used to provide the appropriate atoms to the surface of the
growing layer. These methods include chemical vapor deposition (CVD),2
growth from a melt (/iquid-phase epitaxy, LPE), and evaporation of the ele-
ments in a vacuum (molecular beam epitaxy, MBE). With this wide range of
epitaxial growth technigues, it is possible to grow a variety of crystals for de-
vice applications, having pronerties specifically designed for the electronic or
optoelectronic device being made,

1.4.1 Lattice-Matching in Epitaxial Growth

When Si epitaxial layers are grown on Si substrates, there is a natural match-
ing of the crystal lattice, and high-quality single-crystal layers result. On the
other hand, it is often desirable to obtain epitaxial layers that differ somewhat
from the substrate, which is known as hereroepitaxy. This can be accomplished
easily if the lattice structure and lattice constant ¢ match for the two mate-
rials, For example, GaAs and AlAs both have the zinc blende structure, with
a lattice constant of about 5.65 A. As a result, epitaxial layers of the ternary
alloy AlGaAs can be grown on GaAs substrates with little lattice mismatch.
Similarly, GaAs can be grown on Ge substrates (see Appendix I11),

The: generic term chemical vipor deposition nelides the deposition of layers ihat may be polycrystalline
or amerphous, Ween a CVD pracess saulls In o singlecrysiol spiloxial layer, o mers specific fai
vaparphase epitaxy (VPE)
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Since AlAs and GaAs have similar lattice constants, it is also true that
the ternary alloy AlGaAs has essentially the same lattice constant over the
entire range of compositions from AlAs to GaAs As a result, one can choose
the composition x of the ternary compound Al Ga; As to fit the particular
device requirement, and grow this composition on a GaAs wafer. The re-
sulting epitaxial layer will be lattice-matched to the GaAs substrate,

Figure 1-13 illustrates the enerpy band gap E, as a function of lattice
constant ¢ for several 11I-V ternary compounds as they are varied over their
composition ranges. For example, as the temary compound InGaAs is vaned
by choice of composition on the column ITI sublattice from InAs to GaAs, the
band gap changes from 0.36 to 1.43 eV while the lattice constant of the crys-
tal varics from 6.06 A for InAs to 5.65 A far GaAs. Clearly, we cannot grow
this ternary compound over the entire composition tange on a particular bi-
nary substrate, which has a fixed latlice constant. As Fig, 1-13 illustrates, how-
ever, it is possible to grow a speaific composition of InGaAs on an InP substrate.
The vertical (invariant lattice constant) line from InP to the InGaAs curve
shows that a midrange ternary composition (actually, In) Gay ;;As) can be
grown lattice-matched to an InP substrate. Similarly, a lernary InGaP alloy
with about 50 percent Ga and 50 percent In on the colummn ITT sublattice can be
grown lattice-matched to a GaAs substrate. To achieve a broader range of alloy
compaositions, grown lattice-matched on particular substrates, it is helpful to
use quaternary alloys such as InGaAsP. The variation of compositions on both
the colamn 11 and column V sublattices provides additional flexibility in choos-
ing a particular band gap while providing lattice-matching to convenient binary
substrates such as GaAs or InP.

In the case of GaAsF, the lattice constunt is intermediate between that
of GaAs and GaP, depending upon the composition. For example, GaAsP
erystals used in red LEDs have 40 percent phosphorus and 60 percent ar-
senic on the column V sublattice. Since such a crystal carmot be grown directly
on either a GaAs ora GaP substrate, it is necessary to gradually change the
lattice constant as the crystal is grown. Using a GaAs or Ge wafer as a sub-
strate, the growth is begun al a composition near GaAs A region ~25 pm
thick is grown while gradually introducing phosphorus until the desired As/P
ratio is achieved. The desired epitaxial layer (e.g,, 100 pm thick) is then grown
on this graded layer. By this method epitaxial growth always ocecurs on a
crystal of similar lattice constant. Although some crystal dislocations occur
due to lattice strain in the graded region, such crystals dre of high quality
and can be used in LEDs.

In addition to the widespread use of lattice-matched epitaxial layers, the
advanced epitaxial growth techniques described in the following sections allow
the growth of very thin (~100 A) layers of lattice-mismatehed crystals. If the
mismatch is only a few percent and the layer is thin, the epitaxial layer grows
with a lattice constant in compliance with that of the seed crystal (Fig. 1-14),
The resulting layer is in compression or lension along the surface plane as its
lattice constant adapts to the seed erystal (Fig, 1-14). Such a layer is called
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Figure 1-13

Relationship between bond gap and latfice constant for alloys in the InGoAsP and AlGaAsSh systems,
The dashed vertical lines show the laftice constants for the commercially available binary substrates
GoAs and InP. For the morked example of In,Ga.,As, the ternary composition x = 0.53 con be grown
lattice-motched on InP, since the loftice constants are the same. For qualernary alloys, the compositions
on both the il and V sublatfices can be varied to grow lottice-matched epltoxial layers along the dashed
vertical lines between curves, For example, In,Ga,_As Py, can be grawn on InP substrates, with result-
ing bond gops ranging from 0.75 eV to 1.35 eV, In using this figure, assume the latfice constant @ of o
ternary alloy varies linearly with the composition x.

pseudomorphic because it is not lattice-matched to the substrate without strain,
However, if the epitaxial layer exceeds a critical layer thickness, 1, which de-
pends on the lattice mismatch, the strain energy leads to formation of defects
called misfit dislocarions. Using thin alternating layers of slightly mismatched
crystal layers, it is possible to grow a strained-layer superlartice (SLS) in which
alternate layers are in tension and compression. The overall SLS lattice con-
stanl is an average of that of the two bulk materials

Petitioner Runergy USA Inc., Ex. 1030, p. 20



Crystal Properties and Growth of Semicanductors 21

Y
Sitie
] i i %
Si
) &
r<r, >t
{u) (h)

Figure 1-14

Heteroepitaxy and misfit dislocations. For example, in heteroepitaxy of a SiGe layer on Si, the lattice
mismatch between SiGe and 5i leads to compressive strain in the SiGe layer. The amount of strain de-
pends on the mole fraction of Ge, [a] For layer thicknesses less than the critical layer thickness, 1,
pseudamarphic grawth accurs. (b} However, above 1, misfit dislacatians form at the interface which may
reduce the usefulness of the layers in device opplicalions.

1.4.2 Vapor-Phase Epitaxy

The advantages of low temperature and high purity epitaxial growth can
be achieved by crystallization from the vapor phase. Crystalline layers can
be grown onto a seed or substrate from a chemical vapor of the semicon-
ductor material or from mixtures of chemical vapors containing the semi-
conductor. Vapar-phase epitaxy (VPE) is a particularly important source
of semiconductor material for use in devices. Some compounds such as
GaAs can be grown with better purity and crystal perfection by vapor epi-
taxy than by other methods. Furthermore, these techniques offer great
flexibility in the actual fabrication of devices. When an epitaxial layer is
grown on 4 substrate, il is relatively simple to obtain a sharp demarcation
between the type of impurity doping in the substrate and in the grown
layer. The advantages of this freedom to vary the impurity will be dis-
cussed in subsequent chapters. We point out here, however, that Si inte-
grated-cireuit devices (Chapter 9) are usually built in layers grown by VPE
on 5i wafers.
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Figure 1=13
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Epitaxial layers are generally grown on Si substrates by the controlled
deposition of Si atoms onto the surface from a chemical vapor containing
Si. In one method, a gas of silicon tetrachloride reacts with hydrogen gas to
give Si and anhydrous HCL:

SiCl, + 2H, = Si + 4HCl (1-7)

If this reaction occurs at the surface of a heated crystal, the Si atoms re-
leased in the reaction can be deposited as an epitaxial layer. The HCl remains
gaseous at the reaction temperature and does not disturb the growing crys-
tal. As indicated, this reaction is reversible, This is very important because it
implies that by adjusting the process parameters, the reaction in Eq. (1-7) can
be driven to the left (providing ctching of the Si rather than deposition). This
etching can be used for preparing an atomically clean surface on which epi-
taxy can ocour,

This vapor epitaxy technique requires a chamber into which the gases can
be introduced and a method for heating the Si wafers. Since the chemical re-
actions take place in this chamber, it 15 called a reaction chamber or, more sim-
ply, a reactor. Hydrogen gas is passed through a heated vessel in which SiCl,
is evaporated; then the two pases are introduoced into the reactor over the sub-
sirate crystal, along with other gases containing the desired doping impurities.
The Si slice is placed on a graphite susceptor or some other material that can
be heated to the reaction temperature with an rf heating coil or tungsten halo-
gen lamps. This method can be adapted to grow epitaxial layers of closely con-
trolled impurity concentration on many Si slices simultaneously (Fig. 1-15),

The reaction temperature for the hydrogen reduction of SiCl, is approx-
imately 1150-1250°C, Other reactions may be employed at somewhat lower
temperatures, including the use of dichlorosilane (SiH,Cl,) at 1000-1100°C, or
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the pyrolysis of silane (SiH,) at S00°C-1000°C., Pyrolysis involves the breaking
up of the silane at the reaction temperature:

SiH, -+ 5i -+ 2H, (1-8)

There are several advantages of the lower reaction temperature
processes, including the fact that they reduce migration of impurities from the
substrate to the growing epitaxial layer.

In some applications it is useful to grow thin Si layers on insulating sub-
strates. For example, vapor-phase epitaxial techniques can be used to grow
~1pm Si films on sapphire and other insulatars, This application of VPE is
discussed in Section 9.3.2.

Vapor-phase epitaxial growth is also important in the TIT-V com-
pounds, such as GaAs, GaP, and the ternary alloy GaAsP, which is widely
used in the fabrication of LEDs, Substrates are held at about B00“C on a ro-
tating wafer holder while phosphine, arsine, and gallium chloride gases are
mixed and passed over the samples, The GaCl is obtained by reacting anhy-
drous HCI with melten Ga within the reactor. Variation of the crystal com-
position for GaAsP ¢an be controlled by altering the mixture of arsine and
phosphine gases.

Another useful method for epitaxial growth of compound semiconduc-
tors is called metal-organic vapor-phase epitaxy (MOVPE), or organometal-
lic vapor-phase epitaxy (OMVPE). For example, the organometallic compound
irimethylgallium can be reacted with arsine to form GaAs and methane:

(CH,)yGa + AsHy - GaAs + 3CH, (1-9)

This reaction takes place at about 700°C, and epitaxial growth of high-
quality GaAs layers can be obtained. Other compound semiconductors can
also be grown by this method. For example, trimethylalurninom can be added
to the gas mixture to grow AlGaAs, This growth method is widely used in the
fabrication of a variety of devices, including solar cells and lasers. The con-
venient variability of the gas mixture allows the growth of multiple thin lay-
ers similar to those discussed below for molecular beam epitaxy.

1.43 Molecular Beam Epitaxy

One of the most versatile techniques for growing epitaxial layers is called
malecular beam epitaxy (MBE). In this method the substrate is held in a high
vacuum while molecular or atomic beams of the constituents impinge upon
its surface (Fig, 1-16a). For example, in the growth of AlGaAs layers on GaAs
substrates, the Al, Ga, and As components, along with dopants, are heated in
separate cylindrical cells. Collimated beams of these constituents escape into
the vacuum and are directed onto the surface of the substrate. The rates at
which these atomic beams strike the surface can be closely controlled, and
growth of very high quality crystals results. The sample is held at a relative-
ly low temperature (about 600°C far GaAs) in this growth procedure, Abhrupt
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Figure 1-16

Crystal growth by molecular beam epitaxy [MBE|: (a] evaporation cells inside a highvacuum chamber
directing beams of Al, Ga, As, and dopants onto a GoAs subsirate; [b) scanning electron mic

of the cross section of an MBEgrown crystal having alternating layers of GaAs (dork lines) and

AlGoAs (light lines), Each layer is four monolayers [4 x a2 = 11.3 A) thick. [Ph B bz
Bell Laboratories.) i s A) [Photograph courtesy ol
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changes in doping or in erystal composition (e.g., changing from GaAs to Al-
GaAs) can be obtained by controlling shutters in front of the individual
beams. Using slow growm rates (= 1 wm/h), it is possible to control the shut-
ters to make composition changes on the scale of the lattice constant. For
example, Fig. 1-16b illustrates a portion of a crystal grown with alternating
layers of GaAs and AlGaAs only four monolayers thick. Because of the high
vacuum and close controls involved, MBE requires a rather sophisticated
setup (Fig. 1-17). However, the versatility of this growth method makes it
very attractive for many applications.

As MBE has developed in recent years, it has become common to re-
place some of the solid sources shown in Fig. 1-16 with gaseous chemical
sources. ‘This approach, called chemical beam epitaxy, or gas-source MBE,
combines many of the advantages of MBE and VPE.

25

Figure 1-17
Moleaular beam
epitaxy facility in
the Microeleciron-
ics Research Can-
ter at the
University of
Texas at Aushin,

L1 Semiconductor devices are at the heart of information technology, Elemental
semiconductors such as $i appear in column TV of the periodic table, while
campuund semiconductors such as GaAs consist of elements symmetrically
around colurnn IV. More complicated alloy semiconductors are used to optimize
optoelectronic properties.

1.2 These devices are generally made in single-crystal material for best perfor-
manee, Single crystals have long-range order, while polycrysialline and amor-
phous materials have short-range and no order, respectively.

1.3 Lattices are determined by symmetry. In 3-13, these are called Bravais lattices.
When we put a basis of atom({s) on the lattice sites, we get a crystal. Common

SUMMARY

Petitioner Runergy USA Inc., Ex. 1030, p. 25



26 Chapter 1

semiconductors have an fec symmetry with a basis of two identical or different
atoms, resulting in diamond or zine blende crystals, respectively.

L4 The fundamental building hlock of a lattice is a primitive cell with lattice pomnts at
its corners Sometimes it is easier to describe the crystal in terms of a larger *unit"
cell with lattice points not only at the corners, but also at body or face centers.

1.5 Translating unit cells by integer numbers of basis vectors can replicate the lat-
tice. Planes and directions in a lattice can be defined in terms of Miller indices:

L6 Real crysials can have defects in 0-, 1-,2-, and 3-D, some of which are benign,
but many of which are harmful for device operation.

1.7 Semiconductor bulk crystals are grown from a melt by the Czochralski method,
starting from a seed, Sinple-crystal epitaxial layers can be grown on top of semi-
conductor wafers in various ways, such as vapor-phase epitaxy, MOCVD, or

MBE. One can thereby oplimize doping and band-structure propenties for de-
vice fabrication.

PROBLEMS 1.1 Using Appendix 1L, which of the listed semiconductors in Table 1-1 has the
largest band pap? The smallest? What are the corresponding wavelengths if
light is emitted at the energy £, I8 there a naticeable pattern in the band gap
energy of I1T-V compounds related to the column 11T element?

1.2 Find the fraction of the fee umit cell volume filled with hard spheres,
1.3 Label the planes illustrated in Fig, P1-3.

Figure P1-3

(2]
Ay

L™ TN e
p X ¥
() (b}

14 Calculate the densities of Siand GaAs from the lattice constants (Appendix
I11}, atomic weights, and Avogadro’s number. Compare the resulls with densi-
ties given in Appendix 11, The atomic weights of Si, Ga, and As are 28.1,69.7,
and 74.9, respectively.

L5 The atomic radii of In and Sb atoms are approximately 1.44 Aand 136 A, re-
spectvely. Using the hard-sphere approximation, find the lattice constant of
InSh (zine blende structure), and the volume of the primitive cell, What is the
atomic density on the (110) planes? (Hint: The volume of the primitive cell is
one-fourth the fee unit c2ll volume.)
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1.6 A crystal with a simple cubic lattice and & monoatomic basis has an atomic ra-
dius of 2.5 A and an atomic weight of 5.42. Calculate its density, assuming that
the atoms touch each olher,

1.7 Sketch a view down a (110} direction of a diamond lattice, using Fig. 1-9 as a
guide. Include lings connecting nearest neighbors,

1.8 Show by asketch that the bee lattice can be represented by two interpenetrat-
ing sc lattices, To simplify the sketch, show a (100) view of the lattice.

1.9 (a) Find the number of atomsfom® on the (100) surface of a §i wafler.
(b) What is the distance (in A) between nearest In neighbors in InP?

L10 The ionic radii of Na* (atomic weight 23) and CI™ (atomic weight 35.5) are 1.0
and 1.8 A, respectively. Treating the jons as hard spheres, calculate the density
of NaCl. Compare this with the measured density of 2.17 g/em’”.

L11 Sketch an sc unit cell with lattice constant a = 4 A, whose diatomic basis of
atom A is located at the lattice sites, snd with atom B displaced by (8/2,0,0). As-
sume that both atoms have the same size and we have a close-packed structure
(i.2.. nearest neighbor atoms touch each other), Calculate

(1) the packing fraction (i.e; fraction of the total volume occupied by atoms),
(i1} the number of B atoms per unit volume,
(ii1) the number ol A atoms per unit arés on (100) planes

1.12 How many atoms #re found inside a unit cell of an s¢, a bee, and an fee erystal?
How far apart in terms of lattice constant ¢ are the nearest neighbor atoms in each
case, measured from center 1o center?

1.13 Draw a cube such as Fig. 1-7, and show four [111) planes with different orien-
tations. Repeat for 110} planes.

114 Find the maximum fractions of the unit eell volume that can be filled by hard
spheres in the se, fee, and diamond lattices,

115 Celculate the densities of Ge and InP from the lattice constants (Appendix
111}, alomic weights, and Avogadro's number. Compare the results with the
densities given in Appendix [11.

116 Beginning with a sketch of an fee lattice, add atoms at (3, 1, 1) from each foo
atom tg obtain the diamond lattice. Show that only the four added atoms in
Fig, 1-8a appear in the diamond unit call.

L17 Assuming that the lattice constant varies linearly with composition x for a
ternary alloy (e, see the variation for InGaAs in Fig. 1-13), what composition
of AlSb,As,_, is lattice-matched to InP? What compesition of In,Ga, P is lat-
tice-matchad to GaAs? What is the band gap energy in each case?

(Noté: Such linsar vaniations of crystal properties (e.g,, lattice constant and
band gap) with mole fraction in alloys is known as Vegard's lew. A second-
order polynontial or quadratic [it to the data is called the bowing parameter.)

L18 An S crysial is to be pulled from the melt and doped with arsenic (k;=0.3).
If the Si weighs 1 kg, how many grams of arsenic should be introduced to
achieve 10 em™ daping during the initlal growth?
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SELF QUIZ Question 1

(a) Label the following planes using the correct notation for a cubic lattice of unit
cell edege length a (shown within the unit cell).

(2]
(2]
]

{b) Write out all of the equivalent {101} directions using the correct notation.

{c}) On the two following sets of axes, (1) sketch the [011] directionand (2) a (111)
plane (for a cubic system with primitive vectors a, b, and ¢).

(1) i @) 1
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Question 2

(&) Which of the following three unit cells are primitive cells for the two-dimensional
lattice? Circle the correct combimation in bold below,

1/2/3/1and2 / 1andd / 2and3 / I, 2, and 3

©

g
&)

unit cell 1

unit cell 3

& &

O

{b) The following planes (shown within the first quadrant for 0 < xv,z <@'only, with
the dotted lines for reference only) are all from what one set of equivalent
planes? Use carrect notation:

Answer:

(¢) Which af the following three planes (shown within the first guadrant only) is a
(121) plane? Circle the correct diagram.
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Question 3

(a) Diamond and zine blende crystal structures are both eomposed of A Bravas lat-
Lice with 6 Iwo-atom basis, Circle the correct unit cell for this Bravais 1aitice.

{h) Which statement below s brue?
I. GaAshas a diamond / zine blende crystal Strocture,
2. Sihasa digmond / zine blende crvsial structure,

Question 4

Ciive some examples of zero-dimensional, ane-dimensional, iwo-dimensional, and three-
timensional defévts in a semiconductor.

Question 5

(4)  What is the difference botween o primitive cell and a unir eell? What {4 the uiil-
ity of both concepts?

(b} Whatis the differznce between a lathice and a erystal? How many different 1-D
lattees can you have?
Question 6

Consider growing inAs on the following crystal substrates: InP, AlAs, GaAs and GaP.
For which case would the eriticol thickness of the InAs layer be greatest? You may use
Fig. 1-13 from your fext.

GaP / GaAs / AlAs [ InP
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Chapter 2
Atoms and Electrons

OBJECTIVES | | ;

1. Understand the wave-particle duality of nafure in quantum mechanics
2. Study the Bohr model ofatoms

3. Apply the Schrodinger equation fo simple problems

4. Understand the elecironic siructure of atoms and the periodic fable
5. Understand hew. semiconductor properties are determined

Since this book s primarily an introduction Lo solid state devices, il would be
preferable not to delay this discussion with subjects such as atomic theory,
quantum mechanics, and electron models. However, the behavior of solid
state devices 18 directly related to these subjects. For example. it would be
difficult to understand how an electron is transported through a semicon-
ductor devige without some knowledge of the electron and its interaction
with the crystal lattice. Therefore, in this chapter we shall investipate some of
the important properties of electrons, with special emphasis on two points:
(1} the electranic structure of atoms, and (2) the interaction of atoms and
electrons with excitation, such as the abserption and emission of hight. By
studying electron energies in an atom, we lay the foundation for under-
standing the influence of the lattice on electrons participating in current [low
through a solid. Our discussions coneetning the interaction of light with elec-
trons form the basis for later descriptions of changes in the conduoctivity of
a semiconductor with optical exeitation, properties of light-sensitive devices,
and lasers.

First, we shall investigate some of the experimental abservations which
led to the modern concept of the atom. and then we shall give a brief intro-
duction to the theory of quantum mechanics. Several important concepts will
emerge from this introduction: the electrons in atoms are restricted to cer-
tain energy levels by quantum roles: the electronic structure of atoms is de-
termined from these quantum conditions; and this “quantization™ defines
certain allowable transitions involving absorption and emission of energy by
the electrons.

31
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2.1 The main effort of science is to déscribe what happens in nature, in as com-
INTRODUCTION  plete and concise a form as possible. In physics this effort involves observing
TO PHYSICAL  natural phenomena. relating these observations to previously established
MODELS theory, and finally establishing a physical mode! for the observations. For ex-
ample, we can explain the behavior of a spring-supported weight moving up
and down periodically after an mitial displacement, because the differential
equations desoribing such a simple harmonic motion have been established

by Newtonian classical mechanics.

‘When a new physical phenomenon 1s observed, it 15 necessary to find out
how it fits into the established models and "laws" of physics. In the vast ma-
jority of cases this involves a direct extension of the mathematics of well-
established models to the particular conditions of the new problem. In fact,
it 15 not uncommon for a sclentist or engineer to prediet that a new phenom-
enon should oceur before it is actually observed, smply by a careful study
and extension of existing models and laws. The beauty of science is that nat-
ural phenamena are not isolaied events but are related to other events by a
tew analytically deseribable laws. However, it does happen occasionally that
a sel of observations cannol be described in terms of existing theories, In such
cases it is necessary to develop models which are based as far as possible on
existing laws, Init which contain new aspects arising from the new phenome-
na, Postulating new physical pnnciples is a serous business, and it 15 done
only when there is no possibility of explaining the observations with estab-
lished theory. When new assumptions and models are made, their justifica-
tion lies in the lollowing guestion: “Does the model deseribe precisely the
observations, and can reliable predictions be made based on the model?” The
model is good or poor depending on the answer to this question.

In the 1920s it became necessary to develop a new theory to describe
phenomena on the atomic scale. A long series of careful observations had
been made that clearly indicated that many events involving electrons and
atoms did not abey the classical laws of mechanics. It was necessary, there-
fore, 10 develop a new kind of mechanics to describe the behavior of parti-
cles on this small scale. This new approach, called guantum mechanics,
describes atomic phenomena very well and also properly predicts the way in
which electrons behave in solids — our primary interest here, Through the
years, quantum mechanics has been so successful that now it stands beside
the classical laws as a valid deseription ol nalure.

A special problem arises when students firét encounter the theory of
guantum mechanics. The problem is that quantum concepts are largely math-
ematical in nature and do not involve the “common sense” quality associit-
ed with classical mechanics. At first, many students find quantum concepts
difficult, not so much because of the mathematics invalved, but because they
feel the concepts are somehow divorced from “reality.” This is a reasonable
reaction, since ideas which we consider to be real or intuitively satisfving are
usually based on our own observation. Thus the classical laws of motion are
easy to understand because we observe bodies in motion every day. On the
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other hand, we ohserve the effects of atoms and electrons only indirectly.
and naturally we have very little feeling for what is happening on the atom-
i scale. Il is necessary, therefore, to depend on the facility of the theory to
predict experimental results rather than Lo altempt o force classical analogs
onto the nonclassical phenomena of atoms and electrons,

Our approach in this chapter will be to investigate the important ex-
perimental observations that led to the quantum theory, and then to indi-
cate how the theory accounts for these observations. Discussions of quantum
theory must necessarily be largely qualitative in such a brief presentation, and
those topics that are most important Lo solid state theory will be emphasized
here. Several good references for further individual study are given at the
end of this chapter.

2.2

The experiments that led 1o the development of quantum theory were con-  EXPERIMENTAL
cerned with the interaction of light and matter, On the one hand, there were  OBSERVATIONS
phenomena such as interference or diffraction which clearly indicated that

light has a wave character as proposed by Huygens, in contrast to the parti-

cle or corpuscular view of light proposed by Newton, But on the other hand,

many experiments at the turn of the 20" century clearly showed that a new

theory of light was needed.

2.2.1 The Photoelectric EHact

An important observation by Planck indicated that radiation from a heated
sample, known as blackbody radiation, is emitted in discrete units of energy
called guanta; the energy units were described by fiv, where v is the frequency
of the radiztion, and 4 15 & quantity now called Planck’s tonstant (h = 6,63 %
107 J-s). Soon after Planck developed this hypothesis, Einstein interpreted an
impartant experiment that clearly demonstrated the discrete nature (guantiza-
tion) of light. This experiment involved absorption of optical energy by the elec-
trans in a metal and the relationship between the amount of cnergy absorbed and
the frequency of the light (Fig. 2-1). Let us suppose that monochromatic light is
incident on the surface of a metal plate in a vacuum. The electrons in the metal
absorb energy from the light, and some of the electrons receive enough energy
Lo be ejected from the metal surface into the vacuum. This phenomenon is called
the photoelectric effect. 1f the energy of the escapmng electrons is measured, a plot
can be made of the maximum energy as a function of the frequency p of the in-
cident light (Fig. 2- 1b).

One simple way of finding the maximum energy of the ejected elec-
trons is (o place another plate above the one shown in Fig. 2-1a and then cre-
ale an eleciric field between the two plates. The potential necessary to retard
all electron flow between the plates gives the energy E,. Fora particular fre-
quency of light incident on the sample, a maximum encray E, is observed
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Figure 2-1

The photoslectric
elfect: (0] elec-
fons ore sjecied
from the surface
ol o metal when
exposed Io light
of frequency v in
a vacuum; (b] plot
of the maximum
kinetic energy of
ejecied elecirons
vs. frequency of
the incoming
light.
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for the emitted electrons. The resulting plot of £, vs. v is linear, with a slope
cqual to Planck’s constant. The equalion of the hine shown in Fig. 2-1b is

E, = kv — 4D 2-1)

where ¢ is the magnitude of the electronic charge. The quantity & (volts)
is a characteristic of the particular metal used. Whén & is multiplied by
the electronic charge, an energy (joules) is obtained which represents the
minimum energy required [or an electron to escape (rom the metal inlo
a vacuum, The energy @ is called the werk function of the metal. These
results indicate that the electrons receive an energy Aw from the light and
lose an amount.of energy g® in escaping from the surface of the metal.

This expermment demonstrates clearly that Planck’s hypothesis was
correct—light energy is contained in discrete units rather than in a con-
tinuous distribution of energies. Other experiments also indicate that, in
addition to the wave nature of light. the quantized units of light energy
can be considered as localized packets of energy, called photons. (Intes-
estingly, this is reminiscent of the Newtonian picture.) We get the Planck
refationship

E=hv (2-24)

Some experiments emphasize the wave nature of light, while other experi-
ments reveal the diserete nature ol photons. This wave—particlé duality is
fundamental to quantum processes and does not imply an ambiguity in the
theory. Based on the wave—particle duality of light, Louis de Broglie pro-
posed that particles of matter (such as electrons) similarly could manifest a
wave character in cerlaim experiments This observation was confirmed by the
diffraction of electvons by the periodic array of atoms in a crystal observed
by Davisson and Germer. De Broglie propesed that a particle ol momen-
tum p= mv has a wavelength given by

A=hlp= himy (2-2h)

The Planck and de Broghe relationships are fundamental in quantum
physics and are valid for e/l situations and objects, including photons and
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electrons, They connect the wave description of phenomena (frequency and
wavelength) to a particle description (enerpy and momentum).

The relation between frequency and wavelength, known as the disper-
ston relationship, however, is nor the same for different objects. For example,
for photons, the wavelength () is related to frequency by h = ¢fv, where ¢
is the speed of light. For electrons, il is a different relutionship, known as the
band structure, as discussed in Chapter 3.

2.2.2 Atomic Spectra

Omne of the most valuable experiments of modern physics 1s the analysis of
absarption and emission bf light by atoms. Far example, an electric discharge
can be created in a gas, so that the atoms begin 1o emit light with wavelengths
characteristic of the gas. We see this effect in @ neon sign, which is typically
a glass tibe filled with neon or a gas mixture. with electrodes for creating a
discharge. If the intensity of the emitied light is measured as a function of
wavelength, one finds a series of sharp lines rather than a continuous distri-
bution of wavelengths, By the early 1900s the characteristic spectra for sev-
eral atoms were well known. A portion of the measured emission spectrum
for hydrogen is shown in Fig. 2-2,in which the vertical lines represent the po-
sitions of observed emission peaks on the wavelength scale. Photon energy
hvis then related to wavelength by the dispersion relation A = ¢/v.

The lines in Fig: 2-2 appear in several groups labeled the Lyman,
Bulnier, and Paschen series after their early investigators. Once the hydrogen
spectrum was established, scientists noticed several interesting relationships
among the lines. The various series in the spectrum were observed to follow
certain empirical forms:

Lyman: v = cR(% = %} n=234... (2-3a)
Balmer; v = .':.'i'(i - —[F) n=234735 (2-3h)
: 2 @) BT
Paschen: v = R(l—L) n=423546 (2-3¢
schen: c 37 2 2-3e)
L._w‘m-m = Baliner 3 Pasghwen

Figure 2-2

Some important

lines in the emis-

B 2 4 & 8 10 12 14 6 1 0 sion specirum of
A (thousands of angstroms) hydrogen.
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where R is a constant called the Rydberg constant (R = 109,678 cm ). If the
photon energies hv are plotted for successive values of the integer n, we no-
tice that each energy can be obtained by taking sums and differences of
other photon energies in the spectrum (Fig. 2-3), For example, £y, in the
Balmer series is the difference between E,; and £1 in the Lyman series.
This relatianship among the various series is called the Ritz combination
principle. Naturally, these empirical observations stirred a great deal of in-
terest in constructing a comprehensive theory for the erigin of the photons
given off by atoms,

2.3 The results of emmssion spectra experiments led Niels Bohr to construet &
THE BOHR MODEL  model for the hydrogen atom, based on the mathematics of planetary systems.
If the electron in the hydrogen atom has a series of planetary-type orbits
available to i, it can be excited 1o an outer orbit and then can fall to any one
of the inner orbits, giving off energy corresponding 1o one of the lines of
Fig, 2-3.To develop the model, Bolr made several postulates:

I. Electrons exist in certain stable, eircular orbits about the nucleus.
This assumption implies that the orbiting electron does not give off
radidtion as classical electromagnetic theory would normally require
of a charge experiencing angular acceleration; otherwise, the elec-
tron would not he stable in the orbit but would spiral into the nucle-
us as i1 lost energy by radianon.

2. The electron may shift to an orbit of higher or lower energy, thereby
paining or losing energy equal 1o the difference in the energy levels
(by absorption or €mission of a photon of energy Aiv),

Petitioner Runergy USA Inc., Ex. 1030, p. 36



Atems ond Electrons 37

3. The angular momenium p, of the electron in an orbit is always an
integral multiple of Planck’s constant divided by 2w (h/27 15 often
abbreviated # for convenience). This assumption,

pe =mh, m =1,2,3.4, ... (2-5)

is necessary Lo obtain the observed results of Fig. 2-3. Although Bohr
proposed this ad hoe relationship simply to explain the data, one can see
that this is equivalent to having an integer number of de Broglie wave-
lengths fit within the circumference of the electron orbit (Prob. 2.2).
These were called pifor waves, puiding the motion of the electrons
around the nucleus. The de Broglie wave concept provided the in-
spiration for the Schridinger wave equation in quantum mechanics
discussed in Section 2.4.

if we visualize the electron in a stable orhit of radius r about the pro-
ton of the hydrogen alom, we can equale the electrostatic [orce betwéen the
charges to the centripetal force:

-4 (2-6)

where K = dave, in MKS units, m is the mass of the electron, and v is its ve-
locitv. From assumption 3 we have

pg =mvr =nh (2-7)
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Since n takes on integral values, r should be denoted by r, 10 indicate
the nth orbit. Then Eq. {2-7) can be writlen

N A

Ve == (2-8)

L L

Substituting Eq. (2-8) in Eq. (2-6) we find that

2 v B/
£ ==t (2-9)
Krl  mry r2
K B2
= (2-10)
my

for the radius of the nth orbit of the electron. Now we must find the expres-
sion for the total energy of the electron in this orbit, so that we can calenlate
the energies invalved in {ransitions between orbils.

From Eqgs. (2-7) and (2-10) we have

yous B (2-11)
nr,
e (2-12)
Kn'h' Knfi
Therefore, the kineticenergy of the electron is
1 . my
K. E = Fmv = Kol {2-13)

The potential energy is the product of the elecirostatic force and the dis-
tance hetween the charges:

o hig
) AR S - 2.1
= Kr, K7 =14
Thus the total energy of the electron in the nth orbit is
. g’
E=KE+PE== S 2-15
" 2K (2-13)

The critical test of the model is whether energy differences between
orbits correspond to the observed photon energies of the hydrogen spec-
trum. The transitions between orbits corresponding to the Lyman, Balmer,
and Paschen series are illustrated in Fig. 2-4. The epergy difference between
orbits n, and n: is piven by

| 1

=) (2-16)

4
priif
Eps = Ey = =5
n2 nl ZKL_.ﬁE (“‘E l]%
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n=3 Figure 2-4
Elachran orbifs
and fransitions in
the Bohr madel
of ihie hydrogen
alom. Orbit spac-
ing is nat drawn
la stale.

Pasichen
~ Lynian

The frequency of hight given off by a transition between these orbits is

L mg’ (_}_i) 5
b= [EI{Z—?JHJ oon (0

The {actor in brackets is essentially the Rydberg constant R times the
speed of light ¢. A comparison of B, (2-17) with the expgrimental results
summed up by Eq. (2-3) indicates that the Bohr theory provides a good
mode! for electronie transitions within the hydrogén atom, as far as the early
experimental evidence 15 concerned.

Wherens the Bobr model aceurately deseribes (he gross features of the
hydrogen spectrum, it does not include many fine points: For example, ex-
perimental evidence indicates some splitting of levels in addition to the lev-
els predicted by the theory. Also, difficulties anse in extending the model 10
atoms more complicated (han hydrogen. Attempts were made to modify the
Bohr model for more general cases; but it soon became obvious that a more
comprehensive theory was needed. However, the partial success of the Bohr
model was an important step toward the eventual development of the quan-
tum theory. The concepl thal electrons are quantized in certain allowed en-

ergy levels, and the relationship of photon enerpy and transitions between
levels, had been established firmly by the Bohr theory.

The principles of quantum mechanics were developed from two different 2.4

points of view at about the same time (the late 1920s). One approach, de-  QUANTUM
veloped by Heisenberg, utilizes the mathematics of matrices and is called MECHANICS
matrix mrechanics, Tndependently, Schrodinger developed an approach uli-

lizing a wave equation, now called wave mechanics, These two mathematical

formulations appear to be quite different. However, closer examination
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reveals that beyond the formalism, the basic principles of the two approaches
are the same. It is possible to show. for example, that the results of matrix me-
chanics reduce 1o those of wave mechanics afler mathematical manipula-
tion. We shall concentrate here on the wave mechanics approach, since
solutions to a few simple problems can be obtained with it, involving less
mathematical discussion.

2.4.1 Probability and the Uncertainty Principle

Lt is impossible to deseribe with absolute precision events involving individ-
ual particles on the atomic scale, Instead, we must speak of the average val-
ues (expectation velues) of position, momentum, and energy of a parnele
such as an electron. It Is impaortant to note, however, that the uncertainties
revealed in quantum calculations are not based on some shortcoming of the
theory. In fact, & major strength of the theory is that it describes the proba-
bilistic nature of events involving atoms and electrons: The fact is that such
guamntities as the position and momentum of an electron do not exist apart
from a particular uncertainty. The magnitude of this inherenl uncertainty is
described by the Heisenberg uncertainty principle;

In any measurement ol the position and momentum of a particle,
the uncertainties in the two measured quantities will be related by

(Ax) (ap,) = 2 | (2-18)

Similarly, the uncertainties in #n energy measurement will be re-
lated to the uncertainty in the time at which the measurement
was made by

(AE) (a1) = 2| (2-19)

These limitations indicate that simultapeous measurement of position
and momentum or of energy and fime are inherenily inaccurate 10 some degree.
Of course, Planck’s constant £ is a rather small number (6.63 » 107 J-s),and
we are not concerned with this inaccuracy in the measurement of x and p, for
a truck. for example. On the other hand, measurements of the position of an
elecrron and its speed are seriously imited by the uncertainty principle.

One implication of the uncertainty principle is that we cannot properly
speak of the position of an electron, for example. but must look for the “prob-
ability” of finding an electron at a certain position. Thus one of the important
results of quantum mechanics is that a probability density funciion can be

This {5 aflen called the principle of Indalrminozy,
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obtained for a particle in a certain environment, and this function can be
used to find the expectation value of important quantities such as position,
momentum, and energy. We are familiar with the methods for calculating
discrete (single-valued) probabilities from common experience. For example,
it is clear that the probability of drawing a particular card oul of a random
deck is /s, and the probability that a tassed coin will come up heads is 'f,. The
techniques for making predictions when the probability varies are less [a-
miliar, however. In such cases it is common to define a probability of finding
a particle within a certain valume. Given 2 probability density function P(x)
for a one-dimensional problem, the probability of finding the particle in a
tange from x tox + dxis Px)dx. Since the particle will be sonmewhere, this
definition implies that

[ Plejae=1 (2-20)
if the function P(x) is properly chosen. Equation (2-20) is implied by stating
that the function P(x) is normalized (i.e., the integral equals unity).

To find the average value of a function of x, we need only multiply the
value of that function in cach increment dx by the probability of finding the
particle in that dx and sum over all x. Thus the average value of f{x) is

la)) = j ) P(x)ds (2-210)

If the probability density function is not normalized, this equation
should be written

f " ) P()dx
(fle)) === (2-21h)
J- Pla)dx

2.4.2 The Schrodinger Wave Equation

There are several ways 10 develop the wave equation by applying quantum con-
cepts to various classical equations of mechanics. One of the simplest approaches
i to consider a few basic postulates, develop the wave equation from them, and
rely on the accuracy of the results to serve as a justification of the postulates. In
mare advanced 1exts these assumptions are dealt with in more convineing detail.

Basic Pastulates

1. Each particle in a physical system is deseribed by a wave function
W(x, y 2, ). This function and its space derivative (W/ax + aWiay -+
iz are continuons, finite. and single valued.
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2. Indealing with classical quanlities such as energy E and momentum
p, we must relate these quantities with abstract quantum mechanical
operators defined in the following way:

Clnssical variable Quantum operalor
X X
f(x) f(x)
plx) ?- ;;
% hao
j ot

and similarly for the other two directions,

3. The probability of linding a particle with wave function W in the vol-
ume dx dy dz is ¥V dx dy dz.? The product ¥V is normalized ac-
cording to Eq. (2-20) so that

f W dx dy dz = 1

and the average value {(?) of any variable Q is calculated from the
wave function by using the operator form Q,, defined in postulate 2:

@ = v, vdrdyds

Once we find the wave function W for a particle, we can calculate its
average position, energy, and momentum, within the limits of the uncer-
tainty principle. Thus, a major part of the effort in quantum calculations in-
volves solving for W within the conditions imposed by a particular physical
system. We notice from assumpiion 3 that the probability density function
is W, ar [

The classical equation for the energy of a particle can be written:

Kinelic energy + potential energy = total energy

1 4
Z_m -t W = E

(2-22)

¥ g the complex conjugate of ¥, ohiained by reversing the sign an sach f, Thue, [eM* = a7
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In quanium mechanics we use the operator form for these variables
(postulate 2); the operators are allowed to operate on the wave function W,
For a one-dimensional problem Eq. (2-22) becomes?

e hoaw(x, 1)

G w emde-pSigT @

which is the Schrivdinger wave equation, In three dimensions the equation is

_haw
[

(2-24)

where ¥ is

ISR O | O

- AT "ol
= oy nI"

The wave function W in Egs. (2-23) and (2-24) includes both spade and
time dependencies. It is common to caleulate these dependencies separately
and combine them later. Furthermore, many prohlems are time independent,
and only the space variables are necessary Thus we try to solve the wave equu-
{ion by breaking il into two equations by the technique of separation of vari-
ables. Let (., 1) be represented by the product di(x)d(r). Using this product
ir Eq. (2-23) we abitain

T ) + Vit = il BE 4y gy
2 lax

Now the varables can be separated to obtain the time-dependent equa-

tion in one dimension,

dible)
di

iE
+L¢m;ﬂ (2-26)
fi

and the time-independent uquutmn.

dly) ﬁ
\_n‘.\ [E - Vr-ﬂ-”lll

We can show (hi the separation constant E corresponds to the energy
of the particle when particular solutions are obtained, such that a wave func-
tion i, (eigenfuncrion) corresponds (o a particle energy E, (eigenenergy).

These equations are the basis of wave mechanics. From them we can de-
termine the wave functions for particles in various simple systems. For cal-
culations involving ¢lectrons, the potential term V{(x) usually results from an
electrostatic or magretic field.

his oparational Interpraiation of [t/ ax)° is the secondudunvative form & /i the square of fis -1,
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Figure 2-5

The problem of a
porficle in a po-
tential well: [a)
potential ensrgy
diagrom; [b)
wove funclions in
the: first three
quantum sfatés;
(c] probability
density distribu-
lian for the
second state,

2.4.3 Potential Well Prablem

Tt is guite difficult to find solutions 1o the Schridinger equation for most re-
alistic potential fields. One can salve the prablem with some effort for the hy-
drogen atom, for example, but solutions for more complicated atoms are
hard to obtain. There are several important problems, however, which illus-
trate the theory without complicated manipulation. The simplest problem is
the potential energy well with infinite boundaries. Let us assume a particle
is trapped in a potential well with V(x) zero except at the boundaries x = ()
and L, where it is infinitely large (Fig. 2-5a):

Yi)=0, 0<x<L

2-28)
V() =2, x=0,L r, '
Inside the well we set V(x} = 0in Eq. (2-27):
dlx) 2
dxg‘)+‘;—;1£q;(x}=n. 0<x<L {2-29)

This is the wave equation for a free particle; it applies to the potential
well problem in the region with no potential V{x).
___Possible solutions to Eq. (2-29) are sin kx and cos kx, where k is
2mE/#. In choosing a solution, however, we must examine the boundary
conditions. The only allowable value of | at the wallsis zero, Otherwise, there
would be a nonzero [® outside the potential well, which is impossible be-
cause a particle cannot penetrate an infinite barrier. Therefore. we must choose
only the sine solution and define k such that sin kx poes to zero at x = L:

y=Asinkr, k=-— 2;“5 (2-30)
V(x) 1L
0 L 7,
| z E
(a) (b) (e)
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The constant A is the amplitude of the wave function and will be evaluat-
ed from the normalization condition (postulate 3). Tf i is to be zero at x = [, then
k must be some integral multiple of w/L:

== = 2-3
k="" n=1.2.3.... (2-31)

From Egs. (2-30) and (2-31) we can selve for the total energy £, for
each value of the integer m:

=
VZImE, wnw

Shalli 2.12)
7 L ;
. Wl 514
= 5 Gl 3]-
£, mlb- "

Thus for each allowable value of n the particle energy is described by
Eq. (2-33). We notice that the energy s guantized, Only certain values of en-
erpy are allowed. The integer nois called g guantm namber; the particular
wave function ¢, and corresponding ¢nergy state E, describe the guantim
state of the particle.

The quantized energy levels described by Eq. (2-33) appear in 4 vari-
ety of small-geomelry structures encountered in semiconductor devices. We
shall return to this potential well problem (often called the “particle in a
hox" problem) in later discussions.

The constant A is found from postulate 3:

= ) \2
J- i oy = J AJ(Sh‘I“—n_ﬁ;) i = A:E (2-39)
= b L 2
Setting Eq. (2-34) equal to unity we obtain
12 2 . nm !
A= \'IE = \'i'E.‘imI}TI {2-35)

The first three wave functions i, i, iy are sketched in Fig. 2-5b. The
probability density function s, or [, is sketched for ¥, in Fig. 2-5¢

Given a plane wave § = A exp(jk,x), what is the expectation value for p,,  EXAMPLE 2-1
the x-component of momentum?
o

| A“e"'fkrr(ii) Aslker iy SOLUTION
Jiox;
Py === : = (fik,) after normalization
f | AfZehunetx gy
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Figure 2-6
Quantum mechan:
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If we try to evaluate these inteprals directly, we run into the problem
that both numerator and denominator tend to infinity, because an ideal
plane wave is strictly not a normalizable wave function. The trick to use
is to choose the limits of integration from, say, ~L/2 to +L/2 in a region
of length L. The factor L cancels out in the numerator and denominator.
Then we can consider L approaches infinity. For wave functions that are
normalizable, such a mathematical “trick” does not have to be used.

2.4.4 Tunneling

The wave funclions are relatively easy lo obtain for the potential well with
infinite walls, since the boundary conditions force ) to zero at the walls. A
slight modification ¢f this problem illustrates a principle that is very im-
portant in some solid state devices —the quantum mechanical menneling of
an electron through a barrier of finite height and thickness. Let us consid-
er the potential barrier of Fig. 2-6. If the barrier is not infinite, the bound-
ary conditions do not force W to zero at the barrier. Instead, we must use
the condition that i and its slope ¢ilW/dx are continuous at each boundary of
the barrier {postulate 1), Thus i must have a nonzero value within the bar-
rier and also on the other side. Since Wi has a value to the right of the barn-
er, ¥ exists there also, implying that there is some probability of finding
the particle beyond the barrier. We notice that the particle does not go aver
thé barrier; its total energy is assumed to be less than the barrier height V.
The mechanism by which the particle “penetrates™ the barrier is called tun-
neling. However, no classical analog, including classical descriptions of tun-
neling through barriers, in appropriate for this effect. Quantum mechanical

-
—
Vix)
(2)
L+W  x
h?
Eaponentiul detrense
o~ inside barrier
{b) b = heyond harrigr
£

s 7 :
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tunneling is intimately bound to the uncertainty principle. If the barrier is suf-
ficiently thin, we cannot say with certainty that the particle exists only on ope
side. However, the wave function amplitude for the particle is reduced by the
barrier as Fig. 2-6 indicates, so that by making the thickness W greater, we
can reduce & on the right-hand side to the point that negligible tunneling oc-
curs, Tunneling is important only over very small dimensions, but it can be
of great importance in the conduction of electrons in salids, as we shall see
in Chapters 5, 6, and 10.

A novel electronic device called the resonant tunneling diode has been
developed. This device operates by tunneling electrons through “particle in
a potential well™ energy levels of the type deseribed in Section 2.4.3,

The Schrodinger equation describes accurately the interactions of particles 2.5

with potential ficlds such as electrons within atoms Indeed, the modern un-  ATOMIC
derstanding of atomic theory (the modern atomic models) comes from the  STRUCTURE AND
wave equation and from Heisenberg's matrix mechanmices. It should be point-  THE PERIODIC
ed out, however, that the problem of solving the Schrodinger equation di-  TABLE

rectly for complicated atoms is extremely difficult. In fact, only the hydrogen

alom is generally solved directly; atoms of atomic number greater than one

are usually handled by techniques invelving approximations. Many atoms

such as the alkali metals (Li, Na, etc.), which have a ncutral core with a sin-

gle electron in an outer orbit, can be treated by a rather simple extension of

the hydrogen atom results. The hydrogen atom solution is also important in

idenlifying the basic selection rules for describing allowed electron energy

levels. These quantum mechanical results must coincide with the experi-

mental spectra, and we expect the energy levels to include those predicted

by the Bohr model. Without actuslly working through the mathematics for

the hydrogen atom, in this section we shall investigate the energy level

schemes dictated by the wave equation.

2.5.1 The Hydrogen Atom

Finding the wave functions [or the hydrogen atom requires a solulion of the
Schrodinger equation in three dimensions for a coulombic potential field.
Since the problem is spherically symmetric, the spherical coordinate system
is used in the calculation (Fig. 2-7). The term V(x, y, z) in Eq. (2-24) must be
replaced by V(r, 8, &), representing the Coulomb potential which the electron
experiences in the vicinity of the proton. The Coulomb potential varies anly
with r in spherical coordinates

VI(r 8, ) =V(r) = — (dmre,) q‘; (2-36)

as in Eq. (2-14).
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Figure 2-7
The spherical co-
ordinale system,

When the separation of variables is made, the time-independent equa-
tion can be written as

Ulr, 8, &) = R(r)O(H)D(b) (2-37)

Thus the wave functions are found in three parts. Separate solutions
must he obtained for the r-dependent equation, the #-dependent equation,
and the d-dependent equation. After these three equations are solved, the
total wave function i is obtained from the product.

As in the simple potential well problem, each of the three hydrogen
atom equations gives a solution which 1s quantized. Thus we would expect a
quantum number to be associated with each of the three parts of the wave
equation. As an illustration, the d-dependent equation obtained after sepa-
ration of variables is

i

-+ miD = {2-38)
iy

where miis a quantum number. The solution to this equation is
D, () = Aer™ (2-39)

where A can be evaluated by the pormalization condition. as before:

JI““¢;r( i }'-'limf thldh = 1 {1 2-40)

F o 2
A“j ¢ bl A’J dib = T (2-41)
1 il
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Thus the value of A 1s
1

A=— (2-42
Vam :
and the ¢-dependent wave function is
1 "
e —— J'm&’ 2 —t
B, () om € (2-43)

Since values of & repeat every 2o radians, © should repeat also. This oc-
curs if m is an integer, including negative integers and zero. Thus the wave
functions for the ¢-dependent equation are quantized with the following se-
lection rule for the quantum numbers:

W =oae—3 =150, 1 R2; 430w (2-44)

By similar treatmenis, the functions R{r) and 8{8) can be oblained,
each being guantized by its own selection rule. For the r-dependent equa-
tion, the quantum number n ¢an be any positive integer (not zero), and for
the B-dependent equation the quanium number [ can be zero or a positive
integer. However, there are interrelationships among the equations which
restrict the various quantum numbers used with a single wave function !

Wmlr, B, $) = R,.(f)@;(ﬂ}¢m{¢) {2-45)
These restrictions are summarized as follows:

n=1,23,... (2-d6a)
1=012...,(n-1) (2-46h)
PO SRS IR 3\ e B, I (2-46c)

In addition to the three quantum numbers arising from the three parts
of the wave equation. there is an imporfant guantization condition on the
“spin™ of the electron. Investigations of electron spin employ the theory of
relativity as well as quantum mechanics; therefore, we shall simply state that
the intrinsic angular momentum s of an electron with 11, specified is

fi
o 28
2
That is, 1n units of #, the electron has a spin of 12 and the angular mo-
mentum produced by this spin is positive or negative depending on whether
the electron is “spin up” or “spin down,” The important point for our dis-
cussion is that each allowed energy state of the electron in the hydrogen
atom is uniquely described by four quantum numbers: n, [, m and 5.4

8= (2-47)

“n mony lexts, the numbers we hova called m end s ore rolerred to os myand m, respectively;
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Using these four quantum numbers, we can identify the various states
which the electron can occupy in a hydrogen atom, The number a, called
the principal quantum number, specifies the “orbit™ of the electron in Bohr
terminology. Of course, the concept of orbit is replaced by probahility den-
sity functions in quantum mechanical caleulations. It is common to refer to
states with a given principal quantum number as belonging to a shell rather
than an orhit.

There is considerable fine structure in the energy levels about the Bohr
orbits, due to the dictates of the other three guantum conditions. For ex-
ample, an electron with n = 1 (the first Bohr orbit) can have only I = 0 and
m = 0 according 1o Eqg. (2-46), but there are two spin states allowed from
Eq. (2-47). For n = 2.l can be 0 or 1, and m can be —1,0, or +1. The vari-
ous allowed combinations of quantum numbers appear in the first four
columns of Table 2-1. From these cembinations it is apparent that the elec-
tran in a hydrogen atom can occupy any one of a large number of excited
states in addition to the lowest (ground) state . Energy differences be-
tween the various states properly account for the observed lines in the hy-
drogen spectrum,.

2.5.2 The Periodic Toble

The guantum numbers discussed in Section 2,5.] arise from the solutions to
the hydrogen alom problem. Thus the energies oblainable from the wave
functions are unique o the hydrogen atom and cannot be extended to more
complicated atoms without appropriate alierations. However, the quantum
number selecltion rulgs are valid formore complicated structures, and we can
use these rules to gain o understanding of the arrangement of atoms in the
periodic table of chemical elements. Without these selection rules, it is diffi-
cult to understand why only two electrons fit into the first Bohr orhit of an
atom, whereas eight electrons are allowed in the second orbit. After even
the brief discussion of quantum numbers given above, we should be able to
answer these questions with more insight.

Before discussing the periodic table, we must be aware of an im-
portant principle of quantum theory, the Panlf exclusion principle. This
rule states that no two electrons in an interacting system® can have the
same sel of quantum numbers n, [, m, s, In other words. only two elec-
trons can have the same three quantum numbers n, /, m, and those two
must have opposite spin. The importance of this principle cannot he
overemphasized; it is basic to the electronic structure of all atoms in the
periodie table. One implication of this principle is that by listing the var-
ious combinations of quantum numbers, we can determine into which
shell each electron of a complicated atom fits, and how many electrons are
allowed per shell. The quantum states summarized in Table 2-1 can be

AAn Interocling sysiem iz o system In which slecton wove functions o’uEdnp—'in this crse, an oiom with
twis o more eleclions,
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Table 2-1 Quantum numbers fo n = 3 and allowable states for the electron in a
hydrogen atom; The first four eclumns show the various combinations of quantum
numbers allowed by the selection rules of Eq [2-44); the last two columns indicate
the number of ollowed states (combinations of n, I, m, and s) for each ! [subshell)

and n [shell, or Bohr orbil],

Allownble siaiés Allowable sigtes
n I m s/H in subshell in camplete shell
1 0 0 3 2 2
£
2 0 0 =2 2
! -1 =3 §
0 =3 é
1 = % _!
3 0 1l =5 2
%1
1 =] = 12 ‘
(1] = 'li 6
2 -2 z1 18
= -+ i
]
1 i %
2 -4 ‘

used 1o indicate the electronic configurations for atoms in the lowest en-
ergy slate,

In the first electrome shell (n = 1),/ can be only zero since the maxi-
mum value of [ is always n — 1. Similarly, m can be only zero since m runs
from the negative value of [ to the positive value of I. Two electrons with
opposile spin can fit in this | state; therefore, the first shell can have at
most two electrons. For the helium alom (atomic number Z = 2) in the
ground state, both electrons will be in the first Bohr orbit (n = 1), both will have
I = () and m = (), and they will have opposite spin. Of course, one or both of
the e atom electrons ¢an be exciled to one of the higher energy states of
Table 2-1 and subsequently relax to the ground state, giving off a photon
characteristic of the He spectrum,

As Table 2-1 indicates, there can be two electrons in the [ = 0 subshell.
six electrons when / = 1, and ten electrons for I = 2. The electronic con-
figurations of various atoms in the periodic table can be deduced from this
list of allowed states. The ground stale electron structures for a number of
atoms are listed in Table 2-2. There is a simple shorthand notation for
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Table 2-2 Electronic configurations for atoms in the ground siate.

n=1 2 3 4
=0 0 1 0 1 2101
Atomic 15 | 252p | 38 3p 3d | 4s 4p
number Ele-

(Z) menl Number of eléctrons Shorthand notation

1 H 1

2 He S 152

3 Li 1 Lg? 251

4 Be 2 1y 242

3 B 21 152 252 2p!

6 C heliomeore, | 2 2 152 252 2p2

7 N 2elecirons | 2 3 152 257 2p3

8 0O 2 4 152 247 2p

9 F 25 1yt 25t 2p®

1 Ne 26 152 255 2p¢

11 Na l [Ne] 3yl

12 Mg 2 352

13 Al 21 357 j.pl

4 S neon core, 2 2 342 3p2

15 i 10 glectrons 2 3 352 3pd

1w 5 2 4 252 3pt

7 25 342 3p3

s Ar 26 352 3ph

it K 1 [.Ar] dgl

W Cs 2 452

21 Sc 1 [V 3d!l 452
450 r EPERETE

23 v 3 (1% 3d3 4yt

4 Cr 51 3ad 45l

25 Mn 3|2 3d? 452

26 Te 412 38 45t

27 {50 ATROTOre, 7 2 347 dsl

| Ni 18 electrons g2 349 d4s

2 Lu 10 | 1 3d10 451

30 Zn |2 F 10 452

31 Cin 10 | 2 1 3d10452 4p!
k7 (e 0|2 2 310 457 Apt
i3 As 0|2 3 3d10 457 4p)
34 Se w2 4 10 45* apd
o B 0|25 310 452 4pd
ke 026 3430 437 4p8
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electronic structures which is commonly used instead of such a table. The only
new convention (o remember in this notation is the naming of the [ values:

1=0,1,2,34,...
spad g ...

This convention was created by early spectroscopists who referred to
the first four spectral groups as sharp. principal. diffuse. and fundamental.
Alphabetical order is used beyond f With this convention for [, we can write
an clectron state as follows:

=6 electrons in the 3p subshell
23p°

(n=23) I—(,.I’z'[)

For example, the total electronic configuration for 8i (Z = 14) in the
ground state 18

1522s%2p%35°3p?

We notice that §1 has a closed Ne configuration (see Table 2-2) plus four
clectrons in an outern = 3 orbil (37°3p?). These are the four valence electrons
of 5i; two valence electrons are in an s state and two are in a p state. The 51 elec-
tronic configuration can be written [Ne] 35°3p* for convenience, since the Ne
configuration 15°25°2p" forms a closed shell (typical of the inert elements).

Figure 2-8a shows the orbital model af 2 8i atom, which has a nucleus
cansisting of 14 protons (with a charge of +14) and neutrons, 10 core electrons
in shells # = 1 and 2, and 4 valence electrons in the 35 and 3p subshells. Fig-
ure 2-8b shows the energy levels of the various electrons in the coulombic po-
tential well of the nucleus. Since unlike charges attract each other, there is an
attractive potenfial between the negatively charged electrons and the posi-
tively charged nucleus As indicated in Eq. (2-36), a Coulomb potential varies
as |/r asa function of distance from the charge, in this case the Si nucleus. The
potential energy gradually goes to zero when we approach infinity, We end up
getning “particle-in-a-box" states for these clectrons in this potential well, as dis-
cussed in Section 2.4.3 and Eq. (2-33). Of course, in this case the shape of the
potential well is not rectangular, as shown in Fig. 2-5a, but coulombic. as shown
in Fig. 2-8b. Therefore, the energy levels have a form closer to those of the H
atom as shown in Eq. (2-15), rather than in Eq. (2-33).

If we solve the Schrédinger equation for the Si atom as we did in Sec-
tion 2.5.1 for the H atom, we can get the radial and angular dependence of the
wavefunctions or “orbitals” of the electrons, Let us focus on the valence shell,
n = 3, where we have two 3s and two 3p electrons. It turns out that the 35 or-
bital is spherically symmetric with no angular dependence, and is positive
everywhere. It can hold 2 electrons with opposite spin according to the Pauli
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Electronic structure and energy levels in a 5i alom: [a) The orbital madel of a 5i alom showing the 10
core electrons (n = 1 and 2), and the 4 valence electrons (n = 3); (b} energy levels in the coulombic po-
lential of the nucleus are alse shown schematically,
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principle. There are 3p-orbitals which are mutually perpendicular. These are
shaped like dumbbells with a positive lobe and a negative lobe (Fig.2-9). The
3p subshell can hold up to 6 electrons, but in the case of Si has only 2. Inter-
estingly, in a Si crystal when we bring individual atoms very close together, the
5- and p-orbitals overlap so much that they lose their distinct character, and
lead to four mixed sp® orbitals. The negative part of the p orbital cancels the
s-type wavefunction, while the positive part enhances it, thereby leading to a
“directed” bond in space. As shown in Fig. 2-9, these finear combinations of
atomic orbitals (L.CAQ) or “hybridized" sp* orbitals point symmetrically in
space along the 4 tetragonal directions (see Fig. 1-9). In Chapter 3 we shall see
that these “directed” chemical bonds are responsible for the tetragonal dia-
mond or zine blende lattice structure in most semiconductors. They are also
very important in the understanding of energy bands, and in the conduction
of charpes in these semiconductors.

The column TV semiconductor Ge (Z = 32) has an electronic structtire
similar to Si, except that the four valence electrons are outside a closedn = 3
shell. Thus the Ge configuration is [Ar] 3d'"%4¢*4p”, There ate several cases in
Table 2-2 that do not follow the most siraightforward choice of quantum num-
bers. For example, we notice that in K (Z = 19) and Ca (Z = 20) the 4s state
is filled before the 3d state; in Cr (Z = 24) and Cu (£ = 29) there is a transfer
of an electron back to the 34 state, These exceptions, required by minimum
energy considerations, are discussed more fully in most atomic physics texts.

55

Figure 2-9
Orbitals in a Si
atom: The spheri-
cally symmetric
5" type wave
functions or or-
bitals ara positive
everywhaere, while
the three mutually
perpendicular “p”
type orbitals {p,,
py, P ore dumb-
bell shaped and
have a positive
lobe and a nego-
tive lobe. The four
sp’ "hybridized”
orbitals, anl

one of which is
shewn hare, point
symmalricolly in
spoce and lead to
the diamond lat-

fice in Si.

21 In classical physics, matter (including elecirons) was described as particles by
Newtonian mechanics, while fighr was described as waves, consistent with phe-
nomena such as interference and diffraction of light.

2.2 Phenomena such as blackbody radiation and the photoelectric effect forced

Planck and Einstein lo introduce a particle aspect to light (photons), Analysis
of atomic spectra then led Bohr and de Broglie to analogously mtroduce a
wave aspect to subatomic particles such as electrons. This led to a wave-particle
duality and a guantum mechanica! description of nature by Heisenbery and
Schrodinger.
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2.3 To understand how electrons move in semiconductor devices or interset w
light, we need to determine a complex wave funciion of the electron, The wa
function has 1o be mathematically well behaved, ennsistent with the interpre
tation that the wave function magnitude squered is the prohability density o1
finding the electron in space and time,

2.4 We getf the wave function by solving Schrisdinger's time-dependent partial dif-
ferential equation. The apolication of boundary condtions (the potential energy
profile) allows certain (proper) eigenfurnctions as valid solutions, with corre-
spouding ergenenergies, determined by allowed quaritiem numbers. Results of
physical measurements are fo fonger deterministic (as i classieal mechanics),
but probabilistic, with an expectarion value given by an average using the wave
function of appropriate quantum mechanical operafars corresponding to phys-
jcal quantities:

2.5 Applicationof these principles 1o the simplest atom (H) introduces four guan-
ium numbers—n. |, m, and s, which are subject to appropriaté quantupi me-
chanical rules. Extrapolating these 1deas to more complicated atoms such as
Si leads to the idea of electronic siructure and the pertodic rable, if we apply the
Pauli exclusion principle \hat one can have a maximum of one electron for ane
set of these quanium numbers

PROBLEMS 2.1 (a) Sketch a simple vacuum tube device and the associated circuitry [or mea-
suring £, in the photoelectric effect experiment. The electrodes can be
placed in a sealed glass envelope.

(b) Sketch the photocurrent [ vs: retarding voltage V that you would expect to
measure {or a given electrode materinl and eomfiguration. Make the sketch
Tor several intensities of light at a given wavelength.

(g} The work function of platinum is 4.09 ¢ V. What retarding potential will be
required to reduce the photocurrent to zero in a photaelectric experiment
with Pt slectrodes if the wavelength of incident light is 2440 A? Remem-
ber that an enetgy of g is lost by each electron in escaping the surface.

2.2 Show that the third Bohr postulate, Fg. (2-5), is eqmivalent ta an inteper num.
ber of de Broglie waves fitting within the droumference of a Bohr sireular orbit,

23 (a) Show that the various hnes in the hydrogen spectium can be expressed in
angsiroms as

91 Inin"

n—ni

A{A) =

where ny = 1 for the Lyman senes, 2 for the Balmer series, and 3 for the
Paschen series The micger n is latger than .

(b) Calculate \ for the Lyman series to n = 5, the Balmer series ton =7, and
the Paschen sertes to m= 10. Plot the results as m Fig. 2-2. What are the
wavelength limits for each of the three series?
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2.4 Show that the caleulated Bohr expression for freguency of emitted light 1n

the hydrogen spectrum, Eq. (2-17), corresponds to the expenmental expres-

sions, Eq. (2=3).

{a) The position of an electron is determined to within 1 A. What is the mini-
mum uncertainty in its momentum?

=)
in

(b) An eiectron’s energy is measured with an unceriainty of 1 ¢V. Whal is
the minimum uncertainty in the time over which the measurement was
made?

2.6 What is the de Broglie wavelength (in A) of an electron at 100 eV? What is the
wavelength for electrons at 12 keV, which is typical of ¢lectron microscopes? Com-
paring this to visible light, comment on the advantages of electron microscopes.

2.7 A sample of radioactive material undergoes decay such that the number of
dtoms N(1) remaining in the unstable state at time ¢ is related to the number
Ny atr =0 by the relation N(1) =N, exp(—r/r). Show that ¥ 15 the average
lifetime (1) of an atom in the unstable state before it spontanecusly decays.
Equation (2-21b) can be used with r subsiituted for x.

2.8 We define a potential well having ensrgies V as a function of position x.as follows:

V==forx=—-05umto;V=0eVforx=0tw05nmV=10eViorx =35
to 6 nm, and ¥ = 0 for x > 6 mm and x < —0.5 nm. We put an eleciron with
energy 7 eV in the region x, between D and 5 nm. What is the probabilily of
finding the electron at x < (0 nm? Is the probability of finding the electron at
x > 6 nm zero or nonzero? What is this probability for x =6 nm if the elec-
tron was described by classical mechanics and not quantum mechanics?

2.9 Anelectron is described by a plane-wave wave function [i(x,r) = Agi(!+3r=40,
Calculate the expectation value of a function defined as [4p,” + 2p. + TElm).
where m is the masd of the electron, p, and p, are the x and z components of
momentum, and E 1s energy. (Give values in terms of the Planck constant, )

210 A particle is trapped in the ground state (lowest energy level) of a potential well
of width L. To understand how the particle is localized, 8 common messure 1§
the standard devintion Ardefined by Ax = V(x") — (¥)*, where (%) and (x) are
the expectation values of +* and x, respectively. Find the uncertainty Ax in the po-
sition of the particle in terms of length L and estimate the minimum uncertanty
in the momentum of the particle, using the Heisenberg uncertainty principle in

A 5

2 L E\T
terms of L and the Planck’s constant . Note: - ‘£ X (5"1 T) dy = 05L and
ey ' ®
'Ii f xt (sin{i dx = 028L.

< Ji
2,11 Caleulate the first three energy levels for an electron in a quantum well of
width 10 A with infinite walls.

212 Schematically show the number of eleétrons in the various subshells of an atom
with the electronic shell sizucture 15°25%2p" and an ajomic weight of 21. Indi-
cate how many protons and neutrons there are in the nucleus, Is this gtom
chemically reactive, and why?
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SELF QUIZ Question 1

Decide whether each of the following one-dimensional functions defined between the
limits x approaches negative infinity and x approaches positive infinity is an allowed
guantim mechanical wave funciion (circle one answer in sach case):

1. W(x) = C for —|a| < x < |af; ¥(x) = 0 otherwize allowed / not allowed

2. Wix)=C(e" 4+ ™M) allowed / not allowed

3. Wix)= Cexp{—xla]) allowed / not allowed
where both C and @ are nonzero and finite constants,

Question 2

Consider the finite potential well sketched below.

E E=leV
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1. Can the measured value of a particle’s energy in the well be 1 V7

2. If the particle has an energy of E < 1 eV, can the measured value of the parti-
cle’s position be x| > a?

Question 3

{a) Fora particle in the following potential well of minimum potential energy equal
to { eV, could the ground state eigenenergy £, of the particle be equal to zero?
Circle one choica below,

yes / no / nor enough informarion provided

energy £
[
porential Vix)

energy = eV

(b) Given the 3" and 4" most energetic eipenstates of energies as shawn above, is
it possible under any circumstances that the expectation value of the particle’s
energy could be exactly US(Ey+ E,)7 (Do not assume the particle is in an en-
ergy eigenstate.) Circle one choice below,

ves [/ no / not enough information provided
(¢}  Consider the following cantinuons, smooth,and nermaelizable wavefunction ¥ (x),

Is this wave function an allowed quantum mechanical wave function for a parti-
cle (currently) above the potential ¥ix) of part (a)? (Circle one.)

yes / no / can't tell

s

| Y
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Question 4

Consider quantum mechanical particles incident from the lefr having well-defined
energy s indicated by the verlical positians of the arvows, in the twa systems sliown
below Will the probability of being reflected be greater for the incident particle in Sys-
tem | than for the incident particle in System 27 Circle one choice helow.

ves [/ no [ not encugh information provided

penenttal Vix) poreanial Vix)
E .
—_— S
A
System 1 System 2
{narrow bigh potental barrier) iwide low potantinl barrer)

Question 5

Suppose live precise measurements were mice on @ particle in rapid succession, such
that the time gvolution of the particle wave funchon between measurements could be
neglected, in the following order: (1) position, (2) momentum, (3) momentum, (4) po-
sition, (5} momentum. [I'the results of the first two measuréments were &, and p,. re-
spectively, whut would be the results of the next three measurements (cirele one each)?

measurement (3); momentum P/ unknown

wieasurement (4); position X, [ unknown

measurement {(5); momentum P, unknown
Question 6
If the photoelectric effect were governed by classical physics rather than quantum me-
chanmes: what wonld be result of the following expeniments:

(a) By changing the intensity of the incident radiation, what would happen to the
energy and number of cjected electrons?

(b} How about changing the requency of the hight?
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Energy Bands and Charge
Carriers in Semiconductors

OBJECTIVES
1. Understand cpndq:[ipn and valence energy bands, and how

bandgaps are formed .

2. Appreciate the idea of doping in semiconduciors

3. Use the density of stales and Fermi Dirac stofistics fo calculate carrier
concentrations

4. Caleulate drift currents in an electric field in terms of carrier mobility,
and how mobility is offected by scaltering

5. Discuss the idea of “effective” masses

In this chapter we begin to discuss the specific mechanisms by which current
flows in a solid. In examining these mechanisms we shall learn why some
materials are good conductors of electric current, whereas others are poor
conductors. We shall see how the conductivity of a semiconductor can be
varied by changing the temperature or the number of impurities, These fun-
damental concepts of charge transport form the basis for later discussions of
solid state device behavior.

In Chapter 2 we found that electrons are restricted (6 sets of discrete ener- :;:;NDING

gy levels within atoms, Large gaps exist in the energy scale in which no en-  ppeee aun
ergy states are available. In a similar fashion, electrons in solids are restricted gy e ey aa e
Lo certain energies and are not allowed at other energies. The basie differ- IN SOLIDS

ence belween Lhe case ol an electron in a solid and that of an electron in an
isolated atom is that in the solid the electron has a range, or band, of avail-
able energies. The discrete energy levels of the isolated atom spread into
bands of energies in the solid because in the solid the wave [unctions of
electrons in neighboring atoms overlap, and an electron is not necessarily lo-
calized at o particular-atom, Thus, for example, an electron in the vuter orbit
of one atom [eels the influence of neighboring atoms, and its overall wave
funetion is altered. Naturally, this influence affects the potenlial energy lerm
and the boundary conditions in the Schradinger equation, and we would

61
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D]Hmmﬁgm }]F
Difterent types o
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expect to obtain different energies in the solution. Usually, the influence of
neighboring atoms on the. energy levels of a particular atom can be treated
as a small perturbation, giving rise to shifting and splitting of energy states
into energy bands,

3.1.1 Bonding Forces in Solids
The interaction of electrons in neighboring atoms of a solid serves the very

important function of holding the crystal together. For example, alkali halides
such as NaCl are typified by ionic bonding. In the NaCl lattice, each Na atom
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is surrounded by six nearest neighbor Cl atoms, and vice versa, Four of the
nearest neighbors are evident in the Iwo-dimensional representation shown
in Fig, 3-1a.The electronic structure of Na (Z = 11) is [Ne] 3" und CI (Z = 17)
has the structure [Ne|3s°3p", In the lattice each Na atom gives up its outer 3y
electron to a Cl atom, so that the crystal is made up of ions with the electronic
structures of the inert atoms Ne and Ar (Ar has the electronic structure
[Ne]35"3p%). However, the ions have net electric charges after the electron ex-
change. The Na' ion has a net positive charge, having lost an electron, and
the €1 1on has o nel negative charge, having gained an electron.

Each Na" ion exerts an electrostatic attractive farce upon its six Cl°
neighbors, and vice versa, These coulombic forces pull the lattice together
until a balance is reached with repulsive forces. A reasonably accurate cal-
culation of the atomic spacing can be made by considering the 1ans as hard
spheres being attracted together (Example 1-1).

An important observation in the NaCl structure is that all electrons
are tightly bound 1o atoms. Once the electron exchanges have been made
between the Na and Cl atoms to form the Na' and Cl™ jons, the outer orbits
of all atoms are completely [lled. Since the 1ons have the closed-shell con-
figurations of the inert atoms Ne and Ar. there are na Ioasely bound electrons
to partivipate io current Tow; as a result, NaCl is a good insulator.

In a metal atom the outer electronic shell is only partially filled, usual-
ly by no more than three electrons. We have already noted that the alkali met-
als {e.g.. Na) have only one electron in the outer orbit, This eleciron is loosely
bound and is given up easily in 10n formation. This nceounts for the great
chemical activity in the alkali metals, as well as for their high electrical con-
ductivity. In the metal the outer electron of sach alkali atom is contributed to
the crystal as a whole, so that the solid is made up of ions with closed shells
immersed in a sea of free electrons. The forces holding the latlice together
arise from an interaction between the positive on cores and the surrounding
free electrons, This is one Lype of metallic bonding. Obyiously, (here are com-
plicated differences in the bonding forces lor various metals, as evidenced by
the wide range of melting temperatures (234 K for He, 3643 K {or W), Howew-
er, the metals have the sea of electrons in common, and these elecirans are free
to mave abonl the erystal nnder the influence of an electric field.

A third type of bonding is exhibited by the diamond lattice semicon-
ductors, We recall that each atom in the Ge, Si, or C diamond latlice is sug-
rounded by four nearest neighbors, cach with four electrans in the outer orbit.
I these erystals each atom shares its valence electrons with its tour neighbors
(Fig. 3-1b). Bonding between niearest neighbor atoms is illustrated i the di-
amond lattice diagram of Fig. 1-9. The bonding forces arise from a gquanium
mechanical interaction between the shared electrons. This is known as cova-
tent bongding; each electron pair constitutes a covalent bond, In the sharing
process it s no longer relevant to ask which electron belongs o a particular
atom—both belong to the bond. The two electrons are ndistinguishable, ex-
cept that they must have oppaosite spin 1o satisfy the Pauli exclusion principle,
Covalent bonding is also found in certain molecules, such as H,.
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A in the case of the ionic crystals, no free electrons are available (o
the lattice in the covalent diamond structure of Fig. 3-1b, By this reasoning
(e and 5i should also be insulators, However, we have pictured an idealized
lattice at 0 K in this figure. As we shall se¢ in subsequent sections, an elec-
tron can be thermally or optically excited out of a covalen!t bond and there-
by hecame {ree Lo participate i conduction, This is an tnportant feature of
semiconductors,

Compound semiconductors such as GaAs have mixed bonding, in wiuch
both ienic and covalent bonding forees participate: Some ionic bonding is to
be expected in a crystal such as GaAs because of the difference in place-
ment of the Ga and As atoms in the penodic table. The jonic characier of
the bonding becomes more important as the atoms of the compound become
further separated in the periodic table, as in the IT- VI compounds. Such elec-
tronie structure, and specifically the idea that the outermost valence shell is
cosplere if 1t has a stable ser of eight electrons (Ne, Ar, Kr), 1s the basis of
most of chemistry and many of the semiconducting properties.

3.1.2 Energy Bands

As isolated atoms are broughl together to lorm a solid, various inleractions
occur between neighboring atoms, including those described in the preced-
ing section. The forees of altraction and repulsion between atoms will find a
balance at the proper interatomic spacing for the erystal. In the process, im-
portant changes occur in the electron energy level configurations, and these
changes result in the varied electrical properties of solids.

In Fig. 2.8, we showed he orbital model of a Si atom, along with the
energy levels of the various electrons in the coulombic potential well of
the nucleus. Let us focus on the outermost shell or valenge shell. n = 3, where
two 35 and two 3p electrons interact to form the four “hybridized” sp” elec-
trons when the atoms are brought close together. In Fig. 3-2, we schemat-
ically show the coulombic potential wells of two atoms close to each other,
along with the wave functions of two electrons centered on the twonuclei,
By solving the Schridinger equation for such an interacting system, we find
that the composite two-eleclron wave [unctions ave lnear combinations of
the individual atomiic orbitals (LCAD). The odd or antisymmetric combi-
nation is called the antibonding orbital, while the even or symmetric com-
bination is the honding orbital, It can be seen that the bonding orbital has
a higher value of the wave function (and therefore the electron probability
density) than the antibonding state in the region betwean the two nuclei.
This corresponds to the covalent bond between the atoms.

To detcrmine the energy [evels of the bonding and the antibonding
states. it is imporlant 1o recognize that in the region between the two nuclei
the coulombic potential energy V(r) is lowered (solid line in Fig, 3-2) com-
pared to isolated atoms (dashed lines). It is easy to see why the potential en-
ergy would be lowered in this region. because an electron here would be
aftracted by two nucles. rather than just one. For the bonding state the electron
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Linear combinations of atomic orbitals (LCAO): The LCAD when 2 atoms are brought together leads lo 2
distinct “normal” modes—a higher energy antibonding orbital, and a lower energy bonding orbital. Note
thal the electran probability density is high In the region between the ion cores [covalent "bond”), leading
to lowering of the bonding energy level and the cohesion of the erystal. If instead of 2 atoms, ane brings
together N aloms, there will be N distinet LCAO, and N closely spaced energy levels in a band.

probability density is higher in this region of lowered potential energy than
for the antibonding state. As a result, the original isolated atomic energy
level would be split into two, a lower bonding energy level and a higher an-
tibonding level. It is the lowering of the energy of the bonding state that
gives rise (o cohesion of the crystal. For even smaller interatomic spacings,
the energy of the crystal goes up because of repulsion beétween the nuclei,
and other electronic interactions. Since the probability density is given by the
square of the wave function, if the entire wave function is multiplied by —1,
it does not lead 1o a different LCAO. The important point to note in this dis-
cussion is that the number of distinct LCAQ, and the number of distinet en-
ergy levels, depends on the number of atoms that are brought together. The
lowest energy level corresponds to the totally symmetric LCAO, the highest
correspends to the totally antisymmetric case, and the other combinations
lead 10 energy levels in between.

Qualitatively, we can see that as atoms are brought together. the ap-
plication of the Pauli exclusion principle becomes important. When two stoms
are completely isolated from each other so that there is no interaction of
electron wave functions between them, they can have identical electronic
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structures. As the spacing between the two atoms becomes smaller, howev-
er, electron wave functions begin to overlap. The exclusion principle dictates
that no two electrons in a given interacting system may have the same quan-
Lum state; thus there must be al most one electron per level after there is
splitting of the discrete energy levels of the isolated atoms into new levels be-
longing to the pair rather than to individual atoms,

In a solid, many atoms are brought together, so that the splil energy
levels form essentially comtinuous bands of energies. As an example, Fig. 3-3
illustrates the imaginary formation of a silicon crystal from isolated silicon
atoms. Each isolated silicon atom has an elecironic structure 15"25%2p%3573p%
in the ground state. Each atom has available two 1s states, two 25 states, six 2p
states, two 3s states, six 3p states, and higher states (see Tahles 2-1 and 2-2).
If we consider N atoms, there will be 2N, 2N, 6N, 2N, and 6/ states of type
1%, 25, 2p, 3¢, and 3p, respectively. As the inleratomic spacing decresses, these
energy levels split into bands, beginning with the outer (m = 3) shell. As the “35™
and “3p” bands grow, they merge into a single band composed of 4 mixture of
energy levels. This band of “3s-3p" levels contains &N available states, As the
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Figure 3-3

Energy lovels in Si as a funclion of interalomic spacing. The core levels (n = 1,2} in 5i are compleraly
filled with elactrons. At the actual atomic spacing of the erystal, the 2NN electrons in the 3s subshell and
the 2N electrons in the 3p subshell undergo sp? hybridization, and ll end up in the lowar 4N stales [va-
lence band), while the higher-lying 4N slates (conduction band) are empty, separated by a band gap,
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distance between atoms approaches the equilibrium interatomic spacing of
silicon, this band splits into two bands separated by an energy gap E, The
upper band (called the conductian band) contains 4N states, as does the lower
(valence) band. Thus, apart from the low-lying and tightly bound “core” lev-
els, the silicon crystal has two bands of available energy levels separated by
an energy gap L, wide, which contains no allowed energy levels for electrons
to oceupy. This gap is sometimes ealled a “forbidden band,” since in a perfect
erystal it contains no electron epergy states,

We should pause at this pomt and count electrons. The lower *15™ band
i5 filled with the 2N electrons which originally resided in the collective 1y
states of the isolated atoms. Smmlarly. the 25 band and the Zp bands will have
2N and 6N electrons in them, respectively, However. there were 4N elecirons
in the original isolated n = 3 shells (2N in 3s states and 2N 10 3p states). These
4N electrons must occupy states in the valence band or the conduction band
mn the crystal. At 0 K the electrons will occupy the lowest energy states avail-
able to them. In the case of the Sicrystal, there ark exactly 4N states in the va-
lence band available to the 4N electrons. Thus at U K, every state in the valence
band will be filled, while the conduction band will be completely empty of
electrons. As we shall see, this arrangement of completely filled and empty en-
ergy bands has an important effect on the electrical conductivity of the salid

3.1.3  Menals, Semiconductars, and Insulators

Every solid has its own characteristic energy band structure. This variation
in band structure is responsible for the wide range of electrical characteris-
tics observed in various materials. The silicon band structure of Fig. 3-3, for
example, can pive a good piclure of why sihcon in the diamond lattice is a
good insulator. To reach such a conclusion, we must consider the properties
of completely filled and completely empty energy bands in the current con-
duction process.

Before discussing the mechanisms of cuwrrent flow n solids further, we can
abserve here that for electrons (o experience aeceleration in an applied elec-
trie field, they must be able 1o mnove into new energy states. This implies there
must be empty siates (allowed energy stales which are not already occupied
by electrons) available to the electrons. For example. if relatively few electrons
reside in an otherwise empty band, ample unoceupied stules are available into
which the electrons can move. On the other hand. the silicon band structure 15
stich that the valence band is completely filled with electrons at 0 K and the con-
duction band is empty. Ther¢ can be no charge transpart within the valence
band. since no emply states are available into which electrons can move, There
are no electrons in the conduction band, s0 no charge transport can 1ake place
there either, Thus silicon bas a high resistivity typical of insulators

Semiconductor materials at () K have basically the same structure as
insulators—a filled valence band separated from an emply conduction band
by a band gap containing no allowed energy states (Fig. 3-4). The difterence
lies in the size of the band gap E,, which 1s much smaller in semiconductors
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than in insulators For example, the semiconductor Si has a band gap of about
1.1 eV compared with 5 eV for diamond. The relatively small band paps of
semiconductors ( Appendix 111) allow for excitation of electrons from the

lower (valence) band to the upper (conduction) band by reasonable amounts

of thermal or optical energy. For example, at room lemperature a semicon-,
ductor with a 1-eV hand gap will have a significant number of electrons ex-
cited thermally across the energy gap into the conduction band, whereas an
insulator with £, = 10 eV will have a negligible number of such excitations.
Thus an important difference between semiconductors and insulators is that

the number of electrons available for conduction can be increased greatly in

semiconductors by thermal or optical energy.

In metals the bands either overlap or are only partially filled. Thus
electrons and empty energy states are intermixed within the bands so that
elecirons can move freely under the influence of an electric field. As ex-
pected from the metallic band struetures of Fig. 3-4, metals have a high elec-
trical conductivity.

3.1.4 Direct and Indirect Semiconductors

The “thought experiment” of Section 3.1.2, in which isolated atoms were
brought together to form a solid, is nseful in pomting out the existence of
energy bands and some of their properties. Other rechniques are geperal-
ly used, however, when quantitative calculations are made of band struc-
tures. o a typical caleulation. a single electron is assumed to travel through
a perfectly periodic lattice, The wave function of the electron is assumed to
be in the form of a plane wave' moving, for example, in the x- direction

'Discussions of plans waves are svailoble In mes sophamara physics et ar in inreductory elaciromag:
nafies lexis.
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with propagation constant k, also called a wave vector. The space-dependent
wave function for the electron is

U lx) = Olk,. x)e™* (3-1)

swhere the function U(k,, x) modulates the wave function according to the pe-
rindicity of the lattice.

In such a calculation, allowed values of energy can be plotted vs. the
propagation constant k. Since the periodicity of most lattices is different in
various directions, the (E, k) diagram must be plotted for the various crystal
directions, and the full relationship between E and k is a complex surface
which should be visualized in three dimensions.

The band structure of GaAs has a minimum in the conduction band and
a maximum in the valence band for the same k value (k = 0). On the other
hand, Si has its valence band maximum at a different value of k than its con-
duction band minimum. Thus an electron making a smallest-energy lransi-
tion from the conduction band to the valence band in GaAs ean do so without
a change in k value; oo the other hand. a transition from the minimum point
im the Si conduction band to the maximum point of the valence band requires
some change in k. Thus there are two classes of semiconductor energy bands:
direct and indirect (Fig. 3-5). We can show that an mdirect transition, mvoly-
ing @ change in k, requires a change of momentum for the electron.

Assuming that Uis constant in Eq. (3-1) for an essentially free electron,  EXAMPLE 3-1

show that the x-component of the electron momentum in the crystal is
given by (p,) = fik,.
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SOLUTION From Eg. (3-1)
nlx) = Ve
Using Eq, (2-21b) and the momentum t;:pﬂrab::rr+

f Ul —w =L () dx

f U*dx

k] _U"-d:c ;
f U2 dx e T

With these limits of integration, both the pumerator and denomina-
tor are infinite. For problems of this lype, one integrates between the finite
limits —L/2 and +L/2 and, in the final result, then assumes that L approaches
infinity.

This result implies that (£, k) diagrams such as shown in Fig. 3-5 can be
considered plots of electron energy vs. momentum, with a scaling factor h,

(P.:} —

The direct and indirect semiconductors are identified in Appendix 111
In a direct semiconductor such as GaAs, an electron in the conduction band
can fall to an empiy state in the valence band, giving off the enargy differ-
ence [, as a photon of light. On the other hand, an electron in the condue-
tion band minimum of an indirect semiconductor such as Si cannot fall
directly (o the valence band maximum but must undergo a momentum
change as well as changing its energy. For example, it may go through some
defect state (E,) within the band gap. We shall discuss such defect states in
Sections 4.2.1 and 4.3.2. In an indirect transition which involves a change in
k. part of the energy is generally given up as heat to the lattice rather than
as an emitted photon. This difference between direct and indirect band struc-
tures is very important for deciding which semiconducrors can be used in de-
vices requiring light output. For example, semiconductor light emitters and
lagers {Chapter B) generally must be made of materials capable of direct
band-to-band transitions or of indirect materials with vertical transitions
between defect states.

Band diagrams such as those shown in Fig, 3-5 are cumbersome to draw
in analyzing devices, and do not provide a view of the variation of electron
energy with distance in the sample. Therefore, in most discussions we shall use
simple band pictures such as those shown in Fig. 3-4, remembering that elec-
tron transitions across the band pap may be direct or indirect.
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3.1.5 Variation of Energy Bands with Alloy Composition

As UI-V ternary and quaternary alloys are varied over their compesition
ranges (see Sections 1.2.4 and 1.4.1), their bund structures change. For example,
Fig. 3-6 illustrates the band struelure of GaAs and ALAs and the way in which
the bands change with composition v in the termary compound Al Ga, _ As.
The binary compound GaAs is a direct nmaterial, with a band gap of 1.43 eV
at room temperature, For reference, we call the direet (k = ) conduction band
minimum |, There are also two higherlying mndirect mimma in the GaAs con-
duction band. but these are sulficientiy far above I that few electrons reside
there (we discuss an important exception in Chapter 1) in which high-field ex-
citation of electrons into the indirect minima leads to the Gunn effect). We
call the lowest-lying GaAs mdireet manimum L and the other X. In AlAs the
direct I'minimum is much higher than the indirect X minimum, and this ma-
terial is therefore indirect with a band gap of 2.16 €V at room lemperature,

In the ternary alloy Al Ga, As all of these conduction band mimma
move up relative o the valence band as the composition x varies from 0
(GuAs) to | (AlAs). However, the indirect minimum X moves up less than
the nthers and for compositions above about 38 percent Al this fndirect min-
imum becomes the lowest-lying conduction band. Therelore, the ternary alloy
AlGaAs 15 a direct semiconductor for Al compositions on the column T sub-
Jattice up to shout 38 percent, and is an indireet semiconductor for higher Al
mole fractions, The band gap energy £, 1s shown in color on Fig, 3-6¢.

The variation of energy bands for the temary alloy GaAs,_ P, is gen-
erally similar to that of AlGaAs shown in Fig. 3-6. GaAsP is 4 direct semi-
conductor from GaAs 1o about GaAs Py and is indirect from this
composition to GaP (see Fig. 8-11). This material is often used in visible

Stnee hight emission is most efficient for direct materials, in which elec-
trons can drop friom the conduetion band (o the valence band without chang-
ing k (and therefore momentum), LEDs in GaAsP are generally made in
margrial grown with a composition less than v = (.45, For exampla, most red
LEDs in this matenial are made at about ¥ = (0.4, where the I' minimum is stll
the lowest-lving conduction hand edge, and where the photon resulting from
a direet transition from this band to the valence band is in the red portion of
the spectrum (about 1.9 ¢V). The use ol impurities to enhance radiative re-
combination in indirect matenal will be discussed in Section 8.2

The mechanism of current conduction is relatively easy to visualize in the 3.2

case of a metal; the metal atoms dre imbedded in a “sea” of relatively free  CHARGE CARRIERS
electrons, and these electrons can move as a group under the influence of an  IN SEMI-

electric field, This free electron view is oversimplified. but many important  CONDUCTORS
conduction properties of metals can be derived from just such &2 model. How-

ever,we cannol account for all of the electrical properties of semiconductors
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Figure 3-6

VErTution of direct and indirect conduction bands in AlGoAs as a function of composition: [a] the (Ek]
diagram for GaAs, showing three minima in the conduction band; (b] AlAs band diagram; [c) posifions
of the three conduction band minima in Al Ga,_,As as x varies over the range of compositions from
Gahs [x = 0] to AlAs [x = 1], The smallest bond gop, E, [shown in color), follows the direct T band to
x = 0.38, and then follows the indiract X band.
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in this way. Since the semiconductor has a filled valence band and an empty
conduction band at 0 K, we musl consider the imcrease in conduction band
¢lectrans by thermal excitations across the band gap as the temperature is
raised. In addition, after electroms are excited to the conduction band. the
emptly states left in the valence band can contribuie to the conduction process.
The introduction of impurities has an important effect on the energy band
structure and on the availability of charpe earriers. Thus there is considerable
flexibility in controlling the electncal properties of semiconductors,

3.2.1 Electrons and Holes

As the temperature of a semiconductor is raised from 0 K, some electrons in
the valence band receive enough thermal energy to be exeited across the
band pap to the conduction hand. The result is a material with some elec-
trons in an otherwise empty conduction band and some unoccupied states in
an otherwise filled valence band (Fig. 3-7).2 For convenience, an empty state
in the valence band is referred to as a frofe. If the conduction band electron
and the hole are ereated by the excitation of a valénce band electron to the
conduction band, they are called an efectran-hole pair (abbreviated EHP)

After excitation Lo the conduction band, an electron is surrounded by
a large number of unoccupicd energy states. For example. the equilibrium
number of electron-hole pairs in pure Si al room temperature is only about
10" EHP/em’, compared to the Siatom density of 5 % 107 atomsfem”. Thus
the few electrons in the conduction band are free to move about via the many
available empty states.

The corresponding problem of charge transport in the valence band 1s
somewhat more complicared. However, it is possihle to show that the effects
of currént in a valence band containing holes can be accounted for by sim-
ply keeping track of the holes themselves.

In a filled bind, all available energy states are occupied, For every elec-
tron moving with a given velocity, there is an equal and opposite electron mo-
tion elsewhere in the band. [f we apply an electric field, the net current is zero

Figure 3-7
Electran-hale

pairg ino
samicondutior

in Fig. 27 and in subseduent discussions, we relar to the hottom of the canduction band o3 E and the
lep of the volance band as £,
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because for every electron j moving with velocity v, there is a corresponding
electron j' with velocity —v;, Figure 3-8 illustrates this effect in terms of the
electron energy vs, wave vector plot for the valence band. Since k is proportional
to electron momentum, it is clear the two electrons have oppositely directed
velocities, With NV electrons/cm’ in the band we express the current density using
& sum over all of the electron velocities, and including the charge —g on each
electron. In a unit volume,

ad
I=(=q)2 v=0 (filled band) (3-2a)

Now if we create a hole by removing the fth electron, the net current
density in the valénce band involves the sum aver all velocities, minus the con-
tribution of the electron we have removed:

A
J= [_9)2 Vi— {—q)v; (jth electron missing) (3-2b)

But the first term is zero, from Eq. (3-2a). Thus the net current is +qv,
In other words, the current contribution of the hole is equivalent to that of
a positively charged particle with velocity v;, that of the missing electron. Of
course, the charge transport is actually due to the motion of the new un-
compensated electron (j°). Its current contribution (—g) (—v;) is equivalent
to that of a positively charged particle with velocity +v;. For simplicity, it is
customary (o treat empty states in the valence band as charge carriars with
positive charge and positive mass.

A simple analogy may help in understanding the behavior of holes Tf
we have two bottles, one completely filled with water and one completely
empty, we can ask ourselves “Will there be any net transport of water when
we tilt the bottles?"” The answer is “no”. In the case of the empty bottle, the
answer is obvious, In the case of the completely [ull bottle also, there cannot
be any net motion of water because there is no empty space for water fo
mave into. Similarly, an empty conduction band completely devoid of elec-
trons or a valence band completely full of electrons cannot give rise to a net
motion of electrons, and thus to current conduction,

Next, we imagine transferring some water droplets from the full bottle
into the empty bottle, leaving behind some air bubbles, and ask ourselves
the same guestion. Now when we tilt the bottles there will be net transport
of water: the water droplets will rall downhill in one bottle and the air bub-
bles will move uphill in the other. Similarly, a few electrons in an otherwise
empty conduction band move opposite to an electric field, while holes in an
otherwise {illed valence band move in the direction of the field. The bubble
analogy is imperfect, but it may provide a physical feel for why the charge and
mass of a hole have opposite signs from those of an electron.

In all the following discussions we shall concentrate on the electrons in
the conduction band and on the holes in the valence band. We can account
for the current flow in a semiconductor by the motion of these two tvpes of
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E

Figure 3-8

A valence band with all states filled, including states [ end [, morked for discussion. The fth electran
with wave vector k, is matched by an electron at | with the opposite wave vector —k;, There is na net
current In the band unless an election is removed. For example, If the fth eleciron is removed, the molion
of the electron at /' is ne longer compensated.

charge carriers, We draw valence and conduction bands on an elsctran ener-
gy scale E, as in Fig. 3-8, However, we should remember that in the valence
band, hole energy increases oppositely to electron energy, because the (wo car-
riers have opposite charge. Thus hole energy increases downward in Fig. 3-8
and holes, seeking the lowest enerpy state available, are generally found at the
top of the valence band. In contrast. conduetion band clectrons are found at the
bottom of the conduction band.

Tt would be instructive 1o compare the (£. k) band diagrams with the
“simplified™ band diagrams that are used for routine device analysis (Fig. 3-9).
As discussed in Examples 3-1 and 3-2. an (£, k) diagram is a plot of the total
electron energy (potential plus kinetic) as a function of the erystal-direction-
dependent electron wave vector (which is proportional to the momentum
and therefore the velociry) at some point in space. Hence, the bottom of the
conduction band corresponds to zero electron velocity or kinetic energy, and
simply gives us the potential energy at that point in space. For holes, the top
of the valence band corresponds to zero kinetic energy. For simplified band
diagrams, we plot the edges of the conduction and valence bands (i.e., the
potential energy) as a function of position in the device. Energies higher in
the band correspond (o additional kinetic energy of the electron, Also, the fact
that the band edge corresponds to the electron potential energy tells us that
the variation of the band edge in space is related to the electric field at dif-
ferent points in the semiconductor. We will show this relationship explicitly
in Section 4.4.2.

In Fig. 3-9, an electron at location A sees an electric field given by the
slope of the band edge (potential energy), and pains Kinetic energy (at the ex-
pense of potential energy) by moving to point B, Correspondingly, in the (£, k)
diagram, the electron starts at k = 0, but moves to 4 nonzero wave vector Kg.
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Figure 3-%
Superimposition
of the (E k]

band structure

on the £
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simplified band
diagram for a
semiconductar in
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Eleciron energies
increase going
up, while hole en
ergies increase
going down. Simi-
larly, electron and
hole wave vectors
poinl in opposite
direslions and
these charge cor-
fiers move appo-
site fo sach ather,
as shown.

EXAMPLE 3-2

Electron
energy

Hole

TRy

The electron then loses kinctic energy 1o heat by seattering mechamsms (dis-
cussed in Section 3.4.3) and returns to the bottom of the band at B. The slopes
of the (£, x) band edges ot different points in space reflect the local eleetric
fields at those points, In practice. the electron may lose its Kinetic energy in
stages by a series of scattering events, as shown by the colored dashed lines.

3.2.2 Effective Mass

The electrons in a crystal are not completely free, but instead interact with
the periodic potential of the [othee, As a result. their "wave-particle” motion
cannol be expected 1o be the same as for clectrons in free space. Thus. in ap-
plying the usual equations of electrodvnamies 10 charge carriers in a solid, wi
must use altered values of particle mass; In domg so. we account tor most ot
the influences of the lattice. so that the eleetrons and holés can be treated as
“almost free” carriers in most computations. The ealculation of effective mass
must take into account the shape of the energy bands m three-dimensional
k-space. taking appropriate averages over the varous energy bands,

Find the (E, k) relationship for a free electron and relate it to the electron
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E
¢
From Example 3-1, the electron momentum is p = mv = fik. Then SOLUTION
0 VP i
B = m om

Thus the electron energy is parabolic with wave vector k. The electron
mass is inversely related to the curvature (second derivative) of the (E,
k) relationship, since

d*E A

dk* m

Although electrons in solids ate not free, most energy bands are close
to parabolic at their minima (for conduction bands) or maxima (for va-
lence bands). We can also approximate effective mass near those band ex-
trema from the curvature of the band.

The effective mass of an electron in 4 band with a given (E, k) rela-
tionship 1s found in Example 3-2 (o be

= (3-3)

RAS

Thus the curvature of the band determines the electron effective mass.
For example, in Fig. 3-6a it is clear that the electron effeclive mass in GaAs
is much smaller in the direct T" conduction band (strong curvature) than in
the L or X minima (weaker curvature. smaller vahie in the denominator of
the m* expression),

A particularly interesting feature of Figs. 3-5 and 3-6 is that the cur-
vature of J° E/dk” is positive at the conduction band minima. but is negative
at the valence band maxima. Thus, the electrons near the top of the valence
band have negative effecrive muss, according to Eq. (3-3), Valence band elec-
trons with negative charge and negative mass move in an electric field in the
same direction as holes with positive charge and positive mass, As discussed
in Section 3.2.1, we can fully account for charge transport in the valence band
by comsidering hole motion.
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For a band centered at k = () (such as the I" band in GaAs), the (F k)
relationship near the minimum is usually parabolic:

E= z K+ E (3-4)
-~ 2m .

Comparing this relation ta Eq. (3-3) indicates that the effective mass
m* is constant in a parabelic band. On the other hand, many conduction
bands have complex ( E, k) relationships that depend on the direction of elec-
tron transport with respect to the principal crystal directions. In this case, the
effective mass is a tensor quantity. However. we can use appropriate averages
over such bands in most calculations.

Figure 3-10a shows the band structures for 8i and GaAs viewed along two
major directions. While the shape is parabolic near the band edges (as indicat-
cd in Figure 3-5 and Example 3-2), there are significant non-purabolicitics at
higher energies. The energies are plotted along the high symmetry [111] and
[100] directions in the crystal. The k = 0 point is denoted as I'. When we go along

Cuonduction bund
Uppa;
[~ walley

|
|
~ 2 I
3 I | ——k
Lawer 1T
E 1 & .gl,-g} ey my
0 e —s
| I
1k | - |
| |
| |
S | - !
! |
-3r | i |
| 1

L [111] ' [ X L El_Ll] r pm x
Wave vector

{a) (b)
Figure 3-10
Redlistic band structures in semicenductors: () Cenduclion and valence bands in 51 and Goks

along [111] and [100]; (b) ellipsoidal constani energy surfoce for Si, near the é conduction band
minima along Ihe X directions. [Fram Chelikowsky and Cohen, Phys. Rev. B14, 556, 19746).
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the [100] direction, we reach a valley near X while we reach the L valley along
the [111] direction. (Since the energies are plotted along different directions, the
curves do not look symmetric.) The valence band maximum in most semicon-
duclors is at the I” point. Tt has three branches: the heavy hiole band with the
smallest curvature, a light hole bend with a larger curvature, and a split-off band
at a different energy, We notice that for GaAs the conduction band minmmum and
the valence band maximum are both at k = 0; therefore it is direct band gap. Sil-
icon, on the other hand, has 6 equivalent conduction minima at X along the 6
equivalent {100y directions; therefore, 1t is indirect.

Figure 3-10b shows the constant energy surface for electrons in one
of the six conduction bands for Si. The way 1o relale these surfaces to the
band structures shown in Fig. 3-10a 1s to consider a certain value of ener-
py, and determine all the k vectors in 3 dimensions for which we get this en-
ergy. We find that for 51 we have 6 cigar-shaped ellipsoidal equi-energy
surfaces near the conduction band minima along the six equivalent X-di-
rections, with a longitudinal effective mass, m, along the major axis, and
two transverse effective masses, m,, along the minor axes. For GaAs, the
conduction band is more or less spherical for low energies. On the other
hand, we have warped spherical surfaces in the valence band. The impor-
tence of these surfaces will be clear in Sections 3.3.2 and 3.4.1 when we
consider different types of effective masses in semjconductors,

In any calculation involving the mass of the charge carriers, we must use
effective mass values for the particular material involved. In all subsequent dis-
cussions, the electron effective mass 1s denoted by m# and the hole effective
mass by mf. The n subscript indicates the electron as a negative charge carri-
er, and the p subscript indicates the hole as a positive charge carrier.

There is nothing mysterious about the concept of an “eftective™ mass,
»1z,and about the fact that it is different in different semiconductors. Indeed,
the “true™ mass of an electron, m, is the same mn Si, Ge, or GaAs—it is the
same as for a free electron in vacuum. To understand why the effective mass
is different from the true mass, consider Newton’s second law, which states
that the time rate of change of momentum is the force.

dp/dt = d(mv)/dr = Force (3-34)

An electron in a erystal experiences a total force F;, + Fa,. where F,
18 the collection of internal periodic ervstal forees, and F,, is the externally
dpplied force. It is mefficient (o solve this complicated problem involving
the periodic erystal potential (which is obvicusly different in different semi-
conductors) every time we try to solve a semiconductor device problem. It
is better to solve the complicated problem of carrier motion in the periodic
crystal potential just once. and encapsulate that information in what is called
the bandstructure, (E, k), whose curvature gives us the effective mass, 3. The
electron then responds to external forces with this new mz. Newton’s law is
then written as:

dfm;,v]/d! =F.q {3-5h)
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This is clearly an enormous simplification compared to the more de-
tailed problem. Obviously, the periodic erystal forees depend on the details
of a specific semiconductor; therefore, the effective mass is different in dif-
ferent materials.

Once we determine the band curvature effective mass components from
the orientation-dependent (E, k), we have (0 combine them appropriately
for different types of calculations. We chall see in Section 3.3.2 that when we
are interested in determining the numbers of carriers in the bands, we have
Lo uge a “density-of-states” effective mass by taking the geometric mean of
the band curvature effective masses, and the number of equivalent band ex-
trema. On the other hand we will find in Section 3.4.1 that in problems in-
valving the motion of carriers, one must fake the harmonic mean of the band
curvature ¢ffective masses to get the “conduchvity” effective mass.

2.2.3 Intrinsic Material

A perfect semiconductor crystal with no impurities or lattice defects is called
an intrinsic semiconductor. In such material there are no charpe carriers at
() K. since the valence band is filled with electrons and the conduction band
is empty, At higher temperatures electron-hole pairs are generated as va-
lence band electrons are excited thermally across the band gap 1o the con-
duction band, These EHPs are the only charge carriers in intrinsic maternal.

The generation of EHPs can be visualized in 4 qualitative way by con-
sidering the breaking of covalent bonds in the crystal lattice (Fig.3-11).1f one
of the Si valence electrons is broken away from its position in the bonding
structure such thal it becomes [ree to move about in the latlice, a conduction
electron is created and a broken bond (hole) is left behind. The energy re-
quired to break the bond is the band gap energy £, This model helps in vi-
sualizing the physical mechanism of EHP creation, but the energy band
mode! is more productive for purposes of quantitative calculation. One im-
portant difficulty in the “broken bond™ model is that the free electron and the
hole seem deceptively localized in the lattice. Actually, the positions of the
free electron and the hole are spread out over several lattice spacings and
should be considered quantum mechameally by probability distributions (see
Section 2.4).

e 8 &
Fiure 311 O O O
Elestron-hole N
Flﬂirs 1 E}E O C) O & 0 Floctmp
i oy \ . z
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e I' ot
model of the O
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Since the electrons and holes are created in pairs, the conduction band
electron concentration n (electrons per em”) is equal to the concentration of
holes in the valence band p (holes per em’). Each of these intrinsic carrier
concentrations is commounly refetred o as m, Thus for intrinsic mareriul

n=p=mn, (3-t)

Al a given lemperature there 18 4 cértain concentration of electron -
hole pairs 7). Obviously, if a steady state carrier concentration is maintained,
there must be recombination of EHPs a1 the same rate at which they are gen-
erated. Recombination oceurs when an ¢lectron in the conduction band
makes a transition (direct or indirect) to an empty state (hole) in the valence
band, thus annihilating the pair. If we denote the generation rate of EHPs as
g (EHP/em®-s) and the recombination rate as r,, equilibrium requires that

h=28 (3-7a)

Each of these rates is temperature dependent. For example, g{7) in-
creases when the temperature is raised, and a neéw carrier concentration g, is
established such that the higher recombination rate r,{T) just balances gen-
eration. At any temperafture, we can predict that the rate of récombination
of electrons and holes r; is proportiunal to the equilibrium concentration of
electrons n, and the concentration of holes p:

Y= g B = m,n.g = (3-Thy

The factor v, is a constant of proportionality which depends on the particu-
lar mechanism by which recombination takes place. We shall diséuss the cal-
culation of n; as a function of temperature in Section 3.3.3; recombination
processes will be discussed in Chapter 4.

3.2.4 Extrinsic Materiol

In addition to the intrinsic carriers generated thermally. it is possible 10 create
carriers in semiconductors by purposely introducing impurities into the crys-
tal. This process, called doping, is the most common technigue for varying (he
conductivity of semiconductors. By doping, a arystal can be altered so that it
has a predominance of either electrons or holes Thus there are two types of
doped semiconductors, n-lype (mostly electrons) and p-type (mostly holes),
When a erystal is doped such that the equilibrium carrier concentrations n;
and p, are different from the Intrinsic carrier concentration #;, the material is
said to be exirinsic.

When impurities or lattice defects are introduced into an otherwise
perfect crystal, additional levels are created in the energy band structure,
usually within the band gap. For example, an impurity from column V of the
periodic table (P. As, and Sb) mtroduces an energy level very near the con-
duction band in Ge or Si. This level is filled with elecirons at 0 K, and very
little thermal energy is required to excite these electrons to the conduction
band (Fig. 3-12a). Thus at about 50-100 K virtually all of the electrons in the
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impurity level are “donated™ to the conduction band. Such an impurity level
is called a doner level, and the column V impurities in Ge or Si are called
donor impurities. From Fig. 3-12a we note that the material doped with donor
impurities can have a considerable concentration of electrons in the con-
duction band, even when the temperature is too low for the intrinsic EHP
concentration to be appreciable. Thus semiconductors doped with a signifi-
cant number of donor atoms will have ny => (m,, py) at room temperature.
This is n-type material.

.\ @
\

/
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Atoms from column III (B, Al, Ga, and In) introduce impurity levels in
Ge or Si pear the valence band, These levels are empty of electrons at (0 K
(Fig. 3-12b). At low temperatures, enough thermal energy is available to ex-
cite electrons from the valence band into the impurity level, leaving behind
holes in the valence band. Since this type of impurity level “acceplts™ electrons
from the valence band, it is called an secepror level, and the column TIT im-
purities are acceptor impurities in Ge and 81, As Fig. 3-12b indicates, doping
with acceptor impurities can creaie a semiconductor with a hole concentra-
tion p, much greater than the conduction band electron concentration n,
(this type is p-type material).

In the covalent bonding model, donor and acceptor atoms can be visnal-
ized as shown in Fig. 3-12c. An As atom (column V) in the 51 lattice has the four
necessary valence electrons to complete the covalent bonds with the neighbor-
ing Si atoms, plus one extra electron. This fifth electron does not fit into the bond-
ing structure of the lattice and is therefore loosely bound to the As atom. A small
amount of thermal energy enables this extra electron to overcome its coulom-
bic binding 1o the impurity atom and be donated to the lattice asa whale. Thus
it is free to participate in current conduction, This process is a qualitative model
of the excitation of electrons out of a donor level and into the conduction band
(Fig. 3-12a). Similarly, the column [II impurity B has only three valence elec-
trons 1o contribute to the covalent banding (Fig. 3-12¢), thereby leaving one
bond incomplete. With a small amount of thermal energy. this incomplete bond
can be transferred to other atoms as the bonding electrons exchange positions,
Apain, the idea of an electron “hopping™ from an adjacent bond into the in-
complete bond at the B site provides some physical insight into the behavior of
an acceptor, but the model of Fig. 3-12b is preferable for most discussions.

We can calculate rather simply the approximate energy required to ex-
cite the fifth electron of a donor atom into the conduction band (the donor
hintding erergy). Let us assume for rough calculations that the As atom of
Fiz. 3-12¢ has its four covalent bonding electrons rather tightly bound and
the fifth “extra” electron loosely hound to the atom. We can approximate
this situation by using the Bohr model results, considering the loosely bound
electrom as ranging about the tightly bound “core™ electrons in a hydrogen-
like arbit. From Eq. (2-15) the magnitude of the ground-state energy (n = 1)
of such @n electron is

mq‘l 4 u
Hehs (3-8)

The value of K must be modified from the free-space value 4me, used
in the hydrogen atom problem 1o

K =47e, €, (3-9)

where €, is the relative diglectric constant of the semiconductor material. In
addition, we must use the conductivity effective mass mi# typical of the semi-
conductor, discussed in more detail in Section 3.4.1.

Petitioner Runergy USA Inc., Ex. 1030, p. 83



84

Chaopter 3

EXAMPLE 3-3

It was mentioned in Section 3.2 that the covalent bonding model gives a
false impression of the localization of carriers: As an illustration, calcu--

late the radius of the electron orbit around the donor in Fig. 3-12¢, as-
suming a ground state hydrogﬁn-tike orbit in Si. Compare with the Si
lattice constant. Use my, = 0.26m; for Si.

SOLUTIOM

From Eq. (2-10) with =1 and using ¢, = 11.8 for Si,

_dmee#®  118(885 X 107%)(6.63 x 1074
myg®  w(026)(9.11 x 107%1)(1.6 % 10719y
r=241%10"m=241A.
Note that this.is more than four lattice spacings a =543 A.

Generally, the column V donor levels lie approximately .01 eV below
the conduction band in Ge.and the column L acceptor levels lie about 0.01 eV
above the valence band. In §i the usual donor and accepror levels lie about
(1.03-0.06 eV from a band edge.

In ITI-V compounds, colurnn VI impurities oceypying column 'V sites
serve as donors. For example, S, Se, and Te are donors in GaAs, since they sub-
stitute for As and provide an extra electron comparad with the As arom,
Similarly, impurities from column 11 (Bé&. Zn, Cd) substitute Tor columa T1T
atoms to form acceptors in the I1-V compounds. A more ambiguous case
arises when a ITI-V material is doped with 8i or Ge, from column TV. These
impurities are called amphoreric, meaning that Si or Ge can serve as donors
or acceptors depending on whether they reside on the column IT1 or column
V sublattice of the crystal. In GaAs it is commaon for Si impurities to occupy
Gia sites. Sinee the Si has an extra electron comparead with the Ga it replaces,
it serves as a donor. However. an excess of As vacancies arising during growth
or processing of the GaAs can cause Si impurities to ocoupy As sites. where
they serve as accepiors.

The importance of doping will become obvious when we discuss elee-
tronic devices made from junctions between p-type and n-type semiconduc-
tor material. The extent to which doping controls the electronic properties af
sermiconductors can be fllustrated here by considering changes in the sample
resistance which occur with doping. In 81, for example, the intrinsic carrier
concentration #; is about 10" em™ at room temperature. If we dope Si with
10" As atoms/em’, the conduction electran concentration changes by five
orders of magnitude, The resistivity of Si changes fram about 2 % 107 O-cm
to 5 {-cm with this doping.

When a semiconductor is doped n-type or p-lype, one type of carrier
dominates. In the example given above, the conduetion band electrons oul-
number the holes in the valence band by many orders of magnitude, We refer
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to the small number of holes in n-type material as minority carriers and the
relatively large number of conduction band electrons as majority carriers.
Similarly. electrons are the minority carriers in p-tvpe material, and holes
are the majority carmers,

3.2,5 Electrons and Holes in Quantum Wells

We have discussed single-valued (discrere) energy levels in the band gap aris-
ing from doping, and a condnuen ol allowed states in the valence and con-
duction bands, A third possibility is the formation of discrete levels for
electrons and holes as a result of quantum-mechanical confinement.

One of the mast useful applications of MBE or OMVPE growth of
multi-layer compound semiconductors, as described in Section 1.4, is the fact
that a continuous single erystal can be grown in which adjacent layers have dif-
ferent band gaps. For example, Fig. 3-13 shows the spatial variation in con-
duction and valence bands for a multilayerstructure in which a very thin layer
of GaAs s sandwiched between two lavers of AlGaAs, which has a wider
band gap that the GaAs. We will discuss Lhe details of such heterajiamctions
(junctions between dissimilar materials) i Section 5.8, Tt is interesting to point
out here, however, that a consequence of confining electrons and holes in a
very thin layer is that these particles behave according to the particle in a po-
tential weil problem, with quantum stales calculated in Section 2.4.3. Therefore,

028eV

1852V
143 eV

:
[
., %E* [014ev

Figure 3-13

Energy band discantinuities for o thin layer of GaAs sandwiched between layars of wider band gap
AlGaAs. In this case, the GaAs region is so thin thal quanium states are formed in the valence and con-
duction bands, Electrons in the GaAs conduction band reside on “particle in & potential well” states
such as £, shown hers, rother than in the usual conduction band stotes. Holes in the quantum well occu-
py similar discrete states, such as B,
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instead of having the continuum of states normally available in the conduc-
fion band, the conduction band electrons in the narrow-gap material are con-
fined to discrete quantum states as deseribed by Eq. (2-33), modified for
effective mass and finite barrier height. Similarly, the states in the valence
band available for holes are restricted to discrete levelsin the quantum well.
This is one of the clearest demonstrations of the quantum mechanical re-
sults discussed in Chapter 2. From a practical device point of view, the for-
malion of discrete quantum $tates in the GaAs layer of Fig. 3-13 changes
the energy at which photons can be emitted. An electron on one of the dis-
crete conduction band states (E, in Fie. 3-13) can make a transition to an
empty discrete valence band state in the GaAs quantum well (such as £,).
giving off a photon of energy E, + E, + E,, greater than the GaAs band gap.
Semiconductor lasers have been made in which such a quantum well is used
Lo raise the energy of the transition from the infrared, typical of GaAs, to
the red portion of the spectrum. We will see otner examples of quantum wells
in semiconductor devices in later chapters.

3.3 In calculating semiconductor electrical properties and analyzing device be-
CARRIER havior, it is often necessary to know the number of charge carriers per cm’
CONCENTRATIONS  in the material. The majority carrier concentration is usually obvious in heav-
ily doped material, since one majority carrier is oblained for each impurity
atom (for the standard doping impurities). The concentration ol minority
carriers is not obvious, however, nor is the temperature dependence of the

carrier concentrations.

Ta obtain equations for the carrier concentrations we must investigate
the distribution of carriers over the available energy states, This type of dis-
tribution is not difficult to calculate, but the derivation requires some back-
ground in statistical methods. Since we are primarily concerned here with
the application of these results to semiconductor materials and devices, we
shall aceept the distribution function as given.

3.3.1 The Fermi Level

Electrons in solids obey Fermi-Dirac statistics? 1n the development of this
type of statistics, one must consider the indistinguishability of the electrons,

I emples of ather types of riafistics are Mawwall-Baltzmann for classical partictes [eg , goi) and Bose
Einstein for photons. Far two discrete snergy levels, B ond E, (with & = E), classical gus atoms follow o
Belznann distiution, he nomber r, of oioms in stole B2 s isbeted o the numbe m 0 E; ot tharmal Ui
librium by

oy Nee 0T N R AT

my I"q',u"E"” My
asslming the two lovels have M, and N, number of siotes, respeciivaly. The exponeniial term exp(—AE/&T)
s commonly called the Boltamerin factar || appears i in the denominaior af s Fermi-Dirge dislibulion
funclion. Wa shall retun lo the Bellzmann distribulion in Chopter B in diseussions of the properiles of
[msars
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their wave nature, and the Pauli exclusion principle. The rather simple result
of these statistical arguments is that the distribution of electrons over a range
of allowed energy levels at thermal equilibrium is

1
RE) = 1w (3-10)

where k is Boltzmann's constant (k = 8.62 % 10 " eV/K = 1.38 x 10 2 I/K).
The function f{ £), the Fermi-Dirac distribution furiction, pives the probabil-
ity that an available energy state at E will be occupied by an eleetron at ab-
splute temperature 7 The quantity Eg is called the Fermi level, and it
represents an important quantity in the analysis of semiconductor behavior.
We notice that, for an energy £ equal to the Fermi level energy £ the oc-
cupation probability is

FE)=[1+ EEL.—t,_Jm]- fes _

— 1_% (3-11}

Thus an energy state at the Fermi level has a probability of '/, of being
occupied by an electromn.

A closer examination of f{ £) indicates that at 0 K the distribution takes
the simple rectangular form shown in Fig. 3-14. With 7" = 0 in the denomi-
nator of the exponent, f(E) is 1/(1 + 0) = 1| when the exponent is negative
(FE < Eg),and is 1/(1 + =) = 0 when the exponent 1s positive (£ > Eg). This
rectangular distribution implies that at 0 K every available energy state up
to Eis filled with electrons, and all states above Ep are empty.

At temperatures higher than () K, some probability exists for states
above the Fermi level to be filled. For example,at I = T in Fig. 3- 14 there
is some probability f(E) that states above £y are filled, and there is a corre-
sponding probability {1 — fUE)] that states below Ep are empty. The Fermi
function is symmetrical about Ex for all températures; that is, the probabili-
ty flE; + AF) that a stale AE above Eis filled is the same as the probabil-
ity [1 — f{Er — AE)] that a state AE below Eis empty. The symmetry of the

RE)
&
1
1 Yy
Figure 3-14
The Fermi-Dirac
5= distribulion
E function,
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distribution of empty and filled states about £, makes the Fermi level a nat-
ural reference point in caleulations of eleciron and hole concenirations m
semiconductors.

In applying the Fermi-Dirac distribulion o semiconduttors, we must
recall that f{E) is the probability of occupancy of an avadable state at E.
Thus if there is no available state at E (e.g., in the band gap of a semicon-
duetor), there is no possibility of finding an electron there. We can best vi-
sualize the relation between f{ E) and the band structure by turning the f{E)
vs. E diagram on its side so that the F scale corresponds to the energies of the
band diagram (Fig. 3-15). For intrinsic material we know thal the concen-
tration of holes in the valence band is equal to the concentration of ¢lec-
trons in the conduction band. Therefore, the Fermi level £ must lie at the
middle of the band gap in intrinsic material.! Since f{ £) is symmetrical about
E, the glectron probability “1ail” of f{ E) exteénding into the conduction band
of Fig. 3-15a s symmetrical with the hole probability tail |1 = f{E)] in the va-
lence band. The distribution function has values within the band gap hetween

flEY 1 1l u
{a) Intrinsic

| 1= jeEd] E
Figure 3-15
The Fermi dishibu:
tion furction . i
applied to Sty
semiconductars: J. ! 3
[a) intrinsic materi- ._'I.'_I_T
al; [b) n-bype ma- : -
terial; (c) ptype HEYy | 12 0
malerial. le) ptype

“Aenally the intrinsic & (5 disploced slightly from the midslle of the gap, since the dinsitizs of avallable
stales in the valence and conduction bands are nat aqual [Sectien 3.3 2]
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E, and £ but there are no energy states available, and no electron oceu-
pancy results from fE) in this range.

The tails in f{F) are exaggerated in Fig. 3-15 for illustrative purpos-
cs. Actually, the probability values at £, and £, are quite small {or intrio-
sic malerial at reasonable temperatures. For example, in 51 at 300 K, n; =
pi=10" c¢m ', whereas the densities of available stales at E, and E, are on
the order of 10" cm ™, Thus the probability of occupancy A(E) for an indi-
vidual state in the conduction band dand the hole probability [1 — flE)] for
statc in the valence band are quite small. Becausce of the relatively large
density of states in each band, small changes in f{£) ¢an result in significant
changes in carrier concentration:

In n-type material there is a high concentration of electrons in the con-
duction band compared with the hole concentration in the valence band (re-
call Fig, 3-12a). Thus in n-type material the distribution function flE) must lie
above its intrinsic position on the energy scale (Fig. 3-15b). Since f{ E) retains
its shape for a particular temperature, the larger concentration of electrons at
£, in n-type material implies a correspondingly smaller hole concentration
at £ We notice that the value of f{ £) for each energy Tevel in the conduction
band (and therefore the total electron concentration #,) increases as £, moves
¢loser to £. Thus the energy difference (£, ~ Ejf) gives a measure of n; we
shall express this relation mathematically in the following section.

For p-type material the Fermi level lies near the valence band (Fig. 3- 15¢)
such that the [1— f{E)] tail below &, is larger than the f{ E) tail above F,. The value
of (Er — £,) indicates how strongly p-Lype the material is.

It s usually inconvement to draw f{ £) vs. £ on every energy band dia-
gram to indicate the electron and hole distributions. Therefore, it s common
practice merely to indicate the position of Egin band diagrams. This is suffi-
cient information, since for a particular temperature the position of £z im-
plies the distributions in Fig. 3-15.

3.3.2 Electron and Hole Concentrotions at Equilibrium

The Fermi distribution fusction can be used to calculate the concentrations
af electrons and holes in a semiconductor, if the densitics of available states
in the valence and conduction bands are known. For example, the concen-
tration of electrons in the conduction band 15

ny = f FIEIN(EYIE (3-12)
&

where N{E}dFE is the density of states (cm ) in the energy range dE. The
subscript () used with the electron and hole concentration symbols (ng, py) in-
dicates equilibrium conditions. The number of electrons per unit volume in
the energy range dE is the product of the density of states and the probabil-
ity of occupancy f{E). Thus the total electron concentration is the mtegral
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over the entire conduction band, as in Eq, (3-12).% The function N(E) can be
calculated by using quantum mechanics and the Pauli exclusion principle
{Appendix IV),

It is shown in Appendix IV that N(E) is proportional to E'?, so the
density of states in the conduction bapnd increases with electron energy. On
the other hand, the Fermi function becomes extremely small for large ener-
gies The result is that the product flAEYN(E) decreases rapidly above E,, and
very few electrons occupy energy states far above the conduction band edge.
Similarly, the probability of finding an empty state (hale) in the valence band
[1 = R E)] decreases rapidly below E,, and most hales occupy states near
the top of the valence band. This effect is demonstrated in Fig. 3-16, which
shows the density of available states, the Fermi function, and the resulting
number of electrons and holes occupying available energy states in the con-
duction and valence bands at thermal equilibrium (i.e., with no excitations ex-
cept thermal energy). For holes, increasing energy points down in Fig 3-16,
since the £ scale refers to electron energy.

The result of the integration of Eq, (3-12) is the same as that obtained
if we represent all of the distributed electron states in the conduction band
by an effecrive density af states N, located at the conduction band edge E_.
Therefore, the conduction band electron concentration is simply the effective
density of states at E, times the probability of occupancy at E.*

ny=NAE) (3-13)

1n this expression we assume the Fermi level £ lies at least several kT
below the conduction band. Then the exponential term 1s large compared
with uniiy, and the Fermi function f{E ) can be simplificd as

. 1 e ke
RE) =g = =5 (3-14)

Since £ T at room temperature is only 0.026 eV, this is generally a good
approximation. For this condition the concentration of electrons in the con-

duction band is
‘nnzﬁrc'th-Er”ﬂT‘ (3-15)
The effective density of states N_is showlnain Appendix IV to be
Pk T N
N. = 2(“5;' ) (3-16a)

Mhe uppar limi{ Is oethially lmpmpnl In Eg. [3-13), since the conduclion bond does net axtend o Infinile
anargy. This is unimporant in the coloulotion of ny, hewever, sines B becomes negligibly small for lorge
values of E. Most alactrons occupy states near the bettom of the conduction band af eqeilibrium,

¥The simple exprassion lor s shialted in Eg. (3-13) s the tirect resull ol infegrating B, (3-12), g5 n Aps
pendix IV, Equalions [3-15] and [3-19] prapery inchude the eFecis of the conduction and valances bands
fhrough the densin-ohuoies terme.
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(a) Intrinsic

[(b) n-tvpe

(¢) p-type

Figure 3-16

-

N

Electrons

-E.

s

“Holes

S Rt S

N ELfE)
L=—_—F_

N(E)[1-[IE)]

Carrier
concenitration

Schematic band diagram, density of states, Fermi-Dirac distribution, and the carrier concentrations for
[a) intrinsic, |b) r-lype, and |c] ptype semicenductors at thermal equilibrium.

Since the quantities in Eq. (3-16a) are known, values of N, can be tab-
ulated as a function of temperature. As Eqg. (3-13) indicates, the electron
concentration increases as £z moves closer to the conduction band. This is the
result we would predict from Fig, 3-15b,

In Eq. (3-16a), m} is the density-ol-states effeclive mass for electrons.
To illustrate how it is obtained from the band curvature effective masses
mentioned in Section 3.2.2, tet us consider the 6 equivalent conduction
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band minima along the X-directions for Si. Looking at the cigar-shaped
equi-energy surfaces in Fig 3-10b, we find that we have more than one
band curvature to deal with in caleulating effective masses. There is 4 lon-
pitudinal effective mass m; along the major axis of the ellipsoid, and the
transverse effective mass m, along the two minor axes. Since we have (m*)*"™
appearing in the density-of-states expression Eq. (3-16a), by using dimen-
sional equivalence and adding contributions from all 6 yalleys, we get

(myp )7 = 6(mm7)'* (3-16h)

Tt can be seen that this is the geometric mean of the effective masses.

EXAMPLE 3-4  Calculate the density-of-states effective mass of electrons in Si.

SOLUTION For Si, m; = 0,98 mg; 1, = 0.19 m, from Appendix IIL.
There are six equivalent X valleys in the conduction band.

mp = 67°[0.98(0.19)4)"2 my = 1.1 my

Note: For GaAs, the conduction band equi-energy surfaces are spher-
ical. So there is only one band curvature effective mass, and it is equal to
the density-of-states effective mass (= 0.067 ms).

By similar arguments, the concentration of holes in the valence band is

Py =NJ1 - f(E)] (3-17)

where N, is the etfective density of states in the valence band. The probabil-
ity of finding an empty state at £, i§
1 B
L= fB)=1- s gmmgm= e (3-18)

for Eglarger than E, by several kT. From these equations, the concentration
of holes in the valence band is .

[-F’n = N,e"'ﬁf' E kT (3-19)
The effective density of states in the valence band reduced to the
band edge is
; Lk TV
N, = 2(——&%—7) (3-20)

As expected from Fig. 3-15¢, Eq. (3-19) predicts that the hole concen-
tration increases as £y moves closer to the valence band.
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The electron and hole concentrations predicted by Eqgs. (3-15) and (3-19)
are valid whether the material is intrinsic or doped, provided thermal equilibri-
um is maintamed. Thus for intrinsic material, E lies at some intrinsic level E, near
the middle of the band gap (Fig. 3-15a), and the intrinsic electron and hole con-
centrations are

= N,e'tE-' E:',-},r'ﬂ" P, =NF£,-U£~E..UH" (3-21)

The product of ,, and py at equilibrinm is a constant for a particular ma-
terial and temperature, even if the doping is varied:

nype = (N~ B EMY(N o~ (B BIAT) _ N N o E—BIET (3 394)
= NENIIE-.E,H:T
np= (N g B BTY (N o~ (B BIREY = N N o= 5T (3-220)

The intrinsic electron and hole concentrations are equal (since the car-
riers are created in pairs), ny = p;; thus the intrinsic concentration 1s

m= VNN, e (3-23)

The constant product of electron and hole concentrations in Eq, (3-22)
can be written conveniently as

My po= "_? (3-24)

This is an important relation, and we shall use it extensively in later
calculations. The intringic concentration for 51 at room temperature is ap-
proximately #; = 1.5 % 10" em 2.

Compuring Egs. (3-21) and (3-23), we note that the intrinsic level E, 1s
the middle of the band gap (E, — E, = E/2),it he effective densities of states
N.and N, are equal, There is usually some difference in effective mass for elec-
trons and holes, however, and N, and N, are shightly different as Eys. (3-16) and
(3-20) indicate. The intrinsic level E, is displaced from the middle of the band
gap, more for GaAs than for Ge or Si.

Another convenient way of writing Eqs. (3-15) and (3-19) is

g "r_f'E;-' E)NRT f3'251‘]
po=nyett BT (3-25b)

obtained by the application of Eq. (3-21). This form of the equations indicates
directly that the electron concentrations is n, when E is at the intrinsic level
Ey, and that ny increases exponentially as the Fermi level moves away from
E, toward the conduction band. Similarly, the hcle concentration p, varies
from n; to larger values as £ moves from E; toward the valence band. Since
these equations reveal the qualitative features of carrier concentration s
directly, they are particularly convenient to remember.
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EXAMPLE 3-5

A Si sample is doped with 10" As atoms/em’. What is the equilibrium hole
concentration py at 300 K? Where is Eg relative to E;7

SOLUTION

Since N; => n;, we can approximate n, =N, and

s R D

=S =225 % 1(Fem !
Po Mo 107 : 0% er

From Eq. (3-25a), we have

IGIT ;
Ee— E,=kTln ?ﬁ =0.0259 In m: 0407 eV
The resulting band diagram is:
ey P i %
ln.-#m e
1] eV T = == E |

3.3.3 Temperature Dependence of Carrier Concentrations

The variation of carrier concentration with temperature is indicated by
Eq. (3-25). Initially, the variation of n; and g, with T'seems relatively straight-
forward in these relations. The problem is complicated, however, by the fact
that #; has a strong temperature dependence [Eq. (3-23)] and that £, can
also vary with temperature. Let us begin by examining the intrinsic carrier
concentration. By combining Eqs. (3-23), (3-16a), and (3-20) we obtain

2k T\
”*mﬂ{ 1: J (ergpany P B4 (3-26)

The exponential temperiture dependence dominates ,(T), and a plot
of 1n n, vs. 10%T appears linear (Fig. 3-17).7 In this figure we neglect varia-
tions due to the 7% dependence of the density-of-states function and the fact

MWhen plotiing quanfifias such as carrier concentriion, which involve @ Baltzmann factor, it is commean to use
an inverse lemparanire scaln. This allows farms which ore exponantial in 1/ T 1o appear linear in (he sems:
Ingarithmic plet. When reeding such grophs, semember that lemperature Increases from oght ko lefl.
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T(K) Figure 3-17
50 40 o 250 Intrinsic carrier
: b ¥ T ! ' concentration for

1ﬂ-1{' T T T GB, 5—;' und GuAs
as a furction of in-
verse lemperalure,
) The room temper-
alure volues are
= - marked for
25 % 10 ¥ emF reference.
L
T
) 1.5 % 1010
10 =
Ttk
1" 1

3
1000/ 7 (K) !

that E, varies somewhat with temperature.® The value of n, at any tempera-
ture is & definite number for a given semiconductor, and is known for most
materials. Thus we can take », as given in calculating ny or py from Eq, (3-25).°

With n; and T given, the unknowns in Eq. (3-25) are the carrier con-
centrations and the Fermi level position relative to E,. One of these two

*Far Si the band gop £, varies from aboul 1.11 2V ol 300 K o obodt 1.16 eV gl 0K,

*Care must be loken 1o use consislent units in thess calculations. For axample, if an energy such s £, i
expressed n sleckon volls (eV), | sheuld be mullighed by g {1 .6 ® 187" C) Io conver ta joules IF ks In
1/%; aliernafively, £, can be kept in &Y ond fhe value of k in eV/K con ba used. Af 300 K we con uss
kT=0.0259 eV ond £ in &V
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Figure 3-18
Carrier cancaniro-
fign vs. inverse
temparature for 5i
doped with 10'*
donars/em®,

guantities musi be given if the other is to be found. If the earrier concentra-
tion is held a1 a certain value, as in heavily doped extrinsic material, E- ¢can
be obtained from Eq. (3-25). The temperature dependence of electron con-
centration in a doped semiconductor can be visualized as shown in Fig. 3-18.
[n this example, Si is doped n-type with a donor concentration Ny of 105 em ™.
At very low temperatures (large 1/7). negligible intrinsic EHPs exist, and
the donor electrons are bound to the donor atoms. As the temperature is
raised, these electrons are donated to the conduction band, and at about 100
K (10007 = 10) all the donor atoms are ionized. This temperature range is
called the ienization region. Once the donors are ionized, the conduction
pand electron concentration is n, = N, = 10" em ™, since one electron is ob-
tained for each donor atom. When every available extrinsic electron has been
transferred to the conduction band, n; is virtually constant with temperature
until the concentration of intrinsic carriers n; becomes comparable to the ex-
Lrinsic concentration ;. Finally, at higher temperatures #, is much greater
than N, and the intrinsic carriers dominate. In most devices it is desirable
to conirol the carrier concentration by doping rather than by thermal ETP
generation. Thus one usually dopes the malerial such that the extrinsic range
extends beyond the highest temperature at which the device is to be used.

3.3.4 Compensafion and Space Charge Neutrality

When the concept of doping was introduced, we assumed the material con-
tnined either N, donors or N, acceptors, so that the extrinsic majority carri-
er concenlrations were n, = Ny or p, = N, respectively, [or the n-type or

LR
TEATIET IS
=
is |- '|, Exfrimsic
= L
iy |
g Ihll [amisinn
g | \
"-
13 =
10 1
|
y
i
11 1 i | 1 i i
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Figure 3-19
Compensation in
an n-ype semi-
condiclar

E fom e m e e e —— =~ ‘Nd' > Nﬂ:l

p-type material, It often happens, however, that a semiconductor contains
hoth donors and acceptors. For example, Fig. 3-19 illustrates a semiconduc-
tor for which both donors and acceptors are present. bul N, = V. The pre-
dominance of donoss makes the material n-type, and the Fermi level is
therefore in the upper part of the band gap. Since Eg is well above the ac-
ceptor level E,, this level is essentially filled with electrons, However, with
Eyabove E|, we cannot expect a hole concentration in the valence band com-
mensurate with the acceptor concentration. Ini fact, the filling of the E, states
oceurs at the expense of the donated conduction band electrons. The mech-
anism can be visualized as lollows: Assume an acceptor state is filled with a
valence band electron as deseribed in Fig. 3-12b, with a hole resulting in the
valence band. This hole is then filled by recombination with one of the con-
duction band electrons. Extending this logic to all the acceptor aloms. we ex-
pect the resultant concentration of electrans in the conduction band to be Ny
— N, instead of the total N, This process is called compensarion. By this
process it is possibie to begin with an n-type semiconductor and add accep-
tors until NV, = N, and no donated electrons remain in the conduction band.
In such compensated material, ng = n; = py and intonsie conduction is ob-
tained. With further acceptor doping the semiconductor becomes p-type with
a hole concentration of esséntally N, — N

The exact relationship among the electron, hole. donor, and acceptor
concentrations can be obtained by considering the requirements for space
charge neutrality. 1f the material is to remain electrostatically neutral. the
sum of the positive charges (holes and tonized donor atoms) must balance the
sum of the negative charges (electrons and ionized aceeptor atoms):

py+ Nj=ng+ N; (3-27)
Thus i Fig 3-19 the net electron coneentration in the conduction band s
Hy=py+ (NG —N) (3-28)
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If the material is doped n-type (n, => p,) and all the impurities are
ionized, we can approximate Eq, (3-28) by ny = N, — N,

Since the intrinsic semiconductor itself is electrostatically peutral and
the doping atoms we add are also neutral, the requirement of Eq. (3-27)
must be maintained at equilibriurn. The electron and hole concentrations
and the Fermi level adjust such that Eqgs. (3-27) and (3-25) are satisfied.

34

DRIFT OF
CARRIERS IN
ELECTRIC AND
MAGNETIC FIELDS

Figure 3-20

{a) Randam ther-
mal motien of an
elechron in a
solid; (b) well
directed drift
velocity with an
applied electric
field.

Knowledge of carrier concentrations in a solid is necessary for calculating cur-
rent flow in the presence of electric or magnetic fields. In addition to the val-
ues of n and p, we must be able 1o take into account the collisions of the
charge carriers with the lattice and with the impuritics. These processes will
affect the ease with which electrons and holes can flow through the crystal,
that is, their mobility within the solid. As should be expected, these collision
and scattering processes depend on temperature, which alfects the thermal
motion of the lattice atoms and the velocity of the carriers.

3.4.1 Conduclivity and Mobility

The charge carriers in'a solid are in constant motion, even at thermal equi-
librium. Al room temperature, for example, the thermal motion of an indi-
vidual electron may be visualized as random scattering from lattice vibrations,
impurities, other electrons, and defeets (Fig. 3-20a). Since the scattering is ran-
dom, there is no net motion of the group of n electrons/cm® over any period
of time, This is not true of an individual €lectron, of course, The probability of

Field

&

'y

A

v‘h _"LFFE[
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the electron in Fig, 3-20a returning to its starting point after some time ris
negligibly small. However, if a large number of electrons is considered (e.g.,
10'* em™ in an n-type semiconductor), there will be no preferred direction
of motion for the group of electrons and no net current flow.

If an electric field %, is applied in the x-direction, each electron expe-
riences a net force -q#, from the field. This force may be insufficient to alter
appreciably the random path of an individual electron; the effect when av-
eraged over all the electrons, however, is a net motion of the group in the
= x-direction (Fig. 5-20b). IT p, is the x-component of the total momentum
of the group, the force of the field on the n electronsfem’ is

_dp.

— e,
G At | e

(3-29)

Initially, Eq. (3-29) seems to indicate a continuous acceleration of the
electrons in the —x-direction. This is not the case, however, because the net
aceeleration of Eq. (3-29) is just balanced in steady state by the decelera-
tions of the collision processes. Thus while the steady field ¥, does produce
a net momentum p_,, the net rate of change of momentum when collisions
ure included mus( be zero in the case of steady state current flow.

To find the total rate of momentum change from collisions, we must
investigate the collision probabilities more closely. If the collisions are truly
random, there will be a constant probability of collision at any time for each
electron. Lel us consider a group of N, electrons at time ¢ = 1) and define N(r)
as the number of electrons that have not undergone a collision by time r. The
rate of decrease in N(r) at any time ¢ is proportional to the number left un-
scattered at 7,

dN(r) 1
——==— N i
=5 =3V (3-30
where ( ! is a constant of proportionality.
The solution to Eq. (3-30) is an exponential function

N(t) = Ny 7 (3-31)

and [ represents the mean time between scattering events,'? called the mean
Jfree time. The probability that any ¢lectron has a collision in the time inter-
val dt is dtft . Thus the differential change in p, due to collisions in time dt is

dt .
dp,=~p, 5 (3-32)

equations {3-30] and (3-31) are fypical af svenls dominnted by mndam procesies, and the farms of
theze squofions cocur afen in mory branches of physics ond anginesting. For sxample, in the radicoctve
decay of unstoble nuclsar sotopas, Ny nucliday decay sxmonentiolly with & mean lifatims 1. Other exam-
ples will be found in thia laxt, including Ihe absarption of light in @ semicenduciar and the recombinnfion
of exrass EHPa.
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The rate of change of p, due to the decelerating effect of collisions is

dp, — |

=_=r 3-33
At |ecttisions [ ( )

The sum of acceleration and deceleration effects must be zero for
steady state. Taking the sum of Egs, (3-29) and (3-33), we have
—% — ngé,=0 (3-34)
The average momentum per electron is
p. =%= —qté, (3-35)

where the angular brackets indicate an average over the entire group of clee-
trons. As expected for steady state, Eq. (3-35) indicates that the slectrans
have on rhe average a constant net veloeity in the negative x-direction:

wy=d_ Gy (3-36)

Actually, the individual electrons move in many directions by thermal
motion during a given time period, but Eq. (3-36) tells us the net drift of an
average electron in respanse 1o the electric field, The drift speed deseribed
by Eq. (3-36) is usually much smaller than the random speed due to the ther-
mal motion vy

The current density resulting from this net drift is just the number of
electrons crossing a unit area per unit time (n({v,)) multiplied by the charge
on the electron (—g):

J, = —qniv,)
(3-37)
ampere _ coulomb electrons ¢m
em®  electron cm’ s
Using Eq. (3-36) for the average velocity, we obtain
ng't
J, = q z, (3-38)
mg

Thus the current density is proportional (o the electric field, as we ex-
pect from Ohm'’s law:

J,=u¥,, whereq= L' (3-39)
L1
The conductivity o(£2-vm) ' can be written
qt 5
o=gnp,, wherew, =—— (3-40)a)

e
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The quantity ., called the efectron mobiliry, describes the ease with
which clectrons drift in the material. Mobility is a very important quantity in
characterizing semiconductor materials and in device development.

Here m# is the conductivity effective mass for electrons, different from
the density-of-states effective mass mentioned in Eq. (3-16b). While we use
the density-of-states effective mass to count the number of carriers in bands,
we must use the conductivity effective mass for charge transport problems.
To illustrate how it is obtained from the band curvature effective masses
mentioned in Scetion 3.2.2, once again et us consider the 6 cquivalent con-
duction band minima along the X-directions for Si, with the band curvature
longitudinal effective mass, m,, along the major axis of the ellipsoid, and the
transverse effective mass, m,, along the iwo minor axes (Fig. 3-10b). Since we
have 1/m# in the mobility expression Eq. (3-40a), by using dimensional
equivalence, we can write the conductivity effective mass as the harmonic
mean of the band curvature effective masses.

I 1/1 2
— = (=+= 3-401
me 3 (m, m,) e
Calculate the conductivity effective mass of electrons in Si. EXAMPLE 3-6
For Si, m; = 0.98 my; m, = 0.19 m; (Appendix III). SOLUTION

There are 6 equivalent X valleys in the conduction band,
A/me=1/3(1/m, + 1/m, + 1/m) =1/3(1/m; + 2/m,)

A 2
== 4
V/mg 3( 98m, 019 m.,)
my =026 m,

Note: For GaAs, the conduction band equi-energy surfaces are spheri-
cal, So there is only one band curvature effective mass. (The density of
states effective mass and the conductivity effective mass are both 0.067 my.)

The mobility defined in Eq. (3-40a) can be expressed as the average par-
ticle drift velocity per unit electric field, Comparing Eqs, (3-36) and (3-40a),
we have

-

bn= " (3-41)

Xz

The units of mobility are (cm/s)/(Viem) = em*V-s, as Eq. (3-41) sug-
pests. The minus sign tn the definition results in a positive value of maobility.
since electrons drift oppesite to the fizld.
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The current density can be written in terms of mobility as
I o=qnp €, (3-42)

This derivation has been based on the assumption that the current is
carried primarily by electrons. For hole conduction we change 1 to p, —q to
+q, and p, to i, where p, = +(v,}/%_ is the mobhility for holes. If both elec-
trons and holes participate, we must modily Eq. (3-42) to

J=alnw, + pp,)6, =¥, (3-43)

Values of p, and p,, are given for many of the common semicanductor ma-
terials in Appendix I11, According to Eq. (3-40), the parameters determining
mability are »i* and mean free time 7. Effective mass is a property of the ma-
terial's band structure, as described by Eq. (3-3), Thus we expect mi7 10 be small
in the strongly curved I' minimum of the GaAs conduction hand (Fig. 3-6),
with the result that p, is very high. Tn a more gradually curved band, a larger m®
mn the denominator of Eq. (3-40) leads to a smaller value of mobility. It is rea-
sonable to expect that lighter particles ar¢ more mobile than heavier particles
(which is satisfying, since the common-sense value of effective mass is not always
apparent). The other parameter determining mobility is the mean time between
scallering events, r. In Section 3.4.3 we shall see that this is determined primar-
ily by temperature and impurity concentration in the semiconductor.

3.4.2 Drilt ond Resiskance

Let us look more closely at the drift of electrons and holes, If the semicon-
ductor bar of Fig. 3-21 contains both types of carrier, Eg. (3-43) gives the
conductivity of the material. The resistance of the bar is then

Rl = = (3-44)

Figure 3-21
Drift of elsctrons
and holes ina
semiconductor

bar.
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where pis the resistivity ({2-cm). The physical mechanism of carrier drift
requires that the holes in the bar move as a group in the direction of the
electric field and that the eiectrons move as a group in the opposite direc-
tion. Both the electron and the hole-components of current are in the di-
rection of the ¥ field, since conveniional current is positive in the direction
of hole flow and opposite to the direction of electron flow. The drift current
described by Eq. (3-43) is constant throughout the bar. A valid question
arises, therefore, concerning the nature of the electron and hole flow at the
contacts and in the external circuit. We should specify that the cantacts to
the bar of Fig. 3-21 are okmic, meaning that they are perfect sources and
sinks of both carrier types and have no special tendeney to inject or collect
either electrons or holes,

If we consider that current is carried around the external circuit by
electrons, there is no problem in visualizing electrons flowing into the bar at
one end and ount at the other (always opposile 1o [). Thus for every electron
leaving the left end (x = 0) of the bar in Fig 3-21, there is a corresponding
electron entering al x = L, 50 that the electron concentration in the bar re-
mains constant at n, Bul what happens to the holes al the contacts? As a
hole reaches the ohmic contact at x = L, it recombines with an electron,
which must be supplied through the external circuit. As this hole disappears,
a corresponding hole most appear at x = () o maintain space charge neu-
trality, [11s reasonable to consider the source of this hole as the pengration
of an EHP at x = ), withi the hole flowing into the bar and the electron flow-
ing into the external circuit,

3.4.3 Effects of Temperature and Doping on Mability

The two basic types of scattering mechanisms that influence electron and
hole mobility are latrice scarrering and fimpurity scattering In lattice scatter-
ing a carrier moving through the crystal is scattered by a vibration of the lat-
tice, resulting from the temperature.'! The frequency of such scattering events
increases as the temperature increases, since the thermal agitation of the lat-
tice becomes greater. Therefore, we should expect the mobility to decrease
ag the sample is heated (Fg 3-22). On the other hand, seattering from crys-
tal defects such as ionized impurities becomes the dominant mechanism at
low temperatures, Since the atoms of the cooler lattice are less agitated, lat-
tice scattering is less important: howeyver, the thermal motion of the carriers
is also slower. Since a slowly moving carrier is likely 1o be scallered more
strongly by an interaction with a charged ion than is a carrier with greater mo-
mentim, impurily scatlering events cause a decrease in mobility with de-
creasing temperature. As Fig. 3-22 indicates. the approximate temperature
dependencies are T ** for lattice scattering and T for impurity scattering.
Since the scattering probability of Eq. (3-32) is inversely proportional to the

"Colleciive vibralions of atams in the crysial ore collod phonons. Thus latice scotisring |5 olsa known as
phonan scalisring.
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Figure 3-22
Approximate lem-
perature depen-
dence of mobility
with bolh latiice
and impurity
scattering.

EXAMPLE 3-7

1 femiVeg)
(T scaale )

Impurity scattering Lattice scatterimg

T ()
(log scale)

mean free ime and theretore to mobility, the mobilities due to twoe or more
scattering mechanisms add inversely:

1
l:—+l-|—... {3-45)

As a result, the mechanism causing the lowest mobility value domi-
nates, as shown in Fig. 3-22.

As the concentration of impurities increases, the effects of impurity
scattering are felt at higher temperatures. For example, the electron mobili-
t¥ ph,, of intrinsic silicon at 300 K is 1350 em®/(V:s). With a donor doping con-
centration of 10" em ™, however, w, is 700 cm*(V-s). Thus, the presence of
the 10" ionized denorsiem?® introduces a significant amount of impurity scat-
tering. This effect is illustrated in Fig. 3-23, which shows the variation of mo-
bility with doping coneentration at room temperature.

A Si bar 0.1 cm long and 100 pm? in cross-sectional area is doped with
10" cm™ phosphorus. Find the current at 300 K with 10 V applied.

SOLUTION

For this applied voltage, we see that the electric field is low enough
that we are in the ohmic regime. From Fig. 3-23, for this doping, the

B = 700 e/ Vs,
o =gy = 1.6 X 107 x 700 x 107 = 11.2(0 +cm)™ = p!
p = 00893 Q-cm
R = pLIA = 0.0893 X 0.1/10°° = 893 x 10°0
I=VIR=10/(893 X 1) = L12mA
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Figure 3-23

Variation of mobility with total doping Impurity coneentration (N, + N for Ge, 8i, and GoAs of 300 K.

344 High-Field Effects

One assumption implied in the derivation of Eq. (3-39) was that Ohm’s law
is valid in the carrier drift processes. That is, it was assumed that the drift cur-
rent is proportional to the electric field and that the proportionality constant
(o) is not a function of field £. This assumption is valid over a wide range of
€. However, large electric fields (> 10°V/cm) can cause the drift velocity and
therefore the current J = —giv, to exhibit a sublinear dependence on the
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Figure 3-24 -
Saturation of elec s
tran drift velocity 7
al high electric W L // . ————=
fields for Si. 7

=

vy (emis)

1|.‘|ﬁ =

1 1 1 10f
&(Viem)

electric field. This dependence of o upon € is an example ol a hot carvier ef-
tect, which implies that the carrier drift velocity v, is comparable to the ther-
mal velocily v,

[n many cases an upper limit is reached for the carrier drift velocity in
a high field (Fig. 3-24). This limit occurs near the mean thermal velocity
(= 107 em/s) and represents the point at which added energy imparted by the
field is transferred to the lattice rather than increasing the carrier velocity. The
result of this seattering limited velocity is a fairly canstant current at high
field. This behavior is typical of 8i, Ge, and some other semiconductors. How-
ever, there are other important effects in some matenals; for example, in
Chapter 10 we shall discuss a decrease in electron velocity at high fields for
GaAs and certain other materials, which results in negative conductivity and
current instabilities in the sample. Another important high-field effect is
avalanche multiplication, which we shall discuss in Section 5.4.2,

3.4.5 The Hall Effect

If 4 magnetic field is applied perpendicular to the direction in which holes
drift in a p-type bar, the path of the holes tends to be deflected (Fig- 3-25).
Using vector natation, the total foree an 4 single hole dug to the electric and
magnetic fields is

F=¢(% +vx®) [3-4ts)
In the y-direclion the force is
F,=q(€, - vBR,) 13:47)

The important result of Eg. (3-47) is that unless an electric field €, is
esiablished along the width of the bar, each hole will experience a net [orce
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L Figure 3-25
4, The Hall effect.
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(and therefore an acceleration) in the -y-direction due to the gv, 2B, producl.
Therefore, to maintain a steady state flow of holes down the length of the bar,
the electric field ¥, must just balance the product v.3:

8, = V., (3-48)

so that the net force F, is zero. Physically, this electric field is set up when the
magnetic field shifts the hole distribution slightly in the -y-direction. Once
the electric field ¥, becomes as large as v, 78, no net lateral force is experi-
enced by the holes as they drift along the bar. The establishment of the elec-
tric field €, is known as the Hell effect, and the resulting voltage V5 = €,w
is called the Hall voliage. If we use the expression derived in Eq. (3-37) for
the drift velocity (using +¢ and p, for holes), the field €, becomes

J 1
E =—20 =R j“m , Ry=— (3-49)
B T "

Thus the Hall field is proportionai to the product of the current densi-
ty and the magnetic flux density. The proportionality constant Ry; = (gpg) ™
is called the Hall coefficient. A measurement of the Hall voltage for a known
current and magnetic field yields a value for the hole concentration p,

1 L& (Jwt)d, L,
4Ry g%, g(Vag/w) qWVay

oy = (3-50)

Since all of the quantities in the right-hand side of Eq. (3-50) can be
measured, the Hall effect can be used to give quite accurate values for car-
rier concentration,
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EXAMPLE 3-8

If a measurement of resistance R is made, the sample resistivity p can
be caleulated:

Rt Vf'g,"f
= e Mo
L R
Since the conductivity o = 1/p is given by qu..p,, the mobility is simply
the ratio of the Hall coefficient and the resistivity:
o I/ Ry

TR SRS ] IR . 3=50
e gps q(l/qRy,) p : t
Measurements of the Hall coelficient and the resistivity over a range of
temperatures yield plots of majority carrier concentration and mobility vs.
temperature. Such measurements are extremely useful in the analysis of semi-
conductor materials. Although the discussion here has been related to p-type
material, similar results are oblained for n-type material. A negative value
of g is used for electrons, and the Hall voltage V5 and Hall coefficient R, are
negative, In fact, measurement of the sign of the Hall voltage is a common
technique for determimng if an unknown sample is p-type or n-fype.

(3-31)

Referring to 'Flg 3-25, consider a semiconductor bar with w = 0.1 mm, |
t=10 pm,and L = 5 mm. For % = 10 kg in the direction shown (1 kG = 107
‘Wh/em?) and a current of 1 mA, we have Vyp = —2mV, Vo = 100 mV..
Find the type, concentration, and mebility of the majority carrier.

3.5
INVARIANCE OF
THE FERMI LEVEL
AT EQUILIBRIUM

%, = 107 Whlcm®
From the sign of Vaa- we can sec thal the mﬁjnnty carriers are elec-
trons:

[ @o)ao)
N—Vag) 16 % 10 (1072 % 10°7)
R _Vepll, 03107

Liwt Lt (5001 x 107

1 1

= = Sl = = 10,000 em*(V - 5) !
ok B TR IR R R e oo MR

= 3175 % 107 em

Hp =

b= = 0,002 Q+cm

In this chapter we have discussed homogensots semicanductors, without
variations in doping and without junctions between digsimilar materials. In
the following chapters we will be considering cases in which nonuniform
doping occurs in a given semiconductor, or junctions occur between differ-
ent semiconductors or a semiconductor and a metal. These cases are crucial
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to the various types of electronic and optoelecironic devices made in semi-
conductors. In anticipation of those discussions, an important concept should
be estahlished here regarding the demands of equilibrium. That concept can
be summarized by noting that ne discantinuity or gradient can arise in the
equilibrivem Fermi level Ep.

To demonstrate this assertion, let us consider lwo materials in intimate
contact such that electrons can move between the two (Fig. 3-26). These may
be, for example, dissimilar semiconductars, n- and p-type regions, a metal and
a semiconductor, or simply two adjacent regions of a nonuniformly doped semi-
conductor. Each material is described by a Fermi-Dirac distribution function
and some distribution of available energy states that electrons can occupy.

There is no current, and therefore no net charge transport, at thermal
equilibrium. There is also no net transfer of energy. Therefore, for each en-
ergy E in Fig. 3-26 any transfer of electrons from material 1 to material 2
must be exactly balanced by the opposite transfer of electrons from 2 Lo 1.
We will let the density of states at energy F in material 1 be called N,(E)
and in material 2 we will call it Ny(E). At energy E the rate of transfer of
electrons from 1 Lo 2 is proportional to the number of filled states at £ in ma-
terial 1 times the number of empty states at E in material 2:

rate from 1 to 2 = N(E)f((E) « Ny(E)[1 — £(E)] (3-33)

where f{E) is the probability of a state being filled at E'in each material, Le.,
the Fermi-Dirac distribution function given by Eq. (3-10). Similarly.

rate from 2 to 1 = Ny{(E)f,(E) - N (E)[1 - fi( E)] (3-34)
At equilibrium these must be equal:

NUEN(E) « NAE)L = HLE)] = NJ(EYAE) - Ny(E)[1 - f,(E)] (3-55)

Figure 3-26.
Twa materials in
intimate contact at
equilibrium. Since
the net mation of
glsclrons |s zera,
the equilibrium
Fermi level must
be constant

& thraugheut.

Material 1
Diensity of stares N (F)
Fermi Distribution fy (£)
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Rearranging terms, we have, at energy E,
Ny [iNs = N Ny fs = Ny )Ny = Ny NG fy {3-36)
which results in
F(EY=FAE), thatis, [1 4 &5 5at] [l 4 lE-SaliT] (3-57)

Therefore, we conclude that £, = Eg,. That is, there is no discontinu-
ity in the equilibrium Fermi level. More generally, we can state that the Fermi
level at equilibrivm must be constant throughout materials in intimate con-
tact. One way of stating this is that no gradient exists in the Fermi level at

equilibrium:
dE; ’
e 3-
dx 0 (3-38)

We will make considerable use of this result in the chapters to follow.

SUMMARY 3.1 Ina dinmond lattice, each 5i atom (with four valence electrons) is sutrounded
by four St atoms that form four covalent bonds consisting of shared electron
pairs, thereby forming an octet of electrons in the valence shell. In zine blende
structures such as GaAs, electrons are partly shared (covalent bonding) and
partly transferred from Ga to As (fonic bonding).

32 In crystals, electronic wave funerions averlap to give various linear combina-
tions of atomic orbitals (LCAQ), Bonding or symmetric combinations of the
wave functions of valence-shell electrons form (almost) continuous allowed
bands of energiesin the (almost) filled valence bund, separated by an energy
gap fram higher energy states in an (afmaost) empty conduction band that cor-
respond to the antibonding or antisymmetric LCAOs, Empty electronic states
in the valence band can be considerad (o be positively charged carners
{Fdes), while filled states in the conduction band are negatively charged (con-
ditction) electrons.

3.3 |f the band gaps are large, we get mnsulators; if they are small (-1 eV), we get
sermiconductors; and if they dre zero, we get conductors {metals),

34 Simplified band diagrams plot efectron energy in the conduction band (in-
creasing upwards) as a funetion of position. The band vdge corresponds 1o po-
tentiul energy, and the distance from the band edpe gives the kineric energy,
Huole energies increase downward in the valence band.

3.5 Carrier energies can also be plotted ava function of wave vector k (proportional
to velocity or momentum) to give (£, k) band structures, which can be direct
{conduction band minimum directly above valence band maximum) or indireget.
The eurvature of the ( F, k) is inversely proportional to the effective mass m* of
the carriers. The ™ accounts for the interactions of the carriers with the peri-
odic erystal potential.
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In a pure s¢miconductor, we have an imfrinsie conceniration of electrons (or
holes), n,. that result from thermal generation~recombination between the va-
lence and conduction band (or bond breaking). If we replace some Si atoms
{with four valence electrons) with donor impurities with five valence electrons,
they donate conduction electrons, i (= N*); similarly, tcceptors create holes p.

The number of electrons, n, is the integral with respect 1o energy from the bot-
tom to the top of the conduction band of the product of the available density of
statey (DOS) and the Fermi-Dhirac (FD) distribution function. For parabolic band
structures, we gel a parabolic DOS. The FD function is the average ocoupancy
of an electronic state. The electron conceniration n can also be expressed as the
product of an gffective DOS at the band edge and the FD occupancey at £, and
similarly far hales p. The np product in equilibrium is constant ().

Electrons in a sohd execute random Brownian motion with an average kinet-
ic energy related to the thermal energy kT In an eléctric field, electrons drift
{on top of the random mation) with a velocity equal ta mobélity times field in
the ohmie regime and satiration velocity at high fiells. The drift current Is pro-
portional to carrier coneentration times drift velocity, Negatively charged elec-
trons drift oppoesite to the eléctric Lield, and the currenl 1s opposite (o the
motion, Pesitively charged holes drift in the direction of the electric field, and
the current poes m the saume direction as the hole flow.

Carrier mobility is determined by seattering, caused by deviations from a pen-
odic lattice potential, such as lattice vibrations (phonons) or ionized impurities.
Carriermobility and concentration can be obtained by the Hall effect and re-
sistivity messurements.

111

33

34

Caleulate the approstimate donor binding energy for GaAs (e, = 132, m;, =
0.067 my).

Caleulate values for the Fermi function f{C) at 300 K and plot vs. enerey in eV
as in Fig. 3-14. Choose g = 1 €V and make the caleulated pomnts closer to-
gether near the Fermi Jevel to obtain a smopth curve. Notice that fi £) varies
quite rapidly within a few &7 of £, Show that the probability that a state AE
ahove [ pisoccupied is the same as the probability that the state AE bzlow E;
i empty

An unknown semiconductor has E, = L1eV and N, = M. It is doped with
10" em™ doners, where the donor level is (0.2 eV below E,. Given that Egis (1.25
eV below E_, calculate n; and the concentration of electrons and holes in the
semiconductor at 300 K.

At room temperature, an unknown indirect band gap, intrinsic, cubic semicon-
diugtor has the following band structure; There are 6 X minima along the (100)
directions. If m3(T) = 0.065my, my(X) = 030 my (for each of the X minima)
and mif = 047m,, at what temperature is the number of electrons i the I' mini-
ma and the X minima equal if the T to X energy separation is 0.35 ¢V, and the
bandgap is 1.7 eV (1, = free electron mass)?
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Since the effective mass of electrons in a conduction band decreases with in-
ereasing curvature of the band according to Eq. (3-3), comment on the elec-
tron effective mass in the I” valley of GaAs compared with the mdirect X or L
valleys. (See Fig 3-10.) How is this effective mass differcice reflected n the
electron mobility for GaAs and GaP shown in Appendix 111? From Fig. 3-10.
what would you expect to happen to the conduetivity of GaAs it [-valley elec-
trong drifting in an electric field were suddenly promoted o the L valley?

Caleulate the bund gap of Si frum Ea. (3-23) and the plot of n, ve 1000/7
(Fig. 3-17). Hine: The slope cannot be measured dirsctly from a semilogarith-

miic plot; read the values from two points on the plot and take the nataral log-

arithm a8 needed for the solution,

(a) A Sisample is doped with 10" em* boron atoms and a certain number of
shallow donors. The Fermi level is (1.36 ¢V above E; at 300 K. What is the
donor concentration N,?

(h) A Sisample contains 10" em™ In acceptor atoms and a certain number of
shallow donors The In acceptor level is .16 eV above £, and Els 026 eV
above E, at 300 K. Howmany (em™) Inatoms are un-ionizad (i.¢, neutral)?

Show that Eg, (3-25) results from Egs. (3-15) and (3-19). If gy = 10" em ™,

where 15 the Fermi level relative to F; in 51 at 300 K2

Derive an expression relating the intrinsic level £, 1o the center of the band

gap £,/2. Caleulate the displacement of £ from E /2 Tor 5 4t 300 K, assum-

ing the effective mass values for electrons and holes are 1.1mg and 0.56my,
respectively.

A sermconductor devier requires n-type materialy it is (o be operated at 400 K.

Would Si doped with 10" atoms/em® of arsenic be useful in this application!

Cpuld Ge doped with 104 cm™ antimony be nsed?

A new semiconductor has N = 10" em™ N, = 5% 10" em™ and B, =2 eV_If

it 15 doped with 10" donars (fully ionized), czleulate the electron, hale, and in-

tringic carrier concentrations at 627°C. Sketch the simplified band dingram,

showing the position of &g

(2) Show that the minimum conductivity of & semiconductor sample occurs
when my = nJ-"'.-"u_,z‘-' b, Hint: begin with Eq. (3-43) and apply Eq. (3-24).

[b) What is the expression for the minimum conductivity o, ?

(e) Caleulate oy, for Siat 200 K and eompare with the intrinsic conductivity.

{a) A Sibar 0.1 ym long and 100 pm® m cross-sectional area1s doped with
10" em ™ phosphorus. Find the curreént at 300 K with 10 V applied.
Repeat for a 51 bar | um long.

(b} How long does it take an avérage electron to drift | pm in pure Siat an
electric field of 100 Viem? Repeat for 10° Viem.

(a) A Sisample is doped with 10" boron atoms/om’®. What is the electron con-
centration mp 4t 300 K What s the resistivity?

(B) A Gesample is doped with 3 ¥ 10™ Sbatoms/em”. Using the requirements
af sprce charpe neutrality, calculate the electron concentration i at 300 K.
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415 For a Si conductor of length 5 pm, doped n-type at 10" em™, caleulate the cur-
rent density for an applied voltage of 2.5 V across its length, How aboul for a volt-
age of 2500 V? The electron and hole mobilities are 1500 em?/Ves and 500 cnr'/Ves,
respectively, in the ohmie region for electric fields below 10° Vicn. For higher
fields, electrons and holes have a saturation veloeity of 107 emifs.

316 In along semiconductor bar (£, =2 V), conduction band electrons come in
from the left in the positive x direction with a kinetic energy of 3 eV, They move
from location A to B to C to D. Between A and B, the electric field is zero: be-
tween locations B and C, there is a linearly varying voltage increase of 4 'V, be-
tween C and D, the field is again zero. Assuming no scaltering, sketch-a
sirnplifred band diagram describing the motion of these electrons, Assuming
that these electrons can be described as plane waves, with a free-electron mass,
write down the wave function of the clectrons at D, Leave your result in terms
of an arbitrary normalization constant.

317 Assume that a conduction electron in $i (i, = 1330 cm®V-s) hasa thermal
energy of AT, related {o its mean thermal velogity by E,, = {mnvm"},‘z."lihiﬁ
electron is placed in an electric field of 100 V/em. Show that the drift velocity
of the electron in this case is small compared with its thermal velocty, Repeat
for a field of 10" V/em, using the same value of p,,. Comment on the actual mo-
bility effects at this higher value of the field.

318 Use Eq. {3-45) wo caleulate and plot the mobility ve temperalure (u(T) from 10K
to 500 K for Si doped with Ny= 10", 10", and 10™ donors em . Consider the
mohility 1o be determined by impurity and phanon (lattice) seatiering. Tmpu-
rity scattering himited mobility can be described by

gV

N1+ ) = ]|

W, =329 x 10'

where

2= 13 % W7 T i /mp )N )
Assume that the iontzed impurity concentration N, 15 equal to N, atall tem-
peratures,
The conduenyity effective mass my [or Siis 0.26 my. Acoustic phonon (fattice)
seattoring limited mobility can be described by
pae= 118 ¥ 1075 {mglmy) T3 E, )2
where the stiffness (c;) 1s given by
ey = 1.9 x 10" dyne em ™ for Si
and the conduction band acoustiv deformation potential (£.) i
E =95¢V forSi
319 Rework Prob. 3.8 considering carrier freeze-out ento denors at low T, That
15, consider
Ny

[ [ e ——
M=% expl E,/kT)
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as the'ionized impurity concentration. Consider the donor ionization energy
(E;) to be 45 meV for Si.

3.20 Hall measurements are made on a p-type semiconductor bar 500 pm wide and
20 pm thick. The Hall contacts A and B are displaced 2 jum with respect lo
each other in the direction of current flow of 3 mA. The voltage between A
and B with a magnetic field of 10kG (1kG = 107° Whicm®) pointing out of the
plane of the sample is 3.2 mV. When the magnetic field direction is reversed the
valtage chanpes to —2.8 mV, What is the hole concentration and mobility?

3.21 In soldering wires to @ sample such as that shown in Flg. 3-25, it is difficult to
align the Hall probes A and B precisely. If # s displaced slightly down the
length of the bar from A, an erroneous Hall voltage results. Show that the true
Hall voltage Vg can be obtained from two measurements of V., with the mag-
netic field first in the +z-direction and then in the —z-direchion.

3.22 A sample of Si is doped with 10’7 phosphorus atoms/cm®. What would you ex-
pect to measure for its resistivity? What Hall voltage would you expect in a
sample 100 pm thick if I, = 1 mA and B. = 1 kG = 107 Wh/em®™?
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SELF QUIZ
Question 1
(a) The following three diagrams show three different energy bands of some hy-
pothetical crystalline materials (energy varies vertically). The only difference
between the three materials is the assumed Fermi level energy £, Character-
ize each material as 2 metal, an insulator, or a semiconductar.

(b) Assuming you can see through one and only one of the materials of part (a) ahove,
which one would it most likely be? Material 1/ Material 2 / Material 3
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Muterial 1 Marerial 2 Material 3
band 3 hand 3 band 3
Ep
band 2 band 2 band 2
Ep
Ei
band 1 band 1 band |
Question 2

Consider the following conduction band energy E vs.wave vector k, dispersion relation.

{a) Which energy valley has the greater effective mass in the x-direction m (cir-

cle one)? I-valley / X-valley

(b) Consider two electrons, one each loeated at the positions of the heavy crosses,
Which has the greater velocity magnitude (circle one)? The one in the I-valley /

The one in the X-valley

-yalley
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Chapter 3

Question 3

These questions refer to the band structures of 51 and GaAs shown in Fig, 3-10,

(3) Which material appears to have the {owest (conduction band) electron effec-
tive muuss, Si or GaAs?

(b} Which of these would you expect to produce photons (light) more efficiently
through electron-hole recombination?

{¢) Consistent with youranswer to part (h) and making use of Appendix [, what
wpuld you expect the energy of the emitted photons 10 be? What would be
their wavelength in wm? Would these be visible, infrared, or ultravialst?

(d) How many equivalent conduction band minima do we have for 517 GaAs?

Question 4

Refer to Fig 3-10, which shows the £ vs, k dispersion relations for gallium arsenide
{GaAs) and for silicon (Si) along the [111] and [100] directions, showing both va-
lence and conduction bands

(a) Neglecting differences in electron scattering rates in the two matenals, would
you expeet Si or GadAs (0 have the greates| electron mobility p,?

(b} Tf a constani foree were applicd in the [100] direction for a short period of time
on an ¢lectron initally located at the conduction band minimum of each semu-
conductor and if scatlenng were neglected, would the magnitude of change in
k in Si be greater, equal to, or smaller than the magnitude of the change mkin
GaAs for the same foree F?

greater/equal/smaller
Question 5

(a) The equilibrium band diagram fora doped direct pap semiconductor is shown
hetow. Ts it n-type, p-type, or unknown? Cirele ons below.

n-type/p-type/nor enough information provide

Boaorlel By — =——————r———r——— canductian hand edge E_
S b s st st [iTEFISTE Pt level E,
Acteplor lewe] £, —rtanssshesisiiineiesiin o s Rprmilovil Ep

valepce band edge E,
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(b) Based on the band diagram oppesite (E, is in the middle of the gap). would you
expect that the conduction band density-of-states effective mass is greater than,
equal to, or smaller than the valence band effective mass? Circle one:

Greater than/equal/smaller than

(c) 'What,if any, of the following conditions by themselves could lead to the above
band diagram? Circle each correct answer.

(a) very high temperature
(b) very high acceptor doping
(¢) very low acceptor doping

Question 6

A hypothetical semicanductor has an intrinsic carrier concentration of 1,0 % 10"em?
at 300 K, it has conduction and valence band effective densities of states N, and N,
both equal to 10'%/em?.

(a) What is the band gap E,?

(b) If the semiconductor is doped with N; = 1 % 10' donors/em®, what are the
equilibrium electron and hole concentrations at 300K?

{c) If the same piece of semiconductor, already having N; = 1 % 10'° donorsfem?,
is also doped with N, = 2 % 10" acceptors/cm’, what are the new equilibrium
electran and hale concentrations at 300 K?

(d) Consistent with your answer 1o part (¢), what is the Fermi level position with
respect to the intrinsic Fermi level, Ex—E7
Question 7
What is the difference between density of states and effective density of states, and why

is the latter such a useful concept?

Quesfion 8
(a) Duoes mobility have any meaning al very high field? Why?
(b) How doyou measure mability and carrier concentration?
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