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PREFACE

PHILOSOPHY AND GOALS

The purpose of the third edition of this book isto provide a basis for understanding
the characteristics, operation, and limitations of semiconductor devices. In order to
gainthisunderstanding, it isessential to have athorough knowledge of the physics of
the semiconductor material. The goal of this book is to bring together quantum me-
chanics, the quantum theory of solids, semiconductor materia physics. and semicon-
ductor device physics. All of these components are vital to the understanding of both
the operation of present day devicesand any future development in thefield.

The amount of physics presented in this text is greater than what is covered in
many introductory semiconductor device books. Although this coverage is more ex-
tensive, the author has found that once the basic introductory and material physics
have been thoroughly covered. the physicsof the semiconductor devicefollowsquite
naturally and can he covered fairly quickly and efficiently. The emphasis on the un-
derlying physics will also be a benefit in understanding and perhaps in developing
new semiconductor devices.

Since the objective of this text is to provide an introduction to the theory of
semiconductor devices, there is agreat deal of advanced theory that is not consid-
ered. In addition. fabrication processes are not described in detail. There are a few
references and general discussions about processing techniques such as diffusion
and ion implantation, but only where the results of this processing have direct im-
pact on device characteristics.

PREREQUISITES

This book isintended for junior and senior undergraduates. The prerequisites for un-
derstanding the materia are college mathematics. up to and including differential
equations, and college physics, including an introduction to modern physics and
electrostatics. Prior completion of an introductory course in electronic circuits is
helpful, but not essential.

ORGANIZATION

The text begins with the introductory physics, moves on to the semiconductor mate-
rid physics, and then covers the physics of semiconductor devices. Chapter 1 presents
an introduction to the crystal structure of solids, leading to the ideal single-crystal
semiconductor material. Chapters 2 and 3 introduce quantum mechanics and the
quantum theory of solids, which together provide the necessary basic physics.
Chapters 4 through6 cover the semiconductor material physics. Chapter4 presents
the physicsof the semiconductor in thermal equilibrium; Chapter 5 treats the transport
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phenomena of the charge carriersin a semiconductor. The nonequilibrium excess car-
rier characteristics are then developed in Chaptcr 6. Understanding the behavior of ex-
cesscarriers in asemiconductor isvital tothegoal of understanding thedevice physics.

The physicsof thebasic semiconductor devicesisdeveloped in Chapters 7 through
13. Chaptcr 7 treats the el ectrostatics of the basic pn junction. and Chapter 8 coversthe
current-voltage characteristics of thepn junction. Metal-semiconductorjunctions, both
rectifying and nonrectifying, and semiconductor heterojunctions are considered in
Chapter 9, while Chapter 10 treats the bipolar transistor. The physics of the metal-
oxide-semiconductor field-effect transistor is presented in Chapters |1 and 12. and
Chapter 13 coversthe junction field-effect transistor. Once the physics of the pn junc-
tion isdeveloped, the chapters dealing with the three basic transistors may be covered
in any order —thesechapters are written so as not to depend on one another. Chapter 14
considers optical devices and finally Chapter 15 covers power semiconductor devices.

USE OF THE BOOK

Thetext is intended for a one-semester course at the junior or senior level. As with
most textbooks, there is more material than can be conveniently covered in one
semester; thisallowseach instructor someflexibility in designing the course to hislher
own specific needs. Two possible orders of presentation are discussed later in a sepa-
rate section in this preface. However, thetext isnot an encyclopedia. Sectionsin each
chapter that can be skipped without loss of continuity are identified by an asterisk in
both the table of contents and in the chapter itself. These sections, althoughimportant
to the development of semiconductor device physics, can he postponed to alater time.

The material in the text has been used extensively in a course that is required
for junior-level electrical engineering students at the University of New Mexico.
Slightly lessthan half of the semester isdevoted to thefirst six chapters; the remain-
der of the semester is devoted to the pn junction, the bipolar transistor. and the metal-
oxide-semiconductor field-effect transistor. A few other special topics may be briefly
considered near the end of the semester.

Although the bipolar transistor isdiscussed in Chapter 10 before the MOSFET or
JFET, each chapter dealing with one of the three basic types of transistors is written
to stand alone. Any one of the transistor types may be covered first.

NOTESTO THE READER

This book introduces the physics of semiconductor materials and devices. Although
many electrical engineering students are more comfortable building electronic cir-
cuits or writing computer programsthan studying the underlying principles of semi-
conductor devices, the material presented here is vital to an understanding of the
limitations of electronic devices, such as the microprocessor.

Mathematics is used extensively throughout the hook. This may at times seem
tedious, but the end result isan understanding that will not otherwise occur. Although
some of the mathematical models used to describe physical processes may seem
abstract, they have withstood the test of time in their ability to describe and predict
these physical processes.
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Thereaderisencouraged to continually refer to the preview sectionsso that theob-
jective of the chapter and the purposes of each topic can be kept in mind. This constant
review isespecially important in the first five chapters, dealing with basic physics.

Thereader must keep in mind that, although some sections may be skipped without
loss of continuity, many instructors will choose to cover these topics. The fact that sec-
tions are marked with an asterisk does not minimize the importance of these subjects.

Itisalso important that the reader keep in mind that there may be questions still
unanswered at the end of acourse. Although the author dislikes the phrase. "it can be
shown that.. .,” there are some concepts used here that rely on derivations beyond
the scope of the text. This hook is intended as an introduction to the subject. Those
questionsremaining unanswered at the end of the course, the reader is encouraged to
keep"in adesk drawer." Then, during the next course in this area of concentration,
the reader can take out these questions and search for the answers.

ORDER OF PRESENTATION

Each instructor has a personal preference for the order in which the course material
is presented. Listed below are two possible scenarios. The first case, called the clas-
sical approach, covers the bipolar transistor before the MOS transistor. However,
becausethe MOS transistor topic isleft until the end of the semester. time constraints
may shortchange the amount of classtime devoted to this important topic.

The second method of presentation listed, called the nonclassical approach, dis-
cusses the MOS transistor before the bipolar transistor. Two advantages to this ap-
proach are that the MOS transistor will not get shortchanged in terms of time devoted
tothe topic and, since a''real device" isdiscussed earlier in the semester, the reader
may have more motivation to continue studying this course material. A possible
disadvantage to this approach is that the reader may be somewhat intimidated by
jumping from Chapter 7 to Chapter | |. However. the material in Chapters 1| and 1?
is written so that this jump can be made.

Unfortunately, because of time constraints, every topic in every chapter cannot
be covered in a one-semester course. The remaining topics must be left for asecond-
semester course or for further study by the reader.

Classica approach

Chapter 1 Crygta structure
Chapters 2, 3 Selected topics from quantum

mechanics and theory of solids
Chapter 4 Semiconductor physics
Chapter 5 Transport phenomena
Chapter 6 Sdected topics from nenequilibrium characteristics
Chapters7, 8 The m junction and diode
Chapter 9 A brief discussion o the Schottky diode
Chapter 10 The bipolar transistor

Chapters11, 12 The MOS transistor
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Nonclassical approach

Chapter 1 Crysta structure

Chapters 2, 3 Selected topics from quantum
mechanicsand theory of solids

Chapter 4 Semiconductor physics

Chapter 5 Transport phenomena

Chapter 7 The pn junction

Chapters11. 12 The MOS transistor

Chapter 6 Sdlected topics from nonequilibrium characteristics

Chapter 8 The pn junction diode

Chapter 9 A hrief discusson of the Schottky diode

Chaoter 10 The binolar transistor

FEATURESOF THE THIRD EDITION

B Preview section: A preview section introduces each chapter. This preview
links the chapter to previous chapters and states the chapter's goals, i.e., what
the reader should gain from the chapter.

B Exumples: An extensive number of worked examples are used throughout the
text to reinforce the theoretical concepts being developed. These examples
contain all the detailsof the analysis or design, so the reader does not have to
fill in missing steps.

B Test your understanding: Exercise or drill problemsare included throughout
each chapter. These problems are generally placed immediately after an
example problem, rather than at the end of a long section. so that readers can
immediately test their understanding of the material just covered. Answers are
given for each drill problem so readers do not have to search for an answer at
the end of the book. These exercise problems will reinforce readers’ grasp of
the material beforethey move on to the next section.

B Summary section: A summary section, in bullet form, follows the text of each
chapter. This section surnmarizes the overall results derived in the chapter and
reviews the basic concepts devel oped.

B Glossary of importunt terms. A glossary of important terms followsthe
Summary section of each chapter. This section defines and summarizes the
most impertant termsdiscussed in the chapter.

@ Checkpoint: A checkpoint section followsthe Glossary section. This section
states the goals that should have been met and states the abilities the reader
should have gained. The Checkpoints will help assess progress before moving
on to the next chapter.

B Review questions: Alist of review questions isincluded at the end of each
chapter. These questions serve as a self-test to help the reader determine how
well the concepts developed in the chapter have been mastered.

B End-of-chupterproblems A large number of problemsaregiven at theend of
each chapter, organized according to the subject of each section in the chapter
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body. A larger number of problems have been included than in the second
edition. Design-oriented or open-ended problems are included at theend in a
Summary and Review section.

B Computer simulation:  Computer simulation problems are included in many
end-of-chapter problems. Computer simulation has not been directly
incorporated into the text. However, a website has been established that
considerscomputer simulation using MATLAR. This website contains
computer simulations of material considered in most chapters. These computer
simulations enhance the theoretical material presented. There also are exercise
or drill problems that a reader may consider.

B Reading list:  Areading list finishes up each chapter. The references, that are
a an advanced level compared with that of thistext, areindicated by an
asterisk.

B Answersio selected probiems:  Answers to selected problems are given in the
last appendix. Knowing the answer to a problem is an aid and a reinforcement
in problem solving.

ICONS
- Computer Simulations

Design Problems and Examples

SUPPLEMENTS
Thishook is supported by the following supplements:

B Solutions Manual available to instructors in paper form and on the website.
B Power Point dides of important figures are available on the website.
B Computer simulations are available on the website.
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P ROL OGUE

Semiconductor sand the
| ntegrated Circuit

PREVIEW

e often hear that we are living in the information age. Large amounts of
W information can be obtained viathe Internet, for example, and can also be

obtained quickly over long distances via satellite communication sys-
tems. The development of the transistor and the integrated circuit (IC) has lead to
these remarkable capabilities. The IC permeatesalmost every facet of our daily lives,
including such things as the compact disk player, the fax machine, laser scanners at
the grocery store, and the cellular telephone. One of the most dramatic examples of
IC technology isthe digital computer — arelatively small laptop computer today has
more computing capability than the equipment used to send a man to the moon a few
years ago. The semiconductor electronics field continues to be a fast-changing one.
with thousands of technical papers published each year. B

HISTORY

The semiconductor device has afairly long history, although the greatest explosion
of IC technology has occured during the last two or three decades.’ The metal -
semiconductor contact dates back to the early work of Rraun in 1874, who discov-
ered the asymmetric nature of electrical conduction between metal contacts and
semiconductors, such as copper, iron, and lead sulfide. These devices were used as

‘This brief introduction iSintended to give a flavor of the history of the semiconductor device and
integrated circuit. Thousands Of engineers and scientists have made significant contributions to the
development of semiconductor electronics-the few events and names mentioned here are not meant
to imply that these are theonly significantevents or people involved in the semiconductor history.
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detectorsin early experiments on radio. In 1906, Pickard took out a patent for a point
contact detector using silicon and, in 1907. Pierce published rectification character-
isticsof diodes made by sputtering metals onto a variety of semiconductors.

By 1935. selenium rectifiers and silicon point contact diodes were available for
use as radio detectors. With the development of radar. the need for detector diodes
and mixersincreased. Methods of achieving high-purity silicon and germanium were
developed during thistime. A significant advance in our understanding of the metal—
semiconductor contacr was aided by developments in the senviconductor physics.
Perhaps most important during this period was Bethe’s thermionic-emission theory
in 1942, according to which the current is determined by the process of emission of
electronsinto the metal rather than by drift or diffusion.

Another big breakthrough came in December 1947 when the first transistor was
congtructed and tested a Bell Telephone Laboratories by William Shockley, John
Bardeen, and Walter Brattain. Thistirst transistor was a point contacr device and used
polycrystallinegermanium. The transistor effect was soon demonstrated in silicon as
well. A significant improvement occurred at the end of 1949 when single-crystal
material was used rather than rhe polycrystalline material. The single crystal yields
uniform and improved properties throughout the whole semiconductor material.

The next significant step in the development of the transistor was the use of the
diffusion processto form the necessary junctions. This processallowed better control
of the transistor characteristics and yielded higher-frequency devices. The diffused
mesatransistor was commercially available in germanium in 1957 and in silicon in
1958. Thediffusion process also allowed many transistors to be fabricated on asin-
glesilicon dlice. so the cost of these devices decreased.

THE INTEGRATED CIRCUIT (IC)

Up to this point, each component in an electronic circuit had ro he individually con-
nected by wires. In September 1958. Jack Kilby of Texas Instruments demonstrated
the first integrated circuit, which was fabricated in germanium. At about the same
time, Robert Noyce of Fairchild Semiconductor introduced the integrated circuit in
slicon using a planar technology. The tirst circuit used bipolar transistors. Practical
MOS transistors were then developed in the mid-'60s. The MOS technol ogies, espe-
cialy CMOS, have become a major focusfor 1C design and development. Silicon is
the main semiconductor material. Gallium arsenide and other compound semicon-
ductorsare used for special applications requiring very high frequency devices and
for optical devices.

Since that first IC, circuit design has become more sophisticated. and the inte-
grated circuit more complex. A single silicon chip may be on the order of 1 square
centimeter and contain over a million transistors. Some ICs may have more than a
hundred terminals, while an individual transistor has only three. An IC can contain
the arithmetic, logic. and memory functions on a single semiconductor chip—the
primary example of this type of IC is the microprocessor. Intense research on silicon
processing and increased automation in design and manufacturing have ted to lower
costs and higher fabrication yields.
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FABRICATION

Theintegrated circuit isadirect result of the development of various processing tech-
niques needed to fabricate the transistor and interconnect lines on the single chip.
The total collection of these processesfor making an IC is called atechnology. The
following few paragraphs provide an introduction to afew of these processes. This
introduction is intended to provide the reader with some of the basic terminology
used in processing.

Thermal Oxidation A major reason for the success of silicon ICs isthefact that an
excellent native oxide, Si0,, can be formed on the surface of silicon. This oxide is
used asagate insulator in the MOSFET and is also used as an insulator, known asthe
field oxide, between devices. Metal interconnect lines that connect various devices
can be placed on top of the field oxide. Most other semiconductorsdo not form na-
tive oxides that are of sufficient quality to be used in device fabrication.

Silicon will oxidizeat room temperature in air forming athin native oxide of ap-
proximately 25 A thick. However, most oxidations are done at elevated temperatures
since the basic process requires that oxygen diffuse through the existing oxide to the
silicon surface where a reaction can occur A schematic of the oxidation process
isshown in Figure{).1. Oxygen diffuses across a stagnant gas layer directly adjacent
to the oxide surface and then diffuses through the existing oxide layer 1o the silicon
surface where the reaction between O, and Si forms Si(Q». Because of this reaction,
silicon is actually consumed from the surface of the silicon. The amount of silicon
consumed is approximately 44 percent of the thicknessof the final oxide.

Photomasks and Photolithography The actual circuitry on cach chip is created
through the use of photomasks and photolithography. The photomask is a physical
representation of adevice or a portion of a device. Opaque regions on the mask are
made of an ultraviolet-light-absorbing material. A photosensitive layer, called pho-
toresist, isfirst spread over the surface of the semiconductor. The photoresist is an

Gas —_—
Diffusion
ol O,
Stagnant
gas layer

\ Diffusion of O,
through existing
oxide to silicon surface

Figure 0.1 | Schematic of the oxidation
process.
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UV absorbing
material
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Figure 0.2 | Schematic showing the use of a photomask

organic polymer that undergoes chemical change when exposed to ultraviolet light.
The photoresist is exposed to ultraviolet light through the photomask as indicated in
Figure0.2. The photoresist is thcn developed in a chemical solution. The devel oper
is used to remove the unwanted portions of the photoresist and generate the appro-
priate patterns on the silicon. The photomasks and photolithography process is
critical in that it determines how small the devices can he made. Instead of using
ultraviolet light, electrons and x-rays can also be used to expose the photoresist.

Etching After the photoresist pattern is formed, the remaining photoresist can be
used as a mask, so that the material not covered hy the photoresist can be etched.
Plasmaetching is now the standard process used in IC fabrication. Typicaly. an etch
gassuch aschlorofluorocarbonsareinjected into alow-pressure chamber. A plasmais
created by applying a radio-frequency voltage between cathode and anode terminals.
Thesilicon wafer is placed on the cathode. Positively charged ions in the plasma are
accelerated toward the cathode and bombard the wafer normal to the surface. The
actual chemical and physical reaction at the surface is complex. but the net result is
that silicon can he etched anisotropically in very selected regions of the wafer. If pho-
toresistis applied on the surface of silicon dioxide. then the silicon dioxide can also
be etched in asimilar way.

Diffusion A thermal process that is used extensively in IC fabrication isdiffusion.
Diffusionis the process hy which specific types of "'impurity” atoms can be intro-
duced into the silicon material. This doping process changes the conductivity type of
the silicon so that pn junctions can be formed. (The pn junction is a basic building
block of semiconductor devices.) Silicon wafers are oxidized to form alayer of sili-
con dioxideand windows are opened in the oxide in selected areas using photolitho-
graphy and etching as just described.

The wafers are then placed in a high-temperature furmace (about 1100 C) and
dopant atoms such as boron or phosphorus are introduced. The dopant atoms gradu-
dly diffuse or move into the silicon due 1o a density gradient. Since the diffusion
processrequires agradient in the concentration of atoms, the final concentration of
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diffused atomns isnonlinear. as shown in Figure 0.3. When the wafer isremoved from
the furnace and the wafer temperature return:, to room temperature, the diffusion co-
efficient of the dopant atowns is essentially zero so that the dopant atoms are then
fixed in the silicon material.

Ioen Implantation A fabrication process that is an alternative to high-temperature
diffusion is ion implantation. A beam of dopant ions is accelerated to a high energy
and is directed at the surface of a semiconductor. As the ions enter the silicon, they
collide with silicon atoms and lose energy and finaly come to rest at some depth
within the crystal. Since the collision process is statistical in nature, thereis a distri-
bution in the depth of penetration of the dopant ions. Figure 0.4 shows such an ex-
ample of the implantation of boron into silicon at a particular energy.

Two advantages of the ion implantation process compared to diffusion are
(1) the ion implantation process is a low temperature process and (2) very well de-
fined doping layers can be achieved. Photoresist layersor layersof oxide can he used
to block the penetration of dopant atomsso that ion implantation can occur in very
selected regions of the silicon.

L
Surface DislzmcE’?

Figure0.3! Fina concentrationof diffused
impurities into the surface of a semiconductor.

{

Surface R, Distance ——=

Figure04 | Find concentrationof
ion-implanted boron into silicon.
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One disadvantage of ion implantation is that the silicon crystal is damaged
by the penetrating dopant atoms because of collisions between the incident dopant
atoms and the host silicon atoms. However, most of the damage can he removed by
thermal annealing thessilicon at an elevated temperature. The therma annealing tem-
perature, however, is normally much less that the diffusion processtemperature.

Metallization, Bonding, and Packaging After the semiconductor devices have
been fabricated by the processing steps discussed. they need to be connected to each
other toform the circuit. Metal films are generally deposited by a vapor deposition
technique and the actual interconnect lines are formed using photolithography and
etching. In general, a protective layer of silicon nitride is finally deposited over the
entirechip.

Theindividual integrated circuit chips are separated by scribing and breaking the
wafer. The integratedcircuit chipisthen tnounted in apackage. Lead bondersarefinaly
used to attach gold or aluminum wires between the chip and package terminals.

Summary: Simplified Fabrication of a pn Junction Figure 0.5 shows the basic
stepsin fomung a pn junction. These stepsinvolve some of the processing described
in the previous paragraphs.

i 5i0,
ntype fl
L. Start with 2. Oxidize surface 3. Apply photoresist
n typesubstrate over Si0,

UV light

S0, etched

o]

3. Expose photoresist
through photomask

Ton implant
or diffuse p-regions

6. Ion implant a
diffuse boron
intosilicon

4. Remove exposed
photoresist

Apply Al \

7. Remove PR and
sputter Al on
surface

Figure05 1 The basic steps in farming a n junction.
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The Crystal Structure of Solids

PREVIEW

ductor materials and devices. Theelectrical properties of solids are therefore

of primary interest. The semiconductor isin general asingle-crystal material.
The electrical properties of a single-crystal material are determined not only by the
chemical composition but also by the arrangement of atoms in the solid; this being
true, a brief study of the crystal structure of solids is warranted. The formation, or
growth, of the single-crystal material is an important part of semiconductor technol-
ogy. A short discussion of several growth techniques is included in this chapter to
provide the reader with some of the terminology that describes semiconductor device
structures. This introductory chapter provides the necessary background in single-
crystal materials and crystal growth for the basic understanding of the electrical
properties of semiconductor materials and devices. @

T his text deals with the electrical properties and characteristics of semicon-

1.1/ SEMICONDUCTOR MATERIALS

Semiconductors are agroup of materials having conductivities between those of met-
als and insulators. Two genera classifications of semiconductors are the elemental
semiconductor materials, found in group IV of the periodic table, and the compound
semiconductor materials, most of which are formed from special combinations of
group III and group V elements. Table 1.1 shows a portion of the periodic table in
which the more common semiconductors are found and Table 1.2 lists afew of the
semiconductor materials. (Semiconductorscan also beformed from combinations of
group T and group V1elements. but in general these will not beconsidered inthistext.)

The elemental materials, those that are composed of single species of atoms, are
silicon and germanium. Silicon is by far the most common semiconductor used inin-
tegrated circuits and will be emphasized to a great extent.
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CHAPTER | The Crystal Structureof Solids

Table1.1{ A portion Table1.2 | A list of some semiconductor

of the periodic table materials

111 v \Y Elemental semiconductors

B C S Silicon

Al Si P Ge Germanium

ﬁ]a Ge g‘s Compound semiconductors
AIP Aluminurn phosphide
AlAs Aluminum arsenide
GaP Gallium phosphidr
GaAs Gallium arsenide
InP Indium phosphide

Thetwo-element, or binary, compoundssuch asgallium arsenide or gallium phaos-
phide are formed by combining one group Il and one group V element. Gallium
arsenideisoneof the morecommon of the compound semiconductors. Itsgood optical
properties makeit useful in optical devices. GaAsisalso used in specialized applica-
tionsin which, forexample, high speed isrequired.

We can also form a three-element, or ternaiy, compound semiconductor. An ex-
ample is Al,Ga,_,As, in which the subscript x indicates the fraction of the lower
atomic number element component. More complex semiconductors can also be
formed that provide flexibility when choosing material properties.

1.21 TYPES OF SOLIDS

Amorphous, polycrystalline, and single crystal are the three general types of solids.
Each type is characterized by the size of an ordered region within the material. An or-
dered region isaspatial volume in which atomsor molecules have a regular geomet-
ric arrangement or periodicity. Amorphous materials have order only within a few
atomic or molecular dimensions, while polycrystalline materials have a high degree

Figure 1.1 | Schematics of three general types df crystals: (a) amorphous, (b) polycrystalline,
(c) Snglecrystal.
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of order over many atomic or molecular dimensions. These ordered regions. or
single-crystal regions, vary in size and orientation with respect to one another. The
single-crystal regions are called grains and are separated from one another by grain
boundaries. Single-crystal materials, ideally, have a high degree of order, or regular
geometric periodicity, throughout the entire volume of the material. The advantage
o asingle-crystal material isthat. in general, itselectrical properties are superior to
those of a nonsingle-crystal material, since grain boundaries tend to degrade the
electrical characteristics. Two-dimensional representations of amorphous, polycrys-
talline, and single-crystal materials are shown in Figure 1.1.

131 SPACE LATTICES

Our primary concern will be the singlecrystal with its regular geometric periodicity
in the atomic arrangement. A representative unit, or group of atoms, is repeated at
regular intervalsin each of the three dimensions to form the single crystal. The peri-
odic arrangement of atomsin the crystal is called the lattice.

1.3.1 Primitiveand Unit Cell

We can represent a particular atomic array by a dot that is called a lattice paint.
Figure 1.2 shows an infinite two-dimensional array of lattice points. The simplest
means of repeating an atomic array is by translation. Each lattice point in Figure 1.2
can be trandated adistance «; in one direction and adistance b, in a second nonco-
linear direction to generate the two-dimensiunal lattice. A third noncolinear transla-
tion will produce the three-dimensional lattice. The translation directions need not
be perpendicular.

Since the three-dimensional lattice is a periodic repetition of a group of atoms,
we do not need to consider theentire lattice, but only afundamental unit that is being
repeated. Aunit cell isasmall volume of the crystal that can be used to reproduce the
entirecrystal. Aunit cell is not a unique entity. Figure 1.3 shows several possible unit
cellsin atwo-dimensional lattice.

Figure 1.2 | Two-dimensond Figure 1.3 Two-dimensiona representation of asingle-crystal
representation of asingle-crystal lattice. | attice showing various possible unit cells.
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Figure 14 1 A generalized
primitive unit cell.

The unit ccll A can be translated in directions a; and #-, the unit c¢ll B can be
translated in directions «; and b3, and the entire two-dimensional lattice can be con-
structed by the translations of either of these unit cells. The unit cellsC and D in Fig-
ure 1.3 can also be used to construct the entire lattice by using the appropriate trans-
lations. This discussion of two-dimensional unit cellscan easily be extended to three
dimensions to describe a real single-crystal material.

Aprirnitive cell is the smallest unit cell that can be repeated to form the lattice.
In many cases, it is more convenient to use aunit cell that is not a primitive cell. Unit
cells may be chosen that have orthogonal sides, for example, whereas the sides of a
primitive cell may be nonorthogonal.

A generalized three-dimensional unit cell is shown in Figure 1.4. The relation-
ship between this cell and the lattice is characterized by three vectors a. 6, and 2,
which need not be perpendicular and which may or may not beequal in length. Every
equivalent lattice point in the three-dimensional crystal can he found using the vector

wherep, g, and s are integers. Since the location of the origin isarbitrary, we will let
p. g, and s be positive integers for simplicity.

13.2 Basic Crystal Structures

Before we discuss the semiconductor crystal, let us consider three crystal structures
and determine some of the basic characteristics of these crystals. Figure 1.5 shows
the simple cubic, body-centered cubic, and face-centered cubic structures. For these
simple structures, we may choose unit cells such that the general vectors &, 6, and ¢
are perpendicular to each other and the lengths are equal. The simple cubic (sc) struc-
ture has an atom located at each corner: the hod?-centered cubic {(bee) structure has
an additional atom at the center of thecube; and theface-centered cuhic {fee) structure
has additional atoms on each face plane.

By knowing the crystal structure of amaterial and its | attice dimensions, we can
determine several characteristics of the crystal. For example, we can determine the
volume density of atoms.
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Figurel5| Three lattice types: (a) simple cuhic. (b) body-centered cubic. (c) face-centered cuhic.

Objective

To find the volume density of atomsin acrystal.

Consider a single-crystal material that is a body-centered cuhic with a lattice constant
a=5A =5 x 107 cm. A corner atom is shared by eight unit cells which meet at each comer
so that each comer atom effectively contributes one-eighth of its volume to each unit cell. The
eight comer atomsthen contributean equivalent of oneatom to the unit cell. If weadd the body-
centered atom to the comer atoms, each unit celt contains an equivalent of two atoms.

B Solution
The volume density of atomsiis then found as

. 2atoms s
Density = ( = 1.6 x 10= atoms per cm’

5% 10-8)°
B Comment

The volume density of atoms just calculated represents the order of magnitude of density for
mos materials. The actual density is afunction of the crystal type and crystal structure since
the packing density — number of atoms per unit cell-—depends on crystal structure.

TEST YOUR UNDERSTANDING

El1 Thelatticeconstant of aface-centered-cubic structure is4.75 A. Determine the vol-
umedensity of atoms. (,_Wa 0] X £/°¢ 'SUV)

EL2 The volumedensity of atoms for asimple cubic lattice is 3 x 10% cn~*. Assume that
the atoms are hard spheres with each atem touching its nearest neighbor. Determine
thelattice constant and the radium of the atom. (Y [9°1 = +'¥ 7Z°¢ = % "suy)

133 Crydad Planesand Miller Indices

Since real crystals are not infinitely large, they eventually terminate at a surface.
Semiconductor devices are fabricated at or near a surface, so the surface properties
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may influence the device chnracteristics. We would like to be able to describe these
surfaces in terms of the lattice. Surfaces, or planes through the crystal, can be de-

scribed by first considering the interceptsof the plane alongthea, &, and ¢ axes used
to describe the lattice.

EXAMPLE 1.2

Objective

To describe the plane shown in Figure 1.6. (The lattice points in Figure 1.6 are shown aong
the @. », and? axesonly.)

Figure 1.6 | A representative crystal
lattice plane.

Solution
From Equation (1.1), the intercepts of the plane correspond top = 3,9 = 2,and s = |. Now
write the reciprocals of the intercepts, which gives

Multiply by the lowest common denominator, which in this case is 6. to obtain (2, 3, 6). The
plane in Figure 1.6 is then referred to as the (236) plane. The integers are referred to as the
Miller indices. We will refer to ageneral plane as the (hk!) plane.

m Comment
We can show that the same three Miller indices are obtained for any planethat is parallel to the
one shown in Figure 1.6. Any parallel plane is entirely equivalent to any other

Three planes that are commonly considered in a cubic crystal are shown in Fig-
ure 1.7. The planein Figure 1.7a is parallel to the b and ¢ axes so the intercepts are
given as p = 1, ¢ = oo, and s = oo, Taking the reciprocal, we obtain the Miller in-
dicesas(l, 0, 0), so the plane shown in Figure 1.7a isreferred to as the (100) plane.
Again, any plane parallel totheoneshowninFigurel.7a and separated by an integral
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(b}

Figure 17 | Threelattice planes: (2)(100) plane. (b} (110) plane. (¢) (111) plane.

number of lattice constantsisequivalent and is referred to as the (100) plane. One ad-
vantageto taking the reciprocal of the intercepts io obtain the Miller indicesis that the
useof infinity isavoided when describing aplanethat is parallel to an axis. If we were
todescribea plane passing through the origin of our system, we would obtain infin-
ity as one or more of the Miller indices after taking the reciprocal of the intercepts.
However, thelocation of the origin of our system isentirely arbitrary and so, by trans-
lating the origin to another equivalent lattice point. we can avoid the use of infinity in
the set of Miller indices.

For the simple cubic structure, the body-centered cubic. and the face-centered
cubic, thereisahigh degree of symmetry. The axescan be rotated by 90" in each of the
three dimensionsand each lattice point can again bedescribed by Equation (1.1) as

Each face plane of the cubic structure shown in Figure 1.7a is entirely equivalent.
These planes are grouped together and are referred to as the {100} set of planes.

We may also consider the planes shown in Figures 1.7b and 1.7¢. Theintercepts
of the planeshown in Figure l.7barep = 1,q = |, and s = oo. The Miller indices
are found by taking the reciprocal of these intercepts and, as a result, this plane is
referredto asthe (110} plane. In asimilar way, the plane shown in Figure 1.7c isre-
ferredtoasthe{111) plane.

One characteristic of a crystal that can be determined is the distance between
nearest equivalent parallel planes. Another characteristic is the surface concentration
of atoms, number per square centimeter (#/cm?), that are cut by a particular plane.
Again, asingle-crystal semiconductor is not infinitely large and must terminate at
some surface. The surface density of atoms may be important, for example, in deter-
mining how another material, such asan insulator, will *fit" on the surface of a semi-
conductor material.
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EXAMPLE 1.3

Objective

To calculate the surface density of atoms on a particular planein acrystal.

Consider the body-centered cubic structure and the (110) plane shown in Figure 1.8a.
Assume the atoms can be represented as hard spheres with the closest atoms touching each
other. Assume the |attice constant isa; = 5 A. Figure 1.8b shows how the atoms are cut by the
(110) plane.

The atom at each corner isshared by four similar equivalent lattice planes. soeach corner
atom effectively contributes one-fourth of its area 1o this latticc plane as indicated in the fig-
ure. The four corner atoms then effectively contribute one atom to this lattice plane. The atom
in the center is completely enclosed in the lattice plane. There is no other equivalent plane that
cuts the center atom and the comer atoms, so theentire center atom is included in the number
of atoms in the crystal plane. The lattice plane in Figure 1.8b. then. contains two atoms.

Figure 18 [ (a) The (110) plane in a body-centered cubic and (b) the atoms cut by the
(110) plane in a body-centered cubic.

W Solution
We find the surface density by dividing the number of lattice atoms by the surface area, or in
this case

2atoms 2
(@)@ v2) (5 x 10-8)2(V/2)

Surface density =

which is

B Comment
The surface density oi atomsisafunction of the panicular crystal planein the lattice and gen-
erally varier from onecrystal plane to another
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TEST YOUR UNDERSTANDING

E13 Determine the distance between nearest (110) planesin asimplecubic latticewith a
|atticecongtant of 4y = 4.83A. (Y g#'€ 'suv)

El4 Thelatice constant of a face-centered-cubicsiructureis4.75 A. Calculate the surface
density of atomsfor (a) a(100) plane and (&) a(110) plane.
[-wo 01 % £T°9(q) *;_wd 07 X 98'8 (¥) suy])

Inaddition to describing crystal planes in alattice, we may want todescribea par-
ticulardirectionin thecrystal. Thedirection can beexpressed asaset of threc integers
which are the components of a vector in that direction. For cxample, the body diago-
nd in asimplecubic lattice iscomposed of vector components 1. 1, |. The body diag-
ond isthendescribed asthe[1 11]direction. The brackets are used to designate direc-
tion as distinct from the parentheses used for the crystal planes. The three basic
directionsand the associated crystal planesfor the simple cubic structure are shown in
Figure 1.9. Notethat in the simple cubic lattices, the [/ik{] direction isperpendicular to
the (ikf) plane. This perpendicularity may not be true in noncubic lattices.

134 TheDiamond Structure

As dready stated, silicon is the most common semiconductor material. Silicon is re-
ferred to as a group IV element and has a diamond crystal structure. Germanium is
aso agroup TV element and has the same diamond structure. A unit cell of the dia-
mond structure, shown in Figure 1.10, is more complicated than the simple cubic
structuresthat we have considered up to this point.

We may begin to understand the diamond lattice by considering the tetrahedral
structureshownin Figure |.11. Thisstructure is basically a body-centered cubic with

Figure19 | Threelatticedirectionsand planes: (&) (100) plane and [100] directiun, (b) (110} planeand [110] direction,
(9 Oy planeand {111} direction.
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Figure1.11| The tetrahedral
structureof closest neighbors
Figure1.10 The diamond structure. in the diamond tattice.

Figure1.12 | Portions of the dizmond lattice: (a) bottom haf and (b) top half

four of the comer atoms missing. Every atom in the tetrahedral structure has four
nearest neighbors and it i s this structure which is the basic building block of the dia-
mond |attice.

There are several waysto visualizethe diamond structure. One way to gain afur-
ther understanding of the diamond lattice isby considering Figure |.12. Figure |.12a
shows two body-centercd cubic, or tetrahedral, structures diagonally adjacent to each
other. The shaded circles represent atoms in the lattice that are generated when the
structure is translated to the right or left, one lattice constant, a. Figure 1.12b repre-
sents the top half of the diamond structure. The top half again consists of two tetra-
hedral structures joined diagonally, but which are at 90" with respect to the bottom-
half diagonal. An important characteristic of the diamond lattice is that any atom
within the diamond structure will have four nearest neighboring atoms. We will note
this characteristic again in our discussion of atomic bonding in the next section.
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Figure 1.14 | The tetrahedral
structureof closest neighborsin
Figure 113 | The zincblende (sphalerite) |attice of GaAs. the zincblende lattice

Thediamond structurerefersto the particular lattice in which all atomsareof the
same species, such as silicon or germanium. The rincblende (sphalerite) structure
differsfrom the diamond structure only in that there are two different types of atoms
in the lattice. Compound semiconductors, such as gallium arsenide, have the zinc-
blende structure shown in Figure 1.13. The important feature of both the diamond
and the zincblende structures is that the atoms are joined together to form a tetrahe-
dron. Figure 1.14 shows the basic tetrahedral structure of GaAs in which each Ga
aom hasfour nearest As neighbors and each As atom hasfour nearest Ga neighbors.
Thisfigurealso begins to show the interpenetration of two sublattices that can be used
to generate the diamond or zinchblende lattice.

TEST YOUR UNDERSTANDING

F15 Thelatticeconstant of silicon is5.434. Calculate the volumedensity of silicon
aoms (_wd 01 X S"suy)

141ATOMIC BONDING

We have been considering various single-crystal structures. The question arises asto
why one particular crystal structureis favored over another for a particular assembly
o atoms. Afundamental law of nature is that the total energy of a system in thermal
equilibrium tends to reach a minimum value. The interaction that occurs between
atomstoform asolid and to reach the minimum total energy depends on the type of
atom or atoms involved. The type of bond, or interaction, between atoms, then, de-
pends on the particular atom or atoms in the crystal. If there is not a strong bond be-
tween atoms, they will not " stick together' to create a solid.
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The interaction between atoms can be described by quantum mechanics. Al-
though an introduction to quantum mechanics is presented in the next chapter, the
quantum-mechanical description of the atomic bonding interaction is still beyond the
scopeof thistext. We can nevertheless obtain aqualitative understanding of how var-
iousatomsinteract by considering the valence, or outermost, electrons of an atom.

The atoms at the two extremes of the periodic table (excepting the inert ele-
ments) tend to lose or gain valence electrons, thus forming ions. These ions then es-
sentially have complete outer energy shells. The elements in group 1 of the periodic
table tend to lose their one electron and become positively charged. while the ele-
ments in group V11 tend to gain an electron and become negatively charged. These
oppositely charged ions then experience a coulomb attraction and form a bond re-
ferred to as an ionic Bond. If the ions were to get too close, a repulsive force would
become dominant, so an equilibrium distance results between these two ions. In a
crystal, negatively charged ionstend to be surrounded by positively charged ionsand
positively charged ions tend to he surrounded by negatively charged ions, so a peri-
odic array of the atoms isformed to create the lattice. A classic example of ionic
bonding is sodium chloride.

Theinteraction of atoms tends to form closed valence shells such as we see in
ionic bonding. Another atomic bond that tends to achieve closed-valence energy
shells is covalent bonding, an example of which isfound in the hydrogen molecule.
A hydrogen atom has one electron and needs one more electron to complete the low-
est energy shell. A schematic of two noninteracting hydrogen atoms, and the hydro-
gen molecule with the covalent bonding, are shown in Figure 1.15. Covalent bond-
ing results in electrons being shared between atoms, so that in effect the valence
energy shell of each atom isfull.

Atoms in group IV of the periodic table, such as silicon and germanium, also
tend to form covalent bonds. Each of these elements has four valence electrons and
needs four more electrons to complete the valence energy shell. If asilicon atom, for
example, hasfour nearest neighbors, with each neighbor atom contributing one va-
lence electron to be shared. then the center atom will in effect have eight electrons in
its outer shell. Figure 1.16a schematically shows live noninteracting silicon atoms
with thefour valence electrons around each atom. A two-dimensional representation

Figure 1.15 | Representation Of @ ®)

(a) hydrogen valenceéelectrons
and (b) covalent bondingin a Figure 1.16 | Representation of (a) silicon valence
hydrogen molecule, electronsand (b) covaent bonding in the silicon crystal.
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of the covalent bonding in silicon is shown in Figure 1.16b. The center atom has
eight shared vaence electrons.

A significant difference between the covalent bonding of hydrogen and of sili-
oon is that, when the hydrogen molecule is formed, it has no additional electrons to
form additional covalent bonds, while the outer silicon atoms always have valence
electrons available for additional covalent bonding. The silicon array may then be
formed into an infinite crystal, with each silicon atom having four nearest neighbors
and eight shared electrons. The four nearest neighbors in silicon forming the covalent
bond correspond to the tetrahedral structure and the diamond lattice, which were
shown in Figures 1.11 and 1.10, respectively. Atomic bonding and crystal structure
areobvioudy directly related.

The third mgjor atomic bonding scheme is referred to as merallic bonding.
Group | elements have one valence cleclron. If two sodium atoms (Z = 11), for ex-
ample. are brought into close proximity, the valence electrons interact in a way sim-
ilar to that in covalent bonding. When a third sodium atom is brought into close prox-
imity with the first two, the valence electrons can also interact and continue to form
abond. Solid sodium has a body-centered cubic structure, so each atom has eight
nearest neighbors with each atom sharing many valence electrons. We may think of
the positive metallic ions as being surrounded by a sea of negative electrons, the solid
being held together by the electrostatic forces. This description gives a qualitative
picture of the metallic bond.

A fourth type of atomic bond. called the Van der Waals bond, is the weakest of
the chemica bonds. A hydrogen fluoride (HF) molecule, for example, is formed by
anionic bond. The effective center of the positive charge of the moleculeis not the
same as the effective center of the negative charge. This nensymmetry in the charge
distributionresultsin asmall electric dipole that can interact with the dipolesof other
HF molecules. With these weak interactions, solids formed by the Van der Waals
bondshavearelatively low melting temperature— infact, most of these materials are
in gaseous form at room temperature.

*1.5| IMPERFECTIONSAND IMPURITIES
INSOLIDS

Up to this point, we have been considering an ideal single-crystal structure. In area
crystal,thelatticeis not perfect, hut contains imperfections or defects; that is, the per-
fect geometricperiodicity is disrupted in some manner. Impertections tend to alter the
electrical properties of a material and, in some cases, electrical parameters can be
dominated by these defects or impurities.

151 Imperfectionsin Solids

One type of imperfection that al crystals have in common is atomic thermal vibra-
tion. Aperfect single crystal contains atoms at particular lattice sites, the atoms sep-
arated from each other by adistance we have assumed to be constant. The atoms ina

*|ndicates sections that can be Skipped without loss of continuity.
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Vacancy - g~ .

Interstitial

Figure 1.17 i Two-dimensiona representation of a single-crystal lattice showing (a8) a vacancy defect
and (b) an interstitial defect.

crystal, however, have a certain thermal energy, which is afunction of temperature.
The thermal energy causes the atoms to vibrate in a random manner about an eaui-
librium lattice point. Thisrandom thermal motion causes the distance between atoms
torandomly fluctuate, slightly disrupting the perfect geometric arrangement of atoms.
Thisimperfection, called lattice vibrations, affectssomeelectrical parameters, aswe
will seelater in our discussion of semiconductor material characteristics.

Another type of defect iscalled a point defect. There are several of thistype that
we need to consider. Again, in an ideal single-crystal lattice, the atoms are arranged
in a perfect periodic arrangement. However, in areal crystal, an atom may be missing
froma particular lattice site. Thisdefect isreferred to asavacancy; it isschematically
shown in Figure 1.17a. In another situation, an atom may be located between lattice
sites. This defect is referred to as an inrerstirial and is schematically shown in Fig-
ure 1.17b. In the case of vacancy and interstitial defects, not only is the perfect geo-
metric arrangement of atoms broken, but also the ideal chemical bonding between
atomsis disrupted, which tends to change the electrical properties of the material. A
vacancy and interstitial may be in close enough proximity lo exhibit an interaction
between the two point defects. This vacancy-interstitial defect, also known as a
Frenkel defect, producesdifferent effects than the simple vacancy or interstitial.

The point defects involve single atoms or single-atom locations. In forming
single-crystal materials, more complex defects may occur. A line defect. for example,
occurs when an entire row of atoms is missing from its normal lattice site. This de-
fect isreferred to as a line disiocation and is shown in Figure 1.18. As with a point
defect, aline dislocation disrupts both the normal geometric periodicity of the lattice
and theideal atomic bonds in the crystal. Thisdislocation can also alter the electrical
properties of the material, usualy in a more unpredictable manner than the simple
point defects.

Other complex dislocations can also occur in it crystal lattice. However. thisin-
troductory discussion isintended only to present afew of the basic types of defect,
and to show that areal crystal is not necessarily a perfect lattice structure. The effect
of theseimperfectionson the electrical properties of a semiconductor will be consid-
ered in later chapters.
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Figurel18 | A two-
dimensiona representation
of alinedislocation.

Figure 1.19 | Two-dimensiona representation of a single-crystdl lattice showing (8) asubgtitutional impurity
ad (b) an intersitital impurity.

152 Impuritiesin Solids

Foreign atoms, or impurity atoms, may be present in acrystal lattice. Impurity atoms
mey be located at normal lattice sites, in which case they arecalled substitutional im-
purities. Impurity atoms may also be located between normal sites, in which case
they arecalled interstitial impurities. Both these impurities are lattice defectsand are
schematically shown in Figure 1.19. Some impurities, such as oxygenin silicon, tend
to heessentialy inert; however, other impurities, such as gold or phosphorus in sili-
con, can drastically ater the electrical properties of the material.

In Chapter 4 we will see that, by adding controlled amounts of particular impu-
rity atoms, the electrical characteristics of asemiconductor material can be favorably
atered. Thetechnique of adding impurity atoms to a semiconductor material in order
to changeitsconductivity is called doping. There are two general methodsof doping:
impurity diffusion and ion implantation.

Theactud diffusion process depends to some extent on the material but, in gen-
erd, impurity diffusion occurs when a semiconductor crystal is placed in a high-
temperature (= 1000°C) gaseous atmosphere containing the desired impurity atom.
At thishigh temperature, many of the crystal atoms can randomly move in and out of
their single-crystal lattice sites. Vacancies may be created by this random motion so
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that impurity atoms can move through the | attice by hopping from one vacancy to an-
other. Impurity diffusion is the process by which impurity particles move from are-
gion of high concentration near the surface, to a region of lower concentration within
thecrystal. When thetemperature decreases, theimpurity atoms become permanently
frozen into the substitutional lattice sites. Diffusion of variousimpurities into selected
regions of a semiconductor allows us to fabricate complex electronic circuitsin a
single semiconductor crystal.

lon implantation generally takes place a alower temperature than diffusion. A
beam of impurity ions is accelerated to kinetic energies in the range of 50 keV or
greater and then directed to the surface of the semiconductor. The high-energy impu-
rity ions enter the crystal and come to rest at some average depth from the surface.
One advantage of ion implantation is that controlled numbers of impurity atoms can
be introduced into specific regions of the crystal. A disadvantage of thistechniqueis
that the incident impurity atoms collide with the crystal atoms. causing lattice-
displacement damage. However, most of the lattice damage can he removed by ther-
mal annealing, in which the temperature of thecrystal israised for a short time. Ther-
ma annealing is arequired step after implantation.

*1.6 | GROWTH OF SEMICONDUCTOR
MATERIALS

The success in fabricating very large scale integrated (VL SI) circuits isaresult, to a
large extent, of the development of and improvement in the formation or growth of
pure single-crystal semiconductor materials. Semiconductors are some of the purest
materials. Silicon, for example, has concentrations of most impurities of less than
1 part in 10 billion. The high purity requirement means that extreme care is necessary
inthe growth and the treatment of the material at each step of thefabrication process.
The mechanics and kinetics of crystal growth are extremely complex and will be de-
scribed in only very general terms in this text. However, a general knowledge of the
growth techniques and terminology is valuable.

1.6.1 GrowthfromaMeéelt

A common technique for growing single-crystal materials is called the Czochralski
method. In this technique, a small piece of single-crystal material, known as a seed,
is brought into contact with the surface of the same material in liquid phase, and then
slowly pulled from the melt. Asthe seed is slowly pulled, solidificationoccurs along
the plane between the solid-liquid interface. Usually thecrystal isal sorotated slowly
asit isbeing pulled, to provide a slight stirring action to the melt, resulting in a more
uniform temperature. Controlled amounts of specific impurity atoms, such as boron
or phosphorus, may be added to the melt so that the grown semiconductor crystal is
intentionally doped with the impurity atom. Figure 1.20 shows a schematic of the
Czochralski growth processand a silicon ingot or boule grown by this process.

*Indicatessections that can be skipped without loss of continuity
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Figure1.20 | (a) Model of acrystal puller and (b) photograph of asilicon wafer with an
may of integrated circuits. The circuits are tested on the wafer then sawed apan into chips
that are mounted into packages. (Photo courtesy of Intel Corporation.)
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Some impurities may be present in the ingot that are undesirable. Zone refining
is acommon technique for purifying material. A high-temperature coil. or r-f induc-
tion coil, is slowly passed along the length of the boule. The temperature induced by
the coil is high enough so that athin layer of liquid isformed. At the solid-liquid in-
terface, there is a distrihution of impurities between the two phases. The parameter
that describes this distrihution is called the segregation coefficient: the ratio of the
concentration of impurities in the solid to the concentration in the liquid. 1f the seg-
regation coefficient is 0.1, for example, the concentration of impurities in the liquid
is afactor of 10 greater than that in the solid. As the liquid zone moves through the
material. the impurities are driven along with the liquid. After several passes of the
1-f coil, most impurities are at the end of the bar, which can then be cut off. The mov-
ing molten zone, or the zone-refining technique, can result in considerable purification.

After the semiconductor is grown, the boule is mechanically trimmed to the
proper diameter and a Ret is ground over the entire length of the boule to denote the
crystal orientation. The Rat is perpendicular tothe|110] direction or indicates the(110)
plane. (See Figure 1.20b.) Thisthen allowstheindividual chips to befabricated along
given crystal planessothat the chips can he sawed apan moreeasily. The bouleisthen
sliced into wafers. The wafer must he thick enough to mechanically support itself. A
mechanical two-sided lapping operation produces a Rat wafer of uniform thickness.
Sincethelapping procedure can |eave a surface damaged andcontaminated by the me-
chanical operation, the surface must be removed by chemical etching. Thefinal stepis
polishing. This provides asmooth surface on which devicesmay be fabricated or fur-
ther growth processesmay be carried out. Thisfinal semiconductor wafer iscalled the
substrate material.

1.6.2 Epitaxial Growth

A common and versatile growth technique that is used extensively in device and in-
tegrated circuit fabrication isepitaxial growth. Epitaxial growth isaprocess whereby
athin, single-crystal layer of material isgrown on the surface of asingle-crystal sub-
strate. In the epitaxial process, the single-crystal substrate acts as the seed, although
the process takes place far below the melting temperature. When an epitaxial layer is
grown on asubstrate of the same material, the process is termed homoepitaxy. Grow-
ing silicon on a silicon substrate is one example of a homoepitaxy process. At pre-
sent, a great deal of work is being done with heteroepitaxy. In a heteroepitaxy
process, although the substrate and epitaxial materials are not the same, the two crys-
tal structures should be very similar if single-crystal growth is to he obtained and if
a large number of defects are to be avoided at the epitaxial-substrate interface.
Growing epitaxial layers of the ternary alloy AlGaAs on a GaAs substrate is one ex-
ample of a heteroepitaxy process.

One epitaxial growth technique that has been used extensively is called chemi-
cal vapor-phase deposition (CVD).Silicon epitaxial layers, for example, are grown
on silicon substrates by the controlled deposition of silicon atoms onto the surface
from achemical vapor containing silicon. In one method, silicon tetrachloride reacts
with hydrogen at the surface of aheated substrate. The silicon atoms are released in
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the reaction and can he deposited onto the substrate, while the other chemical reac-
tant, HCI, isin gaseous form and is swept out of the reactor. A sharp demarcation be-
tween the impurity doping in the suhstrate and in the epitaxial layer can be achieved
using the CV D process. This technique allows great flexibility in the fabrication of
semiconductor devices.

Liquid-phase epitaxy isanother epitaxial growth technique. A compound of the
semiconductor with another element may have a melting temperature lower than that
of the semiconductor itself. The semiconductor substrate is held in the liquid com-
pound and, since the temperature of the melt is lower than the melting temperature of
the substrate, the substrate does not melt. Asthe solution is slowly cooled, a single-
crystal semiconductor layer grows on the seed crystal. This technique, which occurs
at alower temperature than the Czochralski method, is useful in growing group I11-V
compound semiconductors.

A versatile technique for growing epitaxial layersisthe molecular beam epiraxy
(MBE) process. Asubstrate isheld in vacuum at a temperature normally in the range
of 400 to 800°C, a relatively low temperature compared with many semiconductor-
processing steps. Semiconductor and dopant atomsare then evaporated onto the sur-
face of the substrate. In thistechnique, the doping can he precisely controlled result-
ing in very complex doping profiles. Complex ternary compounds, such as AlGaAs,
can be grown on substrates, such as GaAs, where abrupt changes in the crystal com-
position are desired. Many layers of various types of epitaxial compositions can be
grown on a substrate in this manner. These structures are extremely beneficial in op-
tical devicessuch as laser diodes.

17 |SUMMARY

m A few of the most common semiconductor (materialswere listed. Silicon is the most
common semiconductor material.

B The propertiesof semiconductors and other materials are determined to alarge extent
by the single-crystal lattice structure. The unit cell isasmall volume of the crystal that
is used to reproduce the entire crystal. Three basic unit cells are the simple cuhic. hody-
centered cubic. and face-centered cubic.

B Silicon hasthe diamond crystal structure. Atomsare formed in a tetrahedral contigura-
tion With four nearest neighbor atoms. The binary semiconductors have a zincbtende
|attice, that is basically the came as the diamond lattice.

B Millerindicesare used to describe planer in acrystal lattice. These planes may be used
to describe the surface of a semicnnductor material. The Miller indices are also used to
describedirectionsin acrystal.

Imperfectionsdo exist in semiconductor materials. A few of these imperfections are
vacancies, substitutiunal impuritics, and interstitial impurities. Small amounts of con-
trolled subgtitutional impurities can favorably alter semiconductor properties as we will
e in later chapters.

Abrief description of semiconductor growth methods was given. Bulk growth produces
the starting semiconductor material or suhctrate. Epitaxial growth can be used to control
the surface properties of a semiconductor Most semiconductor devices are fabricated

in theepitaxial layer.
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GLOSSARY OF IMPORTANT TERMS

binary semiconductor A iwo-element compound semiconductor, such as gallium arsenide
(GaAs}).

covalent bonding The bonding between atomsin which valence electrons are shared.

diamond lattice The atomic crystal structure of silicon, for example, in which each atom
has four nearest neighhors in a tetrahedral configuration.

doping The process of adding specific types of atoms to a semiconductor to favorably alter
the electrical characteristics.

elemental semiconductor A semiconductor composed of a single species of atom, such as
silicon or germanium.

epitaxial layer A thin, single-crystal layer of material formed on the surface of a substrate.

ion implantation One particular process of doping a semiconductor.

lattice The periodic arrangement of atoms in acrystal.

Miller indices Theset of integers used to describe acrystal plane.

primitivecell The smallest unit cell that can be repcated to form alattice.

substrate A semiconductor wafer or other material used as the starling material for further
semiconductor processing. such as epitaxial growth or diffusion.

ternary semiconductor A three-element compound semiconductor. such as aluminum gal-
lium arsenide (AlGaAs).

unit cell A small volume of a crystal that can be used to reproduce the entirecrystal.

zincblende lattice A lattice structure identical to the diamond lattice except that there arc
two types of atoms instead of one.

CHECKPOINT

After studying this chapter, the reader should hare the ability to:
Determine the volume density of atoms for various lattice structures.
Determine the Miller indices of a crystal-lattice plane.

B Sketch alattice plane riven the Miller indices.

Determine the surface density of atoms on agiven crystai-latiice plane.
Understand and describe variousdefects in a single-crystal lattice.

REVIEW QUESTIONS

1 List two elemental semiconductor materials and two compound semiconductor
materials.

2. Sketch three lattice structures: (a} simple cubic, (») body-centered cubic, and
(¢) face-centered cubic.

3. Describe the procedure for finding the volume density of atomsin acrystal.
Describe the procedure for obtaining the Miller indices that describe a plane in a crystal.

5. What is meant by asubstitutional impurity in a crystal? What is meant by an interstitial
impurity'?

e
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PROBLEMS

Section 1.3 Space L attices

110

Determinethe number of atoms per unit cell in a (a} face-centered cubic,

(b) body-centered cubic, and (¢) diamond lattice.

(a) Thelattice constant of GaAs is5.65 A. Determine the number of Ga atoms

and Asatoms per cm®. (h)Determine the volume density of sermanium atoms in a
germanium semiconductor. The lattice constant of germaniur is 5.65 A.

Assume that each atom is ahard sphere with the surface of each atom in contact with
the surface of its nearest neighbor. Determine the percentage of total unit cell volume
that isoccupied in (a)asimple cubic lattice, (b) aface-centered cubic lattice,

(c) abody-centered cubic lattice, and (d) adiamond lattice.

A material, with avolume of | cm', is composed of an fec lattice with alattice
constant of 2.5mm. The ""atoms™ in this material are actually coffee beans. Assume
the coffee beans are hard spheres with each bean touching its nearest neighbor.
Determinethe volume of coffee after the coffee beans have been ground. (Assume
100 percent packing density of the ground coffee.)

If the lattice constant of silicon is5.41 A, calculate (a) the distance from the center of
one silicon atom to the center of its nearest neighbor, (h) the number density of silicon
aoms (#per em’), and (¢} the mass density (grams per cmy™} of silicon.

Acrystal iscomposed of two elements, A and B. The basic crystal structure is abody-
centered cubic with ¢lements A at each of the corners and element B in the center. The
effective radius of element A is 1.02 A. Assume the elements arc hard spheres with the
surfaceof each A-type atom in contact with the surface of its nearest A-type neighhor.
Calculate (a) the maximum radius of the B-type atom that will fit into this structure,
and (b) the volume density (#/cm*} of both the A-type atoms and the B-type atoms.
Thecrystal structureof sodium chloride (NaCl) is asimple cubic with the Naand Ct
atomsadternating positions. Each Na atom is then surrounded by six C1 atoms and
likewiseeach Cl atom is surrounded by six Na atoms. (a) Sketch the atomsin a (100)
plane. (b) Assume the atoms arc hard spheres with nearest neighbors touching. The
effectiveradiusof Nais | 0 A and the effective radius of Cl is 1.8 A. Determine the
lattice constant. (c) Calculate the volume density of Naand C1 atoms. (d) Calculate
the mass density of NaCl.

(a) A materia iscomposed of two types of atoms. Atom A has an effective radius of

2.2 A and atom B hasan effective radiusof 1.8A. Thelatticeisabee with atoms A at
the comers and atom B in the center. Determine the lattice constant and the volume den-
sities of A atoms and B atoms. (b) Repeat part (a) with atoms B at the comners and atom
Ainthecenter (c)What comparison can be made of the materials in pans (e} and (£)?
Consider the materials described in Problem 1.8 in pans (a) and (b). For each case,
calculate the surface density of A atoms and B atoms in the (110) plane. What corn
parison can be made of the two materials?

(a)Thecrystal structure of a particular material consists of asingle atom in the center
of acube. Thelattice constant isa, and the diameter of the atom is a. Determine the
volume density of atoms and the surface density of atoms in the (110) plane.

(b) Compare the results of part (@) to the results for the case of the simple cubic struc-
tureshown in Figure 1.5a with the samelattice constant.
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(a)

Figure 1.21 | Figure for Problem 1.12.

111

112

113

115

116

Consider athree-dimensional cubic lattice with alattice constant equal 100. (a)
Sketch thefollowing planes: (i) (1003, (i) (110}, (iii) {310), and (iv) (230). {¥) Sketch
the following directions: (i) [100], (ii) [110]. (i) [310], and (iv) 1230].

For a simple cubic lattice, determine the Miller indices for the planes shown in
Figure 1.21.

The lattice constant of a simple cubic cell is 5.63 A. Calculate the distance between
the nearest parallel () (100}, (») (110), and () (111) planes.

The lauice constant of asingle crystal is 4.50 A. Calculate the surface densi ty of
atoms (# per cm?) on the following planes: (i} {100y, (i) (110), (&) (111) for each of
the following lattice structures: («) simple cubic, (h) body-centered cubic, and

(c) face-centered cubic.

Determine the surface density of atomsfor silicon on the (a) (100) plane, (#) (110)
plane, and (¢) (}11} plane.

Consider aface-centered cubic lattice. Assume the atoms are hard spheres with the
surfaces of the nearest neighbors touching. Assume the radius of the atom is 2.25 A.
{(«) Calculate the volume density of atoms in the crystal. () Calculate the distance
between nearest (110) planes. (c) Calculate the surfacedensity of atoms on the
(110y plane.

Section 1.4 Atomic Bonding

117
118

Calculate the density of valence electrons in silicon

The structure of GaAsis the zincblende lattice. The lattice constant is5.65 A.
Calculate the density of valence electrons in GaAs.
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119

120

121

(a) If 2 X 10'® boron atoms per cm' are added to silicon as a substitutional impurity,
determine what percentage of the silicon atoms are displaced in the single crystal
lattice. (b} Repest pall () for 10! boron atoms per cm”.

() Phosphorus atoms, at a concentration of 5 x 10'® em™3, are added to a pure
sampled silicon. Assume the phosphorus atoms are distributed homogeneously
throughout the silicon. What is the fraction by weight of phosphorus?{#) If boron
atoms, at aconcentration of 10'® em™*, are added to the material in part

(8), determinethefraction by weight of boron.

12 x 10" gold atoms per cm® are added to silicon as a substitutional impurity and
aredistributed uniformly throughout the semiconductor, determine the distance
between gold atoms in terms of the silicon lattice constant. (Assumethe gold atoms
aredistributedin a rectangular or cubic array.)
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CHAP

| ntroduction to Quantum

PREVIEW

istics of semiconductor devices. Ideally, we would like to begin discussing

these devices immediately. However, in order to understand the current—
voltage characteristics, we need some knowledge of the electron behavior in acrys-
tal when the electron is subjected to various potential functions.

The motion of large objects, such as planets and satellites, can be predicted to a
high degree of accuracy using classical theoretical physics based on Newton's laws
of motion. But certain experimental results, involving electrons and high-frequency
electromagnetic waves, appear to he inconsistent with classical physics. However,
these experimental results can be predicted by the principles of quantum mechanics.
The quantum mechanical wave theory is the basis for the theory of semiconductor
physics.

We are ultimately interested in semiconductor materials whose electrical prop-
erties arc directly related to the behavior of electrons in the crystal lattice. The be-
havior and characteristics of these electrons can be described by the formulation of
guantum mechanics called wave mechanics. The essential elementsof this wave me-
chanics, using Schrodinger's wave equation, are presented in this chapter.

Thegoal of thischapter isto provide a brief introduction to quantum mechanics
so that readers gain an understanding of and become comfortable with the analysis
techniques. Thisintroductory material formsthebasis of semiconductor physics..

T he goal of thistext isto help readers understand the operation and character-
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211 PRINCIPLES OF QUANTUM MECHANICS

Beforewedelveinto the mathematicsof quantum mechanics. thereare three principles
we ned to consider: the principle of energy quanta, the wave—particle duality princi-
ple, and the uncertainty principle.

211 Energy Quanta

One experiment that demonstrates an inconsistency between experimental results
and the classical theory of light is called the photoelectric effect. If monochromatic
lightisincident on a clean surface of a material, then under certain conditions, elec-
trons (photoelectrons) are emitted from the surface. According to classical physics.
if the intensity of thelight is large enough, the work function of the material will be
overcome and an electron will be emitted from the surface independent of the inci-
dent frequency. Thisresult is not observed. The observed effect is that, at a constant
incident intensity, the maximum kinetic energy of the photoelectron varies linearly
with frequency with a limiting frequency v = vy, below which no photoelectron is
produced. Thisresult isshown in Figure 2.1. If the incident intensity variesat acon-
stant frequency, the rate of photoelectron emission changes, but the maximum ki-
netic energy remains the same.

Planck postulated in 1900 that thermal radiation is emitted from a heated sur-
face in discrete packets of energy called quanta. The energy of these quanta is
givenby E = hv, where visthefrequency of the radiation and # is a constant now
known as Planck’s constant (# = 6.625 X J-s). Then in 1905. Einstein inter-
preted the photoel ectric results by suggesting that the energy in alight waveisalso
contained in discrete packets or bundles. The particle-like packet of energy is
called aphoton, whose energy is also given by E = hv. A photon with sufficient
energy, then, can knock an electron from the surface of the material. The minimum
energy required to remove an electron is called the work function of the material

Incident Photodectron
monochromatic kinetic

light energy = T )

1 £

: 0 5
Meteried & . ’Vn Frequency, ¥
/
(a) ()

Figure 21| (a) The photoelectriceffect and (b} the maximunykinetic energy of
the photodlectronas a function of incident frequency.
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and any excess photon energy goes into the kinetic energy of the photoelectron.
Thisresult was confirmed experimentally asdemonstrated in Figure 2.1. The pho-
toelectric effect shows the discrete nature of the photon and demonstrates the
particle-like behavior of the photon.

The maximum kinetic energy of the photoelectron can be written as

where Av is the incident photon energy and 4vg is the minimum energy, or work
function, required to remove an electron from the surface.

EXAMPLE 2.1

Objective

To calculatethe photon energy correspondingto a particular wavelength.
Consider an x-ray with awavelength of » = 0.708 x 10~% cm.

W Solution
Theenergy is

This valueof energy may be given in the more common unit of electron-volt (seeAppendix F).
e have

B Comment
The reciprocal relation between photon energy and wavelength is demonstrated: A large m-
ergy correspondsto ashort wavelength.

2.1.2 Wave-Particle Duality

We have seen in the last section that light waves, in the photoelectric effect, behave
asif they are particles. The particle-like behavior of electromagnetic waves was also
instrumental in the explanation of the Compton effect. In this experiment. an x-ray
beam was incident on asolid. A portion of the x-ray beam was deflected and the fre-
quency of the deflected wave had shifted compared to the incident wave. The ob-
served change in frequency and the deflected angle corresponded exactly to the ex-
pected results of a"billiard ball" collision between an x-ray quanta, or photon, and
an electron in which both energy and momentum are conserved.

In 1924. de Broglie postulated the existence of matter waves. He suggested that
since waves exhibit particle-like behavior, then panicles should he expected to
show wave-like properties. The hypothesis of de Broglie was the existence of a
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wave—particle duality principle. The momentum of a photon is given by

whereA isthe wavelength of the light wave. Then, de Broglie hypothesized that the
wavelength of a particle can be expressed as

wherepisthe momentum of the particle and A isknown asthe de Broglie wavelength
o the matter wave.

The wave nature of electrons has been tested in several ways. In one experiment
by Davisson and Germer in 1927, electrons from a heated filament were accelerated
a norma incidenceonto a single crystal of nickel. A detector measured the scattered
eectrons as a function of angle. Figure 2.2 shows the experimental setup and
Figure 2.3 shows the results. The existence of a peak in the density of scattered elec-
trons can be explained as a constructive interference of waves scattered by the peri-
odic atoms in the planes of the nickel crystal. The angular distribution is very similar
to an interference pattern produced by light diffracted from a grating.

In order to gain some appreciation of the frequenciesand wavelengths involved
in the wave-particle duality principle. Figure 2.4 shows the electromagnetic
frequency spectrum. We see that a wavelength of 72.7 A obtained in the next exam-
pleisin the ultraviolet range. Typicaly, we will be considering wavelengthsin the

Azinwthal l !

Electron beam ‘
- - I A

Scattered
electrons

Incident electron beam

Sample

Figure 2.31 Scattered dectron flux asa
Figure2.2 i Experimentd arrangement of the Davisson- function of scattering angle for the

Germer experiment. Davisson—Germer experiment.
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Figure 24 | The electromagnetic frequency spectrum

ultraviolet and visible range. These wavelengths are very short compared to the usual
radio spectrum range.

EXAMPLE22 | Objective
To calculate the de Broglie wavelength of a panicle.
Concidcr an electron traveling at a velocity of 107 em/sec = 10° my/s.

M Solution
The momentum is given by

Then, the de Broglie wavelength is

m Comment

This calculation shows the order of magnitude of the de Broglie wavelength for a*'typical"
electron.

In some cases electromagnetic waves behave as if they are particles (photons)
and sometimes particles behave as if they are waves. This wave-particle duality
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2.1 Principles of Quantum Mechanics

principleof quantum mechanics applies primarily to small particles such aselectrons,
but it hes also been shown to apply to protons and neutrons. For very large particles,
we can show that the relevant equations reduce to those of classical mechanics. The
wave-particle duality principle is the basis on which we will use wave theory to de-
scribe the motion and behavior of electrons in acrystal.

TEST YOUR UNDERSTANDING

E2.1 Deeminetheenergy of a photon having wavelengthsof (a)A = 10.000A and (b)
A= 10A.[A% 01 XFT1I0| 4 OF X 66T (@) ARFTTIOL 5 01 % 661 (7) Suy]

E22 (a)Fnd the momentum and energy of a particlewith massof 5 x 107" kgand a
de Broglie wavelength of 180 A. (5) An electron has a kinetic energy of 20 meV.
Determine the de Broglie wavelength. [ 2798 =¥ Spu-3y . I X p9L =d (q)
AR 0D X 9p'RI0 | - 01 X §E71 = 3 '5/w-BY o 01 x §9°¢ = d (v) suy|

2.1.3 TheUncertainty Principle

The Heisenberg uncertainty principle, given in 1927, also applies primarily to very
small particles, and states that we cannot describe with absolute accuracy the hchav-
ior of these subatomic particles. The uncertainty principle describes a fundamental
relationship between conjugate variables, including position and momentum and al so
energy and time.

The firststatement of the uncertainty principle isthat it is impossibte to simulta-
neoudly describe with absolute accuracy the position and momentum of a particle. If
theuncertainty in the momentum is Ap and the uncertainty in the postion is Ax, then
the uncenainty principle is stated as'

where # is defined as 7 = h/2x = 1.054 x 107** J-s and is called a modified
Planck’s constant. This statement may be generalized to include angular position and
angular momentum.

The second statement of the uncertainty principle is that it is impossible to si-
multaneously describe with absolute accuracy the energy of a particle and the instant
of time the particlehas thisenergy. Again. if the uncertainty in the energy isgiven by
AE and the uncertainty in the time is given by Ar, then the uncertainty principle is
stated as

One way to visualize the uncenainty principle is to consider the simultaneous
measurement of position and momentum, and the simultaneous measurement of en-
ergy and time. Theuncertainty principleimplies that these simultaneous measurements

'In some texts, theuncenainty principle is Sat€d as Ap Ax = /2. We are intereded here in the order of
magnitude and will not be concerned with small differences.
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are in error to a certain extent. However, the modified Planck’s constant /i is very
small; the uncertainty principle is only significant for subatomic particles. We must
keep in mind neverthelessthat the uncertainty principleisafundamental statementand
does not deal only with measurements.

One consequence of the uncertainty principle is that we cannot. for example. de-
termine the exact position of an electron. We will, instead, detcrmine the probabitiry
of finding an electron at a particular position. In later chapters, we will develop a
probability density function that will allow us to determine the probability that an
electron hasa particular energy. So in describing electron behavior, we will hedeal-
ing with probability functions.

TEST YOUR UNDERSTANDING

E2.3 The uncertainty in position of an ectron is 12 A. Determine the minimum
uncertainty in momentum and also the correspondinguncertainly in kinetic energy.
(A2 SYZO0 = TV S/W-3Y ,._0f X 648 = dV 'suy)

E2.4 An éectron's energy is measured with en uncertainty of 1.2 ev. What is the minimum
uncertainty in time over which the energy is measured 25 o;_01 X ' = 1V 'suy)

221 SCHRODINGER'S WAVE EQUATION

The various experimental results involving electromagnetic waves and particles.
which could not beexplained by classical laws of physics, showed that arevised for-
mulation of mechanics was required. Schrodinger, in 1926. provided a formulation
called wave mechanics, which incorporated the principles of quanta introduced by
Planck, and thewave—-particleduality principle introduced by de Broglie. Based on the
wave-particle duality principle. we will describethe motion of electrons in a crystal
by wave theory. Thiswave theory isdescribed by Schrodinger's wave equation.

2.2.1 TheWaveEquation

The one-dimensional, nonrelativistic Schrodinger's wave equation is given by

where W (x, 1} is the wave function, V(x} is the potentia function assumed to hein-
dependent of time, m isthe massof the particle, and j istheimaginary constant /—1.
There are theoretical argumentsthat justify the form of Schrodinger's wave equation.
hut the equation is a basic postulate of quantum mechanics. The wave function
W(x t) will be used to describe the behavior of the system and, mathematically,
W(x, t) can be acomplex quantity.

We may determine the time-dependent portion of the wave function and the
position-dependent, or time-independent, portion of the wave function by using the
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2.2 Schrodinger's Wave Equation

techniquedf separation of variables. Assumethat the wave function can he writtenin
theform

whereyr{x) isafunction of the position x only and ¢ (¢} isafunction of time r only.
Substituting thisform of the solution into Schrodinger's wave equation, we obtain

If wedivide by the total wave function. Equation (2.8) becomes

Sincetheleft side of Equation (2.9)isafunction of position x only and the right side
o the equation isafunction of timer only, each side of this equation must he equal
to aconstant. We will denote this separation of variables constant by 7.

The time-dependent portion of Equation (2.9) is then written as

where again the parameter » is called a separation constant. The solution of Equa-
tion (2.10) can be written in the form

Theformof thissolution is theclassical exponential form of a sinusoidal wave where
n/h is the radian frequency w. We have that £ = Av or E = hw/27x. Then
w = n/k = E/h so that the separation constant isequal to the total energy E of the
particle.

The time-independent portion of Schrodinger's wave equation can now he writ-
ten from Equation (2.9) as

where the separation constant is the total energy E of the particle. Equaiion (2.12)
may he written as

whereagain m isthe mass of the particle, V(x) isthe potential experienced by the par-
ticle, and E is the total energy of the particle. This time-independent Schrodinger's
wave equation can also be justitied on the basis of the classical wave equation as
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shown in Appendix E. The pseudo-derivation in the appendix is a simple approach
but shows the plausibility of the time-independent Schrodinger's equation.

2.2.2 Physical Meaning of the Wave Function

We are ultimately trying to use the wave function ¥ (x, r) to describe the behavior of
anelectronin acrystal. Thefunction W{x, r) isawavefunction. soit isreasonable to
ask what the relation is between the function and the electron. The total wave func-
tion is the product of the position-dependent, or time-independent, function and the
time-dependent function. We have from Equation (2.7) that

Since the total wave function ¥{x, #} isa complex function. it cannot by itself repre-
sent area physical quantity.

Max Born postulated in 1926 that thefunction j¥(x, #}|° dx isthe probability of
finding the particle between x and x + dx at agiven time, or that |W(x, 1) isa prob-
ability density function. We have that

where ¥*(x, ¢} is the complex conjugate function. Therefore
W*(y, F) = yr(x) - g7/ EIBT

Then the product of the total wave function and its complex conjugate is given by

Therefore, we have that
W x DF = (O () = [y ()] @17)

isthe probability density function and is independent of time. One major difference
between classical and quantum mechanics is that in classical mechanics, the posi-
tion of a particle or body can bedetermined precisely, whereas in quantum mechan-
ics, the position of aparticlrisfoundintermsof aprobability. We will determine the
probability density function for several examples, and, since this property is inde-
pendent of time. we will, in general, only be concerned with the time-independent
wave function.

2.2.3 Boundary Conditions

Since the function |W(x, 1)) represents the probability density function, then for a
single particle. we must have that
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The probability of finding the particle somewhere is certain. Equation (2.18) allows
ws to normalize the wave function and is one boundary condition that is used to de-
termine some wave function coefficients.

The remaining boundary conditionsimposed on the wave function and its deriva-
tive are postulates. However. we may state the boundary conditions and present argu-
mentsthat justify why they must be imposed. The wavefunction and itsfirstderivative
must havethefollowing propertiesif the total energy Eand the potential V (x) arefinite
everywhere.

Condition1. 17(x) must befinite, single-valued, and continuous.
Condition2. 9 (x)/8x must be finite, single-valued, and continuous.

Since|yr{x)|? isaprobability density, then v (x) must befinite and single-val ued.
If the probability density were to become infinite at some point in space, then the
probability of finding the particle at this position would be certain and the uncer-
tainty principle would be violated. If the total energy E and the potential Vi(x) are
finite everywhere, then from Equation (2.13), the second derivative must be finite,
which implies that the first derivative must be continuous. The first derivative is
related to the particle momentum, which must be finite and single-valued. Finaly, a
finitefirst derivative implies that the function itself must he continuous. In some of
the specificexamples that we will consider, the potential function will become infi-
nitein particular regions of space. For these cases. the first derivative will not nec-
essarily be continuous, but the remaining boundary conditions will still hold.

2.3 APPLICATIONS OF SCHRODINGER'S WAVE
EQUATION

We will now apply Schrodinger's wave equation in several examples using various
potentid functions. These examples will demonstrate the techniques used in the so-
lution of Schrodinger's differential equation and the results of these examples will
providean indication of the electron behavior under these various potentials. We will
utilize the resulting concepts later in the discussion of semiconductor properties.

231 Electronin Free Space

As afirstexampleof applying the Schrodinger's wave equation, consider the motion
of an dectron in free space. If there is no force acting on the particle, then the poten-
tial function V(x) will be constant and we must have E > V(x). Assume, for sim-
plicity, that the potential function ¥ (x) = (O for al x. Then, the time-independent
wave equation can he written from Equation (2.13) as

The solution to this differential equation can be written in the form
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Recall that the time-dependent portion of the solution is
Y(r) = e i E/M (2.21)

Then the total solution for the wave function is given by
Et) (2.22)

Thiswave function solution is a traveling wave, which means that a particle moving
infree spaceisrepresented by atraveling wave. Thefirst term, with the coefficient A.
isawave traveling in the +x direction, while the second term, with the coefficient B.
isawavetraveling in the x  direction. The value of these coefficients will he deter-
mined from boundary conditions. We will again see the traveling-wave solution for
an electron in acrystal or semiconductor material.

Assume, for a moment, that we have a particle traveling in the +x direction.
which will be described by the +x traveling wave. The coefficient B = 0. We can
write the traveling-wave solution in theform

where k isawave number and is

The parameter A is the wavelength and, comparing Equation (2.23) with Equa
tion (2.22), the wavelength is given by

From de Broglie's wave—particle duality principle, the wavelength is also given by

A free particle with a well-defined energy will also have a well-defined wavelength
and momentum.

The probability density functionis W {x, t)¥*(x, ) = AA*, which is aconstanr
independent of position. A free particle with awell-defined momentum can be found
anywhere with equal probahility. Thisresult isin agreement with the Heisenberg un-
certainty principle in that a precise momentum implies an undefined position.

A localized free particle is defined by a wave packet, formed by a superposition
of wave functions with different momentum or k values. We will not consider the
wave packet here.

2.3.2 ThelnfinitePotential Wel

The problem of aparticle in theinfinite potential well isaclassic example of a bound
particle. The potential V{x) as a function of position for this problem is shown in
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Figure 2.5 | Potentia function of the infinite
potentid well.

Figure 2.5. The particle is assumed to exist in region II so the particle is contained
within afiniteregion of space. The time-independent Schrodinger's waveequation is
again given by Equation (2.13) as

whereE is the total energy of the particle. If Eis finite, the wave function must be
zero, or yr(x}) = 0, in both regions | and iII. A particle cannot penetrate these in-
finite potential barriers, so the probability of finding the particlein regions | and
11§ is zero.

The time-independent Schrodinger's wave equation in region IT, where V = 0.
becomes

A particularform of solution to thisequation is given by
Y(x)=Ajcos Kx + AzsinKx (2.28)

where

One boundary condition is that the wave function s{x} must be continuous so
that
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Applying the houndary condition at x = 0, wemust havethat A, = . Atx = a, we
have

Yix=a)=0= A,sinKa (2.31)

This equation is valid if Ka = nx. where the parameter # is a positive integer, or
n=1,2,3,.... Theparameter nis referred to as a quantum number. We can write

Negative values of n simply introduce a negative sign in the wave function and yield
redundant solutions for the probability density function. Wc cannot physicaly dis-
tinguish any difference between 4+r and —n solutions. Because of this redundancy,
negative values of n are not considered.

The coefficient A, can befound from the normalization boundary condition that
was given by Equation (2.18) as [, ¥ (x)¥*(x) dx = |. If weassume that the wave
function solution v (x) isareal function, then i {x) = ¥ *(x). Substituting the wave
function into Equation (2.18), we have

Evaluating thisintegral gives’

Finaly. the time-independent wave solution isgiven by

Thissolution represents the electron in the intinite potential well and is a stand-
ing wave solution. The free electron was represented by a traveling wave. and now
the bound particle is represented by a standing wave.

The parameter K in the wave solution was defined by Equations (2.29) and
(2.32). Equating these two expressions for K. we obtain

A more thorough analysis shows that |A2|” == 2/a, so solutions lor the coefficient Az include +/27a,
~2]a, +jZa, —jJ/2]a, or any complex number whose magnitudeis +/27a. Since the wave
function itself has no physical meaning, the choice of which coefficient to use isimmaterial: They all
produce the same probability density function,
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The tota energy can then be written as

222 |
Wen'm wheren =1,2,3,... (2.37)

For the particlein the infinite potential well. the wavefunction is now given by

—

where the constant K must have discrete values, implying that the total energy of the
particlecan only have discrete values. This result means that the energy o the parti-
cleis quantized. That is, the energy of the particle can only have particular discrete
values. The quantization of the particle energy is contrary to results from classical
physics, which would alow the particle to have continuous energy values. The dis-
crete energies lead to quantum states that will be considered in more detail in this
and later chapters. The quantization of the energy of a bound particleis an extremely
important result.

Objective

Tocdculaethefirgt three energy levelsof an eectron in an infinite potentia well
Congder an dectron in an infinite potential well of width 5 A.

1 Solution
Fram Equdtion (2.37) we have

1 Comment
Thiscadculaionshows the order of magnitude of the energy levels of a bound electron.

EXAMPLE 2.3

Figure 2.6a shows the first four allowed energies for the particle in the infinite
potentia well, and Figures2.6b and 2.6¢ show the corresponding wave functionsand
probability functions. We may note that as the energy increases, the probability of
findingthe particleat any given value of x becomes more uniform.
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Figure2.6 1 Paniclein an infinitepotential well: (a) Four lowest discreteenergy levels.

{b) Correponding wave functions. (c) Corresponding probability functions.
(From Pierret [9].)

TEST YOUR UNDERSTANDING

E2.5 Thewidth of the infinite potential well in Example 2.3isdoubled to 10 A, Calculate
the firg threeenergy levelsin terms of electron volts for an electron.
(A2 8C°¢ AR 06T ‘A2 OLEQ 'SUV)

E26 Thelowest energy of a paticlein an infinite potential well with awidth of 100 A is
0.025eV. What is the mass of the panicle? (34 ,_01 x Lg'] SUV)

2.3.3 TheStep Potential Function

Consider now astep potential functionasshownin Figure2.7. In the previous section.
we considered a particle being confined between two potential barriers. In thisexam-
ple, we will assume that a flux of particles isincident on the potential barrier. We will
assume that the particles are traveling in the +x direction and that they originated at
x = —oc. A particularly interesting result is obtained for the case when the total
energy of the particle isless than the barrier height, or £ < V.

Weagain need to consider the time-independent wave equation in each of the two
regions. This general equation was given in Equation (2.13) as 8%y (x)/ax>+
2m/BHE — V{x))y(x) = 0. The wave equation in region |, in which V = 0, is
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Incidegisinisisles

VO F e

Region | Region II

x=0

Figure2.71 The step potentia function.

The generd solution to this equation can be written in theform
Yi(x) = A/ F B /N (x 2 0) (2.40)
where the constant K5 is

Thefirstterm in Equation (2.40) is a traveling wave in the +x direction that repre-
sents the incident wave, and the second term is a traveling wave in the —x direction
that represents a reflected wave. As in the case of a free particle, the incident and
reflected particlesare represented by traveling waves.

For the incident wave, A, - A; isthe probability density function of the incident
panicles. If we multiply this probability density function by the incident velocity,
then v; - A - A} is the flux of incident particles in units of #/cm?®-s. Likewise, the
quantity v, . By . B} isthe Hux of thereflected particles, where v, is the velocity of
the reflected wave. (The parameters v, and v, in these terms are actually the magni-
tudes of the velocity only.)

In regionI1, the potential isV = Vy. If we assumethat E < Vy, then the differ-
entid equation describing the wave functionin region 11.can be written as

Thegeneral solution may then be written in the form
Wa(x) = Ase X | Bt (x 2 0) (2.43)
where

One boundary condition is that the wave function y>(x) must remain finite,
which meansthat the coefficient B, = 0. The wave function is now given by
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The wave function at X = O must be continuous so that
¥ (0) = ¥ (0) (2.46)
Then from Equations (2.40), (2.45}, and (2.46), we obtain

Since the potential function is everywhere finite, the first derivative of the wave
function must also be continuous so that

Using Equations(2.40}, (2.45), and (2.48), we obtain
We can solve Equations (2.47) and (2.49) to determine the coefficients B, and
A, intermsof the incident wave coefficient A;. The results are

and

The reflected probability density function is given by

We can define a reflection coefficient, B, as the ratio of the reflected flux to the
incident flux, which is written as

where; and », aretheincident and reflected velocities. respectively. of the particles.
Inregion |, V =0 sothat E = T, where T is the kinetic energy of the particle. The
kinetic energy is given by

so that the constant K, from Equation (2.41), may be written as
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Theincident velocity can then be written as

Sincethe reflected particle also existsin region |, the reflected velocity (magnitude)
isgiven by

The incident and reflected velocities (magnitudes) are equal. The reflection coeffi-
cient isthen

Subdtituting the expression from Equation (2.51} into Equation (2.57), we obtain

Theresult of R = | implies that all of the particlesincident on the potential bar-
rier for E < V; are eventually reflected. Particles are not absorbed or transmitted
through the potential barrier. Thisresult is entirely consistent with classical physics
and one might ask why we should consider this problem in terms of quantum me-
chanics. The interesting result is in terms of what happens in region 11.

Thewavesolution in region 11 wasgiven by Equation (2.45) asr{x) = Ase %27,
The coefficient A> from Equation (2.47) is A» = A + B, which we derived from
the boundary conditions. For thecase of E < Vj;, the coefficient A, isnot zero. If A;
is ot zero, then the probability density function 12 (x) . ¥ (x) of the particle being
found in region 11 is not equal to zero. This result implies that there is a finire pro-
bability rhat the incident particle will penetrate the potential barrier and exist in
region IL The probability of a particle penetrating the potentiul burrier is another
difference between classical and quantiem mechanics: The quantum mechanicai pen-
etration is classically not allowed. Although there is afinite probability that the par-
ticdle may penetratethe barrier, since the reflection coefficient in region | is unity, the
paticlein region II must eventually turn around and move back into region 1.

Objective

To calaulate the penetration depth of a panicle impinging on apotential barricr.
Consider anincidentelectronthat is traveling at avelocity of | x 10° m/s inregion .

Solution
With ¥ (x) = 0, the totd energy isalso equal to the kinetic energy so thet
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Now, assume that the potential barrier at x = 0 istwice as large as the total energy of theinci-
dent particle, or that Vi, = 2E. The wave function solution in region I1 is v (x) = Aze™F2*,
where theconstant K, isgiven by K, = /2m(V, — E)/#2.

In this example, we want to determine the distance x == d at which the wave function
magnitude has decayed tc ¢~ of its valueat x = 0. Then, for this case, we have Kxd = 1 or

The distance is then given by

B Comment

This penetration distance corresponds to approximately two lattice constants of silicon. The
numbers used in thisexample are rather arbitrary. We used a distance at which the wave func-
tion decayed to e ! of itsinitial value. We could have arbitrarily used ¢=2. for example, but
the results give an indication of the magnitude of penetration depth.

The case when the total energy of a particle, which isincident on the potential
barrier, is greater than the barrier height, or E > V), isleft as an exercise at the end
of the chapter.

TEST YOUR UNDERSTANDING

E2.7 The probability of finding a panicle at adistanced in region il compared to that at
x = Qisgiven by exp (—2K,d). Consider an electron traveling in region | at a veloc-
ity of 10 /s incident on a potential barrier whose height is 3 times the kinetic
energy of the electron. Find the probability of finding the electron a adistance ¢
compared to x = 0 wheredis{a) 10 A and (b) 100 Ainto the potential barrier.
[1uaarad -0l X €67 (g) quastad 7;°g (v) "suy]

234 ThePotential Barrier

We now want to consider the potential barrier function, which isshown in Figure 2.8.
The moreinteresting problem, again, isinthecasewhen thetotal energy of an incident
particleis E < V,. Again assumethat we have aflux of incident particles originating
on the negative X axis traveling in the +x direction. As before, we need to solve
Schrodinger's time-independent wave equation in each of the three regions. The
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2.3 Applications of Schrodinger's Wave Equation

Figure 281 The potential barrier function.

solutionsof thewaveequation in regions|, I1, and ITI are given, respectively, as

Pi(x) = Aje/Kr + gye=ikix (2.5%9a)
Pa(x) = Age®? 4 Bye™* (2.59b)
Ya(x) = AzelXr + e K (2.59)
whae
ad

The coefficient B; in Equation (2.59¢) represents a negative traveling wave in
region I11. However, once a particle getsinto region III, there are no potential changes
to cause areflection; therefore, the coefficient B; must be zero. We must keep both
exponentid terms in Equation (2.59b) since the potential barrier width isfinite; that
is, neither term will become unbounded. We have four boundary relations for the
boundariesat x = 0 andx = a corresponding to the wave function and itsfirst deriv-
aive being continuous. We can solve for the four coefficients By, A, B,, and Az in
terms of A,. The wave solutionsin the three regions are shown in Figure 2.9.

One particular parameter of interest is the transmission coefficient, in this case
defined astheratio of the transmitted fluxin region ITI to the incident flux in region I.
Then the transmission coefficient T is
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| i
x=0 x=a

Figure 2.9 | The wave functionsthrough the potential barrier.

where v, and v; are the velocities of the transmitted and incident particles, respec-
tively. Since the potential V = 0 in both regions | and I11, the incident and transmit-
ted velocities are equal. The transmission coefficient may be determined by solving
the boundary condition equations. For thespecial case when £ < V), wefind that

Equation (2.62)implies that there is a firite probability thar a particle imping-
ing a potential barrier will penerrate the barrier and will appear in region III. This
phenomenon is called tunneling and it, roo, contradicts classical mechanics. We will
see later how this quantum mechanical tunneling phenomenon can be applied to
semiconductor device characteristics, such asin the tunnel diode.

EXAMPLE25 | Objective

To caculatethe probability of an electron tunneling through a potentia harrier.
Consider an éectron with an energy of 2 eV impinging an a potentia barrier with ¥, =
20eV and a width of 3 A.

| Solution
Equation (2.62) is the tunneling probability. The factor K> is

Then
T = 16(0.1)(] —0.Dexp[—2(2.17 x 10'")(3 x 107'%)]
and finaly
7=317x107%
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B Comment

The tunning probability may appear to be a amdl value, but the value is nut zero. If a
large number of particles impinge on a potentid barrier, a significant number can penetrate
the barrier.

TEST YOUR UNDERSTANDING

E28 Edimate the tunneling probability of an electron tunneling through a rectangular
barrier with abarrier height of V; = 1eV and a barrier width of 15 A. Theclectron
enagy is0.20eV. (401 X 9L°7 = [ 'SuV)

E29 Forarectangular potentid barrier with a height of v, = 2 ¢V and an electron with
an energy of 0.25 ¢V, plot the tunneling probability versus barrier width over the
range2 < a < 20 A, Usc alog scale for the tunneling probability.

E2.10 A certain Semiconductor device requires atunneling probability of T = 10" for an
dectron tunneling through arectangular barrier with a barrier height of Vi, = 0.4 ¢V.
The eectron energy is 0.04 eV. Determinethe miximum barricr width.

(yget = »suy)

Additional applications of Schrodinger's wave cquation with various one-
dimensiond potential functions are found in problems at the end of the chapter. Sev-
era of these potential functionsrepresent quantum well structures that are found in
modern semiconductor devices.

*24 |EXTENSIONSOF THE WAVE THEORY
TOATOMS

So far in this chapter. we have considered several one-dimensional potential energy
functions and solved Schrodinger's time-independent wave equation to obtain the
probability function of finding a particle at various positions. Consider now the one-
electron,or hydrogen, atom potential function. Wewill only briefly consider the math-
ematica detailsand wave function solutions, but the results are extremely interesting
and important.

241 TheOneElectronAtom

The nucleus is a heavy, positively charged proton and the electron is a light. nega-
tively charged particle that, in the classical Bohr theory, is revolving around the nu-
cleus. The potential function is dueto the coulomb attraction between the proton and
electron and is given by

where e is the magnitude of the electronic charge and ¢ is the permittivity of free
space. This potential function, although spherically symmetric, leads to a three-
dimensiona problem in spherical coordinates.

*Indicatessectionsthat can be skipped without lossof continuity.
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We may generalize the time-independent Schrodinger's wave equation to three
dimensions by writing

where V? is the Laplacian operator and must be written in spherical coordinates for
this case. The parameter g isthe rest mass of the electron.' In spherical coordinates,
Schrodinger's wave equation may be written as

J a2y ! o (sinQ-%)

- —_— a6
) S-ng 3¢2 + rIsind . BLg
5 (2.65)
T E- Ve =0
Thesolution to Equation (2.65) can be determined by the separation-of-variables
technique. We will assume that the solution to the time-independent wave equation
can be written in the form

where R. O, and ¢, arefunctionsonly of r. H, and ¢, respectively. Substituting this
form of solution into Equation (2.65), we will obtain

We may note that the second term in Equation (2.67) is a function of ¢ only,
while all the other terms are functionsof either r or &. We may then write that

wherem is a separation of variables constant? The solution to Equation (2.68) is of
theform

@ = Im9 (2.69)

Since the wave function must be single-valued. we impose the condition that m isan
integer, or

m=0,+l, £2. 43, ... (2.70)

"The mass should be the rest mass of the two-panicle system, hut since the proton mass is much greater
than the electron mass, the equivalent mass reduces to that of the electron.

*Where m means the separation-of-variables constant developed historically. That meaning will be
retained here even though there may be some confusion with the electron mass. In general, the mass
parameter will be used in conjunction with a subscript.
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Incorporating the separation-of-variables constant we can further separate the
variablesBand r and generate two additional separation-of-variables constantslandn.
Theseparation-of-variablesconstants ri. {. and m are known as guansum numbers and
aerdaed by

Each set of quantum numbers corresponds to a quantum state which the el ectron may
occupy.
Theelectron energy may be written in the form

wherer isthe principal quantum number. The negative energy indicates that the elec-
tron is bound to the nucleus and we again see that the energy of the bound electron is
quantized. If the energy were to become positive, then the electron would no longer he
abound panicleand the total energy would no longer be quantized. Since the parame-
tern in Equation (2.72) is an integer, the total energy of the electron can take on only
discrete values. The quantized energy is again a result of the particle being bound in a
finite region of space.

TEST YOUR UNDERSTANDING

E2.11 Cdculaethe lowest energy (in electron volts) of an electron in a hydrogen atom
(A29°€T— = 17 suy)

The solution of the wave equation may be designated by wheren, |, and
mare again the various quantum numbers. For the lowest energy state, n = 1.1 =0,
and m = 0, and the wave function is given by

Thisfunction is spherically symmetric, and the parameter ap isgiven by

and isequd to the Bohr radius.

Theradial probability density function, or the probability of finding the electron
a aparticular distance from the nucleus, is proportional to the product ¥ioe - ¥ 5
and d<o to the differential volume of the shell around the nucleus. The probability
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Figure2.10 | The radid probability density function for the one-electron a@om in the
(a) lowest energy state and (b) next-higher energy date.
{From Eisherg and Resnick {4].)

density functionfor the lowest energy stateis plotted in Figure 2.10a. The most prob-
able distance from the nucleus is at r = o, which is the same as the Bohr theory.
Considering this spherically symmetric probability function, we may now begin to
conceive the concept of an electron cloud, or energy shell, surrounding the nucleus
rather than a discrete particle orbiting around the nucleus.

The radial probability density function for the next higher, spherically symmet-
ric wave function, corresponding ton = 2,{ =0. and m =4, is shown in Fig-
ure 2.10b. Thisfigure shows the idea of the next-higher energy shell of the electron.
The second energy shell is at a greater radius from the nucleus than the first energy
shell. As indicated in the figure, though, there is still a small probability that the
electron will exist at the smaller radius. For thecase of n = 2 and | = I. there are
three possible states corresponding to the three allowed values of the quantum num-
berm. These wave functionsare no longer spherically symmetric.

Although we have not gone into a great deal of mathematical detail for the one-
electron atom, threeresults areimportant for the further analysis of semiconductor ma-
terials. The firgt is the solution of Schrodinger's wave equation, which again yields
electron probability functions, asit did for the simpler potentia functions. In develop-
ing the physics of semiconductor materias in later chapters, we will also be consider-
ing electron probability functions. The second result is the quantization of allowed en-
ergy levels for the hound electron. The third is the concept of quantum numbers and
quantum states, which evolved from the separation-of-variables technique. We will
consider this concept again in the next section and in later chapters when we deal with
the semiconductor materia physics.

24.2 ThePeriodicTable

The initial portion of the periodic table of elements may he determined by using the
results of the one-electron atom plus two additional concepts. The tirst concept
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2.5 SUMMARY

N Weconsidered some of the basic concepts of quantum mechanics, which can be used to
describe the behavior of electrons under various potential functions. The understanding
of electron behavior is crucial in understanding semiconductor physics.

B The wave-particle duality principle isan important element in quantum mechanics.
Particles can have wave-like behavior and waves can have particle-like behavior.

M Schrodinger's wave equation formsthe basis for describing and predicting the behavior
of electrons.

W Man Born postulated that |4 (x)]* is a probability density function.

W Aresult of applying Schrodinger's wave equation to a bound panicleis that the energy
of the bound particle is quantized.

W A result of applying Schrodinger's wave equation to an electron incident on a potential
barrier is that there is a tinite probability of snnefing.

B The basic structure of the periodic table is predicted by applying Schrodinger's wave
equation to the one-eiectron atom.

GLOSSARY OF IMPORTANT TERMS

de Bruglie wavelength  The wavelength of a particle given as the ratio of Planck’s constant
to momentum.

Heisenberg uncertainty principle The principle that states that we cannot describe with
absolute accuracy the relationship between sets of conjugate variables that describe the br-
havior of particles, such as momentum and position.

Pauli exclusion principle The principle that states that no two electrons can occupy the
same quantum state.

photon  The particle-like packet of electromagnetic energy.

quanta The particle-like packet of thermal radiation.

quantized energies The allowed discrete energy levels that bound panicles may occupy.

quantum numbers A set of numbers that describes the quantum state of a particle, such as
an electron in an atom.

quantumstate A particular state of an electron that may he described, for example, by a st
of quantum numbers.

tunneling  The quantum mechanical phenomenon by which a particle may penetrate through
a thin potential barrier.

wave-particle duality The characteristic by which electromagnetic waves sometimes ex-
hibit particle-like behavior and particles sometimes exhibit wave-like behavior.

CHECKPOINT

After studying this chapter, the reader should have the ability to:

B Discussthe principle of energy quanta, the wave-particle duality principle, and the
uncertainty principle.

B Apply Schrodinger's wave equation and boundary conditions to problems with various
potentia functions.

B Determine quantized energy levels of bound particles.
Determine the approximate tunneling probability of a particle incident on a potential
barrier.
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REVIEW QUESTIONS

I State the wave-particleduality principle and state the relationship between momentum
and wavelength.

Ho ok N

What is the physical meaning of Schrodinger's wave function?

What is meant by a probability density function?

List the boundary conditions for solutions to Schrodinger's wave equation.

What is meant by quantized energy levels?

Describethe concept of tunneling.

List the quantum numbers of the one-electron atom and discuss how they were devel oped

PROBLEMS

21

2.2

23
24

The classical wave equation for a two-wire transmission lineisgiven by
FVix,)/dx* = LC.3*V(x, 1)/9t>. One pussible solution is givenhy V(x, ) =
(sinkx) . (sinwr) where K = nr/a and w = K /+/L€. Sketch, on the same graph.
thefunction v{x, t)asafunction of xfor0 = x < ¢ andn = 1 when (i) w =0,
(it =x/2, (i) wt =x,{(iViet =37/2, and (W) wi =27,

Thefunction ¥ (x. 1) = cos(2z x /i — et} isalso asolution to the classical wave
equation. Sketch on the same graph the function ¥ (x, ¢) as a function of x for

0 < x < 3x when: (i) wt =0, (i) eot = 0.257. (i} ot = 0.57, (iv) wt = 0.757, and
WMot =nx.

Repeat Problem 2.2 for the function V(x, r) = cos 2zx /4 T wt).

Determine the phase velocities of the traveling waves described in Problems 2.2
and 2.3.

Section2.1 Principlesof Quantum Mechanics

25

26

2.7

*18

29

210

Thework function of a material refers to the minimum energy required to remove an
electron from the material. Assume that the work function of gold is 4.90 eV and that
of cesumis 1.90¢V. Calculate the maximum wavelength of light for the photoelectric
emission of electrons for gold and cesium,.

Calculatethe de Broglie wavelength, A = k/p. for: (a) An electron with kinetic en-
ergy of (i) 1.0eV, and (ii) 100 eV. (&) A proton with kinetic energy oi 1.0 ¢V. (c)A
singly ionized tungsten atom with kinetic energy of 1.0 eV. (4) A 2000-kg truck trav-
eling at 20 m/s.

Accordingtoclassical physics, the average energy of an electron in an electron gasat
thermd equilibrium is 347 /2. Determine, for T = 300 K, the average electron energy
(ineV), average electron momentum, and the de Broglie wavelength.

An electron and a photon have the same energy. At what value of energy (ineV) will
the wavelengthof the photon he 10} rimesthat of the electron?

() An electron is moving with a velocity of 2 X 10¢ cm/s. Determine the electron en-
ergy (in eV), momentum, and de Broglie wavelength (in A). () The de Brogiic wave-
length of an electron is 125 A. Determine the electron energy (in eV}, momentum,
and velocity.

It isdesired to produce x-ray radiation with awavelength of | A. (a)Through what
potentiad voltagedifference must the electron be accelerated in vacuum so that it can,
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21

212

213
214

215

upon colliding with a target. generate such a photon! (Assumethat all of the
electron's energy istransferred to the photon.) () What is the de Broglie wavelength
of the electron in part {a) just before it hits the target!

When the uncertainty principleis considered, it is not possible to locate a photon in
space more precisely than about one wavelength. Consider a photon with wavelength
A =1 um. What is the uncertainty in the photon's (¢) mementum and (») energy?
The uncertainty in position is 12 A for a particle of mass5 x 10~ kg. Determine the
minimum uncertainty in (a) the momentum of the panicle and (&) the kinetic energy
of the particle.

Repeat Problem 2.12for a particle of mass5 x 107% kg.

An automobile has a mass of 1500 kg. What isthe uncertainty in the velocity (in
miles per hour) when its center of massis located with an uncertainty no greater than

| em!

() The uncertainty in the position of an electron is no greater than | A. Determine the
minimum uncertainty in its momentum. (b) The electron's energy is measured with an
uncertainty no greater than 1 eV. Determine the minimum uncertainty in the time aver
which the measurement is made.

Section 2.2 Schrodinger's Wave Equation

2.16

217

2.18

219

Assume that ¥, (x, 1} and ¥; (x, t) are solutions of the one-di sional time-
dependent Schrodinger's wave equation. (n) Show that ¥, + sasolution. (b) Is
W, - W, asolution of the Schrodinger’s equation in general'! Why or why not?
Considerthe wave function W(x, t) = A(sin 7x)e /¥ for —1 5 x < +I.
Determine A sothatfll [¥(x, OHPdx =1

Consider the wave function W(x, t) = A(sin nstx}e/¥! for0 = x < |. Determine
A sothat ;) [Wix ) ds = |

The solution to Schrodinger's wave equation for a particular situation is given by
Wix) = ¢ ‘Y% Determine the probability of finding the particle between the
following limits: (@} 0 < x < ay/4, (Byan/4 < x < aa/2,and (c) 0 < x < ay.

Section 2.3 Applicationsof Schrodinger's Wave Equation

2.20

221

222

2.23

224

An electron in free space is described by a plane wave given by W(x, ¢) = Ae/**—=9
wherek = 15 x 10° m~! andw = 1.5 X 10" rad/s. {@) Determine the phasec
velocity of the plane wave. (b) Calculate the wavelength, momentum, and kinetic
energy (ineV) of theelectron.

An electron is traveling in the negative .x direction with a kinetic energy of 0.015 eV.
Write the equation of a plane wave that describes thic particle.

An electron ishound in a one-dimensional infinite potential well with a width of

100 A. Determine the electron energy levelsforn = 1. 2. 3,

A one-dimensional infinite potential well with awidth of 12 A contains an electron.
(@) Calculate the first two energy levels that the electron may occupy. (&) If an
electron drops from the second energy level to the first, what is the wavelength of &
photon that might be emitted"

Consider a panicle with mass of 10 mg in an infinite potential well 1.0 cm wide. (a} If
the energy of the particle is 10 mJ, calculate the value of » for that state. (5) What is
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225

226

*2.27

‘228

2.29

230

231

Incident panicles

=10 +x ———

Figure2.11 | Potential function Figure 2.12 | Potential
for Problem 2.26. function for Problem 2.30

the kinetic energy of the (n + ) state? (¢} Would quantum effects be observable for
this particle?

Calculatethe lowest energy level for aneutron in anucleus, by wreating it as if it were
in an infinite potential well of width equal to 10~** m. Compare this with the lowest
energy level for an electron in the same infinite potentia well.

Consider the particlein the infinite potential well as shown in Figure 2.11. Derive and
sketch the wave functions corresponding to the four lowest energy levels. (Do not
normalize the wave functions.)

Consider athree-dimensional infinite potential well. The potential function is given
by Vix}) =0for0 < x <a.0 < v <a.0<z<a, and V(x) = oc elsewhere. Start
with Schrodinger's wave equation, use the separation of variables technique, and
show that the energy is quantized and is given by

wheren, =1,2,3,...,0,=1.2,3,... )0, =1,2,3, ...
Considerafreselectron bound within a two-dimensional infinite potential well
definedby V= 0for < x < 25A,0 < y <50 A. and V = oo clsewhere.
Determine the expression for the allowed electron energies.

Describeany similarities and any differences to the results of the one-dimensional
infinite potential well.
Consider a proton in aone-dimensional inhnite potential well shown in Figure 2.5.
(a) Derive the expression for the allowed energy states of the proton. (b)Calculate the
energy difference(in units of eV) between the lowest possible energy and the next
higher energy state fur (i)e = 4 A, and (i) a = 0.5cm.
For the step potential function shown in Figure 2.12, assume that £ > v, and that
paiticles areincident fromthe +-x direction traveling in the —x direction. {a) Write
the wave solutionsfor each region. (#) Derive expressions for the transmission and
reflection coefficients.
Congder the penetration of astep potential function of height 2.4 eV by an electron
whoseenergy is 2.1 eV. Determine the relative probability of finding the electron at
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the distance (a) 12 A beyond the barrier, and (h)48 A beyond the barrier, compared to
the probability of finding the incident panicle at the barrier edge.

2.32 Evaluate the transmission coefficient for an electron of energy 2.2 eV impinging on a
potential barrier of height 6.0 eV and thickness 10~ ' m. Repeat the calculation for a
barrier thickness of 107* m. Assume that Equation (2.62) is valid.

2.33 (a) Estimate the tunneling probability of a particle with an effective mass of 0.067 my
(an electron in gallium arsenide), where m, isthe mass of an electron, tunneling
through a rectangular potential barrier of height ¥, = 0.8 ¢V and width 15 A. The
panicle kinetic energy is0.20 eV. (5) Repeat pan (a)if the effective mass of the
panicle is 1.08 sy (an electron in silicon).

2.34 A proton attempts to penetrate a rectangular potential barrier of height 10 MeV and
thickness 10 ' m. The panicle has atotal energy of 3 MeV. Calculate the probability
that the particle will penetrate the potentia barrier. Assume that Equation (2.62) is
valid.

*2.35 An electron with energy £ isincident on a rectangular potential barrier asshown in
Figure 2.8. The potential harrier isof width a and height ¥, > E. (a) Write the form
of the wave function in each of the three regions. (b) For this geometry, determine
what coefficient in the wave function solutions is zero. (r)Derive the expression for
the transmission coefficient for the electron (tunneling probability). (d) Sketch the
wave function for the electron in each region.

*2.36 A potential function is shown in Figure 2.13 with incident particlescoming from —oc
with atotal energy E > V. The constants k are defined as

Assume aspecia case for which kpa = 2rm, 1 = 1, 2. 3,.... Derive the expres-
sion, in terms of the conslants, &,, k». and ks, for the transmission coefficient. The
transmission coefficient is defined as the ratio of the flux of particles in region 11 to
theincident flux in region 1.

#2,37 Consider the one-dimensional potential function shown in Figure 2.14. Assume the
total energy of anelectron is E < V. (8) Write the wave solutions that apply in each

Figure2.13I Potential function for Figure2.141 Potential function for
Problem 2.36. Problem 2.37.
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region.(b} Writethe set of equations that result from applying the boundary conditions.
(c) Show explicitly why, or why not. theenergy levelsof theelectron are quantized.

Section 24 Extensionsof the Wave Theory to Atoms

238

P

240

241

Calculate the energy of the electron in the hydrogen atom (in units of ¢V) for the first
four alowed energy levels.

Show that the most probable value of the radius r for the 1s electron in a hydrogen
atom isegual to the Bohr radius a,.

Show that the wave function for 4, given by Equation (2.73) is asolution to the
differential equation given by Equation (2.64).

What property do H. Li, Na, and K have in common?
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| ntroduction to the Quantum
Theory of Solids

PREVIEW

tion to determine the behavior of electrons in the presence of various potential

functions. Wefound that oneimportant characteristic of an electron bound toan
atom or bound within afinite spaceisthat the electron can take on only discrete val-
ues of energy; that is, the energies are quantized. We also discussed the Pauli exclu-
sion principle, which stated that only one electron is allowed to occupy any given
quantum state. In this chapter, we will generalize these concepts to the electronin a
crystal lattice.

Oneof our goalsis todetermine theelectrical properties of a semiconductor ma-
terial, which we will then use to develop the current-voltage characteristics of semi-
conductor devices. Toward this end, we have two tasks in this chapter: to determine
the properties of electronsin acrystal lattice, and to determine the statistical charac-
teristicsof the very large number of electrons in acrystal.

To start, we will expand the concept of discrete allowed electron energies that
occur in asingleatom toa band of allowed electron energies in a single-crystal solid.
First we will qualitatively discuss the feasibility of the allowed energy bands in a
crystal and then we will develop a more rigorous mathematical derivation of thisthe-
ory using Schrodinger's wave equation. This energy band theory isa basic principle
of semiconductor material physics and can also be used to explain differences in
electrical characteristics between metals, insulators, and semiconductors.

Since current in asolid isdue to the net flowof charge, it isimportant to deter-
mine the response of an electron in the crystal to an applied external force, such as an
electricfield. The movement of an electron in alatticeisdifferent than that of an elec-
tron in free space. We will develop a concept allowing us to relate the quantum me-
chanical behavior of electrons in a crystal to classical Newtonian mechanics. This

I n the last chapter, we applied quantum mechanics and Schrodinger's wave equa-
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3. 1 Allowed and Forbidden Energy Bands

andysisleadsto a parameter called the electron effective mass. As part of thisdevel-
opment, we will find that we can define a new particle in a semiconductor called a
fhole. Themotion of both electrons and holesgivesriseto currentsin asemiconductor.

Because the number of electrons in a semiconductor is very large, it is impossi-
bleto follow the motion of each individual particle. We will develop the statistical
behavior of electronsin acrystal, noting that the Pauli exclusion principle is anim-
portant factor in determining the statistical law the electrons must follow. The result-
ing probability function will determine the distribution of electrons among the avail-
ableenergy states. The energy band theory and the probability function will be used
extengvely in the next chapter, when we devel op the theory of the semiconductor in
equilibrium. ®

31IALLOWEDAND FORBIDDEN ENERGY BANDS

In the last chapter, we treated the one-electron, or hydrogen, atom. That analysis
showed that the energy of the bound electron is quantized: Only discrete values of
ectron energy are allowed. Theradial probability density for the electron was also
determined. Thisfunction gives the probability of finding the electron at a particular
distance from the nucleus and shows that the electron is not localized at a given
radius. We can extrapolate these single-atom results to acrystal and qualitatively de-
rive the concepts of allowed and forbidden energy bands. We can then apply quan-
tun mechanics and Schrodinger's wave equation to the problem of an electron in a
sngle crystal. We find that the electronic energy states occur in hands of allowed
states thet are separated by forbidden energy bands.

3.1.1 Formationof Energy Bands

Figure 3.1a shows the radia probability density function for the lowest electron
energy state of the single, noninteracting hydrogen atom, and Figure 3.1b shows the
same probability curves for two atoms that are in close proximity to each other. The
wavefunctionsof thetwo atom electrons overlap, which meansthat the two electrons

Figure 311 (a) Probability dengity function of an isolated hydrogen atom. (by Overlapping probability density
functionsof two adjacent hydrogen atoms. (¢) The splittingof then = | tate.
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will interact. Thisinteraction or perturbation results in the discrete quantized energy
level splitting into two discrete energy levels, schematically shown in Figure 3.1c.
Thesplitting of the discrete state into two states i sconsistent with the Pauli exclusion
principle.

A simple analogy of the splitting of energy levels by interacting particles isthe
following. Two identical race cars and drivers arefar apart on arace track. Thereis
no interaction between the cars, so they both must provide the same power to
achieve a given speed. However, if onecar pulls up close behind the other car, there
isan interaction called draft. The second car will be pulled to an extent by the lead
car. Thelead car will therefore require more power to achieve the same speed, since
it is pulling the second car and the second car will require less power since it is
being pulled by the lead car. So there is a " splitting™ of power (energy) of the two
interacting race cars. (Keepin mind not to take analogies too literally.)

Now, if we somehow start with a regular periodic arrangement of hydrogen-
type atomsthat areinitially very far apart, and begin pushing the atomstogether, the
initial quantized energy level will split into aband of discrete energy levels. Thisef-
fect is shown schematically in Figure 3.2, where the parameter ry represents the
equilibrium interatomic distance in the crystal. At the equilibrium interatomic dis
tance, there is a band of allowed energies, but within the allowed band, the energies
are at discrete levels. The Pauli exclusion principle states that the joining of aoms
toform a system (crystal) does not alter the total number of quantum states regard-
less of size. However, since no two electrons can have the same quantum number.
the discrete energy must split into a band of energiesin order that each electron can
occupy adistinct quantum state.

We have seen previously that, at any energy level, the number of allowed quan-
tum states isrelatively small. In order to accommodate al of the electronsin acrys
ta, then, we must have many energy levels within the allowed band. Asan example,
suppose that we have a system with 10'¥ one-electron atoms and also suppose that,
at the equilibrium interatomic distance, the width of the allowed energy band is | eV.
For simplicity, we assume that each electron in the system occupies a different en-
ergy level and, if thediscreteenergy states are equidistant, then the energy levelsar
separated by 107!% eV. Thisenergy difference isextremely small, sothat for al prac-
tical purposes, we have a quasi-continuous energy distribution through the alowed

o L

fo  Interatomic distance ——

Figure 3.2 1 The splitting of an energy
state into aband of alowed energies.
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3.1 Allowed and Forbidden Energy Bands

energy band. The fact that 10~ eV is a very small difference between two energy
statescan be seen from the following example.

Objective

To cdculatethe changein kinetic energy of an electron when the velocity changes by a small
vaue

Consider an electron traveling at avelocity of 107 em/s. Assume the velocity increases by
avalue of 1 cni's. Theincreasein kinetic energy is given by

Let vs = v, T Av. Then
ot = A" = vl +2mAr T (AW)?
But Av « v;. SO we have that

8 Solution
Subdgtituting the number into this equation, we obtain

AE = (9.11 x 107 H(10°)(0.01} = 9.11 X 1
which mey be converted to units of electron voltsas

® Comment

A change in velocity of | cm/s compared with 107 em/s results in a change in energy o
5.7 x 107% eV, whichis orders of magnitude larger than the change in energy of 10~'% ¢V be-
twemn energy statesin the allowed energy hand. Thisexample serves to demonstrate that a dif-
ferencein adjacent energy statesof 10~ "% eV isindeed very small, so that the discrete energies
within an alowed band mav be treated as a quasi-continuous distribution.

EXAMPLE 3.1

Consider again a regular periodic arrangement of atoms, in which each atom
now contains more then one electron. Suppose the atom in this imaginary crystal
containselectrons up through the n = 3 energy level. If the atoms are initialy very
farapart, theelectronsin adjacent atoms will not interact and will occupy thediscrete
energy levels. If these atoms are brought closer together, the outermost electronsin
then = 3energy shell will begin tointeract initially, so that this discrete energy level
will splitinto a band of allowed energies. If the atoms continue to move closer to-
gether, theelectrons in then = 2 shell may begin tointeract and will also split intoa
band of allowed energies. Finally, if theatoms become sufficiently closetogether, the
innermostelectrons inthen = | level may interact. so that thisenergy level may also
solit into a band of allowed energies. The splitting of these discrete energy levelsis
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o Interatomic distance ——

Figure3.3! Schematic showing the splitting of three energy states
into alowed bands of energies.

4N states

6N states

— AN stz
=== \\ six allowed levels A states

2N states
at same energy

2N electrons
Two allowed levels
at same energy

n=| P

2 electrons n=3

(2)

Figure34 1 (a) Schematicof an isolated silicon atom. (b) The splitting of the 3s and 3p states of sSlicon into the
dlowed and forbidden energy bands.
(From Shockley [5].)

qualitatively shown in Figure 3.3. If the equilibrium interatomic distanceis ry. then
we have bands of allowed energies that the electrons may occupy separated by bands
of forbidden energies. This energy-band splitting and the formation of allowed ad
forbidden bands is the energy-band theory of single-crystal materials.

The actual hand splitting in a crystal is much more complicated than indicated
in Figure 3.3. A schematic representation of anisolated silicon atom is shown in Fig-
ure 3.4a. Ten of the fourteen silicon atom electrons occupy deep-lying energy levels
closetothe nucleus. Thefour remaining valenceelectrons arerelatively weakly bound
and are theelectrons involved in chemical reactions. Figure 3.4b showsthe hand split-
ting of silicon. We need only consider the n = 3level for the valence electrons, since
thefirst twoenergy shellsare completely full and aretightly bound to the nucleus. The
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3s date corresponds to n = 3 and | = 0 and contains two quantum states per atom.
Thisstate will contain two electrons at T = 0 K. The 3p state correspondston = 3
ad | = 1 and contains six quantum states per atom. This state will contain the re-
maining two electronsin the individual silicon atom.

As the interatomic distance decreases, the 3s and 3p states interact and overlap.
At the equilibrium interatomic distance, the bands have again split. hut now four
guantum states per atom are in the lower band and four quantum states per atom are in
the upper band. At absolute zero degrees, electrons are in the lowest energy state, so
thet dl statesin the lower band (the valence band) will he full and al states in the
upper bend (theconduction band) will be empty. The bandgap energy £, between the
top d the valence band and the bottom of the conduction hand is the width of thefor-
hidden energy band.

Wehavediscussed qualitatively how and why bands of allowed and forbidden en-
egesareformedin acrystal. The formation of these energy bands isdirectly related
totheelectrical characteristics of thecrystal, aswe will see later in our discussion.

*3.1.2 TheKronig-Penney Model

In the previous section, we discussed qualitatively the spitting of allowed electron
energiesas atoms are hrought together to forma crystal. The concept of allowed and
forbiddenenergy bands can bc developed more rigorously by considering quantum
mechanicsand Schrodinger's wave equation. It may be easy for the reader to " get
logt" in the following derivation, but the result forms the basis for the energy-band
theory of semiconductors.

Thepotentia function of asingle, noninteracting, one-electron atom isshownin
Figure 3.5a. Also indicated on the figure are the discrete energy levels alowed for
theelectron. Figure 3.5b shows the same type of potential function for the case when
several atoms are in close proximity arranged in a one-dimensional array. The po-
tentid functions of adjacent atoms overlap, and the net potential function for this
case is shown in Figure 3.5c. It is this potential function we would need to use in
Schrodinger's wave equation to model aone-dimensional single-crystal material.

The solution to Schrodinger's wave equation, for this one-dimensional single-
crydd lattice, is made more tractable by considering a simpler potential function.
Figure 3.6 is the one-dimensional Kronig—Penncy model of the periodic potential
function,which is used to represent a one-dimensional single-crystal lattice. We need
to solve Schrodinger's wave equation in each region. As with previous quantum me-
chanica problems, the more interesting solution occurs for the case when E < Vy,
which corresponds to a particle being bound within the crystal. The electrons are
contained in the potential wells, but we have the possibility of tunneling between
wels The Kronig—Penney model is an idealized periodic potential representing a
one-dimensiond single crystal. but the results will illustrate many of the important
featuresdf the quantum behavior of electrons in a periodic lattice.

To obtain the solution to Schrodinger's wave equation, we make use of a math-
ematica theorem by Bloch. The theorem states that all one-€electron wave functions,

*Indicates sections that can he skipped without loss of continuity
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Atom
(@)

Atom Atom Atom Atom

Atom Atom Atom Atom
()
Figure 351 (a) Potentia function of a single isolated
atom. (b) Overlapping potential functions of adjacent

atoms. (c) Net potential function of a one-dimensional
single crystal.

Figure 3.6 | The one-dimensional periodic potential
function of the Kronig~Penney model.
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for problemsinvolving periodically varying potential energy functions, must be of
theform

W) = u(x)els 3.1

The parameter k is called a constant of motion and will be considered in more de-
tal as we develop the theory. The function «#(x) is a periodic function with period
(a th).

Wegtated in Chapter 2 that the total solution to the wave equation is the product
d the time-independentsol ution and the time-dependent solution, or

which may be written as
Wix. 1) = ulx)e/ E—EHM (3.3)

This traveling-wave solution represents the motion of an electron in a single-crystal
materid. The amplitude of the traveling wave isa periodic function and the parame-
te k isalsoreferred to as a wave number.

We can now begin to determine a relation between the parameter k, the total en-
ergy E, and the potential V;. If we consider region | in Figure 3.6 (0 < x < a) in
which V(x) = 0, take the second derivative of Equation (3.1), and substitute this re-
ault into the time-independent Schrodinger's wave equation given by Equation (2.13).
weobtan therelation

du(x diny (x
d;g ! +2jk C;)i ) - K —aux) =0
Thefunction i, (x} isthe amplitude of the wave function in region | and the parame-
ter aisdefinedas

Considernow aspecificregion I, —-» < x < 0, in which V(x) == V4. and apply
Schrodinger's wave equation. We obtain the relation

wherex;(x) is theamplitude of the wave function in region I1. We may define

9 that Equation (3.6) mey be written as

Notethat from Equation (3.7). if E > V;, the parameter 8 isreal, whereasif E < Vg,
then 8 isimaginary.
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The solution to Equation (3.4}, forregion 1, is of the form
) (x) = Agi®@R + Bemiw N (o ) (3.9

and the solution to Equation (3.8), for region 11, is of the form
wafx) = Cel PR periHn o (v gy (3.10)

Since the potential function ¥ (x) iseverywhere finite, both the wave function {x)
and itsfirst derivative 34 (x}/6x must be continuous. This continuity condition im
plies that the wave amplitude function :«(x) and its first derivative du(x)/dx et
also he continuous.

If we consider the boundary at x = 0 and apply the continuity condition to the
wave amplitude, we have

#1(0) = w20y (3.11)
Substituting Equations (3.9) and (3.10) into Equation (3.11), we obtain
A+B-C—-D=0 (3.12)
Now applying the condition that
we obtain
(@—K)A=(@+bB-(B-CTB+HD=0 (3.14)

We have considered region | as0 < x < a and region Il as —b < x < (. The
periodicity and the continuity condition mean that the function «;, asa-— «, is
equa to thefunctionu,, asx -~ —b. Thiscondition may be written as

uy(a) = u>(—b) (3.1%)

Applying the solutions for «;(x) and uz({x) to the boundary condition in Equa
tion (3.15) yields

Aplta—ka + Be—/lutha Ce— /BRI _ ppitf+ke — ) (3.16)

The last boundary condition is

which gives
(@ — k) Ae/ ™R _ (g 4 kyBe /@t _ (B — Qe 1B
+ (BT kyDelFHP — g (3.18)

We now have four homogeneous eguations, Equations (3.12), (3.14), (3.16). and
(3.18), with four unknowns as a result of applying the four boundary conditions. Ina
set of simultaneous, linear, homogeneous equations, there is a nontrivial solution if,
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and only if, thedeterminant of the coefficientsis zero. In our case, the coefficientsin
guestion are the coefficients of the parameters A, B, C, and D.

The evauation of this determinant is extremely laborious and will not he con-
sdered in detail. Theresult is

Equation {3.19) relates the parameter k tothetotal energy E (through the parameter a)
and the potentia function V;, (throughthe parameter 3).

As we mentioned, the more interesting solutions occur for £ < V;, which ap-
plieslo theelectron bound within the crystal. From Equation (3.7), the parameter 8
isthen an imaginary quantity. We may define

B=Jv (3.20)
wherey isareal quantity. Equation (3.19) can he written in terms of 1 as

Equation (3.21) does not lend itself to an analytical solution, but must be solved
usng numerical or graphical techniques to obtain the relation between k, E. and V..
The solution of Schrodinger's wave equation for a single bound particle resulted in
discrete allowed energies. The solution of Equation (3.21) will result in a band of
dlowed energies.

To obtain an equation that is more susceptible to a graphical solution and thus
will illustrate the nature of the results, let the potential barrier width b — 0 and the
barrier height ¥y — oo, but such that the product &V, remainsfinite. Equation (3.21)
then reducesto

+ cosaa = coska

We may definea parameter P as

Then, finally,we have the relation

P,Sinao
aa

+ cosaa = cosku (3.29)

Equation (3.24) again givesthe relation bemween the paramerer k, total energy E
(through the parameter a), and the potential barrier 5V,. We may note that Equa-
tion (3.24)is not a selution of Schrodinger'’s wave equation but gives the conditions
for which Schrodinger's wave equation will have asolution. If we assume the crystal
isinfinitelylarge, then k in Equation (3.24) can assume a continuum of values and
mugt bereal.
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3.1.3 Thek-Space Diagram

To begin to understand the nature of the solution, initially consider the special
for which ¥, = 0. In this case P = 0. which corresponds to a free particle s
there are no potential barriers. From Equation (3.24). we have that

cosaa = coska

a=k

Since the potential isegual to zero, the total energy E isequal to the kinetic energy,]
so that, from Equation (3.5), Equation (3.26) may be written as

h

where p is the particle momentum. The constant of the motion parameter k is related
to the particle momentum for the free electron. The parameter K is also referred to as
awave number.

We can also relate the energy and momentum as

Figure 3.7 shows the parabolic relation of Equation (3.28) between the energy E ad
momentum p for the free particle. Since the momentum and wave number are lin- |
early related, Figure 3.7 isalso the E versus k curve for the free panicle.

We now want to consider the relation between E and k from Equation (3.24) for
the particle in the single-crystal lattice. As the parameter P' increases, the particle
becomes moretightly bound to the potential well or atom. We may define theleft sde
of Equation (3.24) to be afunction f («a), so that

,Sinaag

flaa)=P + coswa (3.29)

Figure 37 | The parabolic E versusk
curve for the free eectron.
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Figure 381 A plot of (a) thefirgt term in Equation (3.29), (b) the second term in Equation
{3.29), and (c) theentire f(wa) function. The shaded areas show the allowed values of
{a) corregponding to red vauesof k.

Foure3.8a isaplot of thefirst term of Equation (3.29) versus ea. Figure 3.8b shows
aplot of the cos e term and Figure 3.8¢ is the sum of the two terms, or f(wa).
Now from Equation (3.24). we also have that

f{aa) = coska (3.30)

For Equation (3.30) to be valid, the allowed values of the f (¢za) function must be
bounded between +|  and — 1. Figure 3.8¢ shows the allowed values of f (xa) and
thedlowed valuesof wa in the shaded areas. Also shown on the figure are the values
d kafromtheright side of Equation (3.30) which correspond to the allowed values
of f {(aa).

The parameter a is related to the wtal energy E of the particle through Equa-
tion (3.5), which ise> = 2m E /H”. A plot of the energy E of the particle asafunction
d the wave number k can be generated from Figure 3.8¢c. Figure 3.9 shows this plot
and shows the concept of allowed energy bands for the particle propagating in the
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Figure391 The £ versus k diagram generated from
Figure 3.8. The alowed energy bands and forbidden
energy bandgaps are indicated.

crystal lattice. Since the energy E has discontinuities, we aso have the concept of
forbidden energiesfor the particlesin the crystal.

EXAMPLE 32

Objective

To determine the lowest allowed energy bandwidth.
Assume that the coefficient 7' = 10 and that the potential widtha = 5A

8 Solution
To find the lowest allowed energy handwidth. we need to find the difference in «¢a valuesas
ka changesfrom 0 to « (see Figure 3.8c). For ka = {1, Equation (3.29) becomes

Snaa

1=10 + cosaa

oxa

By trial and error, we findwa = 2.628 rad. We see that for ke = m.wa = .
For «a = =, we have

For ¢a = 2.628. we find that £, = 1.68 x 107'° J = 1.053 eV. The alowed energy band-
width is thrn

AE = E» — E, = 1.50 - 1.053 = ().447 eV
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aComment
W g from Fgure 3 8¢ that. astheenergy increases, the widthsof the allowed bandsincrease
fram this Krenig-Penney modd.

TEST YOUR UNDERSTANDING

E3.1 Using the parametersgiven in Example 3.2, determine the width (in eV) of the
forbidden energy band thet existsat ka = = (seeFigure 3.8¢). (A2 6L°7 = FV suy)

Consider again the right side of Equation (3.24), which is the function cos ka.
Thecosinefunction is periodic so that

coska = cos (ka + 2n7) = cos(ka — 2nm) (3.31)

wheren isa positiveinteger. We may consider Figure 3.9 and displace portions of the
curve by 27. Mathematically, Equation (3.24) is still satisfied. Figure 3.10 shows
how various segments of the curve can be displaced by the 2z factor. Figure 3.11
shows the case in which the entire E versus k plot is contained within —x/fa <
k < m/a. This plot is referred to as a reduced k-space diagram, or a reduced-zero
representation.

We noted in Equation (3.27) that for afree electron, the particle momentum and
the wave number k are related by p = Ak. Given the similarity between the free

Figure3101 The £ versus k diagram showing 2
diplacementsof severd sections of alowed energy Figure 3111 The £ versusk diagram
bands. in the reduced-zone representation.
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electron solution and the results of the single crystal shown in Figure 3.9, the para:
meter fik in asinglecrysta isreferred to as the crystal momentum. This parameter is
not the actual momentum of the electron in the crystal, but is a constant of the mo-
tion that includes the crystal interaction.

We have been considering the Kronig—Penney model, which is a one-
dimensional periodic potential function used to model a single-crystal lattice. The
principle result of this analysis, sofa,: isthat electrons in the crysral occupy certain
allowed energy bands and are excluded from the forbidden energy bands. For red
three-dimensional single-crystal materials, a similar energy-band theory exists. We
will obtain additional electron properties from the Kronig—Penney model in the next
sections.

3.2 ELECTRICAL CONDUCTION IN SOLIDS

Again, we are eventually interested in determining the current—voltage characteris-
tics of semiconductor devices. We will need to consider electrical conduction in
solids as it relates to the band theory we have just developed. Let us begin by con-
sidering the motion of electrons in the various allowed energy hands.

321 TheEnergy Band and the Bond Model

In Chapter 1, wediscussed the covalent bonding of silicon. Figure 3.12 shows atwo-
dimensional representation of the covalent bonding in asingle-crystal silicon lattice.
Thisfigurerepresentssilicon at T = 0 Kin which each silicon atom is surrounded by
eight valence electrons that arein their lowest energy state and are directly involved
in the covalent bonding. Figure 3.4b represented the splitting of the discrete silicon
energy states into bands of allowed energies as the silicon crystal is formed. At
T =0 K, the 4N states in the lower band, the valence band, are tilled with the va
lence electrons. All of the valence electrons schematically shown in Figure 3.12 are
in the valence band. The upper energy band, the conduction band, is completely
empty at T = OK.

Figure3.12 | Two-dimensiona
representation of the covaent bonding
inasemiconductorat T = 0 K.
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Asthe temperature increasesabove £ K, afew valence band electrons may gain
enough thermal energy to break the covalent bond and jump into the conduction
band. Figure 3.13a shows a two-dimensional representation of this bond-breaking
effect and Figure 3.13b, a simple line representation of the energy-band model,
showsthe same effect.

The semiconductor is neutrally charged. This means that, as the negatively
charged electron breaks away from its covalent bonding position, a positively
charged ""empty state” is created in the original covalent bonding position in the va-
lence band. As the temperature further increases, more covalent bonds are broken,
more electrons jump to the conduction hand, and more positive "empty states" are
cregted in the valence band.

We can also relate this hond breaking to the E versus k energy bands.
Figure 3.14a shows the E versus k diagram of the conduction and valence bands at

Conduction P
band -
1 \
Valence +
band

Figure3.131 (a) Two-dimensond representationof the breaking of acovalent bond.
(b) Carresponding linerepresentation of the energy band and the generation of a
negetive and positive charge with the bresking of acovalent bond.

Figure314 | The £ versus £ diagram of the conduction and vaence bands of a
smiconductor & () T = 0K ad(b) T > 0 K.
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T = 0 K. The energy states in the valence band are completely full and the statesin
the conduction band are empty. Figure 3.14b shows these same bands for T > 0K,
in which some electrons have gained enough energy to jump to the conduction bend
and haveleft empty states in the valence hand. We are assuming at this point that ro
external forces are applied so the electron and "empty state distributions are sym-
metrical with k. .

322 Drift Current
Current isdue to the net flow of charge. If we had a collection of positively charged

ions with a volume density N (cni™*) and an average drift velocity v, {cm/s), then the
drift current density would be

J=gNv;  Alem? (332

If, instead of considering the average drift velocity, we considered theindividual ion
velocities, then we could write the drift current density as

where v; isthevelocity of theith ion. Thesummation in Equation (3 33) istaken over |
a unit volume so that the current density Jisstill in units of A/cm?.

Since electrons are charged particles, a net drift of electrons in the conduction
band will give rise to a current. The electron distribution in the conduction band, as
shown in Figure 3.14b. isan even function of k when no external forceisapplied. Re
cal that k for afree electron is related to momentum so that, since there are as many
electrons with a +]k| value as there are with a —|&| value, the net drift current den-
sity due to these electrons is zero. This result is certainly expected since there is o
externally applied force.

If aforceisapplied to a particle and the particle moves, it must gain energy. ’I‘hisi
effectis expressed as

dE = Fdx = Fudt (3.39)

where F isthe applied force, dx isthedifferential distancethe particle moves, v isthe

velocity, and 4 E isthe increase in energy. If an external force is applied to the elec-

trons in the conduction band, there are empty energy states into which the electrons

can move: therefore, because of the external force, electrons can gain energy and anet

momentum. The electron distribution in the conduction band may look like that

shown in Figure 3.15, which implies that the el ectrons have gained a net momentum.
We may write the drift current density due to the motion of electrons as

where ¢ is the magnitude of the electronic charge and n is the number of electrons
per unit volume in the conduction hand. Again, the summation is taken over a unit
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Figure 315 | The asymmetric distribution
of electrons in the E versus k diagram
when an external forceis applied.

volume so the current density is A/em?. We may note from Equation (3.35) that the
current isdirectly related to the electron velocity; that is, the current isrelated 1o how
wdl the electron can move in the crystal.

323 Electron EffectiveMass

The movement of an electron in alattice will, in general, be different from that of an
eectron in free space. In addition to an externally applied force, there are internal
forcesin the crystal due to positively charged ions or protons and negatively charged
dectrons, which will influencethe motion of electrons in the | attice. We can write

where Fio, Fexto and Fip are the total force, the externally applied force, and thein-
ternd forces, respectively, acting on a particle in a crystal. The parameter a is the
accelerationand m isthe rest mass of the particle.
Sinceit is difficult to takeinto account al of theinternal forces, we will write the
eguation
Foq =m'a (1.37)

wheretheacceleration a is now directly related to the external force. The parameter
m*. caledtheeffective mass, takesinto account the panicle mass and also takes into
account the effect of the internal forces.

To usean analogy for the effective mass concept, consider the difference in mo-
tion between aglass marble in a container filled with water and in a container filled
with ail. In general, the marble will drop through the water at afaster rate than through
the ail. The external force in this example is the gravitational force and the internal
forcesare related to the viscosity of the liquids. Because of the differencein motion
d the marblein these two cases, the mass of the marble would appear to be different
in water thanin ail. (Aswith any analogy, we must be careful not to betoo literal.)

W\e can also rel ate the effective mass of an electron in acrystal to the E versusk
curves, such as was shown in Figure 3.11. In a semiconductor material, we will be
deding with allowed energy bands that are aimost empty of electrons and other
energy bands that are almost full of electrons.
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To begin, consider the case of afree electron whose E versus k curve was sho
in Figure 3.7. Recalling Equation (1.28). the energy and momentum are related
E = p%2m = #%**/2m, where m is the mass of the electron. The momentum an
wave number k are related by p = Rk. If we take the derivative of Equation (3.2;1
with respect to k, we obtain

Relating momentum to velocity, Equation (3.38) can be written as

1dE _p
fidk  m
where v is the velocity of the particle. The first derivative of Ewith respect to kis
lated to the velocity of the panicle.
If we now take the second derivative of E with respect to k, we have

We may rewrite Equation (3.40) as

1

The second derivative of E with respect to k is inversely proportional to the massd
the particle. For the case of a free electron, the mass is a constant (nonrelativistic
effect), so the second derivative function is a constant. We may also note from Fg
ure 3.7 that 4° E /dk? is a positive quantity, which implies that the mass of the elec-
tron is also a positive quantily.

If we apply an electricfield to the free electron and use Newton's classical equa
tion of motion, we can write

where a is the acceleration, E 1s the applied electric field, and ¢ is the
the electronic charge. Solving for the acceleration, we have
—eE
0=—
m
The motion of thefree electron isin the opposite direction to the applied electric fielg
because of the negative charge.

We may now apply the results to the electron in the bottom of an allowed ener
band. Consider the allowed energy band in Figure 3.16a. The energy ncar the bottom,
this energy band may be approximated by a parabola, just asthat of afree particle.
may write ‘

E-E =Cik)’
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Figure 3.16 | (a) The conduction band in reduced k space, and the parabolic
gpproximation. (k) The valence band in reduced k space, and the parabolic
goproximation.

Theenergy E. istheenergy at the bottom of the band. Since E > E., the parameter
C, isapositivequantity.

Taking the second derivative of £ with respect to k from Equation (3.44), we
obtain

Wemay put Equation (3.45) in theform

| d?’E  2C,

— 3.46
H2 dk? h? (3.46)

Comparing Equation (3.46) with Equation (3.41). we may equate #2/2C) to the mass
of the particle. However, the curvature of the curve in Figure 3.16a will not, in gen-
erd, be the same as the curvature of the free-particle curve. We may write

wherem* iscalled the effective mass. Since C; > 0, we havethat m* > 0 also.

The effectivemass is a parameter that relates the quantum mechanical results to
the classical forceequations. In most instances, the electron in the bottom of the con-
duction band can be thought of as a classical particle whose motion can be modeled
ky Newtonian mechanics, provided that the internal forces and quantum mechanical
propertiesare taken into account through the effective mass. If we apply an electric
field to the electron in the bottom of the allowed energy band, we may write the
accderationas

wherem is the effective mass of the electron. The effective mass s}, of the electron
near the bottom of the conduction band is a constant.
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3.24 Concept of theHole

In considering the two-dimensional representation of the covalent bonding shown in
Figure 3.13a, a positively charged " empty state” was created when a valence electron
was elevated into the conduction band. For T = 0 K, al valence electrons may gan
thermal energy; if avalenceelectron gainsasmall amount of thermal energy, it may hop
into the empty state. The movement of a valenceelectron into theempty state isequiv-
aent to themovement of the positively charged empty stateitself. Figure 3.17 showsthe
movement of valenceelectronsin thecrystal alternately fillingoneempty state and cre-
ating a new empty state, a motion equivalent to a positive charge moving in the valence
band. Thecrystal now hasasecond equally important chargecarrier that can give riseto
acurrent. Thischarge carrier is called a hole and, aswe will see, can also be thought of
asaclassical particle whose motion can be modeled using Newtonian mechanics.

Thedrift current density due to electrons in the valence band, such as shownin
Figure 3.14b, can be written as

where the summation extends over all filled states. This summation is inconvenient
since it extends over a nearly full valence band and takes into account a very large
number of states. We may rewrite Equation (3.49) in theform

If we consider a band that istotally full, all available states are occupied by elec-
trons. The individual electrons can be thought of as moving with a velocity as given
by Equation (3.39):

Theband is symmetricink and each state is occupied so that, for every electron with
avelocity |v], thereisacorrespondingel ectron with avelocity —|v|. Since the band is
full, the distribution of electrons with respect to k cannot he changed with an
externally applied force. The net drift current density generated fromacompletely full

Figure 317 | Visudlization of the movement of a hole in a semiconductor.
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band, then, iszero, or

We can now write the drift current density from Equation (3.50) for an almost

full band as
J=+e Z v

ifemply)
wherethe v; in the summation isthe

asociated with the empty state. Equation (3.52) is entirely equivalent to placing a
postively charged particle in theempty states and assuming all other statesin the hand
ae empty, or neutrally charged. This concept is shown in Figure 3.18. Figure 3.18a
showsthe valence band with the conventional electron-filled states and empty states,
whileFigure3.18b shows the new concept of positive charges occupying the original
empty states. This concept is consistent with the discussion of the positively charged
"emply state' in the valence band as shown in Figure 3.17.

Thev; in the summation of Equation (3.52) isrelated to how well this positively
charged paniclemovesin the semiconductor. Now consider an electron near thetop of
theallowedenergy band shown in Figure 3.16b. Theenergy near thetop of theallowed
energy hand may again he approximated by a parabola so that we may write

(E - E)=—-Ca(k)* (3.53)

Theenergy E, istheenergy at the top of the energy hand. Since E < E, for electrons
in this band, then the parameter €3 must be a positive quantity.

Taking the second derivative of E with respect to k from Equation (3.53). we
obtan

We mey rearrange this equation so that

Figure 3181 (8) Vaence band with conventional electron-filledstatesand empty
dates (b) Concept of positive charges occupying the origingl cmpty states.
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Comparing Equation (3.55) with Equation (3.41), we may write

) ;
]2d E _ 2C2_ 1 (3.56),)
h2 dk? h? m*

where m* is again an effective mass. We have argued that €; is a positive quantity,

which now implies that »* isanegative quantity. An electron moving near the topo

an alowed energy hand behaves as if it has a negative mass.

We must keep in mind that the effective mass parameter is used to relate quan
tum mechanics and classical mechanics. The attempt to relate these two theorieg
leadsto this strange result of a negative effective mass. However, we must recall thet
solutions to Schrodinger's wave equation also led to results that contradicted class-
cal mechanics. The negative effective mass is another such example.

In discussing the concept of effective massin the last section, we used an andogy
of marbles moving through two liquids. Now consider placing an ice cubein the cen
ter of acontainer filled with water: theice cube will move upward toward the surface
in adirection opposite to the gravitational force. The ice cube appears to have a nega-
tive effective mass since its acceleration is opposite to the external force. The effec
tive mass parameter takesinto account all internal forces acting on the particle.

If we again consider an electron near the top of an allowed energy band and ue|
Newton's force equation for an applied electric field, we will have

However, m™ is now a negative quantity, so we may write

An electron moving near the top of an allowed energy band moves in the same di-
rection as the applied electric field.

The net motion of electrons in a nearly full hand can he described by consider-
ing just the empty states, provided that a positive electronic charge is associated with
each state and that the negative of m* from Equation (3.56) is associated with each
state. We now can model this band as having particles with a positive eectronic
charge and a positive effective mass. The density of these panicles in the vaence)
band is the same as the density of empty electronic energy states. This new paniclg
is the hole. The hole, then, has a positive effective mass denoted by m, and a posi-
tive electronic charge, so it will move in the same direction as an applied field.

3.25 Maetals, Insulators,and Semiconductors
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wme basic differences in electrical characteristics caused by variations in band
dructureby considering some simplified energy bands.

There are severa possible energy-band conditions to consider. Figure 3.19a
shows an alowed energy band that is completely empty of electrons. If an electric
fieldisapplied, thereare no particlesto move, sothere will benocurrent. Figure 3.19b
shows another allowed energy band whose energy states are completely full of elec-
uons. e argued in the previous section that a completely full energy band will also
na giverisetoacurrent. A material that hasenergy bands either completely empty or
completdy full is an insulator. The resistivity of an insulator is very large or, con-
versly, theconductivity of aninsulator isvery small. Thereareessentially no charged
paniclesthat can contribute toa drift current. Figure3.19c showsasimplified energy-
berd diagramaf aninsulator. The bandgap energy E, of an insulator is usually on the
orderof3.5te 6 eV or larger, so that at room temperature, thereareessentially noelec-
tronsin the conduction band and the valence band remainscompletely full. There are
vay few thermally generated electrons and holesin an insulator.

Figure3.20a shows an energy band with relatively few electrons near the bottom
of theband. Now, if an electric field is applied, the electrons can gain energy, moveto

Allowved _— és}xll[r’gt\ifd
e — band
band P — (almost
(empty) empty)
[ — Allowed
Allowed e — enagy
energy — band
band [e— (almost
(full) full)
. Conduction
Conduction hand
band (dmogt
{empty)
E,
Vdeaxe
band
(full)
(©) (<}
Figure3.19 Allowed energy bands Figure 3.20  Allowed energy bands
showing (@)an emply band, (b) a showing (&) an dmost empty band. (b) an
compledy full bend. and (c) the bandgap amogt full band, and (c) the bandgap
enagy beween the two alowed bands. energy between the two alowed bands.
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Full

Figure 3.211 Two possibleenergy bands of a meta showing (&) a partidly filled bend
and (b) overlgpping alowed energy bands.

higher energy states, and movethrough thecrystal. The net flow of chargeisacurrent.
Figure 3.20b shows an allowed energy band that is aimost full of electrons. which
means that we can consider the holes in this band. If an electric field is applied, the
holes can move and give riseto a current. Figure 3.20c¢ shows the simplified energy-
band diagram for this case. The bandgap energy may be on the order of | eV. This
energy-band diagram represents a semiconductor for T > 0 K. The resistivity o a
semiconductor, as we will seein the next chapter, can be controlled and varied over
many orders of magnitude.

The characteristics of a metal include avery low resistivity. The energy-band di-
agram for a metal may bein one of two forms. Figure 3.21a shows the case of a par-
tialy full band in which there are many electrons available for conduction, so that the
material can exhibit alarge electrical conductivity. Figure 3.21b shows another pos
sible energy-band diagram of a metal. The band splitting into allowed and forbidden
energy bands is acomplex phenomenon and Figure 3.21b shows a case in which the
conduction and valence bands overlap at the equilibrium interatomic distance. Asin
the case shown in Figure 3.21a, there are large numbers of electrons as well aslarge
numbers of empty energy states into which the electrons can move, so this materia
can also exhibit a very high electrical conductivity.

3.31 EXTENSION TO THREE DIMENSIONS

The basic concept of allowed and forbidden energy bands and the basic concept of
effective mass have been developed in the last sections. In this section, we will ex-
tend these concepts to three dimensions and to real crystals. We will qualitatively
consider particular characteristics of the three-dimensional crystal in terms of theE
versus k plots, bandgap energy, and effective mass. We must emphasize that we will
only briefly touch on the basic three-dimensional concepts; therefore, many details
will not be considered.

One problem encountered in extending the potential function to a three-
dimensional crystal isthat the distance between atoms varies as the direction through
thecrystal changes. Figure 3.22 shows aface-centered cubic structure with the [100]
and [110] directions indicated. Electrons traveling in different directions encounter
different potential patterns and therefore different k-space boundaries. The E versus
k diagramsarein general afunction of the k-space direction in acrystal.
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[110]
direction

Bl
J—

Figure 3.221 The (100) plane of a
face-centered cubic crysta showing
the[100] and [110] directions.

331 Thek-SpaceDiagramsof Si and GaAs

Figure 3.23 shows an E versus & diagram of gallium arsenide and of silicon. These
simplified diagrams show the basic properties considered in this text, but do not
show meny of the details more appropriate for advanced-level courses.

Note that in place of the usual positive and negative k axes, we now show two
different crystal directions. The E versus k diagram for the one-dimensional model

GaAs | Conduction | Si Conduction
band

Valence
band band

-2
{1n 0 [100] 11111 0 [100]

Figure3.23| Energy bend structuresd (a) Gaas and (b) Si
{From Sze f111.)
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was symmetricink so that no new information isobtained by displaying the negaive
axis. Itis normal practice to plot the [ 100} direction along the normal -+k axisadto
plot the [111] portion of the diagram so the +k points to the left. In the case of dia
mond or zincblende lattices, the maximain the valence band energy and minimain
the conduction band energy occur at k = 0 or along one of these two direction*.

Figure 3.23a shows the £ versus k diagram for GaAs. The valence band maxi-
mum and the conduction hand minimum both occur at k = 0. The electrons in te
conduction band tend to settle at the minimum conduction band energy whichisa
k = 0. Similarly, holes in the valence band tend to congregate at the uppermost
valence band energy. In GaAs, the minimum conduction band energy and maximum
valence band energy occur at the samek value. A semiconductor with this property is
said to be adirect bandgap semiconductor; transitions between the two allowed bends
can take place with nochangein crystal momentum. Thisdirect nature has significant
effect on the optical properties of the material. GaAs and other direct bandgap mae
rials are ideally suited for use in semiconductor lasers and other optical devices.

The £ versus k diagram for silicon is shown in Figure 3.23b. The maximumin
the valence band energy occurs at k = 0 as before. The minimum in the conduction
band energy occurs not at k = 0, hut along the [100] direction. The difference be
tween the minimum conduction band energy and the maximum valence band enegy
is still defined as the bandgap energy E,. A semiconductor whose maximum velence
band energy and minimum conduction band energy do not occur at the same k vaue
is called an indirect bandgap semiconductor. When electrons make a transition be
tween the conduction and valence bands, we must invoke the law of conservation of
momentum. A transition in an indirect bandgap material must necessarily includean
interaction with the crystal so that crystal momentum is conserved.

Germanium is also an indirect bandgap material, whose valence band maximum
occurs at k = 0 and whose conduction band minimum occurs along the [111] direc:
tion. GaAs is adirect bandgap semiconductor, but other compound semiconductors,)
such as GaP and AlAs, have indirect bandgaps.

3.3.2 Additional Effective Mass Concepts

The curvature of the E versus k diagrams near the minimum of the conduction ben
energy is related to the effective mass of the electron. We may note from Figure 3.
that the curvature of the conduction band at its minimum value for GaAs is larg
than that of silicon, so the effective mass of an electron in the conduction hand o
GaAs will be smaller than that in silicon. ‘
For the one-dimensional E versus k diagram, the eftective mass was defined by
Equation (3.41) as 1/m* = 1/ . d2E /dk*. A complication occurs in the eff
mass concept in a rea crystal. A three-dimensional crystal can be described by
k vectors. The curvature of the E versuskdiagram a the conduction band minimum
not be the same in the three k directions. We will not consider the details of the vag
effectivemass parameters here. In |later sections and chapters, the effective mass param-
eters used in calculations will be akind of statistical average that is adequate for mogt
devicecalculations.
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341DENSITY OF STATES FUNCTION

As we have stated. we eventually wish to describe the current-voltage characteris-
tics of semiconductor devices. Since current is due to the flow of charge. an im-
portant step in the process is to determine the number of electrons and holes in the
semiconductor that will he available for conduction. The number of carriers that
can contribute to the conduction process is a function of the number of available
energy or quantum states since, by the Pauli exclusion principle, only oneelectron
can occupy a given quantum state. When we discussed the splitting of energy lev-
elsinto bands of allowed and forbidden energies, we indicated that the band of al-
lowed energies was actually made up of discreteenergy levels. We must determine
the density of these allowed energy states as a function of energy in order to calcu-
late the electron and hole concentrations.

34.1 Mathematical Derivation

To determinethe density of allowed quantum states as afunction of energy, we need
to consider an appropriate mathematical model. Electrons are allowed to move rela-
tively freelyin the conduction band of a semiconductor, but are confined to the crys-
td. As a first step, we will consider a free electron confined to a three-dimensional
infinite potential well, where the potential well represents the crystal. The potential
d theinfinite potential well is defined as

O<z<a

Vir,v.z) = elsewhere

wherethe crystal is assumed to be acube with length a. Schrodinger's wave equation
in three dimensions can be solved using the separation of variables technique.
Extrapolating the results from the one-dimensional infinite potential well, we can
show (see Problem 3.21) that

wheren,, n,, and r; are positive integers. (Negative values of ., 5., and »_ yield
the same wave function, except for the sign, as the positive integer values, resulting
in the same probability function and energy, so the negative integers do not represent
adifferent quantum state.)

We can schematically plot the allowed quantum states in & space. Figure 3.244
shows a two-dimensional plot as afunction of &, and k,. Each point represents an
alowed quantum state corresponding to variousintegral valuesof s, and n,. Positive
ad negative values of &y, &,, or &, have the same energy and represent the same
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Figure324 1 (a)A two-dimensiona} array of alowed quantum stalesin
k space. (b} The positive one-eighth of the spherical & space.

energy state. Since negative values of k,, k,, or - do not represent additiona quar
tum states, the density of quantum states will be determined by considering only the
positive one-eighth of the spherical & space as shown in Figure 3.24b.

The distance between two quantum states in the &, direction, for example, is
given by

Generalizing thisresult tothree dimensions, the volume ¥;, of asinglequantum state is

We can now determine the density of quantum states in k space. A differential vd-
ume in k space is shown in Figure 3.24b and is given hy 4nk? dk, so the differential
density of quantum states in k space can he written as |

stale; the next factor, % takes into account that we are considering only the quant

statesfor positive values of k. k,, and k.. The factor 4nk2 4k is again the
tial volume and thefactor (zr/a)” isthe volume of one quantum state.
may be simplified to

The first factor, 2, takes into account the two spin states allowed for each quantua
u
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Equation (3.64)gives the density of quantum states as afunction of momentum,
through the parameter k. We can now determine the density of quantum states as a
functiond energy E. For afree electron, the parameters E and k are related by

Thedifferentia dk is

Then, substituting the expressions for k2 and dk into Equation (3.64). the number of
enagy states between Eand E + ¢ E is given by

Sncefi = h/2r, Equation (3.67) becomes

Equation (3.68) gives the total number of quantum states between the energy E and
E t 4E inthecrystal space volume of u3. If wedivide by the volumea®, then we will
obtain the density of quantum states per unit volume of the crystal. Equation (3.68)
then becomes

The density of quantum states is a function of energy £. As the energy of this free
eectron becomessmall, the number of available quantum states decreases. Thisden-
sty functionis realy a double density, in that the units are given in terms of states
per unit energy per unit volume.

Objective

To cdauate the density of states per unit volume over a particular energy range.
Condder the dengity of statesfor a free electron given by Equation (3.69).Caculate the
dasity of Satesper unit volume with energiesbetween 0 and | eV.
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H Solution
The volumedensity of quantum states, from Equation (3.69}. is

lev drmyHt | prev
l:/ g@ME:i%gL-j VEdE
0 0

The dengity of statesis now

B Comment

The density of quantum states is typicaly alarge number. An effective dengity of datesina:
semiconductor, as we will see in the following sectionsand in the next chapter,is aso alurge
number, but is usudly less than the density of atomsin the semiconductorcrystal.

34.2 Extension to Semiconductors

In the last section, we derived a general expression for the density of allowed elec!
tron quantum states using the model of a free electron with mass nz bounded in a
three-dimensional infinite potential well. We can extend this same general modd to
a semiconductor to determine the density of quantum states in the conduction band
and the density of quantum states in the valence band. Electrons and holes are con
fined within the semiconductor crystal so we will again use the basic model of thein-
finite potential well.

The parabolic relationship between energy and momentum of a free electron
was given in Equation (3.28) as E = p?/2m = K%k /2m. Figure 3.16a showed the
conduction energy band in the reduced k space. The E versus k curve near k = Oat
the bottom of the conduction band can be approximated as a parabola, so
write

f2k?

E=E.+
7 2m

2
where E. is the bottom edge of the conduction hand and m} is the electron effectiff]
mass. Equation (3.70) may be rewritten to give

B h-"lkz

E—-FE =—
2m;
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Thegenera form of the £ versusk relation for an electron in the bottom of acon-
ductionband is the same as the free electron, except the massisreplaced by the effec-
tivemass. We can then think of the electron in the bottom of the conduction band as
being a"'free" electron with itsown particular mass. Theright side of Equation (3.71)
isof thesameform athe right side of Equation (3.28), which was used in the deriva-
tion of the density of states function. Because of this similarity, which yields the
"freg" conduction electron model, we may generalize the free electron results of
Equation (3.69) and write the density of allowed electronic energy statesin the con-
ductionhand as

Equation (3.72)is velid for £ o E,. As theenergy of the electronin the conduction
bend decreases, the number of available quantum states al so decreases.

The density of quantum states in the valence band can be obtained by using the
same infinite potential well model, since the hole is also confined in the semicon-
ductor crystal and can he treated as a"'free” particle. The effective mass of the hole
is my,. Figure 3.16b showed the valence energy band in the reduced k space. We
mey also approximate the £ versus k curve near k = 0 by a parabola for a "free"
hole, so that

Equation (3.73) may he rewritten to give

Again, the right side of Equation (3.74) is of the same form used in the general
derivation of the density of states function. We may then generaize the density of
dates function from Equation (3.69) to apply to the valence band, so that

Equation (3.75) isvalid for £ < £,.

We have argued that quantum states do not exist within the forbidden energy
band, 0 g(EY =0 for E, < E < E,. Figure 3.25 shows the plot of the density of
guantumstates as afunction of energy. If theelectron and hole effective masses were
equal, then the functions g.(E) and g.(E} would be symmetrical about the energy
midway between £, and £, or the midgap energy. £idgap-
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8y(E}

\ P

Figure 3.25 | The dengity of energy
statesin the conduction bend and the
density of energy statesin the vaence
band as afunction of energy.

TEST YOUR UNDERSTANDING

E3.2 Deerminethe tota number of energy statesin silicon between E, add E, + &7 at
T =300K. (U2 01 X ZI'C

E3.3 Determinethe total number of energy statesin silicon between E, ad E, — 47 &
T =300K. (;_Wd 4,01 X T6'L "SUV)

351 STATISTICAL MECHANICS

In dealing with large numbers of particles, we are interested only in the statistical be
havior of the group as awhole rather than in the behavior of each individual particle.
For example, gas within acontainer will exert an average pressure on the walls of the
vessel. The pressure is actually due to the collisions of the individual gas molecules
with the walls, but we do not follow each individual molecule as it collides with the
wall. Likewise in a crystal, the electrical characteristics will be determined hy the
statistical behavior of alarge number of electrons.

351 Satistical Laws

In determining thestatistical behavior of particles, we must consider the laws that the
particles obey. There are three distribution laws determining the distribution of pa-
ticlesamong available energy states.

Page 109 of 566

F |



Onedidtribution law is the Maxwell-Boltzmann probability function. In this case,
the panicles are considered to be distinguishable by being numbered, for example, from
| to N. with no limit to the number of particles allowed in each energy state. The
behavior of gas molecules in a container at fairly low pressure is an example of this
digtribution.

Aseconddistribution law isthe Bose—Einstein function. The panicles in thiscase
aeindistinguishableand, again, there is no limit to the number of particles permitted
in each quantum state. The behavior of photons, or black body radiation, is an exam-
peaf thislaw.

The third distribution law is the Fermi—Dirac probability function. In this case,
the particles are again indistinguishable, but now only one particle is permitted in
each quantum state. Electrons in acrystal obey thislaw. In each case, the particles are
assumed to be noninteracting.

352 TheFermi-Dirac Probability Function

Figure 3.26 shows the ith energy level with g; quantum states. A maximum of one
paticleisalowed in each quantum state by the Pauli exclusion principle. There are
g ways of choosing where to place the first panicle, (g; — 1) ways of choosing
where to place the second particle, (g; — 2} ways of choosing where to place the
third particle, and so on. Then the total number of ways of arranging #; particlesin
the ith energy level (where N; < g;) is

Thisexpressionincludesal permutations of the N, particles among themselves.

However, since the particles are indistinguishable, the N;! number of permuta-
tions that the particles have among themselves in any given arrangement do not
count as separate arrangerents. The interchange of any two electrons. for example,
does nat produce a new arrangement. Therefore, the actual number of independent
waysdf realizing adistribution of N; particlesin theith level is

s B 3.77)
Nil(gi — N
ithenergy | @ | @ | ® .
level | 1| 23] « . .. £i

Quantum states

Figure3261 The ith energy level wrth g,
quantum states.
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20
EXAMPLE 3.4 | Onjective
To determine the possible number of ways o redlizing a particular distribution.
Ley, =N, =10.Then (g, — N} = L.
B Solution
Equation (3.77} becomes
g ___ 100
Nillg, - Nt 100
B Comment
If we have 10 particlesto bearranged in 10 quantum states, thereisonly one posablearrawge"
ment, Each quantum state contains one particle.
EXAMPLE35 [ Objective

To again determine the possible number of ways of redlizing a particular distribution. '
Letg, = t0and N, = 9. Inthiscaseg, — N, =1 sothat (g, — N)! = .

® Solution
Equation (3.77) becomes

m Comment
In this case, if we have 10 quantum statesand $ particles. there is one empty quantum state.
Thereare 10 possible arrangements, or positions, for the one empty state.

Equation (3.77) gives the number of independent waysof realizing adistribution
of N, particlesin theith level. The total number of waysof arranging (¥, N, N, . . .,
N, indistinguishable particles among » energy levels is the product of all distribu-
tions, or

The parameter W isthe total number of ways in which Nelectrons can be arranged in
this system, where N = Z:’:l N, isthe total number of electrons in the system. We
want to find the most probable distribution, which means that we want to find the
maximum W. The maximum W is found by varying N; among the E; levels, which
vanes the distribution, but at the same time, we will keep the total number of parti-
clesand total energy constant.
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\We may write the most probable distribution function as

where Ef is called the Fermi energy. The number density N{E) is the number of
particles per unit volume per unit energy and the function g{E) is the number of
guantum states per unit volume per unit energy. The function fr(E) is called the
Fermi~Dirac distribution or probability function and gives the probability that a
quantum state at the energy E will be occupied by an electron. Another interpretation
of the distribution function isthat fr(E) is the ratio of filled tototal quantum states

a any energy E.

3.5.3 TheDistribution Function and the Fermi Energy

To begin to understand the meaning of the distribution function and the Fermi
energy, we can plot the distribution function versus energy. Initialy, let T = 0K and
consider the case when E < Ex. The exponential term in Equation (1.79) becomes
exp[(E — Ep}/kT] — exp(—oc) = 0. The resulting distribution function is
fr(E < Ep) = 1. Again let T =0 K and consider the case when £ > Ex. The
exponentid term in the distribution function becomes exp[(£ — Ef)/kT) —
exp(+o00) — +oc. The resulting Fermi-Dirac distribution function now becomes
fr(E>Efp)=0.

The Fermi~Dirac distribution function for T = 0 K is plotted in Figure 3.27. This
result showsthat, for T = 0 K, the electrons are in their lowest possible energy states.
The probability of aquantum state being occupied is unity for £ < £ and the proba-
bility of astatebeing occupied iszerofor £ > Er. All electrons have energies below
theFermienergy at T = 0 K.

Figure 3.28 shows discrete energy levels of a particular system as well as the
number of available quantum states at each energy. If we assume, for this case, that

0 E—» £y F
Figure3.281 Discrete energy states
Figure327 | TheFermi probability and quantum statesfor aparticular
functionversus energy for T =0 K. sysdemat T = 0 K.
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the system contains 13 electrons. then Figure 3.28 shows how these electrons are dis
tributed among the various quantum states at T = 0 K. The electrons will he in the
lowest possible energy state, so the probability of a quantum state being occupied in
energy levels E,| through E4 is unity, and the probability of aquantum state being oc:
cupied in energy level Es is zero. The Fermi energy, for this case, must be above E4
but lessthan E5. The Fermi energy determines the statistical distribution of electrons
and does not have to correspond to an allowed energy level.

Now consider acase in which the density of quantum states g(E) is a continu-
ous function of energy as shown in Figure 3.29. If we have Ny electrons in thissys
tem, then the distribution of these electrons among the quantum statesat T = 8 Kis
shown by the dashed line. The electrons are in thelowest possible energy state so thet
all states below E ¢ aretilled and all states above £¢ are empty. If g{£) and Ny ae
known for this particular system, then the Fermi energy £r can be determined.

Consider the situation when the temperature increases above T = 0 K. Hec
trons gain a certain amount of thermal energy so that some electrons can jump to
higher energy levels, which means that the distribution of electrons among the avail-
ableenergy states will change. Figure 3.30 shows the same discrete energy levels ad
guantum states as in Figure 3.28. The distribution of electrons among the quantum
states has changed from the 7 = 0 K case. Two €electrons from the E4 level hae
gained enough energy tojumpto Es, and one electron from £ has jumped to E;. As
the temperature changes, the distribution of electrons versus energy changes.

The change in the electron distribution among energy levelsfor T > OK can ke
seen by plotting the Fermi—Dirac distribution function. If welet E = Efand T = OK,
then Equation (3.79) becomes

The probability of a state being occupied at E = Ef is % Figure 3.31 shows the
Fermi-Dirac distribution function plotted for several temperatures, assuming the
Fermi energy is independent of temperature.

(WAWRWAT WA AUAWAW,

£

WWV WWW

£

Figure 3.301 Discrete energy statesand
Figure 3.291 Density of quantum statesand electronsin a quantum states for the same system
continuous energy systema T = 0 K. shown in Figure 3.28 for T > 0 K.
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Figure 3.311 The Fermi probability function versus energy
for different temperatures.

We can see that for temperatures above absolute zero, there isa nonzero proba-
bility that some energy states above Er will be occupied by electrons and some
energy states below £ will be empty. This result again means that some electrons
havejumped to higher energy levels with increasing thermal energy.

Objective |  EXAMPLE 36

To calculate the probability that an energy state above £ is uccupied by an electron.
Let T = 300 K. Determine the probability that an energy level 3kT above the Fermi en-
ergy isoccupied by an electron.

% Solution
From Equation (3.79), we can write

I 1
frlE) = =

ol 7o) el

which becomes

1 Comment

At energiesabove £, , the probability of a state being occupied by an electron can become sig-
nificantly less than unity. or the ratio of electrons to available quantum states can he quite
gmal.

TEST YOUR UNDERSTANDING

E34 Assume the Fermi energy level is0.30 eV below the conduction band energy.
(a) Determine the probability of a state being occupied by an electron at E...
(h)Repeat part (a)for an energy state at £, T k7. Assume T = 300 K.

[o-01 x £7'€(q) ‘g 01  TE'6{P) SUY]
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E35 Assumethec Fermi energy level is0.35eV above the valence band energy.
(a) Determine the probability of a state being empty of an electron at E,. (b)
pan (a)for an energy stateat Ev — k7. Assume 7 = 300 K.
[.-01 x 867+ () *. O1 X §¢°1 (1) 'suy]

We can see from Figure 3.31 that the probability of an energy above Ep
occupied increases as the temperature increases and the probability of astate belovi
Er being empty increases as the temperature increases.

EXAMPLE 3.7 | Objective

To determine the temperature at which thereisa 1 percent probability that an energy statei‘
empty.

Assume that the Fermi energy level for a particular material is6.25eV
trons in this material follow the Fermi—Dirac distribution function. Calculate the temperatuy*
at which thereisa | percent probability that aslate 0.30eV below the Fermi
not contain an electron.

W Solution
The probability that a state isempty is

Then

Solving for k7. wefind kT = 0.06529 eV, so that the temperature iS7 = 756 K

B Comment
The Fermi probability function is astrong function of temperature

TEST YOUR UNDERSTANDING

E3.6 Repest ExerciseE3.4for 7'=400K. [:-01 % 0Z'9(g} *._01 X 69'1 (7} suy]
E3.7 Repeat Exercise E3.5for 7= 400 K. [c-01 % 9% 1 (4) *,_01 * Y6E (7} suy|

We may note that the probability of a state a distance d £ above Er
occupied is the same as the probability of a srate a distance 4 £ below Ex
empty. Thefunction f(E) is symmetrical with the function | — fr(E) about t
Fermi energy, E¢. This symmetry effect isshown in Figure 3.32 and will be us
in the next chapter.
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Figure 3.321 The probability of a dlate being occupied.
f~(E). and the probability of a state heing empty, 1 — f:{E)

Figure 3.331 The Fermi-Dirac probability function and the
Maxwel| -Boltrmann approximation.

Consider the case when E — £ > &T. where the exponential term in the de-
nominator of Equation (3.79) is much greater than unity. We may neglect the 1 in the
denominator, so the Fermi—-Dirac distribution function becomes

Equation (3.80)is known as the Maxwell-Boltzmann approximation, or simply the
Boltzmann approximation. tothe Fermi—Dirac distribution function. Figure 3.33 shows
the Fermi-Dirac probability function and the Boltzmann approximation. This figure
givesanindication of therange of energies over which the approximation isvalid.

Objective

To determine the energy at which the Boltzmann approximation may be considered valid.
Cdculate the energy, in terms of kT and Er. a which the difference between the
Boltzmann approximation and the Fermi-Dirac function is 5 percent of the Fermi function.
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| Solution
Wecan write

exp[“(E‘E”L 1
T ()

1

- £
1+exp(E F)

If we multiply both numerator and denominator by the 1 + exp ( ) function, we have

~(E-ED) | 4. [E-Er B
e’“’[ KT ]{l exP[ 5 “_1_0'05

=0.05

which becomes

® Comment

As seen in thisexample and in Figure 3.33. the £ — £, >> kT notation issomewhat mideadt
ing. The Maxwell-Bolizmann and Fermi—Dirac functions are within 5 percent o each other
when E — Ef = 3kT.

The actual Boltzmann approximation is valid when exp [(£ — Eg)/kT] 3 |
However, it isstill common practice to use the £ — Ex > kT notation when apply-
ing the Boltzmann approximation. We will use this Boltzmann approximation in our
discussion of semiconductorsin the next chapter.

3.6l SUMMARY

Discrete allowed electron energies split into a band of alowed energies as atoms are
brought together to form acrystal.

B Theconcept of allowed and forbidden energy bands was developed more rigorously J
by considering quantum mechanics and Schrodinger's wave equation using the
Krenig—Penney model representing the potential function of asingle crystal material.
This result forms the basis of the energy band theory of semiconductors.

m  Theconcept of effective mass was developed. Effective mass relates the motion of a
particle in acrystal to an externally applied force and takes into account the effect of te
crystal lattice on the motion of the particle.

B Two charged particles exist in asemiconductor An electron isa negatively charged
panicle with a positive effective mass existing at the bottom of an allowed energy band.
A hole is a positively charged particle with a positive effective mass existing at the top
of an allowed energy band.
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m TheE versus kdiagram of silicon and gallium arsenide were given and the concept of
direct and indirect bandgap semiconductors was discussed.

Energieswithin an allowed energy band are actually at discrete levels and each contains
afinitenumber of quantum states. The density per unit energy of quantum states was
determined by using the three-dimensional infinite potential well asa model.

m Indeding with large numbers of electrons and holes, we must consider the statistical
behavior of these particles. The Fermi—Dirac probability function was developed. which
givesthe probability of aquantum state at an energy E of being occupied by an electron.
The Fermi energy was defined.

GLOSSARY OF IMPORTANT TERMS

allowed energy band A band or range of energy levels that an electron in a crystal is a-
lowed to occupy based on quantum mechanics.

density of statesfunction The density of available quantum states as a functiun ol energy,
givenin unitsof number per unit energy per unit volume.

electron effective Mmass 1 he parameter that relates the acceleration of an electron in the con-
duction band of acrystal to an external force: a parameter that takes into account the effect
of internal forces in the crystal.

Fermi-Dirae probability function The function describing the statistical distribution of
electrons among available energy states and the probability that an allowed energy stateis
occupied by an electron.

fermi energy In the ém_plest definition, the energy below which all states are filled with
electronsand above which all statesareempty at T=0K

forbiddenenergy band A hand or range of energy levels that an electron in acrystal is not
allowed to occupy based on quantum mechanics.

hole The positively charged "' particle” associated with an empty state in the top of the va-
lence band.

hole effective mass 1 "€ parameter that relates the acceleration of a hole in the valence band
of acrystal toan applied externa force (a positive quantity); a parameter that takes into ac-
count the effect of internal forcesin acrystal.

k-space diagram The plot of e ectroq energy inacrystal versgs K, where kisthe momentum-
related constant of the motion that incorporates the crystal interaction.

Kronig-Pentney Model  The mathematical medel of a periodic potential function represent-
ing aone-dimensiona single-crystill lattice by a seriesof periodic step functions.

Maxwell-Boltzmann approximation 1ne condition in which the energy is several &7
above the Fermi energy or several k7 below the Fermi energy so that the Fermi-Dirac
probability function can be approximated by a simple exponential function.

Payli exclusion principle The principle which states that no two electrons can occupy the
same quantum state.

CHECKPOINT
After studying this chapter, the reader should have the ability to:

m Discussthe concept of allowed and forbidden energy bandsin a single crystal both
qualitatively and more rigorously from the results of using the Kronig—Penney model
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Discuss the splitting of energy bands in silicon.

State the definition of effective mass from the E versus k diagram and discuss its
meaning in terms of the movement of a particlein acrystal.

Discuss the concept of a hole.

Qualitatively, in terms of energy hands, discuss the difference between a metal,
insulator, and semiconductor

Discuss the effectivedensity of states function.

Understand the meaning of the Fermi-Dirac distribution function and the Fenni energy.

REVIEW QUESTIONS

1. What is the Kronig—Penney model'?
2. State two resultsof using the Kronig—Penney model with Schrodinger's wave equation.
3. What iseffective mass?
4. What isadirect bandgap semiconductor? What isan indirect bandgap semiconductor?
5. What isthe meaning of the density of states function'!
6. What was the mathematical model used in deriving the density of states function?
7. Ingenerd, what is the relation between density of states and energy?
8. What isthe meaning of the Fermi-Dirac probability function?
9. What is the Fermi energy?
PROBLEMS
Section 3.1  Allowed and Forbidden Energy Bands
31 Consider Figure 3.4b, which shows the energy-band splitting of silicon. If the
equilibrium lattice spacing were to change by a small amount. discuss how you woud
expect theelectrical properties of silicon to change. Determine a what point the
material would behave like an insulator or like a metal.
3.2  Show that Equations (3.4) and (3.6) are derived from Schrodinger’s wave equation.
using the form of solution given by Equation (3.3).
3.3 Show that Equations (3.9) and (3.10) are solutions of the differential equations given
by Equations (3.4) and (3.8), respectively.
34  Show that Equations (3.12), (3.14), (3.16). and (3.18) result from the boundary condi-
tionsin the Kronig-Penney model.
== 35  Plot thefunction f(aa) = 9sinwa/ca +cosaafor 0 < aa < 6x. Also, given the
gi functilon f(aa) = cosku, indicate the allowed values of aa which will satisfy this
= equation
== 3.6  Repeat Problem 3.5 for the function
g f{wa) = 6sinwa/oa + cosaa = coska
37  Using Equation (3.24}, show that dE/dk = 0 atk = nn/a, wheren =0, 1, 2.....
3.8 Using the parameiers in Problem 3.5 and letting @ = 5A, determine the width (ineV)

of the forbidden energy bands that exist at (@} ka = . (b)ka =2z, {¢) ka = 3r. ad
(d) ka = 4n. Refer to Figure 3.8¢c.
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39

310
3n

Using the parameters in Problem 3.5 and letting ¢ = 5 A, determine the width (in eV}
o the allowed energy bands that exist for (a)0 < ka < m, (h) 7 < ka < 2m,

(¢)2r < ko < 3. and (d) 3 < ka < 4.

Repeat Problem 3.8 using the parameters in Problem 3.6.

Repesat Problem 3.9 using the parameters in Problem 3.6.

312 Thehandgap energy in asemiconductor is usualy aslight function of temperature

In some cases. the bandgap energy versus temperature can be modeled by

where E, (0) is the value of the bandgap energy a T = 0 K. For silicon. the parameter
vauesare E;(0) = 1.170 eV, = 4.73 x 107% eV/K and 8 = 636 K. Plot E, versus
Tover therange® < T < 600 K. In particular, note the valuea 7 = 300 K.

Section 3.2  Electrical Conductionin Solids

313

314

315

316

317

318

319

Two possible conduction bands are shown in the £ versus k diagram given in

Figure 3.34. State which hand will result in the heavier electron effective mass;

state why.

Two possible valence bands are shown in the £ versus k diagram given in Figure 3.35.
State which band will result in the heavier hole effective mass; state why.

The E versusk diagram for a panicular alowed energy band is shown in Figure 3.36.
Determine (a) the sign of the effective massand (h) the dircction of velocity for a
particleat each of the four positions shown.

Figure3.37 shows the parabolic £ versus k relationship in the conduction band for

an electron in two particular semiconductor materials. Determine the effective mass
(in unitsof the free electron mass) of the two electrons.

Figure 3.38 shows the parabolic F versus k relationship in the valence band for a hole
in two particular semiconductor materials. Determine the ctfective mass (in units of
the free electron mass) of the two holes.

Theforbidden energy band of GaAs is 1.42 eV. (a} Determine the minimum frequency
of an incident photon that can interact with a valence electron and elevate the electron
to the conduction band. (b) What is the corresponding wavelength?

The E versusk diagramsfor afree electron (curve A) and for an electron in a
semiconductor (curve B) are shown in Figure 3.39. Sketch (a) d £ /dk versus k and

Figure3.34 | Conduction Figure3.35 | Valence bands
bandsfor Problem 3.13. for Problem 3.14.
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k —- k(AN
Figure 3361 Figure for Problem 3.15 Figure3371 Figure for Problem 3.16.
Figure3.381 Figure for Problem 3.17. Figure3.391 Figurefor Problem 3.19.

(h)d*E jdk*® versusk for each curve, (c) What conclusion can you make concerning a
comparison in effective masses for the two cases?

Section 3.3 Extension to Three Dimensions

320 Theenergy band diagram for silicon is shown in Figure 3.23b. The minimum energy
in the conduction band is in the [100] direction. The energy in this one-dimensional
direction near the minimum value can bc approximated by

E = E() — E] COSO[(’( - k(:)

wherek; isthe value of k at the minimum energy. Dctermine the effective mass of the
particlea k = kq in terms of the equation parameters.

Section 3.4 Density of StatesFunction

321 Starting with the three-dimensional infinite potential well function given by Equa-
tion (3.59) and using the separation of variablestechnique, derive Equation (3.60).

3.22 Show that Equation (3.69) can be derived from Equation (3.64).

323 Determinethe total number nf energy statesin GaAs between E, and E, T kT a&
T =300K.
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324 Determine the total number of energy states in GaAs between £, and E, — kT at
T =300K.

325 {(a) Plot thedensity of states in the conduction band for silicon over the range
E.<E<E, +02ev. (k) Repeat pan (a) for the density of states in the valence
bend overtherange E,. — 0.2eV < E < E,.

326 Findtheratioof theeffective density of statesin the conduction band a E,. + kT to
theeffective density of states in the valence band &t E, — kT.

Sation 35 Statistical Mechanics

327 Pot the Fermi-Dirac probability function, given by Equation (3.79), over the range
-02<(E—-Ep)1 02eVfor(a)T = 200K, (b) T =300 K, and (c) T = 400 K.

328 Repeat Example 3.4for thecase wheng, = 10 and ¥, = 8.

329 (a)lf E; = E,, find the probability of a state being occupied at E = E. T kT. (5) If
Er = E,, find the probability of astate beingempty at E = E, — k7.

330 Determinethe probability that an energy level is occupied by an electron if the state is
abovethe Fermi level by (a) kT. (b) 5kT, and (¢} 104T.

331 Determinethe probability that an energy level isempty of an electron if the state is
below the Fermi level by ()T, (b) 3kT. and (c) 1OkT.

332 The Fermi energy in silicon is0.25 eV below the conduction band energy E.. (@) Plot
the probability of a state being occupied by an electron over the range
E.<ES5E T2k Assume7T = 300 K. (v} Repeat part (a) for T = 400 K.

333 Four electronsexist in a one-dimensional infinite potential well of width a = 10 A.
Assuming the free electron mass, what is the Fermi energy &t T = 0 K.

334 (a)Five electronsexist in a three-dimensional infinite potential well with all three
widthsequal tou = 10 A. Assuming the free electron mass. what is the Fermi energy
a T =0K. (b)Repeat pan (@) for 13 electrons.

335 Show that the probability of an energy state being occupied A E above the Fermi
energy isthe same as the probability of a state being empty A E below the Fermi level.

336 (a) Determinefor what energy above £, (interms of kT') the Fermi-Dirac probabil-
ity function iswithin | percent of the Boltzmann approximation. (») Give the value of
the probability function at this energy.

337 The Fermi energy level for a particular material at 7 = 300 K is6.25 eV. The elec-
tronsin this material follow the Fermi-Dirac distribution function. (a) Find the
probability of an energy level at 6.50eV being occupied by an electron. (k) Repeat
pan (a) if the temperature is increased to 77 = 950 K. (Assume that £ isa constant.)
() Calculatethe temperature at which thereisa 1 percent probability that a state
0.30eV below the Fermi level will be empty of an electron.

338 The Fermi energy for copper at T = 300K is 7.0 eV. The electrons in copper follow
the Fermi-Dirac distribution function. (&) Find the probability of an energy level at
7.15eV being occupied by an electron. (b) Repeat part {(a) for T = 1000 K. (Assume
thet £ isaconstant.) (c) Repeat part (a) for E=6.85¢V and T = 300 K. (¢) De-
termine the probability of the energy state at E = Er being occupied at 7 = 300 K
anda T = 1000K.

339 Consider theenergy levels shown in Figure 3.40. Let T = 300K. () If E; — Ef =
0.30eV, determine the probability that an energy state at E = £, isoccupied by an
electron and the probability that an energy state at £ = E, isempty. (5) Repeat pan
(@) if Ep — E; =0.40eV.
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340 Repesat problem 3.39 for the case when £, — E; = 1.42 eV. i

341 Determine the derivative with respect to energy of the Fermi—Dirac distribution
function. Plot the derivative with respect toenergy for () T = 0K, (4) T = 300K,
and (¢)T = 500 K.

3.42 Assume the Fermi energy level isexactly in the center of the bandgap energy of a
semiconductor & T = 300 K. (a) Calculate the probability that an energy state in the
bottom of the conduction band is occupied by an electron for Si, Ge. and GaAs.

(b) Calculate the probability that an energy state in the top of the valence hand is
empty for Si, Ge, and GaAs.

3.43 Calculate the temperature a which thereisa 10-" = robability that an energy state
(.55 eV above the Fermi energy level is occupied by an electron.

3.44 Calculate theenergy range (in eV) between f; (E) = 0.95 and f; (E) = 0.05 for
E; =7.0eVandfor (a)T =300Kand (b) T =500K.
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The Semiconductor
in Equilibrium

PREVIEW

epts of quantum mechanics in order to determine a few of the characteristics

felectronsin asingle-crystal lattice. In this chapter, we will apply these con-
cepts specifically to a semiconductor material. In particular, we will use the density
of quantum states in the conduction band and the density of quantum states in the va-
lence band along with the Fermi—Dirac probability function to determine the con-
centration of electrons and holes in the conduction and valence bands, respectively.
We will also apply the concept of the Fermi energy to the semiconductor material.

This chapter deals with the semiconductor in equilibrium. Equilibrium, or ther-
mal equilibrium, impliesthat no external forces such asvoltages, electric fields. mag-
neticfields, or temperature gradients are acting on the semiconductor. ANl properties
of the semiconductor will be independent of time in this case. Equilibrium is our
starting point for developing the physics of the semiconductor. We will then be able
to determine the characteristics that result when deviations from equilibrium occur,
such as when a voltage is applied to a semiconductor device.

We will initially consider the properties of an intrinsic semiconductor, that is, a
pure crystal with no impurity atoms or defects. We will see that the electrical proper-
tiesof asemiconductor can bealtered in desirable ways by adding controlled amounts
of specificimpurity atoms. caled dopant atoms, to the crystal. Depending upon the
typeof dopant atom added, the dominant charge carrier in the semiconductor will be
either electrons in the conduction band or holes in the valence band. Adding dopant
atoms changes the distribution of electrons among the available energy states, so the
Fermi energy becomes afunction of the type and concentration of impurity atoms.

Finaly, as part of this discussion, we will attempt to add more insight into the
significance of the Fermi energy. B

S far, we have been considering a general crystal and applying to it the con-
C
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4.11 CHARGE CARRIERSIN SEMICONDUCTORS !

Current is the rate at which charge flows. In a semiconductor. two types of charge
carrier, the electron and the hole, can contribute to a current. Since the current in a
semiconductor IS determined largely by the number of electrons in the conduction
band and the number of holesin the valence hand, an important characteristic of the
semiconductor is the density of these charge carriers. The density of electrons und
holes is related to the density of states function and the Fermi distribution function,
both of which we have considered. Aqualitative discussion of these relationshipswill :
be followed by a more rigorous mathematical derivation of the thermal-equilibrium
concentration of electrons and holes. ‘

411 EquilibriumDistribution of Electronsand Holes

Thedistribution (with respect to energy) of electrons in the conduction band is given !
by the density of allowed quantum states times the probability that a state is occupied
by an electron, This statement iswritten in equation form as ‘

wheref,.(E) is the Fermi—Dirac probability functionand g (E) isthe density of quan- 1@
tum states in the conduction band. The total electron concentration per unit volume
in the conduction band is then found by integrating Equation (4.1) over the entire
conduction-band energy.

Similarly, the distribution (with respect to energy) of holes in the valence bed
is the density of allowed quantum states in the valence hand multiplied by the prob-
ability that a state is nor occupied by an electron. We may express this as

The total hole concentration per unit volume is found by integrating this function
over the entire valcncc-band energy.

To find the thermal-equilibrium electron and hole concentrations, we need
determine the position of the Fermi energy £, with respect to the bottom of the
conduction-band energy E, and the top of the valence-band energy E..To address
this question, we will initially consider an intrinsic semiconductor. Anideal intrinsic
semiconductor is a pure semiconductor with no impurity atoms and no lattice defects
in the crystal (e.g., puresilicon). We have argued in the previous chapter that, for an
intrinsic semiconductor at T = 0 K, all energy states in the valence band are filled
with electrons and all energy states in the conduction band are empty of electrons.
The Fermi energy must, therefore, be somewhere between E, and E,..(The Fermi
energy does not need to correspond to an allowed energy.)

Asthe temperature beginsto increase above 0 K, the valence electrons will gan
thermal energy. A few electrons in the valence band may gain sufficient energy
jump to the conduction band. Asan electron jumpsfrom the valence band to the con-
duction band, an empty state, or hole, is created in the valence band. In an intrinsic
semiconductor, then, electrons and holes are createdin pairsby the thermal energy ©
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4.1 Chage Catiersin Semiconductors

SAEMFE) = n(E)

E Area = ny =
electron

concentration

hole concentration

Figure4.11(a) Densty of statesfunctions, Fermi-Dirac probability function,and areas representingelectron and hole
concantrations for the case when E - is near the midgap energy; (b} expanded view near the conduction band energy;
and {c) expanded view neer the vaence band energy.

thet the number of electrons in the conduction band is equal to the number of holes
in the valence band.

Figure4.1a showsa plot of the density of states function in the conduction band
g.(E), thedensity of statesfunction in the valence band g.{ £, and the Fermi-Djirac
probability function for T > 0 K when E ¢ isapproximately halfway between E. and
E,. If we assume, for the moment, that the electron and hole effective masses are
equal, then g.(E} and g..( £} are symmetrical functionsabout the inidgap energy (the
energy midway between E, and E,). We noted previously that the function fr(E)
for E > Er issymmetrical to thefunction 1 — fr(E} for E < Er about the energy
E = E. This also means that the function fr(E) for E = £¢ T dE isequal tothe
functionl — f-{E)forE = Er — dE.
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Figure 4.1b is an expanded view of the plot in Figure 4.1a showing f-{E) ad
g.(E) above the conduction band energy E,. The product of g.(E) and f#(E) iste
distribution of electrons #(E) in the conduction band given by Equation (4.1). This
product is plotted in Figure4.1a. Figure4.lc isan expanded view of the plot in F
ure 4.1a showing [1 — fr(E)] and g.(£) below the valence band energy EL..E"FS
product of g,(£) and [Il — fr(E)] is the distribution of holes p(E) in the va
band given by Equation (4.2). This product is also plotted in Figure 4.1a. The area
under these curves are then the total density of electrons in the conduction band ad
the total density of holesin the valence band. From this we see that if g .(E) ad
g.(E) are symmetrical, the Fermi energy must be at the midgap energy in order t
obtain equal electron and hole concentrations. If the effective masses of the electron
and hole are not exactly equal, then the effective density of statesfunctions g.(£)
and g,.(E) will not beexactly symmetrical about the midgap energy. The Fermi levd
for the intrinsic semiconductor will then shift slightly from the midgap energy n
order to obtain equal electron and hole concentrations.

4.1.2 Theny and py Equations 1

We have argued that the Fermi energy for an intrinsic semiconductor is near midgap
In deriving the equations for the thermal-equilibrium concentration of electrons i
and the thermal-equilibrium concentration of holes py, we will not be quite sore
strictive. We will see later that, in particular situations, the Fermi energy can deviate
from this midgap euergy. We will assume initialy, however, that the Fermi leve
remains within the bandgap energy.

The equation for the thermal-equilibrium concentration of electrons may be
found by integrating Equation (4.1) over the conduction band energy, or

(43

The lower limit of integration is E. and the upper limit of integration should be the
top of the allowed conduction band energy. However, since the Fermi probability
function rapidly approaches zero with increasing energy asindicated in Figure 4.1a
we can take the upper limit of integration to be infinity.

We are assuming that the Fermi energy is within the forbidden-energy bandgap
For electrons in the conduction hand, we have E > E,. If (E, — Ez)} > kT, the
(E - EF) > kT, so that the Fermi probability function reduces to the Boltzman
approximation,” which is I’

'The Maxwell-Boltzmann and Fermi-Dirac distribution functions are within 5 percent of each other
when E — E # 3kT (seeFigure 3.33). The > notation is then somewhat misleading to indicate when
the Boltzmann approximation is valid, although it iscommonly used.
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Applying the Boltzmann approximation to Equation (4.3), the thermal-equilibrium
dengty of electrons in the conduction band is found from

E— E. exp [ﬂk_T—Er)} dE (4.5)

Theintegral of Equation (4.5) may be solved moreeasily by making a change of
varigble. If welet

then Equation (4.5) becomes
Theintegral is the gamma function, with a value of
Then Equation (4.7) becomes

We may define a parameter N, as

Dthat the thermal-equilibrium el ectron concentration in the conduction band can be
written as

The parameter N, is called the effective densiry of stares function in the conduc-
tion band. If we were to assumethat i) = my, then the value of the effective density
of states function at T =300 K is N, = 2.5 x 10 cm~?, which is the order of
magnitude of M. for most semiconductors. If the effective mass of the electron is
larger or smaller than my, then the value of the effective density of states function
changesaccordingly, but is still of the same order of magnitude.

Objective

Cdaulate the probability that astatein the conduction band is occupied by an electronand cal-
cuaethe thermd equilibrium electron concentrationin silicon at 7= 100 K.

Asumethe Fermi energy is0.25 eV below the conduction band. The valueof N, for sil-
jonaT=100K isN, = 2.8 x 10" em™2,
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H Solution
The probability that an energy Stated E = E. isoccupied by an electronis given by

|
fr(E) =

1+ (E”EF .
exp xT )
or
—0.25 .
E)= — = =643 x 107°
frlEo) “Xp(o.0259) X
Theelectron concentration is given by
—(E, — 19 —0.25
=N, — 7 | =28 x 10N exp| —==
o = N e(p[ EF J ( ) p(o.ozsf))

or
no = 18x 10¥ em™?
B Comment

The probability of a state being occupied can be quite small, but the fact that there are alargef]
number of states means that the eectron concentrationis a reasonable value.

The thermal-equilibrium concentration of holesin the valence band is found byll
integrating Equation (4.2) over the valence band energy, or

Po = fgu(E)[l - fr(E)IdE (4.1ZI
We may note that
I - fe(E) =
For energy statesin thevalence band, E < E,. If (Er — E,) > kT (the Fermi func-
tion isstill assumed to be within the bandgap), then we have aslightly different form

of the Boltzmann approximation. Equation {4.13a) may be written as

L]

Applying the Boltzmann approximation of Equation (4.13b) to Equation (4.12), we
find the thermal-equilibrium concentration of holesin the valence band is
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wheare the lower limit of integration is taken as minus infinity instead of the bottom
of the valence band. The exponential term decays fast enough so that this approxi-
mdionisvalid.

Equation (4.14) may be solved more easily by again making a change of vari-
ale If welet

then Equation (4.14) becomes

where the negative sign comes from the differential d E = —kTdn’. Note that the
lower limit of 7’ becomes +co when E = —o0. If wechange the order of integration,
weintroduceanother minus sign. From Equation (4.8). Equation (4.16) becomes

Wemay definea parameter N, as

which is called the effective densiry of states function in the val ence band. The
thermal-equilibrium concentration of holesin the valence band may now bewritten as

The magnitudeof A, is also on the order of 10'° em™ at T = 300 K for most semi-
conductors.

Objective |

Cdauae the thermal equilibrium hole concentrationin silicon a& T = 400 K.
Asume thet the Fermi energy is0.27 ¢V above the valence hand energy. The vaueof ¥,
forsilicona T =300K is &, = 1.04 x 10" cm™>.

B Solution
The parameter vduesat T = 400K arefound as:
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The hole concentrationis then
po=Nexpr ———| = (1.60x 10"”)exp
or
py = 643 % 10" ecm ™

B Comment

The parameter values & any temperature can easily he found hy using the 300 K vauesand
the temperaturedependence.

The effective density of states functions, N, and ., are constant for a given
semiconductor material at afixed temperature. Table 4.1 gives the values of the der(i
sity of states function and of the effective masses for silicon, gallium arsenide, and’
germanium. Note that the value of N, for gallium arsenide is smaller than the typica
10" em~? value. Thisdifference isdue to the small electron effective massin gailium;
arsenide. mj

Thethermal equilibrium concentrationsof electrons in the conduction band
of holesin the valence band aredirectly related to the effective density of states con-
stants and to the Fermi energy level,

TEST YOUR UNDERSTANDING

E4.1 Cdculate the thermal equilibriumelectron and hole concentrationin silicon a
T = 300 K for the case when the Fermi energy leve is{(.22 ¢V below the condudion
hand energy E.. Thevalueof E, is given in Appendix B.4.
(W 01 X ¢p'§ = Od *_wd 0] X €££°C = Y 'suy)

E4.2 Determinethetherma equilibriumeectron and hole concentrationin GaAs &
T = 300K for the case when the Fermi energy leve is0.30 eV above the vdence
band energy E,. Thevaued E, isgivenin Appendix B.4.
(W2 01 x €69 = 0d ', _uwid .00 = %u SuY)

4.1.3 ThelntrinsicCarrier Concentration

For an intrinsic semiconductor, the concentration of electronsin the conduction b
isequal to the concentration of holes in the valence band. We may denote #;

Table4.11 Effectivedensty of statesfunction and effective mass vaues

N, (em™3) N, em™) m’ fmyg m} /mq
Silicon 28 x 10" 1.04 x 10" 1.08 0.56
Gallium arsenide 4.7 x 107 7.0 x 10" 0.067 0.48
Germanium 1.04x 10" 6.0 x 10" 0.55 0.37
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asthedectron and hole concentrations, respectively, in the intrinsic semiconductor.
Thee parametersare usually referred to as theintrinsic electron concentration and
intringc hole concentration. However, rn; = p;, so normaly we simply use the para-
mee n; astheintrinsic carrier concentration, which refersto either theintrinsic el ec-
tron or hole concentration.

The Fermi energy level for the intrinsic semiconductor is called the intrinsic
Femi energy, or E¢ == Er,. If we apply Equations (4.11) and (4.19) to theintrinsic
semiconductor, then we can write

If we take the product of Equation.; (4.20) and (4.21). we obtain

n? = NN, exp

where E, is the bandgap energy. For a given semiconductor material at a constant
temperature, the value of n, isaconstant, and independent of the Fermi energy.
Theintrinsic carrier concentration for silicon a T = 300 K may be calculated
by using the effective density of states function values from Table 4.1. The value of
n; caculated from Equation (4.23)for £, = 1.12eV isn; = 6.95 x 10° cm™. The
commonly accepted value' of n; for silicon at T = 300K is approximately
15 x 10'9 ¢m~3, This discrepancy may arise from several sources. First, the values
of the effective masses are determined at alow temperature where the cyclotron res-
onance experiments are performed. Since the effective mass is an experimentally
determined parameter, and since the effective massis a measure of how well a parti-
demovesin acrystd, this parameter may be a dlight function of temperature. Next,
the dengity of states function for a semiconductor was obtained by generalizing the
modd of an electron in a three-dimensional infinite potential well. This theoretical
function may also not agree exactly with experiment. However, the difference be-
tween the theoretical value and the experimental value of n, isapproximately afactor

Marious references may list slightly different values of the intrinsic silicon concentration at room
temperature, In general, they are al between | x 10" and 1.5 x 10" em™. This differencels. in most
carer, not significant.
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Table 4.2 | Commonly accepted valuesdf »,

atT=300K
Silicon n, = 15x 10" ¢m—3
Gallium arsenide n, =18x 10% cm~*
Germanium n, =24x 10" ¢m-—3

of 2, which, in many cases, is not significant. Table 4.2 lists the commonly accepted
valuesof r; for silicon, gallium arsenide, and germanium at T = 300 K.
Theintrinsic carrier concentration is a very strong function ot temperature.

EXAMPLE 43

Objective

To calculate the intringc carrier concentration in gallium arsenide a T = 300 K and a
T =450K.

The vdues o &, and N, a 300 K for gdlium arsenide are 4.7 x 10’7 ¢cm * and
7.0 x 10'® em~3, respectively. Both &, and N, vay as 7/, Assume the bandgap energ of
galium arsenide is 1.42 eV and does not vary with temperatureover this range. The value of
kT & 450K is

Solution
Using Equation (4.23). we findfor T = 300 K

so that

n; =385x 10" em™?

Comment
We may note from thisexample that theintrinsiccarrier concentration increased by over 4 or-
ders of magnitudeas the temperature increased by 150°C.

Figure 4.2 isa plot of #; from Equation (4.23) for silicon, gallium arsenide, and
germanium as a function of temperature. As seen in the figure, the value of »;, f&
these semiconductors may easily vary over several orders of magnitude as the tem
perature changes over a reasonable range.
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Figure 4.2| The intrinsic carrier
concentration of Ce, Si, and GaAsasa

function of temperature.
{From 5ze [13])

TEST YOUR UNDERSTANDING

B3 Findtheintrinsic carrier concentration in silicon at (@) T = 200 K and (6) T = 400 K.
(W01 X §€'T (@) " _W> 0] X §9°L () suy]

H4 Repeat E4. 3for GaAs. [(—w2 0F X 8¢ () "¢ W2 LT (V) 'sUY]

E45 Repeat E4.3for Ge. L2 ,,01 X 9'8 {4) ¢ W0 0 X 91°Z (v} 'suy]

414 Thelntrinsic Fermi-Level Position

We have qualitatively argued that the Fermi energy level islocated near the center of
theforbidden bandgap for the intrinsic semiconductor. We can specifically calculate
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the intrinsic Fermi-level position. Since the electron and hole concentrations arz
equal, setting Equations (4.20) and (4.21) equal to each other, we have

If we take the natural log of both sidesof this equation and solve for £¢;, we ddtan
|
EFr - E(E( +E1‘)+ 2

From the delinitions for &, and N, given by Equations (4.10) and (4.18), respec
tively, Equation (4.25) may be written as

Thefirst term, %(EL + E,), isthe energy exactly midway between E, and E,. or the
midgap energy. We can define

so that

If the electron and hole effective masses are equal so that m}, = m;, then the intrin
sic Fermi level is exactly in the center of the bandgap. If m}, > m;,. the intrinsic
Fermi level isslightly above the center, and if m, < miy, it isslightly below the cen-
ter of the bandgap. Thedensity of states function isdirectly related to the carrier ef-
fective mass. thus a larger effective mass means a larger density of states function.
The intrinsic Fermi level must shift away from the band with the larger density of
statesin order to maintain equal numbers of electronsand holes.

EXAMPLE 4.4

Objective

To calculatethe pogition of the intrinsic Fermi level with respect to the center of the bandgap
inslicona T =300K.

The density of states effective carrier massss in slicon ae ) = 1.08m and
m: = (.56m,.

m Solution
The intringc Fermi level with respect to the center of the bandgap is

. 3
EF,‘ b Bmidgup = 4_1 kTIn
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8 Comment

Treintringc Fermi leve in slicon is 12.8 meV bdow the midgap energy. If We compare
128meV to 560 meV, which isone-hdf of the bandgap energy of silicon, wecan, in many ap-
plications, smply approximatethe intrinsic Fermi level to bein the center of the bandgap.

TEST YOUR UNDERSTANDING

E6 Deeminethe position of the intrinsic Fermi level with respect to the center of the
bandgap in GaAs a T = 300 K. (AW 7'8¢— suy)

4.21 DOPANT ATOMSAND ENERGY LEVELS

The intrinsic semiconductor may be an interesting material, but the real power of
semiconductorsisrealized by adding small, controlled amounts of specific dopant, or
impurity, atoms. This doping process, described briefly in Chapter |, can greatly alter
the electrical characteristics of the semiconductor. The doped semiconductor, called
anextrinsic material, isthe primary reason we can fabricate the various semiconduc-
tor devicesthat we will consider in later chapters.

42,1 Qualitative Description

In Chapter 3, we discussed the covalent bonding of silicon and considered the sim-
ple two-dimensional representation of the single-crystal silicon lattice as shown in
Figure 4.3. Now consider adding a group V element, such as phosphorus, as a sub-
dtitutional impurity. The group V element has five valence electrons. Four of these
will contribute to the covalent bonding with the silicon atoms, leaving the fifth more
loosely hound to the phosphorus atom. This effect is schematically shown in
Figure4.4. We refer to the fifth valence electron as a donor electron.

Figure44 | Two-dirnsnsiona
Figure 43 | Two-dimensiona representation of the silicon lattice doped
representation of the intrinsic silicon lattice. with a phosphorus atom.
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The phosphorus atom without the donor electron is positively charged. At very
low temperatures, the donor electron is bound to the phosphorus atom. However. by
intuition, it should seem clear that the energy required to elevate the donor eectron
into the conduction band is considerably less than that for the electrons involved in
the covalent bonding. Figure 4.5 shows the energy-hand diagram that we would ex-
pect. Theenergy level, E,, is the energy state of the donor electron.

If asmall amount of energy, such as thermal energy. is added to the donor dec
tron, it can be elevated into the conduction band, leaving behind a positively charged
phosphorus ion. Theelectronin the conduction band can now move through thecrys-
tal generating a current, while the positively charged ion isfixed in the crystal. This
type of impurity atom donates an electron to the conduction band and so is cdleda
donor impurity atom. Thedonor impurity atomsadd el ectrons to the conduction band
without creating holesin the valence band. The resulting material is referred to asan
n-type semiconductor (n for the negatively charged electron).

Now consider adding a group III element, such as boron, as a substitutional 1m-
purity to silicon. The group 1II element has three valence electrons, which are ll
taken up in the covalent bonding. As shown in Figure 4.6a, one covalent bonding po-
sition appears to he empty. If an electron were to occupy this "empty™ position. its

Conduction band

I
4
_'.I

I
_|.|

I
.

Valence band '

El ctron energ ——»

Gclron enrg

Figure 45 | The energy-handdiagram showing (a) the discrete donor energy Sate 4
and (b) the effect of adonor state being ionized.

Figure46 | Two-dimensional representation of asilicon lattice (a) doped with a boron atom
and (b) showing the ionization of the boron atom resulting in ahole.
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Conduction band
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Figure4.7 | Theenergy-band diagram showing (&) the discrete acceptor energy state
and (b} the effect of an acceptor state being ionized.

energy would havetobe greater than that of the valence el ectrons, sincethe net charge
gate of the boron atom would now benegative. However, theelectron occupying this
"empty"* position does not have sufficient energy to he in the conduction band, so its
enagy isfar smaller than the conduction-band energy. Figure 4.6b shows how va-
lence electrons may gain a small amount of thermal energy and move about in the
crysd. The' empty" position associated with the boron atom becomes occupied, and
other valence electron positions become vacated. These other vacated electron posi-
tionscan he thought of as holesin the semiconductor material.

Figure 4.7 shows the expected energy state of the "empty" position and also the
formation of a holein the valence hand. The hole can move through the crystal gen-
erating acurrent, while the negatively charged boron atomisfixed in thecrystal. The
group I1I atom accepts an electron from the valence band and so isreferred to as an
acceptor impurity atom. The acceptor atom can generate holes in the valence hand
without generating el ectrons in the conduction band. Thistype of semiconductor ma-
terid is referredto as a p-rype material (p for the positively charged hole).

The pure single-crystal semiconductor materia is called an intrinsic material.
Adding controlled amounts of dopant atoms, either donors or acceptors, creates a
materid called an extrinsic semiconductor. An extrinsic semiconductor will haveei-
ther a preponderanceof electrons (n type) or a preponderance of holes (p type).

42.2 lonization Energy

Wecan calculate the approximate distance of the donor electron from the donor im-
purity ion, and also the approximate energy required to elevate the donor electron
into the conduction band. Thisenergy is referred to as the ionization energy. We will
uethe Bohr model of the atom for these cal culations. The justification for using this
modd is that the most probable distance of an electron from the nucleus in a hydro-
gen aom, determined from quantum mechanics, is the same as the Bohr radius. The
energy levelsin the hydrogen atom determined from quantum mechanicsare also the
same as obtained from the Bohr theory.

In the case of the donor impurity atom, we may visualize the donor electron or-
hiting the donor ion, which is embedded in the semiconductor material. We will need
to use the permittivity of the semiconductor material in the calculations rather than
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the permittivity of free spaceasis used in the case of the hydrogen atom. We will al
use the effective mass of the electron in the calculations.

The analysis begins by setting the ceulomb force of attraction between the ek
tron and ion equal to the centripetal force of the orbiting electron. Thiscondition w
give asteady orbit. We have

dmer: r,

where v isthe magnitude of the velocity and r,, istheradius of theorbit. If we assut
the angular momentum is also quantized, then we can write 4

where » is a positive integer. Solving for v from Equation (4.28), substituting ir
Equation (4.27), and solving for the radius, we obtain ‘

The assumption of the angular momentum being quantized leads to the radiusa
being quantized.
The Bohr radius is defined as ‘

We can normalize theradius of thedonor orbital to that of the Bohr radius, which giy

where ¢, is the relative dielectric constant of the semiconductor material, s isl
rest mass of an electron, and nt* is the conductivity effective mass of the electron
the semiconductor.

If weconsider the lowest energy statein which n = 1, and if we consider sili¢
in which ¢, = 11.7 and the conductivity effective massism*/mg = 0.26. then'
have that

or ry = 23.9~This radius corresponds to approximately four lattice constants
silicon. Recall that one unit cell in silicon effectively contains eight atoms, so the
dius of the orbiting donor electron encompasses many silicon atoms. The donor ek
tron is not tightly bound to the donor atom.

The total energy of the orbiting electronisgiven by I
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where Tisthekinetic energy and V isthe potential energy of the electron. Thekinetic
enagy is

Usng thevelocity v from Equation (4.28) and the radius r,, from Equation (4.29}, the
kinetic energy becomes

The potentia energy is

Thetota energy isthe sum of the kinetic and potential energies, so that

For the hydrogen atom, m* = mq and € = €. The ionization energy of the hydrogen
aomin thelowest energy stateisthen E = —13.6¢eV. If weconsider silicon, theion-
ization energy is E = —25.8 meV, much less than the bandgap energy of silicon.
Thisenergy isthe approximate ionization energy of the donor atom, or the energy re-
quired to elevate the donor electron into the conduction band.

For ordinary donor impurities such as phosphorus or arsenic in silicon or ger-
manium, this hydrogenic model works quite well and gives some indication of the
magnitudesof the ionization energies involved. Table 4.3 lists the actual experimen-
tdly measured ionization energies for a few impurities in silicon and germanium.
Germanium and silicon have different relative dielectric constants and effective
masses; thus we expect the ionization energies to differ.

423 Group IHI-V Semiconductors

In the previous sections, we have been discussing the donor and acceptor impurities
in a group IV semiconductor, such as silicon. The situation in the group M-V

Table43 | Impurity ionization energiesin silicon

and germanium
|onizationenergy (eV)
Impurity Si Ge

Donors
Phosphorus 0.045 0.012
Arsenic 0.05 0.0127
Acceptors
Boron 0.045 0.0104
Aluminum 0.06 0.0102
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Table4.4 | Impurity 10mzation energies
in gallium arsenide

Impurity lonizationenerev (eV)
Donors
Selenium 0.0059
Telurium 0.0058
Silicon 0.0058
Germanium 0.0061
Acceptors
Beryllium
Zinc
Cadmium
Silicon 0.0345
Germanium 0.0404

compound semiconductors, such as gallium arsenide, is more complicated. Groupl
elements, such as beryllium, zinc, and cadmium, can enter the lattice as subst
tional impurities, replacing the group III gallium element to become acceptor impu
rities. Similarly, group VI elements, such as selenium and tellurium, can enter the
lattice substitutionally, replacing the group V arsenic element to become donor im-
purities. The corresponding ionization energies for these impurities are smaller than
for the impurities in silicon. The ionization energies for the donors in gallium ar-
senide are also smaller than the ionization energies for the acceptors, because o the
smaller effective mass of the electron compared to that of the hole.

Group IV elements, such as silicon and germanium, can also be impurity atoms
in gallium arsenide. If a silicon atom replaces a gallium atom, the silicon impurity
will act asadonor. but if the silicon atom replaces an arsenic atom. then the silicon
impurity will act as an acceptor. The sameis true for germanium as an impurity aom
Such impurities are called amphoreric. Experimentally in gallium arsenide, it is
found that germanium is predominantly an acceptor and silicon is predominantly a
donor. Table 4.4 lists theionization energies for the various impurity atomsin gdlium
arsenide.

TEST YOUR UNDERSTANDING

E4.7 Cdculate the radius (normalizedto a Bohr radius) of adonor éectron in itslowest
energy statein GaAs. (5561 suy)

4.31 THE EXTRINSIC SEMICONDUCTOR

We defined an intrinsic semiconductor as a material with no impurity atoms pra‘
in the crystal. An extrinsic semiconductor is defined as a semiconductor in
controlled amounts of specific dopant or impurity atoms have been added so thet tif]
thermal-equilibrium electron and hole concentrations are different from the intrin
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canier concentration. One type of carrier will predominate in an extrinsic semicon-
ductor.

431 Equilibrium Distribution of Electronsand Holes

Adding donor or acceptor impurity atoms to asemiconductor will change the distrib-
ution of electrons and holes in the material. Since the Fermi energy is related to the
distributionfunction, the Fermi energy will change as dopant atoms are added. If the
Fermi energy changes from near the midgap value, thedensity of electrons in the con-
duction band and the density of holesin the valence band will change. These effects
are shown in Figures 4.8 and 4.9. Figure 4.8 shows the case for £, > Ef; and
Figure4.9 shows the case for Ex < Er;. When Er > EF;, the electron concentra-
tionislarger than thehole concentration, and when Ex < Er;, thehole concentration

hole concentration

Figure 481 Density of statesfunctions. Fermi-Dirac
probability function, and areas representingelectron
and hole concentrationsfor the case when Er is above
theintrinsic Fermi energy.
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hole concentration

felE) =0 fAEY =1

Figure49 ! Densty of statesfunctions,Fermi-Dirac
probability function, and areas representing electron and
hole concentrationsfor the casec when £, is bdow the
intrinsic Fermi energy.

islarger than the electron concentration. When the density of electronsisgreater then
the density of holes, the semiconductor is n type; donor impurity atomns have ben
added. When the density of holes is greater than the density of electrons, the semi-
conductor is p type; acceptor impurity atoms have been added. The Fermi energy
level in asemiconductor changes as the el ectron and hole concentrations change and,
again, the Fermi energy changes as donor or acceptor impurities are added. The
change in the Fermi level asafunction of impurity concentrationswill be considered
in Section 4.6.
The expressions previously derived for the thermal-equilibrium concentrationo

electrons and holes, given by Equations (4.11) and (4.19) are general equations fa
ng and pg in termsof the Fermi energy. These equations are again given as i

no= N, exp-
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—(Ef — E,
Po = N’exp|—¥|

Aswe just discussed, the Fermi energy may vary through the bandgap energy, which
will then change the values of ng and po.

Objective

To cdculatethe thermal equilibrium concentrations of electrons and holes for a given Fermi
energy.

Congder silicon at T=300K so tha N, =28 x 10" ¢m™ and N, = 1.04 %
10" em~?. Assumethat the Fermi energy is(.25 eV below the conduction hand. If we assume
thet the bandgap energy of silicon is 1.12 ¢V, then the Fermi energy will be 0.87 ¢V above the
vaence band.

1 Solution
Usdng Equation (4.11), we have

From Equation (4.19), we can write

19 —087Y\ L
po = (1.04 x 10"y exp (m) =27 x 10" cm
1 Comment
The change in the Fermi level is actually afunction of the donor or acceptor impurity concen-
trations thet are added to the semiconductor. However, thisexample shows that electron and
hole concentrationschange by orders of magnitude from the intrinsic carrier concentration as
the Fermi energy changes by afew tenths of an electron-volt.

EXAMPLE 4.5

Inthis example, sinceno > py, the semiconductor is n type. In an n-type semi-
conductor, electrons are referred to as the majority carrier and holes as the minority
carrier. By comparing the relative values of ny and pqo in the example, it is easy to
see how this designation came about. Similarly, in a p-type semiconductor where
po > no, holes are the majority carrier and electrons are the minority carrier.

We may derive another form of the equations for the thermal-equilibrium con-
centrationsof electrons and holes. If we add and subtract an intrinsic Fermi energy in
the exponent of Equation (4.11), we can write

AE, —Ery VT (Er — Ep
n0=NCexp|: ¢ FLT( r o En) (4.384)
or
no = N.exp —@] exp [(Er- = EFi):| (4.38h)
kT
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CHAPTER 4 The Semicenductor in Equilibrium
The intrinsic carrier concentration is given by Equation (4.20) as
n, = N.exp-

so that the thermal-equilibrium electron concentration can be written as

Similarly, if we add and subtract an intrinsic Fermi energy in the exponent of Ej
tion (4.19), we will obtain

As we will see, the Fermi level changes when donors and acceptors are added,
hut Equations (4.39) and (4.40) show that, asthe Fermi level changesfrom theintrin:
sic Fermi level, ny and pp changefrom then; value. If £y = Ef;, then we will hae
np > n, and pg < n,. Onecharacteristic of ann-type semiconductor isthat £r > Eg.
sothat ng > po. Similarly, in a p-type semiconductor, Er < Ef; sothat py > n, @
no < n,; thus pgy > no.

We can see the functional dependence of ng and pg with Ex in Figures 4.8 ad
4.9.As Er movesaboveor below Eg;, theoverlapping probability function with te
density of states functions in the conduction band and valence band changes. As Eg,
moves above E;, the probability function in the conduction band increases, whilé
the probability, 1 — fr(£}, of an empty state (hol€) in the valence band decreases.
As Er moves below £ ;. the opposite occurs.

432 Thengpg Product

We may take the product of the general expressions for n, and pg as given in Equa
tions (4.11) and (4.19). respectively. Theresult is

—(E - E))] [ —(EF = Eu)}
kT P kT

nopy = NN ,eXIO[ (4.41)

which may be written as

As Equation (4.42) was derived for ageneral value of Fermi energy, the vaues
of ng and py are not necessarily equal. However, Equation (4.42) is exactly thesame
as Equation (4.23), which we derived for the case of an intrinsic semiconductor. We
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then have that, for the semiconductor in thermal equilibrium,

Equation (4.43) states that the product of ng and py is always a constant for a
given semiconductor material at a given temperature. Although this equation seems
vay simple, it is one of the fundamental principles of semiconductors in thermal
equilibrium. The significance of this relation will become more apparent in the chap-
ters that follow. It is important to keep in mind that Equation (4.43) was derived
usng the Boltrmann approximation. If the Boltzmann approximation is not valid,
then likewise, Equation (4.43) is not valid.

An extrinsic semiconductor in thermal equilibrium does not, strictly speaking,
contain an intrinsic carrier concentration, although some thermally generated carri-
asare present. The intrinsic electron and hole carrier concentrations are modified by
the donor or acceptor impurities. However, we may think of the intrinsic concentra-
tion #; in Equation (4.41) simply as a parameter of the semiconductor material.

*43,3 TheFermi-Dirac Integral

In thederivarion of the Equations (4.11) and (4.19) for the thermal equilibrium elec-
tron and hole concentrations, we assumed that the Boltzmann approximation was
vdid. If the Boltrmann approximation does not hold. the thermal equilibrium elec-
tron concentration is written from Equation (4.3) as

If we again make achangeof variable and let

and also define

then we can rewrite Equation (4.44) as

Theintegrd isdefined as
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Figure4.10 |1 The Fermi—Dirac integral F,,; asafunction
of the Fermi energy.
(From Sze [131.}

Thisfunction, called the Fermi-Diracintegral, is a tabulated function of the variabl
. Figure 4.10 is a plot of the Fermi-Dirac integral. Note that if nr > 0. the
Er > E.;thusthe Fermi energy is actually in the conduction band.

EXAMPLE 4.6

Objective

To calculate the electron concentration using the Fermi—Dirac integral. |
Let nr = 2 so that the Fermi energy is above the conduction hand by approximatel
52meVa T = 300 K.

B Solution
Equation (4.46)can he written as

For silicon a 300 K, &, = 2.8 x 10!* cmm ¥ and. from Figure 4.10, the Fermi-Dirac integn
hasavalueof #;,,(2) = 2.3.Then
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a1 Comment

Nde thet if we hed used Equition (4.11). the thermal equilibrium vaue of ny would be g =
2.08x 10 cm—3, which is incorrect since the Boltzmann gpproximation is not vaid for this
cxe

We may use the same general method to calculate the thermal equilibrium con
centrationof holes. We obtain

Theintegra in Equation (4.48) is the same Fermi—Dirac integral defined hy Equa-
tion (4.47), athough the variables have slightly different definitions. We may note
thet if ;- > 0, then the Fermi level isin the valence hand.

TEST YOUR UNDERSTANDING

E4.3 Cdculatethe therma equilibrium electron concentrationin silicon for the case when
Er=E adT =300K. (; WO 01 X &1 SUY)

434 Degenerate and Nondegener ateSemiconductor s

In our discussion of adding dopant atoms to a semiconductor, we haveimplicitly as-
sumed that the concentration of dopant atoms added is small when compared to the
dengty of host or semiconductor atoms. The small number of impurity atoms are
soread far enough apart so that there is no interaction between donor electrons, for
example,in an n-type material. We have assumed that the impurities introduce dis-
crete, noninteractingdonor energy states in the n-type semiconductor and discrete.
noninteractingacceptor states in the p-type semiconductor. These types of semicon-
ductorsare referred to as nondegenerate semiconductors.

If theimpurity concentration increases, the distance between the impurity atoms
decreasesand a point will he reached when donor electrons, for example, will begin
to interact with each other When this occurs, the single discrete donor energy will
Folit into a band of energies. As the donor concentration further increases, the band
of donor states widens and may overlap the bottom of the conduction band. This
overlap occurs when the donor concentration becomes comparable with the effective
dengty of states. When the concentration of electrons in the conduction band exceeds
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¢ = = = Xonductiorbands = = = Er T Conduction band
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Figure 4.11 | Smplifiedenergy-band diagrams for degenerately doped (a) n-type ad
(b) p-type semiconductors.

thedensity of states ¥, , the Fermi energy lies within the conduction band. Thistyp#
of semiconductor is called a degenerate n-type semiconductor.

In a similar way, as the acceptor doping concentration increases in a ply
semiconductor, the discrete acceptor encrgy states will split into a band of energi
and may overlap the top of the valence band. The Fermi energy will liein the valen
band when the concentration of holes exceeds the density of states N,..This type
semiconductor is called a degenerate p-type scmiconductor.

Schematic models of the energy-band diagrams for a degenerate n-type and d
generate p-type semiconductor are shown in Figure4.11. The energy states below E
are mostly filled with electrons and the energy states above E are mostly empty.
the degenerate n-type semiconductor, the states between E r and E. are mostly fill
with electrons; thus, the electron concentration in the conduction band is very |
Similarly, in the degenerate p-type semiconductor, the energy states between E,

E; are mostly empty; thus, the hole concentration in the valence band is very 1 -3

4.41 STATISTICS OF DONORSAND ACCEPTORS

In the last chapter, we discussed the Fermi-—Dirac distribution function, which g
the probability that a particular energy state will be occupied by an electron. Were
to reconsider this function and apply the probability statistics to the donor and ac-
ceptor energy states.

441 Probability Function

One postulate used in the derivation of the Fermi-Dirac probability function was the
Pauli exclusion principle, which states that only one particle is permitted in ea
quantum state. The Pauli exclusion principle also applies to the donor and

states.

Suppose we have N; electrons and g; quantum states, wherethe subscript i indi-
cates the ith energy level. There are g; ways of choosing where to put the first pani-
cle. Each donor level has two possible spin orientations for the donor electron;
each donor level hastwo quantum states. The insertion of an electron into one qu
tum state, however, precludes putting an electron into the second quantum state. _
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adding one electron, the vacancy requirement of the atom is satisfied, and the addi-
tion of a second electron in the donor level is not possible. The distribution function
o donor electrons in the donor energy states is then slightly different than the
Fermi-Dirac function.

The probability function of electrons occupying the donor state is

wheren, is the density of electrons occupying the donor level and E; is the energy
of the donor level. Thefactor 1 in thisequation isadirect result of the spin factorjust
mentioned. The | factor is sometimes written as 1 /g, where g iscalled a degeneracy
factor.

Equation (4.50) can also be written in the form

whereN; is the concentration of ionized donors. In many applications, we will be
interested more in the concentration of ionized donors than in the concentration of
electronsremaining in the donor states.

If we do the same type of analysis for acceptor atoms, we obtain the expression

where N, isthe concentration of acceptor atoms. £, isthe acceptor energy level, p,
is the concentration of holes in the acceptor states, and &, is the concentration of
ionized acceptors. A hole in an acceptor state correspondsto an acceptor atom that is
neutraly charged and till has an ""empty" bonding position as we discussed in Sec-
tion4.2.1. The parameter g is, again, a degeneracy factor. The ground state degener-
ay factor g is normally taken as four for the acceptor level in silicon and gallium
arsenide because of the detailed band structure.

442 Completelonization and Freeze-Out

The probability function for electrons in the donor energy state was just given by
Equation (4.50).If we assumethat (E; — E7) > kT, then

Ny

g =~

| = 2Ny exp — ——— (4.53)

If (Eq — Ex) > kT, then the Boltzmann approximation is also valid for the elec-
tronsin the conduction band so that. from Equation (4.11),

g = N, exp
P
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We can determine the relative number of electrons in the donor state compa
with the total number of electrons; therefore we can consider the ratio of electrons
the donor state to the total number of electrons in the conduction band plus dat
state. Using the expressions of Equations (4.53) and (4.11), we write

The Fermi energy cancels out of thisexpression. Dividing by the numerator term,
obtain

Thefactor (E, — E,) isjust theionization energy of the donor electrons.

EXAMPLE 4.7

Objective

To determine the fraction of total electmns il in the donor statesat T = 300 K.

Cansider phospharus doping in silicon, for T = 300 K, at a concentration of
10'% cm 2.

8 Solution
Using Equation (4.55). we find

» Comment

This example shows that there are vary few electmnsin the donor state compared with th
conduction band. Essentidly dl o the electrons from the donor statesare in the conductio
bend and. since only about 0.4 percent of the donor states contain electrons, the donor sate
are sad to be completely ionized.

At room temperature, then, the donor states are essentially completely ionizex
and, fora typical doping of 10'® em™, almost all donor impurity atoms have donatec
an electron to the conduction band.

At room temperature, there isalso essentially campiere ionizarion of the accep
tor atoms. This means that each acceptor atom has accepted an electron from theva
lence band so that p, iszero. At typical acceptor doping concentrations, a hole iscre
ated in the valence hand for each acceptor atom. This ionization effect and the
creation of electrons and holes in the conduction band and valence band, respec-
tively, are shown in Figure 4.12.
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Conductien band Conduction band

Figure 412 | Energy-hand diagrams showing completeionization of (a) donor states
and (b) acceptor states.

a.
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Figure4.13 | Energy-banddiagramat 7 = 0 K for (a) ntypeand (b) p-type
semiconductors.

The opposite of complete ionization occurs at T = 0 K. At absolute zero de-
grees, dl electrons are in their lowest possible energy state; that is, for an n-type
semiconductor, each donor state must contain an electron, therefore n,;, = N; or
Nj = 0. We must have, then, from Equation (4.50) that exp1(£4 — E}/kT] = 0.
Since T = 0K, thiswill occur for exp (—oo} = 0, which means that Er > E,. The
Fermi energy level must he above the donor energy level at absolute zero. In thecase
of a p-type semiconductor at absolute zero temperature, the impurity atoms will not
contain any electrons, so that the Fermi energy level must be below the acceptor en-
agy state. The distribution of electrons among the various energy states, and hence
the Fermi energy, is a function of temperature.

Adetailed analysis, not given in thistext, shows that at 7 = 0 K, the Fermi en-
ergy is halfway between E, and E, for the n-type material and halfway between £,
and E, for the p-type material. Figure 4.13 shows these effects. No electrons from
the donor state are thermally elevated into the conduction band; this effect is called
freeze-our. Similarly, when no electrons from the valance band are elevated into the
acceptor states, the effect is also called freeze-out.
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Between 7 = 0 K. freeze-out, and T = 300 K, complete ionization, we hav
partial ionization of donor or acceptor atoms.

EXAMPLE 4.8

Objective

Todetermine the temperature a which 90 percent of acceptor atoms areionized.
Consider p-type silicon doped with boron a aconcentration of N, = 10" em™*.

1 Solution

Find theratio of holesin the acceptor state to the total number of holesin the valence band pl
acceptor state. Taking into account the Boltzniann approximation and assuming the degener
acy factorisg = 4, we write

Pa

For 90 percent ionization,

Using trid and error, we find that T = 193 K.

1 Comment

This example shows that a approximately 100°C below room temperature. we sill
YO percent of the acceptor atoms ionized; in other words. 90 percent of the acceptor ao
have " donated" a hole to the valence band.

hOY!

E49 Determine the fraction of total holes still in the acceptor states in silicon & T=
300 K for aboron impurity concentration of N, = 10! em=?. (6L1°0 "Suy)

E4.10 Consider silicon with a phosphorus impurity concentration of A, =5 x 10" em™.
Plot the percent of ionized impurity atoms versustemperature over the range
100 < T < 400 K.

45| CHARGE NEUTRALITY

In thermal equilibrium, the semiconductor crystal is electrically neutral. The elai
trons are distributed among the various energy states. creating negative and positiv
charges, but the net charge density is zero. This charge-neutrality condition is used
determine the thermal-equilibrium electron and hole concentrations as a function of

4
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theimpurity doping concentration. We will define acompensated semiconductor and
then determine the electron and hole concentrations as a function of the donor and
acceptor concentrations.

451 compensated Semiconductors

A compensated semiconductor isone that contains both donor and acceptor impurity
aoms in the same region. A compensated semiconductor can he formed, for exam-
ple by diffusing acceptor impurities into an n-type material, or by diffusing donor
impurities into a p-type material. An n-type compensated semiconductor occurs
when Ny > N, and a p-type compensated semiconductor occurs when N, > Ny.
If N, = Ny, we have acompletely compensated semiconductor that has. as we will
show, the characteristics of an intrinsic material. Compensated semiconductors are
creded quite naturally during device fabrication as we will see later.

4.5.2 Equilibrium Electron and Hole Concentrations

Fgure 4.14 shows the energy-hand diagram of a semiconductor when both donor
and acceptor impurity atoms are added to the same region to form a compensated

Total efectron
concentration

Thermal Donor

electrons 0] electrons
Un-ionized
donors ITonized donors
Ep;

Un-ionized Ny =(N,—pg)
acceptors lonized acceptors
Thermal fo Acceptor

holes holes

Total hole
concentration

Figure4.14 | Energy-band diagram of acampenrated
semiconductor showing ionized and un-ionized donors
and acceptors.
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semiconductor. The figure shows how the electrons and holes can be distributed
among the various states.

The charge neutrality condition isexpressed by equating the density of
charges to the density of positive charges. We then have

whereny and py are the thermal-equilibrium concentrationsof electrons and hol
theconduction band and valence band, respectively. The parameter », isthecon
tration of electrons in the donor energy states, so N,1+ = Ny — ny isthe concentrati
of positively charged donor states. Similarly, p, is the concentration of holesin
acceptor states, so N7 = N,, — p, isthe concentration of negatively charged accep-
tor states. We have expressions for nq. pg. ng, and p, in terms of the Fermi enargy
and temperature.

If we assume complete ionization, n; and p, are both zero, and Equation (4.57)
becomes i

If we express po as#; /ny, then Equation (4.58) can be written as

which in turn can be written as

The electron concentration ry can be determined using the quadratic formula, or

The positive sign in the quadratic formula must be used, since, in thelimit of anin
trinsic semiconductor when N, = N, = O. the electron concentration must he a pos
itive quantity, or ny = n;.

Equation (4.60) is used to cal cul ate the electron concentration in an n-type semi-
conductor, or when N; > N,. Although Equation (4.60) was derived for a compen
sated semiconductor, the equation is also valid for ¥, = 0.

EXAMPLE 4.9

Objective

To determine the therma equilibrium electron and hole concentrationsfur a given doping
concentration.

Consider an n-type silicon semiconductor & 7 = 300K in which &; = 10" cm * and
N, = 0. Theintrinsic carrier concentrationisassumed to ben; = 1.5 x 10" ¢m—?
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R Solution
From Equetion (4.60), the mgority carrier electron concentrationis

The minority carrier hole concentrationis found as

® Comment

In thisexample. N; > n;, <0 thet the thermal-equilibrium majority carrier electron concen-
tration is essentidly equal to the donor impurity concentration. The thermal-equilibrium ma
jority and minority carrier concentrationscan differ by many ordersof magnitude.

We have argued in our discussion and we may note from the results of Exam-
pled.9 that the concentration of electrons in the conduction band increases above the
intringc carrier concentration as we add donor impurity atoms. At the same time, the
minority carrier hole concentration decreases below the intrinsic carrier concentra-
tion as we add donor atoms. We must keep in mind that as we add donor impurity
aoms and the corresponding donor electrons, there is a redistribution of electrons
among availableenergy states. Figure 4.15 shows a schematic of this physical redis-
tribution. A few of the donor electrons will fall into the empty states in the valence

Intrinsic
electrons
———

+ + + + F + + + 4+

—_—_——__———_—— — — — — — K,
N —
Un-ionized donor,
Ep;
A few donor dectrons
annihilate some
intrindc holes
E,

@ @ @ + > Intrinsij: holes

—_—

Figure4.15 | Energy-band diagram showing the
redistribution of electrons when donors are added.
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band and, in doing so, will annihilate some of the intrinsic holes. The minority ca-
rier hole concentration will therefore decrease as we have seen in Example 4.9. Al
the same time, because of this redistribution, the net electron concentration in the
conduction band is not simply equal to the donor concentration plus the intri
electron concentration.

EXAMPLE 4.10

Objective

To cal cul ate the thermal -equilibriumel ectron and hole concentrationsin a germanium sampleE
for agiven doping densixy.

Consderagermaniumsamplea T = 300 Kinwhich &, = 5 x 10" em™ and N, =
Assumetha n, =24 x 10" cn™>.

H Solution
Again, from Equation (4.60). the majority carrier clectron concentrationis

The minority carrier hole concentration is

Comment
If the donor impurity concentrationis nat too different in magnitude from the intrinsic carrier
concentratiun. then the thermal-equilibrium majority carrier electron concentrationis influ-
enced by the intrinsic concentration.

We have seen that the intrinsic carrier concentration n, isa very strong function
of temperature. As the temperature increases, additional electron-hole pairs are ther-
mally generated so that the »; term in Equation (4.60) may begin to dominate. Tre
semiconductor will eventually lose its extrinsic characteristics. Figure 4.16 shows
the electron concentration versus temperature in silicon doped with 5 x 10'* donors
per cm®. As the lemperature increases, we can see where the intrinsic concentration
beginsto dominate. Also shown is the partial ionization, or the onset of freeze-out,a
the low temperature,

If we reconsider Equation (4.58) and express g as#}/ py, then we have I

Page 157 of 566



4.5 ChargeNeutrality

Figure4.16 | Electron concentration versus temperature
showing thethreeregions: partial ionization, extrinsic, and
intrinsic.

Using the quadratic formula, the hole concentration isgiven by

where the positive sign, again, must he used. Equation (4.62) is used to calculate the
thermal-equilibrium majority carrier hole concentration in a p-type semiconductor,
or when N, > N,. This equation also applies for N; = O.

Objective

Tocdculate thethermal -equilibriumel ectron and hole concentrations in acompensated p-type
semiconductor.

Condder a silicon semiconductor at T = 300K in which N, = 10 em™ and N, =
3x 10 cm™, Assume n; = 1.5 X 10" em™2.

& Solution
Sne N, > N, the compensated semiconductor is p-type and the thermal-equilibrium ma
jority carrier hole concentrationis given by Equation (4.62) as

1

i
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The minority carrier electron concentration is

n? (15 x 1019

i

L= o =321 x 10*cm™
Po X "

g =

B Comment

If we assume complete ionization and if (&, — N,) > n,, then the mgjority carrier holecn‘
centration is, to avery good approximation, just thedifference between the acceptor and
concentrations.

Wemay note that, for a compensated p-type semiconductor, the minority cal
electron concentration is determined from ””1

DESIGN
EXAMPLE 4.12

Objective

To determine the required impurity doping concentration in a semiconductor material.

A silicon device with n-type material isto be operated at T = 550 K. At this ternperaturg
theintrinsic carrier concentration must contribute no more than 5 percent of the total elecrof
concentration. Determinetheminimum donor concentration required to meet this

W Solution
At T = 550 K, the intrinsic carrier concentration isfound from Equation (4.23) as

or

so that

For the intrinsic carrier concentration to contribute no more than 5 percent of thetotal electror
concentration, we set g = 1.O5N,.

) !
From Equation (4.60), we have ‘

or

+(3.20 x 104)?
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which yidds

# Comment
If the temperature remains less than 7 = 550 K, then the intrinsic carrier concentration will
contribute less than 5 percent of the total eectron concentration for this donor impurity
concentration.

Equations (4.60) and (4.62) are used to calculate the majority carrier electron
concentration in an n-type semiconductor and majority carrier hole concentration in
a p-type semiconductor, respectively. The minority carrier hole concentration in an
ntypesemiconductor could, theoretically, be calculated from Equation (4.62). How-
ever, we would be subtracting two numbers on the order of 10% ¢m~3, for example,
to cbtain a number on the order of 10 cm~3, which from a practical point of view is
nat possible. The minority carrier concentrations are calculated fromngpg = ”r_z once
the mgjority carrier concentration has been determined.

! TEST YOUR UNDERSTANDING

.11 Condder acompensated GaAs semiconductor & T = 300 K doped at Ny =
5x 10" em™* and N, = 2 x 10'¢ em™?. Cdculate the thermal equilibrium electron
and hole concentrations. (¢ W2 .01 X 9]°Z = Yu*, Wd ,,01 X ¢'T = 0d "suy)
E4.12 Sliconisdoped a ¥;= 10" cm=* and N, =: 0. (n) Plot the concentration of
electrons versus temperature over the range 300 < 7 < 600 K. (b) Calculate the
temperaturea which the dectron concentration is equa to 1.1 x 10" em—.
(A TS ~ [ suy)

461 POSITION OF FERMI ENERGY LEVEL

We discussed qualitatively in Section 4.3.1 how the electron and hole concentrations
change as the Fermi energy level moves through the bandgap energy. Then, in Sec-
tion 4.5, we calculated the elcctron and hole concentrations as a function of donor
and acceptor impurity concentrations. We can now determine the position of the
Fermi energy level as a function of the doping concentrations and as a function of
temperature. The relevance of the Fermi energy level will be further discussed after
the mathematical derivations.

461 Mathematical Derivation

The position of the Fermi energy level within the bandgap can be determined by
udng the equations already developed for the thermal-equilibrium electron and hole
concentrations. If we assume the Boltzmann approximation to be valid, then from
E Equation (4.11) we have rty = N, exp [~ (E; — E¢}/&T]. We cansolve for £, — Er
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from this equation and obtain

6

where ny is given by Equation (4.60). If we consider an n-type semiconductor i
which Ny > n;, thenny = Ny, so that

The distance between the bottom of the conduction band and the Fermi energy
is alogarithmic function of the donor concentration. As the donor concentration in-
creases, the Fermi level moves closer to the conduction band. Conversely, if the
Fermi level moves closer to the conduction band, then the electron concentration in
the conduction band isincreasing. We may note that if we have acompensated sami-
conductor, then the N; term in Equation (4.64) issimply replaced by Ny — N, or the
net effective donor concentration.

DESIGN
EXAMPLE 4.13

Objective

To determine the reguired donor impurity concentrationto ohtain aspecified Fermi energy.

Silicon & T = 300K contains an acceptor impurity concentrationof &, = 10" ¢m *.
Determine the concentrationof donor impurity atoms that must be added so that the silicon s
n type and the Fermi energy is 0.20 eV below the conduction band edge.

W Solution ‘
From Equation (4.64).we have

which can be rewritten as

Neo N, = N expl —Ee=E0]
Then
Ny— N, =28x 10" exp =1.24x 10" em™
: i
Ny =124 x 10"t N, = 224 x 10" ¢cm™

B Comment
A compensated semicenductor can be fabricated to provide a specific Fermi energy leve.
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We may develop a slightly different expression for the position of the Fermi
level. We had from Equation ¢4.39) that no = m expl{Er — Er;)/ k7). We can
slvefor Ef — Ef; as

Equetion (4.65) can be used specifically for an n-type semiconductor, where ng is
given by Equation (4.60). to find the difference between the Fermi level and the in-
tringc Fermi level as a function of the donor concentration. We may note that, if the
g effective donor concentration is zero, that is, Ny — N, = 0, then ny = n, and
Er = Ef:. A completely compensated semiconductor has the characteristics of an
intringc materia in terms of carrier concentration and Fenni level position.

We can derive the same types of equations for a p-type semiconductor. From
Equetion (4.19), we have po = N, exp [—{(Er — E,)/kT]. sothat

If we assume that N, > n;. then Equation (4.66) can be written as

The distance between the Fermi level and the top of the valence-band energy for
ap-typesemiconductor is alogarithmic function of the acceptor concentration: asthe
acoeptor concentration increases, the Fermi level moves closer to the valence band.
Equation (4.67) still assumes that the Boltzmann approximation isvalid. Again. if we
haveacompensated p-type semiconductor, then the N, term in Equation (4.67) isre-
placed by ¥, — N, or the net effective acceptor concentration.

e can also derive an expression for the relationship between the Fermi level
and theintrinsic Fermi level in terms of the hole concentration. We have from Equa-
tion (4.40) that pg = #, exp[—(Er — Er:)/kT). which yields

Equation (4.68) can be used to find the difference between the intrinsic Fermi level
ad the Fermi energy in terms of the acceptor concentration. The hole concentration
po in Equation (4.68) is given by Equation (4.62).

We may again note from Equation (4.65) that, for an n-type semiconductor,
np > m; and Ep > Eg;. The Fermi level for an n-type semiconductor is above E ;.
For a ptype semiconductor, pe = #;, and from Equation (4.68) we see that
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(a) (b)

Figure4.171 Position of Fcrmi level for an (a) ntype(N,, > N,) and (b) p-type
(v, > N_) semiconductor.

Eri > Er. The Fenni level for a p-type semiconductor is below £;;. These result
are shown in Figure 4.17.

4.6.2 Variation of Er with Doping Concentration
and Temperature

We may plot the position of the Fermi energy level as afunction of the doping con
centration. Figure 4.18 shows the Fermi energy level as afunction of donor concen
tration (n type) and as a function of acceptor concentration (p type) for silicona
T = 300 K. Asthe doping levelsincrease, the Fermi energy level moves closer toth
conduction band for the n-type material and closer to the valence band for the p-typ
material. Keep in mind that the equations for the Fermi energy level that we havede
rived assume that the Boltzmann approximation is valid.

Figure4.18| Position of Fermi leve asa function of donor
concentration (n type) and acceptor concentration(p type).
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4.6 Postion of Femi Energy Leved

143

Objective |

To determine the Fermi-level position and the maximum doping & which the Boltzmann
goproximationis till valid.

Consider p-typesilicon, at T = 300 K, doped with boron. \We may assume that the limit
of the Boltzmann approximation occurs when £ — E, = 3kT. (See Section 4.1.2.)

1 Solution

Fan Table4.3, wefind theionization energy is £, — £, = 0.045 ¢V for boron in silicon. If
weassumethat Er; = Eniggap. then from Equation (4.68), the position of the Fermi level at
the maximum dopingis given by

W& can then solvefor the doping as

0437
0.025

N, =n; cxp( =32x107cm’

1 Comment

If the acceptor (or donor) concentration insilicon is greater than approximately 3 x 107 em 2,
then the Boltzmann approximation of the distribution function becomes less valid and the
eguations for the Fermi-level position are no longer quite as accurate.

EXAMPLE4 14

TEST YOUR UNDERSTANDING

E.13 Determine the position of the Fermi level with respect to the valence band energy in
ptypeGaAs a T = 300 K. The doping concentrations are ¥, =5 x 10 em™* and
Ny=4x 107 em™. (ASQE1°0= "7 —' 3 suy)

E. 14 Calculate the position of the Fermi energy level in n-typesilicon a T'= 300 K with
respect to the intrinsic Fermi energy level. The doping concentrations are Ny = 2 x
107 em™ and ¥, = 3 x 10" cm™, (AR [THQ = YT — 47 'suy)

Theintrinsic carrier concentration n;, in Equations (4.65) and (4.68), isa strong
function of temperature, so that Fr isa function of temperature also. Figure 4.19
showsthe variation of the Fermi energy level in silicon with temperature for several
donor and acceptor concentrations. As the temperature increases, #; increases, and
Er movescloser to the intrinsic Fermi level. At high temperature, the semiconduc-
tor material begins to loseits extrinsic characteristics and begins to behave more like
an intrinsic semiconductor. At the very low temperature, freeze-out occurs; the
Boltzmann approximation is no longer valid and the equations we derived for the
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Figure4.19 1 Position of Fermi level as afunction of
temperature for various doping concentrations.
(Fmm Sze {13].)

Fermi-level position no longer apply. At the low temperature where freeze-out oc-
curs, the Fermi level goes above £, for the n-type material and below E, for the
p-type material. At absolute zero degrees, all energy states below E¢ are full and all
energy states above E; are empty. i

4.6.3 Relevanceof the Fermi Energy

We have been calculating the position of the Fermi energy level asafunction of dop
ing concentrationsand temperature. Thisanalysis may seem somewhat arbitrary ad
fictiious. However, these relations do become significant later in our discussion d
pn junctions and the other semiconductor devices we consider. An important point is
that, in thermal equilibrium, the Fermi energy level is a constant throughout a s/s
tem. We will not prove this statement, but we can intuitively see its validity by con
sidering the following example.

Suppose we have a particular material, A, whose electrons are distributed in te
energy states of an allowed band as shown in Figure 4.20a. Most of the energy states
below E£r4 contain electrons and most of the energy states above E 4 are empty d
electrons. Consider another material, B, whose electrons are distributed in theeni
ergy states of an allowed band as shown in Figure 4.20h. The energy states bdow
Erp are mostly full and the energy states above E 5 are mostly empty. If thesetwo
materials are brought into intimate contact, the electrons in the entire system wilk
tend to seek the lowest possible energy. Electronsfrom material A will flow into the
lower energy states of material B, as indicated in Figure 4.20¢, until thermal equi-
librium is reached. Thermal equilibrium occurs when the distribution of electrons, a3
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Allowed

Figure 420 { The Fermi energy of (a) materiai A in thermal equilibrium, (b) material B
in thermal equilibrium, (c) materials A and B at the instant they are placed in contact,
md (d) materials A and B in contact at thermal equilibrium.

afunction of energy, isthe samein thetwo materials. Thisequilibrium state occurs
when the Fermi energy is the same in the two materials as shown in Figure 4.20d.
The Fermi energy, important in the physics of the semiconductor, also provides a
good pictorial representation of the characteristics of the semiconductor materials
and devices.

471 SUMMARY

1 Theconcentration of electronsin the conduction band isthe integral over the conduction
band energy of the product of the density of states function in the conduction hand and
the Fermi-Dirac probahility function.

1 Theconcentration of holes in the valence band is the integral over the valence bend
energy of the product of the density of states function in the valence band and the
probability of astate being empty, whichis[l — fr(E)|.

& Using the Maxwell-Boltzmann approximation, the thermal equilibrium concentration
d electrons in the conduction band is given by

ng = N, cxp

where N, isthe effective density of states in the conduction band
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B Using the Maxwell-Boltzmann approximation, the thermal equilibrium concentration
of holes in the valence band is given by

PQZN,CX]’)-————]

where N, isthe effective density of statesin the valence hand
Theintrinsic carrier concentration is found from

2 —-E
PI;:N, N, exp[ g]

kT

B Theconcept of doping the semiconductor with donor (group V elements) impurities
and acceptor (group 111 elements) impurities to form n-type and p-type extrinsic
semiconductors was discussed.

The fundamental relationship of rg py = n? wasderived.

Using the concepts of complete ionization and charge neutrality, equations for the
electron and hole concentrations as a function of impurity doping concentrations we
derived.

The position of the Fermi energy level asafunction of impurity doping concentratio
wasderived.

Therelevance of the Fermi energy was discussed. The Fermi energy is a constant
throughout a semiconductor that is in thermal equilibrium.

GLOSSARY OF IMPORTANT TERMS E |

acceptor atoms  Impurity atoms added to asemiconductor to create a p-type material
chargecarrier Theelectron and/or hole that moves inside the semiconductor and givesrise
toelectrical currents.

compensated semiconductor A semiconductor that contains both donors and

the same semiconductor region.

completeionization The condition when al denor atoms are positively

up their donor electrons and all acceptor atoms arc negatively charged by accepting electroms
degenerate semiconductor A semiconductor whose electron concentration or hole co
tration is greater than the effective density of states, so that the Fermi level isin the co
tion band (n type) or in the valence band (p type).

donor atoms  Impurity atoms added to a semiconductor to create an n-type material.
effective density of states The parameter N,. which results from integrating the dens
guantum states g-{ £) times the Fermi function f& (F) over the conduotion-band ene
the parameter N,. which results from integrating the density of quantum states g, (E) i
[I = f<(E)] over the valence-band energy.

extrinsic semiconductor A semiconductor in which controlled amounts of donors an
acceptors have been added so that the electron and hole concentrations change from th
trinsic carrier concentration and a preponderance of cither electrons (n type) or holes (p ty
is created.

freeze-out The condition that occurs in a semiconductor when the temperature is 1
and the donors and acceptors become neutrally charged. The electron and hole concen
become very small.
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intrinsiccarrier concentration »#; The electron concentration in the conduction hand and
the holeconcentration in the valence band (equal values) in an intrinsic semiconductor.
intrinsicFermi level Er;  The position of the Fermi level in an intrinsic semiconductor.
intrinsicsemiconductor A pure semiconductor material with no impurity atoms and no lat-
ticedefectsin the crystal.

nondegenerate semiconductor A semiconductor in which a relatively small number of
donorsand/or acceptors have been added so that discrete, nonintcracting donor states and/or
discrete, noninteracting acceptor states are introduced.

CHECKPOINT
After studying this chapter. the reader should have the ability to:

Derivethe equations for the thermal equilibrium concentrations of electrons and holes
in termsof the Fermi energy.
Derive the equation for the intrinsic carrier concentration.

1 Statethe value of the intrinsic carrier concentration for silicon at T= 300 K.
Derivethe expression for rheintrinsic Fermi level.

8 Describethe effect of adding donor and acceptor impurity atoms to a semiconductor.

Describe the meaning of degenerate and nondegenerate semiconductors.

Discussthe concept of charge neutrdity.

Derivethe equations for ny and py in terms of impurity doping concentrations.
Discussthe variation of the Ferini energy with doping concentration and temperature.

REVIEW QUESTIONS

1 Writetheequation for n(E) asafunction of the density of states and the Fermi proba
bility function. Repeat for the function p{E}.

2, Inderiving the equation for »; in terms of the Fermi function. the upper limit of the
integral should be the energy at the top of the conduction hand. Justify using infinity
instead.

3. Assuming the Boltzmann approximation applies, write the equationsfor ny and py in
termsof the Fermi energy.

4, What isthe valuc of the intrinsic carrier concentration insilicon at 7 = 300 K?

5 Under what condition would the intrinsic Fermi levcl be at the midgap energy?

6. What isadonor impurity’! What isan acceptor impurity?

7. What ismeant by complete ionization? What is meant by freeze-out?

8 What isthe product of rp and pp equal to?

9 Write the equation for charge neutrality for the condition of complete ionization.

10. Sketch agraph of n, versus temperature for an n-type material.

11.  Sketch graphs of the Fenni energy versus donor impurity concentration and versus
temperature.
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PROBLEMS i

Section4.1 Charge Carriersin Semiconductors

4.1

4.2

i

f

44

45

46

47

48

== 49

4.10

411

Calculate the intrinsic carrier concentration, n,. at T = 200, 400, and 600K for
{a) silicon, (b} germanium, and {<) gallium arsenide.

The intrinsic carrier concentration in silicon isto be no greater than i, =1 x

10'* cm™*. Assume £, = 1.12 eV. Determine the maximum temperature allowedfc
the silicon.

Plot the intrinsic carrier concentration, »;, for atemperature range of 200 < T <
600K for (a)silicon, (b) germanium, and {¢) gallium arsenide. (Usealog scale
forn,.)

In aparticular semiconductor material, the effective density of states functions are
given hy N, = No(Ty** and N, = N,o(T)*? where N.o and ¥, are consrantsin
dependent of temperature. The experimentally determined intrinsic carrier coicenirs
tions asafunction of temperature are given in Table 4.5. Determine the product
N.o N,y and the bandgap energy E,. (Assume E, isindependent of temperature.)
{a) The magnitude of the product g { E} fr{E in the conduction band is a function
energy as shown in Figure 4.1. Assume the Boltrmann approximation is vaid. Dete:
mine the energy with respect to E, at which the maximum occurs. (&) Repeat pan (¢
for the magnitude of the product gv{£) [I — £+ (E)] in the valence band.

Assume the Boltzmann approximation in a semiconductor is valid. Determine the
ratio of n(E) = gc{E) fr{E) & £ = E, + 4kT tothat at £ = E, T kT/2.
Assumethat E, — Er = 0.20 eV insilicon. Plot n(£) = ge (E) fr(£) over theran,
F,<sE<E +010eVior(a) T =200Kand (b)) T =400K.

Two semiconductor material's have exactly the same properties except that materia
has a bandgap energy of 1.0 eV and malerial B has a bandgap energy of 1.2 eV. Dex
mine the ratio of 2; of material A to that of material B for 7= 300 K.

{a) Consider silicon at T = 300 K. Plot the thermal equilibrium electron concentra-
tion n; (on alog scale) over the energy range0.2 < £, — Er < 0.4 eV. (#) Repest
part (a) lor the hole concentration over therange0.2 = £ — E, = 0.4¢V.

Given the effective messes of electrons and holes in silicon. germanium, and galliur
arsenide, calculate the position of the intrinsic Fermi energy level with respect toth
center of the bandgap for each semiconductor at T = 300 K.

(a) Thecarrier eftective masses in asemiconductor arem;, = 0.62mg andm;, = 1.4
Determinethe oosition of theintrinsic Fermi level with resnect to the center of the
bandgap a T = 300K. (b)Repeat pan {a} if m; = |. 1mg and w; = D.25my. i‘

Table4.5 | Intrinsic concentration as a
function of temperature

T(K) m (em™)
200 182 x 10?
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Problems

412 Cadculate £ 7, with respect to the center of the bandgap in silicon for 7 = 200. 400,
and600 K.

413 Plot theintrinsic Fermi energy Er; with respect to the center of the bandgap in silicon
for 200 < T = 600 K.

414 If the density of states function in the conduction band of a particuiar semiconductor
isaconstant equal to K, derive the expression for the thermal-equilibrium concentra-
tion of electronsin the conduction hand, assuming Fermi--Dirac statistics and assum-
ing the Boltzmann approximation is valid.

4.15 Repeat Problem 4.14 if the density of states function isgiven by g.(E) = C,(E — E)
for E > E,. where C, isaconstant.

Stion4.2  Dopant Atomsand Energy Levels

416 Calculatethe ionization energy and radius of the donor electron in germarium using
the Bohr theory. (Use the density of states effective mass asafirst approximation.)
417 Repeat Problem 4.16 for gallium arsenide.

Sation 4.3 The Extrinsic Semiconductor

418 Theelectron concentration in silicon at ¥ = 300 K is g = 5 X 10* em~>. (a) Deter-
mine py. Isthisn- or p-type matenal ? (b) Determine the position of the Fermi level
with respect to the intrinsic Fermi level.

419 Determine the valuesof ry and py for silicon at T = 300K if the Fermi encrgy is
0.22¢V above the valence band energy.

420 (@ If E, - E; = 0.25¢Vingalium arsenide at 7 == 400 K. calculate the values of
ng and py. (b) Assuming the value of ry from part (a) remains constant, determine
E.—Egandpya T =300K.

421 Thevauedf pyinsilicon a T =300 K is 10 ¢cm™*. Determine (a) £, — £+ and
(b) ng.

422 {(a) Considersilicon at 7 = 300 K. Determine py if E;, — E,. = 0.35¢V. (b) Assum-
ing that pe from part {a) remains constant, determine thevalue of £¢; — Er when
T=400K. (¢} Find the value of #;, in both parts(a) and (b).

423 Repeat problem 4.22 for GaAs.

*424 Assumethat Er = E, at 7 = 300K in silicon. Determine pg.

4,25 Consdersiliconat T = 300K, which hasz; =5 x 10'° em—3. Determine E, — Ep.

Stion4.4  Statisticsof Donorsand Acceptors

*4,26 Theelectron and hole concentrations as afunction of energy in the conduction hand
and valence band peak a a particular energy as shown in Figure 4.8. Consider silicon
and assume £, - E£r = 0.20 eV. Determine the energy, relative to the band edges, at
which the concentrations peak.

*4,27 For the Boltzmann approximation to he valid for a semiconductor, the Fermi level
must be at least 3kT below the donor level in an n-type material and at least 3kT above
the acceptor level in a p-type material. If T = 300 K, determine the maximum elec-
tron concentration in an n-type semiconductor and the maximum hole concentration
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_ 4.28

in a p-type semiconductor for the Boltzmann approximation to be valid in () slicon
and (b) gallium arsenide.

Plot the ratio of un-ionized donor atomsto the total electron concentration versus
temperature for silicon over therange 50 < T = 200 K.

Section 4.5 Charge Neutrality

4.29

*4,30

431

4.32
4.33

434

4.35

4.36

4.37

4.38

4.39
4.40

g | g

4.41

Consider agermanium semiconductor a T = 300 K. Calculate the thermal equilib
rium concentrations of n;, and py for (a)N, = 10”% cm?. N, =0, and (&) N, =
5x 10% em 3, N, =0

The Fermi level in n-type silicon at 7 = 300K is 245 meV below the conduction
band and 200 meV below the donor level. Determine the probability of findingan
electron («) in the donor level and (#) in a state in the conduction band 47" above the
conduction band edge.

Determine the equilibrium electron and hole concentrations in silicon for the follow-
ing conditions: Al
(8) T=300K, N, =2 % 10%cm"} N, =0

(b) T = 300K. Ny =0, N, = 10" cm™

(©) T =300K. N, =N, = 108cm™

(d) T =400K. Ny =0.N,, = 10 em™

{e) 7 =500K. ¥y = 10" em™, A, =0

Repeat problem 4.31 for GaAs.

Assume that silicon. germanium, and gallium arsenide each have dopant concentra
tionsof My, = | x 10" emF and N, = 2.5 x 10" em™* at T = 300 K. For eachof
the three materials (a) s this material n type or p type'?(b) Calculate ny and pg.

A sample of silicon a T = 450 K isdoped with boron at a cencentration of 1.5 x
10" cm # and with arsenic at a concentration of 8 x 10'* ecm™?. (a) Is the materialn
or p type? (5) Determine the electron and hole concentrations. {¢) Calculate the total
ionized impurity concentration.

The thermal equilibrium hole concentration in silicon at 7 = 300K is pg = 2 x

10° cm~*. Determine the thermal equilibrium electron concentration. Is the materia
n type or p type?

In asample of GaAs at T = 200 K, we have experimentally determined that ny = Sﬁ
and that &, = 0. Calculate ng, pg, and Ny.

Consider asample of silicon doped a N, = 0 and N, = 10" cm™?. Plot the majorif
carrier concentration versus temperature over thr range 200 < 7 < 500 K.

The temperature of a sample of silicon is T = 300 K and the acceptor doping conceo
tration is N, = 0. Plat the minority carrier concentratiun (on alog-log plot) verwsNi
over the range 107 < N, = 10" cm™3. :
Repeat problem 4.38 for GaAs. |
A particular semiconductor material is doped at My = 2 x 10" em™. N, =0, ad
the intrinsic carricr concentration ism, = 2 x 10" cm™. Assume complete ionizat
Determine the thermal equilibrium majority and minority carrier concenuations.
(a)Silicon at 7= 300K is uniformly doped with arsenic atoms at a concentrationof
2 x 10" ¢cm~* and boron atoms at aconcentration of 1 x 10" cm *. Determine the
theral equilibrium concentrations of majority and minority carriers. (b) Repeat
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442

part (a) if the impurity concentrations are 2 x 10'* cm~* phosphorus atomsand 3 x
10 ¢m~ boron atoms.

Insiliconat T = 300 K. we have experimentally found that g = 4.5 X 10 em~* and
Ny =5 X 10" em™. (a)lsthe material n type or p type? () Determine the majority
and minority carrier concentrations. (c) What types and concentrations of impurity
aomsexist in the material?

Sation4.6  Position of Fermi Energy Level

443

444

445

146

447

448

4.49

450

451

452

Consider germanium with an acceptor concentration of &, = 10*> ¢cm~* and a donor
concentration of N, = 0. Consider temperatures of T = 200,400. and 600 K. Calcu-
late the position of the Fermi energy with respect to the intrinsic Fermi level at these
temperatures.

Consider germanium at T = 300 K with donor concentrations of ¥, = 10'*, 10'¢,
and 10" em™. Let N, = 0. Calculate the position of the Fermi energy level with re-
spect to theintrinsic Fermi level for these doping concentrations.

A GaAs device isdoped with adonor concentration of 3 x 10'% cm~3. For the device
lo operate properly. the intrinsic carrier concentration must remain less than 5 percent
of the total electron concentration. What is the maximum temperature that the device

mey operate? - —
Consider germanium with an acceptor concentration of ¥, = 10'5 ¢m~?* and adonor
concentration of ¥, = 0. Plot the position of the Fermi energy with respect to the Qi
intrinsic Fermi level as afunction of temperature over therange 206 <= T < 600 K.

Considersilicon at T = 300 K with N, = 0. Plot the position of the Fermi energy —
level with respect to theintrinsic Fermi level as a function of the donor doping con-
centration over therange 10" < A, S10'% cm™? -
For a particular semiconductor, E, = 1.50 eV.m; = 10m;, T = 300K, and

n, =1 x 10° em™3, (¢) Determine the position of theintrinsic Fermi energy level
with respect to the center of the bandgap. (5) Impurity atoms are added so that the
Fermi energy level is0.45 eV below the center of the bandgap. (i) Are acceptor or
donor atoms added? (i) What is the concentration of impurity atoms added?

Siliconat T = 300 K contains acceptor atoms at a concentration of &, = 5X

10" em~3. Donor atoms are added forming an n-type compensated semiconductor
such that the Fermi level is0.215 eV below the conduction band edge. What concen-
tration of donor atoms are added?

Slicona T = 300 K is doped with acceptor atoms at a concentration of N, = 7 x
10" em™*, (a)Determine F» — E,. (b} Calculate the concentralinn of additional
acceptor atoms that must be added to move the Fermi level adistance kT closer to the
vaence-band edge.

(a) Determine the position of the Fermi level with respect to the intrinsic Fermi lcvel
insliconat T = 300 K that is doped with phosphorus atoms a a concentration of

10 em™3. (h)Repeat part {a) if the silicon is doped with boron atoms at a concentra-
tion of 10" cm™7. (¢) Calculate the electron concentration in the silicon for parts

(a) and (b).

Galliumarsenideat T = 300 K contains acceptor impurity atoms at adensity of

10 cm~*. Additional impurity atoms are to be added so that the Fermi level is
0.45eV below theintrinsic level. Determine the concentration and type (donor or
acceptor) of impurity atoms to be added.
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4.53

454

4.55

Determine the Fermi energy level with respect to theintrinsic Fermi level for each
condition given in Problem 4.31

Find the Fermi energy level with respect to the valence band energy for the conditi
given in Problem 4.32.

Calculate the position of the Fermi energy level with respect to the intrinsic Fermi
the conditions given in Problem 4.42.

Summary and Review

3 =

4.57

4.58

A special semiconductor material isto he " designed.” The semiconductor isto be
n-type and doped with 1 x 10'* em~* donor atoms. Assume complete ionization a
assume ¥, = 0. The effective density of states functions aregiven by N, = N, =
15 x 10" ecm™* and are independent of temperature. A particular semiconductor
device fabricated with this material requires the electron concentration to he no
greater than 1.01 x 10'* cm™? a T = 400 K. What is the minimum value of the
bandgap energy'!

Silicon atoms, at a concentration of 10 ¢ m ?, are added to gallium arsenide. Ass
that the silicon atoms act as fully ionized dopant atoms and that 5 percent of thec
centration added replace gallium atoms and 95 percent replace arsenic atoms. Let
T = 300 K. (a)Determine the donor and acceptor concmtrations. (h) Calculate the
electron and hole concentrations and the position of the Fcrmi level with respect
to E,, .

Defects in a semiconductor material introduce allowed energy states within the for-
bidden bandgap. Assume that a particular defect in silicon introduces two discretelgg
els: adonor level 0.25 ¢V above the top of the valence band, and an acceptor leve
0.65 eV above the top of the valence band. The charge state of each defect is afune-
tion of the position of the Fermi level. (a)Sketch the charge density of each defect
the Fermi level movesfrom E, to E,. Which defect level dominates in heavily
n-type material'?In heavily doped p-type material? (h) Determine the electron and
hole concentrations and the location of the Fermi level in (i) an n-type sample doped
at Ny = 10/7em= and (ii)in a p-type sample doped a N, = 10" em™. (¢} Deter-
mine the Fermi level position if no dopant atoms are added. |Is the materia n-type,
p-type, or intrinsic?
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Carrier Trangport Phenomena

PREVIEW

termined electron and hole concentrations in the conduction and valence bands,

respectively. A knowledgeof the densities of these charged particlesisimportant
toward an understanding of the electrical properties of a semiconductor material. The
net flow of the electrons and holes in asemiconductor will generatecurrents. The pro-
cess by which these charged particles move is caled transport. In this chapter we
will consider the two basic transport mechanismsin a semiconductor crystal: drifti—
the movement of charge due to electric fields, and diffusion— theflow of charge due
to density gradients. We should mention, in passing, that temperature gradients in a
semiconductor can also lead to carrier movement. However, as the semiconductor
device size becomes smaller, thiseffect can usually be ignored. The carrier transport
phenomenaare the foundation for finally determining the current-voltage character-
istics of semiconductor devices. We will implicitly assume in this chapter that,
though there will be a net flow of electrons and holes due to the transport processes,
thermal equilihrium will not be substantially disturbed. Noneguilibrium processes
will be considered in the next chapter. m

I n the previous chapter, we considered the semiconductor in equilibrium and de-

5.1 1 CARRIER DRIFT

An electric field applied to a semiconductor will produce a force on electrons and
holes so that they will experience a net acceleration and net movement, provided
there are available energy states in the conduction and valence bands. This net move-
ment of charge due to an electric field iscalled drift. The net drift of charge givesrise
to adrift current.
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511 Drift Current Density

If we haveapositive volume charge density » moving at an average drift velocity v,,
the drift current density is given by

Jarg = PUy (5.1

whaeJisin unitsof C/em?-s or amps/cm?®. If the volume charge density is due to
podtively charged holes, then

Jpldrj = (E'P)Udp (5.2)

where J, 4.7 is the drift current density due to holes and vy, is the average drift ve-
lodity o the holes.
The equation of motion of a positively charged hole in the presence of an elec-
tricfidd is
F=mio=¢E (5.3)

wheree is the magnitude of the electronic charge, « is the acceleration, E is the elec-
tricfield,and m; isthe effective massof the hole. If the electric field isconstant, then
we expect the velocity to increase linearly with time. However, charged particlesin a
semiconductorare involved in collisions with ionized impurity atoms and with ther-
mdly vibrating lattice atoms. These collisions, or scattering events, alter the velocity
characteristicsof the particle.

As the hole accelerates in a crystal due to the electric field, the velocity in-
creases. When the charged particle collides with an atom in the crystal, for example,
the panicleloses most, or al, of itsenergy. The particlewill again begin to acceler-
deand gain energy until it isagain involved in a scattering process. This continues
over and over again. Throughout this process, the particle will gain an average drift
velocity which, for low electric fields, is directly proportional to the electric field.
We mey then write

Ugp = H,E (5.4)

where i1, is the proportionality factor and is called the hole mobility. The mobility is
a important parameter of the semiconductor since it describes how well a particle
will move due to an electric tield. The unit of mobility is usually expressed in terms
of em?/ V-s.

By combining Equations (5.2) and (5.4). we may write the drift current density
dueto holes es

J[)\drf = (eP)Uu‘p = EMI,PE (5.5)

The drift current due to holes is in the same direction as the applied electric field.
The same discussion of drift applies to electrons. We may write

‘In|drf = PVin = (_en)udn (56)

whae J,, is the drift current density due to electrons and vy, is the average drift
veoaty of electrons. The net charge density of electrons is negative.
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Table51 | Typicd mohility vauesa T = 300 K and luw doping

Silicon 1350 480
Gallium arsenide 8500 400
Germanium 3900 1900 1

The averagedrift velocity of an electron is also propostional to the electric fieh
for small fields. However, since the electron is negatively charged, the net motiona
the electron is oppositeto the electric field direction. We can then write

Udn = 7}‘*"'IJE’

where i, isthe electron mobility and isa positive quantity. Equation (5.6) may
be written as

The conventional drift current due to electrons is also in the same direction as th
applied electric field even though the electron movement is in the opposite directior

Electron and hole mobilities are functions of temperature and doping concentra
tions, as we will see in the next section. Table 5.1 shows some typical mobility val
uesat T = 300 K for low doping concentrations.

Since both electrons and holes contribute to the drift current, the total drift currea
density is the sum of the individual electron and hole drift current densities, so we mg
write

J(ir;’ = 9(#"” + #[ﬁP)E (A

EXAMPLE 5.1

Objective

To calculatethe drift current density in asemiconductorfor a given electric field.

Consider agallium arsenide sample & 7 = 300 K with doping concentretions of A, =!
and N; = 10'° cm~?. Assume complete ionization and assume electron and hole maobiliti
givenin Tebles. 1. Caculatethedrift current density if the appliedel ecuicfiddd isE = 10 Vied

W Solution
Since N; = N,, the semiconductor is n type and the majority carrier electron concentratio
from Chapter 4 isgiven by

The minority carrier hole concentrationis
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For thisextrinsic n-type semiconductor, the drift current density is

Jary = eptan + 11, PIE 2 e, NJE

& Comment

Sgnificant drift current densities can be obtained in a semiconductor applying relatively small
dectricfields.We may note from this example that the drift current will usually he due pri-
maily to the majority carrier in an extrinsic semiconductor.

TEST YOUR UNDERSTANDING

F5.1 Consder asampleof silicona T = 300 K doped at an impurity concentration of
Ny =10 em % and N, = 10" em™ . Assume electron and hole mobilities given in
Tableb.1.Caleulate thedrift current density if theapplied electric field iSE = 35 V/em,
(WY 08°9 'suy)

Es.2  Adriftcurrent density of J,,; = 120 A/em? is required in a particular semiconductor
deviceusing p-typesilicon with an applied electric field of E = 20 V/cm. Determine
the required impurity doping concentration to achieve this specification. Assume elec-
tron and hole mobilitiesgiven in Table 5.1. (; Wd 4,01 % 8L = "N = "d 'suy)

512 Mobility Effects

In the last section, we defined mobility, which relates the average drift velocity of a
carrier to the electric field. Electron and hole mobilities areimportant semiconductor
parametersin the characterization of carrier drift, as seen in Equation (5.9).

Equation (5.3)related the acceleration of a hole to a force such as an electric
field. We may write this equation as

where v is the velocity of the particle due to the electric field and does not include
the random thermal velocity. |f we assume that the effective mass and electric field
are constants, then we may integrate Equation (5.10) and obtain

where we have assumed the initial drift velocity to be zero.

Figure 5.!a shows a schematic model of the random thermal velocity and mo-
tion of @ hole in a semiconductor with zero electric field. There is @ mean time be-
tween collisions which may be denoted by t,,,. If a small electric field (E-field) is
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—_—
E field ,#
(h) at
Figure 5.1 Typica random behavior of aholein asemiconductor (8 without an
electricfield and (b) with an eectricfield.

applied as indicated in Figure 5.1h. there will be anet drift of the hole in the directiw
of the E-field, and the net drift velocity will be a small perturbation on the radm
thermal velocity, so the time between collisionswill not be altered appreciably. If we
use the mean time between collisions z,, in place of the time r in Equation (5.1),
then the mean peak velocity just prior to a collision or scattering event is

The averagedrift velocity is one half the peak value so that we can write

However, thecollision processis not as simple as this model, but is statistical in
nature. In a more accurate model including the effect of a siatistical distribution, the
factor % in Equation (5.12b) does not appear. The hole mobility is then given by

The same analysis applies to electrons; thus we can write the electron mobility &

where r,,, isthe mean time between collisions for an electron.

There are two collision or scattering mechanisms that dominate in a semicon-
ductor and affect the carrier mobility: phonon or lattice scattering, and ionized im-
purity scattering.

The atoms in a semiconductor crystal have a certain amount of thermal energy
at temperatures above absolute zero that causes the atoms to randomly vibrate dait
their lattice position within the crystal. The lattice vibrations cause adisruption in the

|
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perfect periodic potential function. A perfect periodic potential in asolid allowselec-
trons to move unimipeded. or with no scattering, through the crystal. But the thermal
vibrationscause a disruption of the potential function, resulting in an interaction be-
twemn the electrons or holes and the vibrating lattice atoms. This lattice scattering is
dsoreferred to as phonon scattering.

Since lattice scattering is related to the thermal motion of atoms, the rate at
which the scattering occurs is afunction of temperature. If we denote y; as the mo-
hility that would be observed if only |attice scattering existed, then the scattering the-
ay statesthat to first order

Mohility that is due to lattice scattering increases as the temperature decreases. Intu-
iively, we expect the lattice vibrations to decrease as the temperature decreases,
which impliesthat the probability of a scattering event also decreases, thus increas-
ing mobility.

Figure 5.2 shows the temperature dependence of electron and hole mobilities in
dlicon. In lightly doped semiconductors, |attice scattering dominates and the carrier
mohility decreases with temperature as we have discussed. The temperature depen-
dencedf mobility is proportional to 7—". The inserts in the figure show that the pa-
rameter n is not equal to ; as the first-order scattering theory predicted. However,
mohility does increase as the temperature decreases.

The second interaction mechanism affecting carrier mobility is called ionized
impurity scattering. We have seen that impurity atoms are added to the semiconduc-
tor to control or ater its characteristics. These impurities are ionized at room tem-
perature SO that a coulomb interaction exists between the electrons or holes and the
ionized impurities. This coulomb interaction produces scattering or collisions and
do dtersthe velocity characteristics of the charge canier. If we denote u; as the
mohbility that would be observed if only ionized impurity scattering existed, then to
firsorder we have

whae Nj = N + N7 isthe total ionized impurity concentration in the semicon-
ductor. If temperature increases, the random thermal velocity of a carrier increases,
reducing thetimethe carrier spendsin the vicinity of theionized impurity center. The
lesstimespent in the vicinity of acoulomb force, the smaller the scattering effect and
the larger the expected value of ;. If the number of ionized impurity centers
increeses, then the probability of a carrier encountering an ionized impurity center
increases, implying asmaller value of j¢;.

Figure 5.3 isaplot of electron and hole mobilities in germanium, silicon, and
gdlium arsenideat T = 300 K asa function of impurity concentration. More accu-
rady, these curves are of mobility versus ionized impurity concentration N;. As
the impurity concentration increases, the number of impurity scattering centers in-
creases, thus reducing mobility.
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5.1 Carier Drift

Impurity concentration (cm ™)

Figure5.3 1 Electron and hale mobilities versus impurity
concentrations for germanium, silicon. and gallium
arsenidea T = 300K.

(From Sze [12])

TEST YOUR UNDERSTANDING

ES.3 (a)Using Figure 5.2, find the electron mobility for (i) ¥; = 10" cm ™. T = 150°C
and(ii)N; = 10" em=*, T = OC. (b) Find the hole mobilitiesfor (i) N,, =
10%em—*, T =50°C;and (i) N, = 10" em™, T = 150°C.

[S-A/ W2 00T~ (11) *S-AS W 08 g~ (1) () A/ Q08 [~ (1) $-A/ W0 00¢ (1) (7) suY]

ES4 Using Figure5.3, determine the electron and hole mobilities in (a)silicon for
N, =10% cm™*, N, == 0; (b)silicon for Ny = 107 em™*, N, =5 x 10 cm~;

(o) silicon for Ny = 10 em—*, N, = 10'7 cm *: and (d) GaAs for
Ny = Ne = 107 em3, [S-A/A02 02T = 710068 = ‘71 (p)
01€ & 7008 = 7 (9) 100€ = ‘T Q0L & 1 () j08r = 7 0SEN = " (9) suy]

If 1, isthe mean time between collisions due to lattice scattering, then dt /7 is
the probability of a lattice scattering event occurring in a differential time dt.
Likewise, if z; isthe mean time between collisions due to icnized impurity scattering,
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then dt /1, is the probability of an ionized impurity scattering event occurring in th.
differential timedt. If these two scattering processes are independent, then thetot
probability of a scattering event occurring in the differential timedt isthe sum ofth
individual events, or

de dr dt
=—+— .1
Tl 153
where r is the mean time between any scattering event.
Comparing Equation (5.17) with the definitions of mobility given by Equ:
tion (5.13) or (5.14), we can write

where gy isthe mobility due to the ionized impurity scattering processand gy, is the
mobility due to the lattice scattering process. The parameter x is the net mobilin
With two or more independent scattering mechanisms, the inverse mobilities add
which means that the net mobility decreases.

5.1.3 Conductivity
Thedrift current density, given by Equation (5.9), may be written as

where o isthe conductivity of the semiconductor material. The conductivity isgive:
in unitsof ($2-cm)~! and isafunction of theelectron and hole concentrations and me
bilities. We havejust seen that the mobilities arefunctionsof impurity concentration,
conductivity, then isasomewhat complicated function of impurity concentration.

The reciprocal of conductivity is resitivity, which isdenoted by p and is give
in units of ohm-cm. We can write the formulafor resistivity as

Figure 5.4 isa plot of resistivity as a function of impurity concentration in silicor
germanium, gallium arsenide, and gallium phosphide at T = 300 K. Obvioudly,th.
curves are not linear functionsof &, or N, because of mobility effects.

If we have a bar of semiconductor material as shown in Figure 5.5 with avolt
age applied that produces acurrent I, then we can write

J=— (5.2
A

and
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Figure54 | Resistivity versus impurity concentration at T = 300K in (a) silicon
and (b} germanium, gallium arsenide, and gallium phosphide.
{From 5ze [12].)
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Figure55 | Bar of semiconductor material as a resstor.

We can now rewrite Equation (5.19) as

Equation {5.22b) is Ohm's law for a semiconductor. The resistance is a functionofl
resistivity, or conductivity, as well as the geometry of the semiconductor.

If we consider. for example, a p-type semiconductor with an acceptor doping
N (N, = 0) in which N, 2> n;, and if we assume that the electron and hole mobili-
ties are of the same order of magnitude, then the conductivity becomes

If we also assume complete ionization, then Equation (5.23) becomes

The conductivity and resistivity of an extrinsic semiconductor are a function pri-
marily of the majority carrier parameters.

We may plot the carrier concentration and conductivity of a semiconductor asa
function of temperature for a particular doping concentration. Figure 5.6 showsthe
electron concentration and conductivity of silicon asafunction of inverse temperature
for the case when N, = 10*> cm™>. In the midtemperature range, or extrinsic rangg
as shown, we have complete ionization— theelectron concentration remains essen
tially constant. However, the mobility isafunction of temperature so the conductivity
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Figure56 | Electron concentration and conductivity versus
inverse temperature for silicon.
fAfter Sze [12].)

varieswith temperaturein thisrange. At higher temperatures, theintrinsic carrier con-
centration increases and begins to dominate the electron concentration as well asthe
conductivity. In the lower temperature range, freere-out beginsto occur; the electron
concentration and conductivity decrease with decreasing temperature.

Objective

To determine the doping concentration and majority carrier mobility given the type and con-
ductivity of acnmpensated semiconductor

Consider compensated n-type silicon a8 T =300 K, with a conductivity of o =
16 (2-cm)~! and an acceptor doping concentration of 10'7 cm~*. Determine the donor con-
centration and the electron mobility.

H Solution
For ntypesilicon a& 7 = 300 K, we can assume complete ionization; therefore the conductiv-
ity, assuming N, — N, >>n,, isgiven hy

“ o epan = e, (Ny — Ny)
W& have that
16 = (16 X 107"y, (Ny — 20"

Since mohility isa function of theionized impurity cnncentration. we can use Figure 5.3 along
with trid and error to determine g, and A,. For example, if we choose N; = 2 x 10'7, then

Page 186 of 566

EXAMPLE 5.2



CHAPTER & Carier Transport Phenomena l

N, = ¥ + N =3x 10" so that s, = 510 em*/V-s which gives ¢ =8.16
If we choose &, =5 x 10", then ¥, = h x 107 so that u, % 325 cm?/V-s,
o = 208 {Q-cm)~'. Thedoping is hounded between these two values. Funhcr trial anden‘
yields

and
which gives

B Comment
We can see from this example that, in high-conductivity semicunductor material. mobility ist
strong function of carrier concentration.

DESIGN iecti
EXAMPLES3 I Objective

Todesign asemiconductor resistor with aspecified resistanceto handleagiven current de

Asilicon semiconductorat T = 300 K isinitially doped with donors at a concentrati
N; =35 x 10" em™. Acceptors are to be added to form a compensated p-type material
resistor is to have aresistance of 10 k§2 and handle a current density of 50 Afem® when ¢

applied.

Solution
For 5V applied to a 10-k$2 resistor, the total current is

If the current density is limited to 50 A/cm?. then the cross-sectional areais

If we, somewhat arbitrarily at this point, limit the electric field to E = 100 V/cm, the
length of theresistor is

From Equation (5.22b), the conductivity of the semiconductor is

The conductivity of acompensated p-type semiconductor is
o R ey, =elt,(Ny — Ng)

where the mobility is afunction of the total ionized impurity concentration N, + N.
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Using trial and error, if &, = 1.25 x 10" em~3, then &, T N, = 1.75x 10'® em™?,
and the hole mobility, from Figure 5.3, is approximately s, = 410 cm?/V-s. The conductivity
isthen

which is very close to the value we need

B Comment
Since the mobility is related to the total ionized impurity concentration, the determination of
the impurity concentration to achieve a particular conductivity is not straightforward.

TEST YOUR UNDERSTANDING

E5.5 Slicona T = 300 K is doped with impurity concentrations of N; = 5 X 10'® cm=?
and N, = 2 x 10** cm=*, (a) What are the electron and hole mobilities? (b} Deter-
minethe conductivity and resistivity of the material. [W2-3 8070 = ¢
f W5} 8% = £ () 1A/ WD 06 = N s A W2 00T = M (1) SuY)

E56 Fora particular silicon semiconductor deviceat T = 300K, the required material is
n type with aresistivity of 0.10$2-cm. () Determine the required impurity doping
concentration and (b) the resulting electron mobility.

[S-Af W9 660 = “1 (g} *,_wo 01 X 6 = 7N ‘¢ a1 woly () suy]

EB7 Abarof p-type silicon, such as shown in Figure 5.5, has a cross-sectional area of
A = 10"%cm® and alength of L = 1.2 x 10~* cm. For an applied voltage of 5V, a
current of 2 mA is required. What is the required (a) resistance, (b) resistivity of the
silicon,and («) impurity doping concentration?

{¢-9 61 X £~ "N (3) WG 80T (§) ' BAST () suy]

For an intrinsic material, the conductivity can be written as

The concentrations of electronsand holes are equal in anintrinsic semiconductor, so
theintrinsic conductivity includes both the electron and hole mohility. Since, in gen-
erd, the electron and hole mobilities are not equal, the intrinsic conductivity is not
the minimum value possible at a given temperature.

514 Veocity Saturation

Sofar in our discussion of drift velocity, we have assumed that mobility is not afunc-
tion of electric field, meaning that the drift velocity will increaselinearly with ap-
plied electric field. The total velocity of a particle is the sum of the random thermal
velocity and drift velocity. At T = 300 K, the average random thermal energy is

given by
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Electric field (V/cm)

Figure5.7 | Carrier drift velocity versuselectric field for
high-purity silicon. germanium, and gallium arsenide.
(From Sze {12].)

Thisenergy translates into a mean thermal velocity of approximately 107 cmy/s foran
electron in silicon. If we assume an electron mobility of 1, = 1350 cm?/V-sin low-
doped silicon, a drift velocity of 10° cm/s, or | percent of the thermal veloity, i
achieved if the applied electric field is approximately 75 V/cm. This applied electric
field does not appreciably alter the energy of the electron.

Figure5.7 isa plot of averagedrift velocity asafunction of applied electric fidd
for electrons and holesin silicon, gallium arsenide, and germanium. At low dectric
fields, where there isa linear variation of velocity with electric field, the slope of the
drift velocity versus electric field curve is the mobility. The behavior of the drift ve-
locity of carriersat high electric fields deviates substantially from the linear rdation
ship observed at low fields. The drift velocity of electrons in silicon, for example
saturates at approximately 107 cmis at an electric field of approximately 30 kViem,
If the drift velocity of a charge carrier saturates, then the drift current density do
saturates and becomes independent of the applied electric field. ,

Thedrift velocity versuselectric field characteristic of gallium arsenide is mere
complicated than for silicon or germamum. At low fields, the slope of the drift ve-
locity versus E-field is constant and is the low-field electron mobility, which isg
proximately 8500 cni’/V-s for gallium arsenide. The low-field electron mohbility in
gallium arsenide is much larger than in silicon. As the field increases, the electron
drift velocity in gallium arsenide reaches a peak and then decreases. A differential
mobility is the slope of the v, versus E curve at a particular point on the curveatd
the negative slope of thedrift velocity versus electric field represents a negative dif
ferential mobility. The negative differential mobility produces a negative differentia
resistance; thischaracteristic is used in the design of oscillators.
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Figure5.8 | Energy-hand structure
for galium arsenide showing the
upper valey and lower valey in
the conduction band.

(From Sze [13])

Thenegativedifferential mobility can be understood by considering the E versus
k diagram for gallium arsenide, which is shown again in Figure 5.8. The density of
sateseffectivemass of the electron in the lower valley is m? = 0.06751,. The small
effectivemass leads to a large mobility. As the E-field increases. the energy of the
dectron increases and the electron can be scattered into the upper valley, where the
densty of states effective mass is 0.55m,. The larger effective mass in the upper
vdley yieldsa smaller mobility. This intervalley transfer mechanism results in ade-
creeding average drift velocity of electrons with electric field, or the negative differ-
entil mobility characteristic.

521 CARRIER DIFFUSION

Thereisasecond mechanism, in addition to drift, that can induce a current in asemi-
conductor. We may consider aclassic physicsexampie in which acontainer, as shown
inFigure 5.9, isdivided into two parts by a membrane. The |ft side contains gas mol-
eculesat aparticular temperature and the right side isinitially empty. The gas mole-
culesarein continual random thermal motion so that, when the membraneis broken,
the gas molecules How into the right side of the container. Diffusion is the process
whereby panicles flow from a region of high concentration toward a region of low
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Figure5.9| Container
divided by a membrane with
gas moleculeson oneside.

Figure5.10! Electron concentration versus distance.

concentration. If the gas molecules were electrically charged, the net flow of ch
would result in adiffusion current.

521 Diffusion Current Density

To begin to understand the diffusion process in a semiconductor, we will consider;
simplified analysis. Assume that an electron concentration variesin one dimension
shown in Figure 5.10. The temperature is assumed to be uniform so that the av
thermal velocity of electrons isindependent of x. To calculatethe current, we will
termine the net Row of electrons per unit time per unit area crossing the planed
x = Q. If thedistance! shown in Figure 5.10isthe mean-free path of an electron;
is, the average distance an electron travels between collisions (| = vy 7..), then @
the average, electrons moving to theright at x = —{ and electrons moving to thek
atx = 4! will crossthex = 0 plane. One half of theelectrons at x = —/ will bet
eling to theright at any instant of time and one half of theelectronsat x = +/ will W
traveling to the left at any given time. The net rate of electron flow, F,,,in the
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directiona x = 0 isgiven by

If we expand the electron concentration in a Taylor series about x = 0 keeping
only thefirst two terms, then we can write Equation (5.27) as

which becomes
dn

Fy=—vpl —

dx

Each electron has acharge (—e), so the current is

Thecurrent described by Equation (5.30)is the electron diffusion current and is pro-
portiond to the spatial derivative, or density gradient, of the electron concentration.

Thediffusion of electrons from a region of high concentration to aregion of low
concentration produces a flux of electrons flowingin the negative x direction for this
example. Since electrons have a negative charge, the conventional current direction
isin the positivex direction. Figure 5.1 | a shows these one-dimensional flux and cur-
rent directions. We may write the electron diffusion current density for this cne-
dimensiona case. in the form

where D,, iscalled the electron diffusion coefficient, has units of cm?/s, and is a pos-
iive quantity. If the electron density gradient becomes negative, the electron diffu-
son current density will bein the negative x direction.

Figure5.11b shows an example of a hole concentration as afunction of distance
in a semiconductor. The diffusion of holes, from a region of high concentration to a
region of low concentration, produces a flux of holes in the negative x direction.
Since holes are positively charged particles, the conventional diffusion current den-
Sty isaso in the negative x direction. The hole diffusion current density is propor-
tiond to the hole density gradient and to the electronic charge, so we may write
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=)
dl
o Electron flux
£l o
2 | Electron diffusion
s current density
=

I
51
81
E [}
a'!

Hole {lux

=
E1 Hole diffusion
31 i —— current density

e

Figure511 1 (a) Diffusion of electrons due to a densily
gradient. (b) Diffusion of holes due to adensity gradient.

for the one-dimensional case. The parameter D, is called the hole diffusion co
cient, has units of cm?/s, and is a positive quantity. If the hole density gradient
comes negative, the hole diffusion current density will be in the positive x directi

EXAMPLE 5.4 Objective

To calculate the diffusion current density given adensity gradient.

Assume that. in an n-type gallium arsenide semiconductor a T = 300 K, the ele
concentration varies linearly from § x 10'* to 7 x 10" em~? over adistance of 0.10¢m Ca
culate thediffusion current density if the electron diffusion coefficientis 3, = 225 cm*/

2 Solution
The diffusion current density is given by

B Comment
A significant diffusion current density can be generated in a semiconductor material witho‘
a modest density gradient.

F |
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5.3 Graded Impurity Distribution

TEST YOUR UNDERSTANDING

B5.8 Thedectronconcentrationin siliconis given by #(x) = 10Y o=/t em= (x = Q)
where L, = 10" * cm. The electron diffusion coefficientis U,, = 25cm?/s. Determine
theelectrondiffusioncurrent density at (a) x =0, (b)x = 107* cm, and (c) x — oc.

L 0E) Wy - (@) oy op— () suy]

ES9  The hole concentration in silicon varieslinearly fromx = 0 tox = 0.01cm. The
hdediffusioncoefficientis D, = 10 em/s, the hole diffusion current density is
20 AJem’, and the hole concentration @ x = 0 is p = 4 x 10" cm™*, What isthe
velue of the hole concentrationat x = 0.01 cm?{ W2 ;|01 X SL'7 "SUV)

E510 The hole concentration in silicon isgiven by p(x) = 2 x 10Me /%s) em™3
(x = 0}. The hole diffusioncoefficient is D, — 10cm?*/s. The value of the diffusion

F  curentdensityd x = 0is Jur = +6.4 Alem®, What isthe valuedf L,,?

(wo »_0f X ¢ = "7 suy)

522 Total Current Density

We now have four possible independeat current mechanisms in a semiconductor.
These components are electron drift and diffusion currents and hole drift and diffu-
son currents. The total current density is the sum of these four components, or, for
the one-dimensional case,

Thisequatiosi may be generalized to three dimensions as

The electron mobility gives an indication of how well an electron moves in a
semiconductor as a result of the force of an electric field. The electron diffusion co-
efficientgives an indication of how well an electron moves in a semiconductor as a
reslt of adensity gradient. Theelectron mohility and diffusion coefticient are not in-
dependent parameters. Similarly. the hole mobility and diffusion coefficient are not
independent parameters. The relationship between mobility and the diffusion coeffi-
dent will be developed in the next section.

Theexpression for the total current in a semiconductor contains four terms. For-
tunately in most situations, we will only need to consider one term at any onetime at
aparticular point in a semiconductor.

53! GRADED IMPURITY DISTRIBUTION

In mogt cases so far, we have assumed that the semiconductor isuniformly doped. In
may semiconductor devices, however, there may be regions that are nonuniformly
doped. Wewill investigate how anonuniformly doped semiconductor reaches thermal

Page 194 of 566



CHAPTER 5 Carier Transport Phenomena

equilihrium and, fromthisanalysis, we will derive the Einstein relation, whichre|
mobility and the diffusion coefficient.

531 Induced Electric Field

Consider a semiconductor that is nonunifnrmly doped with donor impurity atoms!
the semiconductor is in thermal equilibrium, the Fermi energy level is co
through the crystal so the energy-band diagram may qualitatively look like
shown in Figure 5.12. The doping concentration decreases as x increases in this i
There will be adiffusion of majority carrier electrons from the region of high vor
centration to the region of low concentration, which isin the +x direction. The {lo
of negative electrons leaves behind positively charged donor ions. The separation «
positive and negative charge induces an electric field that isin adirection to oppos
the diffusion process. When equilibrium is reached, the mobile carrier concentriuo
is not exactly equal to the fixed impurity concentration and the induced electric il
prevents any further separation of charge. In most cases of interest, the space chire
induced by this diffusion process is a small fraction of the impurity concentratior
thus the mobile carrier concentration is not too different from the impurity
density.

The electric potential ¢ is related to electron potential energy by the ch
{—e), SO we can write

Theelectric field for the one-dimensional situation is defined as

Figure5.12 [ Encrgy-band diagram for
a semiconductor in thermal equilibrium
with anonuniformdonor impurity
concentretion
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5.3 Graded Impurity Distribution

If theintringic Fermi level changes as afunction of distance through a semiconduc-
tor in thermal equilibrium, an electric field exists in the semiconductor.

If we assume a quasi-neutrality condition in which the electron concentration is
admog equal to the donor impurity concentration, then we can still write

Soving for Ef — Ef;, weobtain

The Fermi level is constant for thermal equilibrium so when we take the derivative
with respect to x we obtain

Thedlectricfield can then be written, combining Equations (5.39) and {5.36), as

Since we have an electric field, there will be a potential difference through the semi-
conductor due to the nonuniform doping.

Objective

To determine theinduced electric field in asemiconductor in thermal equilibrium, given alin-
e vaidionin doping concentration.
Asumetha thedonor concentrationin an n-typesemiconductorat T = 300K isgiven by

Ng(x) = 10" - 10™  (em™)
where x isgiven in an and rangesbetween 0 = x < | um

m Solution
Tddrg the derivativeof the donor concentration, we have

Thededricfiddis given hy Equation (5.40), so we have

Ax = 0, for example, we find
E, =25.9V/cm
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CHAPTER 5 Carrier Trangoort Phenomena '

B Comment
We may recal from our previous discussion of drift current that fairly smal electric fid
produce significant drift current dengities, so that an induced electric field front nonuNi «

5.3.2 TheEinstein Relation '

If we consider the nenuniformly doped semiconductor represented by the ene
band diagram shown in Figure5.12 and assume there are no electrical connectiors
that the semiconductor is in thermal equilibrium, then the individual eectron J
hole currents must be zero. We can write

fy=0=enuEx +e¢D, — va

If we assume quasi-neutrality so that n = N,(x). then we can rewrite
tion (5.41) as

tion (5.42). we obtain

Equation (5.43) is vdid for the condition

D, kT

wa € al
The hole current must also be zero in the semiconductor. From this conditi
we can show that

Combining Equations (5.44a) and (5.44b) gives

between the mobility and diffusion coefficient, given by Equation (5.45), isk
the Einstein relation.
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Table5.2 | Typicad mobility and diffusion coefficient valuesa
T =300K (1 = em¥V-s and D = cm/s)

Mo D, a D, (4
Silicon 1350 35 480 124
Gdlium arsenide 8500 220 400 104
Germanium 3900 101 1900 49.2

Objective EXAMPLE 5.6

To determine the diffusion coefficient given the carrier mobility. Assume that the mobil-
ity of a particular carrier is 1000 cm*/V-s a T = 300 K.

1 Solution
§ Usrg the Eingtein relation. we have thet

kT
D= (—;) o= (0.0239)(1000) = 259 cm’/s

1 Comment

Although thisexample is fairly simple and straightforward. it isimportant to keep in mind the
rddiveorders of magnitudeof the mobility and diffusion coefficient. The diffurioncoctticient
is goproximately 40 times smaller than the mobility a room temperature.

Table 5.2 shows the diffusion coefficient valuesat 7 = 300 K corresponding to
the mobilities listed in Table 5.1 tor silicon. gallium arsenide. and germanium.

The relation between the mobility and diffusion ceefficient given by Equa-
tion (5.45) contains temperature. It is important to keep in mind that the major tem-
peraure effects are a result of lattice scattering and ionized impurity scattering
processes, as discussed in Section 5.1.2. As the mobilities are strong functions of
temperature because of the scattering processes, the diffusion coefficients are also
strong functions of temperature. The specific temperature dependence given in Equa-
tion (5.45) isasmall fractionof the real temperature characteristic.

*54| THEHALL EFFECT

The Hall effect is a consequence of the forces that are exerted on moving charges by
dectricand magnetic fields. The Hall effect is used to distinguish whether a semi-
conductor is n type or p type' and to measure the majority carrier concentration and
tngjority carrier mobility. The Hall effect device, as discussed in this section, is used
to experimentally measure semiconductor parameters. However, it is also used
extensvely in engineering applications as a magnetic probe and in other circuit
gpplications.

We will assume an extrinsic semiconductor material in which the majority CATIEr concentration is much
larger than the minority carrier concentration.
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Figure5.13 | Geometry for measuring the Hall effect

The force on a particle having a charge q and moving in a magnetic fidd
given by
F=qgquxB8 (54

wherethe cross product istaken between velocity and magnetic field so that the for
vector is perpendicular to both the velocity and magnetic field.

Figure 5.13 illustrates the Hall effect. A semiconductor with a current I,
placed in amagnetic field perpendicular to thecurrent. In thiscase, the magneticfie:
isin the z direction. Electrons and holes flowing in the semiconductor will exper
enceaforce as indicated in the figure. Theforce on both electrons and holesisin
(—y) direction. In a p-type semiconductor {ps > no), there will be a buildup o pe
itive charge on the y = 0 surface of the semiconductor and. in an n-type semicai
ductor (7g > pg), there will be a buildup of negative charge on the y = ( surfac
This net charge induces an electric field in the y-direction as shown in the figure.:
steady state, the magnetic field force will be exactly balanced by the induced dectr
field force. This balance may be written as

F=gql[E+vxBl=0 (547

which becomes
gE, =qu. B: (347
Theinduced electric field in the y-direction iscalled the Hall field. The Hdl fie

produces a voltage acrossthe semiconduclor which iscalled the Hull volrage. We ¢
write

Vy =+Ex W (54,
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CHAPTER 5 Carrier Transport Phenomena

Thehole rnobility isthen given by
I L

He = epV, Wd

Similarly for an n-type semiconductor, the low-field electron mobility isdeten'ni
from

EXAMPLE 5.7

Objective

To determine the majority carrier concentration and mobility. given Hall effect parameter

Consider the geometry shown in Figure 5.13. Let L = 107" em, W = 1077 ¢,
d = 10" cm. Also assume that |, = 1.0 mA, ¥V, =12.5V, B. = 500 gauss =5 x 1072 ¢
and Vy = —6.25 mV. 1

W Solution
A negative Hall voltage for this geometry implics that we have an n-type semicondu
Using Equation (5.54). we can calculate the electron concentration as

The electron mobility is then determined from Equation (5.58) as

{10-9(107%)

= = 0.10 m*/Vv-
(16 % 10 )5 x 1021)(12.5)(1074)(10-5) s

Hn

or
(e = 1000 cmi®/V-s

B Comment
It is important to note that the MKS units must be used consistently in the Hall effect equat
to vield correct results.

551 SUMMARY ‘

B The two basic transport mechanismsare drift, due to an applied electric field. and
diffusion. due to adensity gradient.
Carriers reach an average drift velocity in the presence of an applied electric field, d
to scattering events. Two scattering proccsscs within a semiconductor are lattice
scattering and impurity scattering. |

B Theaverage drift velocity isalinear function of the applied electric field for small
values of electric field, hut the drift velocity reaches a saturation limit that ison the
order of 1 cmi/s at high electric fields. I
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¥ Cariermobility is the ratio of the average drift velocity and applied elechicfield. The
dectron and hole mobilities are functions of temperature and of the ionized impurity
concentration.

B Thedrift current density is the product of conductivity and electric field (aform of
Ohm's law). Conductivity isafunction of the carrier concentrations and mobilities.
Resistivity isthe inverse of conductivity

1 Thediffusion current density is proportional to the carrier diffusion coefficient and the
carrier density gradient.

Thediffusion coefficient and mobhilitv are related through the Einstein relation.

1 TheHall effect isa consequence of acharged carrier moving in the presence of
perpendicular electric and magnetic fields. The charged carrier is deflected. inducing
aHal voltage. The polarity of the Hall voltage is afunction of the semiconductor
conductivity type. The majority carrier concentration and mobility can he determined
fromthe Hall voltage.

GLOSSARY OF IMPORTANT TERMS

conductivity A material parameter related to carrier drift; quantitatively, the ratio of drift
current density to electric field.

diffusion  The process whereby particles flow from aregion of high concentration toaregion
d low concentration.

diffusion coefficient The parameter relating particle flux to the particle density gradient.
diffusoncurrent The current that results from the diffusion of charged particle?.

drift The process wherehy charged particles move while under the influence of an electric
fidd.

driftcurrent The current that results from the drift of charged particles.

drift velocity The average velocity of charged particles in the presence of an electric field.

Eingteinrelation The relation between the mobility and the diffusion coefficient.

Hal voltage The voltage induced across a semiconductor in a Hall effect measurement.

ionized impurity scattering The interaction between a charged carrier and an ionized
impurity center.

latticescattering  Theinteraction between a charged carrier and athermally vibrating lattice
aom.

mobility The parameter relating carrier drift velocity and electricfield.

resigtivity The reciprocal of conductivity; a material parameter that is a measure of the
resstance to current.

velocity saturation  The saturation of carrier drift velocity with increasing electric field.

CHECKPOINT

After studying this chapter, the reader should have the ability to:

# Discusscarrier drift current density.

B Explain why carriersreach an average drift velocity in the presence of an applied
dectricfield.

B Discussthe mechanisms of lattice scattering and impurity scattering.
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Define mobility and discuss the temperature and ionized impurity concentration
dependence on mobility.

Define conductivity and resistivity.

Discuss velocity saturation.

Discuss carrier diffusion current density.

State the Einstein relation.

Describe the Hall effect.

REVIEW QUESTIONS

1 Wirite theequation for the total drift current density.

2. Define carrier mobility. What is the unit of mobility'?

3. Explain the temperature dependence of mobility. Why is the carrier mobility afuncti
of the ionized impurity concentrations?

4. Define conductivity. Define resistivity. What are the units of conductivity and resistiv

5. Sketch the drift velocity of electronsin silicon versus electric field. Repeat for GaAg

6. Write the equations for the diffusion current densities of electrons and holes.

7. What isthe Einstcin relation?

8. Describe the Hall effect. I

4. Explain why the polarity of the Hall voltage changesdepending on the conductivity
(n type or p type) of the semiconductor.

PROBLEMS

(Note; Use the semiconductor parameters given in Appendix B if the parameters are
specifically given in a problem.)

Section5.1 Carrier Drift 1

5.1

52

53

54

Consider a homogeneous gallium arsenide semiconductor at T = 300 K with N :
10'* ¢cm~* and N, = 9. (a) Calculate the thermal-equilibrium values of dectrona
hole concentrations. (&) For an applied E-field of 10 V/cm, calculate the drift cum
density. (¢) Repeat parts{a) and () if Ny = 0 and N, = 10'® cm ™.

A silicon crystal having a cross-sectional area of 0.001 ¢cm? and a length of 10~ ¢i
connected at itsendstoa 10-V battery. At T = 300 K, we wanr acurrent of 1001
in the silicon. Calculate: {a) the required resistance R. (k) the required conductivit
(¢) the density of donor atomsto be added to achieve this conductivity. and id) th
concentration of acceptor atoms to be added to form a compensated p-type materii
with the conductivity given from part (») if the initial concentration of donor atom
Nd = lOIﬁ cm"‘.

(a) A silicon semiconductor isin the shape of a rectangular har with a cross-sectio
area of 100 alength of 0.1 cm, and is doped with 5 x 10'® cm~* arsenic ator
The temperature is T = 300 K. Determine the current if 5V is applied across the
length. (b) Repeat part («) if the length is reduced to 0.01 cm. (¢} Calculate the
average drift velocity of electrons in parts{a) and (b}.

{a) A GaAs semiconductor resistor is doped with acceptor impurities at a concentt
tien of N, = 10'7 em™*. The cross-sectional areais 85 um?. The current in the
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55

56

57

58

59

510

511

512

513

514

resistoristo be | = 20 mA with 10V applied. Determine the required length of the
device. (b) Repesat part (n)for silicon.

(a) Three volts is applied across a l-cm-long semiconductor bar. The average electron
drift velocity is 10* em/s. Find the electron mobility. (k) If the electron mobility in
part (a) were 800 cm*/V-s, what is the average electron drift velocity?

Use the velocity-field relations for silicon and gallium arsenide shown in Figure 5.7
to determine the transit time of electrons through a 1-ycm distance in these materials
for an electric field of (a) 1 kV/cm and (b) 50 kV/cm.

A perfectly compensated semiconductor is one in which the donor and acceptor impu-
rity concentrations are exactly equal. Assuming complete ionization, determine the
conductivity of silicon at T = 300 Kin which the impurity concentrations are

@N, =N, =10"em™ and (B) N, = N, = 10"%cm *.

(@) In a p-type gallium arsenide semiconductor, the conductivity iso =5 (§2-cm) ™'

a T =300 K. Calculate the thermal-equilibrium values of the electron and hole
concentrations. (b) Repeat part (a) for n-typesilicon if the resistivity is p = 8 2-cm.
Inaparticular semiconductor material, p, = 1000 em*V-s, i1, = 600 cm*/V-s, and
Ne = Ny = 10" em ™. These parameters arc independent of temperature. The
measured condugctivity of the intrinsic material ise = 107 (Q-cm)~' at T = 300 K.
Find the conductivity at 7 = 500 K.

(a) Calculate the resistivity at T = 300K of intrinsic (/) silicon, (ii) germanium. and
(iii) gallium arsenide. (&) If rectangular semiconductor bars are fabricated using the
materiasin part (&) determine the resistance of each bar if itscross-sectional area is
85 .m? and length is 200 zm.

An n-typesilicon sample has aresistivity of 5 2-cm & T = 300K. (a) What is the
donor impurity concentration? (#) What is the expected resistivity at (i} T = 200 K
and (ii) T =400 K.

Consider silicon doped at impurity concentrationsof N, = 2 X 10" em™* and N, = 0.
An empirical expression relating electron drift velocity to electric fieldis given by

wherepi,o = 1350 cm*/V-s, v, = 1.8 x 10" cm/s, and E is given in V/icm. Plot
electron drift current density (magnitude) versus electric field (log—log scale) over the
rangeC < E =< 10® Vicm.

Consider silicon a T = 300 K. Assume the electron mobility is p,, = 1350 cm?/V-s,
The kinetic energy of an electron in the conduction band is (1/2ym*v2, wherem? is
the effective mass and v, is the drift velocity Determine the kinetic energy of an
electron in the conductian hand if the applied electric field is (a) 10 V/cm and

by | kV/em.

Consider asemiconductor that is uniformly doped with Ny = 10" cn™* and N, = 0,
with an applied electric field of E = 100 V/ecm. Assume that 1, = 1000 cm?N-s and
i, = 0. Also assume the following parameters:
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5.15

5.16

5.17

5.18

5.19

5.20

- 521

(a) Calculate the electric-current density at 7 = 300 K. () At what temperature wil
this current increase by 5 percent? (Assume the mobilities are independent of
temperature.)

A semiconductor material has electron and hole mobilities 4, and .. respectiv
When the conductivity isconsidered as afunction of the hole concentration pyg,
(a) show that the minimum value of conductivity, oy, , can be written as

o 20t
e (Nn + Fip) 1
where o; isthe intrinsic conductivity, and (b) show that the corresponding hole
concentration is pp = n, (1, /pe,) 2.

A particular intrinsic semiconductor has a resistivity of 50 -cmat T = 300 K
5€-cmat T = 330 K. Neglecting the change in mobility with temperature, dete:
the bandgap energy of the semiconductor

Three scattering mechanismsare present in a particular semiconductor material. i
1f only the first scattering mechanism were present, the mobility would be 1, =
2000 cm*/Y-s, if unly the second mechanism were present, the mobility would

2 = 1500 cm*V-s, and if only the third mechanism were present, the mobilit

be jt: =500 cm*/V-s. What is the net mobility?

Assume that the mahility ofelectrons in silicon at T = 300 K is u,, = 1300 cm?
Also assume that the mobility is limited by lattice scattering and variesas T2, .
Determine the electron mobility at (a) 7 = 200K and {b) T = 400 K.

Two scattering mechanisms exist in a semiconductor. If enly the first mechanism
present. the mobility would he 250 cm*/V-s. If only the second mechanism wer
sent, the mobility would be 500 cm*/V-s. Determine the mobility when both sca
mechanisms exist at the same time.

Theeffectivedensity of states functions in silicon can be written in the form

N, =28 x 10" N, =1.04x 10"

Assume the mobilities are given by

Assume the bandgap energy 1s £ .2 ¢\ anl independent o1 temperaiure Pli
the intrinsic conductivity as a tunction o1 | over therange 20t . 7 . 600K

(e} Assume that the electron mobility in an n-type semiconductor is given by

1350 3
Uy = —( Ny )1/2 cm/V-s

Tt
NI

where N is the donor concentration incm . Assuming complete ionization. '
conductivity asafunction of &, over therange 10" < N, < 10" em~*. (b) Comf
the results of part (&) to that if the mobility were assumed to he a constant
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plot the electron drift current density of pans (a) and {&)

Saction 5.2 Carrier Diffusion

522

A4

525

527

528

Consider asampleof silicon at T = 300 K. Assume that the electron concentration
varieslinearly with distance, as shown in Figure 5.14. The diffusion current density is
found to he J, = 0.19 A/em?. If the electron diffusion coefficient is £, = 25 em™/s,
determine the electron concentration at x = 0.

The electron concentration in silicon decreases linearly from 10'® em™* to 10'% em™
over adistance of 0.10 cm. The cross-sectional area of the sample is0.05 cm'’. The
electron diffusion coefficient is 25 cm*s. Calcul ate the electron diffusion current.
Theelectron concentration in a sample of n-type silicon varieslinearly from 10'7 cm
ax=0t06x 10" cm ™ at x = 4 um. There isno applied electric field. The
electron current density is experimentally measured to bc —400 Afem”. What is the
electron diffusion coefficient?

The holeconcentration in p type GaAs isgiven by p = 10"{1 — x /L) em™* for
0<x < L whereL = 10 um. The holediffusion coeflicient is 1¢ cm?s. Calculate
the hole diffusion current density at (¢} X = 0, (&)X = 5 um, and (¢} x = 10 um.
The hole concentralion isgiven by p = 10" exp (—x/L,) cm™ for x > 0 and the
electron concentration isgiven by 5 x 10" exp (+x/L,) cm ™ for x < 0. The values
of L,andL, are5 x 10~* cm and 107 cm, respectively. The hole and electron diffu-
sion coefficients are 10 cm?s and 25 cm?/s, respectively. The total current density
isdefined as the sum of the hole diffusion current density at x = 0 and the electron
diffusion current density at x = 0. Calculate the total current density.

The hole concentration in germanium at T = 300 K variesas

£ = 107 exp =5 ) e
px) exp(zz5 cm

%

3

wherex is measured in uem, If the hole diffusion coefficient is D, = 48 em’ls,
determine the hole diffusion current density as afunction of x.

The electron concentration in silicon a T = 300 K is given by

Xy = 10" (;) em™?
n(x) exp 3

Figure5.14 | Figure for
Problem 5.22.
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wherex is measured in tem and islimited to0 = x = 25 um. The electron diffus
coefticient is b, = 25 cm'ls and the electron mobility is u, = 960 cm*/V-s. The
electron current density through the semiconductor isconstant andequal to f, = =
—40 Alcm?. Theelectron current has both diffusion and drift current components.
Determine the electric field as afunction of x which must exist in the semiconduct

5.29 Thetota current in asemiconductor isconstant and is composed of electron drift
current and hole diffusion current. The electron concentration is constant and iseq
to 10 The hole concentration is given by

where L = 12 um. The hole diffusion coefficientis D, = 12 cm?s and the electrc
mobility is sz, = 1000 em%V-s. Thetotal current density is J = 4.8 A/cm?, Caleul
(@) the hole diffusion current density versus x, (k) the electron current density vers
x, and (r)theelectric field versus x.

*5.30 A constant electric field, E = 12 V/cm, existsin the +x direction of an n-type gdl
arsenide semiconductor for 0 < x < 50 um. The total current density is aconstant
andis J = 100 Ajcm? At x = O, the drift and diffusion currents are equal. Let
T = 300K and g, = 8000 cm*V-s. (a) Determine the expression for the electron
concentration n(x). (b) Calculate the electron concentration a x = 0 and at
x = 50 pum. (c) Calculate the drift and diffusion current densities a x = 50 gm.

*5.31 In n-type silicon, the Fermi energy level varies linearly with distance over ashon
range. Atx =0, Er — Ef; = 0.4eVand, at x = 10~ cm, £, — Ep; = 0.15eV.
(a)Write the expression for the electron concentration over the distance. (b) If the
electron diffusion coefficient is D,, = 25 cm/s, calculate the electron diffusion
current density at (i) x =0 and (ii)x = 5 x 107* cm.

*5,32 (4) Theelectron concentration in a semiconductor isgiven by n = 10"(1 — x/L)c
for0 <x < L. whereL = 10 um. The electron mobility and diffusion coefficient
i, = 1000 cm*V-s and D,, = 25.9 em%s. An electric field is applied such that the
total electron current density is a constant over the given rangeof x and is J,, =
—80 A/cm?. Determine the required electric field versus distance function. (b) Rep
part (a)if J,, = —20 Afem?.

Section 5.3 Graded Impurity Distribution

5.33 Consider asemiconductor in thermal equilibrium (no current). Assume that the donor
concenvation varies exponentialy as

Ny(x) = Ngpexp(—ax)

over therange 0 = x = 1/a where N isaconstant. (a)Calculate the electric fidd
asafunction of x for 0 < x < 1/w. () Calculate the potential difference between
x=0andx = /.

5.34 Using thedatain Example 5.5, calculate the potential difference between x = 0 ad
x=1pum.

535 Determine adoping profilein asemiconductor at T = 300 K that will induce an
electric fieldof | kV/cm over alength of 0.2 pm.
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Problems

*5.36 In GaAs, the donor impurity concentration variesas N, exp{(—x/L}for0 <x <L,
whereL = 0.1 gm and N,y = 5 x 10'® ¢m™>. Assume u,, = 6000 em*/V-s and
T = 300K. (o) Derive the expression for the electron diffusion current density versus
distanceover the given range of x. (4) Determine the induced electric field that gener-
atesadrift current density that compensates the diffusion current density.

537 (a)Consider the electron mobility in silicon for Ny, = 10!7cm™ from Figure 5.2a.
Calculateand plot the electron diffusion coefficient versus temperature over the range
-50 < T < 200°C. (b) Repeat pan (a) if the electron diffusion coefficient is given
by &, = (0.0259), for all temperatures. What conclusion can be made about the
temperature dependence of the diffusion coefficient?

538 () Assume that the mobility of acarrier at T = 300K is u = 925 cm™V-s. Calculate
thecarrier diffusion coefficient. (b)Assume that the diffusion coetticient of acarrier a
T = 300K is D = 28.3cm*s. Calculate the carrier mobility.

Section 5.4 TheHall Effect

{Note: Refer to Figure 5.13 fur the geometry of the Hall effcet.)
539 Asampleof silicon is doped with 10'¢ baron atoms per cm'. The Hall sample has the

same geometrical dimensions given in Example 5.7. Thecurrent is |, = 1 mA with
B. = 350 gauss = 3.5 X 10~ tesla. Determine (a)the Hall voltage and (b) the Hall
held.

540 Germanium is doped with 5 x 10'* donor atotns per cm” a T = 300 K. The dimen-
sionsof the Hall device ared = 5 x 107 cm,W = 2 x 10~% cm,and L = 10~! cm.
Thecurrent is |, = 250 i A. the applied voltage is ¥, = 100 mV, and the magnetic
flux density is B. = 500 gauss = 5 X 1072 tesla. Calculate: (a) the Hall voltage,
(b)the Hall field. and {¢} the carrier mobility

541 Asilicon Hall device at T = 300 K has the following geometry: d = 10=* cm,

W = 1672 cm,and L = 10~! cm. Thefollowing parameters are measured:

I, =075mA, ¥, = 15V, Vy = +3.8 mV, and 8. = 1000 gauss = 10~ tesia.
Determine(a) the conductivity type, (k) the majority carrier concentration, and
(c)the majority carrier mobility.

542 Considersilicon at T = 300 K. A Hall effect device is fabricated with the following
geometry:d =5 x 107* cm, W =5 x 107? ¢m, and L = 0.50cm. The electrical
parameters measured are: |, = 0.50 mA, ¥, = 1.25 V, and B. = 650 gauss =
6.5x 1072 tesda The Hall field is E4 = —16.5 mV/cm. Determine (4) the Hall
voltage, (b) the conductivity type, (c) the majority carrier conccntretion, and (d) the
majority carrier mobility.

543 Consider agallium arsenide sample at 7 = 300 K. A Hall effect device has been
fabricated with the following geometry: ¢ = 0.01 cm, W =0.05cm.and L = 0.5 ¢m
Theelectrical parametersare: I, = 25 mA, V, = 2.2V, and B. = 25 x 107 tesla.
TheHdl voltage is Vi = —4.5 mV. Find: (@) the conductivity type, (h) the majority
carrier concentration, (¢) the mobility, and (d) the resistivity.

Summary and Review

544 An n-typesilicon semiconductor resistor is to be designed so that it carries a current

of 5 mA with an applied voltage of 5V. (&) If Ny = 3 x 10 em~* and N, =0,
design aresistor lo meet the required specifications. (b If Ny = 3 X 10" ¢cm™ and =
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545

5.46

N, =25x 10"%cm’, redesign the resistor. (¢) Discuss the relative lengths of the
two designs compared to the doping concentration. Is there alinear relationship'!

In fabricating a Hall effectdevice, the two points a which the Hall voltage is mea-
sured may not be lined up exactly perpendicular to the current |, (see Figure 5.13).
Discuss the effect this misalignment will have on the Hall voltage. Show that avaid
Hall voltage can be obtained from two measurements: first with the magnetic fieldin
the 4z direction, and then in the —2z direction.

Another technique for determining the conductivity type of a semiconductor iscaled
the hot probe method. It consists of two probes and an ammeter that indicates the
direction of current. One probe is heated and the other is at room temperature. No
voltage is applied, but a current will exist when the probes touch the semiconductor
Explain the operation of this hot probe technique and sketch a diagram indicating the
direction of current for p- and n-type semiconductor samples.
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Nonequilibrium ExcessCarriers
In Semiconductors

PREVIEW

hermal equilibrium. When a voltage isapplied or acurrent exists in a semi-

conductor device, the semiconductor is operating under nonequilibrium
conditions. In our discussion of current transport in Chapter 5, we did not address
nonequilibrium conditions but implicitly assumed that equilibrium was not signifi-
cantly disturbed. Excesselectrons in the conduction band and excess holesin the va-
lence band may exist in addition to the thermal-equilibrium concentrations if an
external excitation is applied to the semiconductor. In this chapter, we will discuss
the behavior of nonequilibrium electron and hole concentrationsasfunctions of time
and space coordinates.

Excess electrons and excess holes do not move independently of each other.
They diffuse, drift, and recombine with the same effective diffusion coefficient, drift
mobility, and lifetime. This phenomenon is called ambipolar transport. We will de-
velop the ambipolar transport equation which describes the behavior of the excess
electrons and holes. The behavior of excess carriers isfundamental tothe operation of
semiconductor devices. Several examples of the generation of excess carriers will be
explored toillustrate the characteristics of the ambipolar transport phenomenon.

The Fermi energy was previously defined for a semiconductor in thermal equi-
librium. The creation of excess electrons and holes means that the semiconductor is
no longer in thermal equilibrium. We can define two new parameters that apply to
the nonequilibrium semiconductor: the quasi-Fermi energy for electrons and the
quasi-Fermi energy for holes.

Semiconductor devices are generally fabricated at or near a surface. We will
study the effect of these surfaces on the characteristics of excess electronsand holes.
These effects can significantly influence the semiconductor device properties. B

OJr discussion of the physics of semiconductorsin Chapter 4 was based on
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CHAPTER 6 Noneuilibrium ExcessCarriers in Semiconductors

6.1 1 CARRIER GENERATION
AND RECOMBINATION

In thischapter, we discusscarrier generation and recombination, which we can define
asfollows: generation isthe process whereby electrons and holes are created, and re-
combination isthe process whereby electron? and holes are annihilated.

Any deviation from thermal equilibrium will tend to change the electron and
hole concentrations in a semiconductor. A sudden increase in temperature, for exam-
ple, will increasethe rate at which electrons and holes are thermally generated so thet
their concentrations will change with time until new equilibriuin values are reached.
An external excitation, such as light (aflux of photons), can also generate electrons
and holes, creating a nonequilibrium condition. To understand the generation ad
recombination processes, we will first consider direct band-to-band generation ad
recombination, and then, later, the effect of allowed electronic energy states within
the bandgap, referred to as traps or recombination centers.

6.1.1 TheSemiconductor in Equilibrium

We have determined the thermal-equilibrium concentration of electrons and holesin
the conduction and valence bands, respectively. In thermal equilibrium, these con-
centrations are independent of time. However, electrons are continually being ther-
mally excited from the valence band into the conduction band by the random nature
of the thermal process. At the same time, electrons moving randomiy through the
crystal in the conduction band may come in close proximity to holesand "fall" into
theempty states in the valence band. Thisrecombination process annihilates both the
electron and hole. Since the net carrier concentrations are independent of time in
thermal equilibrium, the rate at which electrons and holes are generated and the rate
at which they recombine must be equal. The generation and recombination processes
are schematically shown in Figure6.1.

Let G,y and G, be the thermal-generation rates of electrons and holes, respec-
tively, given in units of #/cm*-s. For the direct band-to-band generation. the electrons
and holesare created in pairs, so we must have that

Electron-hole
generation

Figure®.1 | Electrun-holegeneration and recombination
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6.1 Carrier Generation and Recombination

Le R, and Rpq be the recomhination rates of electrons and holes, respectively, for
asemiconductor in thermal equilibrium, again given in units of #/cm?®-s. In direct
band-to-hand recombination, electrons and holes recombine in pairs, so that

R = Rpo (6.2)

In thermal equilibrium, the concentrations of electrons and holes are independent of
time; therefore, the generation and recomhination rates are equal, so we have

Guo = Gpo = R = Rpo (6.3

6.1.2 ExcessCarrier Generation and Recombination

Additional notation is introduced in this chapter. Table 6.1 lists some of the more
pertinent symbols used throughout the chapter. Other symbolswill be defined as we
advance through the chapter.

Electrons in the valence hand may beexcited into the conduction hand when, for
example, high-energy photons are incident on a semiconductor. When this happens,
not only is an electron created in the conduction band, but a hole is created in the
valence band; thus an electron-hole pair is generated. The additional electrons and
holes created are called excess electrons and excess holes.

The excess electrons and holes are generated by an external force at a particular
rate. Let g, be the generation rate of excess electrons and g, bethat of excess holes.
These generation rates al so have units of #/cm?-s. For the direct hand-to-hand gener-
ation, the excess electrons and holes are also created in pairs, so we must have

When excess electrons and holes are created, the concentration of electronsin
the conduction band and of holes in the valence band increase above their thermal-
equilibrium value. We may write

n=nytsn (6.5a)
ad
p=po+dp (6.5b)

Table6.1 1 Relevant notauon used 1n Chapter 6

Svmbol Definition

"y, Po Therma equilibriumelectron and hole concentrations
{independent of time and also usudly position).

np Tota eectron and hole concentrations(may be
functionsof time and/or position).

dn=n—ngy Excess eectron and hole concentrations(may

Sp=p—py be functionsof time and/or position).

& Excesselectren and hole generation rates.

R, R, Excesseectron and hole recombination rates.

Tuos Tpo Excess minority carrier electron and hole lifetimes.
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CHAPTER 6 MNoneguilibrium ExcessCarriers in Semiconductors

where iy and py are the thermal-equilibrium concentrations, and 8« and §p areiheli
excess electron and hole concentrations. Figure 6.2 shows the excess electron-hole |
generation process and the resulting carrier concentrations. The external force hes
perturbed the equilibrium condition so that the semiconductor is nolonger in therma
equilibrium. We may notefrom Equations{6.5a) and (6.5b) that, in a nonequilibrium
condition, np # nopo = n.

A steady-state generation of excess electrons and holeswill not cause a continual
buildup of the carrier concentrations. As in the case of thermal equilibrium, an elec-
tron in the conduction band may "fall down" into the valence band, leading to the
process of excess electron-hole recombination. Figure 6.3 shows this process. The
recombination rate for excess electrons is denoted by R,, and for excess holes by &,
Both parameters have units of #/cm’-s. The excess electrons and holes recombine in
pairs, so the recombination rates must be equal. We can then write

In the direct band-to-band recombination that we are considering, the recombi-
nation occurs spontaneously: thus, the probability of an electron and hole recombin-
ing isconstant with time. The rate at which electrons recombine must be proportional

Figure6.21 Credtion of excesselectronand hole densitiesby
photons.

Figure6.31 Recombination of excess carriers
reestablishingtherma equilibrium.
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6.1 cCarrier Gengration and Recombination

to the electron concentration and must al so be proportional to the hole concentration.
|f there are no electrons or holes, there can be no recombination.
The net rate of change in the electron concentration can be written as

where

The first term. @,n?, in Equation (6.7)is the thermal-equilibrium generation rate.

Since excess electrons and holes are created and recombine in pairs, we have that
8n(r) = 8p(tr). (Excesselectron and hole concentrations are equal so we can simply
use the phrase excess carriers to mean either.) The thermal-equilibrium parameters,
ng and po, being independent of time, Equation (6.7)becomes

Equation (6.9)can easily be solved if we impose the condition of /owm;-levelin-
. jection. Low-level injection puts limits on the magnitude of the excess carrier con-
centration compared with the thermal equilibrium carrier concentrations. In an ex-
trinsic Nn-type material, we generally have ny > py and, in an extrinsic p-type
material, we generally have po 3> ng. Low-level injection means that the excess
carrier concentration is much less than the thermal eguilibrium majority carrier con-
centration. Conversely. high-level injection occurs when the excess carrier concen-
tration becomes comparable to or greater than the thermal equilibrium majority car-
rier concentrations.
If we consider a p-type material (pn = ng) under low-level injection (srn(t) K
Po), then Equation (6.9) becomes

The solution to the equation is an exponential decay from the initial excess concen-
tration, or

where 7,4 = (o, po) ' and is a constant for the low-level injection. Equation (6.11)
describes the decay of excess minority carrier electrons so that 1, is often referred
to as the excess minority carrier lifetine.!

'In Chapter 5 we defined 7 as amean rime between collisions. We definer here as the mean time before
arecombination event occurs. The two parametersare not related.
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Therecombination rate—which is defined as a positive quantity--of excess mi-
nority carrier electrons can be written, using Equation (6.10). as

For the direct hand-to-hand recombination, the excess majority carrier holes recom-
bine at the same rate, so that for the p-type material

(6.13)

In the case of an n-type material (ny > po) under low-level injection
(8n(t) <« ng), the decay of minority carrier holes occurs with a time constant
Tpo = (at,n) ', where 0 isalso referred to as the excess minority carrier lifetime.
The recombination rate of the majority carrier electrons will be the same as that of
the minority carrier holes, so we have

The generation rates of excesscarriersare not functionsof electron or hole con- !
centrations. In general, the generation and recombination rates may be functions of
the space coordinates and time.

TEST YOUR UNDERSTANDING

E6.1 Excesselectronshave been generated in a semiconductor to aconcentrationef n(0) =
10" em~*. Theexcesscarrier lifetimeis,, = 10 ° s. Theforcing function generating
the excess carriersturns off a r = © so the semicdnductor is alowed to return to an
equilibrium condition for ¢ > 0. Calculatethe excess el ectron concentrationfor
(@t=0,t=1pus,and(c)t =4 pus.

[o—wo 01 X g871 (2} ud 01 X §9°¢ (q) oW O () suy]

E6.2 Using the parametersgiven in E6.1, calculatethe recombination rate of the excess
electronsfor (a)t =0, (b)r == | us,and (c) ¢ = 4 ps.

[1-8 W2 (01 X €871 (2)* (8 ¢ WA 01 X §9°¢ (§) 15 ¢ WD 0] (v} SUY] |

6.21 CHARACTERISTICS OF EXCESS CARRIERS

The generation and recombination rates of excess carriers are important parameters,
but how the excess carriers behave with time and in spacein the presence of electric
fields and density gradients isof equal importance. As mentioned in the preview sec-
tion, the excess electrons and holes do not move independently of each other, but
they diffuse and drift with the same effective diffusion coefficient and with the same
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effective mohility. This phenomenon is called amhipolar transport. The question that
must be answered is what is the effective diffusion coefficient and what is the effec-
tive mobility that characterizes the behavior of these excess carriers? To answer these
questions, we must develop the continuity equationsfor the carriers and then develop
the ambipolar transport equations.

The final results show that. for an extrinsic semiconductor under low injection
(this concept will be defined in the analysis). the effective diffusion coefficient and
mobility parameters are those of the minority carrier. This result is thoroughly de-
veloped in the following derivations. As will he seen in the following chapters, the
behavior of the excess carriers has a profound impact on the characteristics of semi-
conductor devices.

16.21 Continuity Equations

The continuity equations for electrons and holes are developed in this section.
Figure 6.4 shows a differential volume element in which a one-dimensional hole-
panicle flux is entering the differential element at x and is leaving the element at
xtdx The parameter Fp’; is the hole-particle flux, or flow, and has units of num-
ber of holes/cm®-s, For the x component of the particle current density shown, we

may write

Thisequation isaTaylor expansion of F[jj.(.r =+ dx), wherethe differential length dx
issmall, so that only the first two terms in the expansion are significant. The net in-
crease in the number of holes per unit time within the differential volume element
due to the x-component of hole flux is given by

If Fp‘;(x) > F,j; (x + dx), for example, there will be a net increase in the num-
ber of holesin the differential volume element with time. Tf we generalize to a three-
dimensiona hole flux, then the right side of Equation (6.16) may be written as

Figure6.4! Differentid volume showing
x component of the hole-particleflux.
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—~V.Ffdxdydz, whereV . F; is the divergence of the flux vector. We will limit
ourselves to aone-dimensional analysis.

The generation rate and recombination rate of holes will also affect the hole con-
centration in thedifferential volume. The net increasein the number of holes per unit
timein the differential volume element is then given by

wherep is the density of holes. Thefirst term on the right side of Equation (6.17) is
theincreasein the number of holes per unit time due to the hole flux, the second term
istheincreasein the number of holesper unit time due to the generation of holes, and
the last term isthe decrease in the number of holes per unit time due to the recombi-
nation of holes. Therecombination rate for holesisgiven by p/t,; wheret,, includes
the thermal equilibrium carrier lifetime and the excess carrier lifetime.

If we divide both sides of Equation (6.17) by the differential volume dxdydz,
the net increasein the hole concentration per unit timeis

Equation (6.18) is known as the continuity eguation for holes.
Similarly, the one-dimensional continuity equation for electronsis given by

where F," is the electron-particle flow, or flux, also given in units of number of
electrons/cm?-s,

6.2.2 Time-Dependent Diffusion Equations

In Chapter 5, we derived the hole and electron current densities, which are given, in
one dimension, by

and

a
Jo = epnE+ eD, o (6.21)
ax

If we divide the hole current density by (+e) and the electron current density by
(- e) we obtain each particle flux. These equations become

and
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Taking the divergence of Equations (6.22) and (6.23), and substituting back into
the continuity equations of (6.18) and (6.19), we obtain

Keeping in mind that we are limiting ourselves to aone-dimensional analysis, wecan
expand the derivative of the product as

In amore generalized three-dimensional analysis, Equation (6.26) would have to be
replaced by a vector identity. Equations (6.24) and (6.25) can be written in the form

P
+g,——=—
7 T at (6.27)
and
b - L= (6.29)
Thy at

Equations (6.27) and (6.28) are the time-dependent diffusion equationsfor holes
and electrons, respectively. Since both the hole concentrationp and the electron con-
centration n contain the excess concentrations, Equations (6.27) and (6.28) describe
the space and time behavior of the excess carriers.

The hole and electron concentrations are functions of both the thermal equilib-
rium and the excess values are given in Equations (6.5a) and (6.5b). The thermal-
equilibrium concentrations, s, and py, are not functions of time. For the special case
of a homogeneous semiconductor, # and p, are also independent of the space coor-
dinates. Equations (6.27) and (6.28) may then be written in the form

Note that the Equations (6.29) and (6.30) contain terms involving the total concen-
trations, p and =, and termsinvolving only the excess concentrations, §p and &a.

6.3|AMBIPOLAR TRANSPORT

Originally, we assumed that the electric field in the current Equations (6.20) and
(6.21) was an applied electric field. This electric field term appears in the time-
dependent diffusion equations given by Equations (6.29) and (6.30). 1f¥a pulse of
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CHAPTER 6 Nonequilibrium EXcessCarriers in Semiconductors

Figure65 | The cregtion ot an interna electric fidd
as excesselectronsand holes rend to separate.

excess electrons and a pulse of excessholesarecreated at a particular point in a semi-
conductor with an applied electric field, the excess holes and electrons will rend to
drift in opposite directions. However, because the electrons and holes are charged
particles, any separation will induce an internal electric field between the two sets of
particles. This internal electric field will create a force attracting the electrons and
holes back toward each other. This effect is shown in Figure 6.5. The electric fidd
term in Equations (6.29) and (6.30) is then composed of the externally applied fidd
plus the induced internal field. ThisE-field may be written as

where B, is the applied electric field and E;y is the induced internal electric field.

Since the internal E-field creates a force attracting the electrons and holes. this
E-field will hold the pulses of excess electrons and excess holes together. The nega:
tively charged electrons and positively charged holes then will drift or diffuse
together with a single effective mobility or diffusion coefficient. This phenomenon is
called anibipolar diffusion or ambipolar transpoit.

6.3.1 Derivation of the Ambipolar Transport Equation

Thetime-dependent diffusion Equations(6.29) and (6.30)describethe behavior of the
excess carriers. However, athird equationisrequired to relate the excess electron and
hole concentrations to the internal electric field. Thisrelation is Poisson's eguation,
which may be written as

wheree; is the permittivity of the semiconductor material.

To make the solution of Equations(6.29), (6.30).and (6.32) more tractable, we
need to make some approximations. We can show that only arelatively small internal
electricfield issufficient to keep the excess electrons and holesdrifting and diffusing
together. Hence, we can assume that
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6.3 Ambipolar Transport

However. the V . E;, term may not be negligible. We will impose the condition
of charge neutrality: We will assume that the excesselectron concentration isjust bal-
anced by an equal excess hole concentration at any point in space and time. If this
assumptionwere exactly true, there would be noinduced internal electric field to keep
thetwo sets of panicles together. However, only a very small differencein the excess
electron concentration and excess hole concentration will set up an internal E-field
rufficient to keep the particles diffusing and drifting together. We can show that a
| percent difference in 5p and Sn. for example, will result in non-negligible values of
the V. E=V .Ey, termin Equations (6.29) and (6.30).

We can combine Equations (6.29) and (6.30) to eliminate the V . E term. Con-
Sdering Equations (6.1) and (6.4}, we can define

and considering Equations (6.2) and (6.6), we can define

Thelifetimesin Equation (6.35) include the thermal-equilibrium carrier lifetimes and
theexcess-carrier lifetimes. If weimpose thecharge neutrality condition, then n = Sp.
We will denote both the excess electron and excess hole concentrations in Equa-
tions(6.29)and (6.30)by 5#. We may then rewrite Equations (6.29)and (6.30)as

If we multiply Equation (6.36) by 4,2, multiply Equation (6.37) by ¢, p, and
add the two equations, the V . E = dE/ax term will be eliminated. The result of this
addition gives

If we divide Equation (6.38) by the term (g1 + ttp p), this equation becomes

where
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and

Equation (6.39) is called the ambipolar transport eguation and describes the be
havior of the excess electrons and holesin timeand space. The parameter I iscdled
the ambipolar diffusion coefficient and p” is called the anbipolar mobility.

The Einstein relation relates the mobility and diffusion coefficient by

B_ R L
D, D, kT

Using these relations, the ambipolar diffusion coefficient may be written in the form

The ambipolar diffusion coefficient, D', and the ambipolar mobility, w', are func-
tions of the electron and hole concentrations, n and p, respectively. Since both n
and p contain the excess-carrier concentration 8, the coefficient in the ambipolar
transport equation are not constants. The ambipolar transport equation, given by
Equation (6.39), then, is a nonlinear differential equation.

6.3.2 Limitsof Extrinsic Doping and Low I njection

The ambipolar transport equation may be simplifiedand linearized by considering an
extrinsic semiconductor and by considering low-level injectinn. The ambipolar dif-
fusion coefficient, from Equation (6.43), may be written as

D, Dyl (no + 8n} + (po + 80)]

D = DT am ¥ B, (5o F o)

where ng and py are the thermal-equilibrium electron and hole concentrations,
respectively. and S is the excess carrier concentration. If we consider a p-type semi-
conductor, we can assume that py = . The condition of low-levelinjection, or just
low injection, means that the excess carrier concentration is much smaller than the
thermal-equilibrium majority carrier concentration. For the p-type semiconductor,
then, low injection impliesthat §# <K py. Assuming that np <K py and §n <K py, and
assuming that D,, and D,, areon the same order of magnitude. the ambipolar diffusion
coefficient from Equation (6.44) reducesto

D'=0n, (6.45)

If we apply the conditions of an extrinsic p-type semiconductor and low |nject|on to
the ambipolar mobility, Equation (6.41) reduces to
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jjection, the ambipolar diffiusion coefficient and the ambipolar mobility ceefficient
reduce 10 the minorig-currier electron parameter values, which are constants. The
ambipolar transport equation reduces to a linear differential equation with constant
coefficients.

If we now consider an extrinsic n-type semiconductor under low injection, we
may assume that pg < »ng and dn < 1. The ambipolar diffusion coefficient from
Equation (6.43) reduces to

F. I is important to rote thar for an exirinsic p-type semiconductor under low

D'=D, (6.47)
and the ambipolar mobility from Equation (6.41)reducesto

Ho= -y, (6.48)

ambipolar parameter5 again reduce to the minorit?-currier values, which are
constants. Note that, for the n-type semiconductor, the amhipolar mobility is a nega-
tive value. The ambipolar mobility term i sassociated with carrier drift; therefore. the
sign of thedrift term depends on the charge of the particle. The equivalent amhipolar
particle is negatively charged, as one can see by comparing Equations (6.30) and
(6.39). If the amhipolar mobility reduces to that of a positively charged hole, a nega-
tivesign isintroduced as shown in Equation (6.48).

The remaining terms we need to consider in the ambipolar transport equation are
the generation rate and the recombination rate. Recall that the electron and hole
recombination rates are equal and were given by Equation (6.35) as R, = R, =
n/ty = p/t, = R. where T, and 1, are the mean electron and hole lifetimes, re-
spectively. If we consider the inverse lifetime functions, then 1/, isthe probability
per unit time that an electron will encounter a hole and recombine. Likewise, 1/1,, is
the probability per unit time that a hole will encounter an electron and recombine. If
we again consider an extrinsic p-type semiconductor under low injection, the con-
centration of majority carrier holes will be essentially constant, even when excess
carriersare present. Then, the probability per unit time of a minority carrier electron
encounteringa majority carrier hole will beessentially constant. Hence t,; = 7. the
minority carrier electron lifetime, will remain a constant for the extrinsic p-type
semiconductor under low injection.

Similarly, if we consider an extrinsic n-type semiconductor under low injection,
the minority carrier hole lifetime, r,, = r,,, will remain constant. Even under the
condition of low injection, the minority carrier hole concentration may increase by
severd orders of magnitude. The probability per unit time of amajority carrier elec-
tron encountering a hole may change drastically. The majority carrier lifetime, then,
mey change substantially when excess carriers are present.

Consider, again, the generation and recombination terms in the ambipolar trans-
port equation. For electrons we may write

&= R= gn—R,,= (G o +g;) — (Ryp + R:r) (649)

where G,y and g,, are the thermal-equilibrium electron and excess electron genera-
tion rates, respectively. The terms R,y and R, are the thermal-equilibrium electron
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and excess electron recombination rates, respectively. For thermal equilibrium, we
have that

GV!O = Rn() (650)
so Equation (6.49) reduces to

where 1, is the excess minority carrier electron lifetime.
For the case of holes, we may write

where G, and g, are the thermal-equilibrium hole and excess hole generation rates,
respectively. Theterms R, and R}, are the thermal-equilibrium hole and excess hole
recombination rates, respectively. Again, for thermal equilibrium, we have that

Goo = Ry (6.53)
so that Equation (6.52) reducesto

where 7, is the excess minority carrier hole lifetime.

The generation rate for excess electrons must equal the generation rate for ex-
cess holes. We may then define a generation rate for excess carriers as g, so tha
8. = &, = ¢ Wealso determined that the minority carrier lifetime is essentialy a
constant for low injection. Then the term g — R in the ambipolar transport equation
may he written in terms of the minority-carrier parameters.

The ambipolar transport equation, given by Equation (6.39), for a p-type sem-
conductor under low injection then becomes

The parameter 8- is the excess minority carrier electron concentration, the parame-
ter 7,9 isthe minority carrier lifetime under low injection, and the other parameters
are the usual minority carrier electron parameters.

Similarly, for an extrinsic n-type semiconductor under low injection, the ambi-
polar transport equation becomes

The parameter §p is the excess minority carrier hole concentration, the parameter 1,
istheminority carrier hole lifetime under low injection, and the other parametersare
the usual minority carrier hole parameters.
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Table6.2 | Common ambipelar transport equanon simplifications

Specification Effect
a(dn) aép)
=0, =
Seady date o Py 0
. o . 87(8 HEIE)
Uniform distribution of excesscarriers b, (_7 ) _ . D, ﬁ =0
(uniform generation rate) x ax”
Zero electricfield g2 o gd9P _,
dx dx
No excesscarrier generation g =0

No excess CaITi€r recombination
(infinitelifetime)

It isextremely important to note that the transport and recombination parameters
in Equations (6.55)and (6.56) are those of the minority carrier. Equations (6.55)and
%{6.56) describe the drift, diffusion, and recombination of excess minority carriers as
a function of spatial coordinates and as « function of rime. Recall that we had im-
posed the condition of charge neutrality; the excess minority carrier concentration is
equal to the excess majority carrier concentration. Theexcess majority carriers, then,
diffuse and drift with the excess minority carriers; thus, the behavior of the excess
maority carrier is determined by the minority carrier parameters. This ambipolar
phenomenon is extremely important in semiconductor physics, and is the basis for
describing the characteristics and behavior of semiconductor devices.

6.3.3 Applicationsof the Ambipolar Transport Equation

We will solve the ambipolar transport equation for several problems. These examples
will helpillustrate the behavior of excesscarriers in asemiconductor material, and the
results will be used later in the discussion of the pn junction and the other semicon-
ductor devices.

The following examples use several common simplifications in the solution of
the ambipolar transport eguation. Table 6.2 summarizes these simplifications and
their effects.

Objective

To determinethe time behavior of €XCess carriersas asemiconductor returns to therma equi-
librium.

Congder an infinitely large, homogeneous n-type semiconductor with zero gpplied elec-
tric fidd. Assumethat at time+ = 0, a uniform concentration of excess carricrs €XitSin the
crydd, but assume that ¢’ = 0 for ¢ > 0. If wc assume that the concentration of excess
cariers is much smaller than the thermal-equilibriumelectron concentration, then the low-
injection condition applies. Calculate the excess carrier concentration as a function of time
fort = 0.
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N Solution
For the n-type semiconductor, we need to consider the ambipolar transport equation for the
minority carrier holes, which was given by Equation (6.56). The equation is

Weareassuming a uniform concentration of excess holesso that 82(sp)/8x* = 3(8p)/8x = 0.
Fort > 0, we are also assuming that g' = 0. Equation (6.56) reduces to

Since there is no spatial variation, the total time derivative may be used. At low injection, the
minority carrier hole lifetime, 1,0, is aconstant. The solution to Equation (6.57)is

where 8p(0) isthe uniform concentration of excess carriersthat existsat time: = . The con-
centration of excess holes decays exponentially with time, with a time constant equal to the
minority carrier holelifetime.

From the charge-neutrality condition, we have that 8# = p, so the excess electron con
centration is given by

® Numerical Calculation
Consider n-type gallium arsenide doped a N; = 10'® ¢m~3. Assume that 10' electron-hole
pairs per cm® have been created at r =0, and assume the minority carrier hole lifetime is
750 = 10 ns.

We may note that §p(0) <K g, so low injection applies. Then from Equation (6.58) we
canwrite

sp(t) = 10Me=1/10 " em™?

The excess hole and excess electron concentrations will decay to 1/ of their initial valuein
10 ns.

H Comment
The excess electrons and holes recombine at the rate determined by the excess minority car-
rier hole lifetime in the n-type semiconductor.

EXAMPLE 6.2

Objective

To determine the time dependence of excesscarriers in reaching a steady-state condition.
Again consider an infinitely large, homogeneous n-type semiconductor with a zero ap-
plied electric field. Assume that, for t < 0, the semiconductor is in thermal equilibrium and
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6.3 Ambipolar Transport

that,for I > 0, a uniform generation rate exists in the crystal. Calculate the excess carrier con-
centration as a function of time assuming the condition of low injection.

Solution
The condition of a uniform generation rate and a homogeneous semiconductor again implies
thet 8%(3p)/9x2 = 3(8p)/3x = 0 in Equation (6.56). The equation, for this case, reduces to

Thesolution to this differential equation is

1 Numerical Calculation
Considern-typesiticonat T = 300K dopedat N; =2 X 10'® cm™*. Assume that 7,, = 1077 s
adg =5 x 10 em™* s~'. From Equation (6.61)we can write

1 Comment
We may note that fort — oo. we will create a steady-state excess hole and electron concen-
trationof 5 x 10 em™*. We may note that p < g, so low injection is valid.

The excess minority carrier hole concentrationincreaseswith timewith thesame
time constant 7,9, which is the excess minority carrier lifetime. The excess carrier
concentration reaches a steady-state value as time goes to infinity, even though a
steady-state generation of excess electrons and holes exists. This steady-state effect
can he seen from Equation (6.60) by setting d(8p)/d¢t = 0. Theremaining tenns sim-
ply statethat, in steady state, the generation rateisequal to the recotnbination rate.

TEST YOUR UNDERSTANDING

E63 Siliconat T = 300 K has been doped with boron atoms to a concentration of
N, =5 x 10" cm~3. Excess carriers have been generated in the uniformly doped
material to aconcentration of 10'* cm~2. The minority carrier lifetimeis5 ues.

(o) What carrier type is the minority carrier? (b) Assuming g' = E = Ofor ¢ > O,
determine the minority carrier concentration for r > O.
[[J-UO 501 xg//—ag[()[ (‘i) ‘SOOI (D) 'SHV]

E64  Consider silicon with the same parameters as given in E6.3. The material isin -
thermal equilibrium fort < 0. At+ = 0, asource generating excess carriers is turned
on, producing a generation rate of g' = 10?® em=3 -s" !. (@)What carrier type is the
minority carrier? (b) Determine the minority carrier concentration fort > 0. (c) What
is the minority carrier concentration ast — oc?

(W 01 X §(9) WA [ ggyr-? — 11401 x § () ‘suond3pa (v) suy]
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EXAMPLE 6.3

Objective

To determine the steady-state spatial dependence of the excess carrier concentration.

Consider a p-type semiconductor that is homogeneous and infinite in extent. Assumea
zero applied electric field. For aone-dimensional crystal, assume that excess carriers are being
generated at x = 0 only, as indicated in Figure 6.6. The excess carriers being generated &
x = O will begin diffusing in both the +x and —.x directions. Calculate the steady-state ex-
cess carrier concentration asa function of x.

Solution
The ambipolar transport equation lor excess minority carrier electrons was given by Equa-
tion (6.55), and is written as
#(5n} 0dn)  , sn A6m)

Dy —~ +pu,E——+g — =__
axe TS TRE T il

From our assumptions. we have E = 0,g' = 0 for x # 0. and #(8»)/3: = 0 fur steady Sate.
Assuming aone-dimensional crystal, Equation (6.55) reduces to

d>(8n} Sn

1
dx' T

Dividing by the diffusion coefficient, Equation (6.62) may he written as

wherewehave defined L? = D, 1,,. The parameter L, hasthe unit o length and is called the
minority carrier electron diffusion length. The general solution to Equation (6.63) is

Bn(x) = Ae~1tn 4 Betlta (6.64)

As the minority carricr electrons diffuse away from x = 0. they will recombine with the ma-
jority carricr holes. The minority carrier electron concentration will then decay toward zero &
both x = +oc andx = —oc. These boundary conditions mean that 8 =0 for x > 0 and
A = Ofor x < 0. The solution (o Equation (6.63) may then he written as

Figure 66 ! Steady-state generation
rateatx = 0.
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where 3r(0) is the value of the excess eectron concentration & x = 0. The steady-state
excess eectron concentration decays exponentialy with distance avay from the source a
x=0.

@ Numerical Calculation
Condder ptype silicon at T=300 K doped & N, =5x 10" cm™*. Assume that t,y =
5X 1077 5, D,, = 25 cm?®/fs, and 8n(0) = 10" cm—3.

The minority carrier diftusion length is

Ly=. ...=+v(@53»35x1077)=354um
Then for x = 0, we have
Sn(x) = 1015 /35 4x107¢ et
B Comment

We mey note thet the steady-state excess concentration decays to 1/e of its vdue & x =
B4 pm.

Asbefore, we will assume charge neutrality; thus, the steady-state excess major-
ity carrier hole concentration also decays exponentialy with distance with the same
characteristic minority carrier electron diffusion length L,,. Figure 6.7 isa plot of the
total electron and hole concentrationsas afunction of distance. We are assuming low
injection, that is, §#(0) < py in the p-type semiconductor. The total concentration of
magjority carrier holes barely changes. However, we may have §x(03 = ng and still
satisfy the low-injection condition. The minority carrier concentration may change
by many orders of magnitude.

TEST YOUR UNDERSTANDING

E6.5 Excesselectronsand holes are generated at the end of asilicon bar (x = 0). The
siliconis doped with phosphorusatoms to aconcentrationdf ¥, = 107 cm™*, The
minoarity carrier lifetimeis 1 s, the electron diffusioncoefficient is b, = 25¢n¥ s,
and the hole diffusion coefficient is &, = 10 cm?/s. If 5n(0) = 8p(0) = 107 cm™3,
determine the steady-stateelectron and hole concentrationsin the silicon for x = 0.
(WD UL ST X 2USYM ‘ffu.m[im wa ¢rec? 01 = (0)dg = (X)ug 'suy)

B.6 Usng the parametersgiven in E6.5, calculate the electronand hole diffusion current
densitiesa x = 10 um. (WYY 69€°0— = *F ' WYV 69570+ = “r 'suy)

The three previous examples, which applied the amhipolar transport equation to
specific situations, assumed either a homogeneous or a steady-state condition; only
the time variation or the spatial variation was considered. Now consider an example
in which both the time and spatial dependence are considered in the same problem.
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Carrier
concentration

(log scale)

Figure 6.7 | Steady-state electron and hole concentrations for the case
when excess electrons and holes we generated at x = 0.

EXAMPLE 6.4

Objective

To determine both the time dependence and spatial dependence of the excess carrier concen-
tration.

Assume that a finite number of electron—hole pairs is generated instantaneously at time
t=0andat x =, but assume g’ =0 fort > 0. Assume we have an n-type semiconductor
with a constant applied electric field equal to Eq. which isapplied in the +x direction. Cacu-
late the excess carrier concentration as afunction of x and &.

Solution
The one-dimensional ambipolar transport equation for the minority carrier holes can be writ-
ten from Equation (6.36) as

The solution to this partial differential equation isof theform
Splx, ty = p'ix, e (6.67)

By substituting Equation (6.67)into Equation {6.66), we arc left with the partial differential
equation

- ar

92p'(x, 1) ap'(x,t) ap'(x,n)
D ~boT
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6.3 Ambpolar Transport

Equation (6.68) is normally salved using Laplace transform techniques. The solution, without
going through the mathematical details, is

Thetotd solution. from Equations (6.67) and (6.69). for the excess minority carrier hole con-
centrationis

B Comment
We could show that Equation (6.70y isa solution hy direct substitution back into the partial dif-
ferentid equation. Equation (6.66).

Equation (6.70) can be plotted as a function of distance x, for various times.
Figure 6.8 shows such a plot for the case when the applied electricfield is zero. For
t > 0, the excess minority carrier holes diffuse in both the +x and —.x directions.
During thistime, the excess majority carrier electrons, which were generated, diffuse
at exactly the same rate as the holes. As time proceeds, the excess holes recombine

Figure6.81 Excess-hole concentration versus distance
at various timesfor zero applied electric field.
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dp(x, 1)
t=1>0
—
Eo
I t=13> 1
| 'v’-~\1
I 2 -
i ?
I ’ >
/ [
’ \ IR
~
7/ *—
x=0 Distance, x

Figure 6.9 1 Excess-holeconcentration versus distance at varioustimesfor a
constant applied electricfield.

with the excess electrons so that a t = oo the excess hole concentration is zero. In
this particular example, both diffusion and recombination processesare occurring &
the sametime.

Figure 6.9 showsaplot of Equation (6.70) as afunction of distancex at various
times for the case when the applied electric fieldis not zero. In this case, the pulse of
excess minority carrier holesis drifting in the +x direction, which is the direction of
theelectricfield. Westill have the same diffusion and recombination processes aswe
had before. An important point to consider is that, with charge neutrality, sn = Spat
any instant of time and at any point in space. The excess-electron concentration is
equal to the excess-hole concentration. In this case, then, the excess-electron pulseis
moving in the same direction as the applied electric field even though the electrons
have a negative charge. In the ambipotar transport process, the excess carriers are
characterized by the minority carrier parameters. In this example, the excess carriers
behave according to the minority carrier hole parameters, which include Dy, ti,, and
1,p. Theexcess majority carrier electrons are being pulled along by the excess minor-
ity canier holes.

| TEST YOUR UNDERSTANDING

E6.7 Asagood approximation,the peek value of a normalized excess canierconcentration,
given by Equation (6.70), occursé x = w1, Eqr. Assumethe following parameters:
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6.3 Ambipolar Trangport

50 = 5 s, D, = [0 em¥s, u, = 386 cm?/V-s, and Eg = 10 V/em. Calculatethe
pesk vaued timesdf (a)r = | us. (h)f =5 pus, () =15 us, and (d)r = 25 ps.
What are the corresponding valuesd x for pans(a)to (d)? [WH §96 = ¥ 0g1'0 (P)
W G0 =X ) gat = X Lp] (g 9°ge = X Qe (p) suy]
Theexcess carrier concentration, given by Equation (6.70), is to be calculated a dis-
tancesd one diffusion length away from the pesk value. Using the parameters given
in E6.7. calculatethe values of 8p for{a)r = | psat () 1093 x 10-* am and

(i)x =-32L x 0¥ cm; byt =5 usa (Hx = 264X 1072 cm and

(i)y =1.22x 107 2em; (o) =15 us a (i) x = 6.50 x 10~% ¢m and

(ii)x =5.08x 10" > cm.

(S0 1 (M o L (D F TGN F 1L (N9 60T (1) o0z (1) () suy]

Udng the parametersgivenin E6.7, {a) plot ép(x, 1) from Equation (6.70)versusx =
for (i)t = 1 us, i)r =5pus, and (7ii) t = 15 ws, @ (b) pot 8p(x, 1) versus time
for (i)x = 10=2 cm, (ii)x = 3 x 10 % em, and (iii)x =6 X 10 * cm.

L}

I

6.3.

4 Didectric Relaxation Time Constant

We have assumed in the previous analysis that a quasi-neutrality conditions exists—
that i, the concentration of excess holesis balanced by an equal concentration of ex-
cesselectrons. Suppose that we have a situation as shown in Figure 6.10, in which a
uniform concentration of holes 8p is suddenly injected into a portion of the surface

of a

semiconductor. We will instantly have a concentration of excess holes and a net

positive charge density that is not balanced by a concentration of excess electrons.
How is charge neutrality achieved and how fast?

The

The

There are three defining equations to he considered. Poisson's equation is

current equation, Ohm's law, is

continuity equation, neglecting the effectsof generation and recombination, is

Figure 6.10 | The injection of acencentration of
holesinto asmal region at the surface of an n-type
semiconductor.
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The parameter p isthe net charge density and the initial valueis given by e(ép). We
will assume that 8p is uniform over a short distance at the surface. The parameter ¢
is the permittivity of the semiconductor.

Taking the divergence of Ohm's law and using Poisson's equation, we find

Substituting Equation (6.74) into the continuity equation, we have

op _ p _ dp 675
€ at dr '

Since Equation (6.75) isafunction of time only, we can write the equation as atota
derivative. Equation (6.75) can berearranged as 1

Equation (6.76) is afirst-order differential equation whose solution is

p(1) = p(@)e ¥/ (6.77)
where

and is called the dielectric relaxation time constant.

EXAMPLE 6.5

Objective

Cdculatethedielectric relaxation time constant for a particular semiconductor.
Asume an n-type semiconductor with a donor impurity concentration of A, =
1016 em3,

H Solution
The conductivity isfound as

where the vaue of mohility is the approximatevalue found from Figure 5.3. The permittivity
of sliconis

Thedielectricrelaxationtime constant is then

Page 232 of 566



6.3 Ambipolar Trangport

B Comment

Equetion (6.77) then predicts thet in gpproximately four time constants, or in approximately
2 ps the net charge density is essentially zero; that is, quasi-neutraity has been achieved.
Since the continuity equation, Equation (6.73), does not contain any generation or recombina
tion terms, the initia positive charge is then neutraized by pulling in eectronsfrom the bulk
ntype materid to creste excess electrons. This process occurs very quickly compared to the
norma excess cartier lifetimes of approximately 0.1 us. The condition of quasi-charge-
neutrdity is then justified.

*6.3.5 Haynes-Shockley Experiment

We have derived the mathematics describing the behavior of excess carriers in a
semiconductor. The Haynes—Shockley experiment was one of the first experiments
to actually measure excess-carrier behavior.

Figure 6.11 shows the basic experimental arrangement. The voltage source V;
establishes an applied electric field Eq in the -+x direction in the n-type semiconduc-
tor sample. Excess carriers are effectively injected into the semiconductor at contact
A. Contact B is a rectifying contact that is under reverse bias by the voltage source
Va. Thecontact B will collect afraction of the excess carriers as they drift through the
semiconductor. The collected carrierswill generatean output voltage, V.

This experiment corresponds to the problem we discussed in Example 6.4.
Figure 6.12 shows the excess-carrier concentrationsat contacts A and B for two con-
ditions. Figure 6.12a shows the idealized excess-carrier pulse at contact A at time
+=0. For agiven electric field Ey;, the excess carriers will drift along the semicon-
ductor producing an output voltage as a function of time given in Figure 6.12b. The
pesk of the pulse will arriveat contact B at time . If the applied electric field is re-
duced to avalue Egz, Egz < En, the output voltage response at contact B will look
approximately as shown in Figure 6.12c. For the smaller electric field, the drift ve-
locity of the pulse of excesscarriersissmaller, and so it will takealonger timefor the

Figure 6.111 The basic Haynes-Shockl ey experimenta
arrangement.
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Figure6.121(a) Theidedlized excess-carrier pulse a
termina A & ¢ = 0. (b) The excess-carrier pulse versustime
at termina B for agiven applied electricfield. (c) The
excess-carrier pulse versustime a termina B for asmaller
applied electricfield.

pulse to reach the contact B. During this longer time period, there is more diffusion
and more recombination. Theexcess-carrier pulse shapes shownin Figures 6.12bh and
6.12c aredifferent for the two electric field conditions.

The minority carrier mobility, lifetime, and diffusion coefficient can be deter-
mined from this single experiment. As a good first approximation, the peak of the
minority carrier pulse will arrive at contact B when the exponent involving distance
and timein Equation (6.70) is zero, or
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In this case x = d, where d is the distance between contacts A and B, and 1 = 1y,
where ¢, is the time at which the peak of the pulse reaches contact B. The mobility
may be calculated as

Figure 6.13 again shows the output response as a function of time. At times
and £, the magnitude of the excess concentration ise~' of its peak value. If the time
difference between #, and > is not too large, e~/ and (4 D,t)"/* do not change
appreciably during this time; then the equation

! (d — ppEor)* = 4Dt (6.80)

issatisfied a both ¢ =+, andt = t,. If wesett =+, andt =, in Equation (6.80)
and add the two resulting equations, we may show that the diffusion coefficient is
given by

where
i At=t— 1 (6.82)

The area § under the curve shown in Figure 6.13 is proportional to the number
o excess holes that have not recombined with majority carrier electrons. We may
write

where K is a constant. By varying the electric field, the area under the curve will
change. A plot of In(S) as afunction of (d/w,Eq) will yield a straight line whose
dope is (1/tp0), so the minority carrier lifetime can also be determined from this
experiment.

The Haynes—Shockley experiment is elegant in the sense that the three basic
processesof drift, diffusion, and recombination areallobserved in asingle experiment.

Figure 6.13 t The OUtPUL excess-carrier
pulse versus lime to determinethe
diffusion coefficient.
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The determination of mobility is straightforward and can yield accurate values. The
determination of the diffusion coefficient and lifetime is more complicated and may'
lead to some inaccuracies.

6.41 QUASI-FERMI ENERGY LEVELS

The thermal-equilibrium electron and hole concentrations are functions of the Fermi
energy level. We can write

=n; exp(E—F B {':Fi\ (6.84a)

and

where £ and E¢; arethe Fermi energy and intrinsic Fermi energy, respectively, ad
n; istheintrinsic carrier concentration. Figure 6.14a shows the energy-band diagram
for an n-type semiconductor in which Ez > Ef;. For this case, we may note from
Equations(6.84a) and (6.84b) that #q > #; and pg < n;. as we would expect. Simi-
larly, Figure 6.14b shows the energy-band diagram for a p-type semiconductor in
which Er < Eg;. Again we may note from Equations (6.84a) and (6.84b) that
no < n; and po > n;, as we would expect for the p-type material. These results are
for thermal equilibrium.

If excess carriers are created in a semiconductor, we are no longer in thermal
equilibrium and the Fermi energy is strictly no longer defined. However, we may de-
fineaquasi-Fermi level for electrons and a quasi-Fermi level for holes that apply for
nonequilibrium. If 7 and ép are the excess electron and hole concentrations, re-
spectively, we may write:

Figure6.14 | Thermal-equilibrium energy-band diagrams for (aj n-type
semiconductor and (b) p-type semiconductor.
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where Ef,, and £y, are the quasi-Fermi energy levels for electrons and holes, re-
spectively. Thetotal electron concentration and the total hole concentration arefunc-
tions of the quasi-Fermi levels.

Objective
To cdculatethe quasi-Fermi energy levels.
Consider an n-type semiconductor & T = 300 K with carrier concentrations of ng =

10¥ em™?*, n; = 10 em?, and py = 10° em=*. In nonequilibrium, assume that the excess
carrier concentrationsae n = sp = 10" cm™?,

m Solution
The Fermi level for therma equilibrium can be determined from Equation (6.84a). We have

W\& can use Equation (6.85a} to determine the quasi-Fermi level for electronsin nonequilib-
rium, V\& can write

Equetion (6.85b) can be used to calculate the quasi-Fermi level for holes in nonequilibnum.
W& can write

Comment
W& mey note that the quasi-Fermi level for electronsis above E;; while the quasi-Fermi level
for holesis below E;

EXAMPLE 6.6

Figure 6.13a shows the energy-band diagram with the Fermi energy level corre-
sponding to thermal equilibrium. Figure 6.15b now shows the energy-band diagram
under the nonequilibrium condition. Since the majority carrier electron concentration
does not change significantly for this low-injection condition, the quasi-Fermi level
for electrons is not much different from the thermal-equilibrium Fermi level. The
quasi-Fermi energy level for the minority carrier holesis significantly different from
the Fermi level and illustrates the fact that we have deviated from thermal equilib-
rium significantly. Since the electron concentration has increased, the quad-Fermi
level for electrons has moved slightly closer to the conduction band. The hole
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(a} (b}

Figure 6151 (a) Thermal-equilibrium energy-banddiagram for ¥; = 104 em~* and
a, = 10" ¢m~*. (b) Quasi-Fermi levelsfor electronsand holesif 10" cm™ excess
carriersare present.

concentration has increased significantly so that the quasi-Fermi level for holes hes
moved much closer to the valence band. We will consider the quasi-Fermi energy
levelsagain when we discuss forward-biased pn junctions.

TEST YOUR UNDERSTANDING

E6.10 Sliconat 7 = 300K isdoped a impurity concentrationsof ¥, = 10'® cm~* and
N, = 0. Excesscarriers are generated such that the steady-statevaluesare
sn=38p =5x 10" em~*. (a) Calculatethe thermal equilibrium Fermi level with
respect t0 E¢; . (b)Determine Er, and Er, with respect o E;.

[A3 L69T0= 1T — ' AP 9RPE0 = 7 — 7 (q)
AP ELPED = 7 — 43 (D) suy]

EB11  Impurity concentrations of N, = 10°° cm * and N, = 6 x 10'% em™* are added to
silicon & T = 300 K. Excess carriersare generated in the materia such that the
steady-state concentrationsare én = 8p = 2 x 10" em3.(a) Find the thermd
equilibrium Fermi level with respect to £, . (b) Calculate £, ad £, with respect
to E, . IAPPOECD = 97 — ¥ A2 09vT 0= T - 7 (9
A PETC0="3 - 3 (v} suy]

*6.5 | EXCESS-CARRIER LIFETIME

The rate at which excess electrons and holes recombine is an important characteris-
tic of the semiconductor and influences many of the device characteristics, as we will
see in later chapters. We considered recombination briefiy at the beginning of this
chapter and argued that the recombination rate isinversely proportiona to the mean
carrier lifetime. We have assumed up to this point that the mean carrier lifetime is
simply a parameter of the semiconductor material.

We have been considering an ideal semiconductor in which electronic energy
states do not exist within the forbidden-energy bandgap. Thisidea effectis present
in aperfect single-crystal material with an ideal periodic-potential function. In ared
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semiconductor material, defects occur within the crystal and disrupt the perfect
periodic-potential function. If the density of these defectsis not toogreat, the defects
will create discrete electronic energy states within the forbidden-energy band. These
alowed energy states may be the dominant effect in determining the mean carrier
lifetime. The mean carrier lifetimemay be determined from the Shockley—-Read-Hall
theory of recombination.

6.5.1 Shockley-Read-Hall Theory of Recombination

An dlowed energy state, also called a trap, within the forbidden bandgap may act as
arecombination center, capturing both electrons and holes with almost equal proba-
bility. Thisequal probability of capture meansthat the capture cross sectionsfor elec-
tronsand holes are approximately equal. The Shockley—Read—Hall theory of recom-
bination assumes that a single recombination center, or trap, exists at an energy E;
within the bandgap. There are four basic processes, shown in Figure 6.16, that may
occur a this single trap. We will assume that the trap is an acceptor-type trap; that is,
it is negatively charged when it contains an electron and is neutral when it does not
contain an electron.
The four basic processes are as follows:

Process 1: The capture of an electron from the conduction band by an initially
neutral empty trap.

Process | Process?2

— E, E,
iR -
Electren capture Electron ennssion

Process 3 Process 4

EL
£,
= o=
4
_:’:‘—‘_@ E, rey . L8 i 7 . E,
Hole capture Hele enussien

Figure6.16 1 The four basic trgpping and emission processesfor the case of an
acceptor-typetrap.
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Process 2: Theinverse of process 1—the emission of an electron that is
initially occupying a trap level back into the conduction band. L |

Process 3: The capture of a hole from the valence band by atrap containing an
electron. (Or we may consider the process to be the emission of an electron
fromthe trap into the valence band.)

Process 4: The inverse of process 3—the emission of a hole from a neutral trap
into the valence band. (Or we may consider this process to be the capture of an
electron from the valence band.)

In process 1, the rate at which electrons from the conduction band are captured
by the traps is proportional to the density of electrons in the conduction band and
proportional to the density of empty trap states. We can then write the electron cap-
ture rate as

Ry = CoN, (1 — f}'(E!))n (686)
where

Ren = capture rate (#/cm®-s)
C, = constant proportional to electron-capture cross section
N, = total concentration of trapping centers
r = electron concentration in the conduction band
fr{E;) = Fermi function at the trap energy

The Fermi function at the trap energy is given by

which is the probability that a trap will contain an electron. The function
(1 — fr(E)) is then the probability that the trap is empty. In Equation (6.87), we
have assumed that the degeneracy factor is one, which is the usual approximation
made in this analysis. However, if adegeneracy factor isincluded, it will eventually
be absorbed in other constants later in the analysis.

For process 2, the rate at which electrons are emitted from filled traps back into
the conduction band is proportional to the number of filled traps, so that

where

R, = emission rate (#fcm’-s)
E, = constant
Ffr(E;) = probability that the trap is occupied

In thermal equilibrium, the rate of electron capture from the conduction band
and the rate of electron emission back into the conduction band must be equal. Then

Row = Ren (6.89)
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E. N, fro(E;) = CalN (1 — frolE g (6.90)

where frp denotes the thermal-equilibrium Fermi function. Note that, in thermal
equilibrium, the value of the electron concentration in the capture rate term is the
equilibrium value nq. Using the Boltrmann approximation for the Fermi function,
wecan find E, in termsof C, as

wheren' isdefined as

The parameter n' is equivalent to an electron concentration that would exist in the
conduction band if the trap energy E, coincided with the Fermi energy Er.

In nonequilibrium, excess electrons exist, so that the net rate at which electrons
arecaptured from the conduction band is given by

R, =R, — R (6.93)

whichis just the difference between the capture rate and the emission rate. Combin-
ing Equations (6.86) and (6.88) with (6.93) gives

We may note that, in this equation, the electron concentration r is the total con-
centration, which includes the excess electron concentration. The remaining con-
stantsand termsin Equation (6.94) are the same as defined previously and the Fermi
energy in the Fermi probability function needs to be replaced by the quasi-Fermi en-
ergy forelectrons. The constants E, and C,, arerelated by Equation (6.91). so the net
recombinationrate can be written as

If we consider processes 3 and 4 in the recombination theory, the net rate at
which holes are captured from the valence band is given by

where C,, isaconstant proportional to the hole capturerate, and p' isgiven by

In a semiconductor in which the trap density is not too large, the excess electron
and hole concentrations are equal and the recombination rates of electronsand holes
areequal. If we set Equation (6.95) equal to Equation (6.96) and solve for the Fermi
function, we obtain
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We may note
Equation (6.95) or (6.96) gives

R —R - C,,C[,N,(np — n%)
TP T Cunt e+ Cotpt p)
Equation (6.99) is the recombination rate of electrons and holes due to the recombi
nation center at E = E,. If we consider thermal equilibrium, then np = nopy = nf
sothat R,, = R,, = 0. Equation (6.99). then, is the recombination rate of excesselec
trons and holes.

Since R in Equation (6.99) is the recombination rate of the excess carriers, wi
may write

where én isthe excess-carrier concentration and t isthe lifetime of the excesscarriers.

6.5.2 Limits of Extrinsic Dopingand Low Injection

We simplified the ambipolar transport equation, Equation (6.39), from a nonlinear
differential equation to a linear differential equation by applying limits of extrinsic
doping and low injection. We may apply these same limits to the recombination rate
equation.

Consider an n-type semiconductor under low injection. Then

n>py, ng>Dép, no>n. ng>p

where ép is the excess minority carrier hole concentration. The assumptions of
ng > n’ and ng > p’ imply that the trap level energy is near midgap so that »’ and
p' are not too different from the intrinsic carrier concentration. With these assump-
tions, Equation (6.99) reduces to “

i

R = C,N,3p (6100

The recombination rate of excess carriers in the n-type semiconductor is afunction
of the parameter C,,, which is related to the minority carrier hole capture cross sec-
tion. The recombination rate, then, isa function of the minority carrier parameter in
the same way that the ambipolar transport parameters reduced to their minority car-
rier values.

The recombination rate is related to the mean carrier lifetime. Comparing Equa
tions (6.100) and (6.101), we may write

where
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6.5 Excess-Carrier Lifeime

dwhere 1, is defined as the excess minority carrier hole lifetime. If the trap con-
ntration increases, the probability of excess carrier recombination increases; thus
‘me excess minority canier lifetime decreases.
Similarly, if we haveastrongly extrinsic p-type material under low injection, we
assume that

po>no, podn, pon. pe»p
elifetimethen becomes that of the excess minority carrier electron lifetime, or

1
CuN;

Ta) = (6104)

Again note that for the n-type material, the lifetime is a function of C,, which
isrelated to the capture rate of the minority carrier hole. And for the p-type material,
thelifetime isafunction of C,, which isrelated to the capture rate of the minority
carrier €lectron. The excess-carrier lifetimefor an extrinsic material under low injec-
tion reduces to that of the minority carrier.

Objective

To determine the excess-carrier lifetimein an intrinsic semiconductor.
If we substitute the definitions of excess-carrier lifetimesfrom Equations (6.103) and
(6.104) into Equation (6.99). the recumbination rate can be written as
(np = n7)

R= 6.105
Toln o) Fro(p+ p) (6.105)

onsider @ intrindc semiconductor containing excess carriers. Then # = n, +én and
p=n,tsn. Alsoassumetha n' = p' = n;.

1 Solution
Equation (6 105) now become*
_ 2ment ey
(2n; + dn)zpo + 100)
If we dso assume very low injection, so that §n <K 2r;. then we can write
&n

R= —
Tp0 F Tad T
an

wheer is theexcesscarrier lifetime. Wesee thet r = 1,0 + ¢, intheintrinsic materia

B Comment
The excess-canier lifetime increases as we change from an extrinsic to an intrinsic
semiconductor.

EXAMPLEG6.7

Intuitively, we can see that the number of majority carriers that are available for
recombining with excess minority carriers decreases as the extrinsic semiconductor
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becomes intrinsic. Since there are fewer carriers availablefor recombining in thein-
trinsic material, the mean lifetime of an excess carrier increases.

TEST YOUR UNDERSTANDING

E6.12 Consider silicona 7 = 300 K doped at concentrationsof &, == 10'> em~* and
N, = 0. Asumethat n' = p' = n, in the excess carrier recombination rate equation
and assume parameter valuesd 7, = 1,0 = 5 x 1077 s. Calculate the recombina-
tion rate of excesscarriersif dn = §p = 10" em™3, (|8 ;W ;01 X €8T 'suy)

*6.6 | SURFACE EFFECTS

Inall previous discussions. we have implicitly assumed the semiconductorswerein
finite in extent; thus, we were not concerned with any boundary conditions at asemi-
conductor surface. In any real application of semiconductors, the material is not infi-
nitely large and therefore surfaces do exist between thesemiconductor and an adjacent
medium.

6.6.1 SurfaceStates

When asemiconductor isabruptly terminated, the perfect periodic natureof theided-
ized single-crystal lattice ends abruptly at the surface. The disruption of the periodic-
potential function results in alowed electronic energy states within the energy
bandgap. In the previous section, we argued that simple defectsin the semiconductor
would create discrete energy states within the bandgap. The abrupt termination of the
periodic potential at the surface results in a distribution of allowed energy states
within the bandgap, shown schematically in Figure 6.17 along with the discrete en-
ergy states in the bulk semiconductor.

The Shockley—Read-Hall recombination theory shows that the excess minority
carrier lifetimeisinversely proportional to the density of trap states. We may argue

Electron
energy

Surface

Figure6.17 t Digtribution of surface
states within the forbidden bandgap.
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6.8 Surface Effects

Surtace Distance x ——

Figure 6.18 | Steady-state excess hole
concentration versus distancefrom a
semiconductor surface.

that, since the density of traps at the surfaceislarger than in the bulk, the excess mi-
nority carrier lifetime at the surface will he smaller than the corresponding lifetime
in the bulk material. If we consider an extrinsic n-type semiconductor, for example,
the recombination rate of excesscarriers in the bulk. given by Equation (6.102), is

where dpyg is the concentration of excess minority carrier holesin the bulk material.
We may write asimilar expression for the recombination rate of excesscarriersat the
surfaceas

where 8p, is the excess minority carrier hole concentration at the surface and s is
the excess minority carrier hole lifetime at the surface.

Assume that excess carriers are being generated at aconstant rate throughout the
entire semiconductor material. We showed that, in steady state, the generation rate is
equal to the recombination rate for the case of a homogeneous, infinite semiconduc-
tor. Using this argument, the recombination rates at the surface and in the hulk mate-
rid must beegual. Since 1,9, < 7,6, then theexcess minority carrierconcentration at
the surface is smaller than the excess minority carrier concentration in the bulk re-
gion, or 8p, < &ps. Figure 6.18 shows an example of the excess-carrier concentra-
tion plotted as a function of distance from the semiconductor surface.

Objective |

To determine the steady-state excess-carrier concentration as a function of distancefrom the
surfaceof a semiconductor.

Consder Figure 6.18, in which the surface isa x = 0. Assumethet in the n-type semi-
conductor 5pg = 10 em™* and 1,0 = 107° s in the bulk, and 7., = 107 s & the surface.
Assume zero applied dectricfiedd and let D,, = 10 ems.
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Solution
From Equations{6.106) and (6.107), we have

so that

From Equation (6.56). we can write

The generation rate can be determinedfrom the steady-stateconditionsin the bulk, a !

8 o+ N
= 2P = [0%* cm 5!
Tp0 10-%
The solution to Equation (6.107)isd the form 1

ASx — 400, 3pix) = dpg = g'1,p = 10" cm™*, which impliesihat A = 0. At x =0. we
have

0 that B = —9 x 10"*. The entire solution for the minority carrier hole concentration es a
function of distance from the surfaceis

Spix) = 10%(1 — 0.9e */Lr)
where
L, = /Dy = /0)(10-%) = 31.6 um

m Comment
Theexcesscarrier concentrationis smaler a the surface than in the bulk.

6.6.2 Surface Recombination Veocity i

A gradient in the excess-carrier concentration exists near the surface as shown in Fig-
ure 6.18; excess carriersframthe bulk region diffuse toward the surface where they
recombine. This diffusion toward the surface can be described by the equation

where each side of the equation is evaluated at the surface. The parameter # isthe
unit outward vector norma to the surface. Using the geometry of Figure 6.18,
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d(8p)/dx is a positive quantity and # is negative, so that the parameters is a posi-
tive quantity.
Adimensional analysis of Equation (6.110) shows that the parameters has units
| of cm/sec, or velocity. The parameters is called the surface recombinarion velocity
If the excess concentrationsat the surface and in the bulk region were equal, then the
gradient term would be zero and the surface recombination velocity would be zero.
As the excess concentration at the surface becomes smaller, the gradient term be-
comes larger, and the surface recombination velocity increases. The surface recom-
bination velocity gives some indication of the surface characteristics as compared
with the bulk region.
Equation (6.110) may be used as a boundary condition to the general solution
" given by Equation (6.109) in Example 6.8. Using Figure 6.18, we havethat 7 = —1,
and Equation (6.110) becomes

' We have argued that the coefficient A is zero in Equation (6.109). Then, from Equa-
tion (6.109), we can write that

6psurf = 5P(O) = g’Tpo + B (6112:1)

-—— (6.112b)

Substituting Equations (6.112a} and (6.112b} into Equation (6.111) and solving for
the coefficient B, we obtain

| Theexcess minority carrier hole concentration can then be written as

Objective | ~ EXAMPLE 6.9

To determine the steady-state excess concentration versus distancefrom the surface of asemi
conductor as afunction of surface recombination velocity.
Consider, initialy, the case when the surface recombination velocity is zero, or s = 0.

Solution
Subdtituting s = 0 into Equation (6.114), we obtain

Splx) = g'tp0

Now consider the casc when the surface recombination velocity is infinite, or s = oo,
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W Solution
Substitutings = oc into Equation (6.114), we obtain

Comment ‘J

For the case when s = 0, the surface has no eftect and the excess minority carrier concentra:
tion & the surfaceis the sameas in the bulk. In the other extremewhen s = no, the excessmi-
nority carrier hole concentrationat the surfaceis zero.

An infinite surface recombination velocity implies that the excess minority car-
rier concentration and lifetime at the surface are zero.

EXAMPLE6.10 | Objective

To determine the value of surface recombinaion velocity corresponding to the parameten
given in Example6.8.

From Example 6.8, we have that gty = 10" em™*, D, = 10em?/s, L, == 316 pm, .
and 8p(0) = 10 ecm™7.
W Solution
Writing Equation (6.114) & the surface, we have

Solving for the surface recombination velocity, we find that

which becomes

B Comment

This example shows that asurtace recombinationvelocity of approximately s = 3 x L0* s
could serioudy degrade the performance of semiconductor devices, such as solar cells, snce
these devicestend to be fabricated closeto asurface.

In the above example, the surface influences the excess-carrier concentration to
the extent that, even at a distance of L, = 31.6 um from the surface, the excess-
carrier concentration is only two-thirds of the valuein the bulk. We will seein later
chapters that device performance is dependent in large part on the properties o
excess carriers.

Page 248 of 566



Glossary d Important Terms

6.71 SUMMARY

1 Theprocessesof excesselectron and hole generation and recombination were
discussed. The excess carrier generation rate and recombination rate were defined.

1 Excesselectrons and holes do not move independently of each other, but move together.
This common movement is called ambipolar transport.

1 Theambipolar transport equation was derived and limits of low injection and extrinsic
doping were applied to the coefficients. Under these conditions, the excess electrons
and holes diffuse and drift together with the characteristics of the minority carrier, a
result that is fundamental to the behavior of semiconductor devices

1 Theconceot of excess carrier lifetime was developed.

Examples of excess carrier behavior as afunction of time, as afunction of space, and as
afunction of both time and space were examined.

1 Thequasi-Fermi level for electrons and the quasi-Fermi level for holes were defined.
These parameters characterize the total electron and hole concentrations in a semicon-
ductor in nanequilibrium.

The Shockley-Read-Hall theory of recombination was considered. Expressions for the
excess minority carrier lifetimewere devel oped.

* The effect of asemiconductor surface influences the behavior of excess electrons and
holes. The surface recombination velocity was defined.

GLOSSARY OF IMPORTANT TERMS

ambipolar diffusion coefficient Theeffective diffusion coefficient of excesscamers.

amhipolar mobility The effectivemobility of excesscamers.

amhipolar transport  The process whereby excess electrons and holes diffuse, drift, and re-
combine with the same effective diffusion coefficient, mobility, and lifetime.

amhipolar transport equation The equation describing the behavior of excess cartiers as a
function of time and space coordinates.

carrier generation The process of elevating electrons from the valence band into the con-
duction band, creating an electron-hole pair.

carrier recombination The process whereby an electron “falls™ into an empty state in the
valence hand (a hole) so that an electron-hole pair are annihilated.

excesscarriers The term describing both excess electrons and excess holes.

excesselectrons The concentration of electrons in the conduction band over and above the
thermal-equilibrium concentration.

excess holes  The concentration of holes in the valence band over and above the thermal-
equilibrium concentration.

excessminority carrier lifetime The average time that an excess minority carrier exists be-
foreit recombines.

generation rate The rate (#/cm’-s) at which electron-hole pairs are created.

low-level injection Thecondition in which the excess-carrier concentration ismuch smaller
than the thermal-equilibrium majority carrier concentration.

minority carrier diffusion length  The average distance a minority carrier diffuses before
recombining: a parameter equal to ~/Dt where 2 and t are the minority carrier diffusion
coefficient and lifetime, respectively.
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quasi-Fermi level  The quasi-Fermi level for electrons and the quasi-Fermi level for holes
relate the nonequilibrium electron and hole concentrations, respectively, to the intrinsic
carrier concentration and the intrinsic Fermi level.

recombination raté  Therate (#/cm’-s) a which electron—hole pairs recombine.

surface recombination velocity A parameter that relates the gradient of the excess carrier
concentration at a surface to the surface concentration of excess carriers.

surface states  Theelectronic energy states that exist within the bandgap at a semiconductor
surface.

CHECKPOINT

After studying thischapter, the reader should have the ability to:

Describe the concept of excess generation and recombination.

Describe the concept of an cxcess carrier lifetime.

Describe how the time-dependent diffusion equations for holes and electrons are derived. !
Describe how the ambipolar transport equation is derived.

Understand the consequence of the coetficients in the ambipolar transport equation
reducing to the minority carrier values under low injection and extrinsic semiconductors. {
Apply the ambipolar transport equation to various problems.

Understand the conceot of the dielectric relaxation time constant.

Calculate the quasi-Fermi levels lor electrons and holes.

Calculate the cxcess carrier recombination rate for agiven concentration of excess
carriers.

Understand the effect of a surface on the excess carrier concentrations.

REVIEW QUESTIONS

1. Why are theelectron gencration ratc and recombination rate equal in thermal
equilibrium?

2. Explain how the density of holes, for example, can change as a result of a change in the
flux of particles.

3. Why isthe general ambipolar transport equation nonlinear?

4. Explain qualitatively why a pulse of excess electrons and hales would move together in
the presence of an applied clectric field.

5. Explain qualitatively why the excess carrier lifetime reducesto that of the minority
carrier under low injection.

6 What isthe time dependence of the density of excess carriers when the generation rate
becomes zero?

7. Inthe presence of an external force, why doesn't the density of excess carriers continue
to increase with time?

8. When aconcentration of one type of excess carrier is suddenly created in a semicon-
ductor, what is the mechanism by which the net charge density quickly becomes zero?

9. State the definition of the quasi-Fermi level for electrons. Repeat for holes.

10. Why, in general. is the concentration of excess carriers less at the surface of a semi-
conductor than in the bulk?
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PROBLEMS

(Note: Use the semiconductor parameters listed in Appendix B if they are not specifically
given in a problem. Assume 7' = 300 K.)

Section 6.1 Carrier Generation and Recombination

6.1

6.2

6.3

64

Consider a semiconductor in which ny = 10" em=* and n, = 10! ¢cm—?, Assume
that the excess-carrier lifetimeis 107 s. Determine the electron—hole recombination
rateif the excess-hole concentration issz = 5 x 10'? cm™>.

A semiconductor, in thermal equilibrium, has a hole concentration of py = 10'® cm ™3
and an intrinsic concentration of n, = 10'® em ™. The minority carrier lifetimeis

2% 10 7 s. (@) Determine the thermal-equilibrium recombination rate of electrons.
(b) Determine the change in the recombination rate of electrons if an excesselectron
concentration of én = 10> em™" exists.

An n-type silicon sample contains a donor concentration of N; = 10' em™*. The
minority carrier hole lifetimeis found to be 7, = 20 us. (a)What isthe lifetime of
the majority carrier electrons? (h) Determine the thermal equilibrium generation rate
for electrons and holes in this material. (¢) Deterimine the thermal equilibrium
recombination rate for electrons and holesin this material.

(a)A sampleof semiconductor has a crass-sectional areaof 1 ¢’ and a thickness of
0.1 cm. Determine the number of electron—hole pairs that are generated per unit
volume per unit time by the uniform absorption of | watt of light a a wavelength of
6300 A. Assume each photon creates one electron-hole pair. (b) If the excess minority
carrier lifetimeis 10 us. what is the steady-state excess carrier concentration?

Section 6.2 Mathematical Analysisof ExcessCarriers

6.5
6.6

6.7

Derive Equation (6.27) from Equations (6.18) and (6.20).

Consider aone-dimensional hole flux as shown in Figure 6.4. If the generation rate of
holesin this differential volumeis g, = 10®° cm *-s~* and the recombination rateis
2 x 10" em~*-5~!, what must be the gradient in the particle current density to main-
tain a steddy-state hole concentrdtiun?

Repeat Problem 6.6 if the generation rate becomes zero.

Section 6.3 Ambipolar Transport

6.8

6.9

6.10

Starting with the continuity equations given by Equations (6.29) and (6.30), derive the
ambipolar transport equation given by Equation (6.39).

Asampleof Ge at T = 300 K has a uniform donor concentration of 2 x 10'* em~3.
Theexcesscarrier lifetime isfound to be t,, = 24 us. Determine the ambipolar
diffusion coefficient and the ambipolar mobility. What are the electron and hole
lifetimes?

Assume that an n-type semiconductor is uniformly illuminated, producing a uniform
excess generation rateg'. Show that in steady state the change in the semiconductor
conductivity isgiven by
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6.11

6.12

6.13

6.14

6.15

6.16

6.17

6.18

Light isincident on a silicon sample starting at I = () and generating excess carriers
uniformty throughout the silicon for r = 0. The generation rate isg’ = 5 x

10" em™ s~'. Thesilicon (T = 300 K) is n type with Ay =5 x 10' ¢cm * and

N, =0.Letn, =15 x 10" ecm™, 7,0 = 10 ® s, and 1,0 = 107 5. Also let

i, = 1000 cm?/V-s and g, = 420 cm*/V-s. Determine the conductivity of the silicon
asafunction of timefor ¢ = 0.

An n-type gallium arsenide semiconductor isdoped with ¥; = 10'® cm™* and

N, = 0. The minority carrier lifetimeist, = 2 x 1077 s. Calculate the steady-state
increase in conductivity and the steady-state excess carrier recombination rate if a
uniform generation rate, g’ = 2 x 10?' em™*-5~ !, isincident on the semiconductor

Asilicon sampleat T = 300K isn type with ¥, =5 x 10" em™ and N, = 0. The
sample has a length of 0.1 cm and a cross-sectional areaof 10~* cm*. A voltage of
5V is applied between the ends of the sample. Fort < 0. the sampie has been
illuminated with light. producing an excess-carrier generation rateof g' = 5 x

10" em™ *-s~" uniformly throughout the entire silicon. The minority carrier lifetime
ist, =3 x 1077 s.Att =0, thelight is turned off. Derive the expression for the
current in the sample as a function of time I = 0. (Neglect surface effects.)

Consider a homogeneous gallium arsenide semiconductor at T = 300K with

N, =10" cm™* and N, = 0. A light source is turned on at r = 0 producing a uni-
form generation rateof g’ = 10% ¢cm~3-s~!. Theelectric field is zero. (a) Derivethe
expression for the excess-carrier concentration and excess carrier recombination rate
asafunction of time. (&) If the maximum, steady-state, excess-carrier concentration is
tobel x 10" cm~3, determine the maximum value of the minority carrier lifetime.
(c) Determine the times at which the excess minority carrier concentration will be
equal to (i) three-fourths, (ii) one-half, and (iif) one-fourth of the steady-state value.
In asilicon semiconductor material & T = 300 K, the doping concentrations are N, =
10'* cm™* and N, = 0. The equilibrium recombination rateis R, = 10" cm=*-s7".
A uniform generation rate produces an excess-carrier concentration of n = 8p =
10" cm~*. (@) By what factor does the total recombination rate increase? (h) What is
the excess-carrier lifetime?

Consider asilicun material doped with 3 x 10’® em~* donor atoms. At ¢ = 0, alight
source is turned on, producing a uniform generation rateof g = 2 x 10" ¢m™ 357!
At = 1077 s, the light source is turned off. Determine the excess minority carrier
concentration asafunction oftfor0 = r < o0. Let 7,5 = 10-7 s. Plot the excess
minority carrier concentration as a function of time.

A semiconductor has the following properties:
D, = 25cm’/s o= 107%s
D, = 10 em*/s Ty = 10773

The semiconductor isahomogeneous. p-type (N, = 107 ¢m~*} material in thermal
equilibrium for s = 0. At: = 0, an external source is turned on which produces excess
carriers uniformly at therateof g = 10% ¢cm=*-s~' At I = 2 x 107 5. the external
source isturned off. (a) Derive the expression for the excess-electron concentretion as
afunction of timefor 0 < r < m. (5) Determine the value of the excess-electron
concentration at (i)t =0, (ii)r = 2 x 10 * 5, and (iii) 1 = 0. (¢} Plot the excess-
electron concentration as a function of time.

Consider a bar of p-typesilicon materia that is homogeneously doped to a value of
3x 10" cm™ at T = 300 K. Theapplied electric field is zero. A light source is

Page 252 of 566



6.19

6.20

6.21

6.22

*6.23

Problems

Figure6.19 | Figurefor Problems 6.18
and 6.20.

incident on the end of the semiconductor as shown in Figure 6.19. The excess-carrier
concentration generated at x = 0 isép{0) = n(0) = 10" cm~?. Assume the follow-
ing parameters (neglect surface effects):

e = 1200em*/V-s  7,,=5x 1075
pp = 400 cm?/V-s To=1x107"7s

(a)Calculate the steady-state cxcess electron and hole concentrations as a function of
distance into the semiconductor. () Calculate the electron diffusion current density as
afunction of x.

Thex =0endof an N,, = | x 10" ¢m~* doped semi-infinite (x = 0) bar of silicon
maintained a T = 300 K isattached tu a""'minority carrier digester” which makes

n, =0a x = 0(n, isthe minority carrier electron concentration in ap-type
semiconductor). The electric field is zero. (a) Determine the thermal-equilibrium
values of i, and ppp. (&) What is the excess minority carrier concentration at x = 0?
(c) Derive the expression for the steady-state excess minority carrier concentration as
afunction of x.

In ap-type silicon semiconductor, excess carriers are being generated at the end of the
semiconductor bar a x = ( asshown in Figure 6.19. The doping concentration is

N, =5 x 10" em™* and &, = 0. The steady-state excess-carrier concentration at

x =0is 10" em™?. (Neglect surface effects.) The applied electric field is zero.
Assume that t,g = 1,0 = 8 x 1077 S. (a) Calculate §r. and the electron and hole
diffusion current densities a x = 0. (#) Repeat part (@) forx = L,,

Consider an n-type silicon sample. Excesscarriers are generated at x = (} such as
shown in Figure 6.6. A constant electric field E; is applied in the +x direction. Show
that the steady-state excess carrier concentration is given by

dplx) = Aexp(s_x) x>0 and 3plx) = Aexpls,x) x =0

wherc

and

Plot the excesscarrier concentration ép(x) versus .x from Problem 6.21 for (a)E, =0
and (h) Ey = 10 Viem.

Consider the semiconductor described in Problem 6. 18. Assume a constant electric
field Ey isapplied in the +x direction. {a) Derive the expression for the steady-state
excess-electron concentration. (Assumethe solution is of the form e~4*.) (h) Plot éx
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Figure6.20 | Figure for Problem 6.25

versus x for (i) Eg = 0 and (ii) E; = 12 V/cm. (C) Explain the general characteristics
of the two curves plotted in pan (b).

6.24 Assume that a p-type semiconductor isin thermal equilibrium fort < 0 and hasan
infinite minority carrier lifetime. Also assume that the semiconductor is uniformly
illuminated, resulting in a uniform generation rate, g‘(s), which isgiven by

g =Gy for0<t<T
g =0 forr <Qandr>T

where Gy isaconstant. Find the excess minority carrier concentration as a function of
time.

*6.25 Consider the n-type semiconductor shown in Figure h.20. Hllumination produces a
constant excess-carrier generation rate, Gy, intheregion L < x < +L. Assume that
the minority carrier lifetime isinfinite and assume that the excess minority carrier
hole concentration is zeroat x = —3L and at x = +3L. Find the steadv-state excess
minority carrier concentration versus x, for the case of low injection and for zero
applied electric field.

6.26 An n-type germanium sampleis used in the Haynes-Shockley experiment. The length
of the sampleis 1 cm and the applied voltage is V', = 2.5V The contacts A and B are
seoarated bv 0.75 cm. The oeak of the pulse arrives at contact B 160 us after carrier
injection at contact A. The width of the pulseis Ar = 75.5 us. Determine the hole
mobility and diffusion coefficient. Compare the results with the Einstein relation.

6.27 Consider thefunction f(x, r) = (4w D1)~'? exp (—x” /4Dr). (4) Show that this
function is asolution to the differential equation D(a® f/8x%) = af/dt. (k) Show that
the integral of the function f (x, r) over x from —oo to +eo isunity for al values of
time. (r)Show that this function approaches a 8 function as ¢ approaches zero.

6.28 The basic equation in the Haynes—Shockley experiment is given by Equation (6.70).
(@) Plot §p(x, r) versus x for various values of t and for Ey = 0 aswell asfor Eg # 0.
(b) Plot 8p(x, r) versus I for various values of x and for E; = 0 aswell asfor Ey # 0.

Section 6.4 Quasi-Fermi Energy Levels

6.29 An n-type silicon samplewith &, = 10'® cm™* is steadily illuminated such that
g = 10* cm™ 57! If 1,0 = 1,0 = 107° s, calculate the position of the quasi-Fermi
levelsfor electrons and hales with respect to theintrinsic level (assumethat », =
1.5 X 10" em™?). Plot these levels on an energy-hand diagram.
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6.30

6.31

6.32

6.33

6.34

6.35

Problems

ks

Consider a p-typesilicon semiconductor at 7 = 300K doped at N,, = 5 x 10'* em™*,
(@) Determine the position of the Fermi level with respect to the intrinsic Fermi level.

(b) Excess carriers are generated such that the excess-carrier concentration is 10 per-

cent of the thermal-equilibrium majority carrier concentration. Determine the quasi-

Fermi levels with respect to the intrinsic Fermi level. (c) Plot the Fermi level and
quasi-Fermi levels with respect to the intrinsic level.

Consider an n-type gallium arsenide semiconductor & T = 300 K doped a1 N; =

5x 10" ¢cm~*, (a)Determine E,, — Er if the excess-carrier concentration is0.1 N,

(b) Determine E¢, — Erp.

Ap-type gallium arsenide semiconductor a T = 300K isdoped at N, = 10 ¢cm™2,

The excess-carrier concentration varies linearly from 10" em~? torero over a

distance of 50 ;em. Plot the position of the quasi-Fermi levels with respect to the

intrinsic Fermi level versus distance.

Consider p-type silicon & T = 300K dupedto N, = 5 x 10" cm™. Assume excess
carriers arc present and assume that £y — Er, = (0.01)kT. (a) Does this condition
correspond to low injection? Why or why not? (b} Determine Er., — Er,

An n-type silicon sample is doped with donors at a concentration of N, = 10" em™*, =
Excess carriers are generated such that the excess hole concentration is given by
Sp(xy = 10" exp (—x/10~*ycm~>. Plot thefunction E¢; — E¢, versusx over the
range 0 < x <4 x 1072,

For a p-typesilicon material doped at N,, = 10" ¢cm~7, plot £, — Er versusén
over therange 0 = é» = 10" cm™. Use alog scale for én.

1]

g

l

Y

Section 6.5 ExcessCarrier Lifetime

6.36

6.37

Consider Equation (6.99)and the definitionsof 7, and 7, hy Equations (6.103) and
(6.104). Leta’ = p’ = n;. Assume that in a particular region of asemiconductor,

n = p = 0. (a) Determine the recomhination rate R. (h) Explain what this result
means physically.

Again consider Equation (6.99) and the definitions of 7,; and 0 given by

Equations (6.103) and (6.104). Let 1,5 = 1077 sand 1,0 = 5 X 1077 s Alsoletn' =
p' = n; = 10" ¢cm~3, Assume very low injection so that 7 < n;. Calculate R/dn
for a semiconductor which is (0) n-type (g => po}, (h)intrinsic (ny = py = n,),and
{c) p-type (1o > ng).

Section 6.6 Surface Effects

*6,38 Consider an n-type semiconductor as shown in Figure 6.21. doped at N, = 10'® em™?

and with a uniform excess-carrier generation rate equal tog' = 10%' cm *-s~'.

Assumethat D, = 10 cm?/sand 7,0 = 1077 5. The electric field is rero.

Figure 6.21 | Figure for Problem 6.38.
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Figure6.22 | Figurefor Problem 6.39. Figure6.23 | Figure for Problem 6.40.

lllumination

Figure6.24 | Figurefor Problem 6.41.

(a) Determine the steady-state excess minority carrier concentration versus x if
the surface recombination velocity at x = 0is(i) s = 0. (ii) s = 2000 cru/s, and
(iii) s = 0. (b) Calculate the excess minority carrier concentration at x = 0 for
(/) s =0, (&) s = 2000 cm/s, and (iii) s = oo.

*6.39 (a) Consider the p-type semiconductor shown in Figure 6.22 with the following
parameters. N, = 5 x 10" em™, D, = 25 cm?/s, and 7,0 = 5 x 10 7 5. The surface
recombination velocities at the two surfaces are shown. The electric field is zero. The
semiconductor isilluminated a x = 0 with an excess-canier generation rate equal to
g = 2x 10" em™*-s~!'. Determine the excess minority carrier electron concentration
versus x in steady state. (#) Repeat part () for ,, = 0.

*6.40 Consider the n-type semiconductor shown in Figure 6.23. Assume that D, = 10cm’/s
and t,y = 00. Theelectric field is zero. Assume that aflux of excesselectrons and
holesisincident at x = 0. Let the flux of each cartier type be 10" carriers/cm?-s,
Determine the minority carrier hole current versusx if the surface recombination
velocity is (@) s(W) = oo and (b) s(W) = 2000 cm/s.

*6.41 A p-type semiconductor is shown in Figure 6.24. The surface recombination velocities
are shown. The semiconductor is uniformly illuminated for —-W < x < 0 producinga
constant excess-carrier generation rate &,. Determine the steady-state excess-carrier
concentration versusx if the minority carrier lifetimeis infinite and if the electric fied
is zero.

6.42 Plot 8p(x) versusx for various values of s using Equation (6.113). Choose reasonable
parameter values.

Summary and Review

#*6.43 Consider an n-type semiconductor asshown in Figure 6.21. The material is doped at
Ny=3x 10" em™? and N, = 0. Assume that D, = 12cm¥sand 7o =2 x 1077 s.
The electric field is zero. " Design™ the surface recombination velocity so that the
minority carrier diffusion current density at the surface is no grealer than J, =
—0.18 A/cm® with a uniform excess-carrier generation rate cqual to g" =
3x WP em™3 57!,
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6.44

6.45

f

i

Reading Ligt

Consider a semiconductor with excess carriers present. From thedefinition of carrier
lifetimes and recombination rates, determine the average time that an electron staysin
the conduction band and the average time that ahole stays in the valence band. Discuss
these relationsfor (a) an intrinsic semiconductor and (h)an n-type semiconductor.
Design agallium arsenide photoconductor that is 5 tum thick. Assumethat 7, =

7,0 = 107" sand Ny =5 x 10%em *. With an excitation of g' = 10*' em 57!

a photocurrent of at least 1 uA isdesired with an applied voltage of | V.
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The pn Junction

PREVIEW

semiconductor material. We calculated electron and hole concentrations in

thermal equilibrium and determined the position of the Fermi level. We then
considered the nonequilibrium condition in which excess electrons and holes are pre-
sent in the semiconductor. We now wish to consider the situation in which a p-type
and an n-type semiconductor are brought into contact with one another to form a
pn junction.

Most semiconductor devices contain at least one junction between p-type and
n-type semiconductor regions. Semiconductor device characteristics and operation
are intimately connected to these pn junctions, so considerable attention is devoted
initially to this basic device. The pn junction diode itself provides characteristics that
are used in rectifiersand switching circuits. In addition, the analysis of the pnjunction
device establishes some basic terminology and concepts that are used in the discus-
sion of other semiconductor devices. The fundamental analysis techniques used for
the pnjunction will also be applied to other devices. Understanding the physics of the
pnjunction is, therefore, an important step in the study of semiconductor devices.

Theelectrostatics of the pn junction isconsidered in thischapter and the current—
voltage characteristics of the pn junction diode are developed in the next chapter. m

Up to this point in the text, we have been considering the properties of the

7.11 BASIC STRUCTURE OF THE pn JUNCTION

Figure7.1a schematically shows the pn junction. It isimportant to realize that theen-
tire semiconductor is asingle-crystal material in which one region is doped with ac-
ceptor impurity atoms to form the p region and the adjacent region is doped with
donor atoms to form the n region. The interface separating the n and p regions is
referred to as the metallurgical junction,
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7.1 Badc Structureof the pn Junction
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iceel uniformly doped pn junction. forces acting on the charged carriers.

The impurity doping concentrations in the p and n regions are shown in Fig-
ure 7.1b. For simplicity, we will consider a step junction in which the doping con-
centration is uniform in each region and there is an abrupt change in doping at the
junction. Initialy, at the metallurgical junction, there is a very large density gradient
in bath the electron and hole concentrations. Majority carier electrons in the n re-
gion will begin diffusing into the p region and majority carrier holes in the p region
will begin diffusing into the nregion. If we assume there are no external connections
to the semiconductor, then this diffusion process cannot continue indefinitely. As
electronsdiffuse from the n region, positively charged donor atoms are left behind.
Similarly, as holes diffuse from the p region, they uncover negatively charged ac-
ceptor atoms. The net positive and negative charges in the n and p regions induce an
dectric field in the region near the metallurgical junction, in the direction from the
positive to the negative charge, or from the n to the p region.

The net positively and negatively charged regions are shown in Figure 7.2.
Thesetwo regions are referred to asthe space charge region. Essentially al electrons
and holes are swept out of the space charge region by the electric field. Since the
gpace charge region is depleted of any mobile charge, this region is also referred to
asthedepletion region: these two termswill be used interchangeably. Density gradi-
ents still exist in the majority carrier concentrations at each edge of the space charge
region. We can think of a density gradient as producing a " diffusion force™ that acts
on the mgjority carriers. These diffusion forces, acting on the electrons and holes at
theedgesof the space charge region, are shown in the figure. Theelectric field in the

ﬂ)_ace charge region produces another force on the electrons and holeswhich isin the
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CHAPTER 7 The pn Junction

oppositedirection to the diffusion force for each type of particle. In thermal equilib-
rium, the diffusion force and the E-field force exactly balance each other.

7.21ZERO APPLIED BIAS

We have considered the basic pn junction structure and discussed briefly how the
space charge region isformed. In this section we will examine the properties of the
step junction in thermal equilibrium, where no currents exist and no external excita-
tion is applied. We will determine the space charge region width, electric field, ad
potential through the depletion region.

7.2.1 Built-in Potential Barrier

If we assume that no voltage isapplied across the pn junction, then the junction isin
thermal equilibrium — the Fermi energy level is constant throughout the entire sys
tem. Figure 7.3 shows the energy-band diagram for the pn junction in thermal equi-
librium. The conduction and valance band energies must bend as we go through the
space charge region, since the relative position of the conduction and valence hands
with respect to the Fermi energy changes between p and n regions.

Electronsin the conduction band of the n region see a potential barrier in trying
to move into the conduction hand of the p region. This potential barrier is referred o
as the built-in potential harrier and is denoted by Vj;. The built-in potential barrier |
maintains equilibrium between majority carrier electrons in then region and minority |
carrier electrons in the p region, and also between majority carrier holes in thel
p region and minority carrier holesin then region. This potential difference acrossthe
junction cannot be measured with avoltmeter because new potential barriers will be
formed between the probes and the semiconductor that will cancel V;;. The potentia
Vp; maintains equilibrium, so no current is produced by this voltage.

The intrinsic Fermi level is equidistant from the conduction hand edge through
the junction, thus the built-in potential barrier can be determined as the difference

Figure 7.3 | Energy-band diagram of am junctioniin
thermal equilibrium.
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7.2 Zero Applied Bias

between the intrinsic Fermi levelsin the pand n regions. We can definethe potentials
¢r» and ¢, as shown in Figure 7.3, so we have

Vi = l¢rrnl 4 19rpl (.1)
In then region, the electron concentration in the conduction band is given by

which can also be written in theform
g = N, exp (7.3)

wheren; and Er, are the intrinsic carrier concentration and the intrinsic Fermi en-
respectively. We may define the potential ¢, in the n region as
e¢Fu = EFI - EF (74)

Equation (7.3) may then be written as

Taking the natural log of both sides of Equation (7.5), setting nig = N, and solving
for the potential, we obtain

Similarly, in the p region, the hole concentration is given by
pPo=N;=n;exp (7.7

where N, is the acceptor concentration. We can define the potential ¢, in the p re-
gion as
eprp = Er; — EF (7.8)

Combining Equations (7.7)and (7.8), we find that

Finally, the built-in potential bamer for the step junction is found by substitut-
ing Equations (7.6)and (7.9)into Equation (7.1}, which yields

where V, = £7 /e and is defined as the thermal voltage.
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At thistime, we should note a subtle but important point concerning notation.
Previously in the discussion of a semiconductor material, ¥4 and N,, denoted donor
and acceptor impurity concentrations in the same region, thereby forming a compen-
sated semiconductor. From this point on in the text, &y and N, will denote the net
donor and acceptor concentrationsin the individual n and p regions, respectively. If
the p region, for example, isacompensated material, then N, will represent the dif-
ference between the actual acceptor and donor impurity concentrations. The parame-
ter My is defined in asimilar manner for the n region.

EXAMPLE 7.1

Objective

To caculatethe built-in potentia barrier in apn junction.
Consider asilicon pnjunctionat T = 300K with doping densities¥, = ! x 10'® cm™*
and N, =1 x 10 ecm™. Assumethat »#;, = 1.5 x 10' em—?

H Solution
The built-in potentia barrier is determined from Equation (7.10) &s

1f we changetheacceptordopingfrom &, =1 x 10" cm3toN, =1 x 10" cm’, butkep
all other parameter values constant, then the built-in potential barrier becomes ¥, = 0.635V.

® Comment
The built-in potentia barrier changes only dightly as the doping concentrations change by
ordersdf magnitude because of the logarithmicdependence.

TEST YOUR UNDERSTANDING

E7.1 Calculatethe built-in potentid barrierin aslicon pnjunctiona T = 300K for
(@ N, =5x 107 em™3, Ny = 10" em~3 and () N, = 10"F cm™,
Ny =2 x 10 cm3. [A €S9°0 (9 A 96L°0 (1) 'Suy]

E7.2 Repeat E7.1for aGaAs pn juaction. [A TUT(9) A 9271 () 'suy]

7.2.2 Electric Field

An electric field is created in the depletion region by the separation of positive and
negative space charge densities. Figure 7.4 shows the volume charge density distrib-
ution in the pn junction assuming uniform doping and assuming an abrupt junction
approximation. We will assume that the space charge region abruptly ends in the
n region at x = +x, and abruptly endsin the p region at X = x , , (x, is a positive
quantity).
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Figure 741 The space charge density in
a uniformly doped pn junction assuming
the abrupt junction approximation.

The electric field is determined from Poisson's equation which, for a one-
dimensiona analysis, is

where ¢(x) is the electric potential, E{x) is the electric field, p(x} is the volume
charge density, and ¢, isthe permittivity of the semiconductor. From Figure 7.4, the
charge densities are
plx) = —eN, —xp <X <0 (7.12a)
ad
plx) =eNy Oocxcx, (7.12b)

The electric field in the p region is found by integrating Equation (7.11). We
have that

x T (7.13)

where C; isa constant of integration. The electric field is assumed to be zero in the
neutral p region for x < —x, since the currents are zero in thermal equilibrium. As
thereare no surface charge densities within the pn junction structure. theelectricfield
is a continuous function. The constant of integration is determined by setting E = 0
ax =—x,. Theelectricfieldin the p region isthen given by

In the nregion, the electric field is determined from
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where C; is again aconstant of integration. The constant C; is determined by setting
E=0ax = x,,,since the E-field is assumed to be zero in then region and isa con-
tinuous function. Then

Theelectricfield isalso continuous at the metallurgical junction, or at x == 0. Setting
Equations (7.14) and (7.16) equal to each other at x = 0 gives

Equation (7.17) states that the number of negative charges per unit areain thep re-
gion isequal to the number of positive charges per unit area in the n region.

Figure 7.5 isaplot of the electric field in the depletion region. The electric fidd
direction isfrom the n to the p region, or in the negative x direction for this geome-
try. For the uniformly doped pn junction, the E-field is a linear function of distance
through the junction, and the maximum (magnitude) electric field occurs at the met-
alurgical junction. An electric fieldexistsin the depletion region even when no volt-
ageisapplied between the p and n regions.

The potential in the junction is found by integrating the electric field. In the
p region then, we have

where €} is again a constant of integration. The potential difference through the
pnjunction is the important parameter, rather than the absolute potential, so we may
arbitrarily set the potential equal to zero at x = —x,. The constant of integration is

Figure 75 | Electric fieldin the space
charge region of a uniformly doped pn
junction.
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thenfound as
(7.20)

0 that the potential in the p region can now be written as

The potential in then region isdetermined by integrating the electric field in the
n region, or

Then

where C; is another constant of integration. The potential is a continuous function,
90 setting Equation (7.21) equal to Equation (7.23) at the metallurgical junction, or at
x =0, gives

Thepotentia in then region can thus be written as

Figure 7.6 isaplot of the potential through the junction and shows the quadratic
dependence on distance. The magnitude of the potential at x = x, isequal to the

Figure 7.6 | Electric potentid through the spacecharge
region Of auniformly doped pn junction.
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built-in potential barrier. Then from Equation (7.25), we have
€ 2 ”
Vo =l (x =x,)| = 2: (Ndxn + N(,xi',)

The potential energy of an electron is given by E = —e¢, which means that the
electron potential energy also varies as a quadratic function of distance through the
space charge region. The quadratic dependence on distance was shown in the energy-
band diagram of Figure 7.3, although wedid not explicitly know the shape of the curve
at that time.

7.2.3 Space Charge Width

We can determine the distance that the space charge region extends into the p ax
n regionsfrom the metallurgical junction. Thisdistance is known as the space charge
width. From Equation (7.17). we may write, for example,

Then, substituting Equation (7.27) into Equation (7.26) and solving for x,., weobtan

Equation (7.28) gives the space charge width, or the width of the depletion region, x,
extending into the n-type region for the case of zero applied voltage.

Similarly, if we solve for x,, from Equation (7.17) and substitute into Equation
(7.26), we find

where x,, isthe width of the depletion region extendinginto the p region for the case
of zero applied voltage.
Thetota depletion or space charge width W isthe sum of the two components, or

W=x,+ Xp (7.30)
Using Equations (7.28) and (7.29), we obtain

The built-in potential barrier can he determined from Equation (7.10), and then the
total space charge region width is obtained using Equation (7.31).
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Objective

To cal culatethe space charge width and electric field in a pn junction.
Consider a silicon pn junction at T =300K with doping concentrations of N, =
10" em~* and &y = 10" cm™?,

m Solution
In Example 7.1. we determined the built-in potential barrier as V,; = 0.635 V. From Equa-
tion (7.31}, the space charge width is

Using Equations (7.28) and (7.29). we can find r,,= 0.864 pm., and x, = 0.086 zm,
The peak electric field a the metallurgica junction, using Equation (7.16) for exam
ple. is
—eNyx, —(1.6 x 107193(10"7)(0.864 x 10~

— =1.34x 10 Vicm
€5 (11.7)(8.85 x 10~'%)

Enux =

&

i Comment

The peak electric field in the space charge region of a pn junction is quite large. We must
keepin mind. however, that there is no mobile charge in this region; hence there will be no
drift current. We may also note, from thisexample, that the width of each space charge region
isareciprocal function of the doping concentration: The depletion region will extend further
into the lower-doped region.

TEST YOUR UNDERSTANDING

E7.3 Asilicon pn junction & T = 300 K with zero applied bias hasdoping cencentrations
of Ny =5x10"%em? and N, = 5 x 10" cm™ . Determine x,, x,, W, and |Epas -
(1A 01 X 8T°€ = ™™gl 'Wo, oI X &+ = M W2 ] X [1'p= %

W, gl X [ = frosuy)

E74 Repeat E7.3for aGaAs pn junction. (WA ;01 X 98C = |4

WA ] X 91 = MWD 0] X096 = Ixme (1 X 09°S = “r 'suy)

7.31 REVERSE APPLIED BIAS

Ifwe apply a potential between the pand n regions, we will nolonger bein an equi-
librium condition — the Fermi energy level will no longer he constant through the
system. Figure 7.7 shows the energy-band diagram of the pn junction for the case
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Figure7.7 | Energy-band diagram of z pn junction under
reverse bias.

when a positive voltage isapplied to the n region with respect to the p region. Asthe
positive potential isdownward, the Fermi level on then side is below the Fermi level
on the p side. The difference between the two isequal to the applied voltage in units
of energy.

The total potential barrier, indicated by V4. has increased. The applied poten-
tial isthe reverse-bias condition. The total potential harrier is now given by

Viow = 1¢r] + i¢,) T Vi (7.32)

where V is the magnitude of the applied reverse-bias voltage. Equation (7.32) can
he rewritten as

V\nml = Vbi + VR (733)1

where V,, is the same built-in potentia bamer we had defined in therma
equilibrium. i
731 Space ChargeWidth and Electric Field !
Figure 7.8 showsapnjunction with an applied reverse-bias voltage V. Also indicated
inthefigurearetheelectricfield in the spacecharge region and the electric field E.y,
induced by the applied voltage. Theelectricfieldsin the neutral p and nregions arees-
sentially zero, or at least very small, which means that the magnitude of the electric
field in the space charge region must increase above the thermal-equilibrium vaue
due to the applied voltage. The electric field originates on positive charge and termi-
nates on negative charge; this meansthat the number of positive and negative charges
must increaseif theelectric field increases. For given impurity dopingconcentrations,
the number of positiveand negative chargesin the depletion region can be increased
only if the space charge width W increases. The space charge width W increases,
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Figure7.81A pn junction, with an applied reverse-bias
voltage, showing the directions of the electric field induced
by v and the space charge electric field.

therefore, with an increasing reverse-bias voltage Vg. We are assuming that the elec-
tric fieldin the hulk nand pregionsiszero. Thisassumption will becomeclearer in the
next chapter when we discussthe current-voltage characteristics.

In al of the previous equations, the built-in potential barrier can be replaced by
the total potential barrier. The total space charge widrh can he written from Equa-
tion (7.31) as

showing that the total space charge widrh increasesas we apply a reverse-bias volt-
age. By substituting the total potential barrier Vi, into Equations (7.28) and (7.29),
the space charge widths in the n and p regions, respectively, can befound as afunc-
tion of applied reverse-bias voltage.

Objective l

To calculate the width of the space charge region in a pn junction when a reverse-bias voltage
isapplied.

Again consider a silicon pn junction at T = 300 K with doping concentrations of
N, =10" cor*and N, = 10" cm'. Assume that n, = 1.5 x 10" em™ and let Ve =5 V.

B Solution
The built-in potential barrier was calculated in Example 7.1 for thiscase and is Vi, = 0.635 V.
The space charge width is determined from Equation (7.34).We have
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H Comment
The space charge width has increased from0.951 um & zero biasio 2.83 am & areverse biss
of 5 V.

The magnitude of the electric field in the depletion region increases with an gp
plied reverse-bias voltage. The electric field is till given by Equations(7.14) and
(7.16) and is till alinear function of distance through the space charge region. Since
x, and x, increase with reverse-bias voltage. the magnitude of the electric field dso
increases. The maximum electric field still occursat the metallurgical junction.

The maximum electric field at the metallurgical junction, from Equations (7.1
and (7.16), is

—eNgx, —eNax!)
€, <

Emax =

(.

If we use either Equation (7.28) or (7.29) in conjunction with thetotal potential bar
rier, Vi; + Ve, then

We can show that

(I I '

where Wisthetotal space charge width

DESIGN
EXAMPLE 7.4

i

Objective

To design apn junction to meet maximum electric field and voltage specifications.

Consider a slicon m junction at T := 300 K with a p-type doping concentratioi
N, = 10" cm™?, Determine then-type doping concentration such that the maximum ele:
fiddis [Emexl = 3 x 10° Vicm & areverse-biasvoltageof Vi = 25 V.

B Solution
The maximum electric field is given by Equation (7.36). Neglecting ¥; compared to v
can write
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which yields
N, =118 x 10'® cm™3
B Conclusion
A smdler value of &, resultsinasmaller value of |Es.| for agiven reverse-bias voltage. The

vaued N, determined in this example, then, is the maximum value that will meet the speci-
fications.

TEST YOUR UNDERSTANDING

E75 {a)Asilicon pnjunctiona T = 300K isreverse-biased a vV = 8V.The doping
concentrationsare N, = 5 x 10 em= and N; =5 x 10 em™. Determine
Xn, Xp, W, @nd [Emyl. (b) Repeat pan (a)for areverse bias voltage of ¥y =12 V.
[Wo/A 01 x $£T = *7 W2 ,_QI x 06'T=M "Wd ._] X gL'1 = ax
WIL_Q1 X €L°1 = X {q) WA O] X [T = [™F] 'Wo, 01 X L8°T = M
WAL X gyl = Triun gl X ¢p'1 = x () suy]

E7.6 Themaximum electric field in areverse-biased GaAs pn junctionat 7 = 300K isto
be |Emex| = 2.5 x 10° V/em. The doping concentrations are ¥; = 5 x 10" em=* and
N, =8 x 10" ¢cm~*. Determine the reverse-hias voltage that will produce this maxi-
mum electric field. (A §'7L SU¥)

7.3.2 Junction Capacitance

Since we have a separation of positive and negative charges in the depletion region,
acapacitance is associated with the pn junction. Figure 7.9 shows the charge densi-
tiesin the depletion region for applied reverse-bias voltagesof Vz and Vg + dVe. An
increase in the reverse-bias voltage € Vi will uncover additional positive chargesin
then region and additional negativechargesin the p region. Thejunction capacitance
is defined as

dQ' = eNydx, = eN, dx, (7.39)

Thedifferential charge d Q' isin units of C/cm? so that the capacitance C' 1s in units
of faradsper square centimeter (F/em?), or capacitance per unit area.
For the total potential barrier, Equation (7.28) may be written as

The junction capacitance can be written as
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| With applied vp, + V) ———— =

Figure7.91 Differential change in the space charge width with
adifferential chanse in reverse-bias voltage for a uniformly

doped pn junction.

so that

Exactly the same capacitance expression is obtained by considering the space charge
region extending into the p region x,,. The junction capacitance is also referred to a
the depletion layer capacitance. !

EXAMPLE 7.5 Objective

To calculate the junction capacitance of a pn junction.
Consider the same pn junction as that in Example 7.3. Again assume that Vg =5V.

m Solution
The junction capacitance is found from Equatiun (7.42) as
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If the crosssectiond area of the m junction is, for example, A = 10~* cm?, then the total
junction cgpacitanceis
% C=C'.A =0366x 10> F= 0.366 pF
B Comment
The vdueofjunctioncapacitanceis usudly in the pF, or smaller, range.

If we compare Equation (7.34) for the total depletion width W of the space
chargeregion under reverse bias and Equation (7.42) for the junction capacitance C,
we findthat we can write

Equation (7.43) is the same as the capacitance per unit area of a parallel plate capac-
itor. Considering Figure 7.9, we may have cometo this same conclusion earlier. Keep
inmind that the space charge width is a function of the reverse bias voltage so that
the junction capacitance is also afunction of the reverse bias voltage applied to the
pn junction.

73.3 One-Sided Junctions

Condder a specia pn junction called the one-sided junction. If, for example,
N, > Ny, thisjunction isreferred toasap™n junction. Thetotal space charge width,
from Equation (7.34}, reduces to

Considering the expressions for x, and x,, we have for the p* n junction

xp L Xy (7.45)
ad

W= x, (7.46)

Almost the entire space charge layer extends into the low-doped region of the junc-
tion. Thiseffect can be seen in Figure 7.10.
Thejunction capacitance of the p* n junction reducesto

The depletion | ayercapacitance of aone-sidedjunction isafunction of thedoping con-
centration in the low-doped region. Equation (7.47) may be manipulated to give
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Figure 7.10 | Space charge density of a Figure7.111(1/C")* versus vy ofa
one-sded p*n junction. uniformly doped pn junction. i

which shows that the inverse capacitance squared is a linear function of gpplied
reverse-bias voltage.

Figure 7.11 shows a plot of Equation (7.48). The built-in potential of the junc-
tion can be determined by extrapolating the curve to the point where (1/C")? =0.
The slope of the curve is inversely proportional to the doping concentration of the
low-doped region in the junction; thus, this doping concentration can be experimen-
tally determined. The assumptions used in the derivation of this capacitance include
uniform doping in both semiconductor regions, the abrupt junction approximation,
and a planar junction.

EXAMPLE 7.6

Objective

To determine the impurity doping concentrationsin ap*n junction given the parametersfrom
Figure 7.11.

Assume a silicon p+njunction a T = 300 K with n, = 15 x 10'° cm™*. Assumethat
the intercept of the curve in Figure 7.11 gives V,; =0.855 V and that the dope is
1.32 x 10Y (Flem?)~2 (V) L.

m Solution
Thedoped thecurvein Figure7.11 isgiven by 2/ee, Ny, so we may write
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2 theexpression for V5, which is

N,N kT NN,
Vbr:‘ﬂln( 2“): ln(—zi)
n, € I‘lJ

ve cn solve for N, a6

N, = 2 exp( € | = (15X 101
! 4 _;;?) 9.15x 105 exp(fgé%)
yields

# Comment
Tre results of this example show that N, > ¥, therefore the assumption of a one-sided
junction was valid.

A one-sided pn junction is usefu! for experimentally determining the doping
concentrations and built-in potential.

TEST YOUR UNDERSTANDING

E7.7 Adliconmjunctionat T = 300 K hasdoping concentrationsof ¥; = 3 x 10 em~?
ad N, =8 x 10" em™?, and hasacross-sectional area of A = 5 x 107° cm®. Deter-
mire thejunction capacitanceat (a) Vz =2V and (b) Vs =5V.

[4d 82570 {4) Ad #6570 (2} "suy]

E7.8 Theexperimentally measured junction capacitanced aone-sided siliconn*p junc-
tionbiased & Vy =4V @ T = 300K isC = 1.10 pF. The built-in potential barrier
isfoundto be V,; = 0.782V . The cross-sectionad areais A = 1074 cm?. Find the
doping concenlrations.{ ;13 ;0T X L1t = PN "¢ WD (O] X L = "N "SUY)

*7.4 ) NONUNIFORMLY DOPED JUNCTIONS

In the pn junctions considered so far, we have assumed that each semiconductor re-
gion has been uniformty doped. In actual pn junction structures, thisis not always
true. In some electronic applications, specific nonuniform doping profilesare used to
obtain special pn junction capacitance characteristics.

741 Linearly Graded Junctions

If we start with a uniformly duped n-type semiconductor, for example, and diffuse
acceptor atoms through the surface, the impurity concentrations will tend to be like
those shown in Figure 7.12. The point X = x' on the figure corresponds to the
metallurgica junction. The depletion region extends into the p and n regions from
the metalurgical junction as we have discussed previously. The net p-type doping
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g (Clem?)
p region nreg
Figure 7.121 Impurity concentrationsof
am junction with a nonuniform!y doped Figure7.131 Space charged:
p region. linearly graded pn junction.

concentration near the metallurgical junction may be approximated as a linear fu
tion of distance from the metallurgical junction.
the net n-type doping concentration is also a linear function of
into the n region from the metallurgical junction. This effective doping proflle.
referred to asalinearly graded junction.

Figure 7.13 shows the space charge density
early graded junction. For convenience, the metallurgical junction is placed atx =
The space charge density can he written as

p(x) = eax (74

wherea is the gradient of the net impurity concentration.
The electric field and potential in the space charge region can be detenm
from Poisson's equation. We can write

so that the electric fieldcan be found by integration as
7.

The electric field in the linearly graded junction is a quadratic function of dist;
rather than the linear function found in the uniformly doped junction. The maximu
electricfield again occurs at the metallurgical junction. We may note that the electri
field is zero at both x = ++xq and at X = —xq. The electric field in a nonuniformh
doped semiconductor is not exactly zero, but the magnitude of thisfield is small,se
setting E = ¢ in the bulk regionsis still a good approximation.

The potentia isagain found by integrating the electric fieldas
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7.4 Nonuniformly Doped Junctions
It we arbitrarily set ¢ = 0 at x = —xg, then the potential through the junction is
(7.53)

The magnitudeof the potential at X = +x; will equal the built-in potential barrier for
thisfunction. We then have that

Another expression for the built-in potential harrier for a linearly graded junc-
tion can be approximated from the expression used for a uniformly doped junction.
W& can write

where N4(xo) and N, (—xy} are the doping concentrations at the edges of the space
charge region. We can relate these doping concentrations to the gradient, so that

ad
Ny(—xp) = axp (7.56b)

Then the built-in potential barrier for the linearly graded junction becomes

. Vi =V, In (@) (1.5T)
n;

There may be situations in which the doping gradient is not the same on either side
o thejunction, but we will not consider that condition here.

If areverse-biasvoltageisapplied to thejunction, the potential barrier increases.
The built-in potential barrier Vj,; in the above equations is then replaced by the total
potential harrier Vi, + V. Solving for x, from Equation (7.54) and using the total
potentid bamer, we obtain

Thejunction capacitance per unit area can be determined by the same method as
we used for the uniformly doped junction. Figure 7.14 shows the differential charge
d Q' which is uncovered as a differential voltaged Vg is applied. The junction capaci-
tenceis then

Page 277 of 566



CHAPTER 7 The M Junction

Figure7.14 | Differential changein space charge width with
adifferential changein reverse-biasvoltagefor alinearly
graded pn junction.

Using Equation (7.58), we obtain®

We may note that C' is proportional to {V,; T Vz)~"3 for the linearly graded
junction as compared to C'a(V,; T V4)~12 for the uniformly doped junction. In the
linearly graded junction, the capacitance is less dependent on reverse-bias voltage
than in the uniformly doped junction.

7.4.2 Hyperabrupt Junctions

The uniformly doped junction and linearly graded junction are not the only possible
doping profiles. Figure 7.15 shows a generalized one-sided p™n junction where the
generalized n-type doping concentration for x > G isgiven by

The case of m = 0 corresponds to the uniformly doped junction and m = +| corre-
sponds to the linearly graded junction just discussed. The cases of m = +2 ad
m = 43 shown would approximate a fairly low-doped epitaxial n-type layer grown
onamuch more heavily doped n* substrate layer. When the value of mis negative, we
have what is referred to as a kyperabrupt junction. In this case, the n-type doping is
larger near the metallurgical junction than in the bulk semiconductor. Equation (7.61)
is used to approximate the n-type doping over asmall region near x = x, and does nat
hold at x = 0 when misnegative.

'In a more exact analysis, Vs, in Equation (7.60) is replaced by a gradient voltage. However. this
analysis isbeyond the scope of this text.
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n-type
doping
profiles

Figure7.15 | Generalized doping profilesof aone-sided
n+njunction.
{From Sze {14].)

The iunction caoacitance can be derived using the same analvsis method as be-

en m is negative, the capacitance becomes a very strong function of reverse-bias
voltage, a desired characteristic in varactor diodes. The term varactor comes from
the words variable reuctor and means a device whose reactance can be varied in a
controlled manner with bias voltage.
If a varactor diode and an inductance are in parallel, the resonant frequency of
the LCcircuit is

The capacitance of the diode, from Equation (7.62). can be written in the form

Inacircuit application. we would, in general, like to have the resonant frequency be
linear function of reverse-bias voltage V. so we need

Cux V'’ (7.65)
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From Equation (7.64). the parameter m required isfound from
= 6
2 { Ga

or

m=—_ (7.6

A specific doping profilewill yield the desired capacitance characteristic.

751 SUMMARY

B Aunitormly doped pn junction was initially considered. in which one region of a
semiconductor is uniformly duped with acceptor impurities and the adjacent region is
uniformly doped with donor impuritics. This type of junction is called a homojunction.

B A space charge region, or depletion region, isformed on either side of the metallurgical
junction separating then and p regions. Thisregion isessentially depleted of any ‘:
mobile electrons or holes. A net positive charge density, dueto the positively charged
donor impurity ions, existsin the n region and a net negative charge density, due to the
negatively charged acceptor impurity ions, existsin the p region.

B Anelectric field exists in the depletion region due to the net space charge density. The
direction of theelectric field isfrom the n region to the p region.

M A potentia difference existsacross the space-charge region. Under zero applied bias,
this potentia difference. known as the built-in potential barrier, maintains thermal
equilibrium and holds back majority carrier electrons in the n-region and majority
carrier holesin the p region.

B An applied reverse bias voltage (n region positive with respect to the p region) increasesl
the potential barrier. increases the space charge width, and increases the magnitude of
theelectric field.

B Asthereverse bias voltage changes, the amount of charge in the depletion region
changes. This change in charge with voltage defines the junction capacitance.

B Thelinearly graded junction represents a nonuniformly doped pn junction. Expressions J
for theelectric field, built-in potential harrier, and junction capacitance were derived.
The functional relationships differ from those of the uniformly doped junction.

B Specific doping profiles can be used to obtain specific capacitance characteristics. A
hyperabrupt junction is one in which the doping decreases away from the metallurgical
junction. This type ofjunction is advantageous in varactor diodes that are used in
resonant circuits.

GLOSSARY OF IMPORTANT TERMS

abrupt junction approximation Theassumption that thereisan abrupt discontinuity in space
charge density between the space charge region and neutral semiconductor region.

built-in potential harrier Theelectrostatic potential differencebetween the p and n regions
of apn junction in thermal equilibrium.

depletion layer capacitance Another term for junction capacitance.

depletion region Another term for space charge region.
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hyperabrupt junction A pn junction in which the doping concentration on one side de-
creases away from the metallurgical junction to achieve n specific capacitance-voltage
characteristic.

junction capacitance The capacitance of the pn junction under reverse bias.

linearly graded junction A pn junction in which the doping concentrations on either side of
the metallurgica junction are approximated by a linear distribution.

metallurgical junction The interface between the p- and n-doped regions of a pn junction.

une-sided junction A pn junction in which one side of the junction is much more heavily
doped than the adjacent side.

reversebias Thecondition in which a positive voltage isapplied to the nregion with respect
to the p region of a pn junction so that the potential barrier between the two regions in-
creases above the thermal-equilibrium  built-in potential barrier.

spacechargeregion The region on either side of the metallurgical junction in which there
isanet charge density dueto ionized donors in the n-region and ionized acceptors in the p
region.

space charge width The width of the space charge region, afunction of doping concentra-
tionsand applied voltage.

raractor diode A diode whose reactance can be varied in a controlled manner with bias
voltage.

CHECKPOINT
After studying this chapter, the reader should have the ability to:

Describe why and how the space charge region isformed.

Draw the energy band diagram of a zero-biased and reverse-biased pn junction.

Define and derive the expression of the built-in potential barrier voltage.

Derive the expression for the electric field in space charge region of the pn junction.
Describe what happens to the parameters of the space charge region when areverse bias
voltageis applied.

Define and explain the junction capacitance.

Describe the characteristics and properties of a one-sided pn junction.

Describe how alinearly graded junction is formed.

Define a hyperabrupt junction.

REVIEW QUESTIONS

Define the built-in potential voltage and describe how it maintains thermal equilibrium.

Why is an electric field formed in the space charge region? Why is the electric field a
linear function of distance in a uniformly doped pn junction?

Where does the maximum electric field occur in the space charge region?

Why is the space charge width larger in the lower doped side of a pn junction?

What isthe functional dependence of the space charge width on reverse bias voltage?
Why does the space charge width increase with reverse bias voltage?

Why does a capacitance exist in areverse-biased pn junction? Why dues the capacitance
decrease with increasing reverse bias voltage?
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8. What isaone-sided pn junction? What parameters can be determined in a one-sided
pn junction?
9. What isalinearly graded junction?

10. What isa hyperabrupt junction and what is one advantage or characteristic of such a

junction'?

PROBLEMS

Section 7.2 ZeroApplied Bias

7.1  (a) Caculate V;; in asilicon pn junction a 7 = 300 Kfor {a) N, = 10" cm™?
and N, = (i) 104, (ii) 10'®, (iii) 107, (iv) 10'® cm~*. (b) Repeat part (a)for
Ny = 10" cm™3,

7.2 Cadculate the built-in potential harrier, V;,, for Si. Ge, and GaAs pn junctions if they
cach have the following dopant concentrations a 7 = 300 K:

@N, =10"emt N, =107 em™?
N, =5x10% N, =5Xx10%
¢y N, = 107 N, = 10"
== 7.3 (a)Plat the built-in potential barrier for asymmetrical (N, = N, ) silicon pn junction
Qi a 7 = 300K over therange 10" < N, = N; < 10" cm—3. (b) Repeat pan (a) for a
= GaAs pnjunction.
— 7.4  Consider auniformly doped GaAs pn junction with doping concentrations of ¥, =
5x 10" em™* and Ny =5 x 10'® cm—3. Plot the built-in potential barrier voltage.
Vy,;. versus temperature for 200 < T =< 500 K.

7.5 An abrupt silicon pn junction at zero bias has dopant concentrations of N, = 10" em™
and Ny = 5 X 10" em~*. T = 300 K. (a) Calculate the Fermi level on each side of the
junction with respect to theintrinsic Fermi level. (5) Sketch the equilibrium energy-
band diagram for the junction and determine Vv, from thediagram and the results of
pan («). (¢) Calculate Vj; using Equation (7.10). and compare the results to pan (b).
(d) Determiner,,, r,, and the peakelectric field for thisjunction.

7.6  Repent problem 7.5 for the case when the doping concentratinns are N, = Ny =
2 x 10" em—*.

7.7  Asilicon abrupt junction in thermal equilibrium a 7 = 300K is doped such that
E.— E; =021 eV inthen region and £, — E, = 0.18¢V in the p region.

{«r) Draw the energy band diagram of the pn junction. (b) Determine the impurity
doping concentrations in each region. {¢} Dctermine ;.

7.8  Consider the uniformly doped GaAs junctionat T = 300 K. At zero bias, only
20 percent of the total space charge region is to he in the p region. The built-in
potential barrier is ¥,; = 1.20 V. For zero bias, determine {a) N,. (b} N;.{(c) x,,

{d) Xps and (€} Epax-
7.9  Consider the impurity doping profile shown in Figure 7.16 in asilicon pn junction.

For rero applied voltage, («) determine V,;, (b) calculate x,, and x,,. (¢} sketch the
thermal cquilihrium energy band diagram, and (d) plot the electric field versus
distance through the junction.
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Figure7.16 | Figure for Problem 7.9. Figure 7.17 | Figure for Problem 7.12.

#7.10 A uniformly doped silicon pn junction isdoped lo levelsof ¥; =5 x 10" cm™ and
N, = 10' ¢cm~3. The measured built-in potential barrier is V,,; = 0.40 V. Determine
the temperature at which this result occurs. (You may have to use trial and error to
solve thir problem.)

711 Consider a uniformly doped silicon pn junction with duping concentrations N, =
5x 107 em* and ¥, = 107 em . (a) Calculate V,, at T = 300 K. {») Determine
the temperature a which V3, decreases by | percent.

712 An"isotype" stepjunction isonein which the same impurity type doping changes
from one concentration value to another value. An n-n isotype doping profileis shown
in Figure 7.17. (a) Sketch the thermal equilibrium cnergy band diagram of the isotype
junction. (b) Using the energy band diagram. determine the built-in potential barrier.
(c) Discuss the charge distribution through the junction.

713 Aparticular type of junction isan n region adjacent to an intrinsic region. This
junction can he modeled as an n-type region to alightly doped p-type region. Assume
the doping concentrations in silicon at T = 300K are Ny = 10" cm *and N, =
10" ¢, For zero applied bias. determine () Vi, (D) X,,. (¢} x,, and (d) E msl-
Sketch the electric field versus distance through the junction.

7.14 We are assuming an abrupt depletion approximation for the space charge region. That
is, no free carriers exist within the depletion region and the scmiconductor abruptly
changes to a neutral region outside the space charge region. This approximationis
adequate for most applications. but the abrupt transition does not exist. The space
charge region changes over a distance of afew Debye lengths, where the Debye
length in then rcgion is given by

Calculate L and find the ratio of L /x, for the following conditions. The p-type
doping concentration is N, = 8 x 10'7 em~* and the n-type doping concentration is
(@) Ny =8 x 10%cm™, (b) N, = 2.2x 10 em—and (c) Ny =8 x 107 em™ .
715 Examine how the electric field versus distance through a uniformly doped pn
junction varies as the doping concentrations vary. For example, consider N; = 10"
em~? and let 10" < N, < 10'® em~*. then consider N; = 10" em~ and let

Page 283 of 566




CHAPTER 7 The pn Junction

10" < N, < 10'® em™*. and finaly consider N, = 10'® cm~* and let 10™ < N, <
10" cm~*. What can be said about the results for N, > 100N, or N, > 100N,?
Assume zero applied bias. i

Section 7.3 ReverseApplied Bias

7.16 An abrupt silicon pnjunction has dopant concentrations of N, = 2 x 10'¢ em™ ad
Ny =2x 10 ecm™ & T = 300 K. Calculate () Vi, (h)W at Vi = 0 and
Ve = 8V, and (¢) the maximum electric field in the space charge region a Vi =0
and V; =8V.

7.17 Consider thejunction described in Problem 7.11. The junction has a cross-sectional
areaof 107 cm? and has an applied reverse-bias voltage of V; = 5 V. Calculate
(@) Vai. (B) x.. xp. W. {c) Enax» and i d) the total junction capacitance.

7.18 Anideal one-sided silicon n*p junction has uniform doping on both sides of the
abrupt junction. The doping relation is N; = S0, . The built-in potential barrier is
V,: = 0.752 V. The maximum electric field in thejunction iSE,, = 1.14 x 10' V/cm
for areverse-bias voltageof 10 V. T = 300 K. Determine {a) N,. Ny (b) x, for
Vi = 10, and {(¢) ij for Vi == 10.

7.19 Asilicon n*p junctionisbiased at vV, = 10V. Determine the percent changein
(a)junction capacitance and (6) built-in potential if the doping in the p region
increases by a factor of 2.

7.20 Consider two pn silicon junctionsat 7 = 300 K reverse biased at ¥z =5 V. The
impurily doping concentrations in junction A are ¥, = 10'* cm~* and
Ny = 10% em™?, and thosein junction B are N, = 10" em™ and Ay = 10® em™3.
Calculate the ratio of the following parameters for junction A to junction B: (a) W.
(b} [Emaxl; and (c) C;

721 (a)The peak electric field in a reverse-biased silicon pn junction is
|Emaxl = 3 x 10° Viem. The doping concentrations are N, = 4 x 10" ¢m~ and
N, = 4x 10" em™ . Find the magnitude of the reverse-hias voltage. (5) Repeat
pan{a) for N; =4 X 10 e’ and N, =4 x 10" ¢ m. (r) Repeat part (n)for
N;=N,=4x 10" em™?

7.22 Consider a uniformly doped GaAs pnjunction a 7 = 300 K. The junction capaci-
tance a zero bias is G (0) and the junction capacitance with a 10-V reverse-hias
voltage is C; (10). Theratio of the capacitances is

Also under reverse bias, the space charge width into the p region is 0.2 of the tota
space charge width. Determine (a) Vs, and (2 N,,, Na.

7.23 GaAspnjunction at T = 300 K hasimpurity doping concentratians of N, = 10'* cm™*
and &; = 5 x 10'® cm~3, For aparticular device application, theratio ofjunction
capacitances at two values of reverse bias voltage must he C! (Vg )/ Ci{Vr2) = 3 where
the reverse bias voltage ¥z, = 1 V. Determine V;.

7.24 Anabrupt silicon pu junction at T = 300 K isuniformly doped with N,, = 10'® ¢m™*
and N, = 10" ecm~3. The pn junction areais6 x 10 * cm?. An inductance of 2.2
millihenry is placed in parallel with the pn junction. Calculate the resonant frequency
of thecircuit for reverse-bias voltagesof (¢} ¥x = 1V and (b) Vp = 10 V.
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Figure 7.18 | Figure for Problem 7.27.
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7.26
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7.28

7.29

730

731

Figure7.19! Figurc for Problem 7.23

A uniformly doped silicon p+n junction a 7 = 300 K isto bc designed such that at a
reverse-hias voltage of ¥x = 10V, the maximum electric field islimited to
Emge = 10° V/em. Determine the maximum doping concentration in then region.

A silicon pnjunction isto be designed which meets the following specifications at

T =300 K. At areverse-bias voltage of 1.2 V, 10 percent of the total space charge
region is to be in then region and the total junction capacitance isto be 3.5 x 107! F
with a cross-sectional areaof 5.5 x 10~ em?. Detennine (@) N, , (b) Ny, and (C)Vj;.
A silicon pn junction a 7 = 300 K has the doping profile shown in Figure 7.18.
Calculate (&) V. (b) 4, and x, a zero bias. and (c)the applied bias required so that
x, = 30 pm.

Consider asilicon pn junction with the doping profile shown in Figure 7.19.

T = 300 K. (a)Calculate the applied reverse-bias voltage required so that the space
charge region extends entirely through the p region. (h)Determine the space charge
width into the n* -region with the reverse-bias voltage calculated in pan (a).

{c) Calculate the peak electric field for this applied voltage.

(a)A silicon p* n junction has doping concentrations of ¥, = 10'* cm~* and

N, = 5 x 10" cm™*. The cross-sectional areaof thejunctionis A = 5 x 10~%cm2,
Calculate the junction capacitance for (i) Vg = 0. (i) Vy =3V, and (iii)Vg =6 V.
Plot 1/C? versus V. Show that the slope uf the curve can be used to find N; and that
theintersection with the voltage axis yields V»,;. (b} Repeat part (a)if the n-type
doping concentration changesto Ny =6 x 10"**cm'.

The total junction capacitance of a one-sided silicon pn junctionat 7 =300 K is
measured at Vx = 50 mV and found to be 1.3pF. Thejunction areais 10~ cm? and
¥, = 0.95V. (a)Find the impurity doping concentration of the low-doped side of the
junction. (#) Find the impurity doping concentration of the higher-doped region.
Examine how the capacitance C' and the function {1/C’)* vary with reverse-bias
voltage V¥ asthe doping concentrations change. I n particular, consider these plots
versus N,, for N, = 100N, and versus N, for N; > 100N,

=1

*7.32 A pn junction has the doping profile shown in Figure 7.20. Assume that x, > x, for

all reverse-bias voltages. (a)What is the built-in potential across the junction? (&) For
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(N;— Ny (em™)
. m——=|5 % 10
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0 N t=— I region —|
Figure7.201 Figuge for Problem 7.32. Figure7.21 | Figure for Problem 7.33.
——

_ e sbrupt junction approximation, cketch the charge density through the junction.
(2} Derive tte expression for the electric field through the space charge region.

*7.33 MsiHeon junction has the doping profile shown in Figure 7.21. The "I" corre-
spohds to an ideal intrinsic region in which there is no impurity doping concentration,
A reverse-hias voltage is applied to the PIN junction so that the total depletion width
extendsfrom —2 pmto +2 um. (a) Using Poisson's equation, calculaie the magni-
tude of the electric field at x = 0. (&) Sketch theelectric field through the PIN junc-
tion. (c) Calculate the reverse-bias voltage that must be applied.

Section 7.4 Nonuniformly Doped Junctions

7.34 Consider alinearly graded junction. (a) Starting with Equation {7.49), derive the
expression for the electric field given in Equation (7.51). (&) Derive the expression
for the potential through the space charge region given hy Equation (7.53}.

7.35 The built-in potential barrier of alinearly graded silicon pnjunction at T = 300K is
V,,; == 0.70 V Thejunction capacitance measured at V; = 3.5V isC' =7.2 x
Ffem?. Find the gradient, a, of the net impurity concentration.

Summary and Review

— 7.36 Anne-sided p+nsilicon diode a 7 = 300 K isdoped & ¥, = 10" ¢m™2. Design the
junction so that C, = 0.95pF at Vi = 3.5 V. Calculate the junction capacitance when
Vg = L5 V.

7.37 Aonesided p*n junction with a cross-sectional areaof 10~* cm” has a measured
built-in potential of V,, = 0.8 Vat T = 300K.A plotof (1/C;)* versus Vx islinear
for Vg < | V and isessentially constant for Vx > 1 V. The capacitance isC, =
0.082 pF at ¥V = 1 V Determine the doping concentrations on either side of the
metallurgical junction that will produce this capacitance characteristic.

#7.38 Silicon, a T = 300K, isdoped a Ny, = 10"* cm™3 forx < 0and Nz =5 x
101 cm~* for x > 0 to form an » — # step junction. {a) Sketch the energy-band
diagram. (k) Derive an expression for Vi, . (¢} Sketch the charge density, electric held,
and potential through the junction. (¢} Explain where the charge density came from
and islocated.

*7,3¢ A diffused silicon pn junction has a linearly graded junction on the p side with
a =2 x 10" cm™*, and a uniform doping of 0" ¢cm~* on the nside. (a) If the
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Reading List

depletion width on the psideis 0.7 um at zero bias, find the total depletion width,
built-in potential, and maximum electric field at zero bias. (b) Plot the potential
function through the junction.
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CHAPTEHR

The pn Junction Diode

PREVIEW

equilibrium and under reverse bias. We determined the built-in potential barrier

at thermal equilibrium and calculated theelectric field in the space charge region.
We also considered the junction capacitance. In this chapter, we will consider the pn
junction with aforward-bias voltage applied and will determine the current-voltage
characteristics. The potential barrier of the pn junction islowered when a forward-
bias voltage is applied, allowing electrons and holes to flow across the space charge
region. When holes flow from the p region across the space charge region into the
n region, they become excess minority carrier holes and are subject to the excess
minority carrier diffusion, drift, and recombination processesdiscussed in Chapter 6.
Likewise, when electrons from the n region flow across the space charge region into
the p region, they become excess minority carrier electrons and are subject to these
same processes.

When semiconductor devices with pn junctions are used in linear amplifiers, for
example, time-varying signals are superimposed on the dc currents and voltages. A
small sinusoidal voltage superimposed on a dc voltage applied across a pn junction
will generate asmall-signal sinusoidal current. The ratio of the sinusoidal current to
voltage yields the small-signal admittance of the pn junction. The admittance of a
forward-biased pn junction contains both conductance and capacitance terms. The
capacitance, called a diffusion capacitance, differs from the junction capacitancedis-
cussed in the last chapter. Using the admittance function, the small-signal equivalent
circuit of the pnjunction will be devel oped.

The last three topics considered in this chapter are junction breakdown, switch-
ing transients. and the tunnel diode. When a sufficiently large reverse-bias voltage is
applied across a pn junction, breakdown can occur, producing a large reverse-bias
current in the junction, which can cause heating effectsand catastrophic failure of the
diode. Zener diodes, however, are designed to operate in the breakdown region.

I n the last chapter, we discussed the electrostatics of the pn junction in thermal

Page 288 of 566



8.1 pnJunction Current

Breskdown puts limits on the amount of voltage that can he applied acrossa pn junc-
tion. When a pn junction is switched from one conducting state to the other, tran-
gentsin the diode current and voltage occur. The switching time of the pn junction
will he discussed here, and again in later chapters which deal with the switching of
trangstors.

8.1 pn JUNCTION CURRENT

When aforward-bias voltage is applied to a pn junction, acurrent will heinduced in
the device. We initially consider a qualitative discussion of how charges flowin the
pn junction and then consider the mathematical derivation of the current—voltage
relationship.

811 QualitativeDescription of ChargeFlow in a pn Junction

We can qualitatively understand the mechanism of the current in a pn junction by
again considering the energy hand diagrams. Figure 8.1a shows the energy band di-
agram of a pn junction in thermal equilibrium that was developed in the last chapter.
We argued that the potential barrier seen by the electrons, for example, holds hack
thelarge concentration of electrons in the n region and keeps them from flowing into
the p region. Similarly, the potential harrier seen by the holes holds hack the large

E e e pRp— e Epp—e-—-- ’
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CHAPTER 8 The pn Junction Diode

concentration of holesin the p region and keeps them from flowing into then regio.
The potential barrier, then, maintains thermal equilibrium.

Figure 8.1 b shows the energy band diagram of areverse-biased pn junction. The
potential of the n region is positive with respect to the p region so the Fermi energy
in the nregion is lower than that in the p region. The total potential harrier is row
larger than for the zero-bias case. We argued in the last chapter that the incre:
potential barrier continues to hold back the electrons and holes so that there is siill
essentially no charge flow and hence essentially no current.

Figure 8.1¢ now shows the energy band diagram for the case when a positive
voltage is applied to the p region with respect to the n region. The Fermi level in the
p region is now lower than that in the nt region. The total potential barrier is now
reduced. The smaller potential barrier means that the electric field in the depletion
region is also reduced. The smaller electric field means that the electrons and holes
are no longer held hack in then and p regions, respectively. There will be a diffusion
of holesfrom the p region across the space-charge region where they now will How
into the n region. Similarly, there will he a diffusion of electrons from the n region
across the space-charge region where they will flow into the p region. The flow of
charge generates a current through the pn junction.

The injection of holes into the n region means that these holes are minority car-
riers. Likewise, the injection of electrons into the p-region means thar these electron:
are minority carriers. The behavior of these minority carriers is described by the am-
bipolar transport equations that were discussed in Chapter 6. There will be diffusion
aswell as recombination of excess carriers in these regions. The diffusion of cariets
implies that there will be diffusion currents. The mathematical derivation of t
pn junction current—voltage relationship is considered in the next section.

8.1.2 Ideal Current-VoltageRelationship

Theideal current—voltage relationship of apn junction isderived on the basis of four
assumptions. (The last assumption has three parts, but each part deals with current.)
They are:

have abrupt boundaries and the semiconductor is neutral outside of the
depletion region. {

1. The abrupr depletion layer approximation applies. The space charge regions 1

2. The Maxwell-Boltzmann approximation appliesto carrier statistics.
3. The concept of low injection applies.
da. The total current isaconstant throughout the entire pn structure.

4b. Theindividual electron and hole currents are continuous functions through the
pn structure.

dc. Theindividual electron and hole currents are constant throughout the depletion |
region.

Notation can sometimes appear to be overwhelming in the equations in this
chapter. Table 8.1 lists some of the variouselectron and hole concentration terms thet
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8.1 pnJunction Current

Table 81 | Commonly used terms and notation for this chapter

Term M eaning

N, Acceptor concentration in the p region of the pn junction

Ny Donor concentration in then region of the pn junction

g = Ny Thermal equilibrium mgjority carrier electron concentration in the n region

ppo = Na Thermal equilibrium majority carrier hole concentration in the p region

fe = n2/N, Therr_nal equilibrium minority carrier electron concentration in the
pregion

o = 2/ N, Thermal equilibrium minority carrier hole concentration in then region

n, Total minority carrier electron concentration in the p region

=N Total minority carrier hole concentration in the n region

iy (—xp) Minority carrier electron concentration in the p region at the space-
charge edge

P (x4) (’;/ldi nority carrier hole concentration in then region a the space charge

ge

Sn, =n, —n,y  Excess minority carrier electron concentration in thep region
\n = Pa — pso EXCESSMINOrity carrier hole concentration in the n region

appear. Many terms have already been used in previous chapters but are repeated
herefor convenience.

8.1.3 Boundary Conditions

Figure 8.2 shows the conduction-band energy through the pn junction in thermal
equilibrium. Then region contains many more electronsin the conduction band than
the pregion; the built-in potential barrier preventsthislargedensity of electronsfrom
flowing into the p region. The built-in potential barrier maintains equilibrium be-
tween the carrier distributions on either side of the junction.

An expression for the built-in potential barrier was derived in the last chapter
and was given by Equation (7.10) as

Figure 8.2 | Conduction-band energy through a pn junction.
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If we divide the equation by V, = kT /e, take the exponential of both sides, an,
then take the reciprocal, we obtain

If we assume complete ionization, we can write

where n, is the thermal-equilibrium concentration of majority carrier electronsin
then region. In the p region, we can write

where n,q is the thermal-equilibrium concentration of minority carrier electrons.
Substituting Equations (8.2) and (8.3) into Equation (8.1) yields

Thisequation relates the minority carrier electron concentration on the p side of the
junction to the majority camer electron concentration on the n side of the junctionin
thermal equilibrium.

If apositivevoltageisapplied to the p region with respect to the nregion, thepo-
tential barrier isreduced. Figure 8.3a showsa pn junction with an applied voltage ¥,.
Theelectricfield in the bulk p and n regions isnormally very small. Essentially all of
theapplied voltageis across thejunction region. Theelectric field Eyyp, induced by the
applied voltage is in the opposite direction to the thermal equilibrium space charge
electric field, so the net electric fieldin the space charge region is reduced below the
equilibrium value. The delicate balance between diffusion and the E-field force

Figure8.31(a) A pn junction with an applied forward-biasvoltage showing the directionsof the electric field induced
by v, and the space charge dectricfield. (b) Energy-band diagram of the forward-biased pn junction.
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achieved at thermal equilibriumis upset. The electric field force that prevented ma-
jority carriersfrom crossing the space charge region is reduced; majority carrier elec-
tronsfrom the n side are now injected across the depletion region into the p material,
and majority carrier holes from the p side are injected acrossthe depletion region into
then material. As long as the bias V, is applied, the injection of carriers across the
gpace charge region continues and a current is created in the pn junction. This bias
condition is known as forward hias; the energy-band diagram of the forward-biased
M junction is shown in Figure 8.3b.

The potential barrier V,,; in Equation (8.4) can be replaced by (V,, — V) when
the junctionisforward biased. Equation (8.4) becomes

If we assume low injection, the majority carrier electron concentration #,q, for ex-
ample, does not change significantly. However, the minority carrier concentration,
#,, can deviate from its thermal-equilibrium value n ,0 by orders of magnitude. Using
Equation {8.4), we can write Equation (8.5) as

When aforward-bias voltageis applied to the pn junction, thejunction isno longer
inthermal equilibrium. The left side of Equation (8.6) is the total minority carrier elec-
tron concentration in the p region, which is now greater than the thermal equilibrium
vaue. The forward-bias voltage lowers the potential bamer so that majority carrier
eectronsfrom the n region are injected across the junction into the p region, thereby
increasing the minority carrier electron concentration. We have produced excess
minority carrier electrons in the p region.

When the electrons are injected into the p region, these excess carriers are sub-
ject to the diffusion and recombination processes we discussed in Chapter 6. Equa-
tion (8.6). then, isthe expression for the minority carrier electron concentration at the

yedgeof the space charge region in the p region.

Exactly the same process occurs for magjority carrier holesin the p region which
are injected across the space charge region into the n region under a forward-bias
voltage. We can write that

where p,, is the concentration of minority carrier holesat the edge of the spacecharge
region in the n region. Figure 8.4 shows these results. By applying a forward-bias
voltage, we create excess minority carriers in each region of the pn junction.
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Figure 8.4 | Excess minority carrier concentrations at the i
spacc charge edges generated by the forward-bias voltage.

EXAMPLE 8.1

Objective

To calculate the minority carrier hole concentration at the edge of the space charge regiond a
pn junction when aforward bias is applied.

Consider asilicon pn junction at T = 300K so that 1; = 1.5 x 10" em™". Assume the
n-type doping is 1 x 10'* em~* and assume that a forward bias of 0.60 V is applied to the
pn junction. Calculate the minority carrier hole concentration at thr edge of the space char
region.

W Solution
From Equation (8.7) we have

The thermal-equilibrium minority carrier hole concentration is

2 1.5x
Pno = Lo 7( =225 x 10* em™
Ny 10t

B Comment
The minority carrier concentration can increase by many orders of magnitude when aforward-
bias voltage is applied. Low injection still applies. however, since the excess-electron concen-
tration (equal to the excess-hole concentration in order to maintain charge neutrality) is much
less than the thermal-equilibrium electron concentration.

TEST YOUR UNDERSTANDING

E8.1 Asilicon pnjunctionat T = 300 K isdoped with impurity concentrations of N; = 5x
10 cm— and ¥, = 2 x 10'* ¢cm~*, Thejunction isforward biasedat ¥, =0.610 V.
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Determinethe minority carrier concentrationsat the spacecharge edges.

lywd (01 X 06°T = (r=}u w01 X z97L = (“2)'d suy]
E8.2 The impurity doping concentrationsin a Silicon mn junctionat T = 360 K arc &, =
5x 10" em™ and A, = 5 x 10" ¢m™". The minority carrier concentration ar either
gpace chargeedge is to be no larger than 10 percent of the respectivemgjority carrier
concentration. Caculate the maximum forward bias voliage that can be gpplied to
this junction and still meet the required specifications. [A 6650 = (xeu)’4 suy]
E83 Repedt E8.2for aGaAs pn junction with the same doping concentrations.

[A L9071 = (xeur) A suy]

Theminority carrier concentrations at the space chargeedges, given by Equations
(8.6) and (8.7). were derived assuming a forward-bias voltage (V,, > 0) was applied
across the pn junction. However, nothing in the derivation prevents v, from being
negative (reverse bias). If areverse-bias voltage greater than afew tenths of avolt is
gpplied to the pn junction, then we see from Equations (8.6) and (8.7) that the minor-
ity carrier concentrations at the space charge edge are essentially zero. The mino-
rity carrier concentrations for the reverse-bias condition drop below the thermal-
eauilibnum values.

814 Minority Carrier Distribution

W& developed, in Chapter 6, the ambipolar transport equation for excess minority
carier holesin an n region. This equation, in one dimension, is

whae ép; = pn — pao 1S the excess minority carrier hole concentration and is the
difference between the total and thermal equilibrium minority carrier concentrations.
Theambipolar transport equation describes the behavior of excess carriers as afunc-
tion of time and spatial coordinates.

In Chapter 5, we calculated drift current densities in a semiconductor. We deter-
mined that relatively large currents could be created with fairly small electric fields.
As afirst approximation, we will assume that the electric field is zero in both the ncu-
trd pand nregions. In the nregion forx > x,,, wehavethat E = 0andg' = 0. If we
alsoassume steady state so dtdp,)/a¢: = 0, then Equation (8.8) reducesto

where Lf, = D,1,3. For the same set of conditions, the excess minority carrier elec-
tron concentration in the pregion is determined from
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The boundary conditions for the total minority carrier concentrationsare

eV,
Xp) = Pap €X
pn( ) Puo p( T) (81]3.
eV
np(—xp) = npg exp (ﬁ) (8.11b0
Pn(x — +OO) = P (811
np{x — —00) = npy {8.11

Asminority carriers diffuse from the space charge edgeinto the neutral semicondu
tor regions, they will recombine with majority carriers. We will assume tha
lengths W, and W, shown in Figure 8.3a are very long, meaning in particular t
W, > L, and W, > L,. The excess minority carrier concentrations must approa
zero at distances far from the space charge region. The structure is referred to asg
long pn junction.

Thegeneral solution to Equation (8.9) is

8Py (x) = pa(x) = poo = Ae”/tr 4 B/ tr (x = x,)
and the genera solution to Equation (8.10) is ]

Applying the boundary conditionsfrom Equations (8.11c) and (8.11d), the
ficientsA and D must be zero. The coefficients B and C may be determined from
boundary conditions given by Equations (8.11a) and (8.11b). The excess carrier con
centrations are then found to be, for {x > x,),

8pn(X) = Pa(X) _ Pro = Pao [exp )— - 1] exp (" — ‘ (8.14)

and, for {x = —x,), ‘

Ve ‘o '
81 (6) = 1, (X) = o = 10 [exp (%) . |] exp (’-"—Lﬂ) (8.19)

n

The minority carrier concentrations decay exponentially with distance away fromthe
junction to their thermal-equilibrium values. Figure 8.5 shows these results. Agan,
we have assumed that both the n-region and the p-region lengths are long compared
to the minority carrier diffusion lengths.

To review, a forward-bias voltage lowers the built-in potential barrier of am
junction so that electrons from the n region are injected across the space charge re
gion, creating excess minority carriers in the p region. These excess electrons begn
diffusing into the bulk p region where they can recombine with mgjority carier
holes. The excess minority carrier electron concentration then decreases with
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digance from the junction. The same discussion applies to holesinjected across the
spacecharge region into the n region.

815 Ideal pn Junction Current

The approach we use to determine the current in a pn junction is based on the three
patsof the fourth assumption stated earlier in this section. The total current in the
junction is the sum of the individual electron and hole currents which are constant
through the depl etion region. Sincetheel ectron and hole currents are continuousfunc-
tionsthrough the pn junction, thetotal pn junction current will be the minority carrier
holediffusioncurrent at x = x, plusthe minority carrier electron diffusion current at
x = —x,. Thegradientsin the minority carrier concentrations, asshownin Figure8.5,
produce diffusion currents, and since we are assuming the electric field to be zero at
the space charge edges, we can neglect any minority carrier drift current component.
Thisapproach in determining the pn junction current isshown in Figure 8.6.

k Figure 85 | Steady-stateminarity carrier concentrationsin a
pn junction under forward bias.

Current 4

density !
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/ |
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|

—x, x=0 x,

Figure8.61 Electron and hole current densitiesthrough the
space charge region of a pn junction.
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We can calculate the minority carrier hole diffusion current density a x =
fromtherelation

dp(x)

Jolx,) = —eDy, s

(8.
v=x,
Since we are assuming uniformly doped regions, the thermal-equilibrium card
concentration isconstant, so the hole diffusion current density may be written as

Jp(xn) = —eD,

Taking the derivative of Equation (8.14) and substituting into Equation (8.17). w‘
obtain

The hole current density for thisforward-biascondition isin the +x direction, whici
isfrom the p to the nregion.

Similarly, we may calculate the electron diffusion current density at x = —x_,,i
This may be written as

Using Equation (8.15). we obtain I

Dﬂ V’ﬁ
Fi(—xp) = e ann [EXP(j(T) — l:| 8

The electron current density isalso in the +x direction.

An assumption we made at the beginning was that the individual eectron ad
hole currents were continuousfunctions and constant through the spacecharge region
The total current isthe sum of the electron and hole currents and is constant throu
the entire junction. Figure 8.6 again shows a plot of the magnitudesof these curren3

Thetotal current density in the pn junction is then

rP o eDuryo eV,
J = +0—x)= 2 . :
Jp(xn) Jut xp) I_ Lp + s exp T ) 1 (8.2,
Equation (8.21) is the ideal current—voltage relationship of a pn junction.
We may define a parameter J; as
erPnO eDnn-pO (82
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Figure87 ! lded I-¥ characteristic of a m junction diode

0 that Equadon (8.21) may he written as

' Equation (8.23), known as the ideal-diode equation, gives a good description of the
current-voltagecharacteristics of the pn junction over a wide range of currents and
voltages. Although Equation (8.23) was derived assuming a forward-bias voltage
(V, = 0), thereis nothing to prevent ¥, from being negative (reverse bias). Equation
(8.23) isplotted in Figure 8.7 asafunction of forward-biasvoltage V;. If the voltage

I 'V, becomes negative (reverse bias) by afew kT/e V, then the reverse-bias current

| density becomes independent of the reverse-bias voltage. The parameter J, is then

| referred to as the reverse saturation current density. The current—voltage characteris-

t ticsof the pn junction diode are obviously not bilateral.

l Objective

To determine the idedl reverse saturation current dengity in asilicon pn junctionat T = 300 K.
Consider the following parametersin a silicon pa junction:

N, = Ny =101 ¢m—3 = 15X 100 em™3
D, = 25cm’/s Tpo = Too =3 % 1077 8

D, = 10 cm?/s e =117

B Solution
Theideal reverse saturation current density i s given by
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which may be rewritten as

Substituting the parameters, we obtain J, = 4.15 x 107!t Alem?

m Comment

The ideal reverse-bias saturation current density is very small. If the pn junction cross-
sectional area were A = 107 ¢m?, for example, then the ideal reverse-bias diode current
would bel, =4.15 x 107 A.

Figure88 | Ideal 1-V
characteristic of a

pn junction diode with
the current plotted on
alog scale.

If the torward-bias voltage in Equation (8.23) is positive by more than afev
kT fevolts, then the (—1) term in Equation (8.23) becomes negligible. Figure 8.8
shows the forward-bias current—voltage characteristic when the current is plotted i
alog scale. Ideally, this plot yields a straight line when V, is greater than a few
kT fevolts. The forward-bias current is an exponential function of the forward-bias

voltage.

DESIGN | Objective

EXAMPLE 8.3
To design a pn junction diode to produce particular electron and hole current densitiesa a
given forward-bias voltage.

. Consider a silicon pn junction diode a T = 300 K. Design the diode such tha J, =

20Afem’and J, = S Alem® at V, = 0.65V . Assumetheremaining semiconductor parameters
areasgiven in Example 8.2.
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1 Solution
Theelectron diffusion current density isgiven by Equation (8.20) as

Comment
i Therelative magnitude of the electron and hole current densities through a diode can be var-
ied by changing the doping concentrations in the device.

TEST YOUR UNDERSTANDING

B4 Asiliconpnjunctiona T = 300 K hasthe following parameters: ¥, =5 x 10'¢ cm™*
Ny =1X 10" ecm™, D, = 25¢em?/s, D, = 10 em?/s, 1,0 =5 x 1077 5, and
[ 7,0 = | X 1077 s. Thecross-sectional areais A = 10~* cm?and the forward-bias volt-
- ageisV, = 0.625 V. Calculate the (a) minority electron diffusion current at the space
chargeedge, (b) minority holediffusion current at the spacecharge edge, and (c) total
current in the pn junction diode. [¥W #2°1 (7) ‘YW 60°[ (4) “VU $CT°0 (1) "SUV]
E8.5 Repea EB. 4for aGaAs pn junction diode biased at V, = 1.10 V.
[WW €9°1 (2) “VUW pp'T (§) ‘YW HHT'0 (1) 'suy]

816 Summary of Physics

We have been considering the case of a forward-bias voltage being applied to a pn
junction. The forward-bias voltage lowers the potential barrier so that electrons and
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holes areinjected acrossthe spacecharge region. Theinjected carriersbecome mig

ity carriers which then diffusefrom thejunction and recombine with majority cani
We calculated the minority carrier diffusion current densities at the edge of the

space charge region. We can reconsider Equations (8.14) and (8.15) and dete

the minority carrier diffusion current densities as a function of distance

p- and n-regions. These results are

eD pn [ eVa Xy — "
1,(x) = Zp £ exp(z—i;) - I}exp (.TX’ (x > x,)  (824)

and

X
0 = eppme {exp (gw) - 1} exp (f) = —x) (82
kT L,

The minority carrier diffusion current densities decay exponentially in each
region. However, the total current through the pn junction is constant. The difference
between total current and minority carrier diffusion current isamajority carrier cur-
rent. Figure 8.9 shows the various current components through the pn structure. The
drift of majority carrier holesin the p region far from the junction, for example, isto
supply holesthat are being injected across the space charge region into the n region
and also to supply holes that are lost by recombination with excess minority carrier
electrons. The same discussion appliesto the drift of electronsin the n region.

We have seen that excess caniers are created in a forward-biased pn junction.
From the results of the ambipolar transport theory derived in Chapter 6, the behavior
of the excess carriers is determined by the minority carrier parameters for low injec-
tion. In determining the current-voltagerelationship of the pn junction, we consider
the Row of minority carriers since we know the behavior and characteristics of these

Current §
density |
Majority carrer Majority carrier
hole current electron current
Electron diffusion Hde diffusion
current current

Figure8.91 Ided electronand hole current components through a pn junction under
forward bias.
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