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Data clustering addresses the optimiza.tion problem of how to represent a set of data. 
points by a reduced set of prototypes. \Ve propose a cost function for llllSlLpervised and 
s11pervised data rlustering whirh r.omprises distorti011 rnsts, rnmplexit.y rnsts and su­
pervision costs. A nm.xi mum entropy estimation of the rlustering rnst fonrtion yields a11 
optimal n urnoer of dusters, thdr positions an<l their duster prooaoi1ities. A three-layer 
neural net.work with a winnff-lakc-all connect.i vit.y in the clustering layer imp1ement.8 
the proposed clustering algorithm. Complexity opt imized cfostcring estal)lishes a unify­
ing framework for different dtLstcring methods like K -means clustering, fuzzy clustering, 
entropy rnnstrainted vedor qua.nti7,ation or topologir.al feature maps and competitive 
neural networks. 

Objective Functions for Data Clustering 

Ka.t11ral and a.rtitirial i11formation processing systems in vision, speech recognition ,md telecomnrnni­
rntion rely 011 data rnmpressio11 a11d data recoding techniques either to proress large arno1rnts of 
data efficiently or Lo <li,~card noise aud Lo reveal the underlying structure in a <lat.a set [1. 2, ;t L 7:i]. 
Ma.i11ly two cliff'ere11L approa.cl1es to <la.ta. clmd.eri11g a.re discnssed i11 t.l1e lit.era.lure: (T) Tlw cla.l.a. 

clustering Lask can oe formulated as a search for a modd of tlw <lat.a source. llayc'sian inference 
is the method of choice for that. (II) Optimizing an objective function for data cfostering defines 
a non-parametric strategy to partition a da.ta set and, thereby, to red uce its information content. 
Follmving the sernnd philosophy i11 this paper, we disr.11ss ohjertive funct ions for urnmpervised :u1d 
supervised data clusteri ng and the respective competitive 11e11ral networlrn wl1id1 implement these 
clustering algorilhrn8. The joint oplirniLal.ion of distort.ion costs and complexity costs determines 
an optimal number oJ clm;ter center:;. Au additional supervision cost t.erm i:; inlro<luce<l in Lhe case 
of supervised clustering to guide the dust.er training according to a priori class information and Lo 
avoid data part.it.ions which violate class ooundaries. 

The problem to represent a data set {x,:lx; E !J?d: i = l, ... , N} by a reduced set of data 
1uototypes {y °' I Yo E ~d; n = 1, ... , K} based on a distortion cost function D.;0 (Xi, y o:) arises in 
a. large variety of different data processing applirations. The primary objective is to determine 
an appropriate number J( of clusters (I( ~ .N) and Lo Jind their cenlern Yn and their clu:;ler 
µrobabilities Pu • The assignments {.:vf,c, lo = L ... , l{; i = l, ... , 2V}, l11ia E {0, 1} of data point Xi 

to chLStcr narc chosen such that a distortion error D.;,, (x;, y,,.) bctv,,;ce11 a. data. point x .;, and a duster 
cent.er y,, is minimized and that the resulting complexity of the duster sd. is limited . .:'vl,-,, • = l 
de11otes that data point x., is uniquely assigned to cltLster n* which implies the tmiqueness constraint 
Lo Nh:x = l. The most freqL1ently lLsed distortion measure is the EtLclidean distance or a power 
r of it D,,, ~ llx, - y 0 llr. Ra.te distorti011 theory (see [6]) sperities the optimal r.hoire of y,,, i.e., 

it has to be the centroid y" of a cluster n, y" being defined hy Li Af,:" af " D,n(x;, Y«) = U. The 

l 
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complexity Cu of cluster 1x depeTids on the specific informatioTI processiTig application at luwd, 
in parLirnlar, we assume lhat Cc, ii::i only a fundion of the dusler proba.bilit.y /Jc, = I:'.~1 .Mi,./N. 
ln the case of SLLpcrviscd dustcrin~ we add SLLpcrvision costs v,hich penalize dLLstcrs with data. 
1)0ints from more than da.ss. The SLLpcrvision costs S,.,( {pA"''}) dcpcHCl on the joint probabilities 
])-,,, = :0 I:., f;-1:if,c., I = 1, ... 'G' that a data point X; out of class ~/ ( r i -1 = l) is assigned to cluster 
n. The proposed clustering cost function 

N 1<.' 

t({M;,,}) = LL lvl;u ( D ,,, (x;, Y c,) + >-Cc,(Pc,) + aS,,( {p.,.,,})). 
-i=l c,=l 

(1) 

compromises between distortion costs, complexity costs and SLLpcrvision costs, thereby determin­
ing an optimal number ]{ of clusters. ,\ and a are weighting pa.rameters required to adjust the 
complexity cost. and the s11pervision costs to the scale of tlw distortion costs. The cost foncti011 
(1) depeTids oTi ly 011 the assig1rn1ent variables { :vf;0 lo: = 1, ... , Ti': i = 1, ... , N} ·which implicitly 
define the variablei::i p,.,, p.-.,,·n Y,:t. l'( { M ;,,J) has t.o be op t.imiied in an i kra.li ve fai::ihion: (i) vary t.he 
assignment variables :11,:,, for a fLxed number K. of cluslers i::iuch Lhat the costi::i f( { M,.,}) decrease: 
(ii) increment the numhcr of dusters K --;. K + l and optimize M ,,, again. Confi~urations ,vith 
dcgcncra.tc clLLstcrs, i.e., y"' = Y;,· for n /: J ha.vc to be rejected since they ca.use an overestimation 
of the "true" complexity of a rluster set. 

An application dependent complexity measure could be the mass storage space of a. storage 
medium, the processing hardware in electronics, tl1e number of Tie11rons iTI bra.iTis or tlw rha.n-
11el ha.mhvidth in communication systems. Complexity costs ,vhich penalize sparsely populated 
cl us Len;, i.e., C,-, = 1/ Pi:, 8 = 1, 2, ... , favor equal clui::iler pro babilitiei::i, thereby emphasizing the 
ha.rdwa.rc a.spcct of a clustering solution. The special case .s = 1 with constant total complexity 
costs N 1( corresponds to K. -means clLLStcring. A complexity measure ,vhich provides a lower bound 
011 encodi11g costs i11 the context of data compressioTI a.nd bamhvidth limited data tra.nsrnission is 

the Shannon entropy of a cluster set {C) = -I:,,Pc, logp0, (Cu= -logpc,) [3]. (C) measures the 
mi11im11m average m1rnber of bits neressa.ry to uniquely encode a given cluster set. 

The rhoice of an appropriate distorti011 measure D;u(x;,y") is a.notlier degree of freedom in the 
dei::iign of a. clustering algorithm. The uonna.Uy med ::::quared Euclidean dislance 1J;.-, = llx; - y,-,11• 
leaves f( {Al;,-,}) invariant under pennut.a.Lions of lhe dmter indices n. We will now esla.blii::ihes a. 
connection to a, class of to1)()logical vector quantiza,tion algorithms known as sclf-orga,nizing foatLLrc 
maps [4, 7]. Luttrell [8] discovered in his studies of hicra.rchical vector quantizers t hat a fict itious 
110ise process in the communication rhannel between sender and rereiver can break the permutation 
symrnet.ry a.rnl ra.vors a topologiral arrangement. or I.lie cl11ster rent.ers Ya· 

I noise T,,-1 I 

J 
{x;} _,.. I Encoder x ; --;. Ye, I _,.. n--,- I Channel I __, ;·--> I Decoder I --;. {y...,} 

At the encoding stage data point x; is a.ssigned to cluster u. The index u, however, gets corrupted 
by channel noise and arrives as index: at the receiver's side of tl1e comm11nicatioTI channel. Let 

Ui::i denote the Lran:-;ilion probability from index n Lo index ~, by T,"..., , I:~'=7 Ten = l. The recci ver, 
comequentl_v, reconst.rucLs Lhe "wrong" clusLer cenler y ..., as a. repre::;entaLion of x ; imtea<l of the 
"correct" reference vector y r.t. Therefore, the transitions T,"~' ca LLsc additional distortions w hicl1 
liavc to be taken into account when we estimate the most likely a.ssignmcnt variables. The average 
cfostering costs of the data. set {x,:} are 

H = LL:'vh:,(((D;c.)) + J\C(pc.) + aS,i{P-,o})). (2) 
Cl.' 

2 
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The average disLorlion error ((Din))= I:-, T,,-,:Di,Jx;, Y-1 ) bet.ween <lat.a point. x; and clusler center Ye, 
quanLilies lhe intrinsic quantization errors a./:i well as t.he noise induced errors. The cent.mids Yn are 
defined by Li I:-,· .M;-, T,,, ,,; « 1J1,, ( x;, y "') = 0. The noise process with its transition pro ba bili tics T "'' 
induces a topology onto the set of dusters, e.g. a. tridiagonal transition matrix T0m = l -17; T<.>,cdl = 
17/'2; T,.c, = 0 Vin - ~11 > l (see fig. '2(c)) defines a linear chain with nea.rest neighbor transitions. 
Kote, liowever, that complexity optimized ch1stering determi n12s tlie l12ngth of tl112 chain or, for 

a more ge1iera.l 110ise distrih11ti011, an optimal size of the d11ster s12t. Tli is stopping crit12rion for 

adding new nodes generaUzes self-organizing lopological maps [·t 7] and removes arbiLrariuess in 
the design ol' Lhese net.works. Topology preserving clustering reduces to non-Lopological clmtering 
if we set T,,n = 1 for n = 1 and T" .. f = 0 otherwise. 

'The cost term S,,({p,,,,}) in Eqs. (1,2) allows us to supervise the training of a duster set. _\lany 
ap1)lications provide labeled training da.ta, each data poi11t being assig11ed to a class ~: = L ... , C. 
The cluster set after trajning is then used to classify unlabeled test data. The sttpervision cost term 
S" is supposed to ass11r12 tliri.t cl11st12rs do not overlap with class ho1111daries, i.e., data belonging to 

di/Ten.mt das,,;es should nol be a.:,signe<l Lo the :,arnc d uslcr. lf this constrainl is follfdkd S,, should 
vanish. Sn depends on lhe conditional probability /J-,1,,, = /J-,c,/,Jc,, P,c, = L;l;"fi\l;n/N being Lhe 
joint probability of a data point out of class ~i l)Cing assigned to clw,tcr a. S,, shottlcl be positive 
and it should vanish if P-,ia approached certalnty or vanishes. A supervision cost term which suffices 
these conditions is the "conditional cla.ss entropy" SQ = - I:-,,P-,1" log(p1 1"). As discussed in [9] 
the "conditional class entropy" as a. penalty term favors a part itioning of the input space ,vith 
clusters of 11niq11e class adher12nce. The simplest fimctional form of S 0 being polynomial in P·,·c, is 

Sc, = L, PA+J ' - PA+,). 

Maximum Entropy Estimation of Cluster Centers Ya and Joint Probabilities lh"' 

Differenl combiualiom of complexity t.errns. Lovology com;traiuLs and cla.8s iufonnalion for rmver­
vised r.l11stering <leti1w a. variety of clustering algorithms whir.Ji aw relevant in diffnent information 

processing cont.exls. To derive robust, prdera.bly pa.ralld algorithms for t.hese <la.ta clustering cases, 
we study the opt.irniza.Lion problem (2) in a. probabilistic framework (see Rose el al. [2]) . The most 
likely distrilrntion of assignment variables lvfio can be determined by the maximum entropy princi­
ple [10], a.ncl eq11als tlw Gibbs distribution P({lf}) = exp(-/;[)/Z with tlw partition function Z 
as 110rrnalization. Tlw "computationa.l temperature" T = I / ,3, wl1ich play the role of a Lagrang12 

para.met.er for the avera.ge cluslering cor;ts, controls Lhe randomness in t.he a.ssignrnenl procesr;. Sla­
tistica.l physics (see e.g. [11]) stat.es t.haL 111aximiziT,g t.l1e entropy at. a fixed t.en1pernt11re is eq11ivale1,t. 

to minimizing the free energy 

~ , dC" ~ . dSc, . 
with respecL to l he variables pA"'' y,,. The Lenn L....., [,,, JJA:c, = ,\ Pu-,;,-+CTPu L....., I;A,--'.)-- enforces Lhe 

''i . Op,,. ,,, . OJJ-,·,, 

constraint p,, 0 = I:;'::c1 T-,:~1 :W;u / N. Tlw r12s11 lt ing re-estimatio11 equations for tlw exp12cted cluster 
probabilities and tlw expected centroid positions are 

(4) 

0 { fi) 

3 
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Figure 1: Architecture of a 
three layer competitive neural 
network for data clustering with 
d neurons in the input layer, K 
neurons in the clustering layer 
with activity (Mia ) and G neu­
rons in the classification layer 
with activity P-,, li · 

(6) 

The expectation value (Mia) of the assignment variable M ia can be interpreted as the conditional 
probability that data point Xi is assigned to cluster a. The temperature T controls the "fuzziness" 
of this assignment. 

The global minimum of the free energy (3) with respect to P-,,a, Ya determines the maximum 
entropy solution of the cost function (1). Note that the KN dimensional optimization problem 
( 1) or ( 2) has been reduced to a K ( d + G) dimensional minimization of F. To find the optimal 
parameters P-,,a, y a and the number of clusters 1( which minimize the free energy we start with one 
cluster located at the centroid of the data distribution, split that cluster and reestimate P-,,a , y a 
using Eqs. ( 4,5) . The new configuration is accepted as an improved solution if the free energy 
(3 ) has been decreased. This splitting and reestimation loop is continued until we fail to find a 
new configuration with lower free energy. An iterative splitting strategy is required because the 
costfunction exhibits numerous local minima, especially since we compare solutions with different 
numbers of clusters. Cluster splitting in the topological case should be performed such that a new 
cluster does not violate the topology constraint severely and gives rise to a topological defect. The 
resulting configuration is stable under single cluster splitting, but we are not assured to find the 
global minimum. 

The clustering algorithm is implemented by a competitive three-layer neural network with an 
architecture depicted in Fig. 1. The classification layer (third layer) consists of linear units I which 
calculate the conditional probability P-,, li that data point Xi is assigned to class 1 . This layer is 
absent in unsupervised clustering. The synaptic vector ya defines a localized receptive field of 
the clustering unit a which is similar to radial basis function units. The connections between the 
clustering unit a and the classification unit I is given by the conditional probability P-,, la · The 
synaptic weights Yai,P-,, lo: are calculated from Eqs. (4,5) or from an iterative online learning rule 
described in the next section. No time-consuming backpropagation of errors is necessary. The 
activity in the classification layer determines the conditional probability P-,, li that data point i is 
classified as 1 . 

A non-topological clustering result (T = 0) for the logarithmic complexity (Ca= - logpa) mea­
sure is shown in Fig. 2(b ). At high complexity costs(>.= 2.5 [12]) the algorithm places four clusters 
at the centers of the Gaussians . In the limit of small complexity costs (b) the best clustering solution 
densely covers the data dist ribution. The specific choice of logarithmic complexity costs causes an 
almost homogeneous density of cluster centers, a phenomenon which is explained by the vanishing 
average complexity costs (Ca ) = - pa log pa of very sparsely occupied clusters. In the clustering 
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Figure 2: A data distribution ( 4000 data points) ( a), generated by four normally distributed sources 
is clustered with the complexity measure Ca = - lnp°' and >. = 0.4 (b ). The plus signs ( +) denote 
the centers of the Gaussians and stars ( *) denote cluster centers. Figure ( c) shows a topology 
preserving clustering solution with complexity Ccx = 1/Pcx • The short average distances between 
consecutive clusters demonstrate that the total distortion error has been minimized, including the 
distortions induced by external noise ( ry = 0.05). 

experiment depicted in Fig. 2( c) we have added channel noise which triggers nearest neighbor tran­
sitions between clusters with probability ry = 0.05. The short links between neighboring clusters 
demonstrate that the distortions due to external noise have also been optimized. 

Online Clustering 

The described clustering procedures are batch algorithms since they require all data points { x i} to 
be available at the same time, a very restrictive constraint for applications dealing with a large data 
volume. Online clustering algorithms process a data stream sequentially by updating the synaptic 
weights P,, lm Ya iteratively. The optimal update step for P,, lm Ya , after N - 1 data points have 
been processed, is 

.6. = (N) _ (N-1 ) 
P,,1°' - P " I°' P " I°' (7) 

(8) 

The upper indizes (N) and (N - 1) denote the estimates of P,,1cx , Y cx after XN and XN-1 have been 
processed, respectively. To derive Eqs. (7,8) we have expanded Eqs . (4,5) up to linear terms in 
.6.p,,cx ,.6.Ycx , keeping (MN,cx) fixed . All terms proportional to derivatives of (MN,cx) vanish in the 
hard clustering limit (T-+ 0). 

For squared Euclidean distortion costs (Vi cx = llxi - Ya ll 2 ), Eq. (8) reduces to the form 

.6.ycx = N"Z, ~ NL T7 cx(MN,,,)(xN-Y~N-l)) 
,, ,,aP,, ,, 

(9) 

which is similar to learning in competitive neural networks. y~N-l) is moved towards the most recent 

data point XN proportionally to the mismatch (xN - y~N-l)) and proportional to XN's effective 
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membernhip L,,, T-,c,(Af,v,1 } in du:;ter a. In addiLion lo UtaL, t.he updale formula (9) weights any 

change in y):") by Lhe effecLive number of data pointr,; NL-, T-,,rx/J~N) which have already been 
assigned to cluster ct. This history dependent learning rate generalizes the algorithm for self­
organizing to1)0logical maps which postulates the same learning rate for all trnits [4, 7]. 

Online optimization of the number of clusters T( relies on a heuristics for cluster r.reaJion: A 

data, point x, initializes a new clttster I{+ l with YK+l = x; if the clustering costs by assigning x, to 
an ahea,dy existing clnster exceeds the complexity and snpervision costs of the 11ew cl11ster f( + 1, 

i.e., >.CK+l < min" (D," + >.C" + a.Su). Res11lts of s11pervised clustering experiments employing 
thi:; heuri:;tics arc discus:;ed in [12]. 

Conclusion 

Cornplexil-y opLimi:i:ed dur,;Lering is a maximum entropy approach lo um;upervised and supervir,;ed 
data, clustering which determines the optimal number of clusters a.s a, compromise between distortion 
errors a,nd cornplexily of a du:;tl'r scl. The complexity term t.urns out t.o be as irnporlant for the 
design of a clL1ster set as the distortion measure. \Ve have derived a batch and an online version 
of the proposed dttstering algorithm which maps onto a three layer competitive nettral network 
with winnr:r-taA:r:-all c01rnedivity in the ser.ond layer. The proposed framework for data cln stering 

1rnities traditional clustering terhniq11es like F{-means chrntering, entropy constrai nt clnstering or 
foz,z,y duslering wilh neural network approaches as topological vector qm111Li:i:ers. The net work 
size and Lhe duster vararneLers are detennined by a problem c1dc1pted complexity foncLion which 
n'rnm't\S considt\rabk arbiLra,riness prcsenl in 0U1er non-pararnelric dustcring methods. 
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