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Transport phenomena and metals properties

A K LAHIRI, Indian Institute of Science, India

5.1 Introduction

Extraction and refining of metals involve the transfer of mass and heat within
each phase and between the phases, one or more of which are in motion. For
example, in blast furnace iron making, Fig. 5.1, iron oxide in the form of lumpy
ore, sinter or pellet along with coke and limestone, are charged on the top of the
furnace continuously. The charge slowly moves down and hot reducing gases
produced by burning of coke in front of tuyeres move up through the bed of
solids and finally escape through the gas outlet. The heat is transferred from hot
gases to solid and at the same time the reducing gases reduce the oxides to
metallic iron. At high temperature reduced iron melts and forms liquid metal and
gangue in ore, coke ash and lime form the slag. The final product is molten iron
containing dissolved carbon and other impurities like silicon, manganese,
phosphorous and sulfur and liquid slag, which are tapped from the furnace.

Other metallurgical operations like melting, alloying, casting, joining, heat
treatment and metal deformation processes like forging, rolling, etc. also involve
heat, mass and momentum transfer. So transport phenomena play a key role in
all metallurgical operations.

The present chapter deals with the fundamentals of transport phenomena
within a phase and between phases.

5.2 Mass transfer

Transfer of a species from one location to another in a mixture of non-uniform
composition is known as mass transfer. When a homogeneous solution flows,
the species present in the solution moves from one location to another but there
is no mass transfer since concentration of species is the same everywhere. So a
concentration difference is an essential requirement for mass transfer.

Mass transfer takes place because of molecular motion and bulk flow. Atoms
in fluids are in random motion and this causes transfer of a species from one
place to another. However this could be noticed only when mixture is not
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5.7 Schematic representation of blast furnace.

homogeneous or few radio active atoms are present in the system. The
movement of atoms in fluid is easy because the positions of atoms are not rigid.
But in solids, atoms move from one lattice site to another by exchanging their
position with a neighbouring vacancy, Fig. 5.2. So the movement of atoms in
solids is accompanied by movement of the vacancy in the opposite direction.
Other mechanisms of movement of atoms are also possible but the vacancy
mechanism is most predominant for substitutional solid solutions.

/_’_A\
o0 0 00~ ¢
Nood o S

5.2 Diffusion in solid. Atom marked A jumps into vacancy and vacancy moves
from left to right.
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5.21 Mass flux

Figure 5.3(a) shows two non-reacting species A and B which are in contact with
each other. The left side has species A and right side has B. Since the
concentration of species A and B are not uniform throughout the system, atoms
of A and B move in opposite directions. This leads to the decrease of
concentration of A in the left side and corresponding increase of the
concentration of A in the right side as shown in Fig. 5.3(b). The reverse is
the case for concentration profile of B. The process continues till it attains the
steady state when concentrations do not change with time. At steady state, the
concentration of A becomes the same everywhere, Fig. 5.3(c). Let v4 and vg be
the velocities of A and B respectively. The flux of A, defined as the amount of A
crossing the unit area per unit time in a direction normal to the area is

NAX = VA.CA (51)

where N,, is the molar flux of A in x direction and C, is the molar
concentration of A. Equation 5.1 can be written as

NAX = CA(VA — Vav) + CA.VaV (52)

where v is the average velocity and (v4 — v*") is the velocity of A with respect
to average velocity. So the first term on the right-hand side measures flux due to
molecular motion with respect to average velocity and the second term is the
flux due to bulk flow. The flux due to molecular motion with respect to average
velocity, Jax, is given by Fick’s law of diffusion as

JAx = CA(VA - Vav) = —DABK (53)

where D g is the diffusivity of A in A—B. The negative sign in Fick’s law shows
that the flux is in the direction of decreasing concentration. Fick’s law of
diffusion gives the flux with respect to average velocity of all the species or with
respect to a moving coordinate that moves with velocity v*. Combining
equations 5.2 and 5.3,

t=0 short time steady state
Cs Cs Cs
A B
Chl Ca Ca
x=0 x=Lx=0 x=L x=0 x=L

(@) (b) ()

5.3 Schematic representation of diffusion of two species A and B. (a) Before
diffusion. (b) Concentration profiles of A and B after a short time. (c) Steady
state concentration profile.
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5.4 Diffusion of dye in water flowing through a tube.

dC
Nax = —Dag d—xA + Cpv™ (54)

To understand the physical meaning of the diffusion and bulk flow term in
equation 5.4, let us perform a simple experiment. We take a long horizontal
glass tube and allow water to flow through it at a very low flow rate and inject
some dye along the axis of the tube. If we follow the tip of the dye as it moves
through the tube, we will find that a faintly coloured zone just ahead of the deep
coloured streak, Fig. 5.4. The velocity of the tip of the streak is v*" and the
spread of the colour beyond the tip is due to molecular diffusion.
By definition, the average velocity v*" is

v = (Ca. va + Cg.vp)/(Ca + Cp) (5.5)
Using equation 5.1, equation 5.5 becomes

V¥ = (Nax + Np)/(Ca + Cp) (5.6)
Combining equations 5.4 and 5.6

dC
Nax = —Dag T: + xa (Nax + Ngx) (5.7)

where x5 is the mole fraction of A. Definition of average velocity v*¥, indicates that
bulk flow term can be due to molecular motion or external force or both. In solids,
and stagnant fluid, there is no bulk flow due to external forces, but the diffusion of
atoms and molecules itself lead to bulk flow. In these cases equation 5.7 is the
appropriate form of the flux equation. When the bulk flow is primarily due to
external forces as in case of Fig. 5.4, the molecular contribution in the bulk flow
can be neglected and equation 5.4 is the appropriate form of the equation. The
average velocity v*" in this case is determined by external forces and is obtained by
solving fluid flow problem. Equations 5.1-5.7 have been written in terms of molar
fluxes, molar concentration, and mole fraction, but these are valid when the word
mole is replaced by mass, i.e. mass flux, mass concentration and mass fraction.
In the three-dimensional case, the flux of A is given by

Na = —DagVC4 + Xa(Na + Np) (5.8)

Bold letters indicate vectors. The first term on the right-hand side of equation
5.8 is the pure diffusion flux J given by Fick’s law and second term is the flux
due to bulk flow. The components of the molar fluxes due to molecular motion,
J 4, in different coordinates are given in Table 5.1.
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Table 5.7 Components of flux due to binary diffusion

Rectangular Cylindrical Spherical

b= 0w A M) Jau= Das it (D) Ja= Dt (@)
Jy:—DAB% (B) =%, = POy
L=Dalh (€ L=-Dwlt (P JA@:—r'z;Be% (1)

According to Fick’s law driving force for diffusion is concentration gradient
and diffusion takes place only from higher concentration to lower concentration.
Darken (1949) found that when two steel bars containing the same carbon but
one having silicon are welded together, carbon diffused from the bar containing
silicon to the other side. Finally the bar that is free from silicon became richer in
carbon than the other one. This is known as uphill diffusion. Figure 5.5
schematically shows the uphill diffusion. According to Fick’s law, no diffusion
of carbon should take place since carbon concentration in both the bars was
initially the same. Darken’s experiment clearly demonstrated that the activity
gradient is the driving force for diffusion and not the concentration gradient.
Silicon increases the activity of carbon and is a driving force for diffusion of
carbon from the bar containing silicon to the other bar and the diffusion
continues until the activity of the carbon becomes the same in both bars.
However, for all usual analysis, Fick’s law is used and the activity concept is
invoked only to explain the anomaly.

3% Si
3% Si

0.4% C 0.4% C \
04%C \

(a) (b)

5.5 Schematic diagram of uphill diffusion of carbon. (a) Before diffusion. (b)
After diffusion.
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Relation between fluxes

Equation 5.7 for N4y, contains two unknowns N, and Ng,, but in fluids a
similar equation for Ny, is not an independent equation (see Example 5.2, page
185). Therefore to obtain Ny, the relationship between the N, and Ny must
be known from other physical considerations or laws.

(1) Graham’s Law

The ratio of diffusion fluxes in gases are inversely related to the square root of
molecular weight or

Nav/Npx = (Mp/Ma)"? (5.9)

This equation applies to effusion of gases in a vacuum and equal pressure
counter diffusion.

(2) Chemical reaction
Let us consider that oxygen is reacting with carbon according to the reaction
C+ 0, =CO0O, (5.10)

Figure 5.6 shows schematically the fluxes on the surface of the carbon block.
Oxygen diffuses at the carbon—gas interface for reaction and carbon dioxide

Carbon C+0=CO;

A
@]
N

5.6 C-O reaction on the surface of carbon.

10
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formed diffuses away from the reaction interface. Since one molecule of oxygen
forms one molecule of CO,

No,x = —Nco,x (5.11)

The above condition indicates that per unit time the number of molecules of
oxygen going in one direction is equal to number of molecules of CO, going in
the opposite direction. This type of diffusion is termed as equimolar counter
diffusion.

In the previous case one mole of reactant gas formed one mole of product
gas. Let us consider, carbon reacts with oxygen to form CO

C 4 0, = 2CO (5.12)

If one mole of O, comes to the surface of carbon and reacts with it, two moles of
CO is produced and go out in the opposite direction. Or the flux of CO is two
times that of O, and the relationship between the fluxes is

NOZ,X = - %NCO,X (513)
For a reaction of the following type

nA (g) = mB (g) (5.14)
the fluxes are related by

I\IAx = f(n/m) NBX (515)

(3) Flux of inert species

Let us consider that C-O, reaction, equations 5.10 or 5.12, takes place in air.
Obviously nitrogen present in air will not take part in the reaction so the flux of
nitrogen will be zero. In other words, flux of an inert species is always zero.

(4) Dilute solution

If the concentration of the diffusing species A is very small (x, is very small),
the bulk flow term can be neglected since its contribution is very small. In dilute
liquid and solid solutions the bulk flow term is neglected.

Example 5.1
Show that for a binary mixture of gases diffusivity of A is same as that of B.

Solution

Let Do and Dgy be the diffusivities of A and B respectively in the mixture. Let
us consider that A and B shown in Fig. 5.3 are two gases and the system is
isothermal and isobaric. So (C5 + Cg) is constant, or

11
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0Cx 0Cp
AL TB )
ox | ox (®)
From equation 5.7
oC
Nax = —Das TXA + XA (Na +Np) (b)
oC
Npx = _DBAa—XB +xg(Na +Ng) (c)
Since xo + xg = 1, adding equations (b) and (c)
0Ca 0Cg
Dap—=—+Dpa———=0 d
AB 5y =+ Dga % (d)
From equations (a) and (d) Do = Dga [ 1 ]|

In the case of diffusion in binary substitutional solid solution, there are three
fluxes, that of A, B and vacancies so the above derivation is not applicable.
Although concentration of vacancy is very small, the flux is not small. It can be
shown that J,, + Jax + Jgx = 0.

Example 5.2
Show that the following two equations are not independent for diffusion in
fluids.

dC
Nax = —Das T: + xa (Nax + Ngx) (5.7)
dC
Nax = —Dag d—xB + xa(Nax + Ngy) (5.7a)
Solution
Let
CA + CB - C (a)

where C is the total concentration, a constant. Substituting the value of C, from
equation (a) in equation 5.7

d(C—-Cp) C-Cg

Nax = —D Nax + Nbx b
A AB ix +CA+CB(A+ Bx) (b)
dCp Cs
—Disp————— (N x N X N X N X

AB CA+CB(A+ Bx) + Nax + Np (c)

Rearranging

dC

NBX = *DAB d—XB + XB (NAx —+ NBX) (573)
Hence equations 5.7 and 5.7a are not independent equations. EEN

12
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Example 5.3

Carbon monoxide and nitrogen at 2 atm pressure and 300K are separated by a
wall of 2 mm thickness, Fig. 5.7. The separating wall has a small hole of
0.5 mm. Calculate the maximum leakage rate of carbon monoxide and nitrogen.
The profile of oxygen and nitrogen can be assumed to be linear in the hole. At
300K and 2 atm pressure Dco.n, = 1.03 X 107> m?/s.

2 mm

|

CO 0.5mm [\

5.7 Leakage of CO through a hole.

Solution
The diffusion of N, and CO are in opposite directions so it is counter diffusion.
Furthermore, the pressure and concentration of gases are the same and the flow
of gas inside the hole is only due to molecular motion. So the ratio of fluxes can
be calculated by Graham’s law, equation 5.9. Since the molecular weights of
both CO and N, are same, the ratio of molar fluxes is unity. Or Ny, = —N¢o. So
equation 5.7 reduces to

Ny, = —=Dco-n, % (a)
The concentration of N, in nitrogen side = P/RT = 2/(0.082300) = 0.081
kmol.m . Leakage rate is maximum when concentration of nitrogen on CO side
is zero. Since concentration profile is linear, dCy /dx = (Cy,|x — Cx,|0)/x.
Taking the face on the nitrogen side as x = 0,

Ny, = —1.03 x 107> [(0 — 0.081)/(2 x 107°)]
=4.17 x 10~* kmol.m s~

So the leakage rate of nitrogen

=Ny, x area of the hole = 4.17 x 107* x 7 x (0.5 x 107°/2)
=8.19 x 107" kmole.s™"

The leakage rate of carbon monoxide will be the same. EEN

13
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5.2.2 Diffusivity of gas, liquid and solid

Evaluation of fluxes requires the knowledge of diffusivities. Over the years,
considerable efforts have been made to calculate these values based on first
principles. But the success has been rather limited. So the primary source of
diffusivity is the measured values. However, in the absence of experimentally
measured values, empirical and semi-empirical co-relations are used to calculate
these.

Diffusivity of gases

According to the kinetic theory of gases, diffusivity of gases are proportional,
T"/p where T is temperature and p is pressure. This pressure dependence is
valid for less than 10 atmospheres but the exponents of temperature for real
gases are higher. Chapman—Enskog equation gives a good estimation of binary
diffusivity of gases. For details see Reid ef al. (1977). Fuller, Schettler and
Giddings (1966) proposed the following empirical relationship:

1077T1‘75[1/MA + 1/MB]1/2
AB —
pl(Va)'? + (Vi)'

where DA is in m?/s, temperature T is in K and p is pressure in atmospheres. V 5
and Vg are diffusion volumes of A and B respectively. Diffusion volumes of
simple molecules are given in Table 5.2. The above equation predicts diffusivity
within 10% in most of the cases. Diffusivity of gas phases is usually in the range
of 1075 to 107> m%s.

(5.16)

Diffusivity through porous solid

Porous solid consists of a number of interconnecting pores (Fig. 5.8). If we take
unit area on the surface of the solid, the diffusion takes place only through the
area occupied by the pores. Again, gas cannot move in a straight line in the
porous solid. It takes a tortuous path. To take into account these two special
features of porous solid, diffusivity of gas in porous solid is defined as effective
diffusivity

Table 5.2 Diffusion volumes for simple molecules (Fuller et al. 1966)

Gas Va Gas Va Gas Va
H, 7.07 Ne 5.59 NH3 14.9
He 2.88 Ar 16.1 H,0 12.7
N, 17.9 CcO 18.9 Cly 37.7
0, 16.6 CO, 26.9 Brs 67.2
Air 201 N,O 35.9 SO, 411

14
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&

5.8 Schematic diagram of a porous solid.

Defr = €Dap/T (5.17)

where € is porosity of solid and 7 is the tortuosity factor. 7 measures the ratio of
actual path travelled by gas to geometrical diffusion distance.

When gases diffuse through pores it diffuses either by ordinary gas diffusion
or Knudsen diffusion or a combination of both. When the pore diameter is much
larger than the mean free path, diffusion is ordinary gas diffusion. But if the pore
size is smaller than the mean free path, then gas molecules have a higher
probability of collision with the pore wall than with each other. Gas flow under
this condition is known as Knudsen diffusion. Knudsen diffusion coefficient for
diffusion through a cylindrical pore is

Dk = 97 r (T/M)"? m%/s (5.18)

where r is the radius of pore in m, T is the temperature in K and M is the
molecular weight. In general, pores are not cylindrical so a correction of
tortuosity is required for Knudsen diffusion. Since in porous solid, nature of
diffusion depends on the size of pores, effective diffusivity of porous solid is
often taken as

1/D' ¢ = 1/Dpg + 1/Dg (5.19)
Deff = D/eff. 6/7' (520)
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Example 5.4

Find out the pore diameter where molecular and Knundsen diffusivity are
comparable for diffusion of H,-H,O mixture through a porous solid at 1000K
and 1 atm pressure.

Solution

We use equation 5.16, to calculate molecular diffusivity of H,-H,O. From Table
5.2, Vi, = 7.07 and Vy,o = 12.7 and molecular weights of H, and H,O are 2
and 18 respectively. Substituting in equation 5.16

1077(1000)"7[1/2 4 1/18]"/?
[7.071/3 4 12.71/3)?

Equation 5.18 shows that Knudsen diffusivity of H, is greater than that of H,O.
So we should compare the molecular diffusivity of H,-H,O mixture with
Knudsen diffusivity of H,O. Knudsen diffusivity of H,O is

Dino = 97 r (1000/18)"? = 723r m%/s (b)

=73 x10"*m?/s (a)

Dy,-n,0 =

Both the diffusivities will be same if the pore radius r is
r+73107%723 =1.01 x 10°°m

So if pore radius is about 1 pum, the contribution of both Knudsen and molecular
diffusion will be almost same. If the pore radius is 10 um, equation 5.19
indicates that the contribution of Knudsen diffusion will be only about 10% of
total diffusion. On the other hand, if pore radius is 0.1 ym, the contribution of
molecular diffusion will be only 10%. NN

Diffusion in liquids
The experimentally measured values of diffusivity are often expressed in the
form of the Arrhenius equation

D = Dgexp(—Q/RT) (5.21)

Dy is the frequency factor, Q is the activation energy for diffusion and R is gas
constant. The value of Q for metallic system is mostly less than 16 kJ mol .
Table 5.3 shows the diffusivity of different solutes in liquid iron at 1873K.

Table 5.3 Diffusivity of solutes in liquid iron at 1873K (Morita 1996)

Solute C Si Mn S (0] H
Diffusivity x 10°m?/s 4-20 25-12 3.5-20 45-20 2.5-20 80-200
Solute N Ni Cr v Mo
Diffusivity x 10°m?/s 6-20 45-56 3-5 4-5 3.8-41

16
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Because of difficulties in measurement at high temperature, uncertainty in
measured values is often large. Note that diffusivities of different solutes except
hydrogen in liquid iron are of the same order of magnitude irrespective of size of
atoms. These values compare quite well with diffusivity of CO, in water, 1.9 x
107 m%/s at 298K.

Diffusion in solids

In solid solutions we define both intrinsic and inter or mutual diffusivities. The
intrinsic diffusivity of an element is the diffusivity of that element in the solution.
In a mixture of gases, intrinsic diffusivities of A and B in A-B is denoted by Dp
and Dgp respectively, but for solids these are denoted by D4 and Dy respectively.
In a gas mixture, Do = Dpa (see Example 5.1 on pages 184-5) but in a solid (in
general), D5 # Dg. Inter or mutual diffusivity in solid is the diffusivity of A in B
or vice versa and is denoted by Dxp. For example, in Cu-Zn alloy, intrinsic
diffusivities of Cu and Zn are denoted by D¢, and D, respectively and inter or
mutual diffusivity by Dcyuz,. Inter and intrinsic diffusivities are related by

DAB = XBDA + XADB (522)

x4 and xg are mole fractions of A and B in the solution.

Diffusivity in solids follow the Arrhenius equation 5.21 and activation energy
of diffusion is quite large. Table 5.4 gives diffusivity of different solutes in iron.
It shows that both activation energy for diffusion and diffusivity are strongly
related to size of atoms.

5.2.3 Conservation of mass

Let us consider an elemental volume AxAyAz as shown in Fig. 5.9. Since the
mass is conserved, the balance equation is

Rate of accumulation of species A in AxAyAz =
Rate in — Rate out + Rate of generation of A
in AxAyAz volume by reaction

Table 5.4 Diffusivity of solutes in y iron (Kucera and Stransky 1982)

Diffusing elements Do x 10" m2s~" Q kJ mol™" D at 1200K m%.s~"

Hydrogen 8.1 432 1.07 x 1078
Boron 2.0 87.92 298 x 10~ M
Carbon 738 158.98 8.86 x 10712
Nitrogen 480 1591 570 x 1072
Chromium 4080 286.8 1.34x 1076
Nickel 1090 296.8 131 x10° "

17
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5.9 Mass balance in a control volume.

In this case there are six faces. Mass flux enters through three faces and goes out
through the opposite three faces. N, enters at x though the face of area AyAz
and goes out through the face at x + Ax. Similarly, N4, enters at z through the
face of area AxAy and goes out at z + Az and N, enters at y through the face
of area AxAz and goes out at y + Ay. Hence mass balance equation can be
written as

O(AXAYAzCy)

ot = (AyAzZNx, | x — AyAzZNax | xax)

+ (AXAzZNay |y — AXAZN7y | yyay)
+ (AXAyNAZ | z AXAyI\IAz |Z+AZ)
+ AxAyAzRA (5.23)

where Ry is the rate of generation of A per unit volume by reaction.
Dividing throughout by AxAyAz and taking the limit Ax—0, Ay—0,
Az—0,

OCA  ONax

OCx _ ONay  ONa,
ot 0x ay 0z

Equation 5.24 is the general mass balance equation of a species in rectangular
coordinate. Table 5.5 gives the equation in different coordinate systems. These
differential equations along with appropriate boundary conditions are solved to
find out the concentration profiles and fluxes in a system. If we are interested in
finding out the concentration profile in a cylinder or a system having cylindrical
symmetry we use equation B of Table 5.5. Equation C of Table 5.5 is used for

+ Ry (5.24)
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Table 5.5 Equation of continuity of A in different coordinate systems

Rectangular coordinates

0Ca  ONax ONay = 0Oas

Z=A 2 _R A
o T Tox oy o A A
Cylindrical coordinates

oCa 10 1 ONa,  ONga,

ot Trar Mty g v R [B]
Spherical coordinates

Ca 10 5, 1 9 . 1 Onp

Tt o) F g g (N sin 0+ 5 55 = R €]

concentration profiles in a sphere. Although any problem can be solved in a
rectangular coordinate system, appropriate choice of coordinate system makes
the final equation simpler.

Diffusion in solid

Let us consider carburizing of steel as an application of diffusion in solid. A
steel plate containing uniform carbon concentration, C,, is exposed in a
carburizing gas atmosphere. The carburizing atmosphere maintains carbon
concentration on the top surface of plate at Cg, Fig. 5.10. We want to find out the
carbon concentration profile in the plate.

Carbon diffuses from the top to the interior of the plate in y direction. So
concentration gradient of carbon in x and z directions is zero. Furthermore,
carbon does not take part in any reaction in the steel plate, so R, = 0. Thereby,
the problem involves diffusion of carbon only in y direction and equation 5.24
simplifies to

5.70 Carburizing of steel.
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dC¢ _ ONcy
ot ay
where Cc is the concentration of carbon and N, is the carbon flux in steel in y

direction. Since concentration of carbon in steel is small, we neglect the bulk
flow term in the definition of flux given by equation 5.7 and simplify it as

oC
Ney = —De— 5.26
Cy By (5.26)
where Dc is intrinsic diffusivity of carbon in steel.
Substituting equation 5.26 in equation 5.25 and assuming that diffusivity of
carbon is constant

0Cc 9*Cc

o P
Equation 5.27 is known as Fick’s second law. The initial and boundary
conditions are

(5.25)

(5.27)

Att=0, y>0,Cc=Co (5.28a)
Att>0, y=0,Cc=Cs (5.28b)

Normally, the thickness of carburized layer is a fraction of a millimetre only and
carbon concentration far away from the top surface remains at C,. Thereby,
although the plate is of finite thickness, it can be considered as infinity and
another boundary condition can be written as

Att>0, y=o, Cc=Co (5.28¢)

To solve equation 5.27 along with equations 5.28a, b and ¢, we define two new
variables

n = y2(Dct)"? (5.29)
dC
p= d—nc (5.30)
We know,
8CC N 8CC @ N y 8CC n aCc

Ot On ot a2 o 208

dCc 1 aCc PCe 1 PCc
—=——>——and =

9y  2(Dct)'/? On dy* ~ 4Dct o

Using the above relationships and equation 5.30, equation 5.27 can be written
as

—2np = - (5.31)
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The variable n given by equation 5.29 has converted the partial differential
equation into an ordinary differential equation. This transformation, which
reduces the number of independent variables, is known as the similarity
transform. The boundary conditions given by equations 5.28 become

At n = 0, CC = CS (532&)
Atn=x, Cc=C (5.32b)

Integrating equation 5.31,
p=Aexp (—7)

where A is a constant. Substituting p from equation 5.30
——=Aexp (-7

Integrating in the limit 7 = 0 to 7 and using the boundary condition equation
5.32a,

7
Cc—Cs = A/ exp(—n?)dn (5.33)
0
Using the boundary condition equation 5.32b

Cy—Cs = A/ exp(—n*)dn = A\/T%
0

Or,

A =2(Cy — Cg)l/
Hence equation 5.33 becomes

(Cc = Cs) = (Co — Cy)erf(n) (5.34)
where

2 N
erln) = - /O exp (=) dn

Figure 5.11 shows the dimensionless concentration (Cc — Cg)/(Cy — Cg) as a
function of y/(4D.t)""2. This is essentially a plot of erf() with 7. The figure
shows that erf(n) ~ 1 when n = 2. This indicates that if y/(4Dct)” 2>2,Cc=Cy
or that carbon concentration is the same as the initial concentration. So if
maximum time of interest t,,, and length in the direction of diffusion, L, are
such that L/(4Dctmax)1/ 2> 2, the system can be considered as semi-infinite.

Example 5.5

A steel plate with 0.2% carbon is exposed to a carburizing atmosphere at 1223K.
Carburizing atmosphere maintains 0.5% carbon on the surface of steel. Calculate
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5.11 Variation of (Cc — Cs)/(Co — Cs) with y/(4Dct)"/2.

(a) the concentration of carbon at 1 mm away from the surface after 1 hour, (b)
the layer thickness where carbon is greater than 0.3% after 1 hour and (c) what
should be the carburizing time if the layer thickness of 0.3% carbon is to be
doubled?

Solution
Initial carbon concentration C, = 0.2, and surface concentration Cg = 0.5%.
From Table 5.4, at 1223K, diffusivity of carbon D¢ = 1.2 x 10" m?%s.

(@)

(b)

(©)

After 1 hour or 3600s, at y = 1 mm

n = y2(Dct)? = 1073/{2(1.2107"" x 3600)"?} = 2.4
erf2.4) =1

From equation 5.34, Cc = 0.5 + (0.2 — 0.5) x 1 = 0.2% or no change in %
carbon.

From equation 5.34, (0.3 — 0.5) = (0.2 — 0.5)erf(n) or erf(n) = 0.666.
Using Fig. 5.11, n = 0.67, from the definition of n, y =2 x 0.67 x (1.2 X
107" x 3600)"? = 0.28 mm.

Thickness of the layer having %C > 0.3% is twice that of (b) or y =
0.56 mm. Obviously the value of y/(4t)"> must be same both for (b) and (c).
0.28/(3600)"* = 0.56/t" or t = (0.56/.28)* x 3600, or 4 hours. HEM
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Evaporation of liquid

Figure 5.12 shows a volatile liquid A in a cylindrical container of cross-sectional
area S. A gas stream of A and B is flowing over container. The gas B is insoluble
in liquid A. The system is isothermal and the rate of evaporation is so slow that
the liquid level in the container does not change appreciably. We want to find
out the rate of evaporation and concentration profile of A in the container at
steady state.

The problem involves diffusion in a cylindrical container, so equation B of
Table 5.5 is the appropriate equation. But in this case diffusion of A is in z
direction only, so the final equation will be the same both in rectangular and
cylindrical coordinate systems. If we consider rectangular coordinates, fluxes
Nax and Nyuy are zero and for cylindrical coordinate, fluxes Nu, and Ny are
zero. Table 5.5 shows that equations A and B become identical for this
condition. There is no reaction, so rate of generation of A, R, = 0. We are
interested in a concentration profile at steady state so dC,/0t = 0. Hence the
conservation equation of species A simplifies to

dNay,
——Ar_9 (5.35)
dz
Integrating
Na, = Cy (5.36)

From the definition of flux, equation 5.7

dC
Naz = ~Dap — + Xa(Na + Np,) (5.37)
Since the gas B is insoluble in liquid A, the flux of B is zero.

Ng, = 0 (5.38)

Gas stream of Aand B

zw| 10 = X,-, ()]
r "f zwL
\‘ m L Il
| II
|B A' z
z=0} X I"l.‘ ]
6 \i ) z=0
10 - L 0

5.72 Evaporation of a liquid A from a container and concentration profiles of A
and B.
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Using the relation C4 = C.x where C is the total concentration of A and B and
equation 5.38, equation 5.37 can be written as

DapC d
Ny, = — —AB- TXA (5.39)
1 —xp dz
Substituting the above relationship in equation 5.36
d
—DapC - — 2 = Cydz
1— XA
Integration of the above equation gives
DABC ln(l — XA) = C]Z + C2 (540)

Taking the top surface of the liquid as z = 0, the boundary conditions are

Atz =0, XA = XaA0 (5.41a)
Atz =1L, XA = XAL (5.41b)

The values of x50 and x| are determined by the vapour pressure of liquid A and
the concentration of A in the gas stream that is flowing above the container
respectively. From equations 5.40 and 5.41

Cy = DagC In(1 — xa0) (5.42)
Dag , I —xaL
C,=C=221 5.43
! L " T— Xao (5.43)
Substituting equations 5.42 and 5.43 in equation 5.40 and rearranging
1- 1 - S/L
XA _ XAL (5.44)
1— XAo 1 — XA0

In terms of mole fraction of B, the above equation can be written as
Xp/XBo = (XBL/XBO)Z/L (5.45)

Although the flux of B is zero, the above equation shows that the concentration
gradient of B is not zero. Diffusive flux due to concentration gradient is exactly
balanced by the flux due to bulk flow. Figure 5.12 shows the concentration
profiles of A and B.

The rate of evaporation of A = S.Na,|,—0 (5.46)
Using equations 5.36 and 5.43

D 1-
Rate of evaporation of A = S C% In AL

(5.47)
I - XAo

When concentration of A in the gas phase is very small, In(1 — xa1) & —XaL
and In(1 — x40) &= —Xx40 and the above equation simplifies to
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. X — X
Rate of evaporation = SDApC TA0 T PAL

C (5.48)

The above equation can also be obtained from equations 5.36 and 5.37 by
neglecting the bulk flow term from the later equation.

5.2.4 Interface mass transfer

Quite often we are interested in finding out the rate of transport of a species from
one phase to another one. For example, evaporation of a liquid, dissolution of a
solid in a liquid, absorption of a gas by liquid, etc. involves transport of a species
from one phase to another. These are determined by the flux at the interface
between two phases Ny |x—o or Nao. Figure 5.13 shows the flux at interface.
This interphase transport between phases I and 11, is calculated using the concept
of mass transfer coefficient.

dCa

Nao = —Das (K) +x40(Nao + Npo)
x=0

= kma(Cao — Cap) + xa0(Nao + Ngo) (5.49)

where N is the flux of A from phase I to II, ky;a is the mass transfer coefficient
of A, Cpo and Cg4y, are concentrations of A in phase II at the interface and bulk
respectively and x,( is the mole fraction of A in phase II at the interface. The
interface concentration of A in phase II, C,y, is related to the concentration of A

Phasel [ 1> Nao Phase I

CAO

R

> NAO

8 L— stagnant film

——l——)NAO
1

5.13 Transfer of a species from phase | to 1.
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in phase I. For example: for evaporation of water at 300K, C,( is determined by
vapour pressure of water (phase I) at 300K. For removal of nitrogen from liquid
steel by argon purging, Cy, is determined by the partial pressure of nitrogen in
equilibrium with nitrogen dissolved in steel (phase I).

In a number of practical systems X,o is very small and equation 5.49
simplifies to

Nao = kma(Caw — Cav) (5.50)

A physical picture of mass transfer coefficient can be obtained from film theory.
According to this model, at the interface there is a stagnant film of thickness 4.
The concentration of A varies linearly in the film as shown by dotted line in Fig.
5.13 and beyond the film; concentration of A is the same as the bulk
concentration. So from equation 5.49 we get kyja = Dap/é. Using this concept
quite often we say that at the interface there is a stagnant film.

Mass transfer coefficient is a system property; in the sense it depends on the
shape and size of the system from which mass transfer takes place. Besides, it is
determined by density, viscosity, diffusivity and velocity of fluid. So

kma = f(p, g, Dag, v, L) (5.51)

where p, v and v are respectively density, viscosity and velocity of fluid and L is
the characteristic length of the system. Dimensionless analysis shows that
equation 5.51 can be expressed as

Sh = f(Re, Sc) (5.52)

where Sh, Re and Sc are respectively the Sherwood number, Reynolds number
and Schmidt number and are defined as

Sherwood number Sh = kyaL/Dag (5.53)
Reynolds number Re = pvL/p (5.54)
Schmidt number Sc = w/(pDag) (5.55)

The Sherwood number is the ratio of interface or convective mass transfer to
diffusive mass transfer rates. The Reynolds number is the ratio inertial force to
viscous force and the Schmidt number is the ratio of momentum diffusivity (u/p)
to mass diffusivity

Correlations for mass transfer coefficient

The mass transfer from a sphere is mostly calculated by Ranz and Marshall
correlation

Sh = 2 + 0.6(Re)"*(Sc)"" (5.56)

The characteristic length for both Sh and Re is the particle diameter. So Re
appearing in equation 5.56 is called the particle Reynolds number. When there is
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no fluid flow, the above relation predicts Sh = 2 which is obtained by theoretical
calculation. This correlation is often used for calculation of mass transfer in a
packed bed.

Example 5.6

A spherical drop of water of 0.5 mm diameter is falling through dry still air at a
velocity of 0.75ms ™', Assuming that the temperature of water droplet and air is at
300K, calculate the instantaneous evaporation rate. At 300K vapour pressure of
water is 0.035 bar. Density and viscosity of air at 300K are 1.177 kgm > and 18.53
x 10 °kgm's™ ' respectively. 1 bar = 10° Pa and R = 8.314 Pa.m’.mol 'K,
Atmospheric pressure = 1.013 x 10° Pa.

Solution

Rate of evaporation = surface area of droplet x Npg = (0.5 x 107%)? Nao
From equation 5.49, Npag = [km(Cao — Cap) + Xa0(Nao + Npo)]

In the present case A is H,O and B is air. Since air is not soluble in water, Ngy = 0,

Nao = km(Cao — Can)/(1 — Xa0)
Rate of evaporation = 257 x 10™° [kp(Cao — Cap)]/(1 — Xao)

Cao = pao/RT = 0.035 x 10%/(8.314 x 300) = 1.4 mole/m?
Cap =0
XA0 = pao/atmospheric pressure = 0.035 x 10°/1.013 x 10° = 0.0345
Dy, 0-ir at 300K = 0.255 x 10~*m?/s from equation 5.16
Re = pvL/p = 1.177 x 0.75 x 0.5 x 107%/18.53 x 107 ® = 23.8
Sc = p/(pDap) = 18.53 x 107%/(1.177 x 0.255 x 10~*) = 0.617

From equation 5.56, Sh = 2 + 0.6 x (23.8)"% x (0.617)"° = 4.49
Ky = Sh.Dop/L = 4.49 x 0.255 x 107%0.5 x 107> = 0.229 m%/s

So rate of evaporation = 257 x 107° x 0.229 x 1.4/(1 — 0.0345)
=26.1 x 107" mole/s EEE

5.3 Heat transfer

When a hot object is kept in atmosphere, heat is transferred from the surface of
the object to the surroundings by convection and radiation. As the surface is
cooled, heat is transferred from the interior of the object to the surface by
conduction. These processes continue until the temperature of the object
becomes the same as that of the surroundings. In all the three modes of heat
transfer namely, conduction, convection and radiation; the driving force is
temperature difference.

The conduction of heat in solid and liquid takes place due to molecular
vibration and that in gas by molecular collision. Convective heat transfer has
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two limiting cases: forced and natural. In forced convection the flow is due to
external forces whereas in natural convection, it is due to density difference.
When a hot object is kept in stagnant air, the heat transfer is by natural
convection. The air in contact with the hot object becomes hot and thereby
lighter and moves up and cold air from the surroundings occupies the space.
This leads to fluid motion that is termed as natural convection. On the other
hand, if the hot object is cooled by blowing air over it, the mechanism of heat
transfer is forced convection. Both conduction and convection of heat takes
place through a material medium, but energy is transported through empty space
by radiation.

5.3.1 Conduction

Let us consider a plate that is at a uniform temperature T°. At time, t = 0, the left
face is suddenly raised to a temperature Ty, Fig. 5.14(a). Due to difference in
temperature, heat flows from left to right by conduction and temperature along
the length increases with time as shown in Fig. 5.14(b). After sufficiently long
time, temperature profile attains the steady state Fig. 5.14(c). Both during steady
and unsteady state, heat flows from left to right. This flow of heat is measured in
terms of heat flux defined as the amount of heat flowing through unit area per unit
time in a direction normal to the area. The heat flux by conduction is given by
dT

=k 5.57
q o (5.57)

t=0 Short time Steady state

T° T T(x.t) TO
T(x)

70 T0

5.74 Temperature profile in aslab. (a) The left face of the slab is suddenly raised
to Toatt = 0. (b) Temperature profile after some time. (c) Temperature profile
at steady state.
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where qy is the heat flux in x direction W/mz, k is the thermal conductivity of
material Wm ™ 'K™" and dT/dx is the temperature gradient K/m. The negative
sign in equation 5.57 indicates that heat flux and temperature gradient are in
opposite direction. In Fig. 5.14 temperature decreases with increase of x, dT/
dx is negative, and heat flux is positive or it is in direction of increasing x. It
should be noted that the flux is a vector and its sign gives the direction of
flow. Equation 5.57 is the one-dimensional form of Fourier’s law of heat
conduction.

In the example above, temperature depends only on its distance from the face
or T is a function of x only. But if temperature varies from point to point, i.e., if
T is a function of x, y and z, heat will flow in all directions. It is given by

g = —kVT (5.58)

The components of heat flux in different coordinate systems are similar to that
for molar flux J, given in Table 5.1. The above equation is the three-
dimensional form of Fourier’s law of heat conduction and is valid for a medium
whose conductivity is the same in all direction. These types of materials are
known as isotropic material. But a number of materials, for example laminated
composites, unidirectional fibrous composite material like bamboo etc., are not
isotropic, i.e., conductivity is different in different directions. For non-isotropic
materials equation 5.58 takes the form

q" = — ikxg—z—i-jkyg—;-i-kkzg
where ki, ky and k, are thermal conductivity of the material and i, j, k are unit
vectors in X, y, and z directions respectively.

(5.59)

Example 5.7

Two faces of a stainless steel plate of 0.1 m* area and 4 mm thickness are kept at
723K and 323K respectively. The temperature profile in the plate is linear.
Calculate the heat flux and total heat transferred in one minute through the plate.
Thermal conductivity of stainless steel is 19 Wm ™ 'K ",

Solution

The problem involves heat transfer only in one direction and heat flux is given
by equation 5.57. Let us assume that the face at temperature 723K as x = 0
and that at 323K as x = Ax. Since the temperature profile is linear, dT/dx =
(T|ax — T|o)/Ax = (323 — 723)/(4 x 107) = —10° K/m. So heat flux = 19 x
10°Wm 2. The direction of heat flux is +ve direction of x.

Total heat transferred in one minute
= area of the plate x heat flux x time in seconds
=0.1 x 19 x 10° x 60 = 1.14 x 10"J EEE
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5.3.2 Thermal conductivity

According to kinetic theory of gases, thermal conductivity of monatomic gases
is independent of pressure and is proportional to square root of temperature. The
predicted pressure dependence is valid up to 10 atmospheres but temperature
dependent is too weak. The temperature dependence of the thermal conductivity
of gas can be expressed as

k = ko(T/Tp)" (5.60)
where kg is thermal conductivity at T K. Eucken’s equation
k = (C, + 1.25R/M)u (5.61)

is widely used for estimation of thermal conductivity of gases. C,, R, M and u
are respectively specific heat, gas constant, molecular weight and viscosity.
Table 5.6 gives the thermal conductivity of some common gases. It shows that
thermal conductivity of hydrogen is much higher than other gases.

Thermal conductivity of liquid

Thermal conductivity of liquid depends on the nature of the liquid. Liquid
metals have a much higher thermal conductivity compared with water or slag.
Table 5.7 shows the thermal conductivity of different liquids.

Thermal conductivity of solids

Energy is transferred due to elastic vibrations of the lattice in solids. In the case
of metal, besides the above mechanism, free electrons moving through the
lattice carry energy. Heat transferred by the latter mechanism is greater than that

Table 5.6 Thermal conductivity of some common gases (Wm~' K™")

Gases H, H,0 CcO CO, Air
k x 10%at400K 226 26.1 31.8 24.3 33.8
k x 10°at800K 378 59.2 55.5 55.1 57.3

Table 5.7 Thermal conductivity of liquids (Wm™"K™")

Material Temp. K k Material Temp. K k
Water 293 0.59 Aluminum 933 91
Glycerol 293 0.29 Copper 1600 174
Slag 1873 4.0 Iron 1809 40.3
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Table 5.8 Thermal conductivity of solids at room temperature

Material Al Cu Brass Fe Steel Concrete  Brick

kWm K™ 237 398 127 79 52 0.9 0.6

by the former. So thermal conductivity of metal is much higher than that of non-
metals. Thermal conductivity of pure metal decreases with temperature. Table
5.8 gives thermal conductivity of some solids.

Thermal conductivity of porous solid is given by

ket = k(1 — €) (5.62)

where ke and k are the thermal conductivity of porous solid and solid
respectively and e is the void fraction in solid.

5.3.3 Conservation equation

Let us consider an elemental volume AxAyAz as shown in Fig. 5.15. Since
energy is conserved, the balance equation is

Rate of accumulation of energy in AxAyAz = rate in — rate out
+ rate of generation of energy in AxAyAz volume (5.63)

In Fig. 5.15, heat enters through three faces and goes out through the
corresponding opposite three faces. In the case of stationary solid, heat flux is
only by conduction. So following the procedure given in Section 5.2.3, we get

49,
9y
,/(1X+Ax,y+Ay,z+Az)
1
1 .
z !
N Az
1
1
aG | %
y 1
5
4
4
/, f Ay
s '
X X,¥,Z, AX
g, 0¥2) ‘
9

5.15 Heat balance in a control volume.
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%(PCpT) = _%_%_%+HG (5.64)
where pC,T is the heat content per unit volume and Hg is the rate of heat
generation per unit volume. Assuming p, C, and k are constant and using the
definition of flux equation 5.58, the above equation can be written as

T T  0*T  &°T
P%t:kﬁ)(z+gyz+gzz]+HG (5.65)

In the case of fluid, the terms ‘rate in” and ‘rate out’ in equation 5.63 include
heat transfer due to bulk flow as well. Similarly if the solid is in motion, in the
direction of motion, the terms ‘rate in’ and ‘rate out’ include heat flux due to bulk
motion. Table 5.9 gives the general heat balance equation in different coordinate
systems. These equations are valid for solids and incompressible fluids.

Heat generation within a solid can be due to phase transformation, chemical
reaction or electrical heating. In the case of fluid besides the above mechanisms,
heat generation can be due to viscous dissipation as well. But normally heat
generation due to viscous dissipation is very small and is neglected.

pC

Steady state heat conduction

Let us consider heat transfer in the plate shown in Fig. 5.14. The appropriate
energy balance equation is equation A in Table 5.9. In this case heat transfer
takes place only along the x axis that is normal to the plate face. So, heat flux in
y and z directions is zero. The plate is stationary so vy, vy and v, are also zero. At
the steady state, 0T/0t = 0 and there is no heat generation in the plate, Hg = 0.
Hence equation (A) of Table 5.9 becomes

Table 5.9 Energy equation for incompressible media in different coordinate systems

Rectangular coordinates

[oT oT oT dT] _ [Odax , Oay  0Oa.
pc"_aﬁ"*ax*"yay*"zaz} _*{ax Ty T oz

} 1 Ho Al

Cylindrical coordinates

T oT vyoT  oT]  [10 100, 0q,
pcpa”raﬁ%”za}*‘{?5“‘“*?%*az} He [B]
Spherical coordinates
C -g+v g+ﬁg Vo g
PEelae ™ ar Ty 90 T rsin 6 96

Mo, 1 0 1 o,

=l g ae % SN O g g | T He (€]
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dq

20

dx
Integrating,

Ix = C

where C, is the integration constant.
Using the definition of heat flux, equation 5.57, the above equation becomes

T
49T _ ¢ (5.66)
dx
Integrating,

Integration constants C; and C, are evaluated from the boundary conditions.
Atx=0,T =T, and x=L T=T,

Using these conditions in equation 5.67

C, = k(Ty — T)/L (5.68)
C> = KT, (5.69)
and
T =Ty (T — TL)% (5.70)

Quite often we are interested in the case where one face is maintained at
temperature T but the other face is exposed to the atmosphere. In this case the
boundary conditions are

dT
Atx=0,T=T, and x=L -k_-=hT-T) (571
X

where h is the heat transfer coefficient and T, is the ambient temperature. C, is
same as that given by equation 5.69. Using equations 5.67 and 5.71

—C,L +kT
C,=h —Gib+ ko T,
k
Rearranging
o To—Ta
C = 1 +L (5.72)
h k
So
X To —T
T:TO_ETLa (5.73)
h k
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5.16 Electrical analogy for heat loss through a plate. Touter face 1S the
temperature of outer face exposed to atmosphere.

Heat is lost through the face at x = L, so the rate of heat lost per unit area is

dT
Hposs = —k <&) .

At steady state dT/dx is constant so heat loss per unit area is same as heat flux
and is equal to C;, see equation 5.67, hence

To—T
Hioss = H (574)
h Tk

Using an electrical analogue, one can say that heat loss is similar to current, the
numerator of above equation is the driving force and the denominator is the
resistance for heat loss. Two resistances, one due to plate, L/k, and other one due
to the interface, 1/h, are in series. Figure 5.16 shows the electrical analogue.

Heat loss through composite wall

Let us consider heat flux at the steady state through a composite wall made up of
two layers shown in Fig. 5.17(a). The thickness of layers 1 and 2 and their
thermal conductivities are L;, L, and k;, kj, respectively. Obviously, at the
steady state temperature profiles of the layers are given by equation 5.67 and can
be written as:

Layer 1 Layer 2
T
.
\ T. Ly L; 1
L"“'—-__‘__ T Ky k3 h
~] T, A AN
= a
T Ty 15 T
x=0 x=L, x=Lyi+L;
(a) 10)

5.17 (a) Temperature distribution in composite wall and (b) electrical
analogue of heat flux.
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Forlayer I T'=C;x + C, (5.75a)
For layer 2 T" = C3x + C4 (5.75b)

The integration constants, C;, C,, C3, C4, are determined by the following
boundary conditions

Atx =0, T =T, (5.76a)
The outer face is exposed to atmosphere, so
Atx =L, + L,, —ky(dT"dx) = h(T" — T,) (5.76b)

The walls are in perfect contact, so temperature and heat flux at the interface
must be the same. Or

Atx=L, T'=1" (5.76¢)
ki (dT"dx) = k, (dT"/dx) (5.76d)
From equations 5.75 and 5.76,
C = (kz/kl)c3
C, =T,
To—T,
Cy=— 07 7a
ta + Ly + k)
o !

C4 == L1C3(k2/k1 - 1) + T()

TO_Ta
1 Ly L,

R TR

Heat loss = (—kodT"/dx)—1 o1, = —koC3 = (5.77)

Figure 5.17(b) shows the electrical analogue for heat loss through the composite
wall. Using the electrical analogue, we could directly obtain equation 5.77.

Temperature distribution in a hollow cylinder

Let us consider a hollow cylinder with inner radius r; and outer radius r,, Fig.
5.18. Inner and outer faces are at T, and T, respectively. Obviously, the
appropriate equation for energy conservation is equation B in Table 5.9. In the
hollow cylinder, heat conduction is in the radial direction only; thereby q, and qy
are zero. Furthermore, there is no heat generation and all velocity components in
equation B are zero, so at steady state the equation simplifies to

d

dr (rq:) =0 (5.78)
Integrating
rq, = C
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5.18 Schematic diagram of a hollow cylinder.

Since
. dT
=%
dT
—k—=0C
ar
Integrating

—kT = C] Inr + Cz
The boundary conditions are

Atr:rl, T:Tl
Atr:rz, T:T2

Using the above boundary conditions
In (1)

I
In (r—2)

Iy

=T, —(T) —Ty)
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5.719 Temperature distribution in a hollow cylinder and sphere. Ratio of inner to
outer radius (rq/r,) is 0.3.

The above equation can be written in a dimensionless form as

In d

T-— T1 - I
Tz — T] n <I‘2>

In{ =

I

Figure 5.19 shows the dimensionless temperature profile in a hollow cylinder. It
shows that temperature profile deviates considerably from linearity.

(5.79)

Steady state temperature distribution in a spherical shell

Let us consider a hollow spherical shell of inner radius r; at temperature T, and
outer radius r, at T,. Heat conduction takes place only in the radial direction.
The appropriate equation is equation C in Table 5.9 which simplifies for the
steady state conduction problem without heat generation to

d
—(r’q) =0
dr( qr)
and boundary conditions are

Atrzrl, T:Tl
Atrzrz, T:T2

The solution of the differential equation along with the above boundary
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condition is

I 1

T-Ti 1 r
= 5.80
o (5:80)

T I

Figure 5.19 shows the dimensionless temperature profile in a hollow sphere.
Comparison of temperature profiles in a hollow cylinder and sphere shows that
the curvature of the latter is greater.

5.3.4 Heat transfer coefficient

At solid—fluid interface, heat flux from solid to fluid or fluid to solid is defined
as

q=h(T, = Ty) (5.81)

where Tj is the temperature of solid surface in contact with fluid, T, is the bulk
fluid temperature and h is the heat transfer coefficient, Wm 2K ', Equation
5.81 is also used for heat transfer between two fluids. h is often termed as
convective heat transfer coefficient to differentiate it from radiative heat transfer
coefficient. The value of h depends on characteristic length of body, fluid
properties like thermal conductivity, density and specific heat and velocity of
fluid. By dimensional analysis it can be shown that

Nu = f(Re, Pr) (5.82)
where

Nusselt number Nu = hL/k
Prandtl number Pr = C,uk = via

where L is the characteristic length of the system and a = k/pC,, is thermal
diffusivity and v = p/p is momentum diffusivity or kinematic viscosity. The
Nusselt number measures the ratio of interface or convective heat flux to
conductive heat flux and the Prandtl number is the ratio of thermal diffusivity to
momentum diffusivity.

The heat transfer from a sphere is often calculated by Ranz and Marshall
correlation

Nu = 2 + 0.6(Rep)"*(Prp'? (5.83)

The characteristic length for both Nu and Re is the particle diameter. The suffix
f in Re and Pr indicates that these should be evaluated at the film temperature
which is taken as average of surface and bulk temperature. This relationship is
also often used for calculation of heat transfer in the packed bed. Comparison of
equations 5.56 and 5.83 shows that the relationship between Sh, Re and Sc
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number for mass transfer is the same as that between Nu, Re and Pr for heat
transfer. This is true not only for a sphere but for other systems as well.

Example 5.8
Show that when a hot sphere is placed in stagnant air, in the absence of natural
convection, Nu = 2.

Solution
Let T, be the temperature of the sphere or temperature of air in contact with the
sphere and T is the temperature of air far away from it. Stagnant air around the
sphere is an infinitely large hollow sphere whose inner radius is the radius of the
sphere ry and the outer radius r, = . So equation 5.80 simplifies to
11
T:To—(To—To() — — — Iy
To T
To
T=Tx+ (To —TO()?

Heat flux at the outer face of the sphere is

kK (d_T) =k To—Tx
dr ) To

Equating the above equation with equation 5.81,

h = k/rg = 2k/D
since in the case of the sphere the characteristic length is the diameter of the
sphere, D,

Nu = hD/k =2 EEN

5.3.5 Radiation

A hot body emits radiation in a continuous band of wavelength in the range of
0.1 to 100 microns. This is known as thermal radiation and it includes ultra
violet, visible range and infra red of the electromagnetic radiation spectrum. The
proportion of different frequencies of radiation emitted by a hot body depends
on its temperature and thereby its colour changes with temperature. Like all
electromagnetic waves, heat radiation travels through space at the velocity of
light.

Emissivity and absorptivity

When radiation falls on an object, a part of it is reflected, a part is transmitted
through the object and the rest is absorbed, Fig. 5.20. If G is the flux of radiant
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G incident

pG reflected
]

i
¢ Absorbed oG

i
'
Transmitted tG

5.20 Schematic illustration of absorption, reflection and transmission of
radiation falling on a body.

2

energy Wm'™ ~, then

G =aG + pG + 7G
or
a+p+7=1 (5.84)

where « is the fraction of incident radiation absorbed or absorptivity, p is the
fraction reflected or reflectivity and 7 is the fraction transmitted or
transmissivity. Most of the solids and liquids are opaque to thermal radiation,
so the above equation simplifies to

at+p=1 (5.85)

For any real body absorptivity « is less than unity and varies with the frequency
of radiation. A body for which « is a constant over the entire range of frequency
is known as a grey body. This is a hypothetical body but we idealize all real
bodies as grey bodies for thermal radiation calculations. A limiting case of grey
body is o =1 for all frequencies and temperature. This is known as a black
body. A cavity absorbs all radiation falling on it and hence is a black body.
Let q and qy be, respectively, total radiant energy emitted per unit area per
unit time (Wm ™ ?) by a real surface and a black body when they are at the same
temperature. The ratio g/qp is known as emissivity € of the real surface. Or

€ = q/qQp (5.86)

Let us consider that a grey body of surface area A is enclosed in a cavity and
both grey body and cavity are in thermal equilibrium. Obviously, for thermal
equilibrium, the energy absorbed by the grey body must be equal to that emitted
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by it. Since the cavity is a black body, radiation emitted by it is q, Wm 2 and
energy absorbed by the grey body is Aaq,. Hence

Aq = Aaqy (5.87)
Comparing equations 5.86 and 5.87
a=c¢€ (5.88)

So, at a given temperature emissivity and absorptivity are equal for any solid
surface. This is Kirchhoff’s law. Highly polished metal surfaces reflect most of
the radiations falling on them so their emissivity is very low. It is in the range of
0.015-0.06. Emissivity of refractory bricks lies between 0.85 and 0.95.

The total energy emitted per unit area per unit time by a black surface is
given by the Stefan—Boltzmann law.

Q= oT* (5.89)

The Stefan—Boltzmann constant ¢ = 5.67 x 10~ Wm 2K *. For non-black
bodies, the radiant energy emitted per unit area per unit time is

q = oeT? (5.90)

View factor

Let us consider exchange of radiation between two black surfaces 1 and 2 shown
in Fig. 5.21. Obviously only a fraction of radiation emitted by surface 1 will be
intercepted by surface 2 and vice versa. So radiation energy transferred from 1 to
2 and 2 to 1 can be written as

Qi—2 = qpiAiF12
Qo1 = qpaAsky

where F, is the fraction of radiation energy emitted by the unit area of surface 1
which is intercepted or viewed by surface 2 and F,, is the fraction of radiation
energy emitted by the unit area of surface 2 which is intercepted by surface 1.
These are known as the view factor. The view factor is a geometric factor and
can be calculated analytically. The plots of these values for different geometries

X2 wbr wix

5.27 Radiation exchange between two black bodies.
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are available in textbooks on heat transfer. It can easily be proved that the
fraction of total energy emitted by surface 1 and intercepted by surface 2 is equal
to fraction of total energy emitted by surface 2 and intercepted by surface 1. Or
A1F 1, = A,F,;. This is known as the reciprocity relation. Hence net exchange of
radiation energy between 1 and 2 is

Qi2=Qi2 — Qi = AF12(qe1 — qp2) = AsF21(qp1 — qp2)(5.91)

The definition of the view factor indicates that the view factor for two large
parallal plates of equal dimension separated by a small distance is unity since
radiation emitted by one plate is fully intercepted by the other. Also, if an object
1 with surface area A; is surrounded by object 2 having surface area A,, Fj, =1
since all radiations emitted by surface 1 are intercepted by 2, but F,; < 1. Using
the reciprocity relation, F»; = A;/A,. Since the view factor is the fraction of
radiation emitted by a surface and intercepted by another surface, then if a
surface 1 is enclosed by surfaces 2, 3, ... n

F]] +F|2+F|3+...F1n:1 (592)

If the surface 1 is convex, it will not intercept any radiation emitted by itself and
F]] - 0

Heat exchange between grey bodies

Real bodies are considered as grey bodies where o < 1. So when radiation falls
on a grey body, a part is reflected back and treatment becomes complex because
of multiple reflection of radiation between surfaces. To overcome this problem,
we define G as total incident radiation flux on a surface (Wm™?) and J as the
total radiation flux leaving the surface (Wm~?). Obviously J has two
components, namely radiation emitted by the surface, eq,, and radiation
reflected by the surface, pG. J is known as radiosity. So

] =eqp + oG
Using equation 5.85 and 5.88,

p=1—c¢€
Hence,

I=e€eqp+ (1 -G (5.93)
Net heat flux leaving the surface is

Unet =1 — G

Substituting the value of G from equation 5.93

€
Onet = :(qb - J)
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5.22 Electrical analogue of radiation heat exchange between grey bodies. (a)
Net heat flow from a surface of area A. (b) Heat exchange between two grey
bodies.

Therefore net heat flow from a surface of area A is
€
Qut = 1 Alab —J) (5.94)
Using an electrical analogue, net heat flow can be considered as current. The
driving force for net heat flow from a surface is (q, — J) and the resistance is
(1 — €)/(Ae). Figure 5.22(a) shows the electrical analogue for a grey surface.

Now let us consider radiative energy exchange between two grey bodies 1
and 2.

Qi2=0Q1-2 Q1 = AFJ) — AsFa)s
Using the reciprocity theorem, the above equation can be written as

I =17
Q=" (5.95)

AiFpp

Using the electrical analogue, the numerator of the above equation can be
identified as the driving force and the denomenator as the resistance for heat
exchange. To evaluate J; and J, and thereby Q;_,, we draw the electrical
analogue of heat exchange between two grey bodies, shown in Fig. 5.22(b). It
shows that the driving force heat flow from surface 1 is (q,; — J;) and resistance
is (1 — €)/(Ay€;1) (equation 5.94). The driving force for heat exchange between
surfaces 1 and 2 is (J; — J,) and resistance is (1/AF;,) (equation 5.95) and
finally the driving force for heat flow to surface 2 is (J, — qy») and the resistance

is (1 — e2)/(Ases). So
qs1 — o2

Que=1—— 1 1-4
Arer AtFn Ay
It can be noted that the above equation reduces to equation 5.91 for black bodies.

Let us consider two large parallel plates of equal size separated by a short
distance. Here A; = A, = A and F|, = 1, hence equation 5.96 simplifies to

(5.96)

Qi = M (5.97)

— 1+ —
€1 €2
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Quite often, we encounter the problem where a small convex grey body is
enclosed in an isothermal enclosure. The latter can be treated as a cavity or a
black body. Considering the grey body as surface 1 and the enclosure as surface
2, F1, = 1 and ¢, = 1, so equation 5.96 simplifies to

Q2 = Ajei(qo1 — qb2) (5.98)

In a real system, gases are mostly present. So heat exchange by radiation
between surfaces takes place through them. Gases with symmetric molecules
like He, H,, O,, N, etc. are transparent to thermal radiation so their presence
does not affect heat exchange by radiation. But CO, CO,, H,O, SO,, NH;, HCI,
etc. are not transparent to thermal radiation. They absorb and emit thermal
radiation in some narrow bands of wavelengths. For example, CO, absorbs
radiation in wavelength ranges of 2.4-3, 4-4.8 and 12.5-16.5 um. So if these
gases are present in significant amount as in the case of fuel-fired furnaces, their
effect on radiation heat exchange cannot be neglected.

5.4 Fluid flow

If we allow water to flow through a long horizontal glass tube and inject a dye
into it, we will notice that the dye moves in a straight line at low flow rates of
water. But the dye gets dispersed throughout the cross-section of the tube at a
short distance from the entry point at high flow rates. Figure 5.23 schematically
shows behaviour of dye. This experiment was first performed by Osborne
Reynolds in 1883 to show that there are two types of flow behaviour of a fluid.
At low flow rates, fluid elements maintain their own path. But at high flow rate,
swirling or circular motion is generated within small packets of fluids, known as
eddies. These eddies move in random fashion within the fluid and are
continuously formed and destroyed by interaction with the surrounding fluid.

Low flow rase Lamenar fiow

L P

High flow rate Turtulent flow

5.23 Behaviour of dye streak injected with water in a horizontal tube.
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5.24 Schematic diagram of laminar and turbulent velocity at a point at steady
state.

This leads to rapid mixing of dye. The size of eddies can vary from fractions of a
millimetre to fairly large values. The first type of flow is known as laminar flow
and the second type is known as turbulent flow. Figure 5.24 shows schematically
the velocity at a point in laminar and turbulent flow at steady state. Turbulent
velocity at a point fluctuates about a mean value because of movements of
eddies. This fluctuation is often 20-30% of the mean value.

The transition from laminar to turbulent does not take place suddenly. As
velocity is increased a transition region occurs, when the flow becomes unstable
and forms local turbulent spots or eddies. With further increases in velocity,
local turbulent spots spread and finally the flow becomes fully developed
turbulent flow. In the transition region, the dye streak in the pipe flow becomes
wavy.

Although most of the flows of metallurgical systems are turbulent, in the
present section we will primarily discuss laminar flow.

5.4.1 Newton’s law of viscosity

Let us consider a liquid between two parallel plates as shown in Fig. 5.25(a).
Initially the liquid is at rest and at time t = 0, the top plate is given a constant
velocity v,. The fluid, which is in contact with the top plate, moves with the
velocity vy. The top layer of liquid drags the layer just below it. Similarly this
layer in turn drags the layer below it and this continues. Figure 5.25(b) shows
the velocity profile after a short time where velocity profile is changing with
time. Figure 5.25(c) shows the steady state velocity profile. The velocity of any
layer is less than that of the upper one and the velocity of the bottom layer,
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5.25 Velocity profile of fluid between two parallel flat plates. (a) Att =0, top
plate is set to motion with velocity v,. (b) Velocity profile after a short time,
unsteady state. (c) Velocity profile at steady state.

which is in contact with the stationary plate, is zero. The motion of the top
plate has resulted in x momentum (or x component of momentum) which
travelled in y direction due to viscous drag. This momentum flux (amount of
momentum transferred per unit area per unit time in a direction normal to the
area) is given by:

Tyx = —[4 (31—\;( (5.99)
where o is the viscosity of fluid. The negative sign in the equation shows that the
direction of momentum transfer is from high velocity to low velocity. Equation
5.99 is Newton’s law of viscosity. The above equation has another meaning. To
move the top plate with velocity v,, a shear force has to be applied. This shear
force per unit area or shear stress is 7yx. The subscript yx indicates that the shear
force is in x direction and is acting on a plane of constant y. The unit of shear
stress is Pa or kgm~'s ™2, the same as that of momentum flux, and the unit of
viscosity is kgm 's™' or Pa.s. The fluids that obey this law, i.e. the fluids for
which p is independent of shear rate, (dv,/dy), is known as Newtonian fluid. All
gases and most of the simple liquids follow Newton’s law.

When 7y, is considered as momentum flux, y gives the direction of
momentum flux and x the component of momentum. On the other hand when
Tyx 18 considered as shear stress, it is in the x direction and is acting on a fluid
surface of constant y. So the direction of momentum flux and shear stress are not
the same. Shear stress is always in the direction of velocity or momentum
component.

Although equation 5.99 has the same form as that of mass flux given by
equation 5.3 or heat flux (equation 5.57), there is a basic difference between this
equation and other two. Velocity is a vector but temperature and concentration
are scalar. So the heat and mass fluxes are vectors and have three components
but the double suffix in 7 indicates that in three-dimensional problem 7 has
nine components and it is the stress tensor.

46



220 Fundamentals of metallurgy

Example 5.9

Two flat plates of area 0.06 m* are 0.05 mm apart (Fig. 5.25). The space between
the plates is filled by a lubricating oil of viscosity 0.2 kgm 's~'. The lower plate
is stationary and the upper plate moves with a velocity of 20 mm/s. Calculate the
momentum flux from the upper to lower plate at the steady state. What is the
force required to keep the upper plate moving?

Solution
At the steady state, the velocity profile is linear as shown in Fig. 5.24. Taking
the top plate as y = 0,

dvy
dy
Momentum flux

Tyx = —0.2 x (—400) = 80kgm's?

=(0—-20x107%)/(0.05 x 107%) = —400s~!

Tyx is the shear force on the top plate. So the force required to keep the plate
moving is

F = 7y x area of plate
=80 x 0.06 = 4.8N EEN

5.4.2 Viscosity of gases and liquid

The kinetic theory of gases shows that viscosity of gases is directly proportional
to the square root of temperature and independent of pressure. The latter is found
to be true when pressure is less than 10 atmospheres but exponents of
temperature for real gases are higher. The temperature dependence of viscosity
is

1= o (T/To)" (5.100)

where p and g1 are viscosity at temperature T and T, respectively. The exponent
n lies in the range 0.6—1.0.
Table 5.10 gives the viscosity of some common gases

Table 5.70 Viscosity of gases (kgm’1 s~ or Pa.s)

Gas H2 Hzo CcO COQ Air
ux 10°at400K  1.09 1.32 2.21 1.94 2.29
ux 10%at800K  1.77 2.95 3.54 3.39 3.64
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Viscosity of liquids

Viscosities of liquids vary widely depending on the nature of liquid. Viscosities
of water and liquid metal are very low but that of slag and some of the organic
liquids are very high. Viscosity of liquid decreases with temperature. Table 5.11
shows the viscosity of several liquids.

Table 5.11 Viscosity of liquids (kgm™' s~ or Pa.s)

Material Viscosity
Water at 293K 0.86 x 1072
Glycerin at 293K 1.49

Lead at 700K 215%x 1072
Iron at 2000K 56 %103
Slags 0.1-10

5.4.3 Conservation of momentum

Quite often, we need to find out the velocity distribution in a system. This is
obtained by solving the equation of continuity or conservation of mass and
conservation of momentum or equation of motion. These equations are

Rate of mass accumulation = rate of mass in — rate of mass out

Rate of momentum accumulation = rate in — rate out
+ sum of forces acting on system

In Sections 5.2.3 and 5.3.3 we have derived the conservation of mass and heat
in a differential volume. Following the same procedure, the equation of
continuity and conservation of momentum can be derived. The final form of
these equations for incompressible Newtonian fluids in different coordinate
systems is given in Tables 5.12 and 5.13. The equation of motion given in Table
5.13 is known as Navier—Stokes equation. Since all liquids are incompressible
and even gases can be considered as incompressible if the velocity is much less
than that of sound, these equations have a very wide applicability. The equation
of motion contains four unknowns, three components of velocity and pressure.
The three equations of motion given in Table 5.13 along with the equation of
continuity given in Table 5.12 are the required four equations for the four
unknowns.

Flow through a pipe

Let us consider steady state liquid flow through a horizontal pipe as an example
of the application of the equation of motion. The flow is laminar and we are
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Table 5.72 Equation of continuity for incompressible fluid

Rectangular coordinates

OVy 8vy ov,

ox oy 0z =0 Al
Cylindrical coordinates

10 1 0vy Ov,

Tt T, =0 [B]

Spherical coordinates

10 1 9 1 dv,

28( Vr)+rsnn060(\/98|ng) sineﬁ_gzﬁ:o [

interested in the velocity profile away from the entrance zone where the entrance
effect is absent and the flow is fully developed. Since the system is cylindrical,
we use a cylindrical coordinate system. Fluid flows in the z direction, so velocity
components in the radial and 6 direction, v, and vy are zero. Using the above
considerations, the equation of continuity in Table 5.12, equation B, simplifies to

ov,
0z
The above equation indicates that v, is independent of z.

The relevant equation of motion is equation F in Table 5.13. This equation
gets simplified for the following reasons:

=0 (5.101)

(a) Cylindrical symmetry suggests that v, is independent of  and the equation
of continuity, equation 5.101, shows that v, is independent of z. So all
derivatives of v, with respect to z and 6 are zero.

Table 5.13 Equation for motion for Newtonian fluid with constant p and p

Rectangular coordinates
X component

[Avy iy vy XLy vy XLy OV 82vx Pvx  Pv] 9p N A
Plac ™ ax "oy TVe ez TH e Ty a2 | ox P
y component

[Ovy dvy dvy avy] _ 62vy vy  0%v,] Op
Plac PV ax TV ay TV TH e T2 Taz | Ty TPy [B]
zcomponent

_%4‘ %—FV %—FV % — _azvz +_62Vz _82\/2 _%+ [C]
Plor "V ax "oy TV ez TH e TavE T a2 az P
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Table 5.13 Continued

223

Cylindrical coordinates
r component

8vr+ 8V’+ﬁ%,vj+v%
a Vo Tr e v oz

_[o 1_2(“/) 1 0%y, 2 0dvy v, _@_’_
Mo\ rar Y or P9

+r2 062 r2 W_._ 0z2

# component

%+ vy Vg Vg Vivg v%
o Vo T e r ? 0z

_ — 1__( +1_8_+3% @ _1_@_’_
Mo\t or o) r2 002 12 89+ 0z2 rop  PY

P ot o v o oz
1o r% +1_ v, D%v, _@+
- o [T o T az| oz P9

Spherical coordinates
r component

v, v, vy Ov, vy ov, (Vi+ Vi)
p{@t+vr6r+r 6r+rsin987q§7 r
2 2 v 2 2 vy Jp
- 2, _ Sy _£90_ 4 __ = Y _IP
7M[v VitV T2 r2vacot9 rzsineaqzb} ar+pgr
f# component
6ve Ly Vg Vo Vg | Vs Vg ViV v3 cot §
ot~ "or " r 9 "rsinf o r r
2 0v vV 2 cos 6 vy 1 Jap
_ 2 r 0 _ ¢
“[v VY29 T sinZ6 Zsin? 0 E)gzﬁ} g PY
¢ component
vy Vg Vg OV, Ve OVy ViV VgV, COt 6
{8t+ 8r+ 89+rsin98¢ r r

_ M[Vzv(/) L2 v Vs 2 cos 0 6V5:| 1 op

2sinf dp 12 sinzé)—i_r2 sin2 0 d¢ rsm06¢

vz—‘l_g rzg + 1 2 Sin 62 +1—8_2
T r2or\C or) r2sin6 00 00) 2 sin2 § O¢?

9
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(b) Since we are considering steady state, the time derivative is zero.

(c) For a horizontal pipe, the component of acceleration due to gravity in z
direction g, is zero.

(d) Velocity components in radial and 6 direction, v, and vy are zero.

So the z component of the equation of motion in the cylindrical coordinate
simplifies to

1d dv,\ dp

Since v, is a function of r only, the partial derivative is replaced by the total.
Integrating,

dv, r*dp
=5 —+C

'ME_Z dz+

Integrating again,

r? d

p
,=——+C; 1 C
J\% 1 +CiInr+Cy
The boundary conditions are
Atr =0, v,is finite
Atr=ry, v,=0

Using the above conditions,

2 dp
C;=0 and C,=-2"—"
! an 2 4 dz
Hence
> —13 dp
= — 5.103
v 4up  dz ( )

If the length of pipe is L, and inlet and outlet pressures are P, and Pp
respectively, dp/dz = (P — Py)/L. So the above equation can be written as
(g —1*)(Po — Pr)
= 5.104
Ve 4l (5.104)
Figure 5.26 shows the parabolic velocity profile. The maximum velocity is at
r = 0 and has the value

Vymp = 2P0 PL) (5.105)
’ 4uL
Volumetric flow rate is given by
fo 7T(P() — PL)I'g
Q= / 2rv,dr = ————— (5.106)
0 8‘LLL
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i

F=ra r=0 FT=fy

5.26 Velocity profile of laminar flow in a pipe.

Equation 5.106 is known as the Hagen—Poiseuille law.
The shear force of fluid on the pipe wall is

dv,
F, = 27roL (—u dVr

)=o) (5.10)
r=r0

This shows that viscous force counterbalances the force acting on the fluid.
When fluid flows through a vertical pipe, viscous forces counterbalance force
due to gravity and pressure.

The above equations are valid for laminar flow, which is obtained for
Reynolds number Re = pv,,,D/i, where D = 2r,, and average velocity v, ,, =
Q/(mr3), is less than 2100. Besides, there is no entrance effect. A distance of L,
= 0.0567DRe is required for the development of the parabolic profile given by
equation 5.104. Although the critical Reynolds number for transition from
laminar flow is normally taken as 2100, pipe flow can be maintained laminarly
even at much higher Reynolds numbers in controlled experiments where all
external disturbances are avoided. When the Reynolds number is more than
10,000 the flow is fully turbulent. However, even when the flow is turbulent, it is
not turbulent near the wall. Figure 5.27 schematically shows the velocity profile
near the wall. Close to the wall, the viscous forces dominate and the flow is
laminar. This layer is known as the viscous sub-layer or laminar sub-layer. Some
distance away from the wall, the velocity profile is relatively flat. This region is
the turbulent core or fully developed turbulent flow. The intermediate region is
known as the buffer or intermediate zone. Eddies are generated here. The
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5.27 Velocity profile near wall in turbulent flow.

thickness of buffer layer is about six times more than that of viscous sub-layer
and total thickness of these two layers is less than a millimetre.
When the flow is fully turbulent velocity distribution follows the relation

Ve _ (1 _£>1/7 (5.108)

Vz,max To

In the case of laminar flow V,,max/V,ay = 2 and for turbulent flow it is 5/4.

Example 5.9
Calculate the maximum flow rate of water through a pipe of diameter 20 mm

when the parabolic velocity profile given by equation 5.104 is applicable. What
is the corresponding pressure drop per metre length of pipe. Assume viscosity
and density of water as 0.86 x 10> kgm 's™' and 1000 kgm > respectively.

Solution
Equation 5.104 is valid if Re is less than 2100 or pv, D/ = 2100,

Vyav = (2100 x 0.86 x 107)/(1000 x 20 x 10~7)
= 0.09m/s = 90 mm/s

Flow rate Q = mozvzjav =283 x 10 °m’s
From equation 5.106
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(Po — PLY/L = (8uQ)/(7ro")
= (8 x 0.86 x 107> x 28.3 x 107°)/(x x 0.01*) = 6.2 Pa

Since kinematic viscosity of water y/p is very low about 10~ ®m?%s, flow is
turbulent at a very low flow rate. Liquid metals also have similar low values of
kinematic viscosity, so the flow of liquid metal is mostly turbulent. ] ]

Flow over a flat plate

When a fluid flows over an immersed body, such as a flat plate, the velocity of
fluid at the solid—fluid interface is same as that of the immersed body. Viscous
forces affect the flow near the solid surface but further away the flow is almost
inviscid and velocity is same as that of the free stream. This layer where the
velocity of fluid changes from that of the solid to the free stream is known as the
boundary layer and this type of flow is known as the boundary layer flow. Figure
5.28 schematically shows the velocity profile over a flat plate. The boundary
layer thickness is zero initially and it grows as the fluid moves along the plate. In
the case of flow through a duct, the viscous boundary layers grow from the walls
and fill the entire duct. So, except at the entrance region, there is no boundary
layer separating viscous and inviscid flow, as shown in Fig. 5.29. Flow beyond
the entrance region is fully developed flow.

Let us assume that the fluid stream is approaching the stationary flat plate at a
uniform velocity v.. The flow is in the x direction. The z direction is normal to
the paper. On the left side of the plate the fluid velocity is uniform, vy = v,. But
over the entire surface of the plate (y = 0), v, is zero because there is no slip
condition and in the entire boundary layer v, < v,. The fluid whose velocity has
decreased moves up and this gives rise to the small v, component in the

Boundary layer

5.28 Flow over a flat plate.
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5.29 Velocity profile at the entrance region in a duct.

boundary layer. Thereby within the boundary layer there are two components of
velocity vy and vy and outside the boundary layer there is only v,. There is no
velocity gradient in the z direction, so 0v,/0z = 0v,/0z = 0. Since it is a steady
state problem, the time derivatives are zero. Besides, in the x direction gravity
force is zero and we neglect gravity in the y direction. With these
simplifications, the equation of continuity, equation A in Table 5.12, and the
equations of motion for the x and y components, equations A and B in Table
5.13, in the boundary layer become

aV mam M g (5.109a)
O*vy 82Vx op

p{ St 8y} [ze 8y2} — (5.109b)
Ovy 0*vy 62Vy dp

p{ +Vy ay} [ ayz} “ay (5.109¢)

These equations should be solved for the unknowns vy, vy and p subject to no
slip boundary condition on the surface of the plate and inlet and exit boundary
conditions. These equations are too complex for analytical solution. However,
the equations can be simplified from the following considerations:

1. vy < vy, so the y component of the momentum balance equation, 5.109¢

can be neglected.
2

0 0
2. The terms pvx% and ,ua—‘;x in equation 5.109b are the net rate of x
X X

component of momentum transfer in the x direction due to bulk flow and
. . *v . .

viscous flow respectively. The term ,ua—zx can be neglected since viscous

X

diffusion is much smaller than the bulk flow.
3. Op/Ox is negligible.
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So the above equations can be simplified to

%V;+%—Vyy:0 (5.110a)
p[Vx%+Vy%:| :'u882vaX (5.110b)
The boundary conditions for all x are
Aty =0, Vx =Vy =0 (5.111a)
Aty =, Vi = Vg (5.111b)
At x = 0 for all y, Vi = Vo (5.111c¢)
To solve the above equations let us define ‘stream function’ v as
Vi = % and v, = — %
Y oy Y ox

The substitution of v, and vy, defined above, in equation 5.110a shows that the
stream function satisfies the equation of continuity so we need to solve only
equation 5.110b, which becomes

N Py HWPY Py
oy oxdy~ ox oy =" oy (5.112)

where v = (u/p) is the kinematic viscosity. To solve the above equation, let us
define two dimensionless variables

f = Pl(xvvy)'? (5.113)
n = y(va/xv)"? (5.114)

In terms of these new variables, equation 5.112 becomes an ordinary differential
equation.

7+ 2f” = 0 (5.115)
where
podf
dn

The boundary conditions given by equations 5.111(a, b, c) become

Atn=0, f=f=0
Atn=o, =1

Equation 5.115 indicates that f and thereby velocity is a function of 7 only. The
equation was first solved by Blasius in 1908 by power series expansion. Figure
5.30 shows the results of numerical solution of the equation. The dimensionless
velocity v,/v, rapidly increases with 7 and becomes almost unity at 7 = 5. The
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5.30 Dimensionless velocity vs 7.

boundary layer thickness ¢ is taken as the point where velocity is 99% of the free
stream velocity or v,/v, = 0.99. This corresponds to n ~ 5, so

8(x) = 5(x/vy)'? (5.116)

The boundary layer thickness grows along the length of flat plate following the
square root law and the thickness is inversely proportional to the square root of
the free stream velocity. In terms of the Reynolds number, equation 5.116 can be
written as

5(x)/x = 5/Re? (5.117)

where Re, = pv x/p.

The above equation is valid when the Reynolds number is smaller than 5 x 10°
and the flat surface is very smooth. As the fluid moves along the flat surface the
Reynolds number increases and the flow becomes unstable which finally leads to
a turbulent boundary layer when Re > 5 x 10°. Figure 5.31 shows the turbulent
boundary layer. The turbulent boundary layer grows much faster along the length
of the plate. Because of the fluctuating nature of turbulent flow the edge of
boundary layer is not smooth.

Example 5.10

Calculate the boundary layer thickness at the trailing edge of a 0.5 m long plate,
for (a) air, (b) water, and (c) mercury at 20 °C when the free stream velocity is
0.2m/s. v for air, water and mercury are 1.5 x 107,09 x 10 ®and 1.1 x 1077
m?/s, respectively.
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5.37 Turbulent boundary layer.

Solution

(a) For air, Rey = vox/v = 0.2 x 0.5/1.5 x 107° = 0.67 x 10*
Since Re, < 5 x 10°, equation 5.117 is applicable and
6 =15 % 0.5/(0.67 x 10%"*m = 30.5mm

(b) For water, Re, = 0.2 x 0.5/0.9 x 107° = 1.11 x 10°
Since this is less than 107, § = 5 x 0.5/(1.11 x 10°)"*m = 7.5mm

(¢c) For mercury, Re, = 0.2 x 0.5/1.1 x 107" = 0.91 x 10°
This value lies in the transition range, so the calculated value may not be
correct if the plate is not very smooth and the flow is not quiet. However,
assuming the equation is valid

6=15 % 0.5(091 x 109"*m = 2.6mm

The boundary layer thickness is highest for air and lowest for mercury. ¢ for air
is about four times more than that of water and about 11.5 times more than that
of mercury. This is because Vair/Vyater 1S 16.6 and Vair/Vmercury 18 136, HEE

Example 5.11

A 5mm thick film of water is flowing over a flat plate of 1 m long. At what
distance from the leading edge will the boundary layer thickness be the same as
the film thickness. The free stream velocity at the leading edge is 0.5 m/s. v for
water is 0.9 x 10 °m?%/s

Solution
We want to know the value of x when § = 5mm =5 x 10 > mand v.. = 0.5 m/s.
From equation 5.116

8(x) = 5(vx/ve)'?

58



232 Fundamentals of metallurgy

So
5% 1073 = 5(0.9 x 107° x/0.5)"?

or
x = 0.5/0.9 = 0.55m

So 0.55m is the length of entrance zone. After this the flow is fully developed.
EEE

5.4.4 Friction factor and drag coefficient

When a fluid flows through a pipe, shear force acts on the pipe wall. This is
called friction force and is defined as

Fi = 1pv2 fA (5.118)

where v,, is the average velocity of the fluid, f is the friction factor and A is the
surface area on which shear force is acting. For flow through a pipe, A = 7DL.
Since F, defined by equation 5.107 and Fy defined by equation 5.118 are the

same,
D (Pp—Pp)
2 av

By dimensional analysis it can be shown that for fully developed flow, friction
factor f depends only on the Reynolds number. For flow in a long tube

f = 16/Re Re <2.1 x 10° (5.120a)
f = 0.079/(Re)""* 2.1 x 10° <Re < 10° (5.120b)

Equation 5.120(a) is obtained from the Hagen—Poiseuille equation.
When the cross-section of pipe is not circular, the effective diameter is
calculated using the concept of hydraulic radius. Hydraulic radius is defined as

R}, = (cross-sectional area)/(wetted perimeter) (5.121)

For circular tubing hydraulic radius is D/4. For non-circular tube equation 5.119
becomes

_ Ry (Po—Py)

£
L 3pv2,

(5.122)
The concept of hydraulic radius is not applicable for laminar flow.
Flow around a sphere

When fluid flows over an immersed object, shear force acting on the fluid is
called drag force and is defined as
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F, = %pvg( Cp A, (5.123)

where v is the velocity far away from the immersed object, Cp is the drag
coefficient and A, is the projected area of the solid on the fluid. When fluid
flows over a sphere of radius r at a very low flow rate such that the Reynolds
number defined as pv.d,/p < 0.1

Fi = 6murvey (5.124)

This is known as Stokes law. From equations 5.123 and 5.124 and using A, =
7rd§/4 where d,, is the diameter of the sphere, we get

Cp = 24/Re Re < 0.1 (5.125)
For higher flow rates,

Cp = 18.5/(Re)*”® 2<Re<5 x 10° (5.126a)
Cp = 0.44 5x 10°<Re<2x 10° (5.126b)

When the Reynolds number lies in the range 0.1 to 2 equation 5.125 is often
used for estimation of drag force. Equation 5.126b is termed as Newton’s
Law.

Terminal velocity

Stokes law is often used to calculate the terminal velocity of particles or bubbles
in a fluid medium. Let us assume that the density of the particles is greater than
that of the fluid medium, so the particle falls down. The downward force acting
on the particle is due to gravity and upward forces are buoyant force and drag
force. Initially the velocity of the particle will go on increasing because of net
downward force. But as velocity increases, the drag force also increases since it
is directly proportional to velocity (see equation 5.124), and finally the upward
and downward forces are balanced. This velocity, which is attained when the
total force acting on the particle is zero, is the terminal velocity. The force
balance equation is

$7r(p — ppg = 6murv,
p and py are, respectively, density of particle and fluid and v, is the terminal
velocity. The left-hand side of the above equation is the difference between
gravity and buoyant force and the right-hand side is the drag force. So the
terminal velocity is

v 2r(p—pr)e

5.127
=5 (5127)
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Example 5.12
Calculate the terminal velocity when a sand particle of 10 yum diameter is falling
through a water column. Density of sand and water are respectively 2500,

1000 kgm® respectively and viscosity of water is 9.6 x 10 *kgm 's™'.

Solution
Using equation 5.127 and r = 0.5 x 10 °m

ve = [2 x (0.5 x 107°)% x (2500 x 1000) x 9.8]/(9 x 9.6 x 10~ m/s
= 0.085 mm/s

Re = 2500 x 0.85 x 107* x 107%/9.6 x 107* = 0.022

Since Re is less than 0.1, calculated value of terminal velocity is correct.
EEE

Correlations for packed bed

The packed bed is made up of solids of different shapes and sizes. The fluid
flows through the voids in the bed. In general, the distributions of voids and the
particle sizes are not uniform throughout the bed. But for our discussion we
assume that distributions of particles, voids and gas are uniform. If the bed is
made of spheres of diameter d,, the contact area between the fluid and solid per
unit bed volume is

S, = n 4m(d,/2)’ (5.128)

where S;, is the specific surface area (m*/m®) and n is the number of particles per
unit volume. Let € be the void fraction in the bed. Then out of unit bed volume
(1 — €) is occupied by the particles and the rest is void. So

1 — e = n 4/37(d,/2)’ (5.129)
From equations 5.128 and 5.129
S, = 6(1 — e)/d,, (5.130)

If the bed is made up of mixed particle size, d,, is the mean particle size.

In the case of the packed bed, we define superficial velocity as the velocity of
gas in the empty tube. Superficial velocity vy is related to true average velocity
vy of the gas through the void as

Vb :Vo/ﬁ (5131)

If we consider that gas flow through the packed bed is similar to gas flow
through a pipe of variable cross-section, the pressure drop and friction factor are
related by equation 5.122. Since the cross-section of tube is not constant,
hydraulic radius can be defined as the ratio void volume per unit bed volume to
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surface area of particles per unit bed volume,

€ d,e
Ry=—=—2 5.132
"TS, 6(l—e) (5.132)

Substituting the value of Ry, and vy, in equation 5.122
(Po—PL) dyé’
pvi  3(1—¢L
The bed friction is defined as
f (Po—PL) dpe

f =

fi = - = 5.133
*73 pvi  (1—¢L ( )
In the laminar and turbulent flow region, f,, is related to the Reynolds number by
150
fy, = — R 20 5.134
b Reb ey < ( a)
f, =175 10’ <Re, < 10* (5.134b)
where
d
Re, = % is the Reynolds number for the packed bed.
w(l —e

Equations 5.134a and 5.134b are respectively Kozeny—Carman and Burke—
Plummer equations. The former is applicable in laminar flow. Ergun combined
the above two equations:

150
fy=-—+175 1 <Re<10* (5.135)
Reb

This equation is known as Ergun’s equation.
Combining equation 5.133 and Ergun’s equation 5.135 and substituting for
Reb,

Po— P [150u(1 — 21—
o —Pu_ [150p(1=¢) 5] Pol—e
L dpr() dp 63

(5.136)

The above equation shows that the pressure drop in a packed bed is very
sensitive to bed porosity and particle size. A decrease in bed porosity or particle
size increases pressure drop very significantly.

5.5 Further reading

R.IL. Guthrie (1989) Engineering in Process Metallurgy, Oxford.

F.P. Incropera and D.P. DeWitt (1990) Fundamentals of Heat and Mass Transfer, John
Wiley, New York.

D.R. Poirier and G.H. Geiger (1994) Transport Phenomena in Materials Processing,
Publication of TMS.

62



236 Fundamentals of metallurgy

5.6 References

Darken, L.S. (1949) Trans. A.LM.E., vol. 180, 430.

Fuller, E.N., Schettler, P.D. and Giddings, J.C. (1966) Ind. Eng. Chem. Vol. 58 no. 5, 18.

Kucera, J. and Stransky, K. (1982) Mater. Sc. Eng., Vol. 52, 1.

Morita, Zen-ichiro (1996) IS1J Int., Vol. 36, Supplement, S6.

Reid, R.C., Prausnitz, J.M. and Sherwood, T.K. (1977) Properties of Gases and Liquids,
3rd edn. McGraw-Hill, New York.

63





