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MULTIUSER DETECTION

Multiuser Detection provides the first comprehensive treatment of the sub-
ject of multiuser digital communications. Multiuser detection deals with
demodulation of the mutually interfering digital streams of information
that occur in areas such as wireless communications, high-speed data trans-
mission, satellite communication, digital television, and magnetic record-
ing. The development of multiuser detection techniques is one of the most
important recent advances in communications technology, and this self-
contained book gives a comprehensive coverage of the design and analysis
of receivers for multiaccess channels, while focusing on fundamental mod-
els and algorithms.

The author begins with a review of multiaccess communications, dealing
in particular with code-division multiple-access (CDMA) channels. Back-
ground material on hypothesis testing and the effect of multiuser interfer-
ence on single-user receivers are discussed next. This is followed by the
design and analysis of optimum and linear multiuser detectors. Also cov-
ered in detail are topics such as decision-driven multiuser detection and
noncoherent multiuser detection.

The elements of multiuser detection are clearly and systematically pre-
sented along with more advanced recent results, some of which are published
here for the first time. The extensive set of references and bibliographical
notes offer a comprehensive account of the state of the art in the subject.

The only prerequisites assumed are undergraduate-level probability, lin-
ear algebra, and introductory digital communications. The book contains
over 300 exercises and is a suitable textbook for electrical engineering stu-
dents. It is also an ideal self-study guide for practicing engineers, as well as
a valuable reference volume for researchers in communications and signal
processing.

Sergio Verdu is Professor of Electrical Engineering at Princeton University.
His contributions to the technology of multiuser detection span his pioneer-
ing work in the early 1980s to recent results included in this text. Professor
Verdu is also well known for his work on information theory, in which
he explores the fundamental limits of data transmission and compression
systems. Recipient of a number of awards, he is a Fellow of the [EEE and
served as President of the IEEE Information Theory Society in 1997.
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PREFACE

He that will not apply new remedies
must expect new evils:

for time is the greatest innovator.
Francis Bacon {1561-1626)

Research and development of digital communications systems is undergo-
ing a revolution fueled by rapid advances in technology. With the ever-
growing sophistication of signal processing and computation, advances in
communication theory have an increasing potential to bridge the gap be-
tween practically feasible channel utilization and the fundamental informa-
tion theoretic limits on channel capacity. If conquering channel capacity is
the manifest destiny of communications technology, the need for efficient
use of channel bandwidth and transmission power is felt most acutely in
wireless communication, where the exponentially growing demand for data
rate must be accommodated in a finite segment of the radio spectrum. To
add to the challenge, information is transmitted not by a single source but
by several uncoordinated, bursty, and geographically separated sources.

Multiuser Detection deals with the demodulation of mutually interfering
digital streams of information. Cellular telephony, satellite communication,
high-speed data transmission lines, digital radio/television broadcasting,
fixed wireless local loops, and multitrack magnetic recording are some of
the communication systems subject to multiaccess interference. The super-
position of transmitted signals may originate from nonideal characteristics
of the transmission medium, or it may be an integral part of the multi-
plexing method as in the case of Code-Division Multiple-Access (CDMA).
Multiuser detection (also known as cochannel interference suppression,
multiuser demodulation, interference cancellation, etc.} exploits the con-
siderable structure of the multiuser interference in order tc increase the
efficiency with which channel resources are employed.

Xix

15



PREFACE

Although isolated generalizations of digital communication moedels to
multi-input multi-output channels had taken place as early as the 1960s, it
was not until the mid 1980s that multiuser detection started developing as a
cohesive body of analytical results that took into account the specific features
of multiuser channels. Since then, the number of researchers working within
this discipline has rapidly multiplied, to the point where it is now one
of the most active and vibrant branches of digital communications. The
extensive set of references collected in this book, although not pretending
to be comprehensive in any way, gives evidence of the level of activity in
multiuser detection in the past few years. The bibliographical notes at the
end of each chapter provide an account of the development of the main
results as well as a snapshot of the current state of the art. [ can only hope
that that part of the book will become quickly obsolete in view of the speed
at which the field is currently evolving.

While aiming for a fairly comprehensive coverage of the design and
analysis of receivers for multiaccess channels, my goal has been to distill the
elements of multiuser detection in the simplest setting that brings out the key
concepts. A fertile ground for geometrical intuition, the linearly modulated
synchronous multiuser channel proves to be a garden of Euclidean delights.
Borrowing from the tradition in multiuser information theory, most of the
main ideas are first introduced in the two-user channel, which eImerges as a
powerful pedagogical tool.

Chapter 1 gives a brief introduction to the main approaches in multiac-
cess communications. Chapter 2 introduces the basic channel models used
throughout the book. The main paradigm is the Code-Division Multiple-
Access channel, in which each user modulates its own signature wave-
form. This channel is general enough to encompass orthogonal and non-
orthogonal multiplexing methods, with or without spread-spectrum sig-
naling. Chapter 3 covers background material on hypothesis testing and
single-user detection and analyzes the effects of multiaccess interference
on the single-user receiver. Chapter 4 is devoted to the design and analy-
sis of optimum multiuser detectors. Linear signal processing for multiuser
detection is studied in Chapters 5 and 6, with and without the constraint of
complete multiuser interference suppression, respectively. Adaptive linear
multiuser detection is covered in Chapter 6. Chapter 7 deals with nonlinear
multiuser detectors that use decisions on the interfering digital streams to
mitigate their effect.

Whether it is used as a textbook, self-study tool, or research reference,
the set of over 300 problems comprises an essential component of this book.
They range from simple drill exercises to research results that complement

XX
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PREFACE

the theory expounded in the text. T hope the reader will draw some sense of
accomplishment from solving them.

No prerequisites are assumed beyond undergraduate-level probability,
linear algebra, and an introductory course on communications. At Prince-
ton, I have used this text to teach a one-semester course on Multiuser Detec-
tion to first- and second-year graduate students with diverse backgrounds.
Although previous or concurrent exposure to a conventional detection and
estimation course may be beneficial, Chapter 3 gives a self-contained pre-
sentation of the required material. A typical “single-user” digital commu-
nications course covering the fundamentals of equalization is not required
either. In fact, it is my contention that (synchronous) multiaccess chan-
nels provide an easier setting for learning many of the fundamentals of
equalization in digital communications than the conventional single-user
intersymbol interference channel.

The text contains substantial material that can be tailored to serve as the
core of various master’s and doctoral courses on multiuser communication.
In addition, the book can be used as a self-study guide for practicing engi-
neers and as a reference volume for academic and industrial researchers in
communications and signal processing.
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CHAPTER ONE

MULTIACCESS
COMMUNICATIONS

1.1  THE MULTIACCESS CHANNEL

The idea of using a communication channel to enable several
transmitters to send information simultaneously dates back to Thomas A.
Edison's 1873 invention of the diplex.! This revolutionary system enabled
the simultaneous transmission of two telegraphic messages in the same di-
rection through the same wire. One message was encoded by changes of
polarity; the other by changing absolute values.

Nowadays, there are numerous examples of multiaccess communication
in which several transmitters share a common channel: mobile telephones
transmitting to a base station, ground stations communicating with a satel-
lite, a bus with multiple taps, multidrop telephone lines, local area networks,
packet-radio networks, and interactive cable television networks. to name a
few. A common feature of those communication channels is that the receiver
obtains (a noisy version of) the superposition of the signals sent by the active
transmitters (Figure 1.1). Oftentimes, the superposition of signals sent by
different transmitters occurs unintentionally owing to nonideal effects; for
example, crosstalk in telephony and in multitrack magnetic recording or any
time the same radio frequency band is used simultaneously by distant trans-
mitters, as in cellular telephony, radic/television broadcasting, and wireless
local loops. Although occasionally the terms mudtiplexing and multiaccess
are used interchangeably, multiaccess usually refers to situations where
the message sources are not collocated and/or operate autonomously. The
message sources in a multiaccess channel are referred to as users.

The multiaccess communication scenario depicted in Figure 1.1 encom-
passes not only the case of a common receiver for all users, but the case of
several receivers, each of which is interested in the information sent by one

! See Conot [60].
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CHAPTER 1. MULTIACCESS COMMUNICATIONS

User |

User 2

User 3 Receiver —

User 4

User K Noise
user (or a subset of users) only. Multiaccess communication is sometimes
referred to as multipoint-to-point communication. The engineering issues
in the dual point-to-multipoinf channel depend on the commonality of the
information transmitted to each destination. At one extreme, the same in-
formation is delivered to all recipients, for example, in radio and television
broadcasting or in cable television; at the other extreme, the messages trans-
mitted to different recipients are independent, for example, a base station
transmitting to mobile units. The latter scenario falis conceptually within
the multiaccess channel model; in that case, the receiver (say one of the mo-
bile units) is interested in only one of the information sources transmitted
by the base station.

1.2 FDMA AND TDMA

The advent of radio-frequency modulation in the early twentieth
century enabled several radio transmissions to coexist in time and space
without mutual interference by using different carrier frequencies. The same
idea was used in long-distance wire telephony. Frequency-Division Multi-
plexing or Frequency-Division Multiple Access (FDMA) assigns a different
carrier frequency to each user so that the resuliing spectra do not overlap
(Figure 1.2). Band-pass filtering (or heterodyning) enables separate demod-
ulation of each channel.

In Titne-Division Multiplexing, time is partitioned into slots assigned to
each incoming digital stream in round-robin fashion (Figure 1.3). Demul-
tiplexing is carried out by simply switching on to the received signal at
the appropriate epochs. Time division can be used not only to multiplex
collocated message sources but also by geographically separated users who

2 Point-to-multipoint and multipoint-to-point channels are sometimes distinguished
either as downlink and uplink channels, respeclively, or as forward and reverse chan-
nels, respectively.
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FIGURE 1.2.
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1.2 FDMA AND TDMA

/l:;;\ @ m Frequency

have the ability to maintain time-synchronism, in what is commonly re-
ferred to as Time-Division Multiple Access {TDMA). Note that FDMA
allows completely uncoordinated transmissions in the time domain: no

User 3

time-synchronization among the users is required. This advantage is not
shared by TDMA where all transmitters and receivers must have access to
a common clock.

The important feature of frequency-division and time-division multiac-
cess techniques is that, for all conceptual purposes, the various wsers are
operating in separate neninterfering channels. To put it in the signal-space
language of digital communications, those multiaccess techniques operate
by ensuring that the signals transmitted by the various users are mutually
orthogonal. Channel or receiver nonideal effects may require the insertion
of guard times in TDMA (Figure 1.3) and spectral guard bands in FDMA
(Figure 1.2) to avoid cochannel interference.

Why would it make sense to consider multiaccess techniques that do not
adhere to the principle of dividing the channel into independent noninterfer-
ing subchannels? One reason is that noninterfering multiaccess strategies
may waste channel resources when the number of potential users is much
greater than the number of simultaneously active nsers at any given time.
Think for example of wireless telephony; if each subscriber were assigned
a fixed radio frequency channel, only a tiny fraction of the spectrum would
be utilized at any given time. Analogously, in TDMA most of the time slots
would be empty, at any given time.

How is it possible to assign the channel resources to the users in dynamic
(in other words, on demand) rather than static fashion as above? At the
expense of some increase in complexity, one possibility is to setup a separate
reservation channel, where the users who want to use the channel notify the
receiver, which, then, partitions the original channel using TDMA or FDMA
among the active users only. This presupposes a separate feedback channel
that notifies every user of the time or frequency slot where it is allowed
to transmit. However, note that the reservation channel is a multiaccess
channel and we still have to cope with the same issue as before, namely,
how to partition the resources of that channel dynamically.

USER USER USER USER USER USER USER
| 2 3 1 2 3 1
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1.3 RANDOM MULTIACCESS

Random multiaccess communication is one of the approaches to
dynamic channel sharing. When a user has a message (usually referred to
as a packet in this context) to transmit it goes ahead and transmits it as if
it were the sole user of the channel. If indeed nobody else is transmitting
simultaneously, then the message is received successfully. However, the
users are uncoordinated and the possibility always exists that the message
will interfere (in time and frequency) with another transmission. In such
case, it is typically assumed in random multiaccess communication that the
receiver cannot demodulate reliably several simultaneous messages. The
only alternative left is to notify the transmitters that a collision has hap-
pened and, thus, their messages have to be retransmitted. Collisions would
reoccur forever if upon notification of a collision, the transmitters involved
were to retransmit immediately (or after a similar delay). To overcome this,
users wait a random period of time before retransmitting. The mair distin-
guishing feature among the existing random access communication systems
is the algorithm used by the transmitters to determine the retransmission
delay for each colliding packet.

The first random multiaccess communication system was the ALOHA sys-
tem proposed for a radio channel in 1969 (Abramson [9]). Some coaxial-
cable local area networks, typified by the widely used ETHERNET, employ a
“polite” version of ALoHa, called Carrier-Sense Multiple Access (CSMA),
where users listen to the channel before transmitting so as not to collide
with an ongoing transmission (Kleinrock and Tobagi [211]). In general,
random multiaccess communications arc best suited for very bursty chan-
nels, in which it is not likely that more than one user will be transmitting
simultaneously. The main theoretical advances in this area occurred in the
1970s through the mid 1980s.> Polling (Hayes and Sherman [139]) is an-
oiher multiaccess strategy where simultaneous transmissions are avoided.
The receiver asks every transmitter that shares a common channel (say, in
round-robin fashion) whether it has anything to transmit.

1.4 C(DMA

The channel-sharing approaches discussed so far are based on
the philosophy of letting no more than one transmitter occupy a given
time—frequency slot. Whenever this condition is violated in random-access

3 See Bertsekas and Gallager [29] and Abramson [L0).
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1.4 CDMA

‘|U) 52(‘)

communication, the receiver is unable to recover any of the colliding
transmissions. As we remarked before, reception free from interchannel
interference is a consequence of the use of orthogonal signaling, It is im-
portant to realize that this can be accomplished by signals that overlap both
in time and in frequency. For example, consider the time-limited signals s,
and 55 in Figure 1.4, Those signals overlap both in the time and frequency
domains (Figure 1.5), yet their crosscorrelation or inner product is zero:

T
{81, 52) =f 51(1)s2(t)dt = 0. (1.1)
0

A simple two-user multiaccess communication system could be designed
by letting users 1 and 2 modulate antipodally signals s, and 52, respectively.
This means that user 7 transmits s5;(¢) in order to send 1 and —s;(¢) in order to
send 0 (Figure 1.6) in successive time epochs of duration T, Let us assume
that the system is synchronous in the sense that the transmission rate is the
same for both users (equal to 1/ T bits per second) and their bit epochs are
perfectly aligned (Figure 1.6).

How can the information transmitted by both users be demodulated now
that they overlap in both frequency and time? As we see in Figure 1.6, a
hypothetical receiver that observed the sum of both signals (with identi-
cal amplitude) can easily demodulate the transmitted bit streams. The bit
transmitted by user 1 is equal to | or 0 depending on whether the ramp
received in the corresponding bit period has positive or negative absolute
value; the bit transmitted by user 2 is equal to | or 0 depending on whether
the ramp received in the corresponding bit period is increasing or decreas-
ing. However, any receiver will actually observe the sum of both signals

1SCFY 1S:20 £

Freq. Freq.

22



CHAPTER 1. MULTIACCESS COMMUNICATIONS

0 l 1 0 0 1
User |

User 2

embedded in additive background noise. A good strategy in that case (which

minimizes bit-error-rate when the noise is white and Gaussian) is matched
Jfiltering, in which the received waveform is separately correlated in every bit
period with both s,(¢) and s:(1), followed by respective comparisons of the
correlator outputs to zero thresholds. The matched filter for user 1 simply
integrates the received signal in every bit period; if the result of such inte-
gration is positive/negative, then it outputs 1/0. The output of the correlator
is indeed affected by the background noise (thus causing sporadic errors).
However, thanks to the orthogonality condition (1.1} and the assumed syn-
chronism, the output of the correlator for user | is not affected at all by the
signal of user 2 regardless of the relative strengths of both signals. We can
conclude that although the signals transmitted by both users overlap in both
time and frequency, the bit-error-rate of this system will be the same as if
the transmissions occurred in separate channels.

We have just seen a very simple example of a Code-Division Multiple-
Access (CDMA) system. Users are assigned different “signature wave-
forms” or “codes™ (in an older terminology whence the term CDMA
originated). Each transmitter sends its data stream by modulating its own
signature waveform as in a single-user digital communication system. In
the orthogonal two-user example considered above, the receiver need not
concern itself with the fact that the signature waveforms overlap both in
frequency and in time, because their orthogonality ensures that they will be
transparent to the output of the other user’s correlator.

* These are not to be confused with error-correcting codes that add redundancy to combat
channel noise and distortion.
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1.4 CODMA

s,{1}

The special case of orthogonal CDMA in which the signature waveforms
do not overlap in the time domain corresponds to digital TDMA. For exam-
ple, the three-user orthogonal CDMA system depicted in Figure 1.7 can be
viewed as a TDMA system. Digital TDMA and FDMA systems can be seen
as special cases of orthogenal CDMA where the signature waveforms are
nonoverlapping in the time domain and the frequency domain, respectively.’

No signal can be both strictly time-limited and strictly band-limited.
However, adopting a softer definition of bandwidth and/or duration (e.g.,
the percentage of energy outside the band [— B, B] or outside the time in-
terval [0, T'| not exceeding a given bound €} we can pose the question: how
many mutually orthogonal signals with (approximate) duration T and (ap-
proximate) bandwidth B can be constructed? Although no explicit answer
in terms of T, B, and € is known, bounds have been obtained that show
that unless the product 7B is small, the answer is essentially’ 27B. An
immediate consequence of this result is that a K -user orthogonal CDMA
system employing antipodal modulation at the rate of R bits per second
requires bandwidth approximately equal to

1
B = =RK. 1.2
7 (1.2)

7 In practical TDMA systems the slots assigned to each user span more than one symbol,
e.g., in Global System for Mobile (GSM) each slot consists of 148 bits, and guard-time/
slot-duration = 33/592 (Redl ¢t al. [358]).

¢ See Landau and Pollak [228], Petrich [332], and Dollard [69].
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If the definition of duration or bandwidth is lax enough, then (1.2) is achiev-
able by TDMA (cf. Problems 1.8, 1.9, 1.10). To achieve the minimum band-
width in (1.2), the duration-bandwidth product of each signature waveform
in an orthogonal CDMA system must be K /2. In contrast, achieving (1.2)
with TDMA (or FDMA) requires a pulse with minimum duration-bandwidth
product (which does not grow with the number of users). The need for sig-
nals with larger duration-bandwidth products in CDMA brings in benefits
such as robustness against unknown channel distortion and antijamming
capabilities. Waveforms with large duration-bandwidth products are called
spread-spectrum signals. TDMA and FDMA can also use spread-spectrum
signaling, but only at the expense of low spectral efficiency, defined as the
aggregate data rate per unit bandwidth (bits per second per Hz).

The next important conceptual step is to realize that erthogonality of
the signature waveforms is not imperative for CDMA. For example, the
performance of the simple correlator considered above will be degraded
in the presence of nonorthogonal interfering users, but we may be able to
keep the degradation to tolerable levels provided there are not too many or
too powerful interfering users. We have, in effect, dropped the requirement
that the signature waveforms be orthogonal for the requirement that their
mutual interference be sufficiently low. This still requires careful selection
of the signature waveforms so that their crosscorrelations are fairly low
(compared to the signature waveform energies {s; IiZ = (s;, 5} Removing
the restriction of orthogonal signature waveforms has several major benefits
that make CDMA an attractive multiaccess technique for many multiuser
cormmunication systems:

+ The users can be asyachronous, that is, their time epochs need not be
aligned, and yet “quasi-orthogonality” can be maintained by adequate
design of spread-spectrum signature waveforms.

+ The number of simultaneous users is no longer constrained to twice the
duration-bandwidth product of the signature waveforms.

+ Sharing of channel resources is inherently dynamic: reliability depends
on the number of simultaneous users, rather than on the (usually much
larger) number of potential users of the system, Thus, unlike orthogonal
multiaccess, it is possible to trade off reception quality for increased
capacity.

What factors determine the number of users that can be sustained in a

CDMA system? As we mentioned, the bandwidth times the inverse of the

7 In this sense, the signature waveforms in Figure 1.4 are not a particularly good choice,
cf. Problem 1.2.
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data rate determines the dimensionality of the signal space. Other factors
that play a determining role include: the received signal-to-noise-ratios,
signature waveform crosscorrelations, data redundancy, and the type of
receiver used. The last factor brings us to the objective of multiuser de-
tection: the design and analysis of digital demodulation in the presence
of multiaccess interference. As we will see in detail, a consequence of the
nonorthogonality of signature waveforms is that the simple correlator con-
sidered above is no longer optimal (even in the presence of white Gaussian
background noise). For example, it suffers from the near—far problem: any
interferer that is sufficiently powerful at the receiver causes arbitrarily high
performance degradation. By suitable design of receivers that take into ac-
count the structure of the muitiaccess interference it is possible to increase
spectral efficiency, decrease output power, and robustify the system against
imbalances in the received powers of various users.

The demodulators for nonorthogonal multiple access studied in this text
are equally relevant when nonorthogonality occurs, not by design as in
asynchronous CDMA, but through unintentional crosstalk. A classic exam-
ple is a bundle of twisted pairs, which (unlike coaxial cables) radiate and
capture energy. Digital transmissions carried by each pair are subject to con-
tamination due to the superposition of the attenuated transmissions carried
by neighboring pairs. A similar phenomenon occurs in adjacent tracks in
magnetic recording. TDMA in mobile cellular telephony provides another
illustration of cochannel interference. Multipath is a common channel im-
pairment that causes the reception of the sum of several delayed replicas of
the transmitted signal. In a TDMA system subject to multipath, signals that
were originally in different time slots may actually overlap at the receiver.
Another important source of cochannel interference in cellular TDMA is
the simultaneous use of the same frequency band in different cells. Unless
the receiver is robust against out-of-cell interference, careful allocation of
frequency bands is required in those systems. The consequences of nonideal
deviation from orthogonality are, naturally, dependent on the strength of the
interfering sources.

To the foregoing incentives for contemplating the use of nonorthogonal
multiaccess, we can add a basic lesson derived from multiuser information
theory:® multiaccess channels whose capacity is achieved by orthogonal
multiplexing techniques are the exception rather than the rule. For most situ-
ations, the number of users that can be accommodated by the channel is max-
imized by transmitting mutually interfering signals. In fact, optimal codes

¥ See, for example, El Gamal and Cover [101] and Gallager {100].
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do not adhere to the structure imposed by nonorthogonal CDMA either, as
the modulation of fixed signature waveforms is, in general, suboptimal. The

burden of achieving optimal performance falls on the design of, not only suit-
able coding strategies, but on the receiver that has to decode the transmitted
bit streams with arbitrary reliability from a noisy superposition of the trans-
mitted signals. A receiver that achieves capacity under certain conditions
(e.g., El Gamal and Cover [101]) uses the following successive decoding
technique (Figure 1.8): 2 given user is decoded treating all the other users as
noise; then the signal due to that user is remodulated with the decoded infor-
mation and subtracted from the received waveform; and the process is re-
peated uniil all the transmitted information streams have been demodulated.

Among first-generation digital wireless telephony systems, (GSM Stan-
dard [82]) and (1S-54 Standard [441]) favor the simplicity and robustness
of TDMA.® whereas the suitability of CDMA to bursty transmitters and
the superiority of spread-spectrum signaling in harsh channel environments
is favored in other commercial mobile cellular systems (15-95 Standard
[442]).1¢

In practical wireless multiaccess channels, it is very important to utilize
precious channel bandwidth (and transmitted power) efficiently. Developed
in the 1980s and without the benefit of a mature theory on multiuser commu-
nications, first-generation digital cellular systems do not come close to ap-
proaching channel capacity. As technology progresses, fundamental limits
and advanced signal processing techniques are sure to become increasingly
relevant for resource-efficient cost-effective design.

1.5 PROBLEMS

PROBLEM 1.1. To streamline the wiring of an airplane, an aircraft
manufacturer decides to employ Time-Division Multiplexing in

¢ See, for example, Falconer et al. [85].

10 I those commercial systems, FDMA is used in conjunction with either TDMA or
CDMA. Hybrids of FDMA-TDMA-CDMA have also been proposed for commercial
systems, e.g., Ruprecht et al. [366] and Blanz et al. [31].
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1.5 PROBLEMS
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order to transmit twelve 10-kHz audio channels to each seat. De-

sign such a system under the specification that no distortion of the
reproduced waveforms is tolerated.

PROBLEM 1.2. Consider a two-user CDMA channel with the sig-
nature sequences in Figure 1.4. Users modulate those signature
waveforms antipodally but do not maintain synchronism. Further-
more, both streams are received with different amplitude levels A,
and A; (Figure 1.9).

(a) Find the minimum value of A,/ A; for which the correlator for
user 1 gives error-free demodulation in the absence of back-
ground noise for all offsets 0 < 7 < T.

(b) Find the maximum value of 4; /A, for which the correlator for
user 2 gives error-free demodulation in the absence of back-
ground noise for all offsets 0 < ¢ < T

PROBLEM 1.3, Let us say that two orthogonal signals are strongly
orthogonal if they remain orthogonal after passing through an arbi-
trary linear time-invariant system. Show that a sufficient condition
for 5, and s3 to be strongly orthogonal is that there exists a time Ty,
such that, for all 1,

si{Tp — ) = s)(Ty + 1),
s:{Ty —t) = — SQ(TD + I).

PROBLEM 1.4. If the number of users is a power of 2, a possible
set of signature waveforms for orthogonal CDMA are the bipolar
functions known as_the Walsh functions. Every element in the set
of 2" Walsh functions can be represented by a vector x,, of 2%

11
28



CHAPTER 1. MULTIACCESS COMMUNICATIONS

—1 LI FIGURE 1.10.

Woalsh functions of

length 16.

components drawn from {4, —} and defined recursively as
Xy = (+), (1.3)
Xy = (ot Xp—1) O (Xy—1 — Xar—1)- (1.4)
Figure 1.10 shows the set of Walsh functions for M = 4.

(a) Show that for all M, every pair of Walsh functions are orthog-
onal.
(b) Assume that the transmitted signals go through an ideal strictly
band-limited low-pass filter of bandwidth equal to b/ T, where
T is the duration of the signature waveforms. Let the output of
the filter due to the i th Walsh function be denoted by the signal
5:(t). Choose a pair of nonstrongly orthogonal (Problem 1.3)
Walsh functions of length 16 (Figure 1.10), and show a graph of
the normalized crosscorrelation of their corresponding fiitered
versions,
|5, 5,01
15 113117
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1.5 PROBLEMS

N T

as a function of b. Do not take into account the effects of ad-
jacent waveforms (intersymbol interference), that is, consider
the transmission of one bit in isolation.

Note: The Hadamard matrices are a more general concept than
the Walsh codes examined in this problem. A Hadamard matrix
is a square matrix with elements in {—1, 1} whose row vectors
are pairwise orthogonal. A necessary condition for a Hadamard
matrix of dimension K > 2 to exist is that K be divisible by 4.
It is not known whether this condition is also sufficient. See also
Problem 2.1.

PROBLEM 1.5. An on—off signature waveform of length N
(Figure 1.11) can be written as

N
tN
s(t) = Z%P(? —i+ l)s
i=1

where ¢; € {0, A),and p(t) = 1if0 <=t < land p(t) = 0
otherwise.

(a) Find the largest number of users that can be assigned on—off
signature waveforms of length N in an orthogonal synchrenous
CDMA system. Assuming antipodal modulation, describe a
receiver for such a system that demodulates all users error-free
in the absence of background noise.

(b) Redo (a) for a CDMA system that need not be orthogonal but
still requiring that all users be demodulated error-free in the
absence of background noise regardless of their received (non-
zero) amplitudes. Assume that the receiver knows the received
amplitudes.

(¢) Redo (b) if the receiver has no knowledge of the received am-
plitudes.
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PROBLEM 1.6. Consider a communication channel where the
transmitted signal is corrupted by additive independent noise:

rt) = x{(ty + n(t).

The transmitted signal x(7)} is power-limited to P and band-
limited to B. The noise process n(f) has power N. Assume that a
binary stream can be “transmitted reliably”!! through this channel
if and only if its rate in bits per second is less than or equal to

P P\ .
C v = Blog, 1+ﬁ bits/sec. (1.5)

Suppose now that we consider a two-user channel such that
x(1) = (1) + x2(0),

where x1{t) and x,(¢) are the outputs of two independent encoders,
power-limited to P; and P, respectively, and whose binary inputs
have rates R, and R,, respectively.

(a) Show thatif (R, R;) does not belong to the pentagon

P Py
C= [05 R, < c(—‘), 0< stc?(—‘),
N N

then reliable communication is not possible. [Hinz: If the en-
coders operate independently the total input power cannot ex-
ceed P\ + P].

(b) Using successive decoding (Figure 1.8) show that reliable com-
munication is possible at the rate pairs (RY, R%) and (Rf , R’ZJ ),

re=c{D) r=cf L
VTUANS T AR NS

P P
b 1 b 2
= R, =C|—=].
R} C(P2 N)’ 2 (”)

{¢) {(Carleial [45]) and (Rimoldi and Urbanke [3601]). Show that re-
liable communication is possible if and only if (R, K;)belongs

where

1! No prior knowledge of information theory is required for this problem; for reference
purposes, we say that a data stream can be “transmitted reliably” through the channel if
there exists an encoder (mapping from binary strings to x(r)) and a decoder (mapping
from r(¢) to binary strings} such that it is possible to decode the transmitted stream
“almost” error-free.

14
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to C. [Hint: If (R|, R;) is a convex combination of (R, R3)
and (R?, RY), then it must satisfy:

Ro= o 22
2 — N+(S‘

P +P2)

R1+R2:C(

for some 0 < § < P,. Consider an encoder for user 1 that
multiplexes its incoming binary stream into two independent
encoders with powers § and P, — &, respectively. Use a succes-
sive decoder for a three-user channel.]

{d) Consider a general form of TDMA where users may have dif-
ferent priorities: users 1 and 2 remain silent in alternating slots
of length (1 — &) time units and « time units, respectively. Find
the set of rate pairs for which reliable communication is feasi-
ble when enceding is resiricted to be TDMA (for all possible
values of «). Show that TDMA is optimal (i.e., it achieves a
point on the boundary of C) if and only if

P
o = .
P+ P

[Hint: The power constraints are averaged over all time, not

just during the activity slots.]

PROBLEM 1.7. Guard times in CDMA. Let 5(t) denote the re-
sponse of an ideal lowpass filter of bandwidth B to the rectangular
signal s(¢) of duration T in Figure 1.4. Plot 0 < @ < 1 as a function
of BT so that

X3
f 505 =T —aT)dt <0.95)5 |
0

{Note: The above crosscorrelation does not take into account inter-
ference between nonadjacent signals.}

PROBLEM 1.8. The root mean square (RMS) bandwidth, B (also
called Gabor'? bandwidth), of a signal, s(z), time-limited to [0, T']
and with Fourier transform S( f) is defined by

g IS PSR [ (Y
C L ISHrdf At [T mdr

2 In honor of Dennis Gabor, 1971 Nobel laureate in Physics, who first defined this
quantity.
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FIGURE 1.12,

E) _2\_/.1 l\/2 3 Raised cosine

pulse with
a=0.5.

(a) Show that among those signals time-limited to [0, T'}
(1) = sin =
5(1) = sin —
T

achieves minimum RMS bandwidth, equal to 1/(27).

(b) Consider a K -user TDMA system operating at a per-user rate
of R bits per second, with antipodally modulated strictly non-
overlapping waveforms. Show that the required RMS band-
width is equal to

B = lRK.
2

(c) (Nuttall and Amoroso [304]) Consider a K-user orthogonal
CDMA system operating at a per-user rate of R bits per second
and antipodal modulation. Denote the RMS bandwidth of the
kth signature waveform by By, Show that

1 f 1
i B,....,Bx}=—=R J(K+DIK+<],
min max{ B, x} = (K + )( +2)

where the minimum is over the choice of signature waveforms.
. . . . . . K
[Hint: Consider first the alternative criterion: min + e Bl

PROBLEM 1.9. The raised cosine pulse with bandwidth (1 +a)/2
(0 < @ < 1) is the signal (Figure 1.12)

o ine(t) cos Tt
(1) = sinc(f)————
& L= Qar)
with Fourier transform (e.g., Proakis [345])
1, 0= |fl<'5%
Go(fy = {11 Feos(ZQIFI— T+ @)]. 5* =1f1 255
0, NELS

(Note: kt can be checked that at least 91% of the energy of the
raised cosine pulse with bandwidth (1 +e&)/2 resides in an interval
of duration 2/(1 +a)), forall 0 < a < 1.)

16
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(a) Consider a K-user multiaccess system where users transmit
packets of M consecutive bits. User k transmits bit / in packet
J by antipodal modulation of

t . ,
gw(—r[—' —i— kM —J'KM),

where T = 1/(RK), and R is the per-user data rate in bits per
second. Show that a receiver that samples the received wave-
form at multiples of T recovers the transmitted information
error-free in the absence of any signals other than the super-
position of the K transmitted signals. Show that the system is
strictly band-limited to

(1-+a)
2
(b) Suppose that the sampling system used in (a} is subject to jitter

B = RK.

and the received signal is sampled at times nT + €T Give an
equation that characterizes the minimum value of « necessary
for the error-free condition in (a) to be satisfied. Assume that
all users are received with equal power.

PROBLEM 1.10. Design a K -user antipodally modulated TDMA
system with nonoverlapping signals and per-user rate equal to R
bits per second, such that

1
By = ERK’

2
Bogs = gRK,

where B, is the bandwidth within which a fraction y of the energy
is concentrated. [ Hint: Consider the sinc function.]

PROBLEM 1.11. Redo Problem 1.10 under the specification
Bygs < RK.

PROBLEM 1.12. (Liu et al. [249]) Consider a hybrid FDMA/
CDMA system that has J nonoverlapping frequency bands in each
of which users employ CDMA. Suppose that each of the K trans-
mitters selects one of the ./ bands equiprobably and independently
of other transmitters. Fix ¢ > 0. Show that the probability that
more than (1 + a)K/J users select the jth band is upper bounded
by

e*.'{(vz)KN‘
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where

ot | 2a
8(05)—?( —“ST)

Note: A standard large deviations result (Grimrett and Stirzaker
[128]) says that if p is the probability that a biased coin shows
heads, then

P[H, > an] < ¢ "@lP, (1.6)

where H, is the number of heads in n tossesand p < a < 1. In
(1.6) we have employed the notation

l—a

1 —

dial p) “éralog% (1l —a)log

Furthermore, upon taking r]? log of both sides of (1.6) the inequality
becomes asymptotically tight.

18
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CHAPTER TWO

CODE-DIVISION
MULTIPLE-ACCESS
CHANNELS

2.'

In this chapter we review several channel models that
incorporate the major features of conceptual and prac-
tical interest in Code-Division Multiple Access. These
channel models express the signal seen by the receiver
as a function of the transmitted data and the channel
noise. Sections 2.1 and 2.2 present the basic continuous-
time CDMA channel model in its synchronous and asyn-
chronous versions, respectively. Encompassing the ma-
jority of multiaccess systems with cochannel interfer-
ence, this multiuser communication model is the main
focus of interest in this text. Section 2.3 gives an over-
view of spread-spectrum signature waveforms, and
Sections 2.4-2.8 discuss several ways in which the ba-
sic models can be modified to make them more realis-
tic. Sections 2.9 and 2.10 introduce several discrete-time
CDMA models used in succeeding chapters.

BASIC SYNCHRONOUS CDMA MODEL

Many of the essential ideas developed in succeeding chapters will

originate from the analysis of the basic CDMA K -user channel model, con-

sisting of the sum of antipodally modulated synchronous signature wave-

forms embedded in additive white Gaussian noise:

K
Yy =3 Absi(t) +on(t), 1[0, T

k=1

The notation introduced in (2.1} is defined as follows.
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= T is the inverse of the data rate.
* s5¢(2) is the deterministic signature waveform assigned to the kth user,
normalized so as to have unit energy

T
llsli® 2/ s(t)de = 1. (2.2)
0

The signature waveforms are assumed to be zero outside the interval
[0, T'1, and therefore, there is no intersymbol interference.

* Ay is the received amplitude of the kth user’s signal. A} is referred to as
the energy of the kth user.

* by € {—1, +1} is the bit transmitted by the kth user.

* n() is white Gaussian noise with unit power spectral density. It models
thermal noise plus other noise sources unrelated to the transmitted
signals. According to (2.1) the noise power in a frequency band with
bandwidth B is 202B.!

As we will see, the performance of various demodulation strategies de-
pends on the signal-to-noise ratios, A, /o, and on the similarity between the
signature waveforms, quantified by their crosscorrelations defined as

Pij = (s;,8;) = /OTSi(t)J‘j(f)df- (2.3)
Note that by the Cauchy-Schwarz inequality and (2.2):
loij1 = sio ;)1 < lisilllls; || = 1.
The crosscorrelation matrix
R= {pij} (2.4)

has diagonal elements equal to 1 and is symmetric nonnegative definite,
because for any K -vectora = (a, - - -, ag)’

zm >0,

k=1

a'Ra=

Therefore the crosscorrelation matrix R is positive definite if and only if the
signature waveforms {s, ..., sg} are linearly independent.

Itis pedagogically sound to work with the minimal number of parameters
that bring out the essential features of a problem. For this reason, we will
frequently pay particular attention to the basic CDMA channel model in the

" In the literature, the noise one-sided spectral level 202 is frequently denoted by N,.
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FIGURE 2.1.
Offsets modeling
asynchronism

2.2 BASIC ASYNCHRONOUS CDMA MODEL

special case of two users:
y() = A1b1si(t) + Axbrsy(t) + on(r). (2.5)

In the two-user synchronous case we will find it convenient to drop the
subindices from the crosscorrelation

T
p= f si()s2(1)dr.
0

2.2 BASIC ASYNCHRONOUS CDMA MODEL

In the synchronous model considered in Section 2.1 bit epochs are
aligned at the receiver. This requires closed-loop timing control or provid-
ing the transmitters with access to a common clock (such as the Global
Positioning System). In cellular systems, the design of the reverse link
(mobile-to-base station) is considerably simplified if the users need not be
synchronized.

As we saw in Chapter 1, symbol-synchronism is not necessary for COMA
to operate, and it is possible to let the users transmit completely asyn-
chronously. We need to introduce offsets that model the lack of alignment
of the bitepochs at the receiver: 7, € [0, T),k = 1, ..., K (Figure2.1). The
symbol-epoch offsets are defined with respect to an arbitrary origin (we will
often take 7, = 0). Note that we still require that the data rate 1/ T be iden-
tical for all users. In practice, even if the data rates are nominally the same,
small differences translate into (slowly) time-varying offsets. Whenever
performance is to be averaged with respect to the relative offsets, it makes
sense to assume that they are independent, uniformly distributed on [0, T'].

The synchronous model (2.1) is a one-shot model, as in that case it is
sufficient to restrict attention to the received waveform in an interval of

User 1 t t t t
1, -~

User 2 } } } t
3.(_) o ~—

User3 ; } n }
|(—*~H T B ——
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bf-1] | b,[0] J b1l

| |
T T

-T 0 T T 2T r

length T, the bit duration. In the asynchronous case (cf. Figure 2.1) we
must take into account the fact that the users send a stream of bits:

be[—M], ..., b0, ..., b[M],

where we have assumed without essential loss of generality that the length
of the frames or packets transmitted by each user is equal (to 2M + 1). This
assumption can be readily dropped at the expense of more cumbersome
notation. Generalizing (2.1) to the asynchronous case, the CDMA channel
model now becomes

K M
YO =YY" Aililsit — iT = ) + on(). (2.6)
k=1 i=——M
In the context of this model, users initiate and terminate their transmissions
within T time units of each other, which presupposes some form of block-
synchronism, if not symbol-synchronism. This assumption allows us to
focus on offsets modulo-T and does not impact the generality of the analysis
because of the typically large values of M. Figure 2.2 shows the symbol
epochs for three asynchronous users in a case where M = 1.
The synchronous channel (2.1) corresponds to the special case of (2.6)
where all the offsets are identical,

T = =Tg, (2.7

in which case, we may as well consider the one-shot version of (2.6), if, as
we assumed in Section 2.1, there is no intersymbol interference.

It is worth pointing out another special case of (2.6): the case in which
all the received amplitudes and all the signature waveforms are equal:

Al=---=Ax=A (2.8)
and

S|=---=8g =3, 2.9)
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and in which the offsets satisfy

_(k=DT

T < (2.10)
In this particular case, (2.6) becomes
K M
YO =YY Ablils(t —iT = (k = DT/K) +on(r)
k=1 i=—M
=Y Abljls(t - jT/K)+on(), (2.11)
J

where we have denoted
b[iK + k — 1] = b[i].

The channel in (2.11) is, in fact, the standard single-user white Gaussian
channel with signals subject to intersymbol interference. In this model,
which occupies a prominent role in communication theory, every bit over-
laps with a fixed finite number of neighboring bits. Since the waveform s
in (2.11) has duration T, every bit b[ j] in (2.11) overlaps with 2K — 2 bits.

As an example, consider the intersymbol interference scenario depicted
in Figure 2.3: every symbol overlaps with three preceding symbols and
three succeeding symbols. This is equivalent to an asynchronous CDMA
channel with four “users” (each free from intersymbol interference) where
the signature waveforms are common to all users and the offsets are 7; = 0,
7, =T/4,13 = T/2,and vy = 3T /4. Each “user” carries every fourth bit of
the original data stream, so the individual data rate for each “user” is 1/4 of
the original data rate. As we will see, many of the demodulation strategies
used for channel (2.11) find counterparts in the more general channel (2.6).
Moreover, oftentimes we will find that it is conceptually advantageous to
use the synchronous CDMA channel as the starting point for the design and
analysis of demodulators for asynchronous CDMA.

Synchronous or asynchronous CDMA systems with intersymbol inter-
ference are also encountered in applications. Intersymbol interference may
be present due to channel distortion (Section 2.6) or introduced intentionally
(for example, to increase the signature time-bandwidth product) in which
case it is also known as partial-response signaling. The models in (2.1)
and (2.6) remain valid in the presence of intersymbol interference, but the
signature waveforms are longer than 7 and the one-shot approach used in
Section 2.1 is then suboptimal.

TDMA can also be seen as a special case of the asynchronous CDMA
model in (2.6): the same signature waveform is assigned for all users (2.9)
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and the consecutive offsets are T /K apart (2.10). Except for the possibly
unequal received powers in TDMA, this special case is conceptually similar
to the intersymbol interference model (2.11). Ideal orthogonal TDMA sat-

isfies
iT jT
_ = I = 2.1
/s(t K)s(t X )dt 0, (2.12)

fori # j.For example, (2.12) is satisfied if s(¢) has duration 7/K . Due to
channel dispersion, (2.12) may fail to hold in nonideal TDMA (particularly
for |i — j| = 1), thereby resulting in cochannel interference. TDMA systems
where users transmit more than one bit on each time slot (cf. Footnote 5 of
Chapter 1) require a more general model than (2.6).

24
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FIGURE 2.4.
Definition of
asynchronous
crosscorrelations

(k< I).

2.2 BASIC ASYNCHRONOUS CDMA MODEL

5 S

We have already noticed that the synchronous model in (2.1) can be
put as a special case of the asynchronous model in (2.6), in the sense that
any asynchronous demodulation technique (and its analysis) must work
for any arbitrary set of offsets including 7; = - - - =1¢ =0. Yet, the syn-
chronous channel (2.1) is a canonical model in the sense that we can view
the asynchronous model (2.6) as a special case. Think of each bit in (2.6),
{belil,k=1,...,K,i=—M, ..., M}, as coming from a different “user”
in a synchronous channel whose bit interval is [-MT, MT 4+ 2T]. In this
view, the number of fictitious users is equal to (2M + 1)K. For example,
the asynchronous 3-user case depicted in Figure 2.2 can be seen as a 9-user
synchronous channel. Sometimes in the upcoming development, we will
find that this view fails to fully exploit the structure of the problem; often,
however, it will facilitate the analysis of asynchronous multiuser detectors.

As we mentioned in Section 2.1, performance depends on the signature
waveforms through their crosscorrelations. However, in the asynchronous
channel the “synchronous” crosscorrelations

T
o = f SO0 de
0

are no longer sufficient to determine performance. In asynchronous CDMA,
we must define two crosscorrelations between every pair of signature wave-
forms that depend on the offset between the signals. If k < [, then we denote

T
pou(t) = / si(D)s;(r — 1) dt, (2.13a)

,D]k('l.') = / Sk(t)S[([ + 7T — T)dt, (213b)

0
where T € [0, T]. Notice that the first subindex of p(7) denotes the “left”
signal in the correlation (Figure 2.4). The length of the integration interval is
7 or T — 1 according as the sign of [ — k. For example, it can be checked that

the crosscorrelations of the (unit-energy) signature waveforms in Figure 1.4
are given by

3
p12(1) = —p2(7) = %r(r - T).
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If the users are labeled so that their offsets are increasin g, then for a given
set of offsets, the value of 7 of interest in (2.13) is equal to 7, — 7. With a
slight abuse of notation, we will denote

Pxt = puT — ),

where in contrast to the “synchronous” crosscorrelations, py, is, in general,
asymmetric.?

In the foregoing special cases of single-user intersymbol interference and
TDMA, (2.9) and (2.10), the crosscorrelations are

R(ZET), >k,
Prl = Ik
R(T —2£T), 1<k,

where the autocorrelation function of s is denoted by

R(1) = /s(t)s(t — 1)dt.

2.3  SIGNATURE WAVEFORMS

2.3.1 DIRECT-SEQUENCE SPREAD SPECTRUM

For many results on multiuser detection, it is not necessary to place
any specific structure on the signature waveforms. Yet, it is instructive to ex-
amine the structure of the signature waveforms employed in many CDMA
systems, namely, direct-sequence spread spectrum. As we saw in Chapter 1,
spread-spectrum signaling formats feature large duration-bandwidth prod-
ucts. Direct-sequence refers to a specific approach to construct spread-
spectrum waveforms, characterized by:

1. chip waveform pr. such that
oo
/ pr.(Opr.(t —nT)dt =0, n=1,2,..., (2.14)
—o0

2. number of chips per bit N, and
3. binary sequence of length N: (cy, ..., cn).

If the binary sequence is used to modulate the chip waveform antipodally
2 The sequence-design literature refers to the asynchronous crosscorrelations pj;, px ; as

partial crosscorrelations and to pj, + p ; and pj — py; as the even and odd periodic
crosscorrelations respectively.
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FIGURE 2.5.
Direcl-sequence
spread-spectrum
signature
waveform with
N=63 in the
time and
frequency
domains
{rectangular chip
waveform}.

FIGURE 2.6.
Direct-sequence
spread-spectrum
signature
waveform with
N= 63 in the
time and
frequency
domains (sinc
chip waveform).

2.3 SIGNATURE WAVEFORMS

L

T,

we obtain the direct-sequence spread-spectrum waveform with duration
NT,:

N
s(t) =AY (=1 pr(t — (i — DT). (2.15)
i=1

i

It is important to realize that the binary sequence (cy, . .., cy) does not
carry information: it is assumed to be known by the intended receiver.
An example of a direct-sequence spread-spectrum waveform is shown in

Figure 2.5. In that case, the chip waveform is the rectangular pulse

o (6) = [1, ifo<rt<T,

‘ 0, otherwise.

The magnitude of the Fourier transform (in linear scale) of the direct-
sequence waveform shown in Figure 2.5 shows considerable frequency
content beyond the spectral null at 1/T... For the sake of spectral efficiency,
some CDMA systems choose a smooth chip waveform with very little
energy beyond the chip rate. For example, Figure 2.6 shows the same binary
sequence used in Figure 2.5, but with the chip waveform

(1) = sine( = — 1
pr.(¢) = sinc T ,

and with the overall signature waveform truncated to the interval [0, NT].

o

T vwvwwm me

T,
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With this choice, the spectrum of the direct-sequence waveform falls abrup-
tly beyond 1/ T, (Figure 2.6).

Figure 2.7 shows the noiseless superposition over two bit periods (of user
1) of six asynchronous antipodally modulated direct-sequence waveforms
(N = 63 with rectangular chip waveforms). The received amplitudes of the
six users are within 5 dB of each other. The realization shown in Figure 2.7
would be typical of a broadband noise process. Yet, from the viewpoint of
a receiver that knows the signature waveforms, received amplitudes, and
timing of each user, the waveform shown in Figure 2.7 only has 17 bits of
uncertainty.’

23.2 SPREADING FACTOR

We now summarize some of the effects of the choice of the number
of chips per symbol N, also known as the spreading factor, spreading gain,
Of processing gain:

+ For fixed duration of the signature waveform, its bandwidth is propor-
tional to V.

+ For a given signal-to-noise ratio, the single-user bit-error-rate in a white
Gaussian noise channel is independent of N (Chapter 3).

* In an orthogonal synchronous direct-sequence spread-spectrum CDMA
system, the number of users that can be supported is less than or equal
to N (Problem 2.1).

+ For a given maximum crosscorrelation level, the number of synchronous
or asynchronous signature waveforms grows with N (Problem 2.2). The
variance of the crosscorrelation between two signature waveforms with
randomly and independently chosen codes is 1/N (Section 2.3.5).

* Large values of N contribute to the privacy of the system, as they hinder
unintended receivers wishing to unveil signature waveforms so as to
eavesdrop on the transmitted information.

3 The figure shows two full periods of one user and three (partial) periods of the other
five users.
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+ Because the energy spectral level of the signature waveform is inversely
proportional to N, large values of N contribute to reduce the interference
caused on coexisting narrowband transmissions. For the same reason,
noise camouflage* from an interceptor that monitors the radio spectrum
is enhanced with increasing values of N.

+ The performance degradation caused by a narrowband jammer decreases
with N. In the absence of background noise, a narrowband jammer with
power up to 101og,, N dB above the spread-spectrum signal induces no
errors (Problem 2.17).

+ The reliability with which the time of arrival of the signal can be deter-
mined increases with N (cf. (2.16)). This facilitates timing synchroniza-
tion at the receiver and the ability to combat multipath.

2.3.3 SIGNATURE SEQUENCES

Ordinarily, both the number N of chips per bit and the chip wave-
form are common to all users in a direct-sequence spread-spectrum CDMA
system. What distinguishes the different signature waveforms is the assign-
ment of the binary “sequence” or “code” (cy, ..., cy). A wealth of com-
binatorial techniques exists for constructing pseudonoise (PN) signature
sequences, which, for given N and K, achieve low crosscorrelations for all
possible offsets. Foremost among those techniques are the Gold, Kasami,
and bent sequences (Simon et al. [410]).

The normalized crosscorrelation between two synchronous direct-
sequence waveforms with signature sequences (¢ji, . . ., ¢;n) and (¢cp, - - -,
cry) is given by

N
pix=—1+ % ; Heji = el

Pseudonoise sequences can be (but need not be) easily generated by linear
feedback shift registers such as the one shown in Figure 2.8. There are a
total of 2" different states if r is the number of binary registers. Therefore,
the output of the pseudonoise shift-register generator is periodic, with a
period determined by the taps and the initial state. The taps are chosen
so as to prevent the state from ever becoming all-zero because in such an
event it would remain there forever. Discounting this forbidden state, we
see that the periodicity of the output sequence can never be larger than
2" — 1. Sequences (or equivalently the linear feedback shift registers that

4 Usually referred to as low probability of intercept in the spread-spectrum literature.
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MODULQO-2 ADDITION

produce them) that achieve this bound are called maximal-length. Their
use is widespread because they achieve the most noiselike sequence with
a given amount of shift register complexity. For example, if we let r = 4
and the new value of register 1 is equal to its previous value plus the value
of register 4 (in modulo-2 arithmetic), then the shift register puts out a
periodic repetition of the 15-bit sequence 000111101011001. Since the
periodicity is exponential in the number of registers, it is very simple to
generate pseudonoise sequences with very long periods. Maximal-length
shift-register sequences have pseudorandom properties such as:

a) There are 2"~! ones and 2"~' — 1 zeros.
b) The periodic autocorrelation function of the generated sequence c,
Cryenn is

1 & 1 k=0,N,2N,...
Rk) = — Y (=p)stem = 1 = A 016
() =5 2 (=D —1/N, otherwise, (2.16)

i=1

with N = 2" —1. This means that if we compare any two strings of length
N within the sequence, they are either the same string or the number of
agreements is equal to the number of discrepancies minus 1.

234 LONG SEQUENCES

An alternative way to view a direct-sequence spread-spectrum
waveform is as the product of a signal modulated at the data rate and a
periodic repetition of a pseudonoise waveform:

M
Ag() 3" blilp(t —iT), (2.17)
i=—M
with
) = 1, if0<r<T,
P = 0, otherwise,
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FIGURE 2.9.
Direct-sequence
spread spectrum
system with

No = 63 and
N=7.

2.3 SIGNATURE WAVEFORMS
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il 1Rl

-

Bit Period

PN Sequence Period

| - _

LL i i I L L i

o0

No
g)= > > (=" pr.tt — (n + jNo — DT,
Jj=—00 n=1
where (2.15) coincides with this model if 7 =NT, and Ny = N. In some
practical CDMA systems (e.g., IS-95 Standard [442]), the period of the
pseudonoise waveform is larger than the symbol period (Figure 2.9),

L= Ny/N > 1.

In those systems, the foregoing conclusions about the choice of N apply
verbatim, except in the case of the privacy feature where N, replaces N. In
particular, the processing gain is determined by the number of chips per bit
rather than the periodicity of the pseudonoise sequence. If L > 1, then the
CDMA channel no longer fits the basic model in Sections 2.1 and 2.2. It is
necessary to replace the kth user stream

M
Y Abililsi(t —iT)
i=—M
by

M
Z Apbelilsk i, @ —iT),
=M

t
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where (i), denotes i modulo L, and the concatenation of s i, .. ., ;.. gives
one period of the PN sequence assigned to user k.

As we saw, maximal-length shift-register sequences of very long period-
icity are easy to generate; thus, it is easy to implement transmitters where
L, the ratio of the periodicity of the pseudonoise waveform to the spreading
gain, is very large.’ In that case, no attempt is made to design signature
waveforms with low crosscorrelations, and the large values of L enable
the approximation of signature codes as purely random for the purposes of
analysis. As we mentioned, except for privacy, the benefits of large spread-
ing gains are not enhanced by choosing L > 1. Large values of L hinder
the synchronization task of an eavesdropper. At any rate, encryption of the
information streams is a more robust way to obtain privacy, and the use of
some multiuser demodulation strategies becomes more cumbersome when
L > 1, as, in that case, the crosscorrelations vary at the data rate.

23.5 RANDOM SEQUENCES

Averaging performance of multiuser detectors with respect to the
choice of direct-sequence spread-spectrum signatures is relevant to systems
with large L. Furthermore, such average analyses give a baseline of com-
parison (as a function of K and N) for systems with L =1 and signature
sequences designed to achieve low crosscorrelations.

In the random signature model, we have
1
VN
where {dy; € {—1,+1},k=1,...,K;i =1,..., N} are independent and
equally likely and the deterministic chip waveform pr. is assumed to have
unit energy and autocorrelation function
oo
R0 = [ prwpn-var 2.19)

00

N
set) = —= D duprt —iT. +T), 2.18)
i=l

Note that (2.14) implies
R,(nT.))=0, n#0. (2.20)

The asynchronous crosscorrelation function (2.13a) can be expressed in
terms of signature codes and chip autocorrelation function as

Pu(T) = /Sk(t)s;(t —1)dt

1
TN &4

i=1 j=t

didijRp(t + (j — DT0). (2.21)

5 In 1S-95 Standard [442], N = 128, Ny = 2% — 1, L = 2%,
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Clearly, since {dy; € {—1,+1},k=1,...,K;i =1,..., N} are indepen-
dent and equally likely,

Elpu(t)] =0, (2.22)

for k # 1. The second moment of the crosscorrelation function is

E[pi()] =+ Z Z Z Z Eldyidyjdxmdin)

=1 j=I1 m=1 n=

XRy(t + (j —DTIR,(t + (n —m)T,)

1 N N
=5 2. 2 R+ =T, (2.23)
i=1 j=1

Taking into account (2.20), we can readily particularize (2.23) at T = 0 to
obtain the second moment of the synchronous crosscorrelation oy = 04(0):

i) = s K0

=N (2.24)

In the asynchronous case, it is useful to further average (2.23) with respect
to the uniformly distributed delay © € [0, T]:

1
—/ [2())dr = N2TZZf Rt +(j — T dr

i=1 j=1

1
2N2TZZ/ RAz +(j —DT)dr. (2.25)

i=1 j=
The evaluation of (2.25) is considerably simplified if R ,(t) = Ofor|z| > T,
that is, when the chip waveform has duration 7. Then, (2.25) becomes

17 )
7| Eeiola 2N2T;;f RX(x)dr

1
" NT.

In the special case of rectangular chip waveforms

I.
R (t)d. (2.26)
0

T
Rp(r)=1—7, 0<7t=<T,

(5

and (2.26) particularizes to
lfTE[ 2 (n)]de = fl(l— ) dx
T )y CPHIEEN T
1.
=_——. 2.27
IN (2.27)

33

50



CHAPTER 2. CODE-DIVISION MULTIPLE-ACCESS CHANNELS

Obviously, by symmetry, the “left” crosscorrelation (2.13b) has the same
moments when the delay is uniformly distributed.

Figure 2.10 shows a realization of the locus of pairs of partial crosscor-
relations

(p12(7), p21(7)) forall T € [0, T]

for direct-sequence spread-spectrum waveforms with randomly selected
signature sequences and rectangular chip waveforms. According to (2.27),
the standard deviation of the crosscorrelations in the case N =512 is half
of that in N = 128, which is validated in Figure 2.10.

For future reference, we pause to give a key asymptotic (K — co) result
that we will use to analyze performance when the choice of direct-sequence
spread-spectrum codes is random. This result gives the asymptotic distri-
bution of the eigenvalues of the crosscorrelation matrix R:

Proposition 2.1 (Bai and Yin [19]) Suppose that K users employ direct-
sequence spread-spectrum waveforms with N chips per symbol. Let

. K
I(lir)r;oﬁ_ﬂe(o,oo).

Suppose that the choice of signature sequences is completely random: the
sequences assigned to each user are independent, and all binary sequences
are equally likely. Then, the percentage of the K eigenvalues of R that lie
below x converges (as K — 00) to the cumulative distribution function of
the probability density function

VIx —alt[b —x]*

1 _ g1+
Jpx) =[1—B7178(x) + B .

(2.28)

where

[z]* = max{0, z},
34

51

FIGURE 2.10.
Locus of
crosscorrelations
{012, p21) for
N=128 (leff)
and N=512
{right) with
rectangular chips.
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and

a=(1-JPr

(2.29)
b=(1+ B>

Moreover, if B < |, the smallest eigenvalue converges almost surely
toa.

2.3.6 OTHER SPREAD-SPECTRUM FORMATS

Direct-sequence is not the only spread-spectrum signaling format
suitable for CDMA. The direct-sequence format (2.15) can be generalized
in several directions:

1. The “codes” need not be binary valued.
2. While preserving their orthogonality, the N chip waveforms need not be
delayed versions of each other.

Such a generalization is reflected in the following spread-spectrum
model:

N
sy=AY " Fi), (2.30)
i=1

where (8, ..., By) is the spreading code and the N deterministic signals
1, satisfy the orthogonality conditions

(ll’/f! Tﬁf) = {)s

if i # 1. Model (2.30) particularizes to direct sequence and to multicarrier
CDMA:

DIRECY SEQUENCE

In direct-sequence spread-spectrum, the chip waveforms are delayed ver-
sions of each other:

Yilt) = pr,t — (0 — DT, (231
where recall from (2.14) that the chip waveform py, is orthogonal to any ver-
sion of itself delayed an integer multiple of 7. In the special case of direct-

sequence spread-spectrum we have considered until now, 8; € {1, 1L
(See Problem 2.16 for the more general nonbinary setting.)
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MULTICARRIER CDMA

The dual of {2.31) in the frequency domain is obtained by considering
chip waveforms whose Fourier transform satisfies

i — 1
() = P]/T(f . T ) (2.32)

which implies that
Yi(r) = /TPy ),

where Py;7 is the inverse Fourier transform of p;,7. In this model, g; is
usually complex-valued.

FREQUENCY HOPPING

We could even lift the restriction that chip waveforms are linearly modu-
lated by the code coefficients, in which case we get

N
s = AY WiB). pieA (2.33)
i=1
where

Wi B) (5 v)) =0,
ifi #1.
A special case of (2.33) is that of frequency hopping:

cos(QuBity, ifiT, - T, <t =<iT,
0, otherwise.

Wi(t; Br) = {

In frequency-hepping spread-spectrum the chips are modulated in fre-
quency, rather than in phase as in direct-sequence. Each of the N chips
corresponds to a sinusoid whose frequency is chosen psendorandomly from
a given set of frequencies. Figure 2.11 shows a frequency-hopping spread-
spectrum signature waveform, where N =7 and there are three different
frequencies (|.A{=3). In a related, but different, signaling strategy called
slow frequericy hopping, each symbol is modulated by a single narrowband
signal whose carrier frequency is periodically changed, every few symbols.
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2.4 DATA STREAMS

2.4  DATA STREAMS

A basic assumption we will use for the design and analysis of
multiuser detectors is that all possible data streams

bal=M], ..., b M), k=1,...,K)

are equiprobable. This means that bits are independent, equally likely to be
+lor—1.

In practice, the raw data may be subject to error-control coding, in which
case the assumption of independent bits no longer holds. Other types of
data dependencies may be introduced in order to shape the spectrum of the
transmitted signals or to satisfy constraints on the digital streams imposed
by communication protocols.

In general, it is suboptimal to separate the demodulation and error-control
decoding operations. Nevertheless, conceptually and practically, it makes
sense to study the demodulation operation separately from error-control
decoding. The bit-error-rate for the raw independent data, although not the
ultimate performance measure of interest in an error-control coded system,
provides an excellent way to compare different demodulation strategies. In
practice, complexity considerations usually rule out optimal decoders that
work with the received waveform directly. Instead, error-control decoders
work either with demodulated data (“hard-decisions™) or with real-valued
scalars (“soft-decisions”) which give an assessment of the reliability of
those decisions. Hard-decision demodulators can be modified to that effect.

The separation of demodulation and decoding is akin in spirit to the
separation of encoding and modulation described in Chapter 1. Having each
user modulate a signature waveform imposes a structure on the transmitted
signal that incurs a loss of capacity. Yet, this structure facilitates (particularly
when the signature waveforms are spread-spectrum) the challenging task
of the receiver.

Differential encoding of the data streams is another feature present in
many systems of interest. In differential encoding, the kth user sends

M
> Awelilselt = iT),

i=—M

where the transmitted stream 1s not the data stream (with or without redun-
dancy) itself but its transitions:

erli] = exli — 1]beli].

The differential encoder is initialized with a bit ¢,[--M —~ 1] known to the
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receiver, which makes decisions on the consecutive products
e i — Uecli] = belil.

The purpose of differential encoding is to facilitate demodulation in the
presence of phase uncertainties. For example, at the expense of some per-
formance loss, differential encoding enables differentially coherent demod-
ulation whereby the signal received in the previous interval is used to provide
a carrier-phase reference in lieu of an internally generated sinusoid in phase
with the received waveform.

Some systems offer multirate capability, whereby the information rates
transmitted by various users need not coincide. An obvious way in which
a user can muitiply its data rate by a factor of k is by serial-to-parallel con-
version of its data stream into k data streams, each of which modulates a
different signature waveform (Problem 2.20). Alternatively, the spreading
gain can be chosen inversely proportional to the data rate while keeping the
chip rate (and, hence, bandwidth) of the transmitted signal invariant to the
data rate.

2.5 MODULATION

2.5.1 CARRIER MODULATION

The basic CDMA model in Sections 2.1 and 2.2 is a baseband
model, It is easy to incorporate frequency translation by multiplying the
signature waveforms by sinusoids. Since different users’ carriers (even if
they have the same frequency) are not phase-synchronized, carrier modula-
tion has the effect of multiplying each crosscorrelation by a random factor.
The function 5, denotes the unit-energy modulated version of s, using a
carrier with frequency f. and phase ¢:

si(£ycos(2m fet + i)
Ise(t) cosmfut + do)ll
We can write the energy and inner products of the modulated signature

waveforms as

se(2) cos(2m fut + P

() =

T T
_! f 2 di++ f s2(1) cos(4n fut + 200 dt, (2.34)
2 Jy 2 Jy

(s (1) cos(2m fot + ), 5;(t) cos(2m fot + ;)

| 17
=3 cos(dy — @ )Mse, 550 + 3 [ s, (2)8,; (1) cos(dm fof + ¢ + @) dt.
0

(2.35)
38

95



2.5 MODULATION

If, as customary, the bandwidth of the signature waveforms is less than f,,
then the integrals of signals at 2 £ in (2.34) and (2.35) can be neglected.
Thus,

Prj = (51, 5;) = pij cos(@n — ;). (2.36)

Because the phases ¢, are independent and uniformly distributed on [(}, 27 ],
the probability density function of py; is given by

1
———\ & (—py. Py
T fpl —r?

kj

A similar result is obtained for the asynchronous crosscorrelations (2.13).
Conditioned on gy, the moments of py; are

fo, r) = ). (237

Efpyl =0,
_ P

E[p] = 2 (2.38)

If the asynchronous crosscorrelations are averaged with respect to random
sequences, delays, and phases, then their variance is equal to 1 /(6/N), in the
case of rectangular chip waveforms (2.27).

As usual, carrier-modulated signals are conveniently represented by
complex-valued baseband signals. If @(f) and ¢(¢) are real-valued base-
band signals, we can express the carrier-modulated signal® as

a(t) cos(2m fut + (1)) = Ma(r)e T o0 (2.39)
= 9tfa(r)e’ )
= Ja(r)} cos(2r fur)
—¥{a()} sin2m fo), (2.40)
where we have introduced the complex-valued signal
a(r) = a(t)e’®® = alt)cos pit) + ja(t) sin P(z).

As ¢/F)' does not carry any information, it is useful to view the carrier-
modulated signal (2.39) as the complex-valued baseband signal a(t). The
real and imaginary parts of a(¢) are known as the guadrature components
of a(t) cos(2m fot + ¢(1)).

We can now generalize the basic synchronous CDMA model to

K
() =Y Aisi(t) + on(), (2.41)
k=1

% The real and imaginary parts of a complex number are denoted by a = M{a} + j3{a}.
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where y(¢), A, s¢(), and n(¢) are complex-valued,” and the real and imag-
inary components of n(r) are independent and white Gaussian, each with
spectral level equal to 1. The complex-valued signature waveforms s;(¢) are
normalized to

T
lsell” = f R {se(1)) di + f
y] 0

An analogous complex-valued counterpart can be formulated for the asyn-

7

s () dt = 1.

chronous model. The complex-valued model in (2.41) is particularly advis-
able when the transmitted signals undergo fading and/or the demodulation
is noncoherent.

2.5.2 NONANTIPODAL MODULATION

Inasmuch as the data bits are {1, +1}, channels (2.1) and (2.6)
assume a simple type of data modulation: binary antipodal.® This assump-
tion is common in the analysis of CDMA systems and constitutes the most
energy-efficient binary modulation strategy (Problem 2.9). At the expense
of some notational complexity and negligible conceptual difficulty it is
possible to generalize many of the results that we will present to any linear
modulation format, by letting the data symbols belong to an arbitrary finite
alphabet. This type of modulation is known as Pulse Amplitude Modulation
(PAM).

In practice, a relatively simple way to improve bandwidth efficiency
is to use quadrature modulation systems in which paralle] data streams
modulate two phases of the same carrier separated by 90°. Allowable
phase transitions are controlled to further reduce bandwidth in modula-
tion systems such as 7 /4-QPSK (Feher [89]). Different signature wave-
forms may be assigned to each quadrature channel. Note that by dou-
bling K, (2.41) is general enough to encompass quadrature modulation
systems.

When nonlinear modulation is used, the kth user transmits

M
> Awsilt — iTibeli),
i=—M

where b, [i] need not be binary-valued. The special case

5 (1 b) = bs(8)

7 Complex quantities are denoted in sans serif typeface.
# Binary antipodal modulation of carrier-modulated signals is known as binary phase-
shift keying (BPSK) or phase-reversal keying (PRK).
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corresponds te linear modulation. Nonlinear modulation techniques are
employed in some important multiuser communication systems. For ex-
ample, frequency-hopping spread-spectrum waveforms are not modulated
antipodally; instead, m-ary frequency shift keying and noncoherent de-
modulation are the usual choices. The GSM TDMA-based mobile digi-
tal telephony system (GSM Standard [82]) employs Gaussian minimum
shift keying (GMSK): the information stream {&;} is first antipedally
modulated,

2ty = Y _blilf{t — iT), (2.42)

and then exponentially modulated,
s(t) = Acos2r fo.r + mhz(£)).

The antipodally modulated pulse in (2.42) is not time-limited and is chosen
to control the spillover of frequency content beyond 1/7':

l ¢ ﬁoﬁ.’ },,2/2
G pp—— f f e g3 d.
V2T J o0 J Bac-1

Another example of nonlinear modulation is the 2/ -ary modulation format
employed in the uplink of the IS-95 CDMA-based mobile digital telephony
system (IS-95 Standard [442]).° This system can be best explained as the
basic antipodally modulated CDMA model (2.6) where the stream of mod-
ulating bits b, [i] is not the information stream itself but the result of encod-
ing blocks of J consecutive information bits into blocks of 27 channel bits.
That encoding is carried out by using the block of .J information bits as the
address of a Walsh function of length 27 (Problem 1.4). Ifthe £ € {1, ..., 2/}
Walsh function is denoted by

RLE, 11, --- h[E, 27],
then J bits of information can be transmitted with the signal

2]
Zh[e, ilsele =i T), (2.43)
i=1

where s, has duration T and A[£,i] € {—1, l}. Thus, in this nonlinear-
modulation scheme, the data rate is J277/ T. Note that we can view Walsh
nonlinear modulation as conventional antipodal linear modulation coupled
with a block error-control code that constrains each block of consecutive
modulating J bits to take only J different values.

® J = 6 in the 1893 system.
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In fact, a K-user channel employing m-ary nonlinear modulation is
always equivalent to a K'm-user linearly modulated channel where the data
of different *“users” are dependent:

K mK
Do Atib = D A5, (2.44)
k=1 ne=|
with
Sirt—nm () = (85 /), (2.45)
Bjsu—m = b = j), (2.46)
Ajig—tm = A (2.47)
2.6 FADING

In the basic CDMA models (2.1) and (2.6), the amplitudes A; and
signature waveforms s, are those obtained at the receiver. Often the received
amplitudes and signature waveforms do not coincide with those sent by the
transmitters because of channel attenuation and distortion,

Fading refers to time-varying channel conditions. Any system with
mobile transmitters and/or receivers is subject to fading. Even if the re-
ceivers and transmitters are not mebile, fading may be present in systems
such as shortwave ionospheric communication. Frequency-flat fading af-
fects the received amplitudes but does not introduce signature waveform
distortion. Frequency-selective fading affects the received signals in both
strength and shape.

2.6.1 FREQUENCY-FLAT FADING

When propagation conditions change, due for example to mobility,
the received amplitudes vary with time. This feature is easily incorporated
in the CDMA synchronous and asynchrenous models:

K
yn=>_
k=1{
X

M

Alilbelilsi(z — iT) + on(e), (2.48)
M

M
YO =D Y Adillilst —iT — ) +on(@).  (2.49)

k=li=—M

Whether or not the receiver 1s able to track the time-varying coefficients
Aglil, its performance will depend on the statistical properties of those
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FIGURE 2.12.
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random processes. In most systems, it is safe to assume that the random
processes {A.[/]} are independent from user to user. Furthermore, it is usu-
ally assumed that {A[i]} are wide-sense stationary processes. Regarding
the first-order statistics of the received amplitude (probability density func-
tion of |A;[i]]), it is convenient to write it as the product of a deterministic
component times a random component:

|Ali]] = AcR[E).

Typical probability density functions of R[] > 0 include:

Rayleigh:  fr(r) =re /2, (2.50)

Rice: falr) = re "3 Iyrd), (2.51)

Nakagami:  fo(r) = c(d)yr™ e /2, (2.52)
_ 20log,p e ( (20 logmr)z)

log—normal: r)= ——expl ———— . (253

£ fR( ) ro’P\/ﬁ P 20’; )

Figure 2.12 shows the Rayleigh, Rice,!® Nakagami, and log-normal prob-
ability density functions. The second moments of the Rayleigh (2.50), Rice
(2.51), and Nakagami (2.52) probability density functions are equal to 2.
The second moment of the log—normal probability density function (2.53)
is 1.02686°F (Problem 2.31).

Rayleigh fading arises when the real and imaginary parts of A[i] are
independent zero-mean Gaussian random processes, in which case the phase
of A,[i] is uniformly distributed on [0, 2z ]. If the real and imaginary parts
of Ai{i] are independent Gaussian random processes with nonzero mean
Ay, then |A.[i]] = AiR[{] with R[] having a Rice distribution with pa-
rameter d = |A|/ Ax. Rice fading arises when there is a direct line of sight
between transmitter and receiver. The additional degree of freedom in the

- ; 2 e
19 1, is the 7ero-order Bessel function Io(x) = 5= f;” e* " *lde.
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Nakagami distribution relative to the Rayleigh distribution enables a better
fit to experimental measurements in urban channels.

Coarse fading variations due to shadowing by obsiacles in the line of
sight between receiver and transmitter are usually modeled by log—normal
fading, for which the received power in dB is a Gaussian random vari-
able. In typical urban cells, the differences in power received at the base
station from different users may be as high as 90 dB: this is the near—far
problem. 1t is challenging to implement robust signal processing, time-
acquisition, and demodulation for such enormous dynamic ranges. Power
control systems counter those imbalances by dynamically adjusiing trans-
mitted power, based on feedback information from the receiver. As we
will illustrate in future chapters, for most modulation/demodulation sys-
tems, equal received power is the optimal power allocation for a fixed sum
of received powers. Consequently, power control not only alleviates the
effects of fading but it contributes to a savings in power. Power control
proves particularly vital for systems that neglect the structure of the multi-
access interference at the receiver (Chapter 3). Practical power controllers
do not have unlimited capabilities for fast and accurate response, particu-
larly in systems such as mobile-satellite communications. Thus, it is im-
portant to analyze the performance of multiuser detectors subject to power
imbalances.

Several models arc used in the literature for the autocorrelation of the
fading amplitudes:

@uln} = E[AiIALL + n]]. (2.54)

For example, in narrowband communication the Clarke—Jakes autocorrela-
tion is frequently used:

Dy [n] = yeJollent)

&t Tk f " costzen sina) da (2.55)
2r Jo

Autoregressive moving-average models are also popular choices for the

fading coefficients. According to those models, the complex fading coeffi-

cients A.[i] are the response of finite-dimensional linear time-invariant

discrete-time systems to white processes.

The lower the spectral content of the fading amplitudes, the more
accurately they can be estimated, and the longer the average Jade duration
becomes. A fade is a period where the magnitude of the received amplitude
is below a threshold of acceptable performance.
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2.6.2 FREQUENCY-SELECTIVE FADING

In many multiuser channels, not only do the received amplitudes
vary with time but so do the received signature waveforms due to channel
distortion. The additive multiple-access channel is invalidated by nonlinear-
ities, in the presence of which the received waveform no longer comprises
the noisy superposition of the various users’ waveforms. Fortunately, chan-
nel distortion is often accurately modeled by a linear transformation, and
we limit ourselves to that case.

The signature waveform of the kth user undergoes a linear time-varying
transformation fully characterized by the complex-valued (baseband) im-
pulse response:

hi(z, 7), (2.56)

which denotes the response of the system at time ¢ due to a delta function
at time 7, 8( — 7). In the special case of a time-invariant system, the
dependence of hy(¢, T) on its arguments is only through r — z. The effect of
frequency-selective fading on the basic CDMA model is that the signature
waveform seen at the receiver is not sg(¢) but the convolution

j he(f, A)sp(A) di.
0

Time-varying linear distortion is particularly prevalent in mobile com-
munication systems, and we will focus our discussion of frequency-selective
fading in that scenario. Mobile transmitters see different channels —hence
the explicit dependence on £ in (2.56}. To understand the basic features of
time-varying linear distortion present in mobile channels of practical inter-
est we determine the impulse response in several highly simplified settings:

Free space + Stationary. In the simplest setting, the transmitter and re-
ceiver are in free space and stationary. There is only one (line-of-sight)
path between the two antennas and the signal is received undistorted.
Indeed, the channel has the following time-invariant impulse response:

hit, 7) = A (I e @), @57)

C

where dj is the distance between transmitter and receiver and ¢ is the
speed of light.

Free space + Motion. Suppose now that the transmitter travels in free
space toward the receiver at speed v. This means that the distance is
given by

d(t) =dy — vt.
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The impulse response is

h(r,r)=A,a(z~r,@+Et)
c

c

= AS ((l-&-;)l—r—%q), (2.58)

In free space, the power loss with distance is inversely proportional to
the square of the distance: {A,| o 1/d(2).

We now have a time-varying system whose effect on a sinusoid
is

A, f T hit, A = AT gy, (2.59)

Therefore, in addition to a time-varying amplitude due to increased
signal strength as the transmitter moves toward the receiver, the si-
nusoid undergoes an increase in frequency: the Doppler" shift. For
example, a mobile operating at 900 MHz and approaching the base
station at 100 km/h undergoes a positive Doppler shift of 83 Hz. The
effect of (2.58) on input signals other than sinusoids is not a simple
translation in the frequency domain (such as that obtained by mul-
tiplication with a sinusoid) because, as we can see from (2.59), the
Doppler shift is proportional to the input frequency.

Remote reflection + Stationary. The transmitter and receiver are station-

ary, but they are not in free space. Due to the presence of remote
reflectors there are L different paths between transmitter and receiver.
Since the paths have different lengths, the impulse response has the
specular multipath form:

L d:
hiz, 7) = A-St—r——J). 2.60
(1) ;j J ( . (2.60)
The time-invariance of (2.60) is due to the assumed stationarity of
transmitter, receiver, and remote reflectors.

In contrast to free space where the power loss is inversely propor-
tional to the distance squared, propagation over a flat reflecting surface
results in the power loss being inversely proportional to the fourth
power of the distance; in practice, the path-loss exponent depends
heavily on the nature of the channel and generally ranges between 2
and 5 (e.g., Stuber [433]).

W Christian J. Doppler {1803—1853) described this phenomenon for the first time.
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The delay spread is the time it takes for light to travel a distance equal
to the longest path minus the shortest path:
max; d; —min; d;
— .

For example, a path difference of 30 m corresponds to a delay spread
of 0.1 us (typical of indoor picocellular communication), whereas a
path difference of 6 km corresponds to a delay spread of 20 pus (typical
of mountainous terrain). The inverse of the delay spread is called the
coherence bandwidth of the channel. Coherence bandwidths of 3 MHz
(resp. 100 kHz) are typical of indoor (resp. outdoor) wireless channels
(Jung et al. [182]). Signals whose bandwidth is much smaller than
the coherence bandwidth are not distorted appreciably by multipath
{which explains the term frequency-flat fading used in the previous
subsection.) [n contrast, when the coherence bandwidth is comparable
or smaller than the symbol rate, multipath introduces not only distor-
tion but intersymbol interference. Note that unlike Doppler effects,
multipath distortion is not due to mobility; however, when either the
receiver or the transmitter moves, the delays ‘[—F’ and complex weights
A; in (2.60) change with time. Accordingly, to take full advantage of
the transmitted power the receiver must track the time-varying chan-
nel impulse response. For example, if the parameter variations are not
too rapid relative to the symbol rate, an adaptive algorithm known as
the rake can be used to track A;(r), d;(1), j = 1, ..., L and combine
(coherently or noncoherently) the delayed replicas of the transmitted
signal.

Even though multipath complicates the task of taking advantage
of all the transmitted energy at the receiver, it provides a potential
source of beneficial diversity. To explain this concept, it is useful to
compare a channel with L paths (2.60) with a channel without mul-
tipath given by (2.60) and L = 1. If A,, j = 1, ..., L are indepen-
dent, Gaussian, complex random variables, the strength of each path
is Rayleigh-distributed. This implies that with nonnegligible prob-
ability the path strength will be very small (cf. Figure 2.12). Due
to the assumed independence of the path strengths, we can expect
performance to be worst if L =1, since in that case the probabil-
ity that the received energy falls below an acceptable threshold is
maximized.

The large time-bandwidth product of spread-spectrum signals al-
lows the designer to choose signature waveforms with good auto-
correlation properties in the sense that their autocorrelation function
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resembles a delta function:
fSk(f)Sk(f + A)de &= 8(L). (2.61)

This is important for two reasens: {a) robustness and (b) identifica-
tion, (a) A delayed replica of a signature waveform is very ditferent
from the signature waveform itself and results in small interference.
(b) If the response of the channel to a signal s, that satisfies (2.61) is
passed through a filter with impulse response s,(—1), then the output
of that matched filter approximates the impulse response of the chan-
nel (Problem 2.27) (assuming the channel time variations are small
relative to the duration of s;). For direct-sequence spread-spectrum
stgnals, the autocorrelation cannot be made negligible for arguments
smaller than the chip duration, so multipath delays smaller than the
chip duration are not resolvable. The number of resolvable paths is es-
sentially given by the bandwidth of the spread-spectrum signal times
the delay spread.

Remote scattering + Stationary. Specular reflections of electromagnetic

waves are produced by sharp boundaries between two different media.
Far more commonly, waves are scattered (i.e., they are reflected by
multiple particles in a random disorganized fashion), in which case
the phases of the scattered waves superpose randomly. No longer a
superposition of a finite number of delta functions, the resulting time-
invariant impulse response h(t, 0) = h(d + ¢, A) is typically modeled
as a {complex-valued) Gaussian process. The scattering/multipath in-
tensity profile is defined as

o) = El[h(. 0)]].

The rms delay spread, o, is defined as the standard deviation of the
probability density function
¢
o ettyde

Since ¢(¢) is usually nonzero, but insignificant, at arguments much
larger than the rms delay spread, a more pragmatic definition of co-
herence bandwidth than the one given in the foregoing paragraph on
remote reflection is that coherence bandwidth is the reciprocal of a
multiple'? of 6,,. In intuitive terms, spectral components of the trans-
mitted signal that differ by no more than the coherence bandwidth are
subject to similar channel attenuation/phase rotation.

12 Usunally ranging between S and 50, depending on the application (Sklar [413]).
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Local scatteringfreflection + Motion. Even in the absence of remote
scatterers/refiectors, objects near the mobile produce multiple trans-
mitter/receiver paths. Although the length of those paths is essentially
the same, some path lengths increase while others decrease with mo-
tion, depending on the location of the scattering objects relative to the
motion vecter. In the case of a finite number of local reflectors we
obtain

L
hit, )= B,-a(: -7 % + %it) (2.62)

j=1

The response of such a linear system to a sinusoid can be readily
computed using (2.59). Therefore, we observe that the effect of motion
and local reflection on a delta function in the frequency domain is
dual to the effect of fixed multipath on a delta function in the time
domain.

With a continuum of local scatterers, the spreading function is no
longer compesed of a finite sum of delta functions. A simple idealized
example of a continuum of local scatterers is the case where the energy
received by the mobile is independent of the angle of arrival. In that
case, a pure sinusoid transmitted at frequency f, is received as a signal
with power spectral density (Problem 2.33)

S( = —ﬁf\/% e fu fot S
where f,, = vfo/c and v is the speed of the mobile. This provides a
simple example of a linear time-varying system whose response to a
sinusoid is a signal with a continuous spectrum. The Doppler spread
is equal to the bandwidth increase of the transmitted signal, equal to
2 f,» in the special case of a pure tone.

Remote scattering + Local scattering + Motion. The combination of the
foregoing effects is described by the statistical properties of the im-
pulse response. To express the key statistical properties of the impulse
response it is convenient to work with its Fourier transform. Since the
transfer function (at frequency f) in the familiar time-invariant case
is the response of the system to ¢/>*/! divided by /**/!, we can define
the “time-varying transfer function” in the same way:

H(r, 6) = e /7" / h(t, 1)/ dt
= f hit, t — e 7 di, {2.63)
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Often, h{#, r — &) is modeled as a wide-sense stationary process for
all A, in which case H{z, 8) is also wide-sense stationary for all 4.
Furthermore, in uncorrelated scattering h(ty, A1) and h(z;, ;) are un-
correlated whenever 11 — A # f; — A» 50 we can write

ETh(t;, )W, o) =Bt — o, 1, — T8 — T — 2 + 12}, (2.64)

where the scattering intensity profile defined before can be obtained
as a special case of the correlation function &:

E(0, 1) = @(1).

Using (2.64), we can verify that the following correlation function
depends only on the difference between the corresponding arguments:

E[H(r), 80)H*(t2, 62)]

= f / Efh{t), 1y — v)h* (2, 1z — vp)]e TR gy

2o .
= [ Blt; — t, v))e /700 gy

o0
def
=&y — 6,68, — 0y). (2.65)
Upon taking the two-dimensional Fourier transform of the correlation
function in (2.65) we get the scattering function:

ll-f(f,r):f f D, 9)e T g dg.

The range of (positive) values of t (resp. f) for which the scatter-
ing function is nonnegligible is the multipath spread (resp. Doppler
spread). As a rough rule of thumb, the Doppler spread is inversely pro-
portional to the time it takes for the mobile to traverse a wavelength
of the carrier frequency.

263 HOMOGENEOQOUS FADING

We conclude this section with a simple model of an extreme type
of frequency-selective fading that originates from the consideration of in-
dependent Rayleigh frequency-flat fading at the chip level. Consider the
complex-valued version of the spread-spectrum signal model in (2.30) and
assume that each dimension is affected by a different random coefficient:

N
sty =Y |Cle™ Bi(e), (2.66)
=1
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Further, let us assume that {C; = |C;|e/®,i=1,... N} are independent,
zero-mean, complex Gaussian variables. In the conventional direct-secuence
model (2.31) where the basis functions v; are delayed versions of each other,
the homogeneous fading model applies to scenarios with very fast fading.
In multicarrier CDMA (2.32), homogeneous fading models are used when
the coherence bandwidth is smaller than the data rate.

Netice that in a CDMA system where the spreading coefficients (8, .. .,
Bx) have identical magnitude (such as in the usual bipolar direct-sequence
case), all the information contained in the spreading codes gets washed
out by this kind of fading. In effect, the “signature sequences” become
random and totally controlled by the fading. Moreover, depending on the
application, the values of {C; i = 1,..., N] may not be easy to track at
the receiver, in which case the time-domain structure of the signals can no
longer provide distinguishability among users, unless multilevel spreading
coefficients are employed.

2.7 ANTENNA ARRAYS

Antenna arrays consist of several antennas arranged together in
space. They are employed in multiuser wireless communications for two

primary purposes:

Diversity: The use of multiple antennas to provide diversity dates back
to the early days of single-user radio communication. The rationale is
that if the array elements are sufficiently separated, fading does not
affect the signal received by each element equally, and performance
{(and, in particular, outage probability) is improved.

User separation: Tt is possible to exploit the fact that users are physically
separated by providing the receiver with an antenna whose radiation
pattern'® is not omnidirectional. Likewise, directive antennas can con-
centrate transmitted power in the direction of the intended receiver.

At a given location in space, the received signal depends not only on time
but also on the angle of arrival:'

y(t, @), € (=00, +0), a € [0,2m). (2.67)

13 The radiation pattern (also known as directivity pattern or simply antenna pattern) is

the distribution of the power radiated (or received) by the antenna as a function of the
angle.

141t is customary to restrict attention to two-dimensional patterns since, in most appli-
cations, users are roughly located on a plane.
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Conceptually, we could view the angle (or “space’) variable similarly to the
time variable, and we could generalize the basic CDMA model accordingly.
However, the signal in (2.67) is not observable at the output of the antenna.
Rather, we can think of the antenna as a “correlator” in the space domain:

1 7
P f y(t, 2)R(z) da, (2.68)
0

where R(w) is the radiation pattern. Because the radiation pattern of an
antenna depends on the frequency of the received signal, (2.68) gives an
overly simplified view, which is nevertheless useful when dealing with the
usual case of radio-frequency signals whose bandwidth is small relative to
their center frequency.

The simplest one-element antenna has an omnidirectional pattern: R(a)
equal to a constant. Linear arrays of equispaced omnidirectional antennas
are the most common approach to beamforming. The number of antennas
in the array determines the achievable angle discrimination, in much the
same way that the achievable sharpness of frequency discrimination of a
finite-impulse response digital filter is determined by the number of filter
taps. Once the number of elements in the array and their distances are
fixed, the resulting antenna pattern depends on how the element outputs
are combined. Let us consider the simplest case of a two-element array
(Figure 2.13) separated by d. A planar sinusoidal field at frequency f is
incident upon the array at angle . The field received by element 2 is delayed
relative to the field received by element 1 by the time it takes for light to
travel the distance d cos «. Thus, the respective responses are

XI(I) — ejZJ(ch»jH

. 4 ,
Xz(t) _ e;2nﬁ.(x e cnsu)—}—jﬂ'

We now combine both responses as

z(1) = x1(t) + ge’xa(1)

. . I i
:ejlr!_)ruf+jﬁ(] +ge]1p J2nft cosa)

o d 12
= g/*hrtib (1 +g7+2¢ cos(ga — 2 fy - cosa)) (2.69)
.

= /(] 4 g% 4 2g cos(p — 7 cos @), (2.70)
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FIGURE 2.14.
Two-element array
radiation patterns
with equal gains
and phase offsefs
of ¢ = n [left) and
v = /2 |right).

2.7 ANTENNA ARRAYS

N
NN

where g and g are design parameters. In (2.70) we have chosen 4 to be one
haif of the wavelength of the sinusoid field at frequency f.:
Ao c

d="=—.
2 2f

This choice is the most convenient one as smaller values of the inter-element
distance ¢ do not let 2z fcg cos ¢ range over the full interval |—m, 7).
Figure 2.14 shows polar plots of the magnitude of the two-element array
radiation pattern:

IR(e)|? = 1 + g* 4+ 2g cos(p — 7 cosa).

In general, an array of D elements spaced at half a wavelength whose
outputs are combined with the steering vector weights

(gie?, ..., gpe’*)
has the radiation pattern
D . .
Ria) = Z gneJ%*JTI(H*I)COSUl_ (2.71)
n=1

We now proceed to generalize the complex-valued scalar CDMA model
in (2.41) to the scenario of array observations. To thatend, we assume that the
carrier frequency is common to all users and that it is much higher than the
bandwidth of the transmitted signals, so that the antenna has approximately
the same pattern for all received frequencies, If user k transmits the signal

Abysi(2)e!

during the interval r € [0, T, the response of the nth array element will be
denoted by

anAkkak(l‘)ejznfct.
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We can think of the vector

Cok

as the spatial signature of the kth user. If the energy transmitted by user £
arrives exclusively at direction «;, then we can be more explicit about the
coefficient ¢, ; according to the foregoing development,

Cop = e—jlrrj;(nv—l)?cosnfk
nk =

— efjn(n—])cnsak. (272)

where (2.72) assumes half-wavelength spacing.

In the presence of multipath, the signal transmitted by each user arrives
at the receiver not from one direction, but from a continuum, in which case
the form ot the coefficients in (2.72) is not applicable. The angle spread
gives the range of angle values for which significant energy is received.
Typical values are 360° in indoor picocell systems, 20° in urban cells, and
17 in a flat rural environment (Paulraj and Papadias [326]).

Applying superposition, the baseband vector-valued, continuous-time
synchroncus CDMA array response model is

K
yvi{t) = ZCMAkkak(f) +on(t),

k=1

(2.73)

K
yplt) = Z CopAubisi(f) + onp(e),

=1
where the Gaussian noises {n;} are usually assumed to be independent. If
the transmitted waveforms are spread-spectrum waveforms with spreading
factor N and they are synchronized, the vector signal obtained at the output
of the array as the superposition of the K transmitted signals belongs to
an N x D-dimensional vector space. Whether the dimensions or degrees
of freedom come from the time domain only or from both time and space
makes little conceptual difference. Practically, there is indeed a marked
difference because the system designer has control over the similarity of
signals in the time domain (albeit, not total control due to unknown channel
distortion) but no control over similarity in the space domain. Indeed, users
may be arbitrarily close to each other, so the crosscorrelation between the
spatial signatures (Cyg, .. .Cp) and (¢, . . . €p;) may be arbitrarily close to
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unity. Furthermore, in mobile applications no prior knowledge of the spatial
signatures can be assumed.

Pure Space-Division Multiple Access corresponds to the special case of
(2.73) in which users are not differentiated in the time domain, that is,
sy (t) = s(¢) for all &.

In addition to antenna arrays, there are other mechanisms that provide
diversity: error-control coding, multipath, cross-polarization, frequency
diversity, etc. We can generalize (2.73) to an arbitrary diversity system
by defining s (f) as the signature of the kth user in the dth branch. Then

K
ity =Y Aubusilt) + om0,

k=1

(2.74)

K
yo(0) =Y Ancbesoe(t) + anp(i).
k=1
This diversity model encompasses the array response model in the special
case in which

sar(?) = CarSe(t).

2.8 BACKGROUND NOISE

The additive noise n(r) in (2.1) and (2.6) models any part of the
received signal not due to the transnuiters in the multiuser communica-
tion system. It incorporates receiver thermal noise, background electromag-
netic noise, as well as man-made interference. Typical scenarios where #(¢)
deviates from the white Gaussian noise assumption include narrow band
interference, out-of-cell interference, and impulsive noise.

Narrowband interference may originate from intentional jamming or
from the coexistence of different communication systems in a frequency
band. For example, one of the advantage of spread-spectrum techniques is
that they can be overlaid on top of an existing narrowband channel while
causing an inappreciable rise in the background noise level of the nar-
rowband channel. Although we do not deal with narrowband interference
rejection techniques in subsequent chapters, the sections on bibliographi-
cal notes contain references to works where multiuser detection techniques
have proven useful for narrowband interference suppression.

Even though any interferer (in-cell or out-of-cell) has the same struc-
ture as the multiser signals that are incorporated in the basic models (2.1)
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and (2.6), frequently it makes sense for the sake of reduced complexity to
regard the aggregate signal due to weak out-of-cell interferers as white and
Gaussian.

Accurately modeling the non-Gaussian nature of the background noise in
channels with impulsive noise may lead to important performance gains in
multiuser channels. Typical non-Gaussian noise models involve probability
density functions that are the mixture of two Gaussian distributions with
different variances.

2.9  DISCRETE-TIME SYNCHRONOUS MODELS

Multiuser detectors commonly have a front-end whose objective is
to obtain a discrete-time process from the received continuous-time wave-
form y(¢}. Continuous-to-discrete-time conversion can be realized by con-
ventional sampling, or more generally, by correlation of y(¢) with determin-
istic signals. Two types of deterministic signals are of principal interest; the
signature waveforms and orthonormal signals.

29.1 MATCHED FILTER QUTPUTS

One way of converting the received waveform into a discrete-time
process is to pass it through a bank of matched filters (Figure 2.15), each

Matched Filter \E w1l

User 1

Syne 1

Matched Filter \ i)

User 2

Sync 2

¥ ' Matched Filter ) )
——:P:\ﬁ ¥ {71

User 3

Syne 3

Matched Filt, N
atched Filter : Wil

UserK . K
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2.9 DISCRETE-TIME SYNCHRONOUS MODELS

matched to the signature waveform of a different user. In the synchronous
case, the output of the bank of matched filters is

;
= f y()s; () dt,
0
(2.75)

T
Yk = f y(t)sg(t)de.
N

Using (2.1) and (2.3) we can express the output of the kth matched filter as

Y = Apby + ZAjbjpjk + ng, {2.76)
T
where
T
My = 0'[ n(t)s () dt 277
0

is a Gaussian random variable with zero mean and variance equal to o (from
Proposition 3.5 and the fact that s; is normalized to have unit energy).
It is convenient to express (2.76) in vector form:

y = RAb +n, (2.78)

where R is the normalized crosscorrelation matrix,

Y= [yl,---, )’K]Ts
b:[b],..., bK]Tw
A = diag{A, ..., Ak},

and n is a zero-mean Gaussian random vector with covariance matrix equal
to

Enn’] = ¢’R. (2.79)

In Chapter 4, we will show that no information relevant to demodulation is
lost by the bank of matched filters; in other words, y{r) can be replaced by
y without loss of optimality.

The unnormalized crosscorrelation matrix whose (J, k) elementis (A;s;,
Apsi) is denoted as

H = ARA. (2.80)

To analyze any detector whose front-end consists of a bank of matched
filters, the original channel model can be replaced by the linear Gaussian
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K -dimensional model in (2.78). Recall that in the synchronous case it is
sufficient to restrict attention 1o a one-shot model; thus, we have omitted
the dependence of y, b, and n on the symbol index.

We can easily generalize (2.78) so as to encompass the complex-valued
model in (2.41):;

K
y(t) = ZAkb,gsk(t) + an(r), (2.81)
k=i

The outputs of the matched filters are

yk = (y9 Sk)
T
= f y(£)sp(t) dt
0
= A+ Abip +ny, (2.82)
J#k
where
;
Prj :/ s (s (t)dr. (2.83)
]

Then, the same vector mode] as in (2.78),
Y = RADb + n, (2.84)

can be used to represent (2.82) with a Hermitian matrix R, a complex diag-
onal matrix A, and a complex-valued Gaussian vector n with independent
real and imaginary components and covariance matrix equal o 2¢°R.

Although (2.78) will emerge as the most convenient discrete-time model
in future chapters, occasionally we will have the opportunity to employ
other models that contain the same information as the bank of matched
filter outputs. For example, consider the following result:

Praposition 2.2 Cholesky factorization) For every positive definite marrix
R there exists a unique lower triangular matrix F (i.e., Fy = O0fori < kj
with pasitive diagonal elements such that

R =F'F.

For brevity, we shall denote the inverse of the transpose of a matrix by

(F7) LT, (2.85)
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If the matched filter outputs y are processed by the matrix F~7, we obtain
the equivalent discrete-time model

y=FTy (2.86)
=F "F'FAb+F 'n

=FAb+n, (2.87)
where ¥ contains contributions from users 1, ...,k but not from users
k + 1,...., K. The covariance matrix of 1l is

E[in’] = o’FTRF ! = oI, (2.88)

where 1 is the identity matrix. Reflecting the independence of the noise
components, (2.87) is called a whitened matched filter model. Because there
is a one-to-one correspondence between ¥ and y, both models contain the
same information about the data.

The discrete-time model in (2.78) was derived from a scalar continuous-
time model. It is conceptually straightforward to generalize (2.97) to the
case in which the original observations are D dimensional as in (2.73). For
example, in a synchronous system we can make L equal to the spreading gain
times the dimensionality of the array. Alternatively, it is often advantageous
to distinguish between the roles played by the spatial signatures and the
time-domain signatures of the users. If the D antenna output waveforms
in (2.73) are each processed by a bank of K matched filters, we obtain a
D x K matrix Y with entries

K
Yo = (Yar$ib = 3 CrAeips + Naj (2.89)
k=l

and
Elngn’] =207 pj8ua. (2.90)
We can rewrite (2.89) in matrix form as
Y = CABR” +N, (2.91)
where C denotes the D) x K matrix of spatial signatures,
B = diag{bi, ..., b},

and N is a P x K zero-mean Gaussian matrix with correlations given in
(2.90).
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In order to obtain a discrete-time model for the general diversity model
in (2.74),

K
Vi) = Aubysi(t) + any(1),

k=1

(2.92)
K
yo(t) = Z Apibispi(t) + anplt),
k=1
we will only consider the matched filter outputs
Yar = (Yas Sax)
= Auby + Z Aubipnld) + ong, (2.93)

14k

where the crosscorrelations of the signals in the dth branch are denoted by

T
pii(d) = f Su (D)5 (1) dt. (2.94)
0

Instead of adopting the matrix notation in (2.89) it is now more convenient
to represent (2.93) in vector form:

Yo =R(@A(db+n,, d=1,... D, (2.95)

where R(d) is the matrix defined in (2.94), n, is complex Gaussian with
covariance matrix 26 2R(d), and

A(d) = diag[A,”, [ Ad](}.

2.9.2 ORTHONORMAL PROJECTIONS

The dimensionality of the vectors in (2.78) and (2.87) is equal
to the number of users. In some situations (such as when the signature
waveforms of some interferers are not known a priori) other models (with
possibly different dimensionality) are useful. Let [V, ..., ¥z )beasetof L
orthonormal signals defined on [0, T'] . The signature vector, s, of the kth
user is the L-dimensional representation of s; on the basis [, ..., %),
that is, the / component of the column vector s, 1S

T
Skt =f s (DY () dr.
0
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Furthermore, we define the components of the vector r as

,
= f yn(e)dr.
0

We can then write the column vector

K
r= Z AbiS, +om (2.96)
k=1

= SAb 4+ om, (2.97)

where m is an L-dimensional Gaussian vector with independent unit-vari-
ance components, and we have introduced the L x K matrix of signature

vectors
S=1ls; | -~ | skl (2.98)
Since bits of different users are uncorrelated, the covariance matrix of (2.97)
is equal to
K B
Elr”j=c’T+ ) Ajss (2.99)
=
=o’1+ SA’S". (2.100)

The finite-dimensional model in (2.97) holds regardless of whether the L
orthonormal signals {¥, ..., ¥} span the signature waveforms {si....,
sx}. An example of a set of orthonormal signals that span the signature
waveforms is a direct-sequence spread-spectrum system where L is equal
to the number of chips per symbol and the orthonormal signals are delayed
chip waveforms:

Wi(t) = pr.dt — (i = DT).

If the signature waveforms are spanned by {y, ..., ¥, ]. then the K x K
crosscorrelation matrix becomes simply (Problem 2.43)

R=S"S. (2.101)
Moreover,
lsill =1, (2.102)

and all the information contained in y is contained in r because the matched
filter cutputs can be expressed as linear combinations of the components
ofr:

y=8r. (2.103)
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Note that in the case of Space-Division Multiple Access, (2.89) reduces
o

¥
{Ya. 8} = Z CaxPiby + ny,
k=1

which is identical to the model in (2.97) with the spatial signature matrix C
taking the role of S,

2.10 DISCRETE-TIME ASYNCHRONOUS MODELS

For the asynchronous channel, notation is simplified if users are
labeled chronologically (i.e., by their time of arrival), which is equivalent
to assuming without loss of generality that

=T STk

Then, taking into account (2.6) and (2.13), the matched filter outputs can
be expressed as

Yeli] = Apbe il + ZAjbj[i + oy + ZAjbj[i]pjk

J=k j<k
F Y Ashililoy + Y Absli — Vs +melil, (2.104)
i~k i=k
where
4 +HT+T
neli] = O’f r(t)s{t —iT — 1) dr. (2.105)
u+iT

We can write (2.104) in matrix form:
yli1 = R7[1]JAb[i + 1] + R[0]Ab[{] + R[1]JAbli — 1] +n[i], (2.106)
where the zero-mean Gaussian process n[¢] has autocorrelation matrix

GIRT[1], i j =it
o?RI0],  ifj=1i;

Efnlijn"[j]] = 2.107
[nfi " [f]1] SR =i I ( )
0, otherwise,
and the matrices R[0] and R[1] are defined by

1,  ifj=k
R0l = { pj, ifj <k; (2.108)

Prjs Af f > ks
R[] = 0, it =k 2.109
wl=10 . it <k (2.109)
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FIGURE 2.16.

K dimensional
channel of
maiched filter
outputs for

asynchronous
CDMA channel.

2.10 DISCRETE-TIME ASYNCHRONOQUS MODELS

blil—= A 8(z)

p— ]

)

ni]

nif]

For example, in the three-user case,

1 2 e

RiGl=|p2 1 p5|, (2.110}
| o3 o3 1
[0 pu P

R(l]=10 0 pn (2.111)
o 0 0

The vector discrete-time model in (2.106) can be represented in the
z-transform domain as shown in Figure 2.16 where

S(z) = R7[1]z + R[0] + R[]z (2.112)

and fi[{] is independent Gaussian with covariance matrix ol
Note that if the signature waveforms have duration larger than 7', then
the model has to be generalized to incorporate crosscorrelation matrices
R{[2], ..., R[L], where L is the length of the intersymbol interference.
The choice of the K x K matrices F[0]and F[1]inFigure 2.16is governed
by the following generalization of Proposition 2.2:
Proposition 2.3 The matrix in (2.112) can be expressed as
S(z) = [F[0] + F[LIz)" [F[0] + F(11z™"], (2.113)

where F[0] is lower triangular and F[1] is upper triangular with zero di-
agonal, such that

R[0] = F"[0]F[0] + FT[1JF[1], (2.114)
R{1] = FT[O]F[1}, (2.115)
L
det FI0] = exp(% f log(det S(e’*")) d f) . (2.116)
0

Furthermore, if det S(e™#*) > 0 for all w € [—7, 7], then
[FI0] + F[13z ']

is causal and stable.
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In parallel with (2.87), if the vector sequence of matched filter outputs
ylilis fed to the filter [FT[0} + F7[1 ]z]fl, the output sequence is given by

¥[i] = F[O]JADb[i] + F[1JAb[: — 17+ n{i], (2.117)

where, as we mentioned above, fi[/] is independent Gaussian with covari-
ance matrix o°L

As in the synchronous case, alternative finite-dimensional models can
be used with a set of orthonormal waveforms that span all the signature
waveforms and their delayed versions. In a direct-sequence spread-spectrum
system this can be accomplished by chip matched filters sampled at the chip
rate times the number of users, Nevertheless, for {approximately) band-
limited chip waveforms it is sufficient to sample at the Nyquist rate.

2.11 BIBLIOGRAPHICAL NOTES

Spread-spectrum signaling was introduced at the time of World
War II for military communications with antijamming capabili-
ties. The multiple-access potential of signals with large duration-
bandwidth products was noted by Claude Shannon, the father
of information theory, in 1949 (Price [343]). Compendia of the
history, theory, and practice of direct-sequence and frequency-
hopping spread-spectrum communications can be found in
Scholtz [397], Simon et al. [410], Pickholtz et al. [333], Dixon
{681, and Glisic and Vucetic [119]. A chronology of the evolution
of CDMA radio communication systems is given in Scholtz [398].
CDMA for satellite communications is reviewed in Gaudenzi
et al. [104]. Examples of optical and acoustical CDMA commu-
nication systems appear in Tamura et al. [439] and Catipovic
et al. [48], respectively.

Reference Kaiser et al. [192] coined the term “chip” to refer to
the elementary direct-sequence spread-spectrum waveform. An
early reference on the analysis of the crosscorrelation proper-
ties of spread-spectrum signals with random signatures is Wolf
and Elspas [539]. Formula (2.27) is obtained in Stiglitz [426].
Multicarrier CDMA is reviewed in Prasad and Hara [342] and
Prasad [341]. The Walsh functions were introduced in Walsh
[519]. Synchronous CDMA based on Walsh functions was ad-
vocated as an alternative to TDMA for satellite multiaccess in
Golay [122]. Other orthogonal families have been proposed for
synchronous CDMA in Chang [49], Suehiro and Hatori [435],
and Lindsey [243].

The implementation and properties of maximal-length shift
register sequences are compiled in Golomb [124]. The design
of pseudonoise sequences with good autocorrelation and
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crosscorrelation properties has been an active research field for
the past thirty years (Kasami (200]: Gold [123]; Olsen et al. [307];
Sarwate and Pursley [381]; Simon et al. {410]; Kohno [213]). An
up-to-date tutorial introduction to the elements of pseudonoise
sequences is given in Helleseth and Kumar [143]. The design
of CDMA signature waveforms given a desired number of users
K and available dimensionality N is an interesting problem in
the “oversaturated” case: K > N. Optimal designs to maximize
the Shannon capacity of the basic synchronous CDMA chan-
nel (Verdu [493, 497]) are found in Rupf and Massey [364] (see
also Cheng and Verdu [55); Cheng and Verdd [56]; and
Parsavand and Varanasi [321]); preservation of the minimum
distance achieved in the orthogonal case is the goal of Ross and
Taylor [362]; and tree-structured designs that facilitate multiuser
detection are proposed in Learned et al. [230]. Partial response
CDMA systems (where the signature duration is greater than the
intersymbol time) are proposed in Wornell [542], Ruprecht et al.
[366], and Blanz et al. [31].

The use of multiuser detection to combat multiaccess interfer-
ence in TDMA {due to channel distortion and out-of-cell inter-
ference) is studied in Wales [518], Ranta et al. [350], Ranta et al.
[351], Kadaba et al. [190], and Caire et al. [41]. Multiuser detec-
tion has also been explored in hybrid TDMA/CDMA systems in
Honig and Madhow [154], Jung et al. [185], Blanz et al. [31], and
Kammerlander [197]. Multiuser detecticn for multirate CDMA
systems is proposed in Ojanpera et al. [306], Hottinen [162], and
Hottinen and Pehkonen {164].

Statistical models for fading channels are extensively treated
in Proakis [345], Clarke [59], Jakes {174], Loo [251], Stuber [433],
Parsons [322], and Sklar [413], for example. The autocorrela-
tion function in (2.54) was obtained in Clarke [59] and pop-
ularized in Jakes [174]. Reviews of techniques for the mitiga-
tion of frequency-flat and frequency-selective fading are given
in Stein [421] and Sklar [412]. A tutorial on the multipath resis-
tance of spread-spectrum formats is found in Turin [456]. The
rake receiver to adaptively equalize multipath dates back to the
1950s (Price and Green [344]); it was originally developed for a
45.5 bits-per-second, N = 220, direct-sequence spread-spectrum
shortwave teletype link known as the Noise Modulation and
Correlation system (Ward [524]). Many other channel estimation
techniques for spread-spectrum have been explored, e.g., Turin
[456], Sanada et al. [377], Mowbray et al. [290], and Steiner and
Jung [424]. The generalization of the rake to take into account
the different spatial signatures of the variouns paths has been con-
sidered in a number of recent works reviewed in Paulraj and
Papadias [326].
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2,12

Proposition 2.1 due to Bai and Yin [19] has its roots in the clas-
sic semicircle law of Wigner [531]. For the homogeneous fading
model, the exact nonasymptotic distribution of the eigenvalues
of the unnormalized crosscorrelation matrix H can be found in
Telatar [440].

Johnson and Dudgeon [180] is a general reference on antenna
arrays from a signal processing viewpoint. There are numerous
adaptive signal processing methods to obtain the spatial signa-
tures; foremost among them are the “multiple signal classifica-
tion (Music)” method of Schmidt [391] and Bienvenue and Kopp
[30] and the “estimation of signal parameters via rotational in-
variance techniques (Esprir)” method of Paulraj et al. [327]. Mod-
els for the aggregate effect of out-ol-cell interference are given in
Rappaport and Milstein {356], Viterbi et al. [511], and Agashe
and Woerner [13].

The K-dimensional discrete-time model in (2.106) was intro-
duced in Verdu [486]. Based on classical results, Proposition
2.3 can be found in Duel-Hallen [72, 74]. Whitened matched fil-
ters were introduced in Forney [96] in the context of single-user
channels subject to intersymbol interference.

Oversampling beyond the Nyquist rate (Problem 2.39) has
been shown to bring about a number of benefits for the imple-
mentation of linear receivers (Gitlin and Weinstein [118]) and
for the identification of unknown channels (Tong et al. [448]).
Tutorials on narrowband interference rejection can be found
in Milstein [278], Rusch and Poor [368], and Laster and Reed
[229].

PROBLEMS

PROBLEM 2.1. Let M (N) denote the maximum number of orthog-
onal, synchronous, direct-sequence spread-spectrum signals with
spreading factor N. Show

(a) M(N)=1if N is odd.

(b) M(N)= N if N is a power of 2.

(c) M(N) = 2if N iseven and itis not divisible by 4 (e.g., Sec. 5.7
Peterson [331]).

Note: A general expression for M(N) is a longstanding open prob-
lem.

PROBLEM 2.2, Welch’s bound (Welch [529]) Consider a synchro-
nous CDMA system with K users employing direct-sequence
spread-spectrum signals of length V.
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FIGURE 2.17.
Direct sequence
signature
waveforms with
N=3.

2.12 PROBLEMS

(a)

(b}

T 173 T

Show the following lower bound on the sum of the squares of
the crosscotrelation matrix:

2Py (2.118)

Note that this result is trivial if K < N. [Hint: The signature
waveforms need not be bipolar for this result to hold.]

Dexrive anupper bound on the maximum numberof synchronous
CDMA users for which direct-sequence spread-spectrum sig-
nature waveforms of length N can be found with absolute cross-
correlations not exceeding | pma|. Assume |pmul < 1/+/N.

PROBLEM 2.3. Consider the signature waveforms in Figure 2.17.

(a)
(b)

Find the crosscorrelation functions p2(t), pzi(t) forr € [0, T).
Find the probability density function of pi2(r) if T is uni-
formly distributed and the signals in Figure 2.17 are modu-
lated by equal-frequency carriers with independent uniformly
distributed phases.

PROBLEM 2.4. Define the mean-square crosscorrelation between

51 and s, as

1 T
T L (P]zz(t) + P§|(T)) drz.

Find the mean-square crosscorrelation of

(@) s1(1) = 5:() = 1/VT,

(b)

the signals in Figure 2.17.

PROBLEM 2.5. Show that in a maximal-length shift-register se-
quence, the number of ones is equal to the number of zeros plus 1.

PROBLEM 2.6. Show that the matrix whose elements are

pik=1,...K,j=1,...K}

is nonnegative definite.
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PROBLEM 2.7. Suppose that all users in an asynchronous direct-
sequence CDMA system are assigned the same signature wave-
form. Express the periodic autocorrelation function of the signature
waveform in terms of the functions p12(7) and py, (7).

PROBLEM 2.8. Find the power speciral density of the wide-sense
stationary process:

OC

z(t) = Z blrls(t — nT — 1),

n=—0C

where b[n] € {1, 1} is an independent equiprobable sequence,
independent of 7 (which is uniformly distributed on [0, 7]), and
5(¢) is the direct-sequence spread-spectrum signal

N
$() =Y (=1 prlt = (i = DT,). (2.119)
i=1

Express your answer in terms of the energy spectral density of the
chip waveform (magnitude square of its Fourier transform) and of
the signature (cy, ..., cx).

PROBLEM 2.9. Consider asingle-user communication system that
transmits the signal z,(¢) to send “1” and the signal zy(t) to send
“0”. Assume that z; is zero outside the interval [0, T;] and its energy
is constrained to F;.

(a) Describe the set of pairs (z|, z¢) that maximize ||z; — zo|| under
those constraints.

(b) Describe the subset of the optimal set found in (a) that maxi-
mizes the L,-distance:

max{To,73)
f lzi(f) — zo{r)| dt.
0

PROBLEM 2.10. A telephone user speaks for periods of length
T,[i], interspersed with silent periods of length Tg[i]. Let us
assume that {T4[i]} and {Ts[i]} are independent processes with
means m 4 and m g respectively. Find the distribution of the number
of users who are simultaneously speaking out of a total population
of K active users. Nore: Nonorthogonal CDMA is suited to take
advantage of silent periods: if no (or reduced) energy is transmitted
during silent periods, the cffective number of simultaneous users
is reduced on average (2mys = 3m, is typical).
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PROBLEM 2.11. (A.McKellips) In a single-user full-response con-
tinuous phase modulation the transmitted signal 1s given by

M
S(t;b[0], ... b[2M]) = cos(ZJrﬂ-t + ) blild( - iT)),

i=0

(2.120)
where f, is the carrier frequency, the data are {—1, 41}, and ®(-)
is a continuous monotone increasing deterministic function that
satisfies

() =0,1 < 0, (Ib(t):g«,tzT.

Define the deterministic sequence g[#] that has period equal to 4
and

ql0] = 1;¢[1] = —1;¢q[2] = —L.q[3} = 1,

and let ‘
dli) ¥ gt + N[ oUi).
j=0
Note that there is a one-to-one correspondernce between the strings
b[0], ..., b[2M]and d[01, ..., d[2M]; thus, if the {P[i]} are inde-
pendent and equiprobable, so are the {d[i]}. Show that the single-

user signal in (2.120) can be expressed as a two-user CDMA signal:
M

S(t;b[0], ... B[2M]) = Z{d[Zi]sl(t —2iT)

i=0
+d[2i + 1s2( = 2iT = TH},
where each “user’s” signature waveform has duration 27
s1(2) = sin(2x f1) [sin @(t) p{t) + cos B(t — Tp(t — T,
53(1) = cos(2m f1) [sin D) p(t) + cos Pt — T)p(t — T,

and p(1) is a unit-amplitude rectangular pulse of length 7.
Hint: Forall L, xy, ... xz:

L L
m{[})= 3 qlwlesppuonCen | [ esu o,
i=1 i=2

ve{0, 1341

A M-1
w(y) = Y v,
i=0

a [cos(x), j=0,
C””‘[muxj=h
] a |0, neven,

PUT=0 1, 5 odd.
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PROBLEM 2.12. Suppose that a transmitted signal s is subject to
multipath and the receiver obtains

2
Ho)y=s)+ »_a;s(t —d,),
i=l

whered; > T/15 and
a}z + oz§ =

(a) Find the minimum value (overd; and «;) of (s, §) as a function
of v if s is the maximal-length shift register sequence of length
15,

[———++++—+—++——+]

with unit energy and duration T (s(¢) = 0, ¢ ¢ [0, T]).
(b) Find the minimum value of {s, 5} if 5 is a constant in [0, T]:

L ifte[0,T];
sty=1 T

0, otherwise.

PROBLEM 2.13. Consider a simple two-path channel with impulse
response:;

h(t) = 8(1) — AS(t — d).

Find the magnitude spectrum of this channel as a function of A and
d. Superpose a plot of the magnitude spectrum of the channel on
top of the spectrum of the direct-sequence spread-spectrum func-
tion in Figure 2.5 if (a) (A, d)=(1,T./2), (b} (A, d)=(—1,T.),
(©) (A, d)=(1,10T,).

PROBLEM 2.14. Prove or disprove: the crosscorrelation matrix de-
fined in (2.13) is nonnegative definite forall 0 < 7 < T.

PROBLEM 2.15. Show that in the random signature sequence
model with asynchronous users and uniformly distributed delays,
the crosscorrelations pi, and py; are dependent and uncorrelated.

PROBLEM 2.16. A generalized form of direct-sequence spread-
spectrum uses nonbinary codes to multiply the chip waveforms,
that is (cf. (2.15)), the signature waveforms are

N
s(y=AY Biprlt — (i — DT, (2.121)
i=1

where (B, ..., fy) is a vector with real-valued components and A
is such that ||s]] = 1. The Kabatyanskii—Levenshtein—Mazo bound
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(Mazo [270]) states that if the maximum absolute crosscorrelation

between any pair of signature waveforms is forbidden to exceed
|(S,‘, Sj)l = Pmaxs

then the maximum number of synchronous real-valued direct-

sequence spread-spectrum waveforms with N chips per symbol
(2.121) is bounded by

(1 — oL ONN +2)--- (N +2j)
(2j + 1) — (N +2/)pg, )1 -3-5--2f = 1))
(2.122)

Knax < min
J

where the minimum is over all positive integers j for which the
denominator is positive.
Particularize (2.122) to the case
5 1

Prax = M‘

PROBLEM 2.17. Suppose that a maximal-length shift-register
direct-sequence spread-spectrum waveform s(f) with N chips per
bit and chip waveform pr. is modulated antipodally and transmitted
with carrier frequency f.:

M
A Y Blils(t —iT)cos(2x foi).
i=—M
If the signal is received embedded in a jamming signal given by
Ajcos2m fet + @),

find the maximum value of A;/A for which a correlator gives
error-free demodulation for all ¢ in the absence of any other noise
source.

PROBLEM 2.18. Redo Problem 1.5.b for N = 2, 3, 4 if the users
are asynchronous and the receiver knows the relative delays be-
tween the users.

PROBLEM 2.19. Consider asynchronous CDMA system with three
users and baseband signature waveforms sy, 52, §3 modulated by
respective carriers at frequency f, and independent uniformly dis-
tributed phases ¢, ¢, @3.

{a) Tind a closed-form expression for the probability that the ab-
solute crosscorrelation between the modulated signals satisfies

P12l < aiprl

forO <a < 1.
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(b) Describe the joint distribution of the random variables 5,2, fi1,
and p,3. {Note: p;2, pi3. and pp3 are not jointly continuous; you
may give a “probability density function” that includes delta
functions)

PROBLEM 2.20. In Multicode CDMA (L et al. [168)]), a user requir-
ing m times the basic data rate serial-to-paralle]l converts its data
into m independent streams that modulate m synchronous signa-
ture waveforms. Consider a three-user asynchronous system where
user k transmits at k times the data rate of user 1. Give the structure
of the 6 x 6 crosscorrelation matrices R[0] and R{1] that describe
this channel.

PROBLEM 2.21. A synchronous direct-sequence spread-spectrum
CDMA system uses signature waveforms randomly chosen so that
the components of the codes (¢, . .., cxn) are independently cho-
sen and equally likely to be O or 1.

(a) Show that the crosscorrelations have the even binomial distri-
bution:

Y
P[pu=l—ﬁ’]=(]y)2‘”, i=0,1,...,N. (2.123)
i

(b) Show that the K(K — 1)/2 crosscorrelations are pairwise in-
dependent but not jointly independent.

(c) Showthatforall j =1, ..., K, therandom variables {p;, k =
1,..., K} are independent.

(d) Show that as N — o0, the sequence VN, P« converges in dis-
tribution to a zero-mean, unit-variance, Gaussian random vari-
able.

(e) Denote

K
B= N
Show that
K
KILTDOO ; P,z'k =B,
J#Ek

in the sense of mean-square convergence. [Nore: Convergence
almost surely also holds.]

PROBLEM 2.22. (E. Telatar) In this problem we consider a direct-
sequence spread-spectrum CDMA system where chips are
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modulated by real-valued quantities as in Problem 2.16:

N
() = A Bipr(t — (i — )T, (2.124)
=1

Suppose that the signature codes (5, ..., 8y) are assigned ran-
domly and independently from user to user. Unlike Problem 2.21
where the signatures were chosen from the vertices of a hypercube,
here (8, ..., By) is chosen uniformly from the surface of the V-
dimensional unit sphere. Show that the normalized crosscorrelation
~1 =< pyu = 1 between different synchronous waveforms has the
following probability density function for N > 3:

T (N=DIN-—HN-6)--- (1— xz)wf.wz
c(NY(N =3)N —5}N —=T)--- ’

fﬂ,k (x) =
(2.125)
where (N} is equal 10 2if N is odd and equal to 7 if N is even.

PROBLEM 2.23. Assume that users i and j are assigned direct-
sequence spread-spectrum waveforms with N chips per bit, and
rectangular chip waveforms and that signatures are chosen inde-
pendently of each other and with equal probability on the set of all
possible bipolar signatures.

(a) Find the mean and variance of p;(IT, + A} as a function of
I=0,....N=-1,1<10,T).

(b} (Burr [39]) Find the expected mean-square crosscorrelation
(Problem 2.4),

PROBLEM 2.24. Consider the synchronous complex-valued model
in (2.48),
K
y(t) = ZAk[i]kak(t) +on(z), te][0,7T], (2.126)
k=1

and define the complex matched-filter outputs

T
w=[ yoswa.
]
Find the covariance matrix of [y, ..., yx ] assuming that A;[/] has
zero mean and variance AZ.

PROBLEM 2.25. Give a complex-valued representation of the
frequency-hopping signature waveform in Figure 2.11.

PROBLEM 2,26, Consider a K-user TDMA system that uses a
rectangular signal of duration 7, with guard times equal to ¥ Ty.
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i

~TT—

]

|
[

o FIGURE 2.18.
TDMA signals
subject to
multipath. K =2
a) =—0.5,

ay = 2/3,

52 y =3/8.

The transmission of the ith user is subject to two-path reception
modeled by the impulse response (Figure 2.18):

hi(t) = 8(r) + a;:8(t — 5,T).

(a) Find 8, the largest value of §; that ensures the absence of
single-user intersymbol interference for the ith user.

(b) Find p; and oy for the received signature waveforms as a
function of 0 < 8 < Smax and 0 < 83 < Spax if ¥ = 3/8,
o, = —0.5,and oy = 2/3.

PROBLEM 2.27. Suppose that a signal s(t) goes through the cas-
cade of a linear time-invariant system with impulse response h(r)
and a linear time-invariant system with impulse response s(—¢).
Show that if the autocorrelation function of s(¢) satisfies

f s(Os( + A dr = 8(A), (2.127)

then the output of the cascade is 2(f). (Naturally, only an approxi-
mation to (2.127) can be realized.)

PROBLEM 2.28. Orthogonal Frequency Division Multiplexing
(OFDM) is the following special case of the basic synchronous
CDMA model (2.41) where the signature waveforms are given by

1 . _
Sk(t) = “ﬁejzﬂ(k_l—iczl)tﬂr, t € [O, T]

(a) Verify that this is a form of orthogonal CDMA, that is,

{se.s1) =0.
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(b) Suppose that there is no noise and all users are transmitted
with the same amplitude. Show that a K -point discrete Fourier
transform of

y@,y(T/K),....,y(K - DT/K)],

where
K
Y0 =Y Absi(t)
k=1

recovers the transmitted information vector.
(c) Find the power spectral density of the transmitted signal (e.g.,
Stuber [432]).

PROBLEM 2,29, A base station in a cellular TDMA system re-
ceives the undistorted transmission of the K signals in its cell plus
the K signals from another cell operating at the same frequency.
Find the crosscorrelations in the corresponding asynchronous 2K -
user CDMA model under the following assumptions:

1. Transmitters within a cell are asynchronous with transmitters in
another cell.

2. No guard times are employed.

3. All transmitters use phase-shift-keying with the same frequency
and independent carrier phases.

4. One bit is transmitted per slot.

[Hint: The 2K users may be numbered depending on the relative
offset between the cells. ]

PROBLEM 2.30. Suppose that the received amplitude of a trans-
mitted signal is equal to

A[i] = AgR[i].

where Ay is deterministic and R[¢]is a stationary ergodic Rayleigh-
distributed random process whose first-order probability density
function is

Srin(ry = re 72,
An “outage” is declared at symbol [{] if A[i] < «Ap. Show that
the percentage of time the system is in outage is equal to
—a?/2

l —~e

Do you have enough information to compute the average duration
of outage periods?
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PROBLEM 2.31. Show that if R has the log—-normal probability
density function

fr(r)y =

201log,, e o (_ (201og,, r)z) ‘ 2.128)

—_ex
rop2m 20
then

E[Rz] — louﬁ(lnIO)/’ZﬂO.

PROBLEM 2.32. Express the cumulative distribution function of
the log—normal density function in {2.128) in terms of the Q-
function defined in (3.29).

PROBLEM 2.33. A receiver moves in a straight line toward the
transmitter with velocity v. Assume that due to local scattering
the energy received by the mobile antenna is isotropic on a two-
dimensional plane (i.e., it is independent of the angle of arrival
8).

(a) If the transmitter sends a pure tone at frequency f, show that
the frequency received at angle € is equal to

f@)= fmcosf + f,

where
v
fm = 7fc
&

and ¢ is the speed of light.
(b) Show that a pure tone at frequency f. produces a received
signal with power spectral density given by

[0
S =———m-=o-  f e = Jms fo + S
) T = [ felfe=Jun fot fu)

(c) Show that the impulse response is

d &
hit, 1) = e , te(r+g,tl+f,).
Ve —-e-tt N

PROBLEM 2.34. Consider a diversiry scheme by means of which
the receiver obtains ? independent measurements:

yi(t) = AR s(t) + on (D),

yp(t) = ARps(e) +onp(t),
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where the signal s hasunitenergy, n, . .. np are independent noises
with unit spectral density, and R;, ..., Rp are independent with
Rayleigh density function

Jr(r) = re 2,

(a) In the strategy known as selection combining, the receiver se-
lects the branch with the largest energy:

z(t)y = AR;s(t) + on, (1),
where
i = argmaxR,

Find a closed-form expression for the cumulative distribution
function of the signal-to-noise ratio of z, that is, of

2

%max {R}.... R}

{b) In maximal-ratio combining, the receiver computes
D
Z(ty=_ Riyilt).
i=1

Find a closed-form expression for the moment-generating func-
tion of the (amplitude) signal-to-noise ratio of z, that is,

E [efsA Il R.Zf'(m/EJ:l )

(c} In equal-gain combining, the receiver computes

D
OEDPPIO
i=1

Find a closed-form expression for the moment-generating func-
tion of the (amplitude) signal-to-noise ratio of z, that is,

E |:e——sA Zf’zl R;/(UJB)] .

Note: The Laplace transform of re /2 is
1 — 2mse” 2 Q(s),
where Q is defined in (3.29).

PROBLEM 2.35. Assuming that all six element outputs are com-
bined with equal gain and phase, plot the radiation pattern of the
equilateral triangular antenna array in Figure 2.19.

PROBLEM 2.36. Design a linear array with the minimum number
of elements that has nulls at angles 0°, 120°, and 240°.
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L
* .
L] . ® FIGURE 2.19.
Six-element
w2 antenna array.

PROBLEM 2.37. Suppose that all D elements in a linear (half-
wavelength spaced) array are combined with equal magnitude.

(a) Find the magnitude of the radiation pattern obtained when all
elements are combined with the same phase, that is,

gr=r=gp=0.
{b) A scanning radar that contains no moving parts can be designed
by letting
on = nf.
Find the direction of maximum radiation as a function of g.

PROBLEM 2.38. Two base stations are 24 apart. A mobile trans-
mitter located at distance x > d from base station 1 adjusts its
power so that it is received with power P at base station 2, Find the
power with which the mobile is received at base station 1. Assume
a path-loss exponent of 4 and consider both x < 2d and x > 2d.

PROBLEM 2.39. (Tong et al. [448]) Suppose that the cutput of the
single-user channel

Y) =Y blils(t —iT) + on(e)

is low-pass filtered with an ideal filter with bandwidth B, and denote
the responses of the filter to y(¢), s(¢), and n(t) by x(¢), v(?), and
7i(t), respectively. Define the m-vector

X[i] = (x(t+iT + A), ..., x(to+iT + mA),
the d-vector

bli] = (bli), ..., bli +d — 1D7,
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and the m-vector
Ali] = (Ao +iT + A), ..., il +iT + mANT .

(a) Show that x(z) is a wide-sense cyclostationary process, that is,
its autocorrelation function satisfies

Ry(t, 1) = Elx(t)x(@)] =Ry + T. 6+ T).
(b) Express the m-vector x[i] as
x[i] = Vb[i] + n[{], (2.129)

by finding the m x d matrix V as a function of v{r).
(¢) Find the autocorrelation function

Rpli, j1= E[bli]b[j]].
(d) Find the autocorrelation function
Ryli, j1 = E[Bl]A{]].

(e) Showthatthe discrete-time m-dimensional process x[i]1s wide-
sense stationary regardless of the values of B, T, 5, m, and A.

PROBLEM 2.40. (Van Hesswyketal. [144]) K users employ direct-
sequence spread-spectrum waveforms:

N
@)= Y zuprt — G — DT, (2.130)
i=l

where the last chip is blanked: 7y, = 0. Assume that the users are
quasisynchronous: O <1, < T,. The receiver computes the observ-

ables:
n:jQMmﬁ—a—DﬁML
Denote
Se=1lzu zu zm - v 01
=100 zZu zn - ww Inv-wl

Show that the observed vector obeys the following synchronous
discrete-time model {cf. (2.96)):

I
r= Z Apby [on (T8, + a4 (1)5,] +om

k=1
and determine o (1, ) and @, (7; ) as functions of py.. [Note: If delays
are bounded by ¢T,, then the foregoing method can be generalized
by appending g blank chips.]
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PROBLEM 2.41. A set of K signature N-vectors that satisfies
L
N
is called a Welch-bound-equality set because (2.131) is a necessary
and sufficient condition for (2.118) to be satisfied with equality
(Massey and Mittetholzer [267]).

S§7 = (2.131}

(a) Prove that K > N is necessary for § to satisfy (2.131).

(b) Show that in a bipolar, N-chip, direct-sequence spread-
spectrum system with K =2%"! where no two users are as-
signed the same waveform (or its antipodal), the signature
waveform set is Welch-bound-equality.

(c) Letm be an integer and consider N orthonormal vectors, each
of which is assigned to m users (i.e., K =mMN). Show that the
resulting N x m N matrix 8 is Welch-bound-equality.

PROBLEM 2.42, Consider the hypothetical case in which the back-
ground noise is absent (o = 0) in the model {2.97). Let the receiver
observe

r[i} = SAb[i], i=0,....
Assume that the signature waveforms are linearly independent.

(a) Give a scheme to obtain b{i] from r[i] and SA. (Note that SA
need not be a square matrix.)

(b) Assume now that § and A are unknown to the receiver. Suppose
that the indices i; are such that the received L-vectors

{r[i!]a BN F[ITK]}

are all different.

Give a scheme to obtain the matrix SA (up to a sign un-
certainty in each row) based on a list of the 22£-1 _ 2K-!
differences:

{eli —rlin], m=n+1,...2% n=1,...25—1}.
PROBLEM 2.43.

(a) Show thatif {5, ..., s¢) are spanned by the orthonormal basis

{1, ..., ¥}, then
R=S'S, (2.132)

where S is defined in (2.98).
(b) Give an example where (2.132) is satisfied and L < K.
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PROBLEM 2.44. Consider a direct-sequence spread-spectrum sys-
tem with N chips per bit and rectangular chip waveforms.
Continuous-to-discrete-time conversion is realized by a chip
matched filter that is sampled at the chip rate but with a timing
offset0 <7 < T.:

IT. 41
5 = f pr.t —( — DT, — 1)s(t)dt,
i

T—Ttr
where s(t) is given by (2.15).

(a) Express the signature vector s at the output of the chip matched
filter as a function of z and the binary signature sequence
(cryvoyon)

(b) Find the expected energy of the signature vector, |s|%, as a
function of t assuming that the signature waveform is randomly
chosen (all choices being equiprobable).

PROBLEM 2.45. Consider the synchronous crosscortelation ma-
trix R when all X signature waveforms are equicorrelated:

Lik = P
for j # k. Show that R has an eigenvalue of multiplicity X —1
equal to | — p and an eigenvalue equal to 1 + p K — p.

PROBLEM 2.46. Let ¥ be the output of a bank of K + | matched
filters with linearly independent unit energy {s;, ..., $x 1}, when
the input is

K
YO =Y Achsilt) + o).

k=1
Show how to obtain {g, A|,... Ag} fromthe (K + Dx (K + 1)
covariance matrix E[¥¥’] and R, the crosscorrelation matrix of

{51 8k ).

PROBLEM 2.47.

(a) Verify that if ¥ = 0 is an eigenvalue of
H = ARA,

then o2 + y? is an eigenvalue of E[rr”], the covariance matrix
of the observations in the L-dimensional discrete-time model
given in (2.99).
(b) Verify that if the signature vectors are linearly independent,
then o2 is an eigenvalue of E[rr’] with multiplicity L — K.
(c) Find the eigenvectors and eigenvalues of E[rr” ] if K = 2.
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PROBLEM 2.48. We construct K N-dimensional unit-energy vec-
tors s;,...,S¢ by drawing all NK components independently
equally likely to be 1/+/N or —1/+/N. We will let N and K grow
without bound so that

li N € (0, +c0)
im — =« , +00).
K

N—ooc

Show that the N x N matrix
N K
T
X pRETH
k=1
has an asympiotic eigenvalue distribution equal to the cumulative

distribution function of the density function

[x —al*[b—x]"

L) =11 —a™"178(x) +
2mrax

. (2.133)
where
a=(1-a),
b={1+a). (2.134)
PROBLEM 2.49. Show that
R[—1] = R"{1], R[0], R[1],

defined in (2.108) and (2.109), is anonnegative-definite sequence in
the sense that for any choice of finitely many K-vectors X, ..., X,

3 xIRIj ~ klxe = 0,
J.k

assuming R[m] = 0, with |m} > 1.

PROBLEM 2.50. Solve Equations (2.114) and (2.115) to obtain
F[0] and F[1] in Proposition 2.3 for the two-user asynchroncus
channel, [Hint: Express the solution in terms of g, + 02 and
P12 — pzy and use:

sin{e + ¢) = cosa sing + cos ¢ sin . ]

PROBLEM 2.51. Show that in the Cholesky factorization of Propo-

sition 2.2,
FAR =1
PROBLEM 2.52. Find the Cholesky lower triangular factor of
1 pr pi3
R=]p2 1 opn
o e |
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2.12 PROBLEMS

PROBLEM 2.53. In the statement of Proposition 2.2, the positive-
definite crosscorrelation matrix is expressed as the product of an
upper triangular matrix F7 times a lower triangular matrix F. Show
that Proposition 2.2 is equivalent to: For every positive definite ma-
trix R there exists a unique lower triangular matrix L with positive
diagonal elements such that

R=LL".
PROBLEM 2.54.
(a) Show by induction that the jth column of the lower triangular
matrix F in the decomposition of the crosscorrelation matrix

R = F7F depends only on {s;, ..., sg}.
(b) Show that the jth column of F~' depends only on {s;, ..., sg).

PROBLEM 2.55. Denote the Cholesky decompositions

R=F'F,

Rk, K] = F[k, K1"F[k, K], (2.135)
where R[k, K]isthe (K —k+ 1) x (K —k+ 1) submatrix of R that
results from eliminating rows/columns 1, ..., & — 1. Show that for
l<i<K—-—k+1,1=<j=<K—-k+1,

Fiylk, K1 = Forimyirjots (2.136)
and, in particular,
1
Fyg= ———. (2.137)
Rk, KDy

PROBLEM 2.56. L et us consider a synchronous CDMA channel
where all users transmit training sequences (known at the receiver)
and where the crosscorrelation matrix Ris nonsingular. An estimate
of the D x K matrix of spatial signatures C is (cf. (2.91))

~ |
C=+ ;Y[I]R Bli]A~".

g

(a) Show that the {dk} element of C[J] satisfies E[&4[J]] = ca.
(b) Find var(¢ [ J]).

PROBLEM 2.57. (Muiioz-Medinaand Ferndndez-Rubio [293]) Let
=, be the covariance matrix of the D-vector {(cf. (2.89))
{y1, )

Y. i)
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Instead of assuming that training sequences are availabie as in
Problem 2.56, let us assume that the covariance matrices £, k =
1,..., K are known. (In practice, estimates can be obtained by
computing sample autocorrelations.) Define the I x D matrix

K
M, = Z qrZ;
=1
with Q equal to the inverse of the matrix with coefficients {p?}.
(a) Show that
M, — Ajcic

is a multiple of the identity matrix.
(b) Show that the spatial signature of the kth user, ¢, is the largest-
eigenvalue eigenvector of My.

PROBLEM 2.58. Consider a digital subscriber line subject to cross-
talk such that the sampled received process is

K
Vi = Z |:xjh,-j + szjgij:| +n;, (2.138)
2

J =

where {x;} is the desired data sequence and {z;;} is the data se-
quence of the kth interfering digital subscriber line. All data se-
quences are independent, taking values in {—1, +1}. The process
{n;} is an independent zero-mean Gaussian with variance equal
to o2, Assuming that i; =g, =0 for i <0 and i > L, generalize
(2.106) to encompass (2.138) including the specification of the
matrices R[] therein.

PROBLEM 2.59. In Code-Time-Division Multiple Access (Rupre-
cht et al. [366]), users are assigned the same signature waveform,
s{t), and their mutual offsets are controlled sothat i, —7;,_y = T/K,
thatis, the channel is equivalent to the single-user intersymbol inter-
ference channel (Figure 2.3} with the exception that the amplitudes
are periodically time-varying. Express the matrices R[0] and R[1]
in terms of the autocorrelation function of the assigned waveform

s(1).
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CHAPTER THREE

SINGLE-USER
MATCHED FILTER

3.1

3.1

belong to a finite set. Each of the possible distributions constitutes a differ-
ent hypothesis. We must make a guess as to which is the “true” distribution
(hypothesis) on the basis of the value taken by the observed quantity. Data
demodulation is a hypothesis testing problem: the observed quantity is a
noise-corrupted version of a transmitted signal, and there are as many hy-
potheses as different values for the transmitted data. For example, in the
basic synchronous K-user CDMA channel model (2.1) there are 2% hy-
potheses and the observed quantity is a waveform on the interval [0, T'].
In hypothesis testing, the goal is to design and analyze decision rules,
that is, mappings from the space of observations to the set of hypotheses.

In this chapter we analyze the simplest strategy to de-
modulate CDMA signals: the single-user matched filter.
This is the demodulator that was first adopted in the im-
plementation of CDMA receivers. In the multiuser de-
tecticn literature, it is frequently referred te as the con-
ventional detector. In this chapter we alsc introduce the
major performance measures used to compare multiuser
detectors. We start by discussing some basic concepts
in hypothesis testing used in this and future chapters.
Then, we derive the matched filter as the optimal solu-
tion in the single-user channel. The performance of the
coherent maiched filter in multiuser channels is exam-
ined both with and without fading. Differentially coher-
ent and noncoherent demodulation are also studied.

HYPOTHESIS TESTING

OPTIMAL DECISIONS

A certain observed random quantity has a distribution known to
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CHAPTER 3. SINGLE-USER MATCHED FILTER

Decision rules are specified by partitioning the observation space into de-
cision regions, each of which corresponds to a different hypothesis. As we
mentioned in Section 2.4, of special interest to us is the case when all values
taken by the transmitted data are equiprobable. The foliowing simple result
gives the optimal decision rule for equiprobable hypotheses.

Proposition 3.1 Consider m equiprobable hypotheses under which an ob-
served random vector Z has density functions.’

Hliz’\’fzu,

Hm:Z ~ fZ\m-

Then the following decision regions minimize ervor probability:

={z fZ\:(Z)— [max fzu(Z’)}—UQJ, i=1,....m. (3D

S

To justify Proposition 3.1, we can simply write the probability of error,
P, as

l m
P=1-—Y PlZeqli
m = [ < ]l]

1 - —Z] fzilz)dz

1
>1— —f ‘max fz;(z)dz, (3.2)
m j=1...m

where the last integral is over the whole observation space. Choosing £2;
as in (3.1), the lower bound in (3.2} is satisfied with equality. The decision
regions given in (3.1) are not the only optimal choices. The nonuniqueness
of the optimum solution arises because there are points in the observation
space at which the maximum density is achieved by several densities simul-
taneously. As far as error probability is concerned, it is immaterial how those
elements are assigned to the decision regions of the maximizing hypotheses;
in (3.1) they were arbitrarily assigned to the maximizing hypothesis with
the lowest index. It is easy to generalize Proposition 3.1 to encompass the
general case where the hypotheses are not equiprobable. The unconditional
probabilities, P|H;}, of the hypotheses (before the data are observed) are

! The notation ~ stands for “is distributed according to.”
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FIGURE 3.1.
Cauchy vs.
Gaussian binary
hypothesis test.

3.1 HYPOTHESIS TESTING

Gaussian

Cauchy

-29 -04 04 2.9

usually called a priori probabilities. Conditioned on a particular realization,
z, of the observation, the a posteriori probabilities can be computed using
the Bayes formula:
Szi(2)P[H]

2o f25PIH,T

In general, the minimum-error-probability decision rule is the so-called
maximum a posteriori (MAP) rule, which selects the hypothesis with the
highest P[H;|z]. The decisions given in (3.1) are also known as maximum-

P[H;|z] =

likelihood (ML) decisions. Maximum likelihood decisions are sensible
choices whenever it is not possible to rely on knowledge of the a priori
probabilities.

The maximum-likelihood sclution given in Proposition 3.1 is illustrated
in Figure 3.1, which corresponds to a binary hypothesis testing problem
between a standard Cauchy distribution and a zero-mean Gaussian with
variance equal to 2:

1/
Hy:Z ~ =——
I Jan(z) T
1 2
Hp:Z ~ = A
2 fZ|2(Z) 2\/;6

Applying the result of Proposition 3.1, we see from Figure 3.1 that a rule
that minimizes the error probability if both hypotheses are equally likely
is to declare hypothesis H; if the observed value lies in (—2.92, —0.42) U
(0.42,2.92) and to declare hypothesis H, otherwise. (See also Problem
3.10.)

Another example of the application of Proposition 3.1 is an m-hypothesis
testing problem where the observation is a Gaussian L-vector with indepen-
dent components (variance equal to o> under each of the hypotheses). The
distributions under the various hypotheses are distinguished by their means:
the mean of the jth component under hypothesis H; is a;;. Therefore, the
probability density function corresponding to H; is given by

1 1 &
fzilze, .., 2 = gt CXP(—E ;(Zj - ﬂu)z) \ (3.3)
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CHAPTER 3. SINGLE-USER MATCHED FILTER

and the minimum probability of error decision regions for equiprobable
hypotheses are

i—l

L L
Q ={(z1,..., z1): Z(Zj ‘aij)z = k_I}'lin Z(Zf —akj)Z] - UQ,-,
j:! =l,...., j—_—i

j=1

(34)

which means that we select the hypothesis whose mean vector is closest to
the observed vector in Euclidean distance.

3.1.2 CONTINUQUS-TIME SIGNALS IN WHITE
GAUSSIAN NOISE

In some of the specific hypothesis testing problems we encounter
in data demodulation, the observed quantity is not a vector as required by
Proposition 3.1. For example, the CDMA receiver for either (2.1) or (2.6)
observes a real-valued function defined on a finite time interval. Some-
times, we will place some structure on the receiver so that decisions are
based on functions of the received waveform (called observables or deci-
sion statistics) which are either scalars or vectors. In those cases, we can
use Proposition 3.1. Whenever we do not want to assume any prespecified
receiver structure, Proposition 3.1 is insufficient because we have not de-
fined the probability density function of real-valued functions. In order to
sidestep a rigorous definition of such a concept, for which we would need
measure-theoretic prerequisites we are not assuming, we will invoke the
following counterpart to Proposition 3.1.

Proposition 3.2 Lefx,, ..., x, befinite-energy deterministic functions de-
fined on an interval of the real line T. Let n(t) be white Gaussian noise with
unit power spectral density. Consider m equiprobable hypotheses:

Hy:y(t) = x(t) +on(), t €I,

Hy:v@)=x () +on(), t € I.

Then, the following decision regions minimize error probability:

where

1
Flylx) =exp (_F [ID’(I) _xi(t)]zdf)- (3.6)
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According to Proposition 3.2, the likelihood functions f [y|x;] defined
in (3.6) play the role of the (unnormalized) conditional probability density
functions in Proposition 3.1. Let us use the structure of the likelihood func-
tions in (3.6) to simplify the decision regions in (3.5}. The comparison of
two likelihood functions,

flylxls flyixd

is equivalent (via (3.6)) to each of the fellowing:
1 5 1 .
542 L[y(t)fx,(r)] di = fI[y(t)—xj(z)] dt, 3.7
f[y(f) —x(0Pdr g f{y(t) —x OV dt, (3.8)
T T

1 1
fy(t)x,-(r)dt— —fx?(t)dt s /y(t)x,-(t)dt— —fxz.(t)dt. (3.9)
T 2Jz z 2Jr
The last two relationships merit special attention:

Relationship (3.8) states that the decision regions that minimize error
probability are minimum distance regions, that is, the decision rule
selects the hypothesis corresponding to the waveform x; that is closest
to the observed waveform in mean-square distance.?

Relationship (3.9) states that the set of m observables,

jy(t)xi(t)dt, i=1,...,m, (3.10)
T

is a sufficient statistic, that is, it contains all the information in the
original observations relevant to make an optimum decision.

More formally and generally, in a statistical inference problem where a
parameter # is to be inferred® on the basis of observations y, we say that
the function of the data g(v) is a sufficient statistic for # if the conditional
distribution of y given g(y) does not depend on 8. In other words, the residual
randomness in v to an observer that knows a sufficient statistic for 6 contains

* The square root of the energy of the difference between two signals is commonly
referred to as the wean-square, Ly, L, or Euclidean distance, with the latter term
sometimes reserved for the special case when the signals belong to a finite-dimensional
vector space.

3 In hypothesis testing & takes a finite {or countably infinite) number of values, whereas
in estimation problems it takes an uncountable number of values.
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CHAPTER 3. SINGLE-USER MATCHED FILTER

no information about 6. Note that the {a priori) distribution of 6 does not
enter the definition of sufficient statistic; in fact, the definition we have given
is general enough that we do not require that such a distribution be defined. A
minimal sufficient statistic is a function of every other sufficient statistic. In
less precise, but perhaps more intuitive, terms, a minimal sufficient statistic
is one with the smallest number of components. In the hypothesis testing
problem of Proposition 3.2, (3.10) is a minimal sufficient statistic if and
only if xq, ..., xp are linearly independent (Problem 3.19).

A rigorous proof of Proposition 3.2 requires concepts such as the Wiener
process, stochastic integrals, and Radon—Nykodim derivatives, which are
beyond the scope of our coverage (see, e.2., Poor [336]). A heuristic justifi-
cation of Proposition 3.2 is that if hypothesis H; is indeed the true hypothesis,
then the noise realization is

n(ty = y(1) — x;(£)h

thus, the solution given by Proposition 3.2 corresponds to choosing the
hypothesis that explains the received waveform with the lowest-energy noise
realization (i.e., with the best least-squares fit).

Another heuristic argument is based on the resemblance of the solution
given by Proposition 3.2 to the solution (3.4) we obtained in the vector
Gaussian problem. Let us assume (without Joss of generality) that the ob-
servation interval 7 is the whole real line. Furthermore, let us assume that
the signals x), ..., X are band-limited to B. Because of the duality of the
time and frequency domains we could solve the decision problem in the
frequency domain, expressing our decision rule as a function of the spec-
trum of y(). In fact, we should be able to focus attention on the observed
spectrum up to frequency B, as the observations contain no informatien
related to the true hypothesis beyond that frequency. In other words, the ob-
served spectrum up to frequency B is a sufficient statistic. One could think
of a hypothetical spectrum analyzer that would consist of L nonoverlapping
ideal bandpass filters of bandwidth B/L. The hypothesis testing problem
at the output of the analyzer now fits the setting of the Gaussian vector de-
cision problem we considered above (with complex-valued components).
Indeed, since the bandpass filters are nonoverlapping and linear and have
the same transfer function (shifted in frequency) their outputs are indepen-
dent Gaussian with identical variances. Furthermore, as L gets larger and
larger we would expect that the encrgy of the L-vector approximation of
the spectrum will converge 10 the irue encrgy of the spectrum, which by
Parseval’s identity is equal to the energy in the time domain. Thus, the
distances in (3.4) will approach the continuous-time distances in (3.6) (or
(3.8)). Alternatively, we could start by low-pass filtering the observations
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3.1 HYPOTHESIS TESTING

(getting rid of the noise beyond frequency B) and then taking L samples of
the observations at the Nyquist rate 2.B. This will fit the foregoing Gaussian
vector setting with independent components of identical variance. If the
signals xy, ..., x,, are approximately time-limited, then we would expect
that as L increases, the sampled-time average (cf. (3.4)} will approach the
corresponding time-domain integral (cf. {3.6)).

3.1.3 COMPOSITE HYPOTHESIS TESTING

Sometimes we will come across problems of compesite hypothesis
testing. In the special case of binary composite hypothesis testing, the set
of m hypotheses is partitioned into two subsets:

Hy, ={H:, i€ J}, (3.11)
H, ={Hy, ..., Hu}\H,. (3.12)

Rather than selecting one hypothesis among the m possibilities, in this case
we are interested in deciding whether the true hypothesis belongs to H ;. One
way to solve this problem would be to first select the individual hypothesis
that minimizes error probability (according to the result in Proposition 3.1)
and then simply check whether that hypothesis is in H ;. However, this may
not be the best strategy because we are disregarding the probabilities of
all but the winning hypothesis. The following result gives the minimum
probability of error decision rule in the special case where 7, and ,
contain the same number of equiprobabie hypotheses.

Proposition 3.3 Consider m equiprobable hypotheses under which an ob-
served random vector Z has density functions:

Hy: Z ~ fz,

H,n L~ fZ|m-

Let H; and H; be the classes of hypotheses defined in (3.11)and (3.12),
respectively. Assume that |J| = m/2. Then the following decision regions
minimize the error probability of the composite hypothesis testing problem:

Q; = {z DY i) > Zle-(z)], (3.13)

il g
Q= {Z : ;fzu(z) = ;fZi(Z)’- (3.14)
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The justification of Proposition 3.3 is very simple. Since, by assumption,
H, and F; have the same number of elements, the problem is a special
case of Proposition 3.1 with two equiprobable hypotheses under which the
observations are distributed according to

H,:Z ~ %Zfz[is

ied
- 2
Hy:Z ~ —Z.fzp'-
(LY
Analogously, the following counterpart to Proposition 3.2 can be

obtained:

Proposition 3.4 Letx,, ..., x,, be finite-energy deterministic functions de-
Jined on an interval of the real line I. Let n(t} be white Gaussian noise with
unit power spectral density. Consider m equiprobable hypotheses:

Hy y@®)=xi(t)+on(), t €T,

Ho:y(t) = xu(t) + onr), 1 € T.

Let H; and H; be the classes of hypotheses defined in (3.11) and (3.12),
respectively, with |J| = m (2. Then the following decision regions minimize
the error probability of the composite hypethesis testing problem.

Q= [y:Zf[yfx.-be{yu,»]}, (3.15)

iel ig]
Q) = {}'IZf'[y!Xz]SZf[ylxi]}, (3.16)
iel it]
where
|
fiyle] = exp(f‘z f [¥() —xi(:)}zd:) . 3.17)
20’ T
Furthermore,
1
PlHly = {y(1),r e T} = o (3.18)
1 + Zie: SIylx]
If x| = -+ = |lx |l in Proposition 3.4, then it can be easily checked that

the optimal decision rule is

1 1
> exp (;Ly(:)x,-(z)m) s ) exp (o_—zfzy(t)xi(t)dt).

ielt s
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3.2 OPTIMAL RECEIVER FOR THE
SINGLE-USER CHANNEL

In this section we study the single-user version of the basic CDMA
channel of Chapter 2. With only one user, the issue of synchronism among
transmitters does not arise, and the channel in {2.1) becomes

y(£) = Abs(t) +on(t), te[0,T], (3.19)

where the deterministic signal s has unit energy, the noise is white and
Gaussian, and b € {—1, +1}.

Before we derive the demodulator that minimizes the probability of error
for (3.19), it is instructive to consider the restricted class of linear detectors,
which will figure prominently in future chapters. Consider a demodulator
for (3.19) that outputs the sign of the correlation of the observed waveform
with a deterministic signal A of duration 7"

,
b=sgn({y, h) = sgn([ y(r)h(t)dt) . (3.20)
0

This detector summarizes the information contained in the observed wave-
form y(z), ¢ € [0, T] by the scalar decision statistic: {y, h}. To optimize the
choice of %, we notice that the linearity of the decision statistic makes it
easy to discern the respective contributions of signal and noise:

Y = (y, h) = Ab{s, h) +o{n. h). (3.21)

The distribution of the second term in the right side of (3.21) is given by
the following result, which states the main properties of white noise we use
throughout this text.

Proposition 3.5 Ifh and g are finite-energy deterministic signals and n(t)
is white noise with unit spectral density, then:

. El{n, ] =0.

. Eln, )] = [[AlI%

. Ifn(t) is a Gaussian process, then (n, k) is a Gaussian random variable.
. Elln, hy(n, )]l = (g, h).

El{n, hin]l=h

L R T R

The fact that linear transformations of Gaussian processes are Gaussian
random variables yields Proposition 3.5.3. Proposition 3.5.2 is a special
case of Proposition 3.5.4. To justify Propositions 3.5.1,3.5.4, and 3.5.5, we

?3
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Just need to interchange integration and expectation:

T
Elin, i) :f Efn(Oh(t)de =0,

{

T T
Ein, By, g)] = f f Eln(On(0Ih()g () dt di

0 0

T
- f hg()dt,
i}

T
Ef{n, hn(2)]| =f Eln(t)n(A)h(r) dr
0
= h(A),

where we used the fact that white noise with unit power spectral density has
zero mean and autocorrelation function

Eln(n(l)] =8¢ — 1),

According to Proposition 3.5, & ||k ]| is the standard deviation of the con-
tribution of the noise to the decision statistic in (3.21). Thus, we would like
to choose /i to make (s, 4} big and o ||i|| small. A sensible way to choose
# according to this tradeoff is to maximize the signal-to-neise ratio of the
decision statistic ¥:

Al ((s, b))

TN (3.22)

The solution to (3.22) is readily obtained from the Cauchy-Schwarz in-
equality:

(4, )" < IAIP 1],
with equality if and only if & is a multiple of 5. Therefore,

2
A (s, B _ A2

W = ;”SHZ, (3.23)

with cquality if and only if % is a (nonzero) multiple of s. Thus, any non-
zero multiple of the signal s will maximize the signal-to-noise ratio (3.22).
Among those h, we can discard the negative multiples of s, because they
yield erroneous decisions in the absence of noise (¢ = 0). All positive
muliiples of 5 are equivalent choices for k since they result in the same
decisions:

;
b= sgn({y, as)) = sgn( f y(t)s(t)dt) \ (3.24)
o
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FIGURE 3.2.
Conditional
distributions of ¥
given b= —1 and
b=+1.

3.2 OPTIMAL RECEIVER FOR THE SINGLE-USER CHANNEL

| |
—A<s > A<s, >

with a = 0. The linear detector in (3.24) is known as the mafched filter
detector for the signal s. It can be implemented either as a correlator (mul-
tiplication of the received waveform with s followed by integration) or as a
linear filter with impulse response s(T — t) sampled at time 7".*

We have seen that the matched filter is optimal in the sense that it maxi-
mizes the signal-to-noise ratio of the decision statistic Y. Notice that in this
derivation we did not invoke the fact that the noise is Gaussian. If we do use
that assumption, we can actually prove that among all linear detectors, the
matched filter minimizes the probability of error. To that end, Proposition
3.5 and (3.21) lead to the conclusion that the distribution of the decision
statistic ¥ conditioned on » = —1 is Gaussian with mean —A({s, k) and
variance o2|h||%, which is abbreviated as N(—A({s, k), o*||2]?). Analo-
gously, the distribution of the decision statistic conditioned on b = +1is
N(A(s, h), a?||h)|?). Figure 3.2 shows both conditional distributions fy/,
and fy-1.

Therefore, we have the binary hypothesis testing problem:

Hi:Y ~ fyn = N(Als, k), a? 417,
H 1Y ~ fro = N(—Als, b}, o4,

which is a special case of the vector Gaussian problem considered in Section
3.1 with I. = 1 and s = 2. Particularizing the solution obtained in (3.4),
the optimal decision regions are

Q, = {x € (=00, 00) 1 fyu(x) = fr—1(x)} =0, +00), (3.25)

Q =(-00,0), (3.26)

4 Originally the term matched filter was coined to refer to the latter notion, only. The
distinction between both implementations matters only when the output of the linear
filter with impulse response s(T — ¢} is continuously observed (as in radar, synchro-

nization, multipath deiay estimation, etc.) or is sampled faster than the data rate (as in
some data communications settings).
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where we assumed that {s, 2} > 0. Otherwise, the derivation is entirely
analogous.’

We have shown that if the decision statistic is a linear transformation of
the data, then it is optimal to compare it io a zero-threshold as in (3.20).
Using (3.25), we can express the probability of error as

1 o] 1 0
P = EL fy|,,(v)dv+ E/;m fy“(‘l})dv

1/00 1 ( v? )d
= = —exp{ ——— jdv
2 Jagm 2mallhl 202 A2

1 —A{s,h} 1 ( UZ )
+5 Xp dv

exnl —
2/« N2mo|hj 207 h|?
& 1 2
= e Tdv (3.27)
f':/(l‘-;thlj v2r
A(s,h))
= , (3.28)
Q( okl

where (3.27) follows by symmetry and a change of integration variable, and
(3.28) follows from the following notation for the complementary cumula-
tive distribution function of the unit normal random variable:

def

o) = e P dr. (3.29)

S|
[ 7=
Section 3.3 gives a summary of the main properties of the Q-function. For
now, the only property we need is that it is monotonically decreasing. Since
we are assuming that the argument of (3.28) is nonnegative, the mono-
tonicity of the Q-function implies that in order to minimize (3.28) we can
maximize the square of the argument of (3.28). But that is exactly what we
did in (3.22). Therefore, the sign of the matched filter output is shown to
minimize error probability among the class of linear transformations. Us-
ing the result of (3.23) as the argument (squared) of (3.28) we see that the
matched filter for s achieves error probabilily equal te

P = Q(é) . (3.30)

g

Finally, let us proceed to drop the restriction that the decision statistic is
a Yinear transformation of the received waveform and search for the detector

> Whether 0 € @, or 0 € Q_, does not affect the error probability because ¥ = 0 with
zero probability.
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that achieves the minimum error probability among all detectors. This means
that we can no longer assume that the observable is {y, &), and we have to
work with the received process itself, {y(¢), ¢ € [0, T'|}. This problem is a
special case of the problem solved in Proposition 3.2: m = 2,7 = [0, T],
and

xi (1) = As{1),

xof) = —As(f).

Because the energies of x; and x; are identical, particularizing (3.9} we see
that the minimum error probability detector decides b = 1if

j sOx (i = f At
T T

Moreover,

T
fy(f)xn(t)dt = *fy(t)xz(t)dt= Af y()s()dt,
I I 0

which means that the matched-filter output {s, y} is a sufficient statistic
and the detector in (3.24) achieves the lowest error probability among all
detectors. Thus, the error probability achieved by the matched filter (3.30)
is the minimum error probability. Note that the optimum demodulator for
(3.19) does not need knowledge of the signal-to-noise ratio A /o when, as
we have assumed, both hypotheses are equiprobable {cf. Problem 3.14).

The minimum bit-error-rate (3.30) for the single-user channel (3.19})
is determined by the signal-to-noise ratio. The shape of the transmitted
signal does not influence the minimum bit-error-rate because of the inherent
symmetry of the white Gaussian noise model: its projection along every
direction has the same distribution {Proposition 3.5).

3.3 THE Q-FUNCTION

We now pause to review a number of properties of the complemen-
tary Gaussian cumulative distribution function;

O I 3
= — e 1. (3.31)
Q) j: «/271'6

Even though the integral in (3.31) does not admit a closed-form solution,
its analytical properties have been extensively studied.

97

114



CHAPTER 3. SINGLE-USER MATCHED FILTER

Qlx)
0.5
0.4
0.3
0.2
o FIGURE 3.3.
Linear plot of
1 2 3 4 Qfx) for x > 0.
1.
Q(x) = P[X > x], (3.32)

where X is a zero-mean, unit-variance, Gaussian random variable.
2. Q{x)is monotonically decreasing.

3.
Q)+ Q(—x)=1
4. ((x)is convex on the interval (0, +00) (Figure 3.3).
5. O(/%)is convex on the interval (0, +00).
6.
/ " Quodr = ——. (3.33)
0 V2n
7.
! (1 - l)e*ﬂ“ < Qx), x=1, (3.34)
V2 x x?
8.
1 —x2/2
Qx) < mxe , x>0, (3.35)
9.
o) = L e o, (3.36)

N2mx

where I(x) is the Laplace transform of the Rayleigh distribution (2.50):

o 2
Ix) = [ re ¥ T2y,
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10.

l
Qx) = 56"/'/_”", x> 0.

12. The function

O(x)e” 2
is monotone decreasing on [0, +-oc).
13.
2 . 1,
lim Qoex)e™ 1t = [:}roo Z ; N
14.%
o 2 1 o + |
Q(ax)e P dx = —lo, ( ) o= 1.
ﬂ ~ B £ o — 1
15.
) +oo, [o]* < g
2, a < pB=0;
 Qlax) p _
lim I, o = B ormaxfe, B} < O;
i Q(Bx) .
1/2, B<a=0;
0, [B]" <a;
where
[z]* = max{0, z}.
16.
- 2 L YT SR
2(lri_r>r3)cr log ¢ (J) = —(x]")".
17.

o=

k=1

6 Unless otherwise noted, logarithms are natural.
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(3.39)
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18, If 0 < a < b, then

(e et
lim z = s (3.45)
0 Q%) Vab

with Iy equal to the Bessel function defined in Section 2.6,1,
19. If 0 < a < b, then’

s =] —. (3.46)

20. If 0 < a < b, then®

“lelel : (3.47)

21,

QVx +¥) _ o2
o(Vx) |

22. The complementary error function, sometimes used in the statistics and

x>0y =0 (3.48)

communications literature, is equal to

e 2 [
erfe(x) & = f e dr = 20(~/2x). (3.49)
N p
23.
1 ™%
Olx) = — f e A @gg x> 0. (3.50)
T Jo

24, If -y =x = y, then

1
Q=)= QG +y) = 5 — Q). (3.51)
25.
1
(Q(x) — QW) = oo ¥y (3.52)
a
26.
e 12 1 1.3 1.3.5
00) = — (1— Ft o T T +) (3.53)

7 Q(x, y) is Marcum’s Q-function defined in (3.155).
8 T(x, vy is defined in (3.153).

100

117



3.3 THE Q-FUNCTION

27.
1 1 x° x° x7
= — — -t — ] 3.54
Q=3 ﬁ;(x 224 248" ) 339
28. If Ny, ..., Ny are independent Gaussian random variables with zero-

mean and standard deviation equal to o, the complementary cumulative
distribution function

P[,/N§+---+N§zx], xz0 (3.55)

is equal to 2Q(x) if L = |. Moreover, if L is even, then (3.55) admits
a closed-form expression:

L2 2\
_x22q2 ] X
P[,/N$+-..+N53x]:e 2y E(%ﬁ) . (3.56)

n=0
29.
E[Q(X)] = \/% f: PIX < x]e ™7 dx. (3.57)
30.
L f ) Qx)dx = Q(e) + —L(l — e, (3.58)
aty T
31,
[1 Q(iv/x)dx = (1 - i) Q) + B e R
o g 22 a2m
32.
]UOO e Q(f;) dx = % — "2 0(0). (3.60)
33.
foox e Q(f—r) dx = % (1 _ %) . (3.61)
0 o2 11
34,

—_of®y _ ! " R0 (3,62
_Q(a) \/I+62Q(a\/l+02)e - (362)
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35.

o<
f (2l g2 Q(f) dx
0 a

o —21)!(1 — (@7

n—1 _
x Y 2 (" l]c+ k) (L+ @2+ 7). (363
k=0

36. If X is a complex-valued, zero-mean, Gaussian L-vector with indepen-

dent real and imaginary parts and if the eigenvalues Ay, ..., AL of the
covariance matrix E[XX"] are distinct, then

L ; 1
Eloaxm=Y 311~ : (3.64)
i=1 14+ %

where
L
Aj
hj— Ry '

C{j =
i=1i#]

37. If X is a complex-valued, zero-mean, Gaussian L-vector with indepen-
dent coefficients with variance E[|X 2] = 2y? and independent real
and imaginary parts, then

1 | 1 L=14.3.5...2n— 1)
E[Q(“X”)]—_E‘E-—l_\/_T_FE (1+"Z:l: nl 2 (p2 4+ 1) )

{3.65)

38. If X is a zero-mean, unit-variance, normal random variable, then

E[Q( +2X)] = Q(ﬁ) (3.66)

39. If X is a zero-mean, unit-variance, normal random variable, then

1 22 B 2
E LXK = o | e O, 367
[Q(e + 2X)X]1 Nrs 2 (3.67)

40, Foralln > 0,

lim £ [Q" (“ s X)] = px = —ul+ PIX < —u). (368)
a—Q g 2"

41. If X is a symmetric random variable taking values on the interval
[-$, 8], and its characteristic function is denoted by

Dy(w) E Elcos(@X)],
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FIGURE 3.4.
Log~linear plot of
Qix} and its
bounds: {a)
{3.34), (b} {3.35),
{c) 3.37}, and (d)
{3.38).

3.3 THE Q-FUNCTION

then

-1 I

E[Q(:+ X)] = Cop +2 Y Clu®x (7;) Foll), (369

=1
where the coefficients {Cyz, ..., Cr-1,.] depend only on g, 8, and L
and are defined as the discrete Fourier transform of [Fo 1, ..., Fi_i.t],

2k + i
= _ZF::LCOS(( + i )
2L

where

aer 1 2%+1 1 2+ 1
F, ¥ 20 -0 5).
L Q( 2L )+2Q(’“° 2L )

Figure 3.3 shows a linear plot of the Q-function for positive arguments.

Naturally, it is more useful to examine the behavior of the @-function in the

region where its values are more representative of bit-error-rates of interest

in practice. Figure 3.4 shows a log-linear plot of the Q-function, along with
the bounds in (3.34), (3.35), (3.37), and (3.38).

The upper bound in (3.35) is an excellent approximation to the Q-
function unless the argument is small (or negative). But, in view of (3.39),
it is sometimes preferable to view the asymptotic behavior of Q(x) as that
of the simpler upper bound (3.37).
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Matched Filter > n
. bili]
.+ Userl '
Sync |
Matched Fikter A A
. inlf]
User 2 * -
Sync 2
e
¥ Matched Filter ) A
. bifi]
User 3 . '
Syoc 3

Matched Filter A A
bj([']
UserK. '

Sync K

3.4 THE MATCHED FILTER IN THE CDMA CHANNEL

In this section we analyze the error probability of the single-user
matched filter when used in the Gaussian CDMA channel. Figure 3.5 de-
picts a natural strategy to demodulate the transmitted streams in the basic
CDMA models (2.1} and (2.6). Each filter is matched to one of the signature
waveforms. As in any digital demodulator, it is necessary for the receiver
to acquire (and track) synchronism with the bit epochs of the streams to
be demodulated. If the CDMA channel is synchronous, then a single syn-
chronizer provides the timing necessary to sample all the matched filters. In
an asynchronous system, the individual timings of each of the transmitters
must be acquired. In carrier-modulated systems, coherent detection requires
synchronization with the frequency and phase of each of the modulating car-
riers. In an asynchronous direct-sequence spread-spectrum system where
all users employ the same chip waveform, the continuous-time-to-discrete-
time conversion of the bank of K matched filters can be carried out by a
single chip-matched filter sampled at K times the chip rate, with sampling
instants determined by the synchronizers. Needless to say, if the chip wave-
form is (almost) strictly band-limited, then sampling at twice its bandwidth
is sufficient. It is not infrequent that only one or a subset of users is to be
demodulated at a particular receiver. In that case, the bank of matched filters
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3.4 THE MATCHED FILTER IN THE CDMA CHANNEL

need not concern itself with users other than the ones of interest, because
each of its branches operates autonomously. For the same reason, the anal-
ysis of the error probability need only focus on the output of one of the
matched filters. We will examine the synchronous CDMA channel first.

3.41 PROBABILITY OF ERROR FOR
SYNCHRONOUS USERS

As we saw in Section 2.9.1, the kth user matched-filter output is

equal to
T
Yo = [ (s () dt = Arby + ZAjbjpjk + Fy, (3.70)
0 ik
where
"
Hy = crf n{t)sg(t) dt (3.71)
o

is a Gaussian random variable with zero mean and variance equal to o°.

If the signature waveform of the kth user is orthogonal to the other
signature waveforms, then p, =0, j # k and the matched filter output
(3.70) reduces to that obtained in the single-user problem:

Y = Aghy + ny.

The probability of error {cf. {3.30)) of a threshold comparison of y; is
, Ay
Pi(o) = Q(;‘) . (3.72)

which is the same error probability we would obtain in the absence of
other users. Since the presence of other users cannot decrease the error
probability,” we conclude that the bank of single-user maiched filters is
optimal in the special case of synchronous orthogonal CDMA,

Let us now return to the nonorthogonal CDMA channel. It is best to
consider the two-user case first (Figure 3.6).

The probability of error of user 1 is

Pi(a) = Plb # B
= Plbi = +1]Ply < Olby = +1] (3.73)
+ Plb; = —1]1P[y, > 0]b; = —1]. (3.74)

9 ¢f. Problem 3.5.
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Yet, ¥, is not Gaussian conditioned on &, so we will further condition on
b

Ply1 > O‘bl = *1] = Ply] > O|b| = 7].[72 = +1|P[bg =+]]
+P[_v| > ()lh] = —].bg = —]_IPI_b2 = —]_I
= Plry > A — Ayp}Plb: = +1]

+ Pln > A1 + Ayl Plby = —1]
1 A — A | A+ A

— oo AN L (2222 375
2 o 2 o

where we have used the independence of (by, b», ny) and the simplified
notation p;; = p, which we adopt throughout in the case of two synchronous
users. By symmetry, we get the same expression for Py, < 0]b, = +1].
Therefore, the bit-error-rate of the conventional receiver for user | in the
presence of one interfering user is

1 A —A 1 A+ A
Pio) = EQ(__L__Mﬁ) L ,Q(M) (3.76)
o 2 o
1 A —A 1 A+ A
oA 2|pl 4l 2/o| ' 3.77)
2 o 2 o
Interchanging the roles of users 1 and 2 in (3.77) we obtain
1 A — A | A+ A
Pio) = 5Q(ﬁ.z_”}) + _Q(_z_‘_—]p) . (3.78)
o 2 o

Let us further examine (3.77). Since the (-function is monotonically
decreasing, we readily obtain the upper bound

Pi(o) < Q('A‘ _JAQ""). (3.79)
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FIGURE 3.7.
Output of
matched filter for
user 1 with one
inferfering user.

3.4 THE MATCHED FILTER IN THE CDMA CHANNEL

B N 1| O

—IplA,— A, A APl —AFPIA, A Aj+IPlA,

This bound is smaller than 1/2 provided that the interferer is not dominant:

2 < L (3.80)
Ay [Pl

In that case, because of the asymptotic behavior (¢ — 0) of the Q-function
(3.41}, Equation (3.77) is dominated by the term with the smallest argument,
and the upper bound (3.79) is an excellent approximation {modulo a factor
of 2) to P{(o) for all but low signal-to-noise ratios. This implies that the
bit-error-rate of the conventional receiver behaves as that of a single-user
system with reduced signal-to-noise ratio:

Ay — Aqlpl ?
_——o .

If the relative amplitude of the interferer is such that

Ay 1 .
=2 (3.81)
A ol
then the conventional receiver exhibits a highly anomalous behavior: the
near—far problem. For example, the error probability is not monotonic with
o . To see this, first note from (3.77) that
. . 1
Iim P(l (G’) = -

700 2°

(3.82)

a property we would expect from any detector. At the other extrerne, we get
CDe 1
{lyl_r)r(l)P‘] (o) = > (3.83)

because, due to (3.81), as @ — 0, the polarity of the output of the matched
filter for user 1 is governed by b, rather than b,.

Figure 3.7 shows the location of the noiseless output of the matched filter
of user 1 under no interference (A, and — A ) and with one interfering user
satisfying (3.81). In this situation, some background naoise is better than no
noise: in the absence of background noise erroneous decisions are made
with probability 1/2. as the interference shifts the matched filter output to
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the wrong side of the threshold with probability 1/2. The presence of a
noise component either (a) has no effect on the decision, (b) prevents the
detector from making an error, or (¢} introduces an error. The noise excursion
necessary for (¢) is at least | p| A2+ Ay, whereas the noise excursion required
for (b} is only |p|A; — A,. Thus, in the presence of noise the bit-error-rate
is strictly smaller than 1/2.

The noise level that minimizes the error probability under the condition
{3.81) is (Problem 3.28)

2 AAqp

G = — 3.84
arctanh([;‘z'p) (3:84)
In the remaining case:
A 1
22 =, (3.85)
A [ol

the error probability of the single-user matched filter (3.77) reduces to
Pilo) = ﬁ—lt + %Q(%) :

which admits a simple interpretation: with probability 1/2, the signal of user

2 exactly cancels the signal of user 1 at the matched filter output, which then

becomes a zero-mcan Gaussian random variable; with probability 1/2, the

signal of user 2 doubles the contribution of the desired signal to the matched

filter output.

Figure 3.8 plots the bit-error-rate in (3.77) with p = 0.2 as a function of
the signal-to-noise ratio A, /¢ for several values of the relative amplitude
of the interferer. We can see how the bit-error-rate degrades fairly rapidly
as the interfering user’s amplitude grows. The upper curve is an example of
the behavior under condition (3.81).

It is interesting to assess the mutual interfering effect of two users by
examining the region of signal-to-noise ratios that result in a guaranteed
level of bit-error-rate. Indeed, in practice it is commoeon to fix a maximum
tolerable bit-error-rate level and then find the necessary energies to satisfy
that requirement. Using as low transmitted energy as possible is a primary
design goal. (For example, in wireless cellular communication systems, this
is important for increased battery life and reduction of intercell interference.)
Figure 3.9 plots the power-tradeoff region so that both users achieve a bit-
error-rate not higher than 3 x 107>, parametrized by the crosscorrelation
between the signature waveforms. If the signature waveforms are mutually
orthogonal, then we have two independent systems thai achieve the desired
objective as long as their signal-to-noise ratios are greater than or equal to

07'(3 % 107%) = 12 dB.
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FIGURE 3.8.
Biterror-rate of
single-user
matched filter with
two synchronous
users and

p=02.

FIGURE 3.9.
Signalto-noise
ratios necessary
lo achieve
biterror-rate not
higher than

3 x 1077 for both
users,
parametrized by

p.
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Ay = 6A,

107!

Pt -

10—

107

As
— WB)

Ay
T{dB)

As we increase the crosscorrelation between the signals we notice: (a) even
if both amplitudes are identical the necessary energy increases rapidly and
{(b) the sensitivity to imbalances m the received energies grows. This is
particularly important in mobile systems where the received amplitudes
may vary over wide ranges. The sensitivity of the conventional detector
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illustrated in Figure 3.9 (in the two-user case) dictates the need for strict
power control so that the received amplitudes are very similar.

It is useful to visualize the operation of the conventional detector (or, any
detector, for that matter) in a signal space diagram. In Section 3.1 we spec-
ified a decision rule by the partition of the observation space into decision
regions corresponding to each hypothesis. In the K -user synchronous chan-
nel, there are 2% hypotheses and the original observation space is the set
of real-valued functions on [0, T], which is an infinite-dimensional space.
However the K-user demodulator in the detector in Figure 3.5 bases its
decisions on the K-dimensional vector (3.70)

T T
(¥1,.... yg) = (f y()s (Ddr, ..., f y(!)sK(I)dt)
0 0

computed from the original observations. Therefore, we can actually view
the observations as the K-vector (y,, ..., ¥x), instead of the original re-
ceived waveform which belongs to an infinite-dimensional space. At this
point, we opt for this simplified view not because the K -dimensional obser-
vations contain the same information as the original observations (which we
have not yet proved) but simply because it is a convenient way to visualize
the operation of the multiuser detector, in particular when K = 2. In this
case, conditioned on (b, by), (¥, ¥2) is a Gaussian vector with mean (cf.
(3.70) and (3.71))

(A1by + Ashrp, Achy + Avby1p) (3.86)

and covariance matrix

1
cov(y,, v2) = (J’L[ p:l.
o 1

In Figure 3.10 we have depicted the mean vectors for each of the four
hypotheses in the (¥, ¥2) space, in the case where A} = A; = land p =
(0.2. We can view the “received” vector (v, y» ) as the sum of a “transmitted”
vector (3.86) and a zero-mean Gaussian vector (n,, #72).

The decision regions in the (y|, y2) space of the single-user matched filter
detector (Figure 3.6) are simply the four quadrants. In the case shown in
Figure 3.10 (A, = A; = 1, p =(.2), and in the absence of noise, the detector
selects the correct hypothesis since it falls within its decision region. The
probability of error found in (3.77) is the average of the probabilities that the
received vector satisfies y; < 0 given that (4, +) and (4, —) are transmitted
respectively. Accordingly, for the purposes of the decisions corresponding
to user 1, the two-dimensional view of Figure 3.10 can be further simplified
to the one-dimensional view of Figure 3.11. Nevertheless, for the sake of
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FIGURE 3.10.
Decision regions
in the
two-dimensional
space of matched
fitter outputs.

FIGURE 3.11.
Decision regions
in the
one-dimensional
space of matched
fitter output.
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I+pt * 44+

=l+p . +—

comparison with other multiuser detectors considered in future chapters
{where decisions do involve interaction of y, and y,), it is advantageous to
keep our focus on a two-dimensional observation space.

A shortcoming of the (y), ¥} diagram in Figure 3,10 is thai the noise
components 7, and A, added to the transmitted vector are correlated:

Elnny] =o’p;

consequently, the distribution of the noise vector is not circularly symmetric
and the norm of the noise vector does not determine the likelihood of that
realization. This impairs the intuition one would be expected to gain from
the comparison of the respective decision regions (in (v;, y2) space) of
different detectors. A better choice than the (y,, y;) diagram is a signal
space diagram whose components (¥, ¥,) are equal to the correlations of
the received waveform with an (arbitrary) orthonormal basis (¢, ¢2) that
spans the linear space generated by the signals (s;, s2). For example, a choice
for that orthonormal basis is

¢ =5, (3.87a)

(3.87b)
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Conditioned on (by, by), (3, ¥,) is Gaussian with mean

(Abi{si, &) + Aobaisa, @1}, ArDi{s), @2) + Aabaisa, ¢2))
= (Aih) + Asbap, Azbay/ | — p?) (3.88)

and covariance matrix equal to

cov(yy, m) = ot 0
Y, ¥2) = o o2

The counterpart to Figure 3.10 in the alternative orthogonal representation
(31, ¥2) using the basis in (3.87) is shown in Figure 3.12 where the deci-
sion regions are defined by the lines (hyperplanes in K -dimensional space)
orthogonal to s, and s, respectively. In contrast to Figure 3.10 the inner
product between the vectors representing the signature waveforms sy, 5» in
Figure 3.12 is indeed equal to their crosscorrelation.

Even though (¥, ¥») are not computed by the demodulator, it is useful
to visualize the received vector as belonging to the two-dimensional space
depicted in Figure 3.12. Indeed, the decisions of the detector in Figure 3.6
are transparent to all those (infinite) components in y(¢) orthogonal to ¢,
and ¢-.

The anomalous behavior of the single-user matched filter detector in the
near—far situation (3.81) is illustrated in Figure 3.13, which corresponds to
the same signature waveforms as those used in Figure 3.12, but with A, =
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{orthogonal
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FIGURE 3.13.
Decision regions
of matched filter
defector
{orthogonal
space);

A = 6A,.

3.4 THE MATCHED FILTER IN THE CDMA CHANNEL

-
I\)('i

6A.. The decision regions remain exactly as in Figure 3.12; however, the
transmitted vectors corresponding to (+, —) and (—, +) have now migrated
outside their original decision regions. Therefore, when those bit pairs are
transmitted, an error will oceur in the decision of user 2 unless the noise
realization prevents it. In fact, in the absence of background noise, the
decisions for users | and 2 are identical and equal to the data transmitted
by user 1.

The generalization of the bit-error-rate of the single-user matched filter
from two users to an arbitrary number of users is straightforward. Following
the same reasoning as before, we can write the bit-error-rate of the kth user as

+ Plby = —1]1P{y, > Olby = —1]

I 1
£P|:Hk > Ak ZA[bjﬂ,k]"‘ EP[]’Ik < —Ak ZAibipjk]

T Tk

I

Plink > Ak - ZAibfpjk} (389)

J#k
1 Ay A;
=2K—I Z Z Z Q(?+Zej?[pﬂx)!
ere{—1.1} ere{—L,1} ewe{—1.1} JFk
j#k
(3.90)
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where (3.89) follows by symmetry and (3.90) is obtained by conditioning
on all the interfering bits. We see that the error probability of the single-user
matched filter in the CDMA Gaussian channel depends on the shape of the
signature waveforms only through their crosscorrelations. This property is
due to both the nature of the receiver and the fact that the background noise
is white and Gaussian {cf. Problem 3.29). Moreover, the error probability
depends on the received amplitudes and noise level o only through the ratios
Ayg /o, as decisions are invariant to scaling of the received waveform.
As in (3.77), the average of Q-functions in (3.90) is upper bounded by

. A A;

Pl < Q (—k - me,n) : (3.91)

o — g
ik

In order to generalize condition (3.81) to the K-user case we note that

(3.90) goes to 0 as ¢ — 0 if and only if the argument of each of the
Q-functions therein is positive, that is, if

A > Y Ajlpal. (3.92)
ik

Condition (3.92) for error-free decisions in the absence of background noise
is commonly referred to as the open-eye condition. Under this condition, the
bound (3.91) becomes tight {modulo a factor independent of o) as ¢ — 0.
The number of operations required for the computation of (3.90} grows
exponentially in the number of users. For this reason, a number of authors

have approximated (3.90) by replacing the binomial random variable

> Abip
i#k
by a Gaussian random variable with identical variance. The approximated

bit-error-rate becomes

Ag

VO X AP

Whereas at low signal-to-noise ratios the approximation of (3.90) by (3.93)
is generally good, for high signal-to-noise ratios it may be unreliable. The

ﬁz(o) =Q (3.93)

behavior of the Gaussian approximation is illustrated in Figures 3.14 and
3.15. In those figures, the crosscorrelations between every pair of signature
waveforms are equal to 0.08 and all users have the same power (cf. Problem
3.10). The cases of 10 users (Figure 3.14) and 14 users (Figure 3.15) are
representative of the open-eye and closed-eye situations, respectively. In the
latter case, we observe the nonmonotonic behavior of the bit-error-rate of the
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FIGURE 3.14.
Biterror-rate of the
single-user
matched filter with
10 equal-energy
users and

identical
crosscorrelations
on = 0.08;

(o) exact,

{b] Gaussian
approximation.

FIGURE 3.15.
Biterror-rate of the
single-user
matched filter with
14 equalenergy
users and

identical
crosscorrelations
e =0.08;

(a} exact,

{b) Gaussian
approximation.
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single-user matched filter with signal-to-noise ratio, already observed in the
two-user case. In the limit as o — 0, Equations (3.90) and (3.93) behave
differently. For example, (3.93) has a nonzero limit even if the open-eye
condition is satisfied. The reason is that the error in replacing the bino-
mial distribution by the Gaussian distribution is greatest in the tails, which
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CHAPTER 3. SINGLE-USER MATCHED FILTER

determine the bit-error-rate (unless the background noise is the dominant
factor). When performance is averaged with respect to random carrier phases
(cf. Section 2.5), the multiuser interference is no longer binomially dis-
tributed but remains amplitude limited — in contrast to a Gaussian random
variable with the same variance.

Suppose that the random direct-sequence model is used and bit-error-rate
is averaged with respect to the choice of binary sequences with spreading
gain N. If K — oo and N — oo but their ratio is kept constant,

then, the averaged bit-error-rate converges to

Al

Joi+ pA’ !

Jim E[P{(0)] = @ (3.94)

where
—2 def LI
AT = lim — A,

A sufficient condition for the validity of (3.94) is that the amplitudes A ; be
bounded (Problem 3.39). Here we will justify (3.94) under the condition
that the received energies are identical for all users A, = A. According to
(3.89) we need to compute the limit of

K
P|:H] + Azbfpl.f > A]

j=2

K N
= P|:n| +AZ[7J'% Zdj" > A] (3-95)
=2 n=I
=Pla,+4 k-1 ! iid > A (3.96)
UM TN K= DN 4 mE o

=2 n=I

where the random variables d;, in (3.95) are independent equally likely to
be 41 or —1. The (De Moivre-Laplace) Central Limit Theorem dictates
convergence in distribution (as K — o0) of the random variable

1 K N
VK = 1)szdf”

=2 n=1

to a zero-mean, unit-variance, Gaussian random variable. Thus, the right
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3.4 THE MATCHED FILTER IN THE CDMA CHANNEL

side of (3.96) converges te

0 A
as we wanted to verify.

The limiting result in (3.94) can be strengthened to show that even if
the bit-error-rate is not averaged with respect to the random sequences, it
converges as K = SN — 0o to the right side of (3.94) with probability one
for any signal-to-noise ratio (Verdd and Shamai [504]). It should be noted
that for high signal-to-noise ratios, convergence may be very slow with K
(cf. the case of K = 100 depicted in Figure 6.7).

An easy-to-compute upper bound to P{ can be found by partitioning the
set of users into

,...., K}=klUGUG,

where G is a subset of interferers that satisfies the “partial” open-eye con-
dition
Av> Y Aol (3.97)
jet

Then, as shown below, the error probability of the single-user matched filter
is bounded by

| (A = 3 jec Al pul?
Pe<expl o 2 e Jlf”‘z . (3.98)
2(o? + Djec Ajpjk)

The freedom to choose G (subject to (3.97)) can be exploited to minimize
the upper bound (3.98). Two special cases of (3.98) deserve special mention.
First, if the (full) open-eye condition (3.92} condition is satisfied, then

A= L Alowl)
P§;<exp(( G NI )

202

because we can take G = #. Second, we can always take G = ¢, in which
case (3.98) becomes (cf. (3.93))

o 2
exp| — .
LR 2(“2 + Zj;ék Aﬁpjz'k)

To justity (3.98), denote for brevity

y=Ac— D Ajlpal > 0.

JeG

17
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Then, if we choose an arbitrary A > 0 and we denote the unit step by u(r),
we can write

P;( < E|:M (nk'f‘ZAJijbj —-y):| (3.99)

je6

A

E[exp(knk + Y AApub; - A.y):| (3.100)

JjeG

exp(—iy)E[exp(n] [ | Elexp(ad;pub)l  (3.101)
jeG

)\.2 2
- exp(f)x}/ + 20 ) [T coshia,xlo1) (3.102)

jeG
2o 22
sexpl 5 (o7 +)_Alok) —ay ). (3.103)
jei
where (3.100}'"" and (3.103) follow from
u(t) <exp(ht), i >0,

1‘2
cosh(?) < exp (E) \

respectively. The desired bound (3.98) is obtained by choosing A > 0 to
minimize (3.103).

34.2 PROBABILITY OF ERROR FOR
ASYNCHRONOUS USERS

The analysis in the asynchronous case is entirely similar. The main
difference 1s that now each bit is affected by 2K — 2 interfering bits. This
doubles the number of terms in (3.90):

‘ 1
}3;{(0)24_1a Z Z Z

(e).diye(—1.1)2 teptjlet—1 11 {ex driel—1,112
J#k

A A;
Q(_k + Z (e + djpkj)) - (3.104)

a oo

The generalization of condition (3.92) to the asynchronous case is
Ap > ZA.:'UP;H + o1} (3.105)
J

1V Elexp(A X)], & > 0, is known as the Chernoff upper bound to P[X > 0],
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Recall that the asynchrenous crosscorrelations in (3.104) depend on the
offsets between the users” symbol periods (as well as on their carrier phases
for example). Consequently, those parameters are random variables that may
actually be time varying. Given a set of signature waveforms it is possible to
compute the distribution (or, simply, the expectation) of (3.104). However,
this is a computationally intensive task.

We see that for any number of users and no matter which signature
waveforms are used, there is always a set of offsets and received energies
for which errors occur even in the absence of background noise because the
decisions of the single-user matched filter are dominated by the multiac-
cess interference. Moreover, this may happen even if perfect power control
ensures equal received energies. This phenomenon becomes more critical
when the crosscorrelation between the signature waveforms increases, as,
for example, when the spectral efficiency increases.

The infinite-user random sequence analysis in the previous section can be
carried over to the asynchronous case incorporating two fictitious interferers
per actual interferer. Averaging over the received delays and using the result
in (2.27) for rectangular chip waveforms (see also Problem 2.15), we see
that the bit-error-rate is equivalent to that of a synchronocus system with
(2/3)( K — 1) interferers.

3.5 ASYMPTOTIC MULTIUSER EFFICIENCY
AND RELATED MEASURES

The main performance measure of interest in digital communica-
tions in general, and in multiuser detection in particular, is the bit-error-rate
P, (o). In addition, there are several performance measures derived from the
bit-error-rate that turn out to be useful in the analysis, design, and under-
standing of the various detectors. We have already seen an example of such
a measure: the power-tradeoft region of signal-to-neise ratios that results in
a guaranteed bit-error-rate level. The analysis of the conventional detector
motivates the introduction of several other performance measures.

1t is common to average error probability with respect to random quan-
tities such as delays, phases, and received signal-to-noise ratios. When the
unknown quantities are slowly time-varying (relative to the data rate), aver-
aging bit-error-rate may be misleading because it may be dominated by par-
ticularly unfavorable, but rare, channel conditions. In practice it is common
to design the communication system to guarantee that outage (performance
falling below a certain threshold) occurs no more than a certain percent-
age of time. In that case, the cumulative distribution function {computed
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CHAPTER 3. SINGLE-USER MATCHED FILTER

for a value or range of values of interest) of the error probability is more
insightful than its average.

Although not a foolproof predictor of error probability, the signal-to-
interference ratio (SIR) is useful in the assessment of the quatity of multiuser
detectors, particularly when used in conjunction with error-control codes
{Section 2.4). SIR gives the ratio of powers due to the desired user and
due to all other components at a soft-decision variable such as the output
of the single-user matched filter. In the absence of interfering users, the
output signal-to-noise ratio of the kth matched filter is A7 /g%, whereas in
the presence of synchronous interferers it equals

Al del Aj
- 220"
o ot Y Al

(3.106)

The presence of other users in the channel can only increase the bit-error-
rate, and it is of interest to quantify the multiuser error probability relative
to the optimum single-user error probability (3.30). To that end, we define
the effective energy of user k, e, (o), as the energy that user k would require
to achieve bit-error-rate equal to Py{o) in a single-user Gaussian channel
with the same background noise level, that is (cf. (3.30)),

\/5(0_))_

(3.107)
o

Pi(o) = Q(

Since the error probability of any multiuser detector is lower bounded by
the single-user error probability

Ay
Puo) = Q(?‘),

the effective energy is always upper bounded by the actual energy:
e(o) < AL (3.108)

The effective energy normalized by ¢ can be seen as an alternative way
to give the information contained in the bit-error-rate; note the one-to-one
correspondence between the functions ¢,(a) and Py(o) ;

efo) = a*(Q7 (Pulo)).

The power-tradeoff region for a given permissible bit-error-rate P (same
for all users), such as that depicted in Figure 3.9, is the set of signal-to-noise
ratios G*Z(A%, el Ai) such that

max Pio) <P, (3.109)
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or, equivalently,

elo)

min —_~ > (@~ (P). (3.110)
k ol
The multiuser efficiency orratio between the effective and actual energies,
e.(0)/AZ, is an alternative way to characterize the multiuser bit-error-rate.
From (3.108) it follows that the efficiency belongs to the interval [0, 1] (or
[—oc, 0] in dB) and quantifies the performance loss due to the existence of
other users in the channel. Multiuser efficiency depends on the signature
waveforms, received signal-to-noise ratios, and the detector employed.

The asymptotic multiuser efficiency is defined as

(3.111)

and measures the slope with which P (o) goes to 0 (in logarithmic scale)
in the high signal-to-noise ratio region, that is {Problem 3.10),

M = sup[O <r<l: lin}} Pk(o’)/Q(ﬂgAi) :0] (3.112)

2,

= Elﬂg‘logl/Pk(a). (3.113)
We can immediately conclude that in those sitnations (such as the single-user
matched filter detector under the closed-eye condition) where the bit-error-
rate does not vanish as the background noise level goes to 0, the asymptotic
multiuser efficiency is equal to 0. Conversely, if the asymptotic multiuser
efficiency is positive, then the bit-error-rate not only vanishes but it does so
exponentially in the signal-to-noise ratio.

Except for low signal-to-noise ratios, usually the multiuser efficiency
e,(c)/ Al is very close (o 1. Moreover, in some cases, the asymptotic mul-
tiuser efficiency is easier to compute than the bit-error-rate and it allows intu-
itive and easy-to-grasp depictions of the effects of unequal received energies.

The worst asymptotic effective energy is defined as

XA A0 min lime(o) (3.114)
k=1 Ka—0

= mi : 3.11
. r?mK Ak ( 5)

K
=2 lin}]aziog 1/P [U{bk # i)k}] . (3.116)
o k=1

where (3.115) follows from (3.111), and (3.116) can be verified upon taking
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lim,_.5 o log{-) of both sides of

K

K
Jmax, Py(o) < P LL_JI{bk # bk}] < ; Pi(o).
According to (3.110), the power-tradeoff region for bit-error-rate P is
{asymptotically) the set of G*Z(Af, . Ai) such that

@Ay, ..., Ag) = (Q7'(P).

Notice that
1 .
Z’Zm(A’ LAY = kzIﬁ{[»l‘K N
quantifies the power penalty experienced by equal-power users in the high
signal-to-noise ratio region.

It is important to quantify the degree of robustness against the near—far
problem achieved by multiuser detectors. To that end, we define the near—
far resistance as the multiuser asymptotic efficiency minimized over the
received energies of all the other users:

= ;}qu M- (3.117)
i
The near—far resistance depends on the signature waveforms and on the
demodulator.

The near—far problem is most common in systems with mobile trans-
mitters, since their received energies do not remain constant. To take this
fact into account we introduce a slightly different version of the rnear—far
resistance measure for the asynchronous CDMA channel by dropping the
assumption that the received energies remain constant throughout the trans-
mission period (cf. Section 2.6).This results in the more restrictive definition
of near—far resistance as

o= inf o (3.118)
{0, 0.4}
which will turn out to be more analytically tractable than (3.117).

Whenever the bit-error-rate is given as the weighted sum of Q-functions
(e.g.. (3.90)) it is very easy to compute the asymptotic multiuser efficiency.
The single-user matched-filter error probability P{(o) serves as a simple
illustration of the procedure. In the two-user synchronous case, if

Ay < Ayipl (3.119)
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FIGURE 3.16.
Asymptotic
multiuser
efficiency of
conventional
detector as a
function of the
amplitude of the
interferer; p = 0.2
{linear plot}.

3.5 MULTIUSER EFFICIENCY

then the bit-error-rate in (3.77) does not vanish as ¢ — 0, and thus, 5} = 0.
If

A > Aglpls (3.120)

then (3.41) yields

N ¢ 1Co . G +,%Q(’*'ff“”)
=0 QL) et Q(¥)

_ {0, JFAL < A — Aalpl,

+o0, AfrA > A — Aslpl,

(3.121)

which implies that under (3.120),

. A\
C=11-— .
m ( AI|P|)

Putting together the asymptotic multiuser efficiency in both regions, (3.119)
and (3.120), we obtain

A
ni = muz{o, 1 - A—znml, (3.122)
1

which is plotted in Figures 3.16 and 3.17 as a function of the relative am-
plitude of the interferer.

Proceeding analogously in the K -user synchronous and asynchronous
channels we obtain, respectively,

. Aj
ne = max2|0, 1- Z—Hp,ﬂ] (3.123)
LA
j#k
1
0.8
(X}
0
0.4
(2
o 1 2 3 4 5 6
AtA,
123
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0 5 10 5
AfA, (dB)

and

) » A
r,;( = max'{O, | — ZA—j(lpﬂ(l + ka_,-l)}. (3.124)
sk T

Note that the asymptotic efficiency of the conventional detector can be
seen as a normalized measure of the eye-opening (cf, conditions (3.92) and
(3.105)).

Minimizing (3.123) or (3.124) over {A;, j # k} we see that the near—far
resistance of the kth user is equal to O unless p;; = pg; = Oforall j # k.
In other words, the kth user signature waveform must be orthogonal to each
of the partially overlapping waveforms of every interferer. Because this
condition cannot be satisfied for all offsets in an asynchronous channel, we
conclude that the conventional receiver is not near—far resistant, except in
the trivial case of synchronous orthogonal signature waveforms (in which
case it is optimal).

COHERENT SINGLE-USER MATCHED FILTER
IN RAYLEIGH FADING

3.6

This section is devoted to the analysis of the single-user matched
filter when the received signals are subject to independent frequency-flat
Rayleigh fading. The receiver is assumed to know the fading coefficients
of the user of interest. We consider the cases of scalar observations and
diversity reception.
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FIGURE 3.17.
Asympfotic
multiuser
efficiency of
conventional
detector as @
function of the
amplitude of the
interferer; p =0.2

(log-log plot).



3.6 RAYLEIGH FADING

3.6.1 SCALAR RECEPTION

It is convenient to adopt the complex-valued model in (2.48):

M K

y{t) = Z Ali1blilse(t — iTY+ on(1), (3.125)
1

i=—M k=
where A, [i] are complex with independent Gaussian real and imaginary
components having zero mean and standard deviation equal to A,. A basic
assumption we make in this section is that the receiver knows the fading
coefficients A.[{] (both amplitude and phase) for the desired user.
Let us first examine the single-user case:

y(ty = Abs(t)+ on(t), e [0,T], (3.126)

where we have considered the one-shot model without loss of optimality
because of the assumption that the fading coefficients are perfectly known.
In parallel to the real-valued setting, the optimum decision rule selects
b € {—1, 1} that minimizes

f y(6) — Abs() 2 dt
0

T T T
:f \y(t)\2d1'+f |As(r)\3a’r—2m{f y*(r)Abs(r)dr].
o]

0 0

This means that the optimum decision rule in the single-user case is

T
b= sgn(:ﬂ{/—\] y*(t)s(t)dt}) . (3.127)
0

The inner product of y(r) and s(r) is a sufficient statistic denoted by

T
y= / Y()s' (1) dt.
0]
Nole that
sgn({Ay*))

is equal to +1 if and only if the angle between the complex numbers A and
y is acute (i.e., if their absolute phase difference is less than 7/2).

To find the error probability of (3.127), we condition on the transmitted
bit and the received faded coefficient:

T
Plh=1lb=—1,Al= P|—|A]> + crﬂt{Af n*(t)s(_t)dt} > 0]A]
0

= PI=|A]” + o RIAI Ny — o AN, > OJA]
Q('f‘_‘) , (3.128)

a
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where

‘ .
No & SH{ f n*(I)S(t)a’t],
0

T
f n*(r)s(r)a‘t]
)

are independent Gaussian random variables with zero mean and unit vari-

def

N'_\:S{

ance.

By symmetry, the conditional probability of making an error when +1
is sent is the same. We need to average (3.128) with respect to the Rayleigh
distributed |A|. If the real and imaginary compenents of A have zero mean
and standard deviation each equal to A then A = AR, where

Fe(ry=rle 2 r>0Q.

)
a
= foo re"'E/ZQ(ﬂ) dr
il a

| 1
=1 - — 3.129
2( V1 +02/A3) ‘ )

0.2

<,

~ 4A?
where (3.129) is obtained from (3.61).
[t is interesting to contrast the single-user bit-error-rate with and without

Accordingly,

(3.130)

Rayleigh fading. Whereas the error probability with deterministic ampli-
tude (3.30) decreases exponentially in —A%/5>, (3.129) has a much slower
hyperboiic decay with A%/

. 2 ot
P (U)IerO(F)' (3.131)
This is due to the fact that when averaging error probability with respect to
the received amplitude, performance is dominated by very small amplitude
values, which a Rayleigh-distributed random variable takes with nonnegli-
gible probability. For high enough o, P**(o) < P*(¢) (Problem 3.43).This
is just an artifact of the different roles of A/o in the notations we have
employed with and without fading. For simplicity, take s(¢) to be real in
{3.126). Since A is the standard deviation of both the real and imaginary
components of A, and the real and imaginary components of n(¢) have unit
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spectral density, the real and imaginary channels in (3.126) each have the
same signal-to-noise ratio as the real-valued channel (3.19).

In view of (3.131) the multiuser asymptotic efficiency in Rayleigh fading
of a detector with bit-error-rate PkF (o) should be defined as

2
F : a

= lim ————. 3.132

=D AP o) G132

The performance analysis of the decision rule (3.127) in the presence of

multiaccess interference can be carried out by conditioning with respect

to the transmitted bits and fading coefficients. Analogously to (3.129) we

obtain

1
Pfr(o) = 5k Z

ae{—1,1} epet=1 1t exe{—1,1}
J#k
[ /1A R{ALAL)
E —+ ) e———p;
_Q( o ; T a|A T
(1A RIA;
= E Q(M-Q—Z { J}p,k)] (3.133)
L V7 =
A
—E|lO [ (3.134)
2.2
NLER DI s
1 Ay
= - . (3.135)

A UNCERS Y N

where the sum in the right side of (3.135) is over all users and o, = 1. In
(3.133) the phase term A;/|A;| and binary coefficients have been dropped
since they do not affect the distribution of the random variable inside the
@-function. Equaticn {3.134) follows from (3.66) because Jt{A ;} are inde-
pendent Gaussian random variables. To obtain (3.135), we simply solve the
same integral that led to the single-user result (3.129). The conclusion is
that for the purposes of the bit-error-rate of the single-user matched-filter
receiver, the Rayleigh-distributed interferers act like an additional source
of Gaussian background noise.

Unless the signature waveforms of the interferers are orthogonal to that
of the desired user, Pf‘\(a) does not gotod aso — 0. According to (3.132),
this implies that the single-user matched filter suffers from zero asymptotic
multiuser efficiency in the presence of Rayleigh fading, in contrast to the
asymptotic multiuser efficiency of the single-user matched filter found in
(3.123) in the absence of fading.
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3.6.2 DIVERSITY RECEPTION
Let us consider first the particular case of (2.74) in which K = I:
yi(1) = Anbsy(t) + ani(f).
(3.136)

yp(t) = Apibsp () +onp(t),

where {A,1, . ... Ap} are independent complex Gaussian random variables
with variance E[|A,(]?] = 243, and the D noise processes are independent.
It is easy to generalize previous results on binary hypothesis testing in
Gaussian noise to show that the optimum decision rule selects b € {—1, 1]
that minimizes

oD
[Z\yd(f)—AmbS(f),M?dl
B

d=I

2] T D T
=mew%+2memwr
d=1 4

d=1 Y0
iz T
fzmei[ yj(t)Adlsdl(t)dtl. (3.137)
d=1 0

Accordingly, the optimum decision rule is {cf. (3.127))

[o)
b= sgn(ml > Ay ]) (3.138)
d=1

with
.
20 =f ya(t)sy, (£) dt.
0
In the context of diversity, the decision rule in (3.138) is referred to as

maximal-ratio combining (Problem 2.34). Conditioning on the fading co-
efficients, the bit-error-rate is

Plh=1lb=—1Ay...., Apil

I D
= Pl:_zlAdllz—FG';ﬂt[Ad[n:} > OA]],...ADL]

d=1

(3.139)
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where we have used the fact that, conditioned on the fading coefficients,
Z(‘?:l Agin? is a complex Gaussian random variable with independent real
and imaginary parts each with variance equal to o Z,?:l A%

In order to average (3.139) with respect to independent complex Gaussian
A, with

E[|Aq "] = 24%

we just need to invoke (3.65) with L = D and y = A/o to yield

pep 1 1 1 3.5 2n—1)
Pror=373 N +o2jAl (}+Zn12"(A2/03+])” - B10

Now, let us investigate the more general bit-error-rate analysis of

D
by = sgn(.‘li{ Adky;k!) (3.141)
o

- j

n=l1

with
-
Yok =[ ya(t)sy () dt, (3.142)
0

where the received processes are now subject to multiaccess interference
(2.74):

K
yi(t) = ZAIkbkslk(t) +on1),

k=1

(3.143)

K
yp(t) = ZADkkaDk(t) + anp(t),

k=1

and where the fading coefficients are complex, Gaussian, and independent
with

El|Aul*]1=2A;.
The inner product in (3.142) is affected by multiaccess interference:

yar = Agchy + Z Aubipuld) + ong, (3.144)
e

where the crosscorrelations of the signals in the dth branch are denoted by

,
pi(d) = f Sy ()54 (1) dt. (3.145)
4]
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Conditioning on &, and on (A, ..., Apy), the decision statistic in (3.141}
is equal to
D D
m{ > Adky:}k} =b Y |Aal’ +Min}, (3.146)
d=1 d=1

where n is a complex Gaussian random variable with independent real and
imaginary components and variance given by

D D
E[Inf1=20" Y {Aul* +23 1Al Y A7 Ip3@P.  (3.147)
d=1

d=1 17k
Therefore, the probability of error is
Z?:l IAdk|2
VEL AR (0® + X Alloga)?)

where the expectation is with respect to the independent Rayleigh random

PXo)=E|Q

, (3.148)

variables [Ag|. In the special case in which
2
Z Aleptzk(d)' =t
1k
1s independent of d, the result in (3.140) applies verbatim replacing ' by
(]“2 —+ l?k.

3.7  DIFFERENTIALLY-COHERENT DEMODULATION

If the fading coefficients of the desired user can be considered to
be constant in consecutive intervals, that is,

Adlil = Ali + 1] = Age’™,

and the data streams are differentially encoded, then a simple detector can
be used that {unlike that in Section 3.6.1} does not require knowledge of the
received phase of the desired user.

As we saw in Section 2.4, when the data streams are differentially en-
coded, the transmitted bits are obtained from the original data stream via

eeli] = exli — 11bgli].
Then, the received waveform on two consecutive bit intervals # € [iT —

T.iT +T}is

K
Yty =Y Aclerli — st —iT + T + e lils(t — iT)) + an(e).
k=1

(3.149)
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3.7 DIFFERENTIALLY-COHERENT DEMODULATION

A sensible way to decide on by [i] = e[ — 1]e[i ]is to compare the phases
of consecutive matched filter outputs:

bli] = sgn({y;li — Uyelil), (3.150)
where
i+ T
yk[i]:] y(t)si(t —iT)dt. (3.151)
iT

The detector in (3.150) does not require knowledge of the received ampli-
tude/phase of the desired user.

We proceed with the analysis of the bit-error-rate in the single-user case
(K = 1) as a function of A, and &,. Recalling that n(r) is white Gaussian
noise with independent real and imaginary parts, each with unit spectral
level, and using (3.149) it is straightforward to show that

Myili — yi[d1} = RXTE — XD, (3.152)

where X[i]is a complex Gaussian random variable with mean A e/" ¢;[i]
and independent real/imaginary parts, each with variance 2. The bit-error-
rate analysis will follow from the following general result:

Proposition 3.6 {Stein [420]} Ler X and Y be independent complex-valued
Gaussian random variables with means my, my, and independent
real/imaginary parts each with variance y*/2. Then

PR{XY*) < 0] = T(a, b)

def

= Qla. by — %Io(ab)e“‘“%rb . (3.153)

where Iy is the zero-order Bessel function

lolx) = % 02” ¥ Ot oy, (3.154)
1
a= "ElmX — myl,
b= L|"”)( + myl,
V2y

and the following function is known as Marcum’s Q-function (Marcum
[266]):

. o8] 2 2
Q(a,b)‘lé‘/ exp(—a ;’x )In(ax)xdx. (3.155)
b
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A sensible way to decide on b, [1] = e,[i — 1]eg[i] is to compare the phases
of consecutive matched filter outputs:

byli] = sgn(Mt{y;li — 1yeli1D, (3.150
where
iT+T
vilil = [ y(t)si(t —iT)dr. (3.15D)
iT

The detector in (3.150) does not require knowledge of the received ampli-
tude/phase of the desired vser.

We proceed with the analysis of the bit-error-rate in the single-user case
(K = 1) as a function of 4, and 8,. Recalling that n(z) is white Gaussian
noise with independent real and imaginary parts, each with unit spectral
level, and using (3.149) it is straightforward to show that

Myl — 1yili]} = ™XTE - 11X [, (3.152)

where X,[i] is a complex Gaussian random variable with mean A e/% ¢, [i]
and independent real/imaginary parts, each with variance o2. The bit-error-
rate analysis will follow from the following general result:

Proposition 3.6 (Stein [420]) Let X and Y be independent complex-valued
Gaussian random variables with means my, my, and independent
realfimaginary parts each with variance y* /2. Then

PHXY"}) < 0] = T(a.b)

del

1
= Oa, b) — 5Io(ab)efl“ o2 (3.153)

where Iy is the zero-order Bessel function

|
To(x) = o XA ey (3.154)
T Jo
L |y — my|
a=— - ,
»\/Ey X Y
b= ! [myx + my|
- ﬁy X Yis

and the following function is known as Marcum’s Q-function (Marcum

[266]):

. poc 2 2
Q(a,b)“é‘f cxp(—a ‘;x )Iu(ax)xdx. (3.155)
Il

131

149



CHAPTER 3. SINGLE-USER MATCHED FILTER

Applying Proposition 3.6 to the case of interest, we equate y° = 207,
my = Are’”e[il,
and
my = Ajefeili — 11

Furthermore, by symmetry we may condition on b,[i] = 1, which means
that ¢;[i}] = e¢,[{ — 1]. Thus,

Since Iy(0) = 1 and

0, by =",
we obtain that the error probability of the differentially-coherent detector
in the single-user case admits the simple expression

1 3
Pﬁh'((f) _ 56”-}1{/(_62)' (3.156)

As was to be expected, P‘f‘-’ is not a function of 8. If the amplitude is not
the deterministic constant A; but rather is Rayleigh distributed: A, R with

folr) =re” 2,
then the above analysis holds verbatim conditioning on R. The final aver-
aging of (3.156) yields

1

_AZR /(262 I I
Bl ) =

i 4

(3.157)

The single-user bit-error-ratc analysis is fairly straightforward to generalize
to K users by conditioning on all amplitudes/phases, on b [i] = 1, and on
e[i — 1] and e[i{] where

elil =1, eali], ..., exli]]

It we let
& i[fhe’”‘, A2e!”pia, oy Age™ pixl,
then
PU(0) = 4K 37 5" 7((a (e[~ 1] — e[0)], |a” (el 1] + e[0])).
e[—17 el0l

(3.158)
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3.8 NONCOHERENT DEMODULATION

where the function T is defined in (3.153). At this point, rather than attempt-
ing an average of (3.158) with respect to phases, we show that the near—far
resistance of the differentially-coherent single-user detector is zero. First

) (3.15%)

12K U At pul*f2a%) (3.160)

we lower bound P4 {a) by

K .
ZAMWPM

k=1

1
Pllh'(o,) > 4I~KT(O’ .
a

where (3.159) follows by retaining only one term in (3.158): that corre-
sponding to

e[—1]=el0]=[1---1].

According to the result in Problem 3.44, the near—far resistance correspond-

ing to the average of P over independent uniformly distributed €y, ... ., f¢

is dominated by the worst-case realization. We conclude that

7% < min min

Ag.naAg el

3.8 NONCOHERENT DEMODULATION

The differentially-coherent modulation format allows partial
knowledge of the incoming phase assuming it stays fairly constant over
consecutive symbol intervals. If the phase changes rapidly or the receiver
is constrained not to extend its observation window beyond the symbol of
interest, we are led to consider a completely noncoherent one-shot channel
with no information about the received phase, ¢:

y(1) = |Ale?’s(t; b) + on(e), (3.161)

where for all be(l, ..., m}, |Is(;h)| = 1, and the real and imaginary
components of n(z) are white Gaussian with unit spectral density.

In (3.161) we have formulated a nonlinearly modulated (cf. Section 2.5.2)
m-ary single-user channel. Forevery b € {1, ..., m} we define the complex
matched-filter output:

T
Yo = f y(1)s*(1: b) dt. (3.162)

0

2
.

We now show that |y,]°, ..., |ym|” are sufficient statistics, and in fact, the

optimum demodulator for (3.161) selects b corresponding to the maximum
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3.8 NONCOHERENT DEMODULATION

then the error probability averaged with respect to Rayleigh |A| is equal to
(cf. (3.153) and Proakis [345])

A
—sin=, —— CO8 =
\/ir_r 2 ﬁa 2
An exact analysis of the noncoherent single-user demodulator in the

presence of multivser interference generalizing (3.167) or (3.169) has not
been reported in the literature. In order to grasp the essential features of the

(3.16%)

Pnnncoh =T ( B A ’3) .

multiuser performance of the noncoherent single-user demodulator when
the received process is

K
Y1) = Y |Ad e sy () + o), (3.170)

k=1

where 0, are independent and uniformly distributed, we will restrict atten-
tion to binary orthogonal modulation: b, € {+, —},

(Sk(‘7 +)! Sk(', _)> = O,

and we will discuss two different scenaries: the two-user noiseless channel
and K-user Rayleigh fading.

Two-user noiseless channel. In this case (3.170) becomes
yi(t) = [Aile’®s1(r: b1} + |Asle/™sa(r; ),

where we denote the crosscorrelations
,
def *
plby, byl = f s:(t, b)s;(t. by)dr.
0

Conditioned on |A,| and |A;|, the probability of error is given by
(Problem 3.47)

11
proncoh 3~ 78 gt gl Htgl=. -l G1TD

with
i
glby, b2) = — arcsin(h(8(b(, b2))},
T
I, x>1,

Moy, S1<x>1,

-1 x < -1,

et A2+ [As 2 elby, 217 — |p[=b1, 5211%)
8(by. bs at A .
(br. by 2A 1A plby, bl
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CHAPTER 3. SINGLE-USER MATCHED FILTER

The interesting aspect of the error probability (3.171) is that as long
as there is (b, by) such that

8hi.ba) < 1, (3.172)

then the error probability is nonzero in the absence of neise. Condition
(3.172) depends not only on the crosscorrelations but on the received
amplitudes. Examining the definition of the function 8(b,, .) we see
that, unless the pairs of signals of both users are mutually orthogenal
(in which case the single-user error probability in (3.168) helds), then
we can find a pair (51, b2) such that (3.172) is satisfied for sufficiently
small ratio |A;|/1Az|. This means that whenever the noncoherent er-
ror probability is averaged with respect to an amplitude distribution
that places nonzero mass in every interval (0, €) (such as all those
mentioned in Section 2.6.1), then it will show an error floor as the
background noise level decreases. Comparing this behavior to the
case of no multiuser interference (e.g., Problem 3.46) we conclude
that asymptotic multiuser efficiency {and near-far resistance) are zero
for the single-user noncoherent demodulator in frequency-flat fading.

K -user Ravleigh fading. T6 |A,|, ..., |Ak| are independent Rayleigh-
distributed, with second moments denoted by
E[AJ’] = A,
then given (b, ..., by) the decision variables
Yy = {y, s, b (3.173)
yi- = {y, s, =) (3.174)
are correlated, zero-mean, complex Gaussian random variables with
independent real and imaginary components. Assuming by = —1, the
second moments of the observables are
K
EllyP1=0"+ ) Afipul+. bl (3.175)
k=2

K
EHY]—P]:52+A%+2Ai‘plk[_sbk“2a (3.176)
=

K
Elyiyi_ 1= Y Alpul+. bilpi =, bil. (3.177)

k=2
Using these expressions, we can readily compute the conditional prob-
ability of error,

Pllyil® > iy Flby = =1 ba. .. b,
by particularizing the following fact:
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Proposition 3.7 Let X and Y be zero-mean complex Gaussian random

variables with independent real and imaginary components. Then"!

PUX? < Y[ _!

B E[IX{] — EN|Y )
2 2 JE[XP+YPI? —4E[XY IR

(3.178)

BIBLIOGRAPHICAL NOTES

General references on detection and estimation dealing with the
material in Sections 3.1 and 3.2 are Van Trees [462] and Poor
[336]. The matched filter was criginally found in North [303] as
the maximal signal-to-noise ratio solution in a radar problem.
The signal space approach to digital communications popular-
ized in the textbook Wozencraft and Jacobs [543], dates back to
Shannon [407].

The single-user matched filter receiver has been used for
CDMA demodulation since the inception of direct-sequence
spread-spectrum for multiuser applications (Simon et al. [410]}.
There have been a number of works devoted to the computation
or approximation of the expected value of the bit-error-rate of the
conventional single-user matched filter receiver. All early works,
for example Kaiser et al. [192], Pursley [347], and Yao [552]
approximate multiaccess interference as a white Gaussian pro-
cess. More refined analyses have been reported in Geraniotis and
Pursley [108], Pursley et al. [348], Laforgia et al. [226],
McDowell and Lehnert [272], and Letaief [238] for given sets
of pseudonoise signature waveforms, and in Lehnert and
Pursley [236], Morrow and Lehnert [287], Sadowsky and Bahr
[372], Holtzman [147, 148], van Rooyen and Solms [461], Sun
and Polydoros [436], and Verdd and Shamai [504] for random
signature sequences. An analysis of the capabilities of the single-
user matched filter with random direct-sequence signature wave-
forms dates back to Savage [383]. The Chernoff bound technique
in (3.98) is originally due to Saltzberg [375]. Discassion and anal-
ysis of the effects of the choice of specific families of psendonoise
sequences on the bit-error-rate of the conventional receiver can
be found in the spread-spectrum literature (Simon et al. [410}).
The sensitivity of the single-user matched filter bit-error-rate to
unequal received signal-to-noise ratios is studied in Kudoh and
Matsumoto [224], and for fading channels in Vojcic et al. [515],
Vojcic et al. [516], Vojcic et al. [514], and Cameron and Woerner

" A more general problem is solved in Appendix B of Proakis [345].
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CHAPTER 3. SINGLE-USER MATCHED FILTER

[42]. Very accurate and fast power control {with a maximum tol-
erable error of less than 1 dB) is required in the 15-95 system
with single-user matched filtering (e.g., Vojcic et al. [515] and
Kohno et al. [220]),

The bit-error-rate analysis of the single-user matched filter
in the presence of asynchronous interferers and Rician fading
has heen investigated for various spread-spectrum systems in
Geraniotis [107] and Vandendorpe [463]. A mixture of Rayleigh
and Rician fading is considered in Vojcic et al. [516] and Vojcic
et al. [514]. Analyses in the presence of frequency-selective fad-
ing appear in Geraniotis and Pursley [109], Geraniotis [107],
Letaief [237], and Goeckel and Stark [120]. The effects of un-
equalized multipath with Rayleigh-faded coefficients and asyn-
chronous interferers are studied in Kavehrad [202]. The single-
user receiver is analyzed in Caire et al. [41] with trellis-coded
modulation and the homogeneous fading model of (2.66). Homo-
geneous fading in multicarrier CDMA is considered in Schnell
[394]. The effect of unequal carrier frequencies is analyzed in
Sousa [418].

The numerically efficient approximation to bit-error-rates in
(3.69) is due to Levy [239]. A table of integrals of the Q-function
is given in Ng and Geller [301]. Its average with respect to the
Rice distribution (2.51) is not known to admit a closed-form ex-
pression but can be represented in terms of Marcum’s @-function
(Lindsey [244]).

The performance of spread-spectrum correlation receivers in
impulsive non-Gaussian channels is studied in Aazhang and
Poor [2] and Aazhang and Poor [3].

The differentially-coherent single-user matched filter in the
presence of multiaccess interference is analyzed in Varanasi and
Aazhang [475]. The formulas given for the bit-error-rate of the
noncoherent single-user matched filter are justified in Proakis
[345]. The case of noncoherent multipath reception with orthog-
onal m-ary modulation is analyzed in Viterbi [510] and Jalloul
and Holtzman [175) approximating the multiaccess interference
as white Gaussian noise. An approximation of the error probabil-
ity of binary frequency-shift-keying for direct-sequence spread-
spectrum multiaccess is given in Geraniotis [106] substituting
the multiple-access interference at the ocutput of the matched fil-
ter by Gaussian random variables with exact second-order mo-
mernts.

Asymptotic multiuser efficiency was first proposed as a per-
formance measure of multiuser demodulators in Verdu [488,
487, 490]. The asymptotic multiuser efficiency of the single-user
matched filter was given in Verdi [491], For Rayleigh fading
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3.10

channels, Equation (3.132) was defined in Zvonar and Brady

[570]. The asymptotic efficiency in the presence of Rician fading

is found in Vasudevan and Varanasi [479]. The zero asymptotic

efficiency of the noncoherent single-user receiver was noted in

Russ and Varanasi [370] for Rayleigh fading channels. The rele-
vance of the worst asymptotic effective energy for the minimiza-
tion of the sum of transmitted powers is recognized in Varanasi
[469]. Power-tradeot! regions are introduced in this text as an
analysis tool for multiuser detectors.

The nearfar resistance measure in (3.117) was proposed in
Verdu [489], Lupas-Golaszewski and Verdd [256], and Lupas and
Verdii |254] in the context of synchronous channels. The defini-
tion in (3.118) was proposed in Lupas and Verdd [253, 255] in
order to study the near—far problem in asynchronous channels.

PROBLEMS

PROBLEM 3.1, Show that the minimum error probability for equi-
probable binary hypothesis

Hy: Z ~ feo,

Hy:Z~ fz

is equal to

1
P=§]mmmwmmmnm (3.179)

bl
=277 f | fzi0(z) = fan(@)l d. (3.180)

Note that (3.179) imphes the Bhattacharyya bound:

|
PsifJﬁM@hMaa. (3.181)

PROBLEM 3.2. Consider the binary hypothesis testing problem be-
tween a standard Cauchy distribution and a zero-mean Gaussian
with variance equal to 2 depicted in Figure 3.1,

(a) Find the minimum probability of error P if both hypothesis are
equiprobable.

{(b) Find the test that minimizes the maximum of the probability
of deciding H, when H; is true and the probability of deciding
H, when H, is true,
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CHAPTER 3. SINGLE-USER MATCHED FILTER

PROBLEM 3.3. Consider an m-ary hypothesis testing problem:
Hi:Z ~ fa1,

Hm : Z ~ erm-
Show that the vector of m - 1 a posteriori probabilities,
PIH|Z],--- PIH, 41]Z],

is a sufficient statistic. (You may assume for convenience that Z is
countably valued.)

PROBLEM 3.4. Lei n be a Gaussian vector with zero mean and
covariance matrix equal to a positive-definite matrix H. Let x; be
a deterministic vector with

lIx:11* = X,‘TXJ < 0Q,
and consider the hypothesis testing problem:

Hi:y=x +on,

H,:y=x, +on.

(a) Find the maximum-likelihood decision rule,
(b) Simplify the decision rule in (a) in the case: m = 2, Ix I =

fIxa]|.
{c) Generalize the decision rule in (b) to make it the MAP rule
when P[H,] = «.

PROBLEM 3.5. Consider the following m-ary hypothesis testing
problem with L-dimensional observations:

H]Z)’:CX[ +d,

H,:y =Cx, +4d,

where C is an invertible L x L matrix. Furthermore, we assume
that C and d are independent of the random vector x, and their
joint distribution is independent of the true hypothesis. Show that
if C and d are known to the detector, then the maximum-likelihood
decision rule is the maximum-likelihood decision rule for

H,:z =x,,

H,:z= Xm
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applied to

=Cly—d.

PROBLEM 3.6, Independent observations (Y}, Y, ...) with iden-
tical distribution are obtained. The common distribution is deter-
mined by

Hy : Y ~ fro.
H| : Y,‘ ~ fy|].
Denote the loglikelihoed ratio by
A(y) = log fym(y)

fm()’)’

and denote the a posteriori probability after j observations by

mi[f1= PlHilyi, .. .. ¥5)-

In particular, ,[0] denotes the a priori probability of hypothesis
H,.
(a) Show that
[/1 1
T -
T T expllllD)
with
il =11 — 114 Aly,l,
1{0] = log (; '[0] — 1). (3.182)

Note that the sign of /[ /] determines the maximum-a-posteriori
decision, whereas its absolute value quantifies the reliability of
the decision.

(b) Assume that the probability density functions fyy and fy) are
such that

D( fyoll fri} < 00,
D(lelan]a) < 00,

where the divergence functicnal is defined as

Slx )

glx )
Show that if H, is true, then I[j]/f converges almost surely to
—D(fynll frio), and if Hy is true, then {[ j]/j converges almost
surely to D(fypll fri)-

D(flg) e f o) log
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PROBLEM 3.7. Consider the m-ary hypothesis testing problem:
Hy:y(r) = Asi(1) + an(s),

H,, 1 ¥(r) = As, (1) + onlr),
where {s;.5;) =0if i # j,and |s;]| = | forall .
(a) Find the minimum probability of error.
(b) Define the energy per bit as
" log, M

Find the minimum value of £, /o2 such that the probability of

E b

error goes to 0 as M — oo.

PROBLEM 3.8. Consider a single-user discrete-time channel:
y=Abs+n,

where § is a deterministic L-vector and n is a Gaussian L-vector
with zero mean and covariance matrix given by the positive-definite
matrix 2.

{a) Show that the optimum detector for equiprobable b € {—1, 1}
is

b =sgn(y'h),
where h is the discrete-time matched filter:
h=X"'s.

(b) Show that among all transmitted vectors s, such that [is|| =1,
the one that minimizes the error probability of the matched
filter detector is a minimum-eigenvalue eigenvector of 3.

PROBLEM 3.9. Consider a single-user complex-valued discrete-
time channel:

v = Abs+ n,

where s is a deterministic complex-valued L-vector and n is a
Gaussian L-vector with zero mean, independent real and imaginary
parts, and covariance matrix given by the positive-definite matrix
3. Show that the optimum detector for equiprobable b € {—1, 1}is

b= sgn(M{y*Z7"s}).
where y* denotes the conjugate transpose of y.
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PROBLEM 3.10. A single-user white Gaussian channel
v(ty = Abs{t)+on{t), te€l0,T],

is demodulated with a correlator that instead of being sampled at
time T is sampled at time t uniformly distributed between 0 and

T, that is,
b= sgn(f y(t)s(t)a’t) .
0

If |s(+)| = 1/+/T, show that the increase in average error proba-
bility due to the timing jitter is equal to

a’ll A O g
wlhe@) am

PROBLEM 3.11. Consider a collection of L-dimensional positive-
definite matrices (&,,..., Z.) and an m-ary hypothesis testing
problem where the observations are an L-dimensional zero-mean
Gaussian random vector:

H,:Z ~ N, ),

H,:Z~ N, E,).
Show that the maximum-likelihood decision rule is
argmin, {Z" 27'Z + logdet ;} .

PROBLEM 3.12. Two demodulators for a communication system
that transmits independent binary equiprobable data have the spec-
ifications shown in the table

Poo Pt

Nokia 095 0.07
MortoroLa  0.80  0.80

where py [resp. pi,] stands for the probability that if O [resp. 1] is
transmitted, the demodulator makes the correct decision.

{a) Which demodulator achieves better bit-error-rate?

(b) The demodulator is now used in conjuncticn with an error-
correction code: () is encoded as 000 and 1 is encoded as 111;
the decoder selects 0 if the output of the demodulator belongs
to {000, 001, 010, 100} and 1 otherwise. Which demodulator
achieves better bit-error-rate?
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CHAPTER 3. SINGLE-USER MATCHED FILTER

(¢) Can you get the same answers to both (a) and (b) if both de-
modulators satisfy pgy = 12,7

PROBLEM 3.13. For the composite hypothesis testing problem of
Proposition 3.4, find

P[H, Iy, r e I].

PROBLEM 3.14, Considerthe binary, nonequiprobable, antipodal,
single-user, white Gaussian noise channel

Yty = Abs(ty+oni(t), e[0T,
where the a priori probabilities satisfy
Ty =Plb=01# Plh=1]=7x,.
Find the detector that minimizes the probability of error.

PROBLEM 3.15. Consider the binary, equiprobable, antipodal,
single-user, white Gaussian noise channel

Yy = Abs(ty+ on(t), €0, T],

wheres(r)y =1 //T,t [0, T']. Find the probability of error achieved
by the foilowing two-stage detector: in the first stage, the detector
uses {y(1),1 € [0, T/2]} to compute

o= Plb = ~1l{y(t), t € [0, T/2)}],
#y = Plb=1|{y@), 1 €0, T/2]}].

The second stage is an optimum detector (Problem 3.14) for b using
the observations {y(r), t € [7/2, T} and the “a priori” probabili-
ties 77y and 77y conuputed by the first stage.

PROBLEM 3.16. Consider the binary, equiprobable, antipodal,
single-user, white-noise channel

¥(i) = Abs(t) + on(t),
where s is unknown to the receiver other than the fact that
ses¥ {s : fﬂr(s(z‘)~s0(t))2dt < 5] ,
for some known signal s, and §.

(a) Show that h = s, achieves

max r_nigl SNR(s, i) (3.183)
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with the signal-to-noise ratio defined as

@‘((&h))z
SNR(s, h) = TP

(b} Find the value of (3.183) as a function of 5, o, and 4.

PROBLEM 3.17. Considerthe binary, equiprobable, antipodal, one-
shot single-user channel

vty = Abs(t) + an(t),
where n is white Gaussian noise with unit spectral density and s is
the raised-cosine pulse in Problem 1.9:

galt)
s(t)y = .
ll ge (I
Suppose that v is processed by an ideal low-pass filter with band-
width

l+o
2 E)
followed by sampling at time 0 and by a comparison to a zero-

threshold. Compare the error probability of this detector with that
of the optimum detector, in terms of the signal-to-noise ratio loss
as a function of o. Why is there no loss of optimality when o = 07

PROBLEM 3.18. Consider the binary, equiprobable, antipodal,
single-user channel

y(@) = Abs(t) +m(1),

where the unit-energy signal s is time-limited to [0, T]and b € {1, 1}.
Assume that the demodulator is

b =sgn((y, ),

when (y, s} # 0.If {y, ) = 0, then b takes either value with equal
probability. Furthermore, suppose that m(r) is a randem process
chosen by a jammer under the constraint:

The highest error probability that such a jammer can cause to the
above demodulator is known (Shamai and Verdd [406]) to be equal
to
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(a) Find the jamming process, m(z}, that achieves P ,y.
(b) Assuming the jamming process you found in (a), is there a
demodulator that achieves error probability smatler than P, ?

PROBLEM 3.19. Find a minimal sufficient statistic for the hypoth-
esis testing problem in Proposition 3.2.

PROBLEM 3.20. A signal s is present on the interval [0, T'] with
probability 1/2. When the signal is present, it is equally likely
that the detector receives s or —s. Find the rule to decide whether
the signal is present or absent with minimum probability of error
assuming that the observations are contaminated by additive white
Gaussian noise.

PROBLEM 3.21. Generalize Proposition 3.3 to the case when H,
and H; do not have the same number of elements.

PROBLEM 3.22. Consider the composite hypothesis testing prob-
lem in Proposition 3.4 with [[x,| = - - - = || x,||. Consider the test
that selects the most likely hypothesis among the m hypotheses and
then checks whether that hypothesis belongs to J.

(a) Show that this test is not optimal by means of an example.
(b) Show that the decision regions of this test converge to the op-
timal ones as ¢ — (.,

PROBLEM 3.23. (Bounds of the Q-function)

(a) Prove bounds (3.34) and (3.35). [Hint: Integrate the definition
of @ by parts, and use the definite integral

oo
f ve ¥ idy = e"‘zﬂ.]
X

(b) Prove bound (3.38). [Hint: Work with the logarithm of the Q-
tunction. ]

{c) Prove bound (3.37). [Hint: Compare to the upper bounds (3.35)
and (3.38).]

PROBLEM 3.24. Show (3.64). [Hint: Use a partial-fraction expan-
sion of the characteristic function of [|X||? to write its probability
density function as a weighted sum of exponential probability den-
sity functions.]

PROBLEM 3.25. Find E[Q (IX|)] if X is a complex-valued,
zero-mean, Gaussian three-dimensional vector with independent
coefficients with independent real and imaginary parts and
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variances
E[IX,)7] = 2y2,
E[IX2] = 22,
E[| X5 = 4y,

(Seeeg., Schlegel |386).)
PROBLEM 3.26, Usc (3.56) and (3.57) to show (3.65).
PROBLEM 3.27.

(a) Conditioned on amplitudes and crosscorrelations, find the ch
acteristic function of the random variable

K
X = Z Arbipiy.

k=2

(b} Find the characteristic function of the random variable

K
X = Z Agbypyi cos(6,),

k=2
where the phases 6 are independent and uniformly distribyte
on [0, 27).

PROBLEM 3.28. Considerthe two-user synchroncus CDMA char
nel (2,5).

(a) Show that the signal-to-noise ratio of user I that minimizes th,
error probability of the matched filter for user 1 is
A7 [ y arctanh(y), if [p] < 1;
g | +oo, if |y| > 1;
where
A,
N Azp ’
(b) Show that the unique signal-to-nojse ratio of user I that max-
imizes the error probability of the matched filter for user 1
is

regardless of the value of y .

PROBLEM 3.29. Find the error probability of the single-user
matched filter receiver for user 1 in a two-user synchronous CDMA
channel (2.5) if the background noise n{t) is
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CHAPTER 3. SINGLE-USER MATCHED FILTER

(a) Gaussian with autocorrelation function R(t).
(b)
n(t) =tan(8), te[0,T],
where 8 is uniformly distributed on [, ],
PROBLEM 3.30. Derive expressions (3.112) and (3.113) for the

asymptotic multiuser efficiency.

PROBLEM 3.31. Find the signal-to-interference ratio at the output
of the single-user matched filter for the basic asynchronous CDMA
model.

PROBLEM 3.32. Consider a synchronous CDMA system using a
bank of matched filters for which the open-eye condition is satis-
fied for all users. Initially, all users have the same received signal-
to-noise ratio . Then user 1 increases its power by «; dB. To
compensate, users 2, ..., K increase their power by « dB. Find
the minimum o necessary so that none of the error probabilities
increases. Assume y — 0o,

PROBLEM 3.33. Show that if the random variable X is such that
forall x > 0,

Pl-x < X 0] 2 P[0 < X = x],
then the Chernoff bound can be strengthened as:
1
PIX > 0] = EEIBAX]

forall A > 0.

PROBLEM 3.34. Find the probability of error of the single-user
matched filter for user | in the absence of background noise P{(0)
in & S-user synchronous CDMA channel with crosscorrelations

(12, P13, P11, p15) = (—0.2,0.1,0.3,0.2)
and received amplitudes

(Aa, As, Ay, As) = Ay(2, 1.2, 1.

PROBLEM 3.35. Show that determining P$(0) is NP-hard in K.
[Hint: By reduction to Parrition (Garey and Johnson [102]).]

PROBLEM 3.36. Consider a two-user synchronous channel with
crosscorrelation p where the received amplitudes are random,
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independent, identically distributed:

1
PlAy =cA] =2,

1
PlAy= Al =3,

oy 1
P[Ak = A] = Z.

Find the average asymptotic multiuser efficiency of the single-user
matched filter (3.122}.

PROBLEM 3.37. Consider a synchronous direct-sequence spread-
spectrum system where binary signatures are chosen independently
and equally likely. Suppose that K and N grow without bound while
keeping their ratio constant and equal to § = K/N.

(a) Assume that all users have the same received power A} = A™.
Show that the signal-to-interference ratio at the output of the
single-user matched filter converges in mean-square sense to

li A; = A’ 3,184
Kgnoocrz_az—i-,BAz' (3.184)
(b) Generalize the result in (a) to the case where Ay = Ay =

oA,

PROBLEM 3.38. Consider a K -user synchronous CDMA channel
where users are assigned direct-sequence spread-spectrum wave-
forms with N chips per symbol. Assume that all K users are re-
ceived with equal amplitudes and there is no background noise
(¢ =0). The demodulator is a bank of single-user matched filters
and the binary spreading codes are chosen randomly (equiprobably
over all choices) and independently from user to user.

(a) Find the following function of K:
. 1 -
,}er;cﬁlc)g 1/P5(0). (3.185)
(b) Show that if K grows with N as K = o(N), then
lim P{(0) = 0.
N—oo
[Hint: 1t follows from standard large-deviations results (Grimmett

and Stirzaker [128]) that if a fair coin shows H, heads in n tosses,

then
1

PI2H, — n > an]'" —
VA A+ apita(l — gyt
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s .
for0) <a < 1, and

forQ < 8.1

PROBLEM 3.39. Consider a K -user synchronous CDMA channel
where users are assigned direct-sequence spread-spectrum wave-
forms with & chips per symbol. The binary spreading codes are
chosen randomly (equiprobably over all choices) and indepen-
dently from user to user. Let 8 = K /N. Verify that if Aj = o(K}
forall j = 2,..., K, then the bit-error-rate of the single-user
matched filter averaged over the choice of sequences converges to

A

Vol ,8/12
=2 def

L,
A = Klgl{]}O ra ; Al
[Hint: Use the Lindeberg—Feller Central Limit Theorem (Feller
(91DI.

PROBLEM 3.40. Using the same random sequence model as in
Problem 3.39, show that the variance of the random variable

2]

converges as K — oo to

1 1
() (-o(5)):
VB VB
PROBLEM 3.41. Consider a K -user synchronous channel where

the signature waveforms are equicorrelated pix = pforall j and
k and

Klijqw E[Pi(0)] = 0 (3.186)

where

Alz"-zAK=A.

{a) Find the range of p for which R is positive-definite.
(b) Show that the bit-error-rate of the single-user matched filter is

given by
14 1-K = K -1 A
Pio)=2"%F%" 0 —(1+p(K—lﬁ2n))).
—~ n o
(c} Particularize the Gaussian approximation (3.93) 1o the present
case.
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variances
E[ X F1=2y%,
E[|Xa|"] =277,
E[Xa'] = 47,

(See e.g., Schlegel [386].)
PROBLEM 3.26. Use (3.56} and (3.57) to show (3.65).
PROBLEM 3.27.

(a) Conditioned on amplitudes and crosscorrelations, find the char-
acteristic function of the random variable

&
X= Z Arbrpon.

k=2

(b) Find the characteristic function of the random variable

K
X = Z Apbepri cos(fr),
k=1

where the phases 6, are independent and uniformly distributed
on [0, 27).

PROBLEM 3.28. Consider the two-user synchronous CDMA chan-
nel (2.3).

(a) Show that the signal-to-noise ratio of user 1 that minimizes the
error probability of the maiched filter for user 1 is

ﬁ _ [ yarctanh(y), if |y <1
a? | +ec, if Iyl = 1;
where
A
Y=
Asp
(b) Show that the unique signal-to-noise ratio of user 1 that max-
imizes the error probability of the matched filter for user 1
is
Ay
o? ’

regardless of the value of y.

PROBLEM 3.29. Find the error probability of the single-user
maiched filter receiver for user 1 ina two-user synchronous CDMA
channel (2.5} if the background noise n(z) is
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(d) For every K, find a value of p such that
limﬂ Pi(o) < lin}) Pi(o).

(e} Forevery K, find a value of p so that P{(s) is nonmonotonic.
Give an explanation for this behavior.

PROBLEM 3.42. Extend the bound (3.98) to the carrier-modulated
case (Section 2.5). [Hint (Viterbi [510]): Note that

Elexphp; )l = Io(hpi))

where the zero-order Bessel function satisfies

2
Io(x) < exp (?) |

PROBLEM 3.43. Show that for sufficiently small A /o,

1 1 A
P@)y= - (1- ——n—o] < Q(—) =P,
2 V1 +o02/A2 o
PROBLEM 3.44. A certain bit-error-rate function parametrized by

o admits the representation
—f 2
P(o, @) = g(o, a)e /%

with f{w) >0 and there exist o >0, €; >0, €; > 0 such that if
0 <o < gy, then

0<e¢ <glo,a) <e < 4.

Show that the asymptotic efficiency corresponding to E[P(a, A)],
where the average is with respect to a given distribution of the
random parameter A, is given by

2 lin%az log 1/ E[P(o, A)] = f*.

where f* is the essential infimum of f(A). [Note: The essential
infimum of a random variable X is defined as

sup{x : P[X <x] =0}]
PROBLEM 3.45.

(a) Find the worst asymptotic etfective energy w (A, ..., Ag)
(cf. (3.115}) for the synchronous single-user matched filter.
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(b} Verify that the equal-power power penalty is

#w“m, L A= max’-{o, - mfxz 10l ]
J#k
PROBLEM 3.46, Find the average error probability of the single-
user channel with binary orthogonal modulation and noncoherent
demodulation (3.168) when |A] = AR and R is Rice-distributed
with parameter d.

PROBLEM 3.47. Verify the error probability (3.171) of the nonco-
herent single-user demodulator in the absence of noise and in the
presence of one interferer.

PROBLEM 3.48. Show that the error probability of the coherent
single-user matched filter with synchronous or asynchronous in-
terferers satisfies

Ax
Vi
PROBLEM 3.49. For the K -user error probability of the noncoher-

ent synchronous single-user detector in the presence of Rayleigh-
distributed interferers, find

lim B - P;(o)] o=

T— 00

F— 00

1 )
lim [E - P2°"c°'1(ar):| o”.

PROBLEM 3.50. (Varanasi [466]) A certain multiuser communi-
cation sysiem has error probability equal to

A A
Puo) =72, F2).

where the function 7 is defined in (3.153). Find the asymptotic
multiuser efficiency n;.

PROBLEM 3.51. A certain m-ary single-user communication chan-
nel is
Z) A] l{b = 1} n
= : +a| 1], (3.187)
Zon A, 1[h = m} N,
where the vector [n, - - - n,,]1s complex Gaussian with independent
real and imaginary parts. We consider the probiem of designing a

noncoherent receiver that knows [|A;]|- - - |A,.|] but has no infor-
mation on the phases of [A, --- A, ].
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(a) (Russ and Varanasi [370]) Show that the maximum-likelihood

decision rule is

- A, 2Pif A
b=argm_ax{exp (fl |2 )Ig (Zlm-z-[
i g a
(3.188)

where the matrix P is the inverse of the m x m covariance

"
E P!]Zj
j=1

matrix of the noise vector [ny ---n,,].
{b) Find the probability of error achieved by (3.188) in the special
case of equiprobable b, P = I and |A;| = |A|.
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CHAPTER FOUR

OPTIMUM MULTIUSER
DETECTION

A very simple demodulator for the CDMA channel was
analyzed in Chapter 3. We turn our attention now to the
derivation and analysis of optimum strategies. The anal-
ysis of optimum multiuser detectors yvields the minimum
achievable probability of error (and optimum asymp-
totic multivser efficiency, as well as optimum near—far
resistance) in CDMA channels. This serves as a baseline
of comparison for suboptimum multiuser detectors.

4.1 OPTIMUM DETECTOR FOR
SYNCHRONOQUS CHANNELS

The conventional single-user matched filter receiver requires no
knowledge beyond the signature waveforms and timing of the users it wants
to demodulate. In the derivation of an optimum receiver, we will assume
that the receiver not only knows the signature waveform and timing of every
active user, but it also knows (or can estimate) the received amplitudes of
all users and the noise level.

For some time, it was widely believed that the decisions of the conven-
tional single-user matched filter were, if not optimal, almost optimal for
channels with a large number of equal-power users. The reasoning that led
to this belief used the central limit theorem to conclude that the second
(binomially distributed) term in (cf. (2.76))

K
n=Ab +2Akbkplk +omn 4.1)
=2

is accurately approximated by a Gaussian random variable, and therefore
that the matched filter is quasi optimal. In fact, it is not necessary to invoke
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the central limit theorem, but the open-eye condition (3.92) is sufficient
(Problem 4.6) to conclude that zero-thresholding ¥ is optimal if the receiver
is only atlowed to observe y|. The wrong conclusion of the near optimality
of the single-user matched filter originates from the implicit assumption
that the observable used to demodulate user 1 must be restricted to its
matched filter cutput. Although (y,, ..., vg) is a sufficient statistic for the
data (b, ..., bg), it is not true that y; is a sufficient statistic for b;.

4.1.1 TWO-USER SYNCHRONOUS CHANNEL

The two-user synchronous channel (2.5) is
¥(0) = Aybis1(t) + Arbasy() +on(r), €0, T].

According to Section 3.1, the minimum probability of error decision for
user | is obtained by selecting the value of b € {1, +1} that maximizes
the a posteriori probability

Plb{y),0=r =T}], 4.2)

and analogously for user 2. We could pose a different optimum detection
problem by requiring that the receiver selects the pair (b;, b;) that maximizes
the joint a posteriori probability

Pl{br, b2)|{y(1), 0 <1 < T}]. (4.3)
We can write (4.2) in terms of (4.3):

PIhi{y().0 =t = TY = Pl(b, +1){y(1), 0 =t = T}Y]
+ Pliby, —Dl{y(),0 =t =T}

However, those optimum detection strategies, which we will refer to as
individually optimum and jointly optimum. respectively, need not result
in the same decisions. To see why the two criteria are indeed different,
consider an example where the noise realization is such that the a posteriori
probabilities take the following values:

PI(+1, +DI{y(®),0 <1 < T = 0.26,
PU=1,+DI{y).0 <z < T)1 =0.26,
PI(+1, —DI{xy@), 0 =+ = T)] =027,
Pl(—1,=Dl{y(),0 =t = T} =0.21.
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Then, the jointly optimum decisions are (b, by) = (+1, —1), whereas the
individually optimum decisions are (b, b) = (+1, +1). However, this
distinction is a relatively minor technical point because we can expect that
unless the signal-to-noise ratio is such that the error probability is extremely
poor, both types of decisions will agree with very high probability: typically
there is one value of (b, b,) for which the a posteriori probability is very
close to 1. The underlying reason why the jointly optimum and individually
optimum decisions need not coincide is that b and b, are not independent
when conditioned on the observed waveform.

Let us solve first the case of jeintly optimum decisions. Since the four
possible values of (&), by) are equiprobable, we can use Proposition 3.2 in
the special case of m = 4 hypotheses:

Xy =Ais1 4+ Ars,
Xy = A]j‘] - AQSZ,
X3 = —As; + Ay,
X4 = “‘A]S; — AzSz.

Particularizing the likelihood functions (3.6), we see that the optimum de-
cision rule in Proposition 3.2 selects the pair (5, b;) that maximizes

JUy(), 0 =1 < TH(by, ba)]
] T
=exp (fﬁ [ [y(£) — Aybysi(2) ~ Azbzsz(t)]zdt). (4.4)
o= Jo

Since the data are equiprobable and independent, the jointly optimum
decisions are the maximum-likelihood decisions (131 , 132) chosen such that
A,Blsl(t) + Azfazsz(t) is closest 1o the received signal in the mean-square
sense. In other words, we are choosing the hypothesis that corresponds to
the noise realization with minimum energy. The minimum-distance deci-
sion regions are shown in Figure 4.1 in the same two-dimensional space that
was used in Figure 3.12, namely, (3, #2) are the projections of the received
waveform along orthonormal signals that form a basis for the space spanned
by the signature waveforms s, and s,. As far as deciding which of the four
signals A b5y + Azb2s; is closest to the received signal, we may disregard
the (infinite number of) dimensions we are not representing in Figure 4.1 be-
cause the received waveform contains no information about b, and b» along
those dimensions. Figure 4.1 should be compared to the decision regions, de-
picted in Figure 3.12, of the single-user matched filter detector for the same
set of signature waveforms. Because it always selects the closest hypothesis
to the received observations (Figure 4.2), the jointly optimum detector does
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FIGURE 4.1.
Decision regions
of jointly optimum
detector for

A= Az,
p=02.

fIGURE 4.2,
Decision regions
of jointly optimum
detector for
Al=6A,,
p=02

4,1 OPTIMUM DETECTOR FOR SYNCHRONOUS CHANNELS
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not suffer frem the anomalous behavior of the single-user matched filter
(Figure 3.13) when there are imbalances in the received amplitudes.

Since the individually optimum multiuser detector achieves the mini-
mum probability of error for each user, why would one ever consider the
jointly optimum (maximum-likelihood) multiuser detector? As we will see,
the complexity of the maximum-likelihood solution is lower, and, as we
mentioned, unless the signal-to-noise ratio is very low, the probability of
error achieved by the maximum-likelihood solution is extremely close to the
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minimum. If the transmitted bits are not equiprobable, then the maximum-
likelihood decisions chosen to maximize (4.4) no longer select the jointly
optimum decisiens (that maximize (4.4)). In some situations (e.g., when
certain types of error-correcting codes are used), it is required that the
detector give more information than just a (hard) decision on each trans-
mitted bit. Soft decisions inherently carry information that enable the as-
sessment of their reliability. A rough way to do that is to further partition
the decision regions, with the subdecision regions bordering other decision
regions corresponding to areas of lower reliability. A finer way to provide
soft decisions is to give the a posteriori probability of each bit (up to a scale
factor); computing that information for the CDMA channel turns out to be
{as we will see) no more complex than obtaining the minimum probability
of error (individually optimum}) decisions.

Let us see now how to implement the optimum decision rule that selects
the closest hypothesis to the observations. The likelihood function in (4.4)
can be expressed as

JHy(), 0 <t < TH(b, b))
1 A 4 A2 LT,
= 3Xp(;92(b|,b2)) exp(—T) CXP(_Q[; ¥ (r)dt) N
4.3
where
(b, by) = b1 Ay + baAryn — b1br A Aup, (4.6)

and as in (2.76) we denote the matched filter outputs by

T
Yi = f Y(O)s() dt.
1]

To maximize the right-hand side of (4.5), we can disregard the factors that
do not depend on (b, b,). Thus, the maximum-likelihood (or jointly opti-
mum) decisions are those that maximize the function 5. It can be checked
(Problem 4.3) that the optimum decisions are such that if min{A,|y,{,
Aslyl} = A1Az)pl|, then

by = sgn(y)),
by = sgn(y).
Otherwise,
by = sgn{Ay; — sgn(p)A2y2),

by = sgn{Azy, —sgn(p)A,y).
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FIGURE 4.3.
Maximum-
likelihood
defection for user
1 with one
synchronous
interferer.

4.1 OPTIMUM DETECTOR FOR SYNCHRONOUS CHANNELS

=] =]

(1) —- (%—

—s{[]

Referring to the case depicted in Figure 4.1 (p > 0), the condition min
{Ailyi], Azly:|} = A A;p checks whether or not the observations are clos-
est to either (41, +1) or (— I, — 1), in which case the decisions of the con-
ventional detector are optimal. Note that the decision regions for (+1, +1)
and (—1, —1) in Figure 4.1 are a subset of the corresponding regions in
Figure 3.12, and vice versa for the regions for {(+1, —1) and (—1, +1). If
the observatjons do not fall in the regions of either (+1, +1) or (—1, —1),
then it is just a matter of checking whether the observations are closest to
(+1,—Dorto (-1, +1), and this is equivalent (because p > 0) to testing
whether Ay, = Asy;.

Another way to express the jointly optimal decisions is (cf. Figure 4.3
and Problem 4.3}

N 1 1
by = sgn(Alyl + ElAzyz —A1Ap| — E\Az}’z + A|A2.0|) R C )]
u 1 1
by = sgn AZ)‘2+§|A1)’1 7A|A2p|—§|A]y| + A Al ], (48)

It is important to note that the received signal affects the optimum deci-
sions only through the observables y, and y,, which means that (¥, y,) is
a sufficient statistic. Although this is the observable produced by the bank
of single-user matched filters analyzed in Chapter 3, optimum decisions
require a more elaborate processing than simply taking the signs of y, and
¥2. As we can see from the foregoing solution, (4.7) and (4.8), the jointly
optimum decisions depend on the values of Ay, A,, and p but not o. Note
that even though knowledge of the background noise level is not required,
the maximum-likelihood multiuser detector is not scale invariant (i.e., it is
not enough to know the ratio A>/A ).

Let us now turn to the case of individually optimum decisions. Since
b is a priori equally likely to be +1 or —1, minimizing the probability of
error P[b, # b,] is a composite hypothesis-testing problem that fits the
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framework of Proposition 3.4 with
m=4,
X = A5+ Agss,
Xy = A5 — Azso,
X3 = —A8 + Azso,
Xa=—A151 — Aosy,

H; = {Hi. Hz}.

Tt follows that the individually optimal decision b, should be the argument
by € {—1, +1} that maximizes

I 2
CXP(_Q?[ [y([) — A]blsl(f) - A252(t)]“dt)
0

1 r
+ EXP(_F[U [¥{t) — A bisi(F) + Azsz(f)lzdl) .

Straightforward algebra verifies that the individually optimum decision
for the bit of user 1 is (Figure 4.4)

2 vach [ Azxt4140
by, =sgn{ » — g log M ) 4.9)
2A! COSh[Az)‘z;?:Azﬂ]

The analogous result for b, is obtained simply by interchanging the roles
of {y1, Ay) and (y2, A7) in (4.9).

Note that in contrast to the jointly optimum detector, the optimum deci-
sions depend now on the noise level o?. The nonlinearity in Figure 4.4 is
the function

fo(x) = 07 log(cosh(x /a?)).

b))
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FIGURE 4.5,
Decision regions
of minimum
bikerror-rate
detecior for yser
1A = Ay,
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4.1 OPTIMUM DETECTOR FOR SYNCHRONOUS CHAN

oy

Since

4.1.2 K-USER CHANNEL
Let us study now the k -user basic synchronous CDMA channel:
K
O =Y Abysit) +onr), ¢ e [0, T). (4.10)
k=]

The problem of Jointly optimum demodulation of
b=1lb...., 5]

is a special case of Proposition 3.2 with s — 2% and every signal x; given
by Z,fil Apbys;. for a different value of b. Therefore, the solutien of Propo-
sition 3.2 dictates that the most likely b maximizes

17 £ _
exp(—a-f—z‘/0 [y(l‘) - ;bkAkSk(f)szf),
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of, equivalently, maximizes

[k [ & 2
Q(b) =2 f [Z Akbksk(t)} yOdr — f [Z A;bm(t)} dt
a k=1 Y k=1

= 2b" Ay — b’ Hb, (4.11)

where we have denoted the column vector of matched filter cutputs {cf.
{2.78)) by

y=1Iy.o 15 (4.12)
the X x K diagonal matrix of received amplitudes by
A = diag{A,,..., Ax}; (4.13)
and the unnormalized crosscorrelation matrix by
H = ARA, (4.14)

where R is the normalized crosscorrelation matrix (2.4) whose diagonal
elements are equal to 1 and whose (i, j) element is equal to the cross-
correlation p;;. The expression (4.11) reveals that the dependence of the
likelihood function on the received signals is through the vector of matched
filter outputs y, which is therefore a sufficient statistic for demodutating the
transmitted data.

The maximization of (4.11} is a combinatorial optimization problem.
This means that the set of possible arguments comprises a finite set. Unlike
optimization problems over the real line or Euclidean spaces where analyt-
ical techniques based on differentiation can often be vused, combinatorial
optimization problems can always be solved by exhaustive search, namely,
compute the function for every possible argument and select the one that
maximizes the function. But there are many combinatorial optimization
problems for which there exist algorithms whose complexity grows poly-
nomially in the size of the problem, and, thus, are much more efficient than
exhaustive search. The computational complexity of any detector can be
quantified by its time complexity per bit, that is, the number of operations
required by the detector to demodulate the transmitted information divided
by the total number of demodulated bits. A time complexity per bit of f(X)
is written as O(g(K)) if there exists a constant ¢ > 0 such that for large
enough K, f(K) < cg(K).

For the maximization of (4.11) it is possible to improve upon exhaustive
search because the quantitics b” Hb can be precomputed, and the generation

162
181



4.1 OPTIMUM DETECTOR FOR SYNCHRONOUS CHANNELS

of all the values of ©2(b) can be done in a tree structure that takes O(2%)
operations (Problem 4.8). The selection of the optimum b can then be done
in O(2%) operations, and so the time complexity per bit is O(2X /K). No
algorithm is known for optimum multiuser detection whose computational
complexity is polynomial in the number of users, regardless of the crosscor-
relation matrix. Moreover, it is known {Verdu [496]) that if such algorithm
existed for arbitrary crosscorrelation matrices, then a polynomial algorithm
would exist for longstanding combinatorial problems such as the traveling
salesman and integer linear programming probiems, for which no poly-
nomial solution has ever been found. It should be emphasized that this
computational complexity result is worst case in nature. In synchronous
CDMA (not subject to unknown channel distortion), the signature wave-
forms can be designed to facilitate the task of a multiuser detector. Suppose
that the dimensionality N of the signal space and the number of users X
are fixed. If K =< A, orthogonal signature waveforms render single-user
detection optimal; if K > N, then signature waveforms can be designed in
a tree structure where the orthogonality of subsets of signature waveforms
can be exploited to find jointly optimum detectors whose complexity grows
polynomially with K (Learned et al. [230]).

If all the crosscorrelations are nonpositive, then maximum-likelihood
decisions can be obtained with time complexity per bit of G(K?). The
reason is that the maximization of 2b” Ay — b” Hb is equivalent to a well-
known problem in combinatorial optimization. Let us construct a directed
graph with nodes {0, 1,..., K, K + 1} and edges whose capacities are
defined by (Figure 4.6)

AAfAjp.')y if (17J)E{1<!K}2»

2 if j=K+1landiell,....,K}, @.15)
YT )l Aiv 4y, ifi=0and jell,..., K}, '
0, ifi=0and j=K+1,

where y is, for now, an arbitrary scalar. A cut that separates nodes 0 and
K + 1is a partition of the nodes of the graph:

{0,1,.... K, K+ 1} ={{U{0}U{JU[K +1}}

and the capacity of the cut is defined as

cu.hH=E Y 3 o«

iefUf0) je UK +1}

Cuts and data vectors b € {—1, 1}¥ canbe putin one-to-one correspondence,
bylettingi € I {1, ..., K} ifandonly if »; = 1. With this correspondence
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FIGURE 4.6.
Directed graph for
maximum-
likelihood
detection in the
special case of
four users with
unit amplitudes.

and (4.15) we obtain

ACU, D+ Qb) = =43 "> AA;p;+4 (Ajy; +9)

iel jel jeli
+4Z]/+ZZA,y, 722/‘]}']
iel iel jet
— ZZAuAjPU “ZZA;'A;‘PU
iel jel ied jeJ
+ZZZAiAfpi}
el jel

K

K K
=4Ky +2) Ay — Y Y Adipy. (4.16)
i=1

i=1 j=i

where the right-hand side does not depend on the data-vector/cut. Therefore,
maximizing the likelihood function £2(b) is equivalent to finding a cut with
minimum capacity: if {7* U {0}} U {J*U{K + 1}} is the cut with minimum
capacity, then the decisions

jo_ |+l kel
“Tl-1, ifkeJr,

are maximum-likelihood decisions.

The min-capacity-cut problem is very well known in combinatorial op-
timization because it is equivalent to the maximization of the flow from the
origin node 0 to the destinaticn node X +1. Although polynomial algorithms
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are not known for graphs with general capacities, if all the edge capacities
are nonnegative, then algorithms with O(K?) computational complexity
are known (Papadimitrou and Steiglitz [314]) All we need to ensure the
nennegativity of all the edge capacities is that the crosscorrelations satisfy
0i; < 0 because we can always select

y = max[(), — min Ajyj].
i

According to Proposition 3.4, the individually optimum decision that
minimizes the probability of error of the kth user is the element by €
{—1, 1} that maximizes

L®) = Y exp(Qb)/207). 4.17)

b
b=k

Note that the a posteriori probabilities can be readily computed from (4.17)
and via (3.18):

Ploy = 1{y(),t €10, T]}] = (4.18)

Minimum probability of error detection leads to smooth decision regions in
the K -dimensional decision space of the observables in (4.12), whereas the
decision regions corresponding to the jointly optimum criterion are poly-
topes (cf. Figures 4.1 and 4.5). As we mentioned in the two-user case, in
the majority of applications, jointly optimum decisions would be prefer-
able to minimum bit-error-rate decisions due to their lower complexity and
the fact that as & — 0 the minimum bit-error-rate decisions converge to
the jointly optimum decisions that maximize (4.11). Using the linear term
in the Taylor series expansion of the exponential function, we see that as
o — oo maximizing (4.17) is equivalent to maximizing

Liby= Y Q(b)
b;(h=f7
1
=2%pAi—5 ». d'Hd. (4.19)

de{—1,+1}¥

Since the last term in the right-hand side of (4.19) does not depend on b,
the minimum bit-error-rate decisions converge as ¢ — oo to those of the
single-user matched filter detector: sgn{y;). This is to be expected because
as o — oo the multiaccess interference becomes negligible with respect to
the background white Gaussian noise, against which the matched filter is
optimum.

165

184



CHAPTER 4. OPTIMUM MULTIUSER DETECTION

4.2 OPTIMUM DETECTOR FOR
ASYNCHRONOUS CHANNELS

The first crucial observation in the derivation of the optimum de-
tector for the asynchronous channel is that optimum decisions require the
observation of the whole frame of transmitted bits. Consider the timing dia-
gram, depicted in Figure 4.7, of a two-user asynchronous channel with five
bits in each frame (i.e., M = 2in(2.6)). Let us focus on the demodulation of
b,[0]. Recall that the conventional detector takes a one-shot approach where
only the received signal in the interval of b [0] affects the decision. Let us
see why this approach is suboptimal. The signal of b,[0] overlaps those of
bits b;[—1] and &;[0]. So it would be to the detector’s advantage to learn as
much as possible about those two interfering bits. This can be accomplished
by extending the observation interval from [0, T| to [t — T, T + T]. Once
we do that, the new observation interval contains signals modulated by bits
& [—1] and &, [1]; so, again, it would be to the detector’s advantage to learn
as much as possible about those two bits by further extending the observa-
tion interval to [T, 2T]. It is now clear that this reasoning can be repeated
as many times as necessary to conclude that unless the whole frame of data
is observed, [-2T, v 4 37T, the decision on bit (0] (or any other bit) will
be suboptimal,

As in the synchronous case, we have to deal with the issue of whether
we require individually optimum or jointly optimum decisions. The former
criterion results in the minimum bit-error-rate. Jointly optimum decisions
are obtained by a maximum-Ilikelihood sequence detector that selects the
most likely sequence of transmitted bits given the observations. In fact,
there are other conceivable intermediate optimality criteria. For example,
we could think of a receiver interested in demodulating only one user, which
selects the most likely sequence of bits for that user, rather than making
individually optimal decisions.

As we discussed in Chapter 2, we could view the K-user, M-frame,
asynchronous channel as a K (2M 4 1)user synchronous channel. Let us
define a K(2M + 1)-vector b with components

Boik =Balil. k=1,..., K, i=—-M. M, (4.20)

¢ B oy I g

2r W21 B Ly bl
N |

|
User | = } +
User2 ' L - . ‘
e 2T By [-2] T | T bg[U]I +7 by +2T 5,{2] T+37
by [-171 |
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along with the signals
Vi (1) = 5 —iT — 1), 4.21)

and the K(2M + 1)-vector of matched-filter outputs, ¥, with components

yi= f v (e)y(e) dr. (4.22)

o6
This means that y;.x is the output of the kth matched filter applied to the
signal in the interval [t; +i7, 7, + {7 + T, that is, the interval correspon-
ding to & |i].

As in the synchronous channel, the objective is to compute the b that

maximizes
fly@),t € [-MT, MT + 2T1}1b}]
1 MT2T
= CXP(— ’f () — Sx(b))zdt) ; (4.23)
207/ mr
where
K M
Siby =" Abililsi(t —iT — 7). (4.24)
k=li=—M

Let Ay be the K(2M + 1) x K(2M + 1) diagonal matrix whose k + 71K
diagonal element is equal to A;. Let R be the K(2M + 1) x K(2M + 1)
matrix with coefficients

T = f oo”j(t)vi(f)dt- (4.25)

The matrix R can be written as a function of the K x K crosscorrelation
matrices in (2.106):

RO] RT[1] 0 ..~ 0 0
R[I] R{O] RT[1] -~ 0 0
R=| 0 R[] RO --- 0 0
0 0 0 .. R{I] R[0]

Furthermore, define
H=AyRA,. (4.26)

Then the maximization of (4.23) is equivalent to selecting the b that maxi-

mizes
Q(b) :ZfS,(b)y(t)dt w[S,Z(b)a't

=2b"Ayy — b Hb. (4.27)
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Once more, notice that the observations enter in the function to be max-
imized by the jointly optimum decisions (4.27) only through the matched-
filter outputs. Therefore, ¥ is a sufficient statistic for b,

If we were to maximize (b) in the same fashion as in the synchroncus
case, we would find the complexity to be exponential in the product K (2M +
1), which is totally out of the question in practice due to the typically large
values of M. At this point, it is necessary to exploit the structure of the
matrix H in the asynchronous case in order to get a sensible solution.

To simplify ideas, let us first focus attention on the two-user case with
A; = A, = 1. In this case,

H=R=| 0 0 po 1 "~ 0 . (428)
“oopy 00
I p O
0 pi 1 23]
| O 0 0 py 1

The fact that the symmetric matrix H is zero except along the main
diagonal and the first subdiagonal is crucial for decreasing the complexity
of the receiver. It means that we can write the payoff function as

2M+2

Qb= Y Ayl . by (4.29)

j=1-2M
where b_»y; = 0 and

2b;y; —2ppbib;y — 1, if jiseven,

hitbyr by = {2bjy, —2pnbibia — 1, if jisodd.

We see in (4.29) that the payoff function depends on each of its arguments
sequentially, and only consecutive arguments are coupled. Consequently,
to maximize (4.29), we can use the dynamic programming algorithm.

To explain the principle of operation of dynamic programming, we repre-
sent each possible sequence b as a path from the origin to the destination
in the diagram in Figure 4.8. In this diagram we have labeled each arc
with a “length.” The payoff achieved by a given b is equal to the total
length of its corresponding path. The dynamic programming algorithm is
an efficient algorithm to find the longest (or the shortest) path from the
origin (o the destination in a layered graph. In a layered graph, nodes can
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FIGURE 4.8.

Trellis diagram for
two asynchronous
users; M= 1.

4.2 OPTIMUM DETECTOR FOR ASYNCHRCNOUS CHANNELS

ho(-,-) -, Aa(—7) (=
-] bal-] 51[0] b:10] b [1] bal1]

be partitioned in layers or stages such that each node is connected only to
nodes in adjacent layers (cf. Figure 4.8). This type of layered directed graph
is commonly known in communication theory as a frellis diagram (Forney
[97]). Dynamic programming is based on the following simple observation:
if the longest path from the origin to the destination goes through a certain
node N, then the subpath (within the longest path) that connects the origin
with N must be the longest among those paths connecting the origin to N.
So suppose we knew the longest path from the origin to each of the nodes
at the ith stage. Denote the corresponding longest distances by J;(+) and
Ji€—). Then it is evident that the longest distances at the (i + 1)th stage
satisfy:

Jin(4) = max{A (4, )Y+ J(H), (= ) + L)), (4.30a)
i (=) = max{i(+, =)+ Ji(4+), M:(—, =)+ (=)}, (4.30b)

where we have assumed that J is initialized to O at the first stage of the
algorithm. Associated with the function J; at each node is a longest path
from the origin to that node whose length equals the value of the function J;.
Once the destination node is reached, we can read the longest path, which
is the most likely sequence of data b given the observations.

As we anticipated at the beginning of the section, to make an optimal
decision about the first received bit b;[—M] we must wait until we have
observed the received waveform due to the last transmitted bit. In most
practical applications, it is necessary to demodulate the transmitted symbols
in real time, and since M is usually a very large integer, it is not feasible
to wait until all the observables {y;} have been obtained before starting to
make decisions. Therefore, a suboptimum version of the forward dynamic
programming algorithm is adopted in practice whereby the decision on b;
is based on the path corresponding to the function J;; computed a fixed
number £ of steps ahead. The value of b; is given by the node traversed by
the longest path that leads to the maximum of J;;(+) and J;, (—). If L is
sufficiently large (depending on signal-to-noise ratios, etc.), then with very
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high probability the paths associated with J;, (+) and J; 4, (—) traverse the
same node at the ith stage. In that event, the maximum-likelihood decision
on b; can be made without awaiting the end of the transmission. Otherwise,
the decistons are not necessarily optimal. This real-time version of forward
dynamic programming (asymptotically optimal as L — o0) is known as the
Viterbi algorithm.

Although there is no apparent reason to do so, we could have given a dual
dynamic programming algorithm to optimize (4.29), where the recursion
proceeds backwards (Problem 4.12).

In the general K -user case, we need to find a similar additive decompo-
sition of the payoff function

Q(b) =2b" A,y — b Hb, (4.31)

Let us introduce the notation k(j) € {1, ..., K} to represent the modulo-
K remainder of j (i.e., for some i, j = x(j} + i K). Then, we can write the
first term in the right-hand side of (4.31) as

N MK+K
b'Ayy = Z Aepbjy;. (4.32)

j=1-MK

In order to decompose the quadratic form b"Hb in (4.31), we will use
the fact that the matrix H has bandwidth K and its elements are periodic
along the diagonals (cf. (4.28)). Using (a) the definition in (4.25), (b) 7, <

- < tg, and (c) the fact that the signature waveforms are time-limited to
the interval [0, T, we can summarize the properties of H as follows:

(Y h; ;= Af(”.
(2) hk+si(,n+il( = hk.n-

(3) hj; =0 unless |j — 1] < K.

4) hij=h;;.

() hjnj = Acti-mAcipPuii-mxiiny #=1,..., K1

Using these properties and letting b; = 0if j < 1-MKorj > MK+K
we can write

MK+K MK+K

b"Hb = Z Z b;bh;,

J=1-MKi=1l-MK
MK+K il
i=1-MK I=j—K+1
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MEK+K K—1
= Y b |:Ai(j)bj+22bjnhjn,j:l

j=1-MK =1
MK+K K—1

= D Awpbi | Acpb 2D b aAsomPrtiomniiy | -
J=I-MK n=1

(4.33)

We can now express $2(h) as a sum of (2M + 1)K terms such that (a) each
term depends on X components of b and (b) any consecutive terms share

K — | arguments. Specifically, we can write
MK+K
Q)= D 2, b)), (4.34)
j=1-MK
where

K-l
Ax,u) = Ay |:2,Vj —uhyjy — 2Zx(n)AK(jﬂ)pK(,f")J((j)i| (4.35)

n=1

and x; is the state of a shift-register with X — 1 registers:

XJT_H = [)Cjur](l), PR Xj+1(K - 1)]
=[x;(2)...., x;(K — 1}, 551,

which is started at X;_yx = [0, ..., 0]. Note that since 4 € {—1, +1} in
(4.35), we can simplify the payoff function by dropping those terms that are
independent of the matched-filter outputs or of b, yielding the simplified
metric:

K—1
L) = Ay [y,- - Zx(n)A,((_,-n,p,((_,-n),,(m} : (437)
n=1

As in the two-user case, we can find the sequence of bits that maximizes
(4.34) by finding the longest path in a layered directed graph, which has
as many layers (in addition to the origin and destination nodes) as the total
number of bits (i.e., K{2M + 1)}. The number of nodes (or states) at layer j
is the number of different values that the state x; can take. Therefore, except
for the first K — 1 layers (which are affected by the zero-initial condition),
the number of states at each layer is 2X~! (Figure 4.9).

Note that each state is connected with two states in the previous layer,
regardless of the number of users. (Generalizing this algorithm to nonbinary
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+ + +* ++ o
*— . - - *—

modulation we would find that the number of connections with the previous
layer is equal to the cardinality of the modulation alphabet.) Analogously
to (4.30), the longest distance from origin to state X at stage / 4 1 is given
by

Jin () = max{Z;((—, %0 (1, x0(K — 2, %0(K = 1)
+ Ji(=xp (D), xpa (K —2)),
Ll Xk, (K —2), x (K — 1)
+ T XD, x (K~ 20, (4.38)

At each state, the algorithm performs the following computations:

» It computes the metrics X ;(x, +1) and 2 ;(x, —1).
» It calculates two sums.

+ [t compares two numbers.

The computation of 4 (X, u) requires the computation of the term

K—1

Zx(”)Ak(j—n)px(jfn).k(j),

n=1
which can be compuied once and stored for each state x because it is in-
dependent of the matched-filter outputs. Thus, the computational effort per
state is independent of both K and M. Since there are as many iterations as
transmitted bits and each iteration involves 25~ states, the time complexity
per bitis 0(2%). We have succeeded in obtaining an algorithm whose com-
plexity is independent of M and is, in fact, similar to the complexity of the
optimum detector for the synchronous channel. Figure 4.10 shows the gen-
eral structure of the optimum receiver in the asynchronous problem. The
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FIGURE 4.10.
Optimum
multiuser detector
for asynchronous
CDMA.
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matched filters are sampled in round-robin fashion, at the corresponding
bit-epochs dictated by the synchronization systems.

Alternatively, if the objective is to minimize the probability of error
for each user (individually optimum decisions), then there is an optimum
detection algorithm based on backward—forward dynamic programming,
which is somewhat more computationally intensive than the foregoing al-
gorithm but retains the desirable property of having a time complexity per
bit that does not grow with the length of the frame. The objective is to
evaluate L {—1)and L;(1) forevery j =1 — MK,..., MK + K where
(cf. (4.17))

Lty =Y exp(@b)/20%). (4.39)
b
by =h

In contrast to maximum-likelihood detection, the problem is not one of
maximization but one of summation. To do that efficiently, we will use the
additive decomposition of §2(b} in (4.34). In that way, the overall “length”
of a given sequence b is now defined as the product of the individual lengths
of the arcs in the trellis diagram:'

ME+K

exp(2b)/20%) = [ exp@rjix;, b))/207). (4.40)

Jj=1-MK

If the summation in (4.39) were over all sequences b,

L= exp(Q(b)/20?), 4.41)
b

' As in the maximum-likelihood detector we can replace A; by the simplified metrics
i,
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we could use forward dynamic programming to solve for its value. Indeed,
all we would need to do is to redefine (4.38) substituting sum instead of
maximum and product instead of sum:

Fii(x41)
= exp(h; (=, xp1 (D), . xi (K — 20), 250 (K — 1)/20)
X Fi(— x50 (Do, x40 (K — 2)
+ exp(A (4, %01 (D), ..oy x4 (K = 2)), x,,(K—1))/26%)
x Fi{+, %010, . .0 x540(K — 2)), (4.42)

with the function F initialized to 1 at the beginning of the first stage. The
value F;(x;) is the sum of the lengths of the subpaths leading from the origin
node to state X, at the jth stage. As we had hinted, alternatively, we could
run a backward iteration:

Bj(x;) = exp(h;(x;, —)/207)
X Bii(x;(2), ..., x;(K — 1), —)
+ exp(h;(x;. +)/20%)
x B (2, ..., x,(K — 1), +). (4.43)

The value B;(x;) is the sum of the lengths of the subpaths that start at state
x; at the jth stage and end at the destination node. One possible reason we
may want to compute (4.41) is that for all j

L=Ll)+L,-D.

So once the value of L is known we can simply focus on computing L (1)
forall j. Let us fix a given value of j. The computation of L ;(1) resembles
that of L except that now we are summing over half of the paths in the trellis,
as we are discarding any b for which b; = —1. Let us delete the 24~ arcs
connecting the jth stage with the (j 4 1)th stage for which #; = —1, and
consider the remaining 2! arcs one at a time. Each of those arcs corre-
sponds to a different choice of the state at the jth stage x;, leading to state

Xjp1 = (x;(2), ..., x;(K = 1), +).
The sum of all the paths that go through arc (x, b) is denoted by

Litx.by= ) exp(b)/20”). (4.44)

Wh=bx; =x

174

193



4.2 OPTIMUM DETECTOR FOR ASYNCHRONOUS CHANNELS

Obviously,

L= > LjxD,

xe{—1,1}*-!

so if the values taken by the function in (4.44) are available, we can then
compute L ;(1) with 281 operations. Because the sum is distributive over
products, the sum of all the lengths of the paths that go through the arc that
connects state x; with state x;.| = f(x;, b) can be expressed as

Li(x;,b) = Fi(x;) exp(a;(x;, b;)/26%) Bj s (X;41). (4.45)

The conclusion is that minimum bit-error-rate multiuser detection can be
implemented by a backward—forward dynamic programming algorithm
that carries out two independent iterations, each of which requires a com-
putational effort proportional to the number of stages and to the number of
states per stage 25!, Once those backward and forward iterations are com-
pleted, the generation of the a posteriori probabilities of each bit (cf. (4.18))
requires a further computational effort proportional to 2% !, Therefore, the
time complexity per bit is ((2%). In real-time implementation, the same
kind of finite-horizon approximation we discussed above can be applied for
the forward iteration. Analogously, we cannot afford to run the backward
iteration from the end of the frame, and a sliding horizon can be chosen
with negligible performance loss.

Comparing the optimum detectors to the conventional single-user
matched-filter detector of Section 3, we see that aside from the increased
computational complexity, the maximum-likelihood multivser detector
requires knowledge of the received amplitudes and crosscerrelations. The
latter parameters can be generated by the receiver by cross-correlating the
normalized replicas of the signature waveforms stored at the receiver with
the delays and phases supplied by the synchronization system. The mini-
mum bit-error-rate multiuser detector requires, in addition, knowledge of
the noise spectral level. An advantage of the single-user matched-filter
detector arises in those situations where only a subset of active users needs
to be demodulated by a particular receiver. Then, unlike the optimum de-
tector, the bank of single-user matched filters can simply ignore those users
in which it is not interested. Judicious practical implementations of the
optimum detector would favor neglecting those unwanted users that are
comparatively weak with respect to the user(s) of interest.
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4.3  MINIMUM ERROR PROBABILITY IN THE
SYNCHRONOUS CHANNEL

The fundamental quantity of interest is the minimum error praba-
bility P, (), achievable by a receiver that observes (4.10) or, equivalently,
the sufficient statistic (4,12). Px(o) will serve as a baseline of comparison
for the bit-error-rate of any multiuser detector.

In the single-user case, recali that the minimum bit-error-rate is given by
(3.30)

P1(0)= o (%}) -

In the K -user channel, the same conclusion is obtained from (4.1) if o, = 0
fork # 1.

As long as different transmitted information vectors (b1, ..., bg) lead
to different received signals (a sufficient but not necessary condition is that
the signature waveforms be linearly independent), we have

P.(0) =0. (4.46)

Recali that the conventional single-user matched-filter receiver does not
have this property and it may make errors even in the hypothetical scenario
of complete absence of background noise.

43.1 TWO-USER CHANNEL

We study the two-user case first, where, as usual, we can find many
of the key ingredients of the general solution. Referring to the decision re-
gions of the minimum bit-error-rate detector in Figure 4.5, we see that in
order to compute the minimum error probability for, say, user 1, we can
condition on each of the four possible transmitted bit pairs and compute the
probability that the received vector will cross the smooth boundary in Fig-
ure 4.5. This involves integrating a two-dimensional Gaussian distribution
on a subset of the plane that has no particular structure, and therefore, we
cannot expect that a closed-form solution will exist for the minimum error
probability (even in terms of the Q-function as in the single-user matched-
filter receiver).

In view of the inability to find an expression for the minimum error prob-
ahility even in the simplest possible case, we will attempt to upper and lower
bound it with computable quantities. Indeed, we will show tight bounds that
result in explicit expressions for the asymptotic multiuser efficiency.
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Let us first consider the problem of upper bounding P {o). We have
already obtained one such upper bound, the error probability of the conven-
tional detector (3.77):

P(o) < lQ(A_'_AJ) +1Q(éliA_2€) (4.47)
2 o 2 a

This bound becomes tight when either of the following asymptotics are
satisfied:

* o — 00,
* AspfA = 0.

Otherwise (4.47) is a rather loose bound and it is important to derive better
bounds.

Let us analyze the jointly optimum detector. Although it does not result
in minimum bit-error-rate decisions, the jointly optimum detector is an
excellent candidate to upper bound the minimum error probability because
its decisions differ from those of the minimum bit-error-rate detector with
negligible probability (unless the signal-to-noise ratio is very low).

Referring to the minimum distance decision regions in Figure 4.1, we
can express the probability that the minimum distance detector makes an
error in b| as

1 1
Pilo) = PlH+ — —+]+ G P = =
i s e oy
-Pl—— > 4-— — Pl
4 4

1 1
+ ZP[_+ - +-1+ ZP[_+ — ++]

1 1
+ Pl = = Pl o =], (448)

where we have employed the notation
Plbiby ~ bihy) (4.49)

to denote the probability that the observations fall in the minimum distance
region of (b,. b,) conditioned on (|, &) being transmitted. We can exploit
the inherent symmetry of the problem to simplify (4.48) by noticing that

Pl++ = ——]=P[-— - ++],
Pltt = =+l = Pl—— = +-],
Pl+—~ = —+ = Pl—+ — +—],

Pl+— = —=] = P[—+ - ++1.
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Therefore,

1 1
PY(@) = S Pl— = +-1+ FPl=— = 4]
1
+ 5P[—+ - +-]+ %P[—+ — ++]. (4.50)

Each of the terms in (4.50) is equal to the integral of a two-dimensional
Gaussian distribution on a polytope, which cannot be written either in closed
form or in terms of the Q-function. So the question is whether we have
gained anything by analyzing the minimum distance detector in lieu of the
minimum probability of error detector. Even though there is no hope of
evaluating (4.50) in closed form, the four quantities therein can be upper
bounded quite easily. Recall from (4.6) that the minimum distance detector
outputs the pair (d,, d2) € {—1, +1}? that maximizes

Qaoldy, by = di Ay + dyArye — dida Ay Aap, 4.51)

where
i = Ah + Azbyp + 1y, (4.52)
yo = Asbs + A1by1p + 1y, (4.53)

(b, by) are the transmitted bits, and n, and n, are Jointly Gaussian with
zero mean, variance ¢, and correlation o2 p.

Let us focus on the first term in (4.50), that is, the probability that the
observed vector due to (——)1s closest to (+—), Clearly this can only happen
if the observations are closer to {+—) than to (——). Accordingly,

Pl—— = +=] = P[Q(——) < Qa(+-)|(——) transmitted].  (4.54)

Note that equality does not hold in (4.54) because the observations could
be closer to (+—) than to (——), but yet fall in the minimum distance region
of either (4++) or {(—+) (Figure 4.1). Another way to view the inequality in
(4.54) is by noticing in Figure 4.1 that the region

§5(——) < Qa(+-)

is the half-plane to the right of the line that bisects the segment between
{——) and (4+—). This half-plane contains the whole minimum distance
region of (+—). Now it is easy to evaluate the right side of (4.54) exactly;
this probability is equal to the probability of error of a binary problem,
and therefore it involves the integration of a one-dimensional Gaussian

178

197



4.3 MINIMUM ERROR PROBABILITY: SYNCHRONOUS

distribution on a semi-infinite interval, and, thus, can be written in terms of
the Q-function:
P[22(—~—) < Q2(+—){(——) transmitted]
=P[-A1y) — Ay — AArp < Ayyr — Aayn + Ay Agp
fy=—A—Awp+n; yp=—Ay— A1p+ )

= P[n; > Ay

=0 (ﬂ) . (4.55)
G

Proceeding analogously with the other three terms in (4.50) we obtain

P[—— — ++4] = P[Q(—=) < £(++)|(——) transmitted]
= Pl—Ai1y1 — Axya — A1Arp < Ayyy
+ Ajy; — A1 Azp | {(——) transmitted]
=PAy+ Ay >0y =~—A — Ayp
+ ¥ =—A4; — Aip + ]

= P[A]Pl] + Agn;n_ > A% + A% +2A|A2p]

7 )
_Q(\/A1+A3+2A|A2P), 4.56)

ag

where (4.56) follows because the random variable An| + An; is a zero-
mean Gaussian with variance o°(A7 + A2 + 24, A;p) (guaranteed to be
nonnegative because |p| < 1). Analogously, we obtain
Pl— + — +=1 < P{Q(—+) < Q2(+-)(—+) transmitted]
=P[-Ay1+ Ay + A Ay < Ay — Aoz
+ A Az p|/(—+) transmitted ]
=PlAiy1 — Ay >0y =—A + App
+n;v=A2— Aip+ana]

= P[An — Ay > AT + A} — 2A,4,p]

) 7 _ .
:Q(\/A|+Az ZAIALP)‘ (4.57)
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And, finally,

Pl= + = 441 < P[Q(~+) < Q(++) | (—+) transmitted)
=P[-Ayyi+ Asy2 + A1Ap < Ay yy
+ Ay — A1 Ayp | (—H)transmitted)]
= Py > Asplyr = — A1 + Azp + 1y
= Pln, > A]

= Q(ﬁ) . (4.58)
o

Putting together {(4.55)-(4.58}, we obtain

2 T
Wwasg(%)+%g(%ﬁ+AzzAﬁm)

[e)

+ 5 g - (4.59)

1 (\/A% T AL+ 2A.A2p)

We will now make the important observation that the last term in (4.59) is
superfluous if p > 0. (If p < 0, then the second term is superfluous.) To see
this, let us consider Figure 4.1 (where p > 0). It is easy to see that if (——)
is transmitted and the received vector is closest to (++), then the received
vector must be closer to (+—) than to (——). This is because the minimum
distance region of (+4) is contained in the half-space of all points that are
closer to (4+—) than to (——). This implies that

Pl—— — +4]+ P[—— — +-]
=Pl = +4+0or —— = +-]
< P[Q2y(——) < Qa{(+—)|(——) transmitted] (4.60)

and, therefore, we can simply drop the third term from (4.59). Reasoning
analogously in the case p < 0, we get with full generality

3 7
Pio) < PM(o) < Q(%) + ;Q(‘/A‘ +A20 2A1A2|p'). 4.61)

Let us now turn to the derivation of a lower bound on the minimum
error probability for user 1. We can accomplish this by evaluating the exact
minimum error probability of a hypothetical genie-aided receiver that has
some side information about the transmitted bits not available to the original
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receiver. We will consider three different genies leading to different lower
bounds.

First, suppose that the genie informs the receiver of the value of by, the bit
transmitted by user 2. Clearly the best strategy (since by, b; and the noise
are independent) is to subtract A.b,s, from the received waveform y, in
which case we obtain a single-user channel

y(£) ~ Azbys2(£) = Aybysi(t) + on(t),

whose minimum error probability is Q (%)

Alternatively, we could consider a seemingly less forthright genie who
tells the receiver whether the transmitted bits are equal or not, and if they are
equal, it even tells the receiver whether (b, b;) = (+1,+ 1 or (—1, —-1).
The receiver either gets tull information or has to solve a binary hypothesis-
testing problem with equiprobable hypotheses:

x; = A5y — Agsy,

Ay = —Xj.

The probability of error of an optimum receiver for &, with this side infor-
mation equals

(4.62)

lQ(\/A? TAC 2A|A2p)

2 o

where the factor of % accounts for the probability that the transmitted bits are
different and the argument of the @-function in (4.62) is equal to ||x,||/o.

The symmetric counterpart to the genie in the previous paragraph reveals
the true transmitted bits in case they are different. In that case, the minimum
probability of error becomes

1Q(\/Af + A +2A1A2p)
2 o) '

These lower bounds to the minimum bit-error-rate together with the upper
bound in (4.61) result in

o () Jo( T
a

2 o
< Py(o) 4.63)
2 2
SQ(ﬂ) n lQ(‘/A'+A2 ZA'A2|p'). 4.69)
g 2 G
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Figure 4.11 shows the upper and lower bounds to the minimum error
probability in the case p = 0.4 along with the error probability of the single-
user matched-filter detector. We can see that the bounds (4.63) and (4.64)
are very close. Furthermore, at very low signal-to-background noise ratios
the single-user matched filter error probability is a better upper bound than
(4.64) — the upper bound to the error probability of the jointly optimum
(maximum-likelihood) detector. This does not imply that the conventional
receiver exhibits lower bit-error-rate than the maximum-likelihood detector
at very low signal-to-noise ratios, although such a phenomenon does occur
under certain circumstances (Problem 4.28).

Since both arguments of the Q-functions in (4.63) are identical to those
in (4.64), both expressions are dominated by the same term as ¢ — 0. It
follows that the ratio of the upper bound (4.64) to the lower bound (4.63)
converges to 1 unless both arguments are identical:

Az = 24A,|p|,

in which case, the ratio converges to 1.5.
We can compute the following expression for the optimum asymptotic
multiuser efficiency of user 1:

min N + . 4
1 21 |
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To check (4.65) we can use (3.41) to show that if

Av > A+ AT - 24,0001,

then the first term in the upper bound (4.64) is negligible with respect to the
second term. Thus, the bounds (4.63) and (4.64) imply that

limm—o (4.66)
o0 Q([th) - )

for any

W P
r< —= - —_—.
Az~ AP

Analogously, if

Al < \/Af + A} — 24, As|pl,

then the second term in the upper bound (4.64} is negligible with respect to
the first term, and (4.66) holds for any r < L. Finally, if

Al = \JAT+ AT =24, A4p),
A A
Pl(a)=c(—‘) Q(“l),
a d
A
1 < c(—]) < 1.5;
a

thus, (4.66) holds for any r < 1.
It is useful to compare (4.65) to the asymptotic multiuser efficiency of
the conventional single-user matched filter (Figure 4.12),

then

where

c 2o 1 7A2| |
=max-{0,1— .
I/ A p

As we would expect, if A, < A, then both the asymptotic multinser effi-
ciency of the conventional detector and the optimum asymptotic efficiency
are close to unity. However, (4.65) is not monotonic in A/ A . Actually, if

Ay

a2 2 n 4.67
A,Z lol (4.67)
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Optimum

Single-User Matched Filter

Asymptotic Efficiency User 1

t T
P 200 1P| As /A

then i = 1. Therefore, as long as the energy of user 2 exceeds the threshold
given by (4.67) the asymptotic bit-error-rate of user 1 is equivalent to the
single-user case where user 2 is not active. The explanation of this behavior
of the optimum receiver is that if the interfering user is sufficiently powerful,
then the primary source of errors committed in the optimum demodulation
of user 1 is the background Gaussian noise, rather than the randomness of
the information carried by the interfering signal. Note that according to the
threshold in (4.67), an interferer (user 2) who is 3 dB weaker than the user
of interest (user 1) has no appreciable effect on the bit-error-rate as long as
the crosscorrelation is below 0.35 (a mild condition on the signal design).
Interestingly, the same is true if the relative power of the interferer is higher
than —3 dB for that crosscorrelation. If A| < A, then it is possible to explain
the fact that 7, = 1 using the technique of successive decoding in Figure 1.8:
first, user 2 is decoded by its single-user matched filter (thus neglecting the
presence of the comparatively weak user 1) with very low error probability
{much lower than the error probability of user 1 if it were the only user of
the channel); the remodulated signal of user 2 is then subtracted from the
received waveform; the resulting channel is almost a single-user channel
for user 1, whose main interference is the additive background noise rather
than the uncancelled (actually boosted) interference from user 2 due to the
occasional errors of the conventional receiver of user 2. This approach fails
to explain why 1, = 1 in the whole range given by (4.67); in fact, as we
will see in Chapter 7, the successive decoder achieves neither minimum
bit-error-rate nor maximum asymptotic multiuser efficiency. Figure 4.13
exhibits the asymptotic multiuser efficiency as a function of |p| and the
relative amplitude of the interferer.

The near—far resistance is obtained by minimizing (4.65)over A, /A, = 0.
The least-favorable relative amplitude of user 2 is

Ay

Pl

A
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which yields the near—far resistance for either user:

=1 — p°. (4.68)

Figure 4.14 shows the two-user power-tradeoff region so that the
optimum bit-error-rate of both users is not higher than 3 x 1073, for
lp| = 0.8,0.9, and 0.95. Figure 4.14 should be compared with Figure 3.9,
which shows the same kind of plot for the conventional receiver, although
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in Figure 3.9, lower values of crosscorrelations were shown. For the (jointly
or individually) optimum receiver, the permissible signal-to-noise ratios are
indistinguishable from the single-user signal-to-noise ratios as long as the
crosscorrelation satisfies |p| < 0.5 (Problem 4.26}. For the very high cross-
correlation values shown in Figure 4.14, we see the detrimental effect of
insisting on equal powers. Indeed in those cases it is preferable to let one
user transmit at single-user signal-to-noise ratio, a strategy that minimizes
the sum of the powers necessary to achieve the prescribed bit-error-rate.
The reason is clear: if both signature waveforms are very much alike, then
similar amplitudes complicate the task of the optimum receiver.

432 K-USER SYNCHRONOUS CHANNEL

We now turn attention to the analysis of the minimum bit-error-rate
of the K -user synchroncus channel. At first sight, it may not be immediately
obvious how to generalize the ideas that lead to the tight bounds on the
minimum error probability in the two-user case. To that end we need to
introduce several definitions,

The normalized difference between any pair of distinct transmitted vec-
tors is referred (o as an error vector. The set of error vectors that affects the
kth user is

Ee={ec{-1,0,1})% ¢ 0}

and the set of (nonzero) error vectors is denoted by

K
E=LJ@.
k=1

As an example, consider the following transmitted b and demodulated b bit
vectors along with the corresponding error vector:

-1 -1 41 +177,

=
I
r

-1 -1 +1 +1 +11,

-
I

€ ={+1 0 -1 0 0r.

Simply put, the error vector component is zero if no error occurs at that
component or equal to the transmitted vector component otherwise. Note
that for the b in this example, the error vector

e=[+1 0 +1 0 o
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is not compatible with the transmitted vector. The set of error vectors that
are compatible (or admissible) with a given b € {—1, 1}¥ being transmitted
is denoted by

Ab)={e € E, ¢, = b, or0} (4.69)
={e€E, 2e —be(-1, 1} 4.70)
The admissible error vectors that affect the kth user are
Ap(by = A(b) N E,.

The number of nonzero components (weight) of an error vector and
the energy of a hypothetical multiuser signal modulated by € are denoted,
respectively, by

K
w(e) =Y e
k=1

and
T /K 2
ISte)* = [ (Zemksk(r)) dt
0 Ng=I
= ¢"He, @.71)
where
H = ARA.

An error vector € € E is decomposable into € € E and €” € E if

I e=€+¢€"

2) ife, =0,thene, = ¢, =0;

3} {S(eN, S(e™) = 0.

If € is decomposable into € and €” we write
dec

e=¢€+¢€".

The subset of indecomposable vectors in E, is denoted by F,. Note that

T K K

(S(e"), S(e”)) = f DN erel AcA s (s () dt
0 k=1 j=1

= He". (4.72)

To tamiliarize ourselves with the concept of indecomposability, let us

consider a few examples:
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If p1; = 0, k # 1, then the indecomposable vectors for user 1 are
Fy={+1 0..-.0], [~1 0---0]}.
+ In the two-user case with p # 0, it is immediate to check that

Fi={+1 0], [-1 0L [+1 -—sgn(p)], [—=1 +sgn(p)]}.
{4.73)
+ Ifthe signature waveforms are such that all crosscorrelations are identical
and positive:

pu=p=0,
and
Al=--- = A,

then it is straightforward (Problem 4.57) to show that the only indecom-
posable etror vectors (for user 1) have either weight one or two:

[+1, o0 0O ... 0 0],
[+1, —-1, & --- 0, 0],
[+, 6 -1, - 0, 0]
+1, 0 0 ... -1, 0]
(+1, 0, 0, --- 0O, -1],

plus their antipodal images. This means that in this special case of a total
of 3%~1 error sequences with €, = 1, only K are indecomposable.

The main result in the analysis of the optimum multiuser detector is the
following upper bound on the minimum probability of error of the kth user:

Proposition 4.1

Pk(O') < szw(e)Q (”S(E)H) ) (4-74)

€cky g

Before we proceed to justify (4.74), we point out that it lends itself to
further simplification. Since € € Fy < — e € F, and w(e) = w(—e¢), || S(e)|
= ||S(—e€)||, we can eliminate from the sum in (4.74) all those vectors with
€, = —1, by replacing w(e) with w(e) — 1 therein.

It follows from (4.73) that (4.74) reduces to (4.61) if K = 2.
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As in the two-user case, in order to show Proposition 4.1 we bound the
error probability of a 2% -ary hypothesis test in terms of the error probabilities
of binary tests. Ifb = (b, ..., bx]is the vector put out by the detector and
b is the true transmitted vector, we can upper bound the error probability
by

Pile) < Z Plee A(b); Qb —2¢) = max Q(d)] (4.75)

eck,

< Z Ple € A(b); Qb —2¢e) > Q(b)]. (4.76)

ecky

The inequality in (4.75) is not necessarily an equality because the minimum
distance detector does not result in minimum bit-error-rate; the inequality
in (4.75) is a consequence of the obvious fact that if b — 2¢ is the most
likely vector, then it must be more likely than b. For each €, the event
€ € A(b) depends only on the transmitted vector. As all transmitted bits are
equiprobable and equally likely,

K
Ple € A(b)| = l_[P[(bk —ee = 0]

k=1

=27, (4.77)

Because of symmetry, the event £2(b — 2¢€) > Q(b) turns out to be in-
dependent of the transmitted vector b. To see this, recall from (4.11) that
Q2(b) = 2b" Ay — b"Hb, Thus,

Q(b — 2¢) — Q(b) = 2(b — 26)"Ay — (b — 2¢)H(b — 2¢)
~2b” Ay + b Hb
= —4¢” Ay — 4¢"He + 2b"He + 2¢"Hb
= —4¢"An — 4¢"He, (4.78)

where we have used the discrete-time model in (2.78), y = RAb +n. Since
€T An is a Gaussian random variable with zero mean and variance

Ele" Ann” Ae| = o”¢"He = ¢°||S(e)|,
we can conclude from (4.78) that
PIQD — 2€) = Q(b)] = Q (M) . 4.79)
[e3

We have seen that the event {¢ € A(b)} depends on b but not on n and the
event {Q2(b — 2¢) > Q(b)} depends on n but not on b; therefore, they are
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independent events. Accordingly, the right side of (4.76) is (using (4.77)
and (4.79))

P.(o) = ZZ""“)Q(”S(Q”) (4.80)

(=

This bound gives reasonably tight results if the signal-to-noise ratio is
high. However, its main shortcoming is that its generalization to the asyn-
chronous case is completely useless: in that case, error vectors become
error sequences and the sum in (4.80) becomes a divergent infinite se-
ries as M — 00. The reason for this behavior is that many of the terms
in the summation in (4.80) are redundant; once those terms are omitted,
then the bounding series not only converges but approximates the error
probability closely. Recall that in the two-user case one of the terms in
(4.59) was redundant and could be omitted from the bound. The second in-
equality in (4.76) can be strengthened by removing all decomposable error
sequences from the right side. This simplification relies on the following
result:

Proposition 4.2 (Verdsi [490]) For everyb € {~1,+1)* and € € Ag(b),
there exists € € Ag(b) (1 Fy such that if b — 2¢ is the most likely vector, then
b — 2¢’ is nore likely than b,

Proof. If € € Fi, then the result is trivially satisfied with €’ = €. If € is de-
composable, then we prove by induction on w(e) that it can be decomposed
directly into an indecomposable vector. More precisely, we will show the
existence of €* € F, such that € Lo er + (e — €").

If a sequence of weight two is decomposable, then it is decomposable
into its two nonzero compenents, both of which are indecomposable since
they have unit weight. So in this case the sought-afier €* is all-zero except
in the kth component,

Now suppose that the claim is true for any sequence whose weight is
Strlctly less than w(e), Find the (not necessarily unique} decomposition
€L + €2, €' € Ax(b), with largest inner product, that is,

{S(e'), S(e™)) = (S(e), S(€*)) = 0

for any decomposition € e ea +e" If €' € F, we have found the sought-
after decomposition of €. Otherwise, using the induction hypothesis we can
find € € F such that

dec
e et
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The vector € can be written in various ways, none of which involve
cancellations of +1 and —1:

e =€ +¢€ (4.81)
=(E+eH+e (4.82)
=+ et +eh. (4.83)

Now we will check that
eE S 4+ €Y,

and thus €* is the sought-after €*. We just need to verify that the inner
product of the signals modulated by € and (€2 + €*) is nonnegative. To
do so, we observe that if this were not true, then the right-hand side of the
identity

(S(€?) + S(e®), S(eh)y — (S(e"), S(e™))
= 2(S(€%), S(e™)) - {S(€”), S(e") + S(e™))

would be strictly positive, contradicting the choice of €' + € as the largest-
inner-product decomposition of €.

Now, we show that € = €* satisfies the conditions of Proposition 4.2.
Since €; = 0 implies ¢/ = 0, we have €’ € Ay(b). To show that b — 2¢’ is
more likely than b, let €” = € — €" and use (4.11) to show

Qb — 26— Q(b) = [QUb — 2e) — Qb — 2]+ 8(S(e'}, S(e”)}, (4.84)

where both terms in the right side of (4.83) are nonnegative because b — 2e
is the most likely vector and € Lt respectively. This shows that
b — 2¢’ is more likely than b and the proof of Proposition 4.2 concludes.

In Figure 4.15 we see a graphical illustration of the fact that if € is
decomposable into € and €” and b — 2¢ is the most likely vector, then
b — 2¢’ (and b — 2€”) is more likely than b,

As o — 0, the sum in (4.74) will be dominated by the term or terms
with the smallest argument of the Q-function. That corresponds to the error
vector that achieves

dy min = min ||S(e)]| = min ||S{e}], {4.85)
€cky ee{-1,0,1)%

=1

where we have used the fact that if an error vector is decomposable into
dec

€ = €' + ¢ then [|S(e)ll = max{|| SN, S}
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S(b-2¢)

—— ® S5(h—2¢€}

S(€)

] 1
Sig")
S(b} —————————% Slb—2€)

S(b) = Transmitted Signal
n= Projection of Noise Realization

The distance between the multiuser signals modulated by arbitrary b!
and b? is equal to

IS(b") =SB = 2018

with € = 5‘(!)1 — b?). Therefore, we can interpret dj , in (4.85) as one half
of the minimum distance between two multiuser signals that differ in the
kth bit. We will henceforth refer to this quantity as the minimum distance
of the kth user.

The coefficient multiplying Q{d; min/0) in (4,74} is equal to

= > 2o (4.86)
eckys.t.
-5¢e NI =dli min
As o — 0, the bound in (4.74) is dominated by the largest term in the sum,
that is,

lim S~ 2-me) LUS@N/) -y

N, Olomnl®) % (4.87)

The main conclusion that we can draw from (4.87) is that the upper bound on
the kth user bit-error-rate behaves for high signal-to-noise ratio as a single-

user system with energy d7 ... The question now is whether the minimum

min*
bit-error-rate actually behaves that way. To answer this question, we will
generalize the reasoning employed to obtain the two-user lower bound in
(4.63).

Let us choose (in an arbitrary fashion, for now) one of the error vectors

in F, that achieve d; i, and let us denote this vector by €*. We construct
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4.3 MINIMUM ERROR PROBASBILITY: SYNCHRONQUS

the following genie:
» If the transmitted vector b is compatible with €*, that is,
e* € A(b),

then the genie tells the receiver that the true transmitted vector belongs
to the pair

{b, b — 2¢*}.
» If the transmitted vector b is compatible with —¢*, that is,
€* € A(—h),

then the genie tells the receiver that the true transmitted vector belongs
to the pair

{b, b+ 2¢€*}.
« If the transmitted vector is such that
€' ¢ A(byU A(—b),
then the genie goes ahead and reveals b to the receiver.

Note that there is no ambiguity in the description of the genie because A(b)
and A(—b) are disjoint.

Let us evaluate the probability that a receiver that processes optimally
the available information (observed waveform plus the side information)
makes an error in the kth component. An error will occur if and only if the
transmitted b and the noise realization are such that either of the following
events occurs:

{€" € A} N {Qb - 2¢%) = (b)),
{e* € A(=b)} N {Qb +2€") = Qb)}.

These events are nonoverlapping and have identical probabilities. Following
the analysis in (4.77)-(4.79), we obtain the bound

Puo) = 2'-W‘@(@) . (4.88)

Since we have the freedom to choose €* from those vectors in F, that achieve
the lowest || S(¢)|, we maximize the lower bound in (4.87) by choosing €~
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with the smallest possible weight. Let

Wi, min = miFn wi(e).

ecF,
IS =dts min

We have shown that the minimum bit-error-rate of the kth user is lower
bounded by

Pile) = 2"""*""“Q(dk%:i—n) . (4.89)

A lower bound that is, in general, tighter is given in Problem 4.23. It is
tempting to tighten (4.89) by replacing the genie with a less generous one.
For example, we could let the genie teveal the true transmitted vector only
when the transmitted vector is not compatible with any of the error vectors
that achieve dj_i: otherwise, the genie gives the true transmitted vector
and one of its nearest neighbors. It would seem that this strategy would lead
to the stronger lower bound where the coefficient in (4.89) is replaced by
the probability that the transmitted vector is compatible with any one of the
error vectors with minimum energy that affect the kth user. Yet, for any pair
of data vectors supplied by the genie, the probability of each vector must
be 1/2, for, otherwise, the probability of error of the binary test would be
strictly less than Q(dy min/0). This condition may fail to hold if the choice
of nearest neighbors is such that some data vectors are more likely to be
chosen by the genie than others (Problem 4.24),

Figure 4.16 shows the upper and lower bounds to the minimum bit-error-
rate in the case of fifteen equal-power users with equicorrelated signature

Bit Error Rate
S
L

s

=
1

0 24 6 38 101214
SNR(dB)
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waveforms oy = 0.09, as well as the error probability achieved by the single-
user matched filter. The upper and lower bounds are very tight (and indistin-
guishable from single-user error probability) except when the bit-error-rate
is very high. For very low signal-to-noise ratios, the error probability of
the conventional single-user matched filter is a better upper bound to the
minimum bit-error-rate than (4.74),

4.4  K-USER OPTIMUM ASYMPTOTIC EFFICIENCY
AND NEAR-FAR RESISTANCE

The bounds in (4.74) and (4.89) are dominated as ¢ —» 0 by aterm
equal to (modulo a factor independent of o)

d min
o(*)
a

Therefore they are asymptotically tight in the sense that their ratic converges
t0 a noNZero constant:

Z 2% min—WE )

€e=1
15t Ml =4k in

This is sufficient to obtain the optimum asymptotic multiuser efficiency.
From (4.87) and (4.89) we get

d.amin
W= (4.90)
k
|
= min —e ARAe, 4.91)

ee{-1.0,1]% A}
=1

which in the two-user case is easily seen to reduce 1o (4.63). According to
(4.72), the computation of optimum asymptotic multiuser efficiency using
(4.91) entails solving for the minimum-energy error vector, a combinatorial
optimization problem for which no polynomial-in-K algorithm is known.
Furthermore, it was shown in Verdii [496] that (4.91) belongs to the class of
hard combinatorial problems discussed in Section 4.1 (which includes opti-
mum multiuser detection, traveling salesman, integer linear programming,
etc.). In contrast to the asymptotic multiuser efficiency of the single-user
matched filter, the optimum multiuser efficiency of the kth user depends not
only on {py;, j # k), buton {p;, I # k, j # k).
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The optimum near—far resistance is obtained by minimizing (4.91) with
respect to the amplitudes:

. 1
fx = min  min wicsTARAe
Az0 ee{-10,1}F Af
i# ep=1
= min w Rw (4.92)
=]
2
T4
= min ||s T (. 4,
min k+zf1]3, (4.93)
1k =1

i
Now, to solve the optimization problem in (4.92), we will assume first
that the crosscorrelation matrix R is nonsingular. Let us denote by R; the
(K — 1) x (K — 1) symmetric matrix that results by striking out the kth
column and the kth row from R; moreover, let a, be the (K — 1)-vector that
results from eliminating the kk component (equal to 1) from the kth column
of R. 1t is easy to check that

weR% zeRY-
wy=1

min w Rw = min (1+ 2z7a, + 2" Ryz). (4.94)

Ifz = zy—R; ' a, for an arbitrary z,, it is immediate to verify that the positive
definiteness of R, implies that z, = 0 minimizes the function in (4.94). Thus,
the minimum in (4.94) is achieved by

z=—-R'a, (4.95)
yielding a value for the near—far resistance equal to
i =1 - al R 'ay (4.96)

_ 1
B (R“l)kk '

We have obtained (4.97) using the following standard formula for the inverse
of a block-partitioned matrix:

(4.97)

Proposition 4.3 If A and B are nonsingular, then

A CT ! [A_CTB—lc]_l ~A-ICTAT!
C B{ | —atca A ' (499
where A, the Schur complement of A, is defined by

A=B-CA'CT,
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and the northwest block in the right side of (4.98) can be expressed, alter-
natively, as’

[A-C'B'C] ' =A"+A'C"A 'CAT (4.99)

An alternative expression for the optimum near—far resistance in terms
of the signature vectors of (2.98) is

m= s [I — S (S'S) " s{} St (4.100)

where s; is the signature vector of the kth user and S, is the L x K matrix
that results from striking out the kth column from S. To verify (4.100), we
can use (4.96), ||s]| =1,

T
a; = Sk S,

and (2.101),
R, = S7S..

Yet another representation for the optimum near—far resistance can be
obtained from the Cholesky factorization of the crosscorrelation matrix
(Proposition 2.3) and the result of Problem 2.51:

m = F}. (4.101)

Let us now examine the optimum near—far resistance of user k when R is
singular. It follows from (4.93) that #; = 0 when 5, belongs to the subspace
spanned by all the other signature waveforms; otherwise, the dimensicnality,
L, of the space spanned by the interferers is less than K — 1, R; is not
invertible, and direct use of the expressions (4.96) and (4.97) is not possible
to compute the near—far resistance of the kth user. However, as far as the
computation of that quantity is concerned, it is equivalent to consider another
channel with L + 1 users: the original kth signature waveform and a subset
of L interfering signature waveforms that span the space spanned by the
K — 1 interfering signature waveforms {s;, j # k} (cf. Problem 4.48).

A general formula for near—far resistance that applies regardless of
whether R is nonsingular involves replacing the inverse of R by the so-
called Moore—Penrose generalized inverse discussed in Chapter 5.

z Equation (4.99) is known as the matrix inversion lemma.
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Let us now analyze the optimum near—far resistance of direct-sequence
spread-spectrum signature waveforms. For a given set of signature wave-
forms one can compute its crosscorrelation matrix and fix via (4.97). How-
ever, we would like to get insight into the level of near—far resistance achiev-
able by direct-sequence spread-spectrum, by analyzing the statistical be-
havior of the nearfar resistance when the direct-sequence spread-spectrum
waveforms are randomly chosen, in the sense that the polarity of each chip
for each user is independently equally likely to be +1 or — 1. The distri-
bution of the near—far resistance of such a random constellation depends
only on the number of users and on the number of chips per bit, N. The
expected near—far resistance for random signature waveforms is a useful
lower bound on what can be achieved by careful design of a constellation
with low crosscorrelation properties. It is also relevant to spread-spectrum
systems where the length of the pseudonoise sequence is much longer than
the symbol interval.

For any given set of K signature waveforms, suppose that the dimen-
sionality of the space spanned by the K — 1 users interfering with user 1 is
equal to L. This means that the rank of R, is equal to I.. As we discussed, as
far as computing #,, we can eliminate from consideration all but a subset of
L interferers whose signature waveforms span the whole space spanned by
the original interferers. For convenience, we will label these L interferers
asusers 2,..., L 4 1. From (4.96) we get

||
M+

+
Z puon (RT'),, . (4.102)
1=2

=
||
s}

To find the expectation of (4.102) with respect to all the signature wave-
forms, we will condition first on the signature waveforins of the L interferers.
In order to take the average of (4.102) with respect to the signature wave-
form of user 1, we just need to compute [ 0,,), where the subscript in
the expectation denotes the signature waveform with respect to which we
are averaging,

Let us denote by dy; € {4-1, —1} the polarity of the ith chip of the kth
user’s signature sequence. Since the crosscorrelation between two N -chip
signature waveforms is equal to the number of coincident polarities minus
the number of discrepancies divided by N, we have (cf. Problem 2.21)

1 N
P = & ;d“dk,, (4.103)
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and

1 M
Eilpwpul = ﬁ Z Z Edydyd, dif]
i=1 j=I

1 N
= — Y dydy
N

ki
_ Pu 4.104
N (4-104)

In particular, note that the crosscorrelation between two randomly chosen

N-chip direct-sequence signature waveforms has zero mean according to

(4.102), and vanance equal to 1/N according to (4.103) with k = [.
Substituting (4.104) into (4.102) we obtain

L+l L+1

Efml=1- ZZ EI[PMPH](RYI)“
=2 1=2

L+1 L+1

1 _
=1- _ Z }G(Rl)’k(Rl I)kl
k=2 1=2
i L+1
== l _ = (R]R—l)
N s [N
L
-1 = 4,105
N ( )

which depends on the signature waveforms of the K — 1 interferers only
through their rank, L. Note for future use that the derivation leading to
(4.103) holds verbatim as long as

N
D di=N
i=l

fork =2, ..., K evenifthe interfering signature waveforms are not bipolar
(du; ¢ {+1. =1}

If K = 2, the rank of the interfering space is L = 1. Thus, the expected
near—farresistance averaged with respectto the spreading code of the desired
user is 1 — 1 /N, regardless of the spreading code of the interferer. When
K > 2, we can proceed with the averaging of L with respect to the signature
waveforms of the interferers.

Let [/, N]denote the expected dimensionality of J synchronous random
=+ signature waveforms with N chips per bit. Naturally,

[7, N1 < min{J, N}. (4.106)
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Taking the expectation of (4.105) with respect to the signature waveforms
of the interferers, we get that the average optimum near—far resistance with
synchronous random direct-sequence spread-spectrum waveforms is

K—1N
E[f?l]=1*[ﬁ,‘“—]
>17min{K71,N}
- N
Y PO S : 4.107
S

Equation {4.107) gives a simple lower bound on optimum performance as
a function of the number of users and the spreading factor of the CDMA
system. This bound is asymptotically tight as the number of users grows:

K—17%
Jim (E[ﬁ]] - [1 - —N—] ) =0, (4.108)

where N is allowed to grow as K grows. To verify (4.108) first note that if
N does net go to infinity, then obviously

lim [K — 1, N] =N,
K00

and both sides of (4.107) vanish as K — oo. If N does go to infinity with
K, notice that we can lower bound the expected rank by

[K — 1, N]= min{K — 1, N}{I = Tingg - 1.1} (4.109)

where I',, is the probability that an #n x # matrix with random independent
=£1 elements is singular. Therefore,

_ [K— 1, N]
Elml=1- R
min{K — 1, N}
<1 T e
< 7 ( (k-1.81)
K—17" min{K — 1, N}
= [1* N ir + N Coning =1,

<[ K -1 ++r
= N minfk —1,N}-

To finish the proof of (4.108) all we need is
Piingie—1,0) — 0

when both ¥ and K grow without bound. This is given by the following
combinatorial result:
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Proposition 4.4 (Komlds [222]) The probability that an n x n matrix with
random independent 1 elements is singular goes to 0 as n — 00.
As a matter of fact, when both N — oo and K — co,

min{K — 1, N} - [K — 1, N]

vanishes exponentially fastin min{ K — 1, N} (Kahn et al. [191]), and there-
fore so does

K—-17"
Eifh}f[lw”—] .

N
If
i K _ 1
K1—[>nooﬁ - '8 < b
then not only
k}im Effl=1-5, (4.110)
but in fact
K]im m=1-4, 4.111)

where convergence is in mean-square sensc. In other words, the variance
of the near—far resistance due to the random choice of signature sequences
vanishes with the number of users. In order to show (4.111), we will first
change the distribution under which R is chosen by conditioning on the
event {R is invertible}. Because the probability of this event goes to 1 and
0 < 7, < 1, such a change of distribution has no effect on the asymptotic
variance of 7;. Consider the normalized variance:

var(ii) El:ﬁ%JrEz[m]—th[ﬁll] @.112)
Efml — mEm] '
1 l
=F| =] - ——, 4,113
Lﬁ] E] ( )

where 7; < 1 leads to (4.112). To conclude the proof of the mean-square

convergence result in (4.111) all we need to show now is that the average
near—far resistance is asymptotically equal to its harmonic mean:

1 1
Iim E|—|= lim ——. (4.114)
K00 |:7'“:| K—00 E[nl]
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This follows by invoking the asymptotic distribution of the eigenvalues of
the crosscorrelation matrix (Proposition 2.1):

E[H = E[R ] (4.115)
1
= lXK:E[(R") ] (4.116)
K L kk .
= %E[trace(R")] 4.117)
! ZK:E[)L R] (4.118)
= — i .
K k=1
1
= E[ ] (4.119)
2 (R)
—>[lfﬁ(x)dx (4.120)
X
1
=15 4.121)

Equation (4.115) comes from (4.97); the symmetry in the assignment of
signature sequences to the users results in (4.116); Equation (4.118) reflects
the fact that the trace of a square matrix is equal to the sum of its eigenvalues
(denoted here by A;); Proposition 2.1 is used to write (4.120); finally the
integral in (4.121) can be verified in Gradshteyn and Ryzhik [125].

4.5 MINIMUM ERROR PROBABILITY IN THE
ASYNCHRONOUS CHANNEL

In Section 4.2 we found implementations of optimum multiuser
detection for the asynchronous CDMA channel. In this section, we find
bounds on the bit-error-rate achieved by those detectors. Here it will be
preferable not to take into account the dynamic-programming-based opti-
mum detection structure obtained in Section 4.2.

Recall from Section 2.9 that to obtain the minimum error probability in
the asynchronous channel, we may analyze the discrete-time model of suffi-
cient statistics in (2.106). Each bit in the frame of the kth user (Section 2.2),

(Bel— M1, ..., &O], ..., B[M]}, (4.122)

will, in general, have a different probability of error. For example, we would
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expect that the probability of error will decrease as we get closer to one of
the boundaries of the frame. But we are interested in the bit-error-rate as
M — oo, which can be expressed as

Puo) = ﬂ}iinmPf(o), (4.123)

where we have denoted the minimum error probability of bit O within
(4.122) by

P () = PIh[0] # hi[0]]. {4.124)

A channel with an M-frame will have the same error probabilities as
a channel with an (M + 1)-frame and perfect side information of b;[+(M
+ 1), j = 1,..., K. Therefore, P,’(” (o) is monotonically increasing with
M and, thus, the limit in (4.123} is guaranteed to exist.

As usual (cf. Chapter 2), we can view the asynchronous channel with
K users and frame-length equal to 2M + 1 as a “synchronous” channel
with (2M + 1)K “users” {one per bit), such that the “user” of interest is the
one that transmits b;[0]. This enables us to find upper and lower bounds
on PY(o} using the results in Section 4.3 on the synchronous minimum
error probability. Now all we need to do is view the error vectors € as being
(2M + 1)K dimensional; F, is now the set of those indecomposable vectors
such that ¢ [0] #£ 0 dkz‘
{or all error vectors for that matter).

min 18 the minimum energy among all vectors in Fy

We are not done yet since we have to take the limitas M — oo in (4.123).
Now error vectors become doubly infinite error sequences.

Let us examine first the lower bound in (4.89). We would end up with a
trivial bound if all error sequences achieving d; min had an infinite number
of nonzero components. Fortunately, it can be shown (Problem 4.45) that
di min 1 always achieved by a finite-length error sequence whose weight is
upper bounded by a function of X

Regarding the upper bound,

. S(e
Pu(o) < ZT‘“E)Q(——” ( )“), (4.125)
> o
€€k
we now have an infinite series, so we have to elucidate whether it converges,
and if it does, whether it gives tight results for high signal-to-noise ratio as
in the synchronous case. The weaker bound (4.80), which includes al! error
sequences (not just indecomposable ones}, is useless in the asynchronous
case because it diverges for all o (Problem 4.46). For a given set of signature

waveforms and offsets, the series in (4.124) will behave according to one
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of the following alternatives:

A. It converges forall o > 0.
B. It converges for 0 < o < ay.
C. Itdiverges forall o > 0.

We refer the reader to Verdi [490] for a proof of the results on the
convergence analysis of the series in (4.125). The main conclusions that
can be drawn from that analysis are:

1. Two-user channels belong to type A,

2. For any set of K signature waveforms, if the offsets are uniformly dis-
tributed and independent, then type C happens with zero probability.

3. Type C may only occur for some signature waveforms with very heavy
crosscorrelations and where subsets of users are synchronized (Prob-
lem 4.39).

Provided that the signature waveforms and offsets are such that they
belong to either type A or B, it is shown in Verdii [490] that (4.87) holds,
and in that case C{' is finite. This fact and the aforementioned behavior of
the lower bound enable us to conclude that as long as the bounding series
is not everywhere divergent (type C) (which as we mentioned occurs with
zero probability), the optimum asymptotic efficiency is given by

dl

k., min
= 4.126

e =

In the two-user case, it can be shown (Problem 4.44) that (4.126) partic-
ularizes to (Figure 4.17)

Ay A\T AN
=1—-—|{2 - = 2 - — . 4.127
m A [( lo1z] Al) +( [721] A]) ( )

Optimum

Single-User Matched Filter

Asymptotic Efficiency User 1

2max{lP,l, oyl AziAy
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amplitude of the
interferer.
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The minimization of (4.127) with respect to A/ A, = 0 yields

lﬂlzl"'lpzdl _ (4.128)

NG

This corresponds to the version of near—far resistance where the received
amplitudes are held constant for all bits (cf. (3.117)).

We will not attempt to generalize (4.128) to the K -user case. Instead, as
we anticipated in Chapter 3, a more meaningful and tractable measure of

7 = 1 — max? llpnzl, lo2l;

near-far resistance can be obtained by letting the amplitudes vary over time
in an arbitrary fashion {cf. {3.118)). We need to follow parallel lines to the
synchronous case analysis that lead us from (4.91) to (4.97). In this case,
however, we are working with what amounts to an infinite crosscorrelation
matrix, and it is desirable to give an expression for near—far resistance
directly in terms of the asynchronous crosscorrelation matrices R[0} and
R[1]. As justified in Chapter 5, the expression for the optimum asynchronous
near—far resistance is

1 [ ‘ . -
T = 1:; f [RT[1]e’” + R[O] + R[l]e"’“’]k_kl da)] . (4.129)
0
In the two-user case, the first step to evaluate (4.129) is to take the inverse
of the Hermitian matrix therein:

[RT[1]e/“ 4+ R{0] + R[1]e~*]™"

1
T 1o} + P34 2p1202 cos @)
1 —puz — pue®
x [ TP e } . (4.130)
—pi — pué’ 1

Substituting (4.130) into (4.129} and using a table of integrals (e.g.,
(Gradshteyn and Ryzhik [125])), we can evaluate

1" 1
——1
iy = — dw
k 21 a1 — [p} + P2 + 2012021 cOs ]
B 1
- 2
\/(l — ol — P3) = 40301
_ 1 4.131)
V= (o2 + o270 = (o1 = p200]
and therefore,
=yl =i+ oIl (=¥l (4132)
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Note that (4.132) is the geometric mean of the synchronous near—far resis-
tances obtained with the even and odd periodic crosscorrelations o> + ps;
and 1z — p21.

We can use the results in Section 4.4 on the near—far resistance of random
direct-sequence spread spectrum to obtain a lower bound on the expected
optimum near—far resistance in the asynchronous chip-synchronous case
(i.e., when the relative offsets are fractions of the chip duration). To that
end, we first lower bound optimum near—far resistance by that achieved
by a demodulator that discards the received signal outside the interval of
the bit of the desired user. In that event, the problem is equivalent to one
with two synchronous interfering pseudo-users per interfering user, that is,
2K — 2 interfering pseudo-users. The signature waveforms of interfering
pseudo-users that overlap with the desired signal on the left [resp. right] are
assumed to have dy; = O for i sufficiently high [resp. low]. As we pointed out,
the above analysis is general encugh to accommodate interfering pseudo-
users whose direct-sequence waveforms take values in {—1, 0, 1}. We can
conclude that in a symbol-asynchronous chip-synchronous CDMA channel
the optimum near—far resistance satisfies

At
2K 2:| . (4.133)

Elm] = [1 -

In the case of a suboptimal receiver whose observables are the chip matched-
filter outputs of the desired user, a similar analysis can be shown to hold
(Problem 4.60),

4.6 PERFORMANCE ANALYSIS IN
RAYLEIGH FADING

The generalization of the optimum detector to coherent demodula-
tion in the presence of frequency-flat or frequency-selective fading is con-
ceptually trivial. Thanks to the assumption that the magnitudes and phases
of {A,,k = 1,..., K} are known at the recciver, the derivation of the op-
timum detectors is entirely similar to the one we saw for the real-valued
channel and it will not be repeated here. Instead, this section is devoted to
the analysis of the minimum error probability when the received amplitudes
are Rayleigh-distributed and known to the receiver. The major conclusion
of this analysis is that the asymptotic multiuser efficiency is equal to 1 as
long as the signature waveforms are linearly independent.
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The relevant model here is the complex-valued channel in (2.41),

K
YO = D Auhisi(t) + onid), (4.134)

k=1

where
Ak = Ak Uk

and U, are independent complex Gaussian random variables with indepen-
dent real and imaginary parts, each with unit second moment.

The method of indecomposable vectors can also be shown 1o apply in
this case (Zvonar and Brady [570]). Here, we will concentrate on showing
that in the synchronous channel the asymptotic multiuser efficiency of the
probability of error averaged with respect io the fading coefficients (A, k =
l,..., K}isequal to 1. For this purpose, it will be sufficient to average the
upper bound in (4.80). This requires the average

E [Q (IIS((:)II)]’ (4.135)

1S¢e)|1> = €” u* Hue

where according to (4.71)

= u*diag{e} Hdiag{e}n (4.136)
with
Ui
Uk
The unnormalized crosscorrelation matrix H (assumed to be nonsingalar)
admits the factorization
H=F'F,
with which we can define the zero-mean Gaussian complex K -vector
1
X = — Fdiag{e}u.
o
The covariance matrix of X is
E[XX"] = o ? F diag|e} E[uu*] diag{e} FT
=20 *Fdiag’le} F', {4.137)
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which has rank w(e). The rationale for introducing X is that the argu-
ment in the @-function of (4.135) is || X||. To apply the averaging formula
(3.64), we need to investigate the eigenvalues of (4.137). Denote by F, the
w(e)} x w{e€) matrix that results from striking out the rows and columns of
F corresponding to indices for which €; = 0. The eigenvalues of F.F” can
be shown to be equal to the eigenvalues of the positive definite w(e€) x w(e)
matrix that results from striking out all the rows and columns from H cor-
responding to indices for which ¢; = 0. Those eigenvalues will be denoted
by A;(€), i =1, ..., w(e€), and their product (equal to the determinant of the
surviving submatrix of H) will be denoted by A(e). Assuming that those
eigenvalues are distinct we can apply the formula in (3.64) to obtain

Pio)y= ) 2 wmzo’ AS2N PR : (4.138)

€ cExr ACEEJ +1

where

T hite)
(Xj(f) i:Il:Lj )\.j(E) - A.i((:')

For the purposes of an asymptotic analysis of P{ (o), 0 — 0, itis convenient

to use the Taylor series expansion

Cn—D2r—=3)---1
1yt 4.139
1 +x2 ;( ) nl2e * ( )

which, when substituted in (4.138), indicates that performance depends on
the crosscorrelation matrix only through the quantities

wie) — — 1
o (e) 0, n=1,...,w(e)—1;
Z M) | e (4.140)

i=t i R n = wle),

an equation justified in Zvonar and Brady [570]. Putting together (4.138),
(4.139), and (4.140) we obtain the following series for the upper bound on
error probability:

. 2—2w(e)-1 (o Y 3.1 ,
Pl = Y =05 Q2uw(e) )Ex (u;()e) R )

cekly

4.141)
For ¢ — 0, the right side of (4.141) is dominated by the two terms with
w(e) = 1, for which A(e) = A;. Consequently,

2
Pf(o) < %f,{ +o(ah). (4.142)
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Comparing (4.142) with the asymptotic result for the single-user channel
(3.131), we conclude that the asymptotic multiuser efficiency is equal to 1.
We recall that the assumptions used to reach this result are that the signature
waveforms of all K users are linearly independent and that the eigenvalues of
the unnormalized crosscorrelation matrix of any subset of users are distinct.

The analysis in the asynchronous case is more involved. For exampie, the
upper bound that includes all sequences in £, is useless; however, a coarser
notion of decomposability that does not depend on the actual amplitudes can
be developed so that the bounding series excludes any sequence including
arun of K — 1 or more consecutive zeros. Furthermore, performance in the
asynchronous case depends on the autocorrelation function of the fading
coefficients. Nevertheless, the property of unit asymptotic multiuser effi-
ciency is shown in Zvonar and Brady [570] to remain true in the asyn-
chronous channel unless the users are assigned identical signature wave-
forms.

4.7 OPTIMUM NONCOHERENT
MULTIUSER DETECTION

This section briefly considers the problem of noncoherent multiuser
demodulation. The channel of interest is (3.170)

K
¥y =Y A ™ si(t; ) + an(), (4.143)

k=1
where by € A and 8, are independent and uniformly distributed and
unknown to the receiver. The single-user receiver in Section 3.8 correlates
with each of the signal hypotheses of the desired user and selects that cor-
responding to the largest magnitude cutput. Such a receiver does not need
to know either the magnitudes |A;| or their distribution. In contrast, the
way the maximum-likelihood K -user receiver processes the | 4| K sufficient
statistics (Problem 4.63) does depend on those distributions, Maximum-
likelihood K -user detection for (4.143) is equivalent to a (single-user) non-
orthogonal m-ary noncoherent hypothesis testing prablem, with m = | A|¥,
The structure of (4.143) can be exploited more fully in the particular
case of Rayleigh fading where the received magnitudes are unknown to
the receiver and |A;le/™ are independent, zero-mean, Gaussian, complex
random variables. In that case, the | A| K observables are zero-mean complex
Gaussian when conditioned on each of the |.A|¥ hypotheses. Thus, the
information is carried in the covariance matrix of the observables under each
of the hypotheses. The optimum decision rule can be found in Problem 3.11.
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4.8

BIBLIOGRAPHICAL NOTES

The derivation and analysis of the optimum multiuser receiver
date back to the early eighties (Verdu (485, 486, 487]). The chief
reason why multiuser detection did not develop until then was
the belief shared by many spread-spectrum practitioners that
the conventional matched-filter detector is essentially optimum
(cf. Verdii [502]). Techniques from both minimax robustness and
non-Gaussian signal detection to improve the performance of the
conventional single-user detector in multiuser channels were
proposed in Poor [334] to deal with the non-Gaussian nature
of multiaccess interference. Several earlier works had already
investigated receivers that used the knowledge of the interfer-
ing signature waveforms to improve the performance of CDMA
systems; Timor [445, 446] showed that it was possible to double
the maximum number of simultaneous users achievable with the
conventional noncoherent demodulator of frequency-hopped
FSK systems; Horwood and Gagliardi [160] and Schneider [392,
393] considered multiuser receivers for synchronous systems.
Those ideas were closely related to earlier work to combat cross-
talk in multichannel communication systems in Shnidman [409],
Kaye and George [206], Etten [80, 81], among others. Those works
dealt with Pulse Amplitude Modulation signals transmitted
through multi-input multi-output dispersive channels, which
can be viewed as a vector generalization of the conventional
scalar intersymbol interference model. The maximum-likelihood
sequence detector for single-user intersymbol interference is due
to Forney [96], with contemporaneous discoveries in Omura
[308] and Kobayashi [212] and an earlier hint in Viterhi [508].
The Viterbi algorithm was originally introduced in the context
of decoding of convolutional codes in Viterbi [507].

The optimum detection algorithm for asynchronous channels
presented in this chapter appeared in Verdu [485, 487, 490]. The
metric in that algorithm can be viewed as a periodically time-
varying generalization of that proposed in Ungerboeck [459] for
single-user channeis, The applicability of the Viterbi algorithm
for the demodulation of asynchronous multiuser channels had
been hinted earlier in Schneider [392] and Kohno et al. [215].
The vector versions of the Viterbi algorithm proposed in Etten
[81] and Verdu [486] do not exploit fully the structure of the
asynchronous channel and (for the same complexity) can accom-
modate only a fraction of the number of users of the algorithm in
Verd [490]. The analysis of the computational complexity and
the proof that the optimum multiuser detection problem is com-
binatorially hard appeared in Verdu ([467] and [496]). Optimum

210
229



4.8 BIBLIOGRAPHICAL NOTES

synchronous multiuser detection was shown to be solvable in
polynomial time for nonpositive crosscorrelations in Sankaran
and Ephremides [380]. Other signature waveform designs that
lead to polynomial-in-K jointly optimum detection are devel-
oped in Learned et al. [230].

The minimum bit-error-rate multiuser receiver based on a
backward—forward dynamic programming algorithm is due to
Verdi [487] and Verdu and Poor [503], which rediscovered the
backward—forward paradigm earlier used in data demodulation
problems in Chang and Hancock [50], Abend and Fritchman [71,
and Bahl et al. [18]. In the case of single-user intersymbol in-
terference, the backward—forward dynamic programming algo-
rithm of Verdui [487] provided significant computational savings
over the algorithm proposed in Hayes et al. [138], which has been
adapted for soft-decision multiuser detection in Hafeez and Stark
f132].

Various tree-search algorithms that provide suboptimal de-
modulation with reduced computational complexity have been
presented in Xie et al. [548] and Wei et al. [526].

The complexity of optimum multiuser detection for hybrid
FDMA/CDMA with random assignment of frequency band is
studied in Liu et al. [249].

Combined maximum-likelihood multiuser demodulation and
decoding of trellis codes has been studied in Giallorenzi and
Wilson {113], Fawer and Aazhang [88], Giallorenzi and Wilson
[114], Giallorenzi and Wilson [115], and Shama and Vojcic [405].
Reference Vojcic et al. [517] consider maximum-likelihood de-
coding of the error-correcting code using as observables the a
posteriori probabilities (4.18) supplied by a backward-forward
multiuser detector.

The upper-bound analysis based on indecompesable sequen-
ces was first given in Verdii [490] in the context of asynchronous
channels. The same method was applied in Verdd [495] to the
single-user intersymbol interference problem to yield a bound
that is tighter than the Forney bound (Forney [96]). A branch-
and-bound algorithm te compute the indecomposable-sequence
bound is given in Verdd [488]. The genie-based lower-bound
analysis elaborates on the original idea in Forney [95]. Neither
that reference nor Verdii [490| give full justification for the con-
stant in their claimed lower bounds. The optimum near—far resis-
tance was obtained in Verd [489] and Lupas and Verdi [254] in
the synchronous case and in Lupas and Verdd [253], and Lupas
and Verdtt [255] in the asynchronous case; Visotsky and Madhow
[506] examine the optimum near—far resistance for nonlinearly
modulated channels (Problem 4.64). The lower bound on the
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expected maximum near—far resistance with random binary direct-
sequence signature waveforms is due to Madhow and Hoing
[262]; the asymptotic analysis is new. Optimum near—far resis-
tance with random binary direct-sequence signature waveforms
and rectangular chips is averaged with respect to offsets and
carrier phases in Acar [11] and Acar and Tantaratana [12]. The
{nonasymptotic) distribution of the near—far resistance with ran-
dom Gaussian direct-sequence signatures is found in Miiller et
al. [292]. The asymptotic analysis of the optimum asymptotic
efficiency achieved by random signature sequences is an open
problem.

The derivation and analysis of the optimum multiuser detec-
torin the presence of frequency-flat Rayleigh fading {Section 4.6}
is due to Zvonar and Brady [570], and a system that incorpo-
rates trellis-coded modulation is analyzed in Caire et al. [41]. A
modified detector that takes into account imperfect estimation of
the fading coefficients is proposed in Vasudevan and Varanasi
[480]. Frequency-flat and frequency-selective Rician fading is
considered in Varanasi and Vasudevan [478] and Vasudevan and
Varanasi [479]. Optimum noncoherent detection in the pres-
ence of Rayleigh fading is studied in Russ and Varanasi [370,
371].

In environments where the positions of the transmitters rela-
tive to the receiver are not fixed or where the received amplitudes
are not known a priori for whatever reasons, it is of interest to
investigate the problem of multiuser amplitude estimation from
the received waveform, as those amplitudes are required by the
optimum detector and other detectors reviewed in future chap-
ters. This problem was treated first in Verdd [487] under the
assumption that the transmitted information sequence is known
(i.e., when a start-up training sequence is sent). This assumption
was dropped in Poor [335] and Steinberg and Poer [336]. Further
work on this problem and the problem of phase estimation was
undertaken in Miller [276] and Strom and Miller [428] includ-
ing the derivation of Crdmer—Rao bounds. The case of unknown
informaticn sequences is treated in Moon et al. [286) and Miller
(276], when the amplitudes are modeled as arbitrarily varving,
and in Xie et al, [549], which gives a tree-search algorithm for
joint data detection and amplitude estimation in the basic CDMA
asynchronous channel. Joint optimum multiuser demodulation
and estimation of muitipath fading coefficients is developed in
Wang and Poor [521] assuming a rational spectrum for the fad-
ing coefficients, The soiution consists of a dynamic program-
ming algorithm where each surviving path is assigned a differ-
ent Kalman filter for the estimation of the fading coefficients, The
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4.9

effect of receiver mismatch on optimum performance is treated
in Gray et al. [126].

Joint amplitude and delay estimation is studied in Iltis and
Mailaender {171] and Lim and Ramussen [241]. Although con-
ventional code acquisition and synchronization systems for
CDMA have neglected the presence of multiaccess interference,
a number of works have exploited the structure of the multiac-
cess interference to increase robusiness, near—far resistance, and
acquisition/synchronization speed (Iltis and Mailaender [172];
Madhow [258]; Bensley and Aazhang [271]; Strom et al. [431};
Strom et al. [430]; Zheng et al. [561]; and Srinivasan et al. [419]).
Methods to determine which users are active at any given time
are explored in Halford and Brandt-Pearce [136].

Optimum multiuser detection with array observations is pur-
sued in Miller [276], Miller and Schwartz [277], Kohno et al.
[219], and Lee and Pickholtz [233].

Reference Verdu [492] derives and analyzes an optimal detec-
tor for the optical multiple-access point-process channel, The
noncoherence and nonlinearity of this channel model do not
prevent the existence of dynamic-programming based demodu-
lators that exploit the sequential structure of the likelihood func-
tion; however, they do render the method of indecomposable
sequences less powertful,

PROBLEMS

PROBLEM 4.1. Let b be the vector in the set 1—1, +11¥ that max-
imizes

Q(b) = 2b7" Ay — b"Hb.
Show that

E‘k = Sgn(yk — Z iﬂjAj,Ojk) . (4]44)

i#k
PROBLEM 4.2. Let b be the vector in the set {—1, +1}% that max-
imizes
Q(b) = 2b" Ay — b Hb.
(a) Show that b minimizes
lr — SAb],

where r are L-dimensional observations in an orthonormal
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space (2.97) and § is the matrix of signature vectors {2.98)
in that space.

(b) Show that b maximizes
K K
ZAkbksz r— Z Ajbjsj).
k=1 J=k+1

PROBLEM 4.3. Let by € {—1, +1} and b, € {—1, +1} be the bits
that maximize the function

Alylbl + A2y2b2 e AlAngb]bg.

Show that El and !32 satisfy

(8) If min{A;|y|, As|y:|} = A, A,|p|, then

oo

1= sgnlyp),
by = sgn(yy).
Otherwise,

by = sgn(A,y) — sgn(p)Asyy),

o
o]
]

sgn(Aay: — sgn(p)A v}
(b)

o 1 1
by = sgn(A,y| + E'AZ,\’Z —AAyp| - §|A2y2 + A1A2p’)

S

1 |
2 = sgn(Am + EfAl,Vl —AjAspl — §|A1Y1 + A1A29|) .

PROBLEM 4.4, Show that the scheme in Figure 4.18 outputs

1
—
log(P[bl — iy )

for the two-user synchronous channel.

FIGURE 4.18.
+ + Computation of
1 the @ posteriori
- probability
+ [
f L@ opion Plby = +11y]
from the a priori

probability

4
=Pb=+].
B\ |/ m [by ]
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PROBLEM 4.5. Consider a K-user synchronous CDMA system
demodulated by a bank of single-user matched-filter receivers.

(a) Show that at least one of the K bits selected by the maximum-
likelihood {jointly optimum) muliiuser detector is in agree-
ment with the corresponding output of the bank of single-user
matched filters.

(b) Consider the special case pi; = p > 0foralli # j. Letuser!
be such that

Ayl = Ajlygl.

for j s I. Show that sgn(y;) is the jointly optimal decision for
the /th user.

(c) Show that if the crosscorrelations are identical but negative the
result of {b) remains true for K = 2 but it is false for K > 2 (cf.
Kempf [207]).

PROBLEM 4.4. Consider a receiver for user 1 that uses yj, the
output of the filter matched to the signature waveform of user 1 as
its only observable. Derive the decision rule on y, that minimizes
the probability of errer of user 1 for a synchronous K -user COMA
system, in the following cases:

{(a) The open-eye condition (3.92) is satisfied.
(b) K =3 A =A;=A3,pp=—-08,p3=03, A /0 — 0.

PROBLEM 4.7, Consider a two-user receiver for synchronous
CDMA that outputs (131, B,) that maximizes

(v, A1b1s) + Azbasa).

Depict the decision regions for p = 0.2 in the cases A; = A» and
A =6A,. Compare with Figures 4.1 and 4.2.

PROBLEM 4.8. Find an algerithm to find the argument that max-
imizes (4.11) with time complexity per bit equal to 0CF/K).

PROBLEM 4.9. Consider a synchronous three-user channel with
Al=Ar=A,,

_ s t+8

5

83

and orthogonal s, and s;.
(a) Depict the decision regions for jointly optimal detectior.

(b) Depict the decision regions if &3 = b bo.
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PROBLEM 4.10. Show that the maximization of
Q(b) = 2b” Ay — b"Hb
over b € {1, 1}¥ is equivalent to the minimization of
x'Gx+z'x
over x € {0, 11, with

G =H - diag ¢,

z=¢ —H[l---1]" — Ay,

and ¢ an arbitrary K -vector, [Note: This transformation has been
used in Shi et al. [408] and Wu and Wang [544] to obtain suboptimal
multiuser detectors. |

PROBLEM 4.11. Consider the K -user, D-channel synchronous di-
versity model in (2.75):

K
yilt) = 3 Aubisi(t) + omi(0),

k=1

(4.145)

X
yp(f) = ZADkkaDk(f) + anp{t),
k=1

where the noise processes are independent.
(a) Show that the set of observables
fya.d=1,...,K;k=1,...K}

is a sufficient statistic for b, . .., by, with
T
Yar = / yult)sy, (¢) dr. (4.146)
0
(b) The observable

T
Yaul :f yi(t)sy, () dt
0

depends on by, ..., by unless sy is orthogonal to (s1;,J =
1, ..., K}. Explain why yy; need not be included in the suffi-
cient statistics found in {a).

PROBLEM 4.12, Give a backward dynamic programming algo-
rithm to maximize (4.34),
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PROBLEM 4.13. Consider the general setup of (nonlinear) non-
antipodal modulation in which user & transmits

si(tiu)
in order to send symbol u € {u, ..., u,,} (cf. Section 2.5.2).

(a) Show that the collection of observables

Vi =f vy (¢ u)y(t) dt 4.147)
with (cf. (4.21))
Vipik (1) = 5, (0 —iT — s )

are sufficient statistics.
(b) (Verdd [490]) Generalize the metric (4.34) for a dynamic pro-

gramming solution to maximum-likelihood, asynchronous, nonan-

tipodal multiuser detection. The new metric should depend
on the received amplitudes A, the matched filter outputs in
(4.147), and the crosscorrelations (k < 1)

,
pk:(uk,uz)=f st )8t — o+ Tou)de, (4.148a)

T
1
oucluy, wy) = f siltsudsit + T — o + ) dt.
0

(4.148b)

{c) Find the time complexity per bit of the algorithm in (b) assum-
ing ny = m.

(d) Does the time complexity per bit found in (¢} decrease if the
modulation is linear?

PROBLEM 4.14. (Verdd [4871) Suppose that the K users can be
divided in § groups such that within each group users are synchro-
nized but users in different groups are not mutually synchronized.
Find a maximum-likelihood multiuser detector with time complex-
ity per bit equal to O(52%/K).

PROBLEM 4.15. (Verdi [486])

{a) Show that the asynchronous likelihood function {4.31) can be
decomposed as

M
Qb) = > Ailx;, blil), (4.149)

i=—M
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FIGURE 4.19.

Trellis for a 4-user
channel using the
decomposition in

Problem 4.15.

where xy, = 0,
X = bli] = [b1[i], ..., b[i]],
and
%i(x, b) = 2y [{]JAb — b” AR|0]ADb — 2b" AR[1]Ax.
(4.150)

(b) Note that the trellis corresponding to the decomposition in
(4.150) has the property that each state is connected to all
previous states (Figure 4.19). Show that the time complexity
per bit of the dynamic programming algorithm derived from
the decomposition in (4.150) is 04 /K).

PROBLEM 4.16. (Ducl-Hallen [74]) Derive a dynamic program-
ming algorithm for maximum-likelihood detection in a K -user
asynchronous channel using the whitened observables in (2.117).

PROBLEM 4.17. Consider a four-user synchronous channel with
equal received powers:
y(@) = Abisi(t) + Abysy(1) -+ Abyss (1) + Abysa(t) + onfr).

Assume that the signature waveforms sy, 5,, 53, 54 are the follow-
ing direci-sequence spread-spectrum waveforms of length N = 3:
+++L[+—+].[+—=1.[-—+] with duration-; chip waveform
P1y3- In this problem we explore two alternative implementations
of maximum-likelihood (jointly optimal) detection.
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(a) Count the number of arithmetic operations (sums and com-
parisons of real numbers) that it takes to select the maximum-

likelihood (B, , by, b3, bs) by exhaustive computation of the six-

teen possible values of Q(h).
(b) Define the chip matched filter outputs

G
"= s f stV .
Al

I 1
= — t— = |y(nde,
o) AL P1/3( 3)}()

= L f] t 2 (t)dt
3= — - = .
3 A 2/3171/3 3 y

Let & = sgn(r;) and
4
$1 = 2max|r;| — 3

Gr =il + |mal + 3] — L.

Consider the following decision rule:
If £, > max{¢», 0} then

(;\7]7 ;521 733) l’,\74)

(4.151)

(4.152)

(4.153)

(4.154)

(4.155)

&1, &1, &1 8D, if || > max{|rs|, |r3l},
=1 (&, =&, =&, —&), il |rz] = max{{r], |r3]},
(&3, &, =&, &), if 3] > max{|ry], |r2]}.

If £, > max{¢;, 0} then

b & &b by by by
+ o+ + [+ + - =
+ + -+ - + -
+ - + |+ + + o+
+ - —-|- + + -
- + F |+ - - +
— + — . — — i
- - 4+ |-+ - +
- - —-|- - + +

If ¢; < Qand & < 0, then
(b1, ba, By, by) = (+1, =1, +1, +1),

Show that this decision rule is maximum likelibood.

(c) Count the number of operations of the decision rule in {(b).
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PROBLEM 4.18. {Sendonaris and Aazhang [400]) Assume that the
amplitudes Ay, ..., Ag ina synchronous CDMA channel are un-
known to the receiver, and they are independent, with probabil-
ity density functions denoted by pa. k=1.... K.Show that the
Jjointly optimum decisions satisfy for some x € R¥-

b= sgn(x),
Rx-y-—o?vix) =0,

where

’ ’ T
X1) . xg) .
vix) = [M@,,..., Pt K)b,(] .
Pa(x1) Pag(xg)
PROBLEM 4.19. Consider a general additive multiuser channel

K
YO =Y st ) + on(e),
k=1

where both A; and si(t; b) are allowed to be random, unknown to
the receiver. Assuming that b, are independent from user to user
and equally likely to take any of its permissible values, show that
the minimum error probability for the first user is lower bounded
by the minimum error probability of the single-user problem:

YO = Aisi(8: b)) + on(r).
PROBLEM 4.20. (Beneficial Multiuser Interference) Consider the
following multiuser channel:
YO = Bisi(1) + Azbrsy (1)) + on(r),

where b € {0, 1}, b, ¢ {0, 1}, (¢} is additive white Gaussian noise,
and 5, (1) = s5(1). Denote the minimum probability of error for user
I ' by Pi{A, o). Show that for any o,
Piids, o) 1
o Pi(0,6) 2

PROBLEM 4.21. Find upper and lower bounds on the minimum
bit-error-raie for user 1 in the four-user equal amplitude channel of
Problem 4.17.

PROBLEM 4.22. Assume o — Oand § = 3.

{a) Findasetofsi £nature waveforms and received amplitudes such
that in a synchronous CDMA channel, the minimum bit-error-
rate satisfies

Pu0) =0, k= 1,2,3,
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(b) With the same set of signature waveforms you chose in (a),
find a set of received amplitudes such that

P:(0)=0, k=1,23.

(¢) Find a set of signature waveforms and received amplitudes
such that in an asynchronous CDMA channel with 7, = 0,

I = T/\/iand T3 = T/\/g
PY ) >0, k=123

(d) Show that for any set of received nonzero amplitudes and sig-
nature waveforms, there exists a set of offsets such that

PY(O)=0, k=123

PROBLEM 4.23. (Mazo [269]) Let E;" be the set of error vectors
suchthat b, =1, and let E;” be the set of error vectors such that b, =
—1. Choose an arbitrary one-to-one correspondence ¢ : E —
E, .

(a) Prove that

Py =2 3" 0

hekf

(HS(h -d)(b))ll)

4.1
20 (*4.156)

[Hint: Pi(c) is the error probability of a binary equiprobable
test (Problem 3.1) between the distributions

27K 3" Py | b]

be £}

and

273" Ply | p(b)]]

+
bhe gy

(b) Conclude that
1—K dk,min
Puo) z 2" Q (—) , (4.157)
a

where oy is the maximum number of pairs (b, d) such that
every b e E; belongs to at most one such pair, every d € E;
belongs to at most one such pair, and

Sb—d) = 2d.k.m'm-

(c) Derive lower bound (4.89) as a consequence of (4,157).

221

240



CHAPTER 4. OPTIMUM MULTIUSER DETECTICN

PROBLEM 4.24. Consider a three-user synchronous CDMA sys-

tem with A| = A; = A3 = | and crosscorrelation matrix
1 -0.6 -0.6
R=| —-06 1 0.2
—0.6 02 1

(a) Show thatd} . =0.8.

(b) Show that Pi(0) > 1 Q (42).

(¢) Show that the probability that the transmitted vector lies at
minimum distance d| ,;;, from a vector that differs in the first
component (and possibly others) is 3/4.

(d) Consider the following “improved” genie, List all pairs (b, d)
withbe E{',d€ E, and S(b, d) = 24, ;s (cf. Problem 4.23).
If the true transmitted vector does not appear in that list (i.e.,
its closest neighbor with a different first component is not at
minimum distance}, then the genie reveals the true transmitted
vector to the receiver. If the true transmitted vector appears m
times in that list, the genie reveals one of those m pairs chosen
equiprobably. Now consider the situation when the receiver is
informed by the genie of the pair {[+1, +1, +17, [—~1, —1, “+11}.
Show that, given that side information, the probability that
[+1,+1, +1] was transmitted is equal to 1/3 (before the re-
ceived waveform is observed). Conclude that the reasoning we
gave to derive the lower bound (4.89) breaks down for this
genie.

PROBLEM 4.25. Throughout this text expressions and bounds on
error probabilities are sought in terms of the Q-function, equiva-
lent to the one-dimensional Gaussian cumulative distribution func-
tion (cdf), which can be readily computed. However, numerical
algorithms exist to compute higher-order Gaussian cdfs as well
(Drezner [71]). Define

Dlay, a2, ¥) = P{X, = o, X2 = s, (4.158)

where X, and X are jointly normal random variables with zero
mean, unit variance, and correlation coefficient —1 < y <1,

Consider a two-user synchronous channel with equal received
signal-to-noise ratios and crosscorrelation g and the jointly opti-
mum receiver.

(a) Give an exact expression for the error prebability for user 1 in
terms of the ®-function.
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(b) Use the result in (a) to show the upper bound in (4.61).
(¢) Express the probability that the jointly optimum receiver
decodes both bits correctly in terms of the ®-function (Varanasi
and Aazhang [476]).
(d) Show that if y > 0, then
Do, o, y) > Q). {4.159)

PROBLEM 4.26. Consider a two-user synchronous CDMA chan-
nel with crosscorrelation p.

(a) Find the worst asymptotic effective energy of the optimum
detector w(A, A,) (cf. (3.115)),
(b) Verify that, if |p| < 0.5, then the equal-power penalty satisfies

I
(4, 4)=0dB.

{c) Use (b) to explain the shape of the optimal power-tradeoff
region in Figure 4.14 when |p| < 0.5.

PROBLEM 4.27. A two-user system employs the same signature
waveforms and both users are received with equal power:

Y(1y=Ab s(t)+ Abys(t) + on(t).

(a) Show that the minimum probability of error is equal to
1 1 2A
P = — - _—

o) =7 +50 ( > )

and is achieved by

by=b,= sgn(/ y(t)s(t)dr) .
0

(b) Show that the bit-error-rate of the jointly optimum (maximum-
likelihood) detector is equal to

1 1 A 1 3A
Pi(o) = 1 +ZQ(;) + ZQ(?)

PROBLEM 4.28. Consider a two-user synchronous CDMA chan-
nel where the open-eye condition is satisfied with equality, that
is,

Ay = Azlpl.

(a) Show the following exact expression for the bit-error-rate of
user 1 achieved by the jointly optimum (maximum-likelihood)
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detector:
A 1 A
Pic) =0 (—‘) +-0 (s(p)—‘)
g 2
o (%Yo ()
fed
1 3A A
+50 (—) Q (é(p)—') (4.160)
o o
with
/] —_n2
g =Y

(b) Show that the bit-error-rate of the single-user matched-filter
detector is given by

. 1 1 24,
P =—-+4+ = — ).
(o) it3 Q ( - )
(¢) Conclude that the conventional single-user matched filter has

lower bit-error-rate than the jointly optimum (maximum-likeli-
hood) detector in the special case where

o] = 0.9,
A
=L = _34B,
a
Ay
Ay = —.
Iol

PROBLEM 4,29, Censider two synchronous users with amplitudes
Ay and A; and signature waveforms with crosscorrelation p. Let

Piafe) = min P[(by, b2) # (b, b)),
where the minimum is over all decision rules.

(a) Find an exact expression for P, ;(o) in the special case where
p=0

(b) Find

2= min{A?, A3}

(¢) Under what condition on (A, A, p)isn 2 = 1?

1i1’r{1)02 log1/P (o).

PROBLEM 4.30. (Nonlinear Modulation) Assume that user k trans-
mits

Aksl?(t)v t [0, T} tosend ‘0,
Apsl(0), 1 €0, T] tosend ‘1.
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(a) Generalize the two-user lower bound (4.63) on the minimum
bit-error-rate.

(b) Generalize the two-user upper bound (4.59) on the minimum
bit-error-rate.

PROBLEM 4.31. Explain why , = } when two synchronous users
are assigned the same signature waveform and 2A; = A, (Figure
4.13).

PROBLEM 4.32. Find a crosscorrelation matrix R such that
la;|I* < min{a]R,a;, a{ R] 'a; },

where a; =[p12, - . ., ;1&] and R is the matrix that results from R
by striking out row and column 1 (cf. Acar and Tantaratana [12]).

PROBLEM 4.33. Consider a three-user synchronous CDMA chan-
nel, where user 2 belongs to the same cell as user 1 and user 3 be-
longs to a neighboring cell. Since user 3 cannot be arbitrarily near
the base station of user 1, it is of interest to obtain a more general
version of the near—far resistance of user 1 incorporating a bound
on the relative power of the out-of-cell interferer:

7 = ' i . 4.161
ma3) OSATL‘?SW o Srg;pm 7 ( )

(a) Show that

1 = pi, — ol — Pl + 2p120130%

n =

- P%}
(b) Show that
ﬁl ) if oz = %&L‘,
files) = { 1 — pf, — 2lpnpiz — pialas
+(1 = p3)a3, otherwise.

PROBLEM 4.34. Assuming all users have the same amplitude, find
the set of indecomposable error vectors for user 1 for a three-
user synchronous channel where the signature waveforms assigned
to users 1, 2, and 3 are N =3 direct-sequence spread-spectrum
waveforms equal to [+ — +1. [+ + +], and [— — +], respectively.

PROBLEM 4.35. For the signature waveforms in Problem 4.34 and
A, = 1, find the lowest energy achieved by any indecomposable
error vector, over all possible values of A, and As.

PROBLEM 4.36. Consider a minimum bit-error-rate receiver for a
two-user synchronous channel with crosscorrelation o. The
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received powers AZ and A2 have to be set to meet the specifications:

" (a) Suppose that A} = A. For what values of A, will the design
specifications be met?
(b} Suppose that A| = A,. For what values of A; will the design
specifications be met?
(c) Compare the minimum values of A% + A% achieved in cases
(a) and (b).

[Hint: See Figure 4.14.]

PROBLEM 4.37. Consider a three-user synchronous CDMA chan-
nel with crosscorrelation matrix (|8] «< 1/2)

1 85 -6
R= 6 1 8
-5 & 1

(2) Find the near-far resistance of all three users as a function
of 8.

(b} Explain why the near-far resistance is identical for all three
users.

PROBLEM 4.38. Consider a K -user asynchronous Gaussian chan-
nel.

(a) Show that if the signature waveforms and offsets are such that
the bounding series (4.74) converges for at least small enough
o (Type A or B), then CF defined in (4.86) is finite.

(b) Give an example of an asynchronous multiuser channel where
C{ =+oc.

PROBLEM 4.39. Consider a six-user channel where all users are
received with the same power and all signature waveforms are
equal to a rectangular pulse on [0, T]. All users except user 1 are
synchronized (ie., vy =7, + 7/2, k=2,...,6).

{a) (Verda [490]) Show that the bounding series (4.74) on Pi(&)
diverges for all o > 0.
(b) Find a nontrivial upper bound to the error probability of user 1.
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PROBLEM 4.40. Consider a K -user asynchronous channel. Show
that if the noise realization is such that

K

vl = > Aj (ol + 1oy ).
=1
,!J#k

then the jointly optimum detector outputs
by = sgn(ye).
PROBLEM 4.41. Consider a three-user synchronous channel with
crosscorrelation matrix
1 06 06

R=|06 1 06
06 06 1

Let A| = Ay = 1. Find 5, as a function of Aj;.

PROBLEM 4.42. Consider a three-user synchronous channel with
crosscorrelation matrix

I 05 05
R=1]05 1 pyp
0.5 P23 1

Let A = A, = As = 1. Find », as a function of —0.5 < py; < 1.

PROBLEM 4.43. The branch-and-bound algorithm is a well-
known combinatorial optimization method (e.g., Papadimitrou and
Steiglitz [314]) that can be used to obtain the minimum of a func-
tion:

K
dley.....ex) =Y diler.....e)
i=1

where the functions 4; are assumed to be nonnegative and the vari-
ables e; belong to a finite alphabet. The principle is simple: we
can construct a K-level tree where nodes at the { level are labeled
by (e|, ..., ¢ ) and the edge connecting (e, ..., ¢;_1)to (e, ...,
e,_y, ¢;) has weight d;(e,, .... ¢;) (where the root is denoted as
ey). The sum of the weights (rom the root to the leaf (e, ..., ex}
is equal to the cost function d(e, ..., ¢x). If we know an upper
bound to the minimum cost,?

min de(,...,exg) <38,
€1y, €k

? Such an upper bound may be improved with the minimum cost found by the algorithm
so far.
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then it is not necessary to conduct an exhaustive search of the tree
to find the leaf with minimum cost. As soon as an intermediate
node is found to have weight greater than § all its descendants can
be removed from further consideration.

(a) Give a branch-and-bound algorithm to compute df i i0 the
case of K synchronous users. Hint: (Schlegel and Wei [389])
Using the Choelesky factorization of the crosscorrelation matrix

in Proposition 2.2, we can write

€ He = ||[FA¢|?

i=t

(b) What is the worst-case complexity of the algorithm as a func-
tion of K'?

(c) Is it possible to find a branch-and-bound algorithm for jointly
optimum multiuser detection of K synchronous users?

PROBLEM 4.44. Derive the expression in (4.127) for the two-user
asynchronous asymptotic efficiency. [Hins: (1) Find the minimum
distance achieved by sequences whose only nonzero components
(in addition to €;[0]) can be, but need not be, ex[—11 and &[0];
(2) show that the minimum distance cannot be achieved by se-
quences that contain a string of zeros amidst nonzeros; (3) repre-
sent the energy of an error sequence with the aid of a two-state
trellis (Figure 4.8) and show that to achieve minimum distance an
error sequence must have ¢,[1] = ¢;[—1] = 0.]

PROBLEM 4.45. Show that for any set of K signature waveforms
and offsets, the asynchronous minimum distance d; ni, is always
achieved by an error sequence with w(e) < 2K 35—,

PROBLEM 4.46. Show in the special case of two asynchronous
users that the upper beund in (4.80) diverges for all ¢.

PROBLEM 4.47. Show that in any K -user synchronous or asyn-
chronous channel the conventional single-user matched filter is
asymptotically optimal (as ¢ —» o0) in the sense that

lim - {Pf(a) — Py(c)) = 0. (4.162)

a
a0 Ay

[Hint: Use (3.54).])
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PROBLEM 4.48. Consider a K -user synchronous channel with
signature waveforms

{S],..., SK}

and an (L + 1)-user synchronous channel with signature wave-
forms

{s1,800, ..., ur).

Show that if {u;, ..., u.} and {s,, ..., sk} span the same space,
then the near—far resistance of user 1 is the same in both channels.
[Hint: Use (4.93)].

PROBLEM 4.49.

(a) Verify Proposition 4.3.

(b) Suppose that A is a K x K invertible matrix and that x and y
are column K -vectors such that A + xy” is invertible. Verify
the Sherman—Morrison formula:

A7'x)y"A™)
14+y"A-x.

PROBLEM 4.50. Show that (4.104) need notholdifusers 2, . .., K

employ direct-sequence spread-spectrum waveforms whose sprea-

[A+xy T =A""

ding factor is different from that of the direct-sequence signature
waveform assigned to user 1.

PROBLEM 4.51. Consider a random-sequence direct-sequence
spread-spectrum system with spreading factor equal to N (cf. Prob-
lem 2.21). Show the following results where the expectations are
with respect to an equiprobable choice of signatures and the indices
k, 1, m, n are assumed to be different:

@ Elogl = 3 — 5

b) Elo}0i) = 7z

(©) ElgumPimBinin] = #
(d) Elpypjioul = 3=

PROBLEM 4.52. A four-user synchronous CDMA channel em-
ploys direct-sequence spread-spectrum waveforms with spreading
factor N = 3.

(a) Find the expected dimensionality [3, 3] obtained when all the
chips are independent equally likely to be 41 or —1.
(b) What is the expected optimal near—far resistance?
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FIGURE 4,20.
Markov chain
modeling dota
stream in Problem
p 4.53.

{c) Show achoice for the four signature waveforms that maximizes
the near—far resistance of user 1. What is that maximum near—
far resistance?

PROBLEM 4.53. Describe the jointly optimum detector for two
synchronous users assigned CDMA waveforms with crosscorrela-
tion s whose data streams are birary Markov chains with transition
rates given in Figure 4.20.

PROBLEM 4.54. Consider a single hinary data source that is trans-
mitted via a two-user synchronous CDMA channel with crosscorre-
lation p. The “second user” can be considered a helper that operates
in two different modes:

(a} balil = by [i].
(b) boli]l = by[i1by]i — 1].

The asymptotic efficiency (in this case greater than unity) quanti-
fies the improvement in signal-to-noise ratio (for low background
noise) due to the helper. Find the optimum asymptotic efficiency
as a function of A,/A4, and p under both modes of operation.

PROBLEM 4.55. Show that (4.104) need not hold when the users
are chip asynchronous.

PROBLEM 4.56. Consider a K-user synchronous channel where
the signature waveforms are such that p;; = p for all j and & (cf.
Problem 3.41).

(a) Find the optimum near—far resistance as a function of p and X .

(b) Particularize the sclution to (a) to a direct-sequence spread
spectrum system where the users are assigned distinct circu-
larly shifted versions of the same maximal-length shift-register
sequence of period N (cf. (2.16)).

(c) Take the limit of the resultin (b) as K = N — oo, Compare
with the asymptotic average result in (4.108).
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PROBLEM 4.57. Consider a K -user synchronous channel where
the signature waveforms are such that p;; = p > 0 forall j and &
and

A == Ag.

(2) Show that there are no indecomposable error vectors of weight
greater than or equal to 3.

(b) Particularize the bounds (4.74) and (4.88) to this case.

{c) Find the asymptotic efficiency of the optimum receiver as a
function of p and K.

(d) Can you find a nontrivial upper bound on the minimum bit-
error-rate as K — oa?

PROBLEM 4.58. Consider a K -user synchronous crosscorrelation
matrix such that

Pk >O, k=2,..., K,
ij=0, j:2,..., K, k:2,,.., K.
Assume that all users have identical received signal-to-noise ratios.

(a) Find F,, the set of indecomposable vectors for user 1.

(b) Find F;, the set of indecomposable vectors for user 2.

(¢) Find d? ;, and d3 ...

(d) Find the optimum near—far resistance for user 1. Under what
conditionson pj;, & =2, ..., K isthecrosscorrelation matrix
positive definite?

() Describe the jointly optimal decision rule for users 2, ..., K.

(f) Find the best upper and lower bounds you can find for the
minimum error probability of user 1 when K = 3, pj; = 0.6,
and p;; = 0.4.

PROBLEM 4.59. As a benchmark to estimate computation times
of optimum detectors in this problem, use the figure of 5 x 10¢
floating-point operations per second (which is achieved by a typical
personal computer in 1997),

{(a) Estimate the number of 8 kilobit-per-second CDMA-multiple-
xed streams that can be demodulated optimally if the streams
are {1) synchronous, (2) asynchronous.

(b) Consider a two-user asynchronous CDMA channel used to
transmit the ASCII binary version {7 bits per character includ-
ing punctuation and spaces) of the following messages (cf.
Epstein et al. [78]) (started slightly off-phase):
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User 1: The problems of two users do not amount to a hill of beans
in this crazy world.

User 2: | remember every detail. The interferers wore gray; the
desired user wore blue.

Estimate the time it will take to demodulate those messages opti-
mally with

+ the fastest known algorithm for optimum multinser detection
(Section 4.2),

* a brute-force optimum receiver (which does not use a Viterbi
algorithm).

PROBLEM 4.60. Consideratwo-user asynchronous CDMA chan-
nel where the signature waveforms are direct-sequence spread-
spectrum waveforms with N > 1 chips per symbol. Suppose that
the observables employed by the receiver for user 1 are the N chip
maiched-filter outputs corresponding to the user of interest, that is,
the observables used to demodulate b, [0] are

IT
fy(t)p-n (t—-ﬁ)dt, I=0,..., N— 1

Suppose further that those observables are processed in the optimal
way to minimize the bit-error-rate for user 1.

(a} Show by means of an example that the resulting bit-error-rate
is strictly higher than the minimum achievable with a receiver
that processes the incoming waveform y{¢) optimally. [Hint:
Consider the noiseless case.]

{b) Assume that the signature waveform of user 1 is selected ran-
domly and equiprobably among all 2% choices. Show that the
expected near—far resistance for user 1 achieved by the receiver
considered in this problem is equal to

2

1- =
N

for all offsets 7 € (0, T).

PROBLEM 4.61. Show that if direct-sequence spread-spectrum sig-
natures with NV chips per symbol are assigned randomly, then the
expected log near—far resistance of any multiuser detector satisfies

Ellog ] = —c0
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for all N and K > 2. (Note: This is notwithstanding the fact that
log 7, converges in probability to

lim 1 1 K
dmtos(1- %7 ).

PROBLEM 4.62. Particularize the bound in (4.138) to the two-user
case.

because of (4.111).)

PROBLEM 4.63. Inanoncoherent detection problem, the receiver
obtains

K
yir) = Y 1A e s (3 b)) + ond) (4.163)
k=1
and has no knowledge of the received phases so it assumes they are
independent and uniformly distributed. Show that
b, k=1.....K, b € A}

is a sufficient statistic with

T
yk(bk)=f y()s; (3 be) dt,
0
regardless of the distribution of the received magnitudes [A|.

PROBLEM 4.64. (Visotsky and Madhow [506]) Consider a two-
user nonlinearly modulated channel

y() = Avsi(t, by) + Azs (1, br) + onlt)

with binary modulation b, € {4+, —} and such that the receiver
knows A; and A;.

(a) Show that the near-far resistance of user 1 is equal fo zero if
and only if

sit, ) — 51, =) = asa(f, +) —aso{t, —)

for some «.
(b) Generalize the necessary and sufficient condition found in (a)
to the K -user case.
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CHAPTER FIVE

DECORRELATING
DETECTOR

The large gaps in performance and complexity between
the conventional single-user matched filter and the op-
timum multiuser detector encourage the search for other
multiuser detectors that exhibit good performance/
complexity tradeoffs. Chapters 5 and 6 examine various
linear multiuser detectors. The decorrelating detector
not only is a simple and natural strategy but it is opti-
mal according to three different criteria: least-squares,
near—far resistance, and maximume-likelihood when the
received amplitudes are unknown.

5.1 THE DECORRELATING DETECTOR IN THE
SYNCHRONOUS CHANNEL

The output vector of the bank of K matched filter outputs can be
written as (Section 2.9)

v = RAb + n, (5.1)

where n is a Gaussian random vector with zero mean and covariance matrix
o”R. In order to motivate the derivation of the decorrelating detector it is
useful to recall from Section 3.4 that the conventional receiver may make
errors even in the absence of noise (o = 0), that is, it may happen that

by = sgn((RAb),) # b;.

In contrast, the optimum receiver demodulates the data error-free in the
absence of noise (cf. (4.46)). Of course, this is a desirable feature for any
multiuser detector, even though the situation of absence of background noise
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FIGURE 5.1,
Decorrelating
detector for the
synchronous
channel.

5.1 SYNCHRONOQUS DETECTOR

is completely hypothetical. A simple receiver suffices to recover the trans-
mitted bits error-free in the absence of noise, without requiring knowledge
of the received amplitudes. Let us assume that the crosscorrelation matrix
R is invertible. If we premultiply the vector of matched filter outputs by
R-!, then

R 'y =R 'RAb = Ab, (5.2)

ifo = 0. So we can simply take the sign of each of the components in (5.2)
to recover the transmitted data:

by = sgn((R™'y)) (5.3)
= sgn((Ab};) (54
= by (5.5)

We conclude that if the signature waveforms are linearly independent the
detector in (5.3) achieves perfect demodulation for every active user.

E.et us bring in the noise now. Processing the matched filter bank outputs
(5.1) with R~! results in

R 'y=Ab+ R 'n. (5.6)

Notice that the kth component of (5.6) is still free from interference caused
by any of the other users, that is, it is independent of all {b;}, j # k. The
only source of interference is the background noise. This is why the detector
that performs (5.3) is called the decorrelating detector (Figure 5.1).

Matched Filter AN . — i
User 1 + b L
Syne | e
Matched Filter :\. : g —o f;z[j]
User 2 . s '_ 3
Syne 2 ; v o
. .
vy Matched Filter N = 5.1/]
User 3 . '
Sync 3

Maiched Filter s\ fA’.\' vl

User §

Sync K
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From the viewpoint of implementation, two desirable features of this
multiuser detector are:

| does not require knowledge of the received amplitudes.
+ Itcanreadily be decentralized, in the sense that the demodulation of each
user can be implemented completely independently.

To see the second property, use R,j;. as a shorthand for (R™");; and note that
the kth output of the linear transformation R~ equals

K
(R'yu =D Riy;

i=1

K
=Y Ri(y.s))
j=1

K
={y Z RﬁSJ‘)
j=1
= (¥, %), 5.7

where we have introduced the notation
K
Sr) = Y Rs 0. (5.8)
=1

The signal in (5.8) has unit inner product with its corresponding signature
waveform:

T K
(Fe, 50 = f ZRﬁs_,-(z)sk(t) dr = [R'Rlg = 1, (5.9)
] j=I1

and, consequently, ||5;|| = 1 because of the Cauchy—Schwarz inequality.

We will refer to any linear combination of {s,. . ... s} that is orthogonal
to all of them but s; as a decorrelating linear transformation for s, against
{s;} ;2. Obviously, this transformation does not exist if 5, is a linear com-
bination of {s;}, .. If 51, ..., s} are linearly independent, then 5 in (5.8)
is the unique (up to a nonzero constant) decorrelating transformation for s,
against {s,} ;.

Because of (5.7) we can view the decorrelating detector for the kth user
as a modified matched filter (Figure 5.2). This alternative implementation
is equivalent because the decision statistics fed to the zero-thresholds are
identical. The computational complexity of the receiver in Figure 5.2 is
identical to the complexity of the bank of single-user matched-filters, except
that if the crosscorrelations are not known a priori (e.g., due to channel
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FIGURE 5.2.
Modified matched
filter bank for
decorrelation.

g} SYNCHRONOUS DETECTOR
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distortion) not only do they have to be generated from the replicas of the
received signature waveforms, but the coefficients Rk*j, j=1,..., Khave
to be computed.

The decision statistic of the decorrelating detector (R~ y), {or the output
of the filter matched to (5.8)) contains no trace of the signals modulated by

the interfering vsers. Indeed, for any vector (ay, ..., ax) € R¥,
T T [S
f [Za;s;(!)] 5(0)dt = f Za,-s,-([)jl [ZR;@(;)} dt
0 | ik 0 ik =
= Zai [R™'R]y
ik
=0. (5.10)

Another way to state this key property is to cast it in the geometry of the
linear vector space spanned by the K signature waveforms: the decorrelating
detector correlates with the projection (scaled version of 3;) of s;(¢) on the
subspace orthogonal to the subspace spanned by the interfering signature
waveforms {s;, j # k).

In the two-user case,

—1
1 -
Rfl:[l "] - [ p]. (5.10)
o1 L—p?|l—p 1

Since positive multiplication factors are irrelevant when taking signs, we

see that in a two-user channel the decorrelator for user 1 resembles the con-
ventional single-user matched filter except that it replaces s; by 5, — pso,
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[
»r) — A
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0 By
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or equivalently it processes the single-user matched filter outputs as
(Figure 5.3)

by = sgn(y — py2).

The decision regions of the two-user decorrelating detector are depicted
inFigure 5.4forthe case A; = Ay. Note that the location of the four multiuser
signals, A bs) + Aabys,, varies with the amplitudes whereas the decision
regions are invartant to A; and A,. Figure 5.4 should be compared to the
decision regions of (a) the single-user matched filter detector (Figure 3.12),
(b) jointly eptimum detector (Figare 4.1), and (c) minimum bit-error-rate
detector (Figure 4.5). We see that in both Figures 3.12 and 5.4 the decision
regions are delimited by straight lines going through the origin. For K > 2,
they generalize to hyperplanes containing the origin. This is true of any
linear multiuser detector, that is, any detector that takes the sign of the
correlation of the received signal and a given waveform.

®++
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FIGURE 5.3.
Decorrelating
receiver for two
synchronous
users.

FIGURE 5.4.
Decision regions
of the two-user
decorrelating
detector;
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The decorrelating linear transformation is related to the whitened matched
filter model in (2.87). Recall from Proposition 2.2 that

R=F'F,
where F is a lower triangular matrix. The signal
K
fi0) = (F7T)isi0) (5.12)
j=I

is a decorrelating transformation for s against {s;, ..., 5k}, because

K
(51, %) = Z(F_T)ljpjk
i=1

= (F "R
=(FF P

=Fp, (5.13)

which is nonzero only for & = 1. From (2.86) and (5.12), it follows that the
first whitened matched filter is actually the decorrelating linear transforma-
tion for user 1. This property does not hold for the other users; however, the
kth whitened matched filter (cf. (2.86) and (5.12)),

X
Sy =3 (F Nyys;(n), (5.14)
j=1
is a decorrelating linear transformation for s, against {s;,,, ..., sx}. To see

this, analogously to (5.13} we have
{3k, 550 = Fyy,

which is positive for j =k and zero for j > k. Furthermore, F~7 is an upper
triangular matrix whose kth row depends only on {5z, ..., sk} (Problem
2.54).

Up to now we have introduced the decorrelating detector in a rather ad
hoc way: simply by noticing that it results in error-free demodulation in
the absence of noise. Yet, the decorrelating detector can be obtained as the
solution to various optimization problems. In this chapter we will see three
criteria according to which the decorrelating detector is optimum and then,
in Chapter 6, we will see that it is the limit of another linear detector that
maximizes output signal-to-noise ratio.
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In contrast to what we assumed in the derivation of the optimum detector,
suppose now that the detector knows neither the received amplitudes nor any
prior distributions for them. It is then natural to consider joint maximum-
likelihood estimation of amplitudes and transmitted bits. Because the noise
is white and Gaussian, the most likely bits and amplitudes are those that
best explain the received waveform in a mean-square sense, that is, the
arguments that achieve

T K 2
min _ min f I:y(t)—ZAkbksk(t):l dt. (5.15)
0 k=1

he[—1. )% A0
k=l,K

It should be emphasized that the one-shot maximum-likelihood problem
in (5.15} arises in the hypothetical situation in which there is neither a
priori information on the received amplitudes nor any assumption on their
time dependence. If the amplitudes are known to be constant {or otherwise
correlaied) over time, then a one-shot approach is suboptimal even in the
synchronous case (Problem 5.10).

If we let ¢, = Apb, and, as usual, we denote the outputs of the filters
matched to the signature waveforms by y,, we see that the minimization in
(5.15) is equivalent to the maximization

max 2¢’y — ¢’ Re,
ceRK
which is achieved by
C* — Rily,
because
2c"y —¢"Re=y"R7'y — (¢ — ¢*) Réc — ¢*).

Now, the arguments that minimize (5.15) (i.e., the most likely bits and
amplitudes) are simply

by = sgnic}) = sgn((R™'y),)
and
AAk = |C;fi-

Therefore, the decorrelating detector is seen to give the best joint estimate
of the transmitted bits and amplitudes in the absence of any prior knowledge
about the received amplitudes.
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So far in this chapter, we have assumed that the crosscorrelation matrix
is nonsingular. This assumption can be replaced by the milder condition
that the kth user signature waveform is not spanned by the other signature
waveforms; the decorrelating detector for user k& can be found as above
replacing {s;}, j # k by a linearly independent basis spanning the same
space as {s;}. j # k (Problem 5.32). More generally, we can turn our
attention to the L-dimensional discrete-time model in (2.97):

r =SAb+ om, (5.16)

where 8 is the L x K matrix of signature vectors (2.98) and the covariance
matrix of mis the L x L identity matrix. A reasonable way to make decisions
is to let

by = sgn(x,(r)),

where X(r) is an estimate of Ab defined as the K -vector that achieves the
solution to the least-squares problem:

min ||Sx —r||. (5.17)
XeRX

A complete solution to this problem is given by the following well-known
linear algebra result (e.g., Lancaster and Tismenetsky [227]):

Proposition 5.1 The solution to (5.17) is
x(ry =S8'r,

where the K x L matrix 81 is the Moore—Penrose generalized inverse' of
S.

Whenever the underlying L-dimensional basis spans the continuous-time
signature waveforms, the crosscorrelation matrix is equal to (2.101)

R=58"§S (5.18)
and the vector of matched filter outputs can be written as (2.103)

y=5"r (5.19)

VA generalized inverse C of a matrix B is any matrix that satisfies: CBC=C and
BCB = B. The Moore—Penrose generalized inverse is the unique inverse for which CB
and BC are symmetric. It follows that if B is a (square) nonsingular matrix, then its
Moore—Penrose generalized inverse is B~
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Moreover, the solution given in Proposition 5.1 is equivalent to

Str=(87S)*8"r (5.20)
= (8"S)'y
=R'y, (5.21)

where (5.20) follows from Problem 5.37. Thus, by solving a least-squares
problem we have generalized the decorrelator to the case where the cross-
correlation matrix is singular.

How do we obtain the Moore—Penrose generalized inverse? We can al-
ways write 8 as the product of two full-rank matrices:

S = EG7,

where E is an L x » matrix, G is a K x r matrix, and r is the rank of S.
Then the Moore—Penrose generalized inverse of § becomes

ST=GG"G)y (ETE) 'E". (5.22)
If the matrix 8 has full rank, then (5.22) simplifies considerably:

S8y, ifL < K;
St =181 ifL=K; {5.23)
(87S)"IST, ifL > K.

A decorrelating transformation for s; against {s,, . .., 8¢} exists if and
only if 8, is not spanned by [s,, ..., sg}. Denote
U=[s] - Isgl (5.24)
Then
d, £ [1- Ut (5.25)
is a decorrelator for s, against {s,, ..., sk} provided s, is not spanned by
{82, ..., 8¢ }. To verify this property we show first that
di's; =s[1-UU s, (5.26)
=s|[1-UU s (5.27)
£ 0, (5.28)

where we used the fact that the product of a matrix with its Moore—Penrose
inverse is symmetric, and (5.28) will follow by contradiction. Define the
vector (cf. (5.27))

v=UU"s,.
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Using the various properties in the definition of Moore—Penrose generalized
inverse, we have

vl? = sTUUTH UU's;
=s UUTUU*s,
=s UU's,

=8

pe
1 v

=1, (5.29)

where (5.29) holds if (5.28) is not true. As ||s;|| = 1, we musi have v = s,.
It follows that we have found a linear combination of the columns of U,
namely v, that is equal to s,, This contradicts our initial assumption.

Now it remains to verify that d, is orthogonal to {83, ..., 8k} To that
end, denote e; as the (K -1)-vector whose components are zero except for
the (k — 1)th component, which is equal to one. Then using (5.24) we get

dls, =] [I— UU"Js;
=5 [1 - UUTUe
=sT[Ue; — Ueg]
=0. (5.30)

The expression for the decorrelator in (5.25) suggests a generalization of
the decorrelator to situations where a group of more than one but less than
K users needs to be demodulated: the unwanted users can be completely
suppressed by a lincar transformation [1 — UU™*1, where U is the matrix
of their signature vectors. The resulting outputs can then be processed by
a bank of matched filters for the desired users followed by any multiuser
detection strategy (not necessarily decorrelation). See Problems 5.36, 5.45,
and 5.46.

Another optimality criterion satisfied by the decorrelating detector will
be studied in Section 5.5.

5.2 THE DECORRELATING DETECTOR IN THE
ASYNCHRONOUS CHANNEL

The vector discrete-time model of the matched filter outputs for
the asynchronous channel (2.106) is shown in Figure 2.16. Analogously to
the synchronous case, we can look for a linear transformation that recovers
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Matched Fil ~
atched Filter \: A
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User3 . }
- Syne 3
Matched Filter > A
>, = il
User K ‘
Sync K

a scaled version of the input bits if o = 0. An obvious choice is the inverse
of the discrete-time channel transfer function (2.112)

S'z) = [RT[11z + R[O] + R[1]z ',

This leads to the detector shown in Figure 5.5.
In the two-user case we have

1 -t
S~'(z) = [ L2+ Pz ]
P2t pnz 1

1
2 7 o
1 = piy — P35y ~ 12022 — P12P1T

] - _ '—I
% [ £12 — Pnz ] (5.31)
—piz — P2z 1

Equation (5.31) reflects the general structure of the matrix transfer func-
tion 87'(z) as the product of a scalar transfer function [det S(z)]™" times
the matrix transfer function adj S$(z). The entries of adj 8(z) do not con-
tain autoregressive terms (denominators); they are polynomials in positive
and negative powers of z. We may view the operation of multiplying the
matched-filter output vectors by the matrix adj S(z) as the removal of the
interference from other users. However, this introduces intersymbol inter-
ference among the previously noninterfering symbols of the same user. For
example, in the two-user case premultiplying the maiched filter outputs by

1 _ _ =1
s = | e
—f12 — Mz |
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5.2 ASYNCHRONOUS DETECTOR

yields at the ith instant for both k = 1 and k = 2:

Ac[(1 = Py = p3)Beli1 = propubili + 1 — prapabili — 1].

Notice that the matched filter outputs of those bits that overlap with b, [i],
(namely, b;[i — 1]and b, [i]) are contaminated by bits b, [i — 1] and b, [i +1].
Thus, the purpose of the scalar transfer function [det S(z)]™' is to act as a
zero-forcing equalizer, that is, a scalar linear filter whose transfer function
is the inverse of the equivalent single-user transfer function:

—ppnz+ {1 — ol — p3)) — puenz .

A stable reaiization of [det S(z)] ' exists as long as det S(z) has no zeros
on the unit circle:

det [R"[1]e° + R[0] + R[1]le /*] £ 0 forallw € [0,27]. (5.32)
In the two-user case (5.32) becomes

o2l + lon| < 1

(see Problem 5.17).

For example, consider two users who are assigned the same rectangular
waveform. If their relative offset is T, then (normalizing 7 = 1 without loss
of generality} p;; = 1 — t and py, = 7. In this case,

det[R[1]e’“ + R[0] + R[1]e™*] = 2(1 — 7)|1 + cosw],

which is equal to O for any offset if w=zm. So in this case (5.32) is not
satisfied.

Although (5.32) is satisfied in most cases of interest, 1t should be noted
that it is more stringent than the existence of a decorrelating detector for
every finite frame-length M (cf. (2.6)). That case can be viewed as a syn-
chronous problem as usual, where the nonsingularity of the equivalent cross-
correlation matrix guarantees that the corresponding decorrelator exists. Tt
can be checked that in the previous two-user example with identical signals,
the crosscorrelation matrix is indeed nonsingular for all finite M.

Even if 8§7'(z) admits a stable realization, it cannot be implemented
causally, however, as [det S(z)]™! does not admit a causal stable inverse in
any asynchronous problem. For example, in the two-user case, the inverse
7 transform of

[‘pizpﬂz + (1 - 9122 - Pzzl) - Plzpzizfl]ul
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is equal to
]
hin] = § (5.33)
with
Y Y S
S — 1 plZ p21 ] (5.34)
2p12021
and
n=/[l—(on+ el — (o2 — pu)l. (5.35)

where (5.35) was encountered in (4.132). The impulse response in (5.33)
is doubly infinite. Intuitively, this makes sense as all transmitted bits have
to be taken into account in order to cancel the interference affecting any
particolar bit. To implement a real-time approximation of such an impulse
response, it is customary to delay it and truncate it at a point where the tail
of the impulse response has a negligible contribution.

The asynchronous decorrelating detector can also be implemented as a
bank of independent correlators for each user, as in Figure 5.2. Note that
the modified matched filters have infinite impulse responses in this case.

5.3 TRUNCATED-WINDOW
DECORRELATING DETECTOR

The approach to the asynchronous decorrelator in Section 5.2 is
not the only (amplitude-independent) linear sirategy that results in error-
free demodulation in the absence of background noise. There are other
decorrelator-type detectors that achjeve the same goal. Let us consider
first the one-shot decorrelating detector. Here we take a one-shot approach
where in order to demodulate every bit we discard all information outside
its interval. For example, let us take this approach to demodulate user 1 in
a two-user case; the situation is depicted in Figure 5.6.

Effectively, we have a three-user “synchronous” channel where the in-
terferers have unit-energy signature waveforms:

Lt +T — 1), if0 <t < 5
skiy = | 7 s (5.36)
]fl'z <t =<T,
® 0, if0 =<t =<1,
sfiy=1" . (5.37)
ﬁSz(l‘ — 'Ez), if <t < T,
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FIGURE 5.6.
One-shot
approach to
demodulation in
asynchronous

two-user channel.

5.3 TRUNCATED-WINDOW DETECTOR
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where i3, is the partial energy of the interfering signal over the left over-
lapping interval. To convert this problem into the standard form, we must
first obtain a discrete-time model where the observables are the outputs of
correlators with s;(¢), 52"(1‘), and szk () over [0, T]. Note that in contrast to all
demodulators considered so far, the bank of filters matched to the si gnature
waveforms cannot be used in this case, Nonetheless, the correlation with
sk(t) and 52’"(1*) can be easily implemented using the replica of s,(¢) and
the bit-epoch timing of user 2. The crosscorrelation matrix of the ensuing
“three-user synchronous” channel is (assuming “user 2” modulates $% and
“user 3” modulates sz’")

! P/ pa/VT — 5
N I 0 . (5.38)
P2/ 1 — 1 0 1

The first row of R™! is a constant times the vector

[ —pa/VD: = pr/yv1 =5,

Therefore, the two-user one-shot decorrelator subtracts from the matched-
filter output of the desired user the wei ghted outputs of the partial correlators.

It is conceptually straightforward to extend this strategy to any number
of users. We emphasize that this approach also succeeds in demodulating
the bit of the desired user error-free in the absence of background noise. Tts
disadvantages with respect to the asynchronous decorrelator in Section 5.2
include;

*  Partial matched filtering of the interfering bits is required.

* The one-shot crosscorrelation matrix may be singular even if (5.32) is
satisfied.

* The performance of the one-shot decorrelating detector is worse than the
asynchronous decorrelator, in terms of both bit-error-rate and near—far
resistance.
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The strategy adopted in obtaining the one-shot decorrelating detector can
be generalized (in order to improve performance) se as to extend the abser-
vation interval beyond [0, T| while keeping a sliding observation window
that spans several symbol lengths. Complexity increases with the number of
fictitious interferers included in the window, and performance also improves
up to a point where it is indistinguishable from that of the ideal asynchronous
decorrelator that observes the whole (ransmitted sequence.

5.4  APPROXIMATE DECORRELATOR

The multiuser detector examined in this section belongs to the class
of nondecorrelating linear detectors studied in Chapter 6. It is included here
because of its close conceptual relationship with the decorrelating detector.

H the normalized crosscorrelations among all the signature waveforms
are very small, R is strongly diagonal, and the decorrelating signals in
(5.8) can be approximated by neglecting coefficients involving products of
normalized crosscorrelations:

5o ™ 50) = Y pugs (). (5.39)
i#k
This means that instead of processing the matched filter outputs with the
matrix R™, they are processed with 21 — R.
The approximation in {5.39) is justified on the basis that

[T+ 8M]! =1 —8M + o(6).

Analogously, in the asynchronous case, the decorrelating detector for the
kth user can be approximated by a filter matched to

SUD = D pasit — 1) = Y pysit — 1, 4 T, (5.40)
Tk 7k

The same approach can be used to obtain an approximate one-shot decor-
relator (Section 5.3), whereby the overlapping matched filter outputs are
replaced by partial matched filter outputs.

Whenever the crosscorrelations are not known in advance and the detec-
tor coefficients have to be computed on-line, the approximation in (5.39) has
the advantage that it does not need any processing of the crosscorrelations
supplied by the crosscorrelators of the replicas of the signature waveforms.
This detector is particularly advantageous in those asynchronous CDMA
channels where the peried of the signature waveform is much lon ger than
the symbol period (cf. Section 2.3.4). In those cases, the crosscorrelations
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keep changing and it is cumbersome to perform the algebraic manipula-
tions required to obiain the decorrelating transformation on-line. Although
the approximate decorrelator has zero near—far resistance, its bit-error-rate
performance has been shown to be quite superior to that of the conventional
matched filter {cf. Problem 5.28).

5.5 PERFORMANCE ANALYSIS:
SYNCHRONOQUS CASE

We now return to the decorrelating detector for synchronous lin-
early independent signature waveforms. The decorrelating linear transfor-
mation is the projection of the signal of the desired user on the orthogonal
space to the space spanned by the interfering signals, and, thus, its bit-
error-rate is invariant to the amplitudes of the interfering signals. In fact,
the bit-error-rate analysis of the decorrelating detector is the simplest among
all multiuser detectors. The reason is that, thanks to property (5.10), the out-
put of the filter matched to 5, only has two components: one due to the signal
of user £, which is equal to A, b, {cf. (5.9)), and the other due to the back-
ground noise, which is Gaussian with zero mean and variance equal to the
kk component of the covariance matrix

ER"'MER 'm) = EF[R'mn"R™!]
— R 'RR™!
=o’R7". (5.41)

Consequently, the kth user bit-error-rate is simply

A
Plio) = k 5.42
k(a) Q(o’\/R—;;) ( )

_ Q(%,/l _ akTR,jlak), (5.43)

which, as we would expect, is independent of the interfering amplitudes.
The expression in the right side of (5.43) is obtained from (4.97). Recall
that a, is the kth column of R without the diagonal element, and R; is
the (K — 1) x (K — 1) matrix that results by striking out the kth row and
column from R. To obtain (5.42) we have assumed that the crosscorrelation

matrix is nonsingular. The case of singular R is treated at the end of this
section. Obviously, if the &th user is orthogonal to the other users, then
the decorrelator coincides with the single-user matched filter and R}, =
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1. Another expression for the argument of the O-function in (5.43) was
obtained in (4.100) in terms of the signature vectors:

1

pa
Rkk

=s{[1-S(S{8,)" S/ ]s. (5.44)

An alternative expression to (5.42) can be given in terms of the unnor-
malized crosscorrelation matrix (2.80):

H = ARA.
Since
H'!'=A"TR'A™

the diagonal elements of the inverse of the unnormalized crosscorrelation
matrix do not depend on the energy of the interferers:

2prt _ pt
Akak - Rkk’

and (5.42) becomes

1
Pi(a) = (*) 5.45
o) =0 o JH (5.45)

Yet another expression can be given for P{(c) in terms of the Cholesky
factor R = FTF. Since F3 R} = 1 (Problem 2.51), the bit-error-rate of
user 1 is

a

Q(Akak)
o

is the bit-error-rate of the decorrelating linear transformation for s; against

Pi(o) = Q(A'F”). (5.46)

In general,

{Sk41, ..., 5g} in the absence of users 1, ...,k — 1.
In the two-user case, we have (cf. (5.11)) R}, = (1 — p»)"!, and
. Ayl - p?
Pi(o) = Q ) (5.47

Consequently, the performance penalty is identical for both users and the
effective energy defined in Section 3.5 is independent of the noise level:

eglo) = (1 pHA],
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FIGURE 5.7,
Bit-error-rate
comparison of
decorrelator and
single-user
matched filter with
two users and
p=075.
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which translates into multiuser efficiency equal to
mo=mp=1=p

It is interesting to contrast (5.47) with the error probability of the single-user
matched filter detector (3.18):

1 Ay — A 1 A+ A
Pio) = o B2 ) 4 So( LER0) (54
2 a 2 o
The behaviors of (5.47) and (5.48) as a function of the interferer’s am-
plitude A are sharply different (Figure 5.7). Whereas (5.47) is independent
of Aj, (5.48) takes values in the range

A . 1
Q(;i) =Pilo) = 5

with the lower and upper bounds being arbitrarily tight for A; — b and
As — 0o, respectively. Therefore, if the interfering amplitude is small
enough, the single-user matched filter detector is preferable to the decorre-
lator. The reason for this phenomenon is that even though the componenis in
the respective decision statistics due to the desired user are identical in both
cases, the component due to the noise has variance o for the single-user
matched filter detector versus variance o°/(1 — p?) for the decorrelating
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Optimum

Decorrelator

Single-User Matched Filter

Asymptotic Efficiency User 1

y

1Pl 21pl /1P AxlAy

detector, Thus, the price paid for the cemplete elimination of multiaccess
interference is noise enhancement,

Figure 5.8 (plotted with o = 0.6) compares the asymptotic multiuser
efficiencies of the optimum, single-user matched filter and decorrelating
detectors as a function of the relative amplitude of the interferer. Note that
the decorrelator efficiency is

1. independent of A»/Ay;
2. lower than the single-user matched filter detector asymptotic multiuser
efficiency when the interferer is weak:

Az 1 — /1 —p? o] 3
s = 0GP
A Pl 2

3. equal to the worst-case optimum efficiency at the point A» = |p{A, and
it is strictly suboptimal at all other ratios A,/A,.

Since the decorrelating detector bit-error-rate is independent of the am-
plitude of the interferers, the power-tradeoff region (permissible region of
signal-to-noise ratios so that the bit-error-rate of all users does not exceed
P) is always a quadrant as shown in Figures 5.9 and 5.10;

A (QTUPY R, (5.49)
o2 — kk- N

It is interesting to compare the power-tradeoff region (5.49} with that of
the single-user matched filter (Figure 5.9) and the optimum detector
(Figure 5.10). Note that in the cases depicted in Figure 5.10 the two-user
optimum detector offers marginal gains with respect to the decorrelating
detector when both amplitudes are equal.

Returning to the K -user case, since (5.42) is the bit-error-rate of a single-
user channel with signal-to-noise ratic equal to

2
Ag
2R™

o R;,
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FIGURE 5.9.
Signal-to-noise
ratios necessary
to achieve
bit-error-rate not
higher than

3% 107" for both
users. Shown for
1ol =0,0.3,0.5,
and compared
with the
single-user
matched filter
detector regions

(dashed).

FIGURE 5.10.
Signakto-noise
ratios necessary
to achieve
biterror-rate not
higher than

3 x 1077 for both
users. Shown for
ol = 0.8, 0.9,
and compared
with the optimal
regions [dashed).
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which does not deperd on either the noise level or the interfering amplitudes,

and thus, itis equal to the asymptotic multiuser efficiency and to the near—far
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resistance, that is,

1
=d __
M = R
Kk

We have just obtained the remarkable property that the decorrelating de-
tector achieves the maximum near—far resistance (cf. (4.97)). Accordingly,
knowledge of the received amplitudes is not required to combat the near—far
problem optimally, and the same degree of robustness against imbalances in
the received amplitudes as the exponentially complex optimum detector can
be achieved with a computational complexity per demodulated bit similar
to that of the single-user matched filter detector.

Why does the decorrelating detector achieve maximum near—far resis-
tance? In order to visualize this property, define the set of signals

oF ={sk + Za,-s,-;a; S R],

ik
that is, & is the hyperplane of all multiuser signals over all energies and
data, except that A, = 1 and b, = 1 (Figure 5.11). Reflecting on (4.93)
we see that the optimum near—far resistance #, is equal to the square of
the distance from the origin to Z;. How do we relate this distance to the
decorrelating detector? Because of the orthogonality property in (5.10), the
decorrelating waveform §; is (a scaled version of) the unit-norm signal d,,
which is orthogonal to 2, (Figure 5.11). The output of the (unit-energy)
decorrelating filter d; due to the desired user is equal to

+ Aldi, s) = £ A/

where we have used the fact that both s, and d; have unit norm. Thus, their
inner product is simply the distance from &, to the origin. The output due to

7 dlc

S
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5.5 PERFORMANCE ANALYSIS:SYNCHRONOQUS CASE

the noise is zero-mean Gaussian with variance o>, Therefore, the multiuser
efficiency and near—far resistance of the decorrelating detector are equal to
Tk

The worst asymptotic effective energy (3.115) of the decorrelator readily
follows from (5.50):

@A, ..., Ax)= min —&, (5.51)

As we discussed in Section 4.4, it is interesting to analyze performance
for direct-sequence systems with random signatures. It was shownin(4.111)
thatif 8 < 1, then the optimum near—far resistance converges in mean-square
sense to 1 — f, where

. K
B — lim —.

K—00 N

Since the optimum near—far resistance is equal to the asymptotic efficiency
of the decarrelator, the same result holds for the decorrelator asymptotic effi-
ciency regardless of the received powers assuming, as usual, that K denotes
the number of users with nonzero power. Furthermore, as a consequence of
(4.111) it can be shown (Problem 5.27) that if 8 < 1, then the bit-error-rate
of the decorrelator converges in mean-square sense:
. A Ay

Jim Q(?\/U_k) = Q(;\/l —ﬂ)- (5.52)

As we have seen, the decorrelator tunes out the multiaccess interference
at the expense of a smaller projection with the signal of interest, or in other
words, at the expense of an enhancement of the noise variance at the output of
the filter. In Chapter 6 we discuss how to design linear transformations with
improved performance by incorporating knowledge of received energies.

Any linear detector independent of the received energies other than the
decorrelator has zero near-far resistance. This is because if the output of
the linear transformation is contaminated by the signal of an interfering
user, and the linear transformation is not allowed to depend on the received
powers, then for sufficiently large amplitude of that interferer, the error
probability goesto 1/2as o — 0.

Regarding the behavior of the decorrelating detector when the back-
ground Gaussian noise is dominant, we can assert that unless the kth user is
orthogonal to all the interferers, the single-user matched filter has lower bit-
error-rate than the decorrelating detector for sufficiently low signal-to-noise
ratio. Indeed it can be shown (Problem 5.108) that

TS c | = Vi
Jim = (Pi(a) — Pi(o)) = ﬁi (5.53)
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Furthermore, there are crosscorrelation matrices for which the single-user
matched filter gives better bit-error-rate than the decorrelating detector for
all signal-to-noise ratios (Problem 5.30). Tn problems of practical interest,
the crosscorrelations and desired bit-error-rates are such that the region
where the decorrelating detector is bested by the single-user matched filter
is rarely encountered.

To conclude this section, we analyze the bit-error-rate when the cross-
correlation matrix is singular. If s, does not belong to the space spanned by
the other signature waveforms, then the bit-error-rate in (5.42) is still valid
provided that R is understood to be the crosscorrelation matrix of 5, and a
linearly independent set of interfering signature waveforms. If s; belongs
to the space spanned by the other signature waveforms then the generalized
decorrelating detector found in Proposition 5.1 is ne longer able to tune out
all the interfering waveforms and its bit-error-rate can be written as a sum
of Q-functions in a way akin to the expression in (3.90).

5.6 PERFORMANCE ANALYSIS:
ASYNCHRONOUS CASE

The decision statistic of the kth user asynchronous decorrelating
detector consists of two components: Ayb, and a zero-mean Gaussian ran-
dom variable. In order (o analyze the bit-error-rate of the receiver, all we
need to do is evaluate the variance of the noise component. Recall that the
noise vector sequence {nji]} at the output of the matched filter bank has
an autocorrelation matrix sequence whose z-transform is (cf. (2,107) and
(2.112))

> Emlin"[i + 1z’ = 6°S(2).

[=—oc

The output of the linear transformation with transfer function S~'(z} due
to the sequence {n[i]} will be denoted by {fi[i]}. Its autocorrelation matrix
sequence is denoted by

D[ = ElR[ia" [ + 1],

whose transform is easily shown to be

Z DIl =38~ @S@IS 'z T (5.54)

(B

=a[$7'(z ", (5.55)
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from where we can recover the matrix D[0] as

ol [~ .
DO]= — | [S U4/ dew

2nt_;
A .
- ;7 (R7[1]e’ + RIO] + R[11e 1) do.

But we are only interested in the kth diagonal element of D{O:

var(i [ 1) = Di[0]

2 b d
= g_ [R7[1]e + R[0] + R[1]e™ ]} dew
LA Y
R 2
& ;—d (5.56)
k

It follows from (5.56) that the bit-error-rate of the asynchronous decor-
relating detector is equal to

Agyf 7

a

Pio)=Q (5.57)

Therefore, the decorrelating (asymptotic) multiuser efficiency and near-far
resistance are equal to

n -1
= (i f [R”[1]e/” + R[]+ R[1}e 7“}; dm) . (338)

Since the argument we used to justify the optimality of the near—far re-
sistance of the decorrelating detector carries over verbatim to the asyn-
chronous case, we can conclude that the expression in (5.58) is the op-
timum asynchronous near—far resistance. As a point of reference, recall
that in the two-user case the optimum near-far resistance is equal to
(4.132)

e =11 — (o1 + 02011 = (P13 — P11 (5.59)

Figure 5.12 (Lupas and Verdd 1255]) shows the bit-error-rates of the
decorrelating and single-user matched filter detectors in a K =6 asyn-
chronous channel where the signature waveforms are maxirnal-length shift-
register sequences of length 31. The interferers are assumed (o have the same
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received amplitudes. The curves corresponding to the single-user matched
filter detector are parametrized by the value of A,/A,. We see that with
this set of signature waveforms the single-user matched filter detector is
unable to achieve an acceptable bit-error-rate level whereas the decorrelat-
ing detector performance is about 1 dB below the optimum attainable in the
absence of multiuser interference.

The performance analysis of the one-shot asynchronous decorrelating
detector can be carried out using the results obtained in Section 5.5 together
with the equivalent “synchronous” crosscorrelation matrix. In the two-user
case, we obtain from (5.38):

1 P _ p_%l

i == =1- , 5.60
TRy -0, (5.60)

which is always smaller than the optimum near—far resistance (4.132) re-
gardless of the value of p3, < #, < 1— p,.

5.7 COHERENT DECORRELATOR IN THE
PRESENCE OF FADING

In this section we examine the average performance of the coherent
decorrelator in the presence of Rayleigh fading.
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5.7 COHERENT DECORRELATOR IN THE PRESENCE OF FADING

57.1 FREQUENCY-FLAT FADING

The observed signal is
K .
y1) = Z |Agle?® Brsi(t) + on(2). (3.61)

k=l
The decorrelating receiver consists of a bank of matched filters that produce
the observables

T
Yi = (Y. S) = f y(t)sp(r) dt
Q

followed by multiplication of the vector of observables by the inverse of the
Hermitian crosscorrelation matrix {cf. {2.84)). Finally, each component of
Ry is compared to the incoming phase:

by = sgn(MRy)ye %),

Itis interesting to notice that this coherent receiver requires knowledge of the
phases of only those users it needs to demodulate. Thus a receiver that does
not need to demodulate user ; may assume that the signature waveform
of user i is §;(r)e/* for an arbitrary (but constant over [0, T'1) ¢;. Let us
verify that the decision by is not affected by the choice of {¢;, i # k}. Let

P = diag{e/?, ..., ¢/**}. Denote the output of the bank of filters matched
s (e, i=1,..., Kby
y="Py
and the crosscorrelation matrix of s;(1)e/¥%,i = 1,..., K by (cf. (2.83))
R = P*RP.

Thus, the kth component of
R7'y = P'RT'PPy
=PRly (5.62)

is independent of {¢;, i * k}.
It follows from (2.84) that the decision variable of the kth user is equal
to

RUR™ 'y ™™} = |Aulby + iy,

where i, has variance equal to o 2(R™")y,.. Therefore, conditioned on |A,
the probability of error is equal to

A
Q( ' "|+). (5.63)
o/ Ry,
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If the fading coefficient of the kth user is Rayleigh-distributed with £[|A; )]
= 2A§ (i.e., the RMS value of each component is equal to A;), then the
average of (5.63) is equal to

P,':d(rr):f rerzﬂQ(¥Akr )dr
T
0 o/ Ry,

1 I
o | ——— (5.64)

alR),
According to the definition of asymptotic multiuser efficiency in (3.132),
the asymptotic efficiency of the decorrelating detector when the desired user
1s Rayleigh faded is equal to

= —. (5.65)

Since (5.65} is independent of the strength of the interferers, the near—
far resistance is given by the same expression. But the optimum near-far
resistance for Rayleigh fading is equal to 1 (Section 4.6), so the optimum
near—far resistance property of the decorrelator for deterministic amplitudes
does not carry over in the presence of Rayleigh fading.

57.2 HOMOGENEOUS FADING

We analyze now the coherent decorrelator when each spread-
spectrum signature wavetform undergoes the homogeneous fading mech-
anism in (2.66) under the assumption that the fading parameters therein are
independent, zero-mean, complex Gaussian.

Assuming that the decorrelator can perfectly acquire the fading coeffi-
cients (assumed to be zero-mean complex Gaussian), the receiver is exactly
as in Section 5.7.1. To proceed with the analysis we will make the key
assumption that ¥ > K. In such case the unnormalized crosscorrelation
matrix is invertible with probability 1 and, according to (5.45), the error
probability is given by

1
PH o) = E[Q (——Gm)] (5.66)
kk

where the expectation is with respect to the signature waveforms and re-
ceived amplitudes. Since P is surely independent of the energy of the
interferers, we may as well view the matrix H in (5.66) as the unnormal-
ized crosscorrelation matrix of a system with independent and identically
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distributed Rayleigh amplitudes and normalized signature waveforms uni-
formly distributed on the unit complex sphere. It turns out that the distri-
bution of the reciprocal of H,! is particularly simple: standard chi-square
with 2(N — K + 1) degrees of freedom. To see this, we recall from (4.100}
that we can write

1
o = st [ — Sp(S;S) 'S lsk. (5.67)
ApH
where the KN components of § are independent complex Gaussian with
zero mean and unit variance. Since 8, has full rank the matrix in the right
side of (5.67) is the projection matrix (Problem 5.36)

N—K+1
[—SuSiS07'8i1= ) wv, (5.6%)
i=1
where (v, ..., Vny_g4) are orthonormal vectors orthogonal to the columns
of §;. Uniting (5.67) and (5.68), we obtain

N—K+1

A—;@ = ; Istvil?. (5.69)
The orthonormal vectors v; depend on the vectors 8;, j # &, which are in-
dependent of ;. Therefore, the inner products {s}v;} are independent with
identical distribution. Conditioned on v,, {s; v;} is Zero-mean complex Gaus-
sian with unit variance. The same distribution results upon averaging with
respect to v; because it is independent of s;.

Finally, we can apply formula (3.65) with L = N—K+landy = A, /0.
Therefore, performance depends on N and K only through N -~ K. This
means that a K -user system with N chips per bit has the same performance
as a single-user system with spreading gain equal to N — K + 1. Note that
this conclusion does not hold in the absence of homogeneous fading when
the signature waveforms are randomly chosen from the set of 4=1-valued
sequences.

5.7.3 DIVERSITY RECEPTION

We consider here the D-channel diversity model (2.74) whose
equivalent’ complex-valued discrete-time model is (2.95)

Ya = R(AA(d)D + ny, (5.70)

2 Sce Problem 4.11.
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where
A(d) = diag{Aun. ..., Auxl,

and n, is complex Gaussian with real invertible covariance matrix 20 2R(d).
Furthermore, n, and n, are independent for £ # d. For each of the D chan-
nels, we can apply a decorrelator, the output of which is denoted by

¥o =R D)y,
= A(d)b + i,

where the covariance matrix of fiy is 202R™"(d). Since b, only affects
{Yar,d =1, ..., D}, itis reasonable to base a decision on b, only on those
observables for the sake of reduced complexity. However, this incurs loss
of optimality because the noise components are correlated, Once we decide
to obtain #; on the basis of

Vi = Aby + figg,

(5.71)
Yox = Apehe + Ao,

we face a single-user channel. We can minimize the error probability by
combining the observables in (5.71) according to the rule (Problem 3.9):

A
= sgn (qt ,Z Rk:;l ) dk}) : (5.72)

We observe that the receiver in (5.72) is a combination of the decorrelator
and the maximal-ratio combining tule (3.138) properly modified to take
into account the different noise variances. Coherence is only required with
respect to each of the D signals due to the desired user. Using (5.71) we
can write the observable in (5.72) as

e AR L
Ry Rid) T
where the variance of the zero-mean Gaussian random variable #n is

Ep) = o2y LAul
= Rild)

Thus, conditioned on Ay, .. .. Ap;, the error probability is
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In order to average with respect to independent Rayleigh-distributed |A |
we can use (3.64) with L = D and

E[AGP

CTOOR(D

provided those quantities are all distinct.

5.8  DIFFERENTIALLY-COHERENT DECORRELATION

In Section 3.7 we studied single-user differentially-coherent de-
modulation, whereby the transmitted bits are obtained from the original
data stream via

exli] = exli — 11By[i].

and the decisions are given by

by[i] = sgnCR{y;[i — Nyeli1D, (5.73)
where
iT+7T
vili] = [ y(t)s (r —iT)dt, (5.74)
iT

and the incoming waveform is

K
v = Y Al (eli — 1s(e —iT + T) + exlilsit = iT) + on(),
k=1

(5.75)
on the interval r € [iT — T,iT + T]. The demodulator in {5.73) does not
require knowledge of the amplitudes or phases of any of the users.

To robustify (5.73) with respect to the presence of multiaccess inter-
ference, we will replace the matched filter outputs therein by decorrelator
outputs. Retaining the notation of (5.8) in the complex-valued channel,

X
Sty =Y Rpsi(0), (5.76)
=1
we will denote the decorrelator outputs by
iT+T
#lil = f Y51 —iT)dt. 5.77)
iT
And (5.73) is replaced by
bili] = sgn(R{Frli — 15D (5.78)
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No knowledge of the amplitudes or phases of any of the users is required
to produce (5.78). Indeed, according to (5.62), ¥,[i] is independent of the
phase assumed by the receiver for users other than k. Furthermore, the
phase dependence of §.[i] on the phase of the kth user assumed by the
receiver is canceled with that of ¥{[i — 1] if the incoming phase remains
constant over consecutive intervals, which is a basic underlying assumption
of differentially-coherent demodulation.

To analyze the error probability of (5.78), we make explicit the depen-
dence of the decorrelator outputs on the data:

Felil = Are’ (s, 8 )eeli] + nili] (5.79)

with ng[i] a complex Gaussian random variable with independent real and
imaginary parts, each with variance

2

oI5 )* = a®

ZR ikS)
K K

=UZZZR’;'OURJR
=1 j=1

= o’R}, (5.80)

The complex-valued version of (5.9) holds:

K
(Sf(ssk ZR[(J Skas_/
J=l

K
2 RGRu

I
o,

[

(5.81)

By symmetry, the probability of error of the differentially-coherent decor-
relator is

Pid(o) = PIhilil = —1| exli] = ex[i — 1] = 1]
= P[R{XY"} < 0], (5.82)

where X and ¥ are complex Gaussian with independent real and imaginary
parts, each with variance o> R}, and means

My =My = Ake’ﬁ*.
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Recalling Proposition 3.6, we obtain the closed-form expression for the bit-
error-rate of the differentially-coherent decorrelator conditioned on [A|:

. 1 2202 R
P;:Ld(o') — Ee—\AH /(2e Rkk)‘ (583)

Accordingly, the (asymptotic) multiuser efficiency and the near—far resis-
tance of the kth user are equal to

=, (5.84)

if |Ax| is deterministic. So, in this case, the differentially-coherent demod-
ulator retains the optimum near—far resistance property.

In the presence of fading, we need to average (5.83) with respect to the
complex coefficients Ay, ..., Ag; however, R/ is not influenced by those
coefficients; therefore it is just a matter of computing the average

lE[e—AfRZ/(ZUER;})]

2
with respect to R. In the case of Rayleigh fading, we obtain
lE[e—AfRZI(sz;})] — 1—1_7 (5.85)
2 2,4 &
aiR

Comparing to the single-user result (3.157) we see that the efficiency re-
mains equal to (5.84) in the presence of Rayleigh fading.

5.9 DECORRELATION FOR
NONLINEAR MODULATION

We have seen that the decorrelator converts the received signal into
a single-user signal by tuning out the multiuser interference with a linear
transformaticn. As we illustrate in this section, this principle does not hinge
either on the linearity of the modulation or on receiver coherence.
Consider the m-ary K -user channel (3.170)

K
Y0 =Y 1Al e 53 bi) + on(e). (5.86)

k=1
As we saw in Section 2.5, we can view this channel as one with m K users
and linear modulation:

mK

K
D A sltb) = ABS0), (5.87)
k=1 n=l
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with
Sitte—nm() = sells ), (5.88)
bivig—vm = 1{be = j}. (5.89)
A im = As. (5.90}

Sufficient statistics are obtained by projecting along each of the mK
signatures appearing in (5.87):

T
¥n :f Y()EH) dt. (5.91)
0

As in (2.84), the dependence of these observables on the data can be dis-
played as an m K -dimensional model

¥ = RAb + i, (5.92)

where R is the covariance matrix of the signature waveforms §,, ..., .k,
¥ is defined in (5.91), b is defined in (5.89),

A:diag{Al, .--,Amk}:

and f is a Gaussian complex vector with covariance matrix equal to R. Note
that b has only K nonzero components at positions b, b, + m, ..., bx +
(K — m.

We cannot apply verbatim the multiuser detectors we have derived for
the basic linear antipodal channels to the alternative linear model in (5.92)
because of the interdependence in the binary components of b. If R is
invertible, then it is natural to consider the observables

z=R'y.

Even though the data of the kth user affects only components mk — m +
1,..., mk, it is suboptimal to discard the other components because their
noise samples are correlated with those in the mk — m + 1, ..., mk com-
ponents, Nevertheless, for the sake of complexity reduction it makes sense
to demodulate the kth user information based only on:

Zin(k— 1)1 b, = 1} Mk ~1)+1
: = A : +o : (5.93)

Zps l{bk = m} Nk

where the covariance matrix Q(k) of the vector [Mnk—1r1 - - Nk ] is the
kth diagonal m x m block of R. The optimum noncoherent detector for 5,
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based on the single-user channel (5.93) is (Problem 3.51):

~ + n‘T_ + k _m - j
by = arg max {CXP(' Qz;gk)) h (2| Zlil QU(Z)Z - ”H| ] s

23
(5.94)
which does not require knowledge of the received energics.

Analyzing the probability of error of (5.94) for arbitrary m-ary modula-
tion poses significant challenges. When additional structure is placed on the
nonlinear modulation, it is possible to proceed further. For example, con-
sider the special case of Walsh orthogenal modulation. We saw in Section 2.5
that in this type of m-ary nonlinear modulation (m = 273, user k is assigned
a unit-energy signature waveform sy(r) and symbol &; € {1, ..., m} is trans-
mitted by sending the signal

> hlby, ilsi(s —iT),
i=1

where the m x m matrix

BRI - AL m]
H={.. .
hlm, 1] -~ hlm,m]
with {—1, +1} entries is constructed in Problem 1.4 and has orthogonal

rOWS.
Assuming a synchronous system, the receiver obtains

K "
Yy = S A hlbe.nlsilt — nT)+ on(), (5.95)

k=1 n=1

where the real and imaginary components of n(z) are independent and have
unit spectral density. Suppose that we construct the K x m matrix of matched
filter outputs Y whose (k, i) entry is

iT+T
Vi = f y(t)si(t —iT)dt,
iT
and denote the corresponding noise matrix by N whose (%, i) entry is
iT+T
ng = / n(t)s;(t —iT)ds.
iT
Furthermore, denote the K x m matrix of channel data
hlb, 11 ---  hlby,m]
B=| . .. - ..
hlbg, 11 -+ hlbyx,m]
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It is easy to verify that
Y = RAB + oN. (5.96)

Now, let us assume that the crosscorrelation matrix is invertible and consider
the K X m matrix

def

Z=R'YHT (5.97)
=mAX + oR'NHT, (5.98)

where we have used the orthogonality of the rows of  and we have defined
the K x m matrix

by =1} - 1{b, =m)
X=|
Wbk =1} -+ 1{bg = m)

According to (5.98), it makes sense to decide

by = arg max |Zy). (5.99)
j=l,..m
Once more, the decorrelator has succeeded in converting the problem to
a single-user one. Indeed, the kth row is independent of the data sent by
the interferers or their strengths. As before, we cannot expect (5.99) to be
optimal because it neglects useful information present in Y. In order to
analyze the probability of error of the decision rule in (5.99} it is crucial to
realize that the noise variables affecting the vector (Zy1, ..., Z») therein
are independent. Indeed, for any (i, j) € {1, ..., m}%

E[(R™'NH),(R™INH"),;]

K m
D RGRS Elngn,, ) kli, glhlj, q]

1 r=1 p=1

=
i

Il
= EMa
Ms

=

m

= Re Ry RS, Y hlisqlhlj, q

=1 r=I q=I1

=

where we have used the fact that if ¢ # p, then n,, and n,, are independent
because they are projections of nonoverlapping segments of white noise.
The orthogonality of the rows of the Walsh matrix has been used in (5.100}.
We conclude that we have an m-ary orthogonal single-user noncoherent
preblem that fits the framework of Section 3.8 with m|A;| in lieu of |A| and
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mRjo? in lieu of 0. We just need to use (3.167) to arrive at the following
expression for the probability of symbol error:

i
PR -1\ 1 nm|A 2
Pmd= -1 n+1 m _ 5.
Z,,:l( ) ( n )n+1e’XP( st horry ) OO

which is consistent with (3.167) in the single-user case since, in the present

setting, signals have m times the energy of those in Section 3.8. Thus, in the
case of orthogonal medulation the multiuser efficiency of the noncoherent
decorrelator is equal to the familiar expression

ned
nk - R+ .
ik

5.10 BIBLIOGRAPHICAL NOTES

The problem of eliminating multiuser interference with a lin-
ear receiver was posed as early as 1967 (Shnidman [409]). The
derivation of the asymptotic efficiency of the decorrelating de-
tector for synchronous channels and the proof of its optimum
near—far resistant property are due to Verdi [489] in the case
of nonsingular correlation matrices. Its justification as a gen-
eralized maximum-likelihood detector when the energies are
not known appeared in Lupas and Verdu [254]. The results in
Verdu [489] were generalized to the case of linearly dependent
signature waveforms in Lupas and Verdid [254]. Reference
Schneider [392] claimed erroneously that the decorrelating de-
tector minimizes bit-error-rate for a synchronous channel with
equal-amplitude users. An independent optimality claim for the
synchronous decorrelator was made in Kohno et al. [215].

The asynchronous decorrelating detector was obtained in
Lupas and Verdu [253, 255]. A decorrelating detector for the
asynchronous channel involving the inversion of the K(2M + 1)-
dimensional crosscorrelation matrix of fictitious users was pro-
posed in Kohno et al. [214]. Further justificatien for the decor-
relating detector was given in Lupas and Verdd [255], show-
ing that the decorrelating detector emerged as the sclution to
a minimax problem. Reference Lupas and Verdt [255] noticed
that the asynchronous decorrelator can be viewed as a two-step
process: first eliminate multiuser interference by introducing
single-user intersymbol interference; this is then removed by
a single-user zero-forcing equalizer. The zero-forcing equalizer
can be replaced by other single-user equalization methods, such
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Ttis easy to verify that
Y = RAB +aN. (5.96)

Now, let us assume that the crosscorrelation matrix is invertible and consider
the K x m matrix

def

ZERI'YHT (5.97)
= mAX + oR !N, (5.98)

where we have used the orthogonality of the rows of H and we have defined
the K x m maltrix

l[b1=1} e l{blzm}

l{bK:l] .. l{b,(:m]
According to (5.98), it makes sense to decide

by = arg max_|Zy. (5.99)
J=l..m

Once more, the decorrelator has succeeded in converting the problem to
a single-user one. Indeed, the kth row is independent of the data sent by
the interferers or their strengths. As before, we cannot expect (5.99) to be
optimal because it neglects useful information present in Y. In order to
analyze the probability of error of the decision rule in (5.99) it is crucial to
realize that the noise variables affecting the vector (Z;, ..., Z;,) therein
are independent. Indeed, for any (i, j) € (1, ..., m}*:

EI(R*‘NH")M(R"NH’”);C,-}

ZZZR RE Elngn, L hli, gVl g)

=1 ¢=1 r=1 p=I

I

Ro RERE D hli qlhl). q)

4=1

I
M= T
Ma

i

1 r

RS, (5.100)

I
3

where we have used the fact that if ¢ # p, then ng, and n,,, are independent
because they are projections of nonoverlapping segments of white noise.
The orthogonality of the rows of the Walsh matrix has been used in (5.100).
We conclude that we have an m-ary orthogonal single-user nencoherent
problem that fits the framework of Section 3.8 with m |A,| in lieu of |A| and

268
289



0z2

‘[861] ‘T2 19 B[RpURY ‘[e1g] yarey pue oaddeq ‘{g0Z] ojourns
-1BJN PUR eIRjEMEY ‘I126] ApE.IH pue IeUOAZ ‘[G9T] ZJeMIDG
pue Jueny] ‘[16] Loy pue uayd ‘[reg] Te 16 vAunsedela ‘[oeg]
Weyaanoy pue elLnsedefi ot sfouuetd medymu sesnynu o)
PUE [G6Z] 'Te 10 mo[pAN w steuued mednmur wsn-a[furs oy
paidepe usaq seqy IOIB[BII0I8D O} ‘SIOR[OLIOD Oed YIIM uor)
-oun{uod uy A[[eieuan [1%] 'Te J2 ameny ur perpuys st £1sI9ATp
PUE TONEMPoW papod-sifian yim pajdnos ueym asuewIofiad
811 °[04£5] Apeag pue 1eUOAY 0} anp st sspnyidwee papej-geagey
Jo eouesoad ot ur 1018811008 JueIsy0D 81} Jo ssA[RUE a1y,
‘[6<€] e 30 Bqry
PUue ‘[9g] ‘T2 18 J81yenid ‘[0zE] B 10 [[BAIRd ‘[Z96] woleg pue
Bueyz ur pozeue st S10}3919p JASITNUT JESUI] I8Y}0 PUR I0}R[OI
-1028p a1y} uo 1enyl Sunuy o Joedun aTL "[LTg] STIR] Ul parpnys s1
101B[11098D 8y} Jo uonelusuisdu onewLe vorsard-ayiur,
'[962]) eueSey pue SISATA Ul PRIapIsuad §1 (1'G wa[qory) Ioje[arx
-1023p 81} Jo uonenduros P8sBq-IpIiyog—uiers) © Jo uonejusiu
-a1duwy {£81] munf uy patpnys are SASIAATT X1HjewW Jo nogendurno
9} ProAe IRY} UOHE[DUOTSP Iof SWyIIo8[e SNOIRA JO sa
-ixapdwon jevorenduwon SUL [88Z] IARYSON pue ‘[g1] JouIoop
pue aysedy ‘[zII] B 10 wepeySoN-1zeqs)  ur pelopisuo)
aI® ((p) 11's wejqoig 'J3) sucnemixordde I8PI0-19YB1} ‘suors
19 NIBISYOLUOU PIE JUBISY0D 1j30q I [20¥] wredepuely pue
BSOS PUE [891] "[B 18 | ‘[£¥C] UojTeH-[on(] PUe np “[99] wowg
PUB IB[RSAL] ‘[p2g] ueurz)jol pue [a1eg ‘[e9z] npisp pue uredep
“UBN U1 pazd[eue® pue [g6H] npIap PU® [$1Z] 'fe 19 ouyoy ur
pasodoid sem g uonoag o I0je1aMI008p ejewxoidde ey,
‘[££1) IopueelTEN pue STII PUB [09F] Te 12 yAmses]] uea ur
umoys se Sunwy diyo joexe Jo aSpaimoy Jnoym pelejsi1009p
9q u®d (p¥'g wWe[qorg) siesn snouonyuss-1senb ‘uongepersep
soueulioptad swos jo asuadxe oy 1y ‘[9g4] 'Te 18 eAunsefe(ip
pue ‘4881] Bueqzev pue myunf ‘[z9g] uoireg pue Buaqz ‘[5€]
OARIg ‘[Z€6] '[& 38 wALINSRAR(IAL UT premio] jnd are srojefeazeoap
MOPULM-paedunt] 1o ‘[66F] npiep ur pasodoad sem sureg
-qod snouorgoudse 1oy 10}091ap Supealionap joys-auo T L,
‘fezs]
1004 pue Juepy pue ‘Totz] 'Te 1@ utery ‘[goz] 1ateg pue urapy
‘s18110 SUoureR ‘Ul palapIsuo U884 SBY 0UAISISIUL [OqUIASIA)
-ur o3 30elqns s[euUERYD Jesnjnw I0] uone[adI0da Junias Iesn
-a18wis ey ut yedisyunos ou SEY 10199)9p SUNR[SII0I8D a1y Jo
9IUBISISAL IRf~TBAU oy jo Ayrumdo ey, ‘([s¥&] spteoag “g-a)
Jazrponbe Fuorof-orez ey s [BUURYD 80UBIAIS)U] [0qUIASIO)TT
lesT-a18uis a1 ur 10108)op Sune{aironsp a1 Jo I9UUNIBI0] BY ],
(¥ worqoLd §o)
(lo¥Z] ‘e 18 BuerT) uonoajep souanbas POOYI[AY1[-WNWIXBUI Sk

dOLD313Aa SNIIFIANNANTA *C ¥3lawus

290



5.10 BIBLIOGRAPHICAL NOTES

Huang [165]), Zvonar [568], Zvonar and Brady [573], Wijaya-
suriya et al. [536], and Wang and Poor [521]. The resultin Section
5.7.2 on the error probability with homogeneous fading is due
to Winters et al. [538] and the procf we have given follows that
of Caire et al. [41].

Decorrelation with multidimensional array models was stud-
ied in Miller [276], Miller and Schwartz [277), Hosur et al. [161],
Huang [165], Muiioz-Medina and Ferndndez-Rubio [293], Zvonar
and Stojanovic [574}, Stojanovic and Zvonar [427], and Kim et al.
{208].

Differentially-coherent decorrelation is studied in Varanasi
and Aazhang [475] for synchronous channels (including the case
of linearly dependent signatures) and Varanasi {466], Zvonar and
Brady [572], and in Liu and Siveski [245] for asynchronous chan-
nels.

The use of the decorrelator for nonlinearly modulated sig-
nals was originally suggested in a coherent setting by Schneider
[393]. The analysis of the decorrelator for noncoherent demod-
ulation of Walsh-modulated signals is due to Hegarty and Vojcic
{141]. Nonorthogonal nonlinear modulation is considered in Russ
and Varanasi [370], and Varanasi and Russ [477].

Adaptive versions of the decorrelator are investigated in Chen
and Roy [51], Mitra and Poor [279], Mitra and Poor [281], Lim
and Rasmussen [241], and Ulukus and Yates [457]. A corpus of
signal processing results under the heading of “adaptive signal
separation” (reviewed in Cardoso [44]} investigates the compu-
tation of the inverse of a linear transformation based on noise-
less observations and (partial) knowledge of the distribution
of the inputs, which need not be discrete-valued as in our
setting.

The counterpart of decorrelation in antenna arrays subject to
undesired sources is called null steering, for which a wealth of
fast adaptive methods are known (Rader [349]).

The decorrelating detector has been investigated in Felhauer
et al. [90] for the estimation of unknown received powers. Us-
ing the decorrelator for detecting whether a user is active has
been studied in Mitra and Poor {280] and Mitra and Poor [282].
The performance degradation suffered by the decorrelator due
to unaccounted-for multiaccess interference is studied in
Kajiwara and Nakagawa [194] and Esteves and Scholtz [79]. The
degradation in coherent decorrelation due to imperfect phase
estimates is treated in Zvonar and Brady [569], Rusch and Poor
[369], and Orten and Ottosson [311]. Recursive updating algo-
rithms for the computation of decorrelating transformations
are given in Wijayasuriya et al. [535], and Juntti {186, 187].
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5.11

Decorrelating-based timing acquisition schemes have been pro-
posed in Iltis [169].

The generalization of the decorrelation approach mentioned
at the end of Section 5.1 whereby a front-end linear transfor-
mation projects onto the orthogonal space of a subset of un-
wanted users has been explored in Scharf and Friedlander [385],
Varanasi [467], and Schlegel et al. {388]. A hybrid decorrelating-
optimum approach to obtain suboptimum multiuser detectors
is proposed in Varanasi [467] and Varanasi [468] for coherent
multiuser demodulation without and with fading, respectively:
a demodulator for a subset of users can be implemented by first
decorrelating with respect to the users not in the subset and
then performing optimum detection for the users in the sub-
set (cf. Problems 5.45 and 5.46}. The computational complexity
is then exponential in the size of the subset. The performance
and implementation of a similar receiver in conjunction with
error-correcting codes is analyzed in Schlegel and Xiang [390],
Schlegel et al. [388], Schlegel and Mathews [387], and Alexander
et al. [17].

The capacity achievable with the decorrelator in a frequency-
selective Rayleigh-fading channel has been considered in
Goeckel and Stark [121]. A constructive scheme that uses error
control coding and decorrelator cutputs is proposed in Alexan-
der et al. [16].

A version of the decorrelator that is robustified against non-
Gaussian noise is proposed and analyzed in Wang and Poor
[520].

The excision of narrowband interference using the decorre-
lating detector is explored in Rusch and Poor [367].

PROBLEMS
PROBLEM 5.1. Suppose that (z,,...,zx) are obtained from
(51, ..., 85x) by means of the Gram-Schmidt procedure:

1 = 51,

k—1

(skst)
Zkisk—z Z;.

j=1 HZJHZ

(a) Show that zy is adecorrelating transformation for the K th user.
(b) Show that fix = |lzx|*
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5.11 PROBLEMS

PROBLEM 5.2. Find a necessary and sufficient condition on {s,
... 8k for |15l = 1.

PROBLEM 5.3. Given an invertible crosscorrelation matrix R and
a K -vector e whose components are drawn from {—1, 1}, we con-
struct the matrix R with entries:

Pjk = Pixe €.

Show that the diagonal elements of R™' do not depend on e.

PROBLEM 5.4. We saw in Section 5.2 that the asynchronous decor-
relator detector consists of a linear transformation adj S(z} that
eliminates multiuser interference followed by a bank of identi-
cal single-user zero-forzing equalizers [det S(z)]™'. Show that if
the single-user zero-forcing equalizer is replaced by a maximum-
likelihood sequence detector, the multiuser efficiency remains the
same as that of the decorrelator.

PROBLEM 5.5. Suppose that the unit-energy signature waveforms
{s1,..., sg} are linearly independent. Show that the unit-energy
signal h that maximizes {h, 5,) subjectto {h, 5,) =0,k =2, ..., K
is the normalized decorrelating transformation 3,/ |35, } (5.8).

PROBLEM 5.6. Consider a maximal-length shift-register sequence
of period N and suppose that K users are assigned different periods
of that sequence as their spreading code. Show that if the users are
synchronous, the probability of error of the kth user’s decorrelator
is equal to

Pi(a):Q(%\/(N+l)(NK+])). (5.102)

NN —K+2)

PROBLEM 5.7, Show that if p;; = «* /! with 0 < a < 1, the
probability of error of the decorrelator for user 1 is equal to

Pi(o) = 0 (A_m) . (5.103)
o2

PROBLEM 5.8.

{a) Show that the near—far resistance of a linear detector v for the
kth user is

2 0 TR
7y = mip WX RY) (5.104)

caRY vIRv
cr=I1
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(b) Verify that if v* equals the kth celumn of R~ and

"

¢ =

»

*c‘}l <

then (v*, ¢*) is a saddle point of the function

max*{0, ¢" Rv}
v Ry

when the feasible set for ¢ is all K -vectors with ¢, = 1, and

fv.e)=

the feasible set for v is all K -vectors.

PROBLEM 5.9. Consider two CDMA K -user synchronous sys-
tems where the kth user transmits

(A) Ar Y st —iTblil,

(B) aAe Y St —iTHbi,

where § is defined in (5.8). Suppose that « is chosen so that the sum
of the powers transmitted by the users are equal in both systems:

K 2
ol = 2t AL
= —% -—.
Zkzl A’?; ”Sk ”2
Find aset of parameters for which a decorrelator foruser 1 in system

A obtains lower probability of error than an optimum detector for
user 1 in system B. (cf. Vojcic and Jang [513])

PROBLEM 5.10. Consider a K -user synchronous CDMA channel
with crosscorrelation matrix R:

M K
¥(t) = Z ZAkbk[i]sk(f —iTY+on(t).
i=—M k=l

Nothing is known about the received amplitudes except that they are
constant over time. Consider a joint maximum-likelihood detector
for

(A oo, A Bil=M1, .., DM, ..., be[—M]), ..., bg[M]).

Describe the decisions (b;[01, . .., bg[0]) in the asymptotic regime
M — o0,

PROBLEM 5.11. Suppose that the normalized crosscorrelation ma-
trix R is invertible. Let M = R — 1. Thus M is a symmetfric matrix
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with null diagonal elements. The spectral radius of a matrix is the
largest magnitude of its eigenvalues.

(a) Show that the eigenvalues of M are strictly greater than —1.

(b) Give an example of a crosscorrelation matrix R whose spectral
radius is larger than 2.

(¢) Show that if the spectral radius of R is strictly less than 2, then

lim M" =0,
H=>00
(d) Under the assumption of (c¢) verify that
R'=I-M+M-M*+M*'-M"+....
PROBLEM 5.12.

(a) Show that if A, denotes the largest eigenvalue of R, and

0<a< s
mix

then
R =a2[1—aR1f. (5.105)
j=0

(b) Suppose that R~ is approximated by negiecting all but the first
two terms in (5.105). Choose o that minimizes the trace of the
error matrix.

(c) Modify the approximate decorrelator of Section 5.4 based on
the resuit in (b).

PROBLEM 5.13. A matrix norm is a norm in the linear space of
square matrices of given dimension R**" (|C|| > O if C # 0;
18CH = |BIICI; |IC + D < ||C|l + /D]]) that satisfies

ICDY < [ICIHID .

Examples of matrix norms are:

n n r
ICll, = (ZZICUV)) , l=p=?2,

i=1 j=1

ICljs = max ; ICij!.

Show that the spectral tadius (cf. Problem 5.11) of a matrix is upper
bounded by any of its norms (e.g., Lancaster and Tismenetsky
[277]).
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PROBLEM 5.14. Show that if A is an eigenvalue of R, then it sat-
isfies

2— IRl = 4.

[Hinr: Use GerSgorin’s theorem (Lancaster and Tismenetsky
[277]).]

PROBLEM 5.15. (Bulumulla and Venkatesh [38]) Suppose that the
K -user synchronous decorrelator operates on uniformly quantized
matched-filter outputs:

R '[g(y) - gy,

where the quantizer has M levels (M is assumed to be odd for

convenience):
[ nA, if0<(nf%)A<x§(rz+%)A,
g E 10, if-2<x<d

—nA, if(—nL%)ASX < (fn+%)A<0,
and the dynamic range of the quantizer is adjusted for each real-

ization of the matched-filter output vector so that

o 2yl
M

Show that error-free demodulation in the absence of background

noise can be achieved if the number of quantization levels exceeds
«(R)
mink Ak ’

where the condition number is defined as

def

K(R) = [ Rloo IR |loc.

PROBLEM 5.16. Let {e|. ..., e, } and {A,, ..., &) denote the or-
thonormal eigenvectors and corresponding eigenvalues of the ma-
trix

K
Elrr’] = |:021 +Y Aisks;f:| .

=1
Suppose that the eigenvalues are numbered in decreasing order.
Define the L x K matrix

P=[e - -eg],
which satisfies PP =1, According to Problem 2.47,

A_{nyrarz, ifi=1,...,K,
' a2, ifi=K+1,...,L,
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and

SA’S” =Pdiag|yl..... vz )P
Henceforth, we will assume that the set of signature vectors is
linearly independent. Therefore 32 > Ofork =1,..., K.
(a) Verify that

S"Pdiag '{yl..... vz |PTS=A""
{b) Conclude that the decorrelator for the kth user admits the ex-

pression (Wang and Poor [522]]):
d; = Pdiag (A — 0% .. Ag — 07 1P s

PROBLEM 5.17. Show that in the two-user asynchronous channel,
the necessary and sufficient condition for the existence of a stable
realization of the decorrelating detector is

lowl + leal < L

PROBLEM 5.18. (Lupas and Verdd [255]) Assume that the offsels
{r1. ..., Tx } are continucus and independent random variables and
A; > 0 for all k. Show that there is a sequence of data such that
the energy of the signal,

K

M
Yo > Aublilse —iT — ),

k=1 i=—M

is zero with zero probability.
PROBLEM 5.19. (Lupas [252]) Show that condition (5.32),
det[R7[1]e/ + R[O] + R[1]e™“]1 # 0 forallw € [0, 27},
is equivalent to
(x"R[0]xY > (x*(R[1] + R7[1Dx)? + (x"(R[1] — R [1]xy’.
for all complex-valued K -vectors x.

PROBLEM 5.20. Assume that the K users in an asynchronous
CDMA channel are numbered chronologically. Let us consider an
alternative approach to asynchronous one-shot decorrelation where
the following observables are available:

Yu = f y(O (5t — w) + 85 — 5 + 1)) de,

T
k=1,..., K and [=1,..., K with ;=0 and tx. =71 by
convention. Assume that the signature waveforms are linearly
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s)(f) s2:00)

1

Signature
waveforms for

Problem 5.20.

independent on each subinterval [7;, 7/, ). Define the subinterval
crosscorrelations

Tigt
Yejr = f Gt — )+ st — 1 + 7))

T

(Sj(! - Tj) +Sj(t —T; + ThHdr.

(a) Express the partial crosscorrelations g, in terms of yg;.
(b) How can g, be chosen so that

K
Fr = E it Vi
j=1

contains no interference from users other than 47

(c) Describe the decision rule for user 1 that minimizes the error
probability among those rules that use {ri;,{ = 1,..., K} as
observables.

(d) Particularize your answer in (c) to a two-user channel with , =
T'/2 and whose signature waveforms are shown in Figure 5.13.

(¢) Find the near—far resistance for the channel and receiver of (d).

(f) Find the near—far resistance of the one-shot decorrelator of
Section 5.3 in the special case of (d).

{g) Among all one-shot receivers that use the observables v;; and
whose error probability does not depend on the interfering am-
plitudes, which receiver minimizes the error probability?

PROBLEM 5.21. Show that for an asynchronous channel, the one-
shot decorrelator achieves the best near—far resistance of any one-
shot multiuser detector.

PROBLEM 5.22. Consider a two-user asynchronous channel
where the signature waveforms are given in Figure 5.14. Plot the
efficiencies of the one-shot decorrelator and of the asynchronous
(infinite-window) decorrelator as a function of the offset.
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FIGURE 5.14.
Signature
waveforms for

Problem 5.22.

5.11 PROBLEMS

si{1)

Sa(t)

PROBLEM 5.23. Show that if F is the lower triangular factor of
the nonsingular crosscorrelation matrix R = F TF, then

| < F R,

PROBLEM 5.24. (Bravo {35]) Find a recursive equation for the
K -vectors a; that satisfy

R(0] RT[1] 0 0 0 ag

R|1] R[0] R™11] .- 0 0 a,
0 R[] RO} - 0 0 )& |=efikl
0 0 0 -« R[I] RIO] ay

where the components of the J x K vector e[, k] are all 0 except
ervixli k1 =1

withi =0,...,J.

PROBLEM 5.25. (Juntti [186])

(a) Suppose that the decorrelating matrix R}' for signature wave-
forms s1, ..., ¢ has been computed, and an additional user
with signature s ;| is powered on. Find an expression for R}'ﬂ
in terms ofREI and pge1 = (P1 K41y - -+ P k+1). [Hint: Use
Proposition 4.3.]

(b) Suppose that the decorrelating matrix R;' for signature wave-
forms s1. ..., sx has been computed, and vser K is powered
off. Find an expression for R' | in terms of R,

(c) (Juntti [187]) In the setting of (a) show how to compute the
Cholesky factor (Proposition 2.2) of R}'H in terms of the
Cholesky factor of Ry' and pg 1.

PROBLEM 5.26. Consider a K -user synchronous channel where
the signature waveforms are such that p;, = p for all j and k.
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(a) Find an explicit expression for the decorrelating detector.
(b) Find P{ as a function of A, /o, p, and K.
(¢) Find the minimum value of « such that

lim P{(o) = Q(ﬂ) , (5.106)
K—no a

if
P= g
(d} Assume that Ay = ... = Ag. Find the maximum value of
Az/ A, for which

ni <.
(e) Assumethat Aj =-.- = Ax = A. Find the signal-to-interfer-
ence ratio at the output of the approximate decorrelator of
Section 5.4.

(f) Solve (c) for the approximate decorrelator in lieu of the decor-
relator.

PROBLEM 5.27. Consider a K -user synchronous CDMA channel
with direct-sequence spread-spectrum waveforms with spreading
factor equal to N chips per bit. Assume that

. K
P=lny <t
and that the binary signature sequences are randomly and indepen-
dently chosen. Show that the error probability of the decorrelating
detector converges in mean-square to

lim Q(%"Jﬁ) = Q(%,/} —,8). (5.107)

K—oo

Hint: Use (3.52), (4.111), and

(V- V7)< 0=

PROBLEM 5.28. Consider a K -user synchronous CDMA channel
with direct-sequence spread-spectrum waveforms with spreading
factor equal to V chips per bit. In this problem we focus on the
signal-to-interference ratio (SIR) of the output of a linear trans-
formation where the second moments of desired component and
interference (background noise plus multiaccess interference) com-
ponent are averaged with respect to transmitted data and random
selection of signature waveforms. We will consider an asymplotic
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regime of large number of users and large bandwidth:

K
BE lim = <1

K—oo
and
K A2
,udif lim ! A
Ko K o?’

Show the following asymptotic behaviors of the normalized SIR of

user 1:
. a’SIR
lim
K—o00 A%
(a) Decorrelator:
1- 8.
{b) Approximate decorrelator:
(1— By

P— B+ B+ upt+up
(¢) Single-user matched filter:
1
I+ up’

(d) Consider alinear receiver, which is a linear combination of the

single-user matched filter and the approximate decorrelator:

K
sie) —a Y pusi(o).

k=2

Give an equation that describes the value of « (as a function of
B and ) that maximizes the asymptotic $IR. Plot the optimum
« as a function of w for § = 1/3.
[Hint: See Problem 4.51.]
PROBLEM 5.29. Show that in any K -user synchronous or asyn-
chronous channel
. X 1 — /™
lim —(P{(0) — Pi(0)) = —=—.
o0 Ak ( k £ ) \/ET_
PROBLEM 5.30. Consider a three-user synchronous channel with

(5.108)

Al = Ay = As,
P12 = — P13,
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and
2—-2pk 1
T < < =.
3% o — 20 |12 5

Show that the error probability of the decorrelating detector for
user 1 is strictly higher than the error probability of the single-user
matched-filter detector for all signal-to-noise ratios.

PROBLEM 5.31. Consider a two-user synchronous channel. Find
values of A|/o, Ay/c, and p such that the decorrelating detector
has lower probability of error than the single-user matched filter,
but the signal-to-interference ratio at the output of the single-user
matched filter is higher than that of the decorrelator.

PROBLEM 5.32. Consider four unit-energy signals {5, 55, 53, 54)

such that
(51, %2) = p,
{s1,84) =0,
{s3,54) =0,
53+ 854 = \/Esz.

{a) What is the decorrelating receiver for user | if user 4 is known
not to be active?

(b) Show that the solution obtained in (a) maximizes {s1, h) among
all i that have fixed energy and are orthogonal to s1, 53, and s,.

(c) Find the optimum near—far resistance for user 1 and the prob-
ability of error achieved by the teceiver abtained in (a) when
all four users are active.

(d) Find the optimum near—far resistance for user 2 with and with-
out user 4,

PROBLEM 5.33. Find the probability of error for a Moore—Penrose
generalized decorrelator for user & as a function of the matrix S and
the received arplitudes. Particularize your result to the three-user
case where

83 = C!(S] + .5'2).
PROBLEM 5.34. Show that if R is invertible, then §S = L.

PROBLEM 5.35. Show that the L-vector ¢ is a decorrelating trans-
formation for the kth user if and only if

SDS"c = ws,, « #£0,

for all K x K nonsingular diagonal matrices D.
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PROBLEM 5.36. Let Q be an n x m matrix and let Q% be the
Moore—Penrose generalized inverse of Q. Denote the n x # matrix

P=1-QQ",
and let

r =n — rank Q.
Prove the following properties of P:

(a) The matrix P is idempotent (i.e., P? = P).

{(b) P is the projector onto the space orthogonal to that spanned by
the columns of Q. In other words, if x is a linear combination
of the columms of Q, then

Px=0,
and if y is orthogonal to every column of Q, then

Py =y.

() fr =0,thenP = 0.
(d) The eigenvalues of P cannot be different from O or 1.

{e)

r

T

P= E V¥,
i=1

where {v,. ..., v.} are orthonormal and orthogonal to every
column of Q.
(Hh P+ =P

PROBLEM 5.37. Show the following properties of the Moore—
Penrose generalized inverse:

(a) (ST)" =(8H)".

(b) (ST =878

(c) (STS)*8T =87,

(dy If B is invertible, then (BS)" B = ST,

PROBLEM 5.38. Show that the Moore—Penrose generalized in-
verse of a vecior x is x /||x]|2. Thus, if x is a column vector, then
xtx = 1.

PROBLEM 5.39. Show that if the kth column of S is not spanned

by the other columns of S, then the kth row of 8T is not spanned
by the other rows of S,
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PROBLEM 5.40. Assume that s; is not spanned by the other sig-
nature vectors.

(a} Show that
(S+Sj)k = 5,‘.&-

(b) Conclude that the kth row of St is a decorrelating transforma-
tion for the kth user.
(c) Show that as long as Az # 0, the solution to the equation

SA’STx =,
is the kth row of 8% divided by AZ.

PROBLEM 5.41. Show that for a synchronous CDMA system that
employs a Welch-bound-equality set (Problem 2.41), the decorre-
lator for user k is the single-user matched filter for user k.

PROBLEM 5.42. Suppose that all K synchroncus users are as-
signed the same signature waveform, Show that the Moore—Penrose
generalized inverse of the crosscorrelation matrix is

I - 1
1

?ﬁ :
1 .1
PROBLEM 5.43. Consider a generalization of (5.16)
r=SAb+om, (5.109)
where X, the covariance matrix of m, is nonsingular. Show that
x(r)=S8'r
is the solution to
min|Sx — r)¥ 37! Sx —r]. (5.110)
xeRX
[Hint: Use Problem 5.37(d).]
PROBLEM 5.44. Verify Equation (5.54).

PROBLEM 5.45. A class of the detectors that are hybrids of the
optimum multinser detector and the decorrelating detector can be
designed by generalizing the following construction, Consider a
three-user synchronous channel:

¥(&) = Absi(8) + Agbasalt) + Asbass(£) + on(t)
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and a receiver for users 1 and 2 whose cbhservables are the decor-
relator outputs:

(v, 51 — pi3sa),

(¥, §2 — p2as3).

fa) Find the jointly optimum detector for users | and 2 using the
foregoing observables.

(b) Find the asymptotic efficiency of user | as a function of cross-
correlations and A,/ A, obtained with the receiver in (a).

(¢) Find the near—far resistance for user 1.

PROBLEM 5.46, (Schlegel et al. [388]) Suppose that in addition to
the K users of interest, there are J users who need not be demod-
ulated and for which no information on their received amplitudes
is known. The orthogonal-space observables in (2.97) become

r = SAb + UAe + om,

where Uis the L x J matrix of signature vectors of unwanted users,
A is the J x J diagonal matrix of unknown amplitudes, and e is
the L-vector of undesired users’ bits. Thus, the unknown quantities
in this model are b, A, and e. Show that the maximum-likelihood
decision for b minimizes

[I[X— UU*I(r — SAb)|),

where U™ is the Moore—Penrose generalized inverse of U.

PROBLEM 5.47. (Zheng and Barton [563]) Consider a QPSK asyn-
chronous CDMA channel where every other symbel period is
empty, that is,

K

M
W) = Z Z Ay [be[2i] cos(2 fuf + )

k=1 f=—M

+ b [2i + 1] sin(a for + @) 156t — 2iT — 1) + onlt).
(5.111)

(a) Show that there is no loss of performance by restricting atten-
tion to one-shot detectors.

(b) In the two-user case, find the average (over phases and delays)
error probability of a decorrelating detector for user 1 as a func-
tion of the partial crosscorrelations p12(7) and g7, (7). Neglect
integrals of nonbaseband signals.

285
305
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PROBLEM 5.48. The diversity model in (2.74) is

X

Vil) =Y Aubisi() + any (@),

k=1

X
yp(t) = Z Apibispilt) + onp(r),

k=1

where ni(?), . .., np(t) are independent white Gaussian processes.
Consider the decorrelating-diversity receiver (cf. (3.141))

D
by = sgn (ﬂ‘t [Z AR D)y ]) , (5.112)

d=1

where the entries of the nonsingular matrices R(d) are
T
Pii(d) = f Spt)s;(2) dt
0
and

Ya = lyar - Yax],

T
Vak = f yd(l)S};k(I)dt.
0

Show that the probability of error of the kth user conditioned on
([Avel - - [Apx]) is

PP(o) = Q( Lo Al : (5.113)
END DL WAL IAC)
Conclude that in the special case in which
1
M = m
does not depend on d and (A, ..., ]|Ap]) are independent

Rayleigh random variables with
E[|Aul’] =247,

the average of (5.113) becomes
1 | 1

pDd _r
-1 1-3-5---2n—1)
’ (1 ! X:; n! 2" ((Aff)/o? + 1)~) - G114
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PROBLEM 5.49. Show that the near—far resistance of a K-user
Code-Time-Division Multiple Access system (cf. Problem 2.59)
with assigned waveform s(¢) and aggregate bit-rate equal to R is
equal to the harmonic mean of its folded spectrum:

1 o0 -1
e = Rf [ |S(RA — Rn)|2:| d
i}

n=—20

where

S(f) = [ " steye T dr,

(=]
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CHAPTER SIX

NONDECORRELATING
LINEAR MULTIUSER
DETECTION

Linear multiuser detectors can be implemented in a de-
centralized fashion where only the user or users of
interest need be demodulated. When the received am-
plitudes are completely unknown the decorrelating de-
tector is a sensible choice as we saw in Chapter 5. In this
chapter, we examine the level of improvement in per-
formance attainable by incorporating information about
the received signal-to-noise ratios in the linear trans-
formation. Since the single-user matched filter is better
than the decorrelator for sufficiently low signal-to-noise
ratios, it is evident that such a performance improve-
ment is feasible.

We will take two different approaches. In the first
approach, we choose the linear transformation to maxi-
mize asymptotic multiuser efficiency for every vector of
received amplitudes. The second, and more fruitful, ap-
proach is to choose the linear transformation that min-
imizes the mean-square error between its outputs and
the data.

This chapter includes the study of adaptive imple-
mentations of linear receivers requiring no prior knowl-
edge of received signal-to-noise ratios or interfering sig-
nature waveforms.

6.1 OPTIMUM LINEAR MULTIUSER DETECTION
In general, it is possible to achieve a certain tradeoff of interference

rejection and attenuation of desired signal component in order to maximize
asymptotic multiuser efficiency within the constraint of a linear multiuser
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6.1 OPTIMUM LINEAR MULTIUSER DETECTION

detector. Denote the kth user linear transformation by v, and let
by = sgn(vyy), 6.1)

where y is the vector of normalized matched filter outputs (3.70). Then

K
V[y = ZAjij{rj + V{n, (62)
j=1
where r; is the jth column of the normalized crosscorrelation matrix R.
The probability of error achieved by v, can be expressed as

PY — £| 0 Ak"kak + Zj;ékA,fbfvgrj ’ (6.3)
k T
o/ ¥ Rvy

where the expectation is with respect to » j» 4 # k. The asymptotic efficiency
of the kth user is given by the square of the smallest argument of the Q-
function normalized by A}/o?:

1 A;
2 T J T
M(Vi) = ———max* {0, v/r, — —=v.r;|¢. (6.4)
s {0 >4
To illustrate the optimization of (6.4) with respect 10 v,, we will examine
the two-user case in detail. Without loss of generality, if weletv, = [1 x|,
then we obtain

A
m{vy) = max* [0, f(x, I3 ZE)} (6.5)
I
with
A I+ xp — 22x 4 p|
f(x, o, i) =——_A_ (6.6)
A V1+2px +3x2
The argument that maximizes (6.6) is
A .
o {—nggnp, lfAsz}l < |pl, 6.7)
—p, otherwise

{(see Problem 6.2). Note that when the relative energy of the interferer
is strong enough, A, > A| pl. then the decorrelating detector maximizes
asymptotic efficiency among all linear ransformations {which are allowed
knowledge of the values of A, and Ay). Otherwise, the received signal is
correlated with

A
s1(6) — fsgn(p)s;(r), (6.8)
1
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or, equivalently, with

A
ﬁmm(r) — psa(t)

(Figure 6.1). Comparing Figure 6.1 to Figure 5.3 we can view the maximum
asympitotic efficiency linear detector as a compromise solution between the
decorrelating detector and the single-user matched filter, which approaches
the latter as the relative power of the interferer decreases.

Substituting the solution (6.7) into (6.5), we obtain the maximum asymp-
totic efficiency achievable by a linear transformation (Figure 6.2):

A2 A, .
N m=1+3-2p|2, if Az/A| < |pl,
mvD =1 . A , (6.9)
N =1-p%, otherwise.

We can conclude from (6.9) that if the background noise is small relative
to the strength of the transmitted signals, and if A5/A, = |p|, then there is
no point (as far as near—far resistance is concerned) in utilizing the actual
values of the received energies: if A>/A, < |p|, then in view of (4.65), there
is no point in using the more complex optimum multiuser detector, as the
modified correlator in (6.8) will achieve the same performance (in the high

signal-to-noise ratio region).

i __________
— / .
5 7/ Qpt
5 , ptimum
- //
s -
2 -
B o1-p? L N =
& P Optimum Linear
= N
2 N
E S
=
=1
Z ™ Single-User Matched Filter
e
ol 2ip] 1/pl AylAy
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6.2 MMSE LINEAR MULTIUSER DETECTION

Due to the presence of the absolute value function in (6.4), solving for
the optimum linear detector in the K-user case entails the solution of a
nonlinear optimization problem that does not admit a closed-form solution.
An algorithm is given in Lupas and Verdu [254] along with a sufficient
condition for the best linear detector to achieve optimum asymptotic kth
user efficiency:

Ap > max ZAi P (6.10)

J_l"mKi;ék Prj

(which is also necessary in the two-user case), as well as a sufficient con-

dition for the decorrelating detector to be the best kth user linear detector,
namely
4
A R
A — R
The computational complexity of solving for the maximal-asymptotic-

forall j # k. (6.1

efficiency linear transformation is prohibitive for large number of users,
particularly in the asynchronous case.

The sclution we have reviewed in this section is geared toward low
background noise situations and does not incorporate knowledge of the
background noise level. The behavior of the maximal-asymptotic-efficiency
linear multiuser detector in the low signal-to-noise ratio region suffers from
shortcomings similar to those of the decorrelating detector, {(¢.g., for suf-
ficiently high o, the single-user matched filter has lower bit-error-rate)
(Problem 6.1). If the signal-to-noise ratios are available, then one can pose
the minimization (still over linear transformations) of bit-error-rate. Such
an optimization problem is even more complex than the one considered here
(Problem 6.16). A moere fruitful route to incorporate knowledge of received
signal-to-noise ratios is discussed in the next section.

6.2  MINIMUM MEAN-SQUARE ERROR (MMSE)
LINEAR MULTIUSER DETECTION

A commeon approach in estimation theory to the problem of esti-
mating a random variable W on the basis of observations Z is to choose the
function W(Z) that minimizes the mean-square error (MSE):

E[(W — W(Z)].

Under very general conditions, it can be shown that the solution is the
conditional-mean estimator:

W(Z) = E[W]|Z].
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In most problems, it is challenging to derive the conditicnal-mean estimator
from the joint distribution of W and Z. For that reason, it is common to
minimize MSE within the restricted set of linear (or affine) transformations
of Z. The linear minimum MSE (MMSE) estimator is, in general, easy to
compute and it depends on the joint distribution of W and Z only through
their variances and covariance.

We can turn the problem of linear multiuser detection into a problem of
linear estimation, by requiring that the MSE between the k user bit b, and
the output of the th linear transformation v y be minimized. Although this
approach does not lead to the minimization of the bit-error-rate

P[bk # sgn(vay)] R

it is a sensible optimality criterion, particularly when the multiuser receiver,
rather than demoduiating the data, supplies soft decisions to an error-control
decoder (cf. Section 2.4)).

The MMSE linear detector for the kth user chooses the waveform ¢, of
duration 7" that achieves

min E[(b; — (e, ) (6.12)
and outputs the decision
b = sgn({cy, y}).

The MMSE linear transformation maximizes the signal-to-interference ratio
at the output of the linear transformation (Problem 6.5):

l E , Arbys))?
. =14 max [({ck, Axbesi)) ]2 613
ming, E[(b; — (e, y))'] a  E[({ce, ¥ — Axbiesi))?]
We can always express the linear transformation as
Cy = C}Z + Cf(:’
where ¢} is spanned by the signature waveforms s, ..., s¢ and ¢y is or-
thogonal to ¢}; then
Y o2
El(by — (e, D! = E[(b, — {1 y))’] + 025 (6.14)
Consequently, it is best to restrict attention to ¢; spanned by sy, . . . , s¢. This

implies that the linear MMSE detector outputs a weighted combination of
the matched filter outputs, and enables us to turn the problem in (6.12) into
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a finite-dimensional optimization one, namely choosing the K -vector my
that minimizes

E[(bx — m]'y)’]. (6.15)

We now have K uncoupled optimization problems (one for each user), which
can be solved simuitaneously by choosing the K x K matrix M (whose &
column is equal to my) that achieves

min E[[|b — My|*], {6.16)
MERK“K
where
y = RAb +n, 617

and the expectation is with respect to the vector of transmitted bits b and the
noise vector n, which has zero mean and covariance matrix equal to o”R.
Since

Ix||* = trace{xx”},

the first step to solve (6.16) will be to obtain an expression for the covariance
matrix of the error vector:

cov{b — My} = E[(b — My)(b — My)"]
= E[bb"] — E[by"IM"
—ME[yb'| +ME[yy' M7. (6.18)

Using (6.17) and the fact that noise and data are uncorrelated we get

Ebb =1, (6.19)
E[by"]1= E[bbTAR] = AR, (6.20)
E[yb”] = E[RAbBb’] = RA, 6.21)

E[yy’] = E[RAbb"AR] + E[nn’ ]
=RA’R +o’R. (6.22)

Substituting these expressions in (6.18) we express the covariance matrix
of the error vector as

cov{b — My} = I + M(RA’R + 62R)M’ — ARM" — MRA (6.23)

= [+ 0 2ARA] ' + (M — M}RA’R + a*R)}M — M)’
(6.24)
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where

—y def

MZEA'R+5%A72, (6.25)

and we have assumed that A is nonsingular (i.e., only those users who are
active are taken into account). The identity in (6.24} is readily checked by
means of

M(RA’R + ¢’R) = AR
and
(I—ARM™ )1 + o "ARAY =1,

which in tum follow from (6.25). Thanks to (6.24), we are now ready to
solve

min E[|b—My|*] = min trace{cov{b — My}}. (6.26)
MeRK=K MgR¥ =K

The matrix RA’R + o *R is nonnegative definite. Therefore the trace of the
second term in the right side of (6.24) is always nonnegative. We conclude
that the matrix M defined in (6.25) achieves the minimum sum of mean-
square errors (6.26):

Mmin E[[b — My||*] = trace {[I + ¢ 2ARA|™'}. (6.27)
ERXxK

According to (6.25) the MMSE linear detector outputs the following
decisions:

” 1
by = sgn (/T([R + UZA?Z]in)k)
k
= sgn(((R+ A7 'y),). (6.28)

Therefore, the MMSE linear detector (Figure 6.3) replaces the transforma-
tion R™! of the decorrelating detector by

[R+a’A777",
where
2 2
) . a (a2
g A :dlag{—,,.., m}
A2 A%

Note that we have not required R to be nonsingular. Note also that the depen-
dence of the MMSE detector on the received amplitudes is only through the
signal-lo-noise ratios A, /o. The derivation of the MMSE linear multiuser
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FIGURE 6.3.
MMSE linear
detector for the
synchronous
channel.

6.2 MMSE LINEAR MULTIUSER DETECTION

Matched Filter N ——
User | : I
Sync | -
Matched Filier RN . > 5li]
U’ser 2 . l ; Ly 2
Sync 2 i
. 22
—> — [R+0°47]
v Matched Filer] | E — b.[i]
User3 . . i
Sync 3 &,
Matched Filter N~ - :F L 5[
User K : il
Sync K

detector assumed a great deal less than the basic CDMA model. We did
not need to assume that the background noise is Gaussian. Furthermore, in
order to reach the solution (6.25) we did not use the fact that the transmitted
bits are binary valued; we only required that (a) they be uncorrelated from
user to user and (b) £ [b,f_] = 1. The latter restriction is easily dropped by
absorbing a factor E[b7] into AZ.

Another formulation of the MMSE problem, which will be useful in
Chapter 7, substitutes (6.16) by

min_E[|Ab — My]|]. (6.29)
MeRK=K

This is equivalent to trying to replicate Aib; (instead of b;) at the output
of the linear transformation. But A, is assumed known, so it should not be
surprising that the solution to the optimization problem in (6.29) is given by

M* = [R+o*A7, (6.30)

which leads to the same detector as before (6.28), and is obtained following
the approach used to solve (6.16).
In the two-user case we have (Figure 6.4)

a? G’ TN+ —p
o[ )0-5) - [F 5]
A% A% -0 1+ A
(6.31)
As we know, the single-user matched filter receiver is optimized to fight

the background white noise exclusively, whereas the decorrelating detector
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T

s6r)

aélbﬁ

[
7
{

v(r) —=
%0 FIGURE 6.4.
" MMSE linear
;é N > P . 5, receiver for two
Y2 - + — synchronous
Al users.

eliminates the multiuser interference disregarding the background noise. In
contrast, the MMSE linear detector can be seen as a compromise solution
that takes into account the relative importance of each interfering user and
the background noise. In fact both the conventional receiver and the decor-
relating receiver are limiting cases of the MMSE linear detector. If we hold
Ay fixed and let A,, ..., Ag — O, then the first row of [R + o2A~2]"!
tends to

A7
——t_0,...,0],
[ﬁ+oz ]

which corresponds to the matched filter for user 1. As o grows, [R +
o2A72]"" becomes a strongly diagonal matrix, and the MMSE detector
approaches the conventional detector as 0 — o0,

If we hold all the amplitudes fixed and let & — 0, then

R+o7A2) TS R (6.32)

Therefore, as the signal-to-noise ratios go to infinity, the MMSE linear
detector converges to the decorrelating detector. This fact implies that the
MMSE linear detector has the same asymptotic efficiency and near—far
resistance as the decorrelating detector. In particular, the MMSE linear
detector also achieves optimum near—far resistance,

In the asynchronous case, the MMSE linear detector is a K-input, K-
output, linear, time-invariant filter with transfer function

[RT[13z + R[0] + 0?A 2 + R[1]z '], (6.33)

The simplest way to verify this is to notice that parallel to the asynchronous
decorrelating detector, (6.33) is the limiting form of the inverse of the equiv-
alent crosscorrelation matrix that we would obtain in a case with finite frame
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length:
CR[0] + 0?A? R7[I] 0 e 0 T
R[] R[0] - ¢%A% RT[I]
0 R[1] : E 0
: : R[0] 4+ a2A2 R7[1]
i 0 0 e R[1] R[0] + o?A™ |

(6.34)

In contrast to the decorrelating detector, the inverse in (6.33) always
exists because the matrix therein is the sum of a nonnegative definite ma-
trix and the diagonal positive definite matrix o2A~2. We interpreted the
asynchronous decarrelating detector as a cascade of a linear structure that
combines matched filter outputs so as to eliminate multiuser interference
followed by a zero-forcing equalizer that eliminates single-user intersymbol
interference. The situation is somewhat different for the MMSE detector. In
this case, the combination of matched filter outputs does not quite cancel all
the multiuser interference, and the single-user filter does not act as a zero-
forcing equalizer (nor as an MMSE equalizer for the single-user sequence).

The truncated-window strategy followed in Section 5.3 can also be ap-
plied to the MMSE linear multiuser detector with straightforward modifica-
tions. This observation turns out to be important in the adaptive implementa-
tions of the MMSE multiuser detector to be discussed in Sections 6.4 and 6.6.

Returning now to the synchronous case, an alternative representation for
the MMSE linear detector (which will be useful in later Sections) can be
obtained using the discrete-time mode! introduced in (2.96) in which the
observables are projections along a basis of orthonormal signals:

K
r= Z Aubisy +om, (6.35)
k=1

where m is an L-dimensional Gaussian vector with independent unit-
variance components. Considering user 1 as the user of interest, the vector
v that minimizes

El(by —¥'r)’]
must force the gradient to the zero-vector, that is,
Elbyr —1r'v] = 0. (6.36)
To compute the left side of (6.36) we note that

E[bir] = Assy,
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and
K 2
Elrr’] =0T+ Alss]. (6.37)
k=1

Therefore, the solution to (6.36) is given by the vector

v = E[rr’ 7 "E[b¥] (6.38)

—1
K
= A, [UZI +3° A,fsks,f:| S (6.39)

k=1
This is the MMSE linear transformation in the space of (2.97), which we
refer to as the Wiener characterization of the linear MMSE detector. The
minimum mean-square error achievable with a linear transformation is

Elthy — vV Y] =1 — (E[byr ) (E[re" ) Elbir]

=1- Afs,TE[rrT]’lsl

—-1
K
1 — AlsT I:JZI +y Agsksl} s, (6.40)
k=1
Let us denote the covariance matrix of the interference by

K
T+ Y Alsis] (6.41)
k=2
where notice that we are excluding user 1 from the sum. Using ', we can
obtain (Problem 6.1 1) alternative expressions for the MMSE transformation
(6.39) and the minimum mean-square error (6.40):
Ay .
V= — S|, (6.42)
14+ A%T 5 s, 1
and
1

Elb — 0"V —
® =17 AlT3 g,

(6.43)

Furthermore, recall that v* achieves the maximum output signal-to-inter-
ference ratio of any linear transformation, which thanks to (6.42) and (6.43)
can be expressed as
E[(Aibis]v)']
E[((r" — Abis])v)]
E[(h — vy
= A%sziisl. (644)

SIR,
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6.3 PERFORMANCE OF MMSE LINEAR
MULTIUSER DETECTION

Since the MMSE detector converges to the decorrelating detector
as o — 0 its asymptotic multiuser efficiency and near—far resistance are
identical to those of the decorrelator:

in the synchronous case, and

A , -
fy = (5 [R7[1]e/ + R[O] + R[11e~7“F, da)) (6.45)

-

in the asynchronous case.

In high signal-to-noise ratio channels with linearly independent signature
waveforms, it would not seem judicious to incur the extra complexity of
having to incorporate the received signal-to-noise ratios, only to attain a
very small performance improvement over the decorrelating detector. As
we discuss in Section 6.4, the chief advantage of the MMSE detector is the
ease with which it can be implemented adaptively.

Because the linear MMSE detector does not tune out the interfering
users, the analysis of its bit-error-rate is not as straightforward as that of the
decorrelator. As in the case of the single-user matched filter (Section 3.4.1),
the decision statistic (conditioned on the bit of interest) is not Gaussian but
the sum of a Gaussian random variable (due to the background noise) and
a binomial random variable (due to the multiaccess interference). In the
synchronous case, the first component of the output of the linear MMSE
transformation in (6.30) can be written as

K
M'y); = ((R+0’A "] 'y), = B, (bl + Z}Bkbk) +on,  (6.46)

k=2

with

By = Ay(M"R)y,,

fiy ~ N0, (M"RM"))).

The leakage coefficient B, quantifies the contribution of the kth interferer
to the decision statistic, relative to the contribution of the desired user. The
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Bit Error Rate

~10 -5 0 5 10
Near-Far Ratio A,/ (dB)

probability of error readily follows:

N A (MR,
pm — 2] K | N ,
e bz.....b,‘g;fuxq @ ( W ( Zﬁk k))

(6.47)

Figure 6.5 evaluates (6.47) in the special case of two users with crosscor-
relation equal to 0.8. The signal-to-noise ratio of the desired user is equal
to 10 dB. The probability of error is shown as a function of the near—far
ratio A,/A, and it is compared to the probability of error of the single-
user matched filter, the decorrelating detector, and the optimum multiuser
detector. Note that for sufficiently low interferer power, the MMSE prob-
ability of error is better than that of the decorrelating detector, and even
better than the upper bound to the minimum probability of error found in
(4.61). For relatively high-power interferers, the MMSE detector, while far
from achieving the single-user bit-error-rate (which is essentially achiev-
able by the optimum detector), performs quite similarly to the decorrelator
and much better than the single-user matched filter.

Toevaluaie (6.47) we face the same difficulty we encountered with (3.90):
an exponential (in K') number of terms. This computational burden is exacer-
bated by the need to compute the leakage coefficients. However, in contrast
to the behavior of the single-user matched filter, the error probability P} can
be generally accurately approximated by replacing the multiaccess interfer-
ence by a Gaussian random variable with identical variance: Q(+/SIR),
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FIGURE 6.6.
Biterror-rate with
eight equal-power
users and
identical
crosscorrelations
o =0.1.

6.3 PERFORMANCE OF MMSE LINEAR MULTIUSER DETECTION

where SIR| is given in (6.44). Equivalently, we can use (3.60),

ElQ(n+AX)] = Q( {6.48)

"
J1+ AZ) |
where X is unit normal, and

_ A (M'R),

" o JM'RM");,

and

M=ty B

K
k=

[

The accuracy of this approximation has been supported by several an-
alytical results in Poor and Verdd [338]. On an intuitive basis, the small
deviation from normality of the decision statistic can be seen by analyz-
ing the asymptotic cases o — 0 and ¢ — oo first. As ¢ — 0 the MMSE
detector approaches the decorrelator, and, thus, the leakage coefficients
vanish; as o — oc, the background-noise contribution at the output of the
linear transformation dominates the multiaccess interference. In either case,
the decision statistic is asymptotically Gaussian. For finite nonzero o, the
maximization of signal-to-interference ratio dictates negligible leakage co-
efficients unless the background noise is relatively powerful. Representative
numerical results are shown in Figure 6.6, which plots the bit-error-rates

10
(o2t
o Single-user Matched Filter
Gaussian Approximation
z
W
=
E 107
=)
2
= 45
o Single-user
Matched Filter
o Exact
-
o MMSE
0 Exact & Approx.

1012 14 16 18 20 22
Signal-to-Noise Ratio (dB)
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achieved by the single-user detector and by the linear MMSE detector in
the case of eight synchronous users with identical cresscorrelations (equal
to 0.1} and perfect power control (Problem 6.32). The Gaussian approxima-
tions are shown in both cases; whereas for the matched filter, the approxi-
mation is only accurate for very low signal-to-noise ratios, for the MMSE
detector both curves are indistinguishable. Note also the large gap in per-
formance between the MMSE detector and the single-user matched filter
(ranging from about 4 dB to & dB for the signal-to-noise ratios shown in
Figure 6.6).

Based on numerical and analytical evidence (cf. Problem 6.31), Poor
and Verdid [338] conjectured that the bit-error-rate of the MMSE detector
is better than that of the decorrelator for all levels of background Gaussian
noise, number of users, and crosscorrelation matrices.

We now turn our attention to the analysis of minimum mean-square error
when using random binary-valued signature sequences. According to the
solution found in (6,27}, if all the users have equal power, then the minimum
mean-square error for the kth user is the kth diagonal element of the matrix

A 1!
[I+ﬁn} .
o7

Averaging the minimum mean-square error with respect to the signature
waveforms we obtain

A2 1"
E[n}in E(by — {cx, y))zl] = EHI + ;R] }
¥ k&
] A 71
= ?E[trace [I + ;R] ]
l K A'.’ -1
el (e 5] )]

1
=E|—— . 6.49
[1 + g};xk(R)} 4%

If the ratio of the mimber of users to the spreading gain is, or converges to,
a conslant:

lim X _ 5 e, 100
m = — , +00),
TN

K—oo

then we can compute the limit as K — oo of (6.49) using the result in
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Proposition 2.1:

1 ©
lim E| ——— | = | ——f(x)dx (6.50)
K {H-%Ak(R)} fu 1+§}—3xfﬂ

1 o? A?
:1777 — .
4,BA2‘7:((12’ ) (6.51)

with

2
Fx, & (\/x(l VR 1=y a = Vo + 1) . 65D

The density in (6.50) is defined in (2.28). The explicit expression (6.51) for
the definite integral can be verified in Gradshteyn and Ryzhik [125]. Nete
that the result in {6.51) holds regardless of whether K is greater or smaller
than N. It can be checked that as the individual signal-to-noise ratio and
the number of users grow without bound the averaged mean-square error
behaves as

< to(%),  ifB <L

=

Jim E[ min £l = (e, 71| = 3 % +0(%). =1
' 1— g +0(%), iff>1,
6.53)

where the outer expectation is with respect to the signature waveforms and
the inner expectation is with respect to noise and data. In parallel with
the mean-square convergence result we showed for the optimum near—far
resistance in (4.111), we will show that the minimum mean-square error
with random binary sequences converges to the right side of (6.51):

lim min E[(b; — {ce. V)Yl =1~ L0—25’: (A—2 ,B) ,

K—oc o 4,8 A? ol
where the expectation is with respect to the noise and transmitted data but
not with respect to the choice of signature sequences. Since the minimum
mean-square error is upper bounded by 1, it is enough (cf. (4.113)) to show
the asymptotic identity:

lim El: - ! 2 ]
K—oo | min,, E[(h, — {(Ce, ¥}

= lim - : 5
K=co E[min,, E[(b; — (ce y)P]]

(6.54)
For that purpose, we use (6.41) and (6.44) to write the average signal-to-
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interference ratio as
1
g )]
min,, E[{(b; — {c1, ¥})]
= A’E[s]2's)]

2 N
= FZE (27| (6.55)

n=I

2
= %E[trace(E’l)]
Al | & .
= WEI:EA,,(E )}
A? L |
- 7\75[; o (2)]
A2
=E
I:)\-l (2):|

A2
E , 6.56)
[az + A8 (5 Tk, sks{)] (

where (6.55) follows by taking the expectation with respect to s; because

its components are uncorrelated and have zero mean and variance equal to
1/N. To take the limit as K — o of (6.56) we make use of the result in
Problem 2.48:

lim £

AZ -/«+oo A’)
= ——— fisp(x) dx
K=o [02 + Azﬁ}q(% Zf:z sks}:)} [ o+ AZﬁ v

2 2
= iz 1y (iz,ﬂ) . (657
ag g

4

Having obtained the average signal-to-interference ratio in (6.57) we just
need to check that

1 o2 A? - A? 1 A?
[1 - (;5, ﬁ)] —ip L F (;,ﬂ) (658

But this is equivalent to checking that the parabola

4

2
- 4(1 + A—2(1 + ,8)) z+ 16ﬁA—4
o g

has a root at
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Thus, the proof of (6.54) is now complete. Since the signal-to-interference
ratio achieved by the MMSE detector is upper bounded (by A%/a?), the
foregoing reasoning shows that the signal-to-interference ratio converges in
mean-square sense:

T2 2 2
i max E[(Abksk C) ] — = A_z _ l]: ('i7 ) (6.59)
ol E[((0 - ansT)e] 9 4 A
der A3
= —E“Q—SE (6.60)

Using (6.60) we can solve (Problem 6.19) for the 8 required to achieve any

Aumse < A:
o? AZ
,3:(1+ )(1—M). (6.61)
Ag/‘iMSE A?

From (6.61) it can be verified that the asymptotic output signal-to-noise
ratio Afee/0” of the MMSE linear filter satisfies the equation

A2 . AZ
MMEE = — — (6.62)
7 A v
I

m

It is interesting to compare (6.62) with the corresponding expression for the
single-user matched filter (3.184):

AZ
o+ AT

In the case of the single-user matched filter, every interferer contributes
an interfering power equal to its power divided by the spreading gain N,
whereas in MMSE processing that interfering power is further reduced by
a factor equal to

1
.
1 4 P
Figure 6.7 shows the probability of error of the MMSE detector and
the single-user matched filter with K = 100 and eighteen different real-
izations of randomly chosen direct-sequence signature waveforms with
N =1,000. As we mentioned in Section 3.4.1, the bit-error-rate of the
single-user matched filter converges for any signal-to-noise ratio as K — oo
while K /N is kept constant. However, this convergence may be very slow,
as illustrated in Figure 6.7, where despite the large number of users in this
channel, the performance variability of the single-user maiched filter is very
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- Infinite-User Limit

e Single-User
“{ Matched Filter

Probability of Error

Signal-to-Noise Ratio (dB)

noticeable. The infinite-user limit shown in Figure 6.7 is the right side of
Equation (3.94). The bit-error-rates of the single-user matched filter and
MMSE receiver in Figure 6.7 are evaluated via (3.69). For the parame-
ters considered in this figure, the performance of the MMSE receiver is
insensitive with respect to the actual realization of random signatures and
is indistinguishable from the infinite-user limit:

AT ] A?
Q( o zf(z’ﬂ))-

6.4 ADAPTIVE MMSE LINEAR
MULTIUSER DETECTION

The structure of linear multiuser detectors (such as the decorre-
lating detector and the MMSE detector) is attractive because they can be
implemented in decentralized fashion with what amounts to a modified
matched filter, However, this modified matched filter depends on the signal
crosscorrelations (and on the received signal-to-noise ratios in the case of
the MMSE detector), and the computation of its impulse response involves
matrix inversion. Although there are ways to speed up such a computation
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6.4 ADAPTIVE MMSE LINEAR MULTIUSER DETECTION

(for example in the decorrelating detector, Gram—Schmidt orthogonaliza-
tion can be used), it is of interest to examine ways in which it could be
avoided altogether. It is particularly important to eliminate the need to com-
pute the linear detector impulse response in asynchronous channels where
crosscorrelations are time varying and in channels with time-varying re-
ceived powers (in the case of the MMSE linear multiuser detector). It would
be very desirable to obtain a linear multiuser detector that would not only
eliminate the need for on-line computation of its impulse response, but it
would also eliminate the need to know the crosscorrelations, or in general,
the signature waveforms of the interfering users. We will show how that
goal can be accomplished with an adaptive implementation of the MMSE
linear detector, which “learns” the desired filter impulse response from the
received waveform, provided that the data of the desired user is known 1o
the receiver, This last requirement may seem like too much to ask since
after all, the data are what we are after. In practice it requires the trans-
mission of a training sequence (i.e., a strin £ of data known to the recetver)
prior to the transmission of actual data. The receiver uses an adaptive law
to adjust its linear transformation while the training sequence is being sent.
If the crosscorrelations and amplitudes vary over time, training sequences
can be sent periodically to readjust the receiver. In practice, it is common
to perform fine adjustment of the linear transformation (once the adaptive
algorithm has converged and the transmission of the training sequence is
over) by letting the adaptive algorithm run with the decisions made by the
detector in lieu of the true transmitted data. This type of operation is usually
referred to as decision-directed.

To justify the adaptive law for the MMSE linear detector, we will first
review the elements of gradient descent stochastic optimization. Suppose
that we wish to find the (multidimensional) parameter 8* that minimizes
the following function:

¥(f) = Elg(X, 9)] (6.63)

where X is a random variable. If the function W is convex, then starting at
any initial condition 6,, it would be possible to converge to the minimum of
W by following the direction of steepest descent (i.e., the opposite direction
to the gradient Vr):

9j+l = H, - 'LLV\IJ(BJ). (664)

If the step size is arbitrarily smail, then eventually 8; will be as close as
desired to * (in practice, the step size can be progressively shrunk as the
algorithm converges). Other than usin g the convexity of ¥ we have not yet
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invoked the structure in (6.63), according to which we need to know the
probability distribution of X in order to compute the gradient. But what if the
distribution of X is not known? Then, we cannot compute the expectation
in (6.63) and neither the cost function ¥ nor its gradient are known. So
it is not possible to implement (6.64) if the distribution of X is unknown.
Instead, let us assume that the optimization algorithm is allowed to observe
an independent sequence {X, X5, ...} where each of the random variables
has the same distribution as X. From this sequence we could estimate the
distribution of X and compute an approximation to V. However, a more
direct approach can be devised. At each step of the algorithm, we could
replace the unknown

V() = EVg(X,6,)
by its “noisy” version, Vg(XHI, &)
Oiv1 =6; —uve(X 0, (6.65)

The rationale for (6.65) is that even though the negative gradient in (6.65)
does not point in the true direction of steepest descent, its average does
indeed point in that direction at each step in the algorithm because

E[Vg(X;, Qj)] = E[Vg(X,8,)] = V¥ (@)

According to the law of large numbers, if the step size is infinitesimal
then deviations from the average will tend to cancel, and the trajectory
of the algorithm will track very closely the lines of steepest descent of
. This algorithm is known as stochastic gradient descent or stochastic
approximation.' In the special case of a quadratic-error cost function g,
stochastic approximation is alse known as the LMS (Jeast-mean-square) al-
gorithm. We motivated (6.65) as a method of computing the minimum of
{6.63) when the distribution of the random variable X therein is unknown but
a sequence of independent identically distributed realizations of X is avail-
able. In practice, it may be computationally advantageous to use the simple
stochastic approximation algorithm in (6.65) to compute the minimum of
W even when the distribution of X is known. Moreover, if the stationary
sequence of realizations of X is dependent, we can confidently use the
stochastic approximation algorithm as long as the sequence is ergodic, and
the time average of the “noisy” gradients converges to its expectation,

! The term stochastic approximation is usually reserved for versions of stochastic gra-
dient descent where the step size is progressively decreased.
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In practice, the penalty for making x exceedingly small is very slow
convergence to the vicinity of the solution 8*; larger values of i accelerate
convergence but introduce larger steady-state fluctuations around 6*. To
overcome these shortcomings, the step size can be shrunk as the algorithm
progresses.

Let us now apply the foregoing general framework to the derivation
of an adaptive MMSE linear detector. We will do so in the synchronous
setting and then we will briefly address the asynchronous case. As we saw
in Section 6.2, the MMSE linear detector for user 1 correlates the received
waveform with the signal ¢, that minimizes

E[(h — (c1, »)P). (6.66)

The minimization of (6.66) fits the above stochastic approximation frame-
work with

g(X,c1) = (by = (c1. 1)), (6.67)

where X represents the received waveform y and the bit &;. It is immediate
to check that (6.66) is a strictly convex function in c,. The independent
identically distributed observations used in the stochastic approximation
algorithm are

X; = (b1, »LiDs {6.68)

where
K
vl = ZAib,[j],f,-(t —jTy+n), teljl, jT+T] (6.69)
i=1

Hence all we need to do to specify the gradient descent algorithm (6.63) is
to obtain the gradient of (b, — {c|, y))* with respect to ¢, which is equal to

2({c1. ¥3 — b1y, (6.70)

We conclude that the adaptive algorithm is

aljl=calj — U —uleali =11 y0D —bLiD L] (6.71)

Therefore, the update of the impulse response is equal to the received wave-
form scaled by the error between the known data and the filter output.

The solution to which the adaptation law in (6.71) converges (with ad-
equately decreasing step size) is the MMSE linear detector for user 1.
Consequently, it depends on all the received signal-to-noise ratios and
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signature waveforms. However, the algorithm requires no a priori knowl-
edge of the signature waveforms (not even that of the desired user) nor
of the received signal-to-noise ratios. Besides the need for the training
sequence of the desired user, the only underlying requirement of the al-
gorithm is that it has acquired bit-epoch synchronism with the desired
user. Why does it converge to the desired user’s MMSE detector, rather
than to another user’s detector (e.g., the strongest one)? Because the al-
gorithm is governed by the data (training sequence)} of the desired user.
Another noteworthy aspect of the derivation of the adaptive MMSE detec-
tor is that it did not have to take into account the structure of the interference
in (6.69), namely white Gaussian noise plus linearly modulated signature
waveforms. The adaptive linear transformation self-tunes to exploit such a
structure.

As we have seen, other than to initialize the algorithm, the adaptive
MMSE linear detector does not use knowledge of the signature waveform
of the desired user. A different adaptive strategy is discussed in Section 6.6
that makes effective use of the signature waveform of the desired user.

Even though the signals (¢;[ ], ¥[j]) in (6.71) are continuous-time sig-
nals of duration T, practical implementation of the adaptive law will ordinar-
ily be carried out with finite-dimensional vectors. If the signature waveforms
of all the users are known, then the dimensionality of the adaptive vector
need not be larger than K. Although this knowledge may be realistic in some
situations, it is important to capitalize on a major advantage of the adaptive
linear MMSE detector: no signature waveforms need be known before-
hand. Fortunately, any finite-dimensional basis known to span all received
signature waveforms will serve the purpose of implementing a linear finite-
dimensional adaptive algorithm. For example, in a synchronous CDMA
channe! with direct-sequence spread-spectrum waveforms with identical
chip waveforms, no optimality is lost (cf. Section 2.9) by working with the
discrete-time outputs of chip matched filters, in which case, the algorithm in
(6.71) would operate with vectors whose dimension is equal to the number
of chips per bit. For approximately band-limited chip waveforms, sampling
at the Nyquist rate provides sufficient statistics for (synchronous and) asyn-
chronous channels.” In either case, the sequence of received vectors obeys
the model (cf. (2.97)}

r(n] = SAb|r] + om[n]. (6.72)

2 Nyquist sampling sidesteps the need for the receiver to acquire synchronism with
asynchronous interferers.
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Now, the finite-dimensional version of the adaptive algorithm in {(6.71)

vilrl = viln — 11— p (v] [n — 1]rla] — by [r]) rln]. (6.73)

We can prove that the algorithm in (6.73) is globally convergent® when g
decreases suitably. This convergent behavior is a consequence of the fol-
lowing general result, which puts the foregoing intuitive ideas on stochastic
approximation on a sound footing.

Consider the convex penalty function

U(v) = E[(w — vV w1, (6.74)

where u is a random scalar and w is a random L-dimensional vector. The
minimization of {6.74) results in the linear MMSE estimate of 4 based on
the observation of w. As in (6.39), the argument that minimizes (6.74) is

v = E|ww' |7 E[uw]. (6.75)

If realizations of (4, w) are available, then an alternative to computing the
right-hand side of (6.75) is to use stochastic approximation. In this case,
convergence of the algorithm is fully justified by the following result:

Proposition 6.1 (Gyorfi [ 130]) Consider the recursion
1
vin] = v[n — 1] — — (v [n — 1Iwin] — u[n])w|n], (6.76)
n

where v[n], wln] are L-dimensional vectors and uin] are scalars that satisfy
the following conditions:

fa) (wlnl, ulnl} is a stationary ergodic sequence.
(b) E\w[11w[1]7] is invertible.*

(¢) E[w[LI*Y] < oc.

(d) E[u[1]] < ox.

Then, for any ¥v[0],

lirgo vin] = E[w[11w[1]"T7 E [«[1IW[11] alnost surely. (6.77)

3 An adaptive algorithm is globally convergent if it converges to the desired solution
regardless of the initialization.

4 Because of the stationarity assumed in (a), conditions (b), (¢), and (d) apply automat-
ically to wlr) and u[n].
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Now (6.73) can be seen as a special case of (6.76) with
ulnl = by[n], (6.78)
w(n] = rin]. (6.79)

As long as the training sequence is independent identically distributed,
the process {w[n], u[n]} is independent identically distributed in the syn-
chronous case and the sufficient condition (a) in Proposition 6.1 is satisfied.
Condition (b) is satisfied as can be seen from (6.39). Condition (¢) is satis-
fied because all moments of the norm of a Gaussian random vector are finite.
Condition (d) is obviously satisfied because u’[n] = 1. Assuming that all
K training sequences are mutually independent (cf. Problem 6.35) the right
side of (6.77) becomes the Wiener characterization of the MMSE linear
multiuser detector upon substitution of (6.78) and (6.79). Thus, Proposi-
tion 6.1 shows that the adaptive MMSE algorithm (with i, = ,{) converges
regardless of the initialization to the desired solution.

In practical implementations in nonstationary environments, a nonzero
lower bound must be imposed on 1, so as to be able to track channel
varjations. We turn to a brief examination of the factors that affect the speed
of convergence to steady state of the adaptive law in (6.73) in the case of a
fixed step size y¢. As we have seen in (6.39), the MMSE filter corresponds to

vi = E[rr’ |7 E[bir). (6.80)

'The expected error between the adaptive filter and the desired solution fol-
lows the evolution:

Elvi[n]l —vi] = Elviln — 1] = v{] — p Er[n]r" [n]v,[n — 1]]
+pEre’v;
= — pE[r Ev [n — 1] — ¥]], (6.81)
where (6.81) follows because v([#n — 1] depends on observations
r[0],....r[r — 1]

but is uncorrelated with r{n]. The error vector is seen to obey a simple
linear equation (6.81), which is easily solvable using matrix exponentials.
Rather than doing that, we can get a feel for the speed of decay of the av-
erage error by choosing a different basis for the linear transformation. Let
us orthogonalize the symmetric matrix in the right side of (6.81):

Q.=

where G is an orthonormal matrix, GGT = I, and A is a diagonal matrix
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containing the eigenvalues of .. Then (6.81) is equivalent to
GE[v\[n] — vi] = AGE[v,[r — 1] — ¥]].

This means that each component of the expected error vector rotated by
G evolves autonomously with a decay factor equal to its corresponding
eigenvalue:

ai ;ln) = (1 — po? — ph ) ar ;100, (6.82)
where

ai[n] = (ays[nl, ..., aLln])

=GE[v[n—1]1-v]],

and A; denotes the jth eigenvalue of

K o
Z AszS{.
k=1
The geometric decay rate of (6.82) is
11— pa? — iyl

which is stable (i.e., less than 1) it and only if

0« < —.
H Uz+}uj

It follows that stability of (6.73) dictates a step size smaller than

2

Mmax = —5—"——,
o’ -+ Amax

where Ag,, s the maximum eigenvalue of mel AlsesT . Within that con-
straint, the speed of convergence is maximized by choosing the step size that
maximizes the minimum of the decay rates (Problem 6.36). Regardless of
the choice of j the speed of convergence is the same for all users, although
the steady-state mean-square error need not be the same for different users,

In adaptive filtering there are well-known ways to speed up convergence
based on recursive least-squares (Problem 6.46) and other techniques.

The approach we have followed so far in this section has to be mod-
ified only slightly to deal with the asynchronous channel. If we take the
one-shot approach of Section 5.3, the foregoing algorithm holds verbatim.
The adaptive algorithm (6.66) will converge to the one-shot version of the

MMSE linear detector. The adaptive receiver needs to know the data of
e Aesired user and Needs 10 SYRONToM7ZS 10 s Hit £podns (not w ose of
other interferers). The near—far resistance of the resulting one-shot MMSE
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containing the eigenvalues of Q. Then (6.81) is equivalent to
GE[v[r] — vl = AGE[v|[n — 1} — V]].

This means that each component of the expected error vector rotated by
G evolves autonomously with a decay factor equal to its corresponding
eigenvalue:

ayjin] = (1 — po’ — piY'a 5101, (6.82)
where

a [n] = (al,l[n]a e al‘L[n])

=GE[vln — 11 —v]],

and A; denotes the jth eigenvalue of

K
Z Afsesy .
k=1
The geometric decay rate of (6.82) is
|1 - MUZ - ﬂ')‘jla

which is stable (i.e., less than 1) if and only if

0 < p < ——.
® U'2+)\.j

It follows that stability of {6.73) dictates a step size smaller than

2

Mmax = ’
(72 + A-ma)(

where Ay 15 the maximum eigenvalue of 2531 Afsks,;’. Within that con-
straint, the speed of convergence is maximized by choosing the step size that
maximizes the minimum of the decay rates (Problem 6.36). Regardless of
the choice of i the speed of convergence is the same for all users, although
the steady-state mean-square error need not be the same for different users.

In adaptive filtering there are well-known ways to speed up convergence
based on recursive least-squares (Problem 6.46) and other techniques.

The approach we have followed so far in this section has to be mod-
ified only slightly to deal with the asynchronous channel. If we take the
one-shot approach of Section 5.3, the foregoing algorithm holds verbatim.
The adaptive algorithm (6.66) will converge to the one-shot version of the
MMSE linear detector. The adaptive receiver needs to know the data of
the desired user and needs to synchronize to its bit epochs (not to those of
other interferers). The near—far resistance of the resulting one-shot MMSE
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linear detector is the same as the one-shot decorrelating detector, which is
not as good as that of the asynchronous decorrelating detector. In order to
improve the performance of the MMSE linear detector, we need to lengthen
the observation interval to a truncated window that spans more than one bit
period. This implies that the inner product in the penalty function (6.66)
must now be taken over the whole truncated window. This has no effect
on the convexity of the function, and the desired MMSE linear detector is
the unique local minimum of this function. The derivation of the adaptive
gradient descent algorithm is the same as before with the only change be-
ing that the linear transformation being adapted and the observed vector
now span the whole window of observation. Note that in the asynchronous
case {w[n], u[r]} is not an independent sequence even if the training se-
quence is independent identically distributed because of the overlapping
of interfering waveforms in consecutive windows. However, {w[n], u[n]}
is stationary and Gaussian, and hence ergodic, which is enough to invoke
Proposition 6.1. Nonetheless, the evolution of the expected error in {6.81)
does not hold in the asynchronous case because of the dependence of the
observations in adjacent blocks.

Naturally, convergence to the MMSE solution hinges on the received
amplitudes and crosscorrelations being constant. When these parameters
are slowly varying (relative to the speed of convergence of the algorithm)
then it is still possible to track those variations with the adaptive algorithm
driven either by a training sequence or in decision-directed mode. However,
if there is a sudden change in the CDMA channel such as a strong interferer
suddenly being powered on, the decision-directed algorithm will start using
unreliable decisions in lieu of the true data and may not converge. It may
become necessary that the receiver be able to detect those sudden channel
changes and request the desired user to interrupt its transmission in order
to send a training sequence. Thus, reliance on training sequences is more
cumbersome and disruptive in CDMA channels than in single-user channels.
It is therefore of considerable interest to study adaptive muitiuser detectors
that operate in blind mode (i.e., without the need to know the data). Before
we do this in Section 6.6, we need to introduce a general representation of
linear multiuser detectors.

6.5 CANONICAL REPRESENTATION OF LINEAR
MULTIUSER DETECTORS

In this section we show a property of the MMSE linear multjuser
detector that turns out to be pivotal in the derivation of a blind adaptive
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algorithm in Section 6.6. To show this property we will introduce a canonical
representation for any linear multiuser detector.

A linear multiuser detector for user 1 is characterized by a waveform ¢,
such that

by = sgn((y. c1)). (6.83)

Although the representation we derive in this section holds for both synchro-
nous and asynchronous channels, it is helpful to focus on the synchronous
case, in which all the signals have duration 7', Let us introduce the following
canonical representation for ¢):

=8 + X, (684)
where x, is such that
(S|, X[) =0, (685)

The representation in (6.84) and (6.85) is canonical in that every linear
multiuser detector for user 1 can be expressed in that form. This is because
the set of signals ¢| that can be written as in (6.84) and (6.85) are those that
satisfy

(s, o) = sl =1, (6.86)

and the decision in (6.83) is invariant to positive scaling; thus, the only
linear transformations ruled out by (6.86) are the signals ¢, orthogonal to
51, which may as well be ruled out since they result in error probability
equal to 1/2.

Thanks to the canonical linear transformation, every linear transforma-
tion for multiuser detection is characterized by its corresponding orthogonal
signal x;. Given a desired (up to a scale factor) linear transformation d\, the
orthogonal component to s, is given by

1
= —d| — 5. 6.87
o {s1,dh) o (©87)

The linear transformation outputs

K
(osi+x0 = Ab + ) Ab (one + (s, x0) + 0f, (6.88)

k=2
where the variance of 7, is 1 + |x||>. The energy of the component or-
thogonal to s; in an arbitrary linear transformation (relative to the energy
in the direction of s,) is called the surplus energy. So, for a linear transfor-
mation in canonical form s; + x;, the surplus energy is ||x, |I*>. The linear

transformation with zero surplus energy is the single-user matched filter.
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Using (6.88) it is readily shown (Problem 6.24) that the asymptotic mul-
tiuser efficiency and signal-to-interference ratio achieved by (6.84) are given
by

max’ [0, I—- Z;f:z %Jplk + {5k, X1)|]

= 6.89
m P (689

and

2
SIR, = Ef{A b5, 51 +x13)7] (6.90)

E[(lon + i, A, + x1))]
AZ
- 2 K : 2 5" (691)
oL+ llxi 1) + 325 A7 (ou + {55, x0))

Before we investigate the properties of the canonical representation of the
linear MMSE detector let us consider the canonical representation, s, + x{,
of the decorrelating detector. In such case, in addition to being orthogonal
to s(, x{ must satisfy

(Sk, .X‘;[) = — 0Ok (692)

as a result of the decorrelating property. Substituting (6.92) into (6.89) we
see that the surplus energy of the decorrelator satisfies

1

— (6.93)
L ]

mo=nf=

Thus, the closer n{ is to 0, the larger the surplus energy necessary to tune
out the interference, This is illustrated in Figure 6.8 (cf. Figure 5.11) where
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(using ||s;|] = 1} it is apparent that

cosfa = Mk,

(1+ Hx,‘fﬂz) cos’a = 1.

Regarding the canonical representation of the MMSE linear detector, it
is easy to show using the Wiener form (6.39) and (6.87) that its orthogonal
component is

Efrr’] s

X} = s,TE[[rﬁls_l — 5. (6.94)
Although not apparent from (6.94) the orthogonal component of the MMSE
linear transformation satisfies a useful property, which we discuss next. We
verified in (6.13) that the MMSE linear transformation is the one that max-
imizes the output signal-to-interference ratic. So we need to choose x; that
maximizes (6.91). From (6.88) we see that the choice of x; does not af-
fect the desired-signal component at the output of the linear (ransformation.
That is why the numerator in (6.91) does not depend on x;. This is a trivial,
but important observation, as it means that maximizing the ratio in (6.90) is
equivalent to choosing x; to minimize the sum of numerator and denomina-
tor therein, that is, the sum of the variance of the desired signal component
and the variance of the component due to the background noise plus mul-
tiaccess interference. That sum is nothing but the variance of the output of
the linear transtormation:

MOE(x() = E[({y, s1 + %))l (6.95)

So we can conclude that the x; that minimizes MMSE also minimizes MOE.
Indeed, the linear minimum outpur variance detector?® is the linear MMSE
multiuser detector:

E[(A1by — (v, 5+ x))*]1 = A? + MOE(x) ~ 2AT{s1, 51 + x1)
= MOE(x)) — A (6.96)

To arrive at the key relationship {6.96} between minimum outpul variance
and minimum mean-square error we have not used the structure of the
CDMA channel model beyond the fact that b, is uncorrelaied with the in-
terference (multiaccess interference plus background noise). Not only does
(6.96) give further motivation for the use of the linear MMSE detector but,
more importantly, it has key consequences for its adaptive implementation,
as discussed in the next section.

3 Also called minimum output energy detector in the literature.
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6.6  BLIND MMSE MULTIUSER DETECTION

In the single-user equalization and identification literature, adap-
tive algorithms that operate without knowledge of the channel input are
called blind. In this section, we show an adaptive detector that converges
to the MMSE detector without requiring training sequences. The knowl-
edge required by the detector presented in this section is identical to the
knowledge required by the single-user matched filter receiver, namely, the
signature waveform and timing of the desired user.

6.6.1 GRADIENT DESCENT ALGORITHM

The approach we take (o self-tune the detector is similar to that
of Section 6.4, namely, stochastic gradient descent of a convex penalty
function. However, in this case, the penalty function will be the output
variance (6.95) instead of the mean-square error. If we were to minimize the
output variance over all possible linear transformations, then ¢; = 0 would
be the trivial (and useless) solution. Instead, we have seen in Section 6.5
that if the linear transformation is assumed to be, without loss of generality,
in canonical form, and the output variance is minimized with respect to the
component orthogonal to the desired uset’s signature waveform, then the
solution is the MMSE linear transformation. As in Section 6.4 the adaptive
algorithm will be derived without recourse to the structure of the multiaccess
interference in the basic CDMA channel model other than using the fact
that it is uncorrelated with the data of the desired user.

First let us check that the penalty function is strictly convex over the
convex set of signals orthogonal to s,. Using (6.95) we obtain

MOE(ax! + (I — @)x}) = aMOE(x]) + (1 — 0)MOE(x7)
—a(l —)E[ ({y. 5 — ")’ ] (6.97)

< aMOE(xf) + (1 — «)MOE(x})
—a(l —a)o?|x{ — 52|, (6.98)

where to obtain the inequality we used Proposition 3.5 and the fact that the
variance of the sum of uncorrelated random variables is equal to the sum
of the variances. Notice from (6.98) that the higher the background noise
level, the stricter the convexity of the output variance penalty function.

In order to apply the gradient descent algorithm to the penalty function
(6.95), we must take into account that, at every iteration, x;[i] must be or-
thogonal to s, because we are following (on average) the steepest descent
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line along the subspace orthogonal to 5. Projecting the unconstrained gra-
dient on that subspace results in the desired steepest descent line, To check
this, simply note that the unconstrained gradient can be decomposed as the
sum of its projections along s, and its orthogonal subspace; steepest uncon-
strained descent requires steepest descent along each of those directions.
Therefore, let us first take the unconstrained gradient of

MOE(x;) = E[({y. s, + x1})*),
which lies in the same direction as the cbserved signal:
VMOE = 2{y, s + x1) . (6.99)

The component in {6.99) orthogonal to s, is a scaled version of the compo-
nent of y orthogonal to s,:

y—{y, njs.
Therefore, the projected gradient (orthogonal to ;) is
2y, 50 +x) [y — (v, s0s]. (6.100)

The adaptive algorithm updates proceed at the data rate. The observed wave-
form y(¢) is slotted into waveforms of duration T (cf. (6.69)):

coe ¥LE= 11 0T ¥+ 1,
and the orthogonal component at the ith iteration, x,[i ], depends on
L | A1

Let us denote the responses of the matched filters for sy and s, + x;[i — 1]
by

Zyrli] = (il 513, (6.101)
Zli] = (plil s + [ — 10 (6.102)
respectively. According to (6.100) the stochastic gradient adaptation rule is

x 1= xli = 1] — pZl]) (3] — Zurlils)), (6.103)

which is depicted in Figure 6.9. In the absence of information about the
interfering signature waveforms (or for ease of implementation) the natural
choice for the initial condition in (6.103) is

x[i1=0.
Remarkably, the adaptive algorithm in (6.103) converges to the linear

MMSE detector (which achieves maximum near—far resistance) using no
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% @ Zyelil

MU

*
Zl

more information than the single-user matched filter (which achieves zero
near—far resistance), namely, the desired user’s signature waveform and its
timing.

Inthe practical implementation of (6.103), finite precision round-off error
may have a cumulative effect that drives the updates in (6.103) well outside
of the required orthogonal subspace. This can be remedied by occasionally
replacing the update x,[i] by its orthogonal projection:®

xi[i] = {81, si)s0.

Regarding the implementation of the adaptive algorithm (6.103), we can
apply verbatim the observations made in Section 6.4:

+ Implementation with finite-dimensional vectors rather than continuous-
time signals. For the sake of lower computational complexity and im-
proved speed of convergence, it is desirable to use the vector space with
lowest dimension that contains the desired and interfering signals. This
indicates that knowledge of the signature waveforms of the interferers
can be effectively used by the adaptive algorithm.

+ Improved convergence speed with more complex recursions.

* Implementation in asynchronous channels.

% If the orthogonal projection is implemented at every iteration, then the algorithm is
similar to that in Frost [98].
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Proposition 6.1 can also be applied to the finite-dimensional implementa-
tion of (6.103) in order to prove global convergence with jt; = } with the
following assignments:

uln] = —Zyplnl, (6.104)
w(n] = rln] — Zyrlnls;. (6.10%)

Proposition 6.1 then shows global convergence of the adapiive orthogonal
component to the solution given in (6.94).

6.6.2 SIGNATURE WAVEFORM MISMATCH

The blind multiuser detector trades the use of training sequences
(Section 6.4) for the knowledge of the desired signature waveform. This
brings up the issue of the robustness of the blind multiuser detector against
mismatch of the desired signature waveform. Mismatch occurs when the
receiver assumes that the desired signature waveform is a nominal unit-
energy waveform §, whereas the true received signature waveform is si.
Whenever the channel introduces a priori unknown distortion, §; will be
different from s,, even if measures (such as the adaptive rake receiver,
of. Section 2.6) are taken to estimate the true received signature waveform.

Let us consider first the benign situation where no interfering users are
present. Assuming

P E s, 5) =0,

the matched filter for §; achieves error probability
Ah
Pi(o) = Q(_'p ') :
o
Tt can be shown (Problem 6.40) that the correlator with §, + x|, where x| is

orthogonal to 3, and chosen to minimize the output variance, achieves the
following error probability:

ol & 2
N RS TE R

It follows that, in the absence of multiaccess interference, the matched filter

Pio) = (6.106)

for § achieves lower error probability than the minimsum output variance
linear receiver regardless of the signal-to-noise ratio. Furthermore, for suf-
ficiently fow background noise level, the argument of the Q-function in
(6.106) is arbitrarily small. Thus, unless we have exact knowledge of the
signature waveform of the desired user, the minimum output variance solu-
tion is useless in the high signal-to-noise ratio region. Figure 6.10 exhibits
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the reason for this ill-behavior. Whenever §, # sy, there is a signal x| or-
thogonal to §, such that the resulting signal §, + x, is orthogonal to the
desired signal s5,. For asymptotically low background noise, the minimum
output variance solution concentrates on canceling s; without regard to the
resulting surplus energy. We can easily find from Figure 6.10 the surplus
energy required for desired signal cancellation in the absence of interferers
and background noise:

xs = llxii” = 15,1 tan® 6, (6.107)

A2
— (6.108)

~D

I - p

where we have used
b1 = {51, 81} = siné,.

Therefore, small mismatch (5, = 1) requires very large surplus energy for
the cancellation of the desired signal.

Continuing our discussion of the iow background noise region, let us
see what happens to the minimum output variance transformation in the
presence of interfering users. It is apparent that if 5, is comparable to ,
the crosscorrelation between §, and s, then the minimum output variance
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transformation 1s going to devote comparable resources to suppressing the
signal due to user 1 as to suppressing the signal due to user . In such case,
reliable demodulation requires narrowing down the mismatch on s 1- On the
other extreme, if there is no desired-signal mismatch, then the interfering
users can be tuned out with a surplus energy equal to (6.93)

x=IxnlF=— -1 (6.109)

S|

In the common regime where there is some desired-signal mismatch but
§) is much closer to s, than to any of the interfering waveforms, we can
robustify the minimum variance receiver against desired-signal mismatch
by constraining its allowed surplus energy. How do we choose the allowed
maximum surplus energy x,m,? Te avoid cancellation of the destred signal
in the absence of interferers, we must have (6.108)

~

Kmax < X = 1= [)12’

whereas to be able to cancel the multiaccess interference we need (6.109)

1
Amax > X3 = — — L.
i

Thus, achieving both objectives simultaneously requires that the desired-
signal mismatch be small enough to satisfy

A= 17
[n the two-user case, the following result holds (Problem 6.39):
Proposition 6.2 Let s, 55, and 3, be such that
131, 01 > [{81, s2)1.

Then, for every A, A,, there exists a value of surplus energy y such that
the minimum output variance detector has positive asymptotic efficiency.

Let us now turn our attention to the derivation of the minimum output
variance solution with constrained surplus energy. It is best to discuss the
finite-dimensional version:

min E[(r"¢;)’]
subject to

flesll® <14 x {6.110)
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and
g =1. (6.111)

Obviously, this problem is equivalent to the corresponding minimization
with respect to & with ¢, = §, +&;. We will solve this optimization problem
using Lagrange multipliers with cost function

E[(@ e’ +willeil® = 1= x) — va(e]8 — 1),
Equating the gradient with respect to ¢, to 0, we get
E[rrT]cT +ve] — 1§ =0,
or, equivalently,
¢ =uu I+ Err’ '3, (6.112)

with

K
Elre"] =01+ ) Alsis]

k=1

and the scalar
vy =81 I+ E[re 117,

chosen so that (6.111) is satisfied. The resulting surplus energy x ranges
from 0 obtained with v; = 400 to the surplus energy of the MMSE solu-
tion (6.94) obtained with v; = (. Comparing (6.112} to the MMSE solution
in (6.39) (corresponding to unconstrained surplus energy), we notice that
except for an irrelevant multiplicative factor, both solutions differ in that the
presence of a constraint on surplus energy is equivalent to an additional
amount of background noise. Note that, all other parameters being equal, an
additional amount of background noise translates into an MMSE solution
that is closer to the single-user matched filter and thus uses less surplus
energy.

To derive the adaptive algorithm that converges to the constrained surpius
energy detector we can mimic the steps that led to (6.103), except that we
now take the gradient of

MOE ) + v ||lx|?
with respect to x,, which is

200, 8+ xy + 2vxy.
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Projecting this signal to be orthogonal to § (cf. (6.100)) we get
2y 5+ x y — (v 5+ 2vix
Therefore, the blind adaptive rule becomes
il =0 = pvyx i = 1] = pZLE1 U] — Zuelils) . (6.113)

The correspondence between x and v is complicated enough that its
on-line implementation would defeat the simplicity of (6.113). A more
reasonable alternative advocated in Honig et al. [156] is to use the uncon-
strained blind adaptive rule (6.103) starting from x; = 0, and switch to
decision-directed mode before the surplus energy becomes large enough to
compromise the output signal-to-noise ratio.

We have seen how to robustify the blind adaptive multiuser detector
against nominal signature mismatch. However, it should be emphasized that
that remedy makes no attempt to refine the estimate of the nominal desired
signature waveform. The minimum output variance receiver lends itself to
the task of nominal signal refinement: the closer the assumed nominal is to
the true signature waveform the higher is the output variance.

6.7  BIBLIOGRAPHICAL NOTES

The results in Section 6.1 along with an algorithm to compute the
K -user linear multiuser detector that maximizes asymptotic effi-
ciency in the synchronous channel appear in Lupas-Golaszewski
and Verdu [256] and Lupas and Verdd [254].

Before the inception of multiuser detection spwired by inter-
est on multiaccess communications, there were several works on
multiplexing subject to crosstalk that obtained multiple-input
multiple-output MMSE linear transformations in the frequency
domain (Kaye and George [206]; Nichols et al. [302]; and Salz
[376]). The nonadaptive MMSE linear multiuser detector of Sec-
tion 6.2 is due to Xie et al. [550] and Madhow and Honig [263]
and is rederived in a different setting in Rupf et al. [365].

The analysis of the error probability of linear MMSE multiuser
detection is due to Poor and Verdu [338]. Other performance re-
sults can be found in Oppermann et al. [310] and Honig and
Veerakachen [159]. Performance analyses of MMSE linear mul-
tiuser detection in conjunction with error-control codes have
been reported in Oppermann et al. 1310], Kohno et al. [221],
Burr [40], Schramm et al. [399], and Verdid and Shamai [504].
Based on the large-K analysis in Section 6.3, Verdu and Shamai
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[504] gives the capacity achievable by single-user coding and
MMSE demodulation in an equal-power infinite-user channel
with random signature waveforms, establishing the marked sub-
optimality of single-user matched filters in that scenario. Formu-
las (6.61) and (6.62) are given in Tse and Hanly [454] along with
an asymptotic analysis that allows different received powers.
Fixing a target signal-to-noise ratio at the output of the MMSE
demodulator, Kumar and Holtzman [225] and Ulukus and Yates
[458] investigate the required received powers.

Nonadaptive implementations of the MMSE linear multiuser
detector using fast recursive methods are studied in Das st al. [62].

Joint MMSE equalization and multiuser detection is analyzed
for multitone CDMA in Vandendorpe and van de Wiel [464].

The conventional maximal-ratio method of diversity combin-
ing has been modified in Bernstein and Haimovich [28] using the
MMSE principle to take into account the presence of multiuser
interference.

Stochastic approximation was pioneered in Robbins and
Monro [361]. The LMS algorithm was developed in Widrow
[530]. General results on the convergence of adaptive linear fil-
ters based on stochastic approximation along with applications
to data communication problems are given in Gyorfi [130]. Faster
alternatives to stochastic gradient descent have received cansid-
erable attention (e.g., Falconer and Ljung (86]; Cioffi and Kailath
[58]; Slock and Kailath [415]; Carayannis et al. [43]).

An early attempt at adaptive linear multiuser detection can
be found in Kashihara [201]. The training-sequence-based adap-
tive MMSE linear multiuser detector of Section 6.4 was pro-
posed independently in Madhow and Honig [263], Miiler [273],
and in Rapajic and Vucetic [352]. Tis dynamics, including the
choice of step size, have been studied in Miller [274]. Techniques
for acceleration of convergence have been explored in Rapajic
and Vucetic [353], Honig [152, 153], Oppermann and Latva-aho
[309], and Wang and Poor [521]. An MMSE adaptive detector that
processes the outputs of the decorrelating detector is proposed
in Lee [231].

Training-sequence-based joint MMSE demadulation-timing
acquisition is propesed in Madhow [259] and in Smith and
Miller [416]. The robustification of the MMSE detector against
timing erxors is explored in Riba et al. [359).

The approach in Section 6.5 of minimizing output energy sub-
ject to an orthogonality constraint is due to Honig et al. [156]. It
has been generalized in Tsatsanis [450], Schodorf and Williams
[395}, and Schedorf and Williams [396] to include several lin-
ear constraints. In this way, performance and dynamics can be
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improved by incorporating knowledge about interfering signa-
ture waveforms and possibly multipath components of the de-
sired user.

The blind adaptive multiuser detector of Section 6.6 is due
to Honig et al. [156]. A related approach that requires knowl-
edge of all signature waveforms appeared concurrently to Honig
et al. [155] in Fukawa and Suzuki [99]. The speed of conver-
gence of the algorithm in (6.103) is examined in Roy [363]. The
strategy used to robustify the blind algorithm against signal mis-
match (Section 6.6.2) is reminiscent of the tap-leakage algorithm
(Gitlin et al. [117]; Mayyas and Aboulnasr [268]). Robustification
against finite-precision errors of the minimum output variance
detector has been pursued in Schodorf and Williams [395] along
with the incorporation of knowledge of a subset of interfering
signature waveforms. The asynchronous version of the blind
adaptive multiuser detector with insensitivity to phase offsets
is reported in Gaudenzi et al. {105]. Minimum output variance
algorithms subject to linear constraints are common in array pro-
cessing problems in which the direction of arrival of the desired
source is known (Frost [98]; Baird [20]; Johnson and Dudgeon
[180]). The blind multiuser detector of Section 6.6 is extended
to the setting of array observations with known direction of ar-
rival in Subramanian and Madhow [434]. The implementation of
recursive-least-squares-based MMSE blind multiuser detection
with systolic arrays is considered in Wang and Poor [521].

Differentially-coherent versions of the blind multiuser de-
tector of Section 6.6 are developed in Honig et al. [158] for
frequency-flat fading and in Huang and Verdu [167] and Miller
et al. [275] for multipath channels. A blind MMSE detector is
obtained in Wong et al, {541] whose observables are obtained by
sampling the matched filter of the desired user at a multiple of
the chip rate.

Much recent work has focused on the extension of the single-
user blind equalization cost-function-based methods such as the
constant-modulus algorithm (Johnson [178]; Johnson et al. [179])
to multiple-input channels (e.g., Oda and Sato [305); Batra and
Barry [26]; Lee and Pickholtz [234]; Lee et al. [235]; Castedo
et al. [47]; Papadias and Paulraj 1313]; Tugnait [455]). Hybrid
approaches that use the orthogonally anchored decomposition
of Section 6.5 along with the constant-modulus algorithm are
oxplored in Honig [152] and Kamel and Bar-Ness [196].

The blind identification methods of Soon and Tong [417] and
Tsatsanis and Giannakis [451] require precoding so as to intro-
duce cyclostaiionarity and a different amount of corrglation in
the data modulated by each user. A Music-like algorithm for blind
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identification of signature waveforms is proposed in Liu and Xu
{247].

A blind self-tuning version of the maximum-likelihood se-
quence detector of Verdu [490] has been proposed in Fonollosa
et al. [92], Fonollosa et al. [93] and Fonollosa et al. [94] adapt-
ing the (single-user) technique of Seshadri [401] in order to re-
cursively estimate the desired crosscorrelations. Another blind
self-tuning maximume-likelihcod sequence detector has been re-
ported in Paris {316]. The combined use of second-order and
higher-order statistics to perform identification of synchrenous
users is advocated in Slock {414]. The problem of blind decorre-
laticn is considered in Tong [447] using linear-systems results on
the existence of FIR inverses. Joint blind channel identification
and data demodulation exploiting the finiteness of the source
alphabet is proposed in Veen et al. [481], and Talwar and Paulraj
[443].

For the purpose of reducing the number of adaptive coeffi-
cients and improved convergence, it is convenient to identify a
linear subspace with the smallest possible dimension that con-
tains all desired signature waveforms and all those interfering
signatures that reach the receiver with sufficient power. Fur-
thermore, such a subspace naturally leads to an implementa-
tion of the decorrelator (Problem 5.16) and the MMSE multiuser
detector (Problem 6.12). Several methods for the identification
and tracking of the principal directions of the received data
have been used for multiuser detection (Haimovich and Bar-
Ness [134]; Strom and Miller [429]; Honig [153]; Bar-Ness et al.
[22]; Wang and Poor [522]; Lee [232]; Liu and Xu {246]; Torlak
and Xu [449]; Liu and Zoltowski [248]; Tsatsanis and Giannakis
|453]; Veen et al. [482]; Wang and Poor [522]; Roy [363]). Sub-
space tracking is studied in Strom et al. [431] and Bensley and
Aazhang [27] for Music-based multiuser timing acquisition. Joint
blind timing-acquisition and MMSE demodulation is explored
in Madhow [260] and Madhow [261].

Surveys of adaptive multiuser detection techniques can be
found in Kohno et al. [221], Verdi [500], Honig and Poor {157],
and Lim and Roy [242].

Frequency-flat Rayleigh fading has been studied in Sung and
Chen [437] for nonadaptive MMSE synchronous multiuser de-
tectors and in Barbosa and Miller [25], Honig et al. [158], Zhu and
Madhow [565], and Oppermann and Latvaaho [309] for adaptive
MMSE detection.

The principle of MMSE multiuser detection has aiso been
used for simultaneous suppression of narrowband interference
and multiaccess interference (Rapajic and Vucetic [354]; Poor
and Wang [339]; and Poor and Wang [340]).

328

349



6.8 PROBLEMS

6.8

Nondecorrelating linear receivers whose goal is the minimiza-
tion of error probability are studied in Etten [80], Mandayam and
Aazhang [264], Psaromiligkos and Batalama [346], and Yeh and
Barry [554].

Another nondecorrelating linear detector is proposed in Monk
etal. {285] and Davis et al. [64] to mitigate the effects of multiuser
interference in direct-sequence spread-spectrum. This approach
does not attempt to synchronize or adapt to the multiaccess in-
terference, which is approximated as a stationary process, and
the signature sequences of the interferers are assumed to be un-
known and to have infinite periodicity. Thus the power spectral
density of the multiaccess interference depends exclusively on
the chip waveforms (and the number of users and their sirength).
Incorporating the nonwhiteness of the background noise results
in a simple modification of the single-user matched filter where
chip matched filtering is done with respect to a pseudochip
waveform. A related sclution was preposed in Verdd [487] and
in Poor and Verdi [337] as the solution to a locally optimum de-
tection problem. The benefits of this approach are limited since
ne attempt is made to exploit (or learn) the spreading codes of
the interferers. A hybrid approach where some interferers are
treated as stationary noise while others are synchronized to is
studied in Yoon and Leib [557].

PROBLEMS

PROBLEM 6.1. Let P(o) be the bit-error-rate for user k of the
linear K-user synchronous receiver that maximizes asymptotic
efficiency.
(a) Find
&= lim = [Pio) - Pito)].
O =+ 00 1

(b) For which values of p is A = 0 in the two-user case?

PROBLEM 6.2. Show that the argument that maximizes

A 1+ xp — 2|x + pl
f(x,p,—z) = A (6.114)

A V14 2px + x2

_Asg ;
= I Csgnp, if Ay/Ar < |pi, _ (6.115)

—-p, otherwise.
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PROBLEM 6.3.

(a) Find the worst asymptotic effective energy, w”(A;, A-), of the
optimum linear detector in the two-user case.

(b) Verify that the equal-power power loss is the same as for the
decorrelator:

1
Ewu(Al, Az) =1- pz.
PROBLEM 6.4. (Varanasi and Aazhang [476]) Find the counterpart

to the asymptotic efficiency with an arbitrary linear transformation
(6.4) for differentially-coherent demodulation,

PROBLEM 6.5. Let the received process be the sum of a linearly
modulated signal and a noise process:

y(6) = bs(t) + m(1),

where s is deterministic and m has zero mean and is uncorrelated
with b.

(a) Show the following correspondence between the minimum
mean-square error and the maximum signal-to-interference
ratio achievable with a linear transformation:

E[b*] E[({c, bs))’]

ming E16 — (et - T B e mpl

(6.116)

(b) Show that the argument that achieves the minimum in the left
side achieves the maximum in the right side.

(c) (Cioffi et al. [57]) Denote by C all the linear transfoermations
that satisfy the “unbiasedness” condition:

El{c, y}|b] = b.
Show that if the minimum in the left-hand side of (6.116) is

constrained to C, then

E[b"] E[({c, bs))?)
- =max ——— .
min.ee E[{b — (¢, ¥})*] ¢ Ellc,m)y]
PROBLEM 6.6. This problem considers the single-user channel

(6.117)

y(6) = Arbis(t) + on(r).

(a) Show that the nonlinear estimator that minimizes the mean-
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square error E[(b) — b)*} is

. Ay
b =tanh( 121) .
a
[Hint: Use (4.18).]

(b) Find the linear MMSE estimator, that is,

by = (A, o).

(c) Find the MMSE estimator that is constrained to be binary-
valued.

(d) Compare the speeds at which the mean-square errors achieved
by the above three estimators vanish as a functionofo /A, — 0.

{e) Compare the speeds at which the mean-square errors achieved
by the above three estimators goto 1 asafunctionof A /o — 0.

PROBLEM 6.7. Suppose that the detector knows Ay, ..., Ay, o,
and the timing and signature waveforms of all active users in the
channel. Find the (not necessarily linear) detector whose decisions
bili] € {=1, 41} achieve

min E[(5,[i] — bl i ).
PROBLEM 6.8.

() Find the nonlinear estimator that minimizes the mean-square
error E[(by — b )?| for the synchronous K -user CDMA chan-
nel.

(b) Show

min E[(by — )] <4
Piio) -

with asymptotic equality foro — 0.

PROBLEM 6.9. A synchronous CDMA channel is used by users
2, ..., K totransmit analog information, suchthat b[i1, ..., bg[i]
are independent standard Gaussian random variables.

(a) Find the minimum probability of error detector for user 1.
[Hint: Use (6.35) and Proposition 3.1 with m = 2.]

{(b) Find the minimum probability of error for user 1.

(c) Find the estimator that minimizes the mean-square error

Elth) — b1)’].

PROBLEM 6.10. Consider a three-user synchronous CDMA chan-
nel with equal-power users.
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(a) Find a crosscorrelation matrix R such that
(R + 0%/ A*1]"'R) ;3]
27421121 > |pial.
([R+o%/A%I1'R)y,
This shows that the MMSE transformation for user 1 may ac-
tually enhance (relative to the single-user matched filter) the

interference caused by a particular user.

(b) For the crosscorrelation matrix you selected in (a) verify that

(IR+a*/ATTI7'RY, (R4 0?/AYI'RY, : L 2
= < .
(R +0?/AM'RY, ' ([R+o%/A] 'Ry, ~ P17 P

PROBLEM 6.11. Suppose that user 1 is the user of interest. Let

K
T =0T+ Alss].
k=2

Using the expressions found in (6.39) and (6.40) and the matrix
inversion lemma (4.99), show the following expressions for the
MMSE linear transformation, the minimum rean-square error, and
the maximum signal-to-interference ratio at the output of a linear

transformation:

Al 1
e 3, 6.118
1+ A¥TE s, : ¢ )

1

Elby —r"vy = — 6.119
[(& i T Al TS, ( )
SIR, = A3s] =7 'sy, (6.120)

respectively.

PROBLEM 6.12. Let{e,,...,e }and{X, ..., &) denote the or-
thogonal eigenvectors and eigenvalues of the matrix

K
Elrr’| = [UZI + Z Afskskr] .

k=1

(a) Use the Wiener characterization to show that the MMSE linear
transformation for the kth user can be expressed as

L
VZ = Zﬂluer
=1
with
1 4
Uy = ;T[e, Sg.

(b) Verify that
vi =Ediag™' (A, ..., A, ) E sy,
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where
E= [e, "'eL].

(c) Show that at most K coefficients oy, - . ., ag, are nonzero.
{(d) Suppose that the L eigenvalues and eigenvectors of the matrix

er[i]rT[i]
n i=1

are available at each n. Suggest a blind adaptive MMSE algo-
rithm that vses knowledge of the desired signature waveform.

PROBLEM 6.13. Find the synchronous MMSE linear transforma-
tion for user 1 in the special case in which p;; = 0fori =2, ..., K
and j =2,..., K.

PROBLEM 6.14. Motivated by the approximate decorrelator of
Section 5.4, consider the linear transformation

ci(t) = Brselt) — Olkzpkjsf(f)-
J#k
Choose «; and §; to minimize the mean-square error:
El(by — {cr, ¥))']-

PROBLEM 6.15. (Moshavi et al. [289]) Find the coefficients «;
such that

K—-1
R+o7T" =) R,
j=0

PROBLEM 6.16. Consider the two-user synchronous channel and
the detector

by = sgn(a(A1, Az, 0)y) — py2). (6.121)

(a) Find an equation that gives the value @*(A|, A, o) that mini-
mizes error probability.
(b) Give an explicit expression for

lin}]a*(Al, Ay, o).

(c) Show that as long as 4; > A,p the ratio of the bit-error-rate
of the MMSE linear transformation to the minimum linear bit-
error-rate can be made as large as desired with sufficiently low
a.

(d) (Mandayam and Aazhang [264]) Find a gradient descent algo-
rithm with a penalty function whose global minimum occurs at
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the detector found in (a). Can you guarantee that that penalty
function does not have local minima?

PROBLEM 6.17. Show that the MMSE multiuser detector for a
synchronous CDMA channel employing Welch-bound-equality sig-
nature vectors (Problem 2.41) is equal to the bank of single-user
matched filters if A} = --- = Ag.

PROBLEM 6.18. Consider a K -user synchronous CDMA direct-
sequence spread-spectrum system with spreading factor N,

K = 2N—l

and no pair of users (i, j)is assigned signature waveforms such that
$; = k5. Assume that all users have equal received signal-to-noise
ratios A/o.

(a) (Zaidel et al. {558]) Show that the MMSE linear detector is the
single-user matched filter,

(b) Find the bit-error-rate as a function of 4/¢ and N.

(c) Find the asymptotic efficiency as a functionof N = 1,2, ....

PROBLEM 6.19. Using the expression for F in (6.52) show that
forall0 <é§ < a

(1) (D)

PROBLEM 6.20. Consider a K -user synchronous channel with lin-
early independent signature waveforms. Verify that if & = 0, the
Wiener characterization of the linear MMSE detector (6.39) is a
decorrelating detector.

PROBLEM 6.21. We saw in Section 6.3 that for direct-sequence
spread-spectrum systems with K equal-power users, N chips per
bit, and randomly chosen signature waveforms, each diagonal ele-

]

5
o2

ment of the matrix

converges in mean-square sense {as K -» 00) to a constant. Show
that the off-diagonal elements do not converge to a constant.

PROBLEM 6.22. Show that the sum of mean-square errors achieved
by the asynchronous MMSE multiuser detector is given by

% [ trace {(I+ o *A(R"[1]e’” + R[0} + R[1]e™*)A) ™"} dov.
O

(6.122)
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ni)

PROBLEM 6.23. (Salz [376]) Figure 6.11 depicts a dispersive
channel where H(f) is the matrix transfer function of a K-input
K -output channel,

o0

x(1)= »_ blils(r —iT),
the K compenents of n(z) are independent white noise processes
with spectral level a2, and bli] € {—1, +1}* are the usual inde-
pendent equally likely data bits. Show that the discrete-time filter
that minimizes the mean-square error between its output and b{/]
is

M(z) = [0 1+ G(2)] ", (6.123)

where
2

Gy = % > ’H(f - ’?) .

i=—

PROBLEM 6.24. Show that a synchronous linear multiuser detec-
tor given in canonical form

c =8 + x5, (6.124)

{s1,x1) =0, (6.125)

achieves the following asymptotic multiuser efficiency and signal-
to-interference ratio, respectively:

max® [0, 1- Zf:z 2—*1},01,% + (Sksx]H]

7 = - : (6.126)
: 1+ 2

o’ 2 A 2 B
SIRy = | {1+ I+ E — (i + {8, X1))

Aj =2 Aj
(6.127)

Generalize those expressions to the asynchronous channel.

PROBLEM 6.25. Show that the surplus energy of the decorrelator
is greater than or equal to the surplus energy of the linear MMSE
detector.
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PROBLEM 6.26.

(a) Verify that the orthogonal component of the canonical rep-
resentation of the MMSE linear detector for the K-user syn-
chronous channel is given by (6.94).

(b) Show that in the two-user case

o P

Xl p— 1 +02/A% — pZSI — 1 +()'2/A§ _ pz.i‘z.
PROBLEM 6.27. (Park and Doherty [319]) Find x, that minimizes
the functional

T = (e, 0 + ELAL = (v, 510+ 1))
for the two-user synchronous channel.
PROBLEM 6.28. Verity the asymptotic result in (6.53).

PROBLEM 6.29. Minimize the mean output variance with respect
to an L-dimensional orthogonal component x; in the presence of
mismatch,

MOE(x)) = E[(r" & + x1)Y’],
and constrained surplus energy,
Ixcfi* = x.

PROBLEM 6.30. Particularize (6.47) to the two-user case. Show
thatif [p| < 1, P{*(¢} is monotonically decreasing with o.

PROBLEM 6.31. Show that the Gaussian approximation to the
MMSE probability of error (6.48) is upper bounded by the error
probability of the decorrelating detector.

PROBLEM 6.32. (Poor and Verdd [338]) Consider a K -user syn-
chronous channel with crosscorrelations py = p for all j # &

and
A= = Ag = A.
(a) Show that the leakage coefficients for the MMSE detector are
given by
Bi = g

1+ 211+ (K = 2)p — (K — 1)p?}

(b} Show that the bit-error-rate, P{*(¢), achieved by the MMSE
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detector is equal to
K-
K—-1
2]7[(
(%)

co| A LHEHE DK+ GpK 1 -2

7 \/(1+g—§+(1< ~2p) 02K — (1425 + (K ~2)0)

{¢) Assume that p > 0. Show that
A
Klim Pio) = Q (—\/1 - p) ]
— 00 g

PROBLEM 6.33. (Poor and Verdii [338]) Consider two synchro-

nous users with
1/
ol = 3 24+ V3.

Show that for all o > 0O
Pr(o) < P{(o).

PROBLEM 6.34. (Poor and Verdi [338]) Define the non-Gaussi-
anness of a probability density function fx with mean m and stan-
dard deviation v as the divergence between fy and a Gaussian
distribution with the same mean and standard deviation, that is,

DN, v)) = f " A log (VI o fx(r)e Y dix.

Consider the two-user synchronous case and let X be the contri-
bution to the output of the MMSE linear transformation due to
the background Gaussian noise and the interferer. Show that the
non-Gaussianness of X is maximized when
14 =1- ,02.

A3
PROBLEM 6.35. Consider the adaptive linear MMSE detector for
user | in a synchronous K -user channel. Assume that the algorithm
is initialized with s, and that all users employ the same training
sequence simultaneously. Find the linear transformation to which
the adaptation law converges.

PROBLEM 6.36. Consider the adaptive MMSE detector with train-
ing sequences:
vifnl = vi[n—1]—u (vr[n — 1Ir[n] — b.[nl) rin]. (6.128)

Assume that L = K = 2. Optimize the choice of p to maximize
the speed of convergence of E[v[n]].
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PROBLEM 6.37. Show that the blind detector for user 1 in an
L-dimensional setting,

x ] =x3[i — 1] — pZli] (cli] — Zmelilsy), (6.129)
satisfies
E[s) +x[i]] — ¢}
=[1— u[l— s8] |E[eeT )] [Els +x[i — 1] =],
where ¢} is the linear MMSE solution for user 1.

PROBLEM 6.38. (Ulukus and Yates [457]) Assume that s, is not
spanned by the other signature vectors. Consider the following
blind adaptive algorithm:

elil = (0 + o’ el — 11— w(Zliril —s).  (6.130)
Let €, be the solution to the equation
SA’S"g, =35,

which according to Problem 540 is guaranteed to exist and be a
decorrelator for user |. Show that

Elei[ill — & = (I— uSA’ST)E[¢li — 1] — &].

PROBLEM 6.39. Prove Proposition 6.2. [Hint: Positive asymp-
totic efficiency is obtained if and only if

ATt 1+ 207 = Adsa, 81+ X)),
where x| is the signal orthogonal to §, that minimizes
AT 8+ x0Y + Aj(s2. &1+ x )7+ vl )1
Work on a three-dimensional space with§; =[1 0 0]7.]
PROBLEM 6.40. Consider a single-user channel
¥ = A1bys() + onlt),

which is demodulated by a mismatched receiver that uses the lin-
ear transformation §, + x; with x; orthogonal to §, and chosen to
minimize E[{{y, §; + x,)*]. Denote

b1 = (51,5))

and assume
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(a) Show that the error probability 1s

i {1, 81)
’ \/1 + (= s 500 (4 +24)

(b) Find the noise level that minimizes error probability.

Q

(¢) Find the error probability if x, is chosen to minimize the output
variance under the constraint:

x> = x.

(d) Find the optimum surplus energy x as a function of 2, and the
signal-to-noise ratio.

PROBLEM 6.41. Consider a K -user synchronous CDMA channel
and let x; be a unit-energy signal orthogonal to s,. Find the scalar
«* that maximizes the signal-to-interference ratio at the output of
the correlator {y, s, + ax,) (cf. Pados and Baialama [312]).

PROBLEM 6.42. Assume thai the optimum near—far resistance of
user 1 satisfies

ﬁ1>0.

Consider a linear multiuser detector for user 1 given by the linear
transformation d, + x;, where d, is the decorrelating transforma-
tion for user 1, and x, is orthogonal to s, and minimizes

E[(tdy + x1, y))*).

Show that the resulting linear detector is the MMSE linear trans-
formaticn.

PROBLEM 6.43. (Schodorf and Williams |395]) Let ¢ be an L-
dimensional vector that achieves

min E[(c"1)*]

subject to P linear constraints represented by the P x L matrix D
and the D-vector f:

Dc=f.
Assume that P < L.
{a) Show that
¢ = Er'1'D'ME D YL
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(b) Design a blind algorithm (that uses independent observations
of r but has no knowledge of its covariance matrix) to ohtain c,.
Note: The approach used in Section 6.6 based on the canonical
representation of Section 6.5, can be generalized to the present
case by letting M be an (1. — P) x L matrix such that MD7 = 0
and adapting the (L — P)-vector w in

c=Df+M"w.

(c) Propose a choice of design constraints (D, f) in the following

particular cases:

+ The receiver knows s,, the signature vector of the desired
user, but does not know the signatures of the interferers,

» The receiver know s, the signature vector of the desired
user, and s,, the signature vector of one of the interferers.

* The receiver does not know s; but it knowns that s, belongs
to the space spanned by g, g,.

PROBLEM 6.44, Consider a two-user synchronous channel with
orthogonal signature waveforms s; and s, and a blind multiuser
detector for user 1 with a mismatched nominal equal to

$1 + 52

V2

Suppose that for every value of A>/A, the receiver has the ability

5 =

to choose the value of surplus energy that maximizes n,. Derive
the maximum asymptotic efficiency as a function of A,/A;.

PROBLEM 6.45. (Least Sguares) In this problem we consider a
method to obtain a minimum output variance detector that makes
ne statistical assumptions about the received data. Show that the
vector ¢*[r] that minimizes

>« (6.131)
j=1
subject to ¢7s; = 1 and |¢||> = 1 4 x has the form
¢*[n] = a[r]R; ' [r]s, (6.132)
where
Riln] =} y1j15" (1 + v (6.133)
j=1
and
alnl = (sTR " [nls))
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PROBLEM 6.46. The obvious drawback of the method in Prob-
lem 6.45 is that the matrix inverse in (6.133) has to be recomputed
at each iteration. In this problem we exhibit the method of recur-
sive least squares, whereby this drawback is eliminated. Modify
the criterion in (6.131) to include a forgetting factor, X, that weighs
recent observations more heavily:

n

Doyl (6.134)

i=1
under the same constraints as in Problem 4.46. Let
Ry '[n] =) a"yljly 1401

J=1

(a) Show that a solution akin to (6.132) holds in this case.
(b) Show the following recursive equation:

R '[n] = 27'R; [ — 11— A7 8n]
x R '[n — 1ylnly" [nIR; ' [2 — 1]
with
Bnl = (i +y (IR '[n — 1y[n)) .

[Hint: Use the matrix inversion lemma (4.99)]

PROBLEM 6.47. Derive a recursive least squares adaptive algo-
rithm for MMSE linear detection with training sequences.

PROBLEM 6.48. (Chen and Roy [51]) Derive a recursive least
squares adaptive algorithm that converges to the decorrelating de-
tector, [Hint: Incorporate a forgetting factor in (5.17).]

PROBLEM 6.49. Considera synchronous two-user direct-sequence
spread-spectrum system, such that the signature waveforms {si. s2)
are not known to the receiver.

(a) Find the unit-energy linear transformation e} that maximizes
the output variance

3 2
El:((ZAkbksk+Un’el)) ]
k=1

() Find the unit-energy linear transformation ¢} that maximizes
the output variance subject to the constraint

(e}, 3y =0.
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(c¢) Find an adaptive algorithm that converges to the maximum
variance signals 7 and 3. What is the usefulness of such an
algorithm?

PROBLEM 6.50. (Bar-Ness and Punt [23]) For the purposes of this
problem, if ais a K -vector, then a, denotes the (K —1)-vector where
the kth compenent of a has been removed.

For any w and the usual matched filter bank output vector y
denote

k= Yk — W;{ ¥Ye.
Consider the following nondecorrelating linear detector for user /:
by = sgn(z))
where w; is chosen so that
E[zb{] =0, j#1
with the output of the decorrelating detector for user j denoted by
bl = sgn((R7'y),)).

(a} Show that w; — [0---0] as ¢ — oo. Therefore, this detector
is indeed nondecorrelating.

(b} Show that as # — 0 this detector becomes the decorrelating
detector.

(c) Find w, inthe case K = 2.

(d) Find the probability of error of this receiver in the two-user
case.

(¢) The bootstrap adaptive algorithm computes the sequence

wili + 11 = wili] + pezeli1sgnize [ 1),

where the sgn of a vector is the vector of the signs of the
individual components. Discuss the rationale for this adaptive
rule.

PROBLEM 6.51. This problem considers the application of the
Constant Modulus Algorithm (Johnson et al. [179]) to blind mul-
tiuser detection. Consider the following cost function:

B(v) = E[((+'1)* — 1)], {6.135)
where

r=S8Ab+om.
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(a) Obtain an adaptive linear detector by stochastic approximation
of (6.135).

(b) Show that, in the absence of noise (0 =0), v* isa global min-
imum of Z(v), if and only if there is a user &, such that

AgsIv = L1, (6.136)
sivi =0, j#k (6.137)

that is, assuming the signature waveforms are linearly indepen-
dent there are 2K global minima, placed at the decorrelating
transformations.

{c) Show that, in the two-user case, the stationary points (zero-
gradient points) of Z(v) are (assuming o = O}

i(m, gﬁ) saddle point
(5, 7r)  saddie point
{0,0) local maximum
:t(l%p:, ;22) global minimum
i(lz—;’z, 1_4;2) global minimum
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CHAPTER SEVEN

DECISION-DRIVEN
MULTIUSER
DETECTORS

A number of works in multiuser detection have pro-
posed nonlinear detectors that use decisions on the bits
of interfering users in the demodulation of the bit of
interest. Some of those solutions use final decisions,
while other proposed soclutions employ tentative de-
cisions used only internally by the demodulator. Al-
though the bit-error-rate analysis of decision-driven
detectors does not have the rich structure of the detec-
tors discussed in previous chapters, it is an instructive
exercise in the analysis of nonlinear decision regions.
The multiuser detectors in this chapter are baotstrap-
ping techniques that require at least a modicum of reli-
ability for their initial decisions. They are particularly
suited to high signal-to-noise ratio channels with power
imbalances,

7.1  SUCCESSIVE CANCELLATION

We encountered the technique of successive cancellation (also
known as stripping or successive decoding') in Section 1.4 (cf. Figure 1.8).
This approach is based on a simple and natural idea: if a decision has been
made about an interfering user’s bit, then that interfering signal can be recre-
ated at the receiver and subtracted from the received waveform. This will
cancel the interfering signal provided that the decision was correct; other-
wise it will double the contribution of the interferer. Once the subtraction
has taken place, the receiver takes the optimistic view that the resulting

! The culinary term onion peeling is also used.
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signal contains one fewer user and the process can be repeated with another
interferer, until all but one user have been demodulated. In order to fully
describe the receiver we just need to specify how the intermediate decisions
are obtained. In its simplest form, successive cancellation uses decisions
produced by single-user matched filters, which neglect the presence of in-
terference. Since erroneous intermediate decisions affect the reliability of
all successive decisions, the order in which users are demodulated affects
performance.

A popular approach is to demodulate the users in the order of decreasing
received powers. However, this is not necessarily best (Problem 7.7) since
it fails to take into account the crosscorrelations among users. A sensible
alternative is to order users according to

T 2
E[ (f Y()slt) dt) ] =0 H AL+ Y AP, (7.1
0

ik

which can be estimated easily from the matched filter outputs.
As usual, let us consider the synchronous two-user channel first. Suppose
that user 2 is demodulated by its matched filter:

by = sgn(yz).

Remodulating the signal of user 2 with b, we get Azfazsz(r), which upon
subtraction from the received signal yields

$(1) = y(t) — Ashysa(r) (7.2)
= Abisi(2) + Axlby — by)s: (1) + n(e). (7.3)

Processing 3 with the matched filter for s, we obtain the decision:

by = sgn({}, 1)) (7.4)
= sgn(y — A2brp) (7.5)
= sgn(y; — Axp sgn(yz)) (7.6)
= sgn{A by + Ax(by — b)p + o (n, s1)). (1.7

The two-user successive cancellation detector is depicted in Figure 7.1.
Using (7.5) we obtain the equivalent implementation in Figure 7.2, It is
interesting to compare the decision rule (7.5) with that of the decorrelating
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5141

detector:
by = sgn(y, ~ py).

In contrast to the successive canceler, the decorrelating detector truly suc-
ceeds in canceling the component of the decision statistic due to user 2. As
we saw in Chapter 5, such complete cancellation comes at the expense of
attenuating the component of the desired user.

The successive-cancellation decision regions for p = 1/2 are shown in
the cases:

« Figure 7.3: A, =1; A; =1.
+ Figure 7.4: A, =0.5; A, = 1.
+ Figure 7.5: A, =2.5;, A;=1.

In all cases, the decision regions are identical because the decision rule
does not depend on A;. For comparison purposes the minimum-distance
decision region (which results in jointly optimum and maximum-likelihood
decisions} is shown in Figure 7.6 in the case A} = A, = 1.

We see in Figure 7.5 that if the weak user is detected first, then the
receiver may make errors even in the absence of background noise because
some hypotheses have migrated outside their own decision regions,

In K -user successive cancellation, the received signal is stripped away
of each of the interfering waveforms one at a time. When making a decision
about the kth user we assume that the decisions of usersk+ 1, ..., K are

]
0]
500 -
) 6%- 4 e
55(0) :
3
Lo |+ =
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correct and we neglect the presence of users 1, ..., k — 1. Therefore,

K
by = sgn(yk -3 A,p,kB,) : (7.8)
j=k+1

Successive cancellation generalizes fairly easily to the asynchronous
channel. Up to now, we had assumed when convenient that the vsers are
numbered so that their offsets are increasing, and, thus, the jth user’s bit that
overlaps with &[] on the right side is b, [{ ] if j > k. However, in the current
setting it is convenient to number the users in the (inverse) order they are
canceled, which is, normally, dictated by their relative received powers or
matched filter output powers (7.1). In order to describe the stripping detector
in the asynchronous case it is usetul to introduce the following notation:

& =l < 15).

Then b [i] overlaps on the right side with b;[i — &, + 1] and overlaps on
the left side with b;[i — &y;] (cf. (2.6)). We can now generalize (7.8) to

K
bifil = sgn(yk[il — Y Afopbli — 81+ pyb,li — 8, + 11)) :
F=kt1

It should be noted that selecting bili1 requires two consecutive deci-
sions of user 2: ba[i — 8;3] and &3[i — 813 + 1], which in turn require three
consecutive decisions of user 3: bs[i — 812 — 831, Bali — 8,7 — &3+ 1], and
bili — 81— +2].In general, in order 1o demodulate user 1 we need to
store a sliding window of & decisions for the kth user. Figure 7.7 depicts a
three-user case with 81, = 1, 8,3 = 0, and 8,3 = 1.

Regarding the practical implementation of successive cancellation we
can point out the following features:

1. It requires knowledge of the received amplitudes. Any errors in the esti-
mation of received amplitudes directly translate into noise for succeeding
decisions.
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2. Users weaker than the user (or users) of interest are neglected.

3. In contrast to the (nonadaptive) multiuser linear detectors, successive
cancellation requires no arithmetic computations with the crosscorrela-
tions beyond their product with the received amplitudes. (The optimum
multiuser detector enjoys a similar advantage.)

4. The time complexity per bit is linear in the number of users.

5. The philosophy of successive cancellation is very general in scope: it
applies not only to the basic CDMA model (where signals are linearly
modulated) but to any multiple-access channel where the receiver ob-
serves the additive superposition of the transmitted signals.

6. The demedulation delay in successive cancellation grows linearly with
the number of users.

A shortcoming of successive cancellation, which will be apparent in
Section 7.2, is that its performance is asymmetric: equal-power users are
demodulated with disparate reliability.

Several improvements to the basic successive cancellation structure have
been proposed. One possible direction is to replace the *hard” intermedi-
ate decisions by “soft” decisions. This means that the inner sign function
in (7.6) is replaced by a different nonlinearity. In fact, we have already
found the optimum nonlinearity in (4.9); however, that approach is difficult
to generalize to K users. Another possibility is to replace the sign by a
hyperbolic tangent function (scaled with the signal-to-noise ratio). Such a
function closely approximates the sign function when the signal-to-noise
ratio is high and is justified on the basis that it minimizes mean-square error
in the single-user channel (Problem 6.6). Intuitively, such a modification
of the cancellation mechanism is appealing since it tends to deemphasize
the effect of unreliable tentative decisions based on low-magnitude observ-
ables. Taking this approach to its uliimate conclusion we could make the
nonlinearity “infinitely soft,” in which case the successive canceler becomes
a linear multiuser detector.

In view of the fact that tentative decisions are not completely reliable, an-
other way to improve the quality of decision-driven multiuser detectors is not
to attempt to cancel interference completely. This can be accomplished by
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370



CHAPTER 7. DECISION-DRIVEN MULTIUSER DETECTCRS

lowering the cancellation weights: instead of subtracting Ay s () from the
received signal we can subtract f‘;kfyksk(t), where fik is chosen to minimize
the energy of the cancellation error

E[||Aibesi — Achysi)|’] = E[(Aeby — Acbi)?)
— Al + A; — 24, A, Elbedy)

= A1+ A, — 2A,Au(1 — 2P1by # BiD). (7.9)
The minimum of the right side of {7.9) is attained by
Ay = A1 — 2P[by £ By]). (7.10)

If the detector does not have an accurate estimate of P[b, # b1, then A,
can be obtained by an adaptive least-mean-squares algorithm. Substituting
(7.10) into (7.9) we obtain the minimum energy of the cancellation error;

E[| Axbesi — AebislT = 4ALPIby # B X1 — Plby # By, (7.11)

The solution in (7.10) and (7.11) is intuitively reasonable: almost no can-
cellation is attempted for very weak interferers (for which full cancellation
doubies the interference with significant probability), whereas strong inter-
ferers whose decisions are very reliable are greatly attenuated.

Successive cancellation has also been proposed for the noncoherent de-
modulation of m-ary orthogonal modulation (3.170):

K
¥y =Y 1Al e s bi) + o), (7.12)

k=1

and
(53 B), sk (5 d)) = Ba.

In principle, cancellation requires knowledge of |A|, &, and 5,(z; b;) for
all k. If that is indeed the case and the decisions [?JH,], ..., b} have been
made, then b; can be obtained by selecting the largest magnitude output
from the bank of filters matched to {s;{-; b), b € A} and driven by

y O =y ) — (A e s (8 b)) (7.13)

The obvious shortcoming of this demodulator is that it requires knowledge
of amplitudes and phases of all but the last user. At the expense of an
increase of cancellation error, it is possible to come up with a noncoherent
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demodulator by noticing that

f YOSt (13 bes )t = [ A (7.14)
H

in the hypothetical case in which (a) by, ) = EHI , (b) no background noise is
present, and (c) sg4(£; BkH) is orthogonal to all other signals. This motivates
the noncoherent successive cancellation receiver (cf. (7.13)):

T
y""(t):y““(z)—( fo y<k+”(r)s,t+](t;3k+.)dt) Ser1 (1 biyr). (7.15)

7.2  PERFORMANCE ANALYSIS
OF SUCCESSIVE CANCELLATION

In the analysis of the linear multiuser detectors in Chapter 6, we
saw that the interference term corrupting the decision statistic consists of
the sum of a binomial random variable and an independent Gaussian ran-
dom variable. This lead to a representation of the error probability as a
weighted sum of @-functions. In two-user successive cancellation, the in-
terference term corrupting the decision statistic (7.7) consists of the sum of
arandom variable taking values on {— A p, 0, A>p} and a Gaussian random
variable. Unfortunately, those two random variables are dependent because
the noise realization dictates whether or not b; = b,. To make matters
waorse, the cancellation residual A, p(b —sz) is, in general, dependent on b,
{(Problem 7.7). For this reason, rather than analyzing the conditional dis-
tribution of the decision statistic, it is preferable to make effective use of
the geometry of the decision regions and analyze performance in the high
signal-to-noise ratio region.

Before we derive the two-user asymptotic efficiency of successive can-
cellation, it is instructive to reflect on what we can expect to obtain. We saw
in Figure 6.2 that in order to approach optimum asymptotic efficiency when

Ay > A

itis necessary to recur to nonlinear detectors. We can anticipate that stripping
will be optimal if A, 3> A, because, in that case,

Az — [plA1 > Ay,

and therefore the decisions of a conventional single-user maiched filter
for user 2 in the presence of user 1 will be much more reliable than those of
user | with ideal canceling of user 2. So most of the errors in demodulating
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user 1 will occur when the signal of user 2 has been perfectly canceled. At
the other extreme:

AZ <& A[g

the single-user matched filter for user 2 will make errors much more fre-
quently than that of user 1. Then the most likely process by which the suc-
cessive canceler makes an error for user 1 is by doubling the interference of
user 2 rather than eliminating it. So we should expect that successive can-
cellation will not have the asymptotic optimality property (as A,/A; — 0)
of the single-user matched filter detector.

In the previous paragraph, the assessment of the probability of rare events
(bit-error-rate in the high signal-to-noise ratio region) was based on the
intuition that although there are several ways in which an error can be ex-
plained (and all of them are improbable), the error probability is dominated
by the probability of the most likely explanation. We have seen the same
phenomenon in previous chapters: the error probability of linear multiuser
receivers is an average of Q-functions, which, at high signal-to-noise ratios,
is dominated by the one with the smallest argument; in the analysis of the
optimum multiuser efficiency, performance is dominated by the minimum
distance between multiuser signals that differ in the bit of interest. This is
very much akin to the discipline of large deviations in probability theory,
which analyzes the exponential rate of decrease of the probability of a rare
event by focusing on the explanation of the event that is overwhelmingly
more likely than any other. The main difference between the classical set-
ting in large deviations and our problem is that the asymptotics of rare-event
likelihoods are examined as a function of sample sizes in large deviations,
and as a function of the background noise level in cur case, Instead of adapi-
ing general large deviations results to our setting, we will give the following
self-contained result, which is sufficient for our purposes.

Proposition 7.1 Fixb € {—1, +1}* and W € {—1, +1}*. Let P[b — b]
be the probability that the detector outputs W given that b is transmitted
(cf. (4.49)). Denote the multiuser signal modulated by b by

K
S(b) = Y Abyss,
k=1

let D(b"Y be the decision region corresponding to W in the K-dimensional
space spanned by the signature waveforms, and denote the distance from
S(b) to D(b") by

A(b, b) = Ugll)i(l;,) lv — S(hyl. (7.16)
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If D(W) is a polytope that includes its boundary (and does not depend on
a), then

111% 26%1log1/P[b — b'] = A%(b, b} (7.17)

Proof, If #i denotes the projection of the received noise realization, n, on
the K-dimensional space spanned by the signature waveforms, then

P[b — b1 = P[S(b) + ca € D{b].

As customary in the proof of this kind of asymptotic result, we will prove
> and < in (7.17) separately. To that end, we will simply find a superset
and a subset, respectively, of D(b) whose conditional probabilities given
that b is transmitted are easy to compute. We will assume S(b) ¢ D(b’), for
otherwise, both sides of (7.17) are obviously 0. Throughout this proof, we
will use the notation

d(b,b") = v* — S(h),
where v* denotes a signal that achieves the minimum in (7.16) and thus

d(b, B)I| = A(b, b').

To show
lim 20%log 1/P[b — b] = A%b, 1), (7.18)
denote the half-space of all signals S(b) + v, such that
(v, d(b, b)) = A%b, ),

by C(b, b'). It is easy to see (cf. Figure 7.8 and Problem 7.8) that

D) C C(b, b).

dok) Mo | g PE

S(b)

Cibb)
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Accordingly, we can upper bound the desired probability by

P[b — b'] < PIS(b) + o € C(b,b}]
= Plo{t, d(b, b)) > A%b, b))

A(b, b’
:Q( ( ))
o

— A2 /
< %exp(m) . (7.19)

202

Upen taking lim, .o o2 log 1/(:) of both sides of (7.19) we get (7.18).
To show

lim 20%log 1/P[b — b'] < A%(b, b)), (7.20)

we will assume for the sake of concreteness that {as in Figure 7.3) the
signals belong to a two-dimensional space. (The extension to the K-user
case 1s straightforward.) We fix an arbitrary £ > O and define

Hi(b,b') C D(b"
so that
P[S(b) + o7t € He(b, b))

is easily computable. One way to accomplish this is to let Hz(b,b') be a
square with sides of length £ normal to d(b, b’) and centered at

(1+55 +E/2

NCRT ) d(b. V) + azg(b, b)

{Figure 7.8), where g(b, b") is a unit-norm vector orthogonal to d(b, b’),
—§/2 < ar < &/2, and &; is the smallest nonnegative scalar such that such
a square fits inside D{b’). Since D(b') is a polytope not only is it possible
to find such a §; for all sufficiently small £, but §; — Qas & — 0.

The orthogonal components of the noise vector are independent, so we
can write

Plb — b'] = P[S(b) + o € H(b, b))

_ [Q(“e *5/2) 3 Q(as +§/2)}
a o
, I b’ ’
N {Q(A(b I;H‘fss) B Q(A( b):fss +"§):|
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7.2 ANALYSIS OF SUCCESSIVE CANCELLATION

[ o)

5 [Q(A(b,b'wfag) B Q(A(b,b’)+5g +S)]

ag a

(7.21)

where the inequality in (7.21) follows from (3.51)
Upon taking lim,, ¢ 2a%log 1/(-) of both sides of (7.21) and using (3.41),
we obtain

lim 207 log 1/ P[b —> b'] < (A(b,b) + 5,
for sufficiently smali £. But since 8; — 0 as £ — 0, (7.20) must hold.

Returning to the analysis of the asymptotic efficiency of the two-user
successive cancellation detector, we first note that, by symmetry, the answer
will depend on the crosscorrelation p only through |p]|. Therefore, it is
advisable to assume p > 0 and refer to the decision regions displayed in
Figures 7.3, 7.4, and 7.5. Furthermore, by symmetry, we can write the error
probability of the successive cancellation detector for user 1 as

1 !
Pl = 3 PlH+ = —+l+ S Pl++ - -]

+ %PHf - ——]+ %P[+— - —+1 (7.22)
Applying Proposition 7.2 to (7.22) we obtain
lim 20> log 1/P}(0) = min{ A (++, =+), A¥+, —),
A=, ——), A(+—, —+))
= min{ A’ (++, —+), AM+—, —H)).  (7.23)

To verify {7.23), note that regardless of the value of A»/A; (cf. Figure 7.3
and Problem 7.5);

A(H+, =) = A(+-, ——), (7.24)
A+, ——) = Al+—, —+). (7.25)

The distance from S(++) to the region D{—+) is A,. Thus,
Al++. —+) = A (7.26)

The computation of A*(+—, —+) is more involved. Two cases may occur
depending on the relative values of A and A-: in Figure 7.3 we see that the
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closest point to S(+—) in D(—+) is the vertex of the region, which will be
denoted by v_,, whereas in the case depicted in Figure 7.4, d(+—, —+) is
a multiple of s,. To obtain v_, we just have to notice that it is orthogonal
to 57 and its inner product with 5, yields A;p:

Vo = V(Sl - .05'2),

(vu+v S]) = AZP,

where y is a constant. Therefore,

and

Axp :

1—p2

lo_y — S(+—)I° = “ (51 — ps2) — A1s) + Axsy

2

A
2 . (7.27)

= A} —4A, A0 + ]

The distance from S(4—) to the line that goes through the origin and is
perpendicular to s, is equal to Ay — A, p. To see this, we can write S(+—)
as a multiple of s, plus an orthogonal component to s,;

Ais1 — Asy = Ay(s) — ps2) -+ (A1p — Agdsy,
or, equivalently,
S(+—) 4 (As — A p)sy = Alsy — ps2).

Both cases involved in the computation of A%(+—, —+) (Figures 7.3
and 7.4) are identical if

S(‘i‘*‘) + (Az - Alp)S2 = ¥V_4,

which occurs when

Ay 1
— =——p. (7.28)
Arop

Summarizing these results, we get

2 A e A 1 .
A2(+_,_+):[A1—4A1A2p+lu—;g, 2 <E=0 5

(A, — A p)?, otherwise,
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But according to (7.23), (7.26), and the definition of asymptotic efficiency
(3.113) we can write the asymptotic efficiency achieved by successive can-
cellation as

0= min: 1,

2 — —
_A‘H_—’H] (7.30)

Af
Putting together (7.29) and (7.30) we readily obtain that, if |p] = 1/2,
then

A A ¥

-4l + 15 Ai, it 2 =15 lebs
n = (A—,—||), if L —lpl< & <1+l 3D

1, if 14 |p] < 22

whereas if |pl < 1/2, then
A AL c A _ A2y
" = l =42l + e gp i3 S 4010 — o) (7.32)
1, otherwise.

In Figure 7.9 we have compared the asymptotic efficiency of user 1 ob-
tained for successive cancellation (7.31) with the optimum one and with that
achieved by the single-user matched filter. As we had predicted, if A, & A,
then successive cancellation is markedly inferior to the single-user matched
filter, whereas if A,/ A, is sufficiently high, then the asymptotic efficiency
of the successive canceler is equal to 1.

The asymptotic efficiency achieved by the single-user matched filter for
user 1 is better than that of the successive canceler for

2 .
def ”.LU, if0 < |p| <

Az
4<v’f( Y= P

Ay 1, otherwise

3-y5.
>

(see Problem 7.9). Accordingly, if the successive canceler not only knows
the value of A,, but that of A, then it can simply switch to a single-user
matched filter for user 1 when the asymptotic efficiency of the latter is higher

0.8

0or .
Successive Canceler

04

0.2

Asymptotic Efficiency User 1

Single-User Matched Filter

Pl Hpl-Ipl Lpl Ag/A
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F) A: l{/‘2>'41\U(P)=

(Figure 7.10). With this precaution, the near—far resistance of the successive
canceler is given by

2
1=30%43p" . \/ﬁ
1_7: = ( |—p4p? ) o 10 < ‘p‘ = 2 {7.33)

(1—lph% otherwise.

Figure 7.11 compares the near—far resistance of the successive canceler
(7.33) with the optimum near—far resistance achieved by the multiuser de-
tectors studied in Chapters 4, 5, and 6.

The power-tradeoff regions of successive cancellation are shown in
Figures 7.12 and 7.13. In contrast to the power-tradeoff regions found in
previous chapters, the regions in Figures 7.12 and 7.13 are asymmetric
because each user is demodulated in a different way. Notice that for user
1 there is a window of feasible powers, whereas for user 2 only a lower
thresheld exists. Indeed, once the relative power of user 2 exceeds the value
required for 7} = I, then {(for low bit-error-rates) the bit-error-rate of user
I remains essentially unaffected by the power of user 2. Conversely, if the
power of user 1 is too large, then it forces user 2 to employ much higher
signal-to-noise ratio so that the single-user matched filter for user 2 can
provide reliable demodulation. The disadvantage of using equal powers
in successive cancellation is made evident in Figure 7.12: if p =0.5, then
SNR| ~ 12 dB and SNR; ~ 15 dB are sufficient to achieve bit-error-rates

<
2]

<
o

=
=

=
ho

—

Successive Canceler

Near-Far Resistance User |

0.618 1
1Pl
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not higher than 3 x 107>, whereas if one insists that both received powers
be identical, then it is required that SNR, = SNR; = 18 dB. This behav-
ior should be contrasted to that of linear multiuser detectors (single-user
matched filter, decorrelating, and MMSE) and of the optimum detector (for
p < 0.5)for which equal received powers minimize the total power required
to guarantee a certain bit-error-rate level.
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The performance analysis of successive cancellation in the simple setting
of the two-user synchronous channel has revealed an important shortcom-
ing of this technique, namely, its mediocre performance (compared to the
detectors in previous chapters) when the received signal-to-noise ratios are
comparable.

Let us return new to the analysis of error probability for nonasymptotic
bit-error-rate. From (3.70} and (7.8) we abtain

k—1 K
Bk = sgn(Akbk +nk —+ ZAjpjkbj + Z Ajpjk(bj - Bj)) . (734)

j=1 j=k+1

Since the cancellation residuals depend on the other random variables
inside the sign function in (7.34), an analytical exact evaluation of bit-error-
rate is difficult. For very small K, it is possible to obtain exact results by
integrating multidimensional normal distributions over the decision regions
(cf. Problem 4.25 and Varanasi and Aazhang [474]). In general, however,
simulations or analytical approximations appear to be inevitable. A popular
approximation is based on the asymptotic (K — o0) results for the error
probability of the single-user matched filter for direct-sequence spread-
spectrum with spreading gain equal to NV (Section 3.4 ), where performance
is the same as that of a single-user system with an extra Gaussian noise
source with zero mean and variance 1/N for every interferer. If, in addi-
tion, the correlation of the cancellation residuals with the other interfering
quantities in {7.34) is neglected, then the probability of error of the succes-
sive canceler is approximated by the recursive formula

Ay
Q 2 1 k=1 42 4 K 2psc
\/U +w X At ¥ 2 AP0

P(o) &

., (7.35

where we have used
El(b; — b;)"] = 4P5(0).

It is evident from (7.35) that equal received powers will result in a wide
range of error probabilities for the various users. Furthermore, we have
already seen that successive cancellation makes the most sense when the
received powers are disparate. Tn some situations it may make sense to
pose the problem of controlling the received powers so that the bit-error-
rates for all users are equal. From (7.35) one can solve numerically for
the values of @ ~2(A2, . .., Ag) that achieve the desired bit-error-rate level.
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When that level is very small it is sensible to set up the received powers as

A}% ¥ K-k
Pt V(l + N) (7.36)
because this guarantees that in the hypothetical scenario of perfect can-

cellation, the signal-to-noise ratio seen after each stage remains the same
(Problem 7.2).

7.3  MULTISTAGE DETECTION

The order in which users are canceled greatly affects the perfor-
mance of successive cancellation for a particular user, In this section, we
explore a symmetrized version of successive cancellation, which mitigates
some of the shortcomings of that technique.

7.3.1 CONVENTIONAL FIRST STAGE

The two-user successive cancellation receiver in Figure 7.2 outputs
the conventional single-user matched filter decisions for user 2. This receiver
can easily be symmetrized by using successive cancellation for user 2, as
we can see in Figure 7.14, where we have depicted a multistage detector for
two users.

The decision regions of the two-stage detector in Figure 7.14 ar¢ shown
in Figure 7.15.

The term multistage detection is suggested by the fact that various deci-
sions are produced at consecutive stages; in the first stage, the conventional
bank of single-user matched filters is used, whereas in the second stage suc-
cessive cancellation is used for both users. This approach can be further iter-
ated, by cleaning up the original matched filter outputs with, hopefully, in-
creasingly teliable tentative decisions of the interfering users (Figure 7.16).
Some motivation for this approach can be given heuristically by considering

)
=] [=]| [=]
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FIGURE 7.15.
- ‘e Decision regic
of two-stage
detector with
A=, 4=
the property satisfied by the jointly optimum decisions (Problem 4.1):
i?k = sgn (yk — Z Ajp_,kﬁ_i) . (7.37)
i#k
Equation (7.37) states that the optimum decisions are a fixed point of the
K -dimensional nonlinear transformation p[xi, ..., xx ] whose kth compo-
nent is given by
Pl oo, X X, xgl = Sgn()’k — ZA,.OJA-XJ) .
ik
or in matrix notation (letting the sgn of a vector be the vector of signs)
plx] = sgn(y + A[l - R]x).
The decisions of the m-stage detector with a conventional first stage are
the result of applying (m — 1) times the transformation p to the tentative
decisions supplied by the bank of conventional single-user receivers. This
operation can be succinctly written as
7 gmqT m
[B7..... bg] =p"™0,....0] (7.38)
FIGURE 7.16.

Three-stage
detector for tw
synchronous
users.
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7.3 MULTISTAGE DETECTION

Contrary to what might have been expected,? as m — oo, the deci-
sions of the m-stage detector do not converge to the optimum ones. Figure
7.17 shows the two-user decision regions of the m-stage detector (Problem
7.10). For observations belonging to the shaded regions, the multi-
stage detector enters a limit cycle, with decisions given by a succession of
{++, —, ++, ——, - - -}. In fact, the decision regions of the (m + 2)-stage
detector are identical to those of the m-stage detector with m = 2,3, .. ..
This means that an additional stage may actually hurt performance.

Multistage detectors for asynchronous channels require that sliding win-
dows of tentative decisions be stored at each stage. For example, in a K-user
asynchronous channel, a two-stage detector has to store a window of K de-
cisions for each user (see also Problem 7.7).

The results on the two-user asymptotic efficiency of successive cancella-
tion apply to the two-stage detector verbatim since the decisions for user 1
are identical in both cases. To obtain the asymptotic efficiency of user 2, we
just need to reverse the roles of users | and 2 in (7.31) and (7.32).

7.3.2 DECORRELATING FIRST STAGE

The multistage approach can be used with tentative decisions other
than those provided by the bank of single-user matched filters. For example,
a decorrelating detector can serve as the first stage of the receiver. The

2 Classical fixed-point theorems of functional analysis give sufficient conditions (not
satistied by p) under which repeated applications of a function converge to its fixed
point.
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decisions put out by the second stage are

by = sgn (J’k - Z AjP,A-Gf,) (7.39)

J#k
with the tentative decisions made by the decorrelator:
di = sgn((R™'y),).
In the two-user case depicted in Figure 7,18, we obtain
bi = pild] = sgn(y, — Asp sgn(y, ~ py,)), (7.40)
by = pald)) = sgn(y, ~ A1p sgn(y, — py)), (7.41)

with the corresponding decision regions shown in Figure 7.19. The deci-
sion regions of the m-stage detector (Problem 7.7) with a decorrelating first
stage are shown in Figure 7.20, where we can see the presence of limit
cycles for certain observables as in the case of the conventional first stage
(Figure 7.17).

Despite the shape of the decision regions in Figure 7.19, it turns out
that the analysis of the two-stage detector with a decorrelating first stage
is easier than the analysis in Section 7.2. By symmetry we can write the
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1.3 MULTISTAGE DETECTION

bit-error-rate of the two-stage detector with a decorrelating first stage as

|
Pi¥a) = EP[bl =—1|(b, b2) = (+1, +1)]

1.
+EP[51 = —1[{b}, ) = (+1,=D)].

(7.42)

We will now compute the first term in the right side of (7.42). Condition-

ing on d,, we have

Plby = —1|(by, by) = (+1, +1)}

= Plby = —1[(by, by, d2) = (+1, +1, +1)]

x Pld> = +11(b, b2) = (+1, +1)]

+ Plby = —1|(by, by, d2) = (+1, +1, = 1)]

x Pldy = —1{(b), by) = (+1, +1)].

(7.43)

But we saw in Chapter 5 that the decision of the decorrelating detector d

is unaffected by the value of b,. Thus,

Pldy =41 (b, b)) = (+1,+1)]
=1—Pld; =—1|by =+1j

=1~Q(A2
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Furthermore, using (7.39) we get

Plhy = —1| (b1, bs, d2) = (+1, +1, +1)]
= PlA + Azp + 1y — Asp < O Ax(] — pB) + (ny — pny) > 0]

= Plny < —A]

=01, (7.43)
o

where we used the independence of the zero-mean Gaussian random vari-
ables ry and (n, — pn)) (cf. (2.79));

Elni(n, — pn)l = a’p — po? = 0.
Analogously,

Plby = —1](by, by, dy) = (+1, +1, = 1]
= PlA; + 2420+ 1y < 0] Ao(1 = pP) + (n, — pry) < 0]

= P[fl] < —AI ‘~2A2p]

_ Q(Al + 2PA2) ' (7.46)

[#2

Putting together {7.43), (7.44), (7.45), and (7.46) we get

Plby = —1[(h, by) = (+1, +D]

-of2)[i-o(=4, )]

+Q(A' +02,0A2) 0 (Az\/l —pl)_

(7.47

a
Proceeding in an entirely similar way, we get

Plbi = —1|(h), b2) = (+1, —1)]

_ Q(AQM) Q(A] sz.zp)

a

ooy o

366

387



RE 7.21.
nptotic

user

encies for
synchronous

5 1ol =0.6.

7.3 MULTISTAGE DETECTION

Tt follows that (7.42), (7.47), and (7.48) result in the closed-form expres-

sion

o) -of o)

% [1Q(—L' H‘Azp) + lQ(#——A1 — ZA”J)], (7.49)
2 153 2 I3

which is one of the rare closed-form expressions cne can obtain for the
bit-error-rate of a nonlinear detector. Equation (7.49) has an obvious inter-
pretation: the event b # b\ can happen in two different ways depending
on whether the decorrelator makes the right decision for user 2; if so, then
the error probability is that of a single-user system; otherwise the error
probability is that of a conventional receiver for user 1 with interfering user
amplitude equal to 2A;.

To find the asymptotic multiuser efficiency we just need to use (7.49) to
compule

: 20'2 dd
r];]i‘l}] Ai%log 1/P{*(o).
Making use of (3.43) we obtain
Al 5 A
nid =min {1, 22(1 — p?) + max?{0, | = 2= |p| 7. (7.50)
A2 A,

Figure 7.21 shows n?¢ as a function of A,/A; when |p| = 0.6. We see
that ni#¢ =1 for sufficiently large interference. Moreover, for sufficiently
low interference, it does not behave as well as the conventional single-user
matched filter detector (cf. Figure 7.9), and its near—far resistance is not
optimal (i.e., it is worse than that of the simpler decorrelating detector).
The near—far resistance of the two-stage detector with decorrelating first
stage can be readily found by minimizing (7.50) with respect to A>/A,

Optimum

08

0.6

Two-stage
Decorrelator, Two-stage
0.4 Conventional

02

Asymptotic Efficiency User 1

[Pl AgtA
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g 08
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% 0.6 Two-stage
= ’ Conventional
g Decorrelator
04
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g 02
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o] 1

(Problem 7.13):

f)dd _ 1 +4[p| — p* = 12|p|* + 8p*
: (1 +2]p| - p?¥

Figure 7.22 compares (7.51) to the near—far resistances of the two-stage

(7.51)

receiver with conventional first stage (Problem 7.9) and to the near—far resis-
tance of the decorrelator (equal to 1 — p?). Although the decorrelating first
stage is preferable to a conventional first stage, the second stage appended
to the decorrelator actually decreases its near—far resistance. The reason for
this behavior is that the reliability of the tentative decorrelating decision for
user 2 may not be sufficiently high (for certain A2/ A, and p) compared to
the reliability of the decorrelating decision for user 1, but yet A,/ A is suf-
ficiently high that subtracting wrong decisions from user 2 has a substantial
negative effective on performance. In those cases, it is preferable to tune
out user 2 rather than to attempt to cancel it. Consequently, it is sensible to
switch off the second stage when the relative amplitude of the interferer is
such that the asymptotic efficiency of the decorrelator n¢ = 1 — p? is higher
than nfd.

The allowable power-tradeoff regions to obtain a guaranieed bit-error-
rate for both users are shown in Figure 7.23. If |p| < % then it can be
shown (Problem 7.14) that the power-tradeoff region (for asymptotically
large signal-to-noise ratio) is identical to the optimal one (i.e., there is no
coupling between the energies). As the crosscorrelations are increased, we
observe the interesting phenomenon that for sufficiently similar powers
the curves coincide with those of the decorrelator, whereas for sufficiently
imbalanced powers, the behavior is identical to the optimum detector.

The multistage detector with decorrelating first stage is one of those cases
where the two-user analysis does not capture the full essence of the K-user
analysis. The reason we were able to obtain a closed-form solution to the
bit-error-rate in the two-user case was the independence between the noise
components at the output of the matched filter for user 1 and at the output
of the decorrelating detector for user 2. This property carries over to the
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7.4 CONTINUOQUS-TIME TENTATIVE DECISIONS
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K-user case since every decorrelating linear transformation is orthogonal to

all other signature waveforms. However, in the K-user case it is necessary

to compute the joint probabilities of error of the decorrelating detector. That

is, for every given pairof b € {—1, +1}* andd € {—1, +1}*, we must find
Plsgn(Ab + R™'n) =d].

which involves multidimensional Gaussian integration since R™'n is a cor-

related vector. An upper bound on K -user asymptotic multiuser efficiency
based on the two-user analysis is given in Preblem 7.18.

7.4  CONTINUOUS-TIME TENTATIVE DECISIONS

1If we receive
vty = Abs()+m(r), te[0,T]

we can make tentative decisions for b not only at time 7', but for all ¢ €
[0, T):

b(r) = sgn ( f sV dk) )
]
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This principle can be employed to continuously cancel asynchronous mul-
tiuser interference with running tentative decisions

!
Byoli, rt] et sgn([ selh — T — 1)

T+

3 [ + Acbili, Mse(h —iT — 1)] d,\), (7.52)

where
K M . N
O =y =D > Anbili, tlselt —iT — 1) (7.53)
k=] i=—M
and {cf, (7.10))
Ayt) = Al = 2P[BiLi, 1] # Beli]) (7.54)

with i chosen in (7.54) such thatiT + 7. <t <iT+ ¢ + 7. Alternatively,
we can express the term in large brackets in (7.52) as
FO) + Aubyli, Msi(h =i T — 1)
=y — > A;G0bli, Ms;(h —iT — 1))
JEk
=3 A0kl +1, 05,0~ iT =T — 1))
ik
=3 A Wbl - L Asix — T+ T — 7). (1.55)
J#k
The final decision for the ith bit of the kth user is i?k[i, iTH+ T+ ) In
contrast to the asynchronous decision-driven multiuser detectors we have
seen in previous sections, there is no need to maintain a sliding window of
tentative decisions (Figure 7.7).
Performing a rigorous analysis of this detector is even more difficult than
those done previously in this chapter. An analysis of the random signature
case that invokes several simplifying approximations (Abrams et al. [8])

leads to the conclusion that the continuous-time tentative decision detector
achieves the performance of the decorrelator.

7.5 DECISION-FEEDBACK MULTIUSER DETECTION

In this section we consider multiuser detectors that combine several
of the features of the decision-driven detectors we have seen in previcus
sections:
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» Asinsuccessive cancellation, the intermediate decisions used in decision-
feedback detectors are final {output) decisions.

- Decision-feedback detectors operate sequentially, demodulating one bit
at a time.

+  As in multistage detection with decorrelating first stage, both linear and
nonlinear methods are used to combat multiuser interference.

The term decision-feedback is borrowed from an approach extensively used
for the demodulation of single-user channels subject to intersymbol inter-
ference, whereby previous output (“‘final”) decisions are used as surrogate
transmitted data to cancel intersymbol interference.

As usual, our main emphasis will be on the synchronous setting, in
which the basic principles of decision-feedback multiuser detection can be
explained succinctly.

7.5.1 SYNCHRONOQUS DECORRELATING
DECISICN-FEEDBACK

According to Proposition 2.2, the synchronous K x K crosscor-
relation matrix can be factored as

R=F'F, (7.56)

where F is a lower triangular matrix (i.e., Fy =0if k£ < /). If R is nonsingu-
lar, so is F, and we can process the vector of matched filter outputs by the
upper triangular matrix

F—T dif (FT)fl
yielding the whitened matched filter outputs {(cf. (2.87)):
§=F "y =FAb +n, (1.57)

where i is a Gaussian K -vector with independent components, each with
variance 2. Since F is lower triangular, the first whitened matched filter
output is

yi1 = Fudib + i (7.58)

Thus, ¥, contains no interference from other users and its signal-to-noise
ratio is that of the decorrelating detector (5.46):

AN A
a ~ oIRf
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Indeed, we saw in Chapter 5 that
by = sgn(3) (7.59)

is the decision of the decorrelator for user 1. For & > 1, ¥ does contain
interference from lower-numbered users:
k-1

e = FuAh + Y FyAzb; + iy (7.60)
j=1

In view of (7.60) and following the philosophy of successive cancella-
tion (Section 7.1), we can demodulate the users sequentially (in the order
1,2,..., K)by

k—1
i?;( =sgn(j¢k—ZijAle)j), (76])
=1

which is the decorrelating decision-feedback detector.
In matrix notation, (7.61) becomes

b = sgn(F "y — (F — diag{F)Ab). (7.62)

Reilecting en (7.61) we see that the first user is demodulated by its
decorrelating detector whereas other users subtract a linear combination of
previous decisions from the whitened matched filter outputs. We recall from
Chapter 5 that the whitened matched filter output ¥, is the output of a decor-
relating linear transformation for s; against {s;1, .. ., S }. Accordingly, %
contains no trace of users k + 1, . .., K. Furthermore, if the previous deci-
siononuser j < k was correct, then its contribution to ¥ (7.60) is perfectly
canceled in the decision statistic (7.61).

Unlike successive cancellation, in the hypothetical absence of back-
ground noise (¢ = 0), the decorrelating decision-feedback detector guar-
antees error-free demodulation, as we can see from (7.60) and (7.61).

The bit-error-rate analysis of the decorrelating decision-feedback de-
tector benefits from the fact that the noise sarples (7, ..., i) affecting
the observables in (7.60) are independent. This implies that the noise 7;
affecting the decision statistic in (7.61),

=% — ¥ FyAb; (7.63)
k—1

= FuAcbe + D FiyAib; — by + g, (7.64)
J=I
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is independent of previous decisions. Accordingly, if we knew {(b; —
b;).j = L,...,k — 1} in addition to z, the optimum decision for by
would be

k-1

Sgn (Zk — Z ijAj(bj - bl)) R
j=1

immediately leading to a lower bound on the bit-error-rate of the decorre-

lating decision-feedback detector:

o= 0 (M58).

o

Thanks to the independence of the noise components that affect the
observables of the decorrelating decision-feedback detector we will be able
to obtain a closed-form expression for P‘,fdf (o) for an arbitrary number
of users and arbitrary crosscorrelation matrices. Recall that up to now we
had been able to obtain exact expressions (for arbitrary K') only for linear
multiuser detectors.

User | achieves the same error probability as the decorrelating detector,

P () = Q(i’?) — Pi(o), (7.66)

and user 2 achicves the same ervor probability as a multistage detector with
decorrelating first stage (cf. (7.49)):

Péf (6) = P2(o) = Q(E) [1 -~ Q(Al 1 —,02)1]
o o

— 2
N Q(AH/L o )I:%Q(Az +02A1p)
+1Q(A2__‘2A“°)], (1.67)
2 o

By symmetry we can condition on b = +1:
Pi (@) = Plzy < 01 by = 1]

=27 3 Pl <0l )

(B =L T
R >
[CZIRPY S "= o O § L YO S =T Y I L

Plzy <01 (b, ... by, 1) (b1, .o Bl
x Pl(by, ... b)) [ (Bry ... Doy D
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S >

(B b e =L by B De{— 1L 1!

Pl <01(by, ...y, 1), (By, ... b )

k—1
x [TPE 1@ by i By
j=1

=2y >
(b e (=1L Vb ef—1,11 !
Ti(by — by, .. by~ byy)
k—1

< [T, =6+ =216, = b;p

j=1
xwpby — by, .. b — b)), (7.68)

where
A SN A
T, .o = Q| Fu—= + 3 Fu—e . (7.69)
[ = o

Note that the independence of the noise components is crucial to express
the conditional probabilities in the left side of (7.68) in terms of (7.69).
Although formidable looking, Equation (7.68) is an exact expression for
the error probability of the decorrelating decision-feedback detector.

The probability that the detector makes no errors is easily ebtained:

K
P(bl:Bly...,bk=BK):H(1—Q(%F£)). (7.70)

k=1
The explicit expression in (7.68) is a sum of products of @-functions.
Therefore, it is straightforward to find the asymptotic efficiency (Problem
7.20;:
I

k—
. A
ddf . 2 !
= min max* {0, F,+2 E — e
i eg(—1.0,1)x) l K = Ax o []

+§Ug Fni-ﬁ'ziz_]:ﬁﬂff: , (7.71)
= A = A

with
ve() & (1{x < O} {e = 0} + 1{x > O}1{e £ O}) x> (7.72)
According to (7.65),
i < B (7.73)
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with equality if & = 1 (7.66). Furthermore, we can obtain the following
expression for the worst asymptotic effective energy:

K
_min A7 i = -2&155021%19[ {by # by} } (7.74)
’’’’ k=1
K
AF,
= —2limo 10g( ]_[[ ( £ "’C)D (7.75)
k=1
= l'l'll[l Al Fkk (7.76)

k=1,

where (7.74), (7.75), and (7.76) come from (3.116), (7.70), and (3.44),
respectively. Since (7.76) holds for all (Ay, ..., Ag), the power-tradeoff
region of the decorrelating decision-feedback detector is the same (asymp-
totically as ¢ — 0) as that of a hypothetical multiuser detector that would
attain (7.65) with equality, that is, to achieve error probability no worse than
P for all users, the signal-to-noise ratio should satisfy, asymptotically,

AL L @ (P

7.77
o T Fh 7

Comparing this to the power-tradeoff region of the decorrelating detector
(5.49):;

2

Az PRl (7.78)

and recalling (Problem 5.23) that FZ, R}, = 1. we conclude that the power-
tradeoff region of the decorrelating decision-feedback detector is better
than (i.e., contains) the power-tradeoff region of the decorrelating detector.
We emphasize that this conclusion is guaranteed to hold asymptotically as
o — 0; however, we did not take the optimistic view that previous decisions
are correct nor did we assume that users are decoded in any particular order.

In the two-user case, F = 1 — p* and Fy = L. Therefore, in that case,
the power-tradeoff region of the decorrelating decision feedback detecter is

AZ —1 P 2 A2
AL @O 2 ey (7.79)
o 1—p

whereas the decorrelating detector has power—tradeoff region

AZ WP 2 P 2
A @Ry APy 750)
ol 1—p? 02 T1—pr
According 1o {(7.77), if users adjust their powers to minimize the total
transmitted power required to achieve a certain common level of error prob-

ability, then each user should satisfy (7.77) with equality (i.e., the power
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transmitted should be 1/F7, times the power required to achieve the target
error probability in a single-user system). It is interesting to investigate the
average per-user power penalty:

K

gar 1 £
P — Z _— (7.81)
k=21 Fkk

and contrast it to that of the decorrelator:
1 K
= YR (7.82)
K=
In particular, we can examine the asymptotic (K — o) behavior of these

quantities under the random spread-spectrum model with spreading factor
equal to N and

K
B = li%rr;c v 1
According to (4.121),
, p 1 & . 1
Jim E[¢] = lim — ;E[Rkk] i (7.83)

Now, the average power penalty of the decorrelating decision-feedback
detector satisfies

1 & 1
E[£%] = X S E [sz ] (7.84)
k=1 kk
1 & .
= — E[R™ [k, K111 (7.85)
K k=1
lim i ! (7.86)
— lim — — .
L=l %
li ! i ! (7.87)
= iim — 7 .
K—oc K e 1 — ﬁ
= 1 N L 7.88
T ke K L N (7.88)
I K
= — lim log(l + ) (7.89)
B K%m; —J
L lgl—’f-[N—j+1 7.90)
= — 11m IO Ee—— .
b K=o it N—
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10 ¢
) Decorrelator
ERl:
£
2 6f
£
no- 4 -
E Decorrelating
a 2 Decision-feedback
o \ ;
0.2 (4 0.6 0.8 1
B
L jim 10g — (191)
= — lum 1o .
’8 Koo & ] — %
1 1
_ ,log(_), (7.92)
B 1-p8

where (7.85) follows from (2.137); (7.86) follows from (4.121) and the
definition of R[k, K]; and (7.89) is a standard property of the logarithmic
function. The functions of 8 in (7.83) and (7.92) are compared in Figure
7.24.

752 SYNCHRONOUS MMSE
DECISION-FEEDBACK

The demodulation of user k by the decorrelating decision-feedback
detector assumes that the decisions of users {1, ...,k — 1} are correct and
decorrelates against users {k + 1, ..., K'}. This is seen in Equation (7.62),

b = sgnF Ty — (F — diag{F)Ab), (7.93)

where the purpose of the upper triangular matrix F~7 is to decorrelate
against “futare” users and the purpose of the strictly lower triangular feed-
back matrix (F — diag{F}) is to cancel the interference from “previous”
users. In view of the results in Chapter 6 it is natural to investigate the re-
placement of those linear transformations by nondecorrelating linear trans-
formations.

A general form for a synchronous decision-feedback detector is

b = sgn(Gy — BAb), (7.94)

where the K x K matrices G and B are to be specified. A basic constraint
is that B be strictly lower triangular so that (7.94) can be implemented
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sequentiatly (i.e., b, does not depend on @j, J = k). Note that the special
case

G=1

B — Pijs ifi > j,
i 0, ifi < j

corresponds to successive cancellation (7.8), and the special case
G=F",
B = F — diag{F}

corresponds to decorrelating decision-feedback.
One way to assess the quality of the decision statistics,

z = Gy — BAb,

is to consider the covariance matrix of the difference between the inputs to
the decision device and the true transmitted bits weighted by their ampli-
tudes:

cov(z — Ab) = cov{Gy — BAb — Ab}
= cov{GRAD + Gn — BADb — Ab)
= 0?GRGT + cov{(GR — )Ab — BAD)
= o’GRG” +[GR — TJA’[GR - T]7
+ BAE[bb' JABT
— BAE[bb"][GR — I|” — [GR — I]AE[bb’ JABT.
(7.95)

Now, to be able to give an expression for the error covariance matrix in
terms of the design parameters, we would need expressions for £ [BBT] and
E [bi)l | as functions of G and B. Even if those expressions were known,
which they are not, the complexity of the ensuing optimization problem
would be unwieldy, A judicious alternative to this design problem is to
substitute those matrices by the approximations

Elbb ]~ 1
and

Ebb 1~
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which are manifestly justified unless the error probabilities are high, and
select G and B to minimize the trace of the ensuing covariance matrix (7.95):

oGRGT + [GR—B —IA’[GR—-B -1} .

We will proceed in two stages. First we optimize the choice of G for arbitrary
B, and then we select the optimum strictly lower triangular matrix B. The
solution to this problem will provide the matrices that minimize the mean-
square errors between the inputs to the thresholds and the true data if the
fed-back decisions were correct.

Using the definition

GEB+IA2+R), (7.96)
it is straightforward to check (cf. (6.24)) that
o’GRG” +{GR - B — I|JA’[GR—B - I}/
= B+ AT+ RB+1)
+ (G — GHRA'R 4+ o°RYG — G)T. (7.97)

Because of the nonnegative definiteness of (RA*R + o’R), the matrix G =
G minimizes the trace of (7.97). '
Now let us proceed to minimize

o trace{|B+ I{c?A + R)|B + 17}

with respect to strictly lower triangular B. To that end, it is convenient to
introduce the Cholesky factorization of the nonsingular matrix

oA+ R=F'F, (7.98)
and to define the lower triangular matrix
LY B IF;"
Then
trace{[B + I|1(c?A> + R)'|B + 1"}
= trace{LLT)
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(F;'): (7.99)

, (7.100)
k=l (F(’)ik

where we used the lower triangularity of [B + I, F;‘, and F,, and the fact
that the diagonal elements of the product of two lower triangular matrices
are the product of the respective diagonal elements.

Moreover, letting

F, £ diag '(F,F,
We can express
[B -+ 1(F’F,) "B+ 17 = [B + [(F7 diag’(F, }F,) '[B+ 11"
= [B+ I)(F,) " diag {F, }(F,)TB + 11"
= diag 2(F, ), (7.101)
where (7.101) holds if we choose the strictly lower triangular matrix

B = diag™"{F,|F, — L (7.102)

But the trace of the matrix in (7.10]) coincides with the lower bound in
(7.100). Thus, we have shown that (7.102) is the optimum strictly lower
triangular matrix. Substituting (7.102) into {7.96) we obtain

G = diag "{F,}F,(c*A* + R)™' (7.103)
= diag ' {F,}F,F,'F," (7.104)
= diag ' (F,)F,". (7.105)

With those choices of G and B, the decision-feedback detector becomes
b = sgn(diag™ (F, JF,"y — (diag™'(F, JF, — DAb)
= sgn(diag™' {F, }[F,"y — (F, — diag(F, DAb])  (7.106)
= sgn(F,"y — (F, - diag(F, })Ab). (7.107)
We conclude that the same detector is obtained with
G=F"
and

B =F, — diagl{F,},
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e

which is the MMSE decision-feedback detector. Note that in the special case
of o = 0 and invertible R, the MMSE decision-feedback detector becomes
the decorrelating decision-feedback detector.

Even though we placed no such restriction at the outset, the optimum
matrix G is upper triangular, as in the case of the decorrelating decision-
feedback detector. This means that in the demodulation of user &, the miti-
gation of interferers £ + 1, ..., K is purely linear, whereas the mitigation of
interferers 1, ..., k — 1 is by nonlinear cancellation. In Figure 7.25 we have
depicted the general form of a two-user decision-feedback detector where
user | is demodulated before user 2. For the MMSE decision-feedback
detector the coefficients in Figure 7.25 are equal to
_ —-r
T 1 +o2/AY
ap = —pAlL. (7.109)

ay) (7.108)

Comparing to Figure 6.4 we see that user 1’s decision is the same as that
of a linear MMSE detector. This observation holds for any number of users
because F ! is lower triangular and its diagonal elements are positive. Thus,

sgn((F,"y),) = sgn((F;'F;"y))
= sgn(((c* A2+ R)'y)). (7.110)

In addition to the fact that it does not require the crosscorrelation matrix
to be invertible, one of the main advantages of the MMSE decision-feedback
detector over the decorrelating decision-feedback detector is that adaptive
training-sequence-based versions are easy to obtain.

Unlike the decorrelating decision-feedback detector, the MMSE decision-
feedback detector does not lend itself to an exact analysis of bit-error-rate
since the noise vector in F, 7y no longer has independent components. Nat-
urally, for high signal-to-noise ratios the bit-error-rate will be close to the
decorrelating decision-feedback detector. In particular, for low bit-error-
rates the power-tradeoff region of the MMSE decision-feedback detector

RR1
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is guaranteed to contain the power-tradeoff region of the MMSE linear
detector.

753 ASYNCHRONOUS DECISION-FEEDBACK

The generalization of the decision-feedback detectors we have
seen in Sections 7.5.1 and 7.5.2 to asynchronous channels is conceptually
straightforward.

We can start by viewing the asynchronous channel with a finite number
of bits per frame as a synchrenous channel with as many “users” as bits
(cf. Section 2.2). A natural way (o order the “users” for decision-feedback
is by their time of arrival. But this is neither mandatory nor necessarily
optimal: consider the case in which bit b;[i] occurs slightly after 5;[i] but
A; > A, Conversely, ordering by received powers is not necessarily opti-
mal. Depending on whether a decorrelating decision-feedback detector or
an MMSE decision-feedback detector is implemented, the feedforward and
feedback matrices can be obtained by factoring either the crosscorrelation
matrix or its sum with the diagonal matrix of noise-to-signal ratios. How-
ever, this approach is hardly implementable because the size of the matrices
is proportional to the frame length. Fortunately, as we saw in Chapters 5 and
6, those linear transformations become time-invariant K-dimensional linear
filters as the frame length grows. The role of the crosscorrelation matrix R
is now played by the transfer function (2.112):

S(z) = R7[11z + R[0] + R[1]z"", (7.111)
which according to Propoesition 2.3 can be factored as
S(z) = [F[0] + F[11z]" [F[0] + F[1]z '], (7.112)

where F[C] is lower triangular and F[1] is upper triangular with zero diag-
onal.

For the asynchronous decorrelating decision-feedback receiver the feed-
forward and feedback filters have K x K transfer functions:

G(z) = [FI0] -+ F[1}z]"7, (7.113)
B(z) = F[0] — diag F[0] + F[1]z . (7.114)

As in the synchronous case, G(z) acts as a linear decorelating transfor-
mation for those bits that have not yet been demodulated. If the decoding
order is determined by the time of arrival, then G(z) is a purely noncausal
transformation (including at each time the bit of interest). Conversely, in
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. that case, the feedback filter is causal. Other asynchronous decorrelating
ionfeedback

1ser detector,

decision-feedback receivers can be envisioned. For example, the decorre-
lation against future bits need not have an infinite impulse response if the
one-shot decorrelator approach of Section 5.3 is used (Problem 7.27).

The asynchronous MMSE decision-feedback multiuser detector (Fig-
ure 7.26) uses feedforward and feedback filters with transfer functions

G(2) = [F,10] + F,[11z2]" (7.115)

and

B(z) = F,[0] — diag F,[0] + F,[11z7, (7.116)
where we have factored
S(z) + 02A7™% = [F,[0] + F,[1]z) (F,[0] + F,[11z7'.  (7.117)

A comparison of the requirements of various multiuser detectors is shown
in Figure 7.27. The MMSE detector is the only detector for which the
requirements of both the adaptive and nonadaptive versions are shown in
Figure 7.27.
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SinglesUser | Maximum | Minimum - | Adaptive | Blind Des
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Timing of Interfering Users. | ] B ] ]
Tralning Sequence of n
Deslred User's Data.
FIGURE 7.27,
Comparison ¢
7.6  BIBLIOGRAPHICAL NOTES requirements |

The idea of successive decoding in multiaccess communication
goes back to the information theoretic study of the Gaussian mul-
tiaccess channel (Cover [61]), where it was devised as a tech-
nique to show the achievability of the capacity region. The or-
der in which users are decoded depends on their transmission
rate (with the user transmitting at full single-user capacity being
decoded last). In that context, information is encoded with van-
ishing blockwise probability of error and successive decoding is
asymptotically optimal (in contrast to our setting). In the analy-
sis of asymptotic efficiency of the demodulators in this chapter
(as well as optimum asymptotic efficiency) we found that strong
interference is equivalent to no interference. An information the-
oretic study of the Gaussian interference channel (Carleial [45])
revealed a similar property.

In the context of multiuser detection of CDMA channels (with-
out error control decoding), successive cancellation has been ex-
amined in Kohno [213], Dent et al. [65], Yoon et al. [555, 556],
Patel and Holtzman [323], Holtzman [149], and Divsalar et al.
[67]. In those works, cancellation residuals are approximated
as white Gaussian independent sources. The use of matched-
filter outputs for estimating the cancellation coefficients and
the order of cancellation (cf. (7.1) and (7.15)) is proposed in
Patel and Holtzman [323] and [324]. Other implementation is-
sues related to the determination of the cancellation order and
power control are examined in Kubota et al. [223], Pedersen et al.
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[328], and Seskar et al. [403]. Analyses of successive can-
cellation in fading channels have been reported in Yoon et al.
[556], Patel and Holtzman [325], Wijk et al. [537], Johansson
and Svensson [177], and Mazzinni [271)]. Successive cancella-
tion of nonlinearly modulated signals is considered in Ewer-
bring et al. [83]. Successive cancellation has been applied to
array receivers in Kohno et al. [218] and Ghazi-Moghadam and
Kaveh [111].

Prior to the foregoing works on successive cancellation, the
multistage detectors were proposed in Varanasi and Aazhang
{472, 474] and Kohno et al. [217] for asynchronous channels and
in Varanasi and Aazhang [473, 476] for synchronous channels.
Multistage detectors with conventional front-end and multipath
combining have been explored in Yoon et al. [556] and Fawer
and Aazhang [87]. Further results on the bit-error-rate of mul-
tistage detectors with conventional front-ends are reported in
Divsalar and Simon [66] and Hottinen et al. [163]. The two-user
asymptotic efficiency of asynchronous multistage detection with
soft decisions is found in Zhang and Brady [560]. The effect of
receiver mismatch (timing, amplitude, and phase) on the perfor-
mance of the multistage detector with conventional first stage is
explored in Gray et al. [126]. Multistage detectors with multiple-
antenna reception are considered in Kandala et al. [199] and Hot-
tinen [162). The latter paper and Hottinen and Pehkonen [164]
consider multistage detection for multirate CDMA. An adaptive
form of the multistage detector with decorrelating first stage
is analyzed in Siveski et al. [411] and Zhu et al. [664]. The
differentially-coherent version of the multistage detector with
decorrelating first stage is obtained in Hegarty and Vojcic [140].
Multistage noncoherent detection for nonlinear modulation is
explored in Hegarty and Vojcic [142], Halford and Brandt-Pearce
[135], and Visotsky and Madhow [506]; in the latter reference,
tentative decisions supplied by a successive canceler are used o
select a decorrelating final stage. Multistage coherent demodula-
tion of m-ary spread-spectrum multiaccess is explored in
Tachikawa [438]. Algebraic methods for multistage decoding
of noncoherent frequency-hopped spread-spectrum multiaccess
date back to Timor [446], Multistage detection has been explored
for optical CDMA in Brandt-Pearce and Aazhang [33].

The continucus-time tentative decision detector of Section 7.4
was proposed in Abrams et al. [8].

The decorrelating decision-feedback detector for synchronous
channels is due to Duel-Hallen [73]. The optimal allocation of
powers to minimize total power (cf. (7.77)) is found in Vara-
nasi [469]. Further results on the analysis of the decorrelating
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decision-feedback detector (cf. Problem 7.21) were given in
Varanasi [471]. The replacement of the decorrelating transforma-
tion with a linear transformation that maximizes asymptotic effi-
ciency (Section 6.1) has been explored in Varanasi [470, 471]. A
detector that works with the observables (7.63) of the decorrelat-
ing decision-feedback detector is proposed in Wei and Schlegel
[527]. The use of maximum-likelihood sequence detection in
the decorrelating decision-feedback structure has been studied
in Sauer-Greff and Kennedy [382] for multiuser channels with
intersymbol interference. The differentially-coherent version of
decorrelating decision-feedback detection is considered in Wu
and Duel-Hallen [546]. An adaptive synchronous decorrelating
decision-feedback structure is presented in Chen and Roy [51].

The first decision-driven multiuser detector reported in the
literature appears to be a four-user MMSE decision-feedback
detector (Kavehrad and Salz [203]) designed to cancel cross-
polarization interference.

Various forms of asynchronous decision-feedback multiuser
detectors have been proposed and analyzed (Xie et al. [550];
Abdulrahman and Falconer [4]; Duel-Hallen [72, 74]; Verdn [498];
Abdulrahman et al. [5]; Rapajic and Vucetic [352]; Petersen and
Falconer [330}; Yang and Roy {551]; Wu and Duel-Hallen [545];
Tidestav et al. [444]; Varanasi [469]). Some of those works con-
sider detectors that instead of operating with the sufficient statis-
tics provided by a bank of matched filters operate with the
fractionally sampled output of the matched filter ofthe user of in-
terest. Adaptive implementations are reviewed in Falconer et al.
[84]. Joint antenna-diversity reception and decision-feedback
multiuser detection is considered in Jung et al. [184], Jung and
Blanz {183], and Gray et al. [127]. The MMSE decision-feedback
receiver has been shown to minimize geometric MSE (i.e., not
only the trace but the determinant of the error covariance ma-
trix) in Yang and Roy [551]. Algorithms for recursive Cholesky
factorization of asynchronous crosscorrelation matrices are stud-
ied in Kaleh [195], Wei and Rasmussen [525], and Alexander and
Rasmussen [15].

The replacement of the sign nonlinearities by soft tentative
decisions has been explored in Zhang and Brady [559], Brady
and Catipovic [32], Chen et al. [53], Divsalar and Simon [66],
Vanghi and Vojcic [465], and Nelson and Poor [300]. The notion
of partial interference cancellation that deemphasizes less reli-
able decisions was introduced in Divsalar and Simon [66] and
Abrams et al. [8].
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7.7

Decision-driven multiuser detectors are naturally coupled
with error-control codes. At the expense of increased delay, the
reliability of decisions is improved by error-control decoding.
An illustrative set of references on this research direction in-
cludes Hoeher [146], El-Ezabi and Duel-Haller: [77], Shaheen
and Gupta [404], Fawer and Aazhang [87], Vojcic [512], Hafeez
and Stark [131], Giallorenzi and Wilson [115], Sanada and Wang
[379], Saifudding et al. [374], Saifudding [373], and Sanada and
Nakagawa [378].

Nonlinear multiuser detectors that fall outside the scope of
Chapters 4 and 7 are pursued in Verdii [487], Poor and Verdu
[337], Miyajima and Hasegawa [283], Douglas and Cichocki [70],
Paris et al. [318], and Aazhang et al. [1].

PROBLEMS

PROBLEM 7.1. In this problem we show that successive cancella-
tion in the order of decreasing powers is not necessarily optimum.
Consider a three-user synchronous channel with crosscorrelation

matrix
1 P12 0.8
R=|p, 1 04
08 04 1
and
A = 1.0,
A, = 1.1,
Ay =1.2

(a) Show that in the absence of background noise the successive
canceler that demodulates the users in the order {3, 2, 1} has
bit-error-rates:

) 1
P10) = T
|
P3(0) = Zl{Plz < —0.14},
; 1

(b) Show that in the absence of background noise the successive
canceler that demodulates the users in the order {2, 3, 1} re-
covers the data error-free if p;; < 0.62.
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PROBLEM 7.2. (Viterbi [509]) Assume a hypothetical perfect suc-
cessive cancellation receiver that after cancelling the ith user ob-
tains a signal free of the contributions of users 1, .. ., i — 1. Further,
assume that the contribution of the background noise after each can-
cellation is equal to o2, Using the infinite-user approximation to
the error probability of the single-user matched filter with random
signature waveforms, show that for the signal-to-noise ratio seen
at each stage to be equal, the received powers must satisfy

%:y(l#»%)lpk. (7.118)
PROBLEM 7.3. (Viterbi [509]) The signal-to-noise ratio in (7.35)
is upper bounded by
AL
TeriToar
Show that

X 1 K A,%
Doz Nog(1+ 5 ")

k=1 k=1

PROBLEM 7.4. Express the multistage detectors with conventional
and decorrelating first stages in terms of the independent-noise L-
dimensional model {2.97):

r = SAb + om.

PROBLEM 7.5. Verify equations (7.24) and (7.25), which hold for
p > 0. [Hint: Show

Ak, =) = [[SH < ISEDI < A+, ——) ]

PROBLEM 7.64. (Patel and Holtzman [324]) Assume that the re-
ceived amplitudes are independent identically distributed with com-
mon cumulative distribution function F, (density function f,), and
label the users so that

Ag << Ay

Show that the density function of A is

fa () = TEETHOON = Fa@ol ! fate),

(K—k}k-1)
PROBLEM 7.7. Consider a two-user synchronous CDMA channel

using the signature waveforms in Figure 7.28. Suppose that b, is
the decision of the conventional single-user matched filter detector
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s(f) si(4)

JRE 7.28.
iksequence T T/3 T
ature

reforms with

=3

for user 2. Recall that a successive canceler demodulator for user
1 cutputs

by = sgn(A b, + As(by ~ by)p + o {n, s1)).

(a) Find the conditional distribution of the random variable 5, —Bz

given b, = +1.
(b) Find the conditional distribution of the random variable b, — b,
given by = —1.

(c) Is Pl(n,s;) = 0|b — by = 2] greater than, equal to, or less
than 1/2 = Pl{n, 5} = 0]?
(d) Find the variance of the random variable

Aa(by — B2)p + o in, 5().

PROBLEM 7.8. Let s and D be an element and a convex subset,
respectively, of a signal space such that s ¢ D. Let d be such that
s+de Dand

min [lv — s{| = ll4]l.
and denote by C the subset of all signals 5 + v such that

(v, d) = |ld|I*.

Show that P ¢ C. [Hint: The convexity of ) must be used.]
PROBLEM 7.9. Consider two synchronous users such that user 1

is demodulated by cancellation of user 2 using the decisions of a
conventional single-user matched filter for user 2.

(a) Show that the conventional matched filter receiver achieves
higher asymptotic efficiency than the successive canceler if

2| p] : 3-45.
L e e e A AT L)

Ay 1, otherwise.

(b) Show that a successive cancellation receiver that switches to
a single-user matched filter when (7.119) holds achieves the
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following near—far resistance:

IR YR . B

woo VU)o < 1pl < 3575

s —
(1—|p|)”, otherwise.

(c) Show that the successive cancellation receiver that does not
switch to the single-user matched filter achieves near—far re-
sistance:

252 5 1.
7= (L=2p%7% if [p] < 25
0, otherwise.

PROBLEM 7.10.

(a) Show that the decision regions shown in Figure 7.17 for a
synchronous channel with p > 0 correspond to those of an m-
stage detector,m = 2, 3, ..., with conventional first stage. The
shaded regions in Figure 7.17 are those for which the detector
enters a limit cycle. [Hinz: Partition the space in sixteen regions
according as

¥ € {(—OO, ‘“A?_Pls (.—Alp! 0)! [0! AZP)» [Azp! OO)},
y2 € {(—00, —Apl, (—=A;1p,0). 10, 4,p). [A) p, 20)},

and find the sequence of decisions in each of those regions. |
(b} Repeat (a) for an m-stage detector with decorrelating first stage,
(i.e., verify Figure 7.20).

PROBLEM 7.11. Find the length of the sliding window of tentative
decisions that must be stored at the jth stage of an m-stage detector
for a K-user asynchronous channel.

PROBLEM 7.12. Recall (Problem 4.47) that the single-user matched
filter is asymptotically optimal in the sense that

lim — (PS() — Py(0)) = 0.
500 Ak
For a two-user synchronous twe-stage detector with decorrelating
first stage, tind
lim Al (P’f“’(o’) — P,(a)}.
1

7 —»0C

PROBLEM 7.13. Show that the near—far resistance of the syn-
chronous two-user two-stage detector with decorrelating first stage
is given by

ﬁdd: 1+4|,0| ‘/92*-12‘[),34-8,04
! (14 2]pl = p??
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PROBLEM 7.14. Consider two synchronous users with

ol < 1.
PL=3

Show that the power-tradeoff region of the two-stage detector with
decorrelating first stage is asymptotically optimal for large signal-
to-noise ratios.

PROBLEM 7.15. Find the covariance matrix
Elbb’ ]

for the two-user synchronous decorrelating decision-feedback de-
tector.

PROBLEM 7.16. Find the range of values of A,/A; for which the
decorrelating detector gives better two-user asymptotic efficiency
1 than the two-stage detector with decorrelating first stage.

PROBLEM 7.17.

(a) Show that if the initial decisicns fed to the multistage detector
are maximume-likelihood decisions, the decisions do not change
after m stages.

(b) Suppose that the initial decisions fed to the multistage detector
are the minimum bit-error-rate decisions. Sketch the decision
regions of the two-stage detector in the two-user case. Conclude
that for every ¢ > 0, the noise realization may be such that the
decisions of the m-stage detector do not converge with m.

PROBLEM 7.18. (Vanghi and Vojcic [465]) Show that the asymp-
totic multiuser efficiency of the two-stage detector with decorre-
lating first stage satisfies

A? 1

nfd < mm — 4+ max?{0,1 —2|poul i .
AZRY A,

PROBLEM 7.19. (Vanghi and Vojcic [465]) Consider a two-user
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synchronous channel and the following decision for user 1:

by = sgn(y, — f,(oy)),
1, X >y,
=15 -—v=x=y;
-1, x < —y;

- ”‘13m0+
Y 1—-p2\ A -

(a) Sketchthe decisionregions of this detectorinthe case A; = A,.

(b) Show that this detector achieves optimum asymptotic multiuser

efficiency forall A/A,if |p| < 5.

PROBLEM 7.20. Verify that

2 lim o* log (1{e =0} +[1-2 le =010 (g)) S

with (cf. (7.72)):

vg(x)dg(l{x < 0H{e =0} + 1{x > O} e £ 0D x2  (7.12])

PROBLEM 7.21,
{a) Generalize (7.76) to show
min Ainfdf = min A;F}
k=1, ) ke=l,...j
forj=1,...,K.
(b) (Varanasi [471]) Show that if

2 g2
AKFKKS”'
then

ddf 2
M = Fy.

(¢) Show that if all users have the same power, then (7.123) can

only be satisfied if the signature waveforms are orthogenal.

PROBLEM 7.22. Verify the identity in {7.97):
o’GRG” + [GR-B -TAYIGR-B — I
=0’ B+ N6 A7 +R)' B+ 1"
+(G - G)RA’R + o’R)(G - G)',
where

CEB+IoA 2+ R
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PROBLEM 7.23. Show that under the random signature sequence
model, F;, converges in mean-square sense to /1 — 8, where
. K
A=

PROBLEM 7.24. Consider the synchronous two-user two-stage de-
tector with conventional first-stage.

(2) Find the worst asymptotic effective energy.
(b) Plot the power-tradeoff region to achieve bit-error-rates no
larger than 3 x 10~ for bath users.

PROBLEM 7.25. Verify that the coefficients in Figure 7.25 are
given by {7.108) and (7.109) in the case of an MMSE decision-
feedback detector.

PROBLEM 7.26. Determine the matrices F,[0].F, [ 1] (cf. (7.117))
in the two-user case. [Hin#: Recall Problem 2.50.]

PROBLEM 7.27. (Verdud [498]) Using the one-shot decorrelator,
design a two-user asynchronous decorrelating decision-feedback
detector such that the decision Ek[i ] is independent of {y(t), ¢ >
iT+T -1 }. Find the asymptotic efficiency of the resulting detector.

PROBLEM 7.28. Let Y = Ah+ N where N is a zero-mean Gauss-
ian random variable, A is a positive constant and b is equally likely
to be -1 and +1. Show that
EN(Y — Ab)?]
E[(Asgn(Y) — Ab)]

3
> .
2
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single-user channel, 144-5
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bandpass filtering, 2, 90
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Bayes formula, 87, 141
beamforming, 52
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Bessel function, 43 n.10, 100, 131, 134, 151
Bhattacharyya bound, 139
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antipodal modulation, 44}, 144-5
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frequency-shift keying, 138

438

hypothesis testing, 87-8, 91, 95-6, 128,
139, 181, 189
Markov chains, 230
nonorthogonal signaling, 1345
orthogonal modulation, 135, 152
phase-shift keying, 40 n.§
spreading codes. 26--33, 150
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bit-error-rate {see alse minimum bit-ertor-rate)
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asymptotic, 184
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background noise and, 108, 116, 184
conventional receiver, 1067
convergence, 117
decision-driven multiuser detectors, 344,
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372-3, 381-2, 385, 387, 393
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demodulator comparisons, 37
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Central Limit Theorem, 116, 150, 154-5, 301
channel (see afso asynchronous channel;
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channel; ather types of channely)
attenuation, 48
distortion, 6 n.4, 8, 23, 45, 65
downlink, 2 n.2
forward, 2 n.2
noise, 6 n.4
reverse, 2 n.2
uplink, 2 n.2
Chernoff bound, 118 n.10, 137, 148
chip
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defined, 26, 64
duration, 26, 206
matched filters, 64, 81, 206, 219, 310, 329
chip waveforms
bandlimited, 27, 64, 104, 310
ditect-sequence spread-spectrum, 267, 35,
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energy spectral density, 68
Fourier transform, 36
rectangular, 27, 28, 33-4, 39, 73, 81, 119,
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sing, 27
terminology, 64
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Clarke-Takes autocorrelation, 44
closed-eye condition, 11415, 121
cochannel interference (see also multiaccess
interference), 3, 9, 24, 65
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antenna arrays, 51-5, 66
applications, 10, 64
asynchronous models, 11, 20-6, 40, 42,
624,72, 104, 118-19, 122, 148, 212,
231-2, 277, 285
background noise, 55-6, 107-8, 147
carrier modulation, 38-40, 104
code-time division multiple-access, 84, 287
complex-valued model, 53, 58, 73, 125
crosscorrelation, 5, 8, 15, 20, 21, 23, 57, 61,
72
data streams, 37-8
direct-sequence spread spectrum, 26-8,
35-6, 104, 280~1, 310
discrete-time models, 56-64
evolution of, 64
fading, 42-51, 65
{requency-flat fading, 42-4
frequency hopping, 36
frequency-selective fading, 45-50
homogeneous fading, 50—1
hybrid FDMA system, 17-18, 65, 211
inception, 64
long sequences, 30-2, 248
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modulation, 38-42

multicarrier, 36, 51, 64, 63, 138

multicode, 72

nonantipodal modulation, 40-2

nenorthogonal, 8-10, 68, 105

number of users, 8-10, 11-13

orthogonal, 5, 7-8, 11-13, 28, 64, 65, 105,
108-9, 124

orthonormal projections, 60-2

partial-response, 65

principle, 4-6

random sequences, 32-5

signature scquences, 29-30

signature wavetorms, 6-7, 26-36, 56, 65,
71-2,74-3

single-user matched filter, 93-7, 104-19,
137, 138, 148, 215, 284

spreading factor, 28-9, 200

symbol-asynchronous chip-synchronous
channel, 206

synchronous models, 5, 13, 19-21, 3940,
42, 54, 56-62, 64, 65, 66-7, 71-2, 74-5,
83, 85, 104, 105-18, 122, 147-530, 161-5,
215,220-2, 274, 280-1, 284, 310

code-time-division multiple access, 84, 287
coherence

bandwidth, 47, 48, 51
differential, 130--3, 138, 263-3, 271, 327,
330, 385, 336

coherent decorrelator

diversity reception, 261-3, 270, 286
fading, 258-63, 265, 271, 272
frequency-flat fading, 259-60, 270
homogeneous fuding, 260~ |, 270
imperfect phase estimates and, 271
coin toss problem, 149
collisions, 4-35
combinatorial optimization problem. 162-3,
164-5, 195, 210-11, 227-8
combining (see diversity combining)
complementary error function, 100
complementary Gaussian cumulative
distribution function (see Q-function)
complex-valued
asynchronous signals, 40
CDMA model, 53, 58, 73, 125
discrete-time channel, 142, 261-2
fading, 40, 207
Gaussian vector, 58, 1467
impulse response, 45, 48
signal, 39-40
composite hypothesis testing, 91-2, 144, 146,
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computational complexity, 162, 231, 270, 272,
291
constant-modulus algorithm, 327, 342
continuous phase modulation, 69
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continuous-time tentative decisions, 369-70,
385
conventional detector, 85, 106-7, 166, 234-3
(see also single-user matched filter)
convergence, 72, 116-17, 146, 201, 203-4,
326, 328, 334, 337
convex penalty function, 307, 309, 311, 314,
318-19
correlator, 6, 95, 143, 270
covariance matrix
CDMA channel, 57, 58, 61, 64, 73, 81, 834
decorrelating detector, 241, 249, 262, 265,
284
decision-driven multiuser detectors, 378-9,
386, 391
optimum multinser detection, 207-8, 209
single-user matched filter, 102, 110
cost function, 308, 324, 327, 342
Criamer-Rao bounds, 212
crosscorrelation
approximate decorrelator, 248-9
asynchronous channeis, 25, 26 n.2, 32-3,
39,63, 75, 119, 167, 204, 205
carrier modulation, 38-9
complex, 58
CDMA, 5, 8, 15, 20, 21,25, 57,61, 72
Cholesky facterization of matrix, 197
diversity reception and, 129
eigenvatues of crosscorrelation matrix, 345
even periodic, 26 n.2, 206
matched filter outputs, 60
matrix, 20, 57, 61, 63, 66, 67, 70, 72, 81, 83,
162, 163, 167, 196, 197, 202, 205, 207,
208, 209, 225, 231, 241-2, 247, 249-50,
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signature sequences and, 29, 64, 70, 71
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72,73, 108-9, 162, 163, 206, 231, 247,
258
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CSMA (see carrier-sense multiple access)
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CDMA, 77, 82
complementary Gaussian (see (-function)
of error probability, 119-20
outage, 119-20
cut, 1634
eyclostationary process, 79, 327
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data streams, 37-8, 230
decision-directed operation, 307, 314, 325
decision-driven multivser detectors
adaptive forms, 350, 381, 383, 386
applications, 344, 349, 385
asymptotic multiuser efficiency, 351-2, 355,
357, 363, 367, 308, 369, 374-5, 384, 385,
386, 389, 390, 391, 392
asynchronous, 348, 363, 370, 3824, 385,
386, 390, 353
bit-error-rate, 344, 352, 358-9, 360, 365,
367, 368, 369, 372-3, 381-2, 385, 387,
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cancellation error, 350, 351-2
continuous-time tentative decisions,
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decision-feedback, 370-84
decision regions, 346-8, 351, 352, 355,
360-5, 390, 391, 392
decorrelating first stage, 363-9, 371-7, 381,
382, 385-0, 388, 390, 351
decorrelating detector compared, 345-6,
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error probability, 351, 352, 333, 360, 367,
369, 373-6, 384, 388
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m-ary orthogonal medulation, 350-1, 385
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multistage detection, 361-9, 371, 3734,
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near-far resistance, 358, 367-8, 390
noise, 348, 354-3, 372-3, 381-2, 388
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noiseless channels, 234-5, 239, 246, 247,
276
one-shot, 240, 246-7, 248, 258, 270, 277,
278, 285, 313-14
oplimality, 239, 243, 254
optimum multiuser detector compared, 252,
254
optimum near—far resistance property,
254-5
orthogonal modulation, 254, 261, 268, 269,
272
performance analysis, 237-8, 245, 247-8,
249-63, 269-71, 278, 281-2, 284, 285,
295-6
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decorrelating detector (cont.)
power-tradeoff region, 252
Rayleigh fading, 2635, 270, 272
single-user matched filter compared, 237-8,
245, 249-54, 257-8, 261, 269-70, 281-2,
284
singular crosscorrelation matrix, 241-3, 256
signature waveforms, 241, 245, 2467, 254,
257-8, 260,273,279
surplus cnergy, 316
in synchronous channel, 234-43, 246-7,
249-36, 269, 271, 274, 276, 279-82, 284
truncated-window, 246-8, 270
three-user channel, 246-7, 281-2, 284-5
two-user case, 237-8, 2446, 250, 252, 257,
258, 277, 278, 282, 285
decorrelating linear transformation, 236, 239,
242, 2434, 249, 250
decorrelator/decorrelation (see also
decorrelating detector)
adaptive versions, 271
approximate, 248-9, 270. 275, 280-1, 333
blind, 328
differentially-coherent, 263-5, 271
finite-precision arithmetic implementation,
270
with multidimensional array models, 271
for nonlinear modulation, 265-9, 271
timing acquisition schemes, 272
delay
demaodulation, 349
retransmission, 4
spicad, 47, 48
delta function, 48, 49, 72
demodulation/demodulators
delay, 349
and error-control decoding, 37
hard-decision, 37
as hypothesis testing, 85-92
demultiplexing, 2
detector {see specific detectors)
differential coherence, 130--3, 138, 263-5,
271,327, 330, 385, 386
differential encoding, 37-8
digital wireless telephony systerns, 10
diplex. 1
direct-sequence spread spectrum
antipodally modulated, 71
asynchronous, 64, 104, 119, 137-8, 206,
232,310
autecorrelation for, 48
CDMA, 26-8, 35-6, 104, 280-1, 310
chip waveforms, 26-7, 35, 70-1, 310
decorrelating detector, 255
matched filters, 104
multiaccess interfercnce, 138, 329
multipath delays, 48
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near—far resistance, 198, 206, 212, 232-3,
255
nonbinary sequences, 35, 67, 70
orthogonal, 35, 66
orthonormal projections, 61
problems, 66, 70-1, 72-3, 79-81, 149, 150,
229, 232-3, 280-1, 341
random, 32-5, 116, 137, 206, 212, 229,
232-3, 255, 360, 376
shortwave teletype link, 63
signature waveforms, 26-8, 35-6, 79-80,
198, 206, 212
spreading factor, 229, 280-1, 360, 376
synchronous, 66, 72, 149, 2801, 341
directed graph, 164
directivity pattern (see radiation pattern)
discrete-time models
asynchronous, 62-4
CDMA, 56-64, 66, 79
complex-valued, 58—60
decotrelating detector, 241, 2434, 244, 247
matched filter outputs, 56-64
MMSE linear multiuser detector, 293-8
optimom multivser detection, 167-8, 170,
213-19, 227
orthonormal projections, 60-2
of sufficient statistics, 162, 168, 202-3
synchronous models, 56-64, 66, 79, 189,
241
distortion, channel, 6 n.4, 8, 23, 45, 65
diversity
antenna arrays and, 51, 54-5, 386
beneficial, 47
combining, 76-7, 128, 262, 326, 385
D-channel synchronous model, 216
frequency, 55
model, 60, 76, 216
problems, 76-7, 216
reception, 128-30, 261-3, 270
time (see multipath}
Doppler, Christian J., 46 n.11
Doppler shift, 46, 47
Daoppler spread, 49, 50
downlink channel, ? n.2
dynamic programming algorithms
for asynchronous channels. 168-71, 217-18
backward, 216
backward—forward, 173, 173, 211
forward, 169-70, 174
generalization to nonbinary modulation,
171-2
for optical channels, 213
for optimum multiuser detector, 168-75,
212-13, 216, 217-18
problems, 216, 21718, 232
for single-user intersymbol interference, 210
Viterbi (see Viterbi algorithm)
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edge capacities, 163
Edison, Thomas A, 1
effective energy, 120, 121, 139, 250 (sec alse
asymptotic effective energy)
efficiency, bandwidth, 40 (see also spectral
efficiency)
energy spectral density, 68
equal-gain combining, 77
equal-power infinite-user channel, 11617,
137, 302-6, 326 (see also mnfinite-user
random sequence analysis)
equal-power power penalty, 112, 152, 223 (see
alxe power penalty)
error-control codes. 6 n.4, 37, 41, 55, 120, 143,
158, 211, 272, 292, 325, 387
error-free demodulation, 71, 114, 239,276,372
error function, complementary, 100
error probability (see also bit error rate)
in asynchronous systems, 104, 118-19, 285
background noise and, 107-8, 113, 1186,
127, 147
binary equiprobable test, 221
cumulative distribution function of, 119-20
decision-driven multiuser detectors, 351,
352, 355, 360, 367, 369, 373-6, 384, 388
decorrelating detector, 259, 260, 262, 264,
267, 268, 269, 271, 273, 274, 278, 280-2,
283, 286
differentially coherent detector, 132
diversity reception and, 130
with K-user Rayleigh fading, 136--7, 152,
259, 2801
with matched filters, 86, 95-6, 105-19, 147
MMSE linear multiuser detector, 300, 301,
305, 315, 321, 325, 329, 331, 333, 336,
338-9, 342
noiseless channels, 135-6, 148, 152
in noncoherent demodulation, 134-3, 138,
152
problems, 143, 145, 147, 152-3, 222-3,
226-7, 273, 274, 280-2, 285, 286
in scalar reception, 125-6
single-user matched filter, 105-23, 138,
143, 147, 151,152, 182, 195, 251-2, 282
SIR and, 120
in synchronous systems, 104, 105~18, 120,
122-3, 147, 155, 176-95, 222-3, 2801
timing jitter and, 143
error sequences, 190-1, 203, 228
error vectors, 186-9, 1914, 195, 203, 221,
225, 231, 2934, 312~13
EspriT, 66
Ethernet, 4
Euclidean distance, 89 n.2

fade duration, 44, 75
fading
antenna artays and, 51

CDMA, 42-51, 65
coherent decorrelators, 258-603, 271, 272
complex-valued model, 40
decision-driven multiuser detectors, 385
defined, 42
difterentially-coherent decorrelator, 263-5,
271
frequency-flat, 424, 47, 50, 65, 12430,
136, 259-60
frequency-selective, 42, 45-50, 65, 138,
212,272
homogeneous, 50-1, 66, 138, 260-1, 271
K-uvser channel, 136-7, 152, 259-60
log-normal 43-4, 76
MMSE linear multiuser detector, 327, 328
Nakagami, 43
optimum coherent multinser detection,
206-9, 212
optimum nencoherent multiuser detection,
209, 212
Rayleigh, 43, 50, 124-30, 136-7, 138, 139,
2069, 259-60, 265. 272
Rice, 43. 138, 139
single-user matched filter, 124-30, 136,
137-8
statistical models, 42-51, 65
FDMA (see frequency-division multiple
access)
feedback shift registers, 29-30)
filters/filtering (see also maiched fitters;
single-uscr matched filter)
bandpass, 2, 90
Kalman, 213
linear, 95, 243, 326
low-pass, 78, 90-1
fixed-puint theorems of functional analysis,
363 n.2
forgetting factor, 341
forward channel, 2 n.2
forward dynamic programming algorithms,
§169-70, 174
Forney bound, 211
free space, 45-6
frequency-hopping, 36, 41, 64, 73, 210, 385
{requency-division multiple access
digital systems, 7
hybrid CDMA system, 1), 17-18, 65, 211
principle, 2-3
frequency-division multiplexing, 2
frequency-flat fading
asymptotic multiuser efficiency in, 136
blind multiuser detector, 327
CDMA, 42-4, 47
coherent decorrelator, 259-60, 270
coherent single-user matched [ilter in, 124-30
information sources, 65
Rayleigh, 50, 124-30, 212
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frequency-selective fading, 42, 45-50, 65, 138,
212,272

frequency-shift keying, 41, 138, 210

full-response continuous phase modulation, 69

Gabor bandwidth, 15
Gabor, David, 15 n.12
Gaussian
approximation, 114-15, [37-8, 150, 154,
300-2, 305-6, 336, 360, 384
complementary cumulative distribution
function (vee Q-function)
minimum shift keying, 41
generalized inverse 241 (see also
Moore-Fenrose generalized inverse)
Gergorin’s theorem, 276
Global System for Mobile (GSM), 7 n.5, 41
Gold signature sequences, 29
gradient descent algorithm, 307-8, 309, 314,
318-21, 326, 3334
Gram—Schmidt orthogonalization, 270, 272,
307
guard times, 3, 7 n.5, 15, 73-4

Hadamard matrices, 13

hard-decision, 37, 158

Hermitian matrix, 58

homogencous {ading, 50-1, 66, 138, 260-1,

271
hybrid FDMA/CDMA system, 10, 17-18, 65,
21

hypothesis testing
binary, 87-8, 91, 95-6, 128, 139, 181, 189
composite, 31-2, 144, 146, 159-60
decision regions in, 95-6
decision rules in, 856, 87, 89, 90, 91-2, 128
demodulation as, 85-92
Gaussian, 87-8, 139
m-ary, 140-2, 143, 209
minimum error probability, 139
minimal sufficient statistic, 146
probabilily density functions, §7-8, 141
problems, 13944, 146
sufficient statistic, 89—90

impulse-response
complex-valued, 43, 48
decorrelating detector, 246, 382
digital filter, 52
fuding time-varying, 45-50, 76
Fourier transforms of, 49
linear filter with, 95
matched filters, 246
MMSE linear multinser detector, 3067, 309
problems, 70, 74, 76
time-invariant, 48, 74
impulsive non-Gaussian channels, 55, 138
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indecomposable vectors, 187-8, 190, 203,
207,211, 213, 225, 231
indoor picocellular communication, 47, 54
induction hypothesis, 190
infinite-user random sequence analysis,
116-17, 119, 137, 280-1, 302-6, 326,
3767
integer linear programming problems, 163
interference (see afso cochannel interference;
intersymbol interference; multiuser
interference)
intercell {see out-of-cell)
narrowband, 53, 66, 272, 328
out-of-cell, 9, 55-6, 63, 66, 108, 225
pseudo-user, 206
intersymbol interference
CDMA channels, 26, 47, 63, 66, 74, 84
decorrelating detector, 2445, 269, 270
decision-driven multivser detectors, 371,
386
optimum multiuser detector, 210, 211
single-user channels, 22-4, 26, 210-11
inverse discrete-time channel transfer function,
244
1S-54, 10
[$-95, 10, 31-2, 41, 138, 405, 428
[5-136 (see 15-54)

jamming, 71, 145-6

Jitter, 143, 270

joint MMSE equalization—multiuser detection,
326

Kabatyanskii-Levenshtein-Mazo bound, 70-1
Kalman filter, 213
Kasami signature sequences, 29

law of large numbers, 307
large deviations, 18, 149, 352
layered graphs, 168-9, 171
leakage coefticient, 299-301, 336
least-mean-square algorithm, 308, 326
likelihood functions, 89, 134, 156, 158, 162,
164,217-18
limit-cycle decisions, 363, 364, 365
linear
antenna arrays, 77-8
detectors, 93-5, 248--9, 281 (see also
decorreiating detectors)
finite-dimensional adaptive algorithms,
310-11
programming problems, 163
Linear multiuser detection/detector (see also
Decorrelating detector; Minimum
mean-square error linear multiuser
detection)
canonical representation, 314-17
decentralized implementation, 236
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decision-driven multiuser detectors
compared, 349, 351, 352, 359
optimum, 288-91, 330
surplus energy, 313
LMS (see least-mean-square algorithm)
local scattering, 49, 76
long sequences, 30-2, 248

Marcum’s O-function, 131, 138
Markov chain, 230
m-ary
decision-driven multiuser detectors, 350-1,
385
frequency shift keying, 41, 138
hypothesis testing, 140-2, 143, 209
K-user channel, 265-6, 267
matched filter output, 133
single-user channel, 133, 138, 152, 268-9
matched filter
chip, 64, 81
detector, 94~5, 158 (see also single-user
matched filter)
error probability, 86, 95-6, 105-19, 147
implementation, 95
impulse responses, 246
rake (see rake correlator)
matched filter outputs
CDMA, 56-60
chip, 206, 219
partial, 248
whitened, 59, 66, 239, 371, 372
matrix norm, 275
matrix transfer function, 244
maximal-length shift-register sequences, 30,
32,64, 67,70,71,230, 257-8, 273
maximal-ratio combining, 77, 128, 262, 326
maximum a posteriori rule, 87, 141
maximum likelihood
amplitude plus transmitted bits estimated,
240
decisions, 87, 140, 143, 153, 156, 163, 164,
170, 219, 285
decorrelating detector, 238, 269, 274, 285
K-user receiver/detector, 209, 218
one-shot problem, 240
optimum multiuser detector, 155-9Y, 160-2,
1646, 168, 175, 177, 182, 211, 215,
217-20, 2234, 227, 230, 231, 238
sequence detector, 166, 210, 269-70, 273,
328, 386
mean-square distance, 89 n.2
min-capacity-cut problem, 1645
minimal sufficient statistic, 90, 146
minimum bit-error rate
asynchronous channels, 166, 175
decision, 165, 238
detector, 1601

optimum multiuser detection, 166, 175, 181,
184, 192-4, 211, 220-1, 225-6
problems, 220-1, 225-6, 231
synchronous channels, 181, 184, 220-1,
2256, 231
minimum distance
decision regions, 89, 156, 177, 178, 180
detector, 189, 228
of kth user, 192
minimum-energy error vector, 195
minimurn error-probability (see alse minimum
bit-error-rate)
asynchronous channels, 202-6
decision regions, 88-9, 95-6, 165
decision rule, 87, 88-9, 91-2
detector, 96-7
hypothesis testing, 139
K-user channels, 110, 165, 186-95_ 215, 259
optimum multinser detectors, 96-7, 157-8,
176-95, 202-6, 215, 220, 221, 222-3
Rayleigh fading and, 206-9
synchronous channels, 155, 176-95
for two-user channels, 155, 176-86, 2045,
223
Minimum mean-square error linear multiuser
detection
adaptive, 297, 299, 30615, 318-25, 326-8,
333,337, 338,341-3
asymptotic multiuser efficiency, 288-91,
296, 299, 316, 323, 325, 329, 330, 334,
335, 336, 338, 340
asynchronous case, 296-7, 299, 307, 310,
313, 321, 327,334, 335
bit-error-rate, 299-302, 305, 306, 333, 334,
3367
blind, 314-15, 318-25, 327-8, 333, 338,
340, 342
canonical representation, 317, 318, 335,
336, 340
convex penalty function, 307, 309, 311, 314,
3819
crosscorrelations, 306, 307, 328, 332
decision-driven multivser detector, 377-82,
382, 386,393
decision-feedback, 377-82
decision statistic, 299, 301
decorrelating detector compared, 289, 291,
296-7, 299-302, 307, 313-14, 31617,
326, 330, 334, 335, 336, 341, 342, 343
differentially-coherent, 327, 330
discrete-time model, 297, 335
error probability, 300, 301, 305, 315, 321,
325, 329, 331, 333, 336, 338-9, 342
error vectors, 293—4, 312-13
fading, 327, 328
in frequency domain, 325
gradient descent algorithm, 307-8, 309,
314, 318-21, 326, 3334
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Minimum mean-square error (Cont.)
hybrid approaches, 327, 329
impulse response, 306-7, 309
leakage coefficient, 299-301, 336
multi-input/multi-output, 325, 335
multipath, 327
multiuser interference, 328, 329
near-far resistance, 296, 299, 300, 303,
313-14, 319, 339
noiseless channels, 343
one-shot approach, 313-14
optimum multiuser detector compared, 300
orthogonal component, 317, 318-22, 324,
326-7, 332, 336, 338, 339, 340
perlormance, 299-306, 314, 325-6
principle, 291-8
random signature sequences, 302-6, 326
recursive methods, 326, 327, 341
signal-to-interference ratio, 292, 298, 301,
303-5, 316, 317, 330, 332, 335, 339
single-user matched filter compared, 290,
291, 295-6, 299-302, 305-6, 318, 320,
325-6,329, 332,334, 338
stochastic approximation, 308-9, 311, 326
surplus energy, 315, 322, 323, 335, 336,
339, 340
synchronous channel, 295-6, 297, 299,
309-10, 312, 315, 325, 328, 331, 333-7,
339,340, 341, 377-82
three-user channel, 331
training sequence, 307, 310, 312, 314, 318,
321, 326, 337
truncated-window strategy, 297, 314
two-user case, 289-91, 295-6, 323, 329,
330, 333, 336, 337, 340, 341, 342, 343
minimum output energy detector, 317, 326-7
MMSE (see Minimum mean-square error
linear multinser detection)
wobile cellular telephony, 9, 10, 21
modulation {see also antipodal modulation)
binary phase-shift keying, 40 n.8
carrier, 38-40, 104, 151
continuous-phase, 69
frequency-shift keying, 41, 138, 210
full-response continuous phase, 69
Gaussian minimum shift keying, 41
nonantipodal, 40-2, 217
nonlinear, 40-2, 224-5, 233, 265-9, 271,
385
orthogonal, 41, 138, 152, 267
pulse amplitude, 40
trellis-coded, 138
Moore—Penrose generalized inverse, 197, 241
242-3, 2824, 285
moving-average models, 44
multiaccess channel capacity, 9-10, 14, 65
multiaccess communications
additive, 2, 5-10, 45
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CDMA, 4-10
channel, 1-2
defined, 1
examples, |
FDMA, 2-3
nonadditive, 220
random, 4
TDMA, 2-3
multiaccess interference
background noise and. 165
beneficial, 220
in CDMA, 9
crosstalk, 9
in TDMA, 65
multicarrier CDMA, 36, 51, 64, 65, 138
multicode CDMA, 72
multidimensional array decorrelators, 271
malti-input multi-output
discrete-time models, 56-64
dispersive channels, 210
MMSE linear multiuser detector, 325, 335
multipath
antenna arrays and., 54, 55
bandwidth and, 47
decision-driven multiuser detection with,
385
delay spread, 47
direct-sequence spread spectrum and, 48
diversity, 55
fading coefficients estimation, 212-13
fixed, 49
multiuser, 212, 270-1, 327
noncoherent, 138
remote reflection and, 46
rake correlator 47, 63, 270
resistance, 29, 65
specular, 46
spread, 50
TDMA. 9, 734
unequalized, 138
multiple signal classification {Music)
multiplexing, 1
multipoint-to-point communication, 2
multistage detection, 361-9, 371, 3734, 385,
388, 391
multiuser
efficiency, 121, 127, 136 (see also
asymptotic multiuser efficiency)
information theory, 9
interference (see multiaccess interference)
multipath channels, 212, 270-1, 327
multiuser detection/detectors (see also
decision-driven multiuser detectors;
linear multiuser detection/detectors;
optimum multiuser detection)
objective, 9
comparison of requirements, 384
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Nakagami distribution, 43, 44
narrowband
communication, 44
interference, 53, 66, 272, 328
jammer, 29
near-far problem, 9, 44, 107, 112-13, 122,
139, 244
near—far resistance
acquisition and synchronization, 213
approximate decorrelator, 249
asynchronous, 122, 124, 139, 205, 206, 211,
232,257
decision-driven multiuser detectors, 358,
367-8, 390
decorrelating detector, 247, 253-5, 257,
258, 260, 265, 269, 270, 2734, 278, 282,
285,287
defined, 122
for differentially coherent demodulation,
133. 265
K-user, 230, 231, 287
MMSE linear multiuser detector, 296, 299,
300, 303, 313~14, 319, 339
optimum, 184-5, 196-202, 205, 211-12,
225, 226,229,230
of random direct-sequence spread spectrum,
206, 211-12, 232, 255
Rayleigh fading and, 260
for single-user noncoherent demodulator,
136
in symbol-asynchronous chip-synchronous
channel, 206
synchronous, 184-3, 206, 211, 230, 231,
two-user channel, 184-5, 205, 232, 233,
257,258
noise (see ulse background noise; white
Gaussian noise)
additive, 14, 33, 146, 184
camouflage, 29
enhancement of decorrelator, 252, 253
impulsive, 55, 138
non-(Gaussian, 56, 272
noiseless channels
decisien-driven multiuser detector, 387
decorrelating detector performance, 234-5,
239, 246, 247, 271, 276
MMSE linear multiuser detector, 343
optimum multiuser detection, 176, 234-5,
239
problems, 232
single-user matched filter performance,
135-6, 148, 149, 152
nonantipodal modulation, 40-2, 211, 217, 233
{see also nonlinear modulation)
noncoherent
decorrelator, 269, 270, 271
demodulation, 40, 41, 133-7, 138, 139, 148,
152,210, 213, 271, 350-1, 385

optimum multiuser detection, 209, 212, 233,
266-7
nondecorrelating linear detectors, 248-9, 329,
342, 377 (see also Linear multiuser
detection}
non-Gaussian channels, 138
non-Gaussianness, 337
nonlinear detectors (see optimurn multiuser
detection and decision-driven multiuser
detectors)
nonlinear modulation, 40-2, 224-5, 233,
265-9, 271, 385
nonorthogonal signaling
binary, 134-5
CDMA, 8-10, 68, 105
m-ary noncoherent hypothesis testing
problermn, 209
nonlinear modulation, 271
Nyquist rate, 64, 66, 91, 310

observables, 88, 97
offsets, 21-2
one-shot approaches, 240, 246-7, 248, 238,
270, 277,278, 285, 313-14, 382,
393
onion peeling, 344
open-eye condition, 114, 115, 117, 124, 148,
155,223
optical multiple-access point-process channel,
213
optimom multiuser detection
asymptotic multiuser efficiency, 176, 1824,
195-202, 223, 228, 230, 231, 252
for asynchronous channels, 166-75, 202-6,
210-11, 217-18, 2026, 226-8, 230, 232
bit-error-rate, 121, 166, 175, 176, 181, 184,
192-4, 211, 220-1, 225-6
brute force, 162, 168, 232
decision-driven multiuser detection
compared, 349, 352, 357, 358, 359, 368
decision regions, 156, 157, 158, 159, 177,
178, 180, 238
decision rules, 156, 215, 219
decorrelating detector compared, 252, 254
dynamic programming algorithms, 168-75,
210-11, 212-13, 215, 216, 21718
hybrids, 2845
individually optimum strategies, 1556,
157-8, 159-60, 165
maximun likelihood, 155-9, 160-2, 164-6,
168, 175, 177, 182, 211, 215, 217-20,
223-4, 227,230, 231, 238
minimum error probability, 96-7, 157-8,
176-93, 202-6, 215, 220, 221, 2223
MMSE linear multiuser detector compared,
300
near—far resistance, 195-202, 21112, 225,
226, 229-33, 254
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optimum multiuser detection (cont.)
noncoherent, 209, 233
Rayleigh fading, 206-9, 212
for synchronous channels, 154-65, 176-95,
21H1, 215, 216, 218-26, 229-31, 252,
284-5
for two-user channels, 155-61, 176-86,
215,222, 223, 225, 228, 230, 232, 233,
252
orthogonal frequency division multiplexing
(OFDM), 74-5
orthogonal modulation, 41, 138, 152, 267
orthogonal signaling
advantages, S
CDMA, 5,7-8, 1113, 28, 64, 65
direct-sequence spread spectrum, 66
noncoherent, 134, 135
TDMA, 24
orthonormal signals, 56, 60-2, 80, 111-12,
156, 261
out-of-cell interference, 9, 55-6, 63, 66, 108,
225
outage, 75, 119

partial-response signaling, 23, 65
Parseval’s identity, 90
phase offsets, 38-9, 327
phase-reversal keying (PRK), 40 n.8
phase-shift keying, binary, 40 n.8
picocellular communication, 47
PN (see pseudonoise)
point-to-multipoint communication, 2
polling, 4
power control, 44, 78, 10910, 119, 138, 302,
360, 384
power penalty, 122, 152,223, 376-7
power spectral density, 49, 68, 75, 76, 88, 92,
94,329
power tradeoff region, 119, 1201, 122, 139,
183, 223, 252, 358-Y, 368, 375-6, 381-2,
384-5, 391, 393
privacy, 28, 31, 32
probabilitics (see also error probability;
minimum error probability)
a posteriori, 87, 140, 141, 155, 156, 158,
165, 175,211, 214
a priori, 86-7, 141, 144, 15960, 214
probability density functions
log~normal, 43, 76
Nukagami, 43
in non-Gaussian noise models, 56, 337
Rayleigh, 43, 75
Rice, 43
processing guin, 31 (see afso spreading factor)
pseudochip waveforms, 329
pseudonoise, 29, 30-2, 64-5, 137, 198
pseudo-user interference, 206
pulse amplitude modulation, 40, 210
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Q-function

defined, 96

properties, 98—103
QPSK asynchronous CDMA channel, 285
quadrature components, 39
quadrature modulation systems, 40
quasi-orthogonality, 8
quasi-synchronous decorrelator, 270
quasi-synchronous users, 79

radiation pattern, antenna arrays, 51 n.13, 52,
53,77-8
Radon—Nykodim derivatives, 90
raised-cosine pulse, 16-17
rake correlator, 47, 65, 270
random
carrier phases, 116
direct-sequence model, 32-5, 64, 70, 72-3,
116, 137,206, 212,229, 232-3, 360,
376-7, 385, 388, 393
multiaccess communications, 4
sequence analysis, infinite-user, 116-17,
119, 137, 302-6, 326, 376-7
signature sequences, 32-5, 64, 70, 119, 137,
150, 198, 302, 326, 393
Rayleigh
density function, 76
density Laplace transform, 77
distribution, 44, 47, 75, 98, 132, 135
fading, 43, 50, 124--30, 136-7, 138, 139,
152, 206-9, 212, 265, 272
rectangular chip waveforms, 27, 28, 33-4, 39,
73,81, 119,212,245
recursive least squares, 327, 341
recursive updating algorithms, 271
remote reflection, 46
remote scattering, 48, 49
reservation channel, 3
retransmission delay, 4
reverse channel, 2 n.2, 21
Rice fading, 43, 138, 139, 212
root mean squarg
bandwidth, 15-16
delay speead, 48

satellite communication, 1, 44, 64
scanning radar, 78
scattering

function, 50

intensity profile, 50

local, 49, 76

remote, 48, 49

uncorrelated, 50
scattering/multipath intensity profile, 48
Schur complement, 196
search tree, 162-3, 227-8
selection combining, 77
self-tuning, 310, 328
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sequence detector, maximum likelihood, 166,
210, 269-70, 273
Shannon capacity, 65
Shannon, Claude, 64
Sherman-Morrison formula, 229
shift-register sequences
defined, 29
maximal-length, 30, 32, 64, 67,70, 71, 230,
257-8,273
shift registers, feedback, 29-30
shortwave teletype link, 65
signal space approach, 110, 111, 137
signal-to-interference ratios
approximate decorrelator, 281
decorrelating detector, 280-2
MMSE linear multiuser detector, 292, 298,
301, 303-5, 316, 317, 330, 332, 335, 339
single-user matched filter, 120, 148, 149,
281
signature sequences
bent, 29
CDMA, 29-35
and crosscorrelation, 29, 64, 70. 71
Gold, 29
Kasami, 29
long, 30-2, 248
random choice of, 32-5 (yee also random
signature sequences)
signature vectors, 197, 241, 243, 250, 334
signature waveforms
antipodally modulated, 19
autocorrelation function, 47-8, 68
baseband. 38, 71-2
CDMA, 6-7, 26-36
complex-valued, 39-40
crosscorrelation, 20-1, 25-6
direct-sequence spread spectrum, 26-36
equicorrelated, 150
frequency-hopping. 36, 73
frequency-seleciive fading, 45
intersymbol interference, 26, 47, 63, 66, 74,
84
linearly dependent, 241-3, 269
linearly independent, 235
long sequences, 30-2, 2489
mismatch, 321-5, 327, 336
modulated, 38—42
nonorthogonal, 9
on—off, 13
arthogonal, 6-7, 8, 105, 108-9, 124, 127
orthonormal projections, 61, 111-12
pseudonoise, 27-35
quadrature modulation systerns, 40
random, 32-5, 72, 198, 326
signature sequences, 2930
spreading factor, 28-9
tree-structured, 635
sinc chip waveform, 27

sinc function, 17
single-user blind equalization
cost-function-based methods, 327
single-user intersymbol interference, 26, 210,
211, 269, 270, 297
single-user matched filter
asymptotic multivser efficiency, 119-24,
136, 138-9, 148-9, 151, 152, 1834, 195,
204, 252, 290
asynchronous systems, 104, 11819, 148,
257-8
bit-error-rate, 6, 109, 115, 117, 122-3, 126,
131, 132-3, 137, 138, 143, 150, 176, 182,
184, 224, 250-1, 253, 255-8§, 291
CDMA channel, 93—97, 104-19, 137, 138,
148, 215, 284
coherent, 104, 124-30
decision-driven multiuser detection and,
345, 351-2, 357-8, 360, 361, 367,
388-90
decision regions, 86, 88, 89, 95-6, 110-13,
146, 156
decision rules, 110, 125, 127, 128, 140, 143,
153
defined, 94-5
differentially coherent, 130-3, 138
discrete-time, 142
diversity reception, 128-30
error probability, 105-23, 138, 143, 147,
151, 152, 182, 195, 2512
fading, 124-30, 136, 137-8
m-ary, 133, 138, 152, 268-9
MMSE linear multiuser detector compared,
200, 291, 295-6, 299-302, 305-6, 318,
320, 325-6, 329, 332,334, 338
noncoherent, 133-7, 138, 139, 209
noiseless channels, 148-9, 234-5
output, 96, 97, 120, 133
power control with, 109-10, 119, 138,
139
in Rayleigh fading, 124-30, 138, 139
receiver optimality, 93-7, 137
synchronous systems, 105-18
SIR (see signal-to-interference ratio)
soft decisions, 37, 120, 158, 211, 292, 349,
385, 386
space-division multiple access, 55, 62
spatial signatures, 54-5, 59, 63, 66, 84
spectral efficiency, 8, 40, 119
spectral guard bands, 3
spread
angle, 54
delay, 47, 48
Doppler, 49, 50
spread-spectrum signals
antenna arrays and, 54
applications, 10, 35, 64
complex-valued, 36, 42, 30
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spread-spectrum signals (cont.)

crosscorrelation of, 64

defined, 8

direct sequence (see direct-sequence spread
spectrum systems)

fading, 50, 138, 260

frequency-hopping (see frequency-hopping)

history, 64

modulation, 41

four-user, 218-19

three-nser, 222

two-user, 20—
systolic arrays, 327

tap-leakage algorithms, 327

TDMA (see time-division multiple access)
thermal noise, 20, 55 (see also noise)
time-complexity per bit, 162
time-division multiple access

multicarrier CDMA, 36
multipath resistance of, 29, 65
noise camouflage, 29
processing gain (see spreading gain)
signature waveforms, 8, 260
time-bandwidth product, 8, 47
spreading
codes, 26-35, 150, 199, 273, 329
factor, 28-9, 66, 200, 229, 2801
gain, 38, 59, 116, 261, 302, 305 (see also
spreading factor)
statistical inference problem, 89
steering vector, 53
stochastic approximation, 308-9, 311,
326
stripping, 344 {see also successive

antipodally modulated, 17
applications, 10

bandwidth, 8

cochannel interference, 24, 65
code-time division multiple access, 84, 287
crosscorrelations, 26, 75

digital systems, 7

guard times, 3, 7, 734

hybrid CDMA system, 10, 84, 287
in mobile cellular telephony, 9
multipath, 9, 73—

multiuser detection for, 635
principle, 3

signature waveform, 234

user prioritics, 14

cancellation)

subspace tracking, 328

successive cancellation, 10, 14, 184, 34461,
371,372, 384-5, 387, 388-90
successive decoding 10, 14 (see also
successive cancellation)

sufficient statistic

for asynchronous channels, 168, 202

diversity channels, 128

defined, 89-90

fading channels, 125

Jjointly optimal decisions, 159

minimal, 90, 146

nonantipodal modulation, 217

nencoherent demodulation, 133

nenlinear modulation channels, 266

single-user channel, 97

single-user matched filter, 125, 140

for synchronous channels, 155, 159, 162,
176

surplus energy, 315, 322, 3234, 335, 336,

339, 340

symbol-asynchronous chip-synchronous

channel, 206

symbol-epoch offsets, 21-2

synchronous channel

block, 22

complex-valued model, 42, 73

crosscorrelation, 20, 21, 25, 29, 33, 72, 73,
108-9, 162, 163, 258

discrete-time models, 56-64, 66, 79

diversity model, 216
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time division multiplexing, 2, 1011

timing acquisition, 44, 213, 272, 327, 328

timing jitter, 143, 270

training sequence, 307, 310, 312, 314, 318,
321, 326, 337, 381

traveling salesman problem, 163

tree-search algorithms, 162-3, 211, 212

tree-structured signature designs, 63

trellis-coded modulation, 138, 211, 212, 270

trellis diagrams, 169, 172, 173, 174, 218, 228

triangular antenna arrays, 77, 78

triangular matrix, 58

truncated-window strategy, 246-8, 270, 297,
314

uncorrelated scattering, 50
uplink channel, 2 n.2, 41

urban cells, 54

user activity, detection, 213, 271
user separation, 51

users, in multiaccess channel, 1

Viterbi algorithm, 168-70, 210

Walsh
functions, 11-13, 41, 64
matrix, 268
modulation, 41, 267, 271
Welch's bound, 66-7
Welch-bound-equality signature set, 80, 284,
334
white Gaussian noise
background, 6, 9, 19
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properties, 93
symmetry, 97
whitened observables, 218 (see also whitened
watched filter outputs)
Wiener characterization, 298, 312, 317, 332,
334

Wiener process, 90

Wigner semicircle law, 66

worst asymptotic effective energy, 121,
139, 151, 223, 255, 330, 375,
393

zero-forcing equalizer, 245, 269-70, 273,
297
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JTIUSER
DETECTION.......

comprehensive treatment of the subject of multiuser digital communications. Mulfiuser
detection deals with demodulation of the mutually interfering digital sireams of information
that occur in areas such as wireless communications, high-speed data transmission, satellite
communication, digital television, and magnefic recording. The development of multiuser
detection techniques is one of the most imporiant recent advances in communicafions
technology, and this self-contained book gives a comprehensive coverage of the design

and analysis of receivers for multiaccess channels, while focusing on fundamental models
and algorithms.

The author hegins with a review of multiaccess communications, dealing in particular

with code-division multiple-access {(DMA) channels. Background material on hypothesis
testing and the effect of multiuser interference on single-user receivers are discussed next.
This is followed by the design and analysis of optimum and linear muliiuser detectors.
Also cavered in detail are fopics such os decision-driven multiuser detection and
noncoherent muliiuser detedtion.

The elements of multiuser detection are clearly and systematically presented along

with more advanced recent results, some of which are published here for the first time.

The extensive set of references and bibliographical notes offer a comprehensive account
~ of the sfafe of the arl in the subject.
| The only prerequisites assumed ore undergraduate-level probability, linear algebra,
and infroductory digital communications. The book contains over 300 exercises and is a
suitable textbook for eledtrical engineering students. It is also an ideal self-study guide
for practicing engineers, as well as o valuable reference volume for researchers in
communications and signal processing.

About the Author

Sergio Verdi is Professor of Electrical Engineering at Princeton University. His confribufions
{0 the technology of multiuser detection span his pioneering work in the early 1980s to
recent results included in this text. Professor Verdd is also well-known for his work on
information theory, in which he explores the fundamental limits of data fransmission and
| compression systems. Recipient of a number of awards, he is a Fellow of the IEEE ond
served os President of the IEEE Information Theory Society in 1997.
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