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Object Recognition Using Alignment

Daniel P. Huttenlocher 
Shimon Ullman

Artificial Intelligence Laboratory 
Massachusetts Institute of Technology 

Cambridge, Massachusetts 02139

Abstract. This paper presents an approach to recogni­
tion where an object is first aligned with an image using 
a small number of pairs of model and image features, and 
then the aligned model is compared directly against the 
image. For instance, the position, orientation, and scale 
of an object in three-space can be determined from three 
pairs of corresponding model and image features. By using 
a small fixed number of features to determine position and 
orientation, the alignment process avoids structuring the 
recognition problem as an exponential search. To demon­
strate the method, we present some examples of recognizing 
flat rigid objects with arbitrary three-dimensional position, 
orientation, and scale, from a single tw-o-dimensional im­
age. The recognition system chooses features for alignment 
using a scale-space segmentation of edge contours. Finally, 
the method is extended to the domain of rigid objects in 
general.

and overlapping objects this generally cannot be done prior 
to recognition, but rather must be part of the recognition 
process itself.

The Task

In this paper we consider the problem of matching a two- 
dimensional view of an object against a potential model. 
The viewed object can have arbitrary three-dimensional po­
sition, orientation, and scale, and may be touching or oc­
cluded by other objects (3D from 2D recognition). First we 
consider the domain of flat rigid objects such as the widget 
shown in Figure 1. While the viewed object is flat, the prob­
lem is not two-dimensional because a flat object positioned 
in three-space can undergo distortion such as forshortening 
when projected into the image plane.

Like the general recognition task, this task suffers from 
problems of occlusion and of individuating multiple objects 
in an image. There is also a limited kind of shape distortion 
caused by projecting a rigid object into the image. We then 
consider extending the recognizer to the domain of rigid 
objects in general, such as the personnel carrier show in 
Figure 2.

Introduction

Object recognition involves identifying a correspondence 
between part of an image and a particular view of a known 
object. This requires matching the image against stored ob­
ject models to determine if any of the models could produce 
a portion of the image. Even for a single model, a given ob­
ject can appear very different depending on its position and 
angle with respect to the viewer. First, from a particular 
view part of an object will generally be occluded. Second, 
an object may be distorted by projection into the image 
plane (e.g., forshortening). Finally, an object may itself 
undergo transformations such as having parts which move 
independently, or being stretched or bent. Most recognition 
systems assume that objects are rigid, and do not undergo 
any transformation [12] [4] [9] [2]. Some systems allow for 
perspective projection [16], and some have parameterized 
models which can articulate at certain points [7].

The presence of more than one object in an image also 
complicates the recognition problem. First, objects may 
occlude one another. Second, different objects in the image 
must somehow be individuated. In the case of touching

Figure 1. A flat widget used in recognition.

The current task cannot be handled by recognition systems 
which assume rigid objects with no distortion [12] [4] [9] 
[2], or by systems which only allow parameterized variation 
of rigid models [7]. The task is similar to that of Lowe, 
who addresses the problem of three-dimensional 
tion from a single two-dimensional view [16]. However the 
task considered by Lowe is more restricted, because it is

recogni-
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possible matchings of model and image features.
The first method of limiting the possible matches is to 

use the identity of features to restrict the pairing of model 
and image features. However, even in the ideal case where 
each model feature has only a single corresponding image 
feature, there may be multiple matches to consider because 
of image features which actually correspond to other objects 
in the scene. Shape descriptions such as SLS [6], codons 
[14], and the curvature primal sketch [l] are all intended to 
produce relatively unique features for use in recognition.

The problem with using the identity of features in 
recognition is that there is a tradeoff between the unique­
ness of a feature and the robustness with which it can be 
recognized. Since systems which rely heavily on the iden­
tity of features must use relatively unique features, they 
tend to be sensitive to noise and occlusion in the image.

For instance, the LFF [4] and 3DPO [5] recognition 
systems form feature descriptions by using local clusters 
of features. A “focus feature” in each cluster is chosen 
for use in matching. This feature is described in terms of 
its type (e.g., corner, hole), and the type, distance, and 
angle of the other features in the cluster. The use of local 
feature clusters yields relatively unique features. However, 
it is difficult to ensure that each cluster is composed of 
features from a single object, making the system sensitive 
to the position and orientation of neighboring and occluding 
objects.

Mm _. . - “ 4

jjj’iafiWiBBBi
Figure 2. A personnel carrier used in recognition.

assumes that objects are polyhedral, and are viewed such 
that parallel surfaces appear more or less parallel.

In order to solve this task, we present a new approach 
where the recognition process is divided into two stages. 
In the first stage, a rigid object is aligned with an image 
using a small number of model and image features. In the 
second stage, the alignment is used to transform the model 
into image coordinates. The key observation underlying the 
alignment operation is that the position and orientation of 
a rigid object can be determined from a small number of 
position and orientation measures. Once the position and 
orientation have been determined, the model can be com­
pared directly with the image. In contrast, current recogni­
tion systems search for the largest set of model and image 
feature pairs which are consistent with a single position and 
orientation of a rigid object. The number of such sets is ex­
ponential, requiring the use of various techniques to limit 
the search.

The second method of limiting the possible matches is 
to use relations between features to eliminate inconsistent 
pairs of model and image features [12] [9] [4]. For instance, 
in order for two pairs of model and image features (mi,t’i) 
and (m2, *2) to be part of a consistent set, the distance 
between the image features t'i and t‘2 must be the same as 
the distance between the model features mi and m2, within 
some error bound. Similarly, the angle between orientation 
measures for any pair of image features must match the 
angle between the corresponding pair of model features.

The problem with using relations between features in 
recognition is that the relations must be measurable in the 
image. Since relations such as distance and angle are not 
invariant under projection, three-dimensional recognition 
systems which use these relations require three-dimensional 
data. Relations which are invariant under projection tend 
to be much weaker than distance and angle relations.

It has been demonstrated that distance and angle re­
lations can be used to greatly limit the number of possible 
matches of a model to an image, for both 2D from 2D [12] 
[4] and 3D from 3D [ 13] [5] recognition tasks. However, the 
method cannot readily be extended to handle 3D from 2D 
tasks. In addition to empirical demonstrations of the power 
of distance and angle relations among features, it has been

Matching Models and Images: Previous 
Approaches

In this section we briefly discuss the limitations of some 
recent recognition systems with respect to the recognition 
task described above (for a more general review see [3]). 
These systems all exploit rigidity by noting that for a given 
position and orientation of a rigid object, there must be a 
single transformation which maps each model feature onto 
its corresponding image feature. This transformation con­
sists of a three-dimensional rotation and translation in 3D 
from 3D recognition, and a solution to the perspective view­
ing equation in 3D from 2D recognition [16].

Recognition is generally structured as a search for the 
largest pairing of model and image features for which there 
exists a single transformation mapping each model feature 
to its corresponding image feature [12] [4] [16] [7] [9]. For 
i image features and m model features there are at most 
p — i X m pairs of model and image features. Because 
of occluded image points, and image points which do not 
correspond to the model, any subset of these p pairs could 
be the largest set of matching model and image points, and 
thus the number of possible matches is exponential in the 
size of p. Two methods are used to limit this space of

371
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mation. For example, three image points and three corre­
sponding model points are sufficient to determine the posi­
tion, orientation and scale of a rigid object in three-space. 
Similarly, two points and an orientation measure can also 
be used to solve for the three-dimensional alignment.

In the case of two-dimensional recognition, only two 
pairs of corresponding model and image points are needed 
to align a model with an image. Consider two pairs, (mi,tj) 
and (m2, *2)* such that model point m\ corresponds to im­
age point *1 and model point m2 corresponds to image point 
*2- First the model is translated in x and y such that mi 
is coincident with t'i. Then it is rotated about the new mi 
such that the edge mi m2 is coincident with the edge t'11’2. 
Finally the scale factor is computed to make m2 coincident 
with »2- These two translations, one rotation, and a scale 
factor will make each unoccluded point of the model coin­
cident with its corresponding image point, as long as the 
initial correspondence of (mj,ij) and (m2,*2) was correct.

For 3D from 2D recognition, the alignment method is 
somewhat more complicated. In the final section of the pa­
per, we show how to use three pairs of model and image 
points to position and orient a model in three-space given 
a single two-dimensional view, assuming orthographic pro­
jection. A transformation from the model to the image 
consists of 2-dimensional translation, three-dimensional ro­
tation, and a linear scale factor which is proportional to the 
viewing distance. Under normal viewing conditions, ortho­
graphic projection plus scale is a reasonable approximation 
to perspective viewing. Under high perspective distortion 
- when the object occupies much of the field of view - the 
approximation is poor. However, under such conditions 
people also appear to be bad at recognition.

Consider an object, O, with three-dimensional posi­
tional freedom, and a two-dimensional image, /, which con­
tains a view of O (perhaps along with other objects). We 
are interested in using the alignment computation to find 
O in the image. The feature detector discussed in the next 
section returns a set of pairs of matching object and image 
features, P. Any three-tuple of the pairs in P specifies a 
possible alignment of the object with the image. In gen­
eral some small number of these alignments will define the 
true position and orientation of the object, and the rest will 
be due to incorrect matchings of model and image points. 
Thus the recognition problem is to determine which align­
ment in P defines the transformation mapping the most 
model points onto their corresponding image points.

Given a set of pairs of model and image features, P, 
we solve for the alignment specified by each triple in P. For 
some triples there will be no possible alignment of the three 
model and image features. Each remaining triple specifies 
a transformation mapping model points to image points. 
An alignment is scored by using the transformation to map

shown that simple bounded-noise distance constraints 
be used to develop an 0(n2) time algorithm for recogniz­
ing an isolated object with n features which can undergo 
two-dimensional rotation and translation. [2].

The SCERPO system [16] [17] is the only one to ad­
dress the problem of three-dimensional recognition from a 
single two-dimensional view. Image edges are grouped to­
gether using proximity and parallelism. These local group­
ings are then used to form pairs of model and image fea­
tures. A given set of feature pairs are consistent if there is 
a solution to the perspective viewing equation which maps 
each model feature onto its corresponding image feature. 
There are no simple pairwise checks such as distance and 
angle relations which can be used to incrementally test the 
consistency of a set of pairs given an added pair. Instead, 
the perspective viewing equation is solved for each added 
pair of model and image points. This is done using Newton- 
Raphson iteration, which allows a solution to be modified 
to account for a new pair.

None of these recognition systems effectively address 
the task of recognizing objects which have arbitrary three- 
dimensional position, orientation and scale, from a single 
two-dimensional view. Each system restricts the recogni­
tion task in order to limit space of possible matches of mod­
els and images (e.g., using distance and angle relations, or 
requiring parallel surfaces to appear parallel). In the next 
section we present a new approach for matching models and 
images which does not structure recognition as an exponen­
tial search. We then demonstrate this method on several 
images.

can

The Alignment Method of Recognition

We have seen above that recognition can be viewed as a 
search through the space of all possible positions and ori­
entations of all possible objects. The idea of the alignment 
approach is to separate this search into two stages. In the 
first stage, the position, orientation, and scale of an object 
are found using a minimal amount of information, such as 
three pairs of model and image points. In the second stage, 
the alignment is used to map the object model into image 
coordinates for comparison with the image.

There are two major advantages of this approach. First, 
by using a small fixed number of model and image features, 
we avoid structuring recognition as a search through an ex­
ponential space. Second, a given alignment can be used 
to match multiple models against the image. If a group 
of objects are stored such that they are aligned with one 
another, then a single alignment computation will map the 
entire group of objects into the image.

The key observation behind the approach is that the 
alignment can be performed with a small amount of infor-
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I
the model edges into the image, and correlating the trans­
formed model edges with the image edges. The best align­
ment is the one which correlates the most model edges with 
image edges.

For m model features and i image features, the number 
of pairs of model and image features, p, is at most i X m. 
With a good labeling scheme, the number of pairs, p, will be 
much smaller, approaching m when each model point has 
one corresponding image point. Given p pairs of features, 
there are (£), or 0(p3), three-tuples of pairs, each of which 
specifies a possible alignment of the model and the image. 
Each alignment is scored by mapping the model edges into 
the image. If the model edges are of length /, then the 
worst case running time of the algorithm is 0(lp3). Thus 
by structuring the recognition process as an alignment stage 
followed by a comparison stage, it is transformed from the 
exponential problem of finding the largest consistent set 
of model and image points, to the polynomial problem of 
finding the best triple of model and image points.

Figure 3. A simple curvature scale-space segmentation 
of a widget.

A hierarchy of curve segmentations can be obtained by 
smoothing the curvature at different scales, and using the 
smoothed curvature to segment the edge contour. Smooth­
ing in curvature space preserves only those inflection points 
in the edge contour (zero crossings of curvature) which 
are significant at a given scale. Thus coarser scale seg­
ments correspond to merging neighboring segments at finer 
scales, producing a scale-space [18] [19] hierarchy of seg­
ments. Since coarser scales of smoothing do not introduce 
zero crossings which were not present at finer scales, the 
hierarchy forms a tree of segments from coarser to finer 
scales.

Shape Features: Segmenting Edge Contours

The recognition system uses edge-based shape features for 
matching models against images. The input to the system 
is a grey-level image. The image is processed by an edge 
detector [8], and the edges are chained together using an 
eight-way chaining algorithm. Chains with low overall edge 
strength are discarded. Thresholding whole chains rather 
than individual edge points produces a more stable output. 
Finally, edge chains with unambiguous nearest neighbors 
are merged together if they can be connected by a smooth 
spline.

Figure 3 shows a three-level scale-space curvature seg­
mentation of the edge contours of the widget in Figure 1. 
Each part of the Figure shows the same contour, segmented 
according to the curvature smoothed at different scales (us­
ing Gaussian filters of size a — 7, 20, and 40 pixels, respec­
tively). The coarsest scale is at the top of the Figure and 
the finest scale is at the bottom. The endpoints of each 
segment are delimited by a dot, and zero curvature regions 
are shown in bold.

Each segment of edge contour is classified according to 
whether it is curved or straight. The curved segments are 
further classified by the degree of closure: open or closed, 
and the smoothness of the contour: smooth or unsmooth, 
yielding a total of five types of segments. Richer descrip­
tions are then obtained by combining the classifications at 
multiple scales of smoothing.
The three segmentations in Figure 3 form a (multi-rooted) 
tree, where each region at a coarse scale corresponds to 
one or more regions at each finer scale. Figure 4 shows 
this scale-space segment tree. Each segment in the tree is 
indicated by its label from Figure 3, and by the type of 
segment: straight, curve, and open-curve.

Once pieces of edge contour have been chained to­
gether, simple shape descriptors are derived using the local 
curvature of the edge contours. The curvature is computed 
as the change in angle (per unit arclength) between local 
tangent vectors at neighboring pixels. The tangents are 
computed using the least squares best fit line over a small 
local neighborhood.

A relatively stable segmentation of an edge contour 
is obtained by breaking the contour at zero crossings of 
curvature (inflection points in the contour). Zero curva­
ture regions are also identified, segmenting the contour into 
straight, positive curvature and negative curvature pieces. 
Zero crossings of curvature were chosen as segmentation 
points because they are stable under three-dimensional ro­
tation and projection, except in the degenerate case where 
they disappear (when the contour projects into a line). 
Maximum curvature points, which are often used to seg­
ment edge contours [10] [16], are not at all stable under 
rotation and projection.
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coarse level descriptions are then used to determine which 
model features can potentially match which image features. 
These possibly matching features form the set of pairs, P, 
for the alignment algorithm. In scoring how well an align­
ment matches an image, fine scale model features are used.

ClA1 Bl Dl FlEl
STRAICHT STRAjICBT OPEN-^URV* STRAIGHT

a

CURVE

ClA1 Bl Cl Dl El n 
STB CUE ST* CU* CU* CU* JT*

in n
op-cu* rni

Examples
01 El Fl Cl Bl a

ST* CU* CU* CU* CU* CU* ST*
LS Ml NS 01 A) Bl Cl 

OP-CU* ST* CU* CU* CU* CU* CU* CU*
K1a

In this section we show several examples of the recognizer 
processing grey-scale images of widgets. The model is the 
multi-scale description of the widget shown in Figure 3 and 
Figure 4. The model is just the result of processing the 
image of the isolated widget in Figure 1 in the same manner 
as any image. Thus for flat objects, models are formed 
directly from an image of an object.

The recognizer is implemented on a Symbolics 3650, 
and takes from 2-5 minutes for each of the examples shown 
in this section. A multi-scale description of the edge seg­
ments is formed and used to define alignment points in the 
image, as described in the previous section. Possible align­
ments are then computed using all three-tuples of model 
and image point pairs. For each alignment, the model is 
mapped into the image and the transformed model edges 
are correlated with the image edges. The alignments are 
ranked based on the percentage of the model edge contour 
for which there is a corresponding image edge contour.

Each example is illustrated by a Figure with four parts: 
i) the grey-level image, ii) the thresholded image edges 
extracted by the edge detector, iii) the model edges, iv) 
the edges of the aligned model superimposed on the im­
age. Part iv) also indicates the points which were used in 
computing the alignment of the model with the image.

The example in Figure 5 shows two widgets in the 
plane. The top widget has been flipped over, and thus 
cannot be recognized using only two-dimensional transfor­
mations. The recognizer finds two distinct positions and 
orientations of the model which match 99% and 98% of the 
model edge contour to image edges. These two matches are 
shown in part iv) of the Figure.

Another position and orientation is found at the alignment 
stage, but is eliminated because the correlation with the 
image is poor, and the image edges are accounted for by a 
better alignment. This alignment is shown in Figure 6 su­
perimposed with the image edges. This alignment is found 
because the two straight edges are indistinguishable, and 
the three points used for alignment were the two straight 
edges and the bend.
Figure 7 shows a widget which has been tilted approxi­
mately 30 degrees by resting one end of it on a block, for- 
shortening the image. The recognizer finds a single best 
position and orientation, which is shown in part iv) of the 
Figure.

Figure 4. Multi-scale segmentation tree corresponding
to the curvature scale-space segmentation in Figure 3.

Multi-scale descriptions are formed using the types of 
segments at a given scale, plus the structure of the hierarchy 
at the next finer scale. Two aspects of the tree structure 
are used. First, a segment is classified according to whether 
it corresponds (primarily) to one or many segments at the 
next finer scale: single or multiple. Second, a multiple 
segment is classified according to whether or not the finer 
scale segments form a regular pattern. A pattern consists of 
a repetition of the same type of segment, in either the same 
or opposite directions of curvature. This yields the classifi­
cation irregular, regular-same, and regular-opposite.

For example, using this multi-scale description, the 
straight segment A1 at level 1 in the tree is differenti­
ated from the other straight segments Cl and El at the 
same level, because A1 is composed of multiple, irregu­
lar segments at the next level whereas Cl and El are each 
composed of a single segment.

Using the multi-scale description, at the coarsest scale 
the widget is composed of seven segments, only two of which 
can be confused with one another (the two straight seg­
ments Cl and El). The segments are, Al: straight, multi, 
irregular; Bl: curve, single, smooth; Cl: straight, 
single; Dl: open-curve, single; El: straight, single; 
Fl: curve, multi, irregular; Gl: closed-curve, single, 
smooth. Thus, the result of this multi-level description is 
relatively unique classification of the edge segments, even 
though the individual features are coarse, and sparsely dis­
tributed in the image.

Points for use by the alignment algorithm are obtained 
from the features as follows. For closed segments of contour, 
the center of the region defined by the contour is used. This 
point is found from the intersection of the major and minor 
axes of the region. For straight segments the endpoints 
are used, and for other curved segments the middle of the 
curve is used. Since the endpoints of the segments are at 
inflection points or the ends of zero curvature regions, they 
are relatively stable, making it reasonable to use endpoints

and midpoints for matching.

Given a model and an image, the multi-scale descrip­
tion of both the model and the image are computed. The
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The next example, in Figure 8, shows another widget 
which has been tilted out of the image plane — for instance 
the circular end is now an oval. The best match is shown 
in part iv) of the Figure.

Finally, we demonstrate the ability of the recognizer to 
find partly occluded objects. As long as three features are 
visible in the image, the alignment algorithm will be able to

Figure 5. Matching a widget against an image of two 
widgets in the plane. See the text for a description.

Figure 8. Matching a widget against an image of a 
tilted widget.

align the model with the image. Figure 9 shows a widget 
which has a pile of smaller widgets obscuring the circular 
end. The best alignment matches 80% of the model edge 
contour to image edges, and is shown in part iv) of the 
Figure. Figure 10 shows two widgets obscured by each 
other and several smaller objects. The matcher finds two 
distinct positions and orientations, which are shown in part 
iv) of the Figure.

From these examples we see that the alignment al­
gorithm finds a small number of reasonable matches of 
widgets to images, even when the widget is forshortened, 
scaled, and partly occluded. The scoring method of map­
ping model edges into the image provides a simple method 
for finding the best alignment.

Figure 6. An alignment of a widget with an image 
which does not match the fine scale model features 
with image features.

Recognizing Non-Flat Objects

Extending the alignment method to recognize non-flat ob­
jects such as the personnel carrier in Figure 2 is relatively 
straightforward. The only difference between using a three- 
dimensional model and a two-dimensional model is the need 
to eliminate portions of the object which are not visible 
from a given position and orientation. Thus, after comput­
ing a possible alignment, model edges and surfaces which 
are not visible from the specified position and orientation 
must be removed before the model is mapped into the im-

Figure 7. Matching a widget against an image of a 
forshortened widget.
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Using just a single alignment, a planar model of a 
three-dimensional object will only match images which are 
taken at close to the same viewing angle as the model 
view. The distortion in using a planar model comes from 
the fact that the model actually contains multiple object 
planes, even though the points in the model are only two- 
dimensional. However by using multiple alignments, one 
for each plane of the object, a flat model can be matched 
to images from a wide range of different viewpoints.

One method of finding such regions for local alignment 
is to triangulate the set of model features used in alignment, 
and separately align each triangular region. To map the 
model to the image, all the model points inside a given tri­
angle are transformed using the alignment for that triangle. 
To the extent that a triangle falls on a nearly planar part 
of an object, this will produce a correct alignment for that 
region. By aligning each locally neighboring triple of model 
features found in the triangulation, rigidity is preserved forFigure 9. Matching a widget against an image of a 

partly occluded widget.
age (cf. [11]).

For a three-dimensional model, it must also be en­
sured that the three points used in alignment are all visible 
given the position and orientation of the object which they 
specify. Thus for each possible alignment, the three model 
points must be checked to make sure that they are not on 
hidden edges or surfaces.

Rather than using a single three-dimensional model of 
an object, it is possible to use multiple planar views, with 
one view for each position from which a different set of 
object surfaces are visible. Using multiple local alignments, 
such a planar model can be matched to a variety of different

HH i

Figure 10. Matching a widget against an image of two 
partly occluded widgets.

images of the object.
Figure 11. Local alignment of two views of a personnel
carrier.
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bm onto b{, and cm onto c,-. The transformation consists of 
translations in x and y, and rotations about three orthog­
onal axes. There is no translation in z because all points 
along the viewing axis are equivalent under orthographic 
projection. Instead, distance from the viewer is reflected 
by a change in scale.

The first step in finding an alignment is to translate 
the model points so that one point projects along the z- 
axis onto its corresponding image point. Using the point 
am for this purpose, the model points are translated by 
(ifli - z0m,ya, - yam,0), yielding the model points a'm, 6'm 
and c'm. This brings a'mt-, the projection of a'm into the 
image plane, into correspondence with a*, as illustrated in 
Figure 12a.

each triangle, but not for the object as a whole.
Points in a given triangle will not be mapped into the 

image correctly if they are not on the same plane of the 
object as the three points defining the triangle. However, 
such points will usually be transformed to a point near their 
correct position because the alignment will be partially cor­
rect. Therefore the locally-rigid alignment process can be 
iterated, starting with a two-point or three-point alignment, 
and using the partial match to pick potential corresponding 
model and image points for computing more refined, and 
less globally rigid, alignments.

lb show how this local alignment algorithm works, the im­
age of a personnel carrier in Figure 2 is matched with an­
other view taken from a slightly different position, shown 
in Figure 11a. Simple three-dimensional alignment of these 
images is insufficient because the side of the personnel car­
rier has become substantially forshortened whereas the front 
has not.

») *>)
bm

cm
Figure lib shows the triangulation used for 

matching the two images (the correspondence between the 
two images was specified by hand). Figure 11c shows a 
synthetic image formed by transforming the image in part b 
according to the specified triangles. Figure lid shows the 
images in parts a and c superimposed. To better see how 
well the two personnel carriers match, the intensity edges of 
the two images are also superimposed on the images. The 
match is good enough to even bring small details such as 
the white cross painted on the front into correspondence.

us

bmIbi bi

ci

<*)

am am

The 3D from 2D Alignment Method bm
era

bl
In this section we present the alignment method in de­
tail. We show that the position, orientation, and scale of 
an object in three-space can be determined from a two- 
dimensional image using three pairs of corresponding model 
and image points. This method approximates perspec­
tive viewing by orthographic projection plus a scale factor 
which is proportional to the viewing distance. As men­
tioned above, this is a reasonable approximation except 
when the object is very large with respect to the viewing 
distance.

bi
ci d

Figure 12. The alignment process: a) the points a; 
and am are brought into correspondence, b) the ab 
edges are aligned, c) the points 6t- and 6m are brought 
into correspondence, d) the points ct and cm are brought 
into correspondence.

Now it is necessary to rotate the model about three or­
thogonal axes to align 6m and cm with their corresponding 
image points. First we align one of the model edges with 
its corresponding image edge by rotating the model about 
the z-axis. Using the a^b^ edge we rotate the model by 
the angle between the image edge o«6,*, and the projected 
model edge yielding the new model points b^ and
cJJ,, as illustrated in Figure 12b.

To simplify the presentation, the coordinate axes are 
now shifted so that a, is the origin, and the x-axis runs 
along the <1*6, edge.

Since the projection of into the image plane, 
lies along the x-axis, it can be brought into correspondence 
with bi by simply rotating the model about the y-axis. The

Consider three model points am, bm and cm and three 
corresponding image points a,, 6< and c,, where the model 
points specify three-dimensional positions, (x,y, z), and the 
image points specify positions in the image plane, (x,y,0). 
The alignment task is to find a transformation which maps 
the plane defined by the three model points onto the image 
plane, such that each model point coincides with its 
responding image point. If no such transformation exists, 
then the alignment process must determine this fact.

Since the viewing direction is along the z-axis, an align­
ment is a transformation which positions the model such 
that am projects along the z-axis onto a,-, and similarly for

cor-
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Since the movement of 6mt- is a sliding of along the 
x-axis, only the x-component, xby changes. The change is 
given by the rotation <j> about the y-axis, as in (1). With a 
scale factor, s, this becomes

amount of rotation is determined by the relative lengths of 
am6m and a,6t, because the model must be rotated such 
that the projected model edge is the same length as the 
image edge. If the model edge is shorter than the image 
edge, then there is no such rotation, and hence the model 
cannot be aligned with the image.

Thus, the model points and cj{, are rotated about 
the y-axis by <f> to obtain 6JJJ and where

(3)X{, = SXb(cOS<f>)

Similarly the movement of cmi in the y direction is 
given by the rotation 0 about the x-axis, as in (2). With a 
scale factor this becomes

llfrf (1,0,0)11 My'c = «yc( cos e)cos <f> =
116m - (1,0,0)11

The movement of cmt- in the x direction is given by 
the rotations about both the x- and the y-axis. From the 
matrix for a combined rotation about the x- and y- axis we 
obtain

for 0 < cos<£ < 1. Note that since at- is the origin, the 
length of the edges is just 6, and 6m. The result of this 
rotation is illustrated in Figure 12c.

Finally, is brought into correspondence with c, by 
rotation about the x-axis. The degree of rotation is again 
determined by the relative lengths of model and image 
edges. However, in the previous case, the edges were paral­
lel to the x-axis, and therefore the length was the same as 
the x component of the length. In this case, the edges need 
not be parallel to the y axis, and therefore the y component 
of the lengths must be used. Thus, the rotation about the 
x-axis is 0, where

x' = (x cos 0 + ysin<f> sin 0)
Thus with the scale factor, the the x component of cm is 

x'c — s(xc cos 0 + yc sin <f> sin 0)

Now we have three equations in the three unknowns, 
0, and <f>. One method to solve for s is to substitute for 
0, sin0, and sin^ in (5). From (3) we know that,

(5)

5,

COS

sin^ = ~b\Js2xl ~ xb (6)

Ik.- - (o,i,o)ll (2)cos 6 = And similarly from (4),||cm- (0,1,0)11
1for 0 < cos 0 < 1.

If the model distance is shorter than the image dis­
tance, there is no transformation which aligns the model 
and the image. Furthermore, if the rotation does not actu­
ally bring c\"[ into correspondence with c,-, then there is also 
no alignment. This latter case can result because the rota­
tions are those which will bring the points into alignment 
if there actually is a consistent solution. If there is no solu­
tion then it may still be possible to solve for the rotations, 
but they will not bring all three points into alignment.

sin 6 = — y/s2y2 - y'2 (7)
syc

Substituting (6) and (7) into (5) and simplifying yields 
Zcxi)2 = (S2x? - T?)(s'y] - y?) 

Expanding out the terms we obtain
s4(x£y2) - s2(x\y,2 + x'b2y2 + (x6x'c - xcx'b)2) + z'62y'2 

a quadratic in s2. While there are generally two possible 
solutions, it can be shown that only one of the solutions 
will specify possible values of cos <f> and cos 6.

Having solved for the scale of an object, the final two 
rotations <f> and 0 can be computed using (1) and (2) mod­
ified to account for the scale factor,

s(cos<f>) =

The final rotation brings the plane defined by the three 
model points into correspondence with the image plane, as 
illustrated in Figure 12d. This combination of translations 
and rotations can now be used to map the model into the 
image, in order to determine if the object is in fact in the 
image at this position and orientation.

Now we show how to solve for a linear scale factor as 
a sixth unknown. First we note that scaling the model 
changes only the final two rotations (about the x- and y- 
axis), and not the x and y translations, or the rotation 
around the 2-axis. This is because scaling changes the dis­
tances between the three model points, and only the ro­
tations about the x- and y-axis depend on the distances 
between points.

The final two rotations align 6m with 6t, and cm with 
C{. The alignment of 6m involves movement of 6mt along 
the x-axis, whereas the alignment of cm involves movement 
of cm, in both the x and y directions.

Ik. • (i,o,o)ll
Ik--(1.0,0)11

and
= ||c," (0,1,0)11 

Ik™-(0,1,0)11
s (cos 0)

Thus solving for scale involves the computation of s, and 
slight a modification to the computation of the final two 
rotations.

For planar models, the three-dimensional alignment 
task only involves mapping points from one plane to an­
other. Therefore, a planar model can be aligned with an 
image using only two-dimensional operations. In effect, the 
actual three-dimensional rotation and translation of the ob­
ject are simulated in the plane. This planar alignment spec­
ifies x and y translation, planar rotation, x scale, y scale,
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and a shear which is a scaling in x proportional to distance 
from the y-axis (or vice verse). The details of this alignment 
method are given in [15].

research is provided in part by the System Development 
Foundation and in part by the Advanced Research Projects 
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Summary

Recognition is generally viewed
space of possible positions and orientations of objects 
idea of the alignment approach is to separate this search 
into two stages. In the first stage, the position, orientation, 
and scale of an object are found using a minimal amount of

as a search through the 
. The
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