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To the Student

With the hope that this work will stimulate
an interest in Engineering Mechanics
and provide an acceptable guide to its understanding
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It is imtended that this book provide the student with a clear and
thorough presentation of the theory and application of the principles of
mechanics of materials, To achieve this objective, over the years this
work has been shaped by the comments and suggestions of hundreds of
reviewers in the teaching profession, as well as many of the authors
students, The eighth edition has been significantly enhanced from the
previous edition. and it 1s hoped that both the instructor and student will
benefit greatly from these improvemenis.

New to This Edition

* Updated Content. Some portions of the text have been rewritten
in order to enhance claritv and be more succinet, In this regard, some
new examples have been added and others have been modified 1o
privide more emphasis on the application of importan! concepts,
Also, the artwork has been improved throughout the book to support
these changes.

= Mew Photos. The relevance of knowing the subject matter is
reflected by the real-world applications depicted in over 44 new or
updated photos placed throughout the book. These photos generally
are wsed to explain how the relevant principles apply to real-world
situations and how malenals behave under |oad,

* Fundamental Problems. These problem sets are located just
after each group of example problems. Thev offer students simple
applications of the concepts covered in each section and, therefore,
provide them with the chance to develop their problem-solving skills
befare attempting to solve any of the standard problems that follow,
The fundamental problems may be considered as extended examples,
simce the key equations and answers are all listed im the back of the
book. Additionally, when assigned, these problems offer students an
excellent means of preparing for exams, and they can be used ata later
time as a review when studving for the Fundamentals of Engineering
Exam.

= Conceptual Problems. Throughout the text, usually at the end of
ecach chapter. there 18 a set of problems that involve concepiual
situations related to the application of the principles contained in the
chapter. These analysis and design problems are intended to engage
the students in thinking through a real-life situation as depicted in a
photo. They can be assigned after the students have developed some
expertise in the subject matter and they work well enther for individual
or team projects.

* Mew Problems. There are approximately 35%, or about 550, new
problems added to this edition. which involve applications to many
different fields of engineering. Also, this new edition now has
approximately 134 more problems than in the previous edition
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= Problems with Hints. With the additional homework problems in
this new edition, every problem indicated with a bullet (=) before the
problem number includes a sugeestion, key equation, or additional
numerical result that is given along with the answer in the back of the
book. These problems further encourage students to solve problems on
their own by providing them with additional checks to the solution

Contents

The subject matter is organized mto 14 chapters. Chapter 1 beging with
i review Of the important concepts of statics, followed by a formal
definition of both normal and shear stress. and a discussion of normal
stress in axially loaded members and average shear stress caused by
direct shear,

In Chapter 2 normal and shear strain are defined, and m Chapter 3 a
discussion of some of the important mechanical properties of materials
I5 given, Sepdrate treéarments of axial load, torsion, and bending are
presented in Chapters 4, 3_and 6, respectively. In each of these chapters,
both linear-elastic and plastic behavior of the material are considered,
Also, topics related to stress concentrations and residual stress are
mcluded. Transverse shear s discussed in Chapter 7, along with a
discussion of thin-walled bes, shear flow, and the shear center. Chapler 8
includes a discussion of thin-walled pressure vessels and provides a partial
review of the material covered in the previous chapters, such that the state
of stress results from combined loadings, In Chapter 9 the concepts for
transtorming multiaxial states of stress are presented. In a similar manner,
Chapter 1 discusses the methods [or strain transformation, including the
apphcation of various theories of failure. Chaprer L provides a means for
o further summary and review of previous material by covering design
applications of beams and shafts. In Chapter 12 various methods for
computing deflections of beams and shafts are covered. Also included is a
discussion for finding the reactions on these members if they are statcally
indeterminate. Chapter 13 prowides a discussion of column buckfing, and
lastly, in Chapter 14 the problem of impact and the application of various
energy methods for computing deflections are considered.

Sections of the book that contain more advanced material are
incicated by a star (*}. Time permitting, some of these topics may be
included in the course, Furthermore, this material provides a suitable
reference for basic principles when it is covered in other courses, and it
cin be used as a basis for assigning special projects.

Alternative Method of 'EDUE!"EEE. Some instructors preler to
cover stress and strain ransformations firgg, before discussing specific
applications of axial load, torsion. bending. and shear. One possible
method for doing this would be first to cover stress and its
transformation, Chapter 1 and Chapter 9, followed by strain and its
transformation, Chapter 2 and the first part of Chapter 10. The
discussion and example problems i these later chaplers have been




styled so that this 15 possible. Also, the problem sets have been
subdivided so that this material can be covered without prior knowledge
ol the intervening chapters. Chapters 3 through 8 can then be covered
with no loss in continuity.

Hallmark Elements

Organization and Approach. The contents of cach chapter are
organiged into well-defined sections that contain an explanation of
specific topics, illustrative example problems, and a set of homewaork
problems. The topics within each section are placed mio subgroups
defined by mtles. The purpose of this is to present a structured method
for introducing each new definition or concept and to make the book
convenient for later reference and review,

Chapter Contents. Fach chapier begins with a full-page
illustratiom that indicates a broad-range application of the material
within the chapter. The "Chapter Objectives” are then provided to give a
general overview of the martertal that will be covered.

Procedures for Analysis. Found after many of the sections of the
book, this unigue feature provides the student with a logical and orderly
method to follow when applving the theory. The example problems are
solved using this outlimed method n order to cdarify s numerical
application. It is to be understood, however, that once the relevant
principles have been mastered and enough confidence and judgment
have been obtained. the student can then develop his or her own
procedures for solving problems

Fhutﬂgl‘aphs. Many photographs are used throughowt the book to
enhance conceprual understanding and explam bhow the principles of
mechanics of materials apply o real-world situations.

Important Points. This feature provides a review or summary of
the maost important concepts in a section and highlights the most
significant points that should be realized when applying the theory to
siflve problems.

Exampla Problems. All the example problems are presented in a
concise manner and in a stvle that is easy to understand.

Homework Problems. Numerous problems in the book depict
realistic situations encountered m engineering practice. It is hoped that
this realism will both stimulate the student’s interest in the subject and
provide a means for developing the skill to reduce any such problem
from its physical deseription to a model or a symbuolic representation to
which principles mayv be applied. Throughout the book there is an
approximate balance of problems using either 51 or FPS units,
Furthermore, in any sel, an attempt has been made to arrange the
problems in order of increasing difficulty. The answers to all but every
fourth problem are listed in the back of the book. To alert the wser to a
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problem without a reported answer, an asterisk(") is placed before the
praoblem number. Answers are reported to three significant figures,
even though the data for material properties may be known with less
accuracy. Although this might appear to be a poor practice, it is done
simply to be consistent and o allow the student a betler chance o
validate his or her solution. A solid square (W) 5 used to identify
problems that require a numerical analysis or a computer apphcation

.Ilf"|.|::||:lver'|u|::[i~:i!'5+ The appendices of the book provide a source for
review and a listing of tabular data. Appendix A provides imformation
on the centrind and the moment of mertia of an area. Appendices B and
" list tabular data for structural shapes. and the deflection and slopes of
various types of beams and shafts.

Accuracy Checking. The Eighth Edition has undergone our
rigorous Triple Accuracy Checking review. In addition to the authors
review of all art pieces and pages, the text was checked by the following
imdividuals.

Scott Hendricks. Virginia Polvtechnic University

Karim Mohra, University of South Florida
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Kai Beng Yap, Engineering Consultant
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Resources for Instructors

* |nstructor's Solutions Manual. An instructors solutions manual
was preparcd by the author, The manual includes homework assignment
hsts and was also checked as part of the accuracy checking program,

* Presentation Resources. All art from the text s available in
PoawerPomt shide and JPEG formal. These files are available for
download from  the Instructor Resource Center at hitpoiisww,
pearsonhighered. come I vou are in need of a login and password for this
site. please contact vour local Pearson Prentice Hall representative

®* Video Solutions. Developed by Professor Edward Berger
University of Virginia, video solutions located on the Companion
Website offer step-bv-step solution walkthroughs of representative
homework problems from each section of the text. Make efficient use of
class time and office hours by showing students the complete and
concise problem solving approaches that they can access anviime and
view at their own pace. The videos are designed to be a flexible resonrce
to be wsed however each instructor and student prefers. A valuable
tutorial resource, the videos are also helpful for student self-evaluation
as students can pause the videos to check their understanding and
work alongside the wideo, Access the wvideos at  htipdieww,
pearsonhighered . comihibbeler and follow the lmks for the Mechanics of
Muterialy texL

Resources for Students

®* Companion Website—The Companion Website, located at
httptwww pearsonhighered. com'hibbeler includes opportunities for
practice and review including!

* Video Selutions—Complete, step-by-step solution walkthroughs
of representative homework problems from each section. Videos
offer:

* Fully Worked Solutions—Showing every step of representative
homework problems, to help students make vital connections
between concepts,

*= Self-Paced Instruction—Situdents can navigate each problem
and select, play. rewind, fast-forward, stop, and jump-to-sections
within each problem’s solution.

= 2477 Access—Help whenever students need it with over 20
hours of helpful review.

An access code for the Mechanics of Materiole Eighth Edition website
was included with this text. To redeem the code and pain access io
the site, go to hitpsfiwww. pearsonhighered.com/hibbeler and follow the
directions on the access code card. Access can also be purchased directly
from the site.
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MECHANICS
OF MATERIALS



I he bolts used for the connections of this steal framework are subjected to stress. |n this
chapter we will discuss how anginsers design these connections and their fastenars



Stress

CHAPTER OBJECTIVES

In this chapter we will review some of the important principles of
statics and show how they are used to determine the internal resultant
loadings in a body, Afterwards the concepts of normal and shear
strass will be introduced, and specific applications of the analysis and
design of members subjectad to an axial load or direct shear will be

discussed.

1.1 Introduction

Mechanics of materiafs is 2 branch of mechanics that studies the internal
effects of stress and strain in a solid body that is subjected to an external
loading. Stress is associated with the sirength of the material from which
the body is made, while strain is 8 measure of the deformation of the
body. In addition to this, mechanics ol materials includes the study of
the hodv's stability when a body such as a column s subjected 1o
compressive loading A thorough understanding of the fundamentals of
this subject is of vital importance because many of the formuolas and rules
of design cited in engineering codes are based upon the principles of this
subject
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Historical Development. The origin of mechanics of materials
dates back to the beginning of the seventeenth century, when Galileo
performed experiments to study the effects of loads on rods and beams
made of various materials. However, at the beginning of the eighteenth
century, experimental methods for  (esting materials were  vastly
improved, and at that time many expermmental and theoretical studies
in this subject were undertaken primarily in France, by such notables as
Saint-Venant, Poisson, Lamé, and Navier,

Orver the vears, after many of the fundamental problems of mechanics
ol materigls had been solved, it became necessary 1o use advanced
muathematical and computer techmiguees to salve more complex problems,
A a resuln, this subject expanded into other areas of mechanics, such as the
theary of elasticity and the theory of plasticity. Research in these fields
is ongoing, in order to meet the demands for solving more advanced
problems in engineering.

1.2 Equilibrium of a Deformable Body

Since statics has an important role in both the development and application
of mechanics of materials, it is very important (o have a good grasp of its
fundamentals. For this reason we will review some of the main principles
il starics that will be used throughout the text,

External Loads. A body is subjected to only two tvpes of external
loads; namely. surface forces or bady forces, Fig, 1-1.

Surface Forces. Surfaee forces are caused by the direct contact of one
body with the surface of another. In all cases these forces are distributed
over the area of contact between the bodies. If this area is small in
comparison with the total surface area of the body, then the surface force
can be idealized as a single concentrated foree, which is applied to a poinr
on the body, For example, the Torce of the ground on the wheels of a
bicyole can be considered as a concentrated Torce. IT the surface loading s
applied along a narrow strip of area, the loading can be idealized as a
lincar distributed load. w(s). Here the loading is measured as having an
intensity of foree/length along the strip and is represented graphically by a
serics of arrows along the line 5. The resultant force Fy of wis) is
eguivalent to ihe arvea wnder the divinibuwted loading curve, and thiv
resultant acts threugh the centvoid C or geometric center of this area. The
loading along the length of a beam 5 a ovpical example of where this
idealization is oftén applied.
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Body Forces. A body forceis developed when one body exerts a force on
another body without direct physical contact between the bodies. Examples
include the effects caused by the earth’s gravitation or its electromagnetic
field. Although body [orces affect sach of the particles composing the body,
these forces are normally represented by a smgle concentrated foree acting
on the body. In the case of gravitation, this force is called the weight of the
body and acts through the body's center of gravity.

Support Reactions. The surface forces that develop at the supports
or points of contact between bodies are called reactions. For two-
dimensional problems. i.e., bodies subjected to coplanar force svstems,
the supports most commonly encountered are shown in Table 1-1. Note
carefully the symbol used to represent each support and the tvpe of
reactions it exerts on its contacting member. As a general rule, i the
support prevenis iranslation in a given direction, then a force musi be
developed on the member in thar direction. Likewise, if rotation is
prevented, a couple moment must be exerted on the member. For example,
the roller support only prevents translation perpendicular or normal to
the surface. Hence, the roller exerts a normal force F on the member at
its point of contact, Since the member can freely rotate abowt the roller,
a couple moment cannot be developed on the member.

Maony maching elements are pin connecicd
m order 1 enable free ratatbion a1 thed
conneclions, These supporis exen & force on
a miember, bul no moment,

Type of connection Reaction Type of connection Reaction

- &F
M T {i i
G g |
.l___l_.-" () =
nhle Cne unknown: F Esterial pin Doy imbkmowns: F,_F,
4F,
fe——= K, e
e FE—
l
Rill=e e umknown; F Internal pin Twounknowns: F,. F,
M ¥,
ol
F,
L

— —

Smaoth suppost One imknown; F Fixed suppori

Three unkmowns: F, F. M
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I order o desizn the horeontal members
ol 1has 1'||.Ii]|.|'|ng Trame. i1 ig Trad ECERRArY Ted
find the miernal loadings & varieus poinls
:||-:1nj_1 their |¢'ngl|'|.

Equations of Equilibrium. Equilibrium of a body requires bath
a balance of forces. to prevent the body from translating or having
accelerated motion along a straight or curved path, and a balance of
memenrfs, o prevent the body from rotatimg, These conditions can be
expressed mathematically by two vector eguations

ZF =10

My =0 (1-1)

Here, £ F represents the sum of all the forces acting on the body, and
EM,, is the sum of the moments of all the forces about any point O
gither on or off the body. If an x, v, £ coordinate system 15 established
with the origin at point £ the force and moment vectors can be resolved
mto components along each coordinate axis and the above two
equations can be written in scalar form as six equabons, namely,

EF, =0 XF =0 XF.=(
SM, =0 EM. =0 EIM.={

Ciften m engmeering practice the loading on a bodv can be represented
as a system of coplanar forces. I this is the case, and the forces lie in the
x—y plane, then the conditions for equilibnium of the body can be
specified with only three scalar equilibrivm equations; that is.

Z2F, =10
TF, =0 (1-3)
EM{J="

Here all the moments are summed about point € and so they will be
directed along the 2 axis

Successful application of the equatons of equilibrium requires
complete specification of all the known and unknown forces that act on
the body, and so the best way to accomni for all theve forees is (o draw
the badv's free-body diagram
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Internal Resultant Luadings. In mechanics of materials, statics
is primarily used to determine the resultant loadings that act within a
body. For example, consider the body shown in Fig. 1-Za. which is held m
equilibrium by the four external forcess In order to obtain the internal
loadings acting on a specific region within the body, it 1s necessary to pass
an imaginary section or *cu” through the region where the internal
loadings are to be determined. The two parts of the bedy are then
separated and a free-boady didgram of one of the parts is drawn, Fig. 1-2f,
Motice that there is actually a distribution of internal force acting on the
“exposed” area of the section. These forces represent the effects of the
material of the top part of the body acting on the adjacent material of
the bottom part.

Although the exact distrbution of this mternal loading may be anknmn,
we can use the egquations of equilibrivm to relate the external forces on the
bottom part of the body to the distribution’s resultant force and moment.
Fpand My af any specific point © on the sectioned area. Fig, 1-2c. i
will be shown in later portions of the text that point € is most often
chosen at the centrodd of the sectioned area, and so we will alwavs choose
this location for €1, unless otherwise stated. Also, if a member s long and
slender, as in the case of 4 rodd or beam. the section (o be considered 15
generally taken perpendicidar o the longitndinal axis of the member,
This section is referred to as the crosy secfion.

“The basdy's weipht = not shawn, since it is sssomed 1o be gquite small, and therefore
pegligible comparcd with the other loads

My
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o
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Sefsimnemi
F, =
= {di

Fig. 1-2 [cont.)

Three Dimensions. Later in this text we will show how to relate the
resultant loadings, Fp and Mg, to the distibution of force on the
sectioned area, and thereby develop equatons that can be used for
analysis and design. To do this. however. the componenis of Fg and Mg
acting both normal and perpendicular to the sectioned area must be
comsidered, Fig. 1-24. Four different types of resultant loadings can then
be defined as follows:

MNormal force, N. This force acts perpendicular to the area. It is
developed whenever the external loads tend to push or pull on the two
segmients of the body,

Shear force, V. The shear force lies in the plane of the area and it is
developed when the external loads tend to cause the two segmens of
the body to slide over one another.

Torsional moment or torque, T.  This effect is developed when the
external loads tend to twist one segment of the body with respect to
the other about an axis perpendicular to the area.

Bending moment, M. The bending moment is caused by the
external lnads that tend 1o bend the body about an axis lving within the
plane of the area.

In this text, note that graphical represeniation of a moment or orgue is
shiown in three dimensions as a vector with an associsted curl. By the right-
humed rude. the thumb gives the arrowhead sense of this vector and the
fingers or curl indicate the tendency for rotation (twisting or bending).
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Fig. 1-3

Coplanar Loadings. If the body is subjected to a coplamar sysrerm of
forces, Fig. 1 -3a, then only normal-force, shear-force, and bending- moment
components will exist al the section, Fig. 1-3b. If we use the x, v, 2
coordinare axes, as shown on the left segment, then W can be obtamed by
applying £F, = 0, and V can be obtained from EF, = 0 Finally, the
bending moment My, can be determined by summing moments about
point € (the  axis). EMqy =0, in order to eliminate the moments
caused by the unknowns N and V.

Important Points

® Mechamics of marerialy is a study of the relationship between the
external loads applied to a body and the stress and strain caused
b the internal loads within the body.

* External forces can be applied to a body as diviributed or
concemtrated  sirface loadings, or as body forces that act
throughout the volume of the boady.

* Lincar distributed loadimgs produce a resuftant force having a
mugnitude equal to the grea pnder the load diagram. and having a
lexcation that passes through the centroid of this area.

= A support produces a force in o particular direction on s
attached member if it prevents translation of the member in that
direction, and it produces a couple moment on the member if it
prevents rolafion.

* The equations of equilibrium XF = @ and EM = 0 must be
satisfied in order to prevent a body from translating with
accelerated motion and from rotating.

* When applying the equations of equilibnum, it is important to
first draw the free-body diagram for the body in order to account
far all the terms in the eqguations.

* The method of sections 5 used to determine the internal
resultant loadings acting on the surface of the sectioned body. In
general, these resultants congist of a normal force. shear force,
torsional moment. and bending moment.
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Procedure for Analysis

The resultant internal loadings at & point located on the section of a
body can be obtained using the method of sections, This requires
the following steps.

Support Reactions.

* First decide which segment of the body is to be considered. 17 the
segment has a support or connection to another body, then before
the body is sectioned, it will be necessary to determine the
reactions acting on the chosen segment, To do this draw the free-
body diagram of the emire bhosdy and then apply the necessary
eqations of equilibrium to obtam these reacthions.

Free-Body Diagram.

® Keep all external distributed loadings, couple moments, torques,
and forces in their exact lecations, belore passing an imaginary
section through the body at the point where the resultant mternal
loadings are to be determined.

® Draw a free-body diagram of one of the “cut™ segments and
mdicate the unknown resultants N, ¥, M, and T at the section.
These resultants are normally placed at the point representing
the geometric center of centrofd Of the sectioned area

* 1f the member is subjected to a coplanar system of forces. only N,
WV, and M act at the centriid

* Establish the x. v. z coordinate axes with origin at the ¢entroid
and show the resultant internal loadings acting along the axes

Equations of Equilibrium,

& Moments should be summed at the section, about each of the
coordinate axes where the resultants act, Doing this efiminates
the unknown lorces N and V and allows a direct solution {for M
(and T).

& If the solution of the equilibnum eguations vields a negative
value for a resultant, the assumed directional sense of the
resultant is oppaosite to that shown on the free-body diagram.

The following examples illusirate this procedure numerically and also
provide a review of some of the important principles of statics.
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EXAMPLE | 1.1 I

Determine the resultant internal loadings acting on the cress seotion
at C of the cantilevered beam shown in Fig. 1-4a

I M e

im t fm |

L

Fig. 1-4

SOLUTION

Support Reactions. The support reactions at A do not have to be
determimed if segment CF is considered. N

Free-Body Diagram. The free-body diagram of segment CH isshown 1500 N fm
in Fig. 14 [t is imporiant to keep the distributed loading on the Mo ! B i I

segment unnl after the section s made, Only then should this loading v Y
be replaced by a single resultant force. Notice that the intensity of the N, “GE
distributed loading at € s found by proportion, Le, from Fig |-, \-I_I__| |
wiam = (2T0N/m)/Om, w = IBIN/m. The magnitude of the i =
resultant of the distributed load is equal to the area under the {h)

Inading curve (triangle} and acts through the centroid of this area.

Thus, F = (180 N/m}(6m) = 540N, which acts s(6m ) = 2 m from

€ as shown in Fig. 145,

Equations of Equilibrium. Applying the equations of equilibrium

we have
SNF, = ~Np=1
Ne = 1) Anx
+1EF, = O; Ve — 540N =0
Ve=540N Anx 135y SN
+EMo =0 ~Me — S4ON(2m) =0 NI e
My = —1080N - m Anz 1215 N | | M

=,

direction to thal shown on the free-body dingram. Trv solving this
problem using segment AC, by lirst obtaming the support reactions al
A, which are given in Fig. 1-de.

NOTE: The negative sign indicates that Mq acts in the opposite 1"'“”"“(;T|__ I_4 i |‘.
1 m |T o

N5m

el
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EXAMPLE 1.2

Hil M /m

Determine the resultant internal loadings acting on the ¢ross section at
C of the machine shafi shown in Fig. 1-5a. The shaft is supported by
journal bearings at A and B, which only exert vertical forces on the shaft.

125 M (B N L D0 ) = 1240 N

25N

Pl

2 =t el | T B |
LITHm

25

G250 m
el

] "i.l 1
el

| I ! |
/ 1K) 11-1r'r|-/ LTI
A, B,

500 mum

1,125 m |[| 1l m'

AU mm
it

Fig. 1-=

SOLUTION
We will solve this problem using segment AC of the shafi.

Support Reactions. The free-body diagram of the entire shafl 1=
shown in Fig. 1-5h. Since segment AC is to be considered, only the
reaction at A has to be determined. Why?

L EMg =0, —A (0400 m) + 120 N{0.125 m) — 225 N{(L100Dm) = O
A, =—1875N

The negative sien indicates that A, acts in the apposite sense to that
shown on the free-body diagram.

Free-Body Diagram. The free-body diagram of segment AC is
shown in Fig. 1-5c

Equations of Equilibrium.
S SF, = Ne=0D Ans
+1EF, = () 875N — 40N - V=0

¥e=—588N Ak
VHEM-=0 M-+ 40N(D025m) + IRTSN(0250m) =0

My = —-564YN+m Aris.

NOTE: The negative signs for Vi and M- indicate they act m the
oppusite  directions on the free-body diagram. As an exercoise
calculate the reaction at B and try o obtain the same results using
segment CHD of the shaft.
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EXAMPLE 1.3 I

The 5(0-kg engine 15 suspended from the crane boom in Fig. 1-6a.
Deternune the resultant mternal loadings acting on the cross Section
of the boom at point E,

SOLUTION

Support Reactions. We will consider segment AE of the boom so
we must first determing the pin reactions at A. Notice that member
CD s a two-force member. The free-body diagram of the boom is
shown in Fig, 1-60. Applving the equations of equilibrium,

\tEM =0 Fepl3)(2m) — [S00{981) N](3m) =0

an = 12625 N

KEF, =0; A, —(122625N)3) =0 ()
A, = 9B10N

+1SF, =;  —A,+ (122625 N){3) — 500(981} N =0
A, =24525 N

{h}

Free-Body Diagram. The free-body diagram of segment AE is
shown in Fig. 1-6c 10N

Equations of Equilibrium. N:
LEF, =1 Nye+U8I0N=10 24515 N
Np= =B8I0 N 981 kN Anx &)
Fig. 1
+1EF, =0 —Ve— 525N =0
V= =2452.5 N 245 kN Ans

(HFEMg =0 Mg+ (24525 N)(1 m) = O

M= —-M325N-m=-245 kN-m Anx
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EXAMPLE [1.4

Determine the resultant internal loadings acting on the cross section
at &7 of the beam shown in Fig. 1-7a. Each joint is pin connected,

LD 1 Fur = a2l Ih
15481 Tty 15451 Th . i
3t | Rl
! E, = 6283 |y
l 24001 Ty
|
|
|

J-# o
=
:I'ﬂ my=4dn
f - -
| + 9

%:n FE13EHT T T = 9l |

[k {h

Fig. 1-7

SOLUTION

] Support Reactions. Here we will consider segment A, The
ﬁ_" SN free-body diagram of the entive structure is shown in Fig. 1-7h. Verify
- 3 the calculated reactions at £ and C. In particular, note that BC s a
‘.-"'" 1 twor-force member since only two forces act on il For this reason the

Fj = TT50 1k foree at C must act along BC, which is horizontal as shown.

Fig = 46501 ih : ;
i : Since BA and BD are also two-force members. the free-body

(&l diagram of joint B is shown in Fig, 1-Te. Again, verify the magnitudes
of forces Fy i and Fgp.
S o~ Free-Body Diagram. Using the result for Fgy, the free-body

diagram of segment A is shown in Fig 1-7d

Equations of Equilibrium.
LEF, =0 TIS0E) 4+ Ng=0 Ng 6240 I Anis

+1EF, =0; —15001b + 77501b(3) — Vi =0
Vi = 3150 Ib Ans

LEEM; = 0, Mg — (T7501)(3)(2 ft) + 1500 1b(2 ft) = 0
.'.iflrj = 6300 |b «fi Ans
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EXAMPLE [1.5 I

Determine the resultant intemal loadings acting on the cross seclion
at B of the pipe shown m Fig. 1-8a. The pipe has o mass of 2 kg/m and
is Subjected o both a vertical force of 50 N and a couple moment of
TO N - macits end A. [t is fixed to the wall at O

SOLUTION
The problem can be solved by comsidering segment AR, so we do not

need o calculate the support reactions at C.

Free-Body Diagram. The v, v, 7 axes are established at B and the
free-hody diagram of segment AN 15 shown in Fig. 188, The resultant
force and moment components at the section are assumed (o act in
the positive coordinate directions and to pass through the centrofd of
the cross-sectional area at B. The weight of each segment of pipe is
calculated as follows:

Wan = (2 ke/m (S m)(%.8] Nike) =981 N
Wan = (2kg/m)(1.25 m}(9.8] Njkg) = 24525 N
These forces act through the center of pravity of cach segment.

Equations of Equilibrium. Applving the six scalar eguations of
equilibrium, we haves

w5 m

EF, =1 (Fgh, =10 Anz

il == (Fgl, =D Ansx

EF. =1 (Ful: — 981N — 24525 N — N =10
(Fg).=843N Anx

E(Mah, =0 (Mp), + T0N-m — 50N (0.5 m)
24525 N (15 m) ~ 981 N (025 m) = {)

(My), = —H3IN-m Ans
Z(My), =0 (Mg), + 24525N ((1625m) + 50N (1.25m) = O
(M g, TTREN-m Anx
XMyl =t [Mpl-=0 Anx
NOTE: What do the negative signs for (Mg), and (M), indicate?
Wote that the normal torce N g = (Fyl, = ), whereas the shear force {1}
is Vp=V(0) + (843)" = B43N_ Also, the torsional moment is Fig:1-9

Ta=(Mg),=778Nm and thc bending moment is My =
V(3037 + (0P = 03N-m

“The megecwle of each momeni abowi wn axis s equal o the magniiode of cach
force Bmes the perpendicular distance [rom the axis to Use bne of setion of the foree
The diveciion of epch moment & determined using the right-hand mie, with positive
muvnenls [Huemb direeted alony the posiiive soordinale nes
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. FUNDAMENTAL PROBLEMS

Fi-1. Determine the internal normal force. shear force. Fil—4. Determine the internal normal [pree. shear foree,
and bending moment at point € in the beam. anid bending moment at point £ in the beam,

kN . _.lll khl ."|:|_|
il kMN-m

F1-5, Determine the internal normal force, shear force,
" ; and bending moment at point C in the beam.

Fi-2. Determine the internal normeal force. shear force. g v

and bending moment at point O in the beam,

ki i
bl
6 N JiHI M
F ‘-L' ]
N
A it |"_."| fi | ER 1 anu 1
f Fi-8
- l5m s 1.5m v
Fi-2

Fi=i. Determine the internal normal foree, shear force,
anid bending moment at poinl Cin the heam.

Fl-3. Determine the internal normal force, shear force,
andd bendme moment at paoint © m the beam

SEN/m
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“rropiews T

I-1. Determine the resultent intermal normal force acting I-3.  Determine the resuliant internal torgue acting on the
pn the eross section through point A in each column. In cross sections through points B and O

(&), sepment BOC weighs 180 Ih/Tt and segmenl O weighs

2500 byt In (b}, the column has & mass of 200 kg /m.

Prub., 1-3

*1-4 A lorce of 80 N is supported by the bracket as
shown, Determing the resultant internal loadings acting on
the section through point A.

(W)

Mrob. 1-1

I-&  Drctermine the resultant imtermal torgue acting on the
cross sections throngh points C and £, The support beerings
at A pnd B allow free turming of the shaft,

Pruily, 14

s1=5, Determime the tesoltant internal loadings o the
beam at eross sections through poimts I and £ Point £ s
just to the right of the 3-kip load.

A

Fki
) 4

1.5 kip/Ti

IProb. 1=2 Prob. 1-5
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I=f Determine the normal force, shear Toree, and moment I-11. The force F =81k acts on the gear tooth,
al a section through point C Take P = 8 kN. Dretermine the rezoltant internal logdings on the root of the

1-7.  The cable will fail when subjected to a tension of 2 kN, booth. e, at the centroid point A of section o—a

Detlermine the largest vertical load £ the Irame will support
gnd calculate the intemal normeal force, shear force. and
moment atl the eross section through point C for this loading,

{16,
Prostes, 1617

*1-K. Determing the resultenl internal loadings on the
cross section through point O, Assume the reactions il
thi sapporis A and & are vertical,

sl=9  Determine the resultant mtemal loadings on the
cross section through point £ Assume the reactions it
the suppors A and # are vertical,

Praste. 1-11

ki
kN /m

#]=12. The skv hook & used W support the cable of a
seaflfold over the side of a building. 17 it consists of a smootl
rod that contacts the parapel of & wall at points A, 8, and
determine the normal force, shear foree, and moment on
the cross section at points D and E

T T
Prohs. 1-89

=14, The boom DF of the jib crane and the column DE
Fave o wmform weaght of 30000900 10 the hoast and foad weizh
30k [k determine the resultamt internal Ioadings in the crane
on cross sections through points A, B, and O

1k kM

Proh, 1-11 Prot. 1-12
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ol=1%  The St lowd s bomng hoisted at a constant speed o]=17. Determine resaltant internal loadings acting on
using the motor M, which has a weight of 9 [ Determine section o—a and section b—h, Each seetion passcs through
the resnltant intemal loadings scting on the cross section the centertine at point £

through point & 0 the Peam, The beam has a weight of
$0 13 Te and is fized o the wall at A,

I-14. Delermine the resultant inteme! loadings acting on
the cross secton through pomts O and I of the beam in
Prab, 1-13,

Prob. 1-17

#2530 I-18  The holt shank 5 subjected oo a wnsion of S 1
Determine the resultant internal loadings acting oo the
Crose section al point O

Probs 1-13/14

I-15. Determine the resulunt internal foading on the
cross section through point O of the pliers. There is a pin at
A and the jaws a1 B are smooth,

Prob. 1-18

¥I-16. Determing the resultamt internsl loading on (he ) H Legil L
cross section through point D of the pliers 1-19. D-.'h:rl.'nll'u.' the IL':HIrI-.dI‘H |_n|-.'rrl.|| e ilings acling on
the cross section through point O Assume Lhe reactions al

the supports A wnd 8 are vertical,

20N
I

131} wmiiin PRFT] e =20 Determne the resultant imternal loadings acting
on the eross section through point I Assume the reactions
gt the supporns A and 5 are vertical,

a kip il f kip i

— 3 —f— 30—} A i |

Mrobs. 1=15/14 Probs, 1-19720
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o1=2F,  The forped steel clamp exerns o foree of F = 960N
on the weoden Plock, Determine the resaliant internal
lpadings acting on scclion a—¢ passing throogh point A

F=H4kMN

i = 4N b

Prasty, 1-21

1-22.  The floor crane is used to lift & 600-kg concrele pipe.
Determine the resultant internal loadings acting on the
cries section ai &

1-23, The Moorcrane is uscd to lil & 600-kg concrete pipe.
Determmne the resultant internal loadings sctng on the
eross sechion at i

Probs, 1-22723

*1=24. The machine = moving with & constant veloeity, Tn
hus a total mass of 20 Mg, and s center of mass is located s
{7, excluding the front robler. H the front roller has a mass of
5 Me determing the resultant internal loadings seting on
point £ of each of the two side members that support tha
roller. Megleol the mass of the side members The front
roller 15 free 1o mmll

1.5m 4im

Prols. 1-24

«1-25. Determine the resuliant internal loadings acting on
the cross section through point B of the l:ignpmt']'ht posl s
fixed 1o the ground and o uniform pressure of 7 Ih/i° acas
perpendicular 1o the Fice of the sign,

Prob. 1-25




1=26. The shalt 15 supported at 115 ends by two bearings
A and B and is subjected to the forces applied to the
pulleys fixed 1o the shafl. Determine the resuliant
internal loadings acting on the ¢ross section |ocated al
point £ The 300-N [orces act in the - g direction and the
StWI-M lorces act in the +x direction. The journal bearings
al A gnd B exert only & and 2 components of force on The
shaflt.

MProb. 126

1=37. The pipe hos-a mass of 12 ke'm. I7 i1 is fxed 1o the
wall &1 A, determine the resultant internal loadings acting
on the eross section at B. Nealect the weirht of the wrench

o

#
JEy men

A0 mem

=150 1
E

Prob. 1-27
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=28,  The brace and Aol an s osed to drill & hole at QU0
the drill bit ams when the brace is subjected 1o the forces
shown, determine the resultant micmal loedings aching on
the eross section of the deill it at A

Prob. 1-28

o]=29, The curved rod has a radivs ¢ oand s fised 1o the
wall st B. Determine the resullant infermal loadings acting
on Lhe cross section throogh A which 15 located at an angle d
from the horgeontal.

H
A
;
i
1
ll
Proh. 1-29

=ML A differential element taken from a cwrved bar 1§
shown in the fgure, Show that AN = 1, dV/de = =N,
dM/df = =T, and dT/det = M

&+ M T+ df

W+ N

Frob. 1-30
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Fig. 1-9

LTREsS

1.3 Stress

It was stated in Section 1.2 that the foree and moment acting at a
specified point € on the sectioned area of the body, Fig. 1-9, represents
the resultant effects of the actual disteibretion of fhading acting over the
sectioned area, Fig -1 Obtaining this distribution is of primary
importance in mechanics of materials To solve this problem it is
necessary o establish the concept of stress

We begin by considering the sectioned area to be subdivided into
small areas, such as A shown in Fig. 1-10a. As we reduce AA 1o
a smaller snd smaller size, we must make two assumptions regarding
the properties of the material. We will consider the marenal tw be
comfinmons, that is to consist of a comdinuum or uniform distribution of
matter having no voids. Also, the materal must be cohesive. meaning
that all portions of it are connected together, without having breaks,
eracks, or separations. A tvpical finite vet very small force AF, acting on
AA is shown in Fig. 1-10a. This force, like all the others, will have a
unigue direction, but for further discussion we will replace it by i foree
companents, namely, AF,, AF_ and AF. which are taken tangent,
tangent. and normal to the area. respectively. As A A approaches zero, so
do AF and its components: however, the guotient of the force and area
will, in general, approach a finite limit. This quotient is called siress, and
as noted, it describes the futensiny of the intermad force actimg on & specific
plane (area) passing through a point




Normal Stress. The insensity of the force acting normal to AA is
defined as the mormal siress, o (sigma). Since AF. is normal o the area
then

_ AF. _
= 2 i.'!lnj‘ll a4 (1=

If the normal force or stress “pulls”™ on AA as shown in Fig. 1-10a, it is
referred to as fensile srress. whereas if it “pushes™ on AA it is called
compressive siress.

Shear Stress. The intensity of force acting tangent to A A is called
the shear stress, « (tau), Here we have shear stress components,

- ) AF,
Tar = a.eltﬂu AA
] (1-3)
AF,
s lim ——

1
=t ad—o A A

Note that in this subscript notation 7 specifies the orientation of the
area A A, Fig 111, and x and y indicate the axes along which each shear
StTess acts.

General State of Stress. [f the bodv is further sectioned by
planes parallel to the x—z plane, Fig. 1-10h. and the y—z plane, Fig. 1-1(ic,
we can then “cut out™ a cubic volume element of material that represents
the sftate of stresy acting around the chosen point in the body. This state
of stress is then characterized by three components acting on each face
of the element, Fig. 1-12

Units. Since stress represents a force per unit area, in the
International Standard or 51 system, the magnitudes of both normal and
shear stress are specified in the basic units of newtons per square meter
{N/m-"). This unit, called a pascal (1 Pa = 1 N/m-} is rather small, and
in engineering work prefixes such as kilo- (107}, symbolized by k.
mega- (107}, symbaolized by M, or giga- ( 107), symbaolized by G, are used
to represent larger, more realistic valoes of stress® Likewise, in the
Foot-Pound-Second system of units. engineers usuvally express stress in
pounds per square inch (psi) or kilopounds per square inch (ksi}, where
1 kilopound (kip) = 1000 |b,

", However.

*Soancibmes siness ds expresaed mownis of H_.-rnm:. whore 1 mm = 10
the 51 system, prefives wre noet glbvaed in the denominotor of & frvction and therefore i is

Beties tor e the |_'|.|||w:l-|.'||l 1 Mimmm® — 18B ' = | MPa

1.3 Grpess 23
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1.4 A;'erage Normal Stress in an
Axially Loaded Bar

In this section we will determine the average stress distribution acting on
the cross-sectional area of an axially loaded bar such as the one shown in
Fig. 1-134. This bar is prismatic since all cross sections are the same
throughout its length, When the load P is applied to the bar through the
centrand af its cross-sectional area, then the bar will deform uniformly
throughout the central region of its length, as shown in Fig. 1-138,
provided the material of the bar 18 both homogeneous and isotropic.

Homogeneous material has the same physical and mechanical properties
throughout its volume, and Isefropic material has these same properties
in all directions. Many engineering materials may be approximated as
being both homogeneous and isotropic as assumed here, Steel, for
example, containg thousands of randomly orented crystals in each cubic
millimeter of its volume, and since most problems involving this material
have a physical size that s very much larger than a single crystal, the
above assumption regarding 15 material composition is guite realistic.

Nate that anisotropic materials such as wood have different properties
in different directions, and although this is the case, like wood if the
anisotropy is oriented along the bar's axis, then the bar will alsa deform
uniformly when subjected to the axial load .

Average MNormal Stress Distribution. If we pass a section
through the bar, and separate it into two parts, then equilibrium requires
the resultant normal force at the section to be P, Fig. 1-13¢, Due to the
arifooren deformation of the material, it is necessary that the cross sechion
be subyjected to a consfant mormal stress distribation, Fig. 1-134

}:
T Inte roal Tores

Crovs-sectional
Irea

l Exiernal force

,l

ich fdi
Fig. 1-13
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As a result. each small area A A on the cross section is subjected toa
force AF = o AA. and the sum of these [orces acting over the entire
cross-sechional area must be eguivalent to the intermal resultant force P
at the section. If we let AAd=—dA and therefore AF == dF. then,
recognizing o is constant, we have

+TFH_-= ¥ o f:”" /rrc.l'ﬂ
A
P

A

F
n'ﬂ 1=t}

Here

i = average normal stress at any point on the cross-sectional area

P = intermod resalant noennd force, which acts through the centrodd of
the cross-sectional area. P 15 determined using the method of
sections and the equations of equilibrium

A = cross-sectional area of the bar where o 15 determined

Since the internal load P passes through the centroid of the cross-
section the uniform stress distribution will produce zero moments about
the x and v axes passing through this point, Fig, 1-13d. To show this, we
require the moment of P about each axis 1o be equal 1o the moment of
the stress distribution about the axes, namely,

(Mal, = EM: 0= [_1' qdF = ,/'“”Id = —:r'/ rdA
oA A A
(Mg),=ZM: 0 /.u“-' [.m o A r:[.um
A4 JgA JgA

These equations are indeed satisfied, since by definition of the centroid.
Jvda =0and [ xdA = 0. (See Appendix A}

Equilibrium. It should be apparent that only a normal stress exists
on any small volume element of material located at each point ¢n
the cross section of an axially loaded bar. If we consider vertical
equilibrium of the element, Fig. 1-14, then apply the equation of
lorce equilibrium,

YF.=1k r{AA) —a'(dd) =1

o o'

25
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This steel e rod 8 used as b hanger to
suspend a porton of @ starcsse, and o3 @
resull il is subjected 1o ensile siress.

|I1

== iy

;. !

F

lensson Ciampression
Fig. 1-15

In other words, the two normal stress components on the element must
be equal i magnitude but opposite m direction. This is referred to as
reefaxial ytress,

The previous analysis applies o members subjected 1o either tension
or compression, as shown in Fig. 1-15. As a graphical interpretation. the
magnitude of the intemal resultant force P is equivalent to the volume
under the stress diagram; that is, P = o A (volume = height * base).
Furthermore, as a consequence of the balance of moments, this resaltanr
passes through the centroid of this volume.

Although we have developed this analvsis for prisesatic bars, this
assumption can be relaxed somewhat to include bars that have a slight
taper. For example, it can be shown, using the more exact analysis of the
theory of elastcity. that for a tapered bar of rectangular cross section, for
which the angle between two adjacent sides is 1537, the average normal
stress, as calculated by o = P/A, s only 2.2% lesy than ils value found
from the theory of elasticity.

Maximum Auerage Normal Stress. In our analvsis both the
mterial force P and the cross-sectional area A were constant along the
longitudinal axis of the bar, and as a resull the nommal stress o = FlA s
also constans throughout the bar’s length. Occasionally, however, the bar
may be subjected to several external loads along its axis, or a change in its
cross-sectional area may oceur. As a result, the normal stress within the
bar could be different from one section (o the next, and, if the maximmm
average normal siress is to be determined. then it becomes important
to find the location where the ratio /A s a mocime, To do this it is
necessary to determine the internal force P at various sections along the
bar. Here it may be helpful to show this variation by drawing an axial or
normal force diagram. Specifically, this diagram is a plot of the normal
force P oversus its position x along the bar's length. As a sign convention,
P will be positive if it causes tension in the member, and negative if it
causes compression. Cce the internal loading throughout the bar is
known, the maximum ratio of P74 can then be identified.




1.4 AveracE NoRMa: STaEss in ak Axiauy Loaben Bar

Important Points

* When a body subjected to external loads is sectioned, there is a
distribution of force acting over the sectioned area which holds
each segment of the body in equilibrium, The intensity of this
mternal force at a pomt in the body s referred to as soress.

® Stress is the hmiting value of force per unit area, as the area
apprivaches 2ero, For this definition, the material is considered (o
be comtinuous and cohesive.

* The magnitude of the stress components at a point depends upon
the type of loading acting on the body, and the orientation of the
element ai the point.

* When a prismatic bar is made from homogeneous and isotropic
matenial. and is subjected to an awial force acting through the
centroid of the cross-sectional area, then the center region of
the bar will deform uniformly. As a result. the material will be
subjected oy fo mormal stress, This stress is uniform or averaged
over the cross-sectional area.

Procedure for Analysis

The equation o = P/ A gives the average normal stress on the cross-
sectional area of a member when the section is subjected to an
internal resultant normal foree P For axially loaded members,
application of this equation requires the following steps.

Internal Loading,

® Section the member perpendicular to its longitudinal axis at the
point where the normal stress 15 to be determined and uvse the
necessary free-body diagram and force equation of equilibrium to
obtain the fnternal axial force P al the section.

Average Mormal Strass,

* Determine the member’s cross-sectional ares ar the section and
calculate the average normal stress ¢ = P/AL

® [t is suggested that o be shown acting on a small volume element
of the material located ai a point on the section where stress is
caleulated, To do this, first draw @ on the face of the element
coincident with the sectiomed area A. Here o acts m the same
direciion as the internal force P since all the normal siresses on
the cross section develop this resultant. The normal Stress o on
the other face of the element acts in the opposite direction.

27
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The bar in Fig. 1-162 has a constant width of 35 mm and a thickness
af 10 mm, Determine the maximum average normal stress in the bar
when it is subjected to the loading shown,

8 gy £ 4kN
2 kN A r ‘E: R 12kN
—
| L 1 kN
35 mm

in)

12k -I—F?:I—P Pip— 12kN

kN
12 kN -—L IR h. e = kN
kN

Prpy = 22 kN T e 21 kN

g
kMG
e . .
dh——————— _—
|
49
Ich
SOLUTION

Internal Loading. By inspection, the internal axial forees in regions
AR BC and CI¥ are all constant vet have different magnitndes. Using
the method of sections. these loadings are determined in Fig. |-168;
and the normal force diagram which represents these resulis graphically
is shown in Fig. 1-16c. The largest loading is in region BC, where
Pre = 3 kN, 5ince the cross-sectional area of the bar is constant, the
largest average normal stress also oceurs within this region of the bar,

Average Normal Stress. Applving Eq. 1-6. we have

Par MPYN
A (0035 m) 0010 m)

e = = B5.7 MPa Anx

M

NOTE: The stress distribution acting on an arbitrary cross section of
the bar within region BC is shown i Fig, 1-16d. Graphically the vodame
{or “block™) represented by this distribution of stress is equivalent 1o
the load of 30 kM, that is, 30 kN = (85.7 MPa) (35 mm (10 mm ).
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EXAMPLE 1.7

The S80-kg lamp is supported by two rods AR and BC as shown in
Fig. | -17a. If AB has a diameter of 10 mm and BC has a diameter of
8 mm. determine the average normal stress n each rod.

Fiy Fiic

HKHIH]) = TR4H M
[a) {1

Fig. 1-17

SOLUTION

Internal Loading. We must first determine the axial force in cach
rod. A Free-body diagram of the lamp is shown in Fig. 1-1Th. Applving
the equations of force equilibrium,

SXEF, =1 Fucl3) — Fpacos60° =0
L18F, =0 Fyeld] + Fy sinéd” — TRABN = 0
Fue = 352N,  Fpa = 6324N

By Newton's third law of action, equal but opposite reaction, these
forces subject the rods to easion throwghowt ther lengtle

Average Normal Stress.  Applying Eq. 16,

115 P
Far 052N ol
T ar = = — - = T.86 MPa Ans  gUS MPa
Age (0004 m)-
F 32.4
opq=A = SN g5 M Anx %

Aga w0005 m)

NOTE: The average normal stress distribution actimg over a cross
section of rod AR is shown in Fig. 1-17c, and at a point on thas cross 4314 N
section. an element of material is stressed as shown i Fig. 1-174. id} el
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Clerele

The casting shown in Fig. 1-18« is made of steel having a specific
weight of 3, = 490 Ib/ft", Determine the average compressive stress
acting at points A and B.

W

T

636 pul
{h} {eh

{a)
Fig. =18

SOLUTION

Internal Loading. A free-body diagram of the top segment of the
easting where the section passes through points A and B is shown m
Fig. 1-18h. The weight of this segment is determined from W = v, V.
Thus the internal axial force P at the section is

+1EF. =1 P—Wa=1
P — (490 Ib/fr') (2,75 f)| = (075 ft}7] = 0
F = 2381 Ib

Average Compressive Stress. The cross-sectional arca at the sec-

tiom isA = w(0.75 i}, and so the Average compressive stress becomes

P 23811k .
— L = 13475
TTA T R 0I5 ) f
o = 1347.5 Ib/f% (1 f3/144 in?) = 936 psi i

NOTE: The stress shown on the volume element of material in
Fig. 1-18¢c is representative of the conditions at either point A or &
Matice that this stress acts pivard on the bottom or shaded face of the
element since this face forms part of the bottom surface area of the
section, and on this surface, the resultant miemal force P s pushing
upward.
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EXAMPLE [1.9

Member AC shown in Fig. 1-192 is subjected to a verfical force of
3 kM. Determine the position x of this force so that the average
compressive stress at the smooth support C is equal o the average
tensile stress in the tié rod AR, The rod has a cross-sectional area of
400 mm* and the contact area at C is 630 mm®.

-
e
Fiy kN
&
T
A
|
KN marcty
F,
)

Fig. 1-19
SOLUTION
Internal Leading. The forces at A and C can be related by considering
the free-body diagram for member AC, Fig. 1-19%, There are three
unknowns, namely, Fagp. Fe, and x. To solve this problem we will
work i units of newtons and millimeters.
+1EF, =0; Fan+ Fe— 300N =10 (1)
[+EM, =0 00 N{x} + Fre(200 mm) = 0 (2
Average Normal Stress. A necessary third equation can be written

that requires the tensile siress in the bar AH and the compressive
stress at C to be equivalent. ie.,

F an i Fr
400 mm® 650 mm°
Fr =S I.hlﬁF_q_ﬂ

Substituting this into Eq. 1, solving {or F 45, then solving for F-, we
ahtam

Fap=1143N
Fr=185TNM
The position of the applied load is determined from Eq. 2,
x = 124 mm Ans.
NOTE: {l < x < 200 mm, as required.
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15 A;ferage Shear Stress

Shear stress has been defined in Section 1.3 as the stress component that
acts i the plone of the sectioned area. To show how this stress can
develop, consider the effect of applving a force F (o the barin Fig. 1-2M0a.
IT the supports are considered rigid, and F is large enough, it will cause
the material of the bar to deform and fail along the planes identified by
AB and CD. A free-body diagram of the unsupported center segment of
the bar, Fig 1-206, indicates that the shear force V = F/2 must be
applied at each section to hold the segment in equilibrium. The average
(g} shear strexs distributed over each sectioned area that develops this shear
force is defined by

|4\ . F
: T = 4 (1=}
N v A
ih
F
L___ Here
e i ——
;1___4' Tawg = AVCTage shear El.rtﬁﬁ. a1 the section, wh!ch 15 assumed 1o be the
ot setrme at each point located on the section
V' = internal resultant shear force on the section determined from
Fig. 1-20 the equations of equilibrium
A = area at the section

The distribution of average shear stress acting over the sections is
shown in Fig. 1-20c. Notce that 7., 18 i the same direction as 'V, since
the shear stress must create associated forees all of which contribute to
the internal resultant force ¥ at the section,

The Inading case discussed here is an example of simple or direct
shear, since the shear s caused by the direct action of the applied load F.
This tvpe of shear olten oceurs in various t(vpes of simple connections
that use bolis, pins, welding matenial, etc. In all these cases. however,
application of Eq. 1-7 is anly approximate. A more precise investigation
of the shear-stress distribution over the section often reveals that much
larger shear stresses oceur in the material than those predicted by this
equation. Although this may be the case, application of Eq. 1-7 is
generally acceptable for many problems im engineering design and
atalysis. For example, engineering codes allow its use when considering
design sizes for fasteners such as bolts and for obtaining the bonding
strength of glued joints subjected to shear loadings,




{-— Secthen plone

Pure sheu

[a) ]

Fig. 1-21

Shear Stress Equilibrium. Figure 1-21a shows a volume element
ol material teken at a point located on the surface of a sectioned area
which 1s subjected to a shear stress ... Force and moment eguilibriim
redquires the shear stress acting on this face of the element o be
accompanied by shear stress acting on three other faces. To show this we
will first consider foree equilibrium in the v direction. Then

force

2

Siress area

AL

i, TylAxay) =t Axady =0

L}

In a similar manner, force equilibrium in the = direction vields r,, = 7.
Finally, taking moments abouot the x axis,

moment
’E'IIL'L‘ -ET'I'I
Liress area
m
=M, =1 —r(AxAy)Az +1.[Ax Az} Ay =10
Top ™ Tar

500 Lhal

T:L=Tlu="'r =T:|:=T

In other words, all four shear stresses must have equal magnirude and
be directed either toward or away from each other ai opposite edges of
the element. Fig. | =215 This is referred to as the comiplementary property
of shear, and under the conditions shown in Fig, 1-21, the material is
subjected to prire shiear

1.5 AvERAGE SHEAR SThESS

33
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Important Points

* If two parts are thin or small when joined together. the applied
Ioads may cause shearimg of the material with negligible bending.
If this is the case, it is generally assumed that an average shear
stress acts over the cross-sectional area.

® When shear stress T acts on a plane, then equilibrium of a volume
element of material at a point on the plane requires associated
shear stress of the same magnitide act on three adjacent sides of
the element.

Procedure for Analysis

The equation r,,, = V/A is used to determine the average shear
stresy in the material. Application requires the following steps.

Internal Shear,

& Section the member af the point where the average shear siress is
o be determined.

& Draw the necessary free-hody diagram, and calculate the internal
shear force ¥V acting at the section that s necessary o hold the
part i eguilibrium.

Average Shear Stress.

* Determine the sectioned area A, and determine the average
shear stress r,,, = V/A,

= [t is suggested that r,,, be shown on a small volume element of
material located at a point on the section where it is determined.
To do this, first draw 7., on the face of the element. coincident
with the sectiomed arca A, This stress acts in the same direction
a8 V. The shear stresses acting on the three adjacent planes can
then be drawn in their appropriate directions following the
scheme shown in Fig. 1-21
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EXAMELE [1.10

Determine the average shear stress in the 20-mm-diameter
pin ai A and the 30-mm-diameter pin at B that support the
beam in Fig. 1-22a.

SOLUTION

Internal Loadings. The forces on the pins can be obtained by
considering the equilibrium of the beam, Fig, 1-224,

4
(FEM, =1 Fﬂ(q)iﬁm] ~IKN(2m) =0 Fu=125kN i

S EF, =0; rlz.ﬁkm(;-:) — A =0 A =75kN

+1EF, =0 A, + (125 kﬂ}(gj - KN =10

A, = 20 kN

Thus, the resultant force acting on pin A is

(b

Fo= VA + A7 = VIT50kN) + (20kN)’ = 2136kN

The pin at A is supporied by two fixed “leaves™ and so the free-body
diagram of the center segment of the pin shown in Fig. 1-22c has two
shearing surfaces between the beam and each leafl The foree of the
beam (21.36 kN) acting on the pin is therefore supported by shear
force on each of these surfaces. This case is called double shear, Thus,

F,= 2136 kN
Fy 2136kN
)

e
- -

L = 1{L6B kN fr)

In Fig. 1224, note that pin B 1s subjected to single shewr, which oceurs
on the section between the cable and beam. Fig 1-224 For this pin
segment,

Vo= Fyg= 12.5kN
Average Shear Stress.

Va _ 106810 N
Ayl

= 34,01 MPa Anx

ff.l}llvy

:'_(n.n: my

V 125010 N

(Tl = 27 = ———— = 177 MPa Ans 2
B {003 my

“ Fig. 1-22
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EXAMPLE [1.11

LTREsS

If the wood joint in Fig. [-23a has a width of 150 mm, determine the
average shear stress developed along shear planes a-a and b-h. For
each plane, represent the state of stress on an element of the material.

(i

Tidm | Wwidm !

Fig. 1-23

SOLUTICON

Internal Loadings. Referring to the free-body diagram of the
member, Fig. 1-234,

HIEF. =k &GKN—-F-F=1 F = 3kN

Now comsider the equilibrium of segments cut across shear planes a-a
and b—fr, shown in Figs. 1-23c and  1-234.

& EF, =0 V,-3kN=10 ¥,=3kN

L EF, = kKN -V, =0 ¥V,

IkN

Average Shear Stress.

{7, SO U0 = K] kP: Anx

e =y S im0 m) 5 "'“
Vi, NP N

{Thllm.ls - Tr- T 0125 ITI:III'“-L'; ™) = 160 kPa Ars

The state of stress on elements located on sections a—a and (-5 is
shown in Figs, 1-23¢ and 1234, respectively.
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EXAMPLE |1.42 I

The nclined member in Fig. 1-24a is subjected to a compressive foree
of 600 1b. Determine the average compressive stress along the smooth
areas of contact defined by AB and BC, and the average shear stress
along the horizontal plane defined by DB

BOL b
4

1% in.
(il Fig. 1-24
SOLUTION

Internal Loadings. The free-body diagram of the inclined member
is shown in Fig, 1-24/. The compressive forces acting on the areas of
conlact are

LEF, =1 Fap — 600 1b{3) =0 Fuy = 36010
+12F, =0; Fae — 6001b[2) =0 Fge = 4801b

Also, from the free-body diagram of the top segment ABD of the
bottom member, Fig, 1-24¢, the shear force acting on the sectioned
horizomtal plane DF s

= 2F, =1k ¥ = 3a0 (b

L

Average Stress. The average compressive stresses along the
horizontal and vertical planes of the inclined member are

Fan 360 Ih _

= = = 240 b

iy Awr (LIISM) 240 psi Anx
F 480 [b

= = 160 psi Ans

R P T T A
These stress distnbutions are shown in Fig. 1-244d
The average shear stress acting on the horizontal plane defined by
DB is

340 |h Shil b

T T

T (3in.}(1.5in.)
This stress is shown uniformiy distributed over the sectioned area in
Fig. 1-24e

B psi Anx
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FI-7. The uniform beam is supporied by two rods AR
and €0 that have cross-sectional areas of 10 mm® and
15 mm®, respectively. Determine the intensity w of the
distributed load so that the average normal siress in cach
rod does not exceed 300 kPa

| i m {
F1-1
Fil-=8. Determine the averapge normal stress developed o

the cross section. Sketch the normal stress distnbulion over
the cross section.

Fi-8
Fi-%, Determme the aversge normal stress developed on
the cross section, Sketch the normal stress distnbution over

the cross section.

15 kip

| FUNDAMENTAL PROBLEMS

Fi=10, T the tdH)-kN foree acts throwgh the centroid of the
cross section, determine the location v of the centroid and
the aversge normal stress developed on the €ross sechion,
Also, skeich the normal siress distribution over the cross
seclinmn.

Kl kM

il
- A0 mm
* -

Fi-10

Fi-11. Determinge the average normal stress developed
at potnts A, B, and ¢ The dismeter of cach segment is
inilicated m the [Tgare,

Ikip A " Ykip

Fi-11

Fi-11. Determine the gverage normal stress developed in
rod AR il the load hes @ mass of 30 ke, The dismeter of rod
AR 15§ mm,

Fi-12
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Srrosiews

1-3L.  The column s subjected o an axial force of & kM,
which ts applied through the centroid of the cross-sectional
area. Determine the average normal stress acting at section
-y Show this distribution of siress acling over the arca’s
CroRS seclion,

m
W mm

T an

T mm

Proh 1-31

*1-32. The lever is held to the fxed shafi using a tapered
pin AH. which has 8 mean diameter of 6 mo. 1§ a couple is
applicd to the lever, determine the averape ghear stress in
ihe pin btween the pinand lever,

& 12 man
A
250 mm 250 mm
¥
MM XN
Proste 1-32

#1-33., The ber has a cross-scctionel arca A and is
subjected to the axial loed . Determine the averape
normal anid average shear stresses acting over the shaded
section, which is oricnted a1 # from the horzootal, Plot the
varation of these stresses as a [lunction of @ (0 = 8 = ("),

Proh. 1-33

I-34. The built-up shalt consists of & pipe A8 and solid
rod BC The pipe has an mner diameter of 20 mm end outer
diameter of 28 mm. The rod has a diametar of 12 mm,
Determinge the average normeal siress sk poings Irand E and
represent the stress on 2 voluome element located at each of
Lhiese poinis

. | B akN ’
n BkN K
Prob. 1-34

1-35, The bars of the bruss each heve a erosg-sectional
grca of 1.25in°. Determine the aversge normal siress in
cach member due to the loading ™ = 8 kip, State whether
Lhe stress is tonsile or compressiv.

*1-36. The bars of the truss cach have & eross-sectional
area of 1.25in®. Tf the maximum sverage normal siress in
gy bar s not to excead 20 ksi, determing the maximum
magnitude & of the loads that can be applied to the russ.

1 .75 P

Probs, 1-35736
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«1=37. The plate has @ width of 0.5 m, Il the stress distri-
bution at the support varies as shown, determing the foree
I applicd o the plate and the distence o 1o where it is
applied.

r={13%"*1 MPa

Proby, 1-37

1-38. The two members used in the construction of an
aircrifl fusclage are joined together using a 307 fish-mouth
weld, Determing the average normal and sverage shear
piress on the plane of each weld Assume cach inclined
plane supports & horseontal foree of 400 b

B T Kl T

AF

Prot. 1-38

1-39, If the block i= subjected to the centrally applied
fomee of GO0 EN, determine the average aormal siTess in the
material. Show the stress acting on g differential volume
element of the material

Prashe, 1-39

“1=40. The pins oo the frame &t B and O ecach have 4
diameter of (.25 in, I7 these pins are subjected (o doulile
shewr, determine the average shear stress incach pin.

«1-41. Solve Prob 140 assuming that pins B and © are
subjected 10 simgle shoeer,

142, The pins on the frame at I} and E each have a
digmeter of 1.25 in. If these ping are subjected (o dowhle
vhear, deteriming the averape shear stress in each pn,

143, Solve Prob, 142 assuming that ping 2 and E ane
subjecied 1o single shear.

1 i |

i |
Sl b

Probs, 1-80/41/42/43

=44, A 175-Ib womaen stands on @ vinyl [loor weanng
stflerto high-heel shoes T0 the heel has the dimensions
shown, determine the average normal siress she exerls oo
the floor and compare it with the everage normal stress
developed when o man having the sime weight 15 wearing
flat-heeled shoes. Assume the load is applicd stowly, so that
dynamic effects can be ipnored. Also, gssume the entire
weight issupporied only by the beel of one shoe.

3 itl._ﬂ

—|l—i.1 m.

Prob. 144




o]=45, The truss = made from  three  po-connected
members having the cross-sectionael dreas shown in the
fizure. Determine the average normal stress developed i
cach member when the truss is subjected 1o the load shown
State whether the stress is tensile or compressive

S0 [

Proh. 145

1-46. Detcrmine the aversge normal stress developed
in links AR and CDof the smoath twoetine prapple that
suprmores the log having a mass of 3 Mg The cross-
sectional arca of cach link is 400 mm®.

1=47. Determing the average shear stress developed
in pins A and B of the smooth two-tine grapple that
supports the log having a mass of 3 Mg, Esch pin has a
diameter of 25 mm and is subjected 1o double shear,

Probs, 1-46/47
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link BC, If P =15 kN, determinge the average shear stress
desveloped i the pins at A, B, and O All pins are o double
shear as shown. and cach has a diameicr of T8 mm.

1. The beam 15 supporied by & pin &l A &nd a short I

4P 2P
1.5 m

ip
! Iml 1L.5m ¥ 1.5 mi
I

] =] % i
e - Eﬂ ﬁ

Prah. 1-48

149, The heam is supported by oa pin st A and a short
link BC. Dretermine the meximum magnitude & of the loads
thee bewm will support i the averapge shear stress ineach pin
i ol 0 exceed 80 MPa. All ping are in double shear as
shown, and esch has a diameter of 18 mm.

]
I IJ.5||1|

Frob. =49

I-50. The block s subjected 1o compressive force of
2 kN. Determine the average normal and average shear
stress developed in the wood fibers that are oriented along
Sectiosn e al M1 with the axas of the block
S mim
Jrh‘

Prab. 1-=-501




42 CHapfEs 1 STRESS

1=51. During the tenswn test; the womden specimen s
putbvjectod we an average pormal stress of 2 ksi, Determine
the axial force I* gpplicd 1o the specimen. Alsp, find the
average shear stress developed aloig section g-d of
the specimen,

Proke 1-51

"1-82. Tf the joint is subjected o an axial force of
P =4 kN, determine the average shear stress developed in
cach of the &-mm diameter bolts between the plates and the
members and along each of the four shaded shear planes.

#1-53, The average shear stress in cech of the f-mm diameter
bolts and slong cech of the four sheded shear plancs is not
allowed o exceed 80 MPa and 500 kPa, respectively,
Dietermine the maximum exial fwree P that can be applied
1o thez poamit,

Prohs 1-52/53

1-54. The shall is subjected to the axisl foree of 400 kN,
Determine the average bearing stress acting on the collar C
and the normal stress in the shafi,

4 kM

Al mm

10 mm

Prob, 1-54

1-55, Hods AR and BC each have & diameter of 5 mm. 1f
the load of P = 2 kN 1= applicd 1o the ring, determing the
averape normal stress in cach rwd IF§ = 607

*1-56. Rods A8 and 8C each have & diameter of 5 mm,
Determine the sngle @ of rod BC so that the averase
aormal stress i rod AR 15 times tho moeod B Whiat is
the loed I* that will cause this to happen if the average
normal stress in eech rod is ot gllowed to exceed 100 MPa?

Probs. 1-55/54




o]=57. The specimen fmled noa tension Test a1 an angle of
527 when the axial load was 1980 kip, 1 the diameter of the
specmen is 05 in, determine the average normal and
average shear stress acting on the area of the inclined
failure planc. Also, what is the average pormal stress acting
on the erosy section when fallure ocours?

A

Prob. 1-57

1-58. The enchor bolt was pulled cut of the concrete wall
wrvd the feilure surface Dormed part of a frostum and
cylinder, This indicates a shear [ailure sceurred along the
cylinder 8 and tension failure along the fruestum A8 I
the shews and noemal stresses plong these surloces have the
magnitudes shown, determine the force P that must have
been applicd to the bolt.

IFrob. 1-58

1.5 AvEragE SHEAR GTRESS 43

=589, The open sgoare butt jomt 5 osed To lransmil a
force of 50 kip from one plate to the other. Daterming the I
pverage normel and average shear stress components that

this loading creates on the face of the weld, section AR,

Froh. 1-50

"= IF P = 20 kN, determine the average shear piress
developed in the pins at A and € The pins are subjected to
double shear as shown, and cach has & digmeter of 18 mm.

si=61. Deeternune the magimum magnitude P ool the loasd
the hean will supporn if the average shiear stress in cach pin
ts5 not to allowed 1o exceed 6l MPa. All pins are subjected
o double shear as shown, and each has a diameter of
18 mm

Probs. 1-6iW61
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1-62, The crimping tool 15 used o comp the cod of the
wire E. IT a foree of 20 1b is applied to the handles,
determine the avergge shear stress in Lhe pim al A The pinis
sitbjected to double shear pnd has a digmeter of 0.2 in. Cnly
a vertieal force is exeried on the wire.

I-63. Solve Prob, 1-A2 for pin &. The pin is subjected o
double shear and has a dismeter of 0.2 in.

201 [

150in. Zin. Tin
2k

Probs. 1-6206G3

*1=64. The triangular blocks are glued along each side of
the joint. & C-clamp placed between two of the blocks is
wsed to deaw the joint tight 1 the plee can withstand a
maximim average shear siress of 800 kPa, determing the
maximum allowable clemping force F.

s1-65.  The triangular blocks ere glued along each side of
the joint A Ceelamp placed botween two of the Blocks 15
picd o draw the joint tight I the clamping {orce is
F = W M. determine the average shear stress developed
i the glued shear plane,

Prohs. 1-64/65

166, Determine the largest loed P that cen be a applicd
to the frame without causing either the average normal
stress of the average shesr stress al seclion - 1o exceed
o= 150 MPa and 7 = 60 MPa, respectively. Member Cff
has a square cross secthion of 25 mm on each side,

I 1_:II'I'I
Ye

Prote. 1-66

1-67. The prismatic bar has o eross-sectional area A, T0 it
is subjected 1o & distributed axial loading that increases
linearly from w = gt r = Uto w = iy at x = a,and then
decreases lincarly o w =0 at ¥ = 2o, determine the
average normal stress in the bar as a function of 1 for
(h=sx-=<a

*1=68. The prismatic bar has a cross-sectional grea A 110t
15 subjected 1o distributed axial lowding that increases
lingarly from w = et xr = 0o w = wy al = o, and then
decreases linearly o w =00 ot x = Ja, determine the
average normal stress in the bar as a function of 1 for
g x=

- iy
i
| e i e e o e

", - = —e——— —= —r =
T — |
L x | " |
Probs 1-6T/6R



sl=6%. The wapered rod has o radies of ¢ = {2 — 1/6) I
and is  subjoctéd o the  distributed  loading  of
wo= () + 4lx§ |b/in. Determime the average normal siress
i the center of the rod, B,

o= (Al = Al jlh)

F={2 :1 i1
— e
- P 9
= PE————
S .rt|
Jin. | 3in
Proh. 164

I-Th  The pedestal supports & load P out its center. I the
matcrial has a mass density @, determine the radial
dimension r as a funetion of 2 so that the average normal
stress im the pedestal remaing constant. The cross section is
circualar,

Frob. 1-Th
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I-TL.  Determine the average normal siress at scchion g-o
and the averape shear stress at section b= in member AR,
The eross section is squarg, 1.5 in. on cach side,

1543 |b /e
[T
- W g
¥V ":.':{.F
Y,
Prob. 1-71

#1=-T2, Consider the general problem of a bar made (rom
pysegments, eoch having a constant cross-sectional areg A,
pnd lenath £ Tf there are o logds on the bar as shown,
wiite i computer program (hat can be used 1o deétermine
the average normuil stress at any specificd location r. Show
en spplication of the program using the values L, = 4 It
dy =320, Py=401b, A,=3in°, La=210L dz=610,
Py = =300 I, As = 1 in’

Prob. 1-T2
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16 Allowable Stress

To properiy design a structural member or mechanical element it is
necessary (o restrict the stress in the matenial (o a level that will be safe.
To ensure this safety, it 15 therefore necessary to choose an allowable
stress that restricts the applied load to one that 18 less than the load the
member can fully support. There are many reasons for doing this. For
example, the load for which the member is designed may be different
from actual lnadings placed on it. The intended measurements of a
structure or machine may not be exact, due to errors in fabrication or in
the assembly of its component parts. Unknown vibrations, impact, or
aocidental loadmgs can occur that may not be accounted for in the
design. Ammospheric corrosion. decay, or weathering tend o cause
materials to deterorate during service. And lastly. some materials, such
as wood, concrete, or fiber-reinforced composites. can show  high
vartability in mechanical properties,

One method of specifyving the allowable load for a member is to use a
number called the factor of safety. The factor of safery (F5.) 1s a ratio of
the failure load Fi to the allowable load F . Here Fy is found from
experimental testing of the material. and the factor of safety is selected
based om experience so that the above mentioned uncertainfies are
accounted for when the member is wsed under similar conditions of
loading and geometry, Stated mathematically,

'F|||Il

FS =
Fﬂll!"

(18]

If the load applied 1o the member is fnearly reloted to the stress
developed within the member. as in the case of using o = F/A and
Tag ™ V/A. then we can also express the factor of safety as a ratio of the
failure stress orgy (Or T ) to the allowahle SITESE F g0 (OT oo )i thit is,

[ o
g =Bl (1-9)
'Tuu (3
oar
o (1-101)
Fhilhaw

“I'n some cases, such oy calumns the r|.r||'|||:'d. bonal = it |||'||.'qr|:|.I relmied 1o stress and
ilserelore only Eog. 1-8 can be used 1o defermine the factar of salery. See Chapder 13,
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In any of these equations, the factor of safety must be greater than | in
order to avoid the potential for failure. Specfic values depend on the
tvpes of materials to be used and the intended purpose of the structure
or machine: For example, the ES used in the design of aircraft or space-
vehicle components may be close to 1 in order to reduce the weight of
the vehicle. Or, in the case of a nuclear power plant. the factor of safety
for some of its components may be as high as 3 due to uncertainties
m |pading or matenial behavior. In many cases. the factor of salety for a
specific case can be found in design codes and engineering handbooks,
These values are intended o form a balanee of ensurng public and
environmental safety and providing a reasonable economic solution 1o
diesign.

1.7 Design of Simple Connections

By making simplifying assumptions regarding the behavior of the
materidl. the equations o = P/A and 7,,, = V/A can often be used to
analvee or design a simple connéection or mechanical element. In
particular. if a member is subjected to nornal force at a section, its
required area at the section is determined from

i (1-11)
T 0w

On the other hand. if the section is subjected to an average shear force.
then the required area at the section is

¥
A= (1-12)

Tllllllhl

As discussed in Sec. 1.6, the allowable stress used in ¢ach of these
equations 5 determined either by applying a factor of safety to the
material’s normal or shear failure stress or by finding these stresses
directly from an approprate design code.

Three examples of where the above equations apply are shown in
Fig. 1-25.

Assumd unilform

ghiear klress
Tallrre

oy, b

[
J
i
'

Assumed uniform
normal &l s
distributsnn

"

A=
‘“.’- Valioss

The wieaaf ihe column base plate &2 s determined
from ihe allowable heanng siress for the concrete

b

Acaumed unploom ahcar siress

P

The embedded lengih { of this fed in concrele
can be délermined using the allowable shear
siress oof the bonding glue

"l
‘l'\_‘__ra

The arei ol the bolt Lar this Ly g
s determined from the shear stress.
which & largest berween the plales

Fig. 1-25
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Important Point

* Design of a member for strength 15 based on selecting an
allowable stress that will enable it to safely support its intended
load. Since there are many unknown factors that can infloence
the actual stress in a member, then depending upon the intended
us¢ of the member, a factor of safery is applied to obtain the
allowable load the member can support.

Procedure for Analysis

When solving problems using the average normal and shear siress
equations, a careful consideration should first be made as to choose
the section over which the eritical sitess is acting. Once this section
i5 detcrmined, the member must then be designed to have a
sufficient area at the section to resist the stress that acts on it This

area1s determined using the following steps.

Internal Loading.

& Section the member through the area and draw a free-body
diagram of a segment of the member. The internal resultant foree at
the section is then determined using the equations of equilibrium.

Required Area.

& Provided the allowable stress is known or can be determimed,
the required area needed to sustaim the load at the section is then
determined from A = Plague o A = ¥/

Appropriate [aciors of sofely most be
considered when designing crunes and
cables weed to iransfer heavy loads,
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EXAMPLE |1.23 I

The control arm is subjected to the loading shown in Fig. 1-26a.
Determine to the nearest 5 in. the required diameter of the steel pin
at Cif the allowable shear stress for the steel i5 my . = B K5i

T
f

B i

¥, LS
N £ 8

AN

5 h;||'|

S
{al Fi!- 1=216

SOLUTION

Internal Shear Force. A free-body diagram of the arm is shown in
Fig. 1-26h, For equilibrium we have

LM = 0 Fap(8in) — 3kip(3in) — Skip (3)(5in) = 0
Fin=3kip

LEF, =1 —3kip—C, +Skip{3)=0 €, =1kip
+18F, =0; €,—3kip-5kip{l)=0 C,=6kp FiE2 ke
The pin at C resists the resultant foree at C, which is

Fp = Vil kip)* + (6 kip)® = 6.082 kip 3441 kip
Since the pin is subjected to double shear, a shear foree of 3041 kip ; FAM 1 kip
acts over its cross-sectional area bemween the arm and each supporting Fmt:: &

leal for the pin, Fig. 1-26c.
Required Area. We have

Vo 31k N
= = P _ p3g02in’
Tulew B kip/in°
dy’ .
iy g M 7 in
:.-( : J 03802 in
d = 0,656,

e o pin having a diameter of
d = %m. = {L750 in. Ansz
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I I

The suspender rod s supported at its end by a fived-connected circular
disk as shown in Fig. 1-27a. If the rod passes through a #-mm-diameter
hole. determine the minimum required diameter of the rod and
the minimum thickness of the disk needed to support the 20-kN load.
The allowable normal siress for the rod 5 oy, = 6 MPa, and the
allowable shear stress for the disk is 7., = 35 MPa.

4 mm _..| Lhmm |._
A Taillrrer
AEN
131}

Fig. 1-27

SOLUTION

Diameter of Rod. By inspection, the axial force in the rod is 20 kN,
Thus the required cross-sectional area of the rod is

’ P L 0010 N
1= , Al - — E
£ il 4 a0( 1) N/m*
g0 that
d = 00206 m = 206 mm Amns

Thickness of Disk. As shown on the free-body diagram in
Fig. 1-27h, the material at the sectioned area of the disk must resist
shear stress o prevent movement of the disk through the hole, If this
shear stress is assimed to be uniformiv distributed over the sectioned
area. then, since ¥ = 20 kN, we have

S 25(0.02 m)i il
; ; .02 mi(t) » ————
Talle i T N/m’

to= 453510 m = 435 mm Ans.
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EXAMPLE [1.15 I

The shaft shown in Fig. 1-28a is supported by the collar at C which is
attached to the shaft and located on the right side of the bearing at B.
Determine the largest value of P for the axial forces at E and F so
that the bearing stress on the collar does not exceed an allowable
stress of (o) = 75 MPa and the average normal stress in the shaft
does not exceed an allowable stress of (o]0 = 35 MPa

A bl mm H—_|_ j— 20 rtim

. o ; i
ﬁ_ﬂb&mm 2 - IE'—’- Ty
¥ E e

{1

Position
Fig. 1-28

SOLUTION
To solve the problem we will determine P for each possible falure
condition. Then we will choose the smuallest value Why?

Normal Stress. Using the method of sections, the axial load within
region FE of the shaft is 2F, whereas the fongest axial foree, 3P, occurs
within region EC. Fig. 1-28b. The variation of the internal loading is
clearly shown on the normal-force diagram, Fig. 1 -28¢. Since the cross-
sechonal area of the entire shaft 15 constant, region EC is subjected to
the maximum average normal stress. Applving Eq. [-11, we have

r 2 P
A =, w3 m} S50 N/

P =518kN Anx

Bearing Stress. As shown on the free-body diagram in Fig. 1-284. 1P-¢+§|;
the collar at € must resist the load of 3P which acts over a bearing i
area of Ay = [#(0.04m)* — (063 m}*] = 2.199(10~") m”, Thus, (ol

i Mg 3P

- r ST T | et S —

F il { b 75(10"y N/m
F=550kN

By comparison, the largest load that can be applied to the shaft is
P = 518 kN, since any load larger than this will cause the allowable
normal stress in the shaft to be exceeded

A

NOTE: Here we have not considered a possible shear failure of the
collar as in Example 1.14.
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]

The rigid bar AR shown in Fig. 1-2% 18 supported by a steel rod AC

I;- ﬁ'r having a diameter of 20 mm and an aluminum block having a cross-
leest P sectional area of 1800 mm® The 18-mm-diameter pins at A and C are
‘ subjected to single shear, 1f the failure stress for the steel and aluminum
" é 5 (ydmi = 680 MPa and (o} = 70 MPa, respectively, and the
F . . L) failure shear stress lor each pinis 7 = %0 MPa, determune the largest
e m=|  Aluminum load P that can be applied to the bar. Apply a factor ofsafery of F5. = 2,
Im | SOLUTION
fa) Lising Eqs. 1-9 and 1-11), the allowable stresses are
(rg bl GBI MPa
[ n = = 340 MP
.'Er-.l }II"H“' FE. 1 a
(Fadwt 70MPa __
{ﬂ'-l}ulhjw o I:.S.“ =t 3 = 35 MPa
Tiui B MPa
TII"\.IW —= Frgi = - — "I."“ MPH

The free-body diagram of the bar is shown i Fig. 1-29%. There are
three unknowns, Here we will apply the momen! equations of equilibrium

Fae I' i order to express F e and Fyin terms of the applied load P We have
I | [+ My = 0; P(1.25m) — Fye(2m) =0 ()
*"l . |E +HEM, =0 Fpllm) — Pi0.75m)} =10 ()
s m—i25m R .
¥ e will now determine cach value of P that creates the allowable
i * stress in the rod, block, and pins, respectively.

Rod AC. This requires
Fig. 1-29 Fae = (0g)ationl Aae) = 340010") N/m? [w(0.01 m)°] = 106.8 kN

Using Eq. 1,
 (106.8 kN}{Z m)

1.25m

171 kN
Block B. [In this case,
Fi = (00 )atiow Ag = 35(10°%) N/m® [1800 mm? (107°) m*/mm’] = 630 kN

Using Eq. 2.
_ (A3.DEN}2m)

(LT5m
Pin A or €. Due to single shear,

Far = V = T d = 450(10%) N/m? [#(0.009 m)*] = 114.5kN
From Eq. I,

= 168 kN

R 114.5kMN (2m)

1.25m
By comparison. as P reaches its smuellest value {168 kKN ), the allowable
normal stress will first be developed in the aluminum block. Hence,

P = 168kN A

= |81 kN
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. FUNDAMENTAL PROBLEMS

Fl=1% Rusds AC and BC are used o suspend the 200-kp
masa [l each rod is made of a material for which the average
normal stress can ol exceed 150 MPa, determine the
minimwm required digmeter of each rod 1o the nearest mm,

=
o
—
i

-
B
T

Fl-13

Fi-14. The rame supports the loading shown, The pin at
A has a diameter of (R25 i 10 68 subjecied o double shear,
determine the average shear stress in the pin

b 10 - in I
-3 = G S
A E P

Fi-14

Fl-15. Determine the maximum average shear siress
developed in esch 3/4-in-dizmeter boll.

Wkip

"

5 lp

3 kip

If cach of the three nals has a diameter of 4 mm

and can withstand an average shear stress of 60 MPa,
determine the maximum alloweble foree I that cen be
applicd tothe Doarsd

Fi-16

F1-17. The sirut is gloed to the horieontal member st
surfpce AR the strur hes a thickness of 2% mm and the gloe
can withstand an average shear stress of B0 kPa, determine
the maximum {vrce P that can be applizd to the strul

F1-17

Fi-1R Deiermine the maximum average shear siress
developed in the 30-mm-diameter pin.

H kN
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Fi=19, If the eyvebolt = made of o matenal having a yvield
prress of my = 250 MPa, determine the minimum required
diemeter & of its shank, Apply a factor of safety F5. = 1.5
moainst vielding,

Fi-1%9

Fil=20. [ the bar assembly i3 mode of a material having
a4 vield stress of oy = 50 ksi; determing the minimum
requircd dimensions fy; and ft; 1o the nearest 1/8 in. Apply a
factor of safety F.5 = 1.5 apainst vielding. Each bar has a
thickness of 1.5 n

F1-21. Delermine the maxsimum force I that can be
ppphed 1o the rod i it s made of matenal having a yvield
stress of oy = 250 MPa, Consider the possihility that lailure
oocurs in the rod end at section a—a, Apply a factor of sefély
of F.8. = 2 apainst vielding.

Sih apum

Sectinn @0

Fi-11

Fi1-21. The pin 15 made of @ material hayving @ failore
shear stress of 7o = 100 MPa. Determine the minimm
required diameter of the pin 1o the nearest mm. Apply a
factor of safety of F.5. = 2.5 apainst shear (ailure.

Fi-12

Fi-23. Ti the bolt head and the supporting bracket arc
made of the same material having & failure shear stress of
g = 120 MPa, derermine the maximiuom allowable force P
that ean he applied o the holi so that it does ool pull
through the plate. Apply & f(aotor of safety of F5. = 25
againsl shear fatlure.

— &l |rm'|—-|

e Fi-23

Fl-24. Six nails are used to hold the hanger at A apainst
the column. Determine the minimum reguired diameter of
each nail to the nearest 1/160n, iF it is made of matenal
having 7, = 16 ksi. Apply a factor of safety of F5. =2
against shoar failure.

3l h

:

LA ] ' Fl=N
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Srrosiews

#1-T3. Member B s subjected o a compressive Torce of
800 b If A and B are both made of wood and are 1 in. thick,
determine to the nearest <in, the smallest dimension i of
the horirontal segment se thet it does not fil in shear. The
averape shear stress for the sepment 8 7, = 3 psi.

Prob. 1-T3
1-7T4,  The lever is attached 1w the shali A using a key that
has & width o and length of 25 mm. Il the shaft ts fixed and
it vertical Torce of 20 N s applied perpendicular to the
handle, determine the dimension d 7 the allowable shear
stress for the key is 1., = 35 MFPa

2L

Prob. 1I-T4
1=T5 The joint s fastencd 1opether ssing two bolis,
Determine the required diametzr of the bolts i the failure
shear stress for the bolts s 1y = 350 MPe Use a lactor of
safety for shear of F.8. = 2.5,

kDN

lmm

o 3 mam

i

4 kN

dil k™

Proh. 1-75

=1=-Th. The laphelt assembly is to be subjected toa force
ol B00 N Determine (a) the required thickness ¢ of
the belr if the allowable tensile stress for the material
i e = 10MPa, (b} the required lap length d
if the plue can sustzin an allowsble shear stress of
(T = 075 MPa, and (€) the requined diometer o, of
the pin il the allowable shear stress for the pin s
(Tas)p = S0MPa

Proh. 1-76

o]-T7. The wood specimen is subjected 1o the pull of
10 kM in a tension testing machine. If the allowable normal
siresz Tor the wood 8 (e = 12 MPa and  the
allowable shear siress & 7 = 1.2 MPa, determine the
required dimensions b and ¢ so that the specimen reaches

these stresses simultaneously. The specimen has 8 width of
2amm
s

i kM

—
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1-78, Member B s subjected 0 a4 compressive (orce ol
Gl 1k, T A and B are both made of wond and are 1.5 in,
thick. determine (o the nearest 1/8 in. the smallest dimension
e 0f the support so that the average shear stressz along the
blug line does not exceed 7, = 5 psi, Neplect friction,

Al 1h

N\

Proh. 1-TH

1-T. The joint 5 uvsed to transmit & lorgue of
T = 3 kN +m. Determine the required minimum diameter
of the shear pin A if i is made from & matenal having a
shear [aflure stres of 1 = 13 MPe, Apply a {actor of
safety of 3 against failure

“1-80. Determine the maximum allowable torgue T thit
can e transmitted by the jont. The shear pin A has a
dismeter of 25 mm, and i1 Is made from a material hm'inp_ a
failure shear stress of = 150 MPu, Applyv a factor of
safety of 3 agaimsl failure,

Probs. 1-T9/80

=81, The tension member 15 fastened together using fwor
bslts, ome on each side of the member ag shown. Each hole
has & diameter of (L3 in. Determine the meximum load [
that can be applicd to the member iF the allowable shear
giress [or the Dolis is 75, = 12 Esi and the allowabla
average normal stress is g = 20 Ksi

Mrof. 1-81

1-82. The three steel wires are wsed 1o supporn the
load, TC the wires have an allowable tensile siress of
iFe = 103 MPa, determine the required dinmater of cach
wire if the applicd load s ™ = 6 kN

1-83. The three stegl wires are used to support the
load, TF the wires have an allowable tensile stress of
Fops = 105 MPa, god wire AR has a dismeter of 6 mm. 8
hus & diameter of 5 mm, und B has & diemeter of 7 mm,
determine the greatest forge P that can be applied hefore
one of the wires fails

Probs. 1-81/83




“1=84, The assembly conststs of three disks A, B, and O
that are used to support the load of 140 kN, Determine the
smallesl diameter d) of 1he top disk. the diameler d within
the supporn space, and the diameter oy of 1he hole in the
bottom disk, The allowable hearing stress for the material
5 (e, = 350MPa and allowable shear stress s
Tallim = 125 Ml-"u

[ kM

Proh, 1=84

o]=85. The boom i supported by the wineh cable that has
a diameter of (025 in. and an allowahle normal siress of
Tonw = 24 kst Detérmme the greatest lowd that can be
supporied without ciusing the cable 1o fail when & = 3417
and ¢ = 457 Neglect the sive of Ue wingh

I-#6, The boom is supported by the winch cable that has
gn alloweble normal stress ol oy = 4 ks, I i1 is
regquired that it be able o slowly i 5000 1, from = 21"
b @ = 30" determing the smallest diameter of the cable o
the nearest ﬁ in. The boom AR hes a length of 20 0L
Negleet the swee of the winch. Set d = [2

Probs, 1-85/86

1.7 DeRign oF Sovs b COMMECTIONS 57

1=-87. The 6 mm X 60 mm osk post & supported on
the pine block. If the allowable bearing stresses for
these materinls are ., = 43 MPa and o, = 25 MPa,
determine the greatest load P that can be supponed. I
g rigid hearing plate is wused between these materials,
determine its reguired arca so thet the maximum load £ can
be supported What is this load?

Proh. 1-87

“1-88, The frame 5 zubjected o the load of 4 BN which
gcts on member ABR at [}, Determine the  réquined
dismeter of the pins a1 [ and Cif the allowahle shear siress
for the material & v, = 4 MPa, Pin O is subjecied to
double shear, whereas pin I is subjected to single shear,

Frob. 1-E8
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o]=89, The eve boll s used 1o support the load of 5 kip,
Dretermine s diameter d w the neares ,1‘i|: and the
required thickness & 1o the nearest ¢ in. of the support so
that the washer will nor penetrate or shear through it The
allowable normal siress for the bolt 8 oy, = 21 ksi and
the allowable shear stress [or the supporting material is

Talliw = 5 ksi
| ir|~|

] k||'|
Pral. 1-R9

1=, The soft-ride suspension svstem of the moantain
bike is pinned ol © and supporied by the shock absorber
B, 1w a5 designed 10 support o load = 150 N,
determine the required minimum digmeter of ping B and C,
LIse a factor of safelv of 2 apainst (ilure. Thi ping &rc made
of matenal having a failure shear stress of o, = 150 MPa,
and each pin is subjected to douhle gshear,

1-91, The soft-ride suspension system of the mountain
bike is pmned at O and supported by the shock absorber
A It s designed toosupport a4 load of P = 150N,
determine the (Bctor of salety of pins 8 and O apainst
failure if they are made ol & material having a shear failure
srress of v = 150 MPa Pin B has a diameter of 7.5 mm,
and pin " has & diameter of 6.5 mm. Both pins are suhjected
it dowble shear,

P

G e

Probs, 1-90/91

*1=92. The compound wooden beam is connected wacther
by 4 boltat B, Assunning that the connections at A, B, C, and
¥ exerl only vertical forces on the beam, determine the
reguired dismeler of the bolt gt N and the regquired outer
dinmeter of 118 washers i the allowable tensile stress for the
bolt is (i, = 130 MPa and the ellowsble bearing stress
for the wood is () e = 28 MPa, Assume that the hole in

the washers bas 1he same diameter a5 the bolt

Prost 1-12

o]-03, The ascembly is vzed 10 support the distribated
loading ol w = 300 |h/f. Determine the factor ol safety with
respect to vielding for the steel rod BC and the pins at B and
Cif the yield strees Tor the steel in tension is o, = 36 ksi
and in shear 7, = 18 ksi. The rod has a dismeter of 0.4 in_,
and the pins cech have s diameter of (030 in,

I=-24, If the allowablé shear stress for each of the .30.
in.-diameter steel pins gt A, 8, and © 5 £ .. = 12,5 k=i,
and the allowable normel stress (or the O.40-in -diameler
rod 1§ mype = 22 ks, determing the Fargest intensity w ol
the uniform dJdistribuated load that can be suspendad from
the beeam,

Frobs. 1-938404



1-85, Il the allowable bearing stress for the material
under the supports at A and 7 68 [ru)aee = 1.5 MPa,
determine the size ol sguare bearing plates A and &'
reguired 1o support the load. Dimension the plates 1o the
nearest mm. The reactions at the supports are vertical, Take

P = 10 kM.

“1-%%. 10 the allowsble bearing stress for the material
under the supports ab A and B 15 {mi)awe = 1.5 MPa,
determme the masimum foad P thal cen be apphed o the
heam. The bearing plates A' and B' have square cross
sections of 150 mm * 150 mm and 250 mm ¥ 250 mm,
respectivily

80 &M e P

=—15m ! 3o !

Probs, 1-95M6

#1-97. The rods A8 and OO0 zre made of steel having &
failure tensile stress of oy = S10MP&. Using a (aclor of
safety of F.5 = 1,75 for tension, determing their smallest
diameter so thet they can support the load shown, The
beam is assumed to be pin connected at A and C

) —
Bl 1K

fi ke
5 kM

4™

Proh. 1-77

1.7 DESign 0F SuusE CONMNECTIONS 5o

1-98. The aluminum bracket A 15 psed to support the
centrally applied load of 8 kip. 10 it has a constant thickness
of {15 in., determing the smallest height & in order o
prevent @ shear failure. The failere shear stress s
Tral = 23 ksi. e a factor of safety for shear ol F.S. = 1.5,

-Jfr

i kip

Proh. 1-98

1-99. The hanger is supported wsing the rectangular pin
Determine the magnitude of the sllowsble suspended load
P if the allivwable bearng gtress i8 (b, = 220 MPa, the
aliowahle tensile siress 5 {&)awwe = 1530 MPa, and the
illowable shear stress is 7, = 1M MPa, Teke ¢ = & mm,
d = 5 tom, and b = 25 mm.

"1=1M). The hanger is supported wsing the rectangular
pin. Determine the required thickness £ ol the hanger, and
dimensions @ and & if the suspended load is P = 60 kN
The allowahle tensile stress 08 {of Jee = 150 MPa, the
allowable bearing stress s (o) = 290 MPa, and the
gllowable shear stress is 7, = 125 MPa

AT.5 mm

Prohs. 101060
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. CHAPTER REVIEW

The internal loadings in a body consist = Tarsional
of & normal {orce, shear foree, bending FF. =0 Plmend
moment, and tosional moment, They I
represent the resultants of both a IF. =0
notmal and shear stress distribution M, =0
that acts over (he cross section. Th M. =0
olvtain these resultanis, use the method o
of sections and the eguations ol IM. =10

suilibrium Hending M
g e hlovinenl

[f & bar s made from homogencous
wsobrpe matetial and an s subjected 1o

a series of extermal :uc_m.! lpads that "8, el ey
pass Lhrough the centroid of the cross 2

seption, then o uniform normal siress [
distribution will act over the cross S
section, This sverage normal stress can
be determined from o = P/ A, where n
P is the internal axial load at the "“_G_'” s
section,

The avermpe shear stress can be
datermined Using T,,, = V/A, where
V is the shear force acting on the
cross-fectiondl area A, This (ormola Tave
is’ ofien used (o find the average 3
shear stress in [asteners or in parts
uwsed for connections,

=

The design of any simple connestion
requires thal the average stress along
any  cross section nob exceed  an
allovealle stress of &g OF Ty
These values are reporied in codes and FS = Ml Ton
are considered =afe on the basts of Fallow Tallow
experiments or through expericnce,
Sometimes g factor of salety s
reported provided the ultimate stress
is ko




. CONCEPTUAL PROBLEMS

Pi-1

Fl-1, Here hormeane winds caused the filure of this
highway sign. Assuming the wind creates a uniform pressurs
on the sign of 2 kP, use reascnable dimensions for the sizn
and determine the resuliant shear and moment sl the twe
connections where the [ailune sccurred.

ri-2

P1-2, The iwo strociural (ubes are connected by the pn

which passes through them. 1T the verncal load being
supported is 1H) kM, drow a free-body diagrom of the pm and
then wse the method of sections 1o fmd the masimum average
shiear feree i the pin, IF the pin has a diameter of 500mm, whal
is Lhe maximum average shear siress in the pin?

CoMCEPTUAL PROBLEMS &1

E

g

A ‘Tr y ﬂ}t

g B

Fl-3.  The bydrawlic cylinder 8 applics a borizontel force o
the pin at A, Diraw the free-body diagram of the pim and show
the forees acting an il Using the method of sections, explain
why the average shear siress o the pimois larges) al seclicns
through the gaps 1 and £ amd not at some intermediate section,

[ B

PFi—4. The vertical load on the hook s 1000 b Dirsw the
appropnale free-body diagrams and delermme e masimam
average shear fored on the pins at A, B, and C Mode that due
iy Rymamictry four wheels are used 1o support the foading on
the rnlhng.
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el=100. The 2Mlmme-diameter  aluminum  evlinder
supports a ¢ompressive load of 300 kN, Determine the
average normal and shear stress scting on section g-a
Show the results on a differential element located on the
RCTIET.

kM

Proh. 1-1101

I-102. The lony holt passes throwgh the 30-mm-thick
plate, If the force in the bolt shank 15 8 kN, determine the
pverape normal stress in the shank, the averapge shear
stress glong the cylindrical ares of the plate defined by
the section lines da—a. and the average shear siress in the
bolt bhead along the evlindrical arca defined by the section
lines bh-h.

b mum

Proh, 1-102

. REVIEW PROBLEMS

1=103. Determine the required thickoess of member BC
and the diameter of the pins &t A and B il the allowablz
normal siress for member 8C 15 o, = 29 ksi and the
allowable shear siress for the ping i8 Ty = 10ksi

2 kkp

Proti 1-103

=l=-10d. Dietermine the resultant internal loadings acting
o0 the cross sections located through points [ and £ of the
frame.

1500 0kt
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o]=105. The pulley is beld fixed 1o the 20-mm-diameter 1=107, The voke-and-rimd connection s subjected o oA

shaft using a kKey that fits within a groove ¢ut into the tensile foree of 5 kN, Determine the average normal siress
pulley and shalt, If the suspended |load has & mass of in cach tod and the averaze shear stress in the pin A

S5 ke determine the average shear stress i the key along between the membérs,

gection g—, The key is 53 mm by 5 mm square and 12 mm

long.

A mm

Prol, 1=-105 Mroh. 1=107

1-1b6. The bearing pod consistz of 4 150 mm by 150 mm

block of aluminum that supports o compressive Toad of

fi kM. Determine the average normal and shear stress acting

o the plane throoph section d-o. Show the resulis on o

differential volume element located on the plane

*“1-108. The cable has a speafic weight ¥ (weight/volume)
and erpss-sectional area A. T the sag v is small, 8o that its
length is approximately L and its weight can be distributed
uniformly along the horirontel axis determine the average
normal stress in the cable an s lowest poing C

| L | Lp !

Mrob. 1-11k Proh. 1-1{(8







Strain

CHAPTER OBJECTIVES

In engineering the deformation of a body 15 specified using the
concepts of normal and shear strain. In this chapter we will define these
quantities and show how they can be determined for variocus types of
problems.

2.1 Deformation

Whenever a force is applied to a body, it will tend to change the body’s
shape and size. These changes are referred to as deformation, and they
may be either highly visible or practically unnoticeable. For example, a
rubber band will undergo a very large deformation when stretched.
whereas only slight deformations of structural members oceur when a
building is occupied by people walking abour, Deformation of a body
can also occur when the temperature of the body is changed. A typical
example is the thermal expansion or contraction of a roof caused by the
wealher.

In a general sense, the deformation of a bodv will not be oniform
throughour its volume, and s0 the change n geomelry of any line
segment within the body may vary substantially along its length. Hence,
tiv study deformational changes in a more uniform manner, we will
consider line segments that are wvery short and located in the
neighborhood of a poml. Realize, however, that these changes will also
depend on the orientation of the ling segment at the point. For example.
a ling seyment may elongate if it is orented in one direction, whereas it
may contract if it is oriented in another direction,

Neve the belore and aller positions of three
different line segments on this mubbes
membrane which s subpeeted 1o tension, The
vertical line = lengthened, the horizontal line
i5 shonened, and the inclingd ling changes
1% ||.'r|;|__'l1|'| and roliates

&3
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Undelormed body
fu)

Dreformed body
it

Fip. 2-1

2.2 Strain

In order to describe the deformation of a body by changes in length of
line segments and the changes in the angles between them, we will
develop the concept of strain. Straim s actwally measured by
experiments. and once the strain s obtained. it will be shown m the next
chapter how it can be related to the stress acting within the body.

Normal Strain. If we define the normal strain as the change in
length of a lme per unit length. then we will net have to specify the actaal
tength of any particular line segment. Consider, for example, the ine AB,
which is contained within the undeformed body shown in Fig. 2-1a. This
line lies along the n axis and has an original length of As. Atfter
deformation, points A and B are displaced to A" and A, and the line
hecomes a curve having a length of As', Fig. 2-1h. The change in length
of the line 18 therefore As" — Ag If we define the average normal siroin

using the symbol g,,, (epsilon ), then

e v e

As point B is chosen closer and closer to point A, the length of the line
will become shorter and shorter. such that &s — (). Also, this causes 8 to
approach A’ such that 45" — 0. Consequently, in the limit the normal
strain at point A and in the direction of n s

Azt — 4
- . r —— - "_:1
¢ H—";EIMH As (2-2)

Hence, when e (or €,,,) is positive the initial line will elongate, whereas if
£ 15 negative the line contracts.

Note that normal strain is a dimensionless quantity, since it is a ratio of
twi lengths, Although this is the case, it is sometimes stated in terms of a
ratio of length units Il the ST svstem is used, then the basic umt for length
is the meter (m), Crrdimarily, for most engineering applications & will be
very small, so measurements of sirain are i micromelers per meler
(wm/m}), where | pm = 10" m. In the Foot-Pound-Second system.
strain is often stated in units of inches per inch (in./in. ). Sometimes



for experimental work, sirain 15 expressed as a percent, e,
001 m/m = 0.1%. As an example, a normal strain of 4800107") can be
reporied as 480( 11 ¥ in.fin., 480 pmifm, or 0.0480%. Alsa, one can state
this answer as simply 480 u (480 "micros"”).

Shear Strain. Deformations not only cause line seements to
elongate or contract, but they also cavse them o change direction. If we
select two line segments that are originally perpendicular to one another,
then the change in angle that oceurs between these two ling Segments is
referred to as shear strain. This angle is denoted by y (gamma) and is
always measured in radians {rad). which are dimensionless. For example,
consider the line segments AR and AC oviginating from the same point
A i a body, and directed along the perpendicular m and ¢ axes, Fig, 2-2a.
After deformation. the ends of bath lines are displaced. and the lines
themselves become curves, such that the angle between them at A is o,
Fig. 2-26. Hence the shear strain at point A associated with the o and f
axes becomes

kil : i
=—— |im#
[ 2 B— Aslungn (2-3)
= A nbing |

MNotice that if #° 15 smaller than /2 the shear strain is positive, whereas if
f" is larger than /2 the shear strain is negative,

Undeformed bady Drefermed hody
{al thi

Fig. 2-2

22 Sraam
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Cartesian Strain Components. Using the definitions of normal

and shear stram, we will now show how they can be used to deseribe the
: deformation of the body in Fig, 2-30. To do =0, imagine the body s
subdivided mto small elements such as the one shown in Fig. 2-36.
This element 15 rectangular, has undeformed dimensions Ax, Ay, and
Az, and is located in the neighborhood of a pomt in the body, Fig. 2-3aq.
If the element’s dimensions are very small, then its deformed shape will
be a parallelepiped. Fig. 2-3¢, since very small line segments will remain
approximately straight after the body is deformed. In order to achieve
this= deformed shape, we will first consider how the normal strain
changes the lengths of the sides of the rectangular element, and then
how the shear strain changes the angles of each side. For example, Ax
elongates « Ax, so its new length s Ax + e,Ax. Therefore, the
approximate lengths of the three sides of the parallelepiped are

(1 +eg,) Ax (1+e]Ay [l + e} AZ

And the approximate angleés between these sides are

m o
= Ti T Y
e

2

(k|

i

Notice that the normal strains cause a change in volume of the element,
whereas the shear sirains cause a change in its shape. Of course, both of
these effects oceur simultaneously during the deformation

In summary, then, the state of stroim at a point in a body requires
specifving three normal strains, €,. €., €., and three shear strains, ..
Yie: Yip- Ihese straing completely deseribe the deformation of a
rectangular volume element of materal located at the point and
oriented so that its sides are originally parallel to the x, v, ¢ axes
Provided these strains are defined at all points in the body. then the
deformed shape of the body can be determined

w
‘T_ ook

[1 + e bz

(X
7~ el el
Ungdefonmaed Dieformed
clemeni clement
il e}

Fig. 2-3
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Small Strain Analysis. Most engineering desien  involves
applications for which only small deformanions are allowed. In this text,
therefore, we will assume that the deformations that take place within a
body are almost infinitesimal. In particular, the e strainy occurning
within the material ave very small compared to 1. so that e <= 1. This
pasumption has wide practical application m engineering. and it 15 often
referred to as a small strain analysis. [t can be used. for example, to
approximate sin # = &, cos # = |, and tan 8 = &, provided A is very small,

The rubher beanng suppori under This
concreis brdoe girder 8 subjected Lo
both normol and shear stram. The
aeirml steain s caused by the weighit
and bridge loads on the girder, and the
shizar strain e cauged by e boarzontal
movement of ithe girder dvoe 1o
lempe iy e :hunguﬁ.

Important Points

Loads will cause all material bodies to deform and, as a result,
poinls in a body will undergo displacements or changes in position,

* Norpmal strain is a measure per unit length of the elongation or
contraction of a small line segment in the body, whereas shear sirain
is a measure of the change in angle that occurs between two small
line segments that are originally perpendicular to one another.

* The state of strain at a point is characterized by six strain
components: three normal strains €,, &, €. and three shear
SETRINS Yyyy Yyes Vi These components depend upon the original
orientation of the ing sepments and their location in the body.

& Strain 15 the peometrical guantity that 15 measured wsing
experimental lechniques. Once obtained. the stress in the body
can then be defermined from material property relations, as
discussed in the next chapter.

* Most engineering matenals undergo very small deformations, and so
the normal strain e <= 1. This assumption of “small strain analysis™
allows the calculatons for normal strain to be amplified, sioce firste-
order approximations can be made about their size.
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EXAMPLE |21

The slender rod shown in Fig 24 5 subjected o an marease of
temperature along its axis, which creates a normal strain in the rod of
e = 40(107 427, where 2 is measured in meters Determine {a) the
displacement of the end B of the rod due to the temperature increase,
and (b} the average normal straim in the rod.

20 eram

pU__d
Fig. 2
SOLUTION

Part (a). Smce the normal stram is reported at each paint along the
rewd, a differential segment dz, located at posion z, Fig. 24, has a
deformed length that can be determited from Eq. 2-1; that is,

dz’ = dz + &_dz
dz' = [1 + 400027 dz

The sum of these sepments along the axis vields the deformed length
of the rod, 1.,

1E2m
e f [1 +400107)2'7] dz
i

[£+ d0(107%) 327 2=
= {1L2{239 m
The displacement of the end of the rod is therefore
Ap =020230m — 02m = 0.00239m = 2Wmm | Anc

Part (b). The average normal strain in the rod is determined from
Eq. 2-1, which assumes that the rod or “line segment™ has an onginal
length of 200 mm and a change in length of 2.39 mm. Hence.

1 As' = Ay 230 mm
Foy As 2000 mm

= (1.0119 mm/mm Ans
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EXAMPLE |2.2

When force P is applied to the rigid lever arm ABC in Fig. 2-5a, the
arm rotates counterclockwise about pin A through an anale of (0,057,
Determine the normal strain developed in wire 800

Geometry. The orientation of the lever arm after it rotates about
point A is shown in Fig, 2-5b. From the geometry of this figure,

\
a= tan (‘:f:::::)'l = 53.1301°
Then
$=90" — o + 0,05 = W° — 531301 + (L.05° = 3692°
For triangle ABD the Pyvithagorean theorom gives
Lap = V{300 mmy + (4K mm)® = 300 mm
Llsimg this result and applving the law of cosines to triangle AB D,
Lan= VLip+ L — 2Lan)(Lax)cos &

V(500 mm)® + (400 mm)© — 2(500 mm (400 mm ) cos 35,927
F00.3491 mm

Normal Strain.

Lpp— Lgp 3003491 mm - 3400 mm
Liun 300 mm

oy ™ = (L0016 mm/mm A

SOLUTICN I
Since the strain is small, this same result can be oblamed by approximating
the elongation of wire Bl as AL gq shownn Fig 2-50 Here,

05" 7
Algn=0Lp= || — — Viwrrad) [(400 mm] = 03491 mm

Therefore,

.':l.f_,q-n o (134491 mm
Lup T 300 mm

Eqpn = = (LK 16 mmmm Amnx

SOLUTION | P

[ S0kl mm

oy

if = it

{hi

Fig. 2-5

<
b

| dumm
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EXAMPLE 2.3

Due to a loading, the plate is deformed into the dashed shape shown
in Fig. 2-6a, Determine (a) the average normal sirain along the side
AB.and (b) the average shear strain in the plate at A relative tw the
x and ¥ axes.

3 )

—__ Zmm
r1 SOLUTION
[ Part (a). Line AR coincident with the ¥ axis. becomes line AH" after
250 mm / deformation, as shown in Fig 2-6b. The length of AR is
IIF' AR = V(2 mm — 2mm)’ + (3mm) = 24B.018 mm
B (k) The average normal strain for AR is therefore
CEi AB' — AB _ 45015 mm — 250 mm
v it AH 25 mm
= —7.93(10) mm/mm As

The negative sign indicates the strain causes a contraction of A K.

E
\ 4

Part (b). As noted in Fig. 2-6c, the once 90" angle BAC between the
sidies of the plate at A changes to #° due (o the displacement of B 1o
B'. Since y,, = w/2 — ¥, then y,; is the angle shown in the figure.
Thus,

250 mm

3 mm
250 mm — 2 mim

Ty = 10 '( ) = 0.0121 rad Anx
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EXAMPLE 2.4

The plate shown in Fig. 2-Tir is fixed connected along AR and held in [ r
the horizontal guides at its top and botwom, AD and BC. If its right
side CD is given a uniform horizontal displacement of 2 mm.
determine (a) the average normal strain along the diagonal AC, and
(b} the shear strain at F relative to the x. v axes.

1511

SOLUTION mE !
Part (a). When the plate is deformed. the diagonal AC becomes |._'|.':'e: r|1rr'| mm
ACT, Fig. 2-7h. The length of diagomals AC and AC" can be found ini

from the Pyvthagorean theorem. We have

=7t mm—|

AC = V{D150mY + (0.150m) = 0.21213m

ACT = V(0150 m) + (0,152 m)* = 021355 m

Therefore the average normal strain along the diagonal is L
R
fain el AC" = AC  021355m = 021213 m b
i AC (121213 m
Fig. 2-7
= (0665 mm fmm ANK

Part (b). To find the shear strain at £ relative to the x and v axes, it
i5 first necessary to find the angle & after deformation, Fig, 2-Th, We
have

l #' } o) T mm
Jlﬂ( 20 75mm

T

180"

i = MLTE9" = ( )['J[I.'?SEI"] = 1.584014 rad

Applying Eq. 2-3, the shear strain at E 1s therefore

vy = % — 1 58404 rad = —0,0132 rad Ans

The negative sign indicates that the angle 8 15 greater S W1E

NOTE: [f the x and v axes were honzontal and vertical at point E,
then the W17 angle berween these axes would not change due to the
deformation, and so y,, = 0 at point E.
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. FUNDAMENTAL PROBLEMS

F2-1. When force P s applied to the mgil orm ABRC, Fi-4. The tnanzular plate i deformed o the shape
shown by the dashed line, Determine the normal strain

point B displaces vertically downward through a distanee of
(12 mm. Determine the normal stram developed in ware CF) developed along edge #C and the average shear straim at
cormer A with respect to the v and v axes,

i i J__Imm

F2-1

F2-1. Tithe applicd force P causes the rigil arm ABC 1w s mim

rotate clockwise ahbout pin A through anoangle of 0027,
determine the normal strain developed in wires BE and CF,

L §

E

“Iﬂ Fmm
[
SR T | l
ﬂﬂ!!llll*lllllllllllL— oo
B [y F2=5, The square plate i deformed into the shape shown
by the deshed line. Determine the average normal strain

il mm -
along diagonal AC and the shear strain of point E with
respect [o the vand v axes,

k14

|- il mm =
F2-1

F2-3. The reetangular plate is deformed into the shape ol a
rhombus shown by the dashed line. Determine the average
shear stram il eornet A with respect 1o the x and v axes,

¥
2 mm \
D O ND Cr
g ] - Ee——= ~ T4mm
. | =
4 |
] . i
A mm| ! AKD mem : .
I 1
i !
I - .
| ] il
1 o . ) T =
A T _ 1 mm 3R mm —-H
= R mm—-= & it g

F2-3
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Srrosiews

2-1.  Anair-Dilled rubber ball has a diameter of &in. I the
air pressure within it is inereased uniil the ball's diameter
Bevomes T o, Jelermme the average nommal stram m the
rubiber,

2= A thin sinp of rubber has an anstretched length ol
15 i Uit s stretched around & pipu_' having an cuter dismeter
ol 51, determine the averape normal strin in the strip.
23 The rigid beam is supported by & pin 4t A and wires
B aond CEIC the foad T on the beam causes the end C o
e displaced 10 mm downward, determine the normal strain
devetoped in wires CF and B

2m ——| :
Proh, 2-3

#1 4, The two wires are connected lopether at Al If the
force P causes point A 1o be displaced horizontally 2 mm,
determine the normal strain developed in each wire,

Proh, 2-4

e2-5. The rigid beam is supported by a pin at A and wires
B and CE. I the distributed load causes the end Lo be
displaced 100 mm downward, determmne the normal stram
developed in wires CEand BRI,

Jofi. MWylon strips are  (used
mederately heated the mylon will become soft while the
plass stuvs approximately rigid Determine the average
shear steain in the avlon due to the lead P when the
assembly deforms as indicated,

o pelass plates. When

2 mm

3 mum o
Amm

3 m

2 mm

smm | [ il p

Prob, 2-6
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2=T. Il the unstretched length of the bowstrng is 35,5 in.,
determine the average normal strain in the string when it is
stretched to the pogition shown,

Frob. 2-7

*2-R.  Pan of a contrel linkage for an airplane consisis of a
rigid memher CED and & flexible cable AR, If 2 loree is
applicd 1o the end 12 of the member and couses it 1o motale
by &= 37 determineg (he normal strain in the cable,
Originally the cuble is unstretched.

#2-9,  Part of a control linkage lor an airplane consisis
of a rgid member CHI and a Mexible cable AR, I & force
is applied Lo the énd [ of the member and causes a
normal strain in the cable of (035 mm/mm, delermine
the displacement of pomt [, Oogimally the cable is
unsiretehad,

| A e |

Prohs 2-KM

2-10.  The cormers B and Td ol the square plate are given
the displice ments indicated, Determine the shear straing st
A pnd 8,

2-11. The comers B and I of the sguire plate are given
the displacements indicated. Dieteyming the average normal
strains along side AH and diagonal D5,

) i
Fmm —| |- —

3 mm (16

I men b mum ——

Probs 2-10011

#3112, The picee of rubber is originally rectangular,
Determine the averege shear strain ¢, at A if the cormers 8
and 0 are subjected w the displacements thal capse the
rulrher w distort a8 shown by the dashed lines

«2-13, The picce of rubber is originally rectangular and
subjected 1o the deformation shown by the dashed lines
Determine the average normal strain along the diagonal
M8 and side AL

i mm—

LK)

Probs. 2-12/13



2-14.  Twn bars are used Lo support o load. When unloaded,
AR & 5 in, long, AC i 8 in. long, and the nng at /4 has
coordinates (1, ). If & lpad P acts on the ring at A, the
normal strein in AR becomes €44 = W02 infin., und the
normal  strain . AC becomes e = 0035 in,fin
Determing the coordinate position of the ring duc 1o the
livad.

2-15. Two bars wre gsed 1w support 4 load T When

unloaded, AR5 in, loag. AC i 8in, long, amd the ring at A

has coordinates (0, 0). If a load is applied to the ring &1 4, 50

that it moves It (o the coordinate position (025 n,,
(LT3 in. ), determing the normal strain in each bar.

§

= -

Prohs 2-14/15

"1-16, The square deforms into the position shown by the
dashed lines Determine the aversge normal strain along
cach disgonal, AR and 0 Side D' remains horeonial

53 mum

2.2 SranmM 17

o2=17.  The three cords are attached 1o the ring a1 8. When
a force is applied Lo the ting it moves it to point B, such
that the normal stram m AR 5 € ;5 and the normal strain in
CH s epg Provided these strains are small, determine e
normal strain in TR Note that AR and CH remain
horizomtal and vertical, respectively. due to the maller guides
at A and O

Profe. 2-17

2-18. The piece of plastc & originally  rectangular,
Determine the shear strain 5, &t corners A and 8 if the
plastic distors as shown by the dashed lines

2-19. The pece of plastic 8 onpnally rectangular,
Dietermine the shear strain v, &t corners ) and O il the
plasiic distors as shown by the dashed lines

¥, The picee of plastic s ofgnally rectanpular.
Dietermine the average normal strain that securs along the
diggonals AC and 0§,

2 mm .
BRI

e B |
mimn ¥

|J"J' A
1 i

3 mm

Probs. 2-1R/19/21)
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«2-2F, The lorce applicd to the handle of the ngid lever
arm causes the arm o rotate clock wise through an angle of
3 gboot pin A Determmne the aversge normal strain
developed in the wine, Onginally, the wire & unstretched,

Proh, 2-21

223, A square picce of materigl is deformed inlo the
dushed position. Determine the shear strain oy, at A.

2=23. A square picce of matenal 8 deformed mto the
dashed parallelogram, Determine the average normal strain
that occurs along the diagonals AC and 810

*2=24. A csquire piece of material 15 deformed into the
dashed position, Determing the shear strain y,, af O

5 1H mr———
| q

Probis 2-22723724

«2-35 The guy wite AR ol a building frieme 18 oniginally
unstretehed, Due to en carthguake, the two columns of the
frame tilt # =2 Delermine the approximale normal
strain in the wire when the frame |2 in this position.
Agsume the columns are rigid and rotate about their lower
SUPHITLE,

P Lo

=1 J

Proh. 2-25

226, The material distons into the dashed position
shown. Determing (a) the average normal strains along
sides AC and O and the shear strain v, a1 F, and (b} the
averape normal strain along line BE

2-17. The material distons inlo the deshed position
shown, Determine the aversge normal strain thal occurs
alenge the diagonals AD and CF,

[

11 mm E H

W mm

b

r"—H-IIIm:m—|F =

Probs. 2-26i27




228, The wire is subjected to @ pormal strain that 15
defined by ¢ = e~ where x is in millimeters, 0 the wire
has an mitial length £, determine the increase in its length.

I('-'_,..--—t-' i

T |

L

Prob. 2-28

220, The curved pipe has an onginal radivs ol 2 15 If it is
heated nonuntformly, so that the normal strain along its
length s ¢ = (L03 cos 8, determine the increase in length of
the pipe.

2=-M). Solve Proh 2-29 if £ = (.08 s &

Proskes, 2=29730)

2-31. The rubber band AR has an unstretched length ol
P IT o is fixed at B and atached o the surface a1 point
A determine the average normal strain in the hand, The
surface {5 defined by the function v = () L. where x is
in feet

T A
o —

Proh. 2-31

2.2 SranmM P

*1-32, The bar is onginelly 30 mm leng when s flat 10
i% gubjected toon shear strain delined by v, = (L02x, where
¥ i5 in meters, determing the displacement Ay at the end of
its bottom edpge. 1L s distorted into the shape shown. where
no elonpation of the bar occurs in the 1 direction

[ Xl mm —"l

Prob. 2-32

«2-33, The fiber AN has g length L and onentation 8, 16 s
ends A and B undergo very small displacements o, and oy,
respectively, determing the normal strain in the [ber when
it is in position AR,

Prote 2-33

234, I the normal strain is delined in reference o the
final length. that s

f = {
= W

instead of i reference to the orginal length, Eq, 2-2, show
that the difference in these strains 8 represented as a
second-order lerm, namely, €, - &, = & #




Haonronlal ground d sptacemaents caused By an « -.-_|||'r-.|;|: ke _1;-|r_'||:|-,|-_'-_-|_:| BNCeEsive siraing
in these brickge piers unti! they fractured, The material properiies of the concrete and
steel reinforcement must be krown so that engineers can properly design this
structure and thereby avaid such failures




Mechanical Properties
of Materials

CHAPTER OBJECTIVES

Having discussed the basic concepts of stress and strain, we will in
this chapter show how stress can be related to strain by using
experimental methods to determine the stress—strain diagram for a
specific material. The behavior described by this diagram will then
be discussed for materials that are commonly used in engineering.
Also, mechanical properties and other tests that are related to the

dEUEIL‘PPI‘I‘IEI‘It of mechanics of materials will be discussed.

3.1 The Tension and Compression Test

The strength of a matenal depends om its almlity to sustain a load
without undue deformation or failure. This property is inherent in the
material itself and must be determined by experforent. One ot the most
important tests (o perform in this regard is the tension or compression
fest. Adthough several important mechanical properties of a material
can be determuned from this test, 1 18 used primarily to determine the
relationship between the average normal siress and average normal
strain in many engineering materials such as metals ceramics, polymers,
and compasites

81
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iy = 1.5 50

1'”““““1 I"l _—lll“““i'“.“

N L ]| —— it |
id 441

[

f.u_ 2im

Fig. 3-1

Typical steel specimen with attached
straim gamgze.

moviihle |
uppet i =
crosshead  f8

Fig, 3-2

Ta perform a tension or compression test a specimen of the material is
made mto a “standard™ shape and siee. Tt has a4 constant circular cross
section with enlarged ends, so that failure will not occur at the grips,
Before tesing, two small punch marks are placed alimg the specimen’s
uniform length. Measurements are taken of both the specimen’s initial
cross-sectional area, Ay, and the gauge-length distance L, between the
punch marks For example, when a metal specimen i5 used in a tension
test it generally has an initial dameter of dy = (L5, (13 mm) and a
gauge length of Ly = Lin_ (50 mm), Fig, 3-1. In order to apply an axial
load with no bending of the specmen, the eads are usually seated into
ball-and-socket joints. A testing machine like the one shown in Fig 3-2 is
then used to streteh the specimen at a very slow, constant rate until it
fails, The machine is designed to read the load required to maintain this
uniform stretehing.

Al frequent miervals durmg the test, data s recorded of the apphied
load P as read on the dial of the maching or taken from a digial ceadoot
Also, the elongation & = L — L between the punch marks on the
specimen may be measured using either a caliper or a mechanical or
optical device called an exrensomerer. This value of & {delta) is then used
to calculate the average normal strain in the specimen. Sometimes,
however, this measurement is not taken, since it 1z also possible to read
the strain direciy by using an elecrrical-resistance strain gauge. which
loeks like the one shown in Fig. 3-3. The operation of this gauge is
based on the change in electrical resistance of a very thin wire or piece
it metal foil ynder strain,. Essentially the sawge & cemented to the
specimen along its length. If the cement is very strong in comparison to
the gauge, then the gauge 15 m effect an miegral part of the specimen,
&0 that when the specimen is strained in the direction of the gauge. the
wire and specimen will experience the same strain. By measuring the
electrical resistance of the wire. the gauge may be calibrated 1o read
values of normal strain directly.

AT A
and load
coptrols

Electrical-resistunce
slran gauge




3.2 THE Srress-STRam Disagasm 83

3.2 The Stress-Strain Diagram

It is not feasible to prepare a test specimen to match the size, Aq and L,
of each structural member, Rather, the test results must be reported so
they apply to a member of mrv nize To achieve this, the load and
corresponding deformation data are used to caleulate varous values of
the stress and corresponding strain in the specimen. A plot of the results
produces a curve called the stress-sirain diagram . There are two wavs in
which it is normally described

Conventional Stress-Strain Diagram. We can determine the
nomingl or engineering stresy by dividing the applied load P by the
specimen’s origima cross-sectional area Ay, This calculation assumes that
the stress is comstant over the cross section and throoghout the gauge
length. We have

o - id (3-11
.|"I|:|

Likewise, the nomimal or engineering siradn 15 found directly from the
strain gauge reading, or by dividing the change in the specimen’s gauge
length, &, by the specimen’s original gauge length L. Here the strain is
assumed to be constant throughout the region between rhe gauge points,
Thus,

i

T

If the corresponding values of o and e are plotted so that the vertical
axis is the stress and the horizontal axis is the strain, the resulting curve is
called a conventional stress-sirain diagram. Realize, however, that two
stress—strain diagrams for a particular material will be quite similar, but
will never be exactly the same. This is because the results actually depend
on varables such as the material’s composition, microscopic
imperfections. the way it 18 manufactured. the rate of loading, and the
temperanre during the time of the test.

We will now discuss the characteristics of the conventional stress-strain
curve as it pertains to sigel, a commonly wsed material for fabncating
bath structural members and mechanical elements, Using the method
described above, the characteristic stress—strain diagram for a steel
specimen is shown in Fig. 3—4. From this curve we can identfy four
different wavs in which the material behaves, depending on the amount
of strain mduced in the material
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true fraciune siress
—

Ta fraciure
i, Aﬂn'l-p-nrlmnul limmat RITEER
Jasiic lirmad ’
iy peld Rrress
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elusdie plustic behpveor

belavion

Comventsinnl and tmue siress.stram rJ:i:||_:r||1'r|1
for abuctile matenial {steel) (oot o scale )

Fig, 34

Elastic Behavior. Elastic behavior of the material occurs when
the strains in the specimen are within the light orange region shown in
Fig. 3-4. Here the curve is actually a siraight {ine throughout most of
this region, so that the stress is prapertional to the strain. The material
in this region is said to be fnear elaviic. The upper stress limit to this
linear relatnonship is called the proportional limir, o 17 the stress
slightly exceeds the proportional limit, the curve tends to bend and
flatten out as shown. This continues until the stress reaches the elastic
fimir. Upon reaching this point. if the load is removed the specimen
will still return back to its original shape. Normally for steel, however,
the elastic limit is seldom determined, since it is verv close to the
propartional limit and therefore rather difficult to detect,

Yielding. A slight increase in stress above the elastic lmit will result
in 2 breakdown of the material and cause it to deform permanently,
This behavior is called wielding. and it is indicated by the rectangular
dark orange region of the curve. The stress that cavses vielding is called
the vield stress or vield point, oy, and the deformation that ococurs
is called plastic defermation. Although not shown in Fig. 3-4, for low-
carbon steels or those that are hot rolled. the vield point 5 often
distinguished by two values, The wpper yield point occurs first,
followed by a sudden decrease in load-carrving capacity to a lower
vield poini. Wotice that once the vield point is reached, then as shown
in Fig. 34, the specimen will continue to elongate (strain) without any
thcreayse w1 foad. When the material 15 i this state, it 15 olten referred to
as being perfectly plasiic.
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Strain Hardening. When vielding has ended, an increase in load can
be supported by the specimen, resulting in a curve that rises continuously
but becomes Hatter until it reaches a maximum stress referred to as the
wliimate stresy, o, The rise in the curve in this manner 15 called sirain
hardening. and it is identified in Fig. 34 as the region in light green.

Mecking, Up to the oltimate stress, as the specimen elongates, its
cross-sectional area will decrease. This decrease is fairly inifors over the
specimen’s entire gauge length; however, just after, at the ultimate
siress, the cross-sectional area wiall begm to decrease in a focalized
region of the specimen, As a resull, a constriction or “neck” ends Lo
form in this region as the specimen elongates Turther, Fig. 3-5a. This
region of the curve due to necking is indicated in dark green in Fig. 3-4,
Here the stress—strain diagram tends to curve downward until the specimen
breaks at the fracture sivess, oy Fig. 3-50

True S5tress—Strain Diagram. [nstead of always using the original ' ﬂjs
cross-sectional area and specimen length to calculate the {(engineering) :

stress and strain, we could have vsed the aemal cross-sectional area and

specimen length at the fectant the load s measured. The values of stress Typical necking pattern which has oceurred
and strain found from these measurements are called frue stress and frite on this steel specimen just before fracture,
strain, and & plot of their values s called the frue stress—strain diagream.
When this diagram is plotted it kas a form shown by the light-bloeg
curve in Fig. 34, Note that the conventional and true o—¢ diagrams
are practically coincident when the strain is small. The differences
between the diagrams begin to appear in the strain-hardenimg range,
where the magnitude of stran becomes more signilicant. In particular,
there is a large divergence within the necking region. Here it can be
seen from the conventional o-e diagram that the specimen acrelly
supports a decreasing load, since Ay s constant when caleulating
engineering stress, o = PAyp However, from the tme o—e diagram,
the actual ared A within the necking region is alwavs decreasing until
fracture, oy, and so the material actually sustains mcreasing siress,
since o = PlA

This steel specimen elearly shows the mrecking
that oecurred sl hefore e specumen lnked,

This resulied in the tormation of & " cup-cone™
m— \hil[u.' al The Tracture Focabon, which s

characteristic of dectile mate nals

Mecking Failure oof a
dhuetile materinl
ini [15]]

Fig. 3-5
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Although the troe and conventional stress—strain diagrams are
different, most engineering design is done so that the material supports
a stress within the elastic range. This is becanse the deformation of the
material is generally not severe and the material will restore iself
when the load is removed. The true strain up to the elastic lmit will
remain small enough so that the error in using the engineering values
of o and & is very small (about 0,1% ) compared with their true values,
This 15 aone of the primary reasons [or using conventional stress—strain
dizgrams,

The above concepts can be summarifed with refereace o Fg 3-6,
which shows an actual conventiomal stress—sirain diagram for a mild steel
specimen. In order to enhance the details. the elastic region of the curve
has been shown in light blue color using an exaggerated strain scale, also
shiown in light blue. Tracing the behavior, the proportional limit is
reached al oy = 35 ksi (241 MPa), where & = L0012 in/in. This is
followed by an upper yvield point Of (o), = 38 ksi (262 MPa), then
suddenly a lower vield point of (o ), = 36 ksi (248 MPa). The end of
vielding occurs at a strain of £y = 0.030in./in., which is 25 times greater
than the strain at the proportional limit! Continuing, the specimen
undergoes strain hardening until it reaches the ultimate stress of
i, = 63 ksi (434 MPa), then it beging to neck down until a fraciure
oocurs, oy = 47 ksi (324 MPa). By comparison. the strain at failure.
€ = 0380 n./in., is 317 times greater than £,!

k=)

o, =83,

fll |- qﬂh“"-uh_

Sl

iy S [
feryl, = 3R |- /

[ary)) = ===
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/

=TT

= 3373l

-

ik

f

I i i
I.F"I.ll_ll_"llﬂ:l 11 e II\‘ 2 13.36) ;,J 140

& lin. fin.d

&y = (310 A A
o 3

Stress—stram dugram loo mild steel

Fig. 36
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33 Stress—Strain Behavior of Ductile
and Brittle Materials

Materials can be classified as either being ductte or brittle, depending on
their stress—sirain characteristics

Ductile Materials. Anyv material that can be subjected to large
strams before ot fractures 15 called a ducrile material, Mild steel, as
discussed previously, is a tvpical example. Engineers often choose ductile
materials for design because these materials are capable of absorbing
shock or energy. and if they become overloaded. thev will usually exhibic
large deformation before failing

One way to specify the ductility of a material is to report its percent
elongatiom or percent reduction in area at the tme of fracture. The
percenf elongation is the specimen’s fracture strain expressed as a
percent, Thus, if the specimen’s original gauge length s Ly and its length
at fracture is Ly, then

- .
— | %
i il )

Percent elongation =

(3-3)

As seen in Fig. 3-6, since «; = (.38{), this value would be 38% for a mild
steel specimen,

The percent redrction in area s another way to specify duchlity, It 15
defined within the region of necking as follows:

f]g| = ."1."
= | A )
1 | !

1]

Percent reduction of area (34)

Here A is the specimen’s original cross-sectional area and Ay is the area
of the neck at fracture. Mild steel has a tvpical value of 6%,

Besides steel, other metals such as brass, molybdenum, and zine may
alsp exhabit ductile stress—strain charactenstics similar (o steel, wherehby
they undergo elastic stress—strain behavior, vielding at constant stress,
strain hardenimyg, and finally necking uotil Fractiure. In most metals,
however, constant vielding will mod eecur bevond the elastic range. One
metal for which this is the case 5 aluminum. Actually, this metal often
does not have a well-detined yield point, and consequently it is standard
practice Lo define a vield stremgih wsing a graphical procedure called the
affset metfrod. Normally a 10,2% strain ((LIG2 m.fms ) s chosen, and from
this point on the e axis, a line parallel to the initial straight-line portion
of the stress-strain diagram is drawn. The point where this line
imtersects the curve defines the wield strength. An example of the
comstruction for determining the vield strength for an aluminum alloy is
shown in Fig. 3-7. From the graph. the vield strength is o5 = 51 ksi
(352 MPa).

87
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[ 1]
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Wield atrength for an aluminum alloy

Fig. 3-7
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Realize that the vield stremgth is not a physical property of the
material, smee it is a stress that causes a specified permanent straim in the
matenal. In this text. however, we will assume that the vield strength,
vield pomt, elastic limit, and proporfional it all coincide unless
otherwise stated. An exception would be natural rubber. which in fact
does not even have a proportional limit, since stress and strain are fof
linearly related. Instead, as shown in Fig. 3-8, this material. which is
known as a polymer, exhibits norlinear elastic befuinvior.

Wood 15 a material that is often moderately ductile, and as a result it is
wsttally designed w respond only o elastic loadings. The sirength
charactenistics of wood vary greatly from one species o another, and for
each species they depend on the moisture content, age, and the size and
arrangement of knots in the wood. Since wood s a fibrous material, its
tensile or compressive characteristics will differ greatly when it is loaded
gither parallel or perpendicular (o its graim. Specifically, wood splits
casily when it 8 loaded i tension pefpendicoalar o i grain, and
comseguently tensile loads are almost alwavs intended to be applied
parallel to the grain of wood members
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Brittle Materials. Materials that exhibit little or no vielding before
failure are referred to as brittle marerials, Grav cast iron is an example,
having a stress-strain diagram in tension as shown by portion AR of the
curve in Fig. 3-9, Here fracture at oy = 22 ksi (152 MPa) took place
mitially at an imperfection or microscopic crack and then spread rapidly
across the specimen, causing complete fracture. Since the appearance of
imitial cracks in a specimen is quite random. brittle materials do not have
a well-defined rensile fracture stress. Instead the averape fracture siress
from a set of observed tests i5s gencerally reported. A rvpical failed
specimen is shown in Fig. 3-10a.

Compared with their behavior in tension. brittle materials, such as
gray cast iron, exhibit a much higher resistance to axial compression, as
evidenced by portion AC of the curve in Fig. 3-9. For this case anv cracks
or imperfections in the specimen tend to close up, and as the load
increases the material will generally bulge or become barrel shaped as
the strains become larger, Fig, 3104,

Like geray cast irom, concrete 15 classified as a brittle material, and it
also has a low strength capaaty m tension. The characteristics of s
stress-sirain diagram depend primarily on the mix of conerete (warter,
sand, gravel, and cement) amd the time and temperature of curing. A |
tvpical example of a “complete™ stress-strain diageam for concrete is
given in Fig. 3-11. By inspection, its maximum compressive strength ,
is abmost 125 times greater than its tensile strength, () e, = 5 ksi
(3.5 MPa) versus (o = 00 kst (2.76 MPa). For this reason, concrete
is almost always reinforced with steel bars or rods whenever it is designed
to support tensile loads.

It can penerally be stated that most materials exhibit both ductile and
brittle behavior. For example, steel has brittle behavior when it contains a

insulnted in case of fire.

ir [ksa)

i

Lak LA
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Steel rapdly Joses 2 strength when
heated. For this reason engingers ofien
reguite mann abraeiural members fo b

e in. i

high carbon content, and it is ductile when the carbon content 15 reduced. ARANT GAEET CREIR CREKL )
Also, at low temperatures matenials become harder and more brittle,
whereas when the temperature rises they become softer and more

ductile. This effect is shown in Fig. 3-12 for a methacrylate plastic.
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3.4 Hooke's Law

As noted in the previous section, the stress—strain diagrams for most
engineering materials exhibit a fnear refmtionsiop between stress and
strain within the elastic region. Consequently, an increase in stress calses
a proportionate merease in stram. This fact was discovered by Robert
Hooke in 1676 using springs and is known as Hookes law. [t may be
expressed mathematically as

r= Ee (3-5)

Here £ represents the constant of proportionality, which is called the
modulus of elasticity or Youngs moduelus. named after Thomas Young,
who published an account of it in 1807

Equation 3-5 actually represents the equation of the initial straighs-
{ingd porion of the stress—strain diagram up to the proportional limit
Furthermore, the modulus of elasticity represents the slope of this line.
Since sirain is dimensionless, from Eq. 3-5, E will have the same units as
stress, such as psi, lsi, or pascals As an example of s caleulation.
consider the stress-strain diagram for steel shown in Fig. 3-6. Here
o = 35 ksi and €,y = U012 in.fin, 50 that

L] 35 ksi

| L N
ey O0ON2in./in

200 10} ksi

As shown i Fig. 312, the proportional it for a particular tvpe of
steel alloy depends on its carbon content: however, most grades of steel,
from the softest rolled steel to the hardest tool steel, have about the

o (KL
G spring stec
2 (1% enrbonb
I&il
Il
120 hard siecl
{UE A% carbon)
i heal treated
w0k machine steel
= {ila% carhong
hll - siruciumd sieel
= [0.2%: carbon)
W soft stecl
(0. 1% earbonj
il
i i i i i & finfin.

LLEME L L s e i

|-'iE. 113



same modulus of elasticity, generally aceepted to be £, = 29(10°) ksi or
200 GPa. Values of E for other commonly used engineering matenals are
often tabulated in engineering codes and reference books. Representative
values are also listed on the inside back cover of this book. It should
be noted that the modulus of elasticity is a mechanical property that
indicates the stiffaess of a material. Materials that are very stiff, such
a5 steel, have large values of E | E, = 29( lﬂ't} ksi or 200 GPa), whercas
spongy materials such as vulcanized rubber may have low values
[E, = 0.10 ksi ur .70 MPa].

The moduolus of elasticity is one of the most important mechanical
properties used in the development of equations presented in this text. It
must always be remembered, thowgh, that £ can be wsed only if a
material has inear elastic befurvior, Also, if the stress in the material is
greater than the proportional limit, the stress—sirain diagram ceases Lo be
a stranght line and s0 Eg. 3-5 is no longer valid

Strain Hardening. 11 a specimen of ductile material, such as steel,
is loaded into the plestic reglon and then unloaded, sfasfic séroain i
recovered as the material returns to its equilibrivm state. The plastic
strain remains, however, and as a result the material is subjected to a
permanens sei. For example, a wire when bent {plastically) will spring
back a little (elasueally) when the load is removed; however, it will not
fully retumn to its ariginal position. This behavior can be illestrated on
the stress—sirain diagram shown in Fig. 3—14a. Here the specimen is first
loaded bevond its yield point A o pomt A" Since mteratomic forces
have to be overcome to elongate the specimen elasiically, then these
same forces pull the atoms back together when the load is removed.
Fiz, 3-14a. Conseguently, the modulus of elasticity, £, is the same. and
therelore the slope of line A" is the same as line 0A,

If the load 1s reapplied, the atoms in the material will again be displaced
until vielding occurs at or near the stress A", and the stress—sirain diagram
continues along the same path as before, Fig. 3-145. It should be noted.
however, that this new stress-strain diagram. defined by @' A'B, now has
a higher vield point (A'), a consequence of strain-hardening. In other
words, the matenial now has a greater elastic region; however, it has lexs
ductility, @ smaller plastic region, than when it was in its original siale.

This pin wiss made from o hardened stecl alloy,
that is, one having o high carbon content. It
fanled due 1o hrittle fracture,

3.4 Hooke's Law o1
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Bl

Modulus of resilicnee o,

3.5 Strain E_nergyr

As a material is deformed by an external loading, it tends to store energy
irernally throughout its volume. Since this energy is related to the
strains in the material, it & referred (o as stradn energy. To abtain this
strain energy comsider a volume element of material from a tension
test specimen. It is subjected to uniaxial stress as shown in Fig. 3-15.
This stress develops a force AF = o AA = a(Ax Ay} on the top and
haottom faces of the element afer the element of length Az underaoes a
vertical displacement € Az By definition, work is determined by the
product of the foree and displacement in the direction of the force, Since
the force 15 increased uniformily from Zero to its final mapgnitude AF
when the displacement e 47 is attained, the work done on the element
by the force is equal to the average force magnitude (AF/2) times the
displacement € Az. This "external work™ on the element is equivalent to
the “internal work™ or strain energy stored in the element—assuming
that no energy is lost i the form of heat. Consequently, the strain energy
Al is Alf = (2AF) e Az = (fo Ax Ay) e Az, Since the volume of the
elements AV = Ax Av Az then AU Lae AV,

For applications, it is sometimes convenient to specifv the strain
energy per unit volume of material. This is called the sirain-energy
density, and it can be expressed as

= % = ,L—mf {3

u

If the material behavior is lirewr elastic. then Hooke's law applies.

o = Ee, and therefore we can express the elastic strain-energy density in
terms ol the unixial stress as

3
l e

o el 3
5 E {(3-T)

=

Modulus of Resilience. In particular, when the stress o reaches
the proportional limit, the strain-energy density, as caleulated by Eq. 3-6
or 3-T, 18 referred to as the modulus of resifience. e

1 1 T ;
Ve =5 Tl = (3-5)

From the elastic region of the stress-sirain diagram. Fig. 3-164, notice
that u, is equivalent to the shaded trigngular area under the diagram,
Physically a material's resilience represents the ability of the material to
absarb energy without any permanent damage to the material.



Modulus of Toughness. Another important property of a
material 15 the modulus of roughness, v, This quantity represents the
ennire ares under the stress—strain disgram. Fig, 3-160, and therefore it
midicates the stramm-energy density of the material just before it fractures,
This property becomes impartant when designing members that may be
pocidentally overloaded. Alloving metals can also change their resilience
and toughness. For example, by changing the percentage of carbon in
steel. the resulting stress—strain diagrams in Fig. 3-17 show how the
degrees of resilience and toughness can be changed

Important Points

* A conventional stress-sirain diagram is important in engineering
since it provides a means for obtaining data about a material’s
tensile or compressive sirength without regard for the matenal’s
physical siee or shape.

* Engineering siress and strain are calculated using the ariginal
cross-sectional area and gauge length of the specimen.

* A ductile material, such as mild steel, has four distinet behaviors as
it is loaded. Thev are elastic hedavion, vielding, sorain hardeming and
mecking,

* A material is linear elastic if the stress is proportional to the sirain
within the elastic region. This behavior is deseribed by Hooke's law,
ir = Ee, where the mgdidus of elosticite E is the slope of the line.

* Important points on the stress—strain diagram are the propartional
lirmit, elastic Monit, vield sirexs wltinate stress, and fracore stress,

* The ductiliy of a material can be specified by the specimen’s
pevcent elomgation or the percent reduction in areda,

= If a material does not have a distinet yvield point., a yield sirength can
be specified using a graphical procedure such as the affser method.

* Brimtle muaterials. such as gray cast iron, have very little or no
vielding and so they can fracture suddenly.

® Strain foardening is used o establish 8 higher vield point for a
material. This is done by straining the material beyond the elastic
limit, then releasing the load. The modulus of elasticity remains
the same; hivwever, the material's ductility decresses,

® Serain energy is enerpy stored in a material due to s deformation.
This energy per unit volume is called serain-energy density. If
it is measured up to the proportional limit. it is referred 1o as
the modulus of resilience. and if it is measured up to the point
of Tracture, 1t i called the modalis of toughness, Tt can be
determined from the area under the o—e diagram,

2.5  S1aaiM EMEaGY 23
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Fig. 316 (cont)
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Thes nylomn specimen exhibits o high degres
of toughness o5 noted by the large amoumnt
af nul:l;ing ihat has occurred j1asl llore
fracture.
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EXAMPLE | 3.1

A tension test for a steel alloy results in the stress—stram diagram
shown in Fig. 3-18. Calculate the modulus of elasticity and the
vield strength based on a 02% offset. Identify on the graph the
ultimate stress and the fracture stress,

or [ Kai]

L0
11 i

ify, = [ Tl - //'_ _“\\
= G A

T8 S

T“_ ﬂf"-:'il |'1I

il — i

S

= A i
- wf 2 A

- ; ‘ wl

n' il ! W o =123

L ! — a {in. fin.i

i 1 i i i 1 i
EF U2 TLE O D 0, T 2 T 4 1A R TR 20022 (024
| |

Fig. 3-18
SOLUTION

Meodulus of Elasticity. We must calculate the slope of the initial
straight-line portion of the graph. Using the magnified curve and
scale shown in blue, this line extends from poimt O to an estimiated
pomt A, which has coordinates of approximately {((LOOL6 mfin..
30 ksi). Therefore,

L M kesi
(K6 i, fin,

Note that the equation of line @A is thus ¢ = 31.2(10%)e,

Yield Strength. For a 0.2% offset, we begin at a strain of 0.2%
or AN in,fin. and graphically extend a (dashed) line parallel to
QA onail it intersects the o—e curve at 4'. The vield streagth is
approximately

= 312010 ksi Anx

irys = 0B ksi Ans

Ultimate Stress. This is defined by the peak of the o-e graph,
point B in Fig 3-18.

oy = 1S ksi Anis

Fracture Stress. When the specimen is stramed to its maximum of
g, = 023 in./in.. it fractures at point C. Thus;

oy = 90 ksi Anx
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EXAMPLE | 3.2

The stress-strain diagram for an alominum alloy that is used for
making aircraft parts is shown in Fig. 3-19, If a specimen of this
material is stressed to 600 MPa, determine the permanent strain that
remains in the specimen when the [oad is released. Also, find the
moadulus of resilience both before and after the load application.

SOLUTION

Permanent Strain. When the specimen is subjected to the load,
it strain-hardens until point B is reached on the o -e diagram. The
strain at this point is approximately (L023 mm/mm, When the load is
released, the material behaves by following the straight line BC,
which 15 parallel to Ime 24, Smee both lines have the same slope. the
strain at point © can be determined analyucally. The slope of ine G4

is the modulus of elasticity, e, ir (MFPal
450 MPa -
= e == IG5 750 L
0,006 mm/mm (l GPa 5
From triangle CHI, we require Al - g En—
BD AO0(10°) Pa /
E = — 750010 Pa » —— ary = 450 —d -
o D 7 parallel |
CIr = (LOOB mm, mm 0 b '
This strain represents the amount of recovered elasiic strain. The {L’
permanent Strain, e;e-, is thus 1501 _|"
eor = AR mmy/mm — (LODS mm/mm bl et lm . e
- 00150 mm/mm Ans O “MJ LY 003 g o
(NI (TN Tk}
Nonte: T gauge marks on the specimen were originally 50 mm apart, BT
them after the load is refedsed these marks will be 3 mm + y
Fig. 3-19

(OIS0 M mm) = 3(.73 mm apatt,
Modulus of Resilience. Applving Eqg. 3-5, we have
1 |
(1 Kisitial = E-IP,.EH. = EH_"’-[] MPa 0106 pam fmm )
= .35 Ml/m’ Anx
[ Yt = =T € = l—[ﬁlm MPa ) {(LE mm/mm )

= 240 MI/m’ Anx

NOTE: By companison, the effect of stram-hardening the matenal has
caused an increase m the modulus of resthience; however, note that the
modulis of toughness for the matenal has decreased since the area under
the original curve, QA BF, is larger than the area under curve CBF

*Wark in the 51 sysiem ol it is measured m poules where 1] = TN -m
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EXAMPLE | 3.3
ey An alaminum rod shown in Fig. 3-20q has a arcular cross section and is

subjected 1o an axial load of 10 kN If a portion of the siress—sirain
diagram is shown in Fig, 3-2086, determine the approximate elongation

5480 F gt of the rod when the load is applied. Take £, = 70 GPa.
—

L
iy = 4l T"’f . ]nm rﬁ1|1-|rn

5 4 < C
- I N e gl
i i - i 1
o i i1 {1 Ii rdidl mm‘l‘— Al man
E 1

1]

Fig. 3-20

SOLUTION
For the analysis we will neglect the levalized deformanons at the point
of load application and where the rod's cross-sectional area suddenly
changes. (These effects will be discussed in Sections 4.1 and 4.7}
Throughout the midsection of each segment the normal stress and
deformation are unifomm.

In order o find the elongation of the rod, we must first obtain the
strain, This is done by caleulating the siress, then using the stress—strain
diagram. The normal stress within each segment is

P IO N
Fap==——C  — 3183 MPa
A w001 m)

W10y N

— = 5659 MPa
(00075 m )’

f.l-
The =

From the stress-strain dingram, the material in segment AR is
straimed elastically since o 4 < ap = 40 MPa, Using Hooke's law,

adan  J1LBI07 Pa
= AR = 00004547
AT R T TR0(107) Pa bl i

The material within segmem BC is strained plastically, since
o e = ay = 40 MPa. From the graph, for o = 5659 MPa, g =
(045 mmmm, The approximate elongation of the rod is therefore

i = Eel = (00045476 mm) + (LO4SO400 mm |
15,3 mm Ars




. FUNDAMENTAL PROBLEMS

3.5 Staain Emeagy a7

Fi-1. Deline homogensons matenal

F3-1, Indicate the points on the siress-strain disgram
which represent the proportional imit and the ultimate
slress

F3-3, Dehne the modulus of clasticity £

Fi-4. Av room temperatore, mild steel s @ doectile
material, True or false?

F3-5 Engincering siress and siroin are caleulated using
the acaal! eross-sectional area and lengih of the specimen,
True or [alsc?

Fi-f, A5 the mwmperaiune increases the modulus of
elesticity will ingrease. True or false?

F3-T7. A 100-mm long rod has a dismeter of 15 mm. 7 an
exial tensile [oad of 100 kN is applied. determine its chanpe
i5 length, E = HH) GPa

F3-8, A bar has a length of 8 in. and cross-sectionsl
arew of 12 in’. Determine the modulus of elasticity of the
material ifit is subjected 10 an axial ensile load of 10 kip
gnd stretches (L03 in. The materiel has linear-elastic
ehavior

Fi4, A lo-mm-diameter brass rod has a modolus of
chasticty of £ = 100 GPa. I it 15 4 m long and subjected o
wn axial tensile load of & BN, detcrming its elongation

Fi=1L  The material for the S0-mm-long spesimen has the
stress—sirain diageam shown, 0P = 100 kN, determine the
clongation of the specimen.

F3-11, The material for the S0-mm-long specimen has the
siress-sirain diagram shown. [T P = 150 kN is applicd and
then released. determine the permanem elongation of the
Specimen,

;b
i ikPa) 2 mm

i =
450

€ | Eni /e
(EHI2TS L3

Fa-1wii

Fi-12 I the elongaton of wire BC 5 (L2 mm alter the
force P is applicd, determing the magnitude of P The wire
i5 A-36 sleel and has & diameter of 3 mm,

|-— 4L i —-f

Fi-12
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Serostews

#3-1L A concrete evlinder having & diameter of 60 in. and
pauge length of 12 inis tested in compression, The results of
the test are reported in the talle as load versus coniraction,
Drraw the stress-strain disprem using sceles of 1 in. = 115 ksi
and Tin. = 0L2{ 10" in./in. From the diagram, determine
approgimately the modulis of elasticity,

Load (kip) [Contraction (in.

i i

&0 (1. LR
g4 TR
165 TR ERY
25 TR
255 THTFER!
Al LR
45 RS
K5 (LIkESH
65 L2
SlLi (LERETI
330 (LIRETS

Prob. 3=1

32X Datataken from a stress—sirain test for 4 ceramic arc
given in the table The curve is linear between the origin and
the st podnt, Plot the disgram, and determine the modulus
of elasticity amd the modulus of resilience,

A3, Datailaken from a stress—sirain test (br a ceramic are
given in the table, The curve is linear belween the origin
andd the frsy poind,. Plor the diagram, and determing
appreximately the modulus of to ughncsn.Thr: rupture siress
15T, = 534 k=i,

o (ksi) | e i i

1 13

132 KRR AN
155 HER L]
4.4 RN IR
1.5 |LKITH
434 |LIEIZ2

Probs. 3-241

*34. A tension lest was performed on g specimen having
an original dismeter of 12.5 mm and a gauge length of
S0 mm, Tha date are listed in the table, Mot the siress-strain
diggram. and determine approximately the modolus of
clasticaty. the witimeate stress, and the fracture siress. Use a
scale of 20mm = SOMPa and 20mim = (L5 mm mim,
Redraw the lincar-clastic region, using the seme stress scale
but & strain s¢ale of 20 mm = 0,000 mm/mm,

X5 A tension test was performed on o steel speamen
having an original diameter of |25 mm and gauge length
of 50 mm. Using the data listed in the table, plot the
stress-strain disgram, and detcrmine approsimately the
mielulus of ioughness, LTse a seale of 20mm = 50 MPa and
A mm = A5 mm/mm.

Load (kM) Elongaiion (mm)

i I

(1.1 (144175
118 {1dbaix
TR {1.1 01248
k4 {1,165
135 {1,240
334 Lahi
B23 L]
fd 5 35000
623 L3
SHH 1193810

Probs. 345

-6, A specimen g omginally 1 f long, hes a diameter of
(1.5 in., and is subjected o oa force of SO0 Th, When the force
is increased from SO0 b to 1800 1. the specimen elongates
(1004 . Determine the modulis of elasticity for the
material if it remains linear clastic,

3T, Acstructurel member in & nuclear reactor is made ol 2
wircominm allow If en sxial load of 4 kip s (o be supported
b the member, determing s required cross-sectional prea,
Uee a factor of safety of 3 relative to yvielding. What is the
load on the member iF it 15 3 (1 long and its elongation is
002 in? By = 14010°) ks, oy = 57.5 ksi, The material has
clastic hehavior.




*3-8, The strot s supporied by o pio 81 C and an A-36
stee] puy wire AR T the wire has & diameter of 0.2 in,,
detcrmine how much 11 siretches when the distributed load
LS om the st

A
_.___'.'1|.|- \\'\-\.\_\_“
200 1h /it =
- o
I |
I wh |
Mrob, 3-8

3-8, The er—e diggram for a collagen fiber bundle from
which a4 human tendon is composed is shown. Ifa segmenl
of thie Achilles tendon at A hus a length of 6,5 in. and an
approximate cross-sectional arew of 11229 in?, determine ils
clongation if the [oot suppornts a load of 125 Ih, which causes
a tensien i the endon of 343,75 |h,

i [ k=)

i
£
P

L

L3
075 / 125 Ib

& | nrh. fuin b

1415 ik

Prob. 3-49

3.5 Staain Emeagy anQ

=10k The stress-strwn disgram for a metal alloy having
an original diameter of L5 in. and a gaupge longth of 2 in. is
piven in the lgure. Determine approximalely the modulus
ol elasticity for the mterial, the load on the specimen tha
causes vielding, and the ultimate load the specimen will
SLUPpOrL,

A-1L  The stress—strain diagram for a steel alloy having an
original diameter of 05 in. and a gauge length of 2 in. is
given in the Ogure Il the specimen is loaded until QL is
stressed to 90 ksi, determine the approximete amount of
chastic recovery and the increase in the gauge length wfter i
15 unloaded.

*3-12. The stress-strain disgram lor a steel allov having
en original diameter of 0.5 . and o googe length of 2006
is given in the fgure, Determine approximately. the
modulus of resilience and the modulus of wopghness lor
the material,

o | Kan)

16k3

i ket

I3 # (o, .l
[ N "o R e W 0

Probs. 3-1W1L12

#3-13. A bar having a length of 5 in. and eross-sectional
arca of 1.7 in® 15 subjected 10 en axial force of 8000 Ib,
ITthe bar stretehes (L2 in., determine the modulos of
clasticity of the material. The materig] has lincar-clastic
bechavior

=== | -
FOICH (B R T
51,

Prob. 3-13
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3=14, The vigid pipe is supported by g pin at A and an
A3 steel puy wire B IT the wire has a diameter of
(125 ., determing how much it stretches when a load of
o= Bl Th aets oo the pipe

315, The rigid pipe is supported by a pin at A and an
A-36 guy wire S0 If the wire has a diameter of .25 in.,
determine the load P if the end © is displaced (0.075% in,
deswmward

Prohs. 3=14715

*3-16. Determine the clongation of the square hatlow har
when it is subjected o the axial foree P = 100 kN 1 this
axial [oree 45 increased 1o P = 360 kN and released, find
the permanent elongation of the bar, The bar is made of a
metal alloy heving o stress—strain disgram which can be
approxsimated as shown

i MM
SEH =
// R TR
RTINS ' o Sl mim
5 mim
TR Tk i p

S mim

Prob. -16

17, A tension test was performed oo oan elumingm

20 4-Th alloy specimen., The resulting stress—=<train diagram
is shown in the ligure. Estimale (a) the proportional lomit,
(b} the modulus of elastcity, and () the yvield strength
based om & 0,2% gtrain offser method,

318, A tension test was performied on an aluminom 200 4-
Th alloy specimen. The resulling stress—strain diagram s
shown in the lgure. Estimate (a] the modulus of resilionce;
and {b) modulus of toughness

iriks)

Tii = ==

il -

CTHj -

il =

Ju

20

£ i

il 1148 [{N{ES [KEE] [iIES [iRIE
Mrobs 3=1T1R

3-1%. The stress—stranm disaram for a bone s shown, and
can be described hy the equation e = 045(107") o
A6 o, where o s in kPe. Determineg the wvield
strenglh assuming a .3% oflsel

=M. The stress-sirnin diagram for @ bone is shown and
can be descrihed by the equation e = 045(107") o 4
036{ 10 %) o', where o s in kPa. Determine the modulus
of toughness and the amount of elongation of a 200-mm-
fong repion juse before it fractures il [ailure occurs bl
e = {12 mm/mm.

Tf‘
fﬂ,-—f"

-

®

e
o

4 Nce = UAS0 e + 13610 e
. . ¥p

Mrobs. 319720




o3=21. The siress-strain diggram for a polyester resin
is given i the figure. TF the rigid beamn is supported by a
sirut AR and post I, both made from this material, and
subjecied to a load of P = BOKN, determine the angle
of tilt of the beam when the load is applicd. The diameter
of the strut is 40 mm and the diameter of the post is
Bl mam

322, The stress-sirain dingram for a polyester resin is
given in the fgure, If the ngid beam is supported by a strut
AB and post CD made [rom this meterial. determine the
lurgest load ™ that ¢an be applicd 1o the beam before if
ruptarcs. The dismeter of the strnt 5 12 mm o and Lthe
diameler of the post s 4 mm,

’
y B
b bl 0

7 R 8

=ik LM sbdiim

Tk
il
S —
F -
Ee LE P
ki

il & {mm /i)
i1 kUl ez i3 04

Probs, 3-21/22
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321, Bv adding plesticizers o polyviny]l chlonde, i1 s
possible too reduce it stiffness, The stress—strain diggrams
foor three types of this material showing this eflect are given
below. Specify the tvpe that should be used in the
mamafaciure of a rod having a length of ¥ in. and a diameter
ol 2 in., that is required to support &t least an axial load of
2 kip and also be able to streteh at most _%Ln.

i (ki)
15
|I1
i bk Hedzed
13 3 ohall|
III copolymet
’.-'P
/ flexible | o i
0 .
1|'|I:|:I:|r|:-':=|.|}
o
e [im. fin.p
(1 L] (2 13,340

Prob. 3-23

*3-24, The stress-strain diagram for many metal allovs
can be described analyvticelly using the Ramberg-Osgood
three parameter equation € = o/ E + &o", where £,k and
roate determimed  from measurements taken fromm the
diagram. Using fhe stress-strain diagram shown in the
fowre, take £ = 30010F) kst and determine the other two
parameters & oand o oand thereby obtain an analytical
gxpression for the curve

ar {lesi )

b1 B]

all
B e

4l

e b

e 107"

i f 02 43 4 05

Frob. 3-24
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| -
R e =

Ml WL

When the rubber block 5 eompressed
(megative  stram) s sides will  expand
(positive strain). The ratio of these siFaing
remiins consfanl.

3.6 Poisson’s Ratio

When a deformable body is subjected to an axial tensile force, not only
does it elongate but it also contracts laterally. For example, if a rubber
band 15 stretched, it can be nated that both the thickness and width of the
band are decreased. Likewise, a compressive force acting on a bodv canses
it to contract in the direction of the force and vet its sides expand laterally.

Consider a bar having an original radius r and length L and subjected
to the tensile force P in Fig. 3-21. This force elongates the bar by an
amount &, and its radivs contracts by an amount &' Strains in the
lomgitudinal or axial ditection and in the lateral or radial direction are,
respectively,

] &’
Bl 7 and €y =—

In the early 1800, the French scientist 5. T Poisson realized that within the
elastic range the ratio of these strains is a constant, since the deformations
# and &' are proportional. This constant is referred to as Poisson's ratio,
v {nu}. and it has a numerical value that is unigque for a particular material
that is both fismaogeness and ivotrapic. Stated mathematically it is

Elar
e B

pom {3-9)

E'I::ng

The negative sign 15 included here since longiteding! elonpation { positive
strain ) causes lateral comtraction (negative strain ), and vice versa. Notice
that these strains are caused only by the axial or longitudinal force Pie,
no foree or stress acts in a lateral direction in order to straim the material
m this direction.

Poissom's ratio 15 a dimensionless quantty, and for most nonporous
solids it has a value that is generally between }and 1 Tvpical values of
v for common engineering materials are listed on the inside back cover.
For an “ideal material” having no lateral deformation when it is stretched
or compressed Poisson’s ratio will be (. Furthermore, it will be shown in
Sec. 1016 that the paximum possible value for Poisson’s raho is (15,
Therefore | = v = {15,
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EXAMPLE | 3.4

A bar made of A-36 steel has the dimensions shown in Fig. 3-22.If an
axial force of P = 80 kN is applied to the bar, determine the change
im its leneth and the change in the dimensions of its cross section after
applying the load. The material behaves elastically.

P=HlkN

e

S8

15

Fig, 3-22

SOLUTIOMN
The normal siress i the bar s

& RO 107y N
T:TA T (01 m)(0.05m)

= 16,0 10"} Pa

From the table on the inside back cover fir A-36 steel E,, = 2 GPa,
and so the strain in the 7 direction is

o, 16O(10% Pa
n K

= — = ——— = R 10" i mm
= Ey 2000107 Pa [ f

The axial elongation of the bar is therefore
6. = L. = [BO{17™)){1.5m) = 120 um Ans

Using Eq. 3-Y, where ¢y = (1.32 as found from the inside back
cover, the lateral comtraction strains in beth the 1 and v directions are

£y AW =y 032[80{10°")] = =256 pm/m
Thus the changes in the dimensions of the cross section are

f, = e,L, —|25.6(10 "'IJ{H.[ m} = —2.50 pm Anx
&, =L, = —[256(10 "'JJfﬂ-[Iﬁ- m) = —128 um Alx




104

CHaptEr 3 MecHANICAL PROPERTIES OF MATERIALS
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Fig. 3-24

3.7 The Shear Stress-Strain Diagram

In Sec. 1.5 it was shown that when a small element of material is
subjected o pure shear, equiliboum requires that egual shear stresses
musl be developed on lour faces of the element. These siresses 1, must
be directed toward or away from diagonally opposite comers of the
element, as shown in Fig. 3-234. Furthermore, if the material is
homogeneous and isofropic, then this shear stress will distort the
element unitormly, Fig. 3-236. As mentioned in Sec. 2.2, the shear strain
¥, measures the angular distortion of the elemeant relative to the sides
originally along the rand v axes

Thie behavior of a material subjected o pure shear can be studied in a
laboratory using specimens in the shape of thin tobes and subjecting
them to a torsional loading, If measurements are made of the applied
torgque and the resuiting angle of twist, then by the methods to be
explained in Chapter 5, the data can be used to determine the shear
stress and shear stram, and a shear stress—strain diagram plotted. An
example of such a diagram for a ductile material is shown in Fig. 3-24.
Like the tension test, this material when subjected o shear will exhibit
linear-elastic behavior and it will have a defined proportional St T it
Also, stram hardeming will ocour until an wlfimare shear siress t, s
reached, And finally, the material will begin to lose its shear strength
until it reaches & point where it [ractures, 7.

For most engineering materals, like the one just described. the elastc
behavior is fnear, and so Hoole's Law for shear can be written as

r =Gy (3-101)

Here @ is called the shear modulus of elasticity or the modulus of
rigidiry. Its value represents the slope of the lme on the r—y diagram,
that is, G = 7,y Tepical values for common engineering materials are
listed on the inside back cover, Notice that the units of measurement for
G will be the sae as those for ¢ (Pa or psi), since ¥ is measured in
radians, a dimensionless guantiiy.

Tt will be shown in Sec. 1006 that the three material constants, £, p, and
O are actually redated by the equation

F
et il B 31—
= G

Provided £ and G are known, the value of » can then be determined
from this equation rather than through experimental measurement
For example, in the case of A-36 steel, E, = 29(10") ksi and
Oy = 110 (¥} ksi. so that, from Eg. 3-11, s, = (132,
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EXAMPLE | 3.5

A specimen of ttanium allov is tested in torsion and the shear stress
strain diagram is shown in Fig, 3-25a, Determine the shear modulus
G. the proportional limit, and the ultimate shear stress. Also,
determine the maximum distance o that the top of a block of this
matecial, shown in Fg. 3-25h, could be displaced horizontally if the
material behaves elastically when acted upon by a shear force V.
What is the magnitude of ¥ necessary to cause this displacement?

Y [

SOLUTION Py = UL Y= 054 073

Shear Modulus. This value represents the slope of the straight-line
portion QA of the r—y diagram, The coordinates of point A are ()
(OLARIS rad, 52 ksi). Thus,

G ks

R Vi
(L0008 Tad o0 ks i

The equation of line A is therefore r = Gy = 650y, which is
Hooke's law for shear.

Proportional Limit. By inspection, the graph ceases to be linear at
point A, Thus, (b

T =352 ksi Anx Frp. 3-15

Ukimate Stress. This value represents the maximum shear stress,
paint 8. From the graph,

T = 13 k=i Anx

Maximum Elastic Displacement and Shear Force. Since the
maximum elastic shear strain is 0008 rad. a very small angle, the top
of the block in Fig. 3-25b will be displaced honzontally:
d
tan{(LOOB rad) = 0008 rad = ——
2in

d o= 0,016 in Ang

The corresponding average shear stress m the block is vy = 52 ks,
Thus, the shear force V needed to cause the displacement 15

¥ : V¥
=— S2ksl=————
i E (3 in.)(4 in.)
¥ = 624 kip Arix
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EXAMPLE | 3.6

165 kN An aluminum specimen shown in Fig. 3-26 has a diameter of
T iy = 25 mm and a gauge length of Ly = 250 mm. [t a force of 165 kN
elongates the eaoege length 120 mm, determine the modulos of

elasticity, Also, determine by how much the force causes the diameter
of the speamen to contract. Take G = 26 GPa and oy = 440 MPa.

SOLUTION
Meodulus of Elasticity. The average normal stress i the specimen is
P 16510 N

e — = 3361 MPa
A (w4025 m)

and the average normal strain is

i = 1.20 mm
L 250 mm

E= = (LSRN mm/mm
Since o < orp = 440 MPa, the material behaves elastically. The
modulus of elasticity is thereforne

o 336.1(10% Pa

B L g TN G T Ans
v 100E0 3 o

Contraction of Diameter. First we will determine Poisson's ralio
for the materal vsing Eq. 3-11.

E
e
2(1 + )
T GPa
2o Pa = ——m
LsFa 31+ v}

r = 0347

Since €, = (LOMMBI mm/mm, then by Eq. 3-4,

gl == ﬂ
E]uﬁt
Ejan
1347 =
04 (L0480 mm/mm
£y = — 006G mm/mm

The contractiom of the diameter is therefore

6" = (L0066 )25 mm )
= (10416 mm Anz




3.B  Failure oF Materisis DUk 10 CReEs ann FATIGUE 107

*3.8 Failure of Materials Due to Creep
and Fatigue

The mechameal properties of a materal have up to this point been
discussed only for a static or slowly applied load at constant temperature,
Im somie cases. Duwever, a member may have o beused in an environment
for which loadings must be sustained over long penods of time at elevared
temperatures, or in other cases, the loading mav be repeated or oyeled.
We will not consider these effects in this book, although we will hriefly
menlion how one determines a material’s strength for these conditions.
since they are given special treatment in design.

Cree p. When & material has to suppoct a load for a very long period
of time, it may continue to deform until a sudden fracture oocurs or its
usefulness is impaired. This time-dependent permanent deformation is
known as ereep. Normally creep is considered when metals and ceramics
are used for structural members or mechanical parts that are subjected
o high temperatures. For some materials, however, sich as polymers and
compaosite materials—including wood or concrete —temperature is med
an important factor, and vet creep can oceur strictly from long-term load
application. As a typical example, consider the fact that a rubber
band will not return to its onginal shape after being released from a
stretched position in which it was held for a very long period of time,
In the general sense, therefore, both stress and for temperaimee play a8
significant role in the rate of creep.

For practical purposes, when creep becomes impaortant, a member is
psually designed to resist a specified creep strain for a given period of
time, An important mechanical property that is used in this regard is
:alled the creep strength. This value represents the highest stress the
material can withstand during a specified time without exceeding an
allowable creep stram. The creep sirength will vary with temperature,
and for design, a given temperature, duration of loading, and allowahble
creep strain must all be specified. For example, a creep strain of 0.1% per
vear has been suggested for steel in bolts and piping.

Several methods exist for determining an allowable creep strength
for a particular material. Cme of the simplest invalves testing several
specimens simultaneonsly ar a constant temperature, but with each
subjected to o different acioel stress. By measuring the length of time
needed to produce either an allowable strain or the fracture strain for
each specimen, a curve of stress versus time can be established.
Normally these tests are run to a maximum of 1000 hours. An example
ol the results [or stainless steel at a temperature of 1200°F and
prescribed creep strain of 1% is shown in Fig. 3-27. As noted, this
material has a vield strength of 40 ksi (276 MPa) at room temperatine
(0.2% offset) and the creep stréngth at 1001 h is found to be
approximately o, = 20 ksi (138 MPa).

The long-term  application ol the  cable
lnadimg om this pole has caused the pole 1o
deform due 1o creep.

i ksib

i
£l
21

10

i

1‘

e

——
—

ihi

1
RN 4Kl Hixl Bl 1K}

ir—f diagram for stninless sieel
al | KT and creop strnin at 1'%

Fig. 3-27
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In general, the creep strength will decrease tor higher femperatieres or
for lugher applied strexses For longer periods of time, extrapolations from
the curves must be made. To do this wsually requires a certain amount of
experience with creep behavior, and some supplementary knowledge
about the creep properties of the material. Once the material’s creep
strength has been determined, however, a factor of safety is applied to
obtain an appropriate allowable stress for design,

FHﬁgl.lE. When a metal is subjected to repeated cyeles of stress
0T strain. it causes its structure to break down, uliimately leading to
fracture. This behavior is called farigue, and it is usually responsible
for & laree percentage of failures in connecting rods and crankshafits of
engines; steam or gas rbine blades; connections or supports for bridiges,
railroad wheels and axles; and other parts subjected to cvelic lnading,
In all these cases, fracture will occur at a stress that s fesy than the
material’s vield stress.

The nature of this failure apparently results from the fact that there
are microscopic imperfections, usually on the surface of the member,
where the [ocalized stress becomes sch greater than the average stress
acting over the cross section. As this higher siress is cyvcled, it leads 1o the
formation of manute cracks. Occurrence of these cracks causes a further
The design of members used for amusement increase of stress at their tps or boundaries. which in tirn causes a
park rides requires careful consaderation of further extension of the cracks into the material as the stress continues
eyelic loacings that can cause faligue. to be cveled. Eventually the cross-sectional area of the member is
reduced to the point where the load can no longer be sustamed, and as a
result sudden fracture occurs. The material, even though known o be
ducnile, behaves as i it were britile.

In order to specify a safe strength for a metallic material under
repeated loading. it is necessary to determine a limit below which no
evidence of failure can be detected after applying a load for a specified
number of cycles, This limiting stress is called the endnrance or fafigue
{iomit, Ulsimg a testing machine for this purpose, a series of specimens are
each subjected to a specified stress and cveled to failure. The results are
plotted as a graph representing the stress § (or o) on the vertcal axis
and the number of cveles-to-failure N on the horizontal axis. This graph
is called an S—N diagram or stress—cvele disggram, and most often the
values of N are plotted on a logarithmic scale since they are generally
guite large.

Examples of §-N diagrams for two common engineering metals are
shown in Fig. 3-28. The endurance limit is usually identified as the
stress for which the S5-N graph becomes horizontal or asvmptotic. As
noted, it has a well-defined vatue of (5,,),, = 27 ksi (186 MPa) for steel.
For aluminum, however, the endurance limit is not well defined. and so
it is normally specified as the stress having a limit of 300 million oveles.
(80 = 19 ksi (131 MPa). Once a particular value s obtained, it is
it AL Ao Tr Pkl Sart i often assumed that for any stress below this value the fatigue life is
failure of the moving parts of this pil-  nfinite, and therefore the number of cyeles to failure is no longer given
pumping rig. consideration.
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Fig. 3-28

Important Points

* Poisson's ratio, v, i a ratio of the lateral strain of a homogeneous
and isotropic material to its longitudinal strain. Generally these
strains are of opposite signs, that is, if one is an elongation. the
ather will be a contraction.

* The shear siress—strain diggram 15 a plot of the shear stress
versus the shear stram, If the material 15 homogeneous and
isatropic, and is also linear elastic, the slope of the straight line
within the elastic region is called the modulus of rigidity or the
shear modulus, G.

* There is a mathematical relationship between &, E, and ».

* Creepis the time-dependent deformation of a material for which
stress andfor temperature play an important role, Members
are designed to resist the effects of creep based on their material
creep strength, which is the largest initial stress 4 matetial can
withstand during a specified time without exceeding a specified
creep stram.

&  Fufiguee occurs in metals when the stress or straim is cycled. This
phenomenon causes brittle fracture of the material. Members
are designed to resist fatigue by ensuring that the stress in the
member does not exceed its emdurance or farigue mit, This
value is determined from an §5-N diagram as (he maximum
stress the material can resist when subjected to o specified
number of cyeles of loading,
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. FUNDAMENTAL PROBLEMS

Fi=1% A 100-mm Jong rod has a diameter of 15 mm, IT an
axial tensile load of 1) EN is applied 1o i1, determine the
chanae in its diameter, £ = T GPa. v = (135,

Fi-14, A solid circular rod that is 606 mm long and 20 mm
in diameter is subjected 1o go axial [oree ol ' = 50 KN, The
clongation of the rod 158 & = L40 mm, amd s digmetor
becomes o' = 199837 mm. Determine the moduluz of
elasticity and the modulus of rgidity of the material, Assume
that the material does not vield.

B e

M= S0 kN

F3-14

Fi-15 A 20-mm-wide block is frmly bonded 1o rigid
pletes at its top and bottom. When the foree P is applicd the
bliwk delorms ine the shape shown by the dashed line,
Determine the magnitude of P The block’s materisl has
a modulus of ngidity of & = 26 GPa. Assume that the
miterial does nob vield and use small angle analysis

1500 mm

115 mm [
.

e e e Tt

= -

i i

[ i

_ 1 :

LS50 mim | ¥

o 0

f !

Lﬁ;

F3-15

Fi=16. A 20-mm-wide block 15 bonded to rigid plates at s
top and bottom. When the force P is applied the block
deforms into the shape shown by the dashed line If g = 3mm
andd P s released, determine the peomanent shear stegin in
the block.

I WP

134

w {ru )

LLLE TR

L5 mim

Fi-16
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Srrosiews

#3-25. The acrylic plastic rod is 200 mm long and 15 mm in
digmeter. Il an axiel load of 300 N is applied to it, determine
the change in its length and the change in 15 diameter.
E, = 270 GPa, b, = 04,

-— :

e kTR
I— HEhmm 41

Proh. 3-25

326, The short cylindrical block of 2004-T6 aluminum,
having an orginal dismeter of (L5 in. eod a length of 1.5 m,
15 pleced o the smooth jaws of a vise and squeezed until the
axial load applicd is 800 [h. Determing (o) the decrease in iis
length and i) 115 new diameter,

KL [ Hiah 1k

Mrob, 3246

327, The elastic porticn ol the stress-strain disgram for &
steel alloy 15 shown m the Ggure. The specimen from which
it wis obtained had oo omginal dismeter of 13 mm oand o
gauge lenpth of 50 mm, When the applied load on the
specimen 15 50 kN, the dismeter is 12.99265 mm. Delermine
Prdszon's riatio for the material

(P

’_I_..-"'

ARy

lmm mm b
AT

PFrob. 317

*3-.  The elastic portion of the stress—sirain diagram for
g steel allow is shown in the figure. The specimen from
whach it wis dnmined had oo onginmal diameter of 13 mim
and @ gapge length of 50 mm, 10 & load of P = 20 kN is
ppplied 1o the specimen, determine its diameter and gaupe
length. Take ¢ = 0.4,

i 5Pl
-
&K}
e & fm e b
Proh. 3-28

#3-29. The aluminum hlock hes & rectangular cross
section mnd 15 subjected to an axinl compressive Toroe of
B kip. IT the | 5-in, side changed i length o 500132 in.,
determine Poisson’s ratio and the new length of the 2-in
side. Fyy = 1WH10%) kst

HKi
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-3, The block is made of taniom Ti-6AT4Y and 15
subjected w a compression of (.06 in. along the v axis and s
shape is given a till ol # = 897 Determine €, &, and ¥,,.

.

S

,/

/

[ NN |

Frofy =30

3-31. The shear stress-stram diagram for & steel alloy 15
shown in the lpure. T a bolt having 4 digmeter of 0,75 in,
15§ made of this material and wsed in the double lap joint,
determine  the modulos of elasticity £ and the force P
reguired 1o cause the maneral to yvield Take ¢ = 0,3

I ] =2

P
qu—-—l' P
ikl
all
plrnd]
LLIKEAAS

Prusti, 2=31

*3-31, A shear spring is made by bonding the rubher
ennulus to a rigid fixed ring and a plug. When en axisl load
P is plaged on the plug, show that the slope at point y in
the rulsber s o widr = —tan v = —tan( P (2whier ) For small
angles we can wrile dyjdr = = PN 2xhiGr), Integrate this
expression and evaluate the constant of integration using
the comdition that ¥ = a1 ¢ = r, From the result compute
the deflection v = & of the plug.

«3=33, The suppor! conzists of three ngid plates, which
are eonnected together using two symmetrically placed
rubber pads. Il a vertical force of 5 N 15 applied 1o plate
A, determine the approximite verticel displacement of
this plate due to shear strains in the rubber, Each pad
has cross-sectional dimensions of 3 mm and 200 mm.
r, = .20 MPa

Prob, 3-33

1-34, A shear spring 1= made from two blocks ol rubber,
cach having o height b, widih b, and thickness o, The
blocks are honded Lo three plates as shown, 1F the plates
are rigid and the shear modolus of the rubher is
determine the displacement of plate A if a vertical load P is
applied 1o this plate. Assume that the displacement is small
s that & = o tan ¥ ==y,




CHAPTER REVIEW

O of the most important tests Tor material strength is the ension test, The results, found
from stretching a specimen of Enown sire, are plotted as normal stress on the viertical axis and
normal stram on the honzontal gxis

113

CHARTER Revew

Many engincering materials exhibit initial
linear elastic behavior, whereby stress is
proportional to strain, defined by Heoke's
law, o = Ee. Here £, called the modalus
aof elastay, 15 the slope of this straight
line on the stress—sirain diagram.

= [Fs

huctile material

When the material is stressed beyond the
vicld poinl, permancent deformation will
ovcur. In particular, steel has a region of
yielding, whereby the material will exhibit
an increase in strain with no incregse m
siress. The region of strain hardening
causes further yielding of the matenal
with & corresponding increase in stress
Finully, st the ultimate stress, a locahzed
region on the specimen will begin (o
constries, forming a peck. Tt js after this
that the [racture ooours

il

5LIGES [raclire

wiress

"u

s _proportcial Homi
lasic lumil_#

iy

il

e P e —ie —
elastic | yiclling ECAN
P hardendng

elnstic
behuvior

—_— £
necking l
plastic kehavior |

Duetile muterials, such a8 most metals,
exhibit both elastic and plastic behavion
Wood is moderately ductile Ductility is
ustitlly - specified by the  permanent
elongation o failure or by the percent
redluction in the cross-sectional area

fall i L(.
—_—

Fercent elongation =
II:-u

Perecent reduction of arce
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Brittle matenals exhibit linde or no
viclding before failure. Cast iron, concrete,
and glass are typical examples

ir

biiehe makerial

The vield point of o miaterial a1 A can be
inereased by strain hardening. This s
accomplished by applving a load that
causes the siress to be greater than the
vield seress, then releasing the [oad, The
larger slress A" becomes the new yield
point for the material.

clnstic plasic
FEgion FELIIN

linmld I‘J

||'~.':n'|u||r:n|: clastie
!

sl I recovery !

When a load & applied 10 a member,
the delormations causc Strein cnergy 1o
be stored i the material. The strain
enerpy per unit volime or Strain energy
density is equivalent 1o the area under
the stress—strain curve. This area up o
thie vichd point 18 called the modules of
resilience. The entire aréa under the stress—
strain dingram 15 called the modulus of
toughness

H'J_.

‘I"I

Maoddolus of resilicnce

Moduolns ||E1-r|.1l|_'h M s
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Poissons ratio v is a dimensionless
material property that relales the
lateral straam to the longitudinal steain,
N5 range of valuesis ) = ¢ = L3

Eigj

E-||:|u

Shear stress versus shear  stram
diagrams can alsobe established for
& material Within the elastic region,
=Gy, where & 15 the sheir
modulus fouwnd from the slope of the
line. The value of ¥ can be obtained
from the relationship that exists
hetween &, E and ».

21+ ]

When matenaels are in service for
long penods of time, considerations
ol creep become important. Creep is
the time rate of deformaton, which
occurs at high sress andior high
temperature. Design requires thit
the stress in the material not exceed
an allowable stress which is based on
the materials-creep strength,

Fatigue can occur when the material
undergoes a Ij:gl: number of cvcles
of loading. This effect will cause
micriscopic cracks 10 form, leading
tev @ hrittle failure. To prevent fatigoe.
the stress in the materidl must not
excecd a specihed endurance o
latigue limit.
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. REVIEW PROBLEMS

335, The elasie porton of the tension Stess=sEriin
diggram for an aluminum alloy is shown in the figure, The
specimen uscd [or the test has a gauge length of 2 in. and a
digmeter of 0.5 in, When the applied load i= 9 kip, the oew
dismeter of the specimen is 049035 in. Compute the shear
mikdulus Gy for the alumimmm.

“3-36. The clastic portion of the tension stress—strain
dipgram for an aluminum allov is shown in the figure. The
spccimen used Lisr the test has a gauge length of 2 in.and a
digmeter of L5 in, I the applicd load s 10 kip, determine
the pew diameter of the specimen. The shear modilus 15
G, = 38(10°) ksi.

i ksl &
"

it}

£ lim fin i
LK 4

Prohs. 3=-15/36

33, The or—e disgram for elastic fibers that make up
Buman skin and muscle 5 shown, Determne the maodulog
of elasticity of the fibers and estimate their modulos of
toughness and modulus of resilisnce.

ripst

s

el im fin_j

1
| 3 1735

Pk, 2-37

3. A short evlindrical Block ol 6061-Th aluminwm,
having an original diameter of 20 mm and & lepgth of
75 mm. i placed in a compression machine and sguecred
until the axial load applied iz 5 kN, Determine (o) the
deerease in its Tength and (h) its pew diamerer,

33, The rigid beam rests in the horizontal position on
two 2014-ThH aluminum cylinders having the wmfarded lengths
showwn, I each evlinder has a diameter of 30 mm, determing
the plecement x of the applied 8t-EN load so that the beam
remuins horpeontal, What s the new diameter of evlinder A
after the toad is applied? v, = (L35,

R EM

[P

mm

Fm

Froh., 3-349

3. The head H is connected o the evlinder of &
compressor using 1% steel bolts [1 the clamping {orce in
gach bolt 15 800 b, determime the normial stran in ihe
hoslts Fach holt has 8 diameter of ﬁ in IT ey = b ksi and
E,, = 29( 11"} ksi. what is Lhe strain in cech bolt when the
nut is unscrewed so that the clemping foree is released?

Prob, 340




o3l The stone has o oosass of B0 kg gend center of gravity
at {7, Tt rests on-a pad a1 A and a roller ar 8. The pad is fixed
to the ground end hes o compressed height of 30 mm, &
widih of 130 mum, and a lengeh of 150 mm, I the coclficient
of static friction between the pad and the stone is p, = 0.8,
determine the approximate horizontal displacement of the
stone, caused by the shear strmns in the pad, before the
stone Peping 1o ship. Assume the normal force at A acts
15 m from 7 g8 shown. The pad is made (rom @ material
having E = 4 MPa and » = (.35,

e e e

H-[—'I.l"-m—

PFrob. 341

14

-4 The bar A is rigid and is originally held in the
horizontal position when the weight W is supported from O
If the welght couses # to be displaced downward 0,025 1o,
determime the strain in wires DE and 8O Adso, if the wires
arc made of A-36 steel gnd have a cross-sechionsl area of
01,002 in*. determine the weight W

40

'y l

W
Prohb. 342

Rewew ProgiEas 117

3-43, The Bmm=hiameter bolt 5 made of an aluminum
alloy, Tv fits through & magnesium gleeve that has an inper
diameter of 12 mm and an owler diameter of 20 mm. If the
priginal lengths of the bolt and sleeve wre B0 mm and
S mm, respectively, determing the strains in the slecve and
the bolt if the autl on the balt is tightened 5o that the tension
in the bol 15 B kM Assume the materiel a1l A is rigid
Ey =T GPa, E,, = 45 GPa,

Shmm

1
E’—'{Ilmm

l

Prob. 343

¥4, The A-36 stee| wire AR has a cross-sectional area
ol 10 mm® and is unstrelched when # = 45.0°. Determine
the spplied toad P needed o cause f = 4497,

AUl mam

[*rob. 344
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The stnng of drill pipe suspended fram this traveling block an an oil rig is subjacted
o extremety large loadings and axial defarmations



Axial Load

CHAPTER OBJECTIVES

In Chapter 1, we developed the method for finding the normal stress
in axially loaded members. In this chapter we will discuss how to
determine the deformation of these members, and we will also develop
a method for finding the support reactions when these reactions cannot
be determined strictly from the equations of equilibrium. An analysis
of the effects of thermal stress, stress concentrations, inelastic

deformations, and residual stress will alse be discussed.

4.1 Saint-Venant's Principle

In the previows chapters, we have developed the concept of stresy as a
means of measurmg the force distribution within a body and sfrain as
a means of measurme a body's deformation. We have also shown that
the mathematical relatwonship between stress and strain depends on
the type of material from which the body 15 made. In particular, if the
material behaves in a linear elastic manner, then Hooke's law applies,
and there 15 a proporiumal relationship between stress and stram.

119
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Lo dhistasrts, lmnes
locntedd negr boad

e Lincs locuied away
o] from the lomd and sappsori
remuin arraight

Lavndd dhistoris [mes
lcsted i suppion

. tu'
Figg, 4-1

Using this idea. consider the manner in which a rectangular bar will
deform elastically when the bar is subjected to a force P applied along its
centroidal axis, Fig. 4-1a. Here the bar is fixed connected at one end. with
the force apphied through a hale at 115 other end. Due to the loading, the
bar deforms as indicated by the once horzontal and vertical grid lines
drawn on the bar, Notce how the focalized deformaton that occurs
at each end tends to even out and become wniform throughout the
midsection of the bar,

If the materal remains elastic then the strains caused by this
deformation are directly related to the stress in the bar. As a result. the
stress will be distributed more uniformly throughout the cross-sectional
ared when the section is taken farther and farther from the point where
any external load is applied. For example, consider a profile of the
variation of the stress distribution acting at sections a-a, b-b, and c-v.
cach of which i1s shown in Fig. 4-16. By comparison, the stress tends
to reach a uniform value al sectiom c—c, which is sufficiently removed
friom the end since the localized deformation caused by P ovanishes,
The minimum distance from the bar’s end where this oceurs can be
determined using a mathematical analvsis based on the theory of
elasticity.

It has been found that this distance should at least be equal to the
larpest dimension of the loaded cross section, HMence, section o—c should
be located at a distance al least equal to the width (not the thickness) of
the bar.*

“When section c— i= 50 lecaled. the theory of elasticity predicts the maximm stress 10 be
gy = 1illor,
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In the same way, the stress distribution at the support will also even
oul and become uniform over the cross seclion located the same distance
away from the support.

The fact that stress and deformation behave i tns manner s referred
to as Saint-Venant's principle. since it was first noticed by the French
scientist Barré de Saini-Venant in 1855, Essentially it states that the
srress and sirain produced arf poings inoa body sufficiendy removed from
the region of foad epplication will he the same ay the seress and strain
produced by any applied nadings that have the same staficolly equivilent
resteltant, and are applied to the body within the same region. For
example, if wo symmetrically applied forces P2 act on the bar,
Fig 4-1c. the stress distribution at section ¢-¢ will be uniform and
therefore equivalent to oy, = P/A asin Fig. 4-1h,

MWotice how Lhe lines on this rubber membrane
destort after 11 & strelehed. The loealied
distortions a1 the grips smooih oul as stated by
Saint-Yenant s principle.
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4.2 Elastic Deformation of an Axially
Loaded Member

Using Hooke's law and the definitions of stress and strain, we will now
develop an equation that can be used to determine the elastic
displacement of a member subjected to axial loads. To generalize the
development, consider the bar shown in Fig. 4-2a, which has a cross-
sectional area that gradually varies alomg its length L. The bar is subjected
to comcentrated loads at its ends and a variable external load distributed
along its length. This distributed [oad could. for example, represent the
weight of the bar if it does not remain horizontal, or friction forces acting
on the bar's surface. Here we wish to find the relative displacemeni &
(delta) of one end of the bar with respect to the other end as caused by
this loading, We will meglect the localized deformations that occur at
points of concentrated loading and where the cross section suddenly
changes, From Saimi-Venant's principle. these effects oocur within small
regions of the bar’s length and will therefore have only a slight effect on
the final result. For the most part, the bar will deform uniformly. so the
normal stress will be uniformly distributed over the cross section.

Lising the method of sections, a differential element {or wafier) of length
dr and cross-sectional area A(x) is isolated from the bar al the arbitrary
position x. The free-bodv diagram of this element is shown in Fig. 4-28.
The resultant internal axial force will be a functon of x since the external
distributed loading will cause it to vary along the length of the bar. This
load, Pix), will detorm the element into the shape indicated by the dashed
outline, and therefore the displacement of one end of the element with
respect o the other end is df. The stress and stram in the element are

Plx) _da

= d = —
o ﬁ(‘_r} an E T

Provided the stress does not exceed the proportional limit, we can apply
Hooke's law; Le.,

r = Fe
P(x) A
Al x) - F(E}

Pix) dx

4o = Al{x)E

I
.|"-I|:|‘Q—| E‘—Pl Frxh
i

=P

{hj



4.2 ELastic Desoandanan of an Axally Loasnen MEmaeR 123

For the entire length L of the bar, we must inteegrate this expression to
find & This vields

0 j’"Pf.r]u'.r 4
T AGE (=4

where
# = displacement of one pomnt on the bar relative to the other point
L = original length of bar

Pix) = mternal axial force at the section, located a distance x [rom
ime end

Alx) = cross-sectional area of the bar, expressed as a function of x

E = muodulus of elasticity for the material

Constant Load and Cross-Sectional Area. In many cases
the bar will have a constant cross-sectional area A: and the material will
be homogeneous, so E is constant, Furthermore, if a constant external
force 5 applied at each end, Fig 4-3, then the internal force P
throughout the length of the bar is also constant. As a result, Eg. 4-1 can
be mtegrated to vield

=L

& 4-2
AF (4-2)

If the bar is subjected to several different axial lorces along its length, or
the cross-sectional area or modulus of elasticity changes abruptly from
ome region of the bar 1o the aext, the above equation can be applied
to each sepment of the bar where these guantities remain constant. The
displacement of one end of the bar with respect to the other is then found
from the algebraic addiion of the relative displacements of the ends of
cach seament. For this general case,

(4-3)

r— —

Fig. 4-3

The vertical displacement ai the top of these
building columns depends upon the loading
agrplecd o the rood and 1o fhe Ooor attached
o their midpeini
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. Sign Convention. [n order to apply Eq. 4-3. we must develop a
[—]"—“p sign convention for the imternal axial force and the displacement of one
H end of tln:_ bar with respect 1o the other end _Tn di_- s0, we will consider
s both the Torce and displacement 1o be positive if they canse fension

aned elongation, respectively. Fig. 44 whereas a wegative force and
displacement will cause compresysion and confraction, respectively.
For example. consider the bar shown in Fig. 4-5a. The imfernal axial

fovces P are determined by the method of sections tor each segment,
=P .- Fig. 4-5b. They are Pag = +5kN, P = —3 kN, Pep = —7 kN. This
e variation in axial load is shown on the axial or pormal force disgram for
|"_ the bar, Fig. 4-5¢c. Since we now know how the pternal {oree varies
I throughout the bar's length. the displacement of end A relative to end D
Positive sign convention for  and & is determined from
Fig. 44

o PL _ (5kN)Lg i (=3kN)Lac il TkN)Lep
Al T & AF T AE AE AE

If the other data are substituted and a positive answer is calculated, it
means that end A will move away from end D (the bar elonpates),
whereas a negative result would indicate that end A moves toward
end [ (the bar shortens). The double subscript notation 15 used to
indicate this relative displacement (8,5 k however, if the displacement
is to be determined relative to a fixed point, then only a single subscript
will be used. For example, if D is located at a fixed support. then the
displacement will be denoted as simply 6 4

5 kN _ ExN __AkN = 7 kN
A i3 |- i
I Lai | L I Lo I
{wl

P (kN
L N '

Pep=ThN L TN

Fig. 4-5
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Important Points

& Saimt-Venmane's pringciple states that both the localized deformation and stress which ocour within the
regions of load application or at the supports tend to *even our™ at a distance sufficient]y removed from
these regions.

* The displacement of one end of an axially loaded member relative to the other end 5 determined by
relating the applied fnfernal load to the stress using o = P/ A and relating the displacement to the strain using
e = df/dx Finally these two equations are combined using Hooke's law, ¢ = Ee, which vields By 4-1.

* Since Hooke's law has been used m the development of the displacement equation, it 15 important that no
mternal load canses vielding of the material, and that the material is homogensous and behaves in o linear
elastic manner.

Procedure for Analysis

The relative displacement between any two pomts A and B on an axially loaded member can be determined
by applving Eq. 4-1 (or Eg. 4-2). Application requires the following steps.

Internal Force.
& 1Jse the method of sections to determune the miernal axial force P within the member.

& If this force varies along the member’s length due to an external disteihuted loading, a section should be
madde at the arbitracy location x from one end of the member and the foroe represented as a function of x.
e, Plx)

& I several constant external forces act on the member, the internal force in each segment of the member,
between any two external forces. must be determined.

* For any segment, an internal fersile force is posinive and an imtermal compressive force is negarive, For
convenience, the results of the mternal loading can be shown graphically by constructing the normal-foree
diagram.

Displacement.

* When the member’s cross-sectional area varley along its length, the area must be expressed as a function of
its position x, e Alx).

* 11 the cross-sectional arca, the modulus of elasticity, or the intermal loading suddenly changes, then Eq, 4-2
should be applied to each segment for which these quantities are constant.

® When substitutmg the data mio Eqs 41 through 4-3, be sure to account for the proper sign for the
internal force P Tensile loadings are positive and compressive loadings are negative. Also, nse a consistent
sel of units For any segment, if the result is a positive numerical quantity, it indivates alongation; if it 15
negaiive, it indicates a confraction.
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EXAMPLE (44

The A-36 steel bar shown in Fig. 4-6a is made from two segmenis
having cross-sectional areas of A,y = 1in® and Agp = 2in’
Determine the vertical displacement of end A and the displacement
of B relative to O

15 kip 15 kip 15 kip
A
4kip | 4 kip 4 kigy 4 kip 4 kap
: ; 1 Py = 15 kip
4 L
. . ; | Bkip K kip
K kip J
& *—.; P =7 lap
b
i b Fun=3xp

SOLUTION
Internal Force. Due to the application of the external loadings, the
internal axial forces in regions AH. BC, and CIF will all be different
These lorces are abtained by applying the method of sections and the
equation of vertical foree equilibrivm as shown in Fig. 4-66h. This
variation is plotted in Fig. 4-6c.
Displacement. From the inside back cover, E, = 200 10F) ksi,
Lising the sion convention. e internal tensile forees are positive and
compressive forces are negative, the vertical displacement of A
relative to the fixed support D is
=3 PL  [+15kip){2 ft}(12 m. /M)  [+7 kip]{1.5 ft)(12 in./ft)
* AE (1 }f29(10%) kip/in°) (2in®)[29(10F") kip/in°]
|9 kip|(1 ft)(12 in./ft)
(2 i )]29¢ 10" kip/in°]
= + ({127 m. Anx

P (kip)

Since the result is positive. the bar eforgates and so the displacement
at A is upward.
Applving Eq, 42 between points B and O, we obtain,

Paelpe |47 kip]{1.5 ft}{12 in./ft)
ApcE 2 in )29 107) kip/in7]
Here B moves away from O, since the sepment clongates,

= +{LMR1 T Anc
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EXAMPLE |4.2

The assembly shown i Fig. 4-7a consiss of an aluminum tube AR
having a cross-sectional area of 400 mm”’. A steel rod having a diameter
of 10 mm is attached to a rigid collar and passes through the tube. If a
tensile load of 81 kN is applied to the rod, determine the displacement
of the end C of the rod, Take E,, = 2000 GPa, E4 = T0 GPa.

— il kN ™
C Bl W —- iﬂ—rm—mm
A} mm "‘—I‘ = Rl kN
(al Fae = b

Flg. 4-7

SOLUTION

Internal Force. The free-body diagram of the tube and rod segments
in Fig 4-7h, shows that the mod s subjected o a tension of 80 kN and the
he is subjected 1o a compression of 80 kKN

Displacement. We will first determine the displacement of end C
with respect to end B Working in units of newtons and meters, we have

PL  [+BD{1") N](0.6 m)
AE — w {0005 m)7[200(10%) N/m|

fpip = = +{LON3056 m—

The positive sign mdicates that end C moves o the right relative o
end B, since the bar elongates.
The displacement of end B with respect to the fixed end A is

pL [—80{10°) N]{0.4 m)
AE  [400 mm | 107"} m i ][ 700 L0Y) N /m’)
= —L001143 m = (001143 m —

g

Here the nepative sign indicates that the tube shortens and so B
moves o the rght relative to AL

Since both displacements are to the right, the displacement of C
relative to the fixed end A is therefore

(=) e = By + fieg = 0001143 m + D3056 m

= (L0420 m o= 420 mm— Ais
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EXAMPLE [4.3

s Wl kN Rigid beam AF resis on the two short posts shown i Fig. 4-8a. AC is
i‘" 'm; 45 mm i made of steel and has a diameter of 20 mm. and B0 is made of

aluminum and has a diameter of 40 mm. Determine the displacement
of point Fon AR if a vertical load of 9 kN is applied over this point
Take E,, = 20 GPa, E; = 70 GPa.

C SOLUTICN
o Internal Force. The compressive forces acting at the top of each
post are determined from the eguilibrium of member AB. Fig 4-8h.
These torces are equal to the internal forces in each post, Fig. 4-8c.
kN >
| i mm | 1 ; ;
| §—— mm | Displacement. The displacement of the top of each post is
=
) } Post AC:
e b iy [—60{ 10%) N] (0300 m)
() Parl, ; 300 m
Ba=——t = — , : — = ~286(10 ") m
AsrE, wr{ (L0 [ 2000 107) N/m-|
fill kM A0k
¥ ¥ = (1.286 mm )
Post BD:
4 Pranln [—300190°) N|{0.300 m) i
s e A = = = — = —102({ 10 ™) m
PSRNy e ¥ AppEg  m{0.020 m {700 10°) N/m?] ;

< 0,102 mm |

A diagram showing the centerline displacements at A, B, and F on
the beam is shown in Fig 4-84d. By proportion of the blue shaded
triangle. the displacement of paint Fis therefore

4041 :
Sp = 0102 mm + (0,184 mm](ﬂ} = pxsmm b A
flH) mm
il 12 mm AL mim
Ty lA JF——4il1 mm H
(1 DEmars T3 i
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EXAMPLE |4.4

A member is made from a material that has a specific weight v and
modolus of elastcity E. If it i5 in the form of a core having the
dimensions shown in Fig. 4%, determine how far its end is displaced
due to gravity when it 15 suspended in the vertical position.

SOLUTICN

Internal Force. The internal axial force varies along the member
since 1t 15 dependent on the weight W) of a segment of the member
below any section, Fig. 4-95, Hence. to calculate the displacement.
we must use Eq. 4-1. At the section located a distance vy from its free
end. the radius ¥ of the cone as a function of ¥ is determined by
proportion; Le,,

X _ fg Fiy
e L i
¥ L I
The volume of a cone having a base of radius vand height v is
T
| e o fah
F = — ﬂ'}-_:'- == —_|_1|'
3 3L

Smce W = vV, the internal force at the section becomes !

- nry
+1SF, = ¢; P(y) = 20y
iy
Displacement. The area of the cross sectiom is also a function of
position v. Fig 4% We have Wiy
7 rrI::I a
ﬂ':jl] = g = = ."I-

Applving Eq.4-1 between the limuts of ¢y = (and y = L vields

1 ihi
f’-m ) dy f*-j-.rrr;s.uf ) 7| dy
= Fig. 49
L A{JI}E il [rrrﬁfL::ly!] E B
|

S A T
~3E ), ¥
L
g &E Anx

NOTE: As a partial check of this result, notice how the units of the
terms, when canceled, give the displacement in units of length as
expected.
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. FUNDAMENTAL PROBLEMS

F4=1. The M-mm-dizmeter A-36 steel rod 1% subjecied
to the axial forces shown, Determine the displacement of
end © with respect to the lixed support at A,

| HMEhmm |

A0
‘ Ak
'] ‘ E i kN
A
a S0 kN I:'
Fi-1

Fd-2 Sepments AR and O of the assembly are solid
circuler rods, and segment HC is a tobe. I the assemhbly
15 made of A1-TH aluminum, determine the displacement
of end £¥ with respect o end A,

Section g-o

F4-2

Fa-X The Memme-diamerer A-36 steel rod s subpected o
the loeading shown. Detzrmine the displacement of end A
with respect o end

Fa—4, 10 the H-mm-diameier rod i§ made of A-36 steel
and the stiffness of the spring is & = 30 MN/m, determine
the displacement of end A when the 6U-kN force is applicd.

b

Fa-5, The 20-mm-diameter 204-Té alominum rod s
subjected o the uniform distributed axial load. Determine
the displacement of end A

JI,.----."-"H' kM m
[+— — — — — — —

F4-8

A

Fid—., The 20-mm-diameter 2004-T6 aluminum rod s
subjected 1o the trangolar distriboted axial  loaed
Dretermine the displacement of end A,

45 kM 'm

/

A [ g

! HEFmm

Fa-a
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Srrosiews

s4-1. The ship s pushed through the water using an A-36
steel propeller shafl that is 8 m long, measured from the
propeller te the throst beanng O at the engne, IF i1 has an
puter diameter of 400 mm ead & wall thickness of 50 mm,
determine the amount of axial contraction of the shafll
whin the propeller exerts a foree on the shalt of 5 kN, The
Predrings at B and C are journal bearings.

4L The copper shalt s subjected o the axial Joads
shown, Determine the displacement of end A with respect
to end 2 The diameters of cach segment are d p = 3in.
dpe = 2 in., and dep = 1in, Take E;, = 18107 ksi.

Al an.—} 78 in. ——f— il in. —
*nhp Ejium—l&':ﬂf—m
. EE - Ikip o
Proh, -2

43, The A-36stecl rod is subjected (o the loading shown.
If the cross-sectional area of the rod is 50 mm®, determine
the displacement of 18 end FY Weplect the size of the
couplings at &, " and 0.

“44. The A-36 steel rod is subjected 1o the lpadin
shown, T the cross-sectional area of the podd 15 50 mm®,
determine the displacement of O, Meglect the size of the
eouplings st &, ', and [

QEM R 2 kN

Probs, 4-304

4-5. The assembly consisis of a steel rod CF end an
gluminum rod 84, cach having a diameter of 12 mm I the rod
is subjected o the axial loadings a1 A snd a1 the coupling B,
determine the displacement of the coupling 8 and the end
A, The unstreiched length of cach scgment is shown in the
figure, Negleet the sive of the conpections gt B and C, and
assume that they are rigid. £, = 200 GPa. E; = 70 (iPa.

[3EkN

m 2m
I I I

Prob. 4-5

4-6. The bar has & crosssectional arca of 3in’, and

E = 3510} ksi. Determine the displacement of its end A
when it is subjected to the distributed loading.

= St 1 fin

g

NI |

Prob. 446
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=T, The load of 800 b s sapgorted by the four 304 stainless
side| wires that gre connected 1o the rigid members AR and
0 Determine the vertical displacement of the load il the
members were horleontsl befere the load was applicd. Each
wire has & eross-sectional arca of 043 in’

‘K. The load of 800 1h is supported by the four 504 stain-
less steel wires that are connected 1o the nioid members AR
and DC Determing the angle of tln of cach member after
the load is applied The members were originally horizontal,
and cach wirc has a cross-sectional arca of 045 in®

E'-.. =

dm

5 [f—i

l.lim Ih

|_
| i
Probs. 4-T/8

=%, The assembly consists of three Gtanium {Ti-HA1-4V)
rods and a rigid bar AC The cross-seotional ares of cach rod
i miven in the fgure 15 @ force of 6 Kip s applied o the ring
F, determing the horizontal displacement of point £

10, The assembly consists of three titanium (Ti-0A1-4V)
rods and & maid bar AC The cross-sectional srea of each rod
s rven i e Deure, 16 a force of 6 Kip iz apphed 1o the ring
F, determine the angle of tilt of bar AC

fi i

Probs, 44010

d=11. The lowd 5 supported by the four 304 stainless steel
wires that are connected tothe rigid members AR and D
Dctermine the vertical displecement of the S00-b load if
the members were orginally horizontal when the load was
applied. Each wire has a eross-sectional area of 025 in.

*a—12. The load is supponed by the four 304 stamless
steel wires thut are connected 1o the nzid members AN snd
DC Determne the angle of tilt of cach member alter the
F00-Eb load is oapplied, The members werg originally
h-::url.'r-:mEaI. and cech wirc has a cross-sectional arca of
k025 in®

E } G
TS | -
3y

& S

2, il

| Fad—2—
1510
| il
A —
| 3 104
Yo ih

Mrobs 411412

sd=13. The bar hus a lenath 1. and cross-sectiona] arca A,
Dretermme s clomgation doe to the force P oamd its own
weight. The material has a specific weight ¢ {weight/vilume )
and a modulus of elasticiy £,

P

Frofe 413
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4=14. The post s made of Douglas [ and bas o diameter
of B mm. TF it is subjected to the load of 200 kN and the soil
prowides a frictional resistance that is uniformiy distributed
glong its sides of w = 4 kN/m, determine the [orce F at its
bottom needed for equilibrium., Also, what is the displacement
ol the top of the post A with respect to its botlom B
Meglect the weight of the post

4=15. The post is made of Dowplas [ir and has o diameter
of &) o, 16 it is subjected to the load of 20 kM and the =01l
provides a [rictional resistence that is distributed along its
length and varies lnearly rom w =10 a1 ¥y =0 0 w =
TEM/m at v = I m, determing the foree F a1 s botiom
necded lor equilibrium. Also, what 5 the displacement ol
thie top of the post A with respect 1o its bottom f7 Neglect
the weight of the post

Prubs. 4=14/15

“4-16. The linkage 15 mede ol twe pin-connected A-36
i 3
stee] members cach having & cross-sectional area of 1.5 in’
If a vertical force of P = S0 kip is spplied to point A,

determine its verticel displacement at A,

o4-17. The linksge s made of two pin-connected A-36
steel members, cach having a cross-sectional area of 1.5 in’
Determine the magnitude of the force PP needed w displace
point A 1025 . downward

|— 15 ft—=}—157—

Prohs, 416717
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4=18. The assembly consists of two A3 steel rods pnd a
rigid bar B, Each rod hag a diameter of 075 in. If & foree
of 1) kip is applied to the bar as shown, determine the
vertical displacement of the load

4-19, The assembly consigts of two A-36 steel rods and a
rigid har B, Each rod has & diameter of 0075 in. If & force
of 10 kip = applicd to the bar, determine the angle of tilt of
thie bar,

i
o T A
3
21
i ! ]
125 — c|.7.~.~::| Lt
TF
ki
Frobs 4-18/19

“4-M. The rigid ber s supporicd by the |‘.|l|'|-|."|1-n:I'I|:|:l|:-IJ
rod CH thet has a cross-scctional area of 500 mm?® and is
madde of A-36 steel, Determing the vertical displacement of
the bar al B when the load is applied.

| 4m

Froh. 4-20
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ed=21, A sprng-supporied pipe banger consists of two
springs which are originally unstretehed and have g stilfpess
of £ = &l kN,/m, three 304 stainless stecl rods. AN and C0,
which hove u diameter of 5 mm, and EF, which has a
digmeter of 12 mm, and a rdgid beam GH. T the pipe and
the Muid it carries have a total weight of 4 kN delormine the
displacement of the pipe when it is attached 1o the support

=22, A spring-supported pipe hanger consists of fwo
springs, which are originally unstrelched and have a
stilfness of & = 6 kN/m. three 304 stpinless steel rods, AR
and O, whieh huve o diameter of 5 mm, aod EF, which has
a diameter of 12 mm, and a rigid beam GH. I the pipe is
displaced 82 mm when it s filled with fuid. determine the

wisight of the Muid

35 mil25 m

Prohs. 421022

4=23, The rod hes a slight taper and lenpth Lo Ti a8
suspnded from the ceiling and supports a load T at s end,
Show that the displacement of its eod due w this load is
A = PL/wErar ). Meglect the weight of the material, The
modulus of elasticity is F,

2

o

Proshe, 4-23

“4=24, Dictermune the refative displocement of one end of
the apered plate with respect to the other end when i is
subjected 1o an axial load P.
A
P i Fd

ity

lF

Frofy, 4-24

4-25, Determing the clongation of the A-36 steal member
when it 15 subjected to an axial force of 30 kN The member
i% 10 mm thick. Use the result of Prob. 4-24,

200 mim

3 EN b i kM
75 mm
|

| 0.5

Pruh, 4-15

d-24, The casting is made of &8 material that has a gpecific
weight v end modulus of elasticity £ IF it is formed into a
pyramid having the dimenstons shown, determine how far
it% end 19 displaced dve 1o pravity when i s suspended in
the vertical position.

By

Proh. 4-24




4.2 ELastic Desoandanan of an Axally Loasnen MEmaeR 135

4-27. The circulsr bar has a varable radius of r = re®
gnd i mede of & material having a modulus of elasticity
of £, Detzrmine the displacement of end A when it s
subjected to the axial force P.

Proh. 4-27

“4=28, The pedestal 15 made in a shape thar bas o radies
defined by the function r = 2/{2 + ¥'*) i, where y is
in feet. If the modulus of elasticity for the matedal is
E = 14{10") psi. determine the displacement of iis top
when it supports the SO0 foad,

S b
~— L5 Nl

Frob. 4-28

o4=39, The support & made by cutting off the 1wo
osprposite sides of 4 sphere that has & radies r,. T0 the original
height of the support is ry/2. determine how far it shortens
when it supports o load P The maodulus of clasticry is £

Proh. 4-24

4-M,  The weight of the kentledge exerts an axial force of
Po= 1500 kN on the 3Mk-mm diameier high sirength
congrete bore pile 1 the distribution of the resisting skin
friction developed from the interaction between the soil
andd the surface of the pile s approsimated as shown, and
the resisting béaring foree Fois reguired (o be zero,
determine the meximum intensity g, KN/m [or eguilibriom,
Alzo, ind the corresponding ¢lastic shortening of 1the pile,
Meglect the weight of the pile,
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4.3 Principle of Superposition

The principle of superposition is often used to determine the stress
o1 displacement at a point in a member when the member is subjected
tiv a1 complicated loading. By subdividing the loading into components,
the prirciple of superposition states that the resultant stress or
displacement al the point can be determined by algebraically summing
the stress or displacement caused by each load component applied
separately to the member,

The Tallowing two conditons must be satishied if the pnnoiple of
superposition is to be applied.

l. The loading musi be linearly related 1o the siress or displacement
that is to be determined. For example, the equations o = P/A and
& = PL{AE involve a linear relationship between Pand o or §

L The lpading must not significantly change the original geomeiry or
configuration of the member 1T significant changes do oceur, the
direction and location of the applied forces and their moment
arms will change. For example, consider the slender rod shown in
Fig. 411k, which is subjected to the load P. In Fig 4100, P is replaced
by twor of its components, P = Py + P 11 P eauses the rod to deflect
a large amount, as shown, the moment of the load abowt its support,
P, will not equal the sum of the moments of its component loads,
P » Pudy + Pid, because d, # dy » 4.

This principle will be used throughouwt this text whenever we assume
Hooke's law applies and also, the bodies that are considered will be such
that the loading will produce deformations that are so small that the
change in position and direction of the loading will be insignificant and
can be neglected.

it

Fig. 4-10
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4.4 Statically Indeterminate Axially
Loaded Member

Consider the bar shown i Fig. 4-11a which s fixed supported at both
of its ends. From the free-body diagram, Fig. 4-116, equilibrium reguires

+1XF =0 Fa+ Fy—P=0

This tvpe of problem is called sratically Indeterminare. since the
equilibrium equation(s) are not sufficient to determine the two reactions
on the bar,

In order 1o establish an additional equation needed for solution, it s
necessary to consider how points on the bar displace. Specifically, an
equation that specifies the condinons for displacement is referred o
as & compatibility or kinemaiic condition. Tn this case. a suitable
compatibility condition would require the displacement of one end of
the bar with respect to the other end to be equal to zero, since the end
supporis are fixed. Henee, the compatibility condition becomes

This equation can be expressed in terms of the applied loads by using
a load-displacemens  relafonship, which depends on the materal
behavior, For example, if linear-elastic behavior occurs, § = PLAAE can
be used. Realizing that the internal foree in segment AC is +F 4. and in
segment CH the internal foree is —F 5 Fig. 4-11c. the above equation can
be writien as

'F.l. L AC F !i"‘l-l!".H

=
AE AE

Assuming that AE is constant. then F = Ful(Leg/L gc ). so that using
the equilibrium equation, the equations for the reactions become

i 2 L
Ei, P[%) and Fj .u( E‘)

Since both of these results are positive, the ditection of the reactions is
shown correctly on the free-body diagram.

A
Liai
—_— C
[
Ly
I
&b
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Most concrete columns are reinforced with
stee] rods; and since these two materiaks work
together m supporting the applicd lowd, the
forces in each malerial beeome siatically
mdelerminale

Important Points

® The principle of superposition 15 sometimes used o simplify
stress and displacement problems having complicated loadings.
This is done by subdividing the loading into components, then
algebracially adding the resulis

* Superposition requires that the loading be linearly related to the
stress or displacement, and the loading does not significantly
change the original geometry of the member.

* A problem is stetically indetersaine if the equations of equilibrinm
are not sufficient to determine all the reactions on a member.

& Compatihility conditiony specify the displacement constraints
that oceur at the supports or other points on a member.

Procedure for Analysis

The suppornt reactions for statically indeterminate problems are
determined by satisfving equiliboum, compatibility, and  force-
displacement requirements for the member.

Equilibrium.

®= Draw a free-body diagram of the member in order to identify all
the forces that act on it

®* The problem can be classified as statically indeterminate if the
number of unknown reactions on the free-body diagram is greater
than the number of available equations of equilibrium

= Write the equations of equilibrium for the member.

Compatibility.

* Consider drawing a displacement diagram in order o investigate
the way the member will elongate or contract when subjected to
the external loads,

® Express the compatibility comditions in terms of the
displacements caused by the loading.

® Use a load—displacement relation, such as § = PL/AE, to relate
the unknown displacements o the reactions.

® Solve the equilibrium and compatibility equations for the
reactions Il any of the resulis has a negative numernical value, it
imdicates that this force acts in the opposite sense of direction to
that indicated on the free-body diagram.
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EXAMPLE |4.5

The steel rod shown in Fig. 4-124 has a diameter of 10 mm. It is fixed
tor the wall at A, and before it is loaded, there is a gap of 1.2 mm between
the wall at B and the rod, Determine the reactions at A and 8 if the
ro is subjected to an axial force of P = 20 kN as shown, Neglect the
size of the collar ar CTake E, = 200 GPa

* — Ak L2 i, |
- A

HI

p—

i)

HUIL

P40 mm !
(nh

SOLUTION

Equilibrium. As shown on the free-body diagram, Fig: 4-126, we
will asswme that force P is large enough to cause the rod's end B to
contact the wall at B, The problem is statically indeterminate since r_r, A kN
there are two unknowns and only one equation of equilibrium, -
R ? Foe— =] T,

L EF, = I Fy— Fg+ 20010 N =0 (1) (i}

Compatibility. The torce P causes point 8 to move to B’ with no
further displacement. Therelore the compalibility condition for the

rod is
e i
ER.' = (L0002 m Fn—@—! Fy
This displacement ¢an be expressed in terms of the unknown (e}
reactions using the load—displacement refationship. Eq. 4-2. applied

o segments AC and CB, Fig. 4-12c. Working in units of newtons and
meters, We have

Fig. 4-12

Fala Falep

B aq = 00002 m

AE AE
A F_fll.'ﬂ.-i m
(005 m ) [2000 10%) N/m]
Fp(0.8 m)
w0005 m ) [2000 107) N/m’|
ur

Fa04m) = Fuih8m) = 314159 N-m (2)

Solving Egs | and 2 vields
Fi=160kN Fgz=405kN Anix

Since the answer for Fyis posiive, indeed end B contacts the wall at
B' as onginally assumed.

NOTE: If Fy were a negative guantity, the problem would be
statically determinate. so that Fy = O and F 4, = 20 kN.
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EXAMPLE [4.6

=G kip

1t

L5

(@l

The aluminum post shown in Fig. 4-13a is reinforced with a brass
core. [t this assembly supports an axial compressive load of P = 9 kip.
applied to the rigid cap, determine the average normal stress in
the alumimum and the brass, Take E,= HIL’H'IR} ksi and
Epe = 15(10%) kesi.

SOLUTICN

Equilibrium. The free-body diagram of the post is shown in
Fig. 4-13). Here the resultant axial force at the base is represented by
the unknown components carried by the aluminum, Fy, and brass,
Fir The problem is statically indeterminate. Why?

Vertical force equilibrium requires

+TEF, =0 —Qkip + Fy + Fip =10 (1}

Compatibility. The rigid cap at the top ol the post causes both the
alummum and brass (o displace the same amount, Therefore,

fig) = By
Using the load-displacement relationships,
Ful _ Fnl
AgEy  ApEny
Fa=Fol 22)(52)
wl (23 — (1 )] || 100107) ksi
(b Fa= F‘"I: - wi| o ]}[Hém-‘ihi}
Fy=2Fy {2}
Salving BEgs. 1 and 2 simultaneously vields
Fa=6kip Fy = 3kip
iy = 955 ki

Since the results are positive, indeed the stress will be compressive.

I O] [y "o~ 037 kel The average normal stress in the aluminum and brass is therefore
it fi ki
AL Ty — (37 ksi Ans
wl(2in. )" — (1 in )]
3 ki L
gy = D (Y85 e Ans
w1 in. )
ic)
NOTE: Using these resufts, the stress distributions are shown in
Fig, 4-13 Fig d-13c,
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EXAMPLE |4.7

The three A-36 steel bars shown in Fig, 4-14a are pin connected to a - —— —
rigicd member. If the applied load on the member is 15 kN, determine -!i‘i I"-"i F‘-'-‘T_'

the force developed in each bar, Bars AB and EF each have a cross-
sectional area of 3 mm-, and bar CD has a cross-sectional area of
30 mm- (5 m

SOLUTION Al s P —L

Equilibrium. The free-body diagram of the rigid member is shown g

in Fig. 4-145. This problem is statically indeterminate since there are

p 3 5 4
three unknowns and only two available equilibrium equations. Emfjozm
+1ZF, =0 Fat Fe+ Fe— 15kN =0 (1)
15 kN
LHEMe =0, —F04m) + 15kN{02m) + Feidm) =0 (2)
(il

Compatibility. The applied load will cause the horzontal line ACE

shown in Fig. 4-14¢ to move to the inclined line A'CTE’. The i Fo ¥

displacements of points A, €, and E can be related by similar triangles,
Thus the compatibility equation that relates these displacements is

B |
Fu— g e —8g m% ! ||-1m—'|

{15 m 4 m 'nz ml:l.: m
| | 15 kN
B = B4+ =B ()
Using the load-displacement relationship, Eq. 4-2, we have 1 W |
T
- o
Fr-f_ B ]_ F |L 4 ]_[ Fy L &, - ,ﬁrm
(Mmm™IE, 2L(30mm ) E,] 2] (30 mm*)E, A d—ay B g
1
Fe = 03F, + 03F; (3) &
Fig. 4-14

Solving Egs. 1-3 simultaneously vields

Fi=4952kN Ans
Fr = 346 kN Anx
Fp=202kN ks
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EXAMPLE (4.8

Final
paalicen

=

(LEI25 in.

Tkl
pokiiEan

[l

Fig. 4-15

The bolt shown in Fig. 4-15a is made of 2014-T6 aluminum alloy and is
tightened so it compresses a cyvlindrical tube made of Am 1{K4-Tal
magnesium allov, The tube hasan outer radios -.I’r'% in., and it 15 assomed
that bath the mner radius of the tube and the radius of the balt are JT in.
The washers at the top and bottom of the be are considered o be
rigid and have a negligible thickness. Initially the nut is hand tightened
snugly, then, using a wrench, the nut is further tightened one-half wrmn.
[f the bolt has 20 threads per inch. determine the stress in the bolt

SOLUTION

Equilibrium. The free-body diagram of a section of the bolt and the
tube, Fip. 4—150, is considered in order to relate the force in the bolt
Fy to that in the tube, F,. Equilibrium requires

+1EF, =t Fy— F=10 (1)
Compatibility. When the nut 5 nightened on the bolt, the tube
will shorten &, and the bolt will eforgate 6, Fig. 4-15¢. Since the
nul undergoes one-halfl ten, it advances a distance of [%}:% im.) =
(1023 in. along the bolt. Thus the compatibility of these displacements
requires
(+1)
Taking the moduli of elasticity from the table on the inside hack
cover. and applying Eg. +-2. vields
Fiiin.) J
{0501 — (0.25in.)|[648(10°) ksi]
Fuldin.)

(0,25 in. [ L0601 ksi]
(L7BSYSE, = 25 — 1L4414F,

& = D025 in. — &

(L0235 in.

Solving Egs. 1 and 2 simultaneously, we get

Fy = F, = 1122 kip
The siresses im the bolt and tube are therefore
Fu 11.22 kip
Ay w(025in)
_ K 11.22 kip
T T Al(05in.) - (025 )]
These siresses are less than the reported yvield steess for each material,
(ory o = 60 ksi and {0y )y, = 22 ksi (see the inside back cover), and
therefore this “elastic™ anakbysis is valid.

iy 372 ksi Ans

* 19.1 ksi




4.5 THE Foace METHOD OF Amalvsis For Axaly Loaben MemBERS 143

4.5 The Force Method of Anﬁlysis_
for Axially Loaded Members

It 15 also possible to solve statcally mdeterminate problems by woting
the compatibility equation using the principle of superposition. This
method of solution is often referred to as the flexibility or force method
af analvsis. To show how it 5 apphied, consider again the bar in
Fig. 4-16a. If we chonse the support at B as “redundant™ and fesmporariy
remive its effect on the bar, then the bar will become statically
dererminate as m Fig. 4-1ab. By usmg the principle of superposition, we
must add back the unknown redundant load Fg., as shown in Fig 4-16¢.

If load P causes B to be displaced dowroward by an amount &p, the

Mo displucement & &

= i la)
reaction Fy must displace end B of the bar upward by an amount &g,
such that no displacement occurs at B when the two loadinags are
superimposed, This
I+L} "=I$p_ﬁ" ||
This equation represents the compatibility equation for displacements at A
paint &, for which we have assumed thar displacements are positive
downward.

Applving the load-displacement relatiunship to ecach case. we have

Gp = PLyfAE and 8y = Fgl/AE. Consequently, Displacernent at 8 when ‘

redundani [vree at B

is pemyed !
- Pf AT F,qr |
0= iF iE {hi
- L.»u') .
Py = P( 1 Lo

From the free-body diagram of the bar, Fig. 4-1 18, the reaction at A
can now be determined from the equation of eguilibrium,

Lac
+1EF, =1 Fl— 1+ F,— F=I
| : ( £ ) Ak Displacement sl # when
only the redundant fores al
! .I'ri.ilpplil:Ll
Since Loy = L — L. then
el
Len’
()
; L

These results are the same as those obtammed in Sec. 4.4, except that here
wie have applied the condition of compatibility to obtain ong reaction
arred then the equilibrium condition to abtain the other. Fig. 416
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Procedure for Analysis

The force method of analysis requires the following steps,
Compatibility.

* Choose one of the supports as redundant and write the equation of compatibility. To do this, the known
displacement at the fedundant support. which s usually zero, is equated o the displacement ar the
suppart caused omly by the external loads acting on the member plus (vectorially) the displacement at this
support caused ondy by the redundant reaction acting on the member,

& Express the external [oad and redundant displacements in terms of the loadings by wsing a load-
displacement relationship,such as 8 = PL/AE.

l * Once established, the compatibility equation can then be solved for the magnitude of the redundant force.
Equilibrivm.

* Draw a free-body diagram and write the appropriate equations of equilibrium for the member using the
calculated result for the redundant, Solve these equations for any other reactions.

EXAMPLE [4.9

The A-36 steel rod shown in Fig. 4-17a has a diameter of 10 mom. It s

fixed to the wall at A. and before it is loaded there is a gap between

the wall at B' and the rod of 0.2 mm. Determine the reactions at A
=l kN 2 mm"\ and 8°, Neglect the size of the collar at C. Take £, = 20 GPa.

i ; SOLUTION
) ms o it Compatibility. Here we will consider the support at B' as
redundant. Using the principle of superposition, Fig, 4-17f, we have
P=20kN g2 e (=) 00002 m = 8 — By (1)
. i The deflectioms dp and 6y are determined from Eqg. 4-2.
Tnttand
pe ki |l it "‘L‘ﬁr PL . 200107) N)(0.4 m)
] : [ LR AT L ﬁju =" 4 : [ L - I{ : — - "5”93{“" J}T“
- | AE o U005 m [ 2000 107) N/m-]
Final FuL, Fpil2)m)

+ Bupcsition: iy w —BAE e = T6.3044(10 N Fy

AE #0005 m[200{ 10%) N/m?|

' . o .
Substituting into Eq. 1, we get

i R 0.0002 m = D.5093(10 ") m — 76394410 ") Fy
) U k™ 339 kN
Fg=405(10") N = 405 kN 7 s
ic) Equilibrium. From the free-body diagram. Fig, 4-17¢,

Fig. 4-17 S EF, =m0 —Fu+20kN —405kN =0 F, = 160kN Ans




4.5 THE Foace METHOD OF Amalvsis For Axaly Loaben MemBERS 145

Srrosiews

3L The colemn s constructed from  high-sirength
concrete and six A-36 steel remnforcing rods. [F103s subjected
to an axul foree of M kip, determing the sverage normal
stress in the concrete and in each rwl Each rod has a
diameter of (1,75 in,

#3432, The column & constructed from high-strength
concrete and six A-30 steel reinforcing rods, 1101 s subjected
Loy an axial force of 30 kip. determine the required diameter
of cach rod so that one-fourth of the loed & carned by the
conerete and three-founhs by the steel

4,

——  Probs 4-31/32

sd=A1.  The steel pipe 18 flled with conerete and subjecred
i 4 compressive force of B kN Determine the aversge
normal stress in the conerele and the steel due 1o this
oading. The pipe has an owter diameter of 80 mm and an
inner diameter of 70 mm, £, = 200 GPa, E, = 24 GPa.

HIKM

[LETL]

Frob, 4-13

434, The 314 stainless steel post A has a diamcter of
d = 2in. and is surrounded by a red brass CR3300 twbe B
Both rest on the rigid surlace 10 a force of 5 Eip s apphed
lo the rigid cap, determine the averape normal siress
developed in the post and the tube.

4=35, The M stainless steel post A s surrounded by a red
brass CR34(K) tube B Both rest on the rigid surface, 11 a
force of 3 kip is applied to the rigid cap. determine the
requited diameter o of the steel poslt so that the loed 15
shared equally hetween the post and tube

A kap

I-TI Iiﬂ_"l i

Probs. 4-34/35

=36, The composite bar consists of g 20-mme-diameter
A-MG sreel sepment AR and S0-mm-dismeter red brass
CHAH end sepments 204 and CR. Delermine the average
nivrmval stress in cach sepment due o the applicd load.

o4=37. The composite bar consigis of b 20-mm-diameter
A-36 steel segment AR and S-mm-diameter red brass
CRMN end  scpments A and CH. Determme  the
displacement of A with respect w B due to the applicd
bradd.

A e SH1 mm =250 mrme=
S mm U mum
1iH1 kM

A Tokn

kM

Prabs, 4-36737




144 CHapiea 4 Axial Loab

4=38, The A-36 steel column, having 4 cross=sectional area
of 18 in®, is encased in high-sirength concrete as shown, 10
an gxial force of 6 kipis applicd (o the column, determine
the averape compressive stress in the concrete gnd in the
gieel, How lar does the eolumn shorten? It has an original
fength of 8 15

4=3, The A-36 steel column s encesed in high-strength
concrete as shown, T an axial foree of 6 Kip is apphied w
e column, determine the recuired area of fhe steel so that
the foree is shered cqually between the steel and conerete,
How far does the colummn shorten? Tt has an oviginal length
oof 8 T

PFrolm, &-38/349

=),  The rigd member 15 held in the position shown by
three A-36 steel tie rods. Each rod has an unstretched length
of (1,75 m and a ¢ross-sectional area of 125 mm®. Delermine
the forees m the rods if o ternbockle on od EF anderpoes
one Tull turn. The lead of the screw is 1.5 mm, Negleet the
sire of the lurnbuckle and sssume that it s ngid. Moser The
lead would cause the rod, when wndoaded. i shoren 1.5 mm
whon the turnbockle is rotated one revolution.

Prashe, 44

sd=d], The concrete post & remforced uzing six steel
reinforcing rods, each having a diameter of 20 mm,
Dctermine the stress in the concrele and the steel if the post
i5 subjected 1w an axial load of 9K kN, E_ = 200 GPa,
E. = 25 GPa,

42, The post is constrovted [rom concrete and six A-36
steel reinforcing rods 11 it is subjected o an axial force of
G0 kN, determine the required diameter of each rod so that
one-Tifth of the load s carmied by the steel and four-filths by
the concrete. £, = 200 GPe. E, = 25 GPa

W kM

Probs. 441042

443, The assembly congists of two red hrass CR300
copper alloy rods A8 and €0 of dimeter 30 mm, & siginless
5t steel altoy rod £F of diameter 40 mm. and a rigid cap 7,
If the supporis at A, C and F are nigid, determing the
average normal siress developed in rods AB, OO and £F.

I'—J-I!H.I |:|1|:r|.—'| "—45“ mm—
| -

b kN

Proh, 443
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“4=d44, The two pipes are made of the ame matenal and
are connected as shown, IF the eross-sectional arca of BC 05
A and that of CFF is 24, detlermine the reactions at & and D
when a force s applied a1 the junction C

s4-45. The bolt has a dismeter of 20 mm and passes
throisgh a 1he that has an inner diameter of ) mm and an
outer dismeter of 60 mm. [{ the bolt and tube are muade of
A6 steel, determing the normal stress in the tube and bolt
when a foree of J1EN is applied 1o the bole Assume the end
caps are ngid.

Frob, 445

446, I the gap between O snd the ngid wall a1 0 s
initially 015 mm, determine the support reactions at A and
0 when the force P = 200 kN i applicd. The assembly
is made of A3 steel,

Al ) # b= (115 mm

|- i) mm e

Stl

Prob. 446

4=47,  Twor A<36 stee] wires are used to support the &50<h
engine. Criginally, AR is 32 in, long and A"8" is 32008 in.
lzng. Determine the force supported by eech wire when the
engine 18 suspended from them. Each wire has o cross.
cectional area of (0] in®,

Prob. 447

*4—4R  Rod AR has a diameter o and fits snugly between
the rigid supports at A and 8 when it is enloaded. The
modulus of elusticity 15 £, Determine the support reactions
at A and B il the rod is subjected 1o the linearly distributed
gxial load,

e i
{ — = E L : i
e —
w
A A
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ed=d®  The tapered member 15 lxed connected ot 15 ends
A and B and is subjected to-a load P =7 kip at ¥ = 30in,
Determine the reactions at the suppors The materel is
2 in. thick and is mide [rom 2004-TA pluninwm

4-50,. The tapered member is fixed connected at its ends
A and 8 and i subjected to & load P. Determine the location
xof the load and {15 preatest magnitude so that the average
normtal stress in the bar does nol exceed oo, = 4 ksi, The
member is 2 in. thick.

¥
fiin b o— EX
1 B

il in

Frohs. 4100

4=-51.  The rigid bar supports the uaiform disteiboted load
of & kip/IL Determine the Toree in cach cable i cach cable
has & cross-sectiongl ares of 005 10°, and E = 31{ 107 ksi.

“4-82, The ngid ber = onginally bernzontal and s
pupporied by two cables cach having o cross-sectional area
of 0.05in", and F = 31(10F} ksi. Determine the slight
rotation of the bar when the uniform lowd is gpplicd.

Prohs. 4-51/52

o433, The press conzists of two rigid beads that are beld
wgether by the two A-36 stecl Lin.-diameter rods A G06]-
Th-solid-aluminum cylinder is placed in the press and the
screw 5 adjusted so that it just presses up against the
cylinder. T7 it i then tightened one-hall turn, determine
the average normal siress in the rods and in the cylinder.
The single-threaded serew on the boll has a lead of 001 n,
Wete: The lead represems the distance the serew advances
along its axis for one complete tuen of the screw,

4-54. The press conststs of two mgid heads thal are beld
together by the two A-36 steel Sin-diameter rods A A061-
Th-solid-aluminum cylinder is placed in the press and the
screw 18 adjusted so thet if just presses up against the
eylinder. Determine the angle through which the screw can
be turned hefore the rods or the specimen begin to vield,
The sinale-threaded screw on the bolt hes & lead of (L n.
Note: The lead represents the distance the screw advances
along its axis for one complete turm of the screw,

| 12in. |

11 m
I I

Mrohs. 4=-53/54

455, The three suspender bars are made of A-36 steel
and have equal cross-sectional  areas  of 450 mm?,
Determine the average normal stress in cach bar if the rigid
beam is subjected to the loading shown.

l-—]m I I m I I m I [r.n—'-|

Profe 4-55
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“4=56. The rigid bar supports the 800-0b load, Determing
the normal stress in each A-36 gtee] cabla if ench cahle has a
cross-seclional area of (004 in®

o4-57. The rigid bar is ongmally bomeonwl and s
supported by two A-36 steel cables coch having 4 cross-
sectional ares of 0,04 in°. Determine the rotation of the bar
when the BU0-1b load is spplicd

f il { St | f i {

Prilis, 4-56/57

4=-58, The horizontal beam s assumed w be dpd and
suppores the distributed toad shown, Determine the vertical
reactions at the supports. Each support consists of @ wooden
post having @ diameter of 120 mm and an onloaded
foniginal ) lengeh of 1M1 m, Take Fy = 12 GPa,

450, The horizontal beam is assumed o be rgid and
supports the distributed losd shown. Determine the anple
of tilt of the beam afier the load s applied. Each suppori
consists of & wooden post having a diameter of 120 mm and
gn unloaded {original j lenoth of L30m. Take £, = 12 GPa.

I8 kM ‘'m

M

i i
|.4
| m f—1 m—|

| a |

A

3

Frishs, 458759

“4-plh. The assembly consists of twe posts AD and OF
made of A-36 sicel and having & cross-sectional ares of
1000 mm®, and & 2004-Th eluminum post BE having a cross-
scctionil arca of 1500 mm® If a central load of 40 kN is
ppphed to the npid cap, determine the normal stress in cach
post. There is a small gap of (L1 mm between the post BE
gnd the nzid member ABC

kM

DL (3 i

Prub. 4-6H0

sd-6l. The distributed loading 15 supporied by the three
ruspender bars, AR and EF are made of aluminum and OO0
is made of sicel. Il cach bar has a cross-sectional arce of
450 mm®, determine the meximum intensity w of the
distrbuted loading so that an allowable stress ol [0y =
B MPa in the steel and (oy0dg = M4 MPa in the
alumimum 15 not excesded. E, =20 GPa. £, =N GPa
Aszume ACE is migad,

Peobi. d—isl
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=62, The ngid hnk i supported by o pin at A, a steel wire
BT having an ungtretehed length of 200 mm and eross.
sectional area of 22.5 mm®, and & short aluminum block
having an unloaded length of 50 mm and cross-sectional
area of 40 mm= T the link is subjected to the vertical load
shown, determine the average normal siress in the wire and
the block, By = 20 GPa, £, = TGP,

d=63. The rigid ok i supporied by o pin a1 A, a steel wire
B having an unstretched length of 2000 mm and cross-
seclional area of 22.5 mm®, and & short aluminum block
having wn unloaded lengtl of 50 mm and eros-sections] area
of 411 mm™. I the link is subjected to the vertical load shown,
determine the rotation ol the link aboul the pin A Report
the answer in radians E,, = 200 GFa, £, = T GPa,

150 i
450 M

S0 mim

Prohs. 4-62/63

d-bd, The center post B of the assembly has an original
length of 124.7 mm, whereas posts A and O have a length of
125 mm, 10 the caps on the top and bottom can be
considered rigid, determine the average normal siress in
cach post The posts gre made of aluminum and have a
cross-sectional arce of 400 mm?, E, = 70 GPa

K k™ Sm

D) rmaen

H 125 mim

k& 4 & & | 4 4

MHTEM /m

Pruoske, 464

sd=i5,  The assembly consisis of an A-36 steel bolt and a
CRILIND red brass tube, TP the not is deawn up snug apainst
the tobe so thal L = 73mm, then twrmed an additional
aroiint s thit it advanees (UK mm oon the bolt, determing
the Force in the bolt and the tube, The holt has a diameter of
7 mm &nd the tube hes & cross-sectional arca of 100 mm©.

4-66. The assembly consists of an A-36 sieel bolt and a
CRIAOD red brags tube. The nut is drawn up snug sgainst
the tube so that [, = 73mm. Delermine the maximum
additional amoun! el edvence of the nut on the bolt so that
none of the matermal will vield The bolt hes o diameter of
7 mm end the tube has @ cross-sectional area of 1K mme,

Frobs. =656

4-67. The three suspender bars are made of the same
makerial amd have equal eross-sectional arcas A, Determine
the average normal stress inocach bar if the rigid bean ACE
i5 subjected Lo the force I




a-é Therrn-:;l Stress

A change in femperature can cause a body to change its dimensions,
Cremerally, if the temperature increases, the body will expand, whereas if
the temperature decreases, it will contract. Ordinanly this expansion or
contraction 15 rearly related (o the temperature moerease or decrease
that occurs. If this is the case, and the material is homogeneous and
isotropic. it has been found from experiment that the displacement of a
member having a length L can be calculated vsing the formula

fir = o ATL (44

where

o = a property of the material, referred to as the lnear coefficient
af thermal expansion, The units measure strain per degree of
temperature, They are 1,/°F (Fahrenheit) in the FPS system,
and 1/7C {Celsius) or 1/K (Kelvin} in the SI system. Typical
vilues are given on the inside back cover

AT = the alpebraic change in temperature of the member
L = the original length of the member
Ay = the algebraic change in the length of the member

The change in length of a statically determinate member can easily be
saleulated using Eq, 44, since the member is free to expand or contract
when it undergoes a temperature change. However, in a statically
tndeterminate member, these thermal displacements will be constraimed
by the supports, thereby producing thermal stresses that must be
considered in design, Determining these thermal stresses is possible
using the methods outlined in the previous sections. The following
examples illustrate some applications.
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Most traffic bridpes are designed with u

CEpAnSEIA  joAnls 1o acconmimodate  the
thermal movement of Lthe deck and thuos
avod any thermdal stress.

Long extensions of ducls and pipes (hat
carry fluids are subjected 1o vanations in
chimate thalt will cawse them fo expand
and contract. Expansion jouts, such as the
one shown, are osed boo mitigate thermal
Wress in the matenal



152

EX

CHaptEr 4 Axiay Loan

AMPLE [4.10

A

{e)

Fig. 4-18

The A-36 steel bar shown in Fig. 418« is constrained to just fir
berween two fixed supports when T, = 60°F. If the temperature is
raised to Ty = 120°F, determine the average normal thermal stress
developed (n the bar,

SOLUTION
Equilibrium. The free-body diagram of the bar is shown in
Fig 4-18h. Since there is no external load, the force at A is equal but
opposite to the foree at B that is,
+TEF;=0; R i g o]

The problem is statically indeterminate since this force cannat be
determined from equilibrium.

Compatibility. Since 5,4 = 0, the thermal displacement &; at A
that oceurs, Fig. 4-18¢, is counteracted by the force F that is required
to push the bar &p back to its original position, The compatibility
condition at A becomes

(+1) B = 0 = &y — B
Applving the thermal and load-displacement relationships, we
have
FL
() = - ==
wATL AF
Thus, from the data on the inside back cover,
F=aATAE
= [6.60(107")/"FH 120°F = a0°F)(0.5 in, )" [29( 10°) kip/in’]

- 2.871 kip

Since F also represents the internal axial force within the bar, the
average normal compressive siress is thus

F_ 2871 kip

= — = 11.5ksi Aris
A (LS.}

=

MOTE: From the magnitude of F_ it should be apparent that changes
in temperature can cause large reaction forces in statically
mdeterminate members,
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EXAMPLE |4.11

The rigid beam shown in Fig. 4-19a is fixed to the top of the three = 3 mm—|=300 mm—]; 5 4y i

posts made of A-36 steel and 2014-T6 aluminum. The posis each have
i lemgth of 250 mm when no load s applied o the beam, and the
temperature is T = 20'C. Determine the force supported by each
post if the bar is subjected 1o a uniform distributed load of 150 kN /m

-
g

and the temperature is raised 1o T, = BOC
SOLUTION Stecl

Equilibrium. The free-body diagram of the beam is shown in Fig 4-10,
MMoment equilibrivm about the beam’s center reguires the forces in the
steel posts to be equal. Summing forces on the free-body disgram,
we have

+18F, =10 2F, + Fyu— (10N = 11 (1)
[ 1 ul *

/|

Al mim— e —

— 01— mm

Y
Compatibility. Due to load, geometry, and material symmetry, the ]

2500 mm

.La..lum‘inum Heel

il

Kk

top of each post is displaced by an equal amount. Hence,

(+1) By = 8y (2)

-
—

2 (0,020 m L2000 10%) N/m7)
Fal0.250m)

w{ 0030 m (731 (107) N/m?)

F, = 1.216F, — 165.9(10%) (3)

= —[23{107%)/2C)(80°C — 20°C)(0.250 m} +

To be consistent. all numerical data has been expressed in erms
of newtons, meters, and degrees Celsius Solving Eqs 1 and 3
simultancousiy vields

F,=—-164kN F,= 123kN Anx

The negative value for F; indicates that this force acts opposite to
that shown in Fag. 4195 In other words, the steel posts are in tension
and the aluminiim post s in COmMpresson.

F, F,
The final position of the top of each post is equal toits displacement ) I
catsed by the temperature increase, plus is displacement caused by ihi
the mternal axial compressive foree, Fig. 4-1%c. Thus, for the steel and
aluminum paost, we have (Bt (&)
[+ 1] Oy = _l.ﬁ.‘ﬂ e ':.ﬁﬂl:lf' Inikthal I'rx.i:iuuerr"r | T{'&..I'F
|
(+4) By = = (8l + (Bads n.{:_d Tgly | || Tl Fosition
Applving Eq. 2 gives :
—(8u)r + (Ba)r = —(Balr + (Balr
Using Egs. 4-2 and 4-4 and the material properties on the inside back
cover, we get ich
Fo0.250m
—[12(107%)/°Cl{&0°C — 2PCH0.250 m) + al ] Fig. 4-19
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EXAMPLE [4.12

b mm

A 2014-T6 aluminum tube having a cross-sectional area of 600 mm- is
used as a sleeve for an A-36 steel bolt having a cross-sectional area of
4K mm”, Fig. 4-20a. When the temperature is T, = 15°C, the nut
holds the assembly in a snug position such that the axial force in the
bolt s neghgible. If the temperature increases to T, = BI'C,
determine the force m the bolt and sleeve.

SOLUTICN

Equilibrium. The free-body diagram of a top segment of the
assembly s shown in Fig. 4-206. The forces Fj, and F, are prodoced
since the sleeve has a higher coefficient of thermal expansion than the
bolt, and therefore the sleeve will expand more when the temperature
is increased. [t is required that
+TEF, = 0; F,

Fy (1)

Compatibility. The temperature increase causes the sleeve and bolt
to expand (& by and (6 )y, Fig. 4-20c. However. the redundant forces
Fy,and F, elongate the bolt and shorten the sleeve. Consequently, the
end of the assembly reaches a final position, which is not the same as
its initial position. Hence, the compatibility condition becomes

(b} (+4) 8 = (Bp)r + (Bajr = (S = (8.)r
Applving Egs. 4-2 and 4-4, and using the mechanical properties from
the table on the inside back cover, we have
[12{ 107"}/ *Cl{(BO°C — 15°C)(0.150 m) +
Fi( 0150 m)
(400 mm? ) (10 ® m7mm? )| 200( 107} N /m?]
lmiinl iy B B
Sk — =~ TTisr « 23010 %)/°C](B0°C — 15°C)H0.150 m)
(&7 Tt oo F (0150 m)
il position (60 ) (107" m? fmm Y[ 730 10%) N/m”
(B:be Using Eqg. I and solving gives
i F, = F, = 203kN Ans
Fig. 4-20 NOTE: Since linear elastic material behavior was assumed in this

analysis, the average normal stresses should be checked to make sure
that thev do not exceed the proportional limits for the material.
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Srrosiews

60, A steel survevor’s tape is to be used 1o measure the
length of a line. The tape has ¢ rectangular cross section ol
005w, by 002 . wndd @ length of 100 1t when Ty = 607F and
the tension or pull on the tepe is 20 b Determine the
true length of the line if the tape shows the reading (o
e 463,25 M when used with a pull of 350b a1 T5 = %¥I"F. The
ground on which i1 is placed is [lat w, = S.600107%)/°F,
Ey = 20010} lsi.

105 i,

Froh. 468

w49, Three bars cach made of dilferent matenals are
connected together and placed between two walls when the
temperature s T = [2°C. Determine the force exeried
pn the (ngid} supports when the temperature becomes
Ty = I8 The material properties and cross-sectional
arca ol cach bar arc given in the Ggure,

Sieel HArass Copper
E, = Xl Lil*n Fop = 1L G Eo= 120 GiPa
oy = LNI"WEC o= 2101070 R0 gy = 1F T /C
. A, = 515 mm®
|-"1u_2ih|mm: Apy = 450 mam*
I 303 ! 20K mm ! l
11 ]
Proh., 464

=Tk The rod =5 made of A-36stee] and has a dlameter of

0.25 in T the rod is 4 0 long when the springs are compressed
{1.5 in. and the wmperature of the rodis T = #0°F, determine
the foree inthe rod when its temperatore s T = 1M1"F.

k= 1IKKl Ihfin

&= [MK) B fin

Prob. 4-Th

Tl A G-N-long steam pipe is made of A-36 stee] with
my = 4 k=i, It is connected directly (o two tlurbines A
and & a5 shown The pipe bas an outer dlameter of 4 n,
and a wall thickness of .25 in. The connection was made
gt ) = TO°F. If the wrbines” pomts of altuchmenl are
assimed iz, determine the force the pipe exerts on
the turhines when the stcam and thus the pipe reach a
temperature of T; = 275°F.

=T A Gefi=long steam pipe 15 made of A-36 s1eel with
oy = k=i, T is connected directly to pweo turhines A and
B as shown. The pipe has an outer diameter of 4 in end &
wiall thickness of (L2535 in. The connection was made at
Ty =TF. T the twrbines” poinis of attachment  are
gesumed i have a stiffness of £ = 80{ 10F] kip/in.. determine
the force the pipe exerts on the trbines when the stcam
wined thus the pipe resch a temperature of Ty = 275°F,

o]

Probs. =T172

#4-T3, The pipe s made of A-36 steel and is connected o
the collars 4t A and 8 When the tiemperature is 6 E there
i o axial load o the pipe. 10 hot gas traveling through the
pripe causes its iemperature o rise by AT = (40 = 155)°F,
where v i5in feel, determine the average normal stress in the
pipe. The inner diameter is 2 ., the wall thickness is 0,13 in

4-T4, The bronze CBO1ED pipe hag an mner radivs of
(15 in. and & wall thickness of (0.2 in If the gas fowing
through it changes the tempersture of the pipe uniformily
fiom T4 = 20°F at At Ty = 80°F at B, determine the
axial foree it exens on the walls The pipe was fited hetween
the walls when T = 60°F

¥ T o R -y .I..,

A i
I K1 |

P'robs. 4-73/74
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4=T5. The 4lk-it-long A-36 steel rails on s train track wre loid
with a small gap between them o aliow for thermal
expansion. Determine the required gap & so thal the rails just
touch one another when the temperatore 15 increased from
T) = =M"F1o T, = 90°F, Using this pap, what would be the
axial foree in the rails if the temperature were o rise to
T35 = 110°F? The cross-sectional area of cach reil is 5,10 n-,

—=|}—= ¥t

i 4l fi i

Frof, 4-75

*4=T6., The device 12 used O measuce o change in temper-
ature. Bars AR and CTF are made of A-30 stecl and 2004-TH
gluminum alloy respectively, When the lempereiure is
gl T5°F, ACE is in the horieontal position. Detormine the
verfical displacement of the pointer at E when the
temperature rises to 130°F

IIII|IIII|IIJI|

Lu |

Proh, 476

#4-TT, The bar has a cross-sectional area A, lengih L,
modulus of clasticity £, and cocificient of thermal
expansion o, The emperature of the bar changes uniformly
along its length from T 4 a1 A to Ty, at B so that at any point
ralong the har T =T, + x{Ty — T, )/L. Deiermine the
force the bar exerts on the mand walls Initially oo axial [oree
is in the bar and the bar has a tempeérature of T,

i)
A EE ]
Ty Ty

Proke, 477

4=T8, The A-36 steel nxl has & dizmeter of 50 mm and s
lightly attached to fhe rigid suppors st A and B when
1 = 80°C. IF the iemperalure becomes T = 2000 and an
axial foroe of * = 200 kN is applied to its center. determine
the reactions at A and B

T, The A-36 steel rod has g dismeter of 50 mm and is
lightly atached o the rgid supports st A and 8 when
T = 50°C, Determine the force P thar must be applicd o
the eoliar at s midpoint so thiet, whea T = H1"C, the
reaction at B is zero,

L5 m |

BSm |

Mrohs, 4=-TRTH

=30, The rgid block has a weight of 80 Kip and 15 1o be
supporied by posts A and B, which are made of A-36 suzel,
and the post €, which is made of C33400 red brass. 11 all the
posts have the same gl length before they are Joaded,
determine the aversge normal stress developed ineach post
when post O 8 healed so thet its temperature is increased
by 20°F. Each post has @ cross-sectional arca of 8 in®.

Frob. 4-Ei



s4=81. The three birs are made of A-36 steel and form
a pin-connected truss, 0 the tross s construected when
Ty =50°F. determuine the force in cach bar  when
T = 110°F. Each bar has 4 cross-sectional area of 2 in”.

4-82 The threc hars are made of A-36 sleel and form
g pin-connecied truss, U the truss is constructed when
Ty = 50°F. determine the vertical displacement of joint A
when Ta = 150°F. Each bar has & cross-sectional area of
2in®.

Probs, 4-81/82

4-B3. The wircs AR and AC are made of steel, and wire
AD is made of copper. Belore the 150-b force is applied,
AR and AC are cach 60 in, long and AD is 40 . long, 1f
the temperature is inereased by BO'F, determine the
force in each wire needed to support the load. Take
Fo= M(1Fy ksi. K., = 171 ) ksi. o, = S(107"/°F,
iy = 9560(107")/"F, Each wire has a cross-sectional arfea ol
00123 int

Yisiih

IFrob. 4-R3

4.4 THEsmaL STRESS 157

484, The AMIGIETAL mognesium alloy tube AR 58
capped with o rigid plate E. The gap between Eand end O of
the &061-Th aluminum alloy salid circular rod C6 s 0.2 mm
when the temperature s at 307 O Determine the normial
siress developed in the tabe and the rod i the temperature
rises o 80" . Negleot the thickness of the rigid cap.

o485, The AMUNKE-TS] magocsium alloy tube AR 3
capped with a rigid plate, The pap between £ and end C of
ihe fI61-TH aluminum alley solid circular rod OO0 8 0.2 oom
when the temperature is at 20" O Determine the highest
femperature o which it can be raised withoul causing
yielding cither in the tube or the rod Negleet the thickness
of the ngid cap

i mm-@- 2l mm

Sechal g-d

a

— 4% mm

W

Prohs. 484045

486, The steel holt has 2 diameter of 7 mm and fils
through an alummom sleeve as shown, The sleeve hag an
inner diameter of 8 mm and an ouier diamoter of 10 mm.
The nut at A is adjusted so that il just presscs up against
the sleeve. I the assembly is orginelly al a8 temperature
of Ty = 20°C and then is heated 1o 8 temperature of
T> = 10re, delermine the average normal siress in the
bolt and the slecve, £, = 200 GPa, £ = T GPu. o, =
H{"Y2C, = 23(107%)°C

Frob. 4-56
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This saw blade has growves cul nlo il in
cider bo reheve both the dynamic siress thal
develops within i1 s i rotates and the
thermal stress thal develops as it beats up
MNote the small circles at the end of cach
groove. These serve 1o reduce the stress
concentrations that develop al the end of
each groove

4.7 Stress Concentrations

In Sec. 4.1. it was pointed out that when an axial foree 1s applied 1o a
member, it creates a complex stress distribution within the localized
region of the point of load application. Not only do complex siress
distributions arise just under a concentrated loading, they can also arise
at sections where the member’s cross-sectional area changes For
example, consider the bar in Fig 4-21a. which is subjected to an axial
force P, Here the once horizomtal and vertical grid lines deflect mto an
irregular pattern around the hole centered o the bar. The maximum
normal stress in the bar oceurs on section a—a, which is taken through the
bar's smaliesi cross-sectional area. Provided the material behaves in a
linear-elastic manner, the stress distribution acting on this section can be
determined either from a mathematical analysis, using the theory of
elasticity, or experimentally by measuring the strain normal to section
it—1 and then calculating the stress using Hooke's law, o« = Ee
Repardless of the method used, the general shape ol the stress
distribution will be like that shown in Fig. 4-215. In a similar manner, if
the bar has a reduction in its cross section, achieved wsing shoulder fillets
as in Fig. 4-22a. then again the maximum normal stress in the bar will
oeeur at the smallest cross-zectional area, section a—w, and the stress
distribution will look like that shown in Fig 4-228,

il
Unidistoried
i
"oa— FHE—-
[Matoried Avernze siress distribution
{11 {ch

Fig. 4-21
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In bath of these cases, force egralibeiven requires the magnitade of the
resteltant force developed by the stress distribution to be equal to P In

other words,

P _/nr dA {4-53]
A

This integral grapdrically represents the total volene under each of the
stress-distribution diagrams shown in Fig. 4216 or Fig 4226 The
resultant PP must acl through the cenmraid of each volume.

In engineering practice, the actual stress distribuions in Fig 4-215 and
Fig. 4-22b do ror have to be determined, Instead, only the maxivhiimn n—
siress at these sections must be known, and the member is then designed ¢ 0 o0 e ne Shien amise al sharp '3"'
ti resist this stress when the axial load P is applied, Specific values of this  corness on heavy machinery. Engineers 0
maximum normal stress can be determined by experimental methods or — can mitigate this effect by wsing shffencrs
by advanced mathematical techniques using the theory of elasticity, The  wélded o the comers.
resules of these investipations are wsually reported in graphical form using
a Sfress-concenfration factor K. We define K as a rano of the maximum
stress (o the average normal stress acting at the cross section; Le.,

.
-

K = S {4-6)

Tyvy

Provided K is known. and the average normal stress has been calculated
from ey, = FlA, where A is the smalfesr cross-sectional area
Figs. #-21¢ and 4-22¢, then the maximum normal stress at the cross

SECHON 15 iF e = KIPFA)

i
i 1 § ¥ i
S
i Aciual stress distrbution
UIndhistoricd {h}
[ g
v -— .
L
Mrastaricd Average klocss distnlinlion
(alh (i

Fig. 4-22
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Specific values of K are generally reported in handbooks related to
stress analvsis® Examples are given in Figs, 4-24 and 4-25. Mote that &
is independent of the bar’s maternal properties; rather, it depends ondy
on the bar's géopedry and the tvpe of discontinuity. As the size r of
the discontinuity is decreased. the stress concentration is increased.
For example, if a bar requires a change in cross section, it has
been determined that a sharp comer, Fip 4-23a, produces a stress-
concentration factor greater than 3, In other words, the maximum
naormal stress will be three times greater than the average normal stress
i the snaallesr cross section. However, this can be redoced o, sy, 1.5 by
introducing a fillet, Fig. 4-23b. A further reduction can be made by
means of small grooves or holes placed at the transition, Fig, 4-23¢ and
4-234. In all of these cases these designs help to reduce the rigidity of the
material surrounding the corners, so that both the strain and the stress
are more evenly spread throughout the bar

The stress-concentration factors given in Fgs. 4-24 and 4-25 were
determined on the basis of a state loading, with the assumption that
the stress in the material does not exceed the proportional limit, If the
material is very briitle, the proportional limit may be at the fracture
stress, and so for this material, failure will begin af the point of stress
concentration, Essentially a crack begins (o form al this point, and a
higher stress concentration will develop at the tip of this crack. This.
i turn, capses the crack to propagate over the cross section, resulting
in sudden fracture. For this reason, it is very important to use stress-
Fig. 4-23 concentration factors im design when vsing brittle materials. On the
ather hand, if the material is ductile and subjected to a static load, it is
aften nol necessary (o use stress-concentration faclors since any stress
that exceeds the proportional limiat will not result in a crack. Instead,
the material will have reserve strength due o vielding and stram-
hardening. In the next section we will discuss the effects caused by this
phenomenan.

Stress concentrations are also responsible for many failures of
structural members or mechanical elements subjected o fotgue
loadings. For these cases, a stress concentration will cause the matenal to
crack if the srress exceeds the material’s endurance lmit, whether or not
the material is ductile or brittle. Here, the material localized at the tip of
the crack remains in a briftle state. and so the crack continues to grow,
leading to a progressive fracture, As a result, one must seek ways to limit
the amount of damage that can be caused by fatigue.

f* -

[

[ -

“See Lipgon. Coand B C Tovinall, Saoabook of Sty moad Soeagie Macmibln.
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Fig. 4-24 B
Important Points
= Nfress concentraiions occur at sections where the ¢ross-sectional
area suddenly changes. The more severe the change, the larser
the stress concentration Be 5
* For design or analysis, it is onlv necessary to determine the ;
maximum stress acting on the smallest cross-sectional arga, This
is done using a stress conceniration foctor, K, that has been |
determined through expeniment and is only a function of the
geometry of the specdmen. |
| = . % —— -
* Wormally the stress conceniralion in & ductile specimen that is R T

subjected o a static loading will nor have w be considered in
design; however. if the material is briede. or subjected (o fabishe
loadings, then stress concentrations become important,

Failure of this steel pipe in tension oocurred
ol 1% smalled] eropd-rectionsal ares, which is
throgh the hole. Motice how the misteriel

webded arovnd the ractored gurlsee.
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*4.8 Inelastic Axial Deformation

Up to this point we have only considered loadings that cause the
material of 4 member (o behave elastically, Sometimes, however, 4
member may be designed so that the loading causes the matenial (o yield
and thereby permanently deform. Such members are often made from a
highlv ductile metal such as annealed low-carbon steel having a
stress-strain diagram that is similar to that of Fig. 3-6 and for simplicity
can be modeled as shown in Fig, 4-260. A material that exhibits this
behavior is referred o as being elastic perfectly plastic or elaxtoplasiic.

To illustrate phvsically how such a material behaves, consider the bar
in Fig. 4-26a. which is subjected to the axial load P.If the load canses an
elustic stress o = oy 10 be developed in the bar, then applving Eqg. 4-3.
equilibriteri requires P f:r. dA = oA Furthermore, the stress o
causes the bar to strain £ as indicated on the stress—strain diagram,
Fig 4-20b. It Fis now increased to F, such that it causes yielding of the
material, that is, @ = oy, then again P, = [y dA = oy A The load
Py s called the plasiic load since it represents the maximum load that can
be supported by an elastoplastic material. For this case, the straims are
not uniguely defined. Instead, at the instant oy is attained, the bar is first
subjected to the vield straim ey, Fig, 4-26h. atter which the bar will
coptiine to vield (or elongate) such that the strains €. then &, etc., are
generated, Simee our “model” of the matenal exhibits perfectly plastic
material behavior, this elongation will contimwe mdefinitely with no
increase in load. In reality, however, the matenal will, after some
vielding, actually begin to strain-harden so that the extra strength it
attains will stop anv further straining. As a result. any design based on
this behavior will be safe, since strain-hardening provides the potential
for the material to support an additiena! load if necessary,

r

Ty

Ty

E i Ex Ej

Fig. 4-26
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Comsider now the case of a bar having a hole throngh it as shown in
Fig. 4-2Ti. As the magnitude of P is increased, a stress concentration
oeeurs m the material at the edge of the hole, on sectiom a—a. The stress
here will reach a maximum value of say, og,, = oy and have a
corresponding  elustic sirain of ey, Fig 4-27h. The stresses and
corresponding strains at other points on the cross section will be smaller,
ps indicated by the stress distribution shown in Fig. 4-27¢, Equilibrium
requires P = [ dA In other words, P is geometrically equivalent to
the “valume” contamed within the stress distribution. If the load 15 now
increased 1o P, 5o that o, = oy, then the material will bagm to vield
ourward from the hole, until the equilibrium condition P* = [o dA is
satisfied. Fig. 4-27d. As shown, this produces a stress distribution that has
a geometrically greater “volume” than that shown in Fig, 4-27¢. A further
increase in load will cause the material over the entire crosy section to
vield eventually. When this happens, mo greater foad can be sustained by
the bar. This plastic load F, is shown in Fig. 4-27¢. It can be calculated
from the eguilibrivm condition

F, = j Ty dd = oy
A

where A is the bar's cross-sectional area at section a—a,

The followmg examples illustrate numerically how these concepts
apply to other types of problems for which the material has elastoplastic
behavior.

{di {e]

Fig. 4-27

I astic Axial DEFORMATION 1463

Ty

.rl
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*49 ] Residua-l- Sfress

If an axially loaded member or group of such members forms a statically
indeterminate svitem that can support both tensile and compressive
loads, then excessive external loadings which cause vielding of the
material, will create revidog! stresses in the members when the loads
are removed. The reason for this has to do with the elastic recovery of the
material that occurs during unloading. To show this, consider a prismatic
member made from an elastoplastic material having the stress—strain
diagram shown n Fig, 4-28. I an axial load produces a stress oy i the
material and a corresponding plastic strain -, then when the load s
removed, The material will respond elastcally and follow the lime CD in
order (o recover some of the plastic sirain. A recovery [ Zero siress at
point £ will be possible only if the member is statically determinate,
since the support reactions for the member must be zero when the load is
removed. Under these circumstances the member will be permanently
deformed so that the permanent set or strain in the member is &4

If the member s strtically indeterminate, however, removal of the
external load will canse the support forces o respond to the elastic
recovery CD. Since these forces will constrain the member from full
recovery, they will induce resideal srresves in the member. To solve a
problem of this kind, the complete eyele of loading and then unloading
of the member can be considered as the superposition of a positive load
(loading j on a negative load (unloadimg ). The loading, G to Coresults in a
plastic stress distribution, whereas the unloading, along OO0, results only
in an elastic stress distribution. Superposition requires the loads to
cancel; however, the stress distributions will not cancel, and so residual
stresses will remain,

ir
A i
iy .u"l - - T H
‘jl
iF "/'-Err E¢ ;
n

Fig. 4-28
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EXAMPLE |4.43

The bar in Fig. 4-29 is made of steel that is assumed to be elastic
perfectly plastic, with oy = 250 MPa, Determine (a) the maximum
value of the applied load P that can be applied without causing the
steel to vield and {b) the maximum value of P that the bar can support.
Sketch the stress distribuntion at the eritical section for each case.

SOLUTICN

Part (2). When the material behaves elastically, we must use a
stress-concentraion factor determined from Fig. 4-24 that 15 unnjue
for the bar’s geometry. Here

4 Ay mm
¥ 11

e 125

S (40 mm - 8 mm)

2 4 mm i 95

ho (4mm = Bmm) [

From the fipure K = 1.75, The maximuom load, without causing
vielding, occurs when @, =dy The averdge normal stress is {a)
e = P Using Eq.4-6, we have

= iy

§ h _ 1 F1
250(10") Pa = 1-_"5,_“1 02 m {0,032 m) P

Py =914 kN Anx

This load has been calcolated using the semllest cross section. The
resulting stress distribution 5 shown in Fig. 4-2%h. For eguilibrium,
the “volume™ contained within this distribution must equal 9.14 kN.

Part (b). The maximum load sustained by the bar will cause ol Hhe
mctterial at the smallest criss section 1o vield. Therefore, as P is P
increased to the plastic load P, it gradually changes the siress
distribution from the elastic state shown in Fig. 4-295 to the plastic (e}
state shown in Fig. 4-29¢. We require

iry

g

Fig. 4-29
Py
Ty =—
i
{0,002 m)((.032 m)
F,= l60kN Ans

230(10") Pa =

Here P, equals the “volume™ contained within the stress distribution,
which in this case is P, = ap A
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EXAMPLE [4.14

The rod shown in Fig. 4-30a has a radios of 5 mm and is made of
an elastic perfectly plastic material for which oy = 420 MPa, E =

pA J ks B i 54 70 GPa, Fig. 4-30c. If a force of P = 60 kN is applied to the rod and
e e— 0 3 : ;
; t, i g |" then removed, determine the residual stress in the rod.
| 31K0 rram |
L1331 ma l
ial

SOLUTION
The free-body diagram of the rod is shown in Fig. 4-30b. Application

1"4—!5{1 C P=61kN ‘gﬁ-Fﬂ of the load P will cause one of three possibilities, namely, both
. = segments AC and OB remain elastic, AC is plastic while OB is elastic,
(b i1 bath AC and CF are plastic*
An elastic analyvsis, similar 1o that discussed in Sec. 4.4, will produce
Fig. 430 Fq = 45kN and Fg = 15 kN at the supports. However, this results in

i stress of

Far ?rH:TI?mj" = 373 MPa {compression} = oy = 420 MPa
Fop & = 191 MPa ( tension)

(0005 m)’

Since the material in segment AC will vield, we will assume that AC
becomes plastic, while CF remains elastic.
For this case, the maximum possible force developed in AC is
(Fa)y = apA = 420(10°) KN/m* [#(0.005 m}*] = 33.0kN
and from the equilibrivm of the rod, Fig. 4-318h,
Fp=00kN — 33.0kN = 270 kN

The siress in each segment of the rod is therefore

i 4 = @y = 420 MPa {compression)
270 kN
Try = ————— = 344 MPa (tension) < 420 MPa (OK)
w0005 m)”

The Fu'm:ihlll},' ol OfF ['h:q:nmln_g |'||.'-m||: Belevre AL will medl oecur beciuse when .|'|n'i|.1|: %
mowves, the strain in AC (sinee i 8 shopter)] will slways be lorger than the strwin in O8.
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Residual Stress. [n order to obtiin the residual stress, it is also
necessary to know the strain in each segment due to the loading. Sinee
CHB responds elastically,

AE (0005 m [T 10"} kN/m]

(LOGT4TS m

S 0001474 m aMEx]
= = = +{L.004913
H T Ly 0300m 5]
Wi
By (LI 474 m f57
- = = = — (101474 = — (11 474 £
=S Loae (L1800 m i i 3 el fmm
/ ey = L0049 13
- £ /' —421
Here the vield sirain s i
pch
-+ 1 5 7 |
Ey Ty M = (1.006 Fig, 4-30 {coni.

E  70{10" N/m?

Therefore, when P ois applied, the stress—strain behavior for the
material in segment CF moves from O (o A'. Fig. 4-30c. and the stress—
strain behavior for the material in segment AC moves from @ to 8B, If
the load P is applied in the reverse divection, in other words, the load
i5 removed, then an elastic response oceurs and a reverse force of
Fi=45kN and Fp = I5kEN muost be applicd fo cach sepment.
As calculated  previously, these forces now  produce  slresses
e = 5373 MPa (teasion) and opp = 191 MPa (compression ), and as
o result the residual stress in each membet is

(racl = —420MPa + 573 MPa = 153 MPa Anx

(ereg)y = 344 MPa — 191 MPa = 153 MPa Anx

This residual stress is the same for both segments, which is to be
expected. Also note that the stress-strain behavior for segment AC
moves from 8 to I in Fig, 43¢, while the stress—strain behavior for
the material in segment C8 moves from A" to O when the load is
remonved,
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EXAMPLE [4.15

W

MK i | ML i
|

gl ¢
1
ir (ks
511
T e i A
]
Tan, Tas
i klp el
Fig. 431

o= DA+ 8,

weight of 3 kip. Fig. 4-31a. Wire AB has
an unstretched length of 20000 ft and
wire AC has an unstretched length of
2003 fu If each wire has a cross-
sectional area of 0,05 in”, and the steel
can be considered elastic perfectly
plastic as shown by the «-& graph in
Fig, 431k, determine the torce in each
wire and its elongation,

’ Two steel wires are used to lift the
A

J00HYF | UL

Tnitind proasiniaun

I
‘-
Bac . SOLUTION
Einalposion.  oice the weight is supported by both
idi wires, then the stress in the wires

depends on the corresponding strain,
There are three possibilities, namely, the strains i both wires are
elastic, wire A8 is plastcally sirained while wire AC 15 elastically
strained. or both wires are plastically straimed. We will assume that AC
remains elastic and A B is plastically strained.
Investigation of the free-body diagram of the suspended weight.
Fig 4—31c, indicates that the problem is statically indeterminate. The
equation of equilibrium s

+1EF, = Tig+ Ty —3kip=10 (1}
Since AB becomes plastically strained then it must support its
maximum load
Tag = yAap = 50 ksi (0.05i07) = 2.50 kip Ans
Therefore, from Eq. 1,
Tae = 0.500 kip Ans

Note that wire AC remains elastic as assumed since the stress in the
wire is r 4 = 0.500 kip/0.05 in” = 10 ksi < 50 ksi. The corresponding
elastic strain is determined by proportion. Fig. 4-31h; Le.,

e DANT

14 kesi 500 ksi
e = 0.000340)

Thie elongation of AC is thus

f 40 = (00003401 20.03 1) = 000681 fi Ars
And from Fig. 4-31d, the elongation of AH is then

B = OLO3F + D.ODAST fi = (L0368 i Ans
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Srrosiews

487, Determine the maximum normal stress developed
in the bar when it 15 subjected to & lension of * = kN,

88 07 the allowable normel stress for the bar 8
Toew = 120 MPa, determineg the maximum axial foree P
that cen be spplied to the bar.

5 mm

"I D iem

= 1L mm
U mm

A mm
|

-Il

Prohs, 48788

+4-89. The member is 1o be made from a steel plate that is
(125 in. thick. If a 1-in. hole s drilled throogh 11s center, de-
termine the approximate widith woof the plate so that It can
support an axial force of 3350 Ih. The allowable stress is
Tagow = 22 kil

3350 1 EERTIRN

1 1n.
Proh. 4-RY

4+, The A-36 sicel plate has & thickness of 12 mm. If
there are shoulder fillets at B and C, and oy = 150 MPa,
determine the maximum axial load P that it can suppor.
Caleulsie its elongation, neglecting the efleot of the fillets

r= Al mim &

L2 mm
¢ =3 mm

d ‘/’N// A
20 mm

Prob. 4-91

21h men

=01, Determing the maximum axial foree P that can be
gpplicd to the bar. The bar is made [rom steel and has an
allowahble stress of oi0e = 21 K1,

“d-42.  Determing the maximum normal stress developed
in the bar when it is subjected o & tension of P = 2 kip.

125 in
; ‘ | 25 in.

LA75 i

1 — O

= '

=15 m
iL75m

Probs, 49192

#4093, [etermine the maximum normal stress developed
in the bar when it 15 subjected 1o a tension of * = 8 kN,

3 i
’/ Hlmm

Proh. 493

4=-84, The resulting stress distribution along section AR
for the bar is shown. From this distribution. determine the
ppproximate resuliant axial force P epplicd to the bar, Also,
whiat is the stress-concentration factor for this geometry?

(.5 .

t

Froh. 4
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4=85,  The resulting steess distribution along section AR
for the bar is shown, From this distribistion, determine the
approximale resulient axial foree P applied (o the bar Also,
what is the stress-concentration factor for this geometry !

1.3 in.
A

T e

j— 3t kesd

Proh, 4-95
406, The resulting stress distnbution along section AR
for the bar is shown, From this distribution, determing the
approximate resultent axigl force P applicd to the bar. Also,
wihial is the stress-concentration tactor for this peametry?

11 mm

A
dimm [
| v
| 8
—| |— & M
[— 31 MIa
Pk, 416

#4907, The 300-kip weight is slowly set on the top of @ post
mide of 2004-TH aluminum with an A-26 steel core, 1 both
naterials can be congidered elastic perfectly  plastic,
determune the stress inoegch matenal

Aduminum

= HL

Sieel

Prosty, 4-47

498, The bar has a cross-sectional area of (1.5 in® and is
made of a material thet has o stress—strain diagram that
can be approximated by the two line sepments ghown,
Dieterming the elongation of the bar doe 1o the applicd

[oading,
I..-i H Hp C© 5 kip
' i — 20—

|
ari ki)

-H:I|

e (inuin)

RREA) izt

Profe 18

499, The rigid bar is supported by a pin at A and wao
stecl wires, each having a dismeter of 4 mm I the yield
giress for the wires is oy = 330 MPa, and E_ = 200 GPa,
determine the intensity of the distributed load w that can
be placed on the beam and will just cause wire EH o
vield, What is the displacement of point & for this case?
For the calewlation, assume that the sieel is clastie
perfeetly plastic,

“d-100. The rigid bar is suppoerted by g pin at A and two
stee]l wires, coch having o diameter of 4 mm., I the vield
siress for the wires is oy = 330 MPa, and £, = 20 (5 Pa,
determine {a) the miensity of the distnbuted logd w that
con be placed on the beam that will canze only one of the
wirtes o stan o yield and () the smallest intensity of
the distrbuted load that will cause both wires 1o vield. For
the calealution, asswme that the sicel & elastic perfectly
jrlastic,

|-—Juu mmn

Prohs 4P 104

250 rym: |
15 mm




ed=1B1.  The ngad lever arm is supported by Two A3 steg|
wires having the game diameter of 4 mm, 10 a force of
P =3EN 5 apphed to the handle, determine the (oree
developed i both wires and their corresponding elongalions,
Consider A-36 s1eel as an elastic-perfectly plastic material,

4102 The rgid lever arm is supported by two A-36 stecl
wircs having the same diameter of 4 mm. Determine Uhe
smallest force P ehat will causa (a} only one of the wires to
vield: (b) both wires to yield, Consider A-36 steel as an
clastic-periectly plastic material,

Prostes, 410171462

4-103. The three bars are pinned together and subjocted
Lo the load P, I cach bar has a cross-sectional arca A, length
L. and 18 made Mt an elastic péerfectly plastic matedal, for
which the vield stress is ey, determineg the largest load
(ultimate [pad) that can be supporied by the bars, Ce, Uhe
load P that causes all the bars Lo vield. Also, what is the
horizontal displacement of point A when the load reaches
its ultimate valee? The misdulus of elasticity is E.

crikan )

Lish]
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“d=lid, The rgid bewrm s supported by three 25-mm
diameter A-30 steel rods 10 the beam supports the foree of
P = 230 kN, determing the force developed i each rod
Consider the steel o be an elastic pelectly-plastic material.

sd- 05, The rigid beam is supported by three 25-mm
diametor A-30 stecl rods, 1F the [oree of P o= 230 kN s
gpplicd on the beam aod remeved, determine the residual
siresmes in each mod, Consider the steel o be an elastic
perfectly-plastic malerial

= ) mim—e— JCH mm——— 30 min—-

Probs, 4104115

=106, The distributed loading is applied to the rigid
beam. which is supporied by the thred bars. Each bar has a
cross-sectional arca of 1.25 in and is made from a material
having a stress—sirain diggram that can be approgimated by
the two line segments shown. IF & load of w = 15 kip/ft 15
apphed to the beam, determine the stress inocach bar and
the vertical displacement of the heam

10T, The distributed loading is gpplied to the ngid
bewm, which is supported by the three burs. Ench bar has
n cross-rectional grea of 0,75 in® and # made from &
material having a stress—strain diagram (hat can he
gpprovimated by the two line segments shown. Determine
the ntensity of the distributed loading w needed 10 cause
the beam to be displaced doswnward 1.5 in.

—4 ft——4 ft—

L2

Froh. 41113

&, b

([

Prolis - 1067117
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“4=108. The rigid beam s supported by the three posis A,
B, and C of equal length, Posis A and C have a diameter of
75 mm and are made of alummom. for which £, = 70 GPa
and eyl = M MPa Pose B has o digmeter of 200 mm and
it made of brass. for which E, = 1M GPa  and
[y by = 390 MPa. Determine the smallest magnitude of I
sov Chaat (o) only rods A and C vield and (b} wll the posts yield,

sd=QlW,  The rigid beam is supported by the three poss
A, B, and O Posis A and O have & diameter of 60 mim
and are made of gluminum, (or which E,; = 70 GPa and
[rylg = 20MPa. Post B i made of brass, for which
Fi = 100 GPa and (o) = 590 MPa. 1f P = 130 kN,
determine the lergest diameter ol post 8 so that all the
posts vield at the same time,

P "
——————————
A il L&
al br il

|~—2 :||:|—-|-—J m—-}-—: r.r|:—-|-—: r|1—-|
Probs. 4108109

4=110. The wire HC has a diameter of 0,125 ine and the
material bas the stress-strain characteristics shown in the
figure. Determine the vertice] displacement of the handle at
el the pull wt the grp 5 slowly increased and reaches a
magnitude of (a] P = 451 [b, (h) P = 6{E b,

i

;

Hhin

=111 The bar baving a dismeter of 2 in. & fxed
comnected at (18 ends and supports the asial lowd T 10 the
material is elastic perfectly plestic as shown by the
stress—strain diagram, determine the smallest load P needed
o cavse seaement OB to yveld, 10 this load s released,
determine the permanent displacement of point

*4-112. Determine  the

clongalion  of the bar in

Prob, 4111 when both the load ' and the supporis wre

removied,

C A

i [ kas)

:“_ln"—

E 1, Ao
LLLENE

Probhs 4=111/112

y-
A B s
| | Wl

| 5k an. | Hiin
I.I
or (ks
il —
Tel B
@ din. S|
LT 11,12
Frob. 4=114

s4-113, A material has a stress—strain diagram thal can he
described by the curve o = ce'?, Determine the deflection
& of the and of a rod made from this material if it has a
lenpth £, cross-sectiongl aree «4, and 4 specific weight .

/,/_

Prob. 4-113
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. CHAPTER REVIEW

When & loading is applied at & point on @ body, it
tends 1o create a stress distibution within the body
thit becomes more dniformly distibuted at regions
remeved from the point of application of the oad.
This is calied Saint-Venant's principle.

The relmive displacement atl the end of an axially
Ipaded member relative 1o the other end is
determined [rom

EPix) dx
: L AE

I a seves of concentrated external axtal forces are
applied 10 a member and AFE is also constant for
the member, then

PL

6'}::[!;

For application, i1 i necessary 0 use & sign
convention [or the mtermal load P and displicement
A, We comgidered wnsion and elongation &s positive
values Also the material must not vield, bot rather
it must remain lincar elastic,

Superposition of load and displacement (= possible
provided the muaterisl remains linear clastic and
no signilicent changes m the peometry of the
member ocear after loading,

The reactions on a statcally indeterminare bar can
be determined wsing the equilibriom equations
and compatibility conditions that specify the
displacement at the supporis These displacements
are related 1o the loads using 4 load-displacement
relationship such as 6 = PLIAE
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A change in emporature can cause & member
made of homogencous isolropic material (o change
its bength by

& = mATL

If the member is confined. this change will produce
thermal stressin the member,

Holes and sharp transitions at @ cross section will
credle stress concentrations For the design of &
member made of brittle material one obtains the

| siress concentration factor K from a graph, which
his been determined from expeniment. This value 1
then multiphed by the average stress tv oban the
maximum siress a1 the cross section.

Frruax = K

If the loading o o bar made of ductile marteral
causes the material to wield, thea the siress
distnbution that is produced can be determined
from the strain distribution and the stress-strain
diagram, Assuming the material is perfectly plastic,
vielding will cause the stress distribution at the
eross section of o hole or ran§ition 1o even out and
Peenme uniform,

If & member i constramed and an ¢xtemal loading
causcs yiclding, then when the loed is relessed. it
will cause re=idusl stress in the member,
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. CONCEPTUAL PROBLEMS

F4-1

P41, The concrete footing A was poured when this column
Wik il l|'||‘:|||;'.|.'. Later the rest of the foundation sl was
poured. Can you explein why the 453" cracks occurred at cach
cornerY Can Yo think af a heiter design thai wonld aviond
such cracks?

P4-2. The row of bricks, along with morer and an internal
wled] renfor cing rocd, wak niended 1o serve as o lintel beam o
support the bricks sbove 1his ventilation opening on an
exieror wall of a I!u:ldlng. E.!l.|1].::r| Wl may v cauged 1he
bricks to fail in the manner showmn,
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. REVIEW PROBLEMS

d=114. The X01+TH aluminum rod hies a diamener of (05 i
and is lightly attached to the ripid supporis at A and B when
T, = T0"F. 11 the temperature becomes T = —10FF, and
an axial force of P = 161k iz applied w the naid collar as
shown, determing the reactions at A and &

4-115. The 2014-T6 aluminum rod has & diameter of
(.3 in. and 15 lightly ettached te the rigid supports at A
and B when T, = TiF, Determine the foree P that must
be applicd to the collar so thet. when T = 0°F, the
reaction &t B s rero,

Probs. 1147115

#4-116. The rods ezch have the same 23-mm diameler
and 60-mm leogth. T they are made of A-36 steel,
determine the forces developed in cach sod when the
temperature increases w 507 C

Proti. 4116

=117, Two A-36 steel pipes, ¢ach having a cross-
sectiongl ares of (032 0%, are screwed together using a
inion ot B as shown, Ongmally the aszembly 8 adjusted so
that no load is on the pipe. T the union is then tghtemed
50 that its sorew. having 4 lead of 0015 in_undergoes two Lol
turns, determine the average normal stress developed in the
pipe. Assume that the union at B and couplings at A and O
are rigid. Meglect (he size of the union. Note: The lead would
cause the pipe. when unfoaded. to shorten .15 in. when the
unlon 1% rorated one fevolution,

x|
.

Frole. 4-117

d-118. The hrass plug s force-fitted into the rigid casting.
The uniform normal bearing pressurc on the plug is
estimated 1o be 15 MPa, T0 the coeflicient of static fRetion
between the plug and casting is g, = 1.3, determine the
axial force I needed to pull the plug out. Also, caleulste the
displacement of end B relative to end A just belore the plug
starts to slip oul. By, = 08 GiPa,

| #{mim

|— L1 mim—|=

i
A

75 4 M) iain
|3 Ml

Peoh. 4-118




4=119. The assembly consists of two bars AR and O5 of
the sgme material having a modulus of elasticly B and
cocificient of thermal expansion o, and & ber £F having &
modulus ol elasticity F; and coefficient of thermal
expansion om. All the bars have the same lepgth L and
crofs-sectiomal area A, [I the rigid beam (s onginally
horizontal ol temperature Ty, determine the angle it makes
with the homzontal when the tempersture s increased
L o

I il I a I

Proh. 4-11%
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“4=120. The rgid link 15 supporied by a pin at A and two
A-3h stee] wires each having an unstretched length of 12 in,
and cross-sectional grea of 00125 in®. Determine the foree
developed in the wires when the link supports the vertical
boradd o 3500 1,

12 in i

A5 |h

Froh. 4-120
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lhe torsional stress and angle of twist of this soil auger depand upon the cutput of
the machine turming the bit as well as the resstance of the soll in contact weth the
ghaft




Torsion

CHAPTER OBJECTIVES

In this chapter we will discuss the effects of applying & torsional
loading to a long straight member such as a shaft or tube. Initially we
will consider the member to have a circular cross section. We will show
how to determine both the stress distribution within the member and
the angle of twist when the material behaves in a linear elastic manner
and also when it is inelastic. Statically indeterminate analysis of shafts
and tubes will also be discussed, along with special topics that include
those members having noncirculsr cross sections. Lastly, stress
concentrations and residual stress caused by torsional loadings will be
given special consideration.

5.1 Torsional Deformation
of a Circular Shaft

Torgrie 15 @ manment that tends to twist a member about s lomgimudinal
axis. Its etfect is of primary concern in the design of axles or drive shafts
used in wvehicles and machinery, We can illustrate physically what
happens when a torque is applied to a circular shaft by considering
the shaft 1o be made of a highly deformable material such as rubber,
Fig. 5-1a, When the torgue 15 applied. the circles and lomgitudinal grid
lines originally marked on the shaft tend o distort into the pattern
shown in Fig. 3-16. Note that twisting causes the circles to remain circles,
and each longitudinal grid line deforms into a helix that intersects the
cireles at equal angles, Also, the cross sections from the ends along the
shaft will remain flar—that is thev do not warp or bulge in or onr—and
riadial lines reruein straight during the deformation, Fig. 5-1h. From these
observations we can assume that if the angle of twist is srmall, the length
of the st and (s roatives will resnain wunchanged.

19
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Beefore deformation
{in)

Circles remisin
careatl

Rudial lires
retin sirasghi

Adler deformatuon

(b

Fiy, 5-1

Motice the defommation of the rectangular
clement when this rubber bar & subjectod

Liv & Lorgue.

Longiudinal
lines become
paised

If the shaft is fixed at one end and a torque 15 applied to its other end,
the dark green shaded plane in Fig. 5-2 will distort into a skewed form as
shown, Here a radial line located on the eross section at a distance x from
the fixed end of the shaft will rotate through an angle ). The angle
i & ). so defined, is called the angle of iwist. It depends on the position x
and will vary along the shaft as shown.

In order to understand how this distortion strains the material, we will
now isolate 4 small element located at a radial distance p (rha) from the
axis of the shaft, Fig. 5-3. Due to the deformation as noted in Fig. 5-2, the
fromt and rear faces of the element will undergo a rotation—the back
face by | x ), and the frong face by @) + Ade As a result, the difference
in these rotations, Ad, causes the element to be subjected to a shear
streire, To calenlate this strain, note that before deformation the angle
between the edees AB and AC 15 90° after deformation, however, the
edges af the elemen! are AD and AC and the angle between them is #°.
From the definition of shear stram, Eg. 24, we have

it
2

Defnrmecd
plane

Unideformed
plane

The nngle of tavist & 0] incTeases as 1 incTedses

Fip. 5-2
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This angle. ¥, is indicated on the element, It can be related to the length
Ax of the element and the angle Adi between the shaded planes by
considermg the length of arc BD, that 15

B} = pAdh = Axy

Therefore, if we let Ax—dxand Ad— ddbs,

Dieformed

difs a pane
= A 3]
LS P il
Since dy and ddp are the same for all elements located at points on the Indeformed

crioss section at x, then dibfdx 15 constant over the eross section. and
Eq. 5-1 states that the magnitude of the shear strain for any of these
elements varies only with iis radial distance p from the axis of the shaft.
In other words, the shear straim within the shaft varies linearly along any Shiens siraln of clement
radial line, from zero at the axis of the shaft to 8 mANIMUM ¥, A its 7
outer boundary, Fig. 5-4. Since dib/dx = v/p = y,/o. then

y = (£) e (5-2)

The results obtained here are also valid for circular tubes, Thev
depend only on the assumptions regarding the deformations mentioned
above,

Fip. 523

I'he shear siroan ol polids on
the cross st Inems ases I:inl:nrb_.'
with g, Le., ¥= { plepna-

Fig. =
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5.2 The Torsion Formula

When an external torque is applied to a shafi it creates a corresponding
internal torgue within the shaft. In this section, we will develop an
equation that relates this internal torgue o the shear stress distribution
om the cross section of & circular shaft or tube.

If the matenal is linear-elastic, then Hooke’s law applies. 7 = Gy, and
consequently a finear variation in shear sirain_as noted in the previous
section, leads to a corresponding linear variation in shear siress along
any radid line on the cross section, Hence, ¢ will vary from 2ero at the
shaflt’s longitudinal axis to 4 maximum value. 7, at its outer surface,
This variation 15 shown m Fig. 5-5 on the front faces of a selected number
of elements, located at an miermediate radial position g and art the ooter

radius ¢. Due to the proportionality of triangles, we can write

r= {%)rm“ (5-3)

This equation expresses the shear-stress distribution over the cross sechion
in terms of the radial position p of the element, Using it, we can now apply
the condition that requires the torgue prowduced by the siress distribution
over the entire cross section to be equivalent to the resultant internal
torgue T at the section, which holds the shaft in equilibrinm. Fig. 5-5.

Shear stress varies lneary along
ench radenl e ol the cross sechion

Fig. 5-5
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Specifically, eiach element of area dAd. located at @, 15 subjected
tn 4 force of dF = 1vdA. The torque produced by this force is
dl” = pivdA), We therefore have for the entire cross section

T /;nrdm - _/p(ﬁ}rmrm (54
A 4 ME

Since T,,,/C 15 consiant,

T=TL_'“/;--":M (5-5)
€ Ja

The mtegral depends only on the geometry of the shaf. [t represents
the polar momeni of fnertia of the shaft's cross-sectional area about the
shaft’s longitudinal axis. We will symbolize its value as J, and therefore
the above equation can be rearranged and written in 8 more compact
form, namely,

Tc
Tmax = {5-6)
Here
Toae = Lhe maxmmum shear stress in the shaft, which occurs at the

outer surface

T = the resultant infermal forgue acting at the cross section, s value
15 determined from the method of sections and the equation of
moment equilibrium applied about the shaft’s longitudinal axis

J = the polar moment of mertia of the cross-sectional area
¢ = the outer radius of the shaft

Combining Egs. 53 and 5-6, the shear stress at the intermediate
distance p can be determined from

T ? (5-7)

Either of the above two eguations is often referred to as the forsion
Sormula. Recall that it is used only if the shaft is circular and the material
is homogencous and behaves in a linear elastic manner, since the
dervation s based on Hooke's law,
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dp

Fig. 5=t

LET

Shear siress varies lincory along
cach rodial line of ihe cross scethon,
ik

Fig. =7

Solid Shaft. If the shaft has a solid circular cross section, the polar
moment of inertia f can be determined using an area element in the form
of a differental ring or annulus having a thickness dp and circumference
2arp. Fig. 56, For this ring, dA = 2w dp, and so

¥ o y © .I.
I= fP‘ da = fﬁ'ilﬂpa’n} = Errf pldp = ?F(g)ﬂ*
A 0 i

I = %c‘ (5-8)

Note that J is a geometric property of the cireular area and is always
positive. Common units used for its measurement are mm" or in’,

The shear stress has been shown to vary linearly along each radial line
of the cross section of the shaft. However, if an element of material on
the cross section is isclated, then due to the complementany property of
shear, equal shear stresses must alsao act on four of its adjacent faces as
shown in Fig. 5-Ta. Hence, not only does the internal torgue T develop a
linear distvibution of shear stresy along each radial line in the plane of
the cross-sectional area, but also an asseciated shear-sivess disivibution
is developed along an axiel plane, Fig. 5-Th T is interesting (o note that
because of this axial distribution of shear stress, shalts made from wood
tend to spdir along the axial plane when subjected to excessive fongue.
Fig. 5-8. This is because wood is an anisotropic material. lts shear
resistance parallel to its grains or fibers, directed along the axis of the
shatt, is much less than its resistance perpendicular to the fibers, directed
in the plane of the cross section.

Fabluge of & wooden shinll due to Losion,

Fig, 58




Tubular Shaft. ifashaft hasa tubular cross seetion, with inner radius £
and outer radius ¢, then from Eq. 5-8 we can determine its polar moment
of inertia by subtracting J for a shaft of radios ¢ from that determined
for a shafl of radius c.,. The result 13

DL Vo Tl {5-4)

Like the sohd shali, the shear siress disinbuted owver the tube’s
cross-sectional area vanes linearly along any radial line, Fig. 5-Ya.
Furthermore, the shear stress varies along an axial plane in this same
manner, Fig. 5-49h.

Absolute Maximum Torsional Stress. I the absolute
maximum torsional stress is to be determined, then it becomes important
o find the location where the ratio Te/J 5. a maximum. In this regard, it
may be helpful to show the variation of the inlernal torque T al each
section along the axis of the shaft by drawing a rergue diagram. which is
a plot of the intemal wrgue T versus its position x along the shaft's leagth.
As a sign convention, T will be positive if by the right-hand rule the thumb
is directed outward from the shaft when the fingers curl in the direction
of twist as caused by the torque, Fig 5-5. Once the internal torque
throwghout the shaft is determined, the maximum ratio of Te/J can then
be identified.

Shear stress va

(ah

Fig. 59
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Thiz tubuslar drive shaft for & truck
wak subjecied 1o an excessive forgue,
it hllllmg n Tadlure coused by j,.'|s,:]|.|:|r|g af
thie material

s Linearly along
each ridial line of ihe cross section
(bl
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Important Points

When a shaft having a circular cross section is subjected to a torque, the cross section remains plane while
radial hines rotate, This causes a shear strain within the matenal that varies Snearly along any radial ine,
from zero at the axis of the shaflt to a maximum at its outer boundary,

For linear elastic homogeneous material the shear stress along any radial line of the shaft also varies
fimearly, from #ero at s axis to a maximum at its outer boundary, This maximum shear stress st not
exceed the proportional imil.

Due to the complementary property of shear, the linear shear stress distribution within the plane of the
cross section is also distmbuted along an adjacent axial plane of the shaft.

The torsion tormula is based on the requirement that the resultant torque on the cross section is equal to the
torgue produced by the shear siress distnbution about the longitudinal axis of the shaft, [t is required that
the shaft or tube have a crrcaler cross section and that it is made of homogeneons material which has
linear-¢laitic behavior.

Procedure for Analysis

[ ]

Sp

The torsion formula can be applied using the following procedure.

Imernal Loading.

Section the shaft perpendicular to its axis at the point where the shear stress is to be determined, and use
the necessary free-body diagram and equations of equilibrium to obtain the internal torque at the section.
ction Property

Calculate the polar moment of inertia of the cross-sectional area. For a solid section of radius ¢, J = wc'/2,
and for a tube of outer radius ¢, and inner radius ¢, J = wc) — o )/2

Shear Stress.

Spealy the radial distance p, measured from the center of the crioss section to the point where the shear
atress 16 (o be found, Then apply the torsion formula = Te/J, ar if the maximum shear stress is o be
determined use 1, = Te/J. When substituting the data, make sure to use a consistent set of units.

The shear stress acts on the cross seclion m a direction that is always perpendicular to p. The force it
creates must contribute a torgue abowt the axis of the shaft that is in the Safme direction as the internal
resultant torgue T acting on the section. Once this direction s established, a volume element located art the
point where r is determined can be isolated. and the direction of © acting on the remaining three adjacent
faces af the element can be shown,
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EXAMPLE |5.1

The selid shaft of radius ¢ is subjected to a torque T, Fig. 5-10.
Determine the fraction of T that is resisted by the material contained

within the outer region of the shaft, which has an inner radivs of ¢/2
and outer radius e,

SOLUTION

The stress in the shaft varies lineardy. such that r = {p/c ). B4 3-3.
Therefore, the torque 7" on the ring {area} located within the
lighter-shaded region. Fig. 5-1{k%, 1=

dl = plrdA) = plp/c)raul2p dp)

{ah
For the entire lighter-shaded area the torque is

sy :
TI i milLE [ FI1 dﬂ
C i

(]

_ & e | 4|F

=
[ -H el

S0 that

q
T = S et (1)

Fig, 5-10

This torgue T° can be expressed in terms of the applied torque T
by first using the torsion formuola to determine the maximum siress in
the shaft. We have

L Te_ T
1 (w2
ar
2T
Twix — 3
o

Substituting this into Eq. 1 vields

T %T Anx
NOTE: Here, approximately 94% of the torque is resisted by the
lighter-shaded region, and the remaining 6% (or -,1;} of T is resisted
by the inner “core” of the shaft, p = 0 to p = ¢/2, As- a result, the
material located at the ourer region of the shaft is highly effective in
resisting torgue, which justifies the use of tubular shafts as an efficient
means for transmitting torgue, and thereby saving material.
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EXAMPLE |5.2

425 Kipein The shaft shown in Fig. 5-11a is supported by two bearings and is
e subjected to three torques. Determine the shear stress developed at
; ' points A and B. located at section a—a of the shaft, Fig. 5-11¢.

i Kipein

(o 125 kipin

2.5 kip-in.,

-

Y | kip-m

5 {h
TH A et

SOLUTION

2.5 kiprin Internal Torque. The bearing reactions on the shaft are

zern, provided the shafi’s weight 15 neglecied. Furthermore.

@H the applied torques satisfy moment equilibriam about the
: ke ShAft’s axis

The intermal torgue at section a—a will be determined from

the free-body diagram of the left segment, Fig. 5-1 16 We have

1L 15
fci

EM, =0 425kip-in. —30kipsmmn.—T =1 T=125kip+mn.
Fig. 5-11

Section Property. The polar moment of inertia for the shaft is

7= Z075in)* = 0.497 in*

Shear Stress. Since point Aisat p = ¢ = (.73 in..

Te (125 kip-in.)(0.75 in.)

: — = 189 ksi Aus
7 ({1497 in)

f_.‘ =

Likewise for pomt B, at p = (115 in., we have

Tp (125 kip-in.}{0,15 in.)
S = 1.77 k=t 3
] 0497 i) 7 k=i Ars

e =

NOTE: The directions of these stresses on each element at A and B,
Fig. 5—11¢, are established from the direction of the resultant intemal
torgue T, shown in Fig. 5-115, Note carefully how the shear stress acts
on the planes of each of these elements.
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EXAMPLE |5:3

The pipe shown in Fig. 512 has an inner diameter of 80 mm and an
outer diameter of 1Kl mm. If its end is tightened against the support at
A using a torque wrench at B, determine the shear stress developed in
the material at the imner and outer walls along the central portion of
the pipe when the B0-N forees are applied o the wrench.

SOLUTION

Internal Torque. A section is taken at an intermediate location O
along the pipe’s axis, Fig. 5-12k. The only unknown at the section is
the internal torgue T. We require

mlh

o J\Iﬂmmm

M =0 BON{U3Im)+B8IN{02m)—-T =(
TF=4N+m

Section Property. The polar moment of inertia for the pipe’s
cross-sectional area is

7= 21005 m)" — (004 m)| = 5.796(10 ") m"*

Shear Stress. Forany point lving on the ouiside surface of the pipe.
=, = L5 m, we have

Tr

i

40N +m ((LOFm)
T =—0m
S 5796010 "y m*

= (1,345 MPa Anx

And for any point located on the inside surface, p = ¢, = (.04 m, s0
that

Te,  40N-m (0.04m)
Tp-— = P T 1270 MPa Anx
a ST 10" m

NOTE: To show how these stresses act at representative points D
and E on the cross-section, we will first view the cross section from the
front of segment CA of the pipe, Fig, 5-124, On this section, Fig, 5-12¢,
the resultant intemal torgue s equal but opposite to that shown in
Fig. 5—12h.The shear stresses al 2 and E contribute (o this torque and
therefore act on the shaded faces of the elements in the directions
shown. As a consequence, notice how the shear-stress components act
on the other three faces. Furthermore, since the top face of D and the
inner face of E are in stress-free regions taken from the pipe’s outer
and inner walls. no shear stress can exist on these faces or on the other
corresponding faces of the elemenis.
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The cham drve ransmls the T e
developed by the electric motor to the shafi
The sirezs :k.'l.-u]u'|1|:1.| m the ahafn sdepends
upon the power transmitied by the motor
and the rale of molaiion of the conneciing
shafi. = T

5.3 Power Transmission

Shafts and rubes having circular cross sections are often vsed to transmit
power developed by a machine. When used (or this purpose, they are
subjected to a torgue that depends on the power generated by the
machine and the angular speed of the shaft. Power is defined as the work
performed per umit of me. Also.the work transmitted by a rotating shaft
equals the torgue applied times the angle of rotaton. Therefore, if during
an instant of time df an applied torgue T causes the shaft to rotate Jf,
then the mstantane ous power 1s

T d#
et

Since the shaft’s angular velocity is w = d#/dr. we can express the
pOWET a5

P=Tw (5-10)

In the 51 system, power is expressed in warty when torgue is
measured in pewton-meters (N-m) and w is in radians per second
(rad/s} (1 W = 1 N-m/s). In the FPS system, the basic units of power
are foot-pounds per second (fi«lb/s); however, horsepower (hp) is
often used in engineening praciice, where

| hp = 550 fr- Ih/s

For machinery. the freguency of a shaft™s rotation, I is often re ported.
This is a measure of the number of revolutions or cveles the shaf
makes per second and is expressed in hertz (1 Hz = 1 cvele/s). Since
| evele = 2w rad, then w= 2af, and 50 the above equation for power
becomes

P=dgfl (311}

Shaft Design. When the power transmitted by a shaft and its
frequency of rotation are known, the torgue developed in the shaft can be
determined from Eg. 5-11, that is. T = P2af. Knowing T and the
allivwable shear stress for the material, 7.5, We can determine the size of
the shaft’s cross Section using the torstom formula, provided the material
behavior is linear elastic. Specifically, the design or geometric parameter
Jie becomes

I 4
—=— {5-12)
(8 Fallirs

For a solid shaft, J = (#/2)c". and thus, upon substitution, a unigue valie

for the shaft's radius ¢ can be determimed, I the shaft is tbuedar, so that
I = (w/2)c) — ). design permits a wide range of possibilities for the
solution. This is because an arbitrary choice can be made for either ¢, o
¢;and the other radius can then be determined from Eq. 5-12.
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EXAMPLE |5.4

A solid steel shaft A8 shown in Fig. 5-13 is to be psed to transmif
5 hp from the motor M to which it is attached. If the shaft rotates
at w = 175rpm and the steel has an allowable shear stress of
Tuw = 145 ksi, determine the required diameter of the shaft to the
nearest ; il

Fig, 513

SOLUTION
The torque on the shaft is determined from Eq. 5-10, that is P = Tw,
Expressing P in foot-pounds per second and w in radians/second,

we [ave
P =5l (ﬁm ! 'Ib’h) 37500 fit + 11
=5 —_— = [+ |
3 hp I hp 1,5
175 n:-v(zfr r&d] 1 min)
= 1833 rad,"
e i | Tev ( fill 5 ts
Thus,
P =T 2750ft-1hfs = T{18.33 rad/s)

T=15x11t:1b
Applying Eq. 512 vields

J = T

T ) 3
e (mlllhlw

Rl Tl

(:.'mn_t frelh)i12 rn.,"fl})""'
(14 500 1b/in”)

(L.429 .,

-

r

Since 2c = (L858 in.. select a shaft having a diameter of

d = —im. = (.E751n, Anx

o | ~a
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. FUNDAMENTAL PROBLEMS

FE=1. The solid areular shalt i% subjected o an internal Fi=4, Determing the maximum shear stiress developed in
torgque of T = § kN-m. Determine the shear siress the dikmm diameter shafi.
developed at pounts A and B, Represent each stale of siress

o a volume element. 154 mm

10 kN

kN LU mm

F=2

F5-I Fi-5, Determine the maximum shegr stress developed in
F5-1  The hellow circular shait is subjected 1o an internal the shaft at section o—a.

torgue of T = WIkN-m, Determine the shear stress
developed at points A and B. Represent cach stale of sircss
on a velume element

i._/!. = 11 kNm

M) mm »
P Section a—i
ol Mo
F&=2
g 3 F5-5
F5=X The shieft is hollow from A to B and sold from B o
O Dretermine the maximum shear stress developed in the Fi-h. Determing the shear stress developed a1 point A on
shaft. The shalt has an ouler diameter of B0 mm, and the the surface of the shaft. Represent the state of stress on
thickness of the wall of the hollow segment is 1) mm, a volume element at this point. The shafi has a radius of

40 mm,

F5-3 F5-6
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#5-1. A shalt is made of a steel alloy having an allowable
shear stress of 1, = 12 ksi. If the diameter of the shaft 1s
15 in, determine the maximum torgque T that ean b
transmitted, What wouold be the meximum torgue T if &
I-in_-digmeter hele is bored through the shaft? Sketch the
sheiar-stress distibution dlong o rudial lineg in cach case,

Prof. 51

5-1. The solid shefl of radius r is subjected 1o a orgue T,
Dieterming the radius o of the nner core of the shaft that
resists one-hall of the applied torgue (772} Solve the
problem two ways: (#) by using the torsion formula. (b) by
finding the resultant of the sheatr-stress distribution

Proh. 5-1

S=3. The solid shafit &5 fxed to the support at © and
subjected 1o the tomsional loedings shown. Determing the
sheir stressal pomis A and & and sketeh the shear siress on
volumee elements located at these points.

11 kM-m

#*54. The tube is suhjected 1o 8 torque of 730N -m
Dectermine the smount of this torgue that is resisted by the
pray shaded section, Solve the problem 1wo wavs: (a) by
using the torsion formula, (b) by Anding the resultant of the
shear-stress distnbution,

5-5. The copper pipe has an outer diameter of 4) mm and
an et dhameter of 37 mm, 100 nahtly =ecured oo the wall
at A and three torgues arc applicd o it as shown, determine
the abselute meximum shear stress developed in the pipe

Proh. 5-5

A -my

S The solid shaft has &8 diemeter of .73 in If it o5
subjected to the (orgues shown, determing the meximum
shear stress developed in regions BC and DE of the shafit
The bearings at A and F gllow (ree rotation of the shalt,

5-7. The solid shaft has & diamcier of 075 m. If i1 s
subjected to the worgues shown, detérmrine the maximim
sheer stress developed in regions O gnd £F of the shaf.
The bearmnges at A and F ellow free rotation of the shaft,

i kel
T M k-
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SR, The solid 3mm-diameter shaft 18 osed to transmi
the torgues applied to the pears Determine the absolute
maximum shear stress on the shaft

FHI Mom

SEl M-m

200 N-m
ALK min g

il mam

S mm
Proh. 5-8

#5-9, The shalt consists of (hree concentric tubes, each
maede from the same materisl pnd having the moer and
outer radii shown., ITa torgue of T = B0 N« m s applied 1o
the rigid disk lixed to iis end, determine the maximum shear
stress im Lhe shaft,

Proh. 5-9

=1k, The coupling = wsed 10 conpest the two shalts
together, Assuming that the shear stress in the bolis s
wernifeeemn, determing the number of bolts necessary 1o make
the maximum shear stress i the shaft equal 1o the shear
stress in the bolis Each bolt has a dismeter o

5=11. The aszembly consists of two sections of galvaneed
stee] pipe connected topether using & reducing coupling at &,
The smaller pipe has an ooter dismeter of 0,73 in. and an
inner diameter of 0,68 in, whercas the larger pipe has an
outer diameter of 1 in. and an inner diameter of 086 in. Tf
the pipe is tghtly secured to the well at €, determine the
maximum shear stress developed in cech secton of the pipe
when the couple shown i applied (o the handles of the
wrench

L5k

Fruls. 511

#5121, The motor delivers a torgque ol 50 N +m 1o the shalt
AR This rongue i transmtted 1o shaft OFF wsing the pears
at E and F Determing the equilibrivm torgque T' on shaf
C and the maximum shear stress inoesch shafl The
Bearmpes B C, and I allow free ratation of the shafts,

o8=13,  Tlthe applied worgue on shaft CODR T = TS Nam,
dererming the absolure maximum shear siress in each shaf,
The bearings B, C, and £} allow [ree rotstion of the shalts
andd the motor holds the shalse fised from rolating

Probs. 5=12/13



S=14. The solid Sl-mm-diameter shaft 58 wsed 1o transmil
the torgues applicd (o the pears. Determine the absolute
maximuom shear stress in Lhe shaft

P! 3 x 1545 M- mi
Al mm e
4l NQ[\
SUHD
Frovh. 5—14

5=15 The sohd shaft s made of materigl that has an
allowable shear stress of 7, = 10 MPa. Determing the
required dismeter of the shalt to the nearcst mm.

“5-16. The solid shait has a diemcter of 4 mm.
Dicterming the absolule maximum shear stress in the shafi
and sketch the shear-stress distribution along a radial line
ol the shalt where the shear stress 15 maximum,

FProhs 515716

5.3  Powkr TRaMSMISSION 195

o5=17. The rod has a diameter of 1 in. and & weight of
10 Il Dietermine the maximum torsional stress in the rogd
at @ section localed al A due to the rod’'s weight,

5-18. The rod hes & dismeter of 1 ine ind a weight of
15 e Determine the maximum torsional siress in the rod
at @ scction located al B due to the rod’s weight.

Prohs. 5-17/18

S=19. Two wrenches are wsed 1o tighten the pipe. 1 P =
30k X s applicd to cach wrench, determing the maximum
torsionat shear stress developed within regions AR and BC
The pipe has an owter diameter of 25 mm and Do
digmerer of 20 mm. Skeweh the shear suress distritagtion for
both cases.

#R-20. Two wrenches are used 1o tighten the pipe, T the
pipe is made from & material having an allowable shear stress
ol T = 85 MPa, determine the allowsble maximum foree
P that can be applicd to each wronch, The pipe has an outer
diameter of 2% mm gnd inner diameter of 30 mm.

2500 min

2500 imim

Probs. 5-19720
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«5=21, The dl-mme-diameter solid shaft s subjected o the
distributed and concentrated 1orsional loadings shown,
Determine the absolule maximum and mimimuom  shear
stresses on the outer surfece of the shafm and specily thei
locations, measurad Mrom the Dixed end A,

222, The solid sheft is subjecied to the distriboted and
concentrated  torsionsl loadings shown, Determine the
required diameter d of the shaft to the nearest mm if the
allowahle shear stress for the material & 7,5, = 30 MPa.

Prohs. 5-21722

=23, Consider the seneral problem of a circular shaft
made [rom e sepments each having a radius of . IT there
arc m torgues on the shalt as shown, wrile & computer
progeam that can be psed to determine the maximom shear
giress at any specified location & along the shaft. Show an
gpplication of the program using the wvalues L) = 21t
ey =2in, La=4M e =1in, T, =800Ib+fL o, =0

Ta= —6l Ihfi, ds = 511

Prosh, 523

4524, The copper pipe has an outer diameter of 250 m,
and an inner diameter of 23000, It is tightly secured e the
wall at C and 8 uniformly distributed lorque is spplicd w it
a5 shown, determine the shear stress developed at points A
and B, These paints lic on the pipe’s outer surface. Sketch
the shear stress on volume elements localed at A gnd 8.

25-28, The copper pipe has an outer dismeter of 2,50 in,
and an inner diameter of 2,300, T it i= tightly secured 1o
the wall at O and it is subjected 1o the unilormly distributed
torgue glong its entire length, determine the absolute
mpximum shear siress in the pipe, Discess the validity of
this resul,

125 Ikt /M
+in

\\‘H/I,.! i

Mrohs. 5-24/25

§-26. A cylindrical spring consists of a rubber annulus
Bosmded 1o a rigid cing and shall 10 the ring = held Gxed and
s torgue T is applied to the shalt, determing the maxinum
shear stress o the rubber.

Prah, 526




5=27, The A-36 steel shalt s supported on Smooth
bearings that allow it to rotate (reely. IF the geges arc
subjected 1o the lorgues shown, determine the maximuom
shear stress developed in the segments AR and BC The
shait has a diameter of 40 mm.

#5284, The A-36 sicel shafi is supporicd on smooth
bearings that allow it to rolate Irecle I the pears wre
subjected 1o the torgues shown, determine the reguired
diameter ol the shafl to the néarcst mm il 75, = &I MPa

30 M

Prohs. 3=27/28

#5-29. When drilling a well &t constant angular velocity,
the bottom end of the dnll pipe encouniers a torsional
resistanes T, Also;soil along the sides of the pipe creates a
distributed [rictional lorgue along its length, varving
uniformly from zero at the surface # tor ) at A. Determine
thie mimmum torgue Tp that must be supplicd by the drive
unit o overcome he resisting torques, end compute
the maximum shear stress in the pipe. The pipe has an outer
rudiug r, and an inner radiug r,

Proh. 5-20
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=M. The shaft 18 subjected 1o g distributed torgue along
its lenpth of 1 = I_]Hf]‘.‘\'-m_.-‘nl. whare visin metars 1F the
maximum Siress in the shafl s o remain constant al
RO MPa. determine the required variation of the radius c of
theshafi forfh = x = I m

Prob. 510

5=31. The sohd steel shaft AC has i dumeter of 25 mim and
is supported by smooth bearings a1 T and £ T is coupled o
i motor at O, which delivers 3 KW of power to the shafl
while it ts tumimg a1 50 fev/s, I gears A and B remove | KW
and 2 kW, respectively, determine the maximum shear stress
developed [n the shaft within regions A8 and SO The shait
i% frese tor Curm i 1S support beannges Dand E,

|

Frob. 511

#¥5-32, The pump operates using the motor that has a
power of 85 W, I the impeller at 8 is tuming a1 150 rev/min,
derermine the maximum shear stress developed i the
Hmme-diameter iransmission shah at A

Frob. 5-32
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«5=33,  The gear motor can develop 2 hp when 1t turns a1
50 rew/min, IT the shaft has & diameter of 1 in,, determine
the maximum shear siress developed mothe shall.

34, The gear motor can develop 3 hp when it twms &t
150 rew/min. If the allowahle shear siress for the shafi is
Tyw = 12 ksi, detormine the smallest dismeter of the shaft
1o the nearcst :, in. that can be uscd.

Mrobs. 5-33/34

&35, The 25-mm-diameter shaft on the motor s made
of a materiel having an allowable  shear stress of
Tallw = T2 MPa. Il the motor s operating at ils maximum
power of 5 kW, determing the minimum sllowable rotation

of the shafi,

#5=-3.  The drve shaft of the motor is made of 4 matenal
having an allowiable shear stress of . = 73 MPa. I the
outer diameter of the tubular shaft is 20 mm and the wall
thickness iz 2.5 mm, determing the maximum allowable
power that can b supplied to the motor when the ghafi is
pperating et an angular velooity of 1500 rey/min.

Prohs. 5-315/36

«5=37. A ship has a propeller drive shaf thet i3 turning st
1500 rev/min while developing 1800 hp, T7 it is 8 01 long and
hias a dismeler of 4 in., delerming the maximum shear stress
i the shafl caused by torsion

53R, The motor A develops a power of 300°W and fums
its connected pulley at 90 rev/min, Delermine the required
digmeters of the steel shalts on the pulleys al A and 8 if the
allowahle shear stress is 7,0 = 85 MPa

Prob, =38

53, The sobid sicel sheft BF has a diameter of 25 mm
and % supported by smooth bearings st D and E, Tt is
coupled to a motor at £, which delivers 12 kW ol power 1o
the shafl swhile it is tornioge st 50 rev/s. 1§ gears A, 8 and O
remove 3 KW 4 kW, and 5 kW respectively. determine the
maeximum shear siress developed in the shalt within regions
CF end RO, The shalt s free to turm inils support bearings
M and £

54, Determine the ahsolute maxinium shear siross
developed in the shaft in Prob. 3-34%

Probs. S-3040




of-d4].  The A-36 sweel tubular shaft is 2 m long and has an
outer diasmeter of 50 mm, When it s rotating at 40 rad/s, it
transmits 23 kW of power froim the motor M (o the pump
P Determine the smallest thickness of the tbe il the
allowable shear siress is 7). = B MPa

§42. The A-36solid tubular steel shaft is 2 m long and has
gn ouler diameter of ™ mm. It is required o transmil
il kW of power from the motor M 1o the pamp P
Determine the smallest angular velocity the shafl can have
if the ellowahle shear stress is 7, = 80 MPa.

Probs. 541/42

543, A sieel tube having an ouler diemeler of 2.5 in. is
wsecd to transmit 33 hp when tarning at 2700 rev/min
Determine the inner diameéter o of the tube 1o the nearest
+ in. if the allowable shear stress is 1., = 10 ksi

Frub. 543
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e, The dowve shaft AR of an automadnle 15 made of o
steel having an allowable shear siress of 7y = B ksi. [[ the
poter diameter of the shalt s 2.5 i gnd the engine delivers
2000 hp te the shalt when it s turning at 1140 rev/min,
determine the minimum required thickness of the shalt's
wall.

o545, The drve shaft AR of an sulomobile s 10 be
desipaed ag o thinswalled tbe, The engine delivers 150 hp
when the shall is tuming &t [SH rev/min, Determine the
minimum thickness of the shafts wall of the shalt’s outer
digmeter 12 2.5 i, The meterial has an allowable shear <tress
ol T = T Exi.

Proles, 5-44/45

546, The motor delivers 13 hp to the pulley gt A while
Lurming at a constant tate of 1800 pm. Determine o the
nearest £ in. the smallest diameter of shafi BC if the
gllowsble shear siress lor ste€l is 75, = 12 kst The belt

dowes not slip on the pulley,
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Ol wells are commonly drilled o depths
cxteeding a thouwsnnd meters. As a result, the
ortal angle of twit of a st of deill pape cin
b subhstantial and muesi be determined

5.4 Angl.e of Twist

Oecasionally the design of a shaft depends on restricting the amount of
rotation or twisl that may occur when the shaft is subjected to a lorgue,
Furthermare, bemmg able to compute the angle of twist for a shaft is
important when analvzing the reactions on statically indeterminate
shatts,

In this section we will develop a formula for determining the angle af
fwist o (phi) of one end of a shatt with respect to its other end. The shaft
is assumed to have a crcular cross sechion that can gradually vary along
its length, Fig. 5—14a Also, the matenal is assumed to be homogeneous
and o behave in a linear-elastic manner when the torque s applied.
Like the case of an axially loaded bar, we will neglect the localized
deformations that occur at pomnts of application of the torques and
where the cross section changes abruptly. By Saint-Venant's prineiple,
these effects occur within small regions of the shaft’s length and
generally they will have onlv a slight effect on the final result

Using the method of sections, a differential disk of thickness oy,
located at position 1. is 1solated from the shaft, Fig. 5-145. The internal
resultant torque is T{x). since the external loading mav cause it to vary
along the axis of the shaft. Due to T{x), the disk will twist, such that the
relarive rofarion of one of its faces with respect to the other face is dd,
Fig. 5~14h. As a result an element of materal located at an arbiirary
radius g within the disk will undergo a shear straim v, The values of y and
lih are related by Eqg. 51, namely,

i
di ':.--u [3=13)
i

[ak

ihi

Fig. 5-14



Since Hooke's law, y = 7/G. applies and the shear stress can be
expressed in terms of the applied torque wsing the torsion formula
r=T(x)p/ S x), then y = T x)p/ S x)G, Substituting this into Eg- 5-13.
the angle of twist for the disk is

% Tix)
= Jl'.t:lﬁ':r

il

Integrating over the entire length L of the shaft, we obtain the angle of
twisl for the entire shalt, namely,

[T i
”""L 16 (5-19)

Here

= the angle of twist of one end of the shaft with respect to the
other end. measured in radians

Tix) = the internal torque at the arbitrary position x, found from the
methed of sections and the eguation of moment eguilibrium
applied about the shaft’s axis

Jx} = the shaft’s palar moment of inertia expressed as a function of
position x

7 = the shear modulus of elasticity for the material

Constant Torque and Cross-Sectional Area. Usually in
engineering practice the material is homogeneous so that G is constant,
Also, the shaft’s cross-sectional area and the external torgue are
comstant alomg the length of the shaft, Fig. 5-15. If this is the case, the
internal wrgue T{x) = T, the polar moment of inertia J{x) = J, and
Eq. 5-14 can be integrated, which gives

Tk

W i
' 1G

(5-15)

The similarities between the above two equatioms and those for an axally
loaded bar {5 = [P(x) dx/A(x)E and§ = PL/ AE)should be noted.

Fig. 515
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When compuling bolh the stress and (he
angle of twist of this soil auger. iE 15 feccssary
o consider the vamable forsenal lowding
which &ets along its length.
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Torgue
wl b
recorder

range = ,.r"‘M“'"‘r

Bovatle umi
i pails

Fig. 5-16

Equation 5-15 is often used to determine the shear modulus of
elasticity & of a material. To do so. a speamen of known length and
diameter is placed in a torsion testing machine like the one shown in
Fig. 5-16. The applied torque T and angle of twist ¢ are then measured
along the length £, Using BEyg. 515, G = TL/ i Usunally, to obtain a
more reliable value of G several of these tests are performed and the
average value is used.

Multiple Torques. If the shaft is subjected 1o several different
torgues, or the cross-sectional area or shear modulus changes abruptly
from one region of the shaft to the next, Eq. 5-15 can be applied to each
segment of the shatt where these quantities are all constant. The angle of
twist of one end of the shaft with respect o the other is then found from
the vector addition of the angles of twist of each segment. For this case,

TL
¢ = EE (5-16)

Sign Convention. Inorder to apply this equation, we must develop
a sign convention for both the internal torgue and the angle of twist of
one end of the shaft with respect to the other end. To do this, we will use
the right-hand rule, whereby both the torque and angle will be posinive,
provided the tuemb is directed onpward from the shaft when the fingers
curl to give the tendency for rotation, Fig. 517

To illustrate the use of this sign convention, consider the shalt shown
ih Fig. 5—1Bar. The anpgle of twist of end A with respect to end I is o be
determined. Three sepments of the shaft must be considered, since the




= 1)

Positive =.i[111 comveniion

fasr T b,
Fig. -17

miemal torgue will change at B and at C. Using the method of sections,
the frternal torgues are found for each sepment, Fig. 5-18h. By the
right-hand rule, with positive torgues directed away from the sectioned
end of the shaft. we have T 4 = +80N-m, Tp = —TON+m, and
Ten® 10N - m. These resulis are also shown on the forgue dicgram
for the shaft, Fig. 5-18¢. Applying Eq. 5-16, we have

(+80N-m} Loy (—-TON-m) Ly (—MWIN-m) Lep
i i
S S Pl

Dan

If the other data is substituted and the answer is found as a positive
guantity, it means that end A will rotate as indicated by the curl of the
right-hand fingers when the thumb is directed away from the shaft,
Fig. 5-18a. The double subseript notation is used to indicate this relative
angle ol twisl [¢hqn ) however, il the angle of twist 15 (o be determined
relative v a flxed support, then only a single subscript will be wsed. For
example. if I s a fixed support, then the angle of owist will be denoted

as gy .

Hil
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-

7 Tac= TIN-m
150 B-m

HII M -m

14k M-im

T = I N-m
ihi

i

[ah

1

i€l
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Important Point

* When applying Eq. 5-14 1o determine the angle of twist, it is
impartant that the applied torgques do not canse vielding of the
material and that the material is homogeneous and behaves in a
linear elastic manner.

Procedure for Analysis

The anele of twist of one end of a shaft or wbe with respect to the
other end can be determined using the following procedure.

Internal Torque.

® The intermal forguee is found at a point on the axis of the shafi
by using the method of sections and the equation of moment
equilibrium, applied along the shaft’s axis

® [f the torgue varies along the shaft’s length. a section should be
made at the arbitrary position x along the shaft and the imternal
tarquie represented as a function of x, e, T{x).

= [f several constant external torgues act on the shaft berween its
ends, the internal torque in each segment of the shaft, between
any twa external torques, must be determined, The results can be
represented graphically as a torgue diagram.

Angle of Twist.

® When the circular cross-sectional area of the shaft varies along
the shaft’s axis, the polar moment of inertia most be expressed as
a function of its position x along the axis. J{x).

* [fthe polar moment of inertia or the imtemal waeque suddendy changes
between the ends of the shaft. then ¢ = [ (T{x)/J(x)G) dx or
= TL/TG must be applied to edch segment for which J, G, and
T are contimuaous or constant,

® When the internal torgue in each sepment is determined, be
sure to use a consistent sign convention for the shaft. such as
the one discussed in Fig. 5-17. Also make sure that a consistent
set of units is used when substituting numerical data into the
e Uations.




The gears attached to the fixed-end steel shafi are subjected to the
torgues shown in Fig. 5—1%a. 1f the shear modulus of elasticity is 50 GPa
and the shalt has a diameter of 14 mm, determine the displacement of
the tooth P on gear A. The shalt turns freely within the bearing at B.

SOLUTION AT ()

Internal Torque. By inspection, the torgues in segments AC, CD,
and DE are different yet constans throughout each segment.
Free-body diagrams of appropriate segments of the shaft along with
the calculated internal torgques are shown in Fig 5-19b. Using the
right-hand rule and the established sign convention thal positive
torque is directed away from the sectioned end of the shaft, we have

Tar = +150N-m Tep=~130N-m Tphe= =-17MN-m

These resulis are also shown on the torque diagram, Fig. 5-1%¢,
Angle of Twist. The polar moment of inertia for the shaft is

7 = Z(0007 m)* = 3771{10°*) m*

Applving Eg. 5-16 two each segment and adding the resulis
algebraically, we have

T (+ 150N -m){0.4m)
tha ™ }.:_- Gy o i M

JG 3771{107%) m* [RO(10") N/m”] 150

40 M-m
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EXAMPLE |5.5

(=130 N-m)(0.3 m) g

T 37107 mt [80(10") Njm?)]
(—170N-m)(0.5m)
+ - L]
LITI1077) m?* [B0{10%) N/m?)]

= —(1.212] rad

Since the answer is negative, by the right-hand rule the thumb is
directed toward the end E of the shaft, and therefore gear A will
rotate as shown in Fig, 5-159d.

The displacement of teoth P on gear A is

§p = ghyr = [{L212] rad }{ 10 mm) = 212 mm Anx

NOTE: Remember that this analysis is valid only if the shear stress
does not gxeeed the proportional limit of the material.

.Irrlp_ 170 M-m
_:;M'l
Iﬁ. X%
| 500 M-m gL | i
-__H\_ -_".'[
Q ZRL M rm
)
TiNm)
s (b
14 07 13 ¥ (i)
=1 sy
{ch

by = 1212 Tad
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EXAMPLE |5.6

The two solid steel shafts shown in Fig. 5-20a are coupled together
using the meshed gears. Determinge the angle of twist of end A of shaft
AB when the torque T = 45 N - m is applied. Take & = Bl GPa. Shaft
AR s free to rotate within bearings E and F, whereas shaft D0 s fived
at I), Each shaft has a diameter of 20 mm.

albip = LN 3 Tl

Fig. =20

SOLUTION

'_,;:__ Internal Torque. Free-body diagrams for each shaft are shown
i Fig. 5-2086 and 5-20¢. Summing moments along the x axis of

(Tpl,=223N-m AP L

g

LR i
r_‘_J;IN the shaflt AR vields the tangential reaction between the gears of F =
45 NemfL13 m = A N, Summing moments aboul the x axis of shaft
ich D, this force then creates a torgue of (Ty), = 300N (D075 m) =

225N -m on shaft DC

Angle of Twist. To solve the problem, we will first caleulate the
rotation of gear C due to the torgue of 225N-m in shaft DC,
Fig. 5-20c. This angle of twist is

.,b,—= TLﬂr _ :_EESN‘TI'I_:Il'l-ﬁm:l

- = +00269
IG (/210000 mY*[B0{ 107) N/m (0L.0269 rad

Smce the gears at the end of the shaft are in mesh, the rotation -
of pear C causes gear B (o rotate dg, Fig 5-20h, where

(0.0269 rad )(0.075 m)
(10134 rad

gl 15 m}
dr

We will now determine the angle of twist of end A with respect to
end B of shaft AB caused by the 45 N - m torque, Fig. 5-20b, We have

T A (45 N-m)(2Z2m}
1G (7/2}(0.010 m }*[80{ 10%) N/m’|

The rotation of ead A 5 therefore determined by adding ¢y and
P4 . sinee both angles are in the same direction, Fig. 3-206. We have

if-l_q = lll.l” h IIF_J'_." = {10134 rad + 00716 rad = HLOES) rad  Ans
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EXAMPLE |57

The 2-in -diameter solid cast-iron post shown in Fig. 5-21a is buried
24 in. in soil, If a torque is applied to its top vusing a rigid wrench,
determine the maximum shear stress in the post and the angle of twist
al its top. Assume that the torgue is about (o tam the post, and the soil
exerts A umiform torsional resistance of ¢ lb-in/in. along s 24-n.
buried length. G = S5(107) ksi.

SOLUTION

Internal Torgue. The internal torgue in segment AR of the post is
constant. From the free-body diagram, Fag. 3-210, we have

ZEM. =1 Tag =251 {12in} = 3 Ib-in.

The magnitude of the uniform distribution of torgue alemg the buried
segment BC can be determined from equilibrivm of the entire post,
Fig. 5-21c. Here

ZM. =0 25b{12in.}) = {24 in.} = O
= 1251bin.fin.
Hence, from a free-body diagram of a section of the post located af
the position x, Fig. 5-21d, we have
M. =0 Tac — 1252 =1
Toc = 12.5x
Maximum Shear Stress. The largest shear stress occurs in region

AB. since the torgue is largest there and F is constant for the post.
Applying the torsion formula, we have

_ Tage  (30Ib-inj(lin)
T (w2)in)

= 1% psi Anx

Angle of Twist. The angle of rwist at the top can be determined
relative to the bottom of the post, since it is fixed and yet is about to
turn. Both segments AH and BC twist, and so in this case we have

A in
" T anLl s oy 3
= ————— =
¥ G # G \
- . : 2 L
i {.“H'I Ih=in. )30 m. 4 f’4 M 1257 dx i .--—-.. Tie ol b
IG A fr:;_ ; H g S
L0 B b -in®  12.5[(24)7/2] [b+in F ;= 125 bein. fin \
G i IG %
i | {d} {ch
14 4000 b+ im-
& 7 = = (L0167 rad Anx ;
(/2301 in.y* 5500 10°) Iby/in’ Fig, 5-21

251h

- f im.
&}‘hh i 250
A
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. FUNDAMENTAL PROBLEMS

F5-7, The dl-mme-diameter A-36 stee] shafi is subjected
the torgues shown. Determine the engle ol twist of end A
sith respect o O

£ kNm
F5-7
F5-8& Delermine the anple of twist of wheel § with

respect e wheel A, The shaft has a diameter of 40 mm and
is made of A-36 sieel,

T ki
F5-#
54, The hollow 6061-T6 aluminum sheft has an outer and
inner radins of ¢, = 4 mm and ¢ = 30 mm, respectively,

Dietermine the angle of twist ol end A, The Nexible suppor st
M has & torstonal stiffness of £ = 90 kN - m frad.

F3=10, A series of gears are mountzd on the Hl-mm-

digmeler A-36 steel shaft. Determine the angle of twist of
pear frelative to pear A,

Fa1u

F&11, The Blkmm-hameter shaft & made of A-36 steel, I
it is subjected to the usiform distrilted torque, determine
the enple of twist of end A with respect to 8.

S kM-m/'m

F5-11

Fi<12. The Bl-mm-diemeter shaft 15 made of A-36steel. If

it 1= subgected te the riangular distnbuted losd, determing
the angic of twist of cnd A with respect to O
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Srrosiews

54T, The propellers of & ship are connected (o a4 A-36
steel shaft that is 6 m long and has an outer dismeter of
A4 e wnad inner diameter of 260 mm. I the power output s
4.5 MW when the shafi rotates at 200 rad)s, determine the
maximum torsional stress in the shaft and its angle of twist

#5-48. A shalt is subjected 1o & wrgue T, Compane the
effectivencss of using the tube shown in the figure with that
ol a solid section of redius ¢ To do this, compute the percent
mcrcase m torsional stress and angle of twist per unit length
for the Tube versus the solid section

Proh., =48

«5-49. The A-36 s1cel axle s made from tubes AR and CT)
wnd i solid section BC T s supported on gmooth beanngs
that allow it to rotete freely, [f the gears, fixed to it ends, arc
subjected to 85-N - m torgues, determine the angle of twist
of pear A relative o gear I The tubes have an ouler
diameter of 30 mm amd an inner diameter of 200 mm, The
solid section Has & diameter of 40 mm,

45 M-m

IPFrob. 340

550, The hydrofoil boat has an A-36 stecl propeller
shadl that 15 100 ft long. 11 1s connected to an in-line diesel
engmi that delvers @ maximum power of 250 hp and
causes the shaft to rotate st 1700 rpm. If the ouwter
diameter of the shuft is 8 in. and the wall thickness is T in.,
determing the maximum shear stress developed o the
shall. Also, whal is the “wind up,” or angle of 1wist in the
shafl &t full power?

Prob. 550

5=51. The engine of the helicopier is defivenng &0 hp
1 the rotor shaft AR when the blade iz rotating af
1206 rev/min, Delermine o the nearest ;7:11. the diameter
of the shaft AR if the allowable shear stress 15 7,0 = 8 ks
and the vibrations limit the angle of twist of the shafl
(1415 rad. The shalt is 2 [t long and made from L2 sieel.

#5582, The coginge of the helicopter is delivering 6040 hp
1o the rotor shaft AR when the blade s rotating atl
12060 revy/ mine. Dietermine to the nearest ;'; in. the diameter of
the shalt ARl the allowable shear stress =1, = 105 ksi
and the vibrations limit the angle of twist of the shafl o
(415 vack, The shaf is 7 [0 long and made from 1.2 s1eel,

Prohs. 5-51/52
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«5=53,  The 20mm-diameter A-36 steel shaft 18 subjecied
o the torgues shown. Determine the anple of twist of the
end B

: P 24 mm
LK i
o ‘W

HIKY [Him
H:W

IPruste. 5=53

&84, The sssembly is made of A-36 steel and consisis of a
solid rod 20 mm in diameter lixed to the inside of a whe
using a rigd disk a1 B, Determite the anple of twist ar D,
The tube has an ooter dismeter ol 40 mm and wall thickness
of 5 mm.

E-58. The assembly is made of A-36 steel and consisis of a
soalidl mowd 20 mom o diamicter lxed to the inside of a tuhe
using a rigid disk 4t 8. De¢termine the angle of twist at T
The tube has an outer diameter of 20 mrm and wall thickness
of 5 mim

Mrobs. S-54/5%

#5586, The splincd ends and gacars attached Lo the A-36
gleel shaft are subjected 1o the 1orgues shown, Determing
the angle of twist of end 8 with respect 1o end A. The shalt
has o diameter of 40 mm.

AEHT rym

SIEhmm

Pruh. 556

#5571, The motor delivers 400 hp to the 304 stainless steel
shaft while it rotates at 200 He The shaft s supported on
smioth bearings a1 A and B, which allow free rotation of
the shaft. The gears € and £ fixed (o the shalt remove 25 hp
and 15 hp, respectively. Determine the diameter of the
shaft to the nearest +in, if the allowable shear stress is
Ty = B kai and the allowsble engle of twist of  with
respect to [ is 0,207,

=58, The motor delivers 40 hp 1o the 304 stainkbess steel
solid shaf while it rotates at 20 He. The shaft has a diameton
of 1.5 in. and is supported on smooth bearimgs at A and B,
which allow free rovation of the shat, The geas © and 0
fixed vo the shaft remove 25 hp and 15 hp, respectively,
Determine the pheolute meximum stress in the shaft and
the angle of twist of gear O with respect Lo gear £

'rohs. 5-57/58




5=50, The shaft is made of A-3651cel, Tt hos & dlameter of
I im. and is supported by bearings at A and P2, which allow
free rotaton. Determine the angle of twist of & with respect
io 1,

=56, The shaft is made of A-36stecl. It has a diameter of
I in. and is supporicd by bearings ot A and D, which allow
free rotation. Determine the angle of twist of gear O with
respect o 1,

Probs S—59/G0

sf-61. The 1wo shafts are made of A-36 steel, Each has a
diameter of | in, and they are supported by Beiarmngs at A,
£, and €. which allow free rotation. If the support atl £ is
fixed. determine the angle of twist of end B when the
torgues are applicd (o 1he assembly a5 shown,

E62,  The two shafis are made of A-36 steel. Each has a
diameter of 1 in., and they are supporied by bearings at A,
i, and € which allow Tree rotation, T the support a1 £ is
fixed, determine the snple of twist of end A when [he
torgues are applicd to the assemhlv as shown.

N

Probs, 361762
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S=03. The device serves g a compact torsional spring, 118
made of A-36 steel and conzists of a solid inner shaft CF
which 15 surrounded by and attached (o a tube AN using a
rigid ning at K. The ring at A can also be assumed rgid
and is fived Trom rotating, 1f a wrgue of T = 2 Kip «in, is
gpplicd to the shaft, determine the angle of twist at the end O
e the maximem shear stress i the tube and shaft,

¥5-6d, The device serves as a compact torsion spring. Tt s
made of A-36 sieel snd consists of & solid inner shaft CH
which i= surrounded by and attached to a tube A using a
eigid rimg at B The ring al A can also be assumed rigid and
is fixcd from rolating. If the allowable shear stress for the
matenial 18 T = 12 ksi and the angle of twist a1 C s
limited to thp. = 37, determine the masimum torque T
thiat can be applicd at the end O

Probs. S-6364

s5-65. The A-36 steel assembly consists of a lube having
an outer rading of 1in and a wall thickness of 0,125 in, LTsing
e rigid plate gt K, it is connected o the solid 1-n-digmeter
shaft AB. Determine the rotation of the wbe's end Cif &
orgue of 2060 [y = insis applicd v the tube at this end The
end A of tha shafl is lixed supported.

2iH i

A

Prob. 565
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S=ff, The Sl-mm dinmeter shalt AR 8 supporied by 1w
journal bearings, while the Rlk-mm dipmeter shaft EH is
fixed al E and supported by a journal bearing al /. 16
T)=2kN-mund Ts =4 kN -m, determine the angle of
twist of pears A and C, The shaflis are made of A-36 sieel,

867, The 6l-mm diameter shalt AHC s supporicd by two
journal bearings, while the Bl-mm diameter shaft £ is fixed
gt E amd supported by a journal bearing at B 07 the angle
of bwisl at pears A and O s required o be A4 rad,
determine the magnitudes of the torgues Ty and T, The
shafis ire made of A-36 =10l

=506R. The Hl-mm-diameter shafts are made of L2 1ol
steel and are supported on jowmal bearings that allow the
shaft o rorate freely, I the motor at A develops & torgue of
T = 45N« maomthe shaft AB, while the turbine at Eis fixed
from turning. determine the emount of rotation of gears 8

and ©

o8-8,  The shalts wre made of A-36 steel amd cach has a
diameter of B0 mm, Determing the anple of twist at end E,

5T0. The shafls are made of A-36 steel snd cach has a
digmeter of B0 mm. Determine the angle of twist of gear £3

Probs S-69/70

5=TL  Consider the gencral problem ol a arcular shafr
e from o sepments, cach having 4 radius of e, and shoar
modulus €, Il there &z o torgues on the shalt as shown,
wiile @ computer program that can be vsed o determing
the anpgle of twist of its end A, Show an application of the
program  using the wvelues [L; =035m, ¢ = 002m,
G =WGPL, L= 15m, o =005m, Gy =15GPa,
Ti==450N:md| =025m,T; = 60N-m, d; = 0.8 m.

Prob, 571



#5-T2, The Rllmm dameter shaft 5 made of A061-TH
aluminum alloy and subjected (0 the torsional loading
shown, Determine Lhe angle ol twist al end A

Prob. 572

#5-TA.  The tapered shait has a length I and & radius r al
end Aand 2eat eod B, 100 s fixed ot end B and is subjecied
to & torgue T, determine the angle of twist of end A. The
shear modulos s G

Prob. =73

5=T4,  The rdd ARC of radivs cis embedded inio a mediom
wherne the distributed torgue reaction varies linearly from
#ero gl C o et B I couple forces P are applicd to the lever
wrm, determine the value of §) for equilibnom. Also. find the
angle of twist of end A, The rod is made [Fom matedal
heving & shesgr modulus of .

Proh. =74
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5=T5. When drilling a well, the deep end of the diill pipe
is assumed 10 epcounter a torsional resistance T 4.
Furthermore, soil friction along the sides of the pipe creales
i limear distribution of torgue per anit length, varving from
zero a1 the surface B 1o 5, at A, Determine the necessary
torgue Ty that must be supplied by the drive onit to turn
thic pipe. Also, what is the relative angle of twigt of one end
of the pipe with respect to the other end at the instant the
pipe is gbout to turn? The pipe hes an outer radivs r, and an
inner radins . The sheer modulus is O,

Prob. 575

®#5-Th. A cylindrical spring consists of o rubber annulus
bonded 1o a rigid ring and shait. If the rng is held fixed and
e torgue T s applied to the rigid shaft. determine the angle
of twist of the shaft. The shear modulus of the rubber s G
Hin: As shown in the fgore. the deformation of the
clement at radius rean be determined from rd@ = dey, Use
this expression glong with = = T/(2%r k) from Prob. 5-26,
tovarhigin the result.

Prok., 576
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5.5 _St;_ticaily Indeterminate
Torque-Loaded Members

A torsiomally loaded shaft may be classified as stancally mdeterminate
if the moment equation of equilibriom. applied about the axis of the
shaft, is not adequate to determing the unknown [Orgues acting on
the shaft, An example of this situation s shown in Fig, 5220, Asshown
on the free-body diagram, Fig. 5226, the reactive torques st the
supports A and B are unknown, We require that

ZM, = () T =Ty=Tygmi

In order to obtain a solution, we will use the method of analvsis
discussed in Sec, 4.4, The necessary condition of compatibility, or the
kinematic conditiom, requires the angle of (wist of one end of the shaft
with respect o the other end to be equal o zero, since the end supporis
are fixed. Therefore,

dap =1

Provided the matenal is linear elastic, we can apply the load—displacement
relation ¢ = TL/AJG to express the compatibility condition in terms of the
unknown torgues. Realizing that the internal torgue in segment AC 8 +T,
and in segment C8 it is =Ty, Fig 5-22¢, we have

Talac  Talac 1

Ji JG

v W
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Solving the abowve two equations for the reactions. realimng that
::. = -ir.I“— ER I.Hr.. We Eﬂ‘l

The unknown torques in statically indeterminate shatts are determined
by satisfving equilibrium, compatibility, and  torgue-displacement
requitements for the shaft.

Equilibrium.

® Draw a free-body diagram of the shaft in order to identify all
the extermal torgues that act on it. Then write the equation of
momen equilibrivm about the axis of the shaft

Compatibility,

* Wnite the compatibility equation between two points along the
shaft. Give consideration as 1o how the supports constrain the
shaft when it s twisted

* Express the angles of twist in the compatibility condition in
terms of the torgues, using a torgue-displacement relation, such
asd = TLAIG.

& Bolve the equilibrivm and compatibility equations for the
unknown reactive torgues. If any of the magnitudes have a
negative numerical value, it indicates that this torque acts in
the opposite sense of direction to that shown on the free-body
diagram.

The xhart of il cuttimg machinge i fexed wl
its ends and subjected o & torgque al its
r::.-hlur.;ﬂfnwmg i o et o 8 togsional spring
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EXAMPLE 5.8

The solid steel shaft shown in Fig. 523 has a diameter of 20 mm. IT it
is subjected to the two torques. determine the reactions at the fixed
supports A and B.

SUH M-

(8 ()

SOLUTION

Equilibrium. By inspection of the free-body diagram, Fig. 3-235, it
is seen that the problem is staticallv indeterminate since there is
only one available equation of equilibrium and there are two
unknowns, We require

M, =1 Ty + 8ON-m — S0ONm —T,=10 (1)

Compatibility. Since the ends of the shaft are fixed, the angle of
twist of one end of the shaft with respect to the other must be zero.
Hence, the compatibility equation becomes

dap =10

This condition can be expressed in terms of the unknown torques by

using the load-displacement relationship, ¢ = T'L/JG. Here there

are three regions of the shaft where the internal torgue is constant.

On the free-body diagrams in Fig. 5-23¢ we have shown the internal

torques-acting on the leflt segments of the shaft which are sectioned in
WKl — T each of these regions. This way the imternal torgue 5 only a function of
T ;. Using the sign convention established in Sec. 5.4, we have

by |

=Y
S
1

0~ Ty

Sy M-m

SRN e

=T (L2 m) ) (800 — TR 1L.5m) o (300 — TEiiim) s
G JG JG E

sip that
Tp=0645 N-m A

Usimg Eq. 1.
Fig. 5-23 Ty= -M5N-m Anx

The negative sign indicates that T 4 acts in the opposite direction of
that shown in Fig 5-23h.
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EXAMPLE |5.9

The shafi shown in Fig 5-24a is made from a steel tbe. which is
bonded to a brass core. If a torque of T = 250 1b-ft is applied at
its end. plot the shear-stress distribution along a radial line of its
cross-sectional area. Take G, = 11.4(10°) ksi, G, = 5.20( 107} ksi.

SOLUTION

Equilibrium. A free-body diagram of the shaft is shown in Fig. 5-245.
The reaction at the wall has been represented by the unknown amount
of torque resisted by the steel, T,,. and by the brass, Ty, Working in
units ol pounds and inches, equilibriom requines

—Ta — T + (250 1b-R)(12 m./ft) = 0 {1}
Compatibility. We require the angle of twist of end A to be

the same for bath the steel and brass since they are bonded
fopether. Thus,

1% fni.

I e
_ RN . _Tr— 250 Th-fi in) T
Applving the load-displacement relatiomship, ¢ = TL/J, :
il -
(/23] (1 i) = (0.5 00 P]1L4(10°) kipfin®
Tl
(f2)(0.5 in.)* 5.20010%) kip//in’
Ty = 32.8BT, {2}

Solving Fgs | and 2, we pet
Tu=2911.51b-in. = 2426 1b-ft X
T = B S Ib-in. = 738 [b-fit

The shear stress i the brass core varies from zero at ifs center (o a
maximum at the interface where it contacts the steel tube. Using the
torsion formuola,

25100 Bhefi all

1977 psi

- (885 Ib~in, )05 in.} s I in,

Thetia = ——— - = 451 psi

I dimine |1-r,'2}[ﬂ..'i II'I-I'J F

For the steel, the minimum and maximum shear stresses are 05 i N

(2911.5 Ib-in.){0.5 in.)

(7] = - : = URY nsi Shear—arress disrribution
41/ mm ri?lflz }ld I in. lFi e [n_lrl in. _:l-ll I:I
(29115 Ib-in.}(1 in.) j vl
(5 e = 1977 psi Fig, 5~24

(m/2)[(1 iyt — (0.5}

The results are plotted in Fig. 5-24¢. Note the discontinuity of shear
strexs at the brass and steel interface. This is to be expected. since the
materials have different moduli of ngidity; 1.e., steel s stiffer than
brass (G = O, ) and thus it carnes more shear stress at the interface,
Although the shear stress is discontinuous here, the shear strain is not,
Rather, the shear strain is the smme for both the brass and the steel.
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Serostews

#5-TT. The A-30sicel shali has @ diemeter of 3 mm and is
lixed at iz ends A and B. It 2 subjected to the torque,
determine Lhe maximum shear siress in negions AC and O
of the shaf,

Mrasky, =77
5-TR, The A-36 sieel shafi has a diameter of S mm and is
fixed atitsends.A end H.1fit issubjected to the worgues shown,
determine the absolule masimum shear stress in Lthe shaft,

Prosh, 5=78
5. Thesteel shafi s mede rom two sepments: AC has a
dismeter of 0.5 in. and CH has a diameter of 1 in, 10 1t is
fixed at jts ends A and B oamd subjected to a torguee of
S0 b - £, determine the maximum shear stress in Lhe shaft
7, = 1R{ 10 ksi.

Prok, 579

#2580, The shaft (s miade of A-36 steel, has & diameter of
B mm, and s Oxed at B while A s locse and can rotate
(A5 rad helore becoming fived. When the lofgues arc
applied to O gnd £ determine the maximum shear stress in
remons AC and CD of the shaf

«5-81. The shafl is made of A-36 steel and has a diameter
of #1 mm. I is fixed st # and the support at A has a worsional
stiffmess of & = L5 MN < mfrad, 1760 18 subjected to the pear
torgues shown, determing the absolute masimum shear siress
in the shafi,

\()” mm

Mrobs. 5-8IV81

=82, The shalt is made from a 2olid sieel =action AR and
@ tubular portion made of steel and having a4 brass core.
[f it is fixed 1o & rigid support &t A, and & torgque of
T =30 b1t is gpplied 1o it ar C, deétermine the angle of
twist that vecurs ot (O and compule the maximum shear
stress and maximum shear sirain in the brass and steel,
Take €7, = 11,5107 ksi, Gy, = 560107 ksi

Prob, =K2




5.5  Stancally INpETERMINATE ToRaUE-Loaben MeEMBERS 219

5=BY.  The motor A develops a toague af gear 8 o 450 b« {1,
which is applied along the axis of the 2-in,-dizmeter steel shafi
0 This torgue 15 5o be transmitted to the pmion gears at £
wned Fo I these pears are temporaily sed, determine the
maximum shear siress in segments CF and B of the shafi,
Also.what is the engle of twist of each ol these segments? The
beanngs a1 C and I only exert loree reactions on the shafi
iwind do pot vesist worgue, G, = 12 [} kesi

A50 e

e ] .

=584 A portion of the A-36 steel shaft i subjected 1o a
lingarly distributed torsional loading. If the shaft has the
dimensions shown, determing the reactions at the fixed
suppporss A and O Segment AR has a diameter of 1.5 in. and
scgmenl B¢ has a diameter of (.75 in.

«5-B5. Determine the rotation of joint B end the absolute
maximum shear siress in the shafl in Prob, 5-84

HHI Th=m. fin

e
-

Prishs. 84785

5-86, The two shafts are made of A-36 steel. Each has o
diameter of 23 mm and they are connected using the fears
fixed o their cnds. Their oiher ends are attached 1o fxed
supports 4l A and B Thev are also supported by joumal
Bearings at C and I3, which allow [ree rotation of the shafis
slong their axes. If 2 torque of S0 N+m is applicd 1o the
gear gl E as shown, determine the reactions st A and 8

5-87. Determine the rotation of the pewr w1 E in
Prob, 586,

P

"robs. 5-R0M7

*5-8R, The shafis are made of A-30 sicel and have the
same ddameter of 4 in. T a torgue of 15 kip - fuis applied o
gear B, determing the absolute maximum shoar siress
developed in the shaft.

w588, The shafts are made of A-36 steel and hove the
same dhameter of 4 i, [0 a torgue of 15 Kip « [T s applicd
goar H, determine the angle ol twisi of gear B.

P ruls. 5-88/849
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M), The two 3-fi-dong shafis afe made of 20014-Th
aluminum, Each has a diameter of 1.5 in. and they are
conmnccled using the gears fixed to their ends. Their other
ends are attached 1o Axed suppons at A and B They are
also supported by bearings al O and I, which allow free
rolation of the shafts along their axes. [f a torgue of GO0 [ 1L
is applicd to the top gear as shown, determing the maximuom
shear stress in each shafi,

Prof 51910

5-01. The A-3& steel shaft is made from two sepments: AC
hes a dismeter of 0.5 in. and C8 has & diameter of 1 i 1§
the shalt 1= fxed at s ends A and B god subjected (o s
wnilorm distributed worgue of &0 1 «infin slong Segment
R, determine the absolute maximum shear siress in the
shafi.

NN | iR

H-I:I II1-.|||..-'|'|5..

Proh, 541

=542, i the shalt 1= subjected 0 a uniform distributed
torgue of ¢ = 20 kN - m/m, determine the maximum sheay
stress developed in the shaft The shalt is made of 2004-T6
aluminum allov end is fxed ol A and O

|20 RMNm m BT s
i

Rection a-u

Proh. 5=42

«5-03, The tapered shaft is confined by the [xed supports
at A and B Il & torque T is applied at its mid-point.
determine the reactions at the supports.

R ¥y

Prof. 5493

0. The shaft of radius ¢ is subjectad 1o a distribuizd
torque £, measured as torgue;/lengih of shalt. Determine the
reactions at the fixed supports A and

Prob, =94
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*5.6 Solid Noncircular Shafts

It was demonstrated in Sec. 5.1 that when a torgue is applied to a shafi
having a circular cross section—that is, one that is axisymmetric—the
shear strains vary linearly from zero at ils center to a maximum at its
outer surface. Furthermore, due to the uniformity of the shear strain at
all points on the same radivs, the cross sections do not deform. but rather
remain plane after the shaft has twisted. Shafts that have a noncircular
cross section, however, are aof axisymmetnc, and so their cross sections
will bulge or warp when the shaft is twisted. Evidence of this can be seen
from the way grid lines deform on a shaft having a square cross section
whien the shaft is twisted, Fig. 5-25, A5 a conseguence of this deformation
the torsional analvsis of rorcircwdor shafts becomes considerably more
complicated and will not be considered in this text.

Using a mathematical analysis based on the theory of elasticity,
however, it is possible to determine the shear-stress distribution within a
shalt of square eross section. Examples of how this shear stress varies
alung two radial lines of the shaft are shown in Fig. 5-26w. Because these
shear-stress distributions vary in a complex manner, the shear sirains
they create will warp the cross section as shown in Fig 5-260. In
particular notice that the cormer poinis of the shaft must be subjected to
Zero shear stress and therefore zero shear strain. The reason for this
can be shown by considering an element of material located at one of
these points, Fig. 5-26c. One would expect the top face of this element
to be subjected to o shear stress i order to aid in resisting the applied
torgue T. This. however, cannot oceur since the complementary shear
stresses ©and ', acting on the anrer surface of the shaft, must be zero,

Undetformed

Deformeid

Khear siress distribuoisnn
along two radial lines

(ah

er.rpinr_' ol
crods-sectional arca

bk

]

Fig-5-26
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Motiee the deformation of the square ¢lement when this rubber bar is subjected to o
tovrgue,

The results of the analvsis for sguare cross sections, along with other
results from the theory of elasticity, for shafis having triangular and
elliptical cross sections, are reported in Table 5-1. In all cases the
maxininn shear siresy oceurs at a point on the edge of the cross section
that is closest o the center axis of the shaft. In Table 5-1 these points
are imdicated as “dots” on the cross sections, Also given are lormulas
for the angle of twist of each shaft. By extending these results to a shaft
having an arbitrary cross section, it can also be shown that a shafi having
a circlor cross section is most efficient. since it is subjected to both
a smaller maximum shear stress and a spmaller angle of twist than a

corresponding shaft having a noncircular eross section and subjected 1o
the same torgue.

TABLE 5-1

Shape of
cross seclion Ve i

Squnte
d 48] I T Tl
a G
| 4] |

Egulateral taangle

2T 46 T

Ellpse

LT (o & BT
wah? =

The drill shafi is connccted o the soil
auger wsing u shafi having a square cross
SUCEACKkT.
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EXAMPLE |5.10

The G061-T6 aluminum shaft shown in Fig. 5-27 has a cross-sectional
area in the shape of an equilateral triangle. Determine the largest
torque T that can be applied to the end of the shaft if the allowable
shear stress is Typ,. = 8 kst and the angle of twist at its end is restricted
0 e = 0.02 rad. How much torgue can be applied to a shaft of
circular cross section made foom the same amount of matesal?

SOLUTION
By inspection, the resultant internal torque at any cross section along
the shalt’s axis s also T, Using the formulas for o, and ¢ in
Tahle 51, we require

Tublow = T—T: B{107) Ibfin® = %r:‘f
T = 13501b -in.
Also,
46T (4 1) 12 in. /1)
Dubiow = ‘::i;i 0.02 rad = _ En,l:}'*[j_}'ljr.“ﬂ“h ]":!fm‘J
T'= 1701b-in. A

By comparison. the torgue is lintited doe to the angle of twist

Circular Cross Section. If the same amount of aluminum is to be Fip. 5-27
used in making the same length of shaft having a circular cross
section, then the radius of the cross section ean be calculated. We have

e J e :
A e = .-l'1.1n“9|l_.; e = E[ L5 im. ) 1.5 din 607)
¢ = (537 m.
The limitations of stress and angle of twist then reguire
Te \ T% T (0557 in.)
Tllow = —s B{ 10K} Ih/in® = - e
ifow = 3 I/ = s T ]
T=217010b"in.
TL Fidf)12in, /it
upiw = 5=+ Od2rad = . IILI : e 3
Cra) (m/2)(0.557 in. ) [3.7( 10"} Ib/in-]
T=2331b~in. Anx

Agan, the angle of twist [imuts the applied worguoe.

NOTE: Comparing this result (233 [b-in.) with that given above
(170 Ib - in.}. it is seen that a shaft of circular cross section can support
37% more torque than the one having a triangular cross section,
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{bl
Fig. 5-28

Cross Sections

Thin-walled tubes of noncircular cross section are often used to
construct light-weight frameworks such as those used in aircraft. In some
applications, they may be subjected to a torsional loading, In this section
we will analyze the effects of applying a torgue to a thin-walled tube
having a cfosed cross section, that is, o (ube that does not have any breaks
nr slits along its length. Such & tube, having a constant vet arbitrary cross-
seciional shape, and variable thickness (s shown in Fig. 5-28g. Since the
walls are thin, we will obtain the average shear stress by assuming that this
stress is nniformily disteibiited across the thickness of the tube at any given
point, Before we do this, however, we will first discuss some preliminary
concepts regarding the action of shear stress over the cross section.

Shear Flow. Shown in Figs. 5-28a and 5-286 is a small element
of the wbe having a finite length £ and differential width de. At
ane end the element has a thickness ¢4, and at the other end the
thickness 5 fp. Doe to the mtermal torgoe T, shear siress is
developed on the front face of the element. Specifically. at end A
the shear stress is v, and at end B it is vy, These stresses can be
related by noting that equivalent shear stresses 4 and 75 must also
acl on the lomgitudinal sides of the element. Since these sides have
a constant width dx, the forces acting on them are dF 4 = 7,4(t,4 dx)
and dFy = 7gltydx). Equilibrium requires these forces to be of
equal magnitiede but opposite direction, 5o that

Talda = Taln

This important result states that rhe product of the avenage shear siress
times the thickness of the tube is the same at each point on the mibe's
cross-sectional area This product is called shear flow ® g.and in general
ferms we can express it as

g = vt (5-1T)

Since g 18 constant over the cross section, the forgest average shear stress
must oceur where the tube’s thickness is the smallest

The termimoboey “Now™ is used since o i analegous o water Dowing throogh & tebe of
rectangulnr cros section having oo constant depth and vanable widith w. Although e
waler's velocity o &t cuch point along the tbe will be differemt (like 0 the Bow g = aw
will be constant.
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Wow if a differential element having a thickness f, length os, and
width ax is isolated from the tube, Fig. 5-28¢, it 15 seen that the front
face over which the averape shear stress acts 15 dA = rds, Hence,
dF = 7., (t ds) = g ds, ot g = dF[de In other words, the shetar o
masires e force per unit length along the be's eross-sectional area.

It is important to realize that the shear-stress components shown in
Fig 5-28c are the only ones acting on the tube, Components acting in
the other direction, as shown in Fig. 5-28d, cannot exist. This is
because the top and bottom faces of the element are at the mner and
vuter walls of the tube, and these boundaries must be free of stress
Insiead, as noted above, the applied torque causes the shear Tow' awd
e average stress fo always e divected tangent ro the wall of the mbe,
sucdy that it contritwates to the resudtans imternal torgue T

Average Shear Stress. The average shear siress can be
related to the torque T by considering the torque produced
by this shear stress about a selected point © within the tube's
boundary, Fig. 5-28¢. As shown, the shear stress develops a force
dF = 1., dA = 7,,.(t ds) on an element of the tube. This force acts
tangent to the centerline of the tube’s wall, and if the moment arm s
I, the torgue is

AT = h(dF) = hit,, ! ds)

For the entire cross seclion, we require

Tr= fﬁ Tuwg ! d¥

Here the “line integral™ mdicates that integration must be performed
around the entire boundary of the area. Since the shear flow g = 7,4
is constant. it can be factored out of the integral, so that

T = Tuwt %Ir iy

A graphical simplification can be made for evaluating the integral
by noting that the mean area. shown by the blue colored tmangle in
Fig. 5-28e.is d A, = (1/2)h ds. Thus,

T = zrm_:f.mm = Wt A

Siresselnee boundary
IIL1|15

Sireks-lree boumliny
(botbom |

()

e

Fig. 528 {cont.j
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Solving for 7., , we have

T
P LR (318}
A
Here
Tae = Uhe average shear stress acting over a particular thickness of the
tukhe
T = the resultant internal torgue at the eross seetion

t = the thickness of the tube where 7., is to be determined

Ay, = the mean area enclosed within the boundary of the cerferfine of

the tube’s thickness. A, 15 shown shaded in Fig. 5287

Since g = Tyl then the shear flow throughout the cross section
becomes

T g
l gm i (5-19)

ﬁ.l‘lgle of Twist. The angle of twist of a thin-walled twbe of length L
can be determined using energy methods, and the development of the
necessary equation is wiven as a problem later in the text® I the material
behaves in a linear elastic manner and & is the shear modulus, then this
angle &, given in radians, can be expressed as

TL 5
i = = “I—II {5-200)
dALG S

Here agan the integration must be performed around the entive boundary
of the tube’s cross-sectional area.

Important Points

= Bhear flow o is the product of the mbes thickness and the
average shear stress. This value is the same at all points along the
tube's cross section. As a resolt, the largest average shear stross
om the cross section occurs where the thickness i1s smallesr,

& Roth shear flow and the averase shear stress act fangent to the
wall of the tube at all points and in a direction so as fo contribute
to the resultant internal torgue.

“Hee Frob. 14-12
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EXAMPLE |51

Calculate the average shear stress in a thin-walled mbe having a
circular cross section of mean radius r,, and thickness r, which is
subjected to a torque T Fig. 5-2Y%. Also, what is the relative angle of
twist if the tube has a length L7

SOLUTION

Average Shear Stress. The mean area [or the tube is A, = 7r;,.
Applying Eq. 5-18 gives
T T

Ty = ——— = = Ans,
T AL Zwir

We can check the validity of this result by applving the torsion
formuki Tn this case, using Eg. 5-49, we have

o
J=—=(Kh— )
Sl o Lot
" R
= F{rﬁ + ’f.:'l:rr.l + rﬂ}[rlr e re]

E AL
Since ry = r, = randt = £, — 1, J = —(2r,)(2r, 1t = 2nr,d

h v SR i T
50 that Tiva = = = -
: ") 2or.t 2miry,

Ans

which agrees with the previons result

The average shearstress distribution acting throughowt the tube’s
cross section is shown in Fig. 5-295, Also shown s the shear-siress
distributicn acting on @ radial line as calculared using the Torsion
formula, Notice how each r,,, acts in a direction such that it contributes
to the resultant torque T at the section. As the tube’s thickness
decreases, the shear stress throughout the tube becomes more unitorm,

Angle of Twist. Applving Eq. 5-20, we have
T s TL ﬁ
ol .. e =
dALG S o 4wy ) Gr
The integral represents the length around the centerfine boundary,
which is 2mr,,,. Substitutmg, the final result is
TL
h=—7-— Ansg
r 2erGi

Show that one obtains this same result using Eq. 5-15

fal

Aciual shear-siress
clasdribiation
{norsdo Formudi)

Tina Toiva

Avernge shear-stiess
chisliabisilsan
{thin-wall approcimonom )

b

Flg. =24
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EXAMPLE |5.12

The tube = made of CRAUK bronze and has a rectangular crioss
section as shown i Fig 5-30a. IF it 18 subjected 1o the two tongues,
determineg the average shear siress in the tube at poimts A and B Also,
what is the angle of twist of end C? The tube is fixed at E.

46 mim

E1] Bl B m
Fig. 530

SOLUTION

Average Shear Stress. I the (ube is sectioned through points A
and B, the resulting free-body diagram is shown in Fg. 5-30b. The
imternal torgue is 35 N-m. As shown in Fig 5306, the mean area is

Ay = (0,035 m) (0,057 m) = 0.00200 m*

Applying Eq. 5-18 or point A, 14 = 5 mm, so that

T AN
T4 = = = .73 MPa Anx
A, 2(0.005 m){0.00200 m")

And for point B, 1y = 3 mm, and therefore

o IIN-m

— 2 MPa Anx
2rA,,  2(0.003 m ) 0.00200 m~)

TH

These results are shown on elements of material located at poinis A
and B, Fig. 5-30e. Mote carefully how the 35-N - m torgue in Fig. 5-308
creates these stresses on the back sides of each element,
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A kNrm

o |
25 N.I.ﬂ-.___.--' - R— all N_'I'I'I
._,.-""' * el %,
F N A -
e
oy 1 . '
|_ Iq A L D !
5 = _._.I"' I'a.‘..-_\__.:.:|r

i Wem il P
hi =)

Angle of Twist. From the [ree-body diagrams in Fig, 5-300
and 5-3{c, the internal torgues in regions DE and CD are 35 N +m
and 60 N =m, respectively. Following the sign convention outlined in
Sec. 5.4, these torgues are both positive. Thus, Eq. 5-20 becomes

b STL fids

-G 1t
6N -m (0.5 m) '2(5? mim } f o 3 mm]]
(000200 m* (38 10" N/m*) L\ 5 mm \ 3 mm
i ASN-m(l.5m) [ (i?nln]}_'__.'.'ﬁmmj]
S QLA m:}JI'JEI' 107 Nj|11:‘,| |\ 5mm L[\ 3 mm
= 6.29(107%) rad Ang

2.92 MPn

57 imm | A

L5 MPa

25 mm

{dy el

Fig. 5-30
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Serostews

595 Compare the values of the meximum clastic shear
stress and the angle of twist developed in 34 stainless steel
shielis huving circolar and sqguare cross sections Esch shalt
has the same cross-seclional area of 9 in®, length of 36 in.,
and 1% subjected to a torgue of 40600 b - in.

R I o= 25 mm and b= 15 min, determine the
maximum shear siress in the circular and elliptical shafts
when the spplied lorgue s T = 80 N-m:. By what
porcentage i85 the shall of circular dross section more
efficient at withstending the torgue than the shaft of
elliptical cross section?

AR
b

507, It is intended to manulacture a circular bar to resist
torggue; however, the har is mude clliptical in the process of
manulfacturing, with one dimension smaller than the other
bw & factor & us shown. Determine the (ecior by which the
meximum shear slrcss is increesed.

5-08, The shafi is made of red brass CRXHH and has an
elliptical eross scction. If it is subjected to the torsional
lesigiling shovwn, determine the maxmmom shear siress within
regions AC and B, and (he angle of twist ¢ of end 7
relative to end A,

09, Solve Prob 598 for the masimum shear stress
within regions AC and 8O and the angle of twist & of end &
rilative 1o O

Probs, 3-95409
#5100, Segments AR and BC of the shalt have circular

and square cross sections, respectively. If end A is subjected
w o wrgue of T =2 kN+m. determine the absolute
maximiim shear stress developed in the shal and the anale
of tedst of cnd A The shalt is made from A-36 steel and is
fized a1

s5=101.  Scgments AR and BCof the shalt have crrcilion and
sgjuare cross seclions, respectively, The shalt is made from
A-36sieel with an alloweble shear stressof 1,5, = 75 MPa,
and an angke of twist ot end A which s not allewed toexceed
(02 rad. Determine the maximum allowable torgue T that
can be applicd at end A The shait is [xed &t O

Al mm

Prohs. 5= 100 10]
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=102, The alumimum strut & Gixed between the two wills
at A and BICIL hasa 2 in. by 2 n. sgquare eross section, and
it is subjected 1o the wrgue of B0 b+ fl at ©, determine the
reactions at the fixed supports. Also, what s the angle of
twist at C7 G, = 38( 107} ksi

Prob, 3-102

S-103. The sgoare shafl is used at the end of a drve cable n
oreler to register the rotation of the cable on a pasge, 1171 has
the dimensions shown and is subjected (o & torgue of 8 N -m,
determine the shear stress in the shaft at point AL Sketch the
Sheir stres= om o volume element located at ths point,

HM'm

IMroh. 5-103

"% 14, The 6061-T6 alumioum bar has a S{UAre Cross
seciion of 2% mm by 25 mm. I 1 s 2 m lopg, determine the

maximum sheiar stiess m the bar and the rotation of one
end relative to the other end

20 M

(L5 m
A ;-’/
gl ¥ EM-m
Bl Mam i
i ' 5 mim
25 mm

o5=105, The steel shaft is 12 in. long and is screwed into
the wall esing & wrench, Determine the largest couple
forces Fthat can be applicd to the shalt withoul cansing the
steel 1o vield. Ty = B ksi

-1,  The steel shaft is 12 in. fong and 15 screwed into the
wirll uging u wreneh, Determine (he maximum shear siress
in the shaft end the amount of displacement that each

couple force underpoes if the couple forces have &
magnitude of F = 30 Ih, G = 10.8{107) ksi.

Mrobs. S-105/ 106

=107, Determine the constant thickness of the rectangular
Lube if the averapge shedr stress s nol o exceed 12 k< when a
torgque of T = 20 Kip =i, i85 applied tothe tobe, Neglect 2iress
concentrations &t the corners The mean dimensions of the
Lubse pre shown,

*5-108. Determine the torque T that can be applicd to the
reclanguler Lube if the aversge shear stress 15 nol o excoed
12 ksi. Mealeet stress concentrations at the corners The
mean dimensions of the tube are shown and the tube has &
thickness of (0,125 in.

Probs, S-107/ 108
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o5=10R,  Foroa piven masimum shear stress, determine the
feror by which the torque carrving capacity is increaged if
the hall-circalar section i= reversed from the dashed-line
position to the section shown, The tube 5001 in. thick,

1.2, il
sy
= - ~
Frokh. S=10%4

10 For a given average shear stress, determine the
factor by which the torgue-carrying capacity is increased if
the hall-circular sections are reversed Trom the dashed-line
pssitions to the section shown. The the is 0.1 in thick,

,Ii 180 in. ———|

P i ¥ =
I,-"f i \.] ﬂ"flil_h in
1.M1in r_.: i ! |
\ r’ll I\wln. X,-"-
1 e k - v

Prah. S-111

S-11L A wrgue T s apphied 1o two tubes having the cross
sections shown. Compare the shear flow developed in each
AT TEN

——

Mroh. 5-111

=112, Dhoe we i febrication error the inner crele of the
tube is cecentrie with respect to the outer cirele, By what
poroentage is the torsional strength reduced wheno the
eecenlrcity ¢ 1s one-lourth of the difference mthe radii?

Prob. 5=112

s5-113, The mean dimensicns of the cross =ection of an
anrplane fuselape are shown, T0 the fesclage s made of
20014-T6 sluminem alloy having ellowable shear stress of
Tawe = 18 Ksi, end it is subjected 1o 8 torgue of 60 kip < 1.
determine the reguired minimum thickness ¢ of the cross
section to the nearest 1716 in, Also, find the cormesponding
angle of twist per (ool lengih of the fuselage,

S=114. The mean dimensions of the éross section of an
airplane Tuselage are shown, 17 the fuselipe is made [rom
2014-Th aluminum alloy having an allowsble shear stress of
Tahw = 18 ksl and the angle of twist per loot length of
fuselage is not allowed too execed (001 rad/ T, detérmine
the maximum allowahle torgue thet can be sustained by the
fuselape, The thickness of the wall is¢ = (L25 .

Mrohs. 5-113/114
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5-115. The tube is subjected o a torgue of 750N -m,
Determtine the average shear stress in the tube at points A
end H.

Prob, 5-115

5116, The tube is made of plastic, is 3 mm thick, and has
the mean dimensions shown Determine the average shear
stress at points A and B if il 15 subjected 1o the tongque of
T =5Nm, Show the shear stress on volume clemenis
lpcated at these points.

|
b imEn

Prol, 5-114

oS=117. The mean dimensicns of the cross section of the
feading edpe and torsion box of @n airplane wing can be
gpproximated as shown. 1 the wing is made of 2004-Th
alwminuwm  alloy  having an  allowable shear stress of
Talrw = 125 MPa and the wall thickness is 10 mm,
determine  the meximum alloweble torque and the
corfesponding angle of twist per meter length of the wing

511R. The mean dimensions of the eross seciion of the
leading edge and torsion box ol o airpline wing can
be approximated as shown. If the wing is subjected 1o 8
torgue of 45 MN«m and the wall thickness 15 10 mm,
determine the average shear stress developed in the wing
gnd the angle of twist per meter length of the wing. The
wing 1§ made of 2014-Te alumitnum ialloy,

111 rrm
25 m
0% m
; : |
10 aam | = m |

Probs. S=11711R

S8=119. The symmetric tube I8 made Trom o highsstrength
sieel, having the mean dimensions shown and a thickness of
5 mm. If it is subjected 1o & lorgque of T = 40N-m,
determine the average shear stress developed at ponts A
and B Indicate the shear stress on volome elements locaie:d
gl these points.

3 e

Proh. 5-114
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TORSION

i

[y

Fig. 5-31

5.8 Stress Concentration

The torsion formula, 7., = Tofd, cannot be applied to regions of a shaft
having a sudden change in the cross section, Here the shear-stress and
shear-strain distributions m the shaft become complex and can be
ohtaimmed only by vsing experimental methods or possibly by a
mathematical analysis based on the theory of elasticity. Three common
disconrinuities of the cross section that occur in practice are shown in
Fig. 5-31. Thev are at conplings, which are used to connect two collinear
shafts together, Fig, 531 e, kevwayy, used to connect gears or pulleys to a
shalt, Fig. 5-31h, and shonlder fitfets. used to fabrcate a simgle collinear
shaft from two shafts having different diameters, Fig. 5-31c. In each case
the maximuwm shear stress will ocear at the point (dot) mdicated on the
CTOSS SECTO,

The necessity to perform a complex stress analvsis at a shaft
discontinuity to obtain the maximum shear stress can be eliminated by
using a forsional siress-concentration factor. K. Asin the case of axially
loaded members, Sec. 4.7, K 15 usvally faken from a graph based on
experimental data. An example. for the shoulder-fillet shaft, is shown
in Fig. 5-32. To use this graph, one first finds the geometric ratio D/d
to define the appropniate curve, and then once the abscissa rfd is
caloulated. the value of K is found along the ordinate

1.4 : Bt il
1 B
[} 1]
LE 11
7 T I
1. T
!
1 5
1.6 .
i
[N I Y
K1 I =1 Dl = 1517
g T LI
a 21 L]
|.4 o i
S FE o b
=TT O
B e ol L = |I J.ﬁ =]
e = .11
1.2 = (|
- = = I
1.1
1.1
LERA R LS (I [1] w15 13,200 1125 11,30
i
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The maximum shear siress 15 then determined from

T
Ty = KT‘ (5-21)

Here the torsion formula is applied to the smaller of the two connected
shafts, sinee Ty, oecurs at the base of the fillet, Fig, 5-31¢

Wote from the graph that an frcrease in fillet radius Feauses a decrease
in K. Hence the maximum shear siress in the shaft can be reduced by
tncreasimg the fillet radivs. Also, if the diameter of the larger shaft is
reduced, the 0/d ratio will be lower and so the value of K and therefore
Tmax Will be lower.

Like the case of axiallv loaded members, torsional stress concentration
factors should always be used when designing shafis made from firtle
marerialy, or when designing shafts that will be subjected (o fafigne or  Syess concentrations can arise at  the
cvelic torsionad loadings. These conditions give rise to the formation  coupling of these shafis, and this mus
of cracks at the stress concentration, and this can often lead to a be laken into account when the shaft is
sudden fracture. On the other hand, if large static torsional loadings are  “<8Ened
applied to a shaft made from ductile marerial, then inelastic strains will
develop within the shalt, Yielding of the material will cause the stress
distribution to become more evendy distrihnted throughout the shaft, so
that the maximum stress will not be limited to the region of stress
concentration, This phenomenon will be discussed further in the next
section.

Important Points

® Stresy concentrafiony in shafis occur ag points of sudden
cross-sectional change, such as couplings. keywavs, and at shoulder
fillets. The more severe the change in geometry, the larger the
stress concentration,

* For design or analysis, it is not necessary to know the exact
shear-stress distnibution on the eross section. Instead, it is possible
to obtain the maximum shear stress using a stress concentration
factor, X, that has been determined through experiment. and is
omly a function of the geometry of the shaft

® Mormally a stress concentration in a ductile shaft subjected to a
static torgue will nor have 1o be considered in design; however il
the material is britele, or subjected to fatigue loadings, then stress
cincentrations become important.
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EXAMPLE |5:.13

Shear-stresa
disdribaition

predicied by
torsion Tormula

Toee = 310 M Pa

Actunl sheir-siress
distribition causcd
|1:|.' shress corseentralesn

{e

Fig. 533

The stepped shalt shown in Fig 5-33a s supported by bearings at A
and H. Deternnne the maximum stress in the shaft due (o the applied
torgues. The shoulder fillet at the junction of each shaft has a radios of
F o= fmm,

=3 Nm

il

SCOLUTION

Internal Torque. By inspection, moment equilibrium about the
axis of the shaft 15 satisficd. Simce the maximum shear stress occurs al
the rooted ends of the smalier dinmeter shafts. the internal torgue
{0 N-m) can be found there by applving the method of sections,
Fig 5-33h.

Maximum Shear Stress. The stress-concentration factor can be
determined by using Fig. 5-32. From the shaft geometry we have

Do 2040 mam )
d  2A20mm) °
r s
—=—=1{L15
d 2 mm)

Thus. the value of K = 1.3 is obtained.

Applyving Eq. 521, we have
Tt 0N =m (0020 m)
Ta = K75 Tam =1, [ (m/2 00T my | o ra Ak
MOTE: From experimental evidence, the actual siress distribution
P

alomg a radial line of the ¢ross section at the critical section looks
similar to that shown in Fig 5-33c. Notice how this compares with the
linear stress distribution found from the torsion formula.




*5.9 Inelastic Torsion

If the torsional loadings applied to the shaft are excessive, then the
material may vield, and, consequently, a “plastic analvsis™ must be
used to determine the shear-stress distribution and the angle of
twist. Ta perform this analysis, then as before. it 15 necessary to
meel the conditions of both detormation and equilibrium for the
shafi

It was shown in Sec. 5.1 that regardless of the maternal behavior,
the shear strains that develop in a circular shaft will vary Inearly
from #ero at the center of the shaft to a maximum al its ouler
boundary, Fig. 5-34a. Also, the resultant internal torgue art the section
must be equivalent 1o the torque caused by the entire shear-siress
distribution over the cross section. This condition can be expressed
mathematically by considering the shear stress r acting on an
clement of area dA located a distance p from the center of the shaft
Fig. 5-345h. The force produced by this stress 15 dF = 1dA, and the
torgue produced is T = pdF = pir dA). For the entire shaft we
reLire

If the area dA over which v acts can be defined as a differenial
ring having an area of dA = 2w dp. Fig. 5-34c. then the above
equation can be written as

T = :1']'/ T iy [5-23)
i

These conditions of peometry and loading will now be uvsed o
determine the shear-siress distribution m & shaft when the shafit s
subjected (o two Dvpes of lorgue,

Elastic-Plastic Torque. Letusconsider the material in the shaft
i exhibil an elastic-perfectly plastic behavior. As shown in Fig. 535,
this 15 characterized by a shear stress—siram diagram Tor which the
materidl undergoes an increasing amount of shear strain when the
shear stress reaches the vield point 7y

5.9 |ngELasTic TorsioN 237

Severa rwist of an aluminwm specimen caused
by the appbcaiion of a plsie torgue

Frins

Linear shzar-sirain
dlisdributiom

fitd

A = Tmwpedp

.-|'_|-|
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¥y

Elustis
CANTEE

Plasiic
whnalus

Shear—sirain distributboen

i I}

Sheur—stress distribution
{ch

Fig, 5-15

If the internal torgue produces the maximum eflastic shear strain ¥y, af
the outer boundary of the shaft, then the maximum elastic torgue Ty
that produces this distribution can be found from the torsiom formula,
Ty = Tye/[{m/2)ct]. so that

Ty = —rpc’ (5-24)

[

Furthermore, the angle of twist can be determined from Eqg. 5-13,
mamely.

dp =y (
(o

L
P
L=

If the applied torgue increases in magnitude above Ty, 1t will begin to
cause vielding. First at the outer boundary of the shaft, p = ¢, and then,
as the maximum shear strain increases to, say. y" in Fig. 5-334, the
viglding boundary will progress imward toward the shafr's center,
Fig. 5-35k. As shown, this produces an elastic core, where, by proportion,
the radius of the core 15 oy = (/' oo Also, the outer portion of the
material forms & plastte aranfus or nng, since the shear strams y
within this region are greater than yy. The corresponding shear-Siress
distribution along a radial line of the shaft is shown in Fig. 3-35¢ It is
gstablished by taking successive poinis on the shear-strain distribution
in Fig. 5-358 and finding the corresponding value of shear stress from
the r—y diagram, Fig. 5352 For example, at p = ¢, ¥" gives 1y, and at
p = py. ¥y also gives Ty elc

Since 7 in Fig. 3-35c can now be expressed as a function of g, we cin
apply Eq. 5-23 1o determine the torgue. We have

T = 21.'[ o dp
ll
o f o\, N i

21.‘] (fp—),n‘u’u + :ﬂf e dp

1] *y ™
im - 5
—.'f-/ g.l'l dp + E#r}-f;r' i
Hy i oy

w W

= Syl + S~ o)
Ly a
Ty

= (47 — py) (5-26)

f



Plastic Torque. Further increases in T tend to shrink the radius of
the elastic corg until all the matenial will vield, i.e.. py — 0, Fig. 5-35h
The material of the shaft will then be subjected to perfectly plasic hefay-
faor and the shear-stress distribution becomes uniform, so that = 1y,
Fig. 5-354. We can now apply Eq. 5-23 to determine the plastic torgue
T Which represents the largest possible torque the shaft will support.

by lfrf Ty dp

-'I L]
= %-—w“ (3-27)

Compared with the maximum elastic tomue Ty, Eq, 5-24, it can be seen
that

: 4.
T, ;T-,-

In other words, the plastic torgue is 33% greater than the maximum
elastic lorgue.

Unformunately, the angle of twist o for the shear-stress distribution
citrrior be uniguely defined. This is because r = 1y does not correspond
o any unigque value of shear strain ¥ = ¥y, As a result. onoe 'I"rJ is
applied. the shaft will continue to detorm or twist with no corresponding
imcrease in shear siress.

*5.10 Residual Stress

When a shaft is subjected to plastic shear strains caused by torsion,
removal of the torgque will cause some shear stress to remain in the shaft,
This stress is referred to as residwal siress, and its distribution can be
ciloulated usmg superposition and elastic recovery, [See Sec. 4.4.)

For example if T, causes the material at the outer boundary of the shaft
to be straimed to v, shown as point C on the r—y curve in Fig. 5-34, the
release of TF will cause a reverse shear stress, such that the material
behavior will follow the straight-lined segment CD, creating some elasic
recevery of the shear strain g, This line is parallel to the initial straight-
Imed portion A B of the r—y diagram, and thus both lines have a slope G as
indicated.

50 Resiougal STeess

Fuilly pliastse torygue

Fiy. 5=35 {cont.)

il

Elastiz-plastic
miterial hehovior

LR

£

239

¥y

Fig. 5-36

g |
Maximuim elastic
TECUVETY 18 2y
Reversed elsstic
1 imaictial behaviod
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Ty

Plastic tigue appdicd
rﬂllsi:np_ |'|In.!.1ir shenr strains

throughout the shafi
[ b

Plastic forgoe reversad
causting elagiee shear sirains
11|r|1||]:_'h|:u.|1 1he shafi

ihi

Fesidual shear—stress
distribution n shaft
il

Elastie—plasiie torgoe aggslied

L

Sinee elastic recovery occurs, we can superimpose on the plastic
torgue stress distribution in Fig, 5-3Ta a leear stresy dissrfbotion caused
by applving the plastic torque T, in the opposite direction, Fig, 5-37h.
Here the maximum shear siress ¢, for this stress distribation, is called
the modifis of rpire for torsion. It is determined from the torsion
formula.* which gives

TJ,I. Tf,:.'
T, = —

g (mi2nt
Lising Eq. 327,

[l'?l.".'!n}i.-—rrn1||. 4
(/2 S

Naole that reversed application of T, using the linear shear-stress
distmbution in Fg, 5376 i possible here, since the maximum recovery
for the elastic shear strain is 2y, as noted in Fig. 5-37_This corresponds
to a maxmmum applied shear stress of 2ry, which s greater than the
maximum shear stress of 17y calculated above. Hence, b superimposing
the stress distributions involving applications and then removal of the
plastic torgque, we obtain the residual shear-siress distribution in the shaft
as shown m Fig, 5-37c. Tt should be noted from this diagram that the
shear stress at the center of the shaft, shown as . must actually be zero,
since the material along the axis of the shaft is never strained. The reason
this is not zero is because we assumed that aff the material of the shaft
was strained beyond the yield point in order to determine the plastic
torque, Fig. 5-3%a, To be more realistic. an elastic—plastic torque should
be considered when modeling the material behavior. Doing so leads to
the superposition of the stress distribution shown in Fig. 5-37:d.

T,

man T}

e

Residusl shenr—stizss
dstmbadtion in shali

Elastic-plastic torgoe reversed
i)

Fig. 5-37

*IThe torsdon formuls i valid only when the matenal beliaves tn o bnear elastie magners
howwever, the modulues of rupture is se nemed becaase il assunses thar the matenal behaves

clostically and then suddenly rggiures ul the proportnal ot



Ultimate Torque. In the general case. most engineering materials
will have a shear stress—strain diagram as shown in Fig 5-38a,
Consequently, if T is increased so that the maximum shear strain in the
shaft becomes ¥ = v, Fip. 5388, then, by proportion . occurs at
g = [yp/va e, Likewise, the shear strams at, say, p =y and p = pa,
can be found by proportion, Le, ¥ = (p/chy, and ya = (pofe)y,. If the
corresponding values of r, vy . 7, and v, are taken from the ¢~y diagram
and plotted, we obtain the shear-stress distribution, which acts along a
radial line on the eross section, Fig, 5-38¢, The torgque produced by this
stress distribution is called the wltimaie torque, T,

The magnitude of T, can be determmed by “graphically” integrating
Eq. 5-23.To do this, the cross-sectional area of the shafi is segmented into
a finite number of rings, such as the one shown shaded in Fig. 3-384. The
area of this ring, &A = 2mp Ap, is multiplied by the shear stress 7 that
acts on it, 50 that the foree AF = 1 AA can be determined. The torgue
crealed by this force 15 them AT = p AF = pit 4 A), The addition of all
the torgues for the entire cross section, as determined in this manner,
gives the ultimate torque T,; that is, Bg.5-23 becomes T, = 2y Ap
If, however, the stress distribution can be expressed as an analytical
function. ¢ = fle), a5 in the elastic and plastic torgue cases, then the
miegration of Eq. 5-23 can be carried out directly.

Ultimate shear-strain distribuiion LHimnte shenrstress distribition

{h i)

Important Points

* The shear-strain distribition along a radial line on the cross
section of a shaft is based on geometric considerations, and it is
found to always vary linearly along the radial line, Once it is
established, the shear-stress distribution can then be determined
using the shear siress—siram diagram,

* I the shearstress distribution for the shaft is established. it
produces a torgque about the axis of the shaft that s equivalent to
the resultant internal torgue acting om the cross section.

* Perfectly plastic behavior assumes the shear-stress distribution 1s
corstunt. When it oocurs, the shaft wall continue to twist with no
increass in torgue. This torgue is called the plastic torgue.

510 Resinual STrRess 241

Ti

TE

R

T
“LI

2arpAp

idi

Fig. 518




242 CHapfEd 5 TorgoN

EXAMPLE [5.14

501 i

Al mm
T
7 (MPa)
20l
 {racl b
(TR E T
(HE

Smm g ppg,

Elastic ahemr—tnees deatibutoen

e.““ 0286 {10 ) rud
‘ ET2 {10 rad
Elagtne shesr—strain distribution

(k)

Fig. 5-39

The tubular shaft in Fig. 5-39 is made of an aluminum alloy that is
assumed to have an elastic-plastic r-v diagram as shown, Determine
the maximum torgque that can be applied to the shaft without causing
the material to vield, and the maximum torque or plastic torgue that
can be applied o the shaft. Also. what shoold the mimimuom shear
straamt af the outer wall be in order to develop a fully plaste fongue?

SOLUTICN

Maximum Elastic Torque. We require the shear stress at the outer
fiber to be 20 MPa. Using the torsion formula, we have

Tyc T, (.05 m)
AN (/23005 m)* = (0.03 m)*]

200 100 N/m?

Ty=342kN-m Anx

The shearstress and shear-strain distributions for this case are
shown in Fig. 53-395. The values at the tube’s inner wall have been
obtained by proportion

Plastic Torque. ‘The shearstress distribution in this case is shown in

Fig 5-39¢. Application of Eq. 5-23 requires = 7. We have
1115 m LS m
T,=1n f [20(10%) Njm*]p" dg = 125.66(10%)—p"|
043 m 3 L1t m
=411 kN-m Anx

For this tube T, represents a 20% increase in forque capacity
compared with the elastic torque Ty

Outer Radius Shear Strain. The tube becomes fully plastic when
the shear strain at the inrer wall becomes (0.286( 10 ) rad, as shown in
Fie. 5-39. Since the shear strain rermaing (inear over the cross section,
the plastic strain al the outer fibers of the tube in Fg. 5-39¢ is
determined by propottion.

Y. (L2860 10 ') rad

50 mm A mm
v = 04770107 rad

..-rgﬂ"?l
Rl

Initial plastic shear—sirain distabution
fch

Ainis

0 MPu

AT I rad

C= ' 0,286 {10 ) rad

Plastse shear—sairess duiribotion
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EXAMPLE |5.95

A solid circular shaft has a radius of 20 mm and length of 1.5 m. The
material has an elastic—plastic 7— diagram as shown in Fig 54,
Determine the torgue needed to twist the shaft ¢ = 0.6 rad.

T{%Pnl

w{rud)

i I e 114k
i)

SOLUTION
We will first obtain the shear-strain distribution, then establish the
shear-stress distribution, Once this is known, the applied torque can
be determined.

The maximum shear strain occurs at the surface of the shaft, p = ¢
Since the angle of twist is v = (L6 rad for the entire 1.5-m length of
the shaft. then using Eq. 5-25, for the entire length we have

¥y = LM & rad
ey = LLIKKE pircd

v Ml

L ?ﬂuul:]---;'m:l
&=y 6w K s
i (.02 m} Shear—strain distribution
Yo = UAKIE rad M

The shear-strain distribution is shown in Fig. 5-40bh. Note that
vielding of the material occors since ¥, = v = 00016 rad in
Fig. 5k, The radius of the elastic core, gy, can be obtained by
proportion. From Fig, 5-4064,

iy (.02 m

00016 0.008 e : vy = 75 MP
py = 0004 m = 4 mm
Based on the shear-strain distribution, the shear-stress distribution, n
=4 mm

plotted over a radial line segment, 18 shown in Fig 3400 The torgue
can now be obtained using Eq. 5-26, Substituting in the numencal

data vields Sheur-stress distribudion

AT el
7= ﬂ[-1If'1' — ) -
b Fig. 540
= {75010°) N/m’|

40,02 m)* — (0.004 m)"]

fi
= | 25kNm Anx
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EXAMPLE |5.16

T

g=1In

¥ (]

[N
lak

12 kst

(bl

i

7, = 1493 ki

Plastic tsgue reversed

ih {di
Y |
20T kst

Resichinl khear-siress distribubon

Fig, 5-41

A tube in Fig. 3-41a has a length of 5 ft and the material has an elastic-
plastic r-v diagram. also shown in Fig. 5-<1a. Determine the plastic
torque T, What is the residual shear-stress distribution if T, is
removed fust after the tube becomes fully plastic?

SOLUTION

Plastic Torque. The plastic torgue T, will stram the tube such that
all the material vields Hende the stress distribution will appear as
shown in Fig. 5415, Applying Eq. 5-23, we have

i 27
T,u = 21'_[ Typ dp = TTT'Flrn.Is = "-'::'

im
3

(12(10%) Ih/in*)[(2in.)* — (1in}'] = 1759 kip-in. Anx

When the twbe just becomes fully plastic. vielding has started ar the
imner wall, i at o = 1 in., yp = 0002 rad. Fig. 541a The angle of
twist that occurs can be determined from Egq. 5-25, which for the
entire tube becomes

L [0D02)(5 ft)(12 in./ft)

iy n-: (1in.3

120 rad 5

When T, is removed, or in effect reapplied in the opposite
direction, then the “fictitious™ linear shear-stress distribution shown in
Fig. 54 1e must be superimposed on the one shown in Fig. 5416, In
Fipg. 5-41¢ the maximum shear stress or the modulus of rupture s
found from the torsion formula

i {1759 kip-in.}{2in.)

(1in.)*]

7 (m/2l(Zin)’ [4.53 ksi

Alsp, al the mner wall of the tube the shear siress is

L,
5 = (1493 kﬁi}(#) — 747 ksi

i

Al

The resultant residual shear-stress distribution is shown in Fig. 5414,
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Srrosiews

#5_ 1M, The steel used lor the shalt has an allowable sheer
stress of Tunm = 8 MPa. I the members are connected with
i Nllet weld of redios r = 4 mm. determise the maxmmum
Lorgue T that can he gpplicd.

2 mm

-
I

Prob. 3-124

#5-121. The bailt-up shafl is to be designed 1o rotate
gt 720 rpm while transmitting 30 kW of power. s this
possible? The allowable shear stress is 7w = 12 MPa,

5122, The huilt-up shafl is designed wo rotate at 540 rpm,
If the radius of the fillel weld connecting the shafts
5 r= THimm, and the allowable shear stress [or the
material is 7 = 35 MPa, determine the maximum power
the shaft can ransmil

Prohs, S-121/122

5123, The steed shalt is made Trom two segments: AR and
B, which are connected using @ fillet weld having a radiss
ol 2.8 mm. Determane the masimum shear stiess developed
in the shafi.

Proh, 5-123

#5124, The steel used for the shift has an allowable shear
stress of 7, = BMPa, I the members are connected
together with a fillet weld of radws @ = 2.25 mm, determine
the maximum torgue T that can be applicd,

30 mim A i

Proh. 5-124
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o5=125. The nssembly is subjected to g torgue of T b - in,
IF the allowahle shear stress for the material is 1. = 12 ksi,
determine the radius of the smallest size fllet that can be used
1 transmit the torgue,

T e

Prob. 3-125

E-126. A solid shaft s subjected to the torgue T, which
cituses the materia] to yield, T the material is elastic plastic,
show that the torque can be expressed in terms of the angle
of twist ¢ of the shaftas T = 3Ty (1 — by /41, where Ty
ancd by are the torgque and angle of twig) when the mateal
begins to yield.

5=127. A solid shaft having a diameter of 2 m. 1s made
of elustic-plastic muaterial having o wvield stress of
7y = 16ksi and shear modolos of G = 12010°) ksi,
Dietermine the torgue required (o develop an elastic core
irh the shalt having o diameter of 1 in. Also, what s the
plastic torgque”

#5128, Determine the torgue neceded Lo twist & shon
F-mm-diameter steel wire through several revolutions if it is
made from steel assumed Lo be elastic plastic and having a
vicld mtress of vy = B MPa. Assume that the material
becomes futly plastic.

o5=129, The solid shaft w made of an elastc-perfedtly
plastic material as shown. Determing the torgue T needed
i form an elastic core in the shefl having a radios of
gy = 20 mm. Tf the shaft i 3 m long, through what angle
does one end of the shaft twist with respect 1o the other end?
When the torgue 5 temoved, determine the residual stress
distribution m the shaft and the permanenl angle of Twist,

Al mm

TiMPu
10 e

TS Th

Proh. 5-129

S-1M. The shalt is subjected (o @ maximum shear skrain
of (0048 rad, Determine the wogoe applied 1o the shaf
il the material has srain hardening as shown by the shear
siress—strain diggram,

Tkl

'I"

wirail)
1N IR L kEs

Frol. 5130




5=131. An 8lkemm diameter solid Groular shatt 5 made of
an elastic-perfectly plastic material having a vield shear
siress of 1y = 125 MPa. Determine (a) the maximum clastic
torgue Ty; and (h) the plastic wegque T,

#5132, The hollow shalt has the cross section shown and
i mude of an elastic-porfectly plastic material having &
vicld shear stress of 7y, Delermine the ratio of the plastic
torgque T, to the maximem elastic torgue Ty,

Prof. 5-132

5133, Thc shaft consists of two sections that are rigidly
connected. If the muaterial s elastie plastic ss shown,
determine the targest torque T that can be apphed Lo the
shaft, Also, draw the shear-stress distribulion over & radial
line for each section. Megleet the effect of stress
comeenlration

7 k=il

I b

v rad

(1L

Prol, 5-133
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8134, The hollow shalt s mede of an elastic-perlectly
plastic material having a shear modulus of €7 and a yield
shear stress of 7y Determine the applicd torque T, when the
materisl of the inner surface i abpat 1o vield (plastic torgue).
Az, find the corresponding angle of twist and the maximum
ghcar strain. The sheit has a length of L.

Froh. 5-134

5-135, The hollow shaft has inner and outer diameters of
Al mm and B mm, respectively, If it 35 made of an elastic-
perfectly plastic matenal, which tas the = diagram shown,
determine the reactions at the fixed supports A and €

(M

144

w fEmd )

ChEHID

Mroh. 5-135
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#5136, The tubular shefl 1s made of & strain-herdening
material having a =y diggram as shown, Datermine the
torgue T lhat must be applicd io the shaft so thal the
maximum sheer stram 15 U407 rad,

RT3

ik

15 //
L ‘

Qs At
l Proh, 5-134

#5-137. The shcar stress-sirain disgram for & solid
S-mm-diameter shaft can be approximated as shown in
the figure. Dietermine the torque T requited 1o capse 3
maximum shear stress in the shefl of 125 MPa. [ the shaft is
1.5 m long, what is the corresponding angle of twist”

pil rai )

T
151
|
v
T iMPa
125
Hil—
| E— w i raulf
ARG LN ]

Mroh. 5-137

5<138. A tobe s made of clastic-perlectly plastic material,
which has the =y diagram shown. If the radius of the
elastic core is py = 125 in, determing the applicd torgue T,
Also, find the residusl shear-stress distnbution i the shaft
and the permanent angle of twist of one end relative o the
other when the torgue is removed.

S=13. The tube is made of clastic-perfootly plastic
material, which has the 7= diagram shown, Determine the
torgue T that just causes the inner surface of the shalt to
vield, Alse, hind the residual shepr-stress distribution m the
shafl when the 1orgue & removed

p Ermadp

il
I'rohs. 5-138/13

=514, The 2-m-long tube s made of an clastic-perfeotly
plastic material as shown. Determing the applied torgque T
that subjects the material at the tube’s outer edge 1o a shear
straim of ¥e,y = (L0 rad. What would be the permanent
angle of twist of the twhe when this onue s removed?
Sketch the residual siress distribution i the tube,

3 mm

(M
2l

TITIE BN

Proh. 5=140




of-141. A steel alloy core 18 bonded firmly to the copper
alloy tube to form the shalt shown, TCihe materialz have the
T—y diggrams shown, determine the torgue resisted by the
core wmd the tibe

T (MPa)
[ Hi 4+ —
: w
A2
Sel Alloy
T (M Pal
3h
¥ {radlh

LAKIZ
Copper Allssy
Prub. 5-141
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5=142, A torgue i5 apphed to the shaft of radias r T the
material has a shear stress-sirnin relation of ¢ = J.':.r' =
where & 15 8 constent, determine the maximum shear siress
it the shafi

Prob. S-142
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. CHAPTER REVIEW

Torque causes a shafl baving @ circular cross ssetion
to twisl, such that the shear =irain in the shafi is
proportiongl (o its radial distance from the center of
the shaf Provided the material is homogeneous and
linear elastic, then the shewr stress is determined from
the torsion formula,

Tn

T ——

The desipn ol & shaft requires finding the peometric
prgmeier,

v T

i R

€ Tallow

Diften the power P supplicd o & shafl motating &l w s
reportied, in which case the worque @ determined from
P =T,

The angle of twist of a cireulir shaft i determingd from

L Tlx)dz
9 l 1G

If the internal torgque and JG are constant within zach
sepment ol the shalt then

l.[l = TE

=I1G
For applicalion, iT 65 necessury T Uge o sign comyention for
the interngl torgque and 1o be sure the material reimains
limear elastic

I the shalt is statically indeterminate, then the reactive
torgies are determingd from equilibriom, compatibiliny
of twist, and & lorgue-twist relationship, such as

o= T LT
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Solid non-circaler shafts tend to warp oul of plene when
sibjected toa torgue; Formulas are available to determing the
maximum elastic shear stress and the twist [or these cases

The average shear stress in thin-walled tubes is determined by
assuming the shear strzss across cach thickness 1 of the tube is
T

constant. Tis value is determined from T ﬁ
Pl

Stress concentrations occur in shafis when the cross section
suddenly changes. The maximum sheer stress is delermined
using a stress concentration factor K, which is determined
from experiment wnd represented in graphical form. Onee

?"1
ohtgined, T = R(T")

If the applied torgque causes the malerial o exceed the clasiic
limait, then the stress distnbution will aot be praporticonl 1o
the radial distance from the centerling of the shafi, Tnstead, the
internal torgue is related 1o the stress distribution using the
shegr-stress—shear-strain diagram and equilibriom.

If a shafl is subjected 1o a plastic torgue, which is then
releasod, it will cause the material o respond elastically,
thoreby ceusing residus] shear stress 1o be doveloped in the
shafL
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. REVIEW PROBLEMS

E=141, Comsider a thin-walled tbe of mean radius » and
thickness & Show that the maximum shear stress in the tuhe
due 1o an applied torgque T approaches the average shear
siress eomputed from Eq. 5-18 as rfy —= o0,

Proh. 5143

*B=144. The 304 srainless steel shafl is 3 m long and hasan
puter diameter of 6 mm. When it is rotating at 60 rad/s; it
transmits 31 kW of power from the engine E o the
gencrator &, Determine the smallest thickness of the shah
il the allowahle shear stress is8 T, = 150 MPa and the
hall s restricted nol o twist more Uhan 008 rad.

E o

Prob. 5=144

of-148, The A-36 steel arcular tube is subjected 10 a
torggiee of 10 kN - m. Determing the shear stress al the mean
radius p = fllmm gnd compote the sngle of twist of the
twbe if it 15 4 m loae and Oxed at ig far end. Solve the
problem wsing Eqs 53-7 and 515 and by using Egs. 518

and 520,
A \m e
1= 5 mim

Ik k-m
Prob. 5-145

S=146. Rod AR is made of A<36 sicel with an allowable
shar stress of (1, = 7AMPa, and tube B 15 made of
AMIOK-TA] magnesium alloy wath an allowahle shear
SRS OF { Ty iy = 453 MPo. The anple of twist of end Cis
ot allowed to exceed (.05 rad Determine the maximum
allowable torgue T that can be applicd to the assembly.

50 aum

Himm
Section a-n

Proh. 5=144

5-147. A shafi has the eross section shown and is made of
2004-T6 gluminum alloy having an allowable shear stress of
Tollow ™ 125 MPa If the angle of twist per meter leapth is
mod allowed 1o exceed 03 rad, determine the reguined
minimum wall thickness ¢ 1o the nearest millimeter when
the shaft is subjected v a torque of T = 15kN »m

Prob, 5-147




“5=148. The motor A develops & torque at gear 8 of
500 Ibeft, which is applied alonp the axis of the 2-in.-
diameter A-36 steel shalt OO0, This lorgue s o be
tramsmitted to the pinion gears at £ and F 15 these pears ane
temporarily Oxed, determine the maximum shear siress in
sepments OF and BIY of the shaft. Also, what is the anale of
twist ol cach of these sepments”? The bearings a1 O and I
only exert force repctions on the shafl,

AU Fefn

Pruls. 5-148

514 The coupling consists of lwo disks fxed toseparate
shafts cach 25 mm in diameter. The shefis are supported on
jourmal bearings that allow free rotation, In order to limit
the torque T that can be transmiticd, a “shear pin”™ Pis used
to comneel the disks together, I this pin can sustain an
gvergge shear force of 550 W belore it lails, determine (he
maximum constent torgue T that can be transmitted from
one shaft o the other. Also, whet s the maximum shear
stress in cach shaft when the “shear pin™ is alwout 1o fail’t

Mruob. 5-144

Rewiew PROBLEMS 253

=180, The rotating fywheel and shaft 5 brought 1o a
sudden stop at I when the bearing freeses This causes the
fAyvwheel 1o oscillate dockwisc—counterdockwise, 5o that a
point oA on the outer edge of the Dywheel s displaced
through a 1{-mm arc in cither direction, Determine the
maximum shear stress developed i the tubular 34
stainless steel shaft doe 10 this oscillation. The shufl has an
inner diamseter of 25 mm and an owter diamater of 35 mm.
The journal bearings &t & and C allow the shalt to rotale
freely.

B pum

Prokh. 5-151

E 181, If the solid shatt A8 to which the valve handle is
attached s made of CE3HN red brass and has a diameter of
e, determine the maximum couple forees Fihat can be
applicd to the handle just before the material stars to fail
Tuke 7 e = H MPr. What is the angle of twist of the
handle? The shaft o5 fxed at A,

130k tnen
-

F
Proh. 5-151
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Bending

CHAPTER OBJECTIVES

Beams and shafts are important structural and mechanical elements
in engineering. In this chapter we will determing the stress in thess
members caused by bending. The chapter begins with a discussion of
how to establish the shear and moment diagrams for a beam or shaft.
Like the normal-force and torgue diagrams, the shear and moment
diagrams provide a useful means for determining the largest shear and
moment in a member, and they specify where these maximums occur.
Once the internal moment at a section is determined, the bending
stress can then be calculated. First we will consider members that are
straight, have a symmetric cross section, and are made of homogensous
linear elastic maternial. Afterward we will discuss special cases invelving
unsymmetric bending and members made of composite materials.
Consideration will also be given to curved members, stress
concentrations, inelastic bending, and residual stresses.

6.1 Shear and Moment Diagrams Y e 9
':;-il'ﬂr‘r'.' suppried hapm

Members that are slender and support loadimgs that are applied
perpendicular to their longitudinal axis are called beams. In general,
beams are long, straight bars having a constant cross-sectional area.
Often they are classified as to how they are supported, For example, a
simply supparted heam s pimned al one end and roller supported at the
other, Fig. 61, a contilevered beam s fixed at one end and free at the
other, and an overfanging beam has one or both of is ends freely
extended over the supports Beams are considered among the most | ———
important of all structural elements. They are used to support the floor
of a building, the deck of a brndae, or the wing of an aircraft, Also, the
axle of an antomobile. the boom of a crane. even many of the bones of
the body act as beams Fig. fi=1

Canilevered beam

Crwverhnngmg hzam

235
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Because of the applied loadings, beams develop an internal shear
force and hending moment that, in general, vary from point o point
alomg the axis of the beam. In order to properly design a beam it
therefore becomes necessary to determing the maximem shear and
moment in the beam. One way to do this is to express V and M as
functions of their arbitrary position x along the beam’s axis. These
shear and moment funciions can then be plotted and represented by
graphs called shear and moment diagrams. The maximum values of V
and W can then be obtained from these graphs. Also, since the shear
and moment diagrams provide detailed information about the varaion
of the shear and moment along the beam’s axis, they are often used by
engineers toe decide where to place remnforcement materials within the
beam or how to proportion the size of the beam at various points
along its lenath,

In order to formulate Vand M in terms of x we musl choose the ongin
and the positive divection for x. Although the choice 15 arbitrary, most
often the origin is lovated at the left end of the beam and the positive

direction is to the right
In general, the intermal shear and moment functions of x will be

L, g o B r!{'r{'errari'nria;a:.f. ar their slope will be discontinuous. at poinis where a
F distributed load changes or where concentrated forces or couple

i £ moments are applied. Because of this. the shear and moment funetions
¥ : | must be determined for esch region of the beam between any wo
discontinuities of loading. For example, coordinates x;. x., and x, will

Fig. 62 have to be used to describe the variation of V and M throughout the

length of the beam in Fig, 6-2. These coordinates will be valid only
within the regions from A to 8 for 1y, from B to C (or x., and from
C to D for x4.

Beam Sign Convention. Before presenting a method for
determining the shear and moment as functions of x and later plotting
these functions (shear and moment diagrams), it is first necessary to

Positive external distriboted load

VoV
‘ = i establish a sign cormvention 5o as to define “positive”™ and “negative”
i T - values for Voand M. Although the choice of a sign convention is

Positive intcrnal shea arbitrary, here we will use the one often used in engineering practice

s A - and shown in Fig. 6-3. The positive directions are as follows: the

_ ] r L i disribted load acts npward on the beam; the internal shear force
Pasitive internul moment eauses a clockwise rotation of the beam segment on which it acts; and

Besm sign convention the miternal roement causes compression in the fop fbers of the segment

such that it bends the segment sa that it holds water, Loadings that are
Fig. 63 opposile to these are considered negative.
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Important Points

* Beams are long straight members that are subjected to loads perpendicular to their longitudinal axis. They
are classified acconding (o the way they are supported, e.g., sitmply supported, cantilevered. or overhanging.

* [In order to properly design a beam, it is important to know the variation of the internal shear and moment
along its axis in order to find the points where these values are a maximum.

® Using an established sign convention for positive shear and moment, the shear and moment in the beam
ean be determined as a function of its position x on the beam, and then these functions can be plotted o
form the shear and moment diagrams.

Procedure for Analysis

The shear and moment diagrams for a beam can be constructed using the following procedure.

Support Reactions.

* Determune all the reactive forces and conple moments acting on the beam. and resolve all the forees into
components acting perpendicular and parallel to the beam's axis

Shear and Moment Functions.

& Specifv separate coordinates x having an origin ar the beam’s lefi end and extending to regions of the beam
between concentrated forces andior couple moments, or where there is no discontinuity of distributed
loading.

® Section the beam at each distance x. and draw the free-body diagram of one of the segments. Be sure V
and M are shown acting in their positive sense, in accordance with the sign convention given in Fig. 6-3.

* The shear is oblained by summing forces perpendicular to the beam's axis:

& To eliminate V, the moment is obtaimed directly by summing moments about the sectioned end of the
Regment.

Shear and Moment Diagrams.

® Pluol the shear diagram (V versus x) and the moment diagram (M versus x). If numerical values of the
functions describing V and M are positive. the values are plotted above the x axis. whereas negative values
are plotted below the axis.

* Generally it is convenient to show the shear and moment diagrams below the free-body diagram of the beam.




258

CHAPTER & BEMDING

. .

Draw the shear and moment diagrams for the beam shown in Fig. 6.

SOLUTION
Support Reactions. The support reactions are shown in Fig. 6-4e.

Shear and Moment Functions. A free-body diagram of the lefi
segment of the beam is shown in Fig. 64, The distributed loading on
this segment, wx, is represented by its resultant force only after the
segment is isolated as a free-body diagram. This Torce acts through the
centroid of the area comprising the distributed loadmg. 4 distance of
x/2 from the right end. Applving the two equations of equilibrium
vields

+1EF, =0 %L-h'x-i’ﬂ’

lt)
M= (5 e |;u'x}(§J +M=0

M=%[f_:— x) (2)

Shear and Moment Diagrams. The shear and moment diagrams
shown in Fie. 6—d¢ are obtained by plotting Eqgs. 1 and 2. The point of
cera shear can be found from Eqg. 1;

F=I¥'(%_I) =]

MOTE: From the moment diagram, this value of x represents the

point on the beam where the muxirmum moment occurs, since by
Eq. 6-2 (see Sec. bl) the slape V = dM/dx = .. From Eq. 2, we

=2 1(£) - (4)]

1
Wil

B
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EXAMPLE | 6.2

Draw the shear and moment diagrams for the beam shown in Fig 6-3a.

LN
—_— [[%
Iy . A
vl
| d s '
1 ! i ||."_||_:' i":
(i 3 it
SOLUTION
Support Reactions. The distributed load s replaced by irs resultant 1 F i 1
force and the reactions have been determined as shown in Fig. 6-5h, WL et

il A
Shear and Moment Functions. A free-body diagram of a heam  © é ”
segment of length x 18 shown in Fig. 6-5c. Note that the intensity of (;T lj
v

the triangular load at the section is found by proportion, that s, . |__ _
w/x = wy/L or w=uux/L, With the load intensity known, the % i
resultant of the distributed loading is determined from the area onder e
the diagram. Thus, ic}
" |||'||L I. ‘H'",I W
+T\F|—|:'| E——E(T) — V¥ =10
Ty
My, s
v _I_"l:L- — 3 (1) 1w d
: woll  wyl T [z iT
|:J+l.:lﬂf = []- T = 2 I:.'.::I + E[T)I(EI) a5 IH =i n I'|'||f_1
ST
H=H|.—1L'1+3.L:T—I1'| t‘l] ﬂ
YT ' = R x
These results can be checked by applying Egs. 6-1 and 6-2 of Sec 6.2, ¢
that is, i
dV Wy Wit - : i
A ke Ok
YT dx 2L =T /
dM  wy o R WY ~ : -
Vo=——=—l+ 3" - 3% = —(L7 - &’ iy L.
&x 6L TR PR _mp
i

Shear and Moment Diagrams. The graphs of Egs | and 2 are
shown in Fag. 6-5d. Fig. 6-5
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EXAMPLE | 6.3

Diraw the shear and moment diagrams for the beam shown in Fig. 66

i kip

. support Reactions. The distributed load is divided into triangular
S | and rectangular component loadings and these loadings are then
! 186 ' replaced by their resultant forces. The reactions have been

() determined as shown on the beam's free-body diagram, Fig. 6-6b,
ji_i“'i_lhlf[‘#_._. +kip/h Shear and Moment Functions. A free-body diagram of the left
------ bagipm  StEMent is shown in Fig. 6-6c. As above. the trapezoidal loading is

replaced by rectangular and triangular distributions. Note that the
intensity of the tmangular load ar the sectiom is found by proportion,
| The resultant force and the location of each distributed loading are

also shown, Applving the equilibrium equations, we have

i kip 42 kip

& FTEF, = 0, 30 kip - (2 kip/ft)x —f“"Pﬁ”(an e

BN TESN :
2 7006 V= (sn—zx—i)kip (1)
{IH]hF it b /

Tl X lap/n Lt =M =1,

!.’J'” 30 kip(x} + (2 kip,-"f[]l(%) + lr4 I:J|.1,-"ft][ mn} (1) b Mo

i

. .,
) A = (}{Lr Xr 2_II,)k:l;p i (2)

b kip /Tt Equation 2 may be checked by noting that d M/dx = V', that is, Eq. 1.
Alsa, w = dV/dx = -2 — tx. This equation checks, since when
= 0, w = =2 kip/ft, and when x = 1B ft, w = —6 kip/ft, Fig. 6-6a

Shear and Moment Diagrams. Equations | and 2 are plotted
in Fig 6-6d Since the point of maximum moment oceurs when

i kip 42 kip

Vikip| dM/dx = ¥V = (Eq. 6-2), then, from Eqg, |,

3." t-'
F=0=al—ay = oo
k)
—1 '-'1-:. i Choosing the positve root,
—-I:' x = 9.735 fit
Mk ) r.., = 163 kip-fi Thus, from Eq. 2,
\ M. = 30{9.735 9735) (9.3357
"~.m‘n LE e e ) 27
idi = 163 kip-fi

Fig. 606
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EXAMPLE | 6.4

Draw the shear and moment diagrams for the beam shown in Fig 6-Ta,
15 &N
5 kNS ;
| — [— | %
— 0 — —n—r
F Sm . Sm l S5 kN
(" ih
SOLUTION [SEN SiTs—3)
Support Reactions. The reactions at the supporis have been g nm =
determined and are shown on the free-body diagram of the beam, L S LR
Fig 6-7d. L | |l j
: . ) 5 ———y
Shear and Moment Functions. Since there is a discontinuity of i x s 5"‘1 #
distributed load and also a concentrated [oad at the beam’s center, g =
twin regions of x must be considered in order to describe the shearand 575 1n
moment functions for the entire beam. i3
0= x; = 5m, Fig 6-7h: 15 kN
kN 'm
F1ZF, = ST5EN -V = ( Hi kN -m VTTTITTT
V =3T73kN (1) CM._—
(+ZM =k —BOKkNm — 5.75kNx; + M =10 Ak ’ 8 _
3 am
M = (575x, + 80) kN- 2 | &
i ] ) M= 123081 ety R ) sasun 3425 kN
Sm < xy = W0m, Fg 6-Tc V (kM)
+1EF, =0; 575N — 15kN — 5kN/m(xs —5m) — V=1
V = (1575 — 5x,) kN . L o
(+EM =0, —BOkN+m — 5375kN x + 15kN(x, — 5m) —4.25
| T J'-I
4 SEN/mix: — 5 m;(g) F M =0
- i M kM m) —3475
These resulis can be checked in part by noting that w = d¥/fdx
and V = dM/dx., Alio, when 1 =10, Egs 1 and 2 give
V =5875kN and M = & kN +m; when x: = 100m, Eqs. 3 and 4 .
give ¥V = —3425kN and M = 0. These values check with the b i)
suppori reactions shown on the free-body diagram. Fig. 6-74d. .
idi
Shear and Moment Diagrams. Eguations | through 4 are plotred i3
i ] Fig. 6=7
in Fig. 6-7d.
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Failure of this table ocourred at the hrace
uppel o 1% ri:|_1]'|| ade. I diawn, the
bending moment diagram  for the table
I|1.||.||:|1[1 avoiibd mndiciie thes o be the Pl
of maximum inlernal moment.

LEY

E.E_Gra_phical Method for Cnnstr;c-ti-ng |
Shear and Moment Diagrams

In cases where a beam is subjected to several different loadings,
determining V and M as functions of x and then plotting these equations
can become guite tedious. In this section a simpler method for
constructing the shear and moment diagrams is discussed—a method
based on two differential relations, one that exisis between distributed
load and shear, and the other betweesn shear and moment.

Regions of Distributed Load. Fur purpioses of generality.
consider the beam shown in Fig. 6-8a. which is subjected 1o an arbitrary
loading. A free-body diagram for a small segment Ax of the beam is
shown in Fig. 680, Since this segment has been chosen at a position x
where there is no concentrated force or couple moment, the resulis to be
obtained will porapply at these points of concentrated loading.

Waotice that all the loadings shown on the segment act i ther positive
directions according to the established sign convention, Fig. 6-3. Also,
both the internal resultant shear and moment, acting on the right face of
the segment, must be changed by a small amount in order to keep the
segment in equilibrium. The distributed load has been replaced by a
resultant force wix) Ax that acts at a fractional distance k{Ax) from
the right side. where 0 << &k < 1 [for example, if w(x) is uniform, k = %J
Applving the equations of eguilibrium to the segment, we have

A Wik

Wr

|
i

A

(N

¥+ Al

Free-hody diagram
of segment i r
(k)

Fig. -8
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+ 1EF, = () V + wix)Ax — (V + AV) = )
AV = wix) Ax
{FEMp=10; —VAx — M —wix) Ax[k{Ax)] + (M + AM) =10

AM =V Ax + wix)ki{Ax)

Dividing by Ax and taking the limit as Ax — ), the above two equations

hecome

¥

dx

wix)
distributed {6-1)

load intensity

at each poimnt

slope of
shear diagram
at each pomt

M
et

{6-2)

slope of shear
momen! diagram

at each point

al each
puint

These two equations provide a convenient means for guickly
obtaining the shear and moment diagrams for a beam. Equation 6-1
states that at & point the slope of the shear diagram equals the intensity
if the distributed loading. For example. consider the beam in Fig, 6%
The distributed loading is negative and increases from zero to wy,
Therefore, the shear diagram will be a curve that has a megative slope,
increasing from 2ero to —wy. Specilic slopes w; = (I —we, —w'p, and
— iy are shown in Fig. 656,

In a similar manner. Eq. 6-2 states that at a point the slope of the
moment diagram is equal to the shear, Notice that the shear diagram in
Fig. 6-49% starts at +1V . decreases to zero, and then becomes nepative
and decreases to —Fy, The moment diagram will then have an initial
slope of +V 4 which decreases (o #zero, then the slope becomes negative
and decreases o —Vg, Speafic slopes V. Ve, Vo O, and -V, are
shown in Fig, 6-9¢.

263

v v = mEgallve Increasog
11 shope = pegative mcreasing
W, ‘Il"
1 ff =¥
(i ‘l \‘1 X
- .I":.II
Fm |'_||1'=.il|'\.-'c d.r.'r:n:.i'.mg
slope = posiive decressing
M / /
Vi 1
|
.I"r.-l - '|_'|_l
e £

Fig. 5-9
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Equations 61 and 62 may also be rewritten in the form dV = wix) dx
and dM = V dx, Nating that w{x) dx and V dr represent differential
areas under the distnbuted Ioading and shear disgram, respectively, we
can integrate these areas between any two points © and O on the beam.
Fig. 6-9d_and write

AV = /u'{.':}n’.t
: 6-3
change in - area under 4=
shear  distributed loading
AM = f‘l-"'[.r}d.r
{64

change in  area under
moment  shear diagram

in 1
C I

Equation f-3 states that the change fn shear between © and I is equal (o
Fig. 6-9 {cont.) the aree under the distributed-loading curve between these two points,
Fig. 6-9d. In this case the change is negative since the distributed load
acts downward. Similarly, from Eqg. 6-4, the change in moment between
Cand D, Fig, &9, is equal to the area under the shear diagram within
the region from C to L2 Here the change is positive,

Simce the above equations do not apply at points where a concentrated
force or couple moment acts, we will now consider each of these cases.

Regions of Concentrated Force and Moment. A free-
i V AN body diagram of a small segment of the beam in Fig. 6-10a taken from
i ) under the force is shown in Fig. 6-104. Here it can be seen that force
equilibrium requires

+1EF, =G V+F—(V+aV)=0
AV =F (6-5)

—pe |V Al : _ T ;
il Thus, when F acts upword on the beam. AV is positive so the shear will

(i) “fump” upward. Likewise, if F acts dowsward, the jump (AV) will be
downward
o v M+ AM When the beam segment includes the couple moment My, Fig. 6100,
then moment equilibrium requires the change in moment Lo be
[r.‘g [+ M, = 0O M+AM — My —VAxr—M=10
M Letting Ax— ). we get

|_:“_| V4 AV ﬁlw — |“F|1 h"l—ll'l]

In this case. if M s applied clockwise, AM 5 positive so the moment
diagram will “jump” upward, Likewise, when M, acts counterclockwise,
Fig. 6-10 the jump ( AM )} will be diwrward.

()
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Procedure for Analysis

The following procedure provides a method for constructing the
shear and moment diagrams for a beam based on the relations
among distributed load, shear, and moment.

Support Reactions.

® Determine the support reactions and resolve the forces actimg on
the beam into components that are perpendicular and parallel to
the beam’s axis.

Shear Diagram.

* Establish the V and x axes and plot the known values of the shear
at the two ends of the beam.

® Notice how the values of the distributed load vary atong the
beam, and realize that each of these values indicates the way the
shear diagram will slope (dV/dx = w). Here w is positive when it
acts upwanil.

* |f a numerical value of the shear is to be determined at a point. one
can find this value either by using the method of sections and the
equation of force equilibrium, or by using AV = _,Irw{ x1 ix, which
states that the change in the shear belween any two paoints is equal
to the area under the load diagram between the two points.

Moment Diagram.

® Esrablish the M and x axes and plot the kaown values of the
maoment at the ends of the beam.

& Notice how the values of the shear diagram vary along the beam.
and realize thai each of these values indicates the way the
moment diagram will stope {dM/dy = V).

® Al the point where the shear is zero, d M /dx = (), and therefore
this would be a point of maximum or minimum moment.

* 1f a numerical value of the moment s to be determimed at the
puint, one can find this value either by using the method of
sections and the equation of moment equilibriom. or by wsing
AM = [V(x)dx, which states that the change in moment
between any two points is equal (o the area wnder the shear
digigrarn between the two poinis,

* Since wix) must be fregrated to obtain AV, and Vi(x) is
integrated to obtain M(x), then if w{x) is a curve of degree i, ¥(x)
will be a curve of degree n + 1 and M(x) will be a curve of degree
n + 2, For example, if wix) is uniform, ¥(x) will be linear and
Mix) will be parabolic.
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EXAMPLE [ 6.5

Draw the shear and moment diagrams for the beam shown in Fig. 6-11a

p p SOLUTION
l l Support Reactions. The reaction at the fixed support is shown on

the free-body diagram, Fig. 6115
- | ; Shear Diagram. The shear at each end of the beam is plotted first.

l L ! f | Fig 6-11c Since there is no distributed loading on the beam. the slope
af the shear diagram is zero as indicated, Mote how the force F at the
() center of the beam causes the shear diagram to jump downward an

amount P, simce this foree acts downward.

Moment Diagram. The moments at the ends of the beam are
plotied, Fig. 6-11d. Here the momenlt diagram consists of two sloping
lines, one with a slope of +2F and the other with a slope of + P.

The value of the moment in the center of the beam can be
determined by the method of sections, or from the area under the
shear diagram. If we choose the left half of the shear diagram,

'Hll. i P 'le. pT AM

M|, = —3PL + (2P)}{L} = —PL

i "
h |
] s
1AL 1)
woe thi
] s = [}

i v downward loree P
s /I dovwnward jump F
ef

|
-
{ch

V= |1|.hi|:|'n_' conylani
Y slope = positive constuni

-1 e
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EXAMPLE | 6.6

Draw the shear and moment diagrams for the beam shown n

Fig. 6-12a.
M
w
——t——
ia})
SOLUTION

Support Reactions. The reactions are shown om the free-body
diagram i Fig, 6-124

Shear Diagram. The shear al each end is plotted first, Fig. 6-12¢
Simoe there is no distributed load on the beam, the shear diagram has
#eru slope and is therefore a horzontal line

Moment Diagram. The moment is zero at each end, Fig, 612 The
moment diagram has a constant negative slope of —My/2L since this
i5 the shear in the beam at each point. Note that the couple moment
M causes a jump in the moment diagram af the beam’s center, but i
does not affect the shear diagram at this point,

My
! —1I I
|‘|r.|_'ll II. i'hl |1 F..,-'.'!.L
L.
=1
slape = 11
Vi [
—kly /21, i

clackwise mament My
pesidive jump A,

¥ = negative constan
shape = negative consiani

Al

M, 2

=My /3
{d}

Fig. 6-12
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EXAMPLE [ 6.7

Draw the shear and moment diagrams for each of the beams shown in
Figs. fi-13a and 6-14a

SOLUTION

Support Reactions. The reactions at the fixed support are shown
on each free-body diagram, Figs. 6136 and Fig. 6-14h

Shear Diagram. The shear ar each end point is plotted first, Figs, 6-13¢
and f-l4e The distnbuted loading on each beam indicates the slope
iof the shear diagram and thus produces the shapes shown,

Mement Diagram. The moment at each end point is plotted first,
Figs. 6-13d and 6-14d Various values of the shear at each point on the
beam indicate the slope of the moment diagram at Lhe pomnt. Notice
how this variation produces the curves shown.

NOTE: Observe how the degree of the curves from w to Vo M
increases exponentially due to the integration of d¥ = w dx and
M = Vdx. For example, in Fig. 6-14. the linear distnbuoted load
produces a parabolic shear diagram and cubic moment diagram.

T . |
LY
by
vyl
N r AN k. N
M

= el e constand [ = wy) i = negaiive decreasing

¥ slope = negative constani {— 1, ) 2 slope = negotive decteasing
LA
I i
I )
2] 4 i ¥ = positive dectensin
¥ = positive decteasing At P Tk > 2
1] slope = pasitive decTehsing slipe ; positive decieasing
1 5

o (dl)
Fig. 613 Fig. 6-14
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EXAMPLE | 6.8

Draw the shear and moment diagrams for the cantilever beam 7k M= LN m
in Fig. fi—15a LS kN fm

2kN
15 kN /m |
2 im I Im
i
A (5
R
| w=1_u W= mg.:.li'.ln cominslant
¥ m 2m | sope =1} shgpe = negntive comstanl
ra ¥ {kN)
1 4
! | —£im}

SOLUTION —:
Support Reactions. The support reactions at the fixed support
B are shown in Fig. 6155 €} L s

Shear Diagram. The shear at end A 5 —2 kK. This value is
plotted at x = (0, Fig. 6~15¢ Notice how the shear diagram is
constructed by following the slopes defincd by the loading w slope = negalive comslanl V= negative increasimy

The shear at x = 4 mois —5 kM, the reaction on the beam. This = slope = megative -rm.m,‘iw
villue can be verified by finding the area under the distributed 50 000.m) J

¥ = negnive constanl

loading, Eqg. 6-3.

L r

Kiml

1""|1 dm = 1IIIII.|'| Im it "iv: _'1 kN s {I_ﬁ kN,.-'m}{E mh = —5 EN

Moment Diagram. The moment of zero at x = 0 is plotted in
Fiz. 6154 Motice how the moment diagram is constructed based fi£) =11
an knowing its slope, which is equal to the shear at each point -
The change of moment from x =l to x = 2 m is determined ]

from the area under the shear diagram. Hence, the moment at
r=2mis

¥=1kN

T | A =4 kN-m
i~

Ml—2m ™ Mlj—g + AM = 0 + [-2kN(2m)] = ~4kN-m |

This same value can be determined from the method of sections,
Fig 6-15¢ Fig. 6-15
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EXAMPLE | 6.9

Draw the shear and moment diagrams for the overhang beam in

Fig. fi—1tux
4 kM, m
4 kN /m
A
+ 4m 2 M
5 b
A i 1|"l— 1] | i ”IkN’ w

1 e
= i iy = m:g.'l.ﬁ'l.u: oonstnm

slope = pegalive constani SOLUTION

Support Reactions. The support reactions are shown in
L Fig. 6-16h

¥ ik}

Shear Diagram. The shear of ~2 kN at end A of the beam
is plotted at x = 0. Fig. 6-16c. The slopes are determined
from the lbading and from this the shear diagram is
constructed, as indicated in the figure. In particular, notice
the positive jump of 10N at x = 4 m due to the force # as
(i indicated in the figure

{mij
£l 1 3 I

kd

V = neputive constan) V = negative decreasing Moment Diagram. The moment of zero at x = 0 is
slope = negitive constant Slope = negitive decrensing  plotted, Fig. 6-164. Then following the behavior of the slope
found from the shear diagram, the moment diagram is
comstructed. The moment at x = 4 m is found from the aren

stope = under the shear diagram.

wim) M|igm = M|—p = AM =) + [=2kN({4 m)] = -BkN-m

M{kN:m]

We can also obtain this value by using the method of sections,
as shown in Fig, 6-16e

—

(i

¥F=1kN

o— - v
l 4m I

1kN

{e)

Fig. 616
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EXAMPLE | 6.10

The shaft in Fig. 617 is supported by a thrust bearing at A and a 120 Pb /i
journmal bearing at H. Draw the shear and moment diagrams,
120 Bt
A IH
1\
121
it |
A, = 240 Ih )
{2 01 | = Aegalive Increasing M= 480 M

a nlospe = negalive INCTE ARIng

Vilk
e /
244

SOLUTION /.91 P
Support Reactions. The support reactions are shown in Y ki
Fig. 6-17h i

Shear Diagram. As shown in Fig 6-17c, the shear at x = (I8  y « positive decrensing

240, Following the slope defined by the loading. the shear slope — positive decreasing 48l
diagram is constmcted. where at B its value is —480 |b, Since the V= negalive incrieasing

shear changes sign, the point where ¥V = (I must be located. Todo (- sl pe— nepalive puisadng

this we will use the method of sections: The free-hody diagram of
the left segment of the shaft, sectioned at an arbitrary position x, is
shown in Fig. 6-17e Nonce that the mtensity of the distributed

load at x is w = Ik, which has been found by proportional
triangles, i.e., 120/12 = w/x.
Thus, for ¥V = 0, ’ Yoaz o
+1EF, =0; 240 It — 3{10x)x = 0 (d)
I = ﬁ_uj rl Lll'ﬂ I.I v
: : f i
Moment Diagram. The moment diagram starts at {f since there :I-_|“| 3
is no moment at A, then it & constructed based on the slope as v
determined from the shear diagram. The maximim moment a1 J'.
occurs at x = 6.93 fi. where the shear is equal to zero, since 1 M
dMjdx = ¥V = (), Fig, 6-17d, :
I

L+EM =) A= 24iiTh

M s+ HO0)(693)] 603 (H(6.93)] — 240(6.93) = ) (e}

M = 1109 Ib+1i Fig. 6-17

Finally, notice how integration. first of the loading w which is linear,
produces a shear diagram which is parabolic, and then a moment
diagram which 1s cubic,

NOTE: Having siudied these examples, test yourself by covering
over the shear and moment diagrams in Examples 6-1 through 6-4
and see if vou can construct them using the concepts discussed here,
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. FUNDAMENTAL PROBLEMS

Fo—=1. Express the shear and moment functions in terms
of ¥, and then draw the shear and moement diagrams for the
cantilever beam,

$ kM

im -

Fii-1

Fi-2. Express the shear and moment functions in terms
ol &, and then draw the shear and ntomant diagrams for the
caniilever beam,

2 kip I

RERRRRARNRNRARNY

Fi=-2

Fo-3. Express the shesr and moment funclions in terms

of &, and then drivw the shear and momaent diagrams for the
cantilever beam,

12 kN fm

Fii-3

Fird, Express the shear and moment funetions in lérms of 1
where dl < ¥ < 1. 3mand 1.3m = & = 3 m, and then draw
the shear end moment diagrams for the cantilever beam.

W kN

4 kM-m (

5 m - L5 m |

Fi-5. Express the shear and moment functions in terms
of %, zod then dreaw the shear and moment diaarams for the
simply supporied beam.

300 km
i
= |
6 {

Fir-5

Fii—h, Express the shear and moment functions in terms
ol x. end then draw the shear and moment diagrams for the
simply supporied beam,

i kM-m il kM-m
(|
s |
| ) |
Fir—t
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Fo-7, Diraw the shear and mooment diagrams for the simply
supperied beam,

MEkN-m

| 4 i | Im

Fo-7

Fo-# Draw the shear and momenl diagrams for the
cantilever beam.

kN

l5m ] I 5m |

Fo-4. Draw the shear and moment diagrams for the doublc
overhang beam.

%k.hl-m IK kMm
|-—r.=-m ! Im { |'-m—-|

Fr-Y

Fo-1k,  Diraw the shear and moment diagrams lor the simply
supported beam,

6 kM fm

L

im 1 im

:

Fa-1u

Fo=11. Draw the shewr and moment dwprams for the
double-owverhang beam,

4 kM 'm 4 kM /m

|-L'-rn-].~ im --:..*:m—!

Fa-11

Fi-12. Draw the shear sind moment diagrams [or the simply
supported beam,

11k fm bl kN m

i vl

Fi-12

Fe<13  Draw the shear and moment disgrams Tor the simply
supported beam,

i) th
ZObM

||

i i i 3t—q
Fi-13

Fi-14. Draw the shedr and moment disgrams for the
overhang beam.

20 kM

din | « MM

Fi-14
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Serostews

6=, Diraw the shear and moment diagrams [or the shaft,
The bearings at A and H exert only vertical regctions on the

skt

=
] & 1 |
ol lm

‘ LI P ‘

j 25 mm !

M kN

Prol. 61

=2  Dhraw the shear and moment diagrams for the simply
supporizd heam,

4 kb

=3 The engine crane |5 wsed o support (he cngineg,
which has a weight of 1206 |h, Diraw the shear and moment
diggrams of the boom ARC when it 150 the horizontal
prosition shiswn.

Prob. -3

*o—4, Draw the shear and moment diagrams for the
cantifever beam,

L kN /m

Lt dd dd s b DLl

I 1
Im
|

P'rob. 6-4

6-%  Dwaw the shear and moment diagrams for the beam

I kM # kN

— 1% kM-t

2im Jm

Mroh. 6-5

b=6.  Diraw the shear and moment diagrams for the overhang
beam,

I'rob. G-6

6=T. Diwvaw the shear and moment diagrams for the
compound heam which is pin connected a1 &,
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*g=8, Draw the shear and moment disgrams for the
simply supported beam,

154h [b i

A b

i

Froh, (-8

6-9. Draw the shear and moment disgrams for the beam.
Hing: The 20-kip load must be replaced by equivalen
Ioadings at point O on the axis of the beam.

15 kip

Froh, -9

G=10.  Members ARC and BI of the counter char are
rigidly comnected at B and the smooth collar at [2 s allowed
Lo mewve reely along the vertical slob Draw the shear and
moment diagrams for member ARC

=P =1501h

Prob. 6-10

6=11. The overhangng beam has been Tabncated with
g projecied arm BD on it Draw the shear and momend
diagrums for the beam ABC i il supports @ load of SO0 1
Hirrs: The loading in the supporting strun ZVE most be repliced
I equivalent toads at point B on the axis of the beam

SR by

I i i

Frob. =11

#6=12. A reinforced concreie pier 5 used (o support the
stringers for o bodee deck, Diraw the shear and momen)
diggrams for the pier when it is subjected s the stringer
lpads shown. Assume the columns al A and B exert only
vertical reactions on the pier,

OUKN  35en 35kM 35k U EN
It molmllim | 15m)lm1m

Prob. 6-12

6-13. Dhwaw the shear and moment diagrams for the
compound berm. [1is supporied by a smooth plate atA which
slicdes within the groove and =0 i1 cannol support o vertical
Feree, although itcan support & moment and axial load.

Eﬂ r | o
i ,
. = |
A TEH == H
N 3
|
- i -i- il wlm i - ol -

Frob. =13

275
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=14, The indusicial mobot i3 held i the stationary
position shown, Draw the shear and moment diagrams of
the arm AHC if it is pin connected al A end connected o a
hvdraulic evlinder (lwo-force member] BEY. Assume the
arm and grip have a wniform weight of 1.5 Ib/in. and
suppirt the load of 40 b at

& .

IIllr.;li.‘I Sin c

Prob, 6-14
6=-18, Consider the peneral problem of the beam sulbyjected
boonoeoneentrated loads, Write o eomputer program (hat
can be wsed 1o determine the micmal shear and moment
al any speeified location & alomg the beam, and plot the
ghear and moment diagrams for the beam, Show an

gpplication of the program using the values P = S0,
ey = 50, Pyo= B, oy = §5 0L Ly = 106, L =15,

P P F,
L Y L
W
il
= o5
rJ.II
Ly
I
Prub. (=15

#h=16. Draw the shear and moment diagrams for e shalt
and dererming the shear and moment throughout the shaft
a5 a function of £ The bearings al A and ¥ exert only
vertisal reactions on the shaft
SCHY T
BlK b

_.:l
N "

5
- i i ot | e o '|" usn [Prob.o-16

=17, Draw the shear and moment diagrams for The
canfilevered beam.

R 20H1 [T

Prole 617

=18, Drraw the shear and moment dizgrams lor the beam,
and determine the shear gnd moment throughout the beam
a5 functions of

10 ki
2 kip M . BXID

HEEEEE! s

- i i -t 41 ,
Prob., G-18

6-1%. Draw the shear and moment disgrams for the beam,

2kap/Ir

3 kipefn

; i
e 5
imn a iM '|‘ M ‘|
Mroski, 619

==  Diraw the shear and moment diagrams for the
simply supported beam.

| €k ket

[ 1im 1in |

Prasks, =241
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ofp=21,  The beam 5 subjected 1o the uniform distributed #=24, Determing the placement distance o of the roller

load shown, Diraw the shear and moment dizprams for the support so that the largest absolute value of the moment is

beam g minimum. Dvew the shear and moment dhagrams for this
condition

Prob:, 6-24

6-25. The beam is subjected to the wniformly distributed
moment & (moment/length). Draw the shear und moment
diagrams Tor the beam

Prish. fi=21

6=22, Draw the shear and momen! diagriems (o the
overhang beam I
Proh, =25

4 kN 'm 6-26. Consider the peneral problem of a cantilevered
beam subjectied (o o concentrated loeds and a4 constanl
distributed loading w, Write a computer program thal can
be wsed 1o determine the internal shear and moment at
uny specificd location r along the beam, end plot the shear
wned moment disgrams foe the beam, Show an application
of the program using the values P, = 4kN.d) = 2m,
Ww=RINm e =ma&m=4m L=4m

| im 1m

Proh. =22

6-23. Draw the shear and moment diagrams [or the beam,
Tt is supporied by 3 smooth plate at A which slides within
the groowe and so it cannot suppart a vertical [oree, although
it can support @ moment and axial looed.

=

i

1.

Prob. 6-23 Frob, 6—26
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6-27. Diraw the shear end moment diagrams for the beam,

Pty =27

2B, Drruw the shear pnd moment disgrams for the heam,

-
L

T
|

Proh, 6-28

=5=29, Draw the shear and moment disgrams for the

biam,

SEN/m

Praki, -29

6= TDiraw the shear and moment diagrams for the
compeund beam.

L50 Is T I3 1h/Ti

=R | | an |

Prot. d—30

b=31. Diaw the shewr and moment diggrams Tor the beam
andd determine the shear and moment in the heam as

functions of x

L 1

A i

g

P [
[ et

Proh. 6-31

Ef-32. The smooih |1[r1 i8 LT ted l‘:lf..' 1w leaves A and
& and subjecied to & compressive load of (L4 kX /m caused
by bar C. Determine the intensity of the distributed lodd wy,
of the leaves on the pn and draw the shear and moment

diagram for the pin

1.4 EMN 'm
s
| iy ||-III
] |

200 mme el 20 mm

Prosfty, 32

ofi-33. The ki supports the 18-l weight of the man. If
the snow loading on i bottom surfece 8 trapesondal as
shown, determing the intensity w, and then draw the shear
and moment diggrams lor the ski

Pruh. 6-33
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6=3. Draw the shear and moment disgrams for the 6=38. The dead-weight loading along the centerling of the
com pound heam, girplane wing iz shown, T the wing is fised to the Tuselape o
A, determine the reactions at A, and then draw the shear

5 kM wnd moment disgram [or the wing

Uiy | A0k [ A
250 1l Al - i

Proh. f=14
635, Draw the shear and moment disgrams for the beam
and determine the sheer and moment g5 functions of x, _l
| A 2h | 3 fi
—=1 AL )
T (I /m 15 L) 1y
I Nm 7]
f 1 Prob. 6-38
N
A i
S 6=3Y. The compound beam consists of two sepments that
, | are pinned topether ot B Dwaw the shear and moment
tm : Im diagrams if it supporis the distributed loading shown,
Proli. 6-35

#6435, Draw the shear end moment di.agrama for the
overhang beam.

15 kf

b KM

23l | 13 L—

1 ! I
| | M= 10kN'm *rot. 634
I— Im 1 lm F—=Im
Prob. 634 *h=dd), Draw the shewr and moment diagrams for the
6-37. Draw the shear and moment diggrams lor the beam. simply supportzd beam,
.‘\-I_I kM /m liI! kM /m

11 kM [0 EM

“111 r:{ll” 3 l l 15 kN
e ——

I |
b ] 3

Im—r—2lm ! Irn—|

Mroh. 6-37 Prob. 640

145m
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=41, Diraw the shesr and moment diagrums (or the
compound beam, The three sepments are connected by ping
at # and £

M 114 kM e

E
£

ol I i o)
-1 ||II'I T =Im

1n ‘
lm—
im!'1m!

Pk, 61

=42, Diaw the shesr and moment diagrams (o the
compound beam

SkN /m
L L ¥ ¥
__I'FL_ A i” _— n
2m 1 m Im
Prob, 42

=43 Diraw the shear wnd moment diagirams for the beam,
The two sepgments are joined together a1 &,

K kip

3 kip i
Y L l
A “'-!"'] ] =
B o - T
l— 311 511 LR !
Prasln, =43

“f=dd,  Dhraw the shear and moment disgrams for the beam,

 lkip

e e K
B i }
Proh, Hi—44
=45, Drvaw the shear and moment diggrams for the
heam,

| A |

Proh, 6—45

G4, Drraw the shesr oid moment duagrams for the beam,

= Wy 51n | :,—Tl.]

i

i =
P

Prolh, f—46
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6.3 Bending Deformation
of a Straight Member

In this section, we will discuss the deformanons that occur when a
straight prismatic beam. made of homogeneous material, is subjected to
bending. The discussion will be limited to beams having a eross-sectional
area that is symmetrical with respect to an axis, and the bending moment
15 applied about an axis perpendicular to this axis of symmelry as
shown in Fig. 6-18, The behavior of members that have unsymmetrical
cross sectioms, or are made from several different materials, 15 based on
similar observations and will be discussed separately in later sections of
this chapter.

By using a highly deformable material such as rubber, we can illustrate
what happens when a straight prismatic member is subjected to a bending
moment. Consider, for example, the undeformed bar in Fig. 6-19a, which
has a sguare cross section and is marked with lengitudinal and iransverse
prid lines. When o bending moment is applied., it tends to distort these
lines intu the pattern shown in Fig. 6-19%. Notice that the longitudinal
lines become curved and the vertical transverse lines resain seraight and
vet undergo a roftion,

The bending moment causes the material within the bostom portion of
the bar to strefch and the material within the top portion O compress.
Consequently. between these two regions there must be o sirface, called
the meutral surface, in which longitudinal fibers of the material will not
undergo a change in length, Fig, 618,

Horizonial lines
begume curved

Belore deformatnsi

(i

Fig. 6-19

Vertical hones remam
sralght. yer rotale

Adfier delommtion

Aces ol
symmelry v

surface

Lasspniuiclsiand
axis

Fig. 6-18

(L]
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Mote the distorteon of the lines due 1o
bending of this rubber bar. The iop line
strelches, the bollom ling eompresses, and
the center fline remains the same lengih
Furthermore the vertical lines rotute and yel
remain siraighi

From these observatioms we will make the following three
assumptions regarding the way the stress deforms the matenal, Ficst, the
longitudinal axiy x, which lies within the neutral surface, Fig. 6-20a, does
not experience any change in length. Rather the moment will tend to
deform the beam so that this line becosmes a curve that lies in the 1y
plane of symmetry, Fig. 6-206. Second. all cross secrions of the beam
remain plane and perpendicular to the longitudinal axis during the
deformation. And third, any deformanon of the crogs secoion within s
own plane, as noticed in Fig. 6-190, will he neglected, Tn particular, the
£ nvis lving in the plane of the cross section and abowut which the cross
section rotates, 5 called the newtral axiy, Fig. 6-206.

In order to show how this distortion will strain the material, we will
isolate a small segment of the beam located a distance x along the beam’s
length and having an undeformed thickness Ax, Fig, 62k This element,
taken from the beam, is shown in profile view i the undelormed and

nzeitral
surlnce

ih)

Fig. 6-20
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e lengatindinal
HEES
longitudina) "—|_
A Ay
L‘.-l'. ]
Undefonned element Deformed element
(mh ihi

Fig. =21

deformed positions in Fig. 6-21. Kotice that any line segment Ax, located
on the neutral surface, does not change s length, whereas anv line
segment As, located at the arbitrary distance v above the neotral surface,
will contract and become Ay" after deformation, By definition, the
normal sirain along As is determined from Eg. 2-2. namely,

o Ayt — Ay
5 .'_'.;ITII As

We will mow represent this strain in terms of the location v of the
sepment and the radius of curvature p of the longitedinal axis of the
element, Before deformation, Ay = Ax, Fig. 6-21a. Alter deformation
Ax has a radins of curvature p, with center of curvature at point
Fig. 6218, Sinee A# defines the angle between the sides of the element,
Ar= 4x = pdd. In the same¢ manner, the deformed lemgth of As

becomes As' = (p = 1A Substituting into the above equation, we get
o p — vIAH — pAl
g limm
AF—0 i
r
“
= — (6-T7)
I

This important result indicates that the longitudinal normal straim of
any element within the beam depends on its location v on the cross
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Qe

_.M I I__
Mormal strain distritrution

Fig. 6-22

section and the radius of curvature of the beam's longitudinal axis at the
point. In other words, for any specific cross section, the longhtudinal
normal strain will vary linearly with vy trom the neutral axis. A
contraction {=«] will occur in fibers located above the newtral axis
(=), whereas elongation (+e) will oceur i fibers located below the
axis [ —v). This varation in slrain over the cross section is shown m Fig.
622 Here the maximum stram occurs at the outermaost fiber, located a
distance of ¥ = ¢ from the neatral axis. Using Eq. 6-7.since ey, = c¢/p.
then by division,

S0 that

£ (1)! iy {b-5)
5

This nowrmal stram depends only on the assumptions made with regards
o the deformation. When a moment is applied to the beam, therefore, it
will only canse a pormal stresy in the longitudinal or x direction. All the
other components of normal and shear stress will be zero. [t is this
uniaxial state of stress that causes the material to have the longitudinal
normal strain component €, defined by Eq, 68, Furthermore, by
Poisson’s ratio, there must afso be associated strain components
£, = —we, and e. = —pe,, Which deform the plane of the cross-sectional
area, although here we have neglected these deformations Such
deformations will, however, cause the cross-secrional dimensions to
become smaller below the neutral axis and larger above the neutral axis,
For example, if the beam has a square cross section, it will actoally
delorm as shown in Fig. 6-23.




6.4 The Flexure Formula

In this section, we will develop an equation that relates the stress
distribution in a beam to the internal resultant bending moment acting
om the beam’s cross section. To do this we will assame that the matenal
behaves in a linear-elastic manner and therefore a ffnear variation of
mormal strain, Fig 6-24¢. must then be the result of a linear variation in
normal stress. Fig 6-245. Hence, like the normal strain variation, « will
vary from zero at the member’s neutral axis to a maximum value, o .
distance ¢ farthest from the neutral axis. Because of the proportiomality
of trangles, Fig 6-230, or by using Hooke's law, o0 = Ee, and Eg. 68, we
can wrile

T = — (% }r! A ln,_u’]

This equation describes the stress distribution over the cross-sectional
area. The sign convention established here is significant. For positive
M. which acts in the =z direction, positive values of v pive negative
values for o, that is. a compressive stress sinee it acts in the negative x
direction. Similarly, negative v values will give positive or tensile
values for oo If a volume element of material is selected at a specific
poant on the cross section, only these tensile or compressive normal
stresses will act on it For example. the element located at 4y is
shown in Fig. 6-2de,

We can locate the position of the neutral axis on the cross section by
satisfying the condition that the resultans force produced by the stress
distibution over the cross-sectional area must be equal to zern Noting
that the furce dF = o dA acts on the arbitrary element oA in Fg. 6-24c,
We require

Fr=XF, (i

/J.H'_ = [r:l’a.!.-"l
i WA

. -
f —{L}er,,,_, ol A
J4 L

~ ok I
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Bending stress varalion

cl
Fig. (=24 tcont.}

Since o,/ c 15 not equal to zero. then

]_ﬁ‘ dA =0 (f—101)

A

In other words, the first moment of the member’s cross-sectional area
about the newtral axis must be zero, This condition can only be satisfied if
the seneral axix is also the horizontal centraidal acis for the cross section. ®
Consequently, once the centroid for the member's cross-sectional area is
determined, the location of the neutral axis 18 Known

We can determine the stress in the beam from the reguirement that
the resultant internal moment M must be equal to the moment produced
by the stress distribution about the neutral axis. The moment of JF in
Fig. 624 about the nentral axis is dM = pdF, Since dF = o 44, using
Eq. 69, we have for the enlire cross section,

L

f_u'[rr dA) = fj;(l:rm_“)rfﬂ
A A \E

M = @ﬁ A (B-11)
A

':..'HIR_:I_- = IIH_—; M = f_'l-‘ﬂlF
A

ar
[
“Recall thit the location ¥V for the centrodd of the cross-sectional aren & defined [roem

(e pguation T = [ vdA) fd AN [vdA = 0, then 7 = 1, and a0 the centeald les on the
reference (neutral} axes See Appendin A
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The mtegral represents the moment of irertia of the cross-sectional area
ahout the newtral axis. We will symbaolize its value as L Hence, Eq. 611
can be solved for oy and wrillen as

oy (6-12)

Here

e ™ the maximum normal stress i the member, which oceurs at
a paint on the eross-sectional area farthest away from the
neutral axis

M = the resultant internal mement, determined from the method

of sections and the equations of equilibrium. and caleulated
about the neutral axis of the cross secrion

¢ = the perpendivular distance from the neutral axis to a point
farthest away from the peutral axis. This is where e, acts

I = the moment of mertia of the cross-sectional area about the
nentral axis

Since oy /v, Eq. 6-9, the normal stress at the intermediate
distance y can be determined from an eguation similar o Eqg. 612
We have

My
= ——fj (6-13)

Note that the negative sign is necessary since it agrees with the
established &, v, z axes. By the right-hand rule, M is positive along the
+z axis. vis positive upward, and o therelore must be nepative
{compressive ) since it acts in the negative x direction, Fig. 6-24¢.

Either of the above two equations i8 ofien referred 1o as the flexure
Sormula, 1t is used to determine the normal stress in a straight member,
having a eross section that is symmetrical with respect to an axis, and the
mament is applied perpendicular to this axis, Although we have assumed
that the member is prismatic, we can i maost cases of engineering design
alsa use the flexure formula o determine the normal stress in members
that have a slight teper For example. using a mathematical analvsis based
on the theory of elasticity. a member having a rectangular cross section
and a length that is tapered 15° will have an actual maximum normal
stress that is about 54% fess than that calculated using the flexure
formula,
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Important Points

® The cross section of a straight beam repains plane when the beam deforms due to bending. This causes
lensile stress on one portion of the cross section and compressive stress on the other portion. In between
these portions, there exists the nerral axiy which is subjected to zero stress

= Due to the deformation, the fongimafing sirain varies Snearely from zero at the neotral axis to a maximum

at the outer fibers of the beam. Provided the material s homogeneous and hinear elastic, then the stress
also vanes in a {mear fashion over the cross section,

* The ncutral axis passes through the centrord of the cross-sectional area. This result is based on the fact that
the resultant normal force acting on the cross section must be Zern.

* The flexure formula is based on the requirement that the resultant internal moment on the cross section is
equal to the moment produced by the normal stress distribution abouwt the newtral axis

Procedure for Analysis

In order to apply the exure formula, the following pricedure s suggested.

Internal Maoment,

& Scction the member at the point where the bending or normal stress is to be determined, and obtain the
internal moment M at the section. The centroidal or neutral axis for the cross section must be known, since
M et be caleulated about this axis.

& I the absolute maximum bending stress is (o be determined, then draw the moment diagram in order 1o
determine the maximim moment in the member.

Section Property.

* Determine the moment of inertia of the cross-sectional area about the newtral axis Methods used for is
calculation are discussed in Appendix A, and a table listing values of { for several common shapes is given
on the inside front cover.

Mormal Stress.

& Specity the distance y, measured perpendicular to the neutral axis to the point where the normal stress
1% {0 be determinmed. Then apply the equation o = — M/l or il the maximum bending stress 15 to be
caleulated, use oy, = Me/ . When substituting the data, make sure the units are consistent.

* The stress acts in a direction such that the force it creates at the point contributes a moment about the
neutral axis that is in the same direction 45 the mternal moment M, Fig. 6&~24c. In this manner the stress

distribution acting over the entire cross section can be sketched, or a volume element of the material can
be isolated and used to graphically represent the normal stress acting at the point




EXAMPLE | 6.11

A beam has a rectangular eross section and is subjected to the stress
distribution shown in Fig, 6-254. Determine the internal moment M at
the section caused by the stress distribution (a) using the flexure
formula, (b) by finding the resultant of the stress distributiom using
basic principles.

SOLUTION

Part (a). The flexure formula 15 oy, = Me/T. From Fig. 6-25a,
c= fm. and o, = 2lsi. The nentral ayis i defined as line NA,
because he siress is Rero along this line. Since the cross section has a
rectangular shape, the moment of inertia for the area about NA is
determined from the formula for a rectangle given on the inside front
cover, e,

1
I =—hl'= —l__[f-i in (12 in)* = 864 int

12 2
Therefore,
Me L. M)
Ty ™ TI’ 2kipfin” = m
M = 288 kip+in. = 24 kip-fi Ans

Part (b). The resultant force for each of the two triangular stress
distributions m Fig. 6-256 15 graphically equivalent to the volume
contamed within each siress distribution. Thies each volume 15

el o L FO L
F= Eiﬁm.]{z kip/in~){fin.) = 36 kip

These forves, which form a couple, act in the same direction as the
stresses within each distribution, Fig. 6-2536. Furthermore, they act
through the cenroid of each volume, ie. %[ﬁ im.) = 4 in. from the
neutral axis of the beam. Hende the distance between them is 8 in. as
shown, The moment of the couple is therefore

M=36kipBin.} = 288 lnp-in. = 24 kip -t Arrs
MNOTE: This result can also be obtained by choosing a horizontal

sirip of area oA = (6 in.) dy and using integration by applving
Eqg. 6-11.

&4 Tes FLEXUR:E FORMILA
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EXAMPLE | 6.12

The simply supported beam in Fig 6-26a has the cross-sectional area
shown in Fig. 6260, Determine the absolute maximum bending stress
in the beam and draw the stress distribution over the cross section at
this location

Jihmm

Fig. 6-26

T
L T \

Maximum Internal Moment. The maximum imtermal momeni m
the beam, M = 225 kN -m. occurs at the center,

Section Property. By reasons of symmetry, the neutral axis passes
through the centroid O at the midheight of the beam, Fig. 6260, The
area is subdivided into the three parts shown, and the moment of
inertia of each part is calculated about the neutral axis using the
paraflel-axis theorem. (See Eq. A-5 of Appendix A.) Choosing to
work in meters, we have

I = X(T+ AdY)
= z[l—lzrn_:'_ﬁ m)(0020m)* + (0.25 m}{0.020 m)(0.160 m_:.’]
+ %m.nznm}(n.amm-‘
= 3310 ") m
Me 22 5(10%) N-m{0170m) :
Ty = i [ 30 = 2.7 MPa Ans

A three-dimensional view of the stress distoibunon is shown in
Fig. 6-26d. Notice how the stress at points & and D on the cross
section develops a force that contributes a moment about the
neutral axis that has the same direction as M. Specifically, at point B.
vy = 158l mm, and 5o

225(HFY N -mi0150m)
30030107 m?

My
g = _ﬁl

!

—11.2 MPa

trg =
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EXAMPLE | 6.13

The beam shown in Fig. 6-27a has a cross-sectional area in the shape 26 kk
of a channel, Fig. 6-2Th. Determineg the maximum bending stress that 504,
ocours in the beam at section - ]

]
|
SOLUTION i
Internal Moment. Here the beam's support reactions do not have ! 2m |m__}
Loy be determined. Instead, by the method of sections, the seament (o the a) .
left of section a-d can be wsed. Fig. 6-27c. In particular, note that E
the resultant internal axial force N passes through the centroid of the r-—..ﬁn ""T"_'| | Y

cross section, Also, realize that the resultant internal moment must be 7 - s9m mmr——-ﬂfl“""

valcnlored abonr the heam s nevtrad axis at section o—a, N C L
To Mnd the location of the neutral axis the cross-sectional area 13 i

subdivided into three composite parts as shown in Fig. 6-27h. Using R

Eqg. A-2 of Appendix A, we have fh

2¥A 20100 m]( 0200 m J0.015 m) + [0.000 m] (002 m ) (0.250 m}

ZA 2(0.200m)0.015 m) + (LO20 m{0.250 m)

OSSN m = 50,04 mm

This dimension s shown in Fig. 6-27c. 24kN
Applving the moment equation of equilibrivm about the neutral Tikay L5009 A
axis, we have L—-——1 ~ e
LHEMu =10 24kN{2m) + LOEN{DOS909m)} — M =0 ; c! 4
M = 4859 kN -m i

Section Property. The moment of inertia about the newtral axis is
determined wsing the parallel-axis theorem applied o each of the three
composite parts of the cross-sectiondl area. Working m meters, we have

= [ | (0.250 m ) (020 m ' + (0250 m (0,020 m }{0.05900 m — ra.ulnrnf]

12
1 y
b :'.[]—_Iiu.mi m3 (0200 m ) + (0005 m)(0.200 m){0.100 m [:_ustmt,tm}-]
= 42.26{10°"} m*

Maximum Bl:ﬂl:"ng Stress. The maximum bending stress occurs al
puints farthest away from the newtral asis Thas is at the bottom of the
beam, c = 20000 — Q053909 m = 01408 m. Thus,

Me  4859(10% N - m(0.1409 m)

s = 1226010 o' 162 MPa  Ans

Show that at the top of the beam the bending stress is o’ = 6,79 MPa,

NOTE: The normal force of N = | kN and shear force ¥ = 2.4 kN will
also contribute additional stress on the cross section. The superposition
of all these etfects will be discussed in Chapter 8.
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EXAMPFLE [ 6.14

The member having a rectangular cross section, Fig. 6-28a, 15 designed
to resist a moment of 40 N -m. In order to merease its strength and
rigidity. it is proposed that two small ribs be added at its bottom,
Fig 6-285. Determine the maximum normal stress in the member for
both cases

SOLUTION
Without Ribs. Clearly the neutral axis is at the center of the cross
section. Fig, 6-28a,50 7 = ¢ = |5 mm = 0,015 m, Thus,

2 %bh—i 1 EL"I-H]'[WI'“I]':’[”B[: m ]'1 J Hlﬂ-ii [I:]h] |1-'|"

Therefore the maximum normal siress 15

Me  (40N-m}(0.015m)
= —_—— — 4 :
L I ﬂqul: T h:l TI'I.: 44 MPa Ars

With Ribs. From Fig. 6-28h segmenting the area into the large main
rectangle and the bottom two rectangles (nibs), the location ¥ of the
centroid and the newtral axis 15 determined as follows:
BATY |
A
[LO15 m{0.030 m)(0.060 m} + 2[0.0325 m}(0.005 m )(0.010 m)
= (03 m) (0060 m} + 2(0.005 m) (0010 m)
= (1L{N592 m
This value does not represent ¢. Instead
¢ =L035m — 001592 m = (L.01908 m

Using the parallel-axis theorem, the moment of inerfia about the
neutral axis is

=

1 :
[ = | — (0,060 m ) 0030 m)’ + (0.060 m)(0.030 m){0.01592 m — n.ms.m--]

|12

+ z[i_,m.mnm}{n_m.-‘.m]-‘ + (00 m) (0005 m)(0.0325 m — 0.01592 m]:]

0.1642(10°") m*
Therefore, the maxomwm normal stress s
Me  A0MW-m 001908 m)

“iciel « 465 MP 1
o e 0.1642(10 ") " = o

NOTE: This surprising result indicates that the addition of the ribs
to the cross sectiom will teorease the normal siress rather than decrease
it. and for this reason they should be omitted.
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. FUNDAMENTAL PROBLEMS

Fa=1% 1M the beam 15 subjected 10 @ bending moment of
M o= 20 kN -m, determine the maxinum bending siress in
the beam.

Fa-15

F—Th TF the beam is subjected w oa bending moment of
M = 50 kM - m. sketch the bending stress distribution over
hie Peam's ross section,

e

SEhmm

g

Fa-16

Fo-17. 1 the beam is subjected to @ bending moment of
M = 30 kN -m, determine the maximum bending siress in
the beam.

Fa-17

Fa=185 1f the beam is subjected tooa bending moment ol
M o= 10 kN -m, determineg the mavimum bending siress in
the beam.

Fa-1%. I the beam is subjected 1o @ bending moment of
M = SKN«m, determing the bending stress developed at
[roing A,

=

S
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Serostews

6—47. A member having the dimensions shown s used
to restst an internel bending moment of M = WIkN-m.
Determing the maximum stress in the member T the
moment is applicd (&) ebout the ;7 axis (as shown) (b) about
the 1 axs, Sketch the stress distribution for ench case

P =47

*6—8. Determine the moment W thal will produce a
maximum stress of 1 ks on the cross section,

«6-49, Determing the maximum tensile and compressive
bending stress in the beam o it s subjected 1o a2 moment of
M = dkip-it

650, The channel strut is used as a guide rail for a trolley.,
[{ the meximum moment in the strut s M = 30N -m,
determine the bending stress at points A, B and C

=51 The channel strut iswsed as a puide rail for a trolley,
[f the sllowable bending stress for the material i
T = 173 MPR, determing (he maxomum bending moment
the strut will resist.

I b amieny

S omim

TN

Smm  Tmem |14 mm7 nun

L

#*h=82.  The heam 5 subjected 1o o moment M, Determing
the percemtage of this moment thal is resisted by the
stresses dcting on both the top and bottom bosrds A and B,
of the beam,

=53, Determine the moment M that should be applhied
o the heam in order to create @ compressive siress ol paoint
D oof op =30MPa. Also sketch the stress distribution
acting over The cross Section and compute the maximum
stress developed in the beam.






