6=54. The beam is miede Trom three boards nailed topether
gn shown, T0 the momenl acting on the cross section is
M = AN < m, determine the maximum hending siress in
the beem, Skeich o three-dimensional view of the stress
distribution acting over the eross section

655, The beam is made [rom three boards nailed together
g5 shown, 11 the momenl acting on the cross section 18
M = 6l N -m, determine the resultant force the bending
stress produces o the top hoarnd,

A¥imm W = ikl kem

20 mim

'robs 6=34055

6 %6, The aluminum strul has o cross-sectional grea in
the form of & cross If it is subjected to the moment
M = 8 kN-m, determing the hending stress acting at points
A and B, and show the resulis acting on volume elements
Iocated uf these poinls

of=57. The aluminum sirun has a cross-sectional area in
the form of a cross 17 it is subjecied to the moment
M = BEN-m. determine the maximum bending stress
the beam, and sketeh o three=dimensional view of the stress
distribution acting over the entire cross-sectional arca.

ALEANNTH
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6-58. Il the beam (= subjected o an internel moment of
M o= 1 kip=-ft, determine the maximum tensile and
compressive bending stress in the beam.

6=34, Il the beam is made of material having an allowable
tensile and compressive stress o [o)m), = 24 kst and
(e b = 22 ks, respectively, determing the maximum
gllowable internal moment M that can be applicd o the

bz iurm

L,

m

VT

Prodss, 6-58/59

-, The beam & constructed from four boards as
shown. TF it is subjected to a momeant of M. = 16 kip -,
determine the stress al points A and 8. Skeich a
three-dimensional view of the stress distribution

ef—01. The beam s constructed from four boards as
shown. I it is subjected to a moment of M. = 16 kip- [,
determine the resoliant foree the siress produces on the Lop
borard £

Prohs. t—600G1

Zhuhai CosMX Battery Co. - EX1021 (Part 2 of 3)

Zhuhai CosMX Battery Co. v. Ningde Amperex Tech. Ltd.
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=62, A box hcam s constrocied [rom fowr picces of
wipend, glued together as ghown, T0the moment acting on the
cross seclion is 10 kN +m, determine the stress at poinis A and
A and show the results acting on volume elements located ut
theze points,

M= 10 ENm Probs, 6-62

=63, Delermine the dimension a of 8 beam having a
sgpuare eross section in terms of the cading £ of o beam with
@ cincular eross section if both beams are subjected to the
same mtemal moment which results in the same maximuum
bending stress

Prote, 663

*h=fid, The stcel rod having a diameter of 1 in, is subjectid
to-an internal moment of M = 300 Ih-f1, Determine the
stress created al points A and B Also, skeich a three-
dimensional view of the stress distribunion acting over the
cross seetion,

Rk Ihfa

05 in Prob, 6-64

«6=05, [ the moment acting on the cross section of the
beam is M = 4 kip+fi, determing the maximum bending
stress in the beam, Sketch a three-dimensional view of the
stress distribution acting over the cross section,

=6, 1T M = 4 kip-N, determine the resultant Toree the
bending stress produces on the top board A of the beam.

Prihis. S

6-67. The rod is supporied by smooth journal hearings
gl A and # that onlv exen vertical reactions on the shalt. 1f
il = Wl mm, determine the absolute maximum bending
stress in the beam, and sketch the siress distribution acting
ower the cross section.

=8, The rodd is supported by smooth jourmal bearings ul
A and B that only exert vertical reactions on the shaf,

Dictermine its smallest diameter o il the gllowable bending
BLIEss % e = 180 MPa,

12 kN /m
m i

A : [T %
1; im | J_"'im—|

Probs. 6-6T/68
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of=09, Two designs (o @ beam are o be considened,
Determine which one will support & moment of M =
1500 kN - m with the least amount ol bending siress What 15
thian strcss?

¥=T2, The steel beam has the cross-sectional area shown,
Determing the largest intensity of distributed toad wy, that i
can supporl s that the maximum bending stress o Lhe
beam does not exeeed o, = 22 ksi

wf=T8  The steel beam hos the erogg-sectional area shown

| 3l mims | IT gy = 0.5 kip/fl, determine the maximom hending stress
—15mm in the beam,
'y
FCHI trom
e -
— |5 mm
= I 12 12 it |
{ns Him.
|
Proh, G-=69 —— 134 im
RERT | (R
6-Th.  The simply supported Lruss is subjected to the —iXin

cential distnbuted load, Negleet the elfect of the dagonal Probes, 6-72/73

lacing and determine the absolute maximum bending stress 6-T4. The boat has & weight of 2300 b and & center ol
in the truss The top m:mhu 15 & pape having gn ouler diameter pravity at & I it rests on the trailer at the smooth contac A
ol 1 in. and thickness of = in..and the botlom member is &

gnd can be considered pinned at . determine the absolute .|1
solid roud having a dl-lm'-“-r ol 3in. maximum bending stress developed in the main strut o :'1_"
O the trailer. Consider the strut to be a box-heam having the
i3y fbs 10 5.75in. | dimensions shown and pinned at O

| f i | i 1i ! i Ti |

I"rovh. &=70

6=Tl. The axie of the freight car is subjected 1o wheel
loadings of 20 kip, IS supporied by iwo journsl bearings at
Cand 1, determine the maximuom bending siress developed
at the center of the axle. where the diameter is 3.5 in:

roh. 674

6-75,  The shafl is supported by a smooth thrast bearing al
A and smooth journal bearing at £3 1 the shalt has the cross
section shown, determine the absolute maximum bending
siress in the shafi

E - 4 mim ¥ i
III.' in ||n in . B
20 kap 2k kip L“-H -

|5 m LTS8 n
IFrob. 6-71

kM Proh. 6=T5
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#*6-76, Determine the moment M thet must be spplicd o
e beam in order o ereate o maximum siress of 80 MPa,
Also skelch the stress distribution acting over the cross
Reglion.

240 mm

£l mim

Prol, 6-Th

«6-T7. The steel beam has the cross-sectional srea shown,
Dietermme the largest intensity of distnbuted boad w thar
can support so thel the bending stress does nol exceed
Ty = 22 1051

6=T8. The stee| beami has the cross-sectional ared shown,
M w o= 3 kip/f, determine the absoluie maximum bending
stress i the beam.

—s w A1 |

I_.i _l_ll Hin
1] III-—II“: mn
_|_II__-H 1]

Probs. 6-TT/TR

6=T79. 1f the bewm ACH in Prob, 6-9 has o square ¢ross
section, O i hy & im, determine the absolute maximum
bending stress in the besm.

*o=K0. 1T the crine boom AFC n Prob, &3 has a
rectangular eross section with a hase of 2.5 in., determine its
reguired height fr to the I:Ir_'.'i.I'L"'-'I.} in. il the aliowable bending
SLress i% e ™ 24 ksl

=81, [0 the reaction of the ballast on the railway tie can be
assumed uniformly distribated over s length as shown,
delermme the maximum bending stress develeped in the te,
The tie has the rectangular cross section with thickness
= hin

fi-f2. The reaction of the ballast on the railway tic can he
assumed umiformly distnboted over s length ws shown,
Il the wood has an allowable banding stress of o =
15 ksi, determine the reguired minimum thickness ¢ of the
rectangular cross sectional grea of the te to the nearest 3 in,

1% kap 15 kip

|-'|.':||l

(T4
Prulbs. 6-81782

6-83, Determine the absolute maximum Fending siress
in the tubular shaft if & = 160 mm and &, = 200 mm.

=684, The tubular shafl = to have & cross section such
that its inner diameter and omer diameter are related hy
i, = 0.8d,. Determine these required dimensions if the
allowahle bending stress 16 @y = 155 MPa.

15 kN fm
fll kN - m &
1) &
; 15
! im —1m
Probs. 6-83/84

6-85. The wood beam has a rectonpular cross section in
the proportion shown, Determing s reguired dimension
if the allowable bending stress ismrg . = 10 MPa

i1 M m

REEG

2m 2m -

Proh, 6—R5




6=B6, Determine the absolute maximom bending stress
in the 2-in-diameter shafl which s subjected o the
concenirated forces, The joornal bearings gt A and B only
support vertical foroes,

6-87, Determine the smallest allowable diameter of the
shalt which is subjected to the concentrated lorces The
journal bearings at A gnd & only suppor vertcal forces.
The allowable bending stress B o). = 22 ks,

Prohs. G-86/87

“t-88. If the beam haes & square cross section of 9 in. on
cach side, determine the absolule moeximom bending siress
in the beam,

120 I

Proh. 6-H8

sf=89. Il the compound beam i Prody, 642 has a sguare
cross section, determing s dimension @ if the allowable
bending siress i o), = 150 MPa.

6L i the beam in Prob. 6-28 has a rectangolar cross
section with a widih b apd & height &, determine (he
absolute maximoum bending stress in the beam.

.4 The FLENURS FORMULA 2940

6=91. Determine the absolute maximum beoding stress
in the Bl-mm-digmeter shaft which is subjected 1o the
concentrated forces. The jowrnsl bearings st A and B only
support viertical forces

#5-02, Determing the smallest allowable diameter of the
shaft which is subjecied to the concentrated [oroes The
joummnal bearings at A end 8 only supporl vertical forces,
The allowable bending stress 18 o). = 150 MPa.

A ki

+ L3m =4 m 1 Lt i

12 kN
kM Probes, 601492

sf=83,  The man has a mass of T8 kg and stangds motion s
the end of the diving board. TF the boeard has the cross section
shown, determine the maximum normal stram developed in
the Poard, The modulus of clastcity for the material s
E = 115 GPa. Assume A is a pin and B i a roller,

b

—

| A5 mm
| 3w

&S = Jihmm
HE] ] mi—ﬁ XEm —-I C I | |
b ey 10 B0 mm

Proh. 6-93

694, The two solid sieel rods are bolted 1ogether along
their length and support the loeding shown, Assume the
guigrponrt @t A s pinand Bis a roller, Determine thie regguired
digmeter o of cach of the rods if the allowable bending
SLTess 16 iT 0 = 131 MPa,

6=95, Solve Prob 6-94 01 the rods are rotated 907 50 that
both rods rest on the supports a1 A (pin) and 8 (roller).

31 kM
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“h=t0, The chair s supperted by an arm that is hinged =0
it roates aboul the vertical axis at A, I the load on the ehair
t5 180} b and the arm 5 a hodlow wbe section having the
dimensions shown, determine the maximom bending siress
at sectinn 8-,

1t [y

g _'T —| |—115in

Proh. 696

6=97, A portion of the femur can be modeled as o tube
having an inner diameter of (L3T5 in, and an outer digmeler
of 1.25 in. Determine the maximum clastic siatic foree P
that can be applied to itz center. Assume the bone 10 be
roller supported at s ends The o —e diagram Tor the bone
maks is shown end is the same in lension as in compression,

et § $711

||

L35

e (i fn)

LLIA (hils

Pruoky, =47

6=98. If the beam in Prob 618 has @ rectanpulor eross
section with a width of 8 in. and a beight of 16 in.. determine
the sbsolute maximum bending stress in the beam,

[%an

s in—|

Prok, 698

=0, 11 the Deam has b Sqoare cross section of 6 in, on
each side, determine the absolute maximum bending siress
in the heam,

Jil Ik T

i i o fit

Pruly, (-9

*f=100. The steel beam has the cross-sectional area
shown, Determine the largest intensity of the distribuied
load iy, that it can support so that the masimum bending
stress in the beam does not exceed 7 = 22 KSL

sh=100. The steel beam has the Goss-sectional wrea
shiown, 1wy = I kip/Te, determing the maximum bending
stress in the beam.

Wi

—_—
| 9 U |
| W, | J_
2% .
11.251n 17 hi
%
Mrobs. 61K 101




6=102, The bolster or man supporting sirder of a ruck
oy 35 subjected 1o the wniform dismributed load Determine
the bending siress at poinis A and B

1.5 kip T
I1 N b
I 1y \.ﬂ
b= P
A |'"'-JJ
Bl { 12N |
F, F;

Prob., 6-102

6-103, Determing the largest uniform distributed load w
that can be supported so thal the bending stress in the beam
does not exceed 7 e = 5 MPa

*o=fd, I w = 10kN/m, delermme the maximim
bending stress in the beam. Sketch the stress distribution
pctmg over the cross secton,

Probs. 6—1037 114

G4 Th: FLESURS FORMLA a1

sf=103, 11 the allowable bending stress for the wood beam
S o = 130 pei, determine the required dimension I to
thc ncarest .IT im0 118 cross seclion, Assume Lhe support al /A
i i pin and K is o roller

=106, The womd beam has a rectangular ¢ross section in
the proportion shown. Ifd = 7.5 in. determine the absolule
maximum bending stress in the beam

Hl b

A
I

Prostes. =105/ 11

=107, A heam is made of a maternial that has a modalus of
clusticity m compression differenl [rom that given for
tension, Determine the bocation ¢ of the newtral axis, and
derive an expression for the maximom wnzile stress in the
beem having the dimensions shown if it is subjected 1o the
bending moment M

*a=10R. The beam has @ rectangular cross section and is
subjected o & bending moment ML I the meterisl from
which i1 s made has o different modulos of elastiaty for
tension ad comprossion as shovwn, determme the logation «
ol the neutral axis and the maximum compressive siress in
the beam.

!
F |
}}‘5(
L
‘A/
i
Probs, f-107110E
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Axipal svmmerry

i

—

-
.-j:_,.\-""-‘ﬁu'hirﬂ axes
| M

A

Axis ol symmenry

Mewlial axis

Fip. 6-29

6.5 _Unsymmetric B;ding

When developing the flexure formula we imposed a condition that
the cross-sectional area be syrenetric about an axis perpendicular (o the
neulral axis; furthermaore, the resultant mtemal moment M acts along
the newrral axis. Such is the case for the =T7 or channel sections shown in
Fig 6-29. These conditions, however, are unnecessary. and in this section
we will show that the flexure formula can also be applied either to a
beam having a cross-sectional area of any shape or to a beam having a
resultant internal moment that acts i any direction.

Moment Applied About Principal Axis. Consider the beam's
cross section o have the unsymmetrical shape shown in Fig, 6-3kr, Asin
Sec. a4 the right-handed x, v, z coordinate svstem 15 established such
that the origin is located ar the centroid © on the cross section, and the
resultant internal moment M acts along the 4z axis, We require the stress
distribution acting over the entire cross-sectional area to have a zero
force resultant, the resultant internal moment about the v axis to be zero,
and the resultant intermal moment aboul the z axis (0 egual M.* These
three conditions can be expressed mathemalically by considering the
force acting un the differental element dA located at (1) v, 2), Fig. 630
This force 18 dF = o dA. and therefore we have

Fgm EF.: i /mm (614}
oA

="M = —fz-r.:i‘.-! (6-15)
A

(Mg). = ZM.: M= f_nr.r il A {6—16])
A

Bendimg-sireas distribution
[profile veew
{h1

L

Fig. 6-30

“Tlse condition that moments about the v axis be equal o sero was nol considered in
Sec 6.4 since the Tunllln_u-strc_u distrbhtsen was svRen e with rexpect by the v nxis and such
i distribsution of siress auicamatically produces zers moment abour the v axis. See Fig 6240



As shown in Sec. 6.4, Eq. 614 is satisfied since the : axis passes
through the cendroid of the area, Also, since the ¢ axis represents the
mewtrad axis for the cross section, the normal stress will vary limearly from
zero at the neutral axis, o a maxomem at v = c, Fig 6-30%. Hence the
stress distribution is defined by o0 = —{ ¥/ e . When this equation is
substituted into Eq. 6-16 and integrated, it leads to the flexure formula
e = Mo/ T, When it is substituted into Eq. 615, we pet

= m / _1'Ed-"1
L A

which requires

f yzdA =1
A

This integral is called the product of inerrfa for the area. As indicated
in Appendix A, it will indeed be 2ero provided the v and 2 axes are
chosen as principal axes of inertia for the area. For an arbitrarily shaped
area, the orientation of the principal axes can always be determined,
using either the inertia transformation equations or Mohr's circle of inertia
as explained in Appendix A, Secs. A4 and A5 07 the area has an axis
of symmerry, however, the principal aves can easily be established
since they will alwavs be oriented along the avis of symmeiry and
perpendicalar to it

For example. consider the members shown in Fig. 6-31. In each of
these cases, v and £ must define the principal axes of inertia for the cross
section in order to satisly Egs 6-14 through 6-16. In Fig. 6-31a the
principal axes are located by symmetry, and in Figs 6-315 and 6-31c their
urientation & determined usmg the methods of Appendix A, Smee M s
applied about une of the principal axes {2 axis), the stress distribution is
determined from the flexure formula, o = —My/l., and is shown for
each case

&5 Llssysissrec BENDING
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A= Maind

Moment Arbitrarily Applied. Sometimes a member may be
loaded such that M does not act about one of the principal axes of the
cross section, When this occurs, the moment should first be resolved
into components directed along the principal axes, then the flexure
formula can be psed (o determine the normal striess cansed by each
moment component. Finally, using the principle of superposition, the
resultant normal stress at the point can be determined.

To show this, consider the beam to have a rectangular cross section
and to be subjected to the moment M, Fig 6-32¢. Here M makes an
angle # with the principal ¢ axis. We will assume # is positive when it is
directed from the +z axis toward the +y axis, as shown, Resolving
M into components along the 7 and v axes, we have M. = Mcos#
and M, = M sin#, as shown in Figs, 6320 and 6-32c. The normal-
stress distributions that produce M and its components M. and
M, are shown in Figs 6-32d, 6-32¢, and 6-32f where it is assumed
that (o, ey = (07" Jpay- BY inspection, the maximum tensile and
compressive stresses [(o dmae + (0 I pocur at two opposite comers
of the cross section, Fig. 6-324d.

Applving the flexure formula to each moment component in Figs. 6-325
and 6-32¢, and adding the results algebraically. the resultant normal stress
at any point on the cross section. Fig. i-324. is then

My Mgz
TA SR

RS

(A-1T7)

Here,

i = the normal stress at the point

¥z o= the coordinates of the point measured from x, v, £ axes
having their origin at the centroid of the cross-sectional
area and forming a right-handed coordinate system
The x axis is directed outward from the cross-section and
the v and 7 axes represent respectively the principal axes
of mimimum and maximum moment of mertia for the
area

M, M. = the resultant intemal moment components directed along
the principal ¥ and ¢ axes They are positive if directed
alomg the +vand +2 axes. otherwise they are negative.

Or, stated another way, M, = M sin # and M. = M cos #,
where ¢ is measured positive from the 7 axis toward the
+ 3 axis

I 1. = the princrpal momeniys of inertia calculated about the v and 2

axes, respechively. See Appendix A
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The x, v, z axes form a right-handed system, and the proper algebraic v
signs must be assigned to the moment components and the coordinates
when applving this equation, When this is the case, the resulting stress
will be fersile if 1t is positive and compressive if it is hegafive

Orientation of the Neutral Axis. The angle a of the L 88
neutral axis in Frg. 6-32d can be determmed by applying Eq. 6-17
with o = 0, since by deflinition no normal siress acts on the neutral
axis. We have

| Ly by # ¥ : :|||u.1 |

|||.?'. I".. l:‘rr;:ll'll'll

'H'I !'T -I':‘"u'-.ﬂ t rﬂ".i'...“l
v z
M1, i
Since M. = M cos fand M, = M sin &, then I

V= Lmn r

This equation defines the neutral axis for the cross section. Sance the
slope of this line s tan & = v/z. then

(6-18)

i
tan & = ,—‘mn # (619
v

Here it can be seen that unless [, = [T, the angle #, defining the direction
of the moment M. Fig. 6-32a, will mor egua! @, the angle defining the
inclination of the neutral axis, Fig, 6-32d.

Important Points

* The flexure formula can be applied only when bending occurs
aboutl axes thial represent the principol aves of merita Tor the in
cross section. These axes have their origin al the centroid and
are oriented along an axis of symmetry, if there is one, and
perpendicalar to it

* If the moment is apphied about some arbitrary axis, then the
moment muost be resolved nto components along each of the
principal axes, and the stress at a pomt is determined by
superposition of the stress caused by each of the moment
COMPONETHS,

Fip. 632 {coni)
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EXAMPLE [6.15

The rectangular cross section shown in Fig. 6334 is subjected to a
bending moment of M = 12 kN-m. Determine the normal stress

developed at each comer of the section, and specify the orientation of
the neutral axis

SOLUTION

Internal Moment Components. By inspection it is seen that the v
and r axes represent the principal a¥es of imerfin smce they are axes of
symmetry for the cross section. As required we have established the z
axiy as the principal axis for maxirgen moment of inertia. The
mioment is resolved into its v and © components, where

4

My = —({12kN-m) = ~960kN-m
3

M. = Z(12kN+m) = 720 kN -m

Section Properties. The moments of inertia about the v and 7 axes
are

|

f, = {04m)(02m)’ = 02667(10) m*
|

I, = = (02m}(04 myt = 10a7(107) m?

Bending Stress. Thus,

ﬂ"’:—_‘-‘ 'Hrl-:
= +
I l,
7200107 ) N-m(0,2m) 5 — 9600 10FY N -mi —{.1 m) 125 MP A
iTpg — =L e £ ] LI
: LO6T 10 ) m? 0.2667(107) m*
T2 P N-m(02m) —960(10") N-mil.l m)
o = ] + = S = —4.95 MPa Ans.
LOGT(10 Y m 0266710 "y m
T2y N-m(—02m} —960(10") N-m{(.]1 m)
= S + pas = —225MPa Anx
LT 10 m 01.2667(10 Y m
T20(10° ) N-m{—-02m) —9&0(10° N-m({—0.1 m)
Ty = 1L = 495 MPa  Ans,

L.oa7{ 107"} m* 26671071 m?

The resultant normal-stress distrbution has been sketched using
these values, Fig. 6-336. Since superposition applies. the distribution is
linear as showr,
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%

4
M=12kN'm

(L1

Fig. 6-33

Orientation of Neutral Axis. The location z of the neutral axis
{NA), Fig. 6-33h, can be established by proportion. Along the edpe
BC. we require

235MPa  4.95MPa
C02m — )

45) = 225z = 4952
&= 625 m

4

In the same manner this is alse the distance from £ to the newtral axis
m Fig. 6-33h.

We can also establish the orientation of the N4 wsing Eqg. 6-1%,
which is psed to specify the angle o that the axis makes with the 2 or
maximim principal axis. According to our sign convention, & must be
measured from the +2 axis toward the +y axis. By comparison, in
Fig. f-33c. # tan '3 = —53.1° {or 8 = +306.9%), Thus,

"r.'
tanoe = —lan #
]

|

L6710y m? .
BN o = T tan{—53.1%)
0.2667(1077) m*

o= — 4" Anx

This result is shown in Fig. 6-33c. Using the value of ¢ caloulated
above, verify, using the geomeltry of the cross section, that one obtains
the same answer.

(k)

{ch
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EXAMPLE [6.16

The Z-section shown in Fig. 6-344 is subjected to the bending moment
of M = 20 kN +m. Using the methods of Appendix A (see Example
A4 or A.5), the principal axes v and 7 are oriented as shown, such
that they represent the minimum and maximum principal moments
of mertia, I, = 0.960(10 Y} m' and 7. = 754{10 ") m*, respectively.
Determine the normal siress ol point P and the ofmentaton of the
neutral axis

SOLUTION

For use of Eq. 619, il is important that the z axis represent the

principal axis for the raximom moment of inertia. (Note that most of
- the area is located furthest from this axis )

|l|“imm Internal Moment Components. From Fig 6-34a.

: M, = 20kN-msin37.1° = 1679 kM -m
SR M. =20 kN-mcos 57.1° = 10.86 kN +m

I |;1| 1H|:1;(

]

Bending Stress. The v and : coordinates of point P must
be determined first, Note that the v, ' coordinates of P oare
(—0.2m, 135 mb, Using the colored trangles from the construction
shown in Fig, 6-24h, we have

—),35 5in 32.9° — 0.2 c05 32.9" = —(L3580m
zp = 035008 329° — D2 8in 3297 = (L1852 m
Applving Eq. 6-17,
M.yp M2

U|I| |

I, T,
! : (LOB6(10") N - m)(—0.3580 m)  (16.79(10%) N-m)(0.1852 m)
(1200 |
il 754{10 ) m’ 0.860(10 ) m*
2,
NSRS = 3.76 MPa Ans
\\1 = 3w 2 e : :
™ & Orientation of Neutral Axis. The angle # = 37.17 is shown in
= T 653" Fug. t—3dia. Thus,
| -
]

7 ' 7.54( 107"}y m? .
™ (o= L 5T
0.860{10) m
%ﬂ

i v o= 553" A

Fig. 6-34 The neutral axis is oriented as shown in Fig 6-345h,
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. FUNDAMENTAL PROBLEMS

Fa=2 Determing  the bending  stress  developed ol Fa-21. Determne the maximum stress inothe beam’s cross
eorners A and B What is the orientation of the newtral axes? section,

-
-

3 I

| 1548 mim

Fir=20 Fi=21

| | PROBLEMS
#6-109. The beam is subjected to o bending moment of G=110 I the resultant interniel moment cling on the
M = 2ibKip - Tt directed as shown, Deternumne the maximiom cross section of the aluminum strut has a magnitude of
bending stress in the beam and the crientstion of the M =520%-m and % directed as shown, determine Lthe
ncutral exis bending stress al points A and B The locition ¥ of the

; - ) centroid O of the strut's cross-sectional arca must be
5'“?“ Determine  the ML magnitude of  the determined. Also, specifly the orientation of the neutral axis,
bending moment M that can be applied o the heam so that ]
the bending stress in the member docs ool exceed 12 ksl *a=112, The resultant infernal moment aeting on the

crogs section of the aluminum strut has & magnitude of
M=35320N-m and & dirccted as shown Determine
maximum bending stress in the strot The focation 7 of the
centrold O of the strut’s cross-sectional arca must be
determined. Also, specify the orientation of the noutral axis,

¥

s = 3201 M-

i— - :
20 mm |
T—_ 200 mum

Probs, 6— 1007110 — 2} mrm —— 200 Prohs. 6-1111112
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f-113%, Consider the gencral case of @ prismatic beam
sulected 1o bending-moment components M, and M.,
a5 shown, when the x, v, 2 axes pass through the centroid
of the coss section. [T the malenal s lnecar-clastic, the
normal stress in the beam s a lincur lunction of position such
that o = a + by + ez. Using the equilibrium conditions
0= ,I'iu'd'ﬂl- M, = fizedA, M, =_|I'A—}'|.rd.~1.- determing
the comstani= & b, and ¢ and show  that  the
rormil stress can be  deermined  from the edguation
a=[-(ML, + M0y + (M I+ MI )T 1 — 15
where the moments and prodocts of inertia are defined in
Appendiy A

Prob, 6-113

=114, The cantilevered beam 12 made ffom the Z-scetion
having the cross-section shown, I il supports the iwao
loedings, determine the bending stress ol the wall in the
beam at point A Use the resalt of Prob 6=113,

6=115. The cantilevered beam is made from the Z-section
having the cross-seclion shown, I i supports the twao
loadings, delermine the besding stress al the wall in the
beant at point B U the result of Prob, 6113

by

2.25in

Fim

—l—

125 0.

Probs 6-114/115

*6=116. The cantilevercd wide-llange steel boam is
subjected 10 the concentrated force P at s emd, Determing
the larpest magnitude of this foroe so that the bending siress
developed at A does not exceed oy, = 180 MPa,

o4=117. The cantilevered wile-Mlanpe steel beam i
subjected o the concentrated foree of P = 6NN at its end,
Dietermine the meaximum bending stress developed in the
beam at section A.

M mm

e

10 pmim ¥
150 muim 1 mm
i BEzlf

Illrrlrn_l_

Probs, 6=116/117

o=118. Tf the heam is subjecied 1o the internal moment of
M = 1200 EM+m, determine the meximum bending siress
seting on the beam and the onentation of the seotral axis,

=119, If the beam s made from & matenal having
an allowable tensile  and compressive  stress  of
{Taiiedy = 125 MPa and {0 ). = 150 MPa, respectively,
determne the masimuwm allowable internal moment M than
can be applicd to the beam.

L=

1500
L
150 mm

=

150 mm

Prohs. 6=11R/119




=120, The shaft i supperted on two journal beanngs
at A and B which offer no resistance o axial loading.
Determing  the required diameier @ of the shalt if

the allowable bending  stress for the matenal s
s = 150 MPa,
150N 130N
Meoby. 61240
sf=121, The Iemm-diameter shaft s sobjected to the

vertical and horizontal loadings of tw palleys as shown, Tt
is supporicd oo two journal bearings at A and 8 which offer
no fesistonee 1o axial loading. Furthermore, the coupling 1o
the motor at O cin be assumed not o offer any supporn
to the shalt. Determing the maximum bending stress
developed i the shal

Prob. 6-121

6-122. Using the techniques outlined in Appendix A,
Example A5 or Ab, 1he 2 section has principil moments of
ineriia of 1, = 0060{10" m* and .= G471{1077) m?,
computed about the principal axes of inertia v and z,
respectively, 1T the section 15 subjected 1o a0 intermal
moment of M = 250N -m directed horizontally az shown,
determing the stress produced at point A Solve the
problem using Eq, 6-17

6-123, Salve Proh 6-122 using the equation developed in
Prob. i-113.
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=124, Uszing the techmgues outlingd in Appendix A,
Example A5 or A6, the & waction has principal moments of
inertia of £, = 0060107 m* and f, = 04710007 m?,
computed about the principal axes of inertia v and =,
respectively, 11 the section is subjected 1o an internal
moment of M = 230N m dirccted horizontally as shown,
determine the siress produced ot point 8 Solve the
problem using Eq, 6-17.

Flmm e
N

Mrobs, 6=122123/124

#f-—123, Determine the bending stress at point A of the
beam, and the orientation of the neotral sxis. Using the
method in Appendix A, the princtpal moments of inertia of
the cross section are [! = 8828 in' and [ = 2295,
where ' and v are the principal sxes. Solve the problem
using Eq. h=17,

6-126. Determing the bending stress at point A of the
beam wsing the result oblamed in Prob 6113 The moments
oof imertia of the cross sectional arca aboul the = ond v axes
are [, = F, = 53561 in® and the product of inertia of the
cross sectional area with respeet to the 7 and y axes is
I.-= —3.267 in®, (Sec Appendix A)
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Beams constructed of two or more different materials are referred o as
composite beams. For example, a beam can be made of wood with straps
of steel at its top and bottom, Fig 635 Engmeers purposely design
beams in this manner in order to develop a more efficient means for
supporting loads

Since the flexure formula was developed omly for beams having
homogeneous material, this formula cannot be applied directly to
determine the normal stress in a composite beam, In this section,
however, we will develop a method for modifying or “transforming” a
composite beam’™s cross section mio one made of a smgle material. Onee
this has been done, the Nexure formula can then be wsed for the stress
analvsis.

To explam how te do this we will comsider a composite beam made
of two materials, 1 and 2, which have the cross-sectional areas shown in
Fig. fi-3a. IT a bending moment is applied to this beam. then, like one that
is homogeneous, the total cross-sectional area will reomadn pline after
bending. and hence the normal strains will vary linearly from zero at the
neutral axis to a maximum in the material located farthest from this axis.
Fig. 6-36h. Provided the material is linear elastic, then at any point the
normal stress in material 1is determined from o = Eye, and for malerial
2 the stress distrbution is found from o = E-e, Assuming material 1 s
stiffer than matenal 2, then £y = E- and so the stress distribotion will
look like that shown in Fig. 6-36¢ or 6-36d. In particular, notice the jump
in stress that occurs at the juncture of the two materials. Here the sirain is
the same. but sinee the modulus of elasticity for the matenials suddenly
changes, so does the siress, It 5 possible to determine the location of the
newtral axis and the maximum stress based on a trial-and-error procedure,

Steel plates

Fig. 6-35




This requires satistving the conditions that the stress distribution produoces
a 7ero resultant force on the cross section and the moment of (he siress
distribution about the neutral axis must be equal tis ML

A simpler way (o satsfy these two conditions is 1o use the fransfonmed
sechion tethod, which transforms the beam into one made of a single
material For example, if the beam is thought to consist entirely of the
less stiff material 2, then the cross section will look like that shown in
Fig. 6-3fe. Here the height & of the beam remains the same, since the
strain distribution in Fig 6368 must be preserved, However, the upper
poction of the beam musr e widened in order 1o carry a load eguivalens
o that carried by the stiffer material L in Fig. 6360l The necessary width
can be determined by considering the force JdF acting on an area
dA = dz dy of the beam in Fig, 6360 [t is dF = o d A = (Ee) dz dy,
Assuming the width of a corresponding elemiens of height dyv in Fig, 6360
is mwdz, them dF" = o'dA" = (Eseln dz dy. Eguating These forces, so thiit
they produce the same moment about the ¢ (neutral) axis, we haye

Eiedzdy = Esendzdy
0T
£

~2(1
Ex [ i 200]

Mormal strain varialion
|pr|1r'|l:' viEw i

(b}

Blending siress variation
(profile view) Bending slicss vanadion

(&) {d)

Fig. 6-36

&6 Composie Beams
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Beam iransformed io rl1|l|.'|'li|1®
feh

o= 'l
Beam trunsloroed (o miilérial

(fi

Bending-stress varibeon fo
benm tranaformed to matereal (T

g

Bending-siress vinnticn for
beam manslormed 1o matermil '_I_'l

hi

Flg. 630 (cuni.)

This dimensionless number n is called the fransformarion facior.
indicates that the cross section, having a width b on the original beam,
Fig. 6—36a, must be mcreased in width to bs = nb in the region where
material | 15 being transformed into material 2, Fig. 6362

In a similar manner, if the less stiff material 2 is transformed into the
stiffer material |, the cross section will look like that shown in Fig. 6-367.
Here the width of material 2 has been changed to by = w'h, where
n' = E E; . In this case the transformation factor 1’ will be fess than
apesinee £y = E- Inother words, we need less of the stiffer matenial to
support the moment.

Cmece the beam has been transformed into one having a single
miateriel, the normal-stress distribution over the transformed cross
section will be linear as shown in Fig, 6-36g or 6360, Consequently, the
centroid {newtral axis) and moment of incrtia for the transformed area
can be determined and the flexure formula applied in the usual manner
tio determine the stress at each point on the transformed beam. The
stress in the transformed beam will be equivalent to the stress in the same
material of the actual beam; however, the stress found on the transformed
material has to be multiplied by the transtormation factor s (or n' ). since
the area of the transformed material, d A° = n dzdy, is # times the area
of actual material dA = dz dy. That s,

dF = adA = a'dA’
qdzdy = a'ndrdy
& = (B-21]

Example 6.17 numerncally illustrates application of the transformed
seciion method.

Important Points

* Compasite heams are made from different matenals m order 1o
efficiently carry a load. Application of the flexure formula
requires the material to be homogeneons, and so the cross section
of the beam must be transformed into a single material if this
tormula is to be used to caleulate the bending stress,

= The transformation fictor o s a ratio of the moduali of the different
materials that make up the beam. Used as a multiplier, it converts
the width of the cross section of the composite beam into a beam
made from a single material so that this beam has the same
strength as the composite beam. S0ff matenal will thus be replaced
by more of the softer material and vice versa

# Once the stress in the transformed section 15 determaned. it must
be multiplied by the transformation factor to obtain the stress in
the actual beam;
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*6.7 Reinforced Concrete Beams

All beams subjected to pure bending mwst resist both tensile and
compressive stresses. Concrete, however, is very susceptible 1o cracking
when it is in tension, and therefore by itself it will not be suitable for
resisting a bending moment.® In order (o circumvent this shorteoming,
engineers place steel reinforcing rods within a concrete beam at a
location where the concrete is in tension, Fig. 6374 To be most effective.
these rods are located farthest trom the beams neuwtral axis. so that the
moment created by the forces developed in them is greatest aboul the
newtral axis. Furthermaore, the rods are required (o have some concrete
coverage to protect them from cormosion or loss of strength in the evenrt
of a fire. Codes vsed for aciwal reinforced comerete desipn assume the
ability of concrete will not support any tensile loading, since the possible
cracking of concrete is unpredictable. As a result, the nommal stress
distribution acting on the cross-sectional area of a reinforced concrete
beam is assumed to look like that shown m Fig. 6-37h,

The stress analysis reguires locating the newtral axis and determining
the maximum stress in the steel and concrete. To do this, the area of steel
Ay is first transformed into an equivalent area of concrete using the .
transformation factor o = E/E ... This ratio, which gives n > 1, Concrete sssumed
requires a “greater” amount of concrete to replace the steel. The ""1‘_"-'“" Withi
transformed area is aAy and the transformed section looks hike that HEs i
shown i Fig. 6-37c. Here o represents the distance from the top of the
beam to the (transformed ) steel, b is the beam’s width, and 4" @ the vet
unknown distance from the top of the beam to the newtral axis. To obtain
h', we require the centroid ¢ of the cross-sectional area of the
transformed section to lie on the neutral axis, Fig. 6-37¢, With reference
to the neutral axis, therefore, the moment of the two areas, £vA, must be
Zero, since ¥ = EVA/ZA = ), Thus,

(v

F;h’(i_;) HAGMd = f') =0

i

!
E'J'!"' + AN — nALd = 1)

{ch

Fig. 6-37
Once A" is obrained from this quadratic equation, the solution proceeds s

in the usual manner for obraiming the stress in the beam. Example 6.18
numerically illustrates application of this method.

Tlpspection of ils partcular siress-strein dipgram i Fig 5-11 reveals that concrete can
be 125 times uln.m-gl:r mn COMrEEsnmn ithan in lensiosn
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EXAMPLE | 6.7

A composite beam is made of wood and reinforced with a steel
sirap located on its bottom side. It has the cross-sectional area
shown in Fig. 6~38a. If the beam is subjected to a bending moment of
M = 2kN-m, determine the normal stress at points B and O Take
E. = 12GPa and E; = 200 GPa.

all

L5t mm

Al mm {in ihi

Fig. 6-38 SOLUTION

Section Properties. Although the choice is arbitrary, here we will
transform the section into one made entirely of steel. Since steel has a
ereater stiffness than wood (Ey > E, ). the width of the wood must
be rediced to an equivalent width for steel. Hence i must be less than
one. For this to be the cage, n = EL/E,, so0 that
12 GPa

;= nby, = m[liﬂmm] = 0 mm
The mansformed section is shown in Fig, 6-380,

The location of the centroid (neutral axis), calculated from a
reference axis located at the hattom of the section, 15

STA 1001 m](0.02 my(0150m) + [0.095 m]{0.009 m)(0.150 m)
EA (.02 m{0.150m) + 0009 mi0150 m)

L]

= (13638 m

The moment of mertia about the neutral axis is therefore

Fogy = '%fﬂ.]fﬂlm}[ﬂ-[ﬂ m)’ -+ (01050 m}{0.02 m (003638 m = 0.01 m]’]

" - 11_2{"11.-‘]-.; m (S0 m Y + (0000 m (0150 m ) {0.085 m — 003638 m)°

“ 93580107 m?
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(210 MPu
350 MPa

.70 MPa

i)

Fip. 6=38 {coni.)

Normal Stress. Applving the flexure formula, the normal stress at
B and Cis

2107y N-mi{0.170 m — 0.03638 m)
g = R = 28.6 MPa
Q355107 m

= 10"y N -m{ 003638 m)
= 0.358(10 ") m"*

Tc = 778 MPa Ans

The normal-stress distribution on the transtormed (all stecl) section is
shown in Fig. 6-38c,

The normal stress i the wood at B in Fig, 6-38q. 18 determingd from
Eq. 6-21: that is,

12 GPa

o I T N GPa

(28.56 MPa) = 1.71 MPa Ans

Using these concepls, show that the normal stress in the steel and
the wood at the point where they are in contact is oy = 350 MPa and
ir, = 0210 MPa. respectively. The normal-Stress distribution i the
actual beam is shown in Fig. 6-38d.
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EXAMPLE |6.18

Al kapefi

l-im,~himmerer bors 2 im
1)
=12 -
R g | 1
* & 'li" s
ﬂ":r H’] J'lr I im.
:".-"l'.—_'_-l
N A
f l
C L T N
i A= 1265 in?

(b

The reinforced concrete beam has the eross-sectional area shown in
Fig. 6-3Y. 11 it is subjected to a bending moment of M = &0 kip - fi.
determine the normal stress in each of the steel reinforcing rods and
the maximum normal stress in the concrete. Take E, = 29(10F) ksi
and E_,.. = 3.6(10%) ksi.

SOLUTION

Since the beam is made from concrete, in the following analysis we
will neglect its strength in supporting a tensile stress

Section Properties. The total area of steel, Ay = 2[= (0.5 in.)7] =
1.5371 in" will be transformed into an equivalent area of conerete,
Fig 6-39h. Here

_ :qmr‘Jks&rHﬂ_ 52 G
— j & — —- e T —_ s b -
: 36010 ksi = i

We require the centroid to lie on the neotral axis. Thus EvA = 0, or
' 2
12 in. r_fr']‘T— 1265 in' (16, — ') =0
R+ 21048 —337=10
Solving for the positive root,
H o= 485in,

Using this value for f', the moment of inerfia of the transformed
section about the neatral axis is

e
=

I : i . e T
fm E“E'“-]‘H Biin)y + 12 in. (485 in.)
+ 1265in° (16in. — 4.85in.)" = 2029 in”
MNormal Stress. Applying the flexure formula to the transformed
section, the maximum normal stress m the condrete s
[60 kip« fti 12 in./ft}[(4.85in.)
2029 int

The normal stress resisted by the “conerete” strip, which replaced the
sreel.is

= | T2 ksl Ans

e A }u:ul.

- |60 kip - ft(12 in./ft)]{ 16 in. = 4.85in.)
i i 2029 in’*
The normil stress in each of the two reinforcing rods is therefore
; 29(10F) ksi
Ty = WF e = (—.‘l.-"i[ mq} ks

The normal-stress distribution is shown graphically im Fig, 6-3%

= 3.9 ksi

)3.‘:1& ksi = 31.9 ksi Anx




*6.8 Curved Beams

The flexure formula applics to a straight member, since it was shown that
the normal strain within it vanes linearly Irom the neutral axis 17 the
member is curved, however, this assumption becomes inaccurate, and 50
we must develop another method o describe the stress distribution. In
this section we will consider the analvsis of a cirved beanr, that is. a
member that has a curved axis and is subjected to bending. Typical
examples include hooks and chain links In all cases, the members are
nal slender, but rather have a sharp curve, and their cross-sectional
dimensions are large compared with their radius of curvature.

The Tollowing analvais assumes that the cross section 15 constant and
has an axis of symmetry that i perpendicofar (o the divection of the
applied moment M, Fig. 640z, Also, the material is homogeneous and
isotropic, and it behaves in a linear-elastic manner when the load is
applied. Like the case of a straight beam, we will also assume that the
cross sections of the member remain plane after the moment is applied.
Furthermore, any distortion of the cross section within its own plane will
be neglected.

To perform the analvsis, three radii, extending from the center of
curvature € of the member, are identificd in Fig. 6-dlla. Here 7
references the known location of the cemiraid for the cross-sectional area,
R references the vet unspecified location of the rewtral axis, and rlocates
the arbitrary point or ared element dA on the cross section.

Centrol

Moutial uxis

6.8 Cusven Beanis ERR"

This erane hok represents o typical example iL
of § curved beam. L

M |

Area clement dA i

{&)

Fig. 641}
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&y
(b)

Fig. =400 {coni.)

Shape J:#

I fi I

on_
_! 5

el

If we isolate a differential segment of the beam. Fig. 6405, the stress
tends to deform the material such that each cross section will rotate
throwgh an angle A#/2. The normal straim e in the strip (or line) of
material located at r will now be determined. This strip has an origmal
length rdb. Fig. 6-406. However, due to the rotations 86,2 the strip’s
total change in length is 88 R — r). Consequently. e = 58(R — r)/r d8.
It we let & = &a/dit, which is the same for anv particular strip, we have
€ = &R — r)/r. Unlike the case of straight beams, here it can be seen
that the normal sirain is o nonlinear function of r, in fact il varies in a
hyperbolic fushion. This occurs even though the cross section of the
beam remains plane afier deformaton. IT the material remains linearly
elastic then o = Ee and so

s E.ft(R = ) (6-22)

r

This variation is also hyperbolic, and since it has now been established,
we can determine the location of the neutral axis and relite the siress
distribution to the resultant internal moment M.

To obtain the location R of the neutral axis, we require the resultant
internal force caused by the stress distribution acting over the cross
section to be cgual to zero; ie.

Fpw EF.: fr.rt{r'! M
A

j;ﬂ:[ﬁ:rlldﬂ=n

Since £k and & are constants. we have

s il f:!'..'l 0
4 T A

Solving for & vields

A
R =
dA (6-23)
AT
Here
i = the location uf the neutral axis, specified from the center of

carvature €' of the member
A = the cross-sectional area of the member

the arbitrary position of the area element dA oo the cross
section, specified from the center of curvature € of the member

-.,
Il

The integral in Eq. 623 has been evalnated for varous cross-sectional
peometries, and the results for some common cross sections are listed in
Table 6-1.
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In order to relate the stress distrnibution 1o the resultant bending
moment, we reguire the resultant infernal moment to be egual to the
maoment of the stress distribution caleulated about the newrral axis.
From Fig. 6-4{ki, the stress o, acting on the area element dA and located
a distance v from the neutrral axis, creates a moment about the neutral
axis of dM = y(odA). For the entire eross section, we require
M = _.I"_v.'rr dA Since v = R — r, and or is defined by Eq. 6-22, we have

M /If.n r]Ek[Rrrdel

Expanding. realizing that E& and R are constants, then

M= E#:(R:fhr—d—ﬂﬂfc.m . fnm]
AT A A

The first integral is equivalent to A/ R as determined from Eg. 6-23, and
the second integral is simply the cross-sectional area A, Realizing that
the location of the centroid of the cross section s determined from
7= [rdA/A. the third integral can be replaced by FA. Thus,

M= EkA(F — R)

Finally, solving for Ex in Eq. 6-22, substituting into the above equation.
and solving for o, we have

MR —r)

L — 624
e W

Here

ir the normal stress in the member

M = the internal moment, determined from the method of secnons
and the equations of equilibrium and caleulated about the
newtral axis for the cross section. This moment is positive if it
tends to increase the member’s radius of curvature, i.e. it tends
to stranghten out the member

e 3

the cross-sectional area of the member
& = the distanee mieasured from the center of curvature to the
neutral axis. determined from Eg. 6-23

the distance measured from the center of curvature to the
centrond of the cross section

ll
1]

r = the distance measured from the cenmter of curvature o the
point where the stress o 15 1o be determimed
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i

|5I.|.'11.|.|i|13 SEress varialion
{prolile view)

(el

i

i)

H

fe)

Fig. 640 (cont.)

From Fig. 640, r = B — v. Also, the constant and usually very small
distance between the neutral asxis and the centroid 15 e = 7 — R When
these results are substituled mio Eq. 6-24, we can also write

My

L —_— -2
7 Ae[ R — ) (5-25)

These two equations represent twao forms of the so-called crrved-
beam formieda, which like the flexure formula can be used to determine
the normal-stress distribution in a curved member. This distribution is.
as previous|y stated, hyvperbolic; an example is shown in Fig. 64l and
f—4{ld. Since (he stress acts along the crcumference of the beam, it is
sometimes called eirewmferential sivess. Note that due to the curvature
of the beam, the circumferential stress will create a corresponding
component of radial stress, so called since this component acts in the
radial direction. To show how it is developed, consider the free-body
diagram of the segment shown in Fig. 6—4le, Here the radial stress o, is
necessary since il creates the force dF, that is regquired to balance
the two components of circumferential forees dF which act along the
line OB,

Sometimes the radial siresses within curved members may become
significant, especially if the member is constructed from thin plates and
has, for example, the shape of an I-section. In this case the radial stress
can become as large as the aircumferential stress, and consequently the
member must be designed to resist both stresses. For most cases,
however, these stresses can be neglected, especially if the member has a
selid section, Here the curved-beam formula gives results that are in very
close agreement with those determined either by experiment or by a
mathematical analysis based on the theory of elasticity,

The curved-beam formula is normally esed when the curvature of the
member 15 very pronaunced, as in the case of hooks or rings. Fowever,
if the radius of curvature 18 greater than five fmes the depth of the
member, the fecwre formuda can normally be used o determine the
stress, For example. for rectangular sections for which this ratio equals 5,
the maximum normal stress, when determuned by the flexure formula,
will be about 7% Jess than its value when determined by the curved-
beam formula. This error s further reduced when the radins of
curvature-to-depth ratio is more than 3.

“Npe, or n:lr.lrnrll.e Bares, &, P, et al,. Advanced Mecwsicy af Afmiesals, 3rd ed P 333
1978, John Wiley & Sons. Mew York.
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Important Points

* The crrved-heam formude should be used to determine the
circumferential stress in & beam when the radius of curvature is
less than five times the depth of the beam.

* Due to the curvature of the beam, the normal strain in the beam
does potvary linearly with depth as in the case of a straight beam.
As a result. the newtral axis does not pass through the centroid of
the cross section.

* The radial stress component caused by bending can generally be
neglected, especially if the cross section 15 a solid section and not
made from thin plates,

Procedure for Analysis

In order to apply the curved-beam formula the following procedure
is suggested.

Section Properties,

# Determine the cross-sectional area A and the location of the
centrond, 7, measured from the center of curvature,

* Find the location of the neutral axis, R, usmeg Eq. 613 or
Table 6-1. If the cross-sectional area consists of n “composile”
parts, determine fd'd,-"r for esch part. Then, from Eq. 623, Tor
the entire section, & = E..-‘.I.FE{.IF dAfr). In all cases, R < T.

Mormal Stress.

* The normal stress located at a point r away from the center of
curvature is determined from Eq. 6-24. If the distance v to the
puoint is measured from the neutral axis, then find ¢ = ¥ = R and
use Eq. 6-25.

® Since T — R generally produces a very small number, it is best to
calculate F and R with sutficient accuracy so that the subtraction
leads to a number ¢ having at least four significant figures.

* If the stress is positive it will be tensile, whereas if it is negative it
will be compressive.

* The stress distribution over the enfre cross seclion can be
graphed, or a volume element of the material can be isolated and
used to represent the stress acting at the point on the cross
section where it has been caleulated.




324 CHapTEa & BENDING

EXAMPLE [6.19

The curved bar has a cross-sectional area shown in Fig. 6-41a I it is
subjected to bending moments of 4 kN - m. determine the maximum
normal stress developed in the bar

A kkm 4 kMN-m
£

//H:/Imm

‘\"‘k 2500 mm
Y V Ih mm
3 |

2bmm i
St mm

}—Q P
- L

Fig. 6-41

SOLUTION

Internal Moment. Each section of the bar is subjected to the
same resultant internal moment of 4 kN - m. Since this moment tends
o decrease the bar's radius of curvature, 1t 15 negalive. Thus
M=—4kN-m.

Section Properties. Here we will consider the cross section to be
composed of a rectangle and triangle. The total cross-sectional area is

1 I .|
YA = (005m) + =(0.05 m)(0.03 m) = 3.250(10 ) m’

The location of the centroid is determined with reference to the center
of curvature, pomt €7, Fig. 64 1.
ZFA
=4
(0225 m](0.05 m )(0.05 m}) + |0260 m] 0050 m ) {0,030 m)
E 3250010 m?

=

= (L2338 m
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We can find _,l"rl d Afr for each part using Table &1, For the rectangle,

(1.250 m
(2611 m

44 _ ous m[: I

AT

} — 0011157 m

And for the tnangle,

da
Ar

(005 m){ 0280 m) ( (1,280 m "
: (05 m = 0.0028867
(M280m — 0250m)\ | (.250m ) - 5

Thus the location of the neutral axis isdetermmed from

A 3250010 ) m*
o (LOILST m + (0028867 m
A r
"

R = = L23142 m

w

ol

Mote that B < F as expected. Also, the calculations were performed
with sufficient accuracy so that (v — R) = (123308 m — 023142 m =
IR B m s now accurale to three significant figlres

Mormal Stress. The maximum normal stress occurs either at A or
B, Applving the curved-beam formula to caleulate the normal stress at
B.ry = 0.200 m, we have

|H|:.R e rH:|
Ary(vF = R)

(—4 kN -m) ({23142 m — .200m)
325001077 m (0200 m ){ 000166 m )

itrp

= —116 MPa
At pomnt A, ry = 0.280m and the normal siress is

IH[R J’_{] .
AraF— R)

(=4 EN-m)(023142 m — 0. 280 m)
32500001 mA {0,280 m )(0.00166 m)
| 24 MPa

4=

Ay,

By comparison, the maximum normal stress is at A A owo-dimensional
representation of the stress distribution is shown in Fig 6415,

dkdm

16 MPa

A 1 MPa
(ki

Fig. fi—41 {coni.)

[
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6.9 Stress Concentrations

The flexure formula cannot be used to determine the stress distribution
within regions of a member where the cross-sectional arca suddenly
changes, since the normal-stress and strain distributions at the section
become nolinear. The results can only be obtaimed theough experiment
o7, i Ao cases. by using the theory of elasucity. Commuon discontinuites
include members having notches on their surfaces, Fig. 6420, holes for
passage of fasteners or other items. Fig, 6420, or abrupt changes in the
outer dimensions of the member's cross section, Fig, 642 The macimnn
pormal stress af each of these discontimuities occeurs at the section taken
through the smalles cross-sectional area.

For design. i 5 generally imporiant to only know the maximum
normal sress developed at these sections. not the actual stress
distribution. As in the previous cases of axially loaded bars and
torsionally loaded shafts, we can obtain the maximum normal stress due
to bending using a stress-concentration factor K. For example, Fig. 643
gives values of K for a flat bar that has a change in ¢ross section using
shoulder fillets. To pse this graph simply nd the geometric ratios w/'f
and rff and then find the corresponding value of & for a particulas

14
1%
I L.
I| il
1|I.
1 1y
- 1
| ; E— |
Ill 1 - ¢
! 44 |
| i 1 !
t 4 4
LA Ty ] K ‘ g
NN w_ 3 23 AT 1)
i ] k" E g \ b
|1 \_“r il s ";T_I
i
- x
1“‘. T = ] b lf o {1
— =
NIRRT [ L SRS
K “1.-“" ] h L& =
] - '-'i'-\-\'".-' .-l""::_—ll |4 H""l:""l-_
e - ! ——.
—_— o .
] e |2 B B e
-""—---_f__
(W]
1] 1N I 03 04 05 06 07 LE 0% I i il | na 3 [ 1,5
= r
hi h
Fig, I3 I'-'|.-,. =14
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peometry. Onee K is obfained, the maximum bending stress shown
Fig. 645 is determined using

e (6-26)

In the same manner. Fig, 644 can be wsed if the disconbnuity consists of
circular grooves or notches.

Like axial load and torsion, stress concentration for bending should
always be considered when designing members made of brittle materials
or those that are subjected to tatigue or ovelic loadings, Also, realize thar
stress-concentration factors apply andy when the material is subjected 1o
elusiic befvior, I the applied moment causes vielding of the material, as
is the case with ductile matecials, the stress becomes redistributed
throughout the member, and the maximum stress that results will be
fmwer than that determined using stress-conceniration factors. This
phenomenon is discussed further in the next section.

Important Points

* Stress coneentrations oceur at pomts of sudden cross-sectional
change. caused by notches and holes, because here the siress and
strain become nonlinear. The more severe the change, the larger
the stress concentration.

* For design or analysis, the maximum nonmal stress oocurs on the
smiallest cross-sectional area. This stress can be obtained by using a
stress concentration factor, K, that has been determined through
experiment and is only a tunction of the geometry of the member.

* Normally, the stress concentration in a ductile material subjected
to a static moment will not have to be considered in design;
however, if the material is brittle, or subjected to famngne loading.
then stress concentrations become important,

Stress concenirations cuused by bending
oeeur al the sharp corners of Ths window
lintel and are responsilde for the crack at the
GO




328 CHapTEa & BENDING

EXAMPLE [6.20

The transition in the cross-sectional area of the steel bar is achieved
using shoulder fillers as shown in Fig, 66, If the bar is subjected to
a bending moment of 5 kN« m, determine the maximum normal stress
develnped in the steel The vield stress 15 o = MK MPa.

SOLUTION

The moment creates the largest stress in the bar at the base of the
fillet, where the cross-sectional area is smallest. The stress-concentration
factor can be determined by using Fig. 643, From the geometry of the
bar, we huve r = 16 mm, i = Blmm, w = 120 mm. Thus,

¥ :'l
5 kN-m £ _lomm e 120 mm _
- h o Blmm ho Bimm

These values give K = 1,45 Applving Eqg. 6-26, we have

Mc (SO0 N - m L0
o= -‘L’E = HAS}" g A iy =340 MPa  Ans
! {0020 m ) (0.08 m) ']

T

This resull indicates that the steel remains elastic simce the siress s
below the vield stress (500 MPa).

MOTE: The normal-stress distribution s nonlinear and 15 shown
Fig. 6—4ah, Reahize, however, that by Samt-Venant's principle, Sec, 4.1,
these localized stresses smooth out and become linear when ong
maves (approximately) a distance of 8 mm or more to the right of
the transition. In this case. the flexure formula gives oy, = 234 MPa.
Fig. 6—dboc. Also note that the chowe of a lareer-radius filler will
significantly reduce ., since as r increases in Fig, 643, K will
decrease.

{eh
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Srrosiews

=127, The composite beam s made of G061-TH aluminum
(A} and C83300) red brass { #B). Determine the dimension fr of
the brass stnp so that the neutral axes of the beam s located
al the scam of the two metals What maximum moment
will this heam support if the alloweble bending stress for
the aluminum % (@l = 128 MPa and [or the brass
':ﬂallui.l\. |‘||.|. = 35 HP-"I?

“o=128, Thecomposite beam is made of 8061 -Th aluminum
() and CE3400 red brass (#). I the heipht f = 4bmm,
determing the meximum moment thal can be applied to the
Beam iF the allowalle pending stress for the gluminum is
(i) = 128 MPa and for the brass (e e = 33 MPa

fi
Simm
l{ |.=¢|mﬁu"|
Probs. 6-1271128

#6-129. Scgment A of the composite beam is mede from
2004-T6 pluminum alloy and scoment B s A-36 steel. IF
wo= (L9 kip/f, determing the absolute maximum bending
stress developed in the aluminum snd steel. Sketch the
stress distribution on the cross section.

6-130. Sepment A ol the composite beam s made from
20004-Te aluminum alloy and sepment B 18 A-30 sreel. IF
the allowable bending stress for the aluminem and steel are
[Fammhe = 153 kai and (e ods = 22 ksi. determine the
maxmmim allowable mtensity w ol the pniferm distributed
enaud,

6=131. The Daouglas fir beam is reinforced with A-36
straps st its center gnd sides Determine the maximum
siress developed in the wood end steel i the beam
is subjected to a ending moment of M_ = 750 kip-[i.
Sketch the stress distribution acting over the cross seclion.

1.% b 1% in 5 ian.

1 i

B

baind bz

IMroh. 6-131

=132, The top pliste s made of 2004-ThH alummum and 3
used to reinforee a Kevlur 49 plastic beam, Determine the
maximum stress o the aluminom and o the Kevlar if the
beziam 15 subijected 1o g moment of M o= i) kT

sfi-133, The top plate made of 2004-T6 aluninum iz used
to reinforce @ Keviar 49 plastic beam, 11 the allowable
bending siress for the aluminum i8 {ormly = 40 ksi and
for the Keviar (ire ) = 8 ksi. determine the maximum
moment M that can be applicd (o the beam

(L5 i,

Probes. i=-132/133
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G=134, The member has a brass core bomded 1o @ stee| «6=137. I the Beam s subjected 1o an internal moment of
casing, IF a couple moment of &8 kN -m is applied at its end, M = 45 kM+m, determing the maximum bending siress
determineg the maximom bending stress in the member, developed m the A-36 steel section A and the 2004-T6
Epp = 10 GPa. E, = 2060 GPa, aluminuem allov section B,
(H LM i
I im |
i e A —
womm |
2 mm o= 1=

Prob. 6-134 - 100 mm o

=135, The steel channel is used to reinforce the wood
bieam, Determine the maximum stres2 in the steel and In
the wood i the beam is subjected o oa moment of
M = 850 lb-ft. E, = 210" ksi. E, = 1600 ksi.

Prob. 6137

G=138. The concrete beam is remiforeed with three 20-mm
digmeter steel rods. Assume that the concrete cannot
rupport lensile stress IF the allowable compressive sifces
for concrele 15 gl = 1253 MPa and the allowable

S TJ"".- Lf’ M= RS e tengile sirese for steel s (o b = 220 MPa, determine
il the required dimension o 5o that hoth the concrete and steel
1.5 . Prob. 6-115 achieve their allowable stress simultancousiyv. This condition

N i i% said o be ‘balanced’. Also, compute the corresponding
*6=136. A white spruce beam is reinforced with A-36 stee] maximum allowahle internal moment M that can be applied
““B'THI* at its - lop Emd_ boltom  as ghn:wn- Determine ”":I tor the beam. The modull of elasticity for conenele and steel
bending moment M it can support i (pe)e = 22 ksi are E., = 25 GPaand E,, = 20K} GPa, respectively.

and ':‘-Tlllllmjw = 200 ksi

Prob. 6-138
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6=139, The beam s made Trom three Drpes of plastc that sh=141, The reinforced concrete beam is used o suppord
are identified and have the modull of elasticity shown in the loading shown. Determine the absolute maximum
the figure. Determine the maximum bending stress in he normal stress inocach of the A-36 steel remforcing rods and
PYC. the absplule maximum compressive siress in the conernele,

Assume the conerete has a high strenpth in éompression
and yvel neglect its strength in supporting tension.

S b 30N |

PVC Epyr = 450 ks
Ercon £ = 160 ks

- Biakelile Ey = 800 kai Him,
S5 ekl e |15 in,
- | | ' i |
i i
I in 4 l-—-ll'l | B | -H.’i—-l Zim, g
1En{ | in. diameter rods
e Prob. 6-141
-
in
Proh, 6=134
6-142, The reinforced concrete beam is miade using iwo
steel reinforoing rods. I the alloweble tensile stress
ry for the steel is (7l = 40 ks and the allowable
=o-140.  The low strength concrete Toor slab & integrated compressive stress for the concrete is (o e = 3 Ksi,
with & wide-Mange A-36 steel beam using shear studs (not determine the maximum moment M that can be applied to
'gh.‘.“ﬂl'ﬂ.} [{4] ﬁ!FITI lh'L' l:i:LlIleI:ISIII.‘ ht!.llm. Ir 1.h“ H“D'&'GHE m: xcl‘inn_ Asﬁmc Lh: cunm:l{ nannnl suppnrl il 1.|:l.'|:ﬁiEl:
Prending stress for the conerete is (g by = 1 MPi, and stress, By = 29010%) ksi, Fon = 38(10%) ksi.

gllowzble bending stress lor steel is (7). )y = 165 MPa,
determine the masimum ellowable internal moment M that

ean be applied to the baam,

lin. dimmeter rods

Prokh, =142

2440 i 6=143.  For the curved beam in Fig, f-4ika, show thit when
the radius of curvature approaches infinity, the curved-heam
Prob. 6141 formula. Eg. 6-24, reduces to the flexure formuls, Eq. 6-13.
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“f=14d. The member has an elliptical cross section. 141 s
subjected to a moment of W = 3 N-m, determine the
flress at points A and B, Is the stress @t point A%, which is
located on the member near the wall, the seme as thist a1 A7
Exprlain

#fi-145, The member has an clliptical cross section. If the
allowable beoding stress is oy e = 125 MPa, detecrmine the
maximum moment W ihat can be applicd 1o the member,

"
Mruls, G-1447145

f-146. Determine the greatest magnitude of the applicd
forces P il the allowable bendmg stress s {2, = S MPa
in compression and {mp, . = 120 MPa in tension

AT, 16 P o= 0 BN, determine the maximum tensile and
compressive bending stresses in the beam.

TS5 mm

.
;:I'-Irm_n'r[[l i 150 mm
‘—I'F'* :Ll_lu tmam

—

150 mm

_Llllmm
= T

Mrobs. 6-146/147

“f=148. The curved beam 15 subjected 1o o bending
moment of M = Wl N -m as shown, Determine the stress
gl points A and &, and show the stress on a voleme clement
located at coch of these poins

sf=149. The curved beam s subjected 1o a bending
moment of M = 900 N - m. Determing the stress at point ©

20 i

15 mim — |— |

15 mm

Probs. 6-148/149

6-150. The elbow of the pipe has an outer radivs of
[L75 in. and an inner radivs of (163 in. If the assemhbly is
sibjected 1o the moments of M = 25 Ib-in., determine the
miaximum stress developed at section a-a,

)

1 in = 35 fl5an

1143 in.

N/

A = 25 i

Frob. 6150




6=151.  The curved member is svmmetne and 1= subjected
to & moment of M = 60 Ib-ft, Determine the bending
stress in Lthe member at points A and B, Show the stress
peting on volume clements located at these points,

A in.

Prols, 6-151

=152, The curved bir used on & machine has
rectanguiar cross section. If the bar is subjected 1o a couple
as shown, determine the maximum tensile and compressive
BIress acting at section o—a. Sketch the stress disteibution
on the scotion m three dimensions

> Wf-

Sihmim

1500 o

Prob. 6-152
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sf=153, The ceiling-suspended Coarm @5 wsed 1o suppor
the X-ray camera used in medical diagnoses, T the camera
has a mass of 13 ke, with center of mass f {7, determine
the maximum bending siress al section A

AU

Mrob. 6-151

6-154. The circular spring clamp produces a compressive
force of 3% on the plates, Determine the maximum bending
siress produced in the spring at A The spring has a
rectangular cross seotion es shown,

=155 Determmne the maximum compressive (oree the
spring clamp can cxert on the plates 0T the allowable
bending stress for the clamp is oy, = 4 MPa

Himm—-”]_

N e T

mim

Prohs, —154/155
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*f=156. While in Might. the curved b on the jot plane i3
pulyjected 1o an anticipated moment of M = 16 N+ m at the
section. Determine the maximuwm bending =siress in the rb
al this section, and sketch a two-dimensional view of the
siress distribation,

Proh. f-156

=157, 1M the rdadivs of cach notch on the plate is
=105 1n.. determine the largest moment thut can be
apphed, The slivwable bending siress for the materal is
Faiow = 18 ks,

f-158, The symmotric notched plate is subjected o

bendimg. I the radius of cach notch is ¢ = 05 0. and the
n applicd moment is M o= 10 kip- i, determine the maximum

bending stress in the plate.

14.5m
1k,
2
o l)”
2]
| Probs, 6-1577158

613 The bar is subjected to a moment of M = 4 X-m.
Determine the smallest radius r of the Ollets so that
an allowable bendmg stress of T = 124 MPa 15 not
exceeded,

*f=160. The bar is subjected o 4 moment of M=
1ITAN-m. Il r = 5 mm, determmne the mazimum bending
stress in the material

Probs 6-159/161 |

ef=161. The simply supported notched bar s subpected 1
twes forces P Determineg the largest magnitude of P that can
be apphied withoul causing the matenal to vield The material
i A=36 steel Each noteh has @ radios of 7 = 0125 in.

6-182. The simply supported notched bar is subjected 1o
the two loads, eech having a magnitude of £ = 100 Ib,
Determine the maximum bending stress developed i the
bar, and sketch the bending-siress distribution acting ove)
the cross section a1 the center of the bar. Each noich has a
radivus of r = (K125 in

|
ki W
222

in. L.75in
i

ip—

1% e,
-

—_—
Ly

}‘ 200 nn 20 . ! I i Al m.*‘

=163, Determne the length L of the center portion of
the lar so that the masimuem bending stress at A 8, and Cis
the same. The bar has a thickness of 1 mm.

Mroh= 6=1617162

LT
ol fm ; il aim

Proth. =163

*6—16d. The sicpped bar has a thickness of 15 mme
Determne the maximom moment that can be apphed o i1s
ends i it is made of 4 material having an allowahle bending
stress of 17 g = 2000 MPa.

45 mm

Homm
A mim 141 mwim

b mm

Prob. 6-164



*6.10 Inelastic ée_nding

The eguations tor determining the normal stress due to bending that
have previously been developed are valid only if the material behaves in
g linear-elastic manner, I the applied moment causes the material to
viefd, a plastic analysis must then be used o determing the stress
distributicn. For bending of straight members three conditions must
b met

Linear Normal-Strain Distribution. Based only on geometric
considerations, it was shown in Sec, 6.3 that the normal strains always
vary fimearly from 2ero at the neutral axis of the cross section o a
maxumum at the farthest pont from the newtral axis.

Resultant Force Equals Zero. Since there is only a resultant
internal moment acting on the cross section, the resultant force caused
by the stress distribution must be equal to zero. Since o creates a force
om the area dA of dF = o d A, Fig 647, then for the entire cross-sectional
area A, we have

Fe=2ZF;: [r}' dA =10 (6-2T7)
o

This egquation provides a means for obtaming the location of the mentral aos

Resultant Moment. The resultant moment at the section must be
equivalent to the moment caused by the stress distribution about the
nemtral axis. Since the moment of the force dF = o dA aboot the
newtral axis is dM = y(o dA). Fig 647, then summing the results over
the entire crioss section, we have,

(Mp). = ZM,; M = f_n'{rr dA) (6—28)
A

These conditions of geometry and loading will now be used to show how
to determine the stress distribution in a beam when it is subjected to a
resultant internal moment that causes vielding of the matenal,
Throughout the discussiom we will assume that the material has a
stress-straim diggram that 15 the veme in lensoom as it is in compression.
For simplicity, we will begin bv considering the beam to have a
cross-sectional area with two axes of symmetry, in this case, a rectangle
of hetght f and width b, as shown in Fie, 680 Two cases of loading that
are of special interest will be considered.

&.10  |sELasTic BENDING 235

Fig. 647
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Stradi distribation
(prodile view)

1k

Ty

"I' t_n.

Stress-strpin diagram
I'ulimlii:.'-ph:.l.ll: repim

e

Plastic Moment. Some materials, such as steel, tend to exhibit elastic-
pertectly plastic behavior when the stress im the material reaches oy If
the applied moment M = My is just sufficient to produce yielding in the
top and bottom fibers of the beam as shown in Fig. 6-485h, then we can
determine My using the flexure formula oy = Mg,-{ﬁl."l]l.-':hh‘l.-'llﬁf ar

My = %.&-FF @
If the intemal moment A = My the matenal at the top and bottom of
the beam will begin to vield, cawsing a redistnbution of stress over the cross
section until the required miermal moment M is developed. IT thas causes
normal-siram distribution as shown in Fig. 6486, then the corresponding
normal-stress distribution is determined from the stress-strain diagram
shown in Fig 6—88:. Here the strains €;, €y, €. correspond 1o stresses o,
iy, oy, respectively. When these and other stresses like them are plotted on
the cross section, we obtain the stress distribution shown m Fig. 6484 or
f—48e. Here the tension and compression stress “hlocks™ each consist of
component rectampular and triangular blocks. The resultant forees they
produce are equivalent to their volumes.,

T: = 'f-.l = %_""I-' I'I'].-'h

(6-20)

, h
T: = {.-1 (E_ Yy )l’l’Fh

Becawse of the symmetry, B, 6-27 is salisfied and the newtral axis passes
through the centrowd of the cross section as shown, The applied moment
M can be related to the vield stress oy using Eq, 6-28. From Fig. f-48¢,

We require
2 ol [ 1
M= T1(].F:—') i EI(E."'}'} * T:._."r L
! L A !
i L:[j'r T E(? — }l

(o]

l(rl._J'rﬂ’vh)(i."'r} ' 1[(% ¥y ]n‘rﬁ]

Siress distribulion
(prodile wiew )

(el

Fig. 648 feh
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Or using Eq. 6—29,

&

- Vi }
in

3
3= E.‘-ﬁ-(l

(630

As noted m Fig, 6—48e, M produces two zones of plastic vieldimg and an
elastic core 10 the member. The boundary between them 14 located a
distance 4 yy from the neutral axis. As M increases in magnitade, vy
approaches zero, This would render the material entirely plastic and the
stress distribution will then look like that shown in Fia, 6—48f From
Eq. 6-31 with yp = 0, or by finding the moments of the stress “blocks”
around the neutral axis. we can write this limiting value as

L, -
M“, = Tﬁh- iTy (=311
Using Eq. 629, or Eq. 6-30 with ¥ = 0, we have
3
.'HJ, :ﬂf, [6=32)

This moment is referred to as the plastic moment. Its value applies only
for a rectangular section, since the analysis depends on the geometry of
the cross section.

Beams used in sleel buildings are sometimes designed (o resist @ plastic
moment. When this is the case, codes usually list a design property for a
beam called the shape factor. The shape factor is defined as the ratio

k—M'"

= 6-33

This value specifies the additional moment capacity that a beam can
support bevond s maximum elastic moment. Foe example. from Eyg.6-32,
a beam having a rectangular cross section has a shape factor of & = 1.5,
Therefore this section will support 50% more bending moment than its

maximum ¢lastic moment when it becomes fully plastic,

Plastic momeni

n

Fig. 6—44 [cont.)
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Residual Stress. When the plastic moment is removed from the
beam then it will cause residual stress to be developed in the beam.
These stresses are often important when considering fatigue and other
tvpes of mechanical behavior, and so we will discuss 8 method wsed
for their computation. To explaim how this 15 done, we will assume that
M, causes the matenal at the top and bottom of the beam to be straimed
oy €y [ == ey ), a5 shown by pont & on the o - curve in g 6-4%. A
release of this moment will cause this material to recover some of this
strain elastically by following the dashed path BC Since this recovery is
elastic, we can superimpose on the stress distribution in Fig. 6496 a
limear stress distribution caused by applving the plastic moment in the
oppasite direction, Fig. 649 Here the maximum stress, which is called
the modulus of ruprure for bending, o,, can be determined from the
flexure formula when the beam is loaded with the plastic moment.
We have

e M) (oo )(n)

Timey = = 73 = = L5y
I |_§.f|.irt} f;.’.‘.ﬁf"}l
ir
EI:L!Il.'-rlI:l:-;l:l:
r/LI_v-i-Jing "
iFy 3
r
F Jl;i[
e
£y .I-"
£y i ."' € 4
| 4
; i/ r:u.'l:u:ﬂ clasise
—N&5ay | 7 FECHWVETY
-
|
—1 iy :
{ni
Fig. 649
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Plastlc nyoment reversal
cauging «lastic srain

Flastic momcnl applied
Cusang |'I|.IF|1 ic =iraimn

“-lr ‘\-.I

Fig. -9 |conl.)

This reversed application of the plastic moment is possible here, since
maximum elastic recovery sirain at the top and bottom of the beam is
2ey as shown in Fig. 649, This corresponds to a maximum stress of 2oy
which is greater than the reguired siress of 1 50y as calculated above,
Fip. -4,

The superposition of the plastic moment, Fig. 6-49h, and its removal.
Fig. 69, mves the residual-siress distribution shown m Fig 6—4t%d. As
an exercise, use the component trisngular “blocks™ that represent this
siress distribution and show that of resulis in a Zero-force and zero-momeint
resuliant on the member as required

Ultimate Moment. Consider now the more general case of a beam
having a cross section that is symmetrical only with respect to the vertical
axis, while the moment s apphed about the honzontal axs, Fig 6-50q,.
Wi will assume that the material exhibits strain hardening and thart its
stress-strain diagrams for tension and compression are different, Fig. 630,
If the moment M produces vielding of the beam, difficulty arises
in finding foth the location of the neutral axis and the maximum strain
that is produced in the beam. This is because the cross section is
unsymmetnical about the hormeontal axis and the stress—siraim behavior
ol the material is not the same in tension and compression. To solve this
problem, a trial-and-error procedure requires the fullowing steps:

L. For a given moment M, asswme the location of the neutral axis and
the slope of the “linear™ strain distfbution, Fig, 6-50c

1. Graphically establish the stress distribution on the member’s cross
section using the o—e curve to plot values of stress corresponding to
values of strain. The resulting stress distribution, Fig, 6500, will then
have the same shape as the om—e curve.

Residunl stress
distribution in beam

idh

As il symmiley

Known
rmameni

1|

(@]

iFy

R iy

(ki
Fig. 6-30
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Assmed locabmen of
neuiral nxis

Assimed shipe of
atradin distribuition

£

Strnin distrabution
l|'|:ru|:||.|_' view}

[l

ul

Siress distribution
{prodile vicw)

i

lel

Fig. 650 {coni.)

kS

Determine the volumes enclosed by the tensile and compressive
stress “hlocks"” (As an approximation, this may require dividing
each block mto composite regions.) Equation 6-27 reguires (he
volumes of these blocks to be egual, since they represent the
resultant tensile force T and resultant compressive force € on
the section, Fig. 6-30¢. If these forces are unegual. an adjustment as to
the ncation of the neutral axis most be made (point of zero sirain)
and the process repeated until Eq. 627 (T = ) is sansfed.

Once T = C. the moments produced by T and C can be calculated
about the neutral axis. Here the moment arms for T and C are
measured from the neutral axis to the centrofdy of the volumes
defined by the stress distributions, Fig. 6-5(le. Equation 6-28
requires M = Ty’ + Cy" I this equation is not satisfied, the slope
of the strain distrilration must be adjusted and the computations for
Tand C and the moment must be repeated until close agreement is
obtained.

This trial-and-ermor procedure 15 obviously very tedious, and forunately
it does not occur very often in engineering practice. Most beams are
symmetric about two axes, and they are constrocted from materials that

idre

assumed o have similar tension-and-compression  stress-strain

diagrams. Whenever this occurs, the neutral axis will pass through the
centroid of the cross section, and the process of relating the stress
distnibution to the resultant moment is thereby simplified.

Important Points

The narmal strain disiribufion over the cross section of a beam is
based only on geometric comsiderations and has been found to
alwavs remain finear, regardless of the applied load. The normal
siress distribution, however, must be determined from the matenal
behavior, or siress—siram diagram once the stram distribution 15
established.

The location of the neutral axis i determined from the condition
that the restiffant force on the cross seclion is fer

The resultant internal moment on the cross section must be equal
to the moment of the stress distribution about the neulral axis

Perfectly plastic behavior assumes the normal stress distribution
is comgtant over the cross section, and the beam will continue Lo
bend, with no increase in moment, This moment 15 called the
F.Ei:ﬂfil.' FITEen L
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EXAMPLE | 6.21

The steel wide-Mange beam has the dimensions shown in Fig, 6-51a. If
it is made of an elastic perfectly plastic material having a tensile and
compressive yvield stress of op = 36 ksi. determine the shape factor
for the beam,

SOLUTION
Im order e determine the shape factor. it is first necessary o caleulares
the maximum elastic moment My and the plastuc moment M,

L2 nit,

Maximum Elastic Moment. The normal-stress distribution [or the
maximum elastic moment is shown in Fig. 6-51h. The moment of =

inertia about the newtral axis s a

l l 1 & - - T -
fi [L—I[H_ﬁfn_jr‘j in)' | + Z[F[Ein}[ﬂ.ﬁ in.)' + Bin. (0.5in)(4.75 in.) ] = 211.0in*

Applyimg the flexure formula, we have

Me . g My(¥in.) Tl
Fonax = 5! 36 kip/in” T T My = 1519.5kip -in.
Plastic Moment. The plastic moment causes the steel over the
enlire cross section of the beam to yield, so that the normal-siress
distribution looks Like that shown in Fig, 6-51c. Due 1o symmetry of
the cross-sectional area and since the tensiwon and compression
stress—strain diagrams are the same, the neutral axis passes through
the centroid of the eross section. [n order to determine the plastic
mament, the stress distribution is divided into lour composite
reciangular “blocks,” and the foree produced by each “block™ 15 equal
o the volume of the block. Therefore, we have

Cy =T, =3 kip/in- (05 in.}{4.5in.) = 81 kip
== J'Ek[l:llfl'in? (051} Bin) = 144 kap
These lorees act through the centrodd of the volume Tor each block.

Caloulating the moments of these forces about the nentral axis, we
abtain the plastic moment:

M, = 2[(225in.)(B1 kip)] + 2[(4.75 in.)(144 kip)] = 1732.5 kip-in.
Shape Factor. Applving Eq. 6-33 gives

M, 17325 kip-in.
My 15195 kip-in.
NOTE: This value indicates that a wide-flange beam provides a very
efficient section for resisting an elastic moment. Most of the moment
i5 developed in the flanges. e, in the top and bottom segments,
whereas the web or vertical segment contributes very little. In this ()

particular case. omly 14% additional moment can be supported by the
beam bevond that which can be supported elastcally. Fig. 6-51

s

= 1.14 Anx
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EXAMPLE | 6.22

A T-beam has the dimensions shown in Fig 6-52a. If it is made of an
elastic perfectly plastic material having a tensile and compressive
vield stress of ey = 250 MPa. determine the plastic moment that ean
he resisted by the beam.

1th) pm

T1LH D prien

15 mm "L

124 mm < iy

15 mm
{ul (b
Fig. 6-52

SOLUTION

The “plastic” stress distribution acting over the beam’s cross-sectional
area 15 shown in Fig. 6-52b. In this case the cross section is not
symmetric with respect to a honzontal axis, and consequently, the
newtral axis will not pass through the centroid of the eross section. To
determine the location of the neutral axis, o, we require the siress
distribution to prodoce a zero resultant force on the cross section.
Assuming that d = 120 mm, we have

frl dA =1 T - —Ca=0
A

250 MPa (05 m)(d) — 250 MPa (0015 my 0120 m — d)

— 250 MPa (DS mM0I00m) =1
d=0110m=<0120m OK
Using this resulr the forces acting on each segment are

T = 250 MN/m (0015 m){0.110 m) = 4125 kN
€, = 250 MN/m’ (0015 m)(0.010m) = 3IT5kN
. = 250 MH;'m: (0015 m) (0100 m} = ITS kN

Hence the resultant plastic moment about the neutral axis is

(.1740 m (L1 m 'I'I.I'Hﬁm)

,1.;1,=41:.5kw( - )+37.5w( - )+3?5m~:(nmm+ -

M, =24kNm Anx
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EXAMPLE | 6.23

The steel wide-lange beam shown in Fig. 6-53a 15 subjected to a fully
plastic moment of MI" If this moment s removed. determineg
the tesidual-stress distribution i the beam. The material 15 elastue
perfectly plastic and has a vield stress of oy = 36 ksi.

SOLUTION

The normal-stress distnibution in the beam caused by M is shown in
Fig. 6-53b. When M, is removed, the material responds elastically.
Removal of M, requires applying M, in its reverse direction and
therefore leads to an assumed elastic stress distribution as shown
in Fig. 53¢, The modulus of rupture o, is computed from the
flexure formula. Using M, = 17325 kip«in. and { = 211.0in" from
Example 6.21, we have

M

T = T'
1732.5 kip +in, (Sin.) |
L — 411 ksi

L

21100t
As expecied, or, < gy,

Superposition of the stresses gives the residual-stress distribution
shown in Fig. 6-53d. Mote that the paint of 2ero normal stress was
determined by proportion; i.e., from Fig. 6335 and 6-33¢, we require

that
411 kst 36 ksi
5in. ¥
v = 43R in.
36 ksl mr=41.1ks S5 ks
Sim t
.l"." |”r|
g ELE T
Sin.
ar, = 411 ki S005 ks
Plaste moment applicd Plastic momeil reversed Residual siress dad it b
{prosfile viewi {pralile view)
i (el fd}

Fig. 6-51
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EXAMPLE | 6.24

¥ =3 in
L

fLis
SErani dist b

(b

Fig. 654

The beam i Fig. 6544 is made of an alloy of ttanmmm that has a
stress—strain diagram that can in part be approximated by two straight
lines. If the material behavior is the sane in both tension and
compression, determine the bending moment that can be applied o
the beam that will cause the matenal at the top and bottom of the
beam 1o be subjected Lo a strain of D050 0./,

e ks b

1%}
L
! 1‘\*‘“
I‘
1500
_.E..E'
&
wl
#
&
{n: i, b
A [IRTRTH] o

(NTH]

SOLUTION |

By inspection of the stress—stram diagram, the matenal is said (o exhibit
“elastic-plastic behavior with strain hardening.” Since the cross section
is symmetrc and the tension—compression o —£ diagrams are the same.
the neutral axis must pass through the centrond of the cross section. The
strain distribution, which is always linear, is shown in Fig. 6-54h.
In particular, the point where maximum elastic stram ((LOI0 in. /in.}
oceurs has been determined by proportion. such that 0.05/1.5in,
=010y or v = 0.3 in.

The corresponding normal-stress distribution acting over the cross
section 18 shown in Fg. 6-54c. The moment prodoced by this
distnbution can be caleulated by finding the “volume™ of the stress
blocks To du sowe will subdivide this distribution into two triangalar
blocks and a rectangular block in both the tension and compression
regions, Fig. 6-58&d. Since the beam is 2 m. wide, the resultants and their
locations are determined a8 follows:

Ty = C; = —(1.2 in )40 kip/in}(2in.) = 48 kip

b | =

¥y =03 + %n,z m.) = L10in,
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Ty =Cs= (1213150 kip/in*}( 2 in.) = 360 kip
- 1

ya = L3 in. +E{l.1’m.] = [1.9() in. 1901 kst

1 : R T ; ¥
T3 = C:=—(0.3in.}(150 kipfin"}(2in,) = 45 kip ‘

)

Ty = —;{lil_i i) =02 m.

1901 ks
The moment produced by this normal-stress distribution about the

newtral axis is therefore Stress distribation

{ch
M = 2[48 kip (1.10in.) + 360 kip (0.90in.) + 45 kip (0.2in.)]
T2 kip - in. Anx
SOLUTION I| -
Rather than using the above semigraphical technigue, it is also ti
possible to find the moment analytically. To do this we must express |
the siress distribution in Fig. 654 as a function of position v along '_-I_.r1 h1=
the beam. Note that e = (&) has been given in Fig. 6-54a, Alsa, from |2 13 ‘_r';F_h:
Fig. 6-34b, the normal strain can be determined as a funetion of position e AT =
¥ by proportional triangles; i.e., BT
Hi kesi
.05
S 0=y=15%in i

Substituting this into the a—e functions shown in Fig, 6-534a gives

a = Sy 0 =3y=03in. il

o = 33,33y 4+ 141) 03in = vy =150 t2)

From Fig. 6=34de, the moment caused by o acting on the area stnp
dA = 2dyis

dM = v(ordA) = yor(2dy)

Using Egs. | and 2. the moment for the entire cross section is thus

1n3in L3 m
M= :[2] 50K dy + :[ (333 = 14‘1_1-]”!_1-}
i Xim (e

772 kip-in Anx

Fig, 6—54 {eonl,)
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Serostews

#0-165. The heam iz made of an clastic plastic metengl for 6-167. Determine the shape factor for the cross section.

which iy = 250 MPa. Determine the residual stress in the )
heam at its top and hotiom after the plastic moment M, is "ﬁa-]-ﬁ?«. The hr:_um is madi.: ool t!asul:: perfectly plastic
material, Determne the maximum elastc moment and the

applicd and then released. : | g
plastic moment that can be applied 0 the cross section,
Take o = 2 1 and gy = 36 ksl

Prob, 6-167T/168

ofi-169. The hox beam is made of an claslic perfectly
G=166, The wide-lange member 8 made Trom an elastic plastic material for which oy = 250 MPa. Determine the
plastic material, Determine the shape factor, residual stress in the top and bottom of the beam after the
plastic moment M is applied and then released.

5 mm

Prols, =16k Prok. 6-16%
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G=1Th  Determing the shape factor [or the wide-llange =T The beam is mide of elasticoperfeetly plastic
Iream. matarial. Determing the maximum elastic moment and the

plastic moment thal can be applied 1o the coss seclion
Take ory = 20 ksl
6-171.

Determine the shape Factor of the beam’s eross af=17Y  Determing the shape [actor for the eries section
seclinm. of the H-heam.

Prob, 6=171
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=174, The H-beam iz made of an elastic-plastic matenal =170 The beam s made of elestic-perfectly  plastic
for which oy = 250 MPa. Determing the residual stress in mutterial. Dietermineg the maximum 2lastic moment anpd the
the top gnd boltom of the beam alter the plastic moment plastic moment that can he applied to the cross scotion.
M s applicd aod then refeased Take ory = 36 ksi.

|2 mm

TR/

0 Himm

i mm
Prob. 6-1T6

iy ||||:1!’|

Prob. 6-174

6=175. Determine the shape factor of the cross section,

of§=177. Dectermine the shape [actor of the cross section
T The tulbe,

Prokb, 6-175 Mrob. 6=177
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6=1T8. The beam 5 made [rom elasticperfectly plastic *p=180. The member 5 made from an elastic-plastic
material. Determine the shape factor for the thick-walled material. Determine the maximum elastic moment and the
tube, plastic moment that can be applicd o the cross section

Take b = 4 0, b= 6 in, oy = 36 ki

Prok. 6-1TH

6-1T0  Determing the shape factor for the member. Proh, 6-180

#fi—181. The heam is made of a material that can be
assumed perfectly plastic in tension gnd elastic perfecily
plastie in compression. Determing the maximum bending
moment M that ean b supported by the beam so that the
compressive material gt the outer edge stans 1o vield.

=iy

Prob. 6-179 Prut. 6-181
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6-182. The box beam i made Fom wn clastuc-plastic
mgterial for which oy = 25 ksi. Determine the intensity of
the distriboted load wy that will cause the moment ta be
fa) the larpest elustic moment and (b) the largest plastic
et

, i 9 fi !

Froh. 6=-182

&-183. Thc box beam s made from an clastic-plastic
materisl for which oy = 36 ksi; Determine the mapnitude
of each concentrated force P that will cauge the moment 1o
be (a) the largest elastic moment and (b) the largest plastic
ot

B

=

2 i

Proh. 6-183

“6=184. The beam 15 made of a polyester that has the
slress-girain cuive shown, I the curve can be represeated
by the equation o = [20tan '(15¢)] ksi, where tan '[15¢)
i5 In radiens, delermine the magnitude of the force P thal
can e apphed to the beam without caszing the maximum

sirain i s fibers at the critical sedion to exceed
Emax = HENIE ll'l.ll'.il'l.
F
Lim
—~ b=
INER
; LR f # i }

*=ari kil
e = Hitan 15 €l

i

afim, fin.|

Proh. 6-184

o6=185, The plexiglass bar has a stress-serain eurve that
ean be approximated by the straight-line segments shown,
Dietermine the largest moment M that can be applicd o the
biar b fesre i1 Tails

= i {MFPaj
2 mm
ot T
il fmaliare
Him
r|1| A+
A [edisson
— il —diid Tz
: ¢ : : £ {mm/mm]
L1 ik M
> 4
COMPCRSON s
. 1
— i
— 1ils
Proh. 6-185




G=186. The stress-atrmm disgram lor a tiamum alloy can
I approximated by the two straight lines. TF s strut made of
this meterial is subjecied to bending, determing the moment
resisted by the strut if the maximum stress reaches a value
of (a) ey and (b} oy,

Tuor (ke
g
e 1dh
A
o, - 1k
€ {in. i}
(Ll 1L

Proh. 6-186

6=187. A beam s made from polvprogylene plastc and has
i stress—strain diagran that can be approgimasted by the curve
shown. Il the beam is subjected to & maximum 1ensile and
compressive strin of & = (W02 mm/mm, determine the
mazimum moment W,

+er{Pa

= I P LA

e {mm Smm |

Prob. 6-187
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*G=188. The beam has i rectangular ¢ross section und s
made of gn elastic-plastic material having & stress-sirain
diagram asx shown. Determine the magnilude of the
moment M that must be applicd 1o the beam in order
create & maximum sirain in its outer fibers of ¢ o, = 1008

/r

A1 rm

i |

=

i MFPal

20l

e | omm '
KL

Froh. 6-158

af=189, The bar i made of an aluminum alloy heving o
atress—sirain diagram that can be approximated by the
straight line scaments shown, Assuming that this diagram is
the same for bath tension and compression, determing the
mament the e will suppert i§ the maxinsem sirain &t the
top and bottom fibers of the beam is €., = (L3,

Tariksi}
'}
=

il

LRI A2S
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. CHAPTER REVIEW

Shear and moment  diagrams  are
graphical representations of the internal
shear and moment withio a beam. They
can be constructed by sectioning the
beam an arbitrary distance r from the
left end, using the equilibrinm equations
to find Voand M as lunctions of &, and
then plotting the results A gign
convention for positive  distributed
b, shear, and moment must b
followed

Wl rh

PMosttive extemal distribawed losd
¥ oK
aE | { ..
Positive infcrnal shear
M M
N ) (

Fosilive miermnl momeni

It is also possibli v plal the shaar and
moment diagrams by realixing that at

eheh point the slope of the shear A av
diagram is equal 10 the intensity of the dx
distributed loading at the point.
Likewise. the slope of the moment - dM
diggram s equal 1o the shear ot the dx
poinl,
v = pegnbive decreasing
{h slope = negutive decreasing
The area under the distributed Ioading —_
diggram between the points represents AV = fw iy v, =ik
the change in shear, !'Il. i
v \l : \j : Vu
. = pimsifive decreasing
The ares under Ih:. shear diagram AM = [Vd slope = positive decreasing
reprisents the change in moment, 2Tl i A

The shear aod moment ol any point
can be oblained using the method of
sections. The maximum (or mimimum )
mment occurs where the shear 18
FETT,

| J l".:./ }l:

Ve

Ya e 1,-”
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A bending modient tends 0 prodisce a
linear variation of normal strain within
a straight beam. Provided the material
is homogeneous, and linear elasiie,
then cquilibrium can be used to relate
the internal moment in the beam Lo the
stress diginbution. The result 15 the
[Texure formuls,

where Fand ¢ are determined rom the
neutral axis 1hit passes through the
centroid of the eross section.

If the cross-sectional arce of the beam
i= not symmelric aboot an axis thal is
perpendicular to the nemral axis then
ansy mmetrical Peoding will oecur, The
maximum stress can be determined : M.¥
frovm formulbas, of the problem can b ' Y
sodvisd by considening the superposition
of bending cuused by the moment
components M, and M. ebout  the
principal axes of inertia for the area.

Beams made rom comsile materials
can be “iransformed” so their cross
section is considered a8 il were mads
from a single miterial, To do this, the = -k
transiormation factor », which s a s
rutio of the modol of elastcity of the
materials, is used 1o change the widih &
ol the beam.

Once  the cross  sectiom s
transfotmed, then the stress in the
beam can be determined in the usual
manncr using e flexure [ermula
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Curved beams deform such that the Wik —
normal straim docs not vary lincarly e g
from the neotral axis Provided the Ar{r — R}

material i homogengows amnd linear

E v - or
clastic and the eross section has an axis
of symmetry, then the curved beam i
formiula cin be used o determine the - S . A
hending stress Ae(R - y)

Slress  concentrations oocur o
members having 4 sudden  change
in their cross. section, caused, [or
example, by holes and nolches. The We
maximum bending siress al these o = h—
locations is determined wsing & siress
conogniretion factor K that is found
from  praphs determined  from
experiment.

If the bending moment canses the stress
in the matenal to exceed s elastie Hmil,
ihen the normal strain will remain
lincar; however, the stress distnibution
will vary m accordance with the stress—
striin diagram. The plastic and ultimate
moiments supported by the heam can be
determined by requiring the resultant
force o be zero pnd the resultant
moment e be equivalent o the momeni
ol thie stress distnbution.

If an apphed  plastc or  obtimane
moment s released, i will cause the
material to respond clastically, thereby
inducing residual stresses mn the beam,
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. CONCEPTUAL PROBLEMS

Pé-1 P6-3
Po—=1. The steel saw blade pisses over the diive wheel of the Piede  Hareanswinds-canssd fiflioe of this hishway sign by
band =aw. Using appropriate measurements and dale. explain bonding the supporting pipes af thelr connectivns with the
b 1o determime The hending stress m the Blade. column. Assuming the pipes are made of A-3 sleel, use

reasonable dimensions for the sign and pipes, and iry and i':
esiimaie the smallesi uniform wind pressure acting on the face FI—'-‘

ra-2

Pé—2. This crane boom on a ship has a momenl of ine mia e
viaries along iis lengih. Diraw the moment disgram or the boom
to explain why the hoom Lapers as shown.

()

of the sign that caused the pipes 1o vield,

L

-4
P, These sirden

shcare were manulaciured
using an inferior material,
Using a loading of 50 Ih
applicd nommal (o the
biades, and appropraie
dimensions for the shears,
determmme  the  absolure
miaximim bending sieess
im the material and show
why the [Eilure occurred
wl the eritical location on
the handle.
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. REVIEW PROBLEMS

G=1W0,  The beam s made Trom three boweds nailed 1oaether
g5 shown, I7 the moment acting on the oross section is
M = 650N -m, determine the resultant force the bending
stress produces on the top board.

G=191. The beam is made from tree boweds natled Together
as shown. Dietermine the maximum tengile gnd compressive
stresses in the beam,

20 mmJL 250 mm

Probis. 6-1%90/171

#h=192. Determune the bending stress distribution in
the beam at section da-a. Sketeh the distribution in three
dimensions acting over the cross section,

BN Hip M

=1

T

Hhmim——=— 3 mm S mm———4H) mm—
BN Bi N
15 mam
Tri ,.ﬁm
55
15 mm
75 mm

Frob. 6-1%2

of=193, The composite beam consisE of @ wood cone amd
two plates of steel, I the allowable bhending stress for
the wood 5 (Fuele = 20 MPa, and for the steel
{7 el = 130 MPa, determime the masimum mome ok Chat
can be applied 1o the beam. F, = 11 GPa, E,, = 200 GPa,

1. Solve Prob. 6193 if the mament is applicd about
the v axis instead of the £ axis as shown,

Prohs, 6- 193194

6-195. A shafi is made of a polymer having a parabolic
cross  seclicn. If it resists anm intermal moment  of
M o= 125 Nom, determine the masimum bending stress
developed in the material (i) using the Nesure Tormuly and
(b} wsing integration. Sketch o three-dimensional view of
the stress distribution acting over the cross-sectional area.
Hine: The moment of inertia is determined using Eq. A-3 of
Appendix A,

1l mm

5 -
o= ik —27 35

A = 125 M-m

Himm
Ll pinim

Prob. 6-195



*g=198, Determing the meximum bending stress in the
handle of the eahle cutier at section a—a A foree of 45 [his
gpplicd to the handles. The cross-sectinnal ared is shown in
Lhic figure.

<l 451k

451h

Pruob. -1

of=197. The corved beam iz subjected 1w a bending
moment of M = 85 N -m a5 shown, Determing the stress al
points A and & end show the stress on @ velome element
focated at these poings

W=85MNm

LKA taem
A ===

Smm— p— |
|5k mm

I_._IH —lr 21 mamn

0N mm M1 mm

Mrob. 6=197

=198, Draw the shear and moment diagrams for the
beam and determine the shear and moment in the beam gs
functions of @, wherell = & = 6 [§.

2 kip /1y tlcgs

f Fi 400

Prab, 66— 198
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6=199, Diraw the shear and moment diagrams for the shaf)
if it is subjected 1o the vertical loadings of the belt, pear, and
fivwheel, The bearings &t A and B cxert only vertical
reactions on the shall

R

4500 ™ T

|
il

]
400 mm f— 3K |1|||1—|—_1m e |

Mrob, 6199 150N

ETT L

¥~200. A member has the triangelar cross section
showi. Delermine the largest inlerngl moment M that can
b applicd 1o the ¢ross seetion without exceeding allowalde
tensile and compressive stresses of (gl = 22 ks and
(Tl = 15 ksi, respectively.

il |n"'|r._
|- Prob. 62060
sfi=201. The strut has a square cross gection ¢ by o and is
gulvjected to the bending moment M applied a1 an angle # as
shown, Determine the maximum bending stress in Lerms of
i, M, andd & OW i anale & will give the largest bending £iress
in the strut Specify the orizntation of the neutral axis for
thir case.

i

Frob. 6-201




Railroad ties act as beams that suppart very large transverse shear lpadings. As a result,
if they are made of wood they will tend to split at thelr ends, whare the shear oads are
the largest




Transverse Shear

CHAPTER OBJECTIVES

In this chapter, we will develop a method for finding the shear stress in
& beam hiaving a prismatic cross section and made from homogeneous
matenal that behaves in z linear-elastic manner, The method of analysis
to be developed will be somewhat limited to special cases of cross-
sectional geometry. Although this is the case, it has many wide-range
applications in engineering design and analysis. The concept of shear
flow, along with shear stress, will be discussed for beams and thin-walled
members. The chapter ends with a discussion of the shear center

7.1 Shear in Straight Members

In general, a beam will support both shear and moment. The shear Vs
the result of a transverse shear-siress distnbutios that acts over the
beam’s cross section. Due to the complementary property of shear,
however, this stress will create corresponding longitudinal shear
stresses which will act along longitudingl planes of the beam as shown
in Fig. 7-1

Tramsverss:
shear siress

Longitudinal r

shear siress™ G5

357
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=

Rirds nedt bondedd fogether Borards bonded together
lm} thi

Fig. 7-2

To ilhastrate this effect, consider the beam (0 be made from three
boards, Fig. 7-2a. If the top and bottom surfaces of each board are
smooth, and the boards are pot bonded together, then application of
the load P will cause the boards to slide relative to one another when
the beam deflects, However, if the boards are bonded together, then the
longitudinal shear stresses acting between the boards will prevent their
relative sliding, and consequently the beam will act as & single unit,
Fig. 7-2h.

Agf a result of the shear stress, shear straing will be developed and
Shear connectors are “tack welded” 1o this  these will tend to distort the cross section in a rather complex manner.
corrugated melal floor liner so that when  For example, consider the short bar in Fig. 7-3a¢ made of a highly
the comerele Moor is poured, the connectors  deformable matenal and marked with horizontal and vertical grid lines,
will prevent the concrete slab [rom shippiog — When a shear Vis applied, it tends (o deform these lines into the pattern
on the lner surfsce, The two materials will : ; X : ] o bl sk
thius 42t a8 & composite slib, shivwn in F1g._?—.’-h. This nomumiform shear-strain distribution will cause

I.I'I.I: CIU&s Sechion to H'I’.!TP'.

fh b Adler deformatsnn

Fig, 7-3




As a result, when a beam is subjected to both bending and shear. the
cross section will not remain plane as assumed in the development of
the fexure formula, Althoueh this is the case, we can generally assume
the cross-sectional warping due to shear is small enough so that it can
be neglected. This assumption 5 particolarly mie for the most common
case uf a stender beanr: that 5 one that has a small depth compared with
its length.

7.2 The Shear Formula

Because the strain distribution for shear is not easilv defined, as in the
case ol axial load, torsion, and bending, we will develop the shear
formula m an mdirect manner, To do this we will consider the horizonnl
forrce eqguilthrim of a portion of the element taken from the beam in
Fig. 7-4a. A free-body diagram of this elemieny is shown in Fig. 740, This
distribution is caused by the bending moments M and M + dM. We have
exciuded the effects of V. V¥ + JV, and wix) on the free-body diagram
since these loadimes are vertical and will therefore not be mvalved inoa
horeomtal foree summation, The element in Fig. T—4b will imdeed satisty

XF, = (0 since the stress distribution on each side of the element forms
only a couple moment and therefore a Zeco foree resultant

ix Sectin plins

7.2  THeE SuEan FoRMiLA 3461
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Area = A’ Now consider the shaded top pertion of the element that has been
sectioned at ¢' from the newtral axis, Fig, T4 This sepment has a width

tat the section, and the two cross-sectional sides cach have anarea A’

Because the resultant moments on each side of the element differ by

A M At can be seen in Fig. 7 that £F, = [0 will not be satsfied nnless a
lomgitudinal shear stress © acts over the bottom face of the segment. We

will assume this shear stress is constani across the width 1 of the bottom

face. It acts on the area ¢ dx. Applying the equation of honzontal force

T equilibrium, and using the flexure formula, Eq. 613, we have

Sectien pl||n:'.

= IF, =0 [rr".r.!.-'l’— [rrd.-'i’—r[:r.{.::}=f.]
J A w A

o i das
j {@}}'dﬂ' ~ j (Tf}_m.-r — (it dx) =0
A A

{ﬂ)/m{ﬂ' ey {7-1)
Pl

Solving for 7, we get

_L() [
"n(rrx ﬂ”m

This equation can be simplified by noting that V = dM /dx (Eq. 6-2),
Also, the integral represents the moment of the area A" about the
neutral axis, We will denote this by the svmbaol Q. Since the location of
the centroid of the area A’ is determined from ¥ = [ v dA /A", we
can also write

Q= f_-.-:m* =7 A {7-2)
A

Three-dimeasional view (el Profile view

Fig. 74 | conL)
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The final result is therefore

Vo
= — =
T Tt {(7-3]

Here, as shown in Fig 7-5,

r = the shear stress in the member at the point located a distance »'
from the neutral axis This stress is assumed to be constant and
therefore averaged across the width ¢ of the member

v the internal resultant shear force, determined from the method
of sections and the equations of equilibrium

I = the moment of inertia of the enfire cross-sectional area
caleulared about the neutral axis

i = the width of the member's cross-gectional area, measured at the
point where 7 is to be determined

£ =7"A" where A" 15 the area of the top (or bottom ) portion of the
member’s cross-sectional area. above (o below) the section
plane where 1 is measured, and 7 is the distance from the
neutral axis to the centroid of A

The above equation i referred to as the shear formmla. Although m
the derivation we considered only the shear stresses acting on the beam’s
longitudinal plane, the formula applies as well for finding the transverse
shear stress on the beam’s cross-section. Recall that these stresses are
complementary and numernically equal,

Also, beciause the flexure formula was used i the dervation, it 1s
necessary that the matenial behave in 4 linear elastic manner and have a
madulus of elasticioy that is the same in fension as it is in compression.
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e = 11,50 —]
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o="diy
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Limitations on the Use of the Shear Formula. ©One of the
major assumptions used in the development of the shear formula is that
the shear stress is modformly distributed over the widdh r at the section, In
other words, the averege shear stresv is caleulated across the width, We
can test the decuracy of this assumption by comparnng it with a more
exact mathematical analysis based on the theory of elasticity. For
example. if the beam’s cross section s rectangular. the shear-stress
distribution across the neotral axis as calculated from the theory of
elasticity varies as shown in Fig. 7-6. The maximum value, 7', 0CCurs
al the sidey of the cross section, and its magnitude depends on the ratio
i (width/depth), For sections having a &0h = 0.5 7', 15 only aboul
3% greater than the shear stress calculated from the shear formula,
Fig. 7-6a. However, for flat sectioms, say bl = 2, 7' g 18 abour 40%
greater than 7o, Fig. T-6b. The error becomes even greater as the
section becomes flaner, or as the &/ ratio increases, Errors of this
magnilude are certainly imtolerable if one uses the shear formula to
determine the shear siress in the flange of the wide-lange beam shown
in Fig, 7-7.

It should also be pointed out that the shear formula will not give
accurate results whenm used to determine the shear stress at the
flange-web junction of a wide-flange beam, since this is a point of sudden
cross-sectional change and therefore & sfeesy concentramon Doeurs
here. Fortunately, these imitations for applving the shear formula to
the flanges of a wide-flange beam are not important in engineering
practice. Most often engineers must only calculate the average muaximim
shear stress in the beam. which occurs at the neutral axis, where the
bl {width/depth} ratio for the web is very simall, and theretore the
calculated result is very close to the actial maximum shear stress as
explained above,

Flanges



Anather important homtation on the use of the shear formula can be
illustrated with reference to Fig. 7-Ra, which shows a member having a
cross section with an irregular or nonrectangular boundary, If we apply
the shear formula to determine the {average) shear siress 7 along the
line AB, it will be directed downward as shown in Fig. 7-8b, However,
consider an ¢lement of material taken from the boundary point B.
Fig. ™fc. Here v on the fromt face of the element is resolved imto
components, v oand " acting perpendicular and parallel to the boundary.
By inspection. 7" must be equal tozero since s corresponding longi tudinal
component ', on the stress-free boundary surface, must be zero. To
satisty this boundary condition, theretore, the shear siress acting on this
element must acieally be directed fargent o the borredary, As a result, the
shear-stress distribution across line AR is directed as shown in Fig 7-84.
Here specific values for the shear stress must be obtamed wsing the
theory of elasticity. Wote, however, that we can apply the shear formula
to obtain the shear stress acting across each of the colored lines in Fig.
7-Ba. These lines intersect the tangents to the boundary at right angles,
and as shown in Fig, 7-8e, the transverse shear stress is vertical and
constant along each line,

To summarize the above points the shear formula does nol give
accurate results when applied w members having cross sections that are
short or ol or at points where the cross section suddenly changes. Nor
should it be applied across a section that intersects the boundary of the
member at an angle other than %1°. Instead, for these cases the shear
striess should be determined wsing more advanced methods based on the
theory of elasticity,

Shear-stress distnbution
freom shear formula

Fig. 7-8

,, outer surfice
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Important Points

= Shear torces in beams cause nonlinear shear-strain distributions over the cross section, causing it to warp.

* Due to the complementary property of shear stress. the shear stress developed in a beam acis over the
cross section of the beam and along its longitudinal planes.

= The shear formula was derived by considering horizontal force equilibriom of the longitudinal shear-stress
and bending-stress distributions acting on a portion of a differential segment of the beam.

® The shear formula is to be used on straight prismatic members made of homogeneous material that has
linear elastic behavior. Also, the internal resuliant shear force must be directed along an axis of symmetry
for the cross-sectional area.

* The shear formula should not be vsed to determine the shear stress on cross sections that are short or fart,
at points of sudden cross-sectional changes, or at a point on an inclined boundary.

Procedure for Analysis

In order to apply the shear formula, the following procedure is sugpested.

Internal Shear.

® Section the member perpendicular to its axis at the pomt where the shear stress is to be determined. and
obtain the internal shear ¥ at the section,

Saction Properties.

* Determine the location of the neutral axis, and determine the moment of inertia ! of the eniire cross-sectional
areq about the neutral axis,

* Pass an imaginary horizontal sectiom through the point where the shear siress is (0 be determined.
Measure the width 1 of the cross-sectional area at this section,

® The portion of the area lying either above or below this width is A°. Determine @ by using & = ¥A".
Here 7' is the distance to the centroid of A, measured from the neutral axis. It may be helpful to realize
that A' is the portion of the member’s cross-sectional area that is being “held onto the member™ by the
longitudinal shear stresses, See Fig. 7,

Shear Stress

= |lsing a consistent set of uniis, substitute the data into the shear formula and caleulate the shear stress r

® |t is suggested that the direction of the transverse shear stress v be established on a volume element of
material located at the point where it is calculated. This can be done by realizing that r acts on the cross
section in the same divection as ¥. From this, the corresponding shear stresses acting on the other three
planes of the element can then be established.
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The solid shaft and tube shown in Fig. 7-9a are subjected to the shear

force of 4 kN, Determine the shear stress acting over the diameter of

each cross section.

SOLUTION

Section Properties. 1lsing the table on the mside front cover, the
moment of inertia of each section, calcolated about its diameter (or
neutral axis). is

| I
Ty Im-* = Iw{u.us m) = 490910 ") m"

R %#[c:‘. — ¢} =%1'r-_{1l.ll$ m) — (0.02 m)*|= 4.783(10 ") m'

The semicircular area shown shaded in Fig. 7-90, above (or below)
each diameter. represents £, because this area is “held onto the member™
by the longitudinal shear stress along the diameter.

e Ao (w4005 m) (-:r{ﬂ-[!ﬁm]."" s
=N = —— c - 3__1' 2
Quiig = T'A 3#( 2 ;] i E J' Basd b
e eyl e P
Quac = Zyar=2( Te) ST

_ 4{005 m) (n-{u.tlli mF)  4{0.02 m) w002 m:’)
- In 2 £ I:\ 2

LY [

= 780010 "} m"

Shear Stress. Applving the shear formula where ¢ = (01 m for the
solid section, and ¢ = 2{0.03 m} = 0.08 m for the tube, we have

VO 40100 N{E333(10 "y m’)
Vanlid = It - Bk
4.909(10 "y m*{0.1 m})
VO 410 N7R0(10 My m')
Tighe = =
T 47830107 mA(0.06 m)

679 kPa Ans.

= 1.8 MPa Ay

NOTE: As discussed in the limitations for the shear lormula, the
calculations performed here are valid since the shear stress along
the diameter s vertical and therefore tangent o the boundary of the
cross section. An element of material on the diameter is subjected to
*“pure shear” as shown in Fig. 7-94

4 kN

S0 mm

72U pim

{n)
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EXAMPLE | 7.2

Determine the distribution of the shear stress over the cross section of
the beam shown in Fig 710,

SOLUTION

The distrabution can be determined by finding the shear stress ar an
arhitrary Teight ¥ from the aeutral axis, Fig. 7-106, and then plotting
this function. Here, the dark colored area A" will be used for 2.+
Hence

B (RSO O "

Applving the shear formula, we have

vo VEIR -¥b ey (JF =, s
T = — = — — — J_l' J

it (S bl | b\, 4

This result mdicates that the shear-stress distoibution over the cross

section is parabolic. As shown in Fig. 7-10c. the intensity varies from
zero at the top and bottom, v = +4/2, to a maximum value at the
neutral axis. v = (). Specifically. since the area of the cross section is
A = b, then at v = |l we have

Shinr-alress destribilion

{eh E

=15
Fig. 7-10 Tous = 1. 5 (23

“The arca below v eanalso be wsed [A' = B2 4+ 407 bor daing ss involves o hid
mose alpebsan nnnipalition.
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Typical shear failure of this wonden
heam oecurred at (he support  and
through the approsimate cenler of (18
Cr08s aeclion.

Fig. T=10 {coni.)

This same value for 7., can be obtained directly from the shear
formula, r = VQ/ It by realizing that ., occurs where Q is largest,
since V., I, and ¢ are comstant. By imspection, £ will be a maximum
when the entire area above {or below) the neutral axis is considered;
that is. A" = b2 and ' = h/4. Thus,

Vo VikabiL 5 ¥

[Lon'ls A

Toux = It

By comparison, T, 5 3% greater than the average shear siress
determined from Eq. 1 -7 that is, 7., = V/A,

Itisimportant to realize that 7, alsoactsin the longitudinal direction
of the beam, Fig. T-106L Tt 15 this stress that can cause a timber beam (o
fail as shown Fig. 7-1(le. Here horizontal splitting of the wood starts
to oocur through the neatral axis at the beam’s ends, since there the
vertical reactions subject the beam to large shear stress and wood has
a low resistance to shear along its graims, which are orented in the
longitudinal direction.

It is marructive to show that when the shear-stress distribution. Eg. 1,
is integrated over the cross section it vields the resultant shear V. To
do this, a differential strip of area d A = b dyis chosen, Fig, 7-10e, and
since 7 acts uniformly over this strip. we have l

f‘.rdﬂ
A

w2 = k

oV [ i
ST — =
12 l

ovfwe 1,
M+ 2

=ﬂ£(’£+£)_!£+£ )
KFl4rx2 2 il & A
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EXAMPLE | 7.3

A steel wide-flange beam has the dimensions shown m Fig 7-1 1
If it is subjected to a shear of V = BOKkN, plot the shear-stress
distribution acting over the beam’s cross-sectional area.

T = LI3MPu

rp— 216 MPa
= 25.2 MPa

220 M
L13 My

{hi

| SOLUTION

Since the Mange and web are rectangular elements. then like the

ful previous example, the shear-stress distnbution will be parabohc and m
this case i1 will vary in the manner shown in Fg 7-116. Dug (o
symmetry, only the shear stresses at points 8', B. and € have to be
determined. To show how these values are obtained. we must first
determine the moment of mertia of the cross-sectional area about the
neutral axis Working in meters, we have

I

1
'sz'mﬁ m (0200 m )

+2 IL.,HI..MHI my(0.02mY + (0300 m ) 002 mi(0.110 m)

= 155.6(107") m"

For point 8°, t5" = (L300 m, and A" is the dark shaded area shown
in Fig, 7-1 1. Thus,

wzm Op = 7A" = [0.110 m]{0.300 m ) (0.02 m) = 0.660(10 ") m’
[ |
I ptini IL s0 that
R VO,  S0(10%) N{0660(10 ") m'
£l o lil.;ll.ﬂ:rn Ty * Cx : ] 7 4|: i 1.13 MPa
| fip 15560107} m* (L300 m)
N A
For point Bty = 0015 m and Q5 = Q. Fig. 7-11¢. Hence
v BOCUPY N{OA60(10") mY)
[ | o On _ BN L [.ﬁ -|I' ) Mz
‘ Ity 155601077 m* (00015 m)
£l

Muote from the discussion of “Limitations on the Use of the Shear
Fig, 7-11 Formula™ that the calculated value Tor both 7 and 7y will actually be
very misleading Why?
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3

UANE #1y

L300 m

-

(LK m

A

(k]

Fig. T-11 (cont.)

For point €, 1 = (L0153 m and A" is the dark shaded area shown in

Fig. 7-114d. Considering this area to be composed of two rectangles,

we have
O = Z7 A" = [0 110 m]{0.300 m ) (0.02 m})
f [0LO3 m {0015 m ) {0,100 m )
= 07350107 m’
Thus,
V- S0(10Y) NIO.735(107%) m']
Tt = Thaa = Er = = 2152 MPa

Tre 155.60107%) m*(0.015 m)

MOTE: From Fig. 7-114 note that mast of the shear stress occurs in
the web and 5 almost umiform throwghowt its depth, varving from
22.6 MPa 1o 252 MPa. It is for this reason that for design, some codes
permil the use of calculating the average shear stress on the cross
section of the web rather than using the shear formula, This will be
discussed further in Chapter 11,
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EXAMPLE | 7.4

B kM m

—d4m im——

150 mem

Plane containing glue

455 MPs

{ch

Fig. 7-12

The beam shown in Fig 7-124 is made from two boards Determine
the maximum shear siress in the glue necessary o hold the boards
tugether along the seam where they are joimed.

SOLUTION

Internal Shear. The support reactions and the shear diagram for the
beam are shown in Fig. 7-12h, It is seen that the maximum shear in the
beam is 19.5 kN.

Section Properties. The centrond and therefore the neutral axis
will be determined from the reference axis placed at the bottom of the
eross-sectional arvea, Fig. 7-12a. Working in units of meters, we have

=7A

£

[0.075 m]{0.150 m {0030 m) + [0.165 m]{0.030 m){0.150 m}
: (0150 m) (0030 m) + (0.030 m){0.150 m)

= ) 1 m

The moment of inerlia, aboul the neutral axis, Fig. 7-12a, 15 therefore

1 :
— (0030 m)0. 150 m ) + (0.150 m)(0.030m)(0.120 m — I':I.H'.".'irn]"]

L2

—
Il

| 2
+ [I—_I{H.ISI] m (0030 m P + (0,030 m){0.150 m)(0.165 m — 0.120 m]-']

270{107") m*

The tap board {flange) is being held onto the bottom board (web) by
the glue. which is applied over the thickness 1 = (103 m. Consequently
A' is defined as the area of the top board, Fig. 7-124. We have

0 =5 A = [0LI80m — 0015 m — (0,120 m]{0.03 m) (0,150 m}
= (.2025(10 "}y m”

Shear Stress, Using the above data and applving the shear formula
vields

V@ 195(10°) N{0.2025(1077) m)
o T 27.0010°%) m*0.030 m)

= 4 88 MPa Ang

The shear stress acting at the top of the bottom board is shown in
Fig. 7-12¢.

NOTE: [tis the glue's resislance to this longitudinal shear siress that
holds the boards from slipping at the right-hand support.
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. FUNDAMENTAL PROBLEMS

F7=1L. If the beam 15 subjected 1o o shear force of Fi=4. I the beam is subjected 1o a shear lorce of
Vo= 100 kN, determine the shear stress developed at point Vo= 20 kN determinge the masimum shear stress developed
A, Represent the stale of stress at A on a volume element. in the boam.

T

F7-2,  Determine the shear stress at points A and & on the
i it B subjected foa shear foree of 1= 600 N

F7-5. 10 the beam is made from four plates and subjected
toow shear force of ¥ o= 20 kN, determine the maximim
shear stress developed in the beam.

F7-1

F7-3. Dectermine the ebsoloie maximum  shesr  stress
developed in the beam.

f kip
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Serostews

#7-L I the wide-flange beam is subjected 1o & shear of
V = kN, determine the shear stress on the web at A
Indicate the shear-stress components on a volume element
Icatied st this point.

-2 II the wide-lMange beam is subjected to & shear of
V' = XM kN, determine the maximom shear siress m the
biam,

T=3 I the widelunge beam i subjected o o shear of
Vo= 200 kN, determine the shear force resisted by the web
of the beam,

Prohs. 7-1/23

=4, I the T-beam is sulyected tooo vertical shear of
V = 12 kip, determine the maximum shear stress in the
boam. Also, compule the shear-stress jump a1 the Nange-
web junction AR Skeich the variation of the shear-stress
intensity over the entire cross section,

#T-5 11 the T-heam is subjected to & vertical shear of
¥ = 12 kip. determiine the vertical shear force resisted by
the Nange,

Probs. =45

Tufh, 0 the beam s subjected 1o a shear of Vo= 15EN,
determine the web's shear stress at A and 8. Indicate the
shear-stress components on a volume clement located
al 1hese pomnts. Show that the neatril axes 15 located af
¥ = 0,1747 m From the bottom and Ty, = 02182(107) m",

200 mim

125 mm

Prob. 7-G

T=T. I the wide-Tange beam s subjected w o a shear of
Vo= 31kMN, determine the maximum shear stregs in the
beam.

#7=8. If the widelange beam s subjected 1o o shear of

Vo= M kN, determing the shear [orce resisted by the web
of the beam,

2EH1 rrem




«7-8. Decterming the largest shear force ¥ that the member
can sustain if the allowable shear s1ress 18 70w = B ESQ,

T-1h I the applicd shear foree Vo= 18 Kip, determing the
maximum shear siress in the member.

Lin, Probs 7-9/10

T=11, The wood beam has an allowable shear stress of
Tallow = 7 MPa. Determine the masimum shear foree T that
can be applicd to the ernss section.

#7-12. Thc besm has & rectengular cross section end is
made of wood heving an allowsble shear stress of 7. =
2000 ped, Dretermine the maximum shear foree 1 that can be
developed in the cross scction of the heam. Alse, plot the
shear-siress variglion over the cross section,

Prob, 7-12
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T=13. Deiermine the meximum shear stress in the strot if
it is subjected toa shear force of Vo= 20 kN,

7-14, Determing the maximum shear foree ¥ that the
strut can suppor i the allowable sheoar stress [or the
material & o = 40 MPa

2 mm

Probs. 7-13/14

T=15  Piot the shearstress distribution over the eross
rection of a4 rod that has a radivs o, By what Factor is the
maximum shear stress greater Lhan Lhe sverage shear stress
aeting over the cross section?

Pruh. 7-15

*-16. A member hos @ eross section in the [om of an
couilateral triengle, 0 it & subjected 1o w shear force W,
determine the maximium average shear stress in the member
using the shear formula. Should the shear formula actually be
used 1o predict this value? Explain,

Pruf, T-16
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«T=17, Determine the maximuom shear siress in the stoat of
it is subjected toa shear foree of 17 = G0 KN

T-1R. Dwetermineg the maximum - shear foree Voihat the sop
can support if the allowshle shear siress for the material is
Taliow = 43 MPa

T-1%.  Plot the intensity of the shear stress distriboted over

the eross section of the strut iTi i subjected to a shear foree
of ¥ = &l kN

30 mm

W1 mm

|/J Ll mmi
1

1l mm

Probs. 7=1T7/18/19

2=, The steel rod s subjected to a shear of 30 kip.

Dietermine the maximum shear stress in the rod.

#7-21. The steel rod is subjected to a shear of 30 kip
Determine the shear stress at point A, Show the result on a
volume element at this point,

Prots. 7-2I021

T-22. Determine the shear siress &1 point B on the web of
the cantilevered strut at section o-u

7-23. Delermime the maximum shear siress acting et
section a-¢ of the cantilevered sirul

2EN 4EN
| I mm |

250 i —|— 250 mm
il

26 mame

T“T "

2 min
Simm

Probs T-ILZ23

#7-X. Determine the maximum shear stress m the T-beam
atl the critical section where the miemal shear force s
AXim i,

#7125, Determine the meximum shear siress o the
T-beam at point €. Show the result on a volume ¢lement
al this point.

i kM
N 3 r
A
-
I im 1am—f—I5m—|
151 mam
s
150 mm il mm
—| b= i1 v

Probs. T-2425




T=26, Determine the maximom shear Siress peting in thy
fiberpiass beam at the wection where the internal shear
foarce 15 MAaxumunm.,

2 Th T

150 0

i i 5h i |
4 |1|..| (L3750
BB

1 fL

015 in—] m

2
4 in .75 im

Proh. T-24

7-17. Determine the shear stress al points O oand I
located on the web of the beam.

#7-28. Determine the maximum shear stress acting in Lhe
e at the eritical section where the imternal shear foree s
maximum,

S
m’T,TT_ 1 L L _m
A S = | s = 8
! a i i & i i !
|m| | in.
£ b -1 i,
T
h i 1.

Proles, T-27128
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T=289, Write a computer program that can be used 1o

determine the maximum shear stress in the beam that has

the cross section shown, and is subjected to & specilied

constint distriboted load w and concentrated foree P Show

an application of the program using the values I = 4 m,

g=2m, F=15kN, d, =10, d;=2m, w=4NNm,
= 15mm, t1 = 2 mm, & = Sthmm, and &k = 13 mm.

Proh, T-149

T=3). The heam has a reciangulsr cross section and is
subjected to & load P that is just large enough to develop a
fully plastic moment M, = PL a1 the fixed support. If the
maetenial is elastic-plastic, then at a distance x = I the
moment W = Py creates a region ol plastic vielding with
an associaled elastic core heving a heieht 2", This situation
has been described by Eq. &30 and the moment M i3
distributed over the eross section &5 shown o ["ZiE. f—dBe.
Prove that the meximum shear stress developed in the beam
i piven BY T = 7 PAT), where A' = 2v'h, the cross-
sectional ares of the elastic core.

I L

Elnstic region

Mruls. T=30

T=31L The beamin Fig. 6481 is subjocted 1oa [ully plastic
i LiE e 14 MI,.. Prove that the longitudinal and trensversc
shear stresses in the beam are verc. Mt Consider an element
ol the beam as shown in Fig. 74
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Fip. 7-13

Oceasionally in engineening practice, members are “built up” from
several composite parts in order to achieve a preater resistance to [oads,
Examples are shown in Fig. 7-13 I the loads cause the members to
bend. fasteners such as nails. bolts, welding material, or glue may be
needed to keep the component paris from sliding refative 1o one
another, Fig. 7-2. In order to design these fasteners or determine their
spacing, it is necessary to know the shear force that must be resisted by
the lastener. This loading, when measured a5 a force per umt length of
heam . is reflerred (o as shear flow g.*

The magnitide of the shear flow can be obtained using a development
similar to that for finding the shear siress in the beam. To show this, we will
consider finding the shear flow along the juncture where the segment in
Fig. T-14a 15 comnected 1o the flange of the beam. As shawn in Fig, =148,
three horizontal torees must act on this segment. Two of these forces, F
and F + dF, are developed by normal stresses caused by the moments M
and M+ d M, respectively. The third force, which for eguilibriom eqguals
o F acts at the juncture and it is to be supported by the fastener. Realizing
that dF is the result of M. then, like Eq. 7-1, we have

dF = e ydA'
I Ju
The integral represents {2, that is, the moment of the segment’s area A°
it Fig. 7146 about the neutral axis for the entire cross section. Since the
segment has a length oy, the shear flow, or force per unit length along the
beam, is ¢ = dF/dx. Hence dividing both sides by dx and noting that
V = dM/dx. Eq. 6-2, we can write

v
q = TG (7-4)

if = the shear flow, measured as a foree per unit leagth alonyg the
beam

V' = the mtemal resultant shear force. determned from the method
of sections and the equations of equilibrium

I = the momient of mertia of the enitre cross-sectional area
compuled about the neutral axis

Q0 =7'A", where A' is the cross-sectional arca of the segment that is
connected to the beam at the juncture where the shear flow is
to be caleulated. and 3 is the distance from the neutral axis to
the centrond of A"

“The use of the word “Mow™ in (s 1ET|‘I|I|‘I|’I|I'I|L!|- will becoune rnunmghll ns il r-:"rlnjrl\ 5]
ilse discussion in Sec. 7.4
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Af + efd

-

o el

(ki

Ve Fig. 7-14

Application of this equation follows the same “procedure for analysis™
as autlimed i Sec. 7.2 for the shear formula, It s very important to
identily @ correctly when determming the shear flow at a particular
junetion on the cross section. A few examples should serve o illustrare
how this is done. Consider the beam cross sections shown in Fig. 7-15.The
shaded segments are connected to the beam by fasteners and at the
planes of connection, identified by the thick black lines, the shear
flow q 15 determined by using a value ol {2 calculated from A" and 7
imdicated in each fipure. This value of g will be resisted by a simgle fastener
m Fg. 7-13a; by oo fasteners in Fig. 7-150, and by tree fasteners m
Fig. 7-15¢. In other words, the fastener in Fig. 7-15a supports the
calculated value of g, and in Figs, 7-15h and 7-15¢ each fastener
supports /2 and q/3. respectively.

Important Point

& Shear flineis a measure of the foree per ot leagth along the axis
of a beam. This value is found from the shear formula and is used
to determine the shear force developed in fasteners and glue that
haolds the various segments of a composite beam together.

fulh () ich

Fig. 7-15
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EXAMPLE | 7.5

The beam is constructed from four boards glued together as shown in
Fig. -1, If it is subjected to a shear of ¥ = 850 kN, derermine the
shear flow at B and C that must be resisted by the glue,

SOLUTION

Section Properties. The newtral axis (centroid) will be located from
the battom of the beam. Frig. 7-16a, Working in units of meters, we have

A 2005 m](03 m)(0.01 m) + [0.208 m](0.125 m}{0.001 m}) + [0.305 m]{0.250 m) (000 m)
34 2(0.3 m)(0.01 m) + 0,125 m{0.01 m) = 0.250 m(0.01 m)
01968 m

The moment of inertia about the neutral axis is thus

1 3
J = E[F[11rl] m3(0.3my + (001 m)0.3 m) {01968 m — [:I.Iﬁ[lm:r"

11§ prum r

! » ! :
[———250 mm il b (125 mH(0.01m) + (0.125 m)(D.01 m)(D.205m ~ (1968 m]']

Tim ¥ {;—H[H.Iﬁllmb[i'l.l'il m¥ + (0250 m) {000 m){0.305 m — ll.luﬁﬂm]:l

it 8752010 m*

5l mm

Since the glue at B and B in Fig. 7-166 “holds™ the top board to the
beam, we have
Op = TpAl = [0.305m — 01968 m]{0.250 m)(0.01 m)
0.271(10°%) m’

M) i p—125 mmi—] |1 e Likewise, the glue a1 C and C' *holds™ the inner board to the beam,
Fig 7-16h_and so

O = FeAr = [0.205m — 06,1968 m]{0.125 m )(0.01 m})
= (.01026{107%) m

mim| g
Vo= Rt kN

lap

¥ Shear Flow. For B and B’ we have
v 8300 107) N{0.271{10 ) m?)
P (S8 S = 2.63MN/m
N A ! B7.52(10™}m
And for Cand C7,
VO  BS0(107) N{DO10260 107" ) m?)
. - (099G MM /fm
S s 8752010 " m* ;
Since fwvo seqms are used to secure each board, the glue per meter

length of beam at each seam must be stromg enough (o resist one-half
of each calculated value of g°. Thus,

Fig. 7-16 gp =131 MN/m  and g = 0.0498 MN/m Ans

Liad]
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EXAMPLE | 7.6

7.3 Sdkar Foovw in Built-Lie MenaErs

A box beam is constructed from four boards nailed together as shown
in Fig. 7-17a. If each nail can support a shear force of 30 b, determine
the maximum spacing 5 of the nails at B and at Cso that the beam will
support the force of 80 |h.

SOLUTION

Internal Shear. [ the beam is sectioned at an arbitrary poinr along
its [ength, the mntermal shear requited for equilibrivm is alwayvs
¥ = Bl Ik, and so the shear diagram is shown in Fig. 7-17h.

Section Properties. The moment of inertia of the cross-sectional
area about rthe neuwtral axis can be determined by considering a
T3-in. X V.5, sguare manus a 4.5-in. X 450 square.

I= ]]—_I(T..’! in.)(7.5im.) — %[4.5 in.}{45in.) = 229.5in’

The shear flow at 8 is determined using O found from the darker
shaded area shown in Fig. 7-17¢. It is this “svmmetric” portion of the
beam that is to be “held ™ onto the rest of the beam by nails on the left
side and by the fibers of the board on the nght side, Vilk)
Thus,

Oy = FA = [3in]{75in.){1L5in) = 3375 in’

1N

LN

|

LS = |

L5 in ¢

Likewise, the shear flow at © can be determined using the “svmmetric™
shaded area shown in Fip. 7-17d, We have

4 [ith

O =F A = [3in]{45in.)(1.5in.) 2025 in"
Shear Flow.
VO, B0Ibi33.75in’) :
fa=oy 1205 ! = 11.74 Ib/in.
V(- 80Ib(20.25in°) .
QoS- g ST aers = DA,

These values represent the shear foree per unit length of the beam
that must be resisted by the nails at B and the fibers at 8°, Fig. 7-17¢,
and the nails at C and the fibers it C', Fig. 7-17d, respectively, Since in
each case the shear flow is resisted ar neo surfaces and each nail can
resist 30 My, for & the spacing is

b
. — = 5,101 in. Lk wis = &a 154
8 = T11.76/2) h/in. in.  Usesy=5in.  Ans
And for C,
Al th -
Ll £.50 in. Use 5o = B5in. Anx

{7.039/2) Ib/in.

(i

Fig. 7=17
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EXAMPLE | 7.7

Nails having a total shear strength of 40 Ib are used in a beam that can
be constructed either as in Case [ oras in Case 11, Fig, 7-18, If the nails
are spaced at Y in.. determine the largest vertical shear that can be
supporied i each case so that the fasteners will not fail.

i3 i,

115 im 1ind m.d e,

Fig. 714

SOLUTION
Since the cross section 15 the same in both cases, the moment of ingriia
about the neutral axis is

1 [1
I=-={3in)(5 in.)' — 2 ilin )4 in.}' | = 20.58 in*

Case |. For this design a single row of nails holds the top or bottom
flange anto the web. For one of these flanges,

Q=74 =[225n](3in(05in)) = 3.375in’

541 [hat
_¥o
=5k
0 ViliTsinY)
Bin, 2058
V=2111lb Anx

Case ll. Here a single row of nails holds one of the side boards onto
the web. Thus.

O =7A = [225in](1 in(05in.)) = 1125 in’

- g
i
401 V(1.125in")
9in, 20.58 in”

YV =E8l3h Anx
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. FUNDAMENTAL PROBLEMS

Fi-6. The two identical boards are bolied together 1o
form the beam. Determine the maximum allowahle spacing
¥ of the bolis 1o the nearest mm if cach bolt has o shear
strengih of 15 kN, The bewm g sulyjected v a shear foree of
V= 5 kN.

F7-7. The two identical boards are bolted together 1o
form the beam. If the specing of the bolts is & = 1060 mm
and each balt has a shear strength of 15 kN, determing the
maximum shear force ¥ the beam can resist,

F7-8. Two identicsl 20kmm thick plates are bolted to the
top and bottom fange to form the boilt-up beam. IF the
beam 15 subjected to a shear force of Vo= 3 kN,
determine the allowable maximum spacing 5 of the bolts o
the nearcst mm. Each baolt has a shear strength of 30 kN,

F7=%, The bowrds wre bolted topether te form the buili-
up beam. If the beam is subjected to & shear force of
V= 2 kN, determine the allowable maximom spacing of

the bolis to the nearest mm., Esch bolt has a shear sirengih
of 8 kM.

7=y

Fi=lm  The hards are holted together o form the built-
up beam. If the beam is subjected to g shear force of
V = 15 kip, determine the sllowable maximum spacing of
the bolts 1o the nearest § in, Each bolt has a shear sirength
ol6kip
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Serostews

#7-32, The beam is constructed from two boards fastened
together at the top and botom with two rows of nails
speced every b in, IF cach nall can support a 5001 shear
foree, determing the maximum shear [orce ¥ ihat enn be
gpplicd 10 the beam,

o7-33. The beam 5 constructed from wo  hoards
fastencd together at the top and hottom with two rows of
nails spaced every 6 in. If en internel shear force of
Vo= B0 b is gpplied to the boards, determane the shieat
foree resisted by each mail.

Prohs, 7-32/33

T-3. The heam is constructed from 1we hoards Tasiened
together with three rows of nails spaced ¥ = 2 i apart. If
each nail can support a 4500 shear force, determing the
mtaximum shear foree ¥V that can be applied w the beam. The
allowable shear stress [or the wood 5 7, = 300 psi

T7-35. The beam is constructed from two boards [astened
together with three rows of nails IF the allowable shear
sirgss for the wond 8 1, = 150 psl, determine the
meximum shesr force ¥ that can be gpplicd  the beam.
Alzsp, find the maximum spacing 5 of the nails if cach nail
can fesist 6831 b i shear

Probs. T-34/35

#7-36. The beam is fabricated from (wo equivalent
structuril tees and two plates Esch plate has & height of
fin, and a thickness of 0.5 in. 1T 4 shear of V= 50 kip is
applicd i the cross section, determine the maximum spacing
of the bolis Exch bolt can resist a shear force of 13 kip.

»7-37. The beam is fabricated from two cguivalent
structural tees and two plates. Each plate has a height of
fu in. and a thickness of 0.5 in, I the bolts are spaced at
¥ = Hin., determine the maximum shear force V that can
be applied to the cross section. Each bolt can resist a
shear foree of 15 kip,

Prohs. T-36/37

7=38. The beam 15 subjected to a shear of V = 2kN,
Dretermine the avevage shear stress developed in esch nail
il the nails are spaced 73 mm apant on each side of the
beam. Each nuil has a diameter of 4 mm.




T=3% A beam @ construcied foom three bownds bolied
together as shown, Determing the shear foree developed
in cach boll if the bolts are spaced § = 250 mm wpar and the
ppplied shear is V = 35 kN

&= 140 pom

*7-4). The double-web girder is constructed from two
plyworkd sheets that ane secured to wood members at its top
and hattom., IT each fastener can support 600 1h in single
shear, determine the required spacing & of the fasteners
necided 1o support the loading I = 3000 1b. Assume A is
pinmed and & is o moller,

oT=41. The dovsble-web pirder 15 constructed [rom 1w
plywood sheets that wre secured 1o wood members at its top
and bottom. The allowible bending stress for the wood is
T = B KSEand the allowable shear $1Uress 1 7., = 3 ksl
Tf the fasteners are spaced § = O in. and each [astoner can
support G Ik in single shear, determine the maximum oad
P ihat can be applicd 1o the beam,

J2in
_2 In.
in
[ 2in.
2in,
-
13 h. 5 in.
Probs T—i0/41
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T=42, The T-beam is mmled together as shown, 11 the nals
can each support a shear foree of 950 Th, determing the
muximum shear [oree 1 that the beem can suppirt and the
eorfesponding maximum nall spacing s 1o 1he neares ,'T in.
The allowable shear stress for the wood is 7. = 450 psi,

Prob. 7-42

T=43. Determing the averape shear stress developed in the
nails within region A ol the beam, The nails ere loceted oo
cach side of the beam and arc spaced 100 mm apart. Each
ol s a diameter of 4 mm. Take P = 2 kN,

ST, The nails are on both sides of the beam and cach
can resist 4 shear of 2 kKM Tn addition to the distriboted
Ipading, determine the maximum load ™ that can be zpplicd
o the end of the beam, The nails are spaced 100 mm apar
and the allowable shear siress for the wood is 7. = 3 MPa,

3
kM /m

1.5m

I I5m 1

20 mm 7)) g

Probs, T-43/44 _:J

L piem




B4 CHAPTER 7 TRAMSVERSE SHEAR

«T=45, The beam 15 constrocted Trom four boands which
are nailed together, 10 the nails are on both sides of the
beam sod cach can resist a shear of 5 kN determine
the maximum foad P ohar can be applied 1o the ead of the
heam.

_._1 l.--'-'ﬁ“l'ﬂi'_"_.jlljl-.l:uu

Sl mim

Prot. T-45

T-#. A built-up timber beam is made Wom the four

boards. cach having o rectanpular eross secdon, Write a
computer program that can be wsed w determime the
maximum shear stress in the beam when it is subjected o
the shear V. Show en application of the program for a
specific set of dimensions

Prob, T—6

T=47. The beam s made from four boards nedled waether
ag shown, Tf the nails can esch support & shear force of
1 b, determine their required spacing 5° and £l the beam
issubjected 1o o shear of ¥ = 70 I,

15 in
AT Prob.7-a7

=48, The box beam is constructed from four boards that
are fastened together using nails spaced along the heam
evary 2 in_ If each nail can resist a shear of 50 b, determing
the preatest shear V' that can be applicd to the beam without
causing failure of the nails

Prob. 748

T4, The umber T-beam s subjected 1o & loud consisting
ol n comeentrated forces, ', 11 the allowable shear V', Tor
gach af the nails is known, write a compute program thiat
will specify the nail spacing between each load. Show en
application of the program  using the values [ = 150,
ity = 40t, Py = 6] [b, ety = B I, Py = 1500 |h, by = 1.5i0n;,
fy=10in. by, = 8Bin., iy = lin, end V; = N0 Lh.

F kP,

——
Nl "

||I|

=

i S i i
! .[I'|

Prob. 744
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7.4 Shear Flow in Thin-Walled Members
In this section we will show how to apply the shear flow equation
g = VQ/T 1o find the shear-Mlow diseribodon throughou! 2 member's
crivss-sectional area. We will assume that the member has thin walls,
that is, the wall thickness is small compared to s height or width.
As will be shown in the next section, this analysis has important
applications in structural and mechanical design.

Like the shear stress. the shear flow acts on both the longitudinal
artd transverse planes of the member. To show how 1o establish s
direction on the cross section, consider the segment dy of the wide-
flange beam in Fig. 7-1%q. Free-body diagrams of two segments B and i
C taken from the top flange are shown in Figs: T-195 and 7-19¢. The
force dF must act on the longitudinal section in order to balance the
normal forces Fand F+ J Fereated by the moments M and M + dM,
respectively. Now, if the corner elements B and C of each segment
are removed, then the transverse components ¢ act on the cross
section as shown in Figs 7-1%% and 7-19¢. Using this method, show
that the shear Now at the corresponding points B and € on the
bottom flange in Fig. 7-194 is directed as shown,

Although it 15 also true that ¥ + JV will create verrical shear-tflow
components on this element, here we will neglect its effects, This is
because this component. like the shear stress, is approximately zero
throughout the thickness of the element. Here, the flange 18 thin and
the top and bottom surfaces of the element are free of stress, Fig, 719,
To summarize then. only the shear flow component that acts paraliel o
the sides of the flange will be considered.

T.‘-F + aiMd

¥+l

el

r||' assnmed io he Fem
throughoun flange
thickneas sinoe lop
wnild bodlasm ol

flanpe ane

shress free

¢ asume d covevtind
throsghoui Minge
[l thickness leh Flﬂ- 19
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.'_l
i B I —
: = k= -
_"_dl.r_f t—a—|dy o

{hi icl

Fig. 7-20)

Having determined the direction of the shear flow m each flange.
we can now find its distribution along the top right flange of the beam in
Fig. 7-2Ukt. To do this, consider the shear flow g. acting on the colored
glement ox, located an arbitrary distance 1 from the centerline of the
cross section, Fig, 7-20b. Here Q@ = ¥ A" = |d/2](H/2 — x)¢. 50 that

SV V[d/2)(h/2 — xyr I-'n!(h } (73]

I ] B

By inspection. this distribution varies in a {inear manner from g = 0 at
x = 02 0 (Guag)y = Vidb/4l at x = 0. (The limitation of x =0 is
possible here singe the member is assumed to have “thin walls”™ and so
the thickness ol the web is neglected.) Due to symmetry, a similar
analvsis vields the same distribution of shear flow for the other flange
segments, S0 that the results are as shown in Fig T-2040.

The total force developed in each flange segment can be determined
by integration. Since the force on the element dx in Fig. 7-200 is
dF = g dx. then

"-‘ Y -
“Vrd b Vil
Fy I/tj:f.‘:’ jl- 37 (E .t),lu'x v

We can also determine this result by finding the aréa under the triangle
in Fig, 7-20u, Hence,

1 4% Vidly
F.' = E{f.flrluh( ) = 167

-
&

All four of these [orces are shown in Fig 7-20¢, and we can see from
their direction that horizontal force equilibriuom of the cross section s
mamtaimed.
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I.‘]'1“1 Iy 'F § 'F.
% 1‘ Hisaaly
I
J Irlllllll Iw
'
% %ﬁ 2 B dfipan Iy

iy by

(el

Shear-flow disirihuiinn
{dp

Fig. T-20 jeoni.)

A similar analysis can be performed for the web, Fig. 7-20c. Here g must
act downward, and at element dy we have Q = Ey' A" = [d/2](bet) +

L+ (123 df2 — )| eddf2 —v) = brdf2 + |:.*_||r:'||:4_|'-"|,-'4 = _I.':'II.F-HII'I.'I.I
V{? Vi | dh 1 { d” 3
e 7-0
- L [ 3 zt 4 )} At

i

For the web, the shear flow varies in a parehalic manner, from
g = 2 fquedy = Vb2l at v = df2 to (g = (Vid/ T2 +d/8)
at v = {1, Fig, 7-200,

Integrating to determine the foree in the web, F,, we have,

ol 3 T ¥
Vil dh 1/ d ¥
Fa I[ﬂfhh': _/,,.-_-T[T_?(T_ i .)}r.fl.'

Il
- =
—
¥ =
=]
=
L
|
=
—
fa
|
k| =
-
s
T —"
e
B
= 1]
3

Simplification 15 possible by noting that the moment of mertia for the
cross-sectional area is

i T
] = J’V%.’:r* 1 .’:r[‘;) j| + qurd-‘

Meglecting the first term. since the thickness of each flange is small, then

1d’
[ = T(Eh 4 ?JJ

Substituting this into the above equation. we see that £, = 17, which is
ton be expected, Fig, 7-20e
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Shear low g

Fig. 7-21

From the foregoing analvsis, three important poinis should be observed,
First, the value of g changes over the cross section, since (2 will be different
for each area segment A" for which it s determined. In particular, g will
vary fimearly along segments (flanges) that are perpendicialar o the
direction of V, and parabalically along segments (web) that are inclined or
paratlel to V. Second. g will always act parallel o the walls of the member,
since the section on which g is caleulated is taken perpendicular to the
walls, And third, the directional sense of g s such that the shear appears
to “ffow™ through the cross section, imnard at the beam's top flange,
“combining” and then “Oowing”™ downwand through the web, since it must
contribute o the shear force ¥V, and then separatng and “Tlowing”
ounvard at the bottom flange. If one is able to “visualize™ this “flow™ it will
provide an easy means for establishing not only the direction of g, but ailso
the corresponding direction of 7. Other examples of how g is directed
along the segments of thin-walled members are shown im Fig. 7-21. In all
cases, symimelry prevails about an axis that 8 collinear with V. As a result,
if “Aows™ ina direction such that it will provide the vertical force Woand vet
also satisfy horizontal force equilibrium for the cross section.

1 I
-
Important Points

* The shear flow formula g = VO, T can be wsed to determing the
distribution of the shear flow throughout a thin-walled member
provided the shear V acts along an axis of symmetry or principal
centrosdal axis of inertia for the cross section

* If a member is made from segments having thin walls, only the
shear flow parallel to the walls of the member is impaortant,

* The shear flow varies fnearly alomyg segments that are perpendicular
to the direction of the shear V.

* The shear flow varies poarobolically along segments that are
inclivied or parallel to the direction of the shear V.

® On the cross section, the shear “flows™ along the segments so that
it results in the vertical shear force Woand vet satisfies hocizontal
force equilibrium.
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EXAMPLE | 7.8

The thin-walled box beam in Fig. 7-22a 15 subjected to a shear of
10 kip. Determine the variation of the shear flow throughout the cross
Seciion.

SOLUTION

By symmetry, the neutral axis passes through the center of the cross
section, For thin-walled members we use centerline dimensions for
calculating the moment of inertia.

= lrzjn.]{?in.}-‘ + 21(5m3(1in)(35in)] = 179.7in.}

12

Oniy the shear flow at points B, C, and D has to be determined. For
point &, the area A® = 0, Fig, 7-22b, since it can be thought of as N oA
being located entirely at point B. Alternatively, A" can also represent
the emfire cross-sectional area, in which case (g = v A" = () since
W = (. Because Qy = 0. then

1hi
Ta = i |1r|.|__i.
4 F—fin—]
For point C. the area A' is shown dark shaded in Fig. 7-22¢. Here, 0 l ;I___;lm
we have used the mean dimensions since pont O 15 an the centerfine " L A
of each segment. We have _,'m
= I
O =7 A = (35m)(5in){1in} = 17.5in’ T |
an
Since there are two points of attachment, (=)
1 'VQ,,—'] | ('II!E‘iptl?.:i in"]}
= = — = {L4B7 kip/in
. :( 1 2\ 1797 i
Y
The shear flow at I i determined wsing the three dark-shaded
rectangles shown m Fig. T-22d. A gain, using centerling dimensions
NERI =% Ty . : : 3
Op=E¥ A'= 23— (1 i) (3.5 ini) + [35In.](5 imi}(1 i) =29.75 i s,
| i W AET kipim
Because there are two points of attachment. ’],L ALK ks it
. ; N+ A
1 {VOQaY 1 10kip(2975in")" s i
o E( : ) = E( = } (.828 kip/in. {
AT kipnin
Dsing these results, and the symmetry of the cross section. the (5}
shear-flow distribution is plotted in Fig. 7-22¢. The distribution is
linear along the horizontal segments { perpendicular o V) and parabolic Fip. 7-22

along the vertical segments (parallel to V),
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*7.5 Shear Center for Open
Thin-Walled Members

In the previous section. it was assumed that the mternal shear 'V was
applied along a principal centroidal axis of inertia that also represents an
axis of svmierry for the cross section. [n this section we will consider the
eftect of applying the shear along a principal centroidal axis that is st an
axis of symmetry. As belfore, only open thin-walled members will be
analyzed, 5o the dimensions to the centerline of the walls of the members
will be used. A tvpical example of this case 5 the channel section shown
in Fig. 7-23a. Here it is cantilevered from a fixed support and is subjected
to the force P. If this force is applied along the once vertical,
unsymmetrical axis that passes through the cenfroid C of the cross
section, the channel will not only bend downward, it will alsa heis
clockwise as shown.

Ill?lﬂ.-]l .I.l

‘“?mu Iy

'l qrnq'u }I

Shear-flow distnbution

{oj

thj

ic) [d)

Fig. 7-23
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To understand why the member twists, it 15 necessary (o show the shear
Now distribution along the channel's langes and web, Fig, 7-230 When this
distribution is mtegrated over the flange and web areas it will give
resultant forces of F; in each flange and a force of V' = P in the web,
Fig. 7-23¢. If the moments of these forces are summed about point A, it can
be seen that the couple or torque created by the flange forces is responsible
for twisting the member. The actual twist 15 clockwise when viewed from
the front of the beam as shown in Fig. 7-23a, since regctive mtermal
“equilibaum” forces Fcanse the twisting In order to prevent this twisting
it is therefore necessary o apply P ar a point € located an eccentric
distance ¢ from the web of the channel, Fig. 7-23d. We require
Mi=Ful = Pejor

FIII':
-

#

Using the method discussed in the previous section, Fcan be evaluated
m terms of F (= V) and the dimensions of the flanges and web. Once this
i5 tdome, then P will cancel upon substitution mio the above equation, and
it becomes possible to express ¢ simply as o function of the cross-sectional
geometry (see Example 7.9). The point € so located is called the shear
center or flexural center. When P is applied at the shear center. the beam
will bend withowut rwisting as shown in Fig, 7-23¢. Design handbooks often
list the location of this point for a vanety of beams having thin-walled
cross sections that are commonly used in practice

From this analysis, it should be noted that the shear center will always
lie on an axis of symmeiry of a member's cross-sectional area. For
example, if the channel is rotated Y° and P is applied at A, Fig. 7-24a, no
rwisting will oceur since the shear flow in the web and flanges for this
case is sveeenetricad. and therelore the force resultants in these elements
will create 2ero moments about A, Fig. 7-240. Obviously, if a member has
a cross section with fne axes of symmetry, as in the case of a wide-flange
beam, the shear center will then coincide with the intersection of these
axes (the cemtroid )

Fig, 7-24

7

Demonstration of how & cantilever beam
deffects when lomded through the centronl
{above) and through the shear cemier
|belovw ),
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Important Points

* The shear center is the point through which a force can be applied
which will cause & beam to bend and vet not twist,

* The shear center will always lie on an axis of symmetry of the
ETO5S section.

®= The location of the shear center is only a function of the
geometry of the cross section, and does not depend upon
the applied loading.

Procedure for Analysis

The location of the shear center for an open thin-walled member for
which the internal shear is in the same direction as a principal
centroidal axis for the cross section may be determined by using the
following procedure.

Shear-Flow Rasultants.

® By observation, determine the direction of the shear flow
throngh the varions segments of the cross section, and sketch the
force resultants om cach segment of the cross section. (For
example, see Fig. 7-23¢.) Smoe the shear center is determined by
taking the moments of these force resultants about & point (A},
choose this poaint at a location that eliminates the moments of as
many force resultants as possible.

® The magnitudes of the force resultants that create a moment
about A must be caleulated. For any segment this s done by
determining the shear flow g at an arbitrary point on the segment
and then integrating g along the segment’s length, Realize that ¥V
will ereate a linear variation of shear flow in segments that are
perpendicilar to ¥, and a parabalic vanation of shear flow in
segments that are paralled or inclired 10V,

Shear Center,

# Sum the moments of the shear-flow resultants about point A and
set this moment equal to the moment of ¥ about A. Solve this
equation to determing the moment-am orf eccentric distance ¢,
which locates the line of action of ¥ from A

= [fan axiy of symmetry for the cross section exists. the shear center
lies at the point where this axis intersects the line of action of V
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EXAMPLE | 7.9

Determune the location of the shear center for the thin-walled channel
section having the dimensions shown m Fig. 7-25a.

SOLUTION

Shear-Flow Resultants. A vertical downward shear Voapplied 10 the
section causes the shear to flow through the flanges and web as shown in
Fig. 7-25b.This causes force resultants F, and Vin the flanges and web [a}
as shown in Fig. 7-25¢. We will take moments about point A so that only
the force Fyon the lower flange has o be determined.
The cross-sectional area can be divided into three component
rectingles—a web and two flanges Since each component 15 assumed to
e thin, the moment of inertia of the area about the neutral axis s ==

i i " h \2 .I'J' ! J
= ()] - 50

Tl
Shear v distribation

From Fig. 7-25d, ¢ at the arbitrary position x 15

Ve Vil/2)[b — x)i B Vil = x) (h)
VST T ) he) + b B[(AE) + B

Hence, the force F.f 15

fo=
e i 5 .
illll I'Ilr'h- ‘II' i ||'1
F dy » ————— [ dy - — &
’ j..“' X = sy T h T X = Saley + B S
it —
This same result can also be determined by first finding (g, £
Fig. 7-25b, then determining the triangular area jhiq,,u.], F;. >
Shear Center. Summing moments about point A, Fig. 7-25:, we
require ()

Virh

2h[(hf6) + B F
Thus, Af Jj‘ A
y . | g.:

Ve= Fih =

iy
B - P
[[7/3) + 28] i I__ :

I

As stated previously, ¢ depends only on the geometry of the cross
section Fig. 7-25
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EXAMPLE [ 7.10

Determine the location of the shear center for the angle having
equal legs, Fig, T-26a. Also, find the mternal shear force resultant in
cach leg.

(] L)

]

i)
Fig. 7=2

SOLUTION
When a vertical downward shear V is applied at the section, the shear
flow and shear-flow rosultants are directed as shown in Fig, 7-265 and
1-26¢, respectively, Note that the force Fin cach leg must be equal,
since Tor equilibrium the sum of their horizontal components must be
equal o Zero. Also, the lines of action of both forces intersect point £,
therefore, this point must be the shear center since the sum of the
moments of these forces and 'V about ©F 15 zero, Fig. 7-26¢

The magnitude of F can be determined by first finding the shear
flow at the arbitrary location 5 along the top leg. Fig. 7-26d. Here

P L S PSR W (R TE (R
Q=74 ‘u'E(Ih .\]+:Jr.« U'i(h 2).1.!
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{d) i)

Fig. 7-24 (cont.)

The moment of inertia of the angle, about the neutral axis, must be
determined from “Tirst principles.” since the legs are inchined with
respect to the neutral axis. For the area element od = ¢ ds. Fig. 7-26e,
we have

: - | 7 -, | Wi :h]
I=[yvdA= ?_/ —(h — x| tds = r(h"x — hy” ——.1."} =—
/1 g [\,ﬁ i| I Sl 3

Thus, the shear flow is

Vi V 1 ( j %)
= — = ¢ Py
g I (3| 9 2 } :

L .[, 5
v\ 3}

The variation of q 15 parabolic, and it reaches & maximum value when
& = bas shown in Fig. 7-266. The force Fis therefore

_ v "hi_l_r1) .
'.,.,r’ilr:,.‘ il i I¥
I
= —W A
V2

NOTE: This result can be easily venfied smee the sum of the vertical
components of the foree Fin each leg must egual Vand, as stated previously,
the sum of the horizontal components equals Feco.
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Serostews

T=50. A shear force of Vo= 30 kN i applicd 1 the box
girder, Dietermine the shear fow at points A and &

T=EL. A shear force of ¥ = 450 kN & applied 1o the box
girder, Determine the shear Now at points O and 18,

1 mm

[EH1 mom

15 mm

Prohs. 7-50051

=82, A shear [oree of Vo= 18 kN is applied to the
symmetric boy girder. Determine the shear Now at A and B,

#7-83, A shear force of V' = I8 kN is applicd 1o the box
girder. Determine the shear fow at O

T7-84, The aluminum strut is [ mm thick and hes the cross
section shown. [ i is subjected 1o a shear of, V' = 150 N,
determine the shear Qow at points A and B

T-E5,  The aluminum strut is 10 mm thick and has the cross
scction shown. I it is subjected 10 a shear of V' = 150 N,
determine the masimum shear fow in the strat

11 mm :

Ik mm

Prohs. 7-54/55

#T=R6. The beam = subjected o a shear force of
Vo= 3 kip. Determing the shear Now at points A and 5.

«7-57. The beam is construcied from four plates and is
subjected to 8 sheer force of V= 5 kip. Determine the
maximim shear Tow in the cross section,
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T=-588. The channel is sulyected to a shear of Vo= 75 kN,

Determine the shear Mlow developed at point A,

7-59, The chennel is subjected to 8 shear of 1 = 75 kN.

Diciermine the muximum shear flow 0 the channel.

i mim "’I Prohs, 7-53/59

#*7-6l). The anple is subjected 10 a shear of V= 2 kip
Sketch the distribution of shear flow along the leg AH
Tndicate numerical valies at all peaks

i
025 i v
Proh. T=hl

aT=H1. The assembly 15 subjected to i vertical shear of
Vo= T kip. Determine the shear Tow ab points A and B oand
the maximum shear flow in the cross section.

T=62, Determine the shearstress vamation over the cross
section of the thin-walled tube a2 g function of elevation yand
show that 7, = 2V/ 4, where A = 2ar. Hint Choose a
differemtial arca element A = R it Using dd = vd A,
formulate O Tor a circular section from 8 o {x+ = 00 and show
that @ = 2R cos §, where cos@ = VR - vV/R

Frob. T-62

T=63 Determine the location ¢ of the shear center,
point €, [or the thin-walled member having the cross
section shown where by = by The member segments have
the same thickness @

R —

Frotr. 763

764, Determine the locaton ¢ of the shear center,
point &, for the thin-walled member hasing the ¢ross
section shown. The member segments have the same
thickness r,

o
e

Prob. 764
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«T=fi8, Determine the location ¢ of the shear ceoter,
point £, for the thin-walled member having & gl along s
side. Each element has a constant thickness b

=
rusti. T=05

T=66. Determine the locetion « of the shear center,
point €}, for the thin-walled member having the cross
soction shown

N

- -
(he i )y.__
ur g
--...,,',h 1
(&
Prasty, 76t

T=67. Determine the location « of the shear center,
point O for the thin-walled member having the cross
seciion shown, The member segments have the same
thickness &

%
— =

-

Gl

|—I-JI.'|'_‘-—|-—|JI._

——

Prob. 7-67

*1=68. Delemine the location ¢ of the shear center,
point £, for the beam having the eross section showin, The
thickmess is £

Proh. 7-608
oT7=08, Determing the location ¢ of the shear center,
point € for the thin-walled member having the cross

section shown, The member segments have the same
thickness o

-

—r—

Prob, 7-69

n
i ol 1

7= Dewrmine the location e of the shear center, point 2,
for the thin-walled memher having the cross scction shown.

i

Prok. 7-Ti
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. CHAPTER REVIEW

Transverse shear siress in beame i determined indirectly
by using the flexure formula and the relationship
between moment mmd shear (Vo= dMfdlx ), The result
i the shear formula

ATin = A

Ve
=

I A

In particular, the value for Qs the moment of the
arca A" aboul the neutral axis, & = 7.A':This arca is N
the portion of the cross-sectional area thist is “held
on” o the beam ahove (or below) the thickness ¢
where = 1o be determined,

If the beam has o recliamgular cross section, then the
sheir-stress distribution will be parabolic, having a
maximum value al the neutral sxis. The maxmmum

, : v
shear stress can be determined using ¢ = 1.5 A

Shear-siress distribution

Fasteners, such as nails, bols, glue, or welds, are used
Lo gonmiec] the composite parts of & “buailt=up" s&ction
The shesr force resisted by these fasteners s
determined from the shesr flow, g, or (oroe per unit
length, that must be carred by the beam. The shear
Tivw i=
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T the beam s made from thin-walled segments, then
the shear-flow distribution along cach segment can be LA

; ey : : . A ki
determined, This distnbution will vary linearly along _é Fomo

horizontal sepments, and parahalically along inclined
of vertical segments |

J “fln..l; b
| E
:{"irrrnl h

Shear-flow distibuteon

hl'rl.ll I.'

Provided the shear-flow distribution in cach element
ol an open thin-walled section & known, then osing a
hatiance of momenis the focation @ of the shear center

for the eross section can be determingd. When a load £ 1
is gpplied to the member through this point, the member H
will bend, and ool twist e

o

w =
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. REVIEW PROBLEMS

T=T1. Sketch the intensity of the sheai-siress distrilution #1-73. The member is subjectgd o o shear lorce of
peting over the beam's cross-sectional area, and determine V' = 2 kM. Determine the shear flow at points A, 8, and €
the resultant shesr [oree scting on the sepment AN The The: thickness of gach thin-walled sepment is 15 mim

shear acting at the section s Vo= 35 kip, Show that
Taq = R72.49 in',

Proh. 7-T3

7=74. The beam is constrocted from four boards glued
together at their seams I the plue can withstand 75 Dh/in.,
whal s the meximum vertical shear V' that the beam can

Prob. 7-71 suppot?
#7172, The beam is fabricated from four boards nailed T=-T5  Solve Prob, T-T4 0 the beam i€ rorated 907 from the
topether as shown, Determine the shear [oree cach nanl prosition shown,

along the sides O and the top I3 must resist il the nails are
uniformly spaced at 5 = 3in. The beam is subjected 1o &
shear of ¥V = 4.5 kip,

Prob. 7-T2 , Probs, 7-74/75




The offset hanger supparting this ski gondaola is subjectad to the combined loadings
of axial force and bendirg moment




Combined Loadings

CHAPTER OBJECTIVES

This chapter serves as a review of the stress analysis that has been
developed in the previous chapters regarding axial load, torsion,
bending, and shear. We will discuss the solution of problems where
several of these intemal loads ocour simultaneously on a member's cross
section. Before doing this, however, the chapter begins with an analysis
of stress developed in thin-walled pressure vessels.

8.1 Thin-Walled Pressure Vessels

Cylindrical or spherical vessels are commuonly tsed in indwstey 1o serve
as boilers or tanks When under pressure, the material of which thev
are made is subjected to a loading from all directions. Although this is
the case, the vessel can be analyzed in a simple manmer provided it has a
thin wall, In general, " theim wall” refers (o a vessel having an inner-radis-
to-wall-thickness ratio of 10 or more (rf/r = ). Specifically, when
rit = 10 the results of a thin-wall analysis will predict a srress that is
approximately 4% less than the actual maximum stress in the vessel. For
larger /'t ratios this error will be even smaller.

Provided the vessel wall is “thin.” the stress distribution throughoot its
thickness will not vary significantlv. and so we will assume that it is
reniform or covrsrant. Lsing (his assumption. we will now analyise the state
of stress in thin-walled evlindrical and spherical pressure vessels. In both
cases, the pressure in the vessel is understond (o be the gange presire,
that is, it measures the pressure above atmospheric pressure, since
atmospheric pressure is assumed to exist both inside and outside the
vessel's wall before the vessel is pressurized.

Cylindrical pressure vessels, such as this
gy tank, hove semi-sphencal end caps
rather tham flat ones i arder 1o redoce the
stress im the Lunk,

4035
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Cylindrical Vessels. Consider the evlindrical vessel in Fig. 8-1a.
having a wall thickness ¢, inner radius r. and subjected 1o a gauge
pressure p that developed within the vessel by a contained gas, Due to
this loading, a small element of the vessel that is sufficiently removed
fronm the ends and oriented as shown in Fig. Bl 15 subjected to normal
stresses oy in the circamferential or hoop direction and o2 in the
longitudinal or axial diveciion.

The hoop stress can be determined by considering the vessel to be
seetioned by planes a, b and ¢ A free-body diagram of the back segment
along with the contained pas s shown in Fig, B~1h Here only the
loadings m the = direction are shown. These loadings are developed by
the uniform hoop siress o, acting on the vessel's wall. and the pressure
acting on the vertical face of the gas. For equilibrium in the x direction,
Wi reuire

XF, =0 Aery(t dy)] = pi(2rdy) =0

(5-1)

The longitudinal stress can be determined by considering the left
partion of section i of the cylinder, Fig, 8—la. As shown i Fig. 8-1¢, -
acts uniformly throwghout the wall. and p acts on the section of the
contained gas. Since the mean radius is approximately egual to the
vessel's inner radius. equilibrium in the v direction requires

EF, = 0; o 2mrr) = plar’) = 0
o
=& (8-2)

In the above equations,

7y, 2 = the normal stress in the hoop and longitudinal directions,

respectivelv. Each is assumed to be constant throughout the
witll of the cylinder, and each subjects the material to
[ension,

p = the internal gauge pressure developed by the contained
2as

¥ = the mner radios of the cylinder

t = the thickness of the wall {#/r = 1{})
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Bv comparison, note that the hoop or circomferential stress is
twice as large as the longitudinal or axial stress Consequently, when
fabricating cvlindncal pressure vessels from rolled-formed plates, the
lomgitudinal joints must be designed to carry twice as muoch stress as the
circumferential joints.

Spherical Vessels. We can analyze a spherical pressure vessel
in a similar manner, To do this, consider the vessel o have a wall
thickness © mner radius r, and subjected 1o an internal gauge pressure
p, Fig. 8-2a. If the vessel is sectioned in half, the resulting free-body
diagram is shown in Fig. 5-28. Like the cylinder, equilibrium in the v
direction requires

ZF,. =15 a+(2ert) — pler) =10

(8-3)

This is the sawe restile as that obrained for the longimdinal stress in the
cyvlindrical pressure vessel. Furthermore, from the analysis, this stress will
be the same regardless of the orientatiom of the hemisphernic free-body
diagram. Consequently, a small element of the material 15 subjected 1o
the stare of siress shown i Fig, B-2a.

The above analysis indicates that an element of material taken from
either a cvlindrical or a spherical pressure vessel is subjected to baxial
stress, e, normal stress existing in only two directions. Actually, the
pressure also subjects the material to a radial stresy, o, which acts along
a radial line. This stress has a maximum value equal to the pressure pat
the mterior wall and it decreases through the wall 1o zero at the exterior
surface of the vessel, since the gauge pressure there is zero. For thin-
walled vessels, however., we will jgnore this radial-stress component,
since our limiting assumption of £/t = 10 results in o3 and o) being,
respectively, 5 and 10 times fugher than the maximum radial stress,
(T3 )nay = P- Fmally, il the vessel is subjected to an exrernal pressure, the
compressive stress developed within the thin wall may cavse the vessel
to become unstable, and collapse may occur by buckling rather than
causing the material to fracture.

Shown is the barrel of a shodgun which
was clogeed with debris just belore
firimg. Gas pressure from the charge
mereosed  the  etreumfergniml - siress
within the bairel |.-|.‘||;rIJg]1 o caise 1he
Tupire,

(1]

rl
ihy

Fig. 8-2
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EXAMPLE | 8.1

A cvhindrical pressure vessel has an imner diameter of 4 ft and a
thickness of 5 in. Determine the maximum internal pressure iC can
sustain so that neither its circumferential nor its longitudinal siress
component exceeds 20 ksi. Under the same conditions, what is the
maximum internal pressure that a similar-size spherical vessel can
sustain?

SOLUTION

Cylindrical Pressure Vessel. The maximum stress oceurs in the
circumferential direction. From Eq. 8-1 we have

pr rEr Y pfz-'iil.‘l._]
iy = — 20 kipfinm » —
- o/ o
p =417 psi Anx

Note that when this pressure is reached, from Eqg. B-2. the siress
im the longitudinal direction will be o = -_.ll'Il':l ksi}l = 1100 ksi,
Furthermore, the masinrem siress i the radiad direction oceurs on the
material at the inner wall of the vessel and is (o), = p = 417 psi,
This valoe is 48 times smaller than the circumferential stress {20 ksi).
and as stated earlier, its effects will be neglected,

Spherical Vessel. Herc the maximum stress occurs in any two
perpendicular directions on an element of the vessel, Fig. 8-2a. From
Eg. 83, we have

- {24 1. |
oy = ?; 20 kip/in FI—
2 2{Lin.)

p = 833 psi Anx

NOTE: Although it is more difficult to fabricate, the spherical
pressure vessel will carry twice as muoelh internal pressure as a
cylindrical vessel.
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B-1. A sphercal pas tank has an imner radios ol ¢ = 1.5 m.
If it is suljected 1o en internal pressure of p o= 300 EKPa,
determine 18 reguired thickness il the maximum normal
stress is not to exceed 12 MPa.

B-1. A pressurived spherical tank is o be made of

(1.5-in.-thick steel, IT i1 is subjected ty an internal pressure
ol p = 2(4 psi, determine s outer radios if the maximum
noimeal siress i€ not o exceed 15 ks

B=3, The thin-walled cvlinder can be supporied i one o
two wavs as shown, Dietermine the state of siress in the wall
ol the cvlinder [or bolh cases if the piston P cuuses Lhe
infernal pressure 1o be 65 psa. The wall bas a thickness of
N.25in. and the inner diameter of the cylinder is 8 in.

Tl
=

iap
Prok, B-3

*8—4. The tank of the air compressor is subjected o an

internal pressure of ) psic I the internal diameter of

the tank is 22 in., and the wall thickness is (0,25 in.,
determine Lhe stress componcents acting at point A Draw &
vilume element of the material at this point, sand show the
results on the element

##-5, Thespherical pas tank is fabricated by bolting together
two hemispherical thin shells of thickness 30 mm. If the gas
contained in the tank is under a gaupe pressure of 2 MPa,
determine the normal stress developed in the wall of the tank
and mn cach of the bolis The tank has an mner diameter of 8 m
ined = seabed with 900 bolis each 25 mm m diameter,

B6. The spherical gss tank is fabricated by bolting
together two hemispherice! thin shells 10 the B-m inner
diameter tank is 10 by designed 1o withstand a paoge pressure
of 2 MPa, determine the minimm wall thickness of the
tank and the mimmum number of 25%mm diamecter bolts
thint must be used to szal it The tank and the bolts re made
from material having an allowable normal strass of 150 MPa
and 250 MPa. respectively.

Prahs, B-5/6

B-7. A boiler is construsted of B-mm thick steel plates that
are fastened together at their ends wsing a bt joind
conristing of two B-mm cover plates and rivees having &
digmeter of 1 mm and spaced 30 mm apart as shown. If the
steam pressure mothe botler 8 135 MPa, determine (a) the
circumferential stress in the boiler's plate apart from
the seam. (1) the circumierential stress in the outer cover plate
along the rivel line a— and (¢) the shear stress in the nvels




410 CHapied B Cospinen Loanings

“B=B. The gas storape tank is Tabricated by boltimg togethes
bwo hall exvlindrical thin shells amd two hemispherical shells
g8 showm. Il the tank is designed to withstand a pressure
of 3 MPa, determine the required minimum thickness of
the cylindrical and hemispherical shells and the minimiim
requircd number of longitudinal bolts per meter length gt
cach side of the evlindrical shell, The tank and the 25 mm
diameter bolis are made [romm muteial having an allowable
normeal stress of 150 MPa and 250 MPa, respectively. The
tank has an inner dizmcter of 4 m.

aB=0.  The pas storape tank i fobocaled by bolting togetles
twir hall eylimdrical thin shalls and two hemispharical shells
as shown, [f the tank 15 designed 1o withstand a pressure of
3 MPa, determing the required minimum thickaess of the
cylindrical and hemispherical shells and the minimam
required numher of bolts for cach hemispherical cap. The
tank and the 25 mm diameter bolts are made from material
having an allowale normal stress of 150 MPa and 250 MPi,
respectively. The tank has en inner dismeter of 4 m

Probs. 8-8M

=10, A wood pipe having an inner diameter of 3 01 is
bound together using steel hoops each having a cross-
sectionsl area of 0.2 in® I the allowable steess for the hoops
18 e = 12 ksl, determine their moximum spacing « aloag
the =zction of pipe 50 thal the pipe can resist an inlernal
gauge pressurc of 4 psi. Assume cach hoop sapports the
pressure loading acting along the leagth v of the pipe

=11, The staves or vertical members of the wooden tenk
are held together wusing semicirculisr hoops having a
thickness of (05 in. and & widith of 2 in. Determine the
normal stress in hoop AR the tank is subjected (ooan
internal paupe pressure of 2 opsi and this leading =
transmiticd directly o the hoops, Also. il 0.25-in-diameter
bolts are wsed 1o connect cach hoop together, determine the
tensile stress in esch bolt a1 A and B Assume hoop AR
supparts the pressure loading within a 12-in, length of the
tank &s shown

[ 15 in

Prob, §-11

*B=12. Two hemispheres having an mner radies of 2 {1 and
wall thickness of 1.25 in, are Atted wogether, and the inside
pauge pressure is redoced too — 10 psi. If the coefficicnt
of static [riction is ji, = 05 between the hemispheres,
determime (a) the torque T necded 1o initiate the rotation
ol the 1op hemisphere relative o the hottom one, (b)) the
vertical [orce necded to pull the twop hemisphere off
the bottom one, and (e} the honzontal foree needed 1o glide
ihe top hemisphere off the bottom anc.

Prof, 8-12




sf=1Y. The M stainless stecl band imtially s snugly
around the smooth rigid cylimder. 10 the band is then subjected
to & nonlincar wemperature drop of AT = 2 sm” 6 °F,
whiere # s in redians, detenmine the circumferential Siress in
the hansl.

T — E:[
@: 1in,
f
I‘H-_._'__...———-l-;
Frob, §-13

B-14. The ring, having the dimensions shown, is placed
pver & fexible membrane which is pumped up with &
pressure o Determine the chanpge o the internal radios of
the ring afier this pressure is applicd. The modulus of
elrsticity for the ring is £

Proh. 814

B-15. The inner ring A has gn inner radius r; and outer
rading r+. Before heating, the outer ring # has un inoer
radius ry and an outer radius ey, and s 2 ey TNhe outer ring
is heated and then fitted over the inner fng, determing the
pressure between the two rings when ring B oreaches the
temperiatire of the inner ang, The material bas o modulus of
elasticity of £ and a cocilicient of thermal expansion of @

Prob. 8-15

B.1 Teik-Wailen Pressure VESSELS 411

*8=16. Thc cylndncal tank is (sbricated by welding a
strip of thin plate helically, making an angle & with the
Iengituding] axis of the tank. If the sirip has a widith w and
thickness 1. and the gas within the tank of diemeter o 15
pressured oo p, show that the normal stress developed along
the strip is given by arg = (pa /803 — cos 28],

1| & ' J i A b
i Al i

||

Proh. 816

B8-17. In order to merease the strength of the pressure
vessel, filament winding of the same material 15 wrapped
aroind the circomference of the vessel a5 shown, 11 the
pretension in the filament is T end the vessel is subjected to
an internnl pressure p, determine the hoop stresses i the
filament and in the wall of the vessel. Use the free-hawdy
diagram shown, gnd sssume the filament winding has &
thickness ¢ and width w Tor o corresponding length of the
viessc|

Frob. 817




412 CHapied B Cospinen Loanings

This chimniy is subjected o the combined
loading of wind and weighi. 11 is importani
to investigate the fensile siress i the
chimney since masonry = weak n lension

BZ Sta;e of S-tress Caused
by Combined Loadings

In previows chapters we developed methods for determining the stress
distnbutions in a member subjected to either an internal axial force, a
shear force. a bending moment, or a torsional moment. Most often.
however, the cross section of a member s subjected to several of these
loadings simultarecnsiy, When this oceurs, the method of superposition
can be tzed to determine the resnliant stress distribution, Recall from
Sec. 4.3 that the principle of superposition can be used for this purpose
provided a finear relationship exists between the stress and the loads
Also, the geometry of the member should rof undergo significant change
when the loads are applied. These conditions are necessary in order to
ensure that the stress produced by one load is not related to the stress
produced by any other load.

Procedure for Analysis

The following procedure provides a general means for establishing
the normal and shear siress components at a poit in a member
when the member is subjected to several different types of loadings
simultaneounsly. It is assumed that the material is homogeneous and
behaves in a linear elastic manner. Also, Saint-Venant's principle
requires that the point where the stress is to be determined is far
removed from any discontinuities i the crass section or poimts af
applied load.

Interpnal Luadihg.

& Rection the member perpendicular to its axis at the point where
the stress is to be determined and obtain the resultant internal
normal and shear force components and the bending and
torsional moment components.

* The force components should act through the centrodd of the
cross section, and the moment components should be computed
about cenfroidal aves, which represent the principal axes of
mertia for the cross section,

Stress Compaonents

® Determine the stress component associaled with eoach imternal
loading. For each case, represent the effect either as a distrbution
of stress acting over the entive cross-sectiomal area, or show the
stress on an element of the material located at a specified point
on the cross section,
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Mormal Force.

* The intemal normal force is developed by a uniform normal-stress
distribution determined froma = P/ A

Shear Force.

® The intermal shear force in a member is developed by a
shear-stress distribution determined from the shear formula,
r = V@/I1. Special care. however, must be exercised when
applying this equation, as noted in Sec. 7.2,

Bending Moment.

& For straight members the internal bending moment is developed by
a normal-stress distribution that varies linearly from zero at the
neutral axis to a maximum at the outer boundary of the member,
This stress distribution is determined from the flexure formula,
o= My/l. If the member is cured, the stress distribution 8
nonlinear and is determined from o = My/[Ae(R — v)].

Torsional Mament

& For circular shafis and tubes the intemal torsional moment is
developed by a shear-stress distnibution that vares linearly from
the central axis of the shaft to a maximum at the shaft’s outer
boundary. This stress distribotion 8 determined from  the
torsiomal formula. r = Tp/J.

Thin-Walled Pressurs Vessels,

® If the vessel 18 a thim-walled cylinder, the mtemal pressure p
will cause & biaxial state of stress m the material such that the
hoop or circumferential stress component is o, = pr/t and the
longitudinal stress component is a- = pr/2t. If the vessel is a thin-
walled sphere, then the biaxial state of stress is represented by two
equivalent components, each having a magnitude of o7 = pr/dt

Superposition

® (Once the normal and shear stress components for each loading
have been calculated. use the principle of superposition and
determing the resultant normal and shear stress componenis

® Represent the results on an element of material lovated at the
point, or show the results as a distribution of stress acting over
the members cross-sectional area.

Problems in this section, which involve combined loadings, serve as a
basic review of the application of the stress equations mentioned above,
A therough understanding of how these equations are applied, as
imdicated in the previous chapters, is necessary if one is (o sutccessfully
solve the problems at the end of this section. The following examples
should be carefully siudied before proceeding to solve the problems.

413
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EXAMPLE | 8.2
L A Torce of 150 1b is applied to the edge of the member shown in
Rl Fig B-3a Neglect the weight of the member and determine the state
r—2 . of stress at points & and
el

SOLUTION
Internal Loadings. The member is sectioned through B and C For
B = equilibrivm al the section there must be an axial foree of 150 1b acting

through the conthofd and a bendig moment of 75V b - in. abour the
centroidal or principal axis, Fig. 8-3h.
Stress Components.

Normal Forece. The uniform normal-stress distribation doe to the
normal force is shown in Fig. 8-3¢. Here

2 P 150 I
TTA T (0in)(4in.)
Bending Moment. The normal-stress distribution due 1o the
o bending moment is shown i Fig. B34, The maxomum stress is
Me  7501b+in(5in.)
i A R TR

= 375 psi
Fig. -3

= 11.25 psi

Superposition. [f the above normal-siress distributions are added
algebraically, the resultant stress distribution is shown in Fig. 8-3e.
Although it s not needed here, the location of the line of zero stress
can be determined by proportional triangles:ie.,

7.5 psi 15 psi
x (10 — x)
l x = 333in
Elements of material ar B and C are subjected only to normal or
terfaxiad strexs as shown in Figs. 837 and 83, Hence,
oy = T.5psi  (tension) A
e = 13 psi (compression) Anx

375 pai

{ i, —x)
Marmal Force Bending Momeni Combined Laacing
fe) {d} fe) it (gh
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EXAMPLE | 8.3

The tank in Fig B¢ has an inner radins of 24 in. and a thickness
of (1.3 in. It is filled to the top with water having a specific weight P= S in
of ¥, = 624 b/’ If it is made of steel having a specific weight of -‘r %\
¥ = 400 1b/ft’, determine the state of stress at point A. The tank is open é il
at the top.

SOLUTION

Internal Loadings. The free-body diagram of the section of both
the tank and the water above point A is shown in Fig. 845 Notice that
the weight of the water is supported by the water surface just helow the
section, met by the walls of the tank. In the vertical direction, the walls
simply hold up the weight of the tank, This weight is

. 245 42 T 10
[4‘:1I']|f:|,."’rt3}]:1.'( 7 ﬂ) = #(EﬁJ :|lf:lfT:I {a
TT17 b

Wa = vaVu

The stress in the circumferential direction is developed by the water
pressure at level A. To obtain this pressure we must use Pascals law,
which states that the pressure at a point located a depth z m the water is
= yuz. Consequently, the pressure on the tank at level A is

p= yer = (624 Ib/0}(3 fr) = 187.2 Ib/f = 1.30 psi

Stress Components.

Circumferential Stress. Since r/t = 24 in./0.5in. = 48 > 10, the tank
is a thin-walled vessel. Applying Eq. 81, using the inner radius r = 24 in.,
we have

1.30 Ib/in? (24 in.)
o e de - 62.4 psi Ani
i (.5 in.

Longitudinal Stress. Since the weight of the tank is supported
uniformly by the walls, we have

10.2 ek

Wa T7771b
B = = = T ]”.: A
TR, ml(245in.)" — (24 in.)] e =

2.4 i

NOTE: Equation 5-2,0: = pr/2t, docs not apply here, since the tank is
apen al the top and therefore, as stated previouwsly, the water cannol {h
develop a loading on the walls in the longitudinal direction,

Point A is therefore subjected to the biaxial siress shown in Fig. 8-4¢. Fig. 8-4
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EXAMPLE [ 8.4

The member shown in Fig. B-5¢ has a rectangular cross section.
Determine the state of stress that the loading produces at point C

e ].imAI
_1_ 11_
250 mm al 3
125 mvm
i 15m
Himm
4 m
{a)
4m
y 125 kM
1645 kN i E it
3
2193 kN 135 :
| 25 m
414
3
9759 kN

{bj

b5 m—
|
Thd% ki i+ M

n —-IT:K*E—“

193 kM

(]

Fig. -3

SOLUTION

Internal Loadings. The support reactions on the member have
been determined and are shown in Fig. 8-56_11 the left segment AC of
the member is considered. Fig. B-5c, the resultant internal loadings
at the section consist of a normal force, a shear force, and a bending
moment, Solving,

N = 1645kN V = 2193 kN M= 3289kN-m
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e = B3 16 MPa

o= §31 MPa =1
Cl
+ i+
i
I
mormal Force Shear Foree Bending Mumen
{id) {e] L

Fig. 85 (cont.)

S5tress Components.

Normal Force. The uniform normal-stress distribution acting over
the cross section is produced by the normal force. Fig. 8-3d4. At point C.

P 1645107 N
, - — . 132 MP
T4 (0050 m){0.250 m) S

Shear Force. Here the area A' = (), since point C is located at the
top of the member. Thus @ = 7' A" = Dand for C. Fig. 8-3¢_the shear
stress

T [l

Bending Moment. Point Cis located at v = ¢ = 0.125 m from the
neutral axis. so the normal stress at C. Fig. 8-5f. is

= Me - r]:.ﬁ?“""bN.]“}“]_]:S T
(= — =
S [E00s0 my(0.250 m)’

= §3,16 MPa

Superposition. The shear stress s #ero. Adding the normal stresses
determined above gives a compressive stress at © having a value of

o= 132 MPa + 63.16 MPa = 645 MPa Anx

This result, acting on an element at C, is shown in Fig. 8-5g.

S
— | a5 mr

{ul
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EXAMPLE | 8.5

The rectangular block of negligible weight in Fig. 8-6a 15 subjected to
kN a vertical force of 40 kN, which is applied 1o its corner. Determine the
largest normal Stress acting on a section through ARCD.

SOLUTION

Internal Loadings. If we consider the equilibrium of the bottom
segment of the block. Fig. 86/, it is seen that the 40-kN force must act
through the centroid of the cross section and mo bending-moment
components must also act about the centroidal or principal axes of
imertia Tor the section. Verifv these resulis,
Stress Components.
Mormal Force. The uniform normal-stress distribution is shown in
Fig. 8-6¢. We have
P A1) N
(o) - — = = |25 kP
TT A (DEmi0Am) L

Bending Moments. The normal-stress distribution for the 8-kN +m
momen! is shown i Fig, B-6d, The maximum stress is

M, B0 N-m(0.2m)

“ i &5 (0.8m){04m)]

Likewise. for the 16-kN-m moment. Fig. B-6e, the maximum
normal stress is

= 375 kPa

Tinax

Mye,  16(10°}N-m({l4 m)

Tman, = T

v E(04m){DEm) |

(ki Superposition. By mspection the normal stress at pomt O is the
largest sinve each loading creates a compressive siress there. Therefore

e = =]125kPa — 375kPa — 3753 kPa = -B875kPa  Amx

= 375 kPa

375 kPa

MNormal force Bending mament Bending mrmenl
{40 ki (4 kMmi (16 kMNm)
(o {dp (e}
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EXAMPLE | B.6

A rectangular block has a negligible weight and i8 subjected to a vertical
force P, Fig. 8-Ta. (a) Determine the range of values for the eccentnicity
¢, of the load along the y axis so that it does not cause any tensile stress
in the block. (b} Specify the region on the cross section where I* may be
applied withouwt causing a tensile stress in the block.

SOLUTION

Part (a). When P is moved to the centroid of the cross section. Fig, 8-7h,
it is necessary to add a couple moment M, = Pe, in order to maintain a
statically equivalent loading, The combined normal stress at any coordinate
location v om the cross section caused by these two loadings is

p (Pey p{ .-’h:,-_t')
T TA o A[I+ 7

Here the negative sign indicates compressive stress,
For positive ¢, Fig. 5-7a, the ssmallest compressive
siress will oceur alomg edyee AR, where v = —h/2,
Fig. 8-7h. (By inspection, P causes compression
there, but M, canses tension.) Hence,

P .-'1..'.'|Jr'
Tl = =5l A

This stress will remain negative, i, compressive,
provided the term in parenthesss 5 posiive; Le..

r‘h‘.lh k)
21,

1l =
Since A = bhand I, = Shir’, then

it |
l >— a1 &, <=—h Ang
i f

In other words, if —+h = ¢, = +h, the stress in the block along edge A8
or CI will be zero or remiain compressine

MOTE: Thisis sometimes referred to as the *mudidle-third rde ™ Tt 15 very
mmportant to keep this rule in mind when loading columns or arches having
a rectangular cross section and made of material such as stone or concrele,
which can support little or no tensile siress We can extend this analysis in
the same way by placing P along the x axis in Fig. B-7. The result will
produce a shaded parallelogram shown in Fig, 8¢, This region is referred
tovas the core or kern of the section. When P is applied within the kemn, the
normal stress at the corners of the cross section will be com pressive.

{eh

Here is an example of where combined
il amd |'||:11i!rng A1PEER S s,

RE
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EXAMPLE | 8.7

The solid ridd shown in Fig 8—8a has a radios of 0075 0 1008 15 subjected
to the force of 500 b, determine the state of stress at point A.

SOLUTION

Internal Loadings. The rod is sectioned
through pomt A, Using the free-body
diagram of segment AB. Fig. 8-8b, the
resuliant internal loadings are determined
from the equations of equlibrium. Verify
these results In order to better “visualize™
the stress distnbutions due o these
loadings, we can comsider the egnral Gir
opposite resultants acting on segment AC,
Fig 8-Be.

Stress Components.

() Normal Force. The normal-stress distri-
bution is shown in Fig. 88d. For point A,
s we have
L P 500 I

(e 4, = 283 psi = (1.283 ksi

A w075 my

Bending Moment. Fuor the moment, ¢ = 0.75 in_, so the
normal stress at point A, Fig. B-8e, is

: ,,'>\ v Me 7000 1b+in (.75 in.)

(aly=— (075 in )]

= 21,126 psi = 21.13 ksi

Superposition. When the above resulis are superimposed. it is seen
that an element of material at A is subjected to the normal siress

A focin {mad, = 0.283 ksl + 21,13 ksi = 214 ksi  Ans

i) Th <
‘\E-i\_ll.:!ﬁ ksi
Mormal force Bending masment
{ 500 Py { T |bedn. )
il {di (e}

Fig. 88
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EXAMPLE | 8.8

The solid rodd shown in Frg, 8% has a radius of 0,75 in. If it is subjected *
tor the force of 800 1b, determine the state of stress at point A,

SOLUTION

Internal Loadings. The rod is sectioned through
point A, Using the free-body diagram of segment AB.
Fig. 8-95, the resultant internal loadings are
determined from the six equations of
equilibrium. Verify these results. The equeal
ful opposile rextilionts are shown acting on
segment AC, Fig. 8%

Stress Components.

Shear Force. The shear-stress distribution is shown in
Fig. 594 For point A, (15 determined from the shaded ser-
circidar area, Usmg the table on the inside front cover, we have

A A58 (075 iny | = 02813 in’
[} my e Ei:‘l_ axin) o i ad
5o that -

il 800 Ih(0.2813 in”) |

ITpcha = ol o
s Ir -_%‘-h'l'ﬂ.?ﬁin.'l‘]I[ﬂ.Tﬁin.I- Bl b 1 dn ) = 10 200 e,
= 604 psi = (.604 ksi A0HTh (140 dn.) = SO0 Thein fas

Bending Moment. Since point A lies on the neutral e
axis. Fig, 89, the normal stress is x

".-I. = “
Torque. AtpontA, py = ¢ = (.75 in., Fig. B-97 Thus the shear stress s
Te 11200 b-in(0.75in,)

(yda === e = 16901 psi = 16.90 ksi
Superposition. Here the clement of material at A is subjected only 1o (b}
a shear stress component, where Fig. 89
1,?'_,,.:}.1 0,604 ksi + 16,9 ksi = 17.5 ksi Ans

FHKD Ban,

!

Halh Il 20KN [Bem

o~
{640 ks h' L6 ksi

Shear force Renshing momeni Torsiomal momeni
{500 T { B [hein.) (11 2088 Theim

el {eli (&) ir
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. FUNDAMENTAL PROBLEMS

F&=1. Determine the normal stress developed al comiers
A and & of the column.

SlEh kN ;
i LK
<100 emm

.....

FB-1. Dietermine the state of stress ol point A on the cross
section at section e—a of the cantilever beam,

LKk kM

[LERRTIETT]
t N
—

1

Bkl o

Fi-1

F8-3 Determine the state of siress ot poinl A on the cross
scction of the beam at section a—n

HikM

141 iwnim

1 mm F —|'

| Bl i

141 1
_r
Beclion a-n

Fh-3

Fi—4, Determine the magnitude of the load P that will
cause a maximum normal stress of o g, = 30 ksi in the
link alongp section a—a,




FA=5 The beam has @ rectangular cross section and 15
subjected o the loading shown. Determine the components

of stress o, . ar,, 8nd 7, 81 point B.

Fa-5

Fa-6, Determine the state of stress al poinl A on the cross

section of the pipe assembly al section d-«,

301 ke ITKKH N
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Fa-7, Detormine the state of stress al point A oo the cross
section of the pipe al section a—u

SeCnm & —da

F&-7

Fi-8. Determine the state of stress at point A on the cross
section of the shaf at sccetion a-a.

RIS

Section a—a

Fa-R
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Serostews

B=I8.  The vertical force T acts on the battom of the plate
having o negligible weight. Determine the shortest distanee
if 1o thie edge of the plate ot which it can be applicd so thar
it produces no compressive siresses on the plate at section
d—i The plate has o thickness of 10 mm and I acts along the
cenlir line of this thickness,

3000 un

= &l

il mm SEH) im

Proke $-18

B=1Y, Determine the maximom and minimum  normal
siress in the brackel st section a—a when the load is applied
arx = 1]

8-, Determine the maximum and minimam normal
Riress in the brackel st section a—a when the toad 5 applied
gl y = Ml mm.

HINTH |

Probs B=1920

sf=21. The comng saw has un adjustable blade that is
tightened with a tension of 40 N Determing the state of
stress in the frame st points A and &,

Prob. B-21

§=22, The clamp is made from members AR and AC,
wihich are pin connected at A T 60 exens 4 comprossive
foree at © and 8 of 180 N, determine the mavimwm
compressive stress in the clamp at seotion a—a. The screw EF
i% =ubjected only to o tensile foree along 115 axis,

B-23, The clamp is made from members AR and AC
which are Fn'n connecied al A I it cxerts a COMpPressive
force @t C and B of 180 N sketch the stress distribution
acting over section a—d. The screw EF is subjected only 1o
& tensile force along its gxis.

Jilmm, 2 mm

!:I:Jb um
I i

15 mim
Sectna-u

Probs 8-22/23
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¥§=24. The beanng pin supports the load of 700 b,
Determine the stress components in the support member
gt point A The suppart is 1,5 in. thick.

#8-25. The bearng pin supports the load of 7 Ik
Dretermine the stress compenents m the sopport memboes
@l point & The support i5 4.5 in. thick.

A.-u in

H

K b

Probs, §-24/25

B=26. The offs link supports the loading of P = 30 kN
Determine its required width w if the allowable normal
siress is o e = 13 MPr The link has s thickness of 4400 mm,

B=27. The offser link bas a width of w = 200 mm and @
thickness of 400 mm, I7 the allowahle normasl siress s
Tonwe = 13 MPu, delermine the maximom load P that can
be applicid 1o the cables

Probs, B-2627

*8-28. The joint s subjected 10 8 foree of P = R |h and
F o= 1, Sketch the normael-siress disinbution acting over
fection a—ao i the member has a rectangular cross-sectional
area of width 2 in. and thicknzss 0.5 in.

eB=29,  The jomt 15 subjected tooa force of P o= J00 v and
F o= 1500k, Determing the state of 3iress at points A and B
and sketch the results on differental elements located al
these poants, The member has i rectangular eross-sectional
area ol width 40,75 in. and thickness (L5 in,

Firosles. B-28729

B=3 Il the 75-kg man stunds in the position shown,
determime the state of stness at pomnt A on the cross section
of the plank a1 section a—a. The center of gravity of the man
is at €. Assame that the contact point at 15 smonih.

Shmm

Hlkl mirm
| ‘ A \ |
125 mm —l_

Soction @ = anmd b = I

Proh. 30
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B=31, Dwetermine the smallest distance o to the edae of the
prlate a1 which the force Pean he applied so that it produces
oo compressive stresses in the plale al section @-@. The
plate has a thickoess of 20 mm and P acts along the
centerline of this thickness

*8-32, The horiontal force of P = 8 kN acts gt the end
of the plate. The plate has a thickness of 10 mm and I* acts
along the conterline of this thickness such that & = 5 mm,
Plot the distribution of normal  stress  acting  along
Kection a—i

— 3 K mm—

]

Prohs. B-31/31

#8-33. The pliérs are made rom two steel parts pinned
tweether at A IF a smooth bodt 15 held in the jaws and a
pripping foree of 10 Ik is applied al the handles, determing
the state of stress developed in the pliers a1 points & and C
Here the cross section is reclangular. having the dimensions
shown in the laure

#=-3. Solve Proh, 8-33 for points 77 and E

il !l-ili:l 1il I
.
T L | |
_1_II.!I|n. A
£

TN
ﬁk%’u_" i,
C

{2 in.

Proles. B-33/34

8-35. The wide-llange beam 15 subjected 1o the loading
shown, Determine the siress componeme at poins A and B
and show the resulls on g volume element g1 cach of these
points Use the shear formuola 1o compute the shear stress

SeT 300} Th
s} Ih 23N Ty

lr,.f”"l L

5 in—|}— 1

'
P T

=
il T
15 i

Prot. B35

*B-36. The drill 15 jammed in the wall snd i5 subjected 1o
the torgue and [orce shown, Determine the state of stress at
point A on the cross section ol drill it a1 section g-q,

«B-37. The drill is jemmed in the wall and is subjected to
the torgue and loree shown, Determine the state of stress at
point B on the eross section of drill bit ot section g-d

AUl mam

50 M

Section @—ar

I"robs. B-36/37
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B=38. Since conerele can support little or ne tension, this
prroblem can be avoided by using wires or rods o preires
the concrete once b 5 [ormed. Consider the simply
supported beam shown. which hes o rectangular cross
section of 18 in by 12 in. IT concrete has & specific weight of
150 Ih/fi", determine the required tension in rod AH, which
runs through the beam so thet oo lensile stress s developed
in the concrete at s center section a-& Negleet the size of
the rod and any deflection of the beam.

-3, Solve Prob 8-38 1 the rod hes & dinmeter ol 1.5 in
Use the trinsformed wres method diséussed in See 66
E o= 290 10" ksi, E. = 3.60010") kdi,

TR R R o
SRR P A R AR 10 in 1 1 in
.-13:""1"':—""""1"":—" pt Sl ERC R : H+1|||_I_ fe

6 5. B

il
! 4 ¥ 4 |

Probs, §-3873%

*§—4. Determine the state of stress @t point A when
the beam is subjected 1o the eable force of 4 kN Tndicate
the resull g5 a differential volume element.

sf-41. Determine the state of stress at point & when
the beam s subjected 1o the cable force of 4 kN Indweate
the result sg 8 differential volume elemend.

B=42. The bar has a dismeter of Bl mm. Determine the
siress componanis that act at point A and show the results
on & volume clement located at this point.

=43, The bar has a diameter of #0 mm. Determine the

slress componenls that act at pomt B and show the results
on & volume clement locaied at this point,

5 kN Probs. 84243

*8-44. Detormine the normal stress developed a1 pomts
Aand B Negleet the weight of the Meock.

sB45. Skeich the normal stress distribution scting over the
cross section gt section g—g. Neplect the weight of the block,

h-|-:ip

Probs. 8-44/45

B-46. The support 15 subjected 1o the compressive loed T
Drétermine the absolute maximum and minimum ool
giress acting in the material.

Prob. 46
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B=47, The support is subjected 1o the compressive losd P
Dietermine the maximum and minimum normal stress
acting in the materigl All horizonial cross sections arc
circulir,

Proty, 847

*B48. The post has a croular cross section ol radios ¢
Dretermme the msximum radies ¢ ot which the load can be
applicd so that no part of the post experiences a tensile
iress Meglect the weight of the post

Prot, B8

oB=d9. Il the baby bas @ mass of 5 kg amd his center of
miss j5 al O, determine the normal stress at points A and &
on the cross section of the rod a1 section e-a. There are two
rocks, ome on cach side of the cradle

el g

Proh. 8-44
8=50. The C-clump applies a compressive siress on the
eylindrical bloek of & psi, Dietermine the maximum normal
stress developed in the clamp.

2% im.

Prab. £-50

B-51. A posi having the dimensions shown is subjected 1o
the bearing load P, Specify the region to which this load can
b dpplied wathouws ciusing tensile stress to e developed at
poinis A, B,.C, and D

Proh. B-51




82 Stare of STress Causen By ComManeD LoamsGs 420

#8582, The hook is msed 1o Il the foree of &0 Ib B=55, The bar has a diameter of 40 mm. I it 1s subjected o
Determine the maximum tensile and compressive stresses the two force components gt it end as shown, determine
gl section d-a The cross section is drcular and has & the stale of stress al point A and show the resulls onoa
diameter of 1 m, Use the curved-beam (ormula to compute differential volume element located at this point.

the bending stress
Sh SE-56. Solve Prob, B-55 for point B

FLHA P TR ]

il [T Mrohs, B-55155

Prub. 852

of-53. The masonry pier is subjected o the BOB-EN foad,
Determine the equation of the line v = f{r) along which
the Toad can be placed without cavsing a tensile stress in tho
pier. Neglect the weight of the pic

o§-57. The Z-in-diameter rod is subjected 1o the loads
shown. Dietermine the stale of stress gl point A, and show the
resulis on a differential element tocated a1 this point,

B-58, The 2-in-diameter vod is subjected o the loads
shiown. Determine the state of stress al point &, and show
thie results om o dilferentiol element located o this point

B-54, The masonry picr is subjected to the BI0-EXN load. 1T
r=025mand y = (L5 m, determine the normul stress al
coch cormer A, B, C, I} (not shown} and plon the siress
distribution ever the cross section. Negleot the weight of
thie picr.

wix kM E

Sl W

=l b

Prohs. B-57/58

Prohs, B-53154
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=50, If P =allkN. determine the maximum normal
giress developed on the eross section of the column,

B0, Determine the maximum allowahle lorce P if the
column is made from material having an wllowable normal

o MPa

siress of oy =

Prohs. B=5960

sf=61. The beveled gear w subjected 1o the loads shown,
Determine the sress components acting on the shaft at
point A, snd show the results on g volume element loceted
at 1hiz point, The shaft has a diameter of 1 in, and is fixed 1o
ihi wall a1

862, The beveled pear is subjected to the loads shown.
Dietermine the siress components scting on the shafi at
point B, and show the results on a volume element loceied
at this poi nt. The shalt has a diameter of 1 in. and iz {ixed to
the wall a1 €

Mrobs. B61062

8-63. The uniform sten has o weight of 1500 b and
i supported by the pipe AR, which has an inner radios of
2.75 in. and &n outer radius of 340 in. IT the face of the sign
is subjected to-a uniform wind pressure of p = 150 I/,
determine the state of stress at points © and T} Show the
results on a differential volome element located st each of
these points, Megleet the thickness of the sign, and assume
that it iz supported along the outside edge of the pipe,

*5-6d. Solve Prol 863 for points £ and E

Mrobs. B-63/64

sB—i8, Determine the state of stress &l point A oo the
cross section of the pipe al seclion a—a

&=66. Determine the state of stress at point B on the cross
section of the pipe at section g-d.

A
(.74 b
i
= il
[ ¥ 1,
¥ i St
'.._:-:| [ L dl—dl

b LETT IZin

Mrofhis. B65/6h
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of=07. The cccentrc force P s apphed ot o distaose e,
from  the centroid on the concrete  support  shown,
Determine the range along Lhe v axis where I* can be appliod
o The eross section so that no wnsile stress is developed in
the material,

Proh. 867

8. Thc bar has & digmeter of 40 mm. If i1 is subjected
to & fovvee of 80U N a8 shown, determine the stress components
hat gel a1 poant A and show the resuls on g volume element
Ioeated at this point

s8#-69. Solve Prob 8-6# for point £

Prohs, B-68/69

B-T0. The j-in.-diameter shalt is subjected to the loading
shown, Determine the stress components al point A Skeich
the results on & velume element located &t this point. The
joumal bearng @l © can cxert only [oree components C,
aad €. on the shaft, and the thrust bearing ar 0 can exerl
force components B, I and Th. on the shaf

B-TL. Solve Prob. &7 for the stress componenis at
pvamt B

Prohs. 8-70071

*#=72 The hook is subjected (o the force of B0 b,
Determine the state of stress at point A gl section g-o The
eross section i erreular and has a diaometer of 105 in. Use the
curved-beam formula to compuate the bending siress.

o873 The hook is subjected w the [orce of 3 lh
Determine the stute of stress al point & at section g—a. The
cross seetion has & diameter of 0.5 in, Use the carved-heam
formula to compote the bending stress

Hlih

kg

Mrobs. B-72/71




432

CHapTEr B CoMmeiMED LoADINGS

CHAPTER REVIEW

A pressure wessel 0 considerad 1o
have & thin wall provided rft = 10,
For & thin-walled evlindrical vessel,
the circumierentigl or hoop stress is

o
L Rt e
i

Thig stress 8 twice a8 preal as the

longitudinal stress,

Thin-walled spherical vessels have the
rame siress within their walls in all
directions 1t is

Superposition of SIFess componenis
cin b owsed o determing the normal
and shearstress a1 a point in a member
subjected 10 4 combined loading, To
chor thiis, 7T 35 TirsL meccssary to deferming
the resuliant axial and shear forces and
the intetnal resultont tersional and
bending momenis al the section where
the paoint is located. Then the normal
mnd shear siress fesuliant componenis
at  the  poine are  determined by
alpebraically adding the normal and
shear stress components of  each
Toasling.
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| CONCEPTUAL PROBLEMS

PE-1

PE-1. Explain why [Eilure of this garden hose oceurred
near its end and why the tear ocourred along its length. Use
numericil values o explain vour resull. Assume the water
jrressire is Ml psi,

PE-2. This ppen-cnded silo contains granular material. 1t
1% constrected Trom wood slats and held together with stecl
bands. Explain, using numerical valucs, why the hands gro
nit spaced evenly slong the height of the evlinder, Also,
how would vou find this spacing 1 cach band 15 1o be
subjected oo the same siress?

PE-3

PR-3. Unlike the turnbuckle at B, which is conneeted
elong the axis of the rod, the one &t A has been welded to the
edees of the rod, and 20 it will he subjected 1o additional
stress. Use the same numerical values for the wnsile Toad in
cach rod and the rod’s diasmeter. end compare the stress in

eich rodl,

PEA

PB=d. A constant wind blowing apainst the side of this
chimney hias caused créeping sirains in (he mortar joins, sueh
thit the chimney has & noticeable deformstion. Explam how
o odsnin thie giress digtribaiion over a section at The base of
the chimney, wod sketeh this distribution over the section.
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. REVIEW PROBLEMS

B=Td, The block is subjected o the throe axial loads
shown, Determine the normal stress developed et points A

and & Neplect the weight of the Block,

1 kb

x_n
Prot. 874
B-75 The 20-kg drum is suspended from the hook

meunted pn the wooden (rame Delermine the siate of
siress al point £ on the cross section of the [rame it
soction d—a Tndicate the results on an element.

“#-T76. The 2i-ke drum is suspended from the hook
mounted on the wooden frame Determine the siate of
firess at poimt F oon the cross section of the [rame at
section -6 Indicate the results on an clement.

113 m L5 m
_..1,_..... 1m —

Probs. B-75/T6

BT The cye is subjecicd 1o the foree of 31 b
Determine the masimim tensile and compressive siresses at
sectiona—a. The cross section is circular and has a dismeter
of 1.2% in, Use the curved-beam formula to compute the
bending stress

B-TR. Solve Prob 877l he cross section is square, having
dimensions of (£25 in. by (.25 in.

54 1k

Probs, B-77/78

B=T9, Tf the cross section of the femur at section. g—a can
e u.ppruu:iman:li a5 & circular tube as shown, determine the
migximum normel stress developed on the cross section ut
section da—a due o the load of 75 1h,

ST T S .
| i o

Scoticn @ — o

Prote #-79




“Be=Bh. The hyvdraohc eylinder s required 1o support
force of o= 1M EN. T the cylinder has an inner diameter
oof 100 mm and is made from a material having an allowabie
normal stress of @ . = 150 MPa, determine the required
minimum thickness ¢ of the wall of the cvlinder.

of-Bl. The hvdravlic evlinder has an inner diometer of
106 mm and wall thickness of I = 4 mm. 171 is made from
a miterial having an allowable normal stress of o, =
150 MPa, determine the maximum allowable Toree P

1 mm

Mrohs, B-R0/E1

B-82,  The screw of the clamp exerts a compressive force
of 500 Ik pn the wood blocks Delermine the maximum
normal =tress developed wlong section a—a0 The ¢ross
section there is reclangular, (075 in. by (.50 in.

LT3 i,

Prob. 8-H2

Rewiew PROBLEMS 435

B=BY.  Aur pressure in the eviinder is increased by exerting
forces P = 2 kN on the two pistons, each having a radius
of 45 mm. Il the cylinder has @ wall thickness of 2 mm,
determine the state of stress i the wall of the evlinder

"84, Deiermineg the maximom force P that can be
exeried on cach of the two pistons so that the circumierential
stress compenent in the cylinder does not exceed 3 MPa
Each piston has a radivs of 45 mm and the cvlinder has 4
wall thickness of 2 mm.

rohs. §-H344

sB-B5,  The cap o the cvlindneal tank i= olred 1o the tank
along the Manges. The tank has an inner diameter of 1.5 m
end a wall thickness of 18 mm. If the lergest normal stress is
a0l to exceed 150 MPa, determing the maximum pressore
the tank can sustain, Also, compete the number of bolts
required to altach the cap to the tink if cach bolt has a
diasmeter of 30 mm, The alfowable stress for the bolis is
':'rxlllw._:lll " IE" MPﬂ

B-86, The cap on the cvlindrical tank is bolted to the tank
glong the fanges; The tank has an inner dismeter of 1.5 m
and a wall thekness of 18 mm. 1 the pressure in the 1ank 13
p= 12 MPa determine the [oree in each of the 16 bolts
that are used to attach the cap to the tank. Alse. specify the
stale of siress in the will of the tank




These turbiine blades are subjected to a complex pattern of stress. For design o is
neCossary o r_||'I-_=|r'l|||-_- I.I-.rl'h;-l-,'- .1r'|ri i '.\||'.1'_ -:_:'u'l,l-'_ll-:_lll the maximurm Bliess occur



Stress Transformation

CHAPTER OBJECTIVES

In this chapter, we will show how to transform the stress components
that are associated with a particular coordinate system into components
gssociated with & coordinate system having a different orientation
Once the nocessary transformation eguations are established, we will
then be able to obtain the maximum nermal and maximurm shear stress
at a point and find the orientation of elements upon which they act,
Plane-stress transformation will be discussed in the first pant of the
chapter. Since ||'||5 Eﬂr‘ldlhﬂﬂ 15 most comman In engingenng PFEI.'.TII:E.
At the end of the chapter we will discuss a method for finding the
absolute maximum shear stress at a point when the material is
subjected to both plane and three-dimensional states of stress.

9.1 Plane-Stress Transformation

It was shown in Sec. 1.3 that the general state of stress at a point is
characterived by siv ndependent normal and shear stress componenis,
which act on the faces of an element of material located at the point,
Fig. 9-la. This stare of stress, however, 8 ool often encountered n
engineering practice. Instead. engineers frequently make approximations
or simplifications of the loadings on & body in order that the stress
produced in a strictural member or mechanical element can be analveed
in a single plane When thisis the case, the matenial is said 1o be subjected 1o
plane siress, Fig 9-1h. For example, if there is no |oad on the surface of a
body, then the normal and shear stress components will be zero on the face
of an element that lies on this surface. Consequently. the corresponding
stress components on the apposite face will also be zero, and so the
material at the point will be subjected to plane stress. This case ocewrred
throughout the previous chapter

437
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Crenernl sinle of stress PMlane siress
(&) ihi
Fig. -1
v The general state of plane stresy at a pomnt is therefore represented by

a combination of two normal-stress components, o, and one shear-
stress component. 7, Which act on four faces of the element. For
convenience, in this text we will view this state of stress in the x-y plane,
Fig Y4-2a. If this state of stress is defined on an element having a differen
prfentarion as in Fig 916, them it will be subjected t three differens
X stress components defmed as o oy, 7000 In other words, the state of
plane siress at the point is uniquely represented by iwo normal sivess
PP — components and one shear siress component acting on an element thai
has a specific orientation at the peini.
In this section, we will show how to fransform the siress components
(a) from the orientation of an element in Fig. 9-2a to the orientation of the
element in Fig. 9-26. This iz like knowing twio [orce components, say, F,
and F,. directed along the x, v axes, thal produce a resultant force Fy.
and then trymg to find the force components F,oand F,., directed along
the x'. v' axes so they produce the same resultant. The transformation
i for force must only account for the force component’s magnitude and
direction, The transformation of stress components, however, is more
dillicult since the transformation must account for the magnitude and
direction of each siress componen! ard the orientation of the area upon
which each component acts.

(ki

Fig. -2




2.1 PLAME-STRESS TRANSFORMATION 43q

Procedure for Analysis

If the state of stress at a point is known for a given onentation of an
element of material, Fig. -3a. then the state of stress inoan element
having some other arientation, #, Fig. 9-3h. can be delermined using
thie following procedure.

* To determane the normal and shear stress components op, 7.
acting on the +x" face of the element, Fig. 9-3b. section the
element in Fig 9-3a as shown in Fig 9-3c. If the sectioned area is
A A, then the adjacent areas of the segment will be A A sin # and
AAcosf.

* Draw the free-body diagram of the segment, which requires
showing the forces that act on the segment, Fig, Y-3¢l. This is done
v multiplyving the stress components on each face by the area
upon which they act.

*= Apply the lorce equations of eguilibrium in the x* and y'
directions The area A A will cancel from the equations and so the
two unknown stress components o and 7. can be determined.

& I, acting on the +3' face of the element in Fig, 9-36, 15 to be
determined, then it is necessary to consider a segment of
the element as shown in Fig. 93¢ and follow the same procedure
just described. Here, however, the shear stress 1, does not have
to be determined if it was previously calculated, since it 15 com-
plementary, that is, it must have the same magnitude on each of
the four laces of the element, Fig. %-3h.

\\. L ¥y AA cos
L ;
A cosi f A ! Tllﬁd cow
TepAA s ¥
I.m =in

T A san o

{ch (i {e)

Fig. 9-3

T ™ T
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EXAMPLE | 9.1

The state of plane stress at a point on the surface of the airplane
fuselage is represented on the element oriented as shown in Fig. Y-—a.
Represent the state of stress at the point on an element that is oriented
M clockwise from the position shown

T

511 M Fa

HIM P

{al

SOLUTION
The rotated element is shown in Fig. 9-4d. To obtain the stress
component on this element we will ficst section the element i Fig. Yo
aA by the line 4-@. The bottom segment is removed. and assuming the
A.A sin HF ‘ sectioned (inclined) plane has an area A A, the horizontal and vertical
planes have the areas shown in Fig. 945, The free-body diagram of this
sepment is shown in Fig, 94e. Applving the equations of foree
equelibritm in the x" and o' directions toavoid a simoltansous solution
for the two unknowns o and 7, we have

FAEF,m ) e AA = (50 AA cos 30" cos 30"
+ (25 A A cos M) sin 30" + (80 A A sm 30") sin 307
+ (25 A A sin 30") cos 30" = ()
oy = —4. 15 MPa A

A A cos P
ih

=1 rep A — (50 AA cos 30°) sin 30°
= (25 A A cos 307) cos 307 — (B AA sin 307 cos 307
25 A A sin 30%) sin 30% = ()
T = 08,8 MPa Ans.

S A A cos T

(e Since o, is negative, it acts in the opposite direction of that shown in
Fig. Y—4¢, The results are shown on the top of the element in Fig. 94,
Fig. 94 since this surface is the one comsidered in Fig. Y.
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We must now repeat the procedure to obtiain the stress on the
perpendicudar plane b—h. Sectioning the element in Fig. 9—4a along
hi—h results in & segment baving sides with areas shown in Fig. 9—e. "
Onenting the +x" axis ontward, perpendicular to the sectioned face.
the associated free-body diagram is shown in Fig. Y-4f. Thus,

+MEF-=0 g, 484 — (25484 cos 307 s 30"
+ (80 A cos 30™) cos 30" — (25 AA sin 307 cos 30°
(50 A A sim 30™) sin 307 = (]

o = —258 MPa Aris *M
i

258 MPa

+A5F,

h —re0 84+ (25 AA cos 30°) cos 30°
+ (B0 A A cos 30 sin 30" — (25 A A sin 30™) s 30"
+ (50 AA sin 307) cos 307 = 0 o

ey 688 MPa Ans AA cop MY Kd

Since r, 15 a negative quantity, it acts opposite to its direction shown
in Fig. 94f The stress components are shown acting on the right side (e}
of the element in Fig. 944,
From this analysis we may therefore conclude that the state of siress
at the point can be represented by choosing an element oriented as
shown in Fig. Y-da, or by choosing one oriented as shown in Fig. 9.
In other words, these states of stress are equivalent

b AA sin 3P '

ISAA sin H©"

25 AA pos 300

AlF

A A cos 307
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9.2 General Equations of Plane-Stress
Transformation

The method of transfornung the normal and shear stress components
from the x, ¥ to the x'. ' coordinate axes. as discussed in the previous
section, can be developed in a general manner and expressed as a set of
stress-transformation cquations

Sign Convention. First we must establish a sign convention for
the stress componenis. To do this the +x and +x" axes are vsed to define
the outward normal from a side of the element. Then o, and o,
are positive when they act in the positive 1 and x" directions, and t,, and
p are positive when they act in the positive y and " directions, Fig, 9-5.
The orientation of the plane on which the normal and shear stress
components are to be determined will be detined by the angle & which is
measured from the +x axis to the +x° axis, Fig. 9-56. Notice that the
unprimed and primed sets of axes in this figure both form right-handed
conrdinate systems: that is, the positive 7 (or £7) axis s established by the
right-hand rule. Curling the fingers from x {or x') toward v {or v') gives
the direction for the positive 2 {(or £') axis that points outward, along the
thumb. The angle # will be pasiive provided it follows the curl of the
right-hand fingers, i.e. counterclockwise as shown in Fig. 9-30.

Normal and Shear Stress Components. Using the
established sign convention, the element in Fig, B-Aa is sectioned along
the nclined plane and the segment shown in Fig. 9-6b &5 isolated.
Assuming the sectioned area is A A, then the horzontal and vertical faces
of the segment have an area of A A sin # and A A cos &, respectively.

i) ]

Posdtive Sipn Convention
Fig.9-5
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The resulting free-body diagrans of the segment s shown in Fig. 96 oy
Applying the eguations of equilibrium to determine the unknown normal !
and shear stress components o and 700, we have '
*AEF = oy AA = (1, AAsin#)cos# = (o, AAsin#) sin B
.
— (T Adcosf)simd — (o, Ad cosd) cos = 1) Flu
o = ar, COS" @ + ey sin* 8 + 7,,(2sin # cos 8)
+5EF, =0 r1p,8A+ (T, AAsn#)sm A — (o, AA ST} cos b !
— (ryy AAcosf)cosd + (o, Ad cost)sing = 1)
5 a (K]
Ty = (o, — o) sin#f cos & + 1, (cos” # — sin” #)
¥
1 T i LII
These two equations may be simplified by using the trigonometric \ ot
identitics sin 28 = 25in#cos A, sin"# = (1 — cos 20),/2, and cos- /=
we TEY 4T3 ol o it
(1 + cos 2d),/2, m which case, SRa 2
AA
T T T Ty :
iy = > =5 > cos 28 + T, 5in 28 {u-1) A sin i
By Oy (hi
Ty = = ———sn 8+ 7 co8 M (4-2)

If the normal stress acting in the »' directiom is needed. it can be
obtained by simply substituting (# = 6 + %7} for & into Bg. Y-1.
Fig 9, This vields

o, + o, Oy — 1y
¥y = = - 3 cos 20 — r,.sm 26 (4-1)
If ory is caleoulated as a positive guanticy. it indicates that it acts m the e
positive ' direction as shown in Fig. 9-6d. 1 g
ch

Ly
Procedure for Analysis o

To apply the stress transformation Eqs, 9-1 and 9-2, it is simply
necessary (o substitute in the known data Tor oy, o, 7. and # in
accordance with the established sign convention, Fig. 9-5. 11 o, and
Ty are calculated as positive quantities. then these stresses act in
the positive direction of the x' and »' axes

For convemence, these equations cian easily be programmed on a
pocket calculator.

iy g U
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EXAMPLE | 9.2

5th MPa

s M

—t1—=  I5hIPa

{2
{eh

4. 15 P
8.5 M

5.6 MPa

ik

Fig. -7

The state of plane stress at a point is represented by the element shown
in Fig. 9-7a. Determine the state of stress at the point on another
element orented 30" ¢lockwise from the position shown,

SOLUTION

This problem was solved in Example %.1 using basic principles, Here
we will apply Eqs 91 and 94-2. From the established sign comvention,
Fig 9-3.it is seen that

i, £l MPa ay = S MPa o 25 MPa

Plane CD. To obiain the stress components on plane CD. Fig. 9-7h.
the positive 1 axis is directed ourward. perpendicular to CD. and the
associated v axis is directed along CD. The angle measured from the x
tir the x" axis is # = =30° {clockwise ), Applving Eqs 9-1 and Y-2 yields

oyt oy T

.r %
Ty = g cos 28 + 1, sin 24

3 2
—80 + 50 —80 — 50 . e
- e 2 o8 2(=30°) 4 (=25} sin 2{-30°)
258 MPa A
oy s

Ty = — s 2+ v ens 2

—Rfl — 50
= ——————&in 2{—-30°) + (—25] cos 2(—30°)

—af.8 MPa Aix

The negative signs indicate that o, and .., act in the negative x" and
v' directions. respectively. The results are shown acting on the element
in Fig, 4-Td

Plane BC. In a similar manner, the stress components acting on face
BC Fig.9-7c, are obtained using 8 = 60" Applving Eqs 9-1 and 9-2.*

we get
ap=—e 0 B0 e ageany + (—25) sin 2(60°)
— _.HE MPa 2 Anx
Ty = —M g 20A0%) + [(—25) cos 20607
— 68.8 MPa Ans

Here 7, has been calculated twice in order to provide a check. The
negaltive sign for oy indicates that this stress acts in the negalive x°
direction, Fig. 97, The resulis are shown on the element in Fg. 9-7d.

*Allematvely, we could apply Eqg. %-3 with & = —30" msither than Eqg. %-1
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9.3 Principal Stresses and Maximum
In-Plane Shear Stress

From Egs 9-1 and 92, it can be seen that the magmitudes of orpoand 7
depend on the angle of inclination # of the planes on which these stresses
act. Inm engineering practice it 5 often important o determing the
orientation of the element that causes the normal stress to be & maximum
and a mimmium and the onentation that causes the shear stress (o be a
maximum. In this section each of these problems will be considered.

In-Plane Frincipal Stresses. To determine the maximum and
minimum saorial stress, we must differentiate Eq. 9-1 with respect to #
and set the result equal to zero. This gives

der Fy — dFy
.fle = ————(25m2#) + 2r  cos 20 = ()
i -

Solving this equation we obtain the onentation # = #, of the planes of
muaximum and minimum normal siress.

l- -"l":ll = L . .[|.||_|_]
an it = (or, — e, )2 |

The solution has two roots, £, , and 6, . Specifically, the values of 26,
and 26, arc 1807 apart, so 8, and #;,_ will be 90" apart.

The values of #, and &, 111I.I:..I: h:. s.uhﬁmutr:d into Eg. U1 if we are to
vbtam the rrl.]le.-:l IfH.lE]'I'I.-.'I'. siresses. To do this we can obtain the
necessary sine and cosine of 2#, and 28, from the shaded triangles
shown in Fig. Y-5. The construction of these tnnnglﬁ i5 based om Eqg. 94,
assuming that v, and {o, — o) are both positive or both negative
LllJJ'IT'I['I[II:"-..

o L ""| 2,

= o

Fig. -8
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The cracks in this concrete beam were cunsed
by 1enskmn siress, cven though the beam was
subjected o bodh an internal moment amd
shoar. The stress-fransformation cquations
can be wsed 1o prediet the direction of the
cracke and The Fll'lnl:il!:l.l mormal Zliesses That
cawsed them.

Substituting these trigonometric values into Eq. 9-1 and simplifying, we
ohiam

| .
oy, tay e Y 4
iy = = T V(( > ) T Ty {4-5)

Depending upon the sign chosen, this result gives the maximum or
minimum in-plane normal stress acting at a point, where oy = .. This
particular set of values are called the in-planc principal stresses. and the
corresponding planes on which they act are called the principal planes
of stress, Fig 9-0. Furthermore, if the trigonometric relations for 8, or
t,, are substituted into Eq. 9-2. it can be seen that rp = 0] in other
words, ne shear stress acts on the principal planes.

Il

L

Lis-plianie provneipal slicsses

Fig. 4-9
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Maximum In-Plane Shear Stress. The orientation of an element
that is subjected to maximum shear stress on its sides can be determined
by taking the derivative of Eq. 9-2 with respect to # and setting the result
equal to zern, This gives

| ~(a,— 7,)/2 |
| 1an 20, = ——— (9-6)
|

Tip

The two roots of this equation, #, and #, , can be determined from the
shaded triangles shown in Fig. 9-10. By comparison with Eq. 94, tan 28,
i5 the negative reciprocal of tan 28, and so each root 28, 1s 90" from 26,
and the roots #, and #, are 45° apart. Therefore, an clement subjected to
maximum shear strexs will he 45° from the position of an element hai
ix subfecred to the principal siress.

Using either une of the roots #; or #,_, the maximum shear stress can
be found by taking the trigonometnic values of sin 26, and cos 28, from
Fig 9-10) and substituting them into Eq. -2, The result is

| e, — .\
T:';'---- = ‘\JII[T) - 3 Ty '[I'-'_?]

The value of Tpa s caleulated from this equation is referred to as the
maximum in-plane shear stress because it acts on the element in the x-y
plane.

Substitutmg the values for sin 28, and cos 24, into Eq. 9-1, we see that
there is also an average normal stress on the planes of maximum in-plane
shear stress. We get

Oy T Ty
=

L

(4-8)

Like the stress-transformation eguations, it may be convenient to
program Egs 9 through 58 for use on a pocker caleulator.

Important Points

& The principal stressex represent the maximum and minimum
normal stress at the point.

* When the state of stress is represented by the principal stresses,
ni shear stresy will act on the element.

* The state of stress at the point can also be represented in terms of
the ruaximmm in-plane shear stress, In this case an average normal
stress will also act on the element,

* The element representing the maximum in-plane shear stress

with the associaled average normal stresses is arented 457 from
the element representing the principal siresses.

].‘. : [JrI = .lr,J
:n'l._l'\-__. | J
Ty ™ oy T
i | 1316
Fig. 9-10
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EXAMPLE | 9.3

The state of plane stress at a failure point on the shaft is shown on
the element in Fig. %114 Represent this stress state in terms of the
principal stresses.

SOLUTION
From the established sign comvention, we have

a,=—2MPa o, =%MPa r,,=60IMPa

Notice how the [ailire plane is al Orientation of Element. Applying Eq. 94,
an .'Irlgll.' [1’17“) g i Eearting of the

malerial, Fig. %-11c tan 29 = i = 60
P o, — w2 (=20 — 90)/2
S MEPa
’ solving, and referring to this root as #, | as will be shown below. vields
———= MR 26, = —4749°  §, = -23.7°
' Since the difference between 28, and 24, is 180", we have
Al 28, = 180°+ 24, = 13251° @, = 66.3°
= Recall that # is measured positive counterclockwise from the x axis to
the outward normal {(x° axis) on the face of the element, and 5o the
! results are shown in Fig %115,

(i) Principal Stress. W¢ have

¢ -
¥, i, I,' T — Wy .
B N = T Ty
3 Yi 3

L [y —
2u+t.lt|:t ".,"I( 20— 490

}: + (60}

2 -
= 3500 + B1.4
g = 116 MPa Anx
s = —d46.4 MPa Anx

The prnncipal plane om which each normal stress acts can be
determined by applying Eq. %-1 with, say, ¢ = ¢, = —23.7°. 'We have

Ty + oy — iy

oy = ~ + - ! cos 28 + 7, §in 24
=20 + 90 20 =90
3 t 3 cos 2{—23.77) + 60 sin 2({-23.7T")
= —46.4 MPa
Hence, o2 = —46.4 MPa acts on the plane defined by #, = —23.77,

whereas oy = 116 MPa acts on the plane defined by #,, = 66.3%. The
results are shown on the element in Fig. 9-11c. Recall that no shear
stress acts on this element.
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EXAMPLE | 9.4

The state of plane stress at a point on-a body 1s represented on the ol M P

element shown n Fig. Y-12a. Represent this stress state in terms of the

maximum m-plane shear stress and associated average normal siress &l MPa
SOLUTION

_ 20 MFP
Orientation of Element. Since o, = 20 MPa, o, = % MPa, :

and r,, = 6l MPa, applying Eq. 9-6. we have

—loy — @2 —{—20 —90)/2
2= Ty = il -
20, = 42.5° g =213
20, = 180° + 26, @, =1113° w
Mote that these angles shown in Fig. S-126 are 457 away from the &

principal planes of stress, which were determined in Example 9.3.
Maximum In-Plane Shear Stress. Applving Eqg. 9-7.
3 II * 3
frgt= f} + (6’

||I r:l'l - |I,‘.\'
Thvem Ty T) 3
+ 814 MPa Ans ..-""H’f

i

| { E:

= —8{)

The proper direction of rze —on the element can be determined
by substituting # = #,, = 21.3" into Eq. %-2. We have

Fy — Tyl ik
Ty = —|——=— | s 20 + 1,, 00829 )

_( —2lF— %0
-
Bl.4 MPa

).-:'m 2(21.3%) + 6l cos 2(21.3") s
1 d

#1.4 MPu

: i o B ; oH ; 35 MM
This positive result indicates that rpe = = 70 acts in the positive y :
direction on this face (8 = 21.3%) Fig. 9-124. The shear stresses an

the other three taces are directed as shown in Fig, 9-12¢,

Average Neormal Stress. DBesides the maximum shear stress, as
caleulated above, the element is also subjected to an average normal
stress determined from Eq. Y-8; that is.

fc)

ety 20 4+ 90
Fove = — o UL 35 MPa Ans, Fig. 9-12

avg - 5
[~ s

This is a tensile stress. The resulis are shown in Fig. 9-12¢c.
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EXAMPLE [ 9.5

: When the torsional loading T is applied to the bar in Fig. 9-13a, it
[ produces a state of pure shear stress in the matenal. Determine (a) the
maximum in-plane shear stress and the associated average normal

I £ stress, and (b) the prncipal stress.
K " SOLUTION
7 ! From the established sign convention,
’l i, = 1 i, =0 Tgy = —T
(2} Maximum In-Plane Shear Stress. Applving Eqs, 9-7 and Y-8,
we have
IJ iFy — {Fy :
4 e AN A =
Trme. =\ 3 11} e +r  Ans
_-T.T+-n-_n+n_n o
Ty = 5 e T na

Thus, as expected, the maximum in-plane shear stress is represented
by the element in Fig. 91 3a.

NOTE: Through expeniment it has been found that materials that
are ductile will fail due to shear stress. As a result, if the bar n Fig.
Y-1 L 15 made of mild steel, the maximum m-plane shear siress will
cause it to fail as shown in the adjacent photo.

Principal Stress. Applving Egs 94 and -5 vields

Toy o
tan 24, = = LB, = 4558, = —45°
T e e 4

iy & — . -
S 2= *i\;( ) +r =0+ VIOF - P =47 Ans

Fig. 9-13

If we now apply Eq. 9-1 with #, = 43, then

oty a0

iy = > 4 3 L cos 26 + 7y S 20

B+04+(—5)sindl = —

Thus, oy = —r acts at #,, = 45" as shown in Fig. %-13b, and ¢y = 7 acts
on the other face, &, = —45°.

NOTE: Materials that ave beirtle fail due to pormal stress. Therefore,
if the bar in Fig. 9-13a is made of cast iron it will fail in tension at a 45"
inclination as seen in the adjacent photo
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EXAMPLE | 9.6

When the axial loading P is applied to the bar in Fig 9-14a, it
produces a tensile sitess in the matenal, Determine {a) the principal
stress and (b} the maximum in-plane shear stress and associated
H"r'frﬂgﬂ 'I'H.'I'I'Fﬂﬂl BLTEss

SOLUTION
From the established sign convention,

i, = 1T i, =1 =1

Principal Stress. By observation, the element oriented as shown in
Fig. 9-14a illustrates a condition of principal stress since no shear
stress acls on this element. This can also be shown by direct
substitution of the above values into Egs. 94 and 9-5. Thus,

o = =0 Anx

NOTE: Experiments have shown that briftle materials will fail due to
normal stress, Thus if the barin Fig, 9-14a is made of cast iron, it will
cause failure as shown in the adjacent photn,

Maximum In-Plane Shear Stress. Applving Eqs. 96, %7 and 9-8,
we have

o — a2 (@~ 0)2

Tj'_'r' ‘ }

Ir o, — o\ |
| x ¥ 4 a — {l % o
r"FJi.‘lll.' = "gl ( 7 ) T Ty \/( 2 ) 3t {ﬂ]' = :I:E A

_r:rl+|r,_,r_-..n_,r \
i T T s Fig. -14

=

tan 28, = By = 45% 8, = —#§

(hi

To determine the proper orientation of the element. apply Eqg. 9-2.

[ 2 O —
ey = T s M e, o0l = — ;

i
5 g W+l = —

ETE-

This negative shear stress acts on the x' face, in the negative )’
direction as shown in Fig 9-144,

NOTE: If the bar in Fig. 9-14a is made of a ductile materfe! such as
mild steel then shear stress will cause it to fail. This can be noted in the
adjacent photo, where within the region of necking, shear stress has
caused “slipping” along the sieel’s crystalline boundaries, resulting in
a plane of failure that has formed a cone around the bar oriented at
approximately 457 as caleulated above.
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. FUNDAMENTAL PROBLEMS

Fo=1. Determine the normul siress and shear stress acting
on the inelined plane AR Sketch the result on the sectioned
clement.

-2, Detemmine the eguivalenl state of slress: onoan
element at the same point onented 457 clockwise with
respect Lo the element shown.

AR kP

L

-1

F9-% Determine the equivalent state of siress on an
clement at the same point that represenis the principal
siresscs al the poinl Also, find the corresponding
oricntation of the ¢lement with respeat o the element
shwn,

—= 3kPn

Rkl

-3

F9—. Determine the equvalent state of stréss onoan
element at the same point that represents the maximuwm
in-plane shear stress al the point

K kPm

1l kP

=40 ks
Fo—4

F9-5. The beam is suhjected to the foad at its end.
Dretermine the maximum princpal siress ol point B

kN Fa-5

F¥9=6. The beam is subjected o the loading shown,
Determinge the principal siress af point C

el
—

150 mm

HEMNm




2.3 PriNCiFAL STRES5ES AND Maxikim |MN-PLaME SHEAR STRESS 453

Srrosiews

9-1. Prove that the som of the nomal siresses
o+ oy =yt oI5 consant See Figs, 92 and 92t

9-2, The stale of siress gl o pomnt in d member s shown on
thi clement. Determine the stress ¢components scting o
the inclined ptane AfH. Solve the problem using the method
ol equilibrinm deseribed in Sec 9.1,

5 k=i

9-3. The stale of stress ol o pomn!t in 8 member s shown on
the element. Determine the siress components acting on
the inclined plene A8 Solve the problem using the method
of cruilibrinm described m Sec 9.1

S1EH e

Proly, %=1

*=4,  The state of stress @l a point n a member 15 shown
on the efement. Determing the siress componenls acting on
the inclined plane AR Solve the problem wsing the method
of @qulibrivm desenbed in See 9.1,

-5, Solve Prob 9—4 osing the stress-transformation
couations developed in Sec W2,

Il bt

- &5 pai

i

IMruhs, 1475

U-f, The state of stress at a point ina member is shown on
the element. Determine the stress componenls acting on
thie inclined plisne AR Solve the problem wsmg the method
of equilibrinm deseribed in See 9.1,

9-7. Solve Prob, 96 wsing the stress-transformation
equations developed in Sec. 92, Show the result on a
sketch.

G B

IS MPa

HSiMPa

Probs. U417
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“0-8, Determine the normal stress and shear stress acting
en the inclined plane AR, Solve the problem wsing the
method of cquilibrium described in See. %1

o49-8  Determine the normal stress and sheer stress acting
on the inclined plane AR, Solve the problem using the stres
translormation equations. Show the result on the sectioned
clement

45 M

: { il MPa

45
____.-".._

A
Frobs. 9-8/4

=M The state of stress al a pomnt im a member 15 shown
o the clement Détermine the S1ress components acting o
the inclined plane A8 Solve the problem wsing the method
of eguilibrium deseribed in Sec 9.1,

9-11. Solve Prob, 9-10 using the stress-transformation
equations developed in See, .1, Show the result on a sketeb,

2 ksl

Prohs S-10011

=012, Determine the equivalent state of piress on an
clement If it is orignied 30° counterclockwise [rom the
clement shown, Use the stress-translormalion equutions

1ih ksa

— & lhEx

Mrovh., 9=12

o4=13, Dctermine the equivalent state of §iress on oan
element if the elemenmt is onested G007 glockwise from the
clement shown. Show the resull on & sketch

2505w
T5 pesé
2L paa
i
Prob. 9-12

B=14. The state of stress ol a poimnt & shown on the element,
Determine (&) the principal stress and (b) the maximum
in-plane shear stress and averape normal stress at the point,
Spealy the cnemation of the clement in cach case Show
the resulis on cach elemen,

Al ki

— |1 ksl
Prob. 914

9-18.  The stete of stress at a point s shown on the element,
Dretermine (a) the principal stress apd (h) the maximum
in-planc sheer stress and average normal stress at the point,
Specily the orientation of the clement m cach case, Show
the resuliz on each element,

R MMa

S Ml

il b

Prah, %15
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*ulf. The state of siress at o poinl & shown oo (he
element, Detarmine (a) the principal stress and (h) the
maximum in-planc shear stress and average normal stress al
e point. Specily the onentation of the clement in cach case
Skeich the results on each elemen,

s MPa

—_—T

AU MEa

43 MPa

Prob. 9-16

#0-17. Determine the equivalent stale ol stress on an
element at the same point which represents (a) the principal
giress, indl (b)Y the maximum in-planc shear stress and the
associaled average normal stress Alse, for cach case,
determine the corresponding orentetion of the clement
wilh respect W the element shown, Sketch the resulis on
cach element.

15 My
1345 Mo
— 8 e  SIMPu
Prob, 9-17

9-18. A point on a thin piate 5 subjected to the two
successive states of stress shown. Determine the resuluni
state of =iress represénted on the element orented a8
phavwn on the right,

Jidi M Pa 58 HT"I

- 4y -l

Frofk, 4-18

350 W0

Y19, The state of stress at e point is shown on the elemenl
Determine (u) the principal stress and {b) the maximum
in-plane shear stress and average normal stress al the point.
Specaly the orentation of the clement in cach case. Sketch
the results on each element,

Il M Pa

120 Py —T——

L

Froh, #-19

#0=2,  The siress acting on two planes a1 o poing 35
indicated. Determing the normal stress oy, and the principal
stresses al the poinl

i)

Frob. 920

21, The stress gcting on two plenes ol a point s
mdicated. Determine the shear stress on planc a-a and Lhe
princijml stresses af the point,

Al ksl

Bl ksi

i

Prob. 9-21
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The [llowing problems involve matensl covered in
Chapier 8.

§-22. The T-beam is subjected to the distributed loading
that is applicd along 15 centeriine. Determine the principal
stress at point A and show the resulis on an element located
@l this point.

1l ki /m

bddtedbiv bl

= I

| 1 f— 1.5 m 1

b TR

_—Il__‘ll {Lin
5 |#_.I-_l 20K mm
"I__.“_

hmm

Py, 9-22

#-23,  The wouod beam is subjected 1o a loed of 12 kN I a
grain ol wood in the beam at point A makes an angle of 25
with the horivontal as shown, determine the normal and
shear stress that act perpendicular and parallel to the grain
due to the loading,

*9-24. The wood beam i= subjected 1o b load of 12 kN,
Determine the principal stress at point A and specily the
afnentation of the element.

o
S mm
a

RLE T

Probs 9-23/24

o435 The bent rodd has o diameter of 20 mm and s
subjected 1o the Fforce of J000 N, Determine the principal
stress and the maximum m-planc shear stress that =
developed &t point A, Show the results on oo properly
ortented element located at this poing,

|-—IIH:lmn'|—-— 1548 mm—|

W N 4iHI B

Z5thmim

A

Proh. 425

926, The bracket is subjected to the force of 3 kip.
Determine the principal stress and maximum in-planc shear
siress al point A on the cross seclion 4t section d-g, Specily
the prientation of this siate of stress and show the resalts on
clements

9-27. The brackel 15 subjected to the lorce of 3 Kip,
Dietermine the principal stress and maximum in-plane shear
siress at point B on the eross section at section d—d, Specify
the ornenaton of this state of stress and show the resulis on
elements

|-.—- 0254
in, o

Sectinn o— o

Probs 9-26/27
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*9=28. The wide-llange beam 2 subjected to the loading
shown, Determine the prineipal giress in the beam at point
A and at pmnt B, These pomis ere loceted al the top and
bottom of the web, respectively, Although i1 i not very
pocurate, use the shear formuola o determine the shear
Elress

15 kN

L]
o 2L mim

il mm

i

[ J'l‘ll'l'rnrrt
| s P |
t

AN mm

Proh. 9=28

s9-29. The wide-flange beam is subjected to the loeding
shown, Determing the principal siress in the héam af
poinl A, which is located at the top of the web. Although
it 15 not very accurate. use the shear formule 1o determine
the shear stress, Show the resull on an element losated al
this point,

30 kN : Rl
A ¢
- 014 03—l
A L
. 2l mm
2w —] |— 15 mm

=~ 1) mm
—siF

1M mm

Mrof. 429

457

Y3, The cantilevered rectangular bar @5 suljected 1o the
force of 5 kip. Determine the principal stress at points A
and M.

Prob, 9-30

9-31. Determine the prncipal stress wt poim A on the
crose section of the arm at section g-a. Specify the
orientation of this state of stress and indicate the resulis on
gn clement at the poinL

#9-12, Determing the maximum in-plane shear siress
developed at point A o the eross section of the arm al
section g—a. Specify the orientation of this state of stress and
ity the results on an element il the point

7.5 mm Sih i

7.5 mim
Amm

Seclmna—a

— 35

L15m' 15 m

Sl W

Probs 4-11732
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o4=33  The clamp bears down on the smooth surface at E 938, The square steel plate has a theckness of 10 o and
by tightening the bolt, If the tensile foree in the bolt i 40 kN, is subjected 1o the edpe loading shown, Determing the
determne the principal stress at points A and B and show maximum im-plane shear stress and the average nocmal
the results on elements located al cach of these points The stress developed in the sieel

cross-sectional arca a1 A and B is shown in the adjacent

figure S MN/m

. il

00 mem A M i
£ g
mm
T o
S marn
Fi rnrJn-Dl_.‘ Proke 35
1Kl mm T E' I—
gk *"9-36. The square steel plate has a thickness of 1.5 in. and
i 14 mam is subjecled 1o the edge |loading shown. Determine the
il | principal stresses developed in the siecl,
II,a-lrr b /in

T

Proty, %33 I
) 4 18 Th/in
4in. |
9-34. Determine the principal stress and the maximum g | Ty =y =
in-plane shear stress thet wre developed gt point A in the 4in
-ii=dhameter shafl. Show the resulis on an element
; : i)
loceted at this point, The bearings ooly suppon verical Prob, 4-36
reackions,
#4-37,  The shalt has 4 diameater « and is subjected to the
lpadings shown. Determine the principal stress and the
muxtmum in-plang shewr siress that i developad ut point A
The bearings only support vertical reactions,
P
LR 1] l
300 Iy A L I e

Ot f—

! 24in | 12 m—==11 |.||.—‘ !

|,|--
rale=

Pt 934 Prof. 4=27
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9-38. A peper tube s formed by rolling & paper stop in
& spiral and then gluing the cdges topgether as shown,
Determing the shear stress acting aloag the scam, which is
il 307 from the vertical, when the tube is subjected 1o an
axial foree of 100N The paper is 1 mm thick and the tube has
an owuter digmeter of 30 mm.

9-39, Solve Prob. 9-38 for the normal stress acting
perpendicular tothe seam,

M

TR ([ERL ]

Hhmim

Mrohs. 4-38734

-, Doetermineg the principal stresses pcting al point A
of the supporting frame. Show the resulis on a properly
oriented element located gt this point

st-4l. Determune the principal stress geting al poimnt 7,
which B located just on the web, below the horzontal
segmient on the cross section. Show the resalis on a properiy
oricnted clement located at this point. Although it 15 oot
viry pecurate, use the shear Tormula to cabeulate the shear
RITESA

HLRD o ——
H

WM o

15 mm
[ 2 mm I'—'I]
'-,—.!_- i
130 |1L1'r:| Etn wen
ol
A kM
Mrohs, U-20/41

9-42. The dnll pipe has an outer diameter of 3 in., 2 wall
thickness of (.25 in., and o wepht of 50 b0, I it ds
subjected to B torgue and axial load as shewn; determine
() the principal stress and (b the maximum in-plane shear
SLress at o point on (18 surfece al section o

150K b

Kl Bhefe =T

201

210 i

Prot, =42

8-43, Determine the principal siress in the beam at
point Ao

hil k™M

S mim
,lHII S mm

allmm

'

! 1% m

[—1.25 rrl—-|

Frosky. 543
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“O0-44, Determine the poncipial siress ot pomnt A which is
focated at the botwom of the web, Show the resulis on an
clement located at this point.

150 kM 'm

1%

== — li{h mm

Wmm—||— |,
LLH mm
A

I—IT 4 mem

—]

1540 mm

Prof. Y—i4

=45 Determine the maximum in-plane shear stress in
the box beam at point A, Show the results on an element
Ipcated al this point,

946, Determine the principal stress in the box beam st
point B, Show the resulls on an element Iocated ot this point,

[0 &
4 kip

| 1 20 1.5 i 2 |
4in (L5 1i
T -
vl (Lol E i
l-'f"_i“.{ IProhs, $=45/46

slresses peting at point A,
048,  Solve Prob, 947 for point B,

9—47. The solid shaft is suhjected 1o & torque. bending
n moment, and shear force as shown. Determine the principal

4500 mm

3N,

A5 M-
MM Probs, 47748

oU=d49.  The mieinal loadings at a section of the beam o
shown, Determine the principal stress at point A, Also
compute the maximuwm in-planc shear stress al this poinl

o

T mm

11 imm

S0 kN
5 M kN-m

HiH) KM

Prob. 4449

9-80). The meernal lvadings @1 @ section of the beam
consst of an axial ferce of 500 N a shear force of 800 N,
and two momenl components of HIN-m gnd 4% -m,
Determine the principal stress at point A. Also caleulate the
maxemiam n=plane shear stress at this pomt,

-

2 mm

SCHI N

Profs. U-50
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94 Mohr's Circle—Plane Stress

In this section, we will show how to apply the equations for plane stress

transformation wsing a graphical selution that is often convenient 1o

use and easy to remember. Furthermore, this approach will allow us 1o

“vistalize” how the nommal and shear stress components o - and 7, vary

as the plane on which they act is oriented in different directions, Fig. 9-15a.
If we write Eqs. 91 and 9-2 in the form

%

rI,'f-'f1' “IJ_rII
e — ] = [ = )4,:(15. 20 + 7,50 20 (+9)

-

S

-

[

£ el ¥
foe = —|——— |5in2f + 7., c05 20 (9111}

then thie parameter # can be elimineted by sgquaring each eqguation and
adding the equations together. The result is

"o+ (- S W * T, — .':rr' : .
Fy — = + Ty [ = + Ty

For a specific problem, o, o, 7, are &nown constanis. Thus the above
equation can be written in a more compact form as

IlIl:rl = 1I;|'\.|-_I:|: + rI'_.:|I = ﬁll [":’—[l]
where S
Doy =
|II Ty — ¥y 2 .
R=A\|——] +1, (9-12)

If we establish coordinate axes. o posifive fo the vight and  posifive
dewrward. and then plot Eq. 9-11, it will be seen that this equation
represents a circle having a radius & and center on the o axis at point
e 1), Fig. 9-15k. This circle is called Mohrls circle, because it was
dtw:hip::] by the German engineer Otto Mohr

2

oF
[
tFy * i A8 : .
e ™ ] J
r
i, — il 2
T | K= [ 3 |+
T

(ki

N
\

(Y]

Fig. 9-15
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O Each paint on Mohr's circle represents the two stress components o,
and 1, acting on the side of the element defined by the x" axis, when
the axis is in & specific direction #. For example, when x° is comcident

iy with the x axis as shown in Fig. 9-16a, then # =0 and oy = a0,

r’" =W ey ™ 7o We will refer to this as the “reference point”™ A and plot its
——x1' coordinates Al 7). Fig. 9-16¢

A= Now consider rotating the x' axis 907 counterclockwise, Fig. 9-16b,

Then o = oy, 7oy = — 74y These values are the coordinates of point

Gl =75) on the cirele, Fig. Y-16c. Hence, the radial line CG s 1807

counterclockwise from the "reference hine”™ CA. In other words, a

rotation # of the x" axis on the element will correspond 1o a rotation

{6 28 an the circle in the same direction,®

COhnce constructed, Mohr's arcle can be wsed o determine the
principal stresses, the maximum in-plane shear stress and associated
average normal stress, or the stress on any arbitrary plane.

i by

fch

Fig, 9-16

“IT instend the 7 axes were estnblished posiree apowardy, then the rl.nlﬂn.' 2 non the circle
woilld e mensured in the oppesie digeciion o the orbeniation 8 of e plape
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Procedure for Analysis

The following steps are required to draw and use Mohr's circle.
Construction of the Circle

& Establish a4 coordinate system soch that the horeontal axis
represents the normal stress o with positive fo the rght. and the
vertical axis represenis the shear siress 7, with positive
downwareds, Fig. 9-17a.*

® Using the positive sign convention for o, oy, 7,,, a8 shown in
Fig. 9-17h, plot the center of the circle ©, which is located on the o
axis at a distance oy, = (o, + o, )/2 from the ongin, Fig, 9-17a

® Plot the “reference point”™ A having coordinates A(g,, 7, ). This
puint represents the normal and shear stress components on the
element’s right-hand vertical face. and since the x' axis coincides
with the x axis, this represents # = (I°, Fig. 9-17a.

® Connect point A with the center C of the crcle and determine
CA by tngonometry. This distance represents the radius R of the
circle, Fig. 9-17a.

& Onee N has been determined. sketeh the circle.
Principal Stress.

* The principal stresses oy and o= (o &= a3 ) are the coordinates af
puints 8 and I where the cirele intersects the o axis e where
T = [, Fig 9-17.

® These stresses act on planes defined by angles #, and 8, ,
Fig. 9-17c. They are represented on the drele by angles 28,
(shown) and 26, (not shown) and are measured from the radial
reference line CA & lines CB and CD, respectively.

* sing u*igumnm:u'g.r. oy ome of these angles needs 1o be caleulared
from the circle, since #, and ¢, are 90" apart. Remember that the
direction of rotation 28, on the crcle (here it happens to be
counterclockwise | represents the sarie direction of rotation #, from
the relerence axis (+x] Lo the panapal plane (+x'), Fig 9-17c*

Maximum [n-Plane Shear Sirass.

* The average normal stress and maximum in-plane shear stress
components are determined from the cirele as the coordinates of
either point E or F, Fig. 9-17a.

® [n this case the angles 8, and 8, give the orientation of the planes
that contain these ::m'r.tp-i.m:-nts. Fig. B-17¢l. The angle 24, is shown
in Fig. %-17a and can be determined using trigonometry. Here the
ratation happens to be clockwise, from CA to CF, and 50 #, must
be clockwise on the element, Fig. 9-17d.#

4463
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Procedure for Analysis (continued)

Stresses on Arbitrary Plane.

* The normal and shear stress components o - and 1, acting on a
specified plane or x' axis, defined by the angle 8, Fig, Y-17¢, can
be obtamed from the circle using trigonometry to determine the
coordinates of point P, Fig. 917

® To locate P, the known angle # (in this case counterclockwise),
Fig. 9-17¢, must be measured on the circle in the same direction 268
{counterclockwise), from the radial reference line CA o the
radial line CP, Fig, 9-1Ta.*

#II the  axis were constructed positive wpwosds, then the angle 26 on the circle
wiotld be mensured in the opposie diveciion Lo the aneniation 9 of the 1 axis

T fnl (hi

(ci {dy {el
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EXAMPLE | 9.7

Due to the applied loading, the element at point A on the solid shaft in
Fig. Y1 B is subjected to the state of stress shown, Determine the principal
stresses acting at this poinl.

SOLUTION
Construction of the Circle. From Fig. 9-18a, r
ay= =12kl o,=0 7= —6ksi
The center of the circle is at -
=T +10 .
Tave = + = —f kxi 4‘"% 12 ks
The reference point A —12, —6) and the center C{ —6, ()] are plotted in _.,". & ksi
Fig, 4—158h, The circle is constructed having a radius of ia)
R = %{12 — 6} + (6) = B.49 ksi

Principal Stress. The principal stresses are indicated by the
coordinates of poinis B and D. We have, for oy = o,

iry = 849 — 6 = 2.4Y k=i Anx

s = —h — B Al = —14.5 ksi Ans
The orientation of the clement can be determined by calculating the s

' i " ' . 2 |
angle 26, in Fig %-18h, which here is measured counderclockwise from
CA 1o CD, Tt defines the direction 8, of o and ils associated rl'l'i'l'ln:i.':l-‘l.ld
plane. We have

f
e % e
1”;«; Lan TR 451

ksl

The element is oriented such that the x' axis or o is directed 22.5°%
counterciockwise from the honzontal (x axis) as shown in Fig. 91 8¢

249 ks

= (kai}

(i

Fig. v-18
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EXAMPLE |9.8

Wl M e

The state of plane stress at a point is shown on the element in Fig. 9-1%q.
) E

Determing the maximum m-plane shear stress at this pomi.

—T—* Hi'MPs

SOLUTION
W MPa Construction of the Circle. From the problem data,
Trr— — v, = — 2 MPa o, = 9% MPa T = 60 MPa

The o, 7 axes are established in Fig 9-190, The center of the crcle Cis
located on the o axis, at the point

— 20 + ™l
Ty =5 — = o MPa

WVE

i

o { Wlia )
Point C and the reference point A{—20, 60} are plotted. Applying
the Pythagorean theorem to the shaded triangle to determine the
circle’s radius CA, we have

R = V(60) + (55)° = Bl.4 MPa

thi Maximum In-Plane Shear Stress. The maximum in-plane shear
stress and the average normal siress are identified by point £ (or F)
om the circle. The coordinares of point E{35. 81.4) give

Tea = B1.4 MPa Arig

wE

Ty = 35 MPa Ares

The angle f, . measured cowmerclockwise from CA to CE, can be

Bl found from the drele, identified as 28, . We have

35 MPa

- 1} 35
29, = tan (%) — 42.5°

B, —=2L3° Aris

This commferclockwise anpgle defines the direction of the ' axis.
i Fig 9-19¢. Since point £ has posirive coordinates, then the average
normal stress and the maximum in-plane shear siress both act in the

Fig. 0-19 pasifive x* and ' directions as shown
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EXAMPLE |9.9

The state of plane stress at a point is shown on the element in
Fig, “-2a. Represent this state of stress on an element oriented 30°
counterclockwise from the position shown.

SOLUTION
Construction of the Circle. From the problem data

T, B ksi ey, w12 ks T B k=i

The o and r axes are established in Fig. 9-2006. The center of the circle
C is on the o axis at

—8 412
L5 A S
Ty = = = 2 ks
-

The reference point for # = (1" has coordinates A —8. —h).
Hence from the shaded triangle the radius CA 15

R = V(10) + (6)° = 11.66
Stresses on 30° Element. Since the element is 1o be rotated ™ |
30° copnterclockwise, we must construet 8 radml bne CF, ]— -
2(30°) = ol goninrerclockwise, measured from CA (8 = (7)),
Fig. %204, The coordinates of point Pler .. 1) must now be
obtained. From the geometry of the circle,

0
i = tan ﬁ = 30.96" i = 60" — HLEa" = M.(4°
=2 — 1166 cos 29047 = —B.20 ksi Anx
ryy ™ 11.66sin 29447 = 5.66 ksi Anx

These two stress components act on face BD of the element shown
in Fig Y9-2k since the x' axis for this face i5 orented 30°
catmterclockwize from the x axis,

The siress compoments acting on the adjacent face DE of the
element, which s 607 clockwise from the positive x axis. Fig. 9-20c. are
represented by the coordinates of point €0 on the circle, This point
lies on the radial line €0, which is 180° from CF. The coordinates of

point {J are
T

¢ = 2+ 11.6acos 2947 = 122 ks Anx
Ty = =(11.66%50n 2004 ) = —=5.66ksi (check) Anx

MNOTE: Here 7, actsin the —yv' direction.

. 12 ki

-—

- H ksl

P T

(]

122 h.\{

3

1)

Fig. 9-20

o [ ksi|
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. FUNDAMENTAL PROBLEMS

Fo9=7. Determine the normal stress and shear stres acting
on the inelined plane AR Sketch the result on the sectioned
clemenl.

"' SU0) kPa

-7

F9-& Determine the equivalent state of stress on an
element at the same point that represemts the prncipal
stresses #l the point. Also, find the corresponding
oricntstion of the elemenl with respect 1o the clement
shown, Sketch the resuls on the element,

A kPa

Fu-§
FU-9. The hollow circular shaft is subjected to the torgue

ol 4 kM +m. Deiermine the principal stress developed at a
point oo the surface of the shafL

4 EMN-m

Y

f‘?‘\f kban

Al e

Fi-n

Fa9=10. Determme the princpal stress developed at poant A
ooi e eross seetion of the heam st section a—a.

500 i
3 kM

Seetion g-a

P16

Fi=11. Dwtermine the maximum in-plane shear siress
developed at point A on the cross section of the beam at
seclion a—r, which i located just to the lefl of the #-kN
force, Point A s just below the (lange

(R

1 |
10
18 mm
10 rmm
Seetvin a-i
-1
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Srrosiews

9-51. Kolve Prob. 94 wsing Mobr's circle. ¥pll, Determing the cquivalent state of stress il oan
) clement & orented 30" dockwise [rom the element shown
*9-52. Solve Prob. 9-6 using Mohr's circle. Show the resalt on the element

53, Solve Prob. U-14 using Mohe's cirele,
B-54, Saolve Prob, 9-16 vsing Mohr's eincle
855, Solve Prob, 9-12 using Mohrs circle.
*g_86, Solve Prob, Y-11 psing Maohr's circle q-ll;;,;i

8-57. Mohr's circle for the state of stress in Fig. 9-154 i5
shown in Fig 9=150. Show that finding the coordinates of — 1 “4ku
point ey, 7000 o0 the cirele gives the same valoe s the
stresg-transformaton Egs 9-1 and %7

| f k=i
858, Deerming the equivalent state of stress if an
clement is oriented 257 counterclockwise from the elcment
shown, o
Prub. 90
-
3500 MPa

#0-f1. Determine the equivalent stale ol siress for an
cloment oented 6" counterclockwise [rom the element
shown, Show the resalt on the element.,

Proh. %=58

950, Determing the eguivalent state of stress i an
element i orented 207 clockwise Trom the element shown,

s 250 M
2 k=i L

— T T T o T Ea—

1 ks
s el MPa

— k. ks

L

Proh. 50 Prob. 4-6l
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862, Determine the eguivalemt state of siress. for an
clemenl orented 3407 clockwise from the elemeat shown,
Show the result on the element,

Proky, 262

9-63. Determine the principal stress, the maximum in-plane
shear stress, and averape nommal siress Specify the onentation
of the element in cach case.

Pruske, %63

*9-64, Determine the principal stress, the maximum
in-plane shear siress, and sverage normal stress, Specifly the
orientation of the element in each case.

20 MP

— 5 ™ BiMPe

Hi MPa

sk, Y=l

=45, Dicternune the principal stress, the maximoum in-
plane shear siress, and average normal stress, Specify the
orcnlation of the element in cach case.

. 1M |'|s.i

A pH

Proh. %-65

0. Determine the principal siress the maximum in-plane
shear siress and average normal stress. Specily the onentation
of the element in each case,

& A0 WP

45 MM's

—_— 3l MFPa

" Privh, 9l

9-67. Determine the principal stress the masimum in-plane
shear stress and average normal stress Specify the orienlation
of the element in cach case.

2000 M P

¥ Sul MPa

350 MEPa

Prohb, 847

hB.  Diraw Mohe's crele that desenibes each of the
following states of stress,

i) psi 4 ksi
I T 0 MPa +——
NIII|'|5.|
) T
(il (B i
Prof. Y48



The following problems imvalve material covered in
Chapter 8.

-6, The Tramse suppoits the disinboted [oading of
200 M m. Determine the normal and shear stresses at point
[ thel act perpendicular end parallel, respectively, 1o the
griin, The gramm at this poiot makes an angle of 30" with the
honzonial as shown,

-7, The frame supports the distribated loading of
200 % /m. Determine the normal and shear stresses at point
F that act perpendiculer and parallel, respectively, o the
grain, The grain at this poinl makes an angle of 60" with the
horizonial as shown,

2N fm

Bl e [ Taomm
1 ] oo

11} mm

S0 mum

Probs, -6

9-T1. The stair tread of the esculutor is supporied on two
ol 15 sides by the moving pincat A and the roller ot B I a
man having o weight of 300 Ih stands in the center of the
tread. determine the principal stresses developed in the
supporiinge truek on the aroess section at poant O The stars
mowe at constant velocity,

4 MoHa"s CIRCLE—PLANE STHESS 471

#=T2, The thin-walled pipe has an mner diameter of
0.5 in. and a thickness of (025 in. 170t 5 subjected o an
internel pressure of 500 psi and the axial tension and
torsional foadings shown, determine the principal stress ut o
paoint on the surface of the pipe.

4

RUETR il Ik

2ilben 2k Mrin

Prob. 9-72
#0-73, The cantilevered rectengular bar is subjected to the

force of 5 kip, Determine the principal stress al point o

=74, Solve Prob, 9-T1 for the principal stress an poanl B,

Prob= 9-T474

8-T8 The 2-in-dismeter deive shaft AR on the helicopter
is subjected to an axial tension of 10 00 [b and a 1orgue
of 3lb+. Determime the prnncipel stress and the
masimom in-plane shear stress that st at a point on the
rurface of the ghalt,
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=9-T, The pedal crunk Tor & bicvele has the cross scction
ghown, T it is fixed to the pear at Boand does nol rotate
while subjected to & force of 75 b, determine the principal
stress in the material on the cross section at point O

Prob. 9-76
=TT, A spherical pressure vessel has an inner radius of
5 i1 and a wall thickness of 1.5 in. Drew Mohrs circle [or the
state of stress mt o point on the vessel and explain the
sipnificance of the result. The vessel i subjected o an
internal pressure of i psi.

(L3 i,

9-T8. The cvlindrical pressure vessel has an inner radios
of 1.25 m and & wall theckness of 15 mam, 11 65 made Trom
steel plates that are welded along the 457 scam. Determine
the normeal and shear stress components aloma this seam if
the vesse| 15 subgected o in internal pressure of 8 MPa,

Prob. 9-78

o079, Determine the normal and shear stresses al point
[} that ect perpendicular and parallel, respectively, to the
graing, The grains at this point make an angle of 317 with
the horizontal as shown. Point £ s located just 1o the left of
the 10-EM force.

0-R0. Determine the principal stress at point 2, which is
loszatied just v the beft of the 10N force,

e
.lp-'ll-:s
¥ 2m
) J
y [
[TH |nm'?ﬁ :I:j[" P L=
[

1LK0

U831, Determing the poncipal stress al point A on the
cross =egtion of the hanper a1 section g—w, Specify the
oricnlation of this state of stress and indicate the result on
an element al the point

9-82. Determine the principal stress @ point A on the
crose section o the hanger at section b-f, Specify the
oricalation of the state of stress and indicate the results on
an clement at the poink.

’4; 75 M=t 1,75 m~f=

14l mm

5 mim
S imm

BSecims = a

anald b= fr PProbs 4=-K1/82

0-BY. Determine the principal stresses and the maximem
in-plane shear siress that are developed at point A, Show
the results on an element located at this point. The rod has a
dizmeter of H mm,

450N
4

1500 mmam

gl 1K mm—
T

15dhmen

¥
45N Prob.9-33



2.5 ABSOLUTE MaxiMiyse SHEAR STRESS 473

9.5 Absolute Maximum Shear Stress

When a point in a body is subjected to a general three-dimensional
state of stress, an element of material has a normal-siress and two
shear-stress components acting on each of its faces, Fig. 9-21a. Like the
case of plane stress, it s possible o develop stress-transformation
equations that can be used to determine the normal and shear stress
components o and T acting on iy skewed plane of the element, Fig, 5-21h.
Furthermore, at the point it is also possible to determine the unigue
orientation of an element having only principal stresses acting on its
faces. As shown in Fig. 9-21¢, in general these principal siresses will
have magnitudes of maximum, mitermediate. and mmimmm mensimy.
LB, Ty = Tjyy = - This is a condition known as friaxial stress.

A discussion of the transformation of stress in three dimensions is
bevond the scope of this text; however, it is discussed in books related
to the theory of elasticity. For our purposes, we will confine our
attention only 1o the case of plane stress. For example, consider the

LEY]

trayial siress
it il

Fig. 9-21
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— ._I-u':
ihk
e [
iFy
(]
I iy
e —
iy

fdh

Fig. 9-22

=y III Hnic KIneks

IF1]

malerial 10 be subjected to the in-plane

principal stresses oy and o,

shown in Fig. 9220, where fodh of these stresses are tensile, If we view

the element in two dimensions, that s m

the -z, x—z. and x—y planes.

Fig.9-226, 9-22¢, and 9-224, then we can use Mohr's circle to determine

the maximum in-plane shear for each case

and from this, determine the

it (te pmaximam shear stress in the material. For example, the diameter
of Mohrs circle extends between O and o [or the case shown in Fig, 92250,
From this circle, Fig. 9-22¢, the maximum m-plane shear stress is
Tye = /1 For all three circles it is seen that although the maximum in-

plane shear stress is 7, = {ry

ur_-}_.-"'."_. this value 15 nof the absolute

e,

maximum shear stress. Instead, from Fig. 9
| r[:
TR

(913}

{ ery andl oy have
| the same sign

I'f [ "._‘_

Absoluile musmmiim
choar siress

-]

* Tr ¥ r'|Il'|

Sl sxaminm im-pline
shear slress
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——]

[Ty I|||.1|

r—v plane siress e
i it

Fig, 9-23

IT ome of the m-plane principal siresses has the oppasite sign of that of
the other, Fig. 9-23q, then the three Mohr's circles that describe the state of
stress for element orientations about each coordinate axis are shown in
Fig. 923, Clearly, in this case

T
(9-14)

iy anid o2 have

apposite signs

Calculation of the absolute maximum shear stress as indicated here is
important when designing members made of a ductile matenal, since the
strength of the material depends on its ability to resist shear stress. This
sitwalion will be discussed further in Sec. 1017,

Important Points

* The general three-dimensional state of stress at a point can be
represented by an element oriented so that only three principal
SETESKES gy, i, g A1 0N 1L

* In the case of plane stress, if the in-plane principal stresses both
have the same sign, the absoltte maximum shear stress will vocur
aid a2f the plane and has a value of 7o = oy, /2. This value 18
greater than the in-plane shear stress

* If the in-plane principal stresses are of opposite signs, then the
ahsolite maximunt shear stress will egual the maxumum in-plane
shear stress; that i 7o = [dpy — & min 2=

Fu'x ]H!l:

ir

Mnamum m-pliane and
sheolule maximiam shear stress
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EXAMPLE [9.10

The point on the surface of the cvlindrical pressure vessel in Fig. 9-24q
is subjected to the state of plane stress. Determine the absolute
maximum shear stress at this point,

SOLUTION

The principal stresses are oy = 32 MPa, - = 16 MPa. If these stresses
are plotted along the o axis, the three Mohr's circles can be constructed
that desenibe the stress state viewed in each of the three perpendicular
planes, Fig 9-24h. The largest circle has a radios of 16 MPa and
describes the state of stress in the plane only containing oy = 32 MPa,
shown shaded in Fig. 9244 An onentation of an element 457 within
this plane vields the state of absolute maximum shear stress and the
associated average normal stress, namely,

ran = 16 MPa A
tFayy = 16 MPa
ar (MPa) This same result for .. can be obrained from direct application of
Eg.9-13.
32
T = ? T 16 MPa Aris
32+ 0
T == 16 MPa

gy i By comparison, the maximum in-plane shear siress can be
Fig. 9-24 determined from the Mohr's circle drawn between o = 32 MPa and
oy = 16 MPa, Fig. 9-24b. This gives a value of
32—16
T:r:hn = e = & MPa
32+ 16
Ty = S = 24 MPa
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EXAMPLE [9.11

Due to an applied loading, an element at the point on a machine shaft is
subjected to the state of plane stress shown in Fig. 9-25a. Determine the
principal stresses and the absolute maximum shear stress at the point,

20} pean

————— 3 i
SOLUTION

Principal Stresses. The in-plane principal stresses can
be determined from Mohr's circle. The center of the
circle 18 on the o axis at oy, = (—20 + O} = — 10 psi.
Plotting the reference point A{ —20, —4{], the radius CA

i5 established and the circle is drawn as shown in
Fig. 4-25h, The radius is

R = V{20 — 107 + (40)° = 41.2 psi

The principal siresses are at the poinis where the circle
intersects the o axis; Le..

iy 1+ 412 = 31.2 psi
ry = —10 — 41.2 = —512 psi

E

i i)

{ars. By L|_1_ﬁ_ iy, A1)

From the circle, the cowntercliockwive angle 28, measured r Lpsi)
from CA to the —g axis. 5 i

28 = tan '( Ta.0"

440 J
M 1l
Thus,
= 3B0°

This counferclockwise rotation defines the direction of the x" axis and
ery and its associated pnncipal plane, Fig. 9-25¢. We have

ay=3dpst o= —5lips Anx

)

Absolute Maximum Shear Stress. Since these 20— 7o + 9 = 1587
siresses have opposite signs, applving Eq. 914 we have 4

o — s 312 = (=5L3)
5= 2

) e O 5 ! i)

Ty == — 11 Pt 3= | . iy = ]i.lrl!d

=

Tilw =
T

=412psi  Ans

NOTE: These same resulis can also be obtained by
drawing Mohr's arcle for each onentation of an element
about the x. v, and 7 axes, Fig 9-25d_ 5ince oy and o4 are

3 - - Tl = 4 1.2 |'|'=.'i )
of apposite signs, then the absolute maximom shear e T {pail

stress equals the maximum in-plane shear siress. tdy

Fig.9-25
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Serostews

#=ORd,  Dipaw the three Mohr's circles that deserilwe gach of
the following states of siress.

J ksl
" 18 M

Prusky, 9-K4

B35, Draw the three Mohe's arcles thar desenbe the
following stale of stress,

il pri

Prof. -85

9-86. The stress st a point = shown on the element
Deetermime the principal stress and the absolute maxinm
shear slress

Prob. 9-86

8-87, The stress al a point is shown on the glemem.
Dielermine the principa! siress and the ahsolute maximum
Rhcar siress

Prob. 4-87

*4BR. The stress at u peint is shown oo the element
DPrerermine the promcipal stress and the absolune maximum
shear stress

I"rob. 5-88




#U-89. The stress at & poiot is shown on the element
Delermine the principal stress and the ebsolote maximum
shear stress

Td

- 150 M Pa

12 MPa Prob. 4K

-, The siete of siress Bt a point is shown on the
clement. Determine the principal stress and the absolute
maximum shear stress,

§ ks

Frish. 911

8-91. Consider the seonernl case of plane siress as shown,
Write a computer program that will show a plot of the three
Mohr's circles for the element, and will also celcolate the
maximum in-plane sheps siress and the absolute maximium
shiar siress

aFy

oy

Proh. 9-=4]
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#0902, Thi solid shaft s suljected (o 4 torgue, bending
mament, god shear foree as shown, Determine the principal
Riress goting &l points A and & and the absoluic maximum
shear stress

HEHI Proh. 9-42

o83, The propane pas tank has on inner diometer of
1500 mm and wall thickness of 15 mm., 1T the tank s
pressurized 0 2 MPa, determine the absolole maximum
shear stress i the wall of the tank

Froky, 913

=04, Determing the principal  stress and  absolure
maximum shear stress developed @1 point A on the eToss
scction of the bracket at section a—a,

9-95, Detcrmine the principal  stress and  absolute
maximumm shear stress developed at poimnt 8 on the eross
scction of the bracket al section a—ga.

liI_"l L II J:“i- in

25 m—= \‘ | 25 im,

..-.,-_

3 in I._'u|||
Siwlioa @ —a

Probhs. 9405
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. CHAPTER REVIEW

Flang stress oecurs when the material it & poind v
5 subjected 1o two normal stress componenls |
iy il o, and a shear steess 1y, Provided

these components are known, thea the stress
components acting on an element haoving —_— Ty
different omentation # can e determmned osing
the two force equations of equilibrium or the
equations of siress transformation. i

Oy ™= - + cos 20 4+ 7 5in 2N

By — oy
Tyy = ———— & 20 + 7, co5 28

For design, it is important 1o determine the o}
oricntation of the clement thet produces
the muaximum principal normal stresses and
the maximum in-plane shear stress [l=ing the —— | — 1 duy
stress trensformution equations, it s found that '
oo shear stress acts on the planes of prncpal &
stress The principal siresses are

L

oy

s, o

"'==T**¢LT’

The planes of maximum in-plane shear siress Turg
gre oriented 457 from this orientation; and on
these shear planics there i @n associated
averagy normil stress,
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Mohr's circle provides & semi- :
graplifcal method for fimding the strzss T
on any pline, the pringpal normal d— Y
siresses, aml the maximuam in-plane 5 l, ] ]
shear stress. Teo draw the cirele, the o
and 7 axes are established, the center { {
of the drele Clir, + a,)2,0] and ! il
the reference point .»‘l[r},,f.,_.,h are oy Y Ay
plotted. The radivs B of the circle oy~ 7.

extends between these two points andd i
iz determined from trigonometry. o i

b

Iy nd e are of thie same sign, then
the absoluie maximom shear stress
will lie out ol plane.

oy
AL T

In the wase of plane stress, the
gbsolute maximum shear stress will
be equal to the maximom in-plang
shear siress provided the principal
stresses o und ey have the opposite
TR

iFy — Fz
T LRA bR

i =
TH&E F

r-y plane slress
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. REVIEW PROBLEMS

#0046, Thesolid propeller shefi on s ship extends putward
from the hull. During operation it wms st o = 15 rad/s
when the engine develops QKL EW of power. This causes a
thrust of F = 1,23 MN on the shaft, If the shalt has gn outer
digmeter of 250 mm. determing the principul stresses al any
point lecated on the surface of the chaft

87, The solid propeller shaft on a ship extends outwird
from the hull Dunng operation i (wms ol o = 15 cud/s
when the engine develops 90 E'W of power. This causes a
thrust of F = 1.23MN on the shafl. II the shafl has a
digmeter of 290 mm, determing the maximum n-plane shear
gETess at any poant located on the surface of the shaft

&
T3 m

=

Probs. 0697

O-UR, The steel pipe has an inner diameter of 2.75 in, and
an outer diameter of 3 in 1 it i fixed at € and subjected to
the horzontal 20-b force acting on the handle of the pipe
wreneh at its end, determine the principal stresses i the
pipe at point A, which s located on thie surface of the pipe,

Gt Splve Prob, 998 [or point B, which i located on the
sierface of the Fpe

2

& Probs Y-48M49

-l The clamp exserts a force of [500h on the boards
at v, Determine the axial force in cach screw, AR and OO,
and then compute the principal stresses at points £ oand F
Show the resulis on properly onented elements located at
these points The section through £F is rectangular and =
1 in. wide

N5mn 15m

Frol. Y=1(k

9-101. The shaft has & diemeter o and i=s subjected Lo the
loadings  shown. Determine the principal stress  and
the maximum in-plang shear stress that (s developed
anywhere on the surface of the shall.

.FA.__-__.‘

Mrob. 9-101




=102, The state of stress ot o posnt in g member 15 shown
on the element. Determine the stress components acting on
the plane AR,

A
il

26 WP

11 M

]
Prob, 9-112

Y-103, The propeller shall of the tugbowt 15 subjected 1o
thie compressive force and torgue shoawn. TF the shalt Ras an
inmer diameter of H0mm and an outer diameter of 150 mm,
determine the principal stress at & point A lecated oo the
o ler suiTace

Prof. 71113

-1,  The hox heam s subjected 1o the loading shown
Determine the principel stress in the beam gt points A
and 7.

Wl s 120 T

bin

Al A
t-:mI_]_;i 1. |_ o7 q
K I—’-ftiﬁfl—-—l‘ﬁﬂ—l—i“—|

Froty, T-104

483

ReviEwd PrOBLEMS

sl B3, The wooden strut 5 sobjected 1w the loading
shown., Datermine the principal stresses that act at point ©
and =pecify the omentation of the clement al this poinL
The strut 1% supported by a bolt {pin] ar & and smooth
support at A,

Sl SN i Hi M

o [ [
j !:;u | 50 |I:|.|||
'!Eﬂlmm'_J' ' |L 2l o 200 mm' 240 mm
1y mm 1K mim
Prob, 4105

1. The wooden strut is subjected 1o the lpading
shiown, 1l grains of wood in the strut &t point C make an
angle of 617 with the hoeenial as shown, determine the
normal and shear stresses that act perpendicular and
paratlel to the prums, respectively. due 1o the loading. The
sirud is supporied by a bolt (pind a1 B and smooth suppor)
at A

Sl M SN dus W

o :

I~
2% imm R{TR ]
!:uumn-.' I L 00 o 2008 mon 2480 em
1Ly mm 14

PFrob. ¥-11k




Complex stresses developed within this aiplane wing 2re analyzed from strain gauge data.
{Courtesy of Measurements Group, Inc., Raleigh, North Caraling, 27411, LiSA)




Strain Transformation

CHAPTER OBJECTIVES

The transformation of strain at a point 15 similar to the transformation
of stress, and as a result the methods of Chapter 9 will be applied
in this chapter. Here we will also discuss various ways for measuring
strain and develop some important material-property relationships,
including a generalized form of Hooke's law. At the end of the chapter,
a few of the theories used to predict the failure of a material will be

discussed.

10.1 Plane Strain

Ag outhned in Sec. 2.2, the general state of strain at a point ina body is
represented by a combination of three components of normal sirain. €, ,
€y, .. and three componentis of shear strain y,,. ¥i-. ¥y:. These six
components tend to deform each face of an element of the material, and
like stress, the normal and shear strain compaorenty at the point will vary
according to the orientation of the element. The strains at a point are
uften deternined by usmg stram gauges, which measure normal stram in
specified direcions. For both analysis and design, however. engineers
must sometimes transform this data in order to obtain the strain in other
directions,

485
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Plane alreds ar, .o does ool codise plane

CHapTEr 1D SThAIN TRANSEORMATION

wirain in the r—v plane since e =1

Fig. 101

+ii

[hi

Fositive sign convenbion

Fig. 18-2

To understand how this is done, we will first confine our attention to a
study of plane strain. Specifically, we will not consider the effects of the
companents €.. ¥y, and v.. In general, then, a plane-strained element
is subjected to two components of normal straimm, e, e, and one
component of shear strain, y,,. Although plane strain and plane stress
gach have three components ving in the same plane, realize that plane
stress dies not necessarily cause plane strain or vice versa. The reason for
this has to do with the Poisson effect discussed i Sec, 36, For example, if
the element in Fig 101 is subjected to plane stress o, and o not only
are normal strains e, and &, produced, bur there is alyo an associated
normal strain, «-. This is obviously nof a case of plane strain. In general,
then, unless » = 0, the Poisson effect will prevenr the simultaneous
occurrence of plane strain and plane stress

10.2 General Equations of Plane-Strain
Transformation

It s mmportant i plane-stram analvais 1o establish transformation
equations that can be used to determine the 2. " components of normal
and shear strain at a pont, provided the v components of strain are
known. Essentially this problem is one of geometry and requires relating
the deformations and rotations of line segments, which represent the
sides of differential elements that are parallel to each set of axes

Sign Convention. Before the strain-transformation equations can
he developed, we must first establish a sign convention for the strains
With reference o the differential element shown in Fig, 10-2a, normnal
sirains £, and e, are positive if they cause elongation along the x and y
axes. respectively, and the shear strain y,, 18 posifive if the interior angle
AOB becoumes smaller than 7. This sign convention also follows the
corresponding one used for plane stress, Fig. 95, that is, positive o, o7,
7o Will cause the element to deform i the positive £, &, ¥, , directions,
respectively.

The problem here will be to determine at a point the normal and shear
SLTAING o, &, e, measured relative to the x°, " axes if we know e,
€. Yoy measured relative to the x, v axes If the angle between the x and
' axes is #, then, like the case of plane stress, # will be positive provided
it follows the curl of the right-hand Anegers, Le., counterclockwise, as
shovwn in Fig, 10-2h,
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Normal and Shear Strains. In order to develop the strain-
transformation equation for €., we must determine the elongation of
o line segment dx” that lies along the v' axis and is subjected to strain
components €, €. ¥,,- A% shown in Fig. 10-3a, the components of the
Iine dx’ along the x and v axes are

iy’ cos @

ix

(10-1)
dy

dr' sin @

When the positive normal strain e, occurs, the line de 15 elomganed
e, dx, Fig. 10-3% which causes line dx’ to elongate e, dx cos 6. Likewise,
when £, occurs, line dy elongates e, dy, Fig. 10-3¢, which causes line dx’
to elongate £, dysin®. Finally, assuming that dx remains fixed in
position, the shear strain ¥, which is the change in angle between dx
and dy, causes the lop of line dyv o be displaced ¥, , dv Lo the right, as
shown in Fig. 10-34d. This causes dx’ to elongate y,, dy cos #. If all three
of these elongations are added together. the resultant elomgation of dx’
is then

fAx" = e, dycosf + e dysinf + y,, dyoos @

From Eq, 2-2. the normal strain along the line Jdx" is e, = 5x°fdx".
Using Eq. 10-1, we therefore have

£, = e, co8 0 + g, gin” 0+ v, sin #cos # (10-2)

The mibber specimen % comstrumed between
the two fixed supporis, and =0 it will undergo
p]:mu siram when loads are appred oo in the
horsontal plane,

g

o BN

dlx

Refore delormation

[a)

1
-

i

i ]

i La, decosd

I i

[ il

e 1
dx £, dx
w il sinid

Mormal sirmin e,

ihh

Mosrmind strnin £,

(€

Shear struin p,,

{d)

Fig. 13
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.I'. d

Vo t1 BEOIY

rf'. i (2

v’ ar' \p

Shar slrasn ¥, I

{d} fe}
Fig. 1=3 (voni.)

The strain-transformation equation for y, . can be developed by
considering the amount of rotation each of the line segments dx’ and )"
undergo when subjected to the strain components €,, €,, ¥, First
wee will consider the rotation of de', which is defined by the
counterclockwise angle o shown in Fig. 10-3¢, It can be determined by
the displacement caused by 8y' using o = 8y"/dx’. To obtain 5y,
consider the following three displacement components acting in the
direction: one from &, giving —¢, dx 5in 8, Fig. 10-36; another from &,
giving e, dy ons &, Fig, 10-3c and the last from y,, giving —y,, dv sin #,
Fig. 10-34. Thus, &', as caused by all three straim components. is

av’ g, dxsin® + e, dycosf — g, dyvsin#

Dividing each term by dx” and using Eg. 10-1, with & = 33-';'.::'_1' we have
o= (—e, +&)snfcos# — y,sn" 9 (10-3)

As shown im Fig. 10-3¢, the line dv" rotates by an amount 8. We can
determine this angle by a similar analysis, or by simply substituting
# 4+ 907 for # into Eq. 10-3, Using the identities sin(# + %7} = cos #,
cos(# + W) = —sin #. we have

B =1(—€, + & )sin(@ + 90" cos{# + 90" — y,, sin° (8 + W)

= —(—g, + &, cosfsnf }'1_,.4.1:15'1#
Smce o and @ represent the rotation of the sides dx” and dy' of a
differential elemen whose sides were originally oriented along the x'

and y* axes, Fig. 10-3¢, the element is then subjected to a shear strain of

Yo =0 — B =—2e,—€,)sinPecosd + ¥, (cos 8 —sin- 8]  {10-4)
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Posntive normal sirmin, €, Posdieve sheor slrabn, 3,

] i}

Fig. 11-4

Using the trigonometric identities  sin 26 = 2 sin # cos 8, cog B =
(1 + cos 28)/2. and sin- # + cos- # = 1. we can rewrite Egs 10-2 and
114 1 the final form

E; — E

: X
B = + “ene 2 + %ﬂin 78 [ 10-5)

s

Yoy €~ £ Yiy

These sirain-transformation equations give the normal strain €, in the
x" direction and the shear strain v, of an element oriented at an angle
f#, as shown in Fig, 104, According to the established sign convention,
it €, 15 positive, the element elongares in the positive x° direction,
Fip. 1z, and if ¥, i5 positive, the element deforms as shown i

Fig 10—k,
If the normal stramn i the v direction 18 reguired. it can be obtaimed
from Eq. 10-5 by simply substituting {# + 90°) for 8. The result is jt
it
£, o8y £y L Yay | )
[ 3 3 Cos 2H = T:‘.m 28 {107}

The similarity berween the above three equations and those for plane-
stress transformation. Egs Y-1, 9-2, and 9-3, should be noted. By
comparison, @, o, i, o correspond to e, e e, g and T, T
correspond to v, 2, ¥, '

ir g Eghs
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{'Ln'nph.':-i alresked are ollen rji."i.-u‘lnpll—tl
al  the joints where the cylindrical
anml humlﬁ;rhul'i::d wversels are  foined
tosgether. The stresses are determined by
rrluh.|'|1|_1 miciesuremoenls ol SLrarn

Principal Strains. Like stress. an element can be oriented at a point
so that the element’s detormation is caused only by normal strains, with
no shear straim, When this occurs the normal strains are referred to as
principad straing, and if the material 15 jsotropic, the axes along which
these strams occur will comeide with the axes that define the planes of
principal siress,

From Egs 9-4 and 9-5, and the correspondence between stress and
strain mentioned above, the direction of the x* axis and the two values of
the principal strains €, and £ are determined from

tan 24, = ——— (10-8)

I L
L = 'E_I.' ‘|[ Ey — Ey J’II_'I' "
E T e I \ul == . 3 {104

Maximum In-Plane Shear Strain. Using Eqs. 9-6,9-7 and 9-8,
the direction of the x' axis, and the maximum in-plane shear strain and
associated average normal strain are determined from the following
equations:

(F.L = Fr)
tan 2, = —| — (L0100
Yy
Vst I'f. — N2 'm)f
=L 1011
3 1( 2 ) ( 2 (i)
Ey oriEy
g = ——— (10-12)

Important Points

* In the case of plane stress, plane-strain analysis mav be used within the plane of the stresses to analvze the
data from strain gauges. Remember, though, there will be a normal strain that s perpendicular to the
panpes due to the Poisson effect.

* When the state of strain is represented by the principal strains. no shear strain will act on the element.

® The state of strdin ata point can also be represented in terms of the maximom in-plane shear stram. In this
case an average normal strain will also act on the element.

* The clement representing the maximum in-plane shear strain and its associated average normal sirains is
457 from the orientation of an element representing the prancipal strams.
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EXAMPLE 110.%

A differential element of material at a point is subjected to a state
of plane strain €, = 500(10°°}, €, = —300(10°"), ¥, = 2000107,
which tends to distort the element as shown in Fg, 10-5:. Determine
the equivalent strains acting on an element of the matenal onented at
the point. clockwive 37 from the onginal position.

+ ‘r
SOLUTION iy ;r ,'
The strain-transformation Eqgs. 10-5 and 106 will be used to solve the H H
problem. Since # 15 podive comnterclockwise, then for this problem | E_ = L ’-TT_:-
i = —30" Thus. == .
| it —h:
€y T By E, — & - Fay . £
e 3 + ——008 28 + ——Sin 28 EY]
i - i
r500+ (-300)], . [S00—(-30)] . . y*
= f FIET Y f (1077 cos{2{—30"))
000107
b | ——=—— [sin{2{-30"))
£l L1 -
e, = 21310 Anx o
F %
¥y e Yoy
— =—( d TJ.‘E'[FI:H‘I' :‘lcclsﬂﬁ \
2 F 4 e ‘ Xz
o= —m
rs00 — (=30007 200{10 ")
= —l+ (107" ) sim(2( —30%) } + —————cos(2(—30%))
ih

Fo3(10°" Anx

Ye'y

The stram in the y' direction can be obtamed from Eq. 10-7 with
# 30, However, we can also obtain e, using Eq. 10-3 with
# = a0%(f = —30° + W), Fig. 10-54, We have with ¢, replacing €,

By 6y By~ Ey = Ty
#y = 3 + > cos 28 + ; sim 2
S0 + (=300 ) 5008 — (—3MH1) .
= [—]rm ") 4 [—]rm ) eos(2{607))
2 2
20000077
+ ———ain(2{60°))

e, = —134{107™) Anx

These results tend to distort the element as shown m Fig. 1050
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EXAMPLE [10.2

A differential element of material at a point is subjected to a state
of plane strain defined by £, = —350(10°"), €, = 20010 i s
R 107 "), which tends to distort the element as shown in Fig. 10-6a.
Determine the principal strains at the pomt and the associated
orientation of the element

SOLUTION
Orientation of the Element. From Eg. 10-8 we have
¥y
By = E,
g0(107M)
(=350 — 200)( 10°")
Thus, 28, = —8.28" and —8.28" + 180° = 171.727, 80 that

(4] f, 4,147 and 83 9° Anx

Each of these angles is measured positive connterclockwise, from the x
axis to the outward normals on each face of the element, Fia, 100k

tan 24, *

Principal Strains. The pnncipal strains are determined trom Bq. 10-9,
We have

L + Ey |II £y — F'r)r Tl.l.'x:
e +
11773 J“u."( 3 (1)

_ (=350 + 200)(107") J/=350=200%° | (RO | .
e

—75.0(10°7") £ 2779(10")
o o= 203(10°™ ey o= =353(107) Anx

We can determine which of these two strams deforms the element in
the x' direction by applving Eg. 10-5 with # = —4.14" Thus,

_E,+t’1..f,‘—E1_ o Yy .
£y = 3 + 3 cos 20 + Ts.m 20
—350 + 200 —350 — 200
= (f}l’m "+ (f)[m"'j cos 2{—4.147)
gOC10°")
+ ———sm 2| —4.14")

e, = =353(10°")

Henee e, = es. When subjected to the prncpal straing, the element
is distorted as shown in Fig. 1-Ab.
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4%3

EXAMPLE 110.3

A differential element of matenal at a paint 1s subjected (o a state
of plane strain defined by e, = —350{107"), &, = 2000107,

X
¥i = B0(14 ™. which tends to distort the element as shown in

Fig. 10-Ta. Determine the maximum in-plane shear strain at the point
and the associated orientation of the element

SOLUTION
Orientation of the Element. From Ey. 10-10 we have

(F.. - F,.) (=350 — 20010 %)
tan 24, = — :
Yir BO(107")

Thus, 28, = 81.72" and 81.72" + 180" = 261.72°, so thal
#, = 409" and 131°

Note that this orientation is 43" from that shown in Fig. 10-6b in
Example 102 as expected.

Maximum In-Plane Shear Strain. Applving Eq. 1011 gives
Tu-:":l..n. Ir Ey — 'Ep): T.u-)?

s ok 7 ) s

[{ =350 — 200 1V
V=) (D

556(10°7") Ans

v

njldne

Due to the square root, the proper sign of o=

|||||

applying Eq. 10-6 with #, = 40.9°, We have
Yy E £y ¥
;' — S—sin 20 + — s 24
=350 — 200 ? BO(10 %)
= —(TJ““'"] sin 2(40.97) + ————cos 2{40.9°)

cin be obtained by

=

Pty = ﬁ.ﬁ.ﬁf]_:] II}

This result is positive and 5oy« fends to distort the clement so
that the right angle between dx' and dy' is decreased (positive sign
convention ), Fig. [0-7h

Adso, there are assocated average normal strains imposed on the
element that are determined from Eq. 10-12:

e, €y 350 4 200

LF b |
i -

Eurg ™ {107 75107

These strains tend to cause the element to contract, Fig. 10-Th.

rTrl | S l';r,, |

b

Fig, 10-7
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*10.3 Mohr's Circle—Plane Strain

Since the equations of plane-strain mansformation are mathematicallv
similar (o the equations of plane-stress transformation, we can also solve
problems involving the transformation of strain using Mohr's circle.

Like the case for stress, the parameter # i Egs. 10-53 and 10-6 can be
eliminated and the result rewritten in the form

(0 — gl + (?:TI)- = R? (10-13)

-

where

Ep T-Ey

Egvg — 2

)

Equation 10-13 represents the equation of Mohr’s circle for strain. It has
a center on the e axis at point Cle,,,. (V) and a radius &

Procedure for Analysis

The procedure for drawmg Mohr's circle [or strain follows Lhe same
one established for stress.

Construction of the Circle,

= Establish & coordinate system such that the abscissa represents

e the normal strain €, with positive to the right. and the ordinate
represents half the value of the shear strain, /2, with posifive
downnvard, Fig, 108,

= Using the positive sign convention for e,, e, y,,, a5 shown in
Fig. 102, determine the center of the circle C, which 15 located
on the € axis at a distance €,, = (&, + €,)/2 from the ongin,
Fig. 10-8,

E * Plot the reference pomt A having coordinates Afe,. v,,/2). This

Fig. 108 poinl represents the case for which the x' axis coincides with the
x axis. Hence # = 0, Fig 10-8.

& Connect point A with the center C of the circle and from the
shiaded trnangle determine the radius B of the cirde, Fig. 10-8,

& Once R has been determined., sketch the circle.

Pl ot




10.3

MoHR's CiRcLE—PLANE STaAIN

Principal Strains

® The principal strains &) and e are defermined from the cirele
as the coordinates of points B and D, that 5 where /2 = 0,
Fag. 10—

& The orientation of the plane on which &, acts can be determined
from the crcle by caleulating 28, using trigonometry. Here this
angle happens to be counterclockwise from the radial reference
line CA for line CH, Fig, 10-8¢. Remember that the revation of &,
must be in this sare direction, from the element’s reference axis x
to the x° axis, Fiz. 109, *

* When &; and £; are indicated as being positive as in Fig. 10-9a,
the element in Fig, 10-%5 will elongate in the " and v* directions
a5 shown by the dashed outline

Maximum In-SPlane Shear Strain

® The average normal strain and half the maximum in-plane shear
strain are determined from the cirele as the coordimates of point
E or F, Fig. 109

® The orientation of the plane on which ye and €., act can be
determined from the circle by calculating 2#, using trigonometry.
Here this angle happens to be clockwise from the radial
reference line CA to line CFE, Fig. 109 Remember that the
rofation of &, must be in this sapre direcion, from the element’s
reference axis ¥ to the x° axis, B 109

Strains on Arbitrary Plane

* The normal and shear straim componenis €, and ¥, for a plane
orented at an angle & Fig 1094 can be obtamed rom the arele
using trigonomelry 1o determine the coordinates of pomt P,
Fig. 10,

& To locate P, the known angle # of the x' axis i measured on the
cirele as 28, This measurement is made firam the radial reference
line CA 1o the radial ine CF. Remember thatl measurements
for 24 on the circle must be in the same direction as # for the
x"axis®

* If the value of ey 15 required. it can be determined by
calculating the « coordinate of point {2 in Fig, 10-%a, The line
CQ lies 180 away from CP and thus represents a %° rotation
of the x' axis.

"Lt T axes wene consbibcled podiie spivdeds, Uien the angle 29 on the arcle
voamitld be mensared mothe opiposing diveciion To the arentntion 8 of the pline

|
] T
_‘ e—
2]
13 i
€ o | v
wre S
28, il
A .
fi=1ir
&, E
r (ET]
R |
\"__ e I|
1 i
(L4 ey i i
) 1
= i,
llr-/ {1+ eghalt’
(10}

i

Fig. 10—y
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EXAMPLE |10.4

The state of plane strain at a point is represented by the components
€. = 250(10°"), €, = —150(107"}, and y,, = 120(10"), Determine
the principal strains and the orientation of the element.

SOLUTION

Construction of the Circle. The e and /2 axes are established m
Fig. 1110z, Remember that the positive 3/2 axis must be directed
dovpward 80 that counterclockwise  totations of the element
correspond to cownterclockwize rotation around the circle. and vice
versa. The center of the circle Cis located on the € axis at

Dl —es.t) fife,. (1}
— « (10"
250 + {—150)

T £y = ————(107%) = 50(107%)

-

Since y, /2 = 60 107"}, the reference paint A (# = (7} has coordinates
A(2500 107 "), 60{ 10"} ). From the shaded triangle in Fg. 10-10a, the
P~ radius of the circle is CA:that is.

|JI1

Y R = [V(250 — 50 + (60Y](10°%) = 208.8(10°%)

Principal Strains. The ¢ coordinates of points B and D represent
the principal strains. They are

g = (50 + 208.8)(107™) = 259(107") Ans
e = (50 — 208.8)(10°™) = —159(10°™) Ans

The direction of the positive principal straan ) 15 defined by the
counterclockwise angle 24, . measured from the radial reference line
CA (& = {7} o the line CH. We have

<% fill
= K 25" :H R P — T
1,_._——'1-'5:'_-_;;"5 ran ™ {15“ = ﬁﬂl}

8, = 835" Ang

il Hence. the side dx' of the element is oriented connferclockwise 8.35°
as shown in Fig. 10104 This also defines the direction of ;. The
Fig, 10=110 deformation of the element is also shown in the figure
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EXAMPLE |10.5

The state of plane strain at a point is represented by the components
e, = 230(10°7"), €, = —150(107"), and y,, = 120(107"), Determine
the maximum in-plane shear strains and the orientation of an element.

SOLUTION

The cirele has been established in the previous example and s shown
in Fig. 10-11a.

Maximum In-Plane Shear Strain. Half the maximum m-plane shear F
strain and averape normal strain are represented by the coordinates of F
point E or Fon the arcle. From the coordinates of point £,
L¥y'y ]::" = 1
e J0RE(107) IS e
= "—il—‘- 1 A rT'I
3/ B . -
(g b, = 418(10°%) Ans o
Euu!_. = 5':” |[:| jlll [ ¥
F‘t'nu' l-l.|_'|||u’
To orient the element, we can determine the clockwise angle 24, 24l E
measured from CA (# = (") to CE
L™
28, = WP - KI5
— fi il
8, = 36.7 AnS Fig. 10-11

This angle is shown in Fig. 10-11h. Since the shear strain defined from
point £ on the circle has a positive value and the average normal
strain is also positive, these strains deform the element into the
dashed shape shown in the figure.
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EXAMPLE |10.6

The state of plane strain at a point is represented on an element having
components £, = — 3 107", €, = —100{10 M, and y,, = 100{10) e
Determine the state of strain on a@n element oriented 20° clockwise from
this reported position.

SOLUTION

Construction of the Circle. The e and /2 axes are established
Er Fig. 10-12a. The center of the crele 15 on the & axis at

R 300 — 100
(Cefy LI = (%}rm By = —200{107

e (1T - .

The reference point A has coordinates A{—300010°%), 50(10 *)). The
radius CA determined from the shaded triangle is therefore

R = V300 — 2007 + (30)7](10°%) = 111.8(10°5)

[@} - : ¥
Strains on Inclined Element. Since the element is to be orented

207 clockwise, we must establish a radial lime CP, 2(20°) = 40"
cfockwise, measured fromm CA (8 = 07), Fig. 10-12a. The coordinates
of point P (e, .y, /2) are obtained from the geometry of the circle.
Mote that

S R
= tan —} = 26577, 4y — 2657" = 1343°
i (r_mn —200) J v T

Thus,
o= —(200 + 1118 ¢cos 13.43°){ 1077
—300(10°") Ans

(1118 sin 13.437){10°%)

—52.00107™ Ans

o
<
I

The normal sirain €, can be determined from the £ coordinate of
point O on the crele, Fig. 10-12q. Why?

g, = =(200 = 111.8 cos 1343°)(1077) = =91 3(10°") Ans

ihy

As a result of these strains, the element deforms relative to the x'. ¢
Fig. 11-12 axes as shown in Fig 10-124
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_[PROBLEMS |

1=1. Prove that the sem of the pormal strams 6
perpendicular directions 15 constant.

10-2. The state of stram al the point has components
of &, = 200(107"), ¢, = =300{107"), and y,, = 40 107",
Use the strain-transformation equations to determine the
euivalent m-pline strains on an elemenl orenied ol an
angle of 37 counterclockwize [rom the original position,
Bketch the deformed element due te these strains within the
x-y plane

Proh, 12

10-3. A strain gauge 15 mounted on the |-in-diameter
As3h steel shafl in the manner shown, When the shafl 15
rofuting with an angular velocity of w = 1760 rev/min, the
reading on the strain gawge i5 & = S00{10 ™, Determine
the power cotput of the motor, Assume the shaft 15 only
subjected oo torgue

Prob, 11-3

=14, The state of sirain a1 a point on & wrench
has components €, = 120010°"), e, = —1BO{10™), ,, =
1500 107", Use the strain-ransformation L4 uations
determing {a) the in-plane principsal strains and (k) the
maximum in-plane shear strein and average normal straimn
T each case specily the orieptution of the clement and show
how the strains deform the element within the 1— plane.

D=5 The state of strum at the pont on the arm
has components ¢, = 350{ 1077}, &, = =430(10 iy =
—825(10°"). Use the strain-transformstion equations 1o
determing {a) the in-plane princpal steging and (b)) the
maximum in-plane shear strain and average normal sirain
In each case specily the orentation of the element and show
how the strains delorm the element within the y=y planc

Prob. 10-5

M=, The state of stram at the pomt bas components of
e, = =100, e, = 40001077, and v,, = =300010°%),
Use the strain-transiormation crualions to determine the
equivalent in-plane strams on an element omented al an
angle of GI° eounterclockwize from the origingl position,
Sketch the delormed clement due to these sirains within
the y-v plane

=T, The state of strain at the point has components of
€, = 100{10°%), e, =300{107%). and ¥, = —150(10°").
Use the strain-transtormation efuatinng te determine the
equivitent in-plane straing on an clement oriented # = H1°
clockwise. Skeich the deformed element due o these
straing within the v-p plane

PProbs. =67
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*1-8, Thc state of strain at the point on the bracket
has components ¢, = =200010°"), «, = =650010°7%), y,, =
—175(10*). Use the strain-transformstion equations to
determine the equivelent in-plane straing on an element
oriented at an angle of @ = 207 countercloekwize from the
original position. Sketch the deformed element due oo these
strains within the x—v plane

Proste. 10=8

109, The state of strain s1 the point has components of
£, = IBOMA0™. e, = —120010"), and ¥,, = —100010 ")
Use the strain-transformation equations to determine (a)
the in-plane principal streins and (b) the maximum in-plane
shecar strain and avergze normal strain. In cach case specify
the coentation of the element and show how the strains
deform the element within the -y plane.

1

Prote, 19

10=10. The state of strain at the pont on the brackel
has compongents &, = 400 11 Mg = =250{107%), 3, =
310(10°"). Use the strain-transformation cruations Lo
determine the cguivilent in-plone straing on an element
oricnted at an angle of # = 30" cockwise from the original
position. Sketch the deformed element due to these strains
within the r—v plane,

Proh. 10-10

Id=11. The stme of sirain ar the point has components of
e, = =100010°"), e, = =200010°%), and y,, = 100107
Usze the strain-ransformation equitions to delermime (a)
the in-plane principel strns and (b 1he maximuom in-plane
shear strain and average normal strain. In each case specify
the orientution of the element and show how the strains

deform the element within the r=y plane,

Prob. 1i-11




#10-12, The state of plane stram on an clement 15 given by
e, = SO0(107Y), o, = 300(107"%), and v, = =200010°")
Determing the equivalent stgte of strain on an clement at
the seme point oreoted 4537 clockwise with respect 1o the
eriginal element

f‘f.lll.J_" o b

] il o |

L i

L i

ry |

i ¥ I
-4 | i

i i

- ! L 1
YauJ ==
d
it &, ilx

Profb. 10-12

10-13, The state of plane strain on en element s
£, = —HHHIO™), e, = 0. and »,, = 150{ 107", Determine
the cquivalent state of strain which represents (o) the
prrincipal straing, and {b) the masimum in-plane shear steaim
dnd the associated averapge normal strain. Specily the
pricntation of the corresponding elements for these slates
of strimn with respect 1o the ongmal element,

rr_..rﬂ
r
' i
f
Ty
LR aey L ]
iy 3 B )
i
i
o .
A
Fir — il L
it
Pt 16-13
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10=14, The state of strain at the point on o boom of an
hydraulic engine crane bas components of e, = 2500 10 A
g, = MW IO™), and ¥,, = —180{10°"). Use the strain-
transformation equations 1o determine (a) the in-plane
prineipal sirains and (b)Y the maximom in-planc shear strain
gnd average normal sirain. In each case, specify the
oncntation of the ¢lement and show how the strains deform
the element within the -y plang

Proh. 1014

®li=15. Consuler the general case of plane strun where
£, £, and yoare known, Write a computer program ths
can be used o determine the normal and shear strain, e,
o w0, on the plane of an element onented & from the
horigomial. Also, indude the principal straing and the
clement’s onentalion, and the maximum in-planc shear
strain, the average normal Strain, and the element's
orientation

*10-16. Thc stale of strain al a poinl o0 & support
has componenis of e = 3510°%), e, = 400010°"),
Fop = =675 10", Use the strain-transfommiation equations
to determine {a) the in-piane principal strains and {b) the
maximum tn-plane shear strain and aversge normal strein.
It ench case spedly the orentation of the element and show
how the strains deform the element within the g-v plane

«10-17. Solve part (a)} of Prob, 1 using Mohr's circle,
16=18, Saolve part (b} of Prob 10-2 using Molir's arcle,
10=19  Salve Prob, 10-8 using Mohr's eircle,

“10-20. Solve Prob. 10-10 using Mohr's circle.

o10-21. Solve Prob. 10-14 using Mohr's circle
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lak

P2
[

r=y plung slrain

i':l'll Ill-lll

¥ 2
I3k

Fig. 114

*10.4 Absolute Maximum Shear Strain

In Sec. 9.5 it was pointed out that in the case of plane stress, the absolute
maximum shear siress in an element of material will ocour out of the plane
when the principal stresses have the same sign, 1.2, bath are tensile or both
are compressive. A similar result oceurs for plane strain. For example, if
the principal in-plane strains cause elongations. Fig. 10-13a. then the three
Mohr's circles describing the normal and shear strain components for
elements oriented about the x'. v, and z° axes are shown m Fig, 10-138,
By inspection, the largest circle has a radivs 8 = (92 e 2 Hence,

1"':.':.= {T.t':'}ru.n 3 |

. (10-14)
&) and e; have the same sign

This value gives the absolete puvirmin shear sirain for the material
Note that it is larger than the maximum in-plane shear strain; which is
li"|.",-_|.:|,-|,“ = B — Ea.

Mow consider the case where one of the in-plane principal strains is
of oppasite sign to the other in-plane principal strain, so that ) causes
elongation and e causes contraction, Fig. 10-14a, Mohr's aircles, which
deseribe the strains on cach element’s onentation about the x', ',
axes, are shown in Fig. 10-14h. Here

Y = (Yyiy e = € — £

= I {10-15])
e, and & have opposite signs

We mav therefore summarize the above two cases as follows, If the
in-plane principal strains hath have the same sige, the afwolute pacimnmm
shear strain will cecur ontd of plane and has a value of yo. = g,
However, if the in-plane princpal sirains are of opposite signs. thea the
absolute maximum shear strain eguals the maximum in-plane shear strain.

Important Points

* The absolute maximum shear strain will be lorger than the
maximum in-plane shear strain whenever the in-plane principal
strains have the same stgn. When this occurs the absolute
maximum shear stram will act out of the plane.

®* If the in-plane principal strains are of opposite signs, then
the absolute maximum shear stram will equal the maximom
in-planc shear strain,
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EXAMPLE 1107

The state of plane strain at a point is represented by the strain
components €, = —400(107°), £, =2000107"), ¥, =150(107%),
Determing the maximum in-plane shear strain and the absolute
maximum shear stram.

PPt =

¥
]

Fig. 10-15

SOLUTION

Maximum In-Plane Shear Strain. We will solve this problem using
Mohr’s circle. From the strain components, the center of the circle is
on the « axis at
—4(M) 4 2061
Eag = —5 L") = —100(10°")

Since ¥,,/2 = T5(10"), the reference point A has coordinates
{(—400( 107" 75010 ")), As shown in Fig. 1015 the radius of the
circle is therefore

R = [ V400 — 100)T + (757 )(10°%) = 300010

Caleulating the in-plane principal strains from the crcle, we have
£y = (— 11Kl + 3093 10 = 2040 10 "

gy o= (=100 = 3093 107°) = —400(10°")
Alsi, the maximum in-plane shear sirain is

gy = g w209 = [ =409) (") = 618{107") Anx

"

Absolute Maximum Shear Strain. From the above results, we
have & =200(100"), &= —409(10:"). The three Mohr's circles,
plotted for element orientations aboul each of the x, v, 7 axes. are also
shown in Fig. 1015, Tt is seen that since the principal in-plane strains
have apposite signg, the maximum in-plane shear strain s alvo the
absolute maximum shear strain; i.e..

yan = GLB(107") Ans
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When performing a tension 1est on a specimen as discussed in Sec. 3.1,
the mormal strain m the material s measured using an elecrrical-
resistance strain gange, which consists of o wire grid or piece of metal
foil bonded 1o the specmen. For a general loading on a body, however,
the strains at a point on its free surface are determined using a cluster of
three electrical-resistance strain gauges, arranged in a specified pattern.
This pattern is referred to as a serafn resette, and once the normal strains
on the three gauges are measured, the data can then be transformed to
specify the state of strain at the point. Since these sirains are measured
ondy in the plane of the pauges, and smee the body is stress-free on s
surface, the gaupes may be subjected to plane stresy but med plang strain:
Although the strain normal to the surface is not measured. realize that
the out-of-plane displacement caused by this strain will nor affect the
in-plane measurements of the gaupes

In the general case, the axes of the three paupes are arranged at the
angles 6, @y 0, shown in Fig. 10-160. 1T the readings e, g, €, are iaken, we
459 strvin roselie can determine the strain components €,, €, v,, at the pomt by applying

(k) the strain-transformation equation, Eq. 12, for each gauge. We have

£, = &, LOF i, + e, sin” i, + Yuu Sin 8 cos i

&, = €, ¢05 By, + €, 50" + Yy SN By, cos Ay, (10-16)

e =&, cof .+ E,‘,Sinj .+ oy S H, Cos

The values of £,, £, ¥, are determmned by solving these three equations
simultaneowsly,
Strain roseftes dre often arranged in 457 or 607 patterns. In the case of

B abrain toscile the 45° or “rectangular™ strain rosette shown in Fig. H-16b, 4, = 07,
(e fhy = 457, 8, = 90", so that Eq, 10-16 gives
Fig. 10=16 Er = €
E, = E,
Yy © :EJI rE..l J ‘.-:'

And for the 60" strain rosette in Fig. 10-l6c, #,= 0" 8, = 60",
#. = 14", Here Eq. 10-16 gives

Er = f|I
|

£y = ;r_:c,, + 26, —E,) (10=17)
A

Yoy = ‘\-_:'-T[EJI i E..-:'

Once €,, €, ¥,, are determined. the transformation equations of
Sec. 102 or Mohr's circle can then be used to determine the principal
Typrical electrical resminnes 457 aradn posere. im-plane strains and the maximum in-plane shear strain at the point.
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EXAMPLE 110.8

The state of strain at point A on the bracket in Fig. 10-17a is measured
using the strain rosette shown in Fig. 10-176, Due to the loadings, the
readings from the gauges give e, = 60{10"), & = 135(10"), and
£ = EM[Hl'hj. Determine the in-plane principal strains st the pomt
and the directions in which they act.

SOLUTION

We will use Egs. 10-16 for the solution. Establishing an x axis as
shown in Feg 10-175 and measuring the angles counterclockwise
from the +x axis to the centerlines of each gauge, we have 8, = (17,
f, = 6017, and #. = 120", Substituting these results, alomg with the
priblem data. into the equations gives

00107 = &, cos™0° 4 L3 sin” (1”4 ¥y 5007 cos (°

(i)

=gy (1)
135(10°") = &, cos” 60" + £, sin” 60" + Yo S0 A0 cos 607
(.25, + 0.75, + (.433y,, (2
264(107) = £, cos” 1207 + £, 5in” 1207 + 5, 5in 1207 cos 1207
= 0.25¢, + 0.75¢, — 0433y, (3
Using Eqg. 1 and solving Eqs. 2 and 3 simultaneously, we get
e, = 60(10") e, =M6(10"%) = —149(10°" [Bar
[
These same resolis cancalso be obtained in a more direct manner from [ ‘Q_.;?c_
Er.l 1”—'? o M 4 il Tt} I||
The in-planc principal strains can be determined using Mohr's | = 153 i
circle, The reference point on the cirele is at A [60{ 107"}, —74.5(10 "']]
and the eenter of the crcle, O, 9% on the  a%is al Enp = |53 107,

Fig. 10-17c. From the shaded triangle, the radius is

R =[V{153 —60F + (TA5F[(107%) = 119.01(10°%)

[

The in-plane principal strains are thus

g = 153(107%) + 119.1(10°%) = 272(10° %y Ans 2
es = 133(10°°) — 119.1(10°%) = 33.9(107") Ansx
. T4S
Moo= tan —————— = 387"
ol = lan (153 — 60)
o, = 193° A

NOTE: The deformed elemént is shown in the dashed position in
Fig. 10174, Realize that, due to the Poisson effect. the element is alva idy
subjected to an oul-ol-plane strain, i.e., m the z direction, although this

value will not influence the calculated resulis Fig. 10-17
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| |PROBLEMS

=22, The strain a1 point A on the bracket has
components &, = 30010, e, =550, ¥, =
-850 10 "}, Determine {a} the principal strains at A in the
r—y plane, (b} the maximum shear strain in the 1—v plane,
and {c) the absolute maximum shear sirain.

Prob. 10-22

23, The strein al point A oo the leg of the angle has
pomponents €, = —14010", &, = BO(1I0"),  w, =

[25( 107"}, Determine {a) the principal strains at A in thi
r—y plene, (b} the maximom shear strein in the -y plane,
and {c} the absolute meximum shear straim,

Proh. 10-23

*M-24. The strain at point A on the pressune-vessel wall
has components €, = 480010, e, = TAC10™), 3, =
B50( 107%), Determine (a} the principal sirains at A, in the
x—y planc. (b} the maximum shear strain n the -y plane,
and [c) the absolute maximum shear stram.

rob. 10-24

= l0-25, The B0 strain roselie is mounied on the brackel.
The following readings are obtaimed for cach gaupe:
e, = =100010°%), g,=250010"), and = 150010°%),
Determine (&) the principal strains and (b)) the maximum
in-plane shear strain and assedated sverage normal stram,
In cach caze show the deformed element dug o these
strains

MProh. 125




10=-26. The BF strain rosetle & mounted oo a beam,
The fllowing readings are obtained [or each pauge:
= MU0, &= —450{107"), and e = 250010°")
Determine (4) the in-plane principal strains and (b} the
maximum in-plane shear strain and average normal strain
In cach case show the delormed clement due o Lhese
slrains

Prob. 10-26

16-27, The 457 sirain roscite s mounted on a sicel shalt,
The 1n||-:11.l-'inr4|._r readings pre obtained from cach paupe:
¢, = IO, € = =2500107%), and « = —-450(10°™)
Determing (a) the in-plane principal strains and (b} the
maximum in-plane shear strain and average normal strain.
In each ease show the deformed element due 1o these
sirains

Prob. 16-27
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#l0=2B. The 45" stram rosetie 8 mounted on the ik of
the backhoe. The following readings are obtained from
cach gauge: e, = 63 107"), &, = —300{ 107 "), &, = 480{10 ")
Determine (a) the in-plane principal striins and (b} (he
maximum in-plane shear strain and assodated averape
nermeal strain.

PFrakb. 11-28

16-2%, Consider the gencral onenigbon of three stram
gadges al a pornt a8 shown, Write o computer progrim tha
can be used to determine the principal in-plang sirains and
the maximum in-planc shoar strain al the poml Show an
application of the program vsing the values #, = 4P,
£ = 1800I0CY), 8= 125, & =1000107", §. =220,
£, = SO{107"),

Prok, 1829
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10.6 Material-Property Relationships

In this section we will present some important relationships involving a
material’s properties that are used when the material 15 subjected to
multaxial stress and strain. To do so we will assume that the matenal is
hamogeneous and isotropic and behaves in a linear-elastic manner.

Generalized Hooke's Law. 11 the material at a point 15 subjected
Lo a state of triaxial stress, o, o oo Fig 10-18a. associated normal
strains €, &, 8. Will be developed m the material. The stresses can be
related 1o these strains by using the principle of superposition, Poisson’s
ratio, e = ey, and Hooke's law, as it applics in the umiaxal
direction, € = o/E, For example, consider the normal strain of the
element in the x direction, caused by separate application of each normal
striess, When o, 15 applied, Fig. 10-185h. the element elongares in the x
direction and the siraim e 15

Application of o, causes the element 1o contract with a stram &7,
Fig 10-18c. Here

Likewise, application of oo, Fig, 1184, causes a contraction such that

i i~
Ep = —P—

E

Fig. 10-18
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When these three normal strains are superimposed, the normal strain
£, is determined for the state of stress in Fig 1018, Similar equations
can be developed for the normal strains in the v and 7 directions. The
final resulis can be written as

£, é[lrk wory, + o]

£, %[UL - v, + o)) {10-18)
|
£ = Elﬂ': — viay + my)]

These three equations express Hooke's law in a general form for a
triaxial state of stress. For application tensile stresses are considered
positive quantilies, and compressive siresses are negative. I a resulting
normal stram 15 positive, i0indicates that the matenal elonganes, whercas
A negaive normal stram indicates the material cortraces

If we now apply a shear stress r,, to the element, Fig. 10-1%x
experimental observations indicate that the material will deform only
due to a shear strain y,.; that is, v, will not cause other strains in the
material, Likewise, v and 7. will :'111|'_i.-' cause shear strains .. and ¥,
Figs 10190 and 10-19¢, and s0 Hooke's law for shear stress and shear
slram can be wrillen as

e e (10=19)

Yiz = EET1: T G'r

1k

Fig. 10-19
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F1]

¥ E

7 o

E ‘ E %

it

dF,

T

Fig. 10-20

= -l

{1+ e )dy (1 + )elx

{hi

Fig. 10-21

Relationship Invalving E, v, and G. 1n Sec 3.7 it was stated that
the modulus of elasticity £ is related to the shear modulus 6 by Eq. 311,
namely,

E

C=3isn

(10-20)

Chie way o derive this relationship is o consider an element of the
material to be subjected to pure shear (o, = o, = o, = ), Fig. 10204
Applying Eq. %5 to obtain the principal stresses vields op,, = 74 and

Tmin = ~ Ty This element must be oriented #, = 45° counterclockwise
from the x axis as shown in Fig. 10=200, If the three principal stresses
Ty = Tepe Ty = O, and oy, = — 7, are substituted mto the first of

Egs. 10-158, the principal straim e, can be related (o the shear stress 7, .

The result 15

Emax %[l T ¥) (1121}

This strain, which deforms the element along the x" axis, can also
be related to the shear strain y,,. To do this, first note that
since o, = o, = a_= 1), then from the first and second Eqs 10-18,
€, = &, = (. Substituting these results into the strain transformation
Eq. 10-9, we get

Yav

£] = fqux = 5

i

By Hooke’s law. y,, = 7,,/G. s0 that €4, = 7,,/2G. Substituting into
Eq. 1021 and rearranging terms gives the final result. namely, Eq. 1021},

Dilatation and Bulk Modulus. When an clastic material s
subjected to normal stress, its volume will change. For example, consider
a volume element which is subjected o the principal stresses o, o, ..
If the sides of the element are originally ex, dy, dz, Fig. 10-21a, then
after application of the stress they become (1 + &,) dx, {1 + €,) dy,
(1 + e&.)dz. Fig. 10-216. The change in volume of the element is
therefore

A = ({1 + e )l +e )l +e)dxdyvdr — drdydz
Neglecting the products of the strains since the strains are very small, we
have

AV = (e, + e, + e.bdxdydz
The change in volume per unit volume is called the “volumetric strain™
or the dilatation ¢. [t can be written as

d¥

By comparison, the shear strains will not change the volume of the
element. rather they will only change its rectangular shape.

£ £, + E, + E. (1022
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Adso, if wie use Hooke's law, as defined by Eq. 1018, we can write the
dilatation in terms of the applied stress. We have

s = T (o, + o, + o) (10-23)

When a volume element of material 15 subjected 1o the uniform
pressure poof a liguid, the pressure on the bodv is the same mo all
directions and is always normal to any surface on which it acts Shear
stresses are mol present. since the shear resistance of a liquid is zero, This
state of “hydrostatic” loading reguires the normal stresses to be equal in
any and all directions, and therelfore an element of the body is subjected

ton principal stresses o, = o, = 0. = —m Fg. [0-22. Substitutimg into
Eq. 10-23 and rearranging terms vields
E
LA, (10-24)

s 31— 2p)

Since this ratio is similar to the ratio of linear elastic stress to strain.
which defines E, ie,a/e = E the term on the right is called the volume
madidvis of elasiicioe or the buelk modufus. 1t has the same units as sitess
and will be symbolized by the letter &; that is,

E

E=3n—)

{ 1D-25)

Note that for most metals » = sok = E If a material existed that did
not change its volume then 6% = ¢ = (), and & would have ta be infinite,
From Eq. 1025 the theoretical maximum value for Poisson’s ratio is
therefore v = 05, Durng vielding, no actual volume change of the
material is observed. and so ¢ = {15 is used when plastic vielding occurs.

Important Points

* When a homogeneous isotropic material is subjected to a state of
triaxial stress. the strain in each directicn is influenced by the
strains produced by all the stresses. This is the result of the Poisson
effect, and results in the form of a generalized Hooke's law,

® Unlike normal stress, a shear stress applied o homogeneous
isotropic material will only produce shear strain in the same
plane.

* The material constants E. G. and » are related mathematically.

*  Dilatation, or volumetric strain, is caused only by normal strain,
nof shear stram.

* The hulk modulus s a measure of the stiffness of a volume of
material. This material property provides an upper bmil 1o
Poisson’s tatio of » = 035, which remains at this value while
plastic vielding occurs

=P

Hydrostatic stress

Fig. 10-22
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EXAMPLE [10.9

The bracket in Example 10-8, Fig, 1023, is made of steel for which
E, = 200 GPa, vy = 0.3, Determine the principal stresses at paint A,

Fig. 10-23

SOLUTION |
From Example 10.8 the principal strams have been determined as

e = 272(107%)
er = 339(107°")
Since point A is on the surface of the bracket for which there is no

lnading. the stress om the surface 15 Zero, and so point A 15 subjected o
plane stress Applving Hooke's law with oy = 0, we have

my v e 0.3
=2 _Fo. et = - —r;
ASg T R A0 = Seneh ~ 2000
SLA(10Y = oy = 03w (1)
s i ira {3
s — = —rys A39(100° : .
S a3 AMI0Py 200(10%)
6.73(10") = aa — 0.3, (2)

Solving Eqgs. | and 2 simultaneously yields

= 620 MPa Anx

a2 = 254 MPa Anx
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(M
Fig. 10=23 [coni.)

SOLUTION II

It 1= also possible o solve the problem using the given state of straim,
e, = 601077 u, = 246(10™") Yo 140 107"}

s specified in Example 108 Applving Hooke's law in the x—v plane.
we have

3 {3
ir, I ir, i
=22 _ ¥ 60107 = 3
R i 200010°) Pa  200(107) Pa
iy Ty Y 5
£, =— — —a,; 161077 = — -
E E 200010°) Pa 200{10) Pa

ey = 29.4 MPa o, = 58.0 MPa

The shear stress is determined wsing Hooke's law for shear, First,
however, we must calculate €,

E 200 GPa
G = = — 76.9 GP:
T T e T i

Thus,

Ty ™ Gyl Ty = T6.9(10%)[~149(107%)] = ~11.46 MPa

The Mohr's circle for this state of plane stress has a reference point
Al129.4 MPa, —11.46 MPa)and centerat oy, = 43,7 MPa, Fag. 10-23h,
The radius is determined from the shaded triangle.

R=/[437 - 294)* + (11.46) = 183 MPa
Therefore,

m = 437 MPa + 18.3 MPa
iry = 437 MPa — 18.3 MPa

t2.l MPa Anx
254 MPa Anx

MNOTE: Each of these solutions is valid provided the material s both
linear elastic and isotropic, since then the principal planes of siress
and strain coinade,

B

fjta4
| - — -
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EXAMPLE [10.90

The copper bar in Fig. 10-24 is subjected to a uniform loading along
its edges as shown, If it has a length @ = 3K mm, width & = 50 mm,
and thickness ¢ = 20mm before the load is applied, determine its
new length, width, and thickness after application of the load.
Take £, = 120 GPa, v, = 0,34

.r'l'"l ; _."niIlM[-"a

St MPa

SOLUTION

By inspection, the bar is subjected to a state of plane stress. From the
loading we have
= B0 MPa a, =~ MPa T, =0 . = |l

ry

The assocated normal strams are determined from the generahized
Howoke's law, Eq. 10-18; that s

i, i

£y ? 'E{I'.I‘.l. | l:i"_-]
800 MPa (1,34
= = . { — 500 MPa + 0} = 0.00808
1200107y MPa 1200 1) MPa = =
Ty g

&y ? E{rr1 F o)

— 500 MP 134
= Lol R (800 MPa + () = —0.00643
12001y MPa 120{1{F) MPa
i ¥
= E = EHT. + a7y}
034
n =) ————— (800 MPa — 500 MPa}) = —(.000850

120 1) MPa
The new bar length, width, and thickness are therefore
a' = MKl mm + (LONBOS{ 3 mm) = 3024 mm Anx,
it = 5imm + {0643 )50 mm) = 4968 mm Anx
o= hbmm 4 (=0000850 (20 mm} = 1998 mm  Ans
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EXAMPLE 110.11

If the rectangular block shown in Fig. 10-25 is subjected to a aniform
pressure of p = 2 psi, determine the dilatation and the change in

length of each side. Take E = 600 psi, » = 045,

Fig, 10-25

SOLUTION
Dilatation. The dilatation can be determined using Eqg. 10-23 with
o, = o, = 7, = —2 p&i. We have
=y
g = 5 gl "l 1,
1 — 2{01.45) Srahia
Dhps 20 e

0.01 in/fin’ Anis.
Change in Length. The normal strain on each side can be

determined from Hooke's law, Eqg. 10-18; that s,

o, — #lary + 0]

E

E =

|

= = S — (MAS ) —2 psa — 2l parh] = —UARLAES o

= 20 pai — (045)(—20 ps1 — 20 psi} (001333 infi
L 1

Thus, the change in length Of each sde is

aa o= =(L00333(4 in. ) (L0133 i, Ahx
al = —(L00333(2 in.) = —0.00667 in, Anx
fe = —(LO0333 3 in.) = —0.0100 in. Anx

The aegative signs indicate that each dimension 15 decreased.
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Serostews

=M.  For the case of pliane stress, show that Hooke's law
cen be written us

- E (e, 4+ ve ), ar E { e,
oy |]—I-'1'|l"' L e |']—|:-':'|l|r”' L
1031, Use Mookes law, Eq. 10-18, 1o develop the strain-
transformation equations, Eqs. 10-5 and 10-A, from the
siress-rransformation equations, Eqs 8-1 and 9-3,

*1-32. A bar of copper alloy is loaded m & tension
maching and it is determined that e, = 940107 and
er, = |d ksi, o, = (), or_ = (), Detarmine the modulus of
clasticity, E.. and the dilatation, ¢, of the COppCE.
ity = (L3S

#10-33, The principal straing al a point on the aluminwm
fusclage of & jet aircraft are & = T 10" and & =
00107, Determine the associated principal stresses u
the point in the same plane. £, = 10{10%) ksi, 1, = 0.33,
Hini See Proh, [0-30

1034, The rod s made of aluminem 2004-T6. If it is
subjected 1o the tensile load of TO N and has a diagmeter of
200mom, determine the absalute maximam shear strain in the
rod at g point on iis surface.

1035, The rod & made of aluminem 204-T6. If L i
subjected 1o the tensile load of TR N and has a diameter of
20 mm, determine the principal strains at & point on the
surface of the rod.

T T W

S —
Prishs. [i-34/35

#1-36. The siecl shaft has a radius of 15 mm. Determine
the torgque Tin the shaft if the two sirain gauges. attached to
thi surfince of the shaft, repor straing of e, = —80 107"
and €, = B0{107"), Also, compute the strains acting in the
and y dircetions £, = 200 GPa, o, = 1.3,

Mrish. 10-Y0

10=37. Delermine the bulk modulus for each of the
following matenals: {a) rubber, E. = (b4 kzi, g, = 048, and
(b} glass, E, = R{IN") ksi, v, = 0124,

138, The principel siresses at a point are shown i the
figure. I1 the material s A-36 steel, determine the principal
CATETT T

200 ke

Prob. 10-38

=34, The spherical pressure  vessel has an  nmer
diameter of 2 moand a thickness of 100 mm. A strain gauge
having a length of 20 mm is attached to it and 1t s observed
b increase 0 length by (W12 mm when the vessel
is pressurized. Determine  the pressure  causing  1his
deformation. and find the maximum in-plane shear siress,
anich thie absolute maximum shear s1ress o1 a point on the
oter surface of the vessel The material is steel, for which
E, = M0 GPaand 1, = (L3

21 mm

Proste. 1639




1040, The strain in the r direction &t point A on the
steel beam is measured and found to he e, = =100{ 1077,
Determing the applicd loed M What is the shear strain y,,
ut point A? Ey = 29010°) ksi, o, = 0.3,

::_E = 40 5 i,

05 in.i:[” e
HTH Sin
frin

|—3n A ! T |

Frobe 10

sli=41. The cross secton of the rectangiubic beam 8
subjected 1o the bending moment M, Determine an
expression {or the increese in length of lines A and Cf)
The materal has o moslalos of elastciny E oand Posson's
ratit is .

Prob. 10-41

1 -—-.____||

10-42, The pringpel stresses ot a peint are shown in
the fgure T7 the material is aluminum  for which
Ey= 100107 ksi and vy = 033, determing the principal
BLTaing

2 ks

15 kesi
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10-43, A single strain gavge, placed on the outer Surface
and at anangle of 307 to the axis of the pipe, gives a reading
gt point A of &, = —20H 14 "1, Determine the horizontal
force Pl the pipe bas an outer diameter of 2 in. and an
inner diameater of [ in. The pipe is made of A-36 steel,

*10—4. A single strain gauge, placed in the vertical plane
on the cuter surface and a1 an angle of 30" 1o the axis of the
pipe, pives a resding ot point A of e, = —2K1077),
Dciermine the principal strains in the pipe al poin A The
pipe has an outer diameter of 2 in. and an inner digmeter of
I i wnd i made of A-36steel

Probs 10-43/44

10-45,  The cvlindrical pressure vessel is labricated using
hemispherical end caps in order to reduee the hending stress
that would peeur if fat cnds were wsed. The bending stresses
et the seam where the caps ane attached can be elimmaited
by proper ehoice of the thickness f, and §, of the caps anl
cylinder, respectively. This requires the radial expansion o
be the same for both the hemisphieres and cylinder, Show
thiat this ratio is 400, = {2 = #)/(] = v). Assume fhat the
vessel s made of the same materigl and both the cyvlinder
and hemispheres have the same inner radivs If the cylinder
5 10 have o thickness of (05 i, what 15 the reguared thickness
of the hemispheres? Take ¢ = (3.

Frob. 145
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l-46, The principal strams 0 @ plane, measured
expenmentally ol o point on the aluminem fuselape of & jet
gircrafl, are £ = A30(10") and & = 350(107"). If this is
g case of plane stress determing the gssociated principal
ftresses al the point in the same plane. F,, = I 107) ksi
and v, = 033,

1047, The princpal stresses sl 2 point are shown in
the Npare. 10 the material 8 alominwm  for which
E, = 1107 ksi and p, = 033, determine the principal
sLrains.

3 ksi

Prob, 1047

1048 The 6061-T6 aluminum alloy plate Gts snugly imo
the rigid constraint, Determing the aormal stresses o, and
or, developed in the plate if the temperature is increased by
AT = 50°C, To solve, add the thermal strain «AT 1o the
eoguations [or Hooke's Law,

Proh, 10—48

o J0=-4, Tnitislly, gaps between the A3 steel plate amd
the ripid constraint are as shown, Determine the normal
stresses o, and o, developed in the plate if the lemperatore
is Increased by AT = L0°F. To solve, add the thermal
sirain wAT to the equations for Hooke's Law,

Mroh. 1049

=50, Two strain gauges o and & oare attached 1o a plate
made from g material having a modulus of clasticity of
E = T GPa and Poisson’s ratio v = 0,35 10 1he ganges pive
a reading of @, = 4300107") and ¢, = 100{ 10"}, determine
the intensitics of the wniform distributed loed w, and w,
acting o the plate. The thickness of the plate s 25 mm, :

=51, Two strn gavges o and b oare amached o the
surface of the plste which is subjected o the unilorm
distnibuted Ioad w, = Tl kN/m and w, = —175 kN/m.
If the pauges pive @ reading of e, = 430{10") and
e = 1O L07Y), determine the modulus of elasticity F,
shear modulus &7, and Poisson's ratio ¢ for Uhe matenal

Probs, 1-50/51



#1-52. The hlock s Aited between the xed supporis 1
the plued podnt can resist o maximum Shear stress ol
Tatioe = 2 ksl determine the temperafure nse that will
cause the joint 1o lail. Take E = 10(100) ks, » = 0.2, and
Hint: Use Eq. 10-18 with an additional strwn term of T
(Eq. 4-4)

Proh. 10-52

#10-53, The smooth rigid-body cavity is filled with liguid
G 1-Th aluminum. When cooled it is 0012 in. [rom the wop
of the cavite, 11 the 1op of the cavity 18 covercd and (he
temperaiure is increased by 200°F, determine the siress
companenis o, of,. god o, in the aluminum. Hine Use
Egs 10-18 with an additional strain term of cAT (Eg. 44

li=54, The smooth deid-body cavity is Glled with liguid
G 1-Th aluminum. When cooled it 15404112 in. [rom the top
of the cavity, If the top of the cavity 18 not covered and the
temperatire 1 incressed by 200°F, determine the strain
componens e, ¢, and e in the aluminem, Hime Use
Eigs 1018 with an additional strain term of e AT (Eq. 4-4).

‘ ANl in

Probs. 18-53/54
.
10-55. A thin-walled sphencsl pressure vessel having an
inner radius ¢ and thickness 115 subjected (o an intemal
pressure po Show that the inercase o the volume within
the vessel is AV = -Elpm-"_."Efll; I — #} Llse & small-sirain
nnalysis.
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156, A thin-walled cylindrical pressure vessel has an
inner radius ¢, thickness ¢, and length L. T it is:subjeeted
to &n inlernal pressure p. show that the increase in
its inner radius Is dr = re; = prifl — %:'];'E'r and the
inercase in ite length is AL = plr(t = v)/Ft. Using these
results, show that the change in internal volume becomes
dV = wrif1 + £,0%1 + &)L — wr'L. Sincc £ and e; arc
srall guuntities, show further that the chanae In volume
per unit vilume. called volumetric sirafe, can he writlen 2s
dV/V = pri25 — 20}/ EL

10=57. The rubber block m confined in the U-shape
simoeth rigid bloek, I the rubber has a modulios of elasticity
£ and Poisson’s ratio #, determine the cifective modulus of
elasteiry of the rubber under the confined condition,

Probh, 10-57

10=-58. A soft material is placed within the confines of a
rigid cylinder which rests on a rigid support. Assuming thal
€, =0 and &, = (I, determine the factor by which the
modulus of elasticity will be increased when a load s
applicd il ¢ = (.3 for the material.

Froh. 10-58




520 CHapTed 10 SThaiN TRANSFORMATION

Lider's Hnes on
mild =feel sirip

m Fig. 10-26

*10.7 Theories of Failure

When an engimeer is faced with the problem of design using a specific
material, it becomes important o place an upper fimit on the state of
stress that defmes the matenal’s Gallure, If the matenal 15 duciide, Tatlure is
usually speafied by the initiation of vielding, whereas if the material s
brittle, it is specified by fraciure. These modes of failure are readily
defined if the member is subjected to a uniaxial state of stress, as in the
case of simple tension; however, it the member is subjected to biaxial or
traxial stress, the criterton for falure becomes more difficiell to establish,

In this sectiom we will discuss Four theories that are often wsed in
engmeerning practice (o predict the failure of a material subjected 1o a
midtiacinl state of stress. No singlte theory of failure, however, can be
applied to a specific material at all dmes, because a material may behave
in either a ductile or brittle manner depending on the temperature,
rate of loading. chemical environment, or the way the material is shaped
or formed. When using a particular theory of failure, it is first necessary
to calcalate the normal and shear siress at points where they are the
largest in the member. Onee this state of siress is established, the
principal stresses at these critical points are then determined. since each
of the following theories is based on knowing the principal stress,

Ductile Materials

Maximum-Shear-5tress Theory. The most common tvpe of vielding
irfar ductile matertal such as steel is caused by sfipping, which oceurs along
the contact planes of randomly ordered crystals that make up the
material. If we make a specimen into a highly polished thin strip and
subject it to a simple tension test. we can actually see how this slipping
causes the material to vield, Fig 10-26. The edges of the planes of
slipping as thev appear on the surface of the strip are referred to as
Liiders limes, These lines clearly indicate the slip planes in the stnp,
which occur at approximately 4537 with the axis of the strip

The slipping that oecurs is caused by shear srress To show this,
consider an element of the material faken from a ension specimen,
when it is subjected to the vield stress oy, Fig. 10-27a. The maximum
shear stress can be determined by drawing Maohr's cirele for the element,
Fig 10-270, The results indicate that

oy

o= ( 10-26)

i 5
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Furthermore. this shear stress acts on planes that are 45" from the planes r

of principal stress, Fig. 10-27¢, and these planes coincide with the

direction of the Lider lines shiwn on the specimen, indicating that

indeed failure occurs by shear. r
Using this idea. that ductile materials fail by shear, in 1868 Henri

Tresca proposed the maximum-shear-siress theory or Tresca yvield
eriterion, This theory can be used to predict the failure stress of a ductile
materal subjected to any type of lnading, The theory states that vielding
ol the material begins when the absolute maximum shear stress in the
material reaches the shear stress that canses the same material w yvield
when it is subjected ordy to axial tension. Therefore, to avoid failure, it is r fl
required that re in the material must be less than or equal to oy /2

where oy is determined from a simple tension test
For application we will express the absolute maximum shear stress in m
terms of the principal stresses, The procedure for domg this was
discussed i Sec, 9.5 with refereace 1o 8 condition of plane siress, that is, oy=4 s il P

A fension

where the out-of-plane priocipal stress is zero. IT the two in-plane AU, U
principal stresses have the same sign. e, they are both tensile or both A
compressive, then failure will oceur wir of the plane, and from Eq. 9-13, 2
| ¥ :
, 2
i g = =
i 2 L " (h}

It instead the in-plane principal siresses are of opposie signs. then
failure occurs in the plane, and from Eq. Y-14,

Using these equations and Eq. 10-26. the maximum-shear-stress theory
for pline stress can be expressed for any two in-plane principal stresses Fig. 1027

and er; by the following criteria:
irs

h"."|| = Ty : +iT}
e oy, 7 have same signs /
rFal- = Ly (10-27 ;
oy — 1) =F iF, (T2 have opposile signs = i
lery 3 vl 1+92 PP g =  g— '
A graph of these equations is given in Fig. 10-28. Clearly, if any point ' T—ay
af the material is subjected to plane stress. and its in-plane principal

stresses are represented by a coordinate (o, ors) plotted on the houndary
or oniside the shaded hexagonal area shown in this ligure, the material
will vield at the point and failure is said to oocur. Fip. 1128

Maximum-shear-siross theory
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Maximum-Distortion-Energy Theory. [t was stated in Sec. 3.5 rhat
an external loading will deform a material, causing it to store energy
irternally throughout its volume. The energy per unit volume of material
is called the strain-energy density, and il the material is subjected 1o a
umiaxial stress the stram-energy density, defined by Eq. 36, becomes

Mo (12}

It the material is subjected (o triaxial sivess, Fig, 10-2%a, then each
principal stress comiribules & pottion of the total straim-energy density,
50 that

| 1 1

= S E + o 1Fa€a + =T33
LS LS

.

Furthermuore, if the matenal behaves i a linear-elastic manner, then
Hooke's law applics. Therefore. substituting Eg. 10-18 into the above
equation and simplifving. we get

| " s | a F
W=—=|ry" t & + oy — dr(erpgra + oy & rura) (10-249)

2E

This strain-energy density can be considered as the sum of two parts,
ome part representing the energy needed to canse a vodime charge of
the element with no change in shape. and the other part representing the
enerey necded to distart the element. Specifically, the energy stored in the
element as a result of its volume being changed is cavsed by apphcation
of the average principal stress, .., = (0 + @2 + @3}/ 3, since this stress
causes equal principal strains in the material. Fig. 10-296. The remaining
portion of the stress, (o — g, (02 — Taug ), (05 — Tayg ), causes the
energy of distortion, Fig. 10-29¢.

Experimental evidence has shown that materials do not vield when
subjected to a uniform (hydrostatic) stress. such as o, discussed above,
As a result. in 1%, M. Huber proposed that vielding in a ductile
material oceurs when the distortion energy per unil volume of the
material equals or exceeds the distortion energy per unit volume of the
same material when it is subjected to yielding in a simple tension test.
This theorv is called the mavimum-discortion-energy theory, and since it
was later redefined independently by R, von Mises and H. Hencky, it
sometimes also bears their names.

To abtain the distortion energy per unit volume, we will substitute the
SIresses (o) — dag ) (02 — ay), and (o — 4?,,,51':1 for oy, s, and oy,
respectively, into Eq, 10-29, realizing that e, = {ory + oy + ora)/3
Expanding and simplifying. we obiain

L +my

| {ry — -+ (s — i) + (g — r:r-'I']

RE *

iy =



In the case of plane stress, o = 1), and this equation reduces to

1 +wy 5
tiy = ——\ir;~ — ryira + a4
o iE [y [T 2 j
For a wmiexisd tension test, oy = oy, oty = ory = (0 and so
_ L 43
Loty ly IE

Since the maximum-distortion-energy theory requires iy = (1,y)y . then
for the case of plane or biaxial stress, we have

-

rr1-" — Tt :r-_.-" =Ty

{10301

This is the equation of an ellipse, Fig. 10-30. Thus, if a point in the
material is stressed such that (. o) is plotted on the boundary or
outside the shaded area, the material is said to fail

A comparison of the above two failure criteriais shown in Fig. 10-31. Note
that both theories give the same results when the principal stresses are
equal, e, oy = @y = oy, or When one of the principal Siresses 8 Zero and
the other has a magnitude of oy 1T the material is subjected oo pure shear, 7.
then the theories have the largest discrepancy in predicting failure, The
stress coordinates of these points on the curves can be determined by
considenng the element shown in Fig. 10-32a, From the associated Mohr's
circle for this state of siress, Fig, 10320, we oblain principal stresseso, = 7
and or; = —7. Thus. with oy = —rs, then from Eq. 10-27. the maximom-
shear-stress theory gives (oy /2. —oy/2), and from Eg. 10-30, the
maximum-distortion-energy theory gi'l.?cilfuyf‘-.-"rl -y [ W3], Fig. 10-31.

Actual torsion tests, used to develop a condition of pure shear in a
ductile specimen, have shown that the maximum-distortion-energy
theory @ives more accurate results for pure-shear failure than the
maximum-shear-siress theory. In fact, since {ery/ V3 oy /2) = 1.15,
the shear stress for vielding of the matenal, as given by the maximum-
distortion-energy theory, is 153% more accurate than that given by the
maximum-shear-stress theory,

AT, 1)

() {l)

Fig. 16-32
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Maximum-distortion-enerey theory
Fig. 1130
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Fillure of w beile material
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Fig, 10-33
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= ir
uli 3 T }
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Mas iomum -inormal-5lress theory

Fig, 10-34

Brittle Materials

Maximum-Normal-Stress Theory. It was previously stated that
brittle materials, such as gray cast iron, tend to fail suddenly by fracrre
with no apparent yielding. In a tension iest, the fracture occurs when
the normal stress reaches the ultimate stress ey, Figo 10-33a Alsn,
brittle fracture odcurs in a torsion test due o tension since the plane of
fractire for an element i at 457 to the shear direction, Fig. 10335 The
fracture surface is therefore helical as shown.* Experiments have further
shoown that during torsion the material’s strength is somewhat wnaffected
by the presence of the associated principal compressive stress being at
right angles to the principal tensile stress. Consequently, the tensile stress
needed to fracture a specimen during a torsion test s approximately the
same as that needed to fracture a specimen in Simple tension. Because of
this, the maximum-normal-stress feory states that a brittle material will
fal when the maximuom tensile stress. ory. in the material reaches a value
that is equal to the ultimate normal stress the material can sustain when
it i5 subjected to simple tension.
If the material 15 subjected to plane siresy, we require that

|""|| =y

(-3
|H3| = ki “ 3 IJ

These equations are shown graphically m Frg, 10-34. Therefore, if the
stress coordimates (o, o) af @ point in the material fall on the boundary
ar outside the shaded area, the material is said to fractare. This theory is
generally credited to W, Rankine, who proposed it in the mid-1800s,
Experimentally it has been found to be in close agreement with the
hehavior of brittle materials that have stress—strain diagrams that are
sirmtlar in hoth tension and compression.

Mohr's Failure Criterion. In some brittle materials tension and
compression properties are different. When this occurs a criterion based
on the use of Mohr’s circle may be used to predict failure. This method
was developed by Otto Mohr and is sometimes referred 1o as Mohr's
Failure criterion. To apply it, one first performs tiree tests on the material,
A uniaxial tensile test and umiaxial compressive test are used to
determine the wltimate tensile and compressive stresses (o), and
(er g ). respectively. Also a torsion test is performed to determine the
material’s ultimate shear stress vy, Mohrs circle for each of these siress

*A stick of blackboard chalk fails in thes woy when ils ends are twisied wath the fingers



condittons is then plotied as shown in Fig, 1035, These three circles are
contained in a “failure envelope” indicated by the extrapolated colored
curve that is drawn tangent to all three circles. 11 a plane-stress condition
at a point is represented by a circle that has a point of tangency with the
envelope. or if it extends bevond the envelope’s boundary. then failure is
said tov oceur.

We mayv also represent this criterion on a graph of principal stresses o,
and - This 15 shown i Fig 136, Here failure ocours when the absolute
vitlue of either one of the principal stresses resches o value equal to or
preater than (o ); 0f (ory, ), or in general. if the state of stress at a point
defined by the siress coordinates (ory. o2 is plotied on the boundary or
outside the shaded area

Either the maximum-normal-stress theory or Mohr's failure eriterion
can be used in practice to predict the faillure of a bnttle material.
However, it should be reahi#ed that their usefulness is quite limited. A
tensile fracture ocours very suddenly, and its imitiation generally depends
on stress concentrations developed at microscopic imperfections of
the material such as inclusions or voids, surface indentations, and
small cracks. Since each of these irregulanties varies from specimen
to specimen, it becomes difficult to specify fracture on the basis of a
single test
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Fig 10-26

Important Points

If a material is ducrile, failure is specified by the initiation of yielding, whereas if it is brinde, it is specified
by fracture.

Duectile failure can be defined when slipping oceurs between the crystals that compose the material. This
slipping is due to shear siress and the maximem-shear-siress theory is based on this idea.

Stratn erergy 15 stored in a material when it is subjected o normal stress. The maximm-distortion-emergy
theory depends on the sfrain energy that distorts the material. and not the part that increases its volume.

The fracture of a brivde marerial is caused only by the maximm tensile siress in the malerial, and not the
compressive stress. This is the basis of the macimunt-nomnal-stress. theory, and it is applicable if the
siress—strain diagram 1§ sirilor in tension and compressicn.

If & britile material has a stress—stram diagram that is different in tension and compression, then Mohir’s
Jurifure criterion may be used to predict failore.

Drse (o material imperfections, tenstle frocture of a brittle material w difficult vo predice, and so theories of
failure for brittle materials should be used with caution.
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EXAMPLE [10.92

The solid cast-iron shaft shown in Fig 10-37a is subjected to a torque
of T = 41 1b - fi. Determine its smallest radius so that it does not fail
according to the maximum-normal-stress theory. A specimen of cast
iron, tested i tension, has an ultimate stress of (o), = 20 ksi.

=4 kT

!

Auith Ib- i

TV imax

ful {h}

Fig. 137

SOLUTION
The maximim or critical stress oceurs at a point located on the surface
of the shaft. Assuming the shaft to have a radins r. the shear siress is

TE: . (A0 Th = FL)( 12 i /e _ 30558 1h-in.

Thay — T riFll'IZ}l'* i

Muohr’s cirele for this state of stress { pure shear) is shown in Fig, 10-374,
Since B = r,... then
_ 31558 Ib+in,

Fp = —F = Ty = 7

2
The maximum-normal-stress theory, Eg. 10-3]. requires

3155, | .
03380 _ o) 000 I in?

J":'

Thus. the smallest radius of the shaft is determined from
3055810k in.

i
r

A

w 20 (0 I/fin”

r = 0535 in. A
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The solid shaft shown in Fig, 10-38a has a radivs of (1.5 in. and is made
of steel having a yield stress of oy = 36 ksi. Determine if the loadings
cause the shaft to fail according to the maximum-shear-siress theory
and the maximum-distortion-energy theory,

SOLUTION

The state of stress in the shafi is caused by both the axial force and the
torque. Since maximum shear stress caused by the torgue occurs in
the material at the outer surface, we have

P —15kip

e e e gl L' 1B
A w(5in)
+ 35 kip-in. (0.5 1n. 0.5 m. ™
I 2(0.5in.)*

The stress components are shown acting on an element of material
at point A in Fig. 10-38h, Rather than using Mohr's circle, the principal
stresses can also be obtained using the stress-transformation Eq, 9-5.

=

oy I e o
T3 = T N 1'|i|I (T) T Tre
—19.10 + 0 [ =110 — 0% %
= M’(T) + (1655
= —055 + 19.11
) = Y9.50 ksi
ers = =28 .66 ksi

Maximum-Shear-Stress Theory. Since the principal stresses have
opposite stgns, then from Sec. 9.5, the absolure maximiim shear siress
will occur in the plane, and therefore, applying the second of
Eqgs. 10-27, we have

|:;I"| = ri":|| = iy

|9.36 - {-2B.66)| = 36
B2 > 36

Thus, shear failure of the material will oceur according to this theory,
Maximum-Distortion-Energy Theory. Applving Eq. 10-30, we have

&l

rr:r' il T r;!'--EI:I'E-'r.I'J
| 1173 .| ¥

(9.56)" — (9.56)(~28.66) + (~28.667] = (36°
118
Lsing this theory, failure will not eccur.

15 &ip|

325 kipran

1]

e 16.55 sl
L

14910 ks

Fig. 10-38
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Serostews

10-59. A material is subjected o plane stress, Express
the distoruon-cnergy theory of [ailure nterms of o, o,
and v,

6D, A material is subjected 1o plane stress Express
the maximum-shear-stress theory of failure in terms of o,
oo, and 7, Assume that the principal stresses are of
different alpehraic signs,

sli-6l. An aluminum alloy 6061-T6 1= 1o be wsed for
a wolid drve shalt zuch that it transmits 440 hpoat 2400
rev/min. Using a lactor of safety of 2 with respect 1o
vielding. determine the smallest-diameter shafi that can be
selected based on the maximum-shear-stress theory,

=62  Solve Frob 10-61 wsing the maximum-distortion.
encrgy theory,

=63, An alummmim alloy 18 1o be used for o drive shal
such that it transmits 25 hp at 1500 rev/min, Using a factor
of safety of 2.5 with respect to viclding, determing the
smillest-diameter shall that can bi selected based on the
maximum-distortion-energy theory. oy = 3.5 ksi,

*l-ed. A bar with a square cross-sectional arce is made
of a muterial having & vield stress of oy = 120 ksi. If the bar
15 subjected tooa bending moment of 75 Kip =i, determine
the required sive of the ber according to the maximum-
distortion-encroy theory, Use o factor of safety of 1.5 with
mespect o yvielding

sll-65. Salve Prob, 106 using the maximum-shear.
stress theory.

T=66.  Trerive an expression for an equivalent worgue T,
that, il applicd alone to a solid bar wilth & circular cross
section, would cause the same eneray of distortion as
the combination of an applicd hending moment W oand
torque 1.

=67, Derive an expression for an cquivatent bending
moment W, thet, if applied alone to a solid bar with a
circular cross section, would cause the same energy of
distortion as the combination of an applied bending
moment M and torgue T-

=168, The shon concrete eylinder having a diameter of
50 mm is subjected 1o w torgue of 500 N +m and an axial
compressive force of 2 KN, Determine if it fails aecording
the maximum-normal-stress theory, The ultimate siress of
the concrete s oy, = 28 MPa

Proh. 1{6R

1009  Castiron when fested in tension and compression
has &n ultimate strenpth of (o), = 280 MPa  and
[y ), = 420 MPa, respectively. Also, when subjected 1o
pure torsion it can spstain an ulimate shear stress of
Ty = 168 MPa. Plot the Mohr's circles for cach case and
eatishlish  the failure envelope. If a part mede of this
material is subjected to the swate of plane stress shown,
determine if it fails secording to Mohr's (milure criterion.

120 MPa

" 1 MPa
3

| -|; 230 MPa
L
)

s
3
it
T

!

Frod, 164

10-T0. Derive an expression [or en eguivalent bending
moment M, that, if applicd slope & solid bar with a
cirewlar cross section, would cause the same maximum
shear stress as the combination of an applicd moment M
and torgue T, Assume thet the principal stresses are of
oprposite alaebraie sipng




10-TL  The components of plane stress al & cnticel point
o an A-36 sieel shell are shown, Dhetermine if Gulure
(viclding ) has occurred on the basis ol the maximum-shear-
stress theory

=72, The components of plang sires at a eritical point
onoan A-30 stee| shell are shown, Determine 0T fRilure
(vielding) has occurred on the basis of the maximum-
distornon-energy theory

il M

i d _ i MPa

i ) T M EPa

Probs. 1(-7172

e |0-T3 I the 2-in. diameter ghafi s made from brivtle
material heving an ultimate strengih of o, = 50 ksi for
both tension and compression, determine if the shaft fails
according to the maximum-normal-siress theory, Use a
factor of safety of L3 against rupiure.

10-74. If the 2-in. diameler shaft is made from cast
iron having tengile and compressive oltimate strengths
of (o) =50 ksi end (i), = 75 ksi, respectively,
determine i the shaft fails n eccordance with Moht's
failure eriterion

A kip

Akip+fi

Probs. 101-73/74

10.7 THeokiEs aF Failure 2o

=75 If the A-36 sicel pipe has ouoter wnd inner
diameters of W0 mm and 20 mom, respectively, determime the
factor of safety against viclding ol the material st point A
gecording to the meximum-shear-stress theory

“10=-Ta. 1M the A-36 zteel pipe bag an outer and inner
diameter of ) mm and 20 mm, respectively, determing the
factor ol safely ageinst viclding of the matenal at point A
peeording 10 the maximum-distortion-energy theory

KM
2600 mm

151 mm

) M

Probs, 1=T5T6

o 10-TT, The element is subjected {o the stresses shown, 17
iy = 36 ksi, determing the factor of safety for the loading
based on the maximum-shear-giress theory

10=TB. Solve Prob, 1077 using the maximum-digiorion-
cnergy theory.,

12 ksi

k=

[

Prohs. 17778

0=, The yield stress for heat-treated beryllium copper
i& ey = 1300 kei. 17 this material is subjected o plane siress
and elastic failure occurs when one principal stress is 143 ki,
whist 15 the smallest magnitude of the other principal stress?
LTse the maximum-distonicn-energy theory
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=150, The plate s made of hard copper, which vields at
erye = 105 ksi, Using the maximumi-sheargiress theory,
determine the tensile stress o, thal can be applicd ta the
plate il @ tensile stress o, = 05, is also applicd.

1081, Solve Prob, 10-80 using the masimum-distonion-
energy theory,

i = Lo,

Profes, |0-8iVE1

182, The state of stress acting al a critical point pn the
scat frame of gn sutomobile during a crash 5 shown i the
figure, Determine the smallesy vield stress for a steel that
can be selected for the member, based on the maximuum-
shear-stress theory,

10-83, Solve Prob, 10682 using the masimum-distontion-
energy theary,

25 ksi

%—-Hu ke

Prohs. 10-82/83

#1=-RBd. A har with & cireular eross-seciional ares is magde
of SAE (M3 carbon steel having a yield stress of
oy = 150 ksi, Il the bar is subjected 1o & torgque of
i kip -in. and & bending moment of 36 kip+in., determine
the required diameter of the bar socording o the
maxtmum-distortion-enerpy theory, Use u factor of sufely
oof 2 with respect to vielding.

085, The state of siress geting at g eritical point on a
machine element is shown in the fgure, Determine the
smallest vield stress for a steel that might be selected for the
part, bazed on the masimume-shear-stress theory,

i ksi

— % 4k

-I_- H ki
._I_

Prob. 10-45

1084, The principal stresses acting at & point on a thin-
witlled cylindricil pressure vessel are oy = prft, oy = pri2i,
anid ery = 1L T the vigld soress i oy, deteminne (he maxomum
value of p based on (&) the maximum-shear-stress theory and
(b} the maximum-disioriion-eneray theory,

=87 11w sold shaft having & diemeter 15 subjected 1o
a torgue T and moment M, show that by the maximuam-
shear-stress theory the maximum allowable shear stress is
Tuliw = (18/7d" V' M® = T2 Assume the principal stresses
o be of opposite algebraie signs,

#1088, I & =olid shaft having & diameter o is subjected 1o a
worgue T and moment M, show that by the maximum-normal-

stress theory the meximum allowable prmcipal stress iz
(16/wd )M + VM™ 4+ T

l:rhlllll -

!

[
N2

v

N
= P

Probs 1{-R7/RE




o [0=89, The shaft consists of a solid segment AR and
hollow segment BC, which are rigidly joined by the
coupling a1 B, Il the shafl = made from A-36 steel,
determine the muximom torgue T that can be applicd
aceording 1o the mavimum-shear-stress theory, Use a factor
of safety ol 1.5 against yvielding.

10—, The shaft consists of a solid scoment AR and o
hollow segment BC, which are rigidly joined by the
coupling a1 B. If the shefl s made from A-36 glecl,
determine the meximum torgue T that can be gpplicd
according to the maximum-distortion-energy theory, Use g
factor of safety of 1.5 ageinst yielding.

A iy mm
i

- | N
T womm =

WKl mm =" T
M=

=

LY

o

Probs. 18990

1-21.  The internal loadings at a eritical section along the
ficel drive shaft of a ship are calculated to be 8 torgque of
2300 Ik -1 a bending moment of 1500 b -{t, and an axial
thrust of 2500 [h 17 the yicld points for tension and shear are
iy = L0 ksl and 7y = 30 ksi,. respectively, determine the
required diameter of the shaft vsing the maximum-shear-
giress theory,

- L5000 ke £
= 2N Th-fi

Prob. 10-91
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*li=42. The gas tunk has an nner dizmeler of 1.50 m and
o wall thickness of 25 mm. I it is made from A-36 steel and
the tunk i pressured to 5 MPa. determine the factor of
safely against vielding wsing (a) the maximum-shear-stress
theory, and (b)) the masimum-distortion-energy theory,

1

Prob. T-92

«10-93, The gas tank is made from A-36 steel and
hos an mner didmeter of 1.50 m. [f the tank 15 desipned
o withstand a pressure of 5 MPa, determine the requived
minimum wall thickness to the nearest millimeter using
{2} the maximum-shepr-stress theory. and (b)) maximum-
distorton=enerey theory, Apply a factor of safety of 1.5
against yvielding.

Mroh. 10-93




532 CHapTed 10 SThaiN TRANSFORMATION

. CHAPTER REVIEW

When wn ¢lement of materal s £y T Ey  Ep — £y Tov
subjected to deformations that only S = B e g cos 28 + Tsml&'
poour in & single plane, then it
undergoes lanc strain. 10 the strain D L ST Yry |
COMPONENLS £, €,, and y,, are known £y = e o L S Tsmlﬂ
for w specified orentition of the

r * i g = a4, T
chement, then the strains  acting LT _( : )Hin ] [ I, Y
for some other orientetion of the 2 2 2

clement can be determined wsing the
pl_aah. surain mm_sf: rmation equations e ey e
Likewise, the principal normal strains Eiq = i .( 3 [T (_
and maximum in-plane shear stram v

can be determined using transformition

rjuations Yoo Ill' £y — EyN2 Yy 4
g "u( 2 ) : { Z )

Strain transformation problems can
albse be =olved in i sermi-praphical
manner  using  Mohr's  cirde. To
draw the circle, the & wnd /2 aves
gre cstablished and the center o : : A
the cirele C[(e,+€,)/2.0] and the \ % -
“referemee poimt™ A (£, v 2) P £, + 8, A |
are plotted. The radius of the arcle o SR i = i
extends between theste two poinis ' / '
and is determined from trigonometry. =4

T1 &, ind €2 have the same sign then P S
the absolute maximum shesr strain Yigae = €] — €3
will be out of plane

In the case of plane strain, the
absolute maximum shear strain will
be equal to the maximum in-plang Y = € — €3
shear strain provided the principal L :
slrains &) and £ have opposite sipns
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IT ihe material is subjected to Triaxial i{.: — o{d + o))
stress.. lhen the strain im easch bt i ol { x :
direction is influenced by the strain
produced by all three  siresses 2 )
Hooke's law then involves the ), E]'Lr-" W+ o]
maleral properties E and v,

1

£, F{u'_. — vler, + )]

If E and ¢ pre Enown, then & can be G E
determined. H1 + )
The dilatation is & measure of 1 — EJ.*r _
wviolumotric striin, . E Wy Ty ¥ Ty
The bulk modulus is used o measore E
thie stiflness of a volume of meterl k=——"7—

31 = 2u)

If the principal stresses al a critical
rant in the material are known, then
g theory of failure can be used as a
lvasis for design.

Daietle weaterials fall b shewr, woad
here the maximum-shear-siress theory
or the maxmum-distortion-cneray
thizory can be used 1o predies Tallure.
Both of 1hese theories make
comparison 1o the yield stress of a
specimen subjected o @ uniaxial
Lengile stress

Brittle munierials fufl in jension, and
0 the maximum-normal-gress theory
of Mohr's failure criterion can he
used to predict faiune, Here comparisons
pre made with the wlimate wosile
stress developed in o specimen,
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. REVIEW PROBLEMS

= A thin-walled spherical pressure vessel has an
inner radius r, thickness ¢ and is subjected 1o an internal
pressure o the matensl constants are E and », determine
the sirain in the circumferential direction in terms of the
siated parameters.

10-495, The strein et poinl A on the shell has componcents
e, = Z510°F), &, = 400(107"), 3., = 275(10° "), e, = O,
Determine (a) the principal strains at A, (b) the maximum
shear stram in the 17—y plane, and () the absolule maximum
shicar siraiin.

Prob, 10-95

=96, The principal plane siresses acting at a point are
shown in the figure. Il the muterial s machine stes) having a
vield stress of ey = 500 MPa, determine the factor of
galely with respect to vielding if the maximum-shear-siress
theary is considered.

1 M

1500 Mt Ers

Prob. 1{—%

«10-97. The components of plene stress st a critical poing
on a thin steel shell are shown., Determine of failure
(viclding) has occurred on the basis of the maximum-
distortion-cnergy theory The vield siress [or the steel s
ry = B50 MPa,

0 M

A5 MPa

Frob. 10-47

10-498. The ®01" tiran roselte 18 mounted on o beam,
The following readings sre obtained for cach gauge;
g, = 60010, & = —TOO{10"), and & = 350(10°").
Determine (a) the in-plane principal stroins and (b)) the
maximum in-plane shear strain and average normal strain,
In ecach caze show the delormed element due to these
sEraing

Prob. 1{1—9%8
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-9, A sirain gauge forms an angle of 457 wath the sxis

=102, The state of plane strain oo an clement s
of the 5-mm diameter shaf, I iF pives a reading ol

e, = 4000107, e, = 2000107%), and v, = =300{107"),
€ = —20{107") when the torgue T is applicd to the shaft, Determine the equivalent state of strain on an clement al
determine the magnitode of T. The shall is made from A-36 the same point oriented 30° clockwise with respect 1o the
steel

original element. Sketeh the results on the element.

. M T
L " -
: \
1" [ i
o' i A 1
' '1
T '
. . .
Prob, 10-99 Zod T
dr le ey
“li=100. The A-36 sieel post is subjected tw the forces
shown, 0T the strain gauges g and b at point A pive readings £
of &, =30{10") and €, = 175(10"), determine the Faghc 10104

magnitudes of Py and P

¥

10-103, The state of plane strain oo an element s
o, = 400{ 10y, e, = 20000077, and oy, = =3000107").
Determine the equivalent state of strain, which Teprescnis
fad the principal steaing, wnd (B the mosimem m-plane Shea
strain and the associated average normal strain. Specify

I-—-l 1=

:]:1 i Ii.h.l: onenlation ol 1h.r.: corrcsponding clement al the point
3 F with respect 1o the originel element Sketeh the results.on the
I clement.
A Serligsn r—
i
r.',a]'}.J_; o=
i 1
Froh. 1100 " ..l; s !I
dv T .!I
10-101. A differential elemaent 1= subpected to plane sirain LL i
that has the following components: €, = 930010 By = =il | " i
£20010° "1, 3, = =325/ 10°%), Use the strain-transformation @T‘ 171
cuitions and determine (a) the principal straing and (b} the 3 i
maximum in-plane shear straim amd the asseoated average I
strain. [n cach case specily the orientation of the clement

and show how the strans de lorm the element Mrob. 1{-103




Beams are imponant structural members that are used to support roof and floor loadings.




Design of Beams

and Shafts

CHAPTER OBJECTIVES

In this chapter, we will discuss how to design a beam so that it 1s able
to resist both bending and shear loads, Specifically, methods used for
designing prismatic beams and determining the shape of fully stressed
beams will be developed. At the end of the chapter, we will consider
the design of shafts based on the resistance of both bending and

torsional momants

11.1 Basis for Beam Design

Beams are said to be desiened on the basis of strength so that they can
resist the internal shear and moment developed along their length, To
design a beam in this way reguires application of the shear and flexure
formulas provided the material 8 homogeneous and has hnear elastic
behavior. Although some beams may also be subjected 1o an axial force,
the effects of this force are often neglected in design since the axial siress
i5 generally much smaller than the stress developed by shear and bending,

537
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Fig. 11-1

BEamE AND SHAFTS

As shown in Fig, 11-1, the external loadings on a beam will create
additional stresses in the beam directly wnder the loed, Notably, a
compressive stress . will be developed, in addition 1o the bending stress
i, and shear stress 7, discussed previously. Using advanced methods of
analvais, as treated in the theory of elastoiy, it can be shown that o,
diminishes rapidly throughout the beam’s depth, and for st beam
span-to-depth ratios used in engineering practice, the maximum value
ol o, generally represents only a small percentage compared to the
bending stress o, that is, 7, == o, Furthermore. the direct application
of comcentrated loads is penerally avoided in beam design. Insread.
bewring plotes are used to spread these loads more evenly onto the
surface of the beam

Although beams are designed mainly for strength, they must also be
braced properly alona their sides 50 that they do not buckle or suddenly
become unstable Furthermore, in some cases beams mus! be designed
to resisl a hmited amount of defleciion, as when they support ceilings
made of brittle materials such as plaster. Methods for finding beam
deflections will be discussed in Chapter 12, and lmitations placed on
beam buckling are often discussed in codes related to structural or
mechanical design

Since the shear and flexure formulas are used Tor beam desipn, we will
discuss the general fesults obtained when these equations are applied to
various points in 4 canfilevered beam that has a rectangular cross section
and supports a load P at its end, Fig. 112

In general, at an arbitrary section a—a along the beam’s axis, Fig, 11-35h,
the intermal shear ¥V and moment M are developed from a paraboli
shearstress distribution, and a Srear nommal-stress distribution, Fig 1120
Ag a result, the stresses acting on elements located at points 1 throwgh 5
along the section will be as shown in Fig. 11-2d. Wote that elements | and
5 are subjecred only 1o the maxinm normal stress, whereas element 3.
which is on the neutral axis, is subjected only to the maximum shear
stress, The intermediate elements 2 and 4 resist both normal and shear
siTess.

In each case the stale of stress can be ranstormed into prncipal
sfresyes, Wsing either the siress-fransformation equations or Mohe's
circle. The results are shown in Fig 11-2e Here each successive element,
I throongh 5. undergoes a countercloclwise orentation. Specificallv,
relative to element 1, considered to be at the 0 position, element 3 is
oriented at 453" and element 5 is onented at W°

Whenever large shear loads ocour on o
baam it is imporan o use stiffencers such as
A, mm oprder o prevent any bocalwed
[atlure such as crmping of the beam Qanges
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r =
S .
g ):“
ol
i
! ;
1
5 W s
Shear sliees Bending siress - &1 [E5S COMMpOnEnts
diztritarticn disaritautivn
(e {dh
Fig. 11-2

If this analysis is extended (o many vertical sections along the beam
other than a-a, a profile of the results can be represented by curves
called stress frfectorics. Each of these curves indicated the direction of a
principal stress having a constant magnitude, Some of these trajectories
are shown for the cantilevered beam in Fig. 11-3. Here the salid lines
represent the direction of the tensile principal stresses and the dashed
lines represent the direction of the compressive principal stresses. As
expected. the lines intersect the newtral axis at 457 angles (like element
3) and the solid and dashed lines will intersect at 9" because the
principal stresses are always Y0° apart. Knowing the direction of these
lines can help engineers decide where to reinforee a beam if it is made of
brittle matertal so that it does not erack or become unstable

=
&
&

mﬁh‘_

Frimcipal slioses

lel

Stress irajectones fo
codilevered benm

Fig. 11-3
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Ihe twn floor heams are conmecied
i the beam AH, which transmits the load
i the columns of this buoilding frome
For design, all the conneectbons can he
considered Lo nce as pins.

11.2 Prismatic Beam Design

Muost beams are made of ductile materials and when this is the case
it is generally not necessary o plot the stress trajectories for the
heam, Instead, it s simply necessary o be sure the actual bending
stress and shear stress in the beam do oot exceed allowable bending
and shear stress for the matenal as defined by structural or mechanical
codes, In the majority of cases the suspended span of the beam will be
relatively long, so that the internal moments become large. When this
neeurs the engineer will first consider a design based upon bending
and then check the shear strength. A bending design requires a
determination of the beam’s section modulus, a peometric property
which is the ratio of Fand o, that 5.8 = Ifc. Using the flexure formula.
o = Mc/l, we have

= M ax
S = (11-1)
nlicw

Here M is determined from the beam’s moment diagram. and the
allowable bending stress, o g, 15 specified in a design code. [n many
cases the beam’s as vet unknown weight will be small and can be
neglected i comparison with the loads the beam must carry. However,
il the additional momen! caused by the weight 15 10 be mcluded in the
design, a selection for § is made so that it slightly exceeds 5,.4.

Onece 8.y 18 known, if the beam has a simple cross-sectional shape,
such as & square. a circle, or @ rectangle of known width-to-height
propartions, its dimernsions can be determined directly from 8,4, since
Seeqa = 1/c. However, if the cross section 15 made from several elements,
such as a wide-flange section, then an infinite number of web and flange
dimensions can be determined that satisfy the value of 8- In practice,
however, engineers choose a particular beam meeting the requirement
that § = Nieqd from a handbook that lists the standard shapes available
from manufacturers. Often several beams that have the same section
modulus can be selected from these tables If deflections are not
restricted, usually the beam having the smallest cross-sectional area is
chosen, simee it is made of less material and is therefore both lighter and
miore economical than the athers,




11.2° Prswasiic Bean DEsiGH 541

Onee the beam has been selected, the shear formula 7. = VOt
can then be used to check that the allowable shear stress 15 nol exceeded,
Often this reguirement will not present a problent. However, if the
beam s “short” and suppores large concentrated loads. the shear-stress
limitation may dictate the size of the beam. This limitation is particularly
important in the design of wood beams. because wood tends to spli
along its grain due to shear (see Fig, 7-10k)

Fabricated Beams. Since beams are often made of steel or wood,
we will now discuss some of the tabulated properties of beams made
from these materials,

Steel Sections. Most manufactured steel beams are produced by
rulling a hot ingor of steel untl the desired shape is formed. These so-
called redled shepes have properties that are tabulated in the American
Institute of Steel Construction {AISC) manual. A representative listing
for wide-flange beams taken from this manual is given in Appendix B. As
noted in this appendix. the wide-flange shapes are designated by their
depth and weight per unit length; for example, W18 x «6 indicates a
wide-flange cross section (W) having a depth of 18 in. and a weight
of 46 Ib/it Fig. 114 For any given section. the weight per length.
dimensions, cross-sectional area. moment of inertia, and section modulus
are reported. Also included is the radius of gyration r, which is a
geometric propeny related to the section’s buckling strength. This will be
discussed in Chapter 13 Appendix B and the AISC Manaa! also hist data
foor other members such as channels and angles.

Twprcal prodile view of o sieel wide-{lange
b,

Wood Sections. Most beams made of wood have rectangular cross
sections because such beams: are easy o manufacture and handle,
Manuals, sueh as that of the National Forest Products Association, list the
dimensions of lumber often used in the design of wood beams Often,
both the nominal and actual dimensions are reported. Lumber is
identified by its pomine! dimensions, such as 2 % 4 (2 in. by 4 in);
howeveer, its actual or “dressed” dimensions are smaller, being 1.5 in, by
3510 The reduction in the dimensions occurs m order 1o obtaim a smooth
surface friom lumber that is rough sawn, Obviously, the qoteal dirmensions
must be used whenever stress caleulations are performed on wood beams.

LAl in

=— (23600 in

Wik M 48

"_""'il'l_"

Fig. 114
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Woenden box beawm

{ul

Cilitlzm beam

ihi

Fig. 11-6

DesiGy OF BEAME AND SHAFTS

Wielided Mnlied

Sieel plale ginders

Fig. 11-5

Built-up Sections. A fuilt-up section is constructed from two or
mare parts joined together to form a single unit, Since 8.4 = M/7 0.
the capacity of the beam o resist a moment will vary directly with s
section modulus, and since Sy = Ifc, then '-"‘rnﬁq'tl 15 increased if Tis
increased. [n order to increase I, st of the material should be placed as
far away from the neutral axis as practical. This. of course, is what makes
a deep wide-tlange beam so efficient in resisting a moment. For a very
large load, however, an available rolled-steel section may not have a
section modulus great enough to support the load, Rather than using
several available heams. instead engineers will usually “build wp” & beam
made from plates and angles. A deep l-shaped section having this form is
called a plate girder. For example, the steel plate girder in Fig. 11-5 has
two flange plates that are either welded or, using angles. bolted to the
weh plate.

Wood beams are also “huilt up.” usually n the form of 4 box beam
section. Fig. 11-6i. They may be made having plywood webs and larger
boards for the Manges. For very large spans, pliadmr beamy are used. These
members are made from several boards glue-laminated together to form
a single unit, Fig, 11-66

Just as im the case of rolled sections or beams made from a single piece,
the design of buili-up sections requires that the bending amd shear
stresses be checked. Tn addition, the shear stress in the fasteners, such as
weld, glue, nails, ete., must be checked to be certain the beam acts as a
single unit. The principles for doing this were outlined in See, 7.4.

Important Points

*= Beams support loadings that are applied perpendicular to their
axes. [F they are designed on the basis of strength, they must resist
allivwable shear and bending stresses,

* The maximum bending stress in the beam is assumed to be much
greater than the localized stresses caused by the application of
leadings on the surface of the beam,
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Procedure for Analysis

Based on the previous discussion, the following procedure provides a rational method for the design of a
beam on the basis of strength,

Shear and Moment Diagrams.

* Determine the maximum shear and moment in the beam. Often this is done by constructing the beam’s
shear and moment diagrams.

* For built-up beams, shear and moment dizgrams are useful for identifving regrons where the shear and
moment are excessively large and may require additional structural reimforcement or fastengrs.

Bending Stress.

® If the beam is relatively long. it is designed by finding its section modulus using the flexure tormula,
I5|r:|;'|1 ik lll"!I|:|1u:lu'|lFl"llll:rm''

® Omnce 8, 15 determined, the cross-sectional dimensions for simple shapes can then be computed. since
T R

® If rolled-steel sections are to be used, several possible values of § mav be selected from the tables in
Appendix B, OFf these, choose the one having the smallest cross-sectional area, since this beam has the
least weight and is therefore the most economical

* Make sure that the selected section modulus, 8. is slightdy greater than 8., so that the additional
moment created by the beam’s weight is considered.

Shear Stress,

& Normally beams that are short and carry large loads, especially those made of wood, are first designed to
resist shear and then later checked agamst the allowable-bending-stress requirements

® Using the shear formula, check to see that the allowable shear stress is not exceeded; that is, use
Tullow = Flmu Q.I'II‘”'

® If the beam has a solid rectangular cross section, the shear tormula becomes . = 15[V o/ A)
{See Eq. 2 of Example 7.2.). and if the cross section is a wide flange, it is generally appropriate ta assume
that the shear stress is constant over the cross-sectional area of the beam’s web so that 1p. = Vige/ Awgn.
where A, is determined from the product of the beam’s depth and the web's thickness. (See the note at
the end of Example 7.3.)

Adeguacy of Fasteners.

* The adequacy of fasteners used on built-up beams depends upon the shear stress the fasteners can resist.
Speaifically, the required spacing of natls or bolts of a particular st 15 determined from the allowable shear
Mow, g = V@[T, calculated at points on the cross section where the fasteners are located. {Sce See, 73.)
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EXAMPLE 111

A kip Zbkip A beam is to be made of steel that has an allowable bending stress of
e = o4 ksi and an allowable shear stress of g, = 14.5 ksi, Select
an appropriate W shape that will carry the loading shown in Fig, 11-7a.

SOLUTION

Shear and Moment Diagrams. The support reactions have been
cileulated, and the shear and moment diagrams are shown in Fig. 11-Th,
From these diagrams, ¥,,, = 30kip and M, = 120 kip-fi.

— i I b [t —} r-li—|

&)

Bending Stress. The required section modulus for the beam is
determined from the Mexure formauola,
40 ki 20 kip My 120 kip-ft (12 in /ft) -

= = - = il in
iz e 24 kip/in

Using the table in Appendix B, the following beams are adequate:

fikip 5“LL11 WIE X 40 S =684 m:
Wik = 45 5=T17mn

V (kip} Wi % 43 8 = 627in’
Wi2 %50 §=647in
Wil % 54 8§ =600in’
WER = 47 8 = 604 in’

] e | i | {1

Mikip-fih &0
The beam having the least weight per foot is chosen. e,

: i) :
=y - WIS 3 4)
The aciul maximum moment M., which includes the weight of
4

the beam, can be calculated and the adequacy of the selected beam
ean be checked. In comparison with the applied loads, however, the

-1 beam's weight, [04M0Kip/ft)(18 ft) = 0.720 kip, will only slightly
(v therewse 8,0 In Spite of this,
Fig. 11-7 Sieqd = 60in' < 684 in’ OK

Shear Stress. Since the beam is a wide-flinge section, the average
shear strexs within the web will be considered. (See Example 7.3.)
Here the web is assumed to extend from the verv top to the very
bottom of the beam, From Appendix B, for a W18 x 40. 4 = 17.%Win.,
iy = (L3115 in. Thus;

L 30 kip
A {17.90 in. )(0.315 in.}

332 ksi < 145ksi OK

Tavg

Ulse a WE = 4. Anx
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EXAMPLE |11.2

The laminated wooden beam shown in Fig. 11-8a supports a aniform
distributed lnading of 12 &N /m. IT the beam is to have a height-to-width
ratio of 1.5, determine its smallest width, The allowable bending stress
i5 T = 9 MPa and the allowable shear stress is ¢ = {L& MPa.
Neglect the weight of the beam.

il

SOLUTION

Shear and Moment Diagrams. The support reactions at A and B
have been calculated and the shear and moment diagrams are shown
in Fig. 11-8b. Here Vg = 20kN, My, = HLAT kN -m.

Bending Stress. Applving the flexure formula,

My 1067(10°) Nom

- O.00119 m’
T allorm 90" N/m

Sl-hl-ll
Assuming that the width is a, then the height is 150, Fig, 11-Ha,
Thus,

Sla)(1.5a)’
(LT 5

1

| !
Sreid = — = U019 m™ =
A

& = 00360 m?
a=00.147T m

Shear Stress. Applying the shear formula for rectangular sections
(which is a special case of 7y, = VQ/Ir. Example 7.2}, we have

Yo _ AN
T = 13 = S T my (L3 Y0.147 m)
0,929 MPa = (1.6 MPa
EQUATION

Since the desiegn fails the shear eriterion. the beam must be redesigned
on the basis of shear.

lel.'i
= | 5——
Talliva A
. . 200107y N
el kNm- = 1.5——F—
ym (a)(1.5a)
a={183m = 183 mm Anx

This larger section will also adeguately resist the normal stress,

i :é.luhl—l IHHH Am i ¢
- =

J J 12 kN /m
oy ol
1m Fm
; Parpm bis kM
VM) g
135 m—
|< i fm)
—12 in
M TkMN-m) LL&T
/-l_\‘. :
{mj
"\\/' =133 m—|
—
Ll
Fig. 11-4

12 kM /m




544 CHapted 11 DesiGgy oF BEams AND SHAFTS

EXAMPLE 11:3

The wooden T-beam shown in Fig. 11-9% is made from two
0 mm * 30mm  boards. If the allowable bending stress is
o = 12 MPa and the allowable shear stress is ry0e = (L8 MPa,
determine if the beam can salely supporf the loading shown. Also,
specify the maximum spacing of nails needed o hold the two boards
together if each nail can safely resist | 50 kN in shear.

20 mm

HEbmm

3l mm
{ith

SOLUTION

Shear and Moment Diagrams. The reactions on the beam are

shown, and the shear and moment diagrams are drawn in Fie. 1 1%,
Here Vo = 15EN, M = 2kN-m,

Bending Stress. The newtral ans (centroid) will be located from

the bottom of the beam. Working in units of melers, we have
.5 kM

L5 kM /'m

¥4

A
AT m)(0.03 m) (02 m) + 0.215 m{043 m}{0.2 m}
E (.03 m(0.2m) + 0.03 m(0.2 m)

= L1575 m

Thus,

I= %m.r:a mi(2my’ + (0.03m){02m)(0.1575m — 0.1 m)*

15
\_5 1

- -]—_,m.: m(0.03 my + (003 mW02mi0.215m — 01575 m)

cimy

-1 = &0.125(107") m?
A kM) fince ¢ = (L1575 m (not 0.230 m — (L1575 m = 0725 m), we require

e |w ﬂl-l.'!."l
Fallpw = ]

xi(m _ Ay N -m(0.1575m)
1) 2(10" Pa = = §.24( 10M) P:
(b} (1) Pa 125010 m? (10"} Pa OK

Fig. 11-9
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Shear Stress. Maximum shear stress in the beam depends upon the

magnitude of (0 and ¢ It ocours at the neotral axis, since (@ is a s
maximum there and the neutral axis is in the web, where the thickness : @ (U725
t = (.03 m is smallest for the cross section. For simplicity, we will use :
the rectangular area below the neutral axis to caleulate @. rather than WLST0 m
o two-part compaosite area above this axis Fig. 11-%9¢. We have | |_——
A3 m
0.1575 m | o
D=FA = (TJ[[H.I.‘E?E m}0.03m)] = 0372010 Yy m’
= [ch
s0 that
T — Il'.'|1|.|1E|
nlkew = It

I._'_T-.HI:'I:']- N[“..‘-?EH” :”:I] m’ ) i3
0 = = 30010 By r im
RODC1E) Pa 60.125(10 ﬁ] o (0.03m) WKy Pa OK | |-—|

iEm i
Ty 14N 1S m
Mail Spacing. From the shear diagram it is seen that the shear varies N 1

over the entire span. Since the nail spacing depends on the magnitude E
of shear in the beam, for simplicity (and to be conservative), we will
design the spacng on the basis of ¥ = 13EN for region BC and
¥ = L kN for region CI0 Since the nails join the flange 1o the wels, {d)

Fig. 11-9d. we have Fig. 11-9 {cont.)

Q= FA = (L0725 m ~ 00153 m)[(0.2 m)(0.03m})] = 0.345(107) o

The shear Alow for each region is therefore

; V@ 15(10%) N[0345(10 Tpm?]
= ! A0125( 107" m?

561 kN/m

iy = Fr'ﬂﬁ' s “_lni] H|[|:.|_,1,_-ﬁ||” 'I-IIm_l..l

= 574 kN/m

One nail can resist 150 kN in shear. so the maximum spacing becomes

1.500 kN
! = ————— = [1,174
"BC B 61 kN/m i
1.5 kN
= ———— = (], 261
B ST kNm B
For ease of measuring, use
g = 150 mm Anx

Cep = 250 mm Anhs

A
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. FUNDAMENTAL PROBLEMS

Fil=1. Determine the mintmum dimension o 1o the neanest
mm of the beam’s cross section to safely support the load,
The wood has an allowable normal stress of o, = 1 MPa
and en allowable shear stress of T, = 1 MPa.

1k f kM

R
=

| Im

Fli-1

Fli=2  Determine the minimum diameter o 1o the nearest
2in. of the rod to safely support the load, The rod is
made ol 8 materiagl having an allowsble normal stress
of e = 200ksi and an allowable shear stress of
Taiow = 10 kesi

| g-n
T !a‘

} LSt LS I

3 kip
F1l-2

Fi1=3, Determineg the minimum dimension a w the nearest
v of the heam's eross section to salely support the load, The
wioosd has an allowable normal stress of oy, = 12 MPa and
én allowable shear stress of 7, = 1.5 MPa.

15 kN

Fli=d,  Deetermine the minimem dimension & to the nearest
ﬁ'm. ol Lhe heam's cross section to safely support the load.
The wood has an allowable normal stress of oy, = 2 kst
and an allowable shear stress of 7. = A0 psi,

1.5 kip/Ti

Fli—i

F11-5  Determine the mimmum dimension b to the nearest
mm af the beam's cross section 1o salely support the load,
The wood has an allowable normal stress of oy, = 12 MPa
and an allowable shear stress of 7,4, = 1.5 MPa,

kM

L_ iy
I m | I m

|

I
IT
3
b

e

]

Fil-&
Fll=a. Seclect ihe lighwest Wdlll-shaped section that can
safely support the toad The besm is made of steel having
an allowable nommal stress of e = S MPa and an
allowahle shear stress of 7,0 = 73 MPa,

A

I 50 KN

. |
| Im | im I

Fli-&
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Srrosiews

11-L  The simply supporied beam is made of timber that
has un allowable bending stress of oy, = 6.5 MPa and an
allowable shear siress of 7w = 500 kPa. Determine its
dimensions if i s to be rectungular and have & height-to-
widthi ratio ol 1,25,

B kM m

Im | 4 m [ Im—
Prote 11=1

11-2. The brick wall exerts a uniform distributed load
of 120 kip/lt on the beam. If the allowable bending stress
B o = 22 kst and the allowable shear stress s
Talow = 12 ksi, sclecl the lightest wide-flange section with
the shortest depth [rom Appendix B that will salely support
thie b

1200 Rt

|—4 11— 100 1 61t —]

Proh. 11-2

11=-3, The brck wall exerts a umlorm distribited load
of 120 kip/it on the beam. If the allowahle béending stress
i5 e = 22 ksi, determine the required width b of the
Miange to the nearest 5 m.

.20 kip i
3

l—4 10 it f ft—]|

|_I_',| TRAT

5 N —f— Sin

L%

Prob. 11-3

“1-4. Draw the shear and moment disgrams for the
sheft, and determine = reguired digmeter 1o the nesrest
Lin. il orppm = 7 kst and e = 3 ksi. The bearings at A
and K exert onby vertical reactions on the shalt. The loading
is applicd to the palleys st 8, C, and E.

|
|

A l : i l

F5Th

11kl Proh, 11-4

sf1=5. Sclect the lghiest-weight steel wide-Mange beam
from Appendix B that will safely support the machine loading
shown, The allpwable bending stress 15 ., = 24 ksi and
the aflowible shear Siress is 7, = 14 ksi,

5 kap 5 kipr 5 ki 5 bap

| | | I

Proh. 1 1=5

11=6. The compound beam is made Trom two sections,
which are pinned together at B Use Appendix B and select
the lightest-weight wide-Nange beam that woold be zale For
cich section if the allowable bending stress ts o = 24 ksi
and the allowahle shiar stress if T = 14 ksi The beam
suppons a pipe Ioading of 1200 b and 1800 b a5 shown.

1 b
121K IR

"—hfl il — mit i |

Proh. 11-6
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11-7. 1ithe bearing pads at A and H support only vertical
forees, determine the preatest magnitude of the uniform
distribuled loading w thal can be applicd to the beam.
Faos ™= 15 MPa, T8 = 1.5 MPa,

25 mm
150 e

=l
15 mm

Prot. 11-7

“11-8. The simply supportcd beam is made of timber thit
has an allowahle hending stress of o, = 1,200 ksi and an
gllowable rhear stress of 7, = 10 psi. Determine its
smillest dimensions to the nearest 1 in. if it is rectangolar
and has a height-to-width ratio of 1.5,

|2 kip i

Pk, 11-8

ol1=9, Sclect the lightest-weight Wi2 o steel wide-Mlenge
besm from Appendis B that will salely suppor the foading
siown, where = 6 kip. The allowable bending stress
15 e = 22 k85I and  the allowable shear stness s
Talluw = 12 k=i,

1-10, Select the lightest-weight W14 steel wide-Nange
beam having the shortest height from Appendix B that
will salelv support the loading shown, where P = 13 kip,
The alloweble bending stress is o, = 22 ksi and the
allowable shear $iress 15 T, = 12 ki

DesiGy OF BEAME AND SHAFTS
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Probs. 11=59/11{

11-11. The ttmber beam is (o be loaded as shown. I the ends
support only vertical forces, determine the greatest magnitude
of P that can be applied. mpm = 25 MPL Tyjjew = T KPP,

1 50 mm

Tillmm

—]

1241 mm

Prob. 11=11

=1=12. Dwetermne the oimmum width of the beam o
the nearcst %iﬂ.. that will safely support the loading of
P=#kip. The allowable bending stress is o, = 24 ka
and the allowable shear stress 18 v = 15 ksi

P

| B it | A it '

o,
fiin] |

-
Prob, 11-12
s11=13. Sclect the shortest and Hghtest-weight steel wide-
Mange beam rom Appendis B that will safely support the

Iadmg shioam, The allowable bending stress 150, = 22 ks
and the allowalde shear stress s 7,0 = 12 ksi,

I kip ’
4 Jap l hilr

Prab. 11-11




11-14. The beam is wsed m a rallroad yard (or loading and
unloading cars, I the maximum anticipated hoist fowad is
I2 kip. select the lightest-weight steel wide-flange section
from Appendis B that will safely support the loading. The
hoist travelz alodg the bottom OQonge of the beam,
Lt == r = 23 (1, and has negligible size. Assume the beam
is pinned o the column st # and mwller suppored at A
The allowable bending siress 8 Fpe = 24 ksi and
the allowable sheéar s1ress is fupue = 12 Esi.

Prols, 11=14

11-15. The simply supported beam is made of Uimber that
bz an allowable eading stress of o = Bl ps1 and an
allowable shear stress of 7. = 75 psi. Detzrmine iis
dimensions i it 15 to be rectangular and have a height-
to-width ratio of 1.25

5 kip A

Prob. 11-15
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1=16. The simply supporied beam 18 composed of 1wo
W12 = 22 sections. buill up as shown, Determine the
maximum unifform loading w the beam will support if
the allowable bending siress 8 oye = 22 ksi and the

allowahble shear s1ress is T, = 14 ksi,

#11-17. The simplv supported beam s composed ol two
W12 0 22 sections built up as shown. Determine if the beam
will safiely support 8 loading of w = 2 Eip/f. The allowahle
bending stress i85 o = 22 ki and the allowable shear
SLICES 15 T e = 14 Ksi

Probs. 11-16/17

11-18 Determine the smallest diameter rod thar will
safely support the Iu_ruJin-rz shown. The allowable bending
stress 15 e = 10T MPa and the allvwable shear stress
05 Tyl = 97 MPa,

1-19. The pipe has an outer diameter of 13 mm
Determing the smallest imner dinmeter so that it will salely
suppent the loading shown, The allowable bending siress
i5 o = 167 MPa and the allowable shear sircss is
Talie = 97 MPa

25 B/
15 M fm 15 M /m
k.
- :
—
I Lim |5 m I

Probs. 11-18(19




552 CHapTER 11

*11=20. Determine the maximum  umform loading w
the W12 X 14 beam will support if the allowable bending
Riress s e = 22 ksi and the allowable shear siress is
Valluw ™ [2 k'gi.

o11-21. Determine i the Wld *22 beam will safely
suppart a loading of w = 1.3 kip/ft. The allowable hending
siress 18 0y = 22 kst and the allowable shear siress
W T ™ 12 K81

Probs 11-20021

11-22, Determine the minimum depih & of the beam w
the nearest ,': in. that will sately support the loading shown.
The allowilble bendhing s1ress 15 o = 21 K5 and the
allowable shoar siress i 1, = 10 ksi, The beam has a
uniform thickness of 3 in.

! 124 ! & i

Proh. 11-22

DesiGy OF BEAME AND SHAFTS

11=23, The box beem has an allowable bending siress
of e = 10 MPa and an allowable shear giress of
Tawe = 103 kPa, Determine the maximum intensity w of
the distributed loading that it can sefely support. Also,
determine the maximum safe nail spacing for cach third of
the length of the heam. Each nail can resist o shear foree
of 2041 N,

Froh. 11-23

*11-24. The simply supported joist s used in the
construetion of a heor for a Fulding. Tn order 1o keep the
foor low with respect to the sill beams O and £} ihe ends of
the joists are nolched as shown, If the allowsble shear stress
for thie wood 8 e = 350 psi and the allowable bending
SIFESS I8 oF oy = LHN psi, determine the height & that will
cuuse the beam to reach both allowable stresses al the same
timie, Also, whiat lead P capses this to happen” Meglect the
Riress conceniration al the notch,

11-25. The simplv supported joist is wsed in the
construction of @ (eor for a bulding: In order to keep the
floor low with respect to the sill beams O and T3, the ends of
the joists are notched gs shown IF the allowahle shear siress
for the wood 15 7. = 350 psi and the allowable bending
SIPEss 15 o e = 1700 psi, determing the smallest height A
s0 that the beem will suppor & load of P = 6 b, Also,
will the entire joist safely support the load? Negleet the
slress concentration a1 the notch,

Prohs, 11-24725




=26, Sclect the lghiesi-weight steel wide-flange beam
from Appendis B that will safely support the loading
shown. The allowable bending siress is o, = 22 kst and
the sllowable shear stress is 70 = 12 ksi

s kip

14 kiph
( . . H

Lo

Prob. 11-2

120 l

11=27. The T-beam is maede from two plates welded
together as shown Determine the maximum  uniform
distribuled load w that can be safely supported on the beam
il the allowable bending stress 18 o = 150 MPa and the
allowahle shear stress is 1,4 = 70 MPa,

& F k.
A
| 15m 15 m
2 mm
|-—-|_L"_I.I mrn
—

Them

_u._

2imm

Prob. 11-27

*11-28. The beam 5 made of 4 ceramic maleral huving
wit dllowable hending stress of o = 735 psi and an
wlhowishle shear stress of 15 = S0 psi. Determine the
width b of the beam if the height h = 2,

15 b
HEER |

fx I fin
' 4 v ¥ L l
R —]

i — -
—2Xin. I f1 K I X in—
=
iF
o'l
b=

Prob. 11-28
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1 1=2%,  The wood beam has a rectangular ¢ross section
Dietermine its height & s that it simultancously reaches
its allowable bending stress ol a0 = 150 k51t and an
ullowable shear siress of 7). = 150 psi. Also, what is the
masimum load P ehat the beam can then support?

Mrob, 11-29

=3k The beam is constrocted (rom thiee boards as
shown, 1T each mail can support a shear force of 300 b,
determine the maximum allowahle spacing of the nails,
K" for regions AR, BC, and CD respectively, Adso, I the
allowahle bending siess i . = 15 ksi and the alkwahle
chear stress is 1, = 130 psi. determine if it can safely
support the load

15001 I Hil Ih

L | 1 Bl 1 b il 1

4 =1
4

1tk i,

J

— -
rin 2in

Mrofh. 11-34




R R moment af ineria This design will reduce
material weieht and save eost,
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E1]

Huunched concrede beam
il

—.%.l_ e —— L

i e
T e

Wide-lange beam with cover plates

e

Fig. [ 1-10

The beam for this hridie per has o vanahle

=113 EJ“_‘-,I" Stressed Beams

Since the moment in a beam generally varies alomg its length, the chioice
ol a prismatic beam is usually inefficient since it is never fully stressed
al points where the internal moment 15 less than the maximum moment
i the beam. In order (o reduce the weight of the beam, engineers
sometimes choose a beam having a variable cross-sectional area, such
that at each cross section along the beam, the bending stress reaches its
maximum allowable value, Beams having a variable ¢ross-sectional
area are called nonprisouic beams. They are often used m machines
since they can be readily lormed by casting. Examples are shown in
Fig. 11-10g. In structures such beams may be “haunched” at their ends as
shown in Fig. L1108, Also, beams may be “built up” or fabricated in a
shop using plates. An example is a girder made from a rolled-shaped
wide-flange beam and having cover plates welded to it in the region
where the moment is a maximuom, Fig, 11-110¢,

The stress analysis of a nonprismalic beam is generally very difficult 1o
perform and is beyvond the scope of this text, Most often these shapes are
analved by using a computer or the theory of elasticity. The results
obtained from such an analysis, however, do indicate that the
assumptions used in the derivatiom of the flexure formula are
approximately correct for predicting the bending stresses in
nanprismatic sections, privvided the taper or slope of the upper or lower
boundary of the beam is not oo severe. On the other hand, the shear
formula cannot be used for noaprsmatic beam design, since the results
abtained from it are very misleading.

Although caution is advised when applving the flexure formula to
nonprismatic beam design. we will show here. in principle, how this
formula can be used as an approximate means for obtaining the beam's
peneral shape. In this regard, the size of the cross section of a
nonprismatic beam that supports a given loading can be determined
using the flexure formula written as

M

T ylaw

g =

If we express the internal moment M in terms of its position x along the
beam, then since iy, 15 & known constant, the section modulus § or the
beam's dimensions become 4 function of x. A beam designed in this
manner is called a fully siressed beam. Although only bending stresses
have been considered in approximating its final shape, attention must
also be given to ensure that the beam will resist shear, especially at
points where concentrated loads are applied.
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EXAMPLE [11.4

Determine the shape of a fully stressed, simply supported beam that
supports a concentrated force at its center, Fig. 11-11a. The beam has

# rectangular cross section of constant width &, and the allowable
SUFESS 15 47 ) e P

I £ I L
| 2 4, 2
Foa 3L
L [
—— 1 —— =

il

Fig. 11-11

SOLUTION
The internal moment in the beam, Fig. 11-114, expressed as a function
of position, 0 = x =< Lf2 s

F
M=—x
2
Hence the required section modulus is
M P
- X

gl E|"r-"||h-:|'\|rp

Simee 8§ = [/, then for a cross-sectional area b by b we have
7 ._:'—:h-.fp] P

: % lllr.III-:I' 5 Eglllllﬂa i
- ir
he = x
nﬂl-'l.l-“-h
Hh=fpatx= L/2, then
1 JPL
i i
2‘:"'lljlul.nﬂr:|

&0 that

h = mﬂ: x Anx
L

By inspection, the depth & must therefore vary in a paraholic
manngr with the distance x.

MOTE: In practice this shape is the basis for the design of leaf
springs used to support the rear-end axles of most heavy trucks or
frain cars as shown in the adjacent photo. Wote thar although this

ik

resull indicates that i =0 at x = 0, it 18 necessary that the beam
resist shear stress at the supports, and so practically speaking, it must
be required that i = (hat the supports, Fig. 11-11a.
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EXAMPLE [11.5

DesiGy OF BEAME AND SHAFTS

The cantilevered beam shown m Fig. 11-12¢ i85 formed mto a
trapezoidal shape having a depth A, at A and a depth 3k at B, If it
supports @ load P oat its end. determine the absolute maximum
normal stress in the beam. The beam has a rectangular cross section
of constant width b,

P
' -
iy 1 F —|—
a— 1 h It
A B = i TR | 'J_
; | ||
__}r__
L
{ni
F
Tl Ve p
iy
J_Q T)MT r
A
I L !
(h}
Fig, 11-12
SOLUTION

AL any cross section. the maximum normal stress occurs at the top and
bottom surface of the beam. However, since o, = M/§ and the
section modulus § increases as x increases, the absolute maximum
narmal stress does nof necessartily occur at the wall B, where the
moment 15 maximum, Using the tlexure formula, we can express the
maximim normal stress at an arbitrary sechion m terms of it position
i Fig. [1-128. Here the internal moment has a magmitode of M = Px.
since the slope of the bottom of the beam is EJ'J..I.l'.L Fig 11-12a; the
depth of the beam at position x is

I 7

i
i %I:Ex e
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Applying the Mexure formula, we have

J Me  Pxil2) G6PL x
el Loit)  bhi2x 4 LY

(1)

To determineg the position x where the absolole maximum normal
RIMESS OCours, we must take the derivative of o with respect o x and
set it equal to zero. This gives

do _ ﬁP!.T)HIx + LYy — x(2)(2x + L)(2) =
ix B (2x + LY
Thus,
dr 4 dxl + - =B —4xL =1
L* —dx =1
T = %}'

Substituting into Eq. 1 and simplifving, the absolute maximuom normal
stress is therefore

3 PL

T, s e

W 4 B

Mote that ar the wall, B, the maximum normal stress is

Anx

, 1 Me PL(1Shy) 2 PL
| P g =l =i 1
Tl [ebomy] 3ok

which is 11.1% smaller than o,
1IN,

NOTE: Recall that the flexure formula was derived on the basis of
assuming the beam to be prismaric. Since this is not the case here,
some error i to be expected in this analysis and that of Example 11.4,
A more exacl mathematical analysis, using the theory of elasticw.
reveils that application of the flexure formula as in the above
example gives only small errors in the normal stress if the tapered
angle of the beam is small. For example, if this angle is 15°, the stress
calculated from the formuln will be about 5% greater than that
calculated by the more exact analysis It may also be worth noting that
the caleulation of (o )y wos done oaly for illustrative parposes,
since, by Saint-Wenant’s princple. the actual stress distribution at the
support (wall) is highly irregular.
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fhi

b

*11.4 Shaft Design

Shafts that have circular cross sections are often used in the design of
mechanical equipment and machinery. As a resull, they can be subjected
tiv eyelic or fatigue stress, which is caused by the combined bending and
torsional loads they must transmit or resist. In addition to these loadings,
stress concenirations may exist on a shaft due o kevs, couplings, and
sudden transitions in its cross-sectional area {Sec. 5.8). In order to design
a shaft properly. it is therefore necessary to take all of these effects
mlo aceeunt,

Here we will discuss some of the important aspects of the design of
shafts required o transmil power, These shafts are often subjected 1o
lnads applied to attached pulleys and gears, such as the ome shown in
Fig. 11-13a; Since the loads can be applied to the shaft at various angles,
the intermal bending and tomsional moments at any cross section can be
determined by first replacing the loads by their staticallv eguivalent
counterparts and then resolving these loads mto components in two
perpendicular planes, Fig. 11-138The bending-moment diagrams for the
loads in each plare can then be drawn, and the resultant intermal moment
at any section along the shaft is then determined by vector addition,
M=VM + .l-f' Fig. 11-13¢. In addition to the moment, segments
of the shaft are also subjected to different internal torques, Fig. 11-135
To account for this general varation of torque along the shaft, a rorgue
diggram mav alsa be drawn_Fig. [1-134.

Muosment diiprim caused by hloment deagram cavised by
loaidz in v~z pline lossicls i v-v plane
ek
rI
'

Torguoe deagram caused by loges
:pplimJ ahoan 1he shafi’s axes

{el

Fig. 11-13



Cince the moment and torgque diagrams have been estabhshed, i s
then possible to investigate certain critical sections along the shalt where
the combination of a resultant moment M and a torgue T creates the
worst stress sitnation. Since the moment of inertia of the shaft is the same
about any diametrical axis. we can apply the flexure formula using the
resultant moment to obtain the maximum bending stress. As shown in
Fig. 11-13e, this stress will oceur on two elements, Cand D, each located
om the puter boundary of the shaft. IT & torgue T is also resisted at this
section, then a maximum shear stress is also developed on these
elements. Fig. 11-13f. Furthermore, the extemnal forces will also create
shear stress in the shaft determined from ¢ = VQ/ I, however. this stress
will generally contribute a much smaller stress distribution on the cross
section compared with that developed by bending and torsion. In some
cases, i1 must be investizgated, but for simpliciiy, we will neglect its elfect
in the following analysis, In geaeral, then. the crincal element D {or )
om the shaft is subjected 1o plene stresy as shown in Fug. 11-13g, where

Mc Te
T amnd e T

If the allowable normal or shear stress for the material is known, the
size of the shaft is then based on the use of these equations and selection
of an appropriate theory of failure. For example, if the matenal is known
to be ductile, then the maximum-shear-stress theory may be appropriate.
Asslated m Sec. 1LT, this theory reguires the allowable shear siress, which
is determimed from the results of a simple tension test, to be eqgual to the
maximum shear stress in the element. Using the stress-transformation
equation, Eq. 9-7_for the stress state in Fig. 11-13g, we have

ir

FFo wa —

Tallow = 'l.||||ll (r

|-..|-|~..

Since I = me'/d and J = /2, this equation becomes
: T, T ]
Fallow = _1-"'.-""."!""' g T'
e
Solving for the radius of the shaft, we get

P
= ( VM + Tf) (11-2)

'IT‘T."“u

Application of any other theory of failure will, of course, lead to a
ditferent formulation for ¢, However, in all cases it may be necessary to
apply this formulation at various “critical sections™ along the shaft in
order to determine the particular combination of M and T that gives the
largest value for c.

The following example illustrates the procedure numerically.

114  Saarr Desigk 859

)_ L 0 o
el <" T 2

1g)

Fig. 11-13 [cuni.}
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EXAMPLE [11.6

The shaft in Fig. 11-14a is supported by smooth journal bearings at A

and B. Due to the transmission of power to and from the shaft, the

belts an the pulleys are subjected to the tensions shown, Determine
g the smallest diameter of the shaflt using the maximum-shear-stress
' theory, with 7, = 50 MPa

£ (i N
01250 ] il
550 Ny
0.256) m

ALKN P

1] IﬂV
(mh

V5 MNm

475N
T L350 m

2 m A5

[ i
Fig. 11-14

SOLUTION

The support reactions have been calculated and are shown on
the free-body diagram of the shaft. Fig 11-14h Bending-moment
dizgrams for M, and M. are shown in Figs 11-14¢ and 11-14d.
respectively. The torque diagram is shown in Fig. 11-14e. By
inspection. eritical points for bending moment occur either at C or 8.
Also, just to the right of C and at B the torsional moment is 75N -m,
AL C. the resultant moment is

Me= VINBTSN-mF + (375N-m)> = 1245N-m
whereas al 1 11 15 smaller, namely

ﬁ'f“ = TS N“FI"I
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A [ i 1 A i Fi I
L 1 L 1
& &
U250 m ———— U250k m 1sim — — (.25 m — 250w —=] (L 15m —
L
475N &M 4THN 15 M a5l M S0
A, IN-m} M.iNm) |
L -
RTS : 745 Mem
\\ "l ’]\\
= N
S R, yilmi " -'-'__—’-T- Ny ||'mb

(e} [}
A C.|75 Nem I 7.5 Mm
C = o )1
U250 m —— 0250 i —{ L1500 m —
Nmi
v |
4

Fig. 11-14 {coni.)

Since the design is based on the maximum-shear-stress theory,
Eq. 112 applies, The radical VM 4+ T will be the larzest at a
section just to the nght of C. We have

' - '.-||
¢-=L = v'.w'+T'J

11hl.ll"u""'

( = /245 N-m) ¢?.5N~m;‘)'
(50 100} N/m

117 m

Thaos, the smallest allowable diameter is

el 20,0117 m} 233 mm Airx
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11-31.  The tapered beam supports & concentrated force P
@t its center. If it is made from & plaie thar has & constant
width &, determing the absolute maximum bending stress in
the beam.

fry I‘llll

Y
P

b
r..-|'_'-

Proh. 11-31

“11-32. The beam is made from a plate thet has a constant
thickness &, 11 it is simply supported and carmies g uniform
load w. determing the variation of its depth as a function of
x %o thet 11 maintaing & constanl maximum bending siress
i LHroughout 118 length

a0

b

Froh, 11-32

#11-33. The beam is made from & plate having a constant
thickness ¢ and o width that vanes as shown, I il supports a
concentrated force T oat its center, determing the absolute
meximum bending stress in the beam and specilfy its
Ipcation x, (0 = == Lf2,

Mroh. 11-33

11-34,  The beam is made from & plaie thit has a constant
thickness b If it s simply supporied and carries the
distrbuted loading shown, determine the variation of s
depth as & funciion of & 8o that it maintaing a constant
maximum bending siress o), throughout its length,

PFroh. 11=-24

11-35. The beam is made from & plate that has a constant
thickness b If it s simply supported and carries the
distributed  loading shown, determine the  maximum
bending stress-in the beam.

Pl
Walm=

Prob. 11-35

=11-36. Determine the varigtion of the radius ¢ of the
cantilevercd beam that suppors the wniform distribuoied
fovadl 5o that i1 has 4 constant maximum bending siress o,
throughout s length,

Proh. 11-34




o1 1=37. Determine the vacation m the depth  of o
cairfileverad heam that suppons a concentrated foree Tl
its end so thal it has a constant maximum bending =iress
Moo ne throughout s length. The beam has a consiant
wiichth My,

P

, L :

.

Prob, 11-37

11-38. Determine the vanation in the width b a5 @
function of 1 for the cantilevered beam that supports a
umiform distriboted load along 15 centerline so that a has
the same maximum bending stress e throughout itg
length. The beam has a constant depth ¢

Prob. 11-38

11=39. The shaft 18 supported on journal bearmes that do
not offer resistance o axial load. TF the allowahle pormal
stress [or the shalt is oy e = 30 MPa, determine to the
ncarest milimeter the smiallest diameter of the shalt thad
will support the Joading. Use the maximum-distortion-
encrgy theory of failure.

“11-=40. The shafl 15 supported on journal beanmes thet do
ot offer resistance (o axial foad, 11 the allowable shear
siress for the shaft i8 7, = 35 MPa, determine to the
ncerest millimeter the smallest diameter of the shalt that
will support the loading. Use the maximume-shear-siress
theory of failure.

1.4  SHaet DEsigu 553

250 mm

Probs. 11-39040

s11-41. The end gear connected 1o the shaf s subjected
o the loading shown, I the bearings @1 A and B exert only
i and ¢ components of foree on the shalt. delerming the
euilibrivm torgue T at gear C and then determine the
srmallest diameter of the shalt to e nearest millimerer that
will support the loading. Use- the maximum-shear-stress
theory of fallure with 7, = Ml MPa

=42, Theend gear connected to the shalt s subjected o
the loading shown, If the bearings st A and B exert only v
and r components of force on the shaft, determine the
eguilibrivm torgue T gt gear © and then determine the
smallest diameter of the shaflt to the pearest millimeter
that will support the loading. Use the maximum-distortion-
encrey theory of fallure with o, = 80 MPa

XNimm f’
e
e

50 im

1Y mm
F, = 15kN

Prohs. 11-41/42
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1143, The shali is supporied by bearings ar A and & that
exerl force components eoly in the © and = directions on
the shaft. If the allowable normal Stress for the shalt is
e = 13 ksl determing to the pearest 3 ins the smallest
digmeter of the shaft thet will support the loading. Use the
masimum=distortion-enerey theory of lalure,

EIVHE

Proh. 1143

“11=44. The shalt s suppored by beanngs at A and B
that exert force components only in the ¥ and 2 directions
on the shatt, If the allowable normal stress [or the shaft is
e = 15 ksi, determine 1o the nearest + in. the smallest
diameter of the shalt that will suppaort the loading. TTse the
maximum-shear-stress theery of failure. Teke 7, = 6 ki,

Fy

EIUHR

Fy= 30 Ul
TN

Frokh, 1144

o11-48, The bewrings at A and ¥ exent only v and ¢
compongnts of foree on the shafl, T 7w = 60 MPa,
determine to the neareslt millimeter the smallest-dinmeter
shiaft that will support the loading, Use the muximum-shear-
stress theory of failure.

BN mm’l/
‘.r“'

Proh. 1145

11-46. The bearings at A and I exernt only v oand ¢
components of force on the shaft, I 1. = 60 MPa,
detgrmne 1o the nearest millimeter the emallest-diameter
shaft that will support the loading. Use the maximum-
distortion-enerpy theory of failure. o, = 130 MPa.

i

350 mm

Pro. 11—
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. CHAPTER REVIEW

Failure of 4 beam occurs when the intemmal shear o
moment n the beam s a maximum. To resist these
Ioadings, it is therelore important that the associsted
maximum shear and bending siress not excead allowable
vilues as stated in coded Normally, the cross section of a
beam i= first designed o resist the allowable bending stress,

L PR ik
I'1"|||h|h T :

Then the allowable shear stress 1s checked, For rectungular
SEELEONS Tyjpw = LSV /A and for wide-Mlange seclions
it it appropriate to Use 0 = Vo Ay, [0 general, nse

Ve

Taliw = T

For buili-up beams, the spacing of fasieners or the strength
ol glue or weld is determined using an allowable shear flow

Vo

Halliw ™ T

Fully stressed beams are nonprismatic and designed
such that sach cross section along the beam will resist the
allowable bending steess, This will define the shape of
the beam

A mechancal shaft penerally s desipned o resist both
iprsion gnd  bending  siresses. Mormally, (hie internal
bending moment can be resolved into two planes, and
S0 i1 1% necessary (o draw the moment dingrams for each
hending-memant compeient and then seléet the maximum
momenl based on vector addition. Once the maximum
bending and shear stresses are determined, then depending
upon the tvpe of material, an appropriate theory of failure
is used vo compare the allowable stress 1o what is required,
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DesiGy OF BEAME AND SHAFTS

. REVIEW PROBLEMS

11-47. Diraw the shear and moment diagrams for the shaf,
gnd then determine its required diameter o the nearest
millimeter 1 o = 120MPa and 10, = 80 MPa, The
hearings al A and B exert only vertical reactions on the
sbuafi,

F50KDN I
bl

Al i
125 mm 5 mm

Prof. 1147

*11-48. The overhang beam is constructed using two 2-in
by 4-i picces of wood braced as shown. If the ellowahle
bending stress 5 o = 600 psi, determine the largest
load P thal can e applicd. Also, determine the associated
maxtmum spacimg of nails, . along the beam section AC i
cach nl can resist o shear foree of 300 [b, Assume the beam
is pim-connected at A, &, and 0. Negleer the axial force
developed in the beam along £

#1149 The beanngs al A and # cxerl only & end o
components of [oree on the steel shai, Determine the
shafi’s diameter to the nearest millimeter go that it can
resist the loadings of the gears withoul cxcceding an
allowable shear stress of 7, = B0 MPa. Use the
maximum-shear-<iress theory of failure,

H

S mm

350 mm

Frof. 11-44

11-80. The bearngs a1 A and ¥ exert only + and z
components of free on the steel shafl, Determme the
shaft's diameter to the nearest millimeter so thal it cun resist
the loadings of the gears without exceeding an allowahle
shewr siress of Ty = 80MPa, Use the maximums-
distortion-cnaergy theory of failure with o, = 200 MPa.

Mroh. 1148

Prob. 11-5lb




11-51. Dwraw the shear and moment diagrams [or the
hream. Then select the lightest-weipht steel wide-flange
heem from Appendix B that will safely support the leading.
Take oy = 22 K8i, and 15, = 12 Ksi

1.5 kip - fi

121 - f fi ,

Prob. 11-51

#11=52, The beam is made of cvpress having an allowahble
bending stress of o g = B30 psi and an allowable shear
stress ol 7,5, = B0 psi. Determine the width & of the beam
if the height i = 1.55

74 1 Mi EICER1

T

e

Prob. 11-52

Rewew ProgiEas 547

o] 1=53, The tapered beam supports @ unilorm distributed
boad s, TH 00 B2 mmadde From a plate and has @ constant widih &,
determime the absolute maximum bendmg stress in the
beam

biddiig

_ l

Proh. 11-53

=54, The tubialar shaft has an inner diameter of 15 mm,
Dicterming tos the nearest millimeter its outer digmeter if it
i gsubjected o the gear lpading, The bearings at A and B
exen force components only in the v and 2 directions on the
shaft Ulse an aliowable shear stress ol 75, = 70 MPa.and
base the design on the maximum-shear-stress theory ol
failure.

11-35, Determine to the nearest millimeter the diameter
ol the solid shaft if it & subjected to the pear loading. The
Bearivngs at A and & wexert (oree components only in
the v and = ditections on the shifi, Base the design on
the maximum-distortion-enerey  theory of lalure with

Tk = 151 MPa,

Probs: 11-54{55




If the curvature af this pole is measured, it is then passible 1o determine the banding
stress developed within it.




Deflection of Beams

and Shafts

CHAPTER OBJECTIVES

Often limits must be placed on the amount of deflection a beam or
shaft may undergo when it is subjected to a load, and 50 in this chapter
we will discuss various methods for determining the deflection and
slope at specific points on beams and shafts. The analytical methods
include the integration methed, the use of discontinuity functions, and
the method of superposition. Also, a semigraphical technigue, called
the moment-area method, will be presented. At the end of the chapter,
we will use these methods to solve for the support reactions on a beam
or shaft that is statically indeterminate,

12.1 The Elastic Curve

The deflection of & beam or shafl must often be lmited m order 1o
provide mtegrly and stability of a strocture or machine, and prevent the
cracking of any attached brittle materials such as concrete or glass,
Furthermore, code restrictions often require these members not vibrate
or deflect severely in order to sately support their intended loading. Most
mmportant, though, deflections at specific points on a beam or shaft must
be determined if one is to analyze those that are statically indeterminate,

Before the slope or the displacement at a point on a beam {or shaft) is
determined, it is often helpful to sketch the deflected shape of the beam
when it is loaded. in order to *visnalize ™ any computed resalts and therelbw
partially check these results The deflection curve of the longitudinal axis
that passes through the centroid of each eross-sectional area of a beam is
called the eloxne crrve, For most beams the elastic curve can be sketched
without much difficulty, When doing so, however, it 15 necessary to know
how the slope of displacement is restricted at various types of supports.
In general, supports that resist a force. such as a pin, resiriet
displacement, and those that resist a moment, such as a fixed wall, restrict
rotation of stope as well as displacement. With this in mind, two typical
examples of the elastic curves for loaded beams {or shafts), sketched to
an exagoerated scale, are shown in Fig 12-1,

.
= ==

Y e e — i
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Fig, 12-2

If the elastic curve for a beam seems difficult to establish, it is
suggested that the moment diagram (or the beam be drawn first. Using
the beam sign convention established in Sec. 6.1, a positive internal
moment tends to bend the beam concave upward, Fig. 12-2a Likewise.
a negative moment tends to bend the beam concave downward,
Fig. 12-24. Therefore. if the moment diagram is known, it will be easy
to construct the elastic curve. For example, consider the beam in
Fig. 12=3a with itz associated moment diagram shown m Fig. 12-30,
Dee to the raller and pin supports, the displacement at B and 2 must
be zero. Within the region of negalive moment. AC, Fig, 12384, the elastic
curve must be concave downward, and within the region of positive
moment, CD, the elastic curve must be concave upward, Hence, there
must be an fmflection poing at point . where the curve chanpes from
concave op to concave down, since this is a point of zero moment,
Iising these facts, the beam's elastic curve 15 sketched i Fig. 12-3c. Tt
should also be noted that the displacements A ) and Ap are especally
critical. At point E the slope of the elastic curve is zern, and there the
beam’s deflection may be a maximnom. Whether A is actually greater
than 4 , depends on the relative magnitudes of P, and P- and the location
of the roller at B

Following these same principles, note how the elastic curve in Fig. 124
was constructed. Here the beam is cantillevered from a fived support at A
and therefore the elastic curve must have both zero displacement and
zera slope at this point. Also, the largest displacement will oceur either at
D, where the slope is zero, or at O

-
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Fig. 12-3
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Moment-Curvature Relationship. We will now develop an
important relationship between the internal moment and the radius of
curvature g (rho) of the elastic curve at a point. The resulting equation
will be wsed forestablishing each of the methods presented in the chapler
for finding the slope and displacement at points on the elastic curve.

The followmg analvas, here and in the next section, will require the
use of three coordinates. As shown in Fig 12-3a, the x axis extends
pasitive to the right, along the initially straight longitedinal axis of the
beam. It is used to locate the differential element, having an undeformed
width dx. The p axis extends positive npward from the x axis, It measures
the displacement ol the elastic curve, Lastly, a “localized™ v coordinate is
used o specily the position of a fiber in the beam element. [t is measured
positive wpward from the newtral axis (or elastic curve) as shown in
Fig 12-5k. Recall that this same sign convention for x and v was used in
the derivation of the flexure formula.

To derive the relationship between the mternal moment and p, we
will limit the analysis to the most common case of an mitially straight
beam that is elastically deformed by loads applied perpendicular to the
beam’s x axis and Iving in the x-¢ plane of symmetry for the beam’s
cross-sectional area, Due to the loading, the deformation of the beam is
caused by both the intemal shear force and bending moment. If the
beam has a length that is much greater than its depth, the greates
deformation will be caused by bending. and therefore we will direct our
attention to its effects. Deflections caused by shear will be discussed in
Chaprer 14
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Fip. 12-6

When the intemmal moment M deforms the element of the beam, the
angle between the crows sections becomes of, Fip 12-5h8, The are dx
represents a portion of the elastic curve that imtersects the newtral axis
for each cross section. The roeitey of carvoture for this are 18 defined as
the distance g, which is measured from the cemfer of cirvaiure ©F o dx,
Ay arc on the element other than dx is subjected to a normal strain. For
example, the strain in arc ox, located af a position v from the neutral axis,
ine = {ds’ — dr)/ds. However, ds = dx = pdtt and ds" = (p — ) dH,
andsoe = [{p — ¥) d¥ — pdd]/pdit or

i
If the material is homogeneous and behaves in a linear-elastic manner,
then Hooke's law applies, € = o/E. Also, since the flexure formula
applies, m = —My/I. Combining these two eguations and substituling
mto the above egquation, we have

(12-1)

where

= the radius of curvature at the point on the elastic curve
{1/ s referred to as the curvafrore)

M = the internal moment in the beam at the point
E = the material’s modulus of elasticity
I = the beam™s moment of inertia abour the newtral axis

The product E1 in this equation is referred to as the fleveral rigidiry.
and it is always a positive guantity. The sign for p therefore depends on
the direction of the moment. As shown in Fig. 12-6, when M is posinive,
p extends above the beam, i.e. i the positive v direction; when M s
negative, p extends below the beam, or in the negative it direction.

Using the Mexure formula, o My/I. we can also express the
curvature in terms of the stress in the beam, namely,

| i
F = T': (12-3)

Both BEgs 12-2 and 12-3 are valid for either small or large radii of
curvature. However. the value of pis almost alwavs caleulated as a ven
farge quantity. For example. consider an A-36 steel beam made from a
Wid4 X 53 (Appendix B), where E, = 29(10M) ksi and oy = 36 ksi,
When the material ar the outer fibers, v = +7 in.. is about to vield, then,
from B 12-3, p = 5639 m. Values of poalculated at other points along
the beam's elastic curve may be even larger, since o cannot exceed oy at
the puter fibers.
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12.2 Slope and Displacement
by Integration

The equatiom of the elastic curve for a beam can be expressed mathematically
as v o= flx ) To obtam this equation. we must first represent the curvature
[1/p) in terms of v and x. In most calculus books it s shown that this
relationship is

1 d" vz’
o 1+ (dvfdx)]"

Substituting into Bq. 12-2, we have

d vfdx M o
[1 + (duo/dx)]'?  EI %)

This equation represents a nonlinear second-order differential equation,
Its solution, which is called the elastica, gives the exact shape of the elastic
curve, assummn g, of course, that beam deflections occur only due to bendimg,
Through the use of higher mathematics, elastica solutions have been
obtamed only for simple cases of beam geometry and loading.

In order to facilitate the solution of a greater number of deflection
problems, Eq. 12-4 can be modified. Most engineering design codes
specify fimiiations on deflections for tolerance or esthetic purposes, and
as 4 result the elastic deflections for the majority of beams and shatts
form a shallow curve. Consegquent!y, the slope of the elastic curve, which is
determined from defde will be very sl and 15 square will be negligible
comparsd with unity® Therefore the curvature, a8 defined above, can be
approximated by 1/p = d*v/dx’. Using this simplification, Eq. 12-4 can
now be written as

. (12-5)
ilx El

It is also possible o write this equation in two allermative Torms. [T we
differentiate each side with respect to x and substitute V' = JM/dx
(Eq. 6-2), we get

d d v
—1 Er = V1. 12-6
d_t( r.t:') r) [ [

Differentiating again, using w = oV fulx (Eq. 613, vields
& )

| £ [;') = wix) (12-7)
da 'y dr

“See Example 121,
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For most problems the flexural rigidity ( E7) will be constant along the
length of the beam. Assuming this to be the case, the above results may
he reardered nto the [ollowing set of three equations;

E!% = il x) (12-8)
Efﬂ— ¥ix) (12-9)
dx’ g

dv
EF—I, = Mix) (12-1101)
ax

Solution of any of these equations requines successive mlegrations to
ohtain the deflection © of the elastic curve, For each integration it s
necessaty o introduce a “constant of integration” and then solve for all
the constants to obiain a unigue solution for a particular problem. For
example, if the distributed load w 5 expressed as a function of x and
Eqg. 12-8 is used, then four constants of integration must be evaluated:
hiowever, if the internal moment M is determined and Fq. 12-100 s used,
omly two constants of mtegration must be found. The choice of which
equation to start with depends on the problem. Generally, however, il s
gasier to determine the internal moment M as a function of x, integrate
twice. and evaluate only two integration constants,

Recall from Sec. 6.1 thatif the loading on a beam is discontinuous. that
i%, consists of a series al several distributed and concentrated loads, then
several functions must be writlen for the mitermal moment, sach vahd
within the regiom between the discontinuities. Also. for convenience in
writing each moment expression, e orfigin for each 1 coordinate can be
selected arbitrarily. For example, consider the beam shown in Fig. 12-Ta.
The internal moment in regions AR, BC, and CI} can be written in terms
of the xy, x-. and xx coordinates selected. as shown in either Fig 12-76 or
Fig 12-7¢, or in fact in any manner that will vield M = fi{x) in as simple
a form as possible. Once these functions are integrated twice through the
e of Eq. 12-10 and the constants of integration determined. the functions
will give the slope and deflection {elastic curve) for each region of the
beam for which they are valid

P
o
A R ] I
Tt T | I _‘ ¢ | 3L B
|—'r —_— |—1'_1 —L._-I
(e}

Fip. 12-7
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Sign Convention and Coordinates. When applving Eqgs. 12-8
through 12-141, 1t i5 important to use the proper signs for M. V, or w as
established by the sign convention that was used in the derivation of
these equations. For review, these terms are shown in their pasitive
directions in Fig. 12-8q. Furthermaore, recall that positive defTection. v, is
rpward, and as a result. the positive slope angle 8 will be measured
counterclockwise from the x axis when x is positive fo the sight. The
reason tor this is shown in Fig. 12-86. Here positive increases dx and dv
in x and v create an increased & that is counterclockwise. If, however,
pasimive s directed to the fefe, then & will be positive clocknise,
Fig. 12-8¢

Realize that by assuming dv/dx to be very small the original horizontal
length of the beam’s axis and the arc of its elastic curve will be about the
samie, In other words, dy in Fig 12-86 and 12-Be is approximately equal to
dy, since de=Tdx P+ (dv¥ = V1+{do/dx) dx =dx, As a result,
points on the elastic curve are assumed o be displaced vertically, and not
hartzomtally, Also, since the slope amgle & will be very small, its value m
radians can be determined directly from # = tan # = de/dx.

+.u(|t 1.}”:

=}
Positive Bign conveniio

Thae |||:n.i¥1| oof @ roal syalom reguires a carelul
conalderation of deflectinn. For example,
rath can accumulate on arcas of the rodal,
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deflecivon, then lurther pondimg, and fovally
prossihbe failure of the rool
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Boundary and Continuity Conditions. Whensolving Egs 12-8.
| 12-8, or 12-10. the constants of integration are determined by evaluanng
_E__"-:_-_-—-——_"_ the functions for shear, moment. slope, or displacement at a particular
Nl point on the beam where the value of the function is known, These values

Ay are called boundary conditions, Several possible boundary conditions that

Roller are olten used (o solve beam (or shaft) deflection problems are listed n

L

Table 12-1. For example, if the beam is supporied by a roller or pin (1, 2.

3, 4), then it is required that the displacement be zero at these points,

"—'; " ':’: Furthermore. if these supports are located at the ends of the beam (1.2),

Big the internal moment in the beam must also be zeroe At the fixed support

(5}, the slope and displacement are both zero, whereas the free-ended

\\“'--.:,r beam (6) has both #ero moment and zero shear. Lastly, if two segmenis

of a beam are connected by an “internal™ pin or hinge (7). the moment

A= miust be zero at this connection.
Rofler If the elastic curve cannot be expressed using a single coordinate. then
1 - cantingity conditiony must be used to evaluate some of the integration
ﬁ constants. For example. consider the beam in Fig. 12-Y%a. Here two

rcoordimates are chosen with origins at A, Each is valid only within the
4= regions 0 = vy = gand o = xy = (o + B), Once the functions for the

Bin slope and deflection are obtained. they must give the same vilues for

! —— the slope and deflection at point B so the elastic curve is physically
B i cantingous. Expressed mathematically. this requires that #,(a) = f(a)

ki and w(a) = mfa), These conditions can be wsed to evaluate two

A=) constants of mtepration. 17 mstead the elastic curve is expressed

Fived end in terms of the coordinates 0 = o) = o and ) = x> = b, shown in

fi C:? Fig. 12-90, them the comtinuity of slope and deflection at B requires
thia) ta(h) and vi{a) = wa(h). In this particular case. a negative

Vo) sign is necessary to match the slopes at 8 since x; extends positive to
IL"‘L_U':& the right, whereas x» extends positive to the left. Consequently, #, is

positive counterclockwise, and # is positive clockwise. See Figs. 12-8h

S
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Fig, 12-9
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Procedure for Analysis

The following procedure provides a method for determining the
slope and deflection of a beam (or shaft) using the methaxl of
integration.

Elastic Curve.

* Draw an exaggerated view of the beam’s elastic curve. Recall that
rero slope and zero displacement occur at all fixed supports, and
zero displacement occurs at all pin and roller supports

* Establish the x and v coordinate axes. The x axis must be parallel
to the undeflected beam and can have an origin at any pomt along
the beam, with a positive direction either to the right or to the
left.

* If several discontinuous loads are present, establish x
coordinates that are valid lor each region of the beam between
the discontinuities. Choose these coordinates so that they will
simplify subsequent algebraic work.

® In all cases, the associated positive v axis should be directed
upward.

Load or Moment Funchon.

® For each region in which there is an x coordinate, express the loading
w or the mtermal moment M as a function of z. In particilar,
afwiryy assume that M acts in the positive direction when applying
the equation of moment equilibrivm to determine M = fix)

Slope and Elastic Curve.

* Provided E! is constant, apply either the load equation
El d'vfdx' = wix), which requires four integrations to get
© = vz}, or the moment equation ET & uidr = M{x), which
requires only two imtegrations. For each mlegration it 1s important
to include a constant of integration.

® The constanls are evaluated usimg the boundary conditions for
the supports (Table 12-1) and the comtinuity conditions thar
apply to slope and displacement at points where two functions
meet. Onece the constants are evaluated and substitured back into
the slope and deflection equations, the slope and displacement at
specific points on the elastic ourve ean then be determined.

* The numerical values obtained can be checked graphically by
comparing them with the sketch of the elastic curve. Realize that
pasitive values for slope are conmtercfockwise if the x axis extends
positive to the right, and clockwise il the x axis extends posiive to
the left. In either of these cases. positive displacentent is wpoitard.

277
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n EXAMPLE [12.1

The cantilevered beam shown in Fig. 12-10a is subjected to a vertical
load P at its end. Determine the equation of the elastic curve, El is
constamt

SOLUTION |

Elastic Curve. The load tends to deflect the beam as shown m
Fip. 1210 By inspection, the internal moment can be represented
throughout the beam using a single x coordinare.

Moment Function. From the free-body diagram, with M acting in
the pastiive direction, Fig. 12106, we have

_RL'IMIE CHIvE

M=—-Px
Slope and Elastic Curve. Applving Eqg. 12-10 and integrating twice
vields

dv
El-—— - =P, I
l g X {1
3 B H = PJ':J s ]
‘ S T2 T 5

3

Ely = PTI FCix 4 C (3)

L

fah

|
Using the boundary conditions dofdy =0 at x = L and v = 0 at
r= L, Egs2and 3 become

-

PL

A

(S

PrL?

i

il

+ 1L + G5

Thus, C; = PLY/2 and C; = —PL"/3. Substituting these resulis into
Egs. 2 and 3 with # = du/dx, we get

o= L{LE - x)

2E1
= il:'—r-l -+ 1|L1|_' —_ :I.L'lll Ans
aE] At
Maximum slope and displacement occur at A{x = (1), for which
PLt
2= I i
pL’
13}

AT TSy
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279

The poxitive result for @ 4 indicates conntercleckvise rotation and the
megative result for v, mdicates that v is dowmward. This agrees with
the results sketched m Fig. 12100

In order to abtain some idea as to the actual magnitede of the slope
and displacement at the end A, consider the beam in Fig. 12-10a to
have a length of 15 ft, support a load of P = 6 kip, and be made of
A-30steel having E, = 200 107 kesi, Using the methods of Sec 11.2,if
this beam was designed without a factor of safety by assuming the
allowable normal stress 15 egual o the vield stress oy, = 36 ki
then a W12 x 26 would be found to be adequate ([ = 204 in?), From
Eygs 4 and 5 we get

c Ll 18 2017 1
iy = 1nk_'p"]' [_nf_l,']_ﬂ'“m_J — = 00164 rad
2[29( 107} kip/in”| {204 in”)

6 kip(15 fi)'(12 in./fi}’ _
. i TR et 1 1 1P
2911057 kapim-]i 204 in”)

Since #5 = (dv/dx) = 0000270 rad” <€ 1, this justifies the use of
Euq. 12-10. rather than applving the more exact Eog. 124, for computing
the deflection of beams. Also, since this numerical application is for a
cantilevered beans, we have obtained farper valiies for 8 and v than
would have been obtained if the beam were supported using pins.
rollers, or other fixed supporis.

SOLUTION 1|

This problem can also be solved using Ey. 12-8, ET d*wfdx* = wix),
Here wix} = i for 0 = x = £_Fig. 12-10a. so that upon integrating
onee we get the form of Eq. 12-49, 1.,

o'y
El—m= )
dx
d'y
o A
dx )
The shear constant ) can be evaluated at x = 0, since ¥V, = —F
(megative according o the beam sign convention, Fig. 12-8a}. Thus,
1 P. Integrating again vields the form of Eq. 12-10,i.e..
ey
A S s
Hx
=
El—=—Mx+ =M
dx-

Here M = Dhat x = 10, 50 €5 = [, and a5 a result one obtains Eq, 1 and
the solution proceeds as before
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n EXAMPLE [12.2

The simply supported beam shown in Fig 12-1la supporis the
triangular distributed loading. Determine its maximum deflection. EF
is copstant.

1 ity |.|'.:.|.'1
I S, T
(79

:"'u
.“;- '|T'|
2L ] I l
_.ﬂ| 0
o — — q:‘j :J.u
| L LY
I

w I_ T_‘l =T__E'I.'.hs-.lil.|: CUrVE
| 2

Fig. 12-11

SOLUTION |

Elastic Curve. Due to symmetry, only one x coordinate is needed
for the solution. in this case 0 = x = L/2. The beam deflécts as
shivwn in Fig. 12-11i. The maximum deflection occurs at the center
since Lhe slope is 2ero at this point,

Moment Function. A free-body diagram of the segment on the left
is shown in Fig 12-1 16, The equation for the distributed loading is

2“'“ !_[
W =—
A T T }
Hence,
EM =0 M ft L%) = ":‘L (x) =0
e WX : wipd

(T3 o
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Slope and Elastic Curve. Using Eq. 12-10 and integrating rwice,

we have

dv
El—
ilx

Elv =

Wy, o Sl
M=—x +— 2
TR \&)
oy 1O -
i o LS SETREF )
T B
ﬁ:_lllz.r" lg;'.ﬂ + Cix 4 Ca

The constants of integration are obtained by applving the boundary

condition v = 0 at x

Hence.

ol

ix

Efp =

0 and the symmetry condition that de/dx = ()
al x = L2 This leads to

Swplt

- =1

192

Iy ot L - Swipl?
121 B~ 192
Wy . " ol . Swipl”

A X Xz - 4
all 24 192

Determining the maximum deflection at x = Lf2, we have

SOLUTION II

H-'|;|.L-I
F11Iil'i ! |1‘”47'_f

Anx

Smee the distributed loadimg acts downward, it is negartive according
Lo o s1pn convention. Using Eg. | and applving Eqg. 12-8, we have

0F L

El

' 2y .
ol 5t Ji=5
R Wy -
3 =V =—x + ()
dr L I

Smee V= +ugplfd at x =0, then O = wyl /4. Integrating again

vields

d'v
dx’

d'v

ET

e a

X

Here M = {bat x = (),
prirceeds as before.

Wy 5 Wyl
7 TP e
FE ey
T LLET] 3 |1-'|;||Ir_
M 3L 1 x + {5

sn 05 = 0 This vields Eqg. 2 The salution now
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EXAMPLE 123

The simply supported beam shown in Fig. 12-124 is subjected to the
concentrated force P, Determineg the maximum deflection of the
beam. EF is constant

|
|
j‘,,_ : - T ———ry =
i) !-l“ =

=
L | ™ —— ——

Ll
S )
=
| A | )
() SOLUTION
Elastic Curve. The beam deflects as shown in Fig. 12-12h, Two
coordinates must be used, since the moment function will change at P
Here we will take x; and x-, having the same arigin at A.
Moment Function. From the free-body diagrams shown in
Fig. 12-12c,
I[.l
l}.u, M, = TF
Ill_h"'| :[I h
F -1"3 = T.t':u = Pll-'l'-_- — 2a) = HTILAH = .l.':-}
3 ; -
Slope and Elastic Curve. Applving Eq. 12-10 for M, for
= 1, = Ju, and integrating twice vields
]h: iy — 24)
r | ILIlI:1:1 P
in M, e S
ﬂ+ | dx 3 i
== 11)
| e LAV S (1)
Vs T T
P .
E’i|=ﬁ]’| + Cqxp + 65 {2}
<) Likewise for A5, forla < x = 3a,
Fi!. ’1": 3
oty 2P
ot I T[_‘-:r T
d 2P .r:zl
.E.FH = T(iﬂ'.l’: = 3 ) + Cy (3)

i 3
Elts = —(Ea_t:' = !;l ) + Caxa + 0 (4}
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The four corstants are evaluated using tweo boundary conditions,
namely, &y =0, #, =0 and x = 3a, 1= = 0. Also, fve continuicy
conditions must be applied at B, that is, dofdy = disfdr at
= x» = g and ¥ B At X = Xy = Jla, Substitution a5 specified
results in the following four equations;

v, =Oatx; =0 0=0+0+0C
ol T |
Dy {]at s = Fg Qo —) —g{3a)y = ——— | + Cgf3a)] +
L i
diy(2a)  dva(2a) P . e (2a)
o Gl J LR
B : - BP(3 Rty | - _
o 2a) = v 2ar); ﬁliﬂ}‘ + Cylda) + €= T(Efr{lﬂ']' =g J + (5{20) + C
solving, we pet
. ey
{-‘| T _EPH' C]=“
22 § .o
L= Gy =l
Ly ¥
Thus Eqys. 1-4 become
do; P = 4Pa -
de, 6ED BE] 1)
F . AP
g g g &
BTRET R (6
dvs 2Pa P, 2Py
—_— T Ny P L G, ?
dx; EI ¢ 3EL Y 9El {7)
L S SR x: + i3 (%)
R 7 abael Y QEF "~ " -3E1

By imspection of the elastic curve, Fig. 12-12h. the maximum
deflection oceurs at D, somewhere within region AB. Here the slope
must be 7ere. From Eq. 5.

I' L} 'I' =
EI- = HI.I =]
z = 1.633a
Substituting into Eg. 6,
P Gl
Ve = _“.434?{} Ay

The negative sign mdicates that the deflection is downward,
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n EXAMPLE [12.4

The beam m Fig. 12-13q is subjected to a load P at s end. Determine
the displacement at C. EJ is constant.

P

m—_— |—-:¢

A e EEe

..I-..._ ] 3 T-_\[ItI

|
i
Il

“jj.u. =

¥y

.

{hi

Fig. 12-13

SOLUTION

Elastic Curve. The beam deflects into the shape shown in
Fig. 12-13a. Due to the loading, two x coordinates will be considered.
namely, ) = x; < 20 and (| = x- < g, where 17 15 directed 1o the left
from C, sinee the internal moment is easy to formulate.

Moment Functions. Using the free-body diagrams shown in
Fig. 12-130 we have

- |

.-'ld’| = X |1'ir:~ = _PI:

o ]

Slope and Elastic Curve. Applying Eq. 1210,

v P
Forll = x) = i J, At |
dIl- —
dn B
Pt — e e I
dx, e ()
F
Elv, —x," + Cyxy + Ca (2}
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I!-!"‘L"-
Forll = z- = a: Bl — = — P
N III:- =
h"- P -
—= x4 G (3)
£
Efrl'l . FIH I 'C:]-t'_- |- C-I :‘I':I

The forr constants of integration are determined using three
boundary conditions, namely, vy = Oatx; = (1, = Oat x; = 2o and
vy = [} at x, = g, and ome continuity equation, Here the continuity
of slope at the roller requires dv/dx; drafedxs at x; = g and
x+ = @. Why is there a negative sign in this equation” (Note that
continuwity of displacement at & has been indirectly considered in the
boundary conditions, since oy =1 =0 at ry=2p and . = a)
Applyving these four conditions vields

=10 = 20, u——i"! Y+ Cyla) + €
vy = lat x; = da} = ]:I_..ﬂ} (] daz) 4
F
o= (atxs = a i ?n‘ F Gy + Oy
e (2a) dina) P . Y
PPyt e i S _(_?“‘ﬁ' i C‘/]

Solving, we obtain

-

O=—— G=0 C=-PFf C=-Pd

z
3 ; L]
Substituting C; and C; into Eq, 4 gives

P The . e
P o7 T A SU

The displacement at O is determined by setting 1= = (1. We pet

Pa’
R

Mg
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. FUNDAMENTAL PROBLEMS

Fi2-1. Detwerming the slope and deflection of end
A of the camilevercd beam. E = 20} GPa and
I = B50{10") mm",

U kM-m

¢

! 3m |

Fl2-1

FI12-2  Determine the stope and deflection of end A of the
cantilevered beam, E = 200 GPa and £ = 65.00 107) mm*

10 kM

A

Ik kM -m |
i Im |

Fliz-2

FI12-3. Determine the slope of end A ol the cantilevered
beam. £ = 200 GPa and ! = 63010 mm",

kN
kM fm

Fl2-3

Fl2-4, Determine the mexmmum delection of the simply
supporied heam. The beam is made of wood having a
modulus of elasticity of £ = 1 5(10r") ksiand a rectangular
cross section of = 3in.and i = 61

Lok [k it

Fil-5. Determine the maximum dellection of the simply
supporicd beam. E = 200 GPaand T = 39.9(10°") m'.

&l kM -in

Fl1i-5

Fli2-f. Determine the slope of the simply supported beam
atel £ = 200 GPa and § = 399010 ") m*.

2 kN
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“rropiews

l2-1.  AnA-36stee] strap having a thickness of Hmm and
g width of 20bmm is bent inlo a circuler are of radios o= llm.
Determmme the masimum bending stress im the strap

12-2, A picture s aken of & man performing a pole vault,
gnd the minimum radios of curvature of the pole is
estimated by measurement to be 4.5 m. I the pole is $ mm
in diameter and it s made of a plasssreinforeed plastic for
which £, = 13| GPa, determine the maximum hending
siress 0 the pole.

Proh. 12-2

12-3. 'When the diver stands st end & ol the diving board,
it deflects downward 3.5 in. Determine the weight of the
diver, The beard is made of material having & modulos of
elasticity of £ = ES( 10} esi

Mroh, 12-3

#1244, Determine the equations of the elastic curve using
the x; and x- coordinates. Ef is constant.

| |

Froh. 124

#12-5, Determune the equations of the clastic curve for
the beam wsing the x; and £ coordinaes BT s constant

_1___| i }-—1:

: I
1,

-
|-J|"-

Froh. 12-5

12 Determine the equations of the elastic curve for the
beam wsing the x; and x; coordinates. Specify the beam's
maximum deflection. B s constant.

-
IJ|_"'-
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12-7. The beam s made of two mods and s subjected
the eonecentrated foad P, Deermine the maximum
deflection of the beam if the moments of inertia of Lthe rods

e g and £, bnd the modulis of elastiaty i E.

I'rob. 12-7

*12-E. Determine the equations of the elastic curve for
Ehe beam wsing the vy and s coordinates ET s constant,

poi | =

Prof. 12-8

=128, Determine the eguations of the elastic curve uzing
the xypand o eoordinates. B is constant

Prosh, 12-9

12=10. Determine the maximum slope and  maximum
deflection of the simply sapported beam which is subjected
o the couple moment M. E s constan.

Prob. 12-10

12-11. Determine the equations ol the clestic cornve for the
beam using the ¥ and 1+ coordinates. Specify the beam's
maximium delection. EX s constam

o ‘

a |

h_'

Ts

Peob. 12-11

#12-12. Dretermine the equations of the elastic curve fol
the beam using the x; and x, coordinates. Specify the slope

at A and the magimum displacement of the shaft, ET s
constant,

i — ‘
1

Proh. 12-12




1213, The bar s supported by 4 roller constraint a1 8,
which allows vertical displacement hut resists axial load and
moment. If the bar is suljected 1o the |oadimg shown,
determine the slope at A and the deflection a1 O EX is
LONSAanI

L] =L

L
3

|.-|I-|.

Prob. 12-13

12-14. The simply supported shaf has 4 moment af inertis
of 21 far region BC and a moment of inertia  [or regions
AL and CF, Detormine the maximum deflection of the
Pream due 1o the load P

Prob. 12-14

12-15,  Determiing the equations of the glastic curve for
the shafl wsing the x) end vy coordinates. Specify the slope
at A and the deflection ut the center of the shaf, ET s
Lonstant,

" P
l A I
gl gl ¥
I.I—-
Ly—
| a | 3 | i

Prob. 12-15

12.2 Si09E anb DariaceMent aY INTEGRATION R

#12=16. The fence board weaves between the three smoath
fixed posts, T the posts remain along the same line, determine
Lhe maximum bending stress m the board, The board has a
widih of 6 in. and o thickness of 05 in. E = L6O(UF) ksi
Assume the displacement of each end of the board relative
Lo its denter 15 3 in

| 4 | 4t |

Prob. 12-16

s]2=17. Determine the equations of the eleste curve for
the shaft using the x; and x coardinates Specily the slope
gt A and the deflecton at O EF s constant,

Proh, 12-17

12-18. Determine the eguetion of the elastic curve for the
beam wsing the v eoordinate, Specly the slope at A and the
maximum dellection. £ s constant.

12-1%, Delerming the deflection at the center of the boam
and the slope at B, ETis constant

| L |

Probs. 12-181%
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#12-20. Determine the equations of the clastic curve
using the v and ¥y coordinaizs, and specify the slope at A
and the deflection at O El is constanl.

A kip

A i L

Frob. 12-240

al12-21. Determine the elaste curve in lerms of the x
and vy coordinetes and the deflection of end C of the
overhang beam. El is constant.

[

==

Mrob. 12-11

12-21. Determine the clastie curve Tor the eantiloversd
Wi4 = H beam using the r coordinate. Specify  the
maximim slope and maximum defection, E = 200107 ksi,

3 kip /i

A

Prah. 12-22

l_ 20 kapeli
s

12-23. The beum s subjected 1o the hneacly varving
distributed load. Determine the maximum slope of the
beam. El i= comstant,

#*12-24. The beam is subjected 1o the lincarly varying
distributed load. Determine the maximum deflection of the
beam. Ef is constant.

Wiy

=

Probs. 12-23724

o[2-25. Detlormine the equation of the elastic curve
for the simply supported beam psing the © coordinare
Dretermine the slope at A and the maximum dellection. £
is conslant,

12 kM m

| bm G |

MProh. 12-25




12-26, Detcrmine the cyuations of the clastic curve using
the coordinates ¥ and o, and speeily the slope and deflection
gt B Elisconstant.

=

Prob. 12-

12-27. ‘Wooden posts uscd for o reteining wall have a
dizmeter of 2 in, If the soll pressure along a post varnes
umiformiy from sero st the top A o masimum of 300 /i
gt the bottom &, determine the slope and displacement al
the top of the post. Ey = L6{10°) ksi.

Mrob. 12-27

12.2 Si09E anb DariaceMent aY INTEGRATION 591

#12-28. Delermine the slope ut end B and the maximum
deflection of the cantilevered triangular plate of constanl
thickness ¢ The plate is mede of matenal having 8 moctulus
of elesticity F.

Prob. 12-25

«12-2%. The beam is mede of a materia] having a specific
wieight . Determine the displocement amd stope at s end
A due o its weight. The modulus of elasticity for the
material s E

Prok, 12-2%
12-30. The beam is made of a material having a specific
wiight of v. Datermine the displacement and slope at its
eod A due to its weight. The modulus of clasticity for the
maleral is E.

Mrofh. 12-31
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12-31. The tapered beam has o reclangelar cross section,
Determing the Jdelection of 15 free end interms of the load
o length L, modulus of élasticity £, and the moment of
inertia £y ol s lxed emd

Prob, 12-31

“12-32. The beam is made from a plate that has & constant
thicknes=s r und & width that vares incarly. The plate is cat
inte strips to form 4 series of feaves that are stacked to
make a leafl spring consisting of o leaves. Determine the
deflection ut its end when lvaded. Meglect [nction between
the leaves.

wif—

/

M'rob. 12-32

#12-33,  The tapered beam has o rectangular criss section,
Dretermine the defleetion of its conter in terms of the load
P lenoth L, modolus of clasticty E, and the moment of
inertia I, of i1s cente

Prok. 12-33

12-34. The leal spring assembly is desipned so that i i
subvjected v the same maximom stress theoughout its length,
If the plates of each leafl have & thickness « and can slide
freely between cach other. show that the spring must be in
the form of a circelar are in order that the entire spring
becomes Mat when a farge enough load P is applicd. What
is the maximum normal siress in the spring?! Consider
the spring 10 be made by cotting the n sirips from the
diamond-sheped plate of thickness ¢ and width b The modulus
ool elasticity for the material s E. Wi Show that the radios
of curvature of the sprng i comstunt

Proh. 12-34
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*12.3 Discnntﬁﬁitg Functions

The method of integration, used 1o find the equation of the elastic curve
for a beam or shafl, is convenient if the load or intermal moment can be
expressed as a continuous function throughout the beam's entire length.
If several different loadings act on the beam, however, the method becomes
more tedious to apply. because separate loading or moment functions must
be writien for each region of the beam. Furthermore. integration of these
functions requires the evalvation of integration constants using both
boundary and continuity conditions. For example, the beam shown m
Fig. 12-14 reguires four moment functions to be written. They describe
the moment in regions AB, BC, CD, and DE. When applying the
moment-curvature relationship, ET d”v/dx” = M, and integrating each
mament equation twice. we must evaluate eight constants of integration,
These involve two boundary conditions that reguire zero displacement
at points A and E, and six continuity conditions for both slope and
displacement at pomts B, C, and D.

In this section, we will discuss a method for finding the equation of the
elastic curve for a sardtiply loaded beam using & single exprression, either
formulated from the loading on the beam. w = w{x}, or from the beam’s
imternal moment, M = M{x). If the expression for wois substituted into
E@d*v/dx' = wix) and ntegrated four times, or if the expression for
M is substituted into EJ dvfdx” = M(x) and integrated twice, the
constants of imtegration will be determined only from the boundary
conditions. Smce the continuity equations will not be involved, the analvais
will be grearly simplified.

Discontinuity Functions. In order to express the load on the beam
or the internal moment within it using a single expression, we will use two
tvpes of mathematical operators known as discontinminy functions

:_,,ql_‘

For safety purposes these cuntilevered heams
that suppornt sheels of plywood must be
designed for both strength and a resincied
amosunt of defection.
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s
Loading Laoading Function Khear V =,lI | x el Musient W = _lI Velx
W= wix)
i1 M,
e we = Mylv—a} Vo= Mgl M = Mytx—a"
T ) ‘ |
(] P
I W= Ply—a) ! ¥ = Ple=a)! M = Plx—a)'
=
(3 "o
w W= gl e—a® Vo= tiglr—ad M= "T {r—a®
4
(4}  slope =m
e iv = mife—a}! V= % {x—ay? M= ’—: fx—um

Macaulay Functions. For purposes of beam or shaft deflection,
Macaulay functions, named after the mathematician W. H. Macaulay, can
be used to describe disiributed loadings. These functions can be written
in general form as

= [ i'.ur.tcfa
(x —a)" forx=a (12-11)

nm=1

Here x represents the coordinate position of a point along the beam. and
ar i the location on the beam where a “discontinwty™ occurs, namely the
point where a distributed loading begins, Wote that the Macawlay function
{x—a)” is wntten with angle brackets to distinguish it from (he
ordimary funchon (x — a)”. written with parentheses As stated by the
equation, only when x = ais (x — a)" = (x — a)", otherwise it is zero.
Furthermore, these functions are valid only for exponential values
n = (. Integration of Macaulay functions follows the same rules as for
ordinary functions, i.e.,

= (¥ —a)™

g Tl e ———————a =l (12-12)
n+1

Waote how the Macaulay functions describe both the nniform lood

wy (= 0) and trigngular loed (n = 1), shown in Table 12-2, ftems 3

and 4. This type of description can. of course, be extended to distributed

loadings having other forms Also. it is possible to use superposition with
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the uniform and trangular loadings to ereate the Macaulay function for a
trapexoidal loading. Using integration, the Macaulay functions for shear, —
¥= IIFII.'I'.I.':I dx, and moment, M = I|' V dx, are also shown in the table,

5 I

Singularity Functions. These functions are only used to describe the
paint location of concentrated forces or couple moments acting on a
beam or shaft. Specifically. a concentrated force P can be considered as a :
special case of a distributed loading, where the intensity of the loading is
w = P/e such thatits length is e, where e —{), Fig. 12-15. The area under

this loading diagram is equivalent to F posifive ipward, and so we will l P
use the singularity function T

B 7
w=Plx—ay'= p 1:Ei - : (12-13) ;

il

to describe the force P. Here m = —1 so that the umits for w are force per
length. as it should be. Furthermore. the function takes on the value of P
only at the point x = o where the load occurs, otherwise it is 2ero.

In a similar manner. a couple moment M. considered positive
clockwise, 15 a limit as e == {1 of two distnbuted loadings as shown in v
Figa. 12-16. Here the following function describes its value =

Fig, 12-15

F

r . I"‘rll

: 1] forx # a
o M el 12-14 ——J P M
" A My forxm=a t ] l' e

-
- |

The exponent n = —2,in order to ensure that the units of w, force per
length, are maintaimed,

Imtegration of the above two singulanty functions follow the rules of
pperatiomal caleulus and vields results that are different Irom those of M,
Macaulay functions. Specifically, .

=3

l]:_l-:'.:l i)

[{.r a)'dx = {x — a}""n 1

Fig. 12-16
Usinig this formula, notice how My and P described in Table 12-2. items |
and 2, are integrated once, then twice. to obtain the internal shear and
mament in the beam.

Application of Egs. 12-11 through 12-15 provides a rather direct
means for expressing the loading or the internal moment in a beam as a
functiom of . When doing so, close attention must be paid to the signs of
the external Inadings. As stated above, and as shown i Table 12-2,
concenirited forces amd distribiiled toads are positive cpward, and coliple
maoments are positive clockwise. If this sign convention is followed, then
the internal shear and moment are in accordance with the beam sign
convention established in Sec. 6.1
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the loading or mtermal moment consider the beam loaded as shown in
Fig. 12-17a. Here the reactive 2.75-kN force created by the roller,
Fig. 12-17h, 15 positive since it acts upward, and the L5-kEN-m couple
moment is also positive since it acts clockwise. Finally, the trapezoidal
loading is negative and has been separated into triangular and uniform
loadings. From Table 12-2, the loading at any point x on the beam is
therefore

n As an example of how to apply discontinuity functions to describe

w o= 275kNix = 00" + LSkNsm{x — 3m)* — 3kN/m{x — 3m)' — 1 kN/m*{x — 3 m}'

The reactive force at Bisnot included here since xisnever greater than
o om, and furthermaore, this value is of no conseguence in calculating the
slope or deflection. We can determine the moment expression divectly
from Table 12-2. rather than integrating this expression twice. In either
case,

3 kN/m .

Fis

. 1EN/m®

M=275kN{x— 0} + L.5kN-m{x — Im)" - r— im) {x—3m)

Ain . TIR 1
=275x + L.5(x — 3" — 1.58(x — 3)° - ={x - 3y

The detlection of the beam can now be determined after this equation
is inlegrated two successive mes and the constants of mtegration are
evaluated usimg the boundary conditions of vero displacement at A
and B.

B kM m
3 kM/m
| "i'll:?h-l-mf
= k =
| im ! Am !
[{TH]
fu—Jthml—lthf

im 3 M m
1% kN ml% 3 kN
o

5 kN {h) ",

Fig. 12-17
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Procedure for Analysis

The following procedure provides a method for using discontinuity
functions to determine a beam’s elastic curve. This method is
particularly advantageous for solving problems involving beams or
shafts subjected to severod foedings. since the constanis of integration
can be evaluated by using omly the boundary conditions, while the
compatibility conditions are automatically satisfied.

Elastic Curve.

& Sketch the beam’s elastic curve and identify the boundary
conditions at the supports.

® Fero displacement occurs at all pin and roller supports, and zero
slope and zero displacement oceur at fived supports,

* Establish the x axis so that it extends to the nght and has s
origin at the beam’s left end.

Load or Moment Function.

& Calculate the support reactions at x = (1 and then use the
discontinuity functions in Table 12-3 to express either the loading
i or the mternal moment M as a function of 1. Make sure to
follow the sign convention for each loading as it applies for this
equation

= Note that the distributed loadings must extend all the way
to the beam’s right end to be wvalid. If this does not occur,
use the method of superposition, which is illustrated in
Example 12.6.

Slope and Elastic Curve.

o Substitute w into EJ d'o/dx’ = w(x), or M into the moment
curvature relation Ef d*o/dx” = M, and integrate to obtain the
equations for the beam’s slope and deflection.

* Evaluate the constants of imtegration using the boundary
conditions, and substitute these constants mto the slope and
deflection equations to obtain the mal results,

* When the slope and deflection eguations are evaluated at any
point on the beam, a posttive slope is comnterclockwise, and a
powitive displacement is apwiard,
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n EXAMPLE [12.5

Determine the maximum deflection of the beam shown in Fig, 12-18a.
El is constant

B kip
l I 120 kesprelt
Tl = i _‘_;:E:l _-_-"IE-H)
] ./_,‘-""_'f - 7h
J_ :i
i |
| 111 fi i |
[}
Hkip

l 120 kip- i
L % h
[ ¥ _| T‘l"' kip T‘: kip

|

WA I
Al i

L

Fig. 12-18

SOLUTICN

Elastic Curve. The beam deflects as shown in Fig. 12-18a. The
boundary conditions reguire zero displacement at A and &,

Loading Function. The reactions have been calculated and are
shiown on the [Tee-body diagram in Fig 12-186. The loading function
for the beam can be wrilten as

w s =Rkip (x = 0} " + 6kip (x = 10fit)

The couple moment and foree at B are nol included here, since they
are located at the right end of the beam, and x cannot be greater than
I Integrating dV/dx = wix), we get

v Bix — 0" 4 alx = 103"
In a similar manner, d M /dx = V yields
M= —8{x — 0) + 6{x - 10)'
= [—8x + 6{x — 100") kip-fi
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DscoMTIMNRITY FUNCTIONS
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Naotice how  his equation can also be established directly wsing the
results of Table 12-2 for moment

Slope and Elastic Curve. Integrating twice yields

d'v _ ,
Ef— Bx <+ 6(x = 10)
dx

TR . .
Ef— 4 =+ F{x — 10} +
iy

4

Efp = —1;-‘ + {x— 10)* + Cix + €5 (1)

From Eq. 1, the boundary condition v = Oat x = 10ft and v = 0 at
x = A0t pives

= —1333 + (10 — 10) + (1N +
0= =36000 + (30 = 101 + €,(30) + C

Solving these equations simultaneously for O and Cs, we get C) = 333
and C; = —12 (1H), Thus,
EJ‘ﬂ = —45* 4+ 3{x — 10F + 1333 (2)
dx
: 4 5 3
Elv 3% F(x = 10 + 1333x — 12 000 (3

From Fig. 12-18z, maximum displacement may occur either at O or at
D, where the slope dv/dxy = (. To obtain the displacement of C. sel
x = Din Ey. 3. We get

12 000 kip - fr’
= Anx

El
The regative aign mdicates that the displacement 15 dowaward a5 shown
in Fig. 12-18a. To locate point D, use Eq. 2 with x > 10 ft and de/dx = (.
This gives
0= —dxp” + 3z — 10) + 1333
xp- + Bxp — 1633 =10
Solving for the positive ool
xp =203 1

Hence, fromm Eq. 3,
Elvp = —':rzn..ﬂ-‘ + (203 — 1) + 1333(20.3) — 12000
5006 kip - fi”
Un ———r
El
Comparing this value with v, we see that 0., = e
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EXAMPLE [12.6

ECTION OF BEAMS AND SHAFTS

12kN  Determine the equation of the elastic curve for the cantilevered beam
i shiown in Fig, 12-1%a. ET is constant.

H kM m
bliildddpSukhm
I e
I Sm 4m

- 5OLUTION
| Elastic Curve. The loads cause the beam 1o deflect as shown in

(T3]

25K ki K kI s '

' Fig. 12-1%a. The boundary conditions require zero slope and
displacement at 4.

Loading Function. The support reactions at A have been

kN caleulated and are shown on the free-body diagram in Fag. 12194,

H" kM ] kN m SN fm
4m

reqiured. we can use the superposition of loadings shown in Fig. 12-19%
to represent the same effect. By our sign convention, the beam's
| loading is therefore

Etj R O 1 T A B 1* Since the distributed loading in Fig. 12-1%: does not extend to © as

{hi

Fig. 12-19

=
|

= S2kN{x—0) "' — 258 kN -m{x—0) 2 = 8 kN/m{x — 0}°
+ 50kN-m{x — 5m) 7 + 8kN/m{x — Sm})"

The 12-kN load is mor trcfuded here, sinee x cannot be greater than 9 m.
Because JV/dx = wix), hen by integrating, neglecting the constant of
infegration since the reactions are included in the load function, we have

V =52{x—0)" — 258{x — 0) ! — 8{x — 0} +50{x — 5} + B{x — 5!
Furthermore, d M fifxr = ¥, 50 that integrating again vields
—258{x — )" + 82{x — 0 — é[ﬂ}.q; — 03 + 50{x — 5}" + 1:{3]{,1- — 5)°
(—258 + 52x — 42” + 50{x = 5" + 4{x - 5V kN-m

This same result can be obtained directlv from Table 12-2

Slope and Elastic Curve. Applyving Eq. 12-10 and integrating
wice, we have

d 5
T2 = 258 + $2x — 427 + 50(x — 5" + 4(x — SF
ﬂ.:l'
dv s i
EJI:_ = ~258x + 268 ~ 20 + 50z — ) + Sz~ 5" +.C;
2 , 1 . L&
Elv = —120%° +?: — —x'+ 25{x — ‘1}'+TI:.=:—:I-:I 4+ Cixd &4

Since dofde =0at x =0, C; = 0; and v =0 at x =0, 50 C; =1,
Thus.
|

I 20 1 }
e el S F Wit == = :
i J’( 1292 3 g 1::' + 25(x — 5V 4 _“t 59 im o Ans




12,3 DiscoMTNgTy FUNCTIONS a0

“rropiews

12-35, The sheit is made of sieel and has a diameier ol

15 mm. Determine its maxmmum deflection. The bearings at
A and B exert only vertical reactions on the shaft,
E, = N0 GPa.

- =

ISFM Lo

Probh. 12-35

"12-36, The heam iz subjected 10 the loads shown,
Determine the cquation of the elastic curve. EF is constant.

4 kige

%,J
A0

Prob, 12-36

«12-37, Determine the deflection at each of the pullevs
O, 0 and E The shalt is made of steel and has a diameter
of 3 mm, The bearings g1 A and B exerl only vertical

20 GPa

reaciions on the shalt. E, =

* 250 mm l 250 ||1:||:|—~|
ES0 ™ B™ 150 M

Proh. 12-37

12-38. The shall supports the two pulley foads shown
Dctermine the equation of the elastic curve. The bearings
ab A amd B exert only vertical reactions on the sheft. ET 15
constant,

A

—

RIRTH * 200 b, ——f— 21 in.
&1 6l ik
Prob, 12-38

12-39.  Determine the maximum deffection of the simply
supporicd beam, E = 200 (iPa and ! = 65.0(10") mm".

H1 kM

Profb. 12-39

“12-40. Determune the egution of the elastic curve, the
shope at AL and the deflection at B of the ssmply supporied
heam, Elis constant

#1241, Determine the equation of the clastic curve and
the maximum deflection of the simply supporied beam. Ef
5 ennsiant.,

-1"|'|| My
iﬁg
i i 1
il |
| E] | E] | 3 |

Probs. 12-340/41
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12-42. Determine the equation of the elastic curve, the
glope a1 A, and the maximum deflection of the simply
supported boam. £ = constent

.HlT_‘

Proh. 1242
1243, Determine the maximum  deéllection of  the

cantilevered beem, Thi beam is made of matenal having an
E = 200 GPyand I = 6500107 mm"

HikM/'m

| 1.5m 15m

Prah. 12-43

F12-4d.  The beam is subfected to the Joad shown. Diermine
the equation of the elastic curve. EF is constant

a]2-48, The beam is subjected (o the load shown,
Determine the displacement at ¥ = T mand the slope a1 A,
ET is constant.

il kM

3 kM m l
R L L

4m i m ! 3m

Mrolas, 1244045

12-46. Determune the maximum deflection of the sumply
supported beam, £ = 200 GPaand [ = 65.0{ 10") it

kN (5 kN/m

. - 7 B
L5 m——1 5 m—] im

Prol. 12-46

12-47. The wooden beam s subjected to the lad
shown, Determine the cquation of the elastic curve. 1§
E. = 12 GPa, determine the deffection and the slope at
cnd B.

Mroh. 12-47

"12-48, The heam is suljected w the load shown, Determineg
the slopes at A gnd & and the dispiacement &t O Ef is
EETLT

12 kMSm

00 I 1 I O T

Im | Sm {




o[ 2-49,  Dhetermine the equation of the elastic curve of the
simply supported DPeam and then find the maximum
detflection. The beam 15 made of wood having a modulus of
clasticity E = L5(10°} ksi.

alxl
SN0 1% T

LULILGLLL 4

A

! B i i

Prob, 1249

12-8), The beam is swohjected 1o the load showno
Determine the equations of the slope and elasiic curve. EX
i% CcovIslanL

2kM/m

B kM-m

Proh. 12-51)

12-51.  The beam is subjected to the Ioad shown. Determine
the equation of the clastic curve. £7 is constant.

B kM i HikN

15m ! im

Prob. 12-51

e |
, % i i

12,3 DiscoMTNgTy FUNCTIONS a03

*12=82,  The wooden beam s subjected o the load shown,
Determine the équation of the elastic curve. Specilv the
deflection at the end C. F,, = 1.6{10%) ksi.

1 ki Ti L5 Kip

B Tz
s

Bin

Prob. 12-52

12-53. Determing the displacement st Cand the slope at
A of the beam

H kip/lu

B

Prob. 12-33

12-584, The beam i subjected 1o the load shown, Dierermine
the ecquatbon of 1he elastic eurve. BT is constant.

fa ki T
_.-f"‘r'TrTr1 1 L L ]
I A - ¢
|
d i 1511
Froh, 12-54




404 CHapTed 12 DefLecTion oF BEAMS AND SHAFTS

{1l

i —=

ihi

- 4 4 Ny
| A —I I—.-l"r "

f'-‘j' [riag rm

{ch

Fig, 12-20

*12.4 Slope and Displacement by
the Moment-Area Method

The moment-ared method provides a senmgraphical technague for finding
the slope and displacement at specific paints on the elastic curve of a beam
or shaft. Application of the method requires calculating areas associated
with the beam's moment diagram; and so if this diagram consists of smple
shapes, the method s very convenient tis use. Mormally this 15 the case
when the beam is lowded with concentrated forces and couple moments,

T develop the momeni-area method we will make the same assumprions
we used for the method of integration: The beam is initially straight. it is
elastically deformed by the loads. such that the slope and deflection of
the elastic curve are very small, and the deformations are only caused by
bending. The moment-area method i5 based on two theorems, one used
to determine the slope and the other to determine the displacement at a
puint in the elasic curve.

Theorem 1. Consider the simply supported beam with its associated
elastic curve_ shown in Fig, 12-20q. A differential segment dy of the beam
is isolated in Fip. 12-200, Here the beam’s intermal moment M deforms
the element such that the rergenss to the elastic curve at each side of the
element mtersect ot an angle Jf. This angle can be determined from

Ey. 12-10. written as
Fr I {dv
EicL Ef‘—( ") M

e’ dx | dx
Since the slape is small. # = dv/dx. and therefore
M
i = ——d -1
i El X (12-16)

If the moment diagram for the beam is constructed and divided by
the flexural rigidity, EX. Fig. 12-20c, then this equation indicates that &8
is equal to the areg under the “ M/E! diagram™ for the beam segment dy,
Inteprating from a selected point A on the elastic curve to anather pont
B.we have

il
M
r.l /—d; (12-17}
ca o PO Y

This equation forms the basis for the first moment-area theorem,

Theorem 1: The angle between the tangents ar any two potats on
the elastic curve equals the area wnder the M{ET diagram between these
fwir preihis

The notation #g, 4 15 referred 10 as the angle of the tangent at B measured
with respect o the tangent at A. From the proof it should be evident that
this angle is measured conmterclockwine, from tangent A to tangent 8, if
the area under the M/E] diagram is posifive. Conversely, if the area is
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negative, or lHes below the x axis, the angle #y.4 15 measured clockwise
from tangent A to tangent #. Furthermore, from the dimensioms of

Eg. 1217, fly 4 will be i radiarns.

Theorem 2. The second moment-area theorem is based on the
relative deviation of tangents to the elastic curve. Shown in Fig. 12-2la is
a greatly exaggerated view of the vertical deviation dr of the tangents on
cach side of the differential element dx, This deviation s cansed by the
curviature of the element and has been measured along a vertical line
passing through poant A on the elastic curve, Since the slope of the elastic
curve and its deflection are assumed to be very small. it is satsfactory
approximate the length of each tangent line by x and the are ds’ by dr.
Using the circular-arc formula v = #r, where ris the length x and s is d¥,
we can write dr = x d#d. Substituting Eq. 12-16 into this equation and
integrating from A to B, the vertical deviation of the tanzgent at A with
respect to the tangent &t B can then be determined; that is,

H
M
tirm / 'I:Ef.h' (12-18)

Since the centroid of an area is found from T/dA = [xdA, and
_llI (M/ET} dx represents the area under the M/ ET diagram, we can also
wrile

M
bom =% g E‘h (12-19)

Here x s the distance from A to the cenirofd ol the area under the MAE!
diagram between A and B, Fig. 12-216.

The second manment-area theorem can pow be stated in reference to
Fig. 12-21a as follows:

Theorem 2: The vertical distanice between the tangent at a point (A) on
the elastic crerve and the fongent extended from amother poind (B) eqguls
the menment of the area under the M{EI diagram between these two poinis
(A and B). This moment iy coleuatared about the point (A) where the
vertical distiree (14 15 8 he determined,

Note that [ 4.5 is nor equal to 1y, . which is shown in Fig. 12-21c.
Specifically. the moment of the area under the M/ES diagram berween
A and B is calculated about point A to determine £ 4. Fig. 12-210. and it
is calculated about point B to determine 15, 4. Fig. 12-21e.

If the moment of a positive M/ El area between A and B is found for
t 4. It indicates that point A is above the tangent extended from point B,
Fig. 12-21a. Similarly, regative M/ ET areas indicate that pomit A is helow
the tangent extended from paint 8. This same rule applies for sy,

k.
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Procedure for Analysis

The following procedure provides a method that may be wsed o
apply the two moment-area theorems

M/ E! Diagram.

®* Determine the support reactions and draw the beam’s M/EI
diagram. If the beam is loaded with concentrated forces, the M/E]
diagram will consist of a series of straight line segments, and the
areas and their moments required for the moment-area theorems
will be relatively easy (o calculate. I the loading consists of a
series of distributed loads, the M/E] diagram will consist of
parabolic or perhaps ngher-order curves, and it is suggested thax
the table on the inside front cover be used to locate the area and
centroid under each curve,

Elastic Curve.

* Draw an exaggerated view of the beam’s elastic curve. Recall that
points of zero slope and fero displacement always oocur at a fived
support, and zero displacement occurs at all pin and roller supports

® [f it becomes difficult to draw the general shape of the elasne
curve, use the moment (or M/ED diagram. Realize that when the
beam is subjected to a positive moment, the beam bends concave
tipr, whereas negave moment bends the beam concave dinvr.
Furthermore, an inflection point or change in curvature oocurs
whete the moment in the beam (or M/ET) is zero.

* The unknown displacement and slope to be determined should
be mdicated on the curve.

* Since the moment-area theorems apply anly between tvo tangenis,
attention should be given as to which tangents should be
constructed so that the angles or vertical distance between them
will lead to the solution of the problem. In this regard. the rangens
ait the supporty should fre considered, since the beam has zero
displacement and/or xero slope at the supports.

Moment-Area Thearams.

= Apply Theorem 1 to determine the angle between any two
tangents on the elastic curve and Theorem 2 to determine the
vertical distance between the tangents.

® The algebraic sign of the answer can be checked from the angle
ar vertical distance indicated on the elastic carve,

= A posiiive fig, , represents a cownterclockwise rotation of the tangent
at B with respect to the tangent at A, and a pasiiive fy. 4 indicates
that point B on the elastic curve lies above the extended tangent
from point A.






