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EXAMPLE |12.7

Determine the slope of the beam shown in Fig. 12-22a at point #.
Els constant.

rL
{u £ (b
| o —— B Laan A
" Iy
i} Livdn £
Fig. 12-22

SOLUTION

M/El Diagram. See Fig. 12-22b

Elastic Curve. The force P causes the beam to deflect as shown in
Fig 12-22¢. (The elastic curve is concave downward, since M/ET is
negative.} The tangent at B is indicated since we are required to find #.
Alsi, the tangent at the support (A) is shown. This tangent has a known

zero slope. By the construction. the angle between tan A and tan 8, that
5 g0, 05 egquivalent (o Hg. or

g = g

Moment-Area Theorem. Applying Theorem |, #5415 equal to the
area under the M/ ES dingram between pomis A and B; that is,

e 32
B L

2ET
The negaiive sign indicates that the angle measured from the tangent at

A to the tangent at B is elockwise. This checks, since the beam slopes
downward at 1,

Ay

Zhuhai CosMX Battery Co. - EX1021 (Part 3 of 3)
Zhuhai CosMX Battery Co. v. Ningde Amperex Tech. Ltd.
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EXAMPLE | 12.8

Determine the displacement of pmnts & and C of the beam shown in
Fig: 12-23q. ET is constant.

A i {_) il 3
| | |

Fig. 12-23

P
tan O

SOLUTION
M/El Diagram. Sce Fig. 12-23h.

Elastic Curve. The couple moment at C caoses the beam to deflect as
shown in Fig. 12-23¢. The tangents at B and C are indicated since we are
required to find Ay and A~ Also, the tangent at the support {A) s
shown since it s horvizontal The required displacements can now be
related directly 1o the vertical distance berween the tangents at B and A
and C and A. Specifically.

Ap = taig
Ar = Irig

Moment-Area Theorem. Applving Theorem 2. fy, 4 is ¢qual to the
moment of the shaded area under the M/ET diagram between A and B
caleulated about point B (the point on the elastic curve), since this is the
point where the vertical distance is to be delermined. Hence, from
Fig. 12-23h,

! & ik My ('I_” . _M.;.Lz
Ag =ty (4)[( E.’)_;'/]}' RE] Ang,

Likewise, for r- 4 we must determineg the moment of the area under
the entire M/EJ diagram from A to C about point C (the point on the
elastic curve ), We have

7 M ML
A-=1lgia = (EJ[(T;,I)”}:I = ﬁ Ans

MNOTE: Since both answers are negative, they ndicate that points B and
C lie befew the tangent at A. This checks with Fig. 12-23¢.
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EXAMPLE |12.9

Determine the slope at point C of the shaft in Fig. 12-24a. E/ is constant.

! ! i
!' Bl FRT B T_"I
1]
M P
_rul ” f'f_
3 El
¥

tan

N SO T

e tan 13 (horveonial)

Fig. 12-24

SOLUTION
M/El Diagram. Scc g, 12-24h.

Elastic Curve. Since the loading is apphied symmetrically to the beam,
the elastic curve is symmetrie, and the tangent ar [} is honzontal,
Fig. 12-24c. Also the tangent at Cis drawn, since we must find the slope
A By the construction, the anpgle #- between the tangents at tan D
and 15 equal to #-; that is,

e = e

Moment-Area Theorem. Using Theorem 1, #-p I8 equal to the
shiaded area under the M/ ET diagram between pomts D and CWe have

¥ a0 N 1/ PL b B B
S G G

What does the positive result indicate?

3P

SEEE

fie = fp
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n EXAMPLE |12.10

I kM Determine the slope at pomt O for the sleel beam m Fig. 12-25x, Take
E., = 200 GPa, I = 17(10°) mm",
A JE = 8 SOLUTION
: i
L | M/El Diagram. 5ecc Fig. 12-255,
L bl Im—=|  Elastic Curve. The elastic curve is shown in Fig. 12-235¢ The tangent at

- C is shown since we are required to find #-. Tangents at the supports, A

and H, are also constructed as shown. Angle #- 4 is the angle between
the tangents al A and ., The slope at A, #,, in Fig. 12-25¢ can be found
using [#,| = |4 s L 45 This equation s valid since tg, 4 1s actually very
small. s0 that fy 4 in meters can be approximated by the length of a
circular arc defined by a radius of I 4 = 8m and a sweep of #, in
radians. { Recall that 5 = #r.) From the geometry of Fig. 12-25¢, we have

LF T

B

6] = 14| — [Breal = | — |8cal (1

Miote that Example 12.9 could also be solved using this method.

s 4 Moment-Area Theorems. LUsing Theorem 1, 6l 4 15 equivalent to the
£ E area under the M/ET diagram between points A and C: that is,

L "—;///\ $i-m) _ Sk '

|
v = 3@ m) = ]

A C 7 K

Lfl‘" e JmJ Applying Theorem 2. tg4 i5 equivalent to the moment of thc_ ared

under the M/ET diagram between B and A about point & {the point on

the elastic curve), since this is the point where the vertical distance is 1o
be determined, We have

3 1 24 kN -m"
] = Lan K [.E = +Elﬁn1]J[1{EIﬂ}( El .-}:|

2 1, I-lk]”'-"m)
& Sty | ey, iy | o oo Y s
Ui (7- Lm])[:lﬁm]( Ef ]

I KN +m’
el tan A E]

Fig, 12-25 Substituting these results into Eq. 1, we get

A0 kN-m* SkN-m’ E-I'_h:N-m"l

M = =
. (EmyET El ET ¥

We have calculated this result in units of kM and m, so converting £/
imlo these units, we have

I2kN-m’
[200{ 107) KN/’ J[17(107") m?]

e « 000941 rad ] A
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EXAMPLE | 12.11

Determine the displacement ai C for the beam shown in Fig 12-26a.
Elis constant

M
£
A M,
i S it
(r- = H Bl T — 2
A c -1#- T—H—_____h__
; L | A il |y e
| T | T | 1 | El |
{a}) ih

ian A

SOLUTION
M/E| Diagram. See Fig 12-266,

Elastic Curve. The tangent at C is drawn on the elastic curve since we
are required 1o find Aq, Fig. 12-26¢. (Note that C is nat the location of
the maximum deflection of the beam, becanse the loading and hence the
elastic curve are not sypunetric.) Also indicated in Fig. 12-26¢ are the
tangents at the supports A and B. It is seen that A = &' = {05 W15
is determined. then A* can be found from proportional triangles, that is,
A'Y(Li2) = typflor A" = t4/2 Hence,

Tak
.Iﬁ.r = 5, o .rrH {I'

=

Moment-Area Theorem. Applving Theorem 2 o determine £ 5 and
frm. We have

o MJ] _ Myl
Lo LA'”}[:”*( ET } ~ GEI

or- ()] - 3
1 Iv2 2N2/\AET ABET
Substiturmg these resulis moo Eqg. T gives
W .m._r_’) .:H.,L’)
TN AT ABE]

JL"”L._
l&ES

1 Amg

611
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n EXAMPLE [12.12

Determing the displacement at point O for the steel overhanging beam
shown in Fig, 12-27q. Take E, = 29(10%) ksi, I = 125 in".
4 kip M
ET
A
i 12 fi T 12 fi 12 120
5 Kip 115 kip rt I I
(a}
i
El
ik
Fig. 12-27
SOLUTION
M/El Diagram. Scc Fig. 12-27h.
Elastic Curve. The loading causes the beam to deflect as shown in
Fig. 12-27¢, We are required to find A-, By constructing tangents at C
and at the supports A and B.itisseen that A = |i04] — A" However, A’
can be related to t5, 4 by proportional triangles; thatis, A'/24 = |t | /12
or A" = 2ty 4| Henee
Ac = ltcial — 254 (1)
Moment-Area Theorem. Applving Theorem 2 to determine {4 and
Fgia, we have
r - ol Gl kip -t
24 teoa = (1210 3124 na(——"})
% 2 El
i an £ taa . i _ Radil |-I!Ij'_h «ft?
4 ! El
1 1 a0 kip-ft 1440 kip - ft’
N = —12&)—|:n(—)]=_—
{ch . Lt € Tija (3[ ) |:2|' ) El ET
Why are these terms negative? Substituting the results into Eq. | vields
B0 kip-fi' . mump-n-‘) 5760 kip- ft! |
b El El El
Realizing that the calculations were made in units of kip and ft, we have
5760 kip + it 1728 in'/ft") :
Ap = — s e =275in. | Anx
29 10°) kip/in“}{ 125 in")
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. FUNDAMENTAL PROBLEMS

FL1Z-T. Determine the slope and dellection of end A of the
cantilevered beam. E = 200 GPa and T = 65.0{10 "} m".

Bk

)

20 kMN-m

im

Fil-7

Fl1-8. Determine the slope and deflection of end A of the
cantilevered beam. E = 200 GPa and 7 = 126(10°%) m*,

kM
i kM

FIZ-%. Determine the slopeand dellection of end A of the
cantilevered beam. £ = 200 (iPaand £ = 121{10°" m’.

al kM

Fi1I-10. Determing the slope and deflection st A of the
cantilevered beam. E = 29{11F) ksi. F = 24.5 in”.

FIZ-11. Determine the maximum deflection of the simply
supported beam. £ = 200 GPaand [ = 42.8{10°") m".

kN
1o kM im i kN -
fF—————)
| & |
I im im |
Fi2-11

Fi12-12.  Determine the maximum defection of the simply
supporicd beam, £ = 200 GPaand J = 399(10°") m*,

A k™m il kMem
(— .

| fm
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] [Prosiems

12-55. Determing the slope and deflection at & EF s
constant.

i I 15 fi

Proh. 12-55

*12-86. Determine the slope and deflection at . EJ is
consiant.

Frioh. 12-56

o]2-87. Determine the deflection of end H of the
cantilever heam. F is constant,

12-58. Determine the slope at A and the maximum
deflection. £1 s constant,

At kip-H

Il—nn % 120 H-Téi“—

Proh. 12-5R

200 keipe Ty

)

f

12-589. Determine the slope and deflection a1 €. ET is
constant

20 kipefn ik kagrefi

P
(l—nn _1%_ 121 J‘ET;_nn )

Prah, 12-5%

*12-60. 17 the bearings a1 A and B exert only venical
reactions on the shafi, determing the slope a1 A and the
miximum deflecton of the shafl £5 5 constant.

5l P11t b
A i
1'._ Fr _;‘_
I—:I'I ! 40 | !fr—|
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el2-61. Determine the masimam slope and the masimum
deflection of the beam, £ is constanl

Mrob. 12-61

12-62. Determing the deflection and shope ot O ET 68
constanl.,

615

o12-65, Determine the position ¢ of moller support B in
terms of [.oso that the dellection at end O is1he same as the
maximum dellection of regon AN of the overhang beam,
ET s constant,

Froh. 12-65

1266, Derermine the slope o1 A of the simply supported
hesm. £7 15 constant.

Mol 12-62

12-63. Determine the slope at A of the overhang hesm.
E = 200 GPa and f = 455(10") mm".

=*12-64. Determiine the deflecten at C of the overhang
beam, E = 200 GPa and T = 45510 mm".

Probw, 126364

12-67. The beam is subjected o the bad P oas shown,
Determine the megnitude of foree F that must be applicd
at the end of the overhang C so that the deflection at C is
fero, BT is constan

¥
[
'
EL =:- E‘m i C
P Ry —
Proah, 12-67




A16 CHapTEs 12

“12-68. I the beanngs al A and B exert only vertical
reactions on the shaft, determine the slope at A and the
maximum deflection.

DerLECTION OF BEAMS AND SHAFTS

#12-72.  Deetermune the valoe of g sothat the displacement
at O is equal o reri. ET B eonstant.

Prob, 12-68

s12-6%. The beam 5 sulyected to the loading shown,
Dretermine the slope at A and the displacemaent at O Assume
the support at A is & pin and 8 is o roller, E7 is constant

A 1 ¥
d a a | "
Prah. 12-6%

12-T0. The shafl suppors the gear at its end O
Determine the detlection at O and the slopes at the
bearings A and K. Ef is comstant

12-71. The shafi supporis the pear at its end C. Determing
its maximum dellection within region AH. El is constant.
The beannes exerl only vertical reactions on the shafl

;- " g
sl

|
Ye

|d|-._
i

Probs 12-70/71

roh. 12-72

#12-73. The shaf is subjected to the loading showme 11 the
beannes al A and B only exert vertical reactions on the
shafl, derermineg the slope a1 A and the displacement at C
ET is constant,

M M,
£
Al | I"-..‘ I_EJ fri
c
l i | i I

Prol. 12-73

12-74. Determine the slope at A and the maximum
deflection in the beam, £ is constant.

12 kap
24 kipefi
F ¥
A B
.
I—.-. fi | 120 R !

MProh. 12-74
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12-T5. The beam is made of o ceramic material, In order
to obain its modulus of elasticity, it is subjected 1o the
elastic loading shown, Il the moment of mertia is 7 and the
Fream has @ measuied maximum deflection &, deternmne £
The supports at A and I exert only verfical reactions on the
beam.

617

12-T8,  The rod is construsted rom two shafis for which
the moment of inertia of AR is Fand of BC is 27, Determine
the maximum slope and deflection of the rod due 1o the
loading. The modulus of elasticity is £

Prob, 12-75

#]2-76. The baris supporied by a roller constraint at £,
which allows vertical displacement but resists axial load
and moment. 1 the bar is subjected o the loading shown,
delermine the slope at A and the deflection at C. K7 is
constant

Mrob. 12-T6

#12-TT.  The hir is supporied By the roller constraing o C
which allows vertical displacement but resists axial load
and moment, I the bar 8 subjected o 1he loading shown,
determine the slope and displacement at A, EF s constant

P

l i
[
A

o o g
|

| =

i

Prolb, 12-T7

Prob. 12-78

12-79,  Determine the slope at point £ and the deflection
at point € of the simply supported beam. The beem is made
of material having o modulos of elasticity & The moment of
inertna of segments AR and CD of the beam 5.7, while the
moment of inertia of segment BC of the beam is 2

Mroh. 12-T4

*12-B0. Determine the slope a1 point A and the maximum
deflection of the stmply supported beam, The beam 15 made
of material having a modulus of elasticity E, The moment of
inertia of segments AR and CD of the beam is T, while the
murment of inertia of scgment BC is 21
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«12-81. Determing the positon ¢ of moller support B in
terms of Foso that deflection at end O is the same as the
maximum deflection of region AN ol the simply supported
overhang Dbeam. EX is constant,

Priab, 12-81

12-82, The W0 x 15 cantilevered beam = made of A-36
steel and is subjected 1o the loading shown. Determing the
stope and displtacement a1 its end 5.

Fhep/h
b L F oW
—
A |
fifi il |

Mroh. 12-52

12-83. The cantilevered beam is subjected to the [oading
shown. Determine the slope and displacement at O Assume
the support at A s [ixed. EX s constani

P
i
: §
A | H C
[ o i A |

Mrob. 12-33

#12-84.  Dretermine the slope at O and deflection st B, EV
I5 ConsLant,

| * Ty L L

A _—_q.“
I
I a a

Froth. 12-84

o]2-85, Determine the slope a1t & and the displacement
at €, The member is an A-36 steel stroctural 1ee For which
I =768 in’

5 kip
'I":-lr||'|-'ll
¥ ¥ W _!. L L
T i
% C
ER | in l
Mroh. 12-85

12=86. The A-36 steel shaflis used v Support & rotor thi
exerts a uniform load of 5 kN /m within the region O of
the shafl. Deterniine the slope of the shaft at the beanngs
A and B, The bearings exert only vertical regctions on Lhe
ahaft

SkMm

4 BIRRTEE

G :

1]
2l mim i mm 2 mm
10K = AU ) —————= [0 i =

Proh. 12-K6




12.5 Merdon oF SUPEaPOsSITIoN A1

12.5 Method of Superposition

The differential equation Ef d*vidx' = wix) satisfies the two NECEsSary
requirements for applying the principle of superpaosition; ie., the load
wix] s linearly related (o the deflection v x}, and the [oad s assumed
mol o change significantly the original geometry of the beam or shafi. As
a result, the deflections for a senes of separate loadings acting on 4 beam
may be superimposed. For example._ if »| is the deflection for one load
and . i5 the deflection for another load, the total deflection for both
loads acting together is the algebraic sum # + v.. Usimg tabulated
results for varouws beam loadings, such as the ones listed in Appendix C.
or those found i varows engineerimg handbooks. it 8 therefore possible
to find the slope and displacement at a point on a beam subjected o
several different loadings by algebraically adding the effects of its various
component parts.

The following examples illustrate how to use the method of superposition
to solve deflection problems, where the defllection is caused not anly by
beam deformations, but also by rigid-body displacements. such as those
that oceur when the beam is supported by springs.

The resultant deflection at any poinl on this beam can be determined from the

superposition of the deflections caused by each of the 2eparaie Joadings acting
om the eam.
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EXAMPLE | 12.13

Dretermine the displacement at pomt C and the slope at the support A
of the beam shown in Fig 12-28qa. ET is constant.

kM
2 kN fm | i

FERFRERE. _ TERRERER
A F—— 1 s _ 4 IJ_{ - iﬁr

el € | [0

| dm dm I I 4m |
{inl it
Fipg. 12-24 +
A fi
(0.0 =
4m 4m !
SOLUTION

The loading can be separated into two component parts as shown in
Fips 12-28h and 12-28c. The displacement at O and slope al A are
found wsing the table in Appendix C fur each part.

For the distributed loading,

3wl 32EN/m)(Bm)’ 24 kN.-m?

(s 128E7 | 28E ] El ¢
S swit  5(2kN/m)(8m)*' .'-3.3.’-Hirm‘l
e = ZeRET TRRET =y

For the 8-kM concentrated foree,

PL>  BEN{Em)  32kN-m’

i#a)=

6EI _ 16ET _ EI !
e PLY  SEN(Em)'  §533 kN’ |
el T RET ARET El

The displacement at C and the slope at A are the algebraic sums of
these components. Hence,

(4+1] 6o AR At
El
19 kN i’
l:_l] li'r = IfL‘r:I| T [.!:I:_'h = ﬂ‘t r'jl'r.t'

£l
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EXAMPLE |12.14 ﬂ

Determine the displacement at the end C of the overhanging beam HEIEN

. 5 ki fm
shown in Fig. 12-2%. El is constant. l
1 ”J{HHHHH e
SOLUTION | dm f 1n|—|
Since the table in Appendix C does not inelude beams with overhangs. (i
the beam will be separated into a simply supported and a cantilevered I
portion. First we will calculate the slope at B. as caused by the
distributed load acting on the simply suppornted span, Fig 12-2496 il -
a Jm r
@) = wl'  SkN/m(4 m) _ 1333KN-m’ ; EERREERER] T [0
B ogET ~ wET 0 BT () s
i im f—1m
Since this angle is small, (4} = tan(#g);, and the vertical (%)
displacement at point € is +
1333kN-m*| _ 2667 kN-m’ i
e 'm” ) _ 26 *m " "l
(teh = (2 111][ El EJ f 420N
A
o~ T S [
Next, the 10-kN load on the overhang causes a statically eguivalent | 4m f—2m—|
force of 10 kN and couple moment of 20 kN - m at the support B of i<l
the simply supporied span, Fig. 12-2%:. The 10-kN force does not +
cavse a displacement or slope at H; however, the 20-kWN-m couple e

monnent does canse a slope. The slope at B due (o this moment is

ML 20kN-mid4m) 2667kN-m # ‘:lli
(Bp)r = : = o {3 kL
IET 1ET El 2m—

= m

so that the extended point € is displaced Fig. 12-24

%

; 267kN-m”\  5333KkN-m’
[tk = |2n1]( T ) = ]

Finally, the cantilevered portion 8 is displaced by the 10-kN Tarce,
Fig 12294 We have

}

pPL  10kN{Zm)" 2667 kN-m’ |

Weh=rT T 3m El
Summing these results algebraically, we obtain the displacement of
poing
267 533 287  S533kN-m’
R SeeSpeligrayes oy e
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n EXAMPLE [12.15

Dietermine the displacement at the end C of the cantilever beam shown
in Fig. 12-3(}, El is constant.

4 kM m
A 2 dﬂ.“ £
— T
— r'.'.
l fm | 2m !
Fig. 12-31)
SOLUTION

Using the tble m Appendix O for the triangular loading, the slope
and displacement at point K are

wol!  AkN/m{6m)'  36kN-mw’

By

ME] 4E] ET
_ wol! _ AKN/mitm}' 1728kN-m’
8= I0ET NE] El

The unloaded region BC of the beam remains straight, as shown in
Fig. 12-30. Since #5 is small, the displacement at C becomes

(+4) te = vy + 8l Lae)

I728kN-m’ 36 kN-m’

W = R

244 B kN -m’ |
El

Are
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EXAMPLE |12.16

The steel bar shown in Fig. 12-31a is supported by iwo springs at its ends A
and B. Each spring has a stiffness of & = 15 kip/ft and is originally
unstretched, If the bar is loaded with a force of 3 kip at point C, determine
the vertical displacement of the force Meglect the weight of the bar and
take E; = 29(107) ki, 7 = 12in’.

SOLUTION 3 kip
The end reactions at A and B are caleulated and shown in Fig 12-316 311 —} B -
Each spring deflects by an amount AL f |J.H'
k] ey =
ko= 15 kip Mt 2 C k=1Bkpnz:
‘ 2 kip : il i) e
b e e = LT
Yah = 75 kip/i :
1 kip _ ;
L = ———— = {0667 ft 3 hap Crraprnil presstinn
(e 13 krp-"lﬂ [—3fi ! Al |

1 :
fl'qllJ_l % [T 'Hh:u'-'l-
If the bar is considered to be mgid. these displacements canse it to A %‘

move into the position shown in Fig. 12-31h. For this case, the vertical

displacement at Cis 1l Rivid body displicemeni ‘f
2 kip I kip
(b
6t
{(veh = (vah + ﬁlli-‘,-.h — (vanl +
2 i k.l_]l
= 00667 ft + T[0.1333 ft — DGET ft] = 01111 fr l 3 1lr 6 |
- —T. — —l
B e ——
We can find the displacement at C caused by the deformation of the A
bar. Fig. 12-31¢, by using the table in Appendix C. We have Bpfoevaitle bacy chplaoctieht
Lzl
Fig. 12-1]
_ Pab ; : B
“Jr:lz_ﬁEnr.L{L ] i)

Ikip(3frhia fy[(9fi) — (6 fi)’ — (3 fr))
A1 29( 107 Ykip/in]{ 144 in™/1 £f) (12 in (1 £ /20 736 int)(9 fi)
= 00149 ft |

Adding the two displacement components, we get
(+1) te = 00101t + 001496t = 0,126 ft = 1.51 in. | Aits.




A2d CHapTed 12 DefLecTion oF BEAMS AND SHAFTS

. PROBLEMS

12-87. The W12 x 45 simply supported beam is made of
A-36 steel and s subjected to the loeding shown, Determine
The deflection it its center ©

Al kapeli

12 kip

"(ﬁf

Prob, 12-87

"12-88. The W1l x 15 cantilevered beam 15 made of
Ac3b stee] und 15 subjecied o the losding shown. Dietermine
the displacement a1t B and the slope at A

fr ki

(——

4 kip

A

ffi

i i

Proh, 12-8K

12-8%, Determing the stope and deflection at end © of
the sverhang beam. ET is constant.

12-98, Determine the slope at A and the deflection at
point £F ol the overhang beam, Ef = constant

T I

Probs. 12-B900

12-91. Daetermine the slope at B and the deflection
point C of the simply supported beam. £ = 200 GPa and
I = 455010 mm?",

Prob, 12-91

*11-92. Deierming the slope st A snd the deflection
at point C of the simply suppored beam. The modulus of
elasticity of the wood s E = 100 GPa,

3N

RE 1

14kl m

L 4
[ — | [

I—I Sm L5m

im

i
|

Frob. 12-42

#12-93, The W8 x 24 simply supporied heam 5 made
of A-36 sicel end is suhjected o the loading shown.
Drepermine thie deflection at it center O

tkip

M

ity

Prob, 12-93




12-94,  Determine the vertical deflection and slope at the
end A of the hracket. Assume that the bracker is fixed
supporied &t its hase, and neglect the axial deformation of
scement AN, Elis constant,

H

fin

, o

Hkip

Prol. 12-94

12-95, The simply sepporied beam is made of A-36 steel
gnd 15 subjected to the loading shown. Determine the
deflection at its eenter O 7 = (L1457(10 Y m?.

k™
4 kM /'m
Y r L ¥
A E o T ! E
I im 3m |

Prob. 12-95

12.5 Merdon oF SUPEaPOsSITIoN h25

#2=86, Determine the deflection at end E of beam CTAE,
The beams arc made of wood having & modulus of elasticity

of £ = {1l GPa.

Proli. 12-%%

#12-97, The pipe assembly consists of three cqual-seed
pipes with Dexibility stiffness ED and torsional s1iffness CF
etermine the vertical dellection al point A.

Proh. 12-97
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1298, Deetermine the vertical deflection at the end A of
the Pracket, Assume that the bracket is fixed supported s
its base B and neglect axial detflection. £7 15 constant

Prob. 12-94

12-99. Delermine the verticel deflection and slope sl
the end A of the bracker. Assume that the bracker 1= hxed
suprported ut its base, and neglect the axial deformation of
regment AS. Elis constanl,

i b i,

Proh, 12-04

=100, The Mramework consisis of two A-36 stec]
cantilevered beams O and BA and & simply supporied
beam CH. Il cach besm is made of sieel and has @ moment
of inertia about jts principal axis of 7, = 118 in®, determine
the deflection at the center & of beam CH.

Prob. 12- 100

CHapTER 12 DEFLECTION OF BEAMS AND SHAFTS

12=100. The wide-Mange beam ac1s as a cantilever, Do
Wi an error it i instelled at an angle # with the vertical,
Determine the retio of its deflection in the @ divection o ils
deflection in the v direction wt A when o loed P is applicd a
this point. The moments of inertia are T, and .. For the
solution, resolve I* into compenents and use the method of
superposition. Nodes The result indicares that large lateral
deflections (r direction] can occur in narrow  beams,
I, == I, when they are improperly insalled in this
manner. Te show this numcrically, compute the deflections
in the ¥ and v directions for an A-36 steel WD = |5, with
P=15op 8 =10, and L =12 L

Prob. 12-101

12-102, The simply suppored beam carties a uniform
foad of 2 Kip/f, Code restrictions, due to a plastier ceiling,
require the maximum dellection nol to exceed 1,360 of the
span length: Select the hghtest-weiaht A-36 steel wide-
flange beam from Appendix B that will satisfy  this
requircment and safely support the load. The allowahble
Bending S1ress 5 e = 24 ks and the allowable shear
SErEss i85 Topee = 14 ksi. Assume A is a pinand B a roller
EUppOrt

Lilldd

Prob. 12-102
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12.6 Statically Indeterminate Beams
and Shafts

The analvais of statcally mdeterminate axially loaded bars and
torsionally loaded shafts has been discussed in Secs. 44 and 55,
respectively. In this section we will illustrate a general method for
determining the reactions on staticallv indeterminate beams and shafts,
Specifically, a member of any tvpe is classified as stevcally indeteriinase
if the number of unknown reactions exceedys the availlable number of
eduilibrilm equations

The additional support reactions on the beam or shaft that are not
meeded to keep it in stable equilibrium are called redundants. The
number of these redundants is referred to as the degree of mdeterminiey,
For example. consider the beam shown in Fig, 12-32a, If the free-body
diagram is drawn, Fig. 12-32h, there will be four unknown support
reactions, and since three equilibrium equations are available for
solution, the beam is classified as being indeterminate to the first degree.
Either A, B, or M, can be classified as the redundant, for if any one of
these reactions is remaoved, the beam remains stable and in equilibrum
(A, cannot be classified as the redundant. for if it were removed,
=F, = 0 would not be satisfied.) In a similar manner, the cevrtimeons
beam i Fig. 12-33a 15 indeterminate to the second degree. since there
are five unknown reactions and only three available equilibrium
equations, Fig. 12-3356. Here the two redundant support reactions can be
chosen among A, B, C,. and D,

/ b i
> = N 1'
el o il o et .
o o = | 1§

Fig. 12-33

[
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To determine the reactions on a beam (or shaft) that s statically
indeterminate. it is first necessary to specily the redundant reactions, We
can determine these redundants from conditions of geometry known as
compatibility conditiony. Onee determined, the redundants are then
applied to the beam. and the remaining reactions are determined from
the equations of equilibrium.

In the tollowing sections we will illustrate this procedure for solution
using the method of integration, Sec. 12.7; the moment-area method,
Sec. 12.8; and the method of superposition, Sec. 12,49,

12.7 Statically Indeterminate Beams and
Shafts—Method of Integration

The method of miegration, discussed i Sec. 122, requires two
integrations of the differential equation &v/dx’ = M/EI once the
internal moment M in the beam is expressed as a function of position x.
It the beam is statically indeterminate, however, M can also be
pxpressed i terms of the wnknown redundants. After mtegrating this
equation twice, there will be two constants of integration along with the
redundants to be determined. Although this is the case, these unknowns
can always be found from the boundary and/or continuity conditions for
the problem.

The following example problems illustrate specific applications of this
method vsing the procedure for analvsis outlined in Sec. 12.2.

— =

An example of & statically indeterminate
| kel Loy suaprpend i B pe tleck.
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EXAMPLE |12.17 ﬂ

The beam is subjected to the distributed loading shown n

Fig. 12-34a. Determine the reaction at 4. EF is constant.
A I;- _ — i
SOLUTION =

o
Elastic Curve. The beam deflects as shown in Fig. 12-34a. Only | = ; |
one coordinate x is needed. For convenience we will take it , , :
directed to the right. since the internal moment is easy io fah
formulate,
Moment Function. The beam is indeterminate to the first degree as
indicated from the free-body diagram, Fig. 12-34h. We can express the
internal moment M in terms of the redundant force at A using the ot
segment shown in Fig. 12-340. Here 2 aemer B
e
ﬂ'f = .|'I..|I - T :lﬁ H.
ok T =) L —| My

Slope and Elastic Curve. Applying Eq. 12-10, we have A, 7 i

lr:]! L 1“ x T bl

) e e St '|'|_ Sl S T §
dx 2 il i r,—.-.-,,[%j
S e rii:‘
BT e e
L2 L vy
1 1 x E

Efy = th_r:' — g™ + Cix + G5 i icl

The three unknowns A,, C,. and € are determined from the boundary Fig. 13-4

conditions x=0, v=0; x=L, defdx=1; and x=L, v=10
Applyving these conditions vields

x=0,v=1[% l=0—-0+0+C;
Lj—z 0, 0 %A 13 %nuf_ o
=L =1 ﬂ=%a‘1.£—|—;nn.,.f_ + CL + 105
Solving.
A, = ﬁwﬁf Anx
Cp = ﬁuq.v =1

NOTE: LUsing the result for A, the reactions at B can be determined
from the equations of equilibrivm. Fig. 12-346. Show that B, = (1,
'BI Ell-'“Llllli. and JH H |1'|:|L_I_.'r[j.
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n EXAMPLE [12.18

The beam in Fig. 12-354 is fixed supported at both ends and is subjected
tor the uniform loading shown, Determine the reactions al the supports.
Neglect the effect of axial load.

SOLUTION

Elastic Curve. The beam deflects as shown in Fig. 12-35a. As in the
previous problem, only one x coordinate is necessary for the solution
since the loading is continuous across the span.

Moment Function. From the free-body diagram, Fig 12-355, the
respective shear and moment reactions at A and B must be dgual.
since there is symmetry of both loading and geometry. Because of this,
the equation of equilibrium. £F, = (. requires

wil

el e A

il

The beam is indeterminate to the first degree, where M is redundant.

i L'sing the beam segment shown in Fig, 12-35¢, the intermal moment M

v 444444444t p canbeexpressedin terms of M’ as follows;
A in— g e i

E—— i el "

. pE=y—
e | 3
@) Slope and Elastic Curve. Applying Eq. 12-10), we have
, . dv _ WL W 3
=it [ gy  Hp tgtepr =l
q—_li-—_!J ¥ h‘t! I L 5 I
(T| ! | L |T} El— =—=x — —x' = M'x &
M= M} = - 5 | My= M g 4 4
T LTS
fa Eln= ]EI T 1r+C1I+C3
The three unknowns, M7 O and C4, can be determined from the three
boundary conditions ¢ = 0 at x = 0, which vields € = ; di/dx = 0 at
x = (I, which viglds C; = 0;and ¢ = Oat x = L which vields
L] e
L. ¥ i
"-T == M' = L Anx
+ Al 12
M.(T X l? LUsing these results, notice that becavse of symmeiry the remaining
fel boundary condition dv/dx = Oat x = L is automatically satisfied.

NOTE: It should be realized that this method of solution is generally
suitable when only one x coordinate is needed o describe the elastic
curve. If several x coordinates are needed. equations of continuity must
be written, thus complicating the salution process,

Fig. 12-35
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. PROBLEMS

12-103; Determine the reactions al the supports A and &,
then draw the moment diagram. Ef is constant.

Ay

Pro. 12-103

*12-104, Deetermine the value of o flor which the
maximum positive momeat has the same magnitude as the
maximum neaative moment. ET is constant,

==

Frob, 12-104

#12-105, Determine the reactions ut the supports A, B,
gnd 7 then draw the shear and moment diagrams Ef is
EOnsLant,

lJl:"—

Proh. 12-105

12-16, Determine the reactions at the suppons, then
draw the shear and moment disgram. Ef is constanl

Prob. 12-106

12-107, Determine the moment reactions al the supports
A and & ET is constan,

.|..1

. s
i b

Prob, 12-107

*12-108. Determine the reactions at roller support A and
fixed sappon A&,

L] 3 !

Prob. 12-108
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el 2=100,  LTse discontinuity functions amd determing the
ib8 reactions at the suppons, then draw the shear and moment

dragrams, £F 15 constant,

S hap
3 LB 3 |' L] L
A F |
p- =20 - Mh i =

Prob. 12-109

12=110. Deetermmne the reactions at the supports, then
draw the shoar and moment disgrams, BT is constant.

I

-
—

Proh, 12-110

12-111. Dwetermine the reactions &t pin support A and
toller supports 8 and O ET is constant

Prob. 12-111

I 1"‘1'1"*""1

12=112, Determing the moment reactions at  fixed
supporis A and B, ET is conatant.

g

Prob. 12-112

#12-113. The beam has a constant E 7 and is supported
by the fixed wall at B and the rod AC. If the rod hos a
cross-sectiongl arew A- and the materal has a mosdolus of
elasticity Es, determine the force in the red.

Prob. 12-113

12-114. The beam 15 supporied by a pinal A, a roller at &,
and a post having 4 diwmeter of S0mm ar O Determine the
support reactions at A, B, and C. The post end the beam are
made of the same material having 8 modulus of elasticity
E = 20 GPa, and the beam has a constant moment of
inertia T = 755107 mm*

13 kN /m

Prob. 12-114
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*12.8 Statically Indeterminate Beams
and Shafts—Moment-Area Method

If the moment-area method = wsed o determune the onkoown
redundants of a statically indeterminate beam or shaft. then the M/E]
diagram must be drawn such that the redundants are represented as
unknowns on this diagram, Onee the W/EF diagram is established, the
twio moment-area theorems can then be applied e abtaim the proper
relationships between the tangents on the elastic curve in order to meet
the conditions of displacement and/or slope at the supports of the beam.
In all cases the number of these compatibility conditions will be
equivilent to the number of redundants, and so a solution for the
redundants can be obtained.

Moment Diagrams Constructed by the Method of
Superpﬂsitiﬂm Since application of the moment-area theorems
requires caleulation of both the area under the WYET diagram and the
centroidal location of this area. it is often convenient to use separare
MYET diagrams for each of the known loads and redundants rather than
using the reswltand dicgrain W calculare these peomelnic quantities. This
is especially troe if the resultant moment diagram has a complicated
shape. The method for drawing the moment diagram in parts is based on
the principle of superposition,

Muost loadings on cantilevered heams or shafis will be a combination of
the four loadings shown in Fig. 12-34, Construction of the associated
moment diagrams, alse shown in this ligure, has been discussed in the
examples of Chapter 6. Based on these results, we will now show how
to use the method of superposition to represent the resaltant moment
diagram by a series of separate moment diagrams for the cantilevered
beam shown in Fig, 12-3%a, To do this, we will first replace the loads
by a system of statically eguivalent loads For example, the three
cantilevered beams shown in Fig. 12-37q are statically equivalent to the

| I HEWEEEEEEE

Lt
R

Leroslnping line

Ay

Parabnolic curve

(5 — i
& fch

Fig. 12-34

R ey e
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-

Sloging lne

(EY

il

f
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> Cubie eurve
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Superposiiion of lendings

Superposition of momeni dingrams

i {h

Fig. 12-37

resultant beam, since the load at each point on the resultant beam s
egual to the superposition or addition of the loadings on the three
separate beams. Thus, if the moment diagrams for each separate beam
are drawn, Fig. 12-375, the superposition of these diagrams will vield
the moment diagram for the resultant beam, shown at the top, For
example. from each of the separate moment diagrams, the moment at
end A s My =—-BENm — M kN-m — 2kMN-m = —586kN+m, as
verified by the top moment diagram. This example demonstrates that i
I8 sumelimes easier o constrncet a series of separate statically equivalent
moment dingrams for the beam, rather than constructing its more
complicated resultant moment diagram. Obviously, the area and location
af the cenmtroid for each part are easier to establish than those of the
centrond for the resuliant diagram.,
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il
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Supetposation ol loadangs

fhl k)

Fig, 12-38

In a similar manner, we can alse represent the resultant moment
diagram for a simply supporied beam by using a superposition of
moment diagrams for each loading acting on a series of simply supported
beams For example, the beam loading shown at the top of Fig, 12-38q 15
equivalent o the sum of the beam loadings shown below (L
Comsequently, the sum of the moment dingrams for each of (hese three
loadings can be used rather than the resultant moment diagram shown at
the top of Fig. 12-38h.

The examples that follow should also clarvify some of these points and
illustrate how to use the moment-area theorems to obtain the redundant
reactions om statically indeterminate beams and shafis The solutions
follow the procedure for analvsis outlined m Sec. 12 4

7 t{mj
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} timi
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n EXAMPLE |12.19

The beam 15 subjected to the conceatrated foree shown in
Fig. 12-39a. Determine the reactions at the supports Ef is constant

i
ET
[ a4
Ef
| H
A m nr
e ~ET
i : ! 2PL
P
M,
A, |
L B A
At I ! ! |
B,
ik (i
Fig. 12-39
SOLUTION

M/El Diagram. The free-body diagram is shown in Fig 12-39h.
Using the method of superposition, the separate M/ET diagrams for
the redundant reaction B, and the load P are shown in Fig, 12-3%,

Elastic Curwve. The elastic curve for the beam is shown in
Fig 12-394. The tangents at the supporis A and B have been
constructed. Since &y = 0, then

tgia = 1A

Moment-Area Theorem. Applving Theorem 2. we have
2 t'ﬂJ-) LN[—PL ]
a4 = (FLJ[E( £l E‘:I (FF®
2 e
i (EL)[E[ El )“‘}] =4

B, =15P Anx

Equations of Equilibrium. LUlsing this result, the reactions at A on
the free-body diagram, Fig. 12-394, are

=S FF =1 A, =1l Ay
+1EF, = 0; A, +25P — P =0

A, = 5P Ais
[ +EM, =0 —M, + 25P(L)y — P{2L) =1

M,=05PL A
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EXAMPLE |12.20 ﬂ

The beam is subjected to the couple moment at its end C as shown in B [
Fig. 12-40a. Determine the reaction at B, ET is constant. f_ir__-h"l P L
| L i !

SOLUTION ta)
M/El Diagram. The free-body diagram is shown in Fig. 12-406. By =
inspection. the beam is mdeterminate to the first degree. In order to l '
ubtain a direct solution, we will choose B, as the redundant. Using A M,
superposition, the M/ET diagrams for B, and My, each applied to a j i | h)
simply supported beam, are shown in Fig. 12—40c. (Note that for such a I £ ! L
beam A,, A, and O, do not contribute to an M/ET diagram,) Ay s C,

i}
Elastic Curve. The elastic curve for the beam is shown in Fig. 12404, i
The tangents at A, B, amd C have been established. Since w7 Bl

Ay=A4p=A-=10, then the wverpcal distances shown must be
propociional; e \/
L 2l

I
| M,
tae = StAC (1} - —
2 M IET
: LH;HRR o]
From Fig. 12—4i¢, we have ) ]

s [ Eui) ‘2 A1 —M, T
e (_?L/][E(EEI r“} | LIL}[E( T A Gl Ju.T.I_é c
ol Fimis

i — My tandA g
' (E)[( ZEIHJtL}j| i)
biie = r_;.}[%(f;]{zr,}} + (%quq:}[

Substituting into Eq. 1 and simplifying yields

M,y
2L e Fig. 12-40

{e] tnnA

B,

Equations of Equilibrium. The reactions at A and € can now be
determined from the equatioms of equilibrium, Fig. 12—4b, Show that
A, =0C. = 5SMydL and A, = M4l

Wote from Fig. 12480 that this problem can also be worked in terms of
the vertical distances,

i = 5ia
-
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12-115. Dretermine the maoment reactions 4t the supgorts
A and B, then draw the shear and moment disgrams. £V is
consiinl

A ; _j];f_) M,

| L |

Prof. 12-115

#i2-116. The rodl b6 fived a1 A, wnd the connection at B
consists of o roller constraimt which allows  vertical
displacement but resists axaal load and moment, Deiermine
the moment reactions at these supporis. ET is constant,

e AR )

S F i

Frob. 12-114

«12-117. Detcrming the wvalue of & for which the
LR XL LT p::silw: mement has the same magnitude as the
AEXEm U negalive mement, Bl s constant,

Frob. 12-117

] [Prosiems

12-118. Dretermine the reactions at the suppaats, then
draw the shear and moment disgrams. E!is constani.

Proh. 12-118

12-119, Determine the reactions un the supports, then
draw the shear gnd moment diggrams. £f is constanl
Support 8 5 a thrust bearing.

#12-120,  Determing the moment reactions at the suppores
A und 8, EF s constanl

Prohe 12-1200
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12.9 Statically Indeterminate Beams and
Shafts—Method of Superposition

The method of superposition has been used previously to solve for the
redundant loading on axially loaded bars and torsionally loaded

shafts In order o apply this method 1o the soluton of statically " ‘\ & =l

indeterminate beams (or shafts), it is first necessarv to identify the

redundant support reactions as explamed in Sec, 126, By remaoving | J'_I ! -'T |
them from the beam we obtain the so-called prismary beam, which is e Amia e
statically determuinate and stable. and is subjected onmly o the external i)
load. If we add to this beam a succession of similarly supported beams,
each loaded with a separare redundant, then by the principle of I
superposition, we obtain the actual loaded beam. Finally, in order to v
solve for the redundants, we must write the conditons of compaihilive
that exist at the supports where each of the redundants acts. Since the l
redundant forces are determined divectly in this manner, this method 4 gﬂ - lT']'
of analysis is sometimes called the force method. Once the redundants | L | T___“‘“;g
are obtained, the other reactions on the beam can then be determined ) T ' 7 '
from the three equations of equilibrium Redundant I, removed

To clarify these concepts, consider the beam shown in Fig. 12— a. If b
we choose the reaction B, at the roller as the redundant, then the + 4
primary beam is shown in Fig 12416, and the beam with the Ll
redundant B, acting on itis shown i Fig. 12-41e The displacementat = ! - — |J_' ’
the roller is to be zero, and since the displacement of point B on the 4
primary beam is vy, and B, causes point 8 to be displaced upward vj. I h
we can write the compatibility equation at B as Cnly redundant B, upplicd
(1Y 0= —wy+ vy r:
The displacements vy and v can be obtained using any one of the A, ¢
methods discussed in Secs. 12.2 through 125, Here we will obtain “:_EF |
them directly from the table in Appendix C. We have M E | 5 3

spL B,L A T 3 gy
gy = — and My = ——— feh If
48ES IET
Substitutimg mto the compatibility equation, we gel Hip Rkt
spr* B,
¢ 4BET i IET
5
i, T F

Now that B, is known, the reactions at the wall are determined from
the three equations of equilibrium applied to the free-body diagram of
the beam, Fig. 12-41d. The results are

11

="

Ay ={ Ay

3
L6
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—
I
!

|
i

|‘|-|_

Avtual beam

(k) A %__ —
"""'-, sl L | [ ii-"

Redundint ¥, I|.'|I1-:!-'-'l.:l.‘|

+

M,
i .=1W.n=ﬂ:__ i
Ep—— =T
A

Cinly redundant M, apgplecd

Fig. 12-42

As srated in Sec. 126, choice of the redundant is arfbitrary, provided
the primary beam remains stable. For example. the moment at A for the
beam in Fig 12-42a can also be chosen as the redundant. In this case the
capacity of the beam to resist M is removed, and =0 the primary beam is
then pm supported at A, Fig. 12-425 To it we add the beam with the
redundant al A acting on it, Fig. 12—<42c. Referring to the slope at A
caused by the load P as ¢ . and the slope at A cawsed by the redundant
M, as & the compatibilicy equation for the slope at A requires

(F+) =8, + &,

Apam using the table in Appendix O, we have

o ML
] - —_— : SO
ba=1sEr ¢ =35
Thus,
_ P} ML
16E] | 3E]
3
T St |
.h ]ﬁ

This is the same resull determined previously. Here the negative sign for
M, simply means that My scts in the opposite sense of direction of that
shown in Fig. 12-42¢.,
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B R e e <
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Il
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. ¥ & § ¢ o
8] s n i _.a|'l
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Chuly redumadant C apphied

Fig. 12-43

Another example that illustrates this method is given in Fig. 12-43a. In
thiz case the beam is indeterminate to the second degree and therefore
twa compatibility equations will be necessary for the solution. We will
choose the forces at the roller supports B and C as redundanis, The
primary {statically determinate ) beam deforms as shown in Fig. 124358
when the redundants are removed. Each redundant force deforms
this beam as shown in Figs. 12-43¢ and 12-43d, respectively, By
superposition, the compatibility equations for the displacements at B

and " are
':_‘L:' ” = !!“ + !';q =+ 1:1:|Ii.

(12-201)
{+]) 0=y + o + v

Here the displacemeni components vy and »- will be expressed in
terms of the unknown B, and the components @ and - will be
expressed in terms of the unknown C,. When these displacements have
been determined and substituted into BEg. 12-20, these equations may
then be solved simultaneously for the two unknowns B, and C..
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Procedure for Analysis

The following procedure provides a means for applying the method
of superposition (or the force method) to determine the reactions
an statically indeterminate beams or shafts

Elastic Curve.

& Specify the unknown redundant forces or moments that must be
remoyed from the beam in order to make it statically
determinaie and stable.

® lsing the principle of superposition, draw the statically
indeterminate beam and show it egual to a sequence of
corresponding stetically determinate beams.

® The first of these beams, the prmary beam, supports the same
external loads as the statically indeterminate beam, and each of
the other beams “added” to the primary beam shows the beam
loaded with a separate redundant force or moment.

® Sketch the deflection curve for each beam and indicate
symbolically the displacement (slope) at the point of each
redundant force (moment).

Cam pahh” ity Eq uaticns,

®* Write a compatibility eguation for the displacement (slope) at
each point where there is a redundant force {moment).

® Determine all the displacements or slopes using an appropriate
method as explained in Secs. 12.2 through 12.5.

® Rubsritute the results mio the compatibality equations and solve
tor the unknown redundanis.

* If a numerical value for a redundant is posfilve, it has the same
sense of direction as originally assumed. Similarly, a negarive
numerical valoe indicates the redundant acts opposite to its
assumed sense of direction

Equilibrium Equations.

& Once the redundant forces andfor moments have been
determined., the remaiming unknown reactions can be found from
the equations of equilibnium applied 1o the oadings shown on
the beam's free-body diagram.

The tollowing examples illustrate application of this procedure. For
brevity, all displacements and slopes have been found using the table in
Appendix C.
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EXAMPLE |12.21 ﬂ

Determine the reactions at the roller support B of the beam shown
in Fig. 12—4a, then draw the shear and moment diagrams. E7 is
constant.

SOLUTION

Principle of Superpesition. By inspection, the beam is statically
indeterminate to the first degree. The roller support at ¥ will be
chosen as the redundant so that B, will be deternmuned direcily.
Figures 12—44h and 12—44c show application of the principle of
superposition. Here we have assumed that B, acts upward on the
beam

Compatibility Equation. Taking positive displacement as
downward, the compatibility eguation at B is
(+4) 0 =vy— v (1)

These displacements can be obtamed directly from the table in
Appendix C,

_wr'  spp?
YT RET T ABEQ
2 kip/fe(10 £t} S{8kip)(10ft)' 3333 kip-ft’ |
RET 48E7 El
Cpr* B(ofy 3333 H,T
3T 3E] El
Substituiing into Eq. | and solving vields
3333 33338,
~EI El
g, = 10 Kkip Anx

Equilibrium Equations. Using this result and applving the three
equations of eqguilibriom, we obran the resulis shown on the
beam's free-body diagram in Fig. 12444, The shear and moment
diagrams are shown in Fig, 12-44e,
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Kk
&1 5 2 hap T
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| liaf i
Actual beam
Il
K ki
—>5 i ¥ .'.Elr!."ll
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£} l:l * kip /i
U'_H_HH HHHH
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ﬁ v (M)
// 2
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Fig. 12-44
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n EXAMPLE [12.22

The beam in Fig. 12-45a is fixed supported to the wall at A and pin
comnected to a S-in-diameter rod BC. If E = 29(1F) ksi for both
{—'__ members, determine the force developed in the rod due to the

loading. The moment of inertia of the beam about its neutral axis is
I =475mt,
4
8 kip 8 kip
J -+ Fiir
" I_.'
A :JE:-., A = = = = A _—[ .
[ ——— i y T —— _—[ v
511 , ST , ~§
Actual beam snd rod Redundant F gy remaoved Only redundam Fy- applied
(nl (k) fih
Fig. 12-45
SOLUTION |

Principle of Superposition. Bv inspection, this problem s
indeterminate to the first degree. Here B will undergo an unknown
displacement ¢y, since the rod will stretch. The rod will be treated as
the redundant and hence the force of the rod is removed from the
beam at B.Fig. 12-45h, and then reapplied, Fig. 12-45¢,

Compatibility Equation. At point B we require
(+1) = o = oy (1)

The displacements vy and vy are determined from the table n
Appendix C v is calculated from Eg.4-2. Working in kilopounds and
inches, we have

_ Fuc(8 t)(12 in./ft)

oy = PL _ . ’I‘fi : A f — = (01686 F - |
AE (w4 zin. P [29(10%) kipfin?]
sPLY S(B kip)(10 fi) 12 in /60"

g i kI8 T 01045 in. |

48ET  48[29(10°) kipfin'](475 in" )

P F 010 ft712 im. /M)
- s = (LO4181F e
o REY 3290103 kip/in” (475 in') o

Thus, Eg. I becomes
(+4) DO16R6F 5o = 0,1045 — (O4T81F
Far = 178 kip Ans
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T fi -

Actial bearn and mod Redundant Fye removed Only redundant By applicd
{db {e) {r

Fig. 1245 (cont.)

SOLUTION 1|

Principle of Superposition. We can also solve this problem by
removing the pin support at C and keeping the rod attached to the
beam. In this case the B-kip load will cause points B and € to be
displaced downward the sawe amount v, Fig 12-45¢, since no force
exisis in rod BC, When the redundant force Fy- s applied at point C,
it causes the end C of the rod to be displaced upward vp- and the end
B of the beam to be displaced upward vy, Fig 1245 The difference
in these two displacements, ¢y, represents the stretch of the rod due
to Fye. 50 that v = v + v Hence. from Figs. 12-454, 12-45¢ and
12-45f, the compatibility of displacement at point C is

t_l] [l = e — r]:ﬂ{ - T::I{} :2-:'

From Solution [, we have

te = py = (L1045 in. |
e = th = DOLABOF pe |

vy = 004181 F T

Therefore, Eq. 2 becomes

{+1) 0= 01045 — ((LOIAROF g + DOMIB1F )
Fﬂr = T?H ki]] _‘.l““j
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n EXAMPLE [12.23

Determine the moment at B for the beam shown m Fig. 12-46a. ET 18
constant. Neglect the effects of axial load.

SOLUTION

Principle of Superposition. Since the axial load on the beam
is neglected. there will be a vertical force and moment at A and &,
Here there are only two available equations of equilibrium
(ZM =10, XF =1) and so the problem is indeterminate to the second
degree. We will assume that B, and My are redundant, so that by the
principle of superposition, the beam is represented as a cantilever,
loaded separately by the distributed load and reactions B, and M.
Figs. 12—d6ah, 12-46c, and 1246, '

3 kip /it

fn) A - b
L] f i | A i

Actieal benm

3 kip/Ti

by A 'EEEEEEEEEE!!!!
| | | %
i | nn.______. |
gty

Redundioniz ¥ nnd B, remswved

!I
el # g“f@
| 121t | B G

Only redumadant B, apphied

fdy oA

| 12 ft !

Chialy redandant 8, agplsed

Fig. 12-46




129 S1ancally INOeTERMIMATE BEAMS AND SHa8Ts—METHOD OF SUPEAPOSIMION

647

Compatibility Equations. Referring to the displacement and slope
at H, we require

{f+) 0 m 8y + 8y + 85 il

(+4) 0= vy + uf + vy (2)

Ulsing the table m Appendix © o caleulate the slopes and
displacements, we have

wi! _ Ikip/fe (12ft)" 108 kip-ft®

Yo = I8ET ARET Ej
_ twl  T(3kip/fi)i12 )t l]!-l]-:[p*f:‘l

"R T I84E1 IRYEL El

 pr* B12myY 728,

w=aEr T a9kl ET '

. pr* B12ft)y 5768,

SR IE] El

= ML Mgl12ft)  12M,

=B rT  RE 0 E

. MLE Mg(12ft) M, |

"WMET T 38T - Kl

Substituting these values into Egs 1 and 2 and canceling owt the
commaon factor I, we get

(7+) 0= 108 + 728, + 12M,

(+1) 0 = 1134 + 5768, + 72M

Solving these equations simultaneously gives

B

—3.375 kip

i

|Hj’.| = 11.25 kip-l'l Anx
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. FUNDAMENTAL PROBLEMS

Fi2-13. Determme the reactions at the fised support A
and the roller B ETis constant,

A k™

Fi2-14. Determune the reactions at the fived support A
and the roller B ET s constant,

Fi2-14

F12-15. Dwetermine the reactions at the Oxed support
A and the roller & Support 8 seitles 2 mm. £ = 200 GPa,
I = 8500107 m*.

kN fm

Fl2-15

Fl2-16. Deiermine the reaction at the roller 8 ET 8
constiant.

arﬁf
i e '
| i | !
Fil-16

Fl12-17. Determine the resction at the roller 8. Ef s
comstant.

kM
Y
“@C
| :H |
- 4m =2 m—t frm |
Fi2-17

Fl2-18. Determine the reaction gt the roller support 8 i
it setiles S mm. £ = 200 GPa and § = 65.0(007") m"

kN /m

|

fim | fim |
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“rropiews

#12-121. Determine the reactions at the bearing supports
A, R, and C of the shaft, then draw the shear snd moment
diagrams £ |5 constant. Each hearing exerts only vertical
reactions on the shalt.

J_

L_.m

]m—-|
4|u::h 4I!i'h

Proh. 12-121

12-122. Determine the reactions at Uhe supports A and B
ET i eonstant,

[
I X
——
A Ty - T
f | L
- | \

Proh. 12-122

12-123, Determine the reactions at the suppons A, B, and
C, then draw the shear and moment diagrams El'is constant,

12 ki
4 3 kip /11

Proh. 12-122

*12-124. The assembly consists of @ stecl and an aluminum
bier, cach of which is T in, thick, fixed at its ends A and . and
pin connectad to the sgud short link T 10 a horidontal
force of B0 (b is applied to the link &5 shown, determine
the moments oreated 81 4 and B E, = 2910 ksi,
Ey = 10{107) ksi.

s |l
C
1im—| |—
Steel=]
. ﬁ'r W in
(5 m—| — 1 —=Aduminum
A yi ]

Frob. 12-124

o12-125. Delermine the reactions at the supports A, B,
and C, then draw the shear and moment diagrams E7 15
comstant,

1 k™ 1 k%
AE -EF
|-—.1 1 Im I 1m Im !

Prob. 12-125

12-126. Determine the reactions at the supports A and B
El is eonslant,

Prob. 12-126
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12-127. Deternune the reactions at support O ET i3
constani for hoth heams.

]

:Jn

Prob. 12-127

#*]2-128. The compound besm segments meel in Lhe
center using a smooth contact (rolleed, Determine Che

rcactions al the fixed supports A and B when the load I is
gpphed. £1 15 constant,

-

| I , L

Frob. 12-128

sl 2=129, The beam has a constant EFpoand 5 supporied
by the lixed wall at B and the rod AC T the rod has & eross-
scctional ares A; and the material has 1 modulus of
clasticity B determine the force in the rod,

1]

I a I

Prote. 12-12%

DerLECTION OF BEAMS AND SHAFTS

12=130. Determme the reactions at A and B, Assume the

support at A only exens a moment on the heam. EJ s
conslant.

[
Y
A - =
L I
I 3 2
Proh. 12-130
12-131.

The beam & supporied by the bolted suppors al s
ends, When loaded these suppors do not prowvide an sctual
fixed connection, but instead allow a shight retation o before
Becoming lxed Determine the moment st the connections
and the maximum deflection of the heam

Frob. 12-131

#]2-132. The Deam iz supported by o pin at A, o Spring
having a stiffness & at B, and a roller at C. Determine the
force the spring exerts on the besm., EF i constant,

Prob. 12-132
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o12=-133, The beum % made ffom o soft lncar elastic
material having a constant FTT0 it is oniginally a distance 4
from the surfece of its end support, detcrmine the distance a
it which it rests on this support when it is subjected 1o the
uniform load wy,, which is great enough to cause this to
happen

LU

s |
-i—l
i
|
)
]

o
I

R

Prob, 12-133

12-134.  Belore the wuniform distributed Toad js applicd on
the beam: there is 4 small gap of (1.2 mm between the beam
il the post al B Determine the support reactions ot A, &,
and . The post st B has a diameter of 40 mm, and the
moment of inertia of the beam s £ = 873(10%) mm*. The
prost @ndd the beam are mede of material having a modulus
ol |:'|I'I.5I:i:.'i.|.!.' of £ = 200 CGPa.

} 1 || iUl mm
1 rI!|I

P bm— —'l'—

B S |

Prob. 12-134

12-135. The lein-dizmeter A-36 steel shall s supported
by unyielding hearings st A and C, The bearing at B rests
on & simply supported steel wide-flange beam having a
moment of nertie of 7= 500 in", I the belt loads pn the
pulley are 4 1 cach, determine the vertical reactions at
A R and C.

Prob. 12-135

12-13& I the wemperature of the 75-mm-diameter post
CD s inereased by 607°C, determing the foree developed in
the post. The post and the beam are made of A-36 steel, and
the moment of inertia of the beam is £ = 253(107) mm®,

| 3m | Jm

il

Prol, 12-136
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n . CHAPTER REVIEW

Thiz elustic curve represents the centerline
deflection of a beam or shalt, Tis shape can A
be determined wsing the moment disgram.

Pr=itive moments cause the slastic curve 1o M i
|. Sig ki K AT ¥ . ¥
be concave upwards and negative moments w Moment disgram

cause it to be concive downwards, The rsdiog
of curvature at any point is detormined from

1 M

— e

p EfI

Inlleeiinn potni
Elsalic cairve

The equation ol the elastic curve and its
glope can be obtained by first finding the
intermal moment in the member as a ) i
functivn of x, If several loadings act on the e

member, then separale moment Tunctions i Se—
must he determined between each of
the loadings. Integrating these [unctions
once using EHd"u/dx’) = M(x) pives the
equation for the slope of the elastic curve,
and inteprating sgain gives the equation
for the dellection, The constams of
integration  are determined from  the
boundery conditions at the supports, or in
cascs where several moment [unctions
are davolved, continuity of slope and Fr e
deflection gt points where Lhese [unclions '
join must be satisfied

Roundary conditions

N _ELS
Ll L

Continaty condiam

Discontinuity  functions allow one o
express the equation of the elastic curve s
a continuous function, regardless of the
number of loadings on the member, This
method  elimmates the need 1o use
continuity  comditions;  since  the  iwo
constants of integration can be determined
solely from the two boundary conditions




CHARTER Revew

The moment-orea method B a  semi-
graphical technigue for finding the slope of
tangents or Lhe vertical distance between
tangents al specific poinls on the claste
curve It requires finding ares scgments
under the M/EF diagram, or the moment of
these sepments about points on the elastic
curve. The mothod works well for W/ET
diaprams composced of simple shapes such
a8 those produced by concentrated forces
and couple moments,

M
Ef iz = Arca
e
_f:d:zﬁrf'- ; 4
A i
tan Tam  tanA |
El fes ™ XL ATEA)
/A A &
T A ! I_'t _Iﬂ

The deflection or slope &l a point on &
miember  subjected 1o combinations  of
loadings can be determined using the
method of superposition. The table in
Appendix C is available for this purpose,

Statically indeterminate beams and shafis
have more unknown support reactions than
available equations of equilibrium, To solve,
o Tiret identifies the redundant reactions.
The method of integration or the momeni-
wrea theorems can then be usad te solve for
the unkpown redundants Tt is alko possihle
to determing  the redundants by using
the method of superposition, where one
considers the conditions of cantinuity at the
redundant. Here the displacement due to
the external loading is determined with the
fedundant removed, and again with the
redundant applicd and the extemal foading
removed. The tables in Appendix C can
be used o determineg  (hese  pecessary
displacemenis
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o12-137. The shaft supports the two pulley loads shown,
Using discontinuity [unctions, deiermine the equation of
the elastic curve. The bearings al A and & exert only vertical
meactions on the shaft, EN s constan

12 1'|1.—|—I3 in— 36 i, ,

T I
(5100 [5]

Prob. 12-137

12-138. The shait is supported by g joumal bearing gt A,
which exerts only vertical reactions on the shaft, and by a
thrust bearing a1 &, which exens both horizontal and
vertical reactions on the shall. Diraw the bending-moment
dipgram for the shaft and then, from this diagram, sketch
the deflection or elastic curve for the shaft’s centerline,
Determing the equations of the elastic curve using the
cotrdinites vy and vy B constant

Hil s

=

12-139. The W& * 24 simply supporicd beam is subjected
io the loading shown. Using the method of superposition,
determine the deflection at s cener O The beam is made
ol A-36 steel

|

12 . i 12 I {

Prob, 12-138

b kip /i

l 5 kigeli

Frob. 12-139

n | |REVIEW PROBLEMS

12=140,  Using the moment-orea method, determine the
slope and deflection at end O of the shaft. The 75-mm-
dismeter shaft 1= mede of material having £ = 20 GPa,

15 kM

Frote. 12-14{)

«12-141. Determine the neactions gt the supports EF is
constant. Use the method of superposition

"

PREITNEEREETRE

| | | |
| 4 | ! | i |

i

Proh. 12-141

12-142. Determine the moment resctions at the U pports
A and B, Use the method of imtegration. £J 15 constanL

A f

'rob. 12-142




12-143. [IF the cantilever beam hos a constant thickness 1,
detarmine the deflection at emd A, The besm is made of
material having a modolus of elasticiy £

eol. 12143

“12=144, Beam ABC & supporied by beam OBRE and
fimed at O Derermine the reactions at B and ¢ The beams
gre made of the same material baving & modulos of
elissticity £ = 200G Pa, amd the moment of inectia of both
eamsis T = 25.0010°) mm

YN m

Im Fm |

Section a—a

Prob, 12-144

Review ProBiEMS 455

o]2-145. Using the method of superposition, determine
the deflection at © of beam AH. The heams are made of
wood having & modulus of elasticity of £ = 1L.5(107) ksi.

Tl T Y

— 4 fi—=f— 4 f§—=
bl Bl |

2in

1
"
Recliod o —o

Prob. 12145

12-148. The rim on the (vwheel bas o thickness §, width b,
end specific weight 3. Il the flywheel is rolating ai &
constant rate ol w, determine the maximum momenl
developed n the rim, Assume that the spokes do po
deform. Hine Doe o symmetry of the loading, the slope of
the rim gt cach spoke s zero, Consider the radius (o be
sulMiciently lurge so that the segment AR can be considered
a5 a straight heam [ixed at hoth ends and foaded with a
uniform centrifugal force per unit length, Show thet this
foree s w = biyw'r/s

Proh. 12-146




The eolumns used To support thes water tank are braced at their mid-height in arder
to reduce their chance of buckling.



Buckling of Columns

CHAPTER OBJECTIVES

In this chapter, we will discuss the behavior of columns and indicate
some of the methods used for their design. The chapter begins with a
general discussion of buckling, followed by & determination of the
axial load needed to buckle a so-called ideal column. Afterwards, a
more realistic analysis is considered, which accounts for any bending
of the column. Also, inelastic buckling of a column is presented as a
special topic. At the end of the chapter we will discuss some of the
methods used to design both concentrically and eccentrically loaded
columns made of common engineering materals,

13.1 Critical Load

Whenever 8 member 15 designed, it 15 necessary that it satisly specific
strength. deflection. and stability reguirements. In the preceding
chapters we have discussed some of the methods vsed to determime a
member’s strength and deflection, while assuming that the member was
alwavs in stable equilibrium, Some members, however, may be subjected
tir compressive loadings, and if these members are long and slender the
loading may be large enough to cause the member to deflect laterally or
sidesway. To be specific, long slender members subjected 1o an axial
compressive force are called coftmay, and the lateral deflection thar
oecurs is called buckling. Quite often the buckling of a column can lead
to a sudden and dramatic failure of a structure or mechanism, and as a
result, special attention must be given to the design of columns so that
they can safely support their miended loadings without buckling

&57
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| |

P P>y
E1] {lah

Fig. 13-1

The maximum axial load that a column can support when it 15 on the
verge uf bockling is called the ericical foad, P, Fig 13-la. Any
additional loading will canse the column to buckle and therefore deflect
laterally as shown in Fig, 13-10. In order to better understand the nature
of this instability, consider a two-bar mechanism consisting of weightless
bars that are ngid and pin connected as shown in Fig. 13-20. When the
bars are in the vertical position, the spring, having a stiffness &, is
unstretched. and a small vertical force P is applied at the top of one of
the bars. We can upset this equilibrivm position by displacing the pin at
A by a small amount A, Fig. 13-25, As shown on the free-body diagram
of the pin when the bars are displaced. Fig. 13-2¢. the spring will produce
a restoring force F = &A, while the applied load P develops two
horieontal components, P, = P tan &, which tend to push the pin (and
the bars) further ouwt of equilibrivm. Since # s small, 4 = #L/2) and
tian if = #. Thus the restoring spring force becomes F = g8L/2 and the
dismirhing force is 2P, = 2P8.

If the restoring force is greater than the disturbing force. that is
kA2 = 2PH then, noticing that # cancels out, we can solve for P, which
mives

KL
P < stable equilibrium

This is a condition for stable equilibrinm since the force developed by the
spring would be adequate to restore the bars back to their vertical
position. However, if £LA/2 = 2P, or

L
P> 5 unstable equilibrium

then the mechanism would be in estafile gealifrie, In other words if this
load P is applied, and a slight displacement oceurs at A, the mechanism will
tend to move out of equilibrium and not be restored to its original position.
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g

Plan b

- -

L ol L
, _.i 4 i
Fiun &
{a] (ki e
Fig. 13-2

The intermediate value of P, which requires EL#/2 = 2P, is the
critfcald Tenrd. Here

kL
' 5 neutral equilibrium

This loading represents a case of the mechanism being in wentral
equilibeim, Since Poois independent of the (small) displacement # of the
hars, any slight disturbance given to the mechanism will not cause it to
move further out of equilibrium, nor will it be restored to s origmal
position. Instead, the bars will resmain in the deflected position.

These three different states of equilibrium are represented graphically
in Fig, 13-3, The transition point where the load is equal to the eritical
value P = P, iscalled the hifircanion paine, At this point the mechanism P
will be m equilibrium for any small value of #, measured either to the

right or e the left of the vertical. Physically, P, vepresents the load for Utsstasbie E

which the mechanism is on the verge of buckling. It s quite reasonable to equilibrum | |

determine this value by assuming small displacements as done here, T Bilurcution point

however, it should be understood that P, may mor be the largest value of P L oS

P that the mechanism can support, Indeed. if a larger load is placed on equilibrium

the bars, then the mechanism may have to underzo a further deflection

belfore the sproing is compressed or elongated enough to hold the Skl it

mechanism m equilibrinm. eequifibrrim ™=
Like the two-bar mechanism just discussed, the critical buckling loads

on columns supported in vanous wavs can be obtained. and the method

psed to do this will be explaimed in the next section. Althongh in

engineering design the critical load may be considered to be the largest 7 8

load the column can support, Tealige that, like the two-har mechanism
in the deflected or buckled position, a column may actually support an Fig. 13-1
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Some skender pin-connected members wsod
tm moving mischimery, such af this short Iink,
are subjected to eompressive loads ond thies
met s cofnmins

evien greater load than P, Unfortunately, however, this loading may
require the column 1o undergo a forge deflection, which is generally not
tolerated in engineering structures or machines. For example, it may take
only a few newtons of foree to buckle a meterstick. but the additional
load it may support can be applied only after the stick undergoes a
relativelv large lateral deflection.

13.2 Ideal Column with Pin Supports

In this section we will determine the crtical buckhng load for a column
that & pin supported as shown in Fig. 13—a The column 1o be considered
is an ideal colwma. meaning one that is perfectly straight before loading,
is made of homogeneous material, and upon which the load is applied
through the centroid of the cross sectiom. It is further assumed that the
material behaves in a hnear-elastic manner and that the column buckles
or bends m a single plane. In reality, the comdinons of column straighiness
and load application are never accomplished; however, the analvsis to be
performed on an “ideal column™ 15 similar to that used to analyvEe mitially
crooked columns or those having an eccentric load application. These
miore realistic cases will be discussed later in this chapter.

Since an ideal column is straighe, theoretically the axial load P could
he increased until failure occurs by either [racture or vielding of the
matenal, However, when the crtical load P is reached, the column will
be an the verge of becoming unstable. so that a small fateral force F,
Fig 13-4b. will cause the column to remain in the deflected position
when F is removed, Fig. 13~4c. Anv slight reduction in the axial load P
from Po will allow the column to straighten out, and any slight increase
in P, hevond P, will cavse further increases in lateral deflection.

P,

K] i

{1l (b} ici

Fig. 13-4
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Whether or not a column will remain stable or become unstable when
subjected to an axial load will depend on its ability to restore itsell, which
i5 based on its resistance (o bending. Hence, m order 1o determine the
(13-1) |
Y
1 L
——‘I--‘f M

critical load and the buckled shape of the column, we will apply Eq. 12-110.
which relates the internal moment in the column to its deflected shape, Le.,

6
Recall that this equation assumes that the slope of the elastic curve is
small and that deflections oceur only by bendime. When the column is in
its deflected position, Fig. 13-5a, the mternal bending moment can be
determined by using the method of sections. The free-body diagram of a
i ¥

d o .y
|

El—

segment in the deflected position is shown in Fig, 13-56 Here both the
F1]
Fig. 13-§

deflection v and the internal moment M are shown in the positive
direction according to the sign convention used to establish Eq. 13-1,
Moment equilibriom requires M = — FPv. Thus Eq. 13-1 becomes
dv
El—=—FPv
dx
(13-1)

d o A
4 (— p=1
dax El

This is a homogeneous. second-order, limear differential equation with
constant  cocfficients, It can be shown by using the methods of

differential equations, or by direct substitwtion into Ee. 13-2, that the
—m i
(13-3)

general solution is
o P
o= 3[n(1'|llﬁ_t) + {75 "'""'!‘(‘uHIIIEI)

The two constants of integration are determined from the boundary
conditiens at the ends of the column. Since v = atx = (0, then Cy =),

And sinee v = {lat x = L, then
C, sjn(:\qfll—il] i

This equation is satisfied if C; = {k;, however, then v = (1, which 15 a
triviad solution that reguires the column (o always remain straight, even
though the load may cause the column tw become unstable. The other

possibility is for
St
. i
sm(.ﬁlll'ﬁf_} =
which s satishied of
\JIEL = nw
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p="";_':E; =123 . (1343

The ssallest vadue of P is obtained when i = 1, so the eritica! foad Tor
the column s therefore®

] - wEl
il .:_' Pu o Lj
T
T This load is sometimes referred to as the Ewuler lodad, named after the

P=4p, Swiss mathematician Leonhard Euler, who originally solved this problem
m 1757, The corresponding buckled shape is defined by the equation

(e} n=2
X

p={sin—

Fig, 13=5 (coni.) L

Here the constant C; represents the maximum deflection. vy, . which
oecurs at the midpoint of the column, Fig. 13-5¢. Specific values for C
cannot be obtained, since the exact deflected form for the column is
unknown once it has buckled. Tt has been assumed. however, that this
deflection is small,

Mote that the critical load is independent of the strength of the
material: rather it only depends on the column’s dimensions {/ and L)
and the material’s stifiness or modulus of elasticity E. For this reason. as
far as elastic buckling is concerned, columns made, for example, of high-
strength sleel offer no advantage over those made of lowerstrength
steel, since the modulus of elasticity for both s approsimately the same,
Also note that the load-carrving capacity of a column will increase as the
moment of inertia of the cross section increases Thus, efficient columns
are designed so that most of the column’s cross-sectional area is located
as far away as possible from the principal centroidal axes for the section,
This is why hollow sections such as tubes are more economical than solid
sections. Furthermore, wide-flange sections, and columns that are “built
up” from channels, angles, plates, etc., are better than sectioms that are
solid and rectangular,

o reprreeenis the number of waves in the deflected shape of the column, For example.
i = 2, then dwo wives will nppear, l-'q_g_ 135, Here the critical |ond is 4 Py Just prioT to
buckling. which practically apeaking will aol exisi.
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It 15 also important to realize that a column will buckle about the
principal a%is of the cross seclion having the least moment of inertia (the
wealtest axis ). For example, a column having a rectangular eross section,
like a meter stick. as shown in Fig, [3-6, will bockle about the o axis,
not the b-0 axis. As a result. engineers usually try to achieve a balance,
keeping the moments of inertia the same in all directions. Geometrically,
then, circular tubes would make excellent columns Also, square tubes or
those shapes having 7, = [ are often selected for columns

Summarizing the above discussion, the buckling equation for a
pin-supported long slender column can be rewritten. and the Lerms
defined as Tollows:

g (13-3)

where
FPoo= eritical or maximum axial load on the colomn just before it

begins to buckle, This load must rof cause the stress in the
column to exceed the proportional limit

E = modulus of elasticity for the material
I
il
For purposes of design, the above equation can also be wrilten m a

more useful form by expressing [ = Ar’, where A is the cross-sectional
arca and ris the radivs of gyration of the cross-sectional area. Thos,

feawt moment of mertia for the column's cross-sectumal area

unsupported length of the column, whose ends are pinned

) m E(Ar)
u§ L:
(i] __TE_
Ala (LiFY
wr
il (13-6)
(L)
Here

if = critical stress, which is an average normal stress in the column
Just before the column buckles. This stress is an efasmc siress
and therefore o, = oy

FH
Il

madulus of elasticioy for the material
L= unsupported length of the column, whose ends are pinned

seeaeflewy vadins of gvration of the column. determined from
Foe WAL, where s the feast moment of inertia of the
column s cross-sectional area A

The geometric ratio L{r in Eq. 13- is known as the slenderness ratio. It
is 8 measure of the column’s flexibility, and as will be discussed later, it
serves to classifv columns as long, intermediate, or short

=T,

WAYETS @R

Typical interior steel pipe columns used Lo
support the el ol @ single slory huihllng.
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It is possible to graph Eq. 136 using axes that represent the critical
stress versus Lhe slenderness ratio. Examples of this graph lor
columns made of a typical structural steel and aluminum alloy are
shown in Fig. 13-7. Note that the curves are hvperbolic and are valid
only for critical stresses below the material’s vield point (proportional
limit), since the material must behave elastically. For the steel the vield
stress {5 (ory )y = I ksi [E, = 20(10%) ksi], and for the aluminum it is
(ot = 2T ksl |[Ey = 1107 ksi|. Substituting o, = oy into Eg. 13-6,
the sruelfest allowable slendemess ratios (or the steel and alumimum
columans are therefore (Lfr), = 89 and (L/r),; = 6l.5, respectively.
Thus, for a steel columm, if (L], = 89, Euler’s formula can be used o
determine the critical load since the stress in the column remains elastic,

e £107) kesi On the other hand, if (L/r), < BY, the column’s stress will exceed the
vield point before buckling can occur, and therefore the Euler formula is
rat valid 1 this case

[= |
L]
1 i
L Sluctural
sleel
= (ery = 38 ksi)
Aluminuim
alloy
5 {iry = 27 ksi)
i i ] _—_I L
5l | CHi 151 JiHi F
s F ]
Fig. 13-7

Important Points

® Columns are long slender members that are subjected to axial
compressive loads

® The crifical load is the maximum axial load that a column can
support when it is on the verge of bucklimg This loading
represents a case of pentral equilibrinm.

* An fdeal column is initally perfectly straight, made of

homogeneows material. and the load 15 applied through the
centrond of the cross section.

= A pin-connected column will buckle about the principal axis of
the cross section having the least moment of inertia.

®* The sfenderness mafio is Lfr, where ris the smallest radius of
gvration of the cross section, Bucklimg will pccur about the ans
where this ratio gives the greatest value
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EXAAMPLE |13

The A-36 steel WE X 3] member shown in Fig. 13-8 s to be wsed as a
pin-connected column. Determine the largest axial load it can support
before it either begins to buckle or the steel yields.

Fip. 13-8

S50OLUTION

From the table in Appendix B, the column’s cross-sectional area anid
moments of inertia are A = 9.13in", I, = 110in*. and 7, = 37.1 in",
By inspection, buckling will occur about the y-y axis. Why? Applying
Eq. 13-5,we have

% wEl o [29(10%) kip/in®](37.1 in')
; : [12 £ 12 in /)]

- 512 ki
i IE P

When fully loaded. the average compressive stress in the column is

P 512k
LiTge '“F: — 56.1 ksi
A ol

Tg =
Since this stress exceeds the vield stress (36 ksi), the load P is
determined from simple compression:

¥

36 ksl = %; P = 329 kip Anx
213 im

In actual practice, a factor of safety would be placed on this loading,
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The tabular eolumns vsed fo sappsat (s
water innk have been braced at three
fncatinmng ;lln:-ng their Iung]h fy prevent them
froom buckling.

CHapTER 13 BUCKLING ©F COLUMNS

13.3 Columns Having Various Types
of Supports

The Euler load was derived for a column that 15 pin connected or free to
rotate atits ends Oftentimes, however, columns may be supported in some
other way. For example, consider the case of a column fixed a1 s base and
free at the top. Fig 139 As the column buckles the load displaces 6
and at x the displacement 15 v From the free-body diagram m Fg. 13-,
the intemal moment at the arbitrary section s M = P8 — »).
Consequently. the differential equation for the deflection curve is

i

of gonils S 1 SR

e

d v P P

e g 13-7
2 B El V)

Unlike Eq. 13-2, this eguation is nonhomogeneons becanse of the
nonzere term on the rght side. The solution consists of both a
complementary and a particular solution. namely,

P A P\
=L ﬁi.l'l(\flﬁ.t} + l.':'-d:l:ls.(.,llllllﬁx} + 4

The constants are determined from the boundary conditions. At x = (),

v = 0, 50 that C= = —&. Alsn,

rjl'_t__ 'Il?q T ) EJTH( I|'T !
F N ""-JE.FL“'[ 7 A NETY E!IJ

Ab x o= (), dofdx = 0,50 that €, = (L. The deflection curve is therefore

e )

Since the deflection at the top of the column is &, that is, at x = L,
v = 8, we require

(13-8)

i L!H.li( ‘].II%.F J =}

The trivial solution & = 0 indicates that no buckling occurs, regardless of

the load P. Instead,

P A P
L-.h(J%IJ:I =1 or 1I|II|'ﬁ!' =%_ W= 15
The smallest eritical load oceurs when s = |, 5o that
m El
Po=— 13-4
o Ve [ I

By comparison with Eg. 13-5.10t 18 seen that a column fixed-supported at
its base and free at its top will support only ome-fourth the eritical load
that can be applied to a column pin-supported at both ends
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Other types of supported columns are analyzed in much the same way I*
and will not be covered in detatl here® Instead, we will tabulate the l
results for the most common tvpes of column support and show how 1o .
apply these results by writing Eoler’s formula in a general form.

Effective Length. As stated previously, the Euler formula, Eqg. 13-5,
was developed Tor the case of a column having ends that are pinned or
free to motate, In other words, L o the equation represents the P
unsupported distance between the points of zero moment. This formula l

4

—

can be used 1o determine the critical load on columns having other types
of support provided “L” represents the distance between the zero-

moment points. This distance 15 called the column’s effecrive lengeh, [, L.=1
Obviously, for a pin-ended column L, = L, Fig. [ 3-10a, For the fixed- and .
frec-ended column, the deflection curve, B, 138, was Tound 1o be one- 1 lli
half that of a colitmn that is pin connected and has a lemgth of 2L, i 11 |
Fig 13-106. Thus the effective length between the points of 2ero moment I
is L, = 2L, Examples for two other columns with different end supports
are alzo shown in Fig. 13-10, The column fixed at its ends, Fig, 13-10¢, has J"f
intlection points or points of zero moment L/4 from each support, The __4-&
effective length is therelore represented by the middle half of its length, : s}
is — (1.5 ; - 1 s . - Tk
that .h_.r.,. FJJL. T__E!ul|!.-- the pity and fixed :ndn:d._ L‘I.!I.!.'Il'l‘ll':l. Fig. 1310 Pinned e v and fres nds
has an inflection point at approXimately (070 from its pinned end, so that EI =3
1, = 07L. = =y
Rather than specifving the column’s effective length, many design
codes provide column formulas that employ a dimensionless coefficient
K called the effective-length factor, This factor is defined from " P
L,= KL (13-10) l, l
Specific values of K are also given in Fig. 13-10. Based on this generality, | ® Fg
we can therefore wreite Euler’s formula as 'l‘ !
R \
7 i " L= .71
o Tr:Ell-u (1311} ! Iﬂq L= 51 ) N
(KLY | -
L g |
r .‘( = H
=TT 7 E 31 e ——
® (KLY L S Pinned and fixed ends
{zh ([l

Here (K L/r) is the column’s effective-slenderness ratio. For example. if
the column is fixed atits base and free at its end, we have K = 2, and Fig. 1210
therefore Eg. 13-11 gives the same result as Eq. 13-4,

"Ree Problems 1343, 1344, and 1345,
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EXAMPLE [13.2

= =
T=T n¥is FIII.I.‘.HI[&F
{hi

T

s400

v—5 axis buckling
icl

Fig. 13-11

A W6 = 15 steel column is 24 fit long and is fixed at its ends as shown
im Fig. 13-11a. lis load-carrying capacity is increased by bracing it
about the y—y (weak) axis using struts that are assumed to be pin
connected to its midheight. Determine the load it can support so that
the column does not buckle nor the material exceed the vield stress
Take E, = 29(10") ksi and oy = 60 ksi_

SOLUTION
The buckling behavior of the column will be different about the x—x and
1—v axes due to the bracing. The buckled shape for each ol these cases is
shown in Figs 13-110 and 13-11c. From Fig. 13-1 1. the effective length
for buckling about the r—raxisis ( KL}, = 0524 ft) = 121t = 144an,,
and from Fig 13-1le, for buckling about the y-y axis, (KL),
(0.7(24 ft/2) = B.40 ft = 1008 in. The moments of inertia fora Wa = 15
are found from the table in Appendix B. We have I, = 29.1in",
[, = 932"
Applyving Eq. 13-11.
- 71290 107} ksi]29.1 in’
(Pals = aLll = LR

4017 kip (1)

(KLY, (144 in.}’
T mEl, ' [29010") ksi]932in' S
Felr = (xLy (1008 in.)? i

By comparison, buckling will oecur about the v—y axis.
The area of the cross section is 4.43 in°, so the averape compressive
stress in the column is
_ Py 2625 kip
T AT A
Since this stress is less than the vield stress, buckling will sccur before
the material yields Thus,

= 5.3 k=i

Py = 263 kip Ang

NOTE: From Eq. 13-12 it can be seen that buckling will always occur
aboul the column axis having the largest slenderness ratio, since a large
slenderness ratio will give a small critical stress, Thus, using the data for
the radius of gyration from the table in Appendix B, we have

KL) 144 in.
e T
( o R 1
KL 1008 m,

b PSS oo L T
( r ) s

Henee, v—v axis buckling will occur, which 1% the same conclusion
reached by comparing Egs 1 and 2.
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EXAMPLE [13.3

The aluminum column is fixed at its bottom and is braced at its top by
cables 5o as to prevent movement at the top along the x axis, Fig. 13-12a.
it is assumed to be fived at its base, determine the largest allowable
[oad P that can be apphed, Use a lfactor of safety for buckling of

FS. =30 Take E,;, =70GPa, op = 215MPa, A = 75(107) m’,
I, =6L3(10 Mm* I =232010"mt*

SOLUTION

Buckling about the x and v axes is shown in Fig, 13-126 and 13-12¢,
respectively. Using Fip 13-1a, for —x axis buckling, K = 2, so

(KL), = 2(5m) = 10m. Alsn, for y—v axis buckling. & = (.7, 50
(KL}, = 0.7(5m) = 3.5m.

Applving Eq, 13-11, the critical loads for each case are

‘p wEI, = [T0(10") N/m ] (61 3{107") m™)
| |_1:|1 -

(KLY (10 m)

= 424 kN

_ wEL w[70(10°) N/mT](232(10°%) m')
Fedy= (KL = (35m)

= 131 MN

By comparison, as P is increased the column will buckle about the x—x
axis. The allowable load is therelore

P 424 kN 2
Pk e 0 141 kN Al
Since
o 424 M

T =

=——-=——= §65MPa < 215 MP
A 75010 m’ 2 =
Euler’s equation can be applied.

L,=14m

v—y mniy bueklong

ich

(R1}]

Fig. 13-12

L= Wi

t—4 wins buckling

Ll
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. FUNDAMENTAL PROBLEMS

FI2-1. A S-in-long rod is made [rom a l-in-diameter
steel rod. Dietermine the critical buckling load if the ends
are fived supporied, F = 29010°) ks, oy = 36 ksi

F122 A 1200 wooden rectangular column has  the
dimensions shown Determine the eritical load il the ends are
assumed 1o be pin-connected. £ = LA{107) ksk Yielding
does ot occur,

i
!

I._._

Fl3-2

F13-3. The A-36 sieel column can be considered pinned
al its top and botlom and braced against 118 weak axis a1 the
mid-height. Determine the maximum glowable force P that
the column cen support withoot buckling. Apply s F5. = 2
apainst buckling. Thke A = 7410 Yy m®. I, = 873010 ") m*,
and I, = 18.8(1067%) m*.

e F13-3

Fi3—d. A sieel pipe is fised supporicd atjis ends 1T is 5 m
fong end has an outer dismeter of 3 mm and & thickness of
10 mm, determine the maximum axial load P that o can
carry without buckling, E; = 200 GiPa, oy = I3 MPa.

F131-5 Determine the maximum foree P that can he
supporicd by the assembly withoul causing member AC
to buckle, The member is made of A-36 sieel and has a
dismeter of 2 in. Take ES = I ageinst buckling.

Fli-5

Fl3-6. The A-36 steel rod BC has & diameter of 50 mm
and is used as 4 strdt to support the beam. Determing the
maximom intensity w of the uniform distriboted load that
can be applicd 1o the beam withoot causing the strut o
buckle Take BES = 2 apainst buckling,

fm -

Fli-a
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Srrosiews

#13-1. Determine the criticet buckling loed for the column. 13-3. The leg in (a) gcis a5 a column and can be modeled
The material can be assumed rigid (k) by the two pin-connected members thist wre atteched to a
torsinmal spring having a stifness & (torgqud/rad ). Determing
the eritical buckling losd. Assume the bone material is vigid.

Prob. 13-1 {0} (B

; o e Prob. 13-3
13-2.  Determine the eritical load P, for the rigid bar and G

spring svstem. Each spring has a stiffness &

*134. Rigid bars Af end 8C are pin connecied at & 1
the spring ul £ has & stiffness & determine the critical load
P for the syvsiem,

Frob, 13-2 Froh, 13-4
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«13=5  An A6 steel column has 4 length of 4 m oand s
pinned at both ends TF the cross seéctional area has the
dimensions shown, determine the critical load

13=6. Solve Prob. 13-51f the column s fixed a1 i1s boitom

E and pinned at its top.
| 3

T d

s (1]

J
-
2

I5 mm —|—|— X5 mim

1eh mm

Fruhs. 13-5/4

137 A column s made of A-20sieel, has o length of 2000
end is pinned at both ends i the cross-seciional aren has
the dimensions shown, determine the critical load.

“13-8. A column 48 mede of 2004-T& aluminum, has a
length of 31 M, and is fized a1 it bottom and pinned at i
top. If the cross-sectionel arca has the dimensions shown,
determine the critical lead

| —tin—o

(25 i
il o

Frubs 13-7/8

13-4, The W14 < 38 column & made of A-36 steel and =
fixed supporied at its base. TF it i subjected to an axial load
of ™ = 15 kip. determine the factor of salety with respect to
hickling.

1310, The Wid = 38 column is made of A-36 sieel
Determine the criticel loed i its bottom end s fixed
supporicd and its top is free o move about the strong axis
and is pinned about the weak axis

F

2k

Probs: 13-9/10

1311 The A-36 steel angle has a cross-sectional area of
A =248 in" and a radius of gyration about the 1 axis of
= 126000 aod about the v oaxis of r, = 087900, The
smillest radius of gyration occurs aboot the o axis and is
r. = 644 ime If the angle is to be used as @ pin-connected
[0fr-bong column, determine the lurgest axinl load that can
be applicd through its centroid © without capsing it to hueckle,

Prob. 13-11

*13-12. An A-3frsteel column has a length of 15 (1 end is
pinned at both ends, 1T the crossscetional area has the
dimensions shown, determine the critical load.

f—="fin—I]
= -|-||.?:-IJL.
L3in—— fin
%Ll.ﬁ .
Prob. 13-12
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ol3=13  An A3 steel column has o length of 5 m and is o] 3-17. The 10t wooden rectangolir column has the
fixed at both ends. 10 the cross-sectional wrea has the dimensions shown. Determine the critical load if the ends
dimensions shown, determime the entical load. gre assumed to be pin connecled. E, = L6{10F) ki,
oy = S ks
13-1R, The M-It column has the dimensions shown,
Himm Determine the critical load if the bottom is fixed and the
T i top % pinned. £y = LA ) ksi, vy = 5 kisi,
Al mm I — —1iimm
AT
f— 11K i —|

Prob, 13-13

13-14. The two steel channels are 1o he laced wogoether
to form & Ji-fi-long bridge column assumed (o be pin
connected atl its ends Each channel has o eross-sectional
groa of A = 31000 and moments of inertia I, =554 int,
I, = (.38 in*, The centroid © of its arca is localed in
the figure. Determine the proper distance d between Lhe
centroids of the channels so that huckling odcurs about the
x-x and v —v" axes due 1o the same load. What is the value
ol this critical load? Meplect the effect of the lacing.
Fo = 29(10") ksi, oy = 50 ksi

Mrobs 131718

1 ¥
1264 in .33 in
e 13 =19 Determime the maxemom force P oohat can be
K i applied to the handle sp thal the A-36 steel conlrol rod R
C C does nol bockle. The rod has a diameter of 25 mm.
il
i i

Prob. 13-14

13-15,  An A-36-stecl WE x 24 column is fixed a1 one ¢nd
gnd free at its other end. I it i subjected to an axial load
of 200 Kipe determine the maximum allowable length of the
column if F 5. = 2 apainst buckling is desired.

*13-16. An A-36-steel WB x 24 column is fixed al one
enid and promed a1 the other end. T 0 s subgected (oan wxial
load of Al kip, determine the maxinmum allowzhle leapth of
the columnif F 5. = 2 apeinst buckling is desired. Prob, 13-1%

B
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1320, The W10 = 45 &5 made of A-26 steel and i5 vsed
a5 8 column that has a length of 15 fi. 10 is ends arc assumed
pin supported, gnd 1t is subjected 1o an axial load of 10 Kip,
determine the factor of salety with respect 1o buckling,

»13-21. The Wi = 45 18 made of A-36 steel and 15 used
a5 a column that has a length of 15 7, 0 the ends of the
column are fixed supported, can the column support the
critical Joad without vielding?

r Probs 1320721

13-22, The W12 » B7 structural A-36 steel cedumn has a
length of 12 [t If its bottom eod is fixed supported while
its fopr 8 free, and @1 s subjected o oan axial load of

= 380 kip, determine the facior of satety with respect to
buckling.

13-2%,  The W12 = B7 structiral A-36 stes] column has a
fength of E2 01 07 its bottom end is fixed supported while its
top is free, determing the largest axisl load it can support
Uae a factor of safety with respect 1o buckling of 1.75

Proba 13-22/23

*13-24. An L-2 wood sieel ok in a forging machine s pin
conmectad to the forks at its ends ag shown, Determine the
maximum load ik can carry withoul buckling. Use a factar
ol safety with respect to buckling of F.5. = 1.75 Note [rom
the Opuree on the left that the ends are pinned for buckling,
whereas from the Ggure on the nght the ends are [ixed,

24 in

Prob. 13-24

#13-25, The W14 = 30 js used as a structural A-36 steel
column that can be assumed pinned at both of its ends
Ditermine the largest axial force P thai can be applied
without causing it 1 buckle,

Proh. 13-25
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13-26, Thce A-36 steel bar AN has a square cross section
If it is pin connected at its ends, determine the maximom
pliowablc load P that can be applied 1o the frame. Use &
factor of safety with respect to buckling of 2,

Mrob. 13-26

13-27. Determing the masmmum allowable mensity woof
the distributed load that can he applied 1w membor BC
without causing member AR 1o buckle. Assume that AR s
madde of steel and is pinned at 15 ends for r-x axis bockling
wnd fived at iis ends for -y axis buckiing. Use & Tactos
ol safety with respect to buckling ol 3. E,; = 200 {rPa.
ay = 360 MPa

¥13-28. Determine if the frame can support 8 load of
wo=0kN/m il the factor of safety with respect 1o buckling
of member AH 15 3 Assume that AH 15 made of steel and s
pinmed at s ends for v=x axis bockhng and Gxed an s ends
for y—y axis buckling. £ = 200 CiPa, oy = 360 MPa,

t&uuiu_x__
|c i |

15 m 4' |
LS
1
Al - m
Al g —| f—
i

28—

Prohs 13-27/28

675

o]3=28,  The beam supports the load of P = Akip, As a
result, the A-36 steel member BO is subjected 1o a
compressive load. Due to the forked ends on the member,
consider the supports at B and C 1o actas ping for o-x axis
buckling and as fixed supports for p—v axis buckling
Determine the [actor of safety with respect to buckling
about cach of these axes,

13-3.  Determine the greatest losd P the frame will
support withoul causing the A-36 steel member BO (o
buckle. Dioe to the forked ends on the member, consider the
support at Band O fooact s pns for -r axis bockling and
a5 fixed supports for y-v axis buckling.

Prohs. 13-29/30

1331, Determine the maximom distriboted load thar can
be applicd to the bar 50 that the A-36 steel strut AR does
not buckle. The strut has a dismeter of 2 in. It s mn
comnected ot ity ende

e
20 |

Mroh. 13-31
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#1322, The members of the truss are sssamed (o be pin
connected, 7 member AC is an A-36 steel qod of 2 in,
diameter, determine the maximum loed P thal can be
supperted by the truss withour cousing the member o buckle,

I—.’-r:;|

Pruh. 13-32

sl 3-3X The steel bar AR of the frame is assumed 1o be pin
connected at its ends for y— axis bucklimg IT w= 3 kMN/m,
determine the [eetor of salety with respect to buckling about

the sy axiz dui o the applied loading £ = 200 GPa,
ify = A6k MPa.
i i
"

AR A bk

j

| 43

B e e Hi mm

| N

A
A4 m | Proh. 13-33

1334, The members of the truss are assumed 1o be pin
connecicd. If member AF is an A-36 steel rod of 4 mm
digmeter, determmne the maximom (oree P that can be
supported by the truss without causing the member o buckle,

13-35. The members of the truss are assumed o be pin
connecied. 1f member OF 5 an A-36 steel rod of 4 mm
dizmeter. determine the maximuom losd P that can be
supported b the truss without cauging the member o buckle,

2m |

P Prohs 13-34/35

*13-36. I load C has o mass of 508 kg, determinge the
required minimum diameter of the solid L2=teal rod AR
o the nearcst mm so that it will not buckle. Use F.5. = 2
against buckling,

«13=-37. If the diameter of the sohd L2-steel rod AR i
A0 omm, determing the maximum mass O that the rod can
support withool bucklng, Use F8, = 2 pgainst buckling,

Probs 13-36/37

13-38. The members of the truss are assomed o be pin
connected. 1 member &F 5 oan A-36 stee| rod having a
diameter of 2 in,, determing the greatest magnitude of Toad
P that can be supported by the truss without causing this
member o buckle

13-39. The members of the truss are assumed o be pin
connected. IF member AG is an A-36 steel rod having a
digmeler of 2 in., determing the greatest magnitude of load
P ehat can be supported By the truss without cansing 1his
member w buckle

Frohs. 13-3873%
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1340, The column s supporied ot B by b support that
does not permit rotstion ot allows vertical defllection,
Determine the critical load P, . EF is consiant,

Proh. 13—

e13-41, The kdeal column has a weight w {Torce lengih)
and rests in the horizontal position when it is subjected 1o the
sl loaed T Determime the masimum moment in the column
at midspan. ET is constant. Hier; Establish the differential
equation for deflection, Eq. 13-1, with the origin a1 the mid
span. The peneral solution s o = ) sin kx + C; cos by +
{w/12P1)x* = (wl}(2P))x = (wETP*) where &° = P/EL,

Prob, 1341

1342, The ideal column is subjected to the foree F at its
midpoint and the axial loed . Determine the meximum
moment in the column al midspan. EX is constant. Hing
Estghlish the dilferential equation for dellection, Eq. 13-1.
The gencral solution is o= €| sin kx + C; cos kx — oix/k7,

where &% = FJ2El k* = P/E]

]
r..|"-=

Prob. 1342

1343, The column with constant K has the end
comsiraints shown, Determine the edtweal load for the
column

Prob. 1343

#1344, Consider an ideal column asm Fig. 13-10¢, having
bavth emdds fixed. Show thar the eritical load on the eolwmm
is given by P, = 47 EI/L2 Hine Duc to the vertical
defection of the top of the column, o constanl momend
M owill e developed st the suppons Show  thal
dufdx? + (P/ENv = M'/El, The solution is of the form
p = sin VP/Elx) + Caeos{ VP/EIx) + M’/ P,

1345 Consider an ideal ¢olumn as in Fig. 13-10d0, having
e end fixed and the other pinned. Show that the eritical load
on the column is piven by P = 2019E7/ L2 Hine Due to the
vertical deflection at the top ol the column, 2 constant momen
M’ will be developed at the fxed support and horirontal
reactive forces R will be developed at both supports. Show
that d'nidz” + (PEDNe = (R'{ENI T = x). The solution
is ol the form v = € sin [ VP EIx)+ Cooos( vV PIEIx) +
(R ML — o Aler epplication of the boundary conditions
show that tan{ VPTETL) = VPTET L. Solve by 1rial and

crror [or the smallest noneero roost.
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The ¢olumn supporting this crane is
unumsually long. 1t will be subjected
nol only to uniaxial lead, bul also o
bending momenl To cnswre it will noi
huoekle, it should he braced at the roof
A8 U COnmeSTIm,

*13.4 The Secant Formula

The Euler formula was derived assuming the load F is always applied
through the centroid of the column’s cross-sectional area and that the
column is perfectly stratght. This s actually gquite unrealistic, since
manufactured columns are never perfectly straight. nor s the application
of the load known with great accuracy. In reality, then. columns never
suddenly buckle; instead they begin to bend, although ever so slightly,
immediately upon application of the load. As a result, the actual criterion
for load application should be limited either to a specified deflection of
the column or by not allowing the maximum stress in the column to
exceed an allowable siress,

To study this effect, we will apply the load P to the column ata short
eccentric distarice ¢ from its centroid, Fig. 13-13q. This loading on the
eolumn is statically equivalent to the axial load P and bending moment
M* = Peshown in Fig 13-13h. As shown, in both cases, the ends 4 and
B are supported so that they are free to rotale {pin supported). As
before, we will only consider small slopes and deflections and linear-
elastic material behavior. Furthermore, the r—p plane is a plane of
symmetry for the cross-sectional area.

From the free-body diagram of the arbitrary section, Fig. 13-15¢, the
internal moment in the column is

M= —Ple + v) (13-13)
The differential equation for the deflection curve is theretore
dv
Ele= = —Plat il
dx
P o .
FLIN M- P

1] 'EL!--"*,

'LT_/ =P
i

T

{ui (&)

Fig. 13-13
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d' v P P

- ——
dx- El El
This equation is similar to Eq. 13-7 and has a general solution comsisting
of the complementary and particular solutions, namely,

—_—

P I
= C; sin JE.I oo .:uw'ﬁ.r & (13-14)

To evaluate the constants we must apply the boundary conditions. At
r=0v=0s0C:=¢ Andat x = L ¢ = 0, which gives

e[l — cos(V P/ETLY]

sin{ V' P/EIL)

Since 1 — cos(VP/ETL) = 2sin’(V P/ EIL{2) and sin{VP/EIL) =
2sin(WPYETLY) cos{ % P/ETL(2), we have
[P L)
= ks kol
i £ 1-1l1(,||.|| EI2 ,]
Hence, the deflection curve. Eq. 13-14, can be writien as

[N P )
b= 1'[tun(\flfr.—?}5[n(.ﬁllllﬁ.t) + uus( x| =1 (1313
Maximum Deflection. Due w symmerry of loading. both

the maximum deflection and maximum stress oceur at the column’s
midpaint, Therefore, when r = L/, v = 1., 50

[ L
e = Lm(ll'E—f E) |] (13-16)

Motice that if e approaches zevo, then vy, approaches zero. However, if
the terms in the brackets approach infinity as ¢ approaches zero, then
Uimay Will have a nonzero value. Mathematically, this would represent the
behavior of an axially loaded colurmm at taslure when subjected to the
critical load F . Therefore, to find P, we require

.m-( aﬁi} -

VEI 2
[Pal =
VErZ 2
Py = TLFI (13-17)

which is the same result found from the Euoler formula, Eg. 13-5.

If Eg. 13-16 is plotted as load P versus deflection vy, for various
values of eccentnicity ¢, the family of eolored curves shown in Fig 13-14
results. Flere the critical load becomes an asymptote to the curves, and of

13.4  THE SECANT FoRMULA

679




&80

CHapTER 13 BUCKLING ©F COLUMNS

n

P o ] ldeal colummn
- e {amall deflectsons)

Inclastee belavior

ef 18 reached

“maT

Fig. 13-14

course represents the unrealistic case of an ideal column (e = ). As
stated earlier, ¢ is mever zero due to mperfections o mitial column
straightness and load application; however, as e — 00, the curves fend to
approach the ideal case. Furthermore, these cirves are appropriate only
for small deflections. since the curvature was approximated by & w/dx’
when Eqg. 13-16 was developed. Had a more exact analysis been
performed., all these curves would tend to tum upward., intersecting and
then rising above the line P = P, This, of course, indicates that a larger
load P ois needed (o create larger column deflections. We have naot
considered this analysis here. however, since most often engineering
design restricts the deflection of columns to small values.

It should also be noted that the colored curves in Fig 13-14 apply only
for linear-elastic matenal behavior. Such is the case if the column is long
and slender. However, if a short or mtermediate-length stocky column is
considered, then the applied load, as it is increased, may eventually cause
the meterial to vield, and the column will begin o behave in an felasic
mgimer. This oceurs at puant A for the black curve in Fig. 13-14. A% the
load is further increased. the curve never reaches the critical load, and
instead the load reaches a maximum value at B Afterwards, a sudden
decrease in load-carmying capacity oceurs as the column continues to
vield and deflect by larger amounts.

Lastly, the colored curves in Fig. 13-14 also illustrate that a nonlinear
relatiomship ocours between the load P and the deflection ». As a result.
the principle of superposition camnot be used to determine the total
deflection of a column cansed by applving suecessive loady to the
column. Instead. the loads must first be added, and then the
correspondimg deflection due 1o their resullant can be deltermined.
Physically. the reason that suocessive loads and deflections cannot be
superimposed is that the column’s internal moment depends on bodh e
lowd Prand the deflection v, that is. M Fle + ), Bq. 1313,




The Secant Formula. The maximum stress in the column can
be determimed by realizing that it is caused by both the axial load and
the moment, Fig 13150 Maximum moment ocours at the column’s
midpoint, and using Eqs 1313 and 13-16, it has a magnitude of
I'T L }

VEI?2

As shown in Fig 13-13h, the maximum stress in the column is
compressive, and it has a value of

M=|Ple+ o} M= Pus.e-:( {13-18)

P Mo P Pec \LI .L'}

7 I T s ; l

Since the radius of gyration is defined as r* = I/ A, the above equation
can be written in & form called the secans formile

P ec E
(1 ;[] + Fﬂtﬁ.(gq‘a)} I:_H'—r‘:"]

Here

oy ™ Maximum elastic stress in the column. which occurs at the
inmer concave side at the column’s midpoing, This stress is
COmpressive
P = vertical load applied to the column. P < P_ unless ¢ = (0;
then P = P_ (Eq. 13-5)
e = eccentricity of the load P, measured from the centroidal axis
of the column’s cross-sectional area to the line of action of P

o = distance from the centrondal axis to the outer fiber of the
column where the maximum compressive SLess oy, OoCurs

A = eross-sectional area of the column

L = unsupported length of the column in the plane of bending,
For supports other than pins, the effective length 1., = KL
should be used. See Fig 13-10

E = modulus of elasticity for the material

r = radius of gyration, r = Y I/ A_where ! is calculated about
the centroidal or bending axis

Like Eq. 13-16, Eq. 13-19 indicates that there is a nonlinear
relationship between the load and the stress. Hence, the principle of
superposition does not apply, and therefore the loads have to be added
hetfore the stress 15 determined. Furthermore, due to this nonlinear
refationship, any factor of safety used for design purposes applies 1o the
load and not t the stress

For a given value of op,,. praphs of Eq. [3-1% can be plotted as
the slenderness ratio KL/r versus the average stress P/ A for various
values of the eccentricity ratio ec/r, A specific set of graphs for a
structural-grade A-36 steel having a vield point of &y, = oy = 30 ks

13.4  THE SECANT FoRMULA
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and a modulus of elasticity of £, = 29 1} ksi is shown in Fig. 13-16.
Note that when e — 0, or when ec/r — (), Eq. 13-19 gives o, = P/A.
whiere P is the critical load on the column, defined by Euler’s formula,
This results in Eg. 136, which has been plotted in Fig. 13-7 and
repeated m Fig. 13-16. Since both Egs. 13-6 and 13-1% are valid only for
elastic loadings. the stresses shown in Fp 13-16 cannot eXxceed
ify = 30 kal, represented here by the horzontal line.

The curves in Fig. 13-16 indicate that differences in the eccentricity
ratio have a marked effect on the load-carrying capacity of columns that
have small slendemess ratios. However, columns that have large
slenderness ratios tend to fail at or near the Euler critical load
regardless of the eccentricity ratio. When using Eqg. 1319 for design
purposes. it is therefore important o have a somewhat acourate value
for the eccentricity ratio for shorter-length columns

Design. Once the eccentricity ratio has been determined, the
column data can be substituted into Eq. 13-19.If a value of o, = oy
is chosen, then the corresponding load Py can be determined from a
trial-and-error procedure, since the equation is transcendental and
cannot be solved explicitly for Py As a design aid. computer software.
or graphs such as those in Fig. 13-16, can also be used o determime Py
directly.

Realize that Py is the load that will cause the column to develop a
maximum compressive stress of oy at its inner concave fibers, Due to the
eccentric apphication of Py, this load will always be smaller than the
critical lpad M,. which i determined from the Euler formula tha
assumes (unrealistically) that the column s axially lvaded. Onee Py s
obtained. an appropriate factor of safety can then be applied in order to
specify the column’s safe load

Important Points

* Due w imperfections in manufacturimg or specific application of
the load, a2 column will never suddenly bockle: instead, it begins
o bend

® The load applied toa column is related o irs deflection in a
nonlinear manner, and so the principle of superposition does nat
apply.

= As the slenderness ratio increases, eccentrically loaded columns
tend to fail at or near the Euler buckling load.
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EAAMPLE |13.4

The W8 = 401 A-36 steel column shown in Fig. 13-1Tar is fixed at s
base and braced at the top so that it is fixed from displacement, vet
free to rotate about the y-y axis. Also, it can sway to the side in the y-z
plane, Determine the maximum eccentric load the column can
support before il etther begins to buckle or the steel vields.

SOLUTION

From the support conditions it is seen that abour the y-y axis the
eolummn behaves as if it were pinned at its top and fixed at the bottom
and subjected to an axial load P, Fig. 13-17h. About the x—x axis the
column is free at the top and fixved at the bottom. and it is subjected (o
both an axial load P and moment M = P{9in.), Fg 13-17c.

y-y Axis Buckling. From Fig. 13-10d the effective length factor is
Ky = 0750 (KL), = 0.7(12) ft = B40ft = 100.8in. Using the table
in Appendix B to determine [, for the W8 * 40 section and applying
Eq. 13-11, we have

TEL, 2 [290107) ksi](49.1 in')

{Py)y = = = e
: (KLY, {1008 in. )"

— 1383 kip

x-x Axis Yielding. From Fig. 13-10h, K, = 2. 50 (KL}, = 2{12) fi =
24 ft = 288 in. Again using the table in Appendix B to determine
A=117in", ¢=825in/2=4.125in,, and r, = 3.53in,, and applving
the secant formula, we have

(b y—v axis buckbing

i ec (KL); | P, P
oy =—| | + —5sec b
A ry 2r, VEA ,i\ M= P{%in.)

4

Substituting the data and simplifving vields

4212 = PJ1 + 2979 sec(00700V P,)]

| |

Salving for P, by trial and error. noting that the argument tor the
secant is in radians, we get

PI = HE,'PL k'iFl 1'1”.‘. () T AEis }'il'-'rl-“ﬂg

Since this value is less than ([P ), = 1383 kip. failure will occar about Fig. 1317
the x-x axis.
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This crane boom  (wiled Dby hu:khng
camsed by an owverload. Wole the resion
ol bncaliped m[lqm.

In engineering practice, columns are gencrally classified according to the
tvpe of stresses developed within the column at the time of Tailure, Long
slender columny will become unstable when the compressive stress
remains elastic. The failure that ocours is referred to as elastic instabiling.
Intermediate columns fail due to inelayiic instability, meaning that the
compressive siress at failure is greater than the material’s proportional
lmit, And shore colimens, sometimes called pass, do not become
unstable; rather the matenal simply vields or fraciures

Application of the Euoler eguation requires that the stress in the
colwmn  remain  below  the matenals vield point  (actally the
proportional limit) when the column buckles and so this equation
applies only to long columns In practice, however, most columns are
selected to have intermediate lengths, The behavior of these columns can
be studied by modifving the Euler equation so that it applies for inelastic
bucklmg. To show how this can be done, consider the material 1o have a
siress—sirain diagram as shown in Fig 13-18q2. Here the proportional
firnit is o . and the modulus of elasteity, or slope of the line AB. s E.

If the column has a slenderness ratio that 18 lesy than (KLfr},. then
the critical stress in the column must be greater than oy For example,
suppose a column has a slenderness ratio of (KL/r)y, < (KL/r),. with
corresponding critical stress arp = oy needed to cavse instability. When
the colummn is aboud fo buckle, the change in stress and straim that occurs
it the column is within & smaell range Ao oand Ae. so that the modulos
of elasticity or stiffness for the material can be taken as the fengent
modulus E, = Ae/Ae defined as the slope of the o —e diagram at point £
Fig. 13-18a. In other words, at the time of failure, the column behaves as
if it were made from a material that has a lower siiffness than when it
behaves elastically, E, = E.

Fig. 13-18
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In peneral. therefore. as the slendemess ratio (KL r) decreases. the
criftcad stresy for o column contimues (o mse; and from the o—e diagram,
the targent prodilus (or the material decreases. Ulsing this idea, we can
modify Euler’s equation to melude these cases of inelastic buckling by
substituting the material’s tangent modulus E, for E_so that

o K, 2
T = RLIE (13-20)

This 1% the so-called sangemt modaliy or Engesser equurtion, proposecd
by F Engesser in B89, A plot of this equation for intermediate and
short-length columns of & material defined by the o—e didgram in
Fig. 13-18a is shown in Fig. 13185,

Nov actiael colimn can be considered to be either perfectly straight
or loaded along its centroidal axis, as assumed here, and therefore it
i indeed very difficult to develop an expression that will provide o
complete analysis of this phenomenon, As a result, other methods of
describing the inelastnc buckling of columns have been considered. One
of these methods was developed by the acronautical engineer F. R.
Shanley and is called the Shandey theory of inelastic buckling. Although it
provides a better description of the phenomenon than the tangent
midulus theorv, as cxplained here, experimental testing of a large
number of columns, each of which approximates the ideal column, has
shown that Eq. 13-20 is reavonably accirate i predicting the column’s
critical atress. Furthermare, the tangent modulus approach o modeling
inglastic column behavior is relatively easy to apply.

ey :“-r'Fr
- .
L e ———.
(KL ik ‘1
LY =y -
" e O £ :
b (KL
L] %
Moy
(g =
KL
N r
[ | o
I melistic Elnstic
Short and intermehiate | Long colamns
lengih columnns

)

Fig. 13-1K (vont.}
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i IMPRY A solid rod has a diameter of 3) mm and is 6060 mm long, It is made of
a material that can be modeled by the siress—strain diagram shown in
m Fig 1319 If it is wsed as a pin-supported column, determine the
ertical load.
17 -""’F#f
SOLUTION
i = 150 The radius of gyration is
T [(w/{i5mm)'
r=\!—= -,|.,| — = 1.5 mm
A w15 mmi-
(] o ®  and therefore the slendemess ratio is
KL 10 mim )
Fig. 13-19 = — = ¥
r 7.5 mm
Applving Eq. 13-2{} we have,
7 E 7' E
Ty = —— = S0 E, (1)

(KLY (80)
First we will assume that the critical stress is elastic. From Fig. 13-19,

150 MPa
= W = lfr'[l FI'P.L
Thus, Eq. 1 becomes
T = 15420107 Y [150(10°)] MPa = 231.3 MPa

Since e, = oy = 150 MPa. inelastic buckling oceurs.
From the second line segment of the o—e diagram, Fig. 13-1Y9, we
have

A 27 MPa ~ 150 MPa
de (02— (Kl

E, o 120 GFa

Applving Eq. | vields
e = LS42(10 1 3[120(10%)] MPa = 185.1 MPa

Since this value falls within the linits of 130 MPa and 270 MPa, it is
imdeed the critical siress.
The critical load on the rod 15 therefore

Poo= goA = |B51(10°) Palr{D015m)7] = 131 kN Ans
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Srrosiews

13-46. Determine the load P required 1o canse the A-36
steel WE = 15 column o fall either by buckling or by
sielding. The column is [xed at iz base and free at 0 wp

r
| in

~ Prab. 1346
13=47. The hollow red bhrass CR3U0 copper alloy shidt &

fixcd at one end but frec &t the other end. Delermine the
maximum gccentric [oree I* the shifl can support withouot
causamg 1 o bickle or vield, Also, Gnd the corresponding
maximum dellection of the shah

¥13-48. The hollow red brass CRIN copper alloy shalt is
fixed at one end but free at the other end. If the eccentric
force = 5kN is applied (o the shaft as shown, determine
the magimum normal siress and the maximuam JdeDection.

2l mm

Reotion a - a

Probs. 1347148

#1349, The tube 5 made of copper and has an ouier
diameter of 35 mm and a wall thickness of T mm. Using a
factor of safety with respect 1o buckling and vielding of
F5 = 25 determine the allowahle eccentric load P The

tube 15 pin supported al its ends, £, = 134 GPa, oy =
7500 MPa

13-50.  The tube is made of coppaer and has an ouier
digmeter of 35 mm and a wall thickness of 7 mm. Using a
factor of safety with respect 1o buckling and vielding of
F5 = 25 determing the allowable eceentrie boad P that §i
can support without failure. The tube is fixed supported at

itgends £, = 1M GPL, aory = T50 MPa,

| 1 |
" | =m | [

14 mim

Prohs, L3-4%50

13-51. The wood column is fxed at its base and can be
assumed pin conneécted at s top. Determine the maximim
cctentric load / that can be applicd without cuusing the
column 1o buckle or yield Eg = L8101 ksi. oy = 8 ksi.

*13-52, The wood column is fixed at its hase and can
be pssumed Dsed conpected ar 18 top, Determing the
maximum cceentrie load P that can be applied withoo
causing the column to buckle or vield E, = LR 107) ksi,
oy = B ks,

Prohs. 13517552
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«13=-53, The W20 = 22 A-Absicel column 8 fixed a1 ns
base. Tis 1op 18 constrained 1o rotate abowt the v—v axis and
free to move along the y—1 axis Alse. the colummn = braced
along the x=x axs at Ds mid-height,. Determine the
allowahle ecceniric force P that can be applied witlow
causing the column either to buckle or vield. Use F.5. = 2
against buckling and F.8. = 1.5 apainst vielding.

13-54.  The W20 = 27 A-3R-steel column 5 xed ar s
base. [ts top is constrained to rolate abowl the -y axis and
free to move slong the v—y axis Alse, the column is broced
alonpg the r-v oxig al i3 mid-hepht. 11 P = 25kN,
determine the maximum normal swress developed in the
corlumn,

Probs. 13-53/54

13-55, The woud column is fixed st its base, and s top
can be considered pinned. If the eccentne foree P = [0 KN
is applied to the column, investigate whether the column
is adequate to support this loading without buckling or
vielding, Take B = 10GPy and oy = 15 MPa

*13-56. The wood column 15 fxed st it5 base, and its
top can he considered pinned. Determine the maximum
eoceninc [orce P lhe column can support  without
camsing 1t 10 cither buckle or vicld. Take £ = 10 GPa
andary = 15 MPa.

IFrIImm'F..

Prohs. 13-55/56

#13-57, The W50 = 28 A-3b-siee] column 8 fixed at s
biagee. Tes tog is constrained 10 rotsle about the v—v axis and
free o move wlong the -y axis If ¢ = 350 mm, determine
the allowable eecentie foree P that can be applied wathout
causing the column either to huekle or yield. Use F .5, = 2
againsl buckling and F.5. = L5 against viclding.

13-88. The W25 x 28 A-3f-stee]l column s fixed at its
bage. T3 top is constrained to rotate about the v—y axis and
frée to move along the v—y axis Determine the force P and
its eccentricity @ so (hut the column will vield and buckle
similtaneously,

MProbs, 13-57/58



13=-59. The steel column supporis the two ecccentric
leaclimgs, T 0t iz assumed to be pinned at its top, fixed at the
bottom, and fully braced azainst buckling about the y—
axis, determine the maximum deflection of the eolumn
and the maximum sitess in the column, £, = 2K CiPa
oy = 360 MPa

#1360, The steel column supports the two eccentric
Inadimgs, TF i1 is assumed 1o be fixed anjts top and botiom,
and braced against buckling aboul the y—p axis, determine
the maxtmum deflection of the column gnd the maximum
stress in the column, Ey; = 200 GPa, oy = 360 MPa

130 kN S kN
120 et =

|-— ml mm

= =

LLI mm

1] r|1m—|—”— 1 mm
) i o
m v — 1 mm ——
i
Lih mim

Probs. 1359460

I3-61. The W250 x 435 A-Sf-steel column is pinned at its
Lo andd Nixed at its base, Also, the column is braced along
its. wenk axis st mid-height, I P = I50 KN, investgate
whether the column is adeguate o suppon this loading.
Use FS, = 2 gpamnst buckling and F.S5. = 1.5 agains
yielding.

#1362, The W25 * 45 A-36-steel column is pinned at its
top and fixed &l its base. Also, the column s braced along
its weak axizs at mid-height, Detcrmine the allowahle foreg
P that the column can support without causing 1t either
o buckle or vield Use F.5. =2 @oainst buckling and
F.5, = 1.5 apunst viclding

13.5  InNELASTIC BUCKLING

B
1
-

250 mm

Prohs. 1346162

1363, The W14 = 26 structural A-36 sicel member 15
wsed as a 20-M-long column that i3 assumed 1o be Gxed a
its topr and lxed @t s botiom. 17 the 15-kip load is applicd
gl an eccentnc distance of 14010, determine the maximum
sEress in the column

"13-64. The WId X 26 structural A-36 stee] member is
uscd a5 a column that is assumed to be [ixed at ils 1op and
pinned at its bottom. If the 15-kip Ioad & applied at an
cocentric distance of 10 in., determine the maximuim stress
in the column.

=
i
b INTH

15k
=

IJHII

_&:.—

Probs. 13-63/64

689




A0 CHapted 13 BuckLIiNg of COLUMNS

1365 Determine the maximum escentne load P the
200 4-Th-pluminum-glloy strut can suppor without causing
it either to buckle or wvield. The cnds of the sirot are
pin=conmected

o 116 mm n
1500 mm | 1546 mim
I a.m |
541 ppin
- B
1LY mm
i

Seclioma —a

Proti. 13-65

13-66. The WE ¥ 48 structural A-36 steel column is fixed
at its bottom and (rFee ot 1% top, 10 a0 s subjected 1o the
eccentric load of 73 kip, determine the factor of satety with
respect to either the mitetion of buckling or viclding

13=67. The WE * 48 structurel A-36 el column is fixed
at its bottom and pinned at its top 100 is subjected 1o the
eccentric load of 75 kip. determine if the column fails by
vielding, The column s braced so that it does not buckle
ahout the y—r axis,

Ta ki ot
5k #in
-, ¥
v T

12 fi
-

Mrohs. 1 3-66/47

#1368, Determine the load P required to cause the steel
W12 = 530 surwctursl A-36 steel column (o fail cither by
Buekling or by vielding. The column is fxed at its bottom
and the cables at its Lop act as a pin to hold it

13-, Solve Prob, 13-68 1f the column is an A-36 steel
Wi ® 16 zection

Probs 1 3-68/6%

13-70. A column of intermediste length buckles when the
compressive siress is 40 kai, 0 the slendermess raio is 6,
determine the tangent medulus

13-T1. The a-t-long column has the cross section shown
and 15 made of material which hag a stress-strain diagram
that can be approximated as shown, U the column is
pinned at both ends, determime the entieal load P for the
column

¥13-T2.  The H-fi-long column has the cross section shaown
and iz made of material which has a stress-strain dizgram
that can be approximated as shown, I the column is (xed
at hoth ends, determinge the critical lpad P for the
columin.

ki

JELS dn.

KRS = _I_

L=n

5in

LT II'.I..‘:- T8
Jin
; ; € findin b
(NEE 1] [

Probs, 13=-T1/72




o]3=T3, The siress-strain diagram of the matecal of a
codumn can be approximated as shown, Plot PAA ve KL/ r
for the colummn.

[ WEPn
R5-T
Kl =
]
4 } } e fim
il RS

Proh. 13-73

13-M4. Construct the buckling curve, P/A versus Lfr,
for & columm that has & bilinear stress-straim curvie n
contpression as shown, The column is pinned a1 its cngds,

i [ WP

26l

&

/

(]

£ | Enim S|

(Lt (AN RE

IProb. 13-74

135  IneLastic Bucklimg A9

1375, The stress-strain diagram for a matenal can be
approximated by the two line segmens shown, 10 & bar
having a diameier of 80 mm and a length of 1.5 m is made
from this material, determine the entical load provaded the
ends are pinned. Assume that the load acts through the axis
of the bar. Use Engesser’s cqualion,

*13-T76. The stress-strain disgram for o meterial cen be
approximated by the two line segments shown, 10 & ha
having a diameter of 30 mm and a length of 1.5 m i5 made
from this matenal, determine the ertical load provided the
ends are fxed, Assume that the load acts theough the axis of
the bar. Use Engessar's cquation.

«13-77. The stress-strain diagrem for a meterial can be
approimated by the two line segmems shown, If a bar
having & diameter of B0-mm and length of 1.5 m s made
from this materidl, determine the critical load provided one
end s pinned und the other 15 ixed. Assume that the load
aicts through the axis of the bar, Use Engesser's guation,

(WP

(RILH

.

dheil CLERIT

JUKb

£ | oum fmem

Probs [3-75T0TT
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These long unbraced timber colamns are
waed to support the roal of this bulding.

*13:6 Demgn jn of Columns for
Concentric Loading

The theory presented thus far applies to columns that are pecfecty
straight. made of homogeneous material, and onginally siress [ree.
Practically speaking. though. as stated previously, columns are not
perfectly straight, and most have residual stresses in them. primarily due
to nonuniform cooling during manwfacture, Alsoe, the suppors for
colummns are less than exact, and the points of application and directions
iof loads are not known with absolute certainty. In order 10 compensate
for these effects. which actually vary from one column to the next. many
design codes specify the use of column formulas that are empirical By
performing experimental tests on a large number of axially loaded
columns, the results may be plotted and a design formula developed by
curve-fitting the mean of the data.

An example of such tests for wide-flange steel columns is shown in
Fig 13-20. Notice the similarity between these results and those of the
family of curves determined from the secant formula, Fig. 13-16. The
reason for this similarity has to do with the influence of an “aceidental”
gocentricity ratio om the column's strength. As stated in Sec. 13,4, this ratio
has more of an effect on the strength of short and intermediate-length
columns than on those that are long. Tests have indicated that ec/r can
range from CU1 to (L6 for most axially loaded columns

In order to account for the behavior of ditferent-length columns, design
codes usually specify several formulas that will best fit the data within the
short, intermediate, and long column range. Henee. each formula will apply
only for a specific ronge of slendemess ratios, and so it s important that the
engineer carefully observe the KL/ r limits for which a particular formula is
valid. Examples of design formulas for steel, aluminum, and wood columns
that are currently in use will now be discussed. The purpose is to give some
idea as to hiw columns are designed in practice. These formulas should not,
however, be used for the design of actual colomns, unless the code from
which they are referenced is consulted.

¥

I‘ b ' Failer larmala
\_\ I‘.ﬂ |1_n

|:I'|.

L

5I1|'1r|'|;u-l:|t.|1.'|r;. ||I|I'1.'rr|.'||;;1 e uilhnl.ri. i'_nng_rnnh:l.mu

Fig. 1120
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Steel Columns. Columns made of structural steel can be designed
on the basis of formulas proposed by the Structural Stability Research
Council (SSRC), Factors of safery have been applied to these formulas and
adopted as specifications [or building construction by the Amernican
Imstitute of Steel Construction (AISC) Basically these speafications
provide two formulas for column design. each of wluch @ives the maXmitm
allowable stress in the column for a specific range of slenderness ratios®

For long columns the Euler formula s proposed, e, op,=
w Ef{KL{ry.

Application of this formula requires that a factor of safety F.5. = —_1' = ].92
be applied. Thus. for design,

12 E '.ﬁ.'.f_'} _ KL

23 KLfry {\ Faky b
As stated. this equation is applicable for a slenderness ratio bounded by
200 and (KLfr).. A specific value of (K L/r). is obtained by requiring
the BEuler formula to be used only for elastic material behavior, Through
experiments it his been determined that compressive residual siresses
can exist in rolled-formed sieel sections that may be as much as one-hali
the vield stress. Conseguently, if the stress in the Edler formula is greater
than ey, the equation will not apply. Therefore the value of (K L/r), is
determined as follows:

=0 (1321)

I:TH“II“

—T =—n_-'F nr (E) = ||21":'F'| “ ]
AT = g =l

Columns having slendemess ratios less than (K L/r) are designed on
the basis of an empirical formula that s parabolic and has the form

-Iil'.‘“ ™

Since there is more uncertainty in the use of this formula for longer

(KL/ry Ty
T = | 1 ST | m--xﬁq_ 13-21
™,

columns. it is divided by a factor of safety defined as follows:
1 (KLfry (KL
8(KLf{r). SB(KL/n m

12.261

5
Fﬂ=;+

Here it 15 seen that F5 =5 = 167 at KL/r = (] and increases to

3
F5. =5 = 192 at (KL/r).. Hence, for design purposes,

(KL/rY
I - f ril'-|
KL/

(5/3) + [(3/BUKL/rY(KLir)| — [(KL/r)/8(KLfr),]

i

(13-23)

X i

Equations 13-21 and 1 3-23 are plotted in Fig. 13-21. When applying any of
these equations, either FPS or 51 umits can be used for the caleulations

“The current ALSC code cnables eogineers (o use ane of two metbods for dessgn oamely,
Load and Resistance Factor Desipn. and Allowable Stress Desipn. The Baoer is cxplained here

Eq. 13-2]

th,uf':'

Fig. 13-21
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Eg. 13=24
a ] —! 1
\,q 13-25
15

CoLumMMs

Aluminum Columns. Column desion for structural aluminum is
specified by the Aluminum Association using three equations, each
applicable for a specific range of slenderness ratios Since several types of
aluminum alloy exist, there s a unigue set of formulas for each tvpe. For a
common allov (2004-Ta) wsed in building construction. the formulas are

KL
"ulluw =T 23‘ I'-':s" u = T = I:I- I IJ'—E'-I-:I
Eq. 13-26 :
KLY g
— Fplkw = |:3“-? - [J-:IJ( r JJ:| 1:55 I.I = ; =, -.'_L‘_I' |: |.5|—E"'-.l
kL 54 000 ksi KI

B i ; S 55— 19

T ykiw (KLjr P " (13-26)

Fig, 13-22

I-'--Illul“c'i'II
Eqg. 13-27
gl
"--._{iiq.lj-ls
i .
Eq. 13-29
(1.216
L)
i
: i1 I b LR |

These equations are ploted in Fg 13220 As shown, the first two
represent straight lines and are used to model the effects of columns in
the short and intermediate range. The third formula has the same form as
the Euler formula and is used for long columns,

Timber Columns. Columns used in timber construction are
designed on the basis of formulas published by the MNational Forest
Products Association (MFPA) or the American [nstitute of Timber
Construction (AITC). For example, the NFPA formulas for the
allowable stress in short, miermediate, and lomg columns having a
rectangular cross section of dimensions b and &, where o s the snalles
dimension of the cross section, are

Foow — L2400 kesi ) = FL—L'E. 11 :'3‘_2?]
KL/ Kl
Tuppw = 1 2”[ = ?( } J 1= F = 26 (13-28)
5401 k=i ,E,, 1
Foaliiw = o 03 26 = — = 50 (13-4
S T g )

Here wood has a modulus of elasticity of £, = J.Ri_lﬂ'l-l:s.i and an
allowable compressive stress of 1.2 ksi parallel to the grain. In particular.
Eq. 13-29 is simply Euler’s equation having a factor of safety of 3. These
three equations are plotted in Fig. 13-23
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Procedure for Analysis

Column Analysis

& When using any formula to enalvze a column, that s to find jts
allowable Ioad. it is first necessary to calculate the slenderness
ratio in order fo detérmine Which colimn formula applies,

* Once the average allowable stress has been calculated. the
allowable lead om the column is determined from P o= oy

Caolumn Design.

* If a formula is used o design & column, that 1€ o determine the
column’s cross-sectional area for a given loading and effective
length, then a trial-and-check procedure generally muost be
followed when the column has a composite shape, such as a
wide-flange section.

& (e possible way to apply a trial-and-check procedure would be
oy axsretne thie column’s cross-sectional area, A', and calculate the
corresponding stress o' = P/A". Also, use an appropriate design
formula to determine the allowable stress oy, From this,
calculate the required column area A = Pl

* A" = Ay, the design is safe. When making the comparison,
it is practical to require A" to be close to but greater than A, q.
usually within 2-3%. A redesign is necessary if A™ = Agy.

an area 15 determined by the previously caleulated required area.
In engineering practice this method for design is uswally
shortened through the use of computer software or published
tables and graphs.

& Whenever a tnal-and-check procedure is repeated. the choice of

Ihese nmber columns can be considered
pinned o theilr bodtom  amd  fxed
connected o the beams al their Lops

695
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EXAMPLE [13.6

r An A-36steel WI0 = L0 member is used as a pin-supported column.
Fig. 1324, Using the AISC colummn design formulas determing the
E largest load that it can safely support.

SOLUTION
The following data for a WIU X 100 is taken from the table in
Appendix B.

A=204in" r,=460in, r,=265in.

fince K = 1 for both x and v axis bucklimg, the slenderness rato s

A 1, largest if r, is used. Thus,
r - 1 in,
KL 3 rlamu;mm e
Fig. 13-34 r 263 in.
From Eq. 13-22. we have
(&) — |II:I’I-JE
A “'ll iy
_ [2 290007 ksi]
N 3 ksi
= 1241

Here 0 < KLj/r < {KL/r)., 50 Eq, 13-23 applies

KLy
akLire |

(5/3) + [(3/8)(KLfr)(KLfrY] — [(KL{rY8(KL/r)]

Fallvw =

= [1 = (72.45)°/2(126.1)"]36 ksi
T (5/3) + [(3/8)(72.45/126.1)] - [(72.45)%/8(126.1}"]
= 16.17 ksi

The allowable load P on the column is therefore

Tatlow = 16.17 kip/in® = P

F =476 kip Anx
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EXAMPLE |13.7

The steel rod in Fig. 13-25 is to be used to support an axial load of
18 kip. If E; = 29(10°") ksi and oy = 50 ksi, determine the smallest
diameter of the rod as allowed by the AISC specification. The rod is
fixed at bath ends.

i
|
14 kip H kip
I
< 15 i ~
Fig. 13-25
SOLUTION
For a circular eross section the radius of gyration becomes
e P o e T |
II,' (1 )m(d2Y 4
F = — e e 8 A = o
Na NV (/e 4
Applying Eq. 13-22 we have
{ r J; "Wy N 50 ksi -

Since the rod's radius of gyvration is unknown, KL /r is unknown, and
therefore a chowe must be made as to whether Eq. 13-21 or Eq. 13-15
applies. We will consider Eq, 13-21. For a fixed-end column K = 0.5, 50

127°E
gl e
mlliiw 21‘.K{_,lrf]'
1Bkip 125729 107} kip/in°]
(Lf4)ymwd®  23[0.5(15 000012 0n./1t)/(d/4)]
2192 :
— = |.152d
il
d = 211in.
LUse
d = 2250n, = 21 in. Ahx

For this design, we mnst check the slenderness-ratio limits; e,

KL DS(I5 iy 12 in /M)
r (2:25in./4)

Simce 107400 = 160 < 200, use of Eqg, 13-21 is appropriate.
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EXAMPLE [13.8

12 ki A bar having a length of 30 in. is used to support an axial compressive
load of 12 kip, Fig. 13-26. [t is pin supported at its ends and made of
a 2N04-Th aluminum allov, Determine the dimensions of its ¢ross-
sectional area if its width is 1o be twice its thickness,

SOLUTION

Since KL = 3 in. is the same for both x and v axis buckling, the
larger slendemess ratio 15 determined wsing the smaller radius of
gyrabion, e using | . = [

KL KL _ 1{.3)) _ 103y
o NISA V{1/12)26(F) /[ 2B(B)] h

(L}

Here we must apply Eq. 13-24, 13-25, or 13-26. Since we do not as yet
know the slenderness ratio, we will begin by using Eq. 13-24.

% = 28 ks
12 ki
Fig. 13-24 P e
& 255) 28 kip/in
b= (463 in.

Checking the slenderness ratio, we have

KL 1034

=0 95 > ]
. CDaa . s>

Try Eq. 13-26, which is valid for KL{r = 55,

P 54 (00 ksi
A (KL/r)
12 54 000
2b(b)  (103,9/b)
b= 1051m, A
From Eq. 1,
KL 1039

_ 993 >55 OK
¥ oOas 2

MOTE: It would be satisfactory e choose the cross section with
dimensions 1 in. by 2 in.
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EXAMPLE |13.9

A board having cross-sectional dimensions of 5.5 in. by 1.5 in_ is used
to support an axial load of 3 kip. Fig. 13-27. If the board is assumed
to be pin supported at its top and bottom. determine its gredates!
allowable length L as specified by the NFPA,

A kap

5 kap
Fig. 13-27
SOLUTION

By mspection, the board will buckle about the y axis In the NFPA
equations, d = 1.5 m. Assuming that Eq. 13-29 applies, we have

P S40ksi
A (KLfdY
5 kip 540 ksi
(35m)(15m) (1L/15in)
L= 448in. Anhx

Here

Ki 448
d  15in

298

Since 26 < KLSd = 50, the solution is valid,
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Serostews

1378, Determine the largest length of & structural A-36
steel rod if il is fixed supported and subjected to an axial
boad of 100 KN The rosd has a diameter of 40 mm, Dse the
ATSC cquations,

1379, Determine the largest length of 8 W % 45
structural steel columm if it s pin supported and subjecrsd
to iwn axmial load of 249 H’ip. &, = ';"'-'r‘l[|“":l k=i, oy = 50 ksi,
L'se the AISC equations.

“13-80. Dectermine the largest length of o Wil = 12
structural A-36 steel seetion il it is pin supported and s
rubjected to an axial load of 28 kip. Use the AISC cqualions.

o] 3-81. Using the ATSC cquations, select from Appendis B
the lightest-weight siructural A-36 steel column that is 14 0t
Iong and supports an axial load of 40 kip The ends are pinned,
Take oy = S0 ks,

13-82. Ulking the ATSC equations, select from Appendix B
the lightest-weight structural A-36 sieel column that is 12 0
long e supporis an exial load of 4 kip The ends are lised,
Take oy = 50 ks,

13-83.  Using the A1SC equations, select from Appendix B
the lighlest-weight structural A-36 steel column that is 24 i
long and supporis an axial load of 100 kip. The ends are
fixed

“13-B4. Using the AISC equations seleot from Appendix B
the lightest-weight structural -3 steel colwmn that is 300
long e&nd supports an sxial load of 200 kip. The cods are
fixed.

1 3=-85 A WE x 24 A-36-5iee]l column of - length is
pinned at hoth ends and braced against its weak axis at mid-
height. Determine the allowable axial foree P that can be
safely supporied by the column. Use the AISC column
design formulas,

13-B6. Check if a W10 < 39 column cen safely support an
axial fToree of P = 250 kip. The column s 240 10 long and is
pinned at bhoth ends and braced against its weak axis
mid-height. It is mede of steel having £ = 29 10°) ksi and
ey = Al ksl Use the ARSC column design formulas,

1387 A 5-fi-long riwd is used in & machineg to transmit
an axial compressive load of 3 kip. Determine its smallest
diameter 101 8 pin connected at 15 ends and 15 made of a
200 4-Th aluminwm alloy,

“13-88. Check it 8 Wk % 45 column can safely support
an axial force of M = 10 Kip. The column is 15 11 long and
is pinned at both of it ends. Tt is made of steel having
E =291 ksi and oy = S0 ksi. Use the AISC column
design formulas,

o]3-8Y. Using the AISC cquations, check of a column
hawing the cross section shown can support an axial foree of
15001 k. The column has a length of 4+ m, is made from A-36
steel, and 118 ends are pined

20 mm _-l-_;ﬁ':' mm_.—-l__ 2 mrm
c T

JLRN mm

I|l||:|u11 J_

Proh. 13-849

13-90. The A-36-stecl tube is pinned at both ends. I it
i5 subjected to an extel force of 150 kN, determine the
maxim i lempth that the tube can safely support using the
ATRC column design formulas,

Proh. 13-
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1391 The bar is mede of a 2014-TH alommum alloy.
Dietermine s smallest thickness b il s width g 55 Assume
that it is pin connected at ils ends.

“13-42, The bar is made of @ 2004-T6 aluminum alloyv
Dietermine 118 smallest thickness b il ns width s 5k Astome
that it is [xcd connecied at is ends,

Flll Th

il

Probs 13912

#13-93, The 20014-TH aluminum colummn of 3-m length has
the cross section shown. If the column is pinned ot hoth
ends and braced aguainst the weak axis at its mid-height,
determine the allowable axial foree P that can be safely
supported by the column.

13-, The 2004-T6 sluminum column has the cioss
section shown, 7 the colummn 12 planed ar both ends and
subjected 1o anm axial force M = 1 kM. delermine the
maximum length the column can have w safely support the
foading

1Tihmm —| =15 g

Probs 139344

13495, The 20014-T& plumimum hollow section has the
cross section shown, IF the column ig 10 [T long and s fxed
a1 both ends, determing the allowahle axial force P thal can
be safely supported by the colomn.

51306, The MALTH aluminum hollow section has the
cross section shown, I8 the column s fixed at 118 base and
pinned al ils top, and is subjecled 1o the axial foree
o= 1000 kip, determine the maximum leogth of the colummn
foor it ey safely supppon the load,

| din.

Probs 1345046

1397, The tube is (.25 in. thick, 1= made of 8 2014-Th
ahuminum alliy, and 15 fixed at itz botiom and pinned at its
top. Determine the largest axial load that it can support

1398 The tube is 0.25% in. thick, &5 made of a 2004-TH
gluminum alloy, and 5 fixed connected al s ends
Drerermne the largest axial boad that i1 can support

1300, The tube is 0,25 in thick, is made of 20014-Th
aluminum alliy &nd 15 pin connected st it ends. Determine
the largest axiel lowd it can suppor

F

Frotes. 13-97/8AM
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“13-100. A rectangular wonden column has the cross “13-104. The wooden column shown s formed by gloing
section shown, IT the column s 6 @ long and subjected oan together the fin, = 0.5 in. boards 1T the column is pinned
axial force of I* = 15 kip, determine the required minimum &t bolh ends and is subjected to an axial load P = 20 kip,
dimension a of 115 cross-sectional arca 1o the nearest ﬁ i, determine the required number of boprds needed Lo [orm
s that the column can safely support the loading, The the column in order to galely support the loading,

column is pinned at hoth emls

13-101. A rectangular wooden column has the cross
section shown, If o = 3in. and the eolumn s 12 1t long,
determine the allowable axial [oree P that can be safely
supported by the column ifit is pinned at its top and fised at
iz base

13102, A rectangutar wooden column has the cross
section shown If @ = 3 in. gnd the column is subjected to
an axial forge of P = |5kip, determine the maximim
lemgth the column gan Bave to safely support 1hi foad, The
column is pinned at it op and fixed at its base,

—e—]

2 Proh. 13-104

#13-105. The column is made of wood. [t i fixed at its
et [ bottom and free ot its iop. Use the MFPA formules 1o

determine s greatest allowashle length i it suppores an
Probs, 13- 100101102 axial load of P = 2 kip.

13=106, The column = made of wood, It 1= lxed o s
bottom and [ree st s top, Use the NFPA formulas 1o
derermine the largest allowable axial Toad P that it can
support if it hes g length I = 4L

13103, The timber column has a square cross section and
is assumed o be pin connected at it vop and bottom, T 0t
supports an axial load of 50 kip, determine its smallest side
dimension a to the nearest 3 in. Use the NFPA formulas,

Prob. 13-103 Mrobs. 1310511
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*13.7 De;.;ign of Columns for
Eccentric Loading

Crecasionally a column may be reguired to support a load acting either P ®
at its edge or on an angle bracket attached to its side. such as shown in
Fig. 13-284. The bending moment M = Pe, which is caused by the
eceentric loading, must be accounted for when the column is designed,
There are several acceplable wavs m which this is done in engineenng
prachice. We will discuss two of the most common methods,

r—- M = P

Use of Available Column Formulas. The stress distribution
acting over the cross-sectional area of the column shown in Fig. 13-28aq 18
derermined from a superposition of both the axial force P and the bending
moment M = Pe In particular, the maximum compressive stress is

P I M
ir o
TN |I'1| :-
A lvpical stress prafile is shown in Fig. 13-28h I we conservatively
axsrime that the entire cross seclion 18 subjected to the uniform stress

Ty 8% determined from Eg. 13-30, then we can compare oy, with
g Which is determined wsing the formulas given in See. 13.6.

{13-300)

iF,

Calenlation of o, 15 usually done using the dargest slenderness ratio ib)
for the colummn, regardless of the axis about which the column
experiences bendmg, This requirement is normally specified n design Fig. 13-28

codes and will in maost cases lead to a conservative design, Tf

My = Tyliow

then the column can carry the specified loading. If this inequality does
nat hold, then the column’s area A must be increased, and & new 7.
and ., must be calculated. This method of design is rather simple (o
apply and works well for columns that are short or of mtermediate
tenath.

Interaction Formula. When designing an eccentrically loaded
column it is desirable to see how the bending and axial loads interact. so
that a balance between these two effects can be achieved. To do this, we
will consider the separate contributions made to the total column area
by the axial force and moment. If the allowable stress for the axial load is
[, atow - Lhen the required area for the column needed 1o support the
load £ 15

F

A, =-
LTy :I.I“IJH

Similarly, il the allowable bending stress is (g )ipow . then since
I = Ar. the required area of the column needed w support the
eccentric moment 15 determined from the flexore formula. that s
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i
i E:F_'E-'
li—"-'rl#

lypical example of o column used (o
supporl an cecenirie rool loadisg.

M

" ]
L7t st

The total area A for the column needed to resist boihi the axial load
and moment requires that

AR =

W
Aot A=t M ¢ 4
(7 bationw (T p ) btaw?™
ur
PiA Me/ Ar
+ = |
rrr.l}"lﬁ_lw Iltrlll'_:l;lnll'ﬁ
ci. b ey (13-31)
|.I':|'|| :'lllllm Ilf'rl'r:lllll‘.l'ul. =
Here

ir, = axial stress cansed by the force P and determined from
i, = FA where A is the cross-sectional area of the
cilumn

iy, = bending stress caused by an eccentric load or applied
moment Moy, is found from ey, = Me/d where fis the
moment of inertia of the cross-sectional area calculated
about the bending or centroidal axis

[ery by = allowable axial stress as defined by formulas given in
Sec. 13.6 or by other design code specifications. For this
purpose, always use the lergest slenderess ratio for the
collummn, regardiess of the axis abowt which the column

experiences bendimg
[Ty unaw = allowable bending stress as defined by code specifications

Motice that, if the column s suljected only to an axial load, then the
bending-stress ratio in Eg. 13-31 would be equal to 2ero and the
design will be based only on the allowable axial stress. Likewise. when
ma axial load is present, the axial-stress ratio 15 Fero and the siress
requirement will be based on the allowable bending stress, Hence, each
stress ratio mdicates the contribution of axial load or bending moment,
Since BEg. 1331 shows how these loadings interact. this equation
i sometimes referred to as the inferaction formule. This design
approach requires a mial-and-check procedure, where it is reguired that
the designer pick an available column and then check to see if the
mequality is satisfied. If it 1s not, a larger section is then picked and the
process repeated, An economical choice 15 made when the lelt side is
close to but less than |

The mteraction method s often specified in codes for the design of
columns made of steel, aluminum. or timber. In particular, for allowable
stress design, the American Institute of Steel Construction specifies the
use of this eguation only when the axial-stress ratio o (o )ypew = (115,
For ather values of this ratio, a modified form of Eg, 13-31 15 used
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EXAMPLE [13.10

The column in Fig. 13-29 is made of aluminum alloy 2004-T%6 and is
used to support an eccentric load P. Determine the maximum

magnitude of P that can be supported if the column is fixed at its base
and free at its top, Use B 1331

Fig. 13-29

SOLUTION
From Fig. 13-100, K = 2. The largest slendemess ratio (or the column
is therelore
Kl 2080 in.)

F *v"u_mznfain.mr:m.*.r‘l,f[rzin.wtn.]
By inspection, Eq. 13-26 must be used {277.1 = 35). Thus.
S4 O ksi 54 006 ksi
(KLiry (277aF

The maximum compressive stress in the column s determined from
the combination of axial load and bending We have

= 1771

= (L7031 ks

Tillaw =

P (Pe)e
i T T
N B Fllin)(2in,)
" Zingdin) | (1/12)(2in) (4 i)
= ).3125P
Assurning that this stress is uniform over the cross section. we require
Fallow = Fmnys 0,7031 = 0.3125FP

P = 225kip Anx
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EXAMPLE 13.11

r The A-36 steel Wé X 20 column in Fig 13-30 is pin connected at
its ends and is subjected to the eccentric load P Determine the
maximum allowable value of P using the interaction method if the
allowable bending stress is (o e = 22 ksi.

SOLUTION
Here K = | The necessary geometric properties for the Wa » 20 are
taken from the table in Appendix B

A = 587in° 1, =4 4in' r= 1.50n, d = h.20in.

We will comsider ry, because this will lead 1o the lorgest value of the
slenderness ratio, Adso, £, s needed since bending oceurs about the x
axis {c=6.20 in,/2 = 3.10 in. ). To determine the allowable compressive
stress, we have

L‘J"ﬂf—pr;u.m KL 15 f{12in/f)]
r L50in.

20

'

F -
Since

Fig. 13-30

T frmr (2o [29(10F) ksi
(ﬁ) =*u'f T =3 b ]=[2ﬁ.l
i iy

36 ksi
then KL/r = (KL/r). and so Eq. 13-23 must be used.

[1 = (KL/ry¥ 2AKLr) oy

Tollow = ; i LEIeLE 1
(5/3) + [(3/BUKLAKLIN - [(KLNYBKLr),]
[1 — (120)7/2{126.1)°]36 ksi
(3/3) + [(3/B)(120)/{126.1)] — [{120)"/8{126.1)"]
= 1028 k=i
Applving the interaction Eg. 13-31 vields

My

(odaon  (Tadaion

P/587in  P(30in}{310in)/(414in") :

10128 ksi 22 ksi
P =843 kip A
Checking the application of the interaction method for the steel
Seclion, We require

o, _ BA3kip/(587 in.)

iul.r :'uH:m- 10.28 klpl.-'inj

= 1

= (11401 = (.15 OK
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EXAMPLE [13.12

The timber column in Fig 13-31 is made from two boards nailed
fogether so that the cross section has the dimensions shown. If the
colummn is fixed at its base and free at its top, use Eq. 13-30to determine
the eccentric load P that can be supported.

Fig. 13-31

SOLUTION

From Fig. 13-106, K = 2. Here we must calculate KL/d to determine
which equation from Egs. 13-27 through 13-29 should be uosed.
Since oypgw 15 determined using the largest slenderness ratio, we
choose d = 3in. Ths is done 1o make this ratio as large as possible,
and thereby vields the lowest possible allowable axial stress, We have

il 3in

4 2alhin
o { m]=.|

Simee 26 = KL/d < 50 the allowable axial stress is determined using
Eq. 13-20. Thus,
S ki 5400 fesi

= e AL oy ot
Oelow = TRLIEE. (4D X

Applving Eq. 13-30 with o5, = @y We have
F |w1'

Tallpw = 7T

A I
P P4 )i 3m.)
(Fin)6in) (1/12)3in)(6in)
P = 122 kip Ans

(.33 75 ksi
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Serostews

13-107. The W4 = 33 structural A-36 steel column
supports an axial load of B kip in addition 1o an cocentric
bl P D termine tha masemum allowalble valoe of P bised
en the AISC equations of Sec 13.6 and Eq. 13-30, Assume
the column is fixed st its base and ab its 1op iLis [ree (o sway
in the r=2 plane while i1 1% pinned in the =2 plane,

*13-108. The WI2 = 45 struciural A-36 sicel column
supports an axial load of Bl kip m addition to an eccentric
il of P o= &l kip, Determing if the eolumn fails based on
the ATSC equations of Sec. 13,6 and Eq. 13-30, Assume that
the colummn is fixed sl its base. and al its wop it s free Lo sway
in the r—z planc while it is pinned in the -z plenc.

Probs. 13107108

s13-10M.  The W14 = 22 structoral A-36 sieel column is
lixed at 11s top and bottom. I a horizontal lead (oot shown)
ciuses it to support end moments of M = 10 kip -,
determine Lthe maximum allowable axial force £ that can be
applied. Bending s about the x-v axiz Use the AISC
eiquiations of Sec, 1 3.6 and Ecq, 13=30

13-118. The Wid > 37 column is fixed a1 s top and
bottom. If & horeontal load (not shown | causes it 1o support
end moments of M = 15 kKip- [, determine the maximum
allowable axial foree P that can be applied. Bending is
about the x-r axis. Lfse the inlersclion formuols with
I:rn.}_",,. = Mku

B

Profes 13-1089110

13-111. The WI4 % 43 stroctural A-36 sicel column
is fxed at its bottom and free b its top, Determing the
greatest eccentric load Pothat can be applied using
Eq. 13-30 and the AISC cquations of Sec. 136

*13-11Z The Wi % 45 structural A-36 steel column s
fixed at its bottom and free at its wop, 11 it is subjected to a
lsad of I* = 2 kip, determine if it is safe based on the AISC
equittions of Sec. 13.6 and Eq. 13-30,

Probs. 13-1110/112
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13113, The A-36-stcel W0 = 45 column is fixed at its
base. 1ts top is constrained to move along the r—y axis but
free to rotate about and move along the y—p axis Determing
the maximum cocentric [orce P that can be safely supported
by the column nsing the sllowable stress method.

13=114, The A-36-smwel W0 X 45 column 5 Gxed an ils
base, Tts top is constrained to mive along the =x axis but
free torotale aboot snd move along the y—r axis. Dieterming
the masimum eccentrie loree P that can be safely supported
by the column using an interaction formula, The allowahle
bending stress is (o) = 15 ksl

13-115. The A-36-steel W12 % 50 column s fixed a1 ils
base, Tis top s constrained Lo move along the -y axis but
free o rotate about and move along the y—p axis If the
coventric force "= 15kip 8 applied to the colomn,
ivestizate (L 1he column i adegquate o support the loading
Use the allowahle stress method.

*13-116. The A-3h-steel W12 30 column is fxed sl ils
base, Trs top 1% constrained to move along the v-x axis but
free 1o rotate about and move along the y—¢ axie T the
cocentric force = 15kip s applied to the column,
mvestizate iF the column = adequate 1o support the loading,
Use the interaction formula. The allowable hending siress is
!H’J,}‘hm = 15 ksl.

24

Probs, 13-113 114115016

709

#13-117. A 16-lt-long column is made of aluminum alloy
204-Th. I 1t s fied at its top and bottom, and a
compressive load P s applied at point A, determing the
maximum gllowable mngnilu.dc of P using the cquations of

Sec. 156 and Eg. 13-30,

13=118. A [6=ft-lomg column 1% made of alaminem alloy
2014-Th, TF it i fiwed at its top o and botiom, and a
compressive load P ois applicd &1 point A, determine the
maxtmum illowable magnitude of I using the egquations of
Sec 3.6 and the interaction formula with (e e = 200 ksi

Probs, 13117118

13-11%. The 2014-T6 hollow column is fixed at its basc
gnd free al its top. Determine the maximum cocentric
force P thiat can be safely supported by the column, Use the
allowable stress method: The thickness of the wall for the
section (s = 0,51,

#3120, The 2014-T6 hollow column is Gxed ar g base
und free at s wp, Determing the masimum ecceniric foree
P that can be salely supporied by the column. Use the
interaction  formla, The allowable bending  stress a5
(eFp bame = 300 EsQ, The thickness of the wall Tor the section is
= 15in

¥
£
[

Probs 13119120
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13120, The efilong bar s made of aluminam glloy
200 4-Th. TF it is fived at its bottom and pinned at the top,
determine the maximum allowahle eceentric load P that can
be applicd vsing the formulas in Sec 13,6 and Eq. 13-31,

13-122. The 10-M-long bar is made of aluminum alloy
20L4-To IF it is fixed at its bottom and pinned gt the op,
determine the maximum gllowable cocentrie load P that
can ba appliecd using the equations of Sec, 136 and the
interaction formula with o). = 18 ksi

Probs. 13-121/122

13123, The rectangulnr  wooden  colemn can bhe
considered fixed gt its base and pinned &t its top. Also, the
columm is braeced at ils mid-height ageinst the wesk axis.
Dretermine the maximuom cecentric force P that can be safely
suppoarted by the colummn using the allowahle stress method,

“13-124. The recungular wooden columm  can be
considered MNxed ar its base and pinned a1 top. Also, the
column is braced at jts mid-height against the wesk axis
Determine the maximum eccentric force P that can be
safely supported by the column using the mieraction
formula. The allowable bending stress is (o) = 1.5 ksi

B in*llp —sin—]

Probes, 13128124

o13=125. The kin-dimmeter wtility pole supporis the
transformer that has & weight of 600 Ib and center of gravity
at £r. If the pole is [xed to the ground and frec al its
top, determine if it i adequate sccording 1w the NFPA
equations of Sec, 13.6 and Eq, 13-301

3in

16f

Prob. 13-125

13-126. LUlsing the MFPA equations of Sec 136 and
Eqg. 13-30, determine the maximum allowable eccentric
loied P hat can be applicd two the wood column. Assume that
the column is pinned at bath its top and bottom.

13-127. LUsing the MFPA eqguations of Sec. 136 and
Eq. 1331 determine the maximum allowable eccentric
lpad i that can be applicd to the wood column. Assume that
the column is pimoed at the top end fived at the bottom,

(73

Probs. 13-126/127




CHARTER Revew

11

. CHAPTER REVIEW

Bucklmg s the sudden imstallity that oceurs
in eolumns or mernbers that suppaor an asial
compressive |oad. The maximum sxial load
thiot a membér can support just before
buckling is ealled the eritieal load P

The critical load [or an ideal column is
determmed from Bdler’s [ormula. where
K = 1 for pin supporis, K = 05 for fixed
supports, K = 0.7 for a pin and a fixed
ﬁuppl:m_.am”..' = Ioralixed support and &
free end

" okl
Er |: R.-E-az

_‘_#
<
=

ﬁ-'l-r_—-

If the axial lnading is applicd cocentrically
b the eolumn, then the secant formula can
be used o deferming the maximum siress
in the column,

i S =£i[l+r'—fscc(£ ,|—J
' I

2FY

E/

-—

When the axiol lowd casses vielding of the
material, then the tenpent modulus should
be used with Euler's formule (o delermine
the critical load for the column. This s
referred 1o as Engesser's equation,

_'q_'.‘.EI
(KLfr)®

Mer

Empiﬂczﬂ formulas based on experimenial
dita hiave been developed for use i the
design of seel, aluminam, and tmber
columns,
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*13=128. The wood eolumn is 4 m long and is requined
gutprport the axial foad of 25 kN, If the cross section is square,
determine (he dimension @ of cach of ils sides using a factor
of safety against buckling of FS. = 2.5, The column s
assumed to be pinned at its top and bottom. Use the Euler
eguation. £, = 11 GPa, and oy = 10 MPa

CHapTER 13 BUCKLING ©F COLUMNS

REVIEW PROBLEMS

Prot. 13-128

o] 3-129, 10 the torsional spongs gtteched 1o ends A and
C of the rigid members AR and BC have a stiffness &,
determine the critical load P

Proh. 13124

13130, Determme the maximum  intensity w of the
uniform distributed load that can be applied on the heam
without cansing the compressive members of the supporting
truss 1o buckle, The members of the truss are made rom
A-3estee] rods having & ®-mm diameter, Use FS = 1
againsi buckling.

Prot. 13-1340

13-131,  The W1l = 45 steel column supports gn gxiel foad
of 6 kip in addition to an cocentric load P, Determine the
maximinm wllowable value of P based on the ATSC cqustions
of Sec, 136 and Eq. 13-3) Assume that in the y-2 i‘u!anr_-
K, = L and in the y—z plenc K, = 200 E; = 29(10") ksi,
oy = S0 ksi. '

il

Prob, 13-131



*13=132. The A-36-51eel column can be considered pinned
at its top and fived at its base, Also, it is braced at ity
mid-heiaht elong the weak axis Investigate wheother a
W25 = 45 section can safely support the loading shown
Llse the allowable siress method

#13-133, The A-36-stecl column can be considered pinned
gl its top and lixed at its base, Also, it 15 braced at
its mid-height along the weak axis Tnvestipate whether o
WM = 45 section can safely support the lpading. shown.
Use the mteraction formula. The allowable bending stress is

() b = 100 MPa,

Probs 13-130133

13-134, The member has o symmetric cross section, 1Lt is
pin conmected a1 115 ends determne the largest force i can
suppert. Tt is made of 2004-TH aluminum alloy.
rl
{15 in.

l|I

Proh. 13-134

Rewew ProgiEas 713

13=135. The W2 x 46 A-dpsreel column can  be
considered pinned at its top and Nxved at s hase, Also, the
column 15 braced at a1s mud-height aguinst the weak axs,
Determine the maximum axial owd the column can suppor
without causing it Lo buckls

Prob. 13-135

=3=-136. The stroctural A-36 steel column has the eross
seciion shown. 11t is [ixed at the bottom and free at the Lop,
determine the maximim foree P thal can be applicd an A
without causing it to bockle or vield. Use a factor of safety
of 3 with respect 1o buckling and yielding

#13-137. The structural A-36 sieel column has the cross
section shown, T8 Gxed at the bottom and [ree at the top,
determine i the column will buckle or vield when the load
= 10EkN, Uss g [actor of safety of 3 with respect o
bsuckling and vielding

20l mim

18 mm —| Ij“ﬂ”—lil i

LLHI pm | A

1M 1K) II.'II:II

Iﬁ"l [RIRI1]

14 mm

Mrohs 13-136/137




&5 pilas are driven in place, their ends are subjected to impact loading. The nature of
impact and the energy derived fram it must be understood in order to determine the
stress developed within the pile.




Energy Methods

CHAPTER OBJECTIVES

In this chapter, we will show how to apply energy methods to solve
problems involving deflection. The chapter begins with & discussion of
work and strain energy, followed by a development of the principle of
conservation of energy. Using this principle, the stress and deflection
of a member are determined when the member is subjected to
impact. The method of virtual work and Castigliano's theorem are
then developed, and these methods are used to determine the
displacement and slope st points on structural members and
mechanical elements.

14.1 External Work and Strain Energy

The deflection of joints on a truss or points on 4 beam or shaft can be
determined vsing energy methods Before developing any of these
methods, however, we will first define the work cansed by an external
force and couple moment and show how (o express this work in terms of
a body’s strain energy, The formulations to be presented here and in the
next section will provide the basis for applying the work and energy
methods that follow throughout the chapter,

fla
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Fig. 14-1

EnEagyY METHODS

Work of a Force. In mechanics. a force does work when it
undergoes a displacement dx that is in the same direcrion as the foree. The
work done is a scalar, defined as di, = Fdx, If the total displacement is
A the work becomes

A
[, = / F dx (14-1)
il

To show how o apply this equation, we will caleulate the work dong
by an axial force applied to the end of the bar shown in Fig, 14-1a. As the
magnitude of the foree 15 grodually iInereased from zero to some limiting
value F = P, the final displacement of the end of the bar becomes A, If
the material behaves moa Iimear-elastic manner, then the force will be
directly proportional to the displacement: that is. F = (P/A)x
Substituting into Eq. 14-1 and integrating from 0 to A, we get

Pa {142}

Therefore, as the force 15 gradually applied to the bar, its magnitude
builds from #ero to some value P, and consequently, the work done is
eyl to the average force magnifude, PP2. times the total displacement
A, We can represent this graphically as the light-blue shaded area of the
triangle in Fig. 14-1e

Suppose, however, that I is already applicd to the bar and that another
force P is now applied, so that the end of the bar is displaced further by
an amount &', Fig. 1415 The work done by P' is equal to the pray
shaded mriangular area, but now the work done bv P when the bar
undergoes this further displacement is

UL = PA' (14-3)

Here the work represents the dark-blue shaded rectanguler area in
Fig. 14-1c. In this case P does not change ils magnitude, since (he bar’s
displacement A is caused only by P Therefore, work here is simply the
force magnitude P imes the displacement A"



14,1 Extermal Woak AND STaaIM ENERGY

Work of a Couple Moment. A couple moment M does work
when it undergoes an angular displacement &9 along its line of action,
The work is defined as di, = M d8, Fie. 14-2, If the total angolar
displacement is # rad, the work becomes

b
U, = [.u;m (14-4)
i

As in the case of force, if the couple moment is applied to a body
having lincar elastic material behavior, such that its magnitude is
increased gradually from zeroat # = 0 to M at #, then the work is

I
o, = EM’H‘ [14-5)

However. if the couple moment is already applied to the body and other
loadings further rotate the body by an amount #', then the work is

UL = Me

Strain Energy. When loads are applied to a body, they will deform
the material. Provided no energy is lost in the form of heat, the external
work dene by the loads will be converted into internal work called srrain
emergy. This energy. which is always positive, is stored in the body and is
caused by the actiom of either normal or shear siress

MNormal Stress.  If the volume element shown in Fig. 14-3 is subjected
to the normal siress o.. then the force created on the element’s
top and bottom faces is dF. = o.dA = o, dx dy. If this force is
applied gradually to the element. like the force P discussed previously,
its magnitude is increased from zero to dF.. while the element
undergoes an elomgation dA . = . dz. The work done by d F. is therelore
dally = %:H:'_, dA. = %10': dx dvle. dz. Since the volume of the element
15 ¥ = dx dy dz, we have

dti; %cr_-e_- dV (14—}

Motice that (L is alwars positive, even if o_ 15 compressive, since o and
e. will always be in the same direction.

Im general then, if the body is subjected only to a uniaxial norod stress
e, the strain energy in the body is then

U, /#dv (14-T)
o

=

1|

Fig. 14-2

qr.

"7
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Fig. 144

EnEagyY METHODS

Aldsoif the maierial behaves in a linear-elastic manner, then Hooke's law
applies, and we can express the strain energy in terms of the normal
Siresy as

I"l':|
T — A a
U, -/L:EE_H!V (14-8)

Shear Stress. A strain-energy expression similar to that for normal
siress can also be established for the material when it is subjected
to shear stress. Consider the volume element shown in Fig. 14-4. Here
the shear stress causes the element to deform such that only the shear
force dF = vidx dy), acting on the top face of the element, is displaced
ydz relative to the bottom lace. The vertical feces only rotate, and
therefore the shear fovees on these faces do no work. Hence, the stram
energy stored in the element is

U, = Slr{de dy)ly dz
or since dV = dx dy ds
dlf, ;—T}rr..l'l-"' (1414
The strain energv stored in the body is therefore
u, .{%w (14-10)

Like the case for normal strain energy, shear strain energy is always
positive since r and y are always in the same direction. If the material is
linear elastic, then, applving Hooke's law, y = /G, we can express the
strain energy in terms of the shear siress as

IR

U= | —
Jv 26

dv (1411
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Ty,

A

LLE]

{n i)
Fig. 14-5

In the next section, we will use Egs 14—% and 14-11 to obtain formal
expressions for the sirain energy stored in members subjected (o several
tvpes of loads Onee this s done we will then be able to develop the
energy methods necessary o determine the displacement and slope ar
paints on a body.

Multiaxial Stress. The previous development may be expanded to
determine the strain enerpy in a body when it is subjected to a general
state of stress, Fig, 14-5a. The strain energies associated with each of
the normal and shear stress components can be obtained from Egs. [4-6
and 14-9. Since energy is a scalar. the total strain energy in the body is
therefore

11 1 1
U= j_’ri'fxf-r i E'J'pfr e ErT:‘E:
- l ; v 4-12
T E' iy ETJ'.—?}'.‘ + Erlr'ﬂ'.— £ il _I‘]

The strains can be eliminated by using the generalized form of Hooke's
law given by Egs 1018 and 1019 After substituting and combining
terms, we have

; | ] 1 4}
LI'I i '/I[:E[J. + gyt + T :I o %{'Tlrﬂ + oF pF = L lil'l_ﬂ':}

f é""u: f T_I:'.': T Tl.:l]:l"-{v (14-13)

If omly the principal stresses o, o=, ey act on the element, Fag. 14-50,
this equation reduces o a simpler form. namely.

2E

This equation was used in Sec. 10.7 as a basis for developing the
maximum-distortion-energy theory,

| 1 7 L 4
L= f|:—{ril'|' + -+ .ur_;'} = IF[r:rml': + iy + ::r]rrjj].'ﬂ" (14-14)
| L v
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14.2 Elastic Strain Energy for Various
Types of Loading

Using the equations for elastic strim energy developed in the previous
section, we will now formulate the strain energy stored in a member
when it is subjected to an axial load, bending moment. transverse shear,
and torsional moment. Examples will be given to show how to caleulate

the strain eneregy in members subjected to each of these loadings.

Axial Load. Consider a bar of variable vet slightly tapered cross
section, Fig, 14-0. The imternal axial force at a section located a distance x

from one end 1s N, If the cross-sectional area at this section 15 A, then the
normal stress on the section is o = N/A Applving Eq. 14-8. we have

I-I‘I-I‘I-'l
< E # 5
K . b '”,_I: f hr"
= d¥ = —u'V
; T " .LIE [T O

Fig. 14-6

If we choose an element or differential slice having a volume
dV = Adx, the general formula for the strain energy in the bar is
therefore

A ll,.r:
= i 415
£ A TAE (14-15)

For the more common case of a prismatic bar of constant cross-
sectional area A, length L, and constant axial load N, Fig 14-7,
Eqg. 14-15, when integrated, pives

/& o

L
N UJ

(14-16)

kS

- Waotice that the bar's elastic straim energy will increase if the length of

the bar is increased, or if the moduolus of elasticity or cross-sectional area
is decreased. For example, an aluminum rod [Ey = 10{10F) ksi] will
store approximately three times as much energy as a steel rod
|Ey = 29(107) ksi] having the same size and subjected to the same load.
However., doubling the cross-sectional area of a rod will decrease its
ability to store energy by one-half The following example illustrates
this point numerically,
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EXAMPLE |14.9

One of the two high-strength steel bolis A and B shown in Fig. 14-8 is
to be chosen to support a sudden tensile loading. For the choice it is
necessary to determine the greatest amount of elastic strain energy
that each bolt can absorh. Bolt A has a diameter of 0.875 mn. for 2 m.
of its length and & root (or smallest) diameter of 731 in, within the
(L.25-in. threaded region. Bolt B has "upset” threads. such that the
diameter throughout its 2.25-in. length can be taken as (L731 in. In
both cases. neglect the extra material that makes up the threads. Take
E. = 29(10F) ksi, oy = 44 ksi.
A I}

-

3 225 i
| — —iETE N — (.73 im
2% 1
|

73] in

Fig. 14-8
SOLUTION
Bolt A. If the bolt is subjected o its maximum tension, the
maximum stress of oy = 44 ksi will occur within the 0.25-in. region.
This tension force s

1731 in.
Prm = dyA = 44 km[r(m) } = 1847 kip

3

Applving Eq. 14-16 to each region of the balt, we have

N°L
Ui= 2345
B (1847 kip) (2 m.) (1847 kip) (0125 m.)
2w (0875 in 22900 ksi] 20w (0731 in, 27290107 ) ks
= 00231 in. - kip Az

Bolt B. Here the bolt is assumed to have a uniform diameter of
{L731 in. throughout its 2.25-in. length, Also, from the caleulation above,
it can support a maximum tension force of P, = 18.47 kip, Thus,

_ N°L (18.47 kip)*(2.25 in.)
T 2AE T 2[m(0.731 0 21 129010°) ksi]

NOTE: By companson, bolt B can absorh 36% more elastic energy
than bolr A, because it has a smaller cross section along i1s shank.

U,

= (L0315 im.-kip Anx
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Bending Moment. Since a bending moment applied to a straight
prismatic member develops normal siress in the member, we can use
Eqg. 14-8 to determine the strain energy stored in the member due
to bending. For example, consider the axisvmmetric beam shown in
Fig 14-9. Here the internal moment is M, and the normal stress acting on
the arbitrary element a distance v from the neutral axis is o = M/ I
the volume of the element is dV = dA dx. where dA is the area of its
exposed face and dx is its length, the elastic strain enerey in the beam is

T L My
Hre liagri= Ll 0
R [z.r( i ]I =

ur

L 2 Y
[ = f il . ( f v dA ) dx
i 2EI i

Realizing that the area integral represents the moment of inertia of the
area about the neutral axis, the final result can be written as

Ly g
0, f ""fE‘:‘ (14-17)
1] 5

To evaluate the straim energy, therefore, we must first express the
internal moment as a function of its position © along the beam, and then
perform the integration over the beam’s entire length.* The following
examples illustrate this procedure.

Fig. 14-4

“Recall that the ffexure formuola. a5 peed here, com plso be vsed with justifishle sccamey
o determme the stress moslighily mpered bearma, (See See. 0.4 Soin the general sense. J
in Eq. 14-17 my ako hove o be expressed as o function of ©
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EXAMPLE |14.2

Determine the elastic strain energy due to bending of the cantilevered
beam in Fig. 14-10a, E1is constant

EERE T RERRE

I L.

(a}
Fig. 14-10
SOLUTION
The internal moment in the beam is determined by establishing the x
coordinate with origin at the left side. The left segment of the beam is K
shown in Fig. 14-106. We have ;
1]
 § T )
L+ EMuy, =1 M + H'I(—) =0 | [
+ LRy =
: et i} )

ta ¥,

) ——",

M=- u'(
Applying Eg_ 14-17 vields

Loyg7 i + 2 1 L

M= dx [-wla/2)] dx W' 4
;= = = .
Ui [.‘ 2E] [ 2E] F.F.‘J"/,:: Py

T
I =
Ui HET

ar

Ang

We can also obtain the strain energy using an x coordinate having
its origin at the right side of the beam and extending positive to the
left, Fig. 14—10. In this case,

& = X wi* _
TEMpi=h —-M - w:r(E:] WL ==

e

T ?
N 111 + wilx — H'(IT)

L -

Applving Eq. 14-17, we obtain the same result as before; however, )
mare calculations are involved in this case
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EXAMPLE [14.3

P Determine the bending strain enerav in region AB of the beam
l shown in Fig. 14-11a. Ef is constant.

1

|

¢
SOLUTION
A free-body diagram of the beam is shown in Fig. 14-118 To obtain

the answer we can express the intemnal moment i terms of any one

14 fud of the indicated three “x™ conrdinates and then apply Eq. 14-17.
Each of these solutioms will now be considered.

M= 1 = L. From the free-body diagram of the section in
Fig. 14-11¢c, we have
4 ¥
£l ) ¥ |+ EMyq = 0 M, + Px, =1
¢ -ty I R . My X
| |1'I;. = _P'I-']
7 1p
! G g M H=PxYdn P =
) ST T - 2EI  6E] T
]
A =1 =1L Usmmg the free-body diagram of the section in
Tn—ll J M, Fig 14-11d gives
¥
m HEMy =0, —M,4+ 2P({x;) —Plxs+ L)=10
ﬁ-‘i‘_l FII_I.: L:I
i) M2 dx LIP{x:s — L) dxs  P7L3
L. = —_—= = A
2E1 Ji 2ET aET

L = xy=2L From the free-body diagram in Fig. 14-11¢, we have

3
— —-.‘_—._.I

L EM = O My + 2P x3 ) Plxs) t
|‘-'f_1: F PI:Ia T :'.-lr_-f

i i 5
1200 /'M"d-r Lpxs - 2L)dx P

= A

£ 2ET ; 2E! GET

”I( 1., : , 1

{zy = L) -j

NOTE: This and the previous example indicate that the strain
energy for the beam can be found using any suitable x coordinate. It is
only necessary to integrate over the range of the coordinate where the
internal énergy is to be deternined. Here the choice of & provides
fe) the simplest solution.

Fig. 14-11
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Transverse Shear. The strain energy due to shear stress in a beam
element can be determined by applying Eq. 14-11. Here we will consider
the beam to be prismatic and to have an axis of svmmetry about the v
axis a5 shown in Fig 141211 the internal shear at the section xis V, then
the shear stress acting on the volume element of matecial, having an area
dA and length dr. is T = VQ/It. Subsututing into Eq. 14-11. the stran v
energy for shear becomes

U= f ( f —M) e

Fig. 14-12

The integral in parentheses can be simplified if we define the form factor
far shear as

f i E,u'fl (14-18)
f g I

Substituting into the above equation, we get

i 3
¥
U, = _fIFﬂI (14-19)
1l T

The form factor defined by Bg. 14-18 15 a dimensionless number that
15 umigue Tor each specific cross-sectional area. For example, il the beam o
has a rectangular cross section of width & and height &, Fig. 14-13. then

i =1
dA = by

I = ]1—1{:.’13

(hf2) — » § y fE :
0=y =(s+ 451 5)~5(5-»)

Substituting these terms into Eq. 14-18. we get

; bl A2 37 (;.‘ 1)-‘“ ;
= Erar ] Attt LEY =
(bt Pz 4y 4 7 '

Fig, 14-13

(14-20)

| =

The form factor for other sections can be determined in a similar manner,
Unee obtained, this factor is substituted into Eq. 14-19 and the strain
enerey for transverse shear can then be evaluated.
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EXAMPFLE [14.4

Determine the sirain energy in the cantilevered beam due to shear
if the beam has a square cross section and is subjected to a uniform
distributed load w, Fig. 1d-14a. Efand G are constant

i L 3 3 L L
14 Ea l) M
| : |

i ¥
fal {b)
Fig. 14-14
SOLUTION
From the free-body diagram of an arbitrary secthion, Fig. 14-14b, wie have
+1EF, =0 -V —wx =10
v W

Since the cross section 15 square, the form factor £, = - (Eq. 14-20)
and therefore Eq. 14-19 becomes

LT 1 1 I
o —wrly dy -
(E7s)s f"' e : 3'1 f.'rl.u’.t
i 2 A SLI'.I"‘ il

e L
NOTE: Using the results of Example 14.2, with A = . [ = 55a°, the
ratio of shear to bending strain energy is

uar

(), = Ars

L

(),  wLSGr z(ﬁ ]
(Lidn wL540E(5a') 3

E
(#
Since G = E/2{1 + v) and » f—%. (Sec. 1.a), then as an npper

bound,. E = 35, sothat
[Lrl:ll i B :l_[i}:
ft"lj}h- L

It can be seen that this ratio will increase a8 I decreases, However,
even for very short beams. where, sav. I = Sa. the contribution due to
shear sirain energy is only 8% of the bending strain energy. For this
reason, the shear strain enerey stored in beams is vsually neglected in
engineering analvsis
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Torsional Moment. To determine the internal strain energy in a
circular shaft or tube due to an applied torsiomal moment, we must apply
Eq. 14-11. Consider the slightly tapered shaft in Fig. 14-15. A section of
the shalt taken a distance x from one end is subjected to an internal
torgue T, The shear stress distribution that cavses this torgue varies
limearly from the center of the shafl. On the arbitrary element of area
dA and lengih dx. the stress is ¢ = Tp/J. The strain energy stored in the
shaft is thus

7’ | Tp': il
U= | 554V = fI(T) dA dx j mﬁ(_{‘ﬂ-tm)zsx

Since the area integral represents the polar moment of inertia J for the
shaft at the section, the final result can be written as

L sma
L= f £ dx (14-21)
n

2G0T

The mast commaon case occurs when the shaft {or tube) has a constant
cross-sectional area and the applied torque 15 constant, Fig 1416,
Integration of Eq. 14-21 then gives

L

I =
Ui=oer

(14-22)

From this equation we may conclude that, like an axially loaded member,
the energy-ahsorbing capacity of a torsiomally loaded shaft is decreayed by
mcreasing the diameter of the shaft, since this increases J.

Important Points

* A force does work when it moves through a displecement. When
a foree is applied 10 a body and fts magnitude is increased
gradually from zeto to F, the work K U = (F/2)A, whereas if the
farce is constant when the displacement occurs then [ = FA.

& A couple morment dioes work when it displaces through a rofarion.

& Strain energy is caused by the internal work of the normal and
shear sitesses. [ is always a positive quantity.

* The strain energy can be related to the resultant internal loadings
N V. Mand T

= As the beam becomes longer, the strain energy dug to bending

becomes much larger than the strain energy due to shear. For this
reason, the shear strain energy in beams can generally be neglected.

The following example illustrates how to determine the strain energy
in & circular shaft due to a torsional lnading

""-.\\‘\‘k
Se
A
T

Fig. 14-15

Fig. 14-16
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EXAMPLE [14.5

The tabular shaft in Fig. 14-17a is fixed at the wall and subjected to
two torques as shown. Determine the strain energy stored in the shafi
due to this loading. & = 75 GPa.

fal

(b

Fig. 14-17

SOLUTION

Using the method of sections, the internal torgue s first determined
within the two regions of the shaft where it is constant, Fig, 14-17h.
Although these torgues (40N-m and 15N-m) are in opposite
directions, this will be of no consequence in determining the sirain
energy. since the torgue is squared in Eq. 14-22. In other words, the
strain energy |s always positive. The polar moment of inertia for the
shaft is

7= 21008 m)* — (0065 m)'] = 36.30(10") m'

Applving Eq. 14-22, we have
T°L
267
(40N +m )7 (0,750 m) {15 N+m ) (0.300 m)
20750107 N/m 3630000 % m*  2[75010%) N/m?[36.30010 %)ym*
e 233 Ans

£
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Srrosiews

14-1. A material is subjected to a general state of planc
stress. Express the strain encrgy density in terms of the
clustic constants &, €7, und » and the stress components o,
of a7

Froh, 14-1

142 The strain-energy density must be the same whether
the state of stress 18 represenied by oy, my, and 7, OF
by the principal stresses o aod era. This being the case,
cquate the strui.n—cucrg}l expressions for cach of these two
cases and show that 5 = E/|2(1 + #)).

14=3. Determine the sirain cnergy in the stepped
rid  @ssembly.  Portion AR §s steel and BC 08
brass Ep, = 10 GPa, E, = 200 GPa, (o = 410 MPa,
[y )y = 250 MPa,

1iMh
A ]

15m L5 m |

Proh, 14-3

=ld=4, Determineg the torsional siram energy in the A=30
stee] shaft. The shafi has a diameter of 40 mm.

Wb N-m
200 M m

Frob. 14-4

=l4-5. Detenmne the strain encrgy in the rod assembly.
Portion AR is steel, BC is brass, and Cf s aluminum.
Ee = 200 GPa. E,, = 10 GPa. and Ey = 731 GPa.

N TEN
Jikh mm L!IH: =

PProh. 14-5

IkM

L'Mllmrn

l4-6. I P = 60 kN, determine the total strain energy
siored in the truss. Each member hag 8 cross-sectional arca
of 2.5(10") mm* and is made of A-36 seel,

14-T. Determine  the  maximum  foree Pooand  the
carresponding maximum total strain encrgy stored in the
truss without causing eny of the members to have
permanent deformation, Each member has the cross.
sectional area of 250107 mm?® and 15 made of A-36 seel.

Am

Probs 1407
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“14=B. Determine the torsionel strain encegy i the A-36
pieel shafi. The shalt has 4 radius of 30 mm,

Prob. 14-8

149, Determine the torsicnal strain energy in the A-36
steel shatt The shaft has o radius of 40 mm.

Proky, 14-49

14=10. Determine the toriona] sirain encerey stored in the
tapered rod when it 38 subjected 1o the wrque T, The rod is
made of materizl having 8 modulus of rigidity of G

Prob, 14-10

14=11. The shaf assembly 15 fOxed a1 O The hollow
segment BC has an inner radies of 20 mm and outer radios
ol 41 mm, while the solid segment AH has & radius of
20 mm, Dretermine the tossional strain coergy stored in the
shaft. The shaft is made of 20014-T6 aluminam allow, The
coupling at & 1s ngid,

Prol. 14-11

*14-1%  Congider the thin-walled twhe of Fig 5-28. Use
the formula [or shear stress, 7.,y = T/ A, Eg. 5-18, and
the peneral equation of shear sirain enerey, By, 14-11, 1o
show that the twist of the tube s piven by Eg. 5N,
Hine Equate the work done by the torque T to the strain
energy in the tube, determined (rom integrating the strain
energy fora differcntial element, Fig, 144, over the volume
of material.

o14-11, Detormine the ratio of shearing strain encrgy o
bendimg strein energy lor the rectangulor cantilever beam
when it is subjected to the loading shown. The beam is made
of material having o moduolus of elasticity of £ and Poisson’s
ratice of »

ot
-
1=

L

i

4
- H

Frob, 14-13
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14-14. Determine the bending strain-cocrgy in the beam
due to the loading shown, ET s constant.

M,
b
A = T |t
: = s S
| | [

I-JI:"-

Proh. 14-14

14-15, Deicrmine the bending sirain cnergy in the beam,
! s constant.

“1d=16. Determime the bending stran energy i the A-<30
structural steel Wi X 12 beam, (Mvain the answer using
the coordinates {a) x; and 1y, and (b) xr; and oy

6 kip

'-n—l -
=

Prob. 14-16

o]4=17, Determine the bending strain eneray i the A-30
stee] beam, £ o= 99,7 (105 mm®,

Prob. 14-17

14-18. Determine the bending strain energy in the A-36
stee] heam due to the distributed load, F = 122 (107 mm?,

15 kM /m

[ 2 |

Mroh. 14=18

14-19. Deiermine the strain cocrgy i the frorizonal
curved bar die 1o torsion, There is a verticsl foree T acting
ab its end, JCF I5 eonstant,

IS

Proh. 14-1%
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“14=20. Dhetermune the bending strain eacipy m the beam
and the axial strain energy in each of the two rods The
beam is made of 2004-ThH gluminem and has & square cross
section S0 mm by 50 mm. The rods are made of A-36 steel
and have a circular cross section with a 2i-mm diameter,

-

MFrols, 14-33

BN 14-23. Determing the bending strain encrpy  in the
canlilevered beam due o & uniform load w. Solve the
problem two wavs, (a) Apply Eq. 1417, (b} The load w dx
acting on a sepment de of the beam is digplaced a distuncs v
where v = w{—x' + 4%y — 3LY/(24E1), the equation of
l_ im I T m the clastic curve. Henee the intemal strain encrgy in the

differential seament dy of the beam 18 equal to the external
Prab. 14-20 work, Le, d@/, = Y{w dx){—v). Integrate this equation 1o

obtain the total strain energy in the beam. Ef s constant.

old=2]. The pipe lies [0 the horizontal plane IF i is

subjected 1o 8 vertical force P oat its end, dewrming the o el
struin energy due 1o bending and torsion. Express the I "
resulis in terms of the cross-sectional properies fand J, wnd *
the material properiies Eand G, . S
_ di—| | X
1 i
Proh. 14-23

*[4-24. Determine the beoding strain eneroy in the
simply supporied beam dug toa uniform load . Solve the
problem two waye. (o) Apply Eq. 14-17. (k) The lpad w dx
acting omn the seament dr of the beam s displeced a distance

T =
v,where y = w{—r' + ZLx* = L'x)/[24ET}, the equation
of the elastic curve Hence the internal sirein encrgy in the
differential scament dy ol the beam is equal 1o the external
work, Le, dU, = ${w dx ) —v) Inteprate this equation to
pbtain the total strain energy in the beam. Ef is constant

il
1 III
Prob. 14-21 L ¥

14-2%. The beam shown is tapered slong it widih, 11 2 —! E-

force I is applied to its end, determing the strain energy in ¥ dy |

the beam end compare this resull with that of a beam that I |

his a constant rectangulor cooss section of width & and
height A Proh. 14-24
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14.3 Conservation of Energy

All energy methods used in mechanics are based on a balance of eneray,
often referred (o as the conservation of energy, In this chapler, only
mechanical energy will be considered in the energy balance; that is the
energy developed by heat, chemical reactions, and electromagnetic
effects will be neglected. As a result, if a loading is applied sfowly to a
body. then physically the external loads tend to deform the body so that
the loads do external work U, as thev are displaced. This extemal work
on the body is transformed into weternal work or stram energy LY, which
is stored in the body. Furthermore, when the loads are removed, the
straim energy restores the body back 1o ims orginal undeformed position,
provided the material’s elastic limit is not exceeded. The comservation of
energy for the body can therefore be stated mathematically as

U, =, (14-23)

We will now show three examples of how this equation can be applied
to determine the displacement of a point on a deformable member or
structure. As the first example, consider the truss in Fig. 14-18 subjected
to the load P, Provided P is applied gradually, the external work done
by P is determined from Eq. 14-2, that s £/, = %.F‘.'!n. where A is the
vertical displacement of the truss st the joint where P is applied.
Assuming that P develops an axial force N in a particular member, the
strain energy stored in this member is determined from Eq. 14-16, that is,
U, = N-Lf2ZAE. Summing the strain energies for all the members of the
truss, we can write Eq. 14-23 as

| N°L
—PA = 1424
2 E TAE : /

Once the internal forces (&) i all the members of the truss are
determined and the terms on the rght caleulated, it is then possible to
determine the unknown displacement 4.
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As a second example, consider finding the vertical displacement 4
under the load P acting on the beam i Fig 14-19 Again, the external
work 15 Lf. = LPA. In this case the strain energy is the result of internal
shear and moment loadings caused by Po In particular. the contribution
of strain energy due to shear is generally heglecred in most beam
deflection problems unless the beam is short and suppors a very large
load, (See Example 14.4.) Consequently, the beam’s strain energy will be
determined only by the internal bending moment A, and therelore,
uwsing e, 14-17, BEg. 14-23 can be wntten symbolically as

P

l A - _/If. Moty (14-25)
o — b = o ki
Fig. 14-19

Onee M is expressed as a function of positien 1 and the integral is
evaluated, & can then be determined,

As a last example. we will consider a beam loaded by a couple moment
M, as shown in Fig [4-200 This moment causes the rotational
displacement & al the point of application of the couple moment, Since
the couple moment only does work when it rowetes, using Eg. 14-5, the
external work is I, = -'—:.H"H. Therefore Eq. 14-23 becomes

i Loa? _
EM'.IH=\£ EEI:.{I (14-2a)

Figg. 14-20

Here the strain energy is the result of the internal bending moment
M caused by application of the couple moment My, Onee M has been
expressed as a function of x and the sirain energy evaluated, then #
which measures the slope ol the elastic curve can be determined.

In each of the above examples, it should be noted that application of
Ey. 14-23 is queite limited, because only a single external force or couple
moment must act on the member or structure, Also, the displacement
can only be calculated at the point and in the direction of the external
force or couple moment, If more than one external force or couple
moment were applied, then the external work of each loading would
invulve its associated unknown displacement. As a result, aff these
unknown displacements could not be determined, since only the single
Eyg. 14-23 is available for the solution. Although application of the
conservation of enerey as described here has these restnictions, it does
serve as an imtroduction to more general energy methods, which we will
consider throughout the rest of this chapter
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EXAMPLE |14.6

The three-bar truss in Fig. 14-21a is subjected to a horizontal force of
5 kip. If the cross-sectional area of each member is (120 in”, determine
the horizontal displacement at point B. E = 29{10) ksi,

A
o=

= 5 kap

20
; A 5 kip
My = 289 kip
ia) (i C
Fig. 14-21
SOLUTION

We can apply the conservation of energy to solve this problem
because only a single external force acts on the truss and the required
displacement happens (o be in the same direction as the [orce,
Furthermuore. the reactive forces on the triss do o work since they
are nol displaced.

L'sing the method of joints, the force in each member is determined
as shown on the free-body diagrams of the pins at Band C, Fig 14-2154.

Applving Eq. 14-24, we have

| N?L
27 = 2o
el (280 kip)(2ft) (=577 kip)(4 fr)
7 (B kip)(Ag)y = TAE i AL
i (5 kip)'(3.46 ft)
2AE
47,32 kip+fi
(Aply = S mEE

Notice that since N s squared, ot does not matter if a particular
member 15 in lension or compression. Substituting in the numencal
data for A and E and solving, we get

4732 kip - fi(12 in_/ft)
(0.2 in)[29( 10") kip/in°]
0.0979 in, — Anx

(&g
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EXAMPLE [14.7
r The cantilevered beam in Fig. [4-22a has a rectangular cross section
and 15 subjected to a load PP at its end. Determine the displacement of
Bt the load, ET is constant
i)
. n SOLUTION
(al The internal shear and moment in the beam as & function of x are

determined using the method of sections. Fig. 14-225.
When applyving Eq. 14-23 we will consider the strain energy due to

14
. hoth shear and bending. Using Egs. 14-19 and 14-17, we have
&4' | T Erytdr /‘ M2 dx
i

|
r e ek ﬁ=
fl'lll.'ll = EF S0 2GA 1E]
Fig, 14-22 3 /'“'{'i']f PRdx /"-f—mfu.r_;m s
b 2GA ¢ 2Er CAGA - 6Bl N

The first term on the right side of this equation represents the strain
energy due to shear. while the second is the strain energy due to
bending. As stisted m Example 14.4, lor most beams the shear straim
energy is much smaller than the bending stram energy. To show when
this i the case for the beam in Figure [4-22a, we require
3P " i
SGA GEl
3 PL . g
SGibl) - eE[L(bi) ]
3 .
5G - ER
Since E = M7 (see Example 14.4), then

e (t)

Hence af L is relatively lomg compared with fi, the beam becomes
slender and the shear strain energy can be neglected. In other words.
the shear strain chergy becomes important only for short, deep beams.,
For example. beams for which L = 5k have approximately 28 times
more bending strain energy than shear strain energy, so neglecting the
shear strain energy represents an error of about 3.6%. With this in
mind, Edq. 1 can be simphified to

1 L
iy
50 that
A
A it Ans

T 3El
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Srrosiews

«14-25, Determine the horzontal displacement of joint A “14-28. Determine the horfeontal displacement of joing £
Each bar 18 made of A6 steel and has a erpss-sectional AE is constant
arca of 1.5 in®

| (81 '

Proh. 14-28

Prob. 14-25 «14-29. The cantilevered beam 15 subjected 1o a couple

moment W applied ot its end. Determine the slope of the

beam at H. Ef i= constanl
1426, Determine the horizontal displacement of joint

AR s constant.

|
e L |

Prubi. 14-29

1430, Detormine the vertical displacement of point O of

' the simply supported B61-TH aluminum beam, Congide
5 b
! £ ! Pyl A4-e both shearing and beading strain encrgy.
14-27. Determine the vertical displacement of joint € AE Tl kap

i= constant.

[ I3 iE i1 |

& Prob. 14-27 Soction s —a Prob. 14-30
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14-31. Determine the slope at the end B of the A-36 sieel
beam, T = 80{10%) mm?*,

o kM
A l
5_._ | i
14 | |
| BEm |

Frote. 14=-31

=32, Dewrmne the deflecton of the beam at ns center
caunsed by shear, The shear modulus is G

I-JIE--

Prob. 14-32

s14=33, The A-36s1eel bars are pin connected ar B and C
If they cach have & diameter of 30 mm, determing the slope

at E,

A Mom
i
A _—= 13

FRER N NP L.« O ST |

Prob. 14-33

14=34. The A-36 sieel bars are pin connected at 8. IF
edch has a syquare eross section, determine the wvertical
displacement &t §.

Hikh |k

1

A C
& &
|
| K fi —4 fi = 1l fi {

Frof. 14-34

14-35. Determmne the displacement of point 8 on the
A 36 steel heam. T o= BO(I0™ mm?

kN

| H
| im [ am |

Frobh. 14-35

“14=26. The rod lvas a circular cross section with a moment
of inertia 1. T a vertical force T is applied a1 A, determing
the vertical displacement at this point. Only consider the
strain energy due v bending. The modulus of ¢lasticty is E

Proh. 14-36




s14=37.  The lowd P causes the open coils of the sprmg (o
make an angle & with the horigontal when the spring is
stretched. Show that for this position this causes a torgue
T = PRcos ¢ and o bending moment M = PR sin o at che
crioss section: Lse these resulis 1o determing the maxmmum
normal siress in the material,

14-38. The coiled spring has n coils and is made from @
material having & shear modulus G Determine the streteh
ol 1he spring when it is subjected to the load P. Assume that
the coils are close 1o cach other so that & = 0" and the
dellection 18 caused entirely by the torsional stress in the coil,

j!

r’l
Probs, 14-37/18

143, The pipe essembly @5 fxed at A Determine
the vertical displacement of end C of the assembly. The
pipe has an inner diameter of ) mm and ooter diamater
of & mm end is made of 4-36 steel. Negleot the shearng
strain enerpy,

Prob. 14-39

14.3  Comstrvanan 0f Engacy 7ag

*14-40. The rod has & crcular cross section with & polar
moment of inertia J and moment of inertia I, 1F & vertical
force P is applicd at A, determine the vertical displacement
@1 this point. Consider the strain energy due to bending and
torsion, The material constanis are F and &,

Proh. 140

s]d-41, Determine the vertical displecement of cod B of
thee frame, Consider only bending strain energy. The frame
s made using two A-3 sieel WYb % 68 wide-llange
el

3

L
Ak ki

Proh. 1441




740 CHaptEr 14 ElEagyY METHODS

:'Illll'll

Fig. 14-23

This crash barmier is designed o shsor
the Hmpac] eneipy off miving ke les

14.4 Im_pact Loading

Throvsghout this text we have considered all loadings to be applied o a
hody ina gradual manner, such that when they reach a maximum value the
hody remains static. Some loadings, however, are dynamic; that is they
vary with time. A tvpical example would be caused by the collision of
objects. This is called an impact loading. Specifically. impact occurs when
omi object strikes another, such that large forees are developed berween
the objects duning a very short period of time,

If we assume no energy 15 lost duning impact, due to heat, sound or
localized plastic delormations, then we can study the mechanics of impact
wsing the conservation of energy. To show how this is done, we will first
analyze the motion of a simple block-and-spring svstem as shown in
Fig. 14-23. When the block is released from rest, it falls a distance b,
striking the spring and compressing it a distance 4, before momentarily
coming to rest. If we neglect the mass of the spring and assume that the
spring responds elasacally, then the conservation of energy requires that
the energy of the falling block be transformed into stored (stram ) enengy
i the spring; or in other words, the work done by the block’™s weight
falling i + A,y . is equal to the work needed to displace the end of the
spring by an amount A .., . simce the force in a spring is related to A, by
the equation £ = kA, .. where & is the spring stiffness, then applying the
comservation of enerzy and Eq, 14-2, we have

E'Ir' = L'Il
Wih 4 ﬂnl..ﬂ:l _L{kﬂnul:l-'lmn:
Wih + Ayl = —ikﬂ.;m (14-27)
s  2W WY,
‘E"m.n = T"imux - "( i J'ﬁ =1

This guadratic equation may be solved for A The maximum rool 15

i 1 )
W L W
ﬂ'l!ull'l = T G IIl.lI (F) T :(T}h

If the weight W is supported statically by the spring, then the top
displacement of the spring 15 A, = Wik Using this simplification,
the above equation becomes

"ﬁ'lll.l.l = ﬂn.l Froy r-'!i.r'l: LE lﬂ.“f!

|
Koo = ﬂ,,|:t + 1,"1 " 3( ;‘ ﬂ (14-28)
Al

LIS B

ar
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Once A, 15 calculated, the maximum force applied to the spring can
be deicrmimed {rom

Finay = k& {1425

(ailihd

It should be realized. however, that this force and associated
displacement occur only at an instani. Provided the block does not
rebound off the spring, it will continue to vibrate until the motion
dampens out and the block assumes the static position, A, Mote also
that if the block 15 held just above the spring, it = (1, and released, then,
from Eq. 14-28. the maximum displacement of the block is

Anay = 285

In other words, when the block is released from the top of the spring
{a dynamic load). the displacement is nvice what it would be if it were set
on the spring {a static load ).

Using a similar analysis, it is also possible o determine the maximum
displacement ol the end of the spring if the block is sliding on a smooth
horizonial surface with a known velocty v just before it collides with the
spring, Fig. 14-24. Here the block’s kinetic energv.s %{“‘:{E]u"- will be
transformed into stoved energy in the spring. Hence.

v.=1 ¥ 4
1/ Wi, 1. -
- ?)P = :"'ﬂ'mm
W
llilTI1.'I:I = 'IJE tlll_:‘[lll:l '!"IIJI
Since the static displacement at the top of the spring cawsed by the Fig. 1424
weight W resting on it is A, = W/k. then
Iﬂ_ .-:
Kz = 4] = (14-31)
N

The resulrs of this simplified analysis can be used to determine both the
approsimate deflection and the stress developed in a deformable member
when it is subjected to impact. To do this we must make the necessary
assumptions regarding the collision, so that the behavior of the colliding
bodies is similar to the response of the block-and-spring models discussed
above. Hence we will consider the moving body to be rgid like the block
and the staticmary body to be deformable like the spring, Adso, it is assumed
that the material behaves ma linear-elastic manner. When collision occurs,
the bodies remain in contact until the elastic body reaches its maximum
deformation, and during the motion the inertia or mass of the elastic body is
neglected. Realize that each of these assumptions will lead to a conservaiive
estimate of both the maximum siress and deflection of the elastic body. Tn
other words, their vidlues will be larger than those that actually oocur.

=Hocall frem ph}'uns thmi Einenc CNETEY B Tenargy of mahion ™ For the irnnsinfion of o
oy il is determined from Lo, where o is the body's mass m = W /g
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:alll-q

Fig, 14-25

The members of this crash guard must he
dlesigmiedd to resisl s presenbed impaet loadmg
imarder to armest the madion of a rail car,

A few examples of when this theory can be applied are shown in
Fig 14-25, Here a block of known weight is dropped onto a post and a
beam, causing them to deform a maximum amount Ay, The energy of
the falling block s transformed momentarily into axial strain energy in
the post and bending strain energy in the beam.* In order to determine
the deformation Ap,,. we could use the same approach as for the
block—spring system. and that is to write the conservation-of-energy
equation for the block and post or block and beam, and then solve for
A e However, we can also solve these problems in a more direct
manner by modeling the post and beam by an eguivaient spring. For
example. if a force P displaces the top of the post A = PL/AE, then a
spring having a stiffness & = AE/L would be displaced the same amount
by P, thatis. & = P/k. In a similar manner, from Appendix C, a foree P
applied to the center of a simply supported beam displaces the center
A= PLYMBEI and therefore an equivalent spring would have a
stiffness of & = 48EI/L. Ttis not necessary, however, to actually find the
eguivalent spring stiffness to apply Eq. 14-28 or 14-30. All that is needed
to determine the dvnamic displacement, A, . is to calculate the sraric
displacerment, &, , due to the weight P, = W of the block resting on the
member,

Omee &gy, 18 determined, the maximum dynamic foree can then be
caleulated from Fu, = EA - I we consider Py, to be an eguivatend
stafic load then the maximum stress in the member can be determined
using statics and the theory of mechanics of materials. Recall that this
stress acts only for an dmsrant. In realicy, vibrational waves pass through
the material, and the stress in the post or the beam, tor example. does not
remain comstant.

The ratic of the eguivalent static load P, to the static load Py, = W
is called the fmpact factor, n. Since Py, = ki, and Py = kA, then
from Eq. 14-28, we can express it as

|I fi
n=|+ﬁul+1(ﬁ) (14-32)

This factor represents the magnification of a statically applied load so
that it can be treated dvnamically. Using Eq. 14-32, it can be calculated
for any member that has a linear relationship between load and
deflection. For a complicated svstem of connected members, however,
impact factors are determined from experience and experimental
testing. Once n is determined. the dvnamic stress and deflection at the
point of impact are easily found from the static stress o, and static
deflection A, caused by the load W, that is, oy, = nory, and
ﬂ'ﬂlll'l = "d'“'

*Niram anergy duie ior shnr 15 ne _ulnr'lr.rJ Foar rensons discnssed m I".:-;:rrrgph: 144
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Important Points

® Impact oceurs when a large foree s developed belween two
objects which strike one another during a short period of time.

* We can analyze the effects of impact by assuming the moving
body is rigid, the material of the stationary body is linear elastic,
no energy is lost during collision. the bodies remain in contact
during collision, and the inertia of the elastic body is neglected.

® The dynamic lpad on a body can be determined by multiplying
the statie load by an' terpact factor.

EXAMPLE |14.8

The aluminum pipe shown in Fig 14-26 is used to support a load of
150 kip, Determine the maximum displacement at the top of the pipe
if the load is (a) applied gradually, and (b) applied by suddenly
releasimg 0 from the wp of the pipe when f =10, Take
E, = 10107} ksi and assume that the aluminum behaves elastically,

1‘ 150 kip
SOLUTION

Part (a). When the load is applied gradually, the work done by the
weight is transformed into elastc straim energy in the pipe Applyving
the conservation of energy, we have

1
Wi . =

|
Ew'ﬂ'"’ ZAE T VORI bkl |
Wi 150 kip(12 in.)
& =AE wl(3in) — (2.5 in Y0000 kip/im
= (102083 in. = (L0208 in, Anx Rin,
Part (b). Here Eq. 14-28 can be applied, with & = 0. Hence, ]
T ———

Aoy = a‘,[l + -.I.||'1 + I(i—‘“ﬂ ' ' v
= 244 = 20.02083 in.) Fig, 14-26
= (L0417 in. Anx

Hence, the displacement of the weight when applied dynamically is
fwice a5 great as when the load is applied statically. In other words, the
impact factoris m = 2, Eq. 14-32,
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EXAMPLE [14.9

P The A-36 steel beam shown in Fig. 14-27a is a W10 ¥ 39, Determine
".'1'”'7“. the maximum bending stress in the beam and the beam's maximuum
] b —2in deflection if the weight W = L3 kip is dropped from a height h = 2 in.

W onto the beam. £, = 29(107) ksi.
“Erf | I.E|- SOLUTION |
LB LRI |

: ' We will apply Eq. 14-28. First, however. we must calculate A,,. Using

14 e the table in Appendix C. and the data in Appendix B for the
properties of a W10 x 39, we have

PO - (130 kiph( 16 ft)* (12 in./ft)*
“TABET  48[29(10°) ksi](209 in*)

A = ﬂqu|:' ) "Jllm}

: | " 2in. ) "
Lt . P — e {] 42 } .,
HRIETE L |1'l-[] "|!|' | (ﬂ.[ﬂfﬂ‘) - J (0,420 im, Ans

The equivalent static load that causes this displacement is therefore

= (1364 in

: 4B(29( 10%) ksi} (209 in®
Py -H:Ui! may A 1] IH I, }{[!42” in.) = 17.3 kip
M (lﬁ L (16 fr)" (12 in./ft)
i 3 The internal moment caused by this load is maximum at the center
v "T {—— of the beam, such that by the method of sections, Fig. 14-27h.
() Muun = Punel/4. Applyving the flexure formula to determine the
bending stress, wie have
Al - . M ast " Pl = 12E Bpist
T s
12[29{10°} kip/in”](0.420 in. }{9.92 in./2) _
= - : : = [9.Tks1 Anx
(16 fe) (12 in./fe)
SOLUTION I

It s also possible to obtain the dynamic or maximum deflection
Ay from first principles. The extemal work of the falling weight
W is U, = Wih+ A,,) Since the beam deflects A, and
Py = 4BETA /LY then

=,

| [ ABET A
w[h + Jﬁ'Tr|..|.'|..:| = E(T) ﬁl‘l‘lﬂ.l
1| 4829010 kip/in AW in* |
nla.l.] e E[ (16 fl}1|']2 iFI.I""]" } mix
205585, = 150400 — 300 = 0
Solving and choosimg the positive rool vields
A = 0420 I, ArE

(150 kipi(2in. + &
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EXAMPLE [14.10

A railroad car that is assumed to be rigid and has a mass of 80 Mg is
moving forward at a speed of v = .2 m/s when it strikes a steel
200-mm by 200-mm post at A, Fig. 14-28a. It the post is fixed to the
eround at O, determine the maximum horizontal displacement of its
top B due to the impact. Take E,; = 200 GPa.

SOLUTION

Here the kinetic energy of the railroad ear is transformed into internal
bending strain energy only for region AC of the post. (Regiom BA is
not subjected to an intermal loading ) Assuming thal paoint A s
displaced (A 4 ). then the force Py, that causes this displacement
can be determined from the table in Appendix C.We have

 3EHA

max 1
L.i.lf'

i1

E oo —
U.- = UI; :m-]'r = Pmurﬂ i':'mnt

| v 1 3ET = IH‘H' L
:"FT'— R _f_r'ﬁ'ﬂ]ﬁlﬂl; ':."ﬁ'l:'nl:ll = "||'I .!'Elrlr

Substituting in the numerical data vields

anrm-‘}kgrn m/s1 1.5 m)”

= {LI 162 m = 11.62 mm
N 31200010°) N/ = (0.2 m) ]

(& 1}|m|'| -

Using Eq. 1, the foree Py, is therefore

3200107 H;m*[J—':[u.z m}*jm.m 162 m)

- = 275.4 kN
) (1.5m)

With reference to Fig. 14285, seament AB of the post remains
straight. To determine the maximum displacement at B, we must [irsl
determme the slope at A, Using the appropriate formula from the
table in Appendix C todetermine &, we have

- 'P:rnu.'l.f—a.f? i *?ﬁ'ﬂ ”]3:' N (15 ]TI]:

- = (1L.01162 rad
2ET 2200 107} N /m? ][ =02 m)t|

H 4

The maximum displacement at B is thos

':ﬂ'ﬂ‘:lm:u T Ijﬂ."‘}rﬂl't ¥ H.if'.”l
11.62 mm + ({0.01162 rad) 1{ 10y mm =232mm Anx

o= |12 s

2l mm

200 mm
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Serostews

1442, A bar is 4 m long and has a diametzr of 30 mm. Tt
15 to be used Lo sbsorh energy in lension from an impact
louding, determine the tolal amount of clestic encrgy that 1t
can absorb if (a4} it 5 made of sweel for which
E, = X GPa, ory = B MPa, and (b} it is made [rom an
gluminum alloy for which E, = M GPa, oy = 405 MPa.

14-43. Dietermine the diameater of 4 red brass CEIN bar
that is 8 [t lomg if il 15 1o be used to absorb B00 (- 1b of
energy i tension from an impact loading No vielding occurs,

*14—d. A sleel cable having a dismeter of 4.4 in. wraps
over a drum and is used to lewer an elevator having a weight
of 8 [h. The elevator is 150 0 below the drom and is
descending al the constant rate of 2 175 when the drum
suddenty stops, Determine the maximum stress developed in
the cable when this occurs. E, = 290107 ksi, oy = 50 ksi,

LE—

L5001

Prob. 1444

shd=d5  The composite aluminom bar 15 made from twoe
segments having diameters of 5 wm and 1 mm. Determine
the maximum axial siress developed i the bar iof the 5-ka
collar is dropped from o heéight of & = 100 mm,
E. = 700 GPa, 7y = 410 MPa.

4
R E mm
Sl mm
i
i mm —
Prob. 1445

l4—=46. The composite aluminwm bar is made from twio
segments having diameters ol 5 mm and [0 mm. Determine
the maximim height & from which the 5-kg collar shiould
be dropped so that it produces & maximum axial stress in the
bar ol oo, = 300 MPa, £, = T0GPa, oy = 410 MPa.

i 2% mm
Fhmm
[l
1 mm —
—
Prob, 14-46




14=47. The 5-kp block is traveling with the specd ol
ipo= 4 omy's just before it strikes the SO61-TH aluminum
stepped cvlinder. Determine the maximum normal strees
developed in the cvlinder

1448 Deétermine the maximum specd o of the 5-kg

Block withoul causing the AG1-T6 aluminum stepped
cvhinder 1o vield after it is siruck by the block.,

’—.H:I mm—|—1n:: i Y
i 1 i A

Frobs. 1447748

#1449, The steel beam AR gcls o stop e oncoming
railroad car, which has a mass of W Mg and is coasting
towards it gt o = .5 m/s, Determine the maximum siress
developed in the beam if it s struck at its center by the
car, The beam 15 simply supported and only henzontal
forees oceur 81 A and B Assumeé that the railroad car
and the supporting framework for the beam remaeins rigid.
Also, compute the maximuam deflection of the beam,

E. = 200 GPa,ry = 250 MPa.

o= U3 m s
—_— i
mon (=]

2 mm
| Jill rnm‘_j__h_
| I m T

]Im

!

)

Mroh. 14=49

14=50, The aluminum bar assembly 5 made from 1w
segments  having diameters of 40 mm and 20 mm
Dieterming the maximum axial stress de n:l::-p-:d in the har il
the 1-kg eollar is dropped from a height of i = 150 mm
Take E, = T GPa, oy = 4]0 MP2

14.4  Ivsact Loabing 747

14=51. The wluminum bar assembly iz made from 1wo
sepments  having  dismeters of 40 mm and 20 mm,
Determine the maximum height & from which the §-kg
collar can be dropped so that i1 will not cause the bar w
vield, Take K, = 0 GPa, oy = 410 MPa,

LLi i
S | —

2t mim |

T ——t

A

Probs. 14-50/51

“14-52. The St-lb wieight is falling at 3% /s a8 the instant il
ts 2 [t gbove the spring and post assembly, Determine the
maximum siress in the post if the spring has a stifiness of
k = 200 kip/in. The post has & diameter of 3 in. and &
modalus of clasticity of E = &80(10') ksi. Assumc the
malerial will not vield

I

[

Prob. 14-52




748 CHaptEr 14 ElEagyY METHODS

#1453, The 30-kp block is dropped from & = &0 mm
onle the bronee CR6TU0 tube, Determine the minimmm
Tempth L the tube can bave without cauging the tube to vicld,

14-54. The 50-kg block s dropped from & = 6 mm
onfo the hronee TR0 wibe, IF L= 900 mm, determing
the muximum normal stress developed in the tube

fi = fiLl mm

Sechion a = a

Probs. 14-53/54

14-55. The steel chisel hes & dismeter of (L3 in. and a
bemgth of 1t 11 is struck by o hammer that weighs 3 b, and
al the instant of impaect i1 is moving at 17 /s Determing
the maximum compressive stress in the chisel, assuming
that B0% of the impacting encrgy poes into the chisel,
E, = 29 HF) ksi, oy = 100 ksi.

B

o

e

1 i fi =

Mrob. 14-55

#14-56. The sack of cement has a weight of 90 [b IF it s
dresprped from rest at g height of & = 4 70 onto the conter of
the Wil = 3% structural sieel A-36 beam, determine the
miximum bending stress developed in the beam due to the
impact. Also, what i the impact [actos?

*14-57. The sack ol cement has & weight of 90 |h
Determine the maximum height & from which it can be
dropped from rest omo the center of the WID x 39
structural stecl A-36 beam 5o that the maximum beoding
stress due Lo impact does nol exceed 3 ks

H
1
] 1‘
| 12 i 121 }

Probs 14=56/57

14-58. The tupboal has a weight of 120 (00 b and is
traveling forward at 2 11 /s when it strikes the 12-in.-dismeter
fender post AR used o protect 4 bridge pier, T the post s
made from treated while spruce and is assumed fixed &t the
river bed, determine the maximum honezontal distance
the top of the post will move due 1o the impact, Assume
the tughoat is rigid and neglect the effect of the wator.

Proh. 14-58




14-39. Thc wide-flunge beam has a length of 21, & depth
2, wnd a constant EJ, Determine the maximum height b
at which a weight W can be dropped cn ils end without
cxcecding 4 maximum clastic slress o oy, M the beam.

i

i

Frob. 14-549

“14-60. The Si-Kg block © s dropped from &= 1.5 m
ot the simply supported beam, If the beam is an A-36
see] WIM X 45 wide-flange section, determine  the
maximum bending stress developed i the beam.

o14=p1. Determine the maximuom height & from which the
Sll-kp block C can be dropped withoot causing vielding in
the A-36 steel W3LH = 3% wide flange section when Lhe
block strikes the beam,

14.4  Im#act Loabiug 745

14=63, The diver weighs 150 b aod, while bolding himsel]
rigic, strikes the end of the wooden diving board,
Delermine the masmmum height & from which he can jump
oo the board so that the maximum bending steess in the
wond does not exeeed & k=i, The board has a thickness of
L5 in. and width of L3 1t £, = 1.8(10F] ks

rl!_‘

Probs, 14-62/63

*ld=td.  The weight of 175 [ s dropped Drom o beight of
4 It from the top of the A-36 sieel beam. Determine the
maximum deflection and maximum stress in the beam if the
supporting springs at A and B oeach bave a stiffness of
& = 3l lb/in. The bean is 3 im. thick and 4 in, wide,

s14-65.  The weight of 175 [h, s dropped rom a height of
40t fromm the 1op of the A-36 steel beam. Determing the load
factor w il the supporting springs at A snd & each have a
stiffness of & = 300 Ibin. The beam is 3 in. thick and 4 in.
wide,

1 i
| | | it
| 4m | 2m | :
[ # [Tz
1= -
Prohs. 140l = T i |—
4 b
K | K10 |

14-62. The diver weighs 1540 b and, while holding himsell
rigidd, strikes the end of & wooden diving board (= O} witly
a downward velocity of 4 fi/s, Determing the maximum
bending stress developed in the board. The board has a
thickness of 1.5 in, and width of 1.5 . £, = LR(10") ks,
my = 8 ksi.

Proba 14-64/65
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I4=06. Block C of mass 5 ky s dropped [rom height
h=0%m onto the spring of stiffness £ = 150 kN/m
mounted on Lhe end B of the GOR1-T6H gluminum cantilever
beem. Determine the maximom bending stress developed
in the beam

14-67. Determine the maximum heght & from which
200k p block C can be dropped without ¢ausing the 6061 -T6
aluminum cantilever heam o vield The spring mounted on
the cod B of the beam has a stilfness of £ = 150 kEN/m.

-

e
&
1
et 1
d -
|_ k . 1) mams
¥ 4 e
1 B E =
201 mm
| il
| Scctvna -

| im
Probs 1466067

*14-68. The 2014-ThH aluminum bar AR can slide freely
along the guides mounted on (he rgid crash berrier. If the
rmlear of mass 10 Mg s raveling with a speed of
¢ = 1.5 m/s, determine the maximum bending stress
developed in the bar. The springs 51 A and B have & stiliness
ol k= 15 MN/m

sld-60. The H14-T6 aluminum bar AR can slide [reely
along the puides mounted on the ngid crash barrier.
Determine the maximum speed o the 10-Mg rallear withow
causing the bar (o yield when it is siruck by the railear. The
springs al oA and & have o stilfness of & = 15 MN/m.

3K mm

S pum

B oo

14=T0. The simply supported W10 % 15 strocturl A-36
stee| beam lies in the horizontal plane and ook ag g shock
absorber [or the 3(0-Ib block which is traveling towand it &t
50/ Determine the maximum defleetion of the beam and
the maximum stress in the beam during the impact, The
spring has & stiflness of & = 1000 [y/in.

121

1= 5%

_

B v
&
120
.
Prob. 14=Th

14-TL. Tha car bumper B made of polyvearbonate.
polybutylene terephthalate If £ = 200 GPa, determine the
miaximinm delection amd maximum stress i the bumpser if
atrikes the rigid post when the car is coasting at ¢ = .75 my's,
The car has a mass of L&0 Mg, and the bumper can
be considered simply supporied on two spring supporis
eonnected to the rigid frame of the can For the bumper
take J = 30000 mm?, ¢ =75 mm, oy = 30 MPa and
E=15MN/m.

¥ mA

Frof. 14-71
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*14.5 Principle of Virtual Work

The principle of virtual work was developed by John Bemoulli in 1717,
and like other energy methods ol analysis, it is based on the conservation
of energy. Althouwgh the principle of virtual work has many applications
in mechanics, in this text we will use it to abtain the displacement and
slope at a point on a deformable body.

To do this, we will consider the bodv to be of arbitrary shape as shown
in Fig, 14-294, and to be subjected to the “real loads™ Py, P2, and Py [tis
assumed that these loads cause no movement of the supports; however,
in peneral they can strain the material fevord the elastic limit. Suppose
that it 15 mecessary (o determine the displacement A of pomt A on the
boady: Sinee there s no furce acting at 4, then A will rot be included as an
external “work term” in the equation when the conservation of energy
principle is applied to the body. In order to get around this limatation, we
will place an imaginary or “virtual” force ' on the body at point A, such
that P* acts in the same direction as A. Furthermore, this load is applied 1o
the body fefore the real loads are applied, Fig. 14-2%r. For convenignoe,
which will be made elear later, we will choose P’ o have a “unit”
magnitude; that is, P* = 1. It is to be emphasized that the term “virfnal”
is used to describe this load because it is imagingry and does not actually
exist as part of the real loading,

This external virtual load, however, does create an internal virtual load
B oin a representative element or fiber of the body. as shown in
Fig. 14-2%a As expected. P and o can be related by the equations of
equilibrium. Also. because of P* and w. the body and the element will
each undergo a virtual (imaginary} displacement, although we will reri be

P,

F=1

Applicavion of sictual s load Agpphicatien of real loads
ial {hi

Fig: 14-29
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concerned with their magnitudes. Once the virtual load is applied and
then the body is subjected to the real loads Py, P+, and P5, point A will be
displaced a real amount A which causes the element ta be displaced dl,
Fig. [4-2984. As a result. the external virteal force P and internal virtual
load u “ride along™ or are displaced bv A and dL, respectively.
Consequently these loads perform external virma! work 1+ A on the
body and fnternal virtual work - dLoom the element. Considering only
the conservation of virfual energy, the external virtual work is then equal
to the internal virtual work done on all the elements of the body,
Therefore, We can write the virtual-work eguation as

virtual loadings

I“t = Ennr_!i_ (14-34)

real displacements
Here

F' = 1 = external virtual unil load actmg in the direction of 4
i internal virtual load acting on the element
A = external displacement caused by the real loads
dl

internal displacement of the element in the direction of u,
causcd by the real loads

By choosing P' = 1, it can be seen that the solution for A follows
directly, since A = Zu dL.

M

Ajpplicatbon of viriwul unin

couple moment Applicatsom of real loads
(E1] ik

Fig. 14-3)
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In a sinlar manner, if the angular displacement or slope of the
tangent at a point on the body is to be determined at A, Fig. 14308, then
a virtwal corgnle morment M having a “unit” magnitude, is applied at the
point, Fig 14300 As a resule. this couple moment causes a virtual load
tg in one of the elements of the body. Assuming the real loads Py, Py, Py
deform the ¢lement an amount J2. the angular displacement # can be
found from the virtual-work equation

virtual loadings

1ol = Sugdl (14-35)

real displacements

Here

M =1

external virtual unit conple maoment acting in the
direction of &

iy = internal virtual load acting on an element

# = external angular displacement in radians caused
by the real loads

dL = internal displacement of the element in the direction
of 1y, caused by the real loads

This method for applving the principle of virtual work is often referned
by s the method of virteal forces, since a virte force 15 applied, resulting
in a determination of an external real displacement. The eguation of
virtwal work in this case represents a statement of comnparibiliny
recquiremtents tor the body. Although it is not important here, realize that
we can also apply the principle of virtual work as a method of virtual
displacerenes, In this case, virieal displecermenty are imposed on the body
when the body s subjected to read foadings, This method can be used 1o
determine the external reactive force on the body or an unknown internal
loading. When it 15 used in this manner, the equation of virtual work is a
statement of the equilihrium reguirements for the body,=

Internal Virtual Work. The terms on the right side of Egs. 14-34
and 14-35 represent the internal virtual work developed in the body. The
real internal displacements dL in these terms can be produced in several
different ways, For example, these displacements may result from
geomeltric fabrication errors, from a change in temperature, or more
commonly from stress. In particular, no restriction has been placed on
the magntude of the external loading, so the stress may be large enough
b cawse vielding or even stram hardening of the material.

whee Engimeering Mecfupper Saocr, [th edition, B.C. Hibbeler, Preotee Hall, [ne
TR
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Dheformation Siraim Internal
cunsed by ENErpEy virtual work
_ B L
Axial boad N . f}% oy {% e
Shear | L di f Iy
| 2GA A

| A
Bending mament Af A, {M T
( T S R

[ 'l
Torssonal moment 1 ' i
_(IE:J' iy I_GJ il

If we assume that the material behavior is linear elastic and the stress
does not excecd the proportional limit, we can then formulate the
expressions for internal virtual work caused by stress using the eguations
ol elastic strain energy developed in Sec. 142, They are histed in (he
center column of Table 14-1. Recall that each of these expressions
assumes that the mermal loadimge N. V. M, or T was applied gradually
from zero to its full value. As a result, the work done by these resultants
is shown in these expressions as ane-half the product of the internal
loading and its displacement. In the cazse of the wirtual-foree method,
however, the *full” virtual internal loadimg is applied before the real
loads cause displacements, and therefore the work of the virtual loading
is. simply the product of the virtual load and s real displacement.
Referring to these internal virtual loadings (u) by the corresponding
lowercase symbaols i, v, m, and £ the virtual work due to axial load, shear,
bending moment, and torsional moment is listed in the right-hand
column of Table 14-1. Using these results, the virtual-work equation for
a body subjected 1o a general loading can therefore be written as

A mM e T
[« A I/EJI I I[Eu'_t | | dx I[ dx (14-36)

oA L)

In the following sections we will apply the above equation to problems
mvolving the displacement of joints on trusses, and pomts on beams and
mechanical elements. We will also melude a discussion of how to handle
the effects of fabrication errors and differential temperature. For
application it is important that a consistent set of units be used for all the
terms For example, if the real loads are expressed in kilonewtons and the
hody's dimensions are in meters, a 1-KN virtual force or 1-kN - m virtusl
couple should be applied to the body. By doing so a caleulated
displacement A will be in meters, and a calculated slope will be i radians.
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*14.6 Method of Virtual Forces
Applied to Trusses

Im this section, we will apply the method of virtwal forces to determine
the displacement of a truss joint To illustrate the principles, the vertical
displacement of joint A of the tuss shown in Figo [4-316 will be
determined. To do this, we must place a virteal unit force at this joint,
Fig. 1431, 50 that when the real loads P and P- are applied (o the truss,
they cause the external virual work 1 - A, The internal virtual work in each
member s nA L Since each member has a constant cross-sectional area A,
and n and N are constant throughout the member’s length. then from
Table 14-1, the internal virtual work for each member is

“aN nNL
T kT
Js AE AE
Therefore, the virteal-work equation for the entire truss is
nNL
YL (14-3T)
E AE
HE]'t'
| = external virtual unit load acting on the tross joint in the
direction ol A
4 = joint displacement caused by the real loads on the truss

o= internal virtual force in a tross member caused by the external
virtial mnit load

N = mternal force in 4 truss member caused by the real loads
= length of & member

cross-sectional area of a member

modulus of elasticity of a member

&
i

i E e i

Appdicatson ol viclual wiee o Application of real loads

la}
Fig, 14-31

i
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Temperature Change. Truss members can change their length
due to a change in temperatre. If @ is the coefficient of thermal
expansion for a member and AT is the change in temperature, the
change in length of @ memberis AL = o ATL (Eq. 4-4). Hence, we can
determine the displacement of a selected truss jomt due o this
temperaiire change from Eq. 14-34, writlen as

1-A = Znex ATL (14-38)

Here

| = external virtual unit load acting on the truss joint in the
direction of 4
jomnt displacement caused by the temperature change

i = miernal virtual force in & truss member caused by the exiernal
wirtual unit load -

a = eoctficient of thermal expansion of material

AT = change in temperature of member
L = length of member

Fabrication Errors. Occasionally errors in fabricating the lengths
ol the members of & truss may aceur. [T this happens, the displacement &
im a particular direction of a truss joint tom its expected position can be
determined from direct application of Eq. 14-34 writlen as

1-A = En AL (14-3)

Here
I = external virtual unit load acting on the truss joint in the
direction of A
A = jomnt displacement cansed by the fabrication errors

n = mternal virtwal force m a (russ member caused by the external
virtual unit load

AL

difference in length of the member from its miended length
caused by a fabrication error

A combination of the right-hand sides of Egs. 14-37 through 14-39
will be necessary if external loads act on the truss and some of the
members undergo a temperature change or have been fabricated with
the wrong dimensions.
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Procedure for Analysis

The following procedure provides a method that may be wsed to
determine the displacement of any joint on a truss using the method
of virtual forces:

Virtual Forces n.

* Place the virtual unit load on the truss at the joint where the
displacement & b be determuned. The load should be directed
alimyg the line of action of the displacement.

* With the unit load so placed and all the real loads removed from
the truss, calculate the internal n force in each tross member.
Assume that tensile forces are positive and compressive forces
ire negative.

Real Forces N.

®* Determine the WV forces in each member, These forces are caused
only by the real loads acting on the truss. Again, assume that
tensile forces are positive and compressive forces are negative.

Virtual-Work Egquation.

* Apply the equation of virtual work o determine the desired
displacement. Tt is important to retain the alaebraic sign for each
uf the corresponding n and N forces when substituting these
terms into the equation.

* If the resultant sum EnNL/AE is positive, the displacement A is
in the same direction as the virtual unit load. If a negative value
results, A is opposite to the virtual unit load.

* When applving 1A = Zpo ATLE, an increase in lemperature,
AT, will be positive, whereas a decrease in temperature will be
pegaive,

* For 1+-A = Ep AL, when a fabrication error causes an increase
in the length of a member, AL is positive, whereas a decrease in
length is negative.

& When applving this method, attention should be paid to the wunits
of each numerical gquantity. Notice, however, that the virtual unit
load can be assigned any arbitrary unit: pounds. kips, newtons,
etc., sinee the n forces will have these same units, and as a result,
the units for both the virtual unit load and the o forces will cancel
[rom both sides of the equation,
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EXAMPLE | 14.11

Determine the vertical displacement of joint C of the steel truss shown
in Fig. 14—32ir. The cross-sectional area of cachmemberis A = 400 mum-
and E,; = 200 GPa.

A

1ED kI

Virtual larces

ihh
SOLUTION

Virtual Forces n.  Since the vertical displacement at joint C is to be
determined, ondy a vertical 1-kMN virtual load is placed at joint £ and
the force in each member is calculated wsing the method of joints The
results of this analysis are shown m Fig 14326, Using our sign
convention, positive aumbers indicate tensile forces and negative
numbers indicate compressive forces.

Real Forces N. The applied load of 100 kN causes forces in the
members that are also calculated using the method of joinis The

T Iml =T results of this analysis are shown in Fig. 14-32c.
bt kN Virtual-Work Equation. Arranging the data in tabular form, we have
Real [orces Member n M E niL
e AR il — 1L 4 1l
Y BC 0 1414 1828 1
Fig. 14-32 AL 1.414 -141.4 2828 5657
iy 1 21K 2 ALtk

T ORST KNS -m

Thus,
nNL U5 TKN -m
1 kH A~ = =
=X AE AE
Substituting the numerncal values for A and E, we have
G65.7 KN+
LN A = =,

[400( 10"y m?] 200{ LOF) kN /m°

A = 001207 m 2.1 mm Ans
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EXAMPLE | 14.12

Determine the honizontal displacement of the roller at B of the truss
shown in Fig, [4-330, Due to radiant heating. member A8 is subjected
to an increase in temperature of AT = +60°C, and this member has
been fabrneated 3 mm too short, The members are made of steel, for
which a, = 12(10")/°C and E,;, = 200 GPa. The cross-sectional area
of each member is 250 mm-.

{a}

SOLUTION

Virtual Forces n. A honzontal 1-kN virtual load s applied o
the truss at joint &, and the forces in each member are calculated,
Fig 14-33h,

Real Forces N.  Since the u forces in members AC and BC are zem, Wirnual furces
the & forces in these members do mor have to be determined. Why?

For completeness. though, the entire “real”™ force analysis is shown in (b}

Fig. 1433,

Virtual-Work Equation. The loads temperature, and the fabrication
error all affect the displacement of point B; therefore, Egs. 14-37,
14-38, and 14-39 must ke combined, which gives

A N9 k™ c
LN A = S 20E L Sua ATL + SnAl '
P HE AR
A (—1IS5 kN —12kN){4 m}
[2500 107") m7J[200{ 10" kN/m7]
+ 0 + 0 + (— 1155 kN)[12{ 107)/*C){60°C}) {4 m)
+ (—1.155 KN){—0.003 m) oo i
Ay = 0.00125m ieh
1.25 mm =— Az Fig. 14-33
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Serostews

*14-72. Dcicrmine the horzontal displacement of joint & 14-75. Determine the vertical displacement of joint O on
on the lwo-member frame. Each A-36 steel member has a the truss. Each A-36 stecl member has a cross-sectional srea
cross-sectional area of 2 in®, of A= W mm?,

=14-76. Dietermine the vertical displacement of joint K on
the truss. Each A-36 steel member hes a cross-seciional grea
of A = 3 mm-,

LICHRE

R

Proh. 14-T2

Probs. 14-7576
14-T1, Derermine the horizontal displacement of point &
Each A-36 steel member has a cross-sectional area of 2 in®.

1474, Determine the vertical displacement of point B *14-T7. Determine the vertical displacement ol point B,
Each A-36 sieel membar has o crosssectionsl aren of Each A-36 steel member has o eross-sectional area of
. i|'|.;"_ 4.5 [I:'|.'

14-78. Determine the vertical displacement of point £
Each A-30 steel member has a cross-Sectional area of
4.5 int

_ _ 'I Kl Kl |
I i a i | 'I"‘ihr'

Protis 14-T374 Probs 14-TT/7H
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14T, Determineg the honzontal displacement of jont B
ol the truss Each A-36 steel member has & ¢ross-sectional
grea of 400 mm-©.

“14-80. Delermine the vertical displacement of joint © of
the rruss BEach A-36 steel member has o eross-sectional arca
ol 400 mm-,

Probs. 147980

sld-81, Determipe the vertical displacement of point A,

Each A-3 steel member has a eross-sectional ares of
5

400} mm*

14=82. Determine the vertical displacement of point B,
Each A-3 steel member hes a cross-sectional ares  of
400 mm’

A kN

kN

Probs 14-K1/R2

14-83, Determine the vertical displacement ol joint O,
Each A-3 steel member has a eross-sactional area of
45 in*.

“14-84. Determine the vertical displacement of joint .
Each A- steel member has a eross-sectional aren of
4.5 in”

12 —-|

Y

i ke Hkip A kip

Probs. 14-83/54

1485 Deermine the vertical displacement of joint

. The truss is made from A-36 steel bhars having a
2 " =1

crossg= sectional area of 150 mm®,

14-86., Determine the vertical displocement of  joim
7. The truss is° made from A-36 sieel bams having a
cross-seclional area of 150 mm-®,

Prohs. 14-85/R6




Th2 CHapied 14 Eweagy MeETHODS

*14.7 Method of Virtual Forces
Applied to Beams

In this section we will apply the method of virtual forces to determine
the displacement and slope at a point on a beam. To illustrate the
principles. the vertical displacement & of point A on the beam shown in
Fig 14-34% will be determined, To do this we must place a vertical unit
load at this point, Fig. 14-34a, so that when the “real” distribated load w
is applied to the beam it will cavse the mtermal virtual work 1- A,
Because the load canses both a shear Vand moment M witlun the beam.
we must actuallv consider the internal virtual work due o both of these
loadings. In Example 14.7, however, it was shown that beam deflections
due to shear are negligible compared with those caused by bending,
particularly if the beam is long and slender, Since this type of beam is
most often used in practice, we will only consider the virlual straim
energy due o benading, Table 14-1. Hence. the real load causes the
element dr to deform so its sides rotate by an angle dft = (M/ET Jdx.
which causes internal virtual work m d8. Applving Eq. 14-34, the virtual-
work equation for the entire beam. we have

' i

W

1 = o 1
1-4 jl’ £l X i 14—di1)

Here

| = external virtual umi load acting on the beam m the direction
of A

& = displacement caused by the real loads actime on the beam

o= internal virtual moment in the beam. expressed as a function
of x and caused by the external virtual unit load

M = internal moment in the beam, expressed as a function of x and
caused by the real loads

E = modulus of elasticity of the material

I = moment of inertia of the cross-sectional area about the newiral
axis

In a similar manner, if the slope # of the angent at a point on the
beam’s elastc curve 15 to be determined. a virteal umi couple moment
must be applied at the point, and the corresponding internal virtual
mirment #g has to be determined. If we apply Eq. 14-35 [or this case and
neglect the effect of shear deformations, we have

[
"'UJH
i = i
I K ] x (14-41)
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& il
S5

— -t
L

df!

il

Virtdal loads
{iy

Fig. 14-34

When applving these equations, Keep in mind that the integrals on the
right side represent the amount of virtual bending sirain energy that is
stoved in the beam. If concentrated forces or couple moments act on the
beam or the distributed load is discontinuous, a single integration cahmot
be performed across the beam’s entire length. Instead, separaie x
coordinates must be chosen within regions that have no discontinmity of
loading. Also. it is not necessary that each x have the same origing however,
the x selected for determaimg the real moment M in a particular region
must be the sare o as that selected for determining the virtusl moment m
or g within the same region. For example. consider the beam shown in
Fig. 14-35. In order to determine the displacement at [, we can use x; to
determine the strain energy in region AH, x: for region BC, x; for region
DE and x4y Tor region DC. In anv case. each x coordinate should be
selected so that both W and me (or mg) can easily be formulated.

Unlike beams, as discussed here, some members mav also be
subjected to significant virtual strain energy caused by axial load, shear,
and torsional moment. When this is the case, we must include in the above
equations the enerey terms for these loadings as formulated in Bg. 1436,

' Ve
|—T

§
I.—_r| |'_ " ; _—‘ I— iy

j-‘h’

Real kads
ihi

| | o

D D d}. A

1
Virtwal losd

{1}

Fig. 14-35

)

& 5] C D =
S M

co

-

Real loads
[h
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Procedure for Analysis

The following procedure provides a method that may be wsed to
determine the displacement and slope at a pomt on the elastic cirve
of a beam using the method of virtual forces.

Virtual Moments m or m,.

* Place a virtiwal wnit load on the beam at the point and directed
along the line of action of the desired displacement.

® [fthe slope is to be determined. place & virtual unit couple moment
at the paoint,

® Establish appropriate x coordinates that are valid within regions
of the beam where there is no discontinuity of both real and
virtual load.

® With the virtual load in place, and all the real loads removed from
the beam. calculate the internal moment i or #g as a function of
each x coordinate.

® Assume that m or mg acts in the positive direction according to
the established beam sign convention for positive moment,

Fig 63,

Real Maments.

® Dlsmyg the some o coordinates as those established for m or mig.
determine the internal moments M caused by the real loads.

& Rince posifive moor mi; was assumed (o act in the conventional
“positive direction.” it is important that positive M acts in this samme
direction, This is necessary since positive or negative intermal
virtual work depends on the directional sense of bath the virtual
load, defined by =nr or =y, and displacement, caused by + M

Virtual-Work Equation.

® Apply the equation of virtual work to determine the desired
displacement A or slope #. It is important to retain the algebraic
sign of each integral caleulated within its specitied region,

® [f the algebraic sum of all the integrals for the entire beam is
positive. & or #is in the same direction as the virtual umnit load or
virtual unit couple moment. [f a negative value results, & or # 15
ppposite to the virtual unit load or coople moment,
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EXAMPLE | 14.13

Determine the displacement of point B on the beam shown in
Fiz. 14-36a. ET is constant.

J'l ) _ B
= e PE=G

it

Wirtwal boods Beal lnads
i i<l

Fig. 14-36

SOLUTION

Virtual Moment m. The vertical displacement of point [ s
obtamed b placing a virtual unit load at B, Fig. 14-36b. By inspection.
there are no discontinuities of loading on the beam for both the real
and virtual loads Thus, a sifgle & coordinate can be used o determine
the wirtual strain energy. This coordinate will be selected with its
origin ar B, so that the reactions at A do not have to be determined in
order to find the internal moments s and M. Using the method of
sections, the intemal moment o is shown in Fig 14-360.

Real Moment M. Using the same x coordinate, the mtemal moment
M s shown in Fig. 14-36¢.

Virtual-Work Equation. The vertical displacement at 8 15 thus
1+ Ay = f""”;f; . /'Lr-_”]“"'fa‘ﬁl ddx
ot

El El
wi?

* = RET

Anx
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EXAMPLE [14.14

Determine the slope at point 8 of the beam shown in Fig. 14-37a. Ef

i5 CONSEANL,
P
c i 1
*f A
.
| L | L |
! 2 2

I'_l:_ﬂ| I—.:|—| \ —a—] f— 11—

g =1 (T (}TI I’

i f—x— i
p_l;. ."i 1... L}’
= (=) | (-
e ¢ | (EEEE
3 2 I_T_ | L |
Virtual lopcs I i :
) Real bond
(eh

Fig. 14-37
SOLUTION

Virtual Moments m,. The slope at B is determined by placing a
virtual umit couple moment at B, Fig. 14-37h. Two x coordinates must
be selected in order 1o determine the total virtual siram energy in the
beam, Coordmate xp accounts for the strain edergy within segment
AB. and coordinate x, accounts for the strain energy in segment BC,
Using the method of sections the internal moments my within each of
these segments are shown in Fig, 14-37h.

Real Moments M. Using the samie coordinates x; and x2 (Why?),
the internal moments M are shown in Fig. 14-37¢
Virtual-Work Equation. The slope at B is thus

1+ = f %m
B f“r:{ P.-:.m.r.+fL':|q Pl{L/2) + %3]} dxa
= ] -E-|II i E!
By = ::::} Az

The negaitve sigh mdicates that #y 5 apposie 1o the direction of the
virtual couple moment shown in Fig. 14-375.
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Srrosiews

14-87. Determine the displacement at point O ET s
constant,

Proti. 14-87

¥14-8B. The beam is made of southern pine for which
E, = 13 (iPa. Determine the displacement at A

15 kN
4 EN fm

LE i L]

[ 1.5 m | im

rHIImmIl
|_|

1251 mem
Proty. 14-8%

o14=8Y, Determine the displacement at © of the A-36
steel beam, T = 700100) min®,

14N, Determine the stope at A of the A-36 sieel bean.
f = T 10" mm*.

1441, Determme the shops a1 & of the A-36 stegl beam
=T 10" mm®.

2 kN /m

| 11 m | 5m

Probhs 14-8950M1

“14-u2,
diameter A-36 steel shaft,

Determine the displacement at B of the 1.5in-

o14-83, Determine the slopg of the |.5-in-diameter A-36
steel shalt al the bearing support A.

Prohs. 14-92M3 1201 i 320

14l The beam is made of Dougles fir. Determine the
stope a1 C

5 kN

Proh. 14-494 | 240 mim

14-95,  The beam s made of oak, Tor which &, = 11 GPa
Derermineg the slope and displacement at A.

R TERT]

i
4xi Tnmll 4 kN jin

[ im [ im

Proh. 14-15
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“l4=94. Determine the displacement st point ©, ET i3
consiant,

1497, Determine the slope 21 point O £ 5 constant,

14-98., Determine the slope st point A, £5 15 constann.

P

Probs. 14-96M7 8

149, Determine the slope at poim A of the simply
supported Douglas fir beam.

*14-100. Determine the displacement st C of the simply
sipporied Douglas i beam

LA EMm

=%
|I 150 mim
S

Section g -
Probs. T4=00 10

ald=100. Determine the stope of end © of the overhang
bheam, Elis constani

14-102. Determine the displacement of point 0 ol the
overhang beam. El'is constant.

Probs. 14-100/102

14=103,  Determine the displacement of end © of he
owerhang Douglas Tir beam,

*14-114.  Determine the slope at A of the overheng white
spruce beam.

Lk Th

i ke i
»

Fan

L
H fom.
S &

Section g - @

Mrobs 14-105/104

s14-105. Determine the displacement ar point # The
moment ol inertia of the center portion 24 of the shalt s
21 whereas the end sepmems AD and O have 4 moment
of inertia J.The modilus of elasticity for the material is E

Proh, 14-105

14=106. Dctermine the displecement of the shaft at © £f
i constant

14-107, Determine the slope of the shaft a1 the hearing
suppaort A. £F 15 constant.

LY

e

l L | i
3

Mrobs. 14-10& 1407
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“1d=108. Determime the slope and displacement of end O
of the cantilevered heam. The beam is made of @ material
having a modulus of elastcity of £, The momonis of
inertin for segments AR and BC of the beam are 20 and 1,
respectivily

Proh. 14-108

sld=10, Deternime the slope at A of the A-36 steel
W2 = 46 simply suppored beam,

14-110. Delerming the displacement at point O of Lthe
A-36 steel WIOO = 46 simply supported beam,

12 kM /m

3 Am

Probs, 14-110%110

14-111.  The simply supported besm having a sgusrne cross
section is subjected to @ uniform load w. Determine the
maximum deflection of the beam cavsed only by bending,
and caused by bending and shear. Take £ = 306,

Ll L Ll LL L
=

|- i

Prob. 14-111

#14=112. The frame & made from wo segments, cach
of lepgth I oand Nexwreal stiffness ET, IF it is subjected
o the wnilrm distnboted load detcrmine the vertical
displacement of poimt O Consider only the effect of
hending.

14113, The frame is made from iwo scgments, cach
of length £ and Oexural stiffness EX I is subjecied w
the uniform distributed load, determine the  horizontal
displacement of point . Consider only the effect of
bending.

Prohs. 14=-112113

14=114. Determine the vertical displacement of point A
on the .||'|11|-.' bracket due to the concentrated foree P, The
hracket is fixed connected to its support. £F & constant.
Constider only the effect of bending

Prob. 14-114




770 CHapied 14 Eweagy MeETHODS

14=115. Beum AN has o square cross section of 1000mm by
100 mim. Bar O has a diameter of 10 mm. 15 both members
are made of A-3 steel determineg the vertcal displacement
of point B due 1o the loading of 10kMN

#14-116. Beam AH bhas a square eross section of 100 mm
by 100 mm. Bar ©f) has & diameter of 10 mm. I both
members are made of A-36 sicel, determine the slope at A
due to the loading of 10 kN

Probs 14-115/116

14-117. Bur ABC haz a rectangular cross section of
AU mm by 10 mom, Alached rod DHE has a diameler
of 201 mm, If both members are made of A-30 sieel,
determme the vertical displacement of poinl € due 1o the
foading. Consider only the effect of bemding in ARC and
axial force in DA,

14-118. Bar ABC bas a rectangular cross seclion ol
AN omm by 1 mm. Attached rod DA has a diameter
of 20 mm. If both members are made of A-36 seel,
determine the slope gt A due o the lvading. Consider only
the effect of bending in ARC and axial foree n DA,

[]Iﬂ{m ik
—l=

LM e

Probs 14=-117/118

14=119, Determane the vertical displacement of pomt
The frame is made using A-30 steel WIS 2 45 members,
Consider onty the effects of bending,

*14-120. Determine the homeontel displagement of end
B. The frame s made using A-36 stee]l WIS X 45
members Consider only the clfects of bending.

15 kM /m

15 m 25m—q

Probs. 14-115912i

si4=121. Determme the displacomenm at pont O ET is
CirnELEnl

Froh. 14-121

14-122, Determing the slope st 8 EF is constant

Proh. 14-122
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*14.8 Cas.tiglianu's Theorem

In 1879, Alberto Castigliano, an Italian railroad engineer, published a
book in which he outhined a method for determining the displacement
and slope at & point in a body. This method, which is referred to as
Castighano's second theorem, applies only o bodies that have constant
temperature and material with linearelastic behavior, If the
displacement at a point is to be determined, the theorem states that the
displacement is equal to the first partial denvative of the strain energy in
the body with respect toa force acting at the poimt and in the direction of
displacement. In a similar manner, the slope of the tangent at a point in-a
boddy 15 equal to the first partial derivative of the strain energy in the
body with respect o a couple moment acting at the point and in the
direction of the slope angle.

To derive Castigliano’s second theorem, consider a body of any
arbitrary shape, which is subjected to a series of m forces P, Po, . P,
Fig 14-38. According to the conservation of energy, the external work
dome by these forces is egual w the internal straim energy stored in the
body. However, the external work 15 a function of the external loads.
U, = £ [Pdx, Eq. 14-1, 50 the internal work is also a function of the
external loads Thus,

Ui=U,=f(P,Ps.....Py) i 1442)
Mow, if any one of the external forces. sav B, is increased by a differential

amount &P, the internal work will also be increased, such that the strain
I:I'II:I.'E'_'.' I}I:L‘[;ITI'II:E

U+ dU, = U, + —dP, (14-43)

Fig. 14-38
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This value, however, will not depend on the sequence 1o which the »
forces are applied 1o the bodyv. For example, we could apply dP, to the
body firse, then apply the loads P, P, . Py, In this case, 4P would
cause the body to displace a differential amount 44 in the direction of
dP;. By Eq. 14-2 ([J, = _l.F., A), the increment of strain energy would
be J_.-:.I'Pl.d.-_‘.,. This guantity, however, is a secand-order differential and

may be neglected. Further application of the loads Py, P, . . ., P, causes
dP; to move through the displacement &, so that now the strain energy
becomes

U + dUy = U, + dP; A, (1444}

Here, as abowve, L, 15 the internal strain energy in the body, caused by
the loads Py, P, .. .. P, and JdP A, 15 the additional strain energy
caused by dP,.

[n summary. Eq. 1443 represents the strain energy in the body

determined by first applying the loads P, Py, . . P, then dP;
Eq. 14-44 represents the strain energy determined by first applving &I,
and then the loads Py, P, ., .. P, Since these two equations must be

eqal, we require

N il

it 445
J '.'IP_I tl -:I

which proves the theorem: i.e., the displacement 4; in the direction
of P is equal to the first partial derivative of the strain energy with
resp ect to P,

Castigliani's second theorem, Eq. 14-45, is a statement regarding the
body's compatibility requirements, since it is a condition related to
displacement. Also, the above derivation requires that only conservative
forces be considered for the analysis, These forces can be applied in any
order, and furthermore, they do work that is mdependent of the path
and therefore create no energy loss. As long as the material has
linear-elastic behavior, the applied forces will be conservative and the
theorem is valid. Castigliano’s first theorem is similar to his second
theorem: however, it relates the load F; to the partial dervivative of the
straim energy with respect to the commesponding displacement, that is,
F'; = alf /aA . The prool is similar to that given above. This theorem is
another way of expressing the equilifirim reguiremenis Tor the body;
however, it has limited application and therefore it will not be
discussed here.
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*14.9 Castigliano’s Theorem
Applied to Trusses

Since a truss member is only subjected to an axial load._ the strain energy
for the member is given by Eqg, 14-16.1; = N-L/2AE. Substituting this
equation into Eq. 14-45 and omitting the subscript i, we have

Ao NL
AP 2AE

It is generally easier to perform the differentiation prior to summation,
Also, LA and E are constant for a given member, and therefore we can

wWrite
ANy L
D N('—)— 14-46
ZNGP AR Looe.
Here
A = displacement of the truss joint
P = am external force of varialle magninde apphed to the truss

joint in the direction of A

N = internal axial force in a member caused by both force P
and the actual loads on the truss

S
Il

length of a member

cross-sectonil area of a member

-
Il

E = modulus of elasticity of the material

Bv comparison, Eg. 1446 is similar to that used for the method of
virtual forces, Eq. 14-37 (1- 4 = EaNL/ALE). except that u is replaced
by aN /AP, These terms, v and N /AP, are the seme, since they represent
the change of the member’s axial force with respect to the load P or, in
other words, the axial force per unit load.
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Procedure for Analysis

The following procedure provides a method that may be used to determine the displacement of any joint on
i fruss using Castigliano’s second theorem.

External Force P

* Place a force P on the truss at the joint where the displacement 1s to be determined. This force is assumed
tor have a vartable magnitde and should be directed along the line of action of the displacement,

Internal Forces N

# Determine the force N in cach member m terms of both the actual (numencal) loads and the (vanable)
force P Assume that tensile forees are positive and conmmpressive forces are negative.

* Find the respective partial derivative AN/ P for cach member.

® After N and AN /3P have been determined, assign P its numerical value if it has actually replaced a real
force on the truss. Otherwise, set P equal 1o 7ero.

Castigliana’s Second Theorem.

= Apply Castigliano’s second theorem to determine the desired displacement 4. [t is important to retain
the algebraic signs for corresponding values of N and aN/AP when substtuting these terms into the
equation.

& If the resultant sum EN[aN/aP )L/ AE is positive, 4 is in the same direction as P. If a negative value
resulis. A is opposite to P

EXAMPLE | 14.15

y T C Determine the wvertical displacement of joint € of the steel fruss

:F' o —|, shown i Fig. 1439, The cross-sectional area of each member is

A = 400 mm’, and E;; = 200 GPa.

P
=

A SOLUTION
f.q External Force P. A vertical force ' is applied to the truss at joint
Y

C, singe this is where the vertical displacement is to be determined.,
kN Fig 14-395,
{itl

Fig. 14-3%
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||'i
KN +p O l,u;
-— |
o
/ 5‘_1- 141 A kN + 1414 1414 kN
& & 45= 45
7y . 1401 kN i
N kM + P A TS kb
eI HE TR L
[0 kM + P 1 kM
[ kN + P i kM
(ha {ch

Fig. 14-3% {coni)

Internal Forces N. The reactions at the truss supports A and D are
calculated and the results are shown in Fig. 14-3%6. Using the method
of joinis, the N forces in each member are determined, Fig. 14-3%¢°
For convenience. these results along with their partial derivatives
AN A are listed in tabular form. Note that since B does not actually
exist as a real load on the truss, we require P = (),

FrL o il
Member M e NP = 0] L N[ _P') f:
AR — 1110 i — 141 4 {l
"o I4].4 il 141 .4 2.B28 {i
AL —(1414 + 1.414P) —1414 —141.4 I KIK 565.7
cn 200 + P 1 FLI 2 ETH ]

EUA5T kM -m

Castiglianc's Second Theorem. Applving Eq. 14-46, we have

'.'J,ij L  95.7kN-m

. = S h — —
Ac, "*‘(;JP AE AE

Substititing the numencal values for A and E, we pet
2 E

By 9557 kN +m
[0 14 s | m"j 200( 10 L:N;m"

1207 m 12.1 mm Anx

A

This =solution should be compared with that of Example 14,11, using
the virtual-work method.

“Ii miny e more convenient 1o urabyre the s with pest the 10-kM load on it, then
analvee the trsss with the P load ondi The cesulis can then be summed slge braveally (o
give the N foroes.
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Serostews

14-123. Solvc Prob 14-72 using Castigliano’s theorem.

“14-124. Solve Prob. 14-73 wsing Castigliane’s theorem,

old=125. Solve Prob, 14-75 using Castiplianos theorem,

14=126. Soclve Prob. [4-T6 wsing Castigliano’s theorem,
14-127. Solve Prob 14-77 wsing Castigliano's theorem.

14=128. Solve Prob. 14-78 wsing Castglianns theorem,

s14=129. Solve Prob, 14-T9 using Castighiano's theorem,
14-130. Sclve Prob. [4-80 wsing Castigliono’s theorem,
=131 Solve Prob 14-81 wsing Castigliano's theorem.
*14-132, Solve Frob, 14-8£2 using Castiglianos theorem.,
«14-133, Solve Prob, 1453 using Castigliano's theorem,
14=13. Solve Prob. 14-84 using Castiglinno’s theorem,

*14.10 Castigliano’s Theorem
Applied to Beams

The inmternal strain energy for a beam is caused by both bending and
shear. However, as pointed out in Example 14.7, if the beam is long and
slender, the strain energy due to shear can be neglected compared with
that of bending. Assuming this to be the case, the internal sirain energy
for a beam is given by U, = [M" dx/2EI, Eq. 14-17. Omitting the
subscript £ Castighano's second theorem, A, = all /0P, becimes

A M dx
aPJo T2ET

Rather than squaring the expression for internal moment. integrating,
and then taking the partial derivative, it is generally easier to differentiate
prior to integration. Provided E and Fare constant, we have

b faM Y\ dx
ﬁ—A M(F)E (14—47)
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Here
A = displacement of the point caused by the real loads acting on the
beam

F = an external force of varable magnifnds applied to the beam at
the pomnt and in the direciion of A

M = internal moment in the beam, expressed as a function of x and
caused by both the foree P and the actual loads on the beam

E = modulus of elasticity of the marterial

{ = moment of inertia of cross-sectional area about the neutral axis

If the slope of the tangent # at a point on the elastic curve is to be
determined, the partial derivative of the internal moment M with
respect Lo an externa couple momens M acting at the point must be
found. For this case,

I _
it M Jd.t

= M) 1448

' j (nm* El : )

The above equations are similar to those wsed for the method of
virtual forces, Egs. 140 and 1441, except m and my replace aM/aF
and aM (aM”, respectively.

In addition, if axial load, shear, and torsion cause significant strain
energy within the member, then the effects of all these loadings should
be included when applying Castighiano’s theorem. To do this we must
use the straim-energy functions developed m Sec. 14.2, along with their
associated partial derivatives. The result is

_ +L P L 'y L arRy,
(L [pp(ie | (@i, Pfiyd.
ﬂ -II"*('.IPJ.qE i [ I"F(:IIP }Gi" 3. i II[ 'JP).E-I ii T 1-IPJ'C;-F [] _4 ]

The method of applying this general formulation is similar to that used
io apply Egs 1447 and 1448,
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Procedure for Analysis

The following procedure provides a method that may be wsed to
apply Castgliann’s second theorem.

External Force P or Couple Moment M'.

& Place a foree P on the beam at the point and directed along the
line of action of the desired displacement.

® [f the slope of the tangent is (o be determined al the poml, place
a couple moment M” at the pomt

® Assume that both P and M’ have a varable magnitude.

Internal Moments M.

® Establish appropriate x coordinates that are valid within regions
of the beam where there is no discontinuity of force, distributed
load, or couple moment.

® Determine the miemnal moments M as a function of x, the actual
(numerical) loads, and P or M°. and then find the partial
derivatives aM AP or aM /oM’ for each coordinate x

® After M and aM /AP or aM/aM" have bheen determined, assign P
ot M ifs numerical value if it has actually replaced a real force or
couple moment. Otherwise, set P or M° equal to zero.

Castigliano's Second Theorsm.

® Apply Eq. 1447 or 1448 to determine the desired displacement
A or # It is tmportant (o retain the alpebraic signs for
corresponding values of M and aM 0P or ad faM®,

® [f the resultant sum of all the definite integrals is positive, A or #
15 in the same direction as P or M’. I a negative value resulls, A
or f is opposite to P or M.
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EXAMPLE | 14.16

Determine the displacement of point B on the beam shown in
Fig, 1d—diha, EF s constant

P
L] L1}
L rF ¥ ¥ v ¥ 3
i A i A
!
| , — |
| L |
e} (b
Fig. 14-40
SOLUTION Py
External Force PP A vertical force P is placed on the beam at B as %ﬂ
shown in Fig, 14406
Internal Moments M. A single x coordinate is needed for the x )”
solution, since there are no discontinuities of loading between A and -
H Using the method of sections, Fig, 14400, the intermal moment and I— t—| |
its partial derivative are determined as follows:
v (]
WEMua= 0 M4 wx(3)+ Px) =0
H.'I:
ik P
.
aF
Setting F = 0 gives
- AaM
M= 2 and P = —x

Castigliano's Second Theorem. Applving Eq. 14-47, we have

Lo FaM dx b w2y —x) dx
Ae=1 & —)—:
5 j f(u‘!P El [ El

= wi?

- BEI

Aimx

The similarity between this solution and that of the virteal-work
method. Example 14.13.should be noted.
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EXAMPLE [14.97

P Determine the slope at point B of the beam shown in Fig. 14-41a. E}
c l’ i5 constant,
T ———————————
T
L |2 - |  SOLUTION
] {a) ] External Couple Moment M'. Since the slope at point B is (o be
P

determined, an external couple moment M’ is placed on the beam at

i 1 this point. Fig. 14410,
v %ﬁ A

| |_.[‘_|.-r;; BETY Internal Moments M. Two coordinates. x; and x,, must be used to
s completely describe the mternal moments within the beam since
p there is a discontinuity, M', at B. As shown in Fig 14-41b, x| ranges
Vv l from A to B and x- ranges from B to C. Using the method of sections.
: Fig. 14—41c. the mternal moments and the partial derivatives for x,
A Ctl | and X are determined as Tollows:
K
b -
; jl- '_:,,+—|H,l..',1 = {l; -'.I'fg — _FJ-']. W = {}
R ) s M-
A TI :!} | L My = M M P(— t .'I:':). ——m ]
L 75 i | 2 a M
l" ! T |
el Castigliano’s Second Theorem. Setting M' = (0 and applying
.Fl1.=r 1441 El.l 448, we have
L faM \dx H— P )(0) dx, EL_PI(Lf2) + %](1) dxa  3PI?
g = J'Irf(ﬁ —_ = — = Amns
i aM"'/ ET 1§ El 1l El 8E]

Note the similarity between this solution and that of Example 14.14.

Srosiews

14-135. Solve Prob. 14-87 using Castigliano’s theorem. 14-141. Solve Prob. 14-97 using Cestigliano’s theorem.
*14-136. Solve Prob, 1488 wsing Castiphano's theorem. 14-142. Saolve Prob, 1498 uang Castiplisne's theorem,
o14=137. Salve Prob 14-90 using Castiplinno's theorem, 14-143, Solve Prob, 14=112 using Castigliono’s theorem,
14-138.  Solve Proh. [4-92 using Castigliano's theorem., *14-144, Solve Prob, 14-114 wsing Castiglianos theorem,
1413, Solve Prob. 14-93 using Cestigliano’s theorem. s14-145. Solve Prob. 14-121 wsing Castiglisno's theorem.

“14-140. Solve Prob, 14-%96 using Castiglianc’s theorem,




. CHAPTER REVIEW

When a loree (couple moment } acis on a deformahle
body it will do external work when it displaces
(rorpres), The mternal stresses prodoced n the
hady: also wnderge displacement, therehy creating
elastic strain energy thal is stored in the material
The conservation of cncrgy states thal the cxtemal
work done by the loading is equel 1o the internal
elestie strain encray produced by the stresses in

the body.

CHASTER REwvEw

u, =,

781

The conzservation of energy can be used 1o solve
problems involving elastic impact, which assumaes
the moving body i= rigid and all the strein energy 15

an impact Factor g, which is a ratio of the dynamig
load to the static load It is used to deteérmine the
msimum stress and displecement of the body Al
the point of impact.

stored m the stationary body, This lends 1o use of

n=14 14 1(%)

T = My

[F

= iy

The principle of wvirtual work can be wsed 1o
determine the displacement of @ joint on a truss
of The slope and the displacement of poimis on
g beam, It requires placing an external virtoal
unit force (virtual wnit couple moment) at the
point where the displacement (rotation) 15 1o be
determined. The cxternel wirtual work that is
prodoced by the external loading is then cquated
to the internal virtual stroin energy in the strocture,

NL
P~ T
L=l = <

LM

A= | —d
1= 1 m.r-t

i nig M
ff = i
| l 7] i

Castigliano's second theorem can also be used to
determine the displacement of & joint on & truss of
the slope and the displacemeant at o poing on g beam
Here a variahle foree P {couple momen '-I"J [
placed gt the point where the displacement {slope)
ig to be detcrmined. The internal lvading is then
determined as 4 function of P (M} and its partial
derivative with respect to PiM') is determined.
Castiglisno’s second theorem is then epplied 1o
ohiain the desired displacement (rotation).

T R U

s EH(F) AF
|

M dy

4 f..""’(ﬁ)ﬁ

ol :
oW Y dx

- ¥ ) el i e
: _‘ f(FuM')EJ'
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| |REVIEW PROBLEMS

14=146. Dretermine the bending strain encrgy in the beam
due to the loading shown. Ef is constanl

|
| i I i 1 u 1

Proh. 141446

14=147. The H-kg Bock 0 s dropped from & height
h = 1 monto end ¢ of the A-36 steel W2 > 36 overhang
beamt. I the spring ot B has o stiffoess & = 200 kN/m,
determine the maximum bending stress developed in the
beam,

“14=148. Determine the maximoam height & from which
the 200-kKg Bock T can be dropped withoul causimg the
A-36 steel W20 = 36 overhang beam to vield The spring
al B has o stiffness & = 20K kN/m,

i
T
=
i
|
A
B==r L
R ]
I m I_I.'I1

Probs, 14=147/148

eld=149, The L2 sieel bolt has & diameter of 1225 i, and
the link A8 has a recltanpgular cross section thal is (L5 in.
wide by (0200 thiek, Determine the stram energy an the ink
AR due to bending, and in the boli due to axial force. The
bolt is tightened so that it has & lension of 350 b Meglect
the hiole i the link.

Prot. 14-14%

14-150, Determune the vertical displacement of joint A,
Each bar is made of A-36 steel and has a eross-sectional
area of 600 mm”, Use the conservation of energy.

d
3

Froh, 14=150




14-151. Determine the totel stram encrey o the A-36
sieel assembly, Congider the axinl strain enetpy in the 1w
. 5-in-diameler rods and the bending strain encrgy in the
beum for which 1 = 43.4 i’

. if
SLKD lin

| |

' A0 | A0 ,

Proh. 14=151

“14=152, Determine the verical displacement of jomt £

For cach member 4 = 40 mm?, E = 200 GPa. Use the

method of virtual work,

s14=153, Solve Prob. 14-152 using Castighano’s theorem.

45 kM

| |
2m | im |

Mrohs. 14-151153

Review ProBiEas 783

14=154, The canbilevercd beam 8 subjected to a couple
moment My applied a1 its end, Determine the slope of the
heam at B E@ is constant, Use the method of wvirtul

wirk,

I4-155, Solve Prob. |4-154 uging Castigliano’s theorem

Probs 14-1547155

*14-15%6. Determine the displacement of point B on the

aluminum beam. E,; = 10.6{ 107 ] ksi. Use the conservation
of enetrgy
¥in 1in 3
3 kip oty
l ITI lim
fram
I =
| 12 fi I 121 |

Proh. 14-154

14-15T7, A 20-1b weight iz dropped [fom a haight of 4 0
onti the end of & cantilevered A-36 stecl beam. If the beam
i W2 = 50, determine the masimum stress developed in
ihe heam

_.

12 fi I

Prob. 14-157



APPENDIX

Geometric Properties
of an Area

A.1 Centroid of an Area

The cemtraid of an area refers to the point that defines the geometric
center for the area. I the area has an arbitrary shape, as shown in Fig. A-1o.
the x and v coordinates defining the location of the centroid C are
determined using the formulas

Tt =4 (A-1)

The numerators in these equations are Tformufations of the “moment™ of
the area element dA about the v and the x axis, respectively. Fig. A-L
the denominators represent the total area A of the shape.

WA

{a) {laj

Fig. A1
784
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Flg. A2

The location of the centroid for some areas may be partially or
completely specified by using symmetry conditions In cases where the
arca has an axis of symmetry, the centroid for the area will lie along this
axis, For example, the centroid C for the area shown in Fig. A-2 must lie
along the v axis, since for every elemental ares de a distance +x 1o the
right of the v axis, there is an identical element a distance —x to the left
The total moment for all the elements about the axns of svmmerry will
therefore cancel; that is, [ x dA = 0 (Eqg. A-1), 50 that T = (). In cases
where a shape has two axes of symmetry, it follows that the centrond lies
at the intersection of these axes, Fip A-3 Hased on the principle of
symmelry, or using Eg, A-1, the locations of the centroid for commaon
area shapes are listed on the imsde front cover.

Composite Areas. Often an area can be sectioned or divided into
several parts having simpler shapes. Provided the area and location of
the centroid ol each of these “composite shapes” are known, one
can eliminate the need for integration 1o deftermine the centroid for the
entire area. In this case. equations analogous to Eq. A-1 must be used,
except that finite summation signs replace the integrals; 2.

X34 =vA

sa 0 A2

|
]

A

Here © and ¥ represent the algefrane distances or x, v coordinates for the
centroid of each composite part, and XA represents the sum of the areas
of the composite parts or simply the toad grea. In particular, if a hole, or
a geomeiric region having no material, is located within a composite
part, the hole is considered as an additonal composite part having a
negative area. Also, as discussed above, if the total area s symmetrical
about an axis the centroid of the area lies on the axs
The following example illustrates application of Eg. A-2.

A1 Cenmacin OF aM AREA 785

Fig. A-3
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EXAMPLE AN

Locate the centroid C of the cross-sectional area for the T-beam

i' shown in Fig. A—da
—# in.—
=
Jim, SOLUTION |
i T The y axis is placed along the axis of symmetry so that ¥ = 0, Fig. A—da.
T" =t To obtam ¥ we will estabhsh the x s (reference axis) through the
i, L [ M3 base of the area. The area is segmented into two rectangles as shown.
= L and the centroidal location v for each is established. Applving Eq. A-2.
i we have
X
2in

EvA _ [3in]{10in)(2in) + [11.5n](3in.)(8 in.)
TA (10in.3(2in.) + (3 in )8 in.)
B.551n. Any

fal _l|_.- =

SOLUTION I
Ulsing the same twio segments, the x axis can be located at the top of
the area. Fig. A—4h. Here

Ik

S3A  [-15in](3in}{8in) + [-8in](10in.){2in.)

=A (3m)}Bin) + (10in.}(2in.)
i
o = —4.45in A
it
y The negative sign indicates that C is located below the x axis

which is to be expected. Also note that from the two answers
8.55 in. + 4.45 in. = 13.0)in., which is the depth of the beam,

SOLUTION 1

[t is also possible to consider the cross-sectional area to be one large
rectangle less two small rectangles shown shaded in Fig A-—4c. Here
we have

EyA 65 m](13in)(8in.) — 25 in {10 ){3in.}
- (13in.3(8in.) — 2(10in.}{3in.)

= B.55 10 Anx




A2 MonenT OF INEaTA FOR AW AREA

A.E Moment of Inertia for an Area

The moment of inertia of an area often appears in formulas used in
mechanics of materials, I s a geometric property that is calculated about
an axis, and for the x and v axes shown m Fig. A=5,it 15 defined as

I, = f;ifm
A {A__'J_,]

f da
A

These integrals have no physical meaning. but they are so named
because they are similar to the formulation of the moment of inertia of a
miass, which is a dynamical property of matter,

We can also caloulate the moment of merta of an area about the pole
O or 2 avis, Fig. A-5. This is referred to as the polar moment of inertia,

|
-
I

Io= f:—‘ dA=1,+41, {A4)
A

Here ris the perpendicular distance from the pole (z axis) to the element
A The relationship between Jand 7, 1 is possible since ¥ = x° + v,
Fig. A-5.

From the above formulations it is seen that £, [, and S will adways
be positive. since they invalve the product of distance squared and area,
Furthermore, the units for moment of inertia involve length rassed to the
fourth power, r.g.,m", mm?, or ft', in?.

Dsing the above eguations, the moments of inertia for some commaon
area shapes have been calculated about their centroidal axes and are
listed on the inside front cover.

Parallel-Axis Theorem for an Area. If the moment of inertia
for an area is known about a centroidal axis, we can determine the
moment of inertia of the area about a corresponding parallel axis using
the parallel-axis tworem. To derive this theorem, consider finding the
mument of inertia of the shaded area shown in Fig, A-6 about the x axis.
In this case, a differential element oA s located at the arbitrary distance
' from the centrotdal x' axis, whereas the fixed divtance between the

—.-—-lE:

787
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Fig. A—h
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parallel x and &' axes is o, Since the moment of inertia of dA about the
xaxisisdf, = (v + d,) dA, then for the entire area,

I, = f:'g-' + d, )y dA = fv*hm - zci,fy' dA + a,.?f d A
A A A A

The first term on the right represents the moment of inertia of the area
about the x' axis. T, . The second term is zero since the x* axis passes
through the area’s centroid C, that is, .IIII_'I-" dA=TFA=lsnce 7 = (I
The final result is therelore

I.=T:+ Ad} {A-5)

A similar expression can be wroitten for T, that s

[,=T,4+ AdS {A-6)

And finally, for the polar moment of inertia about an axis perpendicular
to the x-v plane and passing through the pole O (z axis). Fig. A-6, we
have

JomTp + Ad® (A-T)

The form of each of the above eguations states that the maoment aof
imertia af an area ahopt an acis 5 equel to the area’s moment of ineria
atvend a praliel aves passiing Srongh the “centrofd” ples the product of the
area arel the squuare of the perpendicilar distance etween the axes

Composite Areas. Many cross-sectional areas consist of a series of
connected simpler shapes, such as rectangles, Irangles, and semicircles,
In order to properly determine the moment of inertia of such an area
ahout & spedified axis, it s first necessary to divide the area into its
compaosite parts and indicate the perpendicular distance from the axis to
the parallel centroidal axis for each part. Using the table on the inside
front cover of the book, the moment of mertia of each part is determined
ghout the centroidal axis. IT this axis does not coincide with the specified
axis, the parallel-axis theorem, [ = T + Ad”, should be used ta determine
the moment of mertia of the part about the specified axis The moment of
inertia of the entire area about this axis 15 then determined by summing
the results of its composite paris In particular, if a composite part has a
“hole,” the moment of inertia for the composite is found by “subtracting”
the moment of inertia for the hole from the moment of inertia of the
entire area imcluding the hole
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EXAMPLE [A2

Determine the moment of inermia of the cross-sectional area of the
T-beam shown in Fig. A-Ta abont the centroidal ©° axis

|—H m —|
LSl I
15m_] 443 in.

- i
N

|t im. Bl {45 in

Fig. A=7

SOLUTION |

The area 15 segmented mto two rectangles as shown in Fig, A-Ta, and
the distance from the x' axis and each centroidal axis is determined.
Using the table on the inside front cover, the moment of inertia of a
rectangle about its centrondal axisis [ = :"—Ej':!a . Applving the parallel-
axis theorem, Eg. A-35, to gach rectangle and adding the resufts, we

have
I=2(, + AdD)
L s oo . . : R
= F[E in (10 + (241000 )(855in. — 5 |n.j|']
=+ l—:[ﬂm.:ll'.‘i i)' + (Bin)(3in)(4.45in, — I.,'r|r|.}-]
I = 646 in’ Anx
SOLUTION I 1 I 5
The area can be considered as one large rectangle less two small —F— — "'I-'l-'l’ g
rectangles. shown shaded in Fig. A-Th We have .r.'i ¢
: . I3 in e
! lf.Tj. ¥ -l"“"r-r_i [IRTIR —1—ﬂ-g-f_l-" . :r K55 in.
7 | I : ! I I I I . -_"-":I. prall [} B
= Frﬂtn.}| 13iny + (Bin. M 13in.) (855 . — 6.5in ]" | A l
= o |

T Zam 3 m

G, %l’"ﬁ in. i 10 i + (3010 in WE55in. — 5in_}3:|

I = 646 in” Anx {b)
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EXAMPLE [A.3

| T

S
i

2 mnim [

Fig. A-#

il S

Tl vy
—| '— L mm
[ AElmm |
n) [ =
i ’ ¥
J4

i mm

(]| "J. .

5 3 1 2
{o+ Ady = l—_ll,’ﬁﬂll mm L mm )+ (0 300 mm 250 mm -

Determine the moments of inertia of the beam’s cross-sectional area
shiown in Fig, A—8a about the ¥ and v centroidal axes

SOLUTION

The cross section can be considered as three composite rectangular
areas A. B.and D shown in Fig. A-8b. For the calculation, the centroid
of each of these rectangles is located in the figure. From the table on
the inside front cover, the moment of inertia of a rectangle about its
centroidal axis is [ = ﬁh}r']. Hence, using the parallel-axis theorem
for rectangles A and I the calculations are as follows:

Rectangle A:

5 I .
To+ AdS -]—_Iitl:][lmlu}{i[rlmm'l]" #1061 roven ) 300 sy 200 mm )

1.425(10") mm*

T, + .-“I..f.l":' = L(,’ii'l[! rn1'|L'|]|1'][h'li:rrrl!n:l1L + {100 mm (300 mm ) 250 mm

12
Lon{ 10" mm’

Rectangle B:
1
I, I—_Ilfﬁf!-lbmn'L]{HHImm}J' = (LO5(10%) mm*

12

I, = — (100 mm){ 600 mmy = 1.80(10%) mm*

Rectangle D:

T, + Ad}? ]L_Il,’l:[][.'lml'l.l}[Ethrl.m]‘ (T arven ) 300 mam b 200 mm )

1.425( 10"} mm?

-

L.90( 107) mm’
The moments of inertia for the enfire cross section are thuos
I, = 1A25(10%) + 0.05(10%) + 1.425(10°)
= 2.90(10%) mm* Ans
= 1.90{10") + L.BO{10%) + L.90{10™)
o A,60010%) mm* A
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A.B Product of Inertia for an Area

In general, the moment of inertia for an area is different for everv axis
ghout which it 15 computed, In some applications of mechanical or
structural design it 15 necessary to know the orientation of those axes that
givie, respectvely, the masimum and minimom moments of inertia for the
area. The method for determining this is discussed in Sec. A4 To use this
method, however, one must first determineg the product of inertia for the
arca as well as its moments of inertia for given x. v axes,

The product af inertia for the area A shown in Fig. A-Y s defined as

Ly= [ xyaa (A-8)
A

Like the moment of inertia, the product of mertia has units of length
raised 1o the fourth power, e.g.. m*, mm* or ft', in*. However. since x or v
may be o negative gquantity, while oJA is alwavs positive, the proedoct of
inertia mayv be positive, negative. ot zero, depending on the location and
prientation of the coordinate axes, For example, the product of inertia
[, foran area will be zere if gither the x or v axis is an axis of svmeretry
for the area. To show this, consider the shaded area in Fig. A-10, where
for every element dA located at point (x, v) there 18 a corresponding
element dA located at (x, —v). Since the products of inertia for these
elements are. respectively, xv dA and —xy d A, their algebraic sum or
the integration of all the elements of area chosen in this way will cancel
each other. Consequently, the product of inertia for the total area
hecomes 2ern,

PR S

Fig. A-10

k]
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=
-

Fig. A-11

Parallel-Axis Theorem. Consider the shaded area shown in
Fig. A-11, where x* and v* represent a set of ceniroidal axes, and ¥ and »
represent a corresponding set of parallel axes Since the product of inertia
ol A with respect to the xand y axes s d7,, = (x" + o, W' + d,) d A,
then for the entire area,

/l_!‘ + d )y + d,)dA
A

/.ﬁ:"'.".u!fi + r.f,f ydA + d,.f 2dA + d,d,fﬁiﬂ
A A A A

The first term on the right represents the product of inertia of the area
with respect to the centrondal axis, T . The second and third terms are
zero since the moments of the area are taken about the centroidal axis,
Realizing that the fourth integral represents the tofal area A, we
therefore have

b= Toy+ Add, (A-9)

The similarity berween this eguation and the parallel-axis theorem
fur moments of inertia should be noted. In particular, it is important

that here the algebraic vigns Tor d; and o, be maintained when applving
Eq. A-%.
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EXAMPLE [A.4

Determine the product of inertia of the beam’s cross-sectional area.
shown in Fig. A—12a, abour the © and v centroidal axes

[ F mm |

[a) ih}
Fip. A-12
SOLUTION
As in Example A3, the cross section can be considered as three
composite rectangular areas A, B, and D. Fig. A-12)h, The coordinates
For the centroid of each of these rectangles are shown in the fipure. Due
to symmetry, the product of inertia of eqch rectangle is zero about a

sel of x', ' axes that pass through the rectangle’s centrond. Flence,
applicatiom of the parallel-axis theotem (o each of the rectangles vields

Rectangle A:

Fis Th-_,. b Ad el
0 + (300 o ) 10 )0 — 250 mum ) | 2060 mam )
—1.30{ 107} mm’

Rectangle B: :
foy =10+ Add,
= ) A4 )
Rectangle Dt

Loy =Ty + Ad o,
4+ (300 pam ) 10 mon § {250 pao {200 mm )
= —1.50(10") mm*
The product of inertia for the entire cross section is thus
I, = [-150010%) mm*] + 0 + [-1.50(10") mm*]
= 3000107 mm* Anx
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A.d Moments of Inertia for an Area
about Inclined Axes

¥ ! In mechanical or structural design, it 15 sometimes necessary (o calculate
the moments and prodoet of nerta §. T and [ for an area with
respect T a Sel of imclined x* and v aXes when the values for @, I, T,
dA and I, are known. As shown in Fig. A-13. the coordinates to the area
J clement dA from each of the two coordinate svystems are related by the
f'n"i'“l-'l'_,lll'-'ﬂn'n!-l'Hl.l?'H I FATIOY
L k . /_..{I v ok i
i i i
! L
. Tain g = xcosd + vsin#
2l B
i g —f " y'm= poogd — xsin g
v RN i
‘_'_.___,_.-:r =i L__,_,_ll
: Using these equations, the moments and product of mertia of dA
about the x* and v axes become
Fig. A-13
il = yrdA = (yeos = xsin8) dA
dl, =17 dA = (xcos 8 + ysin#) dA
Al =x'v'dA = (xcosd + pan@)(vcos# — rsin ) dA
Expanding each expression and integrating, realizing that I, = [ dA,
I = [xrdAandl,, = [xydA weobtain
Io=T,cos"#+ [ sin" @ — 21, sinfcos#
Tp=1I.si0" 0+ T, cos 8+ 21, sin#cos @
[op= I sinfcosd — I sin@cosd + [, (cos” # - sin’ 8)
These eguations may be simplified by using the trigonometne identities
sin 26 = 2 sin # cos # and cos 268 = cos” # — sin” 8, in which case
JI|. b 'irr JI|. =5 'irl' . :
It = el — Ly SN2
=G P T e
¥y fyp = = = - cos 24 + T, sin 28 [ A1)
e ¥ *
Iy—1y..
by =———sin 24 + I, cos 24
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Principal Moments of Inertia. Note that /.. 7. and [,
depend on the angle of inclimation, &, of the x', ¥ axes, We will now
determine the orientation of these axes about which the moments of
imerfia for the area. § and T, are maximum and minimum. This
particular set of axes is called the principal aves of inertia for the area.
and the corresponding moments of inerta with respect 1o these aXes are
called the principal moments of inertin. In general, there is a set of
principal axes for every chosen origin ] however, in mechanics of
materials the area’s centroid is the most important location for €,

The angle # = L which defines the arientation of the principal axes
for the area, can be found by differentiating the first of Eqg. A-10 with
respect o f and setiing the result egoal to zero. Thus

alf,
A

.

=1
= =2 —) sin 28 — 2, cos28 =1

Therclore, at # = #,,.

_r“‘_

L 20, = ————
SRS S

(A-11)

This equation has two roots, &, and ¢, , which are 907 apart and so
specify the inclination of each principal axis.

The sine and cosine of 28, and 28, can be obtained from the mangles
shown in Fig, A-14, which are based on Eq. A-11. If these trigonometric
relations are substituted nto the fimt or second of Bg. A-10 and
simplified. the result is

foag LD ."I e EA R A1
i = — + - 2
ane 2 B 'I|||| 2 ) Ly [" ]

Depending on the sign chosen, this resull pives the maximum or
minimum moment of inertia for the area. Forthermore, if the above
trigenomertric relations for 8, and ¢ are substituted into the third of
Eq. A-10. it will be seen that [, = 0, that is, the product of inertia with
respect to the principal axes is zero, Since it was indicated in Sec. A3 that
the product of inertia s zero with respect to any symmetrical axis, if
therefore follows that any symmerrical avis aned e one perpendicndar to
it represent principal aves of inertic for the area. Also, notice that the
equations detived in this section are similar to those for stress and strain
transformation developed in Chaprers 9 and 10, respectively,
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EXAMPLE [AS

,. Deternune the principal moments of merta for the beam’s cross-
10 i 3 sectional area shown in Fig A-13 with respect to an axis passing
v, — | through the centroid C.

SOLUTION

The moments and product of inertia of the cross section with respect
to the x, v axes have been determined in Examples A3 and A 4. The
results are

I, = 2.90{10") mm* [, = 5.60(10") mm* = =3.00{107) mm®

Using Eq. A-11, the angles of inclination of the principal axes x*
and y" are

o —T 3107 S5
an 28, = = EA
P — 1,2 [2e0(10%) — S60{10"))/2

EH!._ = 1142 and EHH = —f5.8"

Thus, as shown in Fig. A—15,

8,4 =571° and Ha.=—329"

n2

The principal moments of inertia with respect to the x* and ' axes
are determined by using Eq. A-12.

Ledy =y -
-;: : * \JI( 2 ) ¥ ‘I'."—

2.90(10°) + 5.60(10%) [ 2u0(10%) — s.60(10%) |
= : : + [—3.000 10"
> * 4 3 [=300(10%]

425(107) +£ 3.29(10°)

]
4
Il

ar
Poae = 754107y mm*  J = 0.980(10") mm®  Ans

Specifically, the maximum moment of inertia, 7. = 7.54{10%) mm"*,
ocours with respect to the x” axis (major axis ), since by mspection most
of the cross-sectional area is farthest away from this axis To show this,
substitute the data with # = 57.1% into the first of Eq. A-10,




&5 Mokkr's CiRcLE FOR MOMENTS OF INERTIA 797

A_S M;:h_r*;.; C-ir::le for hﬁnments_mf_lnertia

Equations A-1{) through A-12 have a semi-graphical solution that is
convenient to use and generally easy to remember. Squanng the first and
third of Eq. A—10 and adding. it 15 Tfound that

I, + 1.5 R TRt i x
I s o ( - FEE O (A-13)

In any given problem, /- and [, arc variables.and I,, I, and [, are
krmwn constants. Thus, the above equation may be wrilten in compact
form as

5

[Il = ﬂ}: + JTl'l--| = RI
When this equation is plotted, the resulting graph represents a circle of

radius ; ;
|' 'irl. i 'rrr . =
R= 1'|,II 5 ) T -'rL_..-'

and having its center located at point (@, 0), where o = (I, + [,)/2. The
aircle so constructed is called Mafir's cirefe. Tts apphcation is similar (o
that used for stress and strain transformation developed in Chaptlers 4
and L0, respectively,

Procedure for Analysis

The mam purpose for using Mobs's circle here @8 to have a
convenient means of transforming I, 7. and 7, into the principal
moments of inertia for the area. The following procedure provides a
method for doing this,

Calculate |,, I, I

Establish the x. ¥ axes for the area, with the origin located at the
point P of interest, usually the centroid, and determine [, [, and
I,. Fig A-lfa. v ;

L

Sfimar wxis for prineipal
moment of ine ., Ly,

hajesr axis for prmeipal
mcumncil of inerbia, f,

(s} Fig. A-16
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Procedure for Analysis (continued)

Construct the Circle

Establish a rectangular coordinate svstem such that the horizontal
axis represents the moment of inertia 1. and the vertical axis
represents the product of inertia [, Fig. A-16h. Determine the
center ol the aircle, C, which 15 located a distance (I, + 7,)/2 from
the origin, and plot the *reference point™ A having coordinates
(1,.1,,). By definition, I, is always positive, whereas [, can either
be positive or negative. Connect the reference point A with the
center of the circle, and determine the distance CA by trigonometry.
This distance represents the radius of the circle, Fip. A-165, Finally,
draw the circle,

L

(L]
Fig. A=16 {coni.)

F'r'im:ipa| Moments of Inertia.

The points where the circle intersects the [ axis give the values of the
principal momenls of mertia [, and [,... Here the product of
inertia will be zern at these points, Fig. A-160,

To find the orientation of the major princpal axs, determine by
trigonometry the angle 20, . measured from the redius CA o the
pasitive [ axis, Fig. A-166. This angle represents twice the angle from
the x axis ta the axis of maximum moment of inertia ..,
Fig. A-16a, Both the angle on the circle. 26, | and the angle on the
arca, H,, . miist be measwred in the same sense, as shown m Fig. A-16.
The minor axis 6 for mimmom moment of merta [ which s
always perpendicular to the major axis defining ..




&5 Mokkr's CiRcLE FOR MOMENTS OF INERTIA Too

EXAMPLE [A.G

Use Mohr's cirele to determine the principal moments of inertia for ¥
the beam’s cross-sectional area, shown in Fig. A-17a, with respect to 14
principal axes passing through the centroid C LA
SOLUTION
Compute [, f:, L.,. The moments of inertia and the produst d
of mertia have been determmed in Examples A3 and A< with e
respect to the x. v axes shown in Fig. A-17a. The results are
o= 2900 10" mm?, I, = 5.60010%) mm* and 7, = =3.00{10%) mm®, i
: ——| Didh mim
Construct the Circle. The Jand [, axes are shown in Fig. A-17h, Alxl mm
The center of the arcle, C, lies at a distance (I, + 1,)/2 = £
290 + 560)/2 = 425 from the origin. When the reference point
A(2.90, —3.00) is connected to point C the radius CA is determined F %y man®
from the shaded triangle CHA using the Pvthagorean theorem:
CA= V{135 + (-300) =329
—a—] | .
The cirele 15 constructed in Fig. A-17¢. %= m__|__gj"
- = J11) man
B .I I 1T
Principal Moments of Inertia. The circle intersects the [ axis at 1K)
points {754, () and (.90, 0). Hence |
A(2.90, — 30K}
Fowe ™ 7.54{10°) mm* Ans
Isin = 0960(10") mm* Anx (8)
EA 1 mm?
As shown in Fig A-17c, the angle 26, is determined from the circle
by measuring counferclockwise from CA to the posisve [ axis. Hence, o = LM
By = (.96} o
BA XL
28, = 180" — tan '(l—l = 180" — tan (—J = 114.2°
|BC| 1.35 12 - ) mon'
e =5010 Lty
3349
The major principal axis (for [, = 7.54(10%) mm*} is therefore A[L30, =320
oriented at an angle f, = 57.1°, measured connrerclockwise, from the fc)
pasitive © axis, The minor axis 15 perpendicular to this axis. The results ¥
are shown in Fig. A-17a. Fig-A-17




APPENDIX

Geometric Properties
of Structural Shapes

Wide-Flange Sections or W Shapes FPS Units

Wk il : :
Area | Depth | thickness | width | thickness bl i i

Designation A o AH By t; ! 5 T | 5 r

i, = bt in® in. ifl. in. in in® i in in® ind in.
W2 = i EIERY 24,000 11501 12750 (0,758 310KD 258 113, 1 59 LT 2.9
Wad = oy 273 24.31 {515 9,065 (L875 2700 222 .87 R 2441 1.8
W24 o= 8y 24.7 24.10 0,470 9,020 0,77 2370 1596 .M 044 | 2004 | .55
Wad x 76 23.4 23.02 1,40 H.9 (h.OAL 23(Kh 176 Q.60 Bi.5 18.4 1.92
W24 = 68 2001 2313 LT B 65 (585 LH3i 154 0.55 T4 15.7 |47
W4 = 62 |8.2 2374 (1.434) 7] (1.5 1550 13] 823 345 DE0 | L33
W4 2 55 6.2 2357 {1,395 T.OHIS (L5015 | 350 114 a1 291 830 |.34
W18 = 65 19,1 1835 {14501 759 (1,756 LRl 117 744 548 144 |69
WIE = & 17.A 1824 0415 T.555 (655 UH4 1iks 747 =11 | 133 1.6%
Wi1E x 55 165.2 5. 90 1134 T.53) ] B4 b T.41 +4.4 1149 .67
WIS = 50 14.7 17,09 01,155 7.495 (.57 RO ggal 738 | 400 | 107 |63
WIE = 46 135 1 8.0 1. 365( (MM (LA 113 TH.A T2 225 743 129
WIR X 40 1.4 17,90 {1.315 a5 (L525 a1z fih.4 T4 1%.1 i35 127
WIR = 35 10,3 17.70 1.4 AL (435 51100 576 Ty 5.3 512 .22
Wia X 57 . 1643 114341 T.124 (715 758 .2 6,72 431 12:1 L6500
W 2 S 14.7 1626 {1,380 T (L6300 G549 &1.00 R AT.2 15 .59
Wi x 45 3.3 I6.13 11345 TGS (L5365 it T=T fi.f5 32N 334 1.57
Wik = 36 1L6 15,56 {1.295 6,985 ()430 445 56.5 6.51 24.5 T4 1.52
Wis * 31 912 15.88 0275 5525 ()44 375 472 @4l 12.4 449 | 117
Wlh = 26 i ] 15.69 11251 55041 (345 £l 344 .26 B9 349 112
W4 x 53 5.0 1392 1,37 AL (A 541 .8 5,89 577 143 |.92
Wid = 43 12.6 L3460 13415 TS (230 428 2.7 382 432 113 .59
W4 = I8 11.2 1410 0310 5.7 (L5115 TR 546 5.87 267 T.ER .55
Wl = 3 10810 13,98 {1,285 6,745 (L455 F4i) 48.6 583 233 f.9] 1.53
W4 = 30 H.H3 1354 1.2 6.7M (385 24 2.0 573 196 582 .49
Wid = 26 T.6% ERN {1255 5025 (420 245 35.3 5,65 B.91 354 1.0
Wild x 22 fr.d 13.74 {1,231 5.0WH] (L335 194 29 () a5 TO0) 280 |0

800




Wioe-FLangE Sections of W Skapes  FPS Unirs g01

Wide-Flange Sections or W Shapes FPS Units

Web Flange _
Area | Depth | thickness | width | thickness T A
Designation A d ty by b { 5 r I 5 r
in. X Ib/ft in® in, in, in, in; in’ in° in, in' in’ B,
W12 ¢ 87 256 12.53 0,515 12325 510 744 11% 338 |24 3.7 3407
W12 = 50 14.7 12.19 11,371 &80 {1,541 d [ ¥ 58 56.3 13.9 195
W12 % 45 13:2 1206 11335 #0045 {1,575 3] a1 515 SELLH 12.4 1.54
W12 = 26 765 1222 0,23 L 11,3810 2 314 517 17.3 534 | 151
W2 w22 .44 12.31 {12541 4030 0.425 154 254 4.9 466 | 23] | 0847
Wi2 % 16 4.71 11.94 1.23] 3.05K) {1265 103 17l 4.07 282 1.41 | 0.773
Wi w14 416 11.51 1,200 3970 1,235 ER.A 144k 4.62 236 136 | 1.T43
WL = 1) 294 11.14] 1.6 10h.3400 113 623 112 4600 | 207 ALhL 265
W = 54 15K 1oy LR 100030 {1815 KK Bl 1h 437 |13 2k 256
W = 45 13.3 TiL 1) 11,331 2020 {1.6H] 4R 449 4,32 534 133 2.0l
Wik = 39 115 .92 11315 1085 {1.53] 209 4211 4.27 45.0 113 L9k
W1l x 30 B.E4 10h47 1.3 5810 .51 17 314 434 16,7 5,75 | 137
W0 = 19 5462 124 11,2500 40120 {1,395 an.3 158 4.]4 4.29 214 | 11L8T4
Wil 15 441 R 11231 400K (.27 .G 138 3.95 259 1.45 | {LELU
Wil = 12 354 g.87 11154 3.9640 {1,214 538 LIRS ER 218 Lt | 14,785
W8 A7 197 UL .57 H.280) 11,935 n il 4 172 A | 214 212
Wi = 58 171 B.75 11510 8,220 (.5140 i 52.0 165 751 183 2.10
WE = 48 14.1 A5 11,41 2110 {1L.6HS 184 4313 161 il 15.0 2R
Wi x4l 1.7 §5.25 1.3 .07 {154 144 355 3.53 44.1 12.2 2
WaR = 3 513 BN 1,285 7.995 1,435 114 27.5 347 37 927 | 202
WE = 24 T8 T.83 11,245 6 4495 {1,403 R2R 2004 1.42 183 5.63 1.61
Wa x 15 44 211 11,245 4015 {1.315 8.0 118 339 341 1700 | 0876
Wa x 25 134 .3 {133 G.lE0 11.455 334 16.7 2.7 T At 152
Wio = 2 5.R7 .20 1,261 G020 {1,305 41.4 134 2.66 133 441 1.5
W = 16 474 628 {1,260 40030 {1,405 12.1 10h2 2600 443 2200 | 0966
Wi = 15 443 504 1,23 5.0 {1.2) .| 97| Z56 932 311 146
Wo X 12 355 fulls 1,23 el {1,280 221 T3l 2.4% 244 1.50 | (0418
Wih o= 9 268 500 0,170 3040 {1,215 16.4 5356 247 19 1.11 | 55

3 —_—
Fomiih
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Avpeyoy B GEOMETRIC PROPERTIES OF STRUCTURAL SHARES

American Standard Channels or C Shapes FPS Units

Web Flange . _
Area | Depth thickness width thickness o 5 Al

Cesignation| A d E, b, t | 5 r | 5 r

in, = b/ in if. i, in, i in in? i in* in in.

L | 14.7 1500 |07 | 11006 | 3716 35 (LRSI | 508 | 404 53R 524 | 110 178 |(LEGT
Cla = 4l 1.5 15400 | (L5230 112 3520 '1‘.—; 63 | 5/8 | 349 465 5,44 023 137 |(LBRG
Ci15 = 339 | 996 [ 1500 |0400 | 3/8 | 3400 | 3% | 0650 | 5/8 | 318 420 (562 | 813 | 311 |0.904
C12 = 30 RE2 [ 1200 | (051640 12 3270 ."5% (b5 1,2 | 182 274 429 514 206 (1763
Cl2x 25 T35 | 1200 | (K387 1R 04T | 3 (L5 172 | 1dad 4.1 4,43 d 4T | .BE |0LTRI
Cl2 = 20,7 608 | 1200 |[0282 | 5/16 | 2542 | 3 (L5 174 | 12 215 4.61 1R8 173 [Tk
14 = 30 HET | LOAWE | eATS [ 11016 | 3433 | 3 (436 | T/16 | TU3 1.7 142 LR 165  [IL6AT
Cl o= 25 T35 | MO0 | 526 152 2 RBRG IE (hd3s | 7716 | u9l.2 182 157 1316 |48 |06T6
Cl0 = 20 SRR | 1000 0379 | 3/8 | 2739 |23 (0436 |7/16 | RO [ 158 |366 | 281 | 132 |02
Cld = 153 4449 [ 10AM | 0240 174 2600k '_"; (36 [ T/I6 | 674 135 187 2:2R 116 713
4% 20 SER | 0.00 (0448 | T/16 | 2648 (23 | 0413 [7/06 | 609 (135 (322 | 242 [117 0642
9 15 4.41 QA | L2RS | 5716 | 2485 E% (413 | 7716 | 514 LES 340 193 1.0kl (LA
09 x 134 3494 o4 | L3233 Lfd | 2433 EE (413 |T/16 | 479 | 106 |34 LTh | 962 | (L66%
CE = 1875 551 A | ART 152 2527 1% (Lo | 38 44100 1.1 2,82 .98 1.4 .59%
CE % 1375 404 BAOO | 033 | 5/16 | 3343 ?% (LR | 308 1.1 g3 | 2595 .53 (L85 [(LA1S
£C8-% 11.5 33K HA0 | 2 14 2260 I% (L3 | 308 126 B4 | 3011 132 (781 [ (L625
CF % 1475 433 700 |04le | T/16 | 2299 2_11 366 | 3/8 7.3 LR 1251 138 07T | 564
7 w1225 3 00 | 3ld | 5016 | 22194 I% (L3666 | 38 242 6,03 | 2.6 L17 0703 0571
7 % H 2487 740 |2 | 316 | 2090 I;-IT (K36t | 3/8 1.3 fll | 2,02 0968 | 0625 |058]
Ch =13 183 GO0 | 43T | 7016 [ 2.157 3# (L33 | 5/16 17.4 580 | 213 105 (1642 | 1L525
L [ B 1,00 Bl [ G314 [ 5706 | 2034 | 2 L33 |5/16 15.2 06 | 2,22 (LERG | (0564 | 0.529
Ch x 22 2.4 G0 |02 | 3516 | 1920 I.% (L343 | 5/16 131 430 | 2.34 0603 | (492 0537
ChxQ 264 500 | 0325 | 5016 | 1885 I% (L3200 | 5/16 R.ofl | 356 | |.H3 (632 | G450 |48
Ch x A7 1.97 500 | o1s) | 3016 | 1750 'I.; (L3200 | 5/16 TAU | 300 | 195 0479 | (h3TR 0493
C4 = 725 213 4000 | 0321 | 516 | L721 I:—: (L2946 |5/ 450 | 229 | 1.47 U433 | (343 |d5L
Cd = 54 | .54 400 |84 | 346 | 1.584 l% (296 | 5/16 185 193 | 156 0 e O
Cixh .78 F40 |35k £ 1596 1 E [ R 1/4 2407 L3R | 108 .15 | 0268 (416
s A I.47 40 | (258 /4 1498 I% (273 174 I.B5 .24 | 1,12 {1,247 | 0,233 |n410
C3 = 41 i.21 S0 | TG -t.". 33 1410 IE L2743 1/4 1.6k .10 | 1LA7 97 | 202 L




ArGLEs Hawinig Eclisl Legs  FPS Lnirs g03

Angles Having Equal Legs FPS Units

Siia e Weight M=N anis Y=y Bxis IeF ARG
thickness per foot | Area 4 | 5 r ¥ | 5 r ¥ F

in. Ik in? in® in® in. in. in i in, in in
LA =8 %1 5140 1511 Ao, 158 2144 .37 LBl 15,8 14 .37 |56
LS x & x5 349 114 69,7 122 241 | 228 | &7 |2 247 | 228 1.58
LE % 8 %3 26,4 i 36 | 250 | 219 | 446 A3 | 250 | 219 | L59
L6 = 6 =1 374 1100 355 857 | 1.80 186 | 355 RST | 180 | 188 1,17
L6 x 6 x5 287 B44 | 282 f6b | 1E3 1.78 | 282 GAE | 1L8% LS | 1af
L6 % 6 %3 1%.6 e |99 4.61 1.86 1.68 [ 19.9 4,61 186 | 168 | 138
Lb x 6 %3 14.9 436 | 154 353 | LAs 164 | 154 353 | 188 | 164 119
LS = 5 %3 23.h .54 157 453 1.51 .52 15,7 4.53 151 1.52 (975
LS x5 x4 16.2 475 | 13 116 | 154 143 | 113 306 | 154 | 143 | oom3
LS x5 %3 12.3 161 874 | 242 1.56 .39 874 | 242 | 156 | 139 | 0990
O 185 5.44 T67 281 119 1.27 TH | 281 1,19 | 127 | o7R
L4x4xs | 128 375 | ss6 | ey |12 | 198 | sss| 1 | taz | a8 | o
L4 wdxs 04 1.HA 4.36 1.52 123 1.14 436 | LS2 | 123 | 114 | O7BR
Lgxdxq b 1.94 1,04 L5 | 125 1.08 304 | OS5 | 125 | LO9 | oS
Lizxdsxy | 111 3.25 164 149 [ 106 | 106 364 | 149 | 106 [ 106 | 0683
L35 % 32 5 8.5 2.48 187 L15 | 107 | 1.0 287 | 115 | 107 | 101 | 0.687
L3 % 33 x ¢ 5.8 1.649 200 | 0794 | 109 | 0968 [ 201 | 0794 | LO8 | 0968 | o684
L3Ix3ns 4.4 2.75 2.22 107 | OB98 | 0932 | 222 | 107 | 0898 | 0932 | 0584
L3x 3w o 2.1 176 | 0833 | 0913 | 0B8R | 176 | 0833 | 0913 | B38| 0587
L3x 3xq 49 1.44 124 | 0577 | 0930 | 0842 1.24 | 0.577 | 08 | 0842 | 0592
L2t %3l xs 1.7 2.25 123 | 0724 | 0739 | 0806 | 123 | 0724 | 0730 | 0EDE | 0487
L2532 25 %5 5.9 1.73 0984 | 0566 | 0753 | 762 | 0984 | 0566 [ 0753 | 0762 | 0.487
Laix2ix5 | 41 1.19 0703 | 0304 | 0760 | 0717 | o702 | 0394 [ 0769 | 0717 | o491 | BB
L2%2%s 47 .36 0.479 | 0351 | 0594 | 0636 [ 0479 | (0351 | 0594 | 0636 | 0389 i
LIx Twd 319 0038 | 0348 | 0247 | 0609 | 0592 | 0348 [ 0247 | 0600 | 0.592 | 039
L2x2x3 | 65 0484 | 0190 | 0131 | 0626 | 0546 | 0290 | 0131 | 0626 | 0536 | 0398
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Avpeynid B GEOMETRIC PROPERTIES ©OF STAUCTURAL SHARPES

Wide-Flange Sections or W Shapes 5l Units

Wik Flanga
Area | Depth | thickness | width | thickness o o i

Cresignation A o f by ty | 5 f i 5 F

mm X kg,'m mm° mm (i Ta1 ] Imm mim  [i5 mm?® | 107 mm? | mm | 10* mm® | 107 mm® | mm
WRE0 = 155 | [98M | 611 12270k 32400 149,101 1 2490 4 2H) 255 1ne 07 73.09
WinL0 = 140 | 1790 | 617 13,100 23001 22 I 10 16M) 2500 45.1 a2 50,2
Wialthx 125 | 15900 | 612 11,90 2290 19.6 985 3 2 2449 333 343 49,7
WRL0 = 1E3 | 144 | GOR 11:200 228100 173 R75 2 ARl 247 343 1| 48.8
WELO = 100 | 12904 | 603 10h50 22411 4.9 Th4 2 53] 243 205 254 474
Wall = 92 1 &) 603 LR 170 5.0 B 2 144 234 144 161 344
WHIN = B2 100 51 | S0 1L 17810 128 Sl | 870 231 121 136 33.0
W4al = 97 12 31 | 466 1140 19310 19,0 445 LN | Kl 2B 236 43,1
Wanl = 50 L1 41 | 463 10500 1921} 177 411 | THI 154 Y 218 428
Wahl = 82 100 E] | ALk LA ILARL 16,0 FHl 1 614 185 1H.6 195 423
WaARD = T4 Q4] | 457 G2 HEEXN 14.8 133 | 4541 185 165 175 4149
WG = &R RTHI| 459 G4 154.00 154 47 | 2941 184 Q.41 12 328
Wl = ol T5M) | 455 Sk 153.0 133 255 11241 183 706 104 334
Wanll = 52 Hadl | 450 T.A2 15240 10,8 212 ) 174 h.34 8314 KR
Wl = RS &M | 417 Trh.ck 1810 182 315 1510 1M 154 185 41).5
WAl X T4 Q51| 413 Ui I BRI 1.0 i | 33 17100 156 173 dM5
Wil = 67 HS6dl | 410 a.76 1724 L4 245 1 2Kl 16 158 154 4ih.2
WAt = 53 GEM | 43 T4 17740 14,5 186 G423 165 1.1 114 38.5
Walo = 46 SEa | 403 G f40.0 1.2 | 56 774 163 5.14 734 29.5
Wl x 349 4 961 | 399 B35 14kL] HE 126 632 155 442 574 285
W« T 100 10M1 | 354 G40 20410 6.5 327 1 28 1560 242 236 48.9
Wanl = 6d 813 | 347 105 2031 135 179 | th3d) 148 id.8 185 4.
Waall = 57 T M| 358 T.RY E720 131 1Al Had ELE 111 129 A%
Winl = 51 fidHMl | 335 7.24 710 L1 141 T |45 uH 113 37
WAl = 45 T 352 86 171.4 oK 121 fiki 146 H1h 5.4 3TH
WAL = 30 40641 | 353 LS 12810 1.7 12 5TH 143 375 586 215
Wanl = 33 4191 349 5.84 127.00 B35 A2 475 141 29 438 26,4




Wine-FLanoe SECTions of W SHapes

S LUsirs

BO5

Wide-Flange Sections or W Shapes Sl Units

Weh Flange : :
Area | Depth | thickness | width | thickness sbindii R it

Designation A d fu b £ f 5 F | 5 r

mm X kg/m| mm? mm mm mm mm 10 mm® [ 10* mm? | mm [10* mm* [ 108 mm? | mm
WAl = 129 | 16500 ( 318 1310 B4 2Lkt MR 1441 137 [ H44 T1.B
WAL = T4 G J80 3l 9.4l FLIRRN] 1.3 1655 1 Ehl 132 234 228 407
W3l = 67 # A3 £ d.51 20441 4.6 145 il 131 .7 23 493
W3l = 39 4930 | 210 554 16511 9.7 LEN 547 131 723 B7.6 iR3
Wil = 33 4180 313 fr.il azd 1ik5 LR 415 125 192 36 214
W3l0 = 24 Jik ) 25 5.59 114 6.7 428 251 114 116 2341 185
W0 = 21 2 68 i3 54008 1414 b 374 244 117 R 155 Is2
W2 B 149 | 19000 | 282 L7351 2634 8.4 254 1811 117 Hh.2 56 674
WS o RO L0k 200 | 256 U, 4j 2550 15.6 I 2h HEd 8 43,1 13R R3Al
W2 = 6T 8 A 57 8R4 24140 157 117 9 WL 223 218 S04
W2a0 x 58 T4 | 252 LR 20540 13.5 Br3 G493 149 188 LH3 ]
W2ASH = 45 5T | 266 762 1481 13,0 o B | 535 132 143 55 35
W25 = IR F6H20 | 260 h.35 1z 10h 309 £l E) 105 1.T8 340 3332
W2 = 22 2850 | 254 584 124 6.5 25K 227 14l 1.22 234 217
W25 = 18 2280 | 251 4 R3 11141 53 225 174 g4.3 LR 8.2 2.1
W2000 = 1000 | 12 T [ 220 [4.50 210 237 113 uR7 043 66 34 537
W2 = 8’6 11 k) 222 15400 FLL T Jike Q4.7 253 ul R 3.4 Rl 534
W2INT = T ERILL 21n 10,2101 2060 174 Th.h 9 Q1.7 254 247 52.R
W2l = 59 T580 | 210 b4 20154 4.2 612 383 ah.9 Al 199 3l
W2 = 46 SR 203 T.24 M3 1.0 455 L g7.4 153 151 514
W20 = 36 4 5T 21 h,22 16aA0 10h.2 Sl 142 HihA Tl 026 MG
W2 = 22 2 Hel | 26 G222 1241 Hib 20041 144 LER 142 274 273
Wisd = 37 4 1368 162 a.13 15440 11t 22, 274 GBS 747 Q1.4 3H.7
W50 = 3 AT | 157 fi.fll 15311 0.3 17.1 218 7.2 554 T2 4 IRz
WS x 232 2860 [ 152 584 15241 . Id:1 154 fi5.1 LF.1) 5049 6K
W1H0 = 24 1 [k 100 firfill 12100 13 13,4 | 8 hh.2 |83 350 245
W15l = 18 2| 153 584 124 74 014 12 h33 1.26 247 135
WIS = 14 | 730 [ 150 4.32 LN b fi, B 91.2 H2.h 14912 1B.2 234




B0A Avpeyoy B GEOMETRIC PROPERTIES OF STRUCTURAL SHARES

American Standard Channels or C Shapas 5| Units

Wek Flange . .
I + ' =) dMI5
Area | Depth | thickness | width | thickness sl yyae

Cresignatian A d i By 1 | 5 r I 5 F
mm X kg/m | mm* | mm mm mm mm 10° mm® 107 men® | mm [ 108 mmt [ 107 mm? | mm
C3R0 = T4 9 480 AR 1821 .4 145, 540 168 552 133 458 fl.R 2241
O3B0 = Al TR | 38140 13.20 24 16,500 145 T 138 384 551 2.5
3R] = 50 430 | 3H10 1020 Hh4 |50 1] S [43 338 5.4 2.9
C310 = 45 5 el 305400 1300k Ri.5 13, 674 i 104 214 EES 19.4
C300 X 37 4 740 At GLR3 T4 12,7 0.9 393 112 1.8h A9 198
310 = 31 3930 | Atad 116 T4.T 12.7) 537 332 117 1.61 283 22
C250 = 45 Fo0 | 2540 17.10 i 11,14 42.9 33K RhR 1.61 271 17.4
250 = 37 4740 | 2540 13.40) 733 [1.110 380 L BUS| 144 243 173
C250 = 30 3750 | 25440 463 69,6 L1168 52,8 258 930 17 1.6 17.6
C25) 23 2 Wil | 25400 10k .0 L1 1 28,1 22] Q8.4 {4y 1641 18.1
C2Hl = 3 1790 | 2290 11400 ar.3 13,548 5.3 22 8.7 1 152 16.3
25 22 2850 | 2294 1.24 63,1 143540 212 185 KA2|  ILRO3 67 168
C23)-x 2 2540 | 20 5.92 ol.K L4, 50 LR 174 RR.S5 .733 15.8 17.0
A = 28 3550 | 2064 12.40) .2 2.9 153 18 T1E] (K24 Ins 132
CHI0 = 20 el | 260 T.700 0.5 CR 15.00 4% T8 (Lh3Y 1441 15.6
CHI0 = 17 2180 | 2050 5.59 T4 G5 | 3.6 134 T 549 128 15.9
CIR0 = 22 2790 | 1780 10A0 f54 49.30 13 127 Bial 574 128 143
CIsl = I8 23520 184 A 35,7 Q.30 1.1 113 BA 04T 115 14.5
CIBl = 15 1850 [ 178.0 5.33 53,1 5.3 RET 5,7 a2 D43 1Lz 14K
Cis0 % 19 | 2470 | 1520 | 1010 | 48 570 7.24 953 | 541 0437 | 105 133
CI50 = 16 | et 1521 T.08 5.7 kT h33 B33 Sh4) (LA .23 13.5
G50 w12 | &5 15211 A08 J5H L 545 A I 503 28R R4 13.6
CI30 = 13 | T | 127.0 B.25 4749 B 1T 583 7| 0263 3% 124
CI30 = 10 L 2T 1274 <4.H3 44.5 b L 312 491 06 LN f.lH | B
u B | CI00 x 11 [ 30 1020 215 43,7 T.50 191 Cf fos 373 (LIR0 362 11.5
N | CH0 %8 1 13 2.4 4.67 <2 7.5 1.1 il4 9.4 133 405 11.4
B csxe 1 144 T6H.2 4 4.5 .5l 11862 226 IS E1ET 4.34 16
075 .7 U 76,2 f.55 £ A LR {1 TTHI 202 2B {1143 3E3 Tih2
CI5 %6 TE] Th.2 452 358 6,90 {1691 15,1 9.8 (082 A4 102




AncLEs Having Ealal LeGs

S LUsirs

gov

Angles Having Equal Legs Sl Units

Mass H—X 35 y—y axis Z-2 3nis
prer
Size and thickness Metier Area { s Fo ¥ { s r x r
mm kg mm* 108 mm? [ 108 mm® | mm | mm | 100 mm® | 10" mm? | mm | mm mm
LS 3 M3 254 T35 0 GH0K 3G9 258 61T | 6] 6.0 254 51.7 | BT 0.6
L3 = M3 = 190 5749 T 380 2R 1949 G626 | 578 | 2R9 154 2.6 | 578 [ 401
L203 = 303 x |27 343 RRILT] 20,2 137 Hih | 355 21,2 137 flh | 555 1.4
LIS > 1587 254 557 T [4.6 134 453 | 472 1.6 |39 453 | 47.2 | 297
L152 3 152 » 190 dx.7 5 440 11.6 1iis 462 | 4510 1L [11s 2 | 431 47
L5 % 152 127 24,2 370 R22 T5.1 471 | 427 B} Ta:1 471 | 42,7 | 300
L1582 > 152 % 9.5 rir v 2 B0 .35 57.4 475 |45 A5 574 475 | 41.5 | 3.2
LET-2 1272 150 5.1 4 480 h54 Ti9 52 | 387 a5 T34 382 | 387 | 248
L2 » §2T > 147 241 BRI 4 5R 51.T 19,1 4 468 51.7 397 | 36 5.0
L127 %127 % 05 153 2330 164 397 s | 353 364 397 395 3533 51
LI0Z = 102 »x [0 205 3510 1,23 a4 3| 324 323 il 3| 324 10,8
Ll = 102 - 127 1500h 2420 234 1A 3.1 | 302 234 L] 311 | 302 19.%
Li0d % 102 x 9.5 14.6 ) .2 253 .6 | 29.00 1.84 253 36| 250 | 0
LI02 = J02 = f.4 L+ | 2500 .28 173 120 | 279 1.28 7.3 20 | 279 1.2
LESQ » 8O x |2,7 16,5 2 100 .52 24.5 H9 | 269 .52 245 269 | 2609 |73
LE9 » 8O = 95 124 1 Gk 1250 189,03 274 | 258 1.2 19:4) 274 | 2538 1’74
LEG = 80 = hd g6 | (1K i1 130 TR | b {1,8401 134 2TR| 246 | 1748
LT6-% 76 = 12.7 14.0b | 770 {515 17.5 227 | 236 14915 175 T 236 | 148
L76 % Th = 55 16,7 | 36l (.76 136 231 | L5 0,726 13.6 2431 | 235 | 149
L76 5 Th = hd 1.3 Q27 nald b.3g 235 | 21.3 1,514 g.30 235 | 21.3 1 5,00
LAd € 6d ¥ 127 i B | 450 (524 12.1 la | 206 1,524 12.1 (G| 26 | 124
Lad = 64 > 9.5 b3t 1 120k AN 840 124 | 195 1.4 G4h 194 | 195 12.4
Lod = 64 = 64 ] Thi {1,301 fa. 54 1hE | 182 {1,381 .54 1498 | 142 1x5
L5 = 51 =% 8.5 T.0 HTT {202 B.h2 152 | 182 .22 5.H2 152 | 162 .
L% = 51 = 64 4.7 ks {146 400 | 156 | 151 1,146 409 156 | 151 VRS
LS =51 x ¥2 235 312 {1,000 .16 160 | 139 {1,000 206 [0 13.9 1411




APPENDIX

Slopes and Deflections
of Beams

Simply Supported Beam Slopes and Deflections

Beam Slape Deflection Elastic Curve
i
p St r] ]
L_l_£_| _Pr: — Pl 1 = __u':i_:r I::'h'.l.l_" FFl -I-.'."‘|
: : H—.u: sl : Vst = = -
= : I6ET o 48E]
ﬁ,__r'_:h'fI = x=[Lf2
—Pabi{l. = b - .
fh=————— = Il'r-:.f_ — - — )
GETT. Plyr FEL 0 Gl
Pabil. + a) : — REL A £ e
H:_ ﬁEfll_ | = =g
... —ML?
- Vi ™ —
: aEl o VESET : -l’«'iulI B 3y
ML AT GETL
f=— gk x = 7
T 3E] kX o .
| 4
JII II|
wlt Swd WE -y 5 t
: 4. x V™ SeT oex = SEAET REE
I?II'Il L aTLY
' J —Swlt . —WE k¥ ard g R
- = r o T68E] f ARAET g 2410, =
128E1 By 14
— Twil! !
L L Oy = e i e Rt LS
_?_I_T_ IRLE] i (LIN6H56 E1 i WAE] . 21k
o |
at x = U459481. LT = x = T
c iy e AT iy Lioks ™ iy
' O3BIES TR T 0¥ 3yt - 10022 4TI
gL} e T e e
fhy == =[]} b f
= 2= BE =iy
! - !
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CanTisveren Beam SLOPES anD DEFLECTIONS

go?e

Cantilevered Beam Slopes and Deflections

Beam Slope Deflactian Elastic Curve
(4 F
¥ P PL’ Py
- ; ot s e
.f. = | J-rlril
-
P _F.'I.': y
T -~ I:' T | h=x=[/2
1 P S
__ fHEN ."'iFJ" Fitiuk -FH-F.’ I Jr
[ "“_r et PTG, o g
e T_| fiircan = 'F-I-H'I: y—ahl At mrml
7
[}
EEEETEEE ~wl — ! =ty =y
E Fonar = GET P = BET oL ..'_‘F: 474 LT P
| i |'H'_?"""
.--_"':-I"“lnn
il 5 ML _ Myt _ Myt
| H" T maE -F-r Tiiaxy = EFF L= IFF
! |
— WX el
il ] = _"II
E_LEI['C 2Ly 4 =17
. |1-'ﬂ'..I ; A Twl? (=3 = [/2
b = TRET | "me T 3ED it =
foagy T~ /2]
Lil=x=< L
_"':l-lr-l' _"l'ulr-d 2, 2 3
o = 53T | T~ EF | © T TEREAOL - 10+ SLE )




Fundamental Problems Partial Solutions and Answers

Chapter 1

Fi=1 Entire beam!
(+EZMyg =

Leit segment

% EF, = 0
+15F, =
i+ZMp =1k

Fi-2 Entire beam;

L+EAf, =0

Right sepment:

A 5F, =0
+12F, =
[+EM- = Ik

Fi-3 Entire beam:
5 EF, =

LHEM, =1k

Hight sepment

SIF, =0
FTEF, =
(4+ZMe =1k

Fi-d Entire beam!
'.+ Eﬁ';” = I}k

Left sepment:

HEF, =
+1ZF, =
(+EM =

Fl1-5 Entire beam:
HEF =1
[ +EZMg=1
Left segment:
= EF, =1
+1EF, = 0;

(FEMe =10

810

B — HH2) — A2} =0

|"lrr'_' ]
M— V=1
Mg+ 60— 20(1) =1

B,(3) — 100(1.5)((1.75) — 200(1.5)(2.25) = 0

B, =2625N

j\:r' = [}

V- + 262.5 — 200(1.5) =0

262.5(1.5) — 20T HAO.75) — My =1
M= 169 W+m

B =1
HH2H1} - By(d) =10

N =1)
Vo-— =1
M — 1042} = 0

_Il.e]rm_’-}:z:. + MI(3p{4.5) — A (B =1

N= )
RE-W - V=10
My + 1315} — 275(3) =1

Ay =1

NN E3) %IHHIH?][H AB) =10

Ne =10
825 — 3(3) — V=10
M+ 300(3)(1.5) = B5(3) = 1)

A, = 20 kN
V= 20kN
My = —41kN+m
Ve=37.5N
B, = 10kN
V- = 11kN

M= —N kM +m

A, = 215kN

Vi=—15kM
Me=315kNm

A, = RIS Th

Ve=-751b

Me=11251b-0

Anx
Ak

Anx

Ans
Anx

e L

Anx

Anx

Anix

Ars
Anx

A

Anx

Ans

Ans




Fi-6

Fi1-7

Fi-&

F1-9

Fl-14

FUMDAMEMTAL Packiems Paanal SOLUTIONS AND ANSWERS

Entire beam:

3
L+EZM, =1k ng{;}lt-l-] — 5(63(3) =1l
4
5 EF, = 0 r?.ill'\—:l A, =0
5
* -3
+1EF, =k A 1?5(;} S(6) = 1)
Lelt segment:
LEF =0 Ne-—H =0
+12F, = 75— 582) — Ve=10
[+ M = (k My + 5{2)(1) = 75(2) =101
Beam:
IM =0 Tip=2w
EF =1k T_J'H = ik
Rod AR
P e
= —: Wi 1) = —;
SR e s ST
w=31MN/m
Rod C0y:
r § AW
=— A1) = —
=T gp MR =
w = 225Nm A
A = w17 —0.08%) = 26{ 10 m’
o EVTITR A %
By = = == 5 M8 Ares,
oA 3610w
A=3[4(1)] = 12 in®
! B
Oy = = 1.25 ks Arrs,
Consider the cross seclion to be 2 rectangle and
twos tnangles.
1
o OISO + (1) =163
_ EyA [(9.3)(0.12)] + ( J[zl. M :]
AT T |
- (3(0.12) + —{L1a){L3F)
= (13 m = 13 mm Arry,
P BO(IF)
" — = I:— = 1M Pa Ar,

M 4 041

B11

F”u =3T3 kN

A, =30 kN
Ap=T5 kN
|"|'I.|_ = Alb H.N Anis
Ve=-25kN Anx
Mye=5kNm Ak
Fi=11
T ’ W 4 e e
A= Ap= T[H_"t'j = (LGS ", Ag = T: 1%) = 1L.25+ in
Ny 3
-t ——— = |51k
L A, 0625 [53ksi (T iz
U | s, S Ty S =
Ay 025w : A
N 2 e .
R i TR Ans
Fi-12
Fip=30RI N=493X%
+TE2F, = Iy Fu-[é\] A5 =00 Fou =81T5N
| 4
— EF* = {J; HIT_S{;J = F.”‘. =1} F.J'H = 654 M
o~ < | \
Aqn = {DO0E) = 16010 ")z m?
F 5
(7 qiday = —— = = 13.0 MPs Ak
Aan 110w
Fi1-13  Ring C
+T2F, =1 2F cos 6 — 20981} =0 F=1962N
F § 92
l'r.ulhu'.l-w! = _!' 1:"[H_|H'"_| = =
. T
4
d = 008 o= 4,08 mim

Use d = 5 mim Am
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Fi-14

Fi-15

Fl-16

F1-17

Fi-18

Fl1-19

FUuMDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Entire frame:

EF, = A, = 600 b

EM, = 0 A, = 800 1h

Fao= % (R007F + (BOGY = 1000 Ih
Fo2 02

ITaday = A —W

= 1002 k=i A,

[hsuhle shear

IF, = 4V-10=0 W¥=25kip

]
T E{_l) = (1,1 406257 in"
a\4
V.. £5
A O140R257
Sinple shearn
ZF, =

= 5.6b ksi

Tag ™ Ay,

T et Al
p—-3¥=0 1 3

A= %[n.mﬂ = 410 " m?
Lid

fil 14"y =

Crapgdems = =
Letepiy 4010 M

P=2162{ 10" N = 2.26 kN A,
HEF, =1 V=0.5p

¥ — " ops 6 =1

LIRS .
| = ( - ) 025) = 144340 107 ') m?
L sim ALY { . '

V . L5
=— AP = —
A Sk L3410

P=1732(10") N = LT3IkN Ans
The resuliant foree on the pin 15
F =3P + 40F = 30 kN
Hure wie have double shear;

[ Tap lamw
E

i)
¥V = L =— = 5kN
2 2
A= %m.n;ﬂ = (1225010 *}r m®
V. Ji.::lrk‘:. 54 MP
Tag ™ 3 m 4 M Ay
= IF, =1 H] = W= No=10kN
Ty 250
i = |hHthT MPe
Ty F.S |5 1 '1 A
y 1)
Pyl = 5 1RGATI T =
ik
W= 1514 mm
L'se o = 16 mm A,

Fi=2ih
LIF, =1k Nyg-30=10 Ny =30 kip
HEF, = Np—15-15-30=0 Np-=60kip
Ty i
Tl ™ F e - ﬁ = 3333 kai
Segment AR
Mg 30
= — 331331 =
i T ,(003)
=180
Sepment B
N
Ty = bt % 3333 = ﬁ”_
Ape e 3]
fiz = 340N
7 5
Use sy = 1—in. and gy, = E'-;'Ln- Anx
F1-2] N=pP
iy 250
F ooy = —— = = 125 MPa
L = B
A, = %m.m*‘] = 12566(10%) m®
A g = 2{006 — 0,03)(0.05) = 3(107%) m*
The roud will fail firs,
N
P ™ 1250 107 —;1
A, | 2566(107Y
P=15TOR 107N = 15TkN A
FIl-2 HEF, =0 #-2¥V=0 V=40kN
Tw 10K
= - = ] ;
T S TR T
v L0107
Tallum _" 'H][ ]”rl:l o [ 3
' =i
i
o = (03568 m = 3568 mm
lse f = 36 mm Ay,
F1-23 V=F
T'.l. - 11“ i
Tl == =g e

Avrca of sheer plane for bolt head snd plate;
Ay = wdt = w{0(0.075) = 0.003T m°
A, = wdt = w{008)(0.03) = (00247 m*



FusDAMENMTAL PRoBLEMS PagTial SOLUTIONS AND ANSWERS g13

Sinee the arca of shear pliane for the plat s
smaller

%
-—) 4B = ——
Tallow ™= 74 e T

P=3R1L {10 N=362kN  Ans

-

Fi-24

|
FEMy =0 {30){9)(6) - V(N =0  V=1501b

TEail I v
Talkis = ﬁ = El = H ksl

¥ 151
Tallw = :: Ht]”’l] = _

—=
4

i = (L1535 in

Use d = — in, A,
1A
Chapter 2
S 02
—_— — =K
Fi-1 r o A, 1.3 mm
i Lt .00 oy mm |
Hpp= T =l Ay
' “_“ 3001 I .|
F2-2

(.02
f = |[ |.5:4|')1'_ pad = 034900107 ) rad

By = L 4p = 0.3491(10 *600) = 0,.2094 mm
A = O = 03491010 012000 = 0.4189 mm

iy (2044 i ’
Ep = TH,. T 0524107 ) mam/mm Ay,
By (L4159 .
gy = T =~ 1698010 ) mm/mm Ay,
F2-3
-t oS d H—l—mnm-d
i ;| JAMI5 1w 300 335 ra
LYy ™= T =l
3-(5-e9
=a— 4

= [0S — 4333

= —(LNEBA3 rud A

Fi-4
L= % 300° + 400° =500 mm

Fyre=%(300 — 3% + (400 4 S§F = 502.2290 mm

3
= — = T HIT
=08 hL(H] ricd
Lav — L = S12.22%0 = 5ix)

Vbl L e BT

= (L4H mm/mm Anx
(Yades = % ~#= % L IE + u) = —gr= =,00741 rad Anx
F2-5

L= ViIept+ Lap® = V3007 + 300° = 424.2641 mim

Lac=VEep' + Lop® = VI06 + 29 = 4257370 mm

: AT, Wk
B -(“—”]:H= 2 tan '{L] = 1600 rad

2 e A0 206
L — Lae 4257370 — 4242641
LEachag = L = 124,264
= (LONAST mm Smm Apr
(vihy = = — 0 = = — LAMO = —0,0332 rad Ans
Chapter 3
Fi Muterial has uniform properties throughout.  Ans
Fiz2 Proportional fmit 15 AL Anz
Liltimate siress is [ Ane
Fi-3 The initial slope of the o — & diagram. Anx
Fi4 True. Ans
Fi-s False Use the origimal eross-sectional area
and length Anx
Fi-6 False 1t will normally decrease, Anx
i |r"
F3-7 e=—=—
CTET AR
3 j Pr. (R TR LI
R ST R ZL0015) 2001 10%)
= {283 mm Ans
i ad
Fi-8 - —
S T
PL
G = gl =——
AR
{100 (T3¢ R)
s = ————
12E
E = 222(10™) pst Anx
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F3-4

Fi-1u

Fi-11

Fi-12

FUuMDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

o P
= ETAF Fi-13
Pl & 1074
B~eh= AE K017 1000107
= 346 mm Arrs

P 100 1R) —
T e e e L a
TTA T o)

Since o = orp =450 MPa. Hooke's Law is

applicable. F3-14
ay 4500107y
= —=———=J}GP
& 00225 i
o 31EIL0"
= — = ————— = {] (011592 mm, mim
UE T 2000h sl
&=l = [N FrHIEl{ﬁII:l = AI7% mim Arrs

O 1R T
iF = i = # = 4T7 46 MPa
A TIAZ)
Simce o = e = 450 MPa, Hooke's Law is not
applicable From the geometry of the stress-strain
diagram,
e— 000225 47746 — 450 F3-135
i3 — 04225 SO0 — 450
e = U1T493
When the losd s removed, the stroin recovers

along a line paralicl 1o the onainal elastic line,
iTy 450 11

Here E = . = m = Mk GPa
The elostic recovery s
o ATTAR{10M
g, = — = ———— = [LZ3IRT mm, mm E3-16

E 200(10%)
£, = & — €, = (17493 — (LOO23RT

OAA1] mmmm

By =

o= i w = 56,59 MPa
A 00158
o 56590107

B = = = =035(0.808(107))

= {1&0R 1077

= —(hL 2831071
Ad = (—028310 )15 mm) = —4.24(10°") mm
Any
S0
o= £ Sl i l: ,} = 154,15 MPa
A H002Y
& 140
= e—= —= 213 i
' T o (42333 mm, mm
1549, 1510
E =:=—L}=ﬁ'&3f-|-'u. Ay

e, 0102333
d' —d 199837 — 20

= —(B15(107") mm,/mm

i 20
e, —LRIS( 107} e
A S ¥ T T S
F fiR 2]

r = = = H30Pa A
1L + v 2{1 + 0.3493) =3 il
05 L 003333 rad

4% s ! 33 rad
T T T ]

T = T —_ ﬂ — T - T _ L-‘-J

= rp = [LO03333 rad
r = Gy = |26(10")]{0.003333) = 86.67 MPa

)

!.
=2 Ay = s
r=7 BSN =

=260 kN Arix
=3 oed
u_|'-_7.{'|_ AL re
'p=:—:—H=TF—(Tr—u]=n=l|.“3m|l

8, = €, = 001511{50} = (1755 mm A When Pois remowved, the shear strain recoviers
along a line parallel to the original elastic line.
T i : , ¥, = ¥y = (L0045 rud
Egr = —— = —— = [LAGAT{ I ) mmy/mm Vo =¥ — ¥ = 002 — (L5 = A5 rad Anx
Lar 3N
- = Eege = 2000 10°)[0.666T(1077)] Ehapter i
= 13333 MPa T ¥ : -
Since - = oy = 250 MPa, Hooke's Law is valid. F4-1 A= TEU"E_F =
T = % 133.33(10f) = ﬁ fp = ﬁlunm‘uwn + [—6O( 10 &) )
Fpe = 94248 N =210 N mm

(+EM, =0 942.48(0.4) — P{06) = O
P=0R3N=nH028N Arrs,

AE
—(b318 mm Anx




F&-2

Fd—

Fa-3

Fd-6

FUMDAMEMTAL Packiems Paanal SOLUTIONS AND ANSWERS

Agp = App = {0023 = (L0 T n

%gu_mi — 3 = BTS00 S mt

0400
{10 ] j6s 0]
[ 10k 101" 1 )¢ 403)
T ATE(I0 ][R 9107
[ = 200 10 ] 40Hb)
T (10 ek a7
= =448 mm Anx

A= %m.ml] = (12250107 Yyr m?

- 1 '
= Qb 141
% = 90 e[ 200 141} {[ )

B _ .
= 1{\;}3::( HI"}]HJ.-I b+ [0 10 mr.m]}

= =TI m = =077 mm A,

s Pl [BiH 10 7](0.8)
g =— =
VAR [0 (007 w2000 107
= (TR0 Ym L

5 =i : ﬂ]l;lll.":' = 1.2{10 -._}m |
L T
bl 8, =8p+ Bap

Ay = 120107 + 0.7839(107)

= 1963910 "y m = 1.9 mm | Ans,
A= %[u.uz:] = 1110w m*
Internal load Mx) = (10 %
. [.""[.tjl-.l'x
ﬂ -
' | AE
|

il
- : P dx
[t Y] 73000 ./.. e

= (52N ) m = 01529 mm A

ot A5(10%)
Dristribanted load Pv) = 5

Internal load Plx)=3(50010" e(x) = 25(10%)s7

"EPix)dx
8= / AE

r = S 1M N/m

AL m
- L. 5 / (2510 ]dx
(0110 e[ 73.110%)) S

= I1.2H5 mm Ay,

g815

Chapter 5

Fs-1

F5-3

F5-4

F5-5

F5-a

J=Z(004") = L2810 "% m”

Te SEHP M4 .
T ™ T ™ T - m =497 MPa  Anx

Top  S(HPHO03)
-'_I'l' T — T

= 1731 MPa Ann
I L2810 M

J= %;n.n:}ﬁ* — (A4Y) = 52010 m*

Te 100U H006)
™ T ™ AR g DI A .7 MPa Anx
Ty 0(10%00H)

24,5 MPa Any
e 52010 ")

Jas = '—:[n.uuﬂ — 00%) = 0870V m?

Jug= SH0MHY) = 1280077 m

Taacap _ [201001004)

{ o= = 201 MP;
Tt b T U8TS010 My H
Tocene  [6(10°)](10iM)
L¥ ]||1li L H .
T L2810 "=

= 50,7 MPa Tns

Tag=0,Tgr=600N-m, Ten=10
J = Z{0.02%) = 80010~} m"

Te  GOO0.02)

—_— - = .I.‘-' 7 : r.
7RO T Ll i

- =
nEaxN

o= %nm* 131 = 0875107 " m

Tuccwe  2100{0.04)
I OATS(I0 Mw
= 36 MPa Anw

L TR

¢t = 5(10") Nm/m
Internal torque is T = 5(LP){(LE) = 400 N-m

7 =Z(1.04% = 1.28010"") m*

Toe  4000{004)

T, =— SR = 30.8 MPs An
28 'Hr

L E




B1é&

F5-7

F5-H

Fzn

k510

F5-12

FUuMDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

I= %Ir.llj"] = (L4010 Mz
1

g = {|-2(10'y] (0.6
YO nanstin "':l-nr]|'-'j[11]"r]l| (ENES)
= 1{10Hy0.4))
= — (LINRIE fad = — (L4807
F =024 = 80010 m
o BOILA5)
BT 010 Ny ][ 75(10°)]
= (1,01432 rad = 0.821"
F=H{004 — 0.03) = 087510 "r m?
T.l”r F.-.“III 1[“' ,“.“I'-”
LUETY R T - =
Jii [OATS(10 " ]| 264 10%)]
= (LUFTTE rad
Ty 3(1P
- ; '-H:I:l—lﬂ:l,l = 03333 rad

I!l_| = 1|f|lrg + I.'.'.l| ]
= (13333 -+ ALNATTR
= (LT pad = 4.0

§ =02y = 810" m’
b i [Ad) + {—300)
L (ROCLD My ][ TS0 107))" S
b 20000 4 SiN]
= (10101 rad = A0
L1 i -1 g
F=—{0iY) = 1280107 % m

= 3{1tr') Nom/m
Internil torgque is 50107 )y Nom

& /I Tix)dx
LR R

A1LEm
I

510" xdx

[1.28(10° ) ][ 750107 ] o
= (1.AN1531 rad = 03047

J=—m) = 12810 "y m*

L5( 107y
Distributed torgue isé = ————{x)

Ly
= 25{10F)x N-m /m

- .l"

Arey,

iy,

Ay,

Ay,

Ay,

1
Intetnal torgue is T{x) = ;I_E Srhix)
= 12.5(10°)x* N-m ’

Lrtsdde oL
'l"“_f T R

1thm
- 1 - [/ [ ZA0100 3 d e 4 A50000,4)
[1.28010 = ](75010" | LA

= (L{NAY52 rad = (L513 Anx

Chapter 6
F6-1 +1SF, =0 -¥V-9=0 V=-0kN Aux
[+ EM=0 M4+9% =0 M=[-H]EN-m
A

Fa-2

Fa-3

Fao—

Fo-5

Fo-6

+ 1B =0 -V-2x=0 V¥= [—2x] kip Ans

I+ EM, =1 M+ 1.1.'(7:) — 14 =i
M = [18 — 2 kip - ft Ang
+1EF, =0 -V 1{4.up[q = [}
| 1I."| kM Ans

S M, =0 M + —[4Ij['rl %}

1f={——r}1.'ﬁ:-m Ani

U=x=15m

+1EF =1 =0 Ans
A EMa=10: M-4=0 M=4kN-m Anx
lim=xr=3m
+ 1EF =1 -V—U=0 V¥V=—0kN Anx
+EM, =1k M+9x—15—-4=10
M=[175 — 9] kN - m Anx
[+ EMg=0; A 6)-30=0 Ay=3kN
« 15F, =iy V=5={0 ¥=-=5kN
Ay
L*EM =0 M+5r=0 M=[=5]kN:m
Anx
|+ My = A (B} + 20— 50=10
,=SkN
+12F, =0 -V -5=1 V=—5kN
Any
L+ EM- =10 Mo+ 5% = 50 =1]
= |5 — 5x] kN -m Any




Fa-7

Fa-H

F6-9

L]

Fa-11

F&-12

Fo-12

FUMDAMEMTAL Packiems Paanal SOLUTIONS AND ANSWERS

Shear diggrm, V' = —4, v = L Zerpdopetor = A

Mesmens diggrem. M = 0, x = {1, Constan
negativeslopeto M=—16, r=4 M=K =47,
Constant negative slope to M = 0, © = f

Shegr diggram. V =

Miwmanr diggrasn, M = i, ¥ = (L Constant
negative slope w M = -9, x = 15, M = —21,
x = 15", Constant negative slope 1o M = -3,
¥ =1,

Shear diagrane, Vo=, x =), Zero slope 1o
=15 V=4 x=15"Zeroslope tn

f =48V =0,x =45 ZLeroslopé o
Vo=ihx =&

Moment dtagram, M = &, x = | Zeroslope 1o

r =15 M =61 = 15 Constant positive slope
ox =45 M = 18 x = 4.5 Zerostope 1o
M=1Er=58

Shear diagrase. V' = 16.5. 1 = (), Constani negative
flopetoxy =3 V=0, x= 375 ¥V=-15x = 3
Megative decreasing slope. V7 = =05, r = §,

M cwrraerf f’ﬁriﬂ.h'uu. W o=} ¥ = (], Positive
decreasing slope. M = 227 x = 275, Negative
decressing slope o M =10, x = 6,

Shear diggrane V= [, x = 1. Negabive constanl
tlope, V= —f 3 =15 V=1[,x= 15", Fern
gopeilpy = 45 Vel y= 4y Ve b =457,
Constanl negative slope. V=1L, x = A,

M ormeret diggrane. M = 11, ¥ = (), Negative
incressing slope, M = —4.5, 1 = 1.5 Zeroslope,
M= —45 r = 4.5, Positive decreasing slope,
M=ilx=8

Sear diggrare V=151 = (L Nepative decreasing
slope to reroslope st xy = 3 V= 0,x =1,
Negative mcreasing slope o V= —15,x = 6,
Memenr dingram. M = 1L x = (. Positive
diecreasing slope waero slope al ¥ = 3

M = 15 x = 3 Negative iIncreasing slope.
M=0x=%

Shear diggrane. V' = {13, ¥ = {], Constant negalive
glope. V= [, r =525, V= —15, x = . Zero
plope. Ve =M, =9 V==75),x =0
Zeroslope V= —T50, x = 1L

Mesrnernt diagraom. M o= 11, x = {}, Posiiive

decreasing slope to x = 5.25. M = 3756, x = 5325

Mepative increasing slope o M = 2700, x = f

i, v o= 0 femoslope oy = 3.

B17

Constant negative slope. M = 2250, v = %
Constant negative slope. M =0, ¥ = |2,

Fa-14  Shear diggram. V' = 30, r = (L. Conslant negative
stope, ¥=lLba = 1.5 V= -5 =4 = 20,
=4 Famglope, V=20, x = A
Maunent diggrawe. M = A1, r = (L Positive
decreasing slope, to xero slope ol x = 1.5,
M = 225, x = 1.5 Nepative [nereasing slope,
W o= =dil, v = 4 Positive constant slopx
M=10x=45
1
F&-15 I= I[ﬁqn.lu}m.z']] - %u].zm[m]z“r
= 68410 ) m’
Me  20{10%{0.1)
gy = —— = ———————— = TL A MY A
T iy Fi 26 H-H 10 hll i nk
b3
F6-16  §=— =01 m
f= 1—Lm.3:{u.3‘; = (1.225(10 Y m*
Mg 5 107} 0.3 = 0.1)
s ) ] 0.225(10 1]
= 44 MPa i) T
My SI10"0.1)
1|T|||||:|; :|| - TF W_ 22.2 MPa {T:l Amx
F6-17 = %{u.z;{n_ﬁ": - ]|—de| 1R{1L.267)
= (L1863( 107"} m*
Me  M{10FH0.I5)
o = I W = 412 MPa Anx
Fa-18

I= ;r‘ %{u n.ﬂu:.ﬂ:] k2] %[n.uuu.m*] FILTALD3HN, 15%)

8

= 506310 '} m’
Me LE 10 H00.2)

— = J 0] . ;
I nsmeay I Yy MPa 1ns

Tmag =

Fi-19
J = ]quﬂ 05)(.4)' + 2 [%{[l.ll!ﬁ][ﬂ.i}']

= 131710 ) m?
My,  5(10°)}—-0.15)
I 0377003

= 198 MPa (T Anx

Fa=
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4
Fo-20 M, = ﬁufg\;l = kM =m
3
M. = ﬁlb(?\:l = M kN - m
iy
I = ]i‘[n.mn.z‘] = {1.2{10 ) m?
= 1'—jq1|.2:uqu_3'| = (. 45(1077) m* F1-3
M.y .'I.h:'.
e==r T
I —015) 4010701 )
i 04AS(10°%) n2{107%)
=3 MPa (T) Ars,
_ [B(1r)){0.a5) i ENRIE RN
T TS0 0.2(10°% 74
=10 MPa(T) Ares,
£
lan o = —tan #
[rt 45( 10 ‘1] 4)
lamm = | ————— || —
02 (3
m=T]4" Ay,
Fé=21 Maximum siress occurs gt £ or A,
(Scos307112(3) (50 sin 30°112(2)
I"'T-ml'l:h':l = 1 i 1 | ]
Flin] ()4
= 1.4 psi A, F7-35
Chapter 7
F7-<1 [I=1 ]'—,ul.u:]m 2| + ]]—3[:5.3@111.:32']
= 26.84{10°") m*
G = D500 0.02) = 99107 ") m"
Vi, 1000 T[S 10
TaA= =
;-' T Ll
[26.84(10 )] (0.02) S
= |84 MPa Ay
Fr-2 [I= lljru 1.3 + :—_Jdll.I:n['!J.] "= 024167010 m?

Qa=y1A" s+’

l*lc:u.r_r:-lj (005103 + 0.1(0.1)0.1)

1

1.375(10" " m

Oy = ¢ 3y = 00T HOA ) = 1{10"H m?
VR 600{10')[1.375(10" "]
TN 0241670107 M0.3)

Ve RO
N TR TR FE T TR T ‘mu.n_y'ﬁmpu

= 114 MPge Anx

Ang

Voex = 45 kip
=k 1 | d
I= E[-'l]-l;ﬁ } =54 in
Do = ¥ A = L5(3)3)} =135 in”

Veuar Quuar _ 4:5(10"){13.5)
(T ot = 1t = ===
34(3)

= 375 psi
Ay,

[ 1 : i 7
E.EHIII,-]{IH]‘] + _-[E(M.L}r_u,n_u'

- ::.|4m.u_iuu.15=+J = 1.50963(10 "} m"
e = 20 A + yiad'y = 200 02 H0.03)
+ (D 15H0140003) = LMD Yy m’

Vi@ 200107 EE3(10 7))
It (LSRR 1) [2(0.3)]

= |20 MPa

T =
Anx.

o= %{i].l‘ﬁ LA z[li,lm nzﬁurr.q]-‘]
Fd i

= (1. 37917( 10} m*

Oy = 20" 4% + ¥iad'y = 20750250, 15)
FL D052 = 15625010 Y m®
| (1079 156250107 )]
Tm = T T T TeTOn [2i0025)]
= 1.65 MPa Ay

I= l—lzr_::,}](u_:l_'] = (2010 m*

Q= v'A" = L05{0L1)0.3) = 1.5(10 Y m®

3 3
; $ ’[i) _215000°)]) 300y
Lol = & s R i
Ve 30010Y)  soaehfLsae )
Gullow =37 ¥ Iy

= {8 m = B mm Ay
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o LT E | 4
F7=7 ! F,ﬂ..’l-]iﬂ.l )= (L2107} m
0= y'A* = 0050 T H03 = 15010 % m?
Y 2[15(10%) _
Gallw = 3'{ ‘] =l 0.1 = (U N/ m
Ve VL5104
=— M) = ——
Syl = =
V=400 )N = kN Ans,
F1-8 [~= Ljr Wil 344} _im 190,284
= (0L3075(10° % m*
0 = 1'A' = LI6{0.02){0.2) = 064010 ) m?
'F ?|"-u-;:|[r '-j RIS
T |
Wl -IL F ] P
V@ S0 3000101064107 ]
Sl g T DAMTS(0Y
§ = U INGIE m = 961 mm
Use 5 = %6 mm Anx
F7-4
= 1[1I—1{u.||35:|¢n.3-‘:| +2 %m.uﬁ][u:‘] + (.05(0.20.15%)
= (62917107 Y) m*

0= v'A' = L1502 0.05) =
(ﬂ) _ 2By
i - i =

LA ) m?

16107}
k!

Pl

Fallows =

Vo I6(IF) 2001051510 )

TR g y o O291T(10°7)
5 = L3356 m = 33556 mm
Uses = 135 mm Ay,
I
Fi-10 {=—{1)(f"} + -1|—|;iJ SH4') = 0.5(4)(39
= HI:I.l.‘rT n’
0 =y'A" =3{H{05) = 6in’
_F_&
W allyy P v
V@ & 15(8)
falew =37 T 0087
: ¢y =6/
Lises= ﬁﬁ i, Any,

19

Chapter 8

F8-1 + 1EF.=(Fg):—50—-300=p
P = —800 kN
M = SOO05) — ST = M,
My =-353kN-m
=M, = 00001 — 500{0.1) = M,
M, = —20kNm

i

Fe&-2

A =13{0.3) = 009 m=
L=1= !I—:.;u W03 = 0675010 ) m*

RO(HPY (200007005 [350107))0.15)
) 67510 %) 06751077
= L3333 MPa = 333 MPa (T) Anis
—ROO(10YY  [20(10%)(0.15)  [35(10°)](0.15)
0w 0675007 N ATS10 Y
= —12.22 MPa = 122 MPa (C) Ang
+ 1EF, =1k V—400=10 V=400 kN
L+ EM, =0 =M= d0[05} =0 M=—2NkN-m

F5-3

J= %{[u]{u..ﬁ; = 225010 Yy m*
@ = v AT = 0100001 = 1y mt
My [200010°)]{—0.05)

Ty =

I 02250107
= —44. 44 MPa = 444 MPa (C) Ans
V¥ g 1!
= E (DI | =|T.8 MPa Am

T 0225010 1)
Lefl reaction is 240 kN,
Left scgment:
F1EF =0 2
{+EM, =1 M

V=0
HI{(L5) = 0

¥F=20kN
W= 1kN-m

I= i?qu. 1.2 1—l__.q|| N9y{i18%)

)
= FLOF&TEI0") m?
@4 = viA] + viALY = D0THLO4){0.01)

F O9S{IL () = 02300y m

My, [10(E)]{008)
AT T T ez
= -7 &1 MPa = 21.8 MPs (C) .
V@ 2010701230107 Y]
Ty = =

It 2292670107 Mji0.an)
1.7 MPa Anx
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Al the section through centreidal axis

N=
=1
M=[2+11P=3P
Fae E : M
A /

sk B (3P

“205) | Lesyer
P=3kip Arrs,

At seetion throogh B:

o= 5000 Th, 17 = 4k [

M = 4 L) = S0 I - ine
Avial Ioad:

T, =% = % = 41,667 psi (T)
Shear load:

L L (R TR TRY)

—— 7.5 psi
TR ETIE "

Trp

Bending moment:
My AOOK(] Y

Thus

o, = 41,667 = 250 = 208 psi {C) A,
iy =10 Ay,
Tyy = 373 psi Arey,
Top sepment:

EFE =0 V. +1000=0 V, = — 1000 N
EF =0, ¥V, —1500i=0 V.= 150N
EM.=0 T.=150{04)=0 T.==6NM -m

M, =N -m
M, = 200N - m

=M, =10 M, = 15N{02) =10
M =0 M, = 1000{0.2) =10

F5-8
TF.
TM,
M,

=k V. — N — 3 =1
=k T,+ MWHH1) — N1 =0 T, = 60N -m
= M, = [+ 300)03 = 0

VI 1000[5.3333(10° ")
rghda=—F—=

40010 ] {04)

= 14161 MPa

Combining these two shear siress components,

(Topdy = 106 + 1061 = 488 MPa Anc

Hight Scpmeni:

2F. =1k V.—6=10
E."H',, =1 T, —6i3)=0
M, =0; M, -6(03)=0

V.= 6kN
T, =18kN+m
M, = 1L8kN-m

I, == — 0.04Y = 09225010 "7 m*

3[4

J = =005 — 0.04% = 1845010 M m?

(Cda = A = wA;

HOeS) e, ] MO [w
= % IV?[l]ﬂ]"': |. - ?{T{IHH \“

= dAEET(I0 ™) m’

M.z 18{10Y

Lo 022510 ")
T [1810M)(0.05)

BT PO A i e cioual SO TN
liedrls = = LRSI "

Vi@0a AU HL666T(LO )]
I [0.9225( 100 *}se](0.02)
= 4. 21 MPa

'L'.‘umhining these twi sheur SIress com proncnts.
(Fpedy = 1553 — 4 210 = 11.3 MPa Ans

Ty = =l Ani

[(7yedi]a =

Left Sepgpment:
Vo= 1200 N

M, = —360N-m

L=t %m,uz'] = 400 1 "y m* i, - %u.n:ﬁ‘ 02y = 5765625010 e m?

. 4y L 4 ¥
d 31"”2 ] = B T m J= %u.nzﬁ' — 002" = 1L1153125(10 "} m*
M2 1) \
(Ey)a = ':1 ' %uuu-; = 5333310 ") m” (hla=0
i 1 &
! \f 2 - il 0007 Myy it ot} 497 MP 1
W I Fi — — T = A a FAILE
g :*-" e 2K 1 S - ""-“:‘] A T S1ASAZ (0 "}
" . T TR T TRt [ ] T LN OL25) iR
i Tk 4= - - a Anx
= 41 TMPa(T) Aris, Mt ™3 01153125010 %) -
T s00{002) V
= e Tl s ocnt. Ao o P Q)4
[(z=y)ila = e R0(10 "o = 47.746 MPa lte, ]y =——=1 A

I
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B21

{Fy + iy S0y 11
Chapter 9 F-T iy = ———— = = 250 kPa
F9-1 #=120" o, =500kPa o, =0 =,=0 - :
Apply EI’.|£. 0-1.9-2. The eoordinates of the cemier € of the eircle and
= 125 kPa A, the reference point A are
Top = 217 kPa Anx AYS0H, ) 250, 10)
R=0Ca=50—250=250kPa
. 3 — = - 1k !
L - 45““.} T{-’i’& = gt L f o= 1" (coumerclockwise ), Rotate the radial line
T y CA counterclockwise 268 = 2407 1o the coprdinates
Apply Eqs 9-1,9-3,9-2, of poant o, T,00)
oy = 1k kPa Ay, S ,
iy = —SN kPa Anh B et W ,
£ = 200 kPa i g = ._Sll—..f'rﬂcuﬁﬂil = 125 kPa Az
7oy ™ 290 &1 B =217 kPa Anx
F9-2 o, =HMPa o, =0 T, = 30 MPa
Apply Egs 9-5. 0-4.
L2 i e Ty T /8l + 1)
ir; = W MPa ra = — 1l MPa Anx Fu-g Py = - ===—= 4tkFa
= e 37 - )
fy= 1843 ame MR A The coordinates of the cemer © of the crcle and
From Eq. 9-1, the reference point A are
B4+ (0 BOD—A x
oy = —5— + ———cos {18437) A(B0, 30) 40, ()
4 1_u “nj{]ﬁ;i ) R=10CA= (81— 40) + 30°F =50 MPu
=80 MPa = o oy = i + 51 = 90 MPa Anx
Thus. ey = 4l — Ml = — 11 MPa Anx
r X 1]
() = 1847 and (8, ) = 108" Ay tan Ml fy = ——— = (178
; ¥ an 20k = 3 — 30
F&4 o, = 100KPa oy =700 kPa () = 184" {counterclock wise ) Ynin
7. = —400 kPa
Apply Egs. 4-7. 0-8.
o Fo-9 7= S04t - 003 = 0875107 e m!
antmne ™= 00 EPa Ans, e
Tovn = I KPR s Te L0 T
?=T={—r=SH.EIMFa
F9-5 At the cross scetion through B (BT 10 ")
N=4kN V=1kN 2
M=22=4kN-m iy = ary = [hand 7, = =58.21 MP3
P M 40108 41071 0L03) o PR
T T T hoa006] T {003y 0.08) 0 i
I RLGERAN eI ER TR =
— %34 MPa (T R ) The eocwdinates of the refereance point A and the
N 1_ 7o '”; '1 I_ a center C ol the arcle are
i = [Fzince & = (),
'I'I:u: T =N A{D, —58.21) iy
iry = 234 MPa Ans, R =CA=5821 MPa
s = [} my =+ 5821 = 552 MPa Ana
o+ = | — 5821 = —587 WMPa Ans
F9-t A, =B = 12kN -
Seament AC
fi i i P . = L
R ; £{EF, =1 V-30=0 V=30kN
e = 1 {rmde O 05 on neutral gBxs)
= oy=10 Ams. LHEM, =0 ~M - 30{03}=0 M=—-9kN-m
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|
J = 1—.,|“-”5I”.":'-|5'] = 406250107 "y ' m?
Q4= v'A' = 005{005){0.05) = 01251077 m’

M —{ 1) 04125
Py —d bl o) I8 16 MPa (T)
] [ E2A( 10

Vv Wi i1 350103
rym Lia | SCURIBOOTN, oy
It 140625107 ")(0.05)

oy = [6 MPy, o, = 0 and 1. = =5.333 MPa

Tt oy 16+ 0
Tay = ].: - = — = 8MPa

The coordinaies of the refercnce punt A and the center O
of the circle wre
Als, —5333%) C[H.0)

R=0CA= V(16— 8 + (—5333)" = UA15S MPa

o= R+ 9615 =176 MPa Ars
= R —9615 = —1.6] MPa Arry,
Fu-11

L+EMy = O; BN} —AJ1SI=0 A, =HkN
+12F, = W—v=n V=dlkN

L+ XM, = 0 M — 40(0.5) =10 M= 20kN -m

= ]L]m.mrr.z‘a — 1—l1m_nu;{u.m"5 = I292710°" m*

G4 = v A = 0095001 H01) = 9510 ") m
My, [ 200 L0 B J{00.0%) ) :
ry=— e 72 9267(10°) = —TR.51 MPa
= TRA] MPa {C)
Vi L0( Ly [9s(10-"
L @a _ (yfesa™] 16,57 MP4

li [22.9267( 107 )]0 )
ir, = — 7831 MPa, or, = O.and =, = —16.57 MPa

iy + oy —TREL =+ 1)

i R e 3 = —34.26 MPa

The coordinates of the reference point A and the center ©
of the circle are
A(—=TES51, —1657) C{—39.26,0)

R=(CA=V|[-7851 — (-3026)] + (-16.5T)°

42.61 MPa

im-jalane = |®] = 42.6 MPa Ay,

Chapter 11
Fll-1
1__r“|.” == I: kN

s Mum©
T v —I i

Use g = 146l mm

Mg = 1B KN« m

1) =

8107 3 )
I i

—_tm'

a =139 m = 1392 mm

= iI[rl.u*J = (3,2561(10~7) m?

b4
anu o Tlﬂ|.'|4:ll'__ll_l.l.:| = 137214 'I] I'I.'I1

!'.-III-I'@IIIIJE. ]][ In.‘.ll ]j?'!{ ”] =]]

ol ] [LZ56L{ 10 )){0.14)

= (1459 MPa < T = 1 MPa (OK)
Fli-2

Vinax = 3 Kip

M

mn- ¥
iow I

Used = 4:1 mn

Mo = 12 Kip-Ht

_WE)‘_L”
}_T{_? T hd

i) =

i
2 u(—}
ehg,

'

= ;'—'Ju.zsﬁ = 16015 in*

 4{425/2)

max =

1“' X E mi

1)

L

fid

i =419 m

= A.3%7 in’

3{6.397)

Tmax I

Fli-3
Vier = 10N

| .
J= El:u]l =
% u Mt
il T lr v

se a = & mm

16M15(4.25)
= {L.2B2 k3l < 7y = 10 kst (OK)

24
=
3

My = SkN+m

1200 =

S{107 ){er)
ﬂ

= (L8535 m = B5.5 mm

Ang

Any

A,
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a3
[ = ={0086") = 36.4672(107%) m*
3

bl
Quias = %IHJHM[H.MH&}

= (318028 107 m

V@ 000 0318028(107 )]
- It [36.4672( 10" "}]{0.086)
= 1.1 MPa < 15, = 1.5 MPa (QK)
Fli-d
Vs = 4.5 Kip My = 675Kip=
s Vg R
) EH]H: } = 3
hJ
e =
Ve 57023
Falw = T: £ = .I'J_1
fi =779 in.

I I
Errn: - A= :J{/%}*"IJ = L-l,

it
(3)
I 4
EL

& = 84375 in. (controls)

= II_IH.I!'E""-II.I a9
Tman = T L L

I
Use i = H;Ln. A,

Fl1-5§

I"l.ul;u - j"‘ :H\"- ..I’"m.' — E:] H“\- =i

i %uru;m* = 2254

|1 - 2001071 1.58)
o =1 120 = —
o I [ 2254

h =101 13am = 1356 mm
Liae Ino= 104 mm Ay
F= 22500, 004%) = 0.2632( 107" m*
sy = TS [1.500,1040(0.104)] = 1.2655(107 ") m*
~_ Veur@ma _ 25(10%)[1.2655(10" )]
TR 026320107 Y))(0.104)
1.156 MPa < 1,4, = 1.5 MPu (OK).

Fli-6

Ve = 1500 kN Miux = 151 kN -m
Mo L50{ 107
1s000M)

Srequ = = 1001w = oo ey mm?

li|'_|||.“_.

Select WA10 % 67 [§, = 1200010") mm, f = 410 mm,

and i, = 876 mm), Aiin
¥ TROVY.
T = 4 T OOBT6(UAT)
= 4176 MPa = t..e = 75 MP& (OK)
Chapter 12
Fi2-1
(+EMy = O Mix) = M kN -
Y )
il

1y
Ei— = 30x + C|
X

{
Efv = 15¢ + Cix+ Gy
in
Atx=3mIE =,
ix

C = —%WkN-m?
Alx=3m,uv =1
€= 135 kN+m’

— = —{ 3] ~ W)

i = %ltix" — Wiy + 135)

Forend A x=1{

du i 10
| =-— = ; 3 e (0, 0W0 2 rad
% =i 200107 6500107
Ahx
135( 101
g = 0 = e = (L3S m o= 104 mm
20000 1076500 "]
Anx
Fiz-2
+EM, =k Mix) = (—lbx — 1) kN +m
o P T
fi A
i 4 -
El— = -5 — 1t + C
ix
5y .
Elp = e A+ O+ O
Atxr=13 m.ﬁ= i
ix

Ely = —3(3%) — UN3) + ¢ Oy = 75kN-m’

Alx=3m, v =1

Er{i) = N o= 53+ TS + G Ca==135kNm’

5 B
k]
-

'-r._Lull
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i 1

— - —5x" — 10x + 75
&gy =

1 R i
r= T .—?'r — N — IE.‘E)
For end A, x = ()

it |

-— - =&/ — 10y + 78
el £ 3(0) — 1000) + 75]
TS{10X
= ; o = {1.00577 rad Ans
200{ 10" 6300107

w
LF i f-'||-|| _ﬁ

1350 10%)
s - =—01EE m = =104 mm
2000 10" BS. 10 "))

—:r_ﬂ'] — 5{{®) + 75(0) — 135

Amns

Fi2-3 H
L+ EM, =1 Mix) = (—:.-.--' - I:h) kN« m
A A i T

ot 2

FiEE | =
Bl —E:‘ - 52t + €
Alx= E-r:n.ﬁ ={l.

iI.ﬂ

| - o
EN0) = —{3') — 5(%) + C C) = SBESkNm’

de 14 15 g
dx EJ'[ g% =5 SH"‘")
Forend A, x = (b
in SRA(10°
By = 1|,.—.| = [ _}‘ = DIKM5 il Ay
dx 2000 10| 65.0( 107 "]
F12-4
Ay = Bl b
{+EM, = Mx] = (6llx — 50 1b - £t
d-x

Fl— = ifile = 50¢°
de

&.‘J"Ii = 3 — 16,667 + O
J.ll_'l.'
Elo = 10 — 41667 + Cx + €5
Alx=1Lu =1
ENU) = 100007) — 4.1667(0% + {1 + C;  C==10
Atxr=12f,0 =0
ENOY = 100{12%) — 41667012 + (1)
= —T200 Ih - 1t
v

I
. —1}_} i — 1667 — T20d1)
i 2

o= ﬁr_]unr" — 4 1A — T2
Ty OOC h a il

miay OCCUTS WhCTE A it

Wik — 16667 — T2 = i

r=16ll Ang

%lli!lfﬁ*} 4I66T(6) = T200(6)]

=270 12 i)

& :
J.ﬂ{]if]_ﬁl.ﬂ[ﬁ }

= =576 n Ans
Fl:-5
(+EM =1 Wixh = (4 — 5¢) kN -m
E.fd:—:.r. = 4l — 5x
dx
dn ., !
Ef— = 4llx — 2.5 + (|
dx

Elr =200t — 083330 4+ Cix + &

Altx=1Ihe = I

Efj0) = 20007°) — 0.8333(0F) + C,0) + € C2=1)

Alr=6m. = (i

ENOY = 20(67) — 0.8333(6%) + Cy(6) + 0 y
Oy = =490 kM -m*

% = #4”.!{ — 38y — W)

- #{Zﬂ ¥ = NRIIF - Wix)
i

Ty ORCUTS where I =1,

My — 250 — 90 =10

x=28sm

|.-—#[211[2.?ﬂﬂ‘53;| N.8IZIF2.T085Y) — WN2.TORS)]

113.60(10%)
= = — = —{1.01424 m = - 142 mm
FUGO 38 10 "]

Aris

Fi12-h
L+EM, = O Mix) = (10 + 10) kN-m

a
[ LT

dx*
Ffﬁ— S 1 + 6

ax

du
Due 1o T_'.Tnmu:lr:-'.T;_ =[hatxr=3m,
[
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END =S5+ 10{3)+ € €y = -TSkN-m?

dir | =

— Ir — 78

77 r[ e LI E 5]

Atx=0

d TSI

o/t . [ = = 40010 ) rad Ay,
dy  200010")(39.9(10 ™)

Fi12-7

Since B isa fxed suppor, dy = ()
n &7 };‘ s
S, %”)m Tlaiy
2y Ed ET Ef
BT
2000 10"} 65 107"

{18
sy=bd=05[ B+ 142
- |44(101)
2000 10N [RS¢ 10"

Ba = |Bagel =

Fli-5
Since B is a fixed support, &4 = (.
(1 ﬂ) % tllrzu] 1y = 45 kN -m*
El O EL El El
45010M
R IO 10M 1264 10 "]

iy = |ynl =

'hrl = |rr||r|'|'l =
AT = i ?rt) |
[Iﬁﬁﬁ?] (F'J'Jr” + 1.1 [—(]]] Ilhﬁﬁ[ {D‘ (1}

a1 RATI 10

_ BLGAT KN m’

El 20001071 126( 10"}
= (32447 m = 2,48 mm Ans,
Fiz-4
Since B s a fixed support, &y =1,
1] & Ul ) kN -m-
= § = | — —_—
By = |Fapal '-"[FF[”] + FFi_:l 7
W TIF )
= [LNAT2 rad Ay

C 00(10") 1214104
= & l_{ﬂ) | [an 2 l
Ay = ltagud = l-'-‘r'ﬁ'i"-'-’[3 ) R

110 kN-m’
El
L1 107

= - = (L5455 m = 4.55 mm Ay,

2000105121 (10 "]

= {LHINGS rad Ay,

= (L 1R m = 111 fmim Any

= ({1 7Y rad A

Fiz-1u
Since #is a lixed wppnrl H;r = ()

o 63 kip - it*
A e, A LR ]
= Wl = _{ )1 J+ r}.)[ } E]
63(12°)

= 29(107)(245)

= |iazel = 4[1{ :q})u'ﬂ] + 3+ 2 EFIH{%:H

26325 kip-n®  26325(12)
i 29010 245)

= (U 28 rad Anx

= [} (1620 i, 1nx

Fi2-11

D 1o symmenry, the slope at the midspan of the beam
[point C) is zero e B = L

130y [10 ..
im‘“ = ﬁg - LI__.1_I1 | - ‘E][E[fﬁ;]lf'-]‘l 4 Iq E{_‘J

= 135 kN-m’
Er
13510
200( 10" H42.8{ 107

=F5Em = 158 mm « Anx

Fi2-12
1/ 30 11 &1 1]
M_,.I,—:[;{H)m] " [ﬁrﬁﬂ -
w0
g, — ol _ET _ 60
S T

The maximum deflection occurs a1 poing O where the slope
of the clastic curve is rero,

By = By

il 1 i
(@A B)
25c+ Mk —-s=0

r=3295m

T M [J.H,-'i | =:

1[5(3.2915)
3.2915)4 | ———
L '”H 1

113.641 kN + m?
Er
LEAA0 1Y

= = {01424 m = 14.2 mm | Ans
2000 10" 3408 10"

tae | d e

| ]
3.7915 & =35 —3.2915
‘ ]} \ ][EF[ : ]]
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Fi12-13

PR WA 149333
(rahy = gpg(3L — ) =—2p3(6) = 4] ===

Pt B4 1338,
\"Wh = IFr ™ 3E T H
(+1 Jug =0 = (ug); + (wg)
pdu3 a3 21338,
=EERE T o
H_| = T kN Arry,
B EF, =i A, =1 A,
+1EF, = i M—40—A, =0 A, =HEkN Ay,
+EM, =1 TN4)—40i6) - M, =10
M;=41kN+m Arrs,

Fiz-14

Ty use the deflection tables, consider loadimg as a
superposition of uniform distributed load minus a
triangular loaid,

B wm’fl " w..f.‘1 - .H_J.1r
LT N RET LT E) WET Legdy EYTE
(=1} wyg=10=(vag) + (vads + “'{.l:"i
e e} : w._,j".* I H_u‘l-.
sEl ABET 3ET
o ].lll':lf. i
= _.H:I AN
HEF. =1k A, =1 Aves,
1Tmy L
+1EF, = A, + 21 ——[u-..f. = 1)
A 2
Yy,
Ay = A
i
_ . | Iw T, 1 g
L+EM, =) Myt ——L) ?»..r.(__;.f =0
‘|||'|-'||.|r|:
M, = T Ay,
Fiz-15
Y [10(10")]{6%)
{0y} = = =1.12481 m |
vah = 27 Rl200{ U (6500 10 7]
't A6 §.5385(107 "8, 1
{m ,|. = — = ¥. 1]”-I
e 3ET 2000 10"y ][65.00 10 7] G
(+4)  wp=(vgh + (vahk
(L2 = 0,12461 — 5.5385(10°") 8,
B, = 220410") N = 221 kN Ans,
LEF, =0 A, =10 Ares.

+1ZF, =0 A+ 204 10(6) =0 A, =3T9kN

Ay,
+EM =0 M+ T2146) — B3} =0

My=4T2EN m AAn

1
-

Fl2-16
M. :
AL
B2} BIY.
4BEI  GE]
tg = 0= {ugh + (vghe
Mat®l BL ;
4EI | SET
_IMp
¥ 2L

Ml e

4517 J'

L=

I |.'ﬂ] - -

(egh =
(+ 1
=

A

F12-17
1533.3kN - m*
£ Tl
B L' BNP) 36B,
\ioh = ET T RET  El
(+ 1) vy =0=(nah + (va):
15333kN-m' 368,
i ET T E
R, =426kN At

Fi2-18

Ial.:' - -I-:h _ ﬁ‘:l

ErEJ'[]II'I z

Swi! Sl 12t
SA4EL  3R4{2000 107) (650010 )]
A B,(12)

Ve T SRET T Ssao000][6s.0010 )

tirgh = = (L20769 |}

= 2 TR{10-MA,

(+1) wy= [itg)y + Legls
[ANIE = (L2076 = 2. THR2 |If]_"]H_._

B, = 7319{ )N = T32 kN A

Chapter 13
F13-1

_FEL  m(2HES))
TRLET (154560
P 225

A w05

=225 kip Anx

=28Ekii<oy OK
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Fl}=-2 Fli=5
Y { 1.6)( 10" )4 2¥'] +TEF, = F‘"H} P=0  F,u= L666TP(T)
C(KLE 1{12)123F 4
Lige o2z HIF =1 L.mmr‘(r) — Eye =1
= 2.03 kip Ay, P
F. = 1.3333P(C)
A 1 BT T AR
s A 4[? } ! T;] i T i
_ - P, = F(FS) = 13333P(2) = 26667P
For buckling about the x axis K, = land L, = 12 m e
= #2000 10")|[£7.3( 10" e
. FEL__ w00 = TRy
(KLY (L)) § w
1r~|zun|r':n||T|
Fin h“d:;l_]f aho -Ihn_- yaxis, Lo=t6mand K, = 1 2666TP = W
wEl, g2 "ss"
Pym——s= (200610 "]“t’q' i) P = 36.5% kip = 36.6 kip Ans
(KL [1(61] P, _ 266673659) . o R
g =—=————— = 3].0M k5i = = 36 ksi
= L3I0 N (conteols) T - VAN ST (OK)
i R 1031107 15 LN ,
alliew Fq —_3 Ak FArLs Fll!_ﬁ,
Ter = P_: - ]1':111:”1:';] = 13030 MPa< oy = 250 MPa LHEM, =0 w(E)3)} - Fulf)=01  Fye=3w
: ' (OK} 4= :im.mﬂ = (65010 3w m? T= %qu.nz.w
= 497 B5625(10 1w m?
Fer = FpedFS) = In(l) = 6w
F11-4 |
; o o e KLY
A = w{{0025) — (001598 = 1.257 (10N m? -
U2 107 J[97.AS623(10
I= |—.~.—H|H|35}* — (00151 = 26704 10" m? iy = e (MO —= i ]
¥ [E{33)°
- {2000 10" ) 26T 04 107" p= 1L2NS(10F) NYm = 112 kN A
g PEF1=='_ e — -=R43kN  Anx ! ML N L i
(KLY [0-5¢5)1° P, 611215010 P
P 843010 1:I'u-=—1=m=3-|'.21M|"H.’-'r?'5-=:.'IUHP:I
gt T o) v 250 M () ' : = {OK)

A 1257107



Answers to Selected Problems

Chapter 1
I=1.  {a) Fy = 138Kip, {h) F; = 349 kN
12 Tpo= 350N-m, Tp=0
1-3. Ty = 1500b-0t, T- = 500 1b- it
-5, SU4) — A 12) = 0, A, = 3K kip,
B, = 600 kip, Np = 0, V = 0,750 kip,
M, = 135kip«fi, Ne = 0, Ve = 0,00 kip,
M,y = —240 kip-fi
16, Ne = —300EN, Ve = —KR kN,
M- =600 kN -m
1-7. P = 0533kN N = =200 kN,
Vo = —(L533 kN, M- = (.41 kN +m
1-1, B, = 340 kN Ny =10, Vo= —1875kN,
My = 304kN+m
=10, N, =(.V,=4501h M, = —1.125 kip-ft
Ng =10, ¥y = 850 b, My = —6.325 kip -t
Ve = U, N = — 120 kip, M- = —B.125 kip+ft
I=11. V¥V, =T731b, Ny = 207 Ib, M, = 145 Ih+in,
1-13. Ny = =04 kip, ¥ = 0,960 kip,
My = 0.16(2) = 0.B(4.25) + 0.4(1.5) = 0,
My = =312 kip+ft
1=14. N = =04 kip, V- = |08 Kip,
My = —618%ip-f, Np =0, Vp = 1L45kip
Mp = —15.Tkip-ft
1=15, Vo= 60N, Ny =0, Mg = 09N +m
1-17. Ny = S3KN, N, = —375kN.
V. .= LISKN, M, , = 375kN-m,
N,y = —1.TTKN, V;_; = 354 kN,
Mi = 375kN-m
1=18. Np = =&l |k, Ve =0 My = —4#l b+ in
1=19. Np =0, ¥ = 450 Kip, M- = 31.5Kip-1t
I=21. &,_,=7M9N,¥,_, = 450N,
9.2y ~ M, =0, M, , = 180N-m
1-22. N = 981kN, V=0, M; =0
1-23. Ny = -271kN, Vg = -206KN,
My = =4.12kN-m
1-25. (W), = 1051k, (V) = 0, {Ng). = 0,

828

(Mg}, = 0, (Mg}, = 105{7.5) = (i
{Mpy), = TREIb-[, (Ty). = 105(0.5) = ()
{Thl, = 5251b-ft

1-16,

1-2%,

1-31,
1-33

1-35,

1-37.

1-38,
1-34,
I-41

I-42
1-43,

I-44,
147,

(Ved, = =250 W, {Np}, = 1[I,
V), = =2MI'N,
(M), = = lEN-m

(Te), = 0, (M), = =138 N+m
(W)= 0, (Vy), = 0, {Vy), = TOAN,
(T, = Q42N -, (My), = 623 N+,
(Mg). =

Pepsd — N, =0, M, = Peosd,

¥i— Piing=0,V, = Psin @,

M, — Pif{l — cor d)] = 0,

M, = Pr(l — cos 8

o = .82 MPa

Vo= Peosd, N = Psind,

i
T = — §in" f, T4y = —si0 28
A ™ 2A

rp =133 MPa (C), op = M.TMPa (T)
Joimt Aceray = M7 ksi (T,
rae = B53 ks (C),
Joint E: g = 853 ksl (C),
g = 4.80ksi (T)
Foint B g = 235 ks (T,
o = 1B Tksi (C)
dF = 7510 ¥ dx,
P=dMNd=240m
o= (67 psi, o= 115 psi
Ty = 3 MPa
Iy, = 650lb, E, = 500 1b, E, = 350 b,
[ 150 b, B, = 1501b.
Fy= Fp=5u.341b,

(Tl = 1.1 ki

!:I]'Irm.u = fnh2 ksi, 1_T|l'h-|.‘ = 22 ks

(Fokomy = 132k50 {Tp)ng = 124 ki

F a5
Joimt B o = —— = 2 4T psi (O,
.'h i I."I
ope = A9 psi [T}
Joinl Az e = B33psi  (T)
ir = 339 MPa
fo= 138 MPa




1-58.
1-59.
1-al.

12,
1-63.
165,
1,

1-67.

1-47.

A, = U5263P, A, = 55P, F, = 1P,

P =3T0kN

(7 —a)uyg = OET KPR, (74 oduyg = 115kPa
= A Rip, (Ta-nliw = 230 psi

¥ip= P4V, = F/4 P =805kN
(gl = 56,6 MPa, (m )y = 31.8 MPa

lr b= 1B MPa, (o )pe = 588 MPa
V = 1219 kip, N = 15,613 kip,

Inclined plane: o’ = G20 ks, o', = 459 kai,
Cross section: o = W ks, v, = 0

P= 43 kN
i = 3.125 ksi. Tung = 1 %0 ksi
A, = ['.’31]" _-I} = 'FI = 2n

N

P=153EM
(*adoy = 371 ki
(Taluy = 1.59 ksi
V = 63640 N, 7, = 319 kPa
P =A/235kN
= iﬂ.:r;'h = =
Qir A
A =T069 in®, N = 720 1h,r = 102 psi
[l
o=
o= 139 k8i; Ty = 6B pai
hi=3Min k= 1% ini.
d = 57T mm
d = 135 mm

Shear limitation, ¢ = 167 mm,
Tension limitaton, b = 335 mm

o= ﬁ%ih.

dy = 2T 6mm

Vo= 169 kip, P = 3.39 kip, ¥ = 2.827 kip,
P = 326 kip

dpr = T mm, o 35 = 6.3 mm,

i = UM mm

P =443 kN

T= 17810 1b, Fig = 142916, W = 431 b
i = I]I—ﬁih

P= 90 kN A=61910"m?

P = 155 kN

AMNSWERS T SELECTED PROBLEMS g29
|
o5, moaoy) =200 534
Jd* ]
1) 3.
S5(107) = TFI:J—:H_J’:I]I hh = EJTI
1=498, dy = 708 mm, de- = 629 mm
1-491. (FS5)y=224,(F8)p = 2.13
1-93, o, 0= 1326 ksi, (F.8.),..= 2.71,
Tapw = 1179 kS0 {F.5. Joe = 153
-4 w = 0330 kip/Tl
195, o = 130mm, gy = 30 mm
1897, Fep=6TkN, F.5 = 8B30kN,
i gp = 602 mm, dpp = 541 mm
1-98. A= 1T4in
1-99, P =550KkN
1-101. N, .= 25981 kN, ¥, = 1M KN,
Ly by = TG MPa, (7 )iy = 413 MP2
1-102. 7, = 208 MPa, {r,,), = 472 MPa,
(Taglh = 455 MPa
. k- 13,
1-103, —Im. iy = lgm..rn. = ﬁln.
1-185, F = 367875 N, Ty = 613 MPa
-106. o, = 2 EkPa, 1, , = 115kPa
1-107, oy, = 3.98 MPa. ry, = 707 MPa,
Tug = 349 MPa
Chapter 2
2-1. E o= ILI6Tinfin
=2, £ = L0472 in.fin.
=1 fop = (LINRS0 mum ) mm, & pp = OONHTT mm mm
2=5. &y = dmm, (£, pp = 0267 mm/mm,
[Eysphep = D5 mmy'mm
26,y = L1957 rad
-7, £ = (L068% in, /Tn.
2-9, AR = 50 mm, AR = 5175 mm
Apo= 4,38 mm
=10, [y dq = 0206 rad, {y )= =0.206 rad
=11 (egplan = = OBEY mm/mm,
[Egglun = =0 1875 mm/mm
2-13. ALY = 40001125 mm, AR = 30400667,
'R = 4966004 mm, 2B = 500 mm,
Epy = —ULMAGR] mm} mm.
€ 4p = 2R1{ 1077} mm/mm
214, x = =[L192in., v = =1LZIRin




830 AMNSWERS TO SELECTED PROBLEMS
2=15. a5 = 01520000, € 40 = (0274 10, /in
=17, Lpg = IV + (26 (i COS- 8 = 2o sin 8],

Eng = EAgC0SE + Eppsini®
=18,  (yqp),, = LL6{10) rmd,
{¥a)ey = —1L6(10) rad
-19. (v, = —1LA107) rad.
(Fady, = LLAIO ) rad
2-21, Lgp = 06155 m, €, = U0OZ58 mm/mm
=22, (b = 5240007 rad
223, g = IAT(I07) mm) mm,
egn = 1130107 mm,/mm
2-25, AR = 508416 m, AR = 51 m,
eap = AR{I07Y) mm/mm
26 {Eg) e = 00112 min/mm
{eqlep = (L125 mm/mm,
{TTI :If e “-2'1"" 'rﬂ'iJ.
L ) pe = (635 mm /mm
221, {eng)sp = 0132 mm/mm,
(Emgler = —(LIBET 1im /m
<t
=M, &= U05cosd AT, = j (105 cos @) 2 o,
AL = L0 R
2-3. AL =016
231, eg = 04TV /M
Hoysind — 4, cos8) |3
2-33, c,.,,—[L— e — ]]'—I.
vySinfl w08 f
s SR 3
Chapter 3
131 =1 -
iz o ek '
1L E cppron 0o —=p - >4 S0 ks
in-lh
£, E—Siﬂnﬂkﬁu,—uuﬁmm
=
B (i) = 850 S
in
-5, “"I:I.|||||r:|l e r]-'r“-’.lrn'lj
6. E =883 1) ks
37, A=02Rin P=162kip
9. o= 150k e=0035m./in_& = 0228 n,
0. E=30010") ksi, Py = 118 kip. P, = 196 kip
311, Elastic Recovery = (4003 in./in..

AL = 0494 in.

3=1Y. o = 11.43 k5, ¢ = (LRI in./in,,
F o= 2860 10" ksi
I=14, dpp = 0.0HR320n
=15, P=570Ib
3-17. o= ddksi, oy = 60 ksi, E = 11.0010") ksi
318, (1), = &8 m;.; s = 6.50(10°) '“h;:"
319 o= 2212MPa
A2 vy = 31LRIMPa, &y = ORGERS mum /o
Ten = 58 MPa, g = 102471 mum /mm,
rr = [0 7R
2L P=113kN
3=2%  From the stress—strain diagram, the
copofviner will satisfy both stress and
SLEMN Fequirements,
3=25. o = 1.697 MPa,
A = (L1266 mm, &d = —0003TT mm
326, (a) &= 05710 in
(b af = 05000673 in
=21, e = (L30K)
29, gy = —LOKRAGAT, £, = OLOOKORRD, ¢ = (L33,
= 20176 in,
N, e =—00150in. ., e, = O.K54) in./in.,
Yoo = —IS24 rad
33l P =530kip E = Z8.6010" ksi
33 Ty = 4166.67 Pa, vy = 002083 rad,
i = (1833 mm
Pa
% BT
3-35, G, = 431(10%) ksi
3. FE=55psi e = 1925 psi, u, = 11 psi
A3 A= =00073 mm, d” = 200016 mim
330 o= 153 m, 5 = M08 mm
J-l. = [4BE0kPa, F = 1481 MPa, &, = 3.02 mm
342 mpy = 0000160, fin, W= 112 Ib,
ey = L0093 in. fin.
43, & = UO022T mm fmin,
£, = UHRES mm/mm
Chapter 4
— 500 10" ) (%) .
L T IO - oo =S
42, B = NLTEA{ 107 %) in.
4-3. A = [R50 mm
-5 fi; = bl4d mm




4T,

414,
4-11.

413

414,
4-15
417,
4-18.
4=119,
4-11.

4-12,
4-25,

427,

429,

&y = 000128 in.

0.0350 in. 4

DAHIS5172 i, By = DU 10344 in,,
Ap i = OO in,, Bp = (LODATRE in.,
fp = (0113 in

= (hODRTHE?

A, = (0260,

=
| |

%) v
1 wL®  PL
b= yAxr 4+ Pldx =——+—=
.-nrj. Ll LT T
Ay = —1LEG mm
Ay = =103 mm

A= 0431010 "}P, P = 46.4 kip
fip o= 0023000, 4

f = (L4390 107 rad

A = 01374 mm, 8,5 = (3058 mm,
A= = {15332 mm, &,, = 33.9 mm

W = {50 kN

A = {1,301 mm
2
s
il
/oy i
5= _—.,I|:l — g ..|IJ:|
duwry E

A= '.'rt: = [ Fjy CO& ﬂ‘]"' - 1.—r.1. Coss i,
Vo= pasin @y = pyeoni d8,
When v = % #= 14487

hslpe

o
i = 250 kN/m, & = 293 mm
og = 314 kel oy, = (10455 ksi
STATEN. P, = 2353 KkH,
= 488 MPa, o, = 585 MPa
T = (L34] kst oy, = 11654 ks
i = 13%in,

=)
£
Il

o
i

Fp = WTR$ KN, &4y = 0335 mm
T = LW KSE, oo = (L2400 ks,

A = 0,055 in,

Ay = 18.2 in%; & = (100545 in.
Pa= 36552 P,

Fopyn = 842 MPa, oy = 673 MPu

i = 4.6 mm
iFu = 65 MPII T g = ::Iﬂ MPa

Fuo= 117 (1P} N, F, = 2983 (10°) N,
iy, = 324 MPa, &, = 345 MPa
Fn= 24 kN, Fy = |RIkN

450,
4-51.
4-53.

4-54,
4-55.

457,
4-5H.
4-59,
4-6l.

414,

AnSWERS TO SELECTED PRrOBLEMS gi1

Tiy = 301 |b, Ty = 288910

yo= 3 — IRy, F,y = 400 kip, Fy = 191 kip
x=2891n., P = 6ll4 kip

Ten = 212 klp, Ten = 6 kip

Fy = 1822 kip, Fyy = 3.644 kip,

Ty = 36 ks, oy = 116 ks

& = AuR”

g = 963 MPa, o ypn = T9.6 MPa,

Oep = 113 MPa

Fep = 61473 |h, Fge = 454.640 1b, # = ().0633"
Fiy=3T9kN Fy=90EN F-=116EkN
= L1400

Assume failure of AR and EF; F = 42 300N,
Agsume failure of O Fen = 81 (00N,

o= 459 kN /m

it = |34 MPa, ir g = 955 MPa

& = [LN36G5"

002 =& + 6. "= L16 kN

a = 120 mm

I ¥ A
AR m' Tep ﬁl"f'f E m
= Ar =& F=420EN
F = (500 kip
F = 116 kip
U= & — 8 F = 10144, r = 191 ks
F = T.6l kip
&= [L348in., F = 195 kip
0= Ap 8y F =225, - Ty
Fp= 183kN, F; = 383 kN
=188 kN

6M.136 = T5F 4 + 48F,

Fin = 634 kip. Fir = Fyp = 440 kip
8, = 14407 in. T

Fir = 1001b, Fyn= 1361b
F=MWTHIATNT=172"C

o, = 40,1 MPa, o, = 295 MPa

T = 191 MPa

K =245 w =249,

P=T1L1EkN.& = (1429 mm

P=121 kip

Maximum oormal stress at [illei: K = 1.4,
Maximum normal stress at the hole: K = 265,
Ty = A83 MPa

P=15kip. & = L6l




832 AMNSWERS TO SELECTED PROBLEMS
=05 P=168kip, K =129
=47, Py o= 15601 kip, Po = 14309 kip,
g = M ki, oy = 198 ki
498, - = 0432 in.
=99, w o= 9kN/m, ;= 4.24d mm
101 Fop = 1800N, F oy = 3600 N,
Fip = 314 kN, Frp = 272 kN,
A = 0324 mm, d g = (649 mm
4-102. (a) P = 262KkN, (b} P = 314 kN
103, P = oy A(Zeosd + 1),8, = Fr:liﬂ
=105, opp = 2500 MPa (T}, Frp = 12271846 N,
Fue = 9184461 N, Fop = 1543693 N,
(orppl, = 17.7 MPa (C),
{erge ], = 532 MPa (T).
(Tanh = 355MPa(C)
4=l = 5333 ksl 6 = K60,
4107, w = 1009 kip/ft
=100, (F )y = 5655kN. F, = 1469 kN,
dg = 17.8 mm
d=11l in) fp =10375n
(b} fp = 640 in.
4=111. P = 126kip, A8 = (LOOTH in. ~—
[§ A d
PR T [y Ar) dr d = ——
A%eT fa 3
d=114. Fy = 213kip, Fy = 214 kip
4=118. P = 485 kip
117 P = 464 Kip, o = 145 ki
=118 P = 56.5 kN, §y,4 = 00918 mm
IFELLITs — Ty — )
L T
Chapter 5
5=1. () T = 7095 kip-in., (b) T" = 038 kip - in
6381 (0.5) .
Tpuild i, = —%tll.'."i“ —0sh = HAHl k=i
-2 (u) = 084lr (b) ¢ = 0841
5-3 T = 64 MPa, 7, = 604 MFa
5-5. T = 20.7 MPa
5= (Toe b = 507 K5, { Thpboue = 362 Kst
5-7 (Terhvan = U ATen) e = 217 ksi
£, J = 2545107 m',

T ™ 1.9 LIP“:

5=l

1L
5-13,

5-14.
B-15
5-17.

E-18
B-1m,
5-1L

512,
5-25,

¥

Rif?

Tag = THI kst 74 = 236 ksl
F=RI0NT,=300Nm,

=

(T Fadmae = 566 MPa, (Top)ne = 591 MPa
(Frma)ure = 102 MPa

d = 33imm

T,=%lh-in_J = 003125rin?*

Tmas = 489 ksi

Ty = 1033 K&l
(Toa)an =414 MPa, (T = 828 MPa
T = (2000x — 1200) N+m,

d = (k9 m, T = W
i =0 . = 424 MPa
d = 57T mm
T = 200,42 by =T, g = 359 kg]
miax
si+ 2 G
Tmaxy = Tf,:ﬁ
T Lu:l..... = 239 MF"B.: {Tﬂ-l":lml.l = 159 MPa
| ET s = bl
Ty 3 . TI.J—H.T,.J—"TI'_
(27, + 14L)r,
Tmaw ﬁ
= k)

c = (298 x] mm
(Tamdmo = L4 MPa, (Tyrpm = 311 MPa
P = 110001 - 1b/s,
T = 28011 Th=in;
= 143 k=

1 i
o = 2 in.
w = 21,7 rad/s
P o= QUi 00 1 - [hy's,
T = 61254 lh-1L,
T = f.002 ksl

msk
|1’1 - ]E'l n'lm.l'If] = Iﬁ.ﬂ. [RAbiL
(Tmadee = 125 MPa,

[Tma) e = 726 MPa

T=65N -m,
f=25mm

w = 177 rad/s

il = 21—111

T = 52521 Ih-ft,
r, = L146lhmn.,

(= 414 1m.




547,

5-5lb.

5-51.
5-53,

554,

5=,

=73

-

16,

[T e |

Ty = 43 MPa_ o = 119
Tap = —B5 N 1m,

Tll'h-' —a33N-m,

th:m = OR79

Toar = 2.83 ksi,

ih = 4437

d = 2.75n,

T = —RUMN-m,

Tep = —hN-m,

Toa = —MN-m,

r.'.l“ = |5.-'4 |

iy = 14117

g = 0,227

Ty = 17507 b=, T = 142 Ih- [,
1

Tn=6565b-f1,d = 111".

+. = 31T kni.

i3

I'|!r|||'-.|| = [hLIHh1"

I‘EIJ_!L-“ = |1 5-

oy = O0NTTR v,
0.02667 rad,

I:.'-'.r e
thy = 1.53°
by = 1.TH

(T hman = 10,2 ki,
{Tpa)max = 1.86 ksi,

thy- = 1.667

oy = OMIIRED racl,
gy = —(0000 119 rad,

the = 01137
dhy = 166%
- = 2.30°
g =ty + dhyn
b = by + ey

T =21%kN" m
Tz =3218kN-m
g = .00 194 Fagd,
e = (RSS2 rad,

hp = 1A
dig = 142°
1

J(x) = ;_r‘“_ + 2
L

Y G

E=T4,

575,

BT

5-T8.
E-T9.

E-R1.

5-RA.

S—H5.

AnSWERS TO SELECTED PRrOBLEMS Biz

4 pd
I T

4PLd
2Lt + 3T
Ty =2KIN-m,
Fg= 1MN-m,
[T 4o b = B.15 MPa,
(e mlax = 407 MPa
Ta = 277 MPa
T = 0.3 kxi
Ty = 1498 kN - m,
T = 10502 kW - m,
T = 24.9 MPa
iy = L1167,
(Te)ma = 395 psi,

(Ve bz = FI(007") raad,
(Tl = 96,1 psi,
(Yo dmae = 172(207") rad
[Tactm = 1.47 ks,

|:T||I,|'|:Ilr|,“ o) I-I.;I.ﬁ ks"l.

= {1338

Te = (3 — 255%) b-in, ¢y = 1.75",
T 133 ks

OLIK

Tpy=222N-m.

Ty=536Nm

gy = LA6

F = 4,412 kip

Tp=dAd12kip 1t
Ty = 127 kip- I,
By = 1.955°
[Tanbma = 435 ks,
[Tar b = 217 ksi

T!;Tr = 5500 ksi

A
J(x) = =—=(L + x¥,

it
T __1-'! T
AT T I

152
T1 m




834 AMNSWERS TO SELECTED PROBLEMS
T
594, Ty II"F
3ip L
T, = T
05 T b = 525 pei,
{7 by = 113 i,
&, = 0.0582",
ehy, = (LOBST"
e PO [ i %
16T
Tk = Tl

: : 1
Factor of incrcase in shear stress = F

508, (Tpehae = (.955 MPa,
(Tar)es = 159 MPa,
thga = 20T
509, (rp)oa = (1955 MPa,
(Tar)eax = 1.59 MPa,
e = [(0643"
5-101. Forseoment AB, T = JIRLA6 N - m,
For seament BC. T = |1 36694 N «m,

T = 280 kN-m
S02 Ty=321h-0,

T, =481h-IL

s = 00025

03 (mnacks = 38 MPa
S105. T =166321b+in. F=141b
S=106. T = 2.31 k=i,
dp = U303 1.
5=107. = (LI in
109, 4, = 14498 in",
Ay = 24002 in’,

Factor = 1.66
110 The factor of tnerease = 2.85
1L g, =4,
d
113, 4, = 795950 in",
]
I =—In.,
T in
h = (52R"

S04 & = 5134 kip-fi
5115, {1, = 15.6 MPa,
{7wg)n = 10.4 MPa

=117,

5-118.

E-11%,
=125

§-132,
5-123.
5-115,
5-127.

E-129,

S-13,
5-131.

=133
S=1M,

S-135,
5-137.

5-142,

5-145,

Ay = 18927 m*
T =d473MN-m,

th = LL428%'m

Tay = 119 MPa,

d = (1407 'm

':':M'l_ul}.l i ‘T.n.?_]r.' = 357 kPa
K = 1.24,

r= T.98 mm,

Mo, it is not possibie
=101 kW

‘flllﬂl:ll = 5”-”" rhTF'H-
K o= 140, r = 0075 in

=27 Eip It
Tp=27%kKp-N
T =208E&N-m,
= 3447,
& = 4 GPa,
' = (L3875 rad,
g, = 12.2
T'=144 Kip-i
Ty = 126 kN -m,
T.u = |8 kN -m
[ ILTI Ik = fi
T.u ol %TT}'{I'I,:' S i.'.'l_.
_ oyl

i = '_I—G.

CaTy
ek

Te=93kN-m, 7, = 570kN+m
o, = U.00625 m,

7 = 810N,

r= = 10N + 25(10"),
T=32TkN'm,

d =344

T =392Kip-Mt, dp = 413"

. T =412 kip«ft, al 3in.. T = 244 k=i,

at 1.50n., v = -3 TR ksi
Elastie, T, = S256.95N-m, T, = §5T43.05 N «m,
T, = [Ty, Plastie, T, = T34 EN-m
T, =761 kN+m
_ T
Tmay = ].1.'.'?"
Fo = 00625 m. r; = 00575 m,
Eq. 77 Tp—iiwe = BAZT MPa,
Eq. 318 vy = BR.42 MPa,
Eq. 315 = 44595,
Eq. 52k ¢ = 4.503°




=148, T =331 N-m
5-147. | = B mm
5149, T = TLS N m, 7y, = 233 MPa
5180, 7., = 820 MPa
5-151, F = 262N, = 186"
Chapter &
6L xr=025,V=-24M=-6
L =T V=1 M=2r=EM=0UM
63 r=3.V=-2000,M= 600
5 =2 V=HEM=-3
6 zz=15V=0M=%x=4,
V=-20M=-16
6-T. r=4 _ V=—-8M=-214
9. =4 V=-333M =447
10, x=15 .V =150 M =225
611 =6,V =—F00,M = —4800
6-13. r=3a.V=-P M=—-—Pn
6-14, x= 14" ¥ =115 M = —3875
6-17. x =6,V = =000 M = 30N
Vo= [—300 — 16.67x7 b,
M = |—300x — 5.5561"| Ib-f
6-18., V = [30.0 — Zx] kip.
M = -1 + 30.00x — 216 kip - ft.
¥ = KMl kip
M = JR00x — 120) kip- v
=1 =5 V=-1LM=-25
21, =075V =0, M =1[05825
Fy = T5kN,
A, = L5EkN
2. r=3.V=—-10M=-18
623 x=LV=—wlLM=1i
B2 x=LV=0LM=10
=21 = (L3 .V = —wlJ1B,
M = —(l] T L7
=M. =411, V=0M=257,
Alr=418m M = 2567 kN +m,
Alr=45m M =353 kNm
My =254V =0M=H4s
&3, V= %_.w. —

M= '%'( 129 + 1RLy — TE),

'y

o yr = ﬁ - i
! {L— ), M _”.H'_ xf

Tk

=33,

G-,
6-35,

5L

:

=51.
=53,

54,
fH-35,
=57,
H-58.

6-59.
6-61.

62,

63,

RERLEE EE

ANSWERS 10 SELECTED PROBLEMS

wo= 410 Ih/1i,

V = 3t b,

M = 150 1h-ft

=3 ¥ =115 M=-2
V=200N M= [20x)N-m,

- [ . 1
¥ {—11' —ﬁ!:ﬂl}-\u.

LUk
M= { Tr‘ + Sillr — ﬂHJ}N-m

¥ =43 V=) M =15
Ay = 3375 Kip. A, =

. 235 b "
r=0L V= —Eh'f_ M= Hw{:
r=4"¥V==—38M=-24
r=LV=0M=25

=4 V=0M=24

x= 06305V =0, M = 0039w, L%,
X 158 .Ju"1

M=

=0V =2tultm M= —wldm

Ty = 120 MPa,

Ty ™ WI'MPa

¥= 34,

foq = 9.73 ",
[T = 3172 kai, [ baa = 178 kst
oy = hEl MPa,

ag = 101 MPa,
irm = 4.14 MPa
M=T1HNm

F o= 914583107 ™ m",

M =365kN m. o, = 400MPa
Ty = 206 MPa

F=45LkN

F= 1781330107 "y m?,

Foe = 494 MPa

[(Foaxbr = 238 kS {T),

[Tl = 20,0 ksi (C)

M = 101 kip-fi

7= 93443 in. F = 100307 in’,
oy = 20544 ks, orpy = (L2978 ki,
{Fgle = 118 kip

oy = .21 MPa (),

ay = 5,17 MPa (T)

a = 1.68r




B34

fi—h5.
i~
fi—ir7.
=6,

-7l
¢T3,
T4,
6-T5.

fi—TH.
=74,
f-R1.

=101,
=102,
=103,

=105,
=116,

G107,

AMNZWERS TO SELECTED PROBLEMS

I = 1863in', o, = 193 psi, or = 1535 psi

Fg= 313 kip
T = 158 MPa
I, = 021645010 Yy m',
= 036135010 Yy m’,
Py = 747 MPa

Fppgy = 221 kai
o = 122 kii
I= 15238 in', oy = 10.0 ksi
Ty = 21.1:ksi

i = 328 MPa

I = 152344 in', w = 165 kip/It

ey = DB ks

ey = 1326 ksi

w =375 kip/ft e, = 125 ksi

{= ‘E% in.

gy — 129 MPa

b= 531 tmm

T = 1921 k8i

d=21in

My = TS ENim, o = 66,9 mm
H-n-,.f.f

Rl T

Ty = 119 MPa

Vo= U284 m, § = 0,799250107 ") m',

Eae = 02710010 Y omm mm
o = 116 mm

o = 199 mm

Mo =2P, P =119]h
o = T30 ksl

Ty = 5,60 ks
I = 204.84375 in®, orpy = 19.8 ksi
op= 133 kai, oy = 11.8 ksl
ao= 1135 kN/m

<R 1
I = Eh w=T=in.

Ty = 147 psi
INE,
| T g e
VE +WVE
ean] { VE, + V'F.J
irrlll"l - ol —_—
[ W

=111,

=111
B6-111.

=114,
=115,
B6=117.

fi-118.
f-11%,
6-121.
6-122.
6—123,
G—125,

- 124
6-127,

6-129.

f=131,
=131,
f-133.

fi-134.
6-135
6-137,

138,
=134,
'ﬁ"'tll-]r

M, = —1414kip-Ti, M, = 1414 kip-Tr,
f,=T36in' I, = 1584 in",
Py = 2.00 ksi (T, or e = 2.00 ksl (C),

n = f5]"

MW= 119kip-1

¥ =3Tdmm, ey = 1.30MPa (T},

= 0.587 MPa (T),

= —3,74°

iy = Y5 ks

g = T8 ksi

M. = —103023N-m, M, = —600IN-m,

1, = 2R.4583(10°%) m*

I, = 133458310 "y m', oy = 7.60 MPa (T)
Ty = 131 MP2 (C). & = —66.5
M=1186kNm

My = 427T2IN-m, o, = 161 MPa

oy = 293 LkPa (]

o4 = 193 kPa ()

£y = 1155 in., vy = —2.828n,,

ir = 210 k=i (C)

oy o= 21.0 ksi
ho=d4].3mm
W = h kN -m

M = 253125 Kip-M. ¥y = 2303 in.,
o= 30899 in', (o) = 226 ksi
Uirmadal = 133 Esi

w = (LETA kip/Tu

(P = BT kS, (Tmuahe = 0558 ksi
¥ = 25M7 in, fy 4 = 854170in",

M = 164 kip-h

= 2.1 MPa

[Fogha = LM kSL (g e = 740 pai
¥ =101882m, J = 180810 "y m’,

[ aedyy = 1534 MPa, (7,40, = 171 MPa
d =53 mm, M = SEAENm

I.II'l'?IIIll

(e = 153 kni

Moe = 40Kkip-fi, Ay = 23562 in,

' = 5517in., J = 135878 in",
[rainknm= 195 K3, (g b = 183 kai




=142,
fi-145,

fi=140,
fi-147.

G—144.

150,
&151.

6—153,

154,
i—155,
fi—157.
158,
G—150,
Bi-161.
fi- 162,
=163,
=165,

1.

=107,
=164,

=171,
6=171.
6-173,

6-174.
6-175.
6-177.

6—178,

6174,
&-181.
G182,
6183,

M = 975 kip-

. | :
A = 0,0028]25% m? J{ =2 0153049301 m,
M = 140 kN-im '
P =552kN

(e )y = 451 MPa,
(Phde = —5344 MPa
TA = 000425 m . F = (L5150 m,

dA
E/‘T’ = 8348601410 ) m,
1
- = 2.0 MPa (T}
':rrlllll :II = :[H I'ﬁl. [T_I. ‘ITIII-I :ll = ]:u Fﬁl' lr:l
ery = 106 ksi (T), ry = 12,7 ksi (C)
dA
F=1238m, }‘_/{T = AATIOSE(I0 ) m,
i
= {08 . g = 26.2 MPa (C)
a, = 201 MPa (T)

P =300N
K =26l M= 1540 kip-ii
iy = 1280 ksl

o= 500 mm

K=19 P=1221b

Toan = 29.5 ksi

L = 95 mm

I. = B2.783330107%) m* M, = 2A135KkN-m
Fipp = Thom = 435 MFPa

shTabih — ) + tfh — 2P

2 L - {h— ik — 2f

k=17

M, = 2800625 N «m, ] = Q1 1458310 Ty m®,
Fhan ™ Fhaos = 670 MPa

k=117

ko= 1M

I, = 2680107 ") m*. M, = (L0042

My = 0002680y, k = 1.57

Ty = g ™ 142 MPa

R o=1.7]

My = 8783y, M, = 12133y, k = 138

o

16r,(r — 1]
e S

(e — o)
k=3

2 1liade
d=ch M= ‘;1 oy

{8) wy = B0 kip/T, (B wy = 228Kkip/h
{a) P = 37.3kip, {b) P = 455kip

h-185,
=186,
6-187,
G&-189,
G191,
191

=193,

b=194,
G193,

=197,

=198,
1499,

201,

ANSWERS TO SELECTED PROBLEMS giv

= Shrd = 3500(10°d =0, M = W4T N-m
(o) M = 350kip-0. (b} M = 548 kip-ii
M=251N-m

=8 ks, M = T35 kip-t

Fr = 588 kN

[eresh = 343 MPa (T},

(s, = 162 MPa (T}

n o= 18182, F = (L130578(10° Y m?
M=149kN'm

M=1364kNm

(2} Py = U410 MPu, (b} e = 0410 MPa

A LR
/r— = [LII2SIBISE m. A = B25( 10} m*,
g F
= 225kPa (C), rpy = 265 kPa (T)

V=20—-2x, M =—x + 2r — 166
06,V =-2313 M = 50

i

aM d
—5-{cos 8 + sm H:l.—!r =1k,
i

i
@ = 45" ¢ o= 45"

(5

Chapter 7

-1 7= 02501010 ) m' @, = LE410" YY) ',
t4 = 256 MPa

T-2. T = 346 MPs

T-3, ¥V, = 190kN

T8 Te=31MWin, Fyyo= 3006070
0= /534 - 6y V, = 3R2 kip

-6 1, = 153MPa, ty = 1.65MPa

T=T. T = 4,62 MPa

7-9. V= LI6670n. 7 = 67500, ¥V = 321 kip

T=10,  Tree = 448 ksi

T-11, V= 100kN

T-13. 7= 0080196 m, T = LE646(107°) m’
Tran = 422 MPa

T-14, V = 190kN

T-15. The factor = %

T=17. T = ATSITS(10") m*,
P = TUELZ5(1077 ) m?,
e = 304 MPa

7-18, V = T23kN

T-19  (Tyhes = 924 MPa,

(Twdma = 374 MPa




B3R AMSWERS TO SELECTED PROBLEMS

2. I =4win'. @ = %[4 — PR s = 239 ksi

7-22. 5= 441 MPa

7-23. 7,..= 4+85MPa

T-25. V,=-—1375kN, 1 = 27.0(107") m*,
2= 02061077y m', 1., = 3.67 MPa

T=20. T = 280 psi

T-71. 0= 143ksi, rp = 117 ksi

733, f=320int 0 =120in", F =675 1b

7-3. V =135kip

T=3. V=18 kip,ys= Iﬁin.

7-31. Iy, =9325in', @ = 112500, V = 34 5kip
T-38. . = 352MPa
7-39. F=125kN
T4l fyy, = 2002 in', 0 = 168 in°,
e = 2085 In?,
P = 691 kip
T4, V =882kp.y= ]%m.
743 (Toeidey = 119 MPa
T=d48. Ty = T20{10T m', Q@ = 045010y m”,
P =660 kN
T=47. s=860n.x" = 1.21mn
T=5), g, =228kNm, gy = 462 kN/m
T=5l. g-=0,q5 = 601 kN'm
T-53.  Tyy = 1251700" m', @ = B53TS(107) m?,
e = BHEEN/m
T=84. g4 = 13OKkN/m, qp = LISKN/m
T-88. = LAIEN/m
T-87. ¥ =376 in. J = 14598 in*,
Gaay = 414 Ih/in.
T-8R. g, = 2I5kM/m
T-50 e = 232KN/m
T-61. ¥ = 2R362in., 7 = 92.569in’,
i = 190 0hfAn., gy = 452 lhfin.,
Gmex = 641 [bfin.

T-62. T = %v’n-‘ - ¥
i - B
763, &= %
T-65. [ = I?ﬂ.li'll.{'._h =%_r:.
T
&= ﬂ—_;hr + Ix)e = ml’.l

res <=20,
T=67T. e=1l
7-68. Pe= Flh) + 2V(h),
= ;—Em-‘ + 6bi¢ — (h — 2iy ),
Bl + 'k — 8h)
“T W+ 6 — (h— )
M e ar l*-jn o —- u:‘uﬁ- o)
2o — gin 2a
T=-T. Vi = U9 Kip
=T 7= 0087 m,
Foy = B693913(10°%) m?,
0, =0, 0 = 1642401077 nr'.
ia =1 gpg= 121 kN/m,
g = 378 kN/m
-4, V=410 Eip
-8, V=74
Chapter 8
B-1. 1= & mm
B-L r,=755in
B-Y. Casela)o; =10 ksi, oy = 00
Case (bl ery = 104 ksi, = = 520 psi
8-5 o =133MPa P, = 3556{10H )0 N,
oy, = 228 MPa
B-fi f = 26,7 mm, n = 8 bolts
B=T.  (a) oy = 127 MPa, (b) o = T0LI MPa,
() (Tusgh = 32 MPa
B-4, f, = Hlmm. i, = 2Hlmm,
(P iiow = 12272010°) N. 51, = 308 bolis
B=lth. 1= 333in
B=11. oy = 432 psi, oy, = BHO Ksi
B=13, dp—dp=0 o, =2160ks
o
U, 8, =
PR - el
ri ri
F= — _ rg— 3
S e e
g ol W
o T
. SRR T wi
B=18. i = 66.T mm
B=19. o = 667 MPFa (), og = 333 MPa(T)




B=21.

B-22,
H-13,
B-15,

826,
8-27.

B9,

B-Hh.
B-3L
B-13.

B-4.
B35,

B-37.

38,
B39,

FEb L

Lok

=

B3,
B-51.

B-53.

B-E4

R ____'r |23 MPa, rg = 62.5 MPa

e = 10T MP2
e = 10T MPa

N = 606218 b, V = 350 h,

M= 173 1brin,

oy =535ksi, T =10

o= T9T mm

P = 10K EkN

A= 0375 in?, @, = 0,0234375 in’,

] = 10078125 in",

ry = 533 psi (T), ry = 1067 psi {C}),

T4 = 6 psi, Ty = 0

my = S04 kP (C), 74 = 14,9k Pu

i = 66.T mm

I = LORE10 M in'. Oy = 0,

Qe = 410~ in', oy = 5.56 kst (T).

rp =M. v = 625 psi (C), - = 162 ps1
=0 rp=507 psi, ;e =233 ksd (Thorpg =0
= =041 il v =1y = 269 ksi,

7 = UEB6Y ks

A =110 m?, 1 = 01562510y m?.
J = 0312510 %) m*, ry = 153 MPa (),
i = LU MPa

T =216 kip

T = 110 kip

A=900[10 *ym?, f = 828 (10" ") m,

Oy = .oy = 0522 MPa (C), T2 =0

= 179MPa (), r = 1.k MPa

o = 239 MFa (C), T = (.7% MPa

A= 18000 T, = 1350n%, I, = 54.0in"

iy = 100 ks (Choorg = 300 ksi (€)
133P .. P
Fruy = 3 |:L.|-'57n1|n=ﬁ|.T}
i il
368F (AT
|-Il.m..u — _I': ':LI} I:|-|||I|I Fi —'-tT:'

= (AROSEY 1, Y = —24.525 N,

M = 142463 N +m,

my = 81 MPa(C), oy = T3 kPa (T)
(e = 837K, (e = —085 ksl
e, + 18, = Su

A=135m% f, = 2274125 m?,

I =11235m vy =173 — Lax

vy = B8 kPa (T), oy = 494 kPa (C),
e o= 128 KPa (C), orp = 691 kPa ()

B-55.
B-57.

B-58.
59,

B-T0.
B-T1.
K-TA,

B-T4,
B-T5.

B-77.

H-TH.
K-,
H-AL.

AnSWERS TO SELECTED PRrOBLEMS gag

iy = HAMPa (T} vy = —L315 MPa
N, = RO Ib, ¥, = —600 b,
V,= 500, T, = 7200 b+ in,
M, = 4800 lb=1m, o = 176 ksi {T),
= 4 B4 kri
o = 586 ksi (C), 7 = 480 kst
ifoux = T1LOMPa (C)
A = 0785 in’, J = 0IWKIT5in’,
I = 0049087 int, {@4), = 0,
(@a), = WUB333in". oy = 162 Ksi (T,
T4 = —Lf4 ksl
oy = THOksi (T), g = 3.40 kesi
ap = 156 k5 (T) op = 124 Ksi (T),
tn = 624 ksl, 7 = =324 ksi
T = —51962 lb=in, M, = 250 Ib~in,
M. = 43301 h=in, J, = I, = (15368%in’
= 107379, (2,). = 0,
(2.0, = L3R542 in,
iy = 65 psi (T), 74 = 327 psi
iy = 4B psi (C), Ty = 421 psa
]
o= —;T:__l[lr: + 18e.v), —% =4 = IL;
! = (1256637 (10 %) m?.
A = 1256637 (107 ) m®, @y = 0,
ity = —2LTMPa, ry =1
Ty = e, =332 ke (C)
wp =0, 7y = 0377 ksi
B = 174103 in, e = (LODRST46 in.
F = 09765625010 " in*, @y = (0104187 in”,
r = 62 psi (Th = = 384 psi
aq= —213psi, oy = —122 psi
oy = 802 kPa, 7 = (9.8 kPa
f 44 _ 0035774 in. A = 0049087 in’,

o A F
(s = 90 ks (T), (e = 408 ksl ()

(T )ae = 2B8 ki [T), (e, ) = 24.0ksi (C)
Ty = 230 pii ()

po=12(10" MPa, F = 30 10",
P=9%2kN

Ty = 0 Esi(T)

o = T MNP, i, =l

po= 360 MPa, £, = 6361710 N,

n = 113 bolis

o, = S00MPa, oy = 250 MPa, F, = 133 kN




E40

Chapter ¢
=2 = —F4B ks v = 463 Ksi
93 r, =—68psi, 1y =41 5pai
9-5, o, = ~630 psi, o, = 400 psi 1, = 0,8 = 307,
= —388 psi, 7,0 = 455 psi
96 o, =497 MPa 1, = —H8MPs
97, o, =407 MPa, 7, = -8 MPa
9=9. &= +135", o, = Bl MPa,
oy = i, 7y = 45 MPa,
o= —5MPu, 7, = 40 MPa
-10. o, =-2TLksi, 700 =417 ksi
11 oy = =271 kel vy = 407 ksi
913, 0 = =607, o, = 200 psi
oy = =350 psi; o, o= TS5 pRi,
oy = =TT pei ooy = 127 pei, v = N} pel
9-14. {a) o = 421 ks, oo = 342 ksi,
g, = 19.3%,8, = —70.7"
(b} Tiae, = 192 Ksi, oy = =13 Ksi,
i plase
.= —25.7", 643"
9-15. o = — 190 MPa, o, = —121 MPa,
1|‘;|'I,.jnl = 303" [Be)a= — 50,77,
Trriae = 510 MPa, f#, = -565% B4 3"
1 prlisse
9-17. oy ™ 125 M Pa, = 75 MPa
T = —30 MPn,
= 137 MPa, my = —R6R MPa,
(B, = —13.3%, (8,): = 76,7,
r,n,,,cl = 112 MPa. a7y = 25MPa
in-pilamy
9-18. o, = —193 MPa o, = —357 MPa,
1., = 102 MPa
019, ey = 224 MPa, ey = =642 MPa,
(8.0 = =618 (8, = 28.2",
fuux = 144 MPa§, = 168", 7327,
lid-filise
Ty ™ R AP
8=21. o, = 51962 ki, T, = 30 ksj,
oy = B0 ksl s = 199 ks
0-22. =493 MPa iy = —111 MPa,
(#.) = TR1% (8,), = —11.9
023, J = 0450100 mt, @, = LASTS07 Y mt,

AMNZWERS TO SELECTED PROBLEMS

i, = 05307 MPa. 1, = (L958 MPa

425,

-2,

917,

4-19,

-3k,

431,

33,

9-34,

9-33,

9-37,

L
g2,

-4l

N = 40N, M= 100 N-m
A=0100 Y m? T = 2510 )7 m?
gy =l erg = 1 245 M Pa

T = G30MPa o, = —630MPa

In-gesine
iy = 198 ksi, ary = A,
Tina = 149 k=i, &, = —45°, 45",

in-plane

Tang = 149 k=i

y = U,y = —229 ks,

Tinm = 11.5 ksi, /, = 457, 1357,

m-piane
Tavg = —11.5 ksi
V=T5kN. M= 315ENm,
= 49175107 "y mt, @2 = 25 m’,
oy = 49 MPa, o, = —5.15 MPa,
(B = 15T (@) = —TAF
Point A ery = 1.500ksi, ey = =00235 ksi,
Point Boar; = L0723 ks, ir» = ~().683 ksi
iy = 638 MPa, ra = = (0L360 MPa,
) = 1347, (6,1 = 103"
f = 032500 ") m*, @4 = 0,
Oy = 9375(10°°) m’,
oy = M, 2 = =192 MPa,
ay = 240, ;s = =240 MPa,
g, = —150%8, = 450
oy = 0 my = —1.34 ksi
T = DO psi, @, = 45°, —45°

m-pne
Tmie = 3 kP&, oy = 0
Im-geane

T - ]
A= Tr.l". = aﬂ”- {24 =1

o4 {ﬁ_ ':l.-l-"':="-

iy, = —
FI'F % “I

L)

Tmn
-l .I.I.”I'

Ty = —47.5kPs

o, = 823 kPa

¥ o= (09 m, f = 74862107 % m*,
A=375107 m",

oy = N2MPu, oy = —03580 MPa 8, = —7.63

oy = 297 ksi, oy = —4.12 kni,
Tay . ™ 3,55 ksl

m-pane

oy = 12T MPa, oy
(#p)1 = B (@,)2

—-624 MPa.
—H.11"




047,

G50,

9-5L

9-=4,

g-55,

G-5H.

8-,

U4l

£ b

V = 2kip. M = 13 kip-h.

! =gaaeaTin®, 0 =0, foay = 270 ksi,
o 1t

"J'r: il 2|_'|“ kSE #-\. T "I'IE / 45"

mry = 219 psi, oy = =219 p5i

() = 45%, (8.} = —45°
oy = 550 MPa, oy = —0611 MPa

fo= 0350010y mt. 1, = 68.75(10°%) m?,
() = oy = 0,05 = =774 MPy,

Tmax = 38T MPa
10 i N

oy = U, = =M kPy, 72,y = 10kPa

-l
@y = —38B psi, 1, = 455 pri
R = 1021 ksi,
iFy = 4.21 ksl ory = 342 k8l # 5 = 1937,
T ™ 192K g = — 15 kei, Bn = 64.3°
m-pEine

oy = 530 MPa, ¢y = —65.0 MPa,

thy = 14.9" counterclockwise

T = 005 MPa, o = 750 MPa,

in-prainu
By = 30,17 clockwise

o= —10,9 KRi, 7w = TN ki,
e = WHY kx|
iy = —421 MPy, 1,00 = —354 MPa,
F, = 421 MPa
= 499 ksl 7 = — LA ksi,
oy = —3.00 kg
Tag = — 155 MPu, R = 560,23 MPa,
o, = —209 MPa, 1., = 551 MPa,
me = —11.1 MPa
ey = (250 ksi. Tyy = IMI keljir = —3.23 kst
Mg = T30 s
(2} oy = 16,5Ksi, oy = —1.51 K5i,

8, = 168" (Clackwize)
(b} 7. = —9.01 kei

i

f, = 282" (Counterclockwise)

R = 192U, iry = 342 psi.

ry = —42] psi, f, = 1937,

g = 1HI PRI, Tmae = 192 P8I,
- filine

By =Lar"

-7,

9-T1.
9-73.

474,
475,

177,
1-T7R.
19,

u-§2,

ANSWERS TG SELECTED PROBLEMS g4
(2] m; = 881 MPa,
oz = —13.1 MPa
(B) Tma = 506MPa
ifs-{aliaine
ﬁl'_,,rlI = 17.5 MPa,
by = 427"
{a) oy = f46 MPa,
ity = —449 MPa,
., = JLA" (Conrmierelockwive )
(b T =571 MPa,
Im-jHiine

H, = 14.4% {Cloclhowize]
o= 114 kPa,

I g -1 6 kEPa
o= —12.5kPa,
oy =217 kPa

o = BB pse, s = — 206 psi
A=1800n, 7 = 3400t Q4 = 10125 ",
@, = L3 ksi, oy = —0.0235 ksi
e = 00723 ksi, my = —(L6R3 ksi
o= 438 ks, oy = —1.20 ksa,
Tma = 279 ksl

m-plane
i = irp = 480 ksi
o, = 50MPa, 1, = 167 MPa

T = 12222 MPa, Ty = U3356 MFPa,
R = (1.5%84 MPa

o = 470 kPa,

Ty =892 kPa
N=0NTV=0KMNMN=~5Nm,
A= 1410y m? F = 1736710 %) m?,
) = ":i'.lﬂMP.:l,:r: = =] |14 MPa,
(8.0, = 608" { Cournterelockwise )

oy = 125 MPa, 3y = —(L118 MPa,
(8,0 = 3447 (Courterelockaize)

o = TSI MPy, s = (]

Tmar = 378 MPa,

n-pHnne
8, = 457 (Counterclockwive )
T ™ — 300 P81 oy = (o ™= 400 psi
oy =, oy = 137 MPa,
ry = —46.8 MPa,
T = 9185 MPu

i

Waue = 138 pal, o, = —H.22 psi,
T ™ (0 s, oy = F3.2 psi




542 AMSWERS TO SELECTED PROBLEMS
“-‘Eq- L EE: MP{I oy = ||M|1'd IH £, = I‘lgt!” h:'-T.'q.. o ;IH-'"[:“ I'|:I
iy = = [{12 MPa A
Tun = 162 MPa £, = 155(10°")
mak A & = "
O, oy = 6.73ksi, oy =0,y = =423 ksi, 1T e = AMFT) gy = 20800
Tam = S48 ksi £, = 185(107%)
mak
9-93. o, = 100MPa, oy = 50 MPo, o, = 0, 10-9. & = 188(10 "), &, = —128{10°"),
Talw = HIMPa (.1 = —922° (#,); = BOE",
004, oy = 582 psi, oy = 0, e = —926 psi, Your ™= ILE(107")
- . III-l.I_IIIE
Tabe = T
L e S 8, = 358°, —54.2" £, = IO(107")

9=95, T = VK8, T = Tam = [, 10-10, «, = 103(10°™), e, = 467010
Tatw = 5.46 ksi : ' s '

e r 1 Yoy = T18{107")
. i o ¥ — Al .
907, P o= 9N L) N omyfs, Ty o= A1) N-m, 011, € = ~TO3(10-%), & = ~221(10°),

A o= 00156257 m°. J = 0,850 Y m? e
§ 156257 m". J IS m°, (8.0 = 2257 (B h = —67.57,

T = 132 MPa
-l Yoy = 141{107%), 8, = —22.5", 67.5%,
9-98. o, = 119 psi, or2 = — 119 rsi TR @
99, oy = 329psi, ;= —TLI psi o =100
3 Ty 1013 e = 17.7(10° %), e; = —31R(1D°),
=10l o = F_l'f:L_F + "|,|I F*+ e ) ':rll,-]l = T, 7", (B)s = — %32,
7 — FATE s =3350007"). 8, = 3177, 1227,
iy = —— ..(F Fi P —Em:' ] T'":IIJ‘:J""' : '
el \ i ¥ "
o Eny = —150(10°%)
- . FE ||F* J BT & &
- A 31 e 10-14. (1) e = IBR(10 "), ea = 1R2(10°7),
- ST, = 37,27
0102 oy = —63.3 MPa. 7, = 357 MPa i = = SRR Oy = Figh
=103, oy = 3.29 MPa, () Yy = 181071,
in-pdrins

s = —4.30 MPa,
[ = 4107 (Clockwine)
0_108. - = 3125010 "y m?, = 2083310 m?,
1 = 4 kPa, o = 264 kPa, 1 = —26.4 kPa.

f, = —7.76% H12" e, = 27510
10=17. R = IRTTI{IT7), e = 13810 "),
£y = —198{107").8, = 13.3°

e T 1018 (%, ) = 335(10°™, £, = =30 100",
H.l'l Eh 43" r}I" = 45 |n-:.|':|m-: "
9-106. o, = —229kPa. 7, = ~13.2kPa #, = —-3L7"
10-19, g = <HO(I0°™), 6. = =541 {107™,
Chapter 10 Ty = —423(107")
-2, e, =248107"), 9, = —233(1077), 10-21. (&) R = 93408 & = 36810 "),
£ = _.l"tﬁ'{ln hl Eq = ]Hnll:l.“nh-ﬁl..l = —52 8 'HI': = 313
ib) = 187107 "),
W3 P=111hp * rpane :
=5, (a) & = 4110 "), &, = —641{10° "), = —7.76%, 822" £ny = 2TH1T)
By = —248° = 652 122, (a) & = TT3{A07%), & = TRB(LUT)
() Yo = LOBOIGT), (D) ¥max = GU6(10°")
i julime in-pilane
", = T ]
£y = —1I0(10°) o) g - T




10-23,

125,

126,

127,

=33,
T34,

135,
1037,

1138,

T34,

11

102,

Ti-43,

1045,
Ti-4a,

() & = 192(10°%), &3 = = 152{10°")

(hC) Y = Y = 342077

Mk - fHAle

e = 30E(10"), &y = —1O8(10°1),

(Bl = KO5" (Clock wize), B = 208.17(10 X

Youx = A0, £y = O 107,
ifi-pldiic i

i, = 39" (Counterclockuwise)
£, = A51(107"), ex = —=451(107"),
(t)y =283 {Counrerelockanise),

Fran - qr.ll L1 Il:ll ‘:LH = [k

ri-pdnng
. = 168" (Clockwise)
339{10° %), g, = —480[1071),

&)
(8, = 325" (Connterclook wise],

Vo = B2R{1071),

in-joliine
€y = —T3(10°7),
#, = 12.5° (Clackuize)
oy = 0, or) = 112 ksi, o = T.38 k5i

Yot = 4LI{10°")

o
Epn = S(I0°"), £, = £, = —10.7(10°7)
(2} K = 333 ksi,

(b} K, = 513(10") ksi

Emar = MBI0") gy = 3641077,

Eimm = I'”“'”ﬂ II.I

= 343 MPa,

e = [},

in puﬂl.'

Tum = B3.7 MPa

mMEN

_ 12 My _ 12eMy

T T e T
LA
t v

-:hr-r'n".l 51 EII:

g, = 235107 %), &, = —0972(10 %),

£, = =244(10°%

P o= 3001k

{y = 1,208 in
my = B37 ksl oa = H.26 k31

147,

10—a%.

1=51,
151,

1053,

10-54.

10-57,

L-54,

To=al,

li-a2,
163,

10-a5,

L.

To-a7,
Tk,

LT,
1o-71.
10-73,

1074,
10-75,
1877,

10-78,
10=74,

1o-81.

ANSWERS TO SELECTED PhOBLEMS ga3

g = B33 107"), 6 = 168(10°"),

gy = =76 107"

e, = 0L3125{10°7%, and €, = 025107 %) e, = 0.
. = 155 ksl {CL. v, = 168 ksi (C)
w, = — |84 kN/m, w, = TZ3kN/m
E = 67.7 GPa, » = 01335,

G =250 GPa

= ar, — 035, — 0350, + 26.2.
0=, — 035, — 035, + 262,
0= o, — 035, — 035, + 620,
0.0 ksi, o, = —55.2 Ksi

iy ™l

e, =g, =, e, = 5441077
'
Egq=—s
1 |. — p
k=135

L i ot — e, + 30, = o

ER 1]
w = Bl radfs, T = —rHvlrI.

i = (LE33 in.
d = 1794 in.

d = 188 In.
o = —_1 i = 1.TRin.
ir

P —
T, = .IIIII'EH' +TF

T
M, = ,1.,'."1'1' + IT
o = 50+ 19723 = 147 MPa.
oy = 5 — 19723 = —147 MPa,
Yes,
M.= VM + T2
Mo,
o= —0.54% ksi, r = 3056 ksi,
Yeo
Mo
F.5 = .43
1 = T.314 ksi, o3 = —15.314 ksi,
F5 = 1.59
F.5. = 1.B0
oy = 389 ki
iy = ”Tl iy, = 121 ks




B44 AMSWERS TO SELECTED PROBLEMS

1=B2, oy = 4.3 ks
1083, &y = 910 k=i
=85, o = RE480 ks1, oy = — [LE48Y |,
19.7 ksi

iy

|
l—#6. (a) p= ,_*I"

(B} p = 'Z_I:I_n'.|
F

189, (7.l = BO2EIRT, (1), = YO4TI8T,
ry = WIT BT, ors = —9947.18T,
T=B3MEkN+m

Ievg, T = vaT kN-m

1. J4=1.50m.

W83 o = 16RAT10%) Pa,
ja) + = 225 mm
{hy = 195 mm

i
10-94, €= {1 —¥)
10-95. (a) € = 482{10°"), ¢y = 16R{10°")

‘:h:l 1"|||II L 3"':”" ﬁ:l
II'|-D:III|

(C} ¥ = 482(10°")
mad

=97, oy = 35042 MPa, o> = —65.42 MPa, No,
10-98. €, = 833(10°")
(a) e = RROCIOTTY, €3 = =TIF(107™),
-l'n'r. = 84 B [ Clenekwedse)

b} Y = —1393{10°"),

In-geine
fl, = QTR (Clockniaeg)
W99, T = T3 MN=-m
M-10L, & = S6(10 "), &, = 3740107,
(i = 158" (Clockwisd),
Vitias = _ﬁzztllj ﬁ]l Eh\g o hﬁi'-]” rl:I'

mn-greini

f#, = 202" (Crmnmn:.im:krJ-J'.ur]
=102 &, = 4800107, %, = 23201077,
ey = 120{10°%)

W-103, e, = M I07), &) = RO 10"},

'"':ll

ey = 1200107 "), (8,); = 282" {Clowkwize),
Fmn = —31{107"),

il

#, = 168" { Countsrelnckwize)

Chapter 11

11-1.

-
11-3,
11-5,

11-6.

-7,
11-9,

(ARSI (1%
=11,
=13,

1-14,
1-15,
1-17.

11-18.

B
=21,

11-22,

11-23.

125,

11-246,
11-27.
112,

11-3k,

11-31.

11-33,

I, = 0162760, Qe = 019531255,
b =211 mm. h = 264 mm

Use Wi2 x 22

e b= 4351n

Sreg = 15010,

Llse W12 = 16

Member AH: Use WD x 13,
Member AC: Lse Wo x 9

=612 kMN/m

= 2045in’

Tmn ™ S07 K81,

Dlae W2 = 26

Ulae Wid = 4%

=249 kN

g = 3173 in’,

s W2 = 6

Use Wid > ]

fr=155in

§ = 63.230in", e, = 265 ksi. N, the beam
fails due to bending stress criteria

Sn.'q [

i = 114 mm
i, = 130 mm
Tgr = 1746 ksi, Yes

Uise i = ‘%in

W= Ji2 kMNm,

Sands = 167 mm

Ned = 502 mm

= 643 in.,

Yes, the joist will safely support the load
Use W14 = 22

w o= 10LE kN m

P = R333k, h = 7200n,

=432 kip

1
Use s = Ji i ¥ = S'Im..

v Lo
¢ = |1z in. Yes it can support the load.

n _ AP
e Bbi
Iy IPL
N= 'Illf. I, ir = EI.I,_IIThI: bending stress

is constant throughouot the span,




ha 3412
11-34, I = F” {37z - 4x)
11-35. o (L1550,
S hig
Px fx
|1—3'-|'. [ Y ||_|"|'_||:I,"ﬁ: |'Ir - |||I I"lil ||'
11-38. h = :—“1

11=39, Used = 200mm

=41, T = N0MN-+m, = (0142]
Ulse d = 2% mm

1142, T = 00N -m, Use f = 33 mm

]
1143, Usedd = ]:m

1145, M = 4%, N-m, e =001Tom, Use d = 36 mm
11=46. o = 3. 3Imm

1147, Used = 21 mm

=4, M = 127475 N-m, Tsc d = 44 mm

11-580, Tlsed = 41 mm

11-51. Use Wi = 12

i} wll

Fil{ + I, G = P

11=54, Use d = 21 mm
11-55 1lse d = 149 mim

11-53. §=

Chapter 12
12-1, o, = ii‘:’ = 100 MPa

12-%, o = 582 MPa
12-3. W=113b

Il—_'q- llfl'ﬂ:l = _?P.'“. 1'.”1.'::' — _||'l_.|-:|_

B = (—x} + Lir)

P
12E!
= Ep s Wy - 3L
Py

<= Ly &g g3
= yaEp 0 F

. 3 — Sl + 0L — 3L,

126

' g™ £l
3 e p _ ZAH Iy _ yd
12<7 1 ET [{1 f“_].l' L r

ANSWERS TO SELECTED PROBLEMS 245
PF ke
129, M, = u. My = Pal1 - ‘I—]
PH. 44 5 1
L -f'iF.'”_l: T — I-'f‘- = 'I'-:l'l.l:l'
Wy = ok ” (3L — a3 — (217 + ahi + L)
ML
12-10, ., = ”:J,
VIM, L
J!Illl. — T
12-11. w = ﬁlﬁ. — Sir'xg),
- IH};I{ G+ Gard - 19072, + 3u')
A r'u‘l
met EF
1 prt pr?
12-13. &, R EL fipr = oET
3pL?
I.I—I‘I-. Umay = ﬁl
P
12-15. 8, = Tu; # fr:f [-x + 3ola + b,
— o (20 + 3h)).
_ Py ] _ Puk®
SR RTINS ey

12-19,

12-21,

12-22.

My
" ‘;tll_l = T.‘ﬁ_ .Iﬂ"l.".-] = ..I'I".

M ,,.r W

> TP - 4
L e Bty A Y
M, 3
0 = goti2d — 0L + LY,
Il
R TY 7
LT M, 1
= it 2 S Z
O = —ggr " = GER P ¥ ~ L)

i M, L2 60 M L7

Yme ™ £l l- Vmax ™ E}l !
Wl
T =1}
"= ET AT
Mix) = —ij,. M) = —__Irf.
2 [ 1wf?
T 3MET
v = OLOOSBE Finid, vy = (0.369 00, |



Bdé

12-13.

12-25,

12-24,

12-27.

12-29.

12-30.

12-31.

12-33,

12-34,

12-35,
12-37.

12-38,

AMNZWERS TO SELECTED PROBLEMS

1
W 1
g = ;‘;—:_F 12-M, v= F_F[-I']MTII — 5{x — 2y
Lsg — L5(x —4) - 93333x],
M) = {36x - 22t | kN
Mixl l: fuy }.t ; EN-m il =133 itk
o LAY 2
g, o JOKN-m® < 1241 M = U._{r = T} > .u.(.; = :1'.}
Er pu =
= — | fix' — —x" — S0y ; fics G
P .E.I'( T =¥ .1)“[NT|1. aFET 3 |
_2074kN-m', 35 = =1 } r.rJ
M El b1 i
3 2
g L MR
f.lrll _ﬁE!_ LB ?EEI
PI?
fly = '-'-;U_F.FI: P -l-u.l.;; I"lr.r'1.'l.':|h:| 12-42, o= g
e f8
wir’ F oot ) = T‘:flh" = 3{1 — !T}
fy = o el 2 3
= 24ED - ;
i = 1
kir 1| = 21X
o 47 4 { > ]
LT A 3
gy = 00611 rad, v, = =352 0n o ﬂ |
, " e pdB El
iy iyl
Ix) = Xyl = . = 4 =z 2 L 4
1273 WE 1243, ©= T B35y — 33.75x" — e
iy i ‘
Pdly=t = h!;: + I—:.u — 1.5} + ih = 1.5".-‘].
3 f 4
L {llrl].‘ By = 12.9 mmr 4
",ﬂ'f 1245, M =2465— 1587+ 15x— 43 — S0ix-T7),
B ™ 32 279 kN-m*
3 I koot b
wI* ET
I"|||—|| hr_\E o - _H--'lq I‘i.H'f”l
P/ ik El
o e 1 10 :
; 2EIL 126, v = ﬁ[;_:rqr' TI'I |50
e P ;
’ - {_ Ay Hpt = — il 1 ek - -
o A 32E] — 625 — 3Y + s = TT.025%
3P -
Tigy ™ = 5 3 Friar = 110 mm -I.
2rhi” e
h IHTr 'F|II|_| = —“T“S « U = _5] r T
ey = =304 MM
a3 / = T == | — Ly
M = 180x — 150(r — 025) — 6z — 0.5) 12-49. M = 2400x — &00(x — 9)
el By — g8
— 150(x — 075}, e = v = —0.501 mm, R )
1
iy = —(LAYE mim, rp = —0501 mim p = ﬁ[-ﬂi’r.\" — Ly — o*
L .
= —— =1 6T = 66T (v = 217 4 125 125 :
T i ' : = 4 e~ G - 7Re2),
183 (x — 400 + 4000x] Ib +in' )
By = 176100 5




il |
12-80, — = —[0.1005" — 0,333y
i ;

dx

+ 03330y — 8% + B0 (x — 57

F 9.58) kN -m"

| M
p = ﬁuuusw 0083137

+ 0833y — 83 + 247 — 5V

b 958c) kN rm?

12-51. n= ﬁ[—u,zﬁx‘ + 0.MB8r — 1.5

F25(x = 1.5 + dA250x

 25.1r = 364] kN-m’

o T 302 kip- t°
i o El
3110 kip -1t
WS

|
12-584, = ﬁ|—ll.1.llliﬁf:-.r" + 1294 — 9y}

i O,NI5S6 = 9

256x + 2637) kip - i’

39375 50 625
i g _
I--GE- f-'; Ejl E i E.II
sPrz
12-57. H|r - |||.|'|1 il ™= ﬁ
P2
Ag= tgsal = 16E1 ™
1 200 Kipy - 1t
12-58. o, = %
TR K= Lk
Uauy = W= = F—Fl
240 kip + it?
N
1080 kip - i1
B = T .
ML ML
12-61. '|'II|'_I.=ﬁ- mmr = #4 = I
ML=

Jlllht = |£ﬂl'| = RF}-

162,

12-63,

1265,

12-6é.

12-67.

12-64,

12-74,

12-73,

12-74.

12-77.

12-79,

12-51.

ANSWERS TO SELECTED PROBLEMS g4a7

ey M2 o ML
CTURRE T AR
B, = 1.00879 rad

[t al [eg;a

Bp = ltery po 2L <

i

V'3
v o= T:r. i = {1.RSRT.

B i 41t
AT MET
P
%
s P {5 P!
By = Wn SFT g = Lajp ™= ﬁF.fl
Pt Lt P
y—— = =
e = 3Er 0 T g T 13Eg
i prt
SMa LT
i = = ﬁFF A = _ﬁFI-
B tpial . 5.”.;.'.
L 12E1
| At
ap= E"r:l.l ~teal = 1E] 1
R kip- i
‘Pnlul — T l
Pir :: a
- 1= — 4y
T
LS 2P
Baje = gy e T T
'I_iF'rr% ﬁF‘:."ﬂ
Ty = 3El " 1=|'5'|.:'|= 2EF
TPy
Ay = |J.1L'| = |~'.'u'| = ﬁl
PTG _3PL
mECIREFR ™ RE]
i# U i SO SR i 10
B GEP T T 23K}
[t -| [t 1| M
B = Nepal = i oW a  BEl'
/3 VIMur
v, Ap = [yl = ?,—-}
d = [LBASL




548 AMEWERS TO SELECTED PROBLEMS
12-82 #y = 0LNT7R rad <. wy = 098] in. |
2 P - ia
12-83%. =Fl 12F + wul,

'I
A= Eiﬁf(ﬁ-ﬂ’ & Tiwer)
12-B5. 05 = |y = 000164 rad,
Ap= |t el = 00371 in. |
12-R6. @, = (175"
12-87. &4 = 0895 i, |
] 4
(LT} 14
12-89. (8} = (8gh = <5 ek _ET
i i
W LINH
(#ch = 5 heh = 1= ks
il
(ALY = (@a)ila) —%l
Il.'.n'J.1 h'n:l"I
Be = eET Ap = RE] L
'||.'.|.iI I-|'|'_IJ
12-90. fy = = dp = IZH1
1291, @y = 00722 rad, Ay = 13.3mm |
2560
1293, (80) = 55 b
Mx ) "
alx) = - x%)
Aalx] M.EIU' L
(&)= %w Apq= 1800n
T2 k]
1294, _'l.,—ﬁ =5
1295, A-=23Im |
o Pr? PI?
-7, -, - f} =
1297, 4= g Bah = 35p *~ U
PLY I I
Ay =—— A, =PI B
\Bah = da= P {um m;:'
Pe'{3h = )
12-98. R
1053 |b - in®
-3 N S o PNt
12-99. @, =T
0N =i
{da). Tl
Pensé I Psinf 1.}
12-101 ¥pue = TaEy, ime T T agy
I_=—J" = thl'l #y ¥max = U Tifin.,
.""-\JI It
X = 3N in

12-102, Use Wid = 34
My M, M,
12-103. A, = —= B, = == My =—
H : PL
12-11k5, H“'I” = [ WXy, q'”l.:_l = ':.-..,‘.'I.': = .r'.l': + T'
5 1 5
L, EP' .I:I'_I ?.In'. Ay ﬁ.i”I
12-106. M, = % Ay = "f. B, = 5;“
12-107. M, = %f- — a), My = %U- — a)
1 ]
12-109. Mix) = C.x + B, {x — 1) — = ix — 10}

f#, = 44 kp, C, = 107 Kip «. A, = 1.7 kip

g iyl LT
12-110, 4, = 0.0, = —— B, = ——= 4, =
; 1] 5 . [
Twl, wi, Swl,
Y = {]_ —- 3 = — =
12-11L 4, = 0.4, = —=.C, By =
l1'.|'.-'1
12-113, M, = —— = Tacly,
T :_.1__.E,_m_.!__"
S BLAESLE + 3E I L)
12114, A, = 0. F,. = 112kN,
A, = JAOEN, B, = 340 KN
. _3My. . AMy ., M,
12-115. 4, =0 K, = ETA A, = ? M,= il
—PiL — aF(2L + o)
12-117. (1 =
sl 6E]
y AL _ PL- af 2L + a)
Wamh = -'!E}---"'l-n_ Ef.l L]
= 04141
AM, M, My
12-118. A, = —, = Rw— [ =]
A Al 2l L
P 13P P
12-119. B, =1, R__ — |_'F| = TE Ay = 1._2
36667 N m
12121, vy = — |,
g £l L
33330 m'
v = —Fr T;
B, =550N A, =15NC, =125N
r ir Pi
3122 o= A= My =
3 ] 7 i
12-12%. {7, = (. H_._ = 3MLT5 kip,

A, = 2625 kip. C, = 14.625 kip



2475k -m’

12-125.C, = h (oh = (h = ——F— 1,
Wl !
(Paky = W .H-, = 13,75 kM,
A, =C, =315 kN
i, M, M
12-126. A, =0. B, = ? Ay = ? _'if_| - T
12-127. ¢, = 1, Cy = L;
. wE]  Tala,  Taeld
12-12%. (Ay)' = RE1 Ay = .’lzﬁglﬁ" BT
I AaEs LY
Ty = 1
BIIE T Ta + AsEaly]
Pr, 3PL
12-130. M , = o M= T g, =10, H.=P
PL.  2E} PL? el
R {T ~ ). S = 192E7 4
4 ]
= Fi '|I|""I:|r. d:l . EEF i]:l
12-13. 4 SE] Y]

+|—

"TIAEINL
a=1 { 1

= { ﬂﬁirw;". )

12-134. 4, = 0, Fy = 220kN,
Ay =0, =T1 kN

12-135, B, = 034, A, = 243 1h, O, = THA b

12-137. M = —18lx + 2775 (v — 12) — T {x — 24},
o= %{—.‘IIIL + 46.25(x — 12)'

— 11T — 24 4 38 T00x — 412 S60)

1
12-138, v, = —{4. 41! — 6dlhy,) Ib-in’,

El
] i L]
= —— } + Bdlr-) lb-in
i .F_'J'{ 4440 + 6dlxs) b=
12-139, 4, = 1 90in, |
1wkt 4B,
12-1:1. Jn — '_"I.f' =3 m._‘lﬂlu = _1I.|:'" i I.;IFf A
8,1 1w,
Bpe = Aep=per B =G =5
2wl Turl.
A, = 5 o N z D=1
Ll-,,f_: T
12-142 My = —0— My =5
iy
P57 L s

Eili,

ANSWERS TO SELECTED PROBLEMS gan
i - i ]
12-145. Ap = —ﬁ'"";';'“ LlAch = —JM'E";'" L;
(Agly = W L Ay = 0644in.}
A e TR
TF [ORe
Chapter 13
T T ) A L B
132, P, = 2kL
13-3. B, .
L.
13-5. A = 11016 "y m?,
=1 =0184167107") m*, P, = 22T kN
13-6. P, = 464kN
13-7. P, = 158%kip
138, P, =331Tkip. FS. =231
13-10, P, = 271 kip
13-11. P, = 204 Kip
13-13, [ = 0.86167(10°") m*, P, = 272 kN
13-14. d = B43in, P, = 245 kip
13-15, [ = 151
13-17. A = 800in% 1, = 10.667in"
I, = 2666Tin", P, = 2.92 kip
13-18. P, = 5497Kip
13=19. P=2M49kN
13-21. P, = 188692 kip. No
13-22, F8. =219
13-23, P = 4T5kip
13-25, A = &B5in’, [, = 19.6in', P = 62.3 kip
13-26. P = 242 kip
13-27. w = 555 kN/m
13-29, Fy = 20kip, P, = 1789 kip,

L3-30

13-31.
13-33,

r—xaxis FS = 804, y-vaxnis: F5. = 394
P = 13.9kip

W= 35 Kip/h

Fap = 13kN. A = 32{107 "y m?

I, = D426T(10" m®, P, = 3369 kN

F.5, =225




850 AMNSWERS TO SELECTED PROBLEMS
13=-34, P = 465EkN
1335, P=110kN
13-37. Fyy = 268014m, A = 0625010 Yo m’,
I = Q7ASA25(10 “Jrm®, m = 7.06 kg
I3-38. P = 457 kip
1339, P = 234 Eip
1341 Mix) ——|,'r‘ — L3} — Pu
ik ! [ P L P
eny
| ﬂ 5|.|_ Il—l'_ I ]
i 1,", B ._, |
s v ol [2) -4
W _.=—-—— lean( IT}J
s N NErF?
o O S
L0 G
1345 Mix) = R{L - x} - Pn
IMe. P = 265kip
1347, P = 5R7kN, vy = 421 mm
13=49, 4 = 061575010 m?,
f=641152(10 Y m', P = P, = 1898 KN,
= (.75 kN
13-50. P = 2001 kM
I13-51. P =T3i5kip
1353 P = 0870kN, Pyue = 4935 kN,
Pioe = 263 kN
13-54. oy, = 130 MPe
13-55. The column is adeguate.
13-57. Surong axis vielding controls,
P = 290 kN
13-58. P_ = [99EM, & = |75 mm
13-59 irpp = 199 MPa, iy, = 243 mm
13=61. The column i adequate,
13-62. = (15 m, P = MHA92EN,
P e = 268 kN
13-83. 7, = 622 ks
1365, (KLY, = (KL}, =3im, P = RIS kN
13-66. F.5 = 1.56
13-467. The column does not fail by vielding,

13-04,
13Tk,
13-TL

13-73,

1375,
13-77.

13-78,
13-Tu,
13-81.
13-82.
13-83.

13-85,

138,
13-87.
3-8,

13-%),
13-91.
13-93.

13-94,
13-45,
13-57.
13-UK,
13-94,

13100 ir o = DATAIKSE, P

(K1), = (KL}, = 210 in., P = 183 kip
E.o = 146010 ksi

P = 110 kip
15 p
KL = 457 i i —I'H"[“.! }MPa.
f A [& s
i
447 = s '-llJ._*:Ell = 2 MPa,
F r
r ¥ -ILJ-I|_1 (]
e = W.E:I— = _—lm,'IMPa
* e [y
r
P = 1323 kN
E, = 00 GPa, £5 = 150(1Pa,

r= 02 m, F, = ZikN

.= 3156 m
fo= 109"
Tl ™= 1128 ksi, Use Win £ 15

Use Wh =0
U'se WE =24

{h—:) = H]i-lﬁ.(%) = 1118,

1 id

Punew = 809 kip

Yes

d = 142 in

A = 00151 m*, I, = 9002583310 ") m*

The eolumn = adeguite

L. =446m

fo= 0. T4 in

A = 535107y m®, £, = 3L86625( 107" m?,
I, = 254180107 "y m?, Py = 422 kN
L=138m

Faiiow = 108 Kip

A = 5570, T = 317448 in!, P = 129 kip

.F',_".,,. =X ]-I'-"' L.:lrl
F,_".,,. = 1 k]F
= R.A1 kip

13102, 1. = RBYfi
I3-103 Use a = ?%in.

I3—1l]5..h—:' =
i

L, L=38711

13-106. P, e = 1875 kip
13107, P = T kip




l.]—]llﬁ'.E = 6.23], {eralaliose = 165100 ksa,

P = B3 kip
13-110. P = T4 kip
13111 ™ = 4007 kip
13-1 IJ.{%J = 13333 {comtrols),

K
{—] = [(K3.30, P = R.A60kip
W LR

13=114. F = 4.6 kip

13115 The column is not adeguate.

13-117. A= 12m% 1, = 166in?, [, = 42.75in",
P = 957 kip

13-118. I* = 98.6 kip

13-119. ~ = 279 kip

13121 A = Zd0in® T, = 7200t £, = 320in*
P = 980 kip
13-122. P = 132 kip
13-123, " = 248 kip
13-125. % = 43 2in. Yea
13126 P = 169 kip
13-127. P = 344 kip
M EL. ..
13-129. 8, =0 A/, = T T:mﬂ_
Phi... 2%
M= TH_ f,\_, = T

13130, w = 463 kN/m
13130 = 250 kip
K1

ILIJ].{%) = 55.25.{7'} = 1I8.21 {eontrals),

L {§

¥is,

13134, P, = 576 kip

13-135, P = R39kN

131377 = 046722 m, [, = 20L61523TR(107") m®,
I, = 7512510 Yy m', Na

Chapter 14
i, e, ' it
14=1. T= ;-hr: + o, — 2vom,) + s

143, (%), = 32R)

14-5.

146,
I14-7.
144,

L4-1ik

14-11.

I4-13.

14-14.

14-15.

1417,

I4-18.

14-19,

I4-211.

14-22.

14-23,

14-35,

14-26.

14-27.

14-29,

L3k,
14-31.

14-33,

14-34,
14-35.

AnSWERS TO SELECTED PRrOBLEMS &51

Mag = KN, Ny = TkN, Nep = —3EN,
L = 0.372]

(L), = 4323

P= IT5KN, (L5}, = 1.69k]
Te=80kNim, T =230kN-m,

T o= —100kN-m, L, = 149]

N

R
el = a
' 2darr
(), = 006371

) (il 3L+ hy
V==P W ==Pj F_)

Wy 05 ki,
ML
Ui = 2aE7
: Pt
Eh =z

Mi{x) = [:9.1 —%.:"‘Ill:x'm.t{.",],-_ =336

%, i

(L} = 293 )
o S
[/ a—f—=1
! H_'r‘l:-i B }
[ E = T = pird _j 1
T, = 5 M, = Py IJ, = PL [IﬁEJ‘ + ﬂ.ff_?]
[ —}P!LI15 i as i |
SRR timcs &5 preat 85 for & uniform
SRS 2ection
i wil? Ry wip 3
) 8 =Togr ™ U= g
Fip = 250kip (T), Fiy = 150 kip {C},

Fpp = 250 kip (C). Fpe = 300 kip [T},
(A )i = 110142 in:

2PL
[Aehy —T
iPL
By = AE
1 ML
[I= =Myl #y = —
P '."l: iyl Ha Fl

U, = L3726 in - kip, &~ = 00145 in.
By o= OO0 pad

H5 625
Uy=—x—= U, = 15 #tg,
f .F.'.II r I
o = 315"
Ay = 267

Ay =1L7T mm




852

14=37,

14-3H.

14-39,
14-41.

14-42.
1443,
1445,
14—,
14-47.
1449,

14-50,

14-51.
14-53.
14-54.

14-55.
14-57.
14-58.

14-59,

461,
1462,
14-n3,
1465,
1466,
14-67.
1469,

14-70,
14=71.

14-73.

14-74.
14=T5.

14-77.

AMNZWERS TO SELECTED PROBLEMS

T = PRcosdt, M = FR sin fh,

ey = %hmﬂ + 1]
fidn 'R
T
A= 213 mm
My = —20010"x;, Ms = BO{10" N-m,
Ap= 152 mm

{a) U, = 452k), () U, =331 ]

d = 535in,

Ay = UEIFIWIO7") m, oy = 359 MPa
ft = 69,6 mm

T = 216 MPa

A, = OHLI2S(07 " m & = 16105 N/m,
Oy = 237 MP A 0 = 3.95 tm

T = B5.7T MPa

Fo="05T1 m

iy = 113123 MPa, I. = 325 mm

F ey = 207 MPa

ey = 436 ksl

iy = [5.'1'-?i'!-psi.f: = 189508 h = 1160k
(A )y = 15410

3
Tl | Tonaed &

3Ee | WLe ©

fo= 203 6 =233 m

Toe = 588 ksi

li=3Timn,

Kpewn = L7700 Kip/Sin,, m =167

Fay ™ 478 MPi

h=65Tm

ky = 493425107 N/m, 4, = 0.050342 m,
v =575 m/s

; A

Aiens = (481 in. oy = 101 ki

A = 233 mm, oy, = 480 MPa
AE

{Ag)y = 069H10) in. —

(At = 0093110 Y in. |

A = 204 nim

Ll (A ghy =

16241 kip®+in

| kip={dgl, = iE

(Ag); = 00124 in. |

14-T8.
1470,

1481

14-52,

14-53,

1485,

(A g), = (0K96R in, |
Ay, = L36T mm

4981251 Y N=+m

IN-[{A,), = S
(A,), = 6:23mm |
(A, = 379 mm +
Ag = (163 in,
174.28125(10%)

IN-(Ap), = . .
(Beh USET0 ) 2000 10")]

(As), =58l mm .

14-86. (A}, = 341 mm |
2P’
ehls S aemy
57292 kM -m?
fd-8%, A, Bllaa - e

Mix(} = 2.50%,, M{xs) = 13
mixy ) = W50y, mixs) = xg,

Ay = 409 mm «

1400, ), = (L0029 raq
14=91. iy = i, (WIS9S rad
14-93. M = 327.06x, M = 65412 + 47.06x-,
iy = | (L1 Moy, mg = (L1 1T,
E| - ?"-.;
1494, #e = 38910 rad
1495 A, =2T4mm .8, =575107") rad
14-97, .‘l-.l'. = Pr, '”'; = P.I':.
b 4
My = —, g = 1.
il
i sPa*
T
Pss
14-98, 7, = —
YT RET
=5, = AT rad
14-101. M{x} = l—:{ﬂf..r_ — 12:3), M{xa) = %.r;.
T P 3wl
i = — s o= B =
Mgl xy | T higlxz} = 1, B RET
wil
14=102, Ay = -
0 GRE]
14-103. A, = 0557 in. |



14-108. M{x.) = wala + xa) %ﬂ Wix = wax,

1 X
mirl = El:r_n = a).mlxi)= TI Ay = TRET
wol.'
14=10a. 4 = T70E]
= Sy
14-107. 8, = 92E]

14-109. M(x;) = (31.5x, — 6]} kN -m,
Mix:) = (2258, = Ix§) kN m,
gl ) = {1 — (L1667 x, ) kN - m,
it k=) = (66T 1) kN +m,
f, = 000827 rad

14-110. &, = 16T mm |

14=111. Bending and shear:

s=(OEE)E 2]

e f L4
Bending only: & = %{%)
Pl g

; wi?
D113 A () = =], M) = ——,

mix) = 0, m{xs) = T.OL = 140z,

h-'.lr.'
(gl = __”;1] —
4PF.
14=114, 4 SET

14-115. Ay = 43.5mm |
1417 A = 1T9mm |
I4-118. ¢, = a9 (1) rad
14-119. (A}, = 168 mm |

M
14-121. M = —J"..u = M,
[

S s o SMyur

M= 1X M= 1X 4y = I'-rEf
Moa
14=122 = ——
Ry

14-12% Ap = QKIS in.

1225.26{10)
14125, A, = - — = 20.4mm
W0{10° ") {200)(10")

14=126. Aj = LER mm

14-127. (A y), = O 24 in. 4

A’

AMSWERS T SELFCTED PROBLEMS
293731105
14-129, &y = — = (L3657 mm
TR IR T L R
13 Ay = (L0375 mm
14-13L (A ), = 623 mm |
4-133 T R {.1a3
| . g = 1529)010) = (L1fi3 in
14-134, "!'-H. = (1156 in.
3Py
T4=125, A SAFT
4166710
14-137. 8, = ; - = {L{MI298 rad
EHHI[lII':I['-'H[HI “}_
14-138, Ay = |.54i0n,
'l-'l-l.]":‘uﬁ'q o :1:”|'
5P’
14=141, 0 GF]
P’
14-142. 8, = SET
Sl
M-143. (Ach, = 57 |
\
14-145. M = Tr M= My M= Px,M = Px,
SMyir’
be ="kt
. SP%
14=148. L', = fET
14=147. oy, = 116 MPa
14-14%9. Bending strain cnergy:
TR
() = : bl — = L1 fi+Ih.
200107 H0.5)(0.2%)
Axial force sirain encrgy:
350078
(L) = 25) — = {1344 in+lh
ZEIW 10O S 0,257
=150 A = U336 mm
14=151. (L)), = 2.23 in« LIy
236.25( 100 5
14153, A, = — = 149% mm
tAn0{10- My zoa 10"
14-154. 97y = ek
N MY el
Ml
S50y =——
14-158, 8, £l

14157, ory = 105 ksi

B53
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Allowakde stress, 4647, i
Adumimum columns, 684
Acnjgle al twasl (b, 1BD-181. 200207, 222
226, 25
crrculng shalis IXU-1K], XH-207. 250
constan orgue and, 201-202
crogs-accisoil area for 200
muliiple fergues aud, 202
moncirenlar shafiy, 232
proscedure for smlysis ol 2
sign eonvenbion for, 202- 245
thin-walled wbes, 234
tortiomal detormation wmd, TRG-18]
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|'|'rn|'|=rl:iu asf, O3, ®OT
Ansodropia moterials. 24
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inedined axes, T-T04
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2522, 251
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425
conklianl siress ol 24-25. 123-123
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displaceredt (8), 172-129, 137-144,
1531154, 173-174
eluste deformaisnn of, 122119
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force [ Mexibiliy ) methaed of analvsls
bivr, 143144
lnelasne deformatiosn, 162-16%, 174
indermal aximl force, 721
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lnad-desplacement relationship,
137=13%, 143144

materinl propertics of, 24-25

normnl sivess (org in, 24-31

privmatic birs, 24-3]

procedures Tor analysis of. 27, 123,
134, 144

relative displacement (81 of,
122125 173

residual siress i, 166-[hs, 174

Suinl Vienant's principle. 118-121, 173

sign convention og, 134 173
stabically mdelerminate, | 37142, 173
siress concentrations in, 154- 161, 174
wpu:rrms.il:inn -prlnrl-:nlu i, 136, 173
s rmmal stiess and, 151-154, 174
uniamial stress, 25-26

wni lrm deformanon. 24-15

Axes ol SYIMIMELTY, =303, 392303

Beams, 254-387, 3540-4ud, 537-557_ 564

FHE—AIS, ThI-Thh, TTH-THI,
R Ko adier Dieflection

angles with equal legs, BIE3, 807

beaning plades for, 538

bending ned, 254-357

bl -op members, 37E-382, 461,
52 565

canfilevered, 255

Castigliane's theorem applicd to.
TTh=THl

channels (C shape), SU2, Kb

composale, 312-314. 3533

CTims ascinons ol 28] -4
Al2-30%, 353

cirrved, 319-37%; 354

deflection of. 538, SeE-655, KiE

deformation of by bending. 381-2kd

design of, 337-357, 505

[abrhcaled. 541-542

flewnire formda for, 385-302, 353

[ally saressed, 554-557, 6

geamelric propertics for shipes of
HIE=ROT

hypeebolic sreers vanintions, 320

inelastic hrml:ing o, 335345, 354

infegration, method fon 573585
AXE=-R3, AS3

i aar Wiricas Yarmiions, TR4-I8T

mament dingrame for, 633-637

mornent-atiea method Tor, #lid-R12.
AA5R3T, A53

nmonprsmatie, 554565

overhanging. 255

pliane cross-seotions of, 283 312, 314

prismatic, 540547

procedures for analvsis of. 257 Ies,
MK, 373, 656, 543, TR, 7T

reinforced concrele. 3153-318

reaidonl stress of, 334-3539, 354

secbiom modhlud {5, 500554

shear and momeni diagrams lor
I5%-27] 342

shesar cemter {CF), 392-307, 402

alszar Dow () on. 3TE-301, dU1-402

shicar formula for, 361-372

shear stresses (1) i 59413

kign conventions for 256, 164505

!-iiﬂ'lrll':,l r.|.|ppnrlq:|.| 55, nis

alipes of, K

sln1:in|l:|.' meletermenme, 62 T=AM1,
BAATT. BI0-A4T_ 653

::Irltj_ﬂﬂ members, 2553111, 352=357,
250561

siress conceniratrons in, 326=318 354

klhress disiributaon, 538538

superposi tion method for 819-623,
r3-ad T RS

thin-willed members, 3R7-397, 412

transformation [acdor (o},
313314, 353

pra formed-section method wpphied
to. 313314, 353

Iransve rae shear m, 3504056

unsymme trsc bending of. 302-3k. 5353

virtual work analysis of, Th2-TRA

wide-flange (W shape) sections,
Ri=801, R-RS

Bearing plaies, 538
Bemding, 254-357. Ser also Moments { W

beams, 313-314, 353
curved beams, 319-315, 354
deforimation, 28] -354
fiexure formula for. 285-192, 333
paelastne. 335-345, 354
procedures for analvsis of. 257, 265,
M, 323
reinforced concrete beams, 315318
resbdial siress by, 338-350, 354
shizar and moment diagrams [ar,
255=271, 352
kign convenimons for 256,
Ihd, 315
sleaight membe s, 235310,
152=-353
EleEs concenirations pnd,
36-32H 354
ultimate mamcnr. 3359340
unEyIme tric, 32-348, 5353



Hending moment (AF). & 264 36] 3155
T
deformation of hearms, 264, 381, 353
elastic sirain enarpy (L), 712-724
n:qmﬁl‘rrnun and, &
shear and moment dingroms and, 2rd
Biaxnd siress, 4017
Bady [orces, 3
Boundary comelitions, 576, 652
Brittle mleriaks, 89, 10 114, 16 355,
324=575, 30F
(ntigue [ailure, 108, 31535
materinl faflure, §5% 114, 235
masim um-sarmal-siress theory, 524
Mehrs fmlure criterion, 524-515
multbaxial siress. 524-53%, 523
afress concentrntions and, 160, 335
tarkbonal hvadings, 235
Buckling, 56713
bifurcation pont. G50
colummns, S56-T13
crabbcal boad { P, 657660, T11
determintion of, -6, 711
Engessers equation fof: 635, 711
Enler load, 562663, T11
iclenl columns, AR-RAT, T11
inclhastic, G886, T11
leznst moment of inerin and, GR3
sccant formidla amd. HTE-G83, 7L
iangent modabs | ), 683685
Bauili-up members, 37582 4l
432, 5R5
desten of, 411, 543 565
shear fow (g} in, 378382, 401
Hulging. 271
Bulk mosfulus (&, 511, 533

C

Cantilevered bearns, 255
Canesian compenenis of strain, 68
Castiglinno’s thegrem, TT1-TE]
beama. applicd o, THE-TH
compatibility requirements, 772
procedures [or analysis uang, 773 778
irusses; applicd to, TI3-775
Cenler of cuivature (0], 572
Centroid, 7, 9. 319, 301 TE4-THG
Cenltobkdal wxes, oam crioss secions, 286
Channels {C shape ) propertics, 802, B
Clreular slafis, 179191, 250
Circumlerentinl {hoop) siress, 332 Jiis
Closed cross section, 224
Cohesive materinls, 23
Codumns, 656-T13
aluminuem. 8594
bk ling, 656713

conceiliee kaulmg. desdpi Dor, 892-544
critical load {75 ), 657643, 711
croid sectbonm ol . beI-AE, TIE-Tid
deflection. maximium ¥y, b, 679681
deslgn of, BE2, 93899, FE-J0T
eccentric loading. desipn for, TH3-TH07
grcenincily ruliss, HBN]1-681
effective lengih (L0, 667
Enpgessers cquation for, 685, 711
cqublibritm of, BSE-6550
Euler loacl, BhZ-663. T11
grlplm for, Bhi, ATYU-hNY AE4—BRS
GH2-654
sleal, Ahi-baS, T11
inelusiic buckling, fd—fEe, 711
beast moment of et dn, 863
pin-supported, -G
procedure for analysis of, G395
rudbivs of gvrariom (i, 663
secani [ormulin for, A78-68T T11
alenderness ratio § L), BE3-G66L, HET
sheel, FES
tangent madulis {5, G84-AES
timber, /54
VIS Supports for, Bie-aie
Combimed loadimgs. 315435
bwnxral aloess, 407
ciroumierentinl {hoog) siress
direction, g
cvlindrical wessels, 4067, 431
lul:ltplmﬂnﬂ {amial ) wlross
direction, 40
procedore [or anaslysis of 412403
roddinl siress, 8i7
sphemenl vessels, 857, 437
stie of siress caneed by, 412421, 432
thim=wnlled [rEssHTE VESSE Is,
ISk 452
Compatibabity conditsons, [37-138
143144, 628, 772
L_nrnru.;miln Arcne, TS TEH
Cormprosiie beams, bending annlysss of,
311-314, 5353
Compressaon., 124, 24
Compression fesl, 81-82
Cuornpressive stress, 23
Concentried Foree, 4
Concentnic loadisg, column desdgn (o
2599
Conscivation of smengy, TA-=T4, T5I
Constani torgue, 2001-202
Confinmty eonditions, 576, 52
Continoous migterials. 27
Comtraction, 102, 124
Conventionsl siress-sirnin ding iams. 4355
Coordinntes for delectinn, 575

[NDEN B55

lf'uphnnr [orce. B, M
Coplanar loads, §
{'nurllc momnenl, work of o, TIT
Couplings, 234
ﬂ_‘rr:l:p. NiF=101K 115
Creep strength, 107
Crtical lond [ 7). 857603, 711
Cross sections, 7, 34225, 122-123, 154141,
174, 1M-18%, 200-20, 27]-32%
334 2372239, 350351, I81-292,
JT=305, 313=F |4, FF9=-3Tk
5353400, 353354, 3A0-37T.
FET=F9T, A0 LT, ARI-6HEF, TO3=Ti
angle of twest {obh amd, 2002042
nnnulis (differential ring b, 1484,
IFT-13N
nverage nommal siress, for
determinatbon of, 24-35
panl Bopds, 2425, 121-123,
158161, 174
axis ol symmetry for 301-348,
T30
beams, ZR1=-192, 32305, 315-314,
T30, 335340, 353354,
FI-FTT, IWT-F9T, 4012
benaling delorinatnn and. 251-284,
353
bulging, 271
cenlrnid, T, 9, 319, 392
centroiclal wyis for beams, 286
cireudar, THS-1ES, M2
chrued, 224
codum s, GhI-HAS, TUd-—Tid
comstien! bond andd, 123, 173
comstant Worgque and, 20200
eocenin bopds, TOE3-Ti4
clagiie deformmion, 132125 173
hyperbolic siress variation, 320
melusin: behaveor, 162163, 174,
23713, 25], 335340, 34
sl mosment ol ineriin. had
linenr stress varinlicn, 182, 28487
meethodd of secteons and, 7
neuiral axss lop beams, IHE-2E
286=TET, 305, 519330
pline. 282 512 519
pedar moment of ineria of, 183
enclivis of gvration {rh, i3
rectangular. 271 =223, Af3
shinfis, LEO=3H9, 200202, 227 35()
shinpe vimntions, 232, 320
shear siress (1), TE2-18S
salicl, 184, I
slres cosceniration Factor | &),
158161, 174, 234
than-walled membere, 387-397. 402
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Lross sections | cereimmed )
torsiomal loads, TRO=1E 200,
27338 33T7-1E9, 25251
transformed-section method.
F13=3]4 353
transverse shesr stress, 361-177,
ART=34T Hil =42
tubilar, 185, 1%
|ir::::,'rnr'|1|:l'ri|:q|. Hh2-315
whrping, 32337 a4 10
Courviiure-momentum relabonship.
AT-AT72
Courved-beam fowmaula, 321-322
Curved beams, bendimy analysis ol
A19-325, 354
Cybindiseal vessels, combaned loadings o,
Hw 07, 432

D
Deflection, 3%, Sak—655, A7T0-641, MK
hieams, 535, S8
columns. BT9—REL
coordinates, 575
diseontinuity functions, 3981, 657
displacement, 3T3-585, Aol 552
elustic curve Tor, 5F9-6011, /52
iniegratboen, method. 573565
28R
MR vy b, BT
maxmeni=arei method, Gl3-017,
633037, p53
procedures [or nnalysis of, 577, 597,
&R, 642
sgn conventions for, 375, pH-H5
:|J|.|p|:- AT 575K ald-a12, 632
stmticilly indeterminate shafiz and
beama, 62 T-430, 633017

B39-HT, 653
siperposition. method of, £19-A23,
BII-HT, 653

e el e boghies. 423

boames, I8 1-244_ 353
bending. 281-284, 353
bulgimp. 221
chinges in o body, A53-68
circular shiafts, 179-181
crows-aectiens and, 24-25. D516l
174, |B0-1K], 223 281-244 353
clostie, 84, 56 F13-114. 12314
imelastic, 162=165, 174
mechinlcal materizl properiics ind,
B, BT=0 []13=114
noncircular shalis, 231233
plastic behavior, §4. %1, 113-114
principol mleceses (in-planeb,
245451, 440
principad sleains. 490, 532
Snint-Venant 5 principle, 119121, 173
shear atran (¥), 18181
striin anergy, 92-596, 114
sUpRerpHasTlon, pranciple of, 136, 173
targigsnul, 179180, 221-323
iniai fren, 2425
warping, 221-122
yaelding, B4, K7-89, 113
Density, sirain-cneigy (). 42
Design, 47=-59, A1, [9I-191, 55375357, 545,
B2, G 3-pae, TUS-TUT
aluminum columns, 94
beams, 337T-557. 565
cnlummns, A2, TG0 TT-THT
concenlvic loading of columns.
[l BB
wevenbre lading of columns, TE-T07
power transmission and, 19H-1%)
:r.lrr.rr:n_'lJun.'s ol iaridyses or, 48,
543, b95
socund Formada wmd, 442
shafis, 14191, 355-565
sumiplie conneciions, 47-3% A
steel columns, 6%3
timher columns, A%

Dinscontinudiy functions. S9e—alil, £52
Diiscosn limsus Tunctions, 254
|:}quu|i|.-;.'4.'m|;n| (A, 172129137144,

151-154, 173174

axially loadied membem, 122-125
137-144, I51-1534. 173174

coanpratibiliy {kiseomane ) conditions,
L37-138, 143-144

elashic defomation, 122125
151-134, 173-174

force |'|'I|:;I|j|1||||::|.':| method Tor, 143144

lond-displncement relationship,
137=134, 43144 173

provedure For nnalyeis of, 125,
138,144

redalive, 122-125% 173

sign comvention {or, 124

slatically mdetermnaie members,
137-142

thermal fateess) (8 1h, 151-154. 174

Biestortion energy, 522-313
Doesiribuiced loads. 262-264, 594546
Dagsturhing sprimg foros, 658

Ductile materials, K7-K8_ 113, 135,

53523 533
fadlore of, 235, 52-323_ 533
mximumn-distoron-cnergy seory,
522523
miaximum-shear-airess tseory,
52M=521
miubiaind siress, 530-535_ 5535
slipping, 520-521
slrcss concenliatmn, 215
slress—siTain diagrams for BT-H8 113
totsonal loadings. 235
Tresca vield criterion, 521

Eccentne Il.m.l.‘l'mp_ cedinmm |.1-,:1|E_11 for

T3-T7

EI:I'.L"HI:I’iI.'.iI‘:p‘ ralm, 6] -A82

Effective length (1), 647

Effecive slendemess mabice [ K Tarh, 667
Effective-slendemess ratio, 66T
Elastic hehawvior, B4, Bh, ks, 90-9], 1034

trosds ection, T

ci,plnl'ilmu ol c|:|:|.|.iH[1-1'i.1|:|1'| i
capteilitraum of 4-22
exfernal londs. 4-5

torg e diagrame o 355
Thiferaniml 'rin-g fonmmubusy, 184, I37-23%
Drilatation (#], 310-511_ 533

witerml resulinn boaads, -9

|'Ir|'r|}Ei].1t|'l: for In.'l.]z.'.'sq_r. aof. il

gt laf-liasid rulbe for, B

EHppOn reachions, 3

Dheloromution, 24-25, b5—aK, Hd, 8706 10k,

1E5=104, 118177, I79-1K]
311323 TH1-2E4, 353 4454510,
Ak 490, 532, See also
Displacerment (8 Stiamn (7

nnglhe of twist by, [R5, 222

acrally loaded wicmbers, 24-35,

118177

Dhircct (simple ) sheor bonds, 32
Mhirection {orlentation . 390, 406 443443,
48010, 45480, 517 510
irarmiil and shear stvhin components,
4E5u, 532
naaranal and shear siress comnponcnls,
2447, 4
'|1|i|.‘||.' Ao lrasslarcnahion.
4h5—8t, 537
planc-stress ransformateon,
4472 443 LK
siress, sense nl 391, HE
AiTess trnpeciories. 359

113-114, 122-1249, 151-154,
159-161, 173-174, 234-237, 251,
A2h—124, 354
axinlly loaded members, 122-129,
150-161. I71-174
hending (beamy), 326-3248, 354
cros-sechional prea of, 122-123, 173
deformation, 84, 115-114, 122-124%,
151=154. [73=174
desplacement (B and. 123-129.
E51=154, 173=174
clastic limi. 54, 826, 113




nrialinear, EH
procedure for nnalysis of, 125
prresgrt tnobil Do {imel, B4, KA, 1
relative displacemeni (&) of.
I2-12% 17
shiear mwdulus (675, 104
sipn conveniion for, 124
slress concentrptions, 13961, 174,
234=237, I5], 32=-33R: 454
thermal deplacemeni (siress) {87,
|51~154, 174
tonsbonnl hyads. 354-337 5]
Young’s modulus (F5 9091, 113114
Elastie curve, SH8-HIXK 53
bBoundary conditions. 576, 552
cenler of cirvatine (£, 572
contmully conditions, 576 /52
conrdinates, $7%
deflection diagram ol 5H#-571
discontasuily Tunelwns, She-4l 552
distributed loadingy, 55935496
elasticn, 573
Neswral rigidiny [ EN. 571 574
inflection poinl, 578
imtegration, meihod for, 5T3-565
miernnl momenis and. 571-572
hacauly functions. 594555
moment=irei method Tor SE-/12
mment-curvature telationship.
571572
procedares [or analysis of, 577-597
radins of curvaiare, 377
sign conveniion Tog, 575
simgulaniy functions, 55%5-596
shope of. 3701, ST3-5KS, AM-412
inngents o, Hl4-Ho
Elastic-plastic tongue, 297-13K
Elastic straim enetgy (L)), THE-T2H
axial lacds, THET21
bBending momenis. T22-724
trainsveise shear, TH-T26
torsismnl momenis. T21-T28
Elnstien, 573
Elastoplastic behavior, 162-1635, 174
Electrical-resistance sirain pauge, K1, 5i4
Elongution, BT, 102, LE5, 124
Endurance {[ntigiaz ) Bl (5,1, 108108
Eitergy mcilds, TI4-THI
Castiglinna's theorem, 771-THI
conservalion of encegy. T33-T34, THI
couple moment, work of, 717
clostic strain enarpy (L5}, T2-T28
external work, T15-T19
forew. wark af, 716
impaci hoading, 74T
infernnl work, 717=728
method TSE-TT0, 78]

sLrumm energy, T15-724
virtual work, TRI=T70L 781
Engesser’s equation, 645 711
Engineering stress or sirnin, 33
Equilibrium. 4-37 35-34 33, 6l 654859
awinl loads, 25-24
collumn buck ling and, G54-R59
casplanar loasds 9
deformabde bivdies, 422
cliatbes of, &, Gl
external Inads, 45
(rec-body diaprnms. 49
micrmal resuliani lnads, 7-8
neuiral. 659
nsermninl stregss (o), 2526
proceduse [or analysis of, 10
shear stress ), 33
speing force wad, H5H-654
sinhle, ASE-ASY
hurllﬂl‘ll rescinns, ﬁ
unstmhle, B5E-H54
Enler load, aR2—6ad, TH
Extenaomeier, B2
External loads, -5
External work, T15-T14

F
Fahricaled heams, 341541, 565
bandhi-up rections. 543 565
design of, 331547, 565
ghitlam beams. 342
sleel pections, 541
wond seclmns, 341-543
Factor of safedy (F.5), 4647, &0
Fiilisre, 07106 115 335, §34-507, 533
axinl losdimgs, 107-109, 115
brittle oualerials. 108, I35
534525, 533
crecp, HKIT-TI8, 115
ductile matenals, 235, §H-525, 533
cndornnoe {fabigue | lima (55
-1
[mispue, TOE=TU8, 115, X35
Tracture, 320, 574
mxmum-diztorion-energy theary.
£13-57
mxEm wrm-narmal-siress theory, 524
manminm-shear-siess theory.
A2i-571
Slabies Tagluire critenion, 524525
multiaxial sivess, 30527, 533
slippang, SM0-521
sipces concentrmions and, 1L 255
stress=cyvele (5= N dingrams for,
T 10
forsicmal lnadings, 135
Tresca yield erilerisn, 521

[nmes 857

Fatlgoe, HE-100. 115, 16 235
Flexibility methad of analysis. [43-144
Flexueal cenber {£F). 335303
Flexural rigidiry (£, 572, 574
Flexmre formioka, 285242, 353
Foece {F), 49, 3323 93 T5d 785, 335,
iR L
huody. 5
comcenirated, 4
comcentmled moments and, regnsns
of, 264
copluar, &, §
desiurbing, /33
eyuations of cquilibrium, &
extemal boads. 43
mtermal reswltant loads. T-8
ncermal () K
resloring. 634
resuliont [ Fgl, 4, 7-4, 85, 335
whear [V, B
siress components, 12-23
sy, ASE—A5Y
SO PeaClions, 5
surface, 2
weight, 5
wisrke, W2
Foree method of annlyss. 43144,
39037
Fracture stress o). 55
Fracture, 520 524
Fully stresed beams, 534-557, 565

G

Crnupe-length distanoe 42
Crpupe pressure, 405
Cilidmim beans. S42

H

Hevre { Hed, wnis of, 190

Homopenons materalks, 24

Hookes hew, B-91, 113, iS50
Hoop { circumferentinl i stress, 337, #06
Hyperholic siress varanon, 330

I

ldeal columns, fill-605, 711
critecal logd (P ). BS-663, T11
Euler lond, B62-663, T11
least moment of mertia in, 863
pun-sppartecd, BE0-GF5, 711
raciug of gy ratn (rh, 563
slendemess mtie (L), AR50
trivial slution lor, phl—hGd

It lasding, T40-745

Inckined axes. momments ol et for an

arcs aboul, 79T
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Inclaste: behaveor, 162-168, 174 237-241.
250, 355345, 354
arvivitlus { i Terential ding ), 357-234
nxial londs, 162-[6s8, 174
hending {beams), 335345, 3534
eroas section of, 162-143, 174
2AT=239, 251, 335=-34), 354
de lsremntion, [el-165 174
-Elilﬁlll:-rllls-lil.‘ Lorgue, 137=23K
clastoplasne. 1a2-143, 174
lmear mormal-strin disiribuiaon, 335
plastic moment {8y, 3563349 354
|'I|.i"-|.i|? borgue |"|"rI b 234
resicdusl stress (1,0, 1hE=168. 174,
230241, 251, 33K=-339, 354
resuliant foree (Fg) 335
resuliant movmend (s 335
torspommd loads, 237-241. 251
ultimaic moment, 339-34), 35
Inelaste: buckling, 6E4-ase, 711
Enpessers equation lor. 585, 711
Shamley theory of, RES
tungent mrodulue CF ),
fEd-rlS
Lrian (), 247, 303305, 663, TH7-THI
TUL-TYG
aten (A morments of, THF-THL
TR
bending. 247
column buekling. i3
mclned axes, Td-T9
leasn mosment of, 03
Mol s carele for moments of,
TaT-TiE
mexments of. 287, S1d=3015, TRT=TW1,
To4—TiH
pllmHnLa':-::ir. theorem for
T 7-THy, T3
|'|ri|1ri|'|a| aves ol 33, 795=705
product of, 303, ™9I-T43
unsymmei e hendimg, 3E-3015
Inflecinon poin, 370
Integration. 373585, 25630
dellzciin, 573585, 625630
clastic curve by, 5T3-555
shatecally incetermbalo shinlis and
heams, GE-634)
Lt tmal axil foree, 7201
Imbermal lovaids, T-8, 22, 26, 34, 6
meihod of seetimmns o, 7-3
resultant normal siress (7, 2, 6l
shear, 34
siress mnd, T-4, 22 Gdh
Internal shear, 34
Inpermal waork, TIT-738 75754,
See alvo SiTin energy
lsemropic materialy. 24

K
Kevways, 134
Kimcrmatic conditlons, 137-138

L

Lateral comtraction, 12
Least maomend o merto, B3
Linzar cocflicsem of thermal expansion
{eeh, 151
Linear distribmiied Toad wish, 4
Linear movrmal-strnin cdistrbomon, 335
Lincar stresa/sirain vafialons, 152
284 IRT
Lasidl (P, 449, 23 232 118177
2A2-204, 4015435, 594500
BAT-AR GAI-A05 52—
TOF=TIT, ThE, T2A=T2ZK, T40=T45
acial, 24-31. 116177, 72T
bifurcntion poinmt, A58
column buckling, a3 T-pall, 2643,
GRI-R9G, WE-TOT, 711
combinod. 05135
comcen i, G91-H19
cuvintimnd sireds ol 24-2%, 112-123
coplanar, 4
cratical [P, ). 65706l 71 1
cross section, 7
teflection and, S0d-5496
direct (simple | shear, 32
distributzd, 27, 2A2=26d, 5005495
coceniric, TE-T07
elastic siraim enerpy for, T20-724
cquilibrivm ol delormable bodics
and, 49
Enler fomnmula for, Ail-663, T1
external, 4=5
foree {F) and. 44
imipaci, TH-T45
infenmal, -8 332 24, 54, &l
limear distributed a4
moancinls Ay o, =4
repions of distributed. 262-Tnd
trce-dime ntdonal resuliant. 8

Load-displucemeni relatinonship, 137-138,

1431440, 173
Longiiudinal {axial ) srress. 46
I_|1ngi1|.|:r]i|1.ql r.'InnEn.I'irm. 2
Lidders lases, 330521

"]
Mlnul_\' Tuenctisns, ¥94--505
Mapgnitude, 26
Mlatcrial prnp;rliq.l.. 37,2425 Bl=117
MIk-515. 533
anisoirogar. 24
bralile s, #4916, 114
bl mesfulus (&), 511, 533

codicrive, 22
continuons, 17
CTECP 1E7=1E, 115
dilaraticn {23, 510-311_ 533
duciifiny, £7=84, 113
clastic behavion B4 K8 S0-91,
113=114
(ailure, 107100k 115
fatigue, 18- 109, 115
homogenous, 14
Hooke Tnw, 051, 113, S8-S0
u:'nli:rup'n:, 4
micchamical, #1017
onvilulias of elastisiy (5, 9091, 113
miodulas of resibience {(w b, 92 114
snoclulis af ramdiiy {68, 10kl
mdulue of ieughness (i), 93, 114
el st siress and stram, SE-515
necking, 85, 113
pernanenl el
plistnd behiwvioe. 84, 91 113-114
Pobsson™s rabige (og, WR2=103, [15
alvear modulus (OF), 108106,
P15, 5084, 533
slrmbn coe gy, 92— 114
strmin hardening, K5, 81, 113114
alEmin fransforaton and
relntinnships of, $ik-515, 5333
slrcsa—strain (- | diagrms o
B3t L4-lih, | 153-115
lunsiom [I.‘imlFrTl.'!iHil.r:l‘l.l ekl Lo,
Bl-K2, 113
umiform delommation, 24-15
viehling, 84, 113
blaximum delection (v b, 6759581
Maximum-distoriion-enerey theory,
5235713
Maximum-normal-stress theary, 534
Maximum-shoar-siress I:I1|:nr:,'. 52511
Mechanics of materials, 3
Method of sections, 7-%
Muodulus ol elastciy { £, =01,
| 13014, 506
Mol of resillence Qi) 42, 114
Modulug of rigidiby (£, 104
Mo ulus of rugiaiie §5, o o). 240, 338
Modulus nf louphness (), 93, 114
Moht’s clrele, 461407, 451, 494Ul
524515, 531-553, T9-T49
arei (A ) moeneials of e, T7-790
Slahr's fallure eritenon, 5245255353
plane-siram irnsiormatin
44408 552
plinessiress fransiormation
461467, 441
procedores for analyvsis ol 463-464,
AU—a05




Mosnenl-aren method, tdbd—6173,
6A-A3T RS2
lhhl'll‘.l.l:l;l‘lll:l‘ll by, blbd—a12
mvment dingrams for. 633-037
;"|rl.'l|;l.'!L|IJ:I'I.' [ils nnql:.r:'p: ol , Al¥
slape by, -6 2
statically mdeterminale shafis and
beams. A33—R37, A3
theorem 1, 6k-G{15
thenrem 2, 6ils
Momenis (W), 6%, 264, 2K, 287, 32-305,
F35-340 353354 339 ATI-ATL
THT-THI, 94T
aria {A). TET-TKL T94-To4
arbitrurily applicd. 3I4-345
bending (beams), 3, 251, Hi2-3005,
335340, 353-3
concenlraied foree and, fegsons
ul, 2nd
coplanar |owds, Y
curvidiure reltionshap. 571-372
defbectinn, 571=572
clastic curve and, 37 1-572
equilibrivm an, -5
incitin [k 287, 304305, TT-70)_
TH4-Tan
infernal, 5T1-572
plastic { My). 136319, 354
prancipal axis, spphicd alone.
2T, TUS
resuliant (M g). 6K, 335 559
resaliani boids, -k
torsnal ), =
ultimate, 339-340, 3534
WAy meir|c h|:|1-.'|:|r|g. J2-RA
Multiaxiol siress and strpin, StE-515.
S2U=527, 533, 7149 See atoo Fallure
Muluple torques along & shiali,
JI2-2113

M
Mecking, 83, 113
Mewiral axim, beam cross sechons, 282284
XEn-2ET 30 314
M ewiral -z-:i.|_:||:ilihri.||r|1. [oh i)
Muominal giress or klrakn, 41
Moncircular shafis, 221-223, 251
Monlinear plasiic behasion, BE
Monprismatic beams. 554, 303
Mormal Loree { W) 8
feormal force {axial ) dingram, 26, 124
Mol sirein (e), ab—0T, IH4-2E7 220, 335,
4H5—u, 537
determmation of, =67
hyperbolic varaion of, 33
linear distribarion, 335
limear variatbon of, 254-2K7

plivtee-siram Wansformation
orlentition, 44566, 40738, 532

prbicipal strains. 49, 532

Morm siress [erh, 23-31, Bl |82, 2H4-387,
447493 45451, 40, T17=T18

allvwwnble for g0, 4547, b

average, 1311, 6o

axinlly loaded bars. 23-3

I.'h.F:II.'IFr:I'-L'Ih:i'I.'L'. 33

codmEtant, 2425

cross-seclional aren for, 14

diete rmbnation of, 23, B

cistrihutpm of nve npe, 25

cgublibrivin and. 2526

imternal loading (7. 27, 4l

lineat varistion of. 284287

mn.gnlllidr: wrd, 26

ol rial [ parri, assumpisons o
24-25

Mmaxmmum average, Ih

pline-siress ransfommation
orenaiion, &42-143, 481

principal stresses {in-plane|,
445451 4800

prismatic bars and. 24-3 |

procedurs [or analysis of. 27

sirain energy and. TIT-7T14

fensle 13

o

Ciifset method for ductile matenols, B7-E4
Cirientation, co¢ Direction

Uvethanging heame, 255

P

Farallel-axis theorsm, TE7-Ts8k8, T42
Percent chongaisnon. 87, 113
Percent reduction in area, 857, 113
Pefectly plaste malerials, B4, Bal
Permnent sat o material, 41
™ nnw:prmn.:d ciihemns, Afdl-HRS
Plune cross sections, 282 502 319
Plone stramm. 48549, 512
takimm in-plane shear, 490532
Mok circle for, 494-408 532
aerrimind aisid shear component
nrleniation, $E5-4R89, 537
permicipal slimins, 95 532
procedure [or analysis of, 4345
slgn convenisn for, 486, K4
irinsformution cquaticns for,
e L)
Plame stress, 43745, 461267 48024]
wi-plane prncipal sirosses,
H5A5], 40
mximum in-plane shear, 447, 380
bfohrs clrele for 461467, 451

InmE gL

nurmal wod shear componcai
arientation, 422343 4510
proceduncs lor nealysls of, 439_443,
4344
sdpria comvetlbon (os, 442
state of, 437341
fransformatron, 337-444
Plastic beloavior, S48, 113-114_ 182-1483,
174, 239
uxenl bonds, 162-164_ 174
crioss sechions for, 162=103, 174, 233
delormation, 84, 16I-164, 1 T4
c]:ﬁlnplardjr, 162=103, 174
percetly, 84, 162, 234
plastic torgue { T, 139
sieamn bt dening, 91, 114
yielding, 24, 113
Plastic moanenl { &0, 336330, 354
Plastic torgue (1,5, 239-240, 25]
Plate girder, 542
Poisson's rmtie (o, 102-103, 115
Polur soment ol meis G 13136
Povwer (') Lranamissson, |Wi-141
Pressure wessels, combined loadings nf
A5uE, 432
P'rimcapal axis, momeniz applhed nbong,
Si2-303
M'rincapal sivains, 4490, 532
Primcapal siresscs (in-plane).
445451, 4KQ)
Prismalic bars. 24-31
Prismatic heams, desien of. 390347
Product of merta, 303, T91-793
Prosportional lmit {ir.), &2, 86, 104
P shicar, 33

R

Radinl siress. 322, 417

Badus of enrvature, 572

Badies of gyration (+), 6h3

Beactions. 4-5

Redundanis. 427

Remborced concrele bopms; |':I'I|:|I|.'I|£

anilveis of 315314
Relnirve n.'lis.rlla;l.' ment (63, 122-125, 173
Residual sticss (0. Lhe=168, 174, 239-24]
5], 33E-339, 354

axinl boudings, 1ea-168, 174
hemdimg (bepms |, 238339, 354
torssonal loadings, 234-241, 251

Restonng spring [oroe, rSk

Besiliant { 7. 4, T-8.2n, 2E5, 335, 534
foree [Fgh 4, -4 185, 335
miernal foree (), 7-5. 26
maoment { Mg 335, 559
three-dimensional, &

Raght-linnd pule, 8. 185, Hi2-103
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Saint Venani's principle, 119-121, 173
Secand formuda, 6TH—653, 711
Section maodules [5), 54, 554
Shalis, 179-19], JW-207, 321-223;
I50-23], 558505, G2T-a3).
AFA=A3T, AAN=-H47T, (53
angle of owist {d, TR-181 Ha-207,
272, 1, 2
bukgimg, 320
circolnr [T9=191, 250
consiant torgue nnd, 201-202
croas sections ol FE0=1E9, 2il=-312,
B 1]
deNection of, 627-63), B33-637,
A3t-nd7, A5
desion. IHI-191, 558505
[oree metlsod forn, A-6ET, A%3
frequency of rotarien (7, 190
imie g tatbon me thod fo0, B2E-A30 &5
maximum torsional (shear) sress
{ e } 0L 1H5-1EA
misment dingrams for, A33-n37
masme al-ared meihod forn
H33-A37, /53
muzltaple forgques along, 20122463
moncieclar, $31-22% 25]
polar moment af imerim (3, T83- 186
power iansetission by, 191491
pr:h:.uch.l:n'_s lor nan:,ru'r: of, 186, 24
resultant momenl fos, 559
shenrsiress () distribation, [EL-180,
aqlidd, i, [0
superpositon method for
f33-037, A3
torgue diagrams For, RS, 203, 358
torssnn {oomviala for, 142159
tortional delformation pnd, 17951
tubular, 145, 1%
warping. 3211-212
Shanbey theory of belasiie buckling, 665
Shear and moameni disgrames, 255-27], 352
beams, 255271, 352
bending and. 355371 353
concentried force wmd miomend,
regions ol Jhd
dicomtinucis unctissns o, 256
distribaried loads, regions of. 363-T64
Tunections of . 256
e plibcal method for constraetion ol
3-371, 352
|'|ru-L'|.'rJ'_u.r|'_| T amalysis ol
5T, 165
regions ol 256 26164
slope (shear) of. 263, 352
adgn conveniicd for. 256 Jed
Shear center { O, 392-397, 82

Shear flow i), 224-234, 375341 401442
built-up members, 375352 4
directional sense ol 39
limearite of. 388, 3%
parallel, 3E7. 390
thin-walled members, 387-391, 402
thin-walled tubes, T24-226
torsienul boading and. 124224
irnnsverse slear amd, 3TE-391, 401012
verbical 387

Shear force (W), B

Shear formvila, 561-372, 41
hermeonial force cquiﬁhw'r‘m. IG1
limanitions on use ol, 364-345
procedure [or analysis using, 306
shuear stress (1) for 302-36R3

Shear moduolus (G, W—106, 115, 510, 333

Shear sirain (v ), 67, 18182, 485446,

4874532
detcrmusation of, A7
limair warialion in, 182
i in-plae, 90 532
plane-strnin transfommation
afmenialing. 48518y, 533
tusisbsiil deformativon and. |B0-1%1
Shear siress {th, 23, 32-37, 4447, A,
Li—11, 115, 162-189, 235-2%,
150, 350013, 447-443, 44T
475477, Asl—E] TIE-T19
absthile MATITE (T, ) 1R2-153,
185186, 473477, 46451
mllovwnhle {1,k $0—47, Bl
AVETARE [ Tyyy b T25-2240, 351
BveTREE (75, b 3245, L) 125-206, 35]
beams. 359413
complementary propeny of. 33
CusnpradEn| prenladinn.
A 243 Akl
detcrminniinn of, 23, &l
hireet {simpde ) boads, 33
couilibrium and. 33
intermal, 54
lenear variatisn m, 162
inaEEinm in-plane, 447, 350
mochlos of elisocibyirgidiy (G
H- 106 115
plane-sireas ranslommsiion, 442443,
447, 4T3AT7T, Asl-481
procedures for analysis of. 34
prograrisanal Lol 1,0, Hid
pure, 3%, 114
shall distnbutson, 1R4-184
simple {ilivect | loads, 32
sirain energy. v, TIS-T19
thin-wallid bes, 235315, 35]

torsional boncls and, JH2=189,
235238 35

s v rse, 359413
ultimate (70, 14
Shear strcss—sinn digroms, 1d-106, 115
Shoukder filleis. 234
Sdpn comventio, B, 124, 173, 165, 200-216,
236 a4, 505 447 486 dEw. 575,
ARG
amgle of twast (). 2032413
wxiad loads, 124, 173
bending, 356, 264 305
defleciinn, 575, td-A(15
right-hand rule for, 8 185, 30213
straim irnnsformatron, 356 4849
lbcss translormation. 42
forgue {7, DHS, 202-205
Simple {directh shear loads, 32
Simply supporied berms, 235, 635
Sngularity funetions. 59559
Blendermess mtio | L), 6r3—664, BT
Shpping. 520511
Slope, 263, 357, 57, 573585, HiH-6] 2.
fA2 Hi
bewmg, B
hending (shenr), 263, 352
defleciion, 571, 573555, 6ld-a12 65T
claghic curve, 570, 573=5K5
moiment-nrea method for sl-613
Small sirain analysis, /4
Salid shinlts 184, 194
Sphencal vessels, comhimed loadings of.
AUT, 432
Spring foree, 6SE-639
Suable equilibrivm, fbE-a5%
State of siTwin, 68
Stote of siress, I8 12437 437, 3374410
coimbined boadings and. 412321 432
determination ol, I
plane siress franslormatbon, 437441
procedures lor nnal}'.mnf. 413-313, 434
Stnteeadly indere rminnie members.
1AT=142, 173. 214217, 250
axinlly-loaded, 137-143. 173
benme, A2 T-630) AFF-RERT,
EA-A47. 653
cownpalibality comaditions for, G2E
difleciion ol AI7-R50, 623457,
L3 T, BA3
Toree metliod for. G38-/47, A53
mtegration method for, G38-631, 653
onuzeenl diagrams Tod, B33-637
moment-ares method fon 633637, /53
procedones for wialyae ol
38, 215, 642
rechundnnds, 627
rluelis. B2 T4, GBE-R3T, A39-647, 633
superposition method for, 3637, /53
forgue-lsaded. 204217 250



Steel colupms. 043
Steel sechions of beams, 541
Siratphl members, tee B
Straim, 6574, FRO-18], 484-5335 See alw
Mormal stram [« ) Shear stram I"ll:
Canesian components o, B8
diformeainon and, A5-63
englnecring, #3
mulliaxial, 38515
il ¥3
ngsrrmal {6, =0T
shiar {9, 67 18141
amall strain analysis, 649
alale ol &8
transformption, 484535
iy of, Bh—67
Sirain emerpy | L0, 92-93, 114,
715735 T8l
defnrmation and, 92-43, 114
densiiy, 42
chasthz, T20-T2H
exbermitl work and. T15=-T19, 781
o idus of resilicnee (i), 92, 114
modilus of loughness (). %3114
multiagial styeas, 7%
normnl seress (irk, T17=T1K
ahenr stress (7), TIR-TIY
Strain hardening, =55, @1 1135114
HookeX law and, 91, 114
permanent sel of maleriaks, %1
iligmale siress (o) 85113
Sirain rosaiies, 3-S5
Stramn transforimatson, 484-4535
absoliule maximum shear strain.
S12=5013, 532
bl modulus (k0 301,533
dilnimtenn fep, 510511, 333
electrical-reslstance siran gange
o, Sdid
equaian [oe 6493
Farlure, theories of, 53527, 533
Hiwke s law for, SUk-34m 533
in-plikne shenr sirain, 49, 332
e rial-property relaloaships, 58-515
Mohrs circle. 494248, 574525,
531-533
normal and shear companent
orienialn. 4554549, 512
plane sirain, H5—304, 5357
poncipal slrais. 4941, 532
procedure [or annlysis of, 494495
shenr modulos (G for, 510, 533
s convenion o, $k
siriin roseiles, 54-505
Strews, 163, B3 85, [d-1dka. 115, 155161,
I6f=164, 174, 239-24], 151
F2-322 Jik-HT, 430—H3,

SUs—315, See mieo Morm slress
{er ) Shear steess (7]
alltranble, L6547, fi
axial_dun
wxinlly loaded membemn, 24-31,
158-1m1. Inh-168. 174
banxianld, 317
cireumierentinl, 323, M
fnm[rn::siw:. X3
comcentrablons. 15E-161. 174
curved bgams, 320322
deformalile bodbes, 4-22
dirgetional semse of, 3K 406
clugineerng. Kl
cquilibrium amd, 4-22. 25-26, 33, fd
factor of saleiy (F5.]. 4647, ol
fracture (i), B3
howp, 322 4006
longitudinal . i
omdedial propesties and, 22, 24-25
mechnndcs of male riabe 34
mnbtimsand, S0HE-515
ncemiinl, 53
norrmnl {ard, 2331, Al 320
prismatic bars. 24-31
provedores for annlyss of. 27, 534, 48
roddial. 322 407
restcbunl (7.0 166-1R8. 174,
=241, 351
shiear {71, 23, 32=37, &), Nd=]1i6, 115
rmple eonnections, 47-59, 60
stile of, 23
fenside, 13
thermal, 151-154, 174
translormation, 430483
trinxial, 473
ulicmate {or b 85 1l
undis of, 13
Siress concenlratisa, 159141, 174,
234-237. 251, 326-324, 354
amial loacs, 159<1A1, 174
bending (heams), 336-328, 354
Tacior (K} [r_r.prllas_ I8d1-16A1
14235 306
maberial fnilure and, 183, 238
dnsisicenal kends. 234-237_ 251
Stress-oycle ($-N dingrams, M8-1(19
Stresa—sirain (-] diagrams, 33916,
lH=1dm, 113-115
brrilile malerizls. ¥49. 114
convoniinil, K353
ductile materals, B7-84 113
clastic behnvior, =4 W91, 104,
113-114
endurince | Tatigue b lima (5 0.
- T
Hooke's [aw, W91

InmE g41

neckmy. K5, 113
noimiial {enginecring ) siress of
sbramm, K3
offset method, 575k
plastic hehavior, w4, 91, 113114
Presiseanns ratlor (g, 102103, 115
|'|Tn|'h_'|1'rimul Hiemd I'rrlujl. (=
#h, 114
shear, 1d-Ite, 115
strain enerey. $2-96, 114
sirmin hn.rl;ln;-.npng ®5, %]
113114
Eruee, By=Rb
ullimile stress (er, b, 85, [
wield poimi daryy, 54, 114
wielding, 84, 113
Suress irnjectorics, 55%
Aireas Drunsformmison, 430143
abeolule mokimum shear stress
[ Tagagls 473477, dE(-I81
euyguitions fior, 44224
is-plane shiar strsss, 447, 480
Mobirs crcle for, 461467, 451
newrmal amid shear component
orieniition, 442343 450
plane stress, 437-45], 461-467
EE R E |
principal stresses. 445451, 480
procedures for annlyse of, 430 443,
4n3-drd
sl comvenbion fog 442
iriminl sivess, 473
Structieral shapes, geometns propeties of,
BIH-EOT
Sl.q:l.':'puhihun. 136, 173, 614-A25,
63347, (33
wsnad loaded members, 134, 173
delleetion, method For, 819-623,
LR b
force method as. 39647
maoment diagrams by, A33-/37
principle af, 1346, 173
proce dure for ll'lll}'!-‘i!- I1r. hdl
slitically indeteiminate shalts and
hepms, B33=-647, 653
Sigppon peaclions. 5
51|.'|'||1|1!1;_ [orr ctalumns, Geb-raa9
Sarface forces, 4

T

Tangent modulus E}, al4-a5

Tnngunlr. Lo glastic corve, SlE-Hl

Tensile stress. 23

Tenssom tewl, 8] =K3, [13, 524

Tensman, 124

Thermal (siress) displacement {§ ) and.
151-154, 174




B2 INpEX

Ihen-wallod memilers, 37397 402
nxis of symmetry, 32553
shiear cenler (£, 393-307. 40
shear Now (g, AHT-391, 42
twrisling. 392393

Thin-walled pressure vessels, combined

Inn:l'.-ing:- aoff, A005=4ik, 432
Tienher eohiemns. 5594

Torgque { T, 85 1TE=18%, 2K207, a4,

28]
anghe ol pwist (d b nnad, 1B 151,
A-MUT, 350
constand, Hi-2u032
elastac-plastic, 237-35K,
240, 251
extemal, 179-181
imelastic torsion and, 237-234, 151
intercand, 1EI=TRY, 200-T07, 2%
maximm elasdic | ©y), 237-138
i liiple. 20320
phastic { T). 239240, 251
tesddual slress and, Z30-244 35]
right-hand rule for, FES, 202-X13
sign convention for, 188, J0-2410
loskon formila for, FE2-159
Iomssnnanl momenl, as, 8
ulidmite {11 341
Torgque diagram, |83, M3, 558
Torsion, 178253, 737-724. See pluwo
Torgue { T
gl ol twist (b ), TRE1EE, 22117
2T 1. 3
croas seclions fodn, 180-T89. i-202
13-13% 34235, 2H-25]
deformation, 1749181
clastic straim encrey (L7), T27-T2H
Tormula for 12191
inclnstic, 237-234, 151
imosdialics sl ruplure {7,). 240
imement a5 orgue {71, 8
power iTnnarmission nnd,
=19, 2540
procedures for analysis of, 16, 24
resdual sireas 1,0, 230244 251
shafis, 179191, Z21-223, 250-35]
sheir striin () wnd, TRI-181

shenr siress {v) and, |K2=189
shgn eonveniions for, 185, Mi2-703
stibic loadings, 235
alatically indeie rminate members
and. 214-217, 25
stress concentration lactor (K,
XH4-I37 351
lbes, 85, F14-07G T5]
weiping, 2223 5]
Transtormation. sev Siress translormstion;
SeErain trunsformation
Transformatsnn factor (e k, 3132314, 353
Teansformed secthon method, 3553-314, 353
Trunsverse shear, 359205, T25-T16
beams and. 359805
bavili-up members, 378382 4601
elaktic strain cnergy (L), 725726
procedures for analysis of, 3466
shear cenfer [ (1), 392-349T7. M0
shear Now (), FTE-391, 401312
shear lormula Tor, 361-372
atrmlghil beams, 356341
thin-walled membems, 387=397, 402
Walping cross-sections. 3i-3al
Tresca vield crilenion, 521
Triaxial sireas, 473, 509
True siress-sirnin diagrmms. 8580
Trusses, TH5-T50, TT5-T75
Cartighanno's theorem lor, TT3-775
procedu tes e analvsds of. 787, 773
viriual work anabysis, 751-770L T8l
Tubes, TS 1N, 234270, 75]
anghe af pwist (dh, 226
averape shicar siress (a0,
135126, 15)
cross sectin ol [EA, 234-779, 15
power fransmissaon by, 190
shear flow (i) in, 224276
thin-willed, 234259
lasrsiawn formda for, 185
Twisting. 1hin-walled membe s, 392-395
Ser atver Anghe of fwist (@)

u

Liliimare stress (o), 83, 104
Ulltimaie torgue (7,1, 247

Ulnsaxanl stress, 2536
Llmiform delormation, 1415
Lnats, IV, Bi—-R7

siress, 13

wirani, SH—f7
Unstable eguilihrium, 658559
Ulnsyanmmcte: Bendomg,

A, 353

W
Wirtual forces, xee Virtual work
Wirtil work, 751=-T710, 781
henms, applied i, TR2=T66
inlernal, T33-754
principle of, T51-T54
procedures for analvais usng,
757, T
irusses, applicd o, 75573

w
Whrping crass sections. 221121
Jnl=-3hl
Weight. foroe as, 5
Widle-Tange (W shape) properiies,
BOG-REL. R4S
Wiod [fimberh colomns, 594
Wood scctions of beams. 541-542
Work, 92, 1%, 715718
TE1=T0, T8l
cople moment, 717
forrce (F) s, 22 716
porwer (1 as, 190
external. T15-T19
iniermal, T17-728, 7353754
siraih cpergy, TIS-T24
viriual, TRI-TTL 781

Y

Yield strength, H7-88

Yichd stress/poinl (e, B4 114
Yielding, B B7=84, 113, 5201-521
Young's modulus (F), 9091, 13114

Z
Lo funimnl j stress. 25-26, 284
34, 437
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Fundamental E[]I.EEﬁDHE of Mechanics of Materials s————————————

Axial Load
Normal Stresy
o
ir = 1
IMispiacerment
E P adx
= l,- Al cVE
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ﬁ T AE
5 = uATL
Torsion
Sheear wtresy in clreular shaft
I
TR
wiere
J = ?:'4 solid cross section
- %{r,.' — &) wibular eross section
Fower
P=Tw=2xT
Angle of mwis
3 /"- Tix s
TR LE 4]
T
S
=z I

Average shear siress ina dhin-walled aihe

T
e = S
Shetar Flow
g = Tl =735 |
Rending
Nerrmal sresy
.-'|rf_1-'
oy
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Shear

Average divect shear wresy
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Shear flow
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Stress in Thin-Walled Pressure Vessel
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Stress Transformation Equations
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Material Property Relations
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Crameralizoed Hooke's Law
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Relations Between w, ¥V, M
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Elastic Curve 1_M
pH
I
El ::—; =—wx)
'y
Fl— =1
dx! )
T
£l =M
dxt )
Buckling
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Energy Methods

Comservation of energy
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Geometric Properties of Area Elements
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