
BLAST Training: Estimating Channel Characteristicsfor High Capacity Space-Time Wireless �Thomas L. MarzettaMathematical Sciences Research CenterBell Laboratories, Lucent Technologies600 Mountain AvenueMurray Hill, NJ 07974tlm@research.bell-labs.comAbstractBLAST (Bell Labs Layered Space-Time) is a multiple-antenna communicationscheme whose outage capacity in a Rayleigh 
at fading environment grows linearlywith the minimum of the number of transmit and receive antennas, with no increasein bandwidth or transmitted power. Based on its knowledge of the matrix ofpropagation coe�cients, the receiver performs two critical operations: nulling andcancellation, that in e�ect create independent virtual subchannels.Assume that the receiver estimates the propagation matrix from a known set oftransmitted training signals, and then uses the estimate as though it were correct fornulling and cancellation. How much training is needed for satisfactory operation?The optimal training signals are orthogonal with respect to time among thetransmit antennas, and each transmit antenna is fed equal energy. Errors in esti-mating the propagation matrix manifest themselves as crosstalk among the virtualsubchannels. If its magnitude is too large, the crosstalk constitutes an outage eventthat is independent of the primary outage event (e.g., that the value of the prop-agation matrix cannot support the transmission rate). We show that the traininginterval required to control the probability of the estimation-error induced outageis approximately proportional to the number of transmit antennas, and is inde-pendent of the number of receive antennas. Contrary to what is implied by theirnames, the operations of nulling and cancellation are, in fact, robust with respectto estimation errors.Our results have an interesting implication for BLAST, either in a mobile envi-ronment, or for TDMA, where both training and data transmission have to occurwithin a �xed interval: if one wishes to maximize the overall transmission rate, thenthe number of transmit antennas should be chosen such that half of the interval isused for training, and half of the interval for data transmission.�Proceedings 37th Annual Allerton Conference on Communication, Control, and Computing, Monti-cello, IL, Sept. 22-24, 1999
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1 IntroductionRayleigh 
at fading can be bene�cial for a multiple-antenna communication link. Specif-ically, Telatar [1] and Foschini [2] showed that, in a Rayleigh 
at-fading environment, alink has a theoretical capacity that increases linearly with the smaller of the number oftransmitter and receiver antennas, provided that the complex-valued propagation coe�-cients between all pairs of transmitter and receiver antennas are statistically independentand known to the receiver. Moreover Foschini invented an architecture for realizing a sig-ni�cant fraction of this capacity, with a small probability of outage, using only ordinarymodulation and coding techniques. This theory was con�rmed strikingly in experimentaldemonstrations at Bell Labs of a particular embodiment called BLAST (Bell Labs Lay-ered Space Time), where data was sent at a rate of 600 kbits/s, in a 30 kHz bandwidth,over a link comprising 8 transmit antennas and 12 receive antennas.Assume that the receiver estimates the matrix of propagation coe�cients from a setof known training signals that are sent by the transmitter. This paper provides answersto two related questions: 1) How much training is required for satisfactory operation ofBLAST? 2) What e�ects do estimation errors have on the performance of the scheme?2 Multiple-Antenna Link: Signal ModelConsider a communication link comprisingM transmitter antennas andN receiver anten-nas that operates in a Rayleigh 
at-fading environment as shown in Fig. 1. Each receiverantenna responds to each transmitter antenna through a statistically independent fad-ing coe�cient. The received signals are corrupted by additive noise that is statisticallyindependent among the N receivers. In complex baseband representation, at time t wetransmit aM -dimensional row vector St and we receive an N -dimensional row vector Xt,where Xt =r �M StH +Wt; (1)H is a M � N matrix of propagation coe�cients, which are statistically independent,zero-mean, unit-variance, circularly symmetric complex Gaussian (CN(0; 1)), and Wt isa N -dimensional row vector of additive receiver noise whose elements are independentCN(0; 1). The expected power that is fed to each transmit antenna is equal to one,E�jstmj2	 = 1: (2)The quantities in the signal model are normalized so that � represents the expectedsignal-to-noise ratio (SNR) at each receiver antenna, independently of the number oftransmitter antennas.In what follows, we assume that there are at least as many receive antennas as trans-mit antennas, N � M , and that the propagation matrix remains constant over someinterval of duration T = T� + Td, where training occupies T� symbols, and data trans-mission occupies Td symbols. In all cases the propagation matrix remains unknown tothe transmitter.
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Figure 1: Wireless link comprising M transmitter and N receiver antennas. Everyreceiver antenna is connected to every transmitter antenna through an independent,random, propagation coe�cient having Rayleigh distributed magnitude and uniformlydistributed phase. Normalization ensures that the total expected transmitted power isindependent of M for a �xed �.
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3 Review of BLAST: Nulling and CancellationThe message bits to be transmitted are divided equally among theM transmit antennas,and the modulation and coding for each transmit antenna occurs independently of themodulation and coding for the other transmit antennas. The message is sent at somepre-arranged rate. Thus the scheme is characterized by an outage probability, since theactual value of the propagation matrix may not support the transmission rate [5]. Assumein this section that the receiver has perfect knowledge of the propagation matrix H. Thereceiver performs a QR factorization of the propagation matrix, and then it implementstwo operations: nulling and cancellation.The QR factorization of the propagation matrix has the form (recall that N � M):H = RQ; (3)where R is an M � M upper triangular matrix, rmn = 0; m > n, and the diagonalelements of R are real-valued and nonnegative, and Q is a M � N matrix whose rowvectors are orthonormal.The nulling operation is a coordinate rotation that multiplies the received vector byQy to produce a M -dimensional row vector Yt that constitutes a su�cient statistic,Yt = XtQy= r �M StHQy +WtQy= r �M StR + �t (4)where the components of �t are independent, CN(0; 1). The e�ect of nulling is to renderthe propagation matrix in upper triangular form, with no ampli�cation of receiver noise.One could now multiply Yt by R�1, which would constitute a zero-forcing operation.However Foschini [2] as shown that signi�cant improvements over zero-forcing can beobtained through an operation called cancellation.Because of the upper-triangular structure of R, the �rst component of Yt dependsonly on the signal that was fed to the �rst transmit antenna,yt1 = (�=M)1=2 st1r11 + �t1; (5)and it constitutes a virtual subchannel that has no interference from the other subchan-nels, with an SNR of �r211=M . The sequence fyt1g is now decoded to yield the associatedmessage bits. From the decoded message bits, the transmitted signal fŝ1tg is recon-structed. By assumption the decoding error is small compared to the outage probability.Consequently, in the absence of an outage event, ŝt1 = st1 with a high probability.Inspection of (4) discloses that yt2 is subject to interference from the �rst subchannelthrough the o�-diagonal term r12, which can be removed with high probability throughthe following cancellation operationyt2 � (�=M)1=2ŝt1r12 = (�=M)1=2st2r22 + �t2: (6)The decoding is performed on the successive subchannels, preceeded by a cancellation ofthe o�-diagonal terms in (4).
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We represent the upper-triangular matrix R as the sum of a diagonal matrix D, anda strictly above-triangular matrix U , R = D + U: (7)Then the cancellation operation is summarized as� �M ��1=2 hYt � (�=M)1=2ŜtUiD�1 = St + (�=M)�1=2�tD�1 + �St � Ŝt�UD�1= St + (�=M)�1=2�tD�1; (8)where the second equality holds if Ŝt = St, i.e., if no bit-errors have occurred. Thusnulling and cancellation together produce M independent virtual subchannels, and theSNR of the m-th subchannel is equal to �r2mm=M .14 TrainingWe assume that T� �M symbols are used for sending known training signals, representedby a T� � M matrix S, and that the receiver obtains the maximum likelihood (ML)estimate for the propagation matrix from the T��N received signalX. The ML estimateis Ĥ = � �M ��1=2 (SyS)�1SyX= H + � �M ��1=2 (SyS)�1SyW; (9)where W is the matrix of receiver noise. The estimate is unbiased, the estimation erroris uncorrelated among the N columns of Ĥ, and the covariance of each column isEn~hn~hyno = E��ĥn � hn��ĥn � hn�y�= �M� ��SyS��1 : (10)The training signals that minimize the trace of the covariance (10) subject to the totalenergy constraint tr�SyS	 = T� �M , have been shown to be proportional to signals thatare orthonormal among theM transmit antennas [4]. To see this we represent S accordingto its singular value decomposition, S = �V	y, where � is T� �M , with orthonormalcolumns, 	 isM�M unitary, and V isM�M diagonal, with real nonnegative elements.The error covariance is �M� ��SyS��1 = �M� �	V �2	y; (11)whose trace is proportional to PMm=1 v�2mm. Subject to the equivalent energy constraint1Foschini has shown that it is advantageous to order the nulling and cancellation, so that at eachstep, the subchannel that is decoded has the greatest SNR of the remaining subchannels. We do notexplicitly consider this more complicated scheme, but our subsequent analysis applies equally well to it.
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PMm=1 v2mm = T� � M , the trace is minimized when the M singular values are equal,vm = pT� . This gives S = pT��	y, and the factor 	y can be absorbed into � withoutloss of generality. The resulting error covariance isEn~hn~hyno = � M�T� � IM : (12)To summarize, the duration of the training interval must be at least as great as thenumber of transmit antennas T� �M , and the optimum training signals are of the formS = pT��, where � is T� �M unitary, i.e., �y� = IM . The resulting ML estimate forthe propagation matrix is unbiased, the performance is independent of the number ofreceive antennas, and the M �N errors are independent, and distributed as CN�0; M�T� �.5 E�ects of Channel Estimation ErrorStarting with its estimate for the propagation matrix, the receiver performs the QRfactorization, Ĥ = R̂Q̂ = �D̂ + Û� Q̂: (13)5.1 Channel estimation errors, nulling, and cancellationThe nulling operation gives Yt = XtQ̂y: (14)Together, the nulling and cancellation operations are summarized by the left-hand sideof (8), with Yt according to (14), and with U and D replaced by Û and D̂ respectively. Inturn this expression, by the successive substitution ofXt according to (1), the replacementof H by Ĥ � ~H, and the use of the identity ĤQ̂y = R̂ = D̂ + Û , becomes� �M ��1=2 hXtQ̂y � (�=M)1=2ŜtÛi D̂�1= � �M ��1=2 h(�=M)1=2StHQ̂y +WtQ̂y � (�=M)1=2ŜtÛi D̂�1= � �M ��1=2 h(�=M)1=2StĤQ̂y � (�=M)1=2St ~HQ̂y +WtQ̂y � (�=M)1=2ŜtÛi D̂�1= � �M ��1=2 h(�=M)1=2StD̂ +WtQ̂y � (�=M)1=2St ~HQ̂y + (�=M)1=2 �St � Ŝt� Ûi D̂�1= St + h(�=M)�1=2Wt � St ~Hi Q̂yD̂�1 + �St � Ŝt� ÛD̂�1: (15)This expression is exact, and it contains four terms. The �rst term is the desired signal St.As before we assume that Ŝt = St, so the fourth term vanishes. The second term involvesthe receiver noise. The third term, containing St ~H, can be interpreted as crosstalk amongthe nominally decoupled virtual subchannels, due to the estimation error. The estimationerrors that are associated with D̂ and Q̂ have only second-order e�ect in (15). Hence to�rst order, nulling and cancellation produces the following� �M ��1=2 hXtQ̂y � (�=M)1=2ŜtÛi D̂�1
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� St + h(�=M)�1=2Wt � St ~HiQyD�1= St + h(�=M)�1=2�t � St ~HQyiD�1: (16)5.2 Outage due to channel estimation errorAn inspection of (16) discloses the possibility of two independent outage events, that arisefrom the independent terms D and ~H. The primary outage event is that the elementsof D are too small to support the transmission rate. The secondary outage event is thatthe elements of the estimation error ~H are big enough to produce a signi�cant crosstalkterm. The n-th component of the crosstalk is given byhSt ~HQyin = MXm=1 stm h ~HQyimn ; (17)and its variance, conditioned on ~H, isE����hSt ~HQyin���2� = MXm=1 ���h ~HQyimn���2 ; (18)where we used the facts that the stm are zero-mean, with unit variance, and that they areindependent overm. TheM�M matrix ~HQy has independent components that are zero-mean, complex Gaussian, with varianceM=(�T� ). Consequently the conditional variancesof the M crosstalk terms are independent, identically distributed, and proportional tochi-square random variables with 2M degrees of freedom,�2�T�M � � E����hSt ~HQyin���2� : �22M : (19)We say that a secondary outage event has occurred if any of the M conditionalcrosstalk variances is greater than some fraction � of the scaled receiver noise variance,where typically � � 1, or supn E����hSt ~HQyin���2� > �M� : (20)Utilizing (19) the outage probability is given in terms of the cumulative distribution fora chi-square random variable with 2M degrees of freedom byPo2 = 1� �P ��22M < 2�T�	�M : (21)Note that the outage probability is independent of the expected SNR, and that it onlydepends onM and on the product �T� . Figure 2 displays the outage probability accordingto this formula, as a function of �T�=M for �ve values of M . The outage probabilitydecays exponentially with the duration of the training interval, and the required traininginterval increases at a rate that is approximately linear with the number of transmitantennas.
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Figure 2: Estimation error-induced outage probability as a function of �T�=M
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6 ConclusionsThe BLAST scheme does not impose especially stressful training requirements, and theoperations of nulling and cancellation are robust with respect to errors in estimating thepropagation matrix.Our �ndings, notwithstanding, training emerges as a major issue when the total in-terval for training and for transmitting data is limited, either because of fast fading orbecause of a TDMA scenario, and where it is desired to maximize the e�ective transmis-sion rate. We have seen that the required training interval grows approximately linearlywith the number of transmit antennas. In turn Foschini [2] has shown that the capac-ity in units of bits per symbol is approximately proportional to the number of transmitantennas. Thus T� = �M , for some constant �, and this leave Td = T � T� = T � �Msymbols for sending the message. The capacity is C = 
M for some constant 
, so thetotal number of message bits that can be sent is equal to CTd = 
M(T � �M). Theoptimum number of transmit antennas from the standpoint of maximizing the numberof message bits is M = T2� , implying that, whatever the values of � and 
, the traininginterval is T� = T=2. In other words, when trying to achieve the maximum possiblethroughput, half of the available interval is used for training.Ideally one would like to achieve BLAST-like transmission rates with multiple an-tennas, while completely avoiding training and channel estimation. Some steps in thisdirection are described in [6] and [7].References[1] I. E. Telatar, \Capacity of multi-antenna Gaussian channels," AT&T Bell Labora-tories internal Technical Memorandum, 1995.[2] G. J. Foschini, \Layered space-time architecture for wireless communication in afading environment when using multi-element antennas," Bell Labs. Tech. J., vol. 1,no. 2, pp. 41{59, 1996.[3] T. L. Marzetta, \Estimating channel characteristics for a high capacity, layeredspace-time architecture for wireless communications", Bell Laboratories internaltechnical memorandum, 1996.[4] S. D. Silverstein, \Application of orthogonal codes to the calibration of active phasedarray antennas for communication satellites", IEEE Trans. on Signal Processing, vol.45, no. 1, pp.206{218, 1997.[5] L. H. Ozarow, S. Shami (Shitz), and A. D. Wyner, \Information theoretic consider-ations for cellular mobile radio", IEEE Trans. Info. Thy., vol 43, pp.359{378, 1994.[6] T. L. Marzetta and B. M. Hochwald, \Capacity of a mobile multiple-antenna com-munication link in a Rayleigh 
at-fading environment," IEEE Trans. Info. Thy., vol45, no. 1, pp. 139{157, 1999.[7] B. M. Hochwald and T. L. Marzetta, \Unitary Space-Time Modulation for multiple-antenna communications in Rayleigh 
at fading," to appear in IEEE Trans. Info.Thy.
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