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Wiener-Hammerstein Model
Identification-Recursive Algorithms*

Hosam E. EMARA-SHABAIK**, Mohammed S. AHMED**
and Khaled H. AL-AJMI**

Recursive algorithms for parameter estimation of Wiener-Hammerstein (W-H)
models are developed. These algorithms are derived on the basis of minimizing cost
functions of the output errors, the equation errors, and the prediction errors. Conver-
gence conditions of the developed algorithms are established. Numerical results, to
test the algorithms and illustrate their estimation accuracy, are given.
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1. Introduction

The Wiener-Hammerstein (W-H) models are
among the widely used models for nonlinear systems
representation, Haber and Unbehauen®. Such models
are composed of cascaded dynamic linear parts with a
static nonlinearity in between. These models are also
referred to in the literature as sandwich, or Linear-
Nonlinear-Linear (LNL) models, Palm®, and as
the general or block-cascade models, Haber and
Unbehauen®. Mathematically, they are parameter-
ized in terms of a finite number of parameters. Other
models available for nonlinear systems representation
include the NARMAX, and the Volterra series
models, which, despite of their generality, have
difficulties when applied to strongly nonlinear sys-
tems, Vandersteen et al®. Wiener-Hammerstein
models, on the other hand, are capable of representing
any nonlinear system to any arbitrary degree of accu-
racy, Palm®. There are two subclasses of the Wiener
-Hammerstein models, namely, the Hammerstein and
the Wiener models subclasses. The Hammerstein
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model is composed of a dynamic linear block follow-
ing a static nonlinearity, i.e. it represents a linear
dynamic system with actuator static nonlinearity.
The Wiener model, on the other hand, is composed of
a linear dynamic system followed by a static non-
linearity, i.e. it represents a linear dynamic system
with sensor static nonlinearity. Wiener-Hammerstein
models and their subclasses have found applications in
many fields. They are used to model problems of fluid
-structure dynamic interactions, Bendat®. Also, these
models are used to model the human ankle stiffness
dynamics, Kearney, et al.®”, and used to model biologi-
cal systems, Korenberg®. In the process control field,
Eskinat, et al.” used Hammerstein models with static
polynomial type nonlinearity for modeling a distilla-
tion column and a heat exchanger. Kalafatis, et al.®
used Wiener models to represent a pH neutralization
process. They reported that although the process is
not in the model class, successful results have been
obtained for all the examined cases.

The identification of Wiener-Hammerstein
models and their subclasses is an important research
area, Haber and Unbehauen'”, and Palm®, which has
been treated by a number of authors. It is possible to
recast a single-input single-output Hammerstein
model as a linear model with multi-input and single-
output, and then apply standard linear estimation
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techniques to estimate an extended set of parameters,
Ljung and Soderstrom®, Soderstrom and Stoica®?,
Goodwin and Sin®?. Billings and Fakhori®? used
correlation techniques to estimate the impulse
response of the linear subsystems and the parameters
of the static nonlinearity. More recently, Kalafatis,
et al.® identified Wiener models in terms of the fre-
quency response of the linear subsystem and the
inverse of the static nonlinearity using batch least
squares estimation technique. Yoshine and Ishii®®
developed kernel representation, which can be used to
estimate the impulse responses of the linear subsys-
tems and the coefficients of the static nonlinearity of
a W-H model. Emara-Shabaik, et al.*¥, developed
offline parameter estimation algorithms for W-H
models. Other authors, e.g., Chen and Fassios®?®, and
Boutayeb and Darouach®® also investigated the prob-
lem of identifying Wiener-Hammerstein models.

In this paper, recursive algorithms based on the
output error, the equation error, and the prediction
error are developed to simultaneously estimate the
parameters of the linear and nonlinear parts of the
(W-H) model. The paper is organized as follows.
The Wiener-Hammerstein model structure and the
problem formulation are presented in Section 2. The
derivations of the algorithms and their convergence
conditions are given in Section 3. The developed
algorithms are verified via numerical examples in
Section 4.

Nomenclature

l: time
u(t): system input sequence, known
y(t): the true System’s measured output
e(z‘) : output measurements noise
7(t): the W-H model output corresponding to the
input ‘u(t)’
g~ ' backward time shift operator, i.e.
g 'y()=y(t—1)
g : system’s parameters vector
G(t): parameter estimates at time ‘¢’
fo : the true system’s parameters vector
E{x(} : expected value of x(#)
E{x()/z(t)} : expected value of x(#) conditioned on
z(t)
7l Al the 7th eigen value of a matrix A
7mexLA] : maximum eigen value of a matrix A
7minLA] : minimum eigen value of a matrix A
I : the identity matrix
Izl : the euclidean norm of a vector ‘z’

2. The Wiener-Hammerstein Model Structure
and Problem Formulation

A Wiener-Hammerstein system is composed of a
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cascade of linear dynamic block, static nonlinear
block, and a second linear dynamic block. In discrete
time formulation, such a system with noise corrupted
output is mathematically represented by,

_B(g™")

'y<t)—A(q_1) w(t)+e(t) (1)
w(t)=F(v(t)) (2)
y<t>=%u<r> (3)

Here in, y(#) and «#(¢) are the system output and input
at time instant ¢, while w(#) and v(#) are inaccessible
intermediate signals. Also, A(g™), B(g™), C(g™),
D(g™), are polynomials in the backward time shift
operator, (¢g7'), with known orders #q, #s, #c, and #aq
respectively as follows,

Alg D=1+ aqg '+t ang ™ (4.2)
Blg™)=1+big + -+ bug ™ (4.)
Cl@gV=14+cag++cug ™ (4.0)
D(gY=1+dig'+ + dnog™ ™ (4.d)

We assume the system to be time invariant. Further,
we consider the case where the nonlinearity is re-
presented by a polynomial of a known degree # as
follows,

F(D)=gv(t)+ gv*(t)+ -+ gnv™(t) (5)
The above model is also referred to as the plant or the
true system. Furthermore, The %sX1 vector of the
unknown parameters of the above system is defined as
follows,

9:(41"'dna b by, €17 Cno i A gl"'gm)T (6)
The problem at hand is to estimate the parameter
vector (#) using record of measured output sequence
corresponding to a known input sequence. The input
signal u(#) is taken as a stationary white Gaussian
process. Such an input is known to provide sufficient
excitation to enable the identification of a nonlinear
system, Leontaritis and Billings®?.

Let (¢, 0) be the error between the true system’s
measured output and the W-H model output. Specific
definitions of this error will be given later. The model
parameter vector () is to be estimated such that the
following cost function, V:(#), is minimized.

Vt(a)z% kz:}l/lt"ksz(k, 9) (7)

Where, A<1 is an arbitrary weighting factor that can
be used to put more emphasis on the recent data when
taken less than one. Thus, in effect, the initial data
can be discarded once the estimation algorithm is
under way. This has the effect of preventing possible
deterioration in parameter estimation accuracy for
nonlinear systems, Goodwin and Sin®?. The above
cost function is adopted in Ljung and Soderstrom®,
Soderstrom and Stoica®?, and Goodwin and Sin“®?, It
is to be noticed that such a cost function is nonlinear
in the W-H model parameters. Therefore, its minimi-
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zation will require a numerical procedure.

3 Recursive Algorithms for W-H Parameter
Estimation

To develop the recursive parameter estimation
algorithms, we adopt the general methodology out-
lined in Ljung and Soderstrom, and Soderstrom and
stoica®. We assume there is a unique parameter
vector (&) for which the cost function given by Eq.
(7) attains its global minimum value. Further,
assuming the true system generating the data to
belong to the model set then (&) will correspond to the
true system’s parameter vector. Now, consider the
second-order Taylor’s series approximation of V:(8)
around the estimate @ (+—1), which is considered to
minimize V:-1(8), as follows,

V()= Vi 8t —1))+[ V(G (t—1)]"

(6~ G(t— 1)+ (6— Bt =) V(6(t—1)

X(0—0(t—1)), (8)
Where, Vi(8(t—1)), and VZ(G(t—1)) are the first
and the second order derivatives of V:(8) with respect
to (wr.t) (8) evaluated at 4(¢+—1). The minimizing
solution @(#) of the right hand side of Eq.(8) is then
given by,

6(1)=60—1)—[ V(G =NV E(t—1)]

(9)
The expression above is the well-known Newton-
Raphson formula. It is known to have a local qua-
dratic convergence to the true value (). If the
formula, in Eq.(9) above, is to be implemented as
given, it requires the evaluation of V/(4()), and
7(4() at every iteration. Such a situation is not
practical. Therefore, recursive forms for evaluating
these two terms are essential. Equation (7) can be

written in a recursive form as follows,

Vi(6)=2 Vt_l(e)nﬁ%ez(zf, ) (10)
Differentiating the above relationship w.r.t. (4), one
gets,

ViI(0)=AVi(6)+e(t, 0)e'(t, 0) an
And,

() =AVi(8)+e(t, 0)e(t, 0)]F
+e(z, 8)e"(t, 6) (12)

Where, &(t, 8) is the Gradient vector and &”(¢, 8) is
the Hessian matrix of the scalar error &(¢, 8) w.rt
(6). Furthermore, we make the approximation, Vi 1
(G(t—1))= Vi1(G(+—2)), and neglect &(t, 8)&"(t, 6)
as in Ljung and Soderstrom®®, and Soderstrom and
Stoica®®. Neglecting the third term on the right hand
side of Eq.(12), means that a Gauss-Newton algo-
rithm rather than a Newton-Raphson algorithm is
used. Also, since 8(t—1) is assumed to minimize
V:1(80), it then follows from Eqgs.(11) and (12) that.
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Vi(G(t—1)=e(t, 6(t—1))e'(t, 6(t—1)) (13)
And
7(G(t—1)=AVia(0(t—2))
+e(t, 0(t—1)e(t, G(t—1)]* (14)
At this point, and without any confusion, the following
simplified notations are adopted.

e(t)=e(t, 6(1—1)) (15)

¢()=—[e(t, 6(t—1)]" (16)

P()=[V/(4(t=1)]™" an
Then, Eq.(14) can be rewritten as,

P 6)=AP7(t—1)+ ¢ () §(t) (18)

Invoking the matrix inversion lemma with regard to
Eq.(18) above, and substituting into Eq.(9), we get
the following recursive parameter estimation algo-
rithm.
A(t)y=8(t—1)+K(t)e(t)
K(t)=P(1)¢"(t)
—P(tfl)st(t)/[/H¢(t)P(t—1)¢T(t)]
P—1D¢T(0) (1) Pt—1
P(O=7{P(t-D) (sb(t)%(—)lg)bg(b)(t)(ﬂ )
(19
Expressions for e(#) and ¢(¢#) based on the output
error, the equation error, and the prediction error are
given in the following sections. Detailed derivations
are given in Appendix A.
3.1 The Recursive Output Error (ROE) algo-
rithm
In this method &(¢, ) is equated to the output
error eox(t, @), which is defined by,

eox(t, 8)= y(z‘) 7(t) (20.a)
g(t)= 7—_1yw<t> (20.b)
w(t)=gqv(t)+ @v*(t)+-+gnv™(t) (20.c)
o(f)= %(_—1)74(1) (20.d)

The output error generation is as illustrated in Fig. 1.
And, it follows that,

Ho)= [ Qeelt O[30 1)

Therefore, the algorithm in Eq.(19) is augmented with
the following expressions for computing the elements
of ¢(#), which are evaluated at the previous parame-

w0 [ 0 g w0

b0
i N7 —»;Wm — -

B(g™)
Alg™)

’ ’ ’

eox (t,9)

The Plant
T

t(z‘)

Fig. 1 Output error method for the Wiener-Hammerstein
model identification
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ter estimates &(t— 1), to give the recursive output
error (ROE) algorithm for estimating the parameters
of the W-H model.

07(t) _ _q'Blg™") (¢
da; Az(q“) [Z‘gl< C(g™ u(t)’ }
i=1,2, ", #a (22.a)
07(t) . __q* [& (D(g™ .

G =—al oy | B e &g uoy],
1=1,2,,n (22.h)
5 = A Ao oyt )
1=1,2, ", nc (22.c)

3:17(1)_3(6]71) z 1 f]ﬂ'
od; —A(q,l) [EZXgm (f):’( C(q_l) u(t)’
1=1,2, -, na (22.d)
8y(t)_B(q Y (D(g™) :
L= A Gy ),
1=1,2,---,m (22.e)
3.2 The Recursive Equation Error (REE) algo-
rithm

In this method (¢, 8) is equated to the equation
error exs(l, 0) as illustrated in Fig. 2, and is given by,

ews(t)=A(g Vy(t)— B¢ Hw(t) (23.a)
w(t)=gv(t)+gv*(t)+--~+ gnv™(t) (23.b)
v(t)= D(q_ )u(t) (23.c)

C(g™)
The recursive equation error (REE) algorithm is
obtained by augmenting equation (19) with the follow-
ing expressions for computing the elements of ¢(#)
which are to be evaluated at the previous parameter
estimates 6(¢—1).

$(t)= —[ME‘%’—&)T (24)

Therefore, the various elements of ¢(#) are obtained

as follows,
8eEE ( l’)

e —a Y(8),i=L2, 0 n (25.2)
aeEE(f) _ —ll: < ( )
ob, q 29 Clg™ u(t))}
i=1,2, - (25.b)
dee(t) —1 [ Z -1 ] qa~'D(q7")
3¢, =B(q™) EZXQZU () C¥q u(t),
i=1,2,--., % (25.¢)
* e(t)
+
;
b0)]
».
Aq™)
u(t) ] vt . w(t) +y ep (1,0)
TN
I4 ’

Fig. 2 Equation error method for the Wiener-
Hammerstein model identification
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Gell) —— p(g ] B 1w 0 |-y,
i=1,2,,n (25.d)
g (B )
=12, -, (25.e)
3.3 The Recursive Prediction Error (RPE) algo-
rithm

In this method the model parameters are aug-
mented with the parameters of the assumed noise
filter F(g™") as follows.

Flg )=14+Aq" + A+ fu,qa™ (26)
Also, &(t,8) is equated to the prediction error
ers(t, 0) as illustrated in Fig. 3, and is given by,

ere(t)=F g O A(gy(t)—B(g Hw(t)]

(27.a)
w(t)=gv(t)+ @v¥(#) -+ + gnv™(¢) (27.b)
o(t)= ggg; u(t) 27.¢)

The recursive prediction error (RPE) algorithm
is obtained by augmenting the algorithm in Eq.(19)
with the following expressions for computing the
elements of ¢(#) which are to be evaluated at the
previous parameter estimates 8(f—1).

9(t)= —[@I%J]T (28)

Therefore, the elements of ¢(#) are obtained as fol-
lows,

3e§fét) Fg,l) u(8), i=1,2, - (29.a)

dese(t) ! D(q” ) ‘

e&bf - F(qq“l) L‘?lg( cly ) J
i=1,2, - (29 b)

B om0
i=1,2, - _(29.c)

gt = fiéz §[Boxav-o] oty
i=1,2, (29.d)

aePE(t) _

- Fg;l) [A)u()— B

()
4

(@)

of:

The Plant

u(t) _ v(t) w(t) e, (1,6)

7] o»—»

4

Y

Fig. 3 Prediction error method for the Wiener-
Hammerstein model identification
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m -1
X glgz(%u(t))l], i=1,2,-,ns (29.e)
Oepe(t) __ B(q™") (D(qfl) (t)>i
0g: Flg)\'Clg) V)
1=1,2,,m
3.4 Convergence conditions
Conditions for convergence of the developed
recursive parameters estimation algorithms are given
by the following theorem.

(29.1)

Theorem :
Let the true system belong to the model set. Let,
B(g™") B(q™) 1 1

1 _

Ale) Fla) Alg™) g™y Fgy Bla ) be
stable, and the nonlinearity of the model be bounded
with bounded derivatives. Also, let, ¢, £=1,2, - be
an increasing sequence of sigma algebras generated
by [«(0), u(1), -+ 2(¢), y(0), (1), -+ y(t—1)]; and let
the measurements noise satisfy the following condi-
tions :

(C1)  E{e(t)/S=0

(C2) E{eX(H)/}=0*< o
Then, the ROE, REE, and RPE algorithms converge in
the mean square sense to the true parameters, under
the following conditions.

UmaX[P(t)] <o

2] (50)
”maX[P(t)]HO (31)
Proof:

The proof of the above theorem is given in
Appendix B.

4. Results

In this section, the performance of the developed
recursive parameter estimation algorithms is illus-
trated by numerical examples. The examples are
such that the linear blocks have 2nd or 3rd order
dynamics and the nonlinearity is of up to a third order
which is representative of many physical systems. A

Parameter Estimates Based of RPE
05

04

03t

02

o1

=]

s

Parameter Estimates

02

03

04

05 L L s r L . L 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Sample no.

white Gaussian input sequence with zero mean and
variance 0.5 is used. The output measurements noise
e(t) is a zero-mean Gaussian sequence with variance
0.05. In the first example the true system is described
by,

-1
(=gt g w(B)+e(t)

w(t)=050(¢)—1.80v*(¢)+2.50%(¢)

-1
v(t)= 1+0.15;r-01'zqo.25q-2 u(?)

The parameter estimates obtained by the different
algorithms are as shown in Table 1.

The time histories of the estimates for this exam-
ple, as obtained by the RPE algorithm, are as shown in
Fig. 4.

In the second example the true system is given by,

140347
Y=g 0354 WD +e(®)

Table 1 Parameter estimates of the first example

Parameter Estimates Based of RPE
3
g3
-
& 7 8l
E
a
22
2 1 L ) 1 1 1 ) L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Sample no

Fig. 4 Parameter estimates based on RPE of the first example
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Parameter Estimates Based of RPE
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Parameter Estimates Based of RPE

Parameter Estimates

1] 500 1000 1500 2000 2500 3000
Sample o,

Fig. 5 Parameter estimates based on RPE of the second example

w(t)=v(t)+2.50%¢)

—1 -2

wlt)= 1—0.16q-0f5~50?25q‘02'iq0.15q*3 u(t)

The parameter estimates of this example are as
shown in Table 2.

Figure 5 shows the traces of the parameters
estimates for this example as obtained by the RPE
algorithm.

In the above examples the following values are
used, 6(0)=0, 1=0.99, P(0)=al, a=10"°. The
obtained numerical results indicate the high accuracy
of the parameters estimates. The REE provided the
least accurate estimates among the three algorithms.
Both, the ROE, and the RPE are close in accuracy
with the RPE being slightly more accurate than the
ROE.

5. Discussions

The numerical results show that among the three
algorithms, developed in this paper, the (REE) algo-
rithm provided the least accurate estimates. This can
be attributed to the effect of the noise correlation that
is introduced by the formulation of the equation
errors. This introduced noise correlation is treated in
the (RPE) algorithm by including a noise filter whose
parameters are to be estimated along with the system
parameters. Although, the recursive prediction error
(RPE) algorithm gives the most accurate estimates, it
was only slightly better than the recursive output
error {ROE) algorithm. This is due to the fact that in
both formulations, either OE or PE, the parameter
estimation problem remains highly nonlinear in the
case of W-H models. On the other hand, the (RPE)
‘algorithm requires more computations than the
(ROE) algorithm due to the need to estimate the noise
filter parameters. Therefore, on this basis the (ROE)
algorithm might be favored in the case of W-H

JSME' International Journal

models.
6. Conclusions

In this paper recursive identification algorithms,
for Wiener-Hammerstein models, are derived based
on the minimization of the output error (OE), the
equation error (EE), and the prediction error (PE).
Convergence conditions of the developed algorithms
are established. Numerical examples are given which
demonstrate the effectiveness of the developed algo-

rithms.
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Appendix A : Algorithms Derivatives Expressions

In all the expressions derived here the index ‘7’
runs over its full range for each case as defined in the
text. We give the derivatives expressions w.r.t. the
components of the parameter vector & keeping in
mind that the expressions are to be evaluated at the
previous estimates 0(¢—1).

A.1 The Recursive Output Error (ROE) algo-
rithm

The output error is defined as follows,

eox(t, O)=y(t)— g (¢)

Therefore,
[0 [250

According to Fig. 1 we have,
Alg™) g (t)=B(gw(t) (A1)
w(t)=gv(t)+ gv*(t)+--+gnv™(t) (A.2)
Cla™o(t)=D(g Hu(t) (A.3)

Derivatives of 7(¢) w.r.t. the ‘a’ parameters :
Taking the derivatives of both sides of Eq.(A.1)
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w.r.t. to each of the ‘a/ parameters, followed by
substitutions for unmeasured signals in terms of the
input according to Egs.(A.2), and (A.3), we get.

2 1AW 7O)=Al G 7 (9=0

Therefore,
zB -1

0Z§a(f‘) Az(é(lgl)) I:Z gl( C(q—lg u(l‘)) :|
Derivatives of 7(¢) w.r.t. the ‘b parameters:

Taking the derivatives of both sides of Eq.(A.1)
w.r.t. to each of the ‘b, parameters, followed by
substitutions for unmeasured signals in terms of the
input according to Egs.(A.2), and (A.3), we get.

Ta%[A@*)g(t)] Al 2L ay(;)

——2[B(g)w(t)]=

Therefore,

gl [ Bol B ]

Derivatives of 7(¢) w.r.t. the ‘c,’ parameters :
Taking the derivatives of both sides of Eq.(A.1)
w.rt. to each of the ‘c/ parameters, followed by
substitutions for unmeasured signals in terms of the
input according to Egs.(A.2), and (A.3), we get.

aL[A(q‘l) 7(8)] :A(q—l)aﬁ;(?f)

q‘iW(t)

=0 1B w(n)]=Bla) 2L
(?%)éf) 3, [g !]ﬂ)l(t):l [Z Z><g1)l l(t)] (72)(5)
21 w1=ca) G+ 4-1u()

—2[D(g Hu(t)]=0

Hence, '
=y
Therefore,
agc(f) igg_lg [Z X gw' l(t)}
%@1))740‘)

Derivatives of 7(#) w.r.t. the ‘d;’ parameters :
Taking the derivatives of both sides of Eq.(A.1)
w.r.t. to each of the ‘d’ parameters, followed by
substitutions for unmeasured signals in terms of the
input according to Egs.(A.2), and (A.3), we get.

%[A(q_l)ﬂ(t)]ZA(q—l)M

— -0 [Blg ) uw(D]=Blg ) 2L

6?;” —Z}gml(t) Z ngvl l(f) ay(t)

21 Ca0]=Cla™) 3P

Series C, Vol. 45, No. 2, 2002

=£[D<q~l>zg<t>]=q~m<t>
Hence,
ov(t) _
gd c(q—l) M(t)
Therefore,

= 1 -7
=R o0 0]y
Derivatives of 7(f) w.r.t. the ‘g’ parameters :
Taking the derivatives of both sides of Eq.(A.1)
w.r.t. to each of the ‘¢g/ parameters, followed by

substitutions for unmeasured signals in terms of the
input according to Eqs.(A.2), and (A.3), we get.

ai[mq-l)w)] A 250
=2 (B (=Bl >a—“’g@

ow(t) _ [ngl(t)}—v (1)

0g:
Hence,
990 Bl (D) )
dgi  AlgH\Clg D™
Following similar procedure the expressions for
the recursive equation error (REE) algorithm, and the
recursive prediction error (RPE) algorithm as given
in the text can be derived.

Appendix B : Proof of theorem on convergence

Referring to Eq.(19), the parameter estimates are
given by,
0(t)=0(t—1)+P(t)p"(¢)e(t)
Let the parameter estimation error be,
7’(t)= g(t)— 60
For the output error method we have,
e(t, O)=eox(t, 0)=y(t)— (1)
Since the true systeni belongs to the model set, then to
a first order approximation we have,
r()=AP()P Y (t—1)7(t—1)+ P(t) " (¢t)e(t)
(B.2)
Let, #(t)=E{r(¢)/S:}, and taking the conditional
expectation of both sides of Eq.(B.2) wur.t. J¢ and
noting that J:-1CJ3: we get,

(B.1)

7F(H)=APP(t—1)7(t—1) (B.3)
From Eq.(18) it follows that,
P UO)]=An Pt —1)], VJ (B.4)

Hence, Egs.(B.3) and (B.4) imply,
max P ZL

7 (l=( e B ool
Therefore, under the conditions stated in the theorem
and given by Egs.(30) and (31) it follows that,

lti{gE{T(l‘)/i‘ft}:O
ie. Lm E{9(£)/3e}=0o
Let, 7(¢)=7(¢)—7(¢) then, according to Eqs.(B.2)
and (B.3) we have,
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F()=2AP(HOP Y t—1)7(t—1)+P(t)¢"(t)e(t)
(B.5)
And, let the parameter estimation error variance be,
R()=E{77(t)7(¢)/3}
Then it follows from Egs.(B.4) and (B.5) and the
properties of the measurements noise that,
max P t 2
ro=(fp ) e
+ (rmax P(£)])? a*(| g (D1)? ‘ (B.6)
B(g™) B(g™

Under the stability of the filters Al Flg )

1 1 1 —1
AT TG Fl B(g™) and the boundedness

of the system nonlinearity as described in the state-
ment of the theorem, it follows that [¢(#)| is also
bounded. Therefore, under the conditions given by
Eqs.(30) and (31) it follows that,
ltifE R(1)=0
Similarly, one can show the same convergence results
to hold for the REE, and the RPE algorithms after
making the following substitutions :
For the REE,
r(6)=AP(H)P (¢t —1)7r(t—1)
+P(t)¢7(t)Alge(t)
And, for the RPE,
r(H=AP()PH(t—1)r(t—1)
+P(t)¢" () F (g ) A(g De(t) O
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