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Novel Adaptive Nonlinear Predistorters Based on the
Direct Learning Algorithm
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Abstract—The adaptive nonlinear predistorter is an effective
technique to compensate for the nonlinear distortion existing in
digital communication and control systems. However, available
adaptive nonlinear predistorters using indirect learning are
sensitive to measurement noise and do not perform optimally.
Other available types are either slow to converge, complicated in
structure and computationally expensive, or do not consider the
memory effects in nonlinear systems such as a high power ampli-
fier (HPA). In this paper, we first propose several novel adaptive
nonlinear predistorters based on direct learning algorithms—the
nonlinear filtered-x RLS (NFXRLS) algorithm, the nonlinear
adjoint LMS (NALMS) algorithm, and the nonlinear adjoint RLS
(NARLS) algorithm. Using these new learning algorithms, we
design adaptive nonlinear predistorters for an HPA with memory
effects or for an HPA following a linear system. Because of the
direct learning algorithm, these novel adaptive predistorters
outperform nonlinear predistorters that are based on the indirect
learning method in the sense of normalized mean square error
(NMSE), bit error rate (BER), and spectral regrowth. Moreover,
our developed adaptive nonlinear predistorters are computation-
ally efficient and/or converge rapidly when compared to other
adaptive nonlinear predistorters that use direct learning, and
furthermore can be easily implemented. We further simplify our
proposed algorithms by exploring the robustness of our proposed
algorithm as well as by examining the statistical properties of what
we call the “instantaneous equivalent linear” (IEL) filter. Simula-
tion results confirm the effectiveness of our proposed algorithms.

Index Terms—Adaptive filters, adaptive nonlinear filter, commu-
nication system nonlinearities, nonlinear distortion, power ampli-
fiers, predistortion, spectral regrowth.

I. INTRODUCTION

THE use of nonlinear devices in signal transmission for dig-
ital communication systems such as code-division mul-

tiple access (CDMA) and frequency-division multiple access
(FDMA) is well-known. One example is high power amplifiers
(HPAs) [1]–[4]—in order to increase the efficiency of the HPAs,
these amplifiers are often driven into their nonlinear region. An-
other example can be found for laser diodes used in optical
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transmission fiber links, as applied in CDMA and FDMA to con-
nect base stations to control stations [5].

Some researchers study the effects of these nonlinearities
in digital communication systems, e.g., see [1]–[4]. These re-
sults show that the nonlinearity warps the signal constellation,
spreads the frequency range, and distorts the pulse shape. All
of these effects generate intersymbol interference (ISI) and
interchannel interference (ICI), both of which increase the bit
error rate (BER). These effects become more prominent as the
communication speed increases. As a result, we must compen-
sate for the nonlinearity if we want to improve the performance
of these digital communication systems.

Currently, there are two major nonlinear compensation tech-
niques, the predistorter and the nonlinear equalizer (the post-
distorter), which put a nonlinear inverse function either on the
transmitter side or on the receiver side, respectively. There are
several advantages of the predistorter over the nonlinear equal-
izer. Although both of them can reduce the ISI, the predistorter
can effectively suppress the out-of-band emission, which is the
main cause of ICI and is strictly limited by regulatory agencies.
Moreover, the absence of noise makes the predistorter perform
better than the postdistorter for a given complexity [4], [6]. De-
pending on whether a predistorter modifies the transmitted data
constellation or the transmitted signal shape, the predistorter
techniques can be grouped into two main classes: the data pre-
distorter and the signal predistorter [6]–[8]. The configurations
of a typical data predistorter and a typical signal predistorter for
a HPA are shown in Fig. 1(a) and (b), respectively. Usually, a
data predistorter only samples at symbol rate, however, the frac-
tional spaced data predistorter has been proposed to improve the
predistorter performance [6], [8]. The sample rate of a signal
predistorter depends on both the bandwidth of the signals to be
processed and generated and the power consumption of the dig-
ital processor [6].

In this paper, we will introduce several new predistorters
which could work for both the data and the signal predistorter
configurations to compensate the nonlinear distortion intro-
duced by HPAs. Many research results have been proposed to
compensate the nonlinear distortion caused by HPAs. Some
of these techniques are not adaptive, such as the th-order
inverse techniques [9], [10], which can only remove the first

orders of nonlinear distortion. Usually, an adaptive predis-
torter is required for an HPA because of variations in the HPA
due to changes over time and temperature, or when the input
signal power changes. Other previously proposed adaptive
predistorters (e.g. [11] and [12]) for HPAs did not consider
the existence of memory effects in the HPA. However, recent
research results have indicated that the memory effects in
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Fig. 1. Typical configurations of (a) data predistorter and (b) signal predistorter.

an HPA could seriously affect the performance of a wireless
communication system [13]–[15]. Unfortunately, the updating
techniques for a memoryless predistorter [11], [12] cannot be
directly extended to update a nonlinear predistorter for an HPA
with memory. Most available adaptive predistorters for HPAs
with memory effects are based on the indirect learning method
[16], [17], whose configuration is shown in Fig. 2(a). This
system structure was first proposed by Gao et al. [18] to remove
the nonlinearity in loudspeakers. The method is called the indi-
rect learning method because the post-inverse filter coefficients
are first identified, and are then copied to work as a predistorter.
There are two main drawbacks that affect the performance of
these indirect learning methods [19]. First, the measurement
of in Fig. 2(a) will be noisy, making the adaptive filter
converge to biased values. Second, theoretically speaking, the
nonlinear filters cannot be permuted. In essence, placing a
copy of the post-inverse filter in front of the nonlinear device
cannot guarantee good performance in removing the nonlinear
distortion—the order of the cascade affects performance.

Several researchers have noticed these drawbacks and have
recently proposed techniques to improve the performance of
these indirect methods [20], [21]. Morgan et al. [20] tried
to solve the first drawback of indirect learning—the noisy
measurement problem—by changing the configuration of these
methods. While their proposed solution yields adequate per-
formance, it greatly increases the computational complexity.
Furthermore, its good performance significantly depends on
the quality of the nonlinear system identification. Moreover,
that method does not address the second problem of cascade

Fig. 2. Adaptive predistorters based on (a) indirect learning [17] and (b) direct
learning.

order. Qian et al. [21] introduced a new nonlinear predistortion
method that updates the predistorter coefficients directly and
successfully addresses this second concern. However, the
method increases the computational complexity by a very
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significant factor. Maybe even more importantly, any errors
incurred while estimating the nonlinear post-inverse filter ( in
[21]) will cause the overall system performance to deteriorate.
An adaptive predistorter based on a direct learning architecture
will remedy both of these problems. In direct learning, the
coefficients of the predistorter are updated directly based on
its input and reference error. In Fig. 2(b), a block diagram of
the predistorter based on direct learning is given; our new algo-
rithms studied in this paper are based on this structure, where
it is tacitly assumed that a model of the nonlinear system has
already been obtained using standard estimation techniques.
Currently, there are several available adaptive predistorters for
HPAs with memory and based on the direct learning methods
[6], [22], [23], which are slow to convergence, computationally
expensive, and complicated in structure. This is true even for
the method proposed in [22], where they use a special nonlinear
structure (the Wiener nonlinear model) in an attempt to reduce
the computational complexity.

In this paper, we first introduce a new concept—the instanta-
neous equivalent linear (IEL) filter—to explain the “nonlinear
filtered-x LMS algorithm” given in [23]. We also use the IEL
filter to simplify the structure of the nonlinear filtered-x LMS
(NFXLMS) algorithm. Then, using this new concept and the
simple structure resulting from its employment, we introduce
several novel adaptive nonlinear predistorters based on direct
learning algorithms: The nonlinear filtered-x RLS (NFXRLS),
the nonlinear adjoint LMS (NALMS), and the nonlinear adjoint
RLS (NARLS) algorithms. These novel adaptive nonlinear pre-
distorters are easily implemented by computer hardware and
software. The NFXRLS algorithm greatly increases the adaptive
filter convergence speed as compared to that of the NFXLMS
algorithm. The NALMS and NARLS algorithms are introduced
to substantially reduce the computational burden and memory
requirements for the NFXLMS and the NFXRLS algorithms,
respectively. Then we apply the developed techniques to design
an adaptive Hammerstein nonlinear predistorter for a Wiener
model HPA system. By resorting to a block-oriented nonlinear
model, the computational complexity of our proposed adap-
tive nonlinear predistorter is greatly reduced. The computational
complexity and implementation cost can be further reduced by
exploring the robustness of the proposed algorithms along with
the statistical properties of the IEL filter for a Wiener nonlinear
system and a “weakly” nonlinear system under certain condi-
tions.

We have organized this paper as follows. A general polyno-
mial nonlinear model is introduced in Section II-A and we ex-
tend the “nonlinear filtered-x LMS” method [23] to this gen-
eral polynomial nonlinear model in Section II-B. With the in-
troduction of our IEL filter concept, we unify this nonlinear
filtered-x LMS algorithm and the linear filtered-x LMS algo-
rithm, and represent this algorithm using a simple structure in
Section II-C. Using our IEL filter and a weak nonlinearity as-
sumption, we develop the quickly convergent NFXRLS algo-
rithm in Section II-D. In Section III, the computationally effi-
cient NALMS and NARLS algorithms are developed. Then, in
Section IV, we apply the developed algorithm to an HPA and de-
sign the adaptive Hammerstein nonlinear predistorter. We dis-
cuss further reductions in computation and the corresponding

reduction in implementation costs by exploring the robustness
of our proposed algorithms in Section V. The computational
complexity analysis presented in Section VI and the simulation
results given in Section VII show the effectiveness of our novel
predistorters. Finally, we state conclusions and discuss some fu-
ture work in Section VIII.

In our notation, the superscripts , , and denote,
respectively, the conjugate, the transpose, and the conjugate
transpose.

II. NONLINEAR POLYNOMIAL PREDISTORTER BASED ON THE

DIRECT LEARNING ALGORITHM

Although the (direct learning algorithm) nonlinear filtered-x
LMS introduced in [23] used the most general Volterra non-
linear model, that algorithm is directly extendible to other poly-
nomial models and simple specific cases, such as the recently
developed memory polynomial model [15], [16] and the orthog-
onal nonlinear polynomial model [24]. In this section, we define
a nonlinear polynomial model that is general enough to incor-
porate each of these specific cases along with other nonlinear
models, and could incorporate the nonlinear filtered-x LMS al-
gorithm. Then we introduce the instantaneous equivalent linear
(IEL) filter concept. Using this, we give a novel explanation of
the nonlinear filtered-x LMS algorithm, and use the weak non-
linearity assumption to derive a new nonlinear filtered-x RLS
algorithm that converges quickly.

A. General Nonlinear Polynomial Model

The general nonlinear polynomial model representation is
given as

(1)

where represents the input sequence to a nonlinear device
[i.e., ], is the output, is the th
complex coefficient at time , is the total number of terms,
and is a function of , being differentiable with re-
spect to everywhere except possibly at a few points. Note
that this general polynomial nonlinear model is linear with re-
spect to the filter coefficients .

Using this general polynomial model to represent the Volterra
series nonlinear model as in [17] yields

(2)

Here, , are arbitrary integers representing delay. The
maximum delay determines the memory size, and represents
the order of the nonlinearity. The conjugate sign is optional and
could be at any term or terms, which depends on the specific
model that users choose. Since the Wiener nonlinear model and
the Hammerstein nonlinear model in [22] can be regarded as
special cases of the Volterra model, they can also be represented
by the general polynomial nonlinear model. The recently de-
veloped memory polynomial model [15], [16] and the orthog-
onal polynomial model [24] for high power amplifiers (HPAs)
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Fig. 3. Schematic diagram for compensation of nonlinear distortion using the
nonlinear filtered-x LMS algorithm.

can also be expressed using this general polynomial nonlinear
model with being, respectively

(3a)

or

(3b)
In this, represents the order of the nonlinearity and is a
non-negative integer representing the delay. However, the two

given in (3) are not differentiable with respect to ,
which conflicts with the definition of our general nonlinear poly-
nomial. To alleviate this problem, we write as

and treat and as independent
variables as in [25]. We can represent (1) in vector form

(4)

where

(5)

(6)

B. The Nonlinear Filtered-x LMS Algorithm

The block diagram for the direct learning method, called the
nonlinear filtered-x LMS algorithm in [23], is shown in Fig. 3.
We derive their algorithm using our more general nonlinear
polynomial model.

In Fig. 3, and are adaptive nonlinear polynomial
filters whose input and output relationships can be expressed by
the general nonlinear polynomial as discussed in Section II-A.
We use to represent a nonlinear device. The filter is
an adaptive polynomial filter that is used to identify and model
the nonlinear device. The adaptive identification method is not
a relevant issue in this paper, and a wide variety of methods
can be found in the literature such as in [19]. Consequently, we
do not cover this issue here. The adaptive predistorter is
a nonlinear filter based on the general polynomial model. Its

output is fed into the nonlinear device . We want the
output of the nonlinear device to be as close as possible to
the desired signal , which is a delayed and amplified version
of the overall input .

Similar to the equations in Section II-A, we define the vectors

where and are the total number of terms in the nonlinear
polynomials that express the input and output relationships of

and . So, we have

(7)

(8)

with error

(9)

The objective function is the mean-square error (MSE) defined
as

(10)

Like the traditional LMS algorithm, we can use a one-point
sample mean to replace (10)

(11)

The weight update equation based on the steepest descent
method is then

(12)

where is the step size that controls the stability and conver-
gence speed of the adaptive nonlinear filter. The step size is a
scalar if all coefficients are updated uniformly; otherwise, it is
a matrix. In this paper, the step size takes the same value for all
coefficients of the same nonlinear order, and so is a diagonal
matrix with different diagonal elements. Now

(13)

where is the memory size of the nonlinear device . From
(7), we have

(14)

We assume as in [23], so that

(15)

Authorized licensed use limited to: Suzanne Habib. Downloaded on February 20,2025 at 15:05:46 UTC from IEEE Xplore.  Restrictions apply. 



124 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 1, JANUARY 2007

If we define

(16)

we can combine (16) with the general polynomial model defined
in (1), yielding

(17)

Combining (12), (15), and (17) yields the new update equation

(18)

Note that in our derivation, we have assumed that the nonlinear
polynomial model is both linear with respect to individual co-
efficients and differentiable with regard to its input. The defi-
nition of our general nonlinear polynomial model in (1) meets
these two assumptions. Equations (17) and (18) form the direct
learning algorithm for the adaptive nonlinear polynomial predis-
torter. Because this update method directly finds the preinverse
filter and not the post-inverse filter as in the indirect learning
method in Fig. 2(a), we expect the method to perform better for
the same nonlinear model. These improvements are, as indicated
in the conclusions of [23], achieved at the cost of a significant
increase in computational complexity and a more complicated
implementation structure.

C. The Instantaneous Equivalent Linear (IEL) Filter

We notice that in (18), is a filtered
version of . This filter is a linear time-varying filter whose
coefficient vector can be obtained from (17)

(19)

We call this filter the “instantaneous equivalent linear (IEL)
filter” because, for a weak nonlinearity, the output of the
nonlinear system at time can be approximated by

(20)

This approximation will be used next to develop the RLS based
nonlinear predistorter. Based on this IEL filter concept, we de-
fine the filtered reference signal as

(21)

We have the adaptive filter update function

(22)

Fig. 4. Adaptive nonlinear predistorter based on the nonlinear filtered-x LMS.

Using (19)–(22), we derive a new representation of the
NFXLMS algorithm whose block diagram representation is
given in Fig. 4. The combiner generates the nonlinear elements
in vector . This representation is simple and easy to im-
plement with DSP hardware. Furthermore, if and
are linear filters, then will be equal to and so our
algorithm is reduced to the filtered-x LMS algorithm, which is
widely used in adaptive feed-forward control [26]–[28]. With
this view, it is apparent that our algorithm is a generalization of
the linear filtered-x LMS. Thus, available analysis for the linear
filtered-x LMS algorithm can be extended to the nonlinear case,
as we do in Section V. Note, however, that the computational
complexity is not affected by this new structure.

D. Nonlinear Filtered-x Recursive-Least-Square (NFXRLS)
Algorithm

It is well known that the nonlinear LMS based adaptive algo-
rithm can produce slow convergence and poor performance [19],
especially if the nonlinear terms in are correlated. It is also
well known that the RLS-based algorithm can greatly increase
the convergence speed and reduce the power of the residual
error. The linear filtered-x RLS algorithm was discussed in [27].
However, due to the nonlinear effect, its extension from the
linear case to the nonlinear case is not straightforward. Never-
theless, we circumvent this difficulty by the weak nonlinearity
assumption and the IEL filter concept. The weak nonlinearity
assumption is used only in the development of NFXRLS. We
will prove that NFXRLS will also works for a system with rel-
atively heavy nonlinear distortion.

We first define our cost function as the exponentially
weighted error (the same as in the linear case)

(23)

where is an exponential forgetting factor.
To derive the nonlinear RLS algorithm we need to solve

(see [25] and [27]), i.e.,

(24)

Authorized licensed use limited to: Suzanne Habib. Downloaded on February 20,2025 at 15:05:46 UTC from IEEE Xplore.  Restrictions apply. 



ZHOU AND DeBRUNNER: NOVEL ADAPTIVE NONLINEAR PREDISTORTERS 125

Representing using the IEL filter concept and the weak non-
linearity assumption,

(25)
Using the fact that combined with
the assumption that the weight vector is constant during
the time interval , we have

(26)

for . Combining (24) and (26), we get

(27)

Setting the right-hand side of (27) equal to zero yields

(28)

where

(29)

and

(30)

We can obtain the Kalman gain as in [22]

(31)

where we have used

(32)

The resulting update is then, simply

(33)

Here, the step size is a scalar and takes a value less than 1,
depending on the length of delays and the degree of the non-
linear distortion. For a large delay length and severe nonlinear
distortion, should take relatively small value to guarantee the
stability of the adaptive algorithm. We use (31)–(33) to derive

our proposed NFXRLS algorithm, which has the same block di-
agram as NFXLMS shown in Fig. 4.

Although our development of this algorithm assumes the
weak nonlinearity condition, the NFXRLS algorithm also
works for relatively large nonlinearities. If we combine (31)
and (33), the NFXRLS algorithm can be regarded as the
NFXLMS algorithm with a variable step size (VSS) matrix;
and the assumption of weak nonlinearity only affects the
estimation of this VSS matrix. As a result, if the nonlinear
distortion is considerable, we can reduce the step size in (33)
so that the nonlinear filtered-x RLS algorithm will work, albeit
with a small sacrifice in the convergence speed (though the
convergence will still be much faster than that of NFXLMS).

III. ADJOINT POLYNOMIAL LMS AND RLS ALGORITHM

As we discussed earlier, the better performance obtained from
the nonlinear predistorter based on direct learning (over that
of indirect learning) is gained at the cost of significantly in-
creasing the computational burden and memory requirements.
There are three main factors that contribute to this cost. The
first is the procedure to identify , which is not a concern
of this paper. Many such methods exist for this identification,
none of which are affected by the algorithms in this paper. The
second is the filtering, i.e., calculation of the output of the pre-
distorter . The computational complexity
and memory requirements for this calculation are a direct con-
sequence of the nonlinear model. This can be reduced by re-
sorting to the block-oriented nonlinear model used in [22] and
Section IV of this paper. The third cause is the weight update,
which includes the calculation of the IEL filter , the filtering
of the reference signal , and the actual calculation of the
new weights. In the update, each term in must be filtered
by in order to calculate . Because the IEL filter
is time-varying, we cannot take advantage of the delay relation
in . As a result, any increase in the order or memory size
of the nonlinearity results in a correspondingly large increase in
the number of terms in . So, we find that the computational
complexity and memory requirements of the adaptive algorithm
can increase significantly. Our new algorithm discussed in this
section is aimed at reducing the implementation cost of the di-
rect learning algorithm by simplifying the weight update.

To significantly reduce the computational complexity, we
propose a novel update method for the adaptive nonlinear
predistorter. Rewrite (18) as

(34)

with

(35)

where represents the th coefficient in the IEL
filter ; similar notation will be applied to other time-varying
vectors later. Now, using the change of variable
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Fig. 5. (a) IEL filter ~h(n). (b) Adjoint IEL filter ~h (n).

(so that ), we have the weight correction
at each time

(36)

Define the filtered error

(37)
The physical meaning of signal is passing the original
error through a filter called the adjoint IEL filter ,
with coefficient vector defined as

(38)

The relationship of IEL filter and adjoint IEL filter
is shown in Fig. 5. Since

(39)

we can write our novel nonlinear predistorter based on the direct
learning algorithm

(40)

Thus, our novel update method for the polynomial predistorter
based on the direct learning architecture is fully described by
(17) and (38)–(40) (see Fig. 6 for a block diagram). When
and are linear filters, . Consequently, in

Fig. 6. Nonlinear adjoint LMS and RLS algorithm.

this case, our algorithm reduces to the adjoint filtered-x LMS al-
gorithm discussed in [29], and so our algorithm can be regarded
as a generalized version of the originally proposed linear algo-
rithm. It is this relationship to the linear case that has prompted
us to name our method the nonlinear adjoint LMS algorithm
(NALMS). In the NALMS, one need only filter the error signal
by the adjoint IEL filter instead of filtering every component
of . This modification greatly reduces the computational
complexity and memory size requirements. A detailed analysis
of the computational savings will be given in Section VI.

Similar to the development of the NFXRLS algorithm, we can
derive the nonlinear adjoint RLS (NARLS) algorithm, which
leads to the result

(41)

(42)

(43)

The block diagram of NARLS is the same as that of NALMS
algorithm, as shown in Fig. 6.
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Fig. 7. Hammerstein nonlinear predistorter and Weiner nonlinear model of
HPA system.

IV. ADAPTIVE HAMMERSTEIN NONLINEAR PREDISTORTER

FOR HPA

Sometimes, the general polynomial nonlinear model may
not be efficient for modeling a high power amplifier in digital
communication systems like orthogonal frequency-division
multiplexing (OFDM) and CDMA. For example, if an HPA
only demonstrates memoryless nonlinear distortion like the
AM/AM and AM/PM effects [19] for narrowband input signals,
one would commonly use a block-oriented model to model the
HPA preceded by a linear filter, such as a pulse-shaping filter,
to reduce the number of coefficients and thus the computational
complexity [22]. Recent research results show that HPAs ex-
hibit some memory effects for a wideband input signal [15],
[30]. These memory effects could also be absorbed into the
linear filter model to reduce system complexity [30].

We use the Wiener nonlinear model to represent our HPA
system in this paper. This model consists of the cascade of a

taps linear filter with coefficient vector followed
by a memoryless nonlinear system . Let be the output
of the linear filter and input to the nonlinear system .
The Wiener nonlinear model can be linearized by an adaptive
Hammerstein nonlinear predistorter (see Fig. 7)—the cascade
of a memoryless adaptive nonlinear filter and an taps
adaptive linear filter [with coefficients vector ]. The
method introduced in this paper can be easily extended to com-
pensate either a Hammerstein or a linear-nonlinear-linear (LNL)
block-oriented nonlinear model. From Section II, we know that
in order to design the adaptive predistorter, we need to find the
IEL filter and adjoint IEL filters of the path from the adaptive
filter output to the summation point. We now examine this pro-
cedure.

From Fig. 7, we can see the path following adaptive filter
is a Wiener nonlinear model. Using (17) and (19) we find

the coefficient vector of IEL filter for the Wiener
nonlinear model

(44)

where represents the derivative , which can
be easy obtained by first finding the relationship between
and . The physical meaning of (44) is a linear filter
followed by an amplifier with gain , as shown in Fig. 8(a),

Fig. 8. Block diagram of (a) IEL filter and (b) adjoint IEL filter for the Wiener
nonlinear model.

where the box is a linear filter and the triangle is a gain. The co-
efficients vector of the adjoint IEL filter can be obtained
from (38)

(45)

This is shown in Fig. 8(b). Note that in this case the time-varying
gain must be placed ahead of the linear FIR Filter.

The path from the output of the adaptive filter to the
summation point in Fig. 7 can also be regarded as a Wiener
nonlinear model, yielding the IEL filter coefficients vector

(46)

The corresponding adjoint IEL filter may be obtained as before.
Similarly, we can define the linear and nonlinear state vectors

and , which represent the inputs to adaptive linear
filter and adaptive nonlinear filter , respectively.
Using this IEL filter and the update given in (22), we derive the
update function for the NFXLMS-based adaptive filters in the
Hammerstein predistorter

(47)

(48)

where and are the state vectors and fil-
tered by their corresponding IEL filters. Note, due to the time-
varying nature of the IEL filter coefficients vector , all
states in must be filtered by . The block diagram
of the adaptive Hammerstein predistorter based on NFXLMS
is shown in Fig. 9. It can be determined that (47) and (48) are
identical to those introduced in [22]. However, our IEL filter
configuration has a much simpler structure.

Using the adjoint IEL filters with the update function given
in (40), we have the updates for the NALMS algorithm shown
in Fig. 10

(49)

(50)

Note that the predistorter using the NALMS algorithm has a
simpler structure that requires fewer computations than the one
based on the NFXLMS. Later, in Section VI, we give the number
of multiplications for each algorithm per iteration. Other adap-
tive Hammerstein nonlinear predistorters based on the NFXRLS
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Fig. 9. Adaptive Hammerstein nonlinear predistorter based on NFXLMS.

Fig. 10. Adaptive Hammerstein nonlinear predistorter based on NALMS.

and NARLS algorithms can be easily obtained via a method sim-
ilar to our previous discussion.

V. FURTHER SIMPLIFICATION USING PHASE ROBUSTNESS

As we discussed earlier, the NFXLMS and NALMS algo-
rithm cases can be regarded as extensions (or as generalizations)
of the linear filtered-x LMS and adjoint LMS algorithms, re-
spectively. The main idea behind NFXLMS and NALMS is
common to their linear counterparts—to keep the reference
signal and error signal aligned in time [26], [27]. The IEL filter
and adjoint IEL filter in the two algorithms serve this purpose.
However, to make the adaptive filter converge with a sufficiently
small step size, we only need to filter the reference signal or
the error signal with a filter that has the frequency response
phase within of the actual phase response [28], [31]. As
a result, we can say the NFXLMS and NALMS algorithms are
robust and can tolerate some estimation errors of the nonlinear
system. We now want to use this robustness and the statistical
properties of the IEL filter to further simplify our proposed
predistorters.

Fig. 11. Simplified nonlinear predistorter for a “weakly” nonlinear system.

A. Simplified Predistorter for a Wiener Nonlinear System

We closely examine the IEL filter of the Wiener model in
Fig. 8. First, note that the mean value of is a simple gain.
Because a simple gain does not introduce phase delay, it
may be disregarded during the weight update. Using this ap-
proximation to further simplify the adaptive predistorter yields
a structure similar to that shown in Figs. 9 and 10, but with the
simple gain removed. However, it is now relevant to pursue
the effect of this approximation on the step size. Consider that
the update of (49) is now

(51)

where the corresponds to in Fig. 10, except that it is not
amplified by the gain . Defining will equate
the two cases as far as the step sizes are concerned, and so it
is now clear that the approximation will affect the step size sta-
bility bound of the adaptive algorithm. If (as is the
case for saturation), then should take a value much smaller
than for convergence. This simplification can reduce the com-
putational count and simplify the structure in the update of the
adaptive nonlinear predistorter. Even more importantly, in the
identification procedure, we find that we need only identify the
linear part of the Wiener model if the memoryless nonlinear part
will not significantly constrain the step size.

B. Simplified Predistorter for a “Weakly” Nonlinear System

A nonlinear system can also be modeled as the parallel con-
nection of a linear part and a nonlinear part

(52)

where represents the nonlinear general polynomial, and
and are the linear and nonlinear parts respectively.

So the IEL filter of can be written as

(53)

According to (19), the IEL filter for a linear filter is that linear
filter itself, so we have

(54)
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TABLE I
COMPUTATIONAL COMPLEXITY BASED ON THE NUMBER OF MULTIPLICATIONS REQUIRED BY DIFFERENT UPDATING ALGORITHMS PER ITERATION

If the phase response difference of and is within
, which is the real meaning of “weakly,” then we can ap-

proximate the IEL filter of the nonlinear system using only its
linear part

(55)

Using this approximation allows us to design a simplified non-
linear predistorter based on the NFXLMS algorithm. It turns
out that the resulting algorithm is the same as the “filtered-A
LMS algorithm” introduced in [32]. However, our discussion
provides a theoretical foundation and framework for this simpli-
fication. Also, the simplified predistorter based on the NALMS
algorithm (see Fig. 11) is more efficient. Our version yields a
significant savings in both the weight update and the nonlinear
system identification procedure. However, the price paid for this
simplification is a slower convergence speed; this is examined
in more detail in our simulations.

VI. COMPUTATIONAL COMPLEXITY

In order to illustrate the reduced computational burden of our
proposed algorithms, we compare the number of complex multi-
plications required to complete a single iteration for the different
algorithms. As we discussed earlier, the complexity comes from
filtering, updating the weights, and identification. In the fol-
lowing calculations, we do not consider the identification part

because it is required for most of the adaptive predistorters based
on direct learning methods.

First, we apply the discussed algorithms (NFXLMS in Figs. 3
and 4, NALMS in Fig. 6, and simplified NALMS in Fig. 11) to a
Volterra nonlinear predistorter with th-order nonlinearity and
a memory size of . The nonlinear device is also modeled
by a Volterra polynomial with order and memory size . The
number of multiplications required for the different operations
of each algorithm is shown in Table I, where the total are given
by (56)–(58), as shown at the bottom of the page. These calcu-
lations can be obtained by referring to the discussion in [33].
Similarly, we can also determine that the predistorter based on
the NALMS saves about
memory elements when compared to the NFXLMS algorithm,
since only the error signal needs to be filtered by the adjoint
filter instead of all elements in . The simplified predistorter
also saves computations and reduces memory requirements by
avoiding the identification of the nonlinear part of the nonlinear
device.

In Table II, we give out the computational complexity of
an adaptive Hammerstein nonlinear predistorter discussed in
Section IV with different algorithms. In the table, and
represent the order of and respectively, and is the
order of nonlinearities for both and shown in Figs. 9
and 10.

From these results, we can see that the adaptive predistorter
based on our proposed NALMS algorithm can greatly reduce

(56)

(57)

(58)
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TABLE II
COMPUTATIONAL COMPLEXITY BASED ON THE NUMBER OF MULTIPLICATIONS PER ITERATION REQUIRED BY DIFFERENT HAMMERSTEIN PREDISTORTERS

the computational complexity and memory requirements. Com-
paring the results of Table I and Table II, the large computa-
tional savings obtained from using the block-oriented nonlinear
model is clear. The computational savings of the NARLS over
the NFXRLS can be calculated in a similar fashion. We do
not give the details here because several efficient implemen-
tations of the RLS algorithms already exist, for instance the
fast-transversal-filter (FTF) and the least-square-lattices (LSLs)
algorithms [34]. These algorithms can be extended using our
methods. Also, we can always apply the RLS algorithms to ini-
tialize the nonlinear predistorters, and then switch to the com-
putation-saving LMS algorithms near convergence to track the
slow variations typically found in nonlinear systems such as
HPAs in our case.

VII. SIMULATIONS

Using computer simulations that are carried out under Matlab
and Matlab Simulink, we compare the performance of the var-
ious algorithms in terms of normalized MSE (NMSE), BER, and
the effectiveness in suppressing spectral regrowth. Before car-
rying out the simulations, we first give the definition of NMSE
and output back-off (OBO). The NMSE is given by

(59)

where is the total number of test data samples, is the de-
sired output of the th test datum, and is the actual output.
The OBO is given by

(60)

where represents the maximum output power of the HPA
at saturation and denotes the mean output power of the signal
at the HPA output. The smaller the OBO, the more the HPA is
working in a nonlinear fashion.

Simulation 1: We simulate data predistorters with the config-
uration shown in Fig. 1(a). We generate a 54-subcarrier OFDM
signal and pass it through the nonlinear Wiener system that is

Fig. 12. NMSE versus OBO for different nonlinear predistorters.

used in [22] and [35]. This path is modeled with a causal linear
FIR filter whose coefficients are [0.7692 0.1538 0.0769], which
precedes an AM/AM and AM/PM model of a memoryless HPA
given in [36]. We implement a third-order adaptive Volterra pre-
distorter with memory size 9, based on the indirect learning
method shown in Fig. 2, as well as our direct learning algo-
rithms. We also implement the th-order inverse predistorter
[10], a memoryless predistorter, and the adaptive Hammerstein
predistorters (with the same order and memory size with the
same structure as in Figs. 9 and 10). During our simulation, we
tune the adaptive filter step size by the trial and error method to
ensure that each algorithm achieves its best performance.

In Fig. 12, we show the performance improvement in terms
of the NMSE of our proposed predistorters over the predistorter
based on the indirect learning method. In this case, the adaptive
Volterra and Hammerstein predistorters based on different direct
learning algorithms have similar, and better, performance at dif-
ferent OBO than does the predistorter-based indirect learning.
Thus, the direct learning curves are undistinguishable from each
other in the figure. Another way of comparing these results is to
note that for the same NMSE, the direct learning method will
boost the output power about 5 dB over that provided by the
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Fig. 13. Bit error rate versus Eb/No at OBO = 6:2.

Fig. 14. The learning curve of different algorithms.

indirect methods. Consequently, the amplifier’s peak power re-
quirement could be reduced by about a factor of 3, resulting in
a very significant cost advantage.

Fig. 13 shows the improvement of the different data predis-
torters on the BER. We find that the memoryless predistorter and
the th-order predistorter do not provide much improvement on
the BER. This is because the memoryless predistorter cannot
remove the ISI caused by memory effects, and the th-order
inverse can only remove the first orders of the nonlinearity
(similar results are reported in [17]). Our proposed predistorters
successfully compensate the nonlinear distorter of the HPA and
have the lowest BER.

The learning curves of adaptive Hammerstein predistorters
based on different training algorithms are obtained by averaging
200 independent trials and are shown in Fig. 14. Comparing the
NFXLMS and NALMS algorithms, and their simplified algo-
rithms, we see that, under this situation, the computational com-
plexity is reduced with minimal convergence rate cost. The sim-
plified NFXRLS and NARLS algorithms converge much faster
than do the LMS-based algorithms. Due to the short memory
length of this HPA model, there is no discernable difference in

Fig. 15. Power spectral density of HPA with measurement SNR = 43:3 dB.
(a) Output of HPA without predistorter. (b) Output with memoryless predis-
torter. (c) Output with predistorter trained by indirect learning. (d) Output with
predistorter trained by NARLS and simplified NFXRLS algorithms. (e) Orig-
inal input.

the convergence between the filtered-x algorithms and their cor-
responding adjoint algorithms. As a result, their learning curves
are overlapped.

Simulation 2: In this simulation, we apply different algo-
rithms to predistorters using the memory polynomial, which is
claimed to be robust in [16]. The PA takes the same model as in
[16], i.e.

(61)

We also use the same coefficients as those in Example 2 of
[16]. Our simulation is set up as in Fig. 1(b). We generate a
WCDMA baseband signal, up-sample it by a factor of 8, and
then filter by a raised cosine filter with roll-off factor 0.2. The
bandlimited complex signal is then passed through the non-
linear model. The predisorters also use the memory polyno-
mial model with and as in [16]. Due to the
correlation of different nonlinear terms in (61), the LMS-based
training algorithms converge very slowly and perform poorly.
For this reason, the RLS-based training algorithms are imple-
mented for the indirect and direct learning algorithms. Fig. 15
shows the spectral regrowth due to the nonlinear distortion with
and without predistorters. From this figure and other simula-
tions, we see that our proposed algorithms can effectively re-
duce the spectral regrowth. The measurement noise will affect
the performance of all algorithms. However, our algorithms are
less affected by the measurement noise. The effects of the noise
on the indirect learning algorithm are caused by the biased esti-
mation of the post-inverse function, and the noise effect on our
direct learning algorithm is due to the adaptive filter misalign-
ment. We also see that the memoryless predistorter cannot ef-
fectively suppress the spectral regrowth caused by the HPA.

VIII. CONCLUSION AND DISCUSSION

In this paper, we have first extended the nonlinear filtered-x
LMS method to update a general nonlinear polynomial predis-
torter. With our proposed IEL filter concept, we were then able
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to simplify the structure of the NFXLMS algorithm and unify it
to a linear form. We also develop several novel direct learning
algorithms: The NFXRLS, the NALMS, and the NARLS algo-
rithms. These novel predistorters outperform predistorters based
on the indirect learning algorithm in term of NMSE and spectral
regrowth. Moreover, when compared with other adaptive non-
linear predistorters based on the direct learning architecture, our
methods maintain good performance even though they enjoy a
significantly lower computational burden, much lower memory
needs, and/or a faster convergence rate.

We also applied the developed algorithm to design an adap-
tive Hammerstein nonlinear predistorter for memoryless and
memory polynomial HPA models. We found that by using the
block-oriented nonlinear model, we can greatly reduce the im-
plementation cost of the adaptive nonlinear predistorter. Sim-
ilar methods can be extended to other block-oriented nonlinear
models such as the LNL model. Further simplifications were
conducted by exploiting the phase robustness of the developed
method.

Finally, although our discussions are based on digital com-
munication systems, the proposed methods can also be used in
other applications, such as control systems, to remove the non-
linear distortion of actuators. Thus, we believe our algorithm has
broad application. However, the local minimum problem and the
nonlinear effect on the convergence speed of our proposed al-
gorithms are still under investigation.
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