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1 20 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

Obviously if five of the six variables are known, the remaining one can be determined. In
many instances it is necessary to introduce other equations, such as the conservation of mass.
Such considerations will be discussed briefly in this section and in more detail in Chapter 5.

3.6.1 Free Jets

One of the oldest equations in fluid mechanics deals with the flow of a liquid from a large
reservoir as is shown in Fig. 3.11. A jet of liquid of diameter d flows from the nozzle with
velocity V as shown. Application of Eq. 3.17 between points (1) and (2) on the streamline
shown gives

yh = pV?

We have used the facts that z, = h, 23 = 0, the reservoir is large (V, = 0), open to the
atmosphere (p; = 0 gage), and the fluid leaves as a *‘free jet” (p2 = 0). Thus, we obtain

| V= /ZY—: = N2gh (3.18)

which is the modern version of a result obtained in 1643 by Torricelli (1608—1647), an [talian
physicist.

The fact that the exit pressure equals the surrounding pressure (P2 = 0) can be seen
by applying F = ma, as given by Eq. 3.14, across the streamlines between (2) and (4). If the
streamlines at the tip of the nozzle are straight (R = =), it follows that p, = P4 Since 4)
is on the surface of the jet, in contact with the atmosphere, we have py = 0. Thus, p, = 0
also. Since (2) is an arbitrary point in the exit plane of the nozzle, it follows that the pressure
is atmospheric across this plane. Physically, since there is no component of the weight force
or acceleration in the normal (horizontal) direction, the pressure is constant in that direction.

Once outside the nozzle, the stream continues t0 fall as a free jet with zero pressure
throughout (ps = 0) and as seen by applying Eq. 3.17 between points (1) and (5), the speed
increases according to

v = V2gh + H)

where H is the distance the fluid has fallen outside the nozzle.

Equation 3.18 could also be obtained by writing the Bernoulli equation between points
(3) and (4) using the fact thatz, = 0,23 = ¢. Also, V5 =0 since it is far from the nozzle,
and from hydrostatics, p3 = y(h = ©).

Recall from physics or dynamics that any object dropped from rest through a distance

E FIGURE 3.11
Vertical flow from a tank.
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122 Chapter 3 B Elementary Fluid Dynamics—The Bernoulli Equation

Ce = AjlAj, = (djldp)?

® FIGURE 3.14 Typical flow patterns and contraction coef-
ficients for various round exit configurations.

3.6.2 Confined Flows

In many cases the fluid is physically constrained within a device so that its pressure cannot
be prescribed a priori as was done for the free jet examples above. Such cases include nozzles
and pipes of variable diameter for which the fluid velocity changes because the flow area is
different from one section to another. For these situations it is necessary to use the concept
of conservation of mass (the continuity equation) along with the Bernoulli equation. The
derivation and use of this equation are discussed in detail in Chapters 4 and 5. For the needs
of this chapter we can use a simplified form of the continuity equation obtained from the
following intuitive arguments. Consider a fluid flowing through a fixed volume (such as a
tank) that has one inlet and one outlet as shown in Fig. 3.15. If the flow is steady so that
there is no additional accumulation of fluid within the volume, the rate at which the fluid
flows into the volume must equal the rate at which it flows out of the volume (otherwise mass
would not be conserved).

The mass flowrate from an outlet, 7 (slugs/s or kg/s), is given by 7 = pQ, where O
(f63/s or m*/s) is the volume flowrate. If the outlet area is A and the fluid flows across this
area (normal to the area) with an average velocity V, then the volume of the fluid crossing

b—vy 6t Fluid parcel at ¢ = 0
R | =
___—_: E_]Same parcel at ¢t = 6t
v of N\
Volume = V; 8t A; ——‘V2 5;'-_— = o8
- olume = V; ét Ap
ma
- |
v, (2)

® FIGURE 3.15 Steady flow into and out of a tank.
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124  Chapter3 B Elementary Fluid Dynamics—The Bernoulli Equation

EXAMP:I;E

With the assumptions that p; = p, = 0,z = h, and z, = 0, Eq. 1 becomes
Vi + gh =3V3 2)

Although the water level remains constant (4 = constant), there is an average velocity, V,
across section (1) because of the flow from the tank. From Eq. 3.19 for steady incompressible
flow, conservation of mass requires @, = Q,, where Q = AV. Thus, A,V, = A,V,, or

DV, = T d,

4
I\
Vi = <l_)> Va 3)

Equations 1 and 3 can be combined to give

Hence,

2gh

2= T = @by

Thus, with the given data

2(9.81 m/s*)(2.0 m)
= = 62
V2 \/ = lnAn. | e
and
0 =AV, = AV, = 727 (0.1 m)*(6.26 m/s) = 0.0492 m’/s (Ans)

In this example we have not neglected the kinetic energy of the water in the tank (V; #
0). If the tank diameter is large compared to the jet diameter (D > d), Eq. 3 indicates that
V, <V, and the assumption that V; =~ 0 would be reasonable. The error associated with this
assumption can be seen by calculating the ratio of the flowrate assuming V; # 0, denoted O,
to that assuming V, = 0, denoted Q. This ratio, written as

0 _ Vo _NMaen/i — @D _ 1
Q Valp-= V2gh V1 — (d/D)*

is plotted in Fig. E3.7h. With 0 < d/D < 0.4 it follows that 1 < 0/0, = 1.01, and the error
in assuming V; = 0 is less than 1%. Thus, it is often reasonable to assume V; = 0.

\.

The fact that a kinetic energy change is often accompanied by a change in pressure is
shown by Example 3.8.

Air flows steadily from a tank, through a hose of diameter D = 0.03 m and exits to the
atmosphere from a nozzle of diameter d = 0.01 m as shown in Fig. E3.8. The pressure in
the tank remains constant at 3.0 kPa (gage) and the atmospheric conditions are standard
temperature and pressure. Determine the flowrate and the pressure in the hose.

p, = 3.0 kPa ? = tem ¢ <0.0L.m
o °(2) ﬂ\{\ﬁ‘\»*/
&) . T @)
B FIGURE E3.8
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126 Chapter 3 [ Elementary Fluid Dynamics—The Bernoulli Equation

XAMPLE
3.9

and from Eq. 1
p, =30 X 103 N/m? — 3(1.26 kg/m?)(7.67 m/s)*
(3000 — 37.1)N/m2 = 2963 N/m2 (Ans)

Il

In the absence of viscous effects the pressure throughout the hose is constant and equal
to p,. Physically, the decreases in pressure from p, to p> 10 P3 accelerate the air and increase
its kinetic energy from zero in the tank to an intermediate value in the hose and finally to its
maximum value at the nozzle exit. Since the air velocity in the nozzle exit is nine times that
in the hose, most of the pressure drop occurs across the nozzle (p; = 3000 N/m?, p, =
2963 N/m? and p; = 0).

Since the pressure change from (1) to (3) is not too great [that is, in terms of absolute
pressure (p; — P3 )/p, = 3.0/101 = 0.03], it follows from the perfect gas law that the
density change is also not significant. Hence, the incompressibility assumption is reasonable
for this problem. If the tank pressure were considerably larger or if viscous effects were

Limportant, the above results would be incorrect.

In many situations the combined effects of kinetic energy, pressure, and gravity are
important. Example 3.9 illustrates this.

Water flows through a pipe reducer as is shown in Fig. E3.9. The static pressures at (1) and
(2) are measured by the inverted U-tube manometer containing oil of specific gravity, SG,

less than one. Determine the manometer reading, A.

E FIGURE E3.9

GoLuTioN

With the assumptions of steady, inviscid, incompressible flow, the Bernoulli equation can be

written as
py + VI + oy =p2 7t 3pV3 + vz

The continuity equation (Eq. 3.19) provides a second relationship between V, and V, if we
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128 Chapter 3 [ Elementary Fluid Dynamics—The Bernoulli Equation

p

(Absolute
pressure)

Moderate @

Large Q Incipient cavitation

. B FIGURE 3.16 Pressure varia-

x tion and cavitation in a variable area pipe.

in Fig. 3.16 will result. The water velocity through this restriction will be relatively large.
With a sufficient amount of restriction the sound of the flowing water will change—a definite
*‘hissing’” sound is produced. This sound is a result of cavitation.

In such situations boiling occurs (though the temperature need not be high), vapor
bubbles form, and then they collapse as the fluid moves into a region of higher pressure
(lower velocity). This process can produce dynamic effects (imploding) that cause very large
pressure transients in the vicinity of the bubbles. Pressures as large as 100,000 psi (690 MPa)
are believed to occur. If the bubbles collapse close to a physical boundary they can, over a
period of time, cause damage to the surface in the cavitation area. Tip cavitation from a
propeller is shown in Fig. 3.17. In this case the high-speed rotation of the propeller produced

a corresponding low pressure on the propeller. Obviously, proper design and use of equipment
is needed to eliminate cavitation damage.

B FIGURE 3.17 Tip cavitation from a propeller. (Photograph
courtesy of Garfield Thomas Water Tunnel, Pennsylvania State
University)
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130 Chapter 3 M Elementary Fluid Dynamics—The Bernoulli Equation

The above results are independent of the diameter and length of the hose (provided
viscous effects are not important). Proper design of the hose (or pipe) is needed to ensure
that it will not collapse due to the large pressure difference (vacuum) across it.

3.6.3 Flowrate Measurement

Many types of devices using principles involved in the Bernoulli equation have been devel-
oped to measure fluid velocities and flowrates. The Pitot-static tube discussed in Section 3.5
is an example. Other examples discussed below include devices to measure flowrates in pipes
and conduits and devices to measure flowrates in open channels. In this chapter we will
consider ‘‘ideal’’ flowmeters—those devoid of viscous, compressibility, and other “‘real
world’’ effects. Corrections for these effects are discussed in Chapters 8 and 10. Our goal
here is to understand the basic operating principles of these simple flowmeters.

An effective way to measure the flowrate through a pipe is to place some type of
restriction within the pipe as shown in Fig. 3.18 and to measure the pressure difference
between the low-velocity, high-pressure upstream section (1), and the high-velocity, low-
pressure downstream section (2). Three commonly used types of flowmeters are illustrated:
the orifice meter, the nozzle meter, and the Venturi meter. The operation of each is based on
the same physical principles—an increase in velocity causes a decrease in pressure. The
difference between them is a matter of cost, accuracy, and how closely their actual operation
obeys the idealized flow assumptions.

We assume the flow is horizontal (z; = z,), steady, inviscid, and incompressible be-
tween points (1) and (2). The Bernoulli equation becomes

py + 3pV3 = py + 30V3

(The effect of nonhorizontal flow can be incorporated easily by including the change in
elevation, z; — z, in the Bernoulli equation.)
If we assume the velocity profiles are uniform at sections (1) and (2), the continuity

1) 2)

| |
\Q@/ﬁ~

—4!} ST /Orifice
]
S, < TR
Nozzle

_Jg_a/‘\m

= Venturi

B FIGURE 3.18 Typical de-
o) ) vices for measuring flowrate in pipes.
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132 Chapter 3 [ Elementary Fluid Dynamics—The Bernoulli Equation

Thus,
1.16 kPa = p, — p, = 116 kPa (Ans)

These values represent the pressure differences for inviscid, steady, incompressible condi-
tions. The ideal results presented here are independent of the particular flow meter geometry—
an orifice, nozzle, or Venturi meter (see Fig. 3.18).

It is seen from Eq. 3.20 that the flowrate varies as the square root of the pressure
difference. Hence, as indicated by the numerical results, a tenfold increase in flowrate requires
a one-hundredfold increase in pressure difference. This nonlinear relationship can cause dif-
ficulties when measuring flowrates over a wide range of values. Such measurements would
require pressure transducers with a wide range of operation. An alternative is to use two
flowmeters in parallel—one for the larger and one for the smaller flowrate ranges.

Other flowmeters based on the Bernoulli equation are used to measure flowrates in open
channels such as flumes and irrigation ditches. Two of these devices, the sluice gate and the
sharp crested weir, are discussed below under the assumption of steady, inviscid, incom-
pressible flow. These and other open-channel flow devices are discussed in more detail in
Chapter 10.

The sluice gate as shown in Fig. 3.19 is often used to regulate and measure the flowrate ‘
in an open channel. The flowrate, Q, is a function of the water depth upstream, z;, the width
of the gate, b, and the gate opening, a. Application of the Bernoulli equation and continuity
equation between points (1) and (2) can provide a good approximation to the actual flowrate
obtained. We assume the velocity profiles are uniform sufficiently far upstream and down-
stream of the gate.

Thus, we apply the Bernoulli and continuity equations between points on the free sur-
faces at (1) and (2) to give

py + 30V3 + vz, = py + 3pV3 + vz
and
0 = AV, = bVyz, = AV, = bVyz,

With the fact that p, = p, = 0, these equations can be combined and rearranged to give the

flowrate as
2g(z, Z)
0 = zb 3.21)
2 1= (Zz/zx)
Vi
- Sl
— st
e
1
—1
—>1
| zy
1
|
—>1 2
> Vo (2)¢
> \— ] R
e
4 HJ == | = FIGURE 3.19 Sluicegate
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134 Chapter 3 Elementary Fluid Dynamics—The Bernoulli Equation

ExawpLe
3.13

B FIGURE 3.20 Rectangular, sharp crested weir geometry.

Another device used to measure flow in an open channel is a weir. A typical rectangular,
sharp crested weir is shown in Fig. 3.20. For such devices the flowrate of liquid over the top
of the weir plate is dependent on the weir height, P,, the width of the channel, b, and the
head, H, of the water above the top of the weir. Application of the Bernoulli equation can
provide a simple approximation of the flowrate expected for these situations, even though the
actual flow is quite complex.

Between points (1) and (2) the pressure and gravitational fields cause the fluid to ac-
celerate from velocity V, to velocity V,. At (1) the pressure is Py = 7vh, while at (2) the
pressure is essentially atmospheric, P> = 0. Across the curved streamlines directly above the
top of the weir plate (section a—a) the pressure changes from atmospheric on the top surface
to some maximum value within the fluid stream and then to atmospheric again at the bottom
surface. This distribution is indicated in Fig. 3.20. Such a pressure distribution, combined
with the streamline curvature and gravity, produces a rather nonuniform velocity profile across
this section. This velocity distribution can be obtained from experiments or a more advanced
theory.

For now, we will take a very simple approach and assume that the weir flow is similar
in many respects to an orifice type flow with a free streamline. In this instance we would
expect the average velocity across the top of the weir to be proportional to V 2gH and the
flow area for this rectangular weir to be proportional to Hb. Hence, it follows that

Q = C\Hb V2gH = C\b V2g H3/?
where C, is a constant to be determined.
Simple use of the Bernoulli equation has provided a method to analyze the relatively
complex flow over a weir. The correct functional dependence of Q on H has been obtained

(Q ~ H*?), but the value of the coefficient C, is unknown. Even a more advanced analysis

cannot predict its value accurately. As is discussed in Chapter 10, experiments are used to
determine the value of C,.

Water flows over a triangular weir as is shown in Fig. E3.13. Based on a simple analysis
using the Bernoulli equation, determine the dependence of the flowrate on the depth H. If the
flowrate is O, when H = H,, estimate the flowrate when the depth is increased to H = 3H,.

r'—Htan%
[} q

Q

7777z @ FIGURE E3.13
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