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Preface

The objective of this book is to provide an introduction to the basic principles in the
analysis and design of communication systems. It is primarily intended for use as a text
for a first course in communications, either at a senior level or at a first-year graduate
level. .

BROAD TOPICAL COVERAGE

Although we have placed a very strong emphasis on digital communications, we have
provided a review of important mathematical foundational topics and a solid introduc-
tion to analog communications. The major topics covered are: -

* A review of frequency domain analysis of signals and systems, and the charac-
terization of random processes (Chapters 2 and 4)

* An introduction to analog signal transmission and reception (Chapters 3 and 5)

* An introduction to digital communications (Chapters 6-10)

EMPHASIS ON DIGITAL COMMUNICATIONS

Our motivation for emphasizing digital communications is due to the technological
developments that have occurred during the past five decades. Today, digital communi-
cation systems are in common use and generally carry the bulk of our daily information

* transmission through a variety of communications media, such as wireline telephone

channels, microwave radio, fiber optic channels, and satellite channels. We are currently
witnessing an explosive growth in the development of personal communication systems

Xi

3

)
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Frequency Domain Analysis
of Signals and Systems

In this chapter, we review the basics of signals and linear systems in the frequency
domain. The motivation for studying these fundamental concepts stems from the basic
role they play in modeling various types of communication systems. In particular signals
are used to transmit the information over a communication channel. Such signals are
usually called information-bearing signals.

In the transmission of an information-bearing signal over a communication chan-
nel, the shape of the signal is changed, or distorred, by the channel. In other words,
the output of the communication channel, which is called the received signal, is not an
exact replica of the channel input due to the channel distortion. The communication
channel is an example of a system; i.e., an entity that produces an output signal when
excited by an input signal. A large number of communication channels can be mod-
eled closely by a subclass of systems called linear systems. Linear systems are a large
subclass of systems which arise naturally in many practical applications and are rather
easy to analyze. We have devoted this entire chapter to the study of the basics of signals
and linear systems in the frequency domain. :

2.1 FOURIER SERIES

24

The analysis of signals and linear systems in the frequency domain is based on represen-
tation of signals in terms of the frequency variable and this is done through employing
Fourier series and Fourier transforms. Fourier series is applied to periodic signals
whereas the Fourier transform can be applied to periodic and nonperiodic signals.

Section 2.1 Fourier Series 25

) Theorem 2.1.1. [Fourier Series] Let the signal x(¢) be a periodic signal with
period Tp. If the following conditions (known as the Dirichlet conditions) are satisfied

1. x(t) is absolutely integrable over its period; i.e.,

T
\ fx(®ldt < o0,
0

'2. The number of maxima and minima of x(¢) in each period is finite,
3. The number of discontinuities of x () in each period is finite,

then x () can be expanded in terms of the complex exponential signals (e B4 g

n=-o0
+00 .y
X)) =Y xpe!”H @.1.1)
( n=-—co
where
1 a+Ty g
Xy = l\ x@)e 7T gr (2.1.2)
) M:o o
for some arbitrary o and
. x(1) if x(¢) is continuous at ¢

x:(®) =< 2@ +x0¢7) (2.1.3)

3 if x(¢) is discontinuous at ¢

Some observations concerning this theorem are in order.

The coefficients x, are called the Fourier seres coefficients of the signal x(z).
These are, in general, complex numbers.

The parameter « in the limits of the integral is arbitrary. It can be chosen to
simplify computation of the integral. Usually o = 0 or & = —T;/2 are good
choices.

ﬂoa all practical purposes, x+(f) equals x(¢). From now on, we will use x(z)
instead of x.(z) but will keep in mind that the Fourier series expansion, at points
of discontinuity of x(z), gives the midpoint between right and left limits of the
signal.

The Dirichlet conditions are only sufficient conditions for the existence of the
Fourier series expansion. For some signals that do not satisfy these conditions,
we can still find the Fourier series expansion.

The quantity f = 5 is called the fundamental frequency of the signal x(1). We
observe that the frequencies of the complex exponential signals are multiples of
this fundamental frequency. The nth multiple of the fundamental frequency (for
positive n’s) is called the nth harmonic.

°
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Frequency Domain Analysis of Signals and Systems Chapter 2

o Conceptually this is a very important result. It states that the periodic signal
x(¢) can be described by the period Ty (or fundamental frequency fp) and the
sequence of complex numbers {x,}; i.e., to describe x (z) it is sufficient to specify
a countable set of (in general complex) numbers. This is a considerable reduction
in complexity for describing x (¢), since to define x () for all ¢, we have to specify
its values on an uncountable set of points.

The Fourier series expansion can be expressed in terms of the angular frequency
wo = 27 fo, by

@y olvwaﬂ . .
Xy = — \ x(He It gy (2.1.4)
27 Jo : .
and
“+co
Xy =Y xel" (2.1.5)
n=-00

In general, x, = |x,|e/ Lx, |x,| gives the magnitude of the nth harmonic and
/x, gives its phase. Figure 2.1 shows a graph of the magnitude and phase of
various harmonics in x(¢). This type of graph is called the discrete spectrum of
the periodic signal x(1).

x|

|
EN

[
w

D -—e
e ——
—h————

D -——0
W s
N ]

Lx,

n

Wi—9

=
N E———e
°——w
P —————

8———— 1>
e —
=3

Figure 2.1 The discrete spectrum
of x(t).

Section 2.1 Fourier Series 27
x(®
T —_— T —~— —_— T
1
! ]
~Ty -r _I Ty t
2 2 Figure 2.2 Periodic signal x(t).

Example 2.1.1
Let x(r) denote the periodic signal depicted in Figure 2.2 and described analytically by

+00
=3 nhﬁv 2.1.6)

n=-=c0
where
L <

e = [t =

o 10f—

1

5

0, otherwise
is a rectangular pulse. Determine the Fourier series expansion for this signal.
Solution We first observe that the period of the signal is Tp and

B
1 b —jnim
X, = 7 x(t)e " dt
Tc
b /-3
1 [ _m
= W,l le /"% dr
0J-3

i

IHI .‘N.o TI‘?%IM | m+\.=%l:
Ty —jn2m

Il
=
A
B
TN

S
5|3

-~
N

It
)
B
o

* sine { 22 217
s (2 @17

where we have used the definition of the sinc function sinc(t) = sin(mt)/(rt). Therefore,

+00
T T\ e
W=y 7 sine Awlav % 2.1.8)
n=—0c0

A graph of the Fourier series coefficients for is shown in Figure 2.3.
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28 Frequency Domain Analysis of Signals and Systems Chapter 2

Sia
D
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iy
1 1 Iﬂ. . m
: ,_\ 7 (%)
1 -
l 1
1 T
i
1
:
A .TAIN 02
Figure 2.3 The discrete spectrum of the
rectangular pulse train.
Example 2.1.2
Determine the Fourier series expansion for the signal x(¢) shown in Figure 2.4 and
described by
oo
)= Y (D' ~n) 219
n=—0Q .
Solution Here Ty = 2 and it is convenient to choose @ = IW. Then,

3
1t .
Xy = M\LNQXJ:E dt
2
k|

)
1/ _. 1 [3

- = —Jnmt gp 2 —Jjnmt dt
~\1 e MN ¢

i
) 2

Vo -im_ m 1 _jnE _jar
1 nw 1 : niw
— gin (2R _ L pmian g (PR
IaﬁmEANv :ﬁm mEANv
1
u|a|8§5:.smﬁv
nw 2/
2 a1
maw
TV -= n=4+3
nw

0 neven

Section 2.1 Fourier Series 29

(S
i

1
i
Ngw
¢
i

-1 Figure 2.4 Signal x(1).

From these values of x, we have the following Fourier series expansion for x (£)

.HQV — W.AN?: + ml.?:v _ lNlAm\.ui + ml.‘.uiv + WQ.&E +NIUNJ —_—.
e 3 5
4 4 : 4

= —cos(wt) — —— cos(3nt) + —— cos(Smwt) — -+

3r Sm

]~ 8

3?2
M 2E 1 SOk + Dt @.Cs

2.1.1 Fourier Series for Real Signals: the Trigonometric
Fourier Series

If the signal x(2) is areal signal satisfying the conditions of the Fourier series theorem,
then there exist alternative ways to expand the signal. For real x(¢), we have

H Q+§ n:
Hl_ 11\ x@)e’ 1 dr
N;o @

H R+~,c 4= *
Tn \ %X-Eﬂ&
0 Ja

=x; @.1.11)

n

il

This means that for a real, periodic x(¢), the positive and negative coefficients are
.conjugates. Hence, |x,| has even symmetry and (x, has odd symmetry with respect
to the n = 0 axis. An example of the discrete spectrum for a real signal is shown in
Figure 2.5. : ) )

From x_, = x;; it follows that if we denote x, = mﬁ&ﬁ then x_, = niw\ ba and
therefore, forn > 1,

N T mﬁlmlxwl:mha% + m:l.mm“mmiuil.% 2.1.12)
n R n

= a, cos Awaluv + b, sin Awa |Nv (2.1.13)
Ty Ty
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- 30 Frequency Domain Analysis of Signals and Systems Chapter 2 Section 2.2 Fourier Transforms 31
_ Ix| There exists still a third way to represent the Fourier series expansion of a real signal.
Noting that
i & -7 L n
- I v ] X! % x_ e = 2, | cos Amaﬂw + ?,V (2.1.17)
! 0
I f ] |

- ®

! | m _" m { we have

] 1
- -3 -2 -1 0 1 2 3 n b n

x() u§+NMUF__8m Taltla:v (2.1.18)

i n=1 To
- A In summary, for a real periodic signal x(¢), we have three alternative ways to
- represent the Fourier series expansion
- ? I e
_ , . m )= > x7w (2.1.19)
- I L2 w : S .

1 —2 I 0 1 1 ag n . n
- " : ¢ Figure 2.5 Discrete spectrum of a = M + M T: cos Awﬁwﬁohv + s sin Ama‘mmﬂvg (2.120)
- h. real-valued signal. n=1

[ee]
n
- =x+2  |x,]cos Tn —t+ QQ (2.1.21)
n=1 uqo v

i i i =4 e that

3
Since Xp 18 H@& and WHCOS as Xxp bN we OOBOHCQ ] . .
where the correspondir g coefficients are OUH&LHHOQ &HOHﬂ

(=]
- ag ) ‘ r 114 1 feth - b
x(f) = 5 +M T: cos Amaw,luv + by sin AN@ ﬂ%i (2.1.14) x, = l\ 2~ gy = a4 i @2.122)
e =1 0 ) N.o o 2 2
. Lo . : ; o+ Tt
This relation, which only holds ».oa.m real periodic signal x (£),1s called the trigonometric a, = W \ ° x(#) cos Amﬁ NNV dt (2.1.23)
e Fourier series expansion. To obtain a, and b,, we have To Ju Ty
- b= [0 z 2
— a+To i e = x(t)sin {2 —t | dt 2.1.
- X = M\? Hw,l x(ne 7! 4t ﬂo‘m ® A T v ¢ )
0 Ja 1
- 1%,] = m)\ 2+ b2 . (2.1.25)
- and, therefore, b
; /%, = —arctan | — (2.1.26)
t . P e oven(2)
a = jbn 1 o+l ks &IP\ x(t w.EAmuli.v dt "
- =7, x(t)cos | 27 NON 7 . ® 0 .
- 2.2 FOURIER TRANSFORMS
- From this we obtain The Fourier transform is the extension of the Fourier series to the general class of
_ 9 (et n 115 signals (periodic and nonperiodic). Here, as in Fourier series, the signals are expressed
i =7 x(r) cos Amﬁ ﬂoN v dt 2115 in terms of complex exponentials of various frequencies, but these frequencies are not
e 0 e o discrete. Hence, in this case, the signal has a continuous spectrum as opposed to a
- b = 2 o ONS ain (2 n uv at (2.1.16) discrete spectrum.
" Ty Ja T ‘We can formally state the Fourier transform theorem as follows.

Page 12 of 35
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32 Frequency Domain Analysis of Signals and Systems Chapter 2

Theorem 2.2.1. [Fourier Transform] If the signal x () satisfies certain con-
ditions known as the Dirichlet conditions, namely, '

1. x(2) is absolutely integrable on the real line; i.e.,
+o0
\ lx(@®)|dt < o0,
-0
2. The number of maxima and minima of x (¢) in any finite interval on the real line
is finite,
3. The number of discontinuities of x (¢) in any finite interval on the real line is finite,

then, the Fourier transform (or Fourier integral) of x(¢), defined by
—+00 .
X(f)= \ x(0)e™ I gy (2.2.1)
—co

exists and the original signal can be obtained from its Fourier transform by

x:(t) = e X (eI df (2.2.2)

—c0
where x4 (1) is defined as in Theorem 2.1.1. B

We make the following observations concerning the Fourier transform.

« X(f)is in general a complex function. Its magnitude | X (f)| and phase LX (f)
represent the amplitude and phase of various frequency components in x (¢). The
function X (f) is sometimes referred to as the spectrum’ of the signal x (z).

s To denote that X (f) is the Fourier transform of x(z), the following notation is
frequently employed

X(H=F=x@]
To denote that x (¢) is the inverse Fourier transform of X (f), the following nota-
tion is used
x() =F X ()]
Sometimes the following notation is used as a shorthand for both relations
x(0) & X(H)

» If the variable in the Fourier transform is chosen to be w rather than f, then we
have

X(w) = \ +8N8m¢.§ dt

-0

tSometimes X (f) is referred to as voltage spectrum, as opposed to power spectrum to be defined
later.

Section 2.2 Fourier Transforms 33

and

r+oo

X(w)e!™ dow

1
x(t) = o

* The Fourier Rmnm.monn and the inverse Fourier transform relations can be written as

oo [ p
x(z) H\ _H\ SRQX:RN@H &L eIt g
+00 +oo |
- \ ﬁ \ I2f =) i x(t)dt 223)
On the other hand,
+o0
x(t) = \ §¢t —x(x)dr (2.2.4)

where §(z) is the unit impulse, which is defined as a signal that is zero ev-
erywhere except at ¢ = 0 and has unit area. Comparing Equation (2.2.3) with
Equation (2.2.4), we obtain

+oo
St —1)= \ eI gf 22.5)
-0
or, in general,

+00
8() = \ =gy (22.6)

=00

Hence, the spectrum of 8(z) is equal to unity over all frequencies.
Example 2.2.1

Determine the Fourier transform of the signal I1(z).

Solution We have

+o0
FI()] = \ 1)o7 gy

~-00

+4
\ e~ ¥ 1 gy

1
—jinf
sinwf

7f
= sinc(f) 2.2.7)

mmi.i. — m?\u

R

A
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Sine (f)

1

ALY AN

transform.

5 \_/-3 <l H< NS 5 f Figure 2.6 T1(¢) and its Fourier

Theérefore,
F(I()] = sine(f)
Figure 2.6 illustrates the Fourier transform relationship for this signal.

Example 2.2.2
Find the Fourier transform of an impulse signal x(r) = 6(z).
Solution The Fourier transform can be obtained by

+00

~ FS()] = \ §(t)e~ i1 gt

o0

-1 . @28

where we have used the sifting property of §(r).! This shows that all frequencies are
present in the spectrum of §(¢) with unity magnitude and zero phase. .;n, graphs of x ()
and its Fourier transform are given in Figure 2.7. Similarly from the relation

+o0
[ snemttag =1

-00

we conclude that

Fl11=5(f)

The sifting property of §(¢) states that .\,Ho x()8(t — 1) dt = x(tp).

Section 2.2 Fourier Transforms 35

8(1)

Figure 2.7 Impulse signal and its
f spectrum.

2.2.1 Fourler Transform of Real, Even, and Odd Signals

The Fourier transform relation can be written in general ag
+oo

Flx(@®)] = \ x(t)e™ /I gy

-

+0c0 +co
= \ x(t) cos@rft) dt — j \ x(f) sin(2 1) dt

o0
For real x(¢), both integrals

+oo
\ x(t)cos(2r ft) dt

(o0
and

+00
\ x(t) sin(2m f1) dt

o0

are real and therefore denote the real and imaginary parts of X (f), respectively. Since
cosine is an even function and sine is an odd fanction, we see that for real x(t) the real
part of X(f) is an even function of f and the imaginary part is an odd function of f.
Therefore, in general, for real x(2), the transform X (f) is a Hermitian function

X=X
This is equivalent to the following relations:
Re[X (= f)] = Re[X ()]
Im[X (= )] = ~Im[X ()]
X (=)= XN
(X(=f)=~LX(P) .
Typical plots of | X (f)} and ZX(f) for a real x(t) are given in Figure 2.8.

PETITIONERS EXHIBIT 1013
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36 Frequency Domain Analysis of Signals and Systerns Chapter 2
[xenl
f
LX(f)
f
Figure 2.8 Magnitude and phase of the
spectrum of a real signal.

If in addition to being real, x(¢) is an even signal, then the integral

+co .
\ x(£) sin(Zr f1) dt

-0

vanishes because the integrand is the product of an even and odd signal and, therefore,
odd. Hence, the Fourier transform X (f) will be real and even. Similarly if x (¢) is real
and odd, the real part of its Fourier transform vanishes and X (f) will be imaginary
and odd.

2.2.2 Basic Properties of the Fourier Transform
In this section, we summarize the basic properties of the Fourier transform.

Linearity Property. The Fourier transform operation is linear. That is, if x; (£)
and x;(r) are signals possessing Fourier transforms X ( ) and X, (f), respectively, the
Fourier transform of ax; (1) + Bx2(z) is aX1(f) + BX2(f), where « and 8 are two
arbitrary (real or cornplex) scalars.

Duality Property. If
X(F) =Flx®)
then
x(f) =FX(-1]

Section 2.2 Fourier Transforms 37

and
x(=f)=FLX(@)]

Time Shift Property. A shift of , in the time origin causes a phase shift of
27 f 1y in the frequency domain. In other words,

Flx(t — 10)] = e F[x (1))

Scaling Property. For any real a # 0, we have
Fx(at)] = PN ANV (2.2.9)

lal \a

Qeaegnmo:m.\@aw@.Hmmﬁmwmn&mxsmbmwsngOmmOmmmocannnmum-
forms, then .

Flx@+yD]=Flx@]- Fy®O] = X(F) - Y () (2.2.10)

Modulation Property. 'The Fourier transform of x(¢)e/* is X (f — fo), and
the Fourier transform of

x(t) cos(2m fot)
is
1X(f = f)+3X(f + fo)

Parseval’s Property. If the Fourier transforms of the signals x(¢) and y(¢) are
denoted by X (f) and Y (f), respectively, then

/ T 2Oy dt = / " x(HY df @2.11)

Rayleigh’s Property. If X (f) is the Fourer transform of x(z), then
o0 {oe]
[ mora= [ ixpias
—00 —o0

Autocorrelation Property. The (time) autocorrelation function of the signal
x(2) is denoted by R,(r) and is defined by

R:(1) = \8 x@®x*@¢ - 1) de (2.2.12)

-0

The autocorrelation property states that
FR(D)] = |X (NI (22.13)

Differentiation Property. The Fourier transform of the derivative of a signal
can be obtained from the relation

F mx& = j2nfX(f) (2214

I N

PETITIONERS EXHIBIT 1013

Page 15 of 35



38 Frequency Domain Analysis of Signals and Systems Chapter 2

Integration Property. The Fourier transform of the integral of a signal can be
determined from the relation

N .
mm. ﬁ\l km.nv &L H WWWW + WNSKC& (2.2.15)

Moments Property.  If F[x(r)]=X (f), then [*° "x(r) dt, the nth moment of
x(¢), can be obtained from the relation

00 : I ].\I» : &:
\.giai? AML I

Table 2.1 gives a collection of frequently used Fourier transform pairs.

(2.2.16)

f=0

TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(2)) . Frequency Domain (X (f))
8@) 1
1 8(f)
8@t —10) e~/?nf1
e/ttt 8(f = fo)
cos(2 for) SRS - S+ 1+ S
sin(2 for) =80+ S+ 8 — fo)
1, [l < w
0N =<4, r==*i sine(f)
0, otherwise
sinc(r) i
t+1, ~1=<t<0
A)=4q —t+1, 0<r<1 sinc?(f)
0, otherwise
sinc? () ACS)
ey (1), >0 ni,wi
te™y_((t),a > 0 T
NID_: 2a
T
ml.:~ e nf?
1, t>0
sga(t) =< —1, <0 1/ f)
0, t=0
o) 1800 + 7
(1) janf
80() G2r sy
4 —Jjnsga(f)
LZInse=nTy TR - 5)

Section 2.2 Fourier Transforms 39

2.2.3 Fourier Transform for Periodic Signals

In this section, we extend the results already obtained to develop methods for find-
ing the Fourier transform of periodic signals. We have already included the Fourier
transform for some periodic signals (see Table 2.1). These include e/2%0! | cos(27 fot),
sin(27 for), and 3n=+% §(¢ — nTp). The common property of the Fourier transform of
all these periodic signals is that the Fourier transform consists of impulse functions in
the frequency domain. We will show in this section that this property holds for all peri-
odic signals and in fact there exists a close relationship between the Fourier transform
of a periodic signal and the Fourier series representation of the signal.

Let x(z) be a periodic signal with period Tp, satisfying the Dirichlet conditions.
Let {x,} denote the Fourier series coefficients corresponding to this signal. Then

oo .
. I
x() = m Hum\ua %’

n=—Q

By taking the Fourier transform of both sides and using the fact that

%Tbnwj == A\ - %ov

we obtain

X(H= W Xp8 Q - Nv (2.2.17)

n=—0 M..O

From this relation we observe that the Fourier transform of a periodic signal x (z) consists
of a sequence of impulses in frequency at multiples of the fundamental frequency of the
periodic signal. The weights of the impulses are just the Fourier series coefficients of the
periodic signal. This relation gives a shortcut for computing Fourier series coefficients
of a signal using the properties of the Fourier transform. If we define the truncated
signal x7, (¢) as .

5 I
x(t) P <t=

xr{t) = 2 2.2.18
%) 0, otherwise ( )
we see that
o
x@) =Y xp(t —nTy) (2.2.19)
n=—co
Zomum that x5, (t — nTp) = x7,(t) x §(t — nTp), we have
foe]
x() =xp,()x Y 8t —nTp) (2.2.20)

n=-co

PETITIONERS EXHIBIT 1013

Page 16 of 35



40 Frequency Domain Analysis of Signals and Systems Chapter 2

Therefore, using the convolution theorem and Table 2.1, we obtain

1 & n
X(f) = — - 2.
| f) =ZX5,(F) % ﬁM.Uz& Q wpv (2.2.21)
| which simplifies to _
1 & n n
X(f)=— Xp(=)s({Ff—=) 222
D=3 3 1o Ayv (s @v @222
Comparing this result with
X(= 3 xs A f- Hv (2.2.23)
n=-0Q N;O
: we conclude that
1 n
i = — . 224
%o = 7 X, msov (2.2.24)

i This equation gives an alternative way to find the Fourier series coefficients. Given the
i periodic signal x(¢), we carry out the following steps to find x,,:
i 1. First, we find the truncated signal xz, (£).

2. Then, we determine the Fourier transform of the truncated signal using Table 2.1
and the Pourier transform theorems and properties.

g 3. Finally, we evaluate the Fourier transform of the truncated signal at f = 7, to
obtain the nth harmonic and multiply by 7.

Example 2.2.3
Determine the Fourier series coefficients of the signal x () shown in Figure 2.2 on page 27.

Solution We follow the preceding steps. The truncated signal is .
t

xn (@) =TI Alv

T

and its Fourier transform is

X1,(f) = tsinc(cf)

Therefore,

ﬂ. :a
Xy = mmen Aw,mv (2.2.25)
2.3 POWER AND ENERGY

The energy and power of a signal are representatives of the energy or power delivered
by the signal when the signal is interpreted as a voltage or current source feeding a

Section 2.3 Power and Energy 41

1 ohm resistor. The energy content of a signal x(¢), denoted by &, is defined as

£ n\g |x () dr

. -0
and the power content of a signal is
peim 2 [P rora
x = im — . [x ()" dt
Alsignal is energy-type if £; < oo and is power-type if 0 < P, < c0. A signal cannot
be both power- and energy-type because for energy-type signals P, = 0 and for power-
type signals £; = 00. A signal can be neither energy-type nor power-type. An example
of such a signal is given in Problem 2.30. However, most of the signals of interest are
either energy-type or power-type. All periodic signals (with the exception of x (¢) = 0)
are power-type and have power
1 reth

P, = — 1| dt
==z, fx(2)]

where T is the period and « is any arbitrary real number.
2.3.1 Energy-Type Signals

For an energy-type signal x (¢), we define the autocorrelation function R, (t) as
R () = x(z) *x*(—1)

- \8»8&@ —oydi

= \ e dr @3.1)

By setting © = 0 in the definition of the autocorrelation function of x (£}, we obtain the
energy content of it; i.e.,
oQ
& = \ lx ()] dt
-0
= R:(0) (23.2)
Now using the autocorrelation theorem of the Fourier transform (see Section 2.2.2) we
find the Fourier transform of R,(z) to be |X (f)|2. Using this result, or equivalently, by
employing Rayleigh’s theorem, we have

\8 Ix(#))? dt

—Q

&

Il

| xpras (233

This relation gives two methods for finding the energy in a signal. One method uses
x(1), the time domain representation of the signal, and the other method uses X (f), the

Page 17 of 35
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42 Frequency Domain Analysis of Signals and Systems Chapter 2

frequency representation of the signal. G, (f) = F[Ry(7)] = | X (f }[? is called energy
spectral density of the signal x(¢), and represents the amount of energy per hertz of
bandwidth present in the signal at various frequencies.

2.3.2 Power-Type Signals

For the class of power-type signals a similar development is possible. In this case we
define the time-average autocorrelation function of the power-type signal x(¢) as

win

1

Ry(r) = lim — x@x*@¢ —1)dr (2.34) -

T-»o0 T /.

N

Now, obviously, the power content of the signal can be obtained from

P, = Him .H.\m x@dt

T—oo T z

= R:(0) (2.3.5)

We define S, (), the power-spectral density or the power spectrum of the signal x(z)
to be the Fourier transform of the time-average autocorrelation function.

Sx(f) = FIR:(7)] (2.3.6)

Subsequently, we will justify this definition. Now we can express the power content of
the signal x () in terms of S, (f) by noting that R, (0) = .\Ho Se(f)df;ie.,

P, = R.O)
= [Csnar @37

If a power-type signal x(¢) is passed through a filter with impulse response z(2),
the output is

OO
VSH \ k?vx?l.&ma

-0
and the time-average autocorrelation function for the output signal is

1 7%
Ry(z) = lim M\. YOyt —1)dt

T—>00

~N

Substituting for y(z), we obtain

Ry(z) = lim W\lw ﬁ\IHNRSNQI:me ﬁ\lﬂ B*)x*(¢t — v —v)dv| dt

T—0

Section 2.3 Power and Energy 43

By making a change of variables w = ¢ — u and changing the order of integration we

obtain
R& = [~ [ hwrm

1
x lim = [x(W)x*(u +w — 7 — v) dwldudv

T=ooT J-Iu

e

\8 \8 Re(t +v—wh(u)h*(v) dudv

Iter

\ [Re(T+v) % A(r + V)] h*(v) dv

Z Re(2) x h(z) % h*(~1) (2.3.8)

where in (a) we have used the definition of R, and in (b) and (c) we have used the
definition of the convolution integtal. Taking the Fourier transform of both sides of this
equation, we obtain

() = S(HHHH*(F)
=S(HIHP (23.9)

We have already seen that periodic signals are power-type signals. For periodic
signals, the time-average autocorrelation function and the power spectral density sim-~
plify considerably. Let us assume that the signal x () is a periodic signal with period
Ty having the Fourier series coefficients {x,}. To find the time-average autocorrelation
function we have

.
2

Re(x) = lim w \I Xt — 7 d

T—c0 T
2

Ty

. H .Nl *
I»Wﬁoy\...%ksbﬂ Qlﬁv&

ko)

Iﬂ. \mﬂ * n,.
l».mwQ wﬂo\la NQV\«QINVN

2

Hw
u wm\lmpxsx Q[s& @.29

This relation gives the time-average autocorrelation function for a periodic signal. If
we substitute the Fourier series expansion of the periodic signal in this relation, we
obtain

I +
R == (" W Mz s TR g 23.11
x = T Jn XpX,e e t (2.3.1D)
- 2

n=—00 m=—00
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44 Frequency Domain Analysis of Signals and Systems - Chapter 2
Now using the fact that,
L% g,
INMM ' € 0 t = Omn
F3
we obtain
* F I
Ri(®) = Y |male™ " 23.12)
n=-—cQ

From this relation we see that the time-average autocorrelation function of a periodic
signal is itself periodic with the same period as the original signal, and its Fourier series
coefficients are magnitude squares of the Fourier series coefficients of the original
signal.

To determine the power-spectral density of a periodic signal, it is enough to find
the Fourjer transform of Ry (7). Since we are dealing with a periodic function, the
Fourier transform consists of impulses in the frequency domain. This is what we expect
because a periodic signal consists of a sum of sinusoidal (or exponential) signals, and
therefore the power is concentrated at discrete frequencies (the harmonics). Therefore,
the power spectral density of a periodic signal is given by

S:(f)= D |xal? m f- %ov (2.3.13)

n=—0co0
To find the power content of a periodic signal, we have to integrate this relation over
the whole frequency spectrum. When we do this, we obtain

x =
Pe= Y |xf (2.3.14)

n=—09

This relation is known as Rayleigh's relation for periodic signals (also see Problem 2.6). -

If this periodic signal passes through an LTI system with frequency response H (f), the
output will be periodic, and the power spectral density of the output can be obtained by
employing the relation between the power spectral densities of the input and the output
of a filter. Thus,

SN =HEE Y, 1=l @fmv
n 2 n
mA.wnov uA ..wmv (2.3.15)

and the power content of the output signal is
n
(%)
To

co

2
> Izl

n=—0Q

o«

Py= )zl

n=—00

2
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2.4 SAMPLING OF BANDLIMITED SIGNALS

The sampling theorem is one of the most important results in the analysis of signals,
which has widespread applications in communications and signal processing. This
theorem and the numerous applications that it provides clearly show how much can
be gained by employing the frequency domain methods and the insight provided by
frequency domain signal analysis. Many modern signal processing techniques and the
whole family of digital communication methods are based on the validity of this theorem
and the insight provided by it. In fact, this theorem, together with results from signal
quantization techniques, provide a bridge that connects the analog world to digital
techniques.

The idea leading to the sampling theorem is very simple and quite intuitive. Let us
assume that we have two signals x; (¢) and x; (¢) as shown in Figure 2.9. x; (r) is a smooth
signal; it varies very slowly, and its main frequency content is at low frequencies. In
contrast, x;(f) is a signal with rapid changes due to the presence of the high frequency
components. We are to approximate these signals with samples taken at regular intervals
Ty and T3, respectively. To obtain an approximation of the original signal we can use,

5

[ —

®

Figure 2.9 Sampling of signals.
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46 Frequency Domain Analysis of Signals and Systems Chapter 2

for example, linear interpolation of the sampled values. It is obvious that the sampling
interval for the signal x;(¢) can be much larger than the sampling interval necessary
to reconstruct signal x, () with comparable distortion. This is a direct consequence of
the smoothness of the signal x; () compared to x,(¢). Therefore, the sampling interval
for the signals of smaller bandwidth can be made larger, or the sampling frequency can
be made smaller. The sampling theorem is, in fact, a ?.moaa statement of this intuitive
reasoning. It basically states that

1. If the signal x(z) is bandlimited to W; i.e., if X (f) = 0 for | f| > W, then it is
sufficient to sample at intervals Ty = 5. .

2. If we are allowed to employ more sophisticated interpolating signals compared
to linear interpolation, we are able to obtain the exact original signal back from
the samples as long as the previous condition is satisfied.

As seen here, the importance of the sampling theorem lies in the fact that it

. provides both a method of reconstruction of the original signal from the sampled values

and also gives a precise upper bound on the sampling interval (or equivalently, a lower
bound on the sampling frequency) required for distortionless reconstruction.

Theorem 2.4.1.  [Sampling] Let the signal x(¢) be bandlimited with bandwidth
W;ie., let X(f) = Ofor |f| = s\. Let x(¢) be sampled at multiples of some basic
sampling interval Ty, where Ts < Ns: to yield the sequence {x (nTs)}2 - Then it is
possible to reconstruct the original signal x(¢) from the sampled values by the recon-
struction formula

o
x(®) = > 2WTx(nT,)sinc2W'(t — nT,)] 2.4.1)
n=—ca
where W' is any arbitrary number that satisfies
1
W<W=<-—=-—
M._ .

In the special case where T = Nst the reconstruction relation simplifies to

el +00
x(t) = MU x(nT)sinc Awﬁ,ﬂ Isv = MU Aww\vw:ﬂoTS\AN — Mm\'i

n=—c0 n=-cQ
Proof Let x5(t) denote the result of sampling the onmE& signal by impulses at
nT, time instants. Then

x5(t) = M x(nT)8(t — nTy) _ (2.42)
We can write x;(f) as . v
, =30 Y 8e-nL) @43

n=-—0

Section 2.4 Sampling of Bandlimited Signals 47
XN
A
-w w f
X ()
A
I
-w W f

Figure 2.10  Frequency domain representation of the sampled signal.

Now if we find the Fourier transform of both sides of the above relation and apply the
dual of the convolution theorem to the right-hand side, we obtain

o0
Xs(F)=X(f)*F| > 8¢ ~nTy) 2.44)
n=-—0o
Now using Table 2.1 to find the Fourder transform of § ne. . 8(z — nTy), we obtain
[~}
> M -nT)| =~ MU s Qslv 2.4.5)
N=—00 .q n=-—co

By substituting Equation (2.4.5) into Equation (2.4.4), we obtain

NQTI M MQIIV

S p=—co

MU b4 A F- lv (2.4.6)

u n=—o0

Xs(f)

Il

Il

where in the last step we have employed the convolution property of the impulse signal.t
This relation shows that Xs(f), the Fourier transform of the impulse-sampled signal
is a replication of the Fourier transform of the original signal at a u. rate. Figure 2.10
shows this &Ewaoc ‘

Nowif T, > wﬁ. then the replicated spectrum of x (¢) overlaps, and reconstruction
of the original signal is not possible. This type of distortion that results from Eama.

sampling is known as aliasing error or aliasing distortion. However, if Ty < ms: no

tThe convolution property of the impulse signal states that x () + 8(t — fo) = x(t — 1o).
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48 Frequency Domain Analysis of Signals and Systemns Chapter 2

o.s&mw occurs, and .3 employing an appropriate filter we can reconstruct the original
signal back. To obtain the original signal back, it is sufficient to filter the sampled signal
by a lowpass filter with frequency response characteristic

L H(f)=T;for|f| < W.
2. mCJHowo:\_NWls\

mo.m W<l|fl< W ~ W, the filter can have any characteristics that makes its implemen-
tation easy. Of course, one obvious (though not practical) choice is an ideal lowpass
filter with bandwidth W’ where W" satisfies W <W < ww - W;ie., .

_ S
H()=T.0 A%v @47
with this choice we have
- f _
X =Xs(HTI A B\SV (24.8)

Taking inverse Fourier transform of both sides, we obtain

x(2) = x5(t) » 2W'Tysinc (2 W't)

o0

> x(nT)8( — nTy) * 2W'T, sincQW's)

JN=—=C0

1

it

<o

M 2W'Tx (nT,) sinc(2W' (¢ — nT)) - 2.4.9)
n=-o0
This relation shows that if we use sinc functions for interpolation of the sampled
<&swm Wwe can reconstruct the original signal perfectly. The sampling rate f; = wuﬂ is
the minimum sampling rate at which no aliasing occurs. This sampling rate is known as
the Nyquist sampling rate. If sampling is done at the Nyquist rate, then the only choice
for the reconstruction filter is an ideal lowpass filter and W' = W = Nl.wn Then,

=Y A,M:ls\v Sinc2Wt — n)

n=-00

3 x(nT;) sinc Ah - ;v (2.4.10)

n=—=00 N-.h

It

It

In practical systems, sampling is done at a rate higher than the Nyquist rate. This
mmoi.m for the reconstruction filter to be realizable and easier to build. In such cases
the distance between two adjacent replicated spectra in the frequency domain; i.e.

! 1 : ; Le.,
T — W)= W= f, —2W, is known as the guard band.

Note that there exists a strong similarity between our development of the sampling

theorem and our previous development of the Fourier transform for periodic signals (or

Section 2.5°  Bandpass Signals 49

Fourier series). In the Fourier transform for periodic signals, we started with a (time)
periodic signal and showed that its Fourier transform consists of a sequence of im-
pulses. Therefore, to define the signal, it was enough to give the weights of these
impulses (Fourier series coefficients). In the sampling theorem, we started with an
impulse-sampled signal, or a sequence of impulses in the time domain, and showed
that the Fourier transform is a periodic function in the frequency domain. Here again,
the values of the samples are enough to define the signal completely. This similarity
is a consequence of the duality between the time and frequency domains and the fact
that both the Fourier series expansion and reconstruction from samples are orthogonal
expansions, one in terms of the exponential signals and the other in terms of the sinc
functions. This fact will be further explored in the problems.

2.5 BANDPASS SIGNALS

In this section, we examine time domain and frequency domain characteristics of a
class of signals frequently encountered in communication system analysis. This class
of signals is the class of bandpass or narrowband signals. The concept of bandpass
signals is a generalization of the concept of monochromatic signals, and our analysis of
the properties of these signals follows that used in analyzing monochromatic signals.

Definition 2.5.1. A bandpass or narrowband signal is a signal x(f) whose fre-
quency domain representation X () is nonzero for frequencies in a usually small neigh-
borhood of some high frequency fo; i.e., X (f)=0for | f — fol > W, where W < Jo-
A bandpass system is a system which passes signals with frequency components in
the neighborhood of some high frequency fp; i.e., H( fy=1for|f — fol < W and
highly attenuates frequency components outside of this frequency band. Alternatively,
we may say that a bandpass system is one whose impulse response is a bandpass signal.

Note that in the above definition, f need not be the center of the signal bandwidth,
or be located in the signal bandwidth at all. In fact, all the spectra shown in Figure 2.11
satisfy the definition of a bandpass signal.

With the above precautions, the frequency f; is usually referred to as the central
Jrequency of the bandpass signal. A monochromatic signal is a bandpass signal for
which W = 0. A large class of signals used for information transmission, the modulated
signals, are examples of bandpass signals or at least closely represented by bandpass
signals. Throughout this section, we assume that the bandpass signal x (r) is real valued:

To begin our development of bandpass signals, let us start with the tools used in
the analysis of systems or circuits driven by monochromatic (or sinusoidal) signals. Let
x(t) = Acos(2r for +60) denote a monochromatic signal. To analyze a circuit driven
by this signal we first introduce the phasor corresponding to this signal as X = Ae’,
which contains the information about the amplitude and phase of the signal but does not
have any information concerning the frequency of it. To find the output of a linear time
invariant circuit driven by this sinusoidal signal, it is enough to multiply the phasor of
the excitation signal by the value of the frequency response of the system computed at
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Figure 2.11 Examples of narrowband signals.

the input frequency to obtain the phasor corresponding to the output. From the output
phasor, we can find the output signal by noting that the input and output frequencies
are the same. To obtain the phasor corresponding to the input, we first introduce the
signal z(z) as
7(7) = Ael@rfor+t)

= Acos(2x fot + 0) + jA sin(2r fot + 6)

”NQv.T.\.Hva . )
where x, (1) = A sin(27 fyz + ) is a 90° phase shift version of the original signal and
the subscript stands for guadrature. Note that z(z) represents a vector rotating at an

angular frequency equal to 27 fy as shown in Figure 2.12, and X, the phasor is obtained
from z() by deleting the rotation at the angular frequency of 27 fo, or equivalently by

Im

2mfy
Ael?

Figure 2.12 Phasor of a monochromatic
Re  signal.
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rotating the vector corresponding to z(¢) at an angular frequency equal to 27 f; in the
opposite direction, which is equivalent to multiplying by e=/27/ or

X = z(t)e IRt

In the frequency domain, this is equivalent to shifting Z(f) to the left by fo.
Also note that the frequency domain representation of Z( £)is obtained by deleting the
negative frequencies from X (f) and multiplying the positive frequencies by 2.

To obtain a parallel development for narrowband signals, we start with a signal
corresponding to z(z). We define z(#) for narrowband signals in the same way that z(r)
was defined for monochromatic signals; i.e., by multiplying the positive frequencies in

" X(f) by 2 and deleting the negative frequencies. By doing this we have

Z(f) =2u_1(NX(f) 25.1)

The signal z(t) defined by the above relation is called the analytic signal corresponding
to x(2), or pre-envelope of x(t). To obtain the time domain representation of z(z), we
first start with finding a signal whose Fourier transform is u_; (f). From Table 2.1 we
know that

1 . 1
Flu1(t)]= =8 -_—
| s (0] = 380 +
Applying the duality theorem, we obtain

]
ﬁg =u-1(f) 252

Now, using the convolution theorem, we have

z(t) = QS + Fv *x(t)
wt

& mms +

1
=x(t) +\.ulwm *x(1)

=x(t) + j2() (2.5.3)
where
(@)= L *x (1) (2.5.4)
. wt
Comparing this result with the corresponding monochromatic result
z(t) = Acos2mfor +6) + j Asin@nfot + 6) (2.5.5)

x(1) 2(0)

we see that 2(z) plays the same role as A sin(2w fyr 4 6). £(r) is called the Hilbers
transform of x(t). The name “transform” is somewhat misleading because there is no
change of domain involved, (as is the case for Fourder, Laplace, and Z transforms, for
example). In fact, Hilbert transform is a simple filter (seen from the fact that it can be
expressed in terms of a convolution integral). To see what the Hilbert transform does
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in the frequency domain we note that

[

Il

—Jsgn(f)
—Jj f>0
0 f=0
+j f<0
eI f>0-
=<0 f=0
el7 f<0
= o~/ §sen(sy (2.5.6)

This means that the Hilbert transform is equivalent to a ~% phase shift for positive
frequencies and +% phase shift for negative frequencies and can be represented by a
filter with transfer function H (f) = — Jsgn(f). This filter is called a quadrature filter,
emphasizing its role in providing a 90° phase shift. In the problems, we will investigate
some of the most important properties of the Hilbert transform.

To. obtain the equivalent of a “phasor” for the bandpass signal we have to shift
the spectrum of z(z); i.e., Z(f), to the left by fo to obtain a signal denoted by x,(¢),
which is the lowpass representation of the bandpass signal x(t). Hence,

XN =Z(f + fo) =2u_1(f + f) X(f + fo) (2.5.7)
and -
x(t) = z()em , 25.8)

Figure 2.13 shows Z(f) and X;(f) corresponding to a bandpass signal x (7).

As seen x(f) is a lowpass signal, meaning that its frequency components are
located around the zero frequency, or Xi(f) = Ofor | f]>W where W < So- x1(2)
plays the role of the phasor for bandpass signals. In general, x;(¢) is a complex signal
having x.(¢) and x,(¢) as its real and imaginary parts respectively; i.e.,

x(0) = x:(6) + jx:(2) (2.5.9)

x(2) and x, (¢) are lowpass signals, called in-phase and quadrature components of the
bandpass signal x (). Substituting for x;(¢) and rewriting z(t), we obtain

z@) = x(2) + j2 ()
= 5 (el
= (xc(t) + jx (1)) !
= (x.(t) cos2m fot) — x,(t) sin(2r fy1))
+ J (Gxec () sin(2m fot) + x,(¢) cos (2 for)) 2.5.10)
Equating the real and imaginary parts, we have

x(t) = x(t) cos2m for) — x,(t) sin(2x fot) (2.5.11)

Section 2.5 Bandpass Signals 53
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Figure 2.13  Z(f) and X;(f) corresponding to x(t).

and
X(t) = x.(t) sin(2m for) + x5 (¢) cosm fot) 2.5.12)

These relations give x(¢) and %(¢) in terms of two lowpass quadrature component
signals x.(¢) and x,(¢) and are known as bandpass to lowpass transformation relations.
If we define V (¢), the envelope of x(¢) as

V() = 4/x2() + x2() (2.5.13)
and ©(¢), the phase of x(¢), as
O ) = arctan > (2.5.14)
xc(1)
we can write
x(t) = V(£)e/®® (2.5.15)

which looks more like the familiar phasor relation X = Ae/?. The only n.mmnﬂwmnm. is
that in this case the envelope (V (¢)) and phase (8(t)) are both (slowly) time-varying
functions. Therefore, in contrast to the monochromatic phasor which has constant
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Im

_ (1)
146

o

Figure 2.14 The phasor of a bandpass
Re  signal. -

amplitude and phase, the envelope and phase of a bandpass signal vary slowly with
time, and therefore the vector representation of it moves on a curve in the complex
plane (see Figure 2.14).

Substituting x;(t) = V (1)e/®® in z(¢) in Equation (2.5.10), we obtain
z(t) = x(t) + jR (1)
= x,(t)e/ "

w\va.ﬂ.@S ef2fot

= V(1) cos@rfot + ©(t)) + jV(t) sin(2r for + O(1))
from which we have .

(2.5.16)

x(t) = V() cos@r fot + © 1)) (2.5.17)

and

2(1) = V() sin@r fot + ©(1)) (2.5.18)

These relations show why V (¢) and © (¢) are called the envelope and phase of the signal
x(2). Figure 2.15 shows the relation between x(t), V(£), and O ().

Im

]

Figure 2.15 The envelope and phase of

x() Re 4 bandpass signal.
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Example 2.5.1 :
Show that X (f) can be written in terms of X;(f) as
XN =3X(F = fo) + Xf(~F = fo)] 2519
Solution To obtain X (f) from X;(f), we do exactly the inverse of what we did to get
Xi(f) from X (f). First we shift Xi(f) to the right by fo to get Z(F). We have
Z(N=X(f - f)
To get X (f) from Z(f), we have to multiply the positive frequencies by a factor of W and
reconstruct the negative frequencies. Since x(t) is assumed to be real valued, its Fourjer

transform has Hermitian symmetry (see Section 2.2.1). Therefore, if we write
XN =X4(H+X_(F)

érnnmkix_vamnonmmﬁo positive frequency part of X (f) and X_ () denotes the negative
frequency part, we have

X_(f) = X% (~f)

Since

LN =3X(f - fo)

we obtain

X)) =3X1(f ~ fo) + XF (= ~ f))

The relation between the various signals discussed in this section are summarized
in Table 2.2. ‘

Transmission of Bandpass Signals through Bandpass Systems. 1In the
same way that phasors make analysis of systems driven by monochromatic signals

easier, lowpass equivalents of bandpass sig

nals can be employed to find the outputs of
bandpass systems driven by bandpass signals. Let x(£) be a bandpass signal with center

frequency fo, and let A(¢) be the impulse response of an LTI system. Let us assume that
h(z) is narrowband with the same center frequency as x(z). To find ¥(2), the output of
the system when driven by x (1), we use frequency domain analysis. In the frequency
domain, we have Y (f) = X( FYH(f). The signal »(2) is obviously a bandpass signal,
and therefore it has a lowpass equivalent y;(z). To obtain Y1(f) we have

YD =2 (F+ Y+ S
=+ X+ WHE + f)
By writing H(f) and X () in terms of their lowpass equivalents, we obtain

Xi(f) =2u1(f + )X + fo)

(2.5.20)
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In Chapter 6, we described methods for converting the output of a signal source into
a sequence of binary digits. In this chapter, we consider the transmission of the digital
information sequence over communication channels that are characterized as additive
white Gaussian noise (AWGN) channels. The' AWGN channel is one of the simplest
mathématical models for various physical communication channels, including wirelines
and some radio channels. Such channels are basically analog channels, which means
that the digital information sequence to be transmitted must be mapped into analog

“signal waveforms.

Our treatment focuses on the characterization and the design of analog signal
waveforms that carry digital information and their performance on an AWGN channel.
We consider both baseband channels; i.e., channels having frequency passbands that
usually include zero frequency (f =0), and bandpass channels; i.e., channels having
frequency passbands far removed from f =0. When the digital information is trans-
mitted through a baseband channel, there is no need to use a carrier frequency for
transmission of the digitally modulated signals. On the other band, there are many
communication channels, including telephone channels, radjo channels, and satellite
channels, that are bandpass channels. In such channels, the information-bearing signal is
impressed on a sinusoidal carrier, which shifts the frequency content of the information-
bearing signal to the appropriate frequency band that'is passed by the channel. Thus,
the signal is transmitted by carrier modulation.

We begin by developing a geometric representation of these types of signals,
which is useful in assessing their performance characteristics. Then, we describe several
different types of analog signal waveforms for transmitting digital information and
give their geometric representation. The optimum demodulation and detection of these
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signals is then described and their performance on the AWGN channel is evaluated in
terms of the probability of error. The various modulation methods are compared on
the basis of their performance characteristics, their bandwidth requirements and their
implementation complexity.

7.1 GEOMETRIC REPRESENTATION OF SIGNAL WAVEFORMS

The Gram-Schmidt orthogonalization procedure may be used to construct an orthonor-
n.g& basis for a set of signals. In this section, we develop a geometric representation of
signal waveforms as points in a signal space. Such a representation provides a compact
characterization of signal sets for transmitting information over a channel and simplifies
Sn. analysis of their performance. Using vector representation, waveform communi-
cation channels are represented by vector channels. This reduces the complexity of
analysis considerably.

Suppose we have a set of M signal waveforms s, (t), 1 <m <M which are to
be used for transmitting information over a communication channel. From the set
of E waveforms, we first construct a set of N <M orthonormal waveforms, where
N is the dimension of the signal space. For this purpose, we use the Gram-Schmidt
orthogonalization procedure.

quB-Mns:\_maﬁ Orthogonalization Procedure. We begin with the first
waveform s1(¢), which is assumed to have energy £;. The first waveform of the or-
thonormal set is constructed simply as

a0
Y1) = NG (7.1.1)

Thus, ¥ (¢) is simply s;(#) normalized to unit energy.
The second waveform is constructed from s, (¢) by first computing the projection
of 5,(¢) onto ¥r;(t), which is :

fo]
en= [ s@nod (7.12)
-0
Then, cp3¥1(2) is subtracted from s, (¢) to yield

b @) = 52(8) — ca 1 (1) . (7.1.3)

Now, &N. (¢) is orthogonal to ¥ (¢), but it does not possess unit energy. If &, denotes the
energy in d,(t), then the energy normalized waveform that is orthogonal to ¥, (#) is

d
Ya(t) = um\wlm (7.1.4)
&= \l &) dr (7.1.5)
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In general, the orthogonalization of the kth function leads to
de(2)
Y () = —= (7.1.6
Ve )
where
k-1
d() = i) = Y i () 1.17)
i=1
(o]
& n\ di)di (7.1.8)
S .
and
oQ
cri = \ O de, i= 1,2,..., k=1 (7.1.9)
—o .

Thus, the orthogonalization process is continued until all the M signal waveforms

{sm (2)} havebeen exhausted and N < M orthonormal waveforms have been constructed.
The N orthonormal waveforms {¥, (1)} form a basis inthe N _dimensional signal space.
The dimensionality N of the signal space will be equal to M if all the M signal
waveforms are linearly independent; i.e., if none of the signal waveforms is a linear

combination of the other signal waveforms.

Example 7.1L.1
Let us apply the Gram-Schmidt procedure to the set of

Figure 7.1(a). The waveform s1(r) has energy & = 2, s0
we observe that cay = 0, so that ¥ (r) and sp(¢) are ortho
5200 /& = ()] /2. To obtain yr3(t), we compute €3y and ¢32,
Cyy = l)\M. Hence,

four waveforms illustrated in
that Y1 (1) = 51()/~/2. Next
gonal. Therefore, Yo (t) =
which are ¢3; = 0 and

&) = s3(t) + V2 (1)

Since ds(t) has unit energy, it follows that Vr3(z) = da(¢). Finally, we find that cq1 =

J2,c0=0,c3=1 Hence,
dy(t) = s4(t) = V21 () = ¥3(8) =0

) and ¥3(t) and, consequently, the dimen-

Thus, s4(¢) is a linear combination of ¥z
tions ¥1(2), ¥2(1), and yr3(¢) are shown in

sionality of the signal set is N = 3. The func
Figure 7.1(b)

Once we have constructe
express the M signals {5, (¢)} as exact linear combinations of the

d the set of orthogonal waveforms {i/x ®)}, we can
{4 ()} Hence, we
may write

N
@ =3 S Un(, m=12.., M (1.1.10)

n=1

where

o = \ % o OPa(t)
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510 ' 53(0)
1 ||I|||._ 1 .||||I_
0 2 t 0 1 3 t
-1
55(1) 54(8)
1 1
0 1 2 t 0
oL 3
(a) Original signal set
o [20)
1
5 |||||_ s , ]
0 2 t 2 3 t
(0]
1
'
1
_L ’ '
s

(b) Orthonormal waveforms

wmmﬁ:&m 7.1 Application of Gram-Schmidt orthogonalization procedure to signals
si{t)}

and

., N
£n n\ 2mdi=> s, (7.1.11)
-
n=1
Based on the expression in Equation (7.1.7), each signal wavef
resented by the vector . ’ Feform may be e

Sm = (Sm1s Sm2s + - - » SmN) (7.1.12)

or equivalently, as a point in N-dimensional signal space with coordinates {Smin i =
1,2, ..., N}. The energy of the mth signal waveform is simply the square of the Hmmm\&
of the .<no.8n or, equivalently, the square of the Euclidean distance from the origin to
the point in the N-dimensional space. We can also show that the inner product of two
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signals is equal to the inner product of their vector representations; i.¢.,

8 v
\ usSu:S&Hms.m,ﬁ Q.H.Ev
-0

Thus, any N-dimensional signal can be represented geometrically as a point in the
signal space spanned by the N orthonormal functions {y, ()}.

Example 7.1.2 :
Let us determine the vector representation of the four signals shown in Figure 7.1(a) by
using the orthonormal set of functions in Figure 7.1(b). Since the dimensionality Sw the
signal space is N =3, each signal is described by three components, which are oEE.bmm
by projecting each of the four signal waveforms on the three orthonormal basis functions
Vi), ¥a(1), ¥3(1). Thus, we obtain s; = (+/2,0,0),52= (0, v2,0),53=(0, =2, 1),
s4=1(~/2, 0, 1). These signal vectors are shown in Figure 7.2.

Finally, we should observe that the set of basis functions { (1)} obtained ,8\. the
Gram-Schmidt procedure is not unique. For example, another set of basis mcnowuoum
that span the three-dimensional space is shown in Figure 7.3. For this basis, the signal

S2

ho

Figure 7.2 Signal vectors corresponding

LA0) to the signals 5; (), = 1,2,3, 4.
ﬁ@ .ﬁs
T H [ ]
0 1 t 0 ‘ 2 3 t
LA0) )
]
0 1 2 r

Figure 7.3 Alternate set of basis functions.
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vectorsare 51 = (1, 1,0), 5, =(1, —1,0),s3=(~1, 1, 1),and s4 = (1, 1, 1). The reader
should note that the change in the basis functions does not change the dimensionality
of the space N, the lengths (energies) of the signal vectors, or the inner product of any
two vectors.

Although the Gram-Schmidt orthogonalization procedure is guaranteed to gener-
ate an orthonormal basis for representation of the signal set, in many cases it is simpler
to use a method based on inspection to generate the orthonormal basis. We explore this
method in the problems at the end of this chapter.

7.2 PULSE AMPLITUDE MODULATION

In pulse amplitude modulation (PAM), the information is conveyed by the amplitude
of the transmitted signal. Let us first consider PAM signals that are appropriate for
baseband channels.

Baseband Signals. Binary PAM is the simplest digital modulation method.
In binary PAM, the information bit 1 may be represented by a pulse of amplitude A
and the information bit 0 is represented by a pulse of amplitude —A, as shown in
Figure 7.4. This type of signaling is also called binary antipodal signaling. Pulses are
transmitted at a bit rate R, = 1/ T, bits/sec, where T}, is called the bit interval. Although
the pulses are shown as rectangular, in practical systems, the rise time and decay time
are nonzero and the pulses are generally smoother. The pulse shape determines the
spectral characteristics of the transmitted signal as described in Chapter 8.

The generalization of PAM to nonbinary (M-ary) pulse transmission is relatively
straightforward. Instead of transmitting one bit at a time, the binary information se-
quence is subdivided into blocks of k bits, called symbols, and each block, or symbol, is
represented by one of M = 2¥ pulse amplitude values. Thus with k = 2, we have M = 4
pulse amplitude values. Figure 7.5 illustrates the PAM signals for k = 2, M = 4. Note
that when the bit rate Rj is fixed, the symbol interval is

k
T=—=kT} (7.2.1)
Ry

‘as shown in Figure 7.6.

50 S5(0)

Figure 7.4 Binary PAM signals.
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510
3A

u.NQV

0 T t 0
5300 s4(1)
0 T ¢
) _a4 . : .
0 T t . TFigure7.5 M =4PAM signal
-4 waveforms.
! .l
I T _
— " A
T, 27, kT,

Ty, = bit interval
T = symbol interval

Figure 7.6 Relationship between the
symbol interval and the bit interval.

We may characterize the PAM signals in terms of their basic properties. In general,
the M-ary PAM signal waveforms may be expressed as

() = Amgr(@®), m=12...,M, 0<t=<T (722)

where g7 (£) is 2 pulse of some arbitrary shape as shown for ‘wxmu%.ﬁo in mwmﬁw 7.7. We
observe that the distinguishing feature among the M signals is the signal mB@E.caw, \VE
the M signals have the same pulse shape. Another important feature of these signals is

&
1 -

(@) Figure7.7 Signal pulse for PAM.
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Baseband signal N\ Bandpass signal

X
Sl®) Sl) cos 2mft
Carrier Figure 7.8 Amplitude modules
cos 2mrf sinusoidal carrier by the baseband signal.

their energies. We note the signals have different energies; i.e.,
T T
En = \ s2(r)dt = A2 \ Sndt=ALE, m=12..,M (123)
0 0
where £, is the energy of the signal pulse g7 ().

Bandpass Signals. To transmit the digital signal waveforms through a band-
pass channel by amplitude modilation, the baseband signal waveforms s (1), m =
1,2, ..., M aremultiplied by a sinusoidal carrier of the form cos 27 ¢, as shown in Fig-
ure 7.8, where f, is the carrier frequency and corresponds to the center frequency in the
passband of the channel. Thus, the transmitted signal waveforms may be expressed as

Un(t) = Angr()cos2nft, m=12,....M (7.2.4)

As previously described in Section 3.2, amplitude modulation of the carrier
cos 2 f,t by the baseband signal waveforms s, (f) = Angr (@), shifts the spectrum
of the baseband signal by an amount . and, thus places the signal into the passband of
the channel. Recall that the Fourier transform of the.carrieris [ (f — /o) + 8 (f + f2)1/2.
Because multiplication of two signals in the time domain corresponds to the convolu-
tion of their spectra in the frequency domain, the spectrum of the amplitude-modulated
signal given by Equation (7.2.4) is

Am
Un(f) = WEHQ — f)+ G (f+ f)l (7.2.5)

Thus, the spectrum of the baseband signal s, (t) = Angr(®), is shifted in frequency
by an amount equal to the carrier frequency f;. The result is a DSB-SC AM signal, as
illustrated in Figure 7.9. The upper sideband of the carrier modulated signal is com-
prised of the frequency content of u,(r) for | f|> f;; ie., for fo < | fisfe+W.
The lower sideband of u, (f) comprises the frequency content for |f| < fe; ie.,
for f, — W < |f| < f.. Hence, the DSB-SC amplitude-modulated signal occupies 2
channel bandwidth of 2W, which is twice the bandwidth required to transmit the base-
band signal.

The energy of the bandpass signal waveforms u, (t), m =1,2,..., M, given by
Equation (7.2.4) is defined as

{oe] oQ
\ W2 () dt = \ A2 g2(1) cos? 2 f.t dt
0 - —c0

Em

I

.k»n co m.N oo
== \ g (de + =2 \ §2(1) cosdm f.1 dt (7.2.6)
2 Jooo 2 Jowo
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Gz

Ul
1
2
| L 1 !

-f~W  ~f. ~fAW 0 fe—W fe fetW f
(b)

Figure 7.9 Spectra of (a) baseband and (b) amplitude-modulated signals.

‘We note that when f. 3> W, the term

\8 & (t)cosdnfrdt (7.2.7)

-0
involves the integration of the product of a slowly varying ?uonou,,uﬁzn@ g2(), with
a rapidly varying sinusoida] term, namely cos 47 f. as muog.a in Emﬁm 7.10. Because
g7 (t) is slowly varying relative to cos 4w ft, the integral in m@cwcnc (7.2.7) over a
single cycle of cos4r f,t is zero and, hence, the integral over an arbitrary number of
cycles is also zero. Consequently,

Az e £

ol .2 2 =g (7.2.8)
2 ) gr(@®)dt 5

En =

er®

11—
[y

Figure 7.10 The signal g2 () cos 4 fct.
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where & is the energy in the signal pulse g7 (¢). Thus, we have shown that the energy

in the bandpass signal is one-half of the energy in the baseband signal. The scale factor

of W is due to the carrier component cos 27 f¢, which has an average power of W
When the transmitted pulse shape gz (t) is rectangular; i.e.,

& 0<t<T
gr(®) = roo==

0, otherwise

S.&

the amplitude-modulated carrier signal is usually called amplitude-shift keying (ASK).

Geometric Representation of PAM Signals. The baseband signal wave-
forms for M-ary PAM are given in Equation (7.2.2), where M =2%, and g7 (¢) is a
pulse with peak amplitude normalized to unity as previously illustrated in Figure 7.7.

"The M-ary PAM waveforms are one-dimensional signals, which may be expressed

as
Sm(@) =su¥(t), m=1,2,..., M (7.2.10)
where the basis function ¥ (¢) is defined as
1
V() = —=gr(t), 0<t<T (7.2.11)

VA

&g is the energy of the signal pulse g7 (¢), and the si m:& coefficients (one-dimensional
vectors) are simply

Sn=1/EAn, m=12.. M (7.2.12)

An important parameter is the Buclidean distance between two signal points, which is

defined as
| [5m — Snl2 = /€ (Am — Ap)? (7.2.13)

If we select the signal amplitudes {A,} to be symmetrically spaced about zero
and equally distant between adjacent signal amplitudes, we obtain the signal points for
symmetric PAM, as shown in Figure 7.11.

We observe that the PAM signals have different energies. In particular, the energy
of the mth signal is

En=s5E=EAL, m=1,2,.... M (7.2.14)

; Fignre 7.11  Signal points
0 (constellation) for symmetric PAM.
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For equally probable signals, the average eneIgy is
1 & & &,
Epy = i M.J\ma =3 M.»:._ (7.2.15)
. m=1 m=1
If the signal amplitudes are symmetric about the origin, then
A= (@m—1—M), m=1,2.., M (7.2.16)
and, hence, the average energy is
&M
Ep = .m Sem—1- M2 =E(M*—1)/3 (7.2.17)

m=1 X

When the baseband PAM signals are impressed on a cartier, the basic geometric

representation of the digital PAM signal waveforms remains the same. The bandpass
signal waveforms 1 (£) may be expressed as

U () = S (1) (7.2.18)

where the basic signal waveform ¥ (t) is defined as

P(t) = WMI gr(t)cos2mfet (7.2.19)
]

and . R
g
Efn, m=1,2,.... M (7.2.20)

Sm= 45
the geometric representation of bandpass PAM

Note that the only change in
s, is the scale factor /2, which appears in Equa-

signals, compared to baseband signal
tions (7.2.19) and (7.2.20).

As we observed, PAM signal waveforms are basically one-dimensional signals. In this

section, we consider the construction of two-dimensional signals.

7.3.1 Baseband Signals
Let us begin with the construction of two orthogonal signals. Two signal waveforms
s51(¢) and s,(¢) are said to be orthogonal over the interval (0, T) if

T
\ 51526y dt =0 (7.3.1)
0

Two examples of orthogonal signals are illustrated in Figure 7.12. Note that the two
T), while the signals

signals s, (¢) and 52(t) completely overlap over the interval (0,
si(#) and s55(t) are nonoverlapping in time. Both signal pairs satisfy the orthogonality
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(1) s'(0)
24
A
5 t
T T/2 !
59(t)
/(1)
A
T
0 /2 !
0
L I /2 T !
(a) ®

Figure 7.12 Two sets of orthogonal signals.

property in Equation (7.3.1) and both signal pairs have identical energy; i.c.
; T, T ’ T T
= \o sty dt = \o sSdt = \o [ (OPdt = \o P dt = AT~ (732)
WMWWM pair Mm these signals may be used to transmit binary information, with one
ignal waveform corresponding t i veyi
Sgmal e P g to a 1 and the other signal waveform conveying the
Geometrically, these signal waveforms can be 1 i
¢ ¢ \ epresented as signal vectors in
two-dimensional . i i i
wo-dime sional space. As basis functions, we may select the unit energy, rectangular

JZJT, 0=<t<T/2

Yy () =
0, otherwise

() = V2]T, T/2<t<T (7.3.3)
0, otherwise

Then, the signal waveforms s; (¢) and s,(t) shown in Figure 7.12(a) can be expressed as
s1(2) = su¥1 (1) + s1292(0)

52(2) = su Y1 () + 52 (2) (7.3.4)
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s1
45°
—45° ]
Figure7.13 The two signal vectors
corresponding to the signals waveforms
S2 s1(t) and 52(8).
where |
s1 = (511, 512) = (AVT/2, AVT[2) : (735
s2 = (s21,5:) = (AVT/2, —AVT/[2)
i i in Fi 7.13. Note that the signal vectors
al vectors s; and sy are iltustrated in Figure
.MMMMH%M%& by 90°, so that they are orthogonal. Furthermore, the square of the length
of each vector gives the energy in each signal; i.e.,
& = lsil* = AT 13.6)
& = sl = AT

The Buclidean distance between the two signals is

dp = /51 — 82l = AV2T = V24T = J2E (137

where £ = & = & is the signal energy.
Similarly, the pair of orthogonal sign
as in Equation (7.3.4), where

als shown in Figure 7.12(b) can be expressed

s = (AVT,0) = (VE,0) (13.8)
s, = (0, AVT) = (0, V&) |

gure 7.14. Note that s; and 8, are related to

i illustrated in Fi t
These two signal vectors are il ot o A e Buclidean

the signal vectors shown in Figure 7.13 by a simple 45°

mw‘

Sy

Figure 7.14 The two signal vectors
corresponding to the signal waveforms

54 () and s5(8).
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-5, 5

52
=S
! Figure 7.15 Signal constellation for

M = 4 biorthogonal signals.

distance between the signal points s} and s is identical to that for signal points s;
and S2.

Suppose that we wish to construct four signal waveforms in two dimensions. With
four signal waveforms, we can transmit two information bits in a signaling interval
of length T'. If we begin with the two orthogonal signals s1(¢) and s,(¢), shown in
Figure 7.12(a), and their corresponding vector representation in Figure 7.13, it is easy to
see that a simple construction is one that adds two additional signal vectors, namely, —s;
and —s;. Thus, we obtain the 4-point signal-point constellation shown in Figure 7.15,
which corresponds to the analog signal waveforms sy (), 52 (), —s1(2), and —s, (). Since
the pair s;(#) and s,(t) are orthogonal and the pair —s;(¢) and —s,(¢) are orthogonal,
the signal set consisting of the four signal waveforms is called 2 set of biorthogonal
signals.

The procedure for constructing a larger set of signal waveforms is relatively
straightforward. Specificaily, we can add additional signal points (signal vectors) in the
two-dimensional plane, and construct the corresponding signal waveforms by using
the two orthonormal basis functions 1 (z) and v, (¢) given by Equation (7.3.3). For
example, suppose we wish to construct M = 8 two-dimensional signal waveforms, all
of equal energy €. These eight signal points are illustrated in Figure 7.16, and allow us
to transmit three bits at a time. The corresponding eight signal waveforms are the two
sets of biorthogonal signal waveforms constructed from the two pairs of orthogonal
signals shown in Figure 7.12.

Alternatively, suppose that we remove the condition that all eight waveforms
have equal energy. For example, suppose that we select four biorthogonal waveforms

— Figure 7.16 M = § signal-point
constellation corresponding to the two
points of orthogonal signal waveforms in
Figure 7.12 and their negatives, i.e.,
510, 52(2), 51(8), 532), —s51(8), —52(2),
—s51(t) and —s5(1).
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2
/
,ﬂ [ &

& Figure 7.17 Two M = 8 signal-point
constellations in two dimensions,
corresponding to a superposition of two
sets of biorthogonal signal waveforms

(a) ®) with different energies.

that have energy & and another four biorthogonal waveforms that have energy &,
where &, > £1. Two possible eight signal-point constellations are shown in Figure 7.17,
where the signal points are located on two concentric circles of radii +/Z] and +/&;. In
Section 7.6.5 we show that the signal set in Figure 7.17(b) is preferable in an AWGN
channel to that shown in Figure 7.17(a).

73.2 Two-dimensional Bandpass Signals—Carrier-Phase

Modulation
In the case of PAM, we recall that bandpass signal waveforms, appropriate for trans-
mission on bandpass channels, were generated by taking a set of baseband signals and
impressing them on a carrier. In a similar manner, if we have a set of M two-dimensional
signal waveforms, say Sp @®),m=1,2,..., M, we can generate a set of M bandpass
signal waveforms as .

() = s cos2fut, m=1,2,...,M, 0<sr<T (13.9)

In this section, we consider the special case in which the M two-dimensional bandpass
signals waveforms are constrained to have the same energy; i.¢.,

T T
En = \ Wt () dt = \ 52 (1) cos® 27 ft dt
0

0
1 /T 1 /T
== \ 2@ dt+ = \ $2.(t) cos 4z fot dt (7.3.10)
2/ " 2 Jo

As indicated previously, the integral of the double-frequency component in Equa-
tion (7.3.10) averages to zero when £ >> W, where W is the bandwidth of the baseband
signal s, (2). Hence,
T
En = w sA(n)dt =& forallm (7.3.11)
0

where &, denotes the energy/signal or/symbol. .
As we indicated in the discussion following Equation (7.1.12), when all the signal

waveforms have the same energy, the corresponding signal points in the geometric -

representation of the signal waveforms fall on a circle of radius /€. For example,
in the case of the four biorthogonal waveforms, the signal points are as shown I
Figure 7.15 or, equivalently, any phase-rotated version of these signal points.

Section 7.3 Two-dimensional Signal Waveforms 355

From this geometric representation for M = 4, we observe that the signal points
are equivalent to a single signal whose phase is shifted by multiples of /2. That is,
a bandpass signal of the form s(#) cos(2rrf.t + nm/2), m = 0,1, 2, 3, has the same
m.wogmﬁn representation as an M =4 general biorthogonal signal set. Therefore, a
EBMK way to generate a set of M bandpass signals having equal energy is to impress
Eo Humoamaos on the phase of the carrier. Thus, we have a carrier-phase modulated
signal.

The general representation of a set of M carrier-phase modulated signal wave-
forms is

Nn
§SH%SSMA§§+!&sv. sno.r..;ﬁl.omquQ.w.SV

where gr 8 isa vmmmvmum pulse shape, which determines the spectral characteristics of
the transmitted signal, as will be demonstrated in Chapter 8. When gr () is arectangular
pulse, defined as

28,
gr(®) = - 0<t<T (7.3.13)

the corresponding transmitted signal waveforms

mm m
:sSu %Smmﬁmllﬁsv suo,r....xl.om“maE.E

have a constant envelope (the pulse shape g7 (2) is a rectangular pulse) and the carrier
phase changes abruptly at the beginning of each signal interval. This type of digital-
phase modulation is called phase-shift keying (PSK). Figure 7.18 illustrates a four-phase
(M = 4) PSK signal waveform, usually called a quadrature PSK (QPSK) signal.

By viewing the angle of the cosine function in Equation (7.3.14) as the sum of
two angles, we may express the waveforms in Equation (7.3.14) as

U (1) = g7 (1) Apc COS 2 fet — gr(t) Apms sin2m fot (7.3.15)

180°phase >.phase  —90%phase
shift shift shift

Foob
N AN AN NN

AVARVAVARVIRVERA VAR

M ﬂ H ﬁ ﬁ Figure 7.18 Example of a four PSK
0 T oo 3T 4T signal.
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—sin 21f,t

Ams87(0)

.

Apcer(®) cos 2mf ¢

Figure 7.19 Digital-phase modulation
viewed as two amplitude-modulated
quadrature carriers.

where
Ape =cos2mm/M, m=0,1,...,.M—1

Aps =sin2am/M, m=0,1,...,M -1

(73.16)

Thus, a phase-modulated signal may be viewed as two m:.mmaano carriers with mn.%:-
tudes g7 (t) Ame and g7 () Ams as shown in Figure 7.1 9, which depend on the transmitted
phase in each signal interval. .

Tt follows from Equation (7.3.15) that digital phase-modulated signals can be rep-
resented geometrically as two-dimensional vectors with components /& cos 2zm /M,

and /& sinZam/M,ie.,

sm= (VEcos2nm/M, /& sin2am/M) (1.3.17)

Note that the orthogonal basis functions are ¥ (t) = )\Wma (t) cos 27 f,t, and

V() = —y/ & gr(t) sin2n f.t. Signal-point constellations for M = 2, 4, 8 are illus-
g

trated in Figure 7.20. We observe that binary-phase modulation is identical to binary
PAM. o . .

The mapping or assignment of k information bits into the M = 2% possible mwmem
may be done in a number of ways. The preferred agsignmentis to use Gray encoding, in
which adjacent phases differ by one binary digit as illustrated in Figure 7.20. Because

011 o 001
Oleg———rqj————= 00 ®©
1 o /1 010 000
e e
! !
ﬁ 1 i
1 § ° e
VE | VE ! ﬁ 110 100
11é-————t———— -$10 ° ®
111 101
M=2 M=4 M=38

Figure 7.20 PSK signal consteliations.
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the most likely errors caused by noise involve the erroneous selection of an adjacent
phase to the transmitted phase, only a single bit error occurs in the £-bit sequence with
Gray encoding.

The Euclidean distance between any two signal points in the constellation is

(7.3.18)

28 AH —cos Ev

M

and the minimum Euclidean distance (distance between two adjacent signal points) is
simply

(7.3.19)

As we shall demonstrate in Equation (7.6.10), the minimum Euclidean distance
dmin plays an important role in determining the error-rate performance of the receiver
that demodulates and detects the information in the presence of additive Gaussian noise.

-7.3.3 Two-dimensional Bandpass Signals—Quadrature

Amplitude Modulation

In our discussion of carrier-phase modulation, we observed that the bandpass signal
waveforms may be represented as given by Equation (7.3.15), in which the signal wave-
forms are viewed as two orthogonal carrier signals, cos 27 f. and sin 27 /¢, modulated
by the information bits. However, the carrier-phase modulation signal waveforms are
constrained to have equal energy &, which implies that the signal points in the ge-
ometric representation of the signal waveforms lie on a circle of radius +/&;. If we
remove the constant energy restriction, we can construct signal waveforms that are not
constrained to fail on a circle.

The simplest way to construct such signals is to impress separate information bits
on each of the quadrature carriers, cos 27 f¢¢ and sin 27 /.. This type of digital mod-
ulation is called quadrature amplitude modulation (QAM). We may view this method
of information transmission as a form of quadrature-carrier multiplexing, previously
described in Section 3.2.6. , )

The transmitted signal waveforms have the form

Un(t) = Amc8T () OS2 fot + Amsgr () sin2nfet, m=1,2,...,M (7.3.20)

where {An} and {An;} are the sets of amplitude levels that are obtained by mapping
k-bit sequences into signal amplitudes. For example, Figure 7.21 illustrates a 16-QAM
signal constelation that is obtained by amplitude modulating each quadrature carrier by
M = 4 PAM. In general, rectangular signal constellations result when two quadrature
carriers are each modulated by PAM.

More generally, QAM may be viewed as a form of combined digital amplitude
and digital-phase modulation. Thus, the transmitted QAM signal waveforms may be
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L s o o
[} L] (-] @
@ o o L]
o L3 -] °
Figure 721 M = 16-QAM signal
constellation.

expressed as

Umn (£) = Angr(t) cos(m fet + 8, m=12,..., My (7.321)

If M; = 2% and M, = 2%, the combined amplitude- and phase-modulation method
results in the simultaneous transmission of k1 + ka = log, M1 M5 binary digits occurring
at a symbol rate R/ (k1 + k2). Figure 722 illustrates the functional block diagram of

a QAM modulator.

Transmitting Balanced
filter
modulator
gr()
cos 2mf,t
Oscillator
Transmitted
Binary QAM
data Serial to ¥ signal
——>  parallel @l‘v.
converter
90° phase
shift
sin 27rf,
HEMEEmm Balanced
lter
modulator
220 .

Figure 7.22 Functional block diagram of modulator for QAM.
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. Tt is clear that the geometric signal representation of the signals given by Equa-
tions (7.3.20) and (7.3.21) is in terms of two-dimensional signal vectors of the form

Sm = A/\Wlu,}i? /\N‘a\wﬁhvn m=12,....,.M

Examples of signal space constellations for QAM are shown in Figure 7.23.

(7.3.22)

M= 64
4.!Ilo.lIlollllollllollllo.ll.u’lll.o
H i

i
] M=32 ]
w ° \\YlilOI.Idllllo// ° 4
| ‘ N !
1 s M=16 !
L] ] P——— = =B ———D B +
i 1 1 i 1
A P
1 i =
bbb
i 1 : 1 M =4 ! _
1 1 1 1 1 " 1 |
I e e
I | | ! ! !
+ r b=t —C———a F L3
\ // \\ 1
] N ’ !
\ < ; 1
@ ® | "UUUREPEPYS S ® 4
| ]
i 1
tlll..lllc.llllv.lxlo.lllblll&ll'nﬁ
(@

R \

M=16

®

~
©
<

Figure7.23 (a) Rectangular signal-space constellations for QAM. (b, c) Examples

of combined PAM-PSK signal-space cons

tellations.
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The average transmitted energy for these signal constellations is simply the sum
of the average energies on each of the quadrature carriers. For rectangular signal
constellations, as shown in Figure 7.23(a), the average energy/symbol is given by
Egy = W MUMMH lIs:1%. The Euclidean distance between any pair of signal points is

(7.3.23)

Gmn =

fIsm —sull®

7.4 MULTIDIMENSIONAL SIGNAL WAVEFORMS

In the previous section, we observed that a number of signal waveforms, say M = 2k
can be constructed in two dimensions. By transmitting any one of these M signal wave-
forms in a given interval of time, we convey k bits of information. In this section, we
consider the design of a set of M = 2* signal waveforms having more than two dimen-
sions. We will show in Section 7.6.6 the advantages of using such multidimensional
signal waveforms to transmit information.

We begin by constructing M signal waveforms that are mutually orthogonal,
where each waveform has dimension N = M.

7.4.1 Orthogonal Signal Waveforms

First, we consider the construction of baseband orthogonal signals and, then, discuss
the design of bandpass signals.

Baseband Signals. Orthogonal signal waveforms at baseband can be con-
structed in a variety of ways. Figure 7.24 illustrates two sets of M = 4 orthogonal
signal waveforms. We observe that the signal waveforms s; (1), i = 1,2, 3,4 com-
pletely overlap over the interval (0, T), while the signal waveforms 5{(), i =1,2,3,4
are nonoverlapping in time. These are just two examples of a set of M =4 orthogonal
signal waveforms. In general, if we begin with a set of K baseband signal waveforms,
we can use the Gram-Schmidt procedure to construct M < K mutually orthogonal
signal waveforms. The M signal waveforms are simply the orthonormal signal wave-
forms ¥;(#),i = 1,2, ..., M, obtained from the Gram-Schmidt procedure. For exam-
ple, asetof M = 2% overlapping orthogonal signal waveforms can be constructed from
Hadamard sequences, also called Walsh-Hadamard sequences (see Problem 7.31).

When the M orthogonal signal waveforms are nonoverlapping in time, the digital
information that is transmitted is conveyed by the time interval in which the signal pulse
occupies. This type of signaling is usually called pulse position modulation (PPM). In
this case, the M baseband signal waveforms may be expressed as

sm(t) = Agrt = (m —DT/M), m=12,....M
m—-DT/M<t<mT/M
where gr(¢) is a signal pulse of duration T/M and of arbitrary shape.
Although each signal waveform in a set of M orthogonal signal waveforms may

be designed to have different energy, it is desirable for practical reasons that all M
signal waveforms have the same energy. For example, in the case of M PPM signals

Q.#,.C

Section 7.4  Multidimensional Signal Waveforms
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Figure 7.24 Two sets of M = 4 orthogonal signal waveforms.
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