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Figure 15.13 Throughput efficiencies of the SR + GBN with v = I and 2, 
N = 512 and n = 2024. 

15.4 HYBRID ARQ SCHEMES 

Comparing the two error control schemes, we see that ARQ is simple and provides 
high system reliability. However, ARQ systems have a severe drawback-their 
throughputs fall rapidly with increasing channel error rate. Systems using FEC 
maintain constant throughput (equal to the code rate R = k/n) regardless of the 
channel error rate. However, FEC systems have two drawbacks. First, when a 
received vector is detected in error, it must be decoded and the decoded message 
must be delivered to the user regardless of whether it is correct or incorrect. Since 
the probability of a decoding error is much greater than the probability of an un-
detected error, it is hard to achieve high system reliability with FEC. Second, to obtain 
high system reliability, a long powerful code must be used and a large collection of 
error patterns must be corrected. This makes decoding hard to implement and 
expensive. For these reasons, ARQ is often preferred over FEC for error control in 
data communication systems, such as packet-switching data networks and computer 
communication networks. However, in communication (or data storage) systems 
where return channels are not available or retransmission is not possible for some 
reason, FEC is the only choice. 

The drawbacks in both ARQ and FEC could be overcome if two error control 
schemes are properly combined. Such a combination of the two basic error control 
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schemes is referred to as a hybrid ARQ [5, I 7]. A hybrid ARQ system consists of an 
FEC subsystem contained in an ARQ system. The function of the FEC portion is to 
reduce the frequency of retransmission by correcting the error patterns that occur 
most frequently. This increases the system throughout. When a less frequent error 
pattern occurs and is detected, the receiver requests a retransmission rather than 
passing the unreliably decoded message to the user. This increases the system reli-
ability. As a result, a proper combination of FEC and ARQ would provide higher 
reliability than an FEC system alone and a higher throughput than the system with 
ARQ only. Furthermore, since the decoder is designed to correct a small collection 
of error patterns, it can be simple. The FEC scheme can be incorporated with any of 
the three basic ARQ schemes. 

A straightforward hybrid ARQ scheme is to use a code, say an (n, k) linear 
code, which is designed for simultaneous error correction and error detection. When 
a received vector is detected in error, the receiver first attempts to locate and correct 
the errors. If the number of errors ( or the length of an error burst) is within the 
designed error-correcting capability of the code, the errors will be corrected and the 
decoded message will be passed to the user or saved in a buffer until it is ready to be 
delivered. If an uncorrectable error pattern is detected, the receiver rejects the received 
vector and requests a retransmission. When the retransmitted vector is received, the 
receiver again attempts to correct the errors (if any). If the decoding is not successful, 
the receiver again rejects the received vector and asks for another retransmission. 
This error-correction and retransmission process continues until the vector is suc-
cessfully received or decoded. For example, one may use the (1023, 923) BCH code 
in a hybrid ARQ system. This code has a minimum distance 21; it can be used for 
correcting five or fewer t;rrors and simultaneously detecting any combination of I 5 
or fewer errors (and many other error patterns). If an error pattern with five or 
fewer errors occurs, it will be detected and corrected. If an error pattern with more 
than five but less than 16 errors occurs, it will be detected. In this event, the receiver 
will request a retransmission of the erroneous vector. 

The hybrid ARQ scheme described above is referred to as the type I hybrid 
ARQ scheme. Since a code used in this scheme must be able to correct a certain 
collection of error patterns and simultaneously detect other error patterns, more 
parity-check digits are needed. This increases the overhead for each transmission 
and retransmission. As a result, when the channel error rate is low, it has a lower 
throughput than its corresponding ARQ scheme. However, when the channel error 
rate increases, the throughput of the ARQ scheme drops rapidly and the hybrid-ARQ 
scheme provides higher throughput, as shown in Figure I 5.14. The type I hybrid ARQ 
scheme is capable of maintaining significant high throughput over a wide range of 
channel error rates if the designed error-correcting capability of the code is suffi-
ciently large. 

Let P, be the probability that a received vector will be decoded successfully. 
This probability depends on the designed error-correcting capability of the code 
being used. Replacing P by P, in Equations (15.4), (15.5), (15.6), and (15.11), we 
cbtain the throughput efficiencies for the type I hybrid selective-repeat ARQ with 
infinite receiver buffer, the type 1 hybrid go-back-N ARQ, the type I hybrid stop-
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f of the type I selective-repeat ARQ. 

and-wait ARQ, and the type I hybrid selective-repeat ARQ with receiver buffer of 
size N, respectively. 

The second type (or type II) of hybrid ARQ scheme is devised based on the 
concept that the parity-check digits for error correction are sent to the receiver only 
when they are needed [ 18, 19]. Two linear codes are used in this type of scheme; one is 
a high-rate (n, k) code C0 which is designed for error detection only, the other is an 
invertible half-rate (2k, k) code C1 which is designed for simultaneous error correction 
and error detection. A code is said to be invertible if, knowing only the parity-check 
digits of a code vector, the corresponding information digits can be uniquely deter-
mined by an inversion process. ln the next section, a class of invertible half-rate 
linear codes is presented and we show that the inversion can be accomplished by a 
linear sequential circuit. 

When a message u of k information digits is ready for transmission, it is encoded 
into a code vector v = (f (u), u) of n digits based on the error-detecting code C0, 

where f (u) denotes the n - k parity-check digits. The code vector v = (f(u), u) is 
then transmitted. At the same time, the transmitter computes the k parity-check 
digits, denoted by q(u), based on the message u and the half-rate invertible code C1• 

Clearly, the 2k-tuple (q(u), u) is a code vector in C1 • The k-bit parity block q(u) is not 
transmitted but stored in the retransmission buffer of the transmitter for later use. 
Let v = (](u), ii) denote the received vector corresponding to v = (f (u), u). When 
vis received, the receiver computes the syndrome of v based on C0 • If the syndrome 
is zero, ii is assumed to be error-free and will be accepted by the receiver. If the 
syndrome is not zero, errors are detected in v. The erroneous message ii is then 
saved in the receiver buffer and a NAK is sent to the transmitter. Upon receiving 
this NAK, the transmitter encodes the k-bit parity block q(u) into a code vector 
v* = (f[q(u)], q(u)) of n bits based on C0 , where /[q(u)] denotes the n - k parity-
check digits for q(u). This vector v* = (f[q(u)], q(u)) is then transmitted (here the 
retransmission is a parity vector). Let v* = (f[q(u)], tj(u)) denote the received vector 
corresponding to v* = (f[q(u)], q(u)). When v* is received, the syndrome of v* is 
computed based on C0 . If the syndrome is zero, q(u) is assumed to be error-free and 

Sec. 15.4 Hybrid ARQ Schemes 479 

IPR2025-00756, OnePlus Ex. 1011 
Page 6 of 8



the message u is recovered from q(u) by inversion. If the syndrome is not zero, q(u) 
and the erroneous message ii (stored in the receiver buffer) together are used for error 
correction based on the half-rate code C1. If the errors in (q(u), ii) form a correctable 
error pattern, they will be corrected. The decoded message u is then accepted by the 
receiver. If the errors in (q(u), ii) form a detectable but not a correctable error pattern, 
ii is discarded and the erroneous parity block q(u) is stored in the receiver buffer; 
also, a NAK is sent to the transmitter. 

Upon receiving the second NAK for the code vector v = (/(u), u), the trans-
mitter resends v = (/(u), u). When v = (] (u), ii) is received, the syndrome of v is 
again computed based on C0 • If the syndrome is zero, ii is assumed to be error-free 
and is accepted by the receiver, the erroneous parity block q(u) is then discarded. If 
the syndrome is not zero, ii and the erroneous parity block q(u) (stored in the receiver 
buffer) together are used for error correction based on C1 • If the errors in (q(u), ii) 
are corrected, the decoded message u is then accepted by the receiver and an ACK 
is sent to the transmitter. However, if the errors in (q(u), ii) are detectable but not 
correctable, q(u) is discarded, ii is stored in the receiver buffer, and a NAK is sent to 
the transmitter. The next retransmission will be the parity vector v* = (/[q(u)], q(u)). 
Therefore, the retransmissions are alternating repetitions of the parity code vector 
v* = (/[q(u)], q(u)) and the information code vector v = (/(u), u). The receiver 
stores the received message ii and the received parity block q(u) alternately. The 
retransmissions continue until u is finally recovered. 

The most important feature of the type II hybrid ARQ is the parity retrans-
mission for error correction based on a half-rate invertible code C,. This parity-
retransmission strategy can be incorporated with any of the three basic types of 
ARQ. Jt is particularly effective when it is used in conjunction with the selective-
repeat ARQ. Because of the invertible property of C1, the message u can be recon-
structed uniquely from the parity block q(u) by inversion. Hence, the parity block 
q(u) contains the same amount of information as the message. As a result, the overhead 
per transmission or retransmission is simply the number of parity-check digits, n -
k, needed for error detection based on the (n, k) code C0 , which is required by any 
ARQ scheme. Therefore, when the channel is quiet or the channel error rate is low, 
the type II hybrid ARQ has the same throughput efficiency as its corresponding ARQ 
scheme. When the channel error rate is high, the error correction provided by the 
half-rate code C1 will maintain the throughput high. In Section 15.5 we present a 
type II hybrid ARQ that incorporates the parity-retransmission strategy with the 
selective-repeat ARQ with finite receiver buffer. We will show that, for a BSC, the 
throughput efficiency of the ideal selective-repeat ARQ with infinite receiver buffer 
can be achieved by a half-rate invertible code C I with a very small designed 
error-correcting capability, say t = 3 to 5. With a larger t, the type II hybrid 
selective-repeat ARQ with finite receiver buffer will be far superior to the ideal 
selective-repeat ARQ with infinite receiver buffer. 

The decoding complexity for a type II hybrid ARQ is only slightly greater 
than that of a corresponding type I hybrid ARQ with the same designed error-
correcting capability. The extra circuits needed for a type II hybrid ARQ scheme 
are an inversion circuit based on C1, which is simply a linear sequential circuit and 
an error detection circuit based on C0 . 
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The disadvantage of the type I hybrid ARQ is that the overhead due to the 
extra parity-check digits for error correction must be included in each transmission 
or retransmission regardless of the channel error rate. When the channel is quiet, 
this represents a waste. However, the type II hybrid ARQ removes this disadvantage. 
It is an adaptive scheme. This scheme is particularly attractive for high-speed data 
communication systems where round-trip delay is large and error rate is nonstationary 
such as satellite communication systems. 

Various hybrid ARQ schemes and their analysis can be found in References 
17 to 29. 

15.5 CLASS OF HALF-RATE INVERTIBLE CODES 

In a type II hybrid ARQ system, C 1 is chosen as a half-rate invertible code. The 
invertible property facilitates the data recovery process. During a retransmission, if 
the parity block q(u) is successfully received (no errors being detected), the message 
u can be reconstructed from q(u) by a simple inversion process rather than by a more 
complicated decoding process. The inversion process also reduces the frequency of 
retransmission. For example, if the received message ii contains more than t errors 
and the received parity block q(u) is error-free, the decoding process based on (q(u), ii) 
would not be able to recover the message u. Hence, another retransmission would be 
required. However, taking the inverse of the error-free parity block q(u), we will be 
able to recover u and thus avoid another retransmission. 

In the following, a class of half-rate invertible block codes will be presented 
and we will show that inversion can be accomplished by a linear sequential circuit. 

Let C be an (n, k) cyclic code with n - k <:;:: k. Let g(X) be the generator poly-
nomial of C with the form 

Let 

v(X) =Vo+ V1X + V2X 2 + • • • + v •. -1x•-l 

be a code polynomial. In systematic form, the k leading high-order coefficients 
vn-k, vn-k+i, ..• , v._ 1 are identical to k information digits, the n - k low-order 
coefficients v0, v 1, ••• , vn-k- 1 are parity-check digits. Consider the set of those code 
vectors in C whose 2k - n leading high-order components v2<n-k» v2<n-k>+ 1, ••. , 

v._ 1 are zeros. There are 2n-k such code vectors in C. If the 2k - n high-order zero 
components are removed from these code vectors, we obtain a set of 2•-k vectors of 
length 2(n - k). These vectors form a half-rate (2n - 2k, n - k) shortened cyclic 
code C 1 (see section 4. 7). This shortened cyclic code has at least the same error-
correcting capability as C. We have shown in Section 4.7 that the encoding and 
decoding of C1 can be accomplished by the same circuits (or with a slight modification) 
as employed by C. 

Next, we show that the shortened cyclic code C1 has the invertible property. 
Let 
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