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Abstract

Run-time array redistribution is necessary to enhance the performance of parallel programs

on distributed memory supercomputers. In this paper, w e present an e�cient algorithm for ar-

ray redistribution from cyclic(x) on P processors to cyclic(Kx) on Q processors. The algorithm

reduces the overall time for comm unication by considering the data transfer, communication

schedule, and index computation costs. The proposed algorithm is based on a generalized cir-

culant matrix formalism . Our algorithm generates a schedule that minimizes the number of

communication steps and eliminates node contention in each communication step. The network

bandwidth is fully utilized by ensuring that equal-sized messages are transferred in each com-

munication step. Furthermore, the procedure to compute the schedule and the index sets is

extremely fast. It takes O(max(P;Q)) time. Therefore, our proposed algorithm is suitable for

run-time array redistribution. To evaluate the performance of our scheme, we have implemented

the algorithm using C and MPI. The experimen ts were conducted on the IBM SP2. The ex-

perimental results show that the proposed algorithm outperforms well-known algorithms when

the total communication time including the data transfer and schedule and index computation

times are considered.
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1 Introduction

Many High Performance Computing (HPC) applications, including scienti�c computing and signal

processing, consist of several stages. Some examples of such applications include the multidi-

mensional Fast Fourier Transform, the Alternative Direction Implicit (ADI) method for solving

two-dimensional di�usion equation, and linear algebra solvers. As the program execution proceeds

from one stage to another, the data access pattern and the number of processors required for fully

exploiting parallelism in the application may change. These changes cause the data distribution in

a stage to be unsuitable for a subsequent stage. If data redistribution is not performed, the remote

access overheads can be excessive. Since the requirements of di�erent computation stages are, in

general, not known at compile time, run-time data redistribution is necessary between consecutive

stages. However, the cost of redistribution can o�set the performance bene�ts achieved by the

redistribution. Therefore, run-time redistribution must be implemented e�ciently to ensure overall

performance improvement.

Array data are typically distributed in a block-cyclic pattern onto a given set of processors. The

block-cyclic distribution with block size x is denoted as cyclic(x). A block contains x consecutive

array elements. Blocks are assigned to processors in a round-robin fashion. Other distribution

patterns, cyclic and block distribution, are special cases of the block-cyclic distribution. In general,

the block-cyclic array redistribution problem is the reorganization of an array from one block-cyclic

distribution to another, i.e., from cyclic(x) to cyclic(y). An important case of this redistribution

problem is redistribution from cyclic(x) to cyclic(Kx) which arises in many scienti�c and signal

processing applications. This type of data redistribution can occur within a same processor set, or

it can occur between di�erent processor sets.

A general form of this array redistribution from cyclic(x) on P processors to cyclic(Kx) on

Q processors has received considerable attention [5, 11, 15]. In performing the redistribution, the

following four costs must be considered:

Index Computation Cost: For a given initial (�nal) data distribution, each source (destination)

processor needs to compute the local index of an array element that it has in the initial (�nal)

distribution. This index set is used by a source processor while packing array elements in a message.

Similarly, a destination processor uses this set to store the received data in appropriate locations.

There is a cost associated with the computation of the index for each array element in the source

(as well as in the destination) processor.

Schedule Computation Cost: The communication schedule speci�es sender-receiver pairs in

each communication step. Since in each communication step, a processor can send at most one

message and a processor can receive at most one message, careful scheduling is required to avoid

contention while minimizing the number of communication steps. Time to compute this commu-

nication schedule can be signi�cant. Keeping this cost low is an important criterion in performing

run-time redistribution.

Message Packing/Unpacking Cost: At each sender, a message consists of words from di�erent

memory locations which need to be gathered in a bu�er in the sending node. Typically, this

requires a memory read and a memory write operation to gather data and form a compact message

in the bu�er. The time to perform this data gathering at the sender is the message packing cost.

Similarly, at the receiving side, a message needs to be unpacked and data words need to be stored

at appropriate memory locations.

Data Transfer Cost: The data transfer cost for a message consists of start-up cost and trans-
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mission cost [2]. The start-up cost can be reduced by minimizing the number of message transfer

steps. The transmission cost is incurred in transferring the bits over the network. To reduce the

total data transfer cost, we must minimize the number of communication steps, ensure that all pro-

cessors send equal sized messages in a communication step, and avoid destination node contention

in data transfers.

All of the known algorithms for data redistribution ignore one or more of the above costs.

Some schemes focus only on e�cient index set computation and completely ignore scheduling the

communication events [4, 13, 14, 15, 21]. Based on the index of a block, these schemes focus on

�nding its destination processor and generating messages for the same destination. Communication

scheduling is not considered. These lead to node contention in the communication steps. This in

turn leads to higher data transfer costs as some nodes have to wait before sending their data. Other

schemes eliminate node contention by explicitly scheduling the communication events [3, 17, 22].

Although the schemes in [3, 17, 22] have an e�cient scheduling algorithm, these were designed for

data redistribution on the same processor set. For redistribution between di�erent processor sets,

the Caterpillar algorithm was proposed in [11]. It uses a simple round robin schedule to avoid node

contention. However, this algorithm does not fully utilize the network bandwidth. This leads to

increased data transfer cost. The schemes in [5] reduce the data transfer cost. However, the schedule

computation cost is signi�cant. The bipartite graph matching used in [5] takes O((jP j+ jQj)4) time

which is 100's of msecs for P and Q of interest. This scheduling cost can be larger than the data

transfer cost, and hence, such a scheme is suitable for compile-time redistribution only. Table 1

summarizes the costs considered by the well known data distribution algorithms in the literature.

In this paper, we propose a novel and e�cient algorithm for data redistribution from cyclic(x) on

P processors to cyclic(Kx) on Q processors. Our algorithm uses optimal number of communication

steps and fully utilizes the network bandwidth in each step. Optimal communication schedules

are determined using the generalized circulant matrix framework. The schedule computation cost

is O(max(P;Q)). Our implementations show that the schedule computation time is in the �secs

range when P and Q are in the range 50-100. The index set and the communication schedule are

also computed extremely fast. Each processor computes its own index set and its communication

schedule only using a set of equations derived from our generalized circulant matrix formulation.

The schedule computation time is negligible compared with the data transfer cost for array sizes of

interest. The message packing/unpacking cost is same as that of any other scheme that generates

an optimal communication schedule. Thus, the total data redistribution cost is minimized in our

scheme. This makes our scheme attractive for run-time data redistribution.

Our redistribution scheme has been implemented using MPI and C. It can be easily ported

to various HPC platforms. Our techniques can be used for developing scalable redistribution

libraries, for developing REDISTRIBUTE directive in HPF [1], and for developing parallel algorithms

for supercomputer applications.

The rest of this paper is organized as follows. Section 2 discusses the key ideas of our redistri-

bution scheme and explains our algorithm in detail. Section 3 reports our experimental results on

the IBM SP-2. Section 4 gives some concluding remarks.

2 Key Ideas

This section describes our redistribution algorithms. Section 2.1 introduces communication tables

for redistribution communication. Section 2.2 de�nes a generalized circulant matrix. Section 2.3
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presents our redistribution algorithm using communication tables and generalized circulant matrix.

2.1 Communication tables for redistribution

We denote the redistribution problem from cyclic(x) on P processors to cyclic(Kx) on Q processors

as <x(P;K;Q). The input array is initially distributed on P processors as block-cyclic distribution

cyclic(x). This can be represented as a distribution table. Each column of this table corresponds

to a processor and each row index is a local block index. An element (i; j) in the distribution table

represents the ith local block of the jth processor, where i � 0 and 0 � j < P . The corresponding

block is identi�ed by bg. Here, g is the global index of the corresponding block, g = i� P + j.

In the redistribution, the block movement pattern repeats after some number of blocks. Such a

set of blocks after which the movement pattern repeats is called a superblock in [3]. The period of the

block movement can be easily shown as lcm(P;KQ). Therefore, in computing the communication

schedule as well as the index set, it is su�cient to consider only the �rst superblock.

In our framework, the redistribution can be conceptually considered as a table conversion pro-

cess. This conversion process can be accomplished through a sequence of column and row transfor-

mations. While the column transformation is a local operation rearranging the data within each

processor's memory, the row transformation corresponds to interprocessor communication. The

�rst superblock in the initial distribution is represented as a table which is denoted as Di. The

destination processor of each block in the initial distribution table is determined by the redistribu-

tion parameters and its global block index. The communication events table can be constructed

by replacing each block index in the initial distribution table with its destination processor in-

dex. This is denoted as the destination processor table (dpt) P. The (i; j)th entry of P is the

destination processor index of jth local block in source processor i. It is a Ls � P matrix, where

Ls = lcm(P;KQ)
P

. In general, the use of dpt itself as a schedule for communication leads to node

contention, since several processors try to send their data to the same destination processor in a

communication step. To eliminate node contention, the dpt P is reorganized to S through column

transformations. S is called a send communication schedule. It is a Ls � P matrix as well. To

maintain the correspondence between Di and P, the same set of column transformations is applied

to Di. In a communication step, blocks in a row of the distribution table corresponding to S are

transferred to their destination processor speci�ed by the corresponding entries. It is called row

transformation. The received blocks in destination processors are stored in their proper memory

location by another column transformation. The key idea is to choose an S that supports easy to

compute contention-free communication schedule.

2.2 Communication schedule using generalized circulant matrix

In this subsection, we shall de�ne the notion of a generalized circulant matrix and use this to derive

an e�cient and contention-free communication schedule for <x(P;K;Q).

De�nition 1 An m� n matrix is a circulant matrix if it satis�es the following property:

1. If m � n, row k = row 0 circularly right shifted k times, 0 � k < m.

2. If m > n, column l = column 0 circularly down shifted l times, 0 � l < n.

De�nition 2 An M �N matrix is a generalized circulant matrix if the matrix can be partitioned

into submatrices of size m � n, where M = s �m and N = t � n, for some s, t > 0 such that the
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submatrices form a circulant matrix and each submatrix is either a circulant matrix or a generalized

circulant matrix.

There are two observations about the generalized circulant matrix: (i) the s submatrices along

each diagonal are identical, and (ii) if all elements in row 0 are distinct, then in each row all

elements are distinct. Figure 1 (a) illustrates a generalized circulant matrix.

If the communication schedule table S is a generalized circulant matrix and if all the elements

in row 0 are distinct, then it corresponds to a schedule without node contention. For example,

consider <x(6; 4; 9). Figure 1 (b) shows an example where dpt P of <x(6; 4; 9) case is converted to

generalized circulant matrix form S by column transformations.

Therefore, the generalized circulant matrix formalism and the column transformation provide

a systematic framework for developing contention-free communication schedules.

2.3 E�cient Redistribution Algorithms

The redistribution problem <x(P;K;Q) can be classi�ed into three communication patterns as

shown in the following lemma. (See [5] for an alternative formulation for the cyclic(x) to cyclic(y)

problem). Let G be gcd(P;KQ).

Lemma 1 The communication pattern induced by <x(P;K;Q) is: (i) a non all-to-all communica-

tion case if G > K, (ii) an all-to-all communication case with a �xed message size if K = �G, where

� is an integer greater than 0, and (iii) an all-to-all communication case with di�erent message

size if G < K and K 6= �G.

Among these three cases, the case of all-to-all processor communication with the same message

size can be optimally scheduled using a trivial round-robin schedule. However, it is non trivial

to achieve the same message size between all pairs of nodes in a communication step for all-to-all

case with di�erent message size. Therefore, we focus on the two cases of scheduling non all-to-all

communication and all-to-all communication with di�erent message sizes.

2.3.1 Non all-to-all communication

We brie
y explain how the initial distribution table dpt P is transformed to the send schedule

matrix S.

Given the redistribution parameters P, Q, and K, we can get the Ls � P initial distribution

table Di and its dpt P. Let G1 = gcd(P;K),K1 =
K
G1

and P1 =
P
G1

. In the dpt, every K1 row has a

similar pattern. It has di�erent destination processor index. We shu�e the rows such that similar

rows are adjacent. The shu�ed dpt P1 is divided into Q1 slices in the row direction, Q1 =
Ls

K1

. It is

divided into P1 slices in the column direction. Now, dpt can be considered as aK1�P1 block matrix

made of Q1 � G1 submatrices. This block matrix is converted into a generalized circulant matrix

by circular-shifting submatrices downwards and rotating individual columns within submatrix by

appropriate amounts. This results in a communication schedule matrix S. In this procedure, the

K identical values in row 0 of the dpt are distributed to K distinct rows, and hence, row 0 has

distinct values. Since S is a generalized circulant matrix, all rows are distinct and we achieve a

con
ict-free schedule. This table conversion process is called column transformation. In the above

transformation, an element is moved within its column. So, it does not incur any interprocessor

communication.
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While the dpt is converted, the same set of transformations are applied to the data distribution

table corresponding to the dpt. It is expensive to rearrange data in the local memory. In a real

implementation, each source processor has a table which points to the data blocks packed in a

communication step. This table is an index table for data to be packed. It is denoted as send data

location table Ds. Therefore, our scheme computes the schedule and data index set at the same

time.

With some algebraic manipulations, the above procedure gives the following two equations to

directly compute the individual entries of S and Ds. In these equations, i1 = i=K1 denotes the

quotient of integer division; i2 = i mod K1 denotes the remainder of the integer division; j1 = j=G1

and j2 = j mod G1.

S(i; j) = ffn(j1 � i1)g mod P1 + f(i2 � j2) mod Q1gP1g mod Q (1)

Ds(i; j) = fm(j1 � i1)g mod K1 + f(i2 � j2) mod Q1gK1 (2)

where n and m are solutions of nK1 �mQ1 = 1.

The proof of correctness of the above and the mathematical formulations will be given in

the full-version of the paper. Our scheme minimizes the number of communication steps as well

as avoids node contention. In each communication step, equal-sized messages are transferred.

Therefore, our scheme minimizes the data transfer cost. The above formulae for computing the

communication schedule and index set for redistribution are extremely e�cient compared with

the methods presented in [5], which use a bipartite matching algorithm. Furthermore, using our

formulae, each processor computes only entries which it needs in its send communication schedule

table. Hence, the schedule and index set computation can be performed in a distributed way and

the total cost of computing the schedule and index set is O(max(P;Q)).

2.3.2 All-to-all communication

The all-to-all communication case arises if G(= G1G2) � K as stated in Lemma 1, where G2 =

gcd(P1; Q). From the �rst superblock, the dpt is constructed. The dpt is Ls � P matrix, where

Ls = K1Q1. Since Q = Q1G2 and G2 � K1, Ls � Q. Therefore, each processor has more

entries than Q destination processors. In each column, several blocks are transferred to the same

destination. The column transformations as stated in Section 2.3.1 are applied to the dpt. It results

in a generalized circulant matrix which is a K1 � P1 circulant block matrix and each block is a

Q1 � G1 circulant matrix. In the block matrix, the �rst G2 blocks in each column are distinct.

Blocks in every G2 row have the same entries but di�erent circular-shifted patterns. These blocks

can be folded onto the block in their �rst row. Therefore, the �rst G2 rows in the block matrix are

used as a send communication schedule table S. It is a Q� P generalized circulant matrix. Since

blocks in every G2 row are folded onto blocks in their �st row, for all-to-all communication case

with di�erent message sizes, blocks in the �rst (K1 mod G2) rows of S have dK1

G2

e messages, blocks

in the remaining rows have bK1

G2

c messages. Figure 2 shows an example of the send communication

schedule table generated for all-to-all case with di�erent message sizes <x(4; 3; 6). In this example,

K1 = 3 and G2 = 2. The message size of blocks in the �rst row is two since blocks in the 3th row are

folded onto the �rst row. If K1 is a multiple of G2, the message size in every step is same. This case

is the all-to-all communication case with the same message size. Therefore, the network bandwidth
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is fully utilized by sending equal sized message in each communication step. The detailed proof of

this procedure will be given in the full-version of our paper.

3 Results

This section shows the preliminary timing results of our experiments. These experiments were

conducted on the IBM SP2. The algorithms were written in C and MPI. MPI communication

primitives were used for interprocessor communication. The redistribution time was measured using

the MPI Wtime() call. Section 3.1 shows the experimental results for the data transfer time and

section 3.2 reports the schedule computation times. The data pack/unpack time is not considered

since this cost is similar to any algorithm that uses optimal number of communication steps.

3.1 Data Transfer Cost

We performed experiments for three cases of interest. They were the non all-to-all communication

case and the all-to-all case with di�erent and the same message sizes.

For the non all-to-all communication case, we performed two experimental sets. One case is

<2(28; 14; 36) and another is <2(28; 7; 36). For the experiment of <2(28; 14; 36) case, the proposed

algorithm requires half the number of steps as compared with the Caterpillar algorithm. This

should lead to a 50% reduction in redistribution time compared with the Caterpillar algorithm. In

the experiment, the data transfer time of our algorithm is reduced from 44.6% to 62.2% compared

with the Caterpillar algorithm. The variance results from the network contention. For <2(28; 7; 36)

case, our proposed algorithm performs the redistribution in 9 steps. Our algorithm achieved around

75% reduction. Our experimental results con�rm these for two cases (see Figure 3).

For the all-to-all communication case with the same message size, both algorithms have the

same performance, since both algorithms have the same number of communication steps and avoid

node contention. Also, all messages are of the same size in redistribution communication. We

performed the experiment for <2(28; 8; 36) case. In this case, the whole messages have two blocks.

In the experiment, both algorithms show the same performance. (See in Figure 4.)

In the all-to-all communication case with di�erent message sizes, we have to consider the message

size in each communication step. The proposed algorithm is superior to the Caterpillar algorithm.

The <2(8; 6; 10) case is an example of all-to-all communication case with di�erent message sizes.

For this case, both algorithms have the same number of steps (10 steps). Half the messages are

two blocks while the other half are one block. In our proposed algorithm, equal-sized messages

are transferred in each communication step. Therefore, during half the steps, two-block messages

are exchanged while one-block messages are exchanged during the other half. The Caterpillar

algorithm does not consider the size of the messages transferred. It does not attempt to schedule

the communicate operations to send equal-sized messages. Therefore, the data transfer cost in each

step is the time to transfer the maximum message size. In these experiments, we obtained a 25%

time reduction in data transfer time compared with the Caterpillar algorithm. The experimental

results are shown in Figure 5.

3.2 Schedule Computation Cost

The time for computing the schedule for both Caterpillar algorithm and our algorithm is negligible

compared with the total redistribution time. Even though the schedule in Caterpillar algorithm
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is simpler than ours, it has to pay for the index computation time to �nd a block index. This is

almost the same as our schedule computation time. Both algorithms take approximately 10 �secs

on a single node of IBM SP2.

The schedule computation cost of Desperez's algorithm [5] is much more expensive than the

Caterpillar algorithm and our proposed algorithm. It is in the order of msecs. It is quite signi�cant.

The schedule computation cost of Desprez's algorithm increases rapidly as the number of processors

increases. When P and Q are larger than 64, its schedule computation time is 100's msecs. On the

other hand, our algorithm computes the send communication schedule e�ciently. Each processor

computes the entries which it needs in its send communication schedule table. Thus the schedule is

performed in a distributed way. The schedule computation time is 10's �secs. Furthermore, in the

case that P and Q are around 128, it takes only 100's �secs. The schedule time comparison of our

scheme with Desperez's algorithm is shown in Table 2. Here, the time for our scheme includes the

index computation time and the time for Desperez's algorithm is only for the schedule computation

time. In Table 2, We used the procedure in [23] for bipartite matching. The times are in the same

range for P 6= Q.

4 Conclusions

In this paper, we showed an e�cient algorithm for performing redistribution from cyclic(x) on P

processors to cyclic(Kx) on Q processors. The proposed algorithm was represented using gener-

alized circulant matrix. Our algorithm minimizes the number of communication steps and avoids

node contention in each communication step. The network bandwidth is fully utilized by ensuring

that messages of the same size are transferred in each communication step. Therefore, the total

data transfer cost is minimized.

The schedule and index computation costs are also important in performing run-time redistri-

bution. In our algorithm, the schedule and the index set are computed in O(max(P;Q)) time.

This computation is extremely fast compared with the bipartite matching scheme in [5] which it

takes O((jP j+ jQj)4) time. These times are small enough to be negligible compared with the data

transfer time. Therefore, our algorithm is suitable for run-time data redistribution.
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Key Features

Schedule & Index Computation Communication

PITFALLS
[14]

• No communication scheduling
• Index computation using a line seg-

ment formalism

• Node contention occurs
• Does not minimize the transmission

cost

BCC
[21]

• No communication scheduling
• Efficient index computation
• Source and destination sets are same

• Node Contention occurs
• Does not minimize the transmission

cost

Caterpillar
[11]

• Simple scheduling algorithm
• Index computation by scanning the

array segment

• No node contention
• Does not minimize the transmission

cost and the number of communica-
tion steps

Bipartite
Matching
Scheme

[5]

• Large schedule computation over-
head

cost: O((|P|+|Q|)4)

• No node contention
• Stepwise strategy: minimizes the

number of communication steps
• Greedy strategy: minimizes the trans-

mission cost

Our Scheme • Fast schedule and index computa-
tions
cost: O(max(P,Q))

• No node contention
• Minimizes the number of communi-

cation steps and the transmission
cost.

Table 1: Comparison of various schemes for array redistribution

P = G1P1

Ls = Q1K1

(Circulant Matrix)
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Figure 1: Generalized circulant matrix and a send communication schedule table
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Figure 2: Example illustrating an all-to-all case with di�erent message sizes: <x(4; 3; 6)
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Figure 3: Experimental results for non all-to-all communication cases on the IBM SP2
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Figure 4: Experimental results for all-to-all communication case with the same message size on the
IBM SP2

12

Ex.1157 / IPR2025-00915 / Page 12 of 13 
Intel Corporation v. Advanced Cluster Systems, Inc.



0 5x106 10x106 15x106

Total Array Size (single precision)

0.0

50.0

100.0

150.0

D
at

a 
T

ra
ns

fe
r 

T
im

e 
(m

se
c)

P = 8, K = 6, Q = 10

Our algorithm
Caterpillar algorithm

Figure 5: Experimental results for all-to-all communication case with di�erent message sizes on the
IBM SP2

P and Q K Our Scheme Bipartite Matching Scheme [5]

P = 16
Q = 16

4  30.114 866.386

8 50.866 2389.655

12 77.692 3959.604

P = 32
Q = 32

8 51.539 7453.028

16 94.923 16761.141

24 146.758 25613.034

P = 64
Q = 64

16 94.245 62443.372

32 178.569 133212.592

48 276.587 207762.816

P = 128
Q = 128

32 175.960 534768.000

64 345.812 1167586.304

96 576.755 1842415.104

Table 2: Comparison of schedule computation time (�secs): We used the procedure in [23] for
bipartite matching. The times are in the same range for P 6= Q.
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