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Abbreviations

1D one dimension(al)
2D, 3D, ... two dimension(al), three dimension(al), ...
AAM active appearance model
AGC automatic gain control
AI artificial intelligence
ART adaptive resonance theory
ASM active shape model
BBF best bin first
BBN Bayesian belief network
BRDF bi-directional reflectance distribution function
B-rep boundary representation
CAD computer-aided design
CCD charge-coupled device
CHMM coupled HMM
CIE International Commission on Illumination
CMOS complementary metal-oxide semiconductor
CMY cyan, magenta, yellow
CONDENSATION CONditional DENSity propagATION
CRT cathode ray tube
CSF cerebro-spinal fluid
CSG constructive solid geometry
CT computed tomography
dB decibel, 20 times the decimal logarithm of a ratio
DCT discrete cosine transform
DFT discrete Fourier transform
dof degrees of freedom
DPCM differential PCM
DWF discrete wavelet frame
ECG electro-cardiogram
EEG electro-encephalogram
EM expectation-maximization
FFT fast Fourier transform
FLANN fast library for approximate nearest neighbors
FOE focus of expansion
GA genetic algorithm
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GB Giga byte = 230 bytes = 1,073,741,824 bytes
GIS geographic information system
GMM Gaussian mixture model
GRBF Gaussian radial basis function
GVF gradient vector flow
HDTV high definition TV
HLS as HSI
HMM hidden Markov model
HOG histogram of oriented gradients
HSI hue, saturation, intensity
HSL as HSI
HSV hue, saturation, value
ICA independent component analysis
ICP iterative closest point algorithm
ICRP iterative closest reciprocal point algorithm
IHS intensity, hue, saturation
JPEG Joint Photographic Experts Group
Kb Kilo bit = 210 bits = 1,024 bits
KB Kilo byte = 210 bytes = 1,024 bytes
KLT Kanade-Lucas-Tomasi (tracker)
LBP local binary pattern
LCD liquid crystal display
MAP maximum a posteriori
Mb Mega bit = 220 bits = 1,048,576 bits
MB Mega byte = 220 bytes = 1,048,576 bytes
MB, MB2 Manzanera–Bernard skeletonization
MCMC Monte Carlo Markov chain
MDL minimum description length
MJPEG motion JPEG
MPEG moving picture experts group
MRF Markov random field
MRI magnetic resonance imaging
MR magnetic resonance
MSE mean-square error
MSER maximally stable extremal region
ms millisecond
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µs microsecond
OCR optical character recognition
OS order statistics
PCA principal component analysis
PDE partial differential equation
p.d.f. probability density function
PDM point distribution model
PET positron emission tomography
PMF Pollard-Mayhew-Frisby (correspondence algorithm)
PTZ pan-tilt-zoom
RANSAC RANdom SAmple Consensus
RBF radial basis function
RCT reversible component transform
RGB red, green, blue
RMS root mean square
SIFT scale invariant feature transform
SKIZ skeleton by inference zones
SLR single lens reflex‘
SNR signal-to-noise ratio
STFT short term Fourier transform
SVD singular value decomposition
SVM support vector machine
TLD tracking-learning-detection
TV television
USB universal serial bus
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Symbols

arg(x, y) angle (in radians) from x axis to the point (x, y)
argmax

i

(
expr(i)

)
the value of i that causes expr(i) to be maximal

argmin
i

(
expr(i)

)
the value of i that causes expr(i) to be minimal

div integer division or divergence
mod remainder after integer division
round(x) largest integer which is not bigger than x+ 0.5
∅ empty set
Ac complement of set A
A ⊂ B, B ⊃ A set A is included in set B
A ∩B intersection between sets A and B
A ∪B union of sets A and B
A \B difference between sets A and B
A (uppercase bold) matrices
x (lowercase bold) vectors
||x|| magnitude (or modulus) of vector x
x · y scalar product between vectors x and y
x̃ estimate of the value x
|x| absolute value of a scalar
δ(x) Dirac function
∆x small finite interval of x, difference
∂f/∂x partial derivative of the function f with respect to x
∇f , grad f gradient of f
∇2f Laplace operator applied to f
f ∗ g convolution between functions f and g
F .∗G element-by-element multiplication of matrices F , G
DE Euclidean distance
D4 city block distance
D8 chessboard distance
F ∗ complex conjugate of the complex function F
rank(A) rank of a matrix A
T ∗ transformation dual to transformation T , also complex conjugate of T
E mean value operator
L linear operator
O origin of the coordinate system
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# number of (e.g., pixels)
B̆ point set symmetrical to point set B
⊕ morphological dilation
	 morphological erosion
◦ morphological opening
• morphological closing
⊗ morphological hit-or-miss transformation
� morphological thinning
� morphological thickening
∧ logical and
∨ logical or
trace sum of elements on the matrix main diagonal
cov covariance matrix
sec secant, secα = 1/ cosα
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Preface

Image processing, analysis, and machine vision are an exciting and dynamic part of cog-
nitive and computer science. Following an explosion of interest during the 1970s and
1980s, subsequent decades were characterized by a maturing of the field and significant
growth of active applications; remote sensing, technical diagnostics, autonomous vehicle
guidance, biomedical imaging (2D, 3D, and 4D) and automatic surveillance are the most
rapidly developing areas. This progress can be seen in an increasing number of software
and hardware products on the market—as a single example of many, the omnipresence
of consumer-level digital cameras, each of which depends on a sophisticated chain of
embedded consumer-invisible image processing steps performed in real time, is strik-
ing. Reflecting this continuing development, the number of digital image processing and
machine vision courses offered at universities worldwide continues to increase rapidly.

There are many texts available in the areas we cover—a lot of them are referenced in
this book. The subject suffers, however, from a shortage of texts which are ‘complete’ in
the sense that they are accessible to the novice, of use to the educated, and up to date.
Here we present the fourth edition of a text first published in 1993. We include many
of the very rapid developments that have taken and are still taking place, which quickly
age some of the very good textbooks produced in the recent past.

Our target audience spans the range from the undergraduate with negligible ex-
perience in the area through to the Master’s, Ph.D., and research student seeking an
advanced springboard in a particular topic. The entire text has been updated since the
third version (particularly with respect to most recent development and associated refer-
ences). We retain the same Chapter structure, but many sections have been rewritten or
introduced as new. Among the new topics are the Radon transform, a unified approach
to image/template matching, efficient object skeletonization (MB and MB2 algorithms),
nearest neighbor classification including BBF/FLANN, histogram-of-oriented-Gaussian
(HOG) approach to object detection, random forests, Markov random fields, Bayesian
belief networks, scale invariant feature transform (SIFT), recent 3D image analysis/vision
development, texture description using local binary patterns, and several point tracking
approaches for motion analysis. Approaches to 3D vision evolve especially quickly and we
have revised this material and added new comprehensive examples. In addition, several
sections have been rewritten or expanded in response to reader and reviewer comments.
All in all, about 15% of this edition consists of newly written material presenting state-
of-the-art methods and techniques that already have proven their importance in the field:
additionally, the whole text has been edited for currency and to correct a small number
of oversights detected in the previous edition.

In response to demand, we have re-incorporated exercises (both short-form ques-
tions, and longer problems frequently requiring practical usage of computer tools and/or
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xxvi Preface

development of application programs) into this text. These re-use the valuable practi-
cal companion text to the third edition [Svoboda et al., 2008], but also cover material
that was not present in earlier editions. The companion text provides Matlab-based im-
plementations, introduces additional problems, explains steps leading to solutions, and
provides many useful linkages to allow practical use: a Solution Manual is available
via the Cengage secure server to registered instructors. In preparing this edition, we
gratefully acknowledge the help and support of many people, in particular our reviewers
Saeid Belkasim, Georgia State University, Thomas C. Henderson, University of Utah,
William Hoff, Colorado School of Mines, Lina Karam, Arizona State University, Peter
D. Scott, the University at Buffalo, SUNY and Jane Zhang, California Polytechnic State
University. Richard W. Penney, Worcestershire, UK gave close attention to our third
edition which has permitted the correction of many shortcomings. At our own institu-
tions, Reinhard Beichel, Gary Christensen, Hannah Dee, Mona Garvin, Ian Hales, Sam
Johnson, Derek Magee, Ipek Oguz, Kalman Palagyi, Andrew Rawlins, Joe Reinhardt,
Punam Saha, and Xiaodong Wu have been a constant source of feedback, inspiration and
encouragement.

This book reflects the authors’ experience in teaching one- and two-semester un-
dergraduate and graduate courses in Digital Image Processing, Digital Image Analysis,
Image Understanding, Medical Imaging, Machine Vision, Pattern Recognition, and Intel-
ligent Robotics at their respective institutions. We hope that this combined experience
will give a thorough grounding to the beginner and provide material that is advanced
enough to allow the more mature student to understand fully the relevant areas of the
subject. We acknowledge that in a very short time the more active areas will have moved
beyond this text.

This book could have been arranged in many ways. It begins with low-level process-
ing and works its way up to higher levels of image interpretation; the authors have chosen
this framework because they believe that image understanding originates from a com-
mon database of information. The book is formally divided into 16 chapters, beginning
with low-level processing and working toward higher-level image representation, although
this structure will be less apparent after Chapter 12, when we present mathematical mor-
phology, image compression, texture, and motion analysis which are very useful but often
special-purpose approaches that may not always be included in the processing chain.

Decimal section numbering is used, and equations and figures are numbered within
each chapter. Each chapter is supported by an extensive list of references and exercises.
A selection of algorithms is summarized formally in a manner that should aid imple-
mentation. Not all the algorithms discussed are presented in this way (this might have
doubled the length of the book); we have chosen what we regard as the key, or most use-
ful or illustrative, examples for this treatment. Each chapter further includes a concise
Summary section, Short-answer questions, and Problems/Exercises.

Chapters present material from an introductory level through to an overview of
current work; as such, it is unlikely that the beginner will, at the first reading, expect
to absorb all of a given topic. Often it has been necessary to make reference to material
in later chapters and sections, but when this is done an understanding of material in
hand will not depend on an understanding of that which comes later. It is expected that
the more advanced student will use the book as a reference text and signpost to current
activity in the field—we believe at the time of going to press that the reference list is
full in its indication of current directions, but record here our apologies to any work we
have overlooked. The serious reader will note that the reference list contains citations
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Preface

of both the classic material that has survived the test of time as well as references that
are very recent and represent what the authors consider promising new directions. Of
course, before long, more relevant work will have been published that is not listed here.

This is a long book and therefore contains material sufficient for much more than
one course. Clearly, there are many ways of using it, but for guidance we suggest an
ordering that would generate five distinct modules:

Digital Image Processing I, an undergraduate course.
Digital Image Processing II, an undergraduate/graduate course, for which Digital Im-

age Processing I may be regarded as prerequisite.
Computer Vision I, an undergraduate/graduate course, for which Digital Image Pro-

cessing I may be regarded as prerequisite.
Computer Vision II, a graduate course, for which Computer Vision I may be regarded

as prerequisite.
Image Analysis and Understanding, a graduate course, for which Computer Vision I

may be regarded as prerequisite.

The important parts of a course, and necessary prerequisites, will naturally be specified
locally; a suggestion for partitioning the contents follows this Preface.

Assignments should wherever possible make use of existing software; it is our expe-
rience that courses of this nature should not be seen as ‘programming courses’, but it
is the case that the more direct practical experience the students have of the material
discussed, the better is their understanding. Since the first edition was published, an
explosion of web-based material has become available, permitting many of the exercises
we present to be conducted without the necessity of implementing from scratch. We
do not present explicit pointers to Web material, since they evolve so quickly; however,
pointers to specific support materials for this book and others may be located via the
designated book web page, http://www.cengage.com/engineering .

In addition to the print version, this textbook is also available online through Mind-
Tap, a personalized learning program. If you purchase the MindTap version of this book,
you will obtain access to the book’s MindTap Reader and will be able to complete assign-
ments online. If your class is using a Learning Management System (such as Blackboard,
Moodle, or Angel) for tracking course content, assignments, and grading, you can seam-
lessly access the MindTap suite of content and assessments for this course. In MindTap,
instructors can:

• Personalize the learning path to match the course syllabus by rearranging content,
hiding sections, or appending original material to the textbook content.

• Connect a Learning Management System portal to the online course and Reader.

• Customize online assessments and assignments.

• Track student progress and comprehension with the Progress application.

• Promote student engagement through interactivity and exercises.

Additionally, students can listen to the text through ReadSpeaker, take notes and high-
light content for easy reference, as well as self-check their understanding of the material.

xxvii
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xxviii Preface

The book has been prepared using the LATEX text processing system. Its completion
would have been impossible without extensive usage of the Internet computer network
and electronic mail. We would like to acknowledge the University of Iowa, the Czech
Technical University, the Department of Computer Science at Prifysgol Aberystwyth,
and the School of Computing at the University of Leeds for providing the environment
in which this book was born and re-born.

Milan Sonka is Director of the Iowa Institute for Biomedical Imaging, Professor/Chair
of Electrical & Computer Engineering, and Professor of Ophthalmology & Visual Sciences
and Radiation Oncology at the University of Iowa, Iowa City, Iowa, USA. His research
interests include medical image analysis, computer-aided diagnosis, and machine vision.
Václav Hlaváč is Professor of Cybernetics at the Czech Technical University, Prague. His
research interests are knowledge-based image analysis, 3D model-based vision and rela-
tions between statistical and structural pattern recognition. Roger Boyle very recently
retired from the School of Computing at the University of Leeds, England, where he had
been Head. His research interests are in low-level vision and pattern recognition, and he
now works within the UK National Phenomics Centre at Prifysgol Aberystwyth, Cymru.

All authors have contributed throughout—the ordering on the cover corresponds to
the weight of individual contribution. Any errors of fact are the joint responsibility of
all.

Final typesetting has been the responsibility of Hrvoje Bogunović at the University
of Iowa. This fourth collaboration has once more jeopardized domestic harmony by
consuming long periods of time; we remain very happy to invest more work in this text
in response to readers’ comments.

References
Svoboda T., Kybic J., and Hlavac V. Image Processing, Analysis, and Machine Vision: A

MATLAB Companion. Thomson Engineering, 2008.
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Possible course outlines

Here, one possible ordering of the material covered in the five courses proposed in the
Preface is given. This should not, of course, be considered the only option—on the
contrary, the possibilities for organizing Image Processing and Analysis courses are prac-
tically endless. Therefore, what follows shall only be regarded as suggestions, and in-
structors shall tailor content to fit the assumed knowledge, abilities, and needs of the
students enrolled.

Figure 1 shows course pre-requisite dependencies of the proposed ordering. Figure 2
shows the mapping between the proposed course outlines and the material covered in the
individual chapters and sections.

Digital Image

Processing I

UG

Image Analysis and 

Understanding

G

Computer Vision II

G

Digital Image

Processing II

UG/G

Computer Vision I

UG/G

Figure 1: Pre-requisite dependencies of the proposed five courses. UG = undergraduate course,
G = graduate course. © Cengage Learning 2015.

DIP I
DIP II
CV I
CV II
IAU

chapter
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16course

Figure 2: Mapping between the proposed course outlines and material covered in individual
chapters and sections. See course outlines for details. © Cengage Learning 2015.
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Digital Image Processing I (DIP I)
An undergraduate course.

1 Introduction

2 The image, its representation and properties

2.1 Image representations
2.2 Image digitization
2.3 Digital image properties

4 Data structures for image analysis

5 Image pre-processing

5.1 Pixel brightness transformations
5.2 Geometric transformations
5.3 Local pre-processing (except 5.3.6–5.3.7, 5.3.9–5.3.11, limited coverage of 5.3.4,

5.3.5)
5.4 Image restoration (except 5.4.3)

6 Segmentation I

6.1 Thresholding (except 6.1.3)
6.2 Edge-based segmentation (except 6.2.4, 6.2.5, 6.2.7, 6.2.8)
6.3 Region growing segmentation (except 6.3.4)
6.4 Matching
6.5 Evaluation issues in segmentation

3 The image, its mathematical and physical background

3.2 Linear integral transforms (3.2.1–3.2.4, 3.2.6 only)

14 Image data compression (except wavelet compression, except 14.9)

Practical image processing projects

Digital Image Processing II (DIP II)
An undergraduate/graduate course, for which Digital Image Processing I may be re-
garded as prerequisite.

1 Introduction (brief review)

2 The image, its representation and properties

2.4 Color images
2.5 Cameras

3 The image, its mathematical and physical background (except 3.2.8–3.2.10)

xxxii Possible course outlines
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5 Image pre-processing
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Practical image processing projects

Computer Vision I (CV I)
An undergraduate/graduate course, for which Digital Image Processing I may be re-
garded as prerequisite.

1 Introduction (brief review)

2 The image, its representation and properties (brief review)

6 Segmentation I

6.2.4 Border detection as graph searching
6.2.5 Border detection as dynamic programming
6.2.7 Border detection using border location information
6.2.8 Region construction from borders
6.3.4 Watershed segmentation

7 Segmentation II

Possible course outlines xxxiii
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7.1 Mean shift segmentation
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Practical computer vision projects

Computer Vision II (CV II)
A graduate course, for which Computer Vision I may be regarded as prerequisite.
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5.3.9 Line detection
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xxxiv Possible course outlines
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11 3D Vision, geometry and radiometry

12 Use of 3D vision

16 Motion analysis

Practical 3D vision projects

Image Analysis and Understanding (IAU)
A graduate course, for which Computer Vision I may be regarded as prerequisite.

7 Segmentation II (except 7.1, 7.2)

9 Object recognition

9.2.5 Support vector machines
9.5 Recognition as graph matching
9.6 Optimization techniques in recognition
9.7 Fuzzy systems
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9.9 Random forests
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Practical image understanding projects

Possible course outlines xxxv
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Chapter1
Introduction

1.1 Motivation
Vision allows humans to perceive and understand the world surrounding them, while
computer vision aims to duplicate the effect of human vision by electronically perceiving
and understanding an image. Books other than this one would dwell at length on this
sentence and the meaning of the word ‘duplicate’—whether computer vision is simulating
or mimicking human systems is philosophical territory, and very fertile territory too.

Giving computers the ability to see is not an easy task—we live in a three-dimensional
(3D) world, and when computers try to analyze objects in 3D space, the visual sen-
sors available (e.g., TV cameras) usually give two-dimensional (2D) images, and this
projection to a lower number of dimensions incurs an enormous loss of information.
Sometimes, equipment will deliver images that are 3D but this may be of questionable
value: analyzing such datasets is clearly more complicated than 2D, and sometimes the
‘three-dimensionality’ is less than intuitive to us . . . terahertz scans are an example of
this. Dynamic scenes such as those to which we are accustomed, with moving objects or a
moving camera, are increasingly common and represent another way of making computer
vision more complicated.

Figure 1.1 could be witnessed in thousands of farmyards in many countries, and
serves to illustrate just some of the problems that we will face.

Figure 1.1: A frame from a video of a typical farm-
yard scene: the cow is one of a number walking nat-
urally from right to left. Courtesy of D. R. Magee,
University of Leeds.
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2 Chapter 1: Introduction

There are many reasons why we might wish to study scenes such as this, which
are attractively simple to us. The beast is moving slowly, it is clearly black and white,
its movement is rhythmic, etc.; however, automated analysis is very fraught—in fact,
the animal’s boundary is often very difficult to distinguish clearly from the background,
the motion of the legs is self-occluding and (subtly) the concept of ‘cow-shaped’ is not
something easily encoded. The application from which this picture was taken1 made use
of many of the algorithms presented in this book: starting at a low level, moving features
were identified and grouped. A ‘training phase’ taught the system what a cow might
look like in various poses (see Figure 1.2), from which a model of a ‘moving’ cow could
be derived (see Figure 1.3).

Model 1 Model 2 Model 3

Front Legs 
Variation

Rear Legs 
Variation

Inter−animal 
Variation

All
Variation

Figure 1.2: Various models for a cow silhouette: a straight-line boundary approximation has
been learned from training data and is able to adapt to different animals and different forms of
occlusion. Courtesy of D. R. Magee, University of Leeds.

These models could then be fitted to new (‘unseen’) video sequences. Crudely, at
this stage anomalous behavior such as lameness could be detected by the model failing
to fit properly, or well.

Thus we see a sequence of operations—image capture, early processing, segmentation,
model fitting, motion prediction, qualitative/quantitative conclusion—that is character-
istic of image understanding and computer vision problems. Each of these phases (which
may not occur sequentially!) may be addressed by a number of algorithms which we shall
cover in due course.

1The application was serious; there is a growing need in modern agriculture for automatic monitoring
of animal health, for example to spot lameness. A limping cow is trivial for a human to identify, but it
is very challenging to do this automatically.
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1.2 Why is computer vision difficult? 3

Figure 1.3: Three frames from a cow sequence: notice the model can cope with partial occlusion
as the animal enters the scene, and the different poses exhibited. Courtesy of D. R. Magee,
University of Leeds.

This example is relatively simple to explain, but serves to illustrate that many com-
puter vision techniques use the results and methods of mathematics, pattern recognition,
artificial intelligence (AI), psycho-physiology, computer science, electronics, and other
scientific disciplines.

Why is computer vision hard? As an exercise, consider a single gray-scale (mono-
chromatic) image: put the book down and before proceeding write down a few reasons
why you feel automatic inspection and analysis of it may be difficult.

1.2 Why is computer vision difficult?
This philosophical question provides some insight into the complex landscape of computer
vision. It can be answered in many ways: we briefly offer six—most of them will be
discussed in more detail later in the book.

Loss of information in 3D → 2D is a phenomenon which occurs in typical image cap-
ture devices such as a camera or an eye. Their geometric properties have been
approximated by a pinhole model for centuries (a box with a small hole in it—a
‘camera obscura’ in Latin). This physical model corresponds to a mathematical
model of perspective projection; Figure 1.4 summarizes the principle. The projective
transformation maps points along rays but does not preserve angles and collinearity.

real candle virtual image pinhole image plane

Figure 1.4: The pinhole model of
imaging geometry does not distin-
guish size of objects. © Cengage
Learning 2015.

The main trouble with the pinhole model and a single available view is that the
projective transformation sees a small object close to the camera in the same way as
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4 Chapter 1: Introduction

a big object remote from the camera. In this case, a human needs a ‘yardstick’ to
guess the actual size of the object which the computer does not have.

Interpretation of image(s) is a problem humans solve unwittingly that is the principal
tool of computer vision. When a human tries to understand an image then previous
knowledge and experience is brought to the current observation. Human ability to
reason allows representation of long-gathered knowledge, and its use to solve new
problems. Artificial intelligence has worked for decades to endow computers with
the capability to understand observations; while progress has been tremendous, the
practical ability of a machine to understand observations remains very limited.

From the mathematical logic and/or linguistics point of view, image interpreta-
tion can be seen as a mapping

interpretation: image data −→ model .

The (logical) model means some specific world in which the observed objects make
sense. Examples might be nuclei of cells in a biological sample, rivers in a satellite
image, or parts in an industrial process being checked for quality. There may be
several interpretations of the same image(s). Introducing interpretation to computer
vision allows us to use concepts from mathematical logic, linguistics as syntax (rules
describing correctly formed expressions), and semantics (study of meaning). Consid-
ering observations (images) as an instance of formal expressions, semantics studies
relations between expressions and their meanings. The interpretation of image(s) in
computer vision can be understood as an instance of semantics.

Practically, if the image understanding algorithms know into which particular
domain the observed world is constrained, then automatic analysis can be used for
complicated problems.

Noise is inherently present in each measurement in the real world. Its existence calls
for mathematical tools which are able to cope with uncertainty; an example is prob-
ability theory. Of course, more complex tools make the image analysis much more
complicated compared to standard (deterministic) methods.

Too much data. Images are big, and video—increasingly the subject of vision appli-
cations–correspondingly bigger. Technical advances make processor and memory
requirements much less of a problem than they once were, and much can be achieved
with consumer level products. Nevertheless, efficiency in problem solutions is still
important and many applications remain short of real-time performance.

Brightness measured in images is given by complicated image formation physics. The
radiance (≈ brightness, image intensity) depends on the irradiance (light source
type, intensity and position), the observer’s position, the surface local geometry,
and the surface reflectance properties. The inverse tasks are ill-posed—for example,
to reconstruct local surface orientation from intensity variations. For this reason,
image-capture physics is usually avoided in practical attempts at image understand-
ing. Instead, a direct link between the appearance of objects in scenes and their
interpretation is sought.

Local window vs. need for global view. Commonly, image analysis algorithms analyze
a particular storage bin in an operational memory (e.g., a pixel in the image) and its
local neighborhood; the computer sees the image through a keyhole; this makes it
very difficult to understand more global context. This problem has a long tradition in
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1.3 Image representation and image analysis tasks 5

artificial intelligence: in the 1980s McCarthy argued that formalizing context was a
crucial step toward the solution of the problem of generality. It is often very difficult
to interpret an image if it is seen only locally or if only a few local keyholes are
available. Figure 1.5 illustrates this pictorially. How context is taken into account is
an important facet of image analysis.

Figure 1.5: Illustration of the world seen
through several keyholes providing only a local
context. It is very difficult to guess what ob-
ject is depicted; the complete image is shown in
Figure 1.6. © Cengage Learning 2015.

1.3 Image representation and image analysis tasks
Image understanding by a machine can be seen as an attempt to find a relation between
input image(s) and previously established models of the observed world. Transition from
the input image(s) to the model reduces the information contained in the image to rele-
vant information for the application domain. This process is usually divided into several
steps and several levels representing the image are used. The bottom layer contains
raw image data and the higher levels interpret the data. Computer vision designs these
intermediate representations and algorithms serving to establish and maintain relations
between entities within and between layers.

Image representation can be roughly divided according to data organization into four
levels, see Figure 1.7. The boundaries between individual levels are inexact, and more
detailed divisions are also proposed in the literature. Figure 1.7 suggests a bottom up
approach, from signals with almost no abstraction, to the highly abstract description
needed for image understanding. Note that the flow of information does not need to
be unidirectional; often feedback loops are introduced which allow the modification of
algorithms according to intermediate results.

This hierarchy of image representation and related algorithms is frequently catego-
rized in an even simpler way—low-level image processing and high-level image under-
standing.

Low-level processing methods usually use very little knowledge about the content of
images. In the case of the computer knowing image content, it is usually provided by
high-level algorithms or directly by a human who understands the problem domain. Low-
level methods may include image compression, pre-processing methods for noise filtering,
edge extraction, and image sharpening, all of which we shall discuss in this book. Low-
level image processing uses data which resemble the input image; for example, an input
image captured by a TV camera is 2D in nature, being described by an image function
f(x, y) whose value, at simplest, is usually brightness depending on the co-ordinates x, y
of the location in the image.

If the image is to be processed using a computer it will be digitized first, after
which it may be represented by a rectangular matrix with elements corresponding to the
brightness at appropriate image locations. More probably, it will be presented in color,
implying (usually) three channels: red, green and blue. Very often, such a data set will
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6 Chapter 1: Introduction

Figure 1.6: It is easy for humans to interpret an
image if it is seen globally: compare to Figure 1.5.
© Cengage Learning 2015.

be part of a video stream with an associated frame rate. Nevertheless, the raw material
will be a set or sequence of matrices which represent the inputs and outputs of low-level
image processing.

High-level processing is based on knowledge, goals, and plans of how to achieve those
goals, and artificial intelligence methods are widely applicable. High-level computer
vision tries to imitate human cognition (although be mindful of the health warning given
in the very first paragraph of this chapter) and the ability to make decisions according to
the information contained in the image. In the example described, high-level knowledge
would be related to the ‘shape’ of a cow and the subtle interrelationships between the
different parts of that shape, and their (inter-)dynamics.

High-level vision begins with some form of formal model of the world, and then
the ‘reality’ perceived in the form of digitized images is compared to the model. A
match is attempted, and when differences emerge, partial matches (or subgoals) are
sought that overcome them; the computer switches to low-level image processing to
find information needed to update the model. This process is then repeated iteratively,
and ‘understanding’ an image thereby becomes a co-operation between top-down and
bottom-up processes. A feedback loop is introduced in which high-level partial results
create tasks for low-level image processing, and the iterative image understanding process
should eventually converge to the global goal.

Computer vision is expected to solve very complex tasks, the goal being to obtain
similar results to those provided by biological systems. To illustrate the complexity of
these tasks, consider Figure 1.8 in which a particular image representation is presented—

Objects
or a scene

2D image

Digital
image

Regions Edgels Scale
Interest
points Texture

Image with
features

Objects

From objects to images

Image digitization

From images to features

From features to objects

Understanding objects

Figure 1.7: Four possible levels of image repre-
sentation suitable for image analysis problems
in which objects have to be detected and clas-
sified. Representations are depicted as shaded
ovals. © Cengage Learning 2015.
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1.3 Image representation and image analysis tasks 7

Figure 1.8: An unusual image representa-
tion. © R.D. Boyle 2015.

the value on the vertical axis gives the brightness of its corresponding location in the
[gray-scale] image. Consider what this image might be before looking at Figure 1.9,
which is a rather more common representation of the same image.

Both representations contain exactly the same information, but for a human observer
it is very difficult to find a correspondence between them, and without the second, it is
unlikely that one would recognize the face of a child. The point is that a lot of a
priori knowledge is used by humans to interpret the images; the machine only begins
with an array of numbers and so will be attempting to make identifications and draw
conclusions from data that to us are more like Figure 1.8 than Figure 1.9. Increasingly,
data capture equipment is providing very large data sets that do not lend themselves to
straightforward interpretation by humans—we have already mentioned terahertz imaging
as an example. Internal image representations are not directly understandable—while
the computer is able to process local parts of the image, it is difficult for it to locate global
knowledge. General knowledge, domain-specific knowledge, and information extracted
from the image will be essential in attempting to ‘understand’ these arrays of numbers.

Low-level computer vision techniques overlap almost completely with digital image
processing, which has been practiced for decades. The following sequence of processing
steps is commonly seen: An image is captured by a sensor (such as a camera) and
digitized; then the computer suppresses noise (image pre-processing) and maybe enhances
some object features which are relevant to understanding the image. Edge extraction is
an example of processing carried out at this stage.

Image segmentation is the next step, in which the computer tries to separate objects
from the image background and from each other. Total and partial segmentation may be
distinguished; total segmentation is possible only for very simple tasks, an example being
the recognition of dark non-touching objects from a light background. For example, in
analyzing images of printed text (an early step in optical character recognition, OCR)
even this superficially simple problem is very hard to solve without error. In more
complicated problems (the general case), low-level image processing techniques handle
the partial segmentation tasks, in which only the cues which will aid further high-level
processing are extracted. Often, finding parts of object boundaries is an example of
low-level partial segmentation.

Object description and classification in a totally segmented image are also understood
as part of low-level image processing. Other low-level operations are image compression,
and techniques to extract information from (but not understand) moving scenes.
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8 Chapter 1: Introduction

Figure 1.9: Another representation of Figure 1.8.
© R.D. Boyle 2015.

Low-level image processing and high-level computer vision differ in the data used.
Low-level data are comprised of original images represented by matrices composed of
brightness (or similar) values, while high-level data originate in images as well, but only
those data which are relevant to high-level goals are extracted, reducing the data quantity
considerably. High-level data represent knowledge about the image content—for example,
object size, shape, and mutual relations between objects in the image. High-level data
are usually expressed in symbolic form.

Many low-level image processing methods were proposed in the 1970s or earlier:
research is trying to find more efficient and more general algorithms and is implementing
them on more technologically sophisticated equipment, in particular, parallel machines
(including GPU’s) are being used to ease the computational load. The requirement for
better and faster algorithms is fuelled by technology delivering larger images (better
spatial or temporal resolution), and color.

A complicated and so far unsolved problem is how to order low-level steps to solve
a specific task, and the aim of automating this problem has not yet been achieved. It is
usually still a human operator who finds a sequence of relevant operations, and domain-
specific knowledge and uncertainty cause much to depend on this operator’s intuition
and previous experience.

High-level vision tries to extract and order image processing steps using all available
knowledge—image understanding is the heart of the method, in which feedback from
high-level to low-level is used. Unsurprisingly this task is very complicated and computa-
tionally intensive. David Marr’s book [Marr, 1982], discussed in Section 11.1.1, influenced
computer vision considerably throughout the 1980s; it described a new methodology and
computational theory inspired by biological vision systems. Developments in the 1990s
moved away from dependence on this paradigm, but interest in properly understanding
and then modeling human visual (and other perceptual) systems persists—it remains the
case that the only known solution to the ‘vision problem’ is our own brain!

Consider 3D vision problems for a moment. We adopt the user’s view, i.e., what
tasks performed routinely by humans would be good to accomplish by machines. What
is the relation of these 3D vision tasks to low-level (image processing) and high-level (im-
age analysis) algorithmic methods? There is no widely accepted view in the academic
community. Links between (algorithmic) components and representation levels are tai-
lored to the specific application solved, e.g., navigation of an autonomous vehicle. These
applications have to employ specific knowledge about the problem solved to be competi-
tive with tasks which humans solve. Many researchers in different fields work on related
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1.4 Summary 9

problems and research in ‘cognitive systems’ could be the key which may disentangle the
complicated world of perception which includes also computer vision.

Figure 1.10 depicts several 3D vision tasks and algorithmic components expressed
on different abstraction levels. In most cases, the bottom-up and top-down approach is
adopted to fulfill the task.

Pursuit

Shape from X
3D reconstruction

Tracking

Measurement Manipulation Recognition Navigation

Invariants
Objects detection

Image analysis
Image processing

Figure 1.10: Several 3D computer vision tasks from the user’s point of view are on the upper
line (filled). Algorithmic components on different hierarchical levels support it in a bottom-up
fashion. © Cengage Learning 2015.

1.4 Summary
• Human vision is natural and seems easy; computer mimicry of this is difficult.

• We might hope to examine pictures, or sequences of pictures, for quantitative and
qualitative analysis.

• Many standard and advanced AI techniques are relevant.

• ‘High’ and ‘low’ levels of computer vision can be identified.

• Processing moves from digital manipulation, through pre-processing, segmentation,
and recognition to understanding—but these processes may be simultaneous and
co-operative.

• An understanding of the notions of heuristics, a priori knowledge, syntax, and
semantics is necessary.

• The vision literature is large and growing; books may be specialized, elementary,
or advanced.

• A knowledge of the research literature is necessary to stay up to date with the
topic.

• Developments in electronic publishing and the Internet are making access to vision
simpler.
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10 Chapter 1: Introduction

1.5 Exercises
Short-answer questions

S1.1 What is the difference between image analysis (or computer vision) on one side and
computer graphics on the other side?

S1.2 Walking around your local town, locate five instances in which digital images are now
publicly visible or in use where they would not have been 10–15 years ago.

S1.3 For some or all of the instances identified in Exercise S1.2, estimate the economics of
the application—the size of market implied and the cost of the unit.

S1.4 Determine the current cost of domestic video cameras and storage, and image-capture
hardware for home computers. Try to determine the cost of comparable equipment 1,
5, and 10 years ago. Make some predictions about the power and price of comparable
equipment in 1, 5, and 10-year time.

S1.5 In your own, or a local, university, determine how long image processing, image analysis,
or computer vision have been taught. Try to determine the major syllabus or course
offering changes over the last 1, 5, and (if possible) 10 years.

S1.6 Locate a topic area of computer science outside vision in which heuristics are commonly
used.

S1.7 Locate a topic area of computer science outside vision in which a priori information is
commonly used.

S1.8 Locate a topic area of computer science outside vision in which syntax is commonly
used.

S1.9 Locate a topic area of computer science outside vision in which semantics are commonly
used.

S1.10 In a technical or academic library, locate the section on computer vision. Examine the
texts there, noting the date of publication and chapter titles; compare them with those
of this text. Draw some conclusions about the topics (or, at least, their titles) that are
static, and those which have developed recently.

S1.11 Select at random some journal references from the listings at the end of each chapter in
this book. Construct a histogram of publication year.

S1.12 Locate in a library some of the references selected in Exercise S1.11; study the publi-
cation dates of references listed there, and draw another histogram of years. What do
this exercise and Exercise S1.11 tell you about the development of computer vision?

S1.13 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

S1.14 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.

1.6 References
Marr D. Vision—A Computational Investigation into the Human Representation and Processing

of Visual Information. Freeman, San Francisco, 1982.
Svoboda T., Kybic J., and Hlavac V. Image Processing, Analysis, and Machine Vision: A

MATLAB Companion. Thomson Engineering, 2008.
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Chapter2
The image, its representations

and properties

This chapter and the next introduce concepts and mathematical tools which are widely
used in image analysis, and will be used throughout this book. We have separated this
material into essential basics (this chapter) and more intense mathematical theory (the
next). This division is intended to help the reader to start practical work immediately;
mathematical details may be skipped in favor of concentrating on the intuitive meaning
of the basic concepts while the next chapter provides a thorough anchoring to a math-
ematical background. Such a division can never be perfect, and this chapter contains
some forward references and dependencies on its successor.

2.1 Image representations, a few concepts
Mathematical models are often used to describe images and other signals. A signal is
a function depending on some variable with physical meaning; it can be one-dimensional
(e.g., dependent on time), two-dimensional (e.g., an image dependent on two co-ordinates
in a plane), three-dimensional (e.g., describing a volumetric object in space), or higher-
dimensional. A scalar function might be sufficient to describe a monochromatic image,
while vector functions may be used to represent, for example, color images consisting of
three component colors.

Functions we shall work with may be categorized as continuous, discrete, or dig-
ital. A continuous function has continuous domain and range; if the domain set is
discrete, then we have a discrete function; if the range set is also discrete, then we have
a digital function. Many of these functions will be linear, and correspondingly simple to
deal with.

We shall take the usual intuitive definition of image—an example might be the image
on the human retina, or captured by a video camera. This can be modeled by a continu-
ous (image) function of two variables f(x, y) where (x, y) are co-ordinates in a plane, or
perhaps three variables f(x, y, t), where t is time. This model is reasonable in the great
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12 Chapter 2: The image, its representations and properties

majority of applications that we encounter, and which are presented in this book. Nev-
ertheless, it is worth realizing that an ‘image’ may be acquired in many ways. We shall
note often that color is the norm, even when algorithms are presented for monochroma-
tic images, but we do not need to constrain ourselves to the visible spectrum. Infra-red
cameras are now very common (for example, for night-time surveillance). Other parts of
the electro-magnetic [EM] spectrum may also be used; microwave imaging, for example,
is becoming widely available. Further, image acquisition outside the EM spectrum is also
common: in the medical domain, datasets are generated via magnetic resonance (MR),
X-ray computed tomography (CT), ultrasound etc. All of these approaches generate
large arrays of data requiring analysis and understanding and with increasing frequency
these arrays are of 3 or more dimensions. We imply a study of all these modalities in the
title of this book.

The continuous image function
The (gray-scale) image function values correspond to brightness at image points. The
function value can express other physical quantities as well (temperature, pressure dis-
tribution, distance from the observer, etc.). Brightness integrates different optical
quantities—using brightness as a basic quantity allows us to avoid the complicated pro-
cess of image formation which will be discussed in Section 3.4.

The image on the retina or on a camera sensor is intrinsically two-dimensional (2D).
We shall call such an image bearing information about brightness points an intensity
image. The 2D image on the imaging sensor is commonly the result of projection of a
three-dimensional (3D) scene. The simplest mathematical model for this is a pin-hole
camera (see Figure 1.4).

The 2D intensity image is the result of a perspective projection of the 3D scene,
which is modeled by the image captured by a pin-hole camera illustrated in Figure 2.1.
In this figure, the image plane has been reflected with respect to the XY plane in order

f

X= x,y,z[ ]
T

image plane

x
y

u=[ ]u,v
T

u
v

X

Y

Z

Figure 2.1: Perspective projection geometry.
© Cengage Learning 2015.

not to get a mirrored image with negative co-ordinates. The quantities x, y, and z are
co-ordinates of the point X in a 3D scene, and f is the distance from the pinhole to the
image plane. f is commonly called the focal length because in lenses it has a similar
meaning. The projected point u has co-ordinates (u, v) in the 2D image plane, which
can easily be derived from similar triangles

u = x f

z
, v = y f

z
. (2.1)
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2.1 Image representations, a few concepts 13

A non-linear perspective projection is often approximated by a linear parallel (or or-
thographic) projection, where f →∞. Implicitly, z →∞ says that the orthographic
projection is a limiting case of the perspective projection for faraway objects.

When 3D objects are mapped into the camera plane by perspective projection, a lot
of information disappears because such a transform is not one-to-one. Recognizing or re-
constructing objects in a 3D scene from one image is an ill-posed problem. In Chapter 11,
we shall consider more elaborate representations that attempt to recapture information
about the original scene that an image depicts. As may be expected, this is not a simple
task and involves intermediate representations that try to establish the depth of points
in the image. The aim is to recover a full 3D representation such as may be used in com-
puter graphics—that is, a representation independent of the viewpoint, and expressed in
the co-ordinate system of the object rather than of the viewer. If such a representation
can be recovered, then any intensity image view of the object(s) may be synthesized by
standard graphics techniques.

Recovering information lost by perspective projection is only one, mainly geomet-
ric, problem of computer vision—another is understanding image brightness. The only
information available in an intensity image is the brightness of the appropriate pixel,
which is dependent on a number of independent factors such as object surface reflectance
properties (given by the surface material, microstructure, and marking), illumination
properties, and object surface orientation with respect to viewer and light source—see
Section 3.4. It is a non-trivial and again ill-posed problem to separate these components
when trying to recover the 3D geometry of an object from the intensity image.

Some applications work with 2D images directly—for example, an image of a flat
specimen viewed by a microscope with transparent illumination, a character drawn on
a sheet of paper, the image of a fingerprint, etc. Many basic and useful methods used in
digital image analysis do not therefore depend on whether the object was originally 2D or
3D. Much of the material in this book restricts itself to the study of such methods—the
problem of 3D understanding is addressed explicitly in Chapters 11 and 12.

Image processing often deals with static images, in which time is constant. A mono-
chromatic static image is represented by a continuous image function f(x, y) whose ar-
guments are co-ordinates in the plane. Most images considered in this book will be
presented as monochromatic and static, but we will frequently note that they are taken
from color or dynamic applications, and extensions of the techniques we develop will be
obvious.

Computerized image processing uses digital image functions which are usually rep-
resented by matrices, so co-ordinates are natural numbers. The domain of the image
function is a region R in the plane

R =
{

(x, y), 1 ≤ x ≤ xm, 1 ≤ y ≤ yn
}
, (2.2)

where xm, yn represent the maximal co-ordinates. The function has a limited domain—
infinite summation or integration limits can be used, as the image function value is zero
outside the domain R. The customary orientation of co-ordinates in an image is in the
normal Cartesian fashion (horizontal x-axis, vertical y-axis, origin bottom-left), although
the (row, column, origin top-left) orientation used in matrices is also often used.

The range of image function values is also limited; by convention, in monochromatic
images the lowest value corresponds to black and the highest to white. Brightness values
bounded by these limits are gray-levels.
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14 Chapter 2: The image, its representations and properties

The quality of a digital image grows in proportion to the spatial, spectral, radiomet-
ric, and time resolutions. The spatial resolution is given by the proximity of image
samples in the image plane; spectral resolution is given by the bandwidth of the light
frequencies captured by the sensor; radiometric resolution corresponds to the number
of distinguishable gray-levels; and time resolution is given by the interval between time
samples at which images are captured. The question of time resolution is important in
dynamic image analysis, where time sequences of images are processed.

Images f(x, y) can be treated as deterministic functions or as realizations of stochas-
tic processes. Mathematical tools used in image description have roots in linear sys-
tem theory, integral transforms, discrete mathematics, and the theory of stochastic pro-
cesses. Mathematical transforms usually assume that the image function f(x, y) is ‘well-
behaved’, meaning that the function is integrable, has an invertible Fourier transform,
etc. A comprehensive explanation of the mathematical background useful for represent-
ing and treating image functions is given in [Bracewell, 2004; Barrett and Myers, 2004].

2.2 Image digitization
An image to be processed by computer must be represented using an appropriate discrete
data structure, for example, a matrix. An image captured by a sensor is expressed as
a continuous function f(x, y) of two co-ordinates in the plane. Image digitization means
that the function f(x, y) is sampled into a matrix with M rows and N columns. Image
quantization assigns to each continuous sample an integer value—the continuous range
of the image function f(x, y) is split into K intervals. The finer the sampling (i.e., the
larger M and N) and quantization (the larger K), the better the approximation of the
continuous image function f(x, y) achieved.

Image function sampling poses two questions. First, the sampling period should be
determined—this is the distance between two neighboring sampling points in the image.
Second, the geometric arrangement of sampling points (sampling grid) should be set.

2.2.1 Sampling
Clearly, there is a relationship between the density of digital sampling and the detail that
the image will contain; the theoretical aspects of this (in particular, Shannon’s theorem)
are given in Section 3.2.5—the reader is strongly encouraged to understand at least the
implications of this important result. It is worth glancing ahead to Figure 3.11 to see a
clear illustration of this intuitive issue.

For now, it is sufficient to appreciate that if quality comparable to an ordinary
(standard) television image is required, sampling into a 512 × 512 grid is used (768×576
for PAL format and 640 × 480 for NTSC format using a rectangular capture window);
this is the reason many image digitizers use this (or higher) resolution. Resolution of
high-definition television (HDTV) is up to 1920 × 1080 pixels. Such a resolution turns
out to be adequate for a very wide range of practically useful tasks. Yet, much higher
image resolutions are routinely available – for example provided by digital cameras or
smartphones – with 10, 000 × 7, 096 pixels being the highest resolution available from a
CMOS chip in 2013 (79 Megapixels, see also Section 2.5.1).

A continuous image is digitized at sampling points. These sampling points are
ordered in the plane, and their geometric relation is called the grid. The digital image
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2.2 Image digitization 15

is then a data structure, usually a matrix. Grids used in practice are usually square
(Figure 2.2a) or hexagonal (Figure 2.2b). It is important to distinguish the grid from
the raster; the raster is the grid on which a neighborhood relation between points is
defined.1

(b)(a)
Figure 2.2: (a) Square grid. (b) Hexagonal grid.
© Cengage Learning 2015.

One infinitely small sampling point in the grid corresponds to one picture element
also called a pixel or image element in the digital image; in a three-dimensional image,
an image element is called a voxel (volume element). The set of pixels together covers
the entire image; however, the pixel captured by a real digitization device has finite size
(since the sampling function is not a collection of ideal Dirac impulses but a collection of
limited impulses—see Section 3.2.5). The pixel is a unit which is not further divisible2
from the image analysis point of view. We shall often refer to a pixel as a ‘point’.

2.2.2 Quantization
A value of the sampled image fs(j∆x, k∆y) is expressed as a digital value in image
processing. The transition between continuous values of the image function (brightness)
and its digital equivalent is called quantization. The number of quantization levels
should be high enough to permit human perception of fine shading details in the image.
Most digital image processing devices use quantization into k equal intervals. If b bits
are used to express the values of the pixel brightness then the number of brightness levels
is k = 2b. Eight bits per pixel per channel (one each for red, green, blue) are commonly
used although systems using other numbers (e.g., 16) can be found. An efficient computer
representation of brightness values in digital images requires that eight bits, four bits,
or one bit are used per pixel, meaning that one, two, or eight pixel brightnesses can be
stored in one byte.

The main problem in images quantized with insufficient brightness levels is the oc-
currence of false contours which effect arises when the number of brightness levels is
lower than that which humans can easily distinguish. This number is dependent on
many factors—for example, the average local brightness—but displays which avoid this
effect will normally provide a range of at least 100 intensity levels. This problem can be
reduced when quantization into intervals of unequal length is used; the size of intervals
corresponding to less probable brightnesses in the image is enlarged. These gray-scale
transformation techniques are considered in Section 5.1.2.

Figures 3.11a and 2.3a-d demonstrate the effect of reducing the number of brightness
levels in an image. An original image with 256 brightness levels (Figure 3.11a) has its

1E.g., if 4-neighborhoods are used on the square grid, the square raster is obtained. Similarly, if
8-neighborhoods are used on the same square grid, then the octagonal raster is obtained. These 4-
neighborhood and 8-neighborhood concepts are introduced in Section 2.3.1.

2In some case, the properties of an image at subpixel resolution can be computed. This is achieved
by approximating the image function by a continuous function.
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16 Chapter 2: The image, its representations and properties

(a) (b)

(c) (d)

Figure 2.3: Brightness levels. (a) 64. (b) 16. (c) 4. (d) 2. © Cengage Learning 2015.

number of brightness levels reduced to 64 (Figure 2.3a), and no degradation is perceived.
Figure 2.3b uses 16 brightness levels and false contours begin to emerge, and this becomes
clearer in Figure 2.3c with four brightnesses and in Figure 2.3d with only two.

2.3 Digital image properties
A digital image has several properties, both metric and topological, which are some-
what different from those of continuous two-dimensional functions. Human perception
of digital images is a frequent aspect, since judgment of image quality is also important.

2.3.1 Metric and topological properties of digital images
A digital image consists of picture elements with finite size—these pixels carry informa-
tion about the brightness of a particular location in the image. Usually (and we assume
this hereafter) pixels are arranged into a rectangular sampling grid. Such a digital im-
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2.3 Digital image properties 17

age is represented by a two-dimensional matrix whose elements are natural numbers
corresponding to the quantization levels in the brightness scale.

Some intuitively clear properties of continuous images have no straightforward anal-
ogy in the domain of digital images. Distance is an important example. Any function
D holding the following three condition is a ‘distance’ (or a metric)

D(p,q) ≥ 0 ;D(p,q) = 0 if and only if p = q , identity,
D(p,q) = D(q,p) , symmetry,
D(p, r) ≤ D(p,q) +D(q, r) , triangular inequality.

The distance between points with co-ordinates (i, j) and (h, k) may be defined in several
different ways.

The Euclidean distance DE known from classical geometry and everyday experi-
ence is defined by

DE

(
(i, j), (h, k)

)
=
√

(i− h)2 + (j − k)2 . (2.3)
The advantage of Euclidean distance is that it is intuitively obvious. The disadvantages
are costly calculation due to the square root, and its non-integral value.

The distance between two points can also be expressed as the minimum number of
elementary steps in the digital grid which are needed to move from the starting point to
the end point. If only horizontal and vertical moves are allowed, the ‘city block’ dis-
tance distance D4 is obtained (also called the L1 metric or Manhattan distance, because
of the analogy with the distance between two locations in a city with a rectangular grid
of streets):

D4
(
(i, j), (h, k)

)
=| i− h | + | j − k | . (2.4)

If moves in diagonal directions are allowed in the digitization grid, we obtain the
distance D8, or ‘chessboard’ distance. D8 is equal to the minimal number of king-
moves on the chessboard from one part to another:

D8
(
(i, j), (h, k)

)
= max

{
| i− h |, | j − k |

}
. (2.5)

These distance definitions are illustrated in Figure 2.4.

0
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8

Figure 2.4: Distance metrics De, D4, and D8. © Cengage
Learning 2015.

Pixel adjacency is another important concept in digital images. Two pixels (p,q)
are called 4-neighbors if they have distance D4(p,q) = 1. Analogously, 8-neighbors
have D8(p,q) = 1—see Figure 2.5.

It will become necessary to consider important sets consisting of several adjacent
pixels—regions (in set theory, a region is a connected set). More descriptively, we can
define a path from pixel P to pixel Q as a sequence of points A1, A2, . . ., An, where
A1 = P, An = Q, and Ai+1 is a neighbor of Ai, i = 1, . . . , n − 1; then a region is a set
of pixels in which there is a path between any pair of its pixels, all of whose pixels also
belong to the set.

If there is a path between two pixels in the set of pixels in the image, these pixels
are called contiguous. Alternatively, we can say that a region is a set of pixels in which
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18 Chapter 2: The image, its representations and properties

(a) 4-neighborhood (b) 8-neighborhood

Figure 2.5: Neighborhood of the representative
pixel (gray filled pixel in the middle). © Cengage
Learning 2015.

each pair of pixels is contiguous. The relation ‘to be contiguous’ is reflexive, symmetric,
and transitive and therefore defines a decomposition of the set (the image in our case)
into equivalence classes (regions). Figure 2.6 illustrates a binary image decomposed by
the relation ‘contiguous’ into three regions.

Figure 2.6: The relation ‘to be contiguous’ de-
composes an image into individual regions. The
Japanese Kanji character meaning ‘near from
here’ decomposes into 3 regions. © Cengage
Learning 2015.

Assume that Ri are disjoint regions in the image which were created by the relation
‘to be contiguous’, and further assume (to avoid special cases) that these regions do not
touch the image bounds. Let R be the union of all regions Ri; RC be the set complement
of R with respect to the image. The subset of RC which is contiguous with the image
bounds is called the background, and the remainder of the complement RC is called
holes.3 A region is called simple contiguous if it has no holes. Equivalently, the
complement of a simply contiguous region is contiguous. A region with holes is called
multiple contiguous.

Note that the concept of region uses only the property ‘to be contiguous’. Secondary
properties can be attached to regions which originate in image data interpretation. It is
common to call some regions in the image objects; a process which determines which
regions in an image correspond to objects in the world is a part of image segmentation
and is discussed in Chapters 6 and 7.

The brightness of a pixel is a very simple property which can be used to find objects
in some images; if, for example, a pixel is darker than some predefined value (threshold),
then it belongs to the object. All such points which are also contiguous constitute one
object. A hole consists of points which do not belong to the object and are surrounded
by the object, and all other points constitute the background. An example is the black
printed text on this white sheet of paper, in which individual letters are objects. White
areas surrounded by the letter are holes, for example, the area inside the letter ‘o’. Other
white parts of the paper are the background.

These neighborhood and contiguity definitions on the square grid create interesting
paradoxes. Figure 2.7a shows two digital line segments with 45◦ slope. If 4-connectivity
is used, the lines are not contiguous at each of their points. An even worse conflict with
intuitive understanding of line properties is also illustrated; two perpendicular lines do
intersect in one case (upper right intersection) and do not intersect in another case (lower
left), as they do not have any common point (i.e., their set intersection is empty).

3Some literature does not distinguish holes and background, and calls both of them background.
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2.3 Digital image properties 19

(a) (b)
Figure 2.7: Paradoxes of crossing lines.
© Cengage Learning 2015.

It is known from Euclidean geometry that each closed curve (e.g., a circle) divides
the plane into two non-contiguous regions. If images are digitized in a square grid using
8-connectivity, we can draw a line from the inner part of a closed curve into the outer
part which does not intersect the curve (Figure 2.7b). This implies that the inner and
outer parts of the curve constitute only one region because all pixels of the line belong to
only one region, giving another paradox. One possible solution to contiguity paradoxes
is to treat objects using 4-neighborhoods and background using 8-neighborhoods (or vice
versa). A more exact treatment of digital images paradoxes and their solution for binary
and other images can be found in [Klette and Rosenfeld, 2004].

These problems are typical on square grids—a hexagonal grid (see Figure 2.2), how-
ever, solves many of them. Any point in the hexagonal raster has the same distance
to all its six neighbors. There are some problems peculiar to the hexagonal raster as
well (for example, it is difficult to express a Fourier transform on it). For reasons of
simplicity and ease of processing, most digitizing devices use a square grid despite the
known drawbacks.

An alternative approach to the connectivity problems is to use discrete topology
based on cellular complexes [Kovalevsky, 1989]. This approach develops a complete
strand of image encoding and segmentation that deals with many issues we shall come
to later, such as the representation of boundaries and regions. The idea, first proposed
by the German mathematician Riemann in the nineteenth century, considers families of
sets of different dimensions; points, which are 0-dimensional sets, may then be assigned
to sets containing higher-dimensional structures (such as pixel arrays). This approach
permits the removal of the paradoxes we have seen.

The distance transform—also called the distance function or chamfering al-
gorithm or simply chamfering—is a simple application of the concept of distance. The
idea is important as it provides the basis of several fast algorithms that will be seen mul-
tiple times in this book. The distance transform provides the distance of pixels from
some image subset (perhaps describing objects or some features). The resulting ‘image’
has pixel values of 0 for elements of the relevant subset, low values for close pixels, and
then high values for pixels remote from it—the appearance of this array gives the name
to the technique.

For illustration, consider a binary image, in which ones represent the objects and
zeros the background. The input image is shown in Figure 2.8 and the result of the D4
distance transform is illustrated in Figure 2.9.

To calculate the transform, a two-pass algorithm has been suggested [Rosenfeld and
Pfaltz, 1966, 1968] for distances D4 and D8. The idea is to traverse the image by a small
local mask. The first pass starts from the top-left of the image and moves horizontally
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Figure 2.8: Input image: gray pixels corre-
spond to objects and white to background.
© Cengage Learning 2015.
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Figure 2.9: Result of the [D4] distance
transform. © Cengage Learning 2015.

left to right until it reaches the bounds of the image and then returns to the beginning
of the next row. The second pass goes from the bottom-right corner in the opposite
bottom-up, right to left direction using a different local mask. The effectiveness of the
algorithm comes from propagating the values of the previous image investigation in a
‘wave-like’ manner. The masks used in calculations are shown in Figure 2.10.

AL

AL

AL

AL

BR BR

BR

BR

pp

Figure 2.10: Pixel neighborhoods used in distance transform
calculations—p is the central one. The neighborhood on the left is
used in the first pass (top-down, left to right); that on the right is
used in the second (bottom-up, right to left). © Cengage Learning
2015.

Algorithm 2.1: Distance transform

1. Choose a distance Nmax that exceeds the image dimension with respect to the
chosen distance metric (D4 or D8). Initialize an image F of the same dimension
as the input: set pixels corresponding to the subset(s) to be chamfered to 0, and
all others to Nmax.

2. (Refer to Figure 2.10.) Pass through image pixels from top to bottom and left
to right. For a given pixel, consider neighbors above and to the left and set

F (p) = min
qεAL

(
F (p), D(p,q) + F (q)

)
.

3. (Refer to Figure 2.10.) Pass through image pixels from bottom to top and right
to left. For a given pixel, consider neighbors above and to the left and set

F (p) = min
qεBR

(
F (p), D(p,q) + F (q)

)
.

4. If any pixels remain still set at Nmax, go to (2).

5. The array F now holds a chamfer of the chosen subset(s).
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2.3 Digital image properties 21

(a) (b) (c)

Figure 2.11: Three distances used often in distance transform calculations—the input consists
of three isolated ‘ones’. Output distance is visualized as intensity; lighter values denote higher
distances. Contour plots are superimposed for better visualization. (a) Euclidean distance DE .
(b) City block distance D4. (c) Chessboard distance D8. © Cengage Learning 2015.

This algorithm needs obvious adjustments at image boundaries, where the sets AL
and BR are truncated. It is open to various improvements by using different distance
calculations [Montanari, 1968; Barrow et al., 1977; Borgefors, 1986; Breu et al., 1995;
Maurer et al., 2003]. Distance transform performance for DE , D4, D8 on an input
consisting only of three distinct ‘ones’ is shown in Figure 2.11.

The distance transform has many applications, e.g., in discrete geometry, path
planning and obstacle avoidance in mobile robotics, finding the closest feature in the
image, and skeletonization (discussed with mathematical morphology methods in Sec-
tion 13.5.5).

An edge is a further important concept used in image analysis. This is a local
property of a pixel and its immediate neighborhood—it is a vector given by a magnitude
and direction which tells us how fast the image intensity varies in a small neighborhood
of a pixel. Images with many brightness levels are used for edge computation, and
the gradient of the image function is used to compute edges. The edge direction is
perpendicular to the gradient direction which points in the direction of the fastest image
function growth. Edges are considered in detail in Section 5.3.2.

The related concept of the crack edge creates a structure between pixels in a similar
manner to that of cellular complexes. However, it is more pragmatic and less mathe-
matically rigorous. Four crack edges are attached to each pixel, which are defined by its
relation to its 4-neighbors. The direction of the crack edge is that of increasing bright-
ness, and is a multiple of 90◦, while its magnitude is the absolute difference between the
brightness of the relevant pair of pixels. Crack edges are illustrated in Figure 2.12 and
may be be used in considering image segmentation (Chapter 6).

The border (boundary) of a region is another important concept in image analysis.
The border of a region R is the set of pixels within the region that have one or more
neighbors outside R. The definition corresponds to an intuitive understanding of the
border as a set of points at the bound of the region. This definition is sometimes referred
to as the inner border to distinguish it from the outer border, that is, the border
of the background (i.e., its complement) of the region. Inner and outer borders are
illustrated in Figure 2.13. Due to the discrete nature of the image, some inner border
elements which would be distinct in the continuous case coincide in the discrete case, as
can be seen with the one-pixel-wide line at the right of Figure 2.13.
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22 Chapter 2: The image, its representations and properties

Figure 2.12: Crack edges.
© Cengage Learning 2015.

Figure 2.13: Region inner borders shown as white circles and outer
borders shown as black squares (using 4-neighborhoods). © Cen-
gage Learning 2015.

While edges and borders are related, they are not the same thing. ‘Border’ is a global
concept related to a region, while ‘edge’ expresses local properties of an image function.
One possibility for finding boundaries is chaining the significant edges (points with high
gradient of the image function). Methods of this kind are described in Section 6.2.

A region is described as convex if any two points within it are connected by a
straight line segment, and the whole line lies within the region—see Figure 2.14. The
property of convexity decomposes all regions into two equivalence classes: convex and
non-convex.

Figure 2.14: A convex region (left)
and non-convex region (right). © Cen-
gage Learning 2015.

A convex hull of a region is the smallest convex region containing the input (pos-
sibly non-convex) region. Consider an object whose shape resembles the letter ‘R’ (see
Figure 2.15). Imagine a thin rubber band pulled around the object; the shape of the
rubber band provides the convex hull of the object. Convex hull calculation is described
in Section 8.3.3.

Region Convex
hull

Lakes
Bays

Figure 2.15: Description using topological components:
An ‘R’ object, its convex hull, and the associated lakes
and bays. © Cengage Learning 2015.

Topological properties are not based on the distance concept. Instead, they are
invariant to homeomorphic transforms which can be illustrated for images as rubber
sheet transforms. Imagine a small rubber balloon with an object painted on it; topo-
logical properties of the object are those which are invariant to arbitrary stretching of
the rubber sheet. Stretching does not change contiguity of the object parts and does not
change the number of holes in regions. We use the term ‘topological properties’ of the
region to describe its qualitative properties invariant to small changes (e.g., the property
of being convex), even though an arbitrary homeomorphic transformation can change a
convex region to a non-convex one and vice versa. Considering the rubber sheet analogy,
we mean that the stretching of the sheet is only gentle. Further properties of regions
that are not rubber sheet invariant are described in Section 8.3.1.
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2.3 Digital image properties 23

An object with non-regular shape can be represented by a collection of its topological
components, Figure 2.15. The set inside the convex hull which does not belong to an
object is called the deficit of convexity. This can be split into two subsets: lakes (dark
gray) are fully surrounded by the object; and bays (light gray) are contiguous with the
border of the convex hull of the object.

The convex hull, lakes, and bays are sometimes used for object description; these
features are used in Chapter 8 (object description) and in Chapter 13 (mathematical
morphology).

2.3.2 Histograms
The brightness histogram hf (z) of an image provides the frequency of the brightness
value z in the image—the histogram of an image with L gray-levels is represented by
a one-dimensional array with L elements.

Algorithm 2.2: Computing the brightness histogram

1. Assign zero values to all elements of the array hf .

2. For all pixels (x, y) of the image f , increment hf
(
f(x, y)

)
by 1.

The histogram provides a natural bridge between images and a probabilistic descrip-
tion. We might want to find a first-order probability function p1(z;x, y) to indicate the
probability that pixel (x, y) has brightness z. Dependence on the position of the pixel is
not of interest in the histogram; the function p1(z) is of interest and the brightness his-
togram is its estimate. The histogram is often displayed as a bar graph, see Figure 2.16.

The histogram is usually the only global information about the image which is avail-
able. It is used when finding optimal illumination conditions for capturing an image,
gray-scale transformations, and image segmentation to objects and background. Note
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Figure 2.16: Original image (a) and its brightness histogram (b). © Cengage Learning 2015.
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24 Chapter 2: The image, its representations and properties

that one histogram may correspond to several images; for instance, a change of the
object position on a constant background does not affect it.

The histogram of a digital image typically has many local minima and maxima, which
may complicate its further processing. This problem can be avoided by local smoothing
of the histogram; this may be done, for example, using local averaging of neighboring
histogram elements as the base, so that a new histogram h′f (z) is calculated according
to

h′f (z) = 1
2K + 1

K∑
j=−K

hf (z + j) , (2.6)

where K is a constant representing the size of the neighborhood used for smoothing. This
algorithm would need some boundary adjustment, and carries no guarantee of removing
all local minima. Other techniques for smoothing exist, notably Gaussian blurring; in the
case of a histogram, this would be a one-dimensional simplification of the 2D Gaussian
blur, equation (5.47), which will be introduced in Section 5.3.3.

2.3.3 Entropy
If a probability density p is known then image information content can be estimated
regardless of its interpretation using entropy H. The concept of entropy has roots in
thermodynamics and statistical mechanics but it took many years before it was related
to information. The information-theoretic formulation comes from Shannon [Shannon,
1948] and is often called information entropy.

An intuitive understanding of information entropy relates to the amount of uncer-
tainty about an event associated with a given probability distribution. The entropy can
serve as an measure of ‘disorder’. As the level of disorder rises, entropy increases and
events are less predictable.

Entropy is formally defined assuming a discrete random variable X with possible
outcomes (called also states) x1, . . . , xn. Let p(xk) be the probability of the outcome xk,
k = 1, . . . n. Then the entropy is defined as

H(X) ≡
n∑
k=1

p(xk) log2

(
1

p(xk)

)
= −

n∑
k=1

p(xk) log2 p(xk) . (2.7)

The entropy of the random variable X is the sum, over all possible outcomes k of X,
of the product of the probability of outcome xk with the logarithm of the inverse of the
probability of xk.

The base of the logarithm in this formula determines the unit in which entropy
is measured. If this base is two then the entropy is given in bits. Recall that the
probability density p(xk) needed to calculate the entropy is often estimated using a gray-
level histogram in image analysis, Section 2.3.2.

Entropy measures the uncertainty about the realization of a random variable. For
Shannon, it served as a proxy capturing the concept of information contained in a message
as opposed to the portion of the message that is strictly determined and predictable by
inherent structures. For example, we shall explore entropy to assess redundancy in an
image for image compression (Chapter 14).
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2.3 Digital image properties 25

2.3.4 Visual perception of the image
Anyone who creates or uses algorithms or devices for digital image processing should take
into account the principles of human image perception. If an image is to be analyzed by
a human the information should be expressed using variables which are easy to perceive;
these are psycho-physical parameters such as contrast, border, shape, texture, color, etc.
Humans will find objects in images only if they may be distinguished effortlessly from
the background. A detailed description of the principles of human visual perception can
be found in [Bruce et al., 1996; Palmer, 1999]. Human perception of images provokes
many illusions, the understanding of which provides valuable clues about visual mecha-
nisms. Some of the better-known illusions will be mentioned here—the topic is covered
exhaustively from the point of view of computer vision in [Frisby, 1979].

The situation would be relatively easy if the human visual system had a linear re-
sponse to composite input stimuli—i.e., a simple sum of individual stimuli. A decrease of
some stimulus, e.g., area of the object in the image, could be compensated by its intensity,
contrast, or duration. In fact, the sensitivity of human senses is roughly logarithmically
proportional to the intensity of an input signal. In this case, after an initial logarithmic
transformation, response to composite stimuli can be treated as linear.

Contrast

Contrast is the local change in brightness and is defined as the ratio between average
brightness of an object and the background. Strictly speaking, we should talk about
luminance4 instead of brightness if our aim is to be physically precise. The human eye
is logarithmically sensitive to brightness, implying that for the same perception, higher
brightness requires higher contrast.

Apparent brightness depends very much on the brightness of the local surroundings;
this effect is called conditional contrast. Figure 2.17 illustrates this with five circles of the
same size surrounded by squares of different brightness. Humans perceive the brightness
of the small circles as different.

Figure 2.17: Conditional contrast effect. Circles inside squares have the same brightness and
are perceived as having different brightness values. © Cengage Learning 2015.

Acuity

Acuity is the ability to detect details in an image. The human eye is less sensitive to slow
and fast changes in brightness in the image plane but is more sensitive to intermediate
changes. Acuity also decreases with increasing distance from the optical axis.

Resolution in an image is firmly bounded by the resolution ability of the human eye;
there is no sense in representing visual information with higher resolution than that of

4Luminance describes the amount of light that passes through or is emitted from a particular area,
and falls within a given solid angle. Luminance is given candela per square meter [cd/m2].

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 1



26 Chapter 2: The image, its representations and properties

the viewer. Resolution in optics is defined as the inverse value of a maximum viewing
angle between the viewer and two proximate points which humans cannot distinguish,
and so fuse together.

Human vision has the best resolution for objects which are at a distance of about
250mm from an eye under illumination of about 500 lux; this illumination is provided
by a 60W bulb from a distance of 400mm. Under these conditions the distance between
two distinguishable points is approximately 0.16mm.

Some visual illusions

Human perception of images is prone to many illusions. For a comprehensive treatment
of the subject, see [Palmer, 1999].

Object borders carry a lot of information for humans. Boundaries of objects and
simple patterns such as blobs or lines enable adaptation effects similar to conditional
contrast, mentioned above. The Ebbinghaus illusion is a well-known example—two cir-
cles of the same diameter in the center of images appear to have different diameters
(Figure 2.18).

Figure 2.18: The Ebbinghaus illusion. © Cengage
Learning 2015.

Perception of one dominant shape can be fooled by nearby shapes. Figure 2.19 shows
parallel diagonal line segments which are not perceived as parallel. Figure 2.20 contains
rows of black and white squares which are all parallel. However, the vertical zigzag
squares disrupt our horizontal perception.

Figure 2.19: Disrupted parallel diagonal
lines. © Cengage Learning 2015.

Figure 2.20: Horizontal lines are parallel,
although not perceived as such. © Cengage
Learning 2015.

Perceptual grouping

Perceptual grouping [Palmer, 1999] is a principle used in computer vision to aggregate
elements provided by low-level operations such as edgels, which are small blobs to bigger
chunks having some meaning. Its roots are in Gestalt psychology first postulated by
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2.3 Digital image properties 27

Wertheimer in 1912 [Brett King and Wertheimer, 2005]. Gestalt psychology proposes
that the operational principle of the mind and brain is holistic, parallel, and with self-
organizing tendencies.

Gestalt theory was meant to have general applicability; its main tenets, however,
were induced almost exclusively from observations on visual perception. The overriding
theme of the theory is that stimulation is perceived in organized or configuration terms.
Gestalt in German means configuration, structure or pattern of physical, biological, or
psychological phenomena so integrated to constitute a functional unit with properties
not derivable by summation of its parts. Patterns take precedence over elements and
have properties that are not inherent in the elements themselves.

not grouped

by proximity

by similarity

by similarity

by direction

Figure 2.21: Grouping according to
properties of elements. © Cengage
Learning 2015.

The human ability to group items according to various properties is illustrated in
Figure 2.21. Perceived properties help people to connect elements together based on
strongly perceived properties as parallelism, symmetry, continuity and closure taken in
a loose sense as illustrated in Figure 2.22.

paralellism symmetry continuity closure

Figure 2.22: Illustration of properties perceived in images which allow humans to group together
elements in cluttered scenes. © Cengage Learning 2015.

It has been demonstrated that mimicking perceptual grouping in machine vision
system is a plausible technique. It permits the creation of more meaningful chunks of
information from meaningless outcomes of low-level operations such as edge detection.
Such grouping is useful in image understanding. This principle will be used in this book
mainly for image segmentation.

2.3.5 Image quality
An image might be degraded during capture, transmission, or processing, and measures
of image quality can be used to assess the degree of degradation. The quality required
naturally depends on the purpose for which an image is used.

Methods for assessing image quality can be divided into two categories: subjective
and objective. Subjective methods are often used in television technology, where the
ultimate criterion is the perception of a selected group of professional and lay viewers.
They appraise an image according to a list of criteria and give appropriate marks. Details
about subjective methods may be found in [Pratt, 1978].
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28 Chapter 2: The image, its representations and properties

Objective quantitative methods measuring image quality are more interesting for
our purposes. Ideally such a method also provides a good subjective test, and is easy to
apply; we might then use it as a criterion in parameter optimization. The quality of an
image f(x, y) is usually estimated by comparison with a known reference image g(x, y)
[Rosenfeld and Kak, 1982], and a synthesized image is often used for this purpose. One
class of methods uses simple measures such as the mean quadratic difference

∑
(g− f)2,

but this does not distinguish a few big differences from many small differences. Instead of
the mean quadratic difference, the mean absolute difference or simply maximal absolute
difference may be used. Correlation between images f and g is another alternative.

Another class measures the resolution of small or proximate objects in the image.
An image consisting of parallel black and white stripes is used for this purpose; then the
number of black and white pairs per millimeter gives the resolution.

2.3.6 Noise in images
Real images are often degraded by some random errors—this degradation is usually called
noise. Noise can occur during image capture, transmission, or processing, and may be
dependent on, or independent of, the image content.

Noise is usually described by its probabilistic characteristics. Idealized noise, called
white noise is often used. White noise has a constant power spectrum (explained in
Section 3.2.3), meaning that all noise frequencies are present and have the same intensity.
For example, the intensity of white noise does not decrease with increasing frequency as
is typical in real-world signals. White noise is frequently employed to model the worst
approximation of degradation, the advantage being that its use simplifies calculations.

A special case of white noise isGaussian noise. A random variable with a Gaussian
(normal) distribution has its probability density function given by the Gaussian curve.
In the 1D case the density function is

p(x) = 1
σ
√

2π
e
−(x−µ)2

2σ2 , (2.8)

where µ is the mean and σ the standard deviation of the random variable. Gaussian
noise is a very good approximation to noise that occurs in many practical cases.

When an image is transmitted through some channel, noise which is usually indepen-
dent of the image signal occurs. This signal-independent degradation is called additive
noise and can be described by the model

f(x, y) = g(x, y) + ν(x, y) , (2.9)

where the noise ν and the input image g are independent variables. Algorithm 2.3 will
generate zero mean additive Gaussian noise in an image—this can often be of use in
testing or demonstrating many algorithms in this book which are designed to remove
noise, or to be noise resistant.

Algorithm 2.3: Generation of additive, zero mean Gaussian noise

1. Suppose an image has gray-level range [0, G − 1]. Select σ > 0; low values
generate less noise.
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Color inset A

Plate 1: © Cengage Learning 2015. Page 35,
Figure 2.30.
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Plate 2: © Cengage Learning 2015. Page 35, Figure 2.31.
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Plate 3: © Cengage Learning 2015. Page 37, Fig-
ure 2.33.
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Plate 4: © Cengage Learning 2015. Page 39, Figure 2.34.
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Plate 5: © Cengage Learning 2015. Page 61, Figure 3.7.
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Plate 6: © Cengage Learning 2015. Page 62, Figure 3.9.
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Plate 7: Courtesy of M. Urban, Czech Technical University, Prague. Page 159, Figure 5.34.

Plate 8: Courtesy of J. Matas, Czech Technical University, Prague. Page 160, Figure 5.35.
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Plate 9: © 2002 IEEE. Reprinted, with permission, from D. Comaniciu, P. Meer, “Mean shift: A
robust approach toward feature space analysis,” IEEE Trans. Pattern Anal. Machine Intell., vol. 24,
pp. 603-619, 2002. Page 259, Figure 7.2.
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Plate 10: © 2002 IEEE. Reprinted, with permission, from D. Comaniciu, P. Meer, “Mean shift: A
robust approach toward feature space analysis,” IEEE Trans. Pattern Anal. Machine Intell, vol. 24,
pp. 603-619, 2002. Page 260, Figure 7.3.
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(a) (b)

Plate 11: Republished with permission of American Society of Plant Biologists, from The Plant Cell,
Pound et al., “CellSeT: Novel Software to Extract and Analyze Structured Networks of Plant Cells
from Confocal Images,” 1989; permission conveyed through Copyright Clearance Center, Inc. Page 268,
Figure 7.11.

(a) (b) (c)

Plate 12: Courtesy of J. K. Udupa, University of Pennsylvania. Page 287, Figure 7.28.
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Plate 13: Courtesy of Y. Boykov, University of Western Ontario and B. Geiger, Siemens Research.
Page 302, Figure 7.38.
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Plate 14: Yin, Y., Zhang, X., Williams, R., Wu, X., Anderson, D.D., Sonka, M., “LOGISMOS-
Layered Optimal Graph Image Segmentation of Multiple Objects and Surfaces: Cartilage Segmentation
in the Knee Joint,” Medical Imaging, IEEE Transactions, Volume: 29, Issue: 12, Digital Object Identi-
fier: 10.1109/TMI.2010.2058861, Publication Year: 2010, Page(s): 2023-2037. Page 316, Figure 7.48.
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Plate 15: Sun S., Sonka M., and Beichel R., “Lung segmentation refinement based on optimal surface
finding utilizing a hybrid desktop/virtual reality user interface,” Computerized Medical Imaging and
Graphics, 37(1):15-27, 2013b. Page 316, Figure 7.49.
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Plate 16: Based on [Criminisi et al., 2011]. Page 443, Figure 9.35.
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Plate 17: Based on [Criminisi et al., 2011]. Page 444, Figure 9.36.
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Plate 18: Based on [Criminisi et al., 2011]. Page 445, Figure 9.37.
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Plate 19: Based on [Criminisi et al., 2011]. Page 446, Figure 9.38.
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Plate 20: Based on [Criminisi et al., 2011]. Page 447, Figure 9.39.
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Plate 21: Based on [Criminisi et al., 2011]. Page 447, Figure 9.40.
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