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where
0 0 0
F*~ |0 0 1] . (11.50)
0 -1 0

The rectifying homographies are not unique. Two instances of rectification are shown in
Figure 11.12. The interesting question is which of the many possible rectifications is the
best, which we will discuss shortly.

Input stereo pair
—— ——

/\

Rectification 1 Rectification 2

Figure 11.12: Two instances of many
possible rectifications. Courtesy of
R. Sdra and M. Matousek, Czech Tech-
nical University, Prague.

Algorithm 11.1: Image rectification

1. Epipoles are translated to infinity in both images.
Let ef, = [ey, ez, l]T be the epipole in the left image and €2 +e3 # 0. This epipole
is mapped to e* =~ [1,0,0]T as the rotation of the epipole ey, to the axis u and
the projection

N €1 €9 0
HL >~ [—eé2 €1 0 . (1151)
=@1 = e% G e%

2. Epipolar lines are unified to get a pair of elementary rectifying homographies.

Since e} = [1,0,0] " is both left and right null space of F', the modified funda-
mental matrix becomes

. 0 0 O
F~|0 a (11.52)
0 ~v ¢
and elementary rectifying homographies Hy, Hp are chosen to make a = § = 0
and f = —7.
- a - a ad — By 0 0
HLZHSHL, HRZHR, Whereng 0 - —0 . (11.53)
0 «@ B
Then
oN-T N1
F* = (HR) F (HS HL) : (11.54)
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11.6 Three cameras and trifocal tensor 619

3. A pair of optimal homographies is selected from the class preserving the funda-
mental matrix F™*.

Let Hy, Hp be clementary rectifying homographies (or some other rectifying ho-
mographies). Homographies Hy,, Hg are also rectifying homographies provided
they obey equation HrF* H] = A F'*, X # 0, which guarantees that images are
kept rectified.

The internal structure of Hy, Hgr permits us to understand the meaning of free
parameters in the class of rectifying homographies

lh Iy s B e T2 T3
HLZ 0 S  Up HL, HRZ 0 S Ug HR, (11.55)
0 qg 1 0 ¢ 1

where s # 0 is a common vertical scale; ug is a common vertical shift; [;, 71 are
left and right skews; lo, 79 are left and right horizontal scales; [1, r1 are left and
right horizontal shifts and ¢ is common perspective distortion.

This third step is necessary because elementary homographies may yield severely
distorted images.

The algorithms differ by the way free parameters are selected. One approach min-
imizes residual image distortion [Loop and Zhang, 1999; Gluckman and Nayar, 2001].
Another approach takes into account how much the underlying data change using fre-
quency spectrum analysis and minimizing image information loss [Matousek et al., 2004].

11.6 Three cameras and trifocal tensor

Section 11.5 was devoted to the matching constraints between two views which manifest
in epipolar geometry. We saw in Section 11.4.3 that matching constraints exist also
amongst three and four views. This section describes the one for three views. Its form
is that a set of trilinear functions of image coordinates must vanish.

We follow the derivation of the trifocal tensor from [Hartley and Zisserman, 2003].
The constraint among three views receives its simplest form as a formula that computes
line 1 in the first view from a given line I in the second view and a given line 1” in the
third view. The geometrical meaning of this construction is simple: back project the
lines I’ and 1” to scene planes, find a common scene line of these planes, and project this
line into the first view (see Figure 11.13).

Figure 11.13: Illustration of the
S matching constraint among three
c” views. Cameras have centers C, C’,
C” and appropriate image planes. A
line in 3D projects into lines 1, ', 1”.
© Cengage Learning 2015.
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620 Chapter 11: 3D geometry, correspondence, 3D from intensities

Let the three views have camera matrices M, M’ and M". Due to projective ambi-
guity described in Section 11.4.2, we can choose M = [I | 0] without loss of generality.
Then, using the result from expression (11.33), we have

M =[I]0], M =M€, M" =[M"|e"],

where the epipole e’ and e” is the projection of the first camera center, C = [0,0,0,1] T,
in the second and third camera, respectively.
To satisfy the constraint, the scene planes

YARU VAR
a=MT1= |:(1)] , ad=MTl = {JZT l}] ; a’ =M1 = |:J‘\;[//T 1}/:| , (11.56)

back-projected from the image lines as given by equation (11.21), have a scene line in
common. This happens only if the vectors in equation (11.56) are linearly dependent, that
is, a = XNa’ + \’a’” for some scalars A’ and \’. Applying this to the fourth coordinates
of the vectors in equation (11.56) yields Ne'Tl' = —)\"e”T1”. Substituting to the first
three coordinates of the vectors in equation (11.56) yields

1~ (& T1V)MTY — (T YM' TV ="TeYM'TY — (1T )M 1",
The expression can be further re-arranged to
1 (VT V7 VT, VT3 T (11.57)
where we have denoted
T;=mle’T —m/e", i=1,2,3 (11.58)

and M’ = [m} | m} | mb], M” = [m{ | mj | mj]. The three 3 x 3 matrices T; can be
seen as slices of the 3 x 3 x 3 trifocal tensor.

Expression (11.57) is bilinear in the coordinates of image lines and describes how
to compute the image line in the first view given lines in the other two views. In Sec-
tion 11.4.3, we derived that there is a single trilinear function involving point u in the
first image, line I’ and line 1” that vanishes if there exists a scene point projecting to
these. Tt follows from the incidence relation 1Tu = 0

N VT VT u=0. (11.59)

The nine point-point-point matching constraints among image points u, u’ and u” in,
respectively, the first, second and third view can be obtained by substituting any row of
matrix S(u’) for 1’ and any row of S(u”) for 1”.

The trifocal tensor {7y, 75,73} has 3% = 27 parameters but is defined only up to
an overall scale, yielding 26 parameters. However, these parameters satisfy 8 non-linear
relations, yielding only 18 free parameters. While we will not discuss these non-linear
relations, note that for two views we only had a single non-linear relation, det F' = 0.

Given multiple correspondences in three views, the trifocal tensor can be estimated
by solving the (possibly overdetermined) system of equations (11.57) or (11.59), which is
linear in the components of the tensor. Here, preconditioning described in Section 11.2.3
is essential.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



11.6 Three cameras and trifocal tensor 621

If the trifocal tensor is known then the projection matrices corresponding to indi-
vidual cameras can be computed from the tensor. The trifocal tensor expresses relation
between images and is independent of the particular 3D projection transform. This
implies that the projection matrices corresponding to cameras can be computed up to
a projective ambiguity. The algorithm for decomposing the trifocal tensor into three
projection matrices can be found in [Hartley and Zisserman, 2003].

11.6.1 Stereo correspondence algorithms

We have seen in Section 11.5.1 that much can be learned about the geometry of a 3D
scene if it is known which point from one image corresponds to a point in a second image.
The solution of this correspondence problem is a key step in any photogrammetric,
stereo vision, or motion analysis task. Here we describe how the same point can be found
in two images if the same scene is observed from two different viewpoints. Of course, it
is assumed that two images overlap and thus the corresponding points are sought in this
overlapping area.

Some methods are based on the assumption that images constitute a linear (vector)
space (e.g., eigenimages or linear interpolation in images [Werner et al., 1995; Ullman
and Basri, 1991]); this linearity assumption is not valid for images in general [Beymer
and Poggio, 1996], but some authors have overlooked this fact. The structure of a vector
space assumes that the i*" component of one vector must refer to the i** component of
another; this assumes that the correspondence problem has been solved.

Automatic solution of the correspondence problem is an evergreen computer vision
topic, and the pessimistic conclusion is that it is not soluble in the general case at
all. The trouble is that the problem is inherently ambiguous. Imagine an extreme
case, e.g., a scene containing a white, nontextured, flat object; its image constitutes
a large region with uniform brightness. When corresponding points are sought in left
and right images of the flat object there are not any features that could distinguish them.
Another unavoidable difficulty in searching for corresponding points is the self-occlusion
problem, which occurs in images of non-convex objects. Some points that are visible by
the left camera are not visible by the right camera and vice versa (Figure 11.14).

Leftimage  Right image Leftimage  Right image

Figure 11.14: Self-occlusion makes search Figure 11.15: Exception from the unique-
for some corresponding points impossible. ness constraint. © Cengage Learning 2015.

© Cengage Learning 2015.
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622 Chapter 11: 3D geometry, correspondence, 3D from intensities

Fortunately, uniform intensity and self-occlusion are rare, or at least uncommon, in
scenes of practical interest. Establishing correspondence between projections of the same
point in different views is based on finding image characteristics that are similar in both
views, and the local similarity is calculated.

The inherent ambiguity of the correspondence problem can in practical cases be
reduced using several constraints. Some of these follow from the geometry of the image
capturing process, some from photometric properties of a scene, and some from prevailing
object properties in our natural world. A vast number of different stereo correspondence
algorithms have been proposed. We will give here only a concise taxonomy of approaches
to finding correspondence—not all the constraints are used in all of them [Klette et al.,
1996].

The first group of constraints depends mainly on the geometry and the photometry of
the image capturing process.

Epipolar constraint: This says that the corresponding point can only lie on the epipolar
line in the second image. This reduces the potential 2D search space into 1D. The
epipolar constraint was explained in detail in Section 11.5.

Uniqueness constraint: This states that, in most cases, a pixel from the first image can
correspond to at most one pixel in the second image. The exception arises when two
or more points lie on one ray coming from the first camera and can be seen as separate
points from the second. This case, which arises in the same way as self-occlusion, is
illustrated in Figure 11.15.

Symmetry constraint: If the left and right images are interchanged then the same set of
matched pairs of points has to be obtained.

Photometric compatibility constraint: This states that intensities of a point in the first
and second images are likely to differ only a little. They are unlikely to be exactly
the same due to the mutual angle between the light source, surface normal, and
viewer differing, but the difference will typically be small and the views will not differ
much. Practically, this constraint is very natural to image-capturing conditions. The
advantage is that intensities in the left image can be transformed into intensities in
the right image using very simple transformations.

Geometric similarity constraints: These build on the observation that geometric char-
acteristics of the features found in the first and second images do not differ much
(e.g., length or orientation of the line segment, region, or contour).

The second group of constraints exploits some common properties of objects in typical
scenes.

Disparity smoothness constraint: This claims that disparity changes slowly almost ev-
erywhere in the image. Assume two scene points p and q are close to each other,
and denote the projection of p into the left image as py, and into the right image as
Pr, and q similarly. If we assume that the correspondence between py and pgr has
been established, then the quantity

|pL — Pr| — laz — qr|

(the absolute disparity difference) should be small.
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11.6 Three cameras and trifocal tensor 623

Feature compatibility constraint: This places a restriction on the origin of matched
points. Points can match only if they have the same physical origin—for exam-
ple, object surface discontinuity, border of a shadow cast by some objects, occluding
boundary or specularity boundary. Notice that edges in an image caused by specu-
larity or self-occlusion cannot be used to solve the correspondence problem, as they
move with changing viewpoint. On the other hand, self-occlusion caused by abrupt
discontinuity of the surface can be identified—see Figure 11.16.

Point A4

Figure 11.16: Self-occlusion due to abrupt surface discontinu-
ity can be detected. © Cengage Learning 2015.

Disparity search range: This constrains the lengths of the search in artificial methods
that seek correspondence.

Disparity gradient limit: This constraint originates from psycho-physical experiments in
which it is demonstrated that the human vision system can only fuse stereo images
if the disparity change per pixel is smaller than some limit. The constraint is a weak
version of the disparity smoothness constraint.

Ordering constraint: This says that for surfaces of similar depth, corresponding feature
points typically lie in the same order on the epipolar line (Figure 11.17a). If there
is a narrow object much closer to the camera than its background, the order can
be changed (Figure 11.17b). It is easy to demonstrate violation of this ordering
constraint: hold two forefingers vertically, almost aligned but at different depths in
front of your eyes. Closing the left eye and then the right eyes interchanges the
left /right order of the fingers. The ordering constraint is violated only rarely in

practice.
Finger A
Finger B
A BC A BC B A A B
Left image Right image Left image Right image
(a) (b)

Figure 11.17: Epipolar lines. (a) Corresponding points lie in the same order on epipolar lines.
(b) This rule does not hold if there is a big discontinuity in depths. © Cengage Learning 2015.

All these constraints have been of use in one or more existing stereo correspondence
algorithms; we present here a taxonomy of such algorithms. From the historical point
of view, correspondence algorithms for stereopsis were and still are driven by two main
paradigms:
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624 Chapter 11: 3D geometry, correspondence, 3D from intensities

1. Low-level, correlation-based, bottom-up methods.
2. High-level, feature-based, top-down methods.

Initially, it was believed that higher-level features such as corners and straight line seg-
ments should be automatically identified, and then matched. This was a natural devel-
opment from photogrammetry, which has been using feature points identified by human
operators since the beginning of the twentieth century.

Psychological experiments with random dot stereograms performed by Julesz
[Julesz, 1990] generated a new view: these experiments show that humans do not need to
create monocular features before binocular depth perception can take place. A random
dot stereogram is created in the following way: a left image is entirely random, and the
right image is created from it in a consistent way such that some part of it is shifted
according to disparity of the desired stereo effect. The viewer must glare at the random
dot stereogram from a distance of about 20 centimeters. Such ‘random dot stereograms’
have been widely published under the name ‘3D images’ in many popular magazines.

Correlation-based block matching

Correlation-based correspondence algorithms use the assumption that pixels in corre-
spondence have very similar intensities. The intensity of an individual pixel does not
give sufficient information, as there are typically many potential candidates with similar
intensity and thus intensities of several neighboring pixels are considered. Typically, a
5x5 or 7x7 or 3x9 window may be used. These methods are sometimes called area-
based stereo. Larger search windows yield higher discriminability.

We shall illustrate the approach with a simple algorithm called block matching
[Klette et al., 1996]. Assuming the canonical stereo setup with parallel optical axes of
both cameras, the basic idea of the algorithm is that all pixels in the window (called a
block) have the same disparity, meaning that one and only one disparity is computed
for each block. One of the images, say the left, is tiled into blocks, and a search for
correspondence in the right image is conducted for each of these in the right image. The
measure of similarity between blocks can be, e.g., the mean square error of the intensity,
and the disparity is accepted for the position where the mean square error is minimal.
Maximal change of position is limited by the disparity limit constraint. The mean square
error can have more than one minimum, and in this case an additional constraint is used
to cope with ambiguity.

The result does not obey the symmetry constraint, ordering constraint and gradient
limit constraint because the result is not a one-to-one matching.

Another relevant approach is that of Nishihara [Nishihara, 1984], who observes
that an algorithm attempting to correlate individual pixels (by, e.g., matching zero-
crossings [Marr and Poggio, 1979]) is inclined towards poor performance when noise
causes the detected location of such features to be unreliable. Nishihara notes that the
sign (and magnitude) of an edge detector response is likely to be a much more stable
property to match than the edge or feature locations, and devises an algorithm that
simultaneously exploits a scale-space matching attack.

The approach is to match large patches at a large scale, and then refine the quality
of the match by reducing the scale, using the coarser information to initialize the finer-
grained match. An edge response is generated at each pixel of both images at a large scale
(see Section 5.3.4), and then a large area of the left (represented by, say, its central pixel)
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11.6 Three cameras and trifocal tensor 625

is correlated with a large area of the right. This can be done quickly and efficiently by
using the fact that the correlation function peaks very sharply at the correct position of
a match, and so a small number of tests permits an ascent to a maximum of a correlation
measure. This coarse area match may then be iteratively refined to any desired resolution,
using the knowledge from the coarser scale as a clue to the correct disparity at a given
position. At any stage of the algorithm, therefore, the surfaces in view are modeled as
square prisms of varying height; the area of the squares may be reduced by performing
the algorithm at a finer scale—for tasks such as obstacle avoidance it is possible that only
coarse scale information is necessary, and there will be a consequent gain in efficiency.

Any stereo matching algorithm can be boosted by casting random-dot light patterns
on the scene to provide patterns to match even in areas of the scene that are texturally
uniform. The resulting system has been demonstrated in use in robot guidance and
bin-picking applications, and has been implemented robustly in real time.

Feature-based stereo correspondence

Feature-based correspondence methods use interest points. Characteristically, these are
pixels on edges, lines, corners, etc., and correspondence is sought according to proper-
ties of such features as, e.g., orientation along edges, or lengths of line segments. The
advantages of feature-based methods over intensity-based correlation are:

o Feature-based methods are less ambiguous since the number of potential candidates
for correspondence is smaller.

e The resulting correspondence is less dependent on photometric variations in images.

« Disparities can be computed with higher precision; features can be sought in the
image to subpixel precision.

We present one early example of a feature-based correspondence method—the PMF
algorithm, named after its inventors [Pollard et al., 1985]. It proceeds by assuming
that a set of feature points has been extracted from each image by some interest opera-
tor. The output is a correspondence between pairs of such points. In order to do this,
three constraints are applied: the epipolar constraint, the uniqueness constraint, and the
disparity gradient limit constraint.

The first two constraints are common to all such algorithms—the third, however, of
stipulating a disparity gradient limit, was its novelty. The disparity gradient measures
the relative disparity of two pairs of matching points.

Left Cyclopean Right
o4y 4 oAy
S(4,B)
B
o . B «B;
<< > << >
x X

r

Figure 11.18: Definition of the disparity gradient. © Cengage Learning 2015.
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Suppose (Figure 11.18) that a point A (B) in 3D appears as A; = (aqi, ay) (Bl =
(bat, by)) in the left image and A, = (azr, ay) (B,,. = (bgr, by)) in the right (the epipolar
constraint requires the y coordinates to be equal); the cyclopean image is defined as
that given by their average coordinates

A= (azl ;azr 7 ay> 7 (11.60)
B. — (w,by) (11.61)

and their cyclopean separation S is given by their distance apart in this image

S(A,B) = \/K%l era”) - (bwl;b’”)r + (ay — by)?

= \/i [(azt — bs1) + (agr — bm)]z

T (ay — by)? (11.62)

- ﬁm ) 4 (ay — by)?.

The difference in disparity between the matches of A and B is

D(A7 B) = (awl - azr) - (bxl - bzr)
= (a’zl - bml) - (azr - bzr) (1163)
=T — Tp .

The disparity gradient of the pair of matches is then given by the ratio of the disparity
difference to the cyclopean separation:

D(A, B)
S(A, B)
o -, (11.64)

\/%(xl +2,)? + (ay — by)?

Given these definitions, the constraint exploited is that, in practice, the disparity
gradient ' can be expected to be limited; in fact, it is unlikely to exceed 1. This means
that very small differences in disparity are not acceptable if the corresponding points are
extremely close to each other in 3D—this seems an intuitively reasonable observation,
and it is supported by physical evidence [Pollard et al., 1985]. A solution to the corre-
spondence problem is then extracted by a relaxation process in which all possible matches
are scored according to whether they are supported by other (possible) matches that do
not violate the stipulated disparity gradient limit. High-scoring matches are regarded as
correct, permitting firmer evidence to be extracted about subsequent matches.

(A, B) =

Algorithm 11.2: PMF stereo correspondence

1. Extract features to match in left and right images. These may be, for example,
edge pixels.
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2. For each feature in the left (say) image, consider its possible matches in the
right; these are defined by the appropriate epipolar line.

3. For each such match, increment its likelihood score according to the number of
other possible matches found that do not violate the chosen disparity gradient
limit.

4. Any match which is highest scoring for both the pixels composing it is now
regarded as correct. Using the uniqueness constraint, these pixels are removed
from all other considerations.

5. Return to step 2 and re-compute the scores taking account of the definite match
derived.

6. Terminate when all possible matches have been extracted.

Note here that the epipolar constraint is used in step 2 to limit to one dimension
the possible matches of a pixel, and the uniqueness constraint is used in step 4 to ensure
that a particular pixel is never used more than once in the calculation of a gradient.

The scoring mechanism has to take account of the fact that the more remote two
(possible) matches are, the more likely they are to satisfy the disparity gradient limit.
This is catered for by:

o Considering only matches that are ‘close’ to the one being scored. In practice
it is typically adequate to consider only those inside a circle of radius equal to
7 pixels, centered at the matching pixels (although this number depends on the
precise geometry and scene in hand).

o Weighting the score by the reciprocal of its distance from the match being scored.
Thus more remote pairs, which are more likely to satisfy the limit by chance, count
for less.

This algorithm has been demonstrated to work successfully. It is also attractive be-
cause it lends itself to parallel implementation and could be extremely fast on suitable
hardware. It has a drawback (along with a number of similar algorithms) in that hor-
izontal line segments are hard to match; they often move across adjacent rasters and,
with parallel camera geometry, any point on one such line can match any point on the
corresponding line in the other image.

Since PMF was developed many other algorithms of varying complexity have been
proposed. Two computationally efficient and simple to implement algorithms utilize
either optimization techniques called dynamic programming [Gimel’farb, 1999] or con-
fidently stable matching [Sara, 2002]. An extensive list of stereo matching algorithm is
maintained at http://cat.middlebury.edu/stereo/.

11.6.2 Active acquisition of range images

It is extremely difficult to extract 3D shape information from intensity images of real
scenes directly. Another approach—‘shape from shading’—will be explained in Sec-
tion 11.7.1.
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One way to circumvent these problems is to measure distances from the viewer to
points on surfaces in the 3D scene explicitly; such measurements are called geometric
signals, i.e., a collection of 3D points in a known coordinate system. If the surface
relief is measured from a single viewpoint, it is called a range image or a depth map.
Such explicit 3D information, being closer to the geometric model that is sought, makes
geometry recovery easier.!

Two steps are needed to obtain geometric information from a range image:
1. The range image must be captured; this procedure is discussed in this section.

2. Geometric information must be extracted. Features are sought and compared to
a selected 3D model. The selection of features and geometric models leads to one
of the most fundamental problems in computer vision: how to represent a solid
shape [Koenderink, 1990].

The term active sensor refers to a sensor that uses and controls its own images—
the term ‘active’ means that the sensor uses and controls electromagnetic energy, or
more specifically illumination, for measuring a distance between scene surfaces and the
‘observer’. An active sensor should not be confused with the active perception strategy,
where the sensing subject plans how to look at objects from different views.

RADAR (RAdio Detecting And Ranging) and LIDAR . (LIght Detecting And Rang-
ing) in one measurement yield the distance between the sensor and a particular point
in a scene. The sensor is mounted on an assembly that allows movement around two
angles, azimuth © and tilt ®, corresponding to spherical coordinates. The distance is
proportional to the time interval between the emission of energy and the echo reflected
from the measured scene object—the elapsed time intervals are very short, so very high
precision is required. For this reason, the phase difference between emitted and received
signals is often used.

RADAR emits electromagnetic waves in meter, centimeter, or millimeter wavelength
bands. Aside from military use, it is frequently used for navigation of autonomous guided
vehicles.

LIDAR often uses laser as a source of a focused light beam. The higher the power of
the laser, the stronger is the reflected signal and the more precise the measured range.
If LIDAR is required to work in an environment together with humans, then the energy
has an upper limit, due to potential harm to the unprotected eye. Another factor that
influences LIDAR safety is the diameter of the laser beam: if it is to be safe, it should not
be focused too much. LIDARs have trouble when the object surface is almost tangential
to the beam, as very little energy reflects back to the sensor in this case. Measurements
of specular surfaces are not very accurate, as they scatter the reflected light; while trans-
parent objects (obviously) cannot be measured with optical lasers. The advantage of
LIDAR is a wide range of measured distances, from a tenth of a millimeter to several
kilometers; the accuracy of the measured range is typically around 0.01 millimeter. LI-
DAR provides one range in an instant. If a whole range image is to be captured, the
measurement takes several tenths of a seconds as the whole scene is scanned.

Another principle of active range imaging is structured light triangulation, where
we employ a geometric arrangement similar to that used for stereo vision, with optical

IThere are techniques that measure full 3D information directly, such as mechanical coordinate-
measuring machines (considered in Chapter 12) or computer tomography.
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axes. One camera is replaced by an illuminant that yields a light plane perpendicular
to the epipolars; the image-capturing camera is at a fixed distance from the illuminant.
Since there is only one significantly bright point on each image line, the correspondence
problem that makes passive stereo so problematic is avoided, although there will still
be problems with self-occlusion in the scene. Distance from the observer can easily be
calculated as in Figure 11.11. To capture a whole-range image, the rod with camera and
illuminant should be made to move mechanically relative to the scene, and the trace of
the laser should gradually illuminate all points to be measured. The conduct of the move-
ment, together with the processing of several hundred images (i.e., one image for each
distinct position of the laser-stripe) takes some time, typically from a couple of seconds
to about a minute. Faster laser stripe range finders find a bright point corresponding to
the intersection of a current image line using special-purpose electronics.

Figure 11.19 shows a view of such a scanner together with a target object (a wooden
toy—a rabbit). The image seen by the camera with the distinct bright laser stripe is in
Figure 11.20a, and the resulting range image is shown in Figure 11.20b.

Figure 11.19: Laser plane range finder. The camera is on the left side, the laser diode on the
bottom. Courtesy of T. Pajdla, Czech Technical University, Prague.

In some applications, a range image is required in an instant, typically meaning one
TV frame; this is especially useful for capturing range images of moving objects, e.g.,
moving humans (see Section 10.8). One possibility is to illuminate the scene by several
stripes at once and code them; Figure 11.21a shows a human hand lit by a binary cyclic
code pattern such that the local configuration of squares in the image allows to us to
decode which stripe it is. In this case, the pattern with coded stripes is projected from
a 36x24 mm slide using a standard slide projector. The resulting range image does not
provide as many samples as in the case of a moving laser stripe—in our case only 64x80,
see Figure 11.21b.

It is possible to acquire a dense range sample as in the laser stripe case in one TV
frame; individual stripes can be encoded using spectral colors and the image captured
by a color TV camera [Smutny, 1993].

There are other technologies available. One is sonar, which uses ultrasonic waves
as an energy source. Sonars are used in robot navigation for close-range measurements,
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(a) (b)

Figure 11.20: Measurement using a laser-stripe range finder. (a) The image seen by a camera
with a bright laser stripe. (b) Reconstructed range image displayed as a point cloud. Courtesy
of T. Pajdla, Czech Technical University, Prague.

Figure 11.21: Binary-coded range finder. (a) The captured image of a hand. (b) Reconstructed
surface. Courtesy of T. Pajdla, Czech Technical University, Prague.

but a disadvantage is that measurements are typically very noisy. The second principle
is Moiré interferometry [Klette et al., 1996], in which two periodic patterns, typically
stripes, are projected on the scene. Due to interference, the object is covered by a system
of closed, non-intersecting curves, each of which lies in a plane of constant distance from
the viewer. Distance measurements obtained are only relative, and absolute distances
are unavailable. The properties of Moiré curves are very similar to height contours on
maps.

11.7 3D information from radiometric measurements

We have argued several times in this book that the image formation from the radiometric
point of view is well understood (Section 3.4.4). We have also explained that the inverse
task in which the input is the intensity image and the output is 3D properties of a
surface in the scene is ill-posed and extremely difficult to solve in most cases. Instead
of solving it, a side-step is taken and objects in the image are segmented using some
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semantic information, but not directly the image formation physics. Nevertheless, there
are special situations in which the inverse task to image formation has a solution. The
first approach is shape from shading, and the second one photometric stereo.

11.7.1 Shape from shading

The human brain makes use of clues from shadows and shading in general. Not only do
detected shadows give a clear indication of where occluding edges are, and the possible
orientation of their neighboring surfaces, but general shading properties are of great value
in deducing depth. A fine example of this is a photograph of a face; from a straight-on,
2D representation, our brains make good guesses about the probable lighting model, and
then deductions about the 3D nature of the face—for example, deep eye sockets and
protuberant noses or lips are often recognizable without difficulty.

Recall that the intensity of a particular pixel depends on the light source(s), sur-
face reflectance properties, and local surface orientation expressed by a surface normal
n. The aim of shape from shading is to extract information about normals of surfaces
in view solely on the basis of an intensity image. If simplifying assumptions are made
about illumination, surface reflectance properties, and surface smoothness, the shape
from shading task has proven to be solvable. The first computer-vision related formu-
lation comes from Horn [Horn, 1970, 1975]. Techniques similar to shape from shading
were earlier proposed independently in photoclinometry [Rindfleisch, 1966], when astro-
geologists wanted to measure steepness of slopes on planets in the solar system from
intensity images observed by terrestrial telescopes.

Incremental propagation from surface points of known height

The oldest, and easiest to explain, method develops a solution along a space curve. This
is also called the characteristic strip method.

We can begin to analyze the problem of global shape extraction from shading in-
formation when the reflectance function and the lighting model are both known per-
fectly [Horn, 1990]. Even given these constraints, it should be clear that the mapping
‘surface orientation to brightness’ is many-to-one, since many orientations can produce
the same point intensity. Acknowledging this, a particular brightness can be produced
by an infinite number of orientations that can be plotted as a (continuous) closed curve
in gradient space. An example for the simple case of a light source directly adjacent to
the viewer, incident on a matte surface, is shown in Figure 11.22—two points lying on
the same curve (circles in this case) indicate two different orientations that will reflect
light of the same intensity, thereby producing the same pixel gray-level.

The original formulation [Horn, 1970] to the general shape from shading task assumes
a Lambertian surface, one distant point light source, a distant observer, and no inter-
reflections in the scene. The proposed method is based on the notion of a characteristic
strip: suppose that we have already calculated coordinates of a surface point [z,y, 2]7
and we want to propagate the solution along an infinitesimal step on the surface, e.g.,
taking small steps dz and dy, then calculating the change in height §z. This can be done
if the components of the surface gradient p, ¢ are known. For compactness we use an
index notation, and express p=0z/dx as z,, and 62x/dx? as z,. The infinitesimal change
of height is

0z =pdxr+qdy. (11.65)
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q

Figure 11.22: Reflectance map for a matte
surface—the light source is adjacent to the
viewer. © Cengage Learning 2015.

The surface is followed stepwise, with values of p, ¢ being traced along with x, y, z.
Changes in p, ¢ are calculated using second derivatives of height r=z2.., s=2uy=2ya,
t=2yy

dp=réx+sdy and dq=sdox+tdy. (11.66)

Consider now the image irradiance equation E(z,y) = R(p,q), equation (3.96), and
differentiate with respect to x, y to obtain the brightness gradient

E,=rR,+sR;, and E,=sR,+1tR,. (11.67)
The direction of the step dzx, dy can be chosen arbitrarily
0r=R,& and dy = R,¢. (11.68)

The parameter ¢ changes along particular solution curves. Moreover, the orientation of
the surface along this curve is known; thus it is called a characteristic strip.

We can now express changes of gradient Jp, dg as dependent on gradient image
intensities, which is the crucial trick. A set of ordinary differential equations can be
generated by considering equations (11.66) and (11.67); dot denotes differentiation with
respect to &

t=R,, y=R,, 2=pR,+qRy, p=FE,, g=FE,. (11.69)

There are points on the surface for which the surface orientation is known in advance,
and these provide boundary conditions during normal vector calculations. These are

« Points of a surface occluding boundary; an occluding boundary is a curve on the
surface due to the surface rolling away from the viewer, i.e., the set of points for
which the local tangent plane coincides with the direction towards the viewer. The
surface normal at such a boundary can be uniquely determined (up to a sign), as it
is parallel to the image plane and perpendicular to the direction towards the viewer.
This normal information can be propagated into the recovered surface patch from
the occluding boundary. Although the occlusion boundary uniquely constrains
surface orientation, it does not constrain the solution sufficiently to recover depth
uniquely [Oliensis, 1991].

e Singular points in the image; we have seen that at most surface points gradient is
not fully constrained by image intensities. Suppose that the reflectance function
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R(p,q) has a global maximum, so R(p,q) < R(po, qo) for all [p,q] # po,qo. This
maximum corresponds to singular points in the image

E(z0,10) = R(po, q0) - (11.70)

Here, the surface normal is parallel to the direction towards the light source. Sin-
gular points are in general sources and sinks of characteristic stripes.

Direct implementation of this method does not yield particularly good results, due to
numerical instability of independent integrations along the stripes [Horn, 1990].

Global optimization methods

These methods are formulated as a variational task in which the whole image plays a role
in the chosen functional. Results obtained are in general better than those generated by
incremental methods.

We already know that under the simplifying conditions for recovery of surface normals
from intensities (stated in Section 3.4.5), the image irradiance equation (3.96) relates
image irradiance F and surface reflection R as

E(l’,y) = R(p(x,y),q(x,y)) . (11'71)

The task is to find the surface height z(x, y) given the image E(z,y) and reflectance map
R(p,q).

Now, presented with an intensity image, a locus of possible orientations for each
pixel can be located in gradient space, immediately reducing the number of possible
interpretations of the scene. Of course, at this stage, a pixel may be part of any surface
lying on the gradient space contour; to determine which, another constraint needs to
be deployed. The key to deciding which point on the contour is correct is to note that
‘almost everywhere’ 3D surfaces are smooth, in the sense that neighboring pixels are
very likely to represent orientations whose gradient space positions are also very close.
This additional constraint allows a relaxation process to determine a best-fit (minimum-
cost) solution to the problem. The details of the procedure are very similar to those
used to extract optical flow, and are discussed more fully in Section 16.2.1, but may be
summarized as follows.

Algorithm 11.3: Reconstructing shape from shading

1. For each pixel (z;,y;), select an initial guess to orientation p°(xi,v:), ¢°(zs, vi)-
The subscript 7 addresses image pixels.

2. Apply two constraints:

(a) The observed intensity f(z;,vy;) should be close to that predicted by the
reflectance map R(p(xi,yi),q(xi,yi)) derived from foreknowledge of the
lighting and surface properties.

(b) Functions p and ¢ vary smoothly—therefore their gradients (Vp)? and
(Vq)? should be small.
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3. Minimize the energy E

E = Z (f(xhyi)_R(p(xhyi)7Q($i7yi)))2+)\ //Q(Vp)2+(Vq)2dmdy. (11.72)

The first term of equation (11.72) is the intensity ‘knowledge’. The second term is
integrated along the whole (continuous) domain Q. After discretization, the minimization
is solved using the conjugate gradient descent method [Szeliski, 1990].

The significant work in this area is due to Horn [Horn, 1975] and Ikeuchi [Tkeuchi
and Horn, 1981] and pre-dated the publication of Marr’s theory, being complete in the
form presented here by 1980. Shape from shading, as implemented by machine vision
systems, is often not as reliable as other ‘shape from’ techniques, since it is so easy to
confuse with reflections, or for it to fail through poorly modeled reflectance functions.
This observation serves to reinforce the point that the human recognition system is very
powerful, since in deploying elaborate knowledge it does not suffer these drawbacks.

Local shading analysis

Local shading analysis methods use just a small neighborhood of the current point on
the surface, and seek a direct relation between the differential surface structure and the
local structure of the corresponding intensity image. The surface is considered as a set of
small neighborhoods, each defined in some local neighborhood of one of its points. Only
an estimate of local surface orientation is available, not information about the height of
a particular surface point.

The main advantage of local shading analysis is that it provides surface-related infor-
mation to higher-level vision algorithms from a single monocular-intensity image without
any need to reconstruct the surface in explicit depth form [Sara, 1995]. This is possible
because the intensity image is closely related to local surface orientation. The surface
normal and the shape operator (‘curvature matrix’) form a natural shape model that
can be recovered from an intensity image by local computations except it is not usually
possible to recover the signs of principal surface curvatures which result in a four-fold
convex/concave/elliptic/hyperbolic ambiguity. This approach is, of course, much faster
than the solution propagation or global variational methods but it does not provide local
information on convexity and ellipticity of the surface.

The fundamental contribution to local shading analysis comes from Pentland [Pent-
land, 1984]; an overview can be found in [Pentland and Bichsel, 1994]. In addition,
Séra [Sara, 1994] demonstrates:

1. Local surface orientation up to a sign and Gaussian curvature sign can be deter-
mined uniquely at occlusion boundaries. Further, orientation on a self-shadowing
boundary can also be determined uniquely; self-shadowing contours are thus a rich
source of unambiguous information about the surface.

2. The differential properties of isophotes (curves of constant image intensity) are
closely related to the properties of the underlying surface. Isophotes are projections
of curves of constant slant from the light direction if the surface reflectance is space
invariant, or the illuminant is located at the vantage point.
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11.7.2 Photometric stereo

Photometric stereo is a method that recovers surface orientation unambiguously, as-
suming a known reflectance function [Woodham, 1980]. Consider a particular Lambertian
surface with varying albedo p. The key idea of photometric stereo is to look at the surface
from one fixed viewing direction while changing the direction of incident illumination.
Assume we have three or more such images of the Lambertian surface; then the surface
normals can be uniquely determined based on the shading variations in the observed
images if we know the illuminants’ positions.

The lines of constant reflectance on the surface correspond to lines of constant irradi-
ation F in the image (called also isophotes). The local surface orientation n = [—p, —q, 1]
is constrained along a second-order curve in the reflectance map. For different illumina-
tion directions, the observed reflectance map R(p, ¢) changes. This provides an additional
constraint on possible surface orientation that is another second-order polynomial. Two
views corresponding to two distinct illumination directions are not enough to determine
the surface orientation [—p, —¢, 1] uniquely, and a third view is needed to derive a unique
solution. If more than three distinct illuminations are at hand, an over-determined set
of equations can be solved.

A practical setup for image capture consists of one camera and K point illumination
sources, K > 3, with known intensities and illumination directions L1, ..., Lx. Only one
light source is active at any one time. The setup should be photometrically calibrated
to take into account light source intensities, particular camera gain, and offset; such a
calibration is described in [Haralick and Shapiro, 1993]. After photometric calibration,
the images give K estimates of image irradiance F;(z,y); i =1,..., K.

If not all light is reflected from a surface, then albedo p, 0 < p < 1, occurs in
the image irradiance as shown in equation (3.94). For a Lambertian surface the image
irradiance equation simplifies to

E(z,y) = pR(p,q) - (11.73)

Recall equation (3.93) (called the cosine law), showing that the reflectance map of a
Lambertian surface is given by the dot product of the surface normal n and the direction
of the incident light L;. If the surface reflectance map is substituted into equation (11.73),
we get K image irradiance equations

Ei(z,y)=pL!n, i=1,....K. (11.74)

For each point x,y in the image we get a vector of image irradiances E = [Ey, ..., Ex]".
The light directions can be written in the form of a K x 3 matrix

L{

L= (11.75)

Ljc
At each image point, the system of image irradiance equations can be written as
E=pLn. (11.76)

The matrix L does not depend on the pixel position in the image, and we can thus derive
a vector representing simultaneously surface albedo and a local surface orientation.
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If we have three light sources, K = 3, we can derive a solution by inverting the
regular matrix L

pn=L"'E (11.77)
and the unit normal is
_ LB (11.78)
TR '

For more than three light sources, the pseudo-inverse of a rectangular matrix is deter-
mined to get a solution in the least-square sense

(LTL)"'LTE

R TANAENART

(11.79)

Note that the pseudo-inversion or inversion in equation (11.78) must be repeated for each
image pixel z,y to derive an estimate of the corresponding normal.

It has been shown how to position the lights to obtain photometric stereo results
with minimal error [Drbohlav and Chantler, 2005a], and how to calibrate lights in the
case that the only information available are positions of highlights in images [Drbohlav
and Chantler, 2005b].

11.8 Summary

o 3D vision aims at inferring 3D information from 2D scenes, a task with embedded
geometric and radiometric difficulties. The geometric problem is that a single image
does not provide enough information about 3D structures, and the radiometric
problem is the complexity of the physical process of intensity image creation. This
process is complex, and typically not all input parameters are known precisely.

¢ 3D vision tasks

— There are several approaches to 3D vision, which may be categorized as
bottom-up (or reconstruction) or top-down (model-based vision).

— Marr’s theory, formulated in the late 1970s, is an example of the bottom-up
approach. The aim is to reconstruct qualitative and quantitative 3D geometric
descriptions from one or more intensity images under very weak assumptions
about objects in the scene.

— Four representations are ordered in bottom-up fashion: (1) input intensity im-
age(s); (2) primal sketch, representing significant edges in the image in viewer-
centered coordinates; (3) 2.5D sketch, representing depth from the observer
and local orientation of the surface; and (4) 3D representation, representing
object geometry in coordinates related to the objects themselves.

— The 2.5D sketch is derived from the primal sketch by a variety of techniques
called shape from X.

— 3D representations are very hard to obtain; this step has not been solved in
the general case.

— More recent perception paradigms such as active, purposive, and qualitative
vision try to provide a computational model explaining the ‘understanding’
aspects of vision.
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— None has yet led to direct practical applications, but many partial techniques
(such as shape from X) are widely used in practice.

e 3D vision, its geometry
— 3D perspective geometry is the basic mathematical tool for 3D vision as it
explains a pinhole camera.
— Lines parallel in the 3D world do not project as parallel lines in 2D images.

— The case of the single-perspective camera permits careful study of calibration
of intrinsic and extrinsic camera parameters.

— Two-perspective cameras constitute stereopsis and allow depth measurements
in 3D scenes.

— Epipolar geometry teaches us that the search for corresponding points is in-
herently one-dimensional. This can be expressed algebraically using the fun-
damental matrix.

— This tool has several applications, such as image rectification, ego-motion
estimation from calibrated cameras measurements, 3D Euclidean reconstruc-
tion from two fully calibrated cameras, 3D similarity reconstruction from two
cameras with only intrinsic calibration parameters known, and 3D projective
reconstruction from two uncalibrated cameras.

— There is a trilinear relation among views of three cameras that is expressed
algebraically using a trifocal tensor.

— The application of the trilinear relation is in epipolar transfer; if two images
are known, together with the trifocal tensor, the third perspective image can
be computed.

— The correspondence problem is core to 3D vision; various passive and active
techniques to solve it exist.

 Radiometry and 3D vision

— Radiometry informs us about the physics of image formation.

— If position of illuminants, type, surface reflectance and viewer position are
known, something can be learned about depth and scene surface orientation
from one intensity image.

— This task is called shape from shading.

— The task is ambiguous and numerically unstable. Shape from shading can be
understood in the simple case of Lambertian surfaces.

— There is a practical method that uses one camera and three known illuminants;
selective illumination provides three intensity images.

— Photometric stereo allows a measure of orientation of surfaces.

11.9 Exercises

Short-answer questions

S11.1 Explain the difference between a bottom-up approach (object reconstruction) to 3D
vision as opposed to top-down (model-based).
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S11.2 Explain the basic idea of active vision, and give some examples of how this approach
eases vision tasks.
S11.3 Give examples of perspective images from everyday life. Where do parallel lines in the
world not correspond to parallel ones in images?
S11.4 What are the intrinsic and extrinsic calibration parameters of a single-perspective cam-
era? How are they estimated from known scenes?
S11.5 Do zoom lenses typically have worse geometric distortion compared to fixed-focal-length
lenses? Is the difference significant?
S11.6 What is the main contribution of epipolar geometry in stereopsis?
S11.7 Where are epipoles in the case of two cameras with parallel optical axes (the canonical
configuration for stereopsis)?
S11.8 What is the difference between the fundamental and essential matrices in stereopsis?
S11.9 How are mismatches in correspondences treated in stereopsis?
S11.10 What are the applications of epipolar geometry in computer vision?
S11.11 Explain the principle, advantages, and applications of a trilinear relation among three
cameras. What is epipolar transfer?
S11.12 Why cannot we get depth if the camera does not translate?
S11.13 Why cannot we get a correct panorama if the camera does translate?
S11.14 Stereo correspondence algorithms are typically lost if the left and right images have
large regions of uniform brightness. How can depth acquisition still be made possible?
S11.15 Active range finders (e.g., with a laser plane) suffer from occlusions; some points are
not visible by the camera and some are not lit. What are the ways of dealing with this
problem?
S11.16 What is Moiré interferometry? Does it give absolute depth?
S11.17 Why is the relation between pixel intensity on one side and surface orientation, surface
reflectance, illuminant types and position, and viewer position on the other side difficult?
S11.18 Under which circumstances can the surface orientation be derived from intensity changes
in an image?

Problems

P11.1 This problem relates to Marr’s theory, in particular the representation scheme called
primal sketch (see Section 11.1.1).
Capture an intensity image (e.g., of an office scene), and run an advanced edge detector
(such as Canny’s or similar) on it. Threshold the magnitude of the image gradient.
Answer the following questions in an essay: Are the lines which you get the primal
sketch? Would it be possible to derive a 2.5D sketch directly from it? How? Discuss
what more would you need in the primal sketch. What about multiple scales?

P11.2 Explain the notion of homogeneous co-ordinates. Is projective transformation linear if
expressed in homogeneous co-ordinates? Why are homogeneous co-ordinates often used
in robotics to express the kinematics of a manipulating arm? (Hint: Express rotation
and translation of an object in 3D space using homogeneous co-ordinates.)

P11.3 Take a camera with an off-the-shelf lens. Design and perform an experiment to find the
intrinsic calibration parameters of it. Design and use an appropriate calibration object
(for example, a grid like structure printed by laser printer on paper; you might capture
it at different heights by placing it on a box of known height). Discuss the precision
of your results. Is the pinhole model of your camera appropriate? (Hint: Look at
distortions of a grid as in Figure 3.34.)
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P11.4 Consider the case of two cameras (stereopsis) with baseline 2h. A scene point lies
on the optical axis at depth d from the baseline. Assume that the precision of pixel
position measurement 2 in the image plane is given by dispersion o®. Derive a formula
showing the dependence of the precision of depth measurement against dispersion.
(Hint: Differentiate d according to x.)

P11.5 Conduct an experiment with stereo correspondences. For simplicity, capture a pair
of stereo images using cameras in canonical configuration (epipolar lines correspond to
lines in images), and cut corresponding lines from both images. Visualize the brightness
profiles in those lines (for example, using Matlab). First, try to find correspondences
in brightness manually. Second, decide if correlation-based or feature-based stereo
techniques are more suitable for your case. Program it and test on your profiles.

P11.6 Conduct a laboratory experiment with photometric stereo. You will need one camera
and three light sources. Take some opaque object and measure its surface orientation
using photometric stereo (see Section 11.7.2).

P11.7 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P11.8 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Chapter ]. 2

Use of 3D vision

In earlier (and later) chapters, we present a constructive approach to various aspects
of image processing and vision that should allow readers to reproduce ideas and build
systems of their own. Most of this chapter is somewhat different; 3D vision solves complex
tasks having no settled and simple theory, and here we step aside and provide an overview
of selected approaches, task formulations, applications and current research. We hope
thereby that the reader will learn what the current state of 3D vision is; it is possible
that the material herein will be at the limit of the abilities of the vision novice, but may
form a useful primer for master’s or Ph.D. courses.

12.1 Shape from X

Shape from X is a generic name for techniques that aim to extract shape from inten-
sity images and other cues such as focus. Some of these methods estimate local surface
orientation (e.g., surface normal) rather than absolute depth. If, in addition to this
local knowledge, the depth of some particular point is known, the absolute depth of
all other points can be computed by integrating the surface normals along a curve on
a surface [Horn, 1986]. Several topics belonging to this category of methods have al-
ready been mentioned, i.e., shape from stereo (Sections 11.5, 11.6.1), shape from shading
(Section 11.7.1), and photometric stereo (Section 11.7.2).

12.1.1 Shape from motion

Motion is a primary property exploited by human observers of the 3D world. The real
world we see is dynamic in many respects, and the relative movement of objects in
view, their translation and rotation relative to the observer, the motion of the observer
relative to other static and moving objects all provide very strong clues to shape and
depth—consider how just moving your head from side to side provides rich information
from parallax effects. It should therefore come as no surprise to learn that attempts at
shape extraction are able to make use of motion. Motion, and particularly lower-level
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algorithms associated with its analysis, is considered in detail in Chapter 16, and in this
section study is restricted to shape extraction alone.

A study of human analysis of motion is instructive and was conducted comprehen-
sively in a computational context by Ullman [Ullman, 1979]. Exactly how we make
deductions from moving scenes is far from clear, and several theories have come and
gone in efforts to understand this matter—in particular, Gestaltist theories. Gestalt
psychology was a revolutionary psychological paradigm proposed in Germany in the early
twentieth century (‘Gestalt’ means ‘shape’ or ‘form’ in German). It claims that more
complicated mental processes cannot be simply composed from the simpler ones, and
questioned the causality of events. Its suggestion that groupings of observations are of
primary importance was disproved, notably by an experiment of Ullman’s. On a com-
puter screen, he simulated two coaxial cylinders of different radii rotating about their
common axis in opposite directions. The view is perpendicular to the common axis; the
cylinders were not drawn, but only randomly placed dots on their surfaces. Thus what is
seen (on a per-point basis) is a large number of dots moving from left to right or right to
left, at varying speeds. Exactly what speed and direction depends upon which cylinder
surface a dot belongs to, and at what point of rotation it is—in fact, each individual dot
executes simple harmonic motion about a point that is on a line that is the projection
onto the image of the axis. The striking conclusion is that the human observer is in
no doubt about the nature of the scene, despite the absence of surface clues and the
complete absence of structure in any single frame from the sequence.

What we exploit are particular constraints that assist in resolving the non-
uniqueness of the interpretation of a sequence of frames as a moving 3D scene.
In fact, motion may be presented to us as widely spaced (in time) discrete frames,
or as (pseudo-)continuous—that is, so many frames that changes between a given pair
are imperceptible. We shall examine each case separately, each time using Ullman’s
observation that the extraction of 3D information from moving scenes can be done as a
two-phase process:

1. Finding correspondences or calculating the nature of the flow is a lower-level
phase that operates on pixel arrays.

2. The shape extraction phase follows as a separate, higher-level process. This
phase is examined here.

It is worth noting that researchers are not unanimous in the view that these two phases
should be held separate, and approaches exist that are different from those discussed
here [Negahdaripour and Horn, 1985].

Note that one approach to the analysis of motion is superficially similar to that
of stereo vision—images that are relatively widely separated in time are taken, and
correspondences between visible features made. The solution to this correspondence
problem is considered in detail in Chapter 16 and Section 11.6.1. It is worth remarking
here that resemblance to the stereo correspondence problem is deceptive since the scene
may well contain any number of independently moving objects, which could mean that
correlations may be strictly local. Two images are not of the same scene, but (more
probably) of the same objects in different relative positions.

Searching for correspondence in motion analysis may be easier than when attempting
it in stereo imaging. It is often possible to capture a dense sequence of images (i.e.,
the time separation between neighboring frames is small so that corresponding features
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are very close, and the search for them almost trivial). Moreover, the position of the
feature in the next frame can be predicted by estimating its trajectory using techniques
similar to those of control theory. The Kalman filter and Condensation approaches (see
Section 16.6.1) are common.

Rigidity, and the structure from motion theorem

For now, suppose that the correspondence problem has been solved, and that it remains
to extract some shape information—that is, given that a collection of points has been
identified in two different views, how might they be interpreted as 3D objects? As might
be expected, the large number of possible interpretations is resolved by deploying a con-
straint; Ullman’s success in this area was based on the psycho-physical observation that
the human visual system seems to assume that objects are rigid. This rigidity constraint
prompted the proof of an elegant structure from motion theorem saying that three
orthographic projections of four non-co-planar points have a unique 3D interpretation
as belonging to one rigid body. We shall proceed to outline the proof of this theorem,
which is constructive and therefore permits the extraction of the appropriate geometry,
given point correspondences in three frames from a motion sequence. In use, the theorem
allows samples of four points to be taken from an image sequence—if they belong to the
same (rigid) body, an interpretation is generated, but if they do not, the probability
of there being a chance rigid interpretation turns out to be negligibly small, meaning
that the algorithm is self-verifying in the sense that it generates only answers that are
‘correct’. Thus if there are N points in the correspondence, we might test all selections
of 4 points for rigid interpretation; some of these will be invalid, and others will group
according to the rigid object to which they belong.

The theorem proof involves a re-phrasing of the problem to permit its definition as
the solution of an equivalent problem in 3D geometry. Given three orthographic views
of four points that have a rigid interpretation, the correspondence allows them to be
labeled as O, A, B, and C in each image. First note that the body’s motion may be
decomposed into translational and rotational movement; the former gives the movement
of a fixed point with respect to the observer, and the latter relative rotation of the body
(for example, about the chosen fixed point). Translational movement, as far as it is
recognizable, is easy to identify. All that can be resolved is movement perpendicular to
the projection, and this is given by the translation (in 2D) of an arbitrarily chosen point,
say O. Observe that motion parallel to the projection cannot be identified.

It remains to identify rotational motion; to do this we can assume that O is a fixed
point, and seek to identify an interpretation of A, B and C' as belonging to the same
rigid body as O. Accordingly, we transform the problem to that of knowing three pairs
of (2D) co-ordinates for A, B, and C' with respect to a common origin O, each a different
orthographic projection; what is now required is the (3D) directions of the projections.

Formally, suppose we have in 3D an origin O and three vectors a, b, and c corre-
sponding to A, B, and C; given projections of a, b, and ¢ onto three planes II, II5, and
I3 of unknown orientation, we require to reconstruct the 3D geometry of a, b, and c.
Now let the co-ordinate system of the plane II; be defined by vectors x; and y;; that is,
x; and y; are orthogonal 3D unit vectors lying in the plane II;. With respect to these
systems, suppose that on plane II; the points’ projections have co-ordinates (s, ay:),
(bai, byi)s (Czs, ¢yi)—these nine pairs are the input to the algorithm. Finally, let u;; be
a unit vector lying on the line defined by the intersection of planes II; and II;.
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Elementary co-ordinate geometry gives

Agj = aXj, Ayi=aYyi,
bm‘ = in s byi: byi, (12.1)
Cyj = CXj Cyi = CYi -

Further, since u;; lies on both II; and II;, there must exist scalars aj, B, vij, di5 such

that
o+ B =1, +6=1, (12.2)
and
W = i X + Bij i (12.3)
u;; =%i; X5 +0i;¥; '
and hence
i X + Bij yi = Yij X + 0i ¥j - (12.4)

We can take the scalar product of this equation with each of a, b, and c, and using
equation (12.1) see that

Qij Qi + Bij Qyi = Yij Azj + 035 Ay
Qij bei + ﬂij byz = Yij bI]' + 61']' by]‘ s (12.5)

Qij Coi + Bij Cyi = Vij Caj + 0ij Cyj

—thus we have relations between unknowns («, 3,7,9d) in terms of known quantities
(az, ay, etc.).

It is easy to show that the equations (12.5) are linearly independent (this is where the
fact that O, A, B, and C are not co-planar is used). Therefore, using the constraint of
equation (12.2), it is possible to solve for a;, B:j,7ij, 9;;—in fact, there are two possible
solutions that differ in sign only.

This (findable) solution is important, as it means that we are able to express the
vectors u,; in terms of the co-ordinate basis vectors x;, y;, X;, and y;. To see why this
is important, picture the three planes in 3D—they intersect at the common origin O and
therefore define a tetrahedron; what interests us is the relative angles between the planes,
and if the geometry of the tetrahedron can be recaptured, these angles are available. Note,
though, that knowledge of a;, 8, vij, 0i; allows calculation of the distances

di = w2 — w3,
d2 = |1112 - LIQ3| 5 (126)

ds = Jujz — ups| .
For example

Uj2 —ui3 = (Oélz X1 + P2 Y1) - (0613 X1 + 513 }’1)
= (12 — a13)x1 + (B12 — Bi3)y1 (12.7)

and hence
dy = (12 — 1) + (P12 — B13)” . (12.8)
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since x; and y; are orthogonal. Now the tetrahedron formed by the three intersecting
planes is defined by the origin O and a triangular base—we might consider the base given
by the three points at unit distance from the origin. By construction, this triangle has
sides dy, ds, d3, and we can thus reconstruct the required tetrahedron.

Determining the 3D structure is now possible by noting that a particular point lies
at the intersection of the normals to any two of the planes drawn from the projections of
the point concerned.

There is a complication in the proof not discussed here that occurs when one of the d;
is zero, and the tetrahedron is degenerate. It is possible to resolve this problem without
difficulty [Ullman, 1979].

It is worth noting that Ullman’s result is the best possible in the sense that unique
reconstruction of a rigid body cannot be guaranteed with fewer than three projections of
four points, or with three projections of fewer than four points. It should also be remem-
bered that the result refers to orthographic projection when in general image projections
are perspective (of which, of course, the orthographic projection is a special case). This
turns out not to be a problem since a similar result is available for the perspective pro-
jection [Ullman, 1979]. In fact this is not necessary, since it is possible to approximate
neighborhoods within a perspective projection by a number of different orthographic
projections; thus in such a neighborhood, the theorem as outlined is valid. Interestingly,
there seems to be evidence that the human visual system uses this sort of orthographic
approximation in extracting shape information from motion.

This result is of particular value in active vision applications [Blake and Yuille,
1992; Aloimonos, 1993] such as a robot arm having a camera mounted upon it; when
such a system finds itself unable to ‘see’ particular objects of interest, the arm will move
for a different view, which will then need reconciling with earlier ones.

Shape from optical flow

The motion presented to human observers is not that considered in the previous section,
but rather is continuous—the scene in view varies smoothly. The approach of considering
widely spaced (in time) views is therefore a simplification, and it is natural to ask how to
treat the limiting case of separate frames being temporally very close to each other—it
is well known that, in fact, the human eye perceives continuous motion from relatively
few frames per second (as illustrated by cinema film). Clearly the approach of making
correspondences is no longer any use since corresponding points will be separated by
infinitesimally small distances—it is the apparent velocity (direction and speed) of pixels
that is of interest in the study of continuous motion. In a continuous sequence, we
are therefore interested in the apparent movement of each pixel (z,y) which is given
by the optical flow field (dz/dt,dy/dt). In Chapter 16, optical flow is considered at
length and an algorithm is described for its extraction from observation of changes in
the intensity function (gray-levels); accordingly, in this section it is assumed that the
flow field is available, and we ask how it may be used to extract shape in the form
of surface orientation (in fact, optical flow is useful for deducing a number of motion
properties, such as the nature of the translational or rotational movement—these points
are considered in Chapter 16).

Determining shape from optical flow is mathematically non-trivial, and here an early
simplification of the subject is presented as an illustration [Clocksin, 1980]. The simpli-
fication is in two parts:
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0 Figure 12.1: Definition of spherical polar co-ordinates.
x © Cengage Learning 2015.

e Motion is due to the observer travelling in a straight line through a static landscape.
Without loss of generality, suppose the motion is in the direction of the z axis of
a viewer-centered co-ordinate system (i.e., the observer is positioned at the origin).

o Rather than being projected onto a 2D plane, the image is seen on the surface
of a unit sphere, centered at the observer (a ‘spherical retina’). Points in 3D are
represented in spherical polar rather than Cartesian co-ordinates—spherical polar
co-ordinates (1,0, ¢) (see Figure 12.1) are related to (x,y, z) by the equations

r? =2t 4 y? 422, (12.9)
y=ux tanb, (12.10)
Z=7rCcosg. (12.11)

Since the image is spherical, we can specify co-ordinates as (6, ¢) pairs rather than (z,y)
as usual, and the optical flow is then (df/dt,dy/dt). Supposing the observer’s speed to
be v (in the direction of the z axis), the motion of points in 3D is given by

dx dy dz
==0, =0, T——u (12.12)

Differentiating equation (12.9) with respect to ¢ gives
dr dz dy dz

2r— =2r— + 2y— + 22—
T T T T
= —2uz,
(12.13)
dr_ w2
at r
= —vcosp.
Differentiating equation (12.10) with respect to ¢ gives
d d dé
x4 =tan9—$+x56620— ,
dt dt dt (12.14)

dé
0=0 g —
+ x sec TR
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and hence 40
— =0. 12.15
" (12.15)
Differentiating equation (12.11) with respect to ¢ gives
dz dr dep

T =cos<pa frsinapa

and hence, by equations (12.12) and (12.13)
—v = —vcos? p —rsingp .
dt

and so
dﬁzv(lf.coszgo):vsinnp. (12.16)
dt rsin r

Equations (12.15) and (12.16) are important. The former says that, for this particular
motion, the rate of change of 6 is zero (6 is constant). More interestingly, the latter says
that given the optical flow dg/d¢, then the distance r of a 3D point from the observer can
be recaptured up to a scale factor v. In particular, if v is known, then r, and a complete
depth map, can be deduced from the optical flow. The depth map allows a reconstruction
of the 3D scene and hence characteristics of surfaces (smoothly varying areas of r) and
of edges (discontinuities in ) will be available.

In the case that v is not known, it turns out that surface information is still available
directly from the flow. In particular, suppose a point P lies on a smooth surface, which
at P may be specified by the direction of a normal vector n. Such a direction may be
specified by two angles a and 3, where « is the angle between n and a plane II; defined
by P and the z axis, and ( is the angle between n and a plane II, which passes through P
and the origin and is perpendicular to II;. Intuitively, it is clear that the rate of change
of r with respect to 6 and ¢ provides information about the direction of n. Moderately
straightforward co-ordinate geometry gives the relations

¢ 1 or ¢ _1lor

ana_r8g07 anﬂ—rae.
These equations depend upon a knowledge of r (the depth map), but it is possible to
combine them with equation (12.16) to overcome this. For convenience, write dp/dt = ¢;
then, by equation (12.16)

(12.17)

vsin @

r= - 12.18
B (12.18)
and so
or _ peosi— sin p(95/0)
dp ¢? ’
12.19
or sin (8¢ 00) ( )
—=—v———_
a9 o?
Substituting (12.18) and (12.19) into equations (12.17) gives
1 ae
tan o = cot —fg—(p,
R (12.20)
tan 8 = L %
T p 00
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Thus, given the flow ¢ (which we assume), the angles o and § are immediately available,
regardless of S and without any need to determine the depth map given by 7.

The original reference [Clocksin, 1980] provides full information on this derivation,
and proceeds to describe how edge information may also be extracted from knowledge of
the flow. It also includes some interesting discussion of psycho-physical considerations of
human motion perception in the context of a computational theory.

12.1.2 Shape from texture

A further property of which there is clear psycho-physical evidence of human use to
extract depth is texture [Marr, 1982]. To appreciate this, it is only necessary to consider
a regularly patterned object viewed in 3D. Two effects would be apparent: The angle at
which the surface is seen would cause a (perspective) distortion of the texture primitive
(texel), and the relative size of the primitives would vary according to distance from the
observer. Simple examples, shown in Figure 12.2, are sufficient to illustrate this. Much
use can be made of texture in computer vision at various levels of abstraction, and
Chapter 15 examines them in some detail. Here we look briefly at the use of textural
properties to assist in the extraction of shape [Bajcsy and Lieberman, 1976; Kanatani
and Chou, 1989)].

Figure 12.2: A simple texture pattern in 3D. The left side shows a vanishing brick wall and the
right the shape of a body perceived from texture changes. © Cengage Learning 2015.

Considering a textured surface patterned with identical texels which have been recov-
ered by lower-level processing, note that with respect to a viewer it has three properties at
any point projected onto a retinal image: distance from the observer, slant; the angle at
which the surface is sloping away from the viewer (the angle between the surface normal
and the line of sight); and tilt, the direction in which the slant takes place. Attempts
to re-capture some of this information is based on the texture gradient—that is, the
direction of maximum rate of change of the perceived size of the texels, and a scalar mea-
surement of this rate. One approach [Bajcsy and Lieberman, 1976] assumes a uniform
texel size.
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652 Chapter 12: Use of 3D vision

If the texture is particularly simple, the shape of the perceived texels will reveal
surface orientation information. For example, if a plane is marked with identical circles,
they will be seen in an image as ellipses (see Figure 12.3). The eccentricity of the ellipses
provides information about the slant, while the orientation of the ellipse axes indicates the
tilt [Stevens, 1979]. There is evidence to suggest [Stevens, 1979] that the human viewer

Slant

Tilt

Figure 12.3: Slant and tilt are revealed by Figure 12.4: Tilt affects the appearance of
texel properties. © Cengage Learning 2015. texture. © Cengage Learning 2015.

uses texture gradient as a primary clue in the extraction of tilt and relative distance, but
that slant is inferred by processing based on estimates of the other two parameters. Tilt
is indicated by the direction of the texture gradient (see Figure 12.4), while the apparent
size of objects decreases as the reciprocal of their distance from the viewer.

Large-scale texture effects can provide information about large-scale scene geometry;
in particular, strong linear effects will indicate ‘vanishing points’ that may be joined to
give the scene horizon. Note that it is not necessary in fact for the image to contain
large numbers of long straight lines for this conclusion to be available, since often such
lines can be inferred by a number of segments whose co-linearity may be deduced by, for
example, a Hough transform. Such co-linearity may well be a property of urban scenes
in which rectangular objects, some large, can predominate.

Texture has many interpretations and there is a correspondingly large number of
attempts to exploit it in shape extraction—a useful grounding may be found in [Witkin,
1981]. A multiple-scale approach was used in [Blostein and Ahuja, 1989], while [Aloi-
monos and Swain, 1985] give an interesting approach in which ‘shape from texture’ is
shown to be equivalent to ‘shape from shading’, thereby allowing the use of established
results in surface parameter extraction from shading. Texture is usually used as an addi-
tional or complementary feature, augmenting another, stronger clue in shape extraction.

12.1.3 Other shape from X techniques

Shape from focus/de-focus techniques are based on the fact that lenses have finite
depth of field, and only objects at the correct distance are in focus; others are blurred in
proportion to their distance. Two main approaches can be distinguished:

Shape from focus measures depth in one location in an active manner; this technique
is used in 3D measuring machines in mechanical engineering. The object to be
measured is fixed on a motorized table that moves along z,y,z axes. A small
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portion of the surface is observed by a camera through a microscopic lens, and if
the surface patch in view (given by a small image window) is in focus, then the
image has the maximal number of high frequencies; this qualitative information
about focus serves as feedback to the z-axis servo-motor. The image is put into
focus and x,y, z co-ordinates read from the motorized table. If the depth of all
points in the image are to be measured, a large number of images is captured by
displacing the sensor in small increments from the scene, and the image of maximum
focus is detected for each image point [Krotkov, 1987; Nayar and Nakagawa, 1994].

Shape from de-focus typically estimates depth using two input images captured at
different depths. The relative depth of the whole scene can be reconstructed from
image blur. The image is modeled as a convolution of the image with a proper point
spread function (see Section 3.1.2); the function is either known from capturing
setup parameters or estimated, for example by observing a sharp depth step in the
image. The depth reconstruction, which is an ill-posed problem [Pentland, 1987],
is performed by local frequency analysis. Depth from de-focus shares an inherent
problem with shape from stereo and shape from motion, in that it requires the
scene to be covered by a fine texture. A real-time (30Hz) depth from de-focus
sensor has been built [Nayar et al., 1996]: The device uses active illumination by
texture and analyzes relative blur in two images captured at two different depths.
The derivation of the illumination pattern and depth estimation is posed as an
optimization problem in the Fourier domain.

Shape from vergence uses two cameras fixed on a common rod. Using two servo-
mechanisms, the cameras can change the direction of their optical axes (verge) in the
plane containing a line segment joining their optical centers. Such devices are called
stereo heads; see Figure 12.5. The aim of shape from vergence is to ease the corre-
spondence problem for estimating depth [Krotkov and Bajcsy, 1993]; vergence is used to
align individual feature points in both left and right images.

Shape from contour aims to describe a 3D shape from contours seen from one
or more view directions. Objects with smooth bounding surfaces are quite difficult to
analyze.

Following terminology given in [Ullman, 1996], assume the object is observed from
some view point. The set of all points on the object surface where surface normal is
perpendicular to the observer’s visual ray is called a rim [Koenderink, 1990]. Note that

Figure 12.5: An example of a stereo head.
© Cengage Learning 2015.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



654 Chapter 12: Use of 3D vision

in general the rim is not a planar curve. Assuming orthographic projection, the rim points
generate a silhouette of an object in the image. Silhouettes can be easily and reliably
captured if back-light illumination is used, although there is possible complication in the
special case in which two distinct rim points project to a single image point.

The most general approach considers contours as silhouettes plus images of the salient
curves on the surface, e.g., those corresponding to surface curvature discontinuities. The
latter are often found using an edge detector from an intensity image. The trouble is
that this process is often not robust enough; the simpler—and more common—approach
explores silhouettes as contours. In Figure 12.6, silhouette and surface discontinuity are
shown on an image of an apricot.

Gray level image Silhouette Silhouette and Edges (Sobel)
surface discontinuities

Figure 12.6: Apricot; contour as silhouette or as silhouette plus surface discontinuities, insuffi-
cient result of Sobel edge detector © Cengage Learning 2015.

The inherent difficulty in shape from contour comes from the loss of information in
projecting 3D to 2D. We know that this projection is not invertible—this is illustrated in
Figure 12.7, in which both a sphere and an ellipsoid project to the same ellipse. Humans
are surprisingly successful at perceiving clear 3D shapes from contours, and it seems that
tremendous background knowledge is used to assist. Understanding this human ability is
one of the major challenges for computer vision. Contours are used as constraints on the
shape they represent, and the aim is to reduce the number of possible interpretations. A
fuller coverage of these approaches is in [Nevatia et al., 1994].

Figure 12.7: Ambiguity of the shape
from contour task. © Cengage Learning
2015.
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12.2 Full 3D objects

12.2.1 3D objects, models, and related issues

The notion of a 3D object allows us to consider a 3D volume as a part of the entire 3D
world. This volume has a particular interpretation (semantics, purpose) for the task in
hand. Such an approach accords with the way general systems theory [Klir, 1991] treats
complex phenomena, in which objects are separated from uninteresting background.
Thus far, we have treated geometric (Section 11.2) and radiometric (Section 3.4.4) tech-
niques that provide intermediate 3D cues, and it was implicitly assumed that such cues
help to understand the nature of a 3D object.

Shape is another informal concept that humans typically connect with a 3D object.
Recall the understanding we have when thinking of the shape of a mountain, or a vase or
a cup. Computer vision aims at scientific methods for 3D object description, but there
are no mathematical tools yet available to express shape in its general sense. The reader
interested in abstract aspects of shape might consult texts on the shapes of solid objects
[Koenderink, 1990]. Here, however, we shall not consider 3D shape issues in their full
abstract sense. Instead, the simple geometrical approach treating parts of 3D objects
locally as simple volumetric or surface primitives is used. Curvilinear surfaces with no
restriction on surface shape are called free-form surfaces.

Roughly speaking, the 3D vision task distinguishes two classes of approach:

1. Reconstruction of the 3D object model or representation from real-world mea-
surements with the aim of estimating a continuous function representing the surface.

2. Recognition of an instance of a 3D object in the scene. It is assumed that object
classes are known in advance, and that they are represented by a suitable 3D model.

The reconstruction and recognition tasks use different representations of 3D objects.
Recognition may use approaches that distinguish well between distinct classes, but do
not characterize an object as a whole.

Humans meet and recognize often deformable objects that change their shape
[Terzopoulos et al., 1988; Terzopoulos and Fleischer, 1988], an advanced topic that is too
large to consider in this book.

Computer vision as well as computer graphics use 3D models to encapsulate the
shape of an 3D object. 3D models serve in computer graphics to generate detailed
surface descriptions used to render realistic 2D images. In computer vision, the model is
used either for reconstruction (copying, displaying an object from a different viewpoint,
modifying an object slightly during animation) or for recognition purposes, where features
are used that distinguish objects from different classes. There are two main classes of
models: volumetric and surface. Volumetric models represent the ‘inside’ of a 3D
object explicitly, while surface models use only object surfaces, as most vision-based
measuring techniques can only see the surface of a non-transparent solid.

3D models make a transition towards an object-centered co-ordinate system, allowing
object descriptions to be viewer independent. This is the most difficult phase within
Marr’s paradigm. Successful implementation is remote, especially compared to the suc-
cess seen with the derivation of the primal and 2.5D sketches. Unlike earlier stages, there
is little physiological guidance that can be used to design algorithms, since this level of
human vision is not well understood. Marr observes that the target co-ordinate system(s)
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should be modular in the sense that each ‘object’ should be treated differently, rather
than employing one global co-ordinate system—this prevents having to consider the ori-
entation of model components with respect to the whole. Representations based on an
object’s ‘natural’ axes, derived from symmetries, or the orientation of stick features, are
likely to be of greater use.

3D models of objects are common in other areas besides computer vision, notably
computer-aided design (CAD) and computer graphics, where image synthesis is required
—that is, an exact (2D) pictorial representation of some modeled 3D object. Use of an
object representation which matches the representation generated by CAD systems has
been an active research area for years, with substantial promise for industrial model-
based vision. Progress in this area is presented in [Bowyer, 1992], with papers devoted
to CAD-based models applied to pose estimation [Kriegman, 1992; Ponce et al., 1992;
Seales and Dyer, 1992], 3D specular object recognition [Sato et al., 1992], and invariant
feature extraction from range data [Flynn and Jain, 1992].

Various representation schemes exist, with different properties. A representation is
called complete if two different objects cannot correspond to the same model, so a
particular model is unambiguous. A representation is called unique if an object cannot
correspond to two different models. Most 3D representation methods sacrifice either the
completeness or the uniqueness property. Commercial CAD systems frequently sacrifice
uniqueness; different design methodologies may produce the same object. Some solid
modelers maintain multiple representations of objects in order to offer flexibility in design.

Due to self-occlusion of objects and to triangulation-based measuring methods, most
vision-based measuring sensors inherently produce only partial 3D descriptions of objects.
A fusion of several such measurements from different viewpoints is needed to obtain the
shape of an object entirely. An ideal 3D sensor would provide a set of 3D uniformly
sampled points on the surface together with their relation to neighboring points.

12.2.2 Line labeling

Early attempts to develop 3D vision systems tried to reconstruct a full 3D representation
from a single, fully segmented view of a scene. The step between the dimensions was made
by assuming that all objects in the scene had planar faces (see Figure 12.8), and that three
faces met at each vertex. A perfect segmentation then provides straight-edged regions,
and in general three of these will meet at a vertex. The idea was that this constraint
was sufficient to permit a single 2D view to permit unambiguous reconstruction of a
polyhedron. For obvious reasons, this is sometimes called a blocks world approach.

———

Figure 12.8: An example blocks world object. © Cengage Learn-
ing 2015.

The approach is clearly unrealistic for two reasons: First, the requirement for a per-
fect segmentation is unlikely to be met except in the most contrived situations; it is
assumed that all edges are found, they are all linked into complete straight boundaries,
and spurious evidence is filtered out. Second, there is a very limited number of circum-
stances in which objects do consist strictly of planar faces. It is perhaps possible that
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industrial applications exist where both conditions might be met by constraining the
objects, and providing lighting of a quality that permits full segmentation.

The idea was pioneered some time ago by Roberts [Roberts, 1965], who made sig-
nificant progress, especially considering the time at which the work was done. Indepen-
dently, other researchers built on these ideas to develop what is now a very well known
line labeling algorithm [Clowes, 1971; Huffman, 1971]. Mindful of the limitations of the
blocks world approach, research into 3D vision has left these ideas behind and they are
now of historical interest only. What follows is an overview of how line labeling works,
but it is instructive in that first, it illustrates how the 3D reconstruction task may be
naively approached, and second, it is good example of constraint propagation (see
Chapter 10) in action. The algorithm rests on observing that, since each 3D vertex is
a meeting of exactly three planar faces, only four types of junction may appear in any
2D scene (see Figure 12.9). In the 3D world, an edge may be concave or convex, and in
its 2D projection the three faces meeting at a vertex may be visible or occluded. These
finite possibilities permit an exhaustive listing of interpretations of a 2D vertex as a 3D
vertex—there are in fact 22 of them [Clowes, 1971].

Arrow Ell
Tee
Fork i . .
Figure 12.9: The four possible 2D junctions.
© Cengage Learning 2015.

The problem now reduces to deriving a mutually consistent set of vertex labels; this
may be done by employing constraints such as an edge interpretation (convex or concave)
being the same at both ends, and that circumnavigating a region provides a coherent 3D
surface interpretation. At a high level, the algorithm is as follows.

Algorithm 12.1: Line labeling

1. Extract a complete and accurate segmentation of the 2D scene projection into
polygons.

2. Determine the set of possible 3D interpretations for each 2D vertex from a pre-
computed exhaustive list.

3. Determine ‘edge-wise’ coherent labellings of vertices by enforcing either concave
or convex interpretations to each end of an edge.

4. Deduce an overall interpretation by requiring a circumnavigation of a region to
have a coherent 3D interpretation.
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Line labeling is able to detect ‘impossible’ objects such as that shown in Figure 12.10a,
since it would not pass the final stage of the informally described algorithm; it would
not, however, register Figure 12.10b, which defies a 3D interpretation along its upper
front horizontal edge, as impossible. It is also unable, in the simple form described, to
cope with ‘accidental’ junctions which are the meeting of four or more lines (caused by
chance occlusion), although these could be analyzed as special cases.

(a) (b)

Figure 12.10: Impossible
blocks world figures. © Cen-
gage Learning 2015.

This simple approach received a lot of attention, and was extended to consider solids
whose vertices may have more than three faces meeting at a vertex (such as square-based
pyramids), and scenes in which regions might represent shadows of solids [Waltz, 1975].
Interestingly, while the number of possible junction interpretations increases enormously,
the constraint satisfaction that is required for admissible candidate interpretations pre-
vents the resulting algorithms becoming unworkable. More recent attempts at line label
interpretations may be found in [Sugihara, 1986; Malik and Maydan, 1989; Shomar and
Young, 1994]. In general, however, line labeling exists as an interesting historical idea.
It is clear that its results are limited, and fraught with problems in overcoming ‘special
cases’.

12.2.3 Volumetric representation, direct measurements

An object is placed in some reference co-ordinate system and its volume is subdivided
into small volume elements called voxels—it is usual for these to be cubes. The most
straightforward representation of voxel-based volumetric models is the 3D occupancy
grid, which is implemented as a 3D Boolean array. Each voxel is indexed by its z, y, z
co-ordinates; if the object is present in a particular space location the voxel has value 1,
and otherwise 0. Creating such a voxel-based model is an instance of discretization with
similar rules to those for 2D images; for example, the Shannon sampling theorem (see
Section 3.2.5) applies. An example of a voxelized toroid is shown in Figure 12.11. One way
of obtaining a voxel-based volumetric model is to synthesize it using a geometric modeler,
i.e., a computer graphics program. This permits composite objects to be assembled from
some number of basic solids such as cubes, cylinders, and spheres.

Another possibility is the case in which a volumetric model is to be created from
an existing real object. A simple measuring technique has been used in mechanical
engineering for a long time. The object is fixed to a measuring machine, and an
absolute co-ordinate system is attached to it. Points on the object surface are touched
by a measuring needle which provides 3D co-ordinates; see Figure 12.12. The precision
depends on the machine and the size of the objects, typically +5 micrometers.

In simpler machines, navigation of the needle on the surface is performed by a human
operator; x, y, z co-ordinates are recorded automatically. Such a surface representation
can easily be converted it into volumetric representation.
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(a) (b)

Figure 12.11: Voxelization (discretization) in 3D. (a) Continuous surface. (b) Voxelized image
consisting of cubes of the same size. © Cengage Learning 2015.

Figure 12.12: An example of a fully motorized 3D mea-
suring machine. Manufacturer, Mitutoyo, Inc., Japan.
© Cengage Learning 2015.

Besides precision testing in machining or other mechanical engineering applications,
this measuring technology may be used if the object is first created from clay by a
designer. If computer-aided design (CAD) is to be brought into play, the 3D co-ordinates
of the object are needed. An example is the automotive industry, where a clay model
of a car body may be created at the scale 1:1. Actually only one half of the model is
produced, as the car body is largely symmetric along the elongated axis. Such a model is
measured on the 3D point measuring machine; as there are many points to be measured,
the probe navigates semi-automatically. The points are organized into strips that cover
the whole surface, and the probe has a proximity sensor that automatically stops on the
surface or near to it. The probe is either a needle equipped with a force sensor or a laser
probe performing the same measurement but stopping at a fixed and precise distance
from the surface, e.g., 3 millimeters.

Another 3D measurement technique, computed tomography, looks inside the ob-
ject and thus yields more detailed information than the binary occupancy grid discussed
so far. Tomography yields a mass density in a 2D planar slice of the object. If 3D
volumetric information is required, such slices are stacked on top of one another. The
resulting 3D sample space consists of voxels, the values of which are mass densities ad-
dressed by the z, y, x co-ordinates. Computed tomography is used widely in medical
imaging.
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12.2.4 Volumetric modeling strategies
Constructive Solid Geometry

The principal idea of Constructive Solid Geometry (CSG), which has found some success
is to construct 3D bodies from a selection of solid primitives. Popularly, these primitives
are a cuboid, a cylinder, a sphere, a cone, and a ‘half-space’—the cylinder and cone
are considered to be infinite. They are scaled, positioned, and combined by union,
intersection, and difference; thus a finite cone is formed by intersecting an infinite cone
with an appropriately positioned half-space. A CSG model is stored as a tree, with
leaf nodes representing the primitive solid and edges enforcing precedence among the set
theoretical operations. The versatility of such a simply stated scheme is surprising. CSG
models define properties such as object volume unambiguously, but suffer the drawback
of being non-unique. For example, the solid illustrated in Figure 12.13—a mug—may
be formed by the union of the cylinder with a hole and a handle. The cylinder with the
hole is obtained from a full cylinder by subtracting (in the set sense) a smaller cylinder.
It is not easy to model ‘natural’ shapes (a human head, for instance) with CSG. A
more serious drawback is that it is not straightforward to recover surfaces given a CSG
description; such a procedure is computationally very expensive.

Figure 12.13: CSG representation of a 3D object—a mug. © Cengage Learning 2015.

Super-quadrics

Super-quadrics are geometric bodies that can be understood as a generalization of ba-
sic quadric solids, introduced in computer graphics [Barr, 1981]. Super-ellipsoids are
instances of super-quadrics used in computer vision.

The implicit equation for a super-ellipsoid is

(2/evert) (2/evert) ] (Enori/Evert) (2/€vert)
{(w) + (1) ] + (i) =1, (12.21)
a1 a2 az

where ai, as, and ag define the super-quadric size in the x, y, and z directions, respec-
tively. eyert is the squareness parameter in the latitude plane and ey, is the squareness
parameter in the longitude plane. The squareness values used in respective planes are
0 (i.e., square) < ¢ < 2 (i.e., deltoid), as only those are convex bodies. If squareness
parameters are greater than 2, the body changes to a cross-like shape. Figure 12.14
illustrates how squareness parameters influence super-ellipsoid shape.

Super-quadric fitting to range images is described in [Solina and Bajcsy, 1990; Leo-
nardis et al., 1997], and the construction of full 3D model range images taken from several
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views using super-quadrics is shown in [Jakli¢, 1997]. Super-quadric volumetric primitives
can be deformed by bending, twisting, and tapering, and Boolean combinations of simple
entities can be used to represent more complicated shapes [Terzopoulos and Metaxas,

1991].
Squareness ‘ Ehori=0.1 ‘ Ehori=1.0 ‘ €hori=1.9
5vert:0~1
Evert=1.0
Figure 12.14: Super-ellipses.
Evert=1.9 © Cengage Learning 2015.

Generalized cylinders

Generalized cylinders, or generalized cones, are often also called sweep repre-
sentations. Recall that a cylinder may be defined as the surface swept out by a circle
whose center is traveling along a straight line (spine) normal to the circle’s plane. We can
generalize this idea in a number of ways—we may permit any closed curve to be ‘pulled
along’ any line in 3-space. We may even permit the closed curve to adjust as it travels
in accordance with some function, so a cone is defined by a circle whose radius changes
linearly with distance traveled, moving along a straight line. Further, the closed curve
section need not contain the spine. Usually it is assumed that the curve is perpendicular
to the spine curve at each point. In some cases this constraint is released. Figure 12.15
illustrates two simple generalized cylinders.

These generalized cones turn out to be very good at representing some classes of
solid body [Binford, 1971; Soroka and Bajcsy, 1978]. The advantage of symmetrical

Figure 12.15: Solids represented as generalized cylinders. © Cengage Learning 2015.
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volumetric primitives, such as generalized cylinders and super-quadrics, is their ability
to capture common symmetries and represent certain shapes with few parameters. They
are, however, ill-suited for modeling many natural objects that do not have the set of
regularities incorporated into the primitives. An influential early vision system called
ACRONYM [Brooks et al., 1979] used generalized cones as its modeling scheme.

There is a modification of the sweep representation called a skeleton representa-
tion, which stores only the spines of the objects [Besl and Jain, 1985].

12.2.5 Surface modeling strategies

A solid object can be represented by surfaces bounding it; such a description can vary
from simple triangular patches to visually appealing structures such as non-uniform ra-
tional B-splines (NURBS) popular in geometric modeling. Computer vision solves two
main problems with surfaces: First, reconstruction creates surface description from sparse
depth measurements that are typically corrupted by outliers; second, segmentation aims
to classify surface or surface patches into surface types.

Boundary representations (B-reps) can be viewed conceptually as a triple:

e A set of surfaces of the object.
o A set of space curves representing intersections between the surfaces.
e A graph describing the surface connectivity.

B-reps are an appealing and intuitively natural way of representing 3D bodies in that
they consist of an explicit list of the bodies’ faces. In the simplest case, ‘faces’ are taken
to be planar, so bodies are always polyhedral, and we are dealing the whole time with
piecewise planar surfaces. A useful side effect of this scheme is that properties such as
surface area and solid volume are well defined. The simplest B-rep scheme would model
everything with the simplest possible 2D polygon, the triangle. By taking small enough
primitives quite satisfactory representations of complex objects can be achieved, and it
is an obvious generalization to consider polygons with more edges than three.

Triangulation of irregular data points (e.g., a 3D point cloud obtained from a range
scanner) is an example of an interpolation method. The best-known technique is called
Delaunay triangulation, which can be defined in two, three, or more space dimensions.
Delaunay triangulation is dual to the Voronoi diagram. We assume that the Euclidean
distance between data points is known; then points that are closer to each other than
to other points are connected. Let d(P, Q) be the Euclidean distance between points P
and @, and S be the set of points S={M;,..., M,}. A Voronoi diagram on the set S is
a set of convex polyhedra that covers the whole space. The polyhedron V; consists of all
points that are closer to the point M; than to other points of §

Vi = {p; d(p, M;) < d(p,M;) for all j =1,2,...,n}. (12.22)

An algorithm to compute Delaunay triangulation can be found in [Preparata and
Shamos, 1985]. A problem with Delaunay triangulation is that it triangulates the con-
vex hull of the point set; constrained Delaunay triangulation [Faugeras, 1993] can be a
solution.
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; Figure 12.16: 2D Delaunay triangulation. The solid triangle
o« T [ belongs to the Delaunay triangulation but the dotted one does
' not, as its circumecircle contains an additional point. © Cengage
’ Learning 2015.

We shall illustrate the idea of Delaunay triangulation on the simplest case of a 2D
planar point set (see Figure 12.16). The task is to find triangles that cover all data points
in such a way that the circumcircle of any one triangle contains only the three points that
are vertices of that particular triangle. The triangulation has the following properties:

e The boundary of the set of points covered by triangles corresponds to the convex
hull of the point set.

o The incremental algorithm constructing a triangulation of N points has expected
time complexity O(N log N) [Gubais et al., 1992].

e The 2D Delaunay triangulation algorithm provides a unique solution if no more
than three points lie on one circle.

A drawback with polyhedral or triangulated B-reps is that the concept of ‘face’ may
not be well defined. A face should have no ‘dangling’ edges, and the union of a body’s
faces should be its boundary. Unfortunately, the real world is not cooperative, and many
(simple) bodies exist in which face boundaries are not well defined.

The next step in generalizing descriptions of surface patches is the quadric sur-
face model. Quadric surfaces are defined using second-degree polynomials in three
co-ordinates x,y, z. In implicit form, the equation has up to 10 coefficients and repre-
sents hyperboloids, ellipsoids, paraboloids, and cylinders

Yo agkaty’ =0, (12.23)
i,j,k=0...2

More complicated objects may be created from quadric surface patches. Parametric
bi-cubic surfaces defined by bivariate cubic polynomials are used in CAD systems; the
commonly used Bézier surfaces fall into this category. These surfaces have the advantage
that surface patches can be smoothly joined along the intersection curves, and undesir-
able curvature discontinuity artifacts are thus avoided. Such an approach permits much
greater flexibility in the description, but it becomes important to restrict the number of
possible face edges in order to limit the complexity of the computations involved.

12.2.6 Registering surface patches and their fusion
to get a full 3D model

A range image represents distance measurements from an observer to an object; it
yields a partial 3D description of the surface from one view only. It may be visualized
as a fresco made by a sculptor—shape information from different views, e.g., from the
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other side of the object, is not available. Techniques for range image acquisition have
been mentioned in Section 11.6.2.

Several range images are needed to capture the whole surface of an object. Each
image yields a point cloud in the co-ordinates related to the range sensor, and successive
images are taken in such a way that neighboring views overlap slightly, providing infor-
mation for later fusion of partial range measurements into one global, object-centered,
co-ordinate system.

A fusion of partial surface descriptions into global, object-centered co-ordinates im-
plies known geometric transformations between the object and the sensor. The process
depends on the data representing one view, e.g., from simple point clouds, triangulated
surfaces, to parametric models as quadric patches.

Range image registration finds a rigid geometric transformation between two
range images of the same object captured from two different viewpoints. The recovery
can be based either on explicit knowledge of sensor positions, e.g., if it is held in a precise
robot arm, or on geometric features measured from the overlapped parts of range data.
Typically, both sources of information are used; an initial estimate of the appropriate
geometric transformation can be provided by image feature correspondence, range image
sensor data, an object manipulation device, or in many cases by a human operator.

This reconstruction task has been approached by several research groups, and many
partial solutions have been proposed, e.g., [Hoppe et al., 1992; Higuchi et al., 1995; Uray,
1997]. We present here one of the possible approaches to the task. The method automates
the construction of a 3D model of a 3D free-form object from a set of range images as
follows.

1. The object is placed on a turntable and a set of range images from different
viewpoints is measured by a structured-light (laser-plane) range finder.

2. A triangulated surface is constructed over the range images.
3. Large data sets are reduced by decimation of triangular meshes in each view.

4. Surfaces are registered into a common object-centered co-ordinate system and out-
liers in measurements are removed.

5. A full 3D model of the object is reconstructed by a surface fusion process.

Measurement from a laser-plane range finder provides a natural connectivity relation
of points along stripes. Their parameterization allows easy construction of a 4-connected
mesh following parametric curves just by connecting points found in the neighboring rows
of the image and the points in neighboring scans with the same image row co-ordinate.
The parameterization obtained of the measured surface is shown in Figure 12.17. The
assumption of surface continuity is implemented as a restriction on the distance of neigh-
boring points; only neighbors closer than a pre-defined ¢ are considered to lie on one
surface next to each other. Points with no close neighbors are assumed to be outliers
and are removed from data.

A 4-connected mesh cannot represent all objects; e.g., a sphere cannot be covered
by a four-sided polygon. By splitting each polygon by an edge, a triangulation of the
surface, which is able to represent any surface, is easily obtained. A polygon may be split
two ways; it is preferable to choose the shortest edge because this results in triangles with
larger inner angles.
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Figure 12.17: Surface parameterization is composed from the projected laser ray and translation.
© Cengage Learning 2015.

Often, we wish to reduce the number of triangles representing the surface in areas
where curvature is low [Soucy and Laurendeau, 1996]. Data reduction is particularly
useful for the registration of neighboring views, since it has worst-case complexity O(N?)
in the number of points. We formulate the task as a search for the best approximation
of a triangulated surface by another triangulated surface that is close to the vertices
of the original mesh [Hoppe et al., 1992]. For instance, we might look for the closest
triangulated surface with maximally n triangles, or we might want simultaneously to
minimize n and a residual error to get a consensus between the precision and space costs
using the minimum description length principle (MDL) [Rissanen, 1989]. The surface
triangulation procedure and node decimation is demonstrated on the synthetic pattern
in Figures 12.18 and 12.19. Decimation of a triangulated surface from a real range image
is shown in Figure 12.20.
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Figure 12.18: Surface construction and its decimation on a synthetic sinusoidal pattern.
(a) Point cloud. (b) 4-connected mesh. Courtesy of T. Pajdla, D. Vecerka, Czech Technical Univer-
sity, Prague.
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Figure 12.19: Surface construction and its decimation on a synthetic sinusoidal pattern. (a) Tri-
angulated surface. (b) Surface after decimation of a number of triangles. Courtesy of T. Pajdla,
D. Vecerka, Czech Technical University, Prague.
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Figure 12.20: Triangular mesh decimation for one rangeview of a real object—a small ceramic
sculpture of an elephant. Courtesy of T. Pajdla, P. Krsek, Czech Technical University, Prague.

Integration of partial shape descriptions attempts to get known geometric trans-
formations among the views in order to register them and express them in a common
co-ordinate system. Precise alignment of the data can be done automatically by gradi-
ent minimization, provided good starting transformations are available. In some cases,
matching based on invariant features detected on the visual surfaces can be used [Pajdla
and Van Gool, 1995], but no method able to cope with a large variety of surfaces has yet
been developed.

Figure 12.21 shows approximate manual surface registration, with the help of user
interaction. The mutual position of two surfaces is defined by aligning three pairs of
matching points; the user selects a few point pairs (the minimum is three) on the surfaces.
The approximate registration is obtained by moving one of the surfaces so that the sum of
squared distances between the matching point pairs is minimal. An interactive program,
Geomview (authored by the Geometry Center, University of Minnesota), for 3D surface
viewing and manipulation, was used to let the user do the registration. Figures 12.22—
12.23 illustrate this procedure.
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Figure 12.21: Manual registration of surfaces in Geomview. © Cengage Learning 2015.

When two partially overlapping surface patches are roughly registered, automatic re-
finement of the registration follows. It is assumed that two partially overlapping surfaces
P and X related by a global transformation are available. In our case, all transforma-
tions are subgroups of a projective group in P3. Surface registration looks for the best
Euclidean transformation 7" that overlays P and X. T is found by minimization of

e= m%np(P, T(X)) , (12.24)

where p is a cost function evaluating the quality of match of two surfaces. In Euclidean
geometry, it might be the distance between the points on a surface.

The iterative closest point algorithm (ICP) [Besl and McKay, 1992] solves the
registration automatically provided a good initial estimate of T is available. The algo-
rithm assumes that one of the surfaces is a subset of the second, meaning that only one
surface can contain points without correspondence to the second surface. ICP is an iter-
ative optimization procedure that looks for the geometric transformation of one surface
to best match the second. It is likely that the cost function will be non-convex, and so
there is a consequent danger of falling into local minima—thus a good initial estimate is
needed.

We present here a modification of the ICP algorithm which is able to register partial
corresponding surfaces. This approach uses the idea of reciprocal points [Pajdla and
Van Gool, 1995] to eliminate points without correspondence. Assume point p is on the
surface P and that y is the closest point on the surface X. The closest point on the
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Figure 12.22: The process of registration. (a) Three points on the first surface. (b) Three
points on the second surface. (c) Surfaces after rough registration. (d) After exact registration.
Courtesy of T. Pajdla, D. Vecerka, Czech Technical University. A color version of this figure may be
seen in the color inset—Plate 34.

surface P to y is the point r (see Figure 12.24). Points p, satisfying the condition that
the distance is less then ¢, are called e-reciprocal—only these points are registered. Let P
denote the set of e-reciprocal points on the surface P; then the iterative closest reciprocal
point algorithm (ICRP) algorithm is as follows.

Algorithm 12.2: Iterative closest reciprocal points
1. Initialize £k = 0 and Py = P.

Find closest points Y for P, and X .

Find reciprocal points Py and Y.

Compute the mean square distance dp between P and Y.

S

Compute the transformation 7" between Y. and P.y in the least-squares sense.
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6. Apply the transformation T Py, = T(FP).
7. Compute the mean square distance di between P and Y.

8. Terminate if the difference dy — di is below a preset threshold or if the maximal
number of iterations is exceeded; otherwise go to step 2.

Z

Figure 12.23: The process of regis- Figure 12.24: The notion of the closest point of
tration: rendered result. Courtesy of the surface for introducing reciprocal points into
T. Pajdla, D. Vecerka, Czech Technical Uni- the ICP algorithm. © Cengage Learning 2015.
versity, Prague.

When visual surfaces are properly registered, surface integration follows. All
partial measurements will have been registered and can be expressed in one object-
centered co-ordinate system, and constitute a global point. A problem is that the 3D
object representation was created from overlapping surface patches corresponding to
several views; these patches were integrated following one traversal around the object.
All measurements are corrupted by some noise, and this noise is propagated from one
surface patch to the other. The important issue is to have approximately the same error
when joining the first and last patches. To ensure that the global error is minimal,
registered surface points should be rearranged during the surface integration to maintain
global consistency.

The next task is to create an analytic shape description of the object’s surface by
approximation, using some implicit or explicit formulae; commonly, this is not done for
the whole object but just for parts of it. A multi-scale local noise model may be used [Sara
and Bajcsy, 1998]: an uncertainty ellipsoid (called a fish scale) is used to integrate local
information of the point cloud on the surface into a global shape description. The fish
scales can be created at multiple resolutions, and their overlap and consistency is explored
when creating a 3D shape model.

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



670 Chapter 12: Use of 3D vision

12.3 2D view-based representations of a 3D scene

12.3.1 Viewing space

Most 3D objects or scenes representations discussed hitherto have been object-centered
—another option is to use viewer-centered representations, where the set of possible
appearances of a 3D object is stored as a collection of 2D images. The trouble is that there
is potentially an infinite number of possible viewpoints that induce an infinite number of
object appearances. To cope with the huge number of viewpoints and appearances it is
necessary to sample a viewpoint space and group together similar neighboring views. The
original motivation was the recognition of polyhedral objects, which was later generalized
to view-based recognition of curved objects [Ullman and Basri, 1991; Beymer and Poggio,
1996].

Consider two models of the viewing space as a representation of possible views on
the object or scene. The general model of the viewing space considers all points in a 3D
space in which the 3D object is located at the origin. This viewpoint representation is
needed if perspective projection is used. A simplified model is a viewing sphere model
that is often used in the orthographic projection case. Then the object is enclosed by a
unit sphere; a point on the sphere’s surface gives a viewing direction. The surface can
be densely discretized into view patches.

To simplify working with a viewing sphere it is often approximated by a regular
polyhedron, of which the most common choice [Horn, 1986] is an icosahedron (with 20
equilateral triangular faces). Twenty viewing directions defined by the centers of the
triangles are often not enough, in which case the faces are further regularly divided into
four triangles in a recursive manner. This yields 80, 320, 1280, ... viewing directions.

12.3.2 Multi-view representations and aspect graphs

Other representation methods attempt to combine all the viewpoint-specific models into a
single data structure. One of them is the characteristic view technique [Chakravarty
and Freeman, 1982], in which all possible 2D projections of the convex polyhedral object
are grouped into a finite number of topologically equivalent classes. Different views
within an equivalence class are related via linear transformations. This general-purpose
representation specifies the 3D structure of the object. A similar approach is based on
aspect [Koenderink and v Doorn, 1979], which is defined as the topological structure of
singularities in a single view of an object—aspect has useful invariance properties. Most
small changes in vantage point will not affect aspect, and such vantage points (that is,
most) are referred to as stable. Then the set of stable vantage points yielding a given
aspect is contiguous in space, and the space surrounding an object may be partitioned into

Figure 12.25: Aspect graph for the tetrahedron.
© Cengage Learning 2015.
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subspaces from within which the same aspect is generated. An example of the aspect
graph for the simplest regular polyhedron—a tetrahedron—is shown in Figure 12.25.
Moving from one such subspace into another generates an event—a change in aspect;
the event is said to connect the two aspects. It is now possible to construct an aspect
graph with respect to this connectivity relationship in which nodes are aspects and edges
are events. This aspect graph is sometimes referred to as the visual potential of the
object, and paths through it represent orbits of an observer around the object.

12.4 3D reconstruction from an unorganized set of 2D
views, and Structure from Motion

A collection of methods is presented in this section which extract the geometric structure
of a scene from photographs and provide 3D coordinates of many points on surfaces con-
stituting an (opaque) scene. The ‘images to 3D-points’ data pipeline provides a practical
example of the underlying theory of 3D vision geometry introduced in Chapter 11.

Estimate Bundle .
Detect 2D features N - Fit surfaces to
> ; > 3D points | adjustment [ :
matchin AV the point cloud
2D features 9 coordinates (optimization) p

Figure 12.26: Structure from Motion pipeline. @ Cengage Learning 2015.

Individual processing steps are arranged into a pipeline of methods/algorithms not
requiring any human interaction. The input to the pipeline is an unorganized set of im-
ages which overlap in a sufficient number of image pairs, and the output is 3D information
about object surfaces. The prerequisite is that there are enough views covering the scene
to be reconstructed and that scene objects are sufficiently textured. Camera calibrations
and viewer positions are estimated simultaneously with the 3D reconstruction—it is not
required to know them in advance. The whole process is passive meaning that no ex-
tra energy is transmitted onto the scene. The Structure from Motion (SfM) pipeline is
illustrated in Figure 12.26.

An example will illustrate: this uses the Hanau-Kesselstadt lion statue (worked by.
sculptor Christian Daniel Rauch (1777-1857) belonging to the baroque Palace Philipp-
sruhe). The scene was covered by 57 color photos of resolution 2048 x 1536 pixels captured
with an ordinary digital camera—the camera views are illustrated in Figure 12.27. The
input images selection of the lion statue is shown in Figure 12.28. The cloud of 3D
points in between the views illustrates the outcome of 3D reconstruction (explained in
later paragraphs). Each view is represented by one pyramid; its vertex shows the cen-
ter of projection of a particular camera and the pyramid base shows a particular image
captured by this camera.

The (noncommercial) SEIM WebService (http://ptak.felk.cvut.cz/sfmservice) was used
for 3D reconstruction from 57 input images!. The processing follows the pipeline of Figure
12.26. Interest points and/or interest regions are detected in all input images using the
Harris point detector (Section 5.3.10) and/or the Maximally Stable Extremal Regions

1The SfM WebService was developed by T. Pajdla and his team at the Czech Technical University
in Prague. Registered users can submit sequences of images and use the service for 3D reconstruction
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~

Figure 12.27: Visualization of locations from which the lion scene was photographed. Courtesy
of T. Pajdla, M. Jancosek, C. Albl, Czech Technical University in Prague.

(MSER) detector (Section 5.3.11). Interest points or MSERs are described using SIFT
(Section 10.2).

These descriptors are matched across images exploring the epipolar constraint. A
robust RANSAC-based (Section 10.3) procedure is used for this purpose. An example of
matches is shown in Figure 12.29.

A set of hundreds of thousands corresponding point pairs candidates serve as input
to the algorithm, simultaneously reconstructing 3D points, estimating viewer location
and estimating camera calibration parameters. Several different methods are at hand:
standard ones [Micusik and Pajdla, 2006], [Torii et al., 2009a], [Torii et al., 2009b],
[Jancosek and Pajdla, 2011] as well as others based on minimal solvers approaching the
issue from the algebraic geometry point of view [Kukelova et al., 2012], [Bujnak et al.,
2012]. The outcome of 3D reconstruction is a dense 3D point cloud corresponding to
detected interest points. Methods are capable of dealing with degenerate situations
such as dominant planes, pure camera rotation (panoramas) and zooming. The bundle
adjustment method (Section 11.4.4) is used to minimize the reprojection error in many
views.

The outcome of the bundle adjustment is a refined cloud of 3D points, which are
more consistent after all views are taken into account. The result for the lion statue is
illustrated in Figure 12.30. Having the 3D point cloud, the last block of the pipeline
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Figure 12.28: Fifteen of fifty seven input images of the lion statue. All fifty seven images are
used for reconstruction. Courtesy of T. Pajdla, M. Jancosek, C. Albl, Czech Technical University in
Prague.

Figure 12.29: Example of correspondences in
a pair of images. Courtesy of T. Pajdla, M.
Jancosek, C. Albl, Czech Technical University in

Prague.

from Figure 12.26 comes into play. The 3D points have to be covered by a surface—this
is usually done by triangulation covering 3D points by a triangular mesh as explained in
Section 12.2.5. Figure 12.31 shows triangulated 3D points from Figure 12.30.

The triangular mesh for a different view on the lion statue is shown in Figure 12.32.
The triangular mesh and the information about the color of each triangle in the scene was
provided as input to a program permitting viewing of a 3D scene. In this particular case,
the program was a VRML (Virtual Reality Modeling Language) viewer. The resulting
textured triangular mesh from a view, which is similar to in Figure 12.32, is provided in
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Figure 12.30: One view on the 3D point Figure 12.31: The same view with a trian-
cloud. Each point is displayed in the color gular mesh built on top of the point cloud
(here gray level) provided by input images. from Figure 12.30. Courtesy of T. Pajdla, M.
Courtesy of T. Pajdla, M. Jancosek, C. Albl, Jancosek, C. Albl, Czech Technical University
Czech Technical University in Prague. in Prague.

Figure 12.32: Another view on the lion Figure 12.33: The same view where the tri-
shown as triangular mesh. Courtesy of T. angular mesh is colored (gray level here)
Pajdla, M. Jancosek, C. Albl, Czech Technical by the appropriate color from input images.
University in Prague. Courtesy of T. Pajdla, M. Jancosek, C. Albl,

Czech Technical University in Prague.

Figure 12.33. The user of the viewer can, however, chose a different view and look at the
scene from it.

This section has presented a specific system, but it may be noted that that commer-
cial tools such as Street View from Google Inc., or Photosynth by Microsoft Labs and
the University of Washington are based on methods explained in this section.

12.5 Reconstructing scene geometry

We have discussed ‘formal’ approaches to 3D reconstruction via matrices characteristic of
the camera(s), and homographies: there exist in contrast a range of less formal techniques
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which—while lacking the precision we have exercised earlier—serve well in characterizing
a scene in view. This is particularly useful in, for example, video sequences of urban
scenes, where the objective is an understanding of qualitative behavior of traffic and
pedestrians, rather than a precise interpretation of where an agent (some entity moving
in the scene, perhaps a vehicle or a pedestrian) might be: to detect congestion or an
unexpected event does not require information at the co-ordinate level. This sort of
approach becomes more applicable with the prevalence of CCTV, and the widespread
application of easily affordable webcams—an approximate knowledge of the groundplane
permits an estimation of the speed (and velocity) of objects in motion. We might have
discussed this topic in considering motion (Chapter 16), but it is equally well treated
here.

A common thread in this approach is the identification of horizon ‘vanishing points’
and then to use established geometric techniques to obtain affine and metric rectification
[Hartley and Zisserman, 2003]. Common scenes afford a wide range of opportunities to
do this: examples include assuming constant piecewise linear movement [Bose and Grim-
son, 2003], parallel and orthogonal features of wheelbases [Zhang et al., 2008], assuming
bounding boxes surround constant-height humans [Lv et al., 2006; Micusik and Pajdla,
2010], assuming constant road width in traffic scenes [Magee, 2004]. More elaborate ap-
proaches build on these approaches, for example by deploying information gain (entropy)
arguments to maximize the power of interpretation [Breitenstein et al., 2008].

We will illustrate the idea with a recent application in which common assumptions
cannot be exploited. Suppose we have a scene in which geometrical clues, and consistent
motion, are unobservable—this is common in congestion where building features are not
consistently visible, and individuals regularly occlude each other [Hales et al., 2013].
Street scenes or sports stadia are good examples, in which we would still seek knowledge
of the ground geometry and analysis of movement in view.

Some definitions and plausible assumptions are:

o The ground is (effectively) planar. In fact, if it is piecewise planar, an elaboration
of this approach would recapture each component.

e The plane is defined in the camera co-ordinate system by the equation n- X = d
where d is the normal distance of the plane from the origin and n is the plane

normal,
a sin 1) sin 6
n=| b | = cosysind
c cos 6

0 gives the angle of elevation and 1 the yaw.

o Assuming a perspective projection model of the camera (Figure 2.1), the back
projection of an image point (x,y) onto the plane is then X = (X,Y, Z), where

X = axZ

Y = ayZ

z - 4 (12.25)
aaz + aby + ¢

and « is the negative reciprocal of the camera focal length.
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e We are only seeking to reconstruct up to scale, and can set d = 1. Further, it is
reasonable to assume that the camera is positioned at a reasonable height above
the scene.

o Individuals in the scene move at approximately constant speed. Different individ-
uals may have different speeds, but we may expect them to be comparable.

e Individuals can be tracked over limited time periods—perhaps a small number
of seconds—Dbefore they are lost by occlusion. These short image trajectories
(x1,X2,...,xn) will be assumed to be linear segments of a 3D trajectory on the
ground plane, sampled at regular time intervals.

The image segment x;_1,x; then represents a distance L; in 3D, where from equation

(12.25)
v oz (L 1Y
2= a2 (J_Ll) L (&_M) +<f_ ) , (12.26)
Yoo V-1 Yt V-1 Yoo V-1

Y = axia +ayb+c.

where

A particular trajectory T' defines a set of such distances LT: if our assumptions are
correct, all elements of L7 are equal—thus the standard deviation of this set o(L7) is
of interest. Choices of a, 6,1 that minimize this quantity may be regarded as a good
match to the data. In fact, we wish to choose parameters to minimize this measure over
all trajectories: since different objects may move at different speeds, we seek to minimize

N (oD
By=>)_ (u(LT)> (12.27)

T

—that is, normalizing the standard deviation by the mean length u(Ly). Since we expect
agents to move with comparable speed, we also seek to minimize the variance of means

By = o (u(L1)) - (12.28)

Recovery of the ground plane parameters thus becomes a minimization of Fy + AFEs
for some A. It is not surprising that the problem space is complex, and common non-
linear minimization algorithms fall into poor solutions. On the other hand, a coarse-to-
fine strategy of quantizing (a, 6,1)) space generates much better solutions: the original
reference has details [Hales et al., 2013].

In implementation, the popular KLT tracker (see Section 16.3.2) is used to deliver
image trajectories: very short ones are discarded, and clusters of similar trajectories (per-
haps coming from the same individual, or from agents moving collectively) are clustered.
Empirically, it was discovered that setting the error-weight parameter to 1 delivered ac-
ceptable results. When benchmarked against well-known test-sets [CVPR, 2009], errors
in 6 and v rarely exceed 10° and are usually much less. Relative speeds deduced from
solution parameters show greater plausibility than those recovered from other popular
algorithms [Bose and Grimson, 2003]. Figure 12.34 illustrates one example.

This example shows how a sufficient quantity of vague information, with suitable
reasoning, can deliver real-world information of value in the absence of formal calibration.
Algorithms of this kind permit cheap consumer electronics to be deployed easily and to
discover enough about what they are surveying to deliver useful 3D information. A very
good and early grounding in this technique may be found in [Criminisi, 1999].
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Normalised Speed

Frame Number

(c)

Figure 12.34: Use of scene geometry for people movement tracking. (a) A still from one of
the PETS sequences [CVPR, 2009]. (b) From the same sequence—some KLT tracks overlaid.
(c) Normalized speeds—ground truth in black and this algorithm in red (solid). For comparison,
the green line is derived from [Bose and Grimson, 2003]. Courtesy of I. Hales, University of Leeds.
A color version of this figure may be seen in the color inset—Plate 35.

12.6 Summary

e We have seen an overview of this topic: We have given a taxonomy of various 3D
vision tasks, a summary of current approaches, formulated tasks, and shown some
applications.

e Shape from X
— Shape may be extracted from motion, optical flow, texture, focus/de-focus,
vergence, and contour.

— Each of these techniques may be used to derive a 2.5D sketch for Marr’s vision
theory; they are also of practical use on their own.

e Full 3D objects

— Line labeling is an outmoded but accessible technique for reconstructing ob-
jects with planar faces.
— Transitions to 3D objects need a co-ordinate system that is object centered.

— 3D objects may be measured mechanically by computed tomography, by range-
finders or by shape from motion techniques.
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— Volumetric modeling strategies include constructive solid geometry, super-
quadrics and generalized cylinders.

— Surface modeling strategies include boundary representations, triangulated
surfaces, and quadric patches.

¢ 3D model-based vision

— To create a full 3D model from a set of range images, the surfaces must first be
registered—rotations and translations should be found that match one surface
to another.

— Model-based vision uses a priori knowledge about an object to ease its recog-
nition.

— Techniques exist to locate curved objects from range images.
« 2D view-based representations of a 3D scene
— 2D view-based representations of 3D scenes may be achieved with multi-view

representations.

— It is possible to select a few stored reference images, and render any view from
them.

— Interpolation of views is not enough and view extrapolation is needed. This
requires knowledge of geometry, and the view-based approach does not differ
significantly from 3D geometry reconstruction.

— It is possible to perform a 3D reconstruction from an unorganized set of 2D
views. This approach has been used widely recently by, e.g., Google Street
View.

¢ Reconstructing scene geometry
— Large scale scene features such as plane parameters may be recaptured from
properties of known objects such as straight lines and approximate size.
— Well known geometric results identify vanishing points and ground orientation.

— Similar approaches may well work even if large scale clues are unavailable.

12.7 Exercises

Short-answer questions

S12.1 For each of the following shape from X techniques, briefly describe the principle under-
lying it, explain how they can be of practical use, and give some examples.

o Motion
o Texture
e Focus

e Vergence

¢ Contour
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S12.2 Give a counter-example in which apparent motion measured by an optical flow field
does not correspond to actual motion of the 3D points. [Hint: Consider an opaque
sphere, where (1) the sphere does not move and illumination changes; (2) the sphere
rotates and the illumination is constant.]

S12.3 Fashion designers cheat the human ability to derive shape from texture. How do they
do it?

S12.4 Give an example of a rim which is not a planar curve.

S12.5 Are there line drawings that do not correspond to physically plausible polyhedral ob-
jects? If yes, show an example.

S12.6 What was the contribution of image interpretation via line labeling to computer vision?
Where else can it be used and why? (Hint: model-based 3D object recognition)

S12.7 Describe how to create a full 3D model of an object from range images taken from
different views.

S12.8 Outline how a reconstruction of a 3D scene from unorganized set of 2D views may be
acquired. What steps are needed?

Problems

P12.1 Conduct a laboratory experiment that establishes depth from focus. Take a fixed-focus
lens with small depth of focus, and switch off the auto-focus feature of the lens if
possible. Open the aperture as much as possible; mount the camera with the lens on a
stand that can adjust the distance between the camera and the object.

Select a small window in the image that corresponds to a point in the scene from which
the distance is measured. Devise an algorithm that assists in achieving the sharpest
image. (Hint: The sharpest image has the most high frequencies; is there some method
to find such an image that is simpler than the Fourier transform?)

Finally, the distance to the scene surface corresponding to the patch can be read from
the mechanical scale on the stand.

P12.2 Most computer vision techniques measure co-ordinates of distinct points on a 3D object
surface, e.g., those where correspondences were found; the result is a 3D point cloud.
The human notion of shape is not of a point cloud. Elaborate on this problem, e.g., in
the case of human face where 3D data are measured using stereopsis. How would you
move from a point cloud to a surface? Is the surface the shape we seek? (Hint: Shape
is treated from the geometer’s point of view in [Koenderink, 1990]).

P12.3 Using a standard digital camera, take some shots of a 3D object of your choice and
exercise the software at (http://ptak.felk.cvut.cz/sfmservice.

P12.4 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P12.5 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Chapter ]. 3

Mathematical morphology

13.1 Basic morphological concepts

Mathematical morphology is a well-established area of image-analysis that stands sepa-
rately from the mainstream. It is based on the algebra of non-linear operators operating
on object shape and in many respects supersedes the linear algebraic system of convolu-
tion. It performs in many tasks—pre-processing, segmentation using object shape, and
object quantification—better and more quickly than the standard approaches. There is a
rich background literature: [Serra, 1982, 1987; Giardina and Dougherty, 1988; Dougherty,
1992; Heijmans, 1994].

Our approach is introductory [Haralick and Shapiro, 1992; Vincent, 1995; Soille,
2003]. Morphological tools are implemented in most image analysis packages, and we
give the reader enough to apply them in a qualified way. Mathematical morphology is
very often used in applications where shape of objects and speed is an issue—for example,
analysis of microscopic images (in biology, material science, geology, and criminology),
industrial inspection, optical character recognition, and document analysis.

The non-morphological approach to image processing is calculus-related, being based
on the point-spread function concept and linear transformations such as convolution,
and we have discussed image modeling and processing from this point of view in other
chapters. Mathematical morphology uses tools of non-linear algebra and operates with
point sets, their connectivity and shape. Morphological operations simplify images, and
quantify and preserve the main shape characteristics of objects.

Morphological operations are used predominantly for the following purposes:
o Image pre-processing (noise filtering, shape simplification).
o Enhancing object structure (skeletonizing, thinning, thickening, convex hull,).
e Segmenting objects from the background.
o Quantitative description of objects (area, perimeter, projections,).
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13.1 Basic morphological concepts 685

Mathematical morphology exploits point set properties, results of integral geometry, and
topology. The initial assumption states that real images can be modeled using point
sets of any dimension (e.g., N-dimensional Euclidean space); the Euclidean 2D space £2
and its system of subsets is a natural domain for planar shape description. Standard set
algebra is used; set difference is defined by

X\Y=XnY*°. (13.1)

Computer vision uses the digital counterpart of Euclidean space—sets of integer pairs
(€ Z?) for binary image morphology or sets of integer triples (€ 2Z3) for gray-scale
morphology or binary 3D morphology.

We begin by considering binary images that can be viewed as subsets of the 2D space
of all integers, Z2. A point is represented by a pair of integers that give co-ordinates
with respect to the two co-ordinate axes of the digital raster; the unit length of the
raster equals the sampling period in each direction. We talk about a discrete grid if the
neighborhood relation between points is well defined. This representation is suitable for
both rectangular and hexagonal grids, but a rectangular grid is assumed hereafter.

A binary image can be treated as a 2D point set. Points belonging to objects in the
image represent a set X —these points are pixels with value equal to one. Points of the
complement set X ¢ correspond to the background with pixel values equal to zero. The ori-
gin (marked as a diagonal cross in our examples) has co-ordinates (0, 0), and co-ordinates
of any point are interpreted as (z,y) in the common way used in mathematics. Figure 13.1
shows an example of such a set—points belonging to the object are denoted by small black
squares. Any point z from a discrete image X = {(1,0), (1,1),(1,2),(2,2),(0,3), (0,4) }
can be treated as a vector with respect to the origin (0,0).

Figure 13.1: A point set example.  © Cengage
Learning 2015.

A morphological transformation ¥ is given by the relation of the image (point set
X) with another small point set B called a structuring element. B is expressed with
respect to a local origin O (called the representative point). Some typical structuring
elements are shown in Figure 13.2. Figure 13.2c illustrates the possibility of the point O
not being a member of the structuring element B.

HE R [
aaa EwE  [EXE
HE R ] . . .
— Figure 13.2: Typical structuring elements.
(a) (b) (c) © Cengage Learning 2015.

To apply the morphological transformation ¥(X) to the image X means that the
structuring element B is moved systematically across the entire image. Assume that B
is positioned at some point in the image; the pixel in the image corresponding to the
representative point O of the structuring element is called the current pixel. The result

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



686 Chapter 13: Mathematical morphology

of the relation (which can be either zero or one) between X and B in the current position
is stored in the output image in the current image pixel position.

The duality of morphological operations is deduced from the existence of the set
complement; for each morphological transformation ¥(X) there exists a dual transfor-
mation ¥*(X):

T(X) = (T*(X))°. (13.2)
The translation of the point set X by the vector h is denoted by Xj},; it is defined by
Xp={pe&,p=xz+hforsomezrcX}. (13.3)
| |
| |
H H
u u Figure 13.3: Translation by a vector.
7& l © Cengage Learning 2015.

13.2 Four morphological principles

It is appropriate to restrict the set of possible morphological transformations in image
analysis by imposing several constraints; we shall present here four morphological prin-
ciples that express such constraints. A full understanding of these is not essential to a
comprehension of what follows, and they may be taken for granted. A detailed explana-
tion of these matters may be found in [Serra, 1982].

Humans have an intuitive understanding of spatial structure—the structure of the
Alps versus an oak tree crown is perceived as different. Besides the need for objective
descriptions of such objects, the scientist requires a quantitative description. General-
ization is expected as well; the interest is not in a specific oak tree, but in the class of
oaks.

The morphological approach with quantified results consists of two main steps: (a)
geometrical transformation and (b) the actual measurement. [Serra, 1982] gives two
examples. The first is from chemistry, where the task is to measure the surface area
of some object. First, the initial body is reduced to its surface, e.g., by marking by
some chemical matter. Second, the quantity of the marker needed to cover the surface
is measured. Another example is from sieving analysis, often used in geology when the
distribution of sizes of milled rocks is of interest. The milled product is passed through
sieves with different sizes of holes from coarse to fine. The result is a sequence of subsets
of milled product. For each sieve size some oversize particles remain on it after sieving,
and these are measured.

A morphological operator is (by definition) composition of a mapping ¥ (or geomet-
rical transformation) followed by a measure p which is a mapping Z x...x Z — R. The
geometrically transformed set ¥(X) can be the boundary, oversized particles in sieving
analysis, etc., and the measure p[¥(X)] yields a number (weight, surface area, volume,
etc.). The discussion here is simplified just to the transformation ¥, but the axiomatics
can be transposed to measures as well.
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13.3 Binary dilation and erosion 687

A morphological transformation is called quantitative if and only if it satisfies four
basic principles [Serra, 1982].

o Compatibility with translation: Let the transformation ¥ depend on the po-
sition of the origin O of the co-ordinate system, and denote such a transformation
by V. If all points are translated by the vector —h, it is expressed as W_j,. The
compatibility with translation principle is given by

To(Xy) = (\IJ,;L(X))h ) (13.4)

If U does not depend on the position of the origin O, then the compatibility with
translation: principle reduces to invariance under translation

U(Xp) = (¥(X)) (13.5)

e

e Compatibility with change of scale: Let A X represent the scaling of a point
set X. This is equivalent to change of scale with respect to some origin. Let W
denote a transformation that depends on the positive parameter A (change of scale).
Compatibility with change of scale is given by

1
\IJ)\(X):)\\I!(XX> . (13.6)
If U does not depend on the scale A\, then compatibility with change of scale reduces
to invariance to change of scale

T(AX) = A T(X). (13.7)

e Local knowledge: The local knowledge principle considers the situation in which
only a part of a larger structure can be examined—this is always the case in reality,
due to the restricted size of the digital grid. The morphological transformation ¥
satisfies the local knowledge principle if for any bounded point set Z’ in the
transformation W(X) there exists a bounded set Z, knowledge of which is sufficient
to provide W. The local knowledge principle may be written symbolically as

(W(XNZ)NZ =¥(X)nZ . (13.8)

o Upper semi-continuity: The upper semi-continuity principle says that the mor-
phological transformation does not exhibit any abrupt changes. A precise explana-
tion needs many concepts from topology and is given in [Serra, 1982].

13.3 Binary dilation and erosion

Sets of black and white pixels constitute a binary image. Assume that only black pixels
are considered, and the others are treated as a background. The primary morphological
operations are dilation and erosion, and from these two, more complex morphological
operations such as opening, closing, and shape decomposition can be derived. We present
them here using Minkowski’s formalism [Haralick and Shapiro, 1992]. The Minkowski
algebra is closer to the notions taught in standard mathematics courses (an alternative
is Serra’s formalism based on stereological concepts [Serra, 1982]).
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688 Chapter 13: Mathematical morphology
13.3.1 Dilation

The morphological transformation dilation & combines two sets using vector addition
(or Minkowski set addition, e.g., (a,b) + (¢c,d) = (a + ¢,b+ d)). The dilation X & B is
the point set of all possible vector additions of pairs of elements, one from each of the
sets X and B

X@B={pe&:p=a+b reXandbe B}. (13.9)

Figure 13.4 illustrates an example of dilation:

X ={(1,0),(1,1),(1,2),(2,2),(0,3),(0,4) },

X @B ={(1,0),(1,1),(1,2),(2,2),(0,3),(0,4), (2,0), (2,1),(2,2), (3,2), (1,3), (1,4) } .

Figure 13.4: Dilation. © Cengage
Learning 2015.

]

Figure 13.5 shows a 256 x 256 original image (the emblem of the Czech Technical
University) on the left. A structuring element of size 3 x 3, see Figure 13.2a, is used.
The result of dilation is shown on the right side of Figure 13.5. In this case the dilation
is an isotropic expansion (it behaves the same way in all directions). This operation is
also sometimes called fill or grow.

Figure 13.5: Dilation as isotropic
expansion. © Cengage Learning 2015.

Dilation with an isotropic 3 x 3 structuring element might be described as a trans-
formation which changes all background pixels neighboring the object to object pixels.

Dilation has several interesting properties that may ease its hardware or software
implementation; we present some here without proof. The interested reader may consult
[Serra, 1982] or the tutorial paper [Haralick et al., 1987].

The dilation operation is commutative

XeB=Bo X (13.10)
and is also associative

X®&(BeD) =(XaB)&D. (13.11)
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13.3 Binary dilation and erosion 689

Dilation may also be expressed as a union of shifted point sets

XoB=Jx, (13.12)
beB
and is invariant to translation
Xp,®B=(X®B),. (13.13)

Equations (13.12) and (13.13) show the importance of shifts in speeding up implemen-
tation of dilation, and this holds for implementations of binary morphology on serial
computers in general. One processor word represents several pixels (e.g., 32 for a 32-bit
processor), and shift or addition corresponds to a single instruction. Shifts may also be
easily implemented as delays in a pipeline parallel processor.

Dilation is an increasing transformation:

FXCYthen X&é BCY@®B. (13.14)

Dilation is used to fill small holes and narrow gulfs in objects. It increases the object
size—if the original size needs to be preserved, then dilation is combined with erosion,
described in the next section.

| | |
Figure 13.6: Dilation where the repre-
[ | ] ] . L
sentative point is not a member of the
u u u structuring element. © Cengage
‘ u N u ‘ Learning 2015.

Figure 13.6 illustrates the result of dilation if the representative point is not a member
of the structuring element B; if this structuring element is used, the dilation result is
substantially different from the input set. Notice that the connectivity of the original set
has been lost.

13.3.2 Erosion

Erosion © combines two sets using vector subtraction of set elements and is the dual
operator of dilation. Neither erosion nor dilation is an invertible transformation

X@B:{pGEQ:p+b€Xforeveryb€B}. (13.15)

This formula says that every point p from the image is tested; the result of the erosion
is given by those points p for which all possible p + b are in X. Figure 13.7 shows an
example of the point set X eroded by the structuring element B:

X ={(1,0),(1,1),(1,2),(0,3),(1,3),(2,3),(3,3),(1,4) } ,
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690 Chapter 13: Mathematical morphology

Figure 13.7: Erosion.
m | ‘ © Cengage Learning 2015.

\Jq Figure 13.8: Erosion as isotropic
' shrink. © Cengage Learning 2015.

Figure 13.8 shows erosion by a 3 x 3 element (see Figure 13.2a) of the same original
as Figure 13.5. Notice that single-pixel-wide lines disappear. Erosion with an isotropic
structuring element is called shrink or reduce by some authors.

Basic morphological transformations can be used to find the contours of objects in an
image very quickly. This can be achieved, for instance, by subtraction from the original

picture of its eroded version—see Figure 13.9.
’/

B Vo s
o

AL
QD\U (R 4 [—? subtraction of an eroded image from
an original (left). © Cengage Learning

RN
¢ LN %,J 2015.

Figure 13.9: Contours obtained by

Erosion is used to simplify the structure of an object—objects or their parts with
width equal to one will disappear. It might thus decompose complicated objects into
several simpler ones.

There is an equivalent definition of erosion [Matheron, 1975]. Recall that B, denotes
B translated by p

XoB={pe&®: B,C X}. (13.16)

The erosion might be interpreted by structuring element B sliding across the image X;
then, if B translated by the vector p is contained in the image X, the point corresponding
to the representative point of B belongs to the erosion X & B.

An implementation of erosion might be simplified by noting that an image X eroded
by the structuring element B can be expressed as an intersection of all translations of
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13.3 Binary dilation and erosion 691
the image X by the vector! —b € B
XoB=(]Xu,. (13.17)
beB

If the representative point is a member of the structuring element, then erosion is an
anti-extensive transformation; that is, if (0,0) € B, then X © B C X. Erosion is also
translation invariant

Xp,eB=(Xo6B),, (13.18)
XoeB,=(XeB), (13.19)
and, like dilation, is an increasing transformation:

FXCYthenXoBCYOSR. (13.20)

If B, D are structuring elements, and D is contained in B, then erosion by B is more
aggressive than by D; that is, if D C B, then X & B C X © D. This property enables
the ordering of erosions according to structuring elements of similar shape but different
sizes.

Denote by B the symmetrical set to B (also called the transpose [Serra, 1982] or
rational set [Haralick et al., 1987]) with respect to the representative point O

B={-b: be B}. (13.21)
For example

B={(1,2),(2,3)},
B={(-1,-2),(-2,-3)}.

We have already mentioned that erosion and dilation are dual transformations. Formally

(13.22)

(XeY)=X%qY. (13.23)

The differences between erosion and dilation are illustrated by the following properties.
Erosion (in contrast to dilation) is not commutative

XoB#BoX. (13.24)
The properties of erosion and intersection combined together are

(XNnY)eB=(XeB)n(YoB),

Bo(XnY)D(BoeX)u(BaoY). (13.25)

On the other hand, image intersection and dilation cannot be interchanged; the dilation
of the intersection of two images is contained in the intersection of their dilations

(XNnY)sB=Be(XnY)C(XeB)n(Y¢B). (13.26)

L This definition of erosion, ©, differs from that used in [Serra, 1982]. There © denotes Minkowski
subtraction, which is an intersection of all translations of the image by the vector b € B. In our case the
minus sign has been added. In our notation, if convex sets are used, the dilation of erosion (or the other
way around) is identity.
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692 Chapter 13: Mathematical morphology

The order of erosion may be interchanged with set union. This fact enables the struc-
turing element to be decomposed into a union of simpler structuring elements

B&(XUY)=(XUY)®B=(X®&B)U(Y&B),

(XUY)eB2(XeB)U(YeB),

Bo(XuY)=(XeB)n(YoB). (13:27)

Successive dilation (respectively, erosion) of the image X first by the structuring element
B and then by the structuring element D is equivalent to the dilation (erosion) of the
image X by B® D:

(X@B)@D=X&(BaD),

(XeB)eD=X6o(B®D). (13.28)

13.3.3 Hit-or-miss transformation

The hit-or-miss transformation is a morphological operator for finding local patterns of
pixels, where local means the size of the structuring element. It is a variant of tem-
plate matching that finds collections of pixels with certain shape properties (such as
corners, or border points), and can also be used for thinning and thickening of objects
(Section 13.5.3).

Operations described hitherto used a structuring element B, and we have tested
points for their membership of X; we can also test whether some points do not belong
to X. An operation may be denoted by a pair of disjoint sets B = (Bj, Ba), called a
composite structuring element. The hit-or-miss transformation ® is defined as

X@B={z: BiCXand B, C X°}. (13.29)

This means that for a point = to be in the resulting set, two conditions must be fulfilled
simultaneously. First the part By of the composite structuring element that has its rep-
resentative point at  must be contained in X, and second, the part Bs of the composite
structuring element must be contained in X*.

The hit-or-miss transformation operates as a binary matching between an image X
and the structuring element (Bj, B2). It may be expressed using erosions and dilations
as well

X®B:(X@Bl)m(XC@BQ):(X@Bl)\(X@ég). (13.30)

13.3.4 Opening and closing

Erosion and dilation are not inverse transformations—if an image is eroded and then
dilated, the original image is not re-obtained. Instead, the result is a simplified and less
detailed version of the original image.

Erosion followed by dilation creates an important morphological transformation called
opening. The opening of an image X by the structuring element B is denoted by X o B
and is defined as

XoB=(XoB)®B. (13.31)
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Dilation followed by erosion is called closing. The closing of an image X by the struc-
turing element B is denoted by X e B and is defined as

XeB=(X®B)oB. (13.32)

If an image X is unchanged by opening with the structuring element B, it is called open
with respect to B. Similarly, if an image X is unchanged by closing with B, it is called
closed with respect to B.

Opening and closing with an isotropic structuring element is used to eliminate specific
image details smaller than the structuring element—the global shape of the objects is
not distorted. Closing connects objects that are close to each other, fills up small holes,
and smooths the object outline by filling up narrow gulfs. Meanings of ‘near’, ‘small’,
and ‘narrow’ are related to the size and the shape of the structuring element. Opening
is illustrated in Figure 13.10, and closing in Figure 13.11.

Figure 13.10: Opening (original
on the left). © Cengage Learning 2015.

“
Figure 13.11: Closing (original
on the left). © Cengage Learning 2015.

Unlike dilation and erosion, opening and closing are invariant to translation of the
structuring element. Equations (13.14) and (13.20) imply that both opening and closing
are increasing transformations. Opening is anti-extensive (X o B C X) and closing is
extensive (X C X o B).

Opening and closing, like dilation and erosion, are dual transformations

(XeB) =X%0B. (13.33)

Iteratively used openings and closings are idempotent, meaning that reapplication of
these transformations does not change the previous result. Formally:

XoB=(XoB)oB, (13.34)
XeB=(XeB)eB. (13.35)
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13.4 Gray-scale dilation and erosion

Binary morphological operations acting on binary images are easily extendible to gray-
scale images using the ‘min’ and ‘max’ operations. Erosion (respectively, dilation) of an
image is the operation of assigning to each pixel the minimum (maximum) value found
over a neighborhood of the corresponding pixel in the input image. The structuring
element is more rich than in the binary case, where it gave only the neighborhood. In
the gray-scale case, the structuring element is a function of two variables that specifies
the desired local gray-level property. The value of the structuring element is added
(subtracted) when the maximum (or minimum) is calculated in the neighborhood.

This extension permits a topographic view of gray-scale images—the gray-level is
interpreted as the height of a particular location of a hypothetical landscape: light and
dark spots in the image correspond to landscape hills and hollows. This morphological
approach permits the location of global image properties, i.e., to identify characteristic
topographic features on images as valleys, mountain ridges (crests), and watersheds.

13.4.1 Top surface, umbra, and gray-scale dilation and erosion

Consider a point set A in n-dimensional Euclidean space, A C £, and assume that the
first (n — 1) co-ordinates of the set constitute a spatial domain and the n*" co-ordinate
corresponds to the value of a function or functions at a point (n = 3 for gray-scale
images). This interpretation matches the topographic view for a 3D Euclidean space,
where points are given by triples of co-ordinates; the first two co-ordinates locate the
position in the 2D support set and the third co-ordinate gives the height.

The top surface of a set A is a function defined on the (n — 1)-dimensional support.
For each (n —1)-tuple, the top surface is the highest value of the last co-ordinate of A, as
illustrated in Figure 13.12. If the space is Euclidean the highest value means supremum.

y=rf&, x,)
Top surface
i Set 4

X
: Figure 13.12: Top surface of the set A cor-

responds to maximal values of the function

X, f(z1,x2). © Cengage Learning 2015.

Let A C &" and the support F' = {z € £"~! for some y € &, (x,y) € A}. The top
surface of A, denoted by T[A], is a mapping F — £ defined as

T[A](z) = max {y, (z,y) € A} . (13.36)
An umbra is a region of complete shadow resulting from obstructing light by a non-

transparent object. In mathematical morphology, the umbra of a function f is a set that
consists of the top surface of f and everything below it; see Figure 13.13.
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y=r&, x,)
T[4]
,—
A1
T T Set 4
X
Figure 13.13: Umbra of the top surface of a
X, set is the whole subspace below it. © Cengage
U[T[4]] Learning 2015.

Formally, let F C E* L and f: F — £. The umbra of f, denoted by U[f], U[f] C
F x &, is defined by

Ulfl ={(z,y) e Fx &, y < f(x)}. (13.37)
We see that the umbra of an umbra of f is an umbra.

We can illustrate the top surface and umbra in the case of a simple 1D gray-scale
image. Figure 13.14 illustrates a function f (which might be a top surface) and its umbra.

[ [

m m |m | mmm

| mmm

L] L] HEEEENE

000000
S LU LI L L Figure 13.14: Example of a 1D function
Remnme (left) and its umbra (right). © Cengage

f Uff] Learning 2015.

We can now define the gray-scale dilation of two functions as the top surface of the
dilation of their umbras. Let F, K C £" ' and f: F — £ and k : K — £. The dilation
@of fbyk, fdok: F® K — & is defined by

fek=T{U[fl® UK} . (13.38)

Notice here that @ on the left-hand side is dilation in the gray-scale image domain, and
@ on the right-hand side is dilation in the binary image.

Similarly to binary dilation, one function, say f, represents an image, and the second,
k, a small structuring element. Figure 13.15 shows a discretized function k that will play
the role of the structuring element. Figure 13.16 shows the dilation of the umbra of f
(from the example given in Figure 13.14) by the umbra of k.

] ]
] LI
Figure 13.15: A structuring element: 1D function (left) and
k U/k] its umbra (right). © Cengage Learning 2015.

This definition explains what gray-scale dilation means, but does not give a reason-
able algorithm for actual computations. We shall see that a computationally plausible
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(] u
] H RN ] ] ]
OO0 OO0 u (= (]

00 m Figure 13.16: 1D example of gray-scale di-
EEEE R L lation. The umbras of the 1D function f
a : : : : : : : : - and structuring element k are dilated first,
aEEEEEEE U[f]@Ulk]. The top surface of this dilated
set gives the result, f®k = T[U[f] @U[k]] .

ulfleU[k] T[U[fleU[k]] =f &k © Cengage Learning 2015.

way to calculate dilation can be obtained by taking the maximum of a set of sums:
(fok)(z) =max{f(x—2)+k(z), 2€ K,z —2€ F}. (13.39)

The computational complexity is the same as for convolution in linear filtering, where a
summation of products is performed.

The definition of gray-scale erosion is analogous to dilation. The gray-scale erosion
of two functions (point sets):

1. Takes their umbras.
2. Erodes them using binary erosion.
3. Gives the result as the top surface.

Let FKCE  land f: F - Eand k: K — £ The erosion © of f by k, fOk :
F o K — & is defined by
fok=T{U[floUk}. (13.40)

Erosion is illustrated in Figure 13.17. To decrease computational complexity, the actual
computations are performed in another way as the minimum of a set of differences (notice
the similarity to correlation):

(fok)(z)= gg}r{l{f(x+z) —k(2)}. (13.41)

] ]
[ Figure 13.17: 1D example of gray-scale
L IBL L] LI erosion. The umbras of 1D function f
- : : : : = u and structuring element k are eroded first,
ammm U[f]©Ulk]. The top surface of this eroded

set gives the result, fok = T[U[f] eU[k]].
U/lf]eU[k] T[U[fleU[k]] = fok © Cengage Learning 2015.

We illustrate morphological pre-processing on a microscopic image of cells corrupted
by noise in Figure 13.18a; the aim is to reduce noise and locate individual cells. Fig-
ure 13.18b shows erosion of the original image, and Figure 13.18c illustrates dilation of
the original image. A 3x3 structuring element was used in both cases—notice that the
noise has been considerably reduced. The individual cells can be located by the recon-
struction operation (to be explained in Section 13.5.4). The original image is used as a
mask and the dilated image in Figure 13.18c is an input for reconstruction. The result
is shown in image 13.18d, in which the black spots depict the cells.
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13.4 Gray-scale dilation and erosion 697

Figure 13.18: Morphological pre-processing: (a) cells in a microscopic image corrupted by noise;
(b) erosion of original image, the noise is more prominent; (c) dilation of original image, the
noise has disappeared; (d) reconstructed cells. Courtesy of P. Kodl, Rockwell Automation Research
Center, Prague.

13.4.2 Umbra homeomorphism theorem, properties of erosion and
dilation, opening and closing

The top surface always inverts the umbra operation; i.e., the top surface is a left inverse
of the umbra, T[U[f]] = f. However, the umbra is not an inverse of the top surface.
The strongest conclusion that can be deduced is that the umbra of the top surface of a
point set A contains A (recall Figure 13.13).

The notion of top surface and umbra provides an intuitive relation between gray-
scale and binary morphology. The umbra homeomorphism theorem states that the
umbra operation is a homeomorphism from gray-scale morphology to binary morphology.
Let FKCE™ L f:F— & and k: K — €. Then [Haralick and Shapiro, 1992]:

() Ulf @k =Ulfl@ U, 1542

(b) Ulfekl=UlfleUlk].
The umbra homeomorphism is used for deriving properties of gray-scale operations. The
operation is expressed in terms of umbra and top surface, then transformed to binary
sets using the umbra homeomorphism property, and finally transformed back using the
definitions of gray-scale dilation and erosion. Using this idea, properties already known
from binary morphology can be derived, e.g., commutativity of dilation, the chain rule
that permits decomposition of large structural elements into successive operations with
smaller ones, duality between erosion and dilation.

Gray-scale opening and closing is defined in the same way as in the binary morphol-
ogy. Gray-scale opening is defined as fok = (f©k)®k. Similarly, gray-scale closing
fok=(f®k)Ok. The duality between opening and closing is expressed as (recall that
k means the transpose, i.e., symmetric set with regards to origin of co-ordinates)

—(fok)(z)=((—f) e k)(x). (13.43)

There is a simple geometric interpretation of gray-scale opening [Haralick and Shapiro,
1992]. The opening of f by structuring element k& can be interpreted as sliding & on the
landscape f. The position of all highest points reached by some part of k& during the
slide gives the opening, and a similar interpretation exists for erosion.

Gray-scale opening and closing is often used in applications to extract parts of a
gray-scale image with given shape and gray-scale structure.
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13.4.3 Top hat transformation

The top hat transformation is used as a simple tool for segmenting objects in gray-scale
images that differ in brightness from background, even when the background is of uneven
gray-scale. The top hat transform is superseded by the watershed segmentation (to be
described in Section 13.7.3) for more complicated backgrounds.

Assume a gray-level image X and a structuring element K. The residue of opening
as compared to the original image X \ (X o K) constitutes an operation called a top hat
transformation [Meyer, 1978].

The top hat transformation is a good tool for extracting light objects (or, conversely,
dark ones) on a dark (or light) but slowly changing background. Those parts of the
image that cannot fit into structuring element K are removed by opening. Subtracting
the opened image from the original provides an image where removed objects stand
out clearly. The actual segmentation can be performed by simple thresholding. The
concept is illustrated for the 1D case in Figure 13.19, where we can see the origin of the
transformation name. If an image were a hat, the transformation would extract only the
top of it, provided that the structuring element is larger than the hole in the hat.

Gray-scale image Opened image

\ \

Figure 13.19: The top hat transform permits

<T/0p i iGEEe the extraction of light objects from an uneven
—--B-a R - _=____ background. © Cengage Learning 2015.

Figure 13.20 provides an example from visual industrial inspection. A factory pro-
ducing glass capillaries for mercury maximal thermometers had the following problem:
The thin glass tube should be narrowed in one particular place to prevent mercury falling
back when the temperature decreases from the maximal value. This is done by using

| :
(a) (b) (c) (d)

Figure 13.20: An industrial example of gray-scale opening and top hat segmentation, i.e., image-
based control of glass tube narrowing by gas flame. (a) Original image of the glass tube, 512x256
pixels. (b) Erosion by a one-pixel-wide vertical structuring element 20 pixels long. (c) Opening
with the same element. (d) Final specular reflection segmentation by the top hat transformation.
Courtesy of V. Smutngj, R. Sdra, CTU Prague, P. Kodl, Rockwell Automation Research Center, Prague.
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13.5 Skeletons and object marking 699

a narrow gas flame and low pressure in the capillary. The capillary is illuminated by a
collimated light beam—when the capillary wall collapses due to heat and low pressure,
an instant specular reflection is observed and serves as a trigger to cover the gas flame.
Originally the machine was controlled by a human operator who looked at the tube image
projected optically on the screen; the gas flame was covered when the specular reflection
was observed. This task had to be automated and the trigger signal learned from a
digitized image. The specular reflection is detected by a morphological procedure.

13.5 Skeletons and object marking

13.5.1 Homotopic transformations

Topological properties are associated with continuity (Section 2.3.1), and mathemati-
cal morphology can be used to study such properties of objects in images. There is an
interesting group among morphological transformations called homotopic transforma-
tions [Serra, 1982].

A transformation is homotopic if it does not change the continuity relation between
regions and holes in the image. This relation is expressed by the homotopic tree; its
root corresponds to the background of the image, first-level branches correspond to the
objects (regions), second-level branches match holes within objects, etc. Figure 13.21

2 b
r
n r

)
; P
1

Figure 13.21: The same homotopic tree for two different images. © Cengage Learning 2015.

shows an example of two images having the same homotopic tree. On the left side are
some biological cells and at center a house and a spruce tree. The tree’s root b corresponds
to the background, node r1 matches the larger cell (the outline of the house), and node
ro matches the smaller cell (the spruce tree). Node h; corresponds to the empty hole in
the cell r; (the hole inside the roof of the house)—the other correspondences to nodes
should now be clear. A transformation is homotopic if it does not change the homotopic
tree.

13.5.2 Skeleton, medial axis, maximal ball

It is sometimes advantageous to convert an object to an archetypal stick figure called a
skeleton (also considered in Section 8.3.4). We shall explain this in the context of 2D
Euclidean space first, which is more illustrative than on the digital grid that we shall
consider later.

The skeleton was introduced under the name medial axis transform [Blum, 1967]
and illustrated on a ‘grassfire’ scenario: Assume a region (point set) X C R?: a grassfire
is lit on the entire region boundary at the same instant, and propagates towards the
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region interior with constant speed. The skeleton S(X) is the set of points where two or
more firefronts meet; see Figure 13.22.

Figure 13.22: Skeleton as points where two or
more firefronts of grassfire meet. © Cengage
Learning 2015.

A more formal definition of skeleton is based on the concept of maximal ball. A ball
B(p,r) with center p and radius r, > 0, is the set of points with distances d from the
center less than or equal to . The ball B included in a set X is said to be mazimal if
and only if there is no larger ball included in X that contains B, i.e., each ball B’, B C
B’ C X =— B’ = B. Balls and maximal balls are illustrated in Figure 13.23.

Nota Figure 13.23: Ball and two maximal balls in a Euclidean
maximal ball Maximal balls plane. © Cengage Learning 2015.

The distance metric d that is used depends on the grid and definition of connectivity.
Unit balls in a plane (i.e., unit disks) are shown in Figure 13.24.

r:y
@ Figure 13.24: Unit-size disk for different dis-
tances, from left side: Euclidean distance, 6-,
B B B B

4-, and 8-connectivity, respectively. © Cengage
r o 4 'S Learning 2015.

The plane R? with the usual Euclidean distance gives the ball Bg. Three distances
and balls are often defined in the discrete plane Z2. If a hexagonal grid and 6-connectivity
is used, the hexagonal ball By is obtained. If the support is a square grid, two unit balls
are possible: By for 4-connectivity and Bg for 8-connectivity.

The skeleton by mazimal balls S(X) of aset X C Z? is the set of centers p of maximal
balls

S(X)={peX: 3Ir>0, B(p,r) is a maximal ball of X} .

This definition of skeleton has an intuitive meaning in the Euclidean plane. The skeleton
of a disk reduces to its center, the skeleton of a stripe with rounded endings is a unit
thickness line at its center, etc.

Figure 13.25 shows several objects together with their skeletons—a rectangle, two
touching balls, and a ring. The properties of the (Euclidean) skeleton can be seen here—
in particular, the skeleton of two adjacent circles consists of three distinct points instead
of a straight line joining these two points, as might be intuitively expected.

The skeleton by maximal balls has two unfortunate properties in practical applica-
tions. First, it does not necessarily preserve the homotopy (connectivity) of the original
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13.5 Skeletons and object marking 701

Figure 13.25: Skeletons of rectan-
gle, two touching balls, and a ring.
© Cengage Learning 2015.

set; and second, some of the skeleton lines may be wider than one pixel in the discrete
plane. We shall see later that the skeleton is often substituted by sequential homotopic
thinning that does not have these two properties.

Dilation can be used in any of the three discrete connectivities to create balls of
varying radii. Let nB be the ball of radius n

nB=B®B®...0B. (13.44)

The skeleton by maximal balls can be obtained as the union of the residues of opening
of the set X at all scales [Serra, 1982]

S(X) = G ((X onB)\ (X ©nB)o B) . (13.45)

The trouble with this is that the resulting skeleton is completely disconnected and this
property is not useful in many applications. Thus homotopic skeletons that preserve
connectivity are often preferred (Section 13.5.3).

13.5.3 Thinning, thickening, and homotopic skeleton

One application of the hit-or-miss transformation (Section 13.3.3) is thinning and thick-
ening of point sets. For an image X and a composite structuring element B = (By, B)
(notice that B here is not a ball), thinning is defined as

XoB=X\ (X®DB) (13.46)
and thickening is defined as
Xo0B=XU(X°®B). (13.47)
When thinning, a part of the boundary of the object is subtracted from it by the set
difference operation. When thickening, a part of the boundary of the background is
added to the object. Thinning and thickening are dual transformations
(XoB)F=X°0B, B =(By,B). (13.48)
Thinning and thickening transformations are very often used sequentially. Let {B(y),
By, By, ..., Bm)} denote a sequence of composite structuring elements By =

(Bi,, Bi,). Sequential thinning can then be expressed as a sequence of n structuring
elements for square rasters

X o {B(i)} = (((X @ B(l)) @ B(g)) ) B(n)) (13.49)
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and sequential thickening as

There are several sequences of structuring elements {B;} that are useful in practice.
Many of them are given by a permissible rotation of a structuring element in the appro-
priate digital raster (e.g., hexagonal, square, or octagonal). These sequences, sometimes
called the Golay alphabet [Golay, 1969], are summarized for the hexagonal raster in
[Serra, 1982]. We shall present 3 x 3 matrices for the first two rotations of the Golay
alphabet for octagonal rasters, from which the other rotations can easily be derived.

A composite structuring element can be expressed by a single matrix only. A value of
one in it means that this element belongs to B; (it is a subset of objects in the hit-or-miss
transformation), and a value zero belongs to By and is a subset of the background. An
asterisk * in the matrix denotes an element that is not used in the matching process, so
its value is not significant.

Thinning and thickening sequential transformations converge to some image—the
number of iterations needed depends on the objects in the image and the structuring
element used. If two successive images in the sequence are identical, the thinning (or
thickening) is stopped.

Sequential thinning by structuring element L

This thinning is quite important, as it serves as the homotopic substitute of the skeleton;
the final image consists only of lines of width one and isolated points.

Figure 13.26: Sequential thinning us-
ing element L after five iterations.
© Cengage Learning 2015.

Figure 13.27: Homotopic substitute of
the skeleton (element L). © Cengage
Learning 2015.

The structuring element L from the Golay alphabet is given by

0 0 0 0 0
Li=|x 1 x|, Ly=1|1 1 0|, ... (13.51)
1 1 1 1 *

*
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13.5 Skeletons and object marking 703

(The other six elements are given by rotation.) Figure 13.26 shows the result of five
iterations of thinning with L, and Figure 13.27 shows the homotopic substitute of the
skeleton when idempotency was reached (in both cases, the original is shown on the left).

Sequential thinning by structuring element F

Assume that the homotopic substitute of the skeleton by element L has been found.
The skeleton is usually jagged, because of sharp points on the outline of the object, but
it is possible to ‘smooth’ it by sequential thinning by structuring element E. Using n
iterations, several points (whose number depends on n) are removed from the ends of
lines of width one (and isolated points as well). If thinning by element E is performed
until the image does not change, then only closed contours remain.

Figure 13.28: Five iterations of
sequential thinning by element FE.
© Cengage Learning 2015.

(d)

Figure 13.29: Performance of Vincent’s quick skeleton by maximal balls algorithm. (a) Original
binary image. (b) Distance function (to be explained later). (c) Distance function visualized
by contouring. (d) Non-continuous skeleton by maximal balls. (e) Final skeleton. © Cengage
Learning 2015.
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The structuring element E from the Golay alphabet is given again by rotated masks,

E, = (13.52)

S O ¥

1
1
0

S O *

0
, Ey=10
0

O = %
o O *

Figure 13.28 shows sequential thinning (five iterations) by the element E of the skeleton
from Figure 13.27. Notice that lines have been shortened from their free ends.

There are three other elements M, D, C' in the Golay alphabet [Golay, 1969] which
are not much used in practice. Other morphological algorithms are used instead to find
skeletons, convex hulls, and homotopic markers.

The computationally most efficient algorithm of which we are aware creates the
connected skeleton as the minimal superset of the skeleton by maximal balls [Vincent,
1991]. Its performance is shown in Figure 13.29: homotopy is preserved.

The skeleton can be applied to native 3D images as well, e.g., in the analysis of
computer tomography images. Figure 13.30 illustrates examples of thinning of 3D point
sets; parallel algorithms are available [Ma and Sonka, 1996; Palagyi et al., 2006].

(a) (b) (c)

Figure 13.30: Morphological thinning in 3D. (a) Original 3D data set, a character A. (b) Thin-
ning performed in one direction. (¢) One voxel thick skeleton obtained by thinning image (b)
in second direction. Courtesy of K. Palagyi, University of Szeged, Hungary.

13.5.4 Quench function, ultimate erosion

The binary point set X can be described using maximal balls B. Every point p of the
skeleton S(X) by maximal balls has an associated ball of radius ¢x (p); the term quench
function is used for this association. An important property of ¢x (p) is that the quench
function permits the reconstruction of the original set X completely as a union of its
maximal balls B
xX= U (@+ax®B). (13.53)
peS(X)

This formula allows lossless compression of a binary image. Similar ideas are used for
encoding documents in CCITT group 4 compression algorithms.

It is useful to distinguish several types of extrema, and use the analogy of a topo-
graphic view of images to make the explanation more intuitive. The global mazimum is
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the pixel with highest value (lightest pixel, highest summit in the countryside); similarly,
the global minimum corresponds to the deepest chasm in the countryside.

A pixel p of a gray-scale image is a local mazximum if and only if for every neighboring
pixel ¢ of a pixel p, I(p) > I(g). For example, the local maximum may mean that the
landscape around is studied in a small neighborhood of the current position (neighbor-
hood in morphology is defined by the structuring element). If no ascent is seen within
the neighborhood, the pixel is at a local maximum.

The regional mazimum M of a digital gray-scale image I is a connected set of pixels
with an associated value h (plateau at altitude h), such that every neighboring pixel
of M has strictly lower value than h. Topographically, regional extrema correspond to
geographic summits and hollows. If M is a regional maximum of I and p € M, then
p is a local maximum, but the converse does not hold. Local and regional maxima are
illustrated for the 1D case in Figure 13.31. The definition of various maxima allows us to
analyze the quench function, which is also useful to define ultimate erosion, which is
often used as a marker of convex objects in binary images. The ultimate erosion of a set
X, denoted Ult(X), is the set of regional maxima of the quench function. The natural
markers are centers of the largest maximal balls, but a problem arises if the objects are
overlapping—here ultimate erosion comes into play. Consider first the simplest case, in
which the set X consists of two overlapping disks (see Figure 13.32). The skeleton is a
line segment between the centers. The associated quench function has regional maxima
that are located at the disk centers in this particular example. These maxima are called
ultimate erosion and can be used as markers of overlapping objects. Ultimate erosion
provides a tool that extracts one marker per object of a given shape, even if objects
overlap. The remaining trouble is that some objects are still multiply marked.

Consider a binary image, a set X, consisting of three rounded overlapping compo-
nents of different size. When iteratively eroding the set by a unit-size ball, the set is
shrunk, then separates, and finally disappears, as illustrated in Figure 13.33. During the
successive erosions, the residuals of connected components (just before they disappear)
are stored. Their union is the ultimate erosion of the original set X (Figure 13.34).

| |
O HE 0|ig
O ojaio o|ojgioo;m
0|ig Ooonoooogonoo
O|gno|oooooogooooao
B Regional maxima [J Local maxima
Figure 13.31: 1D illustration of regional
DXI:‘ Neighborhood used and local maxima. © Cengage Learning 2015.
Set X q ’
‘\V Figure 13.32: Skeleton of a set X, and associ-
S 4 ated quench function gx(p). Regional maxima
‘ 2 [ (2} give the ultimate erosion. © Cengage Learning

2015.
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706 Chapter 13: Mathematical morphology

Figure 13.33: When successively eroded, components are separated from the rest and finally
disappear from the image. The union of residua just before disappearance gives ultimate erosion.
© Cengage Learning 2015.

13.5.5 Ultimate erosion and distance functions

We seek to present the ultimate erosion procedure formally, and introduce the mor-
phological reconstruction operator for this purpose. Assume two sets A, B, B C A.
The reconstruction p(B) of the set A from set B is the union of connected components
of A with non-empty intersection with B (see Figure 13.35—mnotice that set A consists
of two components). Notice that B may typically consist of markers that permit the
reconstruction of the required part of the set A. Markers point to the pixel or small
region that belongs to the object. Markers are found either by a human operator (which
is common, e.g. in biology) or can be found automatically. Morphological reconstruction
will be discussed in detail in Section 13.5.7.

@)

Figure 13.34: Ultimate erosion is the Figure 13.35: Reconstruction pa(B) (in gray)
union of residual connected components of the set A from B. Notice that set A may
before they disappear during erosions. consist of more than one connected component.
© Cengage Learning 2015. Note that only the portion of A that contains B

is reconstructed while the other component of
A that does not include B will disappear after
reconstruction of A from B. © Cengage Learning
2015.
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13.5 Skeletons and object marking 707

Let N be the set of integers. Ultimate erosion can be expressed by the formula

ul(x) = |J ((X &nB)\ pxons (X (n+ 1)3)) . (13.54)
neN

There is a computationally effective ultimate erosion algorithm that uses the distance
function (which is the core of several other quick morphological algorithms, as we shall
see). The distance function distx (p) associated with each pixel p of the set X is the
size of the first erosion of X that does not contain p, i.e.,

Vpe X, distx(p) =min{n €N, pnotin (X OnB)}. (13.55)

This behaves as one would expect: distx (p) is the shortest distance between the pixel p
and background X .

There are two direct applications of the distance function.

e The ultimate erosion of a set X corresponds to the union of the regional maxima
of the distance function of X.

e The skeleton by maximal balls of a set X corresponds to the set of local maxima
of the distance function of X.

The final concept to be introduced is skeleton by influence zones, often abbreviated
SKIZ. Let X be composed of n connected components X;, i = 1,...,n. The influence
zone Z(X;) consists of points which are closer to set X; than to any other connected
component of X:

Z(X;) ={pe 2% Vi#j, dp, X;) < d(p,X;)} . (13.56)

The skeleton by influence zones denoted SKIZ(X) is the set of boundaries of influence
zones {Z(X;)}.

13.5.6 Geodesic transformations

Geodesic methods [Vincent, 1995] modify morphological transformations to operate only
on some part of an image. For instance, if an object is to be reconstructed from a marker,
say a nucleus of a cell, it is desirable to avoid growing from a marker outside the cell.
Another important advantage of geodesic transformations is that the structuring element
can vary at each pixel, according to the image.

The basic concept of geodesic methods in morphology is geodesic distance. The
path between two points is constrained within some set. The term has its roots in an
old discipline—geodesy—that measures distances on the Earth’s surface. Suppose that
a traveler seeks the distance between London and Tokyo—the shortest distance passes
through the Earth, but obviously the geodesic distance that is of interest to the traveler
is constrained to the Earth’s surface.

The geodesic distance dx(x,y) is the shortest path between two points x, y which
remains entirely contained in the set X. If there is no path connecting points z, y, we
set dx (z,y) = +o00. Geodesic distance is illustrated in Figure 13.36.
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dy(wy) =co

L

Set X

Figure 13.36: Geodesic distance dx(z,y).
© Cengage Learning 2015.

A geodesic ball is a ball constrained by some set X. The geodesic ball Bx (p,n) of
center p € X and radius n is defined as

Bx(p,n) = {p' € X, dx(p,p') <n}. (13.57)

The existence of a geodesic ball permits dilation or erosion only within some subset of
the image; this leads to definitions of geodesic dilations and erosions of a subset Y of X.
The geodesic dilation 5&?) of size n of a set Y inside the set X is defined as

3y = | Bx(p,n) = {1 € X, eV, dx(p.p) <n}. (13.58)
peY

Similarly the dual operation of geodesic erosion e()?)(Y) of size n of a set Y inside the
set X can be written as

(V) ={peY, Bx(pn) CY} ={pe¥, W € X\ Y, dx(p.p) >n}. (13.59)

Geodesic dilation and erosion are illustrated in Figure 13.37.

8y (M) e (V)
X ‘ X
| o
X '}/’_s_\ X
Y

Figure 13.37: Geodesic dilation (left) and erosion (right) of the set Y inside the set X. © Cengage
Learning 2015.

The outcome of a geodesic operation on a set Y C X is always included within the
set X. Regarding implementation, the simplest geodesic dilation of size 1 ((Sg(l)) of a set
Y inside X is obtained as the intersection of the unit-size dilation of Y (with respect to
the unit ball B) with the set X

sP=(veB)NX. (13.60)

Larger geodesic dilations are obtained by iteratively composing unit dilations n times

5 = 6&1)(5&1)(5%) .._(5&1)))) . (13.61)
n times

The fast iterative way to calculate geodesic erosion is similar.
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13.5 Skeletons and object marking 709

13.5.7 Morphological reconstruction

Assume that we want to reconstruct objects of a given shape from a binary image that
was originally obtained by thresholding. All connected components in the input image
constitute the set X. However, only some of the connected components were marked
by markers that represent the set Y. This task and its desired result are shown in

—
e &N

Figure 13.38: Reconstruction of X (X shown in light gray) from markers Y (black). The
reconstructed result is shown in black on the right side. © Cengage Learning 2015.

Successive geodesic dilations of the set Y inside the set X enable the reconstruction
of the connected components of X that were initially marked by Y. When dilating from
the marker, it is impossible to intersect a connected component of X which did not
initially contain a marker Y’; such components disappear.

Geodesic dilations terminate when all connected components set X previously marked
by Y are reconstructed, i.e., idempotency is reached:

Vn > ng, 6§0(YV) =800 (Y). (13.62)
This operation is called reconstruction and denoted by px(Y). Formally,

px (V) = lim 6 (V). (13.63)
n—00
In some applications it is desirable that one connected component of X is marked
by several markers Y. If it is not acceptable for the sets grown from various markers
to become connected, the notion of influence zones can be generalized to geodesic in-
fluence zones of the connected components of set Y inside X. This is illustrated in
Figure 13.39.

@ O@ Figure 13.39: Geodesic influence zones. © Cen-

gage Learning 2015.
We are now ready to generalize the reconstruction to gray-scale images; this requires

the extension of geodesy to gray-scale images. The core of the extension is the statement
(which is valid for discrete images) that any increasing transformation defined for binary
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710 Chapter 13: Mathematical morphology

images can be extended to gray-level images [Serra, 1982]. By this transformation we
mean a transformation ¥ such that

VX, Y CZ% Y CX = U(Y)C ¥X). (13.64)

The generalization of transformation W is achieved by viewing a gray-level image I as a
stack of binary images obtained by successive thresholding—this is called the threshold
decomposition of image I [Maragos and Ziff, 1990]. Let D; be the domain of the image
I, and the gray values of image I be in {0,1,..., N}. The thresholded images Tj(I) are

Tk(I):{peDl, I(P)>k}, k=0,...,N. (13.65)

The idea of threshold decomposition is illustrated in Figure 13.40.

Figure 13.40: Threshold decomposition of a
gray-scale image. © Cengage Learning 2015.

Threshold-decomposed images Ty (I) obey the inclusion relation
Vk e [1,N], Te(I) C Tp—1(I) . (13.66)

Consider the increasing transformation W applied to each threshold-decomposed image;
their inclusion relationship is kept. The transformation ¥ can be extended to gray-scale
images using the following threshold decomposition principle:

Vp € Dy, ¥(I)(p) =max {k €[0,...,N], pe ¥(Tx(I))} . (13.67)

Returning to the reconstruction transformation, the binary geodesic reconstruction
p is an increasing transformation, as it satisfies

Y1CYs, X1 CXo, V1 C Xy, Vo CXo= px,(¥1) Cpx,(Y2). (13.68)

We are ready to generalize binary reconstruction to gray-level reconstruction apply-
ing the threshold decomposition principle (equation 13.67). Let J, I be two gray-scale
images defined on the same domain D, with gray-level values from the discrete interval
[0,1,...,N]. If, for each pixel p € D, J(p) < I(p), the gray-scale reconstruction py(J) of
image I from image J is given by

Vp € D, pr(J)(p) = max {k € [0,N], p € pr,, (Tx(J))} . (13.69)

Recall that binary reconstruction grows those connected components of the mask which
are marked. The gray-scale reconstruction extracts peaks of the mask I that are marked
by J (see Figure 13.41).

The duality between dilation and erosion permits the expression of gray-scale recon-
struction using erosion.
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13.6 Granulometry 711

Figure 13.41: Gray-scale reconstruction of mask I from marker J. @ Cengage Learning 2015.

13.6 Granulometry

Granulometry was introduced by stereologists (mathematicians attempting to under-
stand 3D shape from cross sections)—the name comes from the Latin granulum, mean-
ing grain. Matheron [Matheron, 1967] used it as a tool for studying porous materials,
where the distribution of pore sizes was quantified by a sequence of openings of increas-
ing size. Currently, granulometry is an important tool of mathematical morphology,
particularly in material science and biology applications. The main advantage is that
granulometry permits the extraction of shape information without a priori segmentation.

Consider first a sieving analysis analogy, where the input is a heap of stones (or
granules) of different sizes—the task is to analyze how many stones in the heap fit into
several size classes. Such a task is solved by sieving using several sieves with increasing
sizes of holes in the mesh. The result of analysis is a discrete function; on its horizontal
axis are increasing sizes of stones and on its vertical axis the numbers of stones of that
size. In morphological granulometry, this function is called a granulometric spectrum
or granulometric curve.

In binary morphology, the task is to calculate a granulometric curve where the in-
dependent variable is the size of objects in the image. The value of the granulometric
curve is the number of objects of given size in the image. The most common approach is
that sieves with increasing hole sizes (as in the example) are replaced by a sequence of
openings with structural elements of increasing size.

Granulometry plays a very significant role in mathematical morphology, analogous to
the role of frequency analysis in image processing or signal analysis. Frequency analysis
expands a signal into a linear combination of harmonic signals of growing frequency. The
frequency spectrum provides the contribution of individual harmonic signals—it is clear
that the granulometric curve (spectrum) is analogous to a frequency spectrum.

Let U = (¢5), A > 0, be a family of transformations depending on a parameter .
This family constitutes a granulometry if and only if the following properties of the
transformation v hold:

YA >0 1, is increasing,
1y is anti-extensive, (13.70)
VA >0, u=0 w)\ ¢,u = 1% w)\ = ¢max(Au) .

The consequence of property (equation 13.70) is that for every A > 0 the transformation
¢ is idempotent. (1)), A > 0is a decreasing family of openings (more precisely, algebraic
openings [Serra, 1982] that generalize the notion of opening presented earlier). It can be
shown that for any convex structuring element B, the family of openings with respect to
AB = {\b, b € B}, A > 0, constitutes a granulometry [Matheron, 1975].

Consider more intuitive granulometry acting on discrete binary images (i.e., sets).
Here the granulometry is a sequence of openings 1, indexed by an integer n > 0—
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each opening result is smaller than the previous one. Recall the analogy with sieving
analysis; each opening, which corresponds to one sieve mesh size, removes from the
image more than the previous one. Finally, the empty set is reached. Each sieving step
is characterized by some measure m(X) of the set (image) X (e.g., number of pixels in
a 2D image, or volume in 3D). The rate at which the set is sieved characterizes the set.
The pattern spectrum provides such a characteristic.

The pattern spectrum, also called granulometric curve, of a set X with respect to
the granulometry ¥ = 4,,, n > 0 is the mapping

PSy(X)(n) = mhn(X)] — mha_1(X)], VYn>0. (13.71)

The sequence of openings ¥(X), n > 0 is a decreasing sequence of sets, i.e., [wo(X )2
¥1(X) 2 ¥2(X) 2...]. The granulometry and granulometric curve can be used.

Suppose that the granulometric analysis with family of openings needs to be com-
puted for a binary input image. The binary input image is converted into a gray-level
image using a granulometry function Gy (X), and the pattern spectrum PSy is calculated
as a histogram of the granulometry function.

The granulometry function Gy (X) of a binary image X from granulometry ¥ = (1),
n > 0, maps each pixel z € X to the size of the first n such that z & ¢, (X):

z€X, Gy(X)(z) =min{n >0, z ¢ ,(X)} . (13.72)

The pattern spectrum PSy of a binary image X for granulometry ¥ = (¢,,), n > 0, can
be computed from the granulometry function Gy (X) as its histogram

Vn >0, PSy(X)(n) = card{p, Gu(X)(p) =n}, (13.73)
where ‘card’ denotes cardinality. An example of granulometry is given in Figure 13.42.

The input binary image with circles of different radii is shown in Figure 13.42a; Fig-
ure 13.42b shows one of the openings with a square structuring element. Figure 13.42¢c
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Figure 13.42: Example of binary granulometry performance. (a) Original binary image.
(b) Maximal square probes inscribed—the initial probe size was 2x2 pixels. (c) Granulomet-
ric power spectrum as histogram of (b)—the horizontal axis gives the size of the object and
the vertical axis the number of pixels in an object of given size. Courtesy of P. Kodl, Rockwell

Automation Research Center, Prague.

(a)
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13.7 Morphological segmentation and watersheds 713

illustrates the granulometric power spectrum. At a coarse scale, three most significant
signals in the power spectrum indicate three prevalent sizes of object. The less significant
signals on the left side are caused by the artifacts that occur due to discretization. The
Euclidean circles have to be replaced by digital entities (squares).

Notice that granulometries extract size information without the need to identify
(segment) each object a priori. In applications, this is used for shape description, feature
extraction, texture classification, and removal of noise introduced by image borders.

Granulometric analysis was historically costly to perform but this is no longer the
case. For binary images, the basic idea towards speed-up is to use linear structuring
elements for openings and more complex 2D ones derived from it, such as cross, square,
or diamond (see Figure 13.43). The next source of computational saving is the fact
that some 2D structuring elements can be decomposed as Minkowski addition of two 1D
structuring elements. For example, the square structuring element can be expressed as
Minkowski addition of horizontal and vertical lines [Haralick et al., 1995; Vincent, 1995].
Gray-scale granulometric analysis permits the extraction of size information directly from
gray-level images. The interested reader should consult [Vincent, 1994].

Figure 13.43: Structural elements used for fast bi-
nary granulometry are derived from line structuring
elements, e.g., cross, square, and diamond. © Cengage
Learning 2015.

13.7 Morphological segmentation and watersheds

13.7.1 Particle segmentation, marking, and watersheds

Segmentation usually means finding objects of interest in an image. Mathematical mor-
phology helps mainly to segment images of texture or images of particles—here we con-
sider particle segmentation in which the input image can be either binary or gray-scale.
In the binary case, the task is to segment overlapping particles; in the gray-scale case,
the segmentation is the same as object contour extraction [Vincent, 1995].

Morphological particle segmentation is performed in two basic steps: (1) location
of particle markers, and (2) watersheds used for particle reconstruction. The latter is
explained later in this section.

Marker extraction resembles human behavior when one is asked to indicate objects;
the person just points to objects and does not outline boundaries. The marker of an
object or set X is a set M that is included in X. Markers have the same homotopy as
the set X, and are typically located in the central part of the object (particle).

A robust marker-finding technique will need to know the nature of the objects sought,
and thus application-specific knowledge should be used. Often combinations of non-
morphological and morphological approaches are used. Moreover, object marking is in
many cases left to the user, who marks objects manually on the screen. Typically,
software for analysis of microscopic images has user-friendly tools for manual or semi-
automatic marking.

When objects are marked, they can be grown from the markers, e.g., using the
watershed transformation (Section 13.7.3), which is motivated by the topographic view
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714 Chapter 13: Mathematical morphology

of images. Consider the analogy of a landscape and rain; water will find the swiftest
descent path until it reaches some lake or sea. We know that lakes and seas correspond
to regional minima. The landscape can be entirely partitioned into regions which attract
water to a particular sea or lake—we call these catchment basins. These regions
are influence zones of the regional minima in the image. Watersheds (or watershed
lines) separate catchment basins. Watersheds and catchment basins are illustrated in
Figure 13.44.

Watersheds Catchment basins

Regional minima

Figure 13.44: Tllustration of catchment basins Figure 13.45: Segmentation by geodesic
and watersheds in a 3D landscape view. influence zones (SKIZ) need not lead to
© Cengage Learning 2015. correct results. © Cengage Learning 2015.

13.7.2 Binary morphological segmentation

If the task is to find objects that differ in brightness from an uneven background, the
top hat transformation (Section 13.5.4) is a simple solution. This approach finds peaks
in the image function that differ from the local background: the gray-level shape of the
peaks does not play any role, but the shape of the structuring element does. Watershed
segmentation takes into account both sources of information and supersedes the top hat
method.

Morphological segmentation in binary images aims to find regions corresponding to
individual overlapping objects (typically particles), and most of the tools for performing
this task have already been explained. Each particle is marked first—ultimate erosion
may be used for this purpose (Section 13.5.4), or markers may be placed manually. The
next task is to grow objects from the markers provided they are kept within the limits of
the original set and parts of objects are not joined when they come close to each other.

The oldest technique for this purpose is called conditional dilation. Ordinary
dilation is used for growing, and the result is constrained by two conditions: remain in
the original set, and do not join particles.

Geodesic reconstruction (Section 13.5.7) is more sophisticated and performs much
faster than conditional dilation. The structuring element adapts according to the neigh-
borhood of the processed pixel.

Geodesic influence zones (Section 13.5.7) are sometimes used for segmenting par-
ticles. Figure 13.45 shows that the result can differ from our intuitive expectation.

The best solution is the watershed transformation; for the theoretical background
and fast implementation techniques, see Section 13.7.3 and [Bleau et al., 1992; Vincent,
1993, 1995]. The original binary image is converted into gray-scale using the negative
distance transform (equation 13.55). If a drop of water falls onto a topographic surface
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() (d)
Figure 13.46: Segmentation of binary particles. (a) Input binary image. (b) Gray-scale image
created from (a) using the —dist function. (c) Topographic notion of the catchment basin.
(d) Correctly segmented particles using watersheds of image (b). @ Cengage Learning 2015.

(d) (e) ()

Figure 13.47: Particle segmentation by watersheds. (a) Original binary image. (b) Distance
function visualized using contours. (c) Regional maxima of the distance function used as particle
markers. (d) Dilated markers. (e) Inverse of the distance function with the markers superim-
posed. (f) Resulting contours of particles obtained by watershed segmentation. Courtesy of
P. Kodl, Rockwell Automation Research Center, Prague.
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of this image, it will follow the steepest slope towards a regional minimum. This idea is
illustrated in Figure 13.46.

Application of watershed particle segmentation is shown in Figure 13.47. An image of
a few touching particles is the input Figure 13.47a, and the distance function calculated
from the background is visualized using contours in Figure 13.47b. Regional maxima
of the distance function serve as markers of the individual particles (Figure 13.47c).
The markers are dilated in Figure 13.47d. In preparation for watershed segmentation,
the distance function is negated, and is shown together with the dilated markers in
Figure 13.47e. The final result of particle separation is illustrated in Figure 13.47f,
where particle contours are shown.

13.7.3 Gray-scale segmentation, watersheds

The markers and watersheds method can also be applied to gray-scale segmentation.
Watersheds are also used as crest-line extractors in gray-scale images. The contour of a
region in a gray-level image corresponds to points in the image where gray-levels change
most quickly—this is analogous to edge-based segmentation considered in Chapter 6.
The watershed transformation is applied to the gradient magnitude image in this case
(see Figure 13.48). There is a simple approximation to the gradient image used in math-
ematical morphology called Beucher’s gradient [Serra, 1982], calculated as the algebraic
difference of unit-size dilation and unit-size erosion of the input image X

grad(X) = (X®B) - (X©B). (13.74)

The main problem with segmentation via gradient images without markers is over-
segmentation (Figure 13.47¢). Some techniques to limit this in watershed segmentation
are given in [Vincent, 1993]. Watershed segmentation methods with markers do not suffer
from over-segmentation, of course.

Intensity 3
: X
Gradient magnitude
Figure 13.48: Segmentation in gray-scale im-
ages using gradient magnitude. © Cengage Learn-
X ing 2015.

An example from ophthalmology illustrates the application of watershed segmentation.
The input image shows a microscopic picture of part of a human retina, Figure 13.49a—
the task is to segment individual cells on the retina. The markers/watershed paradigm
was followed, with markers being found using a carefully tuned Gaussian filter (see Fig-
ure 13.49b). The final result with outlined contours of cells is in Figure 13.49c.
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(a)

Figure 13.49: Watershed segmentation of a human retina image. (a) Original gray-scale image.
(b) Dots are superimposed markers found by non-morphological methods. (c) Boundaries of
retina cells found by watersheds from markers (b). Courtesy of R. Sdra, Czech Technical University,
Prague and P. Kodl, Rockwell Automation Research Center Prague.

13.8 Summary

e« Mathematical morphology

— Mathematical morphology stresses the role of shape in image pre-processing,
segmentation, and object description. It leads to mathematically sound and
fast algorithms.

— The basic entity is a point set; it operates using transformations described
using operators in a relatively simple non-linear algebra. It is a counterpart
to traditional signal processing based on linear operators.

— It is divided into binary mathematical morphology which operates on binary
images, and gray-level mathematical morphology which acts on gray-level im-
ages.

e Morphological operations

— Morphological operations are relations of two sets. One is an image and the
second a small structuring element that systematically traverses the image.
Its relation to the image in each position is stored in the output image.

— Fundamental operations of mathematical morphology include dilation which
expands objects and erosion which shrinks them. They are not invertible;
their combination constitutes new operations—opening and closing.

— Thin and elongated objects are often simplified using a skeleton—a line that
is in ‘the middle of the object’.

— The distance function to the background constitutes a basis for many fast
operations. Ultimate erosion is used to mark blob centers. There is an efficient
reconstruction algorithm that grows the object from the marker to its original
boundary.
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718 Chapter 13: Mathematical morphology
— Geodesic transformations allow changes to the structuring element during pro-
cessing and thus provide more flexibility.

— They provide quick and efficient segmentation algorithms: the watershed trans-
form is one of the better ones. Boundaries of regions are influence zones of
regional minima (i.e., seas and lakes in the landscape). Region boundaries are
watershed lines between these seas and lakes.

— Segmentation is often performed from interactively chosen markers, or from
some automatic procedure that takes into account semantic properties of the
image.

— Granulometry is a quantitative tool for analyzing images with particles of
different size (similar to sieving analysis). The result is a discrete granulomet-
ric curve (spectrum).

13.9 Exercises

Short-answer questions
S13.1 What is mathematical morphology?
S13.2 What is a structuring element? What is its role in mathematical morphology?
S13.3 Give the definition of erosion and dilation for binary images.
S13.4 Is erosion a commutative operation?

S13.5 What is the difference between the result of opening performed once and twice? What
is idempotency?

S13.6 Gray-level dilation and erosion are a generalization of the same notions in binary images.
Describe how they are done.

S13.7 What is the top hat transformation and when is it used? Sketch a 1D example of the
image profile demonstrating the use of top hat transform, show the top-hat transform
result.

S13.8 What is the skeleton by maximal balls? What does the skeleton of two touching filled
circles look like?

S13.9 What does the homotopic skeleton of two touching balls look like?
S13.10 Explain the role of ultimate erosion for marking particles.
S13.11 What is a regional maximum?
S13.12 What is geodesic distance? How is it used in mathematical morphology?
S13.13 What is granulometry?
S13.14 Name three application areas in which granulometry analysis may be used.

S13.15 What is the relation between a granulometric curve (spectrum) and the Fourier spec-
trum?

S13.16 What is a watershed? How is it used for morphological segmentation?
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Problems

P13.1 It is probably not going to be computationally efficient to re-implement morphological
algorithms personally. There are many packages around that perform morphology
fast—DMatlab is just one example. Locate such software and exercise any or all of the
algorithms described in this chapter.

P13.2 Prove that dilation is commutative and associative.

P13.3 Opening followed by closing can be used to remove salt and pepper noise from binary
images. Explain the principle and discuss the shape and size of a structuring element
suitable for this operation.

P13.4 Consider a one-dimensional gray-scale image (signal). Draw a picture that demonstrates
that gray-scale dilation fills narrow bays in the image.

P13.5 Explain how the top hat transformation permits the segmentation of dark characters
on a light background with varying intensity. Draw a picture of a one-dimensional cross
section through the image.

P13.6 What is a homotopic transformation? Describe at least two algorithms for skeletoniza-
tion. Do they produce a homotopic skeleton?

P13.7 What is the difference between thinning with the Golay structuring elements L (equa-
tion 13.51) and E (equation 13.52)7

P13.8 Explain the calculation steps of the skeleton by maximal balls in Figure 13.29.

P13.9 Explain the role of markers in morphological segmentation. Why would an attempt to
perform watershed segmentation without markers lead to over-segmentation?

P13.10 Dilate the image given in Figure 13.50a with the structuring element given in Fig-
ure 13.50b.

00
(a) (b)
Figure 13.50: (a) Image to be processed. Assume that image data

are undefined outside of the image domain. (b) Structuring element.
© Cengage Learning 2015.

P13.11 Using ultimate erosion, develop an approach for counting adjacent/touching objects in
an image (like pebbles or coffee beans). Demonstrate robustness of your approach (or
lack of) with respect to the initial segmentation of the objects (binarization). Apply
the same approach to images of objects of increasing segmentation difficulty.

P13.12 Assuming that the approach developed in Problem P13.11 does not perform sufficiently
well for some of the more difficult images, augment your method with other morphologic
steps. Use only mathematical morphology operations to solve this problem.

P13.13 Use the markers obtained by ultimate erosion (Problems P13.11, P13.12) to segment
the same images using watershed transformation.

P13.14 Modify the watershed algorithm so that objects and borders are segmented separately.
(Hint: apart from extracting object markers, it is necessary to extract markers for
borders.) Use only mathematical morphology operations to solve this problem.
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720 Chapter 13: Mathematical morphology

P13.15 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P13.16 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Chapter ]. 4

Image data compression

Image processing is often very difficult because of the large amounts of data used to
represent an image. Technology permits ever-increasing image resolution (spatially and
in gray-levels), and increasing numbers of spectral bands, and there is a consequent
need to limit the resulting data volume. Examples of this problem are everywhere; raw
video—whether high definition or not—represents many megabytes per second. Medical
applications such as CT and MR are 3D (or 4D, if dynamic in time) and are likewise
extremely data hungry. One possible approach to decreasing the necessary amount of
storage is to work with compressed image data.

We have seen that segmentation techniques have the side effect of image compression;
by removing all areas and features that are not of interest, and leaving only boundaries
or region descriptors, the reduction in data quantity is considerable. However, from this
sort of representation no image reconstruction (or only very limited reconstruction) to
the original image is possible. Conversely, image compression algorithms aim to remove
redundancy in data in a way which makes image reconstruction possible; this is sometimes
called information preserving compression. Compression is the main goal of the
algorithm—we aim to represent an image using fewer bits per pixel. It is necessary to find
statistical properties of the image to design an appropriate compression transformation of
the image; the more correlated the image data are, the more data items can be removed.
In this chapter, we will discuss this group of methods which do not change image entropy
or image information content; the literature on compression is compendious—just three
useful references would be [Salomon, 2000; Sayood, 2000; Shukla and Prasad, 2011].

A general algorithm for data compression and image reconstruction is shown in a
block diagram in Figure 14.1. The first step removes information redundancy caused by
high correlation of image data—transform compressions, predictive compressions, and
hybrid approaches are used. The second step is coding of transformed data using a code
of fixed or variable-length. An advantage of variable-length codes is the possibility of
coding more frequent data using shorter code words and therefore increasing compression
efficiency, while an advantage of fixed length coding is a standard codeword length that
offers easy handling and fast processing. Compressed data are decoded after transmission
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Figure 14.1: Data compression and image reconstruction. © Cengage Learning 2015.

or archiving and reconstructed. Note that no non-redundant image data may be lost in
the data compression process—otherwise error-free reconstruction is impossible.

Data compression methods can be divided into two principal groups: information
preserving—or lossless—compression permits error-free data reconstruction, while lossy
compression methods do not preserve information completely. In image processing, a
faithful reconstruction is often not necessary in practice and then the requirements are
weaker, but the compression must not cause significant changes in an image. Data
compression success in the reconstructed image is usually measured by the mean square
error (MSE), signal-to-noise ratio etc., although these global error measures do not always
reflect subjective image quality.

Compression design consists of two parts. Image data properties must be determined
first; gray-level histograms, image entropy, various correlation functions, etc., often serve
this purpose. The second part yields an appropriate compression technique with respect
to measured image properties.

Data compression methods with loss of information are typical in image processing
and therefore this group of methods is described in some detail. Although lossy com-
pression techniques can give substantial image compression with very good quality recon-
struction, there are considerations that may prohibit their use. For example, diagnosis
in medical imaging is often based on visual image inspection, so no loss of information
can be tolerated and information preserving techniques must be applied. Information
preserving compression methods are mentioned briefly at the end of the chapter.

14.1 Image data properties
Information content of an image is an important property, of which entropy is a measure
(Section 2.3.3). If an image has G gray-levels and the probability of gray-level k is P(k)

(see Section 3.3), then entropy H., not considering correlation of gray-levels, is defined
as

G-1
H, = - P(k) log, (P(k)) . (14.1)
k=0
Information redundancy 7 is defined as

r=b-H,, (14.2)
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724 Chapter 14: Image data compression

where b is the smallest number of bits with which the image quantization levels can be
represented. This definition of image information redundancy can be evaluated only if
a good estimate of entropy is available, which is usually not so because the necessary
statistical properties of the image are not known. Image data entropy however can
be estimated from a gray-level histogram [Moik, 1980; Pratt, 1991]. Let h(k) be the
frequency of gray-level k in an image f, 0 < k < 2° —1, and let the image size be M x N.
The probability of occurrence of gray-level k can be estimated as

P(k) = hlk) (14.3)

and the entropy can be estimated as

21
He= - P(k) log, (P(k)) . (14.4)
k=0

The information redundancy estimate is # = b— H,. The definition of the compression
ratio K is then
— |4
K a. (14.5)
Note that a gray-level histogram gives an inaccurate estimate of entropy because of gray-
level correlation. A more accurate estimate can be obtained from a histogram of the first
gray-level differences.

Theoretical limits of possible image compression can be found using these formulae.
For example, the entropy of satellite remote sensing data may be H, € [4,5], where
image data are quantized into 256 gray-levels, or 8 bits per pixel. We can easily compute
the information redundancy as 7# € [3,4] bits. This implies that these data can be
represented by an average data volume of 4-5 bits per pixel with no loss of information,
and the compression ratio would be K € [1.6,2].

14.2 Discrete image transforms in image data
compression

Image data representation by coefficients of discrete image transforms (see Section 3.2)
is the basic idea of this approach. The coeflicients are ordered according to their im-
portance, i.e., according to their contribution to the image information content, and the
least important (low-contribution) coefficients are omitted. Coefficient importance can
be judged, for instance, in correspondence to spatial or gray-level visualization abilities
of the display; image correlation can then be avoided and data compression results.

The Karhunen-Loéve transform is the foremost in removing correlated image data.
This transform builds a set of non-correlated variables with decreasing variance. The
variance of a variable is a measure of its information content; therefore, a compression
strategy is based on considering only transform variables with high variance. More details
about the Karhunen-Loéve transform can be found in Section 3.2.10.

The Karhunen-Loeéve transform is computationally expensive, with a two-dimensional
transform of an M x N image having computational complexity O(MEN€). It is the

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3
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Figure 14.2: Discrete cosine image compression applied to subblocks of 8 x 8 pixels as in JPEG.
(a) Reconstructed image, compression ratio K = 6.2. (b) difference image—differences between
pixel values in the original and the reconstructed image (K = 6.2); the maximum difference is 56
gray-levels, mean squared reconstruction error MSE = 32.3 gray-levels (the image is histogram
equalized for visualization purposes). (c¢) Reconstructed image, compression ratio K = 10.5.
(d) Difference image—differences between pixel values in the original and the reconstructed
image (K = 10.5); the maximum difference is 124 gray-levels, MSE = 70.5 gray-levels (the
image is histogram equalized for visualization purposes). Courtesy of A. Kruger, G. Prause, The
University of ITowa.
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726 Chapter 14: Image data compression

Figure 14.3: Wavelet image compression. (a) Reconstructed image, compression ratio K = 6.2.
(b) Difference image—differences between pixel values in the original and the reconstructed
image (K = 6.2); the maximum difference is 37 gray-levels, mean squared reconstruction error
MSE = 32.0 gray-levels (the image is histogram equalized for visualization purposes). (c) Re-
constructed image, compression ratio K = 10.5. (d) Difference image—differences between
pixel values in the original and the reconstructed image (K = 10.5); the maximum difference
is 79 gray-levels, MSE = 65.0 gray-levels (the image is histogram equalized for visualization
purposes). Courtesy of G. Prause and A. Kruger, The University of Iowa.
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only transform that guarantees non-correlated compressed data, and the resulting com-
pression is optimal in the statistical sense. This makes the transform basis vectors image
dependent, which also makes the transform difficult to apply for routine image compres-
sion. Therefore, it is often only used as a benchmark to evaluate other transforms. For
example, one reason for the popularity of the discrete cosine transform DCT-II is that
its performance approaches the Karhunen-Loéve transform better than others.

Other discrete image transforms (Section 3.2) are computationally less demanding;
fast algorithms of these transforms have computational complexity O(M/\f loge (MN ))
Cosine, Fourier, Hadamard, Walsh, or binary transforms are all suitable for image data
compression. If an image is compressed using discrete transforms, it is usually divided
into, e.g., 16 x 16 pixel, subimages to speed up calculations, and then each subimage
is transformed and processed separately. The same is true for image reconstruction,
with each subimage being reconstructed and placed into the appropriate image position.
This image segmentation into a grid of subimages does not consider any possible data
redundancy caused by subimage correlation even if this correlation is the most serious
source of redundancy. Recursive block coding [Farelle, 1990] is an approach to reducing
inter-block redundancy and tiling effects (blockiness). The most popular image transform
used for image compression is the discrete cosine transform with many modifications, and
variations of wavelet transforms (Section 3.2.7).

Figure 14.2 illustrates the use of the discrete cosine transform. The DCT-II ap-
plied here provides good compression with low computational demands, the compression
ratios being K = 6.2 and K = 10.5. The lower compression ratio was achieved after
setting 90.0% of the transform coefficients to zero; the higher ratio after setting 94.9%
of the coefficients to zero. Note that square blocks resulting from DCT compression
and reconstruction decrease image quality for larger compression ratios. Consequently,
wavelet image compression is of interest, since it can be efficiently applied to the
entire image and thus the square artifacts are not present. Wavelet compression consists
of the same steps as DCT compression, but the DCT is replaced by a wavelet transform
followed by generally identical quantization and coding. Figure 14.3 shows the recon-
structed image after wavelet compression with two different compression ratios, K = 6.2
and K = 10.5. The lower compression ratio (Figure 14.3a,b) was achieved after setting
89.4% of the transform coefficients to zero, the higher ratio (Figure 14.3a,b) resulted
after setting 94.4% of the coefficients to zero. Note that no blocking artifacts exist.

While DCT compression is the basis for the widely used JPEG compression standard
(Section 14.9.1), wavelet compression has become the basis for JPEG-2000 (Section
14.9.2).

14.3 Predictive compression methods

Predictive compressions use image information redundancy (correlation of data) to
construct an estimate f(i,) of the gray-level value of an image element (i,7) from val-
ues of gray-levels in its neighborhood. In image parts where data are not correlated,
the estimate f will not match the original value. The differences between estimates and
reality, which may be expected to be relatively small in absolute terms, are coded and
transmitted (stored) together with prediction model parameters—the whole set now rep-
resents compressed image data. The gray value at location (i, 7) is reconstructed from a
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Figure 14.4: Differential pulse code modulation: (a) compression; (b) reconstruction. © Cengage
Learning 2015.

computed estimate f(i,7) and the stored difference d(i, 5)
d(i, j) = f(i, j) = f(i.]) - (14.6)

This method is called differential pulse code modulation (DPCM)—its block
diagram is presented in Figure 14.4. Experiments show that a linear predictor of the third
order is sufficient for estimation in a wide variety of images. If the image is processed
line by line, the estimate f can be computed as

f(Zvj) =ax f(lvj 71)+a2f(i7 L,j— 1)+a3f(if lv.j)’ (14'7)

where a1, as,az are image prediction model parameters. These parameters are set to
minimize the mean quadratic estimation error e

e =&{ (.7~ 1G.0)"}. (148)

and the solution, assuming f is a stationary random process with a zero mean, using a
predictor of the third order, is

a1 R(0,0) + a2 R(0,1) + a3 R(1,1) = R(1,0),

a1 R(0,1) + a3 R(0,0) + as R(1,0) = R(1,1), (14.9)
a1 R(1,1) + a3 R(1,0) + a3 R(0,0) = R(0,1)

where R(m,n) is the autocorrelation function of the random process f (see Chapter 2).
The image data autocorrelation function is usually of exponential form and the variance
of differences d(7,j) is usually smaller than the variance of the original values f(i,j),
since the differences d(i, j) are not correlated. The (probable) relatively small magnitude
of the differences d(i, j) makes data compression possible.

Predictive compression algorithms are described in detail in [Rosenfeld and Kak,
1982; Netravali, 1988]. A second order predictive method with variable code length
coding of the differences d(i, j) produced the compressed images shown in Figure 14.5
achieving data compression ratios of K = 3.8 and K = 6.2. Note that horizontal lines
and false contours resulting from the predictive compression and reconstruction decrease
the image quality for larger compression ratios.

Many modifications of predictive compression methods can be found in the literature,
some of them combining predictive compression with other coding schemes [Daut and
Zhao, 1990; Zailu and Taxiao, 1990].
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Figure 14.5: Predictive compression. (a) Reconstructed image, compression ratio K = 3.8.
(b) Difference image—differences between pixel values in the original and the reconstructed
image (K = 3.8); the maximum difference is 6 gray-levels (the image is histogram equalized for
visualization purposes). (c) Reconstructed image, compression ratio K = 6.2. (d) Difference
image—differences between pixel values in the original and the reconstructed image (K = 6.2);
the maximum difference is 140 gray-levels (the image is histogram equalized for visualization
purposes). Courtesy of A. Kruger, The University of Iowa.
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14.4 Vector quantization

Dividing an image into small blocks and representing these blocks as vectors is another
option [Gray, 1984; Chang et al., 1988; Netravali, 1988; Gersho and Gray, 1992]. The
basic idea for this approach comes from information theory (Shannon’s rate distortion
theory), which states that better compression performance can always be achieved by
coding vectors instead of scalars. Input data vectors are coded using unique codewords
from a codeword dictionary, and instead of vectors, the vector codes are stored or trans-
mitted. The codeword choice is based on the best similarity between the image block
represented by a coded vector and the image blocks represented by codewords from the
dictionary. The code dictionary (code book) is transmitted together with the coded
data. The advantage of vector quantization is a simple receiver structure consisting
of a look-up table, but a disadvantage is a complex coder. The coder complexity is not
caused directly by the vector quantization principle; the method can be implemented in
a reasonably simple way, but the coding will be very slow. To increase the processing
speed, data structures such as K-D trees (see Section 9.2.2) and other special treatments
are needed which increase the coder complexity. Further, the necessary statistical prop-
erties of images are usually not available. Therefore, the compression parameters must
be based on an image training set and the appropriate code book may vary from image
to image. As a result, images with statistical properties dissimilar from images in the
training set may not be well represented by the code vectors in the look-up table. Fur-
thermore, edge degradation may be more severe than with other techniques. To decrease
the coder complexity, the coding process may be divided into several levels, two being
typical. The coding process is hierarchical, using two or more code books according to
the number of coding levels. However, the combination of a complex coder facilitating
high compression ratios and a simple decoder may be advantageous in asymmetric ap-
plications when the image is compressed once and decompressed many times. Within
such a scenario, the higher compression ratio gained by the more complex coder and/or
more time-consuming compression algorithm does not matter as long as the decompres-
sion process is simple and fast. Multimedia encyclopedias and paperless publishing serve
as good examples. On the other hand, in symmetric applications such as video confer-
encing, similar complexity of coding and decoding operations is required.

A modification that allows blocks of variable size is described in [Boxerman and Lee,
1990], where a segmentation algorithm is responsible for detecting appropriate image
blocks. The block vector quantization approach may also be applied to compression
of image sequences. Identifying and processing only blocks of the image that change
noticeably between consecutive frames using vector quantization and DPCM is also pos-
sible. Hybrid DPCM combined with vector quantization of colored prediction errors is
presented in [De Lameillieure and Bruyland, 1990].

14.5 Hierarchical and progressive compression methods

Multi-resolution pyramids may also be used for efficient hierarchical image compression.
Run length codes (Section 4.2.2, Figure 4.4) identify long runs of the same value pixels,
and store them as this value together with a word count. If the image is characterized by
such long runs, this will significantly reduce storage requirements. A similar approach
may be applied to image pyramids. A substantial reduction in bit volume can be obtained
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by merely representing a source as a pyramid [Rao and Pearlman, 1991], and even more
significant reduction can be achieved for images with large areas of the same gray-level
if a quadtree coding scheme is applied (see Section 4.3.2). An example is given in Fig-
ure 14.6, where the principle of quadtree image compression is presented. Large image
areas of the same gray-level can be represented in higher-level quadtree nodes without
the necessity of including lower-level nodes in the image representation [White, 1987].
Clearly, the compression ratio achieved is image dependent and a fine checkerboard im-
age, for instance, will not be represented efficiently using quadtrees. Modifications of
the basic method exist, some of them successfully applied to motion image compression
[Strobach, 1990] or incorporating hybrid schemes [Park and Lee, 1991].

This compression approach affords the feasibility of progressive image transmission
and the idea of smart compression.

00O 00 00O @0

Figure 14.6: Quadtree image compression: original image and corresponding quadtree. © Cen-
gage Learning 2015.

Progressive image transmission is based on the fact that transmitting all image
data may not be necessary under some circumstances. Imagine a situation in which an
operator is searching an image database looking for a particular image. If the transmis-
sion is based on a raster scanning order, all the data must be transmitted to view the
whole image, but often it is not necessary to have the highest possible image quality to
find the image for which the operator is looking. Images do not have to be displayed with
the highest available resolution, and lower resolution may be sufficient to reject an image.
This approach is commonly used by WWW image transmissions. In progressive transmis-
sion, the images are represented in a pyramid structure, the higher pyramid levels (lower
resolution) being transmitted first. The number of pixels representing a lower-resolution
image is substantially smaller and thus the user can decide from lower-resolution images
whether further image refinement is needed. A standard M-pyramid (mean or matrix
pyramid) consists of about one third more nodes than the number of image pixels. Sev-
eral pyramid encoding schemes have been designed to decrease the necessary number of
nodes in pyramid representation: reduced sum pyramids, difference pyramids, and re-
duced difference pyramids [Wang and Goldberg, 1989]. The reduced difference pyramid
has the number of nodes exactly equal to the number of image pixels and can be used
for a lossless progressive image transmission with some degree of compression. Using an
appropriate interpolation method in the image reconstruction stage, reasonable image
quality can be achieved at a bit rate of less than 0.1 bit/pixel and excellent quality at
a bit rate of about 1.2 bits/pixel. Progressive image transmission is illustrated in Fig-
ure 3.11, where a sequence of four resolutions is presented. Considering a hypothetical
progressive image transmission, a 1/8-resolution image is transmitted first (Figure 3.11d).
Next, the image is transmitted and displayed in 1/4 resolution (Figure 3.11c), followed
by 1/2 resolution (Figure 3.11b) and then full resolution (Figure 3.11a).
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Smart compression is based on the properties of human visual sensors. The spatial
resolution of the eye decreases significantly with increasing distance from the optical axis,
so the eye only sees in high resolution in a very small area close to the point where it
is focused. Similarly, as with image displays, where it does not make sense to display
or even transmit an image in higher resolution than that of the display device, it is not
necessary to display an image in full resolution in areas where the eyes are not focused.
This is the principle of smart image compression. The main difficulty is in determining
the areas of interest in the image on which the user will focus. When considering a smart
progressive image transmission, the image is first transmitted in higher resolution in
areas of interest—this improves the subjective rating of transmission speed as sensed by
a user. The areas of interest may be obtained in a feedback control manner by tracking
the user’s eyes (assuming the communication channel is fast enough). The image point
on which the user is focused may be used to increase resolution in that particular area so
that the most important data are transmitted first. This smart image transmission and
compression may be extremely useful if applied to dynamic image generators in driving
or flight simulators, or to high-definition television.

14.6 Comparison of compression methods

The main goal of image compression is to minimize image data volume with no significant
loss of information, and all basic image compression groups have advantages and disad-
vantages. Transform-based methods better preserve subjective image quality, and are less
sensitive to statistical image property changes both inside a single image and between
images. Prediction methods, on the other hand, can achieve higher compression ratios
in a much less expensive way, tend to be much faster than transform-based or vector
quantization compression schemes, and can easily be realized in hardware. If compressed
images are transmitted, an important property is insensitivity to transmission channel
noise. Transform-based techniques are significantly less sensitive to channel noise—if a
transform coefficient is corrupted during transmission, the resulting image distortion is
spread homogeneously through the image or image part and is not too disturbing. Er-
roneous transmission of a difference value in prediction compressions causes not only an
error in a particular pixel, it influences values in the neighborhood because the predictor
involved has a considerable visual effect in a reconstructed image. Vector quantization
methods require a complex coder, their parameters are very sensitive to image data, and
they blur image edges. The advantage is in a simple decoding scheme consisting of a
look-up table only. Pyramid-based techniques have a natural compression ability, and
are suitable for dynamic image compression and for progressive and smart transmission
approaches.

Hybrid compression methods combine good properties of the various groups. A
hybrid compression of three-dimensional image data (two spatial dimensions plus one
spectral dimension) is a good example. A two-dimensional discrete transform (cosine,
Hadamard, ...) is applied to each mono-spectral image followed by a predictive com-
pression in the third dimension of spectral components. Hybrid methods combine the
different dimensionalities of transform compressions and predictive compressions. As a
general rule, at least a one-dimensional transform compression precedes predictive com-
pression steps. In addition to combinations of transform and predictive approaches,
predictive approaches are often combined with vector quantization.
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14.7 Other techniques

Various other compression methods exist. If an image is quantized into a small number
of gray-levels and has a small number of regions of the same gray-level, an effective com-
pression method may be based on coding region borders [Wilkins and Wintz, 1971].
Image representation by its low and high frequencies is another method—reconstruction
is a superposition of inverse transforms of low- and high-frequency components. The
low-frequency image can be represented by a significantly smaller volume of data than
the original, while the high-frequency image has significant image edges only and can
be represented efficiently [Graham, 1967]. Region growing compression stores an al-
gorithm for region growing from seed points, each region being represented by its seed
point. If an image can be represented only by region seed points, significant compression
is achieved.

Block truncation coding divides an image into small square blocks of pixels and
each pixel value in a block is truncated to one bit by thresholding and moment preserving
selection of binary levels [Delp and Mitchell, 1979; Rosenfeld and Kak, 1982; Kruger,
1992]. One bit value per pixel has to be transmitted, together with information describing
how to recreate the moment preserving binary levels during reconstruction. This is
fast and easy to implement. Visual pattern image coding is capable of high-quality
compression with very good compression ratios (30:1) and is exceptionally fast [Silsbee
et al., 1991].

Fractal image compression is another approach offering extremely high com-
pression ratios and high-quality image reconstruction. Additionally, because fractals
are infinitely magnifiable, fractal compression is resolution independent and so a single
compressed image can be used efficiently for display in any resolution, including some
higher than the original [Furht et al., 1995]. Breaking an image into pieces (fractals) and
identifying self-similar ones is the principle of the approach [Barnsley and Hurd, 1993;
Fisher, 1994]. First, the image is partitioned into non-overlapping domain regions of
any size and shape that completely cover it. Then, larger range regions are defined that
can overlap and need not cover the entire image. These range regions are geometrically
transformed using affine transforms (Section 5.2.1) to match the domain regions. Then
the set of affine coefficients together with information about the selection of domain re-
gions represents the fractal image encoding. The fractally compressed images are stored
and transmitted as recursive algorithms—sets of equations with instructions on how to
reproduce the image. Clearly, this is compute demanding. However, decompression is
simple and fast; domain regions are iteratively replaced with appropriately geometri-
cally transformed range regions using the affine coefficients. Thus, fractal compression
is another example of useful asymmetric compression-decompression scheme.

14.8 Coding

In addition to techniques designed explicitly to cope with 2D (or higher-dimensional)
data, there is a wide range of well-known algorithms designed with serial data (e.g., simple
text files) in mind. Very well known is Huffman encoding, which can provide optimal
compression and error-free decompression [Rosenfeld and Kak, 1982]. The main idea
of Huffman coding is to represent data by codes of variable length, with more frequent
data being represented by shorter codes. Many modifications of the original algorithm
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[Huffman, 1952] exist, with adaptive Huffman coding algorithms requiring only one pass
over the data [Knuth, 1985; Vitter, 1987]. The Lempel-Ziv (or Lempel-Ziv-Welch,
LZW) algorithm of dictionary-based coding [Ziv and Lempel, 1978; Nelson, 1989] has
found wide favor as a standard compression algorithm. Here, data are represented by
pointers referring to a dictionary of symbols.

These, and a number of similar techniques, are in widespread use for de-facto stan-
dard image representations which are popular for WWW image exchange. Of these, the
GIF format (Graphics Interchange Format) is frequently used. GIF is designed for the
encoding of RGB images (and the appropriate palette) with pixel depths between 1 and 8
bits. Blocks of data are encoded using the LZW algorithm. GIF has two main versions—
87a and 89a [Compuserve, 1989], the latter supporting the storing of text and graphics
in the same file. Additionally, TIFF (Tagged Image File Format) is widely encountered.
TIFF has gone through a number of versions to incorporate RGB color, compressed color
(LZW), other color formats, and ultimately (in Version 6 [Aldus, 1992]), JPEG compres-
sion (see Section 14.9)—these versions all have backward compatibility. There are some
recorded problems with the JPEG implementation, and TIFF has a reputation for being
complex, although this is undeserved and it is a powerful programmer’s tool.

14.9 JPEG and MPEG image compression

There is an increasing effort to achieve standardization in image compression. The Joint
Photographic Experts Group (JPEG) has developed an international standard for general
purpose, color, still image compression. As a logical extension of JPEG still image
compression, the Motion Picture Experts Group (MPEG) standard was developed for
full-motion video image sequences with applications to digital video distribution and
high-definition television (HDTV) in mind.

14.9.1 JPEG—still image compression

The JPEG compression system is widely used in many application areas. Four compres-
sion modes are furnished:

e Sequential DCT-based compression.

e Progressive DCT-based compression.

e Sequential lossless predictive compression.
o Hierarchical lossy or lossless compression.

While the lossy compression modes were designed to achieve compression ratios around 15
with very good or excellent image quality, the quality deteriorates for higher compression
ratios. A compression ratio between 2 and 3 is typically achieved in the lossless mode.

Sequential JPEG compression

Following Figure 14.1, sequential JPEG compression consists of a forward DCT trans-
form, a quantizer, and an entropy encoder, while decompression starts with entropy
decoding followed by dequantizing and inverse DCT.
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In the compression stage, the unsigned image values from the interval [0,2° — 1] are
first shifted to cover the interval [—2°~%, 251 — 1]. The image is then divided into 8 x 8
blocks and each block is independently transformed into the frequency domain using the
DCT-II transform (Section 3.2.6, equation 3.46). Many of the 64 DCT coefficients have
zero or near-zero values in typical 8 X8 blocks, which forms the basis for compression. The
64 coefficients are quantized using a quantization table Q(u,v) of integers from 1 to 255
that is specified by the application to reduce the storage/transmission requirements of
coefficients that contribute little or nothing to the image content. The following formula
is used for quantization:

F(u,v)
Fg(u,v) = round (Q(U,U)) . (14.10)
After quantization, the DC coefficient F'(0,0) is followed by the 63 AC coeflicients that
are ordered in a 2D matrix in a zigzag fashion according to increasing frequency. The DC
coefficients are then encoded using predictive coding (Section 14.3), the rationale being
that average gray-levels of adjacent 8 x 8 blocks (DC coefficients) tend to be similar.

The last step of the sequential JPEG compression algorithm is entropy encoding.
Two approaches are specified by the JPEG standard. The baseline system uses simple
Huffman coding, while the extended system uses arithmetic coding and is suitable for a
wider range of applications.

Sequential JPEG decompression uses all the steps described above in the reverse
order. After entropy decoding (Huffman or arithmetic), the symbols are converted into
DCT coefficients and dequantized:

F§(u,v) = Fo(u,v) Qu,v) (14.11)

where again, the Q(u,v) are quantization coefficients from the quantization table that
is transmitted together with the image data. Finally, the inverse DCT transform is
performed according to equation (3.47) and the image gray values are shifted back to the
interval [0,2% — 1].

The JPEG compression algorithm can be extended to color or multi-spectral images
with up to 256 spectral bands.

Progressive JPEG compression

The JPEG standard also facilitates progressive image transmission (Section 14.5). In
the progressive mode, a sequence of scans is produced, each containing a coded subset
of DCT coefficients. Thus, a buffer is needed at the output of the quantizer to store all
DCT coefficients of the entire image. These coefficients are selectively encoded.

Three algorithms are defined as part of the JPEG progressive compression standard:
progressive spectral selection, progressive successive approximation, and the
combined progressive algorithm. In the progressive spectral selection approach, the
DC coefficients are transmitted first, followed by groups of low-frequency and higher-
frequency coefficients. In the progressive successive approximation, all DCT coefficients
are sent first with lower precision, and their precision is increased as additional scans
are transmitted. The combined progressive algorithm uses both of the above principles
together.
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Sequential lossless JPEG compression

The lossless mode of the JPEG compression uses a simple predictive compression algo-
rithm and Huffman coding to encode the prediction differences (Section 14.3).

Hierarchical JPEG compression

Using the hierarchical JPEG mode, decoded images can be displayed either progressively
or at different resolutions. An image pyramid is created and each lower-resolution image is
used as a prediction for the next-higher level (Section 14.5). Sequential DCT, progressive
DCT, or lossless modes can be used to encode the lower-resolution images.

In addition to still image JPEG compression, motion JPEG (MJPEG) compression
exists that can be applied to real-time full motion applications. However, MPEG com-
pression represents a more common standard and is described below.

14.9.2 JPEG-2000 compression

JPEG-2000 is an international standard for still image compression which overcomes
some limitations of the original standard (Section 14.9.1). Despite the naming similarity,
it is not an extension of JPEG—rather, it is a different, very powerful and flexible
environment for image compression. Its flexibility allows compression of different types of
still images (bi-level, gray-level, color, multi-band) with different characteristics (natural
images, scientific, medical, military imagery, text, rendered graphics) within a unified
system. It removes the need for different compression mechanisms for lossless and lossy
compression by representing the lossless compression as a cohesive extension of lossy
compression. This important paradigm shift compared to the JPEG standard permits
the compression of image data in a lossless manner and—at a later time—a selective data
removal to represent images in a lossy fashion while increasing the compression ratio.
Note that this lossless and lossy behavior can be achieved from the same compressed
image data source—this feature is called quality scalability. Another JPEG-2000
feature is the option of resolution scalability, which allows the extraction of lower
resolution images from the same data source. Additionally, spatial scalability provides
a tool to selectively reconstruct individually defined regions from the compressed image
data source.

While the standard creates a unified image compression environment, it only specifies
the decoder operations, bitstream syntax, and file format, effectively allowing for future
improvements and innovations of the coding operation. For encoding, two primary paths
and several options exist. A reversible component transform (RCT) is used with the 5x3
wavelet filter (Section 3.2.7) whenever lossless compression is desired. Decreased bit rates
and increased compression ratios can be achieved by truncation during the quantization
step—of course yielding a decrease in image quality.

For purely lossy coding, the YCbCr transform (shown here for RGB image data)
transforms the RGB signal to the intensity component Y and two color components (Cj,
for blue and C,. for red) as follows:

Y =+40.299R+0.587G 4+ 0.114 B,
Cy = —0.168736 R — 0.331264G + 0.5 B, (14.12)
C, =+0.5R—0.418688G — 0.081312 B .
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After this, a 9x7 wavelet transform, and arbitrary quantization by division, is used in
addition to truncation. Both of these main paths have several options for identification of
the region of interest, coding options to trade complexity and performance, and choices
about the amount of scalability in the bitstream.

For better understanding, the high-level coverage of the JPEG-2000 compression
approach given below exploits the compression rather than the reconstruction path. More
detailed information can be found in [Taubman and Marcellin, 2001; Colyer and Clark,
2003]. Figure 14.7 gives an overview of the JPEG—-2000 compression approach; the main
data path is shown in the bottom of the schematic diagram.

r———

Encoding | File format |
| preferences |—>| Codestream syntax H:*| Region
—_— — —_ —
L | —
Image Component Wavelet o Coefficient Arithmetic Data 1PEG-2000
) X entro )
source transform g transform —»Quannzatwn—»blt modellng" codinpgy Bg ordering bitstream

Figure 14.7: Schematic of JPEG-2000 data compression. © Cengage Learning 2015.

To start the compression, the image is divided into rectangular, non-overlapping tiles
on a regular grid (border tiles may be sized as needed). Arbitrary tile sizes are allowed,
up to using a single tile representing the entire image. The component transform block
takes the original image data as input and decorrelates the image components of a multi-
band image—typically the R,G,B channels of the color image. Decorrelation yields an
improved compression performance and allows for visually relevant quantization. As
described above, when using the lossless path, RCT is employed which maps integers to
integers. When the lossy (irreversible) path is used the floating-point YCbCr transform
is employed in the same way as it is used in the original color JPEG compression.

The wavelet transform is the heart of the JPEG—2000 compression and can be per-
formed in two ways. Both of the wavelet transform options provide lower resolution and
spatial decorrelation of the images. The 9x7 biorthogonal Daubechies filter provides the
highest compression, while the Le Gall 5x3 filter is of a lower complexity and allows
lossless compression. The advanced parts of the JPEG—-2000 standard facilitate simul-
taneous use of multiple wavelets including user-defined wavelet transforms for which the
coefficients are specified in the bitstream. One of the most obvious artifacts of the orig-
inal JPEG compression is the blocky character of the reconstructed images due to the
rectangular image blocks to which the DCT is applied. Since the wavelet compression
can be applied to the entire image, which is converted into a series of wavelets, the
blockiness may be completely removed. Even if the block-based wavelet transformation
is employed, the blockiness is substantially decreased; smoother color toning and clearer
edges result in locations of sharp changes of color.

The quantization step offers a trade-off between compression ratio and image quality.
Similar to JPEG, the wavelet coefficients can be divided by a different value for each
image subband. Some of the coded data can be discarded to increase the compression
ratio. Many approaches exist this [Zeng et al., 2000]. The context model groups quantized
wavelet coefficients according to their statistical similarity to increase the efficiency of
their compression. Individual coefficient bitplanes are processed by one of three coding
passes described in [Taubman et al., 2000]. The binary arithmetic coder provides lossless
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compression of each coding pass of quantized wavelet coefficients. Portions of the data
output from the arithmetic coder form the compressed data bitstream. The coded data are
collected into packets. Each packet has a compressed header allowing data to be accessed
in almost any order, although some order requirements are maintained. Specific orderings
facilitate several progressive compression options, e.g., according to the resulting image
resolution, quality, location, or their combinations.

The codestream syntax prescribes marker segments, which determine the location of
the coded data with respect to a given spatial image location, resolution, and quality.
Any image-related data which are not directly needed to reconstruct the image are stored
in the optional file format data. Data format information was included to avoid formation
of non-standard proprietary formats as happened with the original JPEG standard. The
file format begins with a unique signature, has a profile indicator, and repeats the width,
height, and depth information from the codestream. The file format data may also
contain a limited color specification, capture and display resolution, intellectual property
rights information, and/or additional meta-data [Boliek et al., 2000].

The benefits of JPEG-2000 are wide [Gormish et al., 2000]. In web-based applica-
tions, it allows initial and quick display of a low resolution version of the image, say of
a map. Later, any part of the map can be requested via the region of interest selection
and the server would only provide the necessary additional data for that spatial region at
the required resolution. Further, if the user requests a printout of that region, a higher
resolution version that is matched to the printer resolution would be fetched over the
network and, based on the gray-level or color printer capabilities, only grayscale or color
information would be transferred. The selective transmission of only necessary data by
the specific application is an inherent and intriguing feature of the JPEG—-2000 standard.

Similarly, consider the common situation of storing high resolution digital pho-
tographs, and running out of storage space. With current compression approaches, one
image must be deleted before we can store another. If photos are stored using JPEG-
2000, it is possible incrementally decrease the quality of all stored images in order to
make space for new ones.

JPEG—-2000 is a much better compression tool than JPEG when high image quality
is demanded, even when using lossy compression. For lossy compression, data has shown
that JPEG-2000 can typically compress images 20-200% more than JPEG. Note that
JPEG-2000 can handle up to 256 image channels while the original JPEG was, due to its
common implementation, limited to only 3-channel color data. JPEG—-2000 compression
ratios of about 2.5 are typical for lossless compression. Motion JPEG (discussed in
the previous section) is frequently used for editing production-quality video without the
existence of an internationally accepted standard. JPEG-2000 includes standardized
Motion JPEG-2000 format.

For applications requiring either higher image quality or low bitrates, and if previ-
ously unavailable and newly included features are of interest, JPEG-2000 is the compres-
sion standard of choice. The original JPEG standard is not likely to disappear quickly.
It will probably survive as a useful tool for lower complexity applications.

14.9.3 MPEG—full-motion video compression

Video and associated audio data can be compressed using MPEG. Using inter-frame
compression, compression ratios of 200 can be achieved in full-motion, motion-intensive
video applications maintaining reasonable quality. MPEG facilitates many features of
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the compressed video; random access, fast forward/reverse searches, reverse playback,
audio-visual synchronization, robustness to error, editability, format flexibility, and cost
trade-off [LeGall, 1991; Steinmetz, 1994]. Three standards are frequently cited:

o MPEG-1 for compression of low-resolution (320 x 240) full-motion video at rates
of 1-1.5 Mb/s

e MPEG-2 for higher-resolution standards such as TV and HDTV at rates of 2—
80 Mb/s

e MPEG-4 for small-frame full motion compression with slow refresh needs, rates of
9-40kb /s for video telephony and interactive multimedia such as video conferencing

MPEG can be equally well used for both symmetric and asymmetric applications. Here,
video compression will be described; a description of the audio compression that is also
part of the standard can be found elsewhere [Pennebaker and Mitchell, 1993; Steinmetz,
1994].

The video data consist of a sequence of image frames. In the MPEG compression
scheme, three frame types are defined: intraframes I, predicted frames P; and forward,
backward, or bi-directionally predicted or interpolated frames B. Each frame type is coded
using a different algorithm; Figure 14.8 shows how the frame types may be positioned in
the sequence.

Figure 14.8: MPEG image frames. © Cengage Learning
I BBPBBI...... 2015.

I-frames are self-contained and coded using a DCT-based compression method simi-
lar to JPEG. Thus, I-frames serve as random access frames in MPEG frame streams and
consequently are compressed with the lowest compression ratios. P-frames are coded
using forward predictive coding with reference to the previous I- or P-frame, and their
compression ratio is substantially higher than that for I-frames. B-frames are coded us-
ing forward, backward, or bi-directional motion-compensated prediction or interpolation
using two reference frames, closest past and future I- or P-frames, and offer the highest
compression ratios.

Note that in the hypothetical MPEG stream shown in Figure 14.8, the frames must
be transmitted in the following sequence (subscripts denote frame numbers): I;-P4—Bs
B3-1;-B5-Bg— etc.; the frames By and B3z must be transmitted after frame P4 to enable
frame interpolation used for B-frame decompression. Clearly, the highest compression
ratios can be achieved by incorporation of a large number of B-frames; if only I-frames
are used, MJPEG compression results. The following sequence seems to be effective for
a large number of applications [Steinmetz, 1994]

(IBBPBBPBB)IBBPBBPBB)... (14.13)
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While coding the I-frames is straightforward, coding of P- and B-frames incorporates
motion estimation (see also Chapter 16). For every 16 x 16 block of P- or B-frames, one
motion vector is determined for P- and forward or backward predicted B-frames, two
motion vectors are calculated for interpolated B-frames. The motion estimation tech-
nique is not specified in the MPEG standard, but block matching techniques are widely
used, generally following the matching approaches presented in Section 6.4, equation
(6.32) [Furht et al., 1995]. After the motion vectors are estimated, differences between
the predicted and actual blocks are determined and represent the error terms which are
encoded using DCT. As usually, entropy encoding is employed as the final step.

A specific MPEG-4 variant often referred to as MP4 (MPEG-4 Part 14) is in wide-
spread use, especially for streaming across the Internet. MP4 is a general container that
is able to store video, audio, subtitles, stills etc.

14.10 Summary

e Image data compression
— The main goal of image compression is to minimize image data volume with
no significant loss of information.

— Image compression algorithms aim to remove redundancy present in data (cor-
relation of data) in a way which makes image reconstruction possible; this is
information preserving compression.

— A typical image compression/decompression sequence consists of data redun-
dancy reduction, coding, transmission, decoding, and reconstruction.

— Data compression methods can be divided into two principal groups:

x Information preserving—Ilossless—compressions permit error-free data re-
construction.

* Lossy compression methods do not preserve information completely.
e Image data properties
— Information content of an image is an important property of which entropy is
a measure.

— Knowing image entropy, information redundancy can be determined.
e Discrete image transforms in image data compression

— Image data are represented by coefficients of discrete image transforms. Trans-
form coefficients are ordered according to their importance, i.e., according to
their contribution to the image information contents. Low-contribution coef-
ficients are omitted.

— To remove correlated (redundant) image data, the Karhunen-Loéve transform
is the most effective.

— Cosine, Fourier, Hadamard, Walsh, or binary transforms are all suitable for
image data compression.
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— Performance of the discrete cosine transform DCT-II approaches that of the
Karhunen-Loéve transform better than others. The DCT is usually applied to
small image blocks (typically 8 x 8 pixels), yielding quality-decreasing blocking
artifacts for larger compression ratios.

— Consequently, wavelet image compression is of interest because it does not
generate square image compression artifacts.
e Predictive compression methods
— Predictive compressions use image information redundancy to construct an
estimate of gray-level values from values of gray-levels in the neighborhood.

— Differences between estimates and reality, which are expected to be relatively
small in absolute terms, are coded and transmitted together with prediction
model parameters.

¢ Vector quantization
— Vector quantization compression is based on dividing an image into small
blocks and representing these blocks as wvectors.

— Input data vectors are coded using unique codewords from a codeword dictio-
nary; instead of vectors, the vector codes are stored or transmitted.

— The code dictionary (code book) is transmitted together with the coded data.
e Hierarchical and progressive compression methods

— Substantial reduction in bit volume can be obtained by representing a source
as a pyramid. More significant reduction can be achieved for images with large
areas of the same gray-level in a quadtree coding scheme.

— Hierarchical compression facilitates progressive and smart image transmission.

— Progressive image transmission is based on the fact that transmitting all image
data may not be necessary under some circumstances.

— Smart compression is based on the properties of human visual sensors—it is
not necessary to display an image in full resolution in areas where the user’s
eyes are not focused.

e Comparison of compression methods

— Transform-based methods better preserve subjective image quality, and are
less sensitive to statistical image property changes both inside a single image
and between images.

— Prediction methods can achieve larger compression ratios in a less expensive

way, and tend to be faster than transform-based or vector quantization com-
pression schemes.

— Vector quantization methods require a complex coder, their parameters are
very sensitive to image data, and they blur image edges. The advantage is in
a simple decoding scheme consisting of a look-up table only.
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e Other techniques

— Fractal image compression offers extremely high compression ratios and high-
quality image reconstruction. Breaking an image into pieces (fractals) and
identifying self-similar ones is the main principle. Fractals are infinitely mag-
nifiable, thus fractal compression is resolution independent and a single com-
pressed image can be efficiently used for display in any image resolution.

e Coding

— Hujffman encoding can provide optimal compression and error-free decompres-
sion. The main idea of Huffman coding is to represent data by codes of variable
length, with more frequent data being represented by shorter codes.

« JPEG and MPEG image compression
— JPEG and JPEG-2000 represent international standards in image compres-
sion.

— JPEG image compression was developed for general-purpose, color, still image
compression. Four JPEG compression modes exist:

Sequential DCT-based compression
Progressive DCT-based compression

*
*
* Sequential lossless predictive compression
x Hierarchical lossy or lossless compression

— JPEG-2000 is designed to overcome some JPEG limitations. Despite the nam-
ing similarity, it is different to JPEG.

— JPEG-2000 is wavelet-transform based and offers a rich and flexible set of new
functionalities in respect of quality, resolution, and spatial scalability.

— JPEG-2000 typically outperforms JPEG compression in applications requiring
either high quality image reconstruction or low bitrate compression.

— The MPEG standard was developed for full-motion video image sequences.
— Three standards are frequently cited:

x MPEG-1 for compression of low-resolution full-motion video
*+ MPEG-2 for higher-resolution standards
x+ MPEG-4 for small-frame full-motion compression with slow refresh needs

14.11 Exercises

Short-answer questions
S14.1 Explain the difference between lossy and lossless image compression,
S14.2 Give definitions of:
(a) Image entropy
(b) Image redundancy

(c) Compression ratio
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S14.3 How can image entropy be used to determine information redundancy?

S14.4 Draw a diagram of image compression/transmission/decompression — include all main
steps.

S14.5 Explain the basic idea of image compression using discrete image transforms.
S14.6 Explain the basic idea of predictive image compression.
S14.7 Explain the basic idea of image compression based on vector quantization.
S14.8 What are symmetric and asymmetric image compression applications?
S14.9 Explain the concept of progressive image transmission and smart compression.
S14.10 Explain the basic idea of fractal image compression.
S14.11 What is the basic idea of Huffman coding?
S14.12 What kind of image data can be compressed using the JPEG and MPEG compression
algorithms?
S14.13 What are the four compression modes available in the JPEG compression standard?
Describe the algorithm employed in each of the four modes.
S14.14 What are the main differences between original JPEG and JPEG-2000 compression
schemes?
S14.15 What image data are the three most frequently used MPEG standards applied to?
S14.16 Explain the roles of the I-, P-, B- frames in MPEG compression.

S14.17 MPEG compression — why are individual frames in an image sequence compressed using
different approaches?

Problems

P14.1 Assume a gray-level image represented using 2 bits per pixel. The probabilities of
the four gray-levels {0,1,2,3} are as follows: P(0) = 0.1, P(1) = 0.3, P(2) = 0.5,

P(3) =0.1.

(a) Determine the image entropy.

(b) Determine the information redundancy.

(¢) Determine the theoretically achievable lossless image compression ratio.
)

(d) What is the minimum size of a 4-level 512 x 512 image after such lossless com-
pression?

P14.2 Repeat Problem P14.1 considering a 4-level image in which all gray-levels are equally
probable.

P14.3 Compare entropies of two 4-level images A and B;
« A: P(0)=0.2, P(1) =0.0, P(2) =0.0, P(3) =0.8
« B: P(0)=0.0, P(1) =0.8, P(2) =0.0, P(3) =0.2.

P14.4 Develop a program to compute an estimate of the achievable compression ratio of an
image from its gray-level histogram.

P14.5 Compare image compression performance for several widely available algorithms. Us-
ing any image viewer capable of converting between different formats, compare the
storage requirements of a variety of image formats such as PBM, GIF, TIFF-no com-
pression, TIFF-LZW compression, JPEG at 50%, 25%, 15%, 5%. By re-opening the
stored images, compare the image quality visually; do you see any blocking artifacts if
JPEG compression was employed? Order the image formats/compression parameters
according to their storage requirements. What can be concluded if you assess the image
quality considering the storage requirements?
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P14.6 Use your computer screen-grabbing tools to grab a portion of a text from a window.
Store it in a gray-scale mode using GIF and JPEG (75%, 25%, and 5%). Compare the
storage requirements and the resulting image quality.

P14.7 Develop a program for transform-based image compression by applying the Fourier
transform to 8 x 8 blocks (use any 2D discrete Fourier transform implementation—they
are easily downloadable). Compute a difference image between the reconstructed image
and the original image. Determine the compression ratio and the maximum gray-level
difference. Perform the compression in the following ways:

(a) Retain 15% of the transform coefficients.
(b) Retain 25% of the transform coefficients.
(c) Retain 50% of the transform coefficients.

P14.8 Develop a program for DPCM image compression using a third-order predictor.

P14.9 GIF (lossless) and JPEG (lossy) compressed images are commonly used on the World
Wide Web. Determine compression ratios of several GIF and JPEG compressed im-
ages; assume that original color images were represented using 24 bits per pixel and
gray-scale images by 8 bits per pixel. Which compression scheme seems to provide
consistently higher compression ratio? Can you determine by inspection which of the
two compression approaches was used?

P14.10 MPEG compressed image sequences are commonly used on the World Wide Web. De-
termine compression ratios of several MPEG compressed sequences; assume that orig-
inal color images were represented using 24 bits per pixel. (An MPEG viewer that
provides information about the number of frames in the sequence will be needed.)

P14.11 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P14.12 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Chapter ]. 5

Texture

Texture refers to properties that represent the surface or structure of an object (in
reflective or transmissive images, respectively); it is widely used, and perhaps intuitively
obvious, but has no precise definition due to its wide variability. We might define texture
as something consisting of mutually related elements; therefore we are considering a
group of pixels and the texture described is highly dependent on the number considered
[Haralick, 1979]. Examples are shown in Figure 15.1; dog fur, grass, river pebbles, cork,
checkered textile, and knitted fabric.

Texture consists of texture primitives or texture elements, sometimes called tex-
els. Primitives in grass and dog fur are represented by several pixels and correspond to
a stalk or a pile; cork is built from primitives that are comparable in size with pixels.
It is difficult, however, to define primitives for the checkered textile or fabric, which can
be defined by at least two hierarchical levels. The first corresponds to textile checks or
knitted stripes, and the second to the finer texture of the fabric or individual stitches.
As we have seen in many other areas, this is a problem of scale; texture description is
scale dependent.

The main aim of texture analysis is recognition and texture-based shape analysis.
Textured properties of regions were referred to many times while considering image seg-
mentation (Chapter 6), and derivation of shape from texture was discussed in Chap-
ter 11. Texture is usually described as fine, coarse, grained, smooth, etc., implying
that some more precise features must be defined to make machine recognition possible.
Such features can be found in the texture tone and structure [Haralick, 1979]. Tone is
based mostly on pixel intensity properties in the primitive, while structure is the spatial
relationship between them.

Each pixel can be characterized by its location and tonal properties. A texture
primitive is a contiguous set of pixels with some tonal and/or regional property, and
can be described by its average intensity, maximum or minimum intensity, size, shape,
etc. The spatial relationship of primitives can be random, or they may be pairwise
dependent, or some number of primitives can be mutually dependent. Image texture is
then described by the number and types of primitives and by their spatial relationship.
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(c) (d)

Figure 15.1: Textures. (a) Dog fur. (b) Grass. (c) River pebbles. (d) Cork. (e) Checkered
textile. (f) Knitted fabric. © Cengage Learning 2015.
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Figures 15.1a,b and 15.2a,b show that the same number and the same type of prim-
itives do not necessarily give the same texture. Similarly, Figures 15.2a and 15.2c show
that the same spatial relationship of primitives does not guarantee texture uniqueness,
and therefore is not sufficient for description. Tone and structure are not independent;
textures always display both even though one or the other usually dominates, and we
usually speak about one or the other only. Tone can be understood as tonal properties
of primitives, taking primitive spatial relationships into consideration. Structure refers
to spatial relationships of primitives considering their tonal properties as well.

% ok ok ok ok ok ok ok ok ok ®k kE Rk kR kR HAFHHARFH
® ook ok ok ok sk % ok ok sk ksk kok Rk kok HU#HEHYHS
® ook ok ok ok ok sk % ok ok ®k Rk ko ok Kok HUBHAEHHAH
® ook ok ok ok ok sk % ok K Rk kok kok kK skok HUBHEHYHS
® ok ok ok ok sk % ok ok ®k Rk ko ok Kok HUBHEHHRH
® ook kK koK sk ok ok K dk kok skok Kk skok HUBHEHYHS
® ook ok ok koK sk % ok K ®k Rk sk kk ok HUHBHEHERH
(a) (b) (c)

Figure 15.2: Artificial textures. © Cengage Learning 2015.

If the texture primitives are small and if the tonal differences between neighboring
primitives are large, a fine texture results (Figures 15.1a,b and 15.1d). If the primitives
are larger and consist of several pixels, a coarse texture results (Figures 15.1c and
15.1e). Again, this is a reason for using both tonal and structural properties in texture
description. Note that the fine/coarse texture characteristic depends on scale.

Further, textures can be classified according to their strength—texture strength then
influences the choice of description method. Weak textures have small spatial interac-
tions between primitives, and can be adequately described by frequencies of primitive
types appearing in some neighborhood. Because of this, many statistical properties are
evaluated in the description of weak textures. In strong textures, the spatial interactions
between primitives are somewhat regular. To describe strong textures, the frequency of
occurrence of primitive pairs in some spatial relationship may be sufficient. Strong tex-
ture recognition is usually accompanied by an exact definition of primitives and their
spatial relationships.

It remains to define a constant texture. One existing definition [Sklansky, 1978]
suggests ‘an image region has a constant texture if a set of its local properties in that
region is constant, slowly changing, or approximately periodic’. The set of local properties
can be understood as primitive types and their spatial relationships. An important part
of the definition is that the properties must be repeated inside the constant texture
area. How many times must the properties be repeated? Assume that a large area of
constant texture is available, and consider smaller and smaller parts of that texture,
digitizing it at constant resolution as long as the texture character remains unchanged.
Alternatively, consider larger and larger parts of the texture, digitizing it at constant
raster, until details become blurred and the primitives finally disappear. We see that
image resolution (scale) must be a consistent part of the description; if the resolution is
appropriate, texture character does not change for any position in our window.

Two main texture description approaches exist—statistical and syntactic [Haralick,
1979]. Statistical methods are suitable if primitive sizes are comparable with pixel sizes.
Syntactic and hybrid methods (combinations of statistical and syntactic) are more suit-
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able for textures where primitives can be assigned a label—the primitive type—meaning
that primitives can be described using a larger variety of properties than just tonal prop-
erties; for example, shape description. Instead of tone, brightness will be used more often
in the following sections because it corresponds better to gray-level images.

Research on pre-attentive (early) vision [Julesz, 1981] shows that human ability to
recognize texture quickly is based mostly on textons, which are elongated blobs (rect-
angles, ellipses, line segments, line ends, crossings, corners) that can be detected by
pre-attentive vision, while the positional relationship between neighboring textons must
be done slowly by an attentive vision subsystem. As a result of these investigations,
methods based on texton detection and texton density computation were developed.

15.1 Statistical texture description

Statistical description methods describe each texture by a feature vector of properties
which represents a point in a multi-dimensional feature space. The aim is to find a
deterministic or probabilistic decision rule assigning a texture to some specific class (see
Chapter 9).

15.1.1 Methods based on spatial frequencies

Measuring spatial frequencies is the basis of a large group of recognition methods. Tex-
tural character is in direct relation to the spatial size of the primitives; coarse textures
are built from larger primitives, fine textures from smaller primitives. Fine textures are
characterized by higher spatial frequencies, coarse textures by lower spatial frequencies.

One of many related spatial frequency methods evaluates the auto-correlation
function of a texture. In an auto-correlation model, a single pixel is considered a tex-
ture primitive, and a primitive tone property is the gray-level. Texture spatial organiza-
tion is described by the correlation coefficient that evaluates linear spatial relationships
between primitives. If the texture primitives are relatively large, the auto-correlation
function value decreases slowly with increasing distance, while it decreases rapidly if tex-
ture consists of small primitives. If primitives are placed periodically in a texture, the
auto-correlation increases and decreases periodically with distance.

Texture can be described using the following algorithm.

Algorithm 15.1: Auto-correlation texture description

1. For an M x N image, evaluate auto-correlation coefficients for several different
values of position difference p, ¢:

MN S SN F G, ) F G+ pod+ q)
M —p)(N —q) POED DA LIO) '

Cff(p,q) = ( (15.1)

2. Alternatively, the auto-correlation function can be determined in the frequency
domain from the image power spectrum [Castleman, 1996]:

Off=f71{|F‘2}. (15.2)
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If the textures are circularly symmetric, the auto-correlation texture description can
be computed as a function of the absolute position difference not considering direction—
that is, a function of one variable.

Spatial frequencies can also be determined from an optical image transform (recall
that the Fourier transform can be realized by a convex lens—see Section 3.2) [Shulman,
1970], a big advantage of which is that it may be computed in real time. The Fourier
transform describes an image by its spatial frequencies; average values of energy in specific
wedges and rings of the Fourier spectrum can be used as textural description features
(see Figure 15.3). Features evaluated from rings reflect coarseness of the texture—high
energy in large-radius rings is characteristic of fine textures (high frequencies), while high
energy in small radii is characteristic of coarser ones Features evaluated from wedge slices
of the Fourier transform image depend on directional properties—if a texture has many
edges or lines in a direction ¢, high energy will be present in a wedge in direction ¢+ /2.

(a) (b
Figure 15.3: Partitioning of Fourier spectrum. (a) Ring filter. (b) Wedge filter reflecting the
Fourier spectrum symmetry. © Cengage Learning 2015.

Similarly, a discrete image transform may be used. An image is usually divided
into small n X n non-overlapping subimages, and the gray-levels of its pixels may be
interpreted as an n2-dimensional vector, and an image can be represented as a set of
vectors. These vectors are transformed applying a Fourier, Hadamard, or other discrete
image transform (Section 3.2). The new co-ordinate system’s basis vectors are related
to the spatial frequencies of the original image and can be used for texture description
[Rosenfeld, 1976]. When description of noisy texture becomes necessary, the problem
becomes more difficult. Liu and Jernigan extracted a set of 28 spatial frequency-domain
features, and determined a subset insensitive to additive noise: dominant peak energy,
power spectrum shape, entropy [Liu and Jernigan, 1990].

Many problems remain with spatial frequency methods—resulting descriptions are
not invariant even to monotonic image gray-level transforms, and it can be shown [Weszka
et al., 1976] that the frequency-based approach is less efficient than others. A joint
spatial/spatial frequency approach is recommended; the Wigner distribution was shown
to be useful in a variety of synthetic and Brodatz textures [Reed et al., 1990].
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15.1.2 Co-occurrence matrices

Co-occurrence matrix methods are based on the repeated occurrence of some gray-level
configuration in the texture; this configuration varies rapidly with distance in fine tex-
tures and slowly in coarse textures [Haralick et al., 1973]. Suppose the part of a textured
image to be analyzed is an M x N rectangular window. An occurrence of some gray-level
configuration may be described by a matrix of relative frequencies P, q(a,b), describing
how frequently two pixels with gray-levels a, b appear in the window separated by a dis-
tance d in direction ¢. These matrices are symmetric if defined as given below. However,
an asymmetric definition may be used, where matrix values are also dependent on the
direction of co-occurrence. A co-occurrence matrix computation scheme was given in
Algorithm 4.1.

Setting D = (M x N) x (M x N), non-normalized frequencies of co-occurrence as
functions of angle and distance can be represented formally as

Pooat(a,8) = [{[(k, 1), (mom)] € D
k—sz\l—n|:dfkl):a,f(m,n):b}’,

Prsea(a,8) = [{[(k. 1), (mym)] € D :
(k—m:dl—n:—d)\/(k—m:—d,l—n:d),f(k,l):a,f(m,n):b}|,

Pooe.a(a,8) = [{[(k. 1), (mym)] € D :
|k—m|:dl—n:Of(kl):a,f(m,n):b}’,

Prase.a(a.) = |{{(k.1), (m,m)] € D
(k—m:d,l—n:d) (k—m=—d,l—n=-d),f(k1)=a, f(m,n)=b}|.

(15.3)

An example will illustrate for the distance d = 1. A 4 x 4 image with four gray-levels
is given in Figure 15.4. The element Pyo 1 (0, 0) represents the number of times two pixels

N O O O
NS I \S el )

W N =
W N = =

Figure 15.4: Gray-level image.
© Cengage Learning 2015.

with gray-levels 0 and 0 appear separated by distance 1 in direction 0°; Pyo 1(0,0) = 4
in this case. The element Pyo 1(3,2) represents the number of times two pixels with
gray-levels 3 and 2 appear separated by distance 1 in direction 0°; Pyo 1(3,2) = 1. Note
that Ppo 1(2,3) = 1 due to matrix symmetry:

4 2 10 2 1 30
2 400 1210
Per=|49 g6 1| Piasen=]3 1 o 9
001 2 0020

Texture classification can be based on criteria derived from the following co-occurrence
matrices.
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o Energy, or angular second moment (an image homogeneity measure—the more
homogeneous the image, the larger the value)

> P2 (a,b). (15.4)
a,b
o Entropy:
— " Py.ala,b) log, Py a(a,b). (15.5)
a,b
e Maximum probability:
max Py q(a,b) . (15.6)

o Contrast (a measure of local image variations; typically x = 2, A = 1):

> la—b|" P} 4(a,b) . (15.7)
a,b

¢ Inverse difference moment:

P(;‘yd(a, b)
la — b|*

>

a,b;a#b

o Correlation (a measure of image linearity, linear directional structures in direction
¢ result in large correlation values in this direction):

Za,b [(ab)qu,d(% b)] — Hally

030y

: (15.9)

where fi5, 1, are means and o, 0y are standard deviations

Moz = ZGZP¢"1(G’ b) s O'i = Z(a — Nz)2 ZP¢sd(a7b) N
a b b

a

Hy :ZbZP@d(a?b)? Ui :Z(bfﬂy)QZP@d(avb)'
b a a

b

Algorithm 15.2: Co-occurrence method of texture description
1. Construct co-occurrence matrices for given directions and given distances.

2. Compute texture feature vectors for four directions ¢, different values of d, and
the six characteristics. This results in many correlated features.

The co-occurrence method describes second-order image statistics and works well for
a large variety of textures (see [Gotlieb and Kreyszig, 1990] for a survey of texture de-
scriptors based on co-occurrence matrices). Good properties of the co-occurrence method
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are the description of spatial relations between tonal pixels, and invariance to monotonic
gray-level transformations. On the other hand, it does not consider primitive shapes,
and therefore cannot be recommended if the texture consists of large primitives. Mem-
ory requirements were once a disadvantage, although this is much less the case today.
The number of gray-levels could be reduced to 32 or 64, decreasing co-occurrence matrix
sizes, but loss of gray-level accuracy is a negative effect (although this loss is usually
insignificant in practice). Likewise, the method is computationally expensive but this is
not a significant constraint on modern hardware.

15.1.3 Edge frequency

Methods discussed so far describe texture by its spatial frequencies, but comparison of
textural edge frequencies can be used as well. Edges can be detected either as micro-
edges using small edge operator masks, or as macro-edges using large masks [Davis and
Mitiche, 1980]—virtually any edge detector can be used (see Section 5.3.2). The distance-
dependent texture description function ¢g(d) can be computed for any subimage f defined
in a neighborhood N for variable distance d:

g(d) = |f(i.3) = fi+d. )|+ [f(5) = f(i — d,j)]
+ !f(lm]) —f(Z,j+d)| + ‘f(l,]) _f(ivj _d)| .

The function g(d) is similar to the negative auto-correlation function; its minimum (resp.
maximum) corresponds to the maximum (minimum) of the auto-correlation function.

(15.10)

Algorithm 15.3: Edge-frequency texture description
1. Compute a gradient g(d) for all pixels of the texture.

2. Evaluate texture features as average values of gradient in specified distances d.

Dimensionality of the texture description feature space is then given by the number
of distance values d used to compute the edge gradient.

Several other texture properties may be derived from first-order and second-order
statistics of edge distributions [Tomita and Tsuji, 1990].

o Coarseness: Edge density is a measure of coarseness. The finer the texture, the
higher the number of edges present in the texture edge image.

e Contrast: High-contrast textures are characterized by large edge magnitudes.
« Randomness: This is measured as entropy of the edge magnitude histogram.

e Directivity: An approximate measure of directivity may be determined as entropy
of the edge direction histogram. Directional textures have an even number of
significant histogram peaks, directionless textures have a uniform edge direction
histogram.

o Linearity: Texture linearity is indicated by co-occurrences of edge pairs with the
same edge direction at constant distances, and edges are positioned in the edge
direction (see Figure 15.5, edges a and b).
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e Periodicity: Texture periodicity can be measured by co-occurrences of edge pairs
of the same direction at constant distances in directions perpendicular to the edge
direction (see Figure 15.5, edges a and c).

e Size: Texture size may be based on co-occurrences of edge pairs with opposite edge
directions at constant distance in a direction perpendicular to the edge directions
(see Figure 15.5, edges a and d).

Note that the first three measures are derived from first-order statistics, the last three
from second-order statistics.

Figure 15.5: Texture linearity, periodicity, and size measures may be based on image edges.
Based on [Tomita and Tsuji, 1990].

Many existing texture recognition methods are based on texture detection. The
concepts of pre-attentive vision and textons have been mentioned, which are also based
mostly on edge-related information. A zero-crossing operator was applied to edge-based
texture description in [Perry and Lowe, 1989]; the method determines image regions of
a constant texture, assuming no a priori knowledge about the image, texture types, or
scale. Feature analysis is performed across multiple window sizes.

A slightly different approach to texture recognition may require detection of borders
between homogeneous textured regions. A hierarchical algorithm for textured image
segmentation is described in [Fan, 1989], and a two-stage contextual classification and
segmentation of textures based on a coarse-to-fine principle of edge detection is given in
[Fung et al., 1990]. Texture description and recognition in the presence of noise represents
a difficult problem. A noise-tolerant texture classification approach based on a Canny-
type edge detector is discussed in [Kjell and Wang, 1991] where texture is described using
periodicity measures derived from noise-insensitive edge detection.

15.1.4 Primitive length (run length)

A large number of neighboring pixels of the same gray-level represents a coarse texture,
pixels represents a fine texture, and the lengths of texture primitives in different direc-
tions can serve as a texture description [Galloway, 1975]. A primitive is a maximum
contiguous set of constant-level pixels located in a line; these can then be described by
gray-level, length, and direction. Texture description features can be based on computa-
tion of continuous probabilities of the length and gray-level of primitives in the texture.

Let B(a,r) be the number of primitives of all directions having length r and gray-
level a, M, N the image dimensions, and L the number of image gray-levels. Let IV, be
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the maximum primitive length in the image, and let K be the total number of runs

K=Y "Ba,r). (15.11)
a=1 r=1
Then:
e Short primitives emphasis:
1 & & B(a,r) 15.12
X2 (15.12)
a=1 r=1
e Long primitives emphasis:
1 & &
% > Bla,r)r?. (15.13)
a=1 r=1
¢ Gray-level uniformity:
1 I[N 2
% S 1Y Ba,r) (15.14)
a=1 L r=1
e Primitive length uniformity:
| ML 2
% > B(a,r) (15.15)
r=1 La=1
o Primitive percentage:
K Y (15.16)
MN "~ '

25:1 Zivzq r B(a,r)
A general algorithm might then be the following.

Algorithm 15.4: Primitive-length texture description
1. Find primitives of all gray-levels, all lengths, and all directions.

2. Compute texture description features as given in equations (15.12-15.16). These

features then provide a description vector.
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15.1.5 Laws’ texture energy measures

Laws’ texture energy measures determine texture properties by assessing average gray-
level, edges, spots, ripples, and waves [Laws, 1979; Wu et al., 1992]. They are derived from
three simple vectors: L3z = (1,2,1) (averaging); E5 = (—1,0,1) (first difference, edges);
and S3 = (—1,2,—1) (second difference, spots). After convolution of these vectors with
themselves and each other, five vectors result:

Ls = (1,4,6,4,1),

BEs=(—1,-2,0,2,1),

S5 =(—1,0,2,0, 1), (15.17)
Rs = (1,-4,6,—4,1),

Ws = (-1,2,0,-2,—1)

Mutual multiplying of these vectors, considering the first term as a column vector and
the second term as a row vector, results in 5 x 5 Laws’ masks. For example,

-1 0 20 -1
-4 0 8 0 —4

LFxSs=| -6 0 12 0 —6 | . (15.18)
-4 0 8 0 —4
-1 0 20 -1

By convolving the masks with an image and calculating energy statistics, a feature
vector is derived that can be used for texture description.

15.1.6 Local binary patterns—LBPs

Local binary pattern (LBP) approach were introduced by Ojala et al. [Ojala et al.,
1996], motivated by three-valued texture units originally presented by Wang and He
[Wang and He, 1990]. The main idea of the LBP approach—as its name reflects—is to
locally threshold the brightness of a pixel’s neighborhood at the center pixel gray level
to form a binary pattern. The LBP description given here is based on [Ojala et al., 1996;
Pietikainen et al., 2000; Ojala et al., 2001, 2002b].

The LBP operator is gray-scale invariant and is derived as follows: texture is de-
scribed in a local neighborhood of a central pixel, the neighborhood consisting of P
(P > 1) equally spaced points on a circle of radius R > 0 centered at the center pixel.
The texture is described as a joint distribution

T:t(967907g17~-~7gP—1)7 (1519)

where g. is the gray level of the central pixel and gg,...,gp_1 are gray values of the
neighborhood pixels. Assuming the coordinates of G, are (0,0), coordinates of the neigh-
borhood pixels g, are given by [—Rsin(2wp/P), Rcos(2np/P)]. If a point does not fall
exactly at the center of a pixel, its value is estimated by interpolation (Figure 15.6).

Using this texture representation, gray-scale invariance can be achieved using gray-
level differences rather than brightness values:

T =t(ge; 90 — Yer 91 — Gos -y 9P—1 — Ge) - (15.20)
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Figure 15.6: Circularly symmetric neighborhoods for different values of P and R [Ojala et al.,
2002b]. © Cengage Learning 2015.
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Figure 15.7: Binary texture description operator LBPs 1. (a) Original gray values of a 3 X 3
image. (b) Gray-level interpolation achieves symmetric circular behavior. Linear interpolation
was used for simplicity (Section 5.2.2). (c) Circular operator values after binarization, equations
(15.23-15.24). (d) Directional weights. (e) Directional values associated with LBPs1—the
resulting value of LBPs; = 14. If rotationally normalized, the weighting mask would rotate by
one position counterclockwise, yielding LB Pg] Y =7. © Cengage Learning 2015.

Assuming that brightness g. is independent of the differences g, — g. (not quite valid but
close-enough to permit approximation), texture can be represented as:

T = 1(gc)t(90 — ger 91 — Ge» -, GP—1 — Ge) (15.21)

where the image luminance is represented by [(g.) and the texture by the brightness
differences between the central and neighboring pixels. Since image luminance itself does
not contribute to texture properties, texture description can be based on differences only:

T =~ t(go — ger g1 — Je» -y gP—1 — ge) - (15.22)

Texture description is given by calculating occurrences of neighborhood brightness pat-
terns in a P-layer histogram, each layer corresponding to one of P direction for given
value of R. Clearly, all differences are zero for a constant-brightness region, high in all
directions for a spot located at g., and exhibit varying values along local image edges.
This histogram can be used for texture discrimination.

This description is invariant to brightness shifts. To achieve invariance to brightness
scaling, the absolute values of gray level differences may be replaced with their signs as
shown in Figure 15.7a,b.

T = t(s(go — 90)7 5(91 —9c), - 8(gp—1 — gc)) R (15.23)
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where

>
o)=L forz=0 (15.24)
0 forz<0

When the operator elements are ordered to form a circular chain with values of zero
and one, then specific directions can be consistently weighted forming a scalar chain
code descriptor. The chain code contributors can be summed over the entire circular
neighborhood of P pixels as depicted on Figure 15.7¢,d and the local texture pattern can
be described by a single number for any specific (P, R) combination. Weights 2P can be
assigned in a circular fashion with p increasing for all P points:

P—1

LBPpr =Y s(gp — 92" - (15.25)
p=0

For a texture patch, these LBP p  values can be used to form single- or multi-dimensional
histograms or feature vectors, or can be further processed to become rotation and/or
spatial scale invariant as described below.

When the image is rotated, image gray values travel around the circle, affecting the
LBP values. To achieve rotational invariance it is natural to normalize the circular chain
code in a way that minimizes the resulting LBP" value (Figure 15.7, see also Section
8.2.1):

LBPp ; = _ min  {ROR(LBPp g, i)}, (15.26)
where ROR(z,1) denotes a circular bitwise right shift on the P-bit number z i-times—or
simply rotating the circular neighbor set clockwise so that the resulting LBP value is
minimized (bitwise operation instructions for right (ROR) and left (ROL) circular shifts
exist in Intel x86 instruction set). Patterns LB er; r can be used as feature detectors—
for LBng Rr» 36 such feature detectors can be formed as shown in Figure 15.8. Pattern
#0 would indicate a bright spot location, #8 a dark spot location or a flat area, #4
corresponds to straight edges, etc.

While the LBng  features do not perform very well in real-world problems [Pietikai-
nen et al., 2000], local binary patterns can be derived from them which start representing
fundamental texture properties. Such derived LBP’s are called uniform patterns due
to having uniform circular structure with minimal spatial transitions. For LBng Ry such
uniform patterns are shown in the first row of Figure 15.8. The uniform patterns can be
considered microstructure templates with the same interpretation as given above—
#0 being a bright spot microtemplate, etc. Formally, a uniformity measure U can be
introduced, reflecting the number of 0/1 (or 1/0) transitions. Note that all the uniform
patterns have U values of 2 or less, while all other patterns have a U value of at least 4.
Subsequently, a gray-scale and rotation invariant texture descriptor is defined as

pP-1 :
] _ <
LEp2 = | om0 599 —9c) U U(LBPpR) <2 (15.27)
) P+1 otherwise
where
P-1
U(LBPpRr) = |s(gp—1 — 9c) — (90 — g¢)| + Z [5(9p = ge) = 5(gp-1 = ge)l - (15.28)
p=1
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Figure 15.8: For example, when considering P = 8 and any value of R, 36 unique circularly
symmetric feature detectors can be formed: black and white circles correspond to bit values of 0
and 1. The first row shows the 9 “uniform” patterns with their LBng}%2 values given (equation
15.27). Based on [Ojala et al., 2002b].

Here, the superscript riu2 denotes rotational invariant uniform patterns with uniformity
values of at most 2. Note that only P+2 patterns can exist: P41 uniform patterns and
one additional ‘catch-all’ pattern (Figure 15.8). Mapping from LBPp r to LBP;;’:’/‘]‘-? is
best implemented using a look-up table with 27 elements.

Texture description is based on a histogram of LBP}Z‘%2 operator outputs accumu-
lated over a texture patch. The reason this approach works much better than using
LBP’;{ r features directly is associated with the overwhelmingly larger proportion of uni-
form patterns when collecting the microstructure templates. Due to their relatively low
occurrence frequencies, statistical properties of ‘non-uniform’ patterns cannot be reliably
estimated and resulting noisy estimates negatively influence texture discrimination. For
example, when analyzing Brodatz textures, LBng1 features consist of 87% uniform and
only 13% non-uniform patterns. Since only 9 uniform templates exist while three times as
many (27) non-uniform templates can be formed, the frequency differences become even
more striking. Similarly, the uniform/non-uniform frequency distributions are 67-33%
for LBP7§ 5 and 50-50% for LBP%) 5 on the same set of textures. These distributions
seem quite stable across different texture discrimination problems [Ojala et al., 2002b).

The choice of P and R remains to be considered. Increasing P helps with overcoming
the crudeness of angular quantization. Clearly, P and R are related in the sense that
the radius must increase proportionally with denser angular sampling, or the number of
non-redundant pixel values in the circular neighborhood will become a limiting factor
(nine non-redundant pixels are available for R = 1). At the same time, if P is increased
too much, the size 27 of the look-up table will affect computational efficiency. Practical
experiments limited P values to 24 [Ojala et al., 2002b], resulting in a 16MB look-up table,
an easily manageable size. Additional aspects of rotation-invariant variance measure and
multi-resolution analysis of textures are all discussed in [Ojala et al., 2002b].

When using LBP features and pattern histograms for texture classification, non-
parametric statistical tests were employed to determine dissimilarity of the histogram
description from all class-specific histograms of LBP features obtained during training.
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Figure 15.9: Samples of 16 Brodatz textures used for LBPHY; evaluation in [Ojala et al., 2002b].
Patches shown are 180 x 180 pixels and were rotated at different angles in addition to the angular
rotations depicted in the figure. Courtesy of M. Pietikainen, T. Ojala, Oulu University, Finland.

The lowest (and perhaps below-minimum threshold) dissimilarity criterion identifies the
most likely texture class the patch sample belongs to. This has an additional advantage
of permitting an ordering of the most likely classifications according to their likelihood.
Non-parametric statistical tests like chi-square or G (log-likelihood ratio) can be used to
assess the goodness of fit.

When this approach was applied to classification of 16 Brodatz textures (Figure 15.9),
the LB }.ﬁf histograms, followed by goodness-of-fit analysis, outperformed wavelet trans-
forms, Gabor transforms, and Gaussian Markov Random Field approaches while ex-
hibiting the lowest computational complexity. Rotational invariance was demonstrated
by training the LBP method in textures of single orientation and testing independent
samples rotated using 6 different angles (Figure 15.9). LBng}‘Q, LBPIngZ7 and LBP;Z‘??
were used and 100% classification was achieved for some feature combinations including
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variance measures, compared with the second best 95.8% reported in [Porter and Cana-
garajah, 1997], achieved using wavelets. Another set of experiments used 24 classes of
natural textures acquired using a robotic arm-mounted camera at different angles and
with varying controlled illumination. The LBP method demonstrated excellent perfor-
mance. Test image data and the texture classification software test suite OUTEX can
be accessed at http://www.outex.oulu.fi/ [Ojala et al., 2002al.

An interesting adaption of these ideas has constructed LBPs of gradient images
to assist in face recognition [Vu et al., 2012]. The approach—in which gradient LBPs
were supplemented by Gaussian mixture model (GMMs, Section 10.13) and support
vector machines (SVMs, Section 9.2.5)—proves very fast and efficient, outperforming
comparable techniques in performance as well.

An extension of LBPs called local ternary patterns or LTPs, takes advantage of
creating a third pattern in equation (15.24) [Tan and Triggs, 2010]. LTPs allow three
labels to form an insensitivity interval around the value of the central pixel:

1 for x >t
s(z)=40 forz>—tandz<t, (15.29)
—1 forxz< —t

where t is an insensitivity threshold. Compared to LBPs, LTPs were found more dis-
criminant and less sensitive to noise in uniform regions. Note however, that gray-level
transform invariance is somewhat compromised.

15.1.7 Fractal texture description

Fractal-based texture analysis was introduced in [Pentland, 1984], where a correlation
between texture coarseness and fractal dimension of a texture was demonstrated. A frac-
tal is defined [Mandelbrot, 1982] as a set for which the Hausdorfl-Besicovich dimension
[Hausdorff, 1919; Besicovitch and Ursell, 1937] is strictly greater than the topological
dimension; therefore, fractional dimension is the defining property. Fractal models typi-
cally relate a metric property such as line length or surface area to the elementary length
or area used as a basis for determining the metric property—measuring coast length is a
frequently used example [Pentland, 1984; Lundahl et al., 1986]. Suppose coastal length is
determined by applying a 1-km-long ruler end-to-end to the coastline; the same procedure
can be repeated with a 0.5-km ruler, and other shorter or longer rulers. It is easy to see
that shortening the ruler will be associated with an increase in total length. Importantly,
the relation between the ruler length and the measured coast length can be considered
a measure of the coastline’s geometric properties, e.g., its roughness. The functional
relationship between the ruler size » and the measured length L can be expressed as

L=crli P, (15.30)

where c is a scaling constant and D is the fractal dimension [Mandelbrot, 1982]. Fractal
dimension has been shown to correlate well with the function’s intuitive roughness.
While equation (15.30) can be applied directly to lines and surfaces, it is often more
appropriate to consider the function as a stochastic process. One of the most important
stochastic fractal models is the fractional Brownian motion model [Mandelbrot, 1982],
which considers naturally rough surfaces as the end results of random walks. Importantly,
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15.1 Statistical texture description 763

intensity surfaces of textures can also be considered as resulting from random walks, and
the fractional Brownian motion model can be applied to texture description.

Fractal description of textures is typically based on determination of fractal dimen-
sion and lacunarity to measure texture roughness and granularity from the image in-
tensity function. The topological dimension of an image is equal to three—two spatial
dimensions and the third representing the image intensity. Considering the topological
dimension Ty, the fractal dimension D can be estimated from the Hurst coefficient H
[Hurst, 1951; Mandelbrot, 1982] as

D=T;—H. (15.31)

For images (Ty = 3), the Hurst parameter H or the fractal dimension D can be estimated
from the relationship

E((Af)?) = c[(Ar)"]? = ¢(Ar)2P (15.32)
where F() is an expectation operator, Af = f(i,7) — f(k,1) is the intensity variation, ¢
is a scaling constant, and Ar = |(¢,7) — (k,1)| is the spatial distance. A simpler way to
estimate fractal dimension is to use the equation:

E(|Af]) = w(Ar)>P (15.33)

where k = E(|Af\)Ar:l. By taking logarithms and noting that H = 3 — D,
log E(|Af]) =logk + Hlog(Ar) . (15.34)
The parameter H can be obtained by using least-squares linear regression to estimate

the slope of the curve of gray-level differences gd(k) versus x in log-log scales [Wu et al.,
1992]. Considering an M x M image f,

1 M—-1 M—k—-1 M—k—1 M-1
gd(k) = SO G - fGi+R+ D0 D |60 — fi+ k)]
i=0 j=0 =0 =0

(15.35)
where pp = 2M(M — k —1). The scale k varies from 1 to the maximum selected value
s. Fractal dimension D is then derived from the value of the Hurst coefficient. The
approximation error of the regression line fit should be determined to demonstrate that
the texture is a fractal, and can thus be efficiently described using fractal measures. A
small value of the fractal dimension D (large value of the parameter H) represents a fine
texture, while large D (small H) corresponds to a coarse texture.

Single fractal dimension is not sufficient for description of natural textures. Lacu-
narity measures describe characteristics of textures of different visual appearance that
have the same fractal dimension [Voss, 1986; Keller et al., 1989; Wu et al., 1992]. Given
a fractal set A, let P(m) represent the probability that there are m points within a box
of size L centered about an arbitrary point of A. Let N be the number of possible points
within the box, then Zyanl P(m) =1 and the lacunarity A is defined as

My~ M?

A T

(15.36)
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where
N N
M=>"mP(m), My =Y " m?*P(m). (15.37)
m=1 m=1

Lacunarity represents a second-order statistic and is small for fine textures and large for
coarse ones.

A multi-resolution approach to fractal feature extraction was introduced in [Wu et al.,
1992]. The multi-resolution feature vector M F that describes both texture roughness
and lacunarity is defined as

MF = (H™, gm=Y . gm=ntl) (15.38)

where the parameters H*) are estimated from pyramidal images f*), where f(™ rep-
resents the full-resolution image of size M = 2, f(™=1 is the half-resolution image of
size M = 2™ 1 etc., and n is the number of resolution levels considered. The multi-
resolution feature vector M F' can serve as a texture descriptor. Textures with identical
fractal dimensions and different lacunarities can be distinguished, as was shown by clas-
sification of ultrasonic liver images in three classes—mnormal, hepatoma, and cirrhosis
[Wu et al., 1992]. Practical considerations regarding calculation of fractal-based texture
description features can be found in [Sarkar and Chaudhuri, 1994; Huang et al., 1994;
Jin et al., 1995].

15.1.8 Multiscale texture description—wavelet domain approaches

Texture description is highly scale dependent. To decrease scale sensitivity, a texture may
be described in multiple resolutions and an appropriate scale chosen to achieve maximal
discrimination [Unser and Eden, 1989]. Gabor transforms and wavelets (Section
3.2.7) are well suited to multi-scale characterization [Coggins and Jain, 1985; Mallat,
1989; Bovik et al., 1990; Unser, 1995]. Both are multi-scale spatial—spatial frequency
filtering approaches, which were in the past dominated by Gabor filters. Wavelets have
been successfully applied to texture classification using pyramid- or tree-structured dis-
crete wavelet transforms [Mallat, 1989; Chang and Kuo, 1993] (Section 3.2.7), typically
outperforming conventional texture characterization approaches.

Unser showed that overcomplete discrete wavelet frames outperform standard
critically sampled wavelet texture feature extraction [Unser, 1995]—what follows is based
on this work. Considering a discrete version of the wavelet transform in Iy (the space
of square summable sequences [Rioul, 1993]) textures are described using orthogonal
wavelet frames. First, consider the principle of this approach using a single-dimensional
signal x. Take a prototype filter h satisfying

H)H(E Y4+ H(—2)H(-z"Y) =1, (15.39)
where H(z) is the z-transform of h [Oppenheim et al., 1999], and let the filter also be
subjected to the lowpass constraint H(z)|,—; = 1. A complementary high-pass filter g is
then obtained by shift and modulation

G(z)=zH(-z71). (15.40)
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Using these two prototypes, a sequence of filters of increasing width can be iteratively
generated as follows:

Hii1(z) = H(z*) Hi(z2), (15.41)
Gis1(2) = G(z*) Hi(2) , (15.42)

fori=0,...,I—1, initialized with Ho(z) = 1. The filters represent perfect reconstruction
filter banks, which are used for definition of the individual wavelets used below. In the
signal domain, a two-scale relationship is obtained:

hiv1(k) = [hly2i * hi(k)
git1(k) = [glai * hi(k) , (15.43)

where [.]4,, represents upsampling by a factor of m. In general, each iteration dilates
the filters h; and g; by a factor of two; this sequence of filters is used to decompose the
signal in subbands of approximately one octave each. Importantly, such filter sequences
provide a full coverage of the frequency domain.

An orthogonal wavelet decomposition obtained by such a sequence of filters yields
discrete normalized basis functions

i (k) =272 hy(k - 211) (15.44)
Yia(k) =272 g;(k — 2'0) , (15.45)

where ¢ and [ are scale and translation indices, respectively; the product 2¢/2 is for inner
product normalization. Consider a sequence of nested subspaceslo D Vo D V3 D ... D V.
Here, V; = span{p; }icz is the approximation space at resolution i. Let subspaces W;
(i =1,...,I) represent residue space at resolution ¢, defined as an orthogonal complement
of V; with respect to V;_1, ie., V;_1 = V; + W; and V;LW;. The minimum ls-norm
approximation of x at scale ¢ which corresponds to the orthogonal projection into V; is
given by

(i) (k) = Zs(i)(l) Pil s (15.46)

lez
s () = (@(k), pia(k)),, (15.47)

where (., .) represents the standard I inner product and ¢; (k) = 2/2p;(k) is the discrete
scaling function at resolution i. The residue (projection of x into W;), is given by the
complementary wavelet expansion

@y (k) = e (k) = da (D) i, (15.48)
lez
iy (1) = (2(k), i (k) s (15.49)

where 1; o(k) = 2¥/2g;(k) is the discrete wavelet at scale i.
By combining the residues over all scales to a given depth I, a full discrete wavelet
expansion of the signal is obtained

I
z(k) = Z say(l) wri+ Z Zd(i)(l) il s (15.50)

lez i=1 leZ
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where d; are wavelet coefficients and sy are expansion coefficients of a coarser approxi-
mation x(jy, see equation (15.46).

Importantly for texture analysis, equations (15.47) and (15.49) can be obtained by
simple filtering and down-sampling, yielding

3(1)(1) =2l/2 [hCIF * xhzf(l) )
dey (1) = 272[g] % 2] 90 (1)

where i = 1,...,I; hT(k) = h(—k); and [.]},, is down-sampling by a factor of m. An
efficient algorithm based on direct filtering with a filter bank exists and is typically
used for this purpose [Mallat, 1989].

The most frequently used discrete wavelet transform features for texture analysis are
wavelet energy signatures [Chang and Kuo, 1993; Mojsilovic et al., 2000; Arivazhagan
and Ganesan, 2003] and their second-order statistics [Van de Wouwer et al., 1999]. While
the wavelet-based features can be used directly for texture description, this suffers from
the lack of translation invariance which—as described earlier—is an important property
in describing texture. One possibility to overcome this limitation is to compute the
discrete wavelet transform for all possible shifts of the input signal, giving the following
decomposition formulae:

PV (k) = (ha(k — 1),2(k)),, = BT * (k).
dPVF (k) = (gi(k — D), 2(k),, = g7 *a(k),

(15.51)

(15.52)

where i = 1,...,I and DWF denotes a discrete wavelet frame representation to distin-
guish this equation from the earlier one (equation 15.51). Hereon, we will deal with this
DWF representation without specifically using the superscript. Equation (15.52) repre-
sents a non-sampled version of equation (15.51). The wavelet frame coefficients can be
used for translation-invariant texture description. Importantly, a simple reconstruction
formula exists and both decomposition and reconstruction can be obtained using filter
banks [Unser, 1995].

Practical implementation is based on the two-scale relationship given in equation
(15.43) yielding a fast iterative decomposition algorithm

si+1(k) = [Alyai = si(k)
div1(k) = [glyai * si(k),

where ¢ = 0,...,I, with the initial condition sy = z (Figure 15.10). A convolution with
the basic filters h and g is repeated in each step, yielding an approach the complexity of
which is identical in each step and proportional to the number of samples.

Extending the single-dimensional case described above to higher-dimensional sig-
nals (to allow its use for texture image analysis) calls for the use of a tensor product
formulation [Mallat, 1989]. In a two-dimensional image, four distinct basis functions
(four distinct filters) are defined corresponding to the different cross-products of the
one-dimensional functions ¢ and 1. The decomposition can therefore be obtained by
successive one-dimensional processing along the rows and columns of an image. The
output of the filter bank given in equation (15.52) can be rearranged in an N-component
vector where N is the number of subbands

(kD) = (kD) ,_y = [s2(k, D5 di(k,D; 5 da(k, D] (15.54)

(15.53)
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H(ZZH) Figure 15.10: Fast iterative approach to
discrete wavelet decomposition. © Cengage
l > S,-{k) Learning 2015.

For a spatial coordinate pair (k, 1), the resulting y(k,!) is a linear transformation of the
input vector x(k, ), which is a block representation of the input image centered at (k,1).
Applying the 2D separable wavelet transform with a depth I yields N = 1+ 3 I features.

The texture can consequently be described by the set of N first-order probability
density functions p(y;), for i = 1,..., N. Also, a more compact representation can be
obtained by using a set of channel variance features

v; = var{y; } (15.55)

(see [Unser, 1986] for justification of this approach). Needless to say, texture description
capabilities of this methods depend on the appropriate choice of filter bank.

The channel variances v; can be estimated from average sum of squares over a region
of interest R of the analyzed texture

1 2
n=a 3 Bk, (15.56)

B (ker

where Ng is the number of pixels in region R. As mentioned above, the lowpass condition
requires H(z)|,=1 = 1, which in turn yields E{y,} = E{z}, and E{y;} = 0 for i =
1,...,N. It is therefore recommended to subtract E{z}? from the lowpass channel
feature to obtain a better estimate of the variance.

If the discrete wavelet transform is employed, a smaller number of coefficients results
due to subsampling. Nevertheless, the variance estimates can be obtained in the same
manner. However, an adverse effect on texture classification performance can be observed
due to a resulting increased variability of features.

An assessment of the performance of the wavelet domain multiscale approach de-
scribed above is given in [Unser, 1995]. In experiments performed on 256 x 256 Brodatz
textures [Brodatz, 1966], wavelet and filter bank decompositions were performed by global
processing of the images. The performance was assessed in 64 (8 x 8) non-overlapping
subregions sized 32 x 32 pixels in which the texture was described using independent
feature vectors v = (v1,...,vy) evaluated according to equation (15.56). Performance
assessment demonstrated that the discrete wavelet frame approach always outperformed
the discrete wavelet transform approach. It shows that true multi-resolution feature ex-
traction with two or three levels (I = 2,3) is preferable to local single-scale analysis.
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The results also showed that even with n = 0, the DWF features performed very well.
Importantly, the multiscale approach with 3 decompositions (n = 3) at 3 levels of scale
(I = 3) and using 10 features outperformed (correctness of 99.2%) the single scale DWF
approach (n = 0, I = 1) which used 4 features (correctness of 96.5%). This is notable
since other comparison studies previously demonstrated that this DWF approach (n = 0,
I =1, equivalent to local linear transform using a 2 x 2 Hadamard transform [Unser,
1986]) typically outperforms most other statistical texture description methods including
co-occurrence matrices, correlation, etc. and can thus be used as a reference method for
single-scale analysis. The studies in [Unser, 1995] also compare performance of various
orthogonal and non-orthogonal wavelet transforms.

Comparison of texture classification behavior of Gabor transforms and wavelets is
given in [Vautrot et al., 1996]. If texture segmentation is required, a coarse-to-fine multi-
resolution strategy may be used Approximate border positions between texture regions
are detected first in a low-resolution image, accuracy being improved in higher resolutions
using the low-level segmentation as a priori information. Wavelet-domain hidden Markov
models (Section 10.11), and especially hidden Markov trees [Fan and Xia, 2003] are de-
signed directly considering the intrinsic properties of wavelet transforms and combine the
multiscale approach offered by wavelets with modeling of mutual statistical dependencies
and non-Gaussian statistics frequently encountered in real-world texture analysis [Crouse
et al., 1998].

15.1.9 Other statistical methods of texture description

there is a rich variety of other texture description techniques; we present here only the
basic principles of the chief ones [Haralick, 1979; Ahuja and Rosenfeld, 1981; Davis et al.,
1983; Derin and Elliot, 1987; Tomita and Tsuji, 1990].

The mathematical morphology approach looks for spatial repetitiveness of shapes
in a binary image using structure primitives (see Chapter 13). If the structuring elements
consist of a single pixel only, the resulting description is an autocorrelation function of the
binary image. Using larger and more complex structuring elements, general correlation
can be calculated—the element usually represents some simple shape, such as a square,
a line, etc. When a binary textured image is eroded texture properties are present in the
eroded image [Serra and Verchery, 1973]. One possibility for feature vector construction
is to apply different structuring elements to the textured image and to count the num-
ber of pixels with unit value in the eroded images, each number forming one element of
the feature vector. The morphological approach stresses the shape properties of texture
primitives, but its applicability is limited due to the assumption of a binary textured im-
age: gray-level mathematical morphology may help to solve this problem. Morphological
texture description is often successful in granulated materials, which can be segmented
by thresholding. Using a sequence of openings and counting the number of pixels after
each step, a texture measure was derived in [Dougherty et al., 1989).

The texture transform represents another approach. Each texture type present in
an image is transformed into a unique gray-level; the general idea is to construct an image
g where the pixels g(7, ) describe a texture in some neighborhood of the pixel f(i,7) in
the original textured image f. If micro-textures are analyzed, a small neighborhood
of f(4,7) must be used, and an appropriately larger neighborhood should be used for
description of macro-textures. In addition, a priori knowledge can be used to guide
the transformation and subsequent texture recognition and segmentation. Local texture
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orientation can also be used to transform a texture image into a feature image, after
which supervised classification is applied to recognize textures.

Linear estimates of gray-levels in texture pixels can also be used for texture descrip-
tion. Pixel gray-levels are estimated from gray-levels in their neighborhood—this method
is based on the autoregression texture model, where linear estimation parameters
are used [Deguchi and Morishita, 1978]. Model parameters vary substantially in fine tex-
tures, but remain relatively unchanged in coarse textures. This model has been compared
with second-order spatial statistics [Gagalowicz et al., 1988]; it was found that although
the results were comparable, spatial statistics performed more quickly and reliably.

The peak and valley method [Mitchell et al., 1977; Ehrick and Foith, 1978] is based
on detection of local extrema of the brightness function in vertical and horizontal scans of
a texture image. Fine textures have a large number of small-sized local extrema, coarse
textures are represented by a smaller number of larger-sized local extrema—higher peaks
and deeper valleys.

The sequence of pixel gray-levels can be considered a Markov chain in which tran-
sition probabilities of an m**-order chain represent (m 4 1)**-order statistics of textures
[Pratt and Faugeras, 1978]. This approach may also be used for texture synthesis [Gaga-
lowicz, 1979).

A more recent development is the deterministic tourist walk which uses a partially
self-avoiding deterministic walk for texture analysis [Backes et al., 2010]. The method
is inherently multi-scale and demonstrated good performance in comparison with Ga-
bor and Fourier transforms, and co-occurrence matrix methods. Another scale-invariant
approach using a novel family of texture description filters invariant to orientation, con-
trast, and scale and robust to local skew has been demonstrated [Mellor et al., 2008].
Successful application for image retrieval was based on y-squared similarity measures
applied to histograms built from local filter responses.

Many of the texture description features presented so far are interrelated; the Fourier
power spectrum, the autoregression model, and autocorrelation functions represent the
same subset of second-order statistics. The mathematical relationships between texture
description methods are summarized in [Tomita and Tsuji, 1990], an experimental com-
parison of performance between several methods can be found in [Du Buf et al., 1990;
Iversen and Lonnestad, 1994; Zhu and Goutte, 1995; Wang et al., 1996], and criteria for
comparison are discussed in [Soh et al., 1991].

It has been shown that higher than second-order statistics contain little informa-
tion that can be used for texture discrimination [Julesz and Caelli, 1979]. Nevertheless,
identical second-order statistics do not guarantee identical textures; examples can be
found in [Julesz and Bergen, 1987] together with a study of human texture perception.
Texture-related research of the human visual system seems to bring useful results, and
a texture analysis method based on studies of it was designed to emulate the process of
texture feature extraction in each individual channel in the multi-channel spatial filtering
model of perception [Rao, 1993].

15.2 Syntactic texture description methods
Syntactic and hybrid texture description methods are not as widely used as statistical

approaches [Tomita et al., 1982]. Syntactic texture description is based on an analogy
between the texture primitive spatial relations and the structure of a formal language.
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Descriptions of textures from one class form a language that can be represented by its
grammar, which is inferred from a training set of words of the language (from descriptions
of textures in a training set)—during a learning phase, one grammar is constructed for
each texture class present in the training set. The recognition process is then a syntactic
analysis of the texture description word. The grammar that can be used to complete the
syntactic analysis of the description word determines the texture class (see Section 9.4).

Purely syntactic texture description models are based on the idea that textures con-
sist of primitives located in almost regular relationships. Primitive descriptions (discussed
at the beginning of this chapter) and rules of primitive placement must be determined to
describe a texture [Tsuji and Tomita, 1973; Lu and Fu, 1978]. One of the most efficient
ways to describe the structure of primitive relationships is using a grammar which rep-
resents a rule for building a texture from primitives, by applying transformation rules to
a limited set of symbols. Symbols represent the texture primitive types and transforma-
tion rules represent the spatial relations between primitives. In Chapter 9 it was noted
that any grammar is a very strict formula, but textures of the real world are usually
irregular, and structural errors, distortions, or even structural variations are frequent.
This means that no strict rule can be used to describe a texture in reality. To make
syntactic description of real textures possible, variable rules must be incorporated into
the description grammars, and non-deterministic or stochastic grammars must be used
(see Section 9.4 and [Fu, 1974]). Further, there is usually no single description grammar
for a texture class, which might be described by an infinite number of different grammars
using different symbols and different transformation rules, and different grammar types
as well. Here, we will discuss chain grammars and graph grammars; other grammars
suitable for texture description (tree, matrix) can be found in [Ballard and Brown, 1982;
Fu, 1982; Vafaie and Bourbakis, 1988]. Another approach to texture description using
generative principles is to use fractals [Mandelbrot, 1982; Barnsley, 1988].

15.2.1 Shape chain grammars

The simplest grammars that can be used for texture description are shape chain gram-
mars (see Section 9.4). They generate textures beginning with a start symbol followed by
application of transform rules, called shape rules—the process ends if no further trans-
form rule can be applied. Texture synthesis consists of two steps: first, the transform
rule is found, and then the rule must be geometrically adjusted to match the generated
texture exactly (rules are more general; they may not include size, orientation, etc.).

Algorithm 15.5: Shape chain grammar texture synthesis
1. Start a synthesis process by applying some transform rule to the start symbol.

2. Find a part of a previously generated texture that matches the left side of some
transform rule. This match must be an unambiguous correspondence between
terminal and non-terminal symbols of the left-hand side of the chosen transform
rule with terminal and non-terminal symbols of the part of the texture to which
the rule is applied. If no such part of the texture can be found, stop.

3. Find an appropriate geometric transform that can be applied to the left-hand
side of the chosen rule to match it to the considered texture part exactly.
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4. Apply this transform to the right-hand side of the transform rule.

5. Substitute the specified part of the texture (the part that matches a geomet-
rically transformed left-hand side of the chosen rule) with the geometrically
transformed right-hand side of the chosen transform rule.

6. Continue with step 2.

We can demonstrate this algorithm on an example of hexagonal texture synthesis.
Let V,, be a set of non-terminal symbols, V; a set of terminal symbols, R a set of rules,
S the start symbol (as in Section 9.4). The grammar [Ballard and Brown, 1982] is illus-
trated in Figure 15.11, which can then be used to generate hexagonal texture following
Algorithm 15.5—mnote that the non-terminal symbol may appear in different rotations.
Rotation of primitives here is represented by a small circle attached to one side of the
primitive hexagon in Figure 15.11. Recognition of hexagonal textures is the proof that the
texture can be generated by this grammar; the texture recognition uses syntactic anal-
ysis as described in Section 9.4. Note that according to the grammar of Figure 15.11,
the texture shown in Figure 15.12a will be accepted, but that of Figure 15.12b will be
rejected.

- (O} w g:g@
Va= {®} ®%©©
s = @ @%O@

O — O3

(@)
Figure 15.12: Hexagonal textures. (a) Accepted; (b) Rejected. © Cengage Learning 2015.
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15.2.2 Graph grammars

Texture analysis is more common than texture synthesis in machine vision tasks (even
if texture synthesis is generally more common, e.g., in computer graphics and computer
games). The natural approach to texture recognition is to construct a planar graph of
primitive layout and to use it in the recognition process. Primitive classes and primitive
spatial relations must be known to construct such a graph; spatial relationships between
texture primitives will then be reflected in the graph structure. Texture primitive classes
will be coded in graph nodes, each primitive having a corresponding node in the graph,
and two nodes will be connected by an arc if there is no other primitive in some specified
neighborhood of these two primitives. The size of this neighborhood is the main influence
on the complexity of the resulting planar graph—the larger the neighborhood, the smaller
the number of arcs. Note that choosing the neighborhood too large may result in no arcs
for some nodes (the same may be true for the neighborhood being too small). Character-
istic properties of some graphs used practically (relative neighborhood graphs, Gabriel
graphs, Voronoi diagrams) are described in [Urquhart, 1982; Ahuja, 1982; Tuceryan and
Jain, 1990]. These graphs are undirected since the spatial neighborhood relation is sym-
metric, with weighted arcs and nodes. Each node is labeled with a primitive class to
which it corresponds, and arcs are weighted by their length and direction.

The texture classification problem is then transformed into a graph recognition prob-
lem for which the following approaches may be used.

1. Simplify the texture description by decomposition of the planar graph into a set
of chains (sequences of adjacent nodes), and apply the algorithms discussed in the
previous section. The chain descriptions of textures can represent border primitives
of closed regions, different graph paths, primitive neighborhood, etc. A training set
is constructed from the decomposition of several texture description planar graphs
for each texture class. Appropriate grammars are inferred which represent tex-
tures in the training sets. The presence of information noise is highly probable, so
stochastic grammars should be used. Texture classification consists of the following
steps.

e A classified texture is represented by a planar graph.
e The graph is decomposed into chains.
e The description chains are presented for syntactic analysis.

e A texture is classified into the class whose grammar accepts all the chains of
the decomposed planar graph. If more than one grammar accepts the chains,
the texture can be classified into the class whose grammar accepted the chains
with the highest probability.

The main advantage of this approach is its simplicity but a disadvantage is the im-
possibility of reconstructing the original planar graph from the chain decomposition
—some some portion of the syntactic information is lost during decomposition.

2. Another class of planar graph description may be represented by a stochastic graph
grammar or by an extended graph grammar for description of distorted textures.
This approach is very difficult from both the implementational and algorithmic
points of view; the main problem is in grammar inference.
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3. The planar graphs can be compared directly using graph matching approaches. It is
necessary to define a ‘distance’ between two graphs as a measure of their similarity;
if such a distance is defined, standard methods used in statistical classifier learning
can be used—exemplar computation, cluster analysis, etc.

The syntactic approach is valued for its ability to describe a texture character at sev-
eral hierarchical levels. It permits a qualitative analysis of textures, for decomposition
into descriptive substructures (primitive grouping), to incorporate texture descriptions
into the whole description of image, scene, etc. From this point of view, it significantly
exceeds the complexity of simple object classification. Not considering the implementa-
tion difficulties, the second approach from the list above is recommended; if a descriptive
graph grammar is chosen appropriately, it can generate a class of graphs independently
of their size. It can be used if a pattern is sought in an image at any hierarchical level.
An example of a planar graph describing a texture is shown in Figure 15.13.

Figure 15.13: Planar graph describing a texture. (a) Texture primitives. (b) Planar graph
overlaid. © Cengage Learning 2015.

15.2.3 Primitive grouping in hierarchical textures

Several levels of primitives can be detected in hierarchical textures—lower-level primitives
form some specific pattern which can be considered a primitive at a higher description
level (Figure 15.14). The process of detecting these primitive patterns (units) in a texture
is called primitive grouping. Note that these units may form new patterns at an even
higher description level. Therefore, the grouping process must be repeated until no new
units can be formed.

Grouping makes a syntactic approach to texture segmentation possible, and plays the
same role as local computation of texture features in statistical texture recognition. It has
been claimed several times that different primitives and/or different spatial relationships
represent different textures. Consider an example (Figure 15.15a) in which the primitives
are the same (dots) and textures differ in the spatial relations between them. If a higher
hierarchical level is considered, different primitives can be detected in both textures—the
textures do not consist of the same primitive types any more (Figure 15.15b).

A primitive grouping algorithm is described in [Tomita and Tsuji, 1990].
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Figure 15.14: Hierarchical texture. (a) Texture. (b) A pattern formed from low-level primitives,
this pattern can be considered a primitive in the higher level. (c) Higher-level texture. © Cengage
Learning 2015.
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Figure 15.15: Primitive grouping. (a) Two textures, same primitives in the lowest description
level. (b) The same two textures, different primitives in the higher description level. @ Cengage
Learning 2015.

Algorithm 15.6: Texture primitive grouping
1. Determine texture primitive properties and classify primitives into classes.

2. Find the nearest and the second nearest neighbor for each texture primitive.
Using the primitive class and distances to the nearest two neighboring primitives
dy,ds, classify low-level primitives into new classes, see Figure 15.16.

3. Primitives with the same new classification which are connected (close to each
other), are linked together and form higher-level primitives, see Figure 15.16.

4. If any two resulting homogeneous regions of linked primitives overlap, let the
overlapped part form a separate region, see Figure 15.17.

Regions formed from primitives of the lower level may be considered primitives in the
higher level and the grouping process may be repeated for these new primitives. Never-
theless, sophisticated control of the grouping process is necessary to achieve meaningful
results—it must be controlled from a high-level vision texture understanding subsystem.
A recursive primitive grouping, which uses histograms of primitive properties and prim-
itive spatial relations is presented in [Tomita and Tsuji, 1990] together with examples of
syntactic-based texture segmentation results.
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Figure 15.16: Primitive grouping—low-level primitive patterns are grouped into single primitives
at a higher level. © Cengage Learning 2015.
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Figure 15.17: Overlap of homogeneous regions results in their splitting. © Cengage Learning
2015.

15.3 Hybrid texture description methods

Purely syntactic methods of texture description experience many difficulties with syn-
tactic analyzer learning and with graph (or other complex) grammar inference, which is
why purely they are not widely used. On the other hand, a precise definition of primi-
tives brings many advantages and it is not wise to avoid it completely. Hybrid methods
of texture description combine the statistical and syntactic approaches; they are partly
syntactic because primitives are exactly defined, and partly statistical because spatial
relations between primitives are based on probabilities [Conners and Harlow, 1980].

The hybrid approach to texture description distinguishes between weak and strong
textures. The syntactic part of weak texture description divides an image into regions
based on a tonal image property (e.g., constant gray-level regions) which are considered
texture primitives. Primitives can be described by their shape, size, etc. The next step
constructs histograms of sizes and shapes of all the texture primitives contained in the
image. If the image can be segmented into two or more sets of homogeneous texture
regions, the histogram is bi-modal and each primitive is typical of one texture pattern.
This can be used for texture segmentation.

If the starting histogram does not have significant peaks, a complete segmentation
cannot be achieved. The histogram-based segmentation can be repeated in each hitherto
segmented homogeneous texture region. If any texture region consists of more than one
primitive type, the method cannot be used and spatial relations between primitives must
be computed. Some methods are discussed in [Haralick, 1979].

Description of strong textures is based on the spatial relations of texture primitives
and two-directional interactions between primitives seem to carry most of the informa-
tion. The simplest texture primitive is a pixel and its gray-level property, while the
maximum contiguous set of pixels of constant gray-level is a more complicated texture
primitive [Wang and Rosenfeld, 1981]. Such a primitive can be described by its size,
elongatedness, orientation, average gray-level, etc. The texture description includes spa-
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tial relations between primitives based on distance and adjacency relations. Using more
complex texture primitives brings more textural information. On the other hand, all the
properties of single pixel primitives are immediately available without the necessity of
being involved in extensive primitive property computations.

The hybrid multi-level texture description and classification method [Sonka, 1986]
is based on primitive definition and spatial description of inter-primitive relations. The
method considers both tone and structural properties and consists of several steps. Tex-
ture primitives are extracted first, and then described and classified. As a result of this
stage, a classifier knows how to classify texture primitives. Known textures are then
presented to the texture recognition system. Texture primitives are extracted from the
image and the first-level classifier recognizes their classes. Based on recognized texture
primitives, spatial relations between primitive classes are evaluated for each texture from
the training set. Spatial relations between texture primitives are described by a feature
vector used to adjust a second-level classifier. If the second-level classifier is set, the
two-level learning process is over, and unknown textures can be presented to the texture
recognition system. The primitives are classified by the first-level classifier, spatial prim-
itive properties are computed and the second-level classifier assigns the texture to one
of the texture classes. Some hybrid methods use Fourier descriptors for shape coding
and a texture is modeled by a reduced set of joint probability distributions obtained
by vector quantization. The LBP approach presented earlier in Section 15.1.6 is an
inherently hybrid texture description approach—uniform patterns can be understood as
texture primitives while estimating the distributions of these primitives (microtemplates)
combines the structural and statistical image analysis [Ojala et al., 2002b].

15.4 Texture recognition method applications

Textures are very common in our world, and application possibilities are almost unlim-
ited: estimated crop yields and localization of diseased forests from remotely sensed data,
automatic diagnosis of lung diseases from X-ray images, recognition of cloud types from
meteorological satellite data, detection of textile pattern imperfections, are just some
examples of applications.

Classical applications of spatial frequency-based texture description methods include
recognition of roads, road crossings, buildings, agricultural regions, and natural objects,
or classification of trees into classes. An interesting proof of the role of textural informa-
tion in outdoor object recognition was done by comparison of classification correctness
if textural information was and was not used. Spectral information-based classification
achieved 74% correctly classified objects, while adding textural information increased
accuracy to 99% [Haralick, 1979]. Industrial applications of texture description and
recognition are becoming more and more common. Examples can be found in almost all
branches of industrial and biomedical activities—quality inspection in the motor or textile
industries [Wood, 1990; Xie, 2008], workpiece surface monitoring, road surface skidding
estimation, micro-electronics, remote sensing, mammography [Miller and Astley, 1992],
MR brain imaging [Toulson and Boyce, 1992], pulmonary parenchyma characterization
[Xu et al., 2006], three-dimensional texture analysis [Ip and Lam, 1995; Kovalev et al.,
2001], content-based data retrieval from image databases, etc.
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15.5 Summary

o Texture

— Texture is widely used and intuitively obvious but has no precise definition
due to its wide variability.

— Texture consists of texture primitives (texture elements) called texels.

— A texture primitive is a contiguous set of pixels with some tonal and/or re-
gional property.

— Texture description is based on tone and structure. Tone describes pixel
intensity properties in the primitive, while structure reflects spatial relation-
ships between primitives.

— Texture description is scale dependent.
— Statistical methods of texture description compute different texture proper-

ties and are suitable if texture primitive sizes are comparable with the pixel
sizes.

— Syntactic and hybrid methods (combination of statistical and syntactic) are
more suitable for textures where primitives can be easily determined and their
properties described.

o Statistical texture description

— Statistical methods describe textures in a form suitable for statistical pattern
recognition. Each texture is described by a feature vector of properties which
represents a point in a multi-dimensional feature space.

— Coarse textures are built from larger primitives, fine textures from smaller
primitives. Textural character is in direct relation to the spatial size of the
primitives.

— Fine textures are characterized by higher spatial frequencies, coarse textures
by lower spatial frequencies.

— Measuring spatial frequencies is the basis of a large group of texture recogni-
tion methods:

* Autocorrelation function of a texture
* Optical image transform
* Discrete image transform
— Texture description may be based on repeated occurrence of some gray-level
configuration in the texture; this configuration varies rapidly with distance in

fine textures, slowly in coarse textures. Co-occurrence matrices represent
such an approach.

— Edge frequency approaches describe frequencies of edge appearances in tex-
ture.

— In the primitive length (run length) approach, texture description features
can be computed as continuous probabilities of the length and the gray-level
of primitives in the texture.
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— Laws’ texture measures determine texture properties by assessing average
gray-level, edges, spots, ripples, and waves in texture.

— Local Binary Patterns (LBP) identify local microstructure templates and
estimate their distribution in the texture. Local neighborhoods are thresh-
olded to binary patterns, histogram distributions of which are used for de-
scription.

— The fractal approach to texture description is based on correlation between
texture coarseness and fractal dimension and texture granularity and lacunar-
ity.

— Wavelet texture description

* These are typically more efficient than other statistical methods.

* Wavelet energy signatures or their second-order statistics are frequently
used.

* Standard wavelet approaches are not translation invariant.

* Discrete wavelet frames introduce translational invariance and can be ef-
ficiently implemented using filter banks.

* Wavelet-based hidden Markov models and hidden Markov trees incorpo-
rate independence between wavelet subbands for additional performance
enhancement.

— Other statistical approaches exist:

* Mathematical morphology
* Texture transform

— Varieties of texture properties may be derived from first-order and second-
order statistics of elementary measures such as co-occurrences, edge distri-
butions, primitive lengths, etc.

— Higher order statistics contain little information that can be used for texture
discrimination.

e Syntactic and hybrid texture description

— Syntactic texture description is based on an analogy between texture primitive
spatial relations and structure of a formal language.

— Hybrid methods combine statistical and syntactic approaches; they are partly
syntactic because primitives are exactly defined, and partly statistical because
spatial relations between primitives are based on probabilities.

— Purely syntactic texture description models utilize the idea that textures con-
sist of primitives located in almost regular relationships. Primitive descrip-
tions and rules of primitive placement must be determined to describe a tex-
ture.

— Textures of the real world are usually irregular, with frequent structural errors,
distortions, and/or structural variations causing strict grammars to be inap-
plicable. To make syntactic description of real textures possible, variable rules
must be incorporated into the description grammars, and non-deterministic
or stochastic grammars must be used.
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— Syntactic texture description methods include:

+* Shape chain grammars, which are the simplest grammars that can be
used for texture description. They generate textures beginning with a
start symbol followed by application of shape transform rules.

*+ Graph grammars construct a planar graph of primitive layout.
Primitive classes and their spatial relations must be known to construct
such a graph; spatial relationships between texture primitives are reflected
in the graph structure. Texture classification is then transformed into a
graph recognition problem.

— The syntactic approach is valued for its ability to describe a texture character
at several hierarchical levels.

— Primitive grouping can be performed if lower-level primitives that form
some specific pattern can be considered a primitive at a higher description
level.

— Syntactic and hybrid texture description methods are not as widely used as
statistical approaches.

15.6 Exercises

Short-answer questions
S15.1 What is a texel?

S15.2 Explain the difference between weak and strong textures.
S15.3 Explain the difference between fine and coarse textures.
S15.4 What is the role of scale in texture description?

S15.5 Specify the main texture description and recognition strategies employed in statistical,
syntactic, and hybrid methods. For each of the three general approaches, describe the
texture types for which the approach can be expected to perform well and for which it
is not appropriate.

S15.6 Determine whether the following texture features exhibit relatively higher or lower val-
ues in fine textures compared to coarse textures:

(a
b

) Energy in a small-radius circle of the Fourier power spectrum (Figure 15.3a)
)
¢) Short primitive emphasis
)

)

)

—

Average edge frequency feature (equation 15.10) for a small value of d

—

d

e

—

Long primitive emphasis

Fractal dimension

—~

f

—~

Lacunarity

S15.7 Name several texture description features that are well suited for characterization of
directional textures.

S15.8 Explain why deterministic grammars are too restrictive for description of real-world
textures.

S15.9 On a rectangular grid, sketch the geometric pattern of an LBP; 4 texture description
feature detector.
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S15.10 What is the main reason for rotational invariance of LB ?}; g texture descriptor com-
pared to LBPp r?

S15.11 Explain why use of LTPs as opposed to LBPs for texture description compromises
gray-level transform invariance.

S15.12 Define fractal dimension and lacunarity, explain how these measures can be used for
texture description.

S15.13 Define a stochastic grammar. How is it useful for texture description?

S15.14 Explain the rationale for primitive grouping. What are its advantages? To which
textures is this approach applicable? How can it be used for texture description?

S15.15 Suggest some application areas in which texture description and recognition can be
used.

Problems

P15.1 Using the World Wide Web, find several images of dissimilar homogeneous textures
(Brodatz textures [Brodatz, 1966] from a Web-based database may be a good choice)

1. Create your personal database TD1 from these images of at least 5 texture type
ranging gradually from fine to coarse.

2. Create a texture database TD2 of three dissimilar texture classes with at least
ten images belonging to each class.

3. Create a database TD3 of at least three homogeneous directional textures (use
preferably several images from each class) and rotate each at 9 random angles —
this will form a database of 10 directional images for each texture.

These three databases will be used in some of the experiments below.
P15.2 Implement Fourier transform based descriptors.

P15.3 Determine the co-occurrence matrices Ppo 2, Piso 2, and Pygo 3 for the image in Fig-
ure 15.4.

P15.4 Determine the average edge frequency function (equation 15.10) for d € {1,2,3,4,5}
for a 30 x 30 checkerboard image with 3 x 3 binary checkers (values of 0 and 1, 0-level
checker in the upper left corner).

P15.5 For a 30 x 30 checkerboard image with 3 x 3 binary checkers (values of 0 and 1, 0-level
checker in the upper left corner) and a 30 x 30 image with vertical binary 3-pixel-wide
stripes (0-level stripe along the left image edge), determine the following non-directional
texture descriptors:

(a) Short primitives emphasis
(b) Long primitives emphasis
(c) Gray-level uniformity
(d) Primitive length uniformity
(e) Primitive percentage
P15.6 Repeat Problem P15.5 with modified texture descriptors that consider directionality of
primitives.
P15.7 Develop functions for computing the following texture features in an image of a given
size:
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a

b

Co-occurrence descriptors

Average edge frequency

d
(e
(f

P15.8 For five highly dissimilar textures ranging from fine to coarse selected from your database
TD1 (Problem P15.1) and using the functions developed in Problem P15.7, determine:

—

Laws’ energy descriptors

)
)
(c¢) Primitive length descriptors
)
) LBPHY descriptors

)

Fractal texture descriptors

(a) Co-occurrence features specified by equations (15.4-15.9)
(b) Average edge frequency

for four distinct values of d (e.g., d = 1,3,5,7; note that you may select other val-
ues of d according to the scale of your textures). Select three texture descriptors to
determine what can be concluded from inspection of the relationship between the tex-
ture descriptors and the value of d in each texture. Further, what can be concluded
for the relationship between texture coarseness and the values of individual texture
descriptors?

P15.9 For five highly dissimilar textures ranging from fine to coarse selected from your database
TD1 (Problem P15.1) and using the functions developed in Problem P15.7, determine:

(a) Primitive length features specified by equations (15.12)—(15.16)
(b) Laws’ energy features
(c) LBPE'Y features

(d) Fractal-based texture features—fractal dimension and lacunarity

‘What can be concluded for the relationship between texture coarseness and the values
of individual texture descriptors?

P15.10 Design a shape chain grammar that generates the texture shown in Figure 12.4. Show
the first few steps of the generation process.

P15.11 Design a shape chain grammar that generates the texture shown in Figure 15.12b.

P15.12 Using your database of classes TD2 (Problem P15.1), develop a program for statistical
texture description and recognition. Texture descriptors should reflect the discrimi-
native properties of the three classes. Train a simple statistical classifier (Chapter 9)
using half of the texture images from each class, and determine classification correctness
using the remaining texture images.

P15.13 Using your database TD3 (Problem P15.1) of texture classes that include rotated im-
ages, develop a program for statistical texture description and recognition so that tex-
tures are recognized regardless of their orientation. Texture descriptors should reflect
the discriminative properties of the three classes. Do not use LBP descriptors for this
problem. Train a simple statistical classifier (Chapter 9) using half of the texture images
from each class, and determine classification correctness using the remaining texture
images.

P15.14 Repeat Problem P15.13 using LBP and LBP"*? texture descriptors. Compare the
performance of these two descriptors with each other as well as with results obtained
in Problem P15.13
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P15.15 Using the images from your databases TD1-TD3 (Problem P15.1) create several arti-
ficial images that contain three to five regions of different texture. Develop a texture
classification program that performs texture recognition in rectangular windows. Using
a moving window, the program should classify each window into one of the classes.
Train the classifier in single-texture images using windows of the same size as is used
in the classification phase. Assess image segmentation accuracy as the percentage of
correctly classified image area.

P15.16 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P15.17 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Chapter ]. 6

Motion analysis

Increasing processing power and, especially, the wide deployment of surveillance technol-
ogy have made automated study of motion desirable and possible. Detection and tracking
of human faces, pedestrian or vehicular motion are now common applications; addition-
ally, object-based video compression, driver assistance, autonomous vehicles, robot navi-
gation, user interfaces, smart room tracking, etc. can be seen. We have already considered
the extraction of 3D shape and relative depth from motion in Section 12.1.1.

The usual input to a motion analysis system is a temporal image sequence. A set
of assumptions can help to solve motion analysis problems—as always, prior knowledge
helps to decrease the complexity of analysis. Prior knowledge may include information
about the camera motion—mobile or static—and information about the time interval
between consecutive images, especially whether this interval was short enough for the
sequence to represent continuous motion. This prior information helps in the choice of
an appropriate motion analysis technique. As in other areas of machine vision, there
is no foolproof technique in motion analysis, no general algorithm; furthermore, the
techniques presented in this chapter work only if certain conditions are met. A very in-
teresting aspect of motion analysis is research into visual sensing of living organisms that
are extremely well adapted to motion analysis. The psycho-physiological and cognitive
aspects of motion sensing can be studied in [Ullman, 1979; Watson and Ahumada, 1985;
Koenderink, 1986; Gescheider, 1997; Beutel et al., 2000; Cummins and Cummins, 2000;
Kaernbach et al., 2003].

There are three main groups of motion-related problems from the practical point of view:

1. Motion detection is the simplest problem. This registers any detected motion
and is often used for security purposes. This group usually uses a single static
camera.

2. Moving object detection and location represents another set of problems. A
camera is usually in a static location and objects are moving in the scene, or the
camera moves and objects are static. These problems are considerably more diffi-
cult in comparison with the first group. If only moving object detection is required

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



788 Chapter 16: Motion analysis

(note the difference between motion detection and moving object detection), the so-
lution can be based on motion-based segmentation methods. Other more complex
problems include the detection of a moving object, the detection of the trajectory
of its motion, and the prediction of its future trajectory. Image object-matching
techniques are often used to solve this task—typically, direct matching in image
data, matching of object features, matching of specific representative object points
(corners, etc.) in an image sequence, or representing moving objects as graphs
and consequent matching of these graphs. Another variety of approaches will pa-
rameterize the 2D projections of objects in view and make predictions about their
movement, which are used and reinforced later in the image sequence. Practi-
cal examples of methods from this group include cloud tracking from a sequence
of satellite meteorological data, including cloud character and motion prediction,
motion analysis for autonomous road vehicles, automatic satellite location by de-
tecting specific points of interest on the Earth’s surface, city traffic analysis, and
many military applications. The most complex methods of this group work even if
both camera and objects are moving.

3. The third group is related to the derivation of 3D object properties from a set
of 2D projections acquired at different instants. Three-dimensional object descrip-
tion is covered in Chapter 11 and an excellent survey of motion-based recognition
approaches is given in [Cedras and Shah, 1995]. Practical solutions to 3D scene
reconstruction from live video is described in [Akbarzadeh et al., 2006]

Even though motion analysis is often called dynamic image analysis, it is sometimes
based on a small number of consecutive images, maybe just two or three in a sequence.
This is similar to an analysis of static images, and the motion is actually analyzed at a
higher level, looking for correspondence between pairs of points of interest in sequential
images. A two-dimensional representation of a (generally) three-dimensional motion is
called a motion field, in which each point is assigned a wvelocity vector corresponding to
the motion direction, velocity, and distance from an observer at an appropriate image
location.

A different approach analyzes motion from optical flow computation (Section 16.2),
where a very small time distance between consecutive images is required, with very
marginal change between two consecutive images. Optical flow computation results in
motion direction and motion velocity determination at (possibly all) image points. The
immediate aim of optical flow-based image analysis is to determine a motion field. As
will be discussed later, optical flow does not always correspond to the true motion field
because illumination changes are reflected in the optical flow. Object motion parameters
can be derived from computed optical flow vectors. In reality, estimates of optical flow
or point correspondence are noisy, but, unfortunately, three-dimensional interpretation
of motion is ill-conditioned and requires high precision of optical flow or point correspon-
dence. To overcome these difficulties, approaches that are not based on optical flow or
point correspondence are used, since if the intermediate step (optical flow, point corre-
spondence) does not have to be computed, possible errors can be avoided. Estimates of
general motion of multiple moving objects in an image sequence based on gray-level and
image gradient without using any higher-level information such as corners or borders is
introduced in [Wu and Kittler, 1990]. Motion field construction using steerable filters
also falls into this category [Freeman and Adelson, 1991; Huang and Chen, 1995]. A
conceptually similar approach is presented in Section 16.4, in which image-based and
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motion-based information are used simultaneously. By focusing on short-term motion
patterns rather than on their tracking over extended periods of time, this approach does
not require any complex intermediate representations. By analyzing temporal differences
between shifted blocks of rectangle filters, it yields respectable performance in low quality
small resolution images [Viola et al., 2003].

Motion field or velocity field computations represent a compromise technique; infor-
mation similar to the optical flow is determined, but it is based on images acquired at
intervals that are not short enough to ensure small changes due to motion. The velocity
field can also be acquired if the number of images in a sequence is small.

Motion evaluation may or may not depend on object detection. An example of object-
independent analysis is optical flow computation, whereas velocity field computation
or differential methods search for points of interest or points of motion and represent
object-dependent analysis. Object-dependent methods are usually based on searching
for a correspondence between points of interest or between regions. One approach to
motion analysis uses active contour models (snakes, discussed in Section 7.2). In motion
analysis, the initial estimate necessary to start the snake energy minimization process is
obtained from the detected position of the contour in the previous frame.

On the other hand, in situations when image-based information may be available to
specifically characterize an object of interest, its usage is very helpful. Such informa-
tion is used in kernel-based object detection and tracking as discussed in Section 16.5.2
[Comaniciu et al., 2000, 2003]. That method is based on spatially masking the target
object with an isotropic kernel, followed by applying a smooth similarity function, which
reduces the tracking problem to a maximum similarity search in the vicinity of the pre-
vious location. The similarity optimization is then efficiently performed using the mean
shift algorithm (Section 7.1).

(a) (b) (©)
Figure 16.1: Object motion assumptions. (a) Maximum velocity (shaded circle represents area
of possible object location). (b) Small acceleration (shaded circle represents area of possible
object location at time t2). (c) Common motion and mutual correspondence (rigid objects).
© Cengage Learning 2015.

If motion analysis is based on detection of moving objects or object feature points, the
following object motion assumptions can help to localize moving objects (Figure 16.1).

¢ Maximum velocity: Assume that a moving object is scanned at time intervals of
dt. A possible position of a specific object point in an image is inside a circle with
its center at the object point position in the previous frame and its radius cyax dt,
where cpax is the assumed maximum velocity of the moving object.
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e Small acceleration: The change of velocity in time dt is bounded by some con-
stant.

o Common motion (similarity in motion): All the object points move in a similar
way.

o Mutual correspondence: Rigid objects exhibit stable pattern points. Each point
of an object corresponds to exactly one point in the next image in sequence and
vice versa, although there are exceptions due to occlusion and object rotation.

To generalize, image motion analysis and especially object tracking combine two separate
but interrelated components:

o localization and representation of the object of interest (target), a mainly bottom-
up process that needs to overcome inherent changes in the appearance, orientation,
illumination, and scale of the target;

 trajectory filtering and data association, a top-down process that considers object
dynamics and uses various sources of a priori information, as well as generation
and evaluation of motion hypotheses, frequently using motion models.

Needless to say, stress may be on one or the other component based on the nature of the
motion application. For example, tracking aircraft on radar or video images would depend
heavily on the motion models associated with the individual aircraft types. In contrast,
tracking human faces in a crowded scene where abrupt and unpredictable motion is
more likely will probably depend more on target representation than on motion models.
Equally important is to distinguish between single and multiple target tracking and
design methods accordingly: all of these are addressed in the following sections. With
motion analysis and object tracking being one of the most advanced application areas of
machine vision, it shall be no surprise that methods, approaches, and strategies described
in previous chapters will frequently be referenced and used as pre-requisite knowledge.

16.1 Differential motion analysis methods

Simple subtraction of images acquired at different instants in time makes motion de-
tection possible, assuming a stationary camera position and constant illumination. A
difference image d(i,7) is a binary image where non-zero values represent image areas
with motion, that is, areas where there was a substantial difference between gray-levels
in consecutive images f; and fa:

d(i,j) =0 if |fi(i,)) — f2(i,5)[ < e,

. (16.1)
=1 otherwise,

where ¢ is a small positive number. Figure 16.2 shows an example of motion detection
using a difference image. The difference image can be based on more complex image
features such as average gray-level in some neighborhood, local texture features, etc.
It is clear that the motion of any object distinct from its background can be detected
(considering motion detection represents motion registration only).

Let f; and f2 be two consecutive images separated by a time interval. An element
d(i,7) of the difference image between images fi; and fo may have a value one due to any
one of the following reasons (Figure 16.2):
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1. f1(i,7) is a pixel on a moving object,
f2(4,7) is a pixel on the static background,
(or vice versa).

2. f1(4,7) is a pixel on a moving object,
f2(i,7) is a pixel on another moving object.
3. f1(4,7) is a pixel on a moving object,
f2(i,7) is a pixel on a different part of the same moving object.

4. Noise, inaccuracies of stationary camera positioning, etc.

The system errors mentioned in the last item must be suppressed. The simplest solution
is not to consider any regions of the difference image that are smaller than a specified
threshold, although this may prevent slow motion and small object motions being de-
tected. Further, results of this approach are highly dependent on an object—background
contrast. On the other hand, we can be sure that all the resulting regions in the difference
images result from motion. Section 16.5 considers these matters further.

Figure 16.2: Motion detection. (a) First frame of the image sequence. (b) Frame 2 of the
sequence. (c) Last frame (frame 5). (d) Differential motion image constructed from image
frames 1 and 2 (inverted to improve visualization). @ M. Sonka 2015.
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Trajectories detected using differential image motion analysis may not reveal the
direction of the motion. If direction is needed, construction of a cumulative difference
image can solve this problem. Cumulative difference images contain information about
motion direction and other time-related motion properties, and about slow motion and
small object motion as well. The cumulative difference image d.um is constructed from
a sequence of n images, with the first image (f1) being considered a reference image.
Values of the cumulative difference image reflect how often (and by how much) the
image gray-level was different from the gray-level of the reference image:

n

dcum(i7j):Zak’fl(ivj)_fk(i>j)|7 (162)

k=1

ay, gives the significance of images in the sequence of n images; more recent images may be
given greater weights to reflect the importance of current motion and to specify current
object location. Figure 16.3 shows the cumulative difference image determined from the
sequence of five image frames depicting motion analyzed in Figure 16.2.

Figure 16.3: Cumulative difference image de-
termined from a sequence of five frames depict-
ing motion analyzed in Figure 16.2 (inverted
for improved visualization). © Cengage Learn-
ing 2015.

Suppose that an image of a static scene is available, and only stationary objects
are present in it. If this image is used for reference, the difference image suppresses all
motionless areas, and any motion in the scene can be detected as areas corresponding
to the actual positions of the moving objects in the scene. Motion analysis can then be
based on a sequence of difference images.

A problem with this approach may be the impossibility of getting an image of a
static reference scene if the motion never ends; then a learning stage must construct
the reference image. The most straightforward method is to superimpose moving image
objects on non-moving image backgrounds from other images taken in a different phase
of the motion. Which image parts should be superimposed can be judged from difference
images, or the reference image can be constructed interactively (which can be allowed in
the learning stage). Section 16.5.1 describes approaches to this problem.

Subsequent analysis usually determines motion trajectories; often only the centroid
trajectory is needed. The task may be considerably simplified if objects can be segmented
out of the first image of the sequence. A practical problem is the prediction of the motion
trajectory if the object position in several previous images is known. There are many
methods [Jain, 1981, 1984; Jain et al., 1995] that find other motion parameters from
difference images—whether the object is approaching or receding, which object overlaps
which, etc. Note that difference motion analysis methods give good examples of motion
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16.1 Differential motion analysis methods 793

analysis principles and present a good introduction to the problem; unfortunately, differ-
ence images do not carry enough information to work reliably in reality. Some problems
are common for most motion field detection approaches—consider just a simple exam-
ple of a rectangular object moving parallel to the object boundary; differential motion
analysis can only detect the motion of two sides of the rectangle (see Figures 16.4a,b).
Similarly, an aperture problem may cause ambiguity of contained motion information

in the situation shown in Figure 16.4c, only part of an object boundary is visible and it
is impossible to determine the motion completely. The arrows indicate three possibilities
of motion, all yielding the same final position of the object boundary in the image. Dif-
ferential motion analysis is often used in digital subtraction angiography, where vessel

motion is estimated.

(a) (b) (c)
Figure 16.4: Problems of motion field construction. (a) Object position at times t; and ta.
(b) Motion field. (c) Aperture problem—ambiguous motion. @ Cengage Learning 2015.

[RpE———

While the difference image carries information about presence of motion, character-
istics of motion derived from it are not very reliable. The motion parameter estimation
robustness can be improved if intensity characteristics of regions or groups of pixels in
two image frames are compared. A conceptually straightforward approach to robust
motion detection is to compare corresponding areas of the image. Such corresponding
superpizels are usually formed by non-overlapping rectangular regions, the size of which
can be derived from the camera aspect ratio. Then, the superpixels may be matched in
the compared frames using correlation or likelihood approaches [Jain et al., 1995].

Detecting moving edges helps overcome several limitations of differential motion anal-
ysis methods. By combining spatial and temporal image gradients, differential analysis
can be used reliably for detection of slow-moving edges as well as of weak edges that
move with higher speed. Moving edges can be determined by logical AND operations
of the spatial and temporal image edges [Jain et al., 1979]. The spatial edges can be
identified by virtually any edge detector from the variety given in Section 5.3.2, the tem-
poral gradient can be approximated using the difference image, and the logical AND can
be implemented through multiplication. Then, the moving edge image dmed(i,7) can be
determined as

where S(i, j) represents edge magnitudes determined in one of the two analyzed image
frames and D(4, j) is the absolute difference image. An example of a moving-edge image
determined from the first and second frames of an image sequence (Figure 16.2) is given
in Figure 16.5.
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5 " Figure 16.5: Moving-edge image determined
from the first and second frames of the image se-
quence analyzed in Figure 16.2 (inverted for im-
proved visualization). © Cengage Learning 2015.

16.2 Optical flow

Optical flow reflects image changes due to motion during a time interval dt, and the
optical flow field is the velocity field that represents the three-dimensional motion of
object points across a two-dimensional image [Kearney and Thompson, 1988]. Optical
flow is an abstraction typical of the kind that computational methods try to achieve.
Therefore, it should represent only those motion-related intensity changes in the image
that are required in further processing, and all other changes reflected in the optical flow
should be considered detection errors. For example, optical flow should not be sensitive
to illumination changes and motion of unimportant objects (e.g., shadows). However,
non-zero optical flow is detected if a fixed sphere is illuminated by a moving source, and a
smooth sphere rotating under constant illumination provides no optical flow despite the
rotational motion and the true non-zero motion field [Horn, 1986]. Of course, the aim is
to determine an optical flow that corresponds closely with the true motion field. Optical
flow computation is a necessary precondition of subsequent higher-level processing that
can solve motion-related problems if a camera is stationary or moving; it provides tools
to determine parameters of motion, relative distances of objects in the image, etc. A
simulated example of two consecutive images and a corresponding optical flow image are
shown in Figure 16.6.
72\

D
N Ny

/—>

() (b) ©)
Figure 16.6: Optical flow. (a) Time ¢;. (b) Time t2. (c¢) Optical flow. @ Cengage Learning 2015.

16.2.1 Optical flow computation
Optical flow computation is based on two assumptions:

1. The observed brightness of any object point is constant over time.
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16.2 Optical flow 795

2. Nearby points in the image plane move in a similar manner (the velocity smoothness
constraint).

Suppose we have a continuous image; f(z,y,t) refers to the gray-level of (z,y) at time ¢.
Representing a dynamic image as a function of position and time permits it to be ex-
pressed as a Taylor series:

fl@+dz,y+dy, t+dt) = f(z,y,t) + fodz + fydy + fidt + O(0%), (16.4)

where fy, fy, fi denote the partial derivatives of f. We can assume that the immediate
neighborhood of (z,y) is translated some small distance (dz,dy) during the interval d¢;
that is, we can find dx, dy, dt¢ such that

fle+de,y+dyt+dt) = f(z,y,1). (16.5)

If dz, dy, d¢ are very small, the higher-order terms in equation (16.4) vanish and

dx dy
—fr = fom— + f,—. 16.6
ft f dt + f_j dt ( )
The goal is to compute the velocity

c— (%%) — (u,v), (16.7)

fzs [y, ft can be computed, or at least approximated, from f(z,y,t). The motion velocity
can then be estimated as

—fi=fau+ fyv=Vfe, (16.8)

where Vf is a two-dimensional image gradient. It can be seen from equation (16.8) that
the gray-level difference f; at the same location of the image at times ¢ and ¢ + dt is
a product of spatial gray-level difference and velocity in this location according to the
observer.

Equation (16.8) does not specify the velocity vector completely; rather, it only pro-
vides the component in the direction of the brightest gradient (see Figure 16.4c). To
solve the problem completely, a smoothness constraint is introduced; that is, the velocity
vector field changes slowly in a given neighborhood. Full details of this approach may be
found in [Horn and Schunk, 1981], but the approach reduces to minimizing the squared
error quantity

E*(2,y) = (fou+ fyo+ 1)+ A2 +u2 + 02 +02) (16.9)
where ui,ui,vi,vi denote partial derivatives squared as error terms. The first term

represents a solution to equation (16.8), the second term is the smoothness criterion,
and A is a Lagrange multiplier. Using standard techniques [Horn and Schunk, 1981], this
reduces to solving the differential equations

(N + f2) u+ fufyo =NU—fufi, (16.10)

fofyu+ (N + ) o=Nv—fyfi,
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where U, T are mean values of the velocity in directions x and y in some neighborhood of
(z,y). It can be shown that a solution to these equations is

P

=U— fz75 16.11
uU=1u fD (16.11)
_ P
v:'u—fyﬁ, (16.12)
where
P=fau+fo+fi, D=XN+[f+f. (16.13)

Determination of the optical flow is then based on a Gauss-Seidel iteration method using
pairs of (consecutive) dynamic images [Horn, 1986; Young, 1971].
Algorithm 16.1: Relaxation computation of optical flow from dynamic image pairs
1. Inmitialize velocity vectors c(i,j) = 0 for all (7, j).

2. Let k denote the number of iterations. Compute values u*, v* for all pixels (4, j)

TJ

(i,4
(Z’
(i,j
D(i, j

Partial derivatives f., fy, fi can be estimated from pairs of consecutive images.

DD i) <e

where ¢ is the maximum permitted error; return to step 2 otherwise.

uF i, §) =00, §) = falis )
(16.14)

WU
%m

=

v (i,5) =710, 5) — fy(9) 5

.
~

3. Stop if

If more than two images are to be processed, efficiency may be increased by using
the results of one iteration to initialize the current image pair in sequence.
Algorithm 16.2: Optical flow computation from an image sequence
1. Evaluate starting values of the optical flow c(3, j) for all points (3, j).

2. Let m be the sequence number of the currently processed image. For all pixels
of the next image, evaluate

"U

(7/7]
(z,
(4
(4,9)

m+1( .7) (7])_fz(z7.7)
(16.15)

'"UU
\:JQ

V" §) =07 5) — fy (0 9)

>

3. Repeat step 2 to process all images in the sequence.
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16.2 Optical flow 797

Both these algorithms are naturally parallel. The iterations may be very slow, with a
computational complexity O(nP), where p is the order of the partial differential equation
set (16.10). Experimentally, it is found that thousands of iterations are needed until
convergence if a second-order smoothness criterion is applied [Glazer, 1984]. On the
other hand, the first 10-20 iterations usually leave an error smaller than the required
accuracy, and the rest of the iterative process is then very gradual.

If the differences dx, dy, dt are very small, all the higher-order terms vanish in the
continuous derivative of equation (16.4). Unfortunately, in reality this is often not the
case if subsequent images are not taken frequently enough. As a result, the higher-order
terms do not vanish and an estimation error results if they are neglected. To decrease this
error, the second-order terms may be considered in the Taylor series, and the problem
becomes a minimization of an integral over a local neighborhood N [Nagel, 1987]:

S (@)= v nto) = fle =l =yl = 0] = 5 ool — o

= faylz —u]ly —v] - %fyy[y —)? * da dy. (16.16)

This minimization is rather complex and may be simplified for image points that corre-
spond to corners (Section 5.3.10). Let the co-ordinate system be aligned with the main
curvature direction at (zo,o); then fg,, = 0 and the only non-zero second-order deriva-
tives are fy, and f,,. However, at least one of them must cross zero at (xo,yo) to get a
maximum gradient: If, say, fzo = 0, then f, — max and f, = 0. With these assump-
tions, equation (16.16) simplifies, and the following formula is minimized [Vega-Riveros
and Jabbour, 1989

2

> {f(l:% t) — f(@0,90,t0) — folr —u) — %fyy(y —u)? | . (16.17)

z,yeN

A conventional minimization approach of differentiating equation (16.17) with respect to
u and v and equating to zero results in two equations in the velocity components u, v.

16.2.2 Global and local optical flow estimation

Optical flow computation will be in error to the extent that the constant brightness
and velocity smoothness assumptions are violated—unfortunately, in real imagery, this
is quite common. Typically, the optical flow changes dramatically in highly textured
regions, around moving boundaries, depth discontinuities, etc. [Kearney and Thompson,
1988]. A significant advantage of global relaxation methods of optical flow computation
is to find the smoothest velocity field consistent with the image data; as discussed in
Section 10.9, an important property of relaxation methods is their ability to propagate
local constraints globally. As a result, not only constraint information but also all optical
flow estimation errors propagate across the solution. Therefore, even a small number of
problem areas in the optical flow field may cause widespread errors and poor estimates.

Since global error propagation is the biggest problem of the global optical flow compu-
tation scheme, local optical flow estimation may be a better solution. The local estimate
is based on the same brightness and smoothness assumptions, and the idea is to divide
the image into small regions where the assumptions hold. This solves the error propa-
gation problem but another arises—in regions where spatial gradients change slowly, the
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optical flow estimation becomes ill-conditioned because of lack of motion information,
and it cannot be detected correctly. If a global method is applied to the same region, the
information from neighboring image parts propagates and represents a basis for optical
flow computation even if the local information was not sufficient by itself. The conclusion
is that global sharing of information is beneficial in constraint sharing and detrimental
with respect to error propagation [Kearney and Thompson, 1988].

One way to cope with the smoothness violation problem is to detect regions in
which the smoothness constraints hold. Two heuristics for identifying neighboring con-
straint equations that differ substantially in their flow value were introduced in [Horn and
Schunk, 1981]. The main problem is in selecting a threshold to decide which flow value

Figure 16.7: Moving trains image sequence. (a) First frame. (b) Last frame. (c) Optical
flow detection—local optimization method. (d) Optical flow detection—method of continuous
adaptation to errors. (Only 20% of vectors with moderate and high confidence shown.) Courtesy
of J. Kearney, The University of lowa.
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16.2 Optical flow 799

difference should be considered substantial—if the threshold is set too low, many points
are considered positioned along flow discontinuities, while if the threshold is too high,
some points violating smoothness remain part of the computational net. The bound-
ary between smooth subnets is not closed; paths between them remain, and the error
propagation problem is not solved.

An approach of continuous adaptation to errors was introduced in [Kearney et al.,
1987]. As with the basic global relaxation method, optical flow is determined itera-
tively by combining the local average flow vector with the gradient constraint equation.
However, a confidence is assigned to each flow vector based on heuristic judgments of
correctness, and the local average flow is computed as a weighted average by confi-
dence. Thus, the propagation of error-free estimates is inhibited. Details of confidence
estimation, smoothness violation detection, combining partial estimates, implementa-

Figure 16.8: Simulated flyover image sequence. (a) First frame. (b) Last frame. (c) Optical
flow detection—local optimization method. (d) Optical flow detection—method of continuous
adaptation to errors. (Again, only 20% of vectors with moderate and high confidence shown.)
Courtesy of J. Kearney, The University of Iowa.
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tion details, and discussion of results are given in [Kearney et al., 1987; Kearney and
Thompson, 1988].

Performance of the method is illustrated in Figures 16.7 and 16.8. The first image
pair, shown in Figures 16.7a,b, contains a collection of toys, and the second pair of
images (Figures 16.8a,b) simulates a view from an aircraft flying over a city. Optical
flow resulting from a simple local optimization is shown in Figures 16.7c and 16.8c, and
results of the global method of continuous adaptation to errors are given in Figures 16.7d
and 16.8d. The optical flow improvement achieved by the latter method is clearly visible.

Comparison of the performance of many optical flow techniques is given in [Barron
et al., 1994]—local differential approaches [Fleet and Jepson, 1990; Lucas and Kanade,
1981] were found to be most accurate and robust. Techniques using global smoothness
constraints were found to produce visually attractive motion fields, but give an accuracy
suitable only for qualitative use, insufficient for ego-motion computation and 3D structure
from motion detection.

16.2.3 Combined local-global optical flow estimation

Variational methods of optical flow computation, e.g., the classical Horn—Schunck ap-
proach described above using Gauss-Seidel iterative solution method is known to pro-
duce good results and dense flow fields, but suffer from slow convergence, rendering it
unsuitable for real-time applications [Weickert and Schnoerr, 2001]. Combining the global
Horn—Schunck variational approach with a local least-square Lucas—Kanade method [Lu-
cas and Kanade, 1981], the approach named combined local-global (CLG) method
was introduced in [Bruhn et al., 2002] which offers real-time performance [Bruhn et al.,
2005]). The CLG method computes the optical flow field (u,v)T in a rectangular image
domain € by minimization of the functional

E(u,v) = /Q (wTJp(ng)w + af|Vul® + |Vv|2)) dxdy , (16.18)

where w(z,y) = (u(z,y),v(x,y),1)T is the displacement, Vu is the spatial gradient
of (uz,uy)T, Vaf is the spatio-temporal gradient (fy, fy, fi)T, and « is a regularization
parameter. J,(V3f) is the structure tensor [Bigun et al., 1991] given by K,* (V3 fV3f7),
where * denotes convolution and K, is a Gaussian with standard deviation p. Equation
(16.18) represents a pure Horn-Schunck method for p — 0 and the pure Lucas—Kanade
method for @« — 0. When the parameters are set to combine both approaches, good
properties of both are maintained, resulting in dense flow fields and robustness to noise.

The energy functional minimization can be obtained by solving the Euler—Lagrange
equations

alAu — (Ji(Vsfu) + Ji2(Vaf)v + J13(Vsf)) 0, (16.19)
alAv — (Ja1 (Vaflu) + Joa (Vs flv + Jo3(Vsf)) = 0, (16.20)

where A denotes the Laplacian; boundary conditions shall reflect that normal derivative
vanishes at boundaries of 2
Ohu=0,0,v=0. (16.21)

Numerical solving of the above Euler-Lagrange equations can be performed, e.g., using
the traditional Gauss—Seidel iteration approach [Young, 1971], but this approach is not
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16.2 Optical flow 801

fast enough for real-time optical flow computation since after an initial stage of fast
improvements by removing higher frequency error parts (via smoothing) it suffers from
a slow process of achieving necessary accuracy since the available smoothing processes
do not efficiently deal with the remaining low-frequency error components. Multigrid
methods overcome the problem by using a coarse-to-fine hierarchy of equation systems
delivering excellent error-reduction behavior [Briggs et al., 2000; Trottenberg et al., 2001].
Here, low frequencies on the finest grid reappear as higher frequencies on the coarser grids
and can therefore be successfully removed. A two-orders of magnitude speed-up was
reported by implementing the CLG method using a full multigrid method for solving the
linear system of equations compared to commonly used variational techniques of optical
flow computation [Bruhn et al., 2005].

16.2.4 Optical flow in motion analysis

Optical flow gives a description of motion and can be a valuable contribution to image
interpretation even if no quantitative parameters are obtained from motion analysis.
Optical flow can be used to study a large variety of motions—moving observer and static
objects, static observer and moving objects, or both moving. Optical flow analysis does
not result in motion trajectories as described in Section 16.1; instead, more general
motion properties are detected that can significantly increase the reliability of complex
dynamic image analysis [Thompson et al., 1985; Kearney et al., 1987; Aggarwal and
Martin, 1988].

Motion, as it appears in dynamic images, is usually some combination of four basic
elements:

o Translation at constant distance from the observer.

o Translation in depth relative to the observer.

o Rotation at constant distance about the view axis.

e Rotation of a planar object perpendicular to the view axis.

Optical-flow based motion analysis can recognize these basic elements by applying a few
relatively simple operators to the flow. Motion form recognition is based on the following
facts (Figure 16.9):

o Translation at constant distance is represented as a set of parallel motion vectors.
e Translation in depth forms a set of vectors having a common focus of expansion.
e Rotation at constant distance results in a set of concentric motion vectors.

e Rotation perpendicular to the view axis forms one or more sets of vectors starting
from straight line segments.

Exact determination of rotation axes and translation trajectories can be computed, but
with a significant increase in difficulty of analysis.

Consider translational motion: if the translation is not at constant depth, then opti-
cal flow vectors are not parallel, and their directions have a single focus of expansion
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(a) (®) © (@
Figure 16.9: Motion form recognition. (a) Translation at constant distance. (b) Translation in
depth. (c) Rotation at constant distance. (d) Planar object rotation perpendicular to the view
axis. © Cengage Learning 2015.

() (®) (]

Figure 16.10: Focus of expansion. (a) Time t;. (b) Time ¢2. (c) Optical flow. © Cengage
Learning 2015.

(FOE). If the translation is at constant depth, the FOE is at infinity. If several indepen-
dently moving objects are present in the image, each motion has its own FOE—this is
illustrated in Figure 16.10, where an observer moves in a car towards other approaching
cars on the road.

Mutual velocity

The mutual velocity ¢ of an observer and an object represented by an image point
can be found in an optical flow representation. Let the mutual velocities in directions
z,y,z be ¢z = u,¢y = v,¢, = w, where z gives information about the depth (note
that z > 0 for points in front of the image plane). To distinguish image co-ordinates
from real-world co-ordinates in the following, let the image co-ordinates be 2’,1’. From
perspective considerations, if (zo,yo,20) is the position of some point at time ¢y = 0,
then the position of the same point at time ¢ can, assuming unit focal distance of the
optical system and constant velocity, be determined as follows:

;o o+ ut yo+ vt
=(—)——|. 16.22
(amy) (zo-i-wt’zo—&-wt ( )

FOE determination

The FOE in a two-dimensional image can be determined from this equation. Let us
assume motion directed towards an observer; as t — —o0, the motion can be traced back
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16.2 Optical flow 803

to the originating point at infinite distance from the observer. The motion towards an
observer continues along straight lines and the originating point in the image plane is

u v
x'roE = (*7 *) . (16.23)
w’ w
Note that the same equation can be used for ¢ — oo and motion in the opposite direction.
Clearly, any change of motion direction results in changes of velocities u,v,w, and the
FOE changes its location in the image [Jain, 1983].

Distance (depth) determination

Because of the presence of a z co-ordinate in equation (16.22), optical flow can be used
to determine the current distance of a moving object from the observer’s position. The
distance information is contained indirectly in equation (16.22). Assuming points of the
same rigid object and translational motion, at least one actual distance value must be
known to evaluate the distance exactly. Let D(t) be the distance of a point from the
FOE, measured in a two-dimensional image, and let V' (¢) be its velocity dD/dt. The
relationship between these quantities and the optical flow parameters is then
D(t) _ z(t)

RO (16.24)

This formula is a basis for determination of distances between moving objects. Assuming
an object moving towards the observer, the ratio z/w specifies the time at which an object
moving at a constant velocity w crosses the image plane. Based on the knowledge of the
distance of any single point in an image which is moving with a velocity w along the
z axis, it is possible to compute the distances of any other point in the image that is
moving with the same velocity w

Z1 (t) Vl (t) D2 (t)
29(t) = —=——F—7——, 16.25
®= "5 0 (1629
where z;(t) is the known distance and zo(¢) is the unknown distance. Using the given
formulae, relations between real-world co-ordinates x, y and image co-ordinates z’, 7’ can
be found related to the observer position and velocity:

y'(t) w(t) D(t) w(t) D(t)

70 , z():w. (16.26)

(t) = ———"—"", t) =

0 =5 y(t

Note that the above equations cover both the moving objects and the moving camera as
long as the motion is along the camera optical axis. Situations in which motion is not

realized along the optical axis are treated in [Jain et al., 1995].

Collision Prediction

A practical application is analysis of robot motion, where the optical flow approach is able
to detect potential collisions with scene objects. Observer motion—as seen from optical
flow representation—aims into the FOE of this motion; co-ordinates of this FOE are
(u/w,v/w). The origin of image co-ordinates (the imaging system focal point) proceeds
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in the direction s = (u/w,v/w,1) and follows a path in real-world co-ordinates at each
time instant defined as a straight line,

u v
(z,y,2) =ts =1t (—7—,1) : (16.27)
w’ w
where the parameter t represents time. The position of an observer x,,s when at its
closest point of approach to some x in the real world is then

Xobs = o ) (SS.'SX) . (16.28)

The smallest distance dy,i, between a point x and an observer during observer motion is

(x5

S-S

dmin = (X : X) - (1629)
Thus, a circular-shaped observer with radius r will collide with objects if their smallest
distance of approach dyin < 7.

The analysis of motion, computation of FOE, depth, possible collisions, time to
collision, etc., are all very practical problems. Interpretation of motion is discussed in
[Subbarao, 1988], and motion analysis and computing range from an optical flow map is
described in [Albus and Hong, 1990]. A comprehensive approach to motion parameter es-
timation from optical flow together with a comprehensive overview of existing techniques
is given in [Hummel and Sundareswaran, 1993]. Ego-motion estimation from optical flow
fields determined from multiple cameras is presented in [Tsao et al., 1997]. Obstacle
detection by evaluation of optical flow is presented in [Enkelmann, 1991]. Edge-based
obstacle detection derived from determined size changes is presented in [Ringach and
Baram, 1994]. Time to collision computation from first-order derivatives of image flow
is described in [Subbarao, 1990], where it is shown that higher-order derivatives, which
are unreliable and computationally expensive, are not necessary. Computation of FOE
does not have to be based on optical flow; the spatial gradient approach and a natural
constraint that an object must be in front of the camera to be imaged are used in a direct
method of locating FOE in [Negahdaripour and Ganesan, 1992].

16.3 Analysis based on correspondence of interest points

Optical flow can be applied only if the intervals between image acquisitions are very short.
if they are not, motion detection based on correspondence of interest points (feature
points) is an alternative. Detection of corresponding object points in subsequent images
is a fundamental part of this method—if this correspondence is known, velocity fields can
easily be constructed (this does not consider the hard problem of constructing a dense
velocity field from a sparse-correspondence-point velocity field).

The first step of the method is to find significant points in all images of the sequence—
points least similar to their surrounding representing object corners, borders, or any
other characteristic features in an image that can be tracked over time. Point detection
is followed by a matching procedure, which looks for correspondences between these
points. The process results in a sparse velocity field construction.
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16.3 Analysis based on correspondence of interest points 805

16.3.1 Detection of interest points

There is a host of interest point detectors that have developed over the years—see Sec-
tion 5.3.10: an early one is the Moravec; well-used alternatives are the Kitchen-Rosenfeld
and Zuniga-Haralick operators. The Harris corner detector (described in Section 5.3.10)
has proved very popular.

16.3.2 Lucas—Kanade point tracking

Suppose we have two images I; and I of a dynamic scene that are separated in time by
a short interval, implying that individual points will not have moved far. If a pixel (z,y)
in I; moves to (z 4+ wu,y +v) in Iz, we will be able to assume that v and v are ‘small’; we
will also assume that the pixel remains unaltered in appearance (intensity), so

L(z+u,y+v)—Li(z,y)=0. (16.30)

Since the displacement is small, we can make a linear approximation to Iy (z+u, y+v)
via a Taylor expansion:

I 1.
Lz +u,y+v)~ L(z,y) + %u+%—;v. (16.31)
Combining equations (16.30) and (16.31) gives
I I
(1ai) = (o)) + 2+ G2 =0, (16.32)

an equation connecting the temporal and spatial differences around (z,y), in which u
and v are unknown, that is a restatement of equation (16.7).

Clearly we cannot solve for two unknowns from this single equation: but if we make
the assumption that an immediate neighborhood of (z,y) behaves in the same manner,
more equations can be derived. For example, if we assume that all of the 3 x 3 window
centered at (z,y) moves (u,v) between frames, and does not change in intensity, then
equation (16.32) provides nine linear equations for the two unknowns, and the system
is now overdetermined. We can construct a 9 x 2 matrix A, each row of which is an
estimate of %, ‘9—[; at respective pixels, and a 9 x 1 vector b, each component of which
is the difference in intensities between I, I at respective pixels:

A least-squares ‘best’ solution to this system is then available from
ATA( Z ) =A"b, (16.33)

which is a 2 x 2 system, solvable if AT A is invertible.

Writing for brevity I, = % (and similar), we can see that

LI, Y LI
ATA: ( z xtx xly ) ,
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806 Chapter 16: Motion analysis

where the sum if taken over the small local neighborhood—the Harris matrix intro-
duced as equation (5.73). As in the discussion there, this approach requires stability in
(AT A)~1, which is provided by the two eigenvalues being ‘not too small’, and of com-
parable magnitude to each other. This will imply some structure (a corner, or similar
feature) at the pixel in question, thereby avoiding the aperture problem described in
Section 5.3.10. In practice, we might compute the minimum eigenvalue A, of (AT A)~!
at each pixel, select via some threshold those which are ‘large enough’, then retain pixels
at which )\, is locally maximal, and then retain all such pixels that are separated by
some minimum distance.

The reasons that this approach might fail are a violation of its assumptions: main-
taining local intensity, or significant local motion. The latter problem can often be
addressed by an iterative approach: velocity estimates are made at pixels in I, which is
then warped towards Is, and the procedure is then repeated.

This approach to point tracking was first outlined in 1981 [Lucas and Kanade, 1981],
and was developed with widespread impact into the KLT tracker [Shi and Tomasi, 1994]
(which is freely available in many implementations on the WWW.) This work success-
fully uses the Lucas—Kanade approach to determine automatically in an image sequence
points which are ‘trackable’ (so satisfy the criteria outlined above), and which have ‘real’
meaning in the scene. The key to this is recognizing that simple translation is not likely
to be a good representation of motion in even small spatial windows, and that an affine
model is likely to be much better—in the notation used above, we conjecture a 2 x 2
matrix D such that (z,y) in I; moves to

p()+(%)

in Is. The pure translational model is still used for tracking frame-to-frame, but the
affine model can be used to confirm that the feature being tracked is ‘good’. D can
be recaptured by a least-squares approach very similar to that used to solve for pure
translation; then the dissimilarity (sum of square differences) between the original window
and its [affine] transformed version can be considered. This successfully handles change
of scale of features as camera distance changes, but will detect, for example, that a strong
feature that is an accident of viewpoint (two strong boundaries crossing, but belonging
to different scene features) is not a good candidate for tracking as viewpoint evolves.

Since its first publication, Lucas-Kanade flow computation, and associated trackers,
have acquired huge popularity. A good survey of the algorithm’s developments and
generalizations may be found in [Baker and Matthews, 2004]. In its most general form
to incrementally warp—mnot necessarily in an affine way—an image I to a template T,
the algorithm may be summarized as:

Algorithm 16.3: General Lucas—Kanade tracking
1. Initialize a warp W(x; p), determined by some parameters p.

2. Warp I with W(x;p) to f, and determine the error T — 1.
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16.3 Analysis based on correspondence of interest points 807

3. Warp the gradient of I, VI with W(x; p), and evaluate the Jacobian %—?. Com-
pute the ‘steepest descent’ image VI %l:, and the Hessian matrix

ow1" [, OW
s=rlwE] 5]

4. Compute
ow1" .
_ g1 _
Ap=H Ex {VI p ] [T(x)—1)].

5. Set
p=p+Ap
and go to 2 until ||Ap|| < e.

This is, as in the more elementary exposition given above, a least-squares minimiza-
tion of an error measure, applied iteratively until convergence. The only constraint put
on the warping function W is that it be differentiable with respect to its parameters
p. Baker and Matthews give a comprehensive discussion of convergence, efficiency and
other issues [Baker and Matthews, 2004].!

An example of KLT tracking is given in Figure 16.11, where motion of ‘good’ points
over 0.5 seconds is illustrated: these data were subsequently used as input to a system
that built semantic models of scenes (here a Metro station) from unconstrained video
[Dee et al., 2012].

Figure 16.11: KLT tracking applied to a video scene of
a Metro station: the algorithm automatically determines
trackable points that persist over the sequence. These
‘tracklets’ can be used subsequently to derive a semantic
description of the scene. Courtesy of H. M. Dee, The Uni-
versity of Aberystwyth. A color version of this figure may be
seen in the color inset—Plate 36.

16.3.3 Correspondence of interest points

Assuming that interest points have been located in all images of a sequence, a correspon-
dence between points in consecutive images is sought. Many approaches may be applied

IThere is an associated website http://www.ri.cmu.edu/projects/project__515.html providing a vari-
ety of Matlab source codes and test images.
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808 Chapter 16: Motion analysis

to seek an optimal correspondence, and several possible solutions have been presented
earlier (Chapters 9 and 11). The graph matching problem, stereo matching, and ‘shape
from X’ problems treat essentially the same problem.

An early, probabilistic method [Thompson and Barnard, 1981] is a good example
of the main ideas of this approach: the correspondence search process is iterative and
begins with the detection of all potential correspondence pairs in consecutive images. A
maximum velocity assumption can be used for potential correspondence detection, which
decreases the number of possible correspondences, especially in large images. Each pair of
corresponding points is assigned a number representing the probability of correspondence.
These probabilities are then iteratively recomputed to get a globally optimum set of
pairwise correspondences (the maximum probability of pairs in the whole image, equation
16.39) using another assumption: common motion principle. The process ends if each
point of interest in a previous image corresponds with precisely one point of interest in
the next and

e The global probability of correspondences between image point pairs is significantly
higher than other potential correspondences.

e Or the global probability of correspondences of points is higher than a pre-selected
threshold.

o Or the global probability of correspondences gives a maximum probability (opti-
mum) of all possible correspondences (note that n! possible correspondences exist
for n pairs of interest points).

Let Ay = {x,,} be the set of all interest points in the first image, and As = {y,} the
interest points of the second image. Let c,,, be a vector connecting points x,, and y,
(Cmn is thus a velocity vector; y, = X + Cmn). Let the probability of correspondence
of two points x,, and y, be P,,,. Two points x,, and y,, can be considered potentially
corresponding if their distance satisfies the assumption of maximum velocity

|Xm - Yn| < Cmax ) (1634)

where cpayx i the maximum distance a point may move in the time interval between two
consecutive images. Two correspondences of points X,,y, and x;y; are termed consistent
if

|Cmn - Ck‘l| S Cdif (1635)
where cgir is a preset constant derived from prior knowledge. Clearly, consistency of
corresponding point pairs increases the probability that a correspondence pair is correct.
This principle is applied in Algorithm 16.4 [Barnard and Thompson, 1980].

Algorithm 16.4: Velocity field computation from two consecutive images

1. Determine the interest points A; and A, in images f1, f2, and detect all potential
correspondences between point pairs x,,, € 4; and y,, € As.

2. Construct a data structure in which potential correspondence information of all
points x,, € A; with points y,, € A, is stored, as follows

[Xm» (€m1, Pma), (€mas Pma)s -+ > (V*, P¥)] . (16.36)
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16.3 Analysis based on correspondence of interest points 809

Py, is the probability of correspondence of points x,, and y,, and V* and P*
are special symbols indicating that no potential correspondence was found.

3. Initialize the probabilities PJ,, of correspondence based on local similarity—if

two points correspond, their neighborhood should correspond as well:

1
o 16.37

where k is a constant and

Wi = 3 [F1(%m + AX) — fa(yn + Ax)]? (16.38)
AX

Ax defines a (usually symmetric) neighborhood for match testing by ranging
between some small negative and positive values.

4. Tteratively determine the probability of correspondence of a point x,, with points
Yn» as a weighted sum of probabilities of correspondence of all consistent pairs
Xy, where x; are neighbors of x,, and the consistency of xxy; is evaluated
according to X,,,Yn. The quality ¢y, of the correspondence pair is

Ga =SSPy, (16.39)
l

k

where s denotes an iteration step, k refers to all points x5 that are neighbors
of x,,, and [ refers to all points y; € A, that form pairs x;y; consistent with

XmYn-

5. Update the probabilities of correspondence for each point pair X,,, ¥,
P = P4V (a+ ) (16.40)
where a and b are preset constants. Normalize

]Ss
= — . 16.41
n = 5 (16.41)
6. Repeat steps 4 and 5 until the best correspondence x,,y, is found for all points
X -

7. Vectors c;; of the correspondence form a velocity field of the analyzed motion.

The velocity field resulting from this algorithm applied to the image pairs given in
Figures 16.7a,b and 16.8a,b are shown in Figure 16.12. Note that the results are much
better for the train sequence; compare the flyover velocity field with the optical flow
results given in Figure 16.8d.

Velocity fields can be applied in position prediction tasks as well as optical flow.
A good example of interpretation of motion derived from detecting interest points is
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Figure 16.12: Velocity fields of the train sequence (left) and flyover (right) (original images
shown in Figures 16.7a,b and 16.8a,b). Courtesy of J. Kearney, The University of Iowa.

given in [Scott, 1988]. Detection of moving objects from a moving camera using point
correspondence in two orthographic views is discussed in [Thompson et al., 1993]. Fluid
motion analysis using particle correspondence and dynamic programming is described in
[Shapiro et al., 1995]. Two algorithms applicable to motion analysis in long monocular
image sequences were introduced in [Hu and Ahuja, 1993].

Approaches that allow object registration without determination of explicit point
correspondences exist. In [Fua and Leclerc, 1994], a method using full three-dimensional
surface models is presented that may be used together with shape from motion analysis.
An accurate and fast method for motion analysis that seeks correspondence of moving
objects via a multi-resolution Hough transform is introduced in [Bober and Kittler, 1994].

16.4 Detection of specific motion patterns

In many cases, we are interested in detecting a specific class of motion, in which case
some motion-specific information may be derived from a training set of examples and a
classifier trained to distinguish between this and other phenomena that can be observed
in the image sequences. The approach described below is motivated by detection of
pedestrian motion but it can be applied to a variety of other applications.

Pedestrian motion detection and tracking are important tasks in surveillance appli-
cations. In non-pedestrian motion-related applications, training a target detector on a
set of examples often yields an efficient detector with success shown for detecting cars,
human faces, etc. Such detectors scan through an image looking for a match between
the detector and the input image data. The candidate objects can then be tracked over
time, further increasing the reliability of detection and the associated tracking. Sev-
eral approaches are discussed below in Section 16.5. Many such methods first analyze
the image-based information that is later processed using motion analysis techniques.
These approaches require complex intermediate representations and perform matching,
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16.4 Detection of specific motion patterns 811

segmentation, alignment, registration, and motion analysis. Since the detection/tracking
is carried out in an open loop, failures occurring in the earlier steps may affect the
performance in the later stages.

While these approaches see useful performance in some applications, they are not
very suitable for pedestrian motion detection and tracking due to the inherent variability
of body pose and clothing. The task is made more difficult by the typically low resolution
character of the analyzed images: surveillance cameras may depict pedestrians in image
patches as small as 20 x 10 pixels, yet human motion patterns are easily distinguishable
even in such low-resolution data. One such system assesses motion periodicity directly
from the tracked images and analyzes long temporal sequences to reject candidates with
inconsistent motion patterns [Cutler and Davis, 2000].

A substantially different approach was presented in [Viola et al., 2003], in which
image-based and motion-based information are used simultaneously. This method fo-
cuses on detection of short-term motion patterns rather than on tracking over extended
periods of time. This work is closely related to the object detection method described in
Section 10.7 and uses the AdaBoost learning paradigm (Section 9.8). As in Section 10.7,
pedestrian motion detection uses a small set of simple rectangle filters trained on a set of
examples, and can be evaluated very efficiently at any scale (Section 4.2.1). To capture
the motion pattern, the filters need to work with short temporal image sequences.

In general, motion can be detected by determination of temporal differences in cor-
responding image blocks. The size of such image blocks determines the analysis scale,
and for multi-scale analysis, blocks of different sizes are considered. Clearly, optical flow
(Section 16.2) is able to provide the necessary information. However, the relatively high
computational demands of optical flow calculation is not well suited for multi-scale anal-
ysis. On the other hand, the computational efficiency of rectangular filters and their
multi-scale capabilities are well suited to this task. Simply considering differences be-
tween scale-specific blocks in pairs of images over time can serve as an identifier of motion
(Section 16.1). Additionally, motion direction can be derived from differences between
shifted image blocks, one from the image frame acquired at time ¢, the other at time
t + dt. Five such images were shown as highly relevant

=abs(l; — I141) ,
=abs(Iy — Iyyst 1)
=abs(l; — Ityst |) (16.42)
=abs(I; — Iiy5t <),
=abs(I; — L5t —),
where the arrows represent the direction of the image shift. For example, I;1; | refers to
an image frame t + 0t shifted down by 1 pixels with respect to the previous image frame

I;. Figure 16.13 shows examples of the A, U, D, L, R images.
Similarly, filters fi measure the magnitude of motion.

fk = Tk(S) . (16.43)
Several filter types can be designed. Filters

fi = TZ(A) — TZ(S) (16.44)
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Figure 16.13: Motion and appearance difference images derived according to equation (16.42).
Image R has the lowest energy and as such, corresponds to the right-to-left direction of motion.
© M. Sonka 2015.

reflect the likelihood that a particular region is moving in a tested direction 7, , <, or
—. Here, S is one of the difference images {U, D, L, R} and r; is a single rectangle sum
within the detection window.

Motion shear can be determined using filters

fi=9;(5). (16.45)

Rectangle appearance filters f,,, contribute to detecting image patterns of expected
static image properties

fm = ¢(1y) (16.46)

from the first frame of the two-frame image sequence. As before, the filters f, can be
efficiently evaluated using the integral image representation described in Section 4.2.1.
Similarly to preceding work [Viola and Jones, 2001], the filters fo can be of any size,
aspect ratio, or position as long as they fit in the detection image block. As such, a large
number of filters can be designed and a best subset of filters and a corresponding classifier
must be designed to separate the moving objects with motion-specific properties from
the rest of the image. The classifier C' consists of a linear combination of the selected
features and, after the AdaBoost training phase, reflects a thresholded sum of features

N
C(Iy, I, =1 if Fo (I, I, >0,
(I, Ttas) ; s( t t+5t) (16.47)
=0 otherwise.
The feature Fy is a thresholded image that outputs one of two possible values
Fy(1y, I, =a if fo(It, Liyse, A, U, D, L, R) > tg
(It, Ty yot) Js(Tes Toyot ) (16.48)

= [ otherwise,

where ts € R is a feature threshold and f, is one of the filters fo. As before, the N
features f; are selected using AdaBoost from all possible filters, these being a function of
one or more parameters Iy, Iy, A, U, D, L, and/or R, respectively. The values of «, 3,
ts, and 6 are computed during the AdaBoost training process (Section 9.8). Each of the
N rounds of AdaBoost chooses from the full set of motion and appearance features. As
a result, a mix of features balancing the appearance and motion descriptors is selected.
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16.4 Detection of specific motion patterns 813

To support multi-scale detection, the parameter v used for calculating the shifted
images in directions T, |, <—, — must be defined with respect to the detection scale. Con-
sequently, motion-invariant detection of object motion speed is achieved. This invariance
can be obtained in the training process by scaling all training samples to a pre-determined
base resolution (i.e., bounding block size with respect to pixel counts in z and y direc-
tions). In [Viola et al., 2003], a base resolution of 20 x 15 pixels was used. During anal-
ysis, multi-scale behavior is achieved by operating on image pyramids (Section 4.3.1),
which are computed from the pyramidal representations of the analyzed image frames I,f
and I}

+dt
Al = abs(If — If,,)
Ul = abs(I; 1! —I,f+6t 1),
Dl =abs(I} — I} 5 1), (16.49)
= abs([; Ié+5t <),
=abs(I} — Il 5 —),

where [ denotes the pyramid level. Features are computed from the pyramidal represen-
tations in a scale-invariant fashion. In [Viola et al., 2003], a scale factor of 0.8 was used
to generate successive pyramid levels all the way down to the pre-determined size of the
base-resolution image block (20 x 15 pixels in the discussed case).

Once the features are selected, a boosted cascade of classifiers (Section 10.7, Al-
gorithm 10.13 is used to increase the detection efficiency (see Figure 10.34). Simple
classifiers with high detection rates and relatively high false positive rates are employed
in the early stages of the boosted cascade, with more complex classifiers using larger
numbers of features being used in later stages. Each stage of the cascade attempts to
reduce both the detection and the false positive rates, obviously with a goal of reducing
the false positive rate more rapidly than the detection rate.

Filter 1

Filter 2 m

) L=

Filter 3 Figure 16.14: The first 5 features identified by the

) feature selection process for detecting walking pedes-

Filter 4 [ ] trians. Features reflect that pedestrians were cen-

) tered in the training images, tend to be different

Filter 5 H? from background, and four of them use the motion-
It U D L R difference images. Based on [Viola et al., 2003].

In the example application, a dynamic pedestrian detector was learned from se-
quences consisting of 2,000 frames. Each of the cascade classifiers was trained on 2,250
positive and 2,250 negative examples, each example consisting of two 20 x 15 image
windows from two consecutive image frames (6¢ = 1). The positive examples were se-
lected as scaled bounding boxes of the pedestrians, the negative examples did not include
pedestrians. During the feature selection, 54,624 filters were considered, uniformly sub-
sampled from a much larger set of all possible filters that can be defined on the 20 x
15 subwindow. Figure 16.14 shows the first 5 features learned. As further demonstrated
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814 Chapter 16: Motion analysis

Figure 16.15: Results of pedestrian detection using dynamic pedestrian detector. Courtesy of P.
Viola, Microsoft Live Labs and M. Jones, Mitsubishi Electric Research Labs. © 2003 IEEE. Reprinted,
with permission, from P. Viola, M. J. Jones, D. Snow, “Detecting Pedestrians Using Patterns of Motion

and Appearance,” Proceedings of the Ninth IEEE International Conference on Computer Vision (ICCV
2003), IEEE, 2003.

in [Viola et al., 2003], the motion information was crucial for the achieved performance
of the pedestrian detector, the dynamic pedestrian detector clearly outperformed the
static pedestrian detector built using the generally identical boosted cascade of clas-
sifiers approach, but not using the motion-difference image information. Figure 16.15
shows several typical detection outcomes of the presented method.

16.5 Video tracking

Surveillance CCTV is becoming or has become ubiquitous in many countries. Recogniz-
ing that only a tiny percentage of this video is viewed ‘live’, this has generated enormous
interest in computer vision algorithms that can monitor scenes automatically. While the
application value (albeit sinister) of such work in monitoring the movements of people
and traffic is obvious, there is a good number of related applications that might use the
same algorithms and technology. Popular examples are in the agricultural domain for
animal tracking, and sport, where successful real-time tracking is very lucrative, provid-
ing the potential for developments in training techniques: see, for example, [Intille and
Bobick, 1995; Magee and Boyle, 2002; Needham and Boyle, 2001].

In fact, this area is very wide and provokes many deep and interesting problems both
within and without vision. At simplest, we wish to take video signals, preferably in real-
time, and determine activity of interest within them (‘interest’ here is obviously domain
specific)—these are areas where computer vision can assist. The problem may become
as complex as we wish by considering pan-tilt-zoom (PTZ) cameras, and cameras with

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



16.5 Video tracking 815

overlapping fields of view. Thereafter, we may be interested in modeling and observing
behavior (another very subjective word)—in municipal scenes we might wish to identify
criminal behavior; in traffic scenes we might wish to identify congestion or accidents; in
sports scenes we might wish to identify particular strategies.

Unsurprisingly, these issues are key in robotics where agents may monitor their
progress and surroundings visually. This is a burgeoning research area that this book
does not address, but key within it is the concept of Simultaneous Localization and
Mapping, or SLAM. SLAM recognizes that robots may use ‘maps’ of their environ-
ment to aid navigation and obstacle avoidance, but that pre-compiled maps may well
be inaccurate, or evolve, or indeed may not exist. Accordingly, the robot constructs a
map as it moves. It will be clear that this is a problem of some depth, dependent on an
understanding of the agent’s kinematics, its models of what it may ‘see’ and its ability
to re-recognize scenes from new viewpoints. It is often presented as a ‘chicken and egg’
issue—the robot cannot move securely without the map, but the map cannot be built
until the robot has moved. In all probability, the robot will use a variety of sensors (in
addition to visual) and so a full coverage is beyond this text—mnevertheless, SLAM-based
systems will use a number of the topics of this chapter as components. Just one example
is robotic exploration of the sea-bed wreck of the Titanic, where multiple visual images
often have small overlap, but the surveying vehicle’s inertial sensors provide independent
input to mapping [Eustice et al., 2005]. The interested reader is directed toward robotics
literature, and any number of useful WWW-based tutorials.

In this section we shall outline how a video signal might be processed to deliver
data on blobs (objects) moving in the scene. Conceptually a simple task, it proves very
challenging in reality and has benefited enormously from theoretical work coupled with
increasing processor power.

16.5.1 Background modeling

The obvious approach to monitoring video is to ask what is moving in the scene, which
is most simply done by comparing what we see with an empty, background scene, and
performing some sort of comparison or subtraction. A video represents a sequence of
frames (images)—much the simplest approach to modeling background is to consider the
first frame to be the background, and to subtract intensities pixel by pixel in all suc-
cessors. Non-zero differences then represent movement; these may be thresholded (with
varying degrees of sophistication) and grouped (perhaps using morphological approaches)
to derive blobs that will be the objects moving in the scene (Section 16.1).

It is easy to see why this will not normally work. Such an approach detects every
single movement, howsoever small—this would include wind shaking trees, and the tiniest
camera movement. More subtly, changes in lighting of any degree would have catastrophic
effects. We would only take this very simple approach in conditions under very strict
control; an absolutely rigid camera with no environmental variation in lighting or shadow,
and minimal or absent moving ‘clutter’. These constraints obviously exclude most scenes
of any real interest.

More reasonably, we might concede that ‘background’ is not constant and try to
maintain a background frame dynamically. Success has been had with this approach by
taking the mean or (more usually) median intensity at each pixel of the last K frames.
This will have the effect, over a period K, of allowing a per-pixel update of lighting
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816 Chapter 16: Motion analysis

changes, although of course a slow moving object of uniform intensity might then become
absorbed into background.

Algorithm 16.5: Background maintenance by median filtering

1. Initialize: Acquire K frames. At each pixel, determine the median intensity of
these K. If the image sequence is in color, this is done for each of the R,G,B
streams. The median represents the current background value.

2. Acquire frame K +1. Compute the difference between this frame and the current
background at each pixel (a scalar for a gray image; a vector for RGB).

3. Threshold this difference to remove/reduce noise. Simple thresholds may be too
crude at this point and there is scope for using, e.g., hysteresis (Algorithm 6.5).

4. Use some combination of blurring and morphological operations (Sections 13.3.1
and 13.3.2) to remove very small regions in the difference image, and to fill in
‘holes’ etc. in larger ones. Surviving regions represent the moving objects.

5. Update the median measurement, incorporating frame K + 1 and discarding the
current earliest measurement.

6. Return to (2) for the next frame.

Step 5 here is potentially very expensive, demanding the storage of the last K images
and a per-pixel sort at each frame. An efficient short cut is available [McFarlane and
Schofield, 1995]: only the current background is stored, and intensities are incremented
by one if the current frame is brighter at the pixel, and decremented if it is darker. This
trick converges the background onto an intensity for which half the updates are brighter
and half darker—that is, the median.

This median filter approach to background maintenance is simple to understand and
has been applied with some success. Figure 16.16 illustrates the result from a cheap,
free-standing camera watching an unconstrained scene [Baumberg and Hogg, 1994a]. We
will derive a large number of silhouettes that can be analyzed for shape—in this applica-

Figure 16.16: Left—a pedestrian scene; right—movement extracted from the scene by main-
taining a median-filtered background. Post-processing has been applied to remove ‘small’ blobs
and to tidy up the figure boundary. Courtesy of A. M. Baumberg, University of Leeds.
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tion, each silhouette is characterized by a cubic B-spline (Section 8.2.5) determined by
40 boundary points (i.e., 80 parameters in 2D); these are then used to train a point dis-
tribution model (Section 10.4) which permits very efficient description of walking figures
in 18 dimensions (the remaining 62 containing very little information).

Median-based background generation is straightforward and can be made to run fast.
Nevertheless, it is limited in its application, being vulnerable to scenes in which there
are many moving objects, or objects moving slowly. The choice of the interval length
K in Algorithm 16.5.1, and the various parameters of difference thresholding and post-
processing, make it sensitive. A more robust algorithm [Stauffer and Grimson, 1999] that
compensates for these drawbacks is popularly used when the simple one fails.

The idea is to model each pixel independently, in each case as a mixture of Gaussians
(see Section 10.13). Depending on local behavior, some of these Gaussians will represent
background and some foreground: the algorithm provides a means of deciding which.
This seemingly elaborate approach becomes necessary since:

o If each pixel were the result of a particular surface under invariant lighting, a single
Gaussian would be sufficient to model its appearance under system noise.

o If the lighting were varying slowly over time, then a single adapting Gaussian would
be sufficient.

In practice, multiple surfaces might well appear, and lighting conditions can change in a
number of ways at a variety of rates.

Consider a particular pixel with intensity g; at time ¢, t = 1,2, ... (we consider here
the simple case of gray-scale images—the formal algorithm will be presented for RGB).
The recent history of the process g; will be modeled as K Gaussians, N, = N (uy, 07)

where k = 1, ..., K. We shall expect these Gaussians to evolve in time as the environment
evolves, and objects come and go, so more properly we write
Nyt = N(pgs,02,) k=1,...,K. (16.50)

The choice of K is governed by issues of computational efficiency (remember this is being
executed at each pixel), and values in the range 3-7 are commonly used. Obviously,
K > 2; otherwise, the idea reduces to a simple foreground-background model—K = 3
permits two backgrounds and one foreground model.

Associated with each Gaussian is a weight wy; which also evolves in time. Then the
probability of observing g, is

s 1
P(gt) ;w’“\/ﬁ exp ( Ul%z
These weights are normalized to sum to 1.

As the process proceeds, we could in principle use the EM algorithm (see Section
10.13) to update the Gaussian parameters but this would prove very costly. Instead, the
pixel is compared to each Gaussian: if it is within 2.5 standard deviations of the mean
it is considered a ‘match’; if there is more than one match, the best such is taken—this
is a ‘winner takes all’ strategy. Now:

e If a match is found, for Gaussian [ say, we set
wie = (1 —a)wpp—ry for k#I,
= Wi (t—1) for k=1, (16.52)

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



818 Chapter 16: Motion analysis

and then re-normalize the w. « is a learning constant: 1/« determines the speed at
which parameters change. The parameters of the matched Gaussian are updated

as
e = (1= p) pye—1) +p 3¢,
o = (1= p) Ul2(t—1) +p(ge — ),
where

p=aP(glm,of) -

o If a match is not found, the least popular Gaussian (lowest w) is lost, and is replaced
by a new one with mean g;. It is assigned a high variance and low weight (relative
to the other K — 1 distributions) at this stage. This is the mechanism whereby
new objects are ‘spotted’, and gives them the opportunity, should they persist, of
becoming part of the local background.

At this stage, the Gaussian most likely to have given the pixel its current intensity
is known, and it remains to decide whether it is background or foreground. This is
achieved via a constant 1" of the whole observation operation: it is assumed that in all
frames, the proportion of background pixels always exceeds T. Then, the Gaussians are
ordered on the expression wy;/og—a high value implies either a high weight, or a low
variance (or both). Either of these conditions would encourage our belief that the pixel
was background. Then the distributions k = 1,... B are considered to be background

where
b
B = argmin <Zwkt > T) (16.53)
b k=1
and thus a decision is given on the current pixel.
Formally, considering multi-dimensional pixels, the algorithm is:

Algorithm 16.6: Background maintenance by Gaussian mixtures

1. Initialize: Choose K the number of Gaussians and a learning constant «: values
in the range 0.01-0.1 are commonly used. At each pixel, initialize K Gaussians
N = N(pg,Xx) with mean vector py and covariance matrix Yy, and corre-
sponding weights wy. Since the algorithm will evolve this may safely be done
crudely on the understanding that early measurements may be unreliable.

2. Acquire frame t, with intensity vector x;—probably this will be an RGB vector
x¢ = (7, gt, by). Determine which Gaussians match this observation, and select
the ‘best’ of these as [. In the 1D case, we would expect an observation to
be within, say, 2.50 of the mean. In the multi-dimensional case, a simplifying
assumption is made for computational complexity reasons: the different compo-
nents of the observation are taken to be independent and of equal variance U,%,
allowing a quick test for ‘acceptability’.

3. If a match is found as Gaussian l:

(a) Set the weights according to equation (16.52), and re-normalize.
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(b) Set
p = aN(x¢|p,01)

and
iw=(1=p) -1y +pxe,
o, = (1-p) Ul2(t—1) + p (% — ) (%o — par) -

T

4. If no Gaussian matched x;: then determine | = argmin(wy) and delete N;. Then
k

set

it = X¢

2 _ 2
oip =2 MAX (1) 5

wie = 0.5 mklnwk(t_l) .

(The algorithm is reasonably robust to these choices.)

5. Determine B as in equation (16.53), and thence from the current ‘best match’
Gaussian whether the pixel is likely to be foreground or background.

6. Use some combination of blurring and morphological dilations and erosions to
remove very small regions in the difference image, and to fill in ‘holes’ etc. in
larger ones. Surviving regions represent the moving objects in the scene.

7. Return to (2) for the next frame.

Figure 16.17 illustrates the evolving balance of Gaussians weights in a simple scene.

Figure 16.17: Progress of the Stauffer-Grimson background maintenance algorithm. During the
sequence, the woman walks from right to left leading the horse; the indicated pixel (black dot,
upper center) is background, is then obscured by her clothing and arm, and then the horse.
The plot shows the weights of four Gaussians: at initialization the background, Gaussian 1,
comes to dominate (capped here at weight 0.9). Other intensity patterns come and go (the horse
is Gaussian 4), and at the end of the sequence the background resumes dominance. Courtesy of
B. S. Boyle, University of Leeds.
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820 Chapter 16: Motion analysis

This algorithm has proved very popular and has been the subject of many refine-
ments: it is usefully and clearly considered from the point of view of implementation
in [Power and Schoonees, 2002]. Particular useful enhancements are to allow « to start
high (maybe 0.1) and reduce in time (perhaps to 0.01). Improvements to the Gaussian
mixture models approach that simultaneously model multiple foregrounds have been very
successfully demonstrated in tracking urban traffic scenes [Magee, 2004].

While other approaches exist (for example, the task may be performed using a PCA
approach in which eigen-backgrounds are derived from a training set, and ‘foreground’
reveals itself as significant deviations from a mean image [Oliver et al., 1999]) most
current implementations will use a variant of one of the algorithms presented here.

16.5.2 Kernel-based tracking

While background modeling may simplify object tracking, it can be more valuable not to
require any specific background treatment: the requirement that only small changes oc-
cur between two consecutive frames is satisfied in most applications due to the high frame
rate of video sequences. If this requirement is met, gradient-based object localization and
tracking can be accomplished using a general correlation criterion [Bascle and Deriche,
1995] and considering illumination and geometry changes [Hager and Belhumeur, 1996].
An intriguing, highly efficient approach to real-time tracking was introduced in [Comani-
ciu et al., 2000]. Their method is based on spatially masking the target object with
an isotropic kernel, followed by applying a smooth similarity function, which reduces
the tracking problem to a maximum similarity search in the vicinity of the previous lo-
cation. The similarity optimization is then efficiently performed using the mean shift
algorithm (Section 7.1). An in-depth treatment of kernel-based object tracking is given
in [Comaniciu et al., 2003].

First, the desired target properties must be determined—for example by estimating
a probability density function ¢ from image data. In real-world video tracking, working
with color information is typical and information about the color distribution of the
tracked object may be used to form a feature space. To track the target from frame to
frame, the target model identified in the previous frame is first centered at the origin of a
local coordinate system. The current-frame target candidate is then located at a position
y. The target candidate feature description can be characterized by a probability density
function p(y), which is estimated from the current image frame data. For computational
efficiency, discrete probability density functions are employed; m-bin histograms are used
as simple and frequently sufficient representations. As such, the target model ¢ and target
candidate p(y) probability density functions are defined as:

a={du.}. > qu=1, (16.54)
u=1

py)={pu(y)}. D pu=1, (16.55)

where u =1,...,m. Let p(y) be a similarity function between p and §

p(y) =pply).a] - (16.56)

For a tracking task, the similarity p(y) coincides with the likelihood that a tracked
target already located in the previous frame is present at position y in the current frame.
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16.5 Video tracking 821

Therefore, the local maxima of p(y) correspond to the presence of the target in the
current frame of the analyzed image sequence.

There are many ways the similarity function can be defined. Clearly, using solely
spectral information cannot provide a smooth similarity function since even closely ad-
jacent locations may exhibit large variability. Consequently, hill-climbing optimization
techniques are insufficient, and exhaustive (and thus expensive) optimization techniques
do not allow efficient implementations. One of the main ideas to achieve regularization of
the similarity function is spatially masking the object with an isotropic kernel [Comaniciu
et al., 2000]. The feature-space description is then represented by the kernel weights and
p(y) is a smooth function in y.

The target model is derived from an elliptic region that is first normalized to a unit
circle to remove the influence of the target scale. The target region, consisting of n pixels,
is thus represented using normalized pixel coordinates {x}}; the normalization uses the
center of the unit circle as the origin. This target region is registered with a convex and
monotonically decreasing kernel K with a profile k(z) such that

k(z) : [0,00] = R so that K(x)=k(|x[?). (16.57)

Comaniciu at al. recommend using an Epanechnikov kernel (see Section 7.1 and equation
7.4). The kernel weights are in agreement with our understanding that pixels farther away
from the center are less reliable due to possible occlusions, interference with background,
or similar boundary effects. Recall that the image features are represented using an m-
bin histogram. Each target model pixel at location x; must be associated with the index
b(x}) of its bin in the quantized feature space using function b : R? — {1,...,m}. The
probability g, of the feature w € {1,...,m} is then computed as

G =0 k(I ?) 3(b(x) —u) (16.58)

where ¢ is the Kronecker delta function? and C' is a normalization constant

1
== o (16.59)
Zi:l k("Xz ||2)
The target candidate is represented by normalized pixel locations {x;} fori = 1,...,ny,

centered at y in the current frame, where h denotes the bandwidth of kernel K with the
same profile k(z) that was used for the target model. Importantly, the normalization is
inherited from the frame containing the target model. The bandwidth defines the scale
of the target candidate, thus also determining the number of pixels in the current frame
that need to be analyzed during the localization process. The probability p,, of feature

ue{l,...,m}is
np
_x
Pu=0Cn Y k(Hy -
i=1

with the normalization constant

2)5(b(xi) - u) (16.60)

1
Sy k(I = >a)/hl?)

2Kronecker delta: §(1) = 1 for I = 0; §(I) = 0 otherwise.

Ch =

(16.61)

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



822 Chapter 16: Motion analysis

Since C}, does not depend on y, it can be pre-calculated for the given kernels and band-
widths. The similarity function (equation 16.56) inherits the properties of the employed
kernel K. Using a smooth differentiable kernel allows the similarity function optimization
to use simple hill climbing techniques. Several applicable histogram similarity measures
are compared in [Puzicha et al., 1999].

Naturally, the similarity function needs to be a metric to evaluate the distance be-
tween the target model and the respective candidates. The distance d(y) between two
distributions can be estimated using the Bhattacharyya coefficient assessing the similarity
between p and q [Djouadi et al., 1990]:

d(y) =/1-p[p(y).4], (16.62)

where

py)=p[p(y).a) =D VPuly) du- (16.63)

To find the most likely location of the target in the current frame, the distance (equation
16.62) must be minimized and/or the Bhattacharyya coefficient (equation 16.63) maxi-
mized as a function of y. The optimization starts from the target model position in the
previous frame and—relying on the smoothness property of the similarity function—uses
the gradient-based mean shift approach (Section 7.1). Clearly, the current-frame target
position must be within the attraction area of the similarity function (defined by the
bandwidth of the kernel) for the hill-climbing to be successful.

Individual tracking steps start in the current frame from the target model position
yo determined in the previous frame. The model itself is first estimated from the initial
frame of the tracked sequence. Due to possible changes in appearance over time, a
mechanism to update the target model must be available. To initialize each tracking
step, the probability of the target candidate {p,(¥o)} for u = 1,...,m is computed
at location yo. A Taylor expansion around the values {p,(¥0)} yields the following
approximation of the Bhattacharyya coefficient (equation 16.63)

p[ﬁ(y),d}%%z Du(F0) du + = Zpu

u=1 u=1

yo) . (16.64)

A reasonably close approximation results as long as the target candidate {p,(§)} does
not change dramatically from the initial {p,(30)} in subsequent frames. Note that the
requirement of {p, (o)} > 0 (or greater than some small €) is enforceable for all u =
1,...,m by excluding the violating features.

The tracking process optimizes the target candidate location as given in equation
(16.60). By employing equation (16.64), the second right-hand side term of the following
equation must be maximized with the first term being independent of y

m 2
p[p(y).a] = %Z Vbu(§0) Gu + sz (‘ Y ) : (16.65)
u=1

- -
wh; ) 3(b(x:) — u) . (16.66)

where

Copyright 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

L'Oreal EX. 1010 Part 3



16.5 Video tracking 823

The second term that is maximized reflects a density estimate computed with kernel
profile k(z) at y in the current frame, weighted by w;. Using a mean shift procedure,
the maximum can be efficiently located in a recursive fashion starting from location ¥
as follows (see also Figure 7.1 and equation 7.12)

Mh - 2 nh - 2
N Yo — X% Yo — X%
¥ = ,_E 1 X; W; g < H h, )/ E_l w; g < H 3 ) , (16.67)
where g(z) = —k'(z) is differentiable for « € [0, 00) except at a finite number of points.

Algorithm 16.7: Kernel-based object tracking

1. Assumptions: The target model {g,} exists for all w = 1,...,m. The tracked
object location in the previous frame yq is known.

2. Using the previous frame target location yo as the initial location of the target

candidate in the current frame, compute {p,(§o)} for u =1,...,m and
m
p [pG0).4] = VDu($0)du -
u=1

3. Derive weights {w;} for i = 1,...,n; according to equation (16.66).

4. Determine the new location of the target candidate according to equation
(16.67).

5. Compute the new likelihood value {p,(y1)} for u =1,...,m and determine

m

p [P, 4] = VDu(F1)du -

6. If the similarity between the new target region and the target model is less than
that between the old target region and the model

P [f’(yl)7€ﬂ <p [f)(yo)7(i]

perform the remainder of this step: move the target region half way between the
new and old locations

. 1 . .
J1=5 (Fo+¥1) , (16.68)

and evaluate the similarity function in this new location
p [ﬁ(yl)a Q] o
Return to the beginning of this step.

7. If |31 — Jo| < ¢, stop. Otherwise, use the current target location as a start for
the new iteration, i.e., o := ¥1, and continue with step 3.
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824 Chapter 16: Motion analysis

The value of € in step 7 is chosen so that the vectors ¢ and y; would be referencing
the same pixel in the original image coordinates. Usually, the maximum number of
iterations is also limited to satisfy real-time performance requirements. Note that step 6
is only included to avoid potential numerical problems of mean shift maximization, which
is a rare event, and in practice this step may be omitted. Consequently, the calculation of
the Bhattacharyya coefficient is avoided in steps 2 and 5, yielding an additional speed-up
for such a modification. Then, the algorithm only performs the weight computations in
step 3, derives the new position in step 4, and tests the kernel shift in step 7. In that
case, the Bhattacharyya coefficient is only computed after the convergence to evaluate
the similarity between the target model and the candidate.

To facilitate changes of scale, the bandwidth h of the kernel must be properly adjusted
during the tracking process. Let hpev be the bandwidth used in the previous frame.
The best bandwidth hgp for the current frame is determined by repeating the target
localization algorithm for three values of h:

h = hprev » (16.69)
h = hprev + AR, (16.70)
h = hprey — AD, (16.71)

Figure 16.18: Kernel-based tracking of player #75: frames 30, 75, 105, 140, and 150 in a
154 long sequence. The tracker copes well with partial occlusion, camera motion, clutter, and
blurring. Rectangular subwindow marked in panel (c) is used in Figure 16.19. Courtesy of
P. Meer, Rutgers University. © 2003 IEEE. Reprinted, with permission, from D. Comaniciu, V.
Ramesh, P. Meer, “Kernel-based object tracking,” IEEE Trans. Pattern Anal. Machine Intell., vol. 25,
pp. 564-575, 2003.
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16.5 Video tracking 825

with a 10% difference between the tested values being typical: Ah = 0.1 hprey. The best
bandwidth is determined by the highest value of the Bhattacharyya coefficient. To avoid
an overly sensitive modifications of the bandwidth, the new bandwidth is determined as

hnew = 'Vhopt + (1 - 'Y) hprev N (1672)

typically v = 0.1 is used. Clearly, the optimal bandwidth value as a function of time
carries potentially valuable information about the tracked object.

Figure 16.18 shows 5 351 x 240 pixel frames from a 154-frame sequence; the goal was
to track movement of player number 75. Target initialization was performed manually
by drawing an ellipse as shown in panel (a). The color space was quantized in 16x16x16
bins, which served as features. Figure 16.19a shows the number of mean shift iterations
as a function of the frame number—about 4 iterations were needed on average for frame-
to-frame tracking. Values of the Bhattacharyya similarity coefficient corresponding to
Figure 16.18c are shown in Figure 16.19b together with the start- and end-locations of
the mean shift iterations. Additional examples can be found in [Comaniciu et al., 2000,
2003].

The tracking task shown in Figure 16.18 did not assume any motion model. As such,
the tracker was well suited to the abrupt changes of motion direction and unpredictable
camera view changes typical of a football game video. However, background modeling
(Section 16.5.1) and motion models (Section 16.6) can be incorporated in the kernel-
based trackers, see [Comaniciu et al., 2003] for details. It is also worth noting that the
kernel based trackers can track multiple objects in parallel, simply by maintaining several
target models and their iterative tracking. The number of simultaneously tracked objects
is only limited by the available computational resources—so that the real-time behavior
of the trackers is not compromised. For example, if a single-target tracker can track
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Figure 16.19: Performance of kernel-based tracking—see Figure 16.18. (a) Number of mean
shift iterations as a function of frame number. (b) Similarity surface depicting the values of the
Bhattacharyya coefficient within the rectangle shown in Figure 16.18c. Start and end locations
of the mean shift iterations are depicted to show the optimization process yielding the object
tracking behavior. Courtesy of P. Meer, Rutgers University. © 2003 IEEE. Reprinted, with permis-
sion, from D. Comaniciu, V. Ramesh, P. Meer, “Kernel-based object tracking,” IEEE Trans. Pattern
Anal. Machine Intell., vol. 25, pp. 564-575, 2003.
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826 Chapter 16: Motion analysis

objects at a frame rate of 250 frames per second, such a tracker can independently track
10 objects at a standard video frame rate of 25 fps.

16.5.3 Object path analysis

If there is only one object in the image sequence, the task can often be solved using
approaches already described, but if there are many objects moving simultaneously and
independently, more complex approaches are needed to incorporate individual object
motion-based constraints. In such situations, motion assumptions/constraints described
earlier should be examined (maximum velocity, small acceleration, common motion, mu-
tual correspondence, smoothness of motion). Consequently, it is possible to formulate
the notion of path coherence which implies that the motion of an object at any point in
an image sequence will not change abruptly [Jain et al., 1995].

The path coherence function ® represents a measure of agreement between the
derived object trajectory and the motion constraints. Path coherence functions should
follow four principles [Sethi and Jain, 1987; Jain et al., 1995]:

e The function value is always positive.

e The function reflects local absolute angular deviations of the trajectory.

e The function should respond equally to positive and negative velocity changes.
« The function should be normalized [®(-) € (0,1]].

Let the trajectory T; of an object i be represented by a sequence of points in the
projection plane
T, = (X}, X7,....X]"), (16.73)

where XF represents a (three-dimensional) trajectory point in image k of the sequence
(see Figure 16.20). Let x¥ be the projection image co-ordinates associated with the point
XF. Then the trajectory can be expressed in vector form

1,2
Ty = (x;,%7,...,x}) . (16.74)
1
Py
R 3
P
N T C R
bl
s s o Figure 16.20: The trajectories of two ob-
Pé Pf TT-o jects moving simultaneously and independently.
PT © Cengage Learning 2015.

Deviation function

Deviation in the path can be used to measure path coherence. Let df be the deviation
in the path of the point ¢ in the image &

T Ay et

dF = @(xk_l xF xk x’-ﬁ'l) or dF = @(Xf_17Xf7Xf+l) , (16.75)
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16.5 Video tracking 827
where Xf_l xf represents the motion vector from point Xl-k*1 to point Xf and ® is the
path coherence function. The deviation D; of the entire trajectory of the object i is then

n—1
Di=Y "df. (16.76)
k=2

Similarly, for m trajectories of m moving objects in the image sequence, the overall
trajectory deviation D can be determined as

D=>"D;. (16.77)

With the overall trajectory deviation defined in this way, the multiple object trajectory
tracking can be solved by minimizing the overall trajectory deviation D.

Path coherence function

It remains to define the path coherence function ®. In agreement with motion assump-
tions, if the image acquisition frequency is high enough, the direction and velocity changes
in consecutive images should be smooth. Then the path coherence function can be defined

as
®(PF1 PF P =y (1 _ cos0> + wy (1 — QVS’“S’““>
Sk + Sk41
< xdT] VI T et
= w <1— — ) +w2<1_2 kil kz k,, k:rl ) ., (16.78)
sz Xi “ sz X H sz Xq H ”Xz X “

where the angle 6 and distances s, Sgt1 are given by Figure 16.21. The weights w1, wo
reflect the importance of direction coherence and velocity coherence.

Figure 16.21: Path coherence function—
definition of the angle # and distances sg,
Sk+1. © Cengage Learning 2015.

Pk+1
i

Occlusion

When simultaneously tracking several objects with independent motion, object occlusion
is almost guaranteed to occur. Consequently, some objects may partially or completely
disappear in some image frames which can result in trajectory errors. If minimization
of the overall trajectory deviation D (equation 16.77) is performed using the given path
coherence function, it is assumed that the same number of objects (object points) is
detected in each image and that the detected object points consistently represent the
same objects (object points) in every image. Clearly, this is not the case if occlusion
occurs.
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828 Chapter 16: Motion analysis

To overcome this problem, additional local trajectory constraints must be considered
and trajectories must be allowed to be incomplete if necessary. Incompleteness may re-
flect occlusion, appearance or disappearance of an object, or missing object points due
to changed object aspect resulting from motion or simply due to poor object detection.
Thus, additional motion assumptions that were not reflected in the definition of the path
coherence function must be incorporated. An algorithm called the greedy exchange has
been developed which finds the maximum set of complete or partially complete trajecto-
ries and minimizes the sum of local smoothness deviations for all identified trajectories.
Local smoothness deviation is constrained not to exceed a preset maximum ®,,,, and the
displacement between any two successive trajectory points X, Xi’”'1 must be less than
a preset threshold dp,.x. To deal efficiently with incomplete trajectories, phantom points
are introduced and used as substitutes for those which are missing. These hypothetical
points allow each potential trajectory to be treated as complete and permit consistent

(d)

Figure 16.22: Magnetic resonance heart image. (a) Original chest image, diastole. (b) Chest
image with magnetic resonance markers, diastole. (c) Image of the heart with markers, diastole.
(d) Image with markers, systole. Courtesy of D. Fisher, S. M. Collins, The University of Iowa.
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16.5 Video tracking 829

application of the optimization function. Details of the algorithm and example results
can be found in [Sethi and Jain, 1987; Jain et al., 1995].

A conceptually similar method that minimizes a proximal uniformity cost function
(reflecting the assumption that a small distance is usually traveled in a short time and
a smooth trajectory is followed) was presented in [Rangarajan and Shah, 1991]. A two-
stage algorithm exists, in which the first stage performs a forward search that extends
trajectories up to the current frame and the second stage is a rule-based backward cor-
recting algorithm that corrects wrong correspondences introduced in the last few frames.

Spatio-temporal approaches to analysis of image sequences with multiple indepen-
dently moving objects represent another alternative to motion analysis. A minimum
description length (MDL) approach to motion analysis of long image sequences has been
developed: the method first constructs a family of motion models, each model corre-
sponding to some meaningful motion type—translation, rotation, their combination, etc.
Using the motion description length, the principle of progressive perception from exten-
sion in time, and optimal modeling of a limited period of observations, the objects in the
image sequences are segmented to determine when objects change their type of motion
or when a new part of an object appears. If the motion information in two consecutive
frames is ambiguous, it is resolved by minimizing the motion description length in a
long image sequence. Examples and applications for stationary and moving observers
are given in [Gu et al., 1996].

A different method of interest-point correspondence and trajectory detection has
been used in the analysis of cardiac wall motion from magnetic resonance images [Fisher
et al., 1991], where rigid body motion assumptions could not be used since the human
heart changes its shape over the cardiac cycle. Interest points were magnetically applied
to the heart muscle using a special magnetic resonance pulse sequence known as SPAMM
(spatial modulation of magnetization). This results in an image with a rectangular grid
of markers, see Figure 16.22; heart motion is clearly visible on images if markers are
applied. The first step of the motion analysis algorithm is a precise automatic detection

(®)

Figure 16.23: Detected position of markers. (a) Diastole. (b) Systole. Courtesy of D. Fisher,
S. M. Collins, The University of Iowa.
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830 Chapter 16: Motion analysis

of markers. Using a correlation technique (Section 6.4), the exact position of markers is
determined (possibly at subpixel resolution), see Figure 16.23.

To track the marker locations, specific knowledge about small relative motion of
marker positions in consecutive frames is used. Markers are considered as nodes of a
two-dimensional graph, and dynamic programming (Section 6.2.5) is used to determine
optimal trajectories. The optimality criterion is based on distance between markers
in consecutive images, on the quality of marker detection, and on consistency of motion
direction in consecutive images. Marker quality evaluation results from the marker detec-
tion correlation process. Successor nodes are determined by requiring that the trajectory
length between successors be less than some specified constant. Identified and tracked
markers are illustrated in Figure 16.24, and a velocity field is shown in Figure 16.25.

A survey of many other approaches to motion correspondence, trajectory param-
eterization, representation of relative motion and motion events, overview of useful
region-based features, matching and classification approaches, and approaches to mo-
tion recognition including cyclic motion, lipreading, gesture interpretation, motion verb
recognition, and temporal textures classification, is given in [Cedras and Shah, 1995].

Figure 16.24: Velocity field. Identified markers (left) and tracked markers (right). Note that
the dynamic programming has removed most of the spurious nodes that occur in the center of
the cavity. Courtesy of D. Fisher, S. M. Collins, The University of Iowa.

ERE T S}
vy
- Vg
HHHHH S,
C :
soA PP .
PR T
LRV N I S O )
PN 2 T R T Figure 16.25: Velocity field derived from the in-
cid f 1 [ Pl formation in Figure 16.24. Courtesy of D. Fisher,
o o S. M. Collins, The University of Iowa.
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16.6 Motion models to aid tracking 831

16.6 Motion models to aid tracking

In fact, the tracking task represents an example of a very old and well-studied problem
in control theory: the estimation of the state of a time-varying system via a sequence of
noisy measurements. Here, the system states are the position, pose, etc. of the agents
moving in the scene and the measurements are whatever feature vectors we choose to
extract. This class of problem has been known since Gauss sought to determine the orbits
of celestial bodies [Gauss, 1809], and it recurs in many fields of science and engineering.
Formally, we may have a model of an object in a scene that we see through noise;
thus we model x and observe z, where x and z are feature vectors, not necessarily of
the same dimension. In the circumstance of observing through an image sequence, in
particular motion, we may be able to use the models and observations in two ways.

e Multiple observations z1, zo, . . . should permit an improved estimate of the under-
lying model x. It is possible that this model evolves in time, in which case z; will
give an estimate of xy; provided we have a clear understanding of how x;, changes
with k, it should still be possible to use the z; to estimate this more complex model.

e The estimate of x at time k may also provide a prediction for the observation xx1,
and thereby for zj;.

This suggests a feedback mechanism, or predictor controller (Figure 16.26), whereby
we observe zj, estimate xy, predict x41 thereby predict zx41, observe z;41 taking ad-
vantage of the prediction, and then update our estimate of xj41. This approach is in
widespread use in computer vision, particularly within real-time tracking applications.
The most popular ways of doing it are via Kalman filters [Kalman, 1960] or particle
filters, particularly the Condensation algorithm [Isard and Blake, 1998]. Another in-
creasingly popular approach to aid object tracking is to employ hidden Markov models
(see Section 10.11).

Time update
(predict)

Measurement update
(correct)

Figure 16.26: The predictor-corrector iterative cycle; the time update predicts events at the
next step, and the measurement update adjusts estimates in the light of observation. © Cengage
Learning 2015.

16.6.1 Kalman filters

For a particular class of model and observation, a classical approach delivers an optimal
solution. The Kalman filter proceeds by assuming that the system is linear, that observa-
tions of it are linear functions of the underlying state, and that noise, both in the system
and in measurement, is white and Gaussian (although slight variations and extensions
of this model may be found in more specialized texts). In fact, the Kalman filter can
be shown to provide a least-squares best estimate of system behavior—the model and
observation estimates have minimal variance under the assumptions [Sorenson, 1970].
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832 Chapter 16: Motion analysis
Formally®, we have the model

Xpt1 = ApXp + Wi, (16.79)
z = Hpxp + vy . '

The matrices A describe the evolution of the underlying model state, while wy, is zero
mean Gaussian noise. We assume that wy has covariance Qj

(Qr)ij = E(wjw]),

where wi denotes the i** component of vector wy. The matrices Hy, are the measurement
matrices, describing how the observations are related to the model; v is another zero
mean Gaussian noise factor, with covariance Ry.

Given x;_1 (or an estimate Xx_1) we can now compute from equation (16.79) an
a priori estimate x; = Ar_1x;_1. Conventionally, this is referred to as X, to indicate
(via 7) that it is an estimate, and (via ~) that it is ‘before’ observation. Correspond-
ingly, we can define XZ as the updated estimate computed ‘after’ observation—it is this
computation that the Kalman filter provides. Of course, we will be expecting 5{,‘5 to be
an improvement on X, .

Associated with each estimate are errors

e, =xXp — X, ,

+ +

A (16.80)
ek Xk — Xk 5

with corresponding covariances P, and P,j . Note that these errors are caused by wy
and the error in the estimate.
The Kalman filter operates by examining the residual

Z —Hk)A(;

to which e, and the noise vj contribute. In the absence of the noise, and if the estimate
is perfect, this is zero. The approach is to seek a matrix K, the Kalman gain matrix,
to update X, to fcz in a least squares sense

X0 =%, + Ky, (2o — Hiky)) - (16.81)

If we can derive Ky, then %, may be updated to )Acz (since the other terms of the equation
are known) and the problem is solved.
Equations (16.80) and (16.81) give

e_,: :Xk—)ACZ_
= Xr — ((]—Kka))A(]: —Kkzk)
X — (I—Kka))A(I; — K (Hkxk +Vk)

(I—Kka)e];-i-Kka

(16.82)

3The derivation that follows is non-trivial. For most readers, it may be sufficient to know that the
assumptions of equation (16.79), and the results of equations (16.85)—(16.87) are sufficient to proceed to
an implementation.
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16.6 Motion models to aid tracking 833
By definition
P =Elege, |,
B = Elefel'].
Ry = E[V;C vz] ,
and independence of errors gives
Ele; vi] = E[vie; ] =0 (16.83)
and so equation (16.82) leads to
Pl =(I-KyHy) Py (I - Ky, Hy)" + Ky, Ry, K[| (16.84)

K}, is now chosen to minimize the sum of the diagonal of P,:r , trace(P;!), which is the
sum of the posterior error variances—this is the ‘least squares’ aspect of the algorithm.
This we do by taking the partial derivative of trace(P,: ) with respect to K} and equating
to zero. It is known (see, for example, [Gelb, 1974]) that if B is a symmetric matrix then

0 o
A trace(ABA") =2AB

and so from equation (16.84)
—2(I — Ky Hy) Py HY 42K, Ry =0
whence, solving for K,
Ky = Py Hif (Hy P Hy + Ry,)™! (16.85)

wherein
Py = Ay PH AL+ Qra - (16.86)

Elementary manipulation also provides the relation
Pl =(I- Ky Hy) P . (16.87)

If the functions describing the underlying state and/or the measurements are non-
linear, an Extended Kalman filter can be obtained by linearization while the posterior
density is still considered Gaussian [Bar-Shalom and Fortmann, 1988]. Parameterization
of the mean and covariance of a posteriori density was introduced in [Julier and Uhlmann,
1997] and is called an Unscented Kalman filter.

Examples

In its formulaic form, the Kalman filter is not intuitive: to illustrate it, consider a
trivial example [Gelb, 1974]. Suppose we have a constant scalar z, observed through
uncorrelated Gaussian noise of zero mean and variance r. In this case we have Ay, =1 =1
and H, =1=1:

Th+1 = Tk

2k =T + Vi,
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834 Chapter 16: Motion analysis

where vy, is normally distributed about 0 with variance r. Immediately, we see from
equation (16.85) that
K= Pk (16.88)
p, +r

We can deduce covariance relations from equations (16.86) and (16.87):

Diyr = D1
r (16.89)

+ - _ r - .+
Prp1 = (1= K1) pryy = <ﬁ) Dry1 = Py prar
“+1 :

Equation (16.89) provides a recurrence relation; writing pg = pg' , we can deduce

7 Do
Pl =

kpo+r

which, substituted into equation (16.88), gives

Po
Ky = ————
K r—+kpo
and so, from equation (16.81),
A A Po g
x::zk —Q—m(zk—wk)7

which tells us the intuitively obvious—as k grows, new measurements provide less and
less information.

More interestingly, consider the example introduced in Section 16.5.1 (page 816);
recall that we have an 80D shape vector x (40 control points) which is reduced to an
18D representation via PCA:

x=X+Pb,

where b is the 18D vector derived from the PDM, and X is the ‘mean shape’ (see Section
10.4). We note that a spline (object) appears in the scene after due translation, rotation,
and scaling; if the current offset is (0, 0,), the scale is s and the rotation is 6, we may
model the boundary by

scosf —ssm@} ’ (16.90)

Q= Lsin@ scosf

ol -]

where x;,y; are the 40 two-dimensional points defining the spline. Then if we write
0 = (03,04, 04,0y, ..., 04,0y, ) (40 times), and

Q ... 0
Q=|: . (16.91)
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16.6 Motion models to aid tracking 835

(an 80 x 80 matrix, which is 40 instances of the same 2 x 2 matrix), then the shape vector
X is related to the state b by the equation

X =Q(Pb+%)+o0. (16.92)

When a new object is detected, it will not be clear what the best estimates of its scale,
trajectory, or model parameters are, but given suitable assumptions we might initialize
these parameters and then iterate them during successive frames using a Kalman filter to
converge on a good estimate [Baumberg and Hogg, 1994b]. We suppose that the object
to be initialized has bounding box given by lower left co-ordinates (z;,y;) and upper right
(zr,yr), and that the mean height of figures in a training set is h,,. Rewriting equation

(16.90) as
scosf) —ssinf| |a, —ay
ssinf  scosf | |ay ay |’

we can then initialize the figure as the mean shape, b? = 0, and

A0 _Yr— Ul A0
a, = o a, =0,
A0 T+ T A0 Y1 + Yr
0p = ———, 0, = ———,
’ 2 v 2
so the figure is scaled to its bounding box, aligned vertically, with the origin at the center

of the box.
A stochastic model for the shape will be more stable than an assumption of uniform
change, so we assume
bk: — bk71 + kal

where w is a zero mean, normally distributed noise term, w¥ ~ N(0,0;). The eigen-
analysis gives the variance of b; over the training set as \;, and o; is initialized as
0; = kA;, where characteristically x = 0.05—thus the shape estimate is allowed to vary
within an ellipsoid that is a subset of that defined by the training set. (Recall that the
cigen-decomposition assumes that E(b; b;) = 0.)

Then we will assume that:

1. The object is moving uniformly in 2D subject to additive noise

it ] = 6]+ )

for noise terms v, and w, (and similarly for o,). This gives the frame update

equation
oft1 1 At] [oF Vg

(where At is the time step between frames). v, and w, are noise terms, with
Vg ~~ N(qu’u)7 Wy ~ N(Oa qw)~

2. The alignment parameters a,, a, are constant, subject to noise

ak+! ak Wag
o] = i) + [ oo

where Wag, Way ~ N(0,¢4).
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836 Chapter 16: Motion analysis

The Kalman filter proceeds by estimating origin, alignment, and shape independently
of cach other. Given estimates of the parameters, we predict the next state X~ from
equation (16.92) and use this to make an observation from the image z.

To update the z-origin co-ordinate we need to consider the state (6,0;). Many
measurements of the origin are available from the expression

z— Q(Pb+%x).

These measurements, together with the update relation equation (16.93) and the noise
variance properties, provide the necessary ingredients for the application of the filter,
which can then be used to provide the best estimate of the origin in the next frame.

To update the alignment parameters with the observation z, we use the measurement
model

where H is a N X 2 measurement matrix defined by manipulation of equation (16.92).
Again, updating estimates for the alignment is now a straightforward application of the
theory.

Likewise, equation (16.92) provides a measurement model for the 18 shape parame-
ters; it can be shown that each of these may be extracted independently of the others,
permitting a model of the form

Z*XZhZ(bZ*bAZ)

to be constructed, where h; is an N x 1 measurement matrix.

The Kalman filter is key to providing real-time performance in this application.
Estimates of where the silhouette ought to be permit very localized search for edges in
new frames, obviating the need for operations over the whole image. This operation
is performed by determining the edge normal at the predicted position, and searching
along it for the position of maximum contrast with the reference background. If no
likely point is found (the contrast is low), ‘no observation’ is recorded and the associated
predictions are not updated. This is particularly powerful since it permits the figure to
suffer partial occlusion and still be tracked—this is illustrated by scenes with artificially
introduced occlusion in Figure 16.27. This application is described in full detail, with
various elaborations, in [Baumberg, 1995].

Figure 16.27: Tracking through occlusion. Courtesy of A. M. Baumberg, University of Leeds.
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16.6 Motion models to aid tracking 837
16.6.2 Particle filters

Kalman filters are an established piece of control theory and have proved very useful in
aiding the tracking task. However, the underlying assumptions are limiting, and often
restrict their use in real-world scenarios. Tracking through substantial noise and clutter
in real-time (the requirement for many systems) is problematic: the assumption of local
unimodal, Gaussian distributions is often invalid. Indeed, in many applications there
will be no satisfactory approximation with an accessible mathematical representation.
This has led to the application of a more general approach using particle filters in
which systems are represented by sets of probabilistically derived samples that provide
an empirical description of what is and is not ‘likely’. Interestingly, this more general
(and powerful) approach can be made to run satisfactorily in real-time, and has a more
accessible analysis than the Kalman filter.

A particle filter approximates distributions by exploiting their temporal structure;
in computer vision they were popularized mainly in the CONditional DENSity propa-
gATION—CONDENSATION—algorithm [Isard and Blake, 1998], on which this pre-
sentation is based. Supposing a system to be in states X; = {x1,x%2,...,X¢}, where the
subscript ¢ denotes time, we may at time ¢ have a probability density function telling us
what x; is likely to be. This will be represented by a set of particles—a set of sample
states—whose occurrence will be governed by the p.d.f. As before, we will also have a
sequence of observations Z; = {z1,2a, ..., 2z} probabilistically related to the {x;}, and
a Markovian assumption that x; depends probabilistically on the preceding state x;_1,
and that we can model this P(x¢|x;—1). The important difference is that there is no
constraint (in particular of linearity or Gaussian behavior) on any of these relations.

Condensation is an iterative procedure that maintains at each step a set of N samples
s; with associated weights ;

Si={(s,m)}, i=12....N, Y m=1,

= {(sti i)} - (16.95)

Together, these samples and weights represent the probability density function of x; given
Zy; this distribution is not expected to have a formulaic representation; in particular it
may be multi-modal. The task is to derive S; given S;_1.

In order to generate N new samples and associated weights at time ¢, we select
N times from S;_y taking account of the weights, subject the sample to the Markov
assumption (whatever it might be), and then re-weight the result in the light of the
known observation z;. Formally:

Algorithm 16.8: Condensation (particle filtering)

1. Assume a weighted sample set at time ¢ — 1 is known

St—l = {(S(t—l)iyﬂ-(t—l)i)}7 i = 1727"'7N'
Set

co=0,
0 ‘ (16.96)
ci:Ci71+7r(t71)i7 1=1,2,...,N,

(the cumulative probabilities).
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838 Chapter 16: Motion analysis

2. To determine the nt” sample of S;, select a random number in the range [0,1],

and determine j = argmin;(¢; > r); we shall propagate sample j. This is
called importance sampling, a sampling technique that weights towards the more
probable.

3. Prediction (Figure 16.26): Use knowledge of the Markovian behavior of x; to
derive s;,. How precisely this is done depends upon the Markov relationship: in
the Kalman case, we would have

Stn = At_18(1—1); + Wi_1

for matrices A;_; and noise w;_1, but this relationship is not constrained. Im-
portantly, note that s;_1); may well be selected more than once as we iterate
from (2), but this propagation may be expected to generate different s, as a
result of the noise.

4. Correction (Figure 16.26): Use the current observation z; and knowledge of the
observation probabilities to set

Tip = P(Ze|X¢ = S¢n) -
5. Iterate N times from (2).

6. Normalize {m;} so that >, my; = 1.

7. Our best estimate of x; will now be
N
Xt = Z Tts St (1697)
i=1

or, more generally for any moment

N
E[f(xt)] = Zﬂ’u‘ f(sei) -
i=1

This algorithm can model arbitrarily complex p.d.f’s, allowing it to maintain an
arbitrary number of hypotheses simultaneously. Eventually we might expect the data
evolution to reduce this to a smaller number until a single one survives.

A simple example might illustrate: suppose we have a 1D process so x; and z; are
just real numbers. Suppose at time ¢ that x; is subject to a known displacement v,
(perhaps v, is constant, or z; exhibits simple harmonic motion), corrupted by zero-mean
normally distributed noise

Typ1 =3 + v+ €, € distributed as N(0, %)

and further suppose that z; is observed through some blur, such that z may be expected

to be normally distributed about x with variance ¢2. Condensation would operate by
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initializing N ‘guesses’ at z1, S1 = {511, S12,- - ., S1n }; in the absence of any other infor-
mation the initial weights may be uniform.

Now S, is generated: select s; from Sy by importance sampling (whatever the values
of m1;), and set so; = s; + v1 + €, where € is drawn from N (0, 03)—repeat this N times
to generate the particles for t = 2. Now set

(821' - 22)2
T2 =€Xp | ——5
02

then renormalize the 7o; and the iteration is complete. The best guess for x5 is

N
E T9i 824 -
i=1

This example is trivial: in most applications, we would not expect x and z to belong
to the same domain (as they do here): commonly, x might be a parameterized boundary
(or part), while z might be a local pixel property, perhaps an intensity gradient [Isard
and Blake, 1998]. p(z|x) will then measure the probability of the local observed pixel
effects z given a certain parameter choice x.

A more sophisticated example will illustrate better how this algorithm may be used in
practice. Black and Jepson [Black and Jepson, 1998] consider the problem of recognizing
gestures written on a whiteboard—this implies tracking the hand making the gesture
and comparing its trajectory to a number of known models (there are nine, of varying
complexity). A simplification of this application follows: one of these trajectories is a
sequence of z,y velocities sampled uniformly in time;

m = {(‘i'O?yOL (i'hyl)’ s (x.N7y.N)} .

(For clarity, we will omit the dots henceforward.) These models may be built in a number
of ways—perhaps derived from the mean of a training set.

An input to the system at any instant will be a partial (as yet incomplete) trace—to
match it we require to know:

¢: The position (phase) within the model that aligns it with the current input; that
is, how much of the model has been executed to date.

a: An amplitude scaling factor, indicating how much taller (or shorter) the input is
with respect to the model.

p: A temporal scaling factor, indicating how much faster (or slower) the input is being
provided with respect to the model.

A state of the system (which we will be propagating via Condensation) is then s = (¢, a, p):

given an observed trajectory Z; and a state s, we can transform Z; = (z1,22,...,2¢) to
be a partial model. We will seek to match these observations to a recent time window w
wide.

The probability of this observation, given the state s, will be

P(zils) = P(z{]s) x P(z{]s) ,
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where

P(zf]s) =

-1
o [~ Zh et —am P
20,(w—1)

1
V2mo,

and P(z}|s) similarly. o, and o, are estimates of the standard deviations of the relevant
measurements.

1000 samples were initialized randomly with o € [0.7,1.3] and p € [0.7,1.3]. ¢ is
initialized to be ‘small’ and the initial weights can be set to be uniformly 1/1000. The
Markovian relationships are

Ot =1+ pi—1+€5, €5 =N(0,04),
=0y 1 +€q, €a = N(0,04),

Pt = pPt—1+ €, Ep:N(ngp)§

04 = 0o = 0, = 0.1 has been seen to work.

The Condensation algorithm has proved very popular in a number of examples—
Figure 1.3 shows just one example. A number of enhancements have been developed: a
particular issue has been the tracking of multiple objects, when the computational load
of the algorithm starts to become prohibitive, and also independent trackers are prone to
coalescing on the strongest evidence they find (the most evident object). Solutions to this
problem have appeared as partitioned sampling [MacCormick and Blake, 1999]. Khan
et al. [Khan et al., 2005] consider the interesting problem of tracking multiple objects
that are interacting, using a Markov chain Monte Carlo [MCMC] approach, and this is
enhanced by French [French, 2006] in modeling ‘co-operative’ agents, in this case flocking
ducks. Interaction between the agents moving in the scene provides new information and
constraints on the expected (relative) motion that can be used to advantage.

16.6.3 Semi-supervised tracking—TLD

The area of tracking has proved extremely fertile, both in application and in theoretical
(and practical) depth. The appetite for real-time tracking is enormous and already the
list of active areas is very long. For example, consider vision-based gesture recognition:
this is an area in which techniques such as those discussed here are proving very fertile
in assisting real-time interpretation of gesture by the user in unconstrained office scenes
(that is, very cluttered); it should be easy to see how robust solutions to this problem
would have very far-reaching effects on computer interfaces for users everywhere. (A
snapshot of the state of this activity in 2006 is in [Gibet et al., 2006]).

While a number of powerful trackers have been developed, most are limited by prob-
lems surrounding training, appearance change and handling intermittent occlusion or
disappearance. Any success implies the incorporation of a detector to spot the reappear-
ance of an object, which in turn implies the pre-training of the detector. The detector
would need adapt to object appearances not yet encountered, usually achieved by adap-
tive tracking—Dbut if the tracker ‘loses’ the object, adaptive updates to the detector may
worsen rather than improve matters.

Predator is a successful tracker designed to overcome these difficulties [Kalal et al.,
2009] (from which this description is adapted) that simultaneously tracks, learns and
detects: for this reason the framework is often referred to as TLD. Suppose we have an
image sequence Iy, I1, ..., and are given the bounding box By of an object at time ¢ = 0:
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we seek the bounding boxes of the object By, Bo, ... at subsequent times. The sequence
B, represents the trajectory of the object T;—it is probable that we will describe the
object in a feature space U, in which we will call the trajectory th . An unknown subset
of L* C U represents all possible appearances of the object; at time ¢ = 0 we know
exactly one element xy € L*.

Now suppose a tracker is implemented (the Lucas-Kanade approach of Section 16.3.2
is usually used); for small values of ¢ this will permit (probably) reasonable growth
L1, Lo, ... toward L*, but if the tracker loses accuracy then L; will start to incorporate
poor or wrong instances of the model.

At a general time ¢ we will expect L; to include some correct model instances L,
and some incorrect ones Ly;

Li=L{ULy, LiCL", LiNnL* =0
L, is derived from L; 1 by two processes:

o Growing: the trajectory to date Tff is evaluated and the subset P that is considered
to be positive identified; then we set Ly = L1 U P.

e Pruning: a subset N of L;_; is estimated that contains incorrect instances of the
model, and we set Ly = L;_1 — N.

The success or otherwise of this simple idea depends of course on the tracker, and the
quality of the estimates of P and V.

The original implementation used the Lucas-Kanade tracker to estimate frame-to-
frame bounding box movement and scale change, and represented the model by 15 x 15
intensity-normalized patches. We can then compute the normalized cross correlation be-
tween two patches as NCC(z;, z;), and take the distance between them to be d((z;, z;) =
1 - NCC(z;,z;). The distance of a patch x; from L, is defined as

d(ll?i, Lt) = minzGLtd(xia Z’)

The detector has exacting demands: it needs to be very fast, to learn fast, and to
perform well on limited training data. Unlike other ‘dynamic’ algorithms that adapt to
new instances and ‘forget’ older ones, it needs to retain all it has learned. The original
approach used is a simplification of local binary patterns (Section 15.1.6) called a 2-bit
binary classifier (2bitBP): each patch generates a number of such 2-bit responses and a
random forest classifier is trained from them (see Section 9.9). These choices satisfy the
requirements of the algorithm but are not critical to it.

Likewise, the precise implementation of growing and pruning need to be chosen. The
first implementation did this by:

Growing: A threshold 6 is chosen. If the distance of x; to L; is less than this threshold,
and for some j > i, x; is also less than 6 to L, then all z, ¢ < k < j are added
to the model. The reasoning is that if a tracker drifts off the model, it is unlikely
to return; but if it does return, the deviation from the model is probably better
explained by change in appearance of the tracked object.

Pruning: If the assumption is made that an object appears in the image at most once,
then if the tracker and detector agree on object locations, all alternative detections
are marked as false positives and pruned.
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TLD is a framework or paradigm, and the choices itemized above pertain to the Predator
instance (its first). At a high level, the algorithm is:

Algorithm 16.9: Tracking-Learning-Detection—TLD

1. Initialize a model with a correct instance xzg: Lo = . (This may be done by a
user outlining a bounding box in the first frame of a sequence.)

2. At time t, track z;_; into the current frame.
3. Detect all instances of L;_1 in the current frame.

4. Determine the positive examples P and grow, and determine the negative ex-
amples N and prune: Ly = L; 1 UP — N.

5. Set x; to be the most confident patch: this may be the result of tracking or
detection.

6. Set t =t+ 1 and go to 2.

(b)

(c) (d)

Figure 16.28: Predator: This simple example illustrates successful tracking of the head of a
vacuum cleaner. (a) Initialization, done by hand; (b) Movement across a very challenging
background (the rug), and change of pose; (¢) Another change of pose and significant change of
scale; (d) Further change of scale and significant change of pose—note only the leftmost part of
the machine (that was originally visible) is being tracked. © Cengage Learning 2015.
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The TLD resource page http://info.ee.surrey.ac.uk/Personal/Z.Kalal/tld.html con-
tains a good account of this algorithm, together with demonstration software and data,
and source codes. An example, produced with this software, is shown in Figure 16.28; il-
lustrations of the tracker surviving occlusion and disappearance of targets may be viewed
online. TLD has received close study since its development, together with formal justi-
fication of its behavior—see, for example, [Kalal et al., 2010, 2012].

16.7 Summary
e Motion analysis

— Motion analysis is dealing with three main groups of motion-related problems:
* Motion detection
+* Moving object detection and location
x Derivation of 3D object properties
— A two-dimensional representation of a (generally) three-dimensional motion
is called a motion field wherein each point is assigned a velocity vector

corresponding to the motion direction, velocity, and distance from an observer
at an appropriate image location.

— Motion analysis and object tracking combine two separate but interrelated
components:
* Localization and representation of the object of interest (target).
x Trajectory filtering and data association.
% One or the other may be more important based on the nature of the
motion application.

— Optical flow represents one approach to motion field construction, in which
motion direction and motion velocity are determined at possibly all image
points.

— Feature point correspondence is another method for motion field construc-
tion. Velocity vectors are determined only for corresponding feature points.

— Object motion parameters can be derived from computed motion field vec-
tors.

— Motion assumptions can help to localize moving objects. Frequently used
assumptions include:

Maximum velocity
Small acceleration

*
*
+x Common motion

* Mutual correspondence
¢ Differential motion analysis

— Subtraction of images acquired at different instants in time makes motion
detection possible, assuming a stationary camera position and constant illu-
mination.
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— There are many problems associated with this approach, and results of sub-
traction are highly dependent on an object—background contrast.

— A cumulative difference image improves performance of differential mo-
tion analysis. It provides information about motion direction and other time-
related motion properties, and about slow motion and small object motion.

— Detecting moving edges helps further overcome the limitations of differential
motion analysis methods. By combining the spatial and temporal image gradi-
ents, the differential analysis can be reliably used for detection of slow-moving
edges as well as detection of weak edges that move with higher speed.

¢ Optical flow

— Optical flow reflects the image changes due to motion during a time interval d¢
which must be short enough to guarantee small inter-frame motion changes.

— The optical flow field is the velocity field that represents the three-dimensional
motion of object points across a two-dimensional image.

— Optical flow computation is based on two assumptions:

* The observed brightness of any object point is constant over time.
* Nearby points in the image plane move in a similar manner (the velocity
smoothness constraint).

— Optical flow computation will be in error if the constant brightness and ve-
locity smoothness assumptions are violated. In real imagery, their violation
is quite common. Typically, the optical flow changes dramatically in highly
textured regions, around moving boundaries, at depth discontinuities, etc.
Resulting errors propagate across the entire optical flow solution.

— Global error propagation is the biggest problem of global optical flow computa-
tion schemes, and local optical flow estimation helps overcome the difficulties.

— Optical flow analysis does not result in motion trajectories; instead, more
general motion properties are detected that can significantly increase the re-
liability of complex motion analysis. Parameters that are detected include:

* Mutual object velocity

* Focus of expansion (FOE) determination
* Distance (depth) determination

* Collision prediction

« Motion analysis based on correspondence of interest points

— This method finds significant points (interest points, feature points) in all
images of the sequence—points least similar to their surroundings, represent-
ing object corners, borders, or any other characteristic features in an image
that can be tracked over time.

— The Lucas-Kanade tracker is widely used: it tracks robustly by solving a linear
system, assuming local patches move similarly.

— The KLT tracker uses the Lucas-Kanade approach to derive automatically
points that are robust through an image [video] sequence.
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— Point detection is followed by a matching procedure, which looks for corre-
spondences between these points in time.

— The process results in a sparse velocity field.

— Motion detection based on correspondence works even for relatively long inter-
frame time intervals.

¢ Detection of specific motion patterns

— Motion-specific information can be derived from training sets of examples.
Distinguishing between different forms of motion and other phenomena can
be achieved.

— Image-based and short-term motion-based information are used simultane-
ously.

— Motion detection uses a small set of simple rectangular filters that work at any
scale; motion is detected by detecting temporal differences in corresponding
image blocks. The small set of filters is selected from a large set of filters using
the AdaBoost approach.

e Video tracking

— Background modeling

* Tracking in video is often based on some sort of subtraction of the current
frame from a model of the background scene.

+ Naive approaches are subject to noise and subtle background evolution.
Median filtering is the strongest such simple technique.

+* Much more robust approaches exist: prominent among them is to model
each pixel as mixture of Gaussians. Parameter update is done in real time
with heuristic approximation.

— Kernel-based tracking
* Gradient-based object localization and tracking can be accomplished using
a general correlation criterion.

x Kernel-based tracking is highly efficient and facilitates tracking in real
time.

x It is based on spatially masking the target object with an isotropic ker-
nel, followed by applying a smooth similarity function, which reduces the
tracking problem to a maximum similarity search in the vicinity of the
previous location.

* The similarity optimization is performed using the mean shift algorithm.

— Object path analysis

x If several independently moving objects are tracked, the solution methods
often rely on motion constraints and minimize a path coherence func-
tion that represents a measure of agreement between the derived object
trajectory and the motion constraints.
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e Motion models

— A predictor-corrector mechanism may be used to estimate object movement
through observed noise, and then correct the prediction.

— Kalman filtering
x Kalman filtering is an approach that is frequently used in dynamic esti-
mation and represents a powerful tool when used for motion analysis.

* Kalman filtering requires the system to be linear, with observations of it
to be linear functions of the underlying state. Noise, both in the system
and in measurement, is assumed to be white and Gaussian.

+* While the assumptions are often unrealistic if applied to image sequences,
they represent a convenient choice.
— Particle filtering
* The Kalman filter is widely implemented but has limiting assumptions.
Particle filters overcome many of these.
x Particle filter are based on a statistical sampling approach at each time
step; the sample is adjusted on the basis of image observation.
* The popular realization of a particle filter in vision is CONDENSATION.
— Track-learn-detect—TLD

* Most trackers are limited by pose changes, occlusion etc.

* Many trackers will include a detector to (re-)discover objects on appear-
ance in an image.

x TLD tracks and detects simultaneously, and updates its learning of an
object model dynamically too.

* It operates at a range of scales, and usually builds on the Lucas-Kanade
point tracker.

+* While tracking, the model absorbs new appearances, and prunes out those
that are regarded as improbable.

16.8 Exercises

Short-answer questions
S16.1 Describe the differences between motion detection and moving-object detection.
S516.2 Name the object motion assumptions, and explain their rationale.
S16.3 Explain how cumulative difference images can be used in motion analysis.

S16.4 What is the aperture problem? What are its consequences? How can this problem be
overcome?

S16.5 What are the two basic assumptions used for optical flow computation. Are the as-
sumptions realistic? What problems arise if they are violated?

S16.6 Describe two approaches that increase optical flow computation robustness when the
optical flow assumptions are not valid.

S16.7 Specify how optical flow can be used to determine:
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a) Mutual velocity of an observer and an object

(a)

(b) The focus of expansion

(c¢) Distance of a moving object from the observer
)

(d) Possible collision of the object with an observer and time to collision

S516.8 Explain the image frame rate requirements for motion analysis using optical flow and
motion analysis based on correspondence of interest points.

S16.9 Explain the concept of motion analysis based on correspondence of interest points. Why
is the correspondence problem difficult?

S16.10 Determine properties of a path coherence function and explain how it can be used for
object tracking.

S16.11 Explain how occlusion may be handled in object tracking. Why are phantom points
needed?

Problems

Using a static camera, create image sequences consisting of ten image frames depicting one,
three, and five moving objects on a non-homogeneous background (the sequence used in Figure
16.2 illustrates an example). These image sequence(s) will be used in the problems below.

P16.1 Develop a program for motion detection in the sequences you have created. If the
approach is based on differential image analysis, pay special attention to automated
threshold determination.

P16.2 Develop a program for motion analysis using cumulative difference images. Determine
the trajectory of the moving objects.

P16.3 Develop a program for motion analysis using moving edges, and apply it to your image
sequences.

P16.4 At time ¢t = 0, a point object is located at real-world coordinates o, yo, z0 = (30, 60, 10)
and is moving with a constant speed (u,v,w) = (—5,—10,—1) towards the observer.
Assuming unit focal distance of the optical system:

(a) Determine the location of the object at the image co-ordinates (z',y’) at time to.
(b) Determine the image co-ordinates of the focus of expansion.

(¢) Determine the time of the object collision with the observer.

P16.5 Develop and test a function for detection of interest points.

P16.6 Develop a program for motion analysis using correspondence of interest points. Gener-
ate frame-to-frame velocity fields, not necessarily using the subsequent frames. Apply
it to image sequences with one, three, and five moving objects and assess the results.

P16.7 Develop an image tracking program using path coherence, and use it to generate object
motion trajectories.

P16.8 Implement the simple 1D example described after Algorithm 16.8 and run it with
various parameter selections to observe Condensation in its simplest case.

P16.9 Download the TLD software from http://info.ee.surrey.ac.uk/Personal/Z.Kalal/tld.html
and run it on a video selection of your own: discover how distorted or occluded the
model may become before being lost.
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P16.10 Make yourself familiar with solved problems and Matlab implementations of selected
algorithms provided in the corresponding chapter of the Matlab Companion to this text
[Svoboda et al., 2008]. The Matlab Companion homepage http://visionbook.felk.cvut.cz
offers images used in the problems, and well-commented Matlab code is provided for
educational purposes.

P16.11 Use the Matlab Companion [Svoboda et al., 2008] to develop solutions to additional
exercises and practical problems provided there. Implement your solutions using Matlab
or other suitable programming languages.
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Symbols

2.5D sketch, 586-587, 655

2D co-ordinate system, 646

2D projection, 331, 332, 657, 670, 788
2D shape, 101, 329, 331

3D information, 329, 645

3D interpretation, 585, 646, 657, 658
3D model, 655

3D object, 655

3D representation, 13, 586, 656

3D shape, 101, 329, 332

A

A-algorithm, 197-204, 209

AAM, 492-502

aberrations, 86

accuracy, 241

ACRONYM, 474, 662

active appearance model, see AAM

active perception, 587

active sensor, 628

active shape model, see ASM

active vision, 648

acuity, 25

AdaBoost, 440-442, 513, 514, 516, 811—
813

additive noise, 28

adjacency, 281

affinity, see fuzzy affinity

AGC, see automatic gain control

albedo, 94

aliasing, 63

anti-aliasing, 65

anti-extensive transformation, 691

aperture problem, 156, 793, 806

aperture stop, 84

arc (of a graph), 106

Index

area, 103, 110, 337, 354-355, 358, 662,
684

area-based stereo, 624

ASM, 487-491

aspect, 670

aspect graph, 671

autocorrelation, 728

automatic gain control, 42

Autostitch, 479, 481

B
B-reps, 662
back-tracking, 208, 418, 424, 473, 530
background, 18
uneven, 698
background modeling, 815, 820
ball, 700
geodesic, 708
maximal, 700
unit, 700
balloon, 267
band-limited, 63
baseline, 610, 615
bay, 23
Bayes formula, 395, 504, 506-508
Bayesian belief networks, 551-552
bin-picking, 625
blackboard, 473
blocks world, 656
blooming, 41
blur
atmospheric turbulence, 163
Gaussian, 24, 140, 145
motion, 163
smoothing, 125
wrong focus, 163
body reflection, 31
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boosting, 439-442, 513-517, 810-814
border, 21

detection, 187, 431

optimal, 196—210, 288, 295—
303
simultaneous, 289

extended, 193-195

inner, 21, 191, 192

inter-pixel, 193

occlusion, 632

outer, 21, 191-194
boundary, see border
BRDF, 93
brightness, 12, 13, 90, 101, 118, 128,

358, 359, 506, 631, 750

correction, 117

interpolation, 123—-124

transformation, 117-120
brightness interpolation

bi-cubic, 124

linear, 124

nearest neighbor, 123

C

C4.5, 442

CAD, 502

calculus, 133, 427, 684

calibration matrix, 600

camera, 11, 42, 101, 350, 353, 787, 788,

794
analog, 42
jitter, 42

Canny edge detector, 136, 144-147
canonical configuration, 615
CCD, 41
cellular complex, 19
center of gravity, 358, 371, 372
central limit theorem, 126
CFL condition, 280
chain, 104
code, 104, 195, 336—339, 344, 354
Markov, 769
chamfering, 19, 235
Chan-Vese functional, 279
characteristic polynomial, 73
characteristic strip, 631
characteristic view, 670
class, 390

equivalence, 18
identifier, 392
classification
contextual, 505—509, 530
recursive, 507
classifier, 390, 417
base, 439
boosted
cascade, 513-517, 810-814
learning, 393, 396, 398—400, 420
linear, 392-393
maximum likelihood, 395
minimum distance, 393, 407
minimum error, 395-400
nearest neighbor, 393
NN, 393
non-linear, 392
random forest, 442448
bagging, 446
C4.5, 442
classification, 442, 446
decision making, 446
ensemble model, 448
information gain, 445
manifold forest, 448
manifold learning, 448
predictor, 443
regression, 442, 446
semi-supervised forest, 448
semi-supervised learning, 448
stopping criterion, 446
supervised learning, 448
training, 444
unsupervised learning, 448
setting, 395, 397
support vector machine, 400, 511
syntactic, 417
weak, 439, 513
clique, 424, 425
closing, 692—693
cluster analysis, 38, 406, 407
fuzzy
k-means, 407
mean shift, 255, 261
CMOS, 41
CMY, 37
co-occurrence matrix, 102
co-ordinate system
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object-based, 13, 655 Lempel-Ziv, 734
polar, 336 MJPEG, 736, 738, 739
rectangular, 335 MJPEG-2000, 738
tangential, 336, 337 motion JPEG, see MJPEG, com-
COBIUS, 473 pression
code MPEG, 734, 738-740
dictionary, 730, 734 predictive, 722, 727-728, 732
Freeman, 104 progressive, 730-732
leaf, 111 pyramid, 730
run length, 105 ratio, 724, 727, 728, 731
coding region growing, 733
Huffman, 733, 734 scalability
low and high frequencies, 733 quality, 736
region border, 733 resolution, 736
collineation, 592 spatial, 736
color smart, 731, 732
constancy, 39 transform, 722, 724, 732
gamut, 34 vector quantization, 730, 732
hue, 37 wavelet, 727
image, 30 computer aided diagnosis, 502
L,u,v, 259 computer graphics, 13, 101, 346, 772
map, 38 Condensation, 831, 837—840
metamer, 32 cone, 32
model, 33 confidence, 507-539
palette, 734 configuration
perceived, 259 canonical, 615
primary, 30 degenerate, 595
saturation, 37 rectified, 615
secondary, 36 conic, 351, 352
table, 38 connected component labeling, 333
value, 37 connectedness, see fuzzy connectedness
YIQ, 36 connectivity
YUV, 37 eight, 19
combination four, 18
convex, 34 fuzzy, 280-288
linear, 51 problems, 19
compatibility function, 525, 536, 537 constraint
compression, 5, 7, 236, 722-740 propagation, 524-528, 531, 532,
application 657
asymmetric, 730, 739 constructive solid geometry, 660
symmetric, 730, 739 context, 178, 465, 469, 505-524, 531,
dictionary-based, 734 532
DPCM, 728, 730 contiguous
fractal, 733 multiple, 18
hierarchical, 730-732 simple, 18
hybrid, 722, 730, 731, 732 contour
JPEG, 734-736 false, 15
JPEG-2000, 736-738 partitioning, 344
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contrast, 25, 118, 157, 188, 232, 753,
754, 791
control strategy, 386, 465-474
bottom-up, 205, 385, 467—468, 469,
471, 527
combined, 469
hierarchical, 466, 472
model-based, 468, 470
non-hierarchical, 472
parallel, 466, 468
serial, 466
top-down, 467469, 471
convex hull, 22, 684
convex region, 22
convolution, 51, 123, 148, 149
discrete, 52
mask, 52, 125
theorem, 59
coordinate system
object-based, 587
corner, 156
definition, 156
detector, 147, 155, 156
Harris, 157, 805
Moravec, 157, 805
correction, gamma, 42
correlation, 80, 348, 722-724, 727
projective, 611
correspondence, 121, 156, 621, 645, 646,
788-790, 804, 807-809, 829
correlation-based, 624
feature-based, 625
landmark, 490, 497
point, 490, 497
problem, 156, 626, 645, 646
time, 498
cost function, 197-204, 311
automated design, 210
edge based, 311-312
Gibbs model, 296
region based, 279, 312-313
cost transform, 202, 210
covariance matrix, 75
crack edge, 21
criterion
detection, 144
localization, 144
one response, 144

cross ratio, 350
crossover, 428-430
curvature, 337
deformation, 274
peak, 345
primal sketch, 346
curve
decomposition, 346
detection, 212, 214-216, 218
digital straight segment, 337, 343
DSS, 337
granulometric, 711
cyclopean image, 626
cyclopean separation, 626

D
data structure, 100
hierarchical, 108
relational, 107
traditional, 101
de-fuzzification, 435, 438
composite maximum, 438
composite moments, 438
decimation, 664
decision rule, 392, 398
deficit of convexity, 23
deformable objects, 655
deformation
constant, 274
curvature, 274
degenerate configuration, 595
degradation, 163
atmospheric turbulence, 163
relative motion, 163
wrong lens focus, 163
depth, 13, 651
of field, 85
of focus, 84
depth map, 586, 628, 650
diagram, Voronoi, 531
Dice evaluation, 237
difference of Gaussians, see DoG
diffusion, generalized, 269
dilation, 688-689
conditional, 714
geodesic, 708
gray-scale, 694-697
Dirac distribution, 51
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discrete convolution, 52
discrimination function, 392, 396
disparity, 555, 616, 626
gradient, 625, 626
gradient limit, 625
distance, 17
chessboard (Dsg), 17
city block (Dy), 17
Euclidean (Dg), 17
function, 19, 707, 717
geodesic, 707
Hausdorff, 238
Levenshtein, 425
Mahalanobis, 407
Sampson, 597
transform, 19
distribution function, 80
DoG, 141, 474
domain
range, 260
spatial, 260
DSS, 343
duality, 591
duality, morphological, 686
dyadic, 69
dynamic programming, 206-210
intelligent scissors, 209, 268
live lane, 210
live wire, 209, 268

E
Ebbinghaus illusion, 26
edge, 5, 7, 21, 586
chain, 187, 205
crack, 21, 191, 193, 222, 223
detector, 431
direction, 134
magnitude, 134
relaxation, 190-191, 205
edge detector, 133-143, 585
Canny, 144-147, 755
facet model, 147
in multi-spectral image, 148
Kirsch, 139
Laplace, 135, 137
Marr-Hildreth, 139
parametric, 136, 147
Prewitt, 137

Index 857

Roberts, 137
Sobel, 138
zero-crossing, 139
effect, blooming, 41
eigen-image, 76
eigenvalues
multiple, 73
elastics, 468
EM, see expectation-maximization
entropy, 24, 722-724, 754
condition, 279
epipolar
constraint, 606, 610, 611, 622
line, 610, 627
plane, 610
epipolar constraint, 627
epipole, 610
equation
irradiance, 95
erosion, 689-692
geodesic, 708
gray-scale, 694-697
ultimate, 705
essential matrix, 612
estimation
density, 255, 262
gradient, 257
mode, 258
non-parametric, 257
estimator
multivariate density, 256
Euler-Poincaré characteristic, 355
event (aspect), 671
exemplar, 393, 406, 412, 413
expansion
isotropic, 688
expectation-maximization, 183, 548,
556-564, 817

F
face detection, 442, 513, 514, 516
facet, 147
fast marching, 278
feature, 386
cascade
boosted, 513
discriminativity, 397
informativity, 397
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simple, 513 kernel, 403
space, 255, 391 level set, 276
color, 259 partition, 553
synthesis, 146 point spread, 53
vector, 386 quench (morphology), 704

feedback, 6, 188, 732
fill, morphological, 688
filter, 116-165
bank, 765-767
Gaussian, 586
median, 130-132, 816
particle, see particle filter
separable, 127
filtering
averaging, 125
band-pass, 149, 150
discontinuity preserving, 255
discontinuity-preserving, 261
high-pass, 149, 150
inverse, 163
Kalman, 162
low-pass, 149
mean shift, 255, 261
median, 130
Wiener, 164
fitness function, 535
focal point, 83, 598
Forward algorithm, 545
fractal, 348, 770
dimension, 337, 762
frame, 390
free-form surface, 655
Freeman code, 104
Fresnel lens, 85
Frobenius norm, 615

speed, 274

functional

Chan-Vese, 279
Mumford-Shah, 279

fundamental matrix, 610
fuzzy

adjacency, 281
affinity, 281
complement, 434
composition, 435
min-max, 436
connectedness, 282
absolute, 288
hard-adjacency, 281
map, 282
connectivity, 280-288
2-object, 286
absolute, 282, 286
iterative, 286
multiple-object, 286
relative, 286
scale-based, 286
correlation
minimum, 436
product, 437
intersection, 434
logic, 281, 388, 432-439
membership function
maximum normal form, 433
minimum normal form, 433

front propagation, 273 reasoning

function monotonic, 435
autocorrelation, 80 set, 432
autocovariance, 80 hedge, 433
continuous, 11 space, 432
cross correlation, 80, 841 system, 432-439
cross covariance, 80 model, 435
digital, 11 union, 434
Dirac, 51

discrete, 11
distance, 19, 707
distribution, 80
fitness, 535

G

gamma correction, 42
gamut, 34
ganglion cell, 143
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Gaussian filter, 140, 141, 586
Gaussian mixture models, 407, 556—
564, 762, 817-820
Gaussian noise, 28
generalized cylinders, 661
genetic algorithm, 427-430, 439, 535
542
genus, 355
geodesic transformation, 707
Geographical Information Systems, 111
geometric signals, 628
geometric transformation, 120-124
Gestaltist theory, 645
GIF, 734
GIS, 111
Golay alphabet, 702
gradient descent, 409, 494, 500, 548, 634
gradient operator, 125, 133-143
approximated by differences, 135
Kirsch, 139
Laplace, 137
Prewitt, 137
Roberts, 137
Sobel, 138
gradient space, 92
gradient vector flow, see snake
grammar, 387, 414-420, 770-773
context-free, 416
context-sensitive, 416
fuzzy, 417
general, 416
inference, 414, 420—421
non-deterministic, 417
regular, 417
stochastic, 417
granulometry (morphological), 711
graph, 106, 193, 197, 206, 235, 353, 365,
387, 414, 418, 421-426
arc, 106
assignment, 425
constraint
hard, 296, 300, 303, 311, 317
soft, 296, 311, 317
surface separation, 309
construction, 306
geometric, 303
graph cuts, 295-303
seeds, 296

Index 859

isomorphism, 421-426
labeled, 389
maximum flow, 295-303
augmenting path, 298
push-relabel, 298
residual graph, 298
minimum closed set, 310
minimum s-t cut, 295-317
neighborhood, 372
node, 106
region, 365, 370
region adjacency, 106, 112, 179, 223,
225, 372, 528, 531, 532, 535—
538
search, 196-203, 209, 295-317,
469, 470
advanced approaches, 288
heuristic, 199-205, 209
LOGISMOS, 303-317
three-dimensional, 289
similarity, 421, 425, 426
weighted, 106, 193, 197, 421, 422
graph cut, 554
gray-scale transformation, 117
greedy exchange algorithm, 828
grid, 14
hexagonal, 15
square, 15
groundplane, 675
group, 349, 352
Lie, 349
plane-projective, 349
grow, morphological, 688
GVF, see snake

H
hanging togetherness, 281
Hausdorff distance, see distance, Haus-
dorff
HEARSAY, 474
heuristic, 199, 201, 204, 209, 222, 232,
531, 532, 542
hidden Markov model, 543-551, 561,
831
Baum-Welch algorithm, 548, 549,
563, 564
coupled, 549-551
decoding, 544, 546548
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860 Index

evaluation, 544-545
forward algorithm, 545
Forward-Backward algorithm, 548,
563, 564
learning, 544, 548
second order, 549
Viterbi algorithm, 546, 548
hidden Markov tree, 768
histogram, 23, 179, 181-183, 186, 221,
723, 724
bimodal, 182
cumulative, 119
equalization, 37, 118-120
multi-modal, 182
smoothed, 186
transformation, 183
histograms of oriented gradients, see
HOG
hit-or-miss transformation, 692
HOG, 509
hole, 18
homogeneity, 220, 221, 224-232
homogeneous coordinates, 591
homography, 481, 592
homotopic substitute (of skeleton), 702,
703
homotopic transformation, 699
horizon, 652, 675
Hough transform, 210-217
HSV, 37
hue, 37
human visual system, 586
hypothesis, 468, 535-542
hypothesize and verify, 345, 373, 468,
470, 535
hysteresis, 146, 188

|

ICP algorithm, 667

illumination, 90

image
binary, 102
co-ordinates, 13
color, 30
compression, see compression
cyclopean, 626
databases, 236
difference, 790-793

digitization, 14—-16

dynamic, 14

element, 15, 281

function, 11

iconic, 101

indexed, 38

integral, 103, 513, 514, 812

interpretation, 465, 542

irradiance equation, 95

multispectral, 32

palette, 38

plane, 598

pre-processing, 116-165

pseudo-color, 38

quality, 27

reconstruction, 722-728, 731

rectification, 616, 617

registration, 156, 233, 561, 664

representation, 5

scale-space, 144, 345

segmented, 101

sharpening, 5, 135

skew, 122

static, 13

understanding, 8, 464542

random forest, 517-524

imaging modalities, 12
implementation, in Marr’s theory, 585
importance sampling, 838
impossible objects, 658

impulse
Dirac, 51
limited, 64

increasing transformation, 689, 691
inference, 465
information entropy, 24
integral image, see image, integral
intelligent scissors, 209, 268
intensity image, 12, 13, 116, 139, 467,
633
interest point, 155, 156, 625
interpretation
genetic, 534, 535
tree, 530
interval tree, 144, 345
invariants, 332, 349, 350, 352
moment, 359
scalar, 350
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inverse filtering, 163
inverse transformation, 692
irradiance, 4, 42, 90
equation, 632
spectral, 93
Ising model, 554
ISODATA, 407, 504
isotropic, 140, 151, 158, 690, 693, 789,
820, 821, 845
isotropic expansion, 688
iteration
Gauss-Seidel, 796, 800
multigrid, 801

J

Jacobian determinant, 122
jitter, 42

Jordan block, 73
just-enough-interaction, 313

K
K-D tree, 394, 475, 730
K-means, 406, 556, 559, 560
Kalman filter, 162, 831-837
extended, 833
unscented, 833
Kalman gain matrix, 832
kernel, 403
bandwidth, 257
Epanechnikov, 256, 257
normal, 256
polynomial
homogeneous, 403
non-homogeneous, 403
radial basis function, 403
Gaussian, 403
trick, 403
Kinect, 517
knowledge, 6, 8, 386—390, 428, 430
a priori, 187, 188, 196, 211, 219, 225,
331, 470, 473, 503, 532, 536,
540
base, 386-388
procedural, 388
representation, 386-390, 465

L
label, 333-335, 473, 503-509, 524-530,
532, 533, 536-538

Index 861

collision, 333, 335
labeling, 333, 354, 473, 504, 505, 507,
508, 524-542
consistent, 524, 526
discrete, 525, 530
probabilistic, 524, 527
semantic, 524
lacunarity, 763
Lagrange multipliers, 795
lake, 23
Lambertian surface, 94
landmarking, 490, 497
landmarks, 373
language, 414-420
Laplacian, 135, 586
Laplacian of Gaussian, 140
learning, 397-406, 410, 415, 420, 430
from experience, 465
unsupervised, 406
least squares, 477
leave K out testing, 397
leave one out testing, 397
length
focal, 84
lens
Fresnel, 85
telecentric, 85
thick, 85
thin, 83
level sets, 273-280
fast marching, 278
front propagation, 273
narrow band, 278
LIDAR, 628
light, 117, 143
source, 13, 631, 632
line
finding, 155
labeling, 656—658
thinning, 155
linear combination, 51
linear system, 53
linearity, 50
linearly separable, 391
linguistic
variable, 388, 434, 435
live lane, 210
live wire, 209, 268
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862 Index

local shading analysis, 634

location of interest, 155

LOGISMOS, 303-317

Lucas—Kanade point tracking, 234, 800,
805-807, 841

luminance, 37

luminous efficacy, 89

luminous flux, 89

M
magnification, 84
map
cumulative edge, 146
depth, 651
edge, 486
fuzzy connectedness, 282
reflectance, 94, 633
region, 106
marker, 713
Markov assumption, 837
Markov chain, 769
Markov model, 543
Markov Random Fields, see MRF
Marr (David), 8, 585
Marr’s theory, 139, 467, 585-587, 656
Marr-Hildreth edge detector, 136, 139,
145
matching, 232-236, 426, 427, 465, 474—
477
chamfer, 235
graphs, 421
relational structures, 419
subgraphs, 425
mathematical morphology, 369
matrix, 101
calibration, 600
co-occurrence, 102
covariance, 75
essential, 612
fundamental, 610
Jacobian, 494
projection, 601
maximal ball, 700
MCMC, 840
MDL, 665, 829
mean shift, 255-262, 407
basin of attraction, 258, 262
medial axis, 370

median, 130
memory
long-term, 473
short-term, 473
metric, 17, 822
Mexican hat, 141
Minkowski algebra, 688
model, 178, 203, 204, 217, 220, 464, 465,
467-473, 534
3D, 655
active contour, 263—273, 789
geodesic, 273-280
geometric, 273-280
level set, 273280
deformable, 263, 273
geometric, 273-280
parametric, 273
facet, 147, 155, 157
quadric surface, 663
surface, 655
volumetric, 655, 658
Moiré interferometry, 630
moment
invariant, 359
affine, 359
statistical, 57, 110
Moravec detector, 805
morphological transformation, 686
quantitative, 687
morphology, 684-716, 768
mother wavelet, 67
motion, 644, 787-843
analysis, 787-843
correspondence of interest points,
788, 789, 804—829
differential, 789-793
assumptions, 789, 826, 829
continuous, 648
correspondence of interest points,
830
cyclic, 830
description length, 829
events, 830
features, 830
field, 788
gesture interpretation, 830
lipreading, 830
path analysis, 826-830
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path coherence, 826
deviation, 826
function, 826, 827

recognition, 830

relative, 830

rotational, 646, 648, 794

trajectory
parameterization, 830

translational, 646, 648, 801, 803

verb recognition, 830

motion tracking, 814

MP4, 740

MRF, 295, 553-555, 761
multi-view representation, 670
multiple contiguous, 18
Mumford-Shah functional, 279
mutation, 428-430

N
nats, 560
nearest neighbor, see classifier, NN
Necker cube, 585
neighbor, 17
neural nets, 407413, 439
adaptive resonance theory, 412
back-propagation, 409-410
epoch, 410
feed-forward nets, 409—410
gradient descent, 409
Hopfield, 407, 412—413
Kohonen networks, 407, 411-412
momentum, 410
transfer function, 408
unsupervised learning, 411-412
NN classifier, see classifier, NN
node (of a graph), 106
noise, 5, 7, 28, 330, 336, 339, 354, 359,
360, 369, 505
additive, 28
Gaussian, 28, 831, 832
impulse, 30
multiplicative, 30
quantization, 30
salt-and-pepper, 30
white, 28, 831
non-maximal suppression, 145, 188
norm
L2, 512

Index 863

L2-Hys, 512
NTSC, 14
NURBS, 662

0]
object, 18
coloring, 333
connected component labeling, 333
description, 391
formal, 391
qualitative, 391, 413
quantitative, 391, 413
relational, 413
identification, 333-335
impossible, 658
labeling, 333, 354
recognition, 385-431, 474
reconstruction, 329, 330
objective function, 529, 530, 533537
occlusion, 330, 342, 373, 658, 790, 836
occupancy grid, 658
OCR, 7, 233, 329, 355, 544, 545, 548
octrees, 111
opening, 692-693
operator
morphological, 686
Zadeh, 434
optical axis, 598
optical center, 598
optical flow, 633, 648, 788, 794—804,
809
computation, 788, 789
field, 648
global and local estimation, 797
method
CLG, 800
combined local-global, 800
least square, 800
variational, 800
real-time, 800
optimization, 206, 207, 235, 397, 400,
412, 426431, 487
orthographic
projection, 13, 646, 648
view, 646
OUTEX, 762
over-fitting, 400, 441
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864 Index

P
PAL, 14
palette, 38, 734
parallel implementation, 8, 102, 108,
195, 217, 466, 509, 527, 529,
542, 627, 689, 797
particle filter, 831, 837—840
partition function, 553
path, 17
simple, 195
pattern, 391
space, 391
vector, 391
pattern recognition, 385421
capacity, 401
statistical, 390, 413, 414
syntactic, 413-421
PCA, see principal component analysis
PDM, 481-491, 817
alignment, 482
covariance matrix, 484, 485
eigen-decomposition, 484
landmark, 482, 483, 485, 487-489
polar, 490
polynomial regression, 490
perception, 25, 27, 465, 769
human, 15, 25, 651
visual, 25
perceptron, 409
perimeter, 193, 222, 223, 332, 337, 684
perspective
projection, see projection, perspec-
tive, 648
photo-emission, 40
photometry, 89
photosensitive, 40
picture element, 15
pixel, 15
adjacency, 17
hexagonal, 15
planning, 465
point
focal, 83
of interest, 155
principal, 83
representative, 685
sampling, 14
sets (morphological), 685

simple, 368
vanishing, 609, 675
point distribution model, see PDM
polynomial
characteristic, 73
post-processing, 505, 534, 535, 542
power spectrum, 31, 81
pre-processing, 116-165, 467, 506
classification, 116
local, 125
precision, 241
predicate logic, 387, 389
predictor-controller, 831
primal sketch, 586-587, 655
curvature, 346
primitive
texture, 651
volumetric, 587
principal component analysis, 74, 820
principal point, 83
principle
superposition, 51
uncertainty, 57
probability, 80
density, 80, 398
estimation, 398
distribution, 80
problem
aperture, 156
production
rules, 387
system, 387, 388, 465, 473
projection, 77, 355, 646, 648, 684
histogram, 355
orthographic, 13, 646, 648
parallel, 13
perspective, 12, 13, 589, 648
projection matrix, 600
projective reconstruction, 605
projective transformation, 592
PROLOG, 387
propagation theory, 552
pseudo-color, 38, 120
purposive vision, 589
pyramid, 108, 225-227, 466, 730, 731
equivalent window, 111
irregular, 112
Laplacian, 112
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M-pyramid, 108
matrix, 108

reduction factor, 111
reduction window, 111
regular, 111
T-pyramid, 108

tree, 108

Q

quadric surface model, 663

quadtree, 109, 225, 232, 335, 337, 354,
372, 731

qualitative vision, 588

quantization, 15

vector, 38
quench function, 704

R
R-table, 216
RADAR, 628

radial distortion, 88
radiance, 4, 90, 92
spectral, 93
radiant flux, 89
radiometry, 89
random dot stereograms, 624
random forest, 442448, 517-524, 841
random sample consensus, see RANSAC
range image, 628, 663
RANSAC, 477-481
receptive field, 143
reconstruction
morphological, 706, 709
projective, 605
rectification, 616, 617
rectified configuration, 615
rectilinear cameras, 615
reduce, 690
redundancy, 24, 79, 125
information, 722-727
reflectance, 13, 92
coeflicient, 94
function, 94
map, 94
surface, 92
reflectance function, 631
reflection
body, 31

Index 865

surface, 31
region, 17, 19
concavity tree, 364
convex, 22
decomposition, 353, 370-371
growing, 179
identification, 333-335
skeleton, 348, 353, 365, 367, 369-371
region adjacency graph, 106
region adjacency graph , 112
region map, 106
regional extreme, 705
registration, see image, registration
relation
neighborhood, 102
spatial, 102
relational structure, 389, 413, 419, 421,
465
relaxation, 190, 525—530, 533, 542, 552,
626, 633, 796, 797, 799
discrete, 525, 527
probabilistic, 527, 529
remote sensing, 120, 186, 187, 505, 532,
724
representation, 585
3D, 586
complete, 656
geometric, 101
iconic image, 101
intermediate, 13, 100
level of, 100
multi-view, 670
relational model, 101
segmented image, 101
skeleton, 662
unique, 656
reproducibility, 241
reproduction, 428, 429
resolution
radiometric, 14
spatial, 8, 14
spectral, 14
temporal, 8
time, 14
restoration, 162-165
deterministic, 162
geometric mean filtering, 165
inverse filtering, 163
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866 Index

power spectrum equalization, 165
stochastic, 162
Wiener filtering, 164
retina
cone, 32
rod, 32
rigidity constraint, 646
rim, 653
rod, 32
rotating mask, 129
rotational movement, 646, 648, 794
run length coding, 105, 334, 372, 730

S
sampling, 14-15, 62-65
importance, 838
interval, 62
point, 14
saturation, 37
scale, 143-147, 312, 330, 586, 747-749,

755, 764

Scale Invariant Feature Transform, see
SIFT

scale-space, 143, 330, 345, 346, 369, 374,
624

segmentation, 7, 178-232, 467
border detection, 197-204, 217
border tracing, 191-196, 208

extended, 193-195

inner, 191, 192

outer, 191-194
classification-based, 503-506
complete, 7, 178, 179, 218
dynamic programming, 206—210
edge thresholding, 188
edge-based, 179, 187-219, 232
evaluation, 236241

border positioning errors, 238-

239

mutual overlap, 237-238

STAPLE, 241

supervised, 237-239

unsupervised, 240-241
fuzzy connectivity, 280-288
global, 179
Hough transform, 210-217

generalized, 215, 217
match-based, 235

mean shift, 255-262
morphological, 713
multi-thresholding, 182
partial, 7, 178, 187, 188, 218
region construction
from borders, 218
from partial borders, 219
region growing, 179, 220-232, 531,
534, 542
color image, 220
merging, 193, 221-224
over-growing, 232
semantic, 531-534
split-and-merge, 225
splitting, 222, 224, 225
under-growing, 232
region-based, 179, 195, 220-229
semantic, 531
region growing, 532-534
texture, 431
thresholding, 179-187, 219, 223,
225
minimum error, 183
multi-spectral, 186
Otsu, 183, 184
p-tile, 181, 188
tree, 225, 227
watersheds, 229, 534
self-occlusion, 621
semantic net, 389, 465, 524
semantics, 4, 386, 389, 527, 531, 535, 542
sensor
CCD, 41
photo-emission, 40
photosensitive, 40
separable
linearly, 391
separable filter, 127
set, difference, 685
shading, 631
Shannon sampling theorem, 14, 63
shape, 329-373, 655
class, 330, 373
description
area, 337, 342, 354-355, 356
358, 371
bending energy, 339
border length, 337, 339
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chord distribution, 340
compactness, 193, 353, 357, 537
contour-based, 330, 332, 335—
353
convex hull, 360, 361, 364
cross ratio, 350
curvature, 332, 337, 343-348,
370
direction, 353, 357
eccentricity, 356
elongatedness, 330, 353, 356,
357, 369
Euler’s number, 355
external, 330, 332
Fourier descriptors, 339, 341—
342
graph, 353, 365
height, 355
internal, 330, 332
invariants, 349, 350, 352
moments, 342, 348, 357, 358—
360, 371
moments, area-based, 360
moments, contour-based, 360
perimeter, 193, 222, 223, 332,
337
polygonal, 343—-345, 346, 371
projection-invariant, 331, 349
projections, 355
rectangularity, 353, 357
region concavity tree, 364
region-based, 330, 332, 348, 353—
373
run length, 334, 372
segment sequence, 339, 343
signature, 339
sphericity, 357
spline, 346—348, 817
statistical, 330, 353
syntactic, 329, 330, 344, 371
width, 355
primitive, 370
shape from
contour, 653
de-focus, 653
focus, 652
motion, 644-651
optical flow, 648

Index 867

shading, 631-634, 652
stereo, 621-627
texture, 651-652
vergence, 653
X, 586, 644
sharpening, 135
shrink, 690
SIFT, 474-477, 479
key location, 474
sifting, 51
signal, 11
signal-to-noise ratio, 29
silhouette, 654
simple contiguous, 18
simulated annealing, 430, 431
Simultaneous Localization and Mapping,
see SLAM
singular point, 633
singular value decomposition, 73, 148
skeleton, 348, 353, 365, 367, 369-371,
662, 684, 699-702
by influence zones, 707
by maximal balls, 700
skew, 122
SKIZ, skeleton by influence zones, 707
SLAM, 815
slant, 651
smart snake, 487
smoothing, 125-127
averaging, 125
averaging according to inverse gra-

dient, 129
averaging with limited data validity,
128

edge preserving, 125
Gaussian, 345
non-linear mean filter, 133
order statistics, 132
rank filtering, 132
rotating mask, 129

snake, 218, 263273, 789
B-snakes, 268
finite difference, 268
finite element, 268
Fourier, 268
gradient vector flow, 268-272
growing, 266
GVF, 268-272
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868 Index

Hermite polynomial, 268
united, 268
SNR, 29
spatial angle, 90
spatial element, 281
spectral
BRDF, 93
density, 81
irradiance, 93
radiance, 93
spectrophotometer, 31
spectrum, 81
frequency, 150, 151, 711
granulometric, 711
power, 31
spel, see spatial element
spline, 264
STAPLE, 241
state space search, 222
stereo
correspondence, 431, 645
photometric, 635
vision, 233, 609, 645
stereopsis, 609
STFT—short time FT, 58
stochastic process, 79-81
stationary, 81
uncorrelated, 80
structure from motion theorem, 646
structured light, 628
structuring element (morphological), 685
sufficient statistics, 562
super-quadrics, 660
supergrid, 193, 222, 223
superposition principle, 51
support vector, 400, 402
support vector machine, 392, 400-405,
762
kernel function, 403
margin, 400, 441
surface
coupled, 303
detection, 288
multiple, 308, 310, 311
optimal, 303, 317
single, 306, 308
free-form, 655
reflection, 31

SVD, see singular value decomposition
SVM, see support vector machine
sweep representations, 661
symbol

non-terminal, 415

terminal, 415
syntactic analysis, 415—420, 770-772
syntax, 4, 386
system approach, 143
system theory, 584

T
telecentric lens, 85
template matching, 233-236, 474, 513
tensor
multiview, 605
terahertz, 1, 7
test set, 397
texel, 651, 652, 747
texton, 750, 755
texture, 178, 179, 181, 187, 221, 431,
503, 506, 509, 651, 747—
776, 830
Brodatz, 751, 760, 761, 767
coarse, 747, 749-752, 755, 769
description
auto-correlation, 750
autocorrelation, 769
autoregression model, 769
chain grammar, 770
co-occurrence, 752, 753
discrete transform, 751
edge frequency, 754
fractal, 762, 770
grammar, 770
graph grammar, 772, 773, 775
hybrid, 749, 769, 775-776
Laws’ energy measures, 757
morphology, 768
multiscale, 764—768
optical transform, 751
peak and valley, 769
primitive grouping, 773
primitive length, 755
run length, 755
shape rules, 770
statistical, 749-769, 773, 775
syntactic, 749, 769-775
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texture properties, 754
texture transform, 768
wavelet frames, 764-768
wavelets, 761, 764-768
deterministic tourist walk, 769
element, 747
fine, 747, 749-752, 755, 769
gradient, 651, 652
hierarchical, 773
LBP, 757-762, 776
uniform, 759
local ternary patterns, 762
measure
uniformity, 759
primitive, 219, 651, 747, 749, 769,
770, 772, 774, 775
segmentation, 755, 768, 773-775
strong, 749, 775
structure, 747, 749
synthesis, 770, 771
template
microstructure, 759
tone, 747, 749, 776
weak, 749, 775
theory, computational, 585
thickening, 684, 701-702
sequential, 702
thin lens, 83
thinning, 353, 365-367, 369, 684, 701-
702
sequential, 701
threshold, 179
optimal, 183
Otsu, 183, 184
selection, 179, 181
optimal, 183
thresholding, 118, 282, 554
adaptive, 179
optimal, 183
with hysteresis, 146
TIFF, 734
tilt, 651
tolerance interval, 343
top surface (morphological), 694
top-down approach, 418, 419, 467, 468
topology, 22
discrete, 19
tracking, 814

Index 869

kernel, 820-826
mean shift, 820-826
Predator, 840, 842
semi-supervised, 840-843
TLD, 840-843
training set, 393, 396-397, 398, 400,
406, 410, 420, 421, 482, 503,
508
transformation
affine, 122
anti-extensive, 691
bilinear, 121
binary, 727
brightness correction, 117
cosine, 727, 732
discrete wavelet, 69
distance, 19, 369
fast wavelet, 69
Fourier, 14, 19, 53-64, 77, 125, 135,
148-150, 152, 163, 164, 234,
330, 341, 342, 549, 727, 751
inverse, 59
Gabor, 761, 764
geodesic, 707
geometric, 120-124
brightness interpolation, 123
change of scale, 122
pixel co-ordinate, 121
rotation, 122
skewing, 122
gray-scale, 117-120
histogram equalization, 118-120
logarithmic, 120
pseudo-color, 120
thresholding, 118
Haar, 68
Hadamard, 79, 727, 732
Hadamard-Haar, 78
hat, 124, 141
homotopic, 699
Hotelling, 74
Hough, 78, 210-217, 348, 652
increasing, 689, 691
inverse, 692
Karhunen-Loeve, 74, 724
morphological, 686
Paley, 78
pixel brightness, 117-120
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870 Index

pixel co-ordinate, 121
projective, 592
Radon, 77-78, 211, 355
recursive block coding, 727
reversible component, 736
rubber sheet, 22
sine, 78
Slant-Haar, 78
symmetric axis, 369
top hat, 698
Walsh, 78, 727
wavelet, 66, 764
z, 764
translation, morphological, 686
translational movement, 646, 648, 801,
803
transmission
progressive, 731, 732
smart, 732
tree
decision, 443
interval, 345
pruning, 202, 418
triangulation, 603
trichromacy, 32
trifocal tensor, 620

U

ultimate erosion, 705
umbra (morphological), 694
uncertainty principle, 57
unit ball, 700

unsharp masking, 135
unsupervised learning, 406
upper semi-continuity, 687

\"
vanishing point, 609, 652, 675
vector quantization, 38
velocity
field, 789
computation, 808
smoothness constraint, 795, 797
vector, 788
vergence, 653
vertex, 656
view
topographic (morphology), 694

viewing space, 670
viewing sphere, 670
viewpoint, 13
vignetting, 91
vision
active, 648
stereo, 233, 609, 645
view-based, 670
VISIONS, 473, 474
visual
potential, 671
system human, 25, 586, 609, 646,
648, 732, 769
Viterbi algorithm, 206, 546, 548
volumetric model, 658
volumetric primitives, 587
voxel, 15, 185, 658

W
watersheds, 229, 714
wavelet, 66, 67, 764-768
energy
signature, 766
frames, 764-768
discrete, 764
mother, 67
packet, 72
weighted graph, 106
white balancing, 40
white noise, 28
Wiener filtering, 164

X

XBox, 517
Kinect, 517

z

Zadeh operators, 434

zero-crossing, 136, 139, 145, 345, 586,
624, 755

Zuniga—Haralick operator, 157, 805
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