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Energy

Insulator Metal Semimetal Semiconductor Semiconductor
Figure 1 Schematic electron occupancy of allowed energy bands for an insulator, metal, semi-
metal, and semiconductor. The vertical extent of the boxes indicates the allowed energy regions;
the shaded areas indicate the regions filled with electrons. In a semimetal (such as bismuth) one
band is almost filled and another band is nearly empty at absolute zero, but a pure semiconductor
(such as silicon) becomes an insulator at absolute zero. The left of the two semiconductors shown is

at a finite temperature, with carriers excited thermally. The other semiconductor is electron-defi-
cient because of impurities.
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CHAPTER 7: ENERGY BANDS

When I started to think about it, I felt that the main
problem was to explain how the electrons could sneak
by all the ions in o metal. . . . By straight Fourier

analysis I found to my delight that the wave differed

fm'm the plane wave of free electrons only by a peri-
odic modulation,

F. Bloch

The free electron model of metals gives us good insight into the heat
capacity, thermal conductivity, electrical conductivity, magnetic susceptibility,
and electrodynamics of metals. But the model fails to help us with other large
questions: the distinction between metals, semimetals, semiconductors, and
insulators; the occurrence of positive values of the Hall coefficient; the relation
of conduction electrons in the metal to the valence electrons of free atoms; and
many transport properties, particularly magnetotransport. We need a less naive
theory, and fortunately it turns out that almost any simple attempt to improve
upon the free electron model is enormously profitable.

The difference between a good conductor and a good insulator is striking.
The electrical resistivity of a pure metal may be as low as 10~1° ohm-cm at a
temperature of 1 K, apart from the possibility of superconductivity. The resis-
tivity of a good insulator may be as high as 1022 ohm-cm. This range of 10° may
be the widest of any common physical property of solids.

Every solid contains electrons. The important question for electrical con-
ductivity is how the electrons respond to an applied electric field. We shall see
that electrons in crystals are arranged in energy bands (Fig. 1) separated by
regions in energy for which no wavelike electron orbitals exist. Such forbidden
regions are called energy gaps or band gaps, and result from the interaction of
the conduction electron waves with the ion cores of the crystal.

The crystal behaves as an insulator if the allowed energy bands are either
filled or empty, for then no electrons can move in an electric field. The crystal
behaves as a metal if one or more bands are partly filled, say between 10 and 90
percent filled. The crystal is a semiconductor or a semimetal if one or two bands
are slightly filled or slightly empty.

To understand the difference between insulators and conductors, we must
extend the free electron model to take account of the periodic lattice of the
solid. The possibility of a band gap is the most important new property that
emerges,

We shall encounter other quite remarkable properties of electrons in crys-
tals. For example, they respond to applied electric or magnetic fields as if the
electrons were endowed with an effective mass m*, which may be larger or
smaller than the free electron mass, or may even be negative. Electrons in
“rystals respond to applied fields as if endowed with negative or positive
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over a cube of side L,

where, for periodic boundary conditions

2m i 4m

7 e PP L 2
kx’k!/’kz=0; tL A L 2)
The free electron wavefunctions are of the form

() = exp(ik - 1) ; &)

they represent running waves and carry momentum p'= fik.
The band structure of a crystal can often be explained by the nearly free

electron model for which the band electrons are treated as perturbed only
weakly by the periodic potential of the ion cores. This model answers almost all
the qualitative questions about the behavior of electrons in metals.

We know that Bragg reflection is a characteristic feature of wave propaga-
tion in crystals. Bragg reflection of electron waves in crystals is the cause of
energy gaps. (At Bragg reflection wavelike solutions of the Schrédinger equa-
tion do not exist, as in Fig. 2.) These energy gaps are of decisive significance in
determining whether a solid is an insulator or a conductor.

We explain physically the origin of energy gaps in the simple problem of a
linear solid of lattice constant a. The low energy portions of the band structure
are shown qualitatively in Fig. 2, in (a) for entirely free electrons and in (b) for
electrons that are nearly free, but with an energy gap at k = =+ 7r/a. The Bragg

2 F ; ;
condition (k + G)? = k2 for diffraction of a wave of wavevector k becomes in one
dimension

k= *1G = +nnla ; )
where G = 27n/a is a reciprocal lattice

reflections and the first energy gap occur at k = +7/q. The region in k space

between —7/a and 7/ is th i
e first Brillouin zone of thi i
is la : eners)
gaps occur for other values of the integer n i A .

The wavefunctions at k = + /4
exp(—imx/a) of free electrons, At thes

vector and n is an integer. The first

are not the traveling waves exp(imx/a) or
¢ special values of k the wavefunctions are
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