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318 R. Y. TSAl and T. S. HUANG

ABSTRACT

A new method for multiframe image restoration and registration is pre-
sented. The observations are sequences of low-resolution, undersampled,
discrete frames. The result is a restored high-resolution image. The res-
toration part is suitable for real-time implementation since the computation
consists of only a few complex operations per pel of the resultant high
resolution image. Tests on a class of waveforms with different bandwidths
show that the performance is superior to that of the cubic spline technique
in terms of the signal-to-noise ratio. The registration part exhibits two new
features distinct from existing techniques: (1) The relative shifts of several
frames can be estimated in one process. (2) The estimate is accurate even
if the observation frames are severely undersampled, so long as the number
of frames available is large enough.

1. INTRODUCTION

We are interested in restoring a high-resolution image from a sequence
of low-resolution, undersampled, discrete frames of a moving object. The
problem is motivated by the following: A Landsat satellite takes pictures
over the same area on the ground every 18 days as it orbits around the
earth. The pictures taken usually do not coincide exactly. The problem
is how to obtain a high-resolution image using these low-resolution frames.
The problem can be illustrated with Figure 1. First, the displacement of
each frame relative to an arbitrarily chosen reference frame has to be
measured. This is a registration problem. Next, samples on a set of grids
with high sampling rate are to be estimated. This is a restoration problem.
Although models have been formulated to allow other types of movement,
for simplicity we shall assume the motion purely translational.

The restoration part, in the absence of degradation and noise, becomes
an interpolation problem with recurrent, nonuniform sampling. The one-
dimensional (1D) analog of this special case has been treated in References

Registration Restoration
Part Part
Multitemporal low resolution
images of a moving object
Frame 0 —e1 Egtimate the . . Estimate samples Restored
Frame | —of relative shifts Registered images on uniform grid i
. bctwccnl with high =" resolution
+ | observation sampling image
Frame p-1 — frames rate

Figure I. Flow diagram.
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;1 and [6]. We shall present a new method that takes only a few multi-
jeation per frequency sample for estimating the spectrum of the high-
woltion image. Although forward and inverse discrete Fourier trans-
rms have to be carried out, if we employ the Winograd fast Fourier
cnsform (FET) algorithm (5] the overall computational complexity is
qllwithin a few complex multiplications per pixel of the resultant high-
resolution image.

The registration part exhibits two new features distinct from existing
;11?111;‘\151

| Conventional registration algorithms work with two frames at a
time [1-3]. Our proposed method estimate the relative shifts of
several frames in one process.

So long as the Nyquist rate of the original continuous waveform is
less than p times half the sampling rate of the original discrete
observations. where p is the number of frames available in the 1D
case and the square root of that in the 2D case, the estimate is
accurate even if the original observations are severely undersam-
pled.

2. RESTORATION
2.1 Theory

For the 1D case, let the ideal image be f(x) and, as we have p frames
of discrete images available, let each frame be denoted by {f}i=o....~n—1,
where f, is the ith sample in the kth frame and N is the number of samples
in each frame. Due to the translational motion assumption, and in the
ahsence of degradation and noise, the kth frame are samples from f(x)
with uniform spacing T starting from x = 8, such that fi; = f(iT + 8.),
wherei = 0, 1,24« 5 n—landk=0,...,0 =1, Let $:(x) be such
that f,(x) = f(x + 8x). Then the kth frame {f;} can be regarded as being
sampled from a continuous image fx(x) starting x = 0. From the shifting
property of the continuous Fourier transform (CFT), we have

Fi(w) = e®*F(w), (1)

Where Fy(w) and F(w) are CFT of f,(x) and f(x), respectively.
Let Fy, be the discrete Fourier transform (DFT) at discrete frequency
" of the kth frame {f;} such that
N—1

Ffmz kafexp(—jZ‘rr;g), -n=0.-:.--.N'—l.

i=0
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[4] and [6]. We shall present a new method that takes only a few multi-
plication per frequency sample for estimating the spectrum of the high-
resolution image. Although forward and inverse discrete Fourier trans-
forms have to be carried out, if we employ the Winograd fast Fourier
transform (FET) algorithm [5] the overall computational complexity is
still within a few complex multiplications per pixel of the resultant high-
resolution image.

The registration part exhibits two new features distinct from existing
methods:

I. Conventional registration algorithms work with two frames at a
time [1-3]. Our proposed method estimate the relative shifts of
several frames in one process.

So long as the Nyquist rate of the original continuous waveform is
less than p times half the sampling rate of the original discrete
observations, where p is the number of frames available in the 1D
case and the square root of that in the 2D case, the estimate is

accurate even if the original observations are severely undersam-
pled.

2

2. RESTORATION
2.1 Theory

For the 1D case, let the ideal image be f(x) and, as we have p frames
of discrete images available, let each frame be denoted by {f«i}ti=o...v -1,
where f; is the ith sample in the kth frame and N is the number of samples
in each frame. Due to the translational motion assumption, and in the
absence of degradation and noise, the kth frame are samples from f(x)
with uniform spacing T starting from x = 8, such that f; = fUT + d4),
wherei=0,1,....n—landk =0,...,p — L. Let fi(x) be such
that f(x) = f(x + &,). Then the kth frame {f«;} can be regarded as being
sampled from a continuous image f«(x) starting x = 0. From the shifting
property of the continuous Fourier transform (CFT), we have

Fi(w) = e®"F(w), (1)

where F;(w) and F(w) are CFT of f«(x) and f(x), respectively.
Let F, be the discrete Fourier transform (DFT) at discrete frequency
n of the kth frame {f,;} such that

N=—1 y
Fin = 2 fk,-exp(—ﬁn%), = e v o g plN'—= Lu

i=0



320 R.Y. TSAl'and T. 5. HUANG

Then from the aliasing rclaliunship between DFT and CFT, we have

Fin = m_}, F, (m + mw ) . (2)
where w, is the sampling frequency of each frame.

Let L be such that F(w) = 0 for |w| = Lw,; then by combining (1)
and (2), we arrive at the following matrix equatlon for each given discrete
frequency n:

G'l = ¢”PQH* (3’

where GG, is a p x | column vector with kth element Fy,; F, is a 2L x
I column vector with ith element F(n/NT + (i — L — )w,): b, isap
X 2L rectangular matrix with (k,j)th element

T exp[ijBk_](NT $ = 1 = L)su)] !

With 8, either known a priori or estimated using some registration al-
gorithm such as the one described in Section 3, below, Eq. (3) would be
independent for different n and can be solved separately for the unknown
column vector F,, which contains the CFT of f(x) at 2L equidistant fre-
quency points with spacing w,. When this is done for each n, we obtain
the estimate of F(w) at LN frequency points ranging from —Lw, to Lw,
— I/NT and with spacing I/NT. This can be used to estimate f(x) from

= 0to (N — DT, with spacing T/2L. The resolution is thus increased
by a factor of 2L.

Up to this point, a matrix equation (3) of size p x 2L has to be solved
for every frequency pel, and without further simplification this would be
too expensive. However, if we further observe the structure of b, 1n (3),
we see that it can be decomposed as follows:

¢, = D, H, @)
where D, is a diagonal matrix with kth diagonal element

n
' exp{;ZnB;_.(m - Lw )}

and [H];; = exp{j27d,(j — D)w,}.
Then from Eq. (3),

D;'G, = HF, ()

where D, ' is a diagonal matrix with kth diagonal element

T! CXP{ —Jj2mdi (R—T — Lwg )} .
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Let W, = exp{j2md, w.}: then H has the following form:
wy wil o wi o owi
- H.-"g‘ w1 w W%j’ :
WO WL W3 wa

Therefore. H is a rectangular Vandamonde matrix, and in the case when
p = 2L. which is always desirable since the number of constraints would
be less than the number of unknowns, rows of H are linearly independent
if the shifts are such that §, # &, + mT, where i # j and m is any integer.
Thus Eq. (5) is always consistant. For the case when p = 2L, H becomes
a square Vandamonde matrix and the (i, j)th element of H ' is given by

. (=11 :
[H ]:‘_;‘ =1 U‘L—f.p—l W; (6)
]___[ (WJ - W.’)
1=0
(ET]
where o/, is the sum of the product of i of the numbers Wy, .. .,
Biii: Wisiman vy W, _, without permutation or repetition.

It is interesting to note that in Eq. (5), H is independent of n. Thus its
inverse need be computed only once and then applied to solve Eq. (5)
for all n. That is,

F, = H™'D;'G,. (7)

The number of operations for computing F,, using Eq. (7) is P* + P,
Therefore, the computational complexity per frequency pel of the re-
sultant high resolution image is (P* + P)N/NP = P + 1. If we employ
the order n FFT algorithm (3), then the overall complexity would be p +
3 complex operations per pel. This is faster than the cubic spline technique
and the techniques described in (1) and (2).

For the case where H is rectangular, a minimum norm least square
solution of F,, can be obtained by computing the pseudoinverse of H only
once and then multiplying upon the left-hand side of Eq. (5) for each n.
The complexity per pel is 2L + 1. The overall complexity per pel would
be 2L + 3.

For the 2D case, let the ideal image be f(x,y) and the kth frame among
the p frames available be denoted by {ff}i—o...m—1,=0...~—1, Where

#is the (i,j)th sample in the kth frame and M, N are the number of samples
of each frame in x and y directions, respectively. As in the 1D case, we
have

k= fUT, + ¥, jT2 + 8s2),

10



322 R. Y. TSAland T. 5. HUANG

where 8, , and &, are the v and vy components of the relative shift of the
kth frame with respect to the reference or the Oth frame and &, , = §,,
= 0. T, and T, are the sampling intervals of each observation frame in
v and v axes, respectively.

Let foxy) = f(x + 844, v + d45), and Filu,v) and F(u,v) be the 2D
CFT of fi(x.v) and f(x,v), respectively. Then, as in (1), we have

FL(HJI) = ¢ f2r (B4 10 4 ﬁ":”zlf*'“f.'{“]. (8)
As in (2), the following equation is seen to hold:
| - m n '
P == & + mws, — + nw; ) . 9
T, ,,,;t,,cz_x“(nnl " NT; . ‘

where F%,, is the 2D DFT of the kth frame at the discrete frequency pair
(m.n) as follows:

M—-1 N-—1 . &
F:‘rm = f cX — 2 (E + E.')f) ]
rgu ,;‘gb fi P[ M TN
m=0,...,M—-1, n

andw,, = T; ,i=1,2.
Let L; be such that F(w,,w;) — 0 for | w; | = Liwg, i = 1, 2, then by
combining (8) and (9), we arrive at the following:

GJNH == d’”lHF”Hl‘ (10)

where F,,,, is a4L,L, x 1 column vector with the ith element being

Bl —— 4 L. B
Wy, W ),
MT| ) HTz

y = imod(2L,) — L,, s = |Lil2L,] — L,

and where G,,, i1s a p X | column vector with the kth element being
F%..: the (k,D)th element of &, is given below:

[brenlar = cxp{jZTrI:Bm (ﬁ:;| - Tll) + 5:\':(}\:;2 = %2)]} . (1D

As in (4), &,., can be factored as follows:

¢Hl.ﬂ == D”lf!H! (12)

where D, is a diagonal matrix with the kth diagonal element being

(T, - T)" Cxp{jZﬂ[ak—l.l('_""" i Llwsl)

MT,
N
+ 8:r—l.z(N—Tz e LZWJZ)]}

I
=

vy = L

11
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and where H is a p x 4L,L, matrix with the (i, j))th element being
W3 Whiherey = jmod(2L,). § = |Lj2L,|. and W, is defined below:

Wi = exp{j2md,_ . wals 1= 1, 2. (13)
By plugging (12) into (I11), we have
Orin = HEF s (14)
where
Q??IH = Dﬂ_'.'l': Glﬂﬂ' (15)

Just as in the 1D case. in Eq. (14) H is independent of m and n. Thus
its inverse (or pseudoinverse if H is not square) need be computed only
once and then applied to solve (14) for all m and n. That is,

Fon = 8 Ui (16)
With W, given in (13), H has the following form:
H =[A°B A'B - A%"7'B] (17)
where
Wi i
W2,
A = ' . (18)
I W,
and
Cwo, Wl ... Wi
B = ng Wil W%‘::"-I (19)
_Wﬁ,. W;',,. W;.L‘l'_’

It is clear that B is a Vandamonde matrix but / is not. Therefore unlike
the 1D case, even if no frame coincides with any other, the matrix H in
(17) could still be singular. However, this happens extremely rarely. For
example, when there are four discrete frames available (p = 4) and H is
square,

| | | |

1 Wiy Wi W W
1 Wy Wi Wy Wi
I Wiy Wi Wi Wi

(20)

12



14 R. Y. TSAl and T. S. HUANG
It can be shown that H in (20) is singular if and only if the following
holds:

(W, - ”ll_“'_!a - Wy) (W, -~ W, = Wy
(1 - “-||““I:| = “"l] - 11 = “’I-ZHWZI = w.‘-l’).

(21)

Obviously, when any of the two frames coincide, or when the horizontal
shifts of two frames coincide while the vertical shifts of the other two
frames are identical. (21) is satisfied. When it does happen that H is sin-
gular, as in the 1D case, a minimum norm least square estimate of F,,,
can be obtained by computing the pseudoinverse of H and then multi-

0—the proposed method
+ —cubic spline

E, \/\‘MW\N

Figure 2. Estimated samples versus the ideal waveform.

e

13



Multifrante Image Restoration and Registration 325

plving upon the left-hand side of (14) for each m and n. The computational
requirement per pel is the same as that in the 1D case,

2.2 Experimental Results

Test on the 1D case were made using a class of test waveforms with
frequency spectra generated pseudorandomly and then scaled by a ramp
with different slope so that waveforms with different bandwidths were
available for testing purposes. The performance was compared with that
of the cubic spline method, which can also be applied to this recurrent,
nonuniform sampling case. The sampling frequency for the observation
frame was § Hz. so that the test waveforms with Nyquist rate greater
than 2.5 was undersampled. Two observation frames were used, and the
sampling rate for the resultant high-resolution image was 10 Hz. Figure

—~ 77.00 4
= A3
o [
= %
= ‘{-é o—the proposed method
: < solid line—cubic spline
- 4 9 \
rad °
88
= or. T C]
o 7 = °
z
\
! (-]
2 ]
7 %
9
¥ 38.50

19.29

0.00 T T T T
2.7 4.56 6.38 8.19 10.00

FREQ. BANDWIDTH (cycle/sec)
Figure 3. Comparison of SNR.

14
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* shows a particular example where the bandwidth of the test waveform
Hz. The circles and the plus signs indicate the estimates using the
proposed technigque and the cubic spline technique. respectively. Figure
i shows the signal-to-noise ratio (DB) versus the Nyquist rate of the test
wavelforms for both techniques. The proposed method is superior unless
the Nvquist rate of the test waveform is less than one-quarter of the
samphing rate for the resultant high-resolution image
l'ests on the 2D case were carried out on several images with numerous
detarls. In these simulation tests, discrete images with high sampling rate
were used as the background continuous images. Then several observation
frames with a lower sampling rate were picked out from these background
images, cach one with the same sampling interval, say 7, in both the
horzontal direction and the vertical direction, but with different samples
f shifts. Figure 4 shows four 64 x 64 low-resolution frames, each one
sampled from a background 256 x 256 aerial image with sampling rate
(I/T.1/T). The shifting pdmnnlus d;;are dgy = 8020 = 0,8, = 02 = T
2.8 = &3y = T/4. 85y = 832 = (3/4)T. where 5., and 8, are the x and
v components of the shift of the kth frame. The ideal image to be estimated
is of size 128 x 128, and is shown on the right-hand side of Figure 5.
Using shifts estimated by the image registration technique to be described
in Section 3. at 128 x 128 image is restored as shown on the left-hand
side of Figure 5. The sampling frequency is (2/7,2/T). Note that this is

Figure 4. Four low-resolution input pictures.

15



Multiframe Image Restoration and Registration 327

Figure 5. Restored high-resolution image (left) versus the ideal image
(right).

still less than two times the Nyquist rate of the original background con-
tinuous image.

3. REGISTRATION
3.1 Theory

The registration problem is to estimate the relative shifts between
frames. Suppose the four circles in Figure 6 indicate the first frame and
the trianlges the second frame, while the original continuous image con-
tains so much detail that the Nyquist rate is as big as the sampling rate
of the set of grid in Figure 6. In this case, any existing registration tech-
nique would fail to estimate the relative shift between these two frames
simply because the amount of information available is not enough. Sup-
pose, however, that there are more frames available, for example, 20 or
30 frames, so that the amount of information is enough. But since existing
registration techniques can only work with two frames at a time, they
cannot take advantage of the fact that the combined sampling grid is
proper. (By proper we mean the sampling rate is up to the Nyquist rate.)
We propose a new registration technique that can estimate the relative

16



198 R. Y. TSAland T. 5. HUANG

Figure 6. Two severely undersampled frames versus the proper
sampling grid.

shifts between all of these frames in one process. Therefore, there are
two novel features in the proposed registration technique:

I. More than two frames can be registered in one process.

2. Even if the individual frames are severely undersampled, as long
as the number of frames is large enough so that the combined sam-
pling grid is proper, the relative shifts can be estimated accurately.

Let & be the total energy of the estimated F(w) [using Eq. (7)] in the
frequency range outside the bandwidth of the ideal F(w). Then ¢ will be
a function of the shifting parameter 8;, since different d; can yield different
estimates of F(w) when we use Eq. (7). The proposed registration algo-
rithm is to find the §; that minimizes ¢. For example, suppose the ideal
F(w) is given in Figure 7. By using Eq. (7), with the exact shifting pa-

17
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- 1 1 i

ral'g

Figure 7. ldeal Fourier transform.

rameters, F(w) can be estimated exactly up to w = (P/2)w,. If, however,
the shifting parameters are incorrect, then the estimated F(w) using Eq.
(7) may be given in Figure 8. The energy of the estimated F(w) in the
frequency range outside w = BW is no longer zero. This is based upon
the following theorem:

THeorem. For the 1D case, suppose each of the p observation frames
{fatizo..v—1k =0,...,p — 1are sampled with fixed sampling interval

F(w)

il

-g" s =BW oo s Wg BW g_w 4

Figure 8.  Estimated Fourier transform using incorrect shifts.
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I'but are nfinite in extent. that is, N approaches infinity. Let the band-
width of the wdeal signal fiy) be BW. If BW < P27 and Eq. (7) in the
restoration part is used to estimate the Fourier transform FOw) of f(x).
but with one of the shifting parameters. &,. incorrect. and assuming the
discrepancy is small relative to the ideal value (this is sufficient for achiev-
ing subpixel accuracy). then the estimated F(w) for w > BW will be non-
zero (that is. the bandwidth will be increased) provided that the DFT of
the Kth trame at the frequency different from w by an integral multiple of
w, does not vanish,

Proof:  Let n and i be such that w/NT + (i — L — I)w, > BW, and let
the ith element of the column vectors F, and G,, in (7) be denoted by
F, and G),. respectively. Then Fi, = F(n/INT + (i — L — w,) = 0.
From (7) and (6). we have .

Il

r
E [H I]:'.r'lDu_ I]_r'_:'(;‘:—r

J==

F

- (=7~
= Er’—l U’p—i.p—le'T_l

J=1 n (W; —

=0

I=j X EXP{ —j27m0;-1 (R"_T = L“'s)}an' (22)

Let Fi, be the estimated F, using (22) but with 8, replaced by 8, + A.
Itis to be shown that for nonzero A small relative to 8,. F’, will be nonzero
provided that Fy,, # 0, where Fy, is the DFT of the kth frame at frequency
n/NT. It is easy to see that with §, replaced by &, + A, only the kth term
in the summation in (22) is changed. Thus

(=1)r—¢ .
=17 U’I:‘:—.-:p—lwi'wlT_'
I (Wi, —wy
/=0
ok + 1 X exp{ —j2m(d; + A}(% — Lw,)}
{~])F=* ’
P U;—r'-.v"lwka-lr_l
H (Wiey = W)
-’#J-.-:Jl

x exp{ ~J21r8t(=N% - Lw )} Finn (23)

19
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where Wi = exp{j2m(ds + A)w}. If Fy, # 0, then it is clear that

F'o= 0if and only if the following holds:
p1
| . o e T — .
cxpl —'fjﬂ.ll'm_ = U ”H'.s:l} A ey -1~. . (24)
1 (e — w)
5

Since A < 84, A on the right-hand side of (24) can be dropped while A on
the left cannot. Therefore, F}, = 0 if and only if

. o _i o ! —
e;\p{ JZWA[NT (L + l)n_,]} 1 (25)

Since w, = 1/T, (25) is equivalent to the following:

A/n
Bl — o o = -
“TrT(N L ]) 2mTm,

where m 1s arbitrary integer. But /N — L — 1 <0and A <T. Thus m
= 0and A = 0. Therefore, it is proved that F% = 0 if and only if A =
0. O

Although the above theorem is exact for small A, Eq. (24) holds for
general A. There may be some large A that can satisfy (24). But unless
the original image is trivial and contains extremely rare symmetry, this
can never happen. Besides, local convergence is sufficient to guarantee
subpixel accuracy. Also, in our foregoing theorem, only one shifting pa-
rameter is assumed to be incorrect, and the frame numbers for these
frames are k;, k>, . . ., k,., respectively. If more than one of the §; values
are incorrect, then the estimated F(w) may vanish for a particular w >
BW, but cannot vanish for all w > BW. This is justified below:

Suppose the shifting parameters for m frames are incorrect. Then it is
obvious from the proof of the theorem that

m
FL R F:—: - 2 ai?fF-‘\'-‘.ﬂﬂ (26)

y=1
where ayy; denotes the expression inside the outer bracket in (23), which
is the change of F!, divided by Fy,, due to the change of the shifting

parameters for the k. th frame from &, to 8, + Ag,. ‘

From the theorem, aky = 0 iff A¢, = 0. However it may be possible
that (26) is zero even if A,, # 0. But this cannot happen simultaneously
for all n and i such that n/NT + (i — L + 1I)w, > BW since, were this
be true, we would have m unknowns Ay, Ak, . . ., Ay, satisfying a set

20



132 R. Y. TSAl and T. S. HUANG

of simultancous equations with the number of equations several orders
of magnitude greater than m. Therefore, we can obtain an optimum es-
timate of the shifting parameters by minimizing & using any iterative non-
lincar minimization algorithm.

3.2 l{xperinwntnl Results

Tests of this algorithm on a class of 1D waveforms used in the resto-
ration part were extremely encouraging. Figure 9 is a plot of & versus 8,
for the case when the Nyquist rate of the original waveform is 3.75, which
is one-half greater than half the sampling rate of the original observation
frames. i.e.. it is undersampled. Two frames were used, and the ideal
relative shift is 0.15. The minimum of & occurs at &, = 0.149950. The
two peaks in Figure 9 occur because for these cases 8, = &, + k7, where
Lis any integer and H in Eq. (3) becomes singular. Two other local minima

250.000 -

£31.250 -

212.500 -

153.7350 4

173,000

156.250 4

137.500

EST. HIGH FREQ. ENERGY (DB)

118.750 4

100.000 T T T Y T
=26666 =.10237 -.099995 -. 016667 .066670 190003 .n:'m -nim 400000

RELATIVE SHIFT

Figure 9. Funtion ¢ versus the relative shift with the condition in
theorem satisfied.

21
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207.00

192.84

EST. HIGH FREQ. ENERGY (DB)

178.67 —

16%.51

150.35

T T J J
-0.20 -0.05 0.10 0.25 0.40
RELATIVE SHIFT

Figure 10. Function ¢ versus the relative shift with the condition in
theorem not satisfied.

occur at 8, < 0 and 8, > 7. This phenomenon can also be explained by
observing Eq. (3). Therefore, it is suggested that a rough global search
be carried out first, followed by searching for local minima using any
nonlinear minimization scheme. If the number of frames available is not
big enough such that the condition BW < p/2T is not met, ¢ is not defined.
We can still estimate 8, using the same algorithm but changing the defi-
nition of ¢ to be the total energy of the estimated F(w) in the high-fre-
quency range. In this case, our theorem cannot be applied exactly, but
Intuitively it might work. A particular example is depicted in Figure 10.
Itis clear that the minimum is not as sharp as that in Figure 9 and the
relative error is about 15%.

Tests for the case of four frames were equally satisfactory. Figure 11
shows the estimated ¢ versus the shifting parameters for a particular
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Figure 11. Function & versus 8, and 85 with 8, and o> left fixed for the
case of four frames (p = 4).

example where the sampling frequency of each frame 2.5 Hz and BW of
F(w) is 3.75 Hz. For the purpose of displaying the result, &, is fixed at
0.2, while &, and &; are unknowns. In this case ¢ is a 2D function with
o1 and &5 as variables. As expected, the minimum occurs almost exactly
at the ideal value. The relative error is about 10~*. Figure 12 is the same
as Figure 11 except that ¢ is viewed from a different angle.

The condition for the validity of our theorem is that the bandwidth BW
< p/2T. For the case mentioned above, p/2T = 5. Therefore, the per-
formance of the algorithm should deteriorate if BW > 5. Experimental
results agree with this fact, as can be seen in Figure 13, which is a plot
of the normalized average registration error (%) versus the frequency
bandwidth. The normalized average registration error (NARE) is defined
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Figure 12. Same as Figure 11 but with different viewing angle.

as follows:

: IR C T V)l
NarE = [ s O]

This fact implies that even if each individual frame may be severely un-
dersampled, so long as the bandwidth of the ideal signal is less than p
times half the sampling frequency of the observation frame, the algorithm
will still give an accurate estimate of the relative shifts. This is a great
advantage over any of the conventional technique, which works well only
for images not severely undersampled.

- Tests on the 2D case were carried out on several images. The exper-
imental results show that if the condition BW < P/2T is roughly satisfied
in both directions then NARE is less than 0.8%, but if BW > p/2T then
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Figure 13. NARE versus BW.

NARE is around 7-12%. For example, for the aerial image described in
the restoration section, if the observation frame is 64 x 64 then the con-
dition BW < P/2T will not be met. In this case, NARE is about 7.2%. If
the sampling interval is reduced to half, that is, the observation frame is
128 x 128 instead of 64 x 64, then the condition BW < P/2T is approx-
imately met. NARE now becomes 0.76%. For the former case, the log
magnitude of the estimated Fourier transform using the correct shifting
parameters is given on the left-hand side of Figure 14. The low-frequency
parts are at the four corners, and the origin of the frequency domain is
at the upper left corner. The right-hand side of Figure 14 shows the result
obtained using incorrect shifts. As expected, the estimated high-frequency
energy using the incorrect shifts is much higher than that using the correct
shifts. The left-hand picture in Figure 15 shows the restored image using
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Figure 14. Estimated Fourier transform with correct shifts (left) and
incorrect shifts (right).

Figure 15.  Restored image with correct shifts (left) and incorrect shifts
(right).

337
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Figure 16. NARE versus ITERATION STEP.

the correct shifts, while the right-hand picture shows that using the in-
correct shifts.

Like the 1D case, there are several occasions that local minima may
occur: (1) §;; = 8;; + kT, where §;; is the ideal shift and & is any integer;
(2) interchange of d,; and 8, ; (3) interchange of (8;,,5) and (3;,,8,2). A
rough global search was first performed. Then a quasi-Newton minimi-
zation scheme was used to search for the minimum of ¢. Since for each
evaluation of ¢ only a narrow high-frequency band of F(w) need be com-
puted, the computation is not very expensive. Figure 16 is a plot of NARE
(%) and & (DB) versus the iteration step of the quasi-Newton method.

4. CONCLUSION

Both theoretical and experimental results of a new method for multiframe
image restoration and registration are described. The restoration part is
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suitable for real-ime implementation since the computation consists of
only a few complex operations per pel of the resultant high-resolution
image. Tests on a class of one-dimensional waveforms with different band-
widths show that the performance is superior to that of the cubic spline
technique in terms of the signal-to-noise ratio. Results on the two-di-
mensional case are also satistactory. The registration part has two new
features: (1) The relative shifts of several frames can be estimated in one
process. (2) The estimate 1s accurate even if the observation frames are
severely undersampled, as long as the number of frames available is big
enough. Tests for both ID and 2D cases were successful.
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