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Foreword

J. L. Flanagan

Professor Emeritus
Electrical and Computer
Engineering
Rutgers University

Over the past three decades digital signal processing has emerged as a recognized
discipline. Much of the impetus for this advance stems from research in representation,
coding, transmission, storage and reproduction of speech and image information. In
particular, interest in voice communication has stimulated central contributions to
digital filtering and discrete-time spectral transforms.

This dynamic development was built upon the convergence of three then-evolving
technologies: (i) sampled-data theory and representation of information signals (which
led directly to digital telecommunication that provides signal quality independent of
transmission distance); (ii) electronic binary computation (aided in early implementa-
tion by pulse-circuit techniques from radar design); and, (iii) invention of solid-state
devices for exquisite control of electronic current (transistors – which now, through mi-
croelectronic materials, scale to systems of enormous size and complexity). This timely
convergence was soon followed by optical fiber methods for broadband information
transport.

These advances impact an important aspect of human activity – information ex-
change. And, over man’s existence, speech has played a principal role in human
communication. Now, speech is playing an increasing role in human interaction with
complex information systems. Automatic services of great variety exploit the comfort
of voice exchange, and, in the corporate sector, sophisticated audio/video teleconfer-
encing is reducing the necessity of expensive, time-consuming business travel. In each
instance an overarching target is a user environment that captures some of the nat-
uralness and spatial realism of face-to-face communication. Again, speech is a core
element, and new understanding from diverse research sectors can be brought to bear.

Editors-in-Chief Benesty, Sondhi and Huang have organized a timely engineer-
ing handbook to answer this need. They have assembled a remarkable compendium
of current knowledge in speech processing. And, this accumulated understanding can
be focused upon enlarging the human capacity to deal with a world ever increasing in
complexity. Benesty, Sondhi and Huang are renowned researchers in their own right,
and they have attracted an international cadre of over 80 fellow authors and collab-
orators who constitute a veritable Who’s Who of world leaders in speech processing
research. The resulting book provides under one cover authoritative treatments that
commence with the basic physics and psychophysics of speech and hearing, and range
through the related topics of computational tools, coding, synthesis, recognition, and
signal enhancement, concluding with discussions on capture and projection of sound
in enclosures. The book can be expected to become a valuable resource for researchers,
engineers and speech scientists throughout the global community. It should equally
serve teachers and students in human communication, especially delimiting knowledge
frontiers where graduate thesis research may be appropriate.

Warren, New Jersey Jim Flanagan
October 2007
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Preface

Jacob Benesty

M. Mohan Sondhi

Yiteng Huang

The achievement of this Springer Handbook is the result of a wonderful journey that
started in March 2005 at the 30th International Conference on Acoustics, Speech, and
Signal Processing (ICASSP). Two of the editors-in-chief (Benesty and Huang) met in
one of the long corridors of the Pennsylvania Convention Center in Philadelphia with
Dr Dieter Merkle from Springer. Together we had a very nice discussion about the con-
ference and immediately an idea came up for a handbook. After a short discussion we
converged without too much hesitation on a handbook of speech processing. It was
quite surprising to see that, even after 30 years of ICASSP and more than half a century
of research in this fundamental area, there was still no major book summarizing the im-
portant aspects of speech processing. We thought that the time was ripe for such a large
project. Soon after we got home, a third editor-in-chief (Sondhi) joined the efforts.

We had a very clear objective in our minds: to summarize, in a reasonable number
of pages, the most important and useful aspects of speech processing. The content was
then organized accordingly. This task was not easy since we had to find a good balance
between feasible ideas and new trends. As we all know, practical ideas can be viewed
as old stuff while emerging ideas can be criticized for not having passed the test of
time; we hope that we have succeeded in finding a good compromise. For this we relied
on many authors who are well established and are recognized as experts in their field,
from all over the world, and from academia as well as from industry.

From simple consumer products such as cell phones and MP3 players to more-
sophisticated projects such as human–machine interfaces and robots that can obey
orders, speech technologies are now everywhere. We believe that it is just a matter of
time before more applications of the science of speech become impossible to miss in
our daily life. So we believe that this Springer Handbook will play a fundamental role
in the sustainable progress of speech research and development.

This handbook is targeted at three categories of readers: graduate students of speech
processing, professors and researchers in academia and research labs who are active
in this field, and engineers in industry who need to understand or implement specific
algorithms for their speech-related products. The handbook could also be used as a text
for one or more graduate courses on signal processing for speech and various aspects
of speech processing and applications.

For the completion of such an ambitious project we have many people to thank.
First, we would like to thank the many authors who did a terrific job in delivering very
high-quality chapters. Second, we are very grateful to the members of the editorial
board who helped us so much in organizing the content and structure of this book, tak-
ing part in all phases of this project from conception to completion. Third, we would
like to thank all the reviewers, who helped us to improve the quality of the mater-
ial. Last, but not least, we would like to thank the Springer team for their availability
and very professional work. In particular, we appreciated the help of Dieter Merkle,
Christoph Baumann, Werner Skolaut, Petra Jantzen, and Claudia Rau.

We hope this Springer Handbook will inspire many great minds to find new research
ideas or to implement algorithms in products.

Montreal, Basking Ridge, Murray Hill Jacob Benesty
October 2007 M. Mohan Sondhi

Yiteng Huang
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Adaptive Bea47. Adaptive Beamforming and Postfiltering

S. Gannot, I. Cohen

In this chapter, we explore many of the basic con-
cepts of array processing with an emphasis on
adaptive beamforming for speech enhancement
applications. We begin in Sect. 47.1 by formu-
lating the problem of microphone array in a
noisy and reverberant environment. In Sect. 47.2,
we derive the frequency-domain linearly con-
strained minimum-variance (LCMV) beamformer,
and its generalized sidelobe canceller (GSC) vari-
ant. The GSC components are explored in Sect. 47.3,
and several commonly used special cases of
these blocks are presented. As the GSC struc-
ture necessitates an estimation of the speech
related acoustical transfer functions (ATFs), sev-
eral alternative system identification methods
are addressed in Sect. 47.4. Beamformers often
suffer from sensitivity to signal mismatch. We
analyze this phenomenon in Sect. 47.5 and ex-
plore several cures to this problem. Although the
GSC beamformer yields a significant improve-
ment in speech quality, when the noise field is
spatially incoherent or diffuse, the noise reduc-
tion is insufficient and additional postfiltering is
normally required. In Sect. 47.6, we present multi-
microphone postfilters, based on either minimum
mean-squared error (MMSE) or log-spectral am-
plitude estimate criteria. An interesting relation
between the GSC and the Wiener filter is derived in
this Section as well. In Sect. 47.7, we analyze the
performance of the transfer-function GSC (TF-GSC),
and in Sect. 47.8 demonstrate the advantage of
multichannel postfiltering over single-channel
postfiltering in nonstationary noise conditions.
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Over the last four decades, array processing has be-
come a well-established discipline, see e.g., [47.1–14].
In the mid 1980s, array processing and beamform-
ing methods were adopted by the speech community
to deal with data received by microphone arrays.
Since then, beamforming techniques for microphone
arrays have been used in many applications, such as
speaker separation, speaker localization, speech dere-
verberation, acoustic echo cancellation, and speech
enhancement.

Adaptive beamforming for speech signals requires
particular consideration of problems that are specific
to speech signals and to the acoustic environment. The
speech signal is wide-band, highly nonstationary, and
has a very wide dynamic range. An acoustic enclosure
is usually modeled as a filter with very long impulse
response due to multiple reflections from the room
walls. In a typical office, the length of the filters may
reach several thousand taps. Furthermore, the impulse
response is often time varying due to speaker and objects
movements.

The term beamforming refers to the design of a spa-
tiotemporal filter. Broadband arrays comprise a set of
filters, applied to each received microphone signal, fol-
lowed by a summation operation. The main objective of
the beamformer is to extract a desired signal, imping-
ing on the array from a specific position, out of noisy
measurements thereof. Usually, the interference signals
occupy the same frequency band as the desired signal,
rendering temporal-only filtering useless. The simplest
structure is the delay-and-sum beamformer, which first
compensates for the relative delay between distinct mi-
crophone signals and then sums the steered signal to
form a single output. This beamformer, which is still
widely used, can be very effective in mitigating nonco-
herent, i. e., spatially white, noise sources, provided that
the number of microphones is relatively high. However,
if the noise source is coherent, the noise reduction (NR)
is strongly dependent on the direction of arrival of the
noise signal. Consequently, the performance of the de-
lay and sum beamformer in reverberant environments
is often insufficient. Jan and Flanagan [47.15, 16] and
Rabinkin et al. [47.17] extended the delay and sum con-
cept by introducing the filter-and-sum beamformer. This
structure, designed for multipath environments, namely
reverberant enclosures, replaces the simpler delay com-
pensator with a matched filter.

The array beam pattern can generally be designed to
have a specified response. This can be done by properly
setting the values of the multichannel filters’ weights.
However, the application of data-independent design

methods is very limited in dynamic acoustical environ-
ments. Statistically optimal beamformers are designed
based on the statistical properties of the desired and in-
terference signals. In general, they aim at enhancing the
desired signal, while rejecting the interference signal.
Several criteria can be applied in the design of the beam-
former, e.g., maximum signal-to-noise ratio (MSNR),
minimum mean-squared error (MMSE), and linearly
constrained minimum variance (LCMV). A summary
of several design criteria can be found in [47.5, 7].

Beamforming methods use the signals’ statistics
(at least second-order statistics), which is usually not
available and should be estimated from the data. More-
over, the acoustical environment is time varying, due
to talker and objects movements, and abrupt changes
in the noise characteristics (e.g., passing cars). Hence,
adaptation mechanisms are required. An adaptive coun-
terpart of each of the prespecified design criteria can
be derived. Early contributions to the field of adap-
tive beamformers design can be attributed to Sondhi
and Elko [47.18], to Kaneda and Ohga [47.19], and
to Van Compernolle [47.20]. Kellermann [47.21] ad-
dressed the problem of joint echo cancellation and NR
by incorporating echo cancellers into the beamformer
design. Nordholm et al. [47.22, 23] used microphone
arrays in a car environment, and designed a beam-
former employing calibration signals to enhance the
obtained performance. Martin [47.24] analyzed beam-
forming techniques for small microphone arrays. Many
other applications of microphone arrays such as hearing
aids, blind source separation (BSS), and dereverberation
are addressed elsewhere in this handbook.

The minimization of the mean-squared error (MSE)
in the context of array processing leads to the well-
known multichannel Wiener filter [47.25]. Doclo and
Moonen [47.26–28] proposed an efficient implemen-
tation of the Wiener filter based on the generalized
singular-value decomposition (GSVD) of the micro-
phone data matrix. This method yields an optimal
estimation (in the MMSE sense) of the desired sig-
nal component of one of the microphone signals. The
authors further proposed efficient schemes for recur-
sive update of the GSVD. An optional, adaptive noise
cancellation postfiltering stage is proposed as well. In
that scheme, in addition to the optimal estimation of
the desired speech signal, an optimal noise channel is
also estimated. This estimated noise component can
be used as a reference noise signal (similar to the one
used in [47.25]), to further enhance the speech signal.
Spriet et al. [47.29] proposed a subband implementa-
tion of the GSVD-based scheme, and Rombouts and
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Moonen [47.30, 31] proposed to apply the efficient QR
decomposition to the problem at hand.

In many adaptive array schemes the acoustical
transfer-function (ATF) relating the speech source and
the microphone should be known in advance, or at least
estimated from the received data (note that in case of
delay-only propagation, the acoustical transfer function
reduces to a steering vector, consisting of phase-only
components.) In contrast, the multichannel Wiener fil-
ter is uniquely based on estimates of the second-order
statistics of the recorded noisy signal and the noise sig-
nal (estimated during noise-only segments), and does not
make any a priori assumptions about the signal model.
Unfortunately, as pointed by Chen et al. [47.32], the
Wiener filter, which is optimal in the MMSE sense, can-
not guarantee undistorted speech signal at its output.
This drawback can however be mitigated by modifying
the MMSE criterion to control the amount of imposed
speech distortion. A method that employs this modi-
fication is presented in [47.33, 34]. It is also shown
that the ATFs information (only a simple delay-only
case is presented in the contributions) can be incorpo-
rated into the Wiener filter scheme (called the spatially
preprocessed Wiener filter), resulting in an improved
performance. The Wiener filter and its application to
speech enhancement is addressed in a separate chapter
of this handbook (6; 43).

In this chapter, we concentrate on a different adap-
tive structure based on the LCMV criterion. The LCMV
beamformer, proposed by Frost [47.35], is aiming at
minimizing the output power under linear constraints on
the response of the array towards the desired speech sig-
nal. Frost proposed an adaptive scheme, which is based
on a constrained least-mean-square (LMS)-type adapta-
tion (for the LMS algorithm please refer to [47.25]).
To avoid this constrained adaptation, Griffiths and
Jim [47.36] proposed the GSC structure, which separates
the output power minimization and the application of the
constraint. The GSC structure is based on the assump-
tion that the different sensors receive a delayed version
of the desired signal, and therefore we refer to it as the

delay generalized sidelobe canceller (D-GSC). The GSC
structure was rederived in the frequency domain, and ex-
tended to deal with, the more-complicated general ATFs
case by Affes and Grenier [47.37] and later by Gannot
et al. [47.38]. This frequency-domain version, which
takes into account the reverberant nature of the enclo-
sure, was nicknamed the transfer-function generalized
sidelobe canceller (TF-GSC). The GSC comprises three
blocks: a fixed beamformer (FBF), which aligns the de-
sired signal components, a blocking matrix (BM), which
blocks the desired speech components resulting in ref-
erence noise signals, and a multichannel adaptive noise
canceller (ANC), which eliminates noise components
that leak through the sidelobes of the FBF.

Nordholm and Leung [47.39] analyze the limits of
the obtainable NR of the GSC in an isotropic noise
field. Bitzer et al. address the problem in [47.40, 41]
and [47.42]. In [47.40], the authors derive an expression
for the NR as a function of the noise field and evaluate the
degradation as a function of the reverberation time (T60).
The special two-microphone case is treated in [47.41].
The additional NR due to the ANC branch of the GSC,
implemented by a closed-form Wiener filter rather than
the adaptive Widrow least-mean-square (LMS) proce-
dure, is presented in [47.42]. The frequency-band nested
subarrays structure is presented and its NR is theoreti-
cally analyzed by Marro et al. [47.43]. A more-complex
dual GSC structure employing calibration signals was
suggested and analyzed by Nordholm et al. [47.44].
Huarng and Yeh [47.45] addressed the distortion issue
by evaluating the desired signal leakage into the ref-
erence noise branch of the GSC structure. However,
the delay-only ATFs assumption is imposed and the
expected degradation due to pointing errors alone is eval-
uated. The performance degradation due to constraining
the Wiener filters to an finite impulse response (FIR)
structure is demonstrated by Nordholm et al. in [47.46].
The resulting performance limits of the GSC structure
strongly depend on the cross-correlation between the
sensors’ signals induced by the noise field, as shown in
the above references and by Cox [47.47].

47.1 Problem Formulation

Consider an array of M sensors in a noisy and reverber-
ant environment. The received signals generally include
three components. The first is a desired speech signal,
the second is some stationary interference signal, and the
third is some nonstationary (transient) noise component.

Our goal is to reconstruct the speech component from
the received signals. Let s(t) denote the desired source
signal, let am(t) represent the room impulse response
(RIR) of the m-th sensor to the desired source, and let
nm(t) denote the noise component at the m-th sensor.
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948 Part H Speech Enhancement

The observed signal at the m-th sensor (m = 1, . . . , M)
is given by

zm(t)= am(t)∗ s(t)+nm(t)

= am(t)∗ s(t)+ns
m(t)+nt

m(t) , (47.1)

where ns
m(t) and nt

m(t) represent the stationary and
nonstationary noise components at the m-th sensor, re-
spectively, and ∗ denotes convolution. We assume that
both noise components may comprise coherent (direc-
tional) noise component and diffused noise component.

The observed signals are divided in time into over-
lapping frames by the application of a window function
and analyzed using the short-time Fourier transform
(STFT). Assuming time-invariant transfer functions, we
have in the time–frequency domain

Zm(k, �)≈ Am(k)S(k, �)+ Nm(k, �)

≈ Am(k)S(k, �)+ Ns
m(k, �)+ N t

m(k, �) ,
(47.2)

where � is the frame index and k = 1, 2, . . . , K repre-
sents the frequency bin index. (The equality in (47.2)

is only justified for segments which are longer than the
RIR length. Since RIRs tend to be very long, the con-
ditions allowing for this representation to hold cannot
be exactly met. We assume, however, that the STFT re-
lation is a reasonable approximation.) Zm(k, �), S(k, �),
Nm(k, �), Ns

m(k, �), and N t
m(k, �) are the STFT of the re-

spective signals. Am(k) is the ATF relating the speech
source with the m-th sensor. The vector formulation of
the equation set (47.2) is

Z(k, �)= A(k)S(k, �)+N(k, �)

= A(k)S(k, �)+Ns(k, �)+Nt(k, �) , (47.3)

where

Z(k, �)= (
Z1(k, �) Z2(k, �) · · · Z M(k, �)

)T
,

A(k)= (
A1(k) A2(k) · · · AM(k)

)T
,

N(k, �)= (
N1(k, �) N2(k, �) · · · NM(k, �)

)T
,

Ns(k, �)=
(
Ns

1(k, �) Ns
2(k, �) · · · Ns

M(k, �)
)T
,

Nt(k, �)=
(
N t

1(k, �) N t
2(k, �) · · · N t

M(k, �)
)T
.

47.2 Adaptive Beamforming

Frost [47.35] proposed a beamformer that relies on the
assumption that the ATFs between the desired source
and the array of sensors can be uniquely determined
by gain and delay values. In this section, we follow
Frost’s approach in the STFT domain and derive a beam-
forming algorithm for the arbitrary ATF case. We first
obtain a closed form of the LCMV beamformer, and
subsequently derive an adaptive solution. The outcome
is a constrained LMS-type algorithm. We proceed, fol-
lowing the seminal work of Griffiths and Jim [47.36],
with the formulation of an unconstrained adaptive solu-
tion namely, the transfer-function generalized sidelobe
canceller (TF-GSC). We initially assume that the ATFs
are known. Later, in Sect. 47.4, we present several alter-
natives for estimating the ATFs.

47.2.1 Frequency-Domain Frost Algorithm

Optimal Solution
Let W∗

m(k, �) ;m = 1, . . . , M denote a set of M filters,
and define

WH(k, �)= (
W∗

1 (k, �) W∗
2 (k, �) · · · W∗

M(k, �)
)
,

where the superscript H denotes conjugation transpose.
A filter-and-sum beamformer, depicted in Fig. 47.1, is
realized by filtering each sensor signal by W∗

m(k, �) and
summing the outputs,

Y (k, �)=WH(k, �)Z(k, �)

=WH(k, �)A(k)S(k, �)+WH(k, �)Ns(k, �)

+WH(k, �)Nt(k, �)
 = Ys(k, �)+Yn,s(k, �)+Yn,t(k, �) , (47.4)

�

	/�"H �� 0/̀�"H ��

	*�"H �� 0*̀�"H ��

- �"H ��

	
�"H �� 0
̀ ��"H ��

Fig. 47.1 Filter-and-sum beamformer
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Adaptive Beamforming and Postfiltering 47.2 Adaptive Beamforming 949

where Ys(k, �) is the signal component and Yn,s(k, �)
and Yn,t(k, �) are the stationary and nonstationary noise
components, respectively. The output power of the
beamformer is given by

E{Y (k, �)Y∗(k, �)}
= E{WH(k, �)Z(k, �)ZH(k, �)W(k, �)}
=WH(k, �)φZZ(k, �)W(k, �) ,

where φZZ(k, �)
 = E{Z(k, �)ZH(k, �)} is the power

spectral density (PSD) matrix of the received signals.
We want to minimize the output power subject to the
following constraint on Ys(k, �):

Ys(k, �)=WH(k, �)A(k)S(k, �)

= F ∗(k, �)S(k, �) ,

where F (k, �) is some prespecified filter, usually
a simple delay. Without loss of generality we assume
hereinafter that F (k, �)= 1. Hence, the minimization
problem can be stated as

min
W

{
WH(k, �)φZZ(k, �)W(k, �)

}
subject to WH(k, �)A(k)= 1 . (47.5)

The minimization problem (47.5) is demonstrated
in Fig. 47.2. The point where the equipower contours
are tangent to the constraint plane is the optimum vector
of beamforming filters. The perpendicular F(k) from the
origin to the constraint plane will be calculated in the
next section.

To solve (47.5) we first define the complex La-
grangian,

L(W)=WH(k, �)�ZZ(k, �)W(k, �)

+λ[WH(k, �)A(k)−1]
+λ∗[AH(k, �)W(k)−1] , (47.6)

where λ is a Lagrange multiplier. Setting the derivative
with respect to W∗ to 0 [47.48] yields

∇W∗L(W)�ZZ(k, �)W(k, �)+λA(k)= 0.

Now, recalling the constraint in (47.5), we obtain the
LCMV optimal filter

WLCMV(k, �)= �−1
ZZ(k, �)A(k)

AH(k)�−1
ZZ(k, �)A(k)

. (47.7)

This closed-form solution is difficult to implement, and
is not suitable for time-varying environments. Therefore
we often have to resort to an adaptive solution, which is
derived in the sequel.

� )�"H � �����"H ����"H � � � �����"H � �

��"��+
� �"�
22� �"�22*

��"H � �

���
	����	�����
R�� )�"���"H � ��+�/

Fig. 47.2 Constrained minimization

It is interesting to show the equivalence between
the LCMV solution (47.7) and the MSNR beam-
former [47.7], which is obtained from

max
W

|WH(k, �)A(k)|2
WH(k, �)�NN(k, �)W(k, �)

. (47.8)

The well-known solution to (47.8) is the (colored-noise)
matched filter

W(k, �)∝�−1
NN(k, �)A(k) .

If the array response is constrained to fulfil
WH(k, �)A(k)= 1, i. e., no distortion in the desired di-
rection, we have

WMSNR(k, �)= �−1
NN(k, �)A(k)

AH(k)�−1
NN(k, �)A(k)

. (47.9)

Using (47.3) it can be verified that

�ZZ = φss(k, �)A(k)AH(k)

+�Ns Ns (k, �)+�Nt Nt (k, �)

= φss(k, �)A(k)AH(k)+�NN(k, �) , (47.10)

where �NN(k, �)
 =�Ns Ns (k, �)+�Nt Nt (k, �), the over-

all noise PSD matrix. Using the matrix inversion lemma,
it is shown in Appendix 47.B that

WLCMV(k, �)= �−1
NN(k, �)A(k)

AH(k)�−1
NN(k, �)A(k)

. (47.11)

This solution is identical to the solution of the MSNR
beamformer.

While both methods are shown to be equal, provided
that the ATFs A(k) are known, their behavior in the
case of unknown ATFs is different. Analysis of these
differences is given by Cox [47.47].
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950 Part H Speech Enhancement

Note also that, due to the nonstationary noise com-
ponent, the term �NN(k, �) depends on the frame index.
This time dependence is one of the major factors lead-
ing to performance degradation in beamforming. We
address this problem by introducing the multichannel
postfilter in Sect. 47.6.

Adaptive Solution
Consider the following steepest-descent adaptive algo-
rithm:

W(k, �+1)

=W(k, �)−μ∇W∗L(k, �)

=W(k, �)−μ [�ZZ(k, �)W(k, �)+λA(k)] .

Imposing the look-direction constraint on W(�+1, k)
yields

1= AH(k)W(k, �+1)

= AH(k)W(k, �)−μAH(k)�ZZ(k, �)W(k, �)

−μAH(k)A(k)λ .

Solving for the Lagrange multiplier and applying further
rearrangement of terms yields:

W(k, �+1)

= P(k)W(k, �)−μP(k)�ZZ(k, �)W(k, �)+ F(k) ,
(47.12)

where

P(k)
 = I− A(k)AH(k)

‖A(k)‖2 (47.13)

and

F(k)
 = A(k)

‖A(k)‖2 . (47.14)

Further simplification can be obtained by re-
placing �ZZ(k, �) by its instantaneous estimator,
Z(k, �)ZH(k, �), and recalling (47.4). We finally obtain,

W(k, �+1)

= P(k)[W(k, �)−μZ(k, �)Y∗(k, �)]+ F(k) .

The entire algorithm is summarized in Table 47.1.

Table 47.1 Frequency-domain Frost algorithm

W(�= 0, k)= F(k)

W(t+1, k)= P(k)
[
W(k, �)−μZ(k, �)Y∗(k, �)

]+ F(k)

�= 0, 1, . . .

[P(k) and F(k) are defined by (47.13) and (47.14)].

47.2.2 Frequency-Domain Generalized
Sidelobe Canceller

In [47.36], Griffiths and Jim considered the case where
each ATF is a delay element (with gain). They obtained
an unconstrained adaptive enhancement algorithm, us-
ing the same linear constraint imposed by Frost [47.35].
The unconstrained algorithm is more tractable, reliable,
and computationally more efficient in comparison with
its constrained counterpart. In the adaptive solution Sec-
tion, we obtained an adaptive algorithm for the case
where each ATF is represented by an arbitrary linear
time-invariant system. We now repeat the arguments of
Griffiths and Jim for the arbitrary ATFs case, and de-
rive an unconstrained adaptive enhancement algorithm.
A detailed description can be found in [47.38].

Derivation
Consider the null space of A(k), defined by

N (k)
 = {W | AH(k)W = 0} .

The constraint hyperplane,

Λ(k)
 = {W | AH(k)W = 1}

is parallel to N (k). In addition, let

R(k)
 = {κA(k) | for any real κ}

be the column space. By the fundamental theorem of
linear algebra [47.49], R(k)⊥N (k). In particular, F(k)
is perpendicular to N (k), since F(k)= 1

‖A(k)‖2 A(k) ∈
R(k). Furthermore,

AH(k)F(k)= AH(k)A(k)(AH(k)A(k))−1 = 1 .

Thus, F(k) ∈Λ(k) and F(k)⊥Λ(k). Hence, F(k) is the
perpendicular from the origin to the constraint hyper-
plane, Λ(k). The matrix P(k), defined in (47.13), is the
projection matrix to the null space of A(k), N (k).

A vector in linear space can be uniquely split into
a sum of two vectors in mutually orthogonal subspaces
[47.49]. Hence,

W(k, �)=W0(k, �)−V(k, �) , (47.15)

where W0(k, �) ∈R(k) and −V(k, �) ∈N (k). By the
definition of N (k),

V(k, �)=H(k)G(k, �) , (47.16)

where H(k) is a matrix such that its columns span the
null space of A(k), i. e.,

AH(k)H(k)= 0 , rank {H(k)} ≤ M−1 ,
(47.17)
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Adaptive Beamforming and Postfiltering 47.2 Adaptive Beamforming 951

where H(k) is usually called a BM (blocking matrix).
The outputs of the BM will be denoted, for reasons
that will be clear in the sequel, noise reference signals
U(k, �), defined as

U(k, �)=HH(k)Z(k, �) , (47.18)

where

U(k, �)= (
U2(k, �) U3(k, �) . . . UM(k, �)

)T
.

The vector G(k, �) is a rank{H(k)}× 1 vector
of adjustable filters. We assume hereinafter that
rank{H(k)} = M−1. Hence, the set of filters is defined
as

G(k, �)= (
G2(k, �) G3(k, �) . . . G M(k, �)

)T
.

(47.19)

By the geometrical interpretation of Frost’s algorithm,

W0(k, �)= F(k)= A(k)

‖A(k)‖2 (47.20)

(Recall that F(k) is the perpendicular from the
origin to the constraint hyperplane, Λ(k).) Now, us-
ing (47.4), (47.15), and (47.16) we obtain

Y (k, �)= YFBF(k, �)−YANC(k, �) , (47.21)

where

YFBF(k, �)=WH
0 (k, �)Z(k, �)

YANC(k, �)= GH(k, �)HH(k)Z(k, �) . (47.22)

The output of the constrained beamformer is a difference
of two terms, both operating on the input signal Z(k, �).
The first term, YFBF(k, �), utilizes only fixed compo-
nents (which depend on the ATFs), so it can be viewed
as a FBF. The FBF coherently sums the desired speech
components, while in general it destructively sums the
noise components. Hence, it is expected that the signal-
to-noise ratio (SNR) at the FBF output will be higher
than the input SNR. However, this result cannot be guar-
anteed. We will elaborate on this issue while discussing
the performance analysis in Sect. 47.7.

We now examine the second term YANC(k, �). Note
that

U(k, �)=HH(k)Z(k, �)

=HH(k)[A(k)S(k, �)

+Ns(k, �)+Nt(k, �)]
=HH(k)[Ns(k, �)+Nt(k, �)] . (47.23)

The last transition is due to (47.17). It is worth mention-
ing that, when a perfect BM is applied, U(k, �) indeed

contains only noise components. In general, however,
HH(k)A(k, �) 
= 0, hence desired speech components
may leak into the noise reference signals. If the speech
component is indeed completely eliminated (blocked)
by H(k), YANC(k, �) becomes a pure noise term. The
residual noise term in YFBF(k, �) can then be reduced
by properly adjusting the filters G(k, �), using the mini-
mum output power criterion. This minimization problem
is in fact the classical multichannel noise cancellation
problem. An adaptive LMS solution to the problem was
proposed by Widrow [47.25].

To summarize, the beamformer is comprised of three
parts. An FBF W0, which aligns the desired signal
components, a BM H(k), which blocks the desired
speech components resulting in the reference noise sig-
nals U(k, �), and a multichannel ANC G(k, �), which
eliminates the stationary noise that leaks through the
sidelobes of the FBF.

Noise Canceller Adaptation
The reference noise signals are emphasized by the ANC
and subtracted from the output of the FBF, yielding

Y (k, �)= [
WH

0 (k, �)−GH(k, �)HH(k)
]
Z(k, �) .

(47.24)

Let three hypotheses H0s, H0t, and H1 indicate, re-
spectively, the absence of transients, the presence of
an interfering transient, and the presence of a desired
source transient at the beamformer output. The optimal
solution for the filters G(k, �) is obtained by minimizing
the power of the beamformer output during the station-
ary noise frames (i. e., when H0s is true) [47.2]. We note,
however, that no adaptation should be carried out during
abrupt changes in the characteristics of the noise signal
(e.g., a passing car). When the noise source position is
constant and the noise statistics is slowly varying, the
ANC filters can track the changes.

Let �Ns Ns (k, �)= E{Ns(k, �)NH
s (k, �)} denote the

PSD matrix of the input stationary noise. Then, the
power of the stationary noise at the beamformer output
is minimized by solving the unconstrained optimization
problem:

min
G
{[W0(k, �)−H(k, �)G(k, �)]H

×�Ns Ns (k, �)[W0(k, �)−H(k, �)G(k, �)]} .
(47.25)

A multichannel Wiener solution is given by (see
also [47.42, 46])

G(k, �)= [
HH(k, �)�Ns Ns (k, �)H(k)

]−1

×HH(k, �)�Ns Ns (k, �)W0(k, �) . (47.26)
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In practice, this optimization problem is solved by using
the normalized LMS algorithm [47.2]:

G(k, �+1)

=
⎧⎨
⎩G(k, �)+ μg

Pest(k,�)
U(k, �)Y∗(k, �) H0s true,

G(k, �) , otherwise,

(47.27)

where

Pest(k, �)= αp Pest(k, �−1)+ (1−αp)‖U(k, �)‖2

(47.28)

represents the power of the noise reference signals, μg
is a step size that regulates the convergence rate, and αp
is a smoothing parameter in the PSD estimation process.

To allow for the use of the STFT, we further as-
sume that the ANC filters gm have a time-varying finite
impulse response (FIR) structure:

gT
m(t)= (

gm,−KL (t) . . . gm,K R (t)
)
. (47.29)

Note, that the impulse responses are taken to be non-
causal, to allow for relative delays between the FBF and
the ANC branches.

In order to fulfill the FIR structure constraint
in (47.29), the filters update is now given by

� - �"H ��
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Fig. 47.3 Linearly constrained adaptive beamformer

G̃(�+1, k)= G(k, �)+μU(k, �)Y∗(k, �)
Pest(k, �)

,

G(�+1, k)
FIR←− G̃(�+1, k) . (47.30)

The operator
FIR←− includes the following three stages,

applied per filter: transformation of G̃m(�+1, k) to the
time domain, truncation of the resulting impulse re-
sponse to the interval [−KL , K R] (i. e., imposing the FIR
constraint), and transformation back to the frequency
domain. The various filtering operations involved in the
algorithm (multiplications in the transform domain) are
realized using the overlap-and-save method [47.50, 51].

The resulting algorithm is merely an extension of
the original Griffiths and Jim algorithm for the arbitrary
ATF case. Figure 47.3 depicts a block diagram of the
algorithm. The steps involved in the computation are
summarized in Table 47.2. The matched beamformer
W0(k) and the BM H(k) are assumed to be known at
this stage.

47.2.3 Time-Domain Generalized
Sidelobe Canceller

The most commonly used GSC structure is the classi-
cal time-domain counterpart of the algorithm, proposed
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Table 47.2 Frequency-domain GSC algorithm

1) Fixed beamformer:

YFBF(k, �)=WH
0 (k)Z(k, �)

2) Noise reference signals:

U(k, �)=HH(k)Z(k, �)

3) Output signal:

Y (k, �)= YFBF(k, �)−GH(k, �)U(k, �)

4) Filters update

G̃(t+1, k)= G(k, �)+μg
U(k,�)Y∗(k,�)

Pest(k,�)

G(�+1, k)
FIR←− G̃(�+1, k) ,

where

Pest(k, �)= αp Pest(�−1, k)+ (1−αp)
∑

m |Zm (k, �)|2
5) Keep only nonaliased samples

by Griffiths and Jim [47.36]. For completeness of the
exposition, we present now the time-domain algorithm.

Assuming that the array is steered towards the
desired speech signal (refer to steering-related issues
in Sect. 47.4), the FBF is given by

yFBF(t)=
M∑

m=1

zm(t) ,

which is the simple delay-and-sum beamformer. Un-
der the same delay-only steered array assumptions, it is

evident that

um(t)= zm(t)− z1(t); m = 2, . . . , M ,

are noise-only signals and that the desired speech com-
ponent is cancelled out.

The filters gm are updated in the time domain. The
error signal (which is also the output of the enhancement
algorithm) is given by,

y(t)= yFBF(t)−
M∑

m=2

K R∑
i=−KL

gm,i (t)um(t− i) .

(47.31)

Define, for m = 2, . . . , M:

uT
m(t)

= (
um(t+KL ) · · · um(t) · · · um(t−K R)

)
.

Then, the adaptive normalized multichannel LMS solu-
tion is given by

gm(t+1)

= gm(t)+ μ

pest(t)
um(t)y(t); m = 2, . . . , M ,

where

pest(t)=
M∑

m=1

‖um(t)‖2 . (47.32)

47.3 Fixed Beamformer and Blocking Matrix

In the previous section, we derived the generalized
sidelobe canceller and showed that it includes a fixed
beamformer, given in (47.20), a blocking matrix, given
in (47.17), and a multichannel ANC, given in (47.26).
Note that knowledge of the ATFs A(k) (assumed to be
slowly time variant) suffices to determine both the FBF
and BM. In this section we present three methods for
determination of the fixed beamformer and the blocking
matrix.

47.3.1 Using Acoustical Transfer Functions

A typical RIR is depicted in Fig. 47.4. It can be seen that
the impulse response can get very long (several thousand
taps), which makes the estimation task quite cumber-
some. This impulse response was generated by the image
method [47.52] proposed by Allen and Berkley (The au-
thors thank E. A. P. Habets from TU Eindhoven, The
Netherlands, for providing an efficient implementation

,
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Fig. 47.4 A typical room impulse response with a rever-
beration time of 0.4 s
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of the image method.). By this method, the RIR is gen-
erated by simulating multiple reflections of the sound
source from the room walls. Two distinct segments of
the impulse response can be observed. The first consists
of the direct propagation path with a few early, distin-
guishable reflections. The second segment consists of
overlapping random arrivals, with an exponentially de-
caying envelope. This segment is usually referred to as
the tail of the RIR. Using this model we can estimate the
various blocks of the GSC.

Assuming that A(k) is known, we have by (47.22),
(47.20), and (47.3)

YFBF(k, �)

= S(k, �)+ AH(k)

‖A(k)‖2
[Ns(k, �)+Nt(k, �)] . (47.33)

The first term on the right-hand side is the signal term,
and the second is the noise term. The FBF in this
case is hence a matched filter-and-sum beamformer (see
also [47.16, 17]).

Considering the blocking matrix, there are many al-
ternatives for blocking the desired speech signal in the
reference channels. One alternative is calculation of

Um(k, �)= Am(k)Zm−1(k, �)− Am−1(k)Zm(k, �)

for m = 2, . . . , M. Any other combination of the micro-
phone signals is applicable.

47.3.2 Using Delay-Only Filters

The simplest and yet the most widely used model for the
ATF is a delay-only model. Arbitrarily defining the first
microphone as the reference microphone we have

A(k)= (
1 e−i 2π

K τ2 e−i 2π
K τ3 . . . e−i 2π

K τM
)
,

where τ2, . . . , τM are the relative delays between each
microphone and the reference microphone.

In the delay-only case, the FBF simplifies to the
delay-and-sum beamformer, given by

W0(k)= (
1 ei 2π

K τ2 ei 2π
K τ3 . . . ei 2π

K τM
)
.

To avoid noncausal delays, a fixed amount of delay can
be introduced.

It can easily be verified that the matrix

H(k)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−ei 2π
K τ2 −ei 2π

K τ2 . . . −ei 2π
K τ2

1 0 . . . 0

0 1 . . . 0

. . .
. . .

0 0 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(47.34)

is a proper BM under the assumption of delay-only im-
pulse response. This BM, originally proposed Griffiths
and Jim [47.36], performs delay compensation and sub-
traction. It can be regarded as steering M−1 null beams
towards the desired speech signal.

47.3.3 Using Relative Transfer Functions

We have shown, on the one hand, that the RIR can be
very long and hence difficult to estimate. On the other
hand, the use of delay-only model suffers from severe
undermodeling problems. A good compromise is the use
of the relative transfer function (RTF) between sensors.
Define the RTFs as the ratio

Ã
T

(k)
 =
(

1 A2(k)
A1(k)

A3(k)
A1(k) . . .

AM (k)
A1(k)

)
= AT(k)

A1(k)
.

(47.35)

Note that the ATF may have zeros outside the unit circle,
as it is not necessarily a minimum-phase system. Thus
to ensure stability of the RTFs we allow for noncausal
systems. Therefore, we model the impulse response of
the m-th ratio as

ãT
m(t)= (

ãm,−qL (t) . . . ãm,qR (t)
)
. (47.36)

It was experimentally shown that RTFs are usually much
shorter than the corresponding ATFs [47.38], hence the
FIR assumption may be justified.

Replacing in (47.20) the actual ATFs by the RTFs,
the FBF becomes

W0(k)= Ã(k)

‖Ã(k)‖2
. (47.37)

By (47.22) and (47.3) we then have

YFBF(k, �)= A1(k)S(k, �)

+ Ã
H

(k)

‖Ã(k)‖2
[Ns(k, �)+Nt(k, �)] .

(47.38)

Thus, when W0(k, �) is given by (47.37), the signal
term of YFBF(k, �) is the desired signal distorted only by
the first ATF, A1(k). Note, however, that all the sensor
outputs are summed coherently.

It can be easily verified that the use of the follow-
ing BM suffices for completely eliminating the desired
speech signal, provided that the RTFs are correctly
modeled and estimated:
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H(k)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

− Ã∗2(k) − Ã∗3(k) . . . − Ã∗M(k)

1 0 . . . 0

0 1 . . . 0

. . .
. . .

0 0 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (47.39)

For this choice of the BM, the reference signals are given
by,

Um(k, �)= Zm(k, �)− Ãm(k)Z1(k, �);
m = 2, 3, . . . , M . (47.40)

47.4 Identification of the Acoustical Transfer Function

The specific choice of the ATFs model governs the
applicable estimation method.

47.4.1 Signal Subspace Method

Affes and Grenier [47.37] prove that the identification
of source-to-array impulse responses is possible by sub-
space tracking. Assume that the approximation in (47.3)
is valid, i. e., the multichannel correlation matrix of the
received signals is given by

�ZZ(k, �)= φss(k, �)A(k)AH(k)+�NN(k, �) .

Assume also that the noise signal is spatially white,
i. e., �NN(k, �)= σ2

n (k, �)I (an extension for spatially
nonwhite noise is described in [47.53]). The eigenvalues
of the received signals correlation matrix are given by

λl = σ2
n (k, �) l = 1, . . . , M−1

λM > σ2
n (k, �) otherwise .

(47.41)

From the matrix structure we conclude that the most
dominant eigenvector of �ZZ(k, �) is given by A(k) (up
to a scale factor). Hence, using the eigenvalue decompo-
sition of �ZZ(k, �), we can estimate the desired signal
ATFs. In the case of spatially nonwhite noise signals
the generalized eigenvalue decomposition (GEVD), us-
ing the known noise correlation matrix �NN(k, �), can
be applied instead [47.53].

Yang [47.54] proved that finding the most dominant
eigenvectors is equivalent to minimizing a quadratic
cost function. For the following derivation it is more
convenient to deal with normalized terms. Let

Z(k, �)= A(k)S(k, �)+N(k, �)

= A(k)

‖A(k)‖‖A(k)‖S(k, �)+N(k, �)

 = Ā(k)S̄(k, �)+N(k, �) , (47.42)

where Ā(k)
 = A(k)/‖A(k)‖ is the normalized ATFs

vector, namely Ā
H

(k)Ā(k) = 1, and S̄(k, �)
 = ‖A(k)‖

S(k, �) is the normalized desired speech signal.
When only the single most dominant eigenvector

is required (as in the discussed case), Affes and Gre-
nier [47.37] showed that Yang’s criterion simplifies to
the following minimization,

E{‖[I− Ā(k)Ā
H

(k)]Z(k, �)‖2} . (47.43)

Similar to the approximation used in the derivation
of LMS algorithm, the received signal correlation
matrix is approximated by its instantaneous value
�ZZ(k, �)≈ Z(k, �)ZH(k, �). Furthermore, approximat-

ing ˆ̄AH(k, �) ˆ̄A(k, �)≈ 1, where ˆ̄A(k, �) is an estimate of
Ā(k) at the current time instant, the following sequential
procedure can be derived:

ˆ̄A(k, �+1)

= ˆ̄A(k, �)+μa(k, �)[Z(k, �)

− ˆ̄A(k, �) ˆ̄A
H

(k, �)Z(k, �)][ ˆ̄A
H

(k, �)Z(k, �)]∗ .
(47.44)

Define ȲFBF(k, �)
 = ĀH(k, �)Z(k, �), and observe that

the desired signal component at ȲFBF(k, �) is S̄(k, �).
Then,

ˆ̄A(k, �+1)

= ˆ̄A(k, �)+μa(k, �)[Z(k, �)

− ˆ̄A(k, �)ȲFBF(k, �)]Ȳ∗FBF(k, �) . (47.45)

Now, it is easy to verify that

Z(k, �)− ˆ̄A(k, �)ȲFBF(k, �)

are noise-only signals, provided that the estimate ˆ̄A(k, �)
converges to the true normalized ATFs vector Ā(k).
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Hence, it can serve as a BM output, namely U(k, �).
(There is a slight difference between the proposed BM
and the conventional BM, as the number of the compo-
nents in U(k, �) in the current scheme is M rather than
M−1 as with the latter.) Collecting all terms we finally
have

ˆ̄A(k, �+1)

= ˆ̄A(k, �)+μa(k, �)U(k, �)Ȳ∗FBF(k, �) . (47.46)

Note that this procedure yields an estimate of the nor-
malized ATFs rather than the ATFs themselves. Affes and
Grenier [47.37] argue that ‖A(k)‖ is invariant to small
talker movements and could be estimated in advance.

As a final remark, we would like to point out that the
estimation procedure in (47.46) has many similarities to
the method of Hoshuyama et al. [47.55] for robust design
of the BM, and with the decorrelation criterion presented
by Weinstein et al. [47.56] and further adapted to the
GSC structure by Gannot [47.57]. We will elaborate
on this issue in Sect. 47.5 when discussing the robust
beamformers.

47.4.2 Time Difference of Arrival

When a delay-only steering is applied, an estimation of
the time difference of arrival between the microphones
suffices to model the entire impulse response. It should
be noted however, that this procedure usually undermod-
els the RIR and is not sufficient for the problem at hand.
Many algorithms were proposed for estimation the time
difference of arrival (TDOA) [47.58, 59]. A survey of
state-of-the-art methods for TDOA estimation can be
found in [47.60]. This topic is beyond the scope of this
chapter.

47.4.3 Relative Transfer Function
Estimation

We present two methods for RTF estimation. The first is
based on speech nonstationarity [47.38] , and the second
employs the speech presence probability [47.61, 62].

Using Signal Nonstationarity
In this section, we review the system identification tech-
nique proposed by Shalvi and Weinstein [47.63] and later
used by Gannot et al. [47.38] in the context of micro-
phone arrays. This method relies on the assumptions
that the background noise signal is stationary, that the
desired signal s(t) is nonstationary, and that the support
of the relative impulse response between the sensors

is finite and slowly time varying. (Note that the rela-
tive impulse response between the sensors is generally
of infinite length, since it represents the ratio of ATFs.
However, in real environments, the energy of the relative
impulse response often decays much faster than the cor-
responding ATF [47.38]. Therefore, the finite-support
assumption is practically not very restrictive.)

Rearranging terms in (47.40) we have

Zm(k, �)= Ãm(k)Z1(k, �)+Um(k, �) . (47.47)

We assume that the RTFs are slowly changing in time
compared to the time variations of the desired signal.
We further assume that the statistics of the noise sig-
nal is slowly changing compared to the statistics of the
desired signal. Consider some analysis interval during
which the ATFs are assumed to be time invariant and the
noise signal is assumed to be stationary. We divide that
analysis interval into frames. Consider the i-th frame.
By (47.47) we have

�(i)
zm z1

(k)= Ãm(k)�(i)
z1z1

(k)+�um z1 (k) ,

i = 1, . . . , I , (47.48)

where I is the number of frames, �
(i)
zi z j (k) is the cross-

PSD between zi and z j at frequency bin k during the i-th
frame, and �um z1 (k) is the cross-PSD between um and
z1 at frequency bin k, which is independent of the frame
index due to the noise stationarity. Now, equations (47.2)
and (47.40) imply that, when the signal is present,

Um(k, �)= Ns
m(k, �)− Ãm(k)Ns

1(k, �) (47.49)

Z1(k, �)= A1(k)S(k, �)+ Ns
1(k, �) . (47.50)

Let �̂
(i)
z1z1 (k), �̂

(i)
zm z1 (k), and �̂

(i)
um z1 (k) be estimates

of �
(i)
z1z1 (k), �

(i)
zm z1 (k), and �um z1 (k), respectively. The

estimates are obtained by replacing expectations with
averages. Note that (47.48) also holds for the estimated
values. Let ε(i)

m (k)= �̂
(i)
um z1 (k)−�um z1 (k) denote the es-

timation error of the cross-PSD between z1 and um in
the i-th frame. We then obtain,

�̂(i)
zm z1

(k)= Ãm(k)�̂(i)
z1z1

(k)+�um z1 (k)

+ ε(i)
m (k), i = 1, . . . , I . (47.51)

If the noise reference signals Um(k, �), m = 2, . . . , M
were uncorrelated with Z1(k, �), then the standard sys-
tem identification estimate, Ãm(k)= �̂zm z1 (k)/�̂z1z1 (k),
could be used to obtain an unbiased estimate of Ãm(k).
Unfortunately, by (47.49) and (47.50), Um(k, �) and
Z1(k, �) are in general correlated. Hence in [47.63] it is
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proposed to obtain an unbiased estimate of Ãm(k) by ap-
plying the least-squares (LS) procedure to the following
set of overdetermined equations

x
 =

⎛
⎜⎜⎜⎜⎜⎜⎝

�̂
(1)
zm z1 (k)

�̂
(2)
zm z1 (k)

...

�̂
(K )
zm z1 (k)

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

�̂
(1)
z1z1 (k) 1

�̂
(2)
z1z1 (k) 1

...

�̂
(K )
z1z1 (k) 1

⎞
⎟⎟⎟⎟⎟⎟⎠
(

Ãm(k)

�um z1 (k)

)
+

⎛
⎜⎜⎜⎜⎜⎜⎝

ε
(1)
m (k)

ε
(2)
m (k)

...

ε
(K )
m (k)

⎞
⎟⎟⎟⎟⎟⎟⎠

 = G θ+ ε , (47.52)

where a separate set of equations is used for each m =
2, . . . , M. The weighted least-squares (WLS) estimate
of θ is obtained by( ˆ̃Am(k)

�̂um z1 (k)

)
= θ̂

= arg min
θ

(x−G θ)HW(x−G θ)

= (GHWG)−1GHWx , (47.53)

where W is a positive Hermitian weighting matrix, and
GHWG is required to be invertible.

Shalvi and Weinstein suggested two alternative
weighting matrices. One alternative is given by

Wi j =
⎧⎨
⎩Ti , i = j

0 , i 
= j
, (47.54)

where Ti is the length of subinterval i, so that longer in-
tervals have higher weights. In this case, (47.53) reduces
to

ˆ̃A(k)

= 〈φ̂zm z1 (k) φ̂z1z1 (k)〉−〈φ̂zm z1 (k)〉〈φ̂z1z1 (k)〉
〈φ̂2

z1z1
(k)〉−〈φ̂z1z1 (k)〉2

(47.55)

with the average operation defined by

〈ϕ(k)〉  =
∑I

i=1 Tiϕ
(i)(k)∑I

i=1 Ti
. (47.56)

Another alternative for W, that minimizes the covariance
of θ̂, is given by

Wi j = B

φ̂umum (k)

⎧⎨
⎩Ti/ φ̂

(i)
z1z1 (k) , i = j

0 , i 
= j
, (47.57)

where B is related to the bandwidth of the window used
for the cross-PSD estimation [47.63]. With this choice
of the weighting function, (47.53) yields

ˆ̃A(k)= 〈1/ φ̂z1z1 (k)〉〈φ̂zm z1 (k)〉
〈φ̂z1z1 (k)〉〈1/ φ̂z1z1 (k)〉−1

− 〈φ̂zm z1 (k) / φ̂z1z1 (k)〉
〈φ̂z1z1 (k)〉〈1/ φ̂z1z1 (k)〉−1

(47.58)

and the variance of ˆ̃A(k) is given by

var{ ˆ̃A(k)} = 1

BT

φumum (k)〈1/ φz1z1 (k)〉
〈φz1z1 (k)〉〈1/ φz1z1 (k)〉−1

,

(47.59)

where T
 =∑I

i=1 Ti is the total observation interval. Spe-
cial attention should be given to choosing the frame
length. On the one hand, it should be longer than the cor-
relation length of zm(t), which must be longer than the
length of the filter am(t). On the other hand, it should be
short enough for the filter time invariance and the noise
quasistationarity assumptions to hold.

A major limitation of the WLS optimization in
(47.53) is that both the identification of Ã(k) and the
estimation of the cross-PSD φum z1 (k) are carried out
using the same weight matrix W. That is, each subin-
terval i is given the same weight, whether we are trying
to find an estimate for Ã(k) or for φum z1 (k). However,
subintervals with higher SNR values are of greater im-
portance when estimating Ã(k), whereas the opposite is
true when estimating φum z1 (k). Consequently, the opti-
mization criterion in (47.53) consists of two conflicting
requirements: one is minimizing the error variance of
Ã(k), which pulls the weight up to higher values on
higher SNR subintervals. The other requirement is min-
imizing the error variance of φum z1 (k), which rather
implies smaller weights on higher SNR subintervals. For
instance, suppose we obtain observations on a relatively
long low-SNR interval of length T0, and on a relatively
short high-SNR interval of length T1 (T1 0 T0). Then,
the variance of Ã(k) in (47.59) is inversely proportional
to the relative length of the high-SNR interval, T1/(T0+
T1). That is, including in the observation interval addi-
tional segments that do not contain speech (i. e., increas-
ing T0) increases the variance of Ã(k). This unnatural
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consequence is a result of the desire to minimize the vari-
ance ofφum z1 (k) by using larger weights on the segments
that do not contain speech, while increasing the weights
on such subintervals degrades the estimate for Ã(k).

Another major limitation of RTF identification using
nonstationarity is that the interfering signals are required
to be stationary during the entire observation interval.
The observation interval should include a certain num-
ber of subintervals that contain the desired signal, such
thatφz1z1 (k) is sufficiently nonstationary for all k. Unfor-
tunately, if the desired signal is speech, the presence of
the desired signal in the observed signals may be sparse
in some frequency bands. This entails a very long obser-
vation interval, thus constraining the interfering signals
to be stationary over long intervals. Furthermore, the
RTF Ã(k) is assumed to be constant during the obser-
vation interval. Hence, very long observation intervals
also restrict the capability of the system identification
technique to track varying Ã(k) (e.g., tracking moving
talkers in reverberant environments).

Using Speech Presence Probability
In this section, we present a system identification ap-
proach that is adapted to speech signals. Specifically,
the presence of the desired speech signal in the time–
frequency domain is uncertain, and the speech presence
probability is utilized to separate the tasks of system
identification and cross-PSD estimation. An estimate
for Ã(k) is derived based on subintervals that contain
speech, while subintervals that do not contain speech are
of more significance when estimating the components of
φum z1 (k).

Let the observed signals be divided in time into over-
lapping frames by the application of a window function
and analyzed using the STFT. Under the same consid-
erations leading to the estimation procedure based on
speech nonstationarity (and based on the assumption
that the RTFs can be modelled by short filters), (47.48)
is still valid. Now using (47.48)-(47.50) and the fact that
the desired signal s(t) is uncorrelated with the interfering
signals ns

m(t); m = 1, 2, . . . , M, we have

φzm z1 (k, �)= Ãm(k)|A1|2(k)φs s(k, �)

+φns
mns

1
(k, �) . (47.60)

Writing this equation in terms of the PSD estimates, we
obtain for m = 2, 3, . . . , M

φ̂zm z1 (k, �)= Ãm(k)| Â1|2(k)φ̂s s(k, �)

+ φ̂ns
mns

1
(k, �)+ εm(k, �)

= Ãm(k)φ̂s̃ s̃(k, �)+ φ̂ns
mns

1
(k, �)+ εm(k, �) , (47.61)

where εm(k, �) denotes an estimation error and
φ̂s̃ s̃(k, �)= | Â1|2(k)φ̂s s(k, �) represents the PSD of the
speech signal component in microphone 1. This gives
us L equations, which may be written in a matrix form
as

ψ̂m(k)
 =

⎛
⎜⎜⎜⎜⎜⎝

φ̂zm z1 (k, 1)− φ̂ns
mns

1
(k, 1)

φ̂zm z1 (k, 2)− φ̂ns
mns

1
(k, 2)

...

φ̂zm z1 (k, L)− φ̂ns
mns

1
(k, L)

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

φ̂s̃ s̃(k, 1)

φ̂s̃ s̃(k, 2)
...

φ̂s̃ s̃(k, L)

⎞
⎟⎟⎟⎟⎟⎠ Ãm(k)+

⎛
⎜⎜⎜⎜⎜⎝

εm(k, 1)

εm(k, 2)
...

εm(k, L)

⎞
⎟⎟⎟⎟⎟⎠

 = φ̂s̃ s̃(k) Ãm(k)+εm(k) . (47.62)

Since the RTF Ãm(k) represents the coupling between
the primary and reference sensors with respect to the
desired source signal, the optimization criterion for
the identification of Ãm(k) has to take into account
only short-time frames which contain desired signal
components. Specifically, let I(k, �) denote an indi-
cator function for the signal presence [I(k, �) = 1 if
φs̃ s̃(k, �) 
= 0, i. e., during H1, and I(k, �)= 0 other-
wise], and let I(k) represent a diagonal matrix with the
elements [I(k, 1), I(k, 2), . . . , I(k, L)] on its diagonal.
Then the WLS estimate of Ã(k) is obtained by

ˆ̃Am = arg min
Ãm

{[Iεm]HW[Iεm]
}

= arg min
Ãm

{[ψ̂m − φ̂s̃s̃ Ãm]H

IWI[ψ̂m− φ̂s̃s̃ Ãm]
}

= [φ̂T
s̃s̃IWIφ̂s̃s̃]−1φ̂T

s̃s̃IWIψ̂m , (47.63)

where the argument k has been omitted for notational
simplicity. Recognizing the product I W I as the equiva-

lent weight matrix, the variance of ˆ̃A is given by
([47.64] p. 405)

var{ ˆ̃Am} =
(
φT

s̃ s̃IWIφs̃ s̃
)−1

φT
s̃ s̃IWI cov(εm)

× IWIφs̃ s̃
(
φT

s̃ s̃IWIφs̃ s̃
)−1

, (47.64)

where cov(εm) is the covariance matrix of εm . The matrix
W that minimizes the variance of ˆ̃A therefore satisfies
([47.64] prop. 8.2.4)

IWI= I [cov(εm)]−1 I . (47.65)
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This choice of W yields an asymptotically unbiased
estimator

Â = {
φ̂s̃ s̃

TI[cov(εm)]−1Iφ̂s̃ s̃
}−1

× φ̂s̃ s̃
TI[cov(εm)]−1Iψ̂m , (47.66)

which is known as the minimum variance or Gauss–
Markov estimator. Substituting (47.65) into (47.64), we
obtain the variance of the resulting estimator

var{ Â} = {
φs̃ s̃

TI[cov(εm)]−1I φs̃ s̃
}−1

. (47.67)

The elements of cov(εm) are asymptotically given by
(see [47.61])

cov[εm(k, �), εm(k, �′)]

=
⎧⎨
⎩φs̃ s̃(k, �)φumum (k, �) , if �= �′ ,

0 , otherwise.
(47.68)

Under the assumption that hypothesis H0t is false, i. e.,
the noise is stationary, φumum (k, �) is independent of the
frame index � (in practice, it suffices that the statistics
of the interfering signals is slowly changing compared
with the statistics of the desired signal). Denoting by 〈·〉�
an average operation over the frame index �

〈ϕ(k, �)〉�  = 1

L

L∑
�=1

ϕ(k, �) , (47.69)

and substituting (47.68) into (47.66) and (47.67) we
obtain

ˆ̃Am(k)

= 〈I(k, �)[φ̂zm z1 (k, �)− φ̂ns
mns

1
(k, �)]〉�

〈I(k, �) φ̂s̃ s̃(k, �)〉�
, (47.70)

var{ ˆ̃Am(k)} φum um (k)

L 〈I(k, �)φs̃ s̃(k, �)〉�
. (47.71)

Note that, for a given frequency-bin index k, only frames
that contain speech [I(k, �) 
= 0] influence the values of
ˆ̃Am(k) and var{ ˆ̃Am(k)}. In contrast to the nonstationarity
method, including in the observation interval additional
segments that do not contain speech does not increase

the variance of ˆ̃Am(k) for any k. However, the proposed
identification approach requires an estimate for I(k, �),
i. e. identifying which time–frequency bins (k, �) contain
the desired signal. In practice, the speech presence prob-
ability p(k, �) can be estimated from the beamformer

output (see Sect. 47.6), and an estimate for the indicator
function is obtained by

Î(k, �)=
⎧⎨
⎩1 , if p(k, �)≥ p0 ,

0 , otherwise,
(47.72)

where p0 (0 ≤ p0 < 1) is a predetermined threshold.
Note, also that the output of the beamformer con-
sists of the filtered version of the desired speech
s̃(t), when the RTFs is used in the FBF branch.
The parameter p0 controls the trade-off between
the detection and false alarm probabilities, which
are defined by PD

 = P {p(k, �)≥ p0 | I(k, �)= 1} and
PFA

 =P {p(k, �)≥ p0 | I(k, �)= 0}. A smaller value of
p0 increases the detection probability and allows for
more short-time frames to be involved in the estimation
of Ã(k). However, a smaller value of p0 also increases
the false alarm probability, which may cause a mismodi-
fication of ˆ̃A(k) due to frames that do not contain desired
speech components.

The identification algorithm based on speech pres-
ence probability requires estimates for φzm z1 (k, �),
φs̃ s̃(k, �), and φns

mns
1
(k, �). An estimate for φzm z1 (k, �)

is obtained by applying a first-order recursive smooth-
ing to the cross-periodogram of the observed signals,
Zm(k, �) Z∗1(k, �). Specifically,

φ̂zm z1 (k, �)= αs φ̂zm z1 (k, �−1)

+ (1−αs)Zm(k, �) Z∗1(k, �) ,

(47.73)

where the smoothing parameter αs (0 ≤ αs < 1) de-
termines the equivalent number of cross-periodograms
that are averaged, N� ≈ (1+αs)/(1−αs). Typically,
speech periodograms are recursively smoothed with an
equivalent rectangular window of Ts = 0.2 s long, which
represents a good compromise between smoothing the
noise and tracking the speech spectral variations [47.65].
Therefore, for a sampling rate of 8 kHz, an STFT win-
dow length of 256 samples and a frame update step
of 128 samples, we use αs = (Ts ·8000/128−1)/(Ts ·
8000/128+1)≈ 0.85.

To obtain an estimate for the PSD of the desired sig-
nal, we can use the output of the multichannel postfilter
discussed in Sect. 47.6, during speech presence, i. e., H1
is true.

φ̂s̃ s̃(k, �)= αs φ̂s̃ s̃(k, �−1)

+ (1−αs)I(k, �) |Y (k, �)|2 . (47.74)

The cross-PSD of the interfering signals, ns
m(t)

and ns
1(t), is estimated by using the minima-controlled
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recursive averaging (MCRA) approach [47.66, 67].
Specifically, past spectral cross-power values of the
noisy observed signals are recursively averaged with
a time-varying frequency-dependent smoothing param-
eter during periods for which H0s is true

φ̂ns
mns

1
(k, �)= α̃u(k, �) φ̂ns

mns
1
(k, �−1)

+β [1− α̃u(k, �)] Zm(k, �) Z∗1(k, �) ,
(47.75)

where α̃u(k, �) is the smoothing parameter (0 <
α̃u(k, �)≤ 1), and β (β ≥ 1) is a factor that compensates
the bias when the desired signal is absent [47.67]. The
smoothing parameter is determined by the signal pres-
ence probability, p(k, �), and a constant αu (0< αu < 1)

that represents its minimal value

α̃u(k, �)= αu+ (1−αu)p(k, �) . (47.76)

The value of α̃u is close to 1 when the desired signal
is present to prevent the noise cross-PSD estimate from
increasing as a result of signal components. It decreases
linearly with the probability of signal presence to allow
a faster update of the noise estimate. The value of αu
compromises between the tracking rate (response rate to
abrupt changes in the noise statistics) and the variance of
the noise estimate. Typically, in the case of high levels of
nonstationary noise, a good compromise is obtained by
αu = 0.85 [47.67]. Substituting these spectral estimates
into (47.70) we obtain an estimate for Ãm(k).

47.5 Robustness and Distortion Weighting

Beamformers often suffer from sensitivity to sig-
nal mismatch. The GSC in particular suffers from
two basic problems. First, nonideal FBF can lead to
noncoherent filter-and-sum operation. Doclo and Moo-
nen [47.27] and Nordholm et al. [47.68] use spatial
and frequency-domain constraints to improve the ro-
bustness of beamformers. The second problem, which is
the concern of this survey, is the leakage phenomenon,
caused by imperfect BM. If the desired speech leaks into
the noise reference signals U(k, �) the noise canceller
filters will subtract speech components from the FBF
output, causing self-cancellation of the desired speech,
and hence a severe distortion. Note that, even when the
ANC filters are adapted during noise-only periods, the
self-cancellation is unavoidable. The goal of this section
is to present several concepts for increasing the robust-
ness of the GSC structure and reducing its sensitivity to
signal mismatch.

Cox et al. [47.7] presented a thorough analysis of ar-
ray sensitivity. The array output SNR is evidently given
by

SNRout(k, �)= φss(k, �)WH(k)A(k)AH(k)W(k)

WH(k)�NN(k, �)W(k)
.

Now assume that the signal’s ATFs are different from
the ATFs used for designing the LCMV beamformer,
i. e., Ă(k)= A+ ε(k). Assume also that the spatial cor-
relation matrix of the perturbation ε(k) is given by
E{ε(k)εH(k)} = σ2

ε I, where I is the identity matrix of
dimensions M × M. Namely, we assume that the pertur-
bation components are uncorrelated. Hence the expected

output SNR is given by

E{SNRout(k, �)}
= φss(k, �)WH(k)

(
A(k)AH(k)+σ2

ε I
)
W(k)

WH(k)�NN(k, �)W(k)
.

(47.77)

Define the sensitivity of the array to the ATFs perturba-
tion as J(k, �)

J(k, �)
 =

∂
∂σ2

ε
E{SNRout(k, �)}

E{SNRout(k, �)}|σ2
ε=0

= WH(k)W(k)

WH(k)A(k)AH(k)W(k)
. (47.78)

The resulting expression is the reciprocal of the white-
noise gain of the array. Using the array constraint
WH(k)A(k) = 1 we finally obtain the following ex-
pression for the sensitivity of the array to the ATFs
perturbation,

J(k, �)=WH(k)W(k) . (47.79)

Specifically, the array sensitivity is equal to the norm
of the beamformer weights. Hence, reducing the sen-
sitivity of the array is equivalent to constraining the
norm of the array filter coefficients. Due to (47.15) the
array filters can be decomposed into two orthogonal fil-
ters, W(k)=W0(k)−V(k)=W0(k)−H(k)G(k, �). It is
therefore sufficient to constrain the adaptive filter norm,
namely GH(k, �)G(k, �)= ‖G(k, �)‖2 ≤Ω(k, �), where
Ω(k, �) is a prespecified norm. The GSC structure is
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modified to fulfil the norm constraint, as follows:

G̃
′
(k)= G(k, �)+μU(k, �)Y∗(k, �)

Pest(k, �)
, (47.80)

G̃(�+1, k)

=
⎧⎨
⎩G̃

′
(k) ‖G̃

′
(k)‖2 ≤Ω(k, �+1)√

Ω(k,�+1)
‖G̃

′
(k)‖ |G̃ ′(k) otherwise.

(47.81)

Finally, the conventional FIR constraint is imposed on
the norm-constrained filters

G(�+1, k)
FIR←− G̃(�+1, k) .

Based on this concept, Hoshuyama et al. [47.55,
69] proposed several methods for addressing the ro-
bustness issue, concentrating on the self-cancellation
phenomenon, caused by the leakage of the desired
speech signal to the BM outputs U(k, �). This phe-
nomenon is emphasized in reverberant environments,
in the case where the BM only compensates for the rela-
tive delay [as in (47.34)]. In general there are two ways
to mitigate this leakage problem. First, an improved
spatial filtering can be incorporated into the design of
the BM. Claesson and Nordholm [47.22] proposed to
apply spatial high-pass filter to cancel out all signals
within a specified frequency and angular range. Huarng
and Yeh [47.45] analyzed the leakage phenomenon and
applied a derivative constraint on the array response,
yielding wider tolerance to pointing errors.

A second cure for the leakage problems involves
applying constraints on the ANC filters. Hoshuyama
et al. [47.55] proposed several structures combining
modifications for both the BM and the ANC blocks.
The conventional delay-compensation BM is replaced
by an adaptive BM based on signal cancellers. Two con-
straining strategies may be applied to the involved filters.
The first strategy uses norm-constraint, and the second
uses the leaky LMS adaptation scheme. Haykin [47.1]
proved that both strategies are equivalent. The modified
BM outputs, for m = 1, . . . , M, are given by

Um(k, �)= Zm(k, �)−H∗m(k, �)YFBF(k, �) ,
(47.82)

where Hm(k, �) are updated as to minimize the power of
Um(k, �), by cancelling all desired speech components.
Whenever, the SNR in YFBF(k, �) is sufficiently high, the
blocking ability of the structure is improved.

Gannot [47.57] showed that this equation, in con-
junction with the expression for the beamformer output

Y (k, �)= YFBF(k, �)−GH(k, �)U(k, �) ,

is closely related to the decorrelation criterion proposed
by Weinstein et al. [47.56]. A different decorrelation
based structure was later proposed by Fancourt and
Parra [47.70].

Two alternative schemes are proposed for adapt-
ing the filters Hm(k, �). (Originally, Hoshuyama
et al. [47.55] stated their formulation in the time
domain using the original GSC structure. Here we
state the frequency-domain counterpart of the proposed
algorithm. The first to propose frequency domain imple-
mentation of Hoshuyama’s concepts were Herbordt and
Kellermann [47.71, 72].) The first scheme is the leaky
LMS,

Hm(k, �+1)

= (1− δ)Hm(k, �)

+ μh

|YFBF(k, �)|2 Um(k, �)Y∗FBF(k, �) (47.83)

for m = 1, . . . , M. The regular FIR constraint, omit-
ted for the clarity of the exposition, is then applied.
The second scheme constrains the filter coefficients to
a predefined mask, yielding for m = 1, . . . , M:

H ′m(k, �+1)

= Hm(k, �)+ μh

|YFBF(k, �)|2 Um(k, �)Y∗FBF(k, �)

(47.84)

and

H(�+1, k)

=

⎧⎪⎪⎨
⎪⎪⎩
φlow(k, �+1) H ′m(k, �+1)≥ φlow(k, �+1) ,

φup(k, �+1) H ′m(k, �+1)≤ φup(k, �+1) ,

H ′m(k, �+1) otherwise.
(47.85)

The ANC filter is either adapted by the leaky LMS al-
gorithm or the norm-constrained adaptation mechanism
proposed by Cox (see (47.81)). As a concluding remark
summarizing Hoshuyama’s methods, we draw the reader
attention to the resemblance of the proposed adaptation
of the BM filters and the subspace tracking procedure
presented by Affes and Grenier depicted in (47.46).

Spriet et al. [47.33] adopted a different approach
to mitigating the leakage problem, by modifying the
adaptation criterion for the ANC filters, G(k, �). The
minimization criterion in (47.25) is altered to deal with
the leakage problem. Let, Y s

FBF(k, �) be the speech com-
ponent at the FBF output. Let Us(k, �) and Un(k, �) be
the speech and noise (without distinction between sta-
tionary and transient noise signals) components in the
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reference signals, respectively. Then, the filters G(k, �)
minimize the following expression

E{‖Y s
FBF(k, �)−GH(k, �)(Us(k, �)+Un(k, �))‖2} .

Since the speech and noise signals are uncorrelated, the
above expression can be restated as

E{‖GH(k, �)Un(k, �)‖2}
+ E{‖Y s

FBF(k, �)−GH(k, �)Us(k, �)‖2} . (47.86)

Note, that the first term is related to the noise signal
and the second term to the speech distortion. Hence,
the Wiener filter design criterion can be easily gener-
alized [47.26] to allow for a trade-off between speech
distortion and NR, by incorporating a weighting fac-
tor μ ∈ [0,∞). The resulting criterion is then given
by

μE{‖GH(k, �)Un(k, �)‖2}
+ E{‖Y s

FBF(k, �)−GH(k, �)Us(k, �)‖2} . (47.87)

It is easily verified that the corresponding minimizer is

G(k, �)=
(

1

μ
�UsUs +�UnUn

)−1

φUY s
FBF

,

(47.88)

where

�UsUs = E{Us(k, �)(Us(k, �))H} ,
�UnUn = E{Un(k, �)(Un(k, �))H} ,
φUY s

FBF
= E{Us(k, �)(Y s

FBF(k, �))∗} .

Using the reference signals definitions we have

�UsUs =HH(k, �)�SS(k, �)H(k, �) ,

�UnUn =HH(k, �)�NN(k, �)H(k, �) ,

φUsY s
FBF
=HH(k, �)�SS(k, �)W0(k, �) . (47.89)

Since �SS(k, �) is not available it can be evaluated using

�SS(k, �)=�ZZ(k, �)−�NN(k, �)

and �NN(k, �) is estimated while the speech signal is
absent. Doclo and Moonen [47.73] prove that the out-
put SNR after NR with the above speech distortion
weighted multichannel Wiener filter (SDW-MWF) is al-
ways larger than or equal to the input SNR, for any filter
length, and for any value of the trade-off parameter μ
between NR and speech distortion.

This solution for the ANC filters constitutes the
speech distortion regularized generalized sidelobe can-
celler (SDR-GSC) structure. Spriet et al. [47.33] further
proposed to incorporate a single-channel postfilter,
which compensates for the distortion imposed by the
structure in case of speech leakage into the reference
signals. Further discussion of this structure is beyond
the scope of this survey. In [47.74], the authors propose
a stochastic gradient-based implementation of their cri-
terion. The robustness of both the multichannel Wiener
filter and the GSC structures are analyzed by Spriet
et al. [47.75] in the context of hearing-aid application.

Improving the robustness of the BM is an ongoing
research topic. An interesting direction was taken by
Low et al. [47.76]. The authors propose to incorporate
concepts adopted from the BSS discipline to improve
the separation of the speech and noise signals and hence
reducing the amount of leakage of the desired signal into
the reference noise signals.

47.6 Multichannel Postfiltering

Postfiltering methods for multimicrophone speech
enhancement algorithms have recently attracted an in-
creased interest. It is well known that beamforming
methods yield a significant improvement in speech qual-
ity [47.9]. However, when the noise field is spatially
incoherent or diffuse, the NR is insufficient [47.77]
and additional postfiltering is normally required [47.78].
Furthermore, as nonstationary noise cannot, in general,
be distinguished from speech signals, a significant per-
formance degradation is expected in nonstationary noise
environment.

Most multimicrophone speech enhancement meth-
ods consist of a multichannel part (either delay and sum

beamformer or GSC [47.36]) followed by a postfilter,
which is based on Wiener filtering (sometimes in con-
junction with spectral subtraction). Numerous articles
have been published on the subject, e.g., [47.79–87] to
mention just a few.

In general, the postfilters can be divided into two
groups. The first is a single-channel postfilter which acts
as a single-microphone speech enhancement algorithm
on the beamformer output. Multichannel postfilters, on
the other hand, explicitly use the spatial information,
extracted by the GSC structure, to gain better dis-
tinction between the speech signal and the transient
noise.
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47.6.1 MMSE Postfiltering

Simmer et al. [47.78] address the general problem of the
single-channel postfilter. They first derive the multichan-
nel Wiener filter for estimating the speech signal, S(k, �)
from the microphone signals Z(k, �) given in (47.3).
Then, they show that the Wiener filter can be factorized
into a multiplication of the LCMV (Frost) beamformer
given in (47.7) and a single-channel Wiener filter that
depends on the output speech and noise signals.

To show this, we will start with the multichannel
Wiener filter, which is given by

WWiener(k, �)=�−1
ZZ(k, �)�ZS(k, �) , (47.90)

where �ZZ is given in (47.10) and

�ZS(k, �)= E{Z(k, �)S∗(k, �)}
= A(k)φss(k, �) . (47.91)

Hence,

WWiener(k, �)

= (
φss(k, �)A(k)AH(k)+�NN(k, �)

)−1

×φss(k, �)A(k) . (47.92)

Omitting, for the clarity of the exposition, the explicit
time- and frequency-domain dependence and using the
matrix inversion lemma yields

WWiener(k, �)

=
(

�−1
NN−

φss�
−1
NN AAH�−1

NN

1+φss AH�−1
NN A

)
φss A

=
(

1− φss AAH�−1
NN

1+φss AH�−1
NN A

)
�−1

NNφss A

=
(

φss

1+φss AH�−1
NN A

)
�−1

NN A

=
(

φss

φss+ (AH�−1
NN A)−1

)
�−1

NN A

AH�−1
NN A

. (47.93)

(The derivation here is a slight modification of the results
introduced in [47.78].) The reader can easily identify
the second multiplier as the MSNR beamformer (47.8)
which was shown to be equivalent to the LCMV beam-
former (47.11).

We turn now to analyzing the first term in the
multiplicative expression. The PSD of desired signal
component at the output of the LCMV beamformer is

given by

φYsYs (k, �)

= φss(WLCMV)H AAHWLCMV

= φss

(
AH�−1

NN A

AH�−1
NN A

)2

= φss . (47.94)

As expected, the LCMV is a distortionless beamformer.
The noise component at the beamformer output is given
by,

φYnYn (k, �)

= (WLCMV)H�NNWLCMV = AH�−1
NN A(

AH�−1
NN A

)2

= 1

AH�−1
NN A

. (47.95)

Using (47.94) and (47.95), the first term in the multi-
channel Wiener filter can be rewritten as

φss

φss+
(
AH�−1

NN A
)−1

= φYsYs (k, �)

φYnYn (k, �)+φYsYs (k, �)
, (47.96)

which is evidently recognized as the single-channel
Wiener filter applied to the LCMV beamformer output. It
was therefore proven that the multichannel Wiener filter
can be factorized into a product of the LCMV beam-
former and a single-channel Wiener postfilter applied to
the beamformer output,

WWiener(k, �)

= φYsYs (k, �)

φYnYn (k, �)+φYsYs (k, �)︸ ︷︷ ︸
Wiener postfilter

×
�−1

NN(k, �)A(k)

AH(k)�−1
NN(k, �)A(k)︸ ︷︷ ︸

LCMV beamformer

. (47.97)

Several algorithms have been proposed for designing
the postfilter; all differ in their treatment of the single-
channel Wiener postfilter estimation. Zelinski [47.79]
was probably the first to apply a postfilter to the output
of a microphone array (delay and sum beamformer in his
formulation). Zelinski proposed the following Wiener
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filter estimation

WZelinski(k, �)

=
2

M(M−1)

∑M−1
i=1

∑M
j=i+1 Re[Zi (k, �)Z∗j (k, �)]

1
M

∑M
i=1 |Zi (k, �)|2

.

(47.98)

Later, postfiltering was incorporated into the Griffiths
and Jim GSC beamformer by Bitzer et al. [47.86, 87].
The authors proposed to use two postfilters in suc-
cession. The first is applied to the FBF branch, and
the second to the GSC output. In directional noise
source and in the low-frequency band of a diffused
noise field, correlation between the noise compo-
nents at each sensor exists. While the first postfilter
is useless in this case, the latter suppresses the
noise.

Simmer and Wasiljeff [47.88] showed that Zelin-
ski’s postfilter has two disadvantages. First, only minor
SNR improvement can be expected in frequencies, for
which the coherence function between the received
noise signals is high (i. e., coherent noise sources).
Second, for frequencies with a low coherence func-
tion, the noise PSD is overestimated by a factor M
(the number of microphones). They propose to mit-
igate the second disadvantage by slightly modifying
the noise estimation, to obtain an estimate of the noise
PSD at the output of the beamformer, rather than at its
input.

In diffused noise field the noise coherence func-
tion tends to be high in lower frequencies, whereas
in higher-frequency bands it tends to be low. The
cutoff frequency depends on the distance between mi-
crophones (see further discussion in Sect. 47.7). This
property is the cause for the first drawback of Zelin-
ski’s postfilter. It was therefore proposed by Fischer
and Kammeyer [47.83] to split the beamformer into
three nonoverlapping subarrays (with different inter-
microphone distances) for which the noise coherence
function is kept low. To avoid grating lobes, bandpass
filters with corresponding cutoff frequencies, are applied
to the beamformer output. Marro et al. [47.43] improved
this concept and further modified the Wiener postfilter
estimation. A comprehensive survey of these postfilter-
ing methods can be found in [47.78]. McCowan and
Bourlard [47.89,90] develop a more-general expression
of the postfilter estimation, based on an assumed knowl-
edge of the complex coherence function of the noise
field. This general expression can be used to construct
a more-appropriate postfilter in a variety of different
noise fields.

47.6.2 Log-Spectral Amplitude Postfiltering

A major drawback of single-channel postfiltering tech-
niques is that highly nonstationary noise components
are not addressed. The time variation of the interfering
signals is assumed to be sufficiently slow, such that the
postfilter can track and adapt to the changes in the noise
statistics. Unfortunately, transient interferences are often
much too brief and abrupt for the conventional tracking
methods.

Transient Beam-to-Reference Ratio
Generally, the TF-GSC output comprises three com-
ponents: a nonstationary desired source component,
a pseudostationary noise component, and a transient in-
terference. Our objective is to determine which category
a given time–frequency bin belongs to, based on the
beamformer output and the reference signals.

Recall the three hypotheses H0s, H0t, and H1 that
indicate, respectively, the absence of transients, the pres-
ence of an interfering transient, and the presence of
a desired source transient at the beamformer output (the
pseudostationary interference is present in any case).
Then, if transients have not been detected at the beam-
former output and the reference signals, we can accept
the H0s hypothesis. If a transient is detected at the
beamformer output but not at the reference signals, the
transient is likely a source component and therefore we
determine that H1 is true. On the contrary, a transient
that is detected at one of the reference signals but not
at the beamformer output is likely an interfering com-
ponent, which implies that H0t is true. If a transient is
simultaneously detected at the beamformer output and
at one of the reference signals, a further test is required,
which involves the ratio between the transient power
at beamformer output and the transient power at the
reference signals. The discussion here is partly based
on [47.77]. A real-time version of the method that in-
corporates adaptive estimation of the ATFs is introduced
in [47.91].

Let S be a smoothing operator in the power-spectral
domain,

SY (k, �)

= αs ·SY (k, �−1)

+ (1−αs)
w∑

i=−w
bi |Y (k− i, �)|2 , (47.99)

where αs (0 ≤ αs ≤ 1) is a forgetting factor for the
smoothing in time, and b is a normalized window
function (

∑w
i=−w bi = 1) that determines the order of
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smoothing in frequency. Let M denote an estimator
for the PSD of the background pseudostationary noise,
derived using the MCRA approach [47.66,67]. The deci-
sion rules for detecting transients at the TF-GSC output
and reference signals are

ΛY (k, �)
 = SY (k, �)/MY (k, �) >Λ0 , (47.100)

ΛU (k, �)
 = max

2≤i≤M

{
SUi (k, �)

MUi (k, �)

}
>Λ1 , (47.101)

respectively, where ΛY and ΛU denote measures
of the local nonstationarities, and Λ0 and Λ1 are
the corresponding threshold values for detecting tran-
sients [47.92]. The transient beam-to-reference ratio
(TBRR) is defined by the ratio between the transient
power of the beamformer output and the transient power
of the strongest reference signal

Ω(k, �)= SY (k, �)−MY (k, �)

max
2≤i≤M

{SUi (k, �)−MUi (k, �)} .

(47.102)

Transient signal components are relatively strong at the
beamformer output, whereas transient noise components
are relatively strong at one of the reference signals.
Hence, we expect Ω(k, �) to be large for signal tran-
sients, and small for noise transients. Assuming there
exist thresholds Ωhigh(k) and Ωlow(k) such that

Ω(k, �)|H0t
≤Ωlow(k)≤Ωhigh(k)≤ Ω(k, �)|H1

(47.103)

the decision rule for differentiating desired signal com-
ponents from the transient interference components is

H0t : γs(k, �)≤ 1 or Ω(k, �)≤Ωlow(k) ,

H1 : γs(k, �)≥ γ0 and Ω(k, �)≥Ωhigh(k) ,

Hr : otherwise, (47.104)
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�� ��� ��	 Fig. 47.5 Block diagram for hypoth-
esis testing

where

γs(k, �)
 = |Y (k, �)|2

MY (k, �)
(47.105)

represents the a posteriori SNR at the beamformer
output with respect to the pseudostationary noise, γ0 de-
notes a constant satisfying P (γs(k, �)≥ γ0 | H0s) < ε

for a certain significance level ε, and Hr designates
a reject option where the conditional error of making
a decision between H0t and H1 is high.

Figure 47.5 summarizes a block diagram for the hy-
pothesis testing. The hypothesis testing is carried out in
the time–frequency plane for each frame and frequency
bin. H0s is accepted when transients have neither been
detected at the beamformer output nor at the reference
signals. If a transient is detected at the beamformer out-
put but not at the reference signals, we accept H1. On
the other hand, if a transient is detected at one of the
reference signals but not at the beamformer output, we
accept H0t. If a transient is detected simultaneously at
the beamformer output and at one of the reference sig-
nals, we compute the TBRRΩ(k, �) and the a posteriori
SNR at the beamformer output with respect to the pseu-
dostationary noise γs(k, �) and decide on the hypothesis
according to (47.104).

Log-Spectral Amplitude Estimation
We address now the problem of estimating the time-
varying PSD of the TF-GSC output noise component,
and present the multichannel postfiltering technique.
Figure 47.6 describes a block diagram of the multichan-
nel postfiltering. Following the hypothesis testing, an
estimate q̂(k, �) for the a priori signal absence probabil-
ity is produced. Subsequently, we derive an estimate

p(k, �)
 = P (H1 |Y,U) for the signal presence prob-

ability, and an estimate λ̂d(k, �) for the noise PSD.
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Fig.47.6Blockdiagramofmultichannelpostfiltering

Finally,spectralenhancementofthebeamformeroutput
isachievedbyapplyingtheoptimally-modifiedlog-
spectralamplitude(OM-LSA)gainfunction[47.93],
whichminimizestheMSEofthelog-spectralamplitude
undersignalpresenceuncertainty.

BasedonaGaussianstatisticalmodel[47.94],the
signalpresenceprobabilityisgivenby

p(k,�)

={1+
q(k,�)

1−q(k,�)[1+ξ(k,�)]exp[−υ(k,�)]}−1

,

(47.106)

whereξ(k,�) =λs(k,�)/λn(k,�)istheaprioriSNR,
λs(k,�)isthedesiredsignalPSDatthebeamformer
outputλn(k,�)isthenoisePSDatthebeam-

formeroutput,υ(k,�) =γ(k,�)ξ(k,�)/[1+ξ(k,�)],
andγ(k,�) =|Y(k,�)|2/λn(k,�)istheaposterioriSNR.
Theapriorisignalabsenceprobabilityq̂(k,�)issetto
1ifthesignalabsencehypotheses(H0sorH0t)areac-
cepted,andissetto0ifthesignalpresencehypothesis
(H1)isaccepted.InthecaseoftherejecthypothesisHr,
asoftsignaldetectionisaccomplishedbylettingq̂(k,�)
beinverselyproportionaltoΩ(k,�)andγs(k,�):

q̂(k,�)

=max{γ0−γs(k,�)

γ0−1
,
Ωhigh−Ω(k,�)

Ωhigh−Ωlow

}.

(47.107)
TheaprioriSNRisestimatedby[47.93]

ξ̂(k,�)=αK2
H1(k,�−1)γ(k,�−1)

+(1−α)max{γ(k,�)−1,0},(47.108)

whereαisaweightingfactorthatcontrolsthetrade-off
betweenNRandsignaldistortion,and

KH1(k,�) =ξ(k,�)

1+ξ(k,�)
exp

⎛
⎜⎝1

2

∞∫
υ(k,�)

e−t

t
dt

⎞
⎟⎠
(47.109)

isthespectralgainfunctionofthelog-spectralamplitude
(LSA)estimatorwhensignalissurelypresent[47.95].
AnestimatefornoisePSDisobtainedbyrecursively
averagingpastspectralpowervaluesofthenoisymea-
surement,usingatime-varyingfrequency-dependent
smoothingparameter.Therecursiveaveragingisgiven
by

λ̂n(k,�+1)

=α̃n(k,�)λ̂n(k,�)+β[1−α̃n(k,�)]|Y(k,�)|2,
(47.110)

wherethesmoothingparameterα̃n(k,�)isdetermined
bythesignalpresenceprobabilityp(k,�),

α̃n(k,�) =αn+(1−αn)p(k,�),(47.111)

andβisafactorthatcompensatesthebiaswhensignal
isabsent.Theconstantαn(0<αn<1)representsthe
minimalsmoothingparametervalue.Thesmoothingpa-
rameteriscloseto1whensignalispresent,toprevent
anincreaseinthenoiseestimateasaresultofsignal
components.Itdecreaseswhentheprobabilityofsignal
presencedecreases,toallowafastupdateofthenoise
estimate.

Table47.3Valuesoftheparametersusedintheimple-
mentationofthelog-spectralamplitudepostfilteringfor
asamplingrateof8kHz

NormalizedLMS:αp=0.9μh=0.05

ATFidentification:N=10R=10

Hypothesistesting:αs=0.9γ0=4.6

Λ0=1.67Λ1=1.81

Ωlow=1Ωhigh=3

b=(0.250.50.25)

NoisePSDestimation:αn=0.85β=1.47

Spectralenhancement:α=0.92

Kmin=−20dB
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Adaptive Beamforming and Postfiltering 47.7 Performance Analysis 967

The estimate of the clean signal STFT is finally given
by

Ŝ(k, �)= K (k, �)Y (k, �) , (47.112)

where

K (k, �)= {
K H1 (k, �)

}p(k,�)
K1−p(k,�)

min (47.113)

is the OM-LSA gain function and Kmin denotes a lower
bound constraint for the gain when signal is ab-

sent. The implementation of the integrated TF-GSC
and multichannel postfiltering algorithm is summarized
in Fig. 47.6.

Typical values of the respective parameters, for
a sampling rate of 8 kHz, are given in Table 47.3. The
STFT and its inverse are implemented with biorthogo-
nal Hamming windows of 256 samples length (32 ms)
and 64 samples frame update step (75% overlapping
windows).

47.7 Performance Analysis

The use of actual signals (such as noisy speech
recordings in room environment) demonstrates the abil-
ity of the TF-GSC algorithm to reduce the noise
while maintaining the desired signal spectral content
(Sect. 47.8). However, it is also beneficial to perform
analytical evaluation of the expected performance, es-
pecially for determining the performance limits. While
the D-GSC [47.36] is widely analyzed in the liter-
ature, the more-realistic arbitrary ATFs scenario, is
only superficially treated. In more-complex environ-
ments such as reverberating room this assumption is
not valid, and may result in severe degradation in
the performance. Furthermore, most references ad-
dress the NR obtained by the algorithm but do not
present any measure of distortion imposed on the
desired signal, even in the simple delay-only ATFs.
In this section we will analyze both the NR of the
TF-GSC structure (while using the RTFs rather than
the ATFs themselves) and the distortion it imposes. For
a thorough performance evaluation of the multichan-
nel postfilter (for the two-channel case) please refer
to [47.96].

47.7.1 The Power Spectral Density
of the Beamformer Output

Using (47.24) and (47.37), the algorithm’s output is
given by

Y (k, �)

=
ˆ̃AH(k)

‖ ˆ̃A(k)‖2
Z(k, �)−GH(k, �)ĤH(k)Z(k, �) ,

where only estimates of the RTFs, ˆ̃A(k) [and Ĥ(k)],
rather than their exact values, are assumed to be known.
Using this expression, the PSD of the output signal is

given by

�yy(k, �)= E[Y (k, �)Y∗(k, �)]

= E

{[
1

‖ ˆ̃A(k)‖2

ˆ̃AH(k)Z(k, �)

− GH(k, �)ĤH(k)Z(k, �),

]

×

[
1

‖ ˆ̃A(k)‖2

ˆ̃AH(k)Z(k, �)

− GH(k, �)ĤH(k)Z(k, �),

]H
⎫⎬
⎭ .

(47.114)

Opening brackets and using the PSD definition
�ZZ(k, �)= E{Z(k, �)ZH(k, �)} yields,

�yy(k, �)= 1

‖ ˆ̃A(k)‖4

ˆ̃AH(k)�ZZ(k, �) ˆ̃A(k)

− 1

‖ ˆ̃A(k)‖2
GH(k, �)ĤH(k)

×�ZZ(k, �) ˆ̃A(k)

− 1

‖ ˆ̃A(k)‖2

ˆ̃AH(k)�ZZ(k, �)Ĥ(k)G(k)

+GH(k, �)ĤH(k)�ZZ(k, �)Ĥ(k)G(k) .

(47.115)

The output PSD depends on the input signal Z(k, �) and
the optimal multichannel Wiener filter, given by (47.26),
calculated during frames for which hypothesis H0s is
true. Using the independence of the desired signal and
the noise signal, the NR and the distortion imposed by
the algorithm can be calculated separately by deriving
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expressions for the output PSD in the following two
situations:

�ZZ(k, �)=
⎧⎨
⎩�Ns Ns (k, �) H0s ,

φss(k, �)A(k)AH(k) H1 ,

yielding

�yy(k, �)=
⎧⎨
⎩�n

yy(k, �) H0s ⇒ noise reduction,

�s
yy(k, �) H1 ⇒ distortion .

Note that for simplicity we calculate the NR only during
H0s, i. e., while only stationary noise signal is present.
For a performance evaluation in the nonstationary case,
please refer to [47.96].

Using (47.26) and (47.115), we obtain the output
signal PSD:

�yy(k, �)= 1

‖ ˆ̃A(k)‖4
×
{ ˆ̃AH(k)�ZZ(k, �) ˆ̃A(k)

− ˆ̃AH(k)�Ns Ns (k, �)Ĥ(k)[
ĤH(k)�Ns Ns (k, �)Ĥ(k)

]−1

ĤH(k)�ZZ(k, �) ˆ̃A(k)

− ˆ̃AH(k)�ZZ(k, �)Ĥ(k)[
ĤH(k)�Ns Ns (k, �)Ĥ(k)

]−1

ĤH(k)�Ns Ns (k, �)
ˆ̃A(k)

+ ˆ̃AH(k)�Ns Ns (k, �)Ĥ(k)[
ĤH(k)�Ns Ns (k, �)Ĥ(k)

]−1

ĤH(k)�ZZ(k, �)Ĥ(k)

×
[
ĤH(k)�Ns Ns (k, �)Ĥ(k)

]−1

ĤH(k)�Ns Ns (k, �)
ˆ̃A(k)

}
. (47.116)

This complicated expression depends on various param-
eters: the input signal PSD, �ZZ(k, �), the stationary
noise PSD used for calculating the optimal filters,

�Ns Ns (k, �), and the RTFs estimate ˆ̃A(k) [which is also
used for the BM Ĥ(k)]. This expression will be used in
Subsects. 47.7.2 and 47.7.3 for deriving general expres-
sions for the distortion imposed by the algorithm and the
obtainable NR, respectively. These general expressions
will be evaluated for several interesting cases.

47.7.2 Signal Distortion

The distortion imposed by the algorithm can be cal-
culated by the general expression given in (47.116)

for a signal Z(k, �) = A(k)s(k, �). Assume a per-
fect estimate of the RTFs Ã(k), is available, i. e.,
ˆ̃A(k)= Ã(k)= A(k)

A1(k) . Thus, using the signal PSD expres-
sion �ZZ(k, �)= φss(k, �)A(k)AH(k) and the identity
HH(k)A(k)= 0, expression (47.116) reduces to

�s
yy(k, �)

= φss(k, �)
|F (k)|2
‖Ã(k)‖4

Ã
H

(k)A(k)AH(k)Ã(k)

φss(k, �)|A1(k)|2 . (47.117)

The filter A1(k) is the ATF relating the source signal
and the first (arbitrarily chosen as the reference) sensor.
This distortion cannot be eliminated by the algorithm.
Note that this distortion is due to the use of the RTFs,
rather than the ATFs themselves. Using direct estimate
of the ATFs will avoid this distortion affect. Actually, it
imposes on the output signal the same amount of distor-
tion imposed on the arbitrary reference sensor. Hence,
we define the total distortion caused by the algorithm by
normalizing the output,

DIS(k, �)= �s
yy(k, �)

|A1(k)|2φss(k, �)
. (47.118)

Hence, a value of DIS(k, �)= 1 indicates a distortion-
less output. This value is obtained whenever an exact
knowledge of the RTFs is available.

The distortion level demonstrates only weak depen-
dence on the noise field, both for the delay-only and
complex ATF cases. For details please refer to [47.77].

47.7.3 Stationary Noise Reduction

We calculate now the amount of obtainable station-
ary NR. When the noise is nonstationary, the use of
a postfilter becomes more important. A performance
analysis of the multichannel postfilter (for the two-
channel case) in nonstationary noise environment can
be found in [47.96].

We will use again the general expression for the out-
put signal given by (47.116), this time with a noise signal
as the input signal, i. e., Z(k, �)= Ns(k, �) [the same
noise signal used for calculating the optimal Wiener
filter (47.26)]. The expression (47.116) now reduces
to
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�n
yy(k, �)

=
ˆ̃AH

(k)�Ns Ns (k, �)
ˆ̃A(k)

‖ ˆ̃A(k)‖4
−

ˆ̃AH
(k)

‖ ˆ̃A(k)‖4

×�Ns Ns (k, �)Ĥ(k)
[
ĤH(k)�Ns Ns (k, �)

]−1

× ĤH(k)�Ns Ns (k, �)
ˆ̃A(k) . (47.119)

The first term of the equation can be identified
as �n

FBF(k, �), the FBF component of the output
PSD when a noise-only signal is applied to the ar-
ray,

�n
FBF(k, �)= E

{
Yn

FBF(k, �)
[
Yn

FBF(k, �)
]∗}

=
ˆ̃AH(k)�Ns Ns (k, �)

ˆ̃A(k)

‖ ˆ̃A(k)‖4
. (47.120)

Another interesting figure of merit is the extra
NR obtained by the noise cancelling branch (see
also [47.40]),

NRANC(k, �)= �n
FBF(k, �)

�n
yy(k, �)

. (47.121)

Expressions (47.119), (47.120), and (47.121) can be
used for calculating the NR obtained by the algorithm
and to determine the major contributor for this NR. As-
suming small errors regime, the error in estimating Ã(k)
has only minor influence on the NR. Therefore, we will
assume, throughout the NR analysis, perfect knowledge

of the RTFs, i. e., ˆ̃A(k)= Ã(k).
The resulting expressions for the noise cancella-

tion depends on the noise PSD at the sensors. We
calculate now the expected NR of the algorithm for
three important noise fields: coherent (point source),
diffused (spherically isotropic), and incoherent (noise
signals generated at the sensors; e.g., amplifier noise,
are assumed to be uncorrelated).

Coherent Noise Field
Assume a single stationary point source noise signal
with PSD �nsns (k, �) and assume that bm(t) are slowly
time-varying ATFs relating the noise source and the m-th
sensor. Define,

Ns(k, �)= B(k)Ns(k, �) ,

where

BT(k)= (B1(k) B2(k) · · · BM(k)) .

The PSD matrix of the noise component at the sensors’
signals is given by,

�Ns Ns (k, �)=�nsns (k, �)B(k)BH(k)+ εI ,

where I is an M × M identity matrix, and ε→ 0. The last
term is added for stability reasons (see Appendix 47.A).
For B(k) 
= A(k), the achievable NR is infinite, i. e.,

�n
yy(k, �)= 0 for B(k) 
= A(k) .

Thus, perfect noise cancellation is achieved. The deriva-
tion of this result is given in Appendix 47.A. Note
that this is not a surprising result, since for M ≥ 2 the
Wiener filter can entirely eliminate the noise compo-
nent. This result is valid for all ATFs B(k) provided
that B(k) 
= A(k), i. e., the noise and the signal do not
originate from the same point. If B(k)= A(k) the noise
and desired signal are indistinguishable and no NR is
expected. If B(k) 
= A(k) the proposed algorithm can
eliminate any point source noise signal as good as the
D-GSC can eliminate a directional noise signal in the
delay-only propagation case (see [47.40]).

It is also interesting to explore the contribution of
the FBF block to the NR,

�n
FBF(k, �)

= Ã
H

(k)�Ns Ns (k, �)Ã(k)

‖Ã(k)‖4

= Ã
H

(k)�nsns (k, �)B(k)BH(k)Ã(k)

‖Ã(k)‖4

= �nsns (k, �)

‖Ã(k)‖4
Ã

H
(k)B(k)

[
Ã

H
(k)B(k)

]H
.
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Fig. 47.7 Array output for directional noise field for linear array
with M = 5 sensors for delay-only ATFs
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Although the FBF combines the desired signal coher-
ently, it does not necessarily improves the SNR. The
infinite NR is due to the ANC branch.

The expected NR in the simple case of delay-only
ATFs is shown in Fig. 47.7. We optimize a linear array
of M = 5 microphones to cancel noise impinging on
the array from the direction θ = 40◦. We present the
output signal of the array as a function of the frequency
and the array steering angle θ. It is clearly shown that
the main lobe is maintained (i. e., low distortion), while
a null is constructed at all frequencies at the noise angle.
The main lobe is wider in the lower-frequency band.
This result is in good agreement with the theory, since
at ω= 0 rad/s there is no phase difference between the
signals at the sensors. Similar results were obtained by
Bitzer et al. [47.40,41]. The general ATFs case is further
explored in [47.77, 97].

Diffused Noise Field
In highly reverberant acoustical environment, such as
a car enclosure, the noise field tends to be diffused (see
for instance [47.42, 98]). A diffused noise source is as-
sumed to be equidistributed on a sphere in the far field
of the array. The cross-coherence function between sig-
nals received by two sensors (i, j) with distance dij is
given by

ΓNi N j (k)= �Ni N j (k)√
�Ni Ni (k)�N j N j (k)

= sin(kdij/c)

kdij/c
,
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Fig. 47.8 Extra noise reduction of noise cancelling branch for dif-
fused noise field using a linear array with M = 5 sensors and
delay-only ATFs

where c is the speed of sound [47.98]. Thus, the coher-
ence matrix is given by,

Γ (k)=

⎛
⎜⎜⎜⎜⎜⎝

1 ΓN1 N2 (k) · · · ΓN1 NM (k)

ΓN2 N1 (k) 1 · · · ΓN2 NM (k)
...

. . .
...

ΓNM N1 (k) 1

⎞
⎟⎟⎟⎟⎟⎠ .

The noise PSD at the sensors input is

�Ns Ns (k, �)=�nsns (k, �)Γ (k) .

Using (47.120), the noise PSD at the FBF output is given
by

�n
FBF(k, �)= φnn(k, �)Ã

H
(k)Γ (k)Ã(k)

‖Ã(k)‖4
.

The extra NR obtained by the ANC is given by

NRANC(k, �)

= {
1− [Ã

H
(k)Γ (k)H(k)

[
HH(k)Γ (k)H(k)

]−1

×HH(k)Γ (k)Ã(k)[ÃH
(k)Γ (k)Ã(k)]−1]}−1

.

(47.122)

This expression depends on the RTFs Ã(k), assumed to
be error free, and on the coherence function Γ (k).

The same M = 5 microphone array used for the di-
rectional noise case is now used for the diffused noise
field. In Fig. 47.8 we show the extra NR obtained by the
ANC for various steering angles and for the entire fre-
quency band. It is clear that almost no NR is obtained
in the high-frequency band and only relatively low NR
in the low-frequency band. The obtained results are in
accordance with the results in [47.39, 42].

Incoherent Noise Field
For incoherent noise field we assume that the noise at
the sensors has no spatial correlation.

�Ns Ns (k, �)=�nsns (k, �)I ,

where I is an M × M identity matrix. Using (47.119)

with perfect knowledge of the RTFs, i. e., ˆ̃A(k)= Ã(k),
and with the prespecified �Ns Ns (k, �) we obtain,

�n
yy(k, �)

= �nsns (k, �)

‖Ã(k)‖4
Ã

H
(k)

×
{
I−H(k)

[
HH(k)H(k)

]−1
HH(k)

}
Ã(k) .
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Fig. 47.9 (a) Original clean speech signal at microphone #1: “Five six seven eight nine”. (b) Noisy signal at microphone
#1. (c) TF-GSC output. (d) Single-channel postfiltering output. (e) Multichannel postfiltering.
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It can be easily verified that,

Ã
H

(k)H(k)= 01×(M−1) .

Furthermore, as HH(k)H(k) is a positive matrix, its
inverse always exists. Thus, the contribution of the
noise cancelling branch is zero, and the NR is only at-
tributed to the FBF. The noise power at the output is
thus,

�n
yy(k, �)=�n

FBF(k, �)=�nsns (k, �)
Ã

H
(k)Ã(k)

‖Ã(k)‖4

= �nsns (k, �)

‖Ã(k)‖2
.

Again, no NR is guaranteed by this structure, and the
result depends on the RTFs involved.

In the case of delay-only ATFs, the FBF branch be-
comes a simple delay-and-sum beamformer, thus the
expected NR is M, the number of sensors.

47.8 Experimental Results

In this section, we compare the performance of a system,
consisting of the TF-GSC and multichannel postfilter, to
a system consisting of a TF-GSC and a single-channel
postfilter.

A linear array, consisting of four microphones with
5 cm spacing, is mounted in a car on the visor. Clean
speech signals are recorded at a sampling rate of 8 kHz
in the absence of background noise (standing car, silent
environment). A car noise signal is recorded while the
car speed is about 60 km/h, and the window next to the
driver is slightly open (about 5 cm; the other windows
are closed). The input microphone signals are generated
by mixing the speech and noise signals at various SNR
levels in the range [−5, 10] dB.

Offline TF-GSC beamforming [47.38] is applied
to the noisy multichannel signals, and its output is
enhanced using the OM-LSA estimator [47.93]. The re-
sult is referred to as single-channel postfiltering output.

Alternatively, the proposed TF-GSC and multichannel
postfiltering is applied to the noisy signals. A subjective
comparison between multichannel and single-channel
postfiltering was conducted using speech sonograms
and validated by informal listening tests. Typical ex-
amples of speech sonograms are presented in Fig. 47.9.
For audio samples please refer to [47.99]. The noise
PSD at the beamformer output varies substantially
due to the residual interfering components of speech,
wind blows, and passing cars. The TF-GSC output is
characterized by a high level of noise. Single-channel
postfiltering suppresses pseudostationary noise compo-
nents, but is inefficient at attenuating the transient noise
components. By contrast, the system which consists
a TF-GSC and multichannel postfilter achieves superior
noise attenuation, while preserving the desired source
components. This is verified by subjective informal
listening tests.

47.9 Summary

In this chapter, we concentrated on the GSC beam-
former, and presented a comprehensive study of its
components. We showed, that the GSC structure is
closely related to other array optimization criteria, such
as the Wiener filter. We described multimicrophone post-
filters, based on either the MMSE or the log-spectral
estimation criteria, which are designed for improving
the amount of obtainable NR, with minimal degradation

of speech quality. The robustness of the GSC structure
to imperfect estimation of its components was ana-
lyzed. Various methods were proposed for increasing
the robustness of the GSC, and especially, for avoid-
ing leakage of the desired signal into the noise reference
signals. Finally, the performance of the TF-GSC was the-
oretically analyzed and experimentally evaluated under
nonstationary noise conditions.
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47.A Appendix: Derivation of the Expected Noise Reduction
for a Coherent Noise Field

For clarity of the exposition we will omit the time and
frequency dependence in the derivation. Recall (47.119)
and define

X(k, �)
 =X

=�Ns NsH
(
HH�Ns NsH

)−1
HH�Ns Ns .

(47.A1)

Denote,

X
 =K ×L×M ,

where, K =�Ns NsH , L= (HH�Ns NsH)−1, and M=
HH�Ns Ns . Thus, X is a multiplication of three terms.

Starting from L and using the detailed noise struc-
ture,

L= [
HH(φnn BBH+ εI)H]−1

= [
φnn(HH B)(HH B)H+ εHHH

]−1
.

Table 47.4 Twelve terms used for calculating X=KLM

K1L1M1 = 1
ε
Φ2

nn BBHH(HHH)−1HH BBH ; (I)

K1L2M1 =− 1
ε
Φ3

nn × BBHH(HHH)−1HH BBHH(HHH)−1 BBH

φnn BHH(HHH)−1HH B
(II)

=− 1
ε
Φ2

nn BBHH(HHH)−1HH BBH ;

K1L3M1 = Φ3
nn B(BHH(HHH)−1HH B)2 BH

(φnn BHH(HHH)−1HH B)2
(III)

= φnn BBH ;

K2L1M1 = φnnH(HHH)−1HH BBH ; (IV)

K2L2M1 =−Φ2
nn

H(HHH)−1HH BBHH(HHH)−1 BBH

φnn BHH(HHH)−1HH B
(V)

=−φnnH(HHH)−1HH BBH ;

K2L3M1 = ε
Φ2

nnH(HHH)−1HH BBHH(HHH)−1HH BBH

(φnn BHH(HHH)−1HH B)2
(VI)

= ε
H(HHH)−1HH BBH

BHH(HHH)−1HH B
;

K1L1M2 = φnn BBHH(HHH)−1HH ; (VII)

K1L2M2 =−Φ2
nn

BBHH(HHH)−1HH BBHH(HHH)−1HH

φnn BHH(HHH)−1HH B
(VIII)

=−φnn BBHH(HHH)−1HH ;

K1L3M2 = ε
Φ2

nn BBHH(HHH)−1HH BBHH(HHH)−1HH

(φnn BHH(HHH)−1HH B)2
(IX)

= ε
BBHH(HHH)−1HH

BHH(HHH)−1HH B
;

K2L1M2 = εH(HHH)−1HH ; (X)

K2L2M2 =−εH(HHH)−1HH BBHH(HHH)−1HH

BHH(HHH)−1HH B
; (XI)

K2L3M2 = ε2 φnnH(HHH)−1HH BBHH(HHH)−1HH

(φnn BHH(HHH)−1HH B)2
. (XII)

If B= A, i. e., the noise source is located exactly at
the desired signal position, then HH B= 0, and the
calculation of the inverse is straightforward, yielding
L= (εHHH)−1, K = εH , and M = εHH. Collect-

ing all terms we obtain, X= ε2

ε
H(HHH)−1HH ε→0−→ 0,

i. e., the signal at the BM output is zero, as expected. The
total noise part of the output is given by,

�n
yy =�n

FBF

=
ˆ̃AH�Ns Ns

ˆ̃A
‖ ˆ̃A‖4

=
ˆ̃AH
(
φnn BBH+ εI) ˆ̃A
‖ ˆ̃A‖4

ε→0−→ φnn|A1|2 ,
where the last transition is due to B= A. This is exactly
the no-distortion result obtained in Sect. 47.7.2, for the
desired signal direction.
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For the general case, B 
= A, we use the matrix
inversion lemma, yielding:

L= 1

ε
(HHH)−1

−
1
ε2 φnn(HHH)−1HH BBHH(HHH)−1

1+ 1
ε
φnn BHH(HHH)−1HH B

.

Now, using the approximation 1
1+μ ≈ 1−μ, for μ→ 0

(μ properly defined), yields,

L= 1

ε
(HHH)−1

−
1
ε
φnn(HHH)−1HH BBHH(HHH)−1

φnn BHH(HHH)−1HH B

+φnn(HHH)−1HH BBHH(HHH)−1(
φnn BHH(HHH)−1HH B

)2
. (47.A2)

Now, calculating X,

X=KLM =�NNHLHH�NN

= (
φnn BBH+ εI)HLHH(φnn BBH+ εI)

 = (K1+K2)H(L1+L2+L3)HH(M1+M2) ,
(47.A3)

with the obvious definitions of K1, K2, L1, L2, L3,
M1, and M2. Opening the brackets we have twelve terms
given in Table 47.4.

Note, that terms I and II, terms IV and V, and terms
VII and VIII eliminate each other, and that terms VI,
IX, X, XI, and XII vanish as ε approaches to zero.
Only term III is left, i. e., X= φnn BBH. Substituting
X into (47.119) we have

�n
yy =

Ã
H
�Ns Ns Ã

‖Ã‖4
− ÃH

(
φnn BBH

)
Ã

‖Ã‖4
= 0 . (47.A4)

47.B Appendix: Equivalence Between Maximum SNR
and LCMV Beamformers

The LCMV beamformer is given by

WLCMV =
(
φss AAH+�NN

)−1 A

AH
(
φss AAH+�NN

)−1 A
. (47.B1)

Using the matrix inversion lemma we have in the de-
nominator

AH
(
�NN+φss AAH

)−1
A

= AH

(
�−1

NN−
φss�

−1
NN AAH�−1

NN

1+φss AH�−1
NN A

)
A

= AH�−1
NN A− AH φss�

−1
NN AAH�−1

NN

1+φss AH�−1
NN A

A

= AH�−1
NN A−φss

(
AH�−1

NN A
)2

1+φss AH�−1
NN A

=
(
1+φss AH�−1

NN A
)(

AH�−1
NN A

)
1+φss AH�−1

NN A

− φss
(
AH�−1

NN A
)2

1+φss AH�−1
NN A

= AH�−1
NN A

1+φss AH�−1
NN A

(47.B2)

Similarly, we have in the numerator

(
φss AAH+�NN

)−1 A

=�−1
NN A− φss�

−1
NN AAH�−1

NN A

1+φss AH�−1
NN A

= �−1
NN A

(
1+φss AH�−1

NN A
)

1+φss AH�−1
NN A

− φss�
−1
NN AAH�−1

NN A

1+φss AH�−1
NN A

= �−1
NN A

1+φss AH�−1
NN A

. (47.B3)

Dividing (47.B3) by (47.B2) we have

WLCMV = �−1
NN A

AH�−1
NN A

≡WMSNR . (47.B4)
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Time Delay Es51. Time Delay Estimation and Source Localization

Y. Huang, J. Benesty, J. Chen

A fundamental requirement of microphone ar-
rays is the capability of instantaneously locating
and continuously tracking a speech sound source.
The problem is challenging in practice due to the
fact that speech is a nonstationary random process
with a wideband spectrum, and because of the
simultaneous presence of noise, room reverber-
ation, and other interfering speech sources. This
Chapter presents an overview of the research and
development on this technology in the last three
decades. Focusing on a two-stage framework for
speech source localization, we survey and analyze
the state-of-the-art time delay estimation (TDE)
and source localization algorithms.

This chapter is organized into two sections. In
Sect. 51.2, we will study the TDE problem and review
a number of cutting-edge TDE algorithms, ranging
from the generalized cross-correlation methods
to blind multichannel-identification-based al-
gorithms and the second-order statistics-based
multichannel cross-correlation coefficient method
to the higher-order statistics-based entropy-
minimization approach. In Sect. 51.3, we will
investigate the source localization problem from
the perspective of estimation theory. The emphasis
is on least-squares estimators with closed-form
estimates. The spherical intersection, spheri-
cal interpolation, and linear-correction spherical
interpolation algorithms will be presented.
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51.1 Technology Taxonomy

Thanks to the explosive growth in computing power
and the continuous drop in the cost and size of acous-
tic electric transducers, a growing number of speech
processing and communication systems can afford to
employ multiple microphones. There are two major ap-
plication areas that are driving the interest in microphone
array technologies:

• distant speech acquisition that permits good-quality
sound pickup due to the capability to mitigate the

effects of room reverberation, ambient noise, and
other interfering sound sources; and• acoustic surveillance and monitoring where sound
caused by the events of particular interest is detected,
localized, and tracked.

In both applications, there is a primary need to local-
ize a speech source by analyzing the acoustic signals
captured by various microphones placed at different po-
sitions. A good example of the former is microphone
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1044 Part I Multichannel Speech Processing

array beam steering [51.1–4] and a good example of the
latter is automatic camera pointing for videoconferenc-
ing [51.5–8].

The problem of locating radiative point sources
using sensor arrays has long been of great research
interest given its theoretical as well as practical
importance in a great variety of applications, e.g.,
radar [51.9,10], underwater sonar [51.11], and seismol-
ogy [51.12]. In these applications, source localization
is more commonly referred to as direction of arrival
(DOA) estimation. A class of celebrated approaches
is based on high-resolution spectral analysis, including
Capon’s minimum variance (MV) spectral estimation
method [51.13], and eigenanalysis-based techniques,
such as the popular multiple signal classification
(MUSIC) algorithm [51.14]. These methods perform
statistical fit for DOA with respect to a spatiospectral
correlation matrix derived from the signals received at
the sensors. By assumption, the source signal needs to be
statistically stationary and narrowband, and the source is
located in the far field of the sensor array. However, these
basic premises are barely met by speech sources. More-
over, the multipath effect is not taken into account in the
formulation of DOA estimation. Therefore, the high-
resolution DOA estimation algorithms were found to be
incompetent for speech source localization, particularly
in reverberant acoustic environments.

For speech source localization, microphone array
beam scanning and time delay estimation (TDE)-based
localization methods are the two most widely used
approaches. A beamformer is a spatial filter that op-
erates on the microphone outputs in order to enhance
the signal coming from one direction while suppressing
noise and interference from other directions. Therefore,
steering a microphone array beamformer and scan-
ning across a room for the highest-energy output leads
to an estimate of the direction of an active speech
source. Using two arrays and by intersecting the two
corresponding direction estimates, the source location

is determined [51.15, 16]. While the beam scanning
method has the remarkable advantage that it can eas-
ily be extended to the case of simultaneously localizing
multiple speech sources [51.17], it has some intrinsic
drawbacks. Since speech is a typical broadband signal,
ideally a broadband beamformer whose beam pattern
would be the same across the entire speech spectrum
needs to be developed, which is a technically challeng-
ing problem. In addition, most beamforming algorithms
assume that the speech sound source is in the far field in
order to make the design problem analytically tractable.
When the speech source is close to the microphone ar-
ray, performance degradation can be expected. On the
contrary, if the speech source is in the far field, the
localization resolution may not be satisfactory as the
source direction is only selected from a set of discrete
beam scanning angles. The number of beam scanning
angles is therefore a trade-off between resolution and
computational complexity.

Alternatively, a TDE-based source localization algo-
rithm involves a two-step procedure [51.18]. In the first
step, a set of relative time differences of arrival (TDOAs)
for different microphone pairs are calculated. In the sec-
ond step, the acoustic source location is estimated from
the TDOAs and using the a priori knowledge about the
locations of the microphones. TDE-based source local-
ization algorithms have many merits: they cope well with
both narrowband and broadband source signals; their lo-
calization resolution can be flexibly adjusted by varying
the sampling rate and microphone array size; the effect
of room reverberation is only of concern in the first-
step TDE and several recently developed robust TDE
algorithms are promising for future practical use; and
in general they are computationally efficient. Therefore,
after continuous investigation over the last two decades,
TDE-based speech source localization schemes have be-
come the technique of choice, especially in recent digital
systems. In this chapter, an overview of the state of the art
of this class of source localization methods is presented.

51.2 Time Delay Estimation

51.2.1 Problem Formulation
and Signal Models

Suppose that there is one speech sound source and N
microphones. The TDE problem is concerned with the
computation of the relative time difference of arrival
(TDOA) between different microphone signals.

Depending on the surrounding acoustic environ-
ment, there are two signal models for the TDE problem:
the ideal free-field model and the real reverberant model.
The former assumes no room reverberation while the lat-
ter uses an acoustic channel impulse response, usually a
finite impulse response (FIR) filter, to describe the effect
of room reverberation.
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Ideal Free-Field Model
In an anechoic open space, as shown in Fig. 51.1a, the
speech source signal s(k) propagates radiatively and the
sound level falls off as a function of distance from the
source. Then the signal captured by the n-th microphone
at time k can be expressed as follows:

xn(k)= αns(k− τn)+bn(k), n = 1, 2, · · · , N ,

(51.1)

where αn (0 ≤ αn ≤ 1) is an attenuation factor due to
propagation loss, τn is the propagation time, and bn(k)
is additive noise. The time difference of arrival (TDOA)
between the i-th and j-th microphones is defined as,

τij � τi − τ j , i, j = 1, 2, · · · , N . (51.2)

The noise signal bn(k) is presumed to be a zero-
mean, white, Gaussian random process, and is
uncorrelated with the source signal as well as the noise
signals at other microphones.
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Fig. 51.1a,b Illustration of the two acoustic signal mod-
els for time delay estimation: (a)ideal free-field model and
(b)real reverberant model

Real Reverberant Model
While the ideal free-field model has the merit of being
simple, it does not take into account room reverberation.
Therefore, in a real reverberant environment, the ideal
free-field model is inadequate and problematic, and we
need a more-comprehensive and more-informative al-
ternative to describe the effect of multipath propagation.
The real reverberant model treats the acoustic impulse
response with an FIR filter, as illustrated by Fig. 51.1b.
In such a single-input multiple-output (SIMO) system,
the n-th microphone signal is given by

xn(k)= hn ∗ s(k)+bn(k), n = 1, 2, · · · , N ,

(51.3)

where hn is the n-th channel impulse response, and the
symbol ∗ denotes the linear convolution operator. In
vector/matrix form, (51.3) can be rewritten as

xn(k)= Hn · s(k)+bn(k), n = 1, 2, · · · , N ,

(51.4)

where

xn(k)=
[
xn(k) · · · xn(k− L+1)

]T
,

Hn =

⎛
⎜⎜⎝

hn,0 · · · hn,L−1 · · · 0
...

. . .
. . .

. . .
...

0 · · · hn,0 · · · hn,L−1

⎞
⎟⎟⎠ ,

s(k)=
[
s(k) s(k−1) · · · s(k− L+1)

· · · s(k−2L+2)
]T
,

bn(k)=
[
bn(k) · · · bn(k− L+1)

]T
,

where [·]T denotes the transpose of a vector or a ma-
trix, and L is the length of the longest channel impulse
response in this SIMO system.

In contrast to the ideal free-field model, the time
delay τn in the real reverberant model is an implicit
or hidden parameter. Using such a model, TDE can
be performed only after the SIMO system is blindly
identified (since the source signal is unknown), which
looks like a more-difficult problem but is fortunately not
insurmountable.

51.2.2 The Family of the Generalized
Cross-Correlation Methods

The generalized cross-correlation (GCC) algorithm pro-
posed by Knapp and Carter [51.19] is so far the most
widely used approach to TDE. It employs the ideal free-
field model (51.1) and considers only two microphones,
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i. e., N = 2. Then the TDOA estimate between the two
microphones is obtained as the time lag that maximizes
the cross-correlation between the filtered signals of the
microphone outputs:

τ̂GCC
12 = arg max

τ
rGCC

x1x2
(τ) , (51.5)

where

rGCC
x1x2

(τ)� F −1 {Ψx1x2 ( f )
}

=
∞∫

−∞
Ψx1x2 ( f )ei2π f τ d f

=
∞∫

−∞
Φ( f )Sx1x2 ( f )ei2π f τ d f (51.6)

is the GCC function, F −1{·} stands for the inverse
discrete-time Fourier transform (IDTFT),

Sx1x2 ( f )� E
{

X1( f )X∗2( f )
}

(51.7)

is the cross spectrum, Φ( f ) is a frequency-domain
weighting function,

Ψx1x2 ( f )=Φ( f )Sx1x2 ( f ) (51.8)

is the generalized cross spectrum,

Xn( f )=
∑

k

xn(k)e−i2π fk, n = 1, 2 ,

where E{·} denotes mathematical expectation, and (·)∗
denotes complex conjugate.

There are many different choices of the frequency-
domain weighting functionΦ( f ), leading to a variety of
different GCC methods for TDE. In the following, sev-
eral most known and practically most useful algorithms
in this family will be discussed.

Classical Cross-Correlation
The classical cross-correlation (CCC) method takes
Φ( f )= 1. We know from the ideal free-field model
(51.1) that

Xn( f )= αn e−i2π f τn S( f )+ Bn( f ), n = 1, 2 .
(51.9)

Substituting (51.9) into (51.8) and noting that the noise
signal at one microphone is uncorrelated with the source
signal and the noise signal at the other microphone by
assumption, we have

ΨCCC
x1x2

( f )= α1α2 e−i2π f τ12 E
{
|S( f )|2

}
. (51.10)

The fact that ΨCCC
x1x2

( f ) depends on the source sig-
nal is detrimental for TDE since speech is inherently
nonstationary.

Smoothed Coherence Transform
In order to overcome the impact of fluctuating levels of
the speech source signal on TDE, an effective way is
to pre-whiten the microphone outputs before their cross
spectrum is computed. This is equivalent to choosing

Φ( f )= 1√
E
{|X1( f )|2}E{|X2( f )|2} , (51.11)

which leads to the so-called smoothed coherence trans-
form (SCOT) method [51.20]. Substituting (51.9) and
(51.11) into (51.8) produces the SCOT cross-spectrum:

Ψ SCOT
x1x2

( f )= α1α2 e−i2π f τ12 E
{|S( f )|2}√

E
{|X1( f )|2}E

{|X2( f )|2}
= α1α2 e−i2π f τ12 E{|S( f )|2}√

α2
1 E{|S( f )|2}+σ2

b1
( f )·

×
1√

α2
2 E{|S( f )|2}+σ2

b2
( f )

= e−i2π f τ12√
1+ 1

SNR1( f )
·
√

1+ 1
SNR2( f )

,

(51.12)

where

σ2
bn

( f )= E
{|Bn( f )|2},

SNRn( f )= αn E{|S( f )|2}
E
{|Bn( f )|2} , n = 1, 2 .

If the signal-to-noise ratios (SNRs) are the same at the
two microphones, then we get

Ψ SCOT
x1x2

( f )=
(

SNR( f )

1+SNR( f )

)
· e−i2π f τ12 . (51.13)

Therefore, the performance of the SCOT algorithm for
TDE would vary with the SNR. But when the SNR is
large enough,

Ψ SCOT
x1x2

( f )≈ e−i2π f τ12 ,

which implies independent TDE performance of the
power of the source signal. The SCOT method is the-
oretically superior to the CCC method only when the
noise level is low.
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Phase Transform
It becomes clear by examining (51.6) that the TDOA
information is conveyed in the phase rather than the am-
plitude of the cross-spectrum. Therefore, we can simply
discard the amplitude and only keep the phase. By setting

Φ( f )= 1∣∣Sx1x2 ( f )
∣∣ , (51.14)

we get the phase transform (PHAT) method [51.19]. In
this case, the generalized cross spectrum is given by

Ψ PHAT
x1x2

( f )= e−i2π f τ12, (51.15)

which depends only on the TDOA τ12. Substituting
(51.15) into (51.6), we obtain an ideal GCC function:

rPHAT
x1x2

(τ)=
∞∫

−∞
ei2π f (τ−τ12) d f =

{
∞, τ = τ12,

0, otherwise.

(51.16)

As a result, the PHAT method in general performs better
than the CCC and SCOT methods for TDE with respect
to a speech sound source.

Discussion: The GCC methods are computation-
ally efficient. They induce very short decision delays
and hence have good tracking capability: an estimate
is produced almost instantaneously. The GCC methods
have been well studied and are found to perform fairly
well in moderately noisy and nonreverberant environ-
ments [51.21, 22]. In order to improve their robustness
to additive noise, many amendments have been pro-
posed [51.6, 23–25]. However, these methods still tend
to break down when room reverberation is high. This is
insightfully explained by the fact that the GCC meth-
ods model the surrounding acoustic environment as an
ideal free field and thus have a fundamental weakness in
their inability to cope with room reverberation. Cepstral
prefiltering was suggested to overcome the multipath
propagation effect of room reverberation in [51.26].
However, the improvement is limited and shortcom-
ings still remain. Therefore, the main focus of current
research in TDE is on combating the effect of room
reverberation.

51.2.3 Adaptive Eigenvalue Decomposition
Algorithm

The adaptive eigenvalue decomposition (AED) al-
gorithm [51.27] approaches the TDE problem from
a different point of view from the traditional GCC
methods. While the AED also considers only two mi-
crophones, it adopts the real reverberant rather than the

ideal free-field model. It first identifies the two channel
impulse responses, and then measures the time differ-
ence between the two recognized direct paths as the
TDOA estimate. Since the source signal is unknown,
the channel identification has to be a blind method.

Following the real reverberant model (51.3) and the
fact that, in the absence of additive noise,

x1(k)∗h2 = s(k)∗h1 ∗h2 = x2(k)∗h1 , (51.17)

we deduce the following cross relation in vector/matrix
form at time k:

xT(k)u= xT
1 (k)h2− xT

2 (k)h1 = 0, (51.18)

where

x(k)=
[
xT

1 (k) xT
2 (k)

]T
,

u=
[
hT

2 −hT
1

]T
,

hn =
[
hn,0 hn,1 · · · hn,L−1

]T
, n = 1, 2 .

Multiplying (51.18) by x(k) from the left-hand side
and taking the expectation yields

Rxxu= 0 , (51.19)

where Rxx � E
{

x(k)xT(k)
}

is the covariance matrix of
the two microphone signals. This indicates that the vec-
tor u, which consists of the two impulse responses, is
in the null space of R. More specifically, u is the eigen-
vector of Rx corresponding to its eigenvalue 0. If Rx is
rank deficient by 1, u can be uniquely determined up
to a scale, which is equivalent to saying that the two-
channel SIMO system can be blindly identified. Using
what has been proved in [51.28], we know that such
a two-channel acoustic SIMO system is blindly iden-
tifiable using only the second-order statistics (SOS) of
the microphone outputs if and only if the following two
conditions hold:

• The polynomials formed from h1 and h2 are co-
prime , i. e., their channel transfer functions share no
common zeros ,• The autocorrelation matrix Rss = E{s(k)sT(k)} of
the source signal is of full rank (such that the SIMO
system can be fully excited).

In practice, noise always exists and the covariance
matrix Rxx is positively definite rather than positively
semidefinite. As a consequence, u is found as the nor-
malized eigenvector of Rxx corresponding to its smallest
eigenvalue:

û= arg min
u

uT Rxxu, subject to ‖u‖2 = 1 . (51.20)
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1048 Part I Multichannel Speech Processing

In the AED algorithm, solving (51.20) is carried out
adaptively using a constrained LMS algorithm:

Initialize

ĥn(0)=
[√

2
2 0 · · · 0

]T
, n = 1, 2 ;

û(0)=
[
ĥT

2 (0) −ĥT
1 (0)

]T ;
Compute, k = 0, 1, · · ·

e(k)= ûT(k)x(k),

û(k+1)= û(k)−μe(k)x(k)

‖û(k)−μe(k)x(k)‖ , (51.21)

where the adaptation step size μ is a small positive
constant.

After the AED algorithm converges, the time dif-
ference between the direct paths of the two identified
channel impulse responses ĥ1 and ĥ2 is measured as the
TDOA estimate:

τ̂AED
12 = arg max

l
|ĥ1,l|− arg max

l
|ĥ2,l| . (51.22)

51.2.4 Adaptive Blind Multichannel
Identification Based Methods

The AED algorithm provides us with a new way to look
at the TDE problem, which was found to be particularly
useful to combat room reverberation. It applies the more-
realistic real-reverberant model to a two-microphone
acoustic system at a time and attempts to blindly iden-
tify the two-channel impulse responses, from which
the embedded TDOA information of interest is then
extracted. Clearly the blind two-channel identification
technique plays a central role in such an approach.
The more accurately the two impulse responses are
blindly estimated, the more precisely the TDOA can
be inferred. However, for a two-channel system, the ze-
ros of the two channels can be close, especially when
their impulse responses are long, which leads to an
ill-conditioned system that is difficult to identify. If
they share some common zeros, the system becomes
unidentifiable (using only second-order statistics) and
the AED algorithm may completely fail. It was sug-
gested in [51.29] that this problem can be alleviated
by employing more microphones. When more micro-
phones are employed, it is less likely that all channels
will share a common zero. As such, blind identification
deals with a more well-conditioned SIMO system and
the solutions can be globally optimized over all channels.
The resulting algorithm is referred to as the adaptive

blind multichannel identification (ABMCI)-based TDE
algorithm.

The generalization of blind SIMO identification
from two channels to multiple (> 2) channels is not
straightforward and in [51.30] a systematic way was
proposed. Consider a SIMO system with N channels
whose outputs are described by (51.3). Each pair of the
system outputs has a cross-relation similar to (51.18) in
the absence of noise:

xT
i (k)h j = xT

j (k)hi , i, j = 1, 2, · · · , N . (51.23)

When noise is present or the channel impulse responses
are improperly modeled, the cross-relation does not hold
and the a priori error signal can be defined as

eij (k+1)= xT
i (k+1)ĥ j (k)− xT

j (k+1)ĥi (k)

‖ĥ(k)‖ ,

i, j = 1, 2, · · · , N , (51.24)

where ĥi(k) is the model filter for the i-th channel at
time k and

ĥ(k)=
[
ĥT

1 (k) ĥT
2 (k) · · · ĥT

N (k)
]T

.

The model filters are normalized to avoid a trivial so-
lution whose elements are all zeros. Based on the error
signal defined here, a cost function at time k+1 is given
by

J(k+1)=
N−1∑
i=1

N∑
j=i+1

e2
ij (k+1) . (51.25)

The multichannel LMS (MCLMS) algorithm updates
the estimate of the channel impulse responses as follows:

ĥ(k+1)= ĥ(k)−μ∇ J(k+1), (51.26)

where μ is again a small positive step size. As shown
in [51.30], the gradient of J(k+1) is computed as:

∇ J(k+1)= ∂J(k+1)

∂ĥ(k)

=
2
[

R̃x+(k+1)ĥ(k)− J(k+1)ĥ(k)
]

‖ĥ(k)‖2
,

(51.27)
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where

R̃x+(k)�

⎛
⎜⎜⎜⎜⎝

∑
n 
=1 R̃xn xn (k) −R̃x2x1 (k)

−R̃x1x2 (k)
∑

n 
=2 R̃xn xn (k)
...

...

−R̃x1xN (k) −R̃x2xN (k)

· · · −R̃xN x1 (k)

· · · −R̃xN x2 (k)
. . .

...

· · · ∑n 
=N R̃xn xn (k)

⎞
⎟⎟⎟⎟⎠

and

R̃xi x j (k)� xi (k)xT
j (k) , i, j = 1, 2, · · · , N .

If the model filters are always normalized after each
update, then a simplified MCLMS algorithm is obtained:

ĥ(k+1)

=
ĥ(k)−2μ

[
R̃x+(k+1)ĥ(k)− J(k+1)ĥ(k)

]
∥∥∥ĥ(k)−2μ

[
R̃x+(k+1)ĥ(k)− J(k+1)ĥ(k)

]∥∥∥ .
(51.28)

A number of other adaptive blind SIMO identification
algorithms with faster convergence and lower com-
putational complexity have also been developed, e.g.,
[51.31, 32]. Due to space limitations, we choose not to
present the development of those algorithms and refer
the reader to [51.33] and references therein for more
details.

After the adaptive algorithm converges, the TDOA
between any two microphones can be inferred as

τ̂ABMCI
ij = arg max

l
|ĥi,l|− arg max

l
|ĥ j,l| ,

i, j = 1, 2, · · · , N , (51.29)

which implies that in every channel the direct path is al-
ways dominant. This is generally true for acoustic waves,
which would be considerably attenuated by wall reflec-
tion. But sometimes two or more reverberant signals via
multipaths of equal delay could add coherently such that
the direct-path component no longer dominates the im-
pulse response. Therefore a more-robust way to pick
the direct-path component is to identify the Q (Q > 1)
strongest elements in the impulse responses and choose

the one with the smallest delay [51.29]:

τ̂ABMCI
ij =min

{
arg max

l

q|ĥi,l|
}

−min

{
arg max

l

q|ĥ j,l|
}
,

i, j = 1, 2, · · · , N , q = 1, 2, · · · , Q ,

(51.30)

where maxq computes the q-th largest element.

51.2.5 Multichannel Spatial Prediction
and Interpolation Methods

While the blind SIMO identification-based TDE algo-
rithms cope well with room reverberation, they have
relatively poor tracking capability. As a result, in
a rapidly varying acoustic environment, they will have
a problem. From this perspective, cross-correlation-
based methods do have some advantages and so there
have been continuous efforts to improve their robustness
against noise and reverberation.

In Sect. 51.2, only two microphones was consid-
ered. In this section, we explore the possibility of using
multiple microphones (greater than two) to improve
the estimate accuracy of the TDOA between the first
two microphones in adverse acoustic environments. For
a three-microphone system, the three TDOAs, namely
τ12, τ13, and τ23, are apparently not independent but
obey the following relation: τ13 = τ12+τ23. The idea of
exploiting TDOA redundancy in sensor arrays was first
conceived in [51.34] and a Kalman-filtering-based two-
stage TDE algorithm was proposed. Recently, following
a similar line of thoughts, several fusion algorithms have
been developed [51.35–37]. In what follows, we present
a multichannel TDE algorithm using spatial prediction
and interpolation [51.38, 39], which takes advantage of
the TDOA redundancy among multiple microphones in
a more-intuitive way.

Suppose that there are N (N > 2) microphones in
an open space to which the ideal free field can be
properly applied. The N microphones are positioned in
a prespecified geometric pattern such that the TDOA of
a microphone pair can be expressed as a function of the
TDOAs of a small number of other microphone pairs.
The number depends on the distance of the source from
the microphone array and on whether the microphones
constitute a two-dimensional (2-D) or three-dimensional
(3-D) array. For ease of presentation, let us consider
a linear array and a far-field speech source. Then we
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1050 Part I Multichannel Speech Processing

have

τ1n = τ1− τn = fn(τ12) , n = 1, 2, · · · , N ,

(51.31)

where

f1(τ12)= 0 , f2(τ12)= τ12 .

Substituting (51.31) into (51.1) gives

xn(k)= αns[k− τ1+ fn(τ12)]+bn(k) . (51.32)

In the absence of noise, since it can be easily checked
that

xn[k+ fN (τ12)− fn(τ12)] = αns(k− τN ) ,

∀n = 1, 2, · · · , N , (51.33)

we know that x1[k+ fN (τ12)] is aligned with xn[k+
fN (τ12)− fn(τ12)]. Therefore, a forward spatial predic-
tion error signal can be defined as:

e1(k, τ)� x1[k+ fN (τ)]− xT
a,2:N (k, τ)a2:N (τ) ,

(51.34)

where τ is a dummy variable for the hypothesized TDOA
τ12,

xa,2:N (k, τ)

=
[
x2[k+ fN (τ)− f2(τ)] · · · xN (k)

]T
(51.35)

is the aligned (subscript ‘a’) signal vector, and

a2:N (τ)=
[
a2(τ) a3(τ) · · · aN (τ)

]T

contains the forward spatial linear prediction coef-
ficients. Minimizing the mean-square value of the
prediction error signal

J1(τ)� E
{

e2
1(k, τ)

}
(51.36)

leads to the Wiener–Hopf equation

Ra,2:N (τ)a2:N (τ)= ra,2:N (τ) , (51.37)

where

Ra,2:N (τ)

� E
{

xa,2:N (k, τ)xT
a,2:N (k, τ)

}

=

⎛
⎜⎜⎜⎜⎝

σ2
x2

ra,x2x3 (τ) · · · ra,x2xN (τ)

ra,x3x2 (τ) σ2
x3

· · · ra,x3xN (τ)
...

...
. . .

...

ra,xN x2 (τ) ra,xN x3 (τ) · · · σ2
xN

⎞
⎟⎟⎟⎟⎠

is the spatial correlation matrix of the aligned signals
with

σ2
xn
= E

{
x2

n(k)
}
, n = 1, 2, · · · , N ,

ra,xi x j (τ)= E
{

xi [k+ fN (τ)− fi (τ)]
× x j [k+ fN (τ)− f j (τ)]}

= E
{

xi [k− fi (τ)]x j [k− f j (τ)]} ,
i, j = 1, 2, · · · , N ,

and

ra,2:N (τ)�
[
ra,x1x2 (τ) ra,x1x3 (τ) · · · ra,x1xN (τ)

]T
.

Substituting the solution of the Wiener–Hopf (51.37),
which is

a2:N (τ)= R−1
a,2:N (τ) ra,2:N (τ) ,

into (51.34) gives the minimum forward prediction error

e1,min(k, τ)

= x1[k+ fN (τ)]− xT
a,2:N (k, τ)R−1

a,2:N (τ)ra,2:N (τ) .
(51.38)

Accordingly, we have

J1,min(τ)� E
{

e2
1,min(k, τ)

}
= σ2

x1
−rT

a,2:N (τ)R−1
a,2:N (τ)ra,2:N (τ) .

(51.39)

Then we can argue that the time lag τ that induces a min-
imum J1,min(τ) would be the TDOA between the first
two microphones:

τ̂FSP
12 = arg min

τ
J1,min(τ) , (51.40)

where the superscript ‘FSP’ stands for forward spatial
predication .

Similarly, the multichannel TDE algorithm can be
developed using backward prediction or interpolation
with any one of the N microphone outputs being re-
garded as the reference signal.

51.2.6 Multichannel Cross-Correlation
Coefficient Algorithm

The idea of using the spatial prediction (or interpolation)
error to measure the correlation among multiple signals
is intuitive and helpful. However in statistics and signal
processing, the cross-correlation coefficient is a more
widely used concept for this purpose. Since the cross-
correlation coefficient is defined traditionally only for
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two random processes, it first needs to be generalized
to multiple random processes before being employed in
the development of a multichannel TDE algorithm.

The definition of a multiple coherence function,
derived from the concepts of the ordinary coherence
function between two signals and the partial (condi-
tioned) coherence function, was presented in [51.40]
to measure the correlation among the output of
a multiple-input signal-output (MISO) system and its
inputs. In [51.38] and [51.39], the multichannel cross-
correlation coefficient (MCCC) was constructed in
a new way from the multichannel correlation matrix;
this provides a seamless generalization of the classical
cross-correlation coefficient to the case where there are
multiple random processes.

Following (51.35), we denote

xa(k, τ)�
[
x1[k+ fN (τ)] xT

a,2:N (k, τ)
]T

, (51.41)

and

Ra(τ)� E
{

xa(k, τ)xT
a (k, τ)

}

=

⎛
⎜⎜⎜⎜⎝

σ2
x1

ra,x1x2 (τ) · · · ra,x1xN (τ)

ra,x2x1 (τ) σ2
x2

· · · ra,x2xN (τ)
...

...
. . .

...

ra,xN x1 (τ) ra,xN x2 (τ) · · · σ2
xN

⎞
⎟⎟⎟⎟⎠ .

(51.42)

The spatial correlation matrix Ra(τ) can be factored as
follows:

Ra(τ)=Σ R̃a(τ)Σ, (51.43)

where

Σ =

⎛
⎜⎜⎜⎜⎝
σx1 0 · · · 0

0 σx2 · · · 0
...

...
. . .

...

0 · · · 0 σxN

⎞
⎟⎟⎟⎟⎠

is a diagonal matrix,

R̃a(τ)=

⎛
⎜⎜⎜⎜⎝

1 ρa,x1x2 (τ) · · · ρa,x1xN (τ)

ρa,x2x1 (τ) 1 · · · ρa,x2xN (τ)
...

...
. . .

...

ρa,xN x1 (τ) ρa,xN x2 (τ) · · · 1

⎞
⎟⎟⎟⎟⎠

is a symmetric matrix, and

ρa,xi x j (τ)�
ra,xi x j (τ)

σiσ j
, i, j = 1, 2, · · · , N ,

is the cross-correlation coefficient between the i-th and
j-th aligned microphone signals.

Since matrix R̃a(τ) is symmetric, positively semidef-
inite, and its diagonal elements are all equal to one, it
was shown in [51.38] and [51.39] that

0≤ det
[
R̃a(τ)

]≤ 1 , (51.44)

where det(·) stands for determinant.
In the two-channel case, it can easily be checked that

the squared cross-correlation coefficient is linked to the
normalized spatial correlation matrix by

ρ2
a,x1x2

(τ)= 1−det
[
R̃a,1:2(τ)

]
. (51.45)

Then by analogy the squared MCCC among the N
aligned signals xn[k+ fN (τ)− fn(τ)], n = 1, 2, · · · , N ,
is constructed as:

ρ2
a,x1:xN

(τ)�1−det
[
R̃a(τ)

]
.

=1− det [Ra(τ)]∏N
n=1 σ

2
xn

. (51.46)

The MCCC has the following properties (presented
without proof) [51.41].

1. 0≤ ρ2
a,x1:xN

(τ)≤ 1.
2. If two or more signals are perfectly correlated, then

ρ2
a,x1:xN

(τ)= 1.
3. If all the signals are completely uncorrelated with

each other, then ρ2
a,x1:xN

(τ)= 0.
4. If one of the signals is completely uncorrelated with

the N−1 other signals, then the MCCC will mea-
sure the correlation among those N−1 remaining
signals.

Using the definition of MCCC, we deduce an esti-
mate of the TDOA between the first two microphone
signals as

τ̂MCCC
12 = arg max

τ
ρ2

a,x1:xN
(τ) , (51.47)

which is equivalent to computing

τ̂MCCC
12 = arg max

τ

{
1− det [Ra(τ)]∏N

n=1 σ
2
xn

}

= arg min
τ

det [Ra(τ)] . (51.48)

To investigate the link of the MCCC method to the
FSP method, let us revisit the spatial prediction error
function given by (51.39). We define

a(τ)�
[
a1(τ) a2(τ) · · · aN (τ)

]T

=
[
a1(τ) aT

2:N (τ)
]T

. (51.49)
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Then, for a1(τ)=−1, the forward spatial prediction
error signal (51.34) can be written as

e1(k, τ)=−xT
a (k, τ)a(τ) , (51.50)

and (51.36) can be expressed as

J1(τ)= E
{

e2
1(k, τ)

}
+κ

[
vT

1 a(τ)+1
]

= aT(τ)Ra(τ)a(τ)+κ
[
vT

1 a(τ)+1
]
,

(51.51)

where κ is a Lagrange multiplier introduced to force
a1(τ) to have value −1 and

v1 �
[
1 0 · · · 0

]T
.

Taking the derivative of (51.51) with respect to a(τ) and
setting the result to zero yields

∂J1(τ)

∂a(τ)
= 2Ra(τ)a(τ)+ kv1 = 0 . (51.52)

Solving (51.52) for a(τ) produces

a(τ)=−κR−1
a (τ)v1

2
. (51.53)

Substituting (51.53) into (51.51) leads to

J1(τ)= κ

(
1− vT

1 R−1
a (τ)v1

4
κ

)
, (51.54)

from which we know that

J1,min(τ)= 1

vT
1 R−1

a (τ)v1
. (51.55)

Substituting (51.43) into (51.55) and using the fact that

Σ−1v1 = v1

σx1

,

we have

J1,min(τ)= σ2
x1

vT
1 R̃−1

a (τ)v1
. (51.56)

Note that vT
1 R̃−1

a (τ)v1 is the (1, 1)-th element of matrix
R̃−1

a (τ), which is computed using the adjoint method as
the (1, 1)-th cofactor of R̃a(τ) divided by the determinant
of R̃a(τ), i. e.,

vT
1 R̃−1

a (τ)v1 = det
[
R̃a,2:N(τ)

]
det

[
R̃a(τ)

] , (51.57)

where R̃a,2:N(τ) is the lower-right submatrix of R̃a(τ)
formed by removing the first row and the first column.
By substituting (51.57) into (51.56), we get

J1,min(τ)= σ2
x1
· det

[
R̃a(τ)

]
det

[
R̃a,2:N(τ)

] . (51.58)

Therefore, the FSP estimate of τ12 is found as

τ̂FSP
12 = arg min

τ
J1,min(τ)

= arg min
τ

det
[
R̃a(τ)

]
det

[
R̃a,2:N(τ)

] . (51.59)

Comparing (51.48) to (51.59) reveals a clear distinction
between the two methods in spite of the strong similarity
in principle. In practice, the FSP method has a numerical
stability problem since the calculation of the FSP cost
function (51.58) involves division by det

[
R̃a,2:N (τ)

]
,

while the MCCC method is found to be fairly stable.
It is worth pointing out that the microphone outputs

can be pre-whitened before computing their MCCC as
was done in the SCOT algorithm in the two-channel sce-
nario. Using this approach, the TDE algorithms become
more robust to volume variations of the speech source
signal.

51.2.7 Minimum-Entropy Method

While the MCCC-based TDE algorithm performs well
in the presence of noise and reverberation, the MCCC is
by no means the only choice for developing the concept
of multichannel TDE. MCCC is a second-order-statistics
(SOS) measure of dependence among multiple random
variables and is ideal for Gaussian source signals. How-
ever for non-Gaussian source signals such as speech,
MCCC is not sufficient and higher-order statistics (HOS)
have more to say about their dependence.

The concept of entropy, which is a statistical (ap-
parently HOS) measure of randomness or uncertainty of
a random variable, was introduced by Shannon in the
context of communication theory [51.42]. For a random
variable x with a probability density function (PDF) p(x)
(in this chapter, we choose not to distinguish between
random variables and their realizations for the concise-
ness of presentation), the entropy is defined as [51.43]:

H(x)=−
∫

p(x) ln p(x)dx

=−E {ln p(x)} . (51.60)

The entropy (in the continuous case) is a measure of
the structure contained in the PDF [51.44]. As far as the
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multivariate random variable xa(k, τ) given by (51.41)
is concerned, the joint entropy is:

H [xa(k, τ)]

=−
∫

p [xa(k, τ)] ln p [xa(k, τ)] dxa(k, τ) .

(51.61)

It was then argued in [51.45] that the time lag τ that
gives the minimum of H [xa(k, τ)] corresponds to the
TDOA between the two microphones:

τ̂ME
12 = arg min

τ
H [xa(k, τ)] , (51.62)

where the superscript ‘ME’ refers to the minimum-
entropy method.

Gaussian Source Signal
If the source is Gaussian, so are the microphone outputs
in the absence of noise. Suppose that the aligned micro-
phone signals are zero-mean and joint Gaussian random
signals. Their joint PDF is then given by

p [xa(k, τ)]= exp [−ηa(k, τ)/2]√
(2π)N det [Ra(τ)]

, (51.63)

where

ηa(k, τ)� xT
a (k, τ)R−1

a (τ)xa(k, τ) . (51.64)

By substituting (51.63) into (51.61), the joint entropy
can be computed [51.45] as:

H [xa(k, τ)]= 1

2
ln
{

(2π e)N det [Ra(τ)]
}
. (51.65)

Consequently, (51.62) becomes

τ̂ME
12 = arg min

τ
det [Ra(τ)] . (51.66)

It is clear from (51.48) and (51.66) that minimizing
the entropy is equivalent to maximizing the MCCC for
Gaussian source signals.

Speech Source Signal
Speech is a complicated random process and there is no
rigorous mathematical formula for its entropy. However,
in speech research it was found that speech can be fairly
well modeled by a Laplace distribution [51.46, 47].

The univariate Laplace distribution with zero mean
and variance σ2

x is given by

p(x)=
√

2

2σx
e−
√

2|x|/σx , (51.67)

and the corresponding entropy is [51.43],

H(x)= 1+ ln
(√

2 σx

)
. (51.68)

Suppose that xa(k, τ) has a multivariate Laplace
distribution with mean 0 and covariance matrix
Ra(τ) [51.48], [51.49]:

p [xa(k, τ)]= 2 [ηa(k, τ)/2]P/2 K P
[√

2ηa(k, τ)
]

√
(2π)N det [Ra(τ)]

,

(51.69)

where P = (2− N)/2 and K P(·) is the modified Bessel
function of the third kind (also called the modified Bessel
function of the second kind) given by

K P(a)= 1

2

(a

2

)P
∞∫

0

z−P−1 exp

(
−z− a2

4z

)
dz ,

a > 0 . (51.70)

The joint entropy is

H [xa(k, τ)]= 1

2
ln

(
(2π)N det [Ra(τ)]

4

)

− P

2
E

{
ln

(
ηa(k, τ)

2

)}

− E
{

ln K P

[√
2ηa(k, τ)

]}
. (51.71)

The two quantities E {ln [ηa(k, τ)/2]} and E
{

ln K P

×
[√

2ηa(k, τ)
] }

do not seem to have a closed form.
So a numerical scheme needs to be developed to esti-
mate them. One possibility to do this is the following.
Assume that all processes are ergodic . As a result, en-
semble averages can be replaced by time averages. If
there are K samples for each element of the observation
vector xa(k, τ), the following estimators were proposed
in [51.45]:

E {ln [ηa(k, τ)/2]} ≈ 1

K

K−1∑
k=0

ln [ηa(k, τ)/2] ,

(51.72)

E
{

ln K P

[√
2ηa(k, τ)

]}
≈ 1

K

K−1∑
k=0

ln K P

×
[√

2ηa(k, τ)
]
. (51.73)

The simulation results presented in [51.45] show that
the ME algorithm performs in general comparably to
or better than the MCCC algorithm. Apparently the
ME algorithm is computationally intensive, but the idea
of using entropy expands our horizon of knowledge in
pursuit of new TDE algorithms.
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51.3 Source Localization

51.3.1 Problem Formulation

The problem addressed here is the estimation of the loca-
tion of an acoustic point source given the array geometry
and the relative TDOA measurements between different
microphone pairs. The problem is stated mathematically
as follows.

Consider an array that consists of N microphones.
As shown in Fig. 51.2, these microphones are located in
a 3-D Cartesian coordinate system at positions

γ n �
[
xn yn zn

]T
, n = 1, 2, · · · , N . (51.74)

Without loss of generality, the first microphone (n = 1)
is regarded as the reference and is placed at the origin of
the coordinate system, i. e., γ 1 = [0 0 0]T. The acoustic
source is located at γ s � [xs ys zs]T. The distances from
the origin to the n-th microphone and the source are
denoted by Ωn and Ωs, respectively, where

Ωn � ‖γ n‖ =
√

x2
n+ y2

n+ z2
n, n = 1, 2, · · · , N,

(51.75)

Ωs � ‖γ s‖ =
√

x2
s + y2

s + z2
s . (51.76)

The distance between the source and the n-th micro-
phone is denoted by

Dn �‖γ n−γ s‖
=
√

(xn− xs)2+ (yn− ys)2+ (zn− zs)2 . (51.77)

The difference in the distances of microphones i and j
from the source is given by

dij � Di −D j , i, j = 1, 2, · · · , N . (51.78)
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Fig. 51.2 Spatial diagram illustrating variables defined in
the source localization problem

This difference is usually termed the range difference; it
is proportional to the time difference of arrival τij . If the
speed of sound is c, then

dij = c · τij . (51.79)

The speed of sound (in m/s) can be estimated from the
air temperature tair (in degrees Celsius) according to the
following approximate (first-order) formula,

c≈ 331+0.610 tair . (51.80)

The localization problem is then to estimate γ s given
the set of γ n and τij . Note that there are N(N−1)/2 dis-
tinct TDOA estimates τij , which exclude the case i = j
and counts the τij =−τ ji pair only once. However, in
the absence of noise, the space spanned by these TDOA
estimates is (N−1)-dimensional. Any N−1 linearly in-
dependent TDOAs determine all of the others. In a noisy
environment, the TDOA redundancy can be used to im-
prove the accuracy of the source localization algorithms,
but this would increase their computational complexity.
For simplicity and also without loss of generality, we
choose τn1, n = 2, · · · , N as the basis for this �

N−1

space in this Chapter.

51.3.2 Measurement Model
and Cramèr–Rao Lower Bound

When the source localization problem is examined us-
ing estimation theory, the measurements of the range
differences are modeled by

dn1 = gn(γ s)+ εn, n = 2, · · · , N , (51.81)

where

gn(γ s)= ‖γ n−γ s‖−‖γ s‖ ,
and the εn are measurement errors. In vector form, such
an additive measurement error model becomes,

d = g(γ s)+ ε , (51.82)

where

d =
[
d21 d31 · · · dN1

]T
,

g(γ s)=
[
g2(γ s) g3(γ s) · · · gN (γ s)

]T
,

ε =
[
ε2 ε3 · · · εN

]T
.

Furthermore, it was postulated that the additive mea-
surement errors have zero mean and are independent of
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the range difference observation, as well as the source
location γ s [51.50]. For a continuous-time estimator,
the corrupting noise, as indicated in [51.16], is jointly
Gaussian distributed. The PDF of d conditioned on γ s
is subsequently given by,

p
(
d|γ s

)
=

exp
{
− 1

2

[
d− g(γ s)

]T R−1
εε

[
d− g(γ s)

]}
√

(2π)N det(Rεε)
,

(51.83)

where Rεε � E
{
εεT

}
is the covariance matrix of ε.

Note that Rεε is independent of γ s by assumption.
Since digital equipment is used to sample the micro-
phone waveforms and estimate the TDOAs, the error in-
troduced by discrete-time processing also has to be taken
into account. When this is done, the measurement error
is no longer Gaussian and is more-properly modeled as
a mixture of Gaussian noise and noise that is uniformly
distributed over [−Tsc/2, Tsc/2], where Ts is the sam-
pling period. As an example, for a digital source location
estimator with an 8 KHz sampling rate operating at room
temperature (25 ◦C, implying that c≈ 346.25 m/s), the
maximum error in range difference estimates due to
sampling is about ±2.164 cm, which leads to consid-
erable errors in the location estimate, especially when
the source is far from the microphone array.

Under the measurement model given by (51.82), we
are now faced with the parameter estimation problem of
extracting the source location information from the mis-
measured range differences or the equivalent TDOAs.
For an unbiased estimator, a Cramèr–Rao lower bound
(CRLB) can be placed on the variance of each esti-
mated coordinate of the source location. However, since
the range difference function g(γ s) in the measurement
model is nonlinear in the parameters under estimation,
it is very difficult (or even impossible) to find an unbi-
ased estimator that is mathematically simple and attains
the CRLB. The CRLB is usually used as a benchmark
against which the statistical efficiency of any unbiased
estimators can be compared.

In general, without any assumptions made about the
PDF of the measurement error ε, the CRLB of the i-
th (i = 1, 2, 3) parameter variance is found as the [i, i]
element of the inverse of the Fisher information matrix
defined by [51.51]:

[I(γ s)]ij �−E

(
∂2 ln p

(
d|γ s

)
∂γs,i∂γs, j

)
, i, j = 1, 2, 3 ,

(51.84)

where the three parameters of γ s, i. e., γs,1, γs,2, and γs,3,
are the x, y, and z coordinates of the source location,
respectively.

In the case of a Gaussian measurement error, the
Fisher information matrix becomes [51.52]:

I(γ s)=
(
∂g(γ s)

∂γ s

)T

R−1
εε

(
∂g(γ s)

∂γ s

)
, (51.85)

where ∂g(γ s)/∂γ s is an (N−1) × 3 Jacobian matrix
defined as,

∂g(γ s)

∂γ s
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂g2(γ s)

∂xs

∂g2(γ s)

∂ys

∂g2(γ s)

∂zs
∂g3(γ s)

∂xs

∂g3(γ s)

∂ys

∂g3(γ s)

∂zs
...

...
...

∂gN (γ s)

∂xs

∂gN (γ s)

∂ys

∂gN (γ s)

∂zs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

(u2→s−u1→s)T

(u3→s−u1→s)T

...

(uN→s−u1→s)T

⎞
⎟⎟⎟⎟⎠ , (51.86)

and

un→s �
γ s−γ n

‖γ s−γ n‖
= γ s−γ n

Dn
, n = 1, 2, · · · , N,

(51.87)

is the normalized vector of unit length pointing from the
n-th microphone to the sound source.

51.3.3 Maximum-Likelihood Estimator

The measurement model for the source localization
problem is apparently nonlinear; an efficient estimator
that attains the CRLB may not exist or otherwise might
be impossible to identify. In practice, the maximum-
likelihood estimator is often used since it has the
well-proven advantage of asymptotic efficiency for
a large sample space.

To apply the maximum-likelihood principle, the sta-
tistical characteristics of the measurements need to be
known or properly assumed prior to any processing.
From the central limit theorem and also for mathematical
simplicity, the measurement error is usually modeled as
Gaussian and the likelihood function is given by (51.83),
which is considered as a function of the source position
γ s under estimation.

Since the exponential function is monotonically
increasing, the MLE is equivalent to minimizing a (log-
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likelihood) cost function defined as,

L(γ s)�
[
d− g(γ s)

]T R−1
εε

[
d− g(γ s)

]
. (51.88)

Direct estimation of the minimizer is generally not prac-
tical. If the noise signals at different microphones are
assumed to be uncorrelated, the covariance matrix is
diagonal

Rεε = diag(σ2
ε2
, σ2

ε3
, · · · , σ2

εN
), (51.89)

where σ2
εn
= E{ε2

n} (n = 2, 3, · · · , N) is the variance of
εn , and the cost function (51.88) becomes,

L(γ s)=
N∑

n=2

[
dn1− gn(γ s)

]2

σ2
εn

. (51.90)

Among other approaches, the steepest-descent algorithm
can be used to find γ̂MLE

s iteratively with

γ̂ s(k+1)= γ̂ s(k)− 1

2
μ∇L[γ̂ s(k)] , (51.91)

where μ is the step size.
The foregoing MLE can be determined and is

asymptotically optimal for this problem only if its two
assumptions (Gaussian and uncorrelated measurement
noise) hold. However, this is not the case in practice,
as discussed in Sect. 51.3. Furthermore, the number of
microphones in an array for camera pointing or beam-
former steering is always limited, which makes the
source localization a finite-sample rather than a large-
sample problem. In addition, the cost function (51.90)
is generally not strictly convex. In order to avoid a local
minimum with the steepest-descent algorithm, we need
to select a good initial guesstimate of the source loca-
tion, which is difficult to do in practice, and convergence
of the iterative algorithm to the desired solution cannot
be guaranteed.

51.3.4 Least-Squares Estimators

Two limitations of the MLE are that probabilistic as-
sumptions have to be made about the measured range
differences and that the iterative algorithm to find the
solution is computationally intensive. An alternative
method is the well-known least-squares estimator (LSE).
The LSE makes no probabilistic assumptions about the
data and hence can be applied to the source localization
problem in which a precise statistical characterization of
the data is hard to determine. Furthermore, an LSE usu-
ally produces a closed-form estimate, which is desirable
in real-time applications.

51.3.5 Least-Squares Error Criteria

In the least-squares (LS) approach, we attempt to mini-
mize a squared error function that is zero in the absence
of noise and model inaccuracies. Various error functions
can be defined for closeness from the assumed (noise-
less) signal based on hypothesized parameters for the
observed data. When these are applied, various LSEs
can be derived. For the source localization problem two
LS error criteria have been proposed.

Hyperbolic LS Error Function
The first LS error function is defined as the difference
between the observed range difference and that gener-
ated by a signal model depending upon the unknown
parameters:

eh(γ s)� d− g(γ s) , (51.92)

and the corresponding LS criterion is given by

Jh = eT
h eh = [d− g(γ s)]T[d− g(γ s)] . (51.93)

In the source localization problem, an observed
range difference dn1 defines a hyperboloid in 3-D space.
All points lying on such a hyperboloid are potential
source locations and all have the same range differ-
ence dn1 to the two microphones n and 1. Therefore,
a sound source that is located by minimizing (51.93)
has the shortest distance to all hyperboloids associated
with different microphone pairs and specified by the
estimated range differences, after which fact the error
criterion (51.93) is termed the hyperbolic error criterion
(subscript ‘h’).

In (51.92), the signal model g(γ s) consists of a set
of hyperbolic functions. Since they are nonlinear, min-
imizing (51.93) leads to a mathematically intractable
solution as N becomes large. Moreover, the hyperbolic
function is very sensitive to noise, especially for far-field
sources. As a result, it is rarely used in practice.

When the statistical characteristics of the corrupting
noise are unknown, uncorrelated white Gaussian noise
is one reasonable assumption. In this case, it is not sur-
prising that the hyperbolic LSE and the MLE minimize
(maximize) similar criteria.

Spherical LS Error Function
The second LS criterion is based on the errors found in
the distances from a hypothesized source location to the
microphones. In the absence of measurement errors, the
correct source location is preferably at the intersection of
a group of spheres centered at the microphones. When
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measurement errors are present, the best estimate of
the source location would be the point that yields the
shortest distance to those spheres defined by the range
differences and the hypothesized source range.

Consider the distance Dn from the n-th microphone
to the source. From the definition of the range difference
(51.78) and the fact that D1 =Ωs, we have:

D̂n =Ωs+dn1 , (51.94)

where D̂n denotes an observation based on the meas-
ured range difference. From the inner product, we can
derive the true value for D2

n , the square of the noise-free
distance generated by a spherical signal model:

D2
n = ‖γ n−γ s‖2 =Ω2

n −2γT
n γ s+Ω2

s . (51.95)

The spherical (subscript ‘sp’) LS error function is
then defined as the difference between the measured
and hypothesized values

esp,n(γ s)�
1

2

(
D̂2

n−D2
n

)
= γT

n γ s+dn1Ωs− 1

2
(Ω2

n −d2
n1) ,

n = 2, 3, · · · , N . (51.96)

Putting the N−1 errors together and writing them in
vector form gives,

esp(rs)= Aθ− ξ , (51.97)

where

A�
[
S | d], S�

⎛
⎜⎜⎜⎜⎝

x2 y2 z2

x3 y3 z3
...

xN yN zN

⎞
⎟⎟⎟⎟⎠ ,

θ �

⎛
⎜⎜⎜⎝

xs

ys

zs

Ωs

⎞
⎟⎟⎟⎠ , ξ � 1

2

⎛
⎜⎜⎜⎜⎝
Ω2

2 −d2
21

Ω2
3 −d2

21
...

Ω2
N −d2

21

⎞
⎟⎟⎟⎟⎠ ,

and [S | d] indicates that S and d are stacked side by
side. The corresponding LS criterion is then given by:

Jsp = eT
spesp = [Aθ− ξ]T[Aθ− ξ] . (51.98)

In contrast to the hyperbolic error function (51.92),
the spherical error function (51.97) is linear in γ s given
Ωs and vice versa. Therefore, the computational com-
plexity to find a solution will not dramatically increase
as N gets large.

51.3.6 Spherical Intersection (SX) Estimator

The SX source location estimator employs the spherical
error and solves the problem in two steps [51.53]. It first
finds the least-squares solution for γ s in terms of Ωs,

γ s = S†(ξ−Ωsd) , (51.99)

where S† �
(
STS

)−1
ST is the pseudo-inverse of the

matrix S. Then, substituting (51.99) into the constraint
Ω2

s = γT
s γ s yields a quadratic equation as follows

Ω2
s =

[
S† (ξ−Ωsd)

]T [
S† (ξ−Ωsd)

]
. (51.100)

After expansion, this becomes

α1Ω
2
s +α2Ωs+α3 = 0 , (51.101)

where

α1 = 1−‖S†d‖2, α2 = 2ξTS†
T

S†d ,

α3 =−‖S†ξ‖2 .

The valid (real, positive) root is taken as an estimate of
the source range Ωs and is then substituted into (51.99)
to calculate the SX estimate γ̂SX

s of the source location.
In the SX estimation procedure, the solution of the

quadratic equation (51.101) for the source range Ωs is
required. This solution must be a positive value. If a real
positive root is not available, the SX solution does not
exist. On the contrary, if both of the roots are real and
greater than 0, then the SX solution is not unique. In both
cases, the SX source location estimator fails to produce
a reliable estimate, which is not desirable for a real-time
implementation.

51.3.7 Spherical Interpolation (SI) Estimator

In order to overcome this drawback of the SX algo-
rithm, a spherical interpolation estimator was proposed
in [51.54], which attempts to relax the restriction
Ωs = ‖γ s‖ by estimating Ωs in the least-squares sense.

To begin, we substitute the least-squares solution
(51.99) into the original spherical equation Aθ = ξ to
obtain

Ωs PS⊥d = PS⊥ξ , (51.102)

where

PS⊥ � IN×N − SS† , (51.103)

and IN×N is the N × N identity matrix. The matrix PS⊥
is a projection matrix that projects a vector, when mul-
tiplied by the matrix, onto a space that is orthogonal
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to the column space of S. Such a projection matrix
is symmetric (i. e., PS⊥ = PT

S⊥ ) and idempotent (i. e.,
PS⊥ = PS⊥ · PS⊥ ). Then the least-squares solution to
(51.102) is given by

Ω̂SI
s = dT PS⊥ξ

dT PS⊥d
. (51.104)

Substituting this solution into (51.99) yields the SI
estimate

γ̂SI
s = S†

[
IN×N −

(
ddT PS⊥
dT PS⊥d

)]
ξ . (51.105)

In practice, the SI estimator performs better, but is
computationally slightly more complex, than the SX
estimator.

51.3.8 Linear-Correction Least-Squares
Estimator

Finding the LSE based on the spherical error criterion
(51.98) is a linear minimization problem, i. e.,

θ̂
LSE = arg min

θ
(Aθ− ξ)T(Aθ− ξ) (51.106)

subject to a quadratic constraint

θTΞθ = 0 , (51.107)

where Ξ � diag(1, 1, 1,−1) is a diagonal and orthonor-
mal matrix.

For such a constrained minimization problem, the
technique of Lagrange multipliers will be used and
the source location is determined by minimizing the
Lagrangian

L(θ, κ)= Jsp+κθTΞθ

= (Aθ− ξ)T(Aθ− ξ)+κθTΞθ , (51.108)

where κ is a Lagrange multiplier. Expanding this expres-
sion yields

L(θ, κ)= θT
(

AT A+κΞ
)

θ−2ξT Aθ+ ξTξ .

(51.109)

The necessary conditions for minimizing (51.109) can
be obtained by taking the gradient of L(θ, κ) with re-
spect to θ and equating the result to zero. This produces:

∂L(θ, κ)

∂θ
= 2

(
AT A+κΞ

)
θ−2ATξ = 0 .

(51.110)

Solving (51.110) for θ yields the constrained least-
squares estimate

θ̂ =
(

AT A+κΞ
)−1

ATξ , (51.111)

where κ is yet to be determined.

In order to find κ, we can impose the quadratic con-
straint directly by substituting (51.111) into (51.107),
which leads to

ξT A
(

AT A+κΞ
)−1

Ξ
(

AT A+κΞ
)−1

ATξ = 0 .

(51.112)

With eigenvalue analysis, the matrix AT AΞ can be
decomposed as

AT AΞ =UΛU−1 , (51.113)

where Λ = diag(λ1, · · · , λ4) and λi , i = 1, · · · , 4, are
the eigenvalues of the matrix AT AΞ . Substituting
(51.113) into (51.112), we may rewrite the constraint
as:

pT(Λ+κ I)−2q = 0, (51.114)

where

p=UTΞ ATξ,

q =UT ATξ .

Let us define a function of the Lagrange multiplier as
follows

f (κ)� pT(Λ+κ I)−2q =
4∑

i=1

piqi

(κ+λi )2
. (51.115)

This is a polynomial of degree eight and, because of
its complexity, numerical methods need to be used for
root searching. Since the root of (51.115) for κ is not
unique, a two-step procedure will be followed such that
the desired source location could be found.

Unconstrained Spherical Least-Squares
Estimator

In the first step, we assume that xs, ys, zs, and Ωs are
mutually independent or equivalently we disregard the
quadratic constraint (51.107) intentionally. Then the LS
solution minimizing (51.98) for θ (the source location
as well as its range) is given by

θ̂1 = A†ξ , (51.116)

where A† = (
AT A

)−1
AT is the pseudo-inverse of the

matrix A.
A good parameter estimator first and foremost needs

to be unbiased. For such an unconstrained spherical
least-squares estimator, the bias and covariance matrix
can be approximated by using the following perturbation
analysis method.
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When measurement errors are present in the range
differences, A, ξ , and the parameter estimate θ̂1 deviate
from their true values and can be expressed as:

A= At+ΔA, ξ = ξ t+Δξ, θ̂1 = θ t+Δθ ,

(51.117)

where variables with superscript ‘t’ denote the true
values, which also satisfy

θ t = At†ξ t . (51.118)

If the magnitudes of the perturbations are small, the
second-order errors are insignificant compared to their
first-order counterparts and therefore can be neglected
for simplicity, which then yields:

ΔA= [0 ε] , Δξ ≈−dt� ε , (51.119)

where � denotes the Schur (element-by-element) prod-
uct. Substituting (51.117) into (51.116) gives,(

At+ΔA
)T (At+ΔA

) (
θ t+Δθ

)
= (

At+ΔA
)T (

ξ t+Δξ
)
. (51.120)

Retaining only the linear perturbation terms and using
(51.118) and (51.119) produces:

Δθ ≈−At†Dε, (51.121)

where D� diag(D2, D3, · · · , DN ) is a diagonal matrix.
Since the measurement error ε in the range differences
has zero mean, θ̂1 is an unbiased estimate of θ t when the
small-error assumption holds:

E{Δθ} ≈ E
{
−At†Dε

}
= 04×1 . (51.122)

The covariance matrix of Δθ is then found as,

RΔθΔθ = E
{
ΔθΔθT

}
= At†DRεεDAt†T

,

(51.123)

where Rεε is known or is properly assumed a priori.
Theoretically, the covariance matrix RΔθΔθ cannot be
calculated since it contains true values. Nevertheless,
it can be approximated by using the values in θ̂1 with
sufficient accuracy, as suggested by numerical studies.

In the first unconstrained spherical LS estimate
(51.116), the range information is redundant because of
the independence assumption on the source location and
range. If that information is simply discarded, the source
location estimate is the same as the SI estimate but with
less computational complexity [51.55]. To demonstrate
this, we first write (51.116) in block form as

θ̂1 =
(

STS STd
dTS dTd

)−1 (
ST

dT

)
ξ . (51.124)

It can easily be shown that:(
STS STd
dTS dTd

)−1

=
(

Q v

vT �

)
, (51.125)

where

v=−
(

STS− STddTS
dTd

)−1
STd
dTd

,

Q =
(

STS
)−1 [

I−
(

STd
)

vT
]
,

�= 1− (dTS)v

dTd
.

Next, we define another projection matrix Pd⊥ associ-
ated with the d-orthogonal space:

Pd⊥ � I− ddT

dTd
, (51.126)

and find

v=−
(

ST Pd⊥S
)−1 STd

dTd
, (51.127)

Q =
(

ST Pd⊥S
)−1

. (51.128)

Substituting (51.125) together with (51.127) and
(51.128) into (51.124) yields the unconstrained spherical
LS estimate for the source coordinates:

γ̂ s,1 =
(

ST Pd⊥S
)−1

ST Pd⊥ξ , (51.129)

which is the minimizer of

J1(γ s)=
∥∥Pd⊥ξ− Pd⊥Sγ s

∥∥2
, (51.130)

or the least-squares solution to the linear equation

Pd⊥Sγ s = Pd⊥ξ . (51.131)

In fact, the first unconstrained spherical LS estima-
tor tries to approximate the projection of the observation
vector ξ with the projections of the column vectors of
the microphone location matrix S onto the d-orthogonal
space. The source location estimate is the coefficient
vector associated with the best approximation. Clearly
from (51.131), this estimation procedure is the general-
ization of the plane intersection (PI) method proposed
in [51.56].

By using the Sherman–Morrison formula [51.57]

(
A+ xyT

)−1 = A−1− A−1xyT A−1

1+ yT A−1x
, (51.132)
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we can expand the item in (51.129) as

(
ST Pd⊥S

)−1 =
[

STS−
(

STd
dTd

)
(STd)T

]−1

,

and finally show that the unconstrained spherical LS es-
timate (51.129) is equivalent to the SI estimate (51.105),
i. e., γ̂ s,1 ≡ γ̂SI

s .
Although the unconstrained spherical LS and the SI

estimators are mathematically equivalent, they are quite
different in computational efficiency due to their dif-
ferent approaches to the source localization problem.
The complexities of the SI and unconstrained spheri-
cal LS estimators are O

(
N3
)

and O(N), respectively. In
comparison, the unconstrained spherical LS estimator
reduces the complexity of the SI estimator by a fac-
tor of N2, which is significant when N is large (more
microphones are used).

Linear Correction
In the previous subsection, we developed the uncon-
strained spherical LS estimator (USLSE) for source
localization and demonstrated that it is mathematically
equivalent to the SI estimator but with less computa-
tional complexity. Although the USLSE/SI estimates
can be accurate, as indicated in [51.55] among others,
it is helpful to exploit the redundancy of source range
to improve the statistical efficiency (i. e., to reduce the
variance of source location estimates) of the overall es-
timation procedure. Therefore, in the second step, we
intend to correct the USLS estimate θ̂1 to make a bet-
ter estimate θ̂2 of θ. This new estimate should be in
the neighborhood of θ̂1 and should obey the constraint
(51.107). We expect that the corrected estimate will still
be unbiased and have a smaller variance.

To begin, we substitute θ̂1 = θ t+Δθ into (51.110)
and expand the expression to find

AT Aθ̂1+κΞθ̂1− (AT A+κΞ)Δθ = ATξ .

(51.133)

Combined with (51.116), (51.133) becomes

(AT A+κΞ)Δθ = κΞθ̂1 , (51.134)

and hence

Δθ = κ
(

AT A
)−1

Ξθ t . (51.135)

Substituting (51.135) into θ̂1 = θ t+Δθ yields

θ̂1 =
[

I+κ
(

AT A
)−1

Ξ

]
θ t . (51.136)

Solving (51.136) for θ t produces the corrected estimate
θ̂2 and also the final output of the linear-correction least-
squares (LCLS) estimator:

θ̂2 =
[

I+κ
(

AT A
)−1

Ξ

]−1

θ̂1 . (51.137)

Equation (51.137) suggests how the second-step pro-
cessing updates the source location estimate based on
the first unconstrained spherical least squares result,
or equivalently the SI estimate. If the regularity con-
dition [51.58]

lim
i→∞

[
κ(AT A)−1Ξ

]i = 0 (51.138)

is satisfied, then the estimate θ̂2 can be expanded in
a Neumann series :

θ̂2 =
{

I+
[
−κ

(
AT A

)−1
Ξ

]

+
[
−κ

[
AT A

]−1
Ξ

]2

+· · ·
}
θ̂1

= θ̂1+
∞∑

i=1

[
−κ

(
AT A

)−1
Ξ

]i

θ̂1 , (51.139)

where the second term is the linear correction. Equa-
tion (51.138) implies that, in order to avoid divergence,
the Lagrange multiplier κ should be small. In addition,
κ needs to be determined carefully such that θ̂2 obeys
the quadratic constraint (51.107).

Because the function f (κ) is smooth near κ = 0 (cor-
responding to the neighborhood of θ̂1), as suggested by
numerical experiments, the secant method [51.59] can
be used to determine its desired root. Two reasonable
initial points can be chosen as:

κ0 = 0, κ1 = β , (51.140)

where the small number β depends on the array ge-
ometry. Five iterations should be sufficient to give an
accurate approximation to the root.

The idea of exploiting the relationship between
a sound source’s range and its location coordinates to
improve the estimation efficiency of the SI estimator was
first suggested by Chan and Ho [51.52] with a quadratic
correction. Accordingly, they constructed a quadratic
data model for θ̂1.

θ̂1� θ̂1 = T(γ s�γ s)+ν , (51.141)
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where

T =

⎛
⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

1 1 1

⎞
⎟⎟⎟⎠

is a constant matrix, and n is the corrupting noise. In
contrast to the linear correction technique based on the
Lagrange multiplier, the quadratic counterpart needs to
know the covariance matrix Rεε of measurement errors
in the range differences a priori. In a real-time digi-
tal source localization system, a poorly estimated Rεε
will lead to performance degradation. In addition, the
quadratic-correction least-squares estimation procedure
uses the perturbation approaches to linearly approxi-
mate Δθ and ν in (51.117) and (51.141), respectively.
Therefore, the approximations of their corresponding
covariance matrices RΔθΔθ and Rνν can be good only
when the noise level is low. When noise is at a practically
high level, the quadratic-correction least squares esti-
mate has a large bias and a high variance. Furthermore,
since the true value of the source location that is nec-
essary for calculating RΔθΔθ and Rνν cannot be known
theoretically, the estimated source location has to be uti-

lized for approximation. It was suggested in [51.52] that
several iterations in the second correction stage would
improve estimation accuracy. However, while the bias
is suppressed after iterations, the estimate is closer to
the SI solution and the variance is boosted, as reported
in [51.50]. Finally, the direct solutions of the quadratic-
correction least-squares estimator are the squares of the
source location coordinates γ s�γ s. In 3-D space, these
correspond to eight positions, which introduce decision
ambiguities. Other physical criteria, such as the domain
of interest, were suggested, but these are hard to de-
fine in practical situations, particularly when one of the
source coordinates is close to zero.

In comparison, the linear-correction method updates
the source location estimate of the first unconstrained
spherical LS estimator without making any assumption
about the error covariance matrix and without resorting
to a linear approximation. Even though we need to find
a small root of function (51.115) for the Lagrange mul-
tiplier κ that satisfies the regularity condition (51.138),
the function f (κ) is smooth around zero and the solu-
tion can easily be determined using the secant method.
The linear-correction method achieves a better balance
between computational complexity and estimation ac-
curacy.

51.4 Summary

In this chapter, we have explained why TDE-based two-
stage approaches have become the technique of choice
for real-time speech source localization using micro-
phone arrays. We presented a comprehensive overview
of the research and development on this technology over
the last three decades.

The chapter consists of two parts. The first part was
devoted to the TDE problem. We began with a close
examination of two signal models used in this prob-
lem. Their strengths and drawbacks were discussed. We
reviewed the well-known generalized cross-correlation
(GCC) methods and intended to treat this class of
methods as a benchmark for a number of recently de-
veloped new algorithms. We made it clear by analysis
that the GCC methods cannot cope well with room
reverberation and described two strategies to combat
this effect. One strategy is to employ the more-realistic
real reverberant model in the formulation of the TDE
problem and try to blindly identify the acoustic chan-
nel impulse responses from which the time difference

of arrival (TDOA) is inferred. The adaptive eigenvalue
decomposition algorithm and the adaptive blind multi-
channel identification algorithms were developed. The
other strategy is to exploit the TDOA redundancy among
different microphone pairs. This leads to the multi-
channel spatial predication and interpolation methods,
the multichannel cross-correlation coefficient method,
and the minimum-entropy method, which have all been
thoroughly explored.

The second part of the Chapter surveyed the source
localization techniques. The localization problem was
postulated from the perspective of estimation theory,
and the Cramèr–Rao lower bound for unbiased loca-
tion estimators was derived. After an insightful review
of conventional approaches ranging from maximum-
likelihood to least-squares estimators, we presented
a recently developed linear-correction least-squares al-
gorithm that is more robust to measurement errors and
that is computationally as well as statistically more
efficient.
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