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Part 0

The Background: Projective
Geometry, Transformations and
Estimation
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Outline

The four chapters in this part lay the foundation for the representations, terminology,
and notation that will be used in the subsequent parts of the book. The ideas and
notation of projective geometry are central to an analysis of multiple view geometry.
For example, the use of homogeneous coordinates enables non-linear mappings (such
as perspective projection) to be represented by linear matrix equations, and points at
infinity to be represented quite naturaly avoiding the awkward necessity of taking
limits.

Chapter 2 introduces projective transformations of 2-space. These are the transfor-
mations that arise when a plane is imaged by a perspective camera. This chapter is
more introductory and sets the scene for the geometry of 3-space. Most of the concepts
can be more easily understood and visualized in 2D than in 3D. Specializations of pro-
jective transformations are introduced, including affine and similarity transformations.
Particular attention is focussed on the recovery of affine properties (e.g. paralel lines)
and metric properties (e.g. angles between lines) from a perspective image.

Chapter 3 covers the projective geometry of 3-space. This geometry develops in
much the same manner as that of 2-space, though of course there are extra properties
arising from the additional dimension. The main new geometry here is the plane at
infinity and the absolute conic.

Chapter 4 introduces estimation of geometry from image measurements, which is
one of the main topics of this book. The example of estimating a projective transfor-
mation from point correspondencesis used to illustrate the basis and motivation for the
algorithms that will be used throughout the book. The important issue of what should
be minimized in a cost function, e.g. algebraic or geometric or statistical measures, is
described at length. The chapter also introduces the idea of robust estimation, and the
use of such techniquesin the automatic estimation of transformations.

Chapter 5 describes how the results of estimation algorithms may be evaluated. In
particular how the covariance of an estimation may be computed.

24



2

Projective Geometry and Transformations of 2D

This chapter introduces the main geometric ideas and notation that are required to un-
derstand the material covered in this book. Some of these ideas are relatively familiar,
such as vanishing point formation or representing conics, whilst others are more es-
oteric, such as using circular points to remove perspective distortion from an image.
These ideas can be understood more easily in the planar (2D) case because they are
more easily visualized here. The geometry of 3-space, which is the subject of the later
parts of this book, isonly asimple generalization of this planar case.

In particular, the chapter covers the geometry of projective transformations of the
plane. These transformations model the geometric distortion which ariseswhen aplane
isimaged by a perspective camera. Under perspective imaging certain geometric prop-
erties are preserved, such as collinearity (a straight line is imaged as a straight line),
whilst others are not, for example paralléel lines are not imaged as parallel lines in
general. Projective geometry models this imaging and also provides a mathematical
representation appropriate for computations.

We begin by describing the representation of points, lines and conics in homoge-
neous notation, and how these entities map under projective transformations. The line
at infinity and the circular points are introduced, and it is shown that these capture the
affine and metric properties of the plane. Algorithms for rectifying planes are then
given which enable affine and metric properties to be computed from images. We end
with a description of fixed points under projective transformations.

2.1 Planar geometry

The basic concepts of planar geometry are familiar to anyone who has studied math-
ematics even at an elementary level. In fact, they are so much a part of our everyday
experience that we take them for granted. At an elementary level, geometry isthe study
of points and lines and their relationships.

To the purist, the study of geometry ought properly to be carried out from a“geomet-
ric” or coordinate-free viewpoint. In this approach, theorems are stated and proved in
terms of geometric primitives only, without the use of algebra. The classical approach
of Euclid is an example of this method. Since Descartes, however, it has been seen that
geometry may be algebraicized, and indeed the theory of geometry may be devel oped

25



26 2 Projective Geometry and Transformations of 2D

from an algebraic viewpoint. Our approach in this book will be a hybrid approach,
sometimes using geometric, and sometimes algebraic methods. In the algebraic ap-
proach, geometric entities are described in terms of coordinates and algebraic entities.
Thus, for instance a point is identified with a vector in terms of some coordinate basis.
A line is also identified with a vector, and a conic section (more briefly, a conic) is
represented by a symmetric matrix. In fact, we often carry this identification so far as
to consider that the vector actually is a point, or the symmetric matrix is a conic, at
least for convenience of language. A significant advantage of the algebraic approach
to geometry is that results derived in this way may more easily be used to derive algo-
rithms and practical computational methods. Computation and algorithms are a major
concern in this book, which justifies the use of the algebraic method.

2.2 The 2D projective plane

As we al know, a point in the plane may be represented by the pair of coordinates
(x,y) inIR2. Thus, it is common to identify the plane with IR?. Considering IR? as a
vector space, the coordinate pair (z, y) isavector —apoint isidentified as a vector. In
this section we introduce the homogeneous notation for points and lines on a plane.

Row and column vectors. Later on, we will want to consider linear mappings be-
tween vector spaces, and represent such mappings as matrices. In the usual manner, the
product of a matrix and a vector is another vector, the image under the mapping. This
brings up the distinction between “column” and “row” vectors, since a matrix may be
multiplied on the right by a column and on the |eft by arow vector. Geometric entities
will by default be represented by column vectors. A bold-face symbol such asx always
represents a column vector, and its transpose is the row vector x. In accordance with
this convention, a point in the plane will be represented by the column vector (z,y)T,
rather than its transpose, the row vector (z,y). Wewritex = (x, )7, both sides of this
equation representing column vectors.

2.2.1 Pointsand lines

Homogeneousrepresentation of lines. A lineinthe planeisrepresented by an equa-
tion such asax + by + ¢ = 0, different choices of a, b and ¢ giving riseto different lines.
Thus, aline may naturally be represented by the vector (a, b, ¢)T. The correspondence
between lines and vectors (a, b, ¢)" is not one-to-one, since the lines ax + by + ¢ = 0
and (ka)x + (kb)y + (kc) = 0 are the same, for any non-zero constant k. Thus, the
vectors (a, b, c)" and k(a,b,c)" represent the same line, for any non-zero k. In fact,
two such vectors related by an overall scaling are considered as being equivalent. An
equivalence class of vectors under this equivalence relationship is known as a homo-
geneous vector. Any particular vector (a,b,c)' is a representative of the equivalence
class. The set of equivalence classes of vectorsin IR? — (0,0,0)" forms the projective
space IP?. The notation —(0,0,0)" indicates that the vector (0,0, 0)", which does not
correspond to any line, is excluded.
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Homogeneous representation of points. A point x = (z,y)" lieson thelinel =
(a,b,c)T if and only if ax + by + ¢ = 0. This may be written in terms of an inner
product of vectors representing the point as (x,y,1)(a,b,¢)" = (z,y,1)1 = 0; that is
the point (z,)T in IR? is represented as a 3-vector by adding afinal coordinate of 1.
Note that for any non-zero constant & and line 1 the equation (kz, ky, k)1 = 0 if and
only if (x,y,1)1 = 0. Itisnatural, therefore, to consider the set of vectors (kx, ky, k)T
for varying values of k to be a representation of the point (z,y)T in IR2. Thus, just as
with lines, points are represented by homogeneous vectors. An arbitrary homogeneous
vector representative of apoint is of the form x = (1, 7o, z3)7, representing the point
(11 /3, 79/23) T inIR2. Points, then, as homogeneous vectors are aso elements of 1P2.
One has a simple equation to determine when a point lies on aline, namely

Result 2.1. The point x lieson thelinelif and only if x1 = 0.

Note that the expression x'1 is just the inner or scalar product of the two vectors 1
and x. The scalar product x"1 = 1"x = x.I. In general, the transpose notation 1"x
will be preferred, but occasionally, we will use a . to denote the inner product. We
distinguish between the homogeneous coordinates x = (1, 2, x3) " of apoint, which
is a 3-vector, and the inhomogeneous coordinates (z, y) T, which is a 2-vector.

Degrees of freedom (dof). It is clear that in order to specify a point two values must
be provided, namely its z- and y-coordinates. In a similar manner aline is specified
by two parameters (the two independent ratios {a : b : ¢}) and so has two degrees
of freedom. For example, in an inhomogeneous representation, these two parameters
could be chosen as the gradient and y intercept of the line.

Intersection of lines. Giventwo lines1 = (a,b,¢)T and1’ = (a/, ¥/, )T, we wish to
find their intersection. Define the vector x = 1 x I, where x represents the vector or
cross product. From the triple scalar product identity 1.(1 x 1') = I'.(1 x ') = 0, we
seethat 1"x = 1'Tx = 0. Thus, if x isthought of as representing a point, then x lies on
both lines1 and I', and hence is the intersection of the two lines. This shows:

Result 2.2. Theintersection of two linesl and I’ isthepointx =1 x I'.

Note that the simplicity of thisexpression for theintersection of thetwo linesisadirect
consequence of the use of homogeneous vector representations of lines and points.

Example2.3. Consider the simple problem of determining the intersection of the lines
x=1andy = 1. Thelinexz = 1 isequivalent to —1z + 1 = 0, and thus has
homogeneous representation] = (—1,0,1)". Theliney = 1isequivalentto —1y+1 =
0, and thus has homogeneous representation ' = (0, —1,1)T. From result 2.2 the

intersection point is
i j k 1
x=1x1I=|-1 0 1|=]1
0 -1 1 1

which is the inhomogeneous point (1,1)" as required. A



28 2 Projective Geometry and Transformations of 2D

Linejoining points. An expression for the line passing through two points x and x’
may be derived by an entirely analogous argument. Defining alinel by 1 = x x x/, it
may be verified that both points x and x’ lieon 1. Thus

Result 2.4. The line through two pointsx and x’ is1 = x x x'.

2.2.2 ldeal pointsand thelineat infinity

Intersection of parallél lines. Consider two linesaz+by+c = 0 and az+by+c’ = 0.
These arerepresented by vectors1 = (a, b, c¢)" and1l’ = (a, b, ¢') T for which thefirst two
coordinates are the same. Computing the intersection of these lines gives no difficulty,
using result 2.2. Theintersectionisl x I’ = (¢ — ¢)(b, —a, 0)T, and ignoring the scale
factor (¢ — ¢), thisisthe point (b, —a, 0)".

Now if we attempt to find the inhomogeneous representation of this point, we ob-
tain (b/0, —a/0)T, which makes no sense, except to suggest that the point of intersec-
tion hasinfinitely large coordinates. In general, points with homogeneous coordinates
(x,9,0)T do not correspond to any finite point in IR2. This observation agrees with the
usual ideathat paralel lines meet at infinity.

Example2.5. Consider thetwo linesx = 1 and x = 2. Here the two lines are parallé€l,
and consequently intersect “at infinity”. In homogeneous notation the lines are 1 =
(—1,0,1)T,7 = (—=1,0,2)T, and from result 2.2 their intersection point is

i j k 0
x=1xlI'=[-10 1|=]1
-1 0 2 0
which isthe point at infinity in the direction of the y-axis. A

Ideal points and the line at infinity. Homogeneous vectors x = (z1, 72, z3)" such
that 23 # 0 correspond to finite pointsin IR2. One may augment IR? by adding points
with last coordinate 3 = 0. The resulting space is the set of al homogeneous 3-
vectors, namely the projective space IP2. The points with last coordinate x5 = 0 are
known as ideal points, or points at infinity. The set of all ideal points may be written
(11,79,0)T, with aparticular point specified by theratio z; : 5. Note that this set lies
on asingle line, the line at infinity, denoted by the vector 1, = (0,0,1)T. Indeed, one
verifiesthat (0,0,1)(x1,2,0)7T = 0.

Using result 2.2 one finds that alinel = (a,b,c)" intersects 1, in the ideal point
(b, —a,0)T (since (b, —a,0)1 = 0). Alinel' = (a,b,c)" parallel to I intersects 1.,
in the same idea point (b, —a,0)T irrespective of the value of ¢’. In inhomogeneous
notation (b, —a)T is a vector tangent to the line, and orthogonal to the line normal
(a,b), and so represents the line's direction. As the line's direction varies the ideal
point (b, —a,0)T varies over 1,,. For these reasons the line at infinity can be thought of
as the set of directions of linesin the plane.

Note how the introduction of the concept of points at infinity serves to simplify the
intersection properties of points and lines. In the projective plane IP?, one may state
without qualification that two distinct lines meet in a single point and two distinct
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X1

Fig. 2.1. A model of the projective plane. Points and lines of IP? are represented by rays and planes,
respectively, through the origin in IR3. Lines lying in the 2, x,-plane represent ideal points, and the
x1x9-plane represents1.,.

points lie on asingle line. Thisis not true in the standard Euclidean geometry of IR?,
inwhich parallel linesform a special case.

The study of the geometry of IP? is known as projective geometry. In a coordinate-
free purely geometric study of projective geometry, one does not make any distinction
between points at infinity (ideal points) and ordinary points. It will, however, serve
our purposes in this book sometimes to distinguish between ideal points and non-ideal
points. Thus, thelineat infinity will at times be considered asaspecial linein projective
Space.

A mode for the projective plane. A fruitful way of thinking of IP? is as a set of
raysin IR®. The set of all vectors k(z1, zo,73)T as k varies forms a ray through the
origin. Such a ray may be thought of as representing a single point in IP2. In this
model, thelinesin IP? are planes passing through the origin. One verifies that two non-
identical rays lie on exactly one plane, and any two planes intersect in one ray. This
is the analogue of two distinct points uniquely defining a line, and two lines always
intersecting in a point.

Points and lines may be obtained by intersecting this set of rays and planes by the
plane x3 = 1. Asillustrated in figure 2.1 the rays representing ideal points and the
plane representing 1, are parallel to the plane x5 = 1.

Duality. The reader has probably noticed how the role of points and lines may be
interchanged in statements concerning the properties of lines and points. In particular,
the basic incidence equation 1'x = 0 for line and point is symmetric, sincel™x = 0
implies x"1 = 0, in which the positions of line and point are swapped. Similarly,
result 2.2 and result 2.4 giving the intersection of two lines and the line through two
points are essentially the same, with the roles of points and lines swapped. One may
enunciate a general principle, the duality principle as follows:
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Result 2.6. Duality principle. To any theorem of 2-dimensional projective geometry
there corresponds a dual theorem, which may be derived by interchanging the roles of
points and linesin the original theorem.

In applying this principle, concepts of incidence must be appropriately translated as
well. For instance, the line through two points is dual to the point through (that is the
point of intersection of) two lines.

Note that is it not necessary to prove the dua of a given theorem once the original
theorem has been proved. The proof of the dual theorem will be the dual of the proof
of the original theorem.

2.2.3 Conicsand dual conics

A conic is a curve described by a second-degree equation in the plane. In Euclidean
geometry conics are of three main types. hyperbola, ellipse, and parabola (apart from
so-called degenerate conics, to be defined later). Classically these three types of conic
arise as conic sections generated by planes of differing orientation (the degenerate con-
ics arise from planes which contain the cone vertex). However, it will be seen that
in 2D projective geometry all non-degenerate conics are equivalent under projective
transformations.
The equation of a conic in inhomogeneous coordinatesis

ar® +bry+cy’ +dr+ey+ f=0

i.e. apolynomial of degree 2. “Homogenizing” this by the replacements:
€T — .Z'l/xg, Yy — l‘z/l’g g|VeS

az1? 4 brxy + cxo® + drixs 4 exors + frz? =0 (2.1

or in matrix form

x"Cx =0 (2.2)
where the conic coefficient matrix C is given by
a b/2 d/2
C=1|b/2 ¢ e/2]. (2.3)
/2 e/2 f

Note that the conic coefficient matrix is symmetric. Asin the case of the homogeneous
representation of points and lines, only the ratios of the matrix elements are important,
since multiplying C by a non-zero scalar does not affect the above equations. ThusC is
ahomogeneous representation of aconic. The conic hasfive degrees of freedom which
can be thought of astheratios{a : b: c:d: e: f} or equivalently the six elements of
asymmetric matrix less one for scale.

Five points define a conic. Suppose we wish to compute the conic which passes
through a set of points, x;. How many points are we free to specify before the conic
is determined uniquely? The gquestion can be answered constructively by providing an
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algorithm to determine the conic. From (2.1) each point x; places one constraint on the
conic coefficients, sinceif the conic passes through (z;, y;) then

ax;® + bry; + cyi® + dr; + ey + f = 0.
This constraint can be written as
(@ 2y v? @ oy 1)e=0

wherec = (a, b, c,d, e, f)T isthe conic C represented as a 6-vector.
Stacking the constraints from five points we obtain

7 iy Yy 1 1
Ty XoYo Y3 T2 Yo 1
T3 wsys Y3 r3 ys 1 |c=0 (2.4)
Ty Tays Yy T4 ys 1
T3 wsYs Y rs Ys 1

and the conic is the null vector of this5 x 6 matrix. This shows that a conic is deter-
mined uniquely (up to scale) by five points in general position. The method of fitting
a geometric entity (or relation) by determining a null space will be used frequently in
the computation chapters throughout this book.

Tangent linesto conics. The line 1 tangent to a conic at a point x has a particularly
simple form in homogeneous coordinates:

Result 2.7. Thelinel tangent to C at a point x on C isgiven by 1 = Cx.

Proof. Thelinel = Cx passes through x, sincel™x = x"Cx = 0. If 1 has one-point
contact with the conic, then it is a tangent, and we are done. Otherwise suppose that 1
meets the conic in another point y. Theny'Cy = 0 and x"Cy = 1Ty = 0. From this
it follows that (x + ay)'C(x + ay) = 0 for al «, which means that the whole line
1 = Cx joining x and y lies on the conic C, which is therefore degenerate (see below).

Dual conics. The conic C defined above is more properly termed a point conic, as it
defines an equation on points. Given the duality result 2.6 of IP? it is not surprising
that there is a'so a conic which defines an equation on lines. This dual (or line) conic
is also represented by a3 x 3 matrix, which we denote as C*. A linel tangent to the
conic C satisfies17¢*1 = 0. The notation C* indicates that C* is the adjoint matrix of C
(the adjoint is defined in section A4.2(p580) of appendix 4(p578)). For anon-singular
symmetric matrix C* = C¢~! (up to scale).

The equation for adual conic is straightforward to derive in the case that C has full
rank: From result 2.7, at a point x on C the tangent is1 = Cx. Inverting, we find the
point x at which thelinel istangent to Cisx = C~'l. Since x satisfiesx"Cx = 0 we
obtain (C7'1)Tc(c™11) = 1T¢c~!1 = 0, the last step following from ¢~ T = ¢! because
C issymmetric.

Dual conics are also known as conic envelopes, and the reason for thisisillustrated
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a b

Fig. 2.2. (a) Points x satisfying x"Cx = 0 lie on a point conic. (b) Lines1 satisfying 1"c*1 = 0 are
tangent to the point conic C. The conic C is the envelope of the lines 1.

in figure 2.2. A dual conic has five degrees of freedom. In a similar manner to points
defining a point conic, it follows that five linesin general position define adual conic.

Degener ate conics. If the matrix C isnot of full rank, then the conic is termed degen-
erate. Degenerate point conics include two lines (rank 2), and a repeated line (rank
1).

Example2.8. The conic

C=Im"+ml"

is composed of two lines1 and m. Points on 1 satisfy 1"x = 0, and are on the conic
sincex'Cx = (x'1)(m"x) + (x"m)(I"x) = 0. Similarly, points satisfying m™x = 0
also satisfy x"Cx = 0. The matrix C is symmetric and has rank 2. The null vector is
x = 1 x m which isthe intersection point of 1 and m. JAN

Degenerate line conics include two points (rank 2), and a repeated point (rank 1).
For example, the line conic C* = xy " + yx' hasrank 2 and consists of lines passing
through either of the two points x and y. Note that for matrices that are not invertible

(c) #c.

2.3 Projective transfor mations

In the view of geometry set forth by Felix Klein in his famous “Erlangen Program”,
[Klein-39], geometry is the study of properties invariant under groups of transforma-
tions. From this point of view, 2D projective geometry is the study of properties of
the projective plane IP? that are invariant under a group of transformations known as
projectivities.

A projectivity is an invertible mapping from points in IP? (that is homogeneous 3-
vectors) to pointsin IP? that maps linesto lines. More precisely,

Definition 2.9. A projectivity is an invertible mapping / from P2 to itself such that
three points x;, x» and x3 lie on the samelineif and only if h(x;), h(x2) and h(x3) do.

Projectivitiesform agroup sincetheinverse of aprojectivity isalso aprojectivity, and
so is the composition of two projectivities. A projectivity is aso called a collineation
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(ahelpful name), a projective transformation or a homography: the terms are synony-
mous.

In definition 2.9, a projectivity is defined in terms of a coordinate-free geometric
concept of point line incidence. An equivalent algebraic definition of a projectivity is
possible, based on the following result.

Theorem 2.10. A mapping h : IP? — IP? is a projectivity if and only if there exists a
non-singular 3 x 3 matrix H such that for any point in IP? represented by a vector x it
istruethat i (x) = Hx.

To interpret this theorem, any point in IP? is represented as a homogeneous 3-vector,
x, and Hx is alinear mapping of homogeneous coordinates. The theorem asserts that
any projectivity arises as such alinear transformation in homogeneous coordinates, and
that conversely any such mapping is a projectivity. The theorem will not be proved in
full here. 1t will only be shown that any invertible linear transformation of homoge-
neous coordinates is a projectivity.

Proof. Letx;, x, andx; lieonalinel. Thusl'x; = 0fori =1,...,3. LetHbea
non-singular 3 x 3 matrix. One verifiesthat I"H'Hx; = 0. Thus, the points Hx; all lie
ontheline 1, and collinearity is preserved by the transformation.

The converse is considerably harder to prove, namely that each projectivity arises in
thisway.

As aresult of this theorem, one may give an alternative definition of a projective
transformation (or collineation) as follows.

Definition 2.11. Projective transformation. A planar projective transformation is a
linear transformation on homogeneous 3-vectors represented by a non-singular 3 x 3

matrix:
l’/l hir hiz his X
x’g = | har haoy hos X2 ) (2-5)
Ifo, hs1 hsy hss €3

or more briefly, x’ = Hx.

Note that the matrix H occurring in this equation may be changed by multiplication
by an arbitrary non-zero scale factor without altering the projective transformation.
Consequently we say that H is a homogeneous matrix, since as in the homogeneous
representation of a point, only the ratio of the matrix elementsis significant. There are
eight independent ratios amongst the nine elements of H, and it follows that a projective
transformation has eight degrees of freedom.

A projectivetransformation projects every figureinto aprojectively equivalent figure,
leaving all its projective propertiesinvariant. In the ray model of figure 2.1 a projective
transformation is simply alinear transformation of IR3.
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Fig. 2.3. Central projection maps points on one plane to points on another plane. The projection
also mapslinesto lines as may be seen by considering a plane through the projection centre which inter-
sects with the two planes 7+ and 7’. Since lines are mapped to lines, central projection is a projectivity
and may be represented by a linear mapping of homogeneous coordinates x’ = Hx.

Mappings between planes. As an example of how theorem 2.10 may be applied,
consider figure 2.3. Projection along rays through a common point (the centre of pro-
jection) defines a mapping from one plane to another. It is evident that this point-to-
point mapping preserveslinesin that alinein one planeis mapped to alinein the other.
If a coordinate system is defined in each plane and points are represented in homoge-
neous coordinates, then the central projection mapping may be expressed by x’ = Hx
whereH isanon-singular 3 x 3 matrix. Actually, if the two coordinate systems defined
in the two planes are both Euclidean (rectilinear) coordinate systems then the mapping
defined by central projection is more restricted than an arbitrary projective transforma-
tion. It is called a perspectivity rather than a full projectivity, and may be represented
by atransformation with six degrees of freedom. We return to perspectivitiesin section
A7.4(p632).

Example2.12. Removing the projective distortion from a per spective image of a
plane.

Shape is distorted under perspective imaging. For instance, in figure 2.4a the win-
dows are not rectangular in the image, although the originals are. In general parallel
lines on a scene plane are not paralel in the image but instead converge to a finite
point. We have seen that a central projection image of a plane (or section of a plane)
is related to the original plane via a projective transformation, and so the image is a
projective distortion of the original. It is possible to “undo” this projective transforma-
tion by computing the inverse transformation and applying it to the image. The result
will be a new synthesized image in which the objects in the plane are shown with their
correct geometric shape. This will be illustrated here for the front of the building of
figure 2.4a. Note that since the ground and the front are not in the same plane, the
projective transformation that must be applied to rectify the front is not the same asthe
one used for the ground.

Computation of aprojective transformation from point-to-point corres