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The advantages and disadvantages of mechanical supercharging are summarized in
the list below.

e Advantages:

— Spontaneous response behavior thanks to immediately available charge air in
case of a sudden load change when a reduction of the compressor power can
be quickly eliminated at partial load.

— High boost pressures already available at low engine speeds (limitation:
surge limit in the case of the mechanically powered turbo compressor).

— Response behavior is hardly affected by exhaust gas aftertreatment systems.

— No changes are required in the exhaust apparatus since only the inlet side is
affected.

— The exhaust back pressure does not influence the gas exchange/lower gas
exchange work.

— No adverse effects on heating and thus on the response behavior of exhaust
gas aftertreatment systems (catalytic converters, soot filters etc.) in case of a
cold start or unsteady processes (no heat extraction through the turbines).

— No heating of the fresh gas via heat transfer from the exhaust (as in the case
of the turbocharger).

— Noinfluence on the bearings or materials of the compressor due to exhaust heat.

— There is no metal mass in the engine room which can heat up and radiate heat
to the environment.

¢ Disadvantages:

— Specific fuel consumption at partial load without corresponding control can
be higher than that of the natural aspirated engine.

— High costs for design and control is required to lower the compressor power
(coupling, speed shifting and valve control).

— Under certain conditions, response time is delayed because of shifting or
positioning delays in case of a sudden load requirement.

— High costs due to complex charging aggregates, transmissions with some-
times their own belt drives and difficult controls.

— The smaller engine installation volume with the same power is compensated
by the installation space for the charging aggregate and the drive.

— Higher noise properties in the case of positive displacement chargers due to
the unsteady operation.

— In the case of the mechanically coupled compressor, the interaction of the
engine and the charging aggregate also causes a reduction of the boost
pressure at low engine speeds and of the useful engine torque due to the
high compressor drive power at full engine load and due to the often high
leakage losses of the charging aggregate at low speeds.

— In the case of positive displacement chargers with abrasive sealing gaskets,
there are high friction losses and a resultantly low overall efficiency and often
a large amount of wear.

— To obtain small gap widths, a considerable amount of manufacturing cost is
required for positive displacement chargers.
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In the case of engines with high efficiency requirements (slow and average-
speed large diesel engines), the turbocharger has become preferred to the super-
charger due to the high boost ratio and the better overall efficiency. For commercial
and diesel passenger applications as well, mechanical supercharging has not
become widespread despite its advantages in unsteady conditions due to its com-
plexity and lower efficiency. Only in the field of SI passenger cars has mechanical
charging been applied in some niche applications without cost pressure or in
combination with turbocharging in order to improve unsteady behavior in the
case of extreme downsizing concepts. Here too, the overall efficiency of mechani-
cal charging is at most comparable with turbocharging with moderate boost grades.

8.1.3 Turbocharging

In turbocharging, a turbo compressor is powered with an exhaust turbine using
energy from the exhaust gas, i.e. the reciprocating engine is only fluidically con-
nected to the turbo machine “turbocharger” (Fig. 8.8). The exhaust gas of the
internal combustion engine slows through the exhaust manifold to the turbine and
powers it. A compressor sitting on the main shaft of the turbine, which can in fixed
operation convert the drive power of the turbine into compressor power (minus
bearing friction), itself compresses fresh air, which must be cooled by a charge air
cooler. Via the manifold, the compressed air enters the cylinder. In the case of
highly unsteady applications (e.g. vehicle operation), the power of the turbine must
be controlled. This is done in the schematic shown here with a so-called wastegate.

throttle valve \7

CAC e

(XX X)

©)
d
N
@

wastegate
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Fig. 8.8 A reciprocating engine and turbo machine. Indexes: 1: b.com, 2: a.com, 3: b.tur, 4: a.tur
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This is the “second fundamental equation of turbocharging”

Vv Tb.tur. Pa.tur. )
tur | -

My ——— = Ais,turf — K (8.15)

b.tur. b.tur.

With the help of this relation, we can form reference or dimensionless variables.
This will be dealt with in more detail in Sect. 8.2.

The isentropic turbine substitute cross section is approximately constant and
depends only on the geometrical turbine cross section; we thereby ignore its
dependence on the speed of the turbocharger and on the pressure ratio pp.uy /Pa.tur-

8.1.3.3 Interaction with the Exhaust Dynamics of the Internal
Combustion Engine

Strictly speaking, turbocharging is classified as either constant-pressure turbochar-
ging or pulse turbocharging.

In constant-pressure turbocharging, only the thermal energy of the exhaust is
utilized, since the exhaust of a single cylinder of an internal combustion engine is
guided into a large pipe volume between the engine and the turbine, in which it
loses its momentum. This momentum results from the discontinuous working
process of the internal combustion engine, in which the exhaust abruptly escapes
into the manifold when the outlet valves open. There is thus a constant pressure
before the turbine in this type of turbocharging, which also has an effect on the
individual cylinders. For this reason, a free selection of the ignition sequence of the
combustion engine is possible in the case of ideal constant-pressure turbocharging
from the thermodynamic perspective. Also, there is no limitation on the cylinder
number of the engine joined to the outlet volume. The constant pressure before the
turbine has, on the one hand, a positive effect on the average efficiency and suction
behavior of the turbine. On the other hand, the velocity contained in the individual
impulses of exhaust gas is first converted into thermal energy and thus into static
pressure. This energy must then again be converted in the turbine into the more
valuable kinetic energy (nozzle, guide apparatus). Since each process of energy
conversion is bound with losses however, corresponding losses arise both in the
uniformization of the flow and the reacceleration of the flow. Besides the high
demands on the package, which can only be met for a stationary application, the
exhaust also loses a considerable amount of energy due to the large surface of the
volume connected between the engine and the turbine. A large volume with highly
unstable engine operation is especially problematic, e.g. as in an airplane, since
filling the volume with exhaust in order to obtain a corresponding pressure and thus
a corresponding amount of turbine power takes a long time. This is especially true
at low speed and loads, since in this case there is already a low pressure level with
low mass flows.

In pulse turbocharging on the other hand, the aim is to direct the exhaust to the
turbine using as short a path as possible with as little loss as possible. Both the
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8 Charging of Internal Combustion Engines 325

thermal and kinetic energy of the exhaust is exploited. The exhaust system of a
pulse-turbocharged engine is therefore characterized by its compactness. The flow
of the exhaust is however very inconsistent, since the pressure waves in the exhaust
system propagate with sonic speed and, due to the compactness of the pipe system,
quickly affect the exhaust counterpressure of the other cylinders joined to the pipe
system. This has adverse effects on the turbine on the one hand, which is applied
with highly erratic mass and energy flows. The turbine blades are not optimally
impacted with flow at every moment in the process. This in turn has a negative
effect on efficiency and eliminates part of the benefits. The latter also has a negative
effect on the mechanical and thermal strength of the turbine.

On the other hand, the high fluctuations in pressure also have a great effect on the
engine gas exchange. Depending on the ignition sequence and the outlet valve
control times of the cylinders combined in the exhaust system, it is possible that gas
exchange during the push-out phase can be considerably impaired by the previous
or subsequent cylinder. The result is that either the pushing-out work becomes very
high or that residual gas remains in the cylinder and the combustion of the next
working cycle is negatively affected. In the case of a four-stroke engine, three
cylinders can be joined assuming a control time of max. 260°CA for one outlet
valve. This means that in the case of three or six-cylinder engines (or all cylinder
numbers dividable by 3), an aggregation of cylinders that is optimal with respect to
gas exchange and turbocharging is possible in principle.

The six-cylinder engine requires however an arrangement of three cylinders
each on either two turbines or on one double-flow turbine (twin-scroll), which
makes flow separation possible (see below). In the case of the four-cylinder engine,
there is an ignition distance of 180°CA, which is why only two cylinders can be
joined optimally, which again means two exhaust flows (twin-scroll turbine).
Nevertheless, four-cylinder engines in particular also have single-flow aggregates,
but to significant disadvantage at low speeds and high loads and in their response
behavior. In the V8 engine, the usual ignition sequence necessitates an ignition
distance of only 90°CA on every bank, which can only be poorly compensated by
flow combination. In this case, usually only combination of four cylinders on one
bank remains.

Since complete reduction of the pressure pulse itself is not possible in the case of
slowly running engines, while on the other hand an ideal utilization of the exhaust
pulses is tied to a real volume of the exhaust system, no pure form of constant-
pressure or pulse turbocharging exists.

8.1.3.4 Flow Turbine Designs

In the previous section, the necessity of different flow turbine designs was already
pointed out. The basic in this section will be on radial turbines, which can be
subdivided into monoscroll — and twin-scroll — or twin turbines. As the name
already suggests, monoscroll turbines have only one entry snail which directs the
exhaust to the rotor. Figure 8.15 (left) shows a cross-section through a monoscroll
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NN
N

Fig. 8.15 Cross-section through a monoscroll and a twin-scroll turbine
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Fig. 8.16 Engine torque and load torque for large diesel and vehicle engines

turbine. On the right is a twin-scroll turbine. We can recognize the two parallel
snails that direct the exhaust flows of each cylinder aggregate completely separately
to the rotor of the turbine. To fully exploit the functionality of twin-scroll turbines, a
complete and consistent separation of the flows until entering the rotor must be
assured in order to avoid crosstalk of the gas pulses.

8.1.3.5 Charge Pressure Control Measures

Due to the characteristics of turbo machines, a turbocharger designed for full load
without any external control has an approximately quadratic dependence of the
boost pressure on the engine speed. At low engine speeds, only a small boost
pressure and thus only a small engine torque can be created as a rule. Figure 8.16
(left) clarifies this behavior. This tendency is not as critical for medium speed diesel
engines, whose time response is usually not decisive because of the stationary
operation near the nominal power point, than for small, high-speed engines, which
require high torque already at very low engine speeds due to their dynamic opera-
tion. For this reason, measures must be taken in such engines to increase the boost
pressure and thus the torque availability at low engine speeds. In the basic design of
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the turbine, value is placed on high pile-up pressure and thus on high turbine
performance already with low mass flows. That means that the size of the turbine
is not optimally designed for the nominal power point, but for a much lower engine
speed (< 2,000 rpm). With a smaller turbine size, the pressures and turbocharger
speeds would become very high with increasing engine speeds due to the almost
quadratic increase of mass flow through the compressor and turbine, which would
exceed the mechanical strength of the charging system and the combustion engine.
Moreover, the charge pressure would increase dramatically, which would lead to
serious knocking problems in SI engines due to the resultant high temperatures. For
these reasons, boost pressure, exhaust counterpressure and the speed of the turbo-
charger must be limited by suitable measures in the charging system.

Until now, two methods have become established on the turbine side of the
exhaust turbocharger. On the one hand, it is possible to control the exhaust mass
flow through the turbine with a wastegate (Fig. 8.8). In this case, part of the exhaust
mass flow is guided past the turbine and is thus no longer available for the
production of drive power, which is why the compressor conveys a smaller mass
flow. In this way, the boost pressure before the engine can be controlled and thus the
engine torque as well. For wastegates, the control elements are either pressure
sensors that are applied with boost pressure or negative pressure, or electric control
elements.

It is also possible to limit the power of the turbine by means of variability in the
guide vanes by changing the cross-section by turning the guide vanes. When the
cross-section is reduced, this causes a higher pile-up pressure and thus larger
turbine power, and if the cross-section is enlarged, it is possible to reduce the
pile-up pressure and turbine power.

Nearly all modern turbocharged car diesel engines have charge pressure control
using an adjustable guide apparatus. Turbocharged SI engines as a rule require a
wastegate because of their much higher exhaust temperatures, since adjustable
guide vanes would represent a much larger function risk.

Moreover, SI engines with conventional air-mass load control require, for
acoustic reasons, a “diverter valve”. By means of reverse flow at the compressor,
this valve makes possible a rapid reduction of the charge pressure in case of a
sudden intrusion of mass flow due to load reduction. Without a diverter valve, the
operating point of the compressor in the characteristic map would shift to the left
over the surge limit (see Fig. 8.17) due to the inertia of the exhaust turbocharger.
If one keeps the mass flow through the compressor to a higher level with the
diverter valve, it is possible not to exceed the suege limit until the speed of the
compressor has been reduced.

Figure 8.17 shows the characteristic map of a turbo compressor with its limits
(surge, speed and choke limit). The structure of the map is described in more detail
in Sect. 8.2.

The full load operating line is drawn in the characteristic map, which runs almost
quadratically in the left part. We can clearly see the kink in the operating line,
which is cause by the opening of the wastegate due to the charge pressure control
described above.
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8.1.3.7 Interaction with the Internal Combustion Engine

Figure 8.17 shows the interaction of a internal combustion engine and a turbo-
charger with the help of the stationary full load operating line in the compressor
characteristic map. This operating line is drawn in Fig. 8.20 in the torque/speed
diagram in comparison to a natural aspirated engine of the same capacity as well as
a mechanically charged engine. We can clearly see that in the case of the steady-
state operation of a turbocharged engine a high torque can be reached already at
very low speeds (“low end torque” LET). The torque plateau can be held constant
by the wastegate control described above until the desired power is reached (power
hyperbola). The early position of LET is made possible by the variable control
times in the SI engine caused by the inlet and outlet camshaft phasing. In the case of
a positive pressure difference at the turbocharger, in which case the charge pressure
is larger than the exhaust counterpressure, in combination with a large overlap of
outlet and inlet valve opening during gas exchange, a complete purging of the
residual gas from the cylinder and a filling of the cylinder with cold fresh air is
possible. In combination withy direct injection, the air fuel ratio in the cylinder can
be set slightly rich, which causes very high combustion velocities. The result is a
largely knock-free operation, even at low engine speeds along with high torque
values.

Figure 8.21 shows the unsteady behavior of a turbocharged SI engine at a
constant speed of 1,500 rpm and a load step from partial load to full load, from
which we can see that the flow-type coupling of both sub-components results in a
significantly delayed torque build-up compared with the steady-state behavior of
the engine. Section 10.5 presents some simulation calculations for improving
unsteady behavior and for explaining individual effects.
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Fig. 8.20 The torque profile of various charging concepts
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Fig. 8.21 Unsteady torque
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The following summarizes the advantages and disadvantages of exhaust turbo-
charging.

e Advantages:

— The exhaust counterpressure is reduced in case of partial load. A so-called
“self-regulation effect” of the turbocharger: the specific fuel consumption is
reduced with it as well.

— Small turbine cross-sectional surfaces, small polar moments of inertia and
high potential turbocharger speeds make for a fast, almost delay-free
response time (no noticeable turbo lag).

— No external drive necessary.

— Economical manufacture and low manufacturing costs for the turbocharger
with high production numbers, since they can be adjusted to the engine on
the side of both the turbine and the compressor by means of a change of
trim.

— The small construction size of the turbocharger unit. Integration of the
turbine into the exhaust manifold results in additional performance advan-
tages and good response behavior.

— Utilization of exhaust energy improves engine power and, under some con-
ditions, even the indicated efficiency of the engine.

— The continuous supply of the turbo compressor.

— Lower thermal stress on the turbocharging system due to temperature reduc-
tion via the turbine.

¢ Disadvantages:

— The surge limit restricts the charge pressure at low engine speeds.

— In the case of large turbine housings (cross-sectional areas), the unsteady
response time is clearly delayed (turbo lag).

— High gas exchange losses and poor gas exchange success of the engine due to
the high pile-up pressure before the turbine, especially in the case of a
negative purge slope and small turbocharger designs.
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and this will reduce the ignition delay period. The modelling of the ignition delay
and the subsequent combustion are treated in section 10.2.

To obtain maximum output the peak pressure should occur about 10-20° after
top dead centre. Sometimes the injection is later, in order to retard and to reduce
the peak pressure. The fuel ignites spontaneously at many sites, and produces an
intense flame. There is significant radiation from the flame front, and this is
important for vaporising the fuel. Since the combustion occurs from many sites,
compression ignition engines are not susceptible to cyclic variation or cyclic
dispersion.

Compression ignition engines can operate over a wide range of air/fuel mixtures
with equivalence ratios in the range 0.14-0.90. The power output of the engine is
controlled by the amount of fuel injected, as in the combustion region the mixture
is always approximately stoichiometric. This ensures good part load fuel economy
as there are no throttling losses. The fuel/air mixture is always weaker than
stoichiometric, as it is not possible to utilise all the air. At a given speed the power
output of an engine is usually limited by the amount of fuel that causes the
exhaust to become smoky.

Fuels and additives

The performance and in particular fuel economy of internal combustion engines
should not be considered in isolation, but also in the context of the oil refinery. Oil
refining and distribution currently has an overall efficiency of about 88 per cent
(Francis and Woollacott, 1981). This efficiency would be changed if the demand
for the current balance of products was changed. Oil refining can be compared to
the work of a butcher; each process has a raw material (a barrel of oil or a carcass)
that has to be cut in such a way that all the products can be sold at a competitive
price. Just as there are different animals, there are also different types of crude oil,
depending on the source. However, the oil refinery can change the type of product
in additional ways, such as cracking, although there is an energy cost associated
with this.

The energy content of a typical petrol is 44 MJ/kg or 31.8 MJ/litre and of a
typical diesel fuel 42 MJ/kg or 38.15 MJ/litre; associated with these is an energy
content at the refinery of typically 2.7 Ml/kg and 1.6 MJ/kg (Francis and
Woollacott, 1981). This gives an effective primary energy of 46.7 MJ/kg or
35.5 MJ/litre for petrol and 43.65 MJ/kg or 39.95 MJ/litre for diesel fuel. There
may be circumstances in which it is more appropriate to use primary energy
density than to use calorific value. These figures also highlight the difference in -
energy content of unit volume of fuel. This is often overlooked when comparing
the fuel economy of vehicles on a volumetric basis.

3.7.1 Characteristics of petrol

The properties of petrol are discussed thoroughly by Blackmore and Thomas
{(1977). The two most important characteristics of petrol are its volatility and
octane number (its resistance to self-ignition).

Volatility is expressed in terms of the volume percentage that is distilled at or
below fixed temperatures. If a petrol is too volatile, when it is used at high ambient
temperatures the petrol is liable to vaporise in the fuel lines of carburetted engines
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and form vapour locks. This problem is most pronounced in vehicles that are being
restarted, since under these conditions the engine compartment is hottest. If the
fuel is not sufficiently volatile the engine will be difficult to start, especially at low
ambient temperatures. The volatility also influences the cold start fuel economy.
Spark ignition engines are started on very rich mixtures, and continue to operate
on rich mixtures until they reach their normal operating temperature; this is to
ensure adequate vaporisation of fuel. Increasing the volatility of the petrol at low
temperatures will evidently improve the fuel economy during and after starting.
Blackmore and Thomas (1977) point out that in the USA as much as 50 per cent of
all petrol is consumed on trips of 10 miles or less. Short journeys have a profound
effect on vehicle fuel economy, yet fuel consumption figures are invariably quoted
for steady-state conditions.

The European Standards Organisation (CEN) has defined a common standard
for its 18 member countries, and for unleaded gasoline this standard has the
designation EN 228: 1993, and this includes eight different volatility specifications.
Members of CEN can then use their national standards (BS EN 228 in the case of
the UK), to specify particular volatilities for different seasons. The volatility is also
expressed in terms of the Reid Vapour Pressure (RVP). The Reid apparatus is
shown in figure 3.12, and it consists of a fuel chamber connected to an air chamber
of four times its volume. The fuel chamber is filled with chilled fuel, connected to
the air chamber, and then immersed in a water bath at 37.8°C and shaken. The
method is defined in ASTM Procedure D323. The final pressure has to be corrected
for atmospheric pressure and the effect of heating the air in the air chamber, and
the result is an absolute value.

The fuel volatility specified in BS EN 228: 1993 is compared with typical fuel
specifications from Blackmore and Thomas {(1977) in table 3.3. This is plotted with
further data in figure 3.13.

Table 3.3 shows how the specification of petrol varies to suit climatic conditions.
Petrol stored for a long time in vented tanks is said to go stale; this refers to the loss
of the more volatile components that are necessary for easy engine starting.

The octane number of a fuel is a measure of its anti-knock performance. A scale
of 0-100 is devised by assigning a value of 0 10 n-heptane (a fuel prone to knock),
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Figure 5.11
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injection systems have a high-pressure fuel pump which produces a controlled and
steady pressure, and the injector has to control the start and end of injection.
Charlton (1998) provides a comprehensive overview of all types of electronically
controlled fuel injection equipment.

After the overview in section 5.5.1 there is a discussion of the fuel injection
nozzles {section 5.5.2), since these are common to all types of fuel injection system.

3.5.1 Injection system overview

A traditional pump-line-injector (PLI) system is shown in figure 5.11. Before
discussing this, it is important to realise that the low-pressure part of the system is
common to all diesel engines.

In general the fuel tank is below the injector pump level, and the lift pump
provides a constant-pressure fuel supply (at about 0.75 bar) to the injector pump.
The secondary fuel filter contains the pressure-regulating valve, and the fuel bleed
also removes any air from the fuel. If air is drawn into the injection pump it cannot
provide the correctly metered amount of fuel. It is essential to remove any water or
other impurities from the fuel because of the fine clearances in the injection pump
and injector. The injection pump contains a governor te control the engine speed.
Without a governor the idle speed would vary and the engine could over-speed
when the load on the engine is reduced.

The injection pump is directly coupled to the engine (half engine speed for a
four-stroke engine) and the pump controls the quantity and timing of the fuel
injection (figure 5.12). The quantity of fuel injected will depend on the engine load
(figure 5.13). The maximum quantity of fuel that can be injected before the
exhaust becomes smoky will vary with speed, and in the case of a turbocharged
engine it will also vary with the boost pressure. The injection timing should vary
with engine speed, and also load under some circumstances. As the engine speed
increases, injection timing should be advanced to allow for the nearly constant
ignition delay. As load increases, the ignition delay would reduce for a fixed
injection timing, or for the same ignition delay the fuel can be injected earlier. This
ensures that injection and combustion are complete earlier in the expansion
stroke. In engines that have the injection advance limited by the maximum
permissible cylinder pressure, the injection timing can be advanced as the load
reduces. Injection timing should be accurate to 1° crank angle.
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Figure 13.11
Orifice plate d Air flow rate tank.
An
! :L_ 45 Air box

To the
—nrepn .
engine
Manometer hj l

where m, = mass flow rate ofair (kg/s)
Cq = discharge coefficient of the orifice
A, = cross-sectional area of the orifice (m)
g = acceleration due to gravity (m/s?)
h = height difference between liquid levels in the manometer (m)
ot = density of manometer fluid (kg/m?)
pa = density of air = (p/R,T) (kg/m>).

The accuracy depends on knowing the discharge coefficient for the orifice; this
should be checked against a known standard.

In practice, it can be very difficult to make the air box work satisfactorily. Apart
from making the air box act as a Helmholtz resonator (chapter 6, section 6.6.2),
coupling a long tube to the inlet of an engine can have a significant effect on the
engine performance. It should be remembered that even without a tuned
induction system, there can be flow reversals occurring at the air inlet to the
engine. A way of minimising any coupling effects and checking for their effect is
shown in figure 13.12. If the flexible pipe is of large enough diameter, and the air
entry protrudes far enough into the pipe, then the unsteady flow sensor will show
no change to the air flow pattern when the flexible pipe is connected. The
unsteady flow sensor is most likely to be a form of hot wire anemometer (see
chapter 8, section 8.2.2). -

An alternative approach is the viscous flowmeter. As no damping is required it is
much more compact than an air box. To obtain viscous flow a matrix of passages is
used in which the length is much greater than a typical diameter. Since the flow is
viscous the pressure drop is proportional to the velocity or volumetric flow rate.
The flowmeter has to be calibrated against a known standard.

However, in its usual form the viscous flowmeter is not well suited to pulsating
flows. The instantaneous pressure drop will be a function of the unsteady flow,

Figure 13.12
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For example, if 300 cycles of a four-stroke engine are to be recorded from two
channels, with readings every %° and 2 bytes are required for each reading (for a
12-bit reading), then about 3.4 MB of memory will be required.

The trade-offs between the sampling rate and the storage capacity have been
illustrated by table 13.4 for a particular system. In this case, the 3.4 MB of memory
would require the use of the RAM or the hard disk, and the engine speeds
corresponding to the maximum sampling rates would be 8333 or 4166 rpm. These
two examples illustrate that the system described in table 13.4 is capable of
acquiring large amounts of data very quickly. This can then lead to analysis and
archiving problems unless the combustion analysis software is quick to run.

There are other issues to be considered with computer-based data acquisition
systems. Firstly, when channels are being multiplexed, the channels are not all being
read at the same time. For example, table 13.4 shows that the Computerscope
system has a delay of 1 microsecond between reading successive channels. This
becomes significant with high sampling rates, but it can be corrected for in software
that either assigns the correct angle to the reading or interpolates between readings
to give the value at a specific crank angle. Secondly, it is essential that the ADC is
coupled to a sample/hold circuit. If this is not the case, slight changes in the signal
during the analogue-to-digital conversion process can lead to large errors.

When the data are being analysed, it must be remembered that they were
originally a continuous analogue signal that has been assigned to a progression of
digital levels. For example, when such a signal is differentiated numerically by
looking at the difference in successive values, the result is very noisy. A more
satisfactory result can be obtained by using a higher-order finite difference
approach and smoothing the signal.

Taylor series can be used to represent the signal, and the following example
calculates the first derivative, but includes the terms up to the fourth derivative.
Consider a function f(a) in which the interval between values is 4:

2hf'(ay)  22K*f"(an) 22H*f"(an) 24h4f”"(a,,)+

f@ns2) = f@an) + == +—; 3! .
o) = )+ L00 B) T ) e)

f(an) = f(an) (13.44)
for) = ) 2L B )T M)
f(an-) = flan) ~ thl'fa,,) zzhzzf!”(a,,) _ 23h3];’!”(a,,) N 24h4):!’"(a,,) L

These equations can be combined to eliminate the second, third and fourth
derivatives (f”(an). f” (ay) and f" (a,)), to give

f(@n) = (f(an-2) — 8f(an-1) + 8f (@n+1) — f(ans+2))/12h (13.45)

However, figure 13.34 shows that the derivative will still be noisy, and it is
advantageous to apply smoothing. The following smoothing algorithm for (25 + 1)
values is widely used:

1
ay = ﬁ [an-—(b—l) + Za,,_(b_z) + 3a"_(b_3) 4.+ ba,,

+... 3a”+(b_}} + 2an+(b_2) + a".H[s_])] (13-46) |
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