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Chapter 2
Hidden Markov Models

2.1 About Markov Chains

In chapter 1 we mentioned that the acoustic model that allows the recog-
nizer to compute the probabilities P(A|W) is based on a concept referred
to as a hidden Markov model (HMM).! This mathematical tool is very
powerful and can be utilized for many purposes other than acoustic
modeling. Before we apply it to the later (starting with chapter 3), we will
discuss the HMM concept in general. But first some background.

A Markov chain is a very important and well-studied concept of prob-
ability theory. It deals with a class of random processes that incorporate a
minimum amount of memory without actually being memoryless. Here we
will deal with discrete random variables and finite Markov chains [2] [3].

Let X1, X2,...,Xn,... be a sequence of random variables taking their
values in the same finite alphabet & = {1,2,...,c}. If nothing more is
said, then Bayes’ formula applies:

P(X1, X, ..., Xp) = [ [ PXilX1, Xa, .., Xiy) )

i=1
The random variables are said to form a Markov chain, however, if
P(Xi|X1, X,,..., Xio1) = P(Xi|Xi) for all values of i 2)

As a consequence, for Markov chains

P(X\, Xy, ..., X,) = f[ P(Xi|Xi-1) A3)
i=1

1. In information theory, hidden Markov models are known as Markov sources.
Shannon studied some of their aspects in his pioneering papers [1].
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16 Chapter 2

Such a random process thus has the simplest memory: The value at time §
depends only on the value at the preceding time and on nothing that went
on before.

The Markov chain is time invariant or homogeneous if regardless of the
value of the time index i,

P(X; = X'|Xi-1 = x) = p(x'|x) forallx,x' e & (4)

p(x'|x) is called the transition function and it can be presented as a ¢ X ¢
matrix. Of course, p(x'|x), which specifies everything about the random
process, must for all x € & satisfy the usual conditions '

S =1 p'x)20 x'eZ
x'e®

We can think of the values of X; as states and thus of the Markov chain
as a finite state process with transitions between states specified by the
function p(x'|x). If the alphabet & is not too large, then the chain can be
completely specified by an intuitively appealing diagram such as figure
2.1, which applies to a state space of size ¢ = 3. In the figure, arrows with
attached transition probability values mark the transitions between states.
Some transitions are missing, implying that p(1]2) = p(2|2) = p(3|3) = 0.
The figure’s shape shows why one might wish to call the process a chain.

The seeming restriction of Markov chains to one-step memory is
deceiving. In principle, Markov chains are capable of modeling processes
of arbitrary complexity. In fact, consider a process Zy,Z>,...,Zp, . .. of
memory length k, that is, :

P(Z1, 22, Zny- ) = || P(ZilZiks Zicknr, -, Zic1)

If we define new random variables

Xi=Ziws1, Zicksa, -2 Zi (5)

Figure 2.1
Three-state Markov chain
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Hidden Markov Models 17

then the Z-sequence specifies the X-sequence, and vice versa, and more-
over the X process is a Markov chain for which formula (3) holds. Of
course, the resulting 2 state space is very large, and the Z process can be
characterized directly in a much simpler way than via transformation (5).

2.2 The Hidden Markov Model Concept

We wish to allow more freedom to the random process while avoiding a
substantial complication to the basic structure of Markov chains. We can
gain this freedom by letting the states of the chain generate observable
data while hiding the state sequence itself from the observer.

We thus define

1. An output alphabet % = {0,1,...,6— 1}

2. A state space & = {1,2,...,c} with a unique starting state so.

3. A probability distribution of transitions between states p(s’|s), and

4. An output probability distribution g(y|s, s") associated with transitions
from state s to state s’

Then the probability of observing an HMM output string y1, ya, ..., ¥
is given by

K
P(yiy2,-om) = 2 [ plsilsic)a(rilsicy, s:) (6)

Sty S =1

Figure 2.2 is an example of an HMM with b = 2 and ¢ = 3. There, we
have attached the output distributions g(y|s,s’) to the transitions and
have omitted the transition probabilities p(s'|s).

Although the underlying state process still has only one-step memory,

k
P(S],Sz, e 7Sk) = H p(Sj[Si..l)
i=1

g(y¥13,1)

g611,2) 013.2)

Figure 2.2
Three-state hidden Markov model with outputs y e {0, 1}
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18 Chapter 2

Figure 2.3
Hidden Markov model representation attaching outputs to transitions

the memory of observables is unlimited (except in degenerate cases). That
is, in general, for all k > 2,

P(yistlyt, 2, 0k) # P(yis1lyj -2 k) k>j=z2

We will frequently find it convenient to regard the HMM as having
multiple transitions between pairs of states, each associated with a differ-
ent output symbol generated, with probability 1, when that transition is
taken. This is directly equivalent to the formulation of the present section.
Figure 2.3 gives an example that can generate the same random process as
figure 2.2.2

This view has the advantage of allowing us to provide each transition
of the entire HMM with a different identifier ¢ and to define an output
function Y(¢) that assigns to ¢ a unique output symbol taken from the
alphabet %.

We then denote by L(z) and R(¢) the source and target states of the
transition ¢, respectively. We let p(¢) denote the probability that the state
L(?) is exited via the transition ¢, so that for all s€ &,

> =1
1:L(t)=s

The correspondence between the two ways of viewing an HMM is
given by the relationship
p(1) = q(Y ()| L(0), R(1))p(R(2)|L(2)) ™

When transitions determine outputs, the probability P(y1,¥2,...,Vk)
becomes equal to the sum of the products Hf.;, p(t;) over all transition
sequences 1, ..., % such that L(#) = so, Y(t;) = y;, and R(#;) = L(ti+1)
fori=1,...,k, or, formally,

2. Assuming that in figure 2.2 g(1]1,1) = ¢(1]1,3) = ¢(0|3,1) = ¢(0/3,2) = 0

S
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Hidden Markov Models 19

y=0

Figure 2.4
Two different trellis stages corresponding to the binary HMM of figure 2.3

k
P(yiys-v) = Y. ]
) =1

F(y1, Y21k

where

Sy -y ={t0 e L) = s0, Y(6) = yi, R(4) = L(ti1)
fori=1,...,k}

In the following sections we will take whichever point of view (multiple
transitions between states s and s’, or multiple possible outputs generated
by the single transition s — s’) will be more convenient for the problem at
hand.

2.3 The Trellis

There is an easy way to calculate the probability P(y1,ys,...,yx) with the
belp of a trellis. The trellis places in evidence the time evolution of the
process that generated the sequence yi,ys,..., .. It consists of the con-
catenation of elementary stages determined by the particular outputs y;.
There are as many different elementary stages as there are different output
symbols. Figure 2.4 shows the stages for y; = 0 and y; = 1 corresponding
to the HMM of figure 2.3. Note that a stage for y; consists of left and
right columns of ¢ states connected by those transitions ¢ whose out-
put Y(£) = y;. Figure 2.5 shows the trellis corresponding to the output
sequence 0110. The required probability P(0110) is equal to the sum of
the probabilities of all complete paths through the trellis (those ending in
the last column) that start in the obligatory starting state. Figure 2.6
shows these paths for 5o = 1.
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20 Chapter 2

Figure 2.5
Trellis for output sequence 0110 generated by the HMM of figure 2.3

Figure 2.6
Trellis of figure 2.5 purged of all paths that could not have generated the output
sequence 0110

The probability P(y1,y2,...,¥s) can be obtained recursively. Define
the probabilities

a(s) = P(y1,02, -, Yi,5i = 5) (8)
Then with boundary conditions
ag(s) = 1 for s = 5o and ag(s) = 0 otherwise

we get the recursion

w(s) = p(yisls )iz (s”) ©)

where we use the simplified notation

p(yisls) = q(yils' )p(sls) (10)
By definition (8) the desired probability then is

e S |

Meta Platforms, Inc. - Exhibit 101
Page 27 of 68



Hidden Markov Models 21

P(y1,2,- 0 0%) = 3 als) (11)

The recursion (9) for the output sequence 0110 is easily visualized on
the trellis of figure 2.5. Unit probability is assigned to the starting state 1 in
the 0% column. The values « (s) are then attached to the states of column
1 by computing the flows p(0, s|1)a(1) for s e {1,2,3}. Then the values
ax(s) are attached to the states of column 2 by summing the flows
p(1,s]s")ou (s") that leave the various states s’ of column 1, etc. Finally, the
probability P(0110) is obtained by summing the values a4(s) attached to
the states of the fourth column.

2.4 Search for the Likeliest State Transition Sequence

Given an observed output sequence yi,y, ..., yx, which state sequence
51,82, - - -, 8 is most likely to have caused it? Noting that

P(511527 Sk Y1 V2 - u}’leO)
P(J’l;)’z, e yyk!so)
we see that we want to find the sequence si,s2,...,5 maximizing the
numerator of the right-hand side of the above equation.
Observe that because the underlying state process is Markov, then for

P(Sth?"'7Sk|y17y21--‘1yk7s0) =

all 7,
P(St, o8, 8i01s -+ S, Y1, Y2, -+ o5 Vis Vil « - - Vil S0)
= P(s1,52, .S, V1,02, - VilS0) P(Si1, - -, Sy Vi1, - - -, Vie|S:)
so that
:]gzlﬁ?;k P(s1:~'75i75i+17-~-7Sk)y1:y27~«~7yi7)"i+l;~-))’kl50)
= s,v,sl,nj,’f).isk P(Si+1, ey Sky Yigly oo - a)’kisi) (12)
X sl,gl,.‘f‘.,’i.._, P(s1,50,. .., Si—1, 86,71, Y2y -« -, Vil o)
Defining
yilsi) = g max  P(s1,82,--8,Y1,V2, - Vil o) (13)

and substituting into (12), we get
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22 Chapter 2

max P(S], ey Siy Sigly Sk Y1 Y2 - Vi Viely o 7J’k|50)
$1,5240+25k
(14)
= max{ max [P(Sit1,. s Sk Vitls - - - ,ykls)yi(s)]}
s SitlyeenrSk
Therefore, we can find the maximally likely sequence si,...,Si-1,8,
Sitt, - . -5 by finding first for each state s on trellis level i the most likely
state sequence s1(s), . . ., 5i—1(s) leading into s, then finding the most likely
sequence Si+1(s), . .., sk(s) leading out of 5, and finally finding the state s
on level i for which the complete sequence s1(s), . .., si—1(s), i = 8, Six1(5),

..., 5k(5) has the highest probability.
This can be done recursively. In fact, it follows directly from definition
(13) and the HMM defining rule (10) that

pi(si) = max P(si, 2,86 01,¥2- Yilso)

yeeey

= max p(y,,silsi-1) MaX Psi,s2,..., 80,0002 0il%) - (15)

Si1 T Sty

= max P(yisilsi-1)yi—1 (si-1)
Noticing from (13) that

max P(S17s27""sk7yl)y25 ce. 7Yk|50) = max yk(s)
81yeeesSk 5

equation (15) leads directly to the Viterbi algorithm [4] that finds a maxi-
mizing state sequence (there may be more than one) by finding the maxi-
mizing sequence s1(s),...,s5i-1(s), s; = s (whose probability is y,(s)) for
each state s on successive levels i, and finally deciding at level k from
among the competing sequences s,(s), . .., Sk-1(5), sk = $, s € &.

Here then is a complete statement of the Viterbi algorithm.

The Viterbi Algorithm

1. Set yy(s0) = 1.

2. Use (15) to compute y,(s) for all states s of the trellis’s first column,
that is,

nis) = max p(¥1,515")90(s") = p(¥1,5050)

since y4(s’) = 0 for all 5" # so.
3. Compute y,(s) for all states s of the trellis’s second column, that is,

72(s) = max p(y,sls ) (s)

Purge all transitions from states s’ in the first column to states s in the
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Hidden Markov Models 23

Figure 2.7
Possible result of applying the Viterbi algorithm to the trellis of figure 2.5

second column for which y,(s) > p(y2, s|s')y;(s"). If more than one transi-
tion into state s remains, select (arbitrarily) one to keep and purge the rest.
4. In general, compute y;(s) for all states s of the trellis’s i* column.
Purge all transitions from states s’ in the i — 1% column to states s in the
i* column for which y,(s) > p(¥;,5|s")7,_;(s"). Then purge all but one of
the remaining transitions into s.

5. Find the state s in the trellis’s £ column for which y,(s) is maximal.
In the purged trellis, trace back from this state s to the initial state s in
the 0 column along the remaining transitions. The states 81,82y, Sk =8
encountered along this path constitute a most likely state sequence.

Figure 2.7 shows an example of a possible effect of the Viterbi algo-
rithm on the trellis of figure 2.5 that corresponds to the observed sequence
0110. Assuming that the largest y,(s) is achieved for s = 3, the traceback
gives as a solution the state sequence 12323,

2.5 Presence of Null Transitions

In many applications, and in speech recognition in particular, it is useful
to introduce the possibility of null transitions that change state but result
in no output. In figure 2.8 we have added null transitions (interrupted
lines) to the HMM of figure 2.3.

Since a trellis stage corresponds to a single output, null transitions take
place between the states in the initial column of a stage. Figure 2.9 is then
the trellis corresponding to the output 0110.

We must now make the appropriate changes in our formulas to accom-
modate the presence of null transitions. The changes made in this section
are completely general and result in defining an equivalent HMM that
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Figure 2.8
Addition of null transitions to the HMM of figure 2.3

Figure 2.9
Trellis corresponding to the output 0110 generated by the HMM of figure 2.8

has no null transitions. In the next section we address the special case
when null transitions do not form a loop.

First, the recursion (9) for o;(s) is still valid, provided p(y;,s|s’) is
properly defined as the probability of starting in state s’ in trellis column
i — 1, making any number of null transitions and then taking an output
generating transition ¢ that produces y and has a final state s.

Let ¢(s'|s) be the probability of a null transition from s to s'. Let
r(y,s'|s) be the probability of a (non-null) transition from s to s’ produc-
ing the output y. We must have

ST rnsls) + a6 ls) =1

Define a new matrix

0

o(s’ls) = Y 4O(s'ls) (16)

i=0

where
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1 ifs'=s
7615 = { _

0 otherwise
and ¢ (s’|s) denotes the probability of reaching s’ from s in i null tran-
sitions. This probability is, of course, the (s,s’) element of the i product
of the matrix q(s’|s) with itself, or equivalently,

g(s'1s) =" ¢V (s"|9)g(s"|s")
o
The appropriate definition then is

py:sls’) = > r(yysls"u(s"]s") (17)
Note that if there is no loop of null transitions then necessarily
¢ (s'|s) = 0 for i > c, where ¢ is the number of states.”

Again, the probability p(y,s|s’) defined by (17) is simply the proba-
bility that starting from state s’, the next non-null transition taken is ¢
where R(¢) = s and Y (f) = y.* It is easy to check that p(y, s|s’) as defined
above is a proper probability in that

> p(risls) =1
9,8

Thus p(y,s|s') defines a new HMM that has no null transitions and
generates output strings with exactly the same probability as does the
original HMM with parameters r(y, s|s") and g(s’ls). Figure 2.10 shows
the structure of this type of HMM that is equivalent to the HMM of
figure 2.8.

2.6 Dealing with an HMM That Has Null Transitions That Do Not
Form a Loop

If it is desired to find the most likely state sequence s;,52,...,8y of the
original HMM given an observed output sequence yi, yz, - - -, Yk, We must

3. In any case, it is easy to show from definition (16) that

V(s'|)] = 1= q(s"}s)] ™!
where I denotes the identity matrix. The inverse exists as long as Z g(s'ls) < 1
for all s. s

4. This path consists of any number (including 0) of null transitions followed by
the output producing transition ¢.
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Figure 2.10
HMM without null transitions equivalent to the HMM of figure 2.8

proceed differently. Note that now m = k. First we need a new definition

yi(s) = ,max P(51,82, -« - SI-1:81 = $, Y1, Y2, - - -, VilS0)

where it is understood that the state sequence 51,5, . ..5-1, & ends in the
trellis’s i’ column.® The desired recursion then becomes

36) = max{ max rOs sl 5 s 614} (18)

But note from (18) that to evaluate y;(s) we need to know y;(s") for all
states from which a null transition into s is possible (this is what is meant
by the condition s” < s). Thus it must be possible to order the states appro-
priately so that (18) can be evaluated in sequence.

Such ordering is indeed possible provided the null transitions do not
form a loop in the HMM of interest. The following is a simple ordering
algorithm:

1. Place into set % all states that cannot be reached from any other state
via a null transition. (If null transitions do not form a loop, there must be at
Jeast one state with no null transitions leading into it, so # is not empty.)
2. Place into set % all states that can be reached via a single null transition
only from states of set 7.

5. A really careful definition might be something like

() = nax P(st, .y Sio1,80 = 5, Y (S0, 81, -, Si=1,81) = Y1 -+ Yie1 Vil S0)
st

where Y(so,51,...,5-1,5) denotes the total output sequence resulting from the
state sequence so — S} — - = S-1 — S/
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3. In general, place into set %; all states that can be reached via a single
null transition only from states in &.;,j = 1,2,...,i - 1.

4. Stop when no states remain to be placed. Index states in a sequence
such that states in &) have a lower index than those in % (i.e., assign the
lowest indices to states in %, the next indices to states in %, etc.).

In the HMM of figure 2.8, the set % contains state 2, the set % con-
tains state 1, and set & contains state 3.

For HMMs whose null transitions do not form a loop, just as we
adjusted (15) into (17), we can similarly adjust formulas (8) through (11):

4 (8) = P(y1,¥2,- -, Vi, 8 = 5) (19)
where s° is to be interpreted as a state in the i* trellis column (i.e., not as
the i state reached, which we denote by s;). With this interpretation we
get the recursion

a(s) = 3 (i sls Yoo (") + D qlsls”)ou(s") (20)

s’ sh<s

2.7 Estimation of Statistical Parameters of HMMs

So far we have acted as if some higher authority—or the problem itself—
specifies to us the parameters (transition and output production proba-
bilities) of HMMSs. This is, of course, rarely the case. We want to use
HMMs to model data generation, and the most we can expect is to be
given a sample of such data. We then want to construct a model that will
account for future (as yet unseen) data whose type is the same as that of
the given sample.®

It turns out that there exists no good way to estimate both the transition
structure and the statistical parameters of an HMM. The best we can do is to
use our knowledge of the situation and our intuition to design the HMM
structure, and from that, estimate the parameter values. We would like to
have a method that has the following maximum likelihood property:

Let P;(Y) denote the probability that the HMM defined by parameters
A produces the observed output Y = y1,y,. .., yx. We wish to find

A=arg max Py(Y) (21)

6. We will sidestep a possible philosophical argument as to what same type might
mean and rely on our intuition.
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The parameter specification 4 would, in an important statistical sense,
allow the HMM (of the given structure) to account best for the observed
data Y. We should bear in mind, however, that what we would really like
is for A to account for as yet unseen data that will come to us later for
processing. We cannot count on this. We can only entertain the intuitively
attractive hope that the training data Y is sufficiently representative of the
process so that 1 will remain satisfactory (but not necessarily optimal) for
unseen data as well.

We will arrive at the required algorithm (known in the literature
variously as the Baum, Baum-Welch, or forward-backward algorithm) by
intuitive reasoning. Proofs of its convergence, optimality, or other char-
acteristics can be found in many references (e.g., [5] [6]) and will be
omitted in this chapter. In chapter 9, however, we will show one proof
based on the expectation-maximization algorithm.

The following heuristic reasoning will seemingly imply that the data Y
was actually produced by an HMM that has the designed structure. The
reader should not be fooled by this pedagogical device: The machinery
that produced Y remains unknown to us.

It will be convenient to use the following HMM representation in this
section: Between any pair of states s and s’ there exists at most (a) one
output producing transition ¢ with L(#) = s and R(¢) = s’ and (b) one null
transition ¢’ with L(#) = s and R(#) = s’. We will also use the simplified
notation

a(ylt) = q(¥ls,s")

It is best to gain the appropriate fecling for the task of estimating
HMM parameters by means of a simple example that involves the basic
phenomenon we wish to treat. We will consider the HMM of figure 2.11

Figure 2.11
Example HMM with indexed transitions producing binary outputs

e e
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that produces binary sequences. There are three states and six transitions,
13 being a null transition. The transition probabilities satisfy constraints

p() +p(n) +p(t3) =1 p(ts) +p(te) = 1

We will wish to estimate the probabilities p(#) and g(y|t;) where
ye{0,1}andie{1,...,6}. We will designate 5o = 1 as the starting state.

Suppose we knew that the HMM produced the (long) sequence
y1,- -+ Y- How would we estimate the required parameters? A good way
to see the possible operation of the HMM is to develop it in time by
means of a trellis, such as that of figure 2.12, corresponding to the pro-
duction of y1, 32,3, y4 by the HMM of figure 2.11. In figure 2.12 we have
added superscripts to transitions and states to indicate the trellis stage
from which the transitions originate or in which the states are located.
The output sequence can be produced by any path leading from so = 1 in
the 0% stage to any of the states in the final stage.

Suppose we knew the actual transition sequence T =11,1),...,
(m = k, because some transitions may be null transitions and k outputs
were generated) that caused the observed output. Then the so called
maximum likelihood parameter estimate could be obtained by counting.
Define the indicator function,

1 if one of the transitions in T from a state
L) = belonging to i stage is (22)

0 otherwise

and using it,

LTINS
y A wo

A4l Y2 Y3 Yq

Figure 2.12
Trellis for the HMM of figure 2.11 corresponding to the output sequence

Y1,¥2,¥3, )4
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k-1

c(f) = Y L(1) (23)

=0

for all transitions ¢, as well as

k-1
e(y,0) = > L({)S(yis1,) (24)
=0 :

for non-null transitions #’. In (24), §( , ) denotes the Kronecker delta
function.” The number of times the process went through transition ¢ is
equal to ¢(¢), and c(y, t) is the number of times the process went through ¢
and as a consequence produced the output y.

The ‘“‘natural” estimates then would be

t
G(ylt) = 5%2(’;_)2 ¢ non-null (25)
C(l’,‘) .
i=1,2,3

e(tr) + e(t2) + c(3)
b)) =141 i=4 (26)

___fgj.)wm i=56

c(ts) + c(t6)

Of course, the idea of our knowing the transition sequence 1,2, ..., 4y

is absurd. But what if, knowing that y; y,,...,yr was observed, we

calculated the probabilities P{#' = ¢} that transition ¢ was taken when
leaving the i" stage of the process?® Then it would seem intuitively rea-
sonable to define the “counts” by (¢ is restricted to non-null transitions)

c(t) = kii P{t' =1} (27)
i=0
k—1 )
e(y,) =Y P{t'=1}6(yir1,) (28)
, -

and use these in the estimation formulas (25) and (26).

7. The definition is
1 ify=

0 otherwise
8. This is not necessarily the i transition. It is the i output producing transition.
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Because the production of each output y; corresponds to some non-null
transition from stage i — 1 to stage i, then ) P{¢ ="} = 1, where the
sum is over all non-null transitions #”. Thus whereas in formula (23), the
counter of exactly one of the non-null transitions gets increased by 1 for
each output, this same contribution is simply distributed by (27) among
the various counters belonging to non-null transitions.

Actually, it will be more convenient to use the renormalized count

estimates

gyl = (.9 ¢t non-null
c*(t)

. c*(t

40, ©

Y= ()

where ¢*(y,1) = c(y, )P(y1,2,. .., yx) and ¢*(2) = () P(y1, 32, - - -, Yk).°
The estimates arising from (27) and (28) will be convenient only if it
proves to be practical to compute the required probabilities

Pt =1} = P{t = 4 P(y1, 72, ., i) (29)

To derive the appropriate formulas, we need some precise notation in
addition to the one already defined:

P =1} the probability that y;, ..., y; was produced and
the transition out of a state in the i* trellis stage
wast;i=0,1,...,k—1

a;(s) = P{s' = s} the probability that y;,y,,...,y; was produced
and the state reached at the i stage was s;i =

0,1,....k
Bi(s) = P{rest|s’ = s} the probability that y;.1,...,yx was produced
when the state at the i stage was s;i = 0,1,...,k
(30)

Since the transition ¢ can be taken only after the HMM has reached the
state L(), and since after it is taken, the rest of the action will start in
state R(f), we see immediately that

9. Note that P{¢ = r} is defined as a probability conditioned on the observed
sequence y,..., k. Therefore, P{t' = t}P(y1,...,yx) is the corresponding joint
probability. The point, as we shall see, is that this joint probability is directly
computable.
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. a;(L(2)) p(8) q( yir1]t) Bip (R(1)) if tis non-null
Pt =1 = o (31)
oi(L(2)) p(2) B(R(1)) if 7is null
It is also obvious that the following recursion holds (it is identical to
(20)):

w(s)= Y a1 (L) pO el + D a(L(®)p@) (32)

te A (s) te N(s)

Here 47(s) is the set of all null transitions from states of lower order
than s and ending in s and A(s) is the set of all non-null transitions
ending in s. That is,

N(s) ={t: R(¢) = s,tis null, L(¢) < s} (33)
3
N(s) ={t: R(¢t) = s, ¢ is non-null}

Even though (32) involves quantities «;(s) on both sides of the equa-
tion, it can be easily evaluated whenever null transitions do not form a
loop (as in the example HMM), because in such a case the states can be
appropriately ordered by the algorithm we introduced in section 2.6.

In addition to the forward recursion (32), we can also obtain a back-
ward recursion:

Bis) = > p(0)a(yinl) B (RM) + Y p()Bi(R(t)) (34)
te H(s) te M(s)

where .#(s) and .#(s) are appropriate sets of null and non-null transi-

tions leaving s, respectively:

M(s) ={t: L(t) = s,¢is null, R(7) > s}

_ (35)
M(s) ={t: L(t) = s, is non-null}

Recursions (32) and (34) then lead directly to an algorithm computing
the desired quantities P*{¢' = ¢} via formula (31);

1. The forward pass: Setting ap(so) = 1 (in all of our example HMMs,
so = 1), use (32) to compute a,(s) for all s, starting with i = 0 and ending
with i = k.

2. The backward pass: Setting f,(s) =1 for all s, use (34) to compute
Bi(s) for all s, starting with i = k — 1 and ending with i = 0.

3. Transition probability evaluation: Using formula (31), evaluate proba-
bilities P*{¢' = ¢} forall rand i = 0,1,...,k — 1.
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4. Parameter estimation: Use the “counts”

c*(1) = kif Pt =1}

i=0

and
k—1 )

)= Y P =1}0(1,y)
=0

to get the parameter estimates

avl) =52,
s (1)
oo = 2ovpey=r(p € (1)

There is only one flaw, seemingly a fatal one, to our procedure: For-
mulas (31), (32), and (34) use the values of the parameters p(f) and g(y|¢)
that we are trying to estimate! Fortunately, there is a good way out: We
put the above algorithm into a loop, start with a guess at p(¢) and g(y|?),
obtain better estimates (this is proved in chapter 9) for (36) and (37), then
plug these back in for p(¢) and g(y|f) to run the algorithm again, obtain-
ing an even better estimate, etc., etc.

We cannot guarantee, however, that the Baum algorithm just described
converges to the desired parameter set 4 defined in (21). Instead, the
algorithm finds only a local maximum. More precisely,

Let P;(Y) denote the probability that the HMM defined by parameters
4 produced the observed output Y. If 1’ denotes the parameter values
determined by (36) and (37) when parameters 4 were used in (31), (32),
and (34), then Py (Y) = P;(Y)

¢ non-null (36)

(37)

2.8 Practical Need for Normalization

Often, the recursions (32) and (34) need to be carried out for a large
number of stages k. As a result, the values of a;(s) (or §,(s)) lose precision
as i increases (decreases). To prevent this loss from seriously affecting the
estimates of the HMM parameter values, it is necessary to carry out some
sort of normalization as the recursion progresses. One good way is as
follows: |
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Let Qo, 01, @a, - - - , Ok be positive numbers, and define

o (s) = _—“@—« (38)

Then the recursion (32) becomes

ds) = ()0 = > o (L) p() gl + Y d(L@)p(0)  (39)
te V7 (s) te. ¥ (s)
where the sets A" (s) and 4 (s) are defined in (33).
If we then chose

Qo= o0s), Q=) #(s)i=0,12,...k (40)

5

we will assure that 3", a7 (s) = 1 for all values of i, and that the forward
recursion process is properly normalized.'® Note that for i = 0, the first
righthand side of (39) is missing, o(s) = ao(s), ag(s) = 0 for s < 50, and
O(o(So) = 1.

It is very convenient to use the same factors Q; to normalize the back-

ward recursion:

Brs) = ﬁ/—f% (41)

Then similarly

Bs) =)0 = > PO aialD) B (RD) + Y p(O)FR()
te A(s) te. #(s)
where the sets .#(s) and .#(s) are defined in (35).
Note next that as a result of the choice (40),

k k
P(y1,¥2, s 0k) = Z a(s) = Z[“I(S)H Q,} = H Qi
5 ¥ i=0 i=0

because by definition of the normalization process, 3, 2;(s) = 1. Then it
follows from (38) and (41) that for all s, s, and i = 0,1,... .k — 1,

10. A stage of the forward process then is as follows:

1. Using normalized values z7_ (s') in (39), obtain values i(s) in the natural
order of the states s.

2. Calculate Q; = 3, %(s).

3. By normalization 7 (s) = (s)/Q; obtain the z-values necessary for calculating

%1 (8)-
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(S)IB1+I(S ) =0 (S 1+1 H Q/

=07 ()i (s7) x P(th’z, k)

As a consequence of definition (29) and formula (31), we may then use
the original conditional probabilities

Pl = }_‘{a?<L(t))p(t)4(yi+1{t)ﬁ?+1(R(l‘)) if ¢ non-null
a; (L(0) p(£) B7 (R(1)) Qs if ¢ null

as contributions to the estimation counters ¢(y, ) and c(¢) (see (27) and
(28)) thus obviating the calculation of the product Hljzo 0.

(42)

2.9 Alternative Definitions of HMMs

2.9.1 HMMs Outputting Real Numbers

The HMM concept can be generalized in a way that is very useful to
acoustic modeling. The finite size restriction on the output alphabet %
can be removed. Thus outputs y can consist of real numbers or even real
vectors. In that case the output probabilities become densities and their
estimation must be parametric. For instance, a Gaussian assumption about
the density g(y|¢) is made, and the Baum algorithm estimates its means
and variances. We will carry out this generalization in chapter 9, which
deals with the Expectation-Maximization algorithm that can be used to
prove rigorously the convergence of the Baum algorithm.

2.9.2 HMM Outputs Attached to States

Many researchers prefer dealing with a structure in which outputs are gen-
erated by states and not by transitions into states. Thus their HMM is
defined by

1. An output alphabet & = {0,1,...,b— 1}

2. A state space & = {1,2,...,c} with a unique starting state 5o

3. A probability distribution of transitions between states p(s’|s), and

4. An output probability distribution (or density) g(y|s)

Then the probability of observing an HMM output string yi1, 2, ..., V&
is given by

P(y1,y2, o p0) = ) H plsilsi-)a(yils:) 43)

Sty Sk =1
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The two HMM formulations (this and that of section 2.2) are entirely
equivalent. In fact,

1. To get the setup of (43) from that of (6)**, we enlarge the state space of
the latter to be of size ¢*> with states o = (s,5’), and define an output
function ¢*(y|o) = q(¥|s,s’) and a state transition function

p(s"|s") if o =(s',5") and o = (s,5")

r'lo) = {
0 otherwise

Or, conversely,

2. To get the setup (6) from that of (43), we keep the state space as is and

define q(y|s,s’) = q(y|s') for all pairs (s,s’). This formally attaches out-

puts to transitions while in reality they remain determined solely by the

target state s,

The last remark we wish to make is that the requirement for a unique
starting state sp is not an essential one. We use it because it simplifies
exposition but puts no restriction on our intended use of the HMM
concept.

2.10 Additional Reading

A very good heuristic introduction to hidden Markov models can be
found in an article by Poritz [7]. It contains an extensive bibliography.
For a thorough exposition of the subject, essentially covering the same
material as this and the next chapters, see the paper by Rabiner [8].

One problem of concern is the convergence of the estimates derived by
the Baum algorithm to the actual HMM parameter values [9]. This is very
much an unsolved area, and some thought will reveal why. When HMM
estimation is used in speech recognition, convergence is not much of a
concern. Other problems (such as overtraining due to sparseness of data,
or bad choice of HMM structure or of initial parameter values) dominate.
System designers simply carry out three or four iterations and take what
comes.

The Baum algorithm attempts to compute maximum likelihood esti-
mates of HMM parameters from provided data. But maximum likelihood

11. Note that (6) assumes no null transitions. If we wanted to transform an HMM
with null transitions into one with output-producing states, we would need to do it
in two steps, the first of which would be the replacement of the null transitions
using the formulas of section 2.5.
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is surely not the only desirable criterion. How about maximum a posteriori
probability, or an estimate that maximizes the mutual information (see
chapter 7) between the HMM parameters 6 and the observed sequence
Y1, ¥2,- -, yx? Both of these criteria imply the existence of a distribution
over the parameter space ® from which 8 is chosen. This is not natural to
speech recognition. There are, however, analogous formulations of the
speech recognition problem that do involve these alternative criteria. We
will return to them in the last section of the next chapter.
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Chapter 4
Basic Language Modeling

4.1 Introduction

It was pointed out in chapter 1 that the task of a recognizer is to find a
word string W satisfying

W =arg max P(A|W)P(W) (1)

where A denotes the acoustic evidence (data) and
W=wp,wy...,w, - 2)

denotes a string of n words, each belonging to a fixed and known vocab-
ulary 7.

This chapter is our first encounter with language models capable of
assigning a probability P(W) to every conceivable word string W. We
repeat from chapter 1 that the designation word refers to a word form
defined by its spelling. Two différently spelled inflections or derivations
of the same stem are considered different words. Homographs having
different parts of speech or meanings constitute the same word.

Using the Bayes’ rule of probability theory, P(W) can be formally
decomposed as

PW) =[] Pwilwr, ..., wisn) 3)
=1

where P(w;|wy,...,w;_1) is the probability that w; will be spoken given
that words wy, ..., w;_; were said previously. The past wy, ..., w;_; is fre-
quently referred to as history and is denoted succinctly by h;.

Formula (3) simply states that the probability of uttering a word string
W is given by the probability of uttering the first word, times the probability

0
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of uttering the second word given that the first word was uttered, etc.,
times the probability of uttering the last word of the string given that all
of the previous ones were uttered. Hence in (3), the choice of w; is mod-
cled to depend on the entire past history of the discourse.

The task of a language model is to make available to the recognizer
adequate estimates of the probabilities P(wilw, - -, wi-1). In this chapter
we introduce the basic and surprisingly powerful trigram language model,
which remains the state of the art. We show how to compute its parame-
ters directly from training data: text appropriate to the recognition task at
hand. Here we will introduce the technique of optimum linear smoothing
by the method of held-out estimation that is useful wherever data is
sparse.!

Another way of combating data sparseness is by equivalence classifi-
cation of words. The simplest method that comes to mind works accord-
ing to the grammatical function the words play, for instance by assigning
to each word of text a label from a finite set  of parts of speech (tags).
7 would include such conventional elements as NOUN, VERB, ADJECTIVE,
ADVERB, DETERMINER, PREPOSITION, CONJUNCTION, etc. It may be quite large,
containing also many refinements of the conventional seven parts of speech
just listed. It may even have semantic labels such as COMPANY NAME, CITY
NAME, DATE, PRICE, etc.

In English, words spelled the same way may fulfill different gram-
matical functions depending on the context in which they are used. For
instance, the word light used as a NOUN may denote a device that illumi-
nates, as a VERB the action of illuminating, and as an ADJECTIVE the qual-
ities of absence of either darkness or weight. In any case, most English
NOUNS can be used as VERBS and vice versa. Assignment of parts of speech,
called tagging, can be done by Viterbi decoding based on appropriate
HMMs, as section 4.8 will show. In section 4.9 we will demonstrate a
possible incorporation of tag equivalence classes into the language model.
In section 4.10 we will consider the problem of vocabulary selection for a
particular recognition task.

We will return four more times to language modeling, in chapters 10,
13, 14, and 15. In those chapters, we will discuss considerably more
sophisticated methods than those introduced here.

1. Section 4.7 briefly discusses the quite prevalent but more complex method of
backing-off (1], but a derivation of the method is delayed to chapter 15.
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4.2 Equivalence Classification of History

The sequential decomposition (3) is appropriate for speech recognition
because it leads to the development of natural intermediate decision cri-
teria allowing a minimal delay in the recognizer’s response to the pro-
gressing dictation. In reality, of course, the probabilities P(w;|wy, ..., wi_1)
would be impossible to estimate for even moderate values of 7, since most
histories wy,...,w;—1 would be unique or would have occurred only a
very few times. Indeed, for a vocabulary of size |#7| there are |/~ ]H dif-
ferent histories, and so to specify P(w;|wy, ..., wi_1) completely, |#| val-
ues would have to be estimated. For practical values of |¥7|, this is an
astronomically large number (for instance, for |#7| = 5000 and i =3,
|7 ]i is equal to 125 billion!), and thus the probabilities P(w;|wi, ..., wi_1)
could neither be stored nor retrieved when the recognizer needed them.

It follows that the various possible conditioning histories wy,...,w;_;
must be distinguished as belonging to some manageable number M of
different equivalence classes [2] [3]. Indeed, from a common sense point of
view, it is obvious that thinking of many of the histories as equivalent will
not appreciably weaken the model’s ability to predict the next word
w;. Besides, for practical vocabulary sizes (in the tens of thousands) and
i >3, the vast majority of the |#’|' word strings wy,...,w; will never
occur in English.

Let @ be a (many to one) mapping of histories into some (perhaps
large) number M of equivalence classes. If ®(wy,...,w;1) denotes the
equivalence class of the string wy,...,w;_1, then the probability P(W)
may be approximated by

P(W) = fI P(wi|®(wy,...,wi—1)) 4)
i=1

One way the classifier might function is on the basis of a finite state
“grammar.” At time i — 1, the grammar is in state ®;_;, and the next
word forces a change to state ®;. Then (4) can be re-written as

e s eGSR

PW) =[] POwii) (5
i=1 .

For this relatively simple situation, how would the probabilities
P(w;|®;_;) be estimated?
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One could acquire some large corpus of text of the kind that the rec-
ognizer will produce (e.g., if the application is the creation of medical
reports, then the training text should consist of medical reports composed
by any available method). One would then run the text’s word sequences
through the finite state grammar and accumulate counts C(w,®) of the
number of times the word w was fed to the grammar immediately after
the grammar was in state ®. If C(®) denotes the number of times the

grammar reached state @,

c@) =Y C(w,®) (6)

then the first-order estimate of the desired probability would be

C(w;, @)
PO, = 0) = S ™)
Intuitively, a “grammatical” classification of a history wi,...,Wi-1

might be something like

w;_1 was the; it is a part of a verb phrase with head blows; the previous
phrase was a noun phrase with head exhaust.

Whatever the selected classification scheme, it will of necessity be a
compromise between two requirements:

1. The classification must be sufficiently refined to provide adequate
information about the history h so it can serve as a basis for prediction.

2. When applied to histories of the given training corpus, it must yield its
M possible classes frequently enough so that the probabilities P(w|®) can
be reliably estimated (not necessarily by the crude relative frequency

approach (7)).

R R e R R e

The purpose of a language model for speech recognition is not an exact
analysis for meaning extraction, but an apportionment of probability
among alternative futures. This remark points to the possibility of cre-
ative use of relatively simple grammatical principles that are on the whole
accurate, even if open to counterexamples.

SO e

4.3 The Trigram Language Model

The language model most frequently used by present-day speech recog-
nizers is based on a very simple equivalence classification: Histories are
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equivalent if they end in the same two words. For such a trigram model,
n

P(W) = H P(Wilw,'_z, Wi—l) (8)

i=1
Estimating the basic trigram probabilities by formulas (6) and (7) gives

C(wy, wa, w3)

P(wslwi, wp) = f(ws|wi, wy) = C(wi, wa) Y

where f( | ) denotes the relative frequency function. Unfortunately, (9) is
a very inadequate formula, since many possible English word trigrams
w1, w2, w3 are never actually encountered even in very large corpora of
training text. A language model based on (9) would assert the impossi-
bility of such trigrams and would assign P(W) = 0 to strings W contain-
ing them. A recognizer operating under the statistical decision criterion
(1) would thus be forced to commit a large number of errors. In fact, in
the 1970s IBM researchers conducted an experiment in which they divided
a corpus of patent descriptions based on a 1,000-word vocabulary into
test and training subsets (of size 300,000 and 1,500,000 words, respec-
tively). They found that 23 per cent of the trigrams appearing in the test
subset never occurred in the training subset. Thus a langnage model based
on formula (9) would have caused the recognizer to transcribe errone-
ously at least 23 per cent of the spoken words.

It is therefore necessary to smooth the trigram frequencies [3]. This can
be done most simply by interpolating trigram, bigram, and unigram rela-
tive frequencies,

P(ws|wi, w) = A3 f(w3|wi, wa) + Ao f(w3|wa) + Ay f(w3) (10)

where the nonnegative weights satisfy A; + A, + 43 = 1.2 We will next
discuss how to choose the weights 1; optimally.

2. There are other ways of smoothing. In fact, nonparametric probability esti-
mates extracted from data, though dependent on event counts, need not be based
on relative frequencies at all. Many formulas have been suggested that do not
assign 0 probability to unseen events. The most famous among them is the Good-
Turing formula [4]. Chapter 15 discusses this and other approaches. Until that
chapter, to simplify our discussion, we will use relative frequencies. But it should
be kept in mind that this is only a pedagogical decision. Whatever formulas
derived from counts are used, linear smoothing (discussed in the next section) can
be applied to them.
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Figure 4.1
Linear smoothing section of an HMM language model

4.4 Optimal Linear Smoothing

A language model operating according to (10) can be regarded as an
HMM [5]. Figure 4.1 shows one of its subparts. Outgoing from its left-
most state so(wi,ws) are three null transitions f1,%, and t3 into states
s1(wy, wa), s2(wy,wy), and s3(wi,wa). The transitions are taken with
probabilities 1,42, and A, respectively. Out of each of the three states
lead |¥] transitions. Each produces a different output v € ¥~ and accord-
ingly leads to a state so(wa,v). The v-transitions out of states s1(wi, w2),
s2(w1,w2), and s3(wi, w2) are taken with probabilities f(v), f(v|w2), and
f(v|w1, wa), Tespectively.

Note that the probabilities of the output-producing transitions are
known, whereas those of the null transitions are to be determined. The
overall HMM is, of course, gigantic: it has 4 x | !2 states. In agreement
with (10), however, for a given i€ {1,2,3} all probabilities A; of tran-
sitions leading from so(wi,w2) to si(wa,v) are to have the same value

-
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regardless of the actual combination wy, wa, v. We say that their values are
tied.

Since the language model (10) is an HMM, the Baum algorithm (section
2.7) can estimate the optimal /4; values.®> As a welcome consequence of
tying the probabilities of null transitions, the estimation process will
need only three counters c(z;). In fact, regardless to which subpart of the
HMM a transition marked ¢ belongs, the same counter c(t;) will receive
as training data contributions the probabilities (denoted in chapter 2 by
P{¢ = 1;}) that the transition # was taken. We will not need to establish
counters for the output-producing transitions because their probabilities
are fixed.

Additional practical shortcuts can be taken to make estimating the
weights 4; quite easy. We will discuss these in section 4.6. Right now we
ask the important question: What type of training data should be used for
determining the weights?

It cannot be the data on which the relative frequencies f( | ) were
computed because in that case the resulting estimates would be A3 = 1,
A1 = 42 = 0. In fact (as is proven in section 4.6), f(w3|wy, w) is the maxi-
mum likelihood estimate of P(ws|w;,w;) for the training data on which
f(wslwi,wy) is based. Looking at the problem intuitively, the HMM
includes the branch #; so that the word w3 can be “generated” (we use
quotation marks because the HMM does not in reality generate any text)
even when the bigram ws, ws has not been found in the training data, and
similarly #; and 7, make “generation” of w3 possible when the trigram
wi, wp, ws is absent.

So we conclude that the total training data must be divided into two
portions. The first, much larger, called kept data, is first used to estimate
the relative frequencies f( | ). With these fixed, the second smaller data
portion (because there are very many fewer parameters to estimate),
called held-out data, is used to estimate the weights 4;. Of course, once this
is done, the language model can be further improved by combining both
portions of the data and reestimating the f'( | )’s.

This technique of linear smoothing is sometimes called deleted inter-
polation. To introduce it in its simplest setting, we treated the weights 4; as
constants. However, since it is clear that f(ws|w;,w;) approximates
P(ws3|wi, wy) better if based on a larger count C(wy, wy), then A;s should

3. Actually, it is more practical to base the estimation directly on calculus, as is
done in section 4.6.
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mwm«www

themselves depend on the conditioning counts C(w1,wz) and C(w2). This
does not violate the HMM formulation, it merely changes the tying of its
null transitions. One simple way to accomplish this is to change the basic
HMM component structure from figure 4.1 to that of figure 4.2. There we
have added a state sq(w, w2) to the HMM subpart and as a consequence
have changed the set of null transitions. Now transitions #; and 4 go from
state so(wy, w2) to states s3(wq, w2) and sa(w1, wy), whereas transitions 71
and 1, leave state s4(wq,w2) and go to states s (wy,wr) and sa(wy, w2).
Denoting the new transition probabilities by 4; we have the relation

RO

/11 = /1:‘ X '{,1
Ay = Ay x Xy (11)
A=A

Of course, 4, = 1 — Ay and 4 = 1 - 23.
The point of the structure of figure 4.2 is that it smoothes P(w3|wi, w2)
in two steps.* First we get

P*(walwa) = &, f (w3) + A3 f (walwa) (12)
and then
P(ws|wi, wa) = AgP" (w3lw2) + 251 (walwr, wa) (13)

By the argument of the paragraph preceding (11), the parameters 2;in
(12) should depend on the counts C (w2). Then (12) yields the best
obtainable estimate (by the deleted interpolation method) of P*{wslwz),
and in (13) we interpolate this P* with the relative frequency f (wslwi, w2)
and thus get the “best” estimate of P(w3|wi,wz). Of course, in (13) the
parameters A; depend on the counts C(wy,wz). As a result of all this we
see from (11) that the overall 1; parameters (used in the structure of figure
4.1) will indeed depend on both counts C(wi,w,) and C(wy), as they
should.

The Baum algorithm applied to the HMM based on figure 4.2 can then
estimate the values of A; by appropriately tying the null transitions.® That
is, all transitions #3 (and f4) that emanate from such states so(w1,wa) as
correspond to the same count C(wi,w,) are tied together, and all tran-

1
|
|
!
|
|
|
|

4. This method of smoothing is top-down because it generates higher- in terms of
lower-order estimates. Bottom-up smoothing is also possible.

5. Section 4.6 shows a more efficient method of estimation.

el
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sitions #; (and #;) that emanate from such states s4(wi, w2) as correspond

to the same count C(w>) are tied together.
We will return to the smoothing problem in section 4.6, where we dis-

cuss smoothing’s practical aspects.

L
%

45 An Example of a Trigram Language Model

Examination of figure 4.3 may provide an intuitive feeling for the quality
of the language model (12) and (13). The language model is used to pre-
dict, in their order, the words of the sentence We need to resolve all the
important issues within the next two days. The figure displays all words
predicted to be at least as likely as the actual word, given the language
model’s perfect knowledge of the past. (At the beginning of the sentence it
knows nothing except that the sentence begins.) Thus, knowing the two
preceding words all the, the language model estimates that the most likely
next word is necessary, and that the words data, ..., shop are all more
likely than the actual word important which it estimates as the 1641
likeliest, given the particular past all the. We can observe that this lan-
guage model is quite good at predicting most function words (e.g., we, t0,
the, next, etc.) but uncertain about some content words (e.g., resolve and
important) just as human beings might be. (No claim is made here that
they wouldn’t do better, just that they too might have trouble.)

A careful look at figure 4.3 reveals one of deleted interpolation’s
shortcomings. Note that the word the appears in the second column as
one that follows more frequently the sequence wj =SB, Wy = We (sB
stands for sentence beginning) than does need. Of course, the sequence We
the is not completely impossible in English (the U.S. Constitution starts
with We the people ...), but it is surely less probable than We need. The
reason for the unnaturally high probability of We the is the presence of
the component 4; x f (w3 = the) in the right-hand side of (12) and the fact
that the is the most probable English word.

Of course, one example proves nothing. We would like to have an
objective measure of language model quality. The results of Information
theory, with which we will deal in chapter 6, suggest such a measure to us.

.
.
%
.
|
i
]
%I
|
|
|
|

|

]

4.6 Practical Aspects of Deleted Interpolation

Section 4.3 treated the problem of language model smoothing from a
rigorous HMM point of view. It is immediately obvious, however, that
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Quality of the language model’s prediction of the sentence We need to resolve all
the important issues within the next two days
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the actual estimation can be broken down to make the computation much
simpler than the formal HMM approach would demand. We start with
the requirement that the smoothing weights be functions of occurrence
counts C(wy,ws) and C(w»). Asa result, (12) can be changed to

P (wswa) = 7(COw2)) X Fwa) + (1 = $(Cw2))) %/ (wslw2) (14)
and (13) to

. P(ws|wi,wa) = O(C(w1, w2)) X P*(w3|w2)

+ (1= 0(C(wi, w2))) x f (walwi, w2)

The y coefficients of (14) can be estimated first and independently for
cach different value of the count C(w). Actually, the y values should
depend only on ranges into which C(w5) falls, if for no other reason than
because very few words wy will have high values of C(w2). So for the
purpose of this section, let #(w,) denote the range to which the count
C(w;) belongs. The ranges would be determined experimentally, making
sure that enough data falls into them. Of course, for low count values the
ranges might contain a single count only, whereas the last range would
contain all counts exceeding some threshold.

The coefficients y for (14) would be estimated as follows for a particular
range # (estimations for different ranges are independent of each other):

(15)

1. Divide the total training data into kept and held-out data sets (see
section 4.3).

2. Compute the relative frequencies f (w3|wz) and f(w3) from the kept
data.

3. Compute N (w2, ws), the number of times the bigram w,, w3 takes place
in the held-out data set.®

4. Find y maximizing the value’

S5 N wlogly x f(wa) + (1 =) xS (w,l)] (16)
N{)e® w3

Now y = y(%) can, of course, be found by the Baum algorithm’s re-
estimation process. But actually (16) is so simple that it can be solved
faster with the help of calculus [6].

6. Note that we designate by C( ) the counts in the kept training text, and by N()
the counts in the held-out set.

7. 1t is easy to see that (16) corresponds to the maximum likelihood criterion.

—— |
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Taking the derivative with respect to y, performing some simple arith-
metic, and equating the result to 0, we get

S Moy [Hf S(wslo) }—‘:0 )

N@ye® ws (w3) — f(ws|v)

The equation (17) has a single solution because the second derivative of
(16) is equal to

S(wslv) -
-y ZN(U,W3)[V+M]

N(v)e® w3

which is a negative quantity for all y. The solution to (17) can be found by
any appropriate interval search [7].

We can now prove easily the assertion we made in section 4.3 that if we
had tried to find y from the same data we used to compute the relative
frequencies f(ws|w,), we would have gotten the trivial answer y = 0.
Indeed, in that case

C(v,w3) = f(v)f (w3lv)C

where C is the size of the development data set. Replacing N (v, ws3) in (17)
by C(v,w3) we get

S (w3) = f(ws]v)
cy f(v)Zf (wslo) [ (f (w3) —f(w3]0)) +F (w3]v)

Clv)ye®

and setting y = 0 and simplifying by cancellation, we end up with

C > f0) Z [ (ws) = £ (wsv)]
Clo)e®
But the inner sum is equal to 0 for all v, and so in this case y = 0 is a solu-
tion to (17); since (17) has a single solution, then y = 0 is its only solution.
We have now shown a practical way to find the coefficients y(%). Once
these are found, they determine the probability P*(w3|w,) of (14). With
the latter known, finding the values 6(%(w1,w2)) for (15) is the same
problem as that of finding y’s for (14).

4.7 Backing-Off

Linear smoothing is not the only way to make up for the scarcity of
text training data. The method of backing-off [1] is quite prevalent in

Meta Platforms, Inc. - Exhibit 1019
Page 58 of 68



70 ‘Chapter 4

state-of-the-art speech recognizers. We will postpone its derivation to
chapter 15, in which we introduce Good-Turing estimation [4]. The basic
idea is apparent from the following formula:

£ (walwi,w2) if C(wi,wa,w3) =K
P(wslwi,wy) = & oQr(wilwi, wa) if 1< Cwy,wa,w3) <K (18)
B(wi, wa)P(ws|wa) otherwise
where o and f are appropriately chosen so that the probability
P(ws|wy,w,) is properly norma}ized. Furthermore, Or(wslwi,wz) is a
Good-Turing type function and P(w3|w,) is a bigram probability estimate
having the same form as P(ws|wi, wa):

S (w3lw2) if C(wa,w3) 2L
P(W3|W2) = OCQT(W3|Wz) if 1< C(Wz,Wg) <L ' (19)
B(wy)f(ws) otherwise

The form (18) then constitutes a recursion. The thresholds K and L are
chosen intuitively.

The argument for backing-off is that if there is enough evidence for it
(if the trigram count C(w1, w2, ws3) is sufficiently large), then relative fre-
quency is a very good estimate of the probability. If not, then one should
back-off and rely on bigrams; if there is not enough evidence even for
those, then one has to make do with unigrams.

4.8 HMM Tagging

As pointed out in section 4.1, words spelled the same way may fulfill dif-
ferent grammatical functions depending on the context in which they are
used. In general, therefore, to each word there will correspond a set of
tags (parts-of-speech functions) that it can assume. As long as the tag set
7 is more or less conventional, we can find the possible word-tag corre-
spondences in commercial dictionaries.

The basic idea of HMM tagging derives from the following model of
text production® [8]: Each tag g € 7 can be realized as the word v e ¥~
with probability k(v|g). (Naturally, we will set k(v|g) =0 if v cannot have
the tag g.) The model produces text statistically by first generating a string

8. Tt cannot be stressed enough that the model’s only purpose is to facilitate
tagging. It has no other plausibility as a method of text generation.

—
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of tags G = g19>...g» and then converting them into the words w;,i =
1,2,..., n with probability k(w;|g;).

If P(gilg1,-..,9i-1) = h(gilgi—k,---,gi-1), then we have an HMM
whose states are the tag k-grams g; ¢ ...g;_;. We can then tag by revers-
ing the production process and answering the question:

Given that the observed word sequence wiw;, ... w, was produced by
the HMM model, which was the most likely tag sequence g9 . .. g,
underlying wiws ... w,?

The answer to the question is obtained by Viterbi decoding (see section
2.4).

HMM tagging is usually based on a trigram model of tag production,
P(gilg1,...,9i-1) = h{gilgi—2,9:-1). We must therefore determine the
basic model probabilities k(w;|g;) and h(g;lgi_2, gi—1)-

The most straightforward way is with human help. A training text is
hand-tagged and the smoothed® relative frequencies observed in the
tagged training text become the desired probabilities & and /. The tedious
work of tagging can be accelerated by feedback:

1. A moderate amount of text is tagged by humans and the initial
parameter values for k and 4 are determined.

2. More text is Viterbi tagged, based on the obtained & and / values.

3. Human annotators correct the Viterbi tagging.

4. New k and £ values are calculated on the basis of all the text tagged.
5. If step 3 did not yield the desired accuracy, repeat from step 2; else
stop.

Of course, one would like to estimate k and # without human inter-
vention, or at least with very little of it. This has been tried with moderate
success [9] [10] based on the Baum-Welch algorithm initialized by

a2, = o (20)
Ry

o) =5 ke 0

where

9. Linear smoothing analogous to that of section 4.4 may be used; that is,
h(gilgi-2,9i-1) = A3 £(9ilgi-2, 9i-1) + XS (ilgiz1) + A1 f (g:)
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1
——— if g is a possible tag of v
k*(glv) = { L(v) (22)

0 if g is not a possible tag of v

In (22) L(v) denotes the number of possible tags of the particular word v.

Unfortunately, no matter how much data it is based on, the Baum-
Welch determination of model parameters leads to worse tagging results
than if k and k has been obtained from human text annotation (assuming
an adequate amount of annotated text). The problem is not due to bad
initialization. In fact, if we initialize with the best values of k and h
obtainable by hand tagging and run the Baum-Welch algorithm on more
data, the new parameter values will give worse results than the initial ones
[10].

The problem lies with the maximum likelihood optimization criterion
that underlies Baum-Welch. It is not directly related to our actual aim of
maximizing tagging accuracy, and so it does not lead to it.

4.9 Use of Tag Equivalence Classification in a Language Model

The simplest way to introduce a tag component into a language model
would be to tag training text and then collect relative frequency statistics
f(vlg1,92) and f(vlg) for all combinations v e ¥ and g¢,g1,92 € 7. One
would then create a smoothed probability estimate

0(vlg1,92) = v£(vlg1,92) + (1 = 7)f (v]g2)

and interpolate it with the trigram language model of the form (10)

P(wilwi_a, win1) = pP(wilwiz, wie1) + (1 — ) Qwilg(wi—z), g(wi-1))

(23)
The problem with (23} is that its implied tagging function g(w;) does not
exist, or put another way, depends on all of the words wy,...,Wi,...,Wn

of the utterance. (This is how the Viterbi algorithm operates.) The
straightforward, rigorous solution is to replace the Q probability in (23)
by

O wilwi, ..., win1) = »_ Q(wilg1,2)
g2 (24)
P(g(wi_2) = g1,9(Wiz1) = g2lw1, ..., Wi-1)

where P(g(wi—z) = g1,9(wi-1) = galwi, ..., wi1) is the corresponding
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forward probability of the HMM with states (g;, g») based on the proba-
bilities k(w;|g;) and h(gi]gi-2, gi-1). Thatis, in the terminology of section 2.3,

(g1, 92)
P(g(Wi-2) = g1,9(win1) = ga|w1, ..., wi_1) S (017} (25)
Obviously, the need for the calculation of the probabilities
O*(wilw1, ..., w;_;) at recognition time is unfortunate, and so it is natural
to seek an equivalence classification that assigns to each word a unique
category. One such classification can be found in section 10.12 [11]. Others
are discussed in section 4.11.

4.10 Vocabulary Selection and Personalization from Text Databases

Every speech recognizer is based upon a vocabulary ¥~ of finite size |7
that includes only the words that can appear in the transcribed text. As a
consequence, any attempt to recognize a word not belonging to ¥ will
result in an error. Such an error will increase the probability of an error in
recognizing the next word. On the other hand, since the difficulty of con-
structing a language model and its complexity grow with the vocabulary
size, it is desirable that the vocabulary be as small as possible. Therefore,
to accommodate both needs, the vocabulary must be chosen carefully so
that the expected coverage of the dictated text (the percentage of words in
the running text that belong to ") is maximized while the total number of
words it contains is kept manageable.

It is necessary to measure the coverage appropriately. There is a
marked difference between self-coverage and coverage. In the early 1980s,
the research group at IBM examined a corpus of office correspondence
and found that its most frequent 5,000 words covered 98 per cent of the
corpus, but their recognizer based on that vocabulary was committing a
surprising number of errors. Further examination showed that the chosen
vocabulary covered new text (produced in the same offices) only 92.5 per
cent of the time. The difference between self-coverage and coverage is
further highlighted by the following: (a) There are only 29,000 distinct
words in all of the works of Shakespeare, and (b) Perusal of The American
Heritage Word Frequency Book [12] shows that quite familiar words such
as admonition or deluded are not among the 86,000 most frequent words.
(And, of course, technical words belonging to any particular field, proper
names, address words, etc., will not be found in The American Heritage
Word Frequency Book at all.)
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74 Chapter 4

A vocabulary is particular to a speaker and his task in at least four
different aspects. First, choice of words reflects the speaker’s habits of
expression that are related, for example, to his level of education. His
usage is also conditioned by the general domain of discourse (e.g., data
processing, musicology, medical reports, etc.) that calls for a variety of
technical terms, clichés, and such. Furthermore, the speaker has available
those names, addresses, and other expressions peculiar to his current
interests. Finally, he requires words specific to the topic of the particular
document he is composing.

A large, fixed vocabulary can at most provide for the speaker’s habitual
usage and for the discourse domain, but a completely satisfactory cover-
age can be attained only through a user’s active, though limited, par-
ticipation. In particular, although he can be asked to indicate whether a
proper noun is a personal or company name, location, etc., and even to
annotate technical terms, he cannot be expected to provide any gram-
matical feature classification of ordinary English words. Information
about the latter should either be contained in some large stored source
lexicon, or, better still, be extracted from the actual syntactic/semantic
function that these words play in the previously transcribed text.

Using a rather sophisticated vocabulary selection method, R.L. Mercer
of IBM constructed vocabularies of varying sizes. Table 4.1 shows their
coverage of the PDB corpus (correspondence of a rather prolific member
of the IBM research staff) when names and acronyms occurring in it had
been disregarded.

A crude method of personalization could be devised by maintaining
during dictation a dynamically varying vocabulary consisting at any given
moment of the last L different words used. The resulting dynamic cover-
age is then defined as the asymptotic probability that the word spoken
next already belongs to the vocabulary. Table 4.2 gives the result for the
PDB database. The second column is the good news: 99 per cent coverage

Table 4.1

Vocabulary size Static text coverage (%)
5,000 92.5

10,000 95.9

15,000 97.0

20,000 97.6
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Table 4.2
Dynamic text Text size needed to
Vocabulary size coverage (%) reach coverage
5,000 95.5 56,000
10,000 98.2 240,000
. 15,000 99.0 640,000
g 20,000 99.5 1,300,000

is achieved by a 15,000-word vocabulary. The third column is the bad: It
takes 640,000 words of text to assemble a set of 15,000 different words.
This then may be a practical way of personalization only if the vocabu-
lary is extracted from a single pool of texts produced by many users
belonging to the same organization.

For direct personalization it would be desirable if a request for a low-
frequency word brought automatically into the vocabulary other words
that collocate with the requested word. Perhaps a very large “dormant”
vocabulary could be classified into overlapping word sets, and the use of a
certain number of such words belonging to the same set would trigger the
activation of the rest of the set, with consequent deactivation of unused
sets. At the start of the process, the recognizer would be provided with an
active vocabulary consisting of a permanent core subset of the most fre-
quent English words (derived from general databases), and of an initial,
replaceable, subset of words used in one of a number of specified business
fields.

4.11 Additional Reading

Language model estimation is necessarily a sparse data problem, and so
smoothing techniques become crucial to it. Section 4.4 introduced linear
smoothing. Ney and Essen [13] and Essen and Steinbiss [14] discuss the
problem from several fundamental points of view.

A trigram language model is built up from trigram, bigram, and uni-
gram relative frequencies (see equations (10), (18), and (19)). Is it useful to
attempt n-gram language models with n > 3? The answer is in general no,
especially because the slight improvement in perplexity would be dearly
paid for by the model’s considerably increased complexity. However,
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Guyon and Pereira [15] have developed a construction technique'® that
keeps complexity within prescribed limits and yet allows for use of n-
grams with an (in principle) unlimited value of n. A slight improvement
over this approach and some alternatives are presented in reference [16].

A generalization of the concept of trigrams has been achieved by
Lafferty and colleagues [17]. Basing their technique on link grammars
[18], they are able to take into account nonlocal influences in the text.

As mentioned in sections 4.8 and 4.9, it is desirable (for instance to
Jimit the language model size, but also for smoothing purposes) to base at
least some components of a language model on an equivalence classifica-
tion of words. Based on (multiple) part-of-speech classification, this has
been done for Italian [19]. Reference [11] is based on unique class assign-
ment of words. The basic technique used is that described in section 10.12.
The classification is derived automatically from data and depends on the
use to which words are put and the predictive relation between them.
Using simulated annealing [20], Jardino improves on this method [21] [22]
by allowing multiple classification of words,*! thus complicating the lan-
guage model (as seen in section 4.9). Equivalence classification can of
course also be based directly on semantics [23].

Finally, the concept of a word defined as a sequence of letters separated
by space should not be sacred. Shouldn’t collocations like New York or
nuclear magnetic resonance be treated as single items? Smadja’s technique
[24] can be used to determine which expressions are worthy of single word
treatment.
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Chapter 5
The Viterbi Search

5.1 Introduction

We have now discussed, at least on a basic level, acoustic processing,
acoustic modeling, and language modeling. The remaining component of
a speech recognizer is the hypothesis search (see section 1.2). Several
methods are possible; the ones we discuss in this chapter are based on the
Viterbi algorithm [1] introduced in sections 2.4 and 2.5.! Tree search
methods will be presented in the next chapter.

5.2 Finding the Most Likely Word Sequence

We will now describe a method of search for the most likely word
sequence W to have caused the observed acoustic data A. This method,
like all the known others for large vocabulary sizes |77], cannot actually
be guaranteed to find the most likely W. It gives very good results, how- .
ever, from the practical point of view (i.e., it is very rare that the maxi- .
mizing sequence

W = arg max P(A|W)P(W) (1)

is the one actually spoken but is not found by our search method).?

1. This will demonstrate again the usefulness of the HMM formulation. We will
take further advantage of the fact that embedding HMMs into an HMM leads to
a new HMM. In a sense, the subject of this chapter is already known to the reader
even before we delve into it.

2. As we know from chapter 2, the Viterbi algorithm (which is the basis of our

method) finds the most likely path through an HMM. But (1) demands that we
find for each candidate word string W the probability of the set of paths that
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