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Now consider this passive-tense example, where the semantic roles align with differ­
ent grammatical roles shown in Table 2.20. Words that look and sound identical can ha 
different meaning or different senses as shown in Table 2.21. The sporting sense of putt 
in the sport of shot-put) illustrates the meaning/sense-dependent nature of the role pattem as 
because in this sense the Locative case is no longer obligatory, as it is in the original sen:~ 
illustrated in Table 2.19 and Table 2,20. 

Table 2.20 Analysis of passive sentence with put. 

Analysis Example 
The book was out on the table. 

Grammatical Subject (NP) Predicate (VP) Adverbial (ADVP) 
functions 
Semantic roles Af(ent Instrument Location 

Table 2.21 Analysis of a different pattern of put. 

Analysis Example 
Kim put the shot. 

Grammatical Subject (NP) Predicate (VP) Object (NP) 
/unctions 
Semantic roles ARent Instrument Theme 

The lexical meaning of a verb can be further decomposed into primitive semantic rela­
tions such as CAUSE, CHANGE, and BE. The verb open might appear as 
CAUSE(NPJ,PHYSJCAL-CHANGE(NP2,NOT-OPEN,OPEN)). This says that for an agent 
(NP I) to open a theme (NP2) is to cause the patient to change from a not-opened state to an 
opened state. Such systems can be arbitrarily detailed and exhaustive, as the application re­

quires. 

2.4.3. Lexical Semantics 

The specification of particular meaning templates for individual senses of particular words is 
called lexical semantics. When words combine, they may take on propositional meanings 
=-~sulting from the composition of their meanings in isolation. We could imagine that a 
speaker starts with a proposition in mind (logical form as will be discussed in the next sec­
tion), creating a need for particular words to express the idea (lexical semantics); the pro?°" 
sition is then linearized (syntactic form) and spoken (phonological/phonetic fonn). Lexical 
semantics is the level of meaning before words are composed into phrases and sentences, 

and it may heavily influence the possibilities for combination. 
. Words can be defined in a large number of ways including by relations to oth~~ W

0rd5
~ 

m tenns of decomposition semantic primitives, and in terms of non-linguistic cognitive c_o~ 
Structs, such as perception, action, and emotion. There are hierarchical and non-hierard11c 
relations. The main hierarchical relations would be familiar to most object-oriented p~ 
&rammers. One is is-a taxonomies (a crow is-a bird), which have transitivity of properues 
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from type to subtype (inheritance). Another is has-a relations (a car has-a windshield), 
which are of several differing qualities, including process/subprocess (teaching has-a sub­
process giving exams), and arbitrary or natural subdivisions of part-whole relations (bread 
has-a division into slices, meter has-a division into centimeters). Then there are non­
branching hierarchies (no fancy name) that essentially fom1 scales of degree, such as Jro­
::en =>cold=> lukewarm=> hot=> bu ming. Non-hierarchical relations include synonyms, 
such as big/large, and antonyms such as good/bad. 

Words seem to have natural affinities and disaffinities in the semantic relations among 
the concepts they express. Because these affinities could potentially be exploited by future 
language understanding systems, researchers have used the generalizations above in an at­
tempt to tease out a parsimonious and specific set of basic relations under which to group 
entire lexicons of words. A comprehensive listing of the families and subtypes of possible 
semantic relations has been presented in [ 1 OJ. In Table 2.22, the leftmost column shows 
names for families of proposed relations, the middle column differentiates subtypes within 
each family, and the rightmost column provides examples of word pairs that participate in 
the proposed relation. Note that case roles have been modified for inclusion as a type of se­
mantic relation within the lexicon. 

We can see from Table 2.22 that a single word could participate in multiple relations 
of different kinds. For example, knife appears in the examples for Similars: invited attribute 
(i.e., a desired and expected property) as: knife-sharp, and also under Case Relations: ac­
tion-instrument, which would label the relation of knife to the action cut in He cut the bread 
with a knife. This suggests that an entire lexicon could be viewed as a graph of semantic 
relations, with words or idioms as nodes and connecting edges between them representing 
semantic relations as listed above. There is a rich tradition of research in this vein. 

The biggest practical problem of lexical semantics is the context-dependent resolution 
of senses of words - so-called polysemy. A classic example is bank - bank of the stream as 
opposed to money in the bank. While lexicographers try to identify distinct senses when they 
write dictionary entries, it has been generally difficult to rigorously quantify exactly what 
counts as a discrete sense of a word and to disambiguate the senses in practical contexts. 
Therefore, designers of practical speech understanding systems generally avoid the problem 
by limiting the domain of discourse. For example, in a financial application, generally only 
the sense of bank as a fiduciary institution is accessible, and others are assumed not to exist. 
It is sometimes difficult to make a principled argument as to how many distinct senses a 
word has, because at some level of depth and abstraction, what might appears as separate 
senses seem to be similar or related, as face could be face of a clock or face of person. 

Senses are usually distinguished within a given part-of-speech (POS) category. Thus, 
when an occurrence of bank has been identified as a verb, the shore sense might be auto­
matically eliminated, though depending on the sophistication of the system's lexicon and 
goals, there can be sense differences for many English verbs as well. Within a POS cate­
gory, often the words that occur near a given ambiguous form in the utterance or discourse 
are clues to interpretation, where links can be established using semantic relations as de­
scribed above. Mutual information measures as discussed in Chapter 3 can sometimes pro­
vide hints. In a context of dialog where other, less ambiguous financial terms come up 
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frequently the sense of bank as fiduciary institution is more likely. Finally, whe 1 ' f h · · · l"k 1·h n a I else fails often senses can be ranked in terms o t eir a pnon 1 e I ood of occurrence. It h 
' . . · · . · h S OUld always be borne m mmd that language 1s not static, 1t can c ange form under a give 

I E r h f . n ana1y. 
sis at any time. For example, the stab e •ng 1s onn spinster, a somewhat pejorative le 
for an older, never-married female, has recently taken on a new morphologically co Inn 

· h 1· · I ffi · I d" k mp ex form, with the new sense of a h1g po 1t1~a o 1~1a, or me ia spo esperson, employed to 
provide bland disinfonnation (spin) on a given topic. 

Table 2.22 Semantic relations. 

Family Subtype Example 

Contrasts Contrary old-young 

Contradictory alive-dead 

Reverse buy-sell 

Directional front-back 

Incompatible happy-morbid 

Asymmetric contrary hot-cool 

Attribute similar rake-fork 

Similars Synonymity car-auto 

Dimensional similar smile-laugh 

Necessary attribute bachelor-unmarried 
Invited attribute knife-sharp 
Action subordinate talk-lecture 

Class Inclusion Perceptual subord. animal-horse 
Functional subord. furniture-chair 
State subord. disease-polio 
Activity subord. game-chess 
Geographic subord. country-Russia 
Place Gennany-Hamburg 

Case Relations Agent-action artist-paint 
Agent-instrument armer-tractor 
Agent-object baker-bread 
Action-recipient sit-chair 
Action-instrument cut-knife 

Pan-Whole Functional object engine-car 
Collection orest-tree 
Group choir-singer 
Ingredient table-wood 
Functional location kitchen-stove 
Organization college-admissions -

Measure mile-yard 
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2.4.4. Logical Form 

Because of all the lexical, syntactic, and semantic ambiguity in language, some of which 
requires external context for resolution, it is desirable to have a metalanouage in which to 

• 0 

concretely and succ111ctly express all linguistically possible meanings of an utterance before 
discourse and world knowledge are applied to choose the most likely interpretation. The 
favored metalanguage for this purpose is called the predicate logic, used to represent the 
logical fonn, or context-independent meaning, of an utterance. The semantic component of 
many SLU architectures builds on a substrate of two-valued, first-order, logic. To distin­
guish shades of meaning beyond truth and falsity requires more powerful formalisms for 
knowledge representation. 

In a typical first-order system, predicates correspond to events or conditions denoted 
by verbs (such as Believe or Like), stales of identity (such as being a Dog or Cat), and prop­
erties of varying degrees of permanence (Happy). In this fonn of logical notation, predicates 
have open places, filled by arguments, as in a programming language subroutine definition. 
Since individuals may have identical names, subscripting can be used to preserve unique 
reference. In the simplest systems, predication ranges over individuals rather than higher­
order entities such as properties and relations. 

Predicates with filled argument slots map onto sets of individuals (constants) in the 
universe of discourse, in particular those individuals possessing the properties, or participat­
ing in the relation, named by the predicate. One-place predicates like Soldier, Happy, or 
Sleeps range over sets of individuals from the universe of discourse. Two-place predicates, 
like transitive verbs such as loves, range over a set consisting of ordered pairs of individual 
members (constants) of the universe of discourse. For example, we can consider the universe 
of discourse to be U = {Romeo, Juliet, Paris, Rosaline, Tybalr}, people as characters in a 
play. They do things with and to one another, such as loving and killing. Then we could 
imagine the relation Loves interpreted as the set of ordered pairs: { <Romeo, Julier>, <Juliet, 
Romeo>, <Tybalt, Tybalt>, <Paris, Juliet>}, a subset of the Cartesian product of theoreti­
caJly possible love matches U x U. So, for any ordered pair x, y in U, loves(x, y) is true if 
the ordered pair <x,y> is a member of the extension of the Loves predicate as defined, e.g., 
Romeo loves Juliet, Juliet loves Romeo, etc .. Typical formal properties of relations are some­
times specially marked by grammar, such as the reflexive relation Lnves(Tyba/t, Tybalt), 
which can rendered in natural language as Tybalt loves himself. Not every possibility is pre­
sent; for instance in our example, the individual Rosaline does not happen to participate at 
all in this extensional definition of Loves over U, as her omission from the pairs list indi­
cates. Notice that the subset of Loves(x, y) of ordered pairs involving both Romeo and Juliet 
is symmetric, also marked by grammar, as in Romeo and Juliet love each other. This general 
approach extends to predicates with any arbitrary number of arguments, such as intransitive 
verbs like give. 

Just as in ordinary propositional logic, connectives such as negation, conjunction, dis­
junction, and entailment are admitted, and can be used with predicates to denote common 
natural language meanings: 
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Romeo isn't happy = -,Happy(Romeo) 
Romeo isn't happy, but Tybalt is (happy)= -,Happy(Romeo) /\ Happy(Tybalt) 

Either Romeo or Tybalt is happy= Happy(Romeo) v Happy(Tybalt) 

If Romeo is happy, Juliet is happy= Happy(Romeo) ~ Happy(Juliet) 

Formulae, such as those above, are also said to bear a binary truth value, true or fa! 
with respect to a world of individuals and relations. The determination of the truth values~~ 
compositional, in the sense that the truth value of the whole depends on the truth value of 
the parts. This is a simplistic but formally tractable view of the relation between language 

and meaning. 
Predicate logic can also be used to denote quantified noun phrases. Consider a simple 

case such as Someone killed Tybalt, predicated over our same U = {Romeo, Juliet, Paris, 
Rosaline, Tybalt J. We can now add an existential quantifier, :3, standing for there exists or 

there is at least one. This quantifier will bind a variable over individuals in U, and will at­
tach to a proposition to create a new, quantified proposition in logical form. The use of vari­
ables in propositions such as killed(x, y) creates open propositions. Binding the variables 
with a quantifier over them closes the proposition. The quantifier is prefixed to the original 
proposition: 3x Kil/ed(x, Tybalt). 

To establish a truth (semantic) value for the quantified proposition, we have to satisfy 
the disjunction of propositions in U: Killed(Romeo, Tybalt) v Killed(Juliet, Tybalt) v 

Killed(Paris, Tybalt) v Killed(Rosaline, Tybalt) v Killed(Tybalt, Tybalt). The set of all such 
bindings of the variable x is the space that detennines the truth or falsity of the proposition. 
In this case, the binding of x = Romeo is sufficient to assign a value true to the existential 
proposition. 

2.5. HISTORICAL PERSPECTIVE AND FuRTHER READING 

Motivated to improve speech quality over the telephone, AT&T Bell Labs has contributed 
many influential discoveries in speech hearing, including the critical band and articulation 
index [2, 3]. The Auditory Demonstration CD prepared by Houtsma, Rossing, and 
Wagenaars [18] has a number of very interesting examples on psychoacoustics and its ex­
planations. Speech, Language, and Communication [30] and Speech Communication - Hu­
man and Machine [32] are two good books that provide modem introductions to the 
stru~ture of spoken_ la~guage. Many speech perception experiments were conducted b~ _ex­
plonng how phonetic mformation is distributed in the time or frequency domain. In addiuon 
to the formant structures for vowels, frequency importance function [12) has been developed 
1? Study ho_w f~atures related to phonetic categories are stored at various frequencies. In the 
ttme do~ai~, it has been observed (16, 19, 42] that salient perceptual cues may not be 
evenly di~~buted over the speech segments and that certain perceptual critical points exisL 

th 
A_s mt:Imat: as speech and acoustic perception may be there are also strong evidences 

at lexical and Imguistic rn ' . 0us· . . e ects on speech perception are not always consistent with ac 
tic ones. For mstance it ha l b · d' tin· g · h" ' s ong een observed that humans exhibit difficulties in is 

u1s mg non-native phonemes. Human subjects also carry out categorical goodness 
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difference assimilation based on their mother tongue [34], and such perceptual mechanism 
~an ~1e ob:erved as early as in_ six-month-old infants l22]. On the other hand, hearing-
1mpmre? listeners are able to _elf~rtlessl,>'. overcome their acoustkal disabilities for speech 
perception [8]. Speech percepllon is not simply an auditory matler. McGurk and MacDonald 
(1976) [27, 28] dramatically demonstrated this when they created a videotape 011 which the 
auditory information (phonemes) did not match the visual speech information. The effect of 
this mismatch between the auditory signal and the visual signal was to create a third pho­
neme different from both the original auditory and visual speech signals. An example is 
dubbing the phoneme Iba/ to the visual speech movements /gal. This mismatch results in 
hearing the phoneme Ida/. Even when subjects know of the effect, they report the McGurk 
effect percept. The McGurk effect has been demonstrated for consonants. vowels, words, 
and sentences. 

The earliest scientific work on phonology and grammars goes back to Panini, a San­
skrit grammarian of the fifth century B.C. (estimated), who created a comprehensive and 
scientific theory of phonetics, phonology, and morphology, based on data from Sanskrit (the 
classical literary language of the ancient Hindus). Panini created fonnal production rules and 
definitions to describe Sanskrit grammar, including phenomena such as construction of sen­
tences, compound nouns, etc. Panini's formalisms function as ordered rules operating on 
underlying structures in a manner analogous to modem linguistic theory. Panini's phono­
logical rules are equivalent in formal power to Backus-Nauer fonn (BNF). A general intro­
duction to this pioneering scientist is Cardona [91. 

An excellent introduction to all aspects of phonetics is A Course in Phonetics [24]. A 
good treatment of the acoustic structure of English speech sounds and a through introduction 
and comparison of theories of speech perception is to be found in [33]. The basics of pho­
nology as part of linguistic theory are treated in Understanding Phonology [ 17]. An interest­
ing treatment of word structure (morphology) from a computational point of view can be 
found in Morphology and Computation [40]. A comprehensive yet readable treatment of 
English syntax and grammar can be found in English Syntax [4] and A Comprehensive 
Grammar of the English Language [36] . Syntactic theory has traditionally been the heart of 
linguistics, and has been an exciting and controversial area of research since the 1950s. Be 
aware that almost any work in this area will adopt and promote a particular viewpoint, often 
to the exclusion or minimization of others. A reasonable place to begin with syntactic theory 
is Syntax: A Minimalist Introduction [37] . An introductory textbook on syntactic and seman­
tic theory that smoothly introduces computational issues is Syntactic Theory: A Formal In­
troduction [39]. For a philosophical and entertaining overview of various aspects of 
linguistic theory, see Rhyme and Reason: An Introduction to Minimalist Syntax [44). A good 
and fairly concise treatment of basic semantics is Jmroduction to Natural Language Seman­
tics [ 11 ]. Deeper issues are covered in greater detail and at a more advanced level in The 
Handbook of Contemporary Semantic Theory [25]. The intriguing area of lexical semantics 
(theory of word meanings) is comprehensively presented in The Generative Lexicon [35]. 
Concise History of the Language Sciences [21] is a good edited book if you are interested in 

the history of linguistics. 
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CHAPTER 3 

Probability, Statistics, and Information Theory 

Randomness and uncertainty play an impor­
tant role in science and engineering. Most spoken language processing problems can be 
characterized in a probabilistic framework. Probability theory and statistics provide the 
mathematical language to describe and analyze such systems. 

The criteria and methods used to estimate the unknown probabilities and probability 
densities form the basis for estimation theory. Estimation theory is critical to parameter 
learning in pattern recognition. In this chapter, three widely used estimation methods are 
discussed. They are minimum mean squared error estimation (MMSE), maximum likelihood 
estimation (MLE), and maximum posterior probability estimation (MAP). 

Significance testing deals with the confidence of statistical inference, such as knowing 
whether the estimation of some parameter can be accepted with confidence. In pattern rec­
ognition, significance testing is important for determining whether the observed difference 
between two different classifiers is real. In our coverage of significance testing, we describe 
various methods that are used in pattern recognition, discussed in Chapter 4. 

73 
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ion Theory 

lnfonnntion theory was originally developed for efficient and reliable . 
I h . . comrnun1cati 

systems. t as evolved mto a mathematical theory concerned with the very on . . . essence of th 
commumcatrnn process. It provides a framework for the study of fundamental · e 

h ffi · f · & • issues such as t e e 1c1ency o m1ormat1on representation and the limitations in reliable tra · '. . . . . nsm1ss1on of 
mformauon over a com~umcat1on channel. Many of these problems are fundamental 
spoken language processing. 10 

3.1. PROBABILITY THEORY 

Probability theory deals with the averages of mass phenomena occurring sequentially or 
simult:meously. We often use probabilistic expressions in our day-to-day lives, such as when 
saying. It is very likely that the Dow (Dow Jones Industrial index) will hit 12,000 poims ne:cr 
mo111h, or. Tire chance of scattered showers in Seattle this weekend is high. Each of these 
expressions is based upon the concept of the probability, or the likelihood, that some spe­
cific event will occur. 

Probability can be used to represent the degree of confidence in the outcome of some 
actions (observations), which are not definite. In probability theory, the term sample space, 
S, is used to refer to the collection (set) of all possible outcomes. An event refers to a subset 
of the sample space or a collection of outcomes. The probability of event A, denoted as 
P(A), can be interpreted as the relative frequency with which event A would occur if the 
process were repeated a large number of times under similar conditions. Based on this inter· 
prclation, P(A) can be computed simply by counting the total number, N5 , of all observa­
tions and the number of observations NA whose outcome belongs to event A. That is, 

P(A) = NA _ 
Ns 

P(A) is bounded between zero and one, i.e., 

0 ~ P(A) ~ 1 for all A 

(3.1) 

(3.2) 

. ty set On the 
The lower bound of probability P(A) is zero when the event set A 1s an emp 5 
other h·md the upper bound of probability P(A) is one when the event set A happe~~ t~ be ~d 

1;. tl~ere nre n events A.,Ai,·",A,, in S such that Ai,A2,· .. ,A. are disJmnt 

' II .· g obvious 

U" A A are said to fonn a pani1ion of S. The 10 ov.ID 1\ = S, events A., 2,·",,'" , .. , 
~l)Ul\tion fonns a fundamental a"'iom for probability theory. 

" 
Pt.-\, UA: u ... A,,) = lPv\,) = 1 

(3.3) 

i-1 urriO!! 
.. • . . . ~ • · >1><1bi/irv of eYent .4. and eYent 8 occ "' 

Ht\:-c.•d on th~ dl•hmt1f1n m Eq. t3. l). the _1c>111t pn. ... 

t . d :i . "' \8) .,,,d ;••1n ~ "'·ll~ulatt'd a~. l' l\lll'UIT('ll( )' lS . ~lll'lt.'l US • , .- • ~• ' 
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P(AB) = NAB 
Ns 

3.1.1. Conditional Probability and Bayes' Rule 

75 

(3.4) 

It is useful to study the way in which the probability of an event A changes after it has been 
learned that some other event B has occurred. This new probability denoted as P(A I B) is 
called the conditional probability of event A given that event B has occurred. Since the set of 
those outcomes in B that also result in the occurrence of A is exactly the set AB as illustrated 
in Figure 3.1, it is natural to define the conditional probability as the proportion of the total 
probability P(B) that is represented by the joint probability P(AB) . This leads to the fol­
lowing definition: 

(3.5) 

s 

Figure 3.1 The intersection AB represents where the joint event A and B occurs concurrently. 

Based on the definition of conditional probabiJity, the following expressions can be 
easily derived. 

P(AB) = P(A I B)P(B) = P(B I A)P(A) (3.6) 

Equation (3.6) is the simple version of the chain rule. The chain rule, which can specify a 
joint probability in tenns of multiplication of several cascaded conditional probabilities, is 
often used to decompose a complicated joint probabilistic problem into a sequence of step­
wise conditional probabilistic problems. Equation (3.6) can be converted to such a general 
chain: 

(3.7) 

When two events, A and B, are independent of each other, in the sense that the occur­
rence or of either of them has no relation to and no influence on the occurrence of the other, 
it is obvious that the conditional probability P(B I A) equals to the unconditional probability 
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I th t the J'oint probability P(AB) is simply the product of P(A) and P(B) 
P(B). It fol ows a 
·r A nd B are independent. 1 a ' t A A • • • A form a partition of S and B is any event in S as illustrated If then evens P'"2' , • .,, . . . 

. 3 2 th nts AB A B ... A,,B form a paruuon of B. Thus, we can rewnte: in Figure . ' e eve , ' , "2 ' ' 

B = A,BuAzBU· .. uA,,B (3.8) 

Since A
1
B,AzB, .. ·,A,,B are disjoint, 

II 

P(B) = LP(Al B) (3.9) 
l•I 

Figure 3.2 The intersections of B with partition events A1,A2,···,A,,. 

Equation (3.9) is called the marginal probability of event B, where the probability of 
event B is computed from the sum of joint probabilities. 

According to the chain rule, Eq. (3.6), P(A;B);;;: P(A; )P(B I A;) , it follows that 

II 

P(B) = L,P(~)P(B I Ak) (3.10) 
l;J 

Combining Eqs. (3.5) and (3.10), we get the well-known Bayes' rule: 

P(,\ I B) = P(A;B) = P(B I A;)P(A;) 
P(B) " 

LP(B I Ak)P(Ak) 

(3.11) 

h•I 

Bayes' rule is the basis for pattern recognition that is described in Chapter 4. 
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3.1.2. Random Variables 

Elements in a sample space may be numbered and referred to by the numbers given. A vari­
able X that specifies the numerical quantity in a sample space is called a random variable. 
Therefore, a random variable X is a function that maps each possible outcome s in the sam­
ple space S onto real numbers X(s) . Since each event is a subset of the sample space, an 
event is represented as a set of {s} which satisfies {s I X(s) =x}. We use capital letters to 
denote random variables and lower-case letters to denote fixed values of the random vari­
able. Thus, the probability that X = x is denoted as: 

P(X = x) = P(s I X(s) = x) (3.12) 

A random variable X is a discrete random variable, or X has a discrete distribution, if 
X can take only a finite number n of different values x 1 ,x2,·· ·,xn, or at most, an infinite se­
quence of different values x1,x2 ,··· . If the random variable Xis a discrete random variable, 
the probability function (pf) or probability mass function (pmf) of X is defined to be the 
function p such that for any real number x, 

Px(x)=P(X=x) (3.13) 

For the cases in which there is no confusion, we drop the subscription X for Px(x) . The sum 
of probability mass over all values of the random variable is equal to unity. 

n II 

L,P(X;) = L,P(X = x;) = 1 (3.14) 
j::J j::J 

The marginal probability, chain rule and Bayes' rule can also be rewritten with respect 

to random variables: 

m m 

Px(x;) = P(X = xJ = L,P(X = X;,Y = y1.) = L,P(X = X; I Y = Yk)P(Y = Yk) 
k::J k=I 

(3.15) 

P(X1 =Xp···,Xn =xn)= 

P(X =x IX =x ··· X =x 1) ···P(X2 =x2 IX1 =x1)P(X1 =x,) 
11 11 I I• • 11-I n-

(3.16) 

P(X =x.,Y = y) P(Y = y IX =x;)P(X =x;) 
P(X = X I y = y) = I = " 

, P(Y = y) LP(Y =YI X = xk)P(X =xk) 

(3.17) 

k=I 

In a similar manner, if the random variables X and Y are statistically independent, they 

can be represented as: 

P(X:: X;,Y = yj) = P(X = x;)P(Y = y)-.:=px(x)pr(yi) 'ti all i and} (3. I 8) 
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A random variable Xis a continuous random variable, or X has a continuous distrib . 
if there exists a nonnegative function!, defined on the real line, such that for an interval A utwn, , 

P(X EA)= t fx(x)dx (3.19) 

The function fx is called the probability density function (abbreviated pdf) of x. We d 
the subscript X for fx if there is no ambiguity. As illustrated in Figure 3.3, the arear: 
shaded region is equal to the value of P(a S X $ b). 

f (x) 

a 
X 

Figure 3.3 An example of pdf. The area of the shaded region is equal to the value of 
P(aS XSb). 

Every pdf must satisfy the following two requirements: 

f (x) ~ 0 for -00 S x S oo and 

J.:.J(x)dx = 1 
(3.20) 

The marginal probability, chain rule, and Bayes' rule can also be rewritten with re­
spect to continuous random variables: 

fx(x) = J.:.fx.r<x,y)dy = J.:.fx,r<x I y)Jy(y)dy 
(3.21) 

(3.22) 

f ( I )
- fx.r(x,y) _ frix<Y I x)fx(x) 

XIY X Y - -'-'-'-;.__- - -.:....:...::~-~-----'-
fy(y) J.:.fr1x(YI x)fx(x)dx 

(3.23) 
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The distribution function or cumulative distribution function F of a discrete or con­
tinuous random variable X is a function defined for every real number x as follows: 

F(x) = P(X 5:. x) for -oo ~ x ~ oo 

For continuous random variables, it follows that: 

F(x) = J:fx(x)dx 

fx(x) = dF(x) 
di:: 

3.1.3. Mean and Variance 

(3.24) 

(3 .25) 

(3.26) 

Suppose that a discrete random variable X has a pf fix); the expectation or mean of X is de­
fined as follows: 

E(X) = L,xf(x) (3.27) 
X 

Similarly, if a continuous random variable X has a pdf .f. the expectation or mean of X 
is defined as follows: 

E(X) = J: xf(x)dx (3.28) 

In physics, the mean is regarded as the center of mass of the probability distribution. 
The expectation can also be defined for any function of the random variable X. If Xis a con­
tinuous random variable with pdf .f. then the expectation of any function g(X) can be de­
fined as follows: 

E[g(X)] = J: g(x)f(x)dx (3.29) 

The expectation of a random variable is a linear operator. That is, it satisfies both addi­
tivity and homogeneity properties: 

(3.30) 

where a1, ·· ,a,,, b are constants. 
Equation (3.30) is valid regardless of whether or not the random variables X,.···,Xn 

are independent. 
Suppose that X is a random variable with mean µ = E(X) . The variance of X denoted 

as Var(X) is defined as follows: 

Var(X) = <J
2 = E[(X-µ)2] (3.31) 
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1neot)' 

h e (J. the nonnegative square root of the variance is known as the stand d . 
w er , . f a, dev1 • 
random variable X. Therefore, the varianc: 1s also o ten denoted as a 2

• a11on of 
The variance of a distribution provides a measure of the spread or di . 

· A 11 l f th · · · spersic111 of th 
dl.stribution around its mean µ . sma va ue o e vanance md1cates that th e 

e probabT 
distribution is tightly concentrated around µ, and a large value of the varianc . 11fy 

indicates the probability distribution has a wide spread around µ . Figure 3.4 illu ~ typically 
. . ' . h h b d'f" s rates three different Gaussian distnbut1ons wit t e same mean, ut 1 1erent variances. 

0.8 · 

0.7 · 

0.6 · 

0.5 · 

0.4 

0.3 

0.2 

0.1 • 

0 
-10 -8 -6 -4 -2 0 2 

X 
4 6 

sigma =.5 
sigma= 1 
sigma=2 

8 10 

Figure 3.4 Three Gaussian distributions with same mean µ , but different variances, 0.5, 1.0, 
and 2.0, respectively. The distribution with a large value of the variance has a wide spread 
around the mean µ . 

The variance of random variable X can be computed in the following way: 

Var(X) = E(X2 )-[E(X)J2 (3.32) 

In physics, the expectation E(Xk) is called the kin moment of X for any random vari­
able X and any positive integer k. Therefore, the variance is simply the difference between 
the second moment and the square of the first moment. y 

. The variance satisfies the following additivity property, if random variables X and 
are independent: 

Var(X + Y) = Var(X) + Var(Y) (J.33} 

However, it does not satisfy the homogeneity property. Instead for constant a, 

Var(aX) = a2Var(X) (3.34) 

' We describe Ga · d" . . 
uss1an istnbut1ons in Section 3.1.7. 
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Since ~t is clear th~t Var(b) = 0 for any constant b, we have an equation similar to Eq. 
(3.30) 1f random variables X" · · ·, Xn are independent. 

(3.35) 

Conditional expectation can also be defined in a similar way. Suppose that X and y are 
discrete random variables and let f(y Ix) denote the conditional pf of Y given X = x, then 
the conditional expectation E(Y I X) is defined to be the function of X whose value 
E(Y Ix) when X = x is 

EYJx(Y IX= x) = LYfy1x(y Ix) (3.36) ,, 

For continuous random variables X and Y with frix (y Ix) as the conditional pdf. of Y 
given X = x, the conditional expectation E(Y IX) is defined to be the function of X whose 
value E(Y Ix) when X = x is 

Ey1x(Y IX= x) = J.:.Yfr1x(Y) x)dy (3.37) 

Since E(Y I X) is a function of random variable X, it itself is a random variable whose 
probability distribution can be derived from the distribution of X. It can be shown that 

(3.38) 

More generally, suppose that X and Y have a continuous joint distribution and that 
g(x,y) is any arbitrary function of X and Y. The conditional expectation E[g(X, Y) IX] is 
defined to be the function of X whose value E[g(X,Y) Ix] when X = x is 

EYJx [g(X,Y) IX= x] = J..:.g(x,y)fr1x(Y I x)dy (3.39) 

Equation (3.38) can ~lso be generalized into the following equation: 

Ex {Enx [g(X,Y) IX]}= Ex.r [g(X,Y)] (3.40) 

Finally, it is worthwhile to introduce median and mode. The median of a distribution 
of Xis defined to be a point m, such that P(X :S: m) ~ 1/2 and P(X ~ m) ~ 1/2 . Thus, the 
median m divides the total probability into two equal parts, i.e., the probability to the left of 
m and the probability to the right of m are exactly 1/2 . 

Suppose a random variable X has either a discrete distribution with pf p(x) or con­
tinuous pdf f(x) ; a point m is called the mode of the distribution if p(x) or f(x) attains 
the maximum value at the point m . A distribution can have more than one mode. 
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3.J.3.1. The Law of Large Numbers 

The concept of sample mean and sample variance is important in statistics becau 
· · 1 · S h th · se most statistical expenment~ involve samp m~. ~pp~se t at : random variables X,,·· ·,Xn fonn 

a random sample of size n from some d1stnbut1on for which the mean is µ and the v . 
, . X . anance 

is ,r . In other words, the random vanables , , · · ·, Xn are independent identically d' .
6 · d b · "d) d h h d · 2 '

st
" -uted ( often abbreviate y n an eac as mean µ an vanance (j . Now if we d 

- . . fh b . . h I enote X as the arithmetic average o t en o servations mt e samp e, then 
n 

- 1 X =-(X +· ··+X) n I n n (3.41) 

_ Xn is a random variable and is referred to as sample mean. The mean and variance of 
Xn can be easily derived based on the definition. 

- (12 
E(X,,) = µ and Var(X,,) = -

n (3.42) 

Equation (3.42) states that the mean of sample mean is equal to mean of the distribution, 
while the variance of sample mean is only I/ n times the variance of the distribution. In 
other words, the distribution of Xn will be more concentrated around the mean µ than was 
the original distribution. Thus, the sample mean is closer to µ than is the value of just a 
single observation X, from the given distribution. 

The law of large numbers is one of most important theorems in probability theory. 
Formally, it states that the sample mean Xn converges to the mean µ in probability, that is, 

!~ P(I X,, -µ I< c) = 1 for any given number c > 0 (3.43) 

The law of large numbers basical1y implies that the sample mean is an excellent estimate of 
the unknown mean of the distribution when the sample size n is large. 

3.1.4. Covariance and Correlation 

Let X and Y be random variables having a specific joint distribution, and E(X)=:x· 
E(Y) = µr , Var(X) =a~, and Var(Y) =CJ'; . The covariance of X and Y, denote as 
Cov(X, Y), is defined as follows: 

lows: 

Cov(X,Y) =E[(X-µx)(Y-J.J,y)] =Cov(Y,X) 
(3.44) 

· d fined as fol· 
In addition, the correlation coefficient of X and Y, denoted as P xr , is e 
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Cov(X,Y) 
Pxr=---­

<5 x<5r 

It can be shown that p(X,Y) should be bound within [-1 .. .1], that is, 

-1 S p ( X. Y) ~ l 

83 

(3.45) 

(3.46) 

X and Y are said ~o be positively correlated if p xr > 0 , negatively correlated if p xr < o, 
and uncorrelated 1f Pxr = 0. It can also be shown that Cov(X, Y) and p . must have the 
same sign; that is, both are positive, negative, or zero at the same time. When E(XY) = o , 
the two random variables are called orthogonal. 

There are several theorems pertaining to the basic properties of covariance and 
correlation. We list here the most important ones: 

Theorem 1 For any random variables X and Y 

Cov(X, Y) = E(XY)- E(X)E(Y) 

Theorem 2 If X and Y are independent random variables, then 

Cov(X,Y)=Pxr =0 

(3.47) 

Theorem 3 Suppose X is a random variable and Y is a linear function of X in the 
form of Y = aX + b for some constant a and b, where a¢ 0 . If a > 0, then 
p xr = l . If a < 0 , then p xr = -1 . Sometimes, p xr is referred to as the amount 

of linear dependency between random variables X and Y. 

Theorem 4 For any random variables X and Y, 

Var(X + Y) = Var(X)+Var(Y)+ 2Cov(X,Y) 

Theorem 5 If Xi,·--,X,. are random variables, then 

n n n t-1 

Var(I, X;) = I, Var(X1) + 2 I, I, Cov(X1, X 1 ) 
1=1 i=I 

3.1.5. Random Vectors and Multivariate Distributions 

(3.48) 

(3.49) 

When a random variable is a vector rather than a scalar, it is called a random vector and we 
often use boldface variable like X = (X,,. .. ,Xn) to indicate that it is a random vector. It is 
said that n random variables X

1
, ••• , Xn have a discrete joint distribution if the random vec­

tor X = (X ... X ) can have only a finite number or an infinite sequence of different 
I' , n 
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values (x
1

, .. ,xn) in Rn. The joint pf of X1,···,X,, is defined to be the functio , 
n n Jx such that for any point (x,,···,xn)E R , 

fx(Xi,"",xn) = P(X, = x,,··,X,, = x,,) (3.50) 

Similarly, it is said that n random variables X,, · · ·, X" have a continuous joint d' . 
. . . f . f d fi d R" h th 1stn· bution if there 1s a nonnegative unction e me on sue at for any subset Ac R" 

' 
P[(X ···X)eA]=J···ff(x .. ,x)dx· · ·dx I• ' 11 A X JI ' n I n (3.51) 

The joint distribution function can also be defined similarly for n random variables 
X1, • • ·, X,, as follows: 

(3.52) 

The concept of mean and variance for a random vector can be generalized into mean 
vector and covariance matrix. Supposed that X is an n-dimensional random vector with 
components Xp···,X,,, under matrix representation, we have 

X=[1:] (3.53) 

The expectation (mean) vector E(X) of random vector X is an n-dimensional vector whose 
components are the expectations of the individual components of X, that is, 

[

E(X1)] 

E(X)= : 

E(X") 

(3.54) 

The covariance matrix Cov(X) of random vector X is defined to be an nxn matrix 
such that the element in the z.u, row and/ column is Cov(X,,~.), that is, 

[

Cov(Xi,X1) ••• Cov(X11 X,,)] 
Cov(X) = : : == E[[X-E(X)][X-E(X)j1] 

Cov(Xn,X1) Cov(X,,,Xn) 

(3.55) 

It should be emphasized that then diagonal elements of the covariance matrix Cov(X) _aIC 

actually the variances of X
1

, ••• , X,, . Furthermore, since the covariance is symmetric, i.e., 
Cov(X,,X) = Cov(X ., X,), the covariance matrix Cov(X) must be a symmetric matrix. 

There is an imp~rtant theorem regarding the mean vector and covariance matrix ~or; 
linear transformation of random vector X. Suppose X is an n-dimensional vector as speci~e 
by Eq. (3.53), with mean vector E(X) and covariance matrix Cov(X). Now, assume Y 15 a 
m-dimensional random vector which is a linear transform of random vector X by the 
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relation: Y =AX+ B , where A is a m x n transfonnation matrix whose elements are con­
stants, and Bis am-dimensional constant vector. Then we have the following two equations: 

E(Y) = AE(X) + B 

Cov(Y) = ACov(X)A' 

3.1.6. Some Useful Distributions 

(3.56) 

(3.57) 

In the following two sections, we will introduce several useful distributions that are widely 
used in applications of probability and statistics, particularly in spoken language systems. 

3.1.6.1. Uniform Distributions 

The simplest distribution is uniform distribution where the pf or pdf is a constant function. 
For uniform discrete random variable X, which only takes possible values from 
{x, I I :::;; i::;; n} , the pf for Xis 

1 
P(X = x;) = - 1 s; is; n 

n 
(3.58) 

For uniform continuous random variable X, which only takes possible values in the 
real interval [ a, b], as shown in Figure 3.5, the pdf for Xis 

f (x) = -
1
- a s; x s; b 

b-a 

f(x) 

_ I_ 
b- a -----------,-------, 

a b 

Figure 3.S A unifonn distribution for pdf in Eq. (3.59). 

(3.59) 

X 
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3.1.6.2. Binomial Distributions 

The binomial distribution is used to describe binary-decision events. For example 
that a single coin toss will produce heads with probability p and produce tails with ·p:upbpbo~e 
. N ·r h . . d 1 X d o a li-lly I - p. ow, 1 we toss t e same com n times an et enote the number of he d 
served, then the random variable X has the following binomial pf: a s 0b-

P(X =x) = /(xi n,p) =(: )p' (l-py-' (3.60) 

It can be shown that the mean and variance of a binomial distribution are: 

E(X)=np 
(3.6!) 

Var(X) = np(l- p) (3.62) 

Figure 3.6 illustrates three binomial distributions with p = 0.2, 0.3, and 0.4, and n = 10. 

0 .35 

e--e::J p=0.2 
0 .30 C G-----Q p=0.3 - p=0.4 

Cl - -~ 
0.25 ... .... 

0 
0.20 .i 0 • 
0.15 . 

0 • • 0 . 10 0 
[ii 

0.05 . ,,.: •• <!) 
~ 

0 
0 1 2 3 4 5 10 

X 

Figure 3.6 Three binomial distributions with p = 0.2, 0.3, and 0.4, and n = 10. 

3.1.6.3. Geometric Distributions 

The geometric distribution is related to the binomial distribution. As in the independentc~in 
· dis toss example, heads has a probability p and tails has a probability 1- p . The geom~mc x· 

"b · · th d vanable tn ut1on 1s to model the time until tails appears. Let e ran om 
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be the time (the number of tosses) until the first tail-up is shown. The pdf of X is in the fol­
lowing fonn: 

P(X=x)=f(xlp)=px-i(l-p) x=l,2, ... and O<p<l 

The mean and variance of a geometric distribution are given by: 

1 
E(X)=­

l-p 

l 
Var(X) = 2 (1-p) 

(3.63) 

(3.64) 

(3.65) 

One example for the geometric distribution is the distribution of the state duration for 
a hidden Markov model, as described in Chapter 8. Figure 3.7 illustrates three geometric 
distributions with p = O. I, 0.4, and 0. 7. 

3.1.6.4. 

0 .9 

0 .8 

0 .7 · 

0 .6 0 

0 .5 

0 .4 

0 .3 

2 3 
X 

6 7 

G - CI p • . 1 
0-0 pa,4 

- p•.7 

8 9 

Figure 3.7 Three geometric distributions with different parameter p . 

Multinomial Distributions 

10 

Suppose that a bag contains balls of k different 1olors, where the proportion of the balls of 
color i is p, . Thus, P, > o for i = 1, ... , k and L ;- i p, = 1 . Now suppose that n balls are ran­
domly selected from the bag and there are enough balls ( > n) of each color. Let X; denote 
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the number of selected balls that are of color i. The random vector X = (X X ) . 
1 , ••• , t IS S ' 

to have a multinomial distribution with parameters n and p = (p" .. . , P1:). For a v rud 

x == (x
1
, ••• , x

1
) , the pf of X has the following form: ector 

are: 

P(X = x) = /(x I n,p) = 
0 

and x1 + .. · + X1: = n 

otherwise (3.66) 

It can be shown that the mean, variance and covariance of the multinomial distribution 

E(X,) = nP; and Var(X;) = np;(I- p;) 'Vi= l, ... ,k (3.67) 

(3.68) 

Figure 3.8 shows a multinomial distribution with n = 10, p, = 0.2, and p2 =OJ. 
Since there are only two free parameters x1 and x2 , the graph is illustrated only using lj 

. . ' 
0 .06 • • 1 • 

0.04 

0 .02 
• j . .. . 

x, 

. . "• 

0 

. . . : · 
' ' 
' ' 

. . 
t . ... 

' . . 

Figure 3.8 A multinomial distribution with n= 10, P, = 0.2 • and P2 = 0.3 . 

10 

l 
' 
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and x2 as a_xis. Multinomial distributions are typically used with the z2 test that is one of 
the most widely used goodness-of-fit hypotheses testing procedures described in Section 
3.3.3. 

3.1.6.5. Poisson Distributions 

Another popular discrete distribution is the Poisson distribution. The random variable x has 
a Poisson distribution with mean A (,'.l > 0) if the pf of X has the following form: 

f 
-.l..4.r 

P(X = x) = f(x j ,l) = _e - for x = 0,1,2, . .. 
x! 

0 otherwise 

(3 .69) 

The mean and variance of a Poisson distribution are the same and equal ). : 

E(X) = Var(X) = ,t (3.70) 

Figure 3.9 illustrates three Poisson distributions with ). = 1, 2, and 4. The Poisson dis­
tribution is typically used in queuing theory, where x is the total number of occurrences of 
some phenomenon during a fixed period of time or within a fixed region of space. Examples 
include the number of telephone calls received at a switchboard during a fixed period of 
time. In speech recognition. the Poisson distribution is used to model the duration for a pho­
neme. 

0.45 · 

2 3 

13---·EJ lanixta= 1 
G--<:> lant>da= 2 

· -- lambda== 4 

Figure 3.9 Three Poisson distributions with A= l, 2, and 4. 
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A continuous random variable X is said to have a gamma distribution with paramete 
and f3 ( a > O and f3 > 0 ) if X has a continuous pdf of the following form: rs ex 

j
. /Ja: a-I -fJ:r 
--x e 

f(x I a,/3) = . f(a) 

0 

x>O 
(3.71) 

x~O 

where 

(3.72) 

It can be shown that the function r is a factorial function when a is a positive integer. 

{
(n-1)! n=2,3, ... 

f(n)= 
1 n= 1 

The mean and variance of a gamma distribution are: 

E(X) = ; and Var(X) = ; 2 

(3.73) 

(3.74) 

Figure 3.10 illustrates three gamma distributions with f3 = 1.0 and a =2.0, 3.0, and 
4.0. There is an interesting theorem associated with gamma distributions. If the random 
variables X., ... ,x. are independent and each random variable X, has a gamma distribu· 
tion with parameters a, and /3, then the sum X, +···+X.t also has a gamma distribution 
with parameters a, + ·--+a.t and f3 . 

A special case of gamma distribution is called exponential distribution. A continuo~s 
random variable Xis said to have an exponential distribution with parameters /3 ( f3 > 0) if 
X has a continuous pdf of the following form: 

f(x \ /3) = {f3e-Px X > 0 
0 x~O 

(3.75) 

It is clear that the exponential distribution is a gamma distribution with a= I. The mean 
and variance of the exponential distribution are: 

E(X) = ~ and u (X) 1 
A YQr =-
JJ 132 

(3.76) 
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0.4 -

0.35 · 

0.3 

0.2 -

2 3 4 5 
X 

6 7 8 

alpha= 2 
alpha= 3 
alpha= 4 

9 10 

Figure 3.10 Three Gamma distributions with /3 = 1.0 and a= 2.0, 3.0, and 4.0. 

91 

Figure 3.11 shows three exponential distributions with /3 = 1.0, 0.6, and 0.3. The ex­
ponential distribution is often used in queuing theory for the distributions of the duration of 
a service or the inter-arrival time of customers. It is also used to approximate the distribution 
of the life of a mechanical component. 

2 3 5 
X 

6 7 8 

beta= 1 
beta =.6 
beta=.3 

9 10 

Figure 3.11 Three exponential distributions with /3 = 1.0, 0.6, and 0.3. 
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3.1.7. Gaussian Distributions 

Gaussian distribution is by far the most important probability distribution mainly bee 
d · bl d · d · · ause many scientists have observed that the ran om vana es stu 1e m various physical ex . 

d. 'b · th pen. ments (including speech signals), often have 1stn uuons at are approximately Gaus . 
I d. .b . sian. 

The Gaussian distribution is also referred to as norrna 1stn ut1on. A continuous rando 
variable Xis said to have a Gaussian distribution with mean µ and variance a2 

( <J > 0) ~ 
X has a continuous pdf in the following form: 

, I [ (x-µ)2] 
f(xlµ,<r)=N(µ,a2)= $a exp - 2a2 (3.77) 

It can be shown that µ and a 2 are indeed the mean and the variance for the Gaussian 
distribution. Some examples of Gaussians can be found in Figure 3.4. 

The use of Gaussian distributions is justified by the Central limit Theorem, which 
states that observable events considered to be a consequence of many unrelated causes with 
no single cause predominating over the others, tend to follow the Gaussian distriootion [6]. 

It can be shown from Eq. (3.77) that the Gaussian f(x I µ,a 2
) is symmetric with re­

spect to x = µ . Therefore, µ is both the mean and the median of the distribution. More­
over, µ is also the mode of the distribution, i.e., the pdf f(x I µ,0' 2

) attains its maximum 
at the mean point x = µ . 

Several Gaussian pdfs with the same mean µ , but different variances are illustrated in 
Figure 3.4. Readers can see that the curve has a bell shape. The Gaussian pelf with a small 
variance has a high peak and is very concentrated around the mean µ , whereas the Gaus­
sian pdf with a large variance is relatively flat and is spread out more widely over the x-axis. 

' If the random variable X is a Gaussian distribution with mean µ and variance <r, 
then any linear function of X also has a Gaussian distribution. That is, if Y = aX +b, where 
a and bare constants and a"* 0, Y has a Gaussian distribution with mean aµ +b and vari· 
ance a 2a 2

• Similarly, the sum X 1 + .. ·+Xt of random variables X., ... ,X1 , where each 
random variable X 1 has a Gaussian distribution, is also a Gaussian distribution. 

3.1.7.1. Standard Gaussian Distributions 

The Gaussian distribution with mean O and variance J, denoted as N(0,1), is called ~e 
standard Gaussian distribution or unit Gaussian distribution. Since the linear transforrna~on 
of a Gaussian distribution is still a Gaussian distribution, the behavior of a Gaussian 
diStribution can be solely described using a standard Gaussian distribution. If the rand~m 
variable Xis a Gaussian distribution with mean µ and variance a2 , that is, X..., N(Jl,a ), 
it can be shown that 

X-µ 
Z=~-N(0,1) (3.78) 

l 
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Based on Eq. (3.78), the following property can be shown: 

P(I X - µ I~ ka) = P(I Z I~ k) (3.79) 

Equation (3?9) d~m?nstrates that every Gaussian distribution contains the same total 
amount of probab1hty w1thm any fixed number of standard deviations of its mean. 

3.1.7.2. The Central Limit Theorem 

If random variables Xi, ... ,X,, are i.i.d. according to a common distribution function with 
mean µ and variance G

2
, then as the random sample size n approaches oo, the following 

random variable has a distribution converging to the standard Gaussian distribution: 

(3.80) 

where X,, is the sample mean of random variables Xp .. . , X,, as defined in Eq. (3.41 ). 
Based on Eq. (3.80), the sample mean random variable X,, can be approximated by a 

Gaussian distribution with mean µ and variance a 2 
/ n. 

The central limit theorem above is applied to i.i.d. random variables X1, • •• ,X,,. A. 
Liapounov in 1901 derived another central limit theorem for independent but not necessarily 
identically distributed random variables X., ... ,X,,. Suppose X 1, ••• ,X,, are independent 
random variables and E(I X, - µ, 13 ) < oo for 1 :s; i ~ n; the following random variable will 
converge to standard Gaussian distribution when n ~ 00 • 

(3.81) 

In other words, the sum of random variables X., ... , X,, can be approximated by a 

Gaussian distribution with mean t,µ, and variance ( t,cr,' r 
Both central limit theorems essentially state that regardless of their original individual 

distributions, the sum of many independent random variables (effects) tends to be distributed 
like a Gaussian distribution as the number of random variables (effects) becomes large. 

3.1.7.3. Multivariate Mixture Gaussian Distributions 

When X=(X,, .. . ,X,,) is an n-dimensional continuous random vector, the multivariate 

Gaussian pdf has the following form: 

/(X = x I µ,I:)= N(x;µ,l:) = ( )"~2 I 1112 
exp[-~ (x-µ)'I:-'(x-µ)] (3.82) 

2Jt l:I -
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eol) 

. th -dimensional mean vector, I; is the nxn covariance matrix and I~' . 
where JI 1s en . ' -, is the 
detenninant of the covariance matnx :E . 

JI =E(x) (3.83) 

I:= E[ (x-µ)(x -µ)'] (3.84) 

More specifically, the i-/' element er; of covariance matrix :E can be specified as fol-

lows: 

(3.85) 

If Xi,· ··,Xn are independent random variables, the covariance matrix I: is reduced 
to diagonal covariance where all the off-diagonal entries are zero. The distribution can be 
regarded as n independent scalar Gaussian distributions. The joint pdf is the product of all 
the individual scalar Gaussian pdfs. Figure 3. I 2 shows a two-dimensional multivariate 
Gaussian distribution with independent random variables Xi and x2 with the same variance. 
Figure 3.13 shows another two-dimensional multivariate Gaussian distribution with inde­
pendent random variables x1 and x2 that have different variances. 

0.CE 

0.00 

0.04 

0.02 

0 
-10 

· · ··: · · · · 
.... .... ~- ·· ··· ·· · : .. --

.... . ......... ~ .. 
···· ······ ·:··· .. .. ...... •·:· ·· .. ;- ·· · ··· ·· . ,.. ···· ·· ' 

---·· ::T:::::: I::::;: 
1

: 
········· : : ·- . : : . . . . . 

-: . ~:- y-1'-
'.. . . . . .. 

.,._ ~-;_ .: /=. -~ ?~ _\.r 
~. ·-~~;f ~-~ 

-5 
-10 

. .. 
: ·. 

· . . , . 
; ·. 

5 
0 

·-: -.. 

·-· : -. 
··: 

10 

Figure 3.12 A two-dim · al . . . . d random · bl ension multivanate Gaussian distribution with mdepen enl 
vana es Xi and Xi that have the same variance. 
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Figure 3.13 Another two-dimensional multivariate Gaussian disnibution with independent 
random variable x1 and x2 which have different variances. 

Although Gaussian distributions are unimodal.2 more complex distributions with mul­
tiple local maxima can be approximated by Gaussian mixtures: 

K 

/(x)= ~>1 N.1:(X;Jl.1:,l:,,) (3.86) 
.1:~1 

where c1 , the mixture weight associated with kth Gaussian component, is subject to the fol­
lowing constraint: 

K 

c1 ~0 and I,c.-=l 
.l:=I 

Gaussian mixtures with enough mixture components can approximate any distribution. 
Throughout this book, most continuous probability density functions are modeled with 

Gaussian mixtures. 

3.1.7.4. x2 Distributions ( 

The gamma distribution with parameters a and /3 is definea 
positive integer n, the gamma distribution for which a = n/2 a 

1 A unimodal distribution has a single maximum (bump) for the distribution. F 
mum occurs at the mean. 

l). For any given 
is called the z2 

ibution, the maxi-
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distribut~on _with n degrees of freedom. It follows from Eq. (3.71) that the pdf for the i 
distribution 1s 

I x(n/2)-le-x/2 X > 0 
/(x In)= 2n12 f(n/2) 

0 X ::; 0 
(3.87) 

z2 distributions are important in statistics because they are closely related to rand 
samples of Gaussian distribution .. They_ are wid~ly appli~d in many important problemso: 
statistical inference and hypothesis testmg. Specifically, 1f the random variables x X 
are independent and identically distributed, and if each of these variables has a ~~-~dard 
Gaussian distribution, then the sum of square X1

2 
+ ... + X; can be proved to have a X2 

distribution with n degrees of freedom. Figure 3.14 illustrates three X2 distributions with 
n=2, 3, and 4. 

0.5 

0.45 

0.4 · 

0.35 • 

0.3 · 

0.25 · 
I 

0.2 / 

0.15 ; / 

0.1 ! ;· 
I ' 

0.05 '/ . 
00!:--1~-~2---3----'-4---'5--6'----==:===========10 

X 

Figure 3.14 Three x~ distributions with n = 2, 3, and 4. 

The mean and variance for the z2 distribution are 

E(X) == n and Var(X) = 2n (3.88) 

Following th dd' · · · also 
h th 

. . . e a iuvity property of the gamma distribution the z2 distribuuon d 
as e add1t1v1ty prop rty Th . . ' . d nt an 

if x, has a 2 • • e . · ~t is, if the random variables X,, ... , X" are mdepen e 2 

distribution wf th !1s tnbution with k; degrees of freedom, the sum X, + ... + Xn has a t 
1 +···+kn degrees of freedom. 
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3.1.7.5. Log-Normal Distribution 

Let x be a Gaussian random variable with mean µ and st d d d · · 
r an ar eviatlon (j r • then 

y=ex 
(3.89) 

follows the lognormal distribution 

f(ylµ x,a,.)= ~ exp{ (ln y -µ . )2} 
ya,. 2,c 2a; (3.90) 

shown in Figure 3.15, and whose mean is given by 

µ>" = E{y} = E{ex} = f_: exp{x} ~ exp{- (x - µ~xf }dx 
2,ra,, . 2a; 

= r exp{µ,, +a_; / 2}~ exp f (x-(µx+a;>2 "ldx=exp{µ +a~/ 2} 
- 2,ca 1 2a2 f x • 

Z • X , 

(3.91) 

0.35 - ' I\, 

I \ std=3 

0.3 -
std== l 

I \ std=0.5 

0.25 .. ·/ \ . . 
\ I 

0.2 
I \ 

\ 
0.15 ' I \ 

0.1 
\ . . . \ 

0.05 . ' . ,.: . .. 
'-

0 
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 

Figure 3.15 Lognonnal distribution for µx = 0 and u,, = 3, l, and 0.5, according to Eq. (3.90). 

where we have rearranged the quadratic form of x and made use of the fact that the total 
probability mass of a Gaussian is 1. Similarly, the second order moment of y is given by 
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J- 1 1· (x-µ )2} E{y2} = exp{2x} £. exp ; dx 
- 2tra 2az 

X • 

= [ exp{2µ, +20";} $<1, exp{ 
(x-(µ,, +2a;f} { 

2a; dx = exp 2µ:r + 2a;} 
(3.92) 

and thus the variance of y is given by 

(3.93) 

Similarly, if xis a Gaussian random vector with mean µ1 and covariance matrix t 
then random vector y = e• is log-normal with mean and covariance matrix (8] given by ' ' 

µr [i] = exp{µJi] + I.Ji,11/ 2} 
I.

1
[i,j] = J1,.[i]µ1 [j]( exp{I.Ji,j]}-1) 

(3.94) 

using a similar derivation as in Eqs. (3.9 I) to (3.93). 

3.2. ESTIMATION THEORY 

Estimation theory and significance testing are two of the most important theories and meth­
ods of statistical inference. In this section, we describe estimation theory while significance 
testing is covered in the next section. A problem of statistical inference is one in which data 
generated in accordance with some unknown probability distribution must be analyzed, and 
some type of inference about the unknown distribution must be made. In a problem of statis­
tical inference, any characteristic of the distribution generating the experimental data, such 
as the mean µ and variance a 2 of a Gaussian distribution, is called a parameter of the dis­
tribution. The set n of au possible values of a parameter <l> or a group of parameters 
<1>1, <1>2 , ••• , <I> n is called the parameter space. In this section we focus on how to estimate the 
parameter <I> from sample data. 

Before we describe various estimation methods, we introduce the concept and nature 
of the estimation problems. Suppose that a set of random variables X = {X1,X2 , • •• ,XJ is 
iid according to a pdf p(x I <I>) where the value of the parameter <I> is unknown. Now, sup· 
pose also that the value of <I> must be estimated from the observed values in the sample. An 
estimator of the parameter <I>, based on the random variables Xi,X2 , ... ,X,,, is a~­
valued function 8(X.,X

2
, ••• ,X,,) that specifies the estimated value of <l> for each possib e 

set of values of X
1
.X

2
, ••• ,X,, . That is, if the sample values of X 1,X2 , ••• ,X,, tum out to be 

x1,x2 , ••• ,x,,, then the estimated value of <l> will be 0(x17 x2 , ... ,x,,). · . r 
We need to distinguish between estimator, estimate, and estimation. An es_umato 

8(X1,X2 , ••• ,X,,) is a function of the random variables, whose probability distri~uoon ~~ 
be derived from the joint distribution of X

17
X

2 , ••• ,Xn. On the other hand, an e5t]male ~~c 
specific value 8(x

1
,x

2
, . .. ,x,,) of the estimator that is determined by using some speci 
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sample val~es X11 X2,: •• , xn. Estimation is _usually used to indicate the process of obtaining 
such an estimator for the s~t of random vanables or an estimate for the set of specific sample 
values. If we use the notation X == {X1, X2 , ••• , Xn} to represent the vector of random vari­
ables and x ={x.,x2,· .. ,x,.} to represent the vector of sample values, an estimator can be 
denoted as 0(X) and an estimate 0(x). Sometimes we abbreviate an estimator 0(X) by 
just the symbol 0 . 

In the following four sections we describe and compare three different estimators (es­
timation methods). They are minimum mean square estimator, maximum likelihood estima­
tor, and Bayes' estimator. The first one is often used to estimate the random variable itself 
while the latter two are used to estimate the parameters of the distribution of the rando~ 
variables. 

3.2.1. Minimum/Least Mean Squared Error Estimation 

Minimum mean squared error (MMSE) estimation and least squared error (LSE) estimation 
are important methods for random variables since the goal (minimize the squared error) is an 
intuitive one. In general, two random variables X and Y are i.i.d. according to some pdf 
fr.r(x,y). Suppose that we pei:_fonn a series of experiments and observe the value of X. We 
want to find a transformation Y = g(X) such that we can predict the value of the random 
variable Y. The following quantity can measure the goodness of such a transfonnation: 

E(Y -Y)2 = E(Y - g(X))2 (3.95) 

This quantity is called mean squared error (MSE) because it is the mean of the 
squared error of the predictor g(X). The criterion of minimizing the mean squared error is 
a good one for picking the predictor g(X). Of course, we usually specify the class of func­
tion G, from which g(X) may be selected. In general, there is a parameter vector cJ> asso­
ciated with the function g(X), so the function can be expressed as g(X,<1>). The process to 
find the parameter vector i,..,,\ISE that minimi~es the mean of the squared error is called 
minimum mean squared error estimation and cJ>MMSE is called the minimum mean squared 
error estimator. That is, 

cJ>MMsE =arg!11in[ E[(Y-g(X,<1>))2 J] . (3.96) 

Sometimes, the joint distribution of random variables X and Y is not known. Instead, 
samples of (x,y) pairs may be observable. In this case, the following criterion can be used 
instead, 

n 

(J>L.SE == argmin L[Y, -g(x,, cJ>)] 
2 

ci, , .. 1 

(3.97) 

The argument of the minimization in Eq. (~.97) is called sum-of-squa,:ed~err?r (SSE) and 
the process of finding the parameter vector <I> L.SE , which satisfies the cntenon 1s called least 
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. . . m squared error estimation. LSE is a powerful mech . atwn or mmzmu . a. 
squared error eSU_m where the function g( x, cf>) describes the observation pairs (x

1

, y
1

). fn 
nism for curve fittmg, . ( ) than the number of free parameters in function g(x <b) aJ th are more pomts n · · LS ' , 
gener , ere. . d Therefore, no exact solution exists, and E fitting be. so the fitting is over-determine . 

comes necessary. . d that MMSE and LSE are actually very similar and share simi-
It should be empha_siz~ Eq (3 97) is actually n times the sample mean of the squared 

I erties The quantity m . . . . b bT f ( . 
ar prop · the law of large numbers, when the JOmt pro a 1 1ty x.r x,y) 1s unifonn 

error. Based onf 1 proaches to infinity, MMSE and LSE are equivalent. or the number o samp es ap . thr . 
For the class of functions, we consider the followmg ee cases. 

• Constant functions, i.e., 

Ge= {g(x) = c, CE R} 

• Linear functions, i.e., 

G1 ={g(x)=ax+b a,be R} 

• Other non-linear functions G,,
1 

3.2.1.1. l\1MSE/LSE for Constant Functions 

When Y = g(x) = c, Eq. (3.95) becomes 

E(Y-Y)2 =E(Y-c)2 

(3.98) 

(3.99) 

(3.100) 

To find the MMSE estimate for c, we take the derivatives of both sides in Eq. (3.IOO) 
with respect to c and equate it to 0. The MMSE estimate cMAtSE is given as 

CMMSE =E(Y) 
(3.l 01) 

and the minimum mean squared error is exactly the variance of Y, Var(Y) . 
For the LSE estimate of c, the quantity in Eq. (3.97) becomes 

,, 
min L,[Y,-c]2 , .. , (3.102) 

Similarly, the LSE estimate ci.sE can be obtained as follows: 

(3.103) 

The quantity in Eq. (3.103) is the sampJe mean. 

J 
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3.2.1.2. MMSE and LSE for Linear Functions 

When Y = g(x) = m: +b , Eq. (3.95) becomes 

e(a,b) = E(Y-Y)2 = E(Y-ax-bf 

To find the MMSE estimate of a and b, we can first set 

ae_o dae_o aa - , an db -

and solve the two linear equations. Thus, we can obtain 

cov(X, Y) <1r 
a= =p\T-

Var(X) · <1 x 

b = E(Y)- pyy <1r E(X) 
. (J' X 

101 

(3.104) 

(3.105) 

(3.106) 

(3.107) 

For LSE estimation, we assume that the sample xis ad-dimensional vector for gener­
ality. Assuming we haven sample-vectors (x1,y1)=(x!,x;, .. ,x1,Y,), i=l...n, a linear 
function can be represented as 

r 

i d ' ' 
Yi 1 Xi ... Xi Go 

Y=XA y2 = 1 x~ ··· x; la1j or . . . . . . . . . . . . . . . 
1 I d , Yn x,. . . . xn ad 

(3.108) 

The sum of squared error can then be represented as 

n 2 

e(A) = II Y - Y 112= I,(A'x; -y;} (3.109) 
jaj 

A closed-form solution of the LSE estimate of A can be obtained by taldng the gradi­

ent of e(A) ,-

n 

v'e(A)= L,2(A'x,-y;)x, =2X'(XA-Y) (3.110) 

i•i 

and equating it to zero. This yields the following equation: 

X'XA=X'Y (3.111) 

Thus the LSE estimate AL.SE will be of the following fonn: 
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(3.I 12) 

(X1Xf1 X1 in Eq. (3.112) is also refereed to as the pseudo-inverse of x d . 
.l an 1s some•; 

denoted as X . limes 
When X1 X is singular or some boundary conditions cause the LSE e u· . . 

· bl · s matlon m F.q (3.112) to be unattama e, some numenc methods can be used to find an ap . · 
d f · · · · th . . proximate solu 

tion. Jnstea o mm1m1zmg e quantity m Eq. (3.109) one can minimi·ze th " 1 · . ' e 1olow1· quanuty: ng 

e(A) = II XA- Y 112 +a II A 112 
(3.113) 

Following a similar procedure, one can obtain the LSE estimate to minimize the 
· th ~ 11 · f quan. tity above m e 10 owmg orm. 

(3.114) 

The LSE solution in Eq. (3.112) can be used for polynomial functions too. In the proo­
lem of polynomial curve fitting using the least square criterion, we are aiming to find the 
coefficients A= (a0 ,a1,a2 ,···,ad)1 that minimize the following quantity: 

min E(Y-Y)2 (3.115) 
ao,01 ,a2 .· ·· ,ad 

~ 2 d 
where Y=a0 +a1x+a2x +··-+adx 

To obtain the LSE estimate of coefficients A = ( a0 , a,, a2 , ···,ad Y , simply change the 
formation of matrix X in Eq. (3 .108) to the following: 

(3.116) 

d 
1 xn xn 

I . Eq . . . f ample x while X1 in . 
Note that xf in Eq. (3.108) means the J-th d1mens1on_ o s f l ; ~mial coefficients 

(3.116) meansj-th order of value x,. Therefore, the LSE esumate o po yn 

A 
- ( a a ... a ), has the same form as Eq. (3.112). 

LSE - Go, I' 2• ' d 

3.2.1.3. MMSE/LSE for Nonlinear Functions 

. f II · minimization problem: 
As the most general case, consider solvmg the o owmg 

(3.1 J7) 

min E[Y-g(X)]2 
g(•")EG.i 
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Since we need to deal with all possible nonlinear functi'ons t k' d · · d , a mg a envative oes 
not_ work here. Instead, w_e use the property of conditional expectation to solve this minimi­
zation problem. By applying Eq. (3.38) to (3. l 17), we get 

Ex ,r [ Y - g ( X) r = Ex { Er,x [ [ Y - g ( X) r I X = x ]} 

= J: Erix [ [ y - g ( X) r j X = X] Ir ( X) dx 

= J: Er,x [ [ Y - g ( x) J I X = x] fx ( x) dx 

(3.118) 

Since the integrand is nonnegative in Eq. (3.118), the quantity in Eq. (3.117) will be 
minimized at the same time the following equation is minimized. 

min Eri:< [[r - g(x)]
2 

IX= x] 
s(x)eR 

(3.119) 

Since g(x) is a constant in the calculation of the conditional expectation above, the 
MMSE estimate can be obtained in the same way as the constant functions in Section 
3.2.1.1. Thus, the MMSE estimate should take the following form: 

(3.120) 

If the value X = x is observed and the value E(Y IX= x) is used to predict Y, the 
mean squared error (MSE) is minimized and specified as follows: 

Er,x [[r-Er,x(Y IX= x)r IX= X ]= Va'i.,x(Y IX =x) (3.121) 

The overall MSE, averaged over all the possible values of X, is: 

Ex[Y-Enx(Y IX)J = Ex {Enx[[Y-Er1x(Y IX)r IX ]}=Ex [r1xVar(Y IX= x)] 
(3.122) 

It is important to distinguish between the overall MSE Ex[Varrix(YIX)] and the 
MSE of the particular estimate when X = x, which is Vary,x(Y IX= x) . Before the value of 
X 1s observed, the expected MSE for the process of ~bserving X and predicting Y is 
Ex [va'i·ix(Y IX)] . On the other hand, after a particular value x of X has been observed and 
the prediction Erix(Y IX= x) has been made, the appropriate measure of MSE of the pre-

diction is Va'i.,x(Y IX= x). 
In general, the form of the MMSE estimator for nonlinear functions depends on the 

form of the joint distribution of X and Y. There is no mathematical closed-form solution. To 
get the conditional expectation in Eq. (3. I 20), we have to perform the following integral: 

Y(x) = J:yJ;. (y Ix= x)dy (3.123) 
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It is difficult to solve this integral calculation. First, different measu 
~ermin~ different ~onditional pdf for the integral. Exact information abo:t~~f x c~uld de. 
11nposs1ble to obtarn. Second, there could be no analytic solution for the int 

1
pdf is often 

ficulties reduce the interest of the MMSE estimation of nonlinear functi'oegra · Those dif. 
. . . ns to theoret' 

aspects only. The same d1fficult1es also exist for LSE estimation for nonl· fu tea] 
. rnear net' 

Some certarn classe~ of well-behaved nonlinear functions are typically assumed for ions. 
problems and numenc methods are used to obtain LSE estimate from sample data. LSE 

3.2.2. Maximum Likelihood Estimation 

Maximum likelihood estimation (MLE) is the most widely used parametric estimation 
method, largely because of its efficiency. Suppose that a set of random samples 
X = {X"X2 , ... ,XJ is to be drawn independently according to a discrete or continuous dis­
tribution with the pf or the pdf p(x I <I>), where the parameter vector (J> belongs to some 
parameter space .Q . Given an observed vector x = (x1, • • · , xn) , the likelihood of the set of 
sample data vectors x with respect to <I> is defined as the joint pf or joint pelf P.(x lcI>); 
Pn(x l<I>) is also referred to as the likelihood.function. 

MLE assumes the parameters of pdf s are fixed but unknown and aims to find the set of 
parameters that maximizes the likelihood of generating the observed data. For example, if 
the pdf Pn(x I <I>) is assumed to be a Gaussian distribution N(µ,:E), the components of Cl> 

will then include exactly the components of mean-vector µ and covariance matrix I:. 
Since XI>X

2
, ••• ,Xn are independent random variables, the likelihood can be rewritten as 

follows: 

n 

Pn(x I <I>)= TI p(xk I <I>) 
(3.124) 

.t"I 

The likelihood p (x I <I>) can be viewed as the probability of generating the sample 
n . l'k l 'h d . t of (J> is denoted as data set x based on parameter set <I> . The ma.xzmum z e I oo estzma or 

<l>MLE that maximizes the likelihood p,,(x I <I>). That is, 

<I> MLE = argmax p,, ( x I <I>) 
d> 

(3.125) 

. . ['h d . r· n method and is of· 
This estimation method is called the maximum like z oo estima IO . . rune· 

. . . t ·cally increasing ten abbreviated as MLE. Since the logarithm funcuon 1s a mono om . ·ze the 
l.k l'h d h Id also max1m1 

tion, the parameter set <I> MLE that maximizes the log- 1 e 1 00 s ou . d b taking [be 
like~ihood._If f,,(x I 4') is differentiable functio~ of _4>, <l> ,\JLE can b_e attamelet ycl> beak· 
partial denvattve with respect to <ll and settmg 1t to zero. Specifically, . 

, o b th d'ent operator. component parameter vector <1>=(4'1><1>2, ... ,<I>k) and vd> e egra 1 
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a 
a<1>, 

V = II> 

a 
(3.126) 

a<1>* 

The log-likelihood becomes: 

" 
/(<I>)= logp,,(x I <I>)= L logp(xk I <I>) 

.1:~, 
(3.127) 

and its partial derivative is: 

II 

VII> /(<I>)= LV II> logp(x. l<I>) (3.128) .. , 
Thus, the maximum likelihood estimate of <I> can be obtained by solving the follow­

ing set of k equations: 

V 11> /(<1>)=0 (3,129) 

Example 3.1 

Let's take a look at the maximum likelihood estimator of a univariate Gaussian pdf, given as 
the following equation: 

1 [ (x-µ)
2

] p(x I <I>)= J2iri exp 
27r<J - 2<Y

2 
(3,130) 

where µ and a 2 are the mean and the variance respectively. The parameter vector <I> de­
notes (µ,<Y 2

) . The log-likelihood is: 

" 
logp,,(x I <I>)= Llogp(xt I <I>) 

= I,log(' ~ exp[ (x.1: - ~)2 ]1 
... , v 2rc a 2<:J ' - / 

(3.131) 

n 2 1 ~( )2 =--log(21r<J )--2 .£.. x. -µ 
2 2<:J bl 
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and the partial derivative of the above expression is: 

o n 1 
-logpn(x I Cl>)= _L-2 (xk - µ) 
aµ. k=I (J 

a n n (x µ)2 

-Iogp (xlCI>)= - -+ ~ 4 -
d0- 2 

n 2a2 f:t 20"4 
(3.132) 

We set the two partial differential derivatives to zero, 

_...!!...+ ~ (xk -µ)2 = 0 
2 ~ 4 

(J k=I (J 

(3.133) 

The maximum likelihood estimates for µ and <J
2 are obtained by solving the above equa­

tions: 

1 n 

µMLE =-IxA = E(x) 
n k=I 

a!LE =.!... f (x.t -µMLE)2 =E[(x-µMLE)2] 
n.t-:, 

(3.134) 

Equation (3.134) indicates that the maximum likelihood estimation for mean and vari­
ance is just the sample mean and variance. 

Example 3.2 
For the multivariate Gaussian pdf p(x) 

p(xlll>) (
2
ir/,JI:J'" exp[-~ (x-µ)'r'(x-11)] 

(3.135) 

The maximum likelihood estimates of µ and l: can be obtained by a similar procedure. 

(3.136) 

tMLE = .!.. i<x.t -µMLE )(xk -µMLE )' = E[ (x.t -µML£ )(x.t -µMLE)'] 
n k• I 

0 . . ce matrix is 
nee agam, the maximum likelihood estimation for mean vector and covanan 

the sample mean vector and sample covariance matrix. 
-------------------------
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In some situations, maximum likelihood estimation of <I> may not exist, or the maxi­
mum likelihood estimator may not be uniquely defined, i.e., there may be more than one 
MLE of <I> for a specific set of sample values. Fortunately, according to Fisher's theorem 
for most practical problems with a well-behaved family of distributions, the MLE exists and 
is uniquely defined [4, 25, 26]. 

In fact, the maximum likelihood estimator can be proven to be sound under certain 
conditions. As mentioned before, the estimator 0(X) is a function of the vector of random 
variables X that represent the sample data. O(X) itself is also a random variable, with a 
distribution detennined by joint distributions of X. Let <i> be the parameter vector of true 
distribution p(x I <J)) from which the samples are drawn. If the following three conditions 
hold: 

l. The sample x is a drawn from the assumed family of distribution, 

2. The family of distributions is well behaved, 

3. The sample x is large enough, 

then maximum likelihood estimator, <I> MLE , has a Gaussian distribution with a mean (J) and 
a variance of the fonn 1 / nB; [26], where n is the size of sample and B

1 
is the Fisher in­

formation, which is detennined solely by <i> and x . An estimator is said to be consistent, iff 
the estimate will converge to the true distribution when there is infinite number of training 
samples. 

!im <f) MLE = (J> 
n->oo 

(3.137) 

<I> MLE is a consistent estimator based on the analysis above. In addition, it can be 
shown that no consistent estimator has a lower variance than <l>uu. In other words, no es­
timator provides a closer estimate of the true parameters than the maximum likelihood esti­
mator. 

3.2.3. Bayesian Estimation and MAP Estimation 

Bayesian estimation has a different philosophy than maximum likelihood estimation. While 
MLE assumes that the parameter <t> 3 is fixed but unknown, Bayesian estimation assumes 
that the parameter <l> itself is a random variable with a prior distribution p(<I>). Suppose we 
observe a sequence of random samples x={x1,x2 , •• • ,xJ , which are i.i.d. with a pdf 
p(x I <I>) . According to Bayes' rule, we have the posterior distribution of <l> as: 

p(<I> Ix)= p{x I <I>)p{<I>) oc p{x I <I>)p(<I>) 
p{x) 

(3.138) 

' F · 1· · h t r ... ·15 a scalar instead of n vector here. However, the e,ctension co a pa-or s1mp 1c1ty, we assume t e parame e .., 
rameter vector ct, can be derived according to a similar procedure. 
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In Eq. (3.138), we dropped the denominator p(x) here because it is i d 
parameter <I>. The distribution in Eq. (3.138) is called the posterior distri: e~endent of the 
cause it is the distribution of <l> after we observed the values of r~~on or ~ be. 
X

1
,X

2
, ••• ,Xn. om vanables 

3.2.3.1. Prior and Posterior Distributions 

For mathematical tractability, conjugate priors are often used in Bayesian estimati S 
pose a random sample is taken of a known distribution with pdf p(x I <I>). A conjug:: ~P· 
for the random variable (or vector) is defined as the prior distribution for the paramet/no~ 
the probability density function of the random variable (or vector), such that the c~o­
conditional pdf p(x I <l>), the posterior distribution p(<l> Ix), and the prior distributi:n 
p(<l>) belong to the same distribution family. For example, it is well known that theconju. 
gate prior for the mean of a Gaussian pdf is also a Gaussian pdf [4]. Now, let's derive such a 
posterior distribution p(<l> Ix) from the widely used Gaussian conjugate prior. 

Example3.3 

Suppose X.,X2 , ... ,X" are drawn from a Gaussian distribution for which the mean <I> isa 
random variable and the variance <J

2 is known. The likelihood function p(x I <1>) can be 
written as: 

p(xl<l>)= :,
2 

"exp[-_!_ t(x,-<l> )
2

- oc exp -_ _!_ fl' x,-4>)
2

] (3.139) 
( 2,r) (J 2 i=I (J ., 2 i=I (J 

To further simply Eq. (3.139), we could use Eq. (3.140) 

n n 

I,(x, -<1>)2 = n(<l>-xn)2 + I,(x, -xn>2 
l=I 1=1 

(3.140) 

I " 
where xn=-Ix1= thesamplemeanofx={x,,X2,•••,xn}• 

n ;.,,, 

Let's rewrite p(x I <l>) in Eq. (3.139) into Eq. (3.141): 

P ( x I <I>) ~ ex+ 2::., ( <I>-x. )' }xp [-2:' t. ( x, - x. )'] (J.1411 

N . . ·b · with rnean µ 
ow suppose the pnor distribution of <I> is also a Gaussian d1stn uuon 

and variance v
2

, i.e., the prior distribution p(<I>) is given as follows: 

(3.142) 
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By co1~bining Eqs. _(3.141) and (3.142) while dropping the second term in E . (3.141 
we could attain the posterior pdf p(<f.> Ix) in the following equation: q ) 

p(<I> Ix)~ ex+ a:, (<1>-x.)' + v', (<1>-µ )']} 

Now if we define p and r as follows: 

. ·-,rµ +nv·x 
p= " 

a2 +nv2 

0"2V2 
r2=--­

a2 +nv2 

We can rewrite Eq. (3.143) as: 

p(<f.> Ix) oc exp{-.!_1-~(<t>-p)2 + • n (x -µ)2 ·1·f 
2 r a·+nv2 n 

- ~ ., . 

(3.143) 

(3.144) 

(3.145) 

(3.146) 

Since the second term in Eq. (3.146) does not depend on <J>, it can be absorbed in the 
constant factor. Finally, we have the posterior pdf in the following form: 

l 1·-1 2] p(<f.> Ix)= ~ exp - , ( cl>- p) 
v2rcr _2r-

(3.147) 

Equation (3.147) shows that the posterior pdf p(<f.> Ix) is a Gaussian distribution with 
mean p and variance r 2 as defined in Eqs. (3.144) and (3.145). The Gaussian prior distri­
bution defined in Eq. (3.142) is a conjugate prior. 

3.2.3.2. General Bayesian Estimation 

The foremost requirement of a good estimator 0 is that it can yield an estimate of <J> 
( O{X) ) which is close to the real value <I> . In other words, a good estimator is one for 
which it is highly probable that the error 0(X)-<f.> is close to 0. In general, we can define a 
loss function~ R(<l>, <I>) . It measures the loss or cost associated with the fact that the true 
value of the parameter is <I> while the estimate is <I> . When only the prior distribution 

'Bayesian estimation and loss functions arc based on Bayes' decision theory. described in Chapter 4. 
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p(<l>) is available and no sample data has been observed, if we choose one part· 
- . ICUlar . mate <l> , the expected loss 1s: es11. 

E[ R(<I>, 4>)] = J R(<I>, 4>)p(<I>)d<I> 
(3.148) 

The fact that we could derive posterior distribution from the likelihood funcf 
the p1ior distribution [as shown in the derivation of Eq. (3. l 47)] is very important tn aod 

. 11 h d . l f ere be-cause 1t a ows us to compute t e expecte posterior oss a ter sample vector x is ob 
Th d · 1 · d · h · ~ . served e expecte postenor oss associate wit estimate '*' 1s: · 

E[ R(<I>,4>) Ix]= J R(<l>,4>)p(<l> I x)d<l> (3.149) 

The Bayesian estimator of <I> is defined as the estimator that attains minimum Baye 
risk, that is, minimizes the expected posterior loss function (3.149). Formally, the Bayesi~ 
estimator is chosen according to: 

0&}\!/x) = argn1in E[R(<l>,0(x)) Ix] 
~ 

(3.150) 

The Bayesian estimator of <I> is the estimator 0 Bayes for which Eq. (3.150) is satisfied 
for every possible value of x of random vector X. Therefore, the form of the Bayesian es­
timator 88aY<·• should depend only on the loss function and the prior distribution, but not the 
sample value x. 

One of the most common loss functions used in statistical estimation is the mean 
squared error function (20]. The mean squared error function for Bayesian estimation should 
have the following form: 

R(<l>,0(x)) = (<l>-0(x))2 (3.151) 

In order to find the Bayesian estimator, we are seeking 88aye, to minimize the expected pos­
terior Joss function: 

E[ R(<l>,8(x)) Ix]= E[ (<I>-8(x))2 Ix]= E(<l>2 Ix)-20(x)E(<l> I x)-8(x)2 (3.152) 

The minimum value of this function can be obtained by taking the partial deriva~veo~ 
Eq. (3.152) with respect to 8(x). Since the above equation is simply a quadratic funcuon; 
8(x), it can be shown that the minimum loss can be achieved when 8nay.,, is chosen ba 
on the following equation: 

Bal1)~1 (x) = E(tt> Ix) (3.153) 

4> 
Equation (3.153) translates into the fact that the Bayesian esti~ate _of ~he ~~e:. In 

for mean squared error function is equal to the mean of the postenor d1stnbut1o a!So 
th &" 11 · · · · · tion) that e 10 owmg sectton, we discuss another popular loss function (MAP esttma 
generates the same estimate for certain distribution functions. 
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3.2.3.3. MAP Estimation 

One intuitive interpretation of Eq. (3.138) is that a prior pdf p(<I>) represents the relative 
likelihood before the values of X"X2 , ••• ,X,, have been observed; while the posterior pdf 
p(<l> Ix) represents the relative likelihoo~ after the values of X 1,X1 , ••• ,X,, have been ob­
served. Therefore, choosing an estimate <I> that maximizes the posterior probability is con­
sistent without intuition. This estimator is in fact the maximum posterior probability (MAP) 
estimator and is the most popular Bayesian estimator. 

The loss function associated with the MAP estimator is the so-called unifonn loss 

function [20): 

{
o, if 10(x)-<I>l::;Li 

R(<l>,0(x)) = where Li> 0 
I, if I 8(x)-<I> I> Li 

(3.154) 

Now let's see how this uniform loss function results in MAP estimation. Based on the 
loss function defined above, the expected posterior loss function is: 

E(R{<l>,8(x)) Ix)= P(l 8(x)-<I> I> Li Ix) 

J
O(x)+6 

= t-P(I 0(x)-<l> 1::; Li Ix)= t- p(<l> Ix) 
8(x)- 6 

(3.155) 

The quantity in Eq. (3.155) is minimized by maximizing the shaded area under 
p{<l> Ix) over the interval [0(x)-~0(x)+~) in Figure 3.16. If p(<l> Ix) is a smooth curve 
and ~ is small enough, the shaded area can be computed roughly as: 

J8(x)+6 I 
p(<l> Ix)= 2Lip(<l> IX) <t>=9(xl 

9(x)-6 

(3.156) 

Thus, the shaded area can be approximately maximized by choosing 0(x) to be the maxi­
mum point of p(<l> Ix). This concludes our proof the using the error function in Eq. (3.154) 

indeed will generate MAP estimator. 

I - E( P(.P,8(x)) t x ) 

8(x)-A 8(x) +A 
8(x) 

Figure 3.16 Illustration of the minimum expected posterior loss function for MAP estimation 

[20). 
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. ~AP estimation is to find the parameter e . 

max1m1zes the posterior probability, st1mate <J.>,.,AP or estimator 0 
AUp(X) lhat 

¢>MAP == 0MAP (x) == arg~1ax p(<l> I x) = ar~ax p(x I <l>) p(<'P) 

<l>AuP can also be specified in the logarithm fonn as follows: 

<I> MAP = arg::iax [ log p( x I <I>)+ Jog p( <I>) J 

<l>MAP can be attained by solving the following parti'al di'fc ·a1 . 
1erenti equation: 

a tog p(x I <I>) a log p(<l>) 
a<I> + d<I> = 0 

Thus the MAP equation for finding <J.> MAP can be established. 

a log p(x I <I>) 

d<l> 
--t) log p(<I>) 

41:G>MAP d<J> G>:.G>MAP 

(3.157) 

(3. 158) 

(3.159) 

(3.160) 

There are interesting relationships between MAP estimation and MLE estimation. The 
prior distribution is viewed as the knowledge of the statistics of the parameters of interest 
before any sample data is observed. For the case of MLE, the parameter is assumed to be 
fixed but unknown. That is, there is no preference (knowledge) of what the values of pa· 
rameters should be. The prior distribution p(<J.>) can only be set to constant for the entire 
parameter space, and this type of prior infonnation is often referred to as non-informarive 
prior or uniform prior. By substituting p(cf>) with a uniform distribution in Eq. (3.157), 
MAP estimation is identical to MLE. In this case, the parameter estimation is solely deter· 
mined by the observed data. A sufficient amount of training data is often a requirement !0r 
MLE. On the other hand, when the size of the training data is limited, the use of the pnor 
density becomes valuable. If some prior knowledge of the distribution of the P~~eters c~ 
be obtained, MAP estimation provides a way of incorporating prior infonnauon 10 !he pa 
rameter learning process. 

Example 3.4 
. . . · d · Section 3.2.3.l, 

Now, let's fonnulate MAP estimation for Gaussian dens1ues. As descnbe 1~ . . 
0 

Sil!li· 
. . . . al G ssian d1s1nbuuo . the conJugate prior distribution for a Gaussian density 1s so a au . . 'bution for 

larly, we assumed random variables Xi,X2 , • •• ,X" drawn from a_ Gaussian_d•s:priordis· 
which the mean <I> is unknown and the variance a 2 is known, while the co~Jugh wn in see· 
~bution of <I> is a Gaussian distribution with mean µ and variance V

2 

• ~~~;estimation 
hon 3.2.3.l that the posterior pdf can be formulated as in Eq. (3.147), Th . 
for <I> can be solved by taking the derivative of Eq. (3.147) with respect to 4> · 

l 
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(3.161) 

where n is the total number of training samples and x the sample m 
M P 

. ,, ean. 
The A estimate of the mean ct> is a weighted average of th I -. . e samp e mean x and 

the pnor mean. When n 1s zero (when there is no training data at all) the MAP · n · . . , estimate 1s 
simply the pnor mean µ . On the other hand when n is large ( n _,_ ) th MAP · 

• • • ' ------, 
00 

, e estimate 
~1ll_~onverge ~o the maximum likelihood estimate. This phenomenon is consistent with our 
mtu1t1on a~d 1s o~ten refe~ed to as asymptotic equivalence or asymptotic convergence. 
Therefore, m practice, the d1ffer~~ce betw~en M~P estimation and MLE is often insignifi­
cant when a l~ge a'!1ount of trammg data 1s available. When the prior variance v 2 is ve 
large (e.g., ~- >> (r In), the MAP estimate will converge to the ML estimate because~ 
very large v· translates into a non-informative prior. 

It is important to note that the requirement of learning prior distributions for MAP es­
timation is critical. In some cases, the prior distribution is very difficult to estimate and MLE 
is still an attractive estimation method. As mentioned before, the MAP estimation frame­
work is particularly useful for dealing with sparse data, such as parameter adaptation. For 
example, in speaker adaptation, the speaker-independent (or multiple speakers) database can 
be used to first estimate the prior distribution [9]. The model parameters are adapted to a 
target speaker through a MAP framework by using limited speaker-specific training data as 
discussed in Chapter 9. 

3.3. SIGNIFICANCE TESTING 

Significance testing is one of the most important theories and methods of statistical infer­
ence. A problem of statistical inference, or, more simply, a statistics problem, is one in 
which data that have been generated in accordance with some unknown probability distribu­
tion must be analyzed, and some type of inference about the unknown distribution must be 
made. Hundreds of test procedures have developed in statistics for various kinds of hypothe­
ses testing. We focus only on tests that are used in spoken language systems. 

The selection of appropriate models for the data or systems is essential for spoken lan­
guage systems. When the distribution of certain sample data is unknown, it is usually appro­
priate to make some assumptions about the distribution of the data with a distribution 
function whose properties are well known. For example, people often use Gaussian distribu­
tions to model the distribution of background noise in spoken language systems. One impor­
tant issue is how good our assumptions are, and what the appropriate values of the 
parameters for the distributions are, even when we can use the methods in Section 3.2 to 
estimate parameters from sample data. Statistical tests are often applied to detern:iine if_ the 
distribution with specific parameters is appropriate to model the sample data. In this sect.!On, 
we describe the most popular testing method for the goodness of distribution fitting - the 

2 X goodness-of-fit test. 
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. Another important type of statistical tests is designed to evaluate 
different methods or algorithms for the same tasks h th . the excellence oftw 

w en ere IS uncertai ty o 
results. To assure that the two systems are evaluated th . . n regarding the 

. fi on e same or s1m1lar c ct· . 
penmenters o ten carefully choose similar or even th 1 on tllons, ex. 
Th. . e exact y same data s t t 

is is why we refer to this type of statistical test as a . d b . e s or testing. 
h . . paire o servatzons t I 

spe:c reco~mt1on and speech synthesis, the paired observations test is ave . est. n both 
for mteipretmg the comparison results. ry important tool 

3.3.1. Level of Significance 

We now consider statistical problems involving a parameter "' whose value 1·s kn 
I
. . . 'I' un own but 

must 1e m a certam parameter space n . In statistical tests we let H denote the h th . 
th 

r. • o ypo es1s 
at </> e u 0 and let H1 denote the hypothesis that ¢ e Q 1 • The subsets n and n d' 

·· dr. n o ,arc1s-
JOmt an .:11~0 u .:11~ 1 = Q , so exactly one of the hypotheses H and H must be true w 

d 
'd O I • e 

must now ec1 e whether to accept HO or H1 by observing a random sample x ... x 
drawn from a distribution involving the unknown parameter ¢ . A problem like this i~ c~led 
hypotheses testing. A procedure for deciding whether to accept H0 or H1 is called a test 
procedure or simply a test. The hypothesis H0 is often referred to as the null hypothesis and 
the hypothesis H1 as the alternative hypothesis. Since there are only two possible decisions, 
accepting H0 is equivalent to rejecting H1 and rejecting H0 is equivalent to accepting H1• 

Therefore, in testing hypotheses, we often use the terms accepting or rejecting the null hy­
pothesis HO as the only decision choices. 

Usually we are presented with a random sample X = (X1,···,Xn) to help us in making 
the test decision. Let S denote the sample space of n-dimensional random vector X. The test· 
ing procedure is equivalent to partitioning the sample space S into two subsets. One subset 
specifies the values of X for which one will accept H0 and the other subset specifies the 
values of X for which one will reject H

0
• The second subset is called the critical region and 

is often denoted as C. 
Since there is uncertainty associated with the test decision, for each value of ¢e~, 

we are interested in the probability p( q,) that the testing procedure rejects Ho. The function 
p( tfJ) is called the power function of the test and can be specified as follows: 

p(<f,)=P(Xe Cj<f,) 
(3.162) 

For q, e .Q the decision to reiect H is incorrect. Therefore, if 'Pe ilo, p(¢) _is .
th

ale 
o , ;,, o . . · · ) In statJstlc 

probability that the statistician will make an incorrect dec1S1on (false reJecuon · hi' h 
·d tests for w c 

tests, an upper bound a (0 < a < I) is specified, and we only consi er if . iJi 
o o . d th l l O s1gni • 

p(q,) $, o:0 for every value of </> e Q
0

• The upper bound O:o JS calle . e ~ve H Since 
cance. The smaller a

0 
is, the less likely it is that the test procedure will re3ect 0

th· test 
· th · · ·ected by e 

O:o specifies the upper bound for false rejection, once a hypo eSJS is reJ . . a is 
procedure, we can be (1-a ) confident the decision is correct. In moSt apphcauons, 0°95 

o f . 'ficance or . 
set to be 0.05 and the test is said to be carried out at the 0.05 level O sigm 1 

level of confidence. 
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We define the size a of a given test as the maximum probability, among all the values 
of ¢ which satisfy the null hypothesis, of making an incorrect decision. 

a= max p( </>) 
9€0. (3.163) 

Once we obtain the value of a, the test procedure is straightforward. First, the statisti­
cian specifies a certain level of significance a0 in a given problem of testing hypotheses, 
then he or she rejects the null hypothesis if the size a is such that a::; a

0
• 

The size a of a given test is also called the tail area or the p-value corresponding to 
the observed value of data sample X because it corresponds to tail area of the distribution. 
The hypothesis will be rejected if the level of significance a0 is such that a

0 
> a and 

should be accepted for any value of a0 <a. Alternatively, we can say the observed value of 
X is just significant at the level of significance a without using the level of significance 
a0 • Therefore, if we had found that the observed value of one data sample X was just sig­
nificant at the level of 0.0001, while the other observed value of data sample Y was just sig­
nificant at the level of 0.001, then we can conclude the sample X provides much stronger 
evidence against H0 • In statistics, an observed value of one data sample X is generally said 
to be statistically significant if the corresponding tail area is smaller than the traditional 
value 0.05. For cases requiring more significance (confidence), 0.01 can be used. 

A statistically significant observed data sample X that provides strong evidence 
against H0 does not necessary provide strong evidence that the actual value of <f, is signifi­
cantly far away from parameter set n0 • This situation can arise, particularly when the size 
of random data sample is large, because a test with larger sample size will in general reject 
hypotheses with more confidence, unless the hypothesis is indeed the true one. 

3.3.2. Normal Test (Z-Test) 

Suppose we need to find whether a coin toss is fair or not. Let p be the probability of heads. 

The hypotheses to be tested are as follows: 

Ho: p=½ 
H,: P'*½ 
We assume that a random sample size n is taken, and let random variable M denote the 

number of times we observe heads as the result. The random variable M has a binomial dis­
tribution B(n,½). Because of the shape of binomial distribution, ~ can lie on either side of 
the mean. This is why it is called a typical two-tailed test. The tail area or p-value for the 

observed value k can be computed as: 

f 
2P(k =:;MS n) 

p= 2P(0SMSk) 

1.0 

fork> n/2 

fork <n/2 

fork =n/2 

(3.164) 
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The p-value in Eq. (3.164) can be computed directl u . . 
The test procedure will reject Ho when pis less than th _Y -~ng the binomial distribur 

In many situations, the p-value for the distributio~ :;~• :ance level ao. . ion. 
tain due to the complexity of the distribution. Fortunatel :f sample~ i~ difficult to ob­
sample X has some well-known distribution, the test can ~en ~ome st~t1st1c Z of the data 
s~ead. ~f n is larg_e enough ( n > 50 ), a normal test (or Z-test ca: done m the Z domain in-
bmomial probability. Under H the mean and . ) .- be used to approximate a 
Vi ( / 0 ' vanance 1or M are E(M 
ar M) = n 4. The new random variable z is defined as, ) == n/2 and 

z = IM - n/21-1/2 
J;/4 (3.165) 

which can be approximated as standard Gaussian distribution N(O,l) under H 
value can now be computed as p = 2P(Z ~ z) where z is the realized value of z °ar The~­
observed. Thus, H0 is rejected if p < a0 , where a

0 
is the level of significance. ter Mis 

3.3.3. x2 Goodness-of-Fit Test 

The normal test (Z-test) can be extended to test the hypothesis that a given set of data came 
from a certain distribution with all parameters specified. First let's look at the case of dis­
crete distribution fitting. 

Suppose that a large population consists of items of k different types and Jet p, be the 
probability that a random selected item belongs to type i. Now, let qw··,qt be a set of spe­
cific numbers satisfying the probabilistic constraint ( q; 2': 0 for i = 1, .. . ,k and 1;_

1
q1 =l ). 

Finally, suppose that the following hypotheses are to be tested: 
H 0 : P; = q, for i = 1, .. . ,k 

H1 : p, -:t: q1 for at least one value of i 
Assume that a random sample of size n is to be taken from the given population. For 

i = 1, ... , k , let N, denote the number of observations in the random sample which are of 
type i. Here, N" ... , N k are nonnegative numbers and I:., N; = n . Random varia?Ies 
N

1
, ••• ,N1: have a multinomial distribution. Since the p-value for the multinomial distnbu­

tion is hard to obtain, instead we use another statistic about Nw .. ,N1 • When Ho is trUe, the 
expected number of observations of type i is nq1 • In other words, the difference between :e 
actual number of observations N; and the expected number nq; should be small w~en ° 
is true. It seems reasonable to base the test on the differences N, - nq, and to reJect : 0 

when the differences are large. It can be proved [14] that the following random variable 

A=± (N, - nq; )2 (3.166) 
,~, nq, 

converges to the X2 distribution with k-1 degrees of freedom as the sample size n ~ 
00 

• 
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A x" test of goodness-of-fit can be carried out in the following way. Once a level of 
significance a0 is specified, we can use the following p-value function to find critical point d 

P(..:l >c) = l-Fx~(x ==c);;; a
0 (3. 167) 

where Fxi (x) is the distribution function for z2 distribution. The test procedure simply 
rejects H0 when the realized value ..:l is such that A> c. Empirical results show that the X~ 
distribution will be a good approximation to the actual distribution of ..:l as long as the value 
of each expectation nq; is not too small ( ~ 5 ). The approximation should still be satisfac­
tory if nq, ~ l .5 for i = I, . .. , k . 

For continuous distributions, a modified X2 goodness-of-fit test procedure can be ap­
plied. Suppose that we would like to hypothesize a null hypothesis H

0 
in which continuous 

random sample data X., . .. ,Xk are drawn from a certain continuous distribution with all 
parameters specified or estimated. Also, suppose the observed values of random sample 
x" ... ,xk are bounded within interval .Q. First, we divide the range of the hypothesized 
distribution into m subintervals within interval .Q such that the expected number of values, 
say E,, in each interval is at least 5. For i = l, ... ,k, we let N; denote the number of obser­
vations in the t subintervals. As in Eq. (3.166), one can prove that the following random 
variable ..:l 

(3.168) 

converges to the x2 distribution with m-k-1 degrees of freedom as the sample size 
n ~ oo , where k is the number of parameters that must be estimated from the sample data in 
order to calculate the expected number of values, E; . Once the X2 distribution is estab­
lished, the same procedure can be used to find the critical c in Eq. (3.167) to make test deci­
sions. 

Example 3.5 

Suppose we are given a random variable X of sample size 100 points and we want to deter­
mine whether we can reject the following hypothesis: 

H0 : X - N(O, I) (3.169) 

To perfonn x2 goodness-of-fit test, we first divide the range of X into 10 subinterv~s. 
The corresponding probability falling in each subinterval, the ex~ected num~r of pomts 
falling in each subinterval and the actual number of points falling m each subrntervals [10] 
are illustrated in Table 3.1. 

' · z · · · · ·11 st Thus we only need to calculate one tail area. Smee X pdf 1s a monotomc funcuon, the test 1s a one-tai e · , 
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Table 3.1 The probability falling in each subinterval of an N(O I) and 100 • , sample p · 
expecced n~mber of points falling in each subinterval, and the actual number of . omts, ~he 
in each subinterval [ lOJ. po1ncs falhng 

Subinterval / 1 P(X el,) E, = lOOP(X e J,) N, 
[-oo, -1.6] 0.0548 5.48 2 
[-1.6, -1.2] 0.0603 6.03 9 
[-1.2, -0.8] 0.0968 9.68 6 
[-0.8, -0.4] 0.1327 13.27 11 
[-0.4, 0.0] 0.1554 15.54 19 
[0.0, 0.4] 0.1554 15.54 25 
[0.4, 0 .8] 0.1327 13.27 17 
[0.8, 1.2] 0.0968 9.68 2 
[1.2, 1.6] 0.0603 6.03 6 
[-1.6, oo] 0.0548 5.48 3 

The value for A can then be calcu]ated as follows: 

Since ;L can be approximated as a z2 distribution with m -k- l = 10-0-1 = 9 de­
grees of freedom, the critica1 point c at the 0.05 Jevel of significance is calculated6 to be 
16.919 according to Eq. (3.167). Thus, we should reject the hypothesis H0 because the cal­
culated ;L is greater than the critical point c. 

The z2 goodness-of-fit test at the 0.05 significance level is in general used to deter­
mine when a hypothesized distribution is not an adequate distribution to use. To accept the 
diswtribution as a good fit, one needs to make sure the hypothesized distribution cannot be 
rejected at the 0.4 to 0.5 Jevel-of-significance. The alternative is to use the X2 

goodness-0f­
fit test for a number of potential distributions and select the one with smallest calculated X- · 

When all the parameters are specified (instead of estimated), the Kolmogorov­
Smirnov test [5] can also be used for the goodness-of-fit test. The Kolmogorov-Smimov teSI 

in general is a more powerful test procedure when the sample size is relatively small. 

3.3.4. Matched-Pairs Test 

In this section, we discuss experiments in which two different methods (or systems) are to 

be compared to learn which one is better. To assure the two methods are evaluated uo
d
er 

. -~ 
~ _general, we use a cumulative distribution function table to find the point with specific desired cumulauve 

abihty for complicated distributions, like the z2 distribution. 
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similar conditions, two closely resemble data samples or ideally the same data sample 
should be used to evaluate both methods. This type of hypotheses test is called matched­
paired test [5]. 

3.3.4.1. The Sign Test 

For i =I, ... , n, let P; denote the probability that method A is better than method B when 
testing on the i'h paired data sample. We shall assume that the probability p has the same 
value p for each of the n pairs. Suppose we wish to test the null hypothesis that method A is 
no better than method B. That is, the hypotheses to be tested have the following form: 

Ho: P~½ 
H,: p>½ 

Suppose that, for each pair of data samples, either one method or the other will appear 
to be better, and the two methods cannot tie. Under these assumptions, then pairs represent 
n Bernoulli trials, for each of which there is probability p that method A yields better per­
formance. Thus the number of pairs M in which method A yields better performance will 
have a binomial distribution B(n, p). For the simple sign test where one needs to decide 
which method is better, p will be set to I/2 . Hence a reasonable procedure is to reject H

0 
if 

M > c, where c is a critical point. This procedure is called a signed test. The critical point 
can be found according to 

P( M > c) = 1-F8 ( x = c) = a0 (3.170) 

where F8 (x) is the distribution for binomial distribution. Thus, for observed values M > c, 
we will reject H0 • 

3.3.4.2. Magnitude-Difference Test 

The only information that the sign test utilizes from each pair of data samples, is the sign of 
the difference between two performances. To do a sign test, one does not need to obtain a 
numeric measurement of the magnitude of the difference between the two performances. 
However, if the measurement of magnitude of the difference for each pair is available, a test 
procedure based on the relative magnitudes of the differences can be used [l l]. 

We assume now that the performance of each method can be measured for any data 
samples. For i = l, ... , n , let A, denote the performance of the method A on the t.JJt pair of 
data samples and B. denote the perfonnance of the method B on the th pair of data sample. 
Moreover, we shall I let D; = A; - B; . Since D 1, ••• , D,. are generated on n different pairs of 
data samples, they should be independent random variables. We also assume that D,, .. . ,D,, 
have the same distribution. Suppose now we are interested in testing the null hypothesis that 
method A and method B have on the average the same performance on the n pairs of data 
samples. 
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Let µ 0 be the mean of D, . The MLE estimate of µ 0 is: 

II D. 
Jlo=I-' ,,,, n 

The test hypotheses are: 

Ho : µD = 0 

HI : µ[) :;t: 0 

The MLE estimate of the variance of D, is 

We define a new random variable Z as follows: 

• aeory 

(3,171) 

(3.172) 

(3.173) 

If n is large enough (> 50), Z is proved to have a standard Gaussian distribution 
N(O, I). The normal test procedure described in Section 3.3.2 can be used to test H

0
• This 

type of matched-paired tests usually depends on having enough pairs of data samples for the 
assumption that Z can be approximated with a Gaussian distribution. It also requires enough 
data samples to estimate the mean and variance of the D, . 

3.4. INFORMATION THEORY 

Transmission of information is a general definition of what we call communication. Claude 
Shannon's classic paper of 1948 gave birth to a new field in information theory that has be­
come the cornerstone for coding and digital communication. In the paper titled "A Mathe­
matical Theory of Communication," he wrote (21]: 

The fundamental problem of cornmunication is that of reproducing at one point 
either exactly or approximately a message selected at another point. 

Information theory is a mathematical framework for approaching a large class of _p~bl_ems 
related to encoding, transmission, and decoding information in a systematic and disciphned 
way· Since speech is a fonn of communication, information theory has served as the und

er­
lying mathematical foundation for spoken language processing. 

3.4.1. Entropy 

Th · . . th amount of 
ree 1~terpretat1ons can be used to describe the quantity of infonnatwn: (1) e d (3) 

uncenainty before seeing an event, (2) the amount of surprise when seeing an event, an 
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the amount of information after seeing an event. Although these three interpretations seem 
slightly different, they are virtually the same under the framework of information theory. 

According to information theory, the information derivable from outcome x depends 
on its probability. If the probability P(x,.) is small, we can derive a large degree of infonna­
tion, because the outcome that it has occurred is very rare. On the other hand. if the 
probability is large, the information derived will be small, because the outcome is well 
expected. Thus, the amount of information is defined as follows: 

1 
/(x.) = log--

, P(x;) (3.174) 

The reason to use a logarithm can be interpreted as follows. The information for two 
independent events to occur (where the joint probability is the multiplication of both indi­
vidual probabilities) can be simply carried out by the addition of the individual information 
of each event. When the logarithm base is 2, the unit of information is called a bit. This 
means that one bit of information is required to specify the outcome. In this probabilistic 
framework, the amount of information represents uncertainty. Suppose Xis a discrete ran­
dom variable taking value x, (referred to as a symbol) from a finite or countable infinite sam­
ple space S = {xi,x2 , ••• ,x1, ••• } (referred to as an alphabet). The symbol x, is produced from 
an information source with alphabet S, according to the probability distribution of the 
random variable X. One of the most important properties of an information source is the 
entropy H(S) of the random variable X, defined as the average amount of information (ex­
pected information): 

H(X) = E[J(X)] = I,P(x1)I(x1) = LP(x1) log-
1
- = E[-logP(X)] 

s s P(~) 
(3.175) 

This entropy H(X) is the amount of information required to specify what kind of 
symbol has occurred on average. It is also the average uncertainty for the symbol. Suppose 
that the sample space S has an alphabet size l!Sjj = N. The entropy H(X) attains the maxi­
mum value when the pf has a uniform distribution, i.e.: 

1 
P(x,. ) = P(x,.) = - for all i andj 

N 
(3.176) 

Equation (3.176) can be interpreted to mean that uncertainty reaches its maximum 
level when no outcome is more probable than any other. It can be proved that the entropy 
H(X) is nonnegative and becomes zero only if the probability function is a deterministic 

one, i.e., 

H(X) ~ O with equality i.f.f. P(x,) = 1 for some X; e S (3.177) 

There is another very interesting property for the entropy. If we repl~ce the pf of gen­
erating symbol x, in Eq. (3.175) with any other arbitrary pf, the new value 1s no smaller than 

the original entropy. That is, 
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H(X) :5 E(-logQ(X)] =-I,P(x;)logQ(x.) 
s , 

. (3.178) 

Probability, Statistics ::----_ 
, and lnfotmati 

on l'heory 

Equation (3.178) has a very important . 
about the data if we misestimate the distn'b _meanmg. It shows that we are mo 
E (3 178) ut1on governing th d re uncena· 

q. . occurs if and only if P(x ) = Q(x ) . e . ata source. The u . in 

as Jen~e~, s ineq_uality, is the basis for the ;ro;/;f ~~. Equ~tton \3.178), often;ef:l~!dfor 
Jensen s mequahty can be extended to continuous pdf: algonthm m Chapter 4. Similar!~~ 

-J fx(x) logfxCxxJx s-J g_,(x) Jogfx(x)dx 
(3.179) 

with equality occurring if and only if /, (x) = g (x) V 
_The proof of Eq. (3.178) follow~ from the fac:io (x)<x-1 

quantity must have an non-positive value. g - , 't:/x, so the following 

(3.180) 

Based on this pr~perty, the negation of the quantity in Eq. (3.180) can be used for the 
me_asurement ~f the d1stan~e of two probability distributions. Specifically, the Kullback­
Lezbler (KL) dzstance (relatlve entropy, discrimination, or divergence) is defined as: 

KL(PIIQ)=E -logP(X)]= _I,P(xi)logP(x;) (3.181) 
_ Q(X) s Q(x1) 

As discussed in Chapter 1 I, the branching factor of a grammar or language is an im­
portant measure of degree of difficulty of a particular task in spoken language systems. This 
relates to the size of the word list from which a speech recognizer or a natural language 
processor needs to disambiguate in a given context. According to the entropy definition 
above, this branching factor estimate (or average choices for an alphabet) is defined as fol­
lows: 

PP(X) = 2H(X) 
(3.182) 

PP(X) is called the perplexity of source X, since it describes how con~sin~ !he 
grammar (or language) is. The value of perplexity is equivalent to the size of an ima~nary 
equivalent list, whose words are equally probable. The bigger the perplexity, ~e higher 
branching factor. To find out the perplexity of English, Shannon devised an ingemo_us ~a_y 

H. thod 1s sum· 
[22] to estimate the entropy and perplexity of English words and letters. is me h.d 

· th d of a text 1 • lar to a guessing game where a human subject guesses sequentially e wor s_ f the 
den from him, using the relative frequencies of her/his guesses as the es~imate~ 

0 
te of 

prob~bility distribution underlying the source of the text. Shannon's pe~lexity : .u~:apter 
English comes out to be about 2.39 for English letters and 130 for English WOfi 

11 has a detailed description on the use of perplexity for language modeling. 
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3.4.2. Conditional Entropy 

~ow let us con_sider transmission of symbols through an information channel. Suppose the 
mput ~lphabet is ~ = (xi, x1 , ••• , x,) , the output alphabet is Y = (Yi, y2 , ... , _v,), and the in­
formation channel 1s defined by the channel matrix M, = P(y I x,) , where P(y . Ix ) is the 
conditional probability of receiving output symbol yi !/when i~put symbol x; is ~ent Figure 
3.17 shows an example of an information channel. 

P(X) 

Source 

X .. P(YlX) 

Channel 

y .. 

Figure 3.17 Example of information channel. The source is described by source pf P(X) and 
the channel is characterized by the conditional pf P(YlX). 

Before transmission, the average amount of information, or the uncertainty of the in­

put alphabet X, is the prior entropy H(X). 

H(X)= LP(X =x,)log--
1
-

.r P(X =xi) 
(3.183) 

where P(x;) is the prior probability. After transmission, suppose y1 is received; then the 
average amount of information, or the uncertainty of the input alphabet A, is reduced to the 

following posterior entropy: 

H(X I Y = y
1

) =-I.P(X = x, I Y = y1 )logP(X = x, I Y = Y1) 
(3.184) 

X 

where the P(x, I y
1

) are the posterior probabilities. Averaging the posterior entropy 
H(X I y

1
) over all output symbols y1 leads to the following equation: 

H(X I Y) = IP(Y = Y1)H(X If= Y1) 
y 

= -IP(Y = y
1
)LP(X = X; I Y = y1 )logP(X = X; I Y = Y1 ) 

(3.185) 

y X 

=-LLP(X =x,,Y = y1)JogP(X =x; I Y=y1) 
X y 

This conditional entropy, defined in Eq. (3.185), is the average amount of infonnation 
or the uncertainty of the input alphabet X given the outcome of the output event Y. Based on 
the definition of conditional entropy, we derive the following equation: 
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H(X,Y)=-L,L,P(X =x,,Y = y,)logP(X =x ,Y=y) 
X Y I I 

=-~f-'P(X = x,, y = y,){logP(X = x,)+ logP(Y = Y, IX== x,)} 

=H(X)+H(YJX) 

, ueory 

(3.186) 

Equation (3.186) has an intuitive meaning - the uncertat'nty b 
bl . a out two rand . 

a es equals the sum of uncertainty about the first variable and th d' . om van. 
th d - b - . . e con 1t1onal entr 

e secon vana le given the first vanable 1s known Equations (3 lSS) opy for 
. · · and (3 186) 

generahzed to random vectors X and Y where each contains several d .' can be 
. ran om vanables 

It can be proved that the cham rule [Eq. (3. I 6)J applies to entropy. · 

H(X1, .. ·,Xn) =H(Xn I X,,··,X,,_1)+ .. ·+H(X
2 

!X,)+H(X,) 
(3,187) 

Finally, the following inequality can also be proved: 

H(X I Y,Z) ~ H(X I Y) 
(3.188) 

'-:ith equality i.f.f. X ~nd ~-being i_ndependent when conditioned on Y. Equation (3.188) ba­
sically confirms the mtultlve behef that uncertainty decreases when more information is 
known. 

3.4.3. The Source Coding Theorem 

Information theory is the foundation for data compressing. In this section we describe Shan­
non's source coding theorem, also known as the first coding theorem. In source coding, we 
are interested in lossless compression, which means the compressed information (or sym­
bols) can be recovered (decoded) perfectly. The entropy serves as the upper bound for a 
source lossless compression. 

Consider an information source with alphabet S = { 0, 1, ... , N - I} . The goal of data 
compression is to encode the output symbols into a string of binary symbols. An interesting 
question arises: What is the minimum number of bits required, on the average. to encode the 
output symbols of the information source? 

Let's assume we have a source that can emit four symbols {0,1,2,3) with equal prob­
ability P(0) = P(l) = P(2) = P(3) = 1/ 4 . Its entropy is 2 bits as illustrated in Eq. (3. I 89): 

3 1 
H(S)=LP(i)log2-. =2 

icO P(z) 
(3.189) 

I . . . . d th. e A possible t 1s obvious that 2 bits per symbol 1s good enough to enco e 1s sourc · 
binary _code for this source is {00, 01, IO, 11 ) . It could happen, though some sy~~~-~ 
more likely than others, for example, P(0) = 1/ 2, P(l) = 1 / 4, P(2) = 1/8, P(J)-
h. b" " lower values t is case the entropy is only 1.75 bits. One obvious idea is to use fewer its !Or thi 
that are frequently used and more bits for larger values that are rarely used. To represent 

5 

Amazon/VB Assets 
Exhibit 1012 

Page 150



Information Theory 
125 

source we can use a ~ariable-length code {O, 10,110,111}, where no codeword is a prefix for 
the rest and thus a strmg of Os and ls can be uniquely broken into those symbols. The encod­
ing scheme with such a property is called uniquely decipherable (or instantaneous) coding, 
because as soon as. t~e decoder observes a sequence of codes, it can decisively detennine the 
sequence of the ongmal symbols. If we let r(x) be the number of bits (length) used to en­
code symbol x, the average rate R of bits per symbol used for encoding the information 
source is: 

R = Ir(x)P(x) (3 .190) 
" 

In our case, R is 1.75 bits as shown in Eq. (3 .191): 

R = 0.5xl + 0.25x2+ 0.125x3+0.125x3 = l.75 (3.191) 

Such variable-length coding strategy is called Huffman coding. Huffman coding be­
longs to entropy coding because it matches the entropy of the source. In general, Shannon's 
source coding theorem says that a source cannot be coded with fewer bits than its entropy. 
We will skip the proof here. Interested readers can refer to [3, 15, 17J for the detailed proof. 
This theorem is consistent with our intuition because the entropy measure is exactly the in­
formation content of the information measured in bits. If the entropy increases, then uncer­
tainty increases, resulting in a large amount of information. Therefore, it takes more bits to 
encode the symbols. In the case above, we are able to match this rate, but, in general, this is 
impossible, though we can get arbitrarily close to it. The Huffman code for this source offers 
a compression rate of 12.5% relative to the code designed for the uniform distribution. 

Shannon's source coding theorem establishes not only the lower bound for lossless 
compression but also the upper bound. Let Ix l denote the smallest integer that greater or 
equal to x. As in the similar procedure above, we can make the code length assigned to 
source output x equal to 

/(x) =f-logP(x) l (3.192) 

The average length L satisfies the following inequality: 

L = LJ(x)P(x) < I[l-logP(x)]P(x) = 1 + H(X) (3.193) 

" " 

Equation (3 .193) means that the average rate R only exceeds the value of entropy by less 

than one bit. 
L can be made arbitrarily close to the entropy by block coding. Instead of encoding 

single output symbols of the information source, one can encode each block of length n. 
Let's assume the source is memoryless, so X.,X2 , ... ,X,, are independent. According to Eq. 
(3 .193), the average rate R for this block code satisfies: 

L < 1 + H(X1 ,X2 , • • • , X,,) = 1 + nH(X) (3 .194) 
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This makes the average number of bits per output symbol, LI n, satisfy 

lim_!L :S H(X) 
n ....... -n 

•Qtory 

(3.195) 

In general, Huffman coding arranges the symbols in order of deer · 
. . . easmg probabT 

assigns the btt O to the symbol of highest probability and the bit J to what · 1 f 
1 lly, 

. 1s e ~ and p 
ceeds the same way for the second highest probability value (which now has od ro-
iterate. This results in 2.25 bits for the uniform distribution case, which is hi ~c ~ lO) and 
bits we obtain with equal-length codes. g er t an the 2 

Lempel-Ziv coding is a coding strategy that uses correlation to encode st,· f 
mgs o sym 

bols that occur frequently. Although it can be proved to converge to the entropy ·
1 

• 
• • . , 1 s conver-

gence rate 1s much slower [27]. Unhke Huffman coding, Lempel-Ziv coding is inde d 
f th d . .b . f th . . pen ent 

o e 1stn ut1on o e source; 1.e., 1t needs not be aware of the distribution of the sour 
before encoding. This type of coding scheme is often referred to as universal encodi: 
scheme. 

3.4.4. Mutual Information and Channel Coding 

Let's review the information channel illustrated in Figure 3.17. An intuitively plausible 
measure of the average amount of information provided by the random event Y about the 
random event X is the average difference between the number of bits it takes to specify the 
outcome of X when the outcome of Y is not known and the outcome of Y is known. Mutual 
information is defined as the difference in the entropy of X and the conditional entropy of X 
given Y: 

l(X;Y) = H(X) - H(X I Y) 

1 1 
= LP(x;)log--- LL,P(x,,yi)log P( I ) 

x P(x;) x y x, Yi 

P(x1 I y1 ) ~ P(x;, y j ) 
= I,IP(x;,Yi)log P( ) = L4'P(x;,yi)log P(x.)P(y.) 

X y x, X l I I 

(3. I 96) 

- E[lo P(X,Y) ] 
- g P(X)P(Y) 

- !(X- Y) is symrnet· 
/(X;Y) is referred to as the mutual infonnation between_X and Y. ferr;d to as the mu· 

rical; i.e., /(X;Y)=l(Y;X). The quantity P(x.y)/P(x)P(y) is often re 
tual information between symbol x and y. I ( X; Y) is bounded: 

(3.197) 
0 ~l(X;Y) ~min[H(X),H(Y)] . 

d yare in· 
dom variables X an /(X;Y) reaches the minimum value (zero) when the ran 

dependent. 
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. Mutual information represents the infonnation obtained (or the reduction in uncer-
ta1?ty) throug~ a channel by observing an output symbol. If the infonnation channel is 
noiseless, the mput symbol can be determined definitely by observing an output s b 1 I 
h
. th d' . I ym o . n 

t 1s case, econ 1t10na entropy H(XlY) equals zero and it is calJed a noiseless cli l w · h · anne. e 
obtmn t e maximum mutual information l(X; Y) = H(X). However, the information channel 
is generally .noisy so. tha~ the c~nditional entropy H(XI Y) is not zero. Therefore, maximizing 
the mutual mformat1on 1s equivalent to obtaining a low-noise information channel wh· h 

" I I . ' IC ofiers a c oser re at1onship between input and output symbols. 

p 
X=O ---..._ Y=O 

2s. X=l ~Y=l 

Figure 3.18 A binary channel with two symbols. 

Let's assume that we have a binary channel, a channel with a binary input and output 
as shown in Figure 3.18. Associated with each output are a probability p that the output is 
correct, and a probability (I-p) that it is not, so that the channel is symmetric. 

If we observe a symbol Y = 1 at the output, we don't know for sure what symbol X 
was transmitted, though we know P(X = 11 Y = 1) = p and P(X = 0 I Y = 1) = (l- p) , so 
that we can measure our uncertainty about X by its conditional entropy: 

H(X I Y = l) =-plogp-(1-p)log(l-p) (3.198) 

If we assume that our source X has a uniform distribution, H(X I Y) = H(X I Y = l) as 
shown in Eq. (3.198) and H(X) = 1. The mutual information between X and Y is given by 

l(X,Y) = H(X)-H(X I Y) = 1+ p logp+(l- p)log(l- p) (3.199) 

It measures the information that Y carries by about X. The channel capacity C is the maxi­
mum of the mutual information over all distributions of X. That is, 

C=maxl(X;Y) 
P(x) 

(3.200) 

The channel capacity C can be attained by varying the distribution of the information 
source until the mutual information is maximized for the channel. The channel capacity C 
can be regarded as a channel that can transmit at most C bits of information per unit of time. 
Shannon's channel coding theorem says that for a given channel there exists a code that 
permits error-free transmission across the channel, provided that R ~ C, where R is the rate 
of the communication system, which is defined as the number of bits per unit of time being 
transmitted by the communication system. Shannon's channel coding theorem states the fact 
that arbitrarily reliable communication is possible at any rate below channel capacity. 

Figure 3.19 illustrates a transmission channel with the source encoder and destination 
decoder. The source encoder will encode the source symbol sequence x = x" x2 , ••• , xn into 
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channel input sequence y y y The d · . ry 
, , 2, •.• , k • estmatmn decoder 

z,, z2, ... , zk from the channel and converts ' t . . takes the output - _ - - - . 1 mto the estI seque 
x - x, 'X2 • ••• 'xn . The goal of this transmission is to mates of the sourc nee 
P(i_= x) asymptotically close to I while keepin th:ake the pr?babil~ty of correct ;ccou1~u1 
pos~1ble. Shannon, s source-channel coding the!em compression ratio ~ == n/ k as I O<hng 
codmg theorem) says that it is possible to find a ~lso referred to as Shannon' arge as 
information channel, provided that 9t x H(X) r ncenco er-decoder pair of rate 9t fos sec~nd 

~ . r a noisy 

Source x,,Xi,, .. ,xn ... Y1,Y2, ... ,y • 
P(x) ~ Encoder ... .... 

-
Channel 
P(zly) 

-

- -x,,xi, .. ,,x,. z1,z2 , ... ,z1 
- Decoder --..... ., 

Figure 3.19 Transmission of infonnation through a noisy channel [15]. 

Because of channel errors, speech coders need to provide error correction codes that 
will decrease the bit rate allocated to the speech. In practice, there is a tradeoff between the 
bit rate used for source coding and the bit rate for channel coding. In Chapter 7 we will de­
scribe speech coding in great detail. 

3.5. HISTORICAL PERSPECTIVE AND FuRTHER READING 

The idea of uncertainty and probability can be traced all the way back to about 3500 B.~., 
when games of chance played with bone objects were developed in Egypt. Cubical dice ~ th 

markings virtually identical to modem dice have been found in Egyptian tombs datUlg 
around 2000 B.C. Gambling with dice played an important part in the early development of 
probability theory. Modem mathematical theory of probability is believed to have been 
started by the French mathematicians Blaise Pascal (1623-1662) and Pierre Fermat (IW~-

1665) when they worked on certain gambling problems involving dice. English ma~e;:
0
; 

cian Thomas Bayes ( 1702-1761) was first to use probability inductively and eSrabh~ ;eo­
mathematical basis for probability inference, leading to what is now known as Bay~ 1 ap­
rem. The theory of probability has developed steadily since then and has been wi e y 
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plied in diverse field~ of study. There are many good textbooks on probability theory. The 
book by DeGroot [6] 1s an excellent textbook for both probability and statistics which covers 
all the nec~ssary elements for enginee.ring majors. The authors also recommend [14], [19], 
or [24] for mterested readers. 

Estimation theory is a basic subject in statistics covered in textbooks. The books by 
DeGroot [6], Wilks [26] and Hoel [13] offer excellent discussions of estimation theory. 
They all include comprehensive treatments for maximum likelihood estimation and Bayes­
ian estimation. Maximum likelihood estimation was introduced in 1912 by R. A. Fisher 
(1890-1962) and has been applied to various domains. It is arguably the most popular pa­
rameter estimation method due to its intuitive appeal and excellent performance with large 
training samples. The EM algorithm in Chapter 4 and the estimation of hidden Markov 
models in Chapter 8 are based on the principle of MLE. The use of prior distribution in 
Bayesian estimation is very controversial in statistics. Some statisticians adhere to the 
Bayesian philosophy of statistics by taking the Bayesian estimation view of the parameter 
<I> having a probability distribution. Others, however, believe that in many problems <I> is 
not a random variable but rather a fixed number whose value is unknown. Those statisticians 
believe that a prior distribution can be assigned to a parameter <I> only when there is exten­
sive prior knowledge of the past; thus the non-infonnative priors are completely ruled out. 
Both groups of statisticians agree that whenever a meaningful prior distribution can be ob­
tained, the theory of Bayesian estimation is applicable and useful. The books by DeGroot [6] 
and Poor [20] are excellent for learning the basics of Bayesian and MAP estimations. Bayes­
ian and MAP adaptation are particularly powerful when the training samples are sparse. 
Therefore, they are often used for adaptation where the knowledge of prior distribution can 
help to adapt the model to a new but limited training set. The speaker adaptation work done 
by Brown et al. [2] first applied Bayesian estimation to speech recognition and [9] is another 
good paper on using MAP for hidden Markov models. References [4], [16] and [14] have 
extensive studies of different conjugate prior distributions for various standard distributions. 
Finally, [1] has an extensive reference for Bayesian estimation. 

Significance testing is an essential tool for statisticians to interpret all the statistical 
experiments. Neyman and Pearson provided some of the most important pioneering work in 
hypotheses testing [18]. There are many different testing methods presented in most statis­
tics books. The x2 test, invented in 1900 by Karl Pearson, is arguably the most widely used 
testing method. Again, the textbook by DeGroot [6] is an excellent source for the basics of 
testing and various testing methods. The authors recommend [7] as an interesting book that 
uses many real-world examples to explain statistical theories and methods, particularly the 
significance testing. 

Information theory first appeared in Claude Shannon's historical paper: A Mathemati­
cal Theory of Communication [21]. In it, Shannon, analyzed communication as the transmis­
sion of a message from a source through a channel to a receiver. In order to solve the 
problem he created a new branch of applied mathematics - infonnation and coding theory. 
IEEE published a collection of Shannon's papers [23] containing all of his published works, 
as well as many that have never been published. Those published include his classic papers 
on infonnation theory and switching theory. Among the unpublished works are his once-
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secret wartime reports, his Ph.D. thesis on population genetics, unpubr h 
memoranda, and a paper on the theory of juggling. The textbook by McEii ts ed 8~11 labs 
lent for learning all theoretical aspects of information and coding theory Hece [l?] is excel-

. · owever ·1 · 
be out of print now. Instead, the books by Hammmg [12J and Cover [3] are tw ' 1 mtglu 

• .& • d d" th p· II F . o CUJTentg ..... references for m1ormat10n an co mg eory. ma y, . Jehnek's Statistical M ''-<11 

Speech Recognition [ 15) approaches the speech recognition problem from an . !th0ds for 
. . · . mionnatio theoretic aspect. It 1s a useful book for people mterested m both topics. n-
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CHAPTER 4 

Pattern Recognition 

Spoken language pr~cessing relies heavily on 
pattern recognition, one of the most challenging problems for machines. In a broader sense, 
the ability to recognize patterns fonns the core of our intelligence. If we can incorporate the 
ability to reliably recognize patterns in our work and life, we can make machines much eas­
ier to use. The process of human pattern recognition is not well understood. 

Due to the inherent variability of spoken language patterns, we emphasize the use of 
statistical approaches in this book. The decision for pattern recognition is based on appropri­
ate probabilistic models of the patterns. This chapter presents several mathematical funda­
mentals for statistical pattern recognition and classification. In particular, Bayes' decision 
theory and estimation techniques for parameters of classifiers are introduced. Bayes' deci­
sion theory, which plays a central role for statistical pattern recognition, introduces the con­
cept of decision-making based on both posterior knowledge obtained from specific 
observation data, and prior knowledge of the categories. To build such a classifier or predic­
tor, it is critical to estimate prior class probabilities and the class-conditional probabilities 
for a Bayes' classifier. 

133 
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Supervised learning has class information for the data. Only the pr b b"I· . 
d b 1 

. . . . . o a I tshc stru t 
nee s to e earned. Maximum hkehhood esttmat1on (MLE) and maximu . cure 
b·1· · · m postenor p b 

a 1 1ty estimation (MA~) that w~ d~scussed_ in ~hapter 3 are two most powerful met ro · 
Both MLE and MAP aim to max1m1ze the hkehhood function. The MLE c ·t . hods. 

·1 . . . h . . n enon does not 
necessan y mm1m1ze t e recogmuon error rate. Various discriminant estimatio h . d . . . n met ods are 
mtro uced for that purpose. Maximum mutual infonnation estimation (MMIE) · b 

· · h' . . 1s ased on 
cntednaf to ac h1eve maxm~um moddel s~paratlon (th_e m_odel for the correct class is well sepa-
rate rom ot er competing mo els) mstead of hkehhood criteria. The MMIE criterion i 
one step closer but still is not d irectly related to minimizing the error rate. Other discrimi~ 
nant estimation methods, such as minimum error-rate estimation, use the ultimate goal of 
pattern recognition - minimizing the classification errors. Neural networks are one class of 

discriminant estimation methods. 
The EM algorithm is an iterative algorithm for unsupervised learning in which class 

information is unavailable or only partially available. The EM algorithm fonns the theoreti­
cal basis for training hidden Markov models (HMM) as described in Chapter 8. To better 
understand the relationship between MLE and EM algorithms, we first introduce vector 
quantization (VQ), a widely used source-coding technique in speech analysis. The well­
known k-means clustering algorithm best illustrates the relationship between MLE and the 
EM algorithm. We close this chapter by introducing a powerful binary prediction ~d re­
gression technique, classification and regression trees (CART). C~~T repres~nts an impor­
tant technique that combines rule-based expert knowledge and statJst1cal learmng. 

4.1. BAYES' DECISION THEORY 

Bayes' decision theory fonns the basis of statistical pattern recognition. The theory is basethd 
. . bT . t nns and at 

on the assumption that the decision problem can be specified m proba 1 
ISllC e . eel 

, d · · th ory can be view as a 
all of the relevant probability values are known. Bayes ec1s1on e _ . te · · h · eve mm1mum-error-ra 
formalization of a commor.-sense procedure, 1.e., the aim to ac I f 11 ·ng real-

b d in the o owi 
classification. This common-sense procedure can be best o serve 

world decision examples. W use the Dow 
Consider the problem of making predictions for the st0ck market. ed ·de tomor-

J I h we have to ec1 
ones Industrial average index to fonnulate our examp e, w ere . )· U Down, 

row's Dow Jones Industrial average index in one of the three cate~ones (eve~~- tee cate­
or ~nchanged. The available information is the probability function P(W) 

0 
. ~ 1 2 3) . We 

gones. The variable ro is a discrete random variable with the value w = w, (i - ' r' tomor-
cau the b b" . . fl · r knowledge o pro a 1hty P(ro) a prior probability since 1t re ects pno the prior 
row's D J ' ' · · b d only on 

b 
. ~w ones Industrial index. If we have to make a decision ase ith the 

pro ab1hty th · th class (J), w 
high . · e most plausible decision may be made by selecung e make the 

est pnor pr b bT · th t we always 
same dee· . 0 a 1 ity P(ro,). This decision is unreasonable, in a I d u,·aJ inde~ 

lSlon even th . D J nes n us 
changes w'l\ ough we know that all three categones of ow O the federal· 
f 

I possibly a 1 . 1 d such as unds interest ppear. f we are given further observab e ata, be a con· 
rate or th · b · · Letx e JO less rate, we can make a more infonned decision. 
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tilmous random variable whose value is the federal-fund interest rate a d /, ( I, ) b 
d

. . . • n ,
1
b, x ,u e a 

class-con 1t1onal pdf For s1mplicity, we denote the pdf /, (x I (J)) "S ( I (J) ). h · - I 
• • • .,1<l.l u p x ,. , w ere 1 - , 

2, 3 unless there 1~ a~b1gu1ty. T~e class-conditional probability density function is often 
refen:ed to as the f ikelthood funct10n as well, since it measures how likely il is that the un­
de~lymg par~~etnc model of class {1)1 will generate the data sample x. Since we know the 
prior probability P(w,.) and class-conditional pdf p(x I w.). we can compute the conditional 
probability P(ro, Ix) using Bayes' rule: ' 

P(ro,. Ix)= p(x I ro,. )P(ro,.) 
p(x) 

3 

where p(x) = LP(x I ro,.)P(ro,.) . 
l =I 

(4. )) 

The probability term in the left-hand side of Eq. ( 4.1) is called the posterior probabil­
ity as it is the probability of class ro,. after observing the federal-funds interest rate x. An 
intuitive decision rule would be choosing the class ro* with the greatest posterior probabil­
ity. That is, 

k =argmaxP(~ Ix) 
I 

(4.2) 

In general, the denominator p(x) in Eq. (4.1) is unnecessary because it is a constant term 
for all classes. Therefore, Eq. (4.2) becomes 

k =argmaxP(~ Ix) =argmaxp(x l~)P(m,.) (4.3) 
I i 

The rule in Eq. (4.3) is referred to as Bayes' decision rule. It shows how the observed 
data x changes the decision based on the prior probability P( w,) to one based on the poste­
rior probability P( (J)1 Ix) . Decision making based on the posterior probability is more reli­
able, because it employs prior knowledge together with the present observed data. As a 
matter of fact, when the prior knowledge is non-informative ( P(w,) = P(w2 ) = P(w,) = 1 /3 ), 
the observed data fully control the decision. On the other hand, when observed data are am­
biguous, then prior knowledge controls the decision. There are many kinds of decision rules 
based on posterior probability. Our interest is to find the decision rule that leads to minimum 
overall risk, or minimum eJTor rate in decision. 

4.1.1. Minimum-Error-Rate Decision Rules 

Bayes' decision rule is designed to minimize the overall risk involved in making a decision. 
Bayes' decision based on posterior probability P( m, Ix) instead of prior probability P( ro,.) 
is a natural choice. Given an observation x, if P(w* Ix) 2'. P(m,. Ix) for all i -:;t:. k, we can de­
cide that the true class is ro* . To justify this procedure, we show such a decision results in 
minimum decision error. 
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Let Q={~ , ... ,wJ be the finite set of s possible categories to b . 
A=={8w .. ,8,} be a finite set oft possible decisions. Let /(8, lroi) be the ~!r;dict~d and 
curred for making decision 81 when the true class is wi . Using the prior p b b'u~ctton in. 

. ro a ihty p 
and class-conditional pdf p(x I a>;), the postenor probability P(w Ix) is (©,) 
Bayes' rule as shown in Eq. (4.1). Since the posterior probability P(w

1 

Ix) is t~omputed by 
that the true class is m. after observing the data x, the expected loss :ssociated e ~rhobability 

.i Wtt ma)( 
decision 81 is: ing 

s 

R(o, Ix)= "'221(8, lm1)P(a>j Ix) 
jcl (4.4) 

In decision-t~eoretic terminology, the _above ~xpres~ion is called conditional risks. 
The overall risk R 1s the expected loss associated with a given decision rule The dee· . 

• • • • ISIOn 
rule is employed as a dec1s1on function o(x) that maps the data x to one of the decisio 
~=={8,, ... ,8, }. Since R(8; Ix) is the conditional risk associated with decision o,, theove:'. 
all risk is given by: 

.. 
R= J R(o(x)jx)p(x)dx (4.5) 

If the decision function o(x) is chosen so that the conditional risk R(o(x) Ix) is minimized 
for every x, the overall risk is minimized. This leads to the Bayes' decision rule: To mini­
mize the overall risk, we compute the conditional risk shown in Eq. (4.4) for i=l, ... ,land 
select the decision O; for which the conditional risk R(81 Ix) is minimum. The resulting 
minimum overall risk is known as Bayes' risk that has the best performance possible. 

The loss function /(81 I w) in the Bayes' decision rule can be defined as: 

{

o i=j 

/(o, I w1) = i, J = 1, ... ,s 
1 i -1:- j 

(4.6) 

Thi l f · · · and the s oss unction assigns no loss to a correct decision where the true class 1s m; 
decision is O; , which implies that the true class must be w, . It assigns a unit loss to any er· 
ror wher~ i * J; i.e., all errors are equally costly. This type of loss function is ~own asal: 
symmetr~cal ~r zero-one loss function. The risk corresponding to this loss functton equ 
the class1ficauon error rate, as shown in the following equation_ 

• 
R(S, Ix)= ~l(o, I W1)P(w1 Ix)= LP(wi Ix) 

J-1 J~i (4.7) 
J 

= L,P(w1 lx)-P(w, lx)=l-P(w Ix) 
}"'I I 
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