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Image Segmentation 

The whole is equal to the sum of its parts. 

Euclid 

The whote is greater than the sum of its parts. 

Max Wertheimer 

The material in the previous chapter began a transition from jmage processing 
methods whose input and output are images, to methods in which tbe inputs are 
images, but the outputs are attributes extracted from those images (in the sense 
defined in Section 1.1). Segmentation is another major step in that direction . 

Segmentation subdivides an image into its constituent regions or objects. The 
level to which the subdivision is carried depends on the problem being solved_ 
That is, segmentation should stop when the objects of interest in an application 
have been isolated. For example, in the automated inspection of electronic as­
semblies, interest lies in analyzing images of the products with the objective of 
determining the presence or absence of specific anomalies, such as missing com­
ponents or broken connection paths. There is no point in carrying segmenta­
tion past the level of detail required to identify those elements. 

Segmentation of nontrivial images is one of the most difficult tasks in image 
processing. Segmentation accuracy detennines the eventual success or failure 
of computerized analysis procedures. For this reason, considerable care should 
be taken to improve the probability of rugged segmentation. In some situations, 
such as industrial inspection applications, at least some measure of control over 
the environment is possible at t1mes.1l1e experienced image processing system 
designer invariably pays considerable at tention to such opportunities. In other 
app lications, such as autonomous target acquisi tion, the system designer bas no 
control of the environment. Then the usual approach is to focus on selecting 
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568 Chapter 10 .l Image Segmentation 

FIGURE I 0.1 A 
general 3 X 3 
mask. 

the types of sensors most likely to enhance the objects of inlerest while dimin­
ishing the contribution of irrelevant image detail. A good example is the use of 
infrared imaging by the military to detect objects with strong heat signatures, 
such as equipment and troops in motion. 

Image segmentation algorithms generally are based on one of two basic prop­
erties of in tensity values: discon tin ui ty and similarity, In the first category, the 
approach is to partirion an image based on abrupt changes in intensity, such as 
edges in an image. The principal approaches in the second category are based 
on partitioning an image into regions that are similar c:iccording to a set of pre­
defined criteria. Thresholding, region growing, and region splitting and merging 
are examples of methods in this category. 

In this chapter we discuss a number of approaches in the two categories just 
mentioned. We begin the development with methods suitable for detecting gray­
level discontinuities such as points, Jines, and edges. Edge detection in particu­
lar has been a staple of segmentation algorithms for many years. In addition to 
edge detection per se, we also discuss methods for connecting edge segments and 
for "assembling" edges into region bound;,iries. The discussion on edge detection 
is followed by the introduction of various thresholding techniques. Threshold­
ing also is a fundamental approach to segmentation that enjoys a significant 
degree of popularity, especially in applications where speed is an important fac­
tor. The discussion on thresholding is followed by the development of several 
region-oriented segmentation approaches. We then discuss a morphological ap­
proach lo segmentation called watershed segment01ion. This approach is par­
ticularly attractive because i r combines sevcra l of the positive attributes of 
segmentation based on the techniques presented in the first part of the chap­
ter. We conclude the chapter with a discussion on the use of motion cues for 
image segmentation. 

Detection of Discontinuities 

In this section we present several techniques for detecting the three basic types 
of gray-level discontinuities in a digital image: points. lines, and edges. The most 
common way to look for discontinuities is to run a mask through the image in the 
manner described in Section 3.5. For the 3 X 3 mask shown in Fig. lOJ. this pro­
cedure involves computing the sum of products of the coefficients with the gray 

n·, W2 W3 

W4 W5 U/6 

W7 1l.!R W9 

-
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I 0.1 ~~-· Detecllon of Discontinuities 569 

levels contained in the region encompassed by the mask. That is, with reference 
to Eq. (3.5-3), the response of the mask at any point in the image is given by 

R = WtZ) + W2Z2 + '.' + 'UJ9Z.9 

') 

= L WiZi 
(10.1-1) 

1=\ 

where zi is the grc1y level of the pixel associated with mask coefficient w,. As 
usual. the response of the mask is defined with respect to its center locfltion. The 
details for implementing mask operations are discussed in Section 3.5. 

~ O. l. J Point Detection 

The detection of isolated points in an image is straightforward in principle. 
Usjng the mask shown in Fig. 10.2(a), we say that a point has been detected al 
the location on which the mask is centered if 

(10.1-2) 

where T is a nonnega tivc threshold and R is given by Eq. ( 10.1- l ). Basically, 
this (ormulation measures the weighted differences between the cenler point 
and its neighbors. The idea is thJt an isolated poinl (a point whose gray level is 
significantly different from its background and which is lou:1teLl in a homoge­
neous or nearly homogeneous area) will be quite different from its surround­
ings, and thus be easily detectable by this type of mask. Note that lhe mask in 
Fig. 10.2(c1) is the same ;-is the mask shown in Fig. 3.39(d) in connection with 
Laplaci.1n operations. However, the emphasis here is strictly on the detection of 
points. That is, the only differences that are considered of interest are those 

-.l ·-l -J 

-L s -) 

-I -l -I 

a 
b C d 

FIGURE 10.2 
(a) Point 
de tecrion mask:. 
(b) X-ray im;1ge 
of~ lurbine bl;ide 
with a porosity, 
(c) Result of point 
detection. 
(cl) Result of 
using Eq. (l0.1-2). 
(Original image 
courtesy of 
X-TEK Systems 
Ltd.) 
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570 Chapter 10 ■ Image Segmentation 

EXAMPLE 10.1: 
Detection of 
isolated points in 
an image. 

FIGURE 10.3 Line 
masks. 

large enough (as determined by T) to be considered isolated points. Note that 
the mask coefficients sum to zero, indicating that the mask response will be 
zero in areas of constant gray level. 

ii We illustrate segmentation of isolated points from an image with the aid of 
Fig. 10.2(b), which shows an X-ray image of a jet-engine turbine blade with a 
porosity in the upper, right quadrant of the image. There is a single black pixel 
embedded within the porosity. Figure 10.2(c) is the result of applying the point 
detector mask to the X-ray image, and Fig. 10.2(d) shows the result of using 
Eq. (10.1-2) with T equal to 90% of the highest absolute pixel value of the image 
in Fig. 10.2(c). (Threshold selection is discussed in detail in Section 10.3.) The 
single pixel is clearly visible in this image (the pixel was enlarged manually so 
that it would be visible after printing). This type of detection process is rather 
specialized because it is based on single-pixel discontinuities that have a ho­
mogeneous background in the area of the detector mask. When this condition 
is not satisfied, other methods discussed in this chapter are more suitable for 
detecting gray-level discontinuities. a 

10.1.2 Line Detection 
The next level of complexity is line detection. Consider the masks shown in Fig.10.3. 
If the first mask were moved around an image, it would respond more strongly to 

lines ( one pixel thick) oriented horizontally. With a constant background, the max­
imum response would result when the line passed through the middle row of the 
mask. This is easily verified by sketching a simple array of 1 's with a line of a dif­
ferent gray level (say, S's) running horizontally through the array. A similar ex­
periment would reveal that the second mask in Fig. 10.3 responds best to lines 
oriented at +45°; the third mask to vertical lines; and the fourth mask to lines in 
the -45° direction. These directions can be established also by noting that the pre­
ferred direction of each mask is weighted with a larger coefficient (i.e., 2) than 
other possible directions. Note that the coefficients in each mask sum to zero, in­
dicating a zero response from the masks in areas of constant gray level. 

Let R1 , R2, R3, and R4 denote the responses of the masks in Fig. 10.3, from 
left to right, where the R's are given by Eq. (10.1-1). Suppose that the four masks 
are run individually through an image. If, at a certain point in the image, 
IR;I > IRJ for all j # i, that point is said to be more likely associated with a line 
in the direction of mask i. For example, if at a point in the image, IR I I > IR1I for 

-1 -1. -1 -1 -1 2 -1 2 -] 2 -1 -1 

2 2 2 -1 2 -1 -1 2 -I -1 2 -1 

-J -1 . -1 2 -1 -1 -1 2 -1 -] -1 2 

Horizontal +45° Vertical -45° 
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l 0.1 , Detection of Discontinuities 571 

j = 2, .l 4. th,lt p<1r1icular point is s;iid to be more likely associt1ted with a hor­
izont81 linc.Alternatively, we may be interested in detectjng lines in a specified 
direction. In. this case, we would use the mask associJted with that direction and 
threshold ils out pm. ;.)Sin Eq. (10.1-2). In other words. if we are interested in de­
tectjng all the lines in an image in the direction defined by a given mask, we 
simply nrn the mask through the image and threshold the absolute v.:ilue uf the 
re:rnlL The points that are left are the strongest responses, which, for lines one 
pixel thick. correspond closest to the direction <.kfin~d by the mask . The fol­
lowing example illustrates this procedure. 

Figure I 0.4(a) shows a digitized ( binary) portion of a wire-bond mJsk for an 
electronic circuit. Suppose lhat we are interested in rinding all the lines lhclt are 
one pixel thick and c1rc oriented al -4SC'. For this purpose, we use the. Jasr mask 
shown in Fig. HU.The absolute value o[ the result is shown in Fig.10.4(b) . Note 
that all vertical and hori1ontal components of the image were eliminated , and 
tht1l the components of the original image tlrnt tend t0ward a -45" djrection 

EXAMPLE J0.2: 
Detection of lines 
in ,1 '-pcci ficcl 
direction. 

,I 

b C 

FIGURE 10.4 
Tllustrc1tio11 of line 
delection. 
(n) Bin,irv wire­
bond 1rn1sk . 

(b) Absoluli:: 
value of result 
af1er processing 
with -4)'" line 
<lcteclor. 
(c) Ri:'.su!t of 
threc,holding 
image (b). 
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572 Chapter 10 l!! lmage Segmentation 

produced the strongest responses in Fig. 10.4(b ). In order to determine which 
lines best fit the mask, we simply threshold this image. TI1e result of using a 
threshold equal to the maximum value in the image is shown in Fig. 10.4( c ). 
The maximum value is a good choice for a threshold in applications such as this 
because the input image is binary and we are Jooking for the strongest responses. 
Figure 10.4(c) shows in white all points that passed the threshold test. In this 
case, the procedure extracted the only line segment that was one pixel thick 
and oriented at -45° (the other component of the image oriented in this direc­
tion in the top, left quadrant is not one pixel thick). The isolated points shown 
in Fig. 10.4( c) are points that also had similarly strong responses to the mask. 
In the original image, these points and their immediate neighbors are oriented 
in such as way that the mask produced a maximum response at those isolated 
locations. These isolated points can be detected using the mask in Fig. 10.2(a) 
and then deleted, or they could be deleted using morphological erosion, as 
discussed in the last chapter. 

1 .1.3 Edge Detection 

Although point and line detection certainly are important in any discussion on 
segmentation, edge detection is by far the most common approach for detect­
ing meaningful discontinuities in gray level. [n this section we discuss approaches 
for implementing first- and second-order digital derivatives for the detection of 
edges in an image. We introduced these derivatives in Section 3.7 in the context 
of image enhancement. The focus in this section is on their properties for edge 
detection. Some of the concepts previously introduced are restated briefly here 
for the sake continuity in the discussion. 

Basic formulation 

Edges were introduced informally in Section 3.7.1. In this section we look at 
the concept of a digital edge a little closer. Intuitively, an edge is a set of con­
nected pixels that lie on the boundary between two regions. However, we al­
ready went through some length in Section 2.5.2 to explain the difference 
between an edge and a boundary. Fundamentally, as we shall see shortly, an 
edge is a "locaJ" concept whereas a region boundary, owing to the way it is de­
fined, is a more global idea. A reasonable definition of "edge" requires the abil­
ity to measure gray-level transitions in a meaningful way. 

We start by modeling an edge intuitively. This will lead us to a formalism in 
which "meaningful" transitions in gray levels can be measured. Intuitively, an 
ideal edge has the properties of the model shown in Fig. 10.S(a). An ideal edge 
according to this model is a set of connected pixels (in the vertical direction 
here), each of which is Jocated at an orthogonal step transition in gray level (as 
shown by the horizontal profile in the figure). 

In practice, optics, sampling, and other image acquisition imperfections yield 
edges that are blurred, with the degree of blurring being determined by factors 
such as the quality of the image acquisition system, the sampling rate, and illu­
mination conditions under which the image is acquired. As a result, edges are 
more closely modeled as having a "ramplike" profile, such as the one shown in 
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Model of ,111 ideal cligila\ edge 

G my, level rrofi le 
or ti horii'Ol)1JI line 
through the im;ige 

Model of a ramp digit.ii edge 

G f;l y-lcvc I rro(i le 
, 1f a hori;,.0111 ,ll line 
through 1bc image 

Fig. 10.S(b). The slope of the ramp is inversely proportional lo the degree of 
blurring in the edge. In this modeL we no longer have cl thin (one pixel thick) 
p;ith. Instead, an edge point now is any point contained in the r;:imp, ,mu an 
edge would then be ;i set of such points that are connected. The "thickness') of 
the edge is determined hy the length of the ramp, as it transitions from an ini­
ti::il to a finc1l gray level. This length is determined by the slope. which. in turn, 
is cJe(ermined hy the degree of blurring. Thi.s makes sense: Blurred edges lend 
to be thick and sharp edges tend to be thin. 

fjgure I 0.6(a) shows the image from which the close-up in Fig. I0.5(b) was 
exrrc:icted. Figure 10.6(b) shows a horizontal gray-level profile o( the edge 
between the two regions. This figure also shows the first and second deriva­
tives or the grny-lcvel profile. The first derivative is positive at the points of 
transition inlo and out of the ramp as we move from lefl to right along the 
profile: it is constant for points in the ramp: and is zero in areas of constant 
gray level. The second derivative is positive at the transition associated with the 
dark side of the edge. negative at the transition associated with the light side 
of the edge. and 1.ero ,1long the ramp ~nd in ;-m::as of const,1nt gr;:iy level. The 
signs of the derivatives in Fig. l0.6(b) would he reversed for an edge thal tran­
sit ions (rom !igh t to dc1 rk. 

We conduclc f rorn these observations that the magnitude of the first cieriv­
afive can be used to detect the presence of an edge at a point in an image (i.e .. 
to determine if a point is on a ramp). Similarly, the sign of the second deriva­
tive can be used to determine whether ;)11 edge pixel lies on the dark or light side 
of an edge. We note two additional properties of the second derivative around 
;rn edge: (1) It produces two values for every edge in an image (an undesirable 
feature): and (2) an imaginary straight line joining the extreme positive and 
11eg21tive values of the second derivative would cross zero ne,u the midpoint of 
the edge. This zero-crossing properly of the second derivative is quite meCul 

a b 

FIGURE 10.S 
( ,1) Model of ,rn 
ideal digiu1l edge. 
(b) Model of c1 

ramp etlgc. The 
slope o{ th~ rnrnp 
is proportional to 
the degree of 
bluning in \ht: 
ccige. 
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a b 

FIGURE 10.6 
(a) Two regions 
separaled by a 
vertical edge. 
(b) Det;iil near 
the edge> showing 
a gra y-leve 1 
profile, and the 
first and second 
derivatives of the 
profile. 

EXAMPLE 10.J: 
Beh;wior of the 
first and second 
derivative" 
around a noisy 
edge. 

.-
1 

Grny-level profile 

F1rs1 
clcriva[ivc 

Second 
derivative 

for locating the centers of thick edges, as we show later in this section. Finally, 
we note that some edge models make use of a smooth transition into and out 
of the ramp (Problem L0.5) . However, the conclusions at which we arrive in the 
following discussion are the same. Also, it is evident from this discussion that we 
are dealing here with local measures (thus 1.he comment made in Section 2.5.2 
about the local nature of edges). 

Although attention thus far has been limited to a 1-D horizontal profile, a 
similar argument applies to an edge of any orientation in an image. We simply 
define a profile perpendicular to the edge direction at any desired point and 
interpret the results as in the preceding discussion. 

Ii The edges shown in Fig. 10.5 and 10.6 are free of noise. The image segments 
in the first column in Fig. 10.7 show close-ups of four ramp edges separating a 
black region on the left and a white region on the right. It is important to keep 
in mind that the entire transition from black to white is a single edge. The image 
segment at the top, left is free of noise. l7H:! other three images in the first col­
umn of Fig. 10.7 are corrupted by additive Gaussian noise with zero mean and 
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10.1 ~ Detection of Discontinuities 575 

FIGURE l 0.7 Fir~t column: images and gray-level profiles of a ramp edge corrupted by a 
random GJussian noise of mean O and a = 0.0, 0.1. 1.0. and 10.0, respectively. Second col- b 
umn: first-derivative im~ges and gr2.y-levcl profile~. Third column: second-derivative c 
images Jnd gray-level profiles. d 
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576 Chapter 10 ~. Image Segmentation 

standard deviation of 0.1, 1.0, and 10.0 gray levels, respectively. The graph shown 
below each of these images is a gray-level profile of a horizontal scan line pass­
ing through the image. 

TI1e images in the second column of Fig. 10.7 are the first-order derivatives 
of the images on the left (we discuss computation of the first and second image 
derivatives in the following section). Consider, for example, the center image at 
the top. As discussed in connection with Fig. 10.6(b ), the derivative is zero in the 
constant black and white regions. These are the two black areas shown in tbe de­
rivative image. The derivative of a constant ramp is a constant, equal to the 
slope of the ramp.171is constant area in the derivative image is shown in gray. 
As we move down the center column, the derivatives become increasingly dif­
ferent from the noiseless case. In fact, it would he difficult to associate the last 
profile in that column with a ramp edge. What makes these results interesting 
is that the noise really is almost invisible in the images on the left column. The 
last image is a slightly grainy, but this corruption is al most imperceptible. These 
examples are good illustrations of the sensitivity of derivatives lo noise. 

As expected, the second derivative is even more sensitive to noise. The sec­
ond derivative of the noiseless image is shown in the top, right i1nage. The thin 
black and white lines are the positive and negative components explained in 
Fig. 10.6.171e gray in these images represents zero due to scaling. We note that 
the only noisy second derivative that resembles the noiseless case is the one 
corresponding to noise with a standard deviation of 0.1 gray levels. TI1e other 
two second-derivative images and profiles dearly illustrate that it would be dif­
ficult indeed to detect their positive and negative components. which are the 
truly u~eful features of the second derivative in terms of edge detection. 

The fact that fairly little noise can have such a significant impact on the two 
key derivatives used for edge detection in images is an important issue to keep 
in mind. In particular, image smoothing should be a serious consideration prior 
to the use of derivatives in applications where noise with levels similar to those 
we have just discussed is likely to be present. '' 

Based on this example and on the three paragraphs that precede it, we are 
led to the conclusion that, to be classified as a meaningful edge point, the tran­
sition in gray level associated with that point has to be significantly stronger 
than the background at that point. Since we are dealing with local computa­
tions, the method of choice to determine whether a vatue is "significant'' or not 
is to use a threshold. Thus, we define a point in an image as being an edge poinr 
if its two-dimensional first-order derivative is greater than a specified threshold. 
A set of such points that are connected according to a predefined criterion of 
connectedness (see Section 2.5.2) is by definition an edge. The term edge segment 
generally is used if the edge is short in relation to the dimensions of the image. 
A key problem in segmentation is to assemble edge segments into longer edges, 
as explained in Section 10.2. An alternate definition if we elect to use the sec­
ond-derivative is simply to define the edge points in an image as the zero cross­
ings of its second derivative. The definition of an edge in this case is the same 
as above. It is important to note that these definitions do not guarantee success 
in finding edges in an image.17,ey simply give us a formalism to look for them. 
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l 0.1 ~ Detection of Discontinuities 577 

As in Chapter 3, first-order derivatives in an image are computed using the gra­
dient. Second-order derivatives are obtained using the Laplacian. 

Gradient operators 

First-order derivatives of a digital image are based on various approxima­
tions of the 2-D gradient. The gradient of an image f(x, y) r1t location (x. y) 
is defined as the vector 

af 
rlX 

a/ 
ay 

(l0.1-3) 

It is well known from vector analysis that the gradient vector points in the 
direction of maximum rate of change off at coordinates (x, y). 

An important quantity in edge detection is the magnilude of this vector, 
denoted V f. where 

(10.1-4) 

This quanlHy gives the maximum rate of increase of f(x. y) per unit distance 
in lhe direction of Vf. It is a common (although not strictly correct) practice to 
refer to 'vf also as the gradienr. We wrn adhere to convention and also use this 
term interchangeably, differentiating between tile vector and its magnitude only 
in cases in which confusion is likely. 

The direction of the gradient vector also is an important quantity. Let 
a(x, y) represent the direction angle of the vector Vf at (x, y). Then, from 
vector analysis, 

(
Gv \ 

a(x, y) = tan-1 - J 

Gx J 
(10.1-5) 

where l'be angle is measured with respect to the x-axis. The direction of an edge 
at ( x, y) is perpendicular to the direction of the grndient vector at that point. 

Computation of the gradient of an image is based on obtaining the partial de­
rivatives iJf/ax and lJf /i->y at every pixel location. Let the 3 x 3 area shown in 
Fig. l0.8(a) represent the grny levels in a neighborhood of an image. As dis­
cussed in Section 3.7.3, one of the simplest ways to implement a first-order par­
tial derivative at point z"i is to use the following Roberts cross-gradienr operators: 

(10.1-6) 

and 

(10.1--7) 

These derivatives can be implemented for an entire image by using the masks 
shown in fjg. 10.8(b) with the procedure discussed in Section 3.5. 

Masks of sjze 2 X 2 are awkward to implement because they do not have a 
dear center. An approach using masks of size 3 x 3 is given by 

(10.1-8) 

Consul! the book website 
tor a t>rid review of ,c:c­
tor ;m11ly,i~ 
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578 Chapter 10 ii Image Segmentation 

a 
b C 

d e 
f g 

FIGURE 10.8 
A 3 x 3 region of 
an image (the z·s 
are gray-level 
values) and 
various masks 
used to compute 
the gradient at 
point labeled z.5 . 

Z1 Z2 Z3 

Z4 Z5 Zf, 

Z7 Zs Z9 

-I 0 0 -] 

0 0 

Roberts 

-1 -I -1 -1 0 I 

0 0 0 -I () 1 

I l I -] 0 I 

Prewitt 

-1 -2 -I -1 0 l 

0 0 0 -2 () 2 

I 2 1 -1 0 I 

Sobel 

and 

(10.l-9) 

In this formulation, the difference between the first and third rows of the 3 X 3 
image region approximates the derivative in the x-direction, and the difference 
between the Lhird and fjrst columns approximates the derivative in they-direction. 
The masks shown in Figs.10.8( d) and ( e ), called the Prewitt operators, can be used 
to implement these two' equations. 

A slight variation of these two equations uses a weight of 2 in the center 
coefficient: 

( 10.1-10) 

and 

(10.1-11) 

A weight value of 2 'is used to achieve some smoothing by giving more impor­
tance to the center point (Problem 10.8). Figures 10.8(f) and (g), called the Sobel 
operators, are used to implement these two equations. The Prewitt and Sobel 
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10.1 - Detection of Discontinuities 579 

operators are among the most used in practice for computing digital gradients. 
171e Prewitt masks are simpler to implement than the Sobel masks, but the lat­
ler have slightly superior noise-suppression characteristics, an.important issue 
when dealing with derivatives. Note that the coefficients in all the masks shown 
in Fig. 10.8 sum to 0, indicating that they give a response of O in areas of con­
stant gray level, as expected of a derivative operator. 

The masks just discussed are used to obtain the gradient components G x and 
G v· Computation of the gradient requires that these two components be com­
bined in the manner shown in Eq. (10.1-4). However, this implementation is 
not always desirable because of the computational burden required by squares 
and square roots. An approach used frequently is to approximate the gradient 
by absolute values: 

(10.1-12) 

This equation is much more attractive computationally, and it still preserves rel­
ative changes in gray levels. As discussed in Section 3.7.3, the price paid for thi.s 
advantage is that the resulting filters will not be isotropic (invariant to rotation) 
in general. However. this is not an issue when masks such as the Prewitt and 
Sobel masks are used to compute G .rand G !'. These masks give isotropic resul ts 
only for vertical and horizontal edges, so even if we used Eq. (10.1-4) to com­
pute the gradient, the results would be isotropic only for edges in those direc­
tions. In this case,Eqs. (10.1-4) and (10.1-12) give the same result (Problem 10.6). 

It is possible to modify the 3 x 3 masks in Fig. 10.8 so that they have their 
strongest responses along the diagonal directions. The two additional Prewitt and 
Sobel masks for detecting discontinuities in the diagonal directions are shown 
in Fig. 10.9. 

Figure 10.10 illustrates the response of the two components of the gradient, 
IG,I and ICrl, as well as the gradient image formed from the sum of these two 

a b 
c d 

0 
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- · I 
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-1 --1 0 

-I 0 1 

0 1 1 

Prewitt 

- 2 -1. () 

- 1 0 l 

fl J 2 
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FIGURE 10.9 Prewitt and Sobel masks for detecting diagonal edges. 

EXAMPLE 10.4: 
Illustration of the 
gradient and its 
components. 
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a b 
C d 

FIGURE 10.10 
(a) Original 
im;1ge. (h) lc.J 
componenr of the 
gradient in the 
x-dircction. 
(c) IGJ, 
cornponenl in !he 
y-direction. 
(d) Gradient 
image. IC,I + IC.J 

componen ts.1l1e dircclionality of the two components is evident in Figs. 10. l 0(b) 
and (c). Note in particular h0w strong the roof tile, horizontal brick joints, and 
horizon ta I segments oft he windows are in Fig. 10.1 0(b). By contrast, Fig. 10.10( c) 
favors the vertical components, such as the corner of the near walL the vertical 
components of the window, the vertical joints of the brick, c1nd the lamppost on 
the right side of the pictme. 

The original image is of reasonably high resolution ( l200 x 1600 pixels) and, 
at the distance the im8ge was taken, the contribution made to image detail by 
the wall bricks is still significant. This level of detail often is unde$irable, and one 
way to reduce it is to smooth the image. Figure 10.11 shows the sc1me sequence 
of images as in Fig.10.10, but with the original image being smoothed first using 
a 5 X 5 averaging filter. The response of each mask now shows almost no con­
tribution due to the bricks. with the result being dominated mostly by the prin­
cipal edges. Note that averaging caused the response of all edges to be weaker. 

In Figs . .10.J 0 ancl 10.11, il is evident that the horizontal and vertical Sobel 
masks respond about equally well to edges oriented in the minus and plus 45° 
directions. If it is important to emphasize edges along the dic1gonal directions. 
then one of the mask pairs in Fig. 10.9 should be used. The absolute responses 
of the diagonal Sobel masks are shown in Fig. 10.12. The stronger diagonal re­
sponse of these masks is evident in this figure. Both dic1gomil masks have sim­
ilar response to horizontal and vertical edges but, as expected, their response in 
these directions is weaker than the response of the horizonlc1l :md vertical Sobel 
masks shown in Figs.10.l0(b) and 10.lO(c). ~· 
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The Lap1acian 

The Laplaci~n of a 2-D function f (x. y) is a second-order derivative defined as 

if E/
2

( 
yl( = - + _.. (IO. l-13) 

, il.t 1 ily2 

Digital a[)proximation<; ro the Laplacian were introduced in Section 3.7.2. For 
ll J x J region. one of the two forms encou11tered most frequently in practice is 

(10.1-14) 

a b 
c d 

FIGURE l 0. 11 
S;ime sequence ,is 
in Fig. I 0.10. but 
with the origini"ll 
im,1gc smoothed 
with a 5 >< 5 
avernging l"ilter. 

a b 

FIGURE 10.12 
Diagonal edge 
de!cction. 
(;i) Result or using 
the mask in 
Fig. 10.9(c). 
(b) Result or using 
the mask in 
Fig. I0.9(cl).Thc 
input in both c;ises 
wasFig.10.ll(a). 
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FIGURE I 0.13 
Lap\acian masks 
used to 
implement 
Eqs. (10.1-14) and 
(10.1-15), 
respectively. 

0 -1 0 -1 -] -1 

-L 4 -1 -1 8 -1 

0 -1 0 -] -1 -1 

where the z's are defined in Fig. 10.8(a). A digital approximation including the 
diagonal neighbors is given by 

'v 2f = 8zs - (z, + Z2 + Z3 + Z4 + Z6 + Z7 + ZH + Z9). (10.1-15) 

Masks for implementing these two equations are shown in Fig. 10.13. We note 
from these masks that the implementations of Eqs. (10.1-14) and (J 0.1-15) are 
isotropic for rotation increments of 90° and 45°, respectively. 

The Laplacian generally is not used in its original form for edge detection for 
several reasons: As a second-order derivative, the Lap]acian typically is unac­
ceptably sensitive to noise (Fig. 10.7). The magnitude of the Laplacian produces 
double edges (see Figs. 10.6 and 10.7), an undesirable effect because it compli­
cates segmentation. Finally, the Laplacian is unable to detect edge direction. 
For these reasons, the role of the Laplacian in segmentation consists of (I) using 
its zero-crossing property for edge location, as mentioned earlier in this sec­
tion, or (2) using it for the complementary purpose of establishing whether a 
pixel is on the dark or light side of an edge, as we show in Section 10.3.6. 

In the first category, the Laplacian is combined with smoothing as a precursor 
to finding edges via zero-crossings. Consider the function 

r2 

h(r) = -e 2if2 (10.1-16) 

where r2 = x2 + y2 and er is the standard deviation. Convolving this function with 
an image blurs the image, with the degree of blurring being determined by the 
value of er. The Laplacian of h (the second derivative of h with respect tor) is 

I r2 - a-21- r\ 
v2h(r) = - l er4 e 21T. (10.1-17) 

This function is commonly referred to as the Laplacian of a Gaussian (LoG) be­
cause Eq. (10.1-16) is in the form of a Gaussian function. Figure 10.14 shows a 
3-D plot, image, and cross section of the LoG function. Also shown is a 5 X 5 
mask that approximates 'v 2h. This approximation is not unique. Its purpose is 
to capture the essential shape of 'v2h; that is, a positive central term, surround­
ed by an adjacent negative region that increases in value as a function of distance 
from the origin, and a zero outer region. The coefficients also must sum to zero, 
so that the response of the mask is zero in areas of constant gray level. A mask 
this small is useful only for images that are essentially noise free. Due to its 
shape, the Laplacian of a Gaussian sometimes is called the Mexican hat function. 

Because the second derivative is a linear operation, convolving an image 
with 'v 2h is the same as convolving the image with the Gaussian smoothing 
function of Eq. (10.1-16) first and then computing the Laplacian of the result. 
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Thus, we see that the purpose of the Gaussian function in the LoG formulation 
is to smooth the image, and the purpose of the Laplacian operator is to prov1de 
an image with zero crossings used lo establish the location of edges. Smoothing 
the image reduces the effect of noise and, in principle, it counters the increased 
effect of noise caused by the second derivatives of the Laplacian. It is of inter­
est to note that neurophysiological experiments carried out in the early l 980s 
(Ullman [1981 J, Marr [1982]) provide evidence that certain aspects of human vi­
sion can be modeled mathematically in the basic form of Eq. (10.1-17). 

■ Figure 10.15(a) shows the angiogram image discussed in Section 1.3.2. Fig­
ure 10.15(b) shows the Sobel gradient of this image, included here for compar­
ison. Figure 10. l5(c) js a spatial Gaussian function (with a standard deviation 
of five pixels) used to obtain a 27 X 27 spatial smoothing mask. The mask was 
obtained by sampling this Gaussian function at equal intervals. Figure 10.15( d) 
is the spatial mask used to implement Eq. (10.1-15). Figure 10.15(e) is the LoG 
image obtained by smoothing the original image with the Gaussian smoothing 
mc.1sk, followed hy application of the Laplacian mask (this image was cropped 
to eliminate the border effects produced by the smoothing mask). As noted in 
the preceding paragraph. V2h can be computed by application of (c) followed 
by (d). Employing this procedure provides more control over the smoothing 
function, and often results in two masks that are much smaller when compared 
with a single composite mask that implements Eq. (10.1-17) directly. A com­
posite mask usually is larger because it must incorporate the more complex 
shape shown in Fig. 10.14(a). 

a b 
C d 

FIGURE 10.14 
Laplacian of a 
Gaussian (LoG). 
(a) 3-D plot. 
(h) I rnage (black 
is negative, gray is 
the zero plane, 
and while is 
positive). 
(c) Cross section 
showing zero 
crossings. 
(d)5 X Smask 
apprnximcition to 
the sh21pe of ( .:i) . 

EXAMPLE 10.5: 
Edge find~ng by 
zero crossmgs. 
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a b 
c d 

e f g 

-I 

- ) 

-I 

1 -1 

8 -I 

- I 
II 

-1 

FIGURE 10.1.S (a) Original image. (b) Sobel gradient (shown for comparison) . (c) Spatial Gaussian smoorh­
ing func1ion . (d) Laplacian mi.lsk . (e) LoG. (f) Thresholded LoG. (g) Zero crossings. (Origin:-il image courtesy 
of Dr. 0,1vicl R. Pickens, Department of Radiology and R£1diologica! Sciences. Vanderbilt Univcrsi1y MeJical 
Center.) 
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10.2 !l! Edge Linking and Boundary Detection 585 

The LoG result shown in Fig. 10.15(e) is the image from which zero crossings 
are computed to find edges. One straightforward approach for approximating 
zero crossings is to threshold the LoG image by setting all its positive values to, 
say, white, and all negative values to black. The result is shown in Fig. 10.15(f). 
The logic behind this approach is that zero crossings occur between positive 
and negative values of the Laplacian. Finally, Fig. 10.lS(g) shows the estimated 
zero crossings. obtained by scanning the thresholded image and noting the tran­
sitions between black and white. 

Comparing Figs. 10.lS(b) and (g) reveals several -interesting and important 
differences. First, we note that the edges in the zero-crossing image are thinner 
than the gradient edges. This is a characteristic of zero crossings that makes this 
approach attractive. On the other hand, we see in Fig. 10.lS(g) that the edges de­
termined by zero crossings form numerous closed loops. This so-called spaghetti 
effect is one of the most serious drawbacks of this method. Another major draw­
back is the computation of zero crossings, which is the foundation of the method. 
Although it was reasonably straightforward in this example, the computation of 
zero crossings presents a challenge in generaL and considerably more sophisti­
cated techniques often are required to obtain acceptable results (Huertas and 
Medione [I 986]). 

Zero-crossing methods are of interest because of their noise reduction capabil­
ities and potential for rugged performance. However, the limitations just noted pre­
sent a significant barrier in practical applications. For this reason, edge-finding 
technjques based on various implemenmtions of the gradient still are used more fre­
quently than zero crossings in the implementation of segmentation algorithms, !~ 

(Fl) Edge Linking and Boundary Detection 

Ideally, the methods discussed in the previous section should yield pixels lying 
only on edges. ln practice, this set of pixels seldom characterizes an edge com­
pletely because of noise. breaks in the edge from nonuniform illumination. and 
other effects that introduce spurious intensity discontinuities. Thus edge detec­
tion algorithms typically are followed by linking procedures to assemble edge 
pixels into meaningful edges. Several basic approaches are suited to this purpose. 

10. , I Local Processing 

One of the simplest approaches for linking edge points is to analyze the charac­
teristics of pixels in a small neighborhood ( say, 3 x 3 or 5 x 5) a bout every point 
(x, y) in an image that has been labeled an edge point by one of the techniques 
discussed in the previous section. All points that are similar according to a set of 
predefined criteria are linked, forming an edge of pixels that share those criteria. 

The two principal properties used for establishing similarity of edge pixels in 
this kind of analysis are (1) the strength of the response of the gradient operator 
used to produce the edge pixel; and (2) the direction of the gradient vector. The 
first property is given by the value of V /, as defined in Eq. ( 10.1-4) or ( 10.1 ~ J 2). 
Thus an edge pixel with coordinates (x0 , y0 ) in a predefined neighborhood of 
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EXAMPLE 10.6: 
Edgc-poinl 
linking based on 
local processing. 

a b 
C d 

FIGURE 1 Q_ 16 
(<1) Input image. 
(h) C,, component 
of the· gradient. 
(c) G_, component 
of the gradient. 
( d) Result of edge 
linking. (Courtesy 
of Perccptics 
Corporalion.) 

(x, y). is similar in magnitude lo the pixel at (x, y) if 

\Vf(x. y) - vf(x0 , y0)\::; E 

where£ is a nonnegative threshold. 

(10.2-1) 

The direction (angle) of the gradicn l vector is given by Eq. ( 10. l -5). An edge 
pixel at (x0 , y0 ) in the predefined neighhorhoocl of (x. y) has an angle similar 
to the pixel at (x, y) if 

(10.2-2) 

where A is a nonnegative angle threshold. As noted in Eq. (10.1-5), the direc­
tion of the edge at ( x, y) is perpendicular to the direction of the gradient vec­
tor at that point. 

A point in the predefined neighborhood of (x, y) is linked to the pixel at (x. y) 
if both magnitude and direction criteria are satisfied. This process is repeated al 

every location in tbe image.A record must be kept of linked points as the center 
of the neighborhood is moved from pixel to pixel. A simple bookkeeping proce­
dure is to assign a different gray level to each set of linked edge pixels. 

To illustrate the foregoing procedure, consider Fig. I O.16(a), which shows an 
image of the rear of a vehicle. 1he objective is to find rectangles whose sizes 
makes them suitable candidates for license plates. The formalion of these rec­
tangles can be accomplished by detecting strong horizontal and vertical edges. 
Figures 1O.16(h) and (c) show vertical and horizontal edges obtained by using 

• ·----·,···---•.•1., -
. . ........ - -- ~ . ·-
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I 0.2 e Edge Linking and Boundary Detection 587 

the horizontal and vertical Sobel operators. Figure 10.16(d) shows the result of 
linking all points that simultaneously had a gradient value greater than 25 and 
whose gradient directions did not differ by more than 15°. The liorizontal lines 
were formed by sequentially applying these criteria to every row of Fig.1O.16(c). 
A sequential column scan of Fig.1O.16(b) yielded the verLical Jines. Further pro-
cessing consisted of linking edge segments separated by small breaks and delet-
ing isolated short segments. As Fig. 10.16( d) shows, the rectangle corresponding 
to the license plate was one of the few rectangles detected in the image. It would 
be a simple matter to locate the license plate based on these rectangles (the 
width-to-height ratio of the license plate rectangle has a distinctive 2: ·1 
proportion for U.S. plates). ,1 

1,J .'' :, Global Processing via the Hough Transform 

In this section, points are linked by determining first if they lie on a curve of 
specified shape. Unlike the local analysis method discussed in Section 10.2.1, we 
now consider global relationships between pixels. 

Given n points in an image, suppose that we want to find subsets of these 
points that lie on straight lines. One possible solution is to first find all lines de­
termined by every pair of points and then find all subsets of points that are 
close to particular lines. The problem with this procedure is that it involves find­
ing n(n - 1 )/2 ~ 112 lines and then performing (n)(n(n - 1))/2 ~ 11 3 com­
parisons of every point to all lines. This approach is computationalJy prohibitive 
in all bul lhe most trivial applications. 

Hough [ 1962] proposed an alternative approach, commonly referred to as the 
Hough transform. Consider a point ( x;. Yi) and the general equation of a straight 
line in slope-intercept form. y; = tzx1 + b. Infinitely many lines pass through 
(x,, y,), but they all satisfy the equation Y; = ax, + b for varying values of a and 
h. However, writing this equation as b = - x;a + Y; and considering the ab-plane 
(also called paramerer space) yields the equation of a single line for a fixed pair 
( X;, yJ Furthermore, a second point ( xj, Yi) also has a line in parameter space as­
sociated with it,and this line intersects the line associated with (x,-, y;) at (a',b'), 
where o' i:; the slope and b' the intercept of the line containing both (x,, y,) and 
(x1, Y;) in the xy-plane. In facL all points contained on this line have lines in pa­
rameter space that intersect nt (a', b' ). Figure 10.17 illustrates these concepts. 

b' 
y ------<---------- b 

b = -x/r -+ y, 

.r II 

a b 

FIGURE 10.1 7 
(a) xy-plane. 
(b) Parameter 
spoce . 
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FIGURE 10. 18 0 
Subdivision of the 
parameter plane 
for use in the 
Hough transform. 

b 

• . 
• 

0 • • • • • • 

• • 
• 

' 
a 

The computationaJ attractiveness of the Hough transform arises from subdi­
viding the parameter space into so-called accumularor cells, as illustrated in 
Fig. 10.18, where (ama.o amrn) and (bman bmin) are the expected ranges of slope 
and intercept values. T11e cell at coordinates (i, j), with accumulator value A(i,j), 
corresponds to the square associated with parameter space coordinates ( a" bi). 
Initially, these cells are set to zero. Then, for every point ( x_,.,, y1.-) in the image 
plane, we let the parameter a equal each of the allowed subdivision values on the 
a-axis and solve for the corresponding busing the equation b = -xka + Yk. The 
resulting b's are then rounded off to the nearest allowed value in the b-axis. If a 
choice of a P results in solution bq, we let A (p, q) === A(p, q) + 1. At the end of 
this procedure, a value of Qin A(i, j) corresponds to Q points in the xy-plane 
lying on the line y === aix + bj. The number of subdivisions in the ab-plane de­
termines the accuracy of the colinearity of these points. 

Note that subdividing the a axis into K increments gives, for every point 
(x.h yk),Kvalues of b corresponding to the K possible values of a.With n image 
points, this method involves nK computations. Thus the procedure just discussed 
is linear inn, and the product nK does not approach the number of computations 
discussed at the beginning of this section unless K approaches or exceeds n. 

A problem with using the equation y == ax + b to represent a line is that 
the slope approaches infinity as the line approaches the vertical. One way 
around this difficulty is to use the normal representation of a line: 

x cos 0 + y sin 0 == p. (10.2-3) 

Figure 10.19(a) illustrates the geometrical interpretation of the parameters used 
in Eq. (10.2-3). The use of this representation in constructing a table of accu­
mulators is identical ro the method discussed for the slope-intercept represen­
tation. Instead of straight lines, however, the loci are sinusoidal curves in the 
p0-plane. As before, Q collinear points lying on a line x cos 81 + y sin 01 = P; 
yield Q sinusoidal curves that intersect at (p" eJ in the parameter space. In­
crementing 8 and solving for the corresponding p gives Q entries in accumulator 
A( i, j) associated with the cell determined by (p1, 0J Figure 10.19(b) iJiustrates 
the subdivision of the parameter space. 
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X 

Bmin 
Pmin 

0 • . 

Pma, 

p 

O' 
0 

• 
• . 

• •• • 

• 
• 
• 

The range of angle fJ is ±90°, measured with respect to the x-axis. Thus with ref­
erence to Fig.10. l 9(a), a horizontal line has 0 = 0°, with p being equal to the pos­
itive x-intercept. Similarly, a vertical line has 0 = 90°, with p being equal to the 
posjtive y-intercept, or 0 = -90°, with p being equal to the negative y-intercept. 

a b 

FIGURE 10.19 
(<1) Normal 
representation of 
a line. 
(b) Subdivision of 
the p0-plane into 
cells . 

Figure 10.20 illustrates the Hough transform based on Eq. (10.2-3). Fig- ~XAMPLE 10.7: 
ure 10.20(a) shows an image with five labeled points. Each of these points is Illustration of the 
mapped onto the p0-plane, as shown in Fig. 10.20(b )-The range of 0 values is Hough transform· 
±90°, and the range of the p-axis is ±V2D, where Dis the distance between cor-
ners in the image. Unlike the transform based on using the slope intercept, each 
of these curves has a different sinusoidal shape. The horizontal line resulting 
from the mapping of point l is a special case of a sinusoid with zero amplitude. 

The colinearity detection property of the Hough transform is illustrated in 
Fig. 10.20(c). Point A (not to be confused with accumulator values) denotes the 
intersection of the curves corresponding to points 1, 3, and 5 in the xy-image 
plane. The location of point A indicates that these three points lie on a straight 
line passing through tile origin (p = 0) and oriented at -45°. Similarly, the curves 
intersecting at point Bin the parameter space indicate that points 2, 3, and 4 lie 
on a straight line oriented at 45° and whose distance from the origin is one-half 
the diagonal distance from the origin of the image to the opposite corner. 

Finally. Fig. I 0.20( d) indicates the fact that the Hough transform exhibits a re­
flective adjacency relationship at the right and left edges of the parameter space. 
This property, shown by the points marked A, B. and C in Fig. 10.20( d), is the 
result of the manner in which 0 and p change sign at the ±90° boundaries. g 

Although the focus so far has been on straight lines, the Hough transform is 
applicable to any function of lhe form g(v, c) = 0, where vis a vector of coordi­
m1tes and c is a vector of coefficients. For example, the points lying on the circle 

(x - c1)
2 + (y - c2)2 = d (10.2-4) 

can be detected by using the approach just discussed. The basic difference is 
the presence of three parameters (c1 , c2 , and c3), which results in a 3-D parameter 
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a b 
C d 

FIGURE l 0.20 
lllustration or the 
Hough transform. 
(Courtesy of Mr. 
D. R. Cate, TeXas 
Instruments. Inc.) 

space with cubelike cells and accumulators of the form A(i, j, k ). The procedure 
is to increment c1 and c2 , solve for the c3 that satisfies Eq. (10.2-4), and update 
the accumulator corresponding to the ceJl associated with the triplet ( c1, c2 , c_,). 
Clearly, the complexity of the Hough transform is proportional to the number 
of coordinates and coefficients in a given funclional representation. Further 
generalizations of the Hough transform to detect curves with no simple analytic 
representations arc possible, as is the application of the transform to gray-scale 
images. Several references dealing with these extensions arc included at the 
end of this chapter. 

We now return to the edge-linking problem. An approach based on the 
Hough transform is as follows: 

1. Compute the gradient of an image and threshold it to obtain a binary image. 
2. Specify subdivisions in the p0-plane. 
3. Examine the counts of the accumulator cells for high pixel concentrations. 
4. Examine the relationship (principally for continuity) between pixels in a 

chosen cell. 

The concept of continuity in this case usually is based on computing the distance 
between disconnected pixels identified during traversal of the set of pixels corre­
sponding to a given accumulator cell. A gap at any point is significant if the distance 
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10.2 Edge Linking and Boundary Detection 591 

between that point and its closest neighbor exceeds a certain threshold. (See Sec­
tion 2.5 for a discussion of connectivity, neighborhoods, and distance measures.) 

Figure 10.2l(c1) shows an aerial infrared image containing two hangars and 
a runway. Figure 10.21(b) is a thresholded gradient image obtained using the 
Sobel operators discussed in Section 10.1.3 (note the small gaps in the borders 
of the runway). Figure 10.21 (c) shows the Hough transform of the gradient 
image. Figure l0.21(d) shows (in white) the set of pixels linked according to the 
criteria that (1) they belonged to one of the three accumulator cells with the 
highest count, and (2) no gaps were longer than five pixels. Note the disap­
pearance of the gaps as a result of linking. 

i 0.2.3 Global Processing via Graph-Theoretic Techniques 
In this section we discuss a global approach for edge detection and linking based 
on representing edge segments in the form of a graph and searching the graph 
for low-cost paths that correspond to significant edges. This representation pro­
vides a rugged approach that performs well in the presence of noise. As might 
be expected, the procedure is considerably more complicated and requires more 
processing time than the methods discussed so far. 

a b 
C d 

FIGURE 10.21 
(a) Infrared 
image. 
(b) Thresholded 
gradient image. 
(c) Hough 
transform. 
( d) Linked pixels. 
(Courtesy of Mr. 
D. R. Cate, Texas 
Instruments. lnc.) 

EAMPLE 10.8: 
Using the Hough 
transform for 
edge linking. 
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FIGURE 10.22 
Edge element 
between pixels p 
and q 

• 
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2 • 
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We begin the development with some basic definitions. A graph G = ( N, U) is 

a finite, nonempty set of nodes N, together with a set U of unordered pairs of dis­
tinct elements of N. Each pair ( ni, n! ) of U is called an arc. A graph in which the arcs 
are directed is called a directed graph. If an arc is directed from node ni to node n;, 
then nj is said to be a successor of the pr1rent node n;. The process of idenli(ying lhe 
successors of a node is called expansion of the node. In each graph we define lev­
els, such that level 0 consists of a single node, calJed the start or root node, and the 
nodes in the last level are called goal nodes. A cost c(n;, n;) can be associated with 
every arc ( n,, nJA sequence of nodes nl, n2, .. . ,nk, with each node ni being a suc­
cessor of node n;_ 1, is called a path from n.1 to nk . The cost of the entire path is 

k 

c = h c(ni-t, n;). (1 0.2-5) 
i=2 

The following discussion is simplified if we define an edge element as the bound­
ary between two pixels p and q , such that p and q are 4-neigb bars, as Fig .. l 0.22 
illustrates. Edge elements are identified by the xy-coordinates of points p and 
q. In other words, the edge element in Fig. 10.22 is defined by the pairs 
(x p, Yµ)(x,1, y,J Consistent with the definition given in Section 10.1.3, an edge 
is a sequence of connected edge elements. 

We can illustrate how the concepts just discussed apply to edge detection 
using the 3 X 3 image shown in Fig. 10.23(a). The outer numbers are pixel 

3 

• 
l I ] • @]! • 

[5] f6] 
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• 
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f6] [7] 
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• 
[7] 
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• 
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• 
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FIGURE 10. 23 (a) A 3 X 3 image region. (b ) Edge segments and their costs. (c) Edge corresponding to the 
lowest-cost pa1h in the graph shown in Fig. 10.24. 
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10.2 Cl Edge Linking and B0tmdary Detection 593 

coordinates and the numbers in brackets represent gray-level values. Each edge 
element, defined by pixels p and q, has an associated cost, defined as 

c(p,q) = H - [/(p) - f(q)] (10.2-6) 

where His the highest gray-level value in the image (7 in this case), and f (p) 
and/ ( q) are the gray-level values of p and q, respectively. By convention, the 
point p is on the right-hand side of the direction of travel along edge elements. 
For example, the edge segment (1, 2)(2, 2) is between points (1, 2) and (2, 2) 
in Fig. 10.23(b). If the direction of travel is to the right, then pis the point 
with coordinates (2, 2) and q is point with coordinates (1, 2); therefore, 
c(p, q) = 7 - [7 - 6] = 6.This cost is shown in the box below the edge seg­
ment. If, on the other hand, we are traveling to the left between the same two 
points, thenp is point (1, 2) and q is (2, 2). In this case the cost is 8, as shown 
above the edge segment in Fig. 10.23(b). To simplify the discussion, we as­
sume that edges start in the top row and terminate in the last row, so that the 
first element of an edge can be only between points ( 1, 1), (1, 2) or ( 1, 2), 
(1, 3). Similarly, the last edge element has to be between points (3, 1 ), (3, 2) 
or (3, 2), (3, 3). Keep in mind that p and q are 4-neighbors, as noted earlier. 

Figure 10.24 shows the graph for this problem. Each node (rectangle) in the 
graph corresponds to an edge element from Fig. 10.23. An arc exists between two 
nodes if the two corresponding edge elements taken in succession can be part 

Start 

rn ... , , rn 
' 

....... 

(1,1)(1.2) (1,2)(2,2) 
rn 

(1,2)(1,3) 

I @] 

I 
I 

/ 

I 

,' 

(2. 1 )(2. 2) (2, 2)( I, 2) 
(ill 

(2, 2)(2.3) 
[TI 
- - - _., (2. 2)(3, 2) 

[I] 

(3, 1}(_3, ;2) (3, 2)(2, 2) 
: .~ 1= i " • • ., ,,._ t -

FIGURE 10.24 
Graph for the 
image in 
Fig. 10.23(a). The 
lowest-cost path is 
~hown dashed. 
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EXAMPLE 10.9: 
Edge rinding by 
gritph search. 

of an edge. As in Fig. 10.23(b), the cost of each edge segment, computed using 
Eq. (l.0.2-6), is shown in a box on the side of the arc leading into the corre­
sponding node. Goal nodes are shown shaded. The minimum cost path is shown 
dashed, and the edge corresponding to this path is shown in Fig. 10.23(c). 

In general, the problem of finding a minimum-cost paih is not trivial in terms 
of computation. Typically, the approach is to sacrifice optimality for the sake of 
speed, and the following algorithm represents a class of procedures that use 
heuristics in order to reduce the search effort. Let r( n) be an estimate of the cost 
of a minimum-cost path from the start nodes to a goal node, where the path is 
constrained to go through n. This cost can be expressed as the estimate of the 
cost of a minimum-cost path froms ton plus an estimate of the cost of that path 
from n to a goal node; that is, 

r(n) = g(n) + h(n). (10.2-7) 

Here, g( n) can be chosen as the lowest-cost path from s ton found so far, and 
h(n) is obtained by using any available heuristic information (such as expand­
ing only certain nodes based on previous costs in getting to that node). An al­
gorithm that uses r(n.) as the basis for performlng a graph search is as follows: 

S1ep 1: Mark the start node OPEN and set g(s) = 0. 
S1ep 2: If no node is OPEN exit with failure; otherwise, continue. 
Step 3: Mark CLOSED the OPEN node n whose estimate r(n) computed 
from Eq. (10.2-7) is smallest. (Ties for minimum r values are resolved arbi­
trarily, but always in favor of a goal node.) 
Step 4: If n is a goal node, exit with the solution path obtained by tracing 
back through the pointers; otherwise, continue. 
Step 5: Expand node n, generating all of its successors. (If there are no suc­
cessors go to step 2.) 
Step 6: If a successor ni is not marked, set 

r(n,) = g(n) + c(n. n;), 

mark it OPEN. and direct pointers from it back ton. 
Step 7: If a successor ni is marked CLOSED or OPEN, update its val ue by 
lettjng 

g'(n,;) = min[g(n,),g(n) + c(n,n;)]. 

Mark OPEN those CLOSED successors whose g' values were thus lowered 
and redirect ton the pointers from all nodes whose g' values were lowered. 
Go to step 2. 

This algorithm does not guarantee a minimum-cost path; its advantage is 
speed via the use of heuristics. However, if h(n.) is a lower bound on the cost of 
the minimal -cost path from node n to a goal node, the procedure indeed yields 
an optimai path to a goal (Hart e t al. 11968]). lf no heurist ic information is avail­
able (that is, h = 0), the procedure reduces Lo the uniform-cosl algorithm of 
Dijkstra [1959]. 

1:J Figure 10.25 shows an image of a noisy chromosome silhouette and an edge 
found using a heuristic graph search based on the algorithm developed in this 
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10.3 Thresholding 595 

scclion. The edge LS shown in white. superimposed on the original image. NOle 
that in this case the edge and the boundary of the object are approximately the 
same. The cost was based on Eq. (10.2-6), and lhe heuristic used at any point on 
the graph was Lo determine and use the optimum rath for five levels down from 
that point. Considering the amount of noise present in this image, the graph­
search approach yielded a reasonably accurate result. r1 

Because of its intuitive properties and simplicity of implementation, image 
thresholding enjoys a central position in applications of image segmentation. 
Simple thresholding was first introduced in Section 3.1, and we have used it in 
various discussions in the preceding chapters. In this section. we introduce 
thresholding in a more formal way and extend it to techniques that are consid­
erably more genernl than what has been presented thus far. 

f1 :; , Foundation 

Suppose lhat the gray-level histogram shown in Fig. \0.26(a) corresponds to an 
image, f(x, y), composed of light objects on a dark background, in such a way 
that object and background pixels have gray levels grouped into two dominant 
modes. One ohvious way to extract the objects from the background is to select 
a threshold T that separates these modes. Then any point (x, y) for which 
f ( x, y) > Tis cal led an object point: otherwise. the point is called a hnckground 
point. This is the type of thresholding introduced in Section 3. l. 

Figure l0.26(b) shows a slightly more general case of this approach, where 
three dominant modes characterize the image hjstogram (for example, two types 

FIGURE 10.25 
J magc of noisy 
chromosome 
silhouette and 
edge boundary 
(in while) 
determined by 
graph !-icarch. 
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T 

a. p'. 

FIGURE 10.26 (a) Gray-level histograms that can be partitioned by ( a) a single thresh­
old, and (b) multiple thresholds. 

of light objects on a dark background). Here, multilevel thresholding classifies 
a point (x, y) as belonging to one object class if T1 < (x, y) :-:-; T2 , to the other 
object class if f (x, y) > T2 , and to the background if f(x, y) < T1. In general, 
segmentation problems requiring multiple thresholds are best solved using re­
gion growing methods, such as those discussed in Section 10.4. 

Based on the preceding discussion, thresholding may be viewed as an oper­
ation that involves tests against a function T of the form 

T = T[x,y,p(x,y),f(x,y)] (10.3-1) 

where f(x, y) is the gray level of point (x, y) and p(x, y) denotes some local 
property of this point-for example, the average gray level of a neighborhood 
centered on (x, y).A thresholded image g(x, y) is defined as 

{
1 iff(x,y)>T 

g(x, y) = 0 if f(x, y) < T. (10,3-2) 

Thus, pixels labeled l ( or any other convenient gray level) correspond to objects, 
whereas pixels labeled O ( or any other gray level not assigned to objects) cor­
respond to the background. 

When T depends only on f(x, y) (that is, only on gray-level values) the 
threshold is called global. If T depends on both f (x, y) and p( x, y ), the thresh­
old is called local. If, in addition, T depends on the spatial coordinates x and y, 
the threshold is called dynamic or adaptive. 

10.3.2 The Role of Illumination 
In Section 2.3 .4 we introduced a simple model in which an image f ( x, y) is formed 
as the product of a reflectance component r( x, y) and an illumination compo­
nent i(x, y ). The purpose of this section is to use this model to discuss briefly the 
effect of illumination on thresholding, especially on global thresholding. 

Consider the computer generated reflectance function shown in Fig. l0.27(a). 
The histogram of this function, shown in Fig.10.27(b ), is clearly bimodal and could 
be partitioned easily by placing a single global threshold, T, in the histogram 
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valley. Multiplying the reilectance function in Fig. 10.27(a) by the illumination 
function shown in Fig. 10.27(c) yields the image shown in Fig. 10.27(d). Fig­
ure 10.27(e) shows lhe histogram of this image. Note that the original valley was 
virtmilly elimin~ted, making segmentation by a single threshold an impossible 
task. Although we seldom have lhe refleclance function by itself to work with. this 
simple illustration shows tha! the reflective nature of objects r1nd background 
could be such that they are easily separable. However, the image resulting from 
poor (in thjs case nonuniform) illumination could be quite difficult to segment. 

171c reason why the hislogram in Fig. 10.27(e) is so distorted can be exp!<1incd 
with riid of the discussion in Section 4.5. From Eq. (4.5-1), 

I(x. y) = i(x, y)r(x. y). (10.3-3) 

a 
b C 

d e 

FIGURE 10.27 
( a) Computer 
generat~d 
reflectance 
function. 
(b) Histogrnm of 
reflect a nee 
function. 
( c) Compulcr 
generated 
illumination 
functiCJn. 
(d) Product of (a) 
and (c). 
( e) Histogram of 
product image. 
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EXAMPLE 10.10: 
Global 
thresholding. 

Taking the natural logarithm of this equation yields a sum: 

z(x, y) = !nf(x, y) 

= lni(x,y) + lnr(x,y) 

= i'(x, y) + r'(x, y). 

( 10.3-4) 

From probability theory (Pa poulis [ 1991 ]), if i' ( x. y) and r' ( x, y) are indepen­
dent random variables, the histogram of z(x, y) is given by the convolution of 
the histograms of i'(x, y) and r'(x, y). If i(x, y) were constant, i'(x> y) would be 
constant also, and its histogram would be a simple spike (like an impulse). The 
convolution of this impulselike function with the histogram o( r'(x, y) would 
leave the basic shape of this histogram unchanged (recall from the discussion 
in Section 4.2.4 that convolution of a function with an impulse copies the func­
tion at the location of the impulse). But if i'( x, y) had a broader histogram (re­
sulting from nonuniform illumination), the convolution process would smear 
the histogram of r' ( x, y), yielding a histogram for z( x, y) whose shape could be 
quite different from that of the hislogram of r'(x, y). The degree of distortion 
depends on the broadness of the histogram of i'(x, y). which in turn depends on 
the nonuniformity of the illumination function. 

We have dealt with the logarithm of f(x, y),instead of dealing with the image 
function directly, but the essence of the problem is clearly explained by using 
the logarithm lo separate the illumination and reflectance components. This ap­
proach allows histogram formation to be viewed as a convolution process, thus 
explaining why a distinct valley in the histogram of the reflectance function 
could he smeared by improper jllumination. 

When access to the illumination source is available, a solution frequently 
used in practice to compensate for nonuniformity is to project the illumination 
pattern onto a constant, white reflective surface. This yields an image 
g(x, y) :::: ki(x. y), where k is a constant that depenc.Js on the surface and i(x. y) 
is the illumination pattern. Then, for any image f ( x, y) = i(x, y )r(x, y) obtained 
with the same illumination function.simply dividingf(x, y) by g(x, y) yields a 
nonnalized function h(x, y) = f(x, y)/g(x, y) = r(x, y)/k.Thus, if r(x, y) can 
be segmented by using a single threshold T, then h(x, y) can be segmented by 
using a single threshold of value T / k. 

·i o: .3 Basic Global Thresholding 
With reference to the discussion in Section 10.3.1, the simplest of all thresh­
olding techniques 1s to partition the image histogram by using a single global 
threshold, T, as illustrated in Fig. 10.26(a). Segmentation is then accomplished 
by scanning the image pixel by pixel and labeling each pixel as object or back­
ground, depending on whether the gray level of that pixel is greater or less than 
the value of T. As indicated earlier, the success of this method depends entirely 
on how well the histogram can be partitioned. 

e Figure 10.28(a) shows a simple image, and Fig.10.28(6) shows its histogram. 
Figure 10.28(c) shows the result of segmenting Fig. 10.28(a) by using a thresh­
old T midway between the maximum and minimum gray levels. This threshold 
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10.3 Thresholding 599 

I 
.• .,I 

achieved a ''clean" segmentation by eliminaling the shadows and leaving only 
the objects themselves. The objects of interest in this case are darker than the 
background, so any pixel with a gray level s; Twas labeled black (0), and any 
pixel with a gray level >Twas labeled white (255). TI1e key objective is mere­
ly to generate a bina1y image, so the black-white relationship could be reversed. 

The type of global thresholding just described can be expected to be suc­
cessful in highly controlled environments. One of the areas in which this often 
is possible is in industdal inspection applications, where control of the illumi­
nation usu,illy is feasible. 

The threshold in the preceding example \Vas specified by using a heuristic 
approach, based on visual inspection of the histogram. The following algorithm 
can be used to obtain T automatically: 

1. Select an initial estimate for T. 
2. Segment the image using T. This will produce two groups of pixels: G, con­

sisting 0£ all pixels with gray level values > T and G2 consisting of pixels 
with values s; T. 

3. Compute the average gray level values µ 1 and µ.,2 for the pixels in regions 
G 1 and G2 . 

a 
b C 

FIGU~E 10.28 
(a) Original 
image. (h) rmage 
hiscogrnm. 
( c) Result of 
global 
thresholding with 
T midway 
between the 
maximum and 
rnjnimum gray 
levels. 
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600 Chapter 10 Image Segmentation 

EXAMPLE 10.11: 
Image 
~egmentation 
using an 
estim,11ed global 
threshold. 

EXAMPLE 10.12: 
Basic adaptive 
thresh old ing. 

4. Compute a new threshold value: 

1 
T = 2 (µ,i + J.½). 

S. Repeat steps 2 through 4 until the difference in Tin successive iterations 
is smaller than a predefined parameter T,_>. 

When there is reason to believe that the background and object occupy com­
parable areas in the image, a good initial value for Tis the average gray level 
of the image, When objects are small compared to the area occupied by the 
background (or vice versa), then one group of pixels will dominate the his­
togram and the average gray level 1s not as good an initial choice. A more ap­
propriate initial value for Tin cases such as this is a value midway between the 
maximum and minimum gray levels. The parameter T,, is used to 5-lop the algo­
rithm after changes become small in terms of this parameter. This is used when 
speed of jceration is an important issue. 

Figure 10.29 shows an example of segmentation based on a threshold esti­
mated using the preceding algorithm. Figure 10.29(a) is the original image, and 
Fig.10.29(b) is the image histogram. Note the clear valley of the histogram.Ap­
plication of the iterative algorithm resulted in a value of 125.4 after three iter­
ations starting with the average gray level and T,

1 
= 0. The result obtained using 

T = 125 to segment the original image is shown in Fig. I 0.29(c). As expected 
from the clear separation of modes in the histogram, the segmentcition between 
object and background was very effective. ~ 

·1 :1.::_·i Basic Adaptive Thresholding 

As illustrated in Fig. 10.27, imaging factors such as uneven illumination can 
transform a perfectly segmentable histogram into a histogram that cannot be 
partitioned effectively by a single global threshold. An approach for handling 
such a situation i~ to divide the original image into subimages and then utilize 
a <li fferent threshold to segment each subimage. The key issues in this approach 
are how lo subdivide the image and how to estimate the threshold for each re­
sulting subimage. Since the threshold used for each pixel depends on the loca­
tion of the pixel in terms of the subimages, this type of thresholding 1s adaptive. 
We illustrnte adaptive thresholding with a simple example. A more compre­
hensive example is given in the next section. 

IJ Figure 10.30(a) shows the image from Fig. 10.27(d), wh1ch we concluded 
could not be thresholded effectively with a single global threshold. lo fact, 
Fig. 10.30(h) shows the result of thresholding the image with a global threshold 
manually placed in the valley of its histogram [see Fig. l0.27(e)]. One approach 
to reduce the effect of nonuniform illumination is to subdivide the image into 
smaller subimages, such that the illumination of each subimage is approximately 
uniform. Figure 10.J0(c) 5hows such a partition, obtained by subdividing the 
image into four equal parts, and then subdividing each pan by four again. 
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10.3 8111 Thresholding 601 

All the subimages that did not contain a boundary between object and back­
ground had variances of Jess than 75. All subimages containing boundaries had 
variances in excess of 100. Each subj mage with v aria nee greater than 100 was 
segmented with a threshold computed for that subirnage using the algorithm dis­
cussed in the previous section. The initial value for Tin each case was selected 
as the point midway between the minimum and maximum gray levels in the 
subimage. All sub1mages with variance less than 100 were treated as one com­
posite image, which was segmented using a single threshold estimated using the 
same algorithm. 

The result of segmentation using this procedure is shown in Fig. 10.30(d). 
With the exception of two subimages, the improvement over Fig. 10.30(b) is 

'a ·:&-
.c 

FIGURE 10.29 
(a) Original 
image. (b) Image 
histogram. 
( c) Result of 
segmentation with 
the threshold 
estimated by 
iteration. 
( Original courtesy 
of the National 
Institute of 
Standards and 
Technology.) 
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602 Chapter 10 :t, Jmage Segment,1tion 

a b 
C d 

FIGURE 10.30 
(a) Original 
image. (b) Resuh 
of global 
thresholding. 
(c) Im.igc: 
.subdivided into 
individu~l 
subimages. 
(d) Result of 
adapti\"e 
th rcsholding. 

evideni.1l1e boundary between object and background in each of the impror­
erly segmented subimc1ges was small and dark,and (he resulting histogram was 
almost unimodal. Figure 10.31 (a) shows the top improperly segmenled subim­
age from Fig. l0.30(c) and the subinrngc directly above it, which was segmcn(­
ed properly. The histogram of the subimage that was properly segmented is 
clearly bimodal_ with well-defined peaks and valley. The other histogram is al­
mos( unimodal. wi{h no clear djstinc1ion bc1ween object and background. 

figure 10.3l(d) shows the failed subimage further subdivided into much 
smaller subirnages, and Fig. 10.3l(e) shows the histogram of the top, left small 
subimage. This subi.rnage contains the 1ransition be1wccn object and background. 
This smaller subimage has a clearly bimodal histogram and should be easily 
segmentable. This, in fact, is the case. as shown in Fig, 10.:?il (f). This figure also 
shows the segmentation of alJ the ocher small subimages. All these suhiir1ages 
had a nearly unimodal histogram, and their average gray level v.,.as closer to Che 
object than to the background. so they were all classified as object. IL is left as 
a project for 1he reader to show that considerably more accurate segmentation 
can be achieved by subdividing the entire image in Fig, l0.30(a) into subimages 
of the size shO\-vn in Fig. 10.31 (d). 

1 '1 5 Optimal Global and Adaptive Thresholding 

In this section we discuss a method for estimating thresholds that produce the 
minimum average segmentation error. As an illustration, the method is applied 
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b a 
C 

e d f 

{ 

FIGURE I 0.3 l (a) Properly and improperly segmen led suhimagcs from Fig. I 0.30. (b )-( c) Corresponcling 
histograms. ( d) Further ~ubdivision or the improperly segmented wbimage. ( e.) Histogram or c;ma 11 subi in­
age at top. left. (f) Result of adaptively segmenring (d). 

to a problem that requires solution of several import,rnt issues found frequently 
in the prnctica\ application of thnsholding. 

Suppose that an image contains only two principal gray-level regions. Let z. 
denote gray-level values. We can view these values as random quantities. and 
their histogram may be considered an estimate of their probability density func­
tion (PDF), p( z ). This overall dcnsjty function is the sum or mixture of two den­
sities, one for the light and the other for the dark regions in the image. 
Furthermore, the mixture parameters are proportional to the relative areas of 
the d;1rk and light regions. If the form of the densities is known or assumed, it 
is possible lo determine an optimal threshold (in terms of minimum error) for 
segmenting the image into the two distinct regions. 

Figure 10.32 shows two probability density functions. Assume that the Jarger 
of the two PDFs corresponds lo the background levels while the smaller one 

Consul I 1hc b\1nk wch si te.· 
for a hrid rt:, ii:w oi prnh­
,,hilitv tl 't:<1r,·. 
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FIGURE 10.32 
Gray-level 
probability 
density functions 
of two regions in 
an image 

p( z) 

-------"-'-'"-----------1-----"-----------'~--z 

T 

describes the gray leve!s of objects in the image. The mixture pro bability den­
sity function describing the overall gray-level variation in the image is 

(10-3-5) 

Here, Pi and P2 are the probabilities of occurrence of the two classes of pixels: 
that js, Pi is the probability (a number) that a random pixel with value z is an 
object pixeJ. Similarly, P2 is the probability that the pixel is a background pixel. 
We are assuming that any given pixel belongs either to an object or to the back­
ground, so that 

(10.3-6) 

An image is segmented hy classifying as background all pixels with gray levels 
greater than a threshold T (see Fig. 10.32). All other pixels are called object 
pixels. Our majn objective is to select the value of T that minimizes the average 
error in making the decisions that a given pixel belongs to an object or to the 
background. 

Recall that the probability of a random variable having a value in the interval 
[a, b] is the integral of its probability density function from a to b, which is the 
area of the PDF curve between these two limits. Thus, the probability o[ 
erroneously classifying a background point as an object point is 

Ei(T) = .[~pi(z) dz. (l0.3-7) 

This is the area under the curve of Pi z) to the left of the threshold. Similarly. 
the probability of erroneously classifying an object point as background is 

E2(T) = .l00

p, ( z) dz, (10.3-8) 

which is the area under the curve ot Pi ( z) to the right of T. Then the overall 
probability of error is 

(10.3-9) 

Note how the quantities £ 1 and E2 are weighted (given importance) by the prob­
ability of occurrence· of object or background pixels. Note also that the sub-
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l 0.3 ti Thresholding 605 

scripts are opposites. This is simple to explain. Consider, for example, the extreme 
case in which background points are known never to occur. In this case P2 = 0. 
The contribution to the overaJl error(£) of classifying a background point as 
an object point ( £ 1) should be zeroed out because background points are known 
never to occur. This is accomplished by multiplying £ 1 by P2 = 0. If background 
and object points are equally likely to occur, then the weights are P1 = P2 = 0.5. 

To find the threshold value for which this error is minimal requires differ­
entiating E(T) with respect to T(using Leibniz's rule) and equating the result 
to 0. The result is 

(10.3-10) 

This equation is solved for T to find the optimum threshold. Note that if P1 = P2 • 

then the optimum threshold is where the curves for p 1(z) and p2(z) intersect 
(see Fig. 10.32). 

Obtaining an analytical expression for T requires that we know the equa­
tions for the two PDFs. Estimating these densities in practice is not always fea­
sible, and an approach used often is to employ densities whose parameters are 
reasonably simple to obtain. One of the principal densities used in this manner 
is the Gaussian density, which is completely characterized by two parameters: 
the mean and the variance. In this case, 

. ·1 
lz-µ

1
) 

2<T~ A + - e 
vfiicr2 

(10.3-11) 

where µ, 1 and <Tf are the mean and variance of the Gaussian density of one class 
of pixels (say, objects) and µ,2 and u~ are the mean and variance of the other class. 
Using this equation in the general solution of Eq. (10.3-10) results in the fol­
lowing solution for the threshold T: 

AT2 +BT+ C = 0 (10.3-12) 

where 

A = O"f - a-~ 

B = 2(µl <T} - /J,,20"D (10.3-13) 

C = <TTJ.l~ - O"~JJ.,T + 2ut2cd ln(u2P1/o-1 P2)­

Since a quadratic equation has two possible solutions, two threshold values may 
be required to obtain the optimal solution. 

If the variances are equal, a-2 = a-2i = O"L a single threshold is sufficient: 

T = µ1 + JJ.,2 + a-2 1n ( P2). 
2 JJ.,1 - JJ..-2 P1 

(10.3-14) 

If P1 = P2, the optimal threshold is the average of the means. The same is true 
if u = 0. Determining the optimal threshold may be similarly accomplished for 
other densities of known form, such as the Raleigh and log-normal densities. 

Instead of assuming a functional form for p( z), a minimum mean-square­
error approach may be used to estimate a composite gray-level PDF of an image 
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606 Chapter 10 !f Image Segmentation 

EXAMPLE 10.13: 
Use of optimum 
thresholding for 
image 
segmentation. 

a b 

FIGURE 10.33 A 
ca rd ioa ngiogrn m 
before and c:ifter 
preprocessing. 
(Chow cine! 
Kaneko.) 

from the image histogram. for example, the mean square error between the 
( con tinuos) mixture density p( z) and the (discrete) image histogram h ( 21) is 

1 )) 2 

em~ = - L [p(z,) - h(z,)l 
n ,=1 

(10.3-15) 

where an n-point histogram is assumed. The principal reason for estimating the 
complete density is to determine the presence or absence dominant modes in 
the PDF For example, two dominant modes typically indirnte the presence of 
edges in the image (or region) over which the PDF is computed. 

In general_ determining analytically the parameters that minimize thi::; mean 
square error is not a simple matter. Even for the Gaussian case, the straight­
forward computation of equating the partial derivatives to O leads to a set of si­
mullaneous transcendental equations that usually can be solved only by 
numerical procedures, such as a conjugate gradients or Newton's method for 
simultaneous nonlinear equations. 

The following is one of the earliest (and still one of the most instructive) 
examples of segmentation by optimum thresholding in image processing. This 
example is particularly interesting at this junction because it shows hmv seg­
mentation results can be improved by employing preprocessing techniques 
based on methods developed in our discussion of imngc enhancernenl. ln ad­
dition, the example also illustrates the use of local histogram estimation and 
ad;:iptive thresholding. The general problem is to outline automatically the 
boundaries of heart ventricles in cardioangiograms (X-ray images of a heart 
that has been injected with a contrast medium). The approach discussed here 
was developed by Chow and Kaneko [1972] (or outlining boundaries of the left 
ventricle of the heart. 

Prior to segmentation, all images were preprocessed as follows: (1) Each 
pixel was mapped with a log function (see Seclion 3.2.2) to counter exponen­
tial effects c;rnsed by radioactive absorption. (2) An image ohtained before ap­
plication o[ the contrast medium was subtracted from each image captured after 
the medium was injected in order to remove the spinal column present in both 
images (see Section 3.4.l). (3) Several angiograms were summed in order to re­
duce random noise (see Section 3.4.2). Figure I 0.33 shows a cardioangiogram 

• 1 
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I 0.3 ~ Thresholding 607 

before and after preprocessing ( an explanation of the regions marked A and B 
is given in the following paragraph). 

In order to compute the optimal thresholds, each preprocessed image was 
subdivided into 49 regions by placing a 7 X 7 grid with 50% overlap over each 
image (all original images shown in this example are of size 256 X 256 pixels). 
Each of the 49 resulting overlapped regions contained 64 X 64 pixels. Fig­
ures 10.34(a) and 10.34(b) are the histograms of the regions marked A and B 
in Fig. 10.33(b ). Note that the histogram for region A dearly is bimodaJ, indi­
cating the presence of a boundary. The histogram for region B, however, is uni­
modal, indicating the absence of two markedly distinct regions. 

After all 49 histograms were computed, a test of bimodality was performed 
to reject the unimodal histograms. The remaining histograms were then fitted by 
bimodal Gaussian density curves [see Eq. (10.3-11)] using a conjugate gradient 
hill-climbing method to minimize the error function given in Eq. (10.3-15). The 
X's and O's in Fig. 10.34( a) are two fits to the histogram shown in black dots.1l1e 
optimum thresholds were then obtained by using Eqs. (10.3-12) and (10.3-13). 

At this stage of the process only the regions with bimodal histograms were 
assigned thresholds. The thresholds for the remaining regions were obtained by 
interpolating these thresholds. Then a second interpolation was carried out point 
by point by using neighboring threshold values so that, at the end of the pro­
cedure, every point in the image had been assigned a threshold. FinaJly, a bina­
ry decision was carried out for each pixel using the rule 

f(x,y)=g 
if f(x, y) > T\.Y 

otherwise 

where Try was the threshold assigned to location (x, y) in the image [note that 
these are adaptive thresholds, because they depend on the spatial coordinates 
(x, y)]. Boundaries were obtained by taking the gradient of the binary picture. 
Figure 10.35 shows the boundaries superimposed on the original image. Con­
sidering the variability and complexity of the images involved, this procedure 
yielded excellent segmentation results. .~ 
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FIGURE I 0.34 
Histograms (black 
dots) of (a) region 
A, and (b) region 
B in Fig. 10.33(b ). 
(Chow and 
Kaneko.) 
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FIGURE 10.35 
Cardioangiograrn 
showing 
superimposed 
boundaries. 
(Chow and 
Kaneko.) 

~1. :,: .. Use of Boundary Characteristics for Histogram 
Improvement and Local Thresholding 

Based on the discussions in the previous five sections, it is intuitively evident that 
the chances of selecting a "good" threshold are enhanced considerably if the his­
togram peaks arc tall, narrow, symmetric, and separated by deep valleys. One 
approach for improving the shape of histograms is to consider only those pix­
els that lie on or near the edges between objects and the background. An im­
mediate and obvious improvement is that histograms would be less dependent 
on the relative sizes of objects and the background. For instance. the histogram 
of an image composed of a small object on a large background area ( or vice 
versa) would be dominated by a large peak because of the high concentration 
of one type of pixels. Figures 10.30 and 10.31 are a good illustration of how seg­
mentation performance is affected by this condition. 

If only the pixels on or near the edge between object and the background 
were used, the resulting histogram would have peaks of approximately the same 
height. In addition, the probability that any of those given pixels lies on an ob­
ject would be approximately equal to the probabiliLy that it lies on the back­
ground, thus improving the symmetry of the histogram peaks. Finally, as 
indicated in the following paragraph, using pixels that satisfy some simple mea­
sures based on gradient and Laplacian operators has a tendency to deepen the 
valley between histogram peaks. 

The principal problem with the approach just djscussed is the implicit as­
sumption that the edges between objects and background arc known. This in­
formation clearly is not available during segmentation, as finding a division 
between objects and background is precisely what segmentation is all about. 
However, from the discussion in Section 10.1.3, an indication of whether a pixel 
is on an edge may be obtained by computing its gradient. ln addition, use of 
the Laplacian can yield information regarding whether a given pixel lies on the 
dark or light side of an edge. The average value of the Laplacian is Oat the tran­
sition of an edge (see Fig. 10.6), so in practice the valleys of histograms formed 
from the pixels selected by a gradient/Laplacian criterion can be expected to be 
sparsely populated. This property produces the highly desirable deep valleys 
discussed previously. 
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The gradient Vf at any point (x, y) in an image is given by Eq. (10.1-4) or 
(10.1-12). Similarly, the Laplacian V2

/ is given by Eq. (10.1-14) or (10.1-15). 
These two quantities may be used to form a three-level image, as follows: 

if VJ < T 
if VJ> T and 
if VJ> T and 

(10.3-16) 

where the symbols 0, +,and-represent any three distinct gray levels, Tis a thresh­
old, and the gradient and Laplacian are computed at every point ( x, y ). For a dark 
object on a light background, and with reference to Fig. 10.6, the use of 
Eq. (10.3-16) produces an image s(x, y) in which (1) all pixels that are not on an 
edge (as determined by Vf being Jess than T) are labeled O; (2) all pixels on the 
dark side of an edge are labeled +; and (3) all pixels on the light side of an edge 
are labeled-. The symbols+ and - in Eq. (10.3-16) are reversed for a light object 
on a dark background. Figure 10.36 shows the labeling produced by Eq. (10.3-16) 
for an image of a dark, underlined stroke written on a light background. 

The information obtained with this procedure can be used to generate a seg­
mented, binary image in which 1 's correspond to objects of interest and O's cor­
respond to the background. The transition (along a horizontal or vertical scan 
line) from a light background to a dark object must be characterized by the oc­
currence of a - followed by a + in s(x, y). The interior of the object is com­
posed of pixels that are labeled either O or +. Finally, the transition from the 
object back to the background is characterized by the occurrence of a + fol­
lowed by a -.11rns a horizontal or vertical scan line containing a section of an 
object has the following structure: 

( • · ·) ( - , +) ( 0 or +) ( +, - ) ( · · ·) 

FIGURE 10.36 
Image of a 
handwritten 
stroke coded by 
using 
Eq. (10.3-16). 
( Courtesy of IBM 
Corporation.) 
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a 
b 

FIGURE 10.37 
(,1) Origin<1l 
image. (b) [m;ige 
segmented by 
local thresholding. 
(Courtesy of IBM 
Corporal ion.) 

£XAMPLE 10.14: 
I rnc1 gc 
segmentation hy 
local thresholding. 

FIGURE 10.38 
Hisrogram or 
pixels with 
gr,1dic1H!:i greater 
lhan ~- (Courtesy 
of IBM 
Corporation.) 

o 11.L. ~ 

,-· ~ 

. _ .. ,~:' 

·-• .......__ :\.. 

where(---) represents any combination of+,-. c1nd 0. The innermost paren ­
theses contain ob_iect points and are labeled I . All other pixels along the same 
scan line are labeled 0, with the exception of any other sequence of (0 or+) 
bounded by(-,+) and ( +. -). 

~7il Figure l0.37(a) shows an image of an ordinary scenic hank check . Figure 10.38 
shows the histogram as a function of gradient values for pixels with gradients 
greater than 5. Note that this hislogram has two dominant modes that are sym~ 
metric, nearly of the same height. and are separated by a distinct valley. Finally. 
Fig. 10.37(b) shows the segmented image obtained by using Eq. (I0.3-16) with T 
at or near the midpoint of the valley. The result was made binary by using these­
quence an~1lysis just discussed. Note that this example is an illustration of local 
thresholding) as defined in Eq. (10.3-1), because the value of Twas determined 
from a histogram of the gradient and Laplacian, which are local properties. ~ 
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10.3 Thresholding 611 

: ·~i ·.; Thresholds Based on Several Variables 

So far we have been concerned with thresholding gray levels. In some cases. 8 

sensor can make av<1ilable more than one vMiable to characterize. each pixel in 
an imt1ge, am! thus ,dlow m11l1ispeura/ theresholding. As discussed in some de­
lail in Section 6.7, color imaging is a good example. in which each pixel is char­
acterized by three RGB values. In this case, constructing a 3-D "histogram" 
becomes possible. The basic procedure is analogous to the method used for one 
v,iriab{e. For exdmple, for an image with three variables (RGB components), 
each h:wing 16 possible levels. a 16 X 16 x J(-i grid (cube) is formed. lnserled 
111 each cell or the cube is lhe number of pixels whose RGB components have 
values corresponding to the coordinates ddining the location of that particular 
cell. Each entry is then divided by the tot,ll number of pixels in the image to form 
a normali;,ed histogram. 

The concept of thresholding now becomes one of finding clusters of points 
in 3-D space. Suppose, for example, that K ~ignificfl1H clusters of points are found 
in the hislognirn. The image can be segmented by assigning one arbitrary value 
(say, white) to pixels whose RGB components are closer to one cluster and an­
other v,,lue (~ay. black) to the other pixels jn the imagc.1l1is concept is easily 
extendablc to more components and certainly to more clusters. The prlncipal dif­
ficulty is that cluster seeking becomes an increasingly complex task as the num­
ber of variables increase~. Cluster-seeking methods can be found, for example. 
in the hooks by Dud;i, Hart and Stork [2001 ], and Tou ;-rnd Gonzalez [I 974]. 

-~ The im;-ige shown in fig. 10.39(a) is a monochrome piclure of a color pho­
tograph.171e original color irnage is composed of three 16-level RGB images. 
The scarf is a vivid red, and the hair and facial colors are light and different in 
spectn:il characteristics from the window and other background features. 

Figure l0.39(b) was obtained by thresholding about one of the histogram clus­
ters corresponding to foci81 tones. Note that the window. which in the monochrome 

a b c 

EXAMPLE HUS: 
Mu ltispccLril I 
\ hresholdin~. 

FIGURE 10.39 (,t) Original color image shown as a monochrome picture. (b) Scg.menration or pixels wich col­
ors close.: to racial tones. (c) Segmenliltion of red components. 
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612 Chapter 10 II rmc1ge Segmentation 

picture is close in gray-level value to the hair, does not appear in the segmented 
image because of the use of multispectral characteristics to separate these two re­
gions. Figure 10.39( c) was obtained by thresholding about a cluster dose to the red 
axis. In this case only the scar( and part of a flower (which is red also) appeared 
in the segmented result. The threshold used to obtain both results was a distance 
of one celL Thus any pixel whose components were outside the cell enclosing the 
center of the cluster in question was classified as background (black). Pixels whose 
components placed them inside the cell were coded white. t..: 

As discussed in Section 6.7, color segmentation can be based on any of the 
color models introduced in Chapter 6. For instance, hue and saturation are im­
portant properlies in numerous applications dealing with the use of imaging 
for automated inspection. These properties are particularly jmportant in at­
tempts to emulate the equivalent function performed by humans, such as in the 
inspection of fruits for ripeness or in the inspection of manufactured goods. As 
menlioned in Chapter 6, the Hue. Saturation, Intensity (HSI) model is ideal for 
these types of applications because it is closely related to the way in which hu­
mans describe the perception of color.A segmentation approach using the hue 
and saturation components of a color signal also is particularly attractive, be­
cause it involves 2-D data clusters that are easier to analyze than, say, the 3-D 
clusters needed for RGB segmentation. 

Region-Based Segmentation 

The objective o( segmentation is to partition an image into regions. In Sec­
tions 10.1 and l0.2 we approached this problem by finding boundaries between 
regions based on discontinuities in gray levels, whereas in Section 10.3 seg­
mentation was accomplished via thresholds based on the distribution of pixel 
properties, such as gray-level values or color. In this section we discuss seg­
mentation techniques that are based on finding the regions directly. 

10.4.1 Basic Formulation 

Let R represent the entire image region. We may view segmentation as a process 
that partitions R into n subregions, R1 , R2 , ... , Rn, such that 

" 
(a) LJR; = R. 

i"" 1 

(b) Riis a connected region, i = 1, 2, ... , n. 
(c) R; n Ri = 0 for all i and j, i * j. 
(d) P(R;) = TRUEfori::::: 1,2, ... ,n. 
(e) P( R; U RJ = FALSE for i * j. 
Here, P( Ri) is a logical predicate defined over the points in set R,. and 0 is 
the null set. 

Condition (a) indicates that the segmentation must be compleLe; that is, every 
pixel must be in a region. Condition (b) requires that points in a region must be 
connected in some predefined sense (see Section 2.5.2 regarding connectivity). 
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10.4 Region-Based Segmentation 613 

Condition (c) indicates that the regions must be disjoint. Condition (d) deals with 
the properties that must be satisfied by the pixels in a segmented region-for ex-
ample P( R,-) = TRUE it al I pixeJs in R; have the same gray level. FinaJly, condi-
tion (e) indicates tbat regions Ri and Rj are different 111 the sense of predicate P. 

~ ~.4.2 Region Growing 

As its name implies, region growing is a procedure that groups pixels or subre­
gions into larger regions based on predefined criteria. The basic approach is to 
start with a set of "seed" points and from these grow regions by appending to 
each seed those neighboring pixels that have properties similar to the seed (such 
as specific ranges of gr<1y level or color). 

Selecting a set of one or more starting points often can be based on the na­
ture of the problem, as will be shown in Example 10.16. When a priori infor­
mation is not available. the procedure is lo compute at every pixel the same set 
of properties that ultimately wilJ be used to assign pixels to regions during the 
growing process. If the result of these computations shows clusters of values, 
the pixels whose properties place them near the centroid of these clusters can 
be used as seeds. 

The selection of similarity crileria depends not only on the problem under 
consideration, but t1lso on lhe type of image data available. For example, tile 
analysis of land-use satellite imagery depends heavily on the use of color. This 
problem would be significantly more difficult , or even impossibJe, to handle 
without the inherent information available in color images. When lhe images are 
monochrome, region analysis must be carried out with a set of descriptors bc1sed 
on gray levels and spatial propenies (such as moments or texture). We discuss 
descriptors useful for region characterization in Chapter 11. 

Descriptors alone can yield misleading results if connectivity or adjacency in­
formation is not used in the region-growing process. For example, visrnilize a ran­
dom arrangement of pixels with only three distinct gray-level values. Grouping 
pixels with the same gray level to form a "region" without paying attention to 
connectivity would yield a segment,ition result that is meaningless in the con­
text of this discussion. 

Another problem in region growing is the formulation of a stopping rule. 
Basiccilly, growing a region should stop when no more pixels satisfy the criteria 
for inclusion in that region. Criteria such as gray level, texture, and color, are 
loc,11 in nature and do not take into account the "history" of region growth. Ad­
ditional criteria that increase the power of a region-growing algorithm utilize the 
concept of size, likeness between a candidate pixel and the pixels grown so for 
(such as a comparison of the gray level of a candidate an·d the average gray 
level of the grown region), and the shape of the region being grown. The use of 
these types of descriptors is hased on the assumption that a model of expected 
results is al least partially available. 

Figure 10.40(a) shows an X-ray image of a weld (the horizontal dark region) 
containing several cracks and porosities (the bright, white streaks running hor­
izontally through the middle of the image). We wish to use region growing to seg­
ment the regions of the weld failures. These segmented features could he used 

EXAMPLE 10.16: 
Application _of _ 
regwn growing 1n 
weld inspection 
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a b 
C d 

FIGURE l 0.40 
(a) Image 
showing defective 
wcJds. (b) Seed 
pojnls. (c) Resull 
of region growing. 
(d) Boundaries of 
segmented 
defective welds 
(in black). 
(Original image 
courtesy of 
X-TEK Systems, 
Ud.). 

for inspection, for inclusion in a database of historical studies, for controlling an 
automated welding system, and for other numerous applications. 

The first order of business is to determine the initial seed points. r n this ar­
plication, ir js known that pixels of defectlve welds tend to have the maximum 
allowable digital value (255 in this case). Based on this information, we select­
ed as starting points all phels having vc1lues of 255. The points thus extrncled 
from the original image are shown in Fig. 10.40(b). Note that many of the points 
are clustered into seed regions. 

The next step is to choose criteria for region growing. In this p,nticular ex­
ample we chose two criteria for a pixel tO be annexed to a region: ( 1) The ab­
solute gray-level difference between any pixel and the seed had lo be less than 
65. TI1is number is based on the histogram shown in Fig. 10.41 t1nd represents 
the difference between 255 and the locc1tion of the first major vc1lley to the left. 
which is representative of the highest gray level value in the dark weld region. 
(2) To be included in one of the regions, the pixel had to be 8-connected to at 

least one pixel in that region. If a pixel was found to be connected to more than 
one region, the regions were merged. 

Figure 10.40(c) shows the regions that resulted by starting with the seeds in 
Fig. 10.40(b) and utilizing the criteria defined in the previous paragraph. Su­
perimposing the boundaries of these regions on the original image [Fig.10.40(d)] 
reveals that the region-growing procedure did indeed segment the defective 
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welds with an acceptable degree of accuracy. It is of interest to note that it was 
not necessary to specify any stopping rules in this case because the criteria for 
region growing were sufficient to isolate the features of interest. 

It was mentioned in Section 10.3.1 in connection with Fig.10.26(b) that prob­
lems having multimodal histograms generally are best solved using region-based 
approaches. The histogram shown in Fig. 10.41 is an excellent example of a 
"clean'' multi modal histogram. This histogram and the results in Example 10.16 
confirm the assertion that, even with well-behaved histograms, multilevel thresh­
olding is a difficult proposition. Based on the results of Example 10.16, it should 
be intuitively obvious that this problem cannot be solved effectively by ,my rea­
sonably general method of <1utomatic threshold selection based on gray levels 
alone. The use of connectivi1y was fundamental in solving the prohlem. 

l OA.3 Region Splitting and Merging 
The procedure just discussed grows regions from a set of seed points. An alter­
native is to subdivide an image initially into a set of arbitrary, disjointed regions 
and then merge and/or split the regions in an attempt to satisfy the conditions 
stated in Section 10.4.1. A split and merge algorithm that iteratively works 
toward satisfying these constraints is developed next. 

Let R represent the entire image region and select a predicate P. One ap­
proach for segmenting R is to subdivide it successively into smaller and small­
er quadrant regions so that, for any region R,, P( R1) = TRUE. We start with the 
entire region. If P(R) = FALSE, we divide the image into quadrants. If Pis 
FALSE for any quadrant, we subdiv.ide that quadrant into subquadrants, and so 
on. This particular splitting technique has a convenient representation in the 
form of a so-called quadtree (that is, a tree in which nodes have exactly four de­
scendants), as illustrated in Fig.10.42. Note that the root of the tree corresponds 
to the entire image and that each node corresponds to a subdivision. Jn this 
case. only R4 wc1s subdivided further. 

FIGURE 10.41 
Histogram of 
Fig. 10.40( a). 
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a b 

FIGURE 10.42 
(a) Partitioned 
image. 
(b) Corresponding 
quad tree. 

R1 R2 

R41 R~2 

R3 

R,43 R44 

If only splitting were used, the final partition likely would contain adjacent 
regions with identical properties. TI1is drawback may be remedied by allowing 
merging, as well as splitting. Satisfying the constraints of Section 10.4.l requires 
merging only adjacent regions whose combined pixels satisfy the predicate P. 
That is, two adjacent regions Ri and Rk are merged only if P( Ri U Rk) = TRUE. 

The preceding discussion may be summarized by the following procedure, in 
which, at any step we 

1. Split into four disjoint quadrants any region R; for which P( R;) = FALSE. 
2. Merge any adjacent regions R1 and Rk for which P(Ri U Rk) = TRUE. 
3. Stop when no further merging or splitting is possible. 

Several variations of the preceding basic theme are possible. For example, one 
possibility is to split the image inilia1ly into a set of blocks. Further splitting is 
carried out as described previously, but merging is initially limited to groups of 
four blocks that are descendants in the quadtree representation and that satis­
fy the predicate P. When no further mergings of this type are possible, the pro­
cedure is terminated by one final merging of regions satisfying step 2. At this 
point. the merged regions may be of different sizes. The principal advantage of 
this approach is that it uses the same quadtree for splitting and merging, until 
the final merging step. 

EXAMPLE 10.17: 'til Figure 10.43(a) shows a simple image. We define P(R;) = TRUE if at least 
Split and rnerge. 80% of the pixels in R, have the property lzj - m,I < 2<T;, where Z.1 is the gray 

level of the jth pixel in R1, m; is the mean gray level of tha t r egion. and ai is the 

a b c 

FIGURE 10.43 
(a) Original 
imclge. (b) Result 
of split and merge 
procedure. 
(c) Result of 
thresholding (a}. 
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standard deviation of the gray levels in R;. If P( RJ = TRUE under this con-
dition. the vc1lues of all the pixels in R; were set equal tom,. Splitting and merg-
ing was done using the algorithm outlined previously. The result of applying 
lhis technique to the image in Fig.10.43(a) is shown in Fig. 10.43(b). Note that 
the image was segmented perfectly. The image shown in Fig. 10.43(c) was ob-
tained by thresholding Fig. 10.43(a), with a threshold placed midway between 
the two principal peaks of the histogram. The shading (and the stem of the leaf) 
were erroneously eliminated by the thresholding procedure. 

As used in the preceding example, properties based on the mean and stan­
dard deviation of pixels in a region attempt to quantify the texture of a region 
(see Section 11.3.3 for a discussion on texture). The concept of texwre segmen­
tation js based on using measures of texture for the predicates P(RJ That is, we 
can perform texture segmentation by c1ny of the methods discussed in this sec­
tion by specifying predicates based on texture content. 

I]!] Segmentation by Morphological Watersheds 

Thus far, we have discussed segmentation based on three principal concepts: 
(a) detection of discontinuities, (b) thresholding, and (c) region processing. Each 
of these approaches was found to have advantages (for example, speed in the 
case of global thresholding) and disadvantages (for example, the need for post­
processing, such as edge linking, in methods based on detecting discontinuities 
in gray levels). In this section we discuss an approach based on the concept of 
so-called morphological watersheds. As will become evident in the following 
discussion, segmentation by watersheds embodies many of the concepts of the 
other three approaches and, as such, often produces more stable segmentation 
results. including continuous segmentation boundaries. This approach also pro­
vides a simple framework for incorporating knowledge-based constraints (see 
Fig. 1.23) in the segmentation process. 

I 0.5., Basic Concepts 

The concept of walersheds is based on visualizing an image in three dimen­
sions: two spaLial coordinates versus gray levels. In such a "topographic" inter­
pretation, we consider three types of points: (a) points belonging to a regional 
minim um; ( b) points at which a drop of water. if placed at the I ocation of any 
of those points, would fall with certainty to a single minimum; and (c) points at 
which water would be equally likely to fall to more than one such minimum. For 
a particular regional minimum, the set of points salisfying condition (b) is called 
(he catchmcm bnsin or wmershert of that minimum. The points satisfying con~ 
dition (c) form crest lines on the lopographic surface and are termed divide 
lines or watershed lines. 

The principal objective of segmentation algorithms based on these concepts 
is to find the watershed lines. The basic idea is simple: Suppose that a hole is 
punched in each regional minimum and that the entire topography is flooded 
from below by letting water rise through the holes at a uniform rate. When the 
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a b 
C d 

FIGURE I 0.44 
(a) Orig.inal 
imi"lge. 
( b) Topngr,1phic 
view. (c)-(d) Two 
sLages o( flooding. 

rising water in distinct catchment hnsins is about to merge, a dam is built to pre­
vent the merging. The flooding will eventually reach a stage when only the tops 
of Lhe dams are visible ,ihove the water line.171ese dam boundaries correspond 
to the divide lines of the watersheds. Therefore, they are the (continuous) hound­
aries extracted by a watershed segmentation algorithm. 

111ese ideas can he explained further with the aid of Fig. 10.44. Figure 10.44(a) 
shows a simple gray-scale image and Fig . .l0.44(b) is a topographic view, in which 
tbe height of the "mountains'' is proportional to gray-level values in the input 
image. For ease or interprerntion, the hacksides of structures c1re shaded. This 
is not lo he confused with gray-level values; only the general torography of lhe 
three-dimensional reprcscn tation is of interest. In order to prevent the dsi ng 
water from spilling out through the edges of the structure. we imagine rbe 
perimeter of the entire topography (image) being enclosed by dams of height 
greater than the highest possible mountain. whose value is determined by the 
highest possible gray-level value in the input image. 

Suppose that a hole is punched in each regional minimum [shown ::is clcirk 
areas in Fig. l 0.44( b )] and that the entire topography is flooded from below 
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10.5 :: Segmentc1tion by Morphological Watersheds 619 

by letting w,1ter rise through the hole~ at a uniform ralc. Figure 10.44(c) shows 
the first stage of flooding. where the ''w8ter," shown in light gray, has covered 
only areas that correspond to the very dark background in the image. In 
Figs. l0.44(cJ) and (e) we see that the water now has risen into lhe firsl and sec-
ond catchment basins, respectively. As the water continues to rise, it will even-
rually overflow from one c<ltchment basin into another_ The first indication of 
this is shown in l0.44(f). Here, water from the left basin actually overflowed 
into the basin on the right ,rnd a short ·'dam" (consisting of single pixels) was 
built to prevent water from merging at that level of flooding (the details of 
dclm building are discussed in the following section). The effect is more pro-
nounced as w,Her continues to rise. as shown in Fig. 10.44(g). This figure shows 
a longt:r diim belween the two catchment basins and another dam in the top 
part or lhe right h;:isin. The latter dam was built to prevent merging of \v;.iter 
from !"hat basin with wc1ter Crom areas corresponding to the background. This 
process is conlinue<l until the maximum level of flooding (corresponding to 

the highest gray-level v,ilue in the image) is reached. The final d;-1ms corre-
sponcl to the watershed lines. which are the desired segmentation result. The 

. ;, . : 

e f 
g h 

FIGURE 10.44 
(Co111inued) 
( e) Result of 
furl her flooding. 
(f) Beginning of 
merging of water 
rrom two 
catchment basins 
(a short dam was 
built between 
them). (g) Longer 
dams. (h) Final 
watershed 
(segmental ion) 
lines. ( Courtesy of 
Dr. S. Beucher. 
CM M/Ecole des 
Mines de Paris.) 
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result for this example is shown in Fig. 10.44(h) as a dark, one-pixel-thick path 
superimposed on the original image. Note the important property that the 
watershed lines form a connected path, thus giving continuous boundaries be­
tween regions. 

One of the principal applications of watershed segmentation is in the ex­
traction of nearly uniform (bloblike) objects from the background. Regions 
characterized by small variations in gray levels have small gradient values. Thus, 
in practice, we often see watershed segmentation applied to the gradient of an 
image, rather than to the image itself. In this formulation, the regional minima 
of catchment basins correlate nicely with the small value of the gradient corre­
sponding to the objects of interest. 

l 0 . . 2 Dam Construction 

Before proceeding, let us consider how to construct the dams or watershed lines 
required by watershed segmentation algorithms. Dam construction is based on 
binary images, which are members of 2-D integer space Z 2 (see Section 2.4.2). 
The simplest way to construct dams separating sets of binary points is to use 
morphological dilation (sec Section 9.2.1). 

The basics of how to construct dams using dilation are illustrated in Fig. 10.45. 
Figure 10.45(a) shows portions of two catchment basins at flooding ~tep n - 1 
and Fig. 10.45(b) shows the result at the next flooding step1 n. The water has 
spilled from one basin to the other and, therefore, a dam must be built to keep 
this from happening. In order to be consistent with notation to be introduced 
shortly, let M 1 and M 2 denote the sets of coordinates of points in two regional 
minima. Then let the set of coordinates of points in the carchment basin associ­
ated with these two minima at stage n - 1 of flooding be denoted by C11 _ 1(M1) 
and C,,_1 ( MJ, respectively. These are the two black regions shown in 
Fig. 10.45(a). 

Let the union of these two sets be denoted by C( n - 1]. TI1ere are two con­
nected components in Fig. 10.45(a) (see Section 2.5.2 regarding connected com­
ponents) and only one connected component in Fig. 10.45(b). This connected 
component encompasses the earlier two components, shown dashed. The fact 
that two connected components have become a single component indicates that 
water between the two catchment basins has merged at fJooding step n. Let this 
connected component be denoted q. Note that the two components from step 
n - 1 can be extracted from q by performing the simple AND operation 
q n C[ n - 1]. We note also that all points belonging to an individual catchment 
basin form a single connected component. 

Suppose that each of the connected components in Fig. 10.45(a) is dilated 
by the structuring element shown in Fig. 10.45(c), subject to two conditions: 
(1) The dilation has to be constrained to q ( this means that the center of the 
structuring element can be located only at points in q during dilation), and 
(2) the dilation cannot be performed on points that would cause the sets being 
dilated to merge (be.come a single connected component). Figure 10.45( d) shows 
that a first dilation pass (in light gray) expanded the boundary of each original 
connected component. Note that condition (1) was satisfied by every point 
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D First dilcltion 

~ Second dila1ioi1 

(8:1 Dani points 

FIGURE 10.45 (a) Tv.'o partially flooded catchmenl basins at stage n - 1 of flooding. 
(b) Flooding al .stage JL .showing tha1 water has spilled between basins ((or clarily, waler 
is shown in while r:11\ier than black). (c) Structuring element used for dilation. (d) Re­
sult of dilation and dam construction. 
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622 Chapler 10 ~ Image Segmentation 

during dilation, and condition (2) did not apply to any point during the dilation 
process; thus the boundary of each region was expanded uniformly. 

In the second dilation (shown in medium gray), several points fa iled condi­
tion (1) while meeting condition (2), resulting in the broken perimeter shown 
in the figure. It also is evident that the only points in q that satisfy the two con­
ditions under consideration describe the one-pixel-thick connected path shown 
crossed-hatched in Fig. 10.45(d). This path constitutes the desired separnting 
dam at stage n of flooding. Construction of the dam at this level of flooding is 
completed by setting all the points in the path just determined to a value greater 
than the maximum gray-level va!ue of the image. The height of al! dams is gen­
erally set at l plus the maximum allowed value in the image. This will prevent 
water from crossing over the part of the completed dam as the level of flood­
ing is increased. It is important to note that dams built by this procedure, which 
are the desired segmentation boundaries, are connected components. J n other 
words, this method eliminates the problems of broken segmentation Jines. 

Although the procedure just described is based on a simple example, the 
method used for more complex situations is exactly the same, including the use 
of the 3 x 3 symmetric structuring element shown in Fig. 10.45(c). 

l 0.5.3 Watershed Segmentation Algorithm 
Let M 1, M2 , ... , MR be sets denoting the coordinates of the points in the regional 
minima of an image g(x, y).As indicated at the end of Section 10.5.l , this typ­
ically will be a gradient image. Let C( M;) be a set denoting the coordinates of 
the points in the catchment basin associated with regional minimum M, (recall 
that the points in any catchment basin form a connected component).171e no­
tation min and max will be used to denote the minimum and maximum vaJues 
of g(x, y). Finally, let T[n] represent the set of coordinates (s, t) (or which 
g(s, r) < n. Thal is, 

T[n] = {(s, t) lg(s, t) < n}. ( l 0.5-1) 

Geometrically, T[n] is the set of coordinates o( points in g(x, y) lying below 
theplaneg(x,y) = n. 

The topography will be flooded in integer t1ood increments, from 
n = min + 1 ton = max + l. At any step n of the flooding process, the algo­
rithm needs to know the number of points below the flood depth. Conceptual­
ly, suppose that the coordinates in T[ n] that are below the plane g( x, y ) = n are 
"marked" black, and all other coordinates are marked whice. Then when we 
look "down " on the xy-plane at any increment n of flooding, we will see a bi­
nary image in which black points correspond to points in the function that are 
below the plane g( x , y) = n. This interpretation is quite useful in helping un­
derstand the following discussion. 

Let C,,(Mi) denote the se t of coor dinates of points in the catchment basin 
associated with minimum M; tha t are flooded at stage n. With refere nce to 
the discussion in the previous paragraph, C11(M;) may be viewed as a binary 
image given by 

cl/(M;) = C(M;) n T[n]. (10.5-2) 
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In other words, C,,(M;) = 1 at location (x, y) if (x, y)eC(M;) AND 
(x, y) ET[ n ]; otherwise C,i{ M;) = 0. The geometrical interpretation of this re-
sult is straightforward. We are simply using the AND operator to isolate at stage 
n of flooding the portion of the binary image in T[ n] that is associated with re-
gional minimum M;. 

Next, we let C[ n] denote the union of the flooded catchment basins portions 
at stage n: 

R 

C[n] = LJCn(M;). (10.5-3) 
i=l 

Then C[ max + l] is the union of all catchment basins: 

R 

C[max + 1] = LJC(MJ (10.5-4) 
i=.1 

It can be shown (Problem 10.29) that the elements in both C,,(M;) and T[n] are 
never replaced during execution of the algorithm, and that the number of ele­
ments in these two sets either increases or remains the same as n increases. 
Thus, it follows that C[ n - 1] is a subset of C[n ]- According to Eqs. (10.5-2) 
and (10.5-3), C[n] is a subset of T[n], so it follows that C[n - l] is a subset of 
T[ n]. From this we have the important result that each connected component 
of C[ n - 1] is contained in exactly one connected component of T[ n]. 

The algorithm for finding the watershed lines is initialized with 
C[ min + 1] = T( min + 1]. The algorithm then proceeds recursively, assum­
ing at step n that C[ n - 1] has been constructed. A procedure for obtaining 
C[ n] from C[ n - l] is as follows. Let Q denote the set of connected compo­
nents in T[ n]. Then, for each connected component q E Q[ n ], there are three 
possibilities: 

(a) q n C[ n - 1] is empty. 
(b) q n C[ n - 1] contains one connected component of C[ n - 1 ). 
(c) q n C[ n - l] contains more than one connected component of C[ n - 1 ]. 

Construction of C[ n] from C[ n - 1] depends on which of these three conditions 
holds. Condition (a) occurs when a new minimum is encountered, in which case 
connected component q is incorporated into C[ n - 1] to form C[ n ]. Condition 
(b) occurs when q lies within the catchment basin of some regional minimum, 
in which case q is incorporated into C[n - 1] to form C[n]. Condition (c) oc­
curs when all, or part, of a ridge separating two or more catchment basins is en­
countered. Further flooding would cause the water level in these catchment 
basins to merge. Thus a dam ( or dams if more than two catchment basins are in­
volved) must be built within q to prevent overflow between the catchment 
basins.As explained in the previous section, a one-pixel-thick dam can be con­
structed when needed by dilating q n C[ n - l] with a 3 x 3 structuring ele­
ment of l's, and constraining the dilation to q. 

Algorithm efficiency is improved by using only values of n that correspond 
to existing gray-level values in g(x, y ); we can determine these values, as well 
as the values of min and max, from the histogram of g(x, y). 
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a b 
C d 

FIGURE l 0.46 
(a) Image of 
blobs. (b) Image 
gradient. 
(c) Watershed 
lines. 
(d) Watershed 
Jines 
superirnposeJ on 
original image. 
( Courtesy of Dr. 
S. Bcucher, 
CMM/Ecok Jes 
Mines de Paris.) 

EXAMPLE 10.18: 
Illustration or !he 
watershed 
segmentation 
algorithm. 

· Consider the image and its gradient. shown in Figs. 10.46(a) and (b), 
respectively. Application of the watershed algorithm _just described yielded the 
watershed lines (white paths) of the gradient image shown in Fig. I 0.46( c).171ese 
segmentation boundaries are shown superimposed on the ortginal image in 
Fig. 10.46( d). As noted at the beginning of this section, the segmentation bound­
aries have the important property of being connected paths . 

• 11 j ~- The Use of Markers 

Direct application of the watershed segmentation algorithm in the form dis­
cussed in the previous section generally leads to oversegmenwtion due to noise 
and other local irregularities of the gradient. As shown in Fig. 10.47, overseg­
mentation can be serious enough to render the result of the algorithm virtual­
ly useless. In this case, this means a large number of segmented regions. A 
practical solution to this problem is to limit the number of allowable regions by 
incorporating a preprocessing stage designed to bring additional knowledge 
into the segmentation procedure. 

An approach used to control ovcrsegmentation is based on the concept of 
markers. A marker is a connected component belonging to an image. We have 
internal markers, associated with objects of interest, and external markers, 
associated with the background. A procedure for marker selection typically will 
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consist of two principal steps: ( 1) preprocessing: and (2) definition of a set of cri­
teria that markers must satisfy. To illustrate, consider Fig.10.47(a) again. Part of 
the problem that led to the oversegmented result in Fig. 10.47(b) is the large 
number of potential minima. Because of their size, many of these minima real­
ly are irrelevant detail. As has been pointed out several times in earlier discus­
sions, an effective method for minimizing the effecl of small spatial detail is to 
filter the image with a smoothing filter. This is an appropriate preprocessing 
scheme in this particular case. 

Suppose that we define an_ internal marker in this case as (l) a region that is 
surrounded by points of higher "altitude;" (2) such that the points in the region 
form a connected component; and (3) in which all the points in the connected 
component have the same gray-level value. After the image was smoothed, the 
internal markers resulting from this definition are shown as light gray, btohlike re­
gions in Fig. l0.48(a). Next, the watershed algorithm was applied to the smoothed 

a b 

FIGURE 10.47 
(a) Electrophoresis 
image. (b) Result 
of aprlying the 
water~hed 
segmentation 
algorithm to the 
gnidient image. 
Oversegmen U-1 t ion 
is evident. 
( Courtesy of Dr. 
S. Beucher, 
CMM/Eco\e des 
Mines de Paris.) 

a b 

FIGURE 10.48 
(a) Image showing 
intern,1/ marker~ 
(lighl gray regions) 
and exlernal 
markers 
(watershed lines). 
( b) Result of 
scgmcntalion. Note 
the improvcmcnl 
over Fig. l0.47(b ). 
( Courtesy of Dr. S. 
Bcucher_ 
CMM/Ecole des 
Mines de Paris.) 
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image, under the restriction that these internal markers be the only allowed 
regional minima. Figure 10.48(a) shows the resulting watershed lines. 1l1ese wa­
tershed lines are defined as the external markers. Note that the points along the 
watershed lines arc good candidates for the background because they pass along 
the highest points between neighboring markers. 

The external markers shown in Fig. 10.48(a) effectively partition the image 
into regions, with each region containing a single internal marker and part of the 
background. The problem is thus reduced to partitioning each of these regions 
into two: a single object and its background. We can bring to bear on this sim~ 
plified problem many of the segmenration techniques discussed earlier in this 
chapter. Another appror1.ch is simply to apply the watershed segmentation al­
gorithm to each individual region. In other words, we simply take the gradient 
of the smoothed image [ as in Fig. 10.46(b)] and then restrict the c1lgorithm to op­
erate on a single watershed that contains the marker in that particular region. 
The result obtained using this approach is shown in 10.48(b ). The improvement 
over the image in 10.47(h) is evident. 

Marker select.ion can range from simple procedures based on gray-level val­
ues and connectivity, as was just illustrated, to more complex descriptions in­
volving size, shape, location, relative distances, texture content, and so on (see 
Chapter I 1 regarding descriptors). The po1n tis that using markers brings cl pri­
ori knowledge to bear on the segmentacion problem. The reader is reminded 
that humans often aid segmentation and higher-level tasks in every-day vision 
by using a priori knowledge, one of the most familiar being the use of context. 
Thus, the fact that segmentation hy watersheds offers a framework that can 
m;ike effective use of this type of knowledge is a significant advantage of this 
method. 

The Use of Motion in Segmentation 

Motion is a powerful cue used by humans and many animals to extract objecls 
of interest from a background of irrelevant detail. In imaging applications, 1110-

tion arises from a relative displacement between the sensing system and the 
scene being viewed, such as in robotic applications, autonomous navigalion. 
and dynamic scene analysis. In the following sections we coosider the use of 
motion in segmentation both spatially and in the frequency domain. 

; OJ . 'i Spatial Techniques 

Basic approach 

One of the simplest approaches for detecting changes between two image frnmes 
f(x, y, t,) and J(x, y, ci) taken at times r, i:lnd tj, respectively, is to compare the 
two images pixel by pixel, One procedure for doing this is to form a difference 
image. Suppose that we have a reference image containing only stationary com­
ponents. Comparing this image against a subsequent image of the same scene, 
but includ1ng a moving object, results in the difference of the two images can­
celing the stationary elements, leaving only nonzero entries that correspond 10 

the nonstationary image components. 
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10.6 '.~ TI1e Use of Motion in Segmentation 627 

A differe11ce image between two images taken at times t; and t, may be 
defined as 

if lf(x, y. tj - J(x, y, rJI > T 
otherwise 

(10.6-1) 

where Tis a specified threshold. Note that d;j(x, y) has a value of 1 at spatial 
coordinates (x, y) only if the gray-level difference between the two images is 
appreciably different at those coordinates, as determined by the specified thresh­
old T. It is assumed that all images are of the same size. Finally, we note that the 
values of the coordinates (x. y) in Eq. (10.6-1) span the dimensions of these 
images, so that the difference image d;;(x, y) also is of same size as the images 
in the sequence. 

In dynamic image processing, all pixels in d;
1
(x, y) with value 1 are consid­

ered the result of object motion. This approach is applicable only if the two im­
ages arc registered spatially and if the illumination is relatively constzrnt within 
the bounds established by T. In practice, 1-valued entries in d;j(x, y) often arise 
as a result of noise. Typically, these entries are isolated points in the difference 
image, and a simple approach to their removal is to form 4- or 8-connected re­
gions of l's in d;j(x, y) and then ignore any region that has less than a prede­
termined number of entries. Although il may result in ignoring small and/or 
slow-moving objects, this approach improves the chances that the remaining 
enlries in the difference image actually are the result of motion. 

Accumulative differences 

Isolated entries resulting from noise is not an insignificant problem when trying 
to extract motion components from a sequence of images. Although the number 
of these entries can be reduced by a thresholded connectivity analysis, this filtering 
process can also remove small or slow-moving objects as noted in the previous 
section. One way to address this problem is by considering changes at a pixel lo­
cation over several frames, thus introducing a ''memory" into the process. 1l1e 
idea is to ignore changes that occur only sporadically over a frame sequence and 
can therefore be attributed to random noise. 

Consider a sequence of image frames f (x, y, t 1 ),f ( x, y, t2), ... ,f ( x, y, tn) and 
let f( x, y, I 1) be the reference image. An accumulative difference image (ADl) 
is formed by comparing this reference image with every subsequent image in the 
sequence. A counter for each pixel location in the accumulative image is incre­
mented every time a difference occurs at that pixel location between the ref­
erence and an image in the sequence. Thus when the kth frame is being 
compared with the reference, the entry jn a given pixel of the accumulative 
image gives the number of times the gray level at that position was different 
from the corresponding pixel value in the reference image. Differences are es­
tablished, for example, by using Eq. (10.6-1). 

Often useful is consideration of three types of accumulative difference im­
ages: abso/ute,positive, and negative AD ls. Assuming that the gray-level values 
of the moving objects are larger than the background, these three types of AD ls 
are defined as follows. Let R( x, y) denote the reference image and, to simplify 
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F:XAMPLE 10.19: 
Compuration of 
Lhe absoluLe. 
posilivc. and 
negative 
accumulative 
di ffe re nee images. 

a b c 

the notation, !elk denote tk, so that f(x, y. k) = f(x, y, tk)· We assume that 
R(x, y) = f(x, y, I). Then, for any k > l, and keeping in mind thc1t 1hc values 
of the ADls are counts, we define the following for all relevant values of (x, y): 

and 

{

A.1:-1(X, y) + 1 

A.1:_,(x. y) 

{
pk-1(x,y) + 1 

[>{-1(X, )') 

if jR(x, y) - f(x, y, k)I > T 

otherwise 

if[ R(x, y) - .f(x, y, k)] > T 

othenvise 

( 10.6-2) 

(10.6-3) 

if[ R ( x '/) - f ( x, y. k ) ] < - T (1 O. 6-4) 
otherwise 

\vhere Ak(x, t), Pk(x, y). and Nk(x. y) are the absolute, positive, and negative 
AD Is. respectively, after the kth image in the sequence is encountered. 

It is understood that these ADis start out with all zero values (counls). Note 
a ]so that the AD Is a re the same size as the images in the sequence. As noted pre­
viously. the images in the sequence are a]! assumed to be of the S<1me size. Fi­
nally, we note that the order of the inequalities and signs of the thresholds in 
Eqs. ( I 0.6-3) and (10.6-4) are reversed if the grayAJevel values oft he background 
pixels are greater lhan the levels of the moving objects . 

. • Figure 10.49 shows the three ADls displayed as intensity images for a rec­
tangular object of dimension 75 X 50 pixels that is moving in a southeasterly di­
rection at a speed of 5 \/2 pixels per frame. The images are of size 256 x 256 
pixels. We note the following: (1) 1l1e nonzero area of the positive AD r is eq u,ll 
to the size of the moving object. (2) 171e location of the positive ADI corre­
sponds to the location of the moving object in the reference frame. (3) The num­
ber of counts in the positive ADI stops increasing when the moving object is 
displaced complelely with respect to the same object in lhe reference frame. 

FIGURE 10.49 AD Is of a rectangular object moving in a southc,istcrly Jirection. (a) Absolute ADI. (b) Posi~ 
tive ADI. (c) Negative ADI. 
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(4) The <1bsulute ADI con{r\ins the regions or the positive and negative ADl. 
(5) The direction and speed of the moving ob_icct can be determined from the 
entries in the ab.solute ancl negative AD Is. 

Establishing a reference image 

A key to the success of the techniques discussed in the preceding two sections 
is hnving a rderencc image against which subsequent comparisons can be made. 
As indicc1ted, the dilforence between two images in a dynamic imaging problem 
has the tendency to cancel all stationmy components, leaving only image ele­
ments that correspond to noise and to the moving objects. The noise problem 
can be handled by 1he filtering approach mentioned earlier or by forming an ac­
cumulative dif(erence image, as discussed in the preceding section. 

In practice, obtaining a reference image with only stationary elements is not 
always possible. and building a reference from a set of images containing one 
or more moving objects becomes necessary. This necessity applies particularly 
to siturltions describing busy scenes or in cases where frequent updating is re­
quired. One procedure for generating a reference image is as follows. Consid­
er the first image in a sequence to be the reference image. When a nonstationary 
component has moved completely oul of its position in the reference frame, 
the corresponding background in the present frame can be duplicated in the 
location originally occupied by the object in the reference frame. When all mov­
ing objects have moveu completely out of their original positions. a reference 
image contziining only stationary components will have been crcc11ed. Object 
displacement can be established by monitoring fhe ch,rnges in the positive AOL 
,.is indicated in the preceding section. 

, Figures l 0.50( a) and (b) show two image frames of a traffic intersection. The 
first image is considered the reference. and the second depicts the same scene 
some lime l;ircr.171e ohjcctive is to remove the principal moving objects in the 
rderence image in order to create a static image. Although there are other 
smaller moving objects, the principal moving feature is the automobile at the in­
tersection moving from left to right. For illustrative purposes we focus on lhis 
object. By moniloring 1·he changes in the positive ADI. ic is possible to determine 
lhe initial position of a moving object, as explained previously. Once the area 

" b C 

FIGURE 10.50 Building il static reference image, (,1) and (b) Two frames in a sequence. 
(c) E,1stbound aulomobilc: subtracted from (c1) ,rnd the background restored from the 
corre!\pomling are,1 in (b ). (Jain and Jain.) 

EXAMPLE 10.20: 
Building a 
re fercnce i1nc1ge. 
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occupied by this object is identified, the object can be removed from the image 
by subtraction, By looking at the frame in the sequence at which the positive 
ADI stopped changing, we can copy from this image the area previously occu­
pied by the moving object in the initial frame. This area then is pasted onto the 
image from which the object was cut out, thus restoring the background of that 
area. If this is done for all moving objects. the result is a reference image with 
only static components against which we can compare subsequent frames for 
motion detection, as explained in the previous two sections. The result of re­
moving the east-bound moving vehicle in this case is shown in Fig. 10.SO(c). 

10.6.2 Frequency Domain Techniques 
In this section we consider the problem of determining motion estimates via a 
Fourier transform formulation. Consider a sequence J(x, y, t), r = 0, 1, ... , 
K - 1, of K digital image frames of size A1 X N generated by a stationary 
camera. We begin the development by assuming that all frames have a homo­
geneous background of zero intensity. The exception is a single. 1-pixel object 
of unit intensity that is moving with constant velocity. Suppose that fo r frame 
one (t = 0) the image plane is projected onto the x-axis; th at is, the pixel in­
tensities are summed across the columns. This operation yields a 1-0 array 
with M entries that are 0, except at the location where the object is projected. 
Multiplying the components of the array by exp[J27Ta 1x.6.t], x = 0, 1, 2, . .. , 
M - 1. with the object at coordinates (x', y') at that instant of time, produces 
a sum equal to exp [J21rn1 x' 6-t]. In this notation a 1 is a positive integer, and 6-t 
is the time interval between frames. 

Suppose that in frame two (t == 1) the object has moved to coordinates 
(x' + 1, y'); that js, it has moved 1 pixel parallel to the x-axis. Then repeating the 
proj ec tion procedure discusse d in the previous paragraph yields lhe sum 
exp[j21ra1 (x' + 1 )Llt ]. If the object continues to move l pixel location per frame, 
then, at any integer instant of time, the result is exp [j21ra1 ( x' + t )M ], which, 
using Euler 's formula, may be expressed as 

ei21Tai(x'+i)t.., = cos[21ra 1(x' + c)t.t] + j sin[21ra 1(x' + t)tr] (10.6-5) 

for t = 0, l , ... , K - l. In other words, this procedure yields a complex sinusoid 
with frequency a 1 • If the object were moving v 1 pixels (in the x-direction) be­
tween frames, the sinusoid would have frequency v, a 1 . Because tvaries between 
0 and K - 1 in integer increments, restricting a1 to integer values causes the 
discrete Fourier transform of the complex sinusoid to have two peaks---<me lo­
cated at frequency v1 a, and the other at K - v1 a1. This latter peak is the resull 
of symmetry in the discrete Fourier transform, as discussed in Section 4.6, and 
may be ignored. Thus a peak search in the Fourier spectrum yields v 1a1. Divi­
sion of this quantity by a1 yields v1 , which is the velocity component in the 
x-direction, as lhe frame rate is assumed to be known. A similar argument would 
yield v2 , the component of velocity in they-direction. 

A sequence of frames in which no motion takes place produces identical 
exponential terms, whose Fourier transform would consist of a single peak at a 
freq uency of O (a single de term). Therefore, because the operations discussed 
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10.6 • The Use of Motion in Segmentation 631 

so far are linear, the general case involvjng one or more moving objects in an 
arbitrary static background would have a Fourier transform with a peak at de 
corresponding to static image components and peaks at locations proportional 
to the velocities of the objects. 

ll1ese concepts may be summarized as follows. For a sequence of K digital 
images of size M x N, the sum of the weighted projections onto the x axis at 
any integer instant of time is 

l1-1N - 1 

gr(r,a,) = L, Lf(x,y,t)eJ7.r.01d.1 t = 0, 1, ... , K - 1. (10.6-6) 
.r=O y=O 

Similarly, the sum of the projections onto the y-axis is 

N-IM-1 

g,,(£, a2) = L Lf(x, y, i)ei2r.n2_vii1 t = 0, 1, ... , K - 1 (10.6-7) 
v=O x=O 

where, as noted already, a1 and a2 are positive integers. 
The 1-0 Fourier trnnsforms of Eqs. (10.6-6) and (10.6-7), respectively, are 

1 K-1 _ 
G (u a ) = -- ""'g (t a )e-12""11/1<. .r ,, l K L..J x , 1 

,~fl 

(10.6-8) 

and 

U2 = 0, 1, ... , K - 1. (10.6-9) 

In practjce, computation of these transforms is carried out using an FIT algo­
rithm, as djscussed in Section 4.6. 

The frequency-velocity relaLionship is 

(10.6-10) 

and 

(10.6-11) 

In Lhis formulation the unit of velocity is in pixels per total frame time. For ex­
ample, v 1 = 10 is interpreted as a motion of 10 pixels in K frames. For frames 
thal are taken uniformly, the actual physical speed depends on the frame rate 
and the distance between pixels. Thus if v1 = 10, K = 30, the frame rate is two 
images per second, and the distance be tween pixels is 0.5 m, then the actual 
physical speed in the x-direction is 

v, = (10 pixels)(0.5 m/pixe1)(2 frames/s)/ (30 frames) 

= 1/3m/s. 

The sign of the x-component of the velocity is obtained by computing 

(10.6-12) 
I=n 
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632 Chapter 10 ~ Image Segmentation 

and 

EXAMPLE J0.21: 
Detection of a 
srnaH moving 
objccr via the 
frequency 
domain. 

FIGURE 10.51 
LANDSAT 
frame. (Cownrt, 
Snyder. ;ind 
Ruedger.) 

(10.6-13) 
/=J! 

Because g, is sinusoidal. it can be shown that S 1 l and S 2.1 will have the same 
sign at an arbitrary point in time, n, if the velocity component v 1 is positive. 
Conversely. opposite signs in S1 x and S2x indicate a negative component. If either 
S 11 or S2.1- is zero. we consider the next closest point in time,/ = n ± 1t. Similar 
comments apply to computing the sign of v2 . 

Figures 10.51 through 10.54 illustrate the effectiveness of the approach just 
derived. Figure 10.5.1 shows one of a 32-frame sequence of LANDSAT images 
generated by adding white noise to a reference image. The sequence contains 
a superimposed target moving at 0.5 pixel per frame in the x-direction and 1 
pixel per frnme in they-direction. The target shmvn cjrc\ed in Fig. 10.52. has a 
Gaussian intensity distribution spread over a small (9-pixel) area and is not eas­
ily discernible by eye. The results of computing Eqs. (10.6-8) and ( 10.6-9) with 
a 1 = 6 and a2 = 4 are shown in Figs. 10.53 and 10.54, respectively. The peak at 
lL 1 = 3 in Fig. 10.5.3 yields v, = 0.5 from Eq. ( l0.6-1.0). Similarly, the peak al in 
Fig. 10.54 yields v2 = 1.0 from Eq. (l0.6-11). 

Guidelines for the selection of a 1 and c,~ can he explained with the aid of 
Figs. 10.53 and 10.54. For instance, suppose that we had used a'2 = 15 instead of 
n2 = 4. Irt that c.ase the pec1ks in ng. 10.54 wou!d now be M 112 = 15 and 17 because 
v2 = 1.0, which would be a seriously aliased result. As discussed in Seclion 2.4.4, 
,diasing is caused by undersampling (too (ew frames in lhe present discussion, as 
the range of u is determined by K). Because u = av, one possibility is to select a 
as the integer closest to a = u,11 , 1Jvrim, where umJx is the Jliasing frequency limi­
tation established Kand vrn,1 ~ is the maximum expected object velocity. 
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FIGURE 10.53 Spectrum of Eq. (10.6-8) showing a peak at u 1 = 3. (Rajala, Riddle, and 
Snyder.) 

FIGURE I 0.S2 
Intensity plot of 
the image in 
Fig. l0.51 , with 
the target circled. 
(Rajala. Riddle. 
and Snyder.) 
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634 Chapter 10 iii Itnage Segmentation 

FIGURE 1 0.54 
Spectrum of 
Eq. ( J 0.6-9) 
showing a peak at 
u2 = 4. (Rajala, 
Riddle, and 
Snyder.) 
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Summary 
Image segmentation is an essential preliminary step in most automcltic pictorial pattern 
recognition and scene analysis problems. As indicated by the ningc of examrles pre­
sented in the previous sections, the choice of one segmentation technique over another. 
is dictated mostly by the peculiar characteristics of the problem being considered. The 
methods discussed in this chapter, although far from exhaustive. arc representative of 
techniques commonly used in practice. The following references cnn be used as the basis 
for further study of (his topic. 

References and Further Reading 
Because of its central rok in autonomous image processing. segmentation is a topic cov­
ered in most books dealing with image processing, image analysis, and computer vision. 
The following books provide complementary and/or supplementary reading for our cov­
erage of this topic: Shapiro and Stockman [2001], Sonb ec al. [1999], Petrou and Bos­
dogianni [1999], and Umbaugh (1998]. 

Work dcaliog with the use of masks to detect gray~lcvcl discontinuities (Section 10.1) 
has a long histoTy. Numerous masks have been proposed over the years: Roberts [ 1965]. 
Prewitt [1970], Kirsh [1971], Robinson [1976J. Frei and Chen [l977J, and Canny [1986]. 
A review article by Fram and Deutsch f1975] contains numerous masks and an eva]uc1-
tion of their performance. The issue of mask per(ormance. especially lor edge detection, 
still is an area of considerable interest, as exemplified by Qic1n and Huang [ 19961, Wang 
et al. [1996J. Heath el al. [1997, 1998], and Ando [2000]. Edge detection on color images 
has heen increasing in popularity for a number of multiscnsing applications. See. for ex­
ample, Salinas, Abidi and Gonzalez [1996]; Zugaj and Lat(uati [1998]; Mirmehdi an.d 
Petrou [2000}; and Plataniotis and Venetsanopoulos [2000]. The interplay between image 
characteristic and mask perfonnance also is a topic of current interest, as exemplified by 
Ziou [2001]. Our presentation of the zero-crossing properries of the Laplacian is based 
on a paper by Marr and Hildredth [1980] and on the book by Marr [1982] See a lso a 
paper by Clark [1989] on authenticating edges produced by zero-crossing algorithms 
(Corrections of parts of the Clark paper are given by Piech [1990].) As mentioned in 
Section 10.1, zero cr_ossing via tbe Laplacian of a Gaussian is an important approach 
whose relative performance is still an active topic of research (Gunn l 1998, 1999]). 
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The Hough transform (Hough (1962]) has emerged over the past decade as a method 
of choice for global pixel linking and curve detection. Numerous generalizations to the 
basic transform discussed in this chapter have been proposed over _the years. For exam­
ple, Lo and Tsai [1995] discuss an approach for detecting thick Jines, Guil et al. [1995, 1997] 
deal with fast implementations of the Hough transform and detection of primitive curves, 
Daul at al. [1998] discuss further generalizations for detecting elliptical arcs, and Shapiro 
(1996] deals wiLh implementation of the Hough transform for gray--scale images. The 
algorithm presented in Section 10.2.3 is based on Martelli [1972, 1976]. For additional 
reading on heuristic graph searching, see Nilsson [1980], Umeyama [1988], and Sonka 
etal.[1999]. 

As mentioned at the beginning of Section 10.3, thresholding techniques enjoy a sig­
nificant degree of popularity because they are simple lo implement. It is not surprising 
that there is a considerable body of work reported in the literature on this topic. A good 
appreciation of the extent of this literature can be gained from the review papers by 
Sahoo et al. [1988] and by Lee et al. [1990]. We spent a significant level of effort in Sec­
tion 10.3.2 dealing with the effects of illumination on thresholding. The types of ap­
proaches used to deal with this problem are illustrated by the work of Perez and Gonzalez 
[1987], Parker [1991], Murase and Nayar [1994], Bischsel [1998], and Drew et al. [1999]. 
For additional reading on the material in Sections 10.3.3 and 10.3.4, see Jain et al. ll 995]. 
The early work of Chow and Kaneko [1972] discussed in Section 10.3.5 is still a standard 
in terms of illustrating the key aspects of a threshold-based image segmentation solution. 
Essentially the same can be said for the material presented in Section 10.3.6 (due to 
White and Rohrer [1983]), which combines thresholding, the gradient, and the Laplacian 
in the solution of a difficult segmentation problem. It is interesting to compare the fun­
damental similarities in terms of image segmentation capability between these two ar­
ticles and work on thresholding done almost twenty years later (Cheriet et al. [ 1998], 
Sauvola and Pietikainen [2000]). See also Liang et al. [2000J and Chan et al. [2000] for 
alternate approaches to the problem of detecting boundaries in images similar in con­
cept to those studied by Chow and Kaneko. 

See Fu and Mui [1981] for an early survey on the topic of region-oriented segmen­
tation. The works of Haddon and Boyce [1990] and of Pavlidis and Liow l 1990) are 
among the earliest efforts to integrate region and boundary information for the purpose 
of segmentation. A newer region-growing approach proposed by Hojjatoleslami and 
Kittler [ 1998] also is of interest. For current basic coverage of region-oriented segmcn­
taLion concepts, see Shapiro and Stockman [2001] and Sonka et al. [1999]. 

Segmentation by watersheds was shown in Section 10.5 to be a powerful concept. 
Early references dealing with segmentation by watersheds are Serra [1988], Beucher 
[1990], and Beuchcr and Meyer (1992]. The paper by Baccar et al. (1996] discusses seg­
mentation based on data fusion and morphological watersheds. The progress in this field 
in a liUle more than one decade is evident in a special issue of Pattern Recognition [2000], 
devoted entirely to this topic. As indicated in our discussion in Section 10.5, one of the 
key issues with watersheds is the problem of over segmentation. 171e papers by Naj­
manand and Schmitt (1996], Haris et al. (1998], and Bleau and Leon (2000] are illustra­
tive of approaches for dealing with this problem. Bieniek and Moga [2000] discuss a 
watershed segmentation algorithm based on connected components. 

The material in Section 10.6.1 is from Jain, R. [1981]. See also Jain, Kasturi, and 
Schunck [1995J.The material in Section 10.6.2 is from Rajala, Riddle, and Snyder (1983]. 
See also the papers by Shariat and Price [1990] and by Cumani et al. [1991]. The books 
by Shapiro and Stockman [2001] and by Sonka et al. [1999] provide additional reading 
regarding m·otion estimation. 
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636 Chapter 10 ai Image Segmentation 

Problems 
* 10.1 A binary Lmage contains straight lines oriented horizontally, vcrtiLl1lly, c1t 45°, and 

at -45". Give a set of 3 x 3 masks that can be used to detect )-pixel-long breaks 
in these lines. Assume that tbe gray level of t.he lines is l and that l he gray l eve[ 
of the background is 0. 

10.2 Propose a techoique for detecting gaps of length ranging between l and L pixels 
in line segments of a binary image. Assume that the lines are 1 pixel thick. Base 
your technique on 8-neighbor connectivity analysis, rather than allempt1ng lo 

construct masks for detecting the gaps. 

10.3 Refer to Fig. 10.4 in answering the following questions. 

* (a) Some of the lines joining the pads and center element in Fig, 10.4(b) ,He sin­
gle lines, while some others are douhle lines. Explain why. 

(b) How would you go a bout eliminating t be compo ncn ts in Fig. LOA ( c) that are 
not part of the line oriented a( -45°? 

10.4 Consider a horizontal intensity profile through the middle of a binary image that 
contains a step edge running vertically through (he center of the image. Dr;iw 
what the profile would look like after the image h,is been blurred by c1n averag­
ing mask of size n X n, with coefficien(s equal to I /n~. For simplicity, assume thal 

the image was scaled so that its gray levels arc O on the left of the edge and I to 
its righL Also, assume that the size of the mask is much smaller than the im;ig~ 
so that image border effects are not a concern near the center of the horizontal 
intensity profile. 

* 10.5 Suppose that we had used the edge model shown, instead of the rnmp model of 
an edge shown in Fig. J 0.6. Sketch (he gradien I and Laplacian of each profile. 

lmage 

I I I I n Profile of a 7 / _J Lorizontal line u 
10.6 Refer to Fig. )0.8 in answering the following questions, 

(a) Assume that the Sobel masks are used to obtain G" and Cy. Show that in 
this case the gradient computed by using Eqs. (10.1-4) ,rnd (l 0.1-12) give iden­
tical results for edges oriented in the horizon ta\ and vertical directions. 

(b) Show that lhts is true also for the Prewitt masks. 

* 10.7 Show that the Sobel and Prewitt gradient masks of Figs. 10.8 and 10.9 give isotrop­
ic results only for horizontal and vertical edges, and for edges orien led at ± 45°. 

10.8 The results obtained by a single pass through an image of some 2-D masks can 
be achieved also by two passes using 1-D masks. For example, lhe same resu!I of 
using a 3 x 3 smoothing mask with coefficients 1/9 can be obtained hy a pass of 
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the mask [ I 1 l] through an image. The result of this pass is then followed by a 
pass of the mask 

The fjn,11 result is then scaled by I /9. Show that the Sobel masks (Fig. 10.8) can 
be implemented by one pass of a dijferencing mask o( the form [-10]] (or its ver­
tical counterpart) followed by a smoorhing mask of the form [ 1 2 1] ( or its verti­
cal counterpart). 

* 10.9 171c so-called compass gradient operators of size 3 X 3 are designed to measure 
gradients of edges oriented in eight directions: E, NE. N, NW, W, SW, S. and SE. 
Give the form of these eight operators using coefficients valued 0, 1, or -1. Spec­
ify the gradient direction of each mask, keeping in mind that the gradient direc­
tion is orthogonal to the edge direction. 

10.10 The center rectangle in the hinJry image shown is of size m X 11 pixels. 

(a) Sketch the gradient of this image using the approximation given in 
Eq. (10..1-12). Assume that G, and G,. me obtained hy using the Sobel oper­
ators. Show all relevant different pixel values in the grndien.t image. 

(b) Sketch the histogram of edge directions computed from Eq. ( 10.1-5). Be pre­
cise in labeling the height of each peak of the histogram. 

(c) Sketch the Laplacian of the image for the approximation given in 
Eq. ( I0. l-J4). Show all relevant different pixel values in the Lap]acian image. 

10.11 With reference to Eg. (10.1-17). 

* (a) Show that the average value of the Laplacian operator "il1h is zero. 

(b) Prove that the average value of any imc1gc convolved with this operator 
also is zero. 

(c) Would (b) be true in general for the approximations to the Laplacian given 
in Eqs. (L0.l-14) and (10.1-15)? Explain. 

10.l2 Refer to Fig. L0.15. 

(a) Explain why the edges in Fig. I 0.1 S(g) form closed contours. 

(b) Does the zero-crossings rncthod for edge finding always result in edges that 
are closed contours? Give a reason for your answer. 
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638 Chapter 10 ■ Image Segmentation 

* 10.13 Re fer to the discussion in Section 10.2.2. 

(a) Explain why the Hough mapping of point J in Fig. 10.20(b) is a straight line. 

(b) Is this the only point that would produce this result? 

(c) Explain the reflective adjacency relationship illustrated in Fig. 10.20(d). 

10.14 Refer to the discussion in Section 10.2.2. 

(a) Develop a general procedure for obtaining the normal representation of a line 
from its slope-intercept equation y = ax + b. 

(b) Find the normal representation of the line y = -2x + I. 

10.15 An important area of application for image segmentation techniques is in pro­
cessing images resulting from so-called bubble chamber events. These images 
arise from experiments in high-energy physics in which a beam of particles of 
known properties is directed onto a target of known nuclei. A typical event con­
sists of incoming tracks, any one of which, in the event of a collision, branches 
out into secondary tracks of particles emanating from the point of collision. Pro­
pose a segmentation approach for detecting all tracks that contain at least 100 pix­
els and are angled at any of the following six directions off the horizontal: ±25°, 
±50°, and± 75°. The allowable estimation error in any of these six directions is ±5°. 
For a track to be valid it must be at least 100 pixels long and not have more than 
three gaps, any of which cannot exceed 10 pixels. You may assume that the images 
have been preprocessed so that they are binary and that all tracks are 1 pixel 
wide, except at the point of collision from which they emanate. Your procedure 
should be able to differentiate between tracks that have the same direction but 
different origins. (Hint: Base your solution on the Hough transform.) 

* 10.16 Refer to Figs. 10.22 and 10.24. 

(a) Superimpose on Fig. 10.22 all the possible edges given by the graph in 
Fig.10.24. 

(b) Compute the cost of the minimum-cost path. 

10.17 Find the edge corresponding to the minimum-cost path in the subimage shown. 
The numbers in brackets are gray levels and the outer numbers are spatial co­
ordinates. Assume that the edge starts in the first column and ends in the last 
column. 

1 2 3 
7 

( 

1 • • • 
[2] [1 l [O] 

2 • • • 
11] [ l l [7] 

3 • • • 
[6] [8] [2] 
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* 10.18 The images shown are quite different, but their histograms are identical. Suppose 
lhac each image is blurred wiih a 3 x 3 smoothing mask. 

(a) Would the histogrrims still be identical after blurring9 

(b) H your answer is 11<.\ sketch the two histograms. 

IO. I 9 Consider a noiseles') inrnge of size N x N whose first N /2 columns have grny 
level L.,1 and ils remc1iningcolurn11s havegn:iy level LR, where Ln > LA-1l1e h_is­
togram or this i1m1ge hc1s only two peaks, of idenl ical height, one located at LA and 
the other ,H L 11 . Segmenting this image into twn halves based on its gri"ly-level 
con lent is <l trivi~1l task that urn he accomplished by ;i single global threshold lo­
cat~<l bc1wetn !,A ,incl L 11 . Suppose. however, tha1 you multiply lhe imt1ge by a 
gray-scale wedge tha( varies from O on the left to Kon the right, with K > L 11 . 

What would the histogram o[ this new image look like? Label lhe various parts 
of the his1ogram clearly. 

10.20 Refer to LIK threshold rinding algorithm introduced in Section 10.3.3. Assume that 
in a givt:n problem the histogram is bimodal and, furthennore, thc1t the shape 
of the modes can be approxinrnt~d by Gaussian curves of the form A 1 e---(z-m,? 12"'/ 

and A 2e-(,- mJ·'J2u-'. Assume th;it m1 < m 2 and give condit;ons (in term~ or the p;i­
rameters of these curves) (or the following to be true when the ;ilgorithrn 
converges: 

* (a) The threshold is equal to (m 1 + mJ/2. 
* (b) The threshold is to the left of m 1. 

(c) ·n1e threslwlcl is in the interval: (m 1 + m1 )/2 < T < m2. 

I ( it is i mpossi b!c for any one or l hese conditions to exist, so stale, and give a reason. 

10.21 171 e i I l u rnj nation, i ( x, y), of a scene is known to vary as a functi9 n of sp~ ti al co­
orc.l in,, tes according to \he cquarion i(x. y) = A(l + e-ll[(x-,\l,';'\--'-(y-.\·!2tl). mea-
sured in some appropriately normnlizecl t1nits. The digitized scene. denoted .f (x, y). 
is of size N x N, with N = 1000. The: constants have values It = O . .S nnd 
B = 10----1_ Ir is known thal any subimage off (x. y) having a size greater than 
lO x 10 pixels can be properly segmented, as long as the illumination spanning 
the area of 1hc .subimage did not vary by more Lhan 0.1 units between any two 
points in the subirnc1ge when f(x. y) was acquired.his known also thc1t the thresh­
o!Js that work for the .segmental ion of the subi1nages under these conditions can 
be ob! ained using the algorithm introduced in Section 10,3.3. Propose an adBp­
tive technique capable of thresholding this image. Not all subimages need io be 

_.,;, Problems 639 
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640 Chopter 10 ~ Image Segmentation 

of the same size, but you are required to use the largest possible subimage at any 
location in the image 

* 10.22 Suppose that an image bas the gray-level probability density functions sl1<)wn. 
Here, p 1(z) corresponds to objects and p2(z) corresponds to the background. 
As~ume !hat P1 = P2 and find the optimal threshold between object and back­
ground pixels. 

10.23 The functional form of the Rayleigh probability density function and ;1 typical 
plot are shown in the following figure. This density is well suited for approxi­
mating skewed histograms, such as the ones shown in Fig. 10.29. Use the Rayleigh 
density to set up a two-category bimodal problem, as in Problem 10.22. Find lhe 
optimal threshold in terms of the a priori probabilities ?1 and P1, and the para­
meters of the Rayleigh density. The long "tails'' of the two densities should be in 
opposite directions, as in fig. 10.29. 

z<a 

*.l0.24 Slarl with Eq. (10.3-10) and derive Eqs. (10.3-l2) and (]0.3-13) . 

. 10.25 Derive Eq. (10.3-14) starting with Eqs. (10.3 -12) and (10.3-13). 

*10.26 The mean and standard deviation of the background pixels in the image shown are 
110 and 15, respectively. The object pixels have mean and standard deviation values 
of 200 and 40, respectively. Propose a thresholding sol ul ion r or segmenting the objects 
out of the image. State clearly any assumptions that you m,ike in solving this problem. 
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10.27 Prorose an approach based on region growing for segmenting the image shown in 
Problem 10.26. State clearly any assumptions that you make in solving this problem. 

10.28 Segment the image shown by using the split and merge. procedure discussed in 
Section 10.4.3. Let P(R 1) = TRUE if all pixels in R1 have the same gray level. 
Show the quadtree corresponding to your segmentation. 

-----N---------

11111 IT 
; 

t '--+--+--+-----1~...-+----+----+' j 
--'--

10.29 Refer to the discussion in Section 10.5.3. 

* (a) Show that the elements in sets C,,(M;) and T[n] are never replaced during 
execution of the watershed algorithm. 

(b) Show that the number of elements in sets C,/M;) and T[n] either increases 
or remains the same as n increases. 

10.30 The boundaries illustrated in Section 10.5, obtained using the watershed seg­
mentation algorithm, form closed loops. Advance an argument that establishes 
whether or not closed houndaries always result from application of this algorithm. 

*10.31 Give a step-by-step implemen.tation of the dc1m building procedure for the one­
dimensional gray-level cross section shown. Show ;\ drawing of the cross section 
at each step, showing "w3ter" levels and dams constructed. 

7 
6 
5 -
4 
3 
2 
1 
0 I I ---x 

2 3 4 5 6 7 8 9 10 ll 12 13 14 15 
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10.32 What would the negative ADI image in Fig. 10.49(c) look like if we tested against 
T, instead of testing against -T, in Eq. ( l0.6-4)? 

10.33 Determine if the following statements arc true of false. Explain the reason for 
your answer. 

(a) The nonzero entries of the absolute ADI continue to grow in dimension as 
long as the object is moving. 

(b) The nonzero entries in the positive ADI always occupy the same area. re­
gardless of the motion undergone by the object. 

(c) The nonzero entries in the negative ADJ continue to grow in dimension as 
long as the object is moving. 

10.34 Suppose that in Example 10.21 motion along the x axis is set to zero. The object 
now moves only along they axis at 1 pixel per frame for 32 frames and then (in­
stantaneously) reverses direction and moves in exactly the opposite direction 
for another 32 frames. What would Figs . .10.53 and 10.54 look like under these 
conditions? 

10.35 The speed of a bullet in flight is to be estimated by using high-speed imaging 
techniques. The method of choice involves the use of a TV camera and flash that 
exposes the scene for Ks. The bullet is 2.5 cm long. 1 cm wide, and its range of 
speed is 750 ± 250 m/s. The camera optics produce an image in which the bullet 
occupies 10% of the horizontal resolution of a 256 X 256 digital image. 

(a) Determine the maximum value of K that will guarantee that the blur from 
motion does not exceed 1 pixel. 

(b) Determine the minimum number of frames per second that would have to be 
taken in order to guarantee that at least two complete images of the bullet 
are obtained during its path through the field of view of the camera. 

(c) Propose a segmentation procedure for automatically extracting the bullet 
from a sequence of frames. 

(d) Propose a method for automatically determining the speed of the bullet. 
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