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Artificial Neural Networks for Feature
Extraction and Multivariate Data Projection

Jianchang Mao and Anil K. Jain, Fellow, IEEE

Abstract— Classical feature extraction and data projection
methods have been well studied in the pattern recognition and
exploratory data analysis literature. In this paper, we propose a
number of networks and learning algorithms which provide new
or alternative tools for feature extraction and data projection.
These networks include a network (SAMANN) for Sammon’s
nonlinear projection, a linear discriminant analysis (LDA) net-
work, a nonlinear discriminant analysis (NDA) network, and a
network for nonlinear projection (NP-SOM) based on Kohonen’s
self-organizing map. A common attribute of these networks is that
they all employ adaptive learning algorithms which makes them
suitable in some environments where the distribution of patterns
in feature space changes with respect to time. The availability of
these networks also facilitates hardware implementation of well-
known classical feature extraction and projection approaches.
Moreover, the SAMANN network offers the generalization ability
of projecting new data, which is not present in the original
Sammon’s projection algorithm; the NDA method and NP-SOM
network provide new powerful approaches for visualizing high
dimensional data. We evaluate five representative neural net-
works for feature extraction and data projection based on a visual
judgement of the two-dimensional projection maps and three
quantitative criteria on eight data sets with various properties.
Our conclusions based on analysis and simulations can be used
as a guideline for choosing a proper method for a specific
application.

I. INTRODUCTION

EATURE extraction and multivariate data projection are
Fimportant issues in pattern recognition and exploratory
data analysis [8], [17]. Feature extraction can avoid the “curse
of dimensionality,” improve the generalization ability of clas-
sifiers, and reduce the computational requirements of pattern
classification. Data projection enables us to visualize high
dimensional data to better understand the underlying structure,
explore the intrinsic dimensionality, and analyze the clustering
tendency of multivariate data. As a result, feature extraction
and multivariate data projection have received considerable
attention for the past 20 years [4], [8], [17].

Recently, a large number of artificial neural networks and
learning algorithms have been proposed for feature extraction
and data projection [1], [2], [5], [12], [19], [20], [23]-[28],
[31], [33], [34], [36]. These research efforts can be loosely
classified into two groups. The first group contains new
neural network designs or existing neural network models for
feature extraction and data projection. Examples of this type
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of efforts include Kohonen'’s self-organizing maps [20]-[22],
the nonlinear projection methods proposed by Kraaijveld et
al. [23], and nonlinear discriminant analysis based on the
functionality of hidden units in feedforward network classifiers
[28], [37]. These networks exhibit some nice properties which
are different from classical approaches. Therefore, they can be
used as new tools or supplementary approaches to classical
feature extraction and data projection algorithms. The second
group of researchers have investigated the properties of neural
networks and learning rules and have established several links
between classical approaches and neural networks. As a result,
it has been found that some of these neural networks actually
perform many of the well-known feature extraction and data
projection algorithms [9], [10], [30]. In an attempt to link the
fields of pattern recognition and artificial neural networks, sev-
eral classical feature extraction and data projection approaches
have been implemented using neural network architectures
(1], [2], (5], [12], [19]. [24]-[26], (28], [31], [33]. [34],
[36]. Although such efforts do not necessarily provide new
approaches to feature extraction and data projection (from
the view point of functionality performed by the networks),
such networks do possess some advantages over the traditional
approaches. i) Most learning algorithms and neural networks
are adaptive in nature, thus they are well-suited for many
real environments where adaptive systems are required. ii) For
real-time implementation, neural networks provide good, if not
the best. architectures which are relatively easily implemented
using current VLSI and optical technologies. iii) Neural net-
work implementations can overcome the drawbacks inherent
in the classical algorithms. For example, Jain and Mao [19]
proposed a neural network design for Sammon’s nonlinear
projection algorithm which offers the generalization ability of
projecting new data, a property not present in the original
algorithm.

We have proposed several neural networks and learning
algorithms for feature extraction and data projection. Some
preliminary results of our work have appeared in several
recent conferences [19}, [23], [28]. This paper will present a
more thorough analysis and more complete results. Although
a variety of neural networks and learning algorithms have
been proposed in the literature, as far as we are aware, no
comparative study of the performance of these approaches for
feature extraction and data projection has been reported yet.
In this paper, we also provide a performance evaluation of a
number of representative networks based on a visual inspection
of two-dimensional projection maps and on three quantitative
criteria over eight data sets with various properties.
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The rest of this paper is organized as follows. Section II
presents our proposed neural networks for feature extraction
and data projection. The network of Rubner et al. is also dis-
cussed because it will be used as a building block in our own
network for linear discriminant analysis. Section III provides
a comparative study of five representative neural networks for
feature extraction and data projection. Conclusions are given
in Section IV.

II. FEATURE EXTRACTION AND DATA PROJECTION

Feature extraction and data projection can be formulated
as a mapping ¥ from a d-dimensional input space to an
m-dimensional output space (map space)

U:R'S R™, m<d (1)

such that some criterion, C, is optimized. This formulation is
similar to a function approximation problem. However, unlike
the function approximation problem where the mapping func-
tion is estimated from training patterns which are input—output
pairs (desired outputs are known), in feature extraction and
data projection the desired outputs are often not available even
for supervised approaches (e.g., linear discriminant analysis).
Feature selection, which is used for choosing an optimal
subset of features, can be viewed as a special case of feature
extraction where ¥ is a linear m X d permutation matrix. For
data visualization purpose, the value of m is usually set to
two or three.

A large number of approaches for feature extraction and data
projection are available in the pattern recognition literature [4],
[17]. These approaches differ from each other in the charac-
teristics of the mapping function ¥, how U is learned, and
what optimization criterion C is used. The mapping function
can be either linear or nonlinear, and can be learned through
either supervised or unsupervised methods. The combination
of these two factors results in the following four categories
of feature extraction and data projection: i) unsupervised
linear, ii) supervised linear, iii) unsupervised nonlinear, and
iv) supervised nonlinear. Within each category, the methods
differ in the criterion function C being used. This taxonomy
is shown in Fig. 1. In general, linear methods are attractive
because they require less computation than nonlinear methods.
Analytical solution is often available for linear methods. On

A taxonomy of neural networks for feature extraction and data projection.

the other hand, nonlinear methods are more powerful than
linear methods. Since the analytical solution is often not
available, however, a numerical optimization method must be
used to obtain the solution, which is usually computationally
demanding. Furthermore, the optimization procedure often
gets trapped into a local minimum. It is also generally true
that supervised methods have better performance than unsu-
pervised methods in situations where the category information
is available [4].

Various neural networks including those proposed in this
paper for feature extraction and data projection can also be
grouped into the above four categories. The boxes at the
bottom of Fig. 1 list a number of representative networks in
each category which will be described and evaluated in this

Choice of a proper feature extraction and data projection
method (both the traditional and neural network approaches)
for a given problem is driven by i) the available information
(supervised versus unsupervised), ii) a priori knowledge about
the underlying distribution of the data (linear versus nonlinear,
and C), and iii) the task requirement (classification or visual-
ization). Knowing the details and the characteristics of all the
available approaches is crucial to making a good choice. In this
paper, we will investigate the characteristics of a number of
neural networks through analysis and evaluation experiments.

A. Principal Component Analysis (PCA) Networks

Principal component analysis, also called Karhunen—Loeve
transform, is a well-known statistical method for feature
extraction, data compression, and multivariate data projection
and has been widely used in communication, signal and image
processing, pattern recognition, and data analysis. It is a linear
orthogonal transform from a d-dimensional input space to an
m-dimensional space, m < d, such that the coordinates of
the data in the new m-dimensional space are uncorrelated and
maximal amount of variance of the original data is preserved
by only a small number of coordinates.

Projection pursuit is a more general approach in this cate-
gory which includes principal component analysis as a special
case. Projection pursuit was first introduced by Friedman and
Tukey [7] in 1974 as a technique for exploratory analysis of
multivariate data sets. Later in 1985, Huber [14] provided
a unified framework of projection pursuit which included
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principal component analysis, multidimensional scaling, factor
analysis, nonparametric regression (projection pursuit regres-
sion), density estimation (projection pursuit density estimation)
and deconvolution. The standard two-layer (one hidden layer)
feedforward network is closely related to projection pursuit
regression in approximating functions although the backprop-
agation algorithm used for training the feedforward network
is different from the algorithms used in projection pursuit
regression. A number of researchers have explored using
projection pursuit regression and density estimation in training
or constructing feedforward networks [3], [15], [38].

Let & = (k1. &2 -, Eka)T denote the kth d-
dimensional input vector, k = 1. 2. - - -, n. Assume zero-mean
vectors without a loss of generality. Let ¥ be the covariance
matrix of the data, with eigenvalues, A;. Ag. ---. Mg, in the
decreasing order. The m principal components of the data
can be obtained by a linear transform

o, = ®T¢, )
where oy = (0k1. Ok2. - - Okm )Y, and ® is a d x T matrix
whose columns are m eigenvectors corresponding to the m
largest eigenvalues of the covariance matrix X. It is easy
to show that the covariance matrix of the transformed data
is a diagonal matrix, diag{A1. Aa, ---. Ay}, which means
that the components of the transformed data are uncorrelated.
The variance of the original data retained in the new m-
dimensional space is 3 .-, A;, which is the largest retained
value among all linear orthogonal transforms of the same
output dimensionality. Principal component analysis is optimal
in the mean-square error sense among all linear orthogonal
transforms.

A large number of neural networks and learning algorithms
have been proposed for principal component analysis [1], [2],
[51, [12], [24], [26], [31], [33], [34], [36]. The PCA network
proposed by Rubner er al. [33], [34] will be used in the
comparative study and in our proposed discriminant analysis
network and thus will be discussed in detail.

The PCA network architecture proposed by Rubner et al.
[33]. [34] is shown in Fig. 2. It consists of d input nodes
and m output units. Assume m = d without any loss of
generality. Each input node @ is connected to each output
unit j with connection strength w;;. We denote the weight
vector associated with output unit j from the d inputs by w; =
(w1j. waj. - . wg;)T. All the output units are hierarchically
organized in such a way that the output unit ¢ is connected
to the output unit j with connection strength u;; if and only
if i < j. Let {& ]k = 1.2..--.n} be the set of n input
vectors with zero-mean, and {og|k = 1. 2. ---. n} be their
corresponding output vectors produced by the network

orj = Wj - & + Z U0k (3)
I<j

The weights on connections between the input nodes and the
output layer are adjusted upon presentation of an input vector
&, = (k1. &k2. - -+ . Eka) according to the Hebbian rule, i.e..

Au:,j = 7]5;“‘()1”'. i.

j=1.2..d (4)
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Fig. 2. PCA network proposed by Rubner et al.

where 7) is the learning rate. The lateral synaptic weights, on
the other hand, are updated according to the anti-Hebbian rule

Aul]- = —[LOkiOkj . I < 7 (5)

where 1 is another positive learning parameter.
Rubner and Tavan [34] proved that if the learning parame-
ters  and p are properly chosen according to

(A — Aq)

— < u<2/A
A1+ 71Aq0) s M

(6)
then all the lateral weights will rapidly vanish and the net-
work will converge to a state in which the d weight vectors
associated with the d output units are the d eigenvectors
of the covariance matrix of input patterns with eigenvalues,
A1 > Ao -+ > A4 Although, in practice, it is difficult to
determine the values of 7 and p according to the inequalities
in (6) without first computing the eigenvalues, (6) does provide
a range for the values of 7 and y if A; and A4 can be somehow
estimated. The asymptotically vanishing connection strengths
also provide a stopping criterion for the learning procedure.

We have found that introducing the momentum term and
letting the learning rate and momentum decay with time can
speed up the convergence. In our experiments, we use

Aw;j(t+ 1) = n(t)ekion; + B(t)Awg;(t) (7)

and

Augj(t+ 1) = —=p(t)orror; + B(1) Aug(t) (8)
where 7(t + 1) = max(an(t). 0.001), pt + 1) =
max (au(t). 0.002), B8t + 1) = max(af(t), 0.001), ¢
is the iteration index and « is the decay factor. The nonzero
minimum values for 7, ¢ and 3 enable the network to retain
the plasticity so that it can adapt itself to the new input data.
We summarize the learning algorithm for principal compo-
nent analysis proposed by Rubner er al. [33], [34] as follows.
PCA Algorithm
1) Initialize all connection weights to small random values
and choose the values of the learning parameters.
2) Randomly select a d-dimensional pattern and present it
to the network.
3) Update the connection weights between the input nodes
and the output layer according to the Hebbian rule, (7).
4) Normalize each weight vector to a unit vector.
5) Update the lateral weights according to the anti-Hebbian
rule, (8).
6) Modify parameters, 7, j and (3.
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7) If all the lateral weights are sufficiently small for a given
number of presentations (their absolute values are below
some threshold), then stop; else go to step 2.

Our computer simulations of Runber’s PCA network have
shown that the precision of the computed eigenvalues and
eigenvectors is very high (of the order of 10~° compared to
values obtained by the commercial Eispack software) [28].
However, we have experienced a very slow convergence of
the PCA algorithm when the input dimensionality d is high
and all the d eigenvectors need to be computed, especially
when some eigenvalues are very small.

B. Linear Discriminant Analysis (LDA) Network

If the category information of patterns is known, then it is
more appropriate to use supervised learning. Linear Discrim-
inant Analysis incorporates the a priori category information
into the projection or transform by maximizing the between-
class scatter while holding the within-class scatter constant.

Let ESZ) = (.Ei(?, 51%), §i(;))T denote the sth pattern in
class [, 4 = 1,2,---,n;, 1 = 1,2,---, ¢, where c is the
number of categories. Let n = Y;_; n; denote the total
number of patterns. Define the within-class covariance matrix,
Ew’, as

1 c ng
gw =3 3 € -mEd -m® o)

=1 i=1
where m(® is the mean vector of class [, | = 1,2, ---, c.

Similarly, define the between-class covariance matrix, X g, as

1 c
Y= - z ny(m® — m)(m® — m)T

=1

10)

where m is the mean vector of the pooled data. The total
scatter matrix is, therefore

1 c n;
Tr= 3 Y€ - m)E —m)T = S + Bp. (1)

=1 =1

The goal of linear discriminant analysis is, then, to find a d x
m transform @ such that |®7£5®|/|®@T Ty ®| is maximized,
where | - | denotes the determinant. It can be proved that such
a transform, @, is composed of m eigenvectors corresponding
to the m largest nonzero eigenvalues of E;VIZ B. Due to the
fact that the matrix ¥ g has a maximum rank of ¢ — 1, the
value of m must be less than c. Therefore, the dimensionality
of the projected space is limited by the number of categories.
Several variations of linear discriminant analysis have been
reported in the literature. For example, Foley and Sammon
[6} and Okada and Tomita [32] derived a set of discriminant
vectors by selecting the projection axes one at a time under an
orthogonality constraint. We use the total covariance matrix
Yr instead of the between-class covariance matrix X g in the
criterion so that the output dimensionality is not limited by
the number of categories.

We have proposed a neural network and a supervised self-
organizing learning algorithm for multivariate linear discrim-
inant analysis [28]. The linear discriminant analysis (LDA)
network is shown in Fig. 3. It consists of two layers, each of

&

g, — \

&

Fig. 3. Architecture of the LDA network.

which is identical to the PCA network proposed by Rubner
et al. [33], [34] shown in Fig. 2. Linear activation function
is used for all the units: Let wl(-}) ( wg)) be the weights
on the interlayer connections from the ith unit in the input
(hidden) layer to the jth unit in the hidden (output) layer.
Let ug]l-)(ug)) denote the lateral weights from the ith unit to
the jth unit within the hidden (output) layer. Moreover, let
&= (&, &, -+, &)T be a d -dimensional input pattern, and
P = (pls P25 "y pd)T and 0 = (011 02, " Od)T be output
vectors of the hidden layer and the output layer, respectively.
We can write these outputs as

d
1
pj = Z w,(]l')fi + Z ul(]‘)ph

i=1 1<j
d
2 2 .
0; = sz‘(j)pi+2"§j)olv j=1,2,---,d. (12)
=1 i<j

Let T = {(g)|k =1,2,---,n,1=1,2,---, ¢} denote
the set of input training patterns. Let Tpy = {{g), k =
1,2,---,n,1=1,2,---, c} denote the normalized training
data set obtained by subtracting each pattern in T by the global
mean vector of the pooled training data set T, fg) = g) -
m. We form another training data set with class-conditional
zero-mean vectors, Two = {ni’), k=12---,n,l =
1,2, .-+, ¢} by subtracting each pattern in T by the mean
vector of the corresponding class, n,(cl) = Cg) — m®. The
category information is only used to form the class-conditional
zero-mean training set Tyo. Once this is done, the learning
algorithm is fully self-organizing.

The proposed supervised self-organizing learning algorithm
is given below.

LDA Algorithm

1) Form training sets Tywo and T from 7.

2) Train the first layer using the PCA algorithm using Two.

3) Project all the patterns in Ty using the first trained

layer; compute the standard deviation for each output

unit; scale all the weights on connections to each output

unit by the standard deviation associated with this unit.
wg)/ = wl(;)/oj, 5,7=1,2,---,d.

4) Form data set Ty by collecting the output of the hidden
layer when the training set Trg is presented to the input
layer.

5) Train the second layer using the PCA algorithm on data
set Tg.



300

The learning parameters for the PCA and LDA algorithms
in all the experiments in this paper are specified as follows:
n(0) = 0.2, u(0) = 1.5, #(0) = 0.1, « = 0.99999. The
learning process stops when the sum of weights on the lateral
connections is below the threshold ¢, = 0.000001, or the
maximum number of iterations, 1000000, is reached.! All the
data sets are normalized by their maximum range so that these
learning parameters satisfy the inequalities in (6).

The LDA algorithm actually performs a simultaneous diago-
nalization of two covariance matrices, 3y and X, of training
data sets, Tyy-o and Trg, respectively. In Step 2 of the LDA
algorithm, the first layer tries to find the principal vectors of
the data Ti1-. Step 3 “whitens” the data set Ti¢ and, in the
meantime, changes the distribution of the data set Try when
it is transformed by the first layer in Step 4. Then, in Step 5
of the LDA algorithm, the second layer attempts to search for
the principal vectors of T, the transformed version of Trg.

Letd = [wf})}dxd and &, be the weight matrix when Steps
2 and 3 are executed, respectively. Let ¥ = [wgf)]dxd be the
weight matrix of the second layer after training. The overall
mapping that the network performs is og) = ATE,(CI) . where
A = @ ,¥. We have shown that the columns of matrix A are
composed of the eigenvectors of E‘_‘}ZT corresponding to the
eigenvalues in the decreasing order [28]. When the learning
process is finished, these ecigenvalues can be obtained by
computing the variances of the output units when the training
set T7o is presented to the input nodes. The precision of the
neural computation is shown to be high enough for feature
selection and projection purposes [28]. A significant advantage
of these neural networks over conventional approaches is their
plasticity which allows the networks to adapt themselves to
new input data. Therefore, they can operate in environments
where pattern distributions are slowly changing.

Independently of our work, Kuhnel and Tavan [25] have also
investigated a network for linear discriminant analysis, but no
simulation and comparison results were provided in [25].

Gallinari et al. [9] have established a link between linear
discriminant analysis and linear feedforward networks. Their
theoretical analysis shows that in a linear two-layer feedfor-
ward network with 7ank(X ) units in the hidden layer, trained
to minimize the square-error criterion, the role of the hidden
layer is to realize a linear discriminant analysis that maximizes
the criterion |Xp,|/|Z7,|, where ¥p is the between-class
covariance matrix in the input space, and ¥ g, and X, are the
between-class covariance and total-class covariance matrices,
respectively, in the space spanned by the hidden units. This
result provides another method to perform a discriminant
analysis of the input data by simply collecting the outputs of
the hidden units. Comparing our proposed LDA network with
this approach, the LDA network has the following two main
advantages. First, the LDA algorithm operates in a “forward-
propagation” fashion (first train the first layer, then the second
layer, thus training of the two layers is independent), while the
most commonly used method, backpropagation algorithm, for
training the multilayer feedforward is in a “backpropagation”
mode. Therefore, the convergence speed of the LDA algorithm

'In this paper, one iteration means one presentation of a pattern.
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is faster than the backpropagation algorithm. Secondly, the
weight updating rules (strictly local) for the LDA network are
much simpler than the one used in backpropagation algorithm
where the updating a weight needs information to be back-
propagated from all the units in the next layer. Therefore, the
learning circuit of the LDA network is simpler than the one of
backpropagation network (feedforword network trained using
backpropagation algorithm).

C. A Neural Network for Sammon’s Projection (SAMANN)

Sammon [35] proposed a nonlinear projection technique that
attempts to maximally preserve all the interpattern distances.
Let é(p). u = 1, 2. ---. n, be the n d-dimensional patterns,
and y(u). p = 1,2, -+, n, be the n corresponding patterns
in the m -dimensional projected space, m < d. The mapping
error, also called Sammon’s stress, is defined as

1

n-1 a
z z d*(p. v)

p=1lv=p+1

E =

n—1 n
[d"(p. v) — d(p. v)]?
. Z 7

(1 v)

(13)

p=1 v=p+1

where d* (1. v) and d(p, v) are the distances between pattern
4 and pattern v in the input space and in the projected space,
respectively. Euclidean distance is commonly used in this
projection algorithm.

Sammon’s stress £ is a measure of how well the interpattern
distances are preserved when the patterns are projected from a
high dimensional space to a lower dimensional space. Sammon
[35] used a gradient descent algorithm to find a configuration
of n patterns in the m-dimensional space that minimizes
E. This method views the positions of n patterns in the
m—dimensional space as nrn variables in an optimization
problem. There are many local minima on the energy (or error)
surface, and it is unavoidable for the algorithm to get stuck
in a local minimum. One usually runs the algorithm several
times with different random initial configurations and chooses
the configuration with the lowest stress. Sammon’s algorithm
involves a large amount of computation. Since for every step
within an iteration, n(n — 1)/2 distances have to be computed,
the algorithm quickly becomes impractical for a large number
of patterns.

Sammon’s algorithm does not provide an explicit map-
ping function governing the relationship between patterns
in the original space and in the configuration (projected)
space. Therefore, it is impossible in Sammon’s algorithm to
decide where to place new d-dimensional data in the final
m-dimensional configuration created by Sammon’s algorithm.
In other words, Sammon’s algorithm has no generalization
capability. To project new data, one has to run the program
again on pooled data (old data and new data).

We have proposed an unsupervised backpropagation learn-
ing algorithm to train a multilayer feedforward neural network
to perform the well-known Sammon’s nonlinear projection.
The proposed learning algorithm, which needs no category
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Fig. 4. Three-layer feedforward network for Sammon’s projection
(SAMANN) and nonlinear discriminant analysis (NDA).

information about patterns, is an extension of the backpropa-
gation algorithm. Fig. 4 shows the neural network architecture.
The number of input nodes, d, is set to the input dimensionality
of the feature space. The number of output units, m, is
specified as the dimensionality of the projected space, m < d.
In exploratory data analysis, it is customary to use m = 2 or 3.
Let & = (&1, &, -+, £4) be a d-dimensional input pattern
vector. We denote the output of ]th unit in layer [ by y(’)
ji=1,2, ,n, 1=0,1,2, , L, where n; is the numbcr
of units in layer I, L is the number of layers, and y( ) =
&,73=1,2,---, d. The weight on connection betwccn unit

1 in layer [ — 1 and unit j in layer [ is represented by w(l).

We denote w( ) as the bias in the jth unit in the Ith layer, and

(l) =1.0. The sigmoid activation function g(h) whose range
is (0 0, 1.0) is used for each unit, where h is the weighted sum
of all the inputs to the unit. Therefore, the output of the jth
unit in layer ! can be written as

—g(z widy{™ ”) I=1,2,---. L (14

Using the above notation, the d(u, ) term in (13) can be

expressed as

1/2
d(p, v) = {Z " (w) - yi“(un?} (15)
k=1

where i and v are the two pattern indices.

Note that the range of each output is between 0.0 and 1.0.
If the range of input values is large, it is impossible for the
projection algorithm to preserve the interpattern distances no
matter which learning rule is used. Therefore, we normalize
all the input patterns to equalize the maximum interpattern
distances in the original space and in the projected space. Let

1

A= (16)
2 ) dm )
p=1 v=p+1

which is independent of the network and can be computed
beforehand, and

[d*(uv V) — d(p’a V)]z
d*{(u, v)

E,, =\ A7)

then

n—1 n

E =

I

Eu.
1 v=p+1

(18)

Note that E,, is proportional to the interpattern distance
changes between patterns g and v, due to the projection
from the d-dimensional feature space to the m-dimensional
projected space. So, E,,, is more appropriate for the pattern-
by-pattern-based updating rules.

We have derived the updating rule for the multilayer feed-
forward network which minimizes Sammon’s stress defined
in (13) based on the gradient descent method. For the output

. (B[yff)(u) - ym(i/)])

layer (I = L)
v) )
v (v)]
L
8u;§.k)

_ (ol ) =l ) (4700 — 07 )
= ( 2 d*(u, v) ) ( A, )

(g B - f BV w)) a9

OE,, _( OE,, )( ad(u,
oy \0d(, 1)) \ oV () -

where g’(hg? ) is the derivative of the sigmoid function of
unit k in layer L (output layer) with respect to the net input,
hy, ., of this unit

g (b)) = (1 =y P (NP (). (20)
Let
@), )= oy F v) —d(p, v)
b v) = =2 . v)
B () - oM () 1)
AP () =68 (1, )1 - 0P WP () 22)

AP w) = ‘WP v) @3)

L L
where (S(L)(,u7 v) is the change in the output scaled by
normalized interpattern distance change when we present

(L) (L)
patterns 4 and v. As we will see later, A7 () and A57 (v)
will be backpropagated to layer L — 1. Substltutmg (20)—(23)
into (19), we get

9E,,

(L— 1)( )
3w(L)

= A(L)(u) D) - (24)

Jk (V)y

The updating rule for the output layer is
OE,.,

(L)
Owy

= (AR wyE W - AP 0 VW) @)

(L) _
ijk =—

where 7 is the learning rate.
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Similarly, we can obtain the general updating rule for ail
the hidden layers, l = 1. ---, L — 1

o _  9Eu
g ow

ij

==n(a0(wy P - APV w)) o)

Aw

where
A () =6 (i = 5P (Wl (w) 27
AYw) =601 -y ) (28)
and
6 () =37 AR (" (29)
k=1
80wy =" AlFV )i (30)

=
Il
-

Analogous to the backpropagation learning algorithm,
6;1)(;4) and 6}”(1/) are changes in layer [ backpropagated
from its successive layer, [ + 1, for pattern p and pattern v,
respectively. As we can see from (25) and (26), to update the
weights, we need to present a pair of patterns to the network
instead of one pattern at a time in the backpropagation learning
algorithm. To do this, we can either build two identical
networks or just store all the outputs of the first pattern
before we present the second pattern. The above learning
rule for Sammon’s projection makes use of the popular
backpropagation algorithm. But, we do not need category
information of the patterns. Therefore, we have extended the
backpropagation algorithm to perform unsupervised learning.

The SAMANN unsupervised backpropagation algorithm is
summarized below.

SAMANN Unsupervised Backpropagation Algorithm

1) Initialize weights randomly in the SAMANN network.

2) Select a pair of patterns randomly, present them to the
network one at a time, and evaluate the network in a
feedforward fashion.

3) Update the weights using (25) and (26) in the backprop-
agation fashion starting from the output layer.

4) Repeat steps 2-3 a number of times.

5) Present all the patterns and evaluate the outputs of
the network; compute Sammon’s stress; if the value of
Sammon’s stress is below a prespecified threshold or
the number of iterations (from steps 2-5) exceeds the
prespecified maximum number, then stop; otherwise, go
to step 2.

Similar to the backpropagation algorithm, we can add a
momentum term in updating the weights to speed up the
convergence.

The selection of the number of hidden layers and the number
of units in each hidden layer in a multilayer feedforward
network is an important yet difficult problem. To achieve
the representation power of Sammon’s algorithm, we have
to use a network with at least mn free parameters, where
mn is the number of variables in Sammon’s algorithm. So,
mn becomes a lower bound for the total number of free
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parameters. This lower bound becomes very large when the
number of patterns is large. However, we have found that
it is often not necessary to use such a large number of free
parameters to obtain reasonable projection maps. On the other
hand, the network should be as small as possible to obtain
good generalization capability. A compromise between these
two factors is necessary for selecting an appropriate network.

A significant advantage of the SAMANN network is that the
network is able to project new patterns after training because of
the effect of regularization [29]. Some preliminary simulation
results were reported in [19], which demonstrated this good
generalization capability.

The local minimum problem in both the methods can be
improved by choosing good initial configuration in the original
Sammon’s algorithm and good initial weights in the SAMANN
network. We have found that the values of Sammon’s stress
of principal component analysis and of Sammon’s projection
are close for many data sets. This is because when all the
interpattern distances in a data set are maximally preserved,
the variance of the data is also retained to a very high degree.
Therefore, we propose to use the PCA projection map as
an initial configuration in Sammon’s projection. The PCA
projection map can be obtained from the PCA network. Then,
the SAMANN network is trained using the standard back-
propagation algorithm to approximate principal component
analysis. Finally, the proposed unsupervised backpropagation
algorithm is used to take advantage of the nonlinearity of the
SAMANN network to refine the projection map.

In all the experiments reported in this paper, a two-layer
(one hidden layer) network with 20 hidden units is used. The
SAMANN network is trained using the standard backpropa-
gation algorithm with a learning rate of 0.7 and momentum
value of 0.3 for 200000 iterations. Then, the unsupervisad
backpropagation algorithm is used to train the SAMANN
network for 60 000 iterations. The learning rate and momentum
in the unsupervised backpropagation algorithm are 0.02 and
0.01, respectively, for the artificial data sets, and 0.05 and
0.02, respectively, for the real data sets.

D. A Nonlinear Projection Based on Kohonen’s
Self-Organizing Map (NP-SOM)

Kohonen's self-organizing map (SOM) [20]-[22] belongs
to the category of unsupervised nonlinear projection methods.
Kohonen’s Self-Organizing map has a very desirable property
of topology preserving, which captures an important aspect of
the feature maps in human brain. The network architecture is
shown in Fig. 5. It basically consists of a two-dimensional
array of units, each of which is connected to all the d input
nodes. Let w;; denote the d-dimensional vector associated
with the unit at location (7. j) of the 2-D array.

A slightly alternative formulation of the learning rule, which
is used in this paper, is the kernel updating rule [22].

wii(t4+ 1) = wi(t) + he o, (D[E(L) — wij(t)]
where h. . (1) is a Gaussian weighting function

i—c)? + _”—-cjz
I gd& >g.(ﬁ)

(€)Y

he,e, (t) = ho(t) exp (*
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Fig. 5. A sketch of the NP-SOM network.

Here, ho(t) and o¢(t) are chosen as suitable decreasing
functions of time. We use the following parameters in all
our experiments: ho(0) = 0.05, 6(0) = 66.666, ho(t + 1) =
max {0.9999 x ho(t), 0.0001}, o(t + 1) = max {0.9999 x
o(t), 1.0}, and the maximum number of iterations is 100 000.

Because of the topology-preserving property of the SOM
map, some insights into the data can be gained by examining
the activation pattern of the 2D array of units when all the
input patterns are presented to the network after the training is
done. If the category information of the data is available, we
can label each unit in the array by the majority class label of
the patterns which are projected onto the unit. If the classes
in the data are well-separated, the 2D projection map will be
divided into regions by classes. Kohonen [21] used this method
to obtain the phoneme map which was used in the phonetic
typewriter. Since each unit in the network has a trend to encode
(become a prototype of) a region in the input space according
to the density distribution of the data, all the units have
approximately the same chance to be activated. Therefore,
patterns in the SOM map are quite uniformly distributed. This
makes it very difficult to visualize the structure of the data
when the category information is not available. Moreover,
we are not able to display high dimensional weight vector
associated with each unit. So, Kohonen’s SOM maps are not
suitable for visualization of high dimensional data with no
category information.
Kohonen’s Self-Organizing Map Algorithm

1) Initialize weights to small random numbers, set initial

learning rate and neighborhood;
2) Present a pattern &, and evaluate the network outputs;
3) Select the unit (c;,c;) with the minimum output:

g = eIl = min [ = wi |
4) Update all the weights according to the kernel-based
learning rule;
Wi]'(t + 1)
S wii(O)+a(t) @) —wi(@)], if (i, §) € Newe, (¢),
wi;(t), otherwise,

where N, (t) is the neighborhood of unit (c;, c;) at
time ¢, and a(t) is the learning rate.

5) Decrease the value of (t) and shrink the neighborhood
Neie, (1)

6) Repeat steps 2-5 until the change in weight values is less
than a prespecified threshold, or the maximum number
of iterations is reached.

We have developed a nonlinear projection method (NP-
SOM) based on Kohonen’s SOM to facilitate visualization of
data, where a 100 x 100 array of units is used [23]. A sketch of
the NP-SOM network is shown in Fig. 5. First, we train the net-
work using Kohonen’s self-organizing learning algorithm on
a data set. Then, we display the network as a two-dimensional
distance image, in which each pixel represents a unit in the 2-D
network. The gray value of a pixel is the maximum distance
in the weight vector space between the corresponding unit
and its four neighbors. In the distance image, dark regions
separated by bright curves represent different clusters. This
display technique helps us in visualizing the cluster tendency
and underlying structure of the data. Experiments in Section II1
will show that the cluster tendency of many data sets becomes
apparent in the 2D distance image. The inter-unit distance is
also defined which enables us to compute Sammon’s stress
for this projection [23].

E. Nonlinear Discriminant Analysis (NDA) Network

Webb and Lowe [37] have investigated a class of multilayer
feedforward networks with nonlinear hidden units and linear
output units, trained to minimize the squared error between the
desired output and actual output of the network. They have
found that the nonlinear transformation implemented by the
subnetwork from the input layer to the final hidden layer of
such networks maximizes the so-called network discriminant
function, Tr{SpSF }, where SF is the pseudo-inverse of the
total scatter matrix of the patterns at the output of the final
hidden layer, and Sg is the weighted between-class scatter
matrix of the output of the final hidden layer (the weights
are determined by the coding scheme of the desired outputs).
Although this result was derived for the specific class of mul-
tilayer feedforward networks with nonlinear hidden units and
linear output units, its interpretation can be extended to general
multilayer feedforward networks. The role of hidden layers is
to implement a nonlinear transformation which projects input
patterns from the original space to a space in which patterns
are easily separated by the output layer. The first part of the
network (from the input layer to the output layer) actually
realizes a nonlinear discriminant analysis.

We have proposed to use this theoretical result to perform
a nonlinear discriminant analysis (NDA) of input data [28].
The main objective of this method is to visualize high dimen-
sional data to determine whether it is necessary to compute a
nonlinear decision boundary in the output layer (e.g., by using
another multilayer network, or k-nearest neighbor classifier).
This projection method falls into the category of supervised
nonlinear approaches. The network architecture is the same
as the SAMANN (Fig. 4). We specify the number of input
nodes to be the number of features and the number of units
in the output layer to be the number of pattern classes in the
data set. Furthermore, we fix the number of units in the last
hidden layer to m, the dimensionality of the projected space.
Thus, from input layer to the last hidden layer, the network
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TABLE 1
SOME FEATURES OF THE FIVE REPRESENTATIVE NETWORKS

Network PCA LDA SAMANN NDA NP-SOM
Class in unsupervised | unsupervised | unsupervised supervised unsupervised
taxonomy linear linear nonlinear nonlinear nonlinear
of Fig. 1

Architecture |  Figure 2 Figure 3 Figure 4 Figure 4 Figure 5
Activation linear linear sigmoid sigmoid Euclidean
function

No. inputs d d i d d d

No. outputs | m m : m c 100 x 100
No. layers | 1 2 >2 >2 1
Learning ‘ PCA LDA unsupervised standard Kohonen'’s
algorithm : (Box 1) (Box 2) backpropagation | backpropagation | SOM (Box 4)

(Box 3)

implements a nonlinear projection from d-dimensional space
to m-dimensional space. If the entire network can correctly
classify a linearly-nonseparable data set, then this projection
actually transforms the linearly-nonseparable data to a linearly-
separable data in some “other” space. Therefore, by visualizing
the data in this m-dimensional space (m = 2, 3), we can
gain some insights into the structure of the data. In all our
simulations, we use m = 2. The backpropagation learning
algorithm is used to train the feedforward network with two
hidden layers. Sigmoid activation function is used in all the
units. In order to avoid squashing the data for the projection
map, we replace the sigmoid activation function by a linear
function in all the units in the last hidden layer after the
training is done.

F. Summary of Networks for Feature
Extraction and Data Projection

Table I lists several important features of the five repre-
sentative networks for feature extraction and data projection:
PCA, LDA, SAMANN, NDA, and NP-SOM.

III. COMPARATIVE STUDY

We will evaluate the performance of the five networks
for feature extraction and data projection based on a visual
judgment of the 2D projection maps and three numerical
criteria over eight data sets with various properties. These
networks are: i) Rubner’s PCA network, ii) LDA network,
iii) NDA network, iv) network for Sammon’s projection
(SAMANN), and v) the nonlinear projection method based
on Kohonen’s self-organizing map (NP-SOM).

A. Methodology

We have generated or collected eight data sets for evaluating
feature extraction and data projection approaches. These eight
data sets are briefly described below.

1) Two standard normally distributed clusters (X1 = ¥ =
Tand p; = —p, = (1. 1. ---. 1)7) in a 10-dimensional
space with 500 patterns per class. This is a well-
separated data set with a Bayes error of 0.078%.

2) Two elongated clusters in a three-dimensional space. A
perspective view of this data set is shown in Fig. 6(a).
This data set is not linearly separable.
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3) Two uniformly distributed sets of points on two 3-
dimensional spherical surfaces. One sphere containing
800 patterns is centered at (0, 0, 0) with radius 1, and
the other containing 200 patterns is centered at (0, 0, 0.2)
with radius 0.1. This data set has a relatively symmetric
structure and its two classes are not linearly separable.

4) Uniformly distributed “noise” in a 10-dimensional unit
hypercube. All the 1000 points are randomly labeled
into two classes with 500 points per class. This example
is used to test how feature extraction and data projection
algorithms behave on data sets with no meaningful
structure.

5) IRIS data set. The well-known data set consisting of 150
four-dimensional patterns from three classes. It contains
four measurements on 50 flowers from each of the three
species of the Iris flower.

6) 80X data set. It consists of 45 eight-dimensional patterns
from three classes (the handprinted characters “8”, “O”
and “X”’) with 15 patterns per class. This is a very sparse
data set.

7) Data set containing four features extracted from a range
image [11]. Fig. 6(b) shows the range image of a
polyhedral object. The gray level at each pixel in this
range image encodes the distance (depth) from the
sensor to the corresponding point on the object’s surface.
The four features are the three components of the surface
normal vector and the depth value at each pixel. A total
of 1 000 pixels are randomly chosen from the polyhedral
object. These 1 000 patterns are labeled with five classes
(four visible surfaces plus a class of boundary and edge
points).

8) Data set containing 22 Gabor filter features [18] ex-
tracted from an image with 16 different textures shown
in Fig. 6(c). A total of 1 000 pixels are randomly chosen
from the image (512 x 512).

These eight data sets differ from each other in one or more
characteristics, such as the data source (artificial/real data),
dimensionality of the pattern vector (d), linear dimensionality
(d;), number of classes/clusters (c), number of patterns (n),
linear separability (A;), inherent structure of the data, and
sparseness. The linear dimensionality (d;) of a data set is
measured by the number of significant eigenvalues (more than
97% of the total variance is retained by the first d; principal
components) of the covariance matrix of the data. The linear
separability () is defined as the largest eigenvalue of E;l YR
[9]. Note that A, is restricted to the [0.0,1.0] range. As Ag
increases from 0.0 to 1.0, the data set becomes more arnd
more linearly separable. The inherent structure of the data is
ranked as “random,” “weak,” “mediun” or “strong” based on
our a priori knowledge about the data set. The sparseness of
a data set is measured by the ratio of the dimensionality to
the number of patterns in the data set; the larger this ratio, the
sparser the data. This index does not take the range of data into
consideration because the range can be easily scaled. These
characteristics of the eight data sets are summarized in Table
II, from which we can see that they constitute a reasonable
benchmark for the evaluation of feature extraction and data
projection methods.
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I~

Fig. 6. Some data sets used in the comparative study. (a) A perspective view
of data set 2. (b) Range image and (c) texture image on which data sets 7
and 8 are extracted, respectively.

The performance of the five neural networks on these eight
data sets are evaluated based on visual judgment of the 2D
projection maps and three numerical criteria. The three criteria
proposed in [23] are modified and utilized in this paper for the
numerical evaluation of neural networks for feature extraction
and data projection. These are: i) Sammon’s stress (13), ii) the
nearest-neighbor classification error rate PNV on projected
data, and iii) the minimum-distance classification error rate
PMD of projected data. Since the classification error of the

TABLE 11
CHARACTERISTICS OF THE EIGHT DATA SETS
Dataset | Name | source | d |di| ¢ n A, | structure | sparseness
1 Gauss2 | artificial | 16 [ 10 [ 2 [ 1000 | 0.91 | strong 0.01
2 Curve2 | artificial | 3 | 2 2 {1000 | 0.70 | strong 0.003
3 Sphere2 | artificial { 3 [ 3 [ 2 |1000|0.38 | strong 0.003
4 Random | artificial | 10 | 10 | 1(2) | 1000 | 0.48 | random 0.01
5 IRIS real 4|2 3 150 [ 0.97 | medium 0.027
6 80X real 817 3 45 }0.87 weak 0.178
7 Range real 413 5 | 1000 | 0.81 [ strong 0.004
8 Texture real 22|15| 16 | 1000 | 0.95 [ medium 0.022

projected data P.(projection) depends on the classification
error of the original data P.(original), we propose to use a
normalized ratio

1+ Pe(projection)
Re= ——F7——
1 + P.(original)

The value of R. is within the range of (0.5, 2.0). When
R, = 1.0, it means that the extracted features have the
same discriminatory power as the original features for a
given classifier. If R, < 1.0, the extracted features have a
better performance in terms of classification accuracy. This
could happen, for example, if the effect of the “curse of
dimensionality” is eliminated by the feature extraction and
data projection. The Sammon’s stress measures how well the
projection preserve the interpattern distances. The nearest-
neighbor classification error rate indicates how well the ex-
tracted features or projection preserve the local category
structure of the data, while the minimum-distance classification
error rate provides some information on the linear separability
in the new feature space. The error rates are evaluated using
the “leave-one-out” (cross-validation) technique.

(33)

B. Visualization of Projection Maps

Information about the structure, intrinsic dimensionality,
cluster tendency, and cluster shape of the data is very use-
ful in choosing a proper classification or clustering method.
However, this information is not directly accessible for high
dimensional data. Data projection is a tool which is frequently
used to explore various properties of the data. Here, we project
all the eight data sets onto two dimensions using the five
networks. From these maps, we can observe not only some
of the properties of the eight data sets, but also different
characteristics of the five networks. Figs. 7-14 show the 2D
projection maps for the eight data sets (For these data sets
containing 1 000 patterns, only 500 randomly-chosen patterns
are displayed). In each of these figures, there are four 2D maps
which are generated by the following four networks: PCA,
LDA, SAMANN and NDA networks. The projection maps
obtained by the NP-SOM network will be discussed later.

The PCA network performs a linear orthogonal projection.
The 2D PCA map produced by the PCA network is spanned
by two orthogonal vectors (in the original space) along which
the data have the largest and the second largest variances.
Therefore, PCA maps are the easiest one to interpret. For
some of the data sets, for example, Gauss2 (Fig. 7(a)), IRIS
(Fig. 11(a)), and Range (Fig. 13(a)), their PCA maps also
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exhibit much of the class-discriminatory information. But, this
is not always true. For some other data sets, e.g., Sphere2 (Fig.
9(a)), Curve2 (Fig. 8(a)), and 80X (Fig. 12(a)), patterns from
different classes either overlap or are not linearly separable in
the PCA projection.

The LDA network also implements a linear, but not nec-
essarily orthogonal, projection. It attempts to find a plane in
the high dimensional space and then skews the plane in order
to increase the discriminatory ability of both the projection
axes. Examples are the LDA maps of the data sets: Curve2
(Fig. 8(b)), 80X (Fig. 12(b)) and /RIS (Fig. 11(b)). Note that
the elongated clusters in the PCA map of the Range data are
squashed in the LDA map. However, the LDA network can
not improve the linear separability of the data sets Sphere2
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2D projection maps of data set Gauss2 using the four networks. (a) PCA network. (b) LDA network, (¢) SAMANN network, and (d) NDA network.

(Fig. 9(b)) and Random (Fig. 10(b)), because it is a linear
method.

The SAMANN maps are very similar to the PCA maps
for all the eight data sets. This is not only because the
SAMANN network uses the PCA map as the initial pattern
configuration which determines the initial weights of the
SAMANN network, but also because the Sammon’s projection
attempts to maximally preserve the interpattern distances,
which means that it also preserves the variance as much as
possible. However, the SAMANN network can refine the PCA
map using its inherent nonlinearity in order to obtain a map
with less distortion in interpattern distances.

The NDA network tries to reorganize and group all the
patterns by categories such that patterns in the projection
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Fig. 8. 2D projection maps of data set Curve? using the four networks. (a) PCA network, (b) LDA network, (c) SAMANN network, and (d) NDA

network (2 classes become linearly well-separable).

map can be separated much more easily. This property is
fully demonstrated on all the eight data sets, especially on
the linearly nonseparable data sets such as, Curve2 (Fig. 8(d))
and Sphere2 (Fig. 9(d)). It is remarkable to see that the data
points on the entire outer sphere are stripped off from the
inner sphere (see the small black “blob” which is isolated
from a cloud of patterns (on the outer sphere) in Fig. 9(d))!
This indicates that incorporating a nonlinear transform as well
as category information lead to a very powerful method for
projecting multivariate data.

Fig. 15 shows the distance images of Kohonen’s SOM
superimposed on the 2D projection maps (white dots) for the
eight data sets using the NP-SOM network. We can see that

these distance images are divided into several dark regions
separated by bright wide curves. Pixels (units) in the same dark
region usually have relatively small distances to each other in
the original feature space. The cluster tendency of the eight
data sets becomes apparent from these distance images. Data
sets, Gauss2 (Fig. 15(a)), Curve2 (Fig. 15(b)), Sphere2 (Fig.
15(c)) and Range (Fig. 15(g)), have well-separated (linearly
or nonlinearly) clusters. The /RIS data set (Fig. 15(e)) has two
well-isolated clusters, which is consistent with our a priori
knowledge about the /RIS data set (two of the three categories
are slightly overlapping in the feature space). The Random
data set has no cluster tendency. The number of clusters in
a data set can be roughly estimated by counting the number
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network (the black blob exclusively contains all the patterns on the inner sphere).

of dark regions in the corresponding distance image. This is
easy to do with data sets containing well-isolated clusters, but
not trivial with others. The separation between two clusters is
indicated by the brightness of the boundary between them. It is
interesting to notice that each pattern in the §OX data set (Fig.
15(f)) occupies a separate dark region. This is because 8OX
data set (containing only 45 patterns in an 8D space) is too
sparse and the size of the map (100 x 100) is too large. Since
the category information for all the data sets except for the
Random data set is known, we can determine the class labels
for these white dots on the projection maps. If more than one
pattern is projected into the same unit (pixel) in the map, the
class label of the pixel is determined by the majority pattern

15

05

-0.5

-1.5

10 12 14 16

8

-12

-16

1995

feature 1

(b)

feature 1

)

2D projection maps of data set Sphere2 using the four networks. (a) PCA network, (b) LDA network. (c) SAMANN network, and (d) NDA

class (ties are broken arbitrarily). We have manually drawn
the rough boundaries (bright thin curves) between different
classes on the projection maps, which are superimposed on the
corresponding distance images. We can see from Fig. 15 that
the 2D projection maps fit the corresponding distance images
very well. The patterns from the same class are grouped into a
single region except for the Random data set. For the IRIS
data set (Fig. 15(e)), even though there is no clear bright
curve between two of the three classes, the two classes occupy
different regions in the image. For the Range data set, most
patterns from the class containing edge (jump and crease)
points in the range image (Fig. 6(b)) are scattered over a bright
region in Fig. 15(g), which implies that these patterns do not
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Fig. 10. 2D projection maps of data set Random using the four networks. (a) PCA network, (b) LDA network, (c) SAMANN network, and (d) NDA network.

form a compact cluster in the feature space, and should be
considered as outliers. This observation is consistent with the
fact that the surface normals at these points on the object are
not reliably estimated. The distance images are very helpful
in exploring the structure of the data, when the category
information is not available. Since the patterns are relatively
uniformly distributed in the 2D projection maps generated by
the NP-SOM network compared to the PCA and SAMANN
networks, it is very difficult to observe the cluster tendency
based on the unlabeled 2D projection map for most data sets
without the distance image.

Properties of the eight data sets revealed by visualizing
them in 2D maps can suggest what type of classification

or clustering algorithms to use. For the Gauss2 data set, a
linear classifier or a squared-error clustering algorithm can
be applied. In fact, most classifiers and clustering algorithms
will work well on this data set. We also notice that one
single feature (the first principal component) contains almost
all the discriminatory information. On the other hand, from
the projection maps of the Curve2 and Sphere2 data sets,
linear classifiers are not powerful enough to distinguish the
two classes in these data sets. It becomes also clear that
the square-error clustering algorithm is not suitable for these
two data sets. These projection maps suggest the use of
nonlinear classifiers such as, the k-nearest neighbor classifier
and multilayer feedforward networks, or some hierarchical
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2D projection maps of the /RIS data set using the four networks. (a) PCA network, (b) LDA network, (c) SAMANN network, and (d) NDA

network (the black dot on the lower-left corner exclusively contains all the 50 patterns from class 1).

clustering algorithms [17] such as, single-link and complete-
link clustering algorithms. For the data sets, /RIS, 80X and
Texture, both linear and nonlinear classifiers can be applied,
but a nonlinear classifier may give a better performance. The
square-error clustering algorithm may also be applied to these
data sets. Moreover, from the projection maps of the Texture
data (Fig. 14), it is apparent that two extracted features are not
sufficient for classification. This will be demonstrated further
by the classification error rate using the 2D projection maps.
An interesting property of the Range data set revealed by the
projection maps in Fig. 13 is that this data contains mainly
four elongated clusters. These elongated clusters are roughly
linearly separable. This property suggests that a square-error

clustering algorithm with the Euclidean distance metric should
not be used for this data set.

C. Evaluation Based on Quantitative Criteria

We have seen various characteristics of the five networks
for the purpose of visualizing high dimensional data. In this
subsection, we provide a quantitative evaluation of these five
networks based on three criteria using the eight data sets.
The dimensionality of the output space is two for all the five
networks. Every simulation of each of the five networks on
each of the eight data sets has been repeated 10 times with
different initial random weights in the networks. The average
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Fig. 12. 2D projection maps of the 80X data set using the four networks. (a) PCA network, (b) LDA network, (¢) SAMANN network, and (d) NDA network.

performance over these 10 trials is reported in the following
tables.

Table IIT shows the average values of Sammon’s stress of
the projections performed by the five networks on the eight
data sets. Among the five networks, the SAMANN network
performs the best on seve out of the eight data sets in terms
of Sammon’s stress. The exception is the Curve2 data set
on which the PCA network has the lowest Sammon’s stress.
This happens because the initial configuration generated by the
backpropagation algorithm in the SAMANN network is not a
perfect PCA map due to the local minimum problem. These
results are not surprising because the SAMANN network is
designed to minimize the Sammon’s stress, while others are
not. The PCA network performs the second best on all the

eight data sets (except the Curve2 data on which it is the
best). This is largely because the PCA network performs
a linear orthogonal projection which maximally retains the
variance of the data. The LDA network is comparable to
the PCA network on the Gauss2, Sphere2 and Random data
sets because for these data sets, the discriminant vectors are
similar to the principal vectors (see Figs. 7(a)—(b), 9(a)—(b),
and 10(a)—(b)). For other data sets, the LDA network generates
large values of Sammon’s stress because the discriminant
vectors are not orthogonal. The NDA network produces large
values of Sammon’s stress due to the fact that it reorganizes
patterns and groups them by categories such that they can
be easily separated, resulting in distortions in the interpattern
distances. Some values are extremely large due to the different
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THE AVERAGE VALUES OF SAMMON'’S STRESS FOR THE PCA, LDA,
SAMANN, NDA AND NP-SOM NETWORKS ON EIGHT DATA SETS

Data set 1 2 3 4 5 6 7 8
PCA 0.151 | 0.003 | 0.062 | 0.361 | 0.007 | 0.141 | 0.009 | 0.147
Sammon’s LDA 0.161 | 0.169 | 0.077 | 0.386 | 0.134 | 0.289 | 0.408 | 0.519
stress, E NDA 1.400 | 53.78 | 116.1 | 335.5 | 27.15 | 0.224 | 146.7 | 1.513
SAMANN | 0.115 | 0.005 | 0.052 | 0.231 | 0.007 | 0.084 | 0.008 | 0.084
NP-SOM | 0.346 | 0.005 | 0.299 | 0.954 | 0.034 | 0.493 | 0.069 | 0.420

ranges of the input features and output features. The average
performance of the NP-SOM network is similar to that of the

LDA network.
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2D projection maps of data set Range using the four networks. (a) PCA network, (b) LDA network, (c) SAMANN network, and (d) NDA network.

Table IV lists the average values of the nearest-neighbor
classification error rate P and relative ratio RY™ for
the five networks on the eight data sets. The NDA network
achieves the best performance in terms of the nearest-neighbor
classification error rate among all the networks over all the
eight data sets with the exception of Range and Texture
on which the NP-SOM network performs slightly better.
The values of PN¥™ on the projected data is comparable
to those on the data in the original space (the values of
RN are close to 1.0). These results are consistent with the
known fact that feedforward network classifiers and nearest-
neighbor classifiers have comparable performances [13]. The
NP-SOM network also achieves comparable performance with
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Fig. 14. 2D projection maps of data set Texture using the four networks. (a) PCA network, (b) LDA network, (c) SAMANN network, and (d) NDA network.

the nearest-neighbor classifier on the original data. This is
because in the NP-SOM network, the nearest-neighbor classi-
fication is actually done in the quantized feature space with
the same dimensionality as the input space rather than in
the projected space. The PCA and LDA networks perform
worse than the NDA and NP-SOM networks on most of
the data sets because they are driven by the global prop-
erties of the data, not by the nearest neighbor’s category
information. Although the SAMANN network is designed
to maximally preserve the interpattern distances, the nearest
neighbor classification is not good for some projected data
sets obtained by this method since it makes no use of the
category information.

The average values of the minimum-distance classification
error rate PMP and relative ratio RM D for the five networks
on the eight data sets are shown in Table V. Comparing
the PCA network and the LDA network (both are linear
networks), the LDA network performs better than the PCA
network over all the eight data sets. For the IRIS, 80X and
Texture data sets, which are all real data sets, the LDA network
achieves significant improvements over the PCA network.
Note that the nearest mean classifier is a linear classifier
based on global structure of the data set. The LDA network
can find the best two features which have the most linear
discriminant power. The NDA algorithm is comparable to
the LDA for the linearly-separable data sets (Gauss2, IRIS,
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Fig. 15.

The distance images of Kohonen's SOM superimposed by the 2D projection maps and boundaries between classes for the eight data sets using

the NP-SOM network. (a) Gauss2. (b) Curve2, (c) Sphere2. and (d) Random.

Range. and Texture), but much better for linearly nonseparable
data sets (Curves, Sphere2. and 80X). In general, the NDA
network performs the best on most of the data sets. The
performances of the PCA, SAMANN and NP-SOM networks
are comparable.

Both the PCA and SAMANN networks perform very badly
on the Texture data in terms of the nearest neighbor and
minimum distance classification error rates. This is because
the linear dimensionality of the Texture data is 1S5, which
is much larger than the number of extracted features (di-
mensionality of the projected map). However, other networks
still perform reasonably well on this data set due to their
nonlinearity and the use of category information. We should
mention an interesting phenomenon which is that sometimes
the nearest neighbor classifier and minimum distance classifier
perform better on projected data than on the original data
(R. < 1.0), particularly for the /RIS and 8OX data sets
in which the number of patterns is relatively small. This
phenomenon may be explained by the fact that the effect

of “curse of dimensionality™ [16] can be reduced by feature
extraction or data projection, which is exhibited using the
entire data set (not just the training data) in our experiments
(but classification errors are evaluated using the “leave-one-
out” technique).

IV. CONCLUSIONS

We have designed the following neural networks for project-
ing multivariate pattern vectors: linear discriminant analysis
(LDA) network, SAMANN network for Sammon’s projection,
nonlinear projection based on Kohonen’s SOM (NP-SOM),
and nonlinear discriminant analysis network (NDA) using a
feedforward network classifier. A common attribute of these
networks is that they all employ adaptive learning algorithms
which makes them suitable in some environments where the
distribution of patterns in feature space changes with respect
to time. The availability of these networks also facilitates
hardware implementation of well-known classical feature ex-
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Fig. 15.

continued. (e) IRIS. (f) 80X, (g) Range, and (h) Texture.

traction and projection approaches. Moreover, the SAMANN
network offers the generalization ability of projecting new
data, which is not present in the original Sammon’s projection
algorithm; the NDA method and NP-SOM network provide
new powerful approaches for visualizing high dimensional
data.

The performances of the five networks (PCA, LDA,
SAMANN, NDA and NP-SOM) for feature extraction and data
projection have been evaluated based on visual inspection of
the projection maps and on three numerical criteria on eight
data sets. Based on our experimental results and analysis,
we draw the following general conclusions: i) the NP-SOM
network has a good performance for data visualization. It
reveals the cluster tendency in the multivariate data very well
due to the role of the distance image; ii) the SAMANN and
PCA networks preserve the data structure, cluster shape, and
interpattern distances better than the LDA, NDA and NP-SOM
networks; iii) the NDA network is superior to all the other
networks for classification purposes, especially when the data

are not linearly-separable, but it severely distorts the structure
of the data and the interpattern distances; iv) there is no
general conclusion on whether the PCA or the LDA is better
for preserving the nearest-neighbor category information; v)
the LDA network outperforms the PCA, SAMANN and NP-
SOM networks in the sense of nearest mean classification
error; vi) feature extraction can help to reduce or eliminate
the “curse of dimensionality;” vii) it is often necessary to use
more than one method (network) in order to reveal various
properties of multivariate data; and viii) knowledge of the
structure of the data set obtained from the projection maps
can guide in choosing a proper classification and clustering
tools.

Our simulation results are consistent with the high-level
analysis based on our knowledge of the traditional feature
extraction and data projection approaches. That is one of
the main advantage of studying the links between neural
networks and traditional pattern recognition and data analysis
approaches.
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TABLE 1V
THE AVERAGE VALUES OF THE NEAREST NEIGHBOR CLASSIFICATION
ERROR RATE PV anp ReLaTIVE RaTio RMN FOR THE PCA, LDA
SAMANN, NDA AND NP-SOM NETWORKS ON EIGHT DATA SETS

s

Data set 1 2 3 4 5 6 7 8
Original | 0.002 | 0.000 | 0.000 | 0.521 | 0.040 { 0.044 | 0.041 | 0.036
PCA 0.005 | 0.000 | 0.007 | 0.479 | 0.040 | 0.216 | 0.083 | 0.405
LDA 0.003 | 0.037 | 0.009 | 0.501 | 0.037 | 0.067 | 0.126 | 0.101
PNV NDA 0.000 { 0.000 | 0.000 | 0.355 | 0.035 | 0.002 { 0.078 | 0.080
SAMANN | 0.004 | 0.000 | 0.005 | 0.488 | 0.051 | 0.200 | 0.084 | 0.405
NP-SOM | 0.003 | 0.000 | 0.000 | 0.507 | 0.041 | 0.049 | 0.073 | 0.046
PCA 1.003 | 1.000 | 1.007 | 0.972 | 1.000 | 1.165 | 1.040 | 1.356
LDA 1.001 | 1.037 | 1.009 | 0.987 | 0.997 | 1.022 | 1.081 | 1.063
RNV NDA 0.998 | 1.000 | 1.000 | 0.891 | 0.995 | 0.960 | 1.036 | 1.042
SAMANN | 1.002 | 1.000 | 1.005 | 0.978 | 1.011 | 1.149 | 1.041 | 1.356
NP-SOM | 1.001 | 1.000 | 1.000 { 0.991 | 1.001 { 1.005 | 1.031 | 1.010

TABLE V

THE AVERAGE VALUES OF THE MINIMUM DISTANCE CLASSIFICATION

ERROR RATE PM D Anp ReLATIVE RaTIo RM D FOR THE PCA, LDA,

SAMANN, NDAAND NP-SOM NETWORKS ON EIGHT DATA SETS

(11

12]

(3}

[4]

[51

[6]

7

(8]
9

Data set 1 2 3 4 5 6 7 8
Original | 0.001 | 0.133 | 0.390 | 0.483 | 0.080 [ 0.044 | 0.152 | 0.065
PCA 0.001 | 0.133 | 0.391 | 0.458 | 0.100 | 0.164 | 0.187 | 0.420
LDA 0.001 | 0.106 | 0.387 | 0.455 | 0.020 | 0.022 | 0.166 | 0.112
pMD NDA 0.001 | 0.006 | 0.072 | 0.487 | 0.058 | 0.007 | 0.117 | 0.100
SAMANN | 0.001 | 0.136 | 0.409 | 0.458 { 0.093 | 0.178 | 0.186 | 0.413
NP-SOM | 0.031 | 0.135 | 0.474 | 0.506 | 0.066 | 0.129 | 0.158 | 0.088
PCA 1.000 | 1.000 | 1.001 | 0.983 | 1.019 { 1.115 | 1.030 | 1.333
LDA 1.000 | 0.976 | 0.998 { 0.981 | 0.944 | 0.979 | 1.012 | 1.044
RMD NDA 1.000 | 0.888 | 0.771 | 1.003 | 0.980 | 0.965 | 0.970 | 1.033
SAMANN | 1.000 | 1.003 { 1.014 | 0.983 | 1.012 | 1.128 | 1.030 | 1.328
NP-SOM | 1.030 | 1.002 | 1.060 | 1.016 | 0.987 | 1.081 | 1.005 | 1.022
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