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I, IRTRODUCTION »

A mental trait of an examinee is commonly measgured in terms of a test
scq#g that is a function of the examinse'’'s responses to a group of test
items. For convenience we will speak here of the "ability" measured by
the test, although our conclusions will apply to many tests that measure

mental traits other than those properly spoken of as "abilities."

The ability itself is not & directly observable variable, and hence
its magnitude, in terms of whatever metric we may choose to adopt, can
only be inferred from the examinee‘’s responses to the test items. The.
test score most commonly used as & measure of ability is the sum of the
item scores when each response ig scored O or 1. The metric provided dy
such a score has the serious disadvantage that it is largely aAfunction
of the particular characteristics of the items that happen to compose the
particular test administered. An illustration of this statement is seen
in the fact that two tests of the same ability administered to the same
group of examinees may yield two score distributions of entirely different
shapes. If one of these distributions were positively skewed and the
other were nsgatively skewed, for example, one might be tempted to con-
clude that the group was couposed predominantly of incompetent individuals
in the former case, or of highly competent 1ndividuals in the latter éaee.
As shown by this illustration, it is not possible to congider the test
score as simply "ability" plus or minus an independent, normally distrib-

uted error of measurement.

- - - - - - - - - - - - - - - - - - - - - ™3 - o -

*The author is greatly indebted to D¥, Harold Gulliksen and Dr. Ledyard R
Tucker for their advice and criticism. A number of the developments pre-
sented have arisen from the suggestions of Dr. Tucker,
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It would be desirable to define as & measure of ability some function
of the item scores that will remein invariant for any examinee, even though
the items composing the test are changéd. ﬁecause of the inevitable pres-
ence of errors of measurement, it is of course impossible to determine with
complete precision such an invariant measure of ability for a given exam-
inee from data on a finite number of test items. In spite of this inde-
terminacy, it is nevertheless possible under certain conditions to défine
a metric for ability such that the frequency distribution of ability in the
group tested will remsin the same even though the composition of the test
is changed., Furthermore, the bivariate frequency distribution of test
score and ability will be completely determined as a function of the usual
item statistics. If we are willing to accept this invariant metric as a
useful metric for describing the underlying ebility measured, and if in any
given case the actual data are found upon examination to meet the necessary
theoretical conditions, we have the result that all the properties of the
test score in relation to the underlying ability (and in addition the uni-
variate frequency distribution of test score and the bivariate distribu-
tion of scores on two tests meaguring the same ability) will thus have been

éxpressed as functions of the usuel item statistics.

‘ In this way we can attempt to answer such questions as the following:
Under whet circumstances, if any, can we expect platykurtic, rectangular,
or U-shapéd distributions of test scores? Do equal units of test score
correspond to equal units of ability, as here defined? How does the stend-
ard error of measurement vary with the ability level of the examinees

tested? How much do examinees having a given test score vary in ability?
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What is the discriminating power of the test for exeminees at various
specified ability levels? How does the possibility of guessing the cor-
rect ansvers to the test items affect the properties of the test score?
In genseral, how do changes in item difficulty or item intercorrelation
‘affect the answers to these questions, and how can we select the items

that compose the test in such a way as to achieve any desired result?

The present article aftempte to develop a theory of test scores that
will throw light on these and other questioms. The correspondence of
certain of the theoretical results with observed results on actual test

data is checked in an empirical study reported in Part III.

To the writer's best knowledge, the only published work comparable
to the present development is that of Lawley (19, 20), who, however treats
only the special case vhere 1) certain item difficulty indices have a
normal frequency distribution for the iteme composing ths test, 2) the
item intercorrelations are all equal, and 3) the items cannot be answered
correctly by guessing. Lawley does not deal with the frequency distribu-
tion of test scores for the totel group of examinees, nor with certain
other problems treated here. Although actually derived independently,
the present development may be conzidered as a generalization and exten-
sion of Lawley's formulations, removing the three restrictions listed and

developing certain new theoretical conclusions.

More recently, Carroll (g) bas made a similar theoretical development
in which he assumes that the probability that an examinee will answer an
item correctly is a linear function of the examinee's ability (whereas

Lawvley and the present writer made the more usual agsumption that this
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probability is a normal ogive function of abi.lity).° Carroil requires that
all items bave the same correlation with the trait measured, but he does
not restrict the distribution of item difficulties, nor does he rule out
the case where the items can be answered correctly by guessing. Any mofe

detailed discussion of his work must await its completion and publication.

The assumptions that we will use here have also previously been used
vith considerable success by Tucker (36) to predict how different groups of
exsminees will perform on an item. Tucker has also (35) used similar but
more restrictive assumptions in a theoretical study of the effect on test
validity of changes in the intercorrelation of the iteme. Brogden (1) has
used similar agsumptions in a theoretical and numericai study of the rela-
tion_of item intercorrelation and of item difficulty distributions to test

validity and reliability.
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II. THEORETICAL TREATMENT

A. Restrictions, Agsumptions, and Definitions

1. Restrictions on the Scoring Method

Consideration will be restricted to the situation where the examinee
attempts evéry item in the test, and the responses are all scored either 0
or 1, Let x; (1 =1, 2, ..., n) represent the score assigned to item i; so
Xy is a dichotomous variable that can assume only the values 1 or 0. It
will be convenient to use the language of achievement testing and to speak
of these alternatives as corresponding to "correct" and "incorrect" item

responses, respectively,

Ve will further restrict consideration to the case where the test
score (8) 1s the sum of the scores on the n items of which the test is com-

posed:

8 = Ix (Al.1)

1 °
Here and elsewhere all summations are over the item subscripts i, j (=1,

2, ..., n) unless otherwise specified. (A summary of the notation is pro-

vided in the Appendix for easy reference.)

2. Definition of “"Ability"

For present purposes, any useful definition of the unﬁerlying
ability measured by the test must be in terms of observable variables,
Since, in the final anaiysis, the only observable variables under consid-
eration are the item responses, any operational definition of &bility,
for presert purposes, must consist of a statement of a relationship be-

tween ability and item responses.
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The relationship to be used here for this purpose wey be stated as
follows: the probability that an examinee will answer en item correctly is
& normal ogive fuaction of his ability. Denoting this probability for the

i-th item by Pi’ we may stats this relationship more explicitly:

(c'ai)/bi
P = 5 N(y)dy , (A2.1)

~CO

where ¢ is the measure of ability, &, and b, are velues characterizing the
item, y is simply a variable of integration, and N(y) is the rormal frequency

function

2
By) = 2 o F . (A2.2)

We will use the notation A(yb) to indicate the arsa of the standardized
normal curve lying above the given point, Yo© Thug, becauss of the symmetry

of the pormal curve, we may write

a, - C

P, = A( 21— ) . (A2.3)
1 b,
When P, is plotted as a function of ¢, we obtain the curve that Tucker has

called the item characteristic curve, and that Lazarsfeld (gl) and others

heve called the %race line of the item.

The relationship expressed by A2.1 has been widely used in psycho-
physics in other connections and has in recent years been used to represent

the probability of answering a test item correctly by Guilford (lg),
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Richardson (31), Mosier (25, 26), Ferguson (6), Lawley (op. cit.), Lorr
(23), Tucker (op. cit.), and others. This relationship, indeed, is im-
Plicitly assumed whenever & tetrachoric correlation is calculated between

a8 test item and a dichotomized, normally distributed measure of ability.

In order to utilize Equation A2.l, we must first determine the values
of a " and b { for each item. If we make no further assumptions, this can
be done approximately, in actusl practice, by the following approach, sug-
gested by Tucker: 1) Start with a test consisting of a very large number
of items all presumably measuring the same ability (c). 2) Obtain the
test score of each individual in a very large group of examiqzes, 3) As-
sume that this score is highly related to ¢ (not necessarily linearly) so
that examinees having identical scores may be treated for practical pur-
poses as having identical values of ¢. U4) Record for each item the per-
centage of examinees at each given scbre level vho answver the item correctly;
these percentages may cényeniently be considered as plotted as & function of
the score, thus constituting the item characteristic curve. 5) If possible,
transform the score scale until all the item characteristic curves are

normal ogives, to a close approximation. 6) Determine the values of a, and

1
t:q1 by standerd methods of probit analysis (Guilford, op. cit., p. 173, and
especially Fimmey (8) who presents recently developed maximum likelihood
methods for dealing with a variety of problems in this area)., If Step 5 is
possible, then this procedure will define a measure of ability for our
present purpose; if Stiep 5 is impossible, the theory outlined in the pres-

ent paper will be inapplicable.
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Further attention will be given to the item characteristic curve in
the next section, after we have discussed & further restriction on the

date to be considered.

3. Restriction on the Population of Examiness

First let us restrict comsideration to a sample of examinees so large
that sampling problems need not enter into the discussion. 8Such problems
are of practical importance, but they would unnecessarily complicate the

theoretical picture.

If ability has been empirically defined for any given set of data dby
the six steps outlined in the preceding section, the fregquency distridbu-
“tion of ability in the group tested will have been determined by this pro-
cedure, If a mathematical freguency curve can be fitted to this distridu-
tion, 1t is possidle to go ahead with the theoretical development along |
the lines to be presented. It will be more profitable;, howsver, for us
to restrict our attention to the cage where ability is normally distributed
in the group of examineces tested. We may, without loss of generality,
chooge the scale of meagurament, for ability sc thai the mean (g) and stand-

ard deviation (0) of ¢ are respectively O and 1:

M =0 , o =1, (43.1)

In spite of the restriction made in the preceding paragraph, meny of
the formulas to be obtained will nevertheless be valld for the general
cage when no restriction is placed on the distribution of ability in the
group testad. Attention will bs called to the generality of these form-

ulas when they are presented.’
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The restriction that we have placed on the character of the group

tested will simplify the determination of the values of &, and bi for each

i
item, Tucker ( 35, Equations 10 and 14) has given the formulas necessary
for expressing a, end b, in terms of the item difficulty, p, (percentage
of correct .anawérs in the total group of examinees), and of the biserisl
correlation, R g2 between item regponse and ability. 1In our notation; his

reéults are:

R, = _..1_2._ ; (A3.2)
1+ bi
v, = AlR,) , (3.3)
where hi o= 8131 .
We will assume henceforth, unless otherwise specified;, that 32i< 1.
We may then write
K, = /1 -8 (A3.4)
i °
h, - Bic
g, = . (43.5)
i K1

Let us use A3.2 and A3.3 to eliminate 8 N and b 1 from the equation for
the item characteristic curve (A2.3) so as to obtain the following formula,

which will be most comnvenient for our'further development:

P, = Ag,) . (A3.6) -

It should be borne in mind that both g, and P, are functions of c.

i
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Figure 1 is presented to provide an illustration of an item charac-
teristic curve. The curve, calculated from A3.6, represents an item for

vhich h, = -.562 and B, = .531 (Item 4k of Part III).

1
The actual numerical value of hi can be readily obtained for any
given set of data from the item @ifficulty, by means of Equation A3.3.

An approximetion to the value of R, may ususlly be obtained from the bi-

i
serisl correlation of the item with score on a very long test of the ability
under consideration, after correcting this biserial correlation for attenu-
ation due to the unreliability of the test., Thus the nnmericai velues of
the item charﬁcteristic curves may be determined in practice from appro-

priate empirical data without the use of probit analysis msthods,

A more asccurate method of determining R1 will be discussed in the

following section.

b, Restriction on the Nature of the Test

In order to utilize the item characteristic curve for much further
development, it is necessary to make some assumption concerning the proba-
bility that an examinee at a given level of ability will answer both of
two items correctly. Here we will restrict consideretion to tests com-
posed of jitems such that the ability underlying the test is the only
common factor in the matrix of tetrachoric item intercorrelations (see
Wherry and Gaylord (;1) for a discussion of the reasonableness of such a
restriction), From this restriction it follows that, for fixed G P1 is

independent of PJ, vhere i and J represent any two different test items.

Since ¢ is the common factor in the matrix of tetrachoric item inter-
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correlations; we see that Bf is the communality of the i-th item in this

matrix, The numerical values of R, may therefore be determined directly
from this matrix by factor analysis methods, and it is not necessary to
have available a8 very long test whose scores provide an approximate meas-

ure of ability.

5. Alternative Assumptions and Restrictions

Before proceeding with our development, it will be of interest to
point out, as Brogden (1, p. 202, footnote) has done, that there is
another, mathematically equivalent set of assumptions that might well be

uged instead of those outlined in the three preceding sections.

Just as the response data on two items may bé represented by & 2 x 2
table, such as is used in calculating tetrachoric correlatiomns, so may
the response data on n ;tema be represented by a 2 x 2 x ... x 2 table in
n dimensions containing 2" cells. The equivalent set of assumptions are

as follows:

a) The 2 frequencies in the multivariate distribution of the item
responses are such as could have arisen by the dichotomization

of sach of the variables in a normal multivariate population.

b) The correlations between the variables in the normal multi-

variate population have only one common factor.

It is worth pointing out that it is possible (although excessively
difficult in practice) to test whether or not any given set of data conform
to these two requirements. The first of these two reguirements cannot be

contradicted by the date unless n = 3, the second unless n = k&,
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B, The Bivariate Distribution of Test Score and Ability

1. The Frequency Distribution of Scores for Examinees at a Given Level

of Ability

8ince ¢ is the only common factor of the tetrachoric item intercorrela-

tions, it follows that P, and PJ (1 # 3) ere independent when ¢ is fixed.

i
We thus see, for example, that the probability of success on both items i
and j 1s PiPJ; that the probability of success on one and failure on the

other 1is PiQ + Qipj’ where Qi =] - Pi; and finally that the probability

J
of failure on both items is Q1Q3° Generalizing this result to n items, we
find that the probability of success on s items out of n, for examinees at
a given level of ability, 1s given by the sum of the appropriate terms in
the expansion of the product

n .
'rr(Qi + Pi) . (B1.1)
$=1 ‘ .

(It must be borne in mind here that P, and Q, are functions of ¢, as shown
by Equations A3.6 and A3.5.) Since the score 1g the number of 1tems
answered correctly, the terms of the expansion of Bl.l represent the dis-
tribution of test scores (s) at a given level of ability. If we denote

this conditional distribution of s by fs we obtain by expanding Bl.l

«g?
the resuit that

fs-c = Z*TTsPiTTﬁ-sQi ’ (B1.2)

where'TTsP1 1s the product of the values of P, for any g values of i,
71;m3Q1 is the product of the values of Qi'fof the remaeining n - 8 values

1]
2. - such possible products,

n
of 1, and I¥ 1s the sum of the (s) = s
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If all P1 are equal, Bl.l1l reduces to the familier binomial expression,

and Bl.2 becomes

foe = (5)p%2"® | (BL.3)

' The conditional distribution of s for fixed ¢ is not dependent in any
way on the distribution of ability in the particular Agroup of examinees
that we happen to have under consideration., Equations Bl.l, Bl.2, and
Bl.3 will remain valid whether or not the distribution of ¢ is normal in
the group tested. If ¢ is not normally distributed, however, the values
of R1 pecessary for computing 1’i and Qi must be obtained by the method of

Section A2, not by the method of Section A3 or of Section Ak,

2. The Bivariate Frequency Distribution of Test Score and Ability

We are now in a position to achieve a fundamental objective -- to
‘'£ind the bivariate frequency distribution of test score and ability., The
desired distribution will of course be (38, p. 17) the product of the con-

ditionel distribution of Bl.2 and the marginal distribution of ¢:

£, = Mo, (B2.1)

c ¢’

where fs-c is the expression given in Equation Bl.2. It should be noted
that, for given values of ¢ and g, fcs is & function only of the item

difficulties and the tetrachoric item intercorrelations, and hence the

values of cg TAY be calculated from actual item analysis data,

If we drop for & moment the requirement that the distribution of ¢

shall be normal in the group of examinees under consideration and allow
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the distribution to take any arbitrary form, fc, the seme line of argument
that we have already used leads to a general formula for the bivariate

distribution of ability and test score; as follows

= o
£, = E TR, TT _Q, . (B2.2)

The values of Bi necessary for computing the expression under the summa-
¢ion sign in B2.2 must be obtained by the method cf Secition A2 when fc is'

not rormel,

The reader may wish to refer at thie point to Tables 8 through 15,
which provide numericel esxamples of the bivariate distribution of lest

gcore and ebility.

3. The Regression of Test Score on Ability

Singe the probability that an examinee at a given level of ability
will anpgwer a certain item correctly is denoted by Pi’ his expected
number of correct ansvers on an n-item test is 8P1° Rephrasing this
statsment, ve may say that the average scors of examinses at & given

-

level of ability ie

Moo = ZPy - (B3.1)

Equation B3.1 is the usual exprsssion for the mean of the distribution
given by B1L.2 (16, Vol. I, p. 122). Remsubering that P, is a function of
¢, ve see that Equation B3.l is the equation for the regression of test
score on ability. Like the conditional disiribution of s in Bl.2, the

equation for the regression curve is valid even if ¢ i1s not normally
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distridbuted in the group of examinees tasted.

Figure 2 may be referred to at this point as providing illustrative
examples of the regression of test score on ability for four hypothetical
tests. The curvilinearity of this regression has besen previously deduced

by Brogden (1, p. 207).

Obviously the regression curve must be the sum of the n item cher-
acteristic curves -- in this cage, of n normel ogives. If all the items
have equal 4ifficulties and equal intercorrelations, we have, dropping
the subscript i, Msoc = nP, and the regreszion curve is directly propor-

tional to the item characteristic curve, ag represented by F.

The slope of the item characteristic curve, and bence of the regres-
sion curve, is alweys positive, but the curves are practically horizontal
for extreme values of c. If.an item is sufficiently highly correlated
vith‘ability, however, the item characteristi§ curve will be practically
vertical 1in some part of the range; and this statement remains true no
matisr how ability is defined or what metric is used to measure it. Since
the regression curve must be the sum of the item characteristic curves,; we
see that the regression is inevitably curvilineasr; and in particular, that
it will be very strongly curved if the items are all of equal difficulty

and have sufficisntly high intercorrelations!

To be sure, any given group of exeminses may have a limited range of
ability within which the regression might appear to be approximately recti-
linear, A derivation indicating the extent to which the regression curve
will appear to be rectilinear in any given group of examinees ¥will be pre-

gented in Section B8,
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4., The Regression of Ability on Test Score

The other regression curve -- the regreséion of ability on test score --
can be written down in the form of & definite integral if desired. The in-
tegration cannot be carried ouf, however, and the integral itself is not

readily manipulable,

It will be seen in the following section that as the number of items
in the test is increased without 1imit, the scatter of the cases about the
regression of test score on ability will vanish. As the number of items is
increased, therefore, the regression of abillity on test score will approach
the regression of test score on ability as & 1imit. Since the shape of the
latter regression does not change if the number of items is increased with-
out changing their average cheracteristics, it follows that the regression
of ability on test score bhas an ogive shape, at least whenever the test con-

tains a large number of items.

5. The Btandard Error of Measurement at a Specified Ability Level

The standerd error of measurement for examinees at a specified level

of ability 1s the stendard deviation of f£_ , which cen be shown to be (16,

loc, cit.)

9%.c ™ Vgiai = ‘/"("P“Q - “g) ’ (B5.1)

vhere

1 =1 :

and

0§ = 325 - L (85.3)
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As in the case of the regression equation, the formulas for the stendard
error of measurement at any given ability level remain valid irrespective

of the frequency distridbution of ability in the group tested.

It may be seen from B5.1 that the standard error of measurement will
be practically zero for extreme positive or negative values of ¢. This
conclusion fits in viﬁh the fact that, for any'given test, at least in
theory, &nd usually in practice, there are always examinees whose ability
is 80 low that the test is not discriminating for them, and other examinees
whose ability 1s so high that the test is likewise not discriminating for
them. Thege are the examinees who are practically sure to get zero scores
on the one hand, or perfeéct scores on the other., Obviously, the standard
error.of the test scores is practically zero for such exeminees. Further-
more, this conclusion would necesgsarily be reached irrespective of any as-

sumptions that may heve been made in the present paper.

It is thus seen that the standard error of meesurement of the test
scores 1s necessariiy smallest for those examinees for whom the test is
least discriminating. Although the average of the standard errors of
measurement, averaged over ell ability levels in the group of examinees
tested, may be a useful measure of the discriminating power of the test
for the group as & whole, the standard error of measurement corresponding
to & given ability level is thus seen to be very far from being a suitable
measure of the discriminating power of the test for examinees at or near
this ability level. An appropriate index of discriminating power for this

purpose will be developed in Section C.
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Let us consider for a moment the "relative score" or proportion of

correct answers, which we will denote by z, where

. (B5.4)

Zz =

Bl

Since the standard deviation of z will be 1/n times the standerd deviation
of g, we see from B5.1 that the standard error of measurement for relative

gcore at a given level of ability is

N T @

~ When n becomes infinite, the relative score (z) becomes the "relative

true score” which we will denote by t, i.e.,

t=1limz=1im & . - (B5.6)

=0 Mmoo

plo

The true score for & given test isusually defined es the average score
that would be obtained on an infinite number of "eguivalent" forms of the
test. The same definition (in terms of relative scores) must be used here
if we wish to consider t not merely as the relative score on an infinitely
long test, but more specifically as the relative true score corresponding

to the actual relative score obtained on a specified test of finite length.

Letting n = @ in BS.5, we see that ot'c = 0, This result has been

pointed out by Brogden (1) and others. We thus reach the important con-

clusion that true score and ability have a perfect curvilinear correlation.

If the scale of measurement for the true scores is transformed so as to

give the distridution of the transformed true scores the same shape as the
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distribution of ¢, then the transformed true scores will be identical with
¢. In particular, if ¢ is normelly distributed in the group tested, the
value of ¢ for each examinee will be identically equal to his normalized
true score, Although we do not have the examinee's true score in practice
for this purpose, the actual test score may be substituted for the true

score if the number of items is sufficiently large.

We are now in a position to see that ¢ provides a scale of measurement
for the underlying ability that may be considered to be invariant for any
given group of examinees even though ths difficulties and intercorrela-
tions of the items in the tests administered to the group are changed,
provided the common factor of the item intercorrelations remains the same.
This invariance of ¢ is seen in the fact that, except for errors of meas-
urement, the same value of ¢ will be obtained for each examinee in a given
group of examinees, irrespective of the difficulties and intercorrelations
of the test items, and irrespective‘of the corresponding differences in
the shapes of the test score distributions, provided always that all tests

are measures of the same underlying ability.

Since true score and ability have a pgrfect curvilinear correlation,

it follows thet the standard error of measurement at a given ability level

is the same as the standard error of messurement at a given true score

level:

(3557)

] =g
8.C g.t *

The standard deviation of ¢ (aé.s) for individuals having & given test

score can be expressed in terms of definite integrals derived from equation

Perceptive Exhibit 2041
[PR2025-01575

85U8017 SUOWILLOD BAIER1D) eot|dde U Aq pauseAoh a1 SSILe YO 88N JO S3|NI 104 AR.G1T BUIIUO AB]IA UO (SUOIIPUOD-PUR-SWLISY WD A8 I ARe1d 1 BU1IUO//SANY) SUORIPUOD pUe SWS L 84} 89S *[9202/90/80] U0 A1q18uliuo )i (‘oul eAndeT) agnopeay Aq X ZZ6000) TS6T 70S8-EEEZ (/20T OT/10p/wi0o" Ao | AReiq1jputjuo//sdny wouy papeojumod ‘T ‘TS6T ‘YOSBEEES



2l

- = ’
o, = azx1 /mi;jciodrid (B6.4)

where r,, is the product moment (fourfold point) correlation between x

i

my

13
and zy. Ifi=j, r 13 is teken to be 1; otherwise the value of Ty

be calculated from r; (or from the usual fourfold table) by means of the

standard formula (5, p. 124), which in our notation is

. Ay(hg,bysriy) - ByPy , (86.5)

1
! /P194P 4,

where

C../)S

N (u,v;ri’J)dvdu , (6.6}

@
A (hi’hj’rij) = S A

h

¥y
1~
[

where N (u,v,r ) is the normal bivariate frequency function for stand-
ardized variables u and v whose mtercori'qlatioq is ri 3 In the present
case, Aa(hi’hj;ri J) is the proportion of examinees answering both items
i and J correctly. Values of A (u sV o,;:) are tgbled by Pearson (28, Vol.

11).

Using Equations B6.1 through B6.4, the correlation of test score with
ability may be written

= N(h ) (B6.7)

Tes ‘ /Zfoidarm

T. The Curvilinear Correlation of Test Score on Criterion 8core; The Test

Reliability
The correlation ratio of test score on ability is identical with the
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curvilinear correlation calculated from the best fitiing regression curve,

since this curve passes through all the conditional means, M _. By def-

8-C
inition this correlation ratio is equal to (3, p. 280)

P) (Bé.l)

where E(oi.c) denotes the expected or average value of 0§ o for the total

(B5.7); and the average value of

group of examinees. Now, O = as-t

di_t is the square of the statistic that in test theory is commonly called

the "standard error of measurement" (8.E, ). It is well known that

ms'

8.Epas. = % 1-r . (B7.2)

vhere r__ is the test relisbility. Substituting B7.2 in BT.l, we thus
have the interesting result that the curvilinear correlation of test score

on ability is equal to the square root of the test reliability:

g = ‘/‘i; . - (BT.3)

This result is analogous to the well known fact that Tep = /rss .

We may consider the test reliability as the correlation of the actual
test with a second, hypothetical, "equivalent" form. If we denote the

score on the j-th item of the hypothetical equivalent test by xJ so that

xJ =0 or 1, and if we assume that the two test scores have equal stand-

ard deviations, we have, by the usual formula for the correlation of sums,
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Tes ™ T(Ex,)(2X,)

Z:zaor

1.1 JX
2
8

1d (BT.4)

Equation BT.4 1s the same as the basic equation from which Kuder and

Richardson (18, Equation 2) derive their reliability formula.

Since the equivalent test has only & hypothetical existence, the

values of ax and r, g ore known only by virtue of the definition of

J 1
equivalence, According to this definition

o, =0, , ° (B7.5)

the observed variance of the j-th item (see Equation B6,2); and

(1 #3), (37.6)

=
rx X

£y U

the observed fourfold point correlation (see Equation B6.5). The value

of rxixi

corresponding tetrachoric correlation, r' X , shall be such that the cor-
X384

relation matrix whose elements are ri 3 = rx D shall bave unit rank. We

13

for our purposes may be determined from the requirement that the

gee from the definition of R 1 that

r' = Ri : | (B7.7)

hence, by B6.2 and B6.5,

2y 2
_ Ap(hg,hysRy) - By
xiXi a.i

(B7.8)
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From Equations B6.4 and B7.3 through B7.8, we find the result that

2 2
ma(hi’hi’Ri) -Zpy + L Z.o'ia"ri:J
r = = i 1 i#3
ss ‘sg
%
£p, - ZA_(h,,h, ;R>)
ik S a-Abie L S | (
- 1 - a 37.9)
o

The expression given for the squared curvilinear correlation coef-
ficient in BT.9 may be verified, if desired, by evaluating by direct inte-

gretion the expected value (38, p. 29) of ui.c. Using BS.1, it will be

found that
o
E(oi'c) = S(XPiQi)N(c)dc = Zp, - mg(hi:hiiRi) . (B7.10)
)

Substitution of this result in Equation B7.l yields the same expression

for the curvilinear correlation coefficient as that given by BT.9.

An examination of Equation BT7.9 shows that any increase in R? , the

| communality of the itéms; will be accompanied by an increase in the curvi-
linear correlation, W_.. This result is of special interest in view of
Tucker's é.emonstration’ (35) and Brogden's later results (1) showing that
a progressive increase in the item injbercorrelat:lons will lead at a
rather early stége to a progressive decrease in the product moment cor-
relation between test score and ability. This unexpected behavior of

the product moment correlation is the result of the fact that as the item

intercorrelations increase, the regression becomes more and more curvi-
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linear, so that a straight line provides a progressively poorer fit, even
though fthe scatter Qf the cages about the curved regression line is being
continua.lly reduced. Seen in this light, the situation does not seem to

Justify Brogden's inference that total score item analysis procedures are

usually not worth while.

(No useful results for the other curvilinéar correlation -- that of
ability on test score -~- have been obtained to dats in view of the rather

intractable expression obtained for ac-s°)

8. The Megnitude of the Practical Effect of the Curvilinear Regression

As poted in Section 3, if the examinees tested all fall about a sec-
tion of the regression curve that is practically linear, the essential
curvilinearity of the regression has little practical effect. A measure
of the magnitude of this effect is i)rovided by a comparison of the curvi;
linear correlation of test scores on ability with the corresponding
produet moment correlation coefficient, This comparison will be made
only for the case where thé teast is composed of equivalent items, in

order to avoid excessive mathematical complications,

First we will obtain a formula for the product moment correlation
for the case of equivalent items. From B6.4, dropping the subscripts i

and J and remembering that r,. = 1, we obtain

ii

g, = \/npq + (n,i -n) pgr = ;/[1 + (n - l)r]npq . (;8.1)

From B6,1, B6.2, and B8.1 we £ind the product moment correletion to be
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Vor

- . (B8.2)

r
ce \/1 + ln - 1,2'

Ve next wish to have a formula for the curvilinear correlation, v)s ¢’
for the case of equivalent items. In this case all values of riy (1 #3)
are equal an@ may be denotéd by a single symbol, r', If §he matrix of ri' j
is to have unit rank, the diagonal entries must also be equal to r',
Since the diagonal entries are the squares of the factor loadings, we

have for this special case

B =r. (88.3)

For equivalent items, dropping the subscripts i and j, Equation B6.5

becones

Ay(b,hsr?) - 3° .
r= 5 . (B8.4)

Replacing Rg in B7.10 by r’ and eliminating Aa(h,h;r') from B7.10 by using

B8.4, we obtain
(2 ) = npg(1 - 1) . (88.5)

From B7.1, B8,1, and B8.5 we thus obtain the result that for equiva-

lent itenms
.,la =1 - l-7¢ - nr . (33.6)
sc 1+ (n=-1)r 1+ (n-1)r

This result will immediately be recognized as the Spearman-Brown formule
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for predicting the reliability of a test composed of n equivalent items

from the item intercorrelations, r.

Since we are dgali:':g with population parameters and not with sampie
statistics, ther9 is no test of significance involved in comparing ’zs c

and r. The most convenient procedure will be to examine the ratio

c8’
‘qic/ris. From B8.2 and B8.6 we have the very simple result that

)zic r ”
= - (8807)
e re
cs c
By B6.3 and B8.3,
.'12
8¢ Par par . (88.8)

rzs‘ T PR r'¥(n)

In order to obtain & clearer idea of the magnitude of this ratio, it
will be helpful tc expand r &s a power series in r', The usual power
series used to determine a tetrachoric correlation coefficient from the
frequencies in & fourfold table will serve our purpose (29, p. 369). For

equivalent items, this geriles is

A (h,h;r') - p2
C nz( ) =r'+ éhar‘a + %(h2 - 1)2r'3 +
h

By B8.4, the left side of B8.9 is
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2 . ,
A {hhsr’) - ‘

¥2(h) (L)

From B8.8, B8.9, and B8.10 we obtain

2
nsc

r
c8

=1« dPr o 202 - 1P 4 TP - 3)%ee3

M | T (88.11}

If all items are of Fifty per cent difficulty; k = 0, and we have

2
7
;c -] + %r'a + ﬁ%r‘h + 0 o0 o {B8.12)

c8

This laat equation shows that vhpn all items are of fifty per cent
éifficulty, nsc will be practically equal %o T unless the tetrachoric
item intercorrelaticns are much highsr than iz ususl. In this case,
therefore, the effect of the curvilirearity of the regression will be
wholly negiigible in actual practice. BEguation B8.,11, on the other hand,
shows that wherever the ftem difficulties 4iffsr by 2 consziderable sxtent
frém fifty per cent, ;- when b 2 1, say, -- 7%0 may become considerably

larger “han r_ _, and the effect of the curvilinear regrsssion may be quite

cs

roticeable in practice,

Tke reader may wish at this point to refer to Figure 2 and the accom-

panying text for numerical illustrations relating toc these conclusions.,
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C. The Discriminating Power of the Test et a Given Level of Ability

1, Derivation of an Index of Discriminating Power

If Ve are going.to use thé test for selecting those individuals having
the g:oatest_amoﬁnx_of the ability measured by the test, we want a test
that yill discriminate accurately among qxaminses who are near the cutting
score, If all selected examinees are to be treated'alike and all rejected
examinees are to be treated alike, irrespective of their test écores, then
some measure of the discrimination of the test among examinees near the

cutting score ig the only correct measure of the validity of the test.

Most of the familiar statistics that suggest themselves as measures
of this type of discrimination turn out ¢n investigation to be wholly un-
satisfactory. The correlation T i8 of course unsuitable because it is
only & measure of the average degres of discrimination over the entire
group of examinees., The standard error of meusurement at a given level of
ability is usually thought of as & direct measure of the discriminating
pover of the test at that level; but we have already showvn that the stand-
ard error of measurement for a given test at various levels of ability

tends to be inversely related to the test's discriminating power.

A numerical example will serve to clarify the problem. Suppose almost
all individuals for whom ¢ = -5 obtain scores of either 0 or 1, and that
their average score is 0.3, The standard error of msasurement for these
examinees is small -- perhaps 0.2 -- but it may still be that examinees
for whom ¢ = -3 obtain an average test score of only 0.31. In euch a case

it is obvious that the test does not discriminate appreciably between exam-
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inses at the ¢ = -5 level and examineses at the ¢ = -3 level, Clearly any
measure of discriminating power must take into account both the standard

srror of measurement and the slope of the regression,

Many different measures of d;scriminating poiwer could be desfined.
Let us start by comparing the distributions of test scores that will be ob-

tained by examinees at two different ability levels, o and ¢ At each

1°
ability level the distribution of test scores will be approximately normal
for large n, and 1if cy is close to C, these distributions will have approx;
imately the same standard deviation., Under these conditions the amount of
overlap of the two score distributions -- by overlap here iz meant the
extent to which the areas of the two frequency distributions coincide --
will vary directly as a function of the diffsrencs between the means (Ma-c
and Msocl) of the distributions when this difference is expressed in °
standard deviation units., In other words, we may use ag & measure of over-

lap the function

My = Mgoc
Dt = °d* i, (c1.1)

where ths numerator is the absolute value of the difference between the
means, and the denominator is some appropriate average of the standard

deviations of the two distributions.

The function D' measures the distance between the two means. When c1

{8 closes to €y this distance mey be considered to vary in proportion to

the distance ¢, - ¢ We are not interested in the distance between the

two means corresponding to any specifisd distance ¢y = C4s but rather in
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the rate at which D° changes as a function of ey = G4 For any given value

c=c,, this rate is

- M
8.C BeC

8+Cy - M

1
linm = 1im r- lim
01"?9 d*(cl-c) °1'°
, oM
o ac
BoC

Obtaining the indicated derivative from B3.l, A3.6, and A3.5, using the

expression for o_ given by B5.l, and denoting the rate by D, we have

o

De— _z .t Ng,) . | (€1.3)
1@ 171

Both P, and g, are functions of c; so D is likewise a function of c. We
will use D as our measure of the discriminating power of the test at a
specified level of ability (at a specified value of ¢, not of g8). It is
seen thaet D is the ratic of the slope of the regression curve to the
standard deviation of the test scores at a fixed level of ability. The
standard deviation is always positive, and we will assume that the slope
of the regression will alvajs be nonnegative., It is seen that the dis-
crimination index will be zero when there is no discrimination, and that
the more the discrimination, the higher the index, there beingv no upper
1imit to its possible value. If the item difficulties and the values of
R 4 8re available for any group of items meeting the assumptions mwade, the
value of D can be calculated from equation Cl.3 without excessive 4iffi-

culty.
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We may note that 2, like Ms«c and Gs’c from which it is derived, is
completely independent of the distribution of ability in the group tested,
This is an advantage when & general description of the test is desired
without reference to any particular group of examinees; it is 2 disad-

vantage if the effective discrimination of the test for a specified

group of exsminees is desii'edo lavley (19) bas derived an index of the
effective discrimination of a test at diff_erent levels of ability for a
specified group of examinees., The differsnce between "discriminating
power" and "effective discrimination," as the terms are used here, may be
{llugtrated as follows: A test may have low discriminating power for
examinees in a certain range of ability; however, if in any given group

of examinees there are only a few individuals spread out thinly over this
range of ability, the rank order qf these individuals orn ability may be
more accurately determined by the tesi scores than is the rank order of
examinses in some other rangs of ability where the discriminating pover
(C1.3) of the test is greater, but where there are many examinees of almost
identical ability., The effective discrimination is greatest where the rank

order of the examinees 1s most accurately determined.

Both Lawley's index and the one presented here are measures of dis-
crimination at a gspecified ability level, For most practical purposes, it
would be bett'er to have an index measuring discrimination at a specified
score level, Such indices may be readily deviged; however the mathematical
formulas involved seem to be too imtractable for the type of theoretical

treatment appropriate here.
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2. The Conditions for Maximum Discrimination

We wish to investigate the problem of how to choose test items so as
to maximize the discriminating power of the test at a specified ability
level, For this purpose wve will assume that all items have the same value
of Ri’ We will then investigate what distribution of jtem difficulties
will give optimum results under this assumption, Since D is taken to be
nonnegative, we may differentiate log D with respect to 8 (1=1, 2, ..., n).

Writing N

= N(gi) we have

S | (c2.1)
cmpmmme % g N » C2'1
dgi 171

B (c2.2)

&N, (1-21’1)“1
ag, z;ni* aﬁiQi - (c2.3)

Setting the derivative equal to zero and transposing, we obtain n simultan-

eous equations:

(L -2p,) 2IP.Q .
i = mi i (1 =2 l’ 2’ @00y n)o (Ca.h)
8y 1

Since the expression on the right is the same for ell n equations, wve

have as a condition for & maximum of D:

1-2p, 1-2P 1 -2P
lz 2=°°.=—-——-—-—x}'e (02.5)
& & %
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Now the absolute value of g, is & single-valued function of (1 - 2P,) /gi.
Consequently Equation C2.5 requires for a maximum of D that all g's be

equal in absolute velue:

&=

‘0..=

&, , . (c2.6)

Under the conditions of €2.6, P,Q, =PQ, = ...=PQ and N, =N, =... =

Nn; so that, dropping subscripts, Equation Cl.3 becomes
p=J2ER | | (c2.7)

Any value of g that maximizes D in Equation C2.7 will also maximize D in

Equation Cl1.3..

It may be shown mathematically, or much more simply by numerical
investigation of tabled values, that N/\/PQ is & maximum when g = 0, It

is thus found that D is a mximqm when Bi = 0 for all 4.

When g = 0, h, must egual Ric, and Pi -% . We thus reach the con-

i
clusion that if it is desired to construct a test that will have the

grestest possible discriminating power for examinees at_some given level
of ability, ¢ = Cys then all itemsg should be of equal difficulty such that

half of those examinees whose ability score is ¢ o will snswer each item
correctly and half will answer it incorrectly. |

Similar or related conclusions have been reached by a number of
writers (32, 31, 11, 1, 7, 33), starting vith different premises and pro-

ceeding with verying degrees of rigor. Empirical evidence relating to this
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point is also availsble (22, 3%, 31), It should be noted, however, that
the conclusion reached in the present paper may be guite different in
practice from the frequent conclusion that "what is required is a set of
items which average 50 per cent difficulty for the group to be tested,”
If, furthermore, a test is to be used to award & single scholarship to
the highest-scoring examinee in a group of 100 examinees, the solution is
not to use items that will be answered correctly by only one or two per
cent of the examinees, but instead to uss items that will be answvered cor-
rectly about half the time by the two most able candidates (cf. b, pp. 21-

22).

Very few, if any, actual tests have been built in accordance with the

principle deduced hsre,

'(When the examinee has 1 chance 1n k of answering egch item correctly
by guessing, it might be expected that maximum discrimination would be
found, assuming equivalent items, at the level of ability where the pro-
portion of correct answers is -;-(1 + 1/k). Mathematical investigationm,
which will not be given here, shows that this is clearly not the case, In-
dicétions 8.]".'6 that the level of ability must be appreclably higher than
this, This conclusion is pleusible in view of the fact that multiple
choice items become more and more unreliable as the proportion of correct

ansvers decreases towards & chance level.)

3. RNumerical Illustrations of the Discrimination Index

Figure 2, for illustrative purposes, ehows the discrimination index

as 8 function of ability for each of four hypothetical tests, together
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with the regression curve of test score on ability, The discrimination
indices for Tests 1, 2, and 3 were calculated from Equation C2.7. The
discrimination indices for Test &, which has a rectangular distribution
of item difficulties (pi), wore found by using certein formulas published
by lawley (}_.2). He assumes that all values of Ri are equal and that the
values of h1 are normally distributed. Under these assumptions, it may be
shown that the item difficulties (-pi) will be rectangulsrly distributed
vhen the mean of the h's is 0 and their standard §ev1&tion is 1 (Mh = 0

and ahsl).

Setting G = \E + d;"! and dropping the subscript from Ri’ ve may

write certain of Lawley's results dervied from the foregoing assumptions

as follows:
Mh - Re
Ms-c = nA( -~ ), (c3.1)
and 62
Mh - Re Mh - Re h
oi«c =Mgc - “Az( % '~ ¢ ¢ .G—é ) . (c3.2)
From C3.1 we find that
- Re .
"aaé Moo = %N( 5—5— ). (¢3.3)

The discrimination index for & test characterized by given values of R, uh,

and ch may be obtained by using C3.2 and C3.3 in conjunction with the fol-

loving formula (cf, C1.2):

1 )
D= 7] ac xs.c . (c3.4)
8.C
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Test 1 1s & 100-item test having & reliability of only about .80 and
consisting of items all of 50 per cent difficulty (R = .243, 9, =0, X = 0).
The regression is almost rectilinear within the range of ability of the
group tested; and the test is practically equally discriminating for all
examinees within this range. Test 2 is the same as Test 1 except that its
reliability is about .96 (R = .44T; 0, =0, M = 0). The regression is
more curved and the discriminating power of the test is mmch higher for
examinees of average ability than for examinees at the extremes of ability
in the group tested. The standard error of measurement at different lavels
of ability is indicated by a dotted line for this test. Test 3 may be con-
sidered to be the same test as Test 2, but administered to 2 less competent
group of examinees (R = 447, o, =0, M, = 1.07). We see here what happens
vhen a test is too difficult for the group tested: the regression of test
score on ability is distinctly non-linear, and the test has low discriaminat-
ing pbwer for the less competent examinees. The curves for Test 3 are
actually the same as, or continuations of, the curves for Test 2, except
that the séale on the base line is changed, Test 4 is the gsame as Test 2
except that the items here are not all of the same difficulty, the item
difficulties (pi) in Test 4 being rectangularly distributed (R = 447,

9 =1, My =0).

For purposes of comparison, Figure 2A superimposes the curves showing
the discrimination index for each of five tests. The test for which 0§ = 0
is the same as Test 2 in Figure 2. The values of h1 in each of the other
tests are normelly distributed with Mh = (), and the value of Ri for each

item is in all cases .U47., Each of the five tests consists of 100 items.
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The tests differ from each other only in the variability of the dirtiqt;lﬁies
of the.test items, as measured by 0§ The test for which og = 1,00 is:the

same as Test U4 in Figure 2 -- the values of Py in this test have a rectang-
ular distribution. The test for which o2 = .40 1s the one most nearly like

the usual type of test having a moderate spread of item difficulty.

Figure 2A shows that the test composed solely of items of 50 per cent
difficulty is more discriminating than any of the other tests for examinees
at any level of ability between ¢ = -2.5 and ¢ = +2.5, Since only about ons
per cent of the examinees will lie outside this range of ability, these re-
sults suggest that many of our tests could be improved by restrictihg the
range of item difficulty. (The reader may wish to refer to Davis (E)

and Flanagan (9) for arguments opposing this point of view.)

i, Relation of the Discrimination Index to the Test Reliability

Let us consider the following function of D and expand it by means of

Equation C3.4, using the symbol b for the derivative of .Msv o Vith respect

to ¢:
2
2 b
P 5= e . (c4.1)
1i+D 500+b80

Suppose now that the range of ability present in some specisl group of
examinees tested is sufficiently narrow so that within this range the
values of bsc and of 0..c 1Y be treated as constants for some hypothetical
test. In this case bs c is the regression coefficient in the equation for .

predicting s from ¢, and consequently, by the usual formula for & regression

coefficient:
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b Lot £ o . (cl"oa)

Similarly, 08’ o is the standard error of estimate, so we may write

A _=R0-2) . (ck.3)

If we choose the units of measurement for ¢ so that 0, = 1 and then

substitute Ck.2 and C4.3 in Ch.l, we obtain for this spscial case

=re (Ck.b)
1+D

When the regression of s on ¢ is approximately linear, ric = rit il

{see Section BT); so finally, for this special case,

D
=r (ch.5)
14+ D2 56

This result suggests that the function D>/(1 + D°) might well be used as
a measure of the discriminating power of the test at a given level of '
ability. The interpretation of this function would be facilitated dy its

equivalence to the reliability coefficient of a certain hypothetical test,

D. The Frequency Distribution of Test Scores

The univeriate -distribution of test scores, f;, may be obtained by

integrating Equation B2.2 according to the ususl procedure:

o0 &3]

= = * .

£, S £ dc=E S £ TTP.TT _Q.dc . (D1.1)
-0 -0
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Another special case that is of interest occurs when all items are of
fifty per cent difficulty (h = 0) and all values of Ri are equal to 1/ \/2. .

In this case 8y = =C» and D1.2 becomes
0

£, = () gn(c)A"(-c)B“"’(-c)dc , (D1.h4)
-co

vhere the superscripte are exponents and B(-c) =1 - A(-c). Now

ad; A(-c) = N(c); (p1.5)

also A(-c) = 1 when ¢ = ;0 and A(-¢) = O when ¢ = -c0., Conseguently, writ-
ing A = A(-c) and replacing N(c)dc in DL.k by d4A, we obtain the result
1 .
£, = (g)SAs(l - APt (D1.6)
0
The integral in D1,6 is & beta function; so finally,

- n: sin-8)! 1 '
T = 5Ma -6 (n+ 1) n+ 1 (p1.7)

Since g can only vary from O to n, we have the result that in this special

case 8 is rectangularly distributed.

The value for many general purposes of having an app:lox:lmately Yec-
tangular distribution of test scores has been pointed out by Ferguson (Z).
In a previous article (1), Jackson and Ferguson emphasize the value of
having different specified shapes of score distributions for different
specified purposes. For example, if the test is to be used merely to

separate examiness into a successful group and a failing group, it is
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desirable to have ag few examinees as possible with_scoree nsar the cutting
score, The most desirable distribution of scores for this purpose would
therefors bq a U-shaped distribution with the antimode at the cutting score,
Equation D1.2 will give such U-shgped distributions whenever the item inter-
correlations are sufficiently high. Apparently, when ¢ is normally dis-
tributed, Riﬂmust be greater than 1/\/5 before this can occur, however.
Such largs values of Ri are seldom obtained with most types of cognitive

tests.

The resulis given are sufficient to show that the distribution of test
acores.cannot.in goeneral be expected to be normsl, or even approximately
gormal. The question naturally ariseg as to vhat possible shapes the fre;
quency distribution rs, es given in Equation D1.2, may assums. The answer
is that this function may assume anyvshape whatsoever, provided the item

intercorrelations are sufficiently high.

Suppose, for example, that it is desired to obtain the following

arbitrarily chosen frequency distribution for a five-item test:

£ cumlative

8 8 frequency

Y 0 .15

3 .25 .15

2 032 050

1 .16 .18

0 02 .02
1.00

Referring to a table of the normel curve we find that the required cumula-
tive frequencies correspond to relative deviates of oo, +0.67, +0.67, +0.00,

092, and -2.05. A little thought will show that if we select five items
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that are perfectly correlated with ¢ and that have values of hi equal to
the last five of the six relative de\fiates Just listed, the resulting five-
item_ test vill have the required frequency distribution of test scores.

The same result may be odbtained from Equation D1.2. This result, although
of course useless from a practical point of view, is given in 6rder to show
that there 1s really no limit to the different shapes that may be essumed
by the frequency function of Equation D1.2, provided the item intercorrele-
tions are sufficiently' high, When the item intercorrelations are low, how-
ever, the test score distribution is necessarily not very diﬁ‘efent from

the generalized binomial (D1.3), i.e., it 1s necessarily bell-shaped.

Kext let us investigate the moments of fs. The mean of ths test score
distribution can be found by simple algebra without meking any assumptions.
As is well known, the mean test score is n timeg the mean item difficulty:

M, = Ip, . (p1.8)

This same result may dbe derived from Equation D1.2, as follows:

<
n
M, = ;0 ot = S“(°)§’z*ﬂspiﬁn-sc‘id°
=00
©
= SN(")Msocd" . (p1.9)
=00

Substituting the value for MB. c from B3.1l, we have

oo
Ms =§ SN(c)Pidc . (p1.10)

=00
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This integral may be evaluated wi@h a result that agrees with that obtained

algebraically and presented in D1.8.

'.l‘he. standard deviation of the tesj!: score distribution may likewise be
derived without a.ésumptioﬂs by simple algebra, as shown in Equation B6. 4,
This seme result also may be obtained from Equation D1.2 by evaluation of
the integrals in the formula |

ci -z safs . uﬁ . (D1.11)
8=0

‘The third and higher order moments of the test score distribution
cannot be expressed as simple functions of the item difficulties and inter-.
correlations. These moments can be'bbtaimd by numerical integration,; or
by expanding the necessary integrals by means of the infinite series de:
veloped by Pearson (_a_j_ ), but the result is too cumbersome to be of much

practical value for present purposss.

In view .of the obstacles encountered here; it appears that the best-
practical method of cbtaining further insight into the genersl relation
between the item statistics and the shape of the distribution of test
gscores is to examine the limiting frequency distribution approached by the
gscore distribution ae the number of items becomes very large, This will

be done in the following section.

It is of interest, now that we have obtained & formula for the fre-
quency distribution of test scores, to note that the line of reasoning
followed for this purpose is, in broad outline, the same as that used by -

Lazarsfeld (21) in dealing with the problem of latent structure, but
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opposite in direction., We have made certain assumptions as to the shape
of the item cheracteristic curve and have derived the distribution of test
~scores, on the basis of these assumptions, as a function of the frequency
distribution of the underlying ability in the group of examiness tested.
Lazarsfeld, on the other hend, starts with certein essumptions as to the
shape of the item charactéristic curve ("trace line"”) and attempts to
derive the distribution of the underlying ability (tfait) in the group of
examinees tested as a function of the known distribution of actuasl test
scores. No.entirely satiefactory general solution to the problem of

latent structure has as yet dbeen found.

E. The Limiting Frequency Distribution of Test Scores for large n --

The Frequency Distribution of True Scores

1. Derivation of the Distribution

In discussing the limiting distribution of scores as n becomes very'
large, we will concern ourselves only with the relative score, z = s/n.
When n is infinite, z becomes the same as the relative true score, which

is denoted by t.

We saw from Equation B5.5 thet as n becomes very large, all the fre-
quency of the bivariate distribution of z and ¢ becomes concentrated at

the regression lines, which in thie case coincide. Thus for infinite n,

teM . | (F1.1)

In the case of relative scores, the regression is seen from B3.l to

be given by the average value of P:
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M, =8I, =M, (21.2)
Let us replace M, by the expression M(c) to emphasize the fact that M, 18
being considered as a function of ¢, We see from El.l and El.2 that the
distribution of t is the same as the distribution of the function Mc).
I£ we assume that R, # 0, ve may denote the inverse function of M(c) by
M'l(_t) , 80 that ¢ = )l'l(t). If ¢ bas the frequency distribution f£(c),

the distribution of t = M(c) may be found by the usual methods to be
, = i) R8) (51.3)
t Bt

¥hen ¢ is normelly distributed, we have

-1
£ = NE;‘I(t)]M . (B1.k)
t ot

Let us suppose that an infinite number of equivalent m-item tests

are aéministered, so that { is the average relative score obtained on all

these tests. Since the tests are egquivalent we have, as before,

t = M(c) =% z P . , (E1.5)

=1 1

We f£ind that (cf. Bquation C1.3)

st 1 ® By¥(gy)
e =EETE—

(21.6)
i :

-1
Since ¢ = M"1(t), aMa—tiﬁl is the reciprocal of the expression on the right

Perceptive Exhibit 2041
[PR2025-01575

8508017 SUOWIWOD AR 3|qeal|dde sy Aq peusenof are sapiLe VO ‘8sn Jo Sajn. J0j Akeiqi]8uljuO A8]1AA UO (SUOTIPUOD-PUe-SWLIB)L0D" A8 | 1M Ae.d 1 [eu1|UO//:Saxy) SUONIpUOD pue stuie | au1 88S *[9202/90/80] Uo Akiqiauliuo A1 ‘(-ouleAnde ) aqnopesy Aq X'2z6000) TS6T ¥0S8-E€€2 [/200T 0T/10p/woo A8 |imAlelq 1 jpuljuoy/:sdny woiy pepeojumod ‘T ‘TS6T ‘YOSBEEEZ



&7

side of Bquation E1.6, Substituting this result in El.4, we obtain

£inally:
_mlce)] (£1.7)
t - .
o R,N(g,)
K
In E1.7, g, is as usual (A3.5) a function of b, B,, and c; but

here ¢ is treated as a function of t, so that g, is a function of t. For
purposes of celculation, f't may perhaps best be computed from the para-

metric equations:

£ = nR{c
t
gkiN(si)

K

, t=Me), (81.8)

where ¢ is the parameter. When the values of h, and R, are specified,
actual values of the frequency distribution of relative true scores can
be calculated from these equations., This has been done for certain simple

illustrative examples in the following section,

The cumulative frequency distridbution of t, which we will denote by
F(t), may be of interest; 1t 1s found from El.5, by the usual methods, to

be

& M 1(t)
F(t) = \ f£,at = \ N(c)dc . (B1.9)

-00 -00

The second integral is obtained from the first by the substitution ¢ =

H'l(t). Actusl values of the cumulative frequency function of relative
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true scores can be obtained fairly easily from El1.9.

The frequency distribution of relative scores actually approaches the
frequency distribution ft as a limiAt. when n becomes infinitely large. This
same result may be obtained from Eqﬁation D1.2 by finding the limit of the
characteristic funcfion as n becomes infinite. Unfortunately, it has not
been possible to date to obtein any simple expression for the amount of
the discrepancy between fz, for any given n, and ft"

We may note at this point that, because ‘of the relation between Lt and
¢, the distribution (t“e‘° t) of actual scores for a fixed true score is the
sane as th? distribution (fm c) of actual scorez for the corresponding
fixed ability score. Congsquently, g.t is the same generalized binomial

as is given by Equation BL.2.

2. Illustrative Examples of the Distribution of Relative True Scores

~ Relative true scores ars the relative scores that would bs obtained
if the test were a perfectly reliable measuring 1nstrument;., The slge-
braic differsnce between an examinee's actusl score and his true scors is
.the error of meagurement. As indicated in the preceding paragreph, the
errors of measurement for any given true score have a generalized binomial
distribution. The errors of measurement are not independent of the true
score, since their stendard deviation and their frequency distribution are
di:_fferent for different true scores. The usual proof that the errors of

messurement are uncorrelated with true scores remains valid in the pieseht

context, however.

Figure 3 illustrates the effect on the shape of the true score dis-
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— == — B@st fitting normal distribution

o 2 3 4 5 7 8 9 10
Score Score
R=.65
R=.80
T T t 1 T T T T 1 1 T I T T El T T T
o 4+ 235 4 5 6 7 8 8 10 0 I 2 3 4 5 6 7 8 9 IO
Score Score
Figure 3, Frequency Distridutions of Relative Scores on Four

Infinitely Long Tests Composed of Equivalent Items
of 50 Per Cent Difficulty Whose Correlations with
Ability Are as Indicated.
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tribution of increasing the correlation (g) of the items with ability.
The va}ues of ft needed for drawing these distributions were obtained
from Equation E1.7. The distributions shown are for relative true scores
on tests composed of equivalent items of 50 per cent difficulty. When R =
.20, the distribution, although platykurfic, is 80 nearly normal that the
best fitting normal distribution can hardly be drawn on the same graph;
the standard deviation is low, and only about a half of the possible
range of scores is found to occur with any frequency in actusl practice.
When R = .15, the distribution of scores is still nearly normal, and the
entire range of scores is utilized., When R = .65, the standard deviation
has increased further and the distribution, although still unimodal, is
nearly rectangular. The distribution becomes actually rectangular when
R = ,707, as was shown by Equation D1.7. As the correlation increases
above ,T707, the distribution becomes more and more U-shaped, as indicated

by the distribution for R = .80.

Actusl tests having an average item difficulty of about 50 per cent
vould produce frequency distributions similar to the true score distribu-
tions illustrated. If the average item difficulty differed appreciably
from 50 per cent, the actuel score distributions would still resemble

those illustrated except that they would not be symmetric,

F. The Bivariate Distribution of Scores on

Two Tests Measuring the Same Ability

If the items in two tests have only a single common factor, the dis-

tributions of the test scores (sl and 82) on the two tests will be inde-
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pendent when ¢ is fixed. The conditional bivariate distribution of test

scores will therefore be

=f f . (F1.1)
8)8,°C  By:C 8,eC

The right side of this equation may be evaluated by Bl,2.

- The triveriste distribution of 815 By and ¢ is therefore

4 = N(c)f ; (F1.2)
csls2 slsa.c ’
and the bivariate (marginal) distribution of the two test scores can be
found from this by integrating out the variable ¢:
o
f = \ N(c)f de . (F1.3)
5132 S Slszvc

=~

This result is too cumbersome in expanded notation for us to draw
any general theoretical conclusions from it, For a given set of data,
however, equation F1.3 can be handled by means of numerical integration.

This has actually been done as part of the empirical investigation re-

ported in the following sections. The resulting bivariate score distribu-

tions are given in Tsbles 24 to 30.

In the special case where all 1tems are of 50 per cent difficulty
and Ri = /.5 for all items, the bivariate distribution of test scores

is found by direct integration (cf. D1.T) to be
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e
&y

Al

(It may be noted that the second fraction in Fl.4 is the general term of a

hypergeometric distribution.) The bivariate distribution of Fl.4 is some-

what of a‘curiosity. The merginal distributions of‘\s 8y and 32 are of course

1+ % (obtained by summing the
frequencies in F1.4 diagonally) is also rectanguler. The bivariate dis-

rectangular (D1.7). The distribution of s

tribution has two modes: one at the corner where 5 = s2 = 0; the other
at the corner where 8y =1, 8B, = N,. The two antimodes are at the two
remaining corners. The frequency surface represented by Fl.4 may be well

characterized as saddle-shaped.

The régression of 8, on 8, for the special frequency surface of Fl.k
is found to be
n. (s, + 1)
oo, " ETE (F1.5)
2 "1 1

It is obvious that in this special case the regression is linear. Examina-
tion of the appropriate formule shows, however, that in general the regres-
sion of one test score on another will not be strictly linear, even though
the two tests are parallel forms. This conclusion is confirmed by the
numerical 1ntegration of the appropriate formula for hypothetical values

of h

i and Ri chosen to represent two strictly parallel tests.

Perceptive Exhibit 2041
[PR2025-01575

85UBD 17 SUOWIWIOD BAIEaID 3|qedldde au3 Aq paueob afe S YO @SN JO S3NJ 0 AR1G1T BUIIUO /8|1 UO (SUORIPUOD-PUR-SLURYW0D" A | 1M AReaq1 el UO//SARY) SUORIPUOD puUe SLLB L 84} 835 *[9202/90/80] U0 ARIq1T 8UIIUO A8]IM *(du] BANGR ) 8anopeay Ad X'226000) TSET Y0S8-EEEC [/200T OT/10p/LL0d A8 |1m Arelq 1 Bul|uo//Sdiy Wwo.y papeojumoq ‘T ‘TS6T ‘Y0SBEEEE



52

G. BExtension of Results to Multiple Choice Items

A When 1t is possible for the examinee to obtain the correct answer ito
a test item by sheer guessing, it is no longer reasonable to assume that
the item characteristic curve is a normal ogive. No matter how low the
ability of en examinee may be, he still has some appreciable chance of
answering such items correctly. The formulas derived in the present
article in general cannot be applied fo multiple choice tests, or to
other tests where guessing plays a significant role, Formulas parallel
to those given here have béen worked out for the multiple c¢hoice case on
the assumption that guessiné, whenever it occurs at all, is purely random,
Such an assumption is certainly only & rough approximetion to the real
life situation, No empirical check has as yet been made to determine to
what extent the formulas derived on the basis of this assumption yleld
adequate predictions of observed results. The formulas themselves will

not be presented here,
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III, EMPIRICAL VERIFICATION
H. The Plan

The theoretical results of Part II, Sections B and C, relating test
score to ability, cannot be checked smpirically except by the use of a
test so long and so reliable that scores on this test, after being
normalized or transformed in some other way, can be satisfactoril& sub-
stituted for the unknown values of the ability score, ¢. 1In view of the
difficulty of securing & sufficlently long test that meets the other
criteria desirable for a first empirical study, the empirical work done
to date has related only to'the theoretical results of Part II, Sections
D &and F, where no measure of ability is involved in the final results.
The results to be checked are those of Equations D1.2 and Fl1.3, which
give the univariate frequency distribution of the test score and the

bivariate distridbution of two scores,

The empirical procedure involves essentially: 1) selection of a
anumber of short tests for which the examinees' answer sheets are avail-

able; 2) computation of the item statistics p; and R, ;

of £, and of £ _ by means of Equations D1.2 and F1.3; and 4) comparison
172 E :

of the thecoretical results so obtained witn the actusl univariate and bi-

3) computation

variaste distributions of test scores,

I. The Data

In gelecting test data for the empirical gtudy, three considerations
vere given paramount importance: 1) the test must be composed of free

response items such that guessing bf the examinee could have little effect
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op_the correctness of his responses; 2) the test items must in so far as
possiblevhave iny‘one common factor; and 3) the test must have been ad;
ministered to a group of examinees of such a nature that it would not be
unreasonable to assume ability (¢} to be normally distributed in the group
tested. These three considerations limited the choice among the readily
available test data so drastically that other considerations were largely

disregarded.

It may be well to call attention to the third consideration. It is
obviously impossible to predict anything about the shape of the distribu-
tion of scores for a given group of examinees if nothing is known or
assumed about the nature of the group tested, since the disiribution of
ability, and hence the distribution of scores, may take any shape whatso-
ever, It would be possible and desirable to use the method of Section A2
to determine the actual frequency distribution of ability in the group of
examinees; hoqpver, this method would have required the use of & very long
test. In the absence of.éuch a test, it was necessary to assume that
ability, as defined by the variable ¢, is at least approximately normally
distributed in the group tested., The success of the empirical verifica-
‘tion undertaken here may depend to a considerable extent on the appropriQ

ateness of this assumption.

The data used for the empirical verification were kindly provided by
Dr. Lynnette B. Plumlee, who had carefully collected them for other
regearch purposes (;g). The available data were the responses of each of
four groups of male examineeé to 80 free response mathematice items cover-

ing the fields of algebra, plane geometry, and trigonometry as taught in
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the ugugl high school. _The 80 items had been Qriginglly chosen so as to

represent the entire range of difficulty from Py = .10 to p; = .90,

Half of the 80 items were discarded since time apparently did not
permit all examinees to éttempt to answer 'them. The 40 remeining items
were next classified on the basis of subjective judgmwent into the fol-
lowing categories: 1) verbally stated problems to be solved by algebrea,
2} algebra items stated in mathematical form, 3) geometry items, and
4) trigonometry items. In order to minimize the presence of group factors
common to some items but not to all, all except 6né of the items in each
of the first, third, end fourth categories were discarded,'leaving 28
items for empirical stqdy, 25 of which were algebra itéems stated in
mathematical form. The 25 algebra items covered elementary, intermediate,
aﬂd, to some extent; advanced aigébra. The 3 remeining items represented
three different areas, and hence seemed unlikely to introduce any addi;

tional group factors.

" Since the 1tems'had been administered to each of four groups of .
examinees, it was desired to select one group for further study. Foi
this purpose the matrix of tetrachoric item intercorrelations was computed *
fof the first five test items, separately for each of the four groups of
examinees. An attempt was made to determine the communalities, separately
for each group, under the assumption of a single common factor. The
method of triads and the iterated centroid method were used. In three of
the four groupes one or more of the communalities were found either to ex-
ceed 1.0 or to be very close to 1.0. This result could be attributed to

any one of the following causes: 1) the very large sampling error of some
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of the tetr@ichorics; 2) the existence of more than one common factor
amohg the items; 3) non-normality of the distribution of ability in the
group tested, making the use of the tetrachoric correlation coefficient

.inappropriats.

The fourth matrix yielded reasonable communalities. On this basis it
was decided to use the fourth group, composed of 136 sxaminees, for all

further empirical work.

J. Procedure

1. Calculating the Item Statistics

The matrix of tetrachoric intercorrelations for the twenty-eight
items, as calculated for the fourth group, is presented in Table k., No
enxryAwas made in the correlation matrix for nine cases where there was
zero frequency in one of the cells of the fourfold table.used to calculate
the tetrachoric correlation. (Strictly speaking, the tetrachoric correla-
tion 18 +1.00 for these nine cases -- -1.00 in the case of the correlation
betveen items 54 and 6, +1.00 in each of the other eight cases. The

sempling error of these values is obviously excessive.)

The common factor loadings of the iteme were obtained by the follow-
ing procedure: 1) Estimated communalities were entered in the Adiagonal.
2) The square root of the product of the appropriate estimated communali-
ties was entered in each of the nine empty cells of the matrix,; 3) Pactor
loadings on a single factor were obtained by the centroid method. U4) The
square of the factor loading of each item was used as a nev estimate of its

communality, and the vho;e process was itsrated until the factor loadings
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remained unchanged. The resulting factor loadings, together with the item
difficulties, are given in Teble 5. These two values for each item are )
the only item statistics required by the formulas that have been developed

in the preceding sections.

.

Table 6 gives the residual correlations after extraction of the first
factor. The standard deviation {computed from a grouped frequency distri-
bution) of all 378 residusls, including the 9 listéd if theffooznqte'to ..
the table, was found to be .17. This value may be compared to the sampling
error of a tetrachoric corrslation when the sample size'is 136 and the
‘true correlation is .30, Table 1 gives a few values of this sampling
error for various combinations of item difficultiss, as computed from the

table provided by Hayes (13).

In view of these standard errors, the obtained standard dpviation of
the residusls indicates that any group factors in the matrix are of minor
relative importance. This conclusion is borne out by a detailed gtudy of
the residuals, and also by the extraction of a second centroid factor after
inserting estimated diagonal entries in the residual matrix, The sum of
squares of the unrotated second factor loadings was found to be only 1.6 -
as compared to the corresponding value of 7.5 for the first factor load-

ings, indicating that the contribution of the second factor was relatively
small,
It is unfortunate that the residuals are as large as they are, since

this result means that the matrix of tetrachoric intercorrelations cannot

be accurately determined from the values of Ri’ a8 required by the deriva-
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Table 1

Standard Error of the Tetrachoric Correlation
between Two Items, for Specified Combinations
of Item Difficulties, When the True Correlation
Is .30 and the Number of Cases Is 136.

Item Difficulty
mfgxltx 16 =20 28
.16 .20 15 A7
.50 15 .13 15
.84 17 .15 .20
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tions in the preceding sections. This difficulty cguld presumably have

been avoided if more cases had been available from which to compute the

tetrachoric correlations.

2. Selection of

Tests

Eight dif%erent combinations of about ten items each were selected

to serve as short tests to be used in the empirical verification. The

allocation of the items to each of the eight tests is indicated in Teble

T, together with the difficulties and common factor loadings of the items.

The eight tests may be briefly summerized as follows:

Test 2 --
Test 5 --
Test 8 --
Test 8'--
Test 82--

Test h ==

Test I, --

Test v -~

difficult items (pi = .09 top, = .34),

items of medium difficulty (p1 = .43 to Py = .68).

easy items (pi = .71 to p, = .90),

like Test 8, but slightly shorter,

five "easy" and five "difficult" items. .

highly discriminating items, irrespective of difficulty
(R1 = .55 or more).

poorly discriminating items, irrespective of difficulty
(Ri = 47 or less),.

item difficulties rectangularly distributed.

The bivariate frequency distributions of test scores were studied for

the following seven pairs of tests: 2 and 5, 2 and 8, 5 and 8, 5 and 82,

8' and r, 82 and r, h and L. No bivariate distribution between any two

tests containing identical items was investigated.
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3. Obtaining the Theoretical Bivariate Frequency Distribution of Test Score

and AbilitX'

Pifteen values of ¢ were seleéted for further calculations: ¢ = -3.5,
-3.0, -2.,5, -2.0, -1.5, -1.0, -0.5, 0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5.
For each item the ordinate (Pi) of the item characteristic curve was Ob-
tained for each of these values of ¢ from Equations A3.3, A3,4, A3.5 and

A3.6,

For each test, for each value of ¢, the theoretical conditional dis-
tribution of test scores was calculated from Bl.2. An example for n = 3
will clarify the method used., Suppose (fér a given value of c¢) P, = .5
= .2, We know that the desired conditionsl distribution is

3
given by the appropriate successive terms of the expansion of the product

P, = A, P

(.5 + .5)(.b + ,6)(.2+ ,8). Expanding this product while keeping separate

the terms corresponding to the separate values of s =0, 1, 2, 3, we have

(.5+ .5).b+ 6).2+ .8)=(.2+ .5+ .3)(.2+ .8)

= ,0h+ 26+ U6+ 24,

The four terms obtained in this way are the conditional frequencies of
occurrence for s = 3, 2, 1, and O respectively. The conditional proba-
bility that all three items will be answered correctly, for exsmple, is

given by the first term, .0k,

It is convenient to consider the n + 1 conditional frequencies of s
for each of the 15 values of ¢ for any given test as forming & matrixz,
Fs c? with n + 1 rows and 15 columns, If Dv is a diagonal matrix whose

elements are the fifteen values of N(c), the matrix Fsc,Of the ordinates
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of the bivariate frequency distridbution of g and g is seen from Equation

B2.1 to be

Tables 8 through 15 present, for the selected values of’g, the
theoretical ordinates of the bivariate distribution of test score and
ability for each of the eight tests. It should be noted that the values
given in the table are ordinates for the stated values of ¢, not cell
frequencies corresponding to cless intervals of ¢; consequently, the sum
of a row of tabled values does not glve the marginal frequency of the

test score.

4, Obtaining the Theorstical Univariate Distributions of Test Scores

The theoretical univariate distribution of each‘test score may be ob-
tained from the bivariate distribution of test score and ability by inte-
gration, as indicated in Equetion D1.2. It was found most satisfactory
in the present case to perform the numerical integration by use of the

trapezoidal rule:

cm

fO fm
Sfdc=h(-§—+ fl+f2+ o..+-2-),
[+
o]

vhere f is the function of ¢ to be integrated, f is the value of f when
¢ =c., Cp is the upper limit of integration, S is the lower limit of
integration, and h is the difference betwseen any two successive values of

¢, ¢ andc In the present case, c  and ¢ may be taken as -4,0 anad

wkl’
+4.0, respectively, so that the ordinates fo and fm are so small that they
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mey be ignored. Bince in our case h = % ; the trapezoidal rule for our

purposes therefore reduces to

-y °ﬁ=3'5
l ,
fde = 3 L ' -fu .
cu—-3 N
-00

The adequacy of this method of numerical integration for present purposes

wasa carefully checked.

The univariate frequency distribution of test score mey thus be ob-
tained by summing separately each row of Fsc and dividing by 2. These
distributions are shown in the right hand columns of Tables 8 through 15.
The comparison of these theoretical distributions with the corresponding

actual distributions will be made at & later point.

5. Obtaining the Theoretical Bivariate Frequency Distribution for Two

Subtest Scores

The theoretical bivariate distribution for two subtest scores may be
obtained from Equation F1.3. This distribution may be considered to be

represented by a matrix FB 8 heving n, + 1l rows and n. + 1 columsg, 1If

2
172
the integration of Equation Fl.3 is carried out by means of the trapezoidal

rule, we have

P =3¢ Fl =g F _,

sls 2 sl 2°° 2 aloc 32c

where the primed matrices are transposed.

The theorstical distributions of test scores obtained in this way

are presented and discussed in Section K2,
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L. Comparison of Theoretical and Actual Results

1, COmrison of Univariate Frequency Distributions of Test Score

The theoretical and obtained univariate distributions of scores are
compared graphically in Figures 4 through 11, and numerically in Tables
16 through 23, The tables also show the means and stendard deviations of

the distributions, together with a measure of skewmess,

1 ¥ 3
°<38=;;3;8(8-M8) 9

vhere K = 136; and a meesure of kurtosis,

4 - 3et Mo oM. 3
A e
8

For a symmetrical curve, °<3 = Q; positive values of 0(3 result from posi-
tive skewness, negative values from negative skewness, For a normal curve,
/% - 3 = 0; positive values of /92 - 3 result from leptokurtosis, negative

values from platykurtosis,

We may péuse here for a moment in order to note & few facts about
the shapes of the obtained score distributions: 1) the test composed of
difficult items produces a positively skewed distribution of scores; the
tests composed of easy items produce negatively skewed distributions.

2) Leaving these three highly skewed distributione out of consideration,
ve see that Test 82 has a mesokurtic distribution and that all other
distributions are at least somewhat platykurtic; that the highly discrim-

inating items produce a much more platykurtic distribution than do the
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poorly discriminating items; and ihat the most platykurtic distribution
is produced by Test 5, wh;ch is composed entirely of items of 50 per’
cent difficulty. 3) Although the tests are not all of exactly the same
length, it is obvious that the tests that contain many very easy or very
difficult items yield scorés with relatiyely small standard deviations,
vwhereas Test 5, composed entirely of 50 per cent difficulty items, pro-
duces scores having a relatively large standard deviaiion; also there 1is
a particulgrly striking difference between Test h (composed of 10 highly
discriminating items), which ylelds scores having a standard deviation
of 2.4k, and Test L (composed of 10 poorly discriminating items), which
yields scores having a standard deviation of 1.59. These results are
specific to the tests at hand, but the conclusions reached appear to be

capahble of considerable generalization.

The standard error ofc'(3 for a sample of 136 cases drawn at random
from e normal population is 0,21; the standard error of ﬂa - 3 in the
same situstion O.41. Several of the distributions of test scores pre-
sented here are distinctly nonnormal, however, and these sfandard errbrs
cannot be considered to be applicable in these cases. It should be noted,
furthermore? that no test of the statistical significance of the differ-
ence between theoretical and observed statistics can be made in the pres-
ent situation, in view of the fact that the theoretical values have been
calculated from the observed data in such a way as to obscure completely
the number of degrees of freedom remaining for any statistical signifi-
cance test. It is not even possible to set a lower limit (ebove zero)

to the number of degrees of freedom remaining.
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This situation is.actually not a disadvantage, since we are really
not éoncerned with the stat;stical significance of the difference between
theoretical and obseryed distributions. It might as well be admitted from
the start that the assumptions underlying the theory will never be com-
pletely fulfilled by.any set of data; and that consequently we are bound
to find statistically significent differences if only enmough cases are
used. What we really are concerﬁed with is whether or not the difference
between theoretical and observed distributions ié of practical signifi-
cance, 6Since this question cannot be reduced to a statistical test, the
reader can perhaps best satisfy himself by a visual examination of the

figures presented.

The standard érrors quoted, however, can be used to throw some light
on the practical significance of the differences in question as long as
ve bear in mind that no significance test is being made. We mey, for
example, note that scores on Test 82 (see Table 20) are approximately
normally distributed, and that the theoretical and observed values of<x3
differ by an amount equal to O.4 times the standard error (for random
samples of 136 cases drawn from a normsl population) of the observed
value. Now “3 is normally distributed (in such random samples), and only
30 per cent of the cases in a normal distribution fall between -O.4 and
+0.4 times the standard deviation. Consequently, we may conclude that

in 70 samples out of 100 the observed sample value of &. will differ

3
from the true value in the normal population from which the samples were
drawn by an amount greater than the obteined difference between the ob-

served and the theoretical values. This statement provides a basis of
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comparison for estimating the practical significance of the obtained dif-
ference. Since two samples, on the average, will differ from each other
to a greater extent than one sample will differ from fhe population from
which it is drawn, we may state in this case, for example, that we may

expect the theoretical prediction of the value oi"ot3 to be considerably

more accurate than would be a prediction based on the value ofcx3 actually

observed in & previously drawn sample of 136 cases.

We may note that in no case do the theoretical values of &, differ

3
.from the observed values by an emount as large as the standard error of
the observed values in samples from a normal population. The same state-
ment may be made for the standard deviation of the test scores (0); and
also for ﬁ%, except in the case of Test 8', where the difference is
slightly greater than the:standard error. In the case of the mean (M),

the theoretical and the observed values are in every case identical within

a margin of .01,

Chi-square values have been calculated for the difference.between

" theoretical and observed distributions, as shown in Tables 16 through 23.
In calculating these values, enough class intervals at~the extremes of
the distributions were combined to secure a theoretical frequency of &t
least 5 for each interval. It must be emphasized thet these values do
noi provide tests of statisticel significance, since the degrees of
freedom appropriate for this purpose are unknoﬁn. The valﬁes of chi-
square cean be used, however, to provide a useful comparison for evaluat-

ing the practical significance of the difference.
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In the case of Test 2, for example, a value of 3,62 was obtained for
chi-square from a grouped score distributiop having six class intervals,
Entering a tadble of chi;square values, we find that in random sampling
chi-square with 5 degrees of freedom will exceed 3.62Aabout 61 per cent
of the time, Thus we way say that the obtained difference between theor-
etical and observed score distributions for Test 2 is no greater than the
difference that would be found between population and sample distributions

in about 61 per cent of the samples, A fortiori, in this case, the theor-

etical distributlon provides & better prediction of the observed distribu-

tion than could be obtained on the average from the observed score dis-

tribution of a second random sample of 136 éxamihees dravn from the same

population of examinees.

‘ The probabilities that the values of chi-square obtained in Taﬁles
16 through 23 would be exceeded in random sampling are given in Table 2
for the case where the population paremeters are not estimated from the
data. (These probabilities are higher than would be appropriate if the
difference between theoretical and observed frequency distributions were

being tested for significance.)

The only test that has & rather large value of chi-square is Test h.
The theoretical and observed distributions of scores on this test have
means, standard deviations, and values of¢x3 and,92 that are very much
alike, however. Examination of the histograms of these two distributions
(Figure 9) seems to indicete that they differ only in an unsystematic
fashion. In fact the theoretical distribution seems to provide about as
good a fit to the observed distribution as could be desgired in view of

the irregularities of the latter.
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Table 2

Probability that Certain Values of Chi-
Square, Having the Specified Degrees of
Freedom, Will Be Exceedéd in Random Sampling.

Chi- Degrees of
§ggg£g k Freedonm Probability

3.6 (Test 2) 5 .61
5.5 (Test 5) 7 .60
.8 (Test 8) 6 .99
.T (Test 8') 6 97
3.8 (Test 82) 6 .70
18.4 (Test h) 9 .03
2.0 (Test L) 6 v.92
3.1 (Test r) 7 .88
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2., Comperison of Bivariate Frequency Distributions of Test Score

The theoretical and observed bivariate distributions of scores oﬁ the
pairs of tests investigated are compared in Tables 24 through 30, Thé,
same data with grouped cell frequencies are pfesented in Tables 31 through
37 in order to facilitate comparison Bf the theoreticel and 6bserved fre-
quencies, The grouping was planned (without reference to the obtained
frequencies) in such a way as to obtain thebretical frequencies of at
least 9 cases in each cell, and also to maintain as regular a pattern of
cells as possible without excessively coarse grouping. The dotted lines

in the tables of ungrouped data indicete how the girouping was cerried out,

'

As before, no sigﬁificance test is possible with these data. Table
3, however, gi?es probablilities for the obtained values of chi-square
thet may be interpreted in the same fashion as the probabilities given in
Table 2. It is seen that each of the theoretical distributions provides

an adequate fit to the corresponding observed distribution.

Figures 12 through 18 present a graphic comparison of theoretical
and observed regressions. The values for plotting these were obtained by
computing the means of the columne and of the rows in Tables 24 through
30. The theoretical regression is shown only for the range of scores |
within which accurate regression values could be determined by means of
the simple method of numerical integration used for this purpose. No
further statistics relating to these regression lines have been calculated.
Judging from the figures, however, we may say that the theoretical regre§-~

sions seem to provide & good fit to the observed data.
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Table 3

Probability that Certain Values of Chi-Square,
Having the Specified Degrees of Freedom, Will
Be Exceeded in Random Sampling,

Chi- Degrees of
Square Freedom Probability

.6 (Tests 2 & 5) 6 ' .99

1.2 (Tests 2 & 8) 5 94

7.2 (Tests 5 & 8) 6 .30
3.5 (Tests 5 & 82) 8 .90

S.4 (Tests 8' & r) 7 62

4.8 (Tests 82 & r) ( .68

3.3 (Tests h & L) 7 .86
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Iv. SUMMARY AND CONCLUSIONS

A number of important problems are generated by the fapt that the
peculiarities of the items in a test may sharply affect the shape of the
frequency distribution and other'properties of the test scores that we
use as measures of the mental characteristics of a group of examinees.
The present paper has developed a theory that, granted certain assump-
tions and restrictions, expresses the variéus properties and characteris-
ticg of tesﬁ scores, in relation to each other and in relation to the
underlying trait measured, as functions of the difficulties and intercor-

relations of the items of which the test is composed.

The formulations and conclusions reached will be valid for any set
of test data that is compatible with the assumptions and restrictions
made, The theory developed facilitetes and clarifies the interpretation
to be placed on test scores as measures of & mental trait; it makes it
possible to predict the properties of the test scores that will be ob-
tained when & specified test is administered to‘a specified group of
examinees; it indicates how items should be selected in order to construct

tests that will have optimum properties for specific purposes.

Bxpressed in the language of achievement testing, the asgumptions and
restrictions underlying the development (outlined in Sections Al, 2, 3,

and 4) were as follows:

1) All item responses are scored either O or 1,
2) The test score is the sum of the item scores.
3) The matrix of tetrachoric item intercorrelations has a rank of

one when appropriate communalities are inserted in the diagonal.
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4) The number of examinees is sufficiently large so that sampling
fluctuations arising from sampling of examinees may be ignored.

5) There exists a measure of ability such that the probability of
a correct answer to any item is s normal ogive function (szee
Figure 1) of the examinee’s ability. This assumption, if it
holds at all, provides the definition of the scale of measure-
ment to be used for measuring ability. (This assumption implies
that the test item cannot be answered correctly by guessing.)

6) The frequency distribution of ability in the group of examinees
tested 1s Gaussian. (This assumption may be dispensed with in-

the majority of the derivationms,)

The fifth and sixth assumptions may be reﬁlaced by the following single
assgumption (discuséed in Section AS}: The ot frequencies in the multivar-
fate distribution of the item responses are such as could have arisen by
the dichotomization of each of the variates in some normal multivariate
population., A two-item test will always be compatible with these require-
ments. In the case of a longer tsst, it is always possible to test whether

or not a given set of data is compatible with these requirements.

On this basis we have derived formulas for the bivariate.distribution
of test score and ability (Section B2), for the univariate distribution of
test score (Section D1), for the univarjate distribution of true score
(Section El), and for the bivariate distribution of scores on two tests of

the same ability (Section F1). Various other expressions have been de-
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rived, including those for the regression of test score on ability
(Section B3), for the standard error of measuremeﬂt at a given level of
ability (Section B5), for the curvilinear correlation of test score on
ability (Section BT), and for the frequency distribution of the errors

of measurement for examinees having a given true score (SectiomEl and 2).
In particular, an index was deviged for measuring the discriminating

power of the test at any specified level of ability (Section C).

Investigation of the formulas obtained lead to the following con-

clusions, among others:

1) 'The regression of test score on ability is necessarily curvi-
linear (S8ection B3, and also Figure 2), The actual effect of .
this curvilinearity mey be negligible if the items are at a
difficulty level appropriate to the group tested and 1f they
are not too highly intercorrelated (Section B8); only in this
case may the metric provided.by the test scores be considered
as providing units of measurement'that correspond to equal
units of ability, as here defined.

2? The standard error of measurement on a given test is ordinarily
least for those examinees for whom the test is least discrimin-
ating, i.e., for those examinees who obtain near-zero or near-
perfect scores (Section B5, and also the diagram for Test 2 in
Figure 2).

3) The errors of measurement have binomial, not normal, distribu-
tions. Although they are uncorrelated with true score, they

are not independent of true score, since the standard deviation
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4)

5)

6)

™

and ékewness of their distribution variee depending on the true
score (Sections El and E2),

Maximum discrimination at a given ability level, as defined by
the digcrimination 1ﬁdex developed here, 1se provided by a test
composed of items all of equal difficulty such that examinees

at the given ability level will have a fifty per cent chance of
answering each item correctly (Section C2).

There are strong indications, provided the item intercorrelations
are not extraordinarily high, that a test composed entirely of
items of fifty per cent difficulty will be more discriminating
for practically all examinees in the group tested than will any
test characterized by a spread of item difficulties. If the
examinees have a normal distribution of ability, for example,
the former test will be the most discrimineting for all exam-
inees except those who are more thasn, say, tvo;and-a-half stand-
ard deviations from the mean (Section C3, and also Figures é and
2A).

The shape of the freqﬁency distribution of test scores or of
true scores (Sections D and E, and also Figures 3-11) does
not necessarily reflect the shape of the frequency distribution
of ability, Sufficiently high tetrachoric item intercorrele-
tions (.50 or highér) will produce rectanguler or U-shaped dis-
tributions of test scores and of true scores even for groups
having a normal distribution of ability. ('Phe construction of

tests that will produce rectangular or U-shaped score distribu-
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tions has been urged more than once in the recent literature
(7, 14); this goal can be approsched, but its actusl achieve-
mént, vhen the examinees have & normal distribution of ebility,
requires higher item intercorrelations than are at present

usuelly obtained with most types of test items.)

The foregoing conclusions have here been derived only for' the case
where the test items cannot be answered correctly by guessing. The case
vwhere guessing occurs has been worked out in detail, but is not presented

here,

An empirical study of seven short tests shows good agreement between
the univariate and bivariate test score distributions actually obtained
and the theoretical predictions of these distributions from the item dif-

ficulties and intercorrelations.
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Table 5

The Basic Item Statistics: Item Difficulties (pi)

and Common Factor Loadings (Ri)u

Iten

Py

,868
.338
AT
.882
.882
676
.199
.096
,801
272
5Tk
272
.809
.522
,096
.135
.897
43k
.13
. 150
485
176
.801
LBl
,088
.162
610
7121

654
549
.595
L481
k95
476
LTLT
490
.299
o9
640
581
466
.352
.332
.324
.11k
593
531
485
437
.15
.530
.800
.093
.655
483
465
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Table T
Item Difficulties and Common Factor

1oadings for Each of the Eight Tests,

Item Iten ' Common Factor Loadings of Test Items

No, Diffi- | f1egt Test Test Test Test Test Test Test
culty 2 5 8 8¢ 82 h L r

54 .088 -.09 - -- - - - -.09 --

6 .096 A9 - -- - - - - 49
18 096 | .33 .- -- -- 33 - .33 --
55 162 NI - - 66 .66 - -
48 176 .12 -- -- - T2 .12 - --

5 .199 .12 -- - - - .12 -

9 272 RS R - - A1 - A -
11 272 58 -- -- -- .58 .58 - -

3* .338 S5 - -- .- -- 55 -- .55
40 434 .- 59 -- -- - .59 — .59
53 RAAY -- 80 -- - -- 80 - -

51 AT -- 60 -- - -- 60 - .60
46 485 - M - -- - .- Ak -
16 .522 - .35 - -- -- -- 035 --
10 .5Th .- .64 -- - -- .64 -- .64
56 610 -- A48 -- - -- -- - -

3 676 -- A48 - -- - - - 48
Ll .TL3 -- - .53 .53 53 -- -- -~
57 721 - -- 16 46 .- -- A6 a-
20 .135 -- - .32 .32 -- - .32 --
L5 . 750 -- -- 48 48 A48 -- - -
50 .801 -- -- B53 - ee - -- .53

8 .801 - - .30 .30 -- - .30 -
13 .809 -- - AT A7 Ry -- 4T -

1° .868 -- -- 65 .65 65 .65 - -

1 .882 .- - 48 48 48 - . -

2 .882 - -- .50 -- -- - - .50
39 .897 -- - A1 Al - -- i R

No. of items: 9 8 11 9 10 10 10 9
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Theoretical Actual (F -F )2

Score Frequency Frequency o %

9 - .

8 0.3 -

[ 1.1 3 .00

6 3.0 2

5 5.8 5

4 9.9 10 .00

3 16.0 20 1,00

2 25.2 21 .10

1 36.9 31 .9k

0 37.9 Ly .98

M 1.70 1.70 3,603¢°

] 1.65 1.73

°‘3 1.0 1.0
/92-3 0.6 0.6

Table 16. Comparison of Theoretical and Actual
Score Distributions for Test 2 (Diffi-
cult Ttems).

Theoretical Actual (F -F )2
Score Frequency Frequency 0o %
(Ft) (Fo) F,
8 8.0 »8 0
7 15,0 10 1.67
6 18.8 25 2.0k
5 20,5 18 .30
L 21.1 24 BTy
3 20.0 22 .20
2 16.9 13 .90
1 11.3 11
0 k.6 5 } .00
M k.21 k.21 5. 510
(o] 2.13 2,07
%3 0.0 -0.1
A;-s -0.9 -0.8

Table 17. Comparison of Theoretical and Actual
Score Distributions for Test 5 (Items
of Medium Difficulty).
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e ¢ 2

Theoretical Actual (5 ¥ )?3
Score Frequency Frequency ‘"o t°
() (F) P
11 26.5 26 .01
10 33.2 35 10
-9 27.9 25 3¢
8 20.0 22 .20
T 12.9 13 .00
6 7.8 8 .01,
5 R a4
- 2,2 1
3 1.0 1
2 .3 1 43
1 ,1 ™ ah
0 - .-
M 8.85 8,86 1568
¢ 1.83 1.83
°(3 -1.0 =1.0
A3 0.7 1.0
Table 18. Comparison of Theoretical and Aziual
Score Distributions for Test 8 {Bagy
Items).
Theoretical Actuel . . 12
Score Frequency Frequency '~ O _gin
(,) ) TF
9 30.2 28 16
8 3700 ho 92%
7 29.4 28 0T
6 19.2 21 AT
5 11,0 11 )
4 5.6 8
3 2.4
2 .8 .09
1 oL
0 -
M 7.18 7.18 T30
o 1.56 1.55
%3 -0.9 -1.0
#y-3 0.k 1.1
Table 19. Cozmparison of Theosretical and Asteal

Score Distributions for Test 8°F {(Basv

Items).
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-

Theoreticzl  Actual (F -F 32
Score Prequency Freguency o %
(Ft) QFO) Fy

10 N 1)

9 3.4 b ? 1%

8 8.2 6

T 15.4 16 .02

6 2,5 23 .09

5 31.0 35 .52

L 25.7 21 .86

3 15.9 22 . 1.64

2 7.9 6 !

1l 3.0 2 £ .58

) T 1/

M 5.00 5.00 3.85=¢

o 1.83 1.81

M3 0.0 0.1
'412-3 -0a2 0.0

Teble 20, Comparison of Theoreticel and Actual
Score Distributions for Test 82 (Five
Easy and FPive Difficult Items),

Thecretical Astuml (F_-F )2
Score Frequency Frequency 0 &
Ft) (ro) F
N
10 2.0 1 &
9 b 7 J 40
8 T.1 ¥ 1.35
7 9.9 15 2,63
6 12.9 6 3.69
5 15.8 20 1,12
k 18.4 11 2,98
3 20.3 28 2,92
2 20.7 25 .89
1 17.% 11 2.35
v} 7.2 8 .08
M 3,93 3.93 18,428
a 2,46 2.bb
“3 0.k 0.5
A2-3 -0.6 «0.6

Table 21, Comparison of Theoretical and Actunl
Score Distributione for Test b (Mohly
Discriciseting Tiens).
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Theoretical Acturl (7 -7 )2
8core Frequency Frequency 0o %
(r,) (x) "  TF,
10 .1 .- .
9 1.9 2 .36
'8 10.1 8
(' 23.4 28 .90
6 32.4 31 .06
5 30.9 30 .03
4 21.4 19 .27
3 11.0 13 .36
2 3.9 .
1 .8 1 .01
0 1 --
M 5.43 5.43 | 1,998
(/] 1.59 1.59
%3 -0.2 -0.3
4-3 -0,2 -0,k

Table 22. Comparison of Theoretical and Actual
Score Distributions for Test L {Poorly
Discriminating Items).

Theoretical Actual (F -F )2
Score Frequency Freguency 0" %
(r,) {F,) F,
9 2.0 1
8 7.6 9 }’ <90
7 13.7 15 .12
6 19.4 18 .10
5 23.4 21 .25
4 2.2 23 .06
3 21.h 27 1.47
2 15.0 12 ) .07
1 7.2
0 1.8 -- j& 1.00
M b 47 b 47 3,078
o 2,00 1.97
%3 0.1 0.1
Ag-3 -0.6 -0.7

Table 23 . Comparison of Theoretical and Actual
Distributions for Test r (Item Diffi-
culties Rectangularly Distributed).
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Score on Test 5
0 1 o 3 4 5 6 7 g |Totel
]
9| - - - oo - - ) - )
81 . - -, - - I o1 o1l o3
71 - - - - - - -1 2 3
- - - - 4 - - 0.1 0.% 0.5 1.1
a H
6 - - - -0 - - 1 - 1 2
*; - - - - 4 - 0.3 0.5 1.1 1.1 3.0
¢
© - - - - 4 - - 3 2 - 5
Bl 5 . - - 01.0.3 07 1.% 1.9 1.5| 5.8
]
H " - - 1 - 4 2 - 3 2 2 10
°© - 0.L 0.k, 08 1.6 2.4 2.7 1.6 9.8
_ 1= === - s
o 3 - 1 1 1 3 5 1 3 3 2 20
;* - 0.1 0.5 1.2, 2.3 3.3,3.8 3.1 1.5]15.9
[} ]
© 5 - 2 2 1 4 y .6 - 1 21
wn 0.3 1.0 2.2 3.5: 4.8 52 .46 3.0 1.1 25.6
1112 3 3 8 . 6 y .5 1 - 31
1.2 3.4 .57 Ta.7.1 5.8 ,3.9 1.9 0.5] 36.7
1 ] ]
0 2“ 5 ' 6 10 ¥ 9 5 H h 1 - l{.h
3.1 6.7 ; 8.3 7.6, 5.8 3.7 + 1.9 0.7 0.1 37.9
I Y J
5 11 13 22 2k 18 25 10 8
Total | {6 11.2 16.9 20.0 21.1 20.5 18.8 15.0 8.2 |F1i36

Table 24, Scatterdiagram for Test 2 (difficult items) and Test 5

(items of medium difficulty) showing actual frequencies
(integers) and theoretical frequencies (decimals).
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Test r (item difficulties rectangularly distributed) showing

actual frequéencies (integers) and theoretical freguencies

Table 29. Scatterdiagrem for Test 82 (5 easy and 5 difficult items) and
(decimals).
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Score on Tesgt 5
0-1 2-3 4.5 6-8
l I
F =19
at h-9 Fo‘= 11 Ft = 19.1
T xz—.,OO
(18
of - F, = 9.4
£ 0316
g 2-3 xg== 27 1,‘=.15‘,6 F =2
xZ = 01
o a
saf : F, = 26,1-
Q = = (=
° Fo 13 Fo 27 Fo 24
: 2
0w = 1) = = =
0-~1 Ft 144 Ft 28.7 Ft 22.4 %, .00
%2 = 1k %2 = .10 %2 = .11
a _ a a

Table 31, Bivariate Grouped Frequency Table for Tests
5 and 2, Showing Observed Frequencies (Fo),
Theoretical Frequencies (F 1;) , and xi =

2
(F - F )P/, €= .63).
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Score on Test 2
0-1 2-3 k.9

Fo = 20 Fo = 25

o 10-11 F, =199 |F, = 23.4 F =20
2 _

o é ooo x& - oll
m' -
® F o= F_ =11
£ o 33 °
ol 89 F, = 30.3|F, = 14 .4 P, = 19.6
0 A 2 .

{ =.2h % .80
o N
¢
o Fo = 27
o - 2 _
0 0-7 F 28.1 X, = Roxt

x2 = ,04
I.
Table 32. Bivariate Grouped Frequency Table

for Tests 2 and 8, Showing Observed
Frequencies (F_}, Theoretical Fre-

° 2 2
qugncies (Ft)’ and®_ = (F_ - Ft) /Ft'
° = 1.20).
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Score on Test 5
0-2 3-4 5-6 7-8
F°=l3 Fo=30 F°=l§
10.11 Fo = 11 Ft = 13.7 Ft = 23.2 Ft = 18,5
2 2 2
3 = Ob Ix- =1.99 % = .34
eel pFT = 15.9
- F = oh
L)}
ol 8-9 |+ =15 |F, =183 Fo=15
& ": = 1.78
o -
@]
@ F =27 F, = 20.b4
™ o t ¢
(@)
[&]
wjf 0-7 F, =25.1 + -
-,é == 1l x.z = 1.43
i |
Table 33. Biveriate Grouped Frequency Table for Tests

5 and 8, Showing Observed Frequencies (F6)’

2
Theoretical Frequencies (Ft)’ and X, =

(F, - F2 /.. 6& = T.22).
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Score on Test 5
0-2 3-4 5-6 7-8
T
F =11
(e}
8-10 F =13 F, = _12,2
x§ = .12
Q
© P =11 F =16
(o] (e}
4; 6-7 F, = 16.4 F, =9.5 |F, = 17.1 F =13
2
o Xs = 2i xa = ,07
=]
F’o = 22 Fo = 20
2 -
X 4.5 X, = .70 Ft = 29,3 F, = 16.0 F, =15.5
2 _ 2 _
4 X, = .00 [X- =1.00
(o]
. -
) F =16 F =14
o) (o]
- = 2 =
0-3 F, = 16,2 Ft 10.8 x .40
2
% = .00 x2 = .95
1
Teble 34, Bivariate Grouped Prequency Table for Tests

5 and 82, Showing Observed Frequencies (Fo),

Theoretical Frequencies (Ft)’ and

(7, - F )%/, OF =3.k9).

£ -
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Score on Tesgt 8
0-5 6-7 8-9
T
Fo = 25
-9 |F, =9 F, =22.9
2 _
x‘a = ,19
& L
» F =8 F, = 30
[¢s]
of 5-6 [F, =9.6 F, =1h.0|F =26.8
& 2 2
X, = 2.57 X, = .38
=] -
o
Fo = 27 Fo = 15
° 2
& 3-4 Ky = .ok Ft = 20.9 Ft =17.0
© 2 2
()
Fo = 10 Fo = 12
0"’2 Ft s 1.093 Ft = 13oh
& = .01 X2 = .15
J
Table 35. Bivariate Grouped Frequency Table

for Tests 8' and r, Showing Ob-
served Prequencies (Fo), Theoretical

¢ 2 2
Frzquencies ‘Ft)’ and x_ = (Fo - Ft) /Ft'
%= = 5.35).
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Score on Tesgt r
0-2 3-h 5-6 T7-9
- r d T
F =10
. _ o
8.10 Fo = 7 Ft = 11.5
xZ = .20
o | F, = 11.5
o t
F =21
o .
+ 4
"l 67 .= 1.76 F, =17.8|F_ =17
o 2
£ X, = 58
_l
a F =30 |FP =1
o} o 3 °o = 5
of #5 |Fy=20 [P =28b|F =18.3|F =15.2
Ly 2 2
o , xh-=1,28 %, .60
o 'Ft = 22 .7 -
43}
Fo = 15
0-3 |+ = .13 F, =142 %2 = .21
X2 = .0b
] ).
Table 36, Bivariate Grouped Frequency Teble for Tests

r and 82, Showing Observed Frequencies (F o)’
Theoretical Frequencies (Ft)’ andxi =

2
(Fo - Ft) ﬁto (f = IF.BO).
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8core o) Test L
0-3 he5 6-7 8-10
Fo = 28
6-10 F; = gB,h F =9
2o .01 |
a v
o Ft 10. 74
- ' I-'o = 13 = 14
-—3 2 =
z* -5 F, 18 F, = 12.8 = 16.9 X 27
£ x§ = .00 = .50
“ "
o Fo = 2)
© 2.3 |F, =1531F, = 20,1 F =24
sl t ; 0
O = Ooh
ol xh’ L
w0 [~ Ft = 19, -
Fo =9
0-1 [«@ = .48 |F, =12.3 xZ =1.09
’% t ° 3 °
2 =
X, .88 ,
1
Table 37. Bivariate Grouped Frequency Table for Tests

L and h, Showing Observed Frequencies (F ),
Theoretical Frequencies (F ), andxi

(F, - B2,

(C = 3. 27)
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h, = a measure of the difficulty of item i, defined in terms of By

by the relation p, = A.(hi),
i = subscript indicating the i-th item; 1 =1,2,...,n, In Mi’ai’ric’

etc. 1 is used to stand for z,.
J = subscript indicating the j-th item; J=1,2,...,n. In MJ,GJ,ch,
etc. J is used to stand for x

- 1/ 2
Ki l-Ri °

k = the number of choices in a multiple choice item,

3

My = the mean of any variable, y.

va = the conditional mean of any variasble, u, for.a fixed value of

another variable, v; the regression of u on z;

for any given value of ¢.

M(c) = HP = the mean of the values of -Pi

n = number of items in the test. -

1

2 .
N(y) = e %Y = tne normal probability density function for a

standardized variable y; the normal curve ordinate at any point,
XO

N(y;M,0) =

202

of any variasble, y, with meen M and standard deviation 0.

2 2
exp |- 2+ ¥ = 2TUV | . the nmormel bivariate

o/l - 22 2(1 - r?)

= exp lf —1‘-( y - M)e:l = the normal frequency function
g

Na(u,v;r) -

frequency function for any pair of standardized variables > 1

and v, whose correlation is r.

p, = the "item difficulty”; the proportion of sll examinees answering

item 1 correctly,
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3A

Pi = A(gi) = the probability that an examinee at a given level of
ability will enswer item i correctly (P, is a function of c).
9 =1-7P

Qi gl.Pié

4
I

the correlation between eny variables, u and Yy (except where

otherwise indicated).

Teg = the parallel-form reliability of the test score.

r, = the product moment (point biserial) correlation between ¢ and x

ic i

R1 = bigerial correlation of x, and ¢; loading of item i on the
common factor {c¢), as calculated from the matrix of tetrachoric

item intercorrelations,

ri 3= tetrachoric correlation between items i and J.

r, 3= the product moment (fourfold point) correlation between x, and x..

i J
n
g8 = in = the test score,

t = Iﬁizgo z = the "relative true gcore”; the proportion cf correct
enswers on an infinitely long test.
u = any variabdble,
v = any variable.
x, = the score on item 1; X, = Oorl.
Y = any varieble.
8

z = g = the "relative score”; the proportion of items answered correctly.

'7ac = the curvilinear correlation or correlation ratio of test score on

ability.
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kA

TT, ’ﬂ;x-s (see explanation of Equation Bl.2)

9, = ;/piqi = the standard deviation of X,

oy = gtandard deviation of any variabdle, y.

£* (see explanation of Equation Bl.2)
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