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1 0 INTRODUCTION *

A mental trait of an examinee is commonly measured in terms of a test

score that 1s a function of the examinee's responses to a group of test

items. For convenience we will speak here of the "ability" measured by

the test, although our conclusions will apply to many tests that measure

mental traits other than those properly spoken of as "abilities. II

The ability itself is not a directly observable variable, and hence

its magnitude, in terms of whatever metric we may choose to adopt, can

only be inferred from the examinee I s responses to the test i tams. The

test score most commonly used as a measure of ability is the sum of the

item scores when each response is scored 0 or 1. The metric provided by

such a score has the serious disadvantage that it is largely a function

of the particular characteristics of the items that happen to compose the

particular test administered. An illustration of this statement is seen

in the fact that two tests of the same ability administered to the same

group of examinees may yield two score distributions of entirely different

shapes. If one of these distributions were posttively skewed and the

other were negatively skewed, for example~ one might be tempted'to con-

elude that the group was composed predominantly of incompetent ind!viduals

in the former case, or of highly competent individuals in the latter case.

As shown by this illustration, it is not possible to consider the test

score as simply "ability" plus or minus an independent, normally distrib-.

uted error ot measurement.

.. .. -- .. ... '"
*The author is greatly indebted to Dl". Harold Gulliksen and Dr. Led~ci B

Tucker tor their adVice and criticism. A number of the developments pre­
sented btiI-ve arisen from 10Ae suggeatlons of Dr. Tucker.
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2

It would be desira.ble to define as a mea.sure of ability some function

of the item scores that will remain invariant for any examinee, even though

the items composing the test are changed. Because of the inevitable pres-

ence of errors of measurement, it is of course impossible to determine with

complete precision such an invartant measure of ability for a given exam-

inee from data on a finite number of test items. In spite of this inde-
.

terminacy, it is nevertheless possible under certain conditions to define

a metric for ability such that the frequency distribution of ability in the

group tested will remain the same even though the composition of the test

is changed. Furthermore, the bivariate frequency distribution of test

score and ability will be completely d.etermined as a function of the usual

item statistics. If we are willing to accept this invariant metric as a

useful metric for describing the underlying ability measured, and if in any

given case the actual data are found upon examination to meet the necessary

theoretical conditions, we have the result that all the properties of the

test score in relation to the underlying ability (and in addition the uni­

variate frequency distribution of test score and the bivariate distribu-
.

tion of scores on two tests measuring the same ability) will thus have been

expressed as functions of the usual item statistics.

In this way we can attempt to answer such questions as the folloving:

Under what circumstances, if any, can we eXPect platykurtic, rectangular,

or U-shaped distributions of test scores? Do equal units of test score

correspond to equal units of ability, as here defined? HoY does the sts.nd-

ard error of measurement vary with the abiltty level of the examinee.s

tested? How much do examinees having a given test score vary in ability?
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3

What is the discriminating power of the test for examinees at various

spec11"ied abil110l' levels? How does the possibility of guessing the cor­

rect answers to the test items affect 'the propenies of 'the test score?

In genelr'&l, how do changes in item dif'ficulty or item 1ntercorrelat10n

affect the answers to these questions, and hoy can we selec't the i'tems

that compose the test in such a way as to achieve any desired result1

The present article attempts to develop a theory of test scores that

will throw light on these and other questions. The correspondence of

certain ot the theoretical results with observed results on actual test

data is checked in an empirical study reported in Pan III.

To the writer's best knowledge, the only published work comparable

to the present development is that of Lawley (!.2, 20), who, however treats

only the special case where 1) certain item difficulty indices have a

normal frequency distribution for the items composing the test, 2) the

item 1ntercorrelat10ns are all equal, and 3) the i'tems canno't be answered

correctly by guessing. LaWley does not deal wi'th the frequency distribu­

tion of test scores tor the to'tal group of examinees, nor with certain

other problems 'treated here. Although actually der1ved independently,

the present developtD8nt may be considered as a generalization and exten­

sion of Lawley's formulations, removing the three restrictions 11sted and

developing certain new 'theoretical conclusions.

Mo~e rec~ntly, Carroll (g) has made a similar theoretical development

in which he assumes that the probability that an examinee will answer an

item. correctly is a linear function of the examinee Os ability (whereas

Lawley and 'the present vriter made the more usual a~sumption that this
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probability is a normal ogive function of ability): Carroll requires that

all items have the same correlation with the trait measured, but he does

not restrict the distribution of item difficulties, nor does he rule out

the case where the items can be answered correctly by guessing. Any more

detailed discussion of his work must await its completion and pUblication.

The assumptions that we will use here have also previously been used

With considerable success by Tucker (~) to predict how different groups of

examinees will perform on an item. Tucker has also (35) used similar but

more restrictive assumptions in a theoretical study of the effect on test

validity ot changes in the intercorrelation of the :1tams. Brogden 0) has

used similar assumptions in a theoretical and numerical study of the rela­

tion of item intercorrelation and of item difficulty distributions to test

validity and reliability.
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5

II. TBl!X)RKTICAL TREATMIIT

A. Restrictions, Assumptions, and Dafinitions

1. Restrictions on the Scoring Method

Consideration will be restricted to the situation where the examinee

attempts every i'tem in the 'test, and the responses are all scored either 0

or 1. Let xi (i - 1, 2, • 0 ., n) represent the score assigned to item!i so

xi is a dichotomous ftriable that can assume only the values 1 or O. I:t

will be convenient to use the language of achievement testing and to speak

of these alternatives as corresponding to "correct" and "incorrect" item

responses, respectively.

We vill further restrict consideration to the case where the test

score (.!) is the SUll of the scores on the n items of which the test is com­

posed:

(Al.l)

Here and elsewhere all sUID1D8tions are over the i tea subscripts !, 1 (- 1,

2, • 0 ., n) unless otherwise specified. (A sUDIIII&ry of the notation is pro­

vided in the Appendix for eas,. reference.)

2. Definition of liAbility"

For present purposes, any useful definition of the underlying

ability measured by the 'test must be in terms of observable variables.

Since, in the final analysis, the only observable variables under consid-

eration are the item responses, any operational definition of ability,

for present purposes, must consist of a statement of a relationship be-

tween ability and item responses.

 23338504, 1951, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/j.2333-8504.1951.tb00922.x by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [08/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Perceptive Exhibit 2041 
IPR2025-01575



6

The relationship to be used here tor this pQ~08e may be stated as

follows: the probability that an examinee vill ansver an item correctly is

a normal ogive function of his abilltyo Denoting this probability for the

!-th Itemby Pi' we may state this relationship more explicltl~:

(A2.l)

where ~ is the measure of abllity,p 8 i and b1 a.re values characterizing the

item,p 1. is simply a variable of integration, and N(y) is the normal frequency

function

(A2.2)

We vill use the notation A(y ) to indicate the area of the standardizedo

normal curve lying above the given point, Yo. Thus, because of the symmetry

of' the normal curve, we may vr1te

P = A(
i

a - ci ) .

When Pi Is plotted as a function of ~, we obtain the curve that Tucker has

called the item characteristic curve, and that Lazarsfeld (21) and othe.rs

have called the trace line of the item.

The relationship expressed by A2.l has been widely used in psycho-

physics in other connections and has in recent years been used to represent

the probability of answering e. test item correctly by Gl11lf'ord (!Q),
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7

Bichardson (l!), Mosier (25, 26), Ferguson (6), Lawley (~. cit.), Lorr

(~), Tucker (~. ill.), and others. This relationship, indeed, is im­

plicitly assumed whenever a tetrachoric correlation is calculated between

a test item and a dichotomized, normally distributed measure of ability.

In order to utilize Equation A2.1, we must first determine the values

of 8 1 and b1 for each item. If we make no further 8sswaptions, this can

be done approximately, in actual practice, by the following approach, sug­

gested by Tucker: 1) Start with a test consisting of a very large ntilDber

of items all presumably measuring the same ability (~). 2) Obtain the

test score of each individual 1n 8 very large group of examinees. 3} As­

sume that this score is highly related to £ (not necessarily linearly) so

that examinees baving identical scores may be treated for practical pur­

poses as baving identical values of £. 4) Becord for each item the per­

centage of examinees at each given Bcore level who answer the item correctly;

these percentages may conveniently be considered as plotte~ as a function of

the score, thus constituting the item characteristic curve. 5) If possible,

transform the score scale until all the item characteristic curves are

normal ogivss, to a close approximation. 6) Determine the values of a 1 and

bi by standard methods 'of problt analysis (Guilford, £i. ill., p. 173, and

especially Finney (~) who presents recently developed maximum l1kellbood

methods for dealing with a variety of problems in this area). If' Step 5 is

possible, then this procedure will define a measure of abi11ty for our

present purPOse; 11' S.P 5 is impossible, the theory outlined in the pres­

ent paper will be inapplicable.
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8

Further attention will be given to the item oharacteristic curve in

the next section, after we have discussed a fur~her restriction on the

data to beconsldered.

3. Restriction on the Popu1a~l0l!..of' E~n~..!!

First let us restrict consideration to a sample of examinees 60 large

that sampling problems need not enter into the discussion. Such problems

are of practical importance 1 but they would unnecessarily complicate the

theoretical picture.

If ability bas been empirically defined for any given set of data by

the six steps outlined in the preceding sectloD1 the frequency distribu-

-tion of ability in the group tested vtll have been determined by this pro-

cedure. If' a mathema;tical frequency curve can be fittod to this distribu­

tion, it 1s possible to go ahead with the theoretical development along

the lines to be presented. It w111 be more protl'table, bovever, for us

to restrict our attention to the cBBe where ability is normally distributed

in the group of examinees tested. We may, witbout loss ot generality,

choose the scale of Measurement for ability so that the mean (!!) aDd stand­

ard deviation <.~) of c are respectively 0 and 1:

M = 0c f1 = 1c •

In spite of the restriction made in the preceding paragraph, many of

the formulas to be obtained vill nevertheless be valid for the general

case when no restriction 1s placed on the distribution of ability in the

group tested. Attention will be called to the generality of these f'orm-

ulas when they are presented:
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9

The restriction that we have placed on the character of the group

tested will simplify the determination of the values of a
i

and b1 for each

item. Tucker (35. Equations 10 and 14) has given the formulas necess8ry

for expressing 81 &114 b i in terms of the item difficulty, Pi (percentage

of correot answers in the total group of examinees), and of the biserial

.correlation, Bi , between item response and ability. In our notation, his

results are::

2We will assume henceforth, unless otherwise specified, that Ri < 1.

We may then write

, (A3.4)

Let us use A3.2 and A3.3 to eliminate a i and b i from 'the equa't1on for

the item cbaracter1s'tic curve (A2.3) so as to obtain the following formula,

vhich will be most convenient for our further development::

(A3.6)

It should be borne in mind 'that both gi and P1 are functions of £.
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Figure 1 is presented to provide an illustration of an item charac­

teristic curve. The curve, calculated from A3.6, represents an item for

which hi - -.,62 and Bi a .531 (Item 44 ot Part III).

The actual numerical value of hi can be readily obtained for any
. .

given set of data from the item difficulty, by means of Equation A3.3.

An approximation to the value of Hi may usually be obtained from the bi­

serial correlation of the item with score on a very long test of the ability

under consideratiOD,.after correcting this biserial correlation for attenu-

ation due to the unreliability of the test. Thus the numerical values of

the item characteristic curves may be determined in practice from appro-

priate empirical data without the use of probit analysis methods.

A more accurate method of determining Ri will be discussed in the

follOWing section.

4. Restriction on the Nature of the Test

In order to utilize the item characteristic curve for much further

development , it is necessary to make some assumption concerning the proba-

bility that an examinee at a given level of ability will answer both of

two items correctly. Here we will restrict consideration to tests com-

posed of items such that the ability underlying the test is the only

cODDDOn factor in the matrix of tetrachoric item intercorrelations (see

Wherry and Gaylord (n) for a discussion of the reasonableness ot such a

restriction). From this restriction it follows that, for fixed ~, Pi is

independent of Pj' where ! and .J. represent any two different test 1tems •

Since c 1s the common factor in the matrix of tetrachoric item inter-
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correlations, we see that Hi is the communal.ity of the !-"th item in this

matrix. The numerical values of R1 may therefore be ~eterlll1ned directly

from this matrix by factor analysis methods, and it is not necessary to

have available a very long test Whose scores provide an approximate meas-

ure of ability.

5. Alternative Assumptions and Restrictions

Before proceeding with our development, it will be of interest to

point out, as Brogden (1, p. 202, footnote) has done, that there is

another, mathematically eqUivalent set of assumptions that might well be

used instead of those outlined in the three preceding sections.

Just as the response data on two items may be represented by a 2 :It 2

table, such as is used in calculating tetrachoric correlations, so may

the response data on !! i teu be represented by a 2 x 2 :It ••• x 2 table in

nn dimensions containing 2 cells. The equivalent set of' assumptions are

as follows:

a) The 2n frequencies in the multivariate distribution of the item

responses are such as could have arisen by the dichotomization

of each of' the variables in a normal multivariate population.

b) The correlations between the variables in the normal Ilulti-

variate population have only one common factor.

It is worth pointing out that it 1s possible (although excessively

difficult in practice) to test whether or not any given set of data conform

to these two reqUirements. The first of' these two reqUirements oannot be

contradicted by the data unless n ~ 3, the second unless n ~ 4.
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B. The Bivariate Distribution of Test Score and Ability

1. The Frequency Distribution of Scores for Examinees at a Given Level

of Ability

Since £. is the only cOllllllOn factor of the tetrachoric item intercorrela­

tions" it follows that Pi and Pj (i ::;. j) are independent when £. is fixed.

We thus see" for example, that the probability of success on both items 1

and.J. is PiP,,; that the probability of success on one and failure on the

other is PiQ j + QiPj' where Qi - 1 - Pi; and finally that the probability

of failure on both, items is QiQjo Generalizing this result to ~ items" we

find that the probability of success on .! items out of !!, for examinees at

a given level of ability, is given by the sum of. the appropriate terms in

the expansion of the product

(Bl.l)

(It must be borne in mind here that P. and Q
i

are functions of c" a8 shown
1 -

by Equations A3'.6 a.nd A3.5.) Since the score is the number of items

answered correctly, the terms of the expansion of Bl.l represent the d1s-

tributlon of test scores (!) at a given level of ability. If we denote

this conditional distribution of s by f , we obtain by expanding Blol
- s·c

the result thfit

f = ~rr Pin Qi's·c s n-s
(Bl.2)

where 17,ll is the product of the values of PI for any .! values of !,

IT Qi is the product of the values of Qi for the remaining n - s valuesn-s
n n r

of 1, and E* is the sum of the (8) = s!(n·- s)! such possible products.
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If all Pi are equal, Bl.l reduces to the familiar binomial expression,

and Bl.2 becomes

f = (n)psQn-s
s.c s • (Bl.3)

The conditional ~istributlon of .! for fixed £ is not dependent in any

way on the distribution of abUity in the particular group ot examinees

that we happen to have under consideration. Equations Bl.l, Bl.2, and

Bl.3 will remain valid whether or not the distribution o'f £ is normal in

the group tested. It £ 1s not normally distributed, however, the values

o'f R
i

necessary for computing Pi and Qi must be obtained by the method of

Section A2, not by the method of Section A3 or of Sectton A4.

2. The Bivariate Freguency Distribution of Test Score and Ability

We are now in a position to achieve a fundamental objective -- to

'find the bivariate frequency distribution of test score and ability. The

desired distribution will of course be (J§, p. 17) the product of the con­

ditional distribution of Bl.2 and the marginal distribution of £:

f ~ N(c)t c' (B2.1)cs s·

where f 1s the expression given in Equation Bl.2. It should be noted
s·c

that, for given values of c and 8, f is a function only of the item- - cs '

difficulties and the tetrachor1c item intercorrelations,and hence the

values of t cs may be calculated trom actual item analysis data.

If we drop for a moment the requirement that the distribution ot£

shall be normal in the group of examinees under consideration and allow
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Figure 1. Item Characteristic Curve
When hi - -.562 and Ri - .531.
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the distribution to take any arbitrary form, f , the sam.e line of argumentc

that we Dave already used leads to a general formula for the bivariate

distribution of ability and test score, as follows

(B2.2)

The values of Hi necessary for computing the expression under the summa­

tion sign in B2.2 must be obtained 'by the method. of' Section A2 when f c is

not normal. '

The reader may wish to refer at this point to Tables 8 through 15..

which provide numerical examples otthe bivariate distribution of test

score and abil1ty•

3. The_Regression of Test Score on Ability

Since the probability tbat an examinee at a given level of ability

Yill answer a certain item correctly is denoted by Pi' his expected

number of correct answers on an ~-item test is I:P1. Rephrasing this

statement, ve may say that the average score of examinees at 8 given

level of abUity 1s

M - I:P1 •s·c
(B301)

Equation B3.1 is the usual expression for the mean of the distribution

given by B1.2 (16, \'01. I, p. 122). RemembsX':1ng that Pi is 8 function of

~.. we see that Equation B301 is. the equation for the regression of test

score on abil.ity. Like the conditional distribution of .! in Bl.2, the

equation for the regression curve is valid even i! £ 1s not normally
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distributed in the group of examinees tested.

Figure 2 may be referred to at this point &s providing illustrative

examples of the regression of test score on ability for four hypothetical

tests. The curvilinearity of this ragression has been previously deduced

by Brogden (1, po 207).

Obviously the regression curve must be the sum of the n item char-

acteristic curves -- in this case, of !! normal ogives. If 8,11 the items

bave equal difficulties and equal intercorrela.tions, we bave, dropping

the subscript i, M = nP, and the regression curve 1s directly propor-
- Soc

tional to the item characteristic curve, as represented by !o

The slope of the item characteristic curve, and hence of the regres-

sion curve~ is always positive, but the curves are practically horizontal

for extreme values of c. If'· an item is sufficiently highly correlated

with ability, however, the item characteristic curve will be practically

vertical in some part of the range; and this statement remains .true no

matter hoy ability 1s defined or what metric is used to measure it. Since

the regression curve must be the sa of the item characteristic curves, we

see that the regression is ineV'it8bly curvilinear; and in particular" that

it will be very strongly curved if the items are all of equal difficulty

and have sufficiently high Intercorrelations.

To be sure, any given group ot examlnee~ may have a limited range of

ability Within which the regression might appear to be approximately recti-

linear. A derivation indicating the extent to which the regression Cur"lA)

will appes.r to be rectilinear in any given group of' examineeg will be pre­

sented in Section DB.
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4. The Regression of Ability on Test Score

The other regression curve -- the regression of ability on test score --

can be written down in the form of a definite integral if desired. The in-

tegration cannot be carried out, however, and the integral itself is not

readily manipulable.

It viII be seen in the following section that as the number of items

in the test is increased without limit, the scatter of the cases about the

regression of test score on ability will vanish. As the number of items 1s

increased, therefore, the regression of ability on test score will approach

the regression of test score on ability 8S 8 limit. Since the shape of the

latter regression does not cbange if the number of items 1s increased with:­

'out changing their average characteristics, it follows that the regression

of ability on test score has an ogive shape, at least whenever the test con­

tains a large number of items.

5. The Standard Error of Measurement at a Specified Ability Level

The standard error of measurement for examinees at a specified level

of a~ility is the standard deviation of f , which can be shown to be (16,s·c

(B5.l)

where

and

(B5.3)
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As in the case of the regression equation, the formulas for the standard

error of measurement at any given ability level remain valid irrespective

of the frequency distribution of ability in the group tested.

It may be seen from B5.1 that the standard error of measurement will

be practically zero for extreme positive or negative values of £. This

conclusion fits in with the fact that, for any given test, at least in

theory, and usually in practice, there are always examinees whose ability

is so low that the test 1s not discriminating for them, and other examinees

whose ability is BO high that the test is likewise not discr1"minating for

them. These are the examinees who are practically sure to get zero scores

on the one band, or perfect scores on the other. Obviously, the standard

error of the test scores is practically zero for such examinees. Further­

more, this conclusion would necessarily be reached irrespective of any as­

sumptions ,that may have been made in the present paper.

It 1s thus seen that the standard error of measurement of' the test

scores is necessarily smallest for those examinees for whom the test is

least discriminating. Although the average of the standard errors of

measurement, averaged over all ability levels in the group of examinees

tested, may be a usetul measure of the discriminating pover of the test

for the group as a whole, the standard error of Dl8asurement corresponding

to a gfven ability level is thus seen to be very far from being a suitable

mes.sureof the discriminating power of the test for examinees at or near

this abllity level. An appropriate index of discriminating power for this

purpose will be developed in Section C.'
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Let us consider for a moment the "relative score II or proportion of

ccrrectanswers, which we will denote by.!, where

az-=­n • (B5.4)

Since the standard deviation o'f .! will be lIn times the standard deviation

of .!, we see from. B5.1 that the standard error of measurement for relative

acore at a given level of ability is

(B5.5)

When ~ becomes infinite, the relative score (!) becomes the Ilrel ative

true score" which we will denote by!, i.e.,

t a lim z = 11m .! .
n-=oo J1lI'ICIOn

(B5.6)

The true score for a given test is usually defined as the average score

that would be obtained on aninf1nite number of "equivalent" forms of the

test. The same definition (in terms of relative scores) must be used here

it we wish to consider! not merely as the relative score on an infinitely

long test, but more specifically as the relative true score correspol1ding

to the actual relative score obtained on a specified test of finite length.

Letting n = Q) tn B5.5, we see that CJt •a :0 O. This result has been

po inted out by Brogden (1) and others. We thus reach the im.portant con-

elusion that true score and ability have a pertect curvilinear. oorrelation.

It the scale of measurement for the true scores is transformed so as to

give the distribution of the transformed true soares the same shape as the
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distribution o-r ,£, then the trans-rormed true scores will be identical with

c. In particular, i-r .£ 1s normally distributed in the group tested, the

value o-r c -ror each examinee will be identically equal to his normalized

true score. Although we do not have the examinee's true score in practice

for this purpose, the actual test score may be substituted for the true

score 1-r the number o-r items is sufficiently large.

We are now in a position to see that ~ provides a scale o-r measurement

for the underlying ability that may be considered to be invariant -ror any

given group of examinees even though the difficulties and intercorrela-

tions of the items in the tests administered to the group are changed,

proVided the common factor of the item intercorrelations remains the same.

This invariance of c is 6een in the fact that, except for errors of meas-

urement, the same value of 2. will be obtained for each examinee in a given

group of examinees, irrespective of the difficulties and 1ntercorrelations

of the test items, and irrespective of the corresponding differences in

the shapes of the test score distributions, provided always that all tests

are measures o-r the same underlying abili~y.

Binc.e true score and ability have a perfect curvilinear correlation,

1t follows that the standard' error of measurement at a given ability level

is the same as the standard error of measurement at a iiYen true score

level:

a ~ a •
s·c s.t (B5.7)

The standard deviation of c (a ) for individuals having a given test
- c·s

score can be expressed in terms of definite integrals derived from equation

 23338504, 1951, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/j.2333-8504.1951.tb00922.x by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [08/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Perceptive Exhibit 2041 
IPR2025-01575



,

21

(B6.4)

where r 1j 1s the product moment (fourfold point) correlation between xi

and. xj . If 1 a j, r ij 1s taken to be 1; otherwise the value of r 1j may

be calculated trom rIj (or trom the usual fourfold table) by means ot the

standard tormula (,2, p. 124), which in our notation 1s

where
co co

A2(h1,hJ;rlJ) .. JJ1f2(u,v;r1J)dvdU ,

hi h j

(B6.5)

(B6.6)

where N2(u,v;r1J) is the normal bivariate fre~uency tunc~ion for stand­

ardized variables ~ and ! wl10se in1;ercor~latio!\ 1s r1j. In the present

case, A2(hi ,hj ;rij) is the proportion of ~zam1nees answering both items

! and J. correctly. Values ot A2(uo,Voi~) are Ulbled b)" Pearson (28, Vol.

II).

Using Equations B6.l through B6.4, the correlation of test score With

ability may be written

r =cs
~1N(hi)

{tt"i"jrij
(B6.7)

7. ~ C~vil1near Correlation of Test Score on Criterion Score; The Test

Reliability

The correlation ratio of test Bcore on ability is identical With the
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curvilinear correlation calculated trom the best titting regression curve,
, ,

since this curve pa~ses through all the conditional means, Ms •c ' By det·

inition this correlation ratio is equal to <'3., p. 280)

~sc =
E(~ )s.c

;.
s

, (B7.1)

where E( a;.c) denotes the expected or average value ot a;. c tor the total

group ot examinees. Now, a == a t (B5.7); and the average value ot
s·C 8·

rI- t is the square ot the statistic that in test theory is commonly called
So

the "standard error ot measurement ll (S.Eomeas .). It is well known that

(B702)

where r is the test reliability. Substituting B7.2 in B7.1, we 'thusss

have the interesting result that the curvilinear correlation ot test score

on ability is equal to the square root of'the test reliability:

This result is analogous to the well known tact that r st -= Irss •

We may consider the test reliability as the correlation ot the actual

test with a second, hypothetical, "equivalent" torm. It we denote the

score on the 1..th item ot the hypothetical equivalent test by X
J

so that

Xj - 0 or 1, and it we assume that the two test scores bave equal stand­

ard deViations, we have, by the usual formula for the correlation ot SUllS,
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(B7.4)

Equa'tion B7.4 is the same as the basic equation from which Kuder and

Richardson (~, Equation 2) derive their reliabili'ty formula.

Since the equivalent test has only a hypothetical existence, the

values of Ox and r X are known only by virtue of 'the detinition ot
. J xi J

equ1valence. According to this definition

, (B7.5)

the observed "variance of the .J.-th item (see Equation B6.2); and

(1 rf .1), (B7.6)

'the observed fourfold point correlation (see Equation B6.5). The value

ot r X tor our purposes may be determined trom the requirement that the
xi i

corresponding te'trachoric correlation, r I 'X ' shall be such tha1i the cor­
xi i

relation matrix Whose elements are r IJ = r~lxJ shall bave unit raDk. We

see from the definition ot Ri that

(B7.7)

hence, by B6.2 and B6.5,

(B7.8)
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From Equations B6.4 and B7.3 through B7.8, we find the result that

= 1 - ---rl-~---

s

The expression given for the squared curvilinear correlation coef-

ficient in B7.9 may be verified, if desired, by evaluating by direct inte­

gration the expected value (~8, p. 29) of;e. . Using B5.l, it will be
zJ.:::. s.c

found that

00

Jl(~.c) - ~ (l:P1Q1)If(c)dc - l:P1

-co

(B7.10)

Substitution of this result in Equation B7.l yields the same expression

for the curvilinear correlation coefficient as that given by B7.9.

An examination of Equation B7.9 shows that any increase in R~, the

communality ot the items, will be accompanied by an increase in the curv1-

linear correlation, 'lsc. This result is of special interest in view ot

Tucker's demonstration" (12) and Brogden's later results (1) shoWing that

a progressive increase in the item tntercorrelations will lead at a

rather early stage to a progressive decrease in the product moment cor-

relation between tes't score and ability. This unexpected behavior of

the product moment correlation is the result of the fac't 'that as the item

intercorrelations increase, the regression becomes more and more curvi-
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linear, so that a straight line :provides a progressively poorer fit, even

though the scatter of the cases about the curved regression line is being

con'tinually reduced. Seen in this light, the situation does not Be8m to

justify Brogden's inference that total score item analysis procedures are

usually not worth while.

(No useful results 1"0r the other curvil1.M&r correlation - .. that of

ability on test score -- have been obtained to date in View of' the rather

intractable expression obtained for (j .)c·s

B. The Magnitude of the Practical Ef~~ct o.~ the Curvilinear Regression

As DO~.~ in Section 3, it the examinees tested all 1"811 about a sec-

tion of the regression curve that is practically linear, ~he eBsential

curviU.nearity of the regression has little practical e:ff'ect. A measure

of the magnitude of this ef'tect is proVided by a comparison ot the curvi-

linear correlation of test scores on ability with the corresponding

product mom.en.t correJ.,ation coefficient. This comparison wl11 be made

only for the-case where the test is composed of equivalent 1tems, in

order to avoid excessive 8thematical complications.

First we will obtain a formula for the product JIOIII8nt correlation

for the case of equivalent items. From B6.4, dropping the subscripts!

and .J. and remembering that r ii - 1, we obtain

as c jnpq + (n'2 - n) pqr 1& I~ + (n - l)rJnpq

From B6.1, B6.2, and BB.l Ye find thIS product moment correlation to be
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vn r
. . ··c

r - --;.~:::;:=:;:;;::
cs Vl + In - lJr

(B8.2)

We n~t wish to have a formula for the curvilinear correlation, '1sc '

for t~ case of equivalent items. In this case all values ot riu (i ~. j)

~e equal and .Y' be denoted by a s1ngle symbol, r'. If ~he matrix ot rij

is to have unit rank, the diagonal entries must also be equal to r'.

81Dce the diagonal entries are the squares of the factor loadings, we

have for this special case

R2 •i = r . (BB.3)

For equivalent items" dropping the subscripts.! and b Iqua-tion B6.5

becODles

(B8.4)

Replacing R~ in B7.10 by r' and eliminating A
2
(h,hjr') trom B7.l0 by using

BB.4, we obtain

B(d2 ) - npq(l ~ r) •s·c

l'rom B7.1, BS.l, and B8.5 we thus obtain -the result that for equiva-

lent items

?{2 =1- l-r II: Dr

SC 1 + Cn ~ l)r 1 + (n - l)r
• (B8.6)

This result will 1DIediately be recognized as the Spe&rIIIflD.-Brovn formula
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~7

for predicting the reliability of a test composed of ~ equivalent items

from the item intercorrelatioDS, £.

Stilce we are dealing with population parameters and-not with sample
- -

s-tat:l.st1cs" there is no test of significance involVed in comparing 't- - sc

and r • The most convenient procedure will be to examine the ratiocs

,,2 Ir2 hom BBo2 and B8 0 6 we have the very simple result that\sc cs·

2
'?sc r-=-2 2 •r rcs c

By B6.3 and B8.3"

(B8.7)

(BS.S)

In order to obtain a clearer idea of the magnitude ot thlll ratio" it

will be helpful to expand I: as a power series in r·. The usual power

series used to determine a tetracborio correlation coefficient trom the

frequencies in a fourfold table will serve our purpose (i2" p. 369). For

equivalent items, this series is

• • •

By B8.4, the left side of B8.9 is
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From B8.a, B8.9, and Be.10 we obta1n

1 (4 6 2 )2 ,4+120h ~ h +3 r + •• 0

If all items are of l1"if'ty per cent diff'icultYi h =" 0 9 and ve have

(B8.10)

(B8.1l}

o • • (B8.l2)

This last equation shows that when all items are of fifty per cent

difficulty, 't
se

will 'be practically equal to r cs unless the tetrachoric

item intercorrelaticns are much higher than is usual. In this case»

therefore i the effect of the curvilinearity of the regression vill be

Wholly negllgi'[l)le in aetual practice. Equation B8.l1» on the other band,

shows that whenever the item difficultlee differ by a considerable extent

from f1t"ty per cent, -- when h ~ 1, say, ~~ ~sc may become considerably

larger ~han res' and the effect of the curvilinear regression may be quite

noticeable in practice.

The reader may wish at this point to reter to Figure 2 and the accom-

panying text tor numerical illustrations relating to these conclusions.
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c. The Discriminating Power of t~ Test at a Given Level of Ability

1. Derivation of an Index of Discr1minati§ Pover

If we are going to use the test for selecting those indiv1cluals having

the greatest amount ot the ability measured by the test, we want a test

that vill discriminate accurately among examinees who are near the cutting

score. It all selected examinees are to be treated alike and all rejected

examinees are to be treated alike, irrespective of their test scores, then

some measure of the discrimination ot the test among examinees near the

cutting score is the only correct measure ot the valicUty of the test.

Most ot the familiar statistics that suggest themselves as measures

ot this type of discrimination turn out on investigation ·to be wholly un­

satisfactory. The correlation r is of course unsuitable because 1t is
C8

only a measure of the average degree ot discrimine;t1on over the entire

group of examinees. The standard error of measurement at a given level of

ability is usually thought of as a direct measure of the discrtm1nating

power of the test at that level; but we have already shown that the stand­

ard error of measurement for a given test at various. levels of ability

tends to be inversely related to the test's discriminating powero

A numerical example will serve to clarity the prQblemo Suppose almost

all individuals for whom c = -5 obtain scores ot either 0 or 1, and that

their average score is 003. The standard error of measurement tor these

examinees is small -- perhaps 0 0 2 -- but it may still be that examinees

for whom c -= -3 obtain an average test score of only 0.31. In such a case

it is obVious that the test does not discrtm1nate appreciably between exam-
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1neee at the c = M5 level and examinees at the c = -3 level.. Clearly any

measure of d1BcriDl1Dating power must take into account both the stan<1ard

error of measurement and the slope of the regression ..

Many different measures of dlscr1Dl1Dating paVer could be defined.

Let us start by comparing the distributions of test scores that will be ob­

ta1nedby examinees at two different ability levels , Co and °1 • At Mch

ability level the distribution of test scores vill be approximatelY' normal

for large !!, and if c1 is close to Co these distributions will have approx­

1JDately the same standard deviation. Under these conditions the amount of

overlap of the two score distributions - - by overlap here il8 meant the

extent to which the areas ot the two frequency distributions coincide -­

vill vary directly as a function ot the difference between the means (M
s·co

and M ) ot the distributions when this difference is ezpNssed ins.cl
standard deviation units. In other wrds, we may use as a measureot over-

lap the function

D' _ J:...M_8_
0

_
Co~-_M_s_._C_l_.:.J

tf':
(el.l)

where the numerator is the absolute value ot the difference between the

means1 and the denominator is some appropriate average of the standard

deviations of the two distributions"

The function D' measures the distance between the two means" When cl

is close to cO' this distance JlJAY' be considered to vary in proportion to

the distall:Ce cl - co. We are not interested in the distance between the

tvo means corresponding to any' specified distance cl - co' but rather in
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the rate at which Dg changes as a function of cl - coo For any given value

c - co' this rate 1s

f
M - M Isocl soc

d't{C
l

- c)

1--aSoc

aMSoc
ec

Obtain1ng the indicated derivative from B3 0 1, A3.6, and A3.5, using the

expression for a given by B5.1, and denoting the rate by _D, we bave
s·c

(Cl.3)

Both Pi and gi are functions of ~; so Eo is likewise a function ot £0 We

Yill use Eo as our measure of the discriminating power of the test at a

specified level of ability (at a specified value of .2" not of !). It is

Been that E is the ratio ot the slope of the regression curve to the

standard deviation of the test scores at a fixed, level of abUityo The

standard deviation i8 always positive, and we Yill assume that the slope

of the regression Yill always be nonnegative. It is seen that tbtt dis-

crimination index will be zero when there 1s no discrimination, and that

the more the discr1m1Dation, t~ higher the index, there being no upper

lim1t to its possible value. It the 1tam difficulties and the values ot

Hi are available for any group of items meeting the assumptions made, the

value of Eo can be calculated from equation 01.3 without excessive diffl-

cultYo
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We may note that D, like M and tJ f'rom which it is derived, 18- s·c s.c

completely independent of' the distribution of' ability in the group tested.

This is an advantage when a general description of' the test is desired

without ref'erence to any particular group of' examinees; it is e. disad-

vantage if' the ef'fective discrimination of' the test f'or a specified

group of' examinees is desired. Lawley (1:2) has derived an index of the

effective discrimination of' a test at diff'erent levels of' ability f'or 8.

specif'ied group of exaDlinees. The difference between "discr1minating

POver" and "eff'ective discrimination, II as the terms are used here, may be

illustrated as follows: A test may have loy discriminating pover tor

examinees in a certain range of ability; however, if' in any given group

of examinees there are only a few individuals spread out thinly over this

range of ability, the rank order of' these individuals on ability may be

IIOre accurately determined by the tElst scores than is the rank order ot

examinees in some other range of ability where the discriminating pover

(Cl.3) of the test is greaterp but where there are many examinees of' almost

identical ability. The effective discrimination 1s greatest where the rank

order of the examinees is most accurately determined.

Both Lawley' s index and the one presented here are measures of dis-

crimination at a specified ability level. For most practical purposes, it

Yould be better to have an index measuring discri1ll1n&tion at a specified

score level. Such indices may be readily devised; however the mathe_tical

formulas involved seem to be too intractable for the type of' theOretical

treatment appropriate here.
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20 The Cond!tions for Maximum Discrimination

We wish to investigate the problem of how to choose test 1tems so as

to maximize the discriminating pover of the test at a specified ability

level. ~or this purpose we will assume that all items have the same val~e

of Ri . We will then investigate what distribution of item difficulties

vill giva' optiDmm results under this assumpt10n. Since ~ is taken to be

nonnegative, we may differentiate 101 D with respect to Ii (1 = 1, 2, ••• , n).

Writing Ni I: N(gi' we have

Setting the derivative equal to zero and transposing, we obtain n s1multan-

eous equations:

(1 = 1, 2, ••• , n).

Since the expression on the right is the same for all ~ equations, we

have as a condition for a maximum of !!:
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Nov the absolute value ot gi is a single-valued tunction ot (1 - 2Pi) /gi •

Consequently Equation 02.5 requires tor a maximum of ~ that all i'i be

equal in absolute value:

-= 0 •• = • (02.6)

Unde~ the conditions of 02.'.6, Pl~ - P2~ = ••• -= Pn~ and Nl = N2 == ••• =

Nni so that, dropping subscripts, Equation Cl.3 becomes

D - VU;G..' K (02.7)

~ value.ot i that maximizes ~ in Equation 02.7 will :&lao mx1miz8 ~ in

Equat10n Cl.3•.

It may be shown mathematically, or much more simply by numerical

investigation ot tabled values, that H/'{PQ 1s a maximum when g :z O~ It

1s thus found that ~ 1s a maximum when gi = 0 tor all !.

1
When gi = 0, hi must equal RiC' and Pi - 2'. We thus I'each the con-

clusion that it it is desired to construct a test that will bave the

greatest po.Bs1ble discriminating power tor examinees at some given level

ot ability, c = co' then all items should be ot equal difficulty such that

half of those examinees whose ability score is c ..-""-Y;;;;11;;,;1--.a.-D8V8--.....r;...,,;;,ea---..ch......i_tem........
. 0-

correctly and !1alt will answer it incorrectly.

S1m1lar or related conclusions bave been reache4 by a number of

writers (Jg, J!, g, .b 1, ~), starting with different premises and pro­

ceeding v1th varying degrees of rigor. ~ir1cal evidence relating to this
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point is also available (~, ~, ~). It should be noted, however, tba't

the conclusion reached in 'the present paper may be quite d1f'f'erent in

practice from the frequent conclusion that "what is required 1& a set of

1tems which average 50 per cent diff1culty tor the group to be tested."

If, furthermore, a test is 'to be used 'to award a single scholarship 'to

the highest-scoring examinee in a group of 100 examinees, the solution 18

not to use items that Yill be answered correctly by only one or two per

cent of the examinees, but instead to use items that Yill be answered cor-

rectly about half the time by the two most able candidates (cf. 4, pp. 21-- -

Very fev, if any, actual tests bave been built in accordance nth the

principle deduced here.

(When the examinee bas 1 chance in! of answering each item correctly

by guessing, it might be expected that max1mum discr1m1nat10n would be

found, assuming equivalent items, at the level of ability where the pro­

portion of correct ansvers is ~(l + 11k). Mathematical investigation,

which will not be given here, shows tbat this is clearly not the case. In-

dicatioDS are that the level of ability must be appreciably higher than

this. This conclusion is plausible in view of the fact that multiple

choice items become IOOre and more unreliable as the proportion of correct

answers decreases towards a chance level.)

3. Numerical Illustrations of the Discr1m1Dation Index

Figure 2, for illustrative purposes, shows the discrimination index

as a function of ability tor each ot tour hypothetical tests, together
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with the regression curve of test score on abilitY'. The dlscr1m1natioD.

indices for Tests 1, 2, and 3 were calculated trom :lquation C2. 7. The

discr1m1nation indices for Test 4, which has a rectangular· distribution

of item difficulties (Pi)' were found by uslng certain formulas published

bY' LawleY' (12). He assumes that all values of Bi are equal and that the

values of hi are norallY' distributed. Under these assumptions, it maY' be

shown that the item difficulties (~1) will be rectangularly distributed

when the mean of the .!: 's 1s 0 and their standard deviation is 1 (~ .. 0

~ CJ
h

IS 1).

Setting G - # + { and dropping the subscript from Bi , we -7

write certain of Lawley's results dervied from the foregoing assumptions

as follows:

~ .. Be
Ms •c - nA( G ),

and

cI =Ms·c s.c
~ .. Rc l\" Bc {

.. nA2( G ' G ; "2 ) •
G

From C3.1 we find that

~ - Bc.L M _ DR M( )
8e s.c or G •

The discrimination index tor a test characterized by given values ~f B, ~,

and C1h may be obtained by using 03.2 and C3.3 in conjunction with the fol­

lowing formula (.2!. Cl.2):
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Figure 2A. The Discrimination Index as a Function
of Ability, for Each of Five Tests with
Specified Values of ~ •

 23338504, 1951, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/j.2333-8504.1951.tb00922.x by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [08/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Perceptive Exhibit 2041 
IPR2025-01575



37,

Test 1 is a lOO-item test having a reliability of only about .80 and

consisting of items all of 50 per cent difficulty (n - .243, ah e- 0, 1\ • 0).

The regression is almost rectilinear within the range of ability of the

group tested; and the test is practically equally discriminating for all

examinees within this range. Test 2 1s the same as Test 1 except that its

reliability 18 about .96 (n = .447; ah -= 0, ~ I: 0). The regression is

more curved and the discriminating power ot the test is much higher tor

examinees at average ability than tor examinees at the extremes at ability

in the group tested. The standard error of measurement at difterent levels

ot ability 1s indicated by a dotted line for this test. Test 3 may be, con-

Bidered to be the same test as Test 2, but administered to a less competent

group of examinees (n ...447, ah .. 0, ~ c: 1.07). We see her. what happens

when a test 1s too difficult for the group tested: the regression of test

score on ability i8 distinctly non-linear, and the test has low discriminat­

ing power tor the less competent examinees. The curves tor Test 3 are

actually the'lame as, or contiDUa~ions of, the curves tor Test 2, except

that the scale on the base line is changed. Test 4 is the same as Test 2

except that the items here are not all of the same difficulty, the item

ditficul.ties (Pi) in: Test 4 beiq rectangularly distributed (:a -= .447,

ah = 1, ~ = 0).

For purposes of comparison, Figure 2A superimposes the curves shoving

the discrimination index tor each ot tiVf)' tests. The test tor Yhich <{ - 0

is the s8.Die as Test 2 in Figure 2. The values of hi in each ot the other

testS' are normally distributed with ~ .. 0, and the value ot Ri tor each

item is in all cases .447. Each of the five tests consists ot 100 items.
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The tes~s differ from each other only in the variability of the difficulties

of "the .test 1teD, as measured by ~. The test for which ~ - 1 ~001s "the

same as Test 4 1n Figure 2 -- the values of P1 in this test have a rectang­

ular d1str1but'1on. The test for which ~ == .40 is the one most nearly 11ke

the' usual type ·of test having a moderate spread of item diff'1cultr.

Figure 2A shows that the 'test composed solely of iteras of 50 per cent

diftiaulty 1s more discrtmtnatlng than any of the other tests for examinees

at any level ot ability between c = ...2.5 and c - +2.5. Since only about ODe

per cent of the examinees will lie outside this range ot ability, these. re­

sults suggest. tbat me.ny of our tests could be improved by restricting the

range of item difficulty. (The reader .1' wish to refer to Davis (!)

and Flanagan (,i) for arguments opposing this point ot view.)

4. Relation of the Discrimination Index to the Test Reliabillt1

Let us consider the following function ot ~ and expand it by means of

Equation 03.4, using the symbol b for the derivative of Ms c with respectsc •

to £.:

(C4.1)

Suppose nov tbBt the range ot ability present in SOIl8 l?P8c1al group ot

examinees tested is sufficiently narrow so that within this range the

values ot b c and ot f1 may be treated as constants for some hypotheticalB s.c

test. In this case b is the regrese10n coefficient in the equation tor
8C

predicting ! from Eo, and consequently, by the usual formula for a regression

coefficient:
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asbec -= - ra sc
c

Similarly1 as. c 1s the standard error of estimate1 so we may write

'If We choose the units of measurement for c so that tI - 1 and then·
. . - c

substitute 04.2 and c4.3 in 04.1, we obtain for this special case

(c4.4)

When the regression of ! on £. 1s approximately linear, r~c - r~t - r S8

{see Section B7)j 80 finally, for this special c~se,

2 _2 .
This result suggests that the function D 1(1 + lJ) might well be used as

a measure of the discriminating power of the test at a given level of

ability. The in'terpretation of this function would be faollita'ted by its

equivalence to the reliability coefficient of a certain hypothetical test.

D. The Frequency Distribution of Test Scores

The univeriatedistribution of test scores, f s ' may be obtained by

integrating Equation B2.2 accord,ing' to the usual procedure:

00

f II: (' f' de == t*
s J C8

-(X)

0)

S1'c'n;,Pinn_.Qi dc •

-0)
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(Dl.6)

41

Another special case that is of interest occurs when all items are of

fifty per cent difficulty (h - 0) and all values of Hi are equal to 1/ V2 •
In this case 8i = -c, and Dl.2 becomes

00

f s ~ (~) ~N(c)As(_C)Bn-s(_c)dc , (D1,_)

-00

where the superscripts are exponents and B( -c) = 1 - A( -c) • Boy

JL A(-c) - N(C)i (Dl.5)dc

also A(-c) - 1 when c 11:= 00 and A(-c) II:: 0 when c - -00. Consequently, writ­

ing A -= A{-c} and replacing B(c)dc in Dl.4 by dA, we obtain the result

1

t :;::: (n)SAS (l ~ A)n~saA •s s

o

The integral 1n Dl.6 is a beta function; so finally,

no'f=,· 'Ct
S s.(n - 8,.

1
lIZl-n....+~l (D1.7)

Since ! can only vary from 0 to !!, we have the result that in this spec~al

case ! 1s rectangularly distributed.

The value for DBIlY general purposes of having an approxi_te1y rec­

tangular distribution of test scores has been pointed out by Ferguson (1).

In a previous article (~), Jackson and Ferguson emphasize the value of

having different specified shapes of score distributions for different

specified purposes. For example, if the test is to be used merely to
• 0. •

separate examinees into a successful group and a failing group, it is

 23338504, 1951, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/j.2333-8504.1951.tb00922.x by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [08/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

Perceptive Exhibit 2041 
IPR2025-01575



desirable to have as few examinees as possible with scoreS~Clr the cutting

score. The most desirable distribution of scores for this purpose would

therefore be a U-shaped di~trlbution with the antl~de at the cutting score.

Equatwn D1.2 will give such U-shaped dis1iributions whenever the item inter-

correlations are sufficiently high. Apparently, when.5L is normally dis~

tributed.." Ri ,must be greater than 1/\/2 before this can occur, however.

Such large values of Ri are seldom obtained with most types of cognitive

tests.

The results given are sufficient to show that the distribution of test

scores cannot in general be expected to be normal, or even approximately

normal. The question naturally arises as to what possible shapes the fre-

quency distribution f , as given in Equation Dl.2, may assume. The answer" s

i8 that this function may assume any shape whatsoever, prOVided the 1tam

intercorrelatlons are sufficiently high.

Suppose, for example, that it 18 desired to obtain the following

arbitrarily chosen frequency distribution for a five-item. test::

t s
cumulative

s frequency- -
5 .25 1.00
4 0 ~75
3 .25 .75
2 .32 .50
1 .16 .18
0 .02 .02

1.00

Referring to a table ot the normal curve we find that the required cWllUla­

tive frequencies correspond to relative deviates of ClO, +0.67, +0.67, +0.00,

-0.92, and -2.05. A little thousht w11l show that if we select five items
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that are perfectly correlated with ~. and that have values of hi equal to

the last five of the six relative deviates Just listed, the resulting t1ve-

item test will have the required frequency distribution of test scores.

The same result may be obtained troll. Equation D1.2. This result, although

ot course useless from a practical point of view, is given in order to show

that there is really no limit to the different shapes that may be aS8u1ll8d

by the frequency function of Equation Dl.2, provided the item ~tercorrela­

tions are su:ff1ciently high. When the item intercorrelat1ons are lOW, how-

ever, the test score distribution is necessarily not very different from
.

the generalized binomial (Dl.3), l.e., it is necessarily bell-shaped.

Bext let us investigate the moments ot f. The mean of the test scores

distribution can be found by simple algebra without making a~ assumptions.

As is well known, the mean test score 1s ~ times the mean item difficulty:

(Dl.B)

This same result may be der1ved from Equation Dl.2, as follows:

CD

M = ~ at CD rm( c ).teE*n PiTT Qidc
B ~ S J II S n·s

-00

00

- (' N{c)M deJ soc
~OO

Substituting the value for Ms •c trom B3.l, we have

00

M. s ~ ~ 1I(c)P1dc •

-00

(Dl.l0)
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This integral may be evaluated with a result that agrees with that obtained

algebraically and presented in Di.8.

The standard deviation of: the test score distribution may likewise be
. ..

derived without assumptions by simple algebra, as shown in Equation B6)...
. . .

This S8ll18 result also may be obtained from Equation Dl.2 by evaluation of

the integrals in the formula

(Dl.ll)

The third and higher order moments of the test score distribution

cannot be expressed &s simple functions of the item difficulties and inter­

correlations. These moments can be obtained bY' numerical integration, or

by expand1ng the tteC8Ss&ry integrals by means of the infinite series de­

veloped by Pearson (gI), but the result is too cumbersome to be of much

practical value for present purposes.

In view· of the obstacles' encountered here, it' appears that the bes't·

pracrUcal me't11od of obtaining further insight into 'the general relation

between the item statistics and the shape of the distribu'tion of' test

scores is to examine the 11.m1ting ~uencY' distribution approached by the

score distribution as the number of lteu becomes very large. ThiS will

be .,done in the following sectioD.

It 1s of interest,now that we have obtained a formula for the fre­

quency distribution of test scores, to note that the line of reasoning

followed for this PUrPose is, in broad ~utline, the same as that used by

Lazarsfeld (~) in deal1ng with the problem of latent structure, but
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opposite in direction, We ha~e made certain assumptions as to the shape

of the item characteristic curve and have derived the distribution of test

scores, on the basis of these assumptions, as a function of the frequency

distribution of the underlying ability in the group of examinees tested.

Lazarsfeld, on the other band, starts with certain assumptions as to the

shape of the item characteristic curve ('~tre.ce line") and attempts to

derive the distribution of the underlying ability (trait) in the group of

examinees tested as a function of the known distribution of actual test

soores. No entirely satisfactory general solution to the problem of

latent structure bas as yet been found.

E. The Limiting Frequency Distribution of Test Soores for Large n -­

The Frequency Distribution of True Scores

1. Derivation of the Distribution

In discussing the limiting distribution of scores as !! beoomes very'

large, we will concern ourselves only with the reiative score, z l1li sIn.

When ~ is inf'inlte, ! becomes tho same as the relative true Bcore, which

is denoted by 1.

We saw from Equation B5.5 that as !! becomes very large, all the frlt­

quency of the bivariate distribution of ! and .£ becomes concentrated at

the regression lines, which in this case coincide. Thus for infinite !!,

(11:1.1)

In the case of relative scores, the regression is Been from B3.l to

be given by the average value of ~:
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. 1
M =a:P-M.....z.c n, 1 -7·

Let us replace ~.by the expression M(c) to emphasize the tact that MP 1s

being considered as a f'unction of.£. We see from JU.l and Bl.2 that the

distribution of t is the same as the distribution of the function M(c).- .

If- we assUlll8 that Ri ., 0, we 'l/JlJ.y denote the invers& function of M( c) by

M-l(t), so that c - M-l(t). If c has the frequency distribution fCc),

the distribution of t ... Me c) may be found by the usual methods to be

When.£ 1s normally distributed, 118 have

(n.4)

Let us suppose that an infinite number of equivalent !-item tests

are administered, 80 that! is the average relative score obtained on all

these tests. Since the tests are equivalent we have, as before,

1 m
t .. M( c) == - 1: Pi •

m 1-=1

We find that (.£!. Equat10n Cl.3)

(11.6)

1 .-ltt)
Since c .. M- (t), at'· 1s the reciprocal of the expression on the right
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side of Equation El.6. Substituting this result in :11.4, we obtain

finally:

(El.7)

In El.7, gi 1s as usual (A3.5) a function of hi' Bi , and ~j but

here ~ is treated as a function of !, so that ii is a function of!. Por

purposes of calculation, f't may perbaps best be computed trom the para­

metric equations:

, t ... M(c) , (El.8)

where .£ is the parameter. When the values of hi and Ii are specified,

actual values of the frequency distribution of relative true scores can

be calculated from these equations. This has been done for certain simple

illustrative examples in the following seotion.

The cumulative frequency distribution of !" which we will denote by .

ll' ( t ), may be of 1D.terest ; it is found from 1£1.4" by the usual methods" to

be

The second integral is obtained trom the first by the substitution c ­

M-l(t). Actual values of the cumulative frequencyfunct10n of relative
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true scores can be obtained fairly eas11y from El.9.

The frequeney distribution of relative scores actually approaches the

!"requency distribution f t as a lim~t when!! becomes infinitely large. This

same result may be obtained from Equation Dl.2 by finding the limit of the

characteristic function as n becomes infinite. Unfortunately, it bas not

been possible to date to obtain any simple expression for the amount of

the discrepancy between f z ' for any given~, and ft.

We may note at 'this point that, because of the relation be'tveen ~ and

,£, the distribution (ts. t) of actual scores for a :fixed true score is the

same as the distribu'tion (fs •c ) of actual scoras for the corresponding

fixed abUi'ty score. Consequently, f t is the same generalized binomial
s·

as 1s given by Equation Bl.2.

2. Illustrative EX8:!Ples ot the Distribution of Relative 'l'r\le Scores

Relative true scores are the relative scores that would be obtained

if the 'test were a perfectly reliable measuring ins'trument 0 The alge-

braic difference between an examinee's actual score and his true score is

the error of measurement 0 As indicated in the preceding paragraph, the

errore of measurement tor any given true score have a generalized binomial

distribution. The errors of measurement are not independent of the true

score, since. their s'tandard deviation and their frequency distribution are

different tor different true scores. The usual proof that the error6 of

measurement are uneorrelated nth true scores remains valid in the present

context i hovever.

:rigure 3 illustrates the effect on the shape of the true score 4is-
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.0 .I .2 .3 4.5 .6 .7 .8 .9 1.0

Score

___ Best fittino normal distribution

.0 .1 .2 .3 4 .5 .6 .7 .8 .9 1.0

Score

R".65
R=.80

.0 .1 .2 . ,3 !4 .5 .6 .7 .8 .9 1.0 .0 .I .2 .3 4 .5 .6 .7 .8 .9 1.0

Score Score

Figure 3. Frequency Distributions of Relative Scores on Four
Infinitely Long Tests Composed of Equivalent Items
of 50 Per Cent Difficulty Whose Correlations with
Ability Are as Indicated.
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tribution of increasing the correlation (~) of the items with ability.

The values of f t needed for drawing these distributions were obtained

from Equation El. 7. The distributions shown are for relative true scores

on tests composed of equivalent items of 50 per cent difficulty. When R "'"

~20, the distribution, although platykurtic, is so nearly normal that the

best fitting normal distribution can hardly be drawn on the same graph;

the standard deviation is low, and only about a halt' of the possible

range of scores is found to occur with any frequency in actual practice.

When R = .45, the distribution of scores is still nearly normal, and the

entire range of scores is utilized. When R = .65, the standard deViation

has increased further and the distribution, although still unimodal, is

nearly rectangular. The distribution becomes actually rectangular when

R = .707, as was shown by Equation Dl.7. As the correlation increases

above .707, the distribution becomes more and more U-shaped, as indicated

by the distribution for R = .80.

Actual tests having an average item difficulty of about 50 per cent

would produce frequency distributions similar to the true score distribu­

tions illustrated. If the average item difficulty differed appreciably

from 50 per cent, the actual score distributions would still resemble

those illustrated except that they would not be symmetric.

F. The Bivariate Distribution of Scores on

Two Tests Measuring the Same Ability

If the items in two tests have only a single common factor, the dis­

tributions of the test scores (Sl and 82 ) on the two tests will be inde-
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pendent when .£ 1s fixed. The conditional bivariate distribution of test

scores will therefore be

(Fl.l)

The right side of this equation may be evaluated by Bl.2 •

. The tr1ve.riate distribution of 8 1, s2' and c 1s therefore

(Fl.2)

and the bivariate (marginal) distribution of the two test scores can be

found from this by integrating out the variable .£:

(F1.3)

This result is too cumbersome in expanded notation for us to draw

any general theoretical conclusions from it. For a given set of data,

however, equat'ion Fl.3 can be handled by means of numerioal integration.

This has actually been done as part of the empirical investigation re-

ported in the follOWing sections. The resulting b.ivariate score distribu­

tions are given in Tables 24 to 30.

In the special case where all items are of 50 per cent difficulty

and Ri = J3 for all items, the bivariate distribution of test scores

is found by direct integration (£t. Dl.7) to be
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(11.4)

(It may be noted that the second fraction in Fl.4 is the general term of a

hypergeometric distribution.) The bivariate distribution of :1'1.4 is some-

what of a curiosity. The marginal distributions ot'sl and s2 are of course

rectangular (Dl. 7) • The distribution of sl + s2 (obtained by summing the

frequencies in Fl.4 diagonally) is also rectangular. The bivariate dis-

tr1bution has two modes: one at the corner where sl = 8 2 = 0; the other

at .the corner where sl I: ~, s2 II: ~. The two antimodes are at the two

remaining corners. The frequency surface represented by 11.4 may be well

characterized as saddle-shaped.

The regression of s2 on 81 for the special frequency surface of Fl.4

is found to be

It is obvious that in this special case the regression is linear. Emmina-

tion of the appropriate formula shows, however, that in general the regres-

sian of one test score on another will not be strictly linear, even though

the two tests are parallel fom. This conclusion is confirmed by the

numerical integration of the appropriate formula for hypothetical values

of hi and Ri chosen to represent two strictly parallel tests.
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G. Extension of Results to Multiple Choice Items

When it is possible for the examinee to obtain the correct answer to

a test item by sheer guessing, it is no' longer reasonable to assume that

the item characteristic curve is a normal ogive • No matter how low the

ability of an examinee may be, he still has some appreciable chance of

answering such items correctly. The formulas derived in the present

article in general cannot be applied to multiple choice tests, or to

other tests where guessing plays a· significant role. Formulas parallel

to those given here have been worked out for the multiple choice case on

the assumption that guessing, whenever it occurs'at all, is purely random.

Such an assumption is certainly only a rough approximation to the real

life situation. No emPirical check b,as as yet been made to determine to

what extent the formulas derived on the basis of this assumption yield

adequate predictions of observed results. The formulas themselves will

not be presented here.
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III. EMPIRICAL VERIFICATION

H. The Plan

The theoretical results of Part II, Sections Band C, relating test

score to ability, cannot be checked empirically except by the use of a

test so long and so reliable that scores on this test, after being

normalized or transformed in some other way., can be satisfactorily sub-

stituted. for the unknown values of the ability score,.£. In view of the

difficulty of securing a sufficiently long test that meets the other

criteria desirable for a first empirical study, the empirical work done

to date has related only to the theoretical results of Part II, Sections

D and F, where no measure of ability is involved in the final results.

The results to be checked are those of Equations D1.2 and 1'1.3, which

give the univariate frequency diBtribution of the test score ana. the

bivariate distribution of two scores.

The empirical procedure involves essentially:: 1) selection of a

number of short tests tor which the examinees' answer sheets are avail-

able; 2) computation of' the item statistics Pi and Ri ; 3) computa.tion

of f. and of f by means of Equations Dl.2 a.nd Fl.3; and 4) comparison
S 816 2

of the theoretical results so obtained with the a.ctual univariate and bi-

variate distributions of test scores.

I • The Data.

In .selecting test data for the empirical study, three considerations

were given paramount importance: 1) the test must be composed of free

response items such that guessing by the examinee could have little effect
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on the correctness of his responses; 2) the test items must in so far as

possible have only one common factor; and 3) the test must have been ad­

ministered to a group of examinees of such a nature th8.t it would not be

unreasonable to assume ability (c) to be normally distributed in the group- .

tested. These three considerations limited the choice among the readily

available test data so drastically that other considerations were largely

disregarded.

It may be well to call attention to the third consideration. It is

obviously impossible to predict anything about the shape of the distribu-

tion of scores for a given group of examinees if nothing is known or

assumed about the nature of the group tested, since the distribution of

ability, and hence the .distribution of scores, may take any shape whatso-

ever. It would be possible and .desirable to use the method of Section A2

to determine the actual frequency distribution of ability in the group of

examinees; however, this method would have required the use of a very long

test. In the absenoe of such a test, it was necessary to assume that

ability, as defined by the variable £, 1s at least approximately normally

distributed in the group tested. The success of the empirical verifica-

tion undertaken here may depend to a considerable extent on the appropri-

ateness of this assumption.

The data used for the empirical verification were kindly provided by

Dr. Lynnette B. Plumlee, who had carefully collected them for other

research purPOses (1Q). The available data were the responses of each of

four groups of male examinees to 80 free response mathematics items cover-

ing the fields of algebra, plane geometry, and trigonometry as taught in
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the usual high school. The 80 items had been originally chosen so as to

represent the entire range of difficulty from Pi'" •10 to Pi :r;; .90.

Half of the 80 items 'Were discarded since time apparently did not

permit all examinees to attempt to answer'them. The 40 remaining items

were next classified on the basis of subjective judgment into the fol­

lowing categories: 1) verbally stated problems to be solved by algebra,

2) algebra items stated in mathematical form, 3) geometry items, and

4) trigonometry items. In order to min:l.mize the presence of group factors

common to some items but not to all, all except one of the items in each

of the first, third, and fourth categories were discarded, leaving 28

items for empirical study, 25 of' which were algebra items stated in

mathematical form. The 25 algebra items covered elementary, intermediate,

and, to some extent, advanced algebra. The 3 remaining items represented

three different areas, and hence seemed unlikely to introduce any addi­

tional group factors.

Since the items had been administered to each of four groups of ..

examinees, it was desired to select one group for further study. For

this purpose the matrix of tetrachoric item intercorrelations was computed .

for the first five test items, separately for each of the four groups of

examinees. An attempt was made to determine the communalities, separately

for each group, under the assumption of a single common factor. The

method of triads and the iterated centroid method were used. In three of

the four groups one or more of the communalities were found either to ex­

ceed 1.0 or to be ve~ close to 1.0. This result could be attributed to

any one of the following causes: 1) the very large sampling error of some
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or the tet~horic~; 2) the eXistence 01' more tban one C01lllDOn ractor

among the ite1ll8; 3) non-normality of the distribution ot ability in the

group tested, making the use of the tetracboric correlation coefficient

.inappropriate •

The fourth matrix yielded reasonable cOJllDlunalities. On this basis it

vas decided to .use the fourth group, composed ot 136 examinees, tor all

further empirical vork.

J. Procedure

1. Calculating the Item StatIstics

The matrix of' tetracboric intercorrelations tor the twenty-eight

items; as calculated for the fourth group, is presented in Table 4. No

entry was made in the correlation matrix tor nine cases where there vas

zero rrequency in one of the cells or the roarfold table used to calculate

the tetrachoric correlation. (Strictly speaking, the tetrachoric correla­

tion i8 :!:l.OO for these nine cases -- -1.00 in the case ot the correlation

between .items 54 and 6, +1.00 in each of the other eight cases. The

s81lpling error of these values 1s obViously excessive.)

The co1lllllOn factor loadings of the items were obtained by the roU.ow.

ing procedure:: 1) Estimated communalities vere entered in the diagonal.

2) The square root of the product of the appropriate estimated cODlllunali­

ties was entered in each 01" the nine empty cells ot the _trix. 3) Factor

loadings on a single factor were obtained by the centroid method. 4) The

square of' the factor loading ot each item vas used as a ney estimate 01" its

co_unallty, and the whole process was iterated until the factor loadings
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•
remained unchanged. The resulting factor loadings, together with the item

difficulties, are given in Table 5. These two values for each item are '

the only ite1ll. statistics required by the formulas that have been developed

in the preceding sections.

Table 6 gives the residual correlations after extraction of the first

factor 0 The standard deviation <cOlDPuted from a grouped frequency distri­

bution) of all 318 residuals, including the 91is1;6d 111 the- footnote' to -,_

the table, was found to be .11. This value may be compared to the sampling

error of a tetracboric correlation when the sample size is 136 and the

-true correlation is .30. Table 1 gives a few values of this sampling

error for various combinations of ite1ll. difficulties, as computed from the

table provided by Hayes <ll>.
In view of these standard errors, the obtained standard deviation of

the residuals indicates that any group factors in the matrix are of minor

nlatiV8 importance. This conclusion is borne out by a detailed study of

the residuals, and also by the ~xtractlon of a second centroid factor after

inserting estimated dlagoDBl entries in the residual matrix. The SuIIl of

squares of the unrotated second factor 10ad1ngs was found to be only 1 0 6

ascompered to the corresponding value of 1.5 tor the first factor 10ad-

ings, indicating that the contribution ot the second factor YBS relatively

small"

It is unfortunate that the residuals are as large as they are I since

this result means that the matrix of tetracborlc intercorrelations cannot

be accurately determined from the values of Bi , as required by the deriva-
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Table 1

Standard Error of the Tetrachoric Correlation

between Two Items, for Specified Combinations

of Item Difficulties, When the True Correlation

Is .30 and the Number of Cases Is 136.

Item Difficulty
Item .16 ~ .84Diff1cuity

.16 .20 .15 .17

.50 .15 .13 .15

.84- .17 .15 .20
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tions in the preceding sections. This difficulty could presumably have

been avoided if more cases bad been available from which to compute the

tetrachoric correlations.

2. Selection of Tests
-.

Eight different combinations of about ten items each vere selected

to serve as short tests to 'be used in the empirical verification. The

allocation of the items to each of the eight tests is indicated in Table

7, together with the difficulties and common factor loadings of the items.

The eight tests may be briefly summarized as follows: .

Test 2 difficult items (Pi = .09 to Pi = .34).

Test 5 items of medium difficulty (Pi = .43 to Pi = .68).

Test 8 easy items (Pi = .71 top! = .90).

Test 8'-- like Test 8, but slightly shorter.

Test 82-- five "easy" and five "difficult" items.

Test h -- highly discriminating items, irrespective of difficulty

(R i = .55 or more).

Test L -- poorly discriminating items, irrespective of difficulty

(R. = .47 or less).
~

Test r -- item difficulties rectangularly distributed.

The bivariate frequency distributions of test scores were studied for

the following seven pairs of tests: 2 and 5, 2 and 8, 5 and 8, 5 and 82,

8' and r, 82 and r, hand L. No bivariate distribution between any two

tests containing identical items was investigated.
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3. Obtaining the Theoretical Bivariate Frequency Distribution of Test Score

and Ability·

Fifteen values of c were selected for further calculations: c = -3~5,

-3.0, -2.5, -2.0, -1.5, -1.0, -0.5, 0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5.

For each item the ordinate (Pi) of the item characteristic curve was ob­

tained for each of these values of .£ from Equations A3.3, A3.4, A3.5 and

A3 0 6.

For each test, for each value of .£' the theoretical conditional dis-

tr1bution of test scores was calculated from Bl.2. An example for n = 3

will clarify the method used. Suppose (for a given value of .£) Pl = .5,

P
2

= .4, P
3

= .2. We know that the desired conditional distribution 1s

given by the appropriate successive terms of the expansion of the product

(.5 + .5)(.4 + .6)(.2+ .8). Expanding this product while keeping separate

the terms corresponding to the separate values of S = 0, 1, 2,' 3, we have

(.5 + .5)(.4 + .6)(.2 + .8) = (,2 + .5 + .3)(.2 + .8)

= .04 + .26 + .46 + .24 •

The four terms obtained in this way are the conditional frequencies of

occurrence for s = 3, 2, 1, and 0 respectively. The conditional proba-

bility that all three items will be answered'correctly, for example, is

given by the first term, .04.

It is convenient to consider the n + 1 conditional frequencies of !

for each of the 15 values of .£ for any given test as forming a matrix,

F , with n + 1 roW's and 15 columns. If D is a diagonal matrix whose
Soc v

elements are the fifteen values of N(e), the matrix Fsc,of the ordinates
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of the bivariate freque~cy distribution of 6 and c is seen from Equation

B2.1 to be

F =F Dsc s.c v

Tables 8 through 15 present, for the selected values of ,£, the

theoretical ordinates of the bivariate distribution of test score and

ability for each of the eight tests. It should be noted that the values

given in the table are ordinates for the stated values of ,£, not cell

frequencies corresponding to class intervals of £; consequently, the sum

of a row of tabled values does not give the marginal frequency of the

test score.

4. Obtaining the Theoretical Univariate Distributions of Test Scores

The theoretical univariate distribution of each test score may be ob-

tained from the bivariate distribution of test score and ability by inte-

gration, as indicated in Equation Dl.2. It was found most satisfactory

in the present case to perform the numerical integration by use of the

trapezoidal rule:

f f
2
0

+ f 1 + f 2 + ••• + 2
m

) ,

where f is the function of .£ to be integrated, f u is the value of ! when

c = c , c is the upper limit of integration, c is the lower limit ofu m 0

integration, and h is the difference between any two successive values of

£, Cu and cut-i. In the present case, Co and cm may be taken as -4.0 and

+4.0, respectively, so that the ordinates f o and I'm are so small that they
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may be ignored. 1Since in our case b I: 2' 1 the trapezoidal rule for our

purposes therefore reduces to

S
ex> C =3.;

1 u .
tde = - E'f2 uc =-3.5u

-ex>

The adequacy of this method of numerical integration for present purposes

was carefully checked.

The univariate frequency distribution of test score may thus be ob-

tained by summing separately each row of Fse and dividing by 20 These

distributions are shown in the right band columns of' Tables 8 through 15.

The comparison of these theoretical distributions with the corresponding

actual distributions will be made at a later point.

5•. Obtaining the Theoretical Bivariate Frequencx Distribution foX' Tw2

Subtest Scores

The theoretical bivariate distribution for two subtes't scores may be

obtained from Equation Fl. 30 This distribution my be considered to be

represented by a matrix F having ~. + 1 rows and n2 + 1 columns. If'
8182

the integration of Equation Fl.3 1s carried out by means of the trapezoidal

rule, we have

where the primed matrices are transposed.

The theoretical distributions of test scores obtained in this way

are presented and discussed in Section 12.
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t. Comparison ot Theoretical and Actual ~esul!!

1 ~ COmpflr1son ot Univariate Frequency Distributions ot Test Score

The theoretical and obtained univariate distributions ot scores are

compared graphically in Figures 4 through 11, and numerically in Tables

16 through 23. The tables also shoW the means and standard deviations ot

the distributions, tosether with a measure of skewness,

where N lIB 136; and a measure ot kurtosis,

For a symmetrical curve, 0(3 :III 0; positive values ot 0(3 result from. posi­

tive skewness, negative values from nesative skewness~ For a normal curve,

1 .. 3 ... 0; positive values ot ~2 - 3 result trom leptokurtosis, nesative

values from platykurtosis.

We may pause bent tor a moment in order to note a few facts about

the shapes of the obtained score distributions: 1) the test composed of

ditticult items produces a positively skewed distribution of scores; the

tests composed ot easy items produce negatively skeved distributions.

2) Leaving these three hishlY skewed distributions out ot oonsideration,

we see that Test 82 has a mesokurtic distribution and thai; all other

distributions are at least somewhat platykurtic; that the highly d1scrua-

lnating items produce a ,much more platykurtic distribution than do the
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poorly discriminatin~ items; and that the most platykurtic distribution

is produced by Test 5, which is composed entirely of items of 50 per'

oent difficulty. 3) Although the tests are not all of exactly the same

length, it is obvious that the tests that contain many very easy or very

difficult items yield scores with relatively small standard deviations,

whereas Test 5, composed entirely of 50 per cent difficulty items, pro·

duces scores having a relatively large standard deviation; also there is

a particularly striking difference between Test h (composed of 10 highly

discriminating items), which yields scores having a standard deviation

of 2.44, and Test L (composed of 10 poorly discriminating items), which

yields scores baving a standard deviation of 1.59. These results are

speoific to the tests at band, but the conclusions reached appear to be

capable of considerable generalization.

The standard error of 0(3 for a sample of 136 cases drawn at random

from a normal 'population is 0.21; the standard error of ,62 - 3 in the

same situation 0.41. Several of the distributions of test scores pre-

sented here are distinctly nonnormal, however, and these standard errors

cannot be considered to be applicable in these cases. It should be noted,

furthermore, that no test of the statistical significance of the differ­

ence between theoretical and observed statistics can be made in the pres-

ent situation, in view of the fact that the theoretical values have been

calculated from the observed data in such a way as to obscure completely

the number ~f degrees of freedom remaining for any statistical signifi­

cance test. It is not even possible to set a lower limit (above zero)

to the number of degrees of freedom remaining.
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This situation is actually not,a disadvantage, since we are really

not concerned with the statistical significance of the difference between

theoretical and observed distributions. It might as well be admitted from

the 'start that the assumptions und.erlying the theory will never be com-

pletely fulfilled by any set of data; and that consequently we are bound

to find statistically significant differences if only enough cases are

used. What we really are concerned with is whether or no't the difference

between theoretical and observed distributions is of practical signifi­

cance. Since this question cannot be reduced to a statistical test, the

reader can perhaps best satisfy himself by a visual examination of the

figures presented.

The standard errors quoted, however, can be used to throw som~ light

on the practical significance of the differences in question as long as

we bear in mind that no significance test is being made. We may, ,for

example, note that scores on Test 82 (see Table 20) are approximately

normally distributed, and that the theoretical and observed values of 0(3

differ by an amount equal to 0.4 times the standard error (for random

samples ~f 136 cases drawn from a normal population) of the observed

value. Now 0(3 is normally distributed (in such random samples), and only

30 per cent of the cases in a normal distribution fall between -0.4 and

+0.4 times the standard deviation. Consequently, we may conclude that

in 70 samples out of 100 the observed sample value of 0(3 will differ

from the true value in the normal population from which the samples were

drawn by an amount greater than the obtained difference be'tween the ob-

served and the theoretical values. This statement provides a basis of
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comparison for estimating the practical significance of the obtained dif-

f'erence. Since two samples, on the average, will differ from each other

to a greater extent than one sample will differ from the population from

which it 1s drawn, we may state in this esse, for example, that we may

expect the theoretical prediction of' the value of 0(3 to be considerably

more accurate than would be a prediction based on the value of' ex. 3 actually

observed in a previously drawn sample of 136 cases.

We may note that in no case do the theoretical values of 0(3 differ

from the observed· values by an amount as large as the standard error of

the observed values in samples from a normal population. The same state-

ment may be made for the standard deviation of the test scores (~) j and

also for ~2' except in the case of Test 8', where the difference is

slightly greater than the: standard error. In the case of the mean (!),

the theoretical and the observed values are in every case identical within

a margin of .01.

Chi~square values have been calculated for the difference between

. theoretical and observed distributions, as shown in Tables 16 through 23.

In calculating these values, enough class intervals at the extremes of

the distributions were combined to secure a theoretical frequency of at

least 5 for each interval. It must be emphasized that these values do

not provide tests of statistical significance, since the degrees. of'

freedom appropriate for this purpose are unknown. The values of chi-

square can be used, however, to provide a useful comparison for evaluat-

ing the practical significance of the difference.
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In the case of Test 2, for example, a value of 3.62 was obtained for

chi-square from a grouped Bcore distribution havil~ six class intervals.

Entering a table of chi-square values, we find that in random sampling

chi-square with 5 degrees of freedom will exceed 3.62 about 61 per cent

of the ,time. Thus we may say that the obtained difference between theor­

etical and observed score distributions for Test 2 1s no greater than the

difference that would be found between population arid sample distributions

,in about 61 per ,cent of the sa.m~les. A fortiori, in this case, the theor­

etical distribution prOVides a better prediction of the observed distribu­

tion than could be obtained on the average from the obserVed score dis­

tribution of a second random sample of 136 exa.m:J,nees <lrawn from the same

population of examinees.

The probabilities that the values of chi":square obtained in Tables

16 through 23 would be exceeded in random sampling are given in Table 2

for the case where the population parameters are not estimated from the

data. (These probabilities are higher than would be appropriate if the

difference between theoretical and observed frequency distributions were

being tested for significance.)

The only test that has a rather ,large value of chi-square is Test h.

The theoretical and observed distributions of scores on this test have

means, standard deviations, and values of 0(3 and~2 that are very much

alike, however. Examination of the histograms of these two distributions

(Figure 9) seems to indicate that they differ only in an unsystematic

fashion. In fact the theoretical distribution seems to prOVide about as

good a fit to the observed distribution as could be desired in view of

the irregularities of the latter.
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Table 2

Probability that Certain Values of Chi,­

Square, Having the Specified Degrees of

Freedom, Will Be Exceeded in Random Sampling.

Chi- Degrees of
Square Freedom Probability

3.6 (Test 2) 5 .61

5.5 (Test 5) 1 .60

.8 (Test 8) 6 .99

.1 (Test 8') 6 .97

3.8 (Test 82) 6 .10

18.4 (Test h) 9 .03

2.0 (Test L) 6 .92

3.1 (Test r) 1 .88
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2. Comparison of Bivariate Frequency Distributions of Test Score

The theoretical and observed bivariate distributions of scores on the

pairs of tests investigated are compared in Tables 24 through 30. The..

same data with grouped cell frequencies are presented in Tables 31 through

37 in order to facilitate comparison of the theoretical and observed fre­

quencies. The grouping was planned (without reference to the obtained

frequencies) in such a way as to obtain theoretical frequencies of at

least 9 cases in each oell, and also to maintain as regular a pattern of

cells as possible without excessively coarse grouping. The dotted lines

in the tables of ungrouped data indicate how the grouping vas carried out.

As before, no significance test is possible With ~hese data. Table

3, however, gives probabilities for the obtained values of chi-square

that may be interpreted in the same fashion as the probabilities given in

Table 2. It is seen that each of the theoretical distributions provides

an adequate fit to the oorresponding observed distribution.

Figures 12 through 18 present a gra~hic comparison of theoretical

and observed'regressions. The values for plotting these were obtained by

computing the means of the columns and of the rows in Ta1;lles 24 through

30. The theoretical regression is shown only for the range of scores

within which aoourate regression values could be determined by means of

the simple method of numerical integration used for this purpose. No

further statistics relating to these regression lines have been calculated.

Judging from the figures, however, we may say that the theoretioal regre's-'

sions seem to provide a good fit to the observed data.
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Table 3

Probability that Certain Values of Chi-Square,

Having'the Specified Degrees of Freedom, Will

Be Exceeded in Random Sampling.

Chi- Degrees of
Sguare Freedom Probability

.6 (Tests 2 & 5) 6 .99

1.2 (Tests 2 & 8) 5 .94

7.2 (Tests 5 & 8) 6 .30

3.5 (Tests 5 &82) 8 .90

5.4 (Tests 8' &r) 7 .62

4.8 (Tests 82 &r) 7 .68

3.3 (Tests h &L) 7 .86
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IV. SUMMARY AND CONCLUSIONS

A number of important problems are generated by the fact that the

peculiarities of the items in a test may sharply affect the shape of the

frequency distribution and other properties of the test Bcores that we

use as measures of the mental characteristics of a group of examinees.

The present paper has developed a theory that, granted certain assump­

tions and restrictions, expresses the various properties and characteris­

tics of test scores, in relation to each other and in relation to the

underlying trait measured, as functions of the difficulties and intercor­

relations of the items of which the test is composed.

The formulations and conclusions reached will be valid for any set

of test data that is compatible With the assumptions and restrictions

made. The theory developed facilitates and. clarifies the interpretation

to be placed on test scores as measures of a mental trait; it makes it

possible to predict the properties of the test scores that will be ob­

tained when a specified test is administered to a specified group of

examinees; it indicates bow items should be selected in order to construct

tests that will have optimum properties for specific purposes.

Expressed in the language of achievement testing, the assumptions and

restrictions underlying the development (outlined in Sections Al, 2, 3,

and 4) were as follows:

l} All item responses are scored either 0 or 1.

2) The test score is the sum of the item scores.

3) The matrix of tetrachoric item intercorrelations has a rank of'

one when appropriate communalities are inserted in the diagonal.
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4) The number of examinees is sufficiently la.rge 80 that sampling

fluctua.tions arising from sampling of examinees may be ignored.

5) There exists a measure of ability such that the probability of

a correct answer to any item 1s 8 normal ogive function (see

Figure 1) of the examinee Vs ability. This assumption, if it

holds at all, provides the definition of the scale of measure­

ment to be used for measuring ability. (This assumption implies

that the test item cannot be answered correctly by guessing.)

6) The frequency distribution of ability in the group of examinees

tested is Gaussian. (This assumption may be dispensed within·.

the majority of the derivations.)

The fifth and sixth assumptions may be replaced by the folloving single

astJumption (discussed in Section A5h The 2n frequencies i.n the multivar­

iate distribution of the item responses are such as could have arisen by

the dichotomization of each of the variates in some DOrmal multivariate

population. A two-item test will always be compatible with these require­

ments. In the case of a longer test, it is always possible to test whether

or not a given set of data is compatible with these reqUirements.

On this basis we have derived formulas for the bivariate distribution

of test score and ability (Section B2), for the univariate distribution of

test score (Section Dl), tor the univariate distribution of' true score

(Section El), and for the bivariate distribution of scores on tVJO tests of

the S8lIle ability (Section n). Various other expressions haV0 been de-
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rived, including those for the regression of test score on ability
,

(Section B3), for the standard error of measurement at a given level of

ability (Section B5), for the curvilinear correlation of test score on

ability (Section B7), and for the frequency distribution of the errors

of measurement for examinees having a given true score (Section; El and 2).

In particular, an in<lex was devised for measuring the discriminating

power of the test at any specified level of ability (Section C).

Investigation ot the formulas obtained lead to the following con-

clusions, a~ng others:

1) 'The regression of test score on ability 1s necessarily curvi­

linear (Section B3, and also Figure 2). The actual effect of

this curv11inearlty may be negligible if the items are at a

difficulty level appropriate to the group tested and if they

are not too highly intercorrelated (Section B8); only in this

case may the metric prOVided by the test scores be considered

as providing units of measurement that oorrespond to equal

units of ability, as here defined.

2) The standard error of measurement on a given test is ordinarily

least for those examinees for whom the test is least discr1min-

ating, l.e., for those examinees who obtain near-zero or near-

perfect scores (Section B5, and. also the diagram for Test 2 in

Figure 2).

3) The errors of measurement have binomial, not normal, distribu-

tions. Although they are uncorrelated with true score, they

are not independent of true score, since the standard deviation
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and skewness of their distribution varies depending on the true

score (Sections El and E2).

4) Maximum discrimination at a given ability level, as defined by

the discrimination index developed here, is provided by a test

composed of items all of equal difficulty such that examinees

at the given ability level will have a fifty per cent chance of

answering each item correctly (Section C2).

5) There are strong indications, provided the item intercorrelations

are not extraordinarily high, that a test composed entirely of

items of fifty per cent difficulty will be more discriminating

for practically all examinees in the group tested than will any

test characterized by a spread of item difficulties. If the

examinees have a normal distribution of ability, for example,

the former test will be the most discriminating for all exam­

inees except those who are more than, say, two-and-a-half stand­

ard deviations from the mean (Section C3, and also Figures 2 and

2A) •

6) The shape of the frequency distribution of test Bcores or of

t~ue scores (Sections D and E, and also Figures 3-11) does

not necessarily reflect the shape of the frequency distribution

of ability. Sufficiently high tetrachoric item intercorre1a­

tions (.50 or higher) will produce rectangular or U-shaped dis­

tributions of test scores and of true scores even for groups

haVing a normal distribution of ability. (orhe construction of

tests that will produce rectangular or U-shaped score distribu-
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tions has been urged more than once in the recent literature

<1, 14); this goal can be approached, but its actual achieve­

ment, when the examinees have a normal distribution of ability,

requires higher item intercorrelations than are at present

usually obtained with most types of test items.)

The foregoing conclusions have here been derived only for'the case

where the test items cannot be ansVered correctly by guessing. The case

where guessing occurs has been worked out in detail, but is not presented

here.

An empirical study of seven short tests shows good agreement between

the univariate and bivariate test score distributions actually obtained

and the theoretical p~edictions of these distributions from the item dif­

ficulties and intercorrelations.
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lIGURES

Theoretical and Observed Distributions of Scores •

~oretica1 and Actual Begress10ns

l1g8.

4-11

• 12-18
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Ta.ble 5

The Ba.sic Item Statistics~ Item Difficulties (Pi)

and Connnon Factor Loadings (R
i
).

Item Pi R
iNo.

l e .868 .654
3 1 .338 .549
51 ,471 .595
1 .882 .481
2 .882 .495
3 .676 .476
5 .199 .717
6 .096 ,490
8 .801 .299
9 .212 .409

10 .574 .640
11 .272 .581
13 .809 .466
16 .522 .352
18 .096 .332
20 .735 .324
39 .897 .114
40 .434 .593
44 .713 .531
45 .750 .485
46 .485 .437
48 .176 .715
50 .801 .530
53 .441 .800
54 .088 -.093
55 .162 .655
56 .610 .483
57 , .721 .465
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Table 7

Item Difficulties and Common Factor

Loadings for Each of the Eight Tests.

Item Item Common Factor Loadings of Test Items

No. Diffi- Test Test Test Test Test Test Test Test
eulty 2 5 8 8 t 82 h L r

54 .088 -.09 -.09
6 .096 .49 .49

18 .096 .33 .33 .33
55 .162 .66 .66 .• 66
48 .176 ,72 .72 .72
5 .199 .72 .72 .72
9 .272 .41 .41 .41

11 .272 .58 .58 .58
3' .338 .55 .55 .55

40 .434 .59 .59 -- .59
53 .441 .80 .80
5' .471 .60 .60 .60

46 .485 .44 .44
16 .522 .35 .35
10 .574 .64 .64 .64
56 .610 .48
3 .676 .48 .48

44 .713 .53 .53 .53
57 .721 .46 .46 )1-6
20 .735 .32 .32 .32
45 .750 .48 .48 .48 --50 .801 .53 .53
8 .801 .30 .30 .30

13 .809 .47 .47 .47 .47
l' .868 .65 .65 .65 .65
1 .882 .48 .48 .48
2 .882 .50 .50

39 .897 .11 .11 .11

No. of items: 9 8 11 9 10 10 10 9
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Theoretical Actual (F
o

-Ft )2Score Frequency J're(uency
(F

t
) Fo ) Ft

9 }8 0.3
7 1.1 3 .00
6 3.0 2
5 5.8 5
4 9.9 10 .00
3 16.0 20 1.00
2 25.2 21 .70
1 36.9 31 .94
0 37.9 44 .98

M 1.70 1.70 3062=K2

a 1.65 1.73
0<3 1.0 1.0

.42-3 0.6 0.6

Table 16. Comparison of Theoretical and Actual
Score Distributions for Test 2 (Diffi­
cult Items).

Score

8
7
6
5
4
3
2
1
o

Theoretical Actual
Frequency Frequency

(F
t

) (F
o

)

80 0 'l8
1500 10
18.8 25
2005 18
21.1 211-
2000 22
16.9 13
11.3 ll}
4.6 5

4.21 4.21
2.13 2.07
0.0 -0.1

-0.9 -0.8

o
1.67
2.04

.30

.40

.20

.90

.00

Table 17. Comparison of Theoretical and Actual
Score Distributions for Test 5 (Items
of Medium Difficulty).
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____, ..._ • .u«•...,'-C....~_~_~... __...

,13

,01.
,10
.30
.20
.00
.OJ.

8.86
1 .. 83
-l~O

1 ..0

8.85
1.83

-1.0
0.7

11
10
9
8
7
6
5
4'
3
2
1
o
M
a
0(3

1-3

Theoretical Actttsl (F.... '<li't)2
Score Frequency Frequanty 'P

_____CF_t _> <_'1'o~_)_ ... '~~-_F_'t·__~

26.5 26
33.2 35
2709 25
20.0 22
12.9 13
7.8 8
4.4 4·
2.2 1
1.0 1

03 1
,1

Table 18. Comparison of Theoretical and M: tual
Score Distributions for T'l'Sst 8 (E5'.g~r

Items) •

.. ._-_...~~
Theoretical Actual fF ~F .2

Score Frequenoy :Frequency \" t.).-
(F

t
) . (F ) -y~-~

0
..... ~o: ......~_:'"

9 30.2 28 ,16
8 37.0 40 024
7 29.4 28 .07
6 19.2 21 .17
5 11.0 11 0
4 ,.6 8 "3 2.4 J2 .8 .09
1 .1
0

M 7.18 7.18 ,,1~*
a 1.56 1.55
0{ -0.9 -1 .. 03

,$2-3 0.4 1.1
___________~...60_,~.

Table 19. Co~pari8on of' Theol"ert1<ial and. A.,::tm~J.

Score D1stribut:1.ontO for 'l'P,~t e~ (Ef:H(~"

Items) •
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~---""----'......_....._....-
Theoret1cel Actual .,

(F -1' y.
Score Frequency Fre9uency '<> t

(POt) ~Fo)
_.j~

t

10 :r 1 ')
9 3.4 ... '> .14j8 8.2 6 ,/

7 15,,4 16 .02
6 24.5 23 .09
5 31.0 35 .52
4 25.7 21 .86
3 15.9 21

"
1.64

2 7.9 6 .1

1 3.0 2 'r .58
0 .7 1 )

M 5.00 5.00 3.8~
a 1.83 1.81
0(3 0.0 0.1

,672 -3 -0.2 0.0
, .-

-Ta.ble 20. Comparison of Theoreticnl and Actual
S~ore Dist1"ibutioD8 f.'or Test 82 (Five
Easy and Five Difficult Ite~9).

Theoretical Aetual (Fo-li't)2Score Fr8(uency Frequency
J't) (Po' Ft.

"10 2.0 1 J .40
9 4.4 7
8 7.1 .4 1.35
7 9.9 15 2.63
6 12.9 6 3.69
5 15.8 20 1.12
4 18.4 11 2.98
3 20.3 28 2.92
2 20.7 25 .89
1 17.-4 11 2,35
0 7.2 8 .09

M 3.93 3.93 18,42~
(J 2.46 2.44-
~3 0.4- 0,5

;.!I -3 -0.6 -0.6
2

--~

Table 21. CO!Yrl'G.r1son of Theoret..i.C'.s.l. and. A~.tu~l

S\:orc Distributi('ne foX" T~~t h (mgblJ'
D!o;'rr:t~1~t1~ !te~;'ifj.).
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Theoretical Actual (li' _F4o)2Score Frequency Frequency o ..
(Ft ) (F

o
) F

t

10 .1 )9 1.9 2 .36
'8 10.1 8
7 23.4 28 .90
6 32.4 31 .06
5 30.9 30 .03
4 21.4 19 .27
3 11.0 13 .36
2 3.9 4 '\
1 .8 1 i .01
0 .1

M 5.43 5.43 1.9~
a 1.59 1.59
0(3 -0.2 -0.3

1-3 -0.2 ~Ou4

Table 22. Comparison of Theoretical and Actual
Score Distributions for Teat L (Poorly
Discriminating Items).

Theoretical Actual (Fo-'t)2Score Frequency Frequency
(J't) (1'0) Ft

9 2.0 1 } .008 7.6 9
7 13.7 15 .12
6 19.4 18 .10
5 23.4 21 .25
4- 24.2 23 .06
3 21.4 27 1.47
2 15.0 16

}
.07

1 7.2 6 1.000 1.8 --
M "'.47 4.47 3.07~
a 2.00 1.97
~ 0.1 0.1

,8~-3 -0.6 -0.7

Table 23. Comparison of Theoretical and Actual
Distributions for Test r (Item Diffi-
culties Rectangularly Distributed) 0
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-
s cor e o n T est 5

0 3 4 6 7 8
Total

1 2 5

I

9 - - - - , - - - - - -
- - - - , - - - - - -

,
8 - - - - I - - - - - -

- - - - I - - - 0.1 0.1 0.3
1

7 - - - - I - - - 1 2 3
- - - - I - - 0.1 0.4 0.5 1.1

(\J ,
6 - - - - , - - 1 - 1 2

.p 0.3 0.5 1.1 1.1 3.0- - - - , -co
!

(J)
3 2 55 - - - - , - - -

E-! - - - 0.1 , 0.3 0.7 1.4 1.9 1.5 5.8
•J::l 1 2 3 2 2 104 - - - , -

0 0.1 0.4 I 0.8 1.6 2.4 2.7 1.6 9.8- - .- - - - - -,- - - -- - - - -
Q) 1 1 2 3 5 3 3 2 203 - , •Jot 0.1 0.5 1.2 , 2.3 3.3 3.8 3.1 1.5 15.9- I
0

I ,
0 2 2 2 4 4 ,6 1 212 - , -

CI) 0.3 1.0 2.2 3.5 , 4.8 5.2 4.6 3.0 1.1 25.6I- - - - - - .- - - - .. '-I - - - - - -I

1 1 3 , 3 8 I 6 4 I 5 1 - 31
1.2 3.4 • 5.7 7.1 I 7.1 5.8 I 3.9 1.9 0.5 36.7

I I I

0 4 5 ,6 10 ) 9 5 I 4 1 - 44
3.1 6.1 ! 80 '3 1.6 I 5.8 3.1 I 1.9 0.7 0.1 31.9

~ 1 J

Total 5 11 13 22 24 18 25 10 8 N=1364.6 11.2 16.9 20 0 0 21.1 20.5 18.8 15.0 8.2

Table 24. Scatterdiagram for Test 2 (difficult items) and Test 5
(items of medium difficulty) showing actual frequencies
(integers) and theoretical frequencies (decimals).
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S cor e o n T e s t 2
4 6

Total
0 1 2 3 5 1 8 9

, ,
• I

11 3 ,
I 4 5 I 4 2 2 1 - - 26

2.0 4.4 I 5.2 5.0 I 4.2 3.0 1.8 0.7 0.1 - 26.4
• I

10 1 5 .10 6 , 4 1 - 2 - - 35
5.3 8.2 1 1.6 5.6 • 3.5 1.9 0.8 0.3 - - 33.2.. .. .. - - -,- .. - _.-- -,

9 9 8 I .. 5 I 1 2 .. - .. - 25
1.3 8.1 • 6.1 3.3 , 1.6 0,1 0.3 .. - .. 28.0.. ,

8 10 6 I 4 2 , .. - - - - - 22
1.5 6.8 , 3.5 1.5 , 0.5 0.1 - .. .. .. 20.0

co ' .. - .. .. .. .. .. .. .. - .. ..
I., '7 3 .. 2 I 1 - .. .. .. .. 13

.p 6.3 4.4 1.6 0.5 0.1 12.9I - .. .. .. -
lD.

. t
G).

4 3 1 86 .. I .. .. .. .. .. ..
'8 4., 2.4 0.7 0.1 7.8I .. - - - - ..

J
l:I :. 3 .. 1 .. .. .. . 4, .. I .. -
o~ 2.7 1.2 0,3 4.2.. , .. .. .. .. .. -,
G) 1 14

.. .. - , .. .. .. .. .. ..
J.4 :'... 1.5 0.' 0.1 .. , .. .. .. .. .. .. 2.2
0

I
0 1 1

3
_. .. .. I .. .. - - .. .. •00. 0.7 0.3 .. .. , .. .. .. .. .. .. 1.0,

2
1 .. .. .. I .. - .. .. - - 1
0.3 - - .. I - .. .. - .. .. 0.3,

1
.. - .. - , .. - .. .. .. . .... - .. .. I eo .. .. .. .. .. -,

0
.. - .. .. t .. .. .. .. .. .. -.. .. .. .. I .. .. .. .. .. .. ..,

44. ~()
. -;

Total 31. 21 10 5· 2 3 .. ..
N-13638.1 36.9 25.2 16.0 10.1 '.1 2.9 1.0 0.1 ..

-

Table 25. Soatterd1agra tor Test 8 (easy items) and Test 2 (difficult
ite.l) Ihov1ng actual frequencies (integers) and theoretical
frequencies (decia11).
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5 cor e o n T est 5
4 6 7 8

Total
0 1 2 3 5

I i I

; '8
I

11 - - - - 1 8 , 5 4 26
- 0.3 {007 • 1.6 2.9 • 4.5 5.8 , 6.3 4.4 26.4

I I

I I 6 I

10 1 - 1 5 7 8 I 3 4 35
0.1 0.8 2.2 I

3.8 5.4 I 6.4 6.5 , 5.2 2.6 33.0, ".' .. - -- - - - - - - - - - - - - -
1

,
7 6 I 3 6 259 - - 2 -

0.4 106 3.4 r 4.9 504 I 5.0 3.9 2.3 0.8 27.9
J I

8 1 3 4 18 3 I 1 2 - - 22
0.7 2.2 3.5

I 4.2 3.8 r 2.9 1.8 0.8 0.3 20.1<0
I I

~ - - - - - - - - - - - - - -
1 3 3 1 4 I 1 13+=> 7 - - -
0.8 2.2 3.0 2.9 2.0 I 1.2 0.5 0.3 12.9l7.l -I

II>

2 2 1 3
,

8E-i 6 - - - - -
0.8 1.8 2.0 1.5 1.0 '04 0.1 7.6I • - -

f:l
2 2

,
40

5 - - - - - - -
0.7 1.2 1.1 0.7 0.3

,
0.1 4.1- - -r

(J)

1
,

1M 4 - - - - - - - -
0.5 0.7 0.5 0.3 0.1 I 2.20 - - - -,

I:)

1 I 100
3 - - - - - - - -

. 003 003 0.1 0.1
,

0.8- - - - -I

1
I 12 - - - - - - - -

0.1 0.1
. I

0.3- - - - - - -
I

J

1 - - - - - - - - - -I- - - - - - - - - -J

I

0 - - - - - - - - - -
I- - - - - - - - - -I

Total 5 11 13 22 24 18 25 10 8 N=1364.5 11.2 16.6 20.0 20.9 20.5 1808 14.8 8.0

Table 260 Sce.tterdiagram for Test 8 (easy items) and Test 5 (items
of medium difficUlty) showing actual frequencies (integers)
and theoretical frequencies (decimals).
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;

S cor e o n T est 8 ,

6
Total

0 1 2 3 4 5 1 8 9 I
I

~.o I
',- 1 --r.. - .. - - .. - .. ..

9 I

1.4.. - - .. .. - .. 0.1 0.5
I

:

I

38 .. .. - .. - .. .. 1 5 9I- - - - .. - 0.1 0.1 2,4 4.2 1.5I

I

71
.. - - - - - 1 2 5 15,

4.9 6.1 13.7~ - - - - - 0.1 r 0.5 2.0.. - - .. .. . - - - .. .. -
I I

4 18+' 6 .. .. - .. .. .. 3 11
I I

Cl) .. .. - - 0.1 0.4 I 1.5 3.9 7.1 6.5 19.6
I

G)
I

4
I

8
5

.. - - - .. 1 1 12 3 21
I

I 1 8.. .. - - 00 3 1.1 I '2.9 5.7 5.4 23.1I •

~
.. - .. .. - - - - - - - -

4
I

4
I 40 4

.. .. - .. 1 9 1 23
0.1

1
4.2 6.5

I
6.8 3.7 24.1.. - - 0.1 2.0 I I

G)
I ,

21~

3 - - - 1 .. 2 5 9 9 1
0.4 1.4

I
4.6 5.6

I 4.60 - - 0.1 2.9 I 1.9 21.5
I

0 .. - .. .. .. .. .. - .. .. .. .. .. .. - - - .. - .. .. .. - - - - .. - ....
I

4 4 1600 2
.. 1 - 1 2 2 , 1 1
- .. 0.3 0.7 1.6 2.7 I 3.4 3.3 2.2 0 0 7 14.8

I
41 - .. - .. 1 1 1 1 - -

0.1
I

1.2.. 0.1 0.3 1.2 1.5 I 1.5 1.2 0.5 0.1
I

0 .. - .. .. 1 1 I
.. .. - .. 2

- - 0.1 0.3 0.4 0.4 I 0.3 0.1 0.1 - 1.8..

Total - 1 .. 2 5 11 21 28 40 28 .
N=136- 0.1 0.8 2.2 5.7 11.2 19.0 29.2 37 0 0 30.1

Table 270 Scatterdiagram for Test 8' (easy items) and Test r (item
difficulties rectangularly distributed) showing actual fre­
quencies (integers) and theoretical frequencies (decimals).
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,

s cor e o n T est 5
0 3 4 6 7 8

Total
1 2 5

.
I

10 - - - I
. - - - - 1 1

- - - I - - - 0.1 0.3 0.3 0.7,
9 - - w

I - - - 1 1 2 4
- - - I - 0.1 0.3 0.7 1.1 1.2 3.4

I

8 - . - I - - 1 4 1 - 6
- - - , 0.1 0.5 1.1 1.9 2.6 1.9 8.2- - - - - - _.- - - - - - - - - - -, , ,

(\J - - - 1 2 ,2 4 5 2 167 I ,
co 0.1 0.3 , 0.8 1.8 , 2.9 3.8 3.7 2.0 15.4- ,

I l I.p
6 - - - 3 5 5 5 ,2 3 23, I

to 0.1 0.5 1.4 , 2.7 40 2 5.2 5.2 3.1 1.5 24.5, I
Q) - - - - - - - - - - - -F , I

Eo! 1 1 6 I 3 7 7 9 1 - 355 , ,
0.4 1.6 3.5, 5.4 6.3 I 5.8 4.5 I 2.4 0.8 30.9

r::l
I I I

Q
4 1 2 2 ,10 2 3 1 - - 21, I

0.8 2.9 4.8 , 5.6 5.0 I 3.7 2.0 I 1.0 0.3 26.0
a> - - - - - - - - ...., - - - - - - - - - - - -I
t-t 1 5 3 , 4 7 - 1 - - 213 I
0 1.2 3.0 3.8 , 3.4 2.4 1.4 0.5 0.1 - 15.9I
0

I I

6Cf.l 2 1 1 1 1 - - - -2 I I

L1 2.0 2.0 , 1.4 0.8 0.3 0.1 I - - 7.8
, I

1 - 2 - , - - - - I - - 2
0.7 1.0 0.7 I 0.4 0.1 - - I - - 2.9

• I

0 - - 1 , - - - - , - - 1
0.3 0.3 0.1 I - - - - I - - 0.7

I I

Total 5 11 13 22 24 18 25 10 8 N=1364.6 11.4 16.6 19.9 21.4 20.5 18.9 14.8 8.0

Table 28. Scatterdiagram for '.Dest 82 (5 easy and 5 difficult items)
and Test 5 (items of medium difficulty) showing actual
frequencies (integers) and theoretical frequencies
(decimals) •
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s cor e o n T e s t r

4 6 7 8
Total

0 1 2 3 5 9

I

10 - - - - - I - - - 1 - 1
- - - - - I - - 0.1 0.3 0.1 0.5

I

- - - - - I - - 1 2 1 4
9 - - - - 0.1 I 0.3 0.5 1.0 1.1 005 3.5

J

8 - - - - 1 J - 2 1 2 - 6
- - - 0.1 0.4 I 1.1 1.8 203 1.9 0.5 8.2

(IJ 1- - - - - -,- - - - - - - - -
co

7 - - - 1 - I 5 4 I 5 1 - 16
- - 0.3 0.7 1.8 I 3.0 3.8 ! 3.4 2.0 0.4 15.4

.p I J

III
6 - - 1 3 1 I 6 6 I 3 3 - 23

Q) - 0.3 1.0 2.4 4.4 J 5.7 5.3 1 3.5 1.5 0.3 24.3
8 - - - - - - - - -1- - - - - ·'1 - - - - - - l

- - 4 l 5 10 I 7 5 I 4 - - 35
~ 5 0.1 0.8 2.7 I 5.3 7.1 I 6.8 4.8 I 2.3 0.7 0.1 30.7
0 I I I

4 - 1 2 I 9 6 I 2 1 I - - - 21
Q) 0.3 1.6 4.1 I 6.0 6.0 I 4.4 2.3 I 0.8 0.1 - 25.6

,~ J - - - - - - - - - - - -,
0 1 2 5 , 7 4 1 - I 1 - - 21
{) 3 0.4 1.9 3.7 ' 4.1 3.1 1.8 0.7 I 0.1 - - 15.8

U,l J J

1 1 2 I 1 1 - - ! - - - 6
2 0.5 1.6 2.3 I 1.9 1.1 0.4 0.1 8.0I - - -

J I

- - 1 J 1 - - - I - - - 21 0.4 0.8 1.0 I, .0.5 0.3 0.1 3.1- J - - -
J I

- - 1 , - - - - I - - - 10 0.1 0.3 0.• 1 I 0.1 J .7- - - - - -, . I

Total 2 4 16 27 23 21 18 15 9 1 N=136
1.9 7.3 15.1 21.2 24.2 23.5 19.3 13.6 7.6 2.0

Table 29. Scatterdia~m for 'rest 82 (5 easy and 5 difficult items) and
Test r (1tem di:fficulties rectangularly distributed) showing
actual frequencies (integers) and theoretical frequencies
(decimals) •
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-0"

S cor e o n T est L

0 1 2 3 4 5 6 7 8 9 10 Total

•
J

10 - - - - - .. - .. I 1 - - 1
- - - .. .. 0.1 0!3 0.7 I 0.7 0,3 .. 2.0

I

9 - .. - - .. 1 2 2 I .. 2 .. 7
- - .. - 0.1 0.4 1.0 1.5 I 1.2 003 - 4.5

1

8 - - - .. .. - 3 1 I - - - 4
- .. .. .. 0.3 0.8 1.8 2.3 I 1.5 0.3 - 6.9

I

.Q 7
.. .. .. .. - 3 2 8 I 2 .. - 15
- - .. 0.1 0.5 1.5 2.9 3.0 1 1.6 0.3 - 9.9

.p J

lD 6 .. .. - - - 2 3 1 I .. - - 6
lI) .. .. - 0.3 1.0 2.4 3.9 3.5 I 1.5 0,3 - 12.9

E-l - .. - - .. .. .. - .... -1- .. .. - - -,- - .. .. - -I

5 - - - - I 3 5 1 6 4 I 2 .. .. 20
s:l .. .. 0.1 0.5 I 1.6 3.7 I 4.8 3·5 I 1.4 0,1 .. 15.8
0 I I I

4
.. - .. - I 2 3 I 2 2 1 2 - - 11

lI) .. - 0.3 1.0 I 2.7 4.8 , 5.3 3.3 I 1.1 0.1 .. 18.5
J:.t TOO - - - - -.- - - .. .. .. .. .. .. .. - .. - .. ..
0

3
.. - 1 6 J 2 8 1 7 4 .. .. - 28

0 .. - 0.4 1.6 • 3.8 5.7 I 5.2 2.7 0.7 0.1 - 20.3
co I J

2
.. - 1 3 1 5 6 1 4 5 1 .~ - 25
.. 0.1 0.8 2.6 1 4.9 5.7 I 4~2 1.8 0.4 - - 20.5.. .. - - - -I I

1 - - 1 3 I 4 1 I 1 1 - - - 11
- 0.3 1.4 3.1 I 4.6 4.4 I 2.6 0.8 0.1 - .. 17.3

J 1

0
.. 1 1 1 I 3 1 I 1 .. - - .. 8
- 0.3 1.0 1.8 I 1.9 1.4 I 0.7 0.1 .. = - 7.1

I 1
,"

Total - 1 4 13 19 30 31 28 8 2 - N=136- 0.7 3.9 11.0 21.5 30.9 32.5 23.3 10.2 1.8 -

Table 30. Scatterdiagram tor Test L (low validity items) and Test h (high
validity items) showing actual frequencies (integers) and theoretical
frequencies (decimals).
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s c 0 r e o n T e st 5
0-1 2~3 4-5 6-8

I I

F = 19
0

(\J 4-9 F 'r: 11 Ft = 19.1
0

~ X; = .00
m,
Q)

~ Ft "" 9.4
E-l F "" 16

0

s:: 2-3
2 .27 Ft =.15.6 F = 26-xa=

0 0

2')(. "" 01
(I)

a •

1-1 Ft = 26.1-
0 F = 1.3 F = 27 F = 24
0 0 0 o -

rI.l 0-1 Ft = 1'~.4 Ft = 28.7 Ft = 22.4 ~2 = .00a

yJ! = .14 x,2 == .10 ')(.2 = .11a a a

Table 31. Bivariate Grouped Frequency Table for Tests

5 and 2: Shoving Observed Frequencies (F0) ,

Theoretical Frequencies (Ft)' and x,2 =
2? a

{F - Ft ' /Ft' (~= .63)." .
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s cor e o n T e s t 2
Owl 2-3 4-9

, I

F = 20 F s: 25
0 0

10-1.1 Ft ., 19.9 Ft = 23.4 F = 20
0

+> ~ == .00 ·x.2 = .11a
In -
Q)

8
F = 33 F .. 11

0 0

I=l 8-9 Ft 1m 30.3 Ft = 14.4 Ft = 19.6
0

~ = .24 ,,2:&: 80a .
Q) -
~

F = 21
0 0
0

0-7 F
t

= 28.1 x;=u.l
.01

x 2 = 04a .
I,

Table 32• Bivariate Grouped Frequency Table

for Tests 2 and 8, Showing Observed

Frequencies (F ), Theoretical Fre­
0
22quencies (F.), and X = (F - Ft) 1Ft .

2 ~ a 0
Qc = 1.20).
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s cor e on T est 5
0-2 3-4 5-6 7-8

F = 13 F == 30 F = 16
0 0 0

10-11 F = 11 Ft I: 13:l Ft = 23.2 Ft .... 18.5
0

2 ,,~ c 1.99 b<.; 10: .34~ = .04
Ft := 15.9

F =. 24
+> 0
CD

8-9 ~ 3: 1.51 Ft == 18.3 F = 15
C1) 0

E-!
~ 1= 1.78

~ -
0

Q> F = 27 Ft = 20.4
H 0
0

0

If.l 0-7 1- Ft == 25.1 -- -

2 .14 -x.; 0;: 1.43~ ,,:::

I I

co

Table 33. Bivariate Grouped Frequency Table for Tests

5 and 8, Showing Observed Frequencies (F ),
2 0

Theoretical Frequencies (Ft ), and~ =
(Fo ~ Ftj2/Ft' ~2 = 7.22).
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S cor eon T est

0-2 3-4 5-6
5

1-8

I I

F = 11o

8-10 F >= 13o F
t

I: 12.2

-x.; = .12

(\J

co

6-7

F ~ 11o

F
t
~ 16.4 Ft = 9.5

,l- 0= 24a •

F = 16o

F
t

c 17.1 Fo = 13

')(,; = .07

-

-

Ft ~ 22.3 Ft = 16.0 Ft = 15.5

x 2 = .00 x. 2 = L 00a a

F ,.., 14
o

F
t

,.,. 10.8

2
'X.a = .95

l_

')(.2 = 40a •

F = 20oF = 22o

F '= 16
o

,l == .70a

F t = 16.2

{= .00

0-3

l=l
o

Q)

~

o
I:)

U)

Table 34. Bivariate Grouped Frequency Table for Tests

5 and 82, Shoving Observed Frequencies (F ),
2 0

~rheoret;lcal Fr.equencies (Ft)' and 'it =
(F0 - Ii't )

21Ft . (,;;. = 3. 49) .
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s cor e o n T e s t 8 '
0-5 6-7 8-9

\

I

F = 25
0

7-9 F =9 Ft I&:: 22.9
0

.x; = .19
H I-

.p F =8 F = 30
0 0

III

CD 5-6 Ft = 9.6 F
t

co 14.0 Ft = 26.8
Eo!

x~ := 2.57 X; =: .38
I:l -
0

F I:: 27 F == 15
0 0

CD 2
H 3-4 "t:t=> .04 Ft = 20.9 Ft == 17.0
0

~ = 1.78 2 =: 24
() "a .

00

F := 10 F = 12
0 0

0-2 't ... 10.3 Ft = 13.4

~ Ill: .01
2 _xa .- .15

j

Table 35. Bivariate Grouped Frequency Table

for Tests 8' and r, Showing Ob­

served Frequencies (F ), Theoretic~l
o 2 2

Fr~quencieF ~Ft)' and')(a I: (Fo - Ft ) 1Ft •

(x; = 5.35).
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s cor e on T est r.
0-2 3-4- 5-6 7-9

I I
-f

F = 10
0

8..10 F =7 Ft = 11.5
0

2_
')(a - .20

C\J f- F
t
~ 11.5

co
F = 21

0

~ 6-7
4

~. It: 1.76 Ft =17.8 F = 17
Ol 0
(!)

~ = .58E-t

-
t::

F = 30 F = 150 0 0

(!)
4-5 F = 21 't = 24.4 Ft = 18.3 Ft = 15.2

0
~ X; c 1.28 ,,; = .60
0

0 Ft -= 22.7 -
ro

F = 15
0

0-3 ~ == .13 F
t

.". 14.2 )(2 = .218

~ = .04
•

Table 36. Bivariate ~ouped Frequency Table for Tests

r and 82, Shoving Observed Frequencies (F0)'

Theoretical Frequencies (Ft)' and X; =

(Fo - Ft )2/Ft' (,e:= 4.80).
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.. s cor e o n T est L

0..3 4-5 6-7 8-~0

I

I I

F .. 28
0

6-~0 Ft lD ~8.4 F =9
0

X; c= .o~ ..

.s:l. Ft = ~O. 7-

F I: ~3
'0 = ~4

.p 0

CQ 4-5 po = 18 Ft == 12.8 FtC:: ~6.9 21'= 7
CD

0 i>'~ .2

8 ~ -= .00 ,,; = .50

Q
I-

0 F -= 21
0

Q) 2-3 Ft &: 15.3 Ft = 20.1 F 11: 24
~

0

0 ~ = .04
I:)

CQ
I- Ft :1:11 19.4 -

F a:: 9
0

0-1 ~ - .48 Ft := 12.3 'X.; = 1.09

)(.2 = 88a •
I

Tab~e 37. Bivariate Grouped Frequency Table tor Tests

L and h, Shoving Observed Frequencies (Fo)'

Theoretical Frequencies (J't)' and X; =

(J'o - Ft )2/Ft· c,l ~ 3.27).
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hi = a measure of the d1f'ficul'ty of 1tam.!, defined in terms o~ Ei

by the relation Pi = A(hi ).

i = subscr1p't indicating the !-th item; 1 = 1,2, ... ,n. In M1,a1,ric '

etc. ! is used 'to stand ~or xi.

J I: subscrip't indicating the l-th item; J D 1,2, ••• ,n. In MJ,aJ,rjc'

etc. 1 is used 'to stand for Xj .

Xi =(1 -Ri
k a= the number of choices in a multiple choice item.

M = the mean of any variable, 1..y

M = the conditional mean ot any variable, _u, for a fixed value ofu·v

another variable, !; the regression of .!! on ! ..

N(c) D Mp - the mean of the values of;~" for any given value o~ ~.

D = number of 1tems in the test •.

1 , 2 .
~J ~>. ="2 fl e - y .. the normal probabllity density function for a

standardized variable I; the DOrmal curle ordinate at fl.ny point,

1..

1 [ 1 21
N(y;M,a) - Vffi a exp L202('1' - M)J - the normal frequency function

of any variable, 1.' with mean ! and standard deviation !!.

1 tu
2

+ v
2

- 2ruvJN2(u,v;r) - exp - 2 - the normal bivariate
2111/1 _ r 2 2(1 - r )

frequency function for any pair or standardized variables, ~

and y, whose correlation is !:.

Pi - the "item dlffi<:ulty"; the proportion of all examinees answerIng

item! corl"8ctly.
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3A

P1 = A(gi) m: 'the probability that an eDminn at a given level of

ability will answer item.! correctly (p1 is a function of £.).

Q1 a= 1 .. P1.

r = the correlation betll-oeen any variables, u and v (except where
w - -

otherwise indicated).

r - the parallel-form reliability of the test score.ss

riC = the product mment (point biserial) correlation between £. and Xi'

Ri = biserial· correlation of x1 and £.;. loading of item £. on the

common factor (c), as calculated from the matriX of tetrachoric

item intercorrelations.

rij ~ tetracboric correlation between items 1 and 1.

r ij II: the product mment (fourfold point) correlation between Xl and x
J

•

n
s lllC ~xi lIE the test score.

10 = Lim z - the "relative true Bcore"; the proportion cf correct
nl!lllOO

answers on an lnf1ni'tely long test.

u - any variable.

v =any variable.

Xi = the score on item 1; Xl - 0 or 1.

y = any variable.

Z a ~ a the ·'relative score"; the proportion of items answered correctly.

~ - the curvilinear correlation or correlation ratio of test Bcore on'BC .

abllit;y.
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IT. TT (see explanation of Equation Bl.2)s' n-s

at = Vptqt= the standarddev1at1on of x1 •

a c: standard deviation of any variable, y.y .

E* (see explanation of Equation Bl.2)
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