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Notations 

The following conventions and notations are used throughout the book. 
Most of them are introduced in Chapter 1. 

1. The robot is called A. If there are several robots, they are called Ai 
(i = 1,2, ... ). 

2. The robots' workspace is denoted by W and is modeled as the Eu­
clidean space RN, with N = 2 or 3. (R is the set ofthe real numbers.) 

3. A Cartesian frame FA is attached to A. Another Cartesian frame 
Fw is attached to W. The origin of FA (resp. Fw) is denoted by 
OA (resp. Ow). 

4. The obstacles in Ware denoted by Bi (i = 1,2, ... ). The symbol B 
sometimes denotes a particular obstacle. More often, it denotes the 
union of all the obstacles (called the obstacle region). 

5. The configuration space of a robot A is denoted by C. It is a manifold 
of dimension m. An element of C (Le. a configuration) is denoted by 
q. The region of the workspace occupied by the robot A at configu­
ration q is denoted by A( q). 

6. An obstacle B in the workspace maps in configuration space to a 
region called C-obstacle and denoted by CB. 

7. The free space in configuration space is denoted by C free; the contact 
space by Ccontact. Cvalid = C free U Ccontact is the valid space. 

8. A path is denoted by r. It is usually a function of a parameter denoted 
by s that takes its values in the interval [0,1]. When r is expressed 
as a function of time, it is called a trajectory. 

9. A vector is denoted by a symbol with an arrow on top of it, e.g. v. 
Its modulus is written IWI!. The inner product of two vectors VI and 
V2 is denoted by < VI, V2 > or VI . V2. The outer product of VI and 
V2 is denoted by VI A V2. The angle between VI and V2 is written 
angle( VI, V2). 
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xviii Notations 

10. The distance between two points x and y of a Euclidean space is 
denoted by IIx - yll. 

11. An interval in R bounded by a and b is denoted by [a, b] if it is closed 
at both ends and by (a, b) if it is open at both ends. It is denoted by 
[a, b) or (a, b] if it is closed at one end and open at the other. 

12. Let a be a real number. sign(a) denotes the "sign" of aj it is +1 if 
a > 0, -1 if a < 0, and ° otherwise. 

13. The symbols Ef) and e are the Minkowski operators for affine set 
addition and subtraction, respectively. 

14. Let E be a topological space and F be a subs~t of it. cl(F), int(F), 
and B( F) denote the closure, the interior, and the boundary of F, 
respectively. E\F denotes the complement of Fin E. 

15. Most of the time, calligraphic letters, e.g. S, denote sets. 

16. Symbols in typewriter type style are used to denote boolean expres­
sions or predicates, e.g. CB, Achieve. The symbols true and false 
are the logical values "true" and "false". 
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Chapter 1 

Introduction and Overview 

A robot is a versatile mechanical device - for example, a manipulator 
arm, a multi-joint multi-fingered hand, a wheeled or legged vehicle, a 
free-flying platform, or a combination of these - equipped with actua­
tors and sensors under the control of a computing system. It operates 
in a workspace within the real world. This workspace is populated by 
physical objects and is subject to the laws of nature. The robot performs 
tasks by executing motions in the workspace. 

In this book we are interested in giving the robot the capability of plan­
ning its own motions, i.e. deciding automatically what motions to ex­
ecute in order to achieve a task specified by initial and goal spatial ar­
rangements of physical objects. Creating autonomous robots is a ma­
jor undertaking in Robotics. It definitively requires that the ability to 
plan motions automatically be developed. Indeed, except in limited and 
carefully engineered environments, it is not realistic to anticipate and 
explicitly describe to the robot all the possible motions that it may have 
to execute in order to accomplish requested tasks. Even in those cases 
where such a description is feasible, it would certainly be useful to incor­
porate automatic motion planning tools in off-line robot programming 

TESLA EXHIBIT 1013, Page 1



2 Chapter 1: Introduction and Overview 

systems. This would allow the user to specify tasks more declaratively, 
by stating what he/she wants done rather than how to do it. As robots 
become more dexterous, the need for motion planning tools will become 
more critical. 

A still widespread view is that motion planning is essentially some sort of 
simple collision checking. Motion planning is much more than that. As 
we will see in this chapter, it presents an unexpected variety of facets, 
the simplest of which raise provably difficult computational issues. In 
fact, the kind of operative intelligence that people use unconsciously 
to interact with their environment, which is needed for perception and 
motion planning, turns out to be extremely difficult to duplicate in a 
computer program. 

This chapter is both an introduction to robot motion planning and an 
overview of the rest of the book. 

We first illustrate the various aspects of motion planning (Section 1). 
This illustration motivates our next step, the definition of a "basic prob­
lem" which is in some way the simplest useful motion planning problem 
that we may investigate (Section 2). Using this problem, we present the 
concept of configuration space, which is a unifying concept throughout 
the book (Section 3) and we outline the principles of the main computa­
tional approaches to motion planning (Section 4). We then introduce the 
extensions of the basic problem which will be studied in greater detail 
later (Section 5). 

An important issue in motion planning is the computational complexity 
of the algorithms. In the following chapters of this book, we will analyze 
the complexity of particular planning methods./However, it is useful to 
have some preliminary idea of the intrinsic complexity of the problems 
which we are addressing. During the last few years, significant results 
have been obtained on this topic. We review them in Section 6. We 
also analyze the impact of these results on the design of operational 
systems, by proposing various guidelines for simplifying problems and 
implementing planners of increased practical efficiency (Section 7). 

Motion planning is one major problem in the creation of autonomous 
robots". It is not the only one. It interacts with other important problems, 
including real-time motion control, sensing and task planning. We briefly 
discuss these interactions in Section 8. 
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1 Aspects of Motion Planning 3 

The final section of this chapter reviews some key publications (Section 
9). It is an historical account of the development of the motion planning 
field from the late 60's to the present time. Of course, other publications 
not mentioned in that section have also brought significant contributions 
to the field. We will reference many of them later in the book. 

1 Aspects of Motion Planning 

Consider a robot arm whose task is to build an assembly from a set of 
individual mechanical parts. Assume that the task is described as both 
a set of models of the parts, including their geometry and perhaps some 
physical properties, and a sequence of spatial relations [Latombe, 1984]. 
Figure 1 illustrates this description with a simple construction task. The 
sequence determines the order in which the parts are to be assembled. 
Each relation describes the position of a new part with respect to the 
current subassembly. The automatic transformation of this sequence 
into a description of the robot motions to be executed is one possible 
application of the methods presented in the book. 

Let us analyze the example in more detail. In order to assemble the 
parts according to the input relations, the robot has to successively grasp 
each part, transfer it to the current subassembly, and position it on the 
subassembly: 

- Grasping the part requires the position of the robot's gripper on the 
object to be selected and a path to this position to be generated. The 
grasp position must be accessible; it must also be stable and robust 
enough to resist some external forces. Sometimes, a satisfactory grasp­
ing position requires the part to be grasped, put down, and re-grasped. 

- Transferring the part requires the geometry of a path for the arm 
to be computed. Since the motion will typically be executed at high 
speed, the path should avoid any contact with obstacles. Due to impre­
cision in motion control, it may even have to guarantee some minimal 
clearance. 

- Positioning the part on the subassembly (part mating) requires mo­
tion commands to be selected for achieving a goal with high precision 
in a very constrained space. In general, due to uncertainty, a single 
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4 Chapter 1: Introduction and Overview 

Figure 1. This simple construction task is defined by both the models of three 
constituent parts and a sequence of two spatial relations. Each relation may 
be input as a set of primitive relations among geometrical features, e.g. "Face 
A of Object 1 is against Face B of Object 2", "Shaft C of Object 3 fits Hole 
D of Object I" [Ambler and Popplestone, 1975] [Mazer, 1983]. It may then be 
converted into a quantitative internal representation, e.g. the "homogeneous 
coordinate matrix" describing the transform between two Cartesian coordinate 
frames attached to the objects [Craig, 1986]. 

motion command is not enough; instead, a motion strategy involving 
several commands and using sensory inputs is necessary. 

Prior knowledge of the spatial arrangement of the robot workspace is 
needed to plan these operations. For example, planning a collision­
free path requires knowing where the obstacles are located. If complete 
knowledge is available (it may have been provided by the user or by 
a computer-aided design system, or obtained through sensing), motion 
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2 Basic Problem 5 

plans can be fully generated and then executed. If this is not the case, 
some interweaving of planning and execution is necessary. When un­
certainty is well-bounded (this is usually the case during part mating), 
robust plans anticipating various contingencies may be suitable. 

The above example can easily be made more complicated. For instance, 
there might be more than one robot to achieve the task, or there might 
be mobile obstacles in the workspace. Then, some motion coordination 
is necessary, implying that motions are planned not just as geometrical 
paths, but as functions of time. A robot might also be equipped with 
a dexterous multi-joint multi-fingered hand allowing complex types of 
motions within the hand. The task might include some performance 
criterion to optimize, e.g. minimize the total amount of time needed to 
perform the task. Rather than specifying a sequence of spatial relations, 
the input description might only describe the spatial arrangement of the 
parts in the goal assembly, leaving to the planner the generation of the 
appropriate sequence. 

The example stresses the fact that motion planning does not consist of a 
single, well-delimited problem. Instead, it looks more like a collection of 
many problems, which are more or less variants of each other. Although 
one may envision that a general formulation covering all possible cases 
could be ultimately established, such a formulation is certainly beyond 
our current understanding of the conceptual and computational issues 
underlying motion planning. 

In order to organize the book, we will first consider a "basic motion plan­
ning problem" which deals with geometrical issues only, and then several 
extensions of this problem which involve more sophisticated geometrical 
and non-geometrical issues. The basic problem is defined in Section 2 
and several extensions are presented in Section 5. 

2 Basic Problem 

The goal of defining a basic motion planning problem is to isolate some 
central issues and investigate them in depth before considering additional 
difficulties. 

In the basic problem, we assume that the robot is the only moving ob­
ject in the workspace and we ignore the dynamic properties of the robot, 
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6 Chapter 1: Introduction and Overview 

thus avoiding temporal issues. We also restrict motions to non-contact 
motions, so that the issues related to the mechanical interaction between 
two physical objects in contact can be ignored. These assumptions essen­
tially transform the "physical" motion planning problem into a purely 
geometrical path planning problem. We simplify even further the geo­
metrical issues by assuming that the robot is a single rigid object, i.e. an 
object whose points are fixed with respect to each other. The motions 
of this object are only constrained by the obstacles. 

The basic motion planning problem resulting from these simplifica­
tions is the following: 

Let A be a single rigid object - the robot - moving in 
a Euclidean space W, called workspace, represented as R N , 

with N = 2 or 3. 

Let B}, ... ,Bq be fixed rigid objects distributed in W. The 
Bi'S are called obstacles. 

Assume that both the geometry of A, BI, ... , Bq and the loca­
tions of the Bi'S in Ware accurately known. Assume further 
that no kinematic constraints limit the motions of A (we say 
that A is a free-flying object). 

The problem is: Given an initial position and orientation and 
a goal position and orientation of A in W, generate a path T 

specifying a continuous sequence of positions and orientations 
of A avoiding contact with the Bi'S, starting at the initial 
position and orientation, and terminating at the goal position 
and orientation. Report failure if no such path exists. 

Figure 2 illustrates two instances of the basic motion planning problem. 
It shows the paths of a rectangle (Figure 2.a) and an L-shaped polygon 
(Figure 2.b) among polygonal obstacles in a two-dimensional workspace. 

Of course, the basic problem is somewhat oversimplified. We will see 
that it is nonetheless a difficult problem and that several of its solutions 
have straightforward, extensions to more involved problems. Further­
more, solving it is also of practical interest. For instance, some mobile 
robot navigation problems can be realistically expressed as instances of 
the basic problem. 
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3 Configuration Space Formulation 7 

(a) (b) 

Figure 2. This figure illustrates the basic motion planning problem with 
two robots - a rectangle in Figure a and an L-shaped polygon in Figure b. 
The contact-free paths are displayed as discrete sequences of positions and 
orientations of the robot. 

Although intuitively simple, some aspects of the above definition are still 
too informal and must be made more precise. For instance, the concept 
of a "free-flying" object is probably not very clear at this point. One 
possible formal statement of the problem is known as the configuration 
space formulation. 

3 Configuration Space Formulation 

The underlying idea of configuration space is to represent the robot as a 
point in an appropriate space - the robot's configuration space - and to 
map the obstacles in this space. This mapping transforms the problem of 
planning the motion of a dimensioned object into the problem of planning 
the motion of a point. It makes the constraints on the motions of the 
robot more explicit. 

3.1 Notion of Configuration Space 

Consider the basic problem. Let the robot A (at a certain position and 
orientation) be described as a compact (Le. closed and bounded) subset 
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8 Chapter 1: Introduction and Overview 

of W = R N , N = 2 or 3, and the obstacles B1. ... , Bq be closed subsets 
of W. In addition, let FA and Fw be Cartesian frames embedded in A 
and W, respectively. FA is a moving frame, while Fw is a fixed one. 
By definition, since A is rigid, every point a of A has a fixed position 
with respect to FA. But a's position in W depends on the position and 
orientation of FA relative to Fw. Since the B/s are both rigid and fixed 
in W, every point of Bi, for all i E [1, q], has a fixed position with respect 
to Fw. 

A configuration of an arbitrary object is a specification of the position 
of every point in this object relative to a fixed reference frame [Arnold, 
1978]. Therefore, a configuration q of A is a specification of the posi­
tion T and orientation 0 of FA with respect to Fw. The configuration 
space of A is the space C of all the configurations of A. The subset of 
W occupied by A at configuration q is denoted by A( q). In the same 
fashion, the point a on A at configuration q is denoted by a( q) in W. 

One may describe a configuration by a list of real parameters. For ex­
ample, the position T can be simply described by the vector of the N 
coordinates of the origin of FAin Fw. The orientation 0 can be de­
scribed as the N x N matrix whose columns are the components, in Fw, 
of the unit vectors along the axes of FA. Then, q = (T,0) is uniquely 
represented as a list of N(N + 1) parameters. Clearly, however, this 
representation is redundant, since the matrix describing 0 must have 
orthonormal columns and determinant +1. Therefore, C is only a subset 
of RN(N+1). 

One may be tempted to describe 0 by a list of parameters of minimal 
cardinality, i.e. one angle 0, if N = 2 (for example, the angle between 
the x-axes of Fw and FA), and three angles </1, 0 and 'I/J, if N = 3 
(for example, the Euler angles). However, such a minimal description is 
not injective, i.e. the same configuration may be described by different 
values of the angles. For example, in the two-dimensional case (N = 2), 
two angles whose difference is a multiple of 211" represent the same 0. 
In this case, the difficulty can easily be fixed by restricting the values 
of the angle 0 to the [0,211") interval with modulo 211" arithmetic. In 
the three-dimensional case (N = 3), the difficulty is slightly harder to 
remedy. 

Describing a configuration as a list of m independent parameters, with 
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3 Configuration Space Formulation 9 

m = 3 (if N = 2) and m = 6 (if N = 3), corresponds to represent­
ing C as Rm. However, as we will see at greater length in Chapter 2, 
while C is locally "like" Rm, it is globally different. This means that C 
can be decomposed into a finite union of p (p > 1) slightly overlapping 
"patches", each represented as a copy of R m (called a chart). Hence, 
a configuration can locally be represented as a non-redundant list of m 
real parameters, but some administration is required to switch between 
representations when the robot's configuration moves from one patch to 
another. The number m is called the dimension of C. 

3.2 Notion of a Path 

The notion of continuity is fundamental in the definition of a path. Its 
formalization requires us to define a topology in C. One classical way 
to do so is to specify a distance function d : C x C - R, and to let 
the topology in C be the metric topology induced by d. In order to 
match our intuition of the real-world physics, the distance between two 
configurations q and q' should decrease and tend toward zero when the 
regions A( q) and A( q') get closer to each other and tend to coincide. A 
simple distance function that satisfies this condition is: 

d( q, q') = max lIa( q) - a( q')11 
aEA 

where Ilx - x'il denotes the Euclidean distance between any two points 
x and x' in RN. Throughout this book, the topology in C will be the 
topology induced by this distance. l 

A path of A from the configuration qinit to the configuration qgoal is a 
continuous map: 

r : [0,1]- C 
with: 

r(O) = qinit and r(l) = qgoal. 

qinit and qgoal are the initial and goal configurations of the path, 
respectively. The continuity of r entails that for all So E [0,1], 
lims-+sQ maxaEA Ila(r(s)) - a(r(so))11 = 0, with s taking its values in 
[0,1]. Saying that A is a "free-flying object" means that, in the absence 
of obstacles, any path defined as above is feasible. 

1 As is well-known, the notion of a topology is more primitive than the notion of a 
metric. In Chapter 2 we will give other metrics which all induce the same topology 
as d. 
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10 Chapter 1: Introduction and Overview 

3.3 Obstacles in Configuration Space 

The above definition of a path does not take obstacles into consideration. 
We now want to characterize the set of paths which are solutions to 
the basic problem when there are obstacles in the workspace. To that 
purpose, we map the obstacles in configuration space and we consider 
the subset of C that is made of contact-free configurations. 

Every obstacle Bj, i = 1 to q, in the workspace W maps in C to a region: 

CBi = {q E C / A( q) n Bi ~ 0} 

which is called a C-obstacle. The union of all the C-obstacles: 

q 

UCBi 
i=l 

is called the C-obstacle region, and the set: 

q q 

Cfree = C\ U CBi = {q E C / A(q) n (U Bi) = 0} 
i=l i=l 

is called the free space. Any configuration in C free is called a free 
configuration. 

A free path between two free configurations qinit and qgoal is a contin­
uous map 7 : [0,1] -+ Cfree, with 7(0) = qinit and 7(1) = qgoal. Two 
configurations belong to the same connected component of C free if and 
only if they are connected by a free path. 

Given an initial and a goal configuration, the basic motion planning 
problem is to generate a free path between the two configurations, if 
they belong to the same connected component of C free, and to report 
failure otherwise. 

Several planning methods described in Chapters 4 through 7 generate 
semi-free paths, rather than free paths. A semi-free path is a con­
tinuous map T : [0,1] -+ cl(Cfree) , where cl(Cfree) denotes the closure 
of Cfree. Hence, as it moves along such a path, the robot may touch 
obstacles. Under simple assumptions stated in Chapter 2, any semi-free 
path 7 can be transformed into a free path that can be made arbitrarily 
close to 7. 
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4 Planning Approaches 11 

Figure 3. The robot A (a triangle) can translate freely in the plane at fixed 
orientation. Its configuration is represented as q = (x, V), the coordinates in 
:Fw of the vertex of A marked as a small circle (the origin of :FA). Hence, A's 
configuration space is C = R2. The C-obstacle CBi (shown dark) is obtained by 
"growing" the corresponding workspace obstacle Bi (a rectangle) by the shape 
of A. Planning a motion of A relative to Bi is equivalent to planning a motion 
of the marked vertex of A relative to CBi. 

3.4 Translational Case 

When A consists of a single point (point robot), it is meaningless to 
talk about its orientation. Then, like W, the configuration space of A 
is a copy of R N, and hence is a Euclidean space. The C-obstacles are 
identical to the obstacles in the workspace. 

When A is a disc or when A is a dimensioned object allowed to translate 
freely (Le. the origin of FA can follow any path in W) without rotation 
(Le. FA has a fixed orientation with respect to Fw), the configuration 
space C is also RN. But, in these cases, the C-obstacles are obtained by 
"growing" the obstacles by the shape of A as illustrated in Figure 3. 

In the following, all these cases, where C = R N , will be considered as 
particular cases of the basic motion planning problem. They will be con­
venient for introducing motion planning methods with simple examples. 

4 Planning Approaches 

There exists a large number of methods for solving the basic motion 
planning problem. Not all of them solve the problem in its full gener­
ality, however. For instance, some methods require the workspace to 
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12 Chapter 1: Introduction and Overview 

be two-dimensional and the objects to be polygonal. Despite many ex­
ternal differences, the methods are based on few different general ap­
proaches: roadmap, cell decomposition, and potential field. We briefly 
introduce these approaches below and we illustrate them with simple ex­
amples in two-dimensional configuration spaces populated by polygonal 
C-obstacles. As shown in Figure 3, such configuration spaces correspond 
to the case where the robot A is a polygon (or a point) translating in 
a workspace containing polygonal obstacles. These approaches will be 
described in detail in Chapters 4 through 7. 

4.1 Roadmap 

The roadmap approach to path planning consists of capturing the con­
nectivity of the robot's free space in a network of one-dimensional curves, 
called the roadmap, lying in the free space C/ree or its closure d(C/ree)' 
Once a roadmap R has been constructed, it is used as a set of stan­
dardized paths. Path planning is thus reduced to connecting the initial 
and goal configurations to points in R and searching R for a path be­
tween these points. The constructed path, if any, is the concatenation 
of three subpaths: a subpath connecting the initial configuration to the 
roadmap, a subpath contained in the roadmap, and a subpath connecting 
the roadmap to the goal configuration. 

Various methods based on this general idea have been proposed. They 
compute different types of roadmaps called visibility graph, Voronoi di­
agram, freeway net and silhouette. We illustrate two of them below. 

The visibility graph method is one of the earliest path planning methods. 
It mainly applies to two-dimensional configuration spaces with a polyg­
onal C-obstacle region. The visibility graph is the non-directed graph 
G whose nodes are the initial and goal configurations qinit and qgoa/, 

and all the C-obstacle vertices. The links of G are all the straight line 
segments connecting two nodes that do not intersect the interior of the 
C-obstacle region. Figure 4 shows an example of a visibility graph. The 
links of the subgraph of G that is restricted to the C-obstacle vertices 
determine the roadmap R. The other links of G connect the initial and 
goal configurations to the roadmap. G can be searched for the shortest 
semi-free path between qinit and qgoa/ (according to the Euclidean met­
ric in R2). This path, if it exists, is a polygonal line connecting qinit to 
qgoa/ through C-obstacle vertices. 

TESLA EXHIBIT 1013, Page 12



4 Planning Approaches 

\ 

q .'t .. .. 
init .... , -- .. 

.......... , .. 
"'" 

, 

';., qgoal 
# , 

;,' " , , , , , , , , , , , , 

13 

Figure 4. This figure shows the visibility graph in a two-dimensional con­
figuration space with polygonal C-obstacles. The nodes of the graph are the 
initial and goal configurations and the C-obstacles' vertices. Two nodes are 
connected by a link if the straight line segment joining them does not intersect 
the C-obstacles' interior. (Hence, the links of the graph also include the edges 
of the C-obstacles.) The plain links connect C-obstacles' vertices. They are 
independent of the initial and goal configurations, and form the roadmap. The 
dashed links connect the initial and goal configurations to the roadmap. Any 
path in the visibility graph determines a semi-free path in configuration space. 
The graph contains the shortest semi-free path (according to the Euclidean 
metric in R2). This path is shown in both plain and dashed bold lines. 

Another roadmap method, called retraction, consists of defining a con­
tinuous function of C free onto a one-dimensional subset of itself (the 
roadmap) such that the restriction of this function to this subset is the 
identity map (in Topology such a function is called a "retraction"). In a 
two-dimensional configuration space, C free is typically "retracted" onto 
its Voronoi diagram. This diagram is the set of all the free configurations 
whose minimal distance to the C-obstacle region CB is achieved with at 
least two points in the boundary of CB (Figure 5). The advantage of this 
diagram is that it yields free paths which tend to maximize the clearance 
between the robot and the obstacles. When the C-obstacles are poly­
gons, the Voronoi diagram consists of straight and parabolic segments. 

TESLA EXHIBIT 1013, Page 13



14 Chapter 1: Introduction and Overview 

Figure 5. This figure shows the Voronoi diagram in a configuration space 
with a polygonal C-obstacle region. The free space in externally bounded by 
a rectangle (the boundary of a non-compact C-obstacle). The initial and goal 

configurations, qinit and qgoa/, are mapped in the Voronoi diagram to q~nit and 
q~oa/' each by drawing the line along which its distance to the boundary of the 
C-obstacle region increases the fastest. 

The initial and goal configurations are retracted in the diagram to q~nit 
and q~oal as shown in Figure 5. A path is searched in the diagram be­
tween q~nit and q~oal' The free path between qinit and qgoal produced 
by the method, if any, consists of three subpaths: the straight path from 
qinit to q~nit' a path in the diagram from q~nit to q~oal' and the straight 
path from q~oal to qgoal. 

4.2 Cell Decomposition 

Cell decomposition methods are perhaps the motion planning methods 
which have been the most extensively studied so far. They consist of 
decomposing the robot's free space into simple regions, called celis, such 
that a path between any two configurations in a cell can be easily gener-
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ated. A non-directed graph representing the adjacency relation between 
the cells is then constructed and searched. This graph is called the con­
nectivity graph. Its nodes are the cells extracted from the free space and 
two nodes are connected by a link if and only if the two corresponding 
cells are adjacent. The outcome of the search is a sequence of cells called 
a channel. A continuous free path can be computed from this sequence. 

Cell decomposition methods can be broken down further into exact and 
approximate methods: 

- Exact cell decomposition methods decompose the free space into cells 
whose union is exactly2 the free space. The boundary of a cell cor­
responds to a criticality of some sort, i.e. a sudden change in the 
constraints applying to the motion of the robot. 

- Approximate cell decomposition methods produce cells of predefined 
shape (e.g. rectangloids) whose union is strictly included in the free 
space. The boundary of a cell does not characterize a discontinuity of 
some sort and has no physical meaning. 

Figures 6.1 and 6.2 illustrate an exact cell decomposition method in 
a two-dimensional configuration space. The free space is externally 
bounded by a polygon and internally bounded by three polygons. The 
free space is exactly decomposed into trapezoidal and triangular cells. 
These cells are built by drawing vertical rays from the C-obstacles' ver­
tices. Two cells are adjacent if they share a portion of an edge of non-zero 
length. Once the connectivity graph has been constructed and a channel 
found, a free path is computed by connecting the initial configuration 
to the goal configuration through the midpoints of the intersections of 
every two successive cells. 

Figure 7 illustrates an approximate cell decomposition method. The free 
space is externally bounded by a rectangle R and internally bounded by 
three polygons. The rectangle R is recursively decomposed into smaller 
rectangles. Each decomposition generates four identical new rectangles. 
(This type of decomposition is called a "quadtree" because it can be 
represented as a tree of degree 4.) At some level of resolution, only the 

2The term "exact" refers to the input description of the motion planning problem, 
not to the actual physical problem, which can only be approximated in the input 
problem formulation. 
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(a) 

(b) 

Figure 6.1. This figure and the next one illustrate an exact cell decomposition 
method. The free space is externally bounded by a polygon and internally 
bounded by three polygons (Figure a). The first step of the method consists of 
decomposing the free space into trapezoidal and triangular cells (Figure b). The 
second step is to construct the connectivity graph representing the adjacency 
relation between the cells (Figure c) and search this graph for a path (thick 
lines). 
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(d) 

(e) 

Figure 6.2. A path in the connectivity graph determines a channel (the 
sequence of striped cells in Figure d) in free space. The third step of the method 
consists of transforming this channel into a free path, for example by connecting 
the initial configuration to the goal configuration through the midpoints of the 
intersections of every two successive cells (Figure e). 

cells whose interiors lie entirely in the free space are used to construct the 
connectivity graph. If the search of this graph terminates successfully, a 
path in the free space is easily generated. Otherwise, it may mean that 
either the resolution of the decomposition is insufficient, or no free path 
exists between the initial and goal configurations. Often, an approximate 
cell decomposition method operates in a hierarchical fashion by using a 
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Figure 7. This figure illustrates an approximate cell decomposition method. 
The free space is externally bounded by a rectangle R and internally bounded 
by three polygons (Figure a). The rectangle R is decomposed into four identical 
rectangles. If the interior of a rectangle lies completely in free space or in the 
C-obstacle region, it is not decomposed further. Otherwise, it is recursively 
decomposed into four rectangles until some predefined resolution is attained. 
The result is shown in Figure b. White cells lie outside the C-obstacle region; 
black cells lie inside the C-obstacle region; grey cells are cut by the C-obstacle 
region. This kind of decomposition is called a "quadtree" decomposition. A 
channel extracted from this decomposition is shown in bold contour. 

rather coarse resolution at the beginning, and refining it until either a 
free path is found or a limit resolution is attained. 

Provided that they are equipped with both appropriate search techniques 
and exact numerical computation techniques, exact cell decomposition 
methods are complete - i.e. they are guaranteed to find a free path 
whenever one exists and to return failure otherwise. Approximate meth­
ods may not be complete; but, for most of them, the precision of the 
approximation can be tuned and made arbitrarily small (at the expense 
of the running time), so that the methods are said to be "resolution­
complete". On the other hand, except in very simple cases, exact meth­
ods are mathematically more involved than approximate ones. Hence, 
the latter are usually easier to implement. 
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4.3 Potential Field 

A straightforward approach to motion planning is to discretize the con­
figuration space into a fine regular grid of configurations and to search 
this grid for a free path. This approach requires powerful heuristics to 
guide the search, since the grid is in general enormous. Several types of 
heuristics have been proposed. The most successful ones take the form 
of functions that are interpreted as potential fields. 

The metaphor suggested by this terminology is that the robot repre­
sented as a point in configuration space is a particle moving under the 
influence of an artificial potential produced by the goal configuration and 
the C-obstacles. Typically the goal configuration generates an "attrac­
tive potential" which pulls the robot toward the goal, and the C-obstacles 
produce a "repulsive potential" which pushes the robot away from them. 
The negated gradient of the total potential is treated as an artificial force 
applied to the robot. At every configuration, the direction of this force 
is considered the most promising direction of motion. 

Figure 8 illustrates the notion of attractive and repulsive potentials, and 
their combination. The attractive potential (Figure 8.b) is a quadratic 
well with its minimum at the goal configuration. The repulsive potential 
(Figure 8.c) is non-zero only within some distance from the C-obstacles 
and tends toward infinity when the distance to the C-obstacles tends 
toward zero (hence, is truncated in the figure). A path between the 
initial and goal configurations is constructed by tracking the negated 
gradient of the total potential (Figure 8.e). A matrix of orientations 
of the negated gradient vector field (orientations of the artifical forces 
induced by the potential field) is displayed in Figure 8.f. 

In comparison to other methods, potential field methods can be very 
efficient. However, they have a major drawback. Since they are essen­
tially fastest descent optimization methods, they can get trapped into 
local minima of the potential function other than the goal configuration. 
One attack of this problem is to design potential functions that have no 
local minima other than the goal configuration in the connected subset of 
free space which contains the goal configuration. Another approach is to 
complement the basic potential field approach with powerful mechanisms 
to escape from local minima. 
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-
( a ) ( b ) 

(c) (d) 

( e ) (f) 

Figure 8. This series of diagrams illustrates the potential field approach. A 
simple two-dimensional configuration space with two polygonal C-obstacles is 
depicted in Figure a. Figure b shows an attractive potential generated by the 
goal configuration qgoal. Figure c shows a repulsive potential generated by the 
C-obstacles. Figure d shows the sum of the two potentials. Figure e displays 
equipotential contours of the total potential and a path obtained by following 
its negated gradient. Figure f shows orientations of the negated gradient of the 
total potential over free space. 

4.4 Global versus Local Methods 

The roadmap and cell decomposition methods reduce the problem of 
finding a continuous free path to that of searching a graph (e.g. the 
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visibility graph, the Voronoi diagram, the connectivity graph) by first 
analyzing the connectivity of the free space. Unlike these methods, po­
tential field methods do not include an initial processing step aimed at 
capturing the connectivity of the free space in a concise representation. 
Instead, they search a much larger graph representing the adjacency 
among the configurations contained in the grid thrown over configura­
tion space. At each step, they move from one configuration in the grid 
to another one, basing their choice on the computation of the potential 
gradient. It is typical for this gradient to depend only on the contents of 
the configuration space in the neighborhood of the current configuration 
of the robot. (As illustrated in Figure 8.c, the repulsive potential is usu­
ally defined with a limited range of influence around the C-obstacles.) 
Therefore, potential field methods are often called local methods, while 
the roadmap and cell decomposition methods are called global methods. 

In practice, this distinction is certainly valid. For example, a poten­
tial field method can be run while the robot is moving, by tracking the 
negated gradient of a potential field defined as a function of both the 
distance to the goal configuration and the distances to the obstacles as 
measured by range sensors. The distinction is nevertheless intuitive and 
has no solid theoretical basis. A potential field method may use a po­
tential function that is free of local minima (in the connected subset 
containing the goal configuration). Computing such a function certainly 
requires the geometry of the whole free space to be taken into account. 
Then the method is as global as any roadmap or cell decomposition 
method. On the other hand, a roadmap or cell decomposition method 
can be made local by restricting its application to a subset of the config­
uration space around the current configuration of the robot. A path is 
then generated in an iterative fashion by concatenating subpaths, each 
achieving an intermediate configuration in such a restricted subset. 

5 Extensions of the Basic Problem 

The basic motion planning problem makes assumptions that significantly 
limit the practicality of its solutions. In other words, it may be quite 
difficult to reduce an actual robotic problem to an instance of the basic 
problem, to solve this instance, and to adapt the produced solution in 
order to match the conditions of the original problem. In this section we 
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introduce and discuss informally several important extensions that we 
will investigate in detail in Chapters 8 through 11. Other extensions can 
certainly be envisioned, but they have received too little attention so far 
to be treated in this book. 

5.1 Multiple Moving Objects 

In the basic problem we assumed that the obstacles were fixed, that 
there was a single robot, and that this robot was made of a single rigid 
object. Under the title "multiple moving objects", we consider a series 
of extensions that removes these assumptions. One extension consists 
of including moving obstacles in the workspace. The second one allows 
multiple robots to operate in the same workspace, each being a potential 
obstacle to the others. The third extension considers articulated robots, 
which are made of several rigid objects connected by joints. 

The first extension (and possibly the second) requires time to be explic­
itly considered in the motion plans. The second and third extensions 
yield configuration spaces of arbitrarily large dimensions.3 

Moving Obstacle. In the presence of moving obstacles, the motion 
planning problem can no longer be solved by merely constructing a 
geometric path. A continuous function of time specifying the robot's 
configuration at each instant must be generated instead. This can be 
done by adding one dimension representing time to the robot's configu­
ration space. The new space, denoted by CT, is called configuration-time 
space4 • The workspace obstacles map in CT to static regions called CT­
obstacles. Every cross-section through CT at time t is the configuration 
space of the robot at instant t. It cuts the CT-obstacles according to 
the C-obstacles corresponding to the workspace obstacles at their loca­
tions at instant t. Motion planning consists of finding a path among 
the CT -obstacles in CT. Since time is irreversible, this path must have 
the property of never going backward along the time axis. Hence, path 
planning methods have to be modified in order to take this specificity of 
the time dimension into account. 

3In Section 6 we will see that the inherent computational complexity of path plan­
ning is exponential in the dimension of the robot's configuration space. 

4In the literature it is also called configuration space-time. 
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If there is no constraint on the robot's velocity and acceleration, and if 
the motion of every obstacle is known beforehand, it is rather straight­
forward to extend some basic planning methods to handle this new prob­
lem. If constraints apply to the robot's velocity and/or its acceleration, 
they translate to geometric constraints on the slope and the curvature 
of a path along the time dimension, and the problem turns out to be 
significantly harder. 

Multiple Robots. Motion planning with multiple robots differs from 
planning in the presence of moving obstacles in that the motions of the 
robots have to be planned, while the motions of the moving obstacles 
are not under control. 

One way to deal with multiple robots AI, ... , Ap operating in the same 
workspace W is to treat them as a single multi-bodied robot A = 
{At, ... , Ap}. The composite configuration space of A is C = CI X ... X Cp, 
i.e. the set product of the configuration spaces Ci of the individual robots 
AI, ... , Ap. Every configuration in C determines a unique position and 
orientation for each robot Ai. C-obstacles in this space result from the 
interaction of either a robot Ai and an obstacle Bj, or two robots Ai 
and Aj. Basic path planning methods can be used to plan a path of A 
in C. This approach to multi-robot path planning is called centralized 
planning. A difficulty is that it may yield high-dimensional configuration 
spaces. Indeed, the dimension of the composite configuration space C is 
equal to the sum of the dimensions of the individual configuration spaces 
CI through Cpo 

Another approach to motion planning with multiple robots, decoupled 
planning, is to plan the motion of each robot more or less independently 
of the other robots and to consider the interactions among the paths in a 
second phase of planning. By doing so, the amount of computation may 
be significantly reduced, but at the expense of completeness. Figure 9 
illustrates a planning problem where the decoupled approach is likely to 
fail. The problem consists of interchanging the positions of two robots 
( discs) in a narrow corridor where they cannot pass each other. There 
is enough room at one end of the corridor for a permutation of the two 
robots. However, by considering each robot separately, the decoupled 
planning approach has no mechanism to infer that both robots must 
first move to this end of the corridor. 
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Initial configuration Goal configuration 

Figure 9. Two discs Al and A2 have to interchange their positions in a 
narrow corridor where they cannot pass each other. However, there is enough 
room for permutation at one end of the corridor. Decoupled planning, which 
considers the two robots separately, would very likely fail to solve this problem. 

Articulated Robots. An articulated robot A is made of several mov­
ing rigid objects At, ... ,Ap (called links) connected by joints, e.g. revo­
lute joints (hinges) and prismatic joints (sliding joints). Each joint con­
strains the relative movements of the two objects it connects. A typical 
example of an articulated robot is a robot arm (see Figure 10). 

A can be seen as a set of p moving rigid objects. The constraints im­
posed by the joints on the relative movements of the Ai'S determine a 
subset of the composite configuration space of these objects, which is the 
actual configuration space of A. Every configuration in this subset in­
deed determines a unique position and orientation for each of the plinks. 
This subset is in general relatively easy to parameterize, for example by 
associating a distance or an angle with each joint. Several basic motion 
planning methods extend to this case in a straightforward fashion, at 
least in theory. A practical problem that has to be faced is that the 
dimension of the configuration space grows with the number of joints. 

Figure 11 illustrates several configurations of a planar articulated robot 
along a path generated by a potential field method. In this example, 
the robot is a sequence of eight links. All the joints are revolute joints. 
Notice that for an articulated robot with many links and joints, it may 
be problematic to specify a free goal configuration. In the example of 
Figure 11, only the goal position ofthe endpoint of the arm was specified 
to the planner. This corresponds to defining a goal region in the robot's 
configuration space, rather than a unique goal configuration. 
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Figure 10. A robot arm is a typical example of an articulated robot. It is 
made of several rigid objects, called links, serially connected by joints. Most 
robot arms have revolute joints and/or prismatic joints. A revolute joint con­
strains the relative motion of two objects to be a rotation around an axis fixed 
with respect to both objects. A prismatic joint constrains the relative motion of 
two objects to be a translation along an axis fixed with respect to both objects. 
Figure a shows a Cartesian robot, with three prismatic joints and three revolute 
ones. Figure b shows a robot with six revolute joints. 
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Figure 11. This figure shows a sequence of configurations of a planar eight­
revolute-joint arm along a path generated using a potential field method. 

5.2 Kinematic Constraints 

In the basic problem we assumed that the robot was a free-flying object, 
i.e. the only constraints on its motions were due to the obstacles. In some 
problems we may want to impose additional kinematic constraints to the 
robot's motions. Two types of constraints, called holonomic constraints 
and nonholonomic constraints, can be considered. 

Holonomic Constraints. Let us assume that a configuration is rep­
resented by a list of parameters of minimal cardinality (see Section 3). 
A holonomic equality constraint is an equality relation among these pa­
rameters, which can be solved for one of the parameters. Such a relation 
reduces the dimension of the actual configuration space of the robot by 
one. A set of k independent holonomic constraints reduces it by k. 

Consider for example the case of a three-dimensional object A allowed 
to translate freely, but constrained to rotate around a fixed axis rela­
tive to A. Let us represent the orientation of A by three angles. The 
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constraints restricting the possible orientations of A can be expressed 
as two independent equations among these angles. While the dimension 
of the configuration space of a free-flying object in a three-dimensional 
workspace is 6, A's configuration space has dimension 4. The partic­
ular case where A can translate freely at fixed orientation could also 
be considered as a problem with holonomic constraints. However, since 
this problem is equivalent to the problem of planning the motion of a 
point robot in RN, we regard it as a particular case of the basic motion 
planning problem. 

Articulated robots provide another example of holonomic constraints. 
For instance, a revolute joint determines two holonomic constraints. In­
deed, while six parameters are necessary to define the configuration of 
two free-flying planar objects, four parameters suffice to determine the 
positions and orientations of two planar objects connected by a revolute 
joint. As another example, consider a six-joint arm carrying a glass of 
water. Requiring the glass to stay vertical during the motion corresponds 
to imposing two holonomic constraints to the arm. 

Holonomic constraints certainly affect the definition of the robot's con­
figuration space and may even change its global connectedness. N onethe­
less, holonomic constraints do not raise new fundamental issues. Many 
basic planning methods remain applicable. 

Nonholonomic Constraints. A nonholonomic equality constraint is 
a non-integrable equation involving the configuration parameters and 
their derivatives (velocity parameters). Such a constraint does not reduce 
the dimension of the space of configurations attainable by the robot, but 
reduces the dimension of the space of possible differential motions (Le. 
the space of the velocity directions) at any given configuration. 

Consider for example a car-like robot A rolling on a flat ground. We 
model it as a rectangular object moving in W = R2 (see Figure 12). 
We know by experience that in an empty space we can drive the robot 
to any position with any orientation. Hence the robot's configuration 
space has three dimensions, two of translation and one of rotation. Let 
us represent a configuration of A by (x, y, (J), where x and yare the 
coordinates, in the frame Fw, of the midpoint R between the two rear 
wheels and (J E [0, 27r) is the angle between the x-axis of Fw and the 
main axis of A. At any instant during a motion, assuming no slipping, 
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Figure 12. This car-like robot A is modeled as a rectangle. Any configuration 
of A is represented by three parameters (x, y, B) E R2 X [0,2'11"), with modulo 27r 
arithmetic on B. Although in the absence of obstacles the robot can attain any 
configuration in R2 x [0, 27r), the projection of any path of A on the xy-plane 
is a curve 'Y tangent to the main axis of A, thus implying that the relation 

- sin B dx + cos B dy = ° be verified. This relation is a nonholonomic equality 
constraint. The curvature of'Y is L/ tan ¢, where L is the distance between R 
and F, the midpoint between the two front wheels, and ¢ is the steering angle, 
i.e. the angle between A's main axis and the velocity vector of point F. In 

general, I¢I ~ ¢max < 7r/2. 

the velocity of R has to point along the main axis of A. Therefore, the 
motion is constrained by the relation: 

- sine dx + cose dy = O. 

It can be shown that this equation is non-integrable, hence is a nonholo­
nomic equality constraint. Due to this constraint, the space of differential 
motions (dx, dy, de) of the robot at any configuration (x, y, 0) is a two­
dimensional space. If the robot was a free-flying object, this space would 
be three-dimensional. The instantaneous motion of the car-like robot is 
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Figure 13. This figure illustrates a path generated by a planner described in 
Chapter 9 for a car-like robot in order to perform a parallel parking operation. 

determined by two parameters: the linear velocity along its main axis 
and the steering angle. However, when the steering angle is non-zero, 
the robot changes orientation, and its linear velocity with it, allowing 
the robot's configurations to span a three-dimensional space. 

Furthermore, the steering angle denoted by <I> in Figure 12 is in general 
constrained to take values in an interval [-<I>max, +<I>max], with <l>max < 
7r /2. This constraint can be rewritten as an inequality involving dx, 
dy and dO. It restricts the set of possible differential motions without 
changing its dimension. We call it a nonholonomic inequality constraint. 

N onholonomic constraints restrict the geometry of the feasible free paths 
between two configurations. They are much harder to deal with in a plan­
ner than holonomic constraints. Figure 13 illustrates a path generated 
for a car-like robot in order to perform a parallel parking operation. 

5.3 Uncertainty 

The basic problem assumes that the robot can follow the paths generated 
by the planner exactly. It also assumes that the geometry of the robot, 
the geometry of the obstacles, and the location of the obstacles are ac­
curately known. No robot setting rigorously satisfies these assumptions, 
and both robot control and geometric models are imperfect. Fortunately, 
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we often do not have to worry about these imperfections because they 
are small relative to the tolerance of the task being performed. But this 
is not always the case. 

At the other extreme, the robot could have little or no prior knowledge 
about its workspace. Then, it would have to rely on its sensors at execu­
tion time to obtain the information needed to accomplish the task. This 
extreme case requires the robot to explore its workspace, and it tends 
to be outside the realm of motion planning. The robot may interweave 
planning and execution monitoring activities, but the more incomplete 
the prior knowledge, the less important the role of planning. 

An intermediate situation is when there are errors in robot control and 
in the initial geometric models, but these errors are contained within 
bounded regions. For example, the actual obstacles' locations are slightly 
different from those in the robot's model, but the errors on the param­
eters defining these locations are bounded. Similarly, the robot moves 
along a direction that is different from the commanded one, but the ac­
tual direction of motion is contained in a narrow cone centered along 
the commanded direction. In order to deal with such bounded errors, 
we assume that the robot is equipped with sensors that can be used at 
execution time to acquire additional information. But sensors are not 
perfect, either. For example, a position sensor does not return the exact 
configuration of the robot. Again, it is realistic to assume that the sens­
ing errors are contained in bounded uncertainty regions. When errors 
in control, sensing and model are reasonably small, it is interesting to 
generate motion plans that are tolerant to these errors, Le. that achieve 
goals reliably by anticipating the various possible contingencies. 

The motion planning problem with bounded uncertainty can be stated 
as follows: Given an initial region I and a goal region 9 in the robot's 
configuration space, generate a motion plan whose execution guarantees 
the robot to reach a configuration in 9 if it starts from any (unknown) 
configuration in I, despite bounded uncertainty in control, sensing and 
model. A solution to this problem is a plan that combines motion com­
mands and sensor readings that interact at execution time in order to 
reduce uncertainty and guide the robot toward the goal. 

Planning in the presence of bounded uncertainty raises new issues ex­
plored neither in the basic problem, nor in the previous extensions. Due 
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Figure 14. This figure illustrates a force-compliant motion in a two­
dimensional configuration space with a polygonal C-obstacle. The robot is 
commanded to move along the direction v. Assuming perfect control (Figure 
a), the robot moves along a straight line parallel to v as long as it is in free 
space. When it touches an obstacle, the robot switches to a path following 
the projection of v in the C-obstacle's boundary. The grey region in Figure 
a shows the range of initial configurations from which any compliant motion 
commanded along v reaches the vertex X . The two dashed lines illustrate two 
such motions. (The range of initial configurations from which a pure position­
controlled motion commanded along v reaches X is the half-line parallel to v 
ending at X). If control is imperfect, e.g. the robot moves along a direction 
contained in a cone centered along the commanded direction v (see Figure b), 
the grey region is slightly reduced. (In contrast , the range of initial configu­
rations from which a pure position-controlled motion commanded along v is 
guaranteed to reach X vanishes to the point X itself.) 

to uncertainty in control, a motion command may produce any path 
among the infinitely many ones which are consistent with both the com­
mand and the uncertainty. In order for the planner to guarantee that 
execution will succeed, all of these paths must reach the goal (goal reach­
ability). But this is only a sufficient condition. The plan must also ter­
minate in the goal. Due to uncertainty in sensing, it may not be a trivial 
issue to recognize goal achievement reliably. The planner must make 
sure that enough information will be made available to the controller 
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during execution (goal recognizability). 

Uncertainty often leads to using sensor-based motion commands whose 
behavior is less sensitive to errors than purely position-controlled motion 
commands. Force-compliant motion commands are one example of such 
commands. When they are used, the robot may touch obstacle surfaces 
and slide on them (along the projection of the commanded direction of 
motion), rather than just stop. Figure 14 illustrates a compliant motion 
of a robot commanded along the direction v in a two-dimensional config­
uration space. In Figure 14.a we assume perfect control; in Figure 14.b 
we assume imperfect control (the actual direction of motion is contained 
in a cone centered along v). In both cases, the grey region is the set of 
initial configurations from where the robot commanded along v is guar­
anteed to reach the C-obstacle vertex X (assuming frictionless edges). 
The grey region in Figure 14.b is only slightly smaller than in Figure 14.a. 
In contrast, with uncertainty in control, no position-controlled motion 
commanded along v is guaranteed to reach X. Planning such sensory­
based motion commands may require the physics of the workspace to 
be taken into consideration. For example, when force sensing is used to 
detect contact with the obstacles and slide in their boundary, frictional 
effects ignored in Figure 14 may be critical. 

5.4 Movable Objects 

In the basic problem the objects in the workspace other than the robot 
are all stationary, non-movable obstacles. In one extension introduced in 
Subsection 5.1 the obstacles can move, but their motions are not under 
the robot's control. Another important extension is when the workspace 
contains movable objects, i.e. objects that the robot can displace, for 
example by grasping them. 

The presence of movable objects requires the generation of sequences 
of motion commands, each intended to achieve some intermediate goal 
which may not have been specified in the input problem. For example, 
even if there exists no feasible path to a goal configuration in some given 
arrangement of the workspace, the robot may create one by moving 
movable objects to other locations. In order to do so, the planner must 
select these other locations (intermediate goals). Hence, a motion plan 
appears as an alternate sequence of transit and transfer motions. Along 
a transit motion the robot moves alone. Along a transfer motion it 
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moves together with a movable object. The transit and transfer motions 
lie in different spaces. The transit motions occur in the configuration 
space of the robot, but different arrangements of the movable objects 
yield different geometries in this space. A transfer motion occurs in the 
configuration space of the union of the robot and the movable object 
moving with it. The main problem for the planner is to determine which 
spaces to use and when to change from one space to another. 

The most common way for a robot to displace a movable object is to 
rigidly grasp it and to move with it. For example, if the robot is equipped 
with a multi-fingered gripper, grasping an object consists of placing the 
fingers of the gripper on the surface bounding the object and exerting 
some gripping force. Then, if the robot moves, the object moves with 
it as a single object. Grasping requires that the robot be capable of 
selecting the positions of the fingers on the object (another intermediate 
goal). Several constraints - force-closure, stability, tolerance to posi­
tioning errors, minimization of gripping forces, geometric feasibility -
have to be satisfied by these positions. The grasp planning problem (a 
difficult problem in its own) is part of the motion planning problem in 
the presence of movable objects. 

Grasping is not the only way of moving a movable object. The robot 
may also push an object on a table. It may also cause an object to move 
by tilting the surface supporting the object with respect to gravity. If 
it is equipped with a dexterous hand (Le. a gripper with independent 
multi-joint fingers), it may also manipulate the object within its hand. 
However, these operations are very difficult to model and existing models 
still lack the required precision for constructing effective planners. 

Movable objects allow new types of planning problems to be considered, 
where the important goals are not just to achieve given configurations of 
the robot. Arrangements of movable objects, such as assembling parts 
into a composite object or arranging pieces of furniture according to a 
given pattern, can now be the real goals. 

6 Computational Complexity 

Instances of the same type of motion planning problem may considerably 
differ in their "size", e.g. the dimension of configuration space and the 
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number of obstacles in the workspace. It is important to quantify the 
performance of the planning methods - typically, the time they require 
to solve a problem - and the inherent computational complexity of the 
planning problems as a function of these parameters. Analysis of the 
methods is useful to assess their practicality and to detect opportunities 
for increased efficiency. Analysis of the problems is useful to suggest 
new ways of formulating them when there is substantial evidence that 
the original formulation only admits too costly solutions. 

In this section we review important theoretical results relative to the 
computational complexity of robot motion planning. We mainly con­
sider lower bounds on the time complexity of problems. In the following 
chapters we will analyze the complexity of specific planning methods 
(upper bounds). Basic notions in computational complexity analysis are 
surveyed in Appendix B. 

The first lower bound was established by Reif for planning free paths 
in a configuration space of arbitrary dimension ("generalized mover's 
problem") [Reif, 1979]: 

Planning a free path for a robot made of an arbitrary number of polyhedral 
bodies connected together at some joint vertices, among a finite set of 
polyhedral obstacles, between any two given configurations, is a PSPACE­
hard problem. 

PSPACE-hardness has also been established for a variety of path plan­
ning problems with simpler or more specific robotic systems, for example: 

- Planar linkages. A planar linkage consists of an arbitrary number 
of one-dimensional rigid links connected by revolute joints, each joint 
connecting two or more links. The locations of some joints are fixed. 
Although all the links move in the same plane, they are allowed to cross 
each other. In the absence of obstacles, deciding whether a planar 
linkage in some initial configuration can be moved so that a certain 
joint reaches a given point in the plane is PSPACE-hard [Hopcroft, 
Joseph, and Whitesides, 1984]. This result reflects the complexity of 
the connectivity of the configuration space of a planar linkage. 

- Multiple rectangles. The robotic system consists of arbitrarily many 
rectangles in an empty rectangular workspace. Each rectangle can 
only move in translation with its sides parallel to the sides of the 
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workspace boundary. The problem is to plan the coordinated mo­
tion of the rectangles between two given configurations, so that they 
do not intersect. This problem, which is equivalent to planning a path 
in the configuration space of the multi-bodied robot consisting of all 
the rectangles, is both PSPACE-hard [Hopcroft, Schwartz and Sharir, 
1984] and in PSPACE [Hopcroft and Wilfong, 1986b]. Hence, it is 
PSPACE-complete. 

- Planar arm. Consider a planar arm consisting of arbitrarily many 
links serially connected by revolute joints such that all the links are 
constrained to move in the plane. Planning a free path for such an arm 
among a finite number of polygonal obstacles, between any two given 
configurations, is PSPACE-hard [Joseph and Plantiga, 1985]. 

The following result provides an upper bound on path planning com­
plexity: 

A free path in a configuration space of any fixed dimension m, when 
the free space is a set defined by n polynomial constraints of maximal 
degree d, can be computed by an algorithm whose time complexity is 
exponential in m and polynomial in both n ("geometrical complexity") 
and d ("algebraic complexity"). 

This bound was first established by Schwartz and Sharir [Schwartz and 
Sharir, 1983b], who gave an exact cell decomposition method based on 
the Collins decomposition algorithm. This method, which we will present 
in Chapter 5, is twice exponential in m. The most efficient algorithm to 
date is due to Canny [Canny, 1988] who proposed a roadmap method 
that is singly-exponential in m. Both methods reduce the planning prob­
lem to the problem of deciding the satisfiability of sentences in the first­
order theory of the reals. As we will see in several chapters, the theory 
of the reals has been a powerful tool in establishing upper bounds for 
motion planning problems. Nonetheless, there exist no implementations 
of the decision algorithms that are fast enough to constitute practical 
solutions to these problems. 

The above results strongly suggest that the complexity of path planning 
increases exponentially with the dimension of the configuration space. 
Although this statement is likely to be true for most robotic systems, 
there nevertheless exist simple settings for which it does not hold. For 
example, a polynomial time algorithm has been proposed to plan the 
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paths of a planar arm with arbitrarily many joints within a circle and 
without obstacles other than the circle [Hopcroft, Joseph and Whitesides, 
1985] [Kantabutra and Kosaraju, 1986]. 

On the other hand, if the dimension of the configuration space is rela­
tively small and/or we accept incomplete planning algorithms (Le. al­
gorithms that may fail to generate a path, even if one exists), specific 
algorithms of reasonable complexity can be designed. For example, if 
the dimension of configuration space is limited to two, it has been shown 
that, under reasonable assumptions, the basic motion planning problem 
can be solved in time O(As(n)log2 n), where n is the number of poly­
nomial constraints defining the free space, s is a parameter depending 
in particular on the maximum degree of these constraints, and As( n) is 
an almost linear function of n (the length of (n, s) Davenport-Schinzel 
sequences) [Guibas, Sharir and Sifrony, 1988]. 

Interesting results have also been obtained with moving obstacles: 

Planning the motion of a rigid object translating without rotation in 
three dimensions among arbitrarily many moving obstacles that may both 
translate and rotate is a PSPACE-hard problem if the velocity modulus 
of the object is bounded, and an NP-hard problem otherwise. 

This result was established in [Reif and Sharir, 1985]. A simpler problem 
- planning the motion of a point in the plane, with bounded velocity 
modulus, among arbitrarily many convex polygonal obstacles moving at 
constant linear velocity without rotation - has also been shown to be 
NP-hard [Canny, 1988]. However, if the velocity of the robot is not 
constrained and if the motions of the obstacles can be described alge­
braically, the problem admits a polynomial time algorithm. 

Concerning motion planning with uncertainty, the following result has 
been established by Canny and Reif [Canny and Reif, 1987]: 

Planning compliant motions for a point in the presence of uncertainty, 
in a three-dimensional polyhedral configuration space with an arbitrar­
ily large number of faces, is a nondeterministic exponential time hard 
(NEXPTIME-hard) problem. 

This result means that the problem is expected to require at least expo­
nential time on a nondeterministic machine, hence doubly-exponential 
time on a deterministic machine. Previously, N atarajan [N atarajan, 
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1986] had shown that this problem is PSPACE-hard. With a few assump­
tions allowing the reduction of the planning problem in an m-dimensional 
configuration space to a decision problem in the theory of the reals, an 
r-step plan (if any) can be generated by an algorithm of complexity 
220(rnm), where n is the number of polynomial constraints defining the 
boundary of the C-obstacle region [Canny, 1989]. More tractable sub­
classes of motion planning in the plane in the presence of uncertainty 
have been identified. 

7 Reduction of Complexity 

The complexity results surveyed in the previous section give strong ev­
idence that the time required to solve a motion planning problem in­
creases quickly with the dimension of the configuration space, the num­
ber of polynomial constraints on the robot's motion, and the degree of 
these constraints. Therefore, it is important that these parameters be as 
small as possible. 

To that purpose, one may approximate the real problem by a simplified, 
but still realistic problem, before submitting it to the motion planner. 
If the robot task is reasonably well understood and if it is acceptable to 
trade some generality against better time performance, such a simplifica­
tion is almost always feasible. The simplified problems can be provided 
by the user, or automatically generated by the planner from the original 
input description. 

The following subsections present techniques for approximating motion 
planning problems into simpler ones. Most of the discussion focuses on 
planning free paths for rigid objects and robot arms. However, some of 
the techniques can also be applied to other motion planning problems. 

7.1 Projection in Configuration Space 

One can reduce the dimension of the configuration space C by replacing 
the robot A by the surface or volume it sweeps out when it moves along 
r independent axes. This corresponds to projecting the m-dimensional 
configuration space C along r of its dimensions. Let C' be the projected 
space. Its dimension is m - r. The C-obstacles in C are projected into 
C', and path planning is conducted in Cjree' the free space in C'. 

TESLA EXHIBIT 1013, Page 37



38 Chapter 1: Introduction and Overview 

Examples: - Consider a two-dimensional object A that can both trans­
late and rotate freely in the plane. A can be replaced by a disc A' 
containing A (ideally, this disc is bounded by the minimum spanning 
circle of A, i.e. the smallest circle that encloses all the points of A). 
This approximation reduces the configuration space dimension from 3 to 
2. It is a realistic one only when A is not an elongated object. 

- Consider a robot arm with six revolute joints, the axes of the last 
three joints intersecting at a single point. It is rather typical to replace 
the last three links, the end-effector and the payload by the volume 
they sweep out when the last three revolute joints span their angular 
ranges. This reduces the configuration space dimension from 6 to 3. This 
approximation is realistic only when the payload is not a long object .• 

If a free path T is found in C' , it determines a family of free paths 
in C. The configuration parameters not specified in T can be selected 
arbitrarily. But, if no free path is found in C' , this does not guarantee 
that there is no free path in C. 

If most of the motions of A occur in a rather uncluttered workspace and 
if the ratio of the area/volume of A by the area/volume of A' is close to 
1, it is probably more efficient to plan a motion for A', rather than for 
A. It is also possible to build a two-stage planner that plans the path of 
A only when it previously failed to plan the path of A'. 

7.2 Slicing in Configuration Space 

Another way to reduce the dimension of configuration space is to consider 
a cross-section of dimension m - r through C and to plan a free path in 
the space defined by this cross-section. This corresponds to forbidding 
the motion of A along r axes. 

Examples: - Let A be a free-flying three-dimensional object. In order 
to plan a free path from the initial configuration qinit = (1init,0init) 

to the goal configuration qgoa/ = (Tgoa/,0goa /), one may consider the 
intermediate configuration qinter = (Tgoa/, 0init) at which A has the same 
orientation 0init as at the initial configuration and the same position 
Tgoa/ as at the goal configuration. Then, the planner may attempt to 
generate a first path from qinit to qinter with a fixed orientation of A and 
a second path from qinter to qgoa/ with a fixed position of A. Each of the 
two paths lies in a three-dimensional cross-section of the configuration 
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( a) (b) (c) 

Figure 15. A planar three-joint arm has to move from the initial configuration 
marked 1 to the goal configuration marked 2. Both configurations are shown in 
Figure a. The double-circled joint is fixed and there is a single obstacle. When 
the first two links are in the initial (resp. goal) configuration, and the third 
link in the goal (resp. initial) configuration, the arm collides with the obstacle 
as shown in Figure b. Therefore, the slicing technique alone does not solve this 
example. However, one can define two intermediate configurations (marked 
I' and 2' in Figure c) which are close to the initial and goal configurations, 
respectively, such that the projection technique of Subsection 7.1 applies from 
I' to 2', and the slicing technique applies from 1 to I' and from 2' to 2. 

space. 

- Let us consider a slightly more complicated example, requiring the pro­
jection and slicing techniques to be combined. The robot is a planar arm 
with three revolute joints (see Figure 15). The initial and goal config­
urations of the arm, qinit and qgoa/, are marked 1 and 2 in the figure. 
Neither the projection technique of Subsection 7.1 applied to the third 
joint, nor the slicing technique applied by rigidifying the third joint al­
lows us to plan a free path. Indeed, the initial (resp. goal) orientation of 
the third link cannot be achieved without collision at the goal (resp. ini­
tial) orientation of the first two links. However, the projection technique 
applied to the third joint makes it possible to generate a path from a 
free configuration q~nit (marked I' in the figure) close to qinit, to a free 
configuration q~oal (marked 2') close to qgoal. Let C' be the configuration 
space of the first two links. q~nit (resp. q~oal) can be selected as a con­
figuration that (1) projects in the free subspace of C' at a configuration 
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close to the projection of qinit (resp. qgoat), and (2) produces the same 
orientation of the third link with respect to the second link as qinit (resp. 
qgoal). Then, it remains to plan a free path from qinit to q~nit' and an­
other one from q~oal to qgoal. This can be done by rigidifying the third 
joint and using the slicing technique. In the particular case of Figure 15, 
these two paths are rotations of the second joint. The orientation of the 
third link is changed along the path from qinit to q~oal .• 

If planning in a cross-section of configuration space produces a free path, 
then this path is a free path in C. But, if planning fails in a cross-section, 
this does not imply that there is no free path in C. 

7.3 Simplification of the Shape of Objects 

The complexity of motion planning increases with the number of polyno­
mial constraints defining the free space and the maximal degree of these 
constraints. One way to simplify these constraints is to approximate the 
shapes of both the robot and the obstacles by reducing the number of 
surfaces defining their boundary and/or the degree of the equations of 
these surfaces. 

Simple and often efficient techniques consist of approximating the objects 
by rectangloids or balls. One can also approximate objects by more 
sophisticated polygons or polyhedra. This reduces the maximal degree 
of the constraints, but if one is tempted to increase the accuracy of 
the approximation, it ultimately results in an increase in the number of 
curves/surfaces, i.e. the number of constraints. 

One may usefully distinguish between two kinds of approximation: 
bounding and bounded ones. A bounding approximation consists of re­
placing objects by new ones which completely contain the original ones. 
If a free path is generated with such an approximation, it is also a free 
path with the original objects (but the converse is not true). A bounded 
approximation consists of replacing objects by new objects completely 
contained in the original ones. If no free path is generated with such 
an approximation, it implies that there is no free path with the original 
objects (again, the converse is not true). Thus, bounded approximation 
can be used to detect that a particular problem has no solution. 

One can generalize the above ideas and consider several bounding and 
bounded approximations of increasing precision. Then the planner it-

TESLA EXHIBIT 1013, Page 40



7 Reduction of Complexity 41 

Figure 16. This figure shows three bounding approximations (from coarse to 
fine) of a robot gripper using rectangloids [Pasquier, 1989]. The motion planner 
may use such models in sequence until it finds a path. 

eratively uses finer and finer approximations of the objects, until a free 
path is generated or there is evidence that no free path exists. Figure 16 
illustrates a sequence of bounding approximations for a robot gripper. 

7.4 Focusing Attention on a Subset of the Workspace 

The techniques introduced in the three previous subsections are "simpli­
fication" heuristics. They exploit the fact that in most cases, motions 
take place in a relatively uncluttered space, so that there still remain so­
lution paths after the various approximations have eliminated some. In 
many tasks, however, there are isolated localities that are quite cluttered 
andlor where contacts with obstacles have to be made (e.g. grasping, 
part mating). Simplification heuristics cannot be applied to these clut­
tered localities . 

If cluttered localities can be identified in advance, one can break the 
original planning problem into subproblems. The subproblems involv­
ing cluttered localities only require a restricted subset of the workspace 
to be considered. Hence, the number of constraints on the motions is 
considerably reduced with respect to the original problem. 

Example: Consider the problem of adding a part to an assembly with 
a robot arm. It can be broken down into five subproblems: (1) move the 

TESLA EXHIBIT 1013, Page 41



42 Chapter 1: Introduction and Overview 

arm to a configuration near the part, (2) grasp the part, (3) transfer the 
part to the current subassembly, (4) mate the part with the subassembly, 
and (5) move away to some rest configuration. In general, only subprob­
lems (2) and (4) involve cluttered localities. In both subproblems, the 
motions usually have small amplitude, so that motion planning can be 
restricted to a small subset of the workspace. For instance, in (4), one 
can consider the part to be positioned (and perhaps also the gripper) as 
the robot, rather than the whole arm, and restrict the workspace of this 
object to a small volume around the assembly. If one wants to be sure 
that the generated plan is safe, the motion of the whole arm can then be 
checked for possible collision. In case a collision is possible, the planner 
would have to find another solution for (4) .• 

It can be further observed that in many cases cluttered localities are 
stereotyped situations (e.g. a mobile robot moving through a door or 
turning in a corridor). It may be worthwhile to attempt to recognize 
these situations and to apply specific (and more efficient) planning tech­
niques to them. Along this line, Maddila and Yap explored the problems 
of moving a polygon around the corner in a corridor [Maddila and Yap, 
1986] and through a door [Yap, 1987b]. Specific planning techniques 
applicable to stereotyped situations are called local experts. 

8 Relation to Other Problems 

An automatic motion planner can be used in a variety of ways. For 
instance, it can be included in an off-line robot programming system 
[Latombe et aI., 1985] in order to simplify the task of describing robot 
trajectories. It can also be part of an interactive graphic process planning 
system (e.g. for planning the machining of a mechanical part, the assem­
bly of an electromechanical device, or the construction of a power plant), 
and be used to check the geometrical feasibility of the planned opera­
tions (e.g. drilling a hole, mating two parts, erecting a pipe). More gen­
erally, it can be used to automatically generate graphic animated scenes. 
Nonetheless, beyond these "short-term" applications, the ultimate goal 
of automating motion planning is to create autonomous robots. 

As mentioned earlier in this chapter, automatic path planning is a criti­
cal problem in the creation of autonomous robots, but it is not the only 
one. Other major problems include real-time motion control, sensing, 
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Figure 17. The path T produced by the path planner is input into a trajectory 
generator that determines the time dependence ofthe configuration parameters. 
The output of the trajectory generator - the desired configurations qd as a 
function of time - is fed into the controller. The controller computes the force 
F to be exerted by each actuator from the deviation of the current configuration 
q. as measured by the sensors, relative to qd. 

and task-level planning. Because of the potentially complex interac­
tions among them, the design of a truly autonomous robot will certainly 
require all these problems to be solved concurrently. But, today, our cur­
rent understanding of the issues is insufficient to present a comprehensive 
picture of such a design. In the following subsections we therefore limit 
our presentation to a brief analysis of some possible interactions between 
motion planning and the three other problems mentioned above. 

8.1 Interaction with Real-Time Motion Control 

A motion plan specifies a motion to be executed by the robot. For 
example, a path specifies a continuous sequence of configurations that 
the robot should traverse toward the goal configuration. The basic task 
of the real-time controller is to make the robot execute the motion plan, 
e.g. follow the generated path. 

Let us first assume that the motion plan is a free path T. The task of 
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the controller is to transform T into forces5 to be exerted by the robot 
actuators. Typically, this transformation is broken down into two steps. 
The first step, called tmjectory genemtion, consists of deciding on the 
velocity profile along the path. It can be done prior to motion execution. 
The second step, called tmjectory tmcking, consists of computing the 
forces to be exerted by the actuators at each time in order to perform 
the desired motion. The trajectory tracking step may use the dynamic 
equation of the robot - the equation expressing that the forces applied 
by the actuators equal the resultant of the various forces acting on the 
robot during motion, i.e. the gravitational, frictional, inertial, centrifugal 
and Coriolis forces - to compute the force that has to be delivered by 
each actuator. If the dynamic equation used by the controller was a 
perfect model, no feedback would be necessary. However, due to various 
disturbances, sensing is necessary to determine the deviation between 
the desired state and the actual state of the robot. While the motion 
is being executed, the controller computes the actuator forces which 
tend to eliminate this deviation at an update rate which typically ranges 
between 10 and 1000 Hz. Figure 17 shows the relationship between the 
path planner, the trajectory generator, the controller and the robot. 

The simple architecture of Figure 17 is a classical one. Its advantage is to 
break the problem of deciding on a motion into clearly defined subprob­
lems. But it ma.y lead to rather inefficient motions. Even if the controller 
attempts to minimize execution time, the geometry of the paths may not 
allow the controller to fully exploit the capabilities of the actuators. A 
better approach is probably to take the dynamic equation of the robot, 
together with the actuators' saturation limits, into account during mo­
tion planning in order to generate paths allowing (quasi-)time-optimal 
motions to be executed. Several techniques have been recently proposed 
for implementing this approach [Donald and Xavier, 1989] [Barraquand, 
Langlois and Latombe, 1989a] [Shiller and Dubowsky, 1989] [Jacobs et 
al., 1989]. Such techniques may become particularly important when the 
robot operates in a dynamic workspace among mobile obstacles, when 
the task has to be accomplished within tight time bounds (e.g. because 
it interacts with an external process), and/or when the robot's produc­
tivity has to be optimized (e.g. in manufacturing). 

SHere we use the word "force" in the generalized sense. It is either a force or a 
torque depending on the nature of the actuator. 
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Paths are the simplest sort of motion plans. We saw in Subsection 5.3 
that in the presence of uncertainty, motion plans may include sensory­
based motion commands, e.g. force-compliant motion commands, which 
are more tolerant to errors than classical position-controlled motion com­
mands. The availability of such commands may make the task of the 
motion planner considerably simpler [Shekhar and Khatib, 1987]. The 
concurrent design of sensory-based motion primitives and motion plan­
ning methods using them would be a major step toward a better inte­
gration of motion planning and control. It has received little attention 
so far. 

8.2 Interaction with Sensing 

In the basic motion planning problem, we assumed that the robot has 
complete and exact knowledge of its environment. As mentioned in Sub­
section 5.3, this assumption is not always realistic. There are many 
real-life problems where the geometry of the workspace can only be par­
tially known at planning time. Since planning requires the robot to have 
a model of its environment, the more incomplete this model, the more 
limited the role of planning. 

If uncertainty in the prior knowledge is small, it is reasonable to an­
ticipate all possible contingencies and to generate sensory-based motion 
plans that can deal with them (see Subsection 5.3). Sensing is used 
to guide the motions and monitor their execution. Planning makes sure 
that the motion commands will make enough information available at ex­
ecution time so that the controller will be able to both monitor progress 
toward the goal and recognize goal achievement reliably. 

On the other hand, if the robot has no prior knowledge about its en­
vironment, planning is useless. Then, the robot must rely heavily on 
sensing to acquire information while it is moving and it must react to 
the sensory data. For example, if the robot is equipped with proximity 
range sensors, a potential field method (see Subsection 4.3) can be ap­
plied on-line to guide the motion. The input goal configuration is used to 
create the attractive potential, while the data provided by the proximity 
sensors are used to create the repulsive potential. The negated gradient 
is treated as an external force, and the robot is controlled to comply 
to that force (Le. to move along the flow of the negated gradient field) 
[Khatib, 1986]. There is no prior planning, and the robot can easily get 
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Figure 18. The robot has no prior knowledge of the obstacles. It follows 
the straight line segment joining qinit to qgoal until it hits an obstacle. Then 
it follows the C-obstacle's boundary, while keeping track of the intersections 
between this boundary and the line segment joining qinit and qgoal. When 
it comes back to the hitting point, the robot returns to the intersection point 
that is closest to qgoal by following the shortest path along the C-obstacle's 
boundary. From this point, it resumes moving along the straight line segment 
toward qgoal. 

trapped into a local minimum of the potential field, e.g. a mInImUm 
created by an obstacle concavity. Escaping from such a local minimum 
requires some trial-and-error exploration by the robot. 

Another reactive scheme has been proposed by Lumelsky when no prior 
knowledge is available [Lumelsky, 1987a]. The configuration space is as­
sumed to be two-dimensional and the robot is equipped with a position 
sensor and a peripheral touch sensor that allows it to track the bound­
aries of the obstacles. Lumelsky described several specific algorithms 
which are variants of each other. One of them, illustrated in Figure 18, 
consists of having the robot move along a straight line toward the goal 
configuration qgoal. If the robot hits an obstacle, it shifts to moving 
along the boundary of the corresponding C-obstacle in a predetermined 
direction (e.g. clockwise) until it eventually comes back to the collision 
point. During this motion, it identifies the intersection point of the C­
obstacle's boundary and the line segment joining the initial and goal 
configurations that is closest to the goal. After having made the closed­
loop path around the C-obstacle it returns to this point by following the 
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Figure 19. The region shown black is the C-obstacle region known at planning 
time. The regions shown grey depict unknown C-obstacles that are actually 
present. Knowledge available at planning time is used to compute a quadtree 
decomposition of the configuration space and extract a channel composed of 
adjacent cells lying outside the known C-obstacle region . At execution time, 
a sensory-based potential field is used to guide the robot through the channel 
away from the unexpected obstacles. 

shortest path along the C-obstacle's boundary. From there it resumes 
moving along a straight line toward the goal. This simple algorithm is 
guaranteed to attain qgoal whenever every C-obstacle is bounded by a 
simple closed curve of finite length and any straight line segment inter­
sects a finite number of C-obstacles. The length of the generated path 
is upper bounded by D + 1.5~iPi, where D is the distance between qinit 

and qgoal and the Pi'S are the perimeters of the C-obstacles intersecting 
the disc of radius D centered at qinit. Some steps toward generaliz­
ing this kind of algorithm to configuration spaces of dimensions greater 
than two have been made in [Sun and Lumelsky, 1989] and [Cheung and 
Lumelsky, 1990]. 

The extreme case where the robot has no prior knowledge of its envi­
ronment is rare. A more realistic situation is when the robot knows the 
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shape and location ofthe largest objects in its workspace, but has incom­
plete knowledge about smaller objects. An approach proposed in [Choi, 
Zhu and Latombe, 1989] to deal with such a situation is the following: 

- first, a cell decomposition method is used to plan a channel among the 
known C-obstacles between the initial and goal configurations. 

- Second, a potential field collision-avoidance method is used to guide 
the robot in the channel at execution time. 

The potential field combines a dynamic attractive potential, generated 
by a target configuration that moves toward the goal configuration while 
the robot progresses in the channel, a repulsive potential, generated by 
the boundary of the channel (so that the robot's configuration does not 
escape the channel), and a repulsive potential, computed from the data 
provided by proximity range sensors. Figure 19 illustrates this approach 
in a two-dimensional configuration space. In this example, the channel 
was generated from a quadtree decomposition (the known C-obstacle re­
gion is shown black). The C-obstacles shown grey were not known at 
planning time and were detected during the motion. As long as the unex­
pected obstacles are small and sparsely distributed, the robot is unlikely 
to get trapped in a local minimum. However, there is no guarantee that 
this will never happen. When a local minimum is encountered, some 
replanning may be necessary using an updated model of the workspace. 

There is a wide variety of possible software architecture interweaving 
motion planning and execution when prior knowledge is incomplete. The 
"best" architecture depends on both the nature and the extent of the 
lack of knowledge. 

8.3 Interaction with Task-Level Planning 

A motion planning goal is specified as a spatial arrangement of physical 
objects. Achieving such a goal contributes to the achievement of a more 
global task. For instance, the robot may be a troubleshooter whose 
task is to diagnose faults in pieces of electromechanical equipment and 
to repair them. Finding a fault typically requires the equipment to be 
inspected and operated, measuring devices to be connected, and probes 
to be inserted and removed. Each such operation can be specified by a 
spatial arrangement of objects, but deciding which operations must be 
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Figure 20. This figure illustrates the relationship between task planning 
and motion planning. The input to the task planner is a task description, 
e.g. "troubleshoot radio transmitter TR" . Its output is a set of operations, e.g. 
"position proble P2 on terminal T121", "switch power on", "insert card C3", 
"remove resistance R17". Each operation can be specified as a goal spatial 
arrangement of objects (e.g. the goal position of the probe). The motion 
planner generates the motion plan for achieving this goal. 

executed and their execution sequence - i.e. task planning - requires 
"higher-level" reasoning and planning capabilities than those possessed 
by a motion planner. 

Although much research still remains to be done, Artificial Intelligence 
(AI) has produced a variety of methods for reasoning about tasks and for 
planning the high-level operations needed to accomplish them [Nilsson, 
1980] [Genesereth and Nilsson, 1987] [Georgeff, 1987]. These methods 
are readily available to build planners whose outputs are sequences of 
operations, each specifying a new goal spatial relationship to the motion 
planner. Figure 20 illustrates the relationship between the task planner 
and the motion planner. 

However, an AI task planner typically represents a task using logic­
oriented constructs (e.g. predicate calculus language) which contain little 
information about the actual geometry of the objects and the spatial re-
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lations among them. Therefore, a plan generated by the task planner 
may turn out to be infeasible when developed at the motion level. For 
instance, there may exist no path for a probe to the terminal at which it 
should be connected. In such a situation, the task planner would have to 
generate another plan. Important questions are: What kind of pertinent 
information should the motion planner feed back to the task planner? 
How can the task planner use this information to generate another plan? 

In addition, the behavior of the equipment to be repaired might not be 
stationary, hence requiring the troubleshooting operations to be executed 
within strict time constraints. For instance, a probe may have to be 
moved from one position to another so that two measurements can be 
done within a short interval of time. However, the durations of the 
motions are typically not known with good precision until the motion 
plans have been generated. 

This discussion suggests that integrating task planning and motion plan­
ning is a much more ambitious enterprise than Figure 20 suggests. Little 
has been done so far in this domain. 

9 Literature Landmarks 

We close this introductory chapter with a brief discussion of key publica­
tions that can be considered to be landmarks in the development of robot 
motion planning. The citations are given approximately in chronological 
order, so that this section may also be regarded as a short historical 
account of the development of the motion planning field over the past 
20 years. Many other references will be given throughout the book. 

Nilsson [Nilsson, 1969] described a mobile robot system (Shakey) with 
planning capabilities. Although most of the planning done by Shakey 
used a model of the workspace and the robot actions expressed in the 
predicate calculus language (Strips planner), Nilsson introduced the vis­
ibility graph method for planning Shakey's motions. 

Ambler and Popplestone [Ambler and Popplestone, 1975] described a 
method for inferring the quantitative location of objects in terms of ho­
mogeneous coordinate matrices, from input spatial symbolic relations 
among features of objects. This method was extended later to a larger 
set of relations a.nd implemented as part of a high-level robot program-
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ming language (Rapt) [Popplestone, Ambler and Bellos, 1980]. 

Liebermann and Wesley [Liebermann and Wesley, 1977] and Lozano­
Perez [Lozano-Perez, 1976] presented the first attempts to build inte­
grated systems (Autopass and Lama, respectively) for automatically pro­
gramming robot arms. The input to these systems was the description 
of a mechanical assembly, in the form of a set of geometrical models 
of the individual parts and goal assembly relations among the parts. 
The task of the systems was to automatically generate the robot pro­
grams for assembling the parts. Although these systems were never fully 
implemented, they have contributed in emphasizing the importance of 
geometrical reasoning in robot planning and in pointing out key motion 
planning problems in the context of mechanical assembly. 

Taylor [Taylor, 1976] investigated the problem of planning motions in 
the presence of uncertainty. He proposed a method, known as "skeleton 
refinement", based on numerical uncertainty propagation techniques. A 
similar approach was also proposed in [Lozano-Perez, 1976]. An im­
provement of the method, using symbolic propagation techniques rather 
than numerical ones, was later described by Brooks [Brooks, 1982]. 

Udupa [Udupa, 1977] introduced the idea of shrinking the robot to a 
point in an appropriate space (the term "configuration space" was not 
used yet). Lozano-Perez and Wesley [Lozano-Perez and Wesley, 1979] 
exploited this idea in a more systematic fashion, and proposed the first 
path planning algorithm for polygonal and polyhedral robots and ob­
stacles without rotation. Their work is usually considered as the first 
contribution to "exact" motion planning. Later, Lozano-Perez borrowed 
the notion of "configuration space" from Mechanics, and popularized it 
in motion planning. He also extended the ideas contained in [Lozano­
Perez and Wesley, 1979] and introduced the principle of the approximate 
cell decomposition approach [Lozano-Perez, 1981 and 1983]. 

Reif [Reif, 1979] presented the first theoretical investigation of the in­
herent computational complexity of the path planning problem, showing 
that planning a free path in a configuration space of arbitrarily large 
dimension among fixed obstacles is PSPACE-hard. This work has con­
tributed in attracting the interest of theoretical computer scientists to­
ward motion planning. It has been followed by a flurry of papers on 
lower-bound complexity for a variety of motion planning problems (see 

TESLA EXHIBIT 1013, Page 51



52 Chapter 1: Introduction and Overview 

Section 6). Reif termed this area Computational Robotics [Reif, 1987]. 

Chatila [Chatila, 1982] investigated motion planning with incomplete 
knowledge for a mobile robot represented as a point in a two-dimensional 
workspace. He was the first to base his planner on an exact decompo­
sition of the empty subset of the workspace into convex cells (an idea 
which was extended later to free space in configuration space). The 
planner was operating on-line, and the decomposition was periodically 
updated in order to take into account new information provided by the 
sensors. 

Mason [Mason, 1982] stressed the importance of including pushing mo­
tions in a variety of manipulation tasks. Although his initial work was 
mainly aimed at modeling the mechanics of pushing under quasi-static 
assumptions, it has been followed by other publications by Mason and 
others directly related to motion planning. 

O'Dunlaing and Yap [O'Dunlaing and Yap, 1982] introduced retraction 
as a new theoretical approach for path planning. Independently, and al­
most simultaneously, Brooks [Brooks, 1983a] presented a more empirical, 
"retraction-like" planning method, known as the freeway method. 

In 1983 and 1984, Schwartz, Sharir, and Ariel-Sheffi published a series 
of five papers called the Piano Movers' Problem series [Schwartz and 
Sharir, 1983a, 1983b and 1983c] [Sharir and Ariel-Sheffi, 1983] [Schwartz 
and Sharir, 1983d]. The first paper of the series described the first exact 
method for planning free paths of a polygonal object allowed to both 
translate and rotate in a two-dimensional polygonal workspace. The 
second paper established the first upper bound on the time complexity 
of path planning in a semi-algebraic free space of any fixed dimension. 

Laugier and Pert in [Laugier and Pertin, 1983] described an implemented 
method for planning the grasp position of a mechanical hand with two 
parallel fingers on an object bounded by planar, cylindrical, and spherical 
surfaces. In a first processing phase, the planner generates various grasps 
and assesses their local feasibility using a collection of empirical tests. 
In a second phase, it checks the global accessibility of each grasp by 
planning a path in the configuration space of the hand. These ideas 
were refined later by other authors. 

Lozano-Perez, Mason and Taylor [Lozano-Perez, Mason and Taylor, 
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1984] described the preimage backchaining approach to motion plan­
ning with uncertainty in control and sensing. For the first time, this 
approach considered compliant motions in planning. In the original pa­
per, the approach was essentially a theoretical framework, and was not 
implemented. Since then, the theory and the implementation of preim­
age backchaining have been investigated further. 

Dufay and Latombe [Dufay and Latombe, 1984] described an imple­
mented approach to motion planning with uncertainty based on inductive 
learning. The approach consists of executing the same task several times 
and combining the execution traces into a more general strategy. More 
recently, other researchers have investigated different learning techniques 
for motion planning and motion skill acquisition. 

Gouzenes [Gouzenes, 1984a and 1984b] described the first implemented 
approximate cell decomposition method to plan the motion of robot arms 
with revolute joints. His method consists of approximating the free space 
as a collection of rectangloid cells obtained by dividing the range of 
possible angular positions of each link into small sub-intervals. The same 
type of method was later used and refined by several other researchers. 

Khatib [Khatib, 1986] pioneered the potential field approach6 • Although 
he implemented it as a real-time collision avoidance module in a robot 
controller, the approach is extendable to motion planning, which has 
been done since then. Koditschek [Koditschek, 1987] introduced the no­
tion of a "navigation function", a local-minimum-free potential function. 
U sing a variant of the potential field approach, Faverjon and Tournas­
soud [Faverjon and Tournassoud, 1987] implemented a practical system 
able to plan the motions of a manipulator arm with eight joints moving 
among vertical pipes. Barraquand and Latombe combined a potential 
field method with random techniques to escape from local minima and 
implemented a planner for generating free paths for robots with many 
degrees of freedom [Barraquand and Latombe, 1989a]. 

Laumond [Laumond, 1986 and 1987b] considered the problem of plan­
ning free paths for nonholonomic car-like mobile robots. He produced 
the interesting result that a free path for a free-flying robot in a two-

6 Actually, Khatib introduced the principle of this approach in earlier publications 
(see [Khatib, 1980)). However, the paper cited here is the first comprehensive descrip­
tion of the approach. 
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dimensional workspace can always be transformed into a free path for 
a nonholonomic car-like robot having the same geometry and moving 
in the same workspace, by introducing simple backup maneuvers. Li 
and Canny [Li and Canny, 1989] were the first to apply tools developed 
in controllability theory for nonlinear systems to nonholonomic robots. 
These tools make it possible to generalize Laumond's results. 

Lozano-Perez et al. [Lozano-Perez et al., 1987] described an implemented 
robot system, Handey, integrating a grasp planner and a path planner. 
This system is able to plan the motions of a manipulator robot for con­
structing simple assemblies made of polyhedral objects, and to execute 
the plans, assuming no uncertainty. Part of the initial knowledge about 
the workspace is obtained by using a vision system. In addition, the 
system is capable of planning the re-grasping of an object, if no grasp at 
the initial location of the object is compatible with a grasp at the goal 
location. 

Exercises 

1: Discuss in which respects motion planning differs from: (1) collision 
checking; (2) collision avoidance. 

2: Design an algorithm for checking whether two polygons intersect. 

3: Design an algorithm for checking whether two polyhedra intersect. 

4: Consider the 3 x 3 matrix e defined in Subsection 3.1 for representing 
the orientation of a rigid object A in W = R3. What equations relate 
the 9 parameters of the matrix? How many parameters are needed to 
represent a rotation? Comment on your results. 

5: It is often said that representing the robot as a point in its con­
figuration space transforms the problem of planning the motion of a 
dimensioned object into the "simpler" problem of planning the motion 
of a point. Do you agree or disagree with this assertion? Elaborate on 
your answer. 

6: Let C be the configuration space of a compact rigid object A moving 
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Figure 21. The first three joints of this robot are three perpendicular pris­
matic joints. The last three joints are revolute joints whose axes intersect at a 
single point. 

freely in RN. Verify that the map d : C x C -+ R defined by: 

'Vq,q' E C : d(q,q') = maxlla(q) - a(q')II, 
aEA 

where IIx - x'il denotes the Euclidean distance between two points x and 
x' in RN, determines a distance in C. 

7: Discuss the assumptions under which it is realistic to consider a 
wheeled mobile robot as a two-dimensional object moving freely in the 
plane. 

8: Consider the simple six-joint gantry-type robot illustrated in Figure 
21. The first three joints (denoted by X, Y and Z) are prismatic joints 
perpendicular to each other; the last three joints (denoted by Ct, f3 and 
I) are revolute joints whose rotation axes intersect at a single point. 
Discuss the assumptions under which it is realistic to consider the end­
effector of this robot as a free-flying object moving among obstacles in a 
three-dimensional workspace. 
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9: Consider the case where p free-flying objects AI, ... , Ap operate in the 
same workspace W among q fixed obstacles 8t, ... , 8 q• Treat these mov­
ing objects as a multi-bodied robot A = {AI, ... ,Ap} whose configuration 
space is denoted by C (see Subsection 5.1). Specify the C-obstacles and 
the free space in C as we did for a single rigid object in Section 3. 

10: Consider a point moving in R2. Assume that its motions are imper­
fectly controlled, but that its actual position is always within a distance 
less than a known constant c from the position where it is desired to 
be. How must the obstacles be grown so that path planning is guaran­
teed to generate a path whose execution will be collision-free? illustrate 
with an example the need for more sophisticated motion planning meth­
ods capable of generating sensory-based motion plans, rather than just 
paths. 

11: Consider a part mating operation. What are the sources of errors 
that may prevent a position-controlled motion to execute the operation 
successfully? Is it reasonable to bound these errors by uncertainty inter­
vals and to plan a robust motion plan as suggested in Subsection 5.3? 

12: Propose and discuss one or two extensions of the basic motion plan­
ning problem not presented in Section 5. 

13: Define (in a sentence) the words "kinematics" and "dynamics". 
[Hint: Look into a good dictionary.] 

14: Identify and discuss briefly some typical motion planning problems 
for: (1) a mobile robot carrying objects in an office environment; (2) a 
space platform robot actuated by thrusters and equipped with two arms 
for assembling an orbital platform. 

15: What does it mean for an algorithm to have time complexity 0(1)? 
nO(I)? 0(2n)? 20 (n)? 

16: Sketch a few techniques for approximating objects by simple geomet­
rical models and possibly reducing the complexity of motion planning. 

17: Compare the projection and slicing techniques for reducing the di-
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mension of configuration space (see Subsections 7.1 and 7.2). Are they 
both useful? Why? 

18: Propose a software architecture for interweaving motion planning 
and motion execution when prior knowledge is incomplete. 

19: Compare motion planning to the type of planning performed by an 
Artificial Intelligence planner such as Strips [Nilsson, 1980]. Describe, in 
general terms, a system integrating the two types of planning. 
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Configuration Space of a Rigid Object 

In Chapter 1 we introduced configuration space as a space in which 
the robot maps to a point. The mathematical structure of this space, 
however, is not completely straightforward, and deserves some specific 
consideration. The purpose of this chapter and the next one is to provide 
the reader with a general understanding of this structure when the robot 
is a rigid object not constrained by any kinematic or dynamic constraint. 
This chapter mainly focuses on topological and differential properties of 
the configuration space. More detailed algebraic and geometric proper­
ties related to the mapping of the obstacles into configuration space will 
be investigated in Chapter 3. 

Although our primary goal at this stage is to provide the necessary back­
ground for investigating the basic motion planning problem, our presen­
tation is substantially broader. Indeed, some concepts which are not 
directly related to this problem contribute to give an articulate vision 
of configuration space. These concepts may also help the reader to real­
ize the depth of motion planning in general. Some other notions, which 
will be applied when we investigate extensions of the basic problem, are 
easily introduced here. 
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In Section 1 we define the configuration space C of a rigid object. In Sec­
tion 2 we represent this space by "embedding" it in a Euclidean space 
R M. In Section 3 we discuss the local topological and differential struc­
ture of C and we show that C is a "smooth manifold", i.e. a space that 
is locally like R m , where m is the dimension of C (m < M). In Section 
4 we discuss several ways of representing a configuration as a list of in­
dependent real parameters (e.g. stereographic projection, Euler angles, 
quaternion). In Section 5 we develop the notion of a path and we show 
how the global topology of C differs from that of R m. In Section 6 we 
present the notion of a tangent space, which makes it possible to talk 
about directions in configuration space. The topology of C is defined in 
Section 3 as the topology induced by the Euclidean metric in RM (the 
space in which we previously embedded C). In Section 7 we propose 
other metrics that induce the same topology. In Section 8 we present 
several particular cases that have been overlooked in the previous sec­
tions; some of them yield particularly simple configuration spaces. In 
Section 9 we discuss set-theoretic and topological properties of the im­
age of the workspace obstacles in configuration space. Finally, in Section 
10 we describe how forces map into configuration space. 

A large part of this chapter is built upon elementary notions in Differen­
tial Geometry and Topology. These notions are developed in more depth 
in textbooks such as [Guillemin and Pollack, 1974] and [Spivak, 1979]. 

1 Definition 

We consider a rigid object A - the robot - moving in a physical 
workspace W (see Figure 1). We represent W as the N-dimensional 
Euclidean space RN, where N = 2 or 3, equipped with a fixed Carte­
sian coordinate system, or frame, denoted by Fw. We represent A at a 
reference position and orientation as a compact subset of RN. A moving 
frame, :FA, is attached to A so that each point in the robot has fixed 
coordinates in :FA. The origins of Fw and FA are denoted by Ow and 
o A, respectively. 0 A is called the reference point of A. We assume 
that A has no symmetry! - hence, in particular, it is not a single point. 

Strictly speaking, W is a "physical space", while RN is a "mathematical 

1 Particular cases induced by symmetry will be examined in Section 8. 
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y 

Figure 1. The robot A moves in a workspace W = RN , with N = 2 or 3. A is 
modeled as a compact subset of RN. A fixed Cartesian frame :Fw is embedded 
in W. A moving Cartesian frame :F.A. is embedded in A. The configuration of 
A specifies the position and orientation of :F.A. with respect to :Fw. 

space" representing the former. However, we will not make this distinc­
tion any longer and we will use the same notation, W, to denote both 
spaces. 

The configuration space of A is defined as follows: 

DEFINITION 1: A configuration2 q of A is a specification of the 
position and orientation of FA with respect to Fw. The configuration 
space of A is the space C of all the possible configurations of A. A 
unique configuration of C is arbitrarily selected and is called the refer­
ence configuration of A. It is denoted by O. 

The configuration space C is intrinsically independent of the choice of 
the frames FA and Fw. Only the representation of C depends on these 
frames (see Section 2). 

The subset of W occupied by A at configuration q is denoted by A( q). 
A point a of A is denoted by a( q) in W when A is at configuration q. 
Thus, for any two configurations q and q', a( q) and a( q') are the same 

2In some texts, the word "placement" is used instead of "configuration". The word 
"configuration" has been widely used in Mechanics for a long time. The use of the 
word "placement" seems more recent, with origins in Computational Geometry. 
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point in A, but in general do not coincide in W. More generally, if x is 
a geometric feature (e.g. a point, a vector, a set of points) in A, x(q) 
denotes the same feature in W when A is at configuration q. 

It is sometimes convenient to interpret a configuration as a rigid body 
transformation (also called a positive isometry), i.e. a transformation 
that preserves distance and orientation. The transformation TRq cor­
responding to the configuration q in C rotates and translates A(O), 
i.e. the robot at its reference configuration, to A( q)j we can write 
TRq(A(O)) = A(q), where TRq(x) denotes the result of applying TRq 
to a geometrical feature x. For every q E C, there exists a unique rota­
tion r and translation t, such that TRq = tor, where tor denotes the 
composition of t and r, with r applied first. TRq is a continuous map of 
W onto itself. The space of rigid body transformations is known to have 
the structure of a non-commutative group, with the composition of two 
transformations as the internal binary operation. 

2 Embedding in Euclidean Space 

In this section we represent C as a subset of a Euclidean space R M, where 
M depends on the dimension N of W. This space will be used in the 
next section to introduce the differential properties of C. It will be called 
the ambient space of C, and the representation of C will be referred to as 
the embedding of C in R M . 

A configuration q of A can be bijectively represented, in a way that de­
pends on the choice of the frames FA and Fw, as a pair (7, e), where 7 
determines the position of the origin 0 A of FAin Fw and e determines 
the orientation of FA'S axes with respect to Fw. 

Let us adopt the following convention: 7 is equal to the N-vector ofthe 
coordinates of 0 A in Fw and e is equal to the N x N matrix whose 
columns are the components of the unit vectors along FA'S axes in Fw. e 
belongs to the so-called Special Orthogonal Group of the N x N matrices 
in RN2 with orthonormal columns (and rows) and determinant +1. This 
group is denoted by SO(N). 

With the above convention, the configuration where FA and Fw coincide 
corresponds to 7 = (} (null N-vector) and e = I (identity NxN matrix). 
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Choosing this configuration as the reference configuration 0, we have: 

Va EA. { a = a(O) 
. a( q) = 0 a( 0) + 7 

where a denotes a point in A described by its N-dimensional coordinate 
vector in :FA and a( q) denotes the same point described by its coordinate 
vector in :Fw when A is at configuration q = (7,0). 

The matrix 0 can be constructed as follows [Paul, 1981]: 

- If N = 2: 

e = (ru r12) = ( C?S () - sin () ) . 
r21 r22 sm () cos () 

This matrix represents the orientation of :FA after a rotation of angle 
f) around Ow, starting at the reference configuration. 

- If N = 3: 

( 
n~(1- c9) + c9 nzny(l - cO) - nzsO nznz(l - cO) + nysO ) 
nzny(l - c9) + nzsO n~(1- c9) + cO nynz(l - cO) - n z s9 
nznz(l - c9) - nysO nllnz(l - cO) + nz sin 0 n~(1 - cO) + cO 

where cf) = cos f) and sf) = sin f). This matrix represents the orientation 
of :F.A after a rotation of angle f) starting at the reference configuration 
and performed around an axis passing through Ow and oriented along 
a unit vector n whose components in :Fw are nx , ny, and nz • 

In the following, Me will denote the subset RN x SO(N) C R M , with 
M = N + N2. Me represents C in RM. 

In the case where N = 2, Me is a subset of R 6 , with each configuration 
q E C identified by 6 real numbers (x,y,rn,r12,r2},r22) E Me. The 
constraints defining Me are the three polynomial equations: 

hl(x, y, rn, ... , r22) 

h2(x, y, rn, ... , r22) 

h3(X, y, rn, ... , r22) 

ri 1 + ril - 1 = 0 

ri2 + ri2 - 1 = 0 

rn r12 + r2l r22 = 0 

TESLA EXHIBIT 1013, Page 62



3 Manifold Structure 63 

expressing that the matrix: 

is orthonormal, and the polynomial equation: 

expressing that its determinant is + 1. The first three equations define 
two disjoint subsets in R6 corresponding to matrices with determinants 
+1 and -1, respectively. The fourth equation merely selects the first of 
these two subsets. 

In the case where N = 3, Me is a subset of RI2, with each configuration 
identified by 12 numbers (x, y, Z, Tn, ... , T33) E Me. In the same fashion 
as above, expressing that the T ij 's are elements of an orthonormal matrix 
3 x 3 leads to six polynomial equations, hk(X, y, z, Tn, ... , T33) = 0, k = 
1, ... ,6, which determine two disjoint subsets of R12. These two subsets 
again correspond to matrices with determinants +1 and -1, respectively. 
The additional constraint that the determinant be + 1 selects one subset. 

Notice that SO(N) is a compact subset of RN2. Indeed, it is closed, 
since it is the intersection of a finite number of closed sets. It is also 
bounded, since each element Tij is contained in the interval [-1, +1]. 

3 Manifold Structure 

We now know how to represent the configuration space C of a rigid object 
A as the subset Me = RN x SO(N) of R M , with M = N + N 2 • In this 
section we show that C is locally "like" R m , for some fixed m depending 
on M. More precisely, every element of C has an open neighborhood that 
is diffeomorphic to an open subset of Rm. This gives C the structure of 
a smooth m-dimensional manifold. 

3.1 C is a Manifold 

Let the topology of C be the subset topology induced by the Euclidean 
metric topology in RM, i.e. X ~ Me represents an open subset of C if 
and only if there exists an open subset Y of R M such that X = Y n Me. 
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Although this topology derives from the Euclidean metric in R M, it 
is considerably more general and can be induced by other metrics (see 
Section 7), including metrics which are independent of the representation 
of C, such as the following distance function: 

d( q, q') = max lIa( q) - a( q')11 
aE.A 

where IIx - x'il denotes the Euclidean distance between any two points 
x and x' in a Euclidean space. All these metrics share the following 
"natural" property: The distance between two configurations q and q' 
tends toward zero when the regions A( q) and A( q') tend to coincide, and 
conversely. In the following, we will consider the topology of C defined 
above independently of any particular metric. 

The subset Me of RM is defined by !N(N + 1) polynomial equations 
hk(UI, U2, ••. , UM) = 0, with k = 1 to !N(N + 1), where UI, U2, •.• , UM are 
merely new symbols for x, ... , Tn, ... , TNN. (Actually, there is an addi­
tional equation: the equation that selects the matrices with determinant 
+1; this equation, however, has no effect on the local properties of Me.) 
One can verify that, whether N = 2 or 3, the smooth functions hk admit 
gradient vectors 

which are linearly independent at every (ut, ... ,UM) E Me. In other 
words, Me is at the intersection of! N (N + 1) hypersurfaces of dimension 
M - 1, such that at every intersection point, the tangent planes of these 
surfaces are distinct. 

Let m = M - !N(N + 1) = !N(N + 1). Every point u = (UI, ... , UM) 

in Me admits an open neighborhood U diffeomorphic to an open subset 
X of Rm. Indeed, according to the Implicit Function Theorem (see 
Appendix A), there exists an open neighborhood U of u in Me with the 
following property: !N(N + 1) = M - m variables Ui, say um +1, ... , UM, 

can be expressed as smooth functions gi, with i = m + 1, ... , M, of the m 
other variables UI, •.. , Um; these functions are unique. The map </> : U C 
Me ~ R m defined by: 

is a smooth one-to-one map of U onto an open subset X of R m. In X, 
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it admits a smooth inverse </J-l : X ~ Rrn ~ U C Me, defined by: 

</J-l( Ub ... , urn) = (Ub ... , Urn, grn+1( Ub ... , urn), ·.·,9M( Ub ... , urn)). 

Hence, </J is a diffeomorphism (see Appendix A). 

65 

A subset of R M is a smooth m-dimensional manifold if and only if it 
is locally diffeomorphic to R rn. By extension, any set that is related to 
this subset by a bijective map is also a smooth m-dimensional manifold. 
Thus: 

PROPOSITION 1: The configuration space C of a rigid object A mov­
ing in an N -dimensional workspace is a smooth manifold of dimension 
m = !N(N + 1). The bijective application that maps any configuration 
ofC to its representation in Me C RM, with M = N(N +1), is called an 
embedding ofC in RM. RM is called the ambient Euclidean space. 

That C is a manifold3 means that its local topological and differential 
structures are identical to those of R rn. It is directly related to the well­
known fact that infinitesimal rotations (equivalently, angular velocities) 
form a vector space [Paul, 1981]. 

The local likeness of C and R m is emphasized by the standard definitions 
given in the following subsection. 

3.2 Charts and Atlas 

Let U : C ~ Me be the bijective application that maps any configuration 
q in C to its representation u in Me = RN x SO(N). 

A pair (U, </J) consisting of an open subset U of C and a diffeomorphism </J 
of the image of U in Me onto X, an open subset of R rn, is called a chart 
or a coordinate system on U. For any q in U, let us write </J( u( q)) = 
(Xl(U(q)), ... ,xrn(u(q))). The m smooth functions Xb ... ,Xm are called 
the coordinate functions or more simply the coordinates of q in the 
chart. The inverse diffeomorphism </J-l is called a parameterization of 
U. In the following, we will simply write </J(q) = (Xl(q), •.. ,xrn(q)). 

Consider two charts (U, </J) and (V, "p) such that Un V :I 0 (see Figure 2). 
Let X and Y be the images of U and V by </J and "p, respectively. The 

3From now on, we will omit the word "smooth" and simply say that C is a manifold. 
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Figure 2. Two intersecting open subsets of C, U and V, are mapped diffeo­
morphically onto two open subsets X and Y of R m by ¢ and 1/;, respectively. 
X' and Y' denote the images of un V by ¢ and 'Ij;. The composed applications 
'Ij; 0 ¢-1 : X' --+ Y' and ¢ 0 'Ij;-1 : yl --+ X' are smooth, and the charts (U, ¢) 
and (V, 'Ij;) are said to be COO-related. 

intersection U n V is open and thus has two different charts (U n V, 4» 
and (U n V,1/J). Let X' ~ X and Y' ~ Y be the images of un V by 4> 
and 'IjJ, respectively. For every q E Un V, we write: 

4>( q) = (Xl (q), ... , Xm( q)), 

'IjJ( q) = (Y1 (q), ... , Ym( q)). 

4> has a smooth inverse 4>-1, so that the composed application 1/J 0 4>-1 : 
X' --+ Y', with: 

is smooth. In the same way, the inverse application 4> 0 'IjJ-1 : Y' --+ X, is 
also smooth. The charts (U, 4» and (V, 'IjJ) are said to be Coo -related. 

A set of charts {(Ue", 4>a)} whose domains Ua cover C is called an atlas 
of C. Once an atlas has been defined for C, we can represent C as a 
collection of copies of Rm without referring to its embedding in RM. 
Since RN can be covered by a single chart, and SO(N) is compact, Me, 
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hence C, can be covered by a finite number of charts. (We recall that 
in a compact set [;, any infinite collection of open subsets covering [; 
contains a finite sub collection covering [;.) 

The fact that the charts in an atlas are COO-related will allow us to extend 
the differential properties established in a chart of the atlas to all the 
other charts. 

3.3 Other Embeddings 

As we mentioned above, we can consider C as an abstract space inde­
pendently of the ambient space RM. The latter then looks somewhat 
arbitrary. Indeed, we could now pick any space R M', with M' > M, 
and easily represent C as a subset Me of RM' equivalent (i.e. globally 
diffeomorphic) to Me. RM' would then be another ambient space of C. 

Since M is significantly greater than m, a legitimate question is the fol­
lowing: Does there exist Mil < M such that RM" contains a globally 
diffeomorphic copy M~ of Me? A partial answer to this question is 
given by the Whitney Embedding Theorem: Every r-dimensional man­
ifold can be embedded in R2r [Guillemin and Pollack, 1974]. In other 
words, there is enough "twisting room" in R 2r for embedding any r­
dimensional manifold. (Although the Whitney Theorem is optimal, it 
does not mean that a particular r-dimensional manifold cannot be em­
bedded in a Euclidean space of dimension lower than 2rj for instance, 
Rr is embedded in itself.) 

Therefore, when we embed the one-dimensional manifold SO(2) in R4 
and the three-dimensional manifold SO(3) in R9 , there is some extra 
twisting room in the ambient spaces, which we do not use. We should 
at least be able to embed these manifolds in two- and six-dimensional 
Euclidean spaces, respectively. 

Matrices in SO(2) are of the form: 

(~~~ ~~:) = (~~:: ~o:i;8) = (~~~ ~:21). 
SO(2) can be mapped to the unit circle in R2, denoted by SI, with the 
following mapping: 

(riikiE[I,2] E R4 1--+ (rn,r2t) E R2. 
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This mapping is a smooth bijective mapping whose inverse is also 
smooth. Hence, SO(2) and Sl are diffeomorphic, and Sl can be re­
garded as an embedding of SO(2) in R2. Sl is so easy to visualize as a 
unit circle that we will often use Sl in place of SO(2). 

Matrices in SO(3) can be mapped to vectors in R6 by selecting the first 
two columns, i.e. : 

This mapping is smooth. In addition, since the third column can be ob­
tained as the outer product of the first two, it is bijective, and its inverse 
is also smooth. Thus, it allows us to embed SO (3) in R 6 • However, in 
the rest of the book, we will not use this embedding. 

4 Parameterizations 

In this section we describe various ways to chose charts and to construct 
an atlas of c. Once an atlas has been constructed, every configuration 
can be represented by a vector of m parameters. 

Since the parameterization of RN is trivial, we only consider SO(N). 
We first treat the case where N = 2, then the case where N = 3. Sev­
eral parameterizations other than those presented below can be found in 
textbooks on Kinematics (e.g. [Bottema and Roth, 1979]) and Robotics 
(e.g. [Paul, 1981] [Craig, 1986]). 

4.1 Parameterizations of 80(2) 

A straightforward parameterization of SO(2) consists of representing an 
orientation of the robot A by a single angle (J, say the angle between the 
x-axes of Fw and FA. The map is obviously not a one-to-one map, since 
all the angles 8 + 2krr, with k E Z, represent the same orientation of A. 
One way to get a chart is to restrict the values of (J to an open interval 
of length 2rr. Two such charts, say 0 < (J < 2rr and -rr < (J' < +rr, are 
needed to have an atlas. However, in most path planning algorithms, it 
is sufficient to consider a single interval closed at one end, say (J E [0, 2rr), 
together with modulo 2rr arithmetic on (Jj but this parameterization is 
not a chart. 
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p 

L 

Figure 3. The stereographic projection allows us to map algebraically the 
circle Sl onto the line of the reals (see text). It defines a chart valid over all 
Sl, except the point P. Two stereographic charts with two different points P 
are necessary and sufficient to build an atlas of Sl , or equivalently, SO(2). 

Some path planning methods require motion constraints to be expressed 
in algebraic form. Using the above parameterization yields expressions 
depending on () through cosine and sine functions, i.e. non-algebraic 
functions. Another parameterization of 80(2), which allows to express 
constraints in algebraic form, is known as the stereographic projec­
tion. It consists of projecting the whole unit circle 8 1 (with the exception 
of one point) onto a line L tangent to the circle. L represents the set R, 
with the origin at the point of tangency 0 (see Figure 3). Another line 
is drawn from the point P on the circle diametrically opposite the point 
of tangency. It intersects the circle at Q and L at R. The stereographic 
projection maps every point Q on the circle, except P, to the point R 
on L. In every open subset of 8 1 not including P, the map is diffeomor­
phic, and hence defines a chart. Two stereographic charts, built with 
two different points P, are needed to form an atlas of 8 1 • 

Let t be the abscissa of R along Land 0 correspond to () = 0 (mod 211"). 
We have: 

Writing w = !, we can express cos () and sin () as the following rational 

TESLA EXHIBIT 1013, Page 69



70 Chapter 2: Configuration Space of a Rigid Object 

Zl 

Zl z· z· 

y' 

Figure 4.:F~ (OA,xi,yi,zi), i 0,1,2,3, denotes the frame:FA at 
four successive orientations of A. (<p, e, ¢) are the Euler angles defining the 
orientation of :F1 relative to :F1. First, A is rotated by <p around the zO-axis. 
Second, A is rotated by e around the yl-axis. Third, A is rotated by ¢ around 
the z2-axis. 

fractions: 
1- w2 

cos 0 = 2 and 
1+w 

2w 
sinO = --~ 

1 +w2 

leading to algebraic expressions in t of the constraints applying to A's 
motion. 

There is no way to build an atlas of SO(2) containing a single chart. 

4.2 Euler Angles 

The Euler angles are a widely used parameterization of SO(3). They 
consist of three angles (</>,0, t/J). The orientation of A they specify is 
obtained by applying three successive rotations to A, starting at its 
reference orientation. Let ~ = (0 A, xO, yO, zO) denote the frame FA at 
its reference orientation (see Figure 4). The rotations defined by </>, 0, 
and t/J are the following:4 

- First, A is rotated by </> around the zO-axis. Let F~ = (0 A, xl, yI, zl) 
denote the frame FA at its new orientation. 

·Slightly different specifications of these rotations are proposed in some textbooks. 
They simply determine different charts on 80(3). 
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- Second,.A is rotated by 0 around the yl-axis. Let.r~ = (0 A, x2, y2, z2) 
denote the frame .r A at its new orientation. 

- Third,.A is rotated by"p around the z2-axis. Let.r~ = (OA,x3,y3,z3) 
denote the frame .r A at its new orientation. 

The orientation of .r~ is the orientation of.A defined by the Euler angles 
(</>,O,,,p). 

The parameterization of SO(3) using (</>,O,,,p) is not a one-to-one map­
ping. The same orientation is represented by (<p + 2kl 7r, 0 + 2k27r,,,p + 
2k37r), for any kb k2' k3 E Z. As for SO(2), we may be tempted to apply 
modulo 27r arithmetic to every Euler angle. However, it is not so simple. 
Indeed, (</>, 0, "p) represents the same orientation as (<p, ° + 7r, 211" - "p), so 
that a unique representation requires us to restrict the values of the three 
Euler angles to, say,</> E [0,211"), (J E [0,11"), and 1jJ E [0,211"). In addition, 
even with this restriction, there still exists a singularity at (J = 0. Indeed, 
if 0 = 0, the first and third rotations are made around the same axis. 
Thus, any two pairs (</>b "pI) and (</>2, "p2), such that </>1 + "pI = </>2 + "p2, 
determine the same orientation of .A. This means that in the </>O"p-space, 
a motion along a line </> = -"p + c (mod 211") at (J = 0, where c is a 
constant, corresponds to no motion of .A. 

A single set of Euler angles (</>, (J,,,p), with appropriate restrictions on 
the values of </>, (J and "p, is called an Eulerian chart. Several Eulerian 
charts can be defined by applying three successive rotations to .A around 
different axes. However, no atlas on C can be constructed with Eulerian 
charts only, since the null rotation corresponds to a singularity in all these 
charts. When Euler angles are used to represent the robot's orientation 
in a motion planner, it is usually appropriate to use a single set of Euler 
angles ° $ </> < 211", ° $ (J < 11", 0 $ "p < 27r, taking precautions at 
the interval extremities. If the singularities cannot be tolerated, it is 
preferable to use the quaternion parameterization presented in the ne:l(t 
subsection. 

Another drawback of Euler angles is that they do not allow us to express 
motion constraints in algebraic form. Applying a rotation specified by 
( </>, 0, "p) to a geometric feature, say a point x, is equivalent to multiplying 
the coordinate vector of x by the corresponding matrix of SO(3). The 
new coordinates of x are non-algebraic functions of </>, (J, and "p. Hence, 
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some motion planning methods which require the motion constraints to 
be algebraic cannot make use of this parameterization. 

The matrix E</>o"p of SO(3) corresponding to the three Euler angles de­
fined above, with the conventions taken in Section 2, is: 

(
COS ¢ - sin ¢ 0) ( cos 0 0 sin 0 ) ( cos 1/J - sin 1/J 0) 
sin ¢ cos ¢ 0 0 1 0 sin 1/J cos 1/J 0

1 
= 

o 0 1 -sinO 0 cosO 0 0 

(

COS ¢ cos 0 cos 1/J - sin ¢ sin 1/J - cos ¢ cos 0 sin 1/J - sin ¢ cos 1/J cos ¢ sin 0 ) 
sin ¢ cos 0 cos 1/J + cos ¢ sin 1/J - sin ¢ cos 0 sin 1/J + cos ¢ cos 1/J sin ¢ sin 0 . 
- sin 0 cos 1/J sin 0 sin 1/J cos 0 

By restricting 4> and t/J to [0,211") and () to (0,11"), and given a matrix of 
SO(3): 

the three Euler angles (4), (), t/J) are determined by the following relations: 

4> atan2( T23, T13) 

() atan2( J T51 + T52' T33) 
t/J = atan2(T32' -T31) 

where atan2(y, x) is defined as the argument of the complex number 
x+ iy. 

4.3 Quaternions 

Quaternions encode orientations in a three-dimensional workspace with 
four parameters.5 

A quaternion X is an element of R4 which can be split into a scalar 
part Xo and a 3-vector x. To simplify notation, the scalar part and the 
vector part are combined using the addition symbol, i.e. X = Xo + x. It 

5The theory of quaternions is described in many textbooks. The most complete 
reference is [Hamilton, 1969]. 
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is convenient to treat 3-vectors as quaternions having a zero scalar part, 
and scalars as quaternions having a zero vector part. 

The product of two quaternions P and Q is the quaternion R = PQ 
specified by: 

R= To+r 

with: 
TO = Poqo - p. if 

r = Poif + qop + P /\ if 
where p. if and p /\ if denote the inner and outer products of p and if. The 
product PQ is linear in P and Q. 

The conjugate X* of a quaternion X = Xo + £ is defined by: 

X* = Xo - £. 

Notice that: 
XX* = x5 + 11£11 2 

is a positive or null scalar. IIXII = JXX* is the Euclidean length of X 
in R 4 • X is called a unit quaternion if it satisfies XX* = l. 

A rotation around a unit vector ii by an angle 0 can be represented by 
the following unit quaternion: 

X( - 0) 0 _. 8 
n, = cos 2 + n sm 2· 

With this representation, one can verify that: 

Va E A : a(q) = Xea(O)Xe + 7 

where a( q) denotes the coordinate vector of a in Fw when A is at config­
uration q = (7,0) E R3 x SO(3), and Xe denotes the unit quaternion 
representing the orientation 0 in R4. The expression Xea(O)Xe + 7 is 
worth some explanation. In the product Xea(O)Xe, a(O) is treated as a 
quaternion having a zero scalar part, i.e. 0 + a(O). It is straightforward 
to verify that the product is also a quaternion having a zero scalar part. 
The three components of the vector part of Xea(O)Xe are added to the 
components of 7, yielding the coordinate vector a( q). 
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The space of unit quaternions is S3, the unit 3-sphere in R 4 • The same 
orientation can be represented by two unit quaternions X and -X. Thus, 
the application S3 -+ SO(3) that maps a quaternion to the correspond­
ing orientation in SO(3) is a two-to-one smooth map. Although S3 is 
locally diffeomorphic to SO(3), the application S3 -+ SO(3) is not a 
diffeomorphism, and S3 is not an embedding of SO(3) in R4. 

Let N be the equivalence relation such that for all X E S3, X N -X. 
The quotient space S3/ N with the quotient topology (see Appendix A) 
is a topological space denoted by p3 and called projective 3-space. It 
can be regarded as the 3-sphere S3 with antipodal points identified, or 
as the space of all lines in R4 passing through the origin. SO(3) and p3 
are homeomorphic, i.e. related by a continuous bijective map. Hence, 
they are topologically equivalent. 

One can use unit quaternions as follows to construct an atlas of SO(3) 
made of four charts (Ui,</>i), i = 0, ... ,3 [Khatib, 1980] [Canny, 1988]. 
Let u be an element of SO(3) represented as a unit quaternion U = 
Uo + it = (UO,UI,U2,U3)' Assume that theith component of U has the 
largest magnitude. Then u E Ui and </>i( u) = (fu7r )j=O, ... ,3 ; #i. For 
instance, if i = 0, </>o(u) = (~,fu!T,~). The four Ui'S cover SO(3), 
but they are closed sets which intersect at their boundaries. One way 
to obtain open sets covering SO(3) is to define Ui as the subset of all 
the elements u = (uo, ... , U3) of SO(3) such that for all j E [0,3], j f i, 
IUjl- IUil < c for a given small c > 0. 

The matrix of SO(3) corresponding to the unit quaternion U = 
(uo, U}, U2, U3) is: 

5 Paths and Multiple Connectedness 

In this section we define the notion of a path in configuration space. In 
a Euclidean space, such as R m, if two paths connect the same initial 
point to the same final point, either one of them can be "continuously" 
deformed to the other. In C, this is not true, and C is said to be multi­
ply connected. This provides evidence that the global topology of C is 
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different from that of R m • 

5.1 Path in C 

The definition of a path in C is the standard definition of a path in a 
topological space [Janich, 1984], i.e. : 

DEFINITION 2: A path of the robot .A from qinit to qgoal is a con­
tinuous map r : [0,1] -t C, with r(O) = qinit and r(l) = qgoal. qinit and 
qgoal are called the initial and goal configurations of the path, respec­
tively. 

This definition directly entails that the set {r( s) / s E [0, 1]} is compact. 
(Indeed, the image of a compact set by a continuous map is a compact 
set.) This implies that r( s) is contained in a bounded domain of R M. 

Now we can formally state the free-flying object assumption of the 
basic motion planning problem as follows: In the absence of obstacles, 
any path defined as above is feasible. It corresponds to assuming that the 
motions of .A are not limited by any kinematic or dynamic constraints. 

Let us consider any two configurations qinit and qgoal in C. The rigid 
body transformation that moves .A from qinit to qgoal can be uniquely 
represented as the composition of a rotation Rot( 0) by some angle 0 
around a fixed axis and a translation Trsl( 6) by some distance 6 along 
a fixed vector. We can write: 

TRqgoal = Trsl(6) 0 Rot(O) 0 TRqiniP 

where TRqinit and TRqgoal are the transformations corresponding to qinit 

and qgoah respectively (see Section 1). The continuous map r : s E 
[0,1] 1-+ res) E C, with 

TRr(s) = Trsl(s6) 0 Rot(sO) 0 TRqiniP 

is a path from qinit to qgoal. Therefore: 

PROPOSITION 2: C is connected, i.e. any two configurations are 
connected by a path.6 

6In any manifold, connectedness and path-connectedness are two equivalent notions 
[Bishop and Goldberg, 1980]. 
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This proposition simply states "physical evidence". If A is a rigid object 
moving freely in a workspace without obstacles, and qinit and qgoal are 
configurations of A, then there is a way to move A from qinit to qgoal. 

Let T and T' be two paths in C such that T(l) = T'(O). The path T • T' 
defined by: 

I ) _ { T(2s) if 0 ~ s ~ !, 
T • T (s - T' (2s _ 1) .if! ~ s ~ 1, 

is called the product (or composition) of T by T'. 

The path €qo such that €qo(s) = qo for all s E [0,1] is called the null 
path at qo. 

Let T be a path. The path T, with T(S) = T(l - s) for all s E [0,1], is 
called the inverse path of T. 

5.2 Homotopy and Fundamental Group 

In this subsection we give standard definitions and results from Topology 
(e.g. see [Massey, 1967] [Janich, 1984]). 

Two paths T and T' in a topological space X are homotopic (with 
endpoints fixed) if there exists a continuous map h : [0,1] x [0, 1] --+- X, 
with h(s,O) = T(S) and h(s,l) = T'(S) for all s E [0,1], and h(O, t) = 
h(O,O) and h(l, t) = h(l,O) for all t E [0,1]. Homotopy determines a 
relation of equivalence denoted by ~ among the paths having the same 
origin and the same final extremity. Obviously, if Tl ~ T{ and T2 ~ T~, 
and Tl(l) = T2(0), then Tl • T2 ~ T{ • T~. 

A path-connected space X is simply connected if every two paths T 

and T' such that T(O) = T'(O) and T(l) = T'(l) are homotopic; other­
wise, it is multiply connected. The tool used for characterizing the 
connectedness of a topological space is the fundamental group, which we 
introduce below. 

Let xo be an arbitrary point in X. A loop based at Xo is a path -X in X 
such that -X(O) = -X(1) = Xo. Let n(X,xo) be the set of all the loops in 
X based at Xo, and 1I"1(X,XO) = n(X,xo)/~ the set of homotopic classes 
ofloops based at Xo. If -X is a loop of n(x, xo), [-Xl denotes the loop class 
in 11"1 (X, xo) to which it belongs. 
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The operation [A] • [N] 19f [A • N] provides 11"1 (X, xo) with the structure 
of a group. The identity element, called the null-homotopic element, is 
[exo], where exo is the null path at Xo. The inverse of any [A] E 11"1 (X, xo) 
is [:x). If X is path-connected, the groups 11"1 (X, xo) and 11"1 (X, Xl) are iso­
morphic for any two points Xo, Xl EX. Hence, we will use the notation 
11"1 (X) for denoting any of these groups. 11"1 (X) is called the fundamen­
tal group of X. One can verify that the number of classes of homotopic 
paths joining any two given points is equal to the cardinality of the fun­
damental group of the topological space. Thus, a path-connected topo­
logical space is simply connected if and only if its fundamental group 
contains the null-homotopic element as its sole element. It is multiply 
connected otherwise. 

If X and Yare two topological spaces, the fundamental group of the 
product space X x Y is the product of the fundamental groups of the 
two spaces, Le. 1I"1(X x Y) = 1I"1(X) x 1I"1(Y). In the particular case of C, 
1I"1(C) = 1I"1(RN x 80(N)) = 1I"1(RN ) x 1I"1(80(N)). 

The fundamental group of Rn (n > 0) is {O}, where 0 denotes the null­
homotopic element. Hence, every two paths in R n with the same origin 
and the same extremity are homotopic. 

In the next two subsections we discuss informally the connectedness of 
RN x80(N). A rigorous treatment ofthis topic can be found in [Massey, 
1967]. 

5.3 Connectedness of R2 x 50(2) 

We noticed in Subsection 3.3 that 80(2) is diffeomorphic (hence, home­
omorphic) to 8 1 , the unit circle in R 2 • 

The fundamental group of 8 1 is known to be isomorphic to Z, the set 
of integers with addition as the group operation. This means that there 
is a countable infinity of homotopic classes of paths between any two 
configurations qinit and qgoal in R2 x 80(2) (or equivalently, R2 x 8 1 ). 

Each class is uniquely identified by the sign of the net rotation around 
the circle 8 1 and the number of net complete rotations around 8 1 . 

We can graphically illustrate the multiple connectedness of R 2 x 8 1 by 
considering the space R x 8 1, a cylinder in R3 shown in Figure 5. No 
two of the three paths Tl, T2, and T3 drawn in the cylinder are homotopic. 
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. . . . . . . . . · · · . · · · · · · · · · · · · , · , · , · · . 
I , . , 

· , · · . · · , · · . · . . . .. . . . . . 

Figure 5. SO(2) (or Sl) is a multiply connected topological space, with Z 
as the fundamental group. The three paths T1, T2, and T3 drawn in the infinite 
cylinder R x Sl are not homotopic. Indeed, no two of them wind around the 
cylinder with the same number of net rotations (with the same sign). 

5.4 Connectedness of R3 x SO(3) 

We noticed in Subsection 4.3 that SO(3) is homeomorphic to the quotient 
space of the 3-sphere S3 in R 4 obtained by identifying its antipodal 
points, i.e. p3 = S3/ rv. 

The fundamental group of pn = sn / rv (n ~ 2) is known to be isomorphic 
to the quotient set Z mod 2, i.e. Z2 = {O, I}. This means that there 
are two homotopic classes of paths 7 between any two configurations qinit 

and <lgoal in R3 x p3, hence R3 X SO(3). 

The null loop class, 0, contains all the loops along which A undergoes 
a net rotation of 4k11', with k E Z, i.e. a net rotation of ° or an even 
multiple of 211'. The other loop class, 1, contains all the loops along which 
A undergoes a net rotation of 2(2k+ 1)11', with k E Z, i.e. a net rotation of 
an odd multiple of 211'. The fact that any loop along which A undergoes 
a net rotation of 4k11' is null-homotopic can be illustrated as follows. 
Assume that k = 1. The rotation during the loop can be expressed as 
a rotation of 41l' around a single axis. Let us decompose this rotation 
into two successive rotations of 211' each, around this same axis. The 
second rotation can be homotopically deformed by a continuous change 
of the orientation of its axis. (This change leaves the initial and final 
orientations of A unchanged because the rotation is by an angle of 211' .) 
Let the change in orientation proceed until the axis of the second rotation 

7See [Burdick, 1988] for a "robotic-oriented" description of the topology of 80(3). 

TESLA EXHIBIT 1013, Page 78



6 Directions of Motion 79 

gets colinear with the axis of the first rotation, with opposite direction. 
Then the composition of the two rotations produces a net rotation of 0, 
showing that the original loop is null-homotopic. The same deformation 
as above cannot be applied to a loop of 2(2k + 1)11" net rotation. 

Assume that the base configuration of the loop is qo and let us select a 
point Po representing this configuration in S3. A loop in the null loop 
class corresponds to a continuous curve in S3 that terminates at Po, while 
a loop in the non-null loop class corresponds to a continuous curve in S3 
that terminates at -Po, the antipodal point of Po. In Topology, S3 is said 
to be a twofold covering space of SO(3), and the antipodal identification 
is the covering map. 

Let us consider two paths TI and T2, such that Tl(O) = T2(0) and TI(1) = 
T2(1). Let WI be the net rotation that A undergoes along TI and W2 the 
net rotation along T2. If WI and W2 differ by 0 or an even multiple of 
211", TI and T2 are homotopic; otherwise they are not. Viewed in S3, if TI 

and T2 are non homotopic, they start at the same point and end at two 
antipodal points. 

6 Directions of Motion 

In this section we introduce the necessary notions that make it possible 
to talk about directions in configuration space. We define the tangent 
vector to a differentiable curve contained in C. The space spanned by all 
the possible tangent vectors at a given configuration is a vector space, 
called the tangent space. One such space can be attached with each 
configuration q in C. 

6.1 Tangent Space 

Consider a curve "'I: 
s E R 1--+ 'Y(s) E C. 

Let (U,4» be a chart in C such that "'1(80) E U. We denote by Xi(q), 
i = 1, ... , m, the coordinates of any configuration q E U given by 4>. "'I is 
differentiable at s = 80 if and only if for every i E [1, m], Xi('Y(8)) is a 
differentiable function of 8 at 80. Notice that if this property is verified 
for a chart (U, 4», then it also holds for any other chart (V, ¢) in the atlas 
ofC such that "'1(80) E V, since (U, 4» and (V, ¢) are COO-related. A curve 
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is differentiable8 if it is differentiable at all the values of S in its definition 
domain (R or an open interval of R). The notion of differentiability is 
extended in the usual fashion to curves / defined on a closed interval by 
using the right and left derivatives at the extremities of the interval. 

Let us consider the embedding Me of C in R M that we defined in Section 
2. At every point u in Me, the M - m independent gradient vectors 
Vhb ... , VhM-m (see Subsection 3.1) span a vector subspace of RM of 
dimension M - m. The orthogonal complement to this subspace in RM 
is a subspace of dimension m, called the tangent space of Me at u. For 
a moment, let us denote this space by T u. 

Let u be the map embedding C in R M, with: 

u: q E C 1-+ u(q) = (Ul(q), ... ,UM(q)) E Me. 

Let / be a differentiable curve in C. The representation of / in Me, /', 
is defined by: 

S E R 1-+ /'(s) = (Ul(f(S)), ... , uM(f(S))) E Me. 

It is a differentiable function of S and the M -vector 

is the tangent vector to /' at S = So. This vector belongs to Tuo, where 
Uo = /'(so) = u(/(so)). Thus, the tangent space Tuo can be regarded as 
the space spanned by the tangent vectors to all the differentiable curves 
at Uo E Me. 

Tangent space and tangent vectors can be defined independently of the 
embedding of C into R M. Two differentiable curves /1 and /2 in Care 
tangent at s = So if /1 (so) = /2( so) = qo and, if in some chart (U, </» in 
the atlas of C such that qo E U, we have: 

'Vi E [I,m] : lim Xi(/I(S)) - Xi(f2(S)) = 0, 
8 ..... 80 S - So 

i.e. (dXi(/I(S))/ds)ls=so = (dxi(f2(S))/ds)18=80' for i = 1, ... , m. Again, 
since overlapping charts are COO-related, this relationship is independent 

8We say that the curve is smooth when the functions Xi( 1'( s)) are smooth, i.e. have 
derivatives of all orders. 
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of the chart at qo in the atlas. It defines an equivalence class of paths 
passing through qo in C, which is characterized by the m numbers: 

~i = dXi('Y1(s» _ dxkY2(s» 
ds 18=80 - ds 18=80 

Such an equivalent class is called a tangent vector of C at qo. 

Given two tangent vectors ( and ( at q, it is easy to construct curves, 
and " passing through q, such that, and " admit >.( and ( + ( as their 
respective tangent vectors at q. Hence, the set of tangent vectors of C 
at any q E C forms an m-dimensional vector space. This space is called 
the tangent space of C at q. From now on, we will denote it by Tq(C). 

We can define an inner product in a tangent space. Such an inner product 
induces a norm and makes it possible to compare the orientations of 
two differentiable curves at an intersection point. A manifold with an 
inner product on every tangent space is called a Riemannian manifold. 
The norm associated with this inner product is called the Riemannian 
metric [Arnold, 1978]. 

Let , : t E [0, T] I-t ,( t) E C, where t denotes time, be a differentiable 
curve representing a motion of A. At any time t ~ 0, the tangent vector 
to , at the current configuration represents the velocity of A. Thus, the 
tangent space is also called velocity space. 

It is sometimes convenient to blend the tangent spaces at the various 
points of C into a single structure. The union of the tangent spaces 
at the various points of C, T(C) = Uqec Tq(C), is called the tangent 
bundle of C. It is a smooth manifold of dimension 2m [Spivak, 1979]. 
Since a pair (configuration, velocity) is called a phase in Physics and a 
state in Control Theory, the tangent bundle of C is also named phase 
space and state space. 

6.2 Basis Induced by a Chart 

Let (U, ¢) be a chart and X be the image of U in R m by ¢. A basis of 
Rm and the chart (U,¢) induce an ordered basis9 (i;, ... ,4n) in Tq(C), 
which is defined as follows. Each vector 4 is the tangent vector at q to 

90rdering the vectors 4, i = 1, ... ,m, makes sense because RN x SO(N) is ori­
entable [Guillemin and Pollack, 1974] [Spivak, 1979]. 
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any curve I that maps in R m to a curve </> 0 I tangent at </>( q) to the 
ith vector of the basis of R m. The m numbers ~i = dXi~'Y(8)) I are the 

8 8=80 

components of the tangent vector of I at qo = ,( so) in this basis. 

Consider two charts (U, </» and (U', </>'), with q E U n U'. Let 13 and 13' 
be the bases induced by these charts in Tq(C) and f = </>' 0 </>-1, with: 

f: (XI, ... ,Xm) E R m 1-+ (!t(XI, ... ,xm), ... ,fm(X1, ... ,Xm)) E Rm. 

The Jacobian matrix of the map f, denoted by Jj(X1, ... , xm), is the 
m x m matrix of the first derivatives of f, i.e. : 

!!l.m.( ) " XI, "',Xm UXm 

Let tbe a vector of Tq(C). We denote by [ t],6 and [ t],6' the m-vectors 
of t's components in 13 and fi'. We have: 

The basis induced in Tq(C) by the chart (U,</» makes it possible to use 
the same copy of R m for representing both the set </>( U) and the tangent 
spaces of C at all the configurations in U. However, a single vector of R m 

does not determine a unique direction of motion relative to FA. This 
direction depends on the current configuration of A. 

6.3 Principal Axis Basis 

Consider the case where N = 3. It is often convenient to express the 
velocity of A as a six-dimensional vector (XA,YA,zA,a,,8,-y), where XA, 
YA, and ZA are the linear velocities along the axes of FA, while a, ,8, 
and -Yare the angular velocities around these axes. Pure instantaneous 
translations along each of the axes of FA and pure instantaneous rota­
tions around each of these axes determine a vector basis in every tangent 
space, which we call the principal axis basis.10 

lOThis name derives from the fact that A's principal axes of inertia are a natural 
choice for :F.A 's axes. 
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Similarly, in the two-dimensional case, the principal axis basis consists 
of three vectors corresponding to two instantaneous translations along 
the axes of :F,A and an instantaneous rotation around the origin O,A. 

As we will verify below, when N = 3, the principal axis basis 
is not induced by any chart in C. However, its relationship with 
a basis induced by a chart can be established. For instance, let 
(X,A, Y,A,Z,A, a,,B, i') be a tangent vector represented in the principal axis 
basis and (xw, YW, zw, 4>, 8,,,p) be the same vector represented in the 
chart induced by the Eulerian chart defined in Subsection 4.2. We have: 

where E~8tP denotes the transpose of the BO(3) matrixll corresponding 
to the Euler angles (</>, (J, "p), and: 

(a) (-sin(Jcos"p sin"p 0) (4)) 
~ = sin (J sin "p cos "p 0 8.. 
I cos (J 0 1 "p 

The determinant of the second system is - sin (J, which is non-zero for 0 < 
(J < 11'. One can also verify that the second system cannot be integrated, 
i.e. a,,B and i' are not the differentials of functions of the Eulerian 
angles. Indeed, from the third equation, it follows that ~ = cos (J and 

~ = O. Hence Ie~ ;j; ~~. If the principal axis basis was induced by 

a chart in C, a, ,B and i' would be the differentials of coordinates a, f3 
and I, which could be expressed in terms of </J, (J and "p. 

When the principal axis basis is used, a vector of R m, with R m being 
considered as a representation of the tangent spaces of C, determines a 
unique direction of motion relative to :F,A, independent of the configura­
tion of A. 

6.4 Remark on the Differentiability of Paths 

Let us consider a path r : s E [0,1] 1-+ res) E C. A bijective function 
/ : s E [0,1] 1-+ /(s) E [0,1], with /(0) = 0 and /(1) = 1, is called a 

lIThe inverse of a matrix in SO(N) is equal to the transpose of this matrix. 
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reparameterization of T. The path T' : s E [0,1] t-+ T'(S) = TU(S)) E C 
produces the same geometric curve segment as T, but the rate at which 
this segment is traced out when s varies from ° to 1 is different. 

Assume that T is differentiable at every s E [0,1], except possibly at 
a finite number of values of s. The non-differentiability of T at some 
points may simply be an effect of the parameterization of the path. For 
example, if T is not differentiable at s, but if its left and right tangent 
vectors at s: 

lim d-;' and 
E-+O ds IS-E 

li d-;' 
m­

E-+O ds IS+E 

exist, are non-zero, and have the same orientation, i.e. : 

li d-;' li d-;' . h m - = a m - WIt a > 0, 
E-+O ds IS-E E-+O ds IS+E 

then we can reparameterize T into a path T' that produces the same 
curve segment as T and is differentiable at s. 

If T is differentiable everywhere except possibly at a finite number of 
points, it has a finite length (using, for instance, the Euclidean metric 
in RM). Let 1 : [0,1] -+ R be the function that measures the length 
between T( 0) and T( s) along T. L = T( 1) is the length of the curve 
segment representing T. The function 1 ( s ) / L (normalized length) is a 
reparameterization of T. 

Let T be a path whose parameter denotes the normalized length. If T 

is differentiable at s, its tangent vector at s is non-zero. If T is non­
differentiable at s, neither the left nor the right tangent vector at s are 
zero and they do not have the same orientation. The direction of the 
tangent vector at T( s), if T is differentiable at s, determines the direction 
of the velocity of A for any execution of the path. The velocity of a phys­
ical object A cannot change instantaneously without consuming infinite 
energy. Therefore, the points where T is not differentiable determine 
configurations where A has to stop. 

A path T is said to be of class C t if the reparameterized path using the 
normalized length is differentiable everywhere. It is said to be piece­
wise of class C t if the reparameterized path is differentiable everywhere 
except possibly at a finite number of values of s. 
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A path planner should only generate paths of class C1 or piecewise of 
class C1 • Indeed, although we assume no dynamic constraint in the 
basic motion planning problem, there is little interest in generating paths 
which we know in advance to be infeasible. 

All the path planning methods presented later directly generate piecewise 
differentiable paths. There is nothing surprising in that. On the one 
hand, non-piecewise differentiable paths are not the easiest to build. 
On the other hand, they are not needed. Indeed, every path r in C is 
homotopic to a piecewise smooth path, which can be made arbitrarily 
close to it - i.e. for every c > 0, there exists a piecewise smooth path 
r' such that: 

'is E [0,1]: d(r(s),r'(s)) < c, 

where d is the metric in use in C (see Section 7). This may be seen 
by covering r with a finite number of open subsets Ui, i = 1,2, ... , of C 
(remember that r is compact). Using charts ofC, each Ui can be mapped 
to an open subset Xi of Rm. Thus, r is homotopic to a piecewise smooth 
path r', defined as the inverse image of a finite sequence of straight 
segments contained in the Xi'S. The path r' can be made as close as 
one wishes to r by taking each of the Ui'S small enough. More generally, 
using Weierstrass' Approximation Theorem, one can show that any path 
r in C is homotopic to a smooth path, which can be made as close as 
one wishes to r. Most path planning methods, however, do not produce 
smooth paths directly. 

7 Metrics 

We mentioned earlier that several metrics yield the same topology of C 
as the one previously defined. In this section we give several such met­
rics. Metrics play no role in the definition of the basic motion planning 
problem. However, some planning methods use distances to the obsta­
cles and to the goal configuration as heuristic functions in order to guide 
the search process. 

One straightforward way to define a distance function in C is to let C 
inherit the Euclidean distance of the ambient space R M, i.e. if q1 and 
q2 are two configurations mapping to U1 and U2 in Me C R M , then: 
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A second way to define a distance in C is by making use of the Euclidean 
distance in the workspace W. For example, the two functions d : C xC -+ 

R specified by: 
d( q}, q2) = max lIa( qI) - a( q2)11 

aEA 

d( q}, q2) = L: lI ak( ql) - ak( q2)11 
kE[I,N] 

where ak, k = 1, ... , N, are distinct points in A (if N = 3, the points 
should not be aligned), are distances in C. (The first of these two func­
tions is a distance because A is compact.) 

Another example of a metric in C whose definition makes use of the 
Euclidean distance in the workspace is known as the Hausdorff distance 
[Griinbaum, 1967]. It requires A to be compact and is defined as follows: 

with: 
dh(U, V) = max min lIu - vII. 

u.EU vEV 

(Notice that in general: dh(U, V) -I dh(V, U).) For any compact subset 
S of RN and c > 0, let S~ = {x E RN / 3y E S: IIx - yll ~ c}. Then dh 
can also be defined by: dh(U, V) = min{c > ° / U S;;; V~ and V S;;; Us}. 

One can easily verify that all the metrics proposed above induce the 
same topology of C. 

A third way to define a metric in C is to make C into a lliemannian 
manifold by defining an inner product on every tangent space Tq(C). 
(We denote by II~I the norm of a vector { E Tq(C) associated with this 
inner product.) Let, : s E [0, 1] ~ ,(s) E C be a smooth curve in C and 

d~~8) be the tangent vector of, at s. The integral: 

L(,) = r II d;(s) lids 
Jo ds 

is well-defined and is called the length of , induced by the lliemannian 
metric. Since C is connected: 
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is a distance in C [Spivak, 1979]. 

One can show that the above distance induces the same topology in 
C as the previous metrics (see [Spivak, 1979], pp. 428-429). C is also 
"geodesically complete" for this metric (see [Spivak, 1979], pp. 462-464). 
This means that between any two configurations ql and q2, there exists 
at least one curve, called the geodesic of minimal length, whose length 
is equal to d( Ql, Q2). This curve may not be unique, e.g. there are two 
curves of minimal length between any two antipodal points of SI. 

8 Particular Cases 

So far, we have assumed that the robot A has no symmetry. Removing 
this restriction yields particular cases considered below. Some of these 
cases are of a particular interest because they result in configuration 
spaces of lower dimensions than RN X SO(N), or even in Euclidean 
configuration spaces, in which path planning concepts and methods are 
easier to introduce. 

If A is an N_balll2 with no mark on it, we cannot distinguish the con­
figurations that only differ by a rotation around the center of the ball. 
Then, by choosing 0 A at the center of the ball, the configuration space 
can be represented as the N-dimensional Euclidean space RN. 

If A is a cylinder of finite length 13 in R 3 , we cannot distinguish between 
two configurations that only differ by a rotation around the axis of the 
cylinder. Then, choosing OA on A's axis and one of fA's axes along 
A's axis leads to representing C as R3 X S2, where S2 denotes the unit 
sphere in R3. Thus, in this case, C is a five-dimensional manifold. S2 
can be parameterized using the stereographic projection or the spherical 
angles. 

Non-revolute axial symmetries in A do not reduce the dimension of C. 
However, they transform the configuration space into a quotient space 
of RN x SO(N). For instance, a square A in R2 is invariant under 
a rotation by 7r /2 around its center. By choosing 0 A at the center of 
the square, we can represent C as R2 X [SO(2)/{O""" 0 + k7r/2}], where 

12This includes the case where A is a. single point in aN. 
13This includes the case where A is a. line segment in R3. 
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SO(2)/{8"" 8 + hr /2} is the group of planar rotations modulo 1r /2. We 
will not consider this particular case further in the book. 

An interesting case occurs when A is a dimensioned object which can 
translate but not rotate. Then C can be represented as R N , with a 
configuration q being defined as O,A'S coordinates in :Fw. If any path in 
C = RN is possible, we say that A is a free-translating object. This 
situation is similar to that obtained when A is a free-flying N-ball. 

Whenever C = R N, we can use a single copy of RN to represent both C 
and all the tangent spaces. 

9 Obstacles 

Let W now contain fixed obstacles Bi, i = 1,2, ... , q, which we represent 
as closed, but not necessarily bounded, regions of R N. The Bi'S denote 
both the "physical" obstacles and the subsets of RN that represent them. 

Given a region S in a topological space X, we denote the interior, bound­
ary, and closure of S, by int(S), as, and cl(S), respectively, and the 
complement of S in X by X\S. By definition, as = cl(S)\int(S). 

9.1 C-Obstacles 

DEFINITION 3: The obstacle Bi in W maps in C to the region CBi = 
{q E C / A(q) n Bi of 0}. CBi is called a C-obstacle. 

The union of all the C-obstacles in C is called the C-obstacle region. 
We will investigate the representation of C-obstacles in detail in Chapter 
3, when both A and B are represented as semi-algebraic subsets of RN. 
Below, we illustrate the notion of a C-obstacle with very simple examples. 

Examples: 

- Let A be a disc, with O,A at the center of the disc, and B be a polygon 
in W = R2. Then C = R2. CB is obtained by "growing" B isotropically 
by the radius of A (see Figure 6). The boundary of CB is the curve 
followed by O,A when A "rolls" over the boundary of B. 

- Figure 7 illustrates the case where both A and B are convex polygons 
in R 2 , A being able to translate freely at fixed orientation. It shows 
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Figure 6. A is a disc in R 2 and the origin of :FA is chosen at the center of the 
disc. B is a polygon. The C-obstacle CB is obtained by growing B isotropically 
by the radius of A. 

the C-obstacles in R 2 obtained for two different fixed orientations of A. 
The boundary of each C-obstacle is the curve followed by OA when A 
slides in contact with B's boundary, without overlapping of A's and B's 
interiors. Each C-obstacle is a convex polygon. 

- Figure 8 displays a representation of the C-obstacle CB when A and B 
are the same convex polygons as in the previous example, but A can both 
translate and rotate. The representation is given by parameterizing each 
configuration q by (x, y, 9) E R2 X [0,211"]. Each cross-section through 
the C-obstacle, perpendicular to the 9-axis, is the two-dimensional C­
obstacle at the corresponding fixed orientation of A .• 

Let us denote by CBe the cross-section of the representation of CB in 
RN X SO(N) at a fixed orientation e E SO(N) of A, by Ae the object 
A at that orientation, and by Ae(T) the region of RN occupied by Ae 
at position TERN. The following proposition relates the shape CBe 
to the shapes of A and B [Lozano-Perez, 1981]. It is illustrated by the 
above three examples. 

PROPOSITION 3: Posing: 

Be Ae(O) = {x E W / 3b E B, 3ao E Ae(O) : x = b - ao}, 

we have: CBe = Be Ae(O). 

(e denotes the Minkowski operator for affine set difference.) 
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Figure 7. A and B are convex polygons. A can translate freely, but cannot 
rotate. Therefore, C = R2. The figure shows two C-obstacles corresponding to 
two different fixed orientations of A. 

Proof: 

1. \:Ia E o4e(7): a = ao + 7, with ao E o4e(O). 

\:Ib E o4e(7) n B: 3ao E o4e(O) such that b = ao + T. 

\:17 E CBe: Ae(7) n B i 0. 
Hence, 7 E Be o4e(O) and CBe ~ Be o4e(O). 

2. \:lao E o4e(O): ao + 7 E o4e(7). 

\:17 E Be o4e(O): 3b E Band 3ao E o4e(O) such that 7 = b - ao. 

Hence, this same b is an element of o4e(7)nB, and Beo4e(O) ~ CBe. 

Therefore: CBe = Be o4e(O) .• 

Since the Minkowski sum of two convex sets is convex, CBe is convex 
whenever both A and B are convex. 

9.2 Compactness and Connectedness 

We show below that: 
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Figure 8. A and B are convex polygons. A is a free-flying object. C is 
represented by parameterizing each configuration q by (x, y, 8) E R2 X [0,211"]. 
The represented C-obstacle is a volume bounded by patches of ruled surfaces 
(see Chapter 3). 

- CB is compact if B is compact (we already required that A be compact); 

- CB is closed; 

- CB is connected if both A and B are connected. 

PROPOSITION 4: If B is compact, so is CB. 

Proof: We first show that CB is closed. Then, embedding C into R M , 

we show that C B is a bounded subset of R M. As a closed bounded subset 
of RM, CB is compact. 

(1) If for any sequence {qi}, i = 1,2, ... , of configurations in CB such that 
limi_oo qi = q, we can prove that q is in CB, then CB is closed. Indeed, 
the configuration q defined as the limit of a sequence of configurations 
in CB is called a limit point of CB, and a set that contains all its limit 
points is a closed set. 

Given {qi}, we can define two sequences of points, {ai} in A and {bd in 
B, such that for every i, ai( qi) and bi coincide in W. These two sequences 
exist since qi E CB for all i. Since A and B are both compact subsets of 
the Euclidean space R N , they are both compact metric sets, and their 
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cross-product is also a compact metric set. A compact metric set is also 
sequentially compact, which means that every sequence in the set has a 
convergent subsequence [Janich, 1984]. Thus, there exists a convergent 
subsequence {(aj,bj)} ~ {(ai,bi)}. Let limj-+oo(aj,bj) = (a,b). Since 
both A and B are closed sets, a E A and b E B. 

By definition of {ail and {bi}, we have aj(qj) = bj E A(qj) n B. Hence 
lIaj(qj) - bjll = 0, and limj-+oo lIaj(qj) - bjll = O. Since the Euclidean 
distance IIx - yll is a continuous function of both x and y and f( aj, qj) = 
aj( qj) is a continuous function of both ~ and aj, we can write: 

Therefore: lIa( q) - bll = 0, q E CB, and CB is closed. 

(2) Let C be represented as RN x SO(N). Let p = maJCaeA IIOA - all 
and ball(p,O) be the N -ball of radius p centered at the origin of Fw. 
For all 0 E SO(N), we have CBs ~ X, with X = Be ball(p, 0). Hence, 
CB ~ X x SO(N). Since SO(N) is compact, CB is bounded .• 

PROPOSITION 5: CB is closed. 

Proof: This proposition can be established by slightly modifying the 
first part of the above proof to handle the case where B is not bounded. 
Since the sequence {qi} converges, there exists Q such that the set of all 
qi, with i > Q, maps in RN x SO(N) to a bounded subset. The area 
Ui>Q A( qi) C W is bounded, and hence is contained in a compact subset 
S of W. The sequence {bi} is contained in B n S, which is a compact 
metric set, hence a sequentially compact set .• 

PROPOSITION 6: If both A and B are connected, so is CB. 

Proof: Let us consider any two configurations ql = (XI, 0d and q2 = 
(X2' O2) in CB. By definition, A( ql) n B -::f 0 and A( q2) n B -::f 0. 
Assume that A is at configuration ql. We can construct a path T such 
that T(O) = qI, T(I) = q2, and, for all s E [0,1], T(S) E CB. This path is 
the product T = TI • T2 • T3 of three paths TI, T2, and T3 defined below. 

Let al be a point of A and bl a point of B such that al ( ql) and bl 
coincide. Let a2 be a point of A and b2 a point of B such that a2( q2) 
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and b2 coincide. 

- The path 1"1 consists of rotating A around a fixed axis passing through 
al from the orientation 0 1 to the orientation O2 . 

- Let (7 be a continuous curve segment included in B and connecting b1 

to b2• 1"2 is obtained when A moves at the fixed orientation O2 in such 
a way that al follows (7. 

- Let (7' be a continuous curve segment included in A and connecting al 

to a2. 1"3 is obtained when A moves at the fixed orientation O2 in such 
a way that b2 follows (7'. 

Thus, CB is connected .• 

Notice that the last proof requires that A can translate freely at any 
fixed orientation. 

9.3 Regularity 

In this subsection we assume that both A and B are regular sets, i.e. 
A = cl(int(A)) and B = cl(int(B)) [Requicha, 1977]. We show that 
under this assumption, CB is also regular. 

Let CBoverlap denote the subset of configurations where the interior of A 
intersects the interior of B, i.e. : 

CBoverlap = {q E C / int(A(q)) n int(B) =l0}. 

Let CBcontact denote the subset of configurations where A and B, but not 
their interiors, intersect, i.e. : 

CBcontact = {q E C / A(q) n B =10 and int(A(q)) n int(B) = 0}. 

We have: CBoverlap = CB\CBcontact. 

The boundary of CB is part of CBcontact. Indeed, since A and Bare 
regular, if q is in 8CB, then an arbitrarily small displacement of A can 
make A and B disjoint, which would not be possible if the interiors of 
A(q) and B were intersecting. However, 8CB may be different from 
CBcontact, and the only general relation between them is: 

8CB ~ CBcontact. 
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C,_ aC1J 

(a) (b) (c) 

Figure 9. This figure illustrates an example where 8CB :/; Ccontact. Figure a 
depicts the objects A and B in the workspace. Ccontact and 8CB are shown in 
striped lines in Figures band c, respectively. 

Figure 9 gives a simple example where aCB is strictly included in 
CBcontact. 

PROPOSITION 7: CB = cl(CBoverlap). 

Proof: Let q = (7,0) be a configuration in CB. Let a be a point 
in A and b a point in B such that a( q) and b coincide in W. Since 
both A and B are regular sets, there are sequences of points {ad in 
int(A) and {bk} in int(B) such that limk-+oo ak = a and limk-+oo bk = b. 
Let {qk} = {(1k,0)} be a sequence of configurations in CBoverlap such 
that A( qk) and A( q) have the same orientation 0 and ak( qk) and bk 
coincide. We have: limk-+oo qk = q. Therefore: q E cl(CBoverlap) and 
CB ~ cl(CBoverlap). 

Since CBoverlap C CB and CB is closed, we also have: cl(CBoverlap) ~ CB. 

Hence: CB = cl(CBoverlap) .• 

Notice that this proof requires that A be able to translate freely at fixed 
orientation. 

PROPOSITION 8: CB is regular. 

Proof: The two relations: 

CBoverlap = CB\CBcontact 
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and 
8CB ~ CBcontact 

entail: 
CBoverlap ~ int(CB) C CB. 

Taking the closure of each set, we obtain: 

cl(CBoverlap) ~ cl(int(CB)) ~ CB. 

This relation combined with Proposition 7 implies that cl(int(CB)) 
CB. Hence, CB is regular .• 

9.4 Free and Semi-Free Paths 

95 

A free path is a path along which A touches or overlaps no obstacle. 
This is formalized as follows: 

DEFINITION 4: Free space is the subset of C defined by: 

Cfree = C \ U CBi. 
iE[l,qj 

Any configuration in C free is called a free configuration. A free path 
between two free configurations qinit and qgoal is a continuous map r : 
[0,1] ---+ Cfreel with reO) = qinit and r(l) = qgoal. 

Since the C-obstacles are closed subsets of C, C free is an open subset of 
C, hence is a smooth manifold. 

Two configurations belong to the same connected components of C free if 
and only if they are connected by a free path. Thus, the basic motion 
planning problem - finding a free path between two free configurations 
- includes the pure topological problem of deciding whether the two 
configurations belong to the same connected component of C free. 

Two free paths rand r' are topologically equivalent if and only if 
they are homotopic in C free, i.e. if there exists a continuous map h : 
[0,1] X [0,1] ---+ Cfree, with h(s,O) = res) and h(s,l) = r'(s) for all 
s E [0,1]. 

Example: Consider the simple two-dimensional configuration space 
C = R 2 shown in Figure 10 with three disjoint compact C-obstacles. 
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Figure 10. In C = R2, every compact, connected component of the C-obstacle 
region induces a countable infinity of classes of topologically equivalent paths. 
The above figure shows four paths belonging to four distinct classes. 

Although R 2 is simply connected, C free is multiply connected in this 
example. Between any two configurations in C free there is a countable 
infinity of different classes of topologically equivalent paths .• 

Any free path is topologica.lly equivalent to a (piecewise) smooth free 
path that is arbitrarily close to it (see Subsection 6.4). 

DEFINITION 5: A semi-free path between two configurations qinit 

and qgoal is a continuous map T : [0,1] -+ d(C/ree), with T(O) = qinit 

and T(l) = qgoal. 

It can be verified that if there exists a semi-free path between two con­
figurations, then there also exists a path between the same two configu­
rations that lies in free space, except perhaps at isolated configurations 
[Laumond, 1986]. 

If d(C/ree) is a manifold with boundary [Guillemin and Pollack, 1974] -
i.e. if every configuration in d(C/ree ) has a neighborhood homeomorphic 
to either an open ba.ll or a closed half-space of R m - then the existence of 
a semi-free path T' between two free configurations entails the existence 
of a free path T. One such path can be obtained by an arbitrarily sma.ll 
deformation of r'. 
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9.5 Contact Space and Valid Space 

In this subsection we assume that both A and the Bi's are regular sets. 

Contact space is the subset of C made of configurations at which A 
touches one or several obstacles without overlapping any. The union 
of free space and contact space is valid space, the set of configurations 
achievable by A when we accept contacts between A and the obstacles. 

DEFINITION 6: Contact space is the subset of C defined as: 

q q 

Ccontact = {q E C / A(q) n UBi "# 0 and int(A(q)) n U int(Bi) = 0}. 
i=l i=l 

Valid space is: Cvalid = C free U Ccontact. 

One can easily verify that Cvalid is a closed subset of C and that 
O(Ui CBi) ~ Ccontact. Related properties include: oC free ~ Ccontact, 

d(Cfree) ~ Cvalid, and oCfree ~ OCvalid. 

DEFINITION 7: A valid path (resp. contact path) between two 
configurations qinit and qgoal in Cvalid (resp. Ccontact) is a continuous 
map r : [0,1] -+ Cvalid (resp. Ccontact), with reO) = qinit and r(l) = 
qgoal· 

Let A and B be two connected objects. It can be shown, under the 
condition that A is free-flying, that if there exists a valid path of A 
between two contact configurations where A touches B, then there also 
exists a contact path between the same two configurations [Hopcroft and 
Wilfong, 1986a]. 

10 Representation of Forces 

Forces play no role in the definition of the basic motion planning problem. 
However, an important planning approach, potential field, uses artificial 
forces to guide planing. Forces will also be considered in Chapter 10 
when we discuss motion planning with uncertainty in control. 

Forces exerted on A at configuration q can be represented as vectors 
in the tangent space Tq(C). This representation requires that an inner 
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product be defined in the tangent spaces, and it depends on the choice 
of this inner product. This results from the fact that a force is defined 
through the virtual work that it produces along virtual displacements 
[Greenwood, 1965]. This work, which is independent of the representa­
tion of the force, is expressed as an inner product. Changing the inner 
product requires us to change the representation of the force. 

Let F(x) be a field of N-dimensional vectors representing a field offorces 
in W. The work of these forces along a curve, : s E [0,1] 1-+ ,(S) E W 
is: 

1 ... 

10 F(,(s». d~~S) ds 

where "." denotes the inner product in Wand d~~s) is the tangent vector 
to, at s. 

Assume that the forces F(x) are applied only at point a of A. Thus, 
when A is at configuration q, the force F( a( q» is applied to A at a. 
Let "< , >" denote the inner product placed in Tq(C). The mapping of 
F(x) in Tq(C) is defined as the vector field F(q) E Tq(C) such that: 

< F(q),t5t > = F(a(q». t5i 

where t5t denotes any virtual displacement of A along any vector t E 
Tq(C) and li. denotes the corresponding virtual displacement of a in W. 
This relation expresses that the work of F along t5i is equal to the work 
of F along t5t. Hence, for any path r : S E [0, 1] 1-+ r( s) E C, the work 
of F along r is equal to the work of F along the path ra : s E [0,1] 1-+ 

aCres»~ E W followed by a when A moves along r; i.e. : 

fl... d""r(s) r ... d;a(s) 
10 < F(r(s»,~ > ds = 10 F(ra(s». ~ds. 

Below, we consider that A is at configuration qj we abbreviate F(q) to 
F and F(a(q» to F. 
Consider the case where N = 3. Assume that the inner product < , > 
in Tq(C) makes the principal axis basis into an orthonormal basis, i.e. if 
(6 ... emf and «(l ... (mf are vectors ( and ( of Tq(C) described by their 
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components in the principal axis basis, the inner product of ( and (is: 

Let F be the vector of Tq(C) whose components in the principal axis 
basis are lI,h,h,mbm2,m3, with Ii, i = 1,2,3, being the compo­
nents of F along the X-, y-, and z-axes of :F,A, and mj, j = 1,2,3, 
being the components of the vector OAa 1\ F along these axes. Let 
(bx,A by,A bz,A ba b(3 b,f be any virtual displacement it of A expressed 
in the principal axis basis. The corresponding displacement li. of a is 
the 3-vector: 

We have: 

< F, ft > = F· bi. 

Therefore, the six-dimensional vector F defined as above represents the 
force F in the principal axis basis of Tq(C). 

In a similar fashion, if N = 2, the force F maps in Tq(C) to a 3-vector 
F, whose components in the principal axis basis of the tangent space are 
II, hand m, with II and h.. .. bein~ the components of F along the x­
and y-axes of :F,A and m = O,Aa 1\ F. 

Consider now two distinct inner products in Tq(C), denoted by < , >1 
and < , >2. Let (31 and (32 be two bases of Tq(C) such that (3i, i = 1,2, 
is an orthonormal basis when the inner product < , >i is used. Let tbe 
any vector in Tq(C). We denote by [t]i the m-vector ofthe components 
of fin (3i. J denotes the m x m matrix such that: 

(In the case where the bases (31 and (32 are induced by charts in C, say 
(Ub 4>t) and (U2 , 4>2), J is the Jacobian matrix of the map 4>2 0 4>11 .) 
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Let the same force be represented by two vectors: PI when < , >1 is 
used, and P2 when < , >2 is used. For all virtual vectors ft E Tq(C), we 
have: 

< PI, 01 >1 = < P2, 01 >2 
since both expressions represent the same virtual work. Hence: 

- T - - T -[ Fl h [fJt h = [ F2 12 [fJt h· 

Using the relation [0112 = J [01 h, we obtain: 

which leads to: 
- T-

[ Fl h = J [F2 h· 

Let (U, </» be a chart in C. Let 9 : R m -+ R N be the application that 
maps the coordinates Xi, i = 1, ... , m, of q in the chart to the N coordi­
nates of a(q) in W. Assume that the inner product in Tq(C) makes the 
basis (3 induced by the chart (U, </» into an orthonormal basis. Let Jg 

be the Jacobian matrix of g, i.e. the N x m matrix (~), i = 1, ... , N, 
j = 1, ... , m, of first derivatives. From: 

we obtain: 

and: 

where h, ... '/N denote the components of Fin Fw. 

An interesting case occurs when the force F is the reaction force exerted 
by an obstacle B on A. For simplification, we assume that a E A is 
the only contact point of A with the obstacles and that the contact 
is between a vertex X of A (or B) and a smooth (N - 1 )-dimensional 
subset S of 8's (or A's) boundary. We denote the configuration of A 
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by qc E Ccontact. Let (U, </» be any chart of C such that qc E U. U is 
taken sufficiently small so that </> maps Ccontact n U to a region of R m 

determined by a single equation I(xt, ... , xm) = 0, where I is a smooth 
function of the variables Xl, ••• , X m , expressing that X is in S. Thus, 
Ccontact n U is diffeomorphic to an open subset of Rm-1. Let A move 
slightly in such a way that X stays in contact with S. This motion can be 
described as a differentiable curve I c in Ccontact n U. The tangent vectors 
of all the possible curves IC at qc span an (m - I)-subspace of Tqc(C), 
which is nothing other than the tangent space Tqc(Ccontact) of Ccontact 

at qc. Assuming that the contact between X and S is frictionless, the 
work of the reaction force when A moves along IC is zero. Therefore, 
whatever inner product is used in Tq(C), the reaction force exerted by B 
on A maps in Tqc(C) to a vector perpendicular to Tqc(Ccontact). 

Exercises 

1: Let Fw and FA be two Cartesian frames in R N , N = 2 or 3. Assume 
that the origins of the two frames coincide, but not their axes. Let 0 
be the N x N matrix whose columns are the components, in Fw, of the 
unit vectors along the axes of FA. Show that 0 can be interpreted as 
a rotational operator that moves the axes of Fw onto those of FA. Let 
0 1 and O2 be two matrices specified as 0. Which rotational operators 
do the matrix products 0 1 X O2 and O2 x 0 1 represent? 

2: Let Fw and FA be two Cartesian frames in R N , N = 2 or 3. Let 
Ow and OA denote the origins of Fw and FA, respectively. Let T be 
the N-vector of the coordinates of OA in Fw. Let 0 be the N X N 
matrix whose columns are the components, in Fw, of the unit vectors 
along the axes of FA. Using T and 0, express the relation between the 
coordinates of any point of RN in Fw and its coordinates in FA. 

3: Prove that any matrix in SO(3) determines a single rotation through 
an angle (J about some axis n. 

4: Show that SO(2) is a commutative (abelian) group. Show that SO(3) 
is a non-commutative group. 

5: The configuration space of a rigid object in W = R N , N = 2 or 3, 
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is C = RN X SO(N). Its dimension is m = ~N(N + 1). Explain why 
representing C as a single copy of R m (or a subset of R m) does not allow 
us to model A's motions adequately? 

6: Consider the distance function d : C X C ~ R defined as: 

Verify that it induces the same topology of C as the Euclidean metric in 
the ambient space R M. 

7: Consider the subset S of R2 given by: 

S = {(x, sin.!. ) / 0 < x ~ 1} U {( 0, y) / y E [-1, + 1)}. 
x 

Are any two points in S connected by a path in S? 

8: Show that infinitesimal rotations form a vector space. [Hint: Con­
sider two matrices 0 1 and O2 of SO(3) representing rotations about two 
vectors iiI and ii2 through infinitesimal angles dOl and d02 , respectively. 
Compute 0 1 X O2 and O2 X 0d Relate this result to the fact that C is 
a manifold. 

9: Verify that the following relation (see Subsection 4.3) holds: 

Va E A: a(q) = Xea(O)Xe + T 

10: Consider S3, the unit 3-sphere in R4 that represents the space of 
unit quaternions. Let X be a unit quaternion. Show that the curve in 
S3 representing a rotation of 411" about a fixed axis begins and ends at 
the same point X of S3, and that the curve representing a rotation of 
211" begins and ends at two antipodal points X and -X. 

11: Define the stereographic projection mapping the sphere S3 onto R3 
as a way to algebraically represent elements of SO(3). 

12: Verify that homotopy determines a relation of equivalence on the 
set of all paths having the same initial configuration and the same final 
configuration. 
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13: Let Tl e T2 denote the product of two paths Tl and T2, and T the 
inverse ofthe path T (see Subsection 5.1). 

a. Show that if Tl and Ti are homotopic and if T2 and T2 are homotopic, 
then Tl e T2 and Ti e T2 are also homotopic. 

b. Show that if two paths Tl and T2 are homotopic, the loop Tl e T2 is 
null-homotopic. 

c. Show that if the loop Tl e T2 is null-homotopic, then the two paths Tl 

and T2 are homotopic. [Hint: Consider the two paths Tl and TleT2eT2.] 

14: Let s E R I--+- 1'(s) E C be a curve in the smooth manifold C. Show 
that the property of l' of being differentiable at 8 = 80 is independent of 
the selected chart in which the property is verified. 

15: Show that if a path T is piecewise of class Cl, it has a finite length 
in any metric inducing the topology of C. 

16: Consider a two-dimensional polygonal object A translating in the 
plane at fixed orientation among polygonal obstacles. With an example, 
show that different polygonal shapes for both A and the obstacles can 
yield C-obstacles with the same geometry in C = R2. 

17: Show that the Minkowski sum E E[) F of two convex subsets of RN 
is a convex subset of RN. 

18: Let A be a free-flying object in W = R2. Its configuration space 
is C = R 2 X Sl. Configurations are parameterized by q = (x, y, 8), with 
x E R, y E R, and 8 E [0,211'). x and y denote the coordinates of 0 A in 
:Fw. 8 denotes the angle (mod 211') between the x-axes of :Fw and :FA. 

Let B be an obstacle in W. CB is the corresponding C-obstacle in C. 

Let A' be the region of R2 swept out by A when it rotates around OA 
from the orientation 81 to the orientation 82 • Let 0 A' be the point of A' 
that coincides with OA during the rotation. We treat A' as an object 
that can only translate in R2. We represent a configuration of A' as the 
coordinates of 0 A' in :Fw. The configuration space of A' is C' = R 2 and 
the C-obstacle corresponding to B in this space is denoted by CB'. 
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1I"[(}1,(}2](CB) denotes the projection ofthe slice of the volume CB comprised 
between 8 = 81 and 8 = 82 on the xy-plane. 

Prove that: 1I"[(}1,(}2](CB) = CB'. 

19: Show that every path in the configuration space ofa free-flying rigid 
object is homotopic to a path that is the product of a finite number of 
paths, each being either a pure translation or a pure rotation of the 
object. Show that if two configurations are connected by a free path, 
they are also connected by a free path made of a finite succession of pure 
translations and pure rotations. 

20: Define the subset CJree of C made of all configurations at which the 
robot A is distant from all the obstacles Bi by more than c, with c > o. 
A path in CJree is said to be c-free. Discuss the usefulness of this notion 
in practical path planning problems. 

21: Consider the closure cl(Cfree) ofCfree. Let ql and q2 be two configu­
rations such that there exists a semi-free path r' : [0,1]- cl(Cjree), with 
r'(O) = ql and T'(l) = q2. Show that there exists r : [0,1]- cl(Cjree), 
with r(O) = ql and r(l) = q2, such that 'is E [0,1] : T(S) E Cfree, except 
maybe at isolated values of s [Laumond, 1986]. lllustrate this result with 
an example in C = R2. 

22: Show that if cl(Cfree) is a manifold with boundary, then the exis­
tence of a semi-free path between any two free configurations entails the 
existence of a free path between these configurations. 

23: Let A and B be two convex polygons. Assume that A can trans­
late freely at fixed orientation. How the reaction force exerted by B on 
A, when they are in contact, maps in configuration space (assume no 
friction)? Justify your answer. 
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Obstacles in Configuration Space 

Obstacles in the workspace W map in the configuration space C to re­
gions called C-obstacles. In Chapter 2 we defined the C-obstacle CB 
corresponding to a workspace obstacle B as the following region in C: 

CB = {q E C / A(q) n B # 0}. 

We also established general set-theoretic and topological properties of 
C-obstacles. In this chapter we construct the representation of the C­
obstacles given that of the workspace objects, Le. the robot A and the 
obstacles. 

In Section 1 we analyze in detail the case where the workspace is two-­
dimensional and the objects are modeled as polygonal regions. We show 
that when the robot can only translate, the C-obstacles are also polyg­
onal regions of C. Each C-obstacle edge corresponds to the contact be­
tween an edge of A and an obstacle vertex, or the contact between a 
vertex of A and an obstacle edge. When A is allowed to rotate, the 
C-obstacles become three-dimensional regions bounded by patches of 
curved ruled surfaces generated by translating and rotating lines. 
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In Section 2 we treat the case where the workspace is three-dimensional 
and the objects are modeled as polyhedral regions. The main difference 
with the polygonal case comes from the existence of three types of con­
tact (face-vertex, vertex-face, and edge-edge), instead of two. When A 
is allowed to rotate freely, the C-obstacles are six-dimensional regions 
bounded by patches of curved surfaces generated by translating and ro­
tating planes. 

Finally, in Section 3 we present the more general case where the ob­
jects in the workspace are modeled as arbitrary semi-algebraic regions, 
i.e. are defined by boolean combinations of polynomial equations and 
inequations, with rational coefficients. 

Thus, throughout the chapter, we only consider algebraic models of ob­
jects. As a matter of fact, these models are particularly attractive. They 
give flexibility for describing any physical objects at any desired precision 
with a reasonably small number of parameters, and they admit a very 
simple and useful particular case - the polygonal/polyhedral representa­
tion. Algebraic models also make it possible to use standard mathemati­
cal tools, exact calculation techniques (see [Akritas, 1980] [Schwartz and 
Sharir, 1983b]) and algebraic decision methods (e.g. the Collins decom­
position [Collins, 1975]), which are useful for building motion planning 
methods. Furthermore, in several circumstances, algebraic models are 
directly available from Computer-Aided Design systems. 

Not surprisingly, most of the current results in motion planning use semi­
algebraic representations. It is possible, however, that other models, for 
example bitmap representation, will attract more interest in the future 
than they currently do. In Chapter 7 (Potential Field) we will describe 
an efficient path planner that works from a bitmap representation of the 
workspace objects. 

1 Case of a Polygonal Workspace 

In this section we examine the case where A is a polygon moving freely in 
the plane among obstacles modeled as polygonal regions. We construct 
two different representations of the C-obstacles. One representation is in 
the form of a predicate CB taking a configuration q as argument. CB( q) 
evaluates to true if and only if q E CB, where CB is the C-obstacle region 
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represented by CB. The other representation is an explicit description of 
the boundary of CB in terms of (curved) faces, edges and vertices, and 
their adjacency relation. For both representations, we also analyze the 
particular case where A can only translate. 

1.1 Polygonal Regions and Polygons 

An infinite straight line L in R 2 decomposes the plane into two half­
planes. Let h(x, y) = 0 be the equation of L. We denote by h- and h+ 
the two closed half-planes determined by h( x, y) ~ 0 and h( x, y) ~ 0, 
respectively. 

DEFINITION 1: A convex polygonal region in R2 is the inter­
section of a finite number of closed half-planes. A polygonal region 
is any subset of R 2 obtained by taking the union of a finite number of 
convex polygonal regions. 

A (convex) polygonal region may not be bounded, nor connected. Its 
connected components may not be simply-connected. 

DEFINITION 2: A polygon is any polygonal region that is homeo­
morphic to the closed unit disc. 

Hence, a polygon is a compact, regular, simply-connected region of R 2 • 

Its boundary is a closed-loop sequence of line segments forming a Jordan 
curve, i.e. a curve homeomorphic to the unit circle. 

Let P be a regular polygonal region. Each maximal connected line seg­
ment in P's boundary that is not intersected by the rest of P's boundary, 
except at its endpoints, is called an edge. Every endpoint of an edge is 
called a vertex. An edge is said to be closed (resp. open) if we include 
(resp. do not include) its endpoints. If P is a manifold with boundary, 
each vertex is the endpoint of exactly two edges. 

Every edge Ei of P is contained in an infinite line Li called the support­
ing line of Ei. Let hi(X, y) = 0 be the equation of Li. Without loss of 
generality, we write this equation so that every point in the open edge Ei 
has a neighborhood whose intersection with P only contains points (x, y) 
such that hi(x, y) ~ O. The half-plane hi (resp. hi) is called the outer 
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(resp. inner) half-plane of Ei. The outgoing (resp. ingoing) normal 
of Ei is the unit vector normal to Ei pointing toward the interior of the 
outer (resp. inner) half-plane of Ei. 

A polygon is conveniently represented by the list of its vertices in coun­
terclockwise order. Each vertex is described by its coordinates. A convex 
polygonal region may also be represented by the set of inequalities defin­
ing the half-planes hi, i.e. ni hi. 
The complexity of a polygonal region is defined as the number of its 
edges and vertices. 

1.2 Type A and Type B Contacts 

In this subsection we consider an obstacle B and we construct the equa­
tions of the surfaces bounding the corresponding C-obstacle CB. We 
assume that both A and B are convex polygons. 

The vertices of A are denoted by ai, i = 1, ... , nA, and those of B by 
bj, j = 1, ... , nB. The edge of A connecting ai to ai+l and the edge of 
B connecting bj to bjH are denoted by Et and Ef, respectively. (We 
apply modulo nA arithmetic to index i and modulo n13 arithmetic to 
index j, so that anAH == al and bn8+1 == b1 .) All edges are treated as 
closed edges, i.e. they include their endpoints. 

We denote the outgoing normal of Et(q) (resp. Ef) by vt(q) (resp. 
iif). If q is expressed as (7,0), where 0 specifies the orientation of :FA 
with respect to :Fw, the outgoing normal of Et( q) depends only on the 
orientation 0 of A at q, though we denote it by vt( q). 

Let us now suppose that A and B are in contact, i.e. : 

A(q) n B i 0 and int(A(q)) n int(B) = 0. 

We distinguish two types of contact [Lozano-Perez, 1983] [Donald, 1984]. 
When an edge Et of A contains a vertex bj of B, the contact is called a 
type A contact (Figure 1). When a vertex ai of A is contained in an 
edge Ef of B, the contact is called a type B contact (Figure 2). When 
the contact zone A( q) n B contains both a vertex of A and a vertex of 
B, the type of the contact is both A and B. 
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Figure 1. A type A contact between A and an obstacle B occurs when an 
edge Ef of A contains a vertex bj of B, without overlapping of the interiors of 
A and B. 

Type A Contact. The constraint that the interiors of A and B do 
not overlap makes a type A contact between E;t and bj feasible only 
for a subrange of orientations of A. This subrange is determined by the 
following two conditions (see Figure 1): 

iif(q)· (bj - 1 - bj ) ~ 0 

iif(q)· (bj+I - bj ) ~ 0 

wherebj_l - bj is the vector connecting bj to bj-b bj+1 - bj is the vector 
connecting bj to bj+I, and fl· v is the inner product of two vectors in W. 
We denote the conjunction of these two conditions by APPL~j( q), i.e. : 

It is called the applicability condition of the type A contact between 
E;t and bj. When q is expressed as (T, 0), this condition depends only 
on 0. 
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Figure 2. A type B contact between A and an obstacle B occurs when a 
vertex ai of A is contained in an edge E? of B, without overlapping of the 
interiors of A and B. 

Let us displace A in such a way that the type A contact between Ef 
and bj is maintained. During the displacement, the robot's configuration 
moves along a surface in C (Le. a two-dimensional submanifold of C) 
whose equation is: 

with: 

This equation expresses the fact that when bj is in Ef( q), the two vectors 
,:if ( q) and (bj -ai( q)) are perpendicular or bj -ai( q) = o. The surface it 
represents is called a C-surface of type A. It separates C into two half­
spaces. The C-obstacle CB lies completely within the closed half-space 
determined by J/j( q) :$ o. 

DEFINITION 3: The expression: 
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where: 

and: 
fi~( q) = z7t( q) . (bj - ai( q)) 

is called a C-constraint of type A. It is denoted by CONST~j(q). 

Type B Contact. In the same manner, a type B contact between ai 
and Ef is feasible for a subrange of orientations of A determined by two 
conditions (see Figure 2): 

(ai-l(q) - ai(q))· z7f ~ 0 

(ai+1(q) - aj(q)). z7f ~ O. 

The conjunction of these two conditions is denoted by APPLf,j( q) and is 
called the applicability condition of the type B contact between ai and 
Ef. When q is expressed as (7, e), it depends only on e. 
When A moves in such a way that the type B contact between ai and 
Ef is maintained, the robot's configuration moves in a surface, called a 
C-surface of type B, whose equation is: 

where: 
fi~(q) = v'!. (aj(q) - bj). 

CB lies completely within the closed half-space determined by Jl!i( q) ~ o. 

DEFINITION 4: The expression: 

APPLP'j( q) ~ [fi~( q) ~ 0] 

where: 

APPLf.j(q) = [(ai-l(q) - ai(q)) . ii! ~ 0] 1\ [(ai+l(q) - ai(q)) . ii! ~ 0] 

and: 
f!!i(q) = v'! . (ai(q) - bj) 

is called a C-constraint of type B. It is denoted by CONSTf,j(q). 
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1.3 Representation of a C-obstacle with C-constraints 

The main result presented below is Theorem 1 [Lozano-Perez, 1983] 
[Donald, 1984]' which describes the C-obstacle CB as a predicate CB( q). 
CB( q) is constructed as the conjunction of all the C-constraints of types 
A and B generated by the edges and the vertices of A and B. We first 
state a simple lemma that will be used in the proof of Theorem 1. 

LEMMA 1: Two convex polygons do not intersect if and only if one of 
them contains an edge E such that the other polygon lies entirely in the 
open outer half-plane of E. 

Proof: If one of the polygons contains an edge E such that the other 
polygon lies entirely in the open outer half-plane of E, then it is clear 
that the two polygons do not intersect. 

On the other hand, if the two polygons do not intersect, then the shortest 
distance d between the two polygons is non-zero. Three cases illustrated 
in Figure 3 are possible: 

- The shortest distance d is (uniquely) achieved between a vertex p of a 
polygon and an open edge E of the other polygon (Figure 3.a). Then 
the polygon containing p lies entirely in the open outer half-plane of 
E. 

- The shortest distance d is achieved (non-uniquely) between two parallel 
open edges E and E' (Figure 3.b). Then the polygon containing E' 
lies in the open outer half-plane of E. 

- The shortest distance d is (uniquely) achieved between a vertex p of a 
polygon - call it P - and a vertex p' of the other polygon - call it 
pI (Figure 3.c). Let El and E2 (resp. E~ and E~) be the two edges of 
P (resp. PI) abutting p (resp. p') in counterclockwise order. Assume 
that the supporting line of each of the two edges El and E2 intersects 
either one of the two edges E~ and E~. (If this assumption is not 
verified, then either El or E2, or both, satisfy the test of the lemma.) 
In order for the shortest distance d between P and pI to be uniquely 
achieved between p and p', it is necessary that p lie in a circular arc C 
of radius d centered at p' (arc in plain line in Figure 3.c); each endpoint 
of C is a point where the tangent to C is parallel to either Ei or E~. 
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Y-• 
-------�~ E~I-------- -------l~ E~I--------

(a) (b) 

(c) 

Figure 3. If two convex polygons do not intersect, the shortest distance 
between them is non-zero and is achieved either between a vertex and an open 
edge (Figure a), or between two open edges (Figure b), or between two vertices 
(Figure c). In every case, one polygon contains an edge (shown in bold line) 
such that the other polygon lies entirely in the open outer half-plane of that 
edge. 

Further, let L be the line tangent to C at p; P must also lie in one 
of the two closed half-planes bounded by L, while pI must lie in the 
other open half-plane. Let Lp denote the closed half-plane containing 
p and v the normal vector to L pointing into Lp. At p, we erect two 
half-lines contained in Lp and parallel to E{ and E~, respectively. Let 
4>i and 4>~ be the angles made by these half-lines with v. In order 
for the supporting lines of El and E2 to intersect either E{ or E~, 
P must be contained in a cone (not shown in the figure) defined as 
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follows: its apex is p, its axis points along i/, and its sides make the 
angle maxi <p~, <p~} with i/. Now, if <p~ 2:: <p~ then P lies entirely in the 
open outer half-plane of E~. (This is obvious if p lies in the open outer 
half-plane of E~j on the other hand, if p does not lie in this half-plane, 
we cannot have <p~ 2:: <p~.) If <p~ 2:: <p~, P lies entirely in the open outer 
half-plane of E~ .• 

THEOREM 1: Let A and B be two convex polygons. The C-obstacle: 

CB = {q E C / A( q) n B -::I 0} 

is such that: 
q E CB {:} CB(q) 

with: 

i,j i,j 

Proof: The expression: 

q E CB {:} CB(q) 

is equivalent to: 
q ¢ CB {:} ...,CB( q) 

with: 

i,j i,j 

(1) Let q ¢ CB. Hence, A(q) and B do not intersect. According to the 
previous lemma, there exists an edge Ef( q) or Ey contained in a line 
L such that A( q) lies on one side of Land B on the other side, with 
either A( q) or B, but not both, having a non-empty intersection with L. 
Assume that L contains Ef( q) (a similar development could be made if 
L contained EY). Then there exists a vertex bj of B such that APPLij( q) 
h:Jlds. Furthermore, this vertex verifies: fi~( q) > O. Thus, there exists 
a pair (i, j) such that the C-constraint: 
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does not hold. Therefore: 

q ¢ CB '* -,CB( q). 

(2) Let -,CB( q) hold. Then there exists at least one pair (i, j) verifying: 

APPLf,j( q) and f{~j( q) > 0 

or: 
APPLP'j( q) and H!;( q) > o. 

In both cases, A( q) and B cannot intersect, since they are convex. Hence, 
q ¢ CB, and: 

-,CB( q) '* q ¢ CB . 

• 
Using the predicate CB, we can compute whether a configuration q lies in 
CB or not by evaluating every individual C-constraint until one of them 
evaluates to false (then q ¢ CB) or all of them evaluate to true (then 
q E CB). The number of C-constraints in CB( q) (Le. the worst-case time 
complexity of this computation) is 2nAn8. 

A configuration q is in CB's boundary if and only if: 

- 3i,j such that APPLf,j(q) (or APPLP'j(q)) holds, and ft,j(q) = 0 (or 

Jl!;(q) = 0), 

- 'Vi',i' such that APPLf"j/(q) holds, f~j/(q) $ 0, 

- 'Vi',j' such that APPLf"j/(q) holds, fi~j/(q) $ o. 

If A and B are non-convex polygons, they can be represented as finite 
unions of convex polygons Ak and BI: 

and B = UBI. 
I 

By defining: 

we get: 

CB = UCBkl. 
k,l 
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The predicate CBkl representing CBkl can be constructed as in Theorem 
1. We have: 

CB( q) == V CBkl( q). (1) 
k,l 

The problem of decomposing a non-convex polygon into a union of con­
vex polygons is a classical one in Computational Geometry. Several algo­
rithms have been proposed (e.g. see [Schachter, 1978] [Garey et al., 1978] 
[Chazelle and Dobkin, 1979 and 1985] [Keil and Sack, 1985] [Chazelle, 
1987]). Two types of decomposition can be considered: covering, which 
does allow the interiors of the convex components to overlap, and par­
titioning, which disallows the interiors of the convex components from 
overlapping. Both types of decomposition, including the optimal decom­
position into the smallest number of convex polygons, can be performed 
in polynomial time. In particular, a sweep-line algorithm partitions a 
non-convex polygon into (non-overlapping) triangles and trapezoids in 
O( n log n) time, where n is the number of vertices of the decomposed 
polygon (see Section 1 of Chapter 5). 

When A is a convex polygon and B is a regular non-bounded convex 
polygonal region, we can still use the result of Theorem 1, if we take 
some precautions. Some vertices bj are at infinity and do not produce 
type A contacts. The expressions CONSTtj( q) involving these vertices 
should be modified appropriately, for instance by introducing fictitious 
vertices at finite distances. If A is a non-convex polygon and B is a 
regular non-bounded non-convex polygonal region, both A and B can 
be decomposed into a possibly non-minimal number of convex parts in 
polynomial timel , and a predicate CB can be constructed as in expression 
(1) to represent CB. It is also not difficult to extend the construction of 
CB to non-regular polygonal regions. 

Since the union of a finite number of polygonal regions is also a polygo­
nal region, we can construct a predicate CB representing the C-obstacle 
region in C. The free space is then defined by: 

q E C free ¢:} ...,CB( q) 

IThe optimal decomposition of a polygon with holes is NP-hard [Lingas, 1982]. 
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Figure 4. This figure illustrates the notations used in the text for establishing 
the parameterized form of a C-constraint of type A. 

1.4 Parameterization of C-Constraints 

In Subsection 1.2 we expressed the C-constraints without assuming any 
specific parameterization of C. By selecting a representation of the con­
figurations in the form of a list of real parameters, as discussed in Section 
4 of Chapter 2, we can derive the corresponding parameterized form of 
the C-constraints [Brooks and Lozano-Perez, 1982 and 1983]. 

For example, let us represent a configuration q E R2 x SO(2) by (x, y, 0), 
where x and y E R are the coordinates of OA in Fw, and 0 E [0,211") is 
the angle between the x-axes of Fw and FA. Figures 4 and 5 illustrate 
the notations used below. 

The outgoing normal vector to Et(x, y, 0) is (in Fw): 

iJt(O) = (COS(</>i + O),sin(¢i + 0)). 

The outgoing normal vector to Ef is: 

iJ'j = (cos ~j, sin ~j ). 
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0", 

Figure 5. This figure illustrates the notations used in the text for establishing 
the parameterized form of a C-constraint of type B. 

The coordinates of ai in FA are IIaill cos ai and IIaill sin ai, where IIaill is 
the distance from the origin of FA to the vertex aj. Hence: 

The vertex bj is given by: 

bj = (IIbj ll cos{3j, IIbjll sin{3j) 

where IIbjll is the distance from the origin of Fw to bj. 

Consider the type A contact between the edge Ef and the vertex bj 
shown in Figure 4. The corresponding parameterized C-constraint is: 

APPLtj(9) => (fi~(X, y, 9) $ 0]. 

The applicability condition: 

APPLtj(9) = [Vt(9) . (bj _1 - bj) ~ 0] 1\ [Vt(9) . (bj+! - bj) ~ 0] 
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entails: 
o E [~j-l - 4>i - 7r,~j - 4>i - 7r] (mod 27r). 

The expression fi~(X,y,O) = iif-(O). (b j - ai(x,y,O)) can be written: 

Consider the type B contact between the vertex ai and the edge E7 
shown in Figure 5. The corresponding parameterized C-constraint is: 

The applicability condition:2 

entails: 

APPLP,j(O) = [(ai-l(x,y,0)-ai(x,y,0)).ii7 ~ 0] 
1\[(ai+l(x,y,O) - ai(x,y,O»· ii7 ~ 0]. 

o E [~j - 4>i - 7r, ~j - <Pi-l - 7r] (mod 27r). 

The expression fi~(X,y,O) = ii7· (ai(x,y,O) - bj) can be written: 

Using a parameterization of A's orientation based on the stereographic 
projection, instead of the angle 0, yields a semi-algebraic expression of 
CB(q). 

1.5 Geometric Interpretation 

Let A and B be convex polygons, and q be represented by (x,y,O) E 
R2 X [0, 27r) as in the previous subsection. Each C-surface bounding 
CB is represented by fi~(X, y, 0) = 0 or fl!i(x, y, 0) = 0 in R2 X [0, 27r). 
If we keep the orientation of A constant and equal to 00 , then both 
f:3(x, y, ( 0 ) = 0 and fi~(X,y,Oo) = 0 represent straight lines in R2: 

- The line f:3(x,y,Oo) = 0, whose parameterized equation is: 

2Despite the appearance, APPlf,j(9) does not depend on x and y. Indeed, we could 
as well write: 

APPLP'j(9) = [(a._l(0,0,9)-a.(0,0,9)).ii7 ~ 0]1\[(a.+l(0,0,9)-a.(0,0,9)).ii7 ~ 0]. 
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y 

L, 

Figure 6. A is in type A contact with B. If A translates at a fixed orienta­
tion 00 while maintaining this contact, the robot's configuration moves along 
a segment contained in a line L parallel to Ef(x, y, ( 0 ). If A takes a slightly 
different orientation 00 + 00, the line rotates by the same angle. The vertex bj 
is the center of rotation. 

is parallel to the edge Et(x, y, ( 0). It rotates when A rotates within the 
range of orientations where the contact between Et and bj is feasible 
(see Figure 6). 

- The line H!i(x,y,80 ) = 0, whose equation is: 

is parallel to the edge EY. It translates when A rotates within the 
range of orientations where the contact between aj and E? is feasible 
(see Figure 7). 

Therefore, all the C-surfaces are ruled surfaces (the C-surfaces of type 
A are helicoids). Figure 8 shows a C-obstacle CB in R2 X [0,211'"]. It is 
a three-dimensional volume bounded by patches of C-surfaces. These 
patches are called the faces of the C-obstacle. 
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Figure 7. A is in type B contact with B. If A translates at a fixed orientation, 
while maintaining this contact, the robot's configuration moves along a segment 
contained in a line L parallel to Ef. If A takes a slightly different orientation, 
the line translates accordingly. 

8 

~x 
Figure 8. This figure represents a C-obstacle CB in R x [0,211"] when both A 
and B are convex polygons. Each cross-section at a fixed 0 is a convex polygon, 
the C-obstacle in R2 when A translates at this fixed orientation. The boundary 
of CB is made of patches of ruled surfaces, called faces. Each face corresponds 
to a type A or type B contact, and is generated either by a rotating line (type 
A contact) or a translating line (type B contact). 

The cross-section CBoo of CB at (J = (Jo is a region of R2 defined by: 

i,j i,j 
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CBoo is the intersection of a finite number of closed half-planes, each 
bounded by a straight line fi~(X, y, (0 ) = ° or fl!J(x, y, (0 ) = 0. Since CB 
is compact and regular (see Propositions 4 and 8 in Chapter 2), CBoo is 
a convex polygon equal to the Minkowski difference B 8 A(O, 0, ( 0 ) (see 
Proposition 3 in Chapter 2). 

We can also remark that: 

If~(x,y,Oo)1 = 1Vi"(Oo)· (bj - ai(x,y,Oo»1 
Ifi)x,y,Oo)1 = IV?· (ai(x,y,Oo) - bj)1 

are the Euclidean distances from the pointe x, y) E R 2 to the lines 
fi~(X,y,Oo) = ° and tl!J(x,y,Oo) = 0, respectively. Thus, when 
(x,y,Oo) ¢ CBoo, these values can be used to compute the distance from 
(x,y,Oo) to CB in the subspace 0 = 00 • 

1.6 Boundary Representation (Translational Case) 

The predicate CB is conceptually simple. But it does not provide an 
explicit representation of the boundary of the C-obstacle CB, such as 
a list of faces, edges and vertices, with both their equations and topo­
logical adjacency relation. In this subsection we present a method for 
constructing such a boundary representation in the case where A can 
only translate. In the next subsection, we will describe a more general 
method that is applicable when A can both translate and rotate. 

Let us first assume that A and B are convex polygons and that A trans­
lates at a fixed orientation 00 • We saw previously that in this case, CBoo 
is also a convex polygon. One can easily verify that, if 00 is a general 
orientation of A relative to B (Le. no edge of A(x,y,Oo) is parallel to 
an edge of B), then the vertices of CBoo are all the points obtained as 
follows: 

- If APPL~j( ( 0 ) holds, then the points 

bj - ai(O, 0, (0 ) and bj - ai+l (0,0, ( 0 ) 

are vertices of CBoo. 

- If APPLr,j(Oo) holds, then the points 

bj - ai(O, 0, (0 ) and bj+1 - ai(O, 0, ( 0 ) 

are vertices of CBoo. 
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Figure 9. This figure illustrates an efficient algorithm for computing CBeo. 
The unit vectors -iit(Oo), i = 1, ... , nA, and ii!, j = 1, ... , ns are affixed at 
the center of a unit circle Sl. By scanning the vectors -iit(Oo) and ii!, say in 
counterclockwise order, one constructs the successive nA + ns vertices of CBeo. 

This yields the following efficient algorithm for constructing CBoo • This 
algorithm was originally proposed by Lozano-Perez [Lozano-Perez, 1983]. 
(See also [Guibas, Ramshaw and Stolfi, 1983].) 

Let us affix the vectors -iit'(Oo), i = 1, ... , nA, and iif, j = 1, ... , nB at the 
center of the unit circle Sl (see Figure 9). Since both A and B are con­
vex polygons, the counterclockwise angle between two successive vectors 
-iit'( ( 0 ) and -ii41 (00 ), or iif and iif+!, is smaller than 1L Therefore, 
00 being a general orientation of A relative to B, APPLf,j(Oo) holds if and 
only if -iit'( ( 0 ) points between iif-l and iif, i.e. -iit'( (0 ) is a positive 
linear combination of iif-l and iif. In the same way, APPLP'j(Oo) holds if 
and only if iif points between -iif-.I(OO) and -iit'(Oo). By scanning the 
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vectors - ilt (eo) and ilf, say in counterclockwise order, one constructs 
the successive n,A +n8 vertices ofCBoo' For instance, if -ilt(eo) is being 
considered, let iif-l and iif be the two normals to edges of B between 
which it points in 8 1 . The vertex bj - ai+!(O, 0, eo) is then generated. If 
A and B are given as sequences of vertices specified by their coordinates, 
the complete boundary of CB(Jo can thus be traced out in O(nA + n8) 
time, which is optimal. 

When A is at a critical orientation eo such that an edge Et(x,y,eo) 
of A(x, y, eo) is parallel to an edge Ef of B and the contact between 
the two edges is feasible, the points bj - ai(O, 0, eo), bi+! - ai(O, 0, eo), 
bj-ai+! (0,0, eo), and bj+! -ai+!(O, 0, eo) are colinear, and the two points 
bj+! - ai(O, 0, eo) and bj - ai+! (0,0, eo) are not vertices of CBoo' The sit­
uation can easily be recognized (since -ilt(eo) = iif), and the algorithm 
adapted. The modified algorithm runs in the same time O(nA + n8). 

(Lozano-Perez [Lozano-Perez, 1983] proposed another method for com­
puting CBoo which is slightly less efficient. He proved that: 

CBoo = conv( vert(B) e vert(A(O, 0, eo») 

where vert(P) denotes the set of vertices of a polygon P, and conv(8) 
denotes the convex hull of a set of points 8. The computation of the 
convex hull of a set of points is a well-known problem in Computational 
Geometry [Preparata and Hong, 1977] [Preparata and Shamos, 1985]. 
Algorithms have been proposed which run in 0 ( n log n) time, where n is 
the number of points in the input set. Here, n = nAn8.) 

If A and B are non-convex polygons, CBoo is still a polygon. Indeed, one 
can decompose both A and B into convex polygons and compute the 
C-obstacle corresponding to every pair of polygons. The union of these 
C-obstacles, CB(Jo' is a polygon. Its boundary is made of edges con­
tained in O(nAn8) lines. These lines may intersect at O(n~n~) points. 
Hence, CBoo has at most O(n~n~) vertices. Figure 10 shows an ex­
ample where the number of vertices of CBoo is actually proportional 
to n~ n~. The following method computes the representation of CBoo's 
boundary in O(n~n~ log nAn8) time [Sharir, 1987]. First, A (resp. B) 
is partitioned into O(nA) (resp. O(n8» trapezoids and triangles in 
O( n,A log n,A) (resp. O( n8log n8» time, using a sweep-line technique. 
By considering the trapezoids and the triangles of the two decomposi­
tions pairwise, CB(Jo is the union of O(nAn8) convex polygons, each of 
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Figure 10. If A. and B are non-convex polygons, CB80 is still a polygon. This 
figure illustrates the case where the number of vertices of CB80 is proportional 
to n~ n~, where nA and ns are the respective numbers of vertices of A and B. 

constant complexity. The boundary of each of these polygons can be 
computed in constant time (using the method presented above for con­
vex polygons). The O(nAn8) boundaries can be intersected and CBoo 
traced out in O((nAn8 + c)lognAn8) time, with c E O(n~n~), using a 
sweep-line algorithm. 

The above method also applies when B is any regular polygonal region. 
Hence, when A can only translate in a polygonal workspace, the bound­
ary ofC/Tee can be computed in O((nAn8 + c) log nAn8) time, where n8 
is the total complexity of the workspace obstacles and c E O( n~ n~). The 
complexity of this boundary (number of edges and vertices) is O(n~n~). 

1.7 Boundary Representation (General Case) 

Let A and B be convex polygons. A can both translate and rotate. The 
method presented above for computing the boundary ofCBoo in O(nA + 
n8) time can be extended to compute the faces, edges and vertices in the 
boundary of CB, and their adjacency relation. Each face corresponds to 
the contact of some edge of A (resp. B) with some vertex of B (resp. 
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A). The intersection of the face with a plane at some fixed value of () 
is a line segment. The coordinates of its endpoints are functions of () 
computable in constant time. These functions define the equations of 
two of the edges bounding the face. The cross-section through CB at 
the same orientation also allows us to compute the adjacency of the face 
with other faces at this orientation. Some edge equations, the topology 
ofthe cross-section, and the adjacency relationships change at O(n,AnB) 
critical orientations where an edge of A is aligned with an edge of B. 
By sweeping a plane at constant () from () = 0 to () = 211" and stopping 
at every critical orientation, we can construct an explicit representation 
of the boundary of CB in time O( n,A nB( n,A + nB». This representation 
has complexity O(n,AnB(n,A +nB» (number offaces, edges and vertices). 
Assuming that n,A < nB, the time and size complexities are O(n,An~). 

If one or both of A and B are non-convex, one could think of decomposing 
them into convex parts, computing the boundaries of the corresponding 
C-obstacles and intersecting them. However, intersecting boundaries 
that consist of faces of type A and type B is not easy. Instead, one could 
try to compute the boundary of the cross-section of the C-obstacle at a 
fixed orientation of A, and analyze how this boundary varies when A's 
orientation changes. But, unlike in the convex case, the cross-section 
may undergo significant topological changes at orientations other than 
those where an edge of A is parallel to an edge of B. Below, we describe 
another method which directly constructs the boundary of CB from the 
description of A and B. The method is due to Avnaim and Boissonnat 
[Avnaim and Boissonnat, 1988]. (See also [Koutsou, 1986] and [Brost, 
1989] for related work and methods.) 

We assume that A is a polygon and B is a regular (possibly non-bounded) 
polygonal region whose edges are all segments of bounded lengths. (If B 
is the union of all the obstacles in the workspace, the method described 
below computes the boundary of C free.) We denote the vertices of A by 
ai, i = 1, ... , n,A and the vertices of B by bj, j = 1, ... , nB. We denote the 
edge of A connecting ai to ai+1 by Et and the edge of B connecting bj 

to bj+1 by Ef. B's boundary may contain several closed-loop sequences 
of edges. In each loop modulo Pk arithmetic is applied to index j, where 
Pk is the number of vertices in the loop. 

We represent a configuration q as (x, y, ()) E R2 X [0,211"), with x and y 
being the coordinates of O,A in Fw and () being the angle between the 
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x-axes of :Fw and :F.A. Through modulo 27r arithmetic, [0, 27r) is treated 
as a cyclic interval. As discussed above, the C-obstacle CB is a regular 
three-dimensional volume bounded by patches of ruled surfaces (faces). 
Our goal is to determine these faces, their edges and vertices, and their 
adjacency relation. 

Each face of C B is either of type A or of type B. In the following, we first 
examine in detail the faces of type B. After this study, we will consider 
the faces of type A. 

Contact Regions. We define RP'j as the set of all the configurations 

(x, y, 0) such that ai(x, y, 0) E Ey and int(A(x, y, 0)) n int(B) = 0. RP'j 
is called a contact region of type B. It consists of one or several faces 
of type B. 

As established in Subsection 1.2, APPLP'j(X, y, 0) is a necessary condition 

for (x, y, 0) to be in RP'j. This condition entails that: 

where Of,r = ~j - <Pi - 7r and Of,t = ~j - <I>i-l - 7r as computed in 
Subsection 1.4. 

Let 00 E [Of,r, Of,tl. The cross-section of np'j by the plane 0 = 00 

is contained in a line segment whose endpoints are bj - ai(O, 0, ( 0 ) and 
bj+1 - ai(O, 0, ( 0 ). We denote this line segment by Fe( (0 ), 

In order for (x,y,Oo) to be in RP,j' it must also be the case that no 
open edge of A(x, y, (0 ) intersects an open edge of B. Let Pk,I(OO) denote 
the set of configurations (x,y,Oo) at which the open edge Et(x,y,Oo) 
intersects the open edge Ef. Pk,l( (0 ) is the interior of a parallelogram 
whose vertices are: bl-ak(O, 0, ( 0 ), bl-ak+1(O, 0, ( 0 ), bl+1-ak+1 (0,0, ( 0 ), 

bl+1 - ak(O, 0, ( 0 ) (see Figure 11). Pk,l( (0 ) is the intersection offour open 
half-spaces bounded by four lines with the following respective equations: 

f~I(X' y, (0 ) 0, 
f k+1i x, y, (0 ) = 0, 
ffl(x,y,Oo) 0, 
/f.l+l (x, y, (0 ) = 0. 
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Figure 11. The set of configurations (x,y,Oo) at which the open edge 
Et(x, y, 00) intersects the open edge Er is the interior PkAOo) of a parallelo­
gram whose vertices are: bl-ak(O,O,Oo), bl-ak+1(O,O,Oo), bl+1 -ak+1(0,0,00), 
bl+1 - ak(O, 0, 00). 

These equations have been developed in Subsection 1.4. Their forms are: 

es(8)x + es(8)y + es(8) = 0 

for the first two, and: 

Nx + Ny + es( 8) = 0 

for the last two, where es(8) is an expression of the form: 

N cos 8 + N sin 8 + N 

and N is a constant. (Each occurrence of N may be a different constant 
and each occurrence of es( 8) may be a different expression.) 

We have: 
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Figure 12. We denote the endpoints of Ef n Pk,I(O) by Land M. L is the 
endpoint which is the closest to bj. 

Intersection of FlJ(fJ) with Pk,l(fJ). We now compute the intersec­

tion of Fi~ (fJ) with Pk,l( fJ) for any orientation fJ E [fJf,r, fJf,/l. This 
intersection is a possibly empty, open segment. 

Let us assume for a moment that the origin 0 A of the frame FA coincides 
with ai, so that Fi~(fJ) coincides with the edge EY, which does not 
depend on fJ. We denote the endpoints of Ey n Pk,l(fJ) by Land M, as 
illustrated in Figure 12 (L is closer to bj than M). The coordinates of L 
and M are of the form es( fJ). 

Let >.t1) and ptij) (which we abbreviate in this paragraph by A and p) 
denote' the two f~nctions: 

defined by: 

A (i,j) (fJ) k,l 
P (i,j) (fJ) k,l 

A(fJ) 

p( fJ) 
(L - bj)f(bj+1 - bj), 

= (M - bj)f(bj+1 - bj). 

For every fJ where the two functions are defined, we have: A(fJ) < p(fJ). 

We also know that A(fJ) = 0 if and only if bj E cl(Pk,l(fJ)). From the 
four equations of the lines supporting Pk,l( fJ) 's edges, we derive four 
inequalities expressing that bj E cl(Pk,l(fJ)). The inequalities are all of 
the form es( fJ) ::; O. The set of values of fJ that satisfy a constraint of the 
form es( fJ) ::; 0 is a single closed connected sub-interval of [0,211'), with 
o and 211' procedurally identified. Therefore, the set of values of fJ such 
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that A( 0) = 0 consists of a finite number of closed disjoint sub-intervals 
of [O~r, O~;+] which can be computed in constant time. 

In a similar fashion, the set of values of 0 such that f( 0) = 1 consists of 
a finite number of closed disjoint sub-intervals of [Oi,r, O~;+] which can 
be computed in constant time. 

Let us now assume that A( 0) =I 0 (resp. J-L( 0) =I 1). Then L (resp. 
M) is the intersection of an edge E of Pk,l( 0) with Ef. Two segments 
intersect if and only if the two endpoints of both segments are not on 
the same open side of the line supporting the other segment. Given 
two points (XI, Yl) and (X2' Y2) and a line with equation I(x, y) = 0, 
the two points are not on the same open side of the line if and only 
if I(Xl, Yl)f(X2, Y2) ~ O. Therefore, E and Ef intersect if and only 
if two constraints of the form es( O)es( 0) ~ 0 are satisfied. In order 
to be satisfied, a constraint of the form es( O)es( 0) ~ 0 requires either 
one of two pairs of constraints of the form es( ()) ~ 0 and es( ()) ;::: 0 to 
be simultaneously satisfied. Hence, it is satisfied over a finite number 
of closed disjoint sub-intervals of [0,21("). If E and Ef intersect, the 
coordinates of the intersection point are of the form es( ()) if the equation 
of the line supporting E is of the form Nx + Ny + es( ()) = 0, and of the 
form es(())/es(O) if the equation of the line supporting E is of the form 
es( ())x + es( ())y + es( ()) = O. While A is determined by the intersection of 
the edges of Pk,l( ()) and Ef, which is the closest to bj, J-L is determined 
by the intersection that is the closest to bj+1' 

Therefore, A and J-L are defined for the same values of () (those for which 
Pk,l( ()) intersects Ef). We can divide the domain of definition of A and 

J-L, which is a closed subset of [()~r, ()~;+], into a finite number of non­
overlapping closed sub-intervals such that in each sub-interval both A( ()) 
and J-L( ()) keep the same analytical expression. The analytical expression 
of A(O) (resp. /L(O)) over a sub-interval is one of the following forms: 

- 0 (resp. 1), 

- es( 0), 

- es( 0) / es( 0). 

The sub-intervals and the expressions of A and J-L over each of them can 
be computed in constant time. 
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Computation of'Rf,j. For each parallelogram3 Pk,I(8), k = 1, ... , n,A, 

1 = 1, ... , nB, we can compute the functions A~i./) and Jlt1) and consider 

the curves e = A~i./)(8) and e = Jlt,1)(8) in the rectangle [0,211") X [0,1] 
over the intervals in which the functions are defined. For each pair (k, 1), 
let 4>k,1 denote the region comprised between the curves e = A~i./)(8) and 

e = J-L~~1)(8). Let ~f,j be the region defined as: 

~P'j = [8r,r,8r,/] x [0,1] \ U4>k,l. 
k,l 

Figure 13.a illustrates a region ~P'j. The boundary of ~P'j corresponds to 
a double contact between A and B (two contacts of type B, or a contact 
of type B and a contact of type A). 

Let hf,j be the bijective application defined as follows. For every (8,e) 
in [0,211") X [0,1], hP,j(8,e) = (x,y,8), where x and yare the coordinates 

of the point bj + e(bj+1 - bj) in Fw. Thus, the image of ~f,j by hf,j 
is exactly the contact region np'j. In order to compute np,j' we first 
compute the region ~f,j and then apply the map hP'j to ~P'j. 

Let W be a maximal connected subregion of ~P'j comprised between 

two orientations 81 and 82 , and between two curves e = 1l~~'~~(8) and 

e = A~i1)(8) which keep the same analytical expression in [81 :82]. W is 

called ~ face of ~P'j and its mapping in C by hP'j is called a face of CB. 
Such a region W is shown in Figure 13.b. 

The faces of the diagram of ~P'j can be constructed by sweeping a line 
perpendicular to the 8-axis across the rectangle [0,211") x [0,1]. The 
critical orientations 8e where the faces may change are all the orientations 
where: 

- a function A ~~1) (and the associated function JL tij») starts/stops being 
defined, 

- the analytical expression of a function A~i./) or J-L~i./) changes, 

t f t · \ (i,j) d \ (i,j) (i,j) d (i,j) . t t 
- wo unc Ions "'k,l an "'k',l" or J-Lk,l an Ilk' ,I' , III ersec . 

3We may discard P.,j(O) and P;+l,j(O), which cannot intersect E7-
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Figure 13. The striped areas in Figure a form a region <Pf.j (see text). Figure 
b shows the decomposition of this region into six faces. One of them is denoted 
by '11. Each face has at most four edges. The edges contained in the boundary 
of ~f.i are called type 2 edges. The other edges (shown in dashed line) are 
called type 1 edges. 

We already know how to compute the critical orientations of the first 
and second types. The critical orientations of the third types are the 
intersections of two curves, each having one of the following forms: ~ = 0 
(or 1), ~ = cs(O), and ~ = cs(O)jcs(O). Every two curves may have up 
to two intersection points in their common sub-domain of definition. 
The computation of these points reduces to either the computation of 
the intersection between a line and a circle, or the computation of the 
intersection between a circle and a general conic. 

TESLA EXHIBIT 1013, Page 132



1 Case of a Polygonal Workspace 133 

There are nA nB critical orientations of the first and second types. There 
are O(n3tn~) orientations of the third type. Hence, the sweep-line algo­
rithm computes the faces ofnp,j in O((nAnB +c)lognAnB) time, with 
c E O(n3tn~). 

Faces, Edges and Vertices of CB. Given a face W of ~P'j' the corre­
sponding face of CB is obtained by applying the map hP'j. It is denoted 
by hP'j(W). 

The region W is bounded by two curve segments contained in ~ = A~1)(l1) 
and ~ = J.L1~'{~( 0), and possibly by two line segments parallel to the ~­
axis. The a~plication hP'j maps these curve segments to curve segments 
in R2 X [0,211") which bound the face hP'j(W) and form its edges. The 
intersections of these edges are the vertices of the face. 

In order to compute ~P'j' we assumed that ai and OA were coincident. 
If this is not the case, we can compute ~P'j in the same manner by 
translating 0 A onto ai; np'j is then obtained by applying the map T -ai 0 

hf.j to ~f.j' where T_ai denotes the translation of vector -ai. In this 
way, we can compute the faces of all the type B contact regions np,j' 
i = 1, ... , nA, j = 1, ... , nB, their edges and their vertices. 

Now, we still have to compute the faces of CB produced by type A 
contacts. Let: 

ntj = {(x, y, 0) E R2 X [0, 211") / bj E Et(x, y, 0) ; int(A(x, y, 0»nint(8) = 0}. 

We can define and compute the region ~~j corresponding to n~j in the 
same way as ~f.j' by considering that A is the obstacle and B is the 
moving object. This corresponds to taking q = (x, y, 0), with x and y 
being the coordinates of Ow in :FA and 0 being the angle between the 
x-axis of :FA and the x-axis of :Fw. In order to return to our original 
parameterization of C, we apply the map I NV defined by: 

I NV( x, y, 0) = ( -x cos 0 - y sin 0, x sin (} - y cos 0, -0). 

Once the region ~~j and its faces have been computed, they are mapped 
in configuration space by applying I NV 0 T -bj 0 h~j. 
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The computation of all the faces, with their edges and vertices, takes 
time O( n~n~ log n,AnB). The vertices of CB correspond to triple con­
tacts where the interiors of A and B do not intersect. A vnaim and 
Boissonnat [Avnaim and Boissonnat, 1988] gave an example where the 
number of such triple contacts is actually proportional to n~ n~. Hence, 
the algorithm is close to optimal. 

Adjacency Graph At this point, we have computed all the faces, 
edges and vertices of CB. It remains to determine their topological adja­
cency relation. Two faces are adjacent if and only if they share a subset 
of an edge of non-zero measure in R2. 

We distinguish two types of edges in a face (see Figure 13.b). An edge of 
type 1 belongs to two different faces of the same contact region R (Rtj 
or Rf,j). An edge of type 2 lies in the boundary of a contact region and 
thus corresponds to a double contact between A and B. An edge of type 
1 lies in a plane at constant (Jj hence, it is always a straight edge. An 
edge of type 2 mayor may not lie in a plane at constant (Jj it mayor 
may not be a straight edge. 

The adjacency of two faces by an edge of type 1 can be computed during 
the construction of the ~ regions (~t/s and ~f,/s) with the sweep-line 
algorithm, within the same time complexity. 

An edge of type 2 corresponds to a double contact that can be identified 
in constant time during the construction of the ~ regions. During the 
decomposition of a region ~ into faces, we associate with each double 
contact the list of the faces of ~ which have an edge of type 2 corre­
sponding to this double contact. By construction, the list is sorted by 
increasing (J or~. Once all the regions have been decomposed into faces, 
each double contact is labeled by two (possibly empty) lists of faces, 
which we denote by £ and C. The double contact mayor may not occur 
at constant (J. If it occurs at a constant (J, say (Jo, £ and £' are sorted 
by increasing ~j a face of £ and a face of £' are adjacent if their straight 
edges at (Jo intersect along a sub segment of non-zero length. If the dou­
ble contact occurs at non-constant (J, £ and C are sorted by increasing 
(Jj a face of £ is adjacent to a face of C if and only if the two faces 
are both defined in an interval of values of (J having non-zero length. In 
both cases, the adjacency relation among the faces of the two lists can be 
computed in worst-case time equal to the sum of the lengths of the two 
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lists. Each face has at most four edges of type 2. Hence, the adjacency 
of faces by edges of type 2 can be computed in time linear in the total 
number of faces, which is in O(n~n~). 

Thus, the computation of the boundary of CB takes time 
O(n~n~logn.An8) and the resulting representation has size O(n~n~). 
Cases where the actual complexity of the method is much smaller are 
described in [Avnaim and Boissonnat, 1988]. If A is a line segment and 
B contains no three aligned vertices, then the time complexity of the 
method is O( n~ log n8). If the number of vertices A is small, so that it 
can be considered constant, and if the edges of B are not concentrated 
near each other compared to the diameter of A (a situation of bounded 
local complexity [Sifrony and Sharir, 1986]), then the number offaces of 
CB is O( n8) and the method can be adapted to run in time O( n810g n8). 

2 Polyhedral Workspace 

In this section we extend some of the results presented in the previous 
section to the case of a polyhedral workspace. The C-obstacle CB corre­
sponding to an obstacle B is now a six-dimensional region of C bounded 
by five-dimensional C-surfaces generated by C-constraints. We will see 
that C-constraints arise from three types of contact between A and B: 

- type A contacts, each between a face of A and a vertex of B, 

- type B contacts, each between a vertex of A and a face of B, 

- type C contacts, each between an edge of A and an edge of B. 

Each type of contact produces a distinct C-constraint, and, as in the 
polygonal case, if A and B are convex, the predicate CB defined by 
q E CB ¢:} CB( q) can be constructed as the conjunction of all the C­
constraints. However, there are usually many more C-constraints in the 
polyhedral case than in the polygonal one. For instance, if both A and B 
are parallelepipeds, there are 48 different contacts of type A, 48 different 
contacts of type B, and 144 different contacts of type C! 

2.1 Polyhedral Regions and Polyhedra 

A plane P in R 3 decomposes the three-dimensional space into two half­
spaces. Let hex, y, z) = 0 be the equation of P. The two closed half-
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spaces determined by h( x, y, z) $ 0 and h( x, y, z) ~ 0 are denoted by h­
-+ and h ,respectively. 

DEFINITION 5: A convex polyhedral region Pin R3 is the inter­
section of a finite number of closed half-spaces. A polyhedral region 
is any subset of R3 obtained by taking the union of a finite number of 
convex polyhedral regions. 

A polyhedral region may not be bounded, nor connected. Its connected 
components may not be simply-connected. 

DEFINITION 6: A polyhedron is any polyhedral region that zs 
homeomorphic to the closed unit ball in R3. 

Hence, a polyhedron is compact, regular, and simply-connected. Its 
boundary is a surface homeomorphic to the unit sphere. 

Let P be a regular polyhedral region. Each maximal connected planar 
region in P's boundary that is not intersected by the rest ofP's boundary, 
except possibly along its own boundary, is called a face. Each face is a 
polygonal region. Its edges are called the edges of P. Every endpoint of 
an edge is called a vertex. An edge is closed (resp. open) if we include 
(resp. do not include) its endpoints. A face is closed (resp. open) if 
we include (resp. do not include) its bounding edges. If P is a manifold 
with boundary, each edge is shared by exactly two faces. 

Every face Fi of P is contained in a plane Pi called the supporting 
plane of Fi. Let hi(X,y,Z) = 0 be the equation of Pi. Without loss of 
generality, we write this equation so that every point in the open face 
Fi has a neighborhood whose intersection with P only contains points 
verifying hi(x,y,z) $ o. The half-space ht (resp. hi) is called the 
outer (resp. inner) half-space of Fi. The outgoing (resp. ingoing) 
normal of Fi is the unit vector normal to Fi and pointing toward the 
interior of the outer (resp. inner) half-space of Fi. 

Let f, e, and v denote respectively the numbers of faces, edges and 
vertices of a polyhedron. The surface of a polyhedron is isomorphic to 
a planar subdivision, i.e. the graph whose nodes are the polyhedron's 
vertices and whose links are the polyhedron's edges is a graph which can 
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Figure 14. A type A contact between A and B occurs when a face F/, of A 
contains a vertex bj of B, without overlapping of the interiors of A and B. 

be embedded in the plane without crossings of the links (a planar graph). 
Hence, the three parameters, I, e and v, are related by Euler's formula: 

1- e + v = 2. 

Since each vertex is the extremity of at least three edges and each face 
is bounded by at least three edges, it can easily be proven that v, e and 
I are pairwise proportional. 

A polyhedron is conveniently represented as a data structure that makes 
explicit the adjacency relation among its faces, edges, and vertices 
(e.g. the "doubly-connected-edge-list" (DCEL) [Preparata and Shamos, 
1985]). A convex polyhedral region may also be represented by the set 
of the inequations that defines the half-spaces hi, i.e. ni hi . 
The complexity of a polyhedral region is defined as the number of its 
faces, edges and vertices. 

2.2 C-constraints of Type A and Type B 

C-constraints of types A and B are established in the same fashion as 
in the polygonal case. Figures 14 and 15 illustrate the notations used 
below. The subscript i (resp. j) is used for vertices of A (resp. B). The 
subscript I (resp. m) is used for edges of A (resp. B). The subscript r 

TESLA EXHIBIT 1013, Page 137



138 Chapter 3: Obstacles in Configuration Space 

I 
I 
I 

I 
I 

I 
I 
I 
I 

: 
Q13<q) 

Figure 15. A type B contact between A and B occurs when a vertex ai of A 
is contained in a face F.B of B, without overlapping of the interiors of A and B. 

(resp. s) is used for faces of A (resp. B). All edges are treated as closed 
edges, i.e. they include their endpoints. All faces are treated as closed 
faces, i.e. they include their bounding edges. In order to simplify the 
notations, we assume that one extremity of edge Ef (resp. E:!) is at 
(resp. bm ), and that one vertex in the boundary of A's face F/, (resp. 
B's face Ff) is ar (resp. bs ). We denote the outgoing normal of F/, 
(resp. Ff) by 0-: (resp. O~). 

Type A Contact. Consider the type A contact between the face F/, 
of A and the vertex bj of B (Figure 14). The coboundary of bj is defined 
as the set of all the edges of B having bj as one of their endpoints. We 
let w(bj) denote the set of all the vertices (except bj) at the extremities 
of the edges belonging to the coboundary of bj. In Figure 14, w(bj) = 
{bkl' bk2 , bk3}' 

DEFINITION 7: The expression: 

APPL~j( q) => [J~j( q) ~ 0] 

where: 

APPL~j(q) = 1\ W:'(q)· (bk - bj) ~ 0] 
b"ew(bj) 

and: 
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is called a C-constraint of type A. It is denoted by CONST~j( q). 

Type B Contact. Consider the type B contact between the vertex ai 
of A and the face F~ of B (see Figure 15). 

DEFINITION 8: The expression: 

where: 
APPLp's( q) = /\ [( ak( q) - ai( q)) . ii~ ~ 0] 

akEw(a.) 

and: 
H!s(q) = il'!. (ai(q) - bs ) 

is called a C-constraint of type B. It is denoted by CONSTfs( q). , 

The surface (Le. the five-dimensional submanifold of C) represented by 
/f,j(q) = 0 (resp. Jl!s(q) = 0) is called a C-surface of type A (resp. 
type B). 

When q is expressed as (7,0), the applicability conditions APPL~j( q) 
and APPLPs( q) depend only on 0. , 

2.3 C-constraints of Type C 

A contact of type C occurs when an edge Et of A is in contact with an 
edge E! of B, with no intersection of the interiors of the two objects. A 
type C contact is illustrated in Figure 16. 

A C-contact between Et and E! is feasible only for a subrange of ori­
entations of A. This subrange can be determined as follows [Donald, 
1984]. Let PI,m(q) be the plane containing both Et(q) and E! when 
the two edges are in contact (we assume here that Et( q) and E! are not 
colinear). There is no intersection of the interiors of A( q) and B if and 
only if PI,m( q) is a separating plane of A( q) and B, i.e. if the interiors 
of A( q) and B lie on different sides of PI,m ( q). 

Let Fi1 and Fi1 be the two faces of A intersecting at Et (see Figure 

17.a). Let F~ 1 and F~ 2 be the two faces of B intersecting at E! (see 
Figure 17.b). We denot~ by: 
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Figure 16. A type C contact between A and B occurs when an edge Et of 
A intersects an edge E~ of B, without overlapping of the interiors of A and B. 

(a) (b) 

Figure 17. This figure illustrates some of the notations for establishing the 
general form of a C-constraint of type C (see text). 

- i(,\ (q) (resp. ~2( q» the vector contained in F/1 (q) (resp. F/1( q» and 
perpendicular to E(,( q), 

- ~,1 (resp. [!,2) the vector contained in F~,l (resp. F~,2) and perpen­
dicular to E~. 

Let: 
VI,m( q) = (I,m ef( q) 1\ e! 

TESLA EXHIBIT 1013, Page 140



2 Polyhedral Workspace 141 

where: 
- (I,m = ±1 (the actual value of fl,m will be defined later), 
-et( q) (resp. e~) denotes a unit vector parallel to Et( q) (resp. E!!J, 
- it" v denotes the outer product of two vectors. 
Hence, VI,m (q) is normal to the plane PI,m (q). Below, we will set (I,m so 
that it points toward B. 

PI,m( q) is a separating plane of A( q) and B if and only if tl,\ (q) and 

tr,t2( q) point away into one half-space bounded by PI,m( q), while ~,l 
and ~ 2 point away into the other half-space. This can be expressed by , 
the following three conditions: 

k,A sign( tr,tl (q) . VI,m (q)) 
kG = sign(~,l' Vi,m(q)) 
k,A i- kG. 

sign(tr,t2(q)' VI,m(q)), 
sign(~,2' Vi,m(q)), 

These conditions are called the applicability conditions of the type 
C contact between Et and E~. We denote their conjunction by 
APPLrm(q)· , 

Let A move in such a way that the type C contact between Et and E~ 
is maintained. During the displacement, the robot's configuration moves 
in a five-dimensional submanifold of C whose equation is: 

where: 
h~m(q) = VI,m(q)· (bm - al(q)). 

This equation expresses the fact that when Et( q) and E~ are in contact, 
the two vectors VI,m( q) and (bm -ale q)) are perpendicular or bm -ale q) = 
O. The surface it represents is called C-surface of type C. It separates 
C into two half-spaces. If we take: 

(I,m = sign( (ef( q) " e~) . ~~,1) 

then VI,m points into the half-space bounded by PI,m( q) which contains B, 
and the C-obstacle CB lies completely within the half-space determined 
by: fFm(q) ~ O. , 

DEFINITION 9: Let: 

VI,m( q) = (I,m etc q) " e~ 

TESLA EXHIBIT 1013, Page 141



142 Chapter 3: Obstacles in Configuration Space 

with: 

fl,m = sign((er'(q) A~). t;:,d. 
The expression: 

where: 

APPLfm(q) , 

and: 

= [kA = sign(~l(q)· Vi,m(q)) = sign(i[l2(q)· Vi,m(q))] 
A[k13 = sign(f!,l . Vi,m(q)) = sign(!Jt,2 . Vi,m(q))] 
1\ kA f; k13 

ffm(q) = Vi,m(q)· (bm - al(q)) 

is called a C-constraint of type C. It is denoted by CONSTf,m ( q). 

In this definition we assume that: 

(1) The outer product of ef(q) and e! is non-zero. 

(2) None of the inner products: 

is zero. 

ii,\(q). Vi,m(q) 

tr,2( q) . "I,m (q) 

f!,l . Vi,m( q) 

.... 13 .... () tm,2· Vl,m q 

If condition (1) is not satisfied, it means that Et( q) and E! are colinear. 
Then, the contact is also a type A and/or type B contact. Hence, one or 
several C-constraints of type A and/or B already take this situation into 
account. Similarly, if condition (2) is not satisfied, an edge of A (or B) 
is contained in the plane of a face of B (or A), and again the situation 
is already taken into account by one or several C-constraints of type A 
or B. Thus, the situations where the above conditions are not satisfied 
need not be included in the C-constraints of type C. 
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2.4 Representation of a C-obstacle with C-constraints 

As in the polygonal case, we can express CB as the conjunction of all the 
C-constraints of types A, B, and C generated by the faces, vertices, and 
edges of A and B [Donald, 1984]. 

THEOREM 2: Let A and B be two convex polyhedra. The C-obstacle: 

CB = {q E C / A( q) n B ;t 0} 

is such that: 

q E CB ¢} CB(q) 

with: 

r,j i,s I,m 

Since the numbers of vertices, edges and faces in a polyhedron are piece­
wise proportional, the total number of C-constraints of Types A, B, and 
C in CB( q) (Le. the time complexity of its evaluation) is proportional 
to nAnG, where nA (resp. nG) is the number of vertices of A (resp. B). 
Other forms of the predicate CB have been proposed in [Canny, 1988]. 

If A and B are non-convex polyhedra, then they can be decomposed into 
convex ones. As in the polygonal case, CB( q) becomes a disjunction. 
Every term of the disjunction describes the C-obstacle corresponding to 
one convex polyhedron resulting from the decomposition of A and one 
convex polyhedron resulting from the decomposition of B. The opti­
mal convex decomposition of a non-convex polyhedron is known to be 
NP-hard [Lingas, 1982]. However, a non-optimal decomposition can be 
produced in polynomial time [Chazelle, 1984] [Bajaj and Dey, 1988]. 
CB( q) can also be adapted to handle the case where B is a non-bounded 
and/or non-regular polyhedral region. 

2.5 Parameterization of C-Constraints 

Once a representation of q has been selected, it can be used to parame­
terize the C-constraints of types A, B, and C, as we did in the polygonal 
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case (see Subsection 1.4). However, the resulting expressions are quite 
long and we do not give them here. In practice, they may be established 
using an automatic symbolic computation system such as Macsyma (see 
[Donald, 1984] [Canny, 1988]). If a quaternion-based representation is 
used, the parameterized expression of ca( q) can be established in semi­
algebraic form. 

2.6 Geometric Interpretation 

Let us consider the expression of CB given in Theorem 2 (A and Bare 
convex polyhedra), with q represented as (T, 0), where T E R3 consists 
of the three coordinates of 0 A in :Fw and 0 is any parameterization of 
the orientation of A. Each C-surface is represented by: 

f~(T, 0) = 0 or fi~(T, 0) = 0 or ffm(T,0) = o. 
If we fix the orientation of A equal to 0 0 , then: 

f~j(T, 0 0 ) = 0, fi~(T, 0 0 ) = 0 and ffm(T,00) = 0 

represent planes in R3: 

- The plane f~j(T, 0 0 ) = 0 is parallel to F/,(T,00). It rotates if we 
slightly modify the orientation of A. 

- The plane fe(T,00) = 0 is parallel to F~. It translates if we slightly 
modify the orientation of A. 

- The plane ffm(T,00) = 0 is parallel to both Et(T, 0 0 ) and E~. It 
rotates if we slightly modify the orientation of Ef(T, 0 0 ). 

The cross-section CBeo at 0 = 00 is the intersection of a finite num­
ber of closed half-spaces, each bounded by a plane f~j(T, 0 0) = 0, 
fe(T,00) = 0, or fl~m(T, 0 0 ) = O. Since CB is compact and regular 
(see Propositions 4 and 8 in Chapter 2), CBeo is a convex polyhedron 
equal to the Minkowski difference Be A(O, 0 0 ). 

The values of If~j(T, 0 0 )1, 1!l!s(T,00)1, and Iffm(T,00)1 are the 
Euclidean distances from T E R3 to the planes f~j(T, 0 0 ) = 0, 

fe(T,00) = 0, and ffm(T,00) = 0, respectively. When (T,00) ¢ 
CBeo' these values can be used to compute the distance from (T, 0 0 ) to 
CB in the subspace 0 = 0 0 • 
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2.7 Boundary Representation 

Various algorithms have been proposed to compute the explicit repre­
sentation of the boundary of a C-obstacle CB when the robot A can only 
translate. 

If both A and B are convex polyhedra, CB can be expressed as ([Lozano­
Perez, 1983]): 

CBeo = conv( vert(B) e vert(A(O, 0 0))). 

There exist algorithms for computing the convex hull of a set of points 
in three-dimensional space which run in O( n log n) time, where n is the 
cardinality of the input set [Preparata and Shamos, 1985]. Here, n = 
n,An8· 

When A and B are convex polyhedra, a more efficient algorithm for 
constructing CBeo's boundary is given in [Guibas and Seidel, 1986]. It 
runs in O( n,A + n8 + c) time, where c denotes the number of vertices of 
CBeo' which is O(n,An8) in the worst case. 

Avnaim and Boissonnat [Avnaim and Boissonnat, 1988] proposed an 
adaptation of the method described in Subsection 1.7 to compute the 
boundary of CBeo when A and B are (possibly non-convex) polyhedra 
bounded by triangular and/or trapezoidal faces. The adapted method 
runs in time O( n~ n~ log n,A n8). The method can be extended with the 
same asymptotic time complexity to any pair of arbitrary polyhedra by 
decomposing their faces into triangles and trapezoids. (Each face with 
n vertices can be decomposed into O( n) triangles and trapezoids in time 
O( n log n). Hence, the faces of the two polyhedra can be decomposed into 
O(n,A) and O(n8) components in times O(n,Alogn,A) and O(n8Iogn8), 
respectively. ) 

3 Semi-Algebraic Workspace 

In this section we consider the more general case where both A and Bare 
described as arbitrary semi-algebraic subsets of W = RN. We show that 
in this case the C-obstacle CB can also be represented as a semi-algebraic 
subset. The polygonal and polyhedral works paces studied in the previous 
two sections are particular cases of semi-algebraic workspaces. 
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3.1 Semi-Algebraic Sets 

Semi-algebraic sets are defined by means of first-order logic sentences 
whose predicates are =, #, >, <, ~, and ::;, whose variables are real 
numbers and whose terms are multivariate polynomials with rational 
coefficients. Q[X1 j ••• j Xn] denotes the ring of polynomials in n real vari­
ables with rational coefficients. 

DEFINITION 10: An atomic polynomial expression over R n IS 

one of the form: 
P(x) 1><3 0 

where P E Q[X1 j ... j Xn], x E Rn, and 1><3 can be any comparator in 
{=, #, >, <,~, ::;}. A polynomial expression over Rn is any finite 
boolean combination of atomic polynomial expressions over Rn. A subset 
of R n whose points satisfy a polynomial expression is called a semi­
algebraic set. 

DEFINITION 11: A Tarski sentence is any polynomial expression 
prefixed by a finite number (possibly zero) of 3 and V quantifiers applying 
to some of the variables in the sentence over the set of the reals. 

For example: 

is a Tarski sentence. A polynomial expression is a quantifier-free Tarski 
sentence. 

The variables in a Tarski sentence which are not quantified (e.g. z in 
the above example) are called free variables. A Tarski sentence without 
free variables is either true or false. The first-order theory of the 
real numbers, denoted by Th(R), is the set of all the Tarski sentences 
without free variables which are true. For example: 

3x : x2 - 1 = 0 

belongs to Th(R), but: 

3x : x2 + 1 ::; 0 
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does not. 

Let 4>( XI, ••. , xn) denote a Tarski sentence in which all occurrences of 
the variables XI, ••• , Xn are free, each Xi, i E [1, n], mayor may not 
occur, and there are no free variables other than x}, ... , Xn. 4>(x}, ... , xn) 
is satisfiable if and only if the sentence 3x}, ... 3xn : 4>( x}, ... , xn) is in 
Th(R). If it is satisfiable, 4>( x}, ... , xn) defines a non-empty subset of 
R n. The points ofthis subset are all the lists (at, ... , an) of constant real 
numbers such that 4>( a}, ... , an) is true. 

Two Tarski sentences 4>1(X}, .... ,xn) and 4>2(Xl, ... ,Xn) are said to be 
eq uivalent if for all real numbers at, ... , an, 4>1 (a}, ... , an) is true if and 
only if 4>2 ( a}, ... , an) is true, i.e. if the sentence: 

\/Xl, ... , \/Xn: 4>1(Xb ... ,Xn) {:} 4>2(Xb ... ,Xn) 

belongs to Th(R). 

Tarski showed that any Tarski sentence is equivalent to a ( quantifier-free) 
polynomial expression [Tarski, 1951]. For instance, if P(x}, ... , Xn, xn+t) 
is a polynomial expression over R n+1 , there exist two polynomial expres­
sions over Rn, Q(x}, ... ,xn) and R(x}, ... ,xn), such that Q(Xb ... ,Xn) is 
equivalent to 3xm+1 : P(x}, ... , Xm, xm+1) and R(x}, ... , xn) is equivalent 
to \/xm+1 : P( x}, ... , Xm, xm+t). Several constructive proofs of this re­
sult have been given, including one by Tarski. In particular, Collins 
proposed a quantifier-elimination algorithm (known as the Collins de­
composition; see Section 3 of Chapter 5) that takes double-exponential 
time in the number of variables [Collins, 1975]. Grigoryev [Grigoryev, 
1988] described another method that takes simple-exponential time in 
the number of variables and double-exponential time only in the number 
of quantifier alternations. By using these algorithms, one can reduce 
any Tarski sentence containing no free variable to either 0 = 0 (if the 
sentence is true) or 1 = 0 (if the sentence is false), and thus compute 
whether the value of the sentence is true or false (hence, the first-order 
theory of the real numbers is decidable). One can also check whether 
a Tarski sentence containing free variables is satisfiable by existentially 
quantifying the free variables and eliminating them. In addition, if a 
Tarski sentence is true or satisfiable, the methods of Collins and Grigo­
ryev return a sample list of values for the free and existentially quantified 
variables which satisfy the sentence (see Chapter 5). Various applications 
of quantifier elimination are presented in [Arnon, 1988]. 

TESLA EXHIBIT 1013, Page 147



148 Chapter 3: Obstacles in Configuration Space 

Hence, any Tarski sentence ¢>( Xl, ... , xn) containing n free variables de­
fines a semi-algebraic subset X ofRn. ¢>(Xb ... ,xn ) is called the defining 
formula of X. 

Given two semi-algebraic subsets of R n, A and B, with defining formu­
lae ¢>A(XI, ... , xn) and ¢>B(Xt, ... , xn), then the sets AU B and An Bare 
semi-algebraic sets with defining formulae ¢>A(Xt, ... , xn) V ¢>B(XI, ... , xn) 
and ¢>A(Xt, ... ,xn ) A ¢>B(Xt, ... , xn ). The expression A ~ B is a log­
ical expression that translates into the Tarski sentence YXI, ... , YXn : 

¢>A(Xt, ... ,xn) * ¢>B(XI, ... ,Xn), In a similar way, (XI, ... ,xn) E A trans­
lates to the sentence ¢>A(Xt, ... , x n ). These simple rewriting rules will al­
low us to construct semi-algebraic sets without explicitly giving all their 
defining formulae, and conversely, will allow us to write Tarski sentences 
using semi-algebraic sets. 

3.2 C-Obstacles 

Let every object in W = RN be represented as a semi-algebraic set. 
We denote the defining formulae of A and B by AA(a) and A8(b), re­
spectively, with a and bERN. A,A(a) represents A at the reference 
configuration. 

The C-obstacle CB = {q E C / A( q) n B =F 0} can be described as: 

CB = {q E C / 3a, 3b: A,A(a) A A8(b) A (a(q) = b)}. 

As shown in Section 2 of Chapter 2, any configuration q of A can be 
represented by a vector u = (7,0) of N(N + 1) real numbers related 
by !N(N + 1)+ 1 polynomial equations with integer coefficients. These 
equations express the fact that the N x N matrix 0 representing the 
orientation of A has orthonormal columns and determinant + 1. Let 
r( u) denote the conjunction of these equations. Let T( u, a, b), with 
a ERN and bERN, be the conjunction of the N polynomial equations 
expressing that the coordinates of a point a in A equal those of a point 
b in B when A is at a configuration represented by u = (7,0). These 
equations are derived from the relation b = 0 a + 7. 

Thus CB can be represented in RN(N+l) as: 

CB = {u E RN(N+l) / CB(u)} 
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with: 

CB(u) = 3a, 3b: A,A(a) 1\ A8(b) 1\ T(u,a,b) 1\ r(u). 

The expression 3a, 3b : A,A( a) 1\ A8(b) 1\ T( u, a, b) 1\ r( u) is a Tarski 
sentence. Hence, CB is a semi-algebraic subset of RN(N+I). 

PROPOSITION 1: If the robot and all the obstacles (infinite number) 
are represented as semi-algebraic subsets of RN I then every C-obstacle 
is a semi-algebraic subset of RN(N+1). C free, Ccontactl and Cvalid are also 
semi-algebraic subsets of RN(N+1). 

The same result can be obtained in R m , with m = !N(N + 1), rather 
than in RN(N+1) , by using an appropriate non-redundant parameteriza­
tion (chart) of C, e.g. the stereographic projection in the two-dimensional 
case and unit quaternions in the three-dimensional case (see Section 4 of 
Chapter 2). Let x denote the representation of q in such a chart. The 
relation a( q) = b entails a polynomial expression T'(x, a, b). We have: 

CB = {x E Rm / CB(x)} 

with: 

CB(x) = 3a, 3b: A,A(a) 1\ A8(b) 1\ T'(x,a,b). 

Such a parameterization significantly reduces the number of variables in 
the semi-algebraic representation of CB, and hence the cost of applying 
quantifier-elimination procedures. However, some extra-work may be 
needed in order to switch from one chart to another. 

Exercises 

1: A and B are two convex polygons. A can translate and rotate freely 
in the plane. Give a computable expression of the predicate 8CB repre­
senting the boundary of CB, i.e. : 

q E 8CB {:} 8CB( q). 

Extend this result to the case where A and B are non-convex polygons. 
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2: Describe a sweep-line algorithm that partitions a non-convex polygon 
into triangles and trapezoids. [Hint: See Section 1 of Chapter 5.J 

3: Using the representation of CB given in Theorem 1, propose a method 
for computing the intersection of a pure rotational path with the bound­
ary of a C-obstacle CB [Donald, 1984J. (Assume that A and B are convex 
polygons.) 

4: Let A and B be convex polygons. A configuration of A is parameter­
ized by (x, y, 8), with x and y being the coordinates of OA in Fw and 
(J being the angle between the x-axes of Fw and :FA. The C-obstacle 
CB is a three-dimensional volume in R2 X [0,211") bounded by patches of 
C-surfaces of type A and type B (faces). Draw the projection of a face 
of type A (resp. type B) on the xy-plane. Specify the parameters of the 
figure (lengths of straight segments, radii of circular arcs). [Hint: See 
Subsection 3.2 of Chapter 6.J 

5: Let A and B be two line segments of bounded lengths. Describe the 
C-obstacle CB in R2 X [0,211-)' How many faces does it have? 

6: Let A and B be two convex polygons. A translates at a fixed orien­
tation (Jo. Show that: 

CBoo = conv( vert(B) e vert(A(O, 0, (Jo») 

where vert(P) denotes the set of vertices of a polygonP and conv(S) 
denotes the convex hull of a planar set of points S. Show that the result 
still holds in the case where A and B are convex polyhedra, with conv(S) 
denoting the convex hull of a set of points in R3 [Lozano-Perez, 1983J. 

7: Let A and B be two convex polygons. 

a. Let us first assume that A can only translate at a fixed orientation 
(Jo. Write a program that computes the boundary of the C-obstacle 
CBoo using the method described in Subsection 1.6. 

b. Let us now consider the case where A can translate and rotate freely. 
Extend the previous program in order to compute the boundary of 
CB using the method sketched at the beginning of Subsection 1.7. 
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8: A generalized polygon is a region of R2 homeomorphic to the closed 
unit disc, whose boundary (a Jordan curve) is a closed-loop sequence 
of straight segments and circular arcs. Let A and B be two convex 
generalized polygons. Show that the C-obstacle CB is also a convex 
generalized polygon. 

9: Explain how Figure 10 illustrates the fact that the complexity of CBoo 
can be proportional to n~ n~. 

10: Show that the computation of the intersection of two curves ~ = ~ 
and ~ = cs(8), where cs(8) is an expression of the form ~ cos 8+~ sin 8+~ 
and ~ is a constant (each occurrence of ~ may be a different constant and 
each occurrence of cs(8) may be a different expression), can be reduced 
to the computation of the intersection of a line and a circle. Show that 
the computation of the intersection of two curves of the form ~ = es( 8) 
and/or ~ = cs(8)/cs(8) can be reduced to the computation of a circle 
and a general conic (see Subsection 1.7). 

11: Let A be a line segment of bounded length. B is a regular (possibly 
non-bounded) polygonal region whose edges are all segments of bounded 
lengths. A contact configuration between A and B is a configuration q 
for which there exists a pair (X, E) such that X is a vertex of B (resp. 
an endpoint of A(q)), E is A(q) (resp. an edge of B), and X is contained 
in E. A triple-contact configuration between A and B is a configuration 
q such that there exist three distinct such pairs (Xi, Ei), i = 1,2,3. A 
(triple-)contact configuration q is semi-free if and only if A( q) does not 
intersect the interior of B. 

Let na be the number of vertices and edges of B. Assume that no three 
vertices of B are aligned. Analyze the various types of triple-contact 
configurations. Show that there are O( nalog n8) semi-free triple-contact 
configurations of A. Derive from these results the fact that the method 
of Avnaim and Boissonnat (Subsection 1.7) can compute the boundary 
of CB in O( n~ log na) time and that the size of the boundary is O( n~) 
[Avnaim and Boissonnat, 1988]. 

12: Let j, e and v be the number of faces, edges and vertices in a 
polyhedron. Show that j, e and v are pairwise proportional. 
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13: Prove Theorem 2. 

14: Let A and B be two convex polyhedra. We call the wedge of an edge 
E (of A or B) the intersection ofthe two (closed) inner half-spaces of the 
two faces intersecting at E. Show that A and B have a null intersection 
if and only if all edges of A (or B) are outside some wedge of an edge 
of B (or A). From this result, derive an expression of the predicate CB 
defined by q E CB {:} CB(q) [Canny, 1988]. 

15: Describe how the method of Subsection 1.7 can be adapted to com­
pute the boundary of a C-obstacle when A is a polyhedron that can only 
translate and 8 is a polyhedron. A and B may not be convex. What is 
the complexity of the adapted method [Avnaim and Boissonnat, 1988]? 

16: Let A be a semi-algebraic subset of Rn with <PA(Xl, ..• , xn) as its 
defining formula. Show that the interior, the boundary and the closure 
of A are all semi-algebraic subsets of Rn. 
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Multiple Moving Objects 

In this chapter as well as the next three, we investigate various extensions 
of the basic motion planning problem. In the present chapter we begin 
this investigation with a series of extensions which ill involve multiple 
moving objects. 

We first consider the case where some (or ill) of the obstacles in the 
workspace are moving (Section 1). The resulting problem is cilled the 
dynamic motion planning problem. Unlike the (static) basic problem, 
it cannot be solved by merely constructing a geometric path. Instead, 
a continuous function of time specifying the robot's configuration at 
each instant has to be generated. The general approach taken in this 
chapter is to add a dimension - time - to the robot's configuration 
space. The robot maps in this configuration-time space to a point moving 
among stationary obstacles. But the time dimension is irreversible and 
hence is significantly different from the other dimensions. Several path 
planning methods presented in the previous chapters are still applicable 
to the dynamic motion planning problem, but with some modifications 
and extensions, which are aimed at taking the specificity of the time 
dimension into account. 
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The dynamic motion planning problem can be made more realistic by 
imposing constraints on the robot's velocity and acceleration. In our 
presentation, however, we will only consider the two "simple" cases where 
(1) the robot's velocity modulus is not upper-bounded, and (2) where 
it is upper-bounded (with no other constraint on the velocity and the 
acceleration). As we will see, from a computational point of view, the 
problem with bounded velocity is substantially harder than the problem 
without bounded velocity. 

As a second extension, we then consider the multi-robot path planning 
problem where several robots move independently in the same workspace 
among stationary obstacles (Section 2). One conceptually simple ap­
proach to this problem is to consider the various robots as the compo­
nents of a composite robot and plan a free path in the configuration space 
of this composite robot (centralized planning). A difficulty, of course, is 
that the dimension of this configuration space is usually large and we 
know that the time complexity of path planning methods is exponential 
in this dimension. Another approach consists of planning a path for each 
robot more or less independently of the other robots and then consid­
ering the interactions among the paths (decoupled planning). By doing 
so, we significantly reduce the amount of computation, but we also loose 
completeness. 

In the third extension, we consider articulated robots, i.e. robots which 
are made of several moving rigid objects connected by joints (e.g. hinges, 
sliding joints) that constrain the relative movements of the objects (Sec­
tion 3). We focus our presentation on the case where the robots contain 
no kinematic loop. This case includes the problem of planning collision­
free paths for manipulator arms. 

1 Moving Obstacles 

1.1 Configuration-Time Space 

Let A be a rigid object moving in a workspace W = R N , with N = 2 
or 3, populated by obstacles Bi (rigid objects), i = 1 to q, which may 
possibly be in motion. Bi(t) designates the region of W occupied by the 
object Bi at time t (t ;::: 0). We assume that the regions B1(t) through 
Bq(t) are known in advance. This assumption requires that the motions 
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of the obstacles not be influenced by the motion of A. 

Let C be the configuration space of A as defined in Chapter 2. At every 
instant t, the obstacle Bi(t) maps in C to the C-obstacle: 

The shape of CBi(t) does not depend on t, but its location in C does. 

The dynamic motion planning problem is to plan a collision-free motion 
of A from the initial configuration qinit at time 0 to the goal configuration 
qgoal at time T ~ O. (We assume without loss of generality that the 
motion of A starts at time 0.) The time T is called the arrival time. 
The planning problem requires that a function of time be generated 
which specifies the configuration of A at every instant in the interval 
[0, T]. More formally, a solution of the problem is a continuous function: 

q 

t E [0, T] t-+ q(t) E C\ U CBi(t) 
i=l 

with t representing time, q(O) = qinit and q(T) = qgoal. This function 
is called a trajectory of A. 

Since the locations of the C-obstacles may vary with t, we cannot repre­
sent them in C in such a way that we can still reduce the motion of A to 
the motion of a point among fixed constraints. This difficulty is solved 
by simply adding another dimension - namely, time - to C. We obtain 
a new space, CT = C X [0, +00), which is called the configuration-time 
spacel of A. CT is a smooth manifold of dimension m + 1, where m 
is the dimension of C. A continuous map ~ : [0,1] -t CT is called a 
CT-path. 

The robot A maps in CT to a configuration-time (q, t), meaning that 
A's configuration at instant t is q. The cross-section through CT at 
every instant t is C populated by the C-obstacles CBi(t), i = 1 to q. 
Thus, every obstacle Bi maps in CT to a stationary region CTBi, called 
a CT-obstacle, defined by: 

CTBi = {( q, t) / A( q) n Bi( t) i- 0}. 

lIn the literature, this space is often called configuration space-time. 
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Figure 1. The robot A translates freely without rotation in the plane (Figure 
a). The obstacle B translates at fixed orientation, at constant linear velocity VB, 
between the instants t1 and t2. VB is parallel to the y-axis and points upward. 
At any time t rf. [t1, t2], B is motionless. The CT-obstacle CT B is obtained (see 
Figure b) by sweeping CB along a line that is perpendicular to the xy-plane, 

when t rf. [t1, t2], and oriented along the vector (0, IlvB11, 1), when t E [t1, t2]' 

Example: Let W = R 2 and assume that A can only translate at fixed 
orientation. Hence, C = R2 and CT = R2 X [0, +00). Let the workspace 
contain a moving obstacle B that translates at fixed orientation, at con­
stant linear velocity VB, between the instants t1 and t2' The rest of the 
time, B is stationary. Let CB(O) be the C-obstacle in C at instant O. For 
all t E [t1' t2], CB(t) is obtained by translating CB(O) by VB(t - tt) in C. 
Thus: 

CTB = {(q,t) / q E CB(O) and t E [0,t1]} 
U{( q + VB( t - tt), t) / q E CB(O) and t E [tt, t2]} 
U{(q + VB(t2 - t1), t) / q E CB(O) and t ~ t2}' 

Figure 1 illustrates the construction of CTB .• 

We define the free space in CT as: 
q 

CTfree = CT \ U CTBj. 
i=l 

The closure of CT free is called the semi-free space in CT. A contin­
uous map ~ : [0,1] --+ CTfree (resp. cl(CTfree )) is called a free (resp. 
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semi-free) CT-path. The dynamic motion planning problem can now 
be regarded as that of constructing a free CT-path between two given 
configuration-times (qinit, 0) and (qgoal' T). Hence, it is reduced to the 
problem of finding a path among stationary obstacles, i.e. the CTBi'S. 

With respect to the basic motion planning problem, there is a major 
difference. Since no object can move back in time, a CT-path ~ should (at 
least) be strictly monotone in time, i.e. satisfy the following condition: 

'Vs, s' E [0,1], let ~(s) = (q, t) and ~(s') = (q', t')j s < s' ~ t < t'. 

Then ~ determines a trajectory q( t) such that: 'V s E [0, 1] : ~(s) 
(q(t),t). 

In practice, the condition that a CT-path ~ be strictly time-monotone 
may not be sufficient, since it allows for unbounded velocity and accel­
eration. A variant of the dynamic motion planning problem consists of 
imposing constraints on A's velocity and acceleration, that is, on the 
slope and the curvature of ~ relative to the time axis. These constraints 
make the planning problem considerably harder. In the following, we will 
only consider the two cases where the robot's velocity modulus is/is not 
bounded. We will not examine the case where the acceleration modulus 
is bounded.2 

Another classical variant of the dynamic motion planning problem is to 
leave the arrival time unspecified. This means that we only want A 
to reach a goal configuration qgoal at some time T ~ O. Most of the 
methods solving the dynamic problem with specified arrival time T can 
solve the problem with unspecified T, with minor adaptations. 

1.2 Complexity Results 

It has been shown in [Reif and Sharir, 1985] that the dynamic mo­
tion planning problem in a three-dimensional workspace, with arbitrar­
ily many rotating obstacles, is PSPACE-hard if the velocity modulus is 
bounded and NP-hard otherwise. (Notice that rotating obstacles may 
generate non-algebraic constraints in the configuration-time space, even 
if the objects are semi-algebraic.) It has also been shown in [Canny, 

20'Dunlaing [O'Dunlaing, 1987] is one of the rare publications considering the case 
where the robot's acceleration is bounded. 
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1988] that dynamic motion planning for a point in the plane, with a 
bounded velocity modulus and arbitrarily many obstacles, is NP-hard, 
even when the moving obstacles are convex polygons moving without 
rotation at constant linear velocities. 

On the other hand, the dynamic motion planning problem for a polygonal 
robot A translating at fixed orientation in the plane with bounded veloc­
ity modulus among polygonal obstacles that translate without rotation 
at fixed linear velocity can be solved by an algorithm that is polynomial 
in the total number of vertices of A and the Bi'S, if the number of ob­
stacles is bounded (see Subsection 1.4.1). However, as one could suspect 
from the results cited above, the algorithm takes exponential time in the 
number of obstacles. When all the constraints can be expressed semi­
algebraically, the dynamic motion planning problem with no velocity 
constraints and arbitrarily many obstacles can be solved in polynomial 
time in the number and the degree of the semi-algebraic constraints (see 
Subsection 1.3.1). 

1.3 Planning Without Velocity Bound 

1.3.1 Exact Cell Decomposition 

When the modulus of A's velocity is not bounded and the obstacles' 
trajectories are expressed in algebraic form, the general path planning 
algorithm based on the Collins decomposition presented in Section 3 of 
Chapter 5 is applicable with minor changes. The various CT-obstacles 
are represented as semi-algebraic sets in CT and planning is performed 
with the additional constraint that time is irreversible. 

This constraint can be taken into account by representing a 
configuration-time as a list (t, q}, ... , qm) E R m+1 (m is the dimension 
of A's configuration space), where the time t stands as the first coor­
dinate in the charts put on CT. Hence, all the cells resulting from the 
Collins decomposition of CT ultimately project on the time axis. In 
other words, they are contained in "cylinders" above intervals or points 
along the time axis. Therefore, two cells K and K' are in the same cylin­
der, i.e. "occur" in the same interval of time, if and only if the sample 
points 0'( K) and 0'( K') project at the same time coordinate. If, instead, 
the sample points project at different time coordinates, one cell "occurs" 
before the other. The connectivity graph CG is now defined as a directed 
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graph whose nodes are the (m+l)- and m-dimensional cells ofthe Collins 
decomposition of CT. A cell Ii is connected to a cell Ii' by an arc if and 
only if Ii and Ii' are adjacent and either Ii occurs before Ii', or Ii and 
Ii' occur simultaneously, i.e. the time coordinate of 0"( Ii) is less than or 
equal to the time coordinate of O"(Ii'). 

In order to construct a free motion between (qinih 0) and (qgoal' T), the 
planner searches CG for a sequence of adjacent cells lit, ••. , lip such that 
(qinit,O) E Ii} and (qgoal' T) E lip. From this sequence, if one exists, 
it generates a CT-path from (qinih 0) to (qgoal' T) in the same way as 
for the static problem. Clearly, however, the slope of such a path with 
respect to the time axis is not bounded. 

If the arrival time T is unspecified, the same method still applies. The 
goal locus in CT is the half-line {( qgoal, T) / T ~ O} rather than a single 
configuration-time. The graph CG has to be searched for a sequence of 
cells Ii}, .•• , lip such that lip intersects this half-line. A search of CG with 
time as the cost function can generate the CT-path that attains the goal 
configuration at the earliest possible time, if a free CT-path exists. 

This general method is complete, but its computational complexity 
makes it iinpractical, even for small values of m. 

1.3.2 Approximate Cell Decomposition 

The approximate cell decomposition approach presented in Chapter 6 
also applies to the dynamic motion planning problem with no velocity 
constraint. It only requires the definition of the connectivity graph to 
be slightly modified. 

Assume that the set of possible configuration-times in CT is a rectangloid 
which has been decomposed into smaller rectangloid cells, each classified 
as EMPTY (if its interior intersects no CT -obstacle), FULL (if it is en­
tirely contained in the union ofthe CT-obstacles), or MIXED (otherwise). 
The connectivity graph CG corresponding to this decomposition is a di­
rected graph whose nodes are the EMPTY cells (or both the EMPTY and 
MIXED cells) of the decomposition. A cell Ii is connected to a cell Ii' by 
an oriented arc if and only if: 

- either they are adjacent by a face that is parallel to the time axis, 
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(a) (b) 

Figure 2. Figure a depicts a two-dimensional configuration-time space with 
seven EMPTY cells. Figure b shows the corresponding connectivity graph. Al­
though no path from /\'2 to /\'4 can be time-monotone, this fact is not represented 
in the graph. Therefore, the search must be appropriately constrained. 

- or they are adjacent by a face that is perpendicular to the time axis, 
and K projects on the time axis before K'. 

Planning is accomplished by searching CG for a sequence of adjacent 
cells forming an EMPTY or MIXED channel such that the first cell of the 
sequence contains the initial configuration-time and the last cell contains 
the goal configuration-time. 

Figure 2 illustrates this refinement with a two-dimensional configuration­
time space. Seven EMPTY cells, Kl through K7, and the corresponding 
connectivity graph are depicted in the figure. 

This refinement of the connectivity graph is not sufficient, however, 
to guarantee that the constructed channel contains a strictly time­
monotone CT-path. It is necessary to put an additional constraint on 
the search of the graph. This need is illustrated in the graph of Figure 
2. Although there exists a strictly time-monotone path between K2 and 
K3 and a strictly time-monotone path between K3 and K4, there is no 
such path between K2 and K4. This fact is not represented in the con­
nectivity graph because it depends on which cells were traversed before 
K4 was entered, and hence involves more than two cells. The planner 
can deal with this difficulty during graph searching by maintaining the 
earliest time tearljest at which it can be in the current cell [Erdmann and 
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Lozano-Perez, 1986]. Let [tmin(II:), tmax(II:)] be the time interval on which 
the cell II: projects itself on the time axis. tear Ii est is simply computed as 
follows: 

- when the planner starts the search and is in the initial cell: 

tearliest +- 0, 

- when the planner decides to move from a cell II: to a cell 11:': 

tearliest +- max { tearliest, tmin ( II:')}. 

Suppose that the planner has attained 11:. It can choose 11:' as the successor 
of II: in the search if and only if there is an arc from II: to 11:' in CG and 
tearliest < tmax(II:'). Consider Figure 2 and suppose that the search starts 
at 11:1. The earliest time in 11:1 is O. The search can proceed to 11:2 with 
tearljest = t m in(1I:2), then to 11:3 with tearliest still equal to tmin(1I:2)' 11:3 

has two successors, 11:4 and 11:5, in CG. However, 11:4 cannot be selected as 
a successor of 11:3 in the search, since tearljest > t max(1I:4). 

If an EMPTY channel is constructed, a free strictly time-monotone CT­
path can easily be extracted from it. 

For a configuration space of given dimension m, the time complexity 
of the approach is increased by the fact that it is now applied in the 
(m+ I)-dimensional configuration-time space. But the constraint on the 
search does not increase the complexity further. As a matter of fact, it 
may only reduce the size of the search space. 

1.4 Planning With Velocity Bound 

In this subsection we consider the case where the modulus ofthe robot's 
velocity is upper-bounded. There is no constraint, however, on the 
robot's acceleration. 

1.4.1 Asteroid Avoidance Problem 

We first consider a rather specific type of dynamic motion planning 
problem called the two-dimensional asteroid avoidance problem [Reif and 
Sharir, 1985] and we describe a complete planning method for this prob­
lem. Roughly speaking, the method is a kind of visibility graph method 
extended in the robot's configuration-time space. 
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The robot is a polygon that can translate freely in R2 without rotation. 
Hence, CT = R2 x [0, +00). The obstacles Bi, i = 1, ... , q, are polygons 
that translate without rotation at fixed velocities (which may vary from 
one obstacle to another). The modulus Ilv A II of the linear velocity of 
A is upper-bounded by Vmax• In A's configuration space, the problem 
is equivalent to planning the motion of a point among polygonal C­
obstacles that translate at constant linear velocities. We assume that the 
C-obstacles never intersect themselves. As mentioned in Subsection 1.2, 
this problem is NP-hard when the number of obstacles is not bounded. 

Each CT-obstacle is obtained by sweeping the corresponding C-obstacle 
along a straight line whose slope relative to the time axis is determined 
by the constant linear velocity of the obstacle. The straight lines traced 
in CT by the C-obstacle's vertices are called the vertex lines. 

We use the following terminology [Reif and Sharir, 1985]: 

- A direct motion is a motion of A at constant velocity (possibly zero) 
such that A makes no contact with the obstacles, except possibly at 
the endpoints of the motion. In addition, at every endpoint where 
the motion makes a contact with an obstacle Bi, the straight CT-path 
representing the direct motion in CT is supported by a line that is 
tangent at the contact point to the corresponding CT-obstacle CTBi. 

- A contact motion is a motion of A along a convex subset (possibly a 
single point) of the boundary of a C-obstacle C Bi, starting and ending 
at vertices of CBi. In CT, the motion is thus described by aCT-path 
(possibly of length 0) which is contained in the boundary of CTBj and 
begins and ends in a vertex line. 

- A fundamental motion is a motion of A that consists of a direct 
motion possibly followed by a contact motion. 

- A normal motion is a motion of A that consists of a sequence of 
fundamental motions such that any two direct motions are separated by 
a contact motion and no two contact motions are performed within the 
same maximal convex subset of the boundary of a C-obstacle. (Hence, 
if a C-obstacle is convex, a normal motion can visit it at most once.) 

PROPOSITION 1: There exists a time-monotone semi-free CT­
path of A from (qinit, 0) to (qgoa/, T) satisfying the velocity constraint 
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IIV.A II =5 V max if and only if there exists a normal motion from (qinit, 0) 
to (qgoal' T) satisfying the velocity constraint. 

Proof: Obviously, a normal motion satisfying the velocity constraint 
produces a strictly time-monotone semi-free CT-path. 

For the converse part, let the metric in CT C R3 be the Euclidean metric 
in R3. If there exists a time-monotone semi-free CT-path ~ connecting 
two configuration-times that satisfies the velocity constraint, then the 
shortest CT-path ~min homotopic to ~ in cl(CTJree) also satisfies the 
velocity constraint. We show below that ~min describes a normal motion. 

The CT-path ~min must be such that any subpath e' of ~min is also the 
shortest path (in its homotopy class) between the two configuration-times 
that e' connects. Hence, at any configuration-time in cl(CTJree) that is 
not in a vertex line, ~min must have zero curvature, since otherwise there 
is locally a shorter subpath. At any configuration-time contained in a 
vertex line, ~min must locally (Le. in a sufficiently small neighborhood) 
be either a straight line or a polygonal line with a single vertex (the 
considered configuration-time); if it is a polygonal line, then the CT­
obstacle must lie in its convex sector. (In particular, this implies that 
~min does not traverse any vertex line generated by a C-obstacle's concave 
vertex.) Finally, consider a subpath e' of ~min whose endpoints lie in the 
same maximal convex subset S of the boundary of aCT-obstacle; e' 
must lie in S, be contained in a plane, and thus consist of successive 
straight segments. Hence, ~min cannot visit S twice. 

Therefore, ~min describes a normal motion .• 

The shortest semi-free CT-path in some homotopy class between two 
free configuration-times may lie partly in the boundary of CTJree . Since 
the CT-obstacles are disjoint, one can obtain a free CT-path by an arbi­
trarily small perturbation of the shortest semi-free CT-path. But such a 
free CT-path may violate the velocity constraint by an arbitrarily small 
offset. Indeed, assume that the straight segment connecting (qinit, 0) to 
(qgoal' T) lies in cl(CTJree) and that its slope relative to the time axis 
is exactly Vmax. Assume further that it makes a single contact with a 
CT-obstacle. Then, in order to avoid the contact, the robot would have 
to go faster, either before or after it passes near the obstacle. An alter­
native to violating the constraint is to slightly shift either the initial or 
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the goal configuration-time. 

From the above proposition, we can infer the planning method presented 
below, which is due to Reif and Sharir [Reif and Sharir, 1985]. We 
first outline the algorithm. Then we analyze some of its components in 
more detail. For simplifying the presentation, we assume that all the 
C-obstacles are convex polygons. However, it is not difficult to extend 
the algorithm to non-convex polygonal C-obstacles. 

Let q be the number of obstacles in the environment, Qi the set of 
vertices of CBi, Qo = {qinit}, Qq+1 = {qgoal}, and Q = U{~5 Qi. For 
any point bin Q, we denote by b(t) its position in C at time t, by b the 
(half- )line {b(t) / t E [0, +oo)} to which b maps in CT, and by Q the set 
{b / b E Q}. Since qinit and qgoal are stationary points in C, qinit and 
qgoal are lines parallel to the time axis of CT. In the following, we only 
consider motions that satisfy the velocity constraint. 

Let It) denote the set of all times3 t ~ 0 at which the line b E Q 
can be attained from the initial configuration-time (qinit, 0) by a motion 
consisting of at most k fundamental motions. We have: 

for every b E Q\ {qinit}. 

Let DMb,b,(I) be the set of all times t' ~ 0 such that b' E Q can be 
reached at time t' by a single direct motion starting at the configuration­
time (b(t), t), with t E I. For every b' E Q, 

J~~) = U DMb,b,(I~k») 
bEQ 

is the set of all times at which b' can be reached from (qinit, 0) by a 
motion consisting of at most k fundamental motions followed by a direct 
motion. 

Let CMb',b,,(I) , with b' and b" being in the same set Qj for somej E [1, q], 
be the set of all times t" ~ 0 for which b" can be attained at time t" by 

31t would be slightly more efficient to restrict t to the interval [0,11 rather than 
[0, +00). However, by making the presentation more general, the same algorithm 
applies to the case where the arrival time T is unspecified. 
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a contact motion in the boundary of CTBj starting a( (b'(t'), t'), with 
t' E I. For every b" E Qj (j E [1, q]), we have: 

(HI) U C ( (k)) Ibll = Mbl,bll Jbl . 
b/EQi 

Assume that we know how to compute the sets DM6/lP(J) and C Mbl,bll(I). 

Then, for k = 1,2, ... , we can successively compute' tI1~ sets I~k) for all 

b E Q\ {qinit}, until either T E 4~~a" or k > q + 1. In the first case, 
the problem is solved and a semi-free CT-path can be generated by 
moving backward along the time axis from (qgoa/, T). In the second 
case, the problem admits no solution; indeed, according to the above 
proposition, if a semi-free CT-path exists, there exists a normal motion 
that visits each CT-obstacle at most once, and henc~ b~nsists of at most 
q + 1 fundamental motions. If the arrival time T is It()t specified, the 
same algorithm applies; it terminates when either 4~L if 0 (success) or 
k > q + 1 (failure). 

The computation of C Mb,bl(I) is simple and not described here. The 
number of disjoint intervals in C Mb,b' (I) is less than or equal to the 
number of disjoint intervals in I. 

The computation of DMb,bl(I) is more involved. Consider DMb,bl( {t}), 
i.e. the set of all times t' such that b' can be reached by a single 
direct motion starting at (b(t), t). The set of CT-paths representing 
the direct motions starting at (b(t), t) spans a one-sided cone of an­
gle tan-I(Vmax). This cone is anchored at (b(t), t) and its axis points 
along the time axis. Its intersection with the line b' is a segment (possi­
bly semi-infinite or empty) joining two points (b'(tl), tl) and (b'(t2), t2), 
with tl and t2 depending on t. We denote by L(t) the interval [tt, t2J. 
We have that DMb,bl( {t}) ~ L(t), since for some t' E L(t) the straight 
CT-path between (b(t), t) and (b(t'), t') may traverse the interior of a 
CT-obstacle. Let us consider the triangle 6. in CT, whose vertices are 
(b(t), t), (b(td, tl) and (b(t2)' t2). Each CT-obstacle CTBi (i E [1, q]) 
intersects 6. at a (possibly empty) convex polygon. The two rays drawn 
from (b(t), t) which are tangent to this polygon cut a segment Si(t) off 
L(t). Si(t) is the set of configuration-times in b' that are not reachable 
from (b(t), t) by a direct motion due to CTBj. Let Ui(t) be the projection 
of Si(t) on the time axis of CT. Let Fb,b' denote the set of all pairs of 
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times (t, t') such that (b'(t'), t') can be reached from (b(t), t) by a single 
direct motion. From the above discussion, we have: 

q 

Fb,b' = Ht, t') E [0, +00) x [0, +00) / t' E L(t)\ U Ui(t)}. 
i=l 

It is a two-dimensional region and its intersection by a line at constant t 
consists of q + 1 intervals at most. Suppose it has been computed. Then: 

DMb,bl(I) = {t' E [0,+00) / 3t E I such that (t,t') E Fb,b/}. 

We now sketch the computation of Fb,b'. In the space {( t, t') E [0, +00) x 
[0, +oo)}, the endpoints of the interval L(t) trace an algebraic curve of 
maximal degree 2, whose equation is obtained by intersecting the fixed 
line b' with the surface of the cone spanned by the CT -paths originating 
at bet). This curve bounds a domain D which includes Fb,b'. Now for 
each C-obstacle vertex b", we compute the time coordinate ebll(t) of the 
intersection4 of the plane containing both (b(t), t) and b" with the line 
b'. The curve t' = ebll(t) is an algebraic curve of maximal degree 2. We 
can compute the intersections of the various curves t' = ebll(t) inside D, 
determine the regions bounded by these curves and the boundary of D, 
and label each of these regions according to whether it is contained in 
Fb,b' or not. (A sweep-line technique can perform these computations 
and that of DMb,bl(I) concurrently.) 

Let n be the total number of vertices in the C-obstacles. There are 
O(n2) intersections among the curves t' = ebll(t), and between these 
curves and the boundary of D. Therefore, there are at most O(n2 ) 

regions in D, and Fb,b' can be computed in polynomial time. It follows 

that the computation of every set I~k) also takes time polynomial in n, 

but exponential in k (since It) contains O(qk) disjoint intervals in the 

worst case). Hence, in the worst case where I~~!~) has to be computed, 
the overall algorithm requires time polynomial in n and exponential in 
q. If q is fixed, the algorithm is polynomial. 

1.4.2 Approximate Cell Decomposition 

In Subsection 1.3.2 we described a modification of the approximate cell 
decomposition approach that solves the dynamic motion planning prob-

4Pathological cases can be avoided by imposing that all obstacles move at different 
non-zero velocities. 
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lem with no velocity constraint. This approach can be adapted further 
in order to deal with bounded velocity. 

The principle of the adaptation is the followings. Concurrent with the 
generation of an EMPTY (or MIXED) channel, the planner constructs 
a time-monotone CT-path contained in this channel that satisfies the 
velocity constraint. One way to construct this path is to discretize each 
rectangloid cell in the channel into a grid of configuration-times and 
search the composite grid contained in the channel generated so far. 
Hence, the planner concurrently searches (1) the cell connectivity graph 
for a channel, and (2) the grid contained in the channel generated so far 
for a CT-path satisfying the velocity constraint. Whenever the planner 
considers the inclusion of a new cell at the end of the current channel, 
it verifies that a path can be extended to this cell without violating the 
velocity constraint. If this is not the case, the cell is not included in the 
channel. 

Due to the discretization in each cell, the planning method is not guar­
anteed to find a CT-path satisfying the velocity constraint in a channel, 
even if one exists. Hence, it may lead to reject a solution channel and 
fail to solve the planning problem at hand, although a solution exists. 
The method can be made more reliable by using a finer discretization of 
the cells, but this also increases the computational cost of the method. 

1.4.3 Velocity Tuning 

Velocity tuning is a two-phase approach to the dynamic motion planning 
problem. This approach, which was introduced in [Kant and Zucker, 
1986a], consists of first planning a path for A from qinit to qgoal among 
the stationary obstacles lying in W, and then tuning the velocity of A 
along the path in order to avoid collisions with the moving obstacles. 
Hence, the original problem is broken down into two subproblems. The 
first subproblem is a basic motion planning problem that can be solved 
using a method chosen among those presented in Chapters 4 through 7. 
The second subproblem is a velocity planning problem. As we will see 
below, it can be formulated as a dynamic motion planning problem in a 
path-time space similar to a two-dimensional configuration-time space. 

5This adaptation is derived from [Fujimura and Samet, 1989], where an imple­
mented planner is described in detail. 
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Let r : I E [0, L] ~ Tel) E Cjree be the path planned in the first phase. 
Cjree denotes the set of configurations where A has no intersection with 
the stationary obstacles. The parameter I measures the length of the 
path between r(O) and r(l) (in the metric of C). Hence, L denotes the 
total length of the path. The velocity planning problem is to generate 
a continuous function A : t E [0, T] ~ A(t) E [0, L], with A(O) = ° and 
A(T) = L, such that the composed map r 0 A : t E [O,T] ~ reACt)) 
verifies (r(A(t)),t) E CTfree for all t E [O,T]. The map A must also be 
such that A's velocity be bounded by Vmax • It may not be bijective, so 
that A may traverse some configurations in r more than once. 

Let the It-space [0, L] x [0, T] be denoted by PT. PT is called the path­
time space. For a given path r of A in C, a moving obstacle B( t) maps 
in this space to a region PTB, called a PT-obstacle, defined as follows: 

PTB = Hi, t) E [0, L] x [0, T] / r(l) E CB(t)}. 

Let: 
PTfree = [0, L] X [0, T]\ UPTBi 

t 

where the PTBi'S are the PT-obstacles corresponding to the moving 
obstacles in W. The velocity planning problem is thus reduced to finding 
a strictly time-monotone continuous path in PTfree, called a free PT­
path, between (0,0) and (L, T). Indeed, this free PT-path determines 
a unique function A(t) such that Vt E [0, T], (r(A(t)), t) E CTfree. The 
slope of the PT-path with respect to the time axis must also satisfy 
the velocity constraint, i.e. I~I ~ Vmax • (Hence, the velocity tuning 
approach corresponds to constraining the solution CT-path to lie in a 
two-dimensional surface swept out in CT by a line parallel to the time 
axis and following the path r generated in C. PT is the space obtained 
by "flattening" this surface on a plane.) 

The PT-obstacles may have complicated shapes. A connected C-obstacle 
CB can even map in PT to a region made of several connected com­
ponents. In the following, we will assume that the PT -obstacles are 
polygons. This representation is exact when the path r is a sequence 
of straight segments in C = R2 or R3 and the moving C-obstacles are 
polygons/polyhedra translating at constant linear velocities without ro­
tation (asteroid avoidance problem). In other cases, it is obtained by 
approximating the PT-obstacles. 
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(L,T) 
T ~ ------- .. ----

(0,0) 

Figure 3. This figure displays a simple polygonal path-time space with two 
rectangular PT-obstacles and the corresponding search graph. This graph is 
a refinement of the reduced visibility graph that incorporates the irreversible 
nature oftime and the upper-bound constraint on the robot's velocity modulus. 
The path connecting (0,0) to (L, T) is shown in bold line. 

With polygonal PT-obstacles, the velocity planning problem can easily 
be solved by using a variant of the visibility graph method presented in 
Section 1 of Chapter 4. The variant consists of searching a refinement of 
the reduced visibility graph. The new graph - let us denote it by G -
is an oriented graph defined as follows. The nodes of G are the convex 
vertices ofthe PT-obstacles and the two points (0,0) and (L, T). An arc 
of G connects the node (I, t) to (1', t') if and only if: 

- t < t', 

- either the line segment joining the two points is aPT -obstacle's edge, or 
it lies entirely in PT free, except possibly at each of the two endpoints, 
where it is tangent to aPT-obstacle. 

One can show that there exists a semi-free PT-path connecting (0,0) to 
(L, T) in cl(PTfree ) if and only if there exists a path in G between the 
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two corresponding nodes (see proof of Proposition 1 in Subsection 1.4.1). 
If a path in G entails a contact with some obstacles, an arbitrarily small 
perturbation makes it into a free PT-path (which may slightly violate the 
velocity constraint). Figure 3 shows a simple path-time space and the 
corresponding graph G. If (0,0) and (L, T) are in the same connected 
component of G, the search of G allows us to construct a solution PT­
path (shown in a bold line in Figure 3). Otherwise, the search terminates 
with failure. 

The above method can be easily extended to the case where the arrival 
time T is unspecified. 

The velocity tuning approach is inherently incomplete. Given a path of 
A that avoids collisions with the stationary obstacles, there may exist no 
velocity profile along that path that allows A to avoid collisions with the 
moving obstacles. This happens, for example, when an obstacle comes 
at the robot on approximately the same geometric path (for instance, in 
a narrow corridor). Perhaps another path might have made it possible 
to avoid collision with both the stationary and the moving obstacles. 
Whenever the velocity planning phase fails, the planner may try to gen­
erate another path among the stationary obstacles. But the approach 
does not provide a systematic way of choosing this other path. 

The velocity tuning approach, which can nevertheless solve many practi­
cal problems, is substantially more time-efficient than systematic meth­
ods. It is polynomial (rather than exponential) in the number of C­
obstacles and the total number of their vertices. In addition, it substi­
tutes a twofold search in an m-dimensional configuration space and in a 
two-dimensional path-time space for a search in an (m + 1 )-dimensional 
configuration-time space. 

2 Multiple Robots 

In this section we consider a collection of p robots, Ai, i = 1, ... , p, moving 
in the same workspace W = R N , N = 2 or 3, among stationary obstacles 
Bj, j = 1, ... , q. The robots move independently of each other, but they 
cannot occupy the same space at the same time. The problem is to plan 
a collision-free motion of the robots from an initial configuration to a 
goal configuration. 
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2.1 Composite Configuration Space 

Let CI through Cp denote the individual configuration spaces of the p 
robots Al through Ap. Each space Ci, i E [l,p], contains two sorts of 
C-obstacles: 

- C-obstacles corresponding to the collision of Ai with the stationary 
obstacles BI through Bq , 

- C-obstacles corresponding to the collision of Ai with the other robots. 

C-obstacles of the second sort dependent on the motion of the other 
robots and cannot be represented as fixed regions in Ci. 

The most direct way to extend the notion of configuration space to mul­
tiple robots is to consider the objects Al through Ap as the components 
of the same composite robot A = {At, ... ,Ap}. Let :FAi be a Cartesian 
frame attached to Ai. A configuration q of A is a specification of the 
position and orientation of every frame :F Ai (i = 1 to p) with respect to 
the workspace frame :Fw. Since the robots move independently of each 
other, a configuration of A is of the form q = (qI, ... , qp), where qi E Ci 
denotes a configuration of Ai, and we have: A( q) = Al ( qI) U ... U Ap( qp). 
A's configuration space, C = CI x ... xCp , is called the composite config­
uration space of Al through Ap. It is a smooth manifold of dimension 
m = Ef=I mi, where mi denotes the dimension of Ci. 

There are still two sorts of C-obstacles in C, but they are now both time 
independent: 

- The C-obstacle due to the interaction of Ai with the obstacle Bj is 
denoted by CBij and defined by: 

- The C-obstacle due to the interaction of Ai and Aj, i < j, is denoted 
by CAij and defined by: 

The computation of the CAij'S can be done by a slight adaptation of the 
methods presented in Chapter 3. 
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The free space in C is defined by: 

C free = C \ ( U CBij) U ( U CAj) . 
iE[I,p],jE[I,q] iE[I,p],jE[i+I,p] 

A free path between two configurations qinit and qgoal is a continuous 
map T : [0,1] -+ Cfree, with T(O) = qinit and T(l) = qgoal. 

Hence, the problem of planning a free path for multiple robots moving 
in the same workspace is formulated as the problem of planning a free 
path T for a single composite robot. The projection of T on every space 
Ci, i E [l,p], is the corresponding path of Ai. Although time does not 
appear explicitly, the execution of T requires that the individual robots 
follow their own paths in a coordinated fashion. Changing the velocity 
of one robot requires the velocities of the other robots to be changed in 
the same ratio. 

2.2 Centralized Planning 

We call centralized planning the approach which consists of planning the 
coordinated paths of multiple robots as a path in their composite con­
figuration space. This approach allows us to use general path planning 
methods described in Chapters 4 through 7. 

As an illustration, Figure 4 shows several configurations along a path for 
two rectangular robots in a workspace with three narrow corridors. The 
two robots cannot pass each other in the same corridor. The planning 
problem is essentially that of interchanging the two robots in the central 
corridor. The path was generated using the randomized potential-field­
based method (RPP) described in Section 5 of Chapter 7 in the six­
dimensional composite configuration space of the two robots. 

Several specific methods based on the approaches described in Chapters 
4 through 7 have also been developed to solve particular multi-robot 
motioTJ. planning problems. For instance, Schwartz and Sharir [Schwartz 
and Sharir, 1983c] presented an exact cell decomposition method for 
planning the motion of two discs in the plane among polygonal obsta­
cles. The method is based on the definition of critical curves (in the 
individual two-dimensional configuration spaces of the discs) where the 
possible contacts among the discs and the obstacles change qualitatively. 
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Figure 4. The planning problem is to interchange two robots in a workspace 
made of narrow corridors. The two robots cannot pass each other in the same 
corridor. The figure shows several snapshots along a path planned using a cen­
tralized planning approach with the randomized potential-field-based method 
described in Section 5 of Chapter 7. Both robots have to move away to inter­
mediate configurations before actually moving to their goal configurations. 

The method runs in time O( n3 ), where n is the number of obstacle edges. 
The same method can be extended to more than two discs, but its com­
plexity rapidly increases with the number of discs. An O( n2 ) exact cell 
decomposition algorithm for two discs was also presented in [Sharir and 
Sifrony, 1988]. 

Barraquand, Langlois and Latombe [Barraquand, Langlois and Latombe, 
1989b] described a potential field method for planning the motion of 
many discs in an environment including narrow corridors in which two 
discs cannot pass each other. The method concurrently builds and 
searches a local-minima graph of the potential function defined over 
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C = R2p , where p is the number of discs. The specificity of the method 
rests on the technique used to escape local minima. At each encountered 
local minimum the method simulates a series of constrained motions. 
Each constrained motion is generated by forcing one configuration co­
ordinate to increase or decrease until a saddle point of the potential 
function is attained. During the constrained motion, the other m - 1 
coordinates are selected along the negative slope of the gradient of the 
potential. As an illustration, consider the case where a gradient motion 
leads two discs to move in opposite directions toward each other, in the 
same narrow corridor. At some point, the two discs cannot progress 
further toward their respective goals without colliding with each other. 
Then, a local minimum of the potential function has been attained by the 
gradient motion. A constrained motion corresponds to one of the discs 
moving backward, with the other disc still proceeding forward along the 
negated gradient until there is sufficient free room for the two discs to 
pass each other (saddle point of the potential). This planning method 
interweaving gradient and constrained motions was successfully experi­
mented with up to 10 discs. 

Tournassoud [Tournassoud, 1986] proposed a variant of the potential field 
approach where motion coordination is expressed as a local optimization 
problem. The basic idea is to force the moving objects to slide along 
tangent separating hyperplanes. 

The practical difficulty with centralized planning is that it yields methods 
whose time complexity is exponential in the dimension of the composite 
configuration space, i.e. m = Ef=l mj. Indeed, as mentioned in Section 
6 of Chapter 1, path planning in an m-dimensional configuration space 
is PSPACE-hard when m is not bounded. Even the apparently sim­
pler problem of coordinating the motion of arbitrarily many rectangular 
objects in an empty rectangular workspace is PSPACE-complete. 

2.3 Decoupled Planning 

One way to reduce the computational complexity of the multi-robot path 
planning problem is to first plan a path for each robot more or less 
independently of the other robots and then consider the interactions 
among the paths. We call such an approach decoupled planning. Roughly 
speaking, while centralized planning is exponential in m = Ef=l mi, 
decoupled planning is exponential in maXiE[l,p){mi}. However, this gain 
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results in a loss of completeness. A decoupled planning approach may fail 
to plan a path, while a centralized planning approach using the same sort 
of path planning method would have succeeded (perhaps at the expense 
of a long computation). 

Below, we describe two decoupled planning approaches, which we call 
prioritized planning and path coordination. 

2.3.1 Prioritized Planning 

Prioritized planning consists of considering the motions of the Ai'S, one 
robot at a time, say from i = 1 to i = p [Erdmann and Lozano-Perez, 
1986]. At each iteration, a path of Ai is generated in the configuration­
time space CTi of Ai, avoiding collisions with both the obstacles Bj, j = 
1, ... , q, and the robots AI, ... , Ai-I. Hence, the motion of Ai is planned 
as if the robot was moving among stationary obstacles and i - 1 moving 
obstacles. The path of Al is planned in CI , rather than in CTI , and an 
arbitrary velocity is selected in order to map Al into the configuration­
time spaces of the other robots. This velocity merely determines a scale 
factor along the time axes of these spaces. Multiplying the velocity of 
Al by a constant factor results in multiplying the other robots' velocities 
by the same factor. The path of Al can be generated using an available 
path planning method. The motion of every Ai, i > 1, can be generated 
using a planning method described in Section 1. 

The ordering on the robots requires a priority to be assigned to each 
robot. Priorities may be assigned randomly. However, a better way is to 
infer priorities from motion constraints. For instance, a simple rule could 
be to plan the motions of the bigger robots before those of the smaller 
ones. Buckley [Buckley, 1989a] proposed to assign priorities by attempt­
ing to maximize the number of robots which can move in straight line 
from their initial configuration to their goal configuration (in Buckley's 
application the robots are translating, two-dimensional objects). 

Note that the prioritized planning approach would have great difficulty 
in solving the planning problem of Figure 4. Indeed, the path of the 
first robot (say, the longest one) is likely to be the most direct one, i.e. 
along this path, the robot stays in the central corridor. This makes it 
impossible to find a path for the second robot, since the corridor is too 
narrow for the two robots to pass each other. The planner may try to 
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generate another path for the first robot, but the prioritizing planning 
approach offers no systematic way of choosing it. In addition, by allowing 
backtracking, the time complexity of the prioritized planning approach 
is substantially augmented. Thus, when the approach fails, rather than 
backtracking, it might be more suitable to call another algorithm based 
on the centralized planning approach, or to give up. 

2.3.2 Path Coordination 

Path coordination is a decoupled planning approach proposed in 
[O'Donnell and Lozano-Perez, 1989]. It is based on a scheduling tech­
nique for dealing with limited resources which was originally developed 
for concurrent access to a database by several users [Yannakakis, Pa­
padimitriou and Kung, 1979]. Here, space is the shared resource. The 
approach is applicable when the planning problem involves only two 
robots Al and A 2. It consists of first generating a free path for each of 
the two robots, independently of the other robot, and then coordinating 
the two paths so that the robots do not collide with each other: 

Let: 
Tl : SI E [0,1] 1---+ Tl(SI) E C1,jree 

T2 : S2 E [0,1] 1---+ T2( S2) E C2,!ree 

be the two free paths generated for Al and A2. C1,!ree (resp. C2,jree) 

denotes the free space in the configuration space of Al (resp. A 2) ob­
tained by ignoring the other robot. Consider the SIS2-space [0,1] x [0,1]. 
Any continuous path in this space connecting (0,0) to (1,1) is called a 
schedule and determines a coordinated execution of the two paths. For 
instance, the schedule that first connects (0,0) to (1,0) by a straight seg­
ment and then (1,0) to (1,1) by another straight segment corresponds 
to the case where Al moves first and completely executes the path Tl 
before A2 starts moving along T2. If SI (resp. 82) is proportional to the 
length of the subpath from Tl(O) to Tl(St) (resp. from T2(0) to T2(S2)), 
then the schedule that connects (0,0) to (1,1) by a single straight seg­
ment - a diagonal of the rectangle [0,1] x [0,1] - corresponds to the 
case where the two robots move simultaneously, with a constant ratio of 
their velocity moduli. 

Let us define the obstacle region in the SI S2-space as the set of pairs 
(81,S2) such that A(Tl(SI)) n A2(T2(82)) i: 0. The second phase of the 
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path coordination approach is to construct a free schedule, i.e. a sched­
ule that does not traverse this obstacle region. Hence, the path coordi­
nation approach corresponds to constraining the pattt of A = {AI, A 2 } 

I 

in the composite configuration space C = C1 X C2 td li~ in the intersec-
tion of two subspaces whose projections into C1 and (!2 are Tl and T2, 

respectively. The 8182-space is obtained by "flattening,j this intersection, 
which has dimension 2, on a plane. 

Notice that the path coordination approach puts an even stronger con­
straint on the search of a solution than the prioritizing planning ap­
proach. Therefore, it may fail more often. When the pMh coordination 
approach fails, it seems appropriate to execute an :dgotithm based on 
the prioritizing planning approach. This algorith:milia:y use the path 
Tl already generated and plan a CT-path of A2 in ct2* treating Al as 
a moving obstacle. If this algorithm fails again, a centralized planning 
algorithm may then be executed. 

In general, the obstacle region in the 8182-space consists of several con­
nected subsets whose shapes are arbitrarily complicated. Let us sub­
divide each path Ti, i = 1 or 2, into a sequence o~ w. path segments 
determined by the intervals Oi,ki = [8i,ki' 8i,ki+1], w~th k, = 0, ... , Wi - 1, 
8j,O = 0 and 8j,wi = 1. Typically, all the intervals OJ,k .tobg the same path 
Tj determine subpaths of Tj of equal length. This subc:ti\rision transforms 
the continuous 8182-space into an array of WI X W2 closed rectangular cells 
Ol,kl X 02,k2 • In the following, we denote by Kkl,k2 the cell Ol,kl X 02,k2• 

Each cell Kklok2 is classified as EMPTY if the regions swept out by Al 
and A2 when (81, 82) varies in 01,k1 X 02,k2 do not intersect, i.e. if: 

{A1(Tl(81» / 81 E Ol,kl} n {A2(T2(82» / 82 E t..,k2} = 0. 

The cell is classified as FULL otherwise. Hence, the tlft robots are guar­
anteed to not collide in an EMPTY cell (even in its boundary), while 
they may collide in a FULL cell. The classification of the cells may be 
more or less complicated depending on the shape of the two robots, but 
it is often reasonable to approximate the shape of the area swept out by 
a robot when its configuration varies in a path segment. 

The discretized 8182-space with labeled cells is called a coordination 
diagram. Figure 5 shows an example of such a diagram, with EMPTY 
cells shown white. Let us restrict the possible paths in the coordination 
diagram to the network defined as follows. The nodes of the network 
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Figure 5. This figure shows the coordination diagram of two robots. Each 
rectangular cell determines segments of configurations of the two robots along 
two paths Tl and T2. Each cell is labeled as EMPTY (white cells) if the robots 
intersect with each other at none of these configurations; otherwise, it is labeled 
FULL (dark cells). The bold line shows a free schedule that is generated by 
searching the network formed by the edges bounding the EMPTY cells and 
their diagonals. A free schedule determines a class of coordinated motions 
along which the two robots do not collide with each other. 

are all the vertices of the EMPTY cells. Its links are all the edges and 
the diagonals of these cells. We denote each node by its discretized 
coordinates (i,j), with i E [0,W1] and j E [0,W2]. A free schedule can 
be generated by searching this network for a path connecting (0,0) to 
(WI, W2). The bold line in Figure 5 shows such a possible free schedule. 
(Remember that the boundary of an EMPTY cell is collision-free.) 

We now describe a technique that allows us to generate a free schedule 
without search [O'Donnell and Lozano-Perez, 1989]. This technique can 
only generate schedules that are nondecreasing with respect to both S1 

and S2. It succeeds whenever one such free schedule exists. Prior to 
the description, we introduce the notion of SW-closure [Preparata and 
Shamos, 1985] [Yannakakis, Papadimitriou and Kung, 1979]. 

Let (sL s~) and (s~, s~) be two points in the Sls2-plane. They are in­
comparable if and only if (s~ - sn( s~ - s~) < 0. Let us assume that 
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( a ) ( b) 

Figure 6. The extended coordination diagram is obtained by adding a ficti­
tious path segment at the end of each of the two paths 1"1 and 1"2 (Figure a). 
Along this path segment the corresponding robot is motionless. The obstacle 
region is extended as shown in Figure a (striped cells). The SW-closure of 
the extended obstacle region is shown in Figure b (dark and striped cells). If 
there exists a non decreasing free schedule, it only traverses cells that are not 
contained in the SW-closure of the extended obstacle region. The bold line in 
Figure b shows the free schedule constructed by the algorithm given in the text. 

(s~, s~) and (sq, s~) are incomparable and (without loss of generality) 
that s~ < sq (hence: s~ > s~). The SW -conjugate of (s~, s~) and 
(sq, s~) is the point (s~, s~). A connected region R of the SI S2-space is 
SW-closed if and only if the SW-conjugate of any two incomparable 
points in R is also in R. The SW-closure of a connected region S 
is the smallest SW-closed region R containing S. The SW-closure of a 
non-connected region is defined as the union of the SW-closures of all its 
connected components. 

Now let us consider the coordination diagram. Let S be the obstacle 
region. We extend the diagram by adding a row and a column of cells 
at the top and the right of the diagram, respectively. This extension 
corresponds to adding a fictitious path segment at the end of each of the 
two paths 1"1 and 1"2. Along this path segment the corresponding robot 
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is motionless. We extend the region S as follows: 

- If for any j E [0, W2 - 1] the cell KWI -1,j is FULL, then all the cells 
KW1,k, for k = 0, ... ,j, are included in S. 

- If for any i E [0, WI -1] the cell Ki,W2- 1 is FULL, then all the cells Kk,W2' 

for k = 0, ... , i, are included in S. 

Figure 6.a shows the extended diagram corresponding to the coordina­
tion diagram of Figure 5. 

Let R be the SW-closure of S, as illustrated in Figure 6.b. It can be com­
puted in time O( WI w2(log WI + log W2)) [Preparata and Shamos, 1985]. 
None of the non decreasing free schedules in the coordination diagram 
traverse cells contained in R. In addition, a non decreasing free sched­
ule exists if and only if neither of the two cells KO,O and KW1 -l,W2-1 are 
contained in R. More generally, a non decreasing free schedule exists be­
tween (i,j), 0 ::; i ::; WI, 0 ::; j ::; W2, and (WI,W2) if and only if neither 
of the two cells Ki,j and KW1 -l,W2-1 are contained in R. 

Therefore, if a non decreasing free schedule exists, one such schedule is 
constructed (without searching any graph) by the following algorithm: 

if-Oj j f- OJ 
while i < WI or j < W2 do 

begin 
if Ki,j ¢ R then 

if i < WI and j < W2 then 
if- i + 1j j f- j + 1j move to (i,j)j 

else 
if i < WI then 

if- i + 1j move to (i,j)j 
else 

j f- j + 1j move to (i,j)j 
else 

endj 

if i < WI and Ki,j-l ¢ R then 
if- i + 1j move to (i,j)j 

else 
j f- j + 1j move to (i,j)j 
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A free schedule constructed by this algorithm is shown as a bold line in 
Figure 6.b. 

3 Articulated Robots 

In this section we consider the case where the robot is made of several 
moving rigid objects connected by mechanical joints which constrain 
their relative motion. A manipulator arm is a typical example of such a 
robot. It consists of a sequence of rigid objects connected in a chain by 
joints. 

3.1 Configuration Space 

Consider a robot A made of p rigid objects A}, ... , Ap. Any two objects 
Ai and Aj may possibly be connected by a joint. For simplification, we 
will assume that the joint is either a revolute joint or a prismatic 
joint. A revolute joint is a hinge that constrains the relative motion of 
Ai and Aj to be a rotation around an axis fixed with respect to both 
objects. A prismatic joint is a sliding connection that constrains the 
relative motion to be a translation along an axis fixed with respect to 
both objects. These are the most usual joints, but other types of joint 
are possible. Many of them would be treated in much the same way as 
we will treat the revolute and prismatic joints. 

Let FAi be the frame attached to Ai, i E [l,p]. As defined in Section 2, 
the configuration of A is a specification of the position and orientation of 
every frame FAil i = 1 to p, with respect to Fw. If the various objects 
were independent free-flying objects in W = RN, the configuration space 
of A would be: 

c' = (RN X SO(N)) X ••• X (RN X SO(N». , ~ ... 
p 

However, the various joints impose constraints6 on the feasible configu­
rations in ct. These constraints select out a subspace C of C' of lower 
dimension which is the actual configuration space of A. 

6In the next chapter, each such constraint will be called a holonomic kinematic 
constraint. 
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Figure 7. This planar manipulator arm A consists of two objects Al and 
A 2. Al is connected to the workspace by a revolute joint, and A2 to Al by a 
prismatic joint. The configuration space of A is a two-dimensional subspace of 
(R2 x 80(2»2. 

Example: Consider the planar two-joint manipulator arm shown in 
Figure 7. It consists of two objects Al and A2• Al is connected to the 
workspace by a revolute joint; A2 is connected to Al by a prismatic joint. 
The workspace is W = R2. In this example, C' = (R2 x SO(2)? is a six­
dimensional space. The first joint imposes two constraints expressing 
that the point about which At can rotate is fixed in the workspace. 
The second joint imposes two additional constraints on the position and 
orientation of A2 relative to At. The four constraints are independent 
and determine a subspace C of dimension 2 in C' .• 

It is in general suitable to consider C independently of C', since its di­
mension is usually much smaller. 

In the rest of this section, we assume that A is an articulated robot 
containing no kinematic loop, i.e. no closed sequence AL ... , A~, A~+1' 
with A~+1 = Ai and A~+t being connected to A~ by a joint, for every 
i E [1, r]. Then the total number of joints in A is exactly p. 

Under the previous assumption, let us consider the workspace as a fic­
titious object denoted Ao. Every object Ai (j E [l,p]) is connected to 
a single object Ai, i E [O,p], i f:. j. Hence, the whole robot A can be 
represented by a tree structure, whose nodes are the objects Ao through 
Ap and whose arcs are the joints. The root of the tree is Ao. For any 
two objects Ai and Ai, such that Ai is a child of Ai in the tree, we 
can define the configuration of Ai relative to Ai as a specification of the 
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Ao 

Figure 8. This figure depicts an articulated robot with three telescopic pris­
matic joints and seven revolute joints. Assuming no mechanical stops in the 
joints, the configuration space of this robot is C = (81 f X R 3 • 

position and orientation of FAj with respect to FA,. Let eji) denote 
the configuration space of Aj relative to Ai. Assume for a moment that 
there is no mechanical stop in the joints. If the two objects are con­
nected by a revolute joint, we have that: eji) = SI. If the two objects 

are connected by a prismatic joint, we have that: ey) = R. It follows 
that the configuration space e of an articulated object A with no loop, 
made of P rigid objects connected by PI revolute joints and P2 prismatic 
joints (PI + P2 = p), is [Burdick, 1988]: 

e = SI X ••• X SI X R x ... X R. 
~ ---------PI P2 

Hence, the configuration space of the two-joint manipulator arm of Fig­
ure 7 is SI X R. In the same way, the configuration space of the ten-joint 
robot shown in Figure 8 is (S1)1 X R3. 

Therefore, the configuration space of an articulated robot with P revolute 
and prismatic joints and no kinematic loop is a p-dimensional smooth 
manifold. A chart of this manifold can be simply defined by associating 
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Figure 9. The configuration space of a planar two-revolute-joint manipulator 
arm (Figure a) is a torus in R3 (Figure b). A parameterization of this space is 
obtained by representing every configuration as (ql, q2) E [0,271") X [0,271") (see 
Figure c), where ql and q2 are angles associated with the joints as illustrated 
in Figure a. This parameterization corresponds to cutting the torus along two 
generators. Opposite edges of the square shown in Figure c must be p~ocedu­
rally identified through modulo 271" arithmetic in order to capture the multiple 
connectedness of the torus. 

an angle, say in (0, 21r), with each revolute joint and a real number with 
each prismatic joint. Then, a configuration q is represented by a list 
(qt, ... , qp) of coordinates, each one describing the relative position and 
orientation of two joint-connected objects in A. Robots with revolute 
joints have a multiply-connected configuration space and several charts 
are necessary to form an atlas. However, in practice, it is often sufficient 
to consider a single chart, with each angular coordinate belonging to, 
say, [0, 21r), and applying modulo 21r arithmetic to the coordinate. 

Example: Consider the planar two-revolute-joint manipulator arm of 
Figure 9.a. The configuration space of this robot is 8 1 X 8 1 , hence a 
torus in a three-dimensional Euclidean space (Figure 9.b). A chart on 
this manifold can be defined by associating an angle in (0, 21r) with each 
of the two joints. Figure 9.a illustrates two such angles ql and q2. The 
torus is multiply-connected and several charts are required to form an 
atlas. Nevertheless, in most cases, it is appropriate to consider a single 
chart and let the two angles ql and q2 vary in [0, 21r), with modulo 21r 
arithmetic. This simplification corresponds to representing the torus 
by a square [0, 21r) X [0, 21r) (see Figure 9.c) whose opposite edges are 
procedurally identified .• 
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The notions of C-obstacle, free space and free path defined for mul­
tiple objects extend to an articulated robot without modification. There 
are also two sorts of C-obstacles: those due to the interaction of an ob­
ject Ai and an obstacle Bj, and those due to the interaction between two 
objects Ai and Ai. Figure 10 illustrates the construction of C-obstacles 
ofthe first sort for a two-revolute-joint planar manipulator. The compu­
tation of the exact equations of a C-obstacle boundary for an articulated 
robot has been recently investigated in [Hwang, 1990], [Dooley and Mc­
Carthy, 1990] and [Ge and McCarthy, 1990]. 

In general, the relative motion of two objects connected by a joint is 
further limited by a pair of mechanical stops, which restrict the range 
of values of the corresponding configuration coordinate to a connected 
interval. The mechanical stops thus act like "invisible obstacles". The 
set of configurations where no joint has reached a mechanical stop is an 
open subset of C. The complement of this subset is the "C-obstacle re­
gion" to which the invisible obstacles due to the mechanical stops map. 
The mechanical stops in every joint are usually independent of the con­
figuration of the robot. Then the subset of configurations that are left 
feasible by the mechanical stops is simply a cross-product of intervals in 
the Cartesian space (chart) representing C. 

Consider a revolute joint connecting Ai to Ai. If the mechanical stops in 
this joint prevent Ai from making a full rotation of 211" with respect to Ai, 
the limitation eliminates the need for applying modulo 211" arithmetic to 
the corresponding configuration coordinate. If, instead, the mechanical 
stops allow Ai to perform r (r > 1) full rotations 7 , then it is appropriate 
to let the corresponding configuration coordinate vary in an interval of 
length 2r1l" (r does not have to be an integer). In this way, the config­
uration is explicitly represented with respect to both mechanical stops. 
One drawback of this representation, however, is that the same obstacle 
may map to several C-obstacle regions of identical shape. 

3.2 Path Planning Methods 

The configuration space C of an articulated robot is just another smooth 
manifold. As long as the constraints imposed by the joints on the relative 

7This is often the case with some revolute joints located in the "wrist" of a ma­
nipulator arm. 
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Figure 10. The robot is a two-revolute-joint planar manipulator moving 
among three circular obstacles 8 1, B2 and B3 (Figure a). Its two links are line 
segments oflengths hand 12 • The first joint is located at o. The second moves 
in the circle of radius h centered at O. The configuration space is the torus 
51 x 51 shown in Figure b. The striped areas in Figure b depict the C-obstacles. 
This construction is due to Lumelsky [Lumelsky, 1987b). 
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motion of the objects they connect can be expressed in algebraic form 
(which is the case with revolute and prismatic joints) the general methods 
described in Section 4 of Chapter 4 (silhouette method) and in Section 
3 of Chapter 5 (Collins decomposition) are applicable. These methods 
take simple and double exponential time, respectively, in the dimension 
of the configuration space C. 

An extension of the freeway method presented in Section 3 of Chapter 
4 is described in [Brooks, 1983b] for a specific manipulator arm with 
revolute joints only. 

The approximate cell decomposition approach is also applicable, al­
though the mapping of the obstacles in the configuration space is 
more difficult than for the basic motion planning problem with polyg­
onal/polyhedral objects. We study this mapping in detail in the next 
subsection, in the case of a manipulator arm. Several path planners 
based upon the approximate cell decomposition approach have been im­
plemented for manipulator arms (e.g. [Gouzenes, 1984b] [Laugier and 
Germain, 1985] [Faverjon, 1986] [Lozano-Perez, 1987]). However, the 
approach is limited to robots with relatively few joints. 

The potential field approach can be applied to articulated objects with 
minor adaptations. These adaptations are presented below in Subsection 
3.4. So far, the best practical results for robots with many joints have 
been obtained with this approach. For instance, the randomized planner 
described in Section 5 of Chapter 7 has been successfully experimented 
with problems involving up to a few tens of joints in two- and three­
dimensional workspace [Barraquand and Latombe, 1989a]. The learning 
technique introduced in Section 6 of Chapter 7 has been successfully 
applied to plan the coordinated motion of two six-joint manipulator arms 
[Faverjon and Tournassoud, 1989]. 

Because the motions of the rigid objects in an articulated robot are 
strongly interdependent, the "decoupled planning" techniques described 
in Subsection 2.3 do not apply. 

3.3 Approximate Cell Decomposition 

The principle of the approximate cell decomposition approach is gen­
eral enough to be applicable to an articulated robot. The main issue 
is the construction of both the free space and the C-obstacle region in 
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the Cartesian space representing C. In Chapter 6 we used the explicit 
equations defining the boundaries of the C-obstacles to label the rect­
angIoid cells generated by the decomposition of the configuration space. 
These equations were established in Chapter 3 for a polygonal/poly­
hedral object moving freely among polygonal/polyhedral obstacles. We 
could use a similar approach here, but obviously, the explicit equations 
of the boundaries of the C-obstacles are now considerably more difficult 
to establish and to exploit. Instead, we describe a method that gen­
erates a conservative approximation of the free space (Le. a subset of 
the actual free space) by discretizing the motion of each joint into small 
intervals. This approximate representation is then used to construct a 
connectivity graph, which is searched for a channel connecting the initial 
configuration to the goal configuration. With minor variations, this is 
the method proposed in [GouzEmes, 1984b], [Laugier and Germain, 1985], 
[Faverjon, 1986] and [Lozano-Perez, 1987]. Various implementations and 
experimental results of the method are presented in these publications. 

In order to simplify our presentation, we make a few assumptions which 
are not difficult to remove. First, we assume that A is a sequence of p 
objects Al through A p, with every two successive objects Ai and Ai+! 
being connected by either a revolute or a prismatic joint. Al is the first 
object in the sequence and is connected to the workspace by a joint. 
As introduced in Subsection 3.1, we represent a configuration q of A 
by a list of p parameters, (qI, ... , qp). Each parameter qi (i E [1, p]) 
determines the position and orientation of F Ai relative to F Ai-I' with 
FAo = Fw. The second assumption is that each qi varies in a bounded 
interval Ii = (qi, qt). If qi corresponds to a revolute joint with no 
mechanical stop, the interval is Ii = [0,211") and modulo 211" arithmetic is 
used. The third assumption is that no two objects Ai and Aj can ever 
collide with each other. Hence, the only collisions we consider are those 
between the objects Ai (i E [1, p]) and the obstacles Bj (j E [1, q]). 

The position and orientation of FAi relative to Fw, for any i E [1,p], 
is completely determined by the parameters qi through qi. Hence, we 
denote by Ai(qt, ... ,qi) the region of W occupied by the object Ai. 

It is possible to construct an approximation of the C-obstacle region in 
II X ••. x Ip C RP as follows. Each interval Ii, i = 1 to p, is parti­
tioned into non-overlapping smaller intervals Oi,ki' ki = 1,2, ... , at some 
prespecified resolution. If the region swept out by A in the workspace, 
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Figure 11. The configuration space of a manipulator arm is represented in 
the form of a p-Ievel tree structure [Lozano-Perez, 1987]. The nodes at depth 
i - 1 (i E [1,p)) represent decompositions of the range Ii into EMPTY and 
FULL intervals. Except at depth p - 1, the EMPTY intervals are decomposed 
into smaller intervals Oi,"';. Consider the node at depth 2 marked by "*". The 
EMPTY intervals of this node are formed by all the values of q3 such that 
A3(ql, q2, q3) intersects with no obstacle when ql varies over 01,"'1 and q2 varies 

over 02,"'2. 

when (qI, •.• , qp) varies over the rectangloid cell (h,k1 X •.• X Dp,kp ' does 
not intersect with any obstacle, then DI,k1 X .•• X Dp,kp is part of the free 
space C free; otherwise, it is considered to be in the C-obstacle region. 
By considering all the cells, we construct a conservative approximation 
of the free space as a collection of small rectangloid cells. The connec­
tivity graph representing the adjacency relation among these cells can 
then be generated and searched for a channel. As such, however, the 
overall planning method is not likely to be very efficient in terms of 
computing time and memory space. Fortunately, in most cases, simple 
modifications allow for a considerable reduction in the number of cells 
that have to be explicitly checked by this method. These modifications 
are described below. 

Let us consider the first object Al in A. Its position and orientation in 
W depend only on the value of the coordinate qI. If, for a given value 
of this coordinate, it intersects with an obstacle, then there is no need 
to check A2 through Ap for collisions with obstacles. Indeed, the whole 
(p - 1 )-dimensional slice of C projecting at the given value of qI is part 
of the C-obstacle region. In the same way, if for given values of qI, ... , % 
Ai intersects with an obstacle, the whole (p - i)-dimensional slice of C 
projecting at the given values of qI through qi is part of the C-obstacle 
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region. This suggests constructing a representation of the configuration 
space in the form of a p-Ievel tree, as shown in Figure 11 [GouzEmes, 
1984b] [Lozano-Perez, 1987]. 

Each node at depth i-1 (i E [1, p]) in this tree represents a decomposition 
of the range Ii of values of qi into intervals classified as EMPTY or FULL. 
The root of the tree, i.e. the node at depth 0, represents the range 
II. The (open) EMPTY intervals of the decomposition are formed by 
all the values of q1 for which Al (qI) intersects with no obstacle. The 
(closed) FULL intervals are the complement of the EMPTY intervals in 
II. The EMPTY intervals are subdivided into smaller intervals 81,k1 , 

k1 = 1,2, ... , at the specified resolution. The tree contains one node 
at depth 1 for each such interval. Consider any interval 81,k1 • The 
corresponding successor represents a decomposition of the range h into 
EMPTY and FULL intervals. The EMPTY intervals are formed by all 
the values of q2 for which A2( qI, q2) intersects with no obstacle when q1 
varies over 81,k1 • In turn, these intervals are decomposed into smaller 
intervals 82,k2' and so on. Since entire slices may get classified as part of 
the C-obstacle region at early stages of the computation, the time and 
memory required to build the tree structure is usually much smaller than 
with the more simplistic version of the method presented above. 

When the tree is fully computed, we have an approximate representa­
tion of the free space and the C-obstacle region. In particular, given a 
configuration (q1, ... , qp), we can easily check whether it belongs to the 
approximate free space or not. Indeed, the configuration determines a 
unique path in the tree. If this path terminates at a FULL interval (this 
may happen at any depth in the tree), the configuration is considered 
to be in the C-obstacle region. Instead, if the path terminates in an 
EMPTY interval (this can only happen at depth p - 1), the configuration 
is in free space. 

Figure 12 illustrates the representation of the configuration space of 
a two-revolute-joint arm computed by the above algorithm. The C­
obstacle region (shown dark in the figure) is approximated as a set of 
slices parallel to the q2-axis. 

The key computation for constructing the tree of Figure 11 is to deter­
mine the range of values of qi (i E [1, p]) at which Ai( Q1, ... , qi-1, qi) in­
tersects no obstacle when Q1, ... , qi-1 vary over intervals 8I ,k1 , ••• , 8i-1,ki_l. 

TESLA EXHIBIT 1013, Page 393



394 Chapter 8: Multiple Moving Objects 

(2) r--~--..L~ 

( a ) (b) 

Figure 12. Figure a shows a planar two-revolute-joint arm among obstacles, 
at two free configurations marked (1) and (2). We assume that there is no 
mechanical stop in the joints. Figure b shows the representation of the robot's 
configuration space constructed by the algorithm described in the text. The 
C-obstacle region (shown dark) is approximated by a set of slices parallel to the 
Q2-axis. The points designated by 1 and 2 represent the arm's configurations 
marked (1) and (2) in Figure a. 

A simple technique proposed in [Lozano-Perez, 1987] consists of fixing 
the values of qI, ... , qi-l to, say, the midpoints ql,k1 , ••• , qi-l,ki_l of the in­
tervals Ol,k1 , ••• , Oi-l,ki_l' Then the computation reduces to determining 
the intervals of values of qi for which Ai( ql,k1 , ... qi-l,ki_l' qi) intersects 
no obstacle when it rotates around a fixed axis (in the case of a rev­
olute joint) or translates along a fixed axis (in the case of a prismatic 
joint). If Ai and the obstacles are modeled by polygons or polyhedral, 
this computation is not difficult. (The case where Ai is a polygon ro­
tating about a fixed point among polygonal obstacles has already been 
studied in Subsection 5.2 of Chapter 6.) 

However, fixing the values of qI, ... ,qi-I, rather than letting them vary 
over intervals, has the drawback of generating an approximation of the 
free space that is no longer guaranteed to be a conservative one. One 
way to deal with this drawback is to compute the largest Euclidean 
displacement Pi of any point in Ai for any qi E Ii, when ql, ... , qi-l vary 
over Ol,k1 , ... , Oi-l,ki_l' The object Ai is grown isotropically by Pi and 
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the grown object (rather than Ad is used to decompose the range Ii into 
EMPTY and FULL intervals. 

The construction of the tree representing configuration space can be 
improved further as follows [GouzEmes, 1984b] [Faverjon, 1986]. Let 
Si(qI, ... , qi), i E [l,p], be the region swept out by the objects AHb ... ,Ap 
when qi+!, ... , qp vary over IHI, ... , Ip, and the previous i objects AI, ... , Ai 
are at configuration (qI, ... , qi). Note that only the position and orienta­
tion of SiC ql, ... , qi), not its shape, depend on the values of ql, ... , qj. When 
the range Ii labeling a node at depth i-I in the tree is decomposed, 
the generated intervals are labeled as FULL, CjEMPTY (for "certainly 
empty") and P jEMPTY (for "possibly empty"): 

- The FULL intervals are the same as before, i.e. they are formed by all 
the values of qi such that Ai(ql, ... ,qi-I,qi) intersects with an obstacle 
when ql, ... , qi-I vary over OI,kl , ... , Oi-I,ki_l' 

- The CjEMPTY intervals are formed by all the values of qi such that 
Ai(ql, ... , qi-h qi) U Si(ql, ... , qi-b qi) intersects with no obstacle when 
ql, ... , qi-I vary over OI,kl' ... , Oi-I,ki_l' 

- The P jEMPTY intervals are the complementary of the FULL and 
CjEMPTY intervals in h 

Only the P jEMPTY intervals of Ii are subdivided into smaller intervals 
Oi,k;. With each P jEMPTY interval in a node of the tree, one can asso­
ciate the list of obstacles with which Sj collides. When the successors of 
this node (corresponding to this interval) are considered, only the obsta­
cles in this list have to be considered for checking the possible collisions 
of Ai+!. Then, in each P jEMPTY interval of Ii+I, if any, the list is 
pruned further by removing the obstacles that do not collide with Si+! 
[Faverjon and Tournassoud, 1989]. 

Once the tree representation of the robot's configuration space has been 
built, we still have the problem of constructing a free path between 
the initial configuration and the goal one. The tree directly provides 
a representation of the free space in the form of a collection of rectan­
gloid cells. The connectivity graph representing the adjacency relation 
between these cells can be constructed and searched for a channel. How­
ever, the cells derived from the tree representation are very thin along 
one or several dimensions and usually there are many of them, resulting 
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in a large connectivity graph. It may be preferable to group these cells 
into larger rectangloids. One wayS to do this is to consider the tree rep­
resentation as the exact representation of the configuration space and to 
apply an approximate cell decomposition method (as described in Section 
1 of Chapter 6) to this representation. Using the information contained 
in the tree, the labeling of the new cells generated by this method as 
EMPTY, FULL and MIXED is particularly simple. 

3.4 Potential Field 

The potential field approach described in Chapter 7 applies to articulated 
robots. As is the case for a single rigid object, there are many possible 
methods based on this approach. 

Typically, one considers a collection of control points aj E A, j = 1, ... , Q, 
which may be distributed over the various objects Ai. Each point aj 

is subject to a potential field Vj(x) defined in the workspace. This 
potential may be either an attractive potential depending on the goal 
position of aj in W (see Subsection 2.2, Chapter 7), a repulsive potential 
depending on the obstacles in the workspace (see Subsection 2.3, Chapter 
7), or a mixed potential depending on both the goal position of aj and 
the obstacles (see Subsection 4.2.3, Chapter 7). 

The potential function U( q) in the robot's configuration space is ob­
tained by adding these potentials: 

Q 

U(q) = I:Vj(aj(q». 
j=l 

It induces the attractive force defined by: 

F(q) = -VU(q). 

Let us consider a chart in the robot's configuration space C such that 
a configuration q is parameterized by (qb ... , qp), with each qi defining 
the relative position of two objects connected by a joint, as described in 
Subsection 3.1. The components of F( q) in the basis of Tq(C) (tangent 
space of C at q) induced by this chart are the forces/torques applied at 
every prismatic/revolute joint of the robot. Assume further that W = 

BSee [Lozano-Perez, 1987] [Simeon, 1989] for other techniques. 
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R 3 , with X, y, z being the coordinates of a point x E W in Fw. Let 
Xj( ql, ... , qp), Yj( ql, ... , qp) and Zj( qt, ... , qp) be the coordinates of aj( q) 
in Fw. The ith component of F(q) is: 

Hence, we have that: 

where JJ is the transpose of the Jacobian matrix Jj of the map: 

The same result also holds with W'= R 2 • 

If the motion at a joint is limited by mechanical stops, these stops can be 
taken into account in the potential function. One way to proceed is as 
follows [Khatib, 1986]. Let a configuration coordinate qi be constrained 
to be in an interval (qi ,qt) by the mechanical stops in the correspond­
ing joint. Both endpoints of the interval can be treated as obstacles 
generating repulsive potential fields W-(qi) and W+(qd. Using the 
same general form as for the repulsive potential functions described in 
Subsection 2.3 of Chapter 7, we define W-(qi) and W+(qi) by: 

and: 

ifqi - qi ~ Po, 

if qi - qi > Po 

where 1'/ is a positive scaling factor and Po is the "distance of influence" 
of the mechanical stops. The various functions Wi (qi) and Wt(qi) are 
added to the function U(qI, ... , qp) in order to get a potential function 
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Figure 13. This figure shows snapshots along a path generated for an eight­
revolute-joint robot by an implementation of the randomized potential-field­
based method described in Section 5 of Chapter 7. 

that takes the mechanical stops into account. Notice that all the com­
ponents of the forces induced by Wi(qi) and Wt(qi), except for the ith ' 

ones, are zero. The ith components of these forces are: 

_ dWi(qi) = { T/(qi!q;- - p~) ~f qi - q~ ~ Po, 

dqi 0 If qi - qi > Po 

and: 

_ , '= ., qi -qi Po , ,-, 
dWt(q.) {'I'l(--.1- _.1..) if qt - q' < Po 

dqi 0 if qt - qi > Po· 

These are forces/torques applying to the ith joint of the robot. 
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+ + + 

+ 

Figure 14. This figure shows snapshots along a path generated for a ten-joint 
robot (see Figure 8) by an implementation of the randomized potential-field­
based method described in Section 5 of Chapter 7. 

The various potential field methods described in Chapter 7 can be used 
to plan free paths for manipulator arms. As mentioned in Subsection 
3.2, several potential-field-based planners have been implemented. As 
an illustration of the power of this approach, Figures 13 and 14 show 
snapshots along two paths generated by the randomized planner de­
scribed in Section 5 of Chapter 7 [Barraquand, Langlois and Latombe, 
1989b]. Figure 13 illustrates a path, for an eight-revolute-joint robot. 
Figure 14 illustrates a path for the ten-joint robot of Figure 8. The ex­
ample of Figure 13 was produced using a single control point located at 
the endpoint of the arm. The example of Figure 14 was produced using 
two control points located at the endpoints of the two kinematic chains. 
In both examples, collisions of the various links among themselves were 
checked explicitly in the same way as the collisions between the robot 
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and the obstacles. Mechanical stops were imposed on each joint and the 
collisions with each stop were also checked. 

Exercises 

1: (One-dimensional asteroid problem) Let A be a polygonal object 
moving in translation along a single line L (locus of the origin of the 
frame :FA attached to A) in the plane R2. The plane contains moving 
obstacles Bi, i = 1, ... , q. Each obstacle Bi is a convex polygon translating 
without rotation at constant linear velocity VB;. No two obstacles ever 
collide. The geometry, the position at time 0, and the velocity of each 
obstacle are given. The problem is to plan a motion of A from an initial 
position Xinit in L at time 0 to a goal position Xgoal at time T. The 
velocity V A of A is bounded, i.e. IIv All ~ Vmax• There is no constraint 
on its acceleration. 

a. Characterize the shape of the CT-obstacle in the configuration-time 
space of A. 

b. Adapt the visibility graph method to plan the motion of A in the 
configuration-time space of A. 

c. Assuming that the search graph is constructed using a sweep-line 
technique, what would be the time complexity of the method? 

2: Show that the planning algorithm of Subsection 1.4.1 still applies if 
qgoal moves at constant velocity. 

3: Modify the velocity tuning method (with polygonal PT-obstacles) 
presented in Subsection 1.4.3 to handle the dynamic motion planning 
problem with unspecified arrival time. 

4: Consider two convex polygonal objects Al and A2 which translate 
and rotate freely in W = R2. Let C be their composite configuration 
space and CA I2 be the C-obstacle defined by: 

Using the approach of Section 2 of Chapter 3, construct a computable 
expression (in the form of a conjunction of C-constraints) of the predicate 
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Figure 15. This planar robot arm has three revolute joints (Exercise 9). 

CAI2 such that: 

5: What is the configuration space of a robot that consists of a six­
revolute-joint manipulator arm mounted on a platform? (The arm op­
erates in a three-dimensional workspace. The platform translates and 
rotates freely in a plane.) Discuss the application of various path plan­
ning methods to this robot. 

6: Let Al and A2 be two polygons that can translate freely at fixed 
orientation among fixed obstacles. Let TI and T2 be two paths defined 
as in Subsection 2.3.2. Hence, TI (resp. T2) is a path of Al (resp. A2 ) 

that avoids the fixed obstacles, but ignores the other robot. Assume that 
both TI and T2 are sequences of straight segments. Give a method for 
constructing the coordination diagram. 

7: Write a program based on the techniques described in Subsection 3.3 
for computing an approximation of the free space of a robot arm with 
two revolute joints. Assume that the two links are modeled by straight 
line segments and that there are no mechanical stops in the joints. 

8: Complete the techniques described in Subsection 3.3 to: (1) handle 
the possible collisions among the various objects composing an artic-
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ulated robot; (2) to choose the resolution of the decomposition of the 
EMPTY intervals into small intervals 6i,k •• 

9: Consider a planar manipulator A = {AI, A2 , A3 } with three revolute 
joints (see Figure 15). Its configuration is parameterized by three angles 
ql, q2 and Q3, each varying over [0,211") (we assume no mechanical stop). 
The distance between the first two joints (resp. the last two joints) is 
rl (resp. r2). The maximal distance of any point in A3 to joint 3 is 
d3 • Write the formula that computes the largest Euclidean displacement 
of any point in A3 when ql and Q2 vary over any small intervals of 
amplitudes 61 and 62 , with q3 being anywhere in [0,211"). 

10: Discuss in general terms a method for solving the problem of plan­
ning the coordinated motion oftwo robot arms carrying the same object 
(closed-loop kinematic structure) among obstacles. 
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Chapter 10 

Dealing with Uncertainty 

In the previous chapters We assumed that the robot was able to perfectly 
control its motions, i.e. to exactly follow the geometrical paths gener­
ated by the planner. This assumption is realistic when the workspace 
is relatively uncluttered and the goal configuration does not have to be 
achieved too precisely. In those cases, if necessary, uncertainty in robot's 
control can be taken into account by slightly "growing" the C-obstacles 
and planning a free path among the grown C-obstacles. Motions that 
can be planned in this way are often called gross motions. 

However, when the workspace is too densely occupied by obstacles, grow­
ing the C-obstacles may result in a new free space where the initial and 
goal configurations are no longer connected by a free path. Moreover, 
even if they are still connected by a path, executing this path may not 
allow the robot to attain the goal configuration with the desired pre­
cision, if the latter is too tight. In those cases, some sensing must be 
explicitly incorporated into the motion plans in order to both monitor 
the effects of the robot's motions and command appropriate corrective 
motions. A motion plan then consists of a combination of motion com­
mands and sensor readings which interact in order to reduce uncertainty 
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and guide the robot toward the goal. Such a plan is usually called a 
motion strategy, and the motions it produces are called fine motions. 

In general, sensing is not perfect either and does not provide an exact 
knowledge of the robot's current configuration during execution. Hence, 
a fundamental difficulty is that uncertainty exists not only at planning 
time, but also at execution time. It is thus necessary for the planner 
to anticipate the knowledge that will be available during execution in 
order to guarantee that this knowledge will be sufficiently precise to 
make the robot attain the goal region and stop in this region reliably. 
The motion strategy should not have to be lucky in order to attain the 
goal recognizably! This typically requires the planner to generate mo­
tion commands that will make some specific features of the workspace 
("landmarks") reliably identifiable and located by the sensors. Planning 
a motion strategy may be complicated further by the fact that the geom­
etry of both the robot and the workspace, and hence of the C-obstacle 
region in the configuration space, is also imprecisely known (uncertainty 
in model). 

In this chapter we investigate the problem of planning tlte motion of a 
rigid object among fixed obstacles in the presence of uncertainty. Intro­
ducing uncertainty raises new modeling, computational and combinato­
rial issues which make the problem significantly more difficult than those 
considered in the previous chapters. This leads us to simplifying the con­
tents of this chapter by making several assumptions presented in Section 
1. These assumptions, however, do not denature the fundamental issues 
underlying motion planning in the presence of uncertainty. In various 
places, we will discuss the effect of relaxing some of these assumptions. 

Section 1 gives a precise formulation of the motion planning problem 
with uncertainty in control and sensing 1. It describes force-compliant 
motion commands which are less sensitive to errors than pure position 
control (see Subsection 5.3 of Chapter 1). Section 2 introduces a gen­
eral approach to motion planning with uncertainty, preimage backchain­
ing, which was originally proposed in [Lozano-Perez, Mason and Taylor, 
1984]. This approach is described in detail in the rest of the chapter. 
The concept of preimage - a region of configuration space from which a 

1 Until the last section of this chapter, we will assume that the geometry of the 
C-obstacle region is exactly known. 
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motion command is guaranteed to attain a given goal recognizably - is 
formally defined in Section 3. Simple methods for computing preimages 
are presented in Section 4. Using these methods as building blocks, one 
can build an operational planner. To do so, one must select the search 
space of the planner by discretizing the range of possible directions of 
motion of the robot. This issue is addressed in Section 5. 

The other sections of the chapter present more advanced concepts. Sec­
tion 6 explores the construction of conditional strategies, i.e. strategies 
which include conditional branching statements allowing for different mo­
tion commands to be executed depending on the values of parameters 
sensed at execution time. Section 7 investigates ways of improving the 
ability of a motion command to recognize goal achievement, in order to 
make it possible constructing larger preimages. In Section 8 we revisit 
preimage backchaining and we give a broader view of the approach than 
in Section 2. Finally, Section 9 extends some of the previous results to 
the case where there is also uncertainty in the input geometric model of 
the robot and the workspace. 

1 Problem Formulation 

1.1 Configuration Space 

We assume that the robot A is a polygon that can translate freely at 
fixed orientation in the plane among polygonal obstacles. Thus, the 
configuration space is C = R 2 and the C-obstacle region is polygonal. 
A configuration is represented as q = (x, y), where x and yare the 
coordinates of A's reference point in the workspace. 

We allow A to touch obstacles2 , so that the space ofthe robot's motions 
is the valid space Cvalid (see Subsection 9.5, Chapter 2). To avoid patho­
logical cases, we require this space to be a manifold with boundary. This 
requirement entails that Ccontact = {)Cjree and Cvalid = cl(Cjree); hence, 
a contact between A and the obstacle region can be broken by an arbi­
trarily small displacement of A. It also implies that every vertex in the 
contact space Ccontact is the extremity of two edges only; thus, Ccontact 

2Mechanical assembly is typical task domain where uncertainty needs to be taken 
into account. In this domain, contacts between objects are not only part of the goal; 
they are also helpful to distinguish among possible geometric situations. Most of the 
research in motion planning with uncertainty has been done in this context. 
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Figure 1. When the moving object A can only translate in the plane, the 
workspace W, the configuration space C and all the tangent spaces of Care 
copies of R 2 • We equip all these spaces with the Euclidean metric and we 
represent them as a single copy of R 2 • Then a force acting on A, for instance 
the reaction force exerted by an obstacle, has the same representation in W 
and in C, as illustrated in Figures a and b, respectively. 

consists of a finite set of disjoint simple polygonal lines. An edge (resp. 
a vertex) in Ccontact is called a contact edge (resp. a contact vertex). 
The outgoing normal of a contact edge E is the unit vector iJ(E) normal 
to E pointing toward Cfree. The vector -iJ(E) is the ingoing normal of 
E. 

Throughout the chapter, n denotes the number of vertices in Ccontact. 

Allowing A to move in contact space makes it useful to equip the robot 
with a force sensor for measuring the reaction forces exerted by the ob­
stacles. Force sensing is then a major source of information for the robot 
to better determine its position relative to the obstacles. It requires, 
however, that reaction forces be mapped in configuration space. The 
rest of the subsection addresses this issue. 

Under the above assumptions, the workspace W, the configuration space 
C and all the tangent spaces of C are copies of R 2 • We equip all these 
spaces with the Euclidean metric and we use a single copy of R2 to 
represent all of them. Then a force acting on A has the same vector 
representation in W and in C (see Section 10 of Chapter 2). Indeed, a 
virtual translation of A by (bx, by) in W induces the same translation 
of A's configuration in C. In particular, if A pushes on an obstacle, the 
obstacle exerts a reaction force on A. Assuming that A's configuration 
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(a) (b) (c) 

Figure 2. In the presence of friction, the range of possible reaction forces at 

the contact point between A and an obstacle consists of all the force vectors 
applied at the contact point and pointing into a cone, called the friction cone 
(Figure a). If A pushes on the obstacle along a line that is contained in the 
cone, the obstacle produces a reaction force that completely cancels the applied 
force (Figure b). If A pushes alo,ng a line that is not contained in the cone, 
the reaction force only partially cancels the applied force and the resulting net 
force is tangent to the obstacle edge (Figure c). 

q is in the interior of a contact edge E and that the contact between A 
and the obstacle is frictionless, the force in configuration space is a vector 
applied at q and pointing along the outgoing normal of E, as illustrated 
in Figure 1. 

In practice, contacts are not frictionless. The presence of friction in­
creases the range of reaction forces that the qbstacle can produce. Let 
the contact occur between a vertex of A and an obstacle edge. The 
classical Coulomb law of friction represents fri~tion by a cone, called the 
friction cone, which specifies the range of possible reaction forces. The 
friction cone's axis points along the outgoing normal of the obstacle edge 
and its sides make an angle </> = tan-1 p. (0 ~ </> ~ 1r /2) with this axis, 
where p. (p. ~ 0) is the coefficient of friction between A and the obstacle 
at the contact point (see Figure 2.a). Throughout the rest of the chapter, 
we assume that the static and dynamic friction coefficients have the same 
value p. and that this value is known and remains fixed for every possible 
contact point between A and the obstacles. The range of possible reac­
tion forces at the contact point consists of all the force vectors applied at 
the contact point and pointing into the friction cone. (The frictionless 
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Figure 3. The range ofreaction forces at a vertex in contact space can be any 
non-negative linear combination of the reaction forces that can be generated by 
the two abutting edges El and E 2 • The corresponding friction cone has its sides 
parallel to the two most extreme rays of the friction cones in El and E 2 • 

case corresponds to 4> = 0.) Hence, if A pushes on the obstacle along a 
line that is contained in the cone, the obstacle produces a reaction force 
that completely cancels3 the applied force (see Figure 2.b). If, instead, 
A pushes along a line that is not contained in the cone, the reaction 
force only partially cancels the applied force and the resulting net force 
is tangent to the obstacle edge (see Figure 2.c). The contact between 
a vertex of A and an obstacle edge corresponds to a configuration of A 
lying in a C-obstacle edge. Since a force has the same representation 
in Wand C, friction is represented in the C-obstacle edge by the same 
cone as in the obstacle edge. It is straightforward to extend this result 
to all the edges of Ccontact. Since the friction coefficient is constant in the 
workspace, the friction cone in configuration space has the same angle 
24> in every contact edge. 

For completeness of the model, we must consider the case when A's con­
figuration is at a contact vertex X. This case occurs when either a vertex 
of A is in contact with an obstacle vertex, or there are two (or more) 
disconnected contact zones between A and the obstacles, with different 
orientations of the friction cones. In the second case, the reaction force 
at X can be any non-negative linear combination of the reaction forces 

3We assume that the obstacles are not movable. 
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that can be generated by the two C-obstacle edges El and E2 abutting 
X. In the first case, we assume the same, although the reaction force 
may not be physically determined (due to the shortcomings of the polyg­
onal representation of the objects). Hence, the friction cone at X is the 
cone whose sides are respectively parallel to the two most extreme rays 
of the friction cones in El and E2 (Figure 3). 

The above model of friction can easily be extended to the configuration 
space of a polyhedral object translating among polyhedral obstacles. But 
allowing the robot to rotate results in C-obstacles bounded by curved 
faces. Friction varies in a non-linear fashion over these faces, which 
makes its description substantially more complicated [Erdmann, 1984]. 

Throughout this chapter, except in Section 9, we assume that the model 
of the C-obstacle region is exact. 

1.2 Sensing 

We assume that the robot A is equipped with two sensors, a position 
sensor and a force sensor, which we model below. Other sensors could 
be modeled in a similar fashion.4 

The position sensor measures the current configuration of A. The sensed 
configuration is denoted5 by q*, while the current actual configuration is 
denoted by q. The uncertainty in position sensing is modeled as an open 
disc Uq( q*) C R2 of fixed radius pq centered at the measured configura­
tion q*. This means that if the position sensor returns q*, the current 
actual configuration q of A may be anywhere in Uq(q*) n Cvalid. Notice 
that although q can only be in Cvalid, the sensed configuration q* may be 
in C\Cvalid. However, in that case we must have that Uq ( q*) n Cvalid =F 0, 
since otherwise uncertainty in position sensing would be incorrectly mod­
eled. Since Uq is a disc, if q is the actual configuration, then the measured 
configuration q* necessarily lies in Uq ( q). 

At this point, our model of uncertainty is worth an explanation. Let 
the robot be at an actual configuration q (which of course we do not 

4Using position and force sensors is appropriate for task domains such as mechani­
cal assembly (see footnote 2). It is less appropriate for mobile robot navigation tasks, 
which are more likely to involve vision and proximity sensors. 

SOur convention is to denote a measured quantity by a symbol with the superscript 
"*" and the corresponding actual quantity by the same symbol without superscript. 
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know) and let the sensed configuration be q*. The difference q - q* is 
the sensing error, which varies from one measurement to another. Our 
model of uncertainty bounds the modulus ofthis error, i.e. IIq-q*11 < Pq, 
and accepts all the configurations in Uq ( q*) as equally probable ones. 
Below, we model uncertainty in force sensing and in robot control in a 
similar fashion. This model is simple, and it is not hard to imagine more 
involved (and perhaps more realistic) ones. However, it is interesting 
because it will allow us to neatly define guaranteed motion strategies, 
i.e. strategies which are guaranteed to succeed as long as the errors in 
control and sensing during execution stay within the bounds specified by 
the uncertainty regions. 

The force sensor measures the force acting on A. The output of the sensor 
is a vector denoted by i*. The sensor is used to acquire information on 
whether A touches obstacles or not and if it touches an obstacle, on the 
orientation of the outgoing normal of the contact space at the contact 
configuration. When the sensed force is i*, the actual reaction force 
acting on A is a force i E Uj(i*), where Uj is the force uncertainty 
region, which is specified as follows. The uncertainty on the sensed force 
modulus is modeled by lIill E ~j(i*), where ~f(i*) is an interval that 
includes lIi* II. In addition, the magnitude ofthe angle between! and !*, 
if neither is zero, is less than a fixed angle £ j < 1i /2. Hence, ! lies in an 
open cone of angle 2£ j whose axis points along !*. 

1.3 Robot Control 

1.3.1 Motion Command 

For a given geometry of Cvalid, a motion command is an application 
that maps any configuration qs E Cvalid (called the starting configu­
ration of the motion command) to a nominal motion of the robot. This 
motion would be the motion of the robot if there was no uncertainty in 
control. 

A motion command M is described as a pair (CS, Te). CS is called 
the control statement. Given a starting configuration qs E Cvalid, it 
determines a commanded trajectory r C of A, i.e. a curve: 

TESLA EXHIBIT 1013, Page 459



460 Chapter 10: Dealing with Uncertainty 

with rC(O) = qs and t denoting time. Te is called the termination 
condition. The most general form of this condition is:6 

Te = tp(t, q*[O, t], f*[O, tn 

where tp is the termination predicate, t denotes the current time, and 
q*[O, t] and f*[O, t] are the position and force sensing history, respectively, 
since the beginning of the motion, i.e. : 

q*[O, t] 
f*[O, t] 

{( t', q*( t'» / t' E [0, t]} 
{(t', f*(t'» / t' E [0, t]} 

where q*(t') and f*(t') are the sensed configuration and force at time t'. 
Te is continuously evaluated during the execution of the command and 
A instantaneously stops moving when Te becomes true. This obviously 
specifies an ideal behavior which cannot be exactly achieved. 

1.3.2 Force-Compliant Control 

Throughout the previous chapters, the robot was position-controlled 
along the planned geometric paths. A drawback of pure position control 
is that it may be quite sensitive to various kinds of errors. For instance, 
if the robot is commanded to move along a path close to an obstacle, and 
if it unexpectedly hits the obstacle (say, because of imperfect control), 
the normal behavior of a position-controlled robot is to stop. A more 
interesting behavior would be for the robot to comply with the reaction 
force exerted by the obstacles (so that it becomes zero), while moving 
along the projection of the commanded direction in the subspace orthog­
onal to the reaction force [Mason, 1981]. In the presence of uncertainty, 
such a compliant behavior is preferable to the previous one, because its 
ability to attain goals is less sensitive to errors and thus makes it pos­
sible to construct motion strategies with fewer motion commands. This 
behavior requires the robot to be controlled in both position and force. 

There exist various models offorce-compliant control [Inoue, 1974] [Raib­
ert and Craig, 1981] [Hogan, 1985] [Whitney, 1985]. In order to set up a 
precise framework for the rest of the chapter, we assume that A's control 
follows the so-called generalized damping model originally proposed 

6Less general forms will also be used, for example by not letting tp have access to 
time and the full sensing history. 
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....lo. 

f(t) 
B 

Figure 4. This figure illustrates the robot's nominal behavior in a frictionless 
contact edge E under the generalized damping control model. The motion is 
specified by the equation let) = B(vC(t) - ve)' The robot slides along the edge 
E at a velocity veE equal to the projection of ve on E. 

by Whitney [Whitney, 1977]. This means that CS is parameterized by 
a vector Vo of orientation 0 E Sl, called the commanded velocity, 
and that the robot's commanded trajectory TO in C is specified by the 
following first-order differential equation: 

let) = B(vC(t) - vo) (1) 

where lCt) is the actual reaction force exerted by the obstacles on A at 
time t, B is a 2x2 matrix called the damper matrix, and VC(t) = d;o(t)/dt 
is the velocity of A at t. In the following, we take B as a constant diagonal 
matrix with equal positive diagonal coefficients. We also take Vo as a 
unit vector, so that it is completely specified by its orientation O. 

In equation (1), the vector Bvo is interpreted as the force exerted by the 
robot and the vector BvC(t) as the component of this force which is not 
canceled by the environment and thus produces motion. At every instant 
t, given the geometry of Cvalid and the friction angle </>, the reaction 
force let) is completely determined by the applied force Bvo and the 
current configuration. Therefore, for a given starting configuration qs, 
the generalized damping equation (1) determines a unique trajectory T0' 
which we describe below. 
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(a) (b) 

Figure 5. Friction in the contact space increases the range of commanded 
velocities that lead the robot to stick when it hits a C-obstacle. If the inverted 
commanded velocity points into the friction cone, the motion sticks to E (Figure 
a), otherwise it slides along E at velocity IIvC(t)11 = IIvell cosa[l- tan ¢ tan a], 
where a < 7r/2 is the angle between ve and E (Figure b). 

When A is in free space, it moves at constant velocity vo, since the 
reaction force is zero. When A is in contact space in the interior of an 
edge E, it may move away from E, slide along E, or stick to E. If the 
projection of Vo on the outgoing normal of E is positive or null, A moves 
away or tangentially at velocity vo' Otherwise, let vOE be the projection 
of Vo on E. If vOE is the null vector (Le. Vo points perpendicularly to 
E), then the contact space generates the reaction force f(t) = Bvo and 
A sticks to E, i.e. IIvC(t)1I = OJ otherwise, assuming a frictionless contact 
space, A slides along E at velocity VC(t) = vOE (see Figure 4). Since the 
model of the motion is a first-order one, which ignores inertial forces, it 
allows the robot velocity to change instantaneously. This idealization is 
another source of error leading to uncertainty in control. 

Friction in the contact space simply results in increasing the range of 
commanded velocities that cause the robot to stick to a contact edge. 
With no control error, a generalized damping motion with commanded 
velocity vo sticks to an edge E if -vo lies in the friction cone, i.e. if the 
magnitude of the angle between -vo and the outgoing normal il(E) is 
less or equal to if>. Otherwise, it slides along E. Figure 5 illustrates this 
behavior. 
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When the robot's configuration reaches a contact vertex X, the motion 
sticks at X if -vo lies in the friction cone at X. If -vo does not lie in 
the friction cone at X, the robot consistently moves away from X (in 
free or contact space) as if had just reached X by sliding along one of 
the two adjacent edges. 

More formally, let teac( q, vo) be the function that evaluates to the re­
action force exerted by the contact space on the robot at configuration 
q when it is commanded along vo. teac( q, ve) is defined as follows: 

- if q E C free, then ireac( q, ve) = 0; 

- if q E Ccontact, q is in the interior of an edge E, and Vo projects 
positi\'~ly on the outgoing normal of E, then teac( q, ve) = 0; 

- if q E Ccontact, q is in the interior of an edge E, and -ve lies in the 
friction cone at the contact point, then ireac(q, ve) = -Bvo; 

- if q E Ccontact, q is in the interior of an edge E, and -vo projects 
positively on the outgoing normal of E, but lies outside the friction 
cone at the contact configuration, then ireac( q, vo) = i, with i being 
the solution of the following system of equations: 

langle(V(E), i)1 = <P 

v(E)· i = v(E)· (-Bve) 

sign(angle(v(E), i)) = sign(angle(iJ(E), -Bve)) 

- if q E Ccontact, q is at a contact vertex, and -vo lies in the friction 
cone at this vertex, then teac( q, ve) = - Bvo; 

- if q E Ccontact, q is at a contact vertex X, and -ve does not lie in the 
friction cone at X, then let it and i2 be the reaction forces that would 
be generated by the two edges abutting X; freac( q, vo) = max(ftJ2). 

(When q is at a contact vertex, the actual reaction force may not be 
determined. Then the above definition of ireac is somewhat arbitrary, 
but it is consistent with our previous definitions.) 

At every instant t during a motion commanded along ve we have that 
i(t) = teac(T8(t), ve). The commanded trajectory TO is thus defined by 
the following differential equation: 
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dTo(t) 1 ~ (C() -C) -c 
~ = B lreac TO t ,V 0 + v 0 

with the initial condition TO(O) = qs. 

The generalized damping model of motion remains applicable in higher­
dimensional configuration spaces. However, when the robot is allowed 
to rotate, this model induces a significantly more complicated behavior. 

1.3.3 Uncertainty in Control 

Throughout the rest of the chapter, we assume generalized damping 
control. We denote a motion command by M = (vo, TC), where Vo is the 
commanded velocity. 

Uncertainty in control is modeled as follows. Let Vo be the commanded 
velocity. At any instant t during the motion, the effective commanded 
velocity is a vector vo(t) E Uv(vo), such that the magnitude of the 
angle between vo(t) and Vo is less than a fixed angle rJv < 1r /2. In other 
words, vo(t) lies in an open cone of angle 2rJv whose axis points along 
vo. This cone is called the control uncertainty cone. In addition, the 
uncertainty on the velocity modulus is modeled by IIvo(t)1I E D.v(vo), 
where D.v(vo) is an interval7 (Vb V2), with 0 < VI < IIvoll = 1 < V2. 

The orientation and the modulus of the effective commanded velocity 
can vary arbitrarily, but continuously, within these uncertainty bounds. 

The motion of the robot is specified by the generalized damping equation 
(1) with vo(t) substituted for vo' i.e. let) = B(v(t) - vo(t)), where vet) 
is the actual robot velocity. For a given starting configuration qs, any 
continuous map vo: t E [0,+00) 1-+ vo(t) E Uv(vo) determines a unique 
actual trajectory T : t E [0, +00) 1-+ T(t) E Cvalid, such that: 

d~~t) = ~lreac(T(t),vo(t))+vo(t) 

and T(O) = qs. The only configurations in T where the actual velocity 
vet) = df(t)/dt varies discontinuously are those where the trajectory 

1This interval should not include 0, since according to our model of uncertainty it 
would allow the robot to stay motionless. However, the lower bound VI can be chosen 
arbitrarily small. 
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(a) (b) (c) 

Figure 6. Assume that all the effective commanded velocities lying in the 
control uncertainty cone project positively on the ingoing normal of a contact 
edge E. Three cases are possible. If the inverted control uncertainty cone 
(shown grey) is completely contained in the friction cone (Figure a), the motion 
is guaranteed to stick along the edge. If the two cones have a null intersection 
(Figure b), the motion is guaranteed to slide along the edge. If the two cones 
intersect as in Figure c, the motion may slide or stick. 

switches from free to contact space, and conversely. Since there is a 
finite number of contact edges, T is piecewise of class C1 . 

According to the above model of uncertainty, if A is in free space, it 
moves along a trajectory whose tangent at any configuration is contained 
in the control uncertainty cone anchored at this configuration. If A's 
configuration is in a contact edge E, it may move away, slide, or stick, 
depending on the orientation of the effective commanded velocity VB 
relative to the outgoing normal of E. In particular, if all vectors lying 
in the control uncertainty cone project positively on ii(E) , then A is 
guaranteed to move away from the edge. Instead, if the inverted control 
uncertainty cone is entirely contained in the friction cone, A sticks to 
the edge; if it is completely outside the friction cone and all the vectors 
in the control uncertainty cone project positively on the ingoing normal 
of the edge, A is guaranteed to slide in the direction of the projection of 
ve into E. Figure 6 illustrates the sticking and sliding conditions with 
uncertainty in control. 

We denote the set of all the possible reaction forces that can be generated 
at configuration q when the commanded velocity is ve by Freac( q, 0). We 
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Figure 7. A conditional strategy is described by a tree. The nodes of the 
tree are labeled by motion commands and its arcs are labeled by conditions. 
The execution of the strategy consists of sequentially executing the motion 
commands labeling the nodes of a path (connecting the root to a leaf of the 
tree) whose arcs are labeled by conditions evaluating to true. One possible 
execution of the strategy depicted in the figure is the following. The motion 
command Ml is executed first. Then, if the condition C13 evaluates to true 

and C12 and C14 evaluate to false, the motion command M3 is executed. Since 
it has a single successor, C37 should evaluate to true (otherwise the strategy 
returns failure) and M7 is executed next. 

have that: 

Freac(q,O) = UV6EUv(V~) freac(q, ve). 

A straightforward algorithm computes Freac( q, 0) in 0(1) time. 

1.4 Motion Strategies 

We describe a motion strategy by a tree (Figure 7). The nodes of the 
tree are motion commands and its arcs are conditions. The execution 
of the strategy consists of sequentially executing the motion commands 
labeling the nodes contained in a path connecting the root to a leaf of 
the tree. After a motion command has been executed, the conditions 
associated with its outgoing arcs are evaluated and the next command 
executed is such that the condition of its ingoing arc evaluates to true. 
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If several conditions evaluate to true, one of the corresponding com­
mands (anyone) is executed next. If no condition evaluates to true, the 
execution of the strategy terminates with failure. The execution of the 
strategy terminates with success after the motion command labeling a 
leaf of the tree has been executed. 

A motion strategy described by a tree containing a single path is called a 
sequential strategy. A motion strategy described by a tree with mul­
tiple paths is called a conditional strategy. The number of steps of 
a strategy is the maximal number of motion commands that the strategy 
may have to execute before it can return success. 

We assume that the geometry of Cvalid, the friction angle </>, and the 
uncertainty regions Uq , U f and Uv are given as described above. Given 
two regions I and {i of Cvalid, called the initial region and the goal 
region, respectively, the motion planning problem with uncertainty in 
control and sensing is to generate a motion strategy :E whose execution 
is guaranteed to return success with A's configuration actually in {i, 

whenever A's initial configuration is in I and the input Cvalid, </>, Uq , U" 
and Uv are a correct description of the reality. This strategy is said to 
be strongly guaranteed. A complete planner should construct such a 
strategy whenever one exists and indicate that no such strategy exists 
otherwise. 

Canny and Reif [Canny and Reif, 1987] have shown that the three­
dimensional version of the above problem (C = R3) is non-deterministic 
exponential time hard (NEXPTIME-hard) when the number of faces in 
Cvalid is not fixed, which strongly suggests that finding plans can take 
double exponential time in the worst cases. They have also shown that 
the number of steps in a strategy may grow exponentially with the com­
plexity of Cvalid. Previously, Natarajan [Natarajan, 1986] had shown 
that the three-dimensional problem is also PSPACE-hard. On the other 
hand, no lower-bound time complexity result has been established so far 
for the problem in two dimensions. There are, however, several upper­
bound results obtained with algorithms that we will describe later in this 
chapter. 

8Canny and Reif have also shown that in three dimensions, determining whether a 
given motion command with a given starting configuration is guaranteed to terminate 
in a goal is NP-hard. 
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Figure 8. This figure illustrates a sequential two-step motion strategy. The 
initial region I is a rectangle in free space and the goal region g is a contact 
edge. The first motion is commanded along ve~ ; the second along vel. 

Until Section 6, we will only consider sequential strategies. Figure 8 illus­
trates such a strategy. The initial region I is a rectangle in free space and 
the goal region g is an edge in Ccontact. The strategy consists of two mo­
tion commands with commanded velocities V~2 and V~l. The command 
along V~2 is executed first. (The reverse order on the subscripts results 
from the backchaining algorithm described in the next section.) With 
an appropriate termination condition, the motion commanded along V~2 
and executed from within I is guaranteed to terminate in the horizontal 
edge denoted by E in the figure; with an appropriate termination con­
dition, the motion commanded along V~l and executed from within E 
is guaranteed to terminate in y. (Note that the conditions labeling the 
arcs of a strongly guaranteed sequential strategy are irrelevant. They 
necessarily evaluate to true, since otherwise the strategy would not be 
strongly guaranteed. Hence, we just ignore them.) 

Remark: There are problems which admit no strongly guaranteed strat­
egy. This does not mean, however, that the goal g cannot be achieved 
from I. Other strategies may achieve y from I without guaranteeing 
success. We might then be interested in generating a weakly guaran­
teed strategy, i.e. a strategy that is guaranteed to either succeed or fail 
recognizably. This means that the strategy is guaranteed (1) to termi­
nate, (2) to return success only if the goal has actually been achieved, 
and (3) to return failure only if the goal has not been achieved yet and the 
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remaining non-executed steps in the strategy (if any) have no chance to 
fortuitously achieve the goal recognizably. Even in cases where strongly 
guaranteed strategies exist, it may sometimes be preferable to generate 
weakly guaranteed ones, since the latter are usually simpler (they do not 
systematically consider the worst cases). The concept of weakly guaran­
teed strategy has been investigated in [Donald, 1987a and 1988b] under 
the name of Error Detection and Recovery (EDR) strategy .• 

2 Preimage Backchaining 

In this section we introduce a general approach to motion planning with 
uncertainty, called pre image backchaining. This approach will be inves­
tigated in detail in the rest of the chapter. It was originally proposed in 
[Lozano-Perez, Mason and Taylor, 1984]. 

Let T be a subset of Cvalid and M = (v~, Te) be a motion command. 
A preimage of T for M is defined as any subset P of Cvalid such that: 
if A's configuration is in P when the execution of M starts, then it 
is guaranteed that A will reach T and that it will be in T when Te 
terminates the motion. 

Example: Consider the point-in-hole problem illustrated in Figure 9.a. 
The region T is the bottom edge of the depression (the "hole") of the 
C-obstacle region. Let the commanded velocity be v~ as shown in the 
figure. We make the following assumptions: contact space is frictionless; 
the modulus of the sensed force is accurate; the error in the orientation 
of the sensed force is bounded by E f < 7r /4; and the depth of the hole 
is greater than 2pq. The region shown with a striped contour in Figure 
9.b is a preimage P of T for the generalized damping motion command 
M = (vo, Te), with Te terminating the motion when the position sensor 
measures a configuration consistent with T and the force sensor mea­
sures a non-zero force consistent with the outgoing normal of T. More 
formally, Te is defined as: 

Te = [q*(t) E TEBUq(O)] 1\ [1I£*(t)1I > 0/\ langle(£*(t),v(T»1 < Ef] 

where: 

- q*(t) and i*(t) denote the sensed configuration and force at time t, 
respectively, 
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:1 8 

(a) (b) 

Figure 9. The point-in-hole problem consists of moving the robot's configura­
tion into the edge T at the bottom of the hole (Figure a). The region shown in 
striped contour in Figure b depicts a preimage of T for the generalized damping 
motion command (ve, TC). The commanded velocity ve and the control uncer­
tainty cone are shown in the figure. The termination condition TC is defined in 
the text. 

- TED Uq(O) is the edge T "grown" by Pq. (The symbol ED denotes the 
Minkowski operator for affine set addition.) 

The execution of M generates a trajectory that (in free space) is locally 
contained in the control uncertainty cone and (in contact space) slides 
over edges that are not orthogonal to a direction contained in the control 
uncertainty cone. Thus, it is guaranteed to reach T whenever the starting 
configuration of A is in P. Since E J < 7r / 4, the second condition of Te, 
lIi*(t)1I > 0 A langle(i*(t), v(T))1 < E j, guarantees that the motion will 
terminate in one of the three horizontal contact edges. Since the depth of 
the hole is greater than 2pq, the first condition, q*(t) E TEDUq(O), allows 
Te to distinguish between the bottom edge T and the two horizontal side 
edges bordering the entrance of the hole. Hence, Te will stop the motion 
in T, and P is a preimage of T for M .• 

Let PREIMAGE be an algorithm that, given a commanded velocity Vo 
and a region T c Cvalid, returns a region P and a termination condition 
Te such that P is a preimage of T for the motion command (vo, Te). 
Given the initial and goal regions, I and g, preimage backchaining 
essentially proceeds according to the following algorithm: 
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procedure PBj 
begin 

Po +- OJ i +- OJ 
while I ~ Pi do 

begin 

endj 

i +- i + 1j 
select (J. in Sl. , , 
Pi +- PREIMAGE(v~., 'Pi-l)j 

end; 

471 

Since it selects a commanded velocity at each iteration, the backchaining 
process in fact consists of searching an infinite tree of preimages. If the 
search terminates successfully, its outcome is a sequence of preimages 
P}, P 2 , ... , Pr such that: 

- Pi, Vi E [1, r], is the preimage of Pi-l (with Po = 0) computed by 
PREIMAGE for the selected commanded velocity v~. and a termina­
tion condition TCi returned by PREIMAGEj 

- I C;;; Pro 

The reverse sequence ofthe motion commands, (Mr, Mr-b ... , M I), with 
Mi = (vo., TCi), is the generated (sequential, strongly guaranteed) r-step 
motion strategy. 

Example: Figure 10 illustrates an idealized preimage backchaining pro­
cess with the example previously given in Figure 8. First, a commanded 
velocity VOl is selected and the preimage PI of 0 is computed (Figure 
10.a). This preimage does not contain I and is taken as an intermediate 
goal. Second, a commanded velocity V~2 is selected and the preimage 
P2 of PI is computed (Figure 10.b). PI is so thin at one end that the 
termination condition of this motion command can reliably recognize 
PI'S achievement only by detecting contact (using force sensing) in the 
edge denoted by E, which is part of Pl. Since P2 contains I, the plan­
ning problem is solved with a sequence of two motions. Interestingly, the 
preimage backchaining process has resulted in identifying and using E as 
an intermediate "landmark" to help the reliable progression of the robot 
toward O. Of course, in practice, the backchaining process would prob­
ably not generate such a strategy directlyj rather, it would try several 
commanded velocities, some unsuccessfully .• 
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(a) (b) 

Figure 10. This figure illustrates an ideal preimage backchaining process 
with the example of Figure 8. First, the commanded velocity vel is selected 
and the preimage 'Pt of g is computed. This preimage does not contain I. It 
is taken as an intermediate goal. The commanded velocity ve, is selected and 
the preimage 'P2 of 'Pt is computed. 'P2 contains I and the planning problem 
is solved. 

The preimage backchaining algorithm PB given above is obviously over­
simplified. In order to construct an effective planner, the following three 
issues must be investigated: 

- Computation of maximal pre images: For a given commanded velocity 
and a given region T, the ideal algorithm PREIMAGE would compute 
the maximal preimage of T over all possible termination conditions 
and return a termination condition able to recognize the achievement 
of the goal. Indeed, a large preimage has more chance to include the 
initial region I than a smaller preimagej in addition, if it is consid­
ered recursively as an intermediate goal, a large preimage has more 
chance to admit large preimages than a smaller one. Thus, consider­
ing maximal preimages may reduce the size of the search spacej it may 
also produce shorter strategies. On the other hand, using non-maximal 
preimages may not guarantee that a motion strategy will be ultimately 
generated, even if one exists. But do maximal preimages exist? 

- Choice of the commanded velocities: The problem of generating a se­
quential strategy can be transformed into the combinatorial problem of 
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searching a tree by selecting commanded velocities from a finite set of 
values in Sl. The root of this tree is the goal region g, and every other 
node is a preimage region. Each arc is a motion command, connecting 
a region to its preimage computed by PREIMAGE for this command. 
However, a predefined discretization of Sl may not guarantee the plan­
ner to generate a sequential strategy whenever one exists. Is there a 
way to discretize Sl in a such a way that we are sure not to miss any 
important velocity orientation? 

- Generation of conditional strategies: Searching a tree of preimages, as 
suggested above only permits the planner to generate sequential strate­
gies. There exist problems whose only solutions are conditional strate­
gies (see Section 6). A conditional branching occurs when a motion is 
guaranteed to achieve one of several intermediate goals, without know­
ing which one in advance, in such a way that it is guaranteed at plan­
ning time that it will be possible to recognize at execution time which 
one has been achieved. For these problems, another search space must 
be considered, one which allows the planner to compute the preimages 
of sets of goals, rather than of individual goals. How should this space 
be defined and searched? 

These issues are addressed in the next sections (Sections 3 through 8). 

Note that the preimage backchaining approach is applicable even when 
there is no uncertainty. It also applies with control models other than 
generalized damping. Only the computation ofthe preimages (which we 
have not described so far) and the parameters to discretize in order to 
build the search space would be changed. In fact, preimage backchaining 
is based on a very general planning idea. A preimage can be regarded 
as a precondition (ideally, the weakest one) whose satisfaction before 
executing an action guarantees that some postcondition will be satisfied 
after the action is executed. The same idea has been used previously as 
a tool to analyze algorithms [Hoare, 1969] and as the basis of the "goal 
regression" planning method in Artificial Intelligence [Waldinger, 1977] 
[Nilsson, 1980]. 

In the following, the word "goal" designates either the goal region 9 of 
the motion planning problem, or any preimage taken as an intermediate 
goal. A goal is generically denoted by T. 
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3 Formal Definition of a Preimage 

The notion of a preimage of a goal T for a motion command M = (vo, Te) 
combines two basic concepts, known as goal reachability and goal 
recognizability [Erdmann, 1984]. 

Goal reach ability relates to the fact that any trajectory obtained by exe­
cuting a motion commanded along Vo from a preimage of T should reach 
T. Given a starting configuration, Vo only determines a commanded 
trajectory TO. Due to uncertainty in control, any execution produces 
an actual trajectory r that is slightly different. The planner must be 
certain that all the possible actual trajectories consistent with both Vo 
and Uv will reach T at some instant. 

Goal reachability, however, is not enough, since the termination condi­
tion could just let the robot traverse the goal without stopping it or, 
instead, it could halt the motion prematurely before the goal has been 
reached. The planner must also be certain that the termination condi­
tion Te will stop A in T. This is the goal recognizability issue. Te is 
an observer of the actual trajectory r being executed. Since sensing is 
imperfect, it perceives the actual trajectory as an observed trajectory 
r* which is most likely to be neither the commanded one, nor the actual 
one. Thus, the problem for the planner is to be sure that, for every 
possible observed trajectory r*, (1) Te becomes true at some instant t f, 
and (2) when Te first becomes true, all the actual trajectories r consis­
tent with r* (i.e. the trajectories which may be observed as r* given the 
uncertainty in sensing) have reached the goal, i.e. r( t f) E T. 

This discussion leads us to define the notion of trajectory directory: 

DEFINITION 1: The directory of actual trajectories for a region 
P and a commanded velocity Vo is the set Veep) of all the trajectories 
starting inside P and consistent with vo' the control uncertainty Uc, and 
the C-obstacle region. More formally, Veep) is the set of all the trajec­
tories r : t E [0, +00) 1--+ r( t) E Cvalid piecewise of class Ct, such that 
r(O) E P and (see Subsection 1.3.2): 

d:~t) = ~lreac(r(t),ve(t))+ve(t) 
with ve(t) E Uv(vo) being of class CO. 
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We have that: 

- V(}(P) = Uq.EP V(}( {qs}), 

- V(}(P! U P2) = V(}(P!) U V(}(P2). 

With each trajectory r in V(}(P) we associate two functions, vr(t) and 
fret). They respectively evaluate at each instant t to the effective com­
manded velocity that produces r and to the reaction force exerted on 
the robot. We have that: fr(t) = freac(r(t) , vr(t)). 

We represent an observed trajectory r* by a pair (qT,(t),fr,(t)), where 
qr' and fr' are functions mapping the elapsed time t since the beginning 
of the motion to the sensed configuration and the sensed force at this 
instant. 

The consistency between an actual and an observed trajectory is defined 
as follows: 

DEFINITION 2: An actual trajectory T and an observed trajectory 
r* = (qr" fr,) are consistent if and only if: 

I<:;ra/ T) ~f {T* / r* and T are consistent} is the set of all the possible 
observations of T. 

The termination condition TC = tp(t, q*[O, t], f*[O, t]) applies to the ob­
served trajectory. The directory V(}(P) contains all the possible actual 
trajectories. Each trajectory r E V(}(P) may be observed by TC as any 
trajectory in K;raj(r). We define Achieve(T,M, P) as the condition 
expressing that the execution of M is guaranteed to terminate in T 
whenever the starting configuration is in P: 

DEFINITION 3: Let M = (v~, tp(t, q*[O, t], f*[O, tn). 

AChieve(T, M, P) ~f YT E V(}(P), Yr* E K;raj( T) : 
. 3t verifying tp( t, qT' [0, t], iT,[O, t)); 
. T(t,) E T, where: 

t, = inf{t / tp(t, qr'[O, t], ir,[O, t])}. 
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This yields the following definition of a preimage: 

DEFINITION 4: A preimage of a goal T for the motion command 
M is any region P verifying AChieve(T, M, P). 

The following properties are direct consequences of this definition: 

- If P is a preimage of T for M, then any subset of P is also a preimage 
of T for M. 

- If PI and P2 are both preimages of T for M, then PI U P2 is also a 
preimage of T for M. 

These two properties directly yield the notion of maximal preimage of a 
goal for a given motion command:9 

DEFINITION 5: The region 

is the maximal preimage of T for M. 

In general: 

Indeed, there may be configurations from which a motion command is 
guaranteed to reach and terminate in one of the two regions 7i and 72, 
without knowing which one in advance. 

Given a commanded velocity vB' the size of the maximal preimage of a 
goal T depends on the ability of the termination condition to recognize 
the achievement of T. We will analyze this ability for several termination 
conditions in Section 7. Before that, we describe two practical methods 
which compute preimages for relatively simple termination conditions 
and we explore the construction of a motion planner using these two 
methods. 

9This notion of maximal preimage is defined for a fixed motion command, hence a 
fixed termination condition. We will see that the maximal preimage for a goal T may 
not exist if we allow the termination condition to vary. 
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4 Preimage Computation 

4.1 Separation of Reachability and Recognizability 

As suggested in Section 2, for a given commanded velocity Vo and a 
given goal region T, the ideal PREIMAGE algorithm would compute 
the maximal preimage of T over all the possible termination conditions 
and return the corresponding termination condition. However, we will 
see later that: (1) if we allow the termination condition to vary, there 
does not always exist a maximal preimage; (2) if there exists one, it may 
not be unique; and (3) if there exists a unique maximal preimage, it may 
depend in a subtle fashion on the knowledge used by the termination 
condition. Most of the difficulties related to the computation of "large" 
preimages are due to the interdependence between goal reachability and 
goal recognizability, i.e. to the fact that deciding at each instant whether 
the robot is in the goal, or not, may depend on past history. 

Erdmann [Erdmann, 1984] suggested approaching the preimage com­
putation problem by restricting the recognition power of the termina­
tion condition so that the reach ability and recognizability issues can be 
treated separately. The basic idea is to construct a termination condition 
which (1) may evaluate to true only if the robot is in the goal T and 
(2) is guaranteed to evaluate to true when a certain subset S ~ T is 
attained. Then it remains to compute a region £ from where the robot 
is guaranteed to reach S when commanded along some given velocity vo. 
£ is called a backprojection of S for Vo (see Subsections 4.2 and 4.3). It 
is a preimage of T. 

In Subsections 4.4 and 4.5 we describe two methods based on this general 
idea. Both methods are easily implement able and can serve as build­
ing blocks for simple motion planners. However, since they restrict the 
recognition power of the termination conditions, such planners are not 
complete. 

4.2 Notion of Backprojection 

A backprojection is defined as follows [Erdmann, 1984]: 

DEFINITION 6: Let: 

def 
Reach(S, 0, £) Vr E 'Do(£), 3t 2: 0: ret) E S. 
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A backprojection of S for Vo is any region £ verifying Reach( S, 8, £). 

If two regions £1 and £2 are backpro jections of S for vo, then their union 
£1 U £2 is also a backprojection of S for vo' Hence: 

DEFINITION 7: The region {qs E Cvalid / Reach(S, 8, {qs})} is the 
maximal backprojection of S for vo' It is denoted by £o(S). 

From now on, we will only consider backprojections that are maximal. 
Hence, we will usually omit this qualifier. 

A backprojection of a goal differs from a preimage by the fact that it 
ignores the need to recognize the achievement of the goal. Clearly, any 
preimage of a goal T is included in the backprojection of T for the 
same commanded velocity. Hence, the backprojection of T for any given 
commanded velocity is an upper bound of the maximal preimage, if any, 
of the same goal for the same commanded velocity, over all possible 
termination conditions. 

As with maximal preimages, in general: 

Indeed, there may be configurations from which a motion commanded 
along Vo is guaranteed to reach one of the two regions Sl and S2, without 
knowing which one in advance. 

Figure 11 shows the backprojections (striped contours) for a single con­
tact edge S for two commanded velocities VOl and v02 ' 

4.3 Computation of a Backprojection 

Given a commanded velocity vo, the following algorithm computes the 
maximal backprojection of a goal region10 S consisting of a single contact 
edgell [Erdmann, 1984]: 

IOThroughout this subsection, we call the region S a goal, although it is more likely 
to be a subset of a goal. 

11 If S is a portion of a contact edge, the algorithm applies by treating the two 
endpoints of S as additional vertices of Ccontact. 
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(a) (b) 

Figure 11. The regions outlined in striped contour in both figures are the 
maximal backprojections £81 (S) and £82 (S) of the edge S for the commanded 

velocities V~l and V~2' respectively. Any motion commanded along V~l (resp. 
v92 ) and starting from within £8 1 (8) (resp. £82 (S)) is guaranteed to reach S. 

1. Consider every vertex in Ccontact. Mark every non goal vertex at 
which sticking is possible (Le. such that the friction cone intersects 
the inverted control uncertainty cone). Mark every goal vertex if 
sticking is possible in the non goal edge abutting this vertex. Mark 
every goal vertex if sliding away from the vertex in the non goal edge 
is possible. 

2. At every marked vertex erect two rays parallel to the sides of the 
inverted control uncertainty COne. Compute the intersection of these 
rays among themselves and with Ccontact. Ignore each ray beyond the 
first intersection. The remaining segment in each ray is called a free 
edge. The marked vertex at which the ray was erected is called the 
anchor vertex of the free edge. 

3. Trace out the backprojection region. To that purpose, trace the edge 
S in the direction that leaves the C-obstacle region on the right-hand 
side, until an endpoint of S is attained; then, let all the contact and 
free edges incident at this point be sorted clockwise in a circular list; 
trace the first edge following S in this list; proceed in the same way 
until S is encountered again. 
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Figure 12. This figure illustrates the computation of the two backprojections 
shown in Figure 11, by Erdmann's algorithm. Figure a shows both the vertices 
which are marked at step 1 for the commanded velocity Vel (small circles), 
and the rays that are erected at step 2 from these points. Vertex 1 is marked 
because it is possible to slide away from S. Vertices 2 through 5 are marked 
because they are non goal vertices where sticking is possible. Figure b shows 
the marked vertices and the erected rays for the commanded velocity v92 ' 

This algorithm requires the backprojection to be bounded, which can 
be achieved by imposing that Cvalid or (if'TJv i= 0) the C-obstacle region 
be bounded. In addition, the algorithm does not cover some particular 
cases, which we will discuss below. 

The construction of the backprojections shown in Figure 11 by this al­
gorithm is illustrated in Figure 12. The vertices marked at step 1 are 
depicted as small circles. Erecting the inverted control uncertainty cone 
at the marked vertices produces constraints - the free edges - which 
prevent the backprojection from containing configurations from where 
a motion may reach a vertex or an edge in which it can stick or slide 
away from the goal with no possibility ofreturning to it. Notice that the 
algorithm only constructs the boundary of the backprojection of S. The 
region lying within this boundary and the portions of contact edges con­
tained in this boundary are part of the backprojection. Assuming that 
the control uncertainty cone is open, each free edge in the boundary is 
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( a ) 

( b ) 

( c ) 

Figure 13. This figure illustrates special cases which may occur when some 
of the directions contained in the control uncertainty cone project negatively 
on the ingoing normal of the goal edge S. 

also part of the backprojection, with the exception of its anchor vertex 
if the latter is a non goal vertex. 

The above algorithm treats only the case where all the directions con­
tained in the control uncertainty cone project positively on the ingoing 
normal of S. In the case where some (or all) directions project negatively, 
we could make the algorithm simply return S as the backprojection. This 
is correct, since S is always a (possibly non-maximal) backprojection of 
itself, but it is too conservative, as we illustrate in Figure 13. 

The striped triangle in Figure 13.a contains starting configurations from 
which the motion along Vo is guaranteed to reach the left vertex of S 
by sliding along the edge El abutting this vertex (assuming frictionless 
contact space for simplicity) and therefore is part of LO( S). The striped 
triangle in Figure 13.b is also part of LO(S), since all the motions starting 
in it ultimately reach the right vertex of S eventually by sliding along E2 • 

Figure 13.c shows LO( S). It contains the two previous triangles and the 
edge S. (Notice that each of the two triangles is a backprojection of one 
of the two endpoints of S. Removing these two vertices from the goal, 
i.e. considering the open edge, rather than the closed one, as the goal, 
would result in S being its own backprojection.) Erdmann [Erdmann, 
1986] described a modification of his original algorithm for handling the 
cases illustrated in Figure 13 in a general way. 
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Erdmann's algorithm has been generalized by Canny and Donald [Don­
ald, 1987a] to an algorithm that generates the maximal backprojection 
of any region 8 described as the union of contact edges and polygonal re­
gions in Cvalid. The principle of the algorithm is the following. It sweeps 
a line L across the plane perpendicularly to the commanded velocity vo. 
The sweep starts at a position of L where it is tangent to S, with 8 
lying entirely on the side of L pointed to by the vector -vo. The sweep 
proceeds in the direction of the vector -vo. During the sweep, the al­
gorithm maintains the status of L, i.e. the description of its intersection 
with Ccontact, 8 and free edges erected from contact vertices and goal 
vertices. This status changes qualitatively at events occurring when L 
passes through a vertex of Ccontact, a vertex of 8, the intersection of two 
free edges, the intersection of a free edge and Ccontact, or the intersection 
of a free edge and 8. At each of these events, the algorithm updates 
the status of the line and the list of future events. During the sweep, 
the algorithm traces out the backprojection. Sweep stops when the last 
event is encountered. 

The key idea underlying this algorithm is that the backprojection's 
boundary consists of straight segments and that at every event there 
exists a local criterion (which does not depend on what will happen 
later during the sweep) for deciding how to trace the backprojection's 
boundary. This criterion leads to erect rays (yielding free edges) from 
both contact and goal vertices, in order to prevent the backprojection 
from containing configurations from where a motion may reach a ver­
tex or an edge in which it may stick or slide away from the goal with 
no possibility of returning to it. The algorithm does not require the 
backprojection to be bounded. 

Figures 14 and 15 illustrate and comment on the operations ofthis sweep­
line method on two examples. 

Let n be the number of vertices in Ccontact. Assume the combined com­
plexity of Ccontact and 8, i.e. the number of vertices in Ccontact, plus the 
number of vertices of 8, plus the number of intersections between 8 and 
Ccontact, to be O(n). The sweep-line algorithm erects O(n) rays. The 
contour of £0(8) consists of goal edges (edges bounding S), free edges 
and contact edges. Each erected ray can contribute at most one edge to 
the backprojection. Each goal edge contributes at most one backprojec­
tion edge. Each non goal edge in contact space can contribute one or 
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(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

Figure 14. This figure illustrates the computation of a backprojection using 
the sweep-line algorithm. The goal region is the edge S. Figure a shows the 
position of the line L when the sweep starts. Figures b through f show its 
position at the successive critical events. In each figure the striped contour 
depicts the portion of backprojection constructed so far. The first event (Figure 
b) occurs when L crosses the non goal vertex bounding the edge E2 • The 
algorithm erects a ray denoted by rl from this vertex. No configurations on 
the left-hand side of this ray (with the direction of v~ as the reference) belong 
to the backprojection of S. The intersection of rl with S produces the next 
event (Figure c). The following two events are due to the vertices bounding 
the sliding edge El (Figures d and e). The rays r2 and ra are erected at these 
vertices. No configurations on the left-hand side of r2, nor on the right-hand 
side of ra, belong to the backprojection. The intersection of the two rays forms 
the closing event (Figure f). 
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L 

Lo 

(a) (b) (c) 

(d) (e) (f) 

Figure 15. This figure is another illustration of the sweep-line algorithm in 
the case where S is a polygonal region in Cvalid. In Figure d, notice the erection 
of a ray from a goal vertex located in free space. 

several backprojection edges, but whenever it contributes k backprojec­
tion edges, it also "consumes" O(k) free edges. Hence, the boundary of 
the backprojection consists of O( n) edges. Since each ray is interrupted 
at its first intersection with a goal edge, a contact edge, or another ray, 
the backprojection's boundary is computed in O( n log n) time. 

4.4 Backprojection from Sticking Edges 

Backprojection from sticking edges is a simple method for computing 
preimages. Given a commanded velocity Vo and a goal T, it consists of: 

1. Determining the subset TS of T n Ccontact in which motions 
commanded along Vo are guaranteed to stick. 

2. Computing the backprojection £()(TS). 
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The computation of 7 8 is simply done by comparing the relative orien­
tation of each contact edge in 7 with v} 7 s is made of every edge E in 
7 n Ccontact such that:12 

langle( -v~, v(E))1 ~ </> - l1v. 

(Notice that guaranteed sticking in an edge is possible only if </> > l1v, 
i.e. if the friction cone is larger than the control uncertainty cone.) 

Assume that 7 8 is not empty (otherwise, the constructed preimage is the 
empty set). We still have to construct the termination condition that 
recognizes sticking. Indeed, while sticking "physically" terminates a mo­
tion, the robot must recognize sticking in order to "logically" terminate 
the motion and execute the next motion command in the motion strat­
egy or return success. One way to construct the termination condition 
is to project £0(78 ) on a line parallel to v~. Let D be the length of the 
projection. Since the friction cone is larger than the control uncertainty 
cone, the actual velocity v of the robot has a positive component along 
v~ everywhere in £0(78 ), i.e. v· v~ > O. By examining all the contact 
edges in the boundary of £0(7S), one can compute the minimal value 
Vmin of V . v~ in £0(7S). A possible termination condition is: 

D 
TC == t> --. 

Vmin 

The region £0(78 ) is a preimage of 7 for this termination condition, 
which will be referred to in the rest of the chapter as the sticking termi­
nation condition. 

Let 7 be input as a list of O( n) contact edges. The computation of 
T8 and £0(T8) takes O( n) time and O( n log n) time, respectively. The 
construction of the expression TC takes 0 ( n) time. 

Figure 16 illustrates a strategy generated by a simple planner which 
computes preimages using the backprojection from sticking edges method 
[Latombe, Lazanas and Shekhar, 1989]. The planner constructs and 

12We do not include isolated sticking vertices in TS, but we could easily do it. In 
practice, only the isolated concave sticking vertices are interesting, since the sticking 
behavior at the other isolated sticking vertices is not stable under small displacements. 
Sticking at a concave vertex may in fact be easier than sticking along a contact edge; 
hence, it may yield large preimages. 
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9 

Figure 16. This figure illustrates a strategy produced by a simple planner 
using the backprojection-from-sticking-edges method. The initial region I is 
the disc at the top-right and the goal region is g. The strategy consists of 8 
motion commands whose commanded velocities, vI through vs, are shown on 
the left-hand side. These velocities were selected from the set {k1r/4h=o ..... 7. 

Each region shown as a bold grey line segment and denoted by T; (i = 1, ... , 7) 
represents the sticking subset (for vn of the preimage of 1i+1 (78 = g). 

searches a graph of preimages by considering commanded velocities of 
orientations {k1r-j4h=o ..... 7. The goal region Q is a subset of a contact 
edge. The initial region I is the disc of radius Pq shown at the top right of 
the figure13• The generated strategy consists of 8 motion commands. The 
commanded velocities vi through Vs of these commands are depicted on 
the left-hand side of the figure. Ti (i E [1, 7]) denotes the sticking subset 
(for vn of the preimage of Ti+l (Ts = Q). Hence, a motion along vf+! 
starting from within Ti terminates by sticking in Ti+l. The example of 
Figure 16 is a typical example where the backprojection-from-sticking­
edges method works well. The C-obstacles are such that the robot can 
"bounce" from one sticking edge to another. In contrast, the method 
works poorly or fails when the C-obstacles are far apart and when the 
goal lies mostly (or completely) in free space. 

13This initial region corresponds to the case where the robot senses its initial con­
figuration before planning. 
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4.5 Backprojection from Goal Kernel 

Backprojection from goal kernel is another method for computing preim­
ages. Given a commanded velocity Vo and a goal T, it consists of: 

1. Identifying a subset Xo(T) of T whose achievement by a mo­
tion commanded along Vo is recognizable by a termination 
condition whose only arguments are q*(t) and i*(t), indepen­
dent of the starting region. 

2. Computing the backprojection Lo(Xo(T)). 

The subset XoCT) is called the {}-kernel of T. 

We say that a configuration q E Cvalid is {}-consistent with q* and i* if 
and only if, when the robot commanded along Vo is at configuration q, 
q* and i* are possible sensed configuration and force given the geometry 
of Cvalid, the friction angle <p and the uncertainty in sensing and control. 
The direction of the commanded velocity plays an important role in {}­
consistency because the force that is sensed in contact space depends on 
it. (The robot may be in contact space without sensing any reaction 
force, if it moves tangentially to a C-obstacle.) We define Koiq*, i*) as 
the set of configurations q that are (}-consistent with q* and f*. 

Assume for simplification that the uncertainty in the moduli of the com­
manded velocity and the sensed force is zero14, Le. ~v (vo) = {1} and 

~f(i*) = {lI i *II}· Then: 

- If lIi*11 = 0, Ko( q*, i*) consists of all the valid configurations q which 
are distant from q* by less than pq and lie either in free space, or in 
contact space at a point where the actual reaction force may be zero: 

Ke(q*,O) = {q E Cvalid / IIq - q*1I < Pq, ° E Freac(q,O)}. 

(FreacC q, (}) is the set of possible reaction forces at q when the com­
manded velocity is vo. See Subsection 1.3.3.) 

14Removing these assumptions is straightforward, but complicates slightly the con­
struction of Ke ( q * , f*). 
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- If lIi*1I1- 0, KA q*, i*) consists of all the contact configurations q which 
are distant from q* by less than pq and which may generate a non-zero 
reaction force i whose angle with i* is less than £j: 

ICe( q*, £*) = 
{q E Ccontact / IIq - q*1I < pq , 3£"# 0 E Freac(q,O): lang/e(£,£*)1 < Cj}. 

The termination condition defined as: 

K(I(q*(t), i*(t)) ~ T 

is such that when it evaluates to true it is guaranteed that the robot is in 
the goal. Its arguments are q*(t) and i*(t), i.e. the sensed configuration 
and force at the time t when it is evaluated. Its predicate's knowledge 
is the geometry of Cvalid, the commanded velocity, the friction angle ¢>, 
and the uncertainty in control and in sensing (i.e. Uv , Uq and Uj). In the 
rest of the chapter, this condition will be referred to as the instantaneous 
sensing termination condition. 

It remains now to define a subset of T such that if it is attained by a 
motion, it is guaranteed that the above termination condition evaluates 
to true. This subset is precisely the kernel of the goal. 

Let ql and q2 be two configurations in Cvalid. ql and q2 are said to be 
8-distinguishable if and only if: 

In other words, if two configurations ql and q2 are 8-distinguishable, it is 
guaranteed that during a motion commanded along v~ there is no instant 
when the sensed configuration and force are 8-consistent with both ql 
and q2. Two configurations ql and q2 which are not 8-distinguishable 
are 8-confusable. 

The 8-kernel of Tis: 

xe(T) = {q E T / Vq' E Cvalid\T : q and q' are O-distinguishable}. 

Again notice the importance of 8. Without taking the commanded ve­
locity into account, we would be forced to distinguish between configura­
tions using position sensing only, since no configuration in contact space 
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T 

( a ) (b) 

Figure 17. The goal T is a rectangle in Cvalid. The commanded velocity v8 
points downward. The 8-kernel of T is T{ U T~. T{ is a subset of a contact edge. 
T~ is a generalized polygon. 

is guaranteed to generate a non-zero reaction force under all commanded 
velocities. This would simply lead to isotropically shrinking the goal T 
in order to get its kernel. 

The computation of Xo(T) is not difficult (see [Latombe, Lazanas and 
Shekhar, 1989]). In general, the O-kernel of a goal consisting of edges in 
Ccontact and polygons in Cvalid is a region made of both edges in Ccontact 

and generalized polygons in Cvalid. Such a kernel is illustrated in Fig­
ure 17. In this example, the workspace contains a single rectangular 
C-obstacle. Figure 17.a displays the goal region T, a rectangle in Cvalid. 

The O-kernel, with Vo pointing downward, is the region T{ u T~ (Fig­
ure 17.b). T{ is a subset of a contact edge. T~ is a generalized polygon. 
Indeed, a configuration in T{ is O-confusable only with contact configura­
tions contained in the goal. A configuration in Tl\ T{ is O-confusable only 
with configurations inside the goal or inside the C-obstacle (but the lat­
ter are not achievable). Any configuration outside T{UT{ is O-confusable 
with a configuration in Cvalid not located in the goal. 

We can compute the backprojection of a region Xo(T) containing gener­
alized polygons using the Canny-Donald's sweep-line algorithm sketched 
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T 

(a) (b) (c) 

Figure 18. The goal T is a rectangle in a configuration space empty of C­
obstacles. The commanded velocity ve points along the ingoing normal of the 
top edge of the rectangle. Figure a shows the kernel X ofT (striped contour). It 
is independent of the direction () since force sensing is useless in the absence of C­
obstacles. Figure b shows the preimage P computed by the backprojection from 
kernel method. Figure c illustrates the termination condition. The rectangle 
shown with striped contour depicts the set of sensed configurations at which 
the termination condition evaluates to true. 

in Subsection 4.3. The positions of the sweep-line L where it is tangent 
to the circular edges of T must be included as additional events. The 
boundary of the constructed backprojection consists of straight and cir­
cular edges. Preimage backchaining may hence lead to computing the 
kernel of a goal consisting of contact edges and generalized polygons in 
Cvalid. One can verify that this kernel also consists of contact edges and 
generalized polygons in Cvalid. 

The region £o(Xo(T)) is the computed preimage of T. Indeed, a motion 
commanded along Vo from this region is guaranteed to reach Xo(T) (if it 
is not terminated before). By definition of Xo(T), it is then guaranteed 
that the termination condition Ke(q*(t), f*(t)) ~ T evaluates to true 
at some instant during the motion. The condition certainly evaluates to 
true when Xo(T) is attained, but it may become true before. When the 
condition becomes true, even if the kernel has not been attained yet, 
the definition of Ko guarantees that the robot is in the goal. 
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Example: Figure 18 shows the preimage computed by this method in 
the simple case where the goal 'T is a rectangle and Cvalid = C (i.e. there 
is no C-obstade). The commanded velocity points along the in going 
normal of an edge of the goal. The kernel, which is independent of 
the commanded velocity (since force sensing is useless), is the rectangle 
denoted by X and obtained by "shrinking" 'T by 2pq as shown in Figure 
18.a. (We assume that each of 'T's edges is longer than 4pq.) In order to 
understand this transformation, consider a configuration q (see Figure 
18.a). This configuration may be sensed as any configuration in the disc 
of radius pq centered at q. Any sensed configuration q* in this disc may 
be interpreted as a configuration q' in the disc of radius pq centered at 
q*. In order to be sure that this second disc is completely contained in 
'T, the goal has to be shrunk by 2pq. Figure 18.b shows the computed 
preimage P of'T. Figure 18.c depicts the set of sensed configurations (the 
rectangle denoted by 'T_pq and obtained by shrinking 'T by pq) at which 
the termination condition K( q*(t)) ~ 'T evaluates to true. (We write 
Ko(q*(t),l*(t)) = K(q*(t)) since, in this particular example, neither the 
commanded velocity nor force sensing plays any role in the notion of 
consistency.) • 

Backprojecting from the goal's O-kernel usually generates preimages 
which are significantly larger than those produced by back projecting 
from the goal's sticking edges. In particular, it can produce preimages 
of goals made of regions lying in the free space and/or non-sticking con­
tact edges. There are situations, however, where backprojecting from 
sticking edges produces larger preimages. Figure 19 shows one of them. 
The goal 'T is a sticking edge for the commanded velocity Vo and none 
of the two edges adjacent to 'T are distinguishable from 'T using force 
sensing. Hence, the O-kernel is obtained by shrinking 'T by 2pq at both 
its endpoints. The backprojection of the shrunk edge (the O-kernel) is 
smaller than the backprojection of the full edge (the sticking edge). 

One can combine the two methods by: (1) computing the union S ofthe 
sticking edges and the O-kernel for the selected vo; and (2) computing 
the backprojection of S for vo. This backprojection is the computed 
preimage P. The termination condition is the disjunction of the two 
termination conditions given above, i.e. : 

( t > ~) V (Ko(q*(t),l*(t)) ~ 'T). 
Vmtn 
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(a) (b) 

Figure 19. Backprojecting from the goal's B-kernel often generates preimages 
which are significantly larger than those produced by backprojecting from the 
goal's sticking edges. The above figure shows that this is not always true. 
Figure a displays the preimage Pl of T computed by the backprojection-from­
kernel method for the commanded velocity v~. Figure b displays the preimage 

P2 computed by the backprojection-from-sticking-edges method for the same 
commanded velocity. 

Note that the preimage computed by combining the two methods may 
be larger than the union of the preimages computed by each of the two 
methods. 

5 Selection of the Commanded Velocity 

At this point, we can compute preimages for rather simple termination 
conditions. In order to plan a motion strategy, we still have to select 
commanded velocities. As suggested in Section 2, we can construct a 
tree of preimages by selecting the commanded velocities' orientations 
from a finite set of values in Sl. Each arc in the tree connects a region 
to its preimage for a motion commanded along one of these velocities. 
Figure 16 illustrates a strategy generated by searching such a tree. This 
naive approach is not very satisfactory, however; indeed, if a sequential 
motion strategy consisting of motion commands using the sticking or the 
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instantaneous sensing termination condition exists, it may not always be 
found by the approach. 

In this section we present another approach to the selection of the com­
manded velocities. The approach rests on the observation that when the 
orientation of the commanded velocity varies over Sl, the topology of 
a preimage computed as described in the previous section changes at a 
finite number of critical orientations. We first show how this idea can be 
used to construct a one-step strategy. Then, we consider the problem of 
generating a multi-step strategy. We only treat the case of the sticking 
termination condition. The results can be extended to the instantaneous 
sensing termination condition by noticing that when () varies over Sl, the 
(}-kernel of a goal T may change only at a finite number of orientations. 

5.1 One-Step Strategy 

Consider a problem with I for initial region and 9 for goal region. Let 
I be a polygon in Cvalid and 9 a collection of contact edges. Throughout 
the section, we assume that both I and 9 have constant complexity. We 
wish to construct a single motion command guaranteed to achieve 9 (by 
sticking in it) from I, if one such command exists. In principle, this 
requires us to construct the backprojection of the sticking edges in 9 for 
every commanded velocity and to test whether it fully contains I. We 
show below that this construction is only required at a finite number of 
critical orientations, where the backprojection topology changes. 

5.1.1 Nondirectional Backprojection 

DEFINITION 8: The nondirectional backprojection of a region 
S C Cvalid is the set: 

£(S) = U (£o(S) X {(}}) C Cvalid X Sl. 
OESl 

Let S consist of a finite collection of contact edges. Consider a backpro­
jection £0 = £o(S) at some noncritical value of (). (The notion of critical 
value of () will be defined below.) The boundary of £0 consists of contact 
edges and free edges (see Subsection 4.3). Each free edge E is anchored 
at a contact vertex and is parallel to one of the two sides of the negated 
control uncertainty cone. If the commanded velocity's orientation varies 
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slightly to 8 + 68, so that the interval [8,8+ 68] contains no critical orien­
tation, the contact edges remain fixed, while the free edges rotate by 68, 
each around its anchor vertex. Hence, between 8 and 8 + 68, the nondi­
rectional backprojection is bounded by algebraic surfaces of two types, 
contact surfaces and free surfaces. The contact surfaces are liftings of 
the corresponding contact edges in Cvalid X Sl. Each free surface is a 
ruled surface generated by a free edge rotating about its anchor vertex. 

As we let 8 vary over a larger interval, the topology of the backprojec­
tion may change at a finite number of orientations 8i, where one of the 
following events occurs [Donald, 1988a]: 

- A free edge of £0, ends at a contact vertex. When this event happens, 
a segment connecting two contact vertices (a link of the visibility graph 
of Cvalid) is parallel to a side of the control uncertainty cone. 

- The sliding/sticking behavior on a contact edge of £0, or a contact 
edge abutting a vertex of £0, changes at 8i. 

- A vertex of £0, where two free edges meet lies in a contact edge. 

This leads us to define the following critical orientations: 

- A vgraph-critical orientation is an orientation where one side of the 
control uncertainty cone is parallel to a link of the visibility graph of 
Cvalid' 

- A sliding-critical orientation is an orientation where the slid­
ing/sticking behavior of a contact edge changes. 

- A vertex-critical orientation is an orientation where the intersection 
of two rays erected at two contact vertices, each parallel to one side of 
the control uncertainty cone, lies in a contact edge. 

The topology of £0 may change only at these orientations. 

There are O(n2 ) edges in the visibility graph of Cvalid (see Chapter 4). 
Hence, there are O(n2) vgraph-critical orientations. The sliding/sticking 
behavior on a contact edge changes at most four times. Hence, there 
are O( n) sliding-critical orientations. At every contact vertex, let us 
erect two rays, each parallel to one side of the control uncertainty cone. 
These O(n) rays intersect at O(n2 ) points. When 8 varies over S\ the 
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various rays rotate together. Therefore, their intersection points describe 
D( n2 ) circles which intersect Cvalid at O( n3 ) points. Hence, there are 
D( n3 ) vertex-critical orientations. In total, there are thus O( n3 ) critical 
orientations. 

Let OCl ,OC2' •.. be the critical orientations and Onc; be any noncritical ori­
entation in the interval (Oc;, OC;+l). We can represent a non directional 
backprojection as a finite ordered set {.cOC1 ' LOncl , .cOC2 ' ••• } of backpro­
jections at alternately critical and noncritical orientations. At each non­
critical orientation Onc;, every edge bounding .conc . is labeled according 
to its type (contact or free edge). Since each backprojection has O(n) 
bounding edges, the space complexity of this representation is O(n4 ). 

We can compute all the critical orientations in O( n3 ) time. For each 
critical and each noncritical orientation, it takes O(nlogn) time to com­
pute the backprojection. Thus, the representation can be computed in 
D( n4log n) time. 

The above representation and its computation can be significantly im­
proved. First, as noticed in [Donald, 1988a], only D( n2 ) vertex-critical 
orientations need to be considered, yielding a representation of size O( n3 ) 

for the nondirectional backprojection. In addition, we need not compute 
and represent a full backprojection at each new critical orientation. This 
has to be done only for one of them. At every other orientation, it suffices 
to represent the changes of the backprojection with respect to the back­
projection at the previous orientation. This yields a representation of the 
non directional backprojection of size O( n2 ) which can be incrementally 
computed in O( n2 log n) time [Briggs, 1989]. 

5.1.2 Application 

Assume for a moment that the set {Is of sticking edges in the goal region 
{I is constant, i.e. independent of the commanded velocity. This is 
equivalent to assuming that there exists a termination condition TC that 
evaluates to true if and only if the robot is in {Is. 

Under this assumption the nondirectional backprojection .cWS) can be 
regarded as a nondirectional pre image of {I for the condition Te. This 
means that any slice .coWS) is a preimage of {I for the motion com­
mand (vo, TC). The problem of generating a one-step motion strategy 
can be solved by checking whether there exists an orientation 0 such 
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that I ~ .co(9S) and if there is, returning this orientation. We say that 
a commanded velocity orientation Og; is initial-region-critical when a 
ray parallel to a side of the negated control uncertainty cone erected at a 
contact vertex contains a vertex of I. Since there are O( n) such rays and 
I has constant complexity, there are O( n) initial-region-critical orienta­
tions. For each such orientation Og;, we can check .cOg; for containment 
of I in O( n) time. If there exists an orientation Og; such that I ~ .cOg;' 
then a motion commanded along V~9i achieves 9 from Ij otherwise, there 
is no guaranteed one-step strategy. 

Therefore, planning a one-step motion strategy takes O( n4log n) time. 
This time can be improved to O( n 2 log n) using Briggs' algorithm for 
computing nondirectional backprojections. 

In reality, the set 9s of sticking edges in 9 is not constant and depends 
on the orientation O. However, each edge in 9 is guaranteed to be a 
sticking edge over a single closed connected interval in S1. By com­
puting these sticking intervals for all the edges in 9 and intersecting 
them, we partition S1 into a finite set of disjoint (open/closed) intervals 
{( o;;in, o~ax) h=1,2, ... , such that in each interval (o;;in, o;;ax) the set 9t 
of sticking edges in 9 remains constant. The nondirectional preimage of 
9 for the sticking termination condition is: 

For a goal 9 of constant size, there are 0(1) intervals (o;;in, o;;ax) , and a 
representation of size 0(n4) (resp. 0(n2 ) with the improved algorithm) 
of the above nondirectional preimage can be computed in O( n4log n) 
(resp. 0(n2 Iogn)) time. From this representation, we can compute 
the initial-region-critical orientations as above and generate a one-step 
strategy in O( n2 ) time. 

A slightly more efficient algorithm based on an analysis of the dependence 
of the problem on the number of connected components in the C-obstacle 
region has been proposed in [Friedman, Hershberger and Snoeyink, 1990]. 
This algorithm assumes that Cvalid is externally bounded by a polygon. 
It generates a one-step strategy, if one exists, in O( kn log n) total time, 
where k is the number of connected components of the C-obstacle region. 
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It first constructs a data structure of size O( kn) in O( kn log n) time. 
From this structure, which is comparable to a nondirectional preimage, 
it then computes a one-step strategy in anywhere between O( k log n) and 
o (kn) time depending on how precisely the initial region I is described. 

5.2 Multi-Step Strategy 

In the previous subsection we computed the nondirectional preimage of a 
goal g in Cvalid X Sl. One way of generalizing this approach to the multi­
step case is by introducing the notion of a "multi-step non directional 
preimage" of g in Cvalid X Sl X ... X Sl. Instead of critical values of () 
in Sl, we would get critical surfaces in Sl X .•. X Sl. Although dealing 
with such surfaces is not impossible a priori, it is certainly not simple. 

Another approach to the generation of multi-step strategies has been 
proposed in [Donald, 1988a). It makes use of the concept of forward 
projection introduced below and reduces the problem of planning an r­
step motion strategy to a decision problem in the first-order theory of 
the reals. The problem is described as a Tarski sentence with r exis­
tentially quantified variables ()l, ()2, ... , ()r representing the orientations of 
the commanded velocities in the strategy to be generated. This sentence 
expresses the facts that the motion along vl starts from where the mo­
tion along voe terminated, or from I if i = 1, and that it terminates by 

.-1 

sticking, in g if i = r. Hence, the sentence is built by forward chaining 
from the initial region. 

The forward projection of a subset R of valid space, for the commanded 
velocity ve, is the set of all the configurations that may be reached by a 
motion commanded along ve and starting anywhere in R, assuming no 
termination condition. 

DEFINITION 9: Let R be a subset of Cvalid. The forward projec­
tion of R for the commanded velocity ve is the region: 

:Fo(R) = {ret) / t E [0,+00), r E 'Do(R)} 

where 'Do(R) is the directory of actual trajectories for Rand ve. 
The forward projection of a polygonal region R in Cvalid can be computed 
using a variant of the Canny-Donald sweep-line algorithm presented in 
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Subsection 4.3 [Donald, 1988a]. The sweep-line L is moved across the 
plane perpendicularly to the commanded velocity vo. The sweep starts 
at a position of L where it is tangent to R, with R entirely lying on the 
side of L pointed to by vo. The sweep proceeds in the direction of vo. 
Since the sweep proceeds monotonically in the ° direction, it requires 
the actual velocity to never project negatively onto the ° direction. This 
is achieved by imposing that the friction cone be larger than the control 
uncertainty cone, i.e. 4> > "7v. (This condition was previously assumed 
in order to make guaranteed sticking possible.) 

Let Sticko( q) be the condition which evaluates to true when sticking 
is possible at q under a commanded velocity vo. The set: 

So(R) = {q E :Fo(R) / Sticko(q)} 

is the set of all configurations in the forward projection of R where 
sticking is possible. 

Let Forward and StickForward be two predicates defined as: 

'v'qbq2 E Cvalid: Forward((I,qbq2) == [q2 E :Fo({qIl)] 
StickForward(O,qI,q2) == [q2 E SO({ql})]. 

The set {((I, ql, q2) / Forward( (I, qt, q2)} is semi-algebraic and it can be 
described by a polynomial-sized (in the number n of vertices of Ccontact) 

quantifier-free polynomial expression of the variables 0, Xt, Yt, X2, Y2, 
with ql = (Xl,Yt) and q2 = (X2,Y2). Moreover, this expression can be 
computed in time polynomial in n [Donald, 1988a]. This result extends 
to the set ((O,ql,q2) / StickForward((I,qt,q2)}, since: 

StickForward((I,ql,q2) == Forward((I,ql,q2) 1\ Sticko(q2). 

For a given integer r, we define the predicate r*StickForward as: 

r*StickForward((lb ... , Or, qo, ql, ... , qr) == 
StickForward( 0b qo, ql) 1\ ..• 1\ StickForward( On qr-I, qr). 

The set: 

{((It, ... , Or,qo, ... , qr) / r*StickForward((lt, ~ .. , (In qo, ql, ... , qr)} 

is a semi-algebraic set that can be described by a polynomial-sized 
( quantifier-free) polynomial expression. 
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We can now formulate the problem of planning an r-step motion strat­
egy as the problem of deciding the satisfiability of the following Tarski 
sentence: 

(301, ... , Or E SI ) (\>'qo , ... , qr E Cvalid) 

(( qo E I) A r*StickForward(0I, ... , On qo, qI, ... , qr) :::} qr E y) 

and constructing a set of values for 01 through Or that satisfies this 
sentence. We could solve this problem using the Collins decomposition, 
yielding a planning procedure requiring time double-exponential in r. 
However, another decision procedure given by Grigoryev takes double­
exponential time only in the number of quantifier alternations (2 in the 
above sentence) [Grigoryev, 1988]. Hence, planning an r-step motion 
strategy can be done in nrO(l) time [Donald, 1988a]. 

U sing a special sort of termination condition, Friedman, Hershberger 
and Snoeyink proposed a polynomial algorithm for multi-step strategy 
planning [Friedman, Hershberger and Snoeyink, 1990]. 

6 Conditional Strategies 

So far, we have merely considered the generation of sequential strategies. 
However, some planning problems only admit conditional strategies for 
solutions. In this section we study how the search space of the backchain­
ing algorithm should be modified in order to generate such strategies. 

Consider the "point-on-hill" example shown in Figure 20.a [Mason, 
1984]. The configuration space contains a single, non-compact C-obstacle 
bounded by three edges, the top edge y, the left edge El and the right 
edge E2 (both El and E2 are semi-infinite lines). The goal region is the 
top edge y. The initial region I is all Cvalid. We assume perfect control, 
no position sensing, perfect force sensing, and frictionless edges. The 
problem admits no sequential strategy for solution. However, a motion 
with a vertical commanded velocity pointing downward and lIi*(t)1I > 0 
as the termination condition, is guaranteed to terminate in one of the 
three edges y, El or E2. Although it is not possible to know in advance 
which one of these edges will be achieved, it is known at planning time 
that this will be decidable at execution time (thanks to force sensing). 
In addition, it is easy to plan a motion that starts in El (resp. E2 ) and 
terminates in y. Hence, the point-on-hill problem admits a conditional 
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Figure 20. This figure illustrates the "point-on-hill" example. There is a 
single non-compact C-obstacle bounded by three edges, g, El and E2 (Figure 
a). The initial region is I = CvIJlid and the goal region is g. We assume perfect 
control, no position sensing, perfect force sensing, and frictionless edges. The 
problem admits the following conditional strategy for solution (Figure b). First, 
move downward along V~3 until a non-zero reaction force is sensed. Then, based 
on the orientation of this force, decide which one of the edges g, El or E2 has 
been achieved. If El (resp. E2) has been achieved, move along V~l (resp. v~~) 
until the orientation of the sensed force is that of the outgoing normal of g. 

strategy for solution. 

Planning a conditional strategy requires the backchaining process to 
compute preimages of goal sets of the form ST = {Tt, ... , Ts}, where ~ 
(i E [1, s]) is either the original goal or a previously computed preimage. 
Let M = (vo, TC) be a motion command and Rei, i = 1, ... , s, be condi­
tions called recognition conditions. A preimage of ST = {Tt, ... , Ts} 
for M and the RCi'S is any subset P of Cvalid such that executing M 
from any configuration qs E P is guaranteed to reach Ui=I ~ and termi­
nate in it in such a way that, when the motion terminates, at least one 
recognition condition evaluates to true and, if the condition RCi (for any 
i E [1, s]) evaluates to true, ~ has been achieved. 

In the example of Figure 20, the backchaining process would ideally 
proceed as follows: 

- First, it would successively generate two preimages of g, PI and P2 , 

for two motions commanded along VOl and v02 (see Figure 20.b). Both 
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motions would have angie(f*(t), v(9)) = 0 as their termination condi­
tions. Notice that EI C PI and E2 C P2. 

- Second, it would generate P = Cvalid as the preimage of {O, PI, P2} for 
a motion commanded along V03 (see Figure 20.b), with IIf*(t)1I > 0 as 

the termination condition. The three conditions angle(f*(t), ii) = 0, 
with ii = v(O), v(E1 ) and v(E2 ), would be the recognition conditions. 

Thus, the generated strategy would be: 

move along Vo until IIf*(t)11 > OJ _ 3 

if angle(f*(t), v(O)) = 0 
then returnj 
else if angle(f*(t), V(EI)) = 0 

then move along Vo until angle(f*(t), v(O)) = OJ _ 1 

else if angle(f*(t), V(E2)) = 0 
then move along v02 until angle(f*(t), v(9)) = OJ 

The recognition conditions are the conditions labeling the arcs of the 
tree representing the strategy (see Figure 7). 

More generally, in order to generate a conditional plan, the backchaining 
procedure operates as follows: 

1. It creates a set of goals SO and initializes it to {O}. 

2. It selects a subset ST of SO and computes a preimage P of 
ST. 

3. If I ~ P, it exits with success. Otherwise, it inserts P in SO 
as a new goal and goes back to step 2. 

The preimage of a set of goals ST can be computed by adapting the 
methods presented in Section 4. For example, the backprojection-from­
goal-kernel method applies as follows. Let ST = {1i, ... , Ts}, with s > 1, 
and let Vo be the selected commanded velocity. The (I-kernel Xo('Ii) 
of every goal 'Ii, i = 1, ... , s, is first computed. A preimage of ST is 
then constructed as the backprojection of the union Ui=l xo('Ii). The 
recognition condition Rei is: 

Ko(q*(t), f*(t)) ~ 'Ii 
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for i = 1 to s. The termination condition is TC = Vi=1 RCi. 

A planner can be constructed by restricting the possible orientations of 
the commanded velocity to a finite set of predetermined orientations. 
However, the number of goal sets ST to be considered grows exponen­
tially with the number of preimages generated since the beginning of the 
backchaining process. Additional techniques for selecting velocities and 
guiding the choice of goal sets would be needed. 

Another empirical method for generating conditional strategies has been 
proposedlS by Buckley [Buckley, 1987 and 1989b]. The method consists 
of partitioning Cvalid into non-overlapping regions called atoms. A state 
of the robot is a set of atoms (possibly a singleton) so that no two 
atoms in this set are guaranteed to be distinguishable using sensing. A 
possible choice for the atoms is the free space and all the contact edges. 
For every pairs of atoms (AI, A2 ), the planner computes the range of 
commanded velocities that may achieve A2 from Al with the sticking 
or the instantaneous sensing termination condition (to that purpose, 
one may use an adaptation of the algorithm given in Subsection 5.1.1 
to compute the nondirectional forward projection of a region). Next, it 
intersects these ranges and constructs the range of commanded velocities 
that are guaranteed to achieve a state S2 from a state SI, for every 
pair of states SI and S2 (see [Buckley, 1987] for details). The result is 
an AND JOR graph which remains to be searched for a solution AND 
subgraph describing a guaranteed strategy. The method assumes that 
the goal is an atom or a collection of atoms. 

7 Power of a Termination Condition 

So far, we have considered two relatively simple termination conditions 
- the sticking and instantaneous sensing termination conditions. There 
exist more sophisticated conditions which are more powerful at recogniz­
ing goal achievement. Such conditions may result in larger preimages, 
and hence simpler strategies. Some planning problems may also admit 
solutions only if such conditions are used. 

The recognition power of a termination condition depends on the knowl­
edge it uses. This knowledge may include both "dynamic" knowledge -

15See [Desai, 1988] and [Desai and Volz, 1989] for a related method. 
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i.e. the arguments (elapsed time and sensing) that the termination pred­
icate can access during execution - and "static" knowledge - i.e. the 
information that is passed by the planner in the termination predicate. 
In the following subsections, we describe several termination conditions 
which illustrate these dependencies. 

7.1 Termination Conditions with Initial State 

The planner may include the knowledge of the preimage in the termi­
nation predicate. Then, at execution time, the termination condition 
can rule out interpretations of the sensory inputs that suggest configura­
tions of A which are outside the range of configurations reachable from 
the preimage, i.e. the forward projection of the preimage (see Subsec­
tion 5.2). We formalize this idea and then show its application to two 
examples. 

We say that a configuration q E Cvalid is 8-P-consistent with a sensed 
configuration q* and a sensed force f* if and only if: 

q E Ke( q*, 1*) n Fe(P) 

with Ke( q*, f*) and Fe(P) respectively defined as in Subsections 4.5 and 
5.2. This definition captures the fact that if a motion with commanded 
velocity Vo is known to begin in a region P, then at any time t during 
the motion, the current configuration q is in both Ke(q*(t),l*(t)) and 
Fe(P). We define: 

Ke,p( q*, 1*) ~f Ke( q*, 1*) n Fe(P). 

Two configurations ql and q2 in Cvalid are said to be 8-P-distinguish­
able if and only if: 

{( q*, f*) / qt, q2 E Ke,p( q*, f*)} = 0. 

The 8-P-kernel of T is defined as: 

XII.'P(T) ~f {q E T / \::Iq' E Cva1id\T : q and q' are O-P-distinguishable}. 

When a preimage P of a goal T is constructed for a motion command M, 
it is known, by the definition of the preimage backchaining process, that 
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Figure 21. When a termination condition with initial state is used, a preim­
age of the rectangle T can be constructed as the backprojection of the region 
bounded by the generalized polygon whose vertices are A, B, C, D, E, F, G, 
and H. This preimage is larger than the preimage shown in Figure I8.b. 

the execution of M will begin at a starting configuration in P. (Indeed, 
either P includes the initial region I, or the backchaining process will 
recursively find a way to achieve P.) Hence, the region P defined as the 
backprojection of the O-P-kernel of T, i.e. : 

P = 'co(xo,p(T)) 

is a preimage of T for the motion command (vo, TC), where: 

TC == Ko,p(q*(t), i*(t)) ~ T. 

This condition is called a termination condition with initial state.16 

16This terminology differs from that used in various publications, including [Erd­
mann, 1984], where a state designates a pair of sensed configuration and force, and 
the initial state of a motion designates the pair of sensed configuration and force at 
time o. 
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Example 1: Consider the example of Figure 18 again. The goal T is a 
rectangle in an empty configuration space. The region whose contour is 
labeled ABCDEFGH in Figure 21 is a generalized polygon constructed 
as follows. The straight edge BC is at distance 2pq from the top hor­
izontal edge of T. The circular edges AB and CD are circular arcs of 
radius 2pq centered at P and Q, respectively. P (resp. Q) is selected in 
the top horizontal edge of T such that the intersection of T and a line 
passing through P (resp. Q) and parallel to the left (resp. right) side 
of the control uncertainty cone is a segment P P' (resp. QQ') of length 
4pq. The circular edges AH and DE are circular arcs of radius 2pq with 
centers at P' and Q', respectively. The straight edge G F is at distance 
2pq from the bottom edge of T. The straight edges HG and EF are at 
distance 2pq from the left and right edges of T, respectively. 

One can verify that the region thus outlined is the kernel Xe p(T) with . , 
P = £e(xe,p(T)). In particular, assume that at some instant during 
the motion the actual configuration is the extreme point marked A in 
the figure. All the possible sensed configurations at this instant lie in 
the disc of radius pq centered at A. If the forward projection is not 
taken into account, the set of all the interpretations of all these possi­
ble sensed configurations is the disc of radius 2pq centered at A. The 
intersection of this disc with the forward projection Fe(P) is completely 
contained in T. Hence, the point A and any configuration outside Tare 
9-P-distinguishable, so that A belongs to xe,p(T). The same sort ofver­
ification can be made with the other vertices B through H, the straight 
and circular edges connecting these points, and the interior of the out­
lined area. The resulting preimage is larger that that shown in Figure 
i8.b. The region outlined in a dotted line depicts the set of sensed con­
figurations q*(t) for which the termination condition Ke,p(q*(t)) ~ T 
evaluates to true (l*(t) is useless in this example) .• 

Example 2: Another example is given in Figure 22. The goal region T 
is a subset of a contact edge (see Figure 22.a). The preimages PI and P2 

which are obtained by backprojecting from the 9-kernel and the 9-P2-
kernel are shown in Figures 22.b and 22.c, respectively. The preimage of 
Figure 22.c is maximal over all possible termination conditions since it 
is identical to the maximal backprojection of T. • 

Notice that there exists one condition of the form: 
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T 

( a ) ( b ) (c) 

Figure 22. This figure is another illustration of the use of a termination 
condition with initial state. The goal T and the commanded velocity are shown 
in Figure a. The preimage Pl obtained by backprojecting from the {I-kernel of 
T is shown in Figure b. The preimage P2 obtained by backprojecting from the 
(I-P2-kernel of T is shown in Figure c. 

Ke,p(q*(t), l*(t)) ~ T 

for every subset P of Cvalid (in the following we will say that the above 
expression is a termination condition schema parameterized by P). It 
makes sense to use such a condition as the termination condition of a 
motion command M only if P is the preimage in which M's execution 
starts. The apparent difficulty of using a termination condition with 
initial state is that the termination condition and therefore the preimage 
(see Definition 3) are defined in terms of the preimage itself. We will see 
in Subsection 8.2 that the problem of deciding whether a region P is a 
preimage, or not, for a motion command using a termination condition 
with initial state can be reduced to a decision problem in the first-order 
theory of the reals. This will be sufficient to define an effective planner 
capable of using termination conditions with initial state. 

7.2 Termination Conditions with Final State 

The power of a termination condition may be increased further by em­
bodying the knowledge of itself in the termination predicate. Indeed, 
the termination condition can then rule out interpretations of the sen­
sory inputs that suggest configurations of A beyond the limit where the 
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motion would have been stopped by the termination condition [Latombe, 
Lazanas and Shekhar, 1989]. 

Any termination condition TC divides a forward projection Fe(P) into 
three regions, which we denote by Ft, F2 and F3: 

- FI consists of a.ll the configurations q E Fe(P) such that, for every 
possible sensed configuration q* and sensed force f* O-consistent with 
q, TC evaluates to false. 

- F2 consists of a.ll the configurations q E Fe(P) such that, for every 
possible sensed configuration q* and sensed force f* O-consistent with 
q, TC evaluates to true. 

F3 = Fe(P)\(FI U F2), i.e. any configuration in F3 may non­
deterministically produce sensed configurations and forces for which 
TC evaluates to either true or false. 

At every instant during a motion starting in P and commanded along vB' 
ifthe current configuration is in Ft, the motion keeps going; if it is in F2 , 

the motion stops; if it is in F3 , the motion may either continue or stop. 
In general, there exist subsets of F I , F2 and F3 that are inaccessible from 
P because reaching them would require to previously traverse F2 , where 
the motion would have been terminated. This is precisely why making 
the termination condition know itself may increase its recognition power. 

Given a termination condition TC, a motion starting in P and com­
manded along v8 can reach a configuration qa if and only if there exists 
a configuration qs E P and a trajectory r E De(P) such that: 

- r(O) = qs, 

- 3ta E [0, +00) : r(ta ) = qa, 

- vt E [0, t a ), ret) ¢ F2 • 

Hence, r connects qs to qa without traversing F2 , except at qa itself (if 
qa E F2). Let us denote by Fe,Tc(P) ~ Fe(P) the set of ill the con­
figurations qa which can be reached by executing the motion command 
M = (v8' TC) from within P. 

We say that a configuration q E Cvalid is O-P-TC-consistent with a 
sensed configuration q* and a sensed force f* if and only if: 
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q E !Co( q*, 1*) n FO,TC(P). 

We define: 

!Co,p ,TC( q*, 1*) ~f /Co( q*, 1*) n FO,TC(P). 

Two configurations ql and q2 in Cvalid are said to be 0-P-TC­
distinguishable if and only if: 

The O-P-TC-kernel of a goal T is defined as: 

xo,p,Tc(T) = {q E T / 'Vq' E Cvalid\T: q and q' are O-P-TC-distinguishable}. 

A preimage P of a goal T is the backprojection of the O-P-TC-kernel of 
T, with: 

!CO,P,TC(q*(t), l*(t)) ~ T 

as the termination condition of the motion commanded along vo. This 
condition is called a termination condition with initial and final states. 

Example: We show below that using a termination condition with ini­
tial and final states makes it possible to construct a preimage larger than 
that of Figure 21. 

Consider Figure 23. Let R (resp. S) be the point in the top horizontal 
edge of T such that the intersection of T and a line passing through 
R (resp. S) and parallel to the left (resp. right) side of the control 
uncertainty cone is a segment RR' (resp. SS') of length 2pq. The line 
R'S' that forms the upper portion of the striped contour consists of 
two circular arcs of radius 2pq, with respective centers Rand S, and a 
straight segment at distance 2pq from the top edge of the goal T. The 
rest of the striped contour is the lower part of T's boundary. The region 
thus outlined is the kernel Xo,p,Tc(T) with: 

P = £o(xo,p,Tc(T)) 

and: 
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Figure 23. The preimage of the rectangular goal T for the commanded 
velocity ve and the termination condition with initial and final state is the region 
P which consists of both the region with a striped outline and the triangle on 
top of it. The region with a striped outline is the 8-P-TC-kernel ofT. The region 
outlined in a dotted line depicts the set of sensed configurations for which the 
termination condition K8,'P,Tc(Q*(t)) ~ T evaluates to true (i*(t) is useless). 

TC == [KO,P,TC( q*(t)) ~ T] 

(force sensing is useless). The region outlined in a dotted line depicts 
the set of sensed configurations q*(t) for which the above termination 
condition evaluates to true. 

One can verify that the region P is a preimage of T. Indeed, all the 
motions starting from P are guaranteed to reach the goal (if they are not 
stopped before) and none of them can terminate before it has attained 
the goal. In addition, none of these motions can leave the goal without 
terminating. 
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In order to see how the termination condition uses the knowledge of itself, 
assume that at some instant during the motion the actual configuration 
is the point denoted by R'. All the possible sensed configurations at this 
instant lie in the disc of radius Pq centered at R'. If neither the forward 
projection nor the termination condition are taken into account, the set 
of all the interpretations of all these sensed configurations is the disc of 
radius 2pq centered at R'. The intersection of this disc with the forward 
projection F(J(P) contains a sector that is not contained in T. This 
sector (the striped area in Figure 23) can only be attained from P by 
crossing the segment marked R' R". Since for any configuration in this 
segment, the termination condition evaluates to true, the sector cannot 
be attained .• 

A termination condition with final state is specified as a recursive func­
tion of itself. We do not know as yet whether a motion planner using 
this termination condition can be effectively built. 

7.3 Termination Conditions with Time 

The modulus of the robot's velocity can only vary in ~v = (vt, V2). 
Hence, at any given instant during the execution of a motion commanded 
along Vo and starting from within a region P, the robot is confined 
to a subset of the forward projection F(J(P). We define the forward 
projection of P at time t for the commanded velocity Vo as the region: 

F(J(P, t) = {r(t) / r E V(J(P)}. 

We say that two configurations ql and q2 are 8-P-distinguishable at 
time t if and only if: 

{(q*, i*) / qt, q2 E K(J( q* ,f*) n F(J(P, t)} = 0. 

The 8-P-kernel of T at time t is the set of all the configurations in 
T which are ()-P-distinguishable at time t from all the configurations 
in Cvalid\T. A preimage can be computed by backprojecting from this 
kernel. The corresponding termination condition is: 

K(J(q*(t), i*(t)) n F(J(P, t) ~ T. 

Example: Consider the point-in-hole example shown in Figure 24. The 
goal T is the horizontal contact edge at the bottom of the hole and the 
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Figure 24. The region P (striped contour) is the backprojection Le(T). Any 
motion starting in P is guaranteed to reach T and, after some bounded time 
T, to stick at the left vertex L of T. Hence, P is a preimage of T for the 
commanded velocity v~ and the termination condition t ~ T. 

commanded velocity Vo points downward toward the left as shown in the 
figure. Assume no position sensing and no force sensing. (This simply 
means that J(o( q*, 1*) is identical to Cvalid in the expressions given above. 
Hence, it can be removed from them.) Consider the backprojection P = 
£o(T) (shown with striped contour in the figure). Any motion starting 
in P is guaranteed to reach T and, after some bounded time, to stick at 
the left vertex L of T. Indeed, there exists T such that for all t ~ T, 
Fo(P,t) = {L}. Hence, P is a preimage ofT and a "compiled" form of 
the termination condition Fo (P , t) ~ T is t ~ T .• 

The sticking termination condition given in Subsection 4.4 is an instance 
of a termination condition with time. 

7.4 Termination Conditions with Sensing History 

A termination condition may have position and force sensing history 
for argument, rather than just instantaneous sensing (see Subsection 
1.3.1). Then it can continuously intersect the set Ko( q*(t),l*(t» and 
the current forward projection. This intersection is a new region whose 
forward projection is taken as the current forward projection at the next 
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instant. At every instant, if the computed intersection is contained in 
the goal, the termination condition evaluates to true. 

A procedural (and perhaps more explicit) way of expressing this termina­
tion condition consists of continuously pruning the trajectory directory 
by removing every trajectory r that is not consistent with current sens­
ing [Mason, 1984]. Then, the termination condition is the following piece 
of code, which is (idealistically) evaluated at every instant t (D is initial­
ized to De(P) at the beginning of the motion, where P is the preimage 
from which the motion starts): 

for every r in D do 
if (r(t), fret)) ¢ Uq( q*(t)) x u,(i*( t)) then D +- D\ {r}; 

Q +- {r(t) / rED}; 
if Q ~ T then return true; else return false; 

(This is not an executable algorithm since the set D is usually infinite.) 

Example: Consider the motion planning problem depicted in Figure 
25. The initial region I consists of two configurations qs,! and qs,2. The 
goal region 9 consists of two configurations qg,! and qg,2. The com­
manded velocity Vo is pointing vertically downward. We assume perfect 
control. Both the distances between qs,! and qs,2, and between qg,! 
and qg,2, are smaller than 2pq, so that neither the two initial configura­
tions, nor the two goal configurations are guaranteed to be distinguish­
able at execution time. Since control is perfect, the trajectory directory 
De( {qs,!, qs,2}) consists of two trajectories. The two trajectories are 
guaranteed to be distinguishable during some interval of time before any 
of the two goal configurations is attained. Hence, the set {qs,!, qs,2} 
is a preimage of {qg,t,qg,2} for M = (vo, TC), where TC is a termina­
tion condition with sensing history. This example does not, however, 
require continuous sensing history. It could also be solved by generating 
a conditional strategy in which no motion command uses a termination 
condition with sensing history. The pertinent "sensing history" is then 
incorporated into the conditional branching of the strategy .• 

The termination condition procedurally defined above is quite general -
it uses sensing history, initial state, and time - but does not use final 
state. It is not known as yet whether an effective motion planner using 
this condition can be constructed. 
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1 

Figure 25. The initial region I consists of two configurations q3,1 and q3,2' 

The goal region g also consists of two configurations qg,l and qg,2. Both the 
distances between q3,1 and Q3,2, and between qg,l and qg,2, are smaller than 
2pq, so that neither the two initial configurations, nor the two goal ones are 
guaranteed to be distinguishable at execution time. We assume perfect con­
trol. The commanded velocity is pointing vertically downward. The trajectory 
directory V9({Q3,1,Q3,2}) consists of two trajectories. The two trajectories are 
guaranteed to be distinguishable during some interval of time. Hence, the set 
{Q3,1,Q3,2} is a preimage of {Qg,1,Qg,2} for M = (vg,TC), with TC being a 
termination condition with sensing history. 

7.5 On Maximal Preimages 

The above list of termination conditions illustrates the dependence of 
the recognition power of a termination condition on the knowledge it 
uses. Some of the given examples show that in some cases the maximal 
preimage of a goal over all possible termination conditions may exist. 
Consider for instance Figure 24. The constructed preimage is identical to 
the maximal backprojection. Since any preimage is necessarily contained 
in the maximal backprojection, if a preimage is identical to the maximal 
backprojection, it is the maximal preimage over all possible termination 
conditions. 
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Figure 26. This figure shows a variant of the point-in-hole problem where 
the C-obstacle is not compact. We assume no sensing. Any bounded subset P 
of the striped region is a preimage of T for a termination condition with time, 
since any motion starting in P is guaranteed to stick in the right corner of the 
hole after some finite amount of time. The striped region, however, is infinite 
and is not a preimage. Hence, in this example, the goal T admits no maximal 
preimage over all possible termination conditions. 

Unfortunately, there are also examples showing that the maximal preim­
age of a goal over all possible termination conditions may not exist, or 
that, instead, it may exist in quantity. These examples derive from the 
fact that if PI and P2 are two preimages of the same goal for the same 
commanded velocity ve, but for two different termination conditions, 
their union is not a preimage in general. Indeed, the termination condi­
tion corresponding to PI (resp. P2) may embody the knowledge of PI 
(resp. P2), but no termination predicate embodying the knowledge of 
PI U P2 may be guaranteed to recognize goal achievement by a motion 
starting from within PI U P2' 

Example 1: Consider the point-in-hole problem with a non-compact 
C-obstacle, as depicted in Figure 26. We assume no sensing. The com­
manded velocity points downward toward the right as shown in the fig­
ure. Every bounded subset P of the non-compact striped region is a 
preimage of the edge T, with a termination condition of the form t > Tl" 
Indeed, by waiting a sufficient amount of time, it is guaranteed that the 
motion will stick into the bottom-right corner of the hole. However, the 
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Figure 27. The goal is a single configuration qg in an empty configuration 
space. We assume perfect control and no sensing. The commanded velocity is 
vertical and points downward. Each point in the vertical half-line above qg is a 
maximal preimage (for some termination condition with time). Hence, in this 
example, there exists an infinity of maximal preimages of the goal. 

union of all such preimages is the striped region itself, which is not a 
preimage, since no finite duration T is long enough to guarantee that 
the goal has been achieved by a motion starting anywhere in the striped 
region. Hence, there is no maximal preimage. (In this example, the ab­
sence of maximal preimage comes from the non-compactness of Ccontact. 

Another exhibited cause of non-existence of maximal preimage is non­
compactness of the goal [Erdmann, 1984].). 

Example 2: Consider the point-in-point problem depicted in Figure 27. 
The goal is a single configuration qg in an empty configuration space. 
The commanded velocity is vertical and points downward. Assume per­
fect control and no position sensing. Each point in the vertical half-line 
above qg is a maximal preimage. There is a continuous infinity of them .• 

If there existed a maximal preimage of a goal over all possible termina­
tion conditions, this preimage (assuming it were also computable) could 
be used as a description of all the other preimages, since any subset 
of a preimage is also a preimage. Therefore, the possible absence or 
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multiplicity of maximal preimages (over all termination conditions) is 
unfortunate because it eliminates one natural representation of all pos­
sible preimages. This does not mean, however, that the set of all the 
preimages of a goal cannot be finitely represented. For instance, in the 
first example above, the striped region admits a finite description which 
is also a description of all the preimages of T, since every bounded subset 
of this region is a preimage. In the second example, the half-line provides 
a finite description of all the preimages of qg, since every individual point 
in this half-line is a preimage. 

In Subsection 8.2 we will use a Tarski sentence to finitely describe all 
the pertinent preimages of a goal and define a very general effective 
motion planner, despite the possible absence or multiplicity of maximal 
preimages. 

8 Grand Scheme 

In Section 2 we gave a simple introduction to preimage backchaining. 
Then we analyzed important aspects of the approach - preimage compu­
tation, choice of commanded velocities, generation of conditional strate­
gies, and power of termination conditions. Now we revisit the approach 
and we describe the grand preimage backchaining scheme as was orig­
inally envisioned in [Lozano-Perez, Mason and Taylor, 1984]. We first 
give an abstract planning procedure which formalizes this grand scheme, 
but ignores computability issues. Next, we present an effective planning 
method which under some restrictions can generate the same plans as 
the abstract procedure. 

8.1 Abstract Planning Procedure 

Let us consider a set of goals {Ta} (goal set) which may possibly be 
infinite and not even countable. A region P is a preimage of {Ta} for 
a motion command M = (vo, TC) if and only if any motion starting in 
P is guaranteed to terminate inside a member of the goal set {'To:} in 
such a way that the termination condition TC returns the goal Tcx which 
has been achieved. (Hence, TC incorporates the recognition conditions 
introduced in Section 6.) 

Let TC~1',{Ta} be the "most powerful termination condition schema". 
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This schema, which is parameterized by (J, P and {Ta}, is such that if P 
is a preimage of {Ta} for a motion command ('vo, TC), then it is also a 
preimage of {Ta} for the motion command (v~, T~p,{Ta})' Conversely, 
if P is not a preimage of {Ta} for the motion command ('vo, TCe,P,{Ta})' 

then it is not a preimage of {Ta} for any other motion command (vo, TC) 
with the same value of (J. 

Now, let us denote by {PPe} the set of all the preimages P of {Ta} for a 
motion commanded along Vo with TCe,p,{Ta} for termination condition17• 

If P E {PPe}' then every subset of P is also a preimage, hence is an 
element of the set {PPe}' 

In its most general form, the preimage backchaining approach is de­
scribed by the following abstract procedure: 

procedure PB( {Ta}); 
begin 

if I ¢ {Ta} then 
begin 

end; 

compute {P,6o} for all (J E SI; 
PB(UOESI {P,6o}); 

end; 

The initial call to this procedure is PB( {ga}), with {gal being the set 
whose elements are g and all its subsets. In addition to the above oper­
ations, the procedure PB associates the direction (J with every computed 
preimage Ppo' (In order to avoid restricting this procedure to planar 
translational motions of the robot, one can regard (J as an encoding of 
the commanded velocity in an arbitrary velocity space S1.) 

Assume that the procedure PB terminates after r (r 2:: 0) recursive calls. 
Then it has generated a sequence of r + 1 goal sets, which we denote by 
UOESI {P~:)}, k = 0,1, ... , r (k designates the recursion at which the goal 

set was generated), with UOESI {P~~)} = {gal. This sequence determines 
a conditional strategy to be executed as follows: 

1. If r = 0, the robot is already in the goal. 

17This termination condition is different for every preimage P in the set {P.as}' 
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2. Otherwise, let Ir = I; for k = r, r - 1, ... , 1 do: 

- set (Jk to any of the commanded velocity orientations asso­

ciated with Ik E UOESI {P~:)}; 
- execute the motion command (V8" , TCOO U ("-1) ); 

O",I" , 9ESd'P,B9 } 

- when the motion terminates, set Ik-l to the goal of 
UOESI {p~:-l)} whose achievement has been recognized by 
the termination condition. 

The procedure PB is obviously not an executable algorithm, since the 
goal sets which are considered and constructed at each recursion are typi­
cally noncountable. In addition, the strategies that it generates make use 
of the termination condition TC~'P ,{Ta }' which may not be computable. 
The fact that the procedure PB described above is not directly imple­
mentable does not mean, however, that one cannot define an effective 
algorithm capable of generating the same plans as PB. 

8.2 Planning Method 

In this subsection we describe an effective planning method that can 
generate "almost" the same motion strategies as the abstract procedure 
PB. This method, which is due to Canny [Canny, 1989], consists of for­
mulating the planning problem as a decision problem in the first-order 
theory of the reals. It imposes two restrictions: first, it requires the for­
ward projection of any configuration at any time to have an algebraic 
description; second, it uses a termination predicate that is less powerful 
than TC~'P,{Ta}' Under these two restrictions, the method is complete 
and generates an r-step strategy in O(22r) time whenever one such strat­
egy exists (otherwise it terminates in the same time and returns failure). 
The double-exponential dependence comes from the Collins decomposi­
tion that is applied to eliminate the quantifiers from the Tarski sentence 
describing the r-step strategy. It is not known as yet whether there ex­
ists an effective planning method having the full power of the abstract 
procedure PB. 

8.2.1 Feasible Trajectories 

Let us consider a motion commanded along the velocity v8. We assume 
that rather than varying continuously, the effective commanded velocity 
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during the motion takes p successive values v~l), ... , v~p) in Uv(vo), where 
p is a fixed prespecified integer. Let t(k), k = 1, ... ,p-1, denote the times 
at which the effective control velocity switches from v~k) to v~k+l}. This 
assumption is aimed at meeting the first restriction mentioned above 
(algebraicity of the forward projections). It is certainly not the only one 
possible, but it is a simple one. 

Under this assumption, let r : t E [0, +00) 1--+ r( t) E Cvalid be an actual 
trajectory that can be generated by a motion commanded along vo. This 
trajectory consists of straight segments. The actual velocity is constant 
along each of these segments. The robot shifts from one segment to the 
next at each ofthe instants t(1), ... , t(p-1), and also when it switches from 
free to contact space, and conversely. The switch points from free to 
contact space and from contact to free space are algebraically defined by 
th t _(1) -(p) t(l) t(p-1) d b th al b . d . e parame ers Ve , ... , Ve ' , ... , ,an y e ge ralC escflp-
tion of Cvalid. There are at most pn such points, where n is the number 
of contact edges. 

Let sr(t) denote the pair (r(t), fret)), where fr(t) is the reaction force 
exerted on the robot at time t when it moves along the trajectory r (see 
Section 3). This force is algebraically determined by the configuration 
and the effective commanded velocity at time t (see Subsection 1.3.2). 

Let Ve( {so}) be the directory18 of all feasible actual trajectories r such 
that sr(O) = So, which can be generated with the commanded velocity 
vo. Each element of Ve( {so}) is a list (v~l), ... , v~p), t(l), ... , t(p-1») in: 

((v~l), ... , v~p), t(1), ... , t(p-l») / 

v~l), ... , v~p) E Uv(vn; t(l), ... ,t(p-l) E [0,+00); t(l) ~ t(2) ~ ... ~ t(P-l)} 

which uniquely determines an actual trajectory r such that 
(r(O), fr(O)) = so. ret) is defined as an algebraic expression involving 
both these 2p - 1 parameters and the variable t. 

We now define the forward projection of So at time t as: 

Fe( {so}, t) = u 
18We denote this directory by 'De rather than 'De (see Section 3) in order to indicate 

that the argument of 'De is a set of configuration-force pairs, while the argument of 
'De is a set of configurations. 
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For any region X ~ Cvalid, both -Yo and (X)o denote the set defined as: 

-Ye = (X)e = ((q,f) / q E x;l E Freac(q,8)} 

where Freac( q, 0) is the set of all the possible reaction forces exerted 
on the robot at configuration q when it is commanded along Vo (see 
Subsection 1.3.3). 

Given a region n in Cvalid, we define: 

Ve(Re) = U Ve( {so}) 
So ERe 

and: 

:Fe(Re, t) = U :Fo( {so}, t) = 
So ERe 

If n is a semi-algebraic set, so are Vo(Ro) and :Fo(Ro, t). 

The only requirements for the method described below are that: (1) 
every feasible trajectory T be such that, for every t, T(t) is defined by 
an algebraic expression of t and a finite number of parameters, and (2) 
Ve( {so}), for every so, be a semi-algebraic subset ofthis parameter space. 
Restricting the effective commanded velocity to a finite number of suc­
cessive values is one specific way to achieve these requirements. 

8.2.2 Termination Condition 

Given a set y, each element of which is a pair configuration-force, we 
denote by Q[YJ the set defined as Q[YJ = {q L 3f : (q,i) E Y}. In 
particular, for any n ~ Cvalid, we have that: Q[ne] = R. 

Let T be a goal described as a semi-algebraic set. Let Vo be the com­
manded velocity of a motion intended to achieve this goal from a region 
P also described as a semi-algebraic set. This command uses: 

as the termination condition, where: 

- s*(t) = (q*(t), VC(t)) represents the pair of sensed configuration and 
force at time t, 
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This termination condition is less powerful than TCO,P,{Ta } since it uses 
neither continuous sensing history, nor final state. It nevertheless uses 
initial state, time, and sensing at times 0 and t, which makes it quite 
powerful. 

From now on, we denote the set FeCPe n Us(s*(O)), t) by Fp,s*(o),e(t). 

The region P is a preimage of T for the motion command specified above 
if and only if the following preimage condition holds: 

'VSl E 15e , 'Vsi E U3 (Sl) , 'Vr, 3t ~ 0 , 'Vsi* : 
(r E Ve(15e nU3 (si)) /\ si* E U3 (ST(t))) =} Q[Fl',s~,(/(t) nU3 (si*)] ~ T. 

(2) 

This is a Tarski sentence, and therefore we can decide whether P is a 
preimage of T. 

This result can be applied to the generation of a one-step motion strategy. 
Given an initial region I and a goal region g, both described as semi­
algebraic sets, there exists a single motion of commanded velocity Vo 
that achieves g from I if and only if the sentence: 

'Vsl E Ie , 'Vsi E U3 (sd , 'Vr , 3t ~ 0 , 'Vsi· : 
(r E Ve(Ie nU3 (si)) /\ si* E U3 (ST(t))) =} Q[FI,S~,(/(t) nU3 (si*)] ~ 9 

is satisfiable. We can eliminate all the quantifiers using the Collins de­
composition. It remains a polynomial expression in e whose solutions 
are all the guaranteed one-step strategies. The decomposition also gives 
a sample value of e. 
But, in order to generate multi-step strategies, we still lack a first-order 
sentence that describes all the possible preimages of g so that they can 
be passed recursively as intermediate goals to the planner, as suggested 
by the procedure PB presented in the previous subsection. A major 
idea introduced by Canny [Canny, 1989] is that it is not necessary to 
consider all these preimages. Indeed, only those which can be attained 
recognizably from the initial region I by some motion strategy have to 
be considered. These preimages are called recognizable preimages. 
As shown below, they can be determined by forward chaining from I. It 
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turns out that under the assumptions made above the set of regions that 
can be recognizably achieved from I can be algebraically described. 

8.2.3 Two-Step Strategy 

Consider the problem of planning a two-step strategy to achieve a semi­
algebraic goal region g from a semi-algebraic initial region I. Let VOl 
and v02 denote the commanded velocities of the first and the second 
step, respectively. 

Assume for an instant that we have constructed the set {P.Bo2 } of all 
the preimages of g for all the directions ()2 E SI. We derive from the 
preimage condition (2) that in order to achieve some preimage P E 
{P.Bo2 } from I with a motion commanded along (}1, we must have that: 

VSl E i el , Vsi E U,(st) , VTl , 3tl ~ 0, Vsi* , 3P E {P,882} : 
(Tl E Veliel nU,(si)) 1\ s~* E U,(ST1(tl») => Q[.rI,S~,91(tt) nU,(si*)] ~ P. 

(3) 

This expression is not a first-order sentence since the variable P does 
not denote a real, but rather a preimage of g. The satisfiability of such 
a second-order sentence is known to be undecidable. 

Now, given the commanded velocity VOl' the smallest regions whose 
achievement from I can be recognized by the termination condition at 
time tl are regions of the form Q[FI ,s*(O),Ol (tl) n Us(S*(tl)))' There is 
no gain in considering a non-recognizable preimage of g. Hence, we can 
rewrite the sentence (3) into the following first-order sentence: 

VS1 E i el , Vsi E U,(Sl) , VTl , 3tl ~ 0 , Vsi* : 
(Tl E Veli91 n U,(si)) 1\ s~* E U.(STl (tt})) => P1(si, (h, tl, s~*) 

where PI (si, (}1, tl, si*) is an expression that is satisfied when the region 
Q[FI,st ,01 (tl)nUs (si*)) is a preimage of g, hence a recognizable preimage. 
This expression can be constructed from the preimage condition (2): 

P1(si,Ol,tl,si*) == 
302 E Sl , VS2 E (Kt}92 ' Vs; E U.(S2) , VT2 , 3t2 ~ 0 , Vs2* : 

(T2 E V92((Kt}9 nU,(s;» 1\ s2* E U,(ST2(t2))) _ 2 

=> Q[.rKl,S;,92(t2) nU,(s2*)] ~ g 
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where HI = FI,s!,81 (tI) nUs(si*) and KI = Q[HtJ. 

This leads us to describe the existence of a two-step motion strategy by 
the following Tarski sentence: 

381 E 81 , 'v'S1 E 'j81 , 'v'si E U8 (st) , 'v'T1 , 3tl ~ 0 , 'v's~* : 
(Tl E 1)81 ('j8 1 n U8 (si)) A s~* E U8 (ST1 (tt))) 

~ 382 E 8 1 , 'v's2~(Kt)82 ' 'v's; EU8 (S2), 'v'T2, 3t2 ~ 0, 'v'sj*: 
(T2 E 1)82«K1)82 nU8 (s2)) A sj* E U8 (ST2(t2))) 

~ Q[FK1,S;,82(t2) nU8 (sj*)) ~ g. 

We remove the first quantifier 3th E SI and perform quantifier elimina­
tion on this sentence, yielding all the possible orientations of the com­
manded velocity for the first step of the strategy. If this set is not 
empty, i.e. if the above sentence is satisfiable, one value 01 is arbitrarily 
selected and the motion command (V~l' PI (si, 01 , t, s*( t))) is executed, 
with si being the pair of sensed configuration and force at time t = 0 
(of the first motion). Let tl be the instant when the termination con­
dition PI (si, Oll t, s*( t)) evaluates to true. At this instant, the motion 
has achieved a recognized preimage of g. We remove the first quantifier 
302 E SI from the expression defining PI (si, 01 , tt, si*) and we replace 
the variables si, 01 , tI, si* by their known values. It is guaranteed that 
the obtained expression is satisfiable. Its remaining quantifiers are elim­
inated yielding all the possible orientations of the second commanded 
velocity in the strategy. One value O2 is arbitrarily selected and the mo­
tion command (v02 ' Q[FKl,S;,82(t) nUs(s*(t))] ~ g) is executed, with s2 
being the pair of sensed configuration and force at time t = 0 (of the 
second motion). It is guaranteed to terminate in the goal g. 

Therefore, the above planning method forward chains from I in order to 
construct all the possible recognizable sets achievable from I and back­
ward chains from g in order to determine which ones among these sets 
are preimages. The method gives a Tarski sentence that implicitly de­
fines all the possible two-step strategies. Solving this sentence provides 
the commanded velocity of the first step and a sentence that defines the 
second commanded velocity. This sentence, which depends on param­
eters that are all known when the first motion terminates, allows the 
robot to select the second commanded velocity at execution time. 
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8.2.4 Multi-Step Strategy 

Consider the problem of planning an r-step motion strategy to achieve 
9 from I. The above method extends in a straightforward fashion. 

Let ]( k( st, fh, tl, s~*, s2' (J2, ... , (Jk, tk, sk*)' k = 0, 1, ... , r, denote a recogniz­
able set after the execution of k motion commands. Let it be abbreviated 
to ](k. It is recursively defined as: 

](0 = I and ](k = Q[Hk], for k = 1, ... , r, 

with: 

Now, let Pk(si,(JbtbS~*,s2,(J2, ... ,(Jk,tk,s/;) - we abbreviate it to Pk 
- be the condition which is satisfied when ](k is a preimage of 9 for a 
sequence of r - k motion commands along the directions (Jk+1, ... , (Jr. Pk, 

k = 0, ... , r - 1, is recursively defined as follows: 

Pk == 
30k+1 E 8 1, 'v'Sk+! E (/{k)9k+l' 'v'sk+1 E U3 (Sk+!), 'v'TH1, 3tH1 2: 0 , 'v's~*+l : 

(TH1 E V9k+l ((/{k)9k+l nU,(sk+1)) 1\ s~*+l E U.(STk+l (tHd)) ~ PH1 

with: 

The sentence \Iso : POe so) describes the existence of an r-step motion 
strategy. It is satisfiable if and only if there is one such strategy. If 
this is the case, a guaranteed strategy is executed by considering the 
sentences Po through Pr - I in sequence. Pk gives the guaranteed com­
manded velocity and the termination condition PHI for the (k + 1 )th 
motion command. 

The sentence \Iso : poe so) involves r existential quantifiers alternating 
with universal quantifiers. Hence, it requires double-exponential time in 
r to determine its satisfiability (using, say, Collins' method). 

It is interesting to note that the existential quantifiers apply to the 
robot's motions, while the universal quantifiers apply to the actions of 
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nature (measured through the sensors). This alternation, which is clas­
sical in game theory, is investigated in [Taylor, Mason and Goldberg, 
1987]. 

This alternation can be eliminated by removing sensing, for instance by 
using the sticking termination condition. Using this termination con­
dition also results in using the timeless forward projection (defined as 
in Subsection 5.2) instead of the forward projection with time. Thus, 
we no longer need the somewhat arbitrary assumption that the effective 
commanded velocity takes at most p successive values during any actual 
motion. The method reduces to that presented in Subsection 5.2, which 
only requires time single-exponential in r. 

The method can also be adapted to the following termination condition: 

F(}(P n K(}(q*(O), i*(O))) n K(}(q*(t), i*(t)) ~ 'T 

where F(}(P) is the timeless forward projection of P for the commanded 
velocity Vo and K(}( q*, i*) is the set of configurations q (}-consistent with 
the sensed values q* and i* (see Subsection 4.5). Like the sticking ter­
mination condition, this condition (which is slightly more powerful than 
the instantaneous sensing termination condition used in Subsection 4.5) 
does not require the effective commanded velocity to take p successive 
values. But it does involve sensing and yields a double-exponential time 
planner. 

9 On Uncertainty in Model 

Throughout this chapter, we have assumed that the geometry of Cvalid 

was exactly known. In this last section, we briefly explore the effect of 
uncertainty in the geometry of Cvalid. 

Consider the point-in-hole example shown in Figure 28. Assuming that 
all the angles of the C-obstacle are right angles and that the global 
orientation of the C-obstacle is perfectly known, the dimensions shown 
in Figure 28.a suffice to define the geometry of Cvalid. Consider the case 
where all these dimensions, except d (width of the hole), are exactly 
known. Assume further that d E (dmin' dmax ). 

One way to represent this uncertainty is to extend the configuration 
space into a generalized configuration space by adding one dimen-
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Figure 28. Cvalid contains a singleC-obstacle CB (Figure a) . We assume 
that the geometry of Cvalid is exactly known, except for the hole's width d, 

which is only known to be in the interval (dmin,dmax ). This uncertainty is 
represented by adding a new dimension to the configuration space. We obtain 
the generalized configuration space shown in Figure b. The C-obstacle is now 
a three-dimensional region and CB's hole maps to a groove. The goal region g 
is the bottom face of the groove. A generalized preimage of this region for the 
commanded velocity Vg is shown in Figure c. 

sion corresponding to the d parameter (see Figure 28.b) [Donald, 1987a]. 
Each cross-section of the generalized configuration space perpendicular 
to the d-axis is the configuration space for a particular value of d. In 
the generalized configuration space, the hole becomes a groove and the 
goal g is the bottom face of this groove. The initial region is the cylin­
der I X (dmin, dmax ). A strongly guaranteed strategy should reach and 
terminate in g. (Notice that, when this strategy is executed, the robot 
moves within a single cross-section at constant d. We do not know which 
one in advance. Even during execution, the robot will usually not collect 
sufficient information to determine in which cross-section it is moving.) 

The concept of generalized configuration space extends to the case where 
there are several imprecisely known parameters in the description of 
Cvalid, by simply adding a new dimension for each such parameter. We 
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can define a preimage of a goal in the generalized configuration space as 
we did in a regular configuration space and the principle of the preimage 
backchaining approach still applies. 

Assume as in the above example that there is a single parameter d, whose 
value is not known exactly. A preimage in the generalized configuration 
space - let us call it a generalized pre image - is a union of preim­
ages computed at various values of d for the same commanded velocity 
(see Figure 28.c). Let us assume that we compute these preimages by 
backprojecting from the sticking edges in the goal. When the parame­
ter d varies over its uncertainty interval, the topology of the preimage 
(computed at a specific value of d) changes at a finite number of critical 
values of d, and hence we can compute and represent the corresponding 
generalized preimage in much the same way as we did for non directional 
backprojections (Subsection 5.1.1). In the example of Figure 28, the 
only critical value of dis d = 0 (if 0 E (dmin' dmax )), where the topology 
of Cvalid changes. As another example, consider the case where the ge­
ometry of the C-obstacle region is exactly known, but its orientation is 
completely unknown (for instance, this could be the problem of meshing 
two planar gears [Donald, 1987a]). In this case, for any goal and any com­
manded velocity, the generalized preimage computed by backprojecting 
from the goal sticking edges is exactly the non directional preimage com­
puted in Subsection 5.1.1 with the orientation of the C-obstacle region 
substituted for the orientation of the commanded velocity. 

The planning method described in Subsection 8.2 is independent of the 
dimension of the planning space. Therefore, it also applies to motion 
planning with uncertainty in the input model, as long as this uncertainty 
involves a finite number of parameters [Canny, 1989]. 

Exercises 

1: Justify the construction ofthe friction cone at a contact vertex, which 
is illustrated in Figure 3. 

2: Assume perfect generalized damping control. Cvalid is defined as in 
Section 1. Let qs be the starting configuration of two motions com­
manded along two different velocities VOl and v02 ' Let Tl and T2 be the 
respective trajectories followed by these motions. Show that Tl and T2 
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T 

• • 
% q~ 

Figure 29. The configurations qi and q~ represents two desired configura­
tions given to a robot with generalized spring control (Exercise 4). 

have no loops, and that they can meet (and possibly separate again), 
but never cross each other [Friedman, Hershberger and Snoeyink, 1990]. 

3: Consider the point-in-hole example of Figure 9. Assume non-zero 
friction in contact space. What is the union of all the preimages of the 
goal T when the orientation of the commanded velocity varies over SI? 

4: Generalized damping control is only one possible model of force­
compliant motion control. Another interesting model is generalized 
spring control [Salisbury, 1980]. In this model, the control statement is 
parameterized by a desired configuration qC and the robot's commanded 
trajectory T C is defined by the following equation: 

where Band K are 2 x 2 matrices and yC(t) = d;c(t)/dt is the velocity 
of the robot at time t along the commanded trajectory. 

Assume here that Band K are constant diagonal matrices, each with 
equal positive diagonal coefficients, and that B = K. In free space, 
ret) = 0, so that yc(t) = qC - TC(t); hence, the robot moves along a 
straight trajectory pointing toward qC. In contact space, if the vector 
-( qC _ Tc(t)) points into the friction cone at TC(t), then the robot sticks, 
otherwise it slides. 

Consider the point-in-hole example shown in Figure 29. Assume perfect 
generalized spring control and non-zero friction. Construct the preimage 
of the bottom edge T for each of the two desired configurations qi and 
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q~ shown in the figure. (Assume perfect position sensing so that in both 
cases the termination condition is q*(t) E T.) 

5: Give an example of a planning problem which cannot be solved using 
the preimage backchaining approach, although the goal is achievable by 
executing a finite (but unbounded) number of motion commands [Mason, 
1984]. 

6: A weak preimage of a goal for a motion command M = (ve, Te) is any 
region P ~ Cvalid such that a motion commanded along Vo and starting 
from within P may fortuitously attain the goal and terminate in the 
goal. Consider the point-in-hole of Figure 9. Construct the maximal 
weak preimage of the goal T. Consider any initial region 'I contained in 
this weak preimage. Construct a one-step weakly guaranteed strategy 
(see the remark at the end of Subsection 1.4) that either achieves T from 
'I or fails recognizably. 

7: Show the following two properties: 

- If P is a preimage of T for M, then any subset of P is also a preimage 
ofT for M. 

- If PI and P2 are both preimages of T for M, then PI U P2 is also a 
preimage of T for M. 

8: Implement a simple preimage backchaining motion planner using the 
backprojection from sticking edges for computing preimages and Erd­
mann's algorithm for computing backprojections. Select the commanded 
velocities from a predefined finite set. 

9: Consider the three goals 7i, 72 and 73 shown in Figure 30. The 
commanded velocity Vo is pointing vertically downward. The position 
uncertainty disc is as shown in the figure. Assume perfect force sensing. 
Construct the 8-kernel of each of the three goals. 

10: Consider the goal region T in Figure 17.a. Construct all the 8-
kernels of T when 8 varies over SI. 

11: Propose an algorithm for computing the 8-kernel of a goal described 
as a polygon in Cvalid. 
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(a) (b) (c) 

Figure 30. Each of the goal regions, Ti, 72 and 73, consists of one or two 
polygons in valid space. The radius of the position uncertainty disc is Pq. The 
commanded velocity is pointing vertically downward (Exercise 9). 

9 
~'it'$;!ii .. ~ .... . $ .m._~"> ___ <&.~"i!S&<i#:'S.;....· ------;;>">">;">"'*'~:i>~~._---

I" 2p, ~I 

Figure 31. The robot moves in a horizontal line. The initial region is I and 
the goal region is g. The goal region is a closed segment whose length is exactly 
2pq, which is the same as for the open interval representing the uncertainty in 
position sensing. The goal can be achieved recognizably using a termination 
condition with final state (Exercise 13). 

12: Consider Figure 23. Show the regions FI , F2 and F3 defined as in 
Subsection 7.2. 

13: Assume that the robot's configuration space is a horizontal line (Le. 
C = R). There is no C-obstacle (Le. Cvalid = R). The uncertainty 
in position sensing is an open segment of length 2pq centered at the 
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Figure 32. The goal consists of two horizontal segments in a configuration 
space with no C-obstacle (Exercise 14). 

measured configuration. There are two possible velocities: "rightward" 
and "leftward". The goal region 0 is a closed segment of length 2pq as 
shown in Figure 31. The initial region I is a segment of finite length on 
the left of o. The selected commanded velocity is "rightward". Construct 
a computable form of the termination condition with final state that is 
guaranteed to terminate the motion in g. What are the preimages of g 
for this termination condition? 

14: Let C = Cvalid = R2 (there is no obstacle). Assume perfect robot 
control and perfect position sensing in the vertical direction. Hence, 
Uq( q*) is an open horizontal segment of length 2pq centered at the mea­
sured configuration q *. The goal region is 0 = 01 U g2 (see Figure 32), 
where: 

- gl is a horizontal line segment connecting (Xl, Yl) to (X~, Yl), 

- g2 is a horizontal line segment connecting (X2' Y2) to (x~, Y2), with 
- I X2 - Xl· 

The commanded velocity is pointing vertically downward. 
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Construct a preimage of g that is maximal over all possible termina­
tion conditions and specify the corresponding termination condition. Is 
this maximal preimage unique? Characterize all the preimages that are 
maximal over all possible termination conditions [Erdmann, 1984]. 

15: Consider the Tarski sentence of Subsection 8.2.3 which expresses 
the existence of a two-step strategy to achieve a goal g. Rewrite this 
sentence by using the termination condition: 

F(J(P n K(J(q*(O), 1*(0))) n K(J(q*(t), l*(t)) ~ T 

where F(J(P) is the timeless forward projection defined as in Subsection 
5.2 and K(J( q*, f*) is the set of configurations q O-consistent with the 
sensed values q* and 1* (see Subsection 4.5). Show that the new sentence 
remains a Tarski sentence even if we drop the condition that the effective 
commanded velocity takes a fixed number of successive values during any 
actual motion. 

16: Consider an omnidirectional mobile robot equipped with odometric 
and proximity range sensors. Discuss the application of the preimage 
backchaining approach to the generation of motion strategies for this 
robot. 

17: An approach to motion planning with uncertainty, known as skeleton 
refinement, has been presented in [Taylor, 1976], [Lozano-Perez, 1976], 
[Brooks, 1982] and [Pertin-Troccaz and Puget, 1987]. Compare this ap­
proach to preimage backchaining. 
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