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A Computational Approach to Edge Detection
JOHN CANNY, MEMBER, IEEE

Abstract-This paper describes a computational approach to edge
detection. The success of the approach depends on the definition of a
comprehensive set of goals for the computation of edge points. These
goals must be precise enough to delimit the desired behavior of the
detector while making minimal assumptions about the form of the so-
lution. We define detection and localization criteria for a class of edges,
and present mathematical forms for these criteria as functionals on the
operator impulse response. A third criterion is then added to ensure
that the detector has only one response to- a single edge. We use the
criteria in numerical optimization to derive detectors for several com-
mon image features, including step edges. On specializing the analysis
to step edges, we find that there is a natural uncertainty principle be-
tween detection and localization performance, which are the two main
goals. With this principle we derive a single operator shape which is
optimal at any scale. The optimal detector has a simple approximate
implementation in which edges are marked at maxima in gradient mag-
nitude of a Gaussian-smoothed image. We extend this simple detector
using operators of several widths to cope with different signal-to-noise
ratios in the image. We present a general method, called feature syn-
thesis, for the fine-to-coarse integration of information from operators
at different scales. Finally we show that step edge detector perfor-
mance improves considerably as the operator point spread function is
extended along the edge. This detection scheme uses several elongated
operators at each point, and the directional operator outputs are in-
tegrated with the gradient maximum detector.

Index Terms-Edge detection, feature extraction, image processing,
machine vision, multiscale image analysis.

I. INTRODUCTION

EDGE detectors of some kind, particularly step edge
detectors, have been an essential part of many com-

puter vision systems. The edge detection process serves
to simplify the analysis of images by drastically reducing
the amount of data to be processed, while at the same time
preserving useful structural information about object
boundaries. There is certainly a great deal of diversity in
the applications of edge detection, but it is felt that many
applications share a common set of requirements. These
requirements yield an abstract edge detection problem, the
solution of which can be applied in any of the original
problem domains.
We should mention some specific applications here. The

Binford-Horn line finder [14] used the output of an edge
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detector as input to a program which could isolate simple
geometric solids. More recently the model-based vision
system ACRONYM [3] used an edge detector as the front
end to a sophisticated recognition program. Shape from
motion [29], [13] can be used to infer the structure of
three-dimensional objects from the motion of edge con-
tours or edge points in the image plane. Several modem
theories of stereopsis assume that images are prepro-
cessed by an edge detector before matching is done [19],
[20]. Beattie [1] describes an edge-based labeling scheme
for low-level image understanding. Finally, some novel
methods have been suggested for the extraction of three-
dimensional information from image contours, namely
shape from contour [27] and shape from texture [31].

In all of these examples there are common criteria rel-
evant to edge detector performance. The first and most
obvious is low error rate. It is important that edges that
occur in the image should not be missed and that there be
no spurious responses. In all the above cases, system per-
formance will be hampered by edge detector errors. The
second criterion is that the edge points be well localized.
That is, the distance between the points marked by the
detector and the "center" of the true edge should be min-
imized. This is particularly true of stereo and shape from
motion, where small disparities are measured between left
and right images or between images produced at slightly
different times.

In this paper we will develop a mathematical form for
these two criteria which can be used to design detectors
for arbitrary edges. We will also discover that the first two
criteria are not "tight" enough, and that it is necessary
to add a third criterion to circumvent the possibility of
multiple responses to a single edge. Using numerical op-
timization, we derive optimal operators for ridge and roof
edges. We will then specialize the criteria for step edges
and give a parametric closed form for the solution. In the
process we will discover that there is an uncertainty prin-
ciple relating detection and localization of noisy step
edges, and that there is a direct tradeoff between the two.
One consequence of this relationship is that there is a sin-
gle unique "shape" of impulse response for an optimal
step edge detector, and that the tradeoff between detection
and localization can be varied by changing the spatial
width of the detector. Several examples of the detector
performance on real images will be given.

II. ONE-DIMENSIONAL FORMULATION
To facilitate the analysis we first consider one-dimen-

sional edge profiles. That is, we will assume that two-
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Fig. 1. (a) A noisy step edge. (b) Difference of boxes operator. (c) Dif-
ference of boxes operator applied to the edge. (d) First derivative of
Gaussian operator. (e) First derivative of Gaussian applied to the edge.

dimensional edges locally have a constant cross-section
in some direction. This would be true for example, of
smooth edge contours or of ridges, but not true of corners.

We will assume that the image consists of the edge and
additive white Gaussian noise.
The detection problem is formulated as follows: We be-

gin with an edge of known cross-section bathed in white
Gaussian noise as in Fig. l(a), which shows a step edge.
We convolve this with a filter whose impulse response
could be illustrated by either Fig. 1(b) or (d). The outputs
of the convolutions are shown, respectively, in Fig. l(c)
and (e). We will mark the center of an edge at a local
maximum in the output of the convolution. The design
problem then becomes one of finding the filter which gives
the best performance with respect to the criteria given be-
low. For example, the filter in Fig. l(d) performs much
better than Fig. l(b) on this example, because the re-

sponse of the latter exhibits several local maxima in the
region of the edge.

In summary, the three performance criteria are as fol-
lows:

1) Good detection. There should be a low probability

of failing to mark real edge points, and low probability of
falsely marking nonedge points. Since both these proba-
bilities are monotonically decreasing functions of the out-
put signal-to-noise ratio, this criterion corresponds to
maximizing signal-to-noise ratio.

2) Good localization. The points marked as edge points
by the operator should be as close as possible to the center
of the true edge.

3) Only one response to a single edge. This is implic-
itly captured in the first criterion since when there are two
responses to the same edge, one of them must be consid-
ered false. However, the mathematical form of the first
criterion did not capture the multiple response require-
ment and it had to be made explicit.

A. Detection and Localization Criteria

A crucial step in our method is to capture the intuitive
criteria given above in a mathematical form which is read-
ily solvable. We deal first with signal-to-noise ratio and
localization. Let the impulse response of the filter bef(x),
and denote the edge itself by G(x). We will assume that
the edge is centered at x = 0. Then the response of the

(a)

(b)

(c)

(d)

(e)
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filter to this edge at its center HG is given by a convolution
integral:

+w

HG= J G(-x)f(x)dx
-w

ric, and that its derivatives of odd orders [which appear
in the coefficients of even order in (5)] are zero at the
origin. Equations (4) and (5) give

(1)

assuming the filter has a finite impulse response bounded
by [- W, W]. The root-mean-squared response to the
noise n(x) only, will be

HG(O)x0 = -H(XO) (6)

Now Hx(xo) is a Gaussian random quantity whose vari-
ance is the mean-squared value of Hn(xo), and is given
by

H, = no Lwf2(x) dx] (2)

where n2 is the mean-squared noise amplitude per unit
length. We define our first criterion, the output signal-to-
noise ratio, as the quotient of these two responses.

| G(-x) f(x) dx

SNR =
I+W

nO , f2(x) dZx

(3)

W+ w

E[H, (XO)2] = no2 f '2(X) dx
-w

(7)

where E [ y] is the expectation value of y. Combining this
result with (6) and substituting for HG(0) gives

(8)

+w

n2 f,2(X) dX

E[X2] 2-W2 X2
L G'(-x)f'(x) dx

where 6xo is an approximation to the standard deviation
of xo. The localization is defined as the reciprocal of 6xo.

For the localization criterion, we want some measure
which increases as localization improves, and we will use
the reciprocal of the root-mean-squared distance of the
marked edge from the center of the true edge. Since we
have decided to mark edges at local maxima in the re-
sponse of the operatorf(x), the first derivative of the re-
sponse will be zero at these points. Note also that since
edges are centered at x = 0, in the absence of noise there
should be a local maximum in the response at x = O.

Let Hn(x) be the response of the filter to noise only, and
HG(x) be its response to the edge, and suppose there is a
local maximum in the total response at the point x = xO.
Then we have

Hn(XO) + HG(x0) = 0. (4)

The Taylor expansion of H&(xo) about the origin gives

H&(xo) = HG(O) + HG(0)x0 + O(x0). (5)
By assumption HG(0) = 0, i.e., the response of the fil-

ter in the absence of noise has a local maximum at the
origin, so the first term in the expansion can be ignored.
The displacement xo of the actual maximum is assumed
to be small so we will ignore quadratic and higher terms.
In fact by a simple argument we can show that if the edge
G(x) is either symmetric or antisymmetric, all even terms
in xo vanish. Suppose G(x) is antisymmetric, and express
f(x) as a sum of a symmetric component and an antisym-
metric component. The convolution of the symmetric
component with G(x) contributes nothing to the numerator
of the SNR, but it does contribute to the noise com-
ponent in the denominator. Therefore, if f(x) has any
symmetric component, its SNR will be worse than a
purely antisymmetric filter. A dual argument holds for
symmetric edges, so that if the edge G(x) is symmetric or
antisymmetric, the filterf(x) will follow suit. The net re-
sult of this is that the response HG(x) is always symmet-

Localization

r+W

3 G'(-x)f'(x) dx

nO f "'2(x) dx
(9)

Equations (3) and (9) are mathematical forms for the
first two criteria, and the design problem reduces to the
maximization of both of these simultaneously. In order to
do this, we maximize the product of (3) and (9). We could
conceivably have combined (3) and (9) using any function
that is monotonic in two arguments, but the use of the
product simplifies the analysis for step edges, as should
become clear in Section III. For the present we will make
use of the product of the criteria for arbitrary edges, i.e.,
we seek to maximize

|
W
G(-x) f(x) dx | G'(-x) f'(x) dx

+w +W

no f2(X) dx no
-

f 2(X) dx

(10)

There may be some additional constraints on the solution,
such as the multiple response constraint (12) described
next.

B. Eliminating Multiple Responses
In our specification of the edge detection problem, we

decided that edges would be marked at local maxima in
the response of a linear filter applied to the image. The
detection criterion given in the last section measures the
effectiveness of the filter in discriminating between signal
and noise at the center of an edge. It does not take into
account the behavior of the filter nearby the edge center.
The first two criteria can be trivially maximized as fol-
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lows. From the Schwarz inequality for integrals we can
show that SNR (3) is bounded above by

n-I G|t; G2(x) dx
w

and localization (9) by

I wno 1 81|G'2(x)dCX.

Both bounds are attained, and the product of SNR and
localization is maximized when f(x) = G( - x) in [-
W].
Thus, according to the first two criteria, the optimal

detector for step edges is a truncated step, or difference
of boxes operator. The difference of boxes was used by
Rosenfeld and Thurston [25], and in conjunction with lat-
eral inhibition by Herskovits and Binford [11]. However
it has a very high bandwidth and tends to exhibit many
maxima in its response to noisy step edges, which is a
serious problem when the imaging system adds noise or
when the image itself contains textured regions. These ex-
tra edges should be considered erroneous according to the
first of our criteria. However, the analytic form of this
criterion was derived from the response at a single point
(the center of the edge) and did not consider the interac-
tion of the responses at several nearby points. If we ex-
amine the output of a difference of boxes edge detector
we find that the response to a noisy step is a roughly tri-
angular peak with numerous sharp maxima in the vicinity
of the edge (see Fig. 1).
These maxima are so close together that it is not pos-

sible to select one as the response to the step while iden-
tifying the others as noise. We need to add to our criteria
the requirement that the function f will not have "too
many" responses to a single step edge in the vicinity of
the step. We need to limit the number of peaks in the
response so that there will be a low probability of declar-
ing more than one edge. Ideally, we would like to make
the distance between peaks in the noise response approx-
imate the width of the response of the operator to a single
step. This width will be some fraction of the operator
width W.

In order to express this as a functional constraint on f,
we need to obtain an expression for the distance between
adjacent noise peaks. We first note that the mean distance
between adjacent maxima in the output is twice the dis-
tance between adjacent zero-crossings in the derivative of
the operator output. Then we make use of a result due to
Rice [24] that the average distance between zero-cross-
ings of the response of a function g to Gaussian noise is

( R(O) 112

where R(i) is the autocorrelation function of g. In our
case we are looking for the mean zero-crossing spacing
for the function f'. Now since

R(O) = g2(x) dx and R "(0) = - g'2(x) dx
-00 b z r 00

the mean distance between zero-crossings off' will be
+OD ~ )1/2

'2(x) dx

x,,(f) = r (+

f tOt2(x) dx
\ oo

(12)

The distance between adjacent maxima in the noise re-
sponse of f, denoted Xmax, will be twice xzc. We set this
distance to be some fraction k of the operator width.

Xmax(f) = 2x,,(f) = kW. (13)

This is a natural form for the constraint because the re-
sponse of the filter will be concentrated in a region of
width 2 W, and the expected number of noise maxima in
this region is Nn where

2W 2
N = =-mk

Xmax k
(14)

Fixing k fixes the number of noise maxima that could lead
to a false response.
We remark here that the intermaximum spacing (12)

scales with the operator width. That is, we first define an
operator f, which is the result of stretching f by a factor
of w, fw(x) = f(xlw). Then after substituting into (12) we
find that the intermaximum spacing for f, is x,,( fj) =
wxzc(f ). Therefore, if a function f satisfies the multiple
response constraint (13) for fixed k, then the function f,
will also satisfy it, assuming W scales with w. For any
fixed k, the multiple response criterion is invariant with
respect to spatial scaling of f.

III. FINDING OPTIMAL DETECTORS BY NUMERICAL
OPTIMIZATION

In general it will be difficult (or impossible) to find a
closed form for the functionfwhich maximizes (10) sub-
ject to the multiple response constraint. Even when G has
a particularly simple form (e.g., it is a step edge), the
form offmay be complicated. However, if we are given
a candidate function f, evaluation of (10) and (12) is
straightforward. In particular, if the function f is repre-
sented by a discrete time sequence, evaluation of (10)
requires only the computation of four inner products
between sequences. This suggests that numerical optimi-
zation can be done directly on the sampled operator im-
pulse response.
The output will not be an analytic form for the operator,

but an implementation of a detector for the edge of inter-
est will require discrete point-spread functions anyway. It
is also possible to include additional constraints by using
a penalty method [15]. In this scheme, the constrained
optimization is reduced to one, or possibly several, un-
constrained optimizations. For each constraint we define
a penalty function which has a nonzero value when one
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Fig. 2. A ridge profile and the optimal operator for it.
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(b)

Fig. 3. A roof profile and an optimal operator for roofs.

of the constraints is violated. We then find the f which
maximizes

SNR(f) * Localization (f))-L piPi(f) (15)

where Pi is a function which has a positive value only
when a constraint is violated. The larger the value of ,t
the more nearly the constraints will be satisfied, but at the
same time the greater the likelihood that the problem will
be ill-conditioned. A sequence of values of ,ui may need
to be used, with the final form offfrom each optimization
used as the starting form for the next. The 1ui are increased
at each iteration so that the value of Pi(f ) will be re-
duced, until the constraints are "almost" satisfied.
An example of the method applied to the problem of

detecting "ridge" profiles is shown in Fig. 2. For a ridge,
the function G is defined to be a flat plateau of width w,
with step transitions to zero at the ends. The auxiliary
constraints are

* The multiple response constraint. This constraint is
taken directly from (12), and does not depend on the form
of the edge.

* The operator should have zero dc component. That
is it should have zero output to constant input.

Since the width of the operator is dependent on the
width of the ridge, there is a suggestion that several widths
of operators should be used. This has not been done in
the present implementation however. A wide ridge can be
considered to be two closely spaced edges, and the im-

plementation already includes detectors for these. The
only reason for using a ridge detector is that there are
ridges in images that are too small to be dealt with effec-
tively by the narrowest edge operator. These occur fre-
quently because there are many edges (e.g., scratches and
cracks or printed matter) which lie at or beyond the res-
olution of the camera and result in contours only one or
two pixels wide.
A similar procedure was used to find an optimal oper-

ator for roof edges. These edges typically occur at the
concave junctions of two planar faces in polyhedral ob-
jects. The results are shown in Fig. 3. Again there are
two subsidiary constraints, one for multiple responses and
one for zero response to constant input.
A roof edge detector has not been incorporated into the

implementation of the edge detector because it was found
that ideal roof edges were relatively rare. In any case the
ridge detector is an approximation to the ideal roof detec-
tor, and is adequate to cope with roofs. The situation may
be different in the case of an edge detector designed ex-
plicitly to deal with images of polyhedra, like the Bin-
ford-Horn line-finder [14].
The method just described has been used to find optimal

operators for both ridge and roof profiles and in addition
it successfully finds the optimal step edge operator de-
rived in Section IV. It should be possible to use it to find
operators for arbitrary one-dimensional edges, and it
should be possible to apply the method in two dimensions
to find optimal detectors for various types of corner.
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IV. A D[ETECIOR FOR STEP EDGES

We now specialize the results of the last section to the
case where the input G(x) is step edge. Specifically we set
G(x) Au (x) where it, (Y) is the nth derivative of a delta
function, and A is the amplitude of the sterp That is,

It (X) -
(0 fo x < 0;

(A, fro.-x-: 0 i

and substituting for G(x) in (3) and (9) gives

step edge detector. Through spatial scaling of f we can
trade off detection performance against localization, but
we cannot improve both simultaneously. This suggests
that a natural choice for the composite criterion would be
the product of (19) and (20). since this product would be
invariant under changes in scale.

(16)

2(f) A(f') -

0

1X f(x) dx

2+(w Lx +fw

-W

f ()d
-Wf2wd

(22)

SNR

Localization

A f(x) dx
r- -?W

F( +WK

no, 01 2(X) dX

Aif'(O)i
ilz

l -4 W.
no 1I f' (x) di

Both of these criteria improve directly with the ratio
A/no which might be termed the signal-to-noise ratio of

the image. We now remove this dependence on the image
and define two performance measures and A which de-
pend on the filter only:

A
SNR - -2(f)

no
I2(f) -

\10

+W.

ff(x) dx

(19)

Localization - A A(fJ)
~f,2(x) dX

(20)

Suppose now that we form a spatially scaled filter f,
from f, where fj (x) -f(/w). Recall from the end of Sec-

tion 11 that the multiple response criterion is unaffected by
spatial scaling. When we substitute ft into (19) and (20)
we obtairn for the performance of the scaled filter:

I

2(ff) wE2(f) and A(f't) A(f'). (21)
w

The first of these equations is quite intuitive, and im-

plies that a filter with a broad impulse response will have

better signal-to-noise ratio than a narrow filter when ap-
plied to a step edge. The second is less obvious, and it

implies that a narrow filter will give better localization
than a broad one. What is surprising is that the changes
are inversely related, that is, both criteria either increase

or decrease by U There is an uncertainty principle re-

lating the detection and localization performance of the

(17) The solutions to the maximization of this expression
will be a class offunctions all related by spatial scaling.
In fact this result is independent of the method of com-
bination of the criteria. To see this we assume that there

18 is a function f which gives the best localization A for a
(18) narticular E. That is we find f such that

2(f) cl and A(f') is maximized. (23)

Now suppose we seek a second function f, which gives
the best possible localization while its signal-to-noise ratio
is fixed to a different value, i.e.,

E(fv) = C2 while A(f,) is maximized. (24)

If we now define f1(x) in terms offi(x) as f1(x) = fJ,(xw)
where

}S-c2 lc

then the constraint on ft in (24) translates to a constraint
on f, which is identical to (23), and (24) can be rewritten
as

E(f1) = c1 and A(f1) is maximized (25)
w

which has the solution f - f So if we find a single such
function f, we can obtain maximal localization for any
fixed signal-to-noise ratio by scaling f. The design prob-
lem for step edge detection has a single uniquie (up to spa-
tial scaling) solution regardless of the absolute values of
signal to noise ratio or localization.
The optimal filter is implicitly defined by (22), but we

must transform the problem slightly before we can apply
the calculus of variations. Specifically, we transform the
maximization of (22) into a constrained minimization that
involves only integral functionals. All but one of the in-
tegrals in (22) are set to undetermined constant values.
We then find the extreme value of the remaining integral
(since it will correspond to an extreme in the total expres-
sion) as a function of the undetermined constants. The
values of the constants are then chosen so as to maximize
the original expression, which is now a function only of
these constants. Given the constants, we can uniquely
specify the function f(x) which gives a maximum of the
composite criterion.
A second modification involves the limits of the inte-

grals. The two integrals in the denominator of (22) have
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limits at + W and - W, while the integral in the numer-
ator has one limit at 0 and the other at - W. Since the
function f should be antisymmetric, we can use the latter
limits for all integrals. The denominator integrals will
have half the value over this subrange that they would
have over the full range. Also, this enables the value of
f'(0) to be set as a boundary condition, rather than ex-
pressed as an integral of f". If the integral to be mini-
mized shares the same limits as the constraint integrals,
it is possible to exploit the isoperimetric constraint con-
dition (see [6, p. 216]). When this condition is fulfilled,
the constrained optimization can be reduced to an uncon-
strained optimization using Lagrange multipliers for the
constraint functionals. The problem of finding the maxi-
mum of (22) reduces to the minimization of the integral
in the denominator of the SNR term, subject to the con-
straint that the other integrals remain constant. By the
principle of reciprocity, we could have chosen to extrem-
ize any of the integrals while keeping the others constant,
and the solution should be the same.
We seek some function f chosen from a space of ad-

missible functions that minimizes the integral
0

f2(x) dx
-w

subject to
o

f(x) dx = cl

f"2(x) dX = C3
-U1

(26)

0

tf2(X) dX = C2

Substituting,

T(x,f, f") =f2 + XIf'2 + X2f + X3f (28)
It may be seen from the form of this equation that the

choice of which integral is extremized and which are con-
straints is arbitrary, the solution will be the same. This is
an example of the reciprocity that was mentioned earlier.
The choice of an integral from the denominator is simply
convenient since the standard form of variational problem
is a minimization problem. The Euler equation that cor-
responds to the functional 4' is

d d2
*f- dx 4's + dX2

*
f =1 0 (29)

where If denotes the partial derivative of 4 with respect
tof, etc. We substitute for 4 from (28) in the Euler equa-
tion giving:

2f(x) - 2Xlf"(x) + 2X2f."" (X) + X3 = 0- (30)
The solution of this differential equation is the sum of

a constant and a set of four exponentials of the form e x

where 7y derives from the solution of the corresponding
homogeneous differential equation. Now ay must satisfy

2 - 2XI'y2 + 2X2y4 0

so

2 x X1 - 4X2
e 2= + __2X2- 2X2 (31)

f'(0) = C4. (27)

The space of admissible functions in this case will be
the space of all continuous functions that satisfy certain
boundary conditions, namely that f(0) = 0 and f( - W)
= 0. These boundary conditions are necessary to ensure

that the integrals evaluated over finite limits accurately
represent the infinite convolution integrals. That is, if the
nth derivative off appears in some integral, the function
must be continuous in its (n - l)st derivative over the
range (- 0o, + oo). This implies that the values off and
its first (n - 1) derivatives must be zero at the limits of
integration, since they are zero outside this range.

The functional to be minimized is of the form i bF(x, f,

f', f ") and we have a series of constraints that can be
written in the form X bGi (X,f, f ',f") = ci. Since the con-

straints are isoperimetric, i.e., they share the same limits
of integration as the integral being minimized, we can

form a composite functional using Lagrange multipliers
[6]. The functional is a linear combination of the func-
tionals that appear in the expression to be minimized and
in the constraints. Finding a solution to the unconstrained
maximization of * (x, f, f ', f ") is equivalent to finding the
solution to the constrained problem. The composite func-
tional is

*(x, f, f', f") = F(x, f, f', f") + XI G1(x, f, f', f")

+ X2G2(x,f, f ', f") + . . .

This equation may have roots that are purely imaginary,
purely real, or complex depending on the values of X 1 and
X 2. From the composite functional 4' we can infer that 2
is positive (since the integral off"2 is to be minimized)
but it is not clear what the sign or magnitude of X1 should
be. The Euler equation supplies a necessary condition for
the existence of a minimum, but it is not a sufficient con-
dition. By formulating such a condition we can resolve
the ambiguity in the value of X l. To do this we must con-
sider the second variation of the functional. Let

xo

Then by Taylor's theorem (see also [6, p. 214]),

J[f + eg] = J[f] + EJ1[f, g] + 26'2[f + Pg, g]

where p is some number between 0 and c, and g is chosen
from the space of admissible functions, and where

J1[f, g] = , 'fg + 4'1g' + *f"g dx

xi

J21f, g] = X 'ffg2 + Tffg,2 + 'f f"g,,2
xo

+ 24Nffgg' + 2*ff,fg'g" + 2'ff"gf dx.

(32)
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Note that J, is nothing more than the integral of g times
the Euler equation forf (transformed using integration by
parts) and will be zero iff satisfies the Euler equation. We
can now define the second variation 6 2J as

62J 6 JIf g]-

The necessary condition for a minimum is 6 2J > 0. We
compute the second partial derivatives of T from (28) and
we get

Jil[f g- 2g2 + 2X1g2 + 2X2g'2dx . 0.rlO

(33)
Using the fact that g is an admissible function and there-
fore vanishes at the integration limits, we transform the
above using integration by parts to

2 g2 - X1gg, + X.g,2 adx 0

which can be written as

2 (g2 X
if + (X2 - X) gi2 dx) 0.

The integral is guaranteed to be positive if the expression
being integrated is positive for all x, so if

4X, > XI
then the integral will be positive for all x and for arbitrary
g, and the extremum will certainly be a minimum. If we
refer back to (31) we find that this condition is precisely
that which gives complex roots for -y, so we have both
guaranteed the existence of a minimum and resolved a
possible ambiguity in the form of the solution. We can
now proceed with the derivation and assume four complex
roots of the form +y= +a ± iw with oa, w real. Now y2

a2 w2 + 2 iaw and equating real and imaginary parts
with (31) we obtain

a2
2 2_ X

2

X ?2 4X2 I

2> and 4ae o = A2

The general solution in the range [- W, 0] may now be
written

ft(x) = a Ie'x sin wx + a2e"x cos cox + a3e-x

sin wx + a4e-" cos wx + c. (35)

This function is subject to the boundary conditions

f(0) = 0 f(-W) = 0 f'(0) = s f'(-W) = 0

where s is an unknown constant equal to the slope of the
function f at the origin. Since f(x) is asymmetric, we can

extend the above definition to the range [- W, W] using
f(-x) = -f(x). The four boundary conditions enable us

to solve for the quantities a1 through a4 in terms of the
unknown constants a, co, c, and s. The boundary condi-
tions may be rewritten

a. + a4 + c = 0

a,ea sin w + a,ea cos w + a3e t sin X

+ a4e a cos w -+ c 0

a,w + a2U + a3W- a4U - S

aIea(ax sin w + w cos w) + a2e o(a cos w

- w sin w) + a3e- (-a sin w + w cos w)

+ a4e-Uc-(u cos w - w sin c) - 0. (36)

These equations are linear in the four unknowns a1, a2,
a3, a4 and when solved they yield

a, - c(oe(3 - a) sin 2w - aco cos 2w + (-2w2 sinh a

+ 2a 2e -) sin w + 2aw sinh a cos w

+ we 2o (u + l3)- 3)/4(w2 sinh2 o- a sin2 w)

a2 = c(a(3 - a) cos 2w + aw sin 2w - 2aw cosh a

* sin w-2w2 sinh a cos co + 2w 2e sinh a

+ a(a - 3))/4(w2 sinh2 a _ ae2 sin2 w)

a3 = c(-au (3 + ae) sin 2w + aw cos 2w + (2w2 sinh a

+ 2a 2e') sin w + 2aw) sinh a cos w

+ we2a (j - a) - f3w)14(wS2 sinh2 a - a2 sin2 w)

a4 = c(-a($ + a) cos 2w - ao sin 2w + 2aw cosh a

sin w + 2w2 sinh a cos w - 2w2ea sinh a

+ a(a -_3))/4(w2 sinh2 a - c2 sinwC) (37)

where f3 is the slope s at the origin divided by the constant
c. On inspection of these expressions we can see that a3
can be obtained from a1 by replacing a by -a, and sim-
ilarly for a4 from a2.
The functionf is now parametrized in terms of the con-

stants a, w, (, and c. We have still to find the values of
these parameters which maximize the quotient of integrals
that forms our composite criterion. To do this we first
express each of the integrals in terms of the constants.
Since these integrals are very long and uninteresting, they
are not given here but may be found in [4]. We have re-
duced the problem of optimizing over an infinite-dimen-
sional space of functions to a nonlinear optimization in
three variables a, w, and 3 (not surprisingly, the com-
bined criterion does not depend on c). Unfortunately the
resulting criterion, which must still satisfy the multiple
response constraint, is probably too complex to be solved
analytically, and numerical methods must be used to pro-
vide the final solution.
The shape of f will depend on the multiple response

constraint, i.e., it will depend on how far apart we force
the adjacent responses. Fig. 5 shows the operators that
result from particular choices of this distance. Recall that
there was no single best function for arbitrary w, but a
class of functions which were obtained by scaling a pro-
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totype function by w. We will want to force the responses
further apart as the signal-to-noise ratio in the image is
lowered, but it is not clear what the value of signal-to-
noise ratio will be for a single operator. In the context in
which this operator is used, several operator widths are
available, and a decision procedure is applied to select the
smallest operator that has an output signal-to-noise ratio
above a fixed threshold. With this arrangement the oper-
ators will spend much of the time operating close to their
output E thresholds. We try to choose a spacing for which
the probability of a multiple response error is comparable
to the probability of an error due to thresholding.
A rough estimate for the probability of a spurious max-

imum in the neighborhood of the true maximum can be
formed as follows. If we look at the response off to an
ideal step we find that its second derivative has magnitude
Af '(0) at x = 0. There will be only one maximum near

the center of the edge if Af '(0) is greater than the sec-
ond derivative of the response to noise only. This latter
quantity, denoted s,n is a Gaussian random variable with
standard deviation

,+W \1/2

no as = n(j fit2(x) dx)
-w

The probability Pm that the noise slope Sn exceeds Af' (0)
is given in terms of the normal distribution function 4)

PM 1 - (A 1f'(O)I) (38)
noas

We can choose a value for this probability as an ac-
ceptable error rate and this will determine the ratio off'(0)
to as. We can relate the probability of a multiple response
pm to the probability of falsely marking an edge pf which
is

pf = I - -)E(39)

by setting pm = pf. This is a natural choice since it makes
a detection error or a multiple response error equally
likely. Then from (38) and (39) we have

If'(°) = E. (40)
Os

In practice it was impossible to find filters which sat-
isfied this constraint, so instead we search for a filter sat-
isfying

If'(0)I = rE
OS

(41)

where r is as close as possible to 1. The performance in-
dexes and parameter values for several filters are given in
Fig. 4. The ai coefficients for all these filters can be found
from (37), by fixing c to, say, c = 1. Unfortunately, the
largest value of r that could be obtained using the con-
strained numerical optimization was about 0.576 for filter
number 6 in the table. In our implementation, we have

Filtcr Parameters
n x,z E1A r a w =_
1 0.15 4.21 0.215 21.59550 0.12250 63.97566
2 0.3 2.87 0.313 12.47120 0.38284 31.26860
3 0.5 2.13 0.417 7.85869 2.62856 18.28800
4 0.8 1.57 0.515 5.06500 2.56770 11.06100
5 1.0 1.33 0.561 3.45580 0.07161 4.80684

1.2 1.12 0.576 2.05220 1.569:39 2.91540
7 141 0.75 0.484 0.00297 3.50350 7.47700

Fig. 4. Filter parameters and performance measures for the filters illus-
trated in Fig. 5.

approximated this filter using the first derivative of a
Gaussian as described in the next section.
The first derivative of Gaussian operator, or even filter

6 itself, should not be taken as the final word in edge
detection filters, even with respect to the criteria we have
used. If we are willing to tolerate a slight reduction in
multiple response performance r, we can obtain signifi-
cant improvements in the other two criteria. For example,
filters 4 and 5 both have significantly better EA product
than filter 6, and only slightly lower r. From Fig. 5 we
can see that these filters have steeper slope at the origin,
suggesting that the performance gain is mostly in locali-
zation, although this has not been verified experimentally.
A thorough empirical comparison of these other operators
remains to be done, and the theory in this case is unclear
on how best to make the tradeoff.

V. AN EFFICIENT APPROXIMATION
The operator derived in the last section as filter number

6, and illustrated in Fig. 6, can be approximated by the
first derivative of a Gaussian G'(x), where

( 2G(x) = exp (-N2)

The reason for doing this is that there are very efficient
ways to compute the two-dimensional extension of the fil-
ter if it can be represented as some derivative of a Gauss-
ian. This is described in detail elsewhere [4], but for the
present we will compare the theoretical performance of a
first derivative of a Gaussian filter to the optimal operator.
The impulse response of the first derivative filter is

x-x\-
f(x) = - ~exp (-2X~~~2r (42)

and the terms in the performance criteria have the values

If'(O)l=
OS

0

-0

f(x) dx = 1

f'2(x) dx --3
_ 00 4a

+0

f2(x) dx =VI
-00 2a

ft 2(x) dx =-00 8a5

(43)
The overall performance index for this operator is
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Fig. 5. Optimal step edge operators for various values of x19.. From top
to bottom, they are x,,,,

= 0. 15, 0.3, 0.5. 0.8. 1.0. 1.2. 1.4.

(a)

(b)

Fig. 6. (a) The optimal step edge operator. (b) The first derivative of a

Gaussian.

EA --0.92
3w-

while the r value is, from (41),

r = --zz0.5 1
15I

The performnance of the first derivative of Gaussian op-

(44) erator above is worse than the optimal operator by about

20 percent and its multiple response measure r, is worse

by about 10 percent. It would probably be difficult to de-

tect a difference of this magnitude by looking at the per-

formance of the two operators on real images, and be-

cause the first derivative of Gaussian operator can be

computed with much less effort in two dimensions, it has

2

3

4

5

6

7

688

I

-0.62e 37

Authorized licensed use limited to: Peking University. Downloaded on April 8, 2009 at 08:11 from IEEE Xplore.  Restrictions apply.

Avidbots Ex1005 
Page 10 of 146



CANNY: COMPUTATIONAL APPROACH TO EDGE DETECTION

been used exclusively in experiments. The impulse re-
sponses of the two operators can be compared in Fig. 6.
A close approximation of the first derivative of Gauss-

ian operator was suggested by Macleod [16] for step edge
detection. Macleod's operator is a difference of two dis-
placed two-dimensional Gaussians. It was evaluated in
Fram and Deutsch [7] and compared very favorably with
several other schemes considered in that paper. There are
also strong links with the Laplacian of Gaussian operator
suggested by Marr and Hildreth [18]. In fact, a one-di-
mensional Marr-Hildreth edge detector is almost identi-
cal with the operator we have derived because maxima in
the output of a first derivative operator will correspond to
zero-crossings in the Laplacian operator as used by Marr
and Hildreth. In two dimensions however, the directional
properties of our detector enhance its detection and local-
ization performance compared to the Laplacian. Another
important difference is that the amplitude of the response
at a maximum provides a good estimate of edge strength,
because the SNR criterion is the ratio of this response to
the noise response. The Marr-Hildreth operator does not
use any form of thresholding, but an adaptive threshold-
ing scheme can be used to advantage with our first deriv-
ative operator. In the next section we describe such a
scheme, which includes noise estimation and a novel
method for thresholding edge points along contours.
We have derived our optimal operator to deal with

known image features in Gaussian noise. Edge detection
between textured regions is another important problem.
This is straightforward if the texture can be modelled as
the response of some filter t (x) to Gaussian noise. We can
then treat the texture as a noise signal, and the response
of the filterf(x) to the texture is the same as the response
of the filter (f * t) (x) to Gaussian noise. Making this
replacement in each integral in the performance criteria
that computes a noise response gives us the texture edge
design problem. The generalization to other types of tex-
ture is not as easy, and for good discrimination between
known texture types, a better approach would involve a
Markov image model as in [5].

VI. NOISE ESTIMATION AND THRESHOLDING
To estimate noise from an operator output, we need to

be able to separate its response to noise from the response
due to step edges. Since the performance of the system
will be critically dependent on the accuracy of this esti-
mate, it should also be formulated as an optimization.
Wiener filtering is a method for optimally estimating one
component of a two-component signal, and can be used
to advantage in this application. It requires knowledge of
the autocorrelation functions of the two components and
of the combined signal. Once the noise component has
been optimally separated, we form a global histogram of
noise amplitude, and estimate the noise strength from
some fixed percentile of the noise signal.

Let gl(x) be the signal we are trying to detect (in this
case the noise output), and g2(x) be some disturbance
(paradoxically this will be the edge response of our filter),

then denote the autocorrelation function of g, as RII(r)
and that of g2 as R22(T), and their cross-correlation as
R12(T), where the correlation of two real functions is de-
fined as follows:

r+
Rij(T) = gi(x) g1(x + r) dx.

We assume in this case that the signal and disturbance
are uncorrelated, so R12 (T) = 0. The optimal filter is K(x),
which is implicitly defined as follows [30]:

r+
R11(T) = J (R1I(T- x) + R22(T - x)) K(x) dx.

Since the autocorrelation of the output of a filter in re-
sponse to white noise is equal to the autocorrelation of its
impulse response, we have

RI1(x) = k__- 1) exp (-4$2)

If g2 is the response of the operator derived in (42) to a
step edge then we will have g2 (x) = k exp (- x12 o2) and

R22 (x) = k2 exp 2

In the case where the amplitude of the edge is large
compared to the noise, R22 + RI, is approximately a
Gaussian and RI, is the second derivative of a Gaussian
of the same a. Then the optimal form of K is the second
derivative of an impulse function.
The filter K above is convolved with the output of the

edge detection operator and the result is squared. The next
step is the estimation of the mean-squared noise from the
local values. Here there are several possibilities. The sim-
plest is to average the squared values over some neigh-
borhood, either using a moving average filter or by taking
an average over the entire image. Unfortunately, experi-
ence has shown that the filter K is very sensitive to step
edges, and that as a consequence the noise estimate from
any form of averaging is heavily colored by the density
and strength of edges.

In order to gain better separation between signal and
noise we can make use of the fact that the amplitude dis-
tribution of the filter response tends to be different for
edges and noise. By our model, the noise response should
have a Gaussian distribution, while the step edge response
will be composed of large values occurring very infre-
quently. If we take a histogram of the filter values, we
should find that the positions of the low percentiles (say
less than 80 percent) will be determined mainly the noise
energy, and that they are therefore useful estimators for
noise. A global histogram estimate is actually used in the
current implementation of the algorithm.
Even with noise estimation, the edge detector will be

susceptible to streaking if it uses only a single threshold.
Streaking is the breaking up of an edge contour caused by
the operator output fluctuating above and below the
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(a)

(b)
Fig. 7. (a) Parts image, 576 by 454 pixels. (b) Image thesholded at T,. (c)
Image thresholded at 2 T,. (d) Image thresholded with hysteresis using
both the thresholds in (a) and (b).

threshold along the length of the contour. Suppose we
have a single threshold set at T1, and that there is an edge
in the image such that the response of the operator has
mean value T1. There will be some fluctuation of the out-
put amplitude due to noise, even if the noise is very slight.
We expect the contour to be above threshold only about
half the time. This leads to a broken edge contour. While
this is a pathological case, streaking is a very common

problem with edge detectors that employ thresholding. It
is very difficult to set a threshold so that there is small
probability of marking noise edges while retaining high
sensitivity. An example of the effect of streaking is given
in Fig. 7.
One possible solution to this problem, used by Pentland

[22] with Marr-Hildreth zero-crossings, is to average the
edge strength of a contour over part of its length. If the
average is above the threshold, the entire segment is
marked. If the average is below threshold, no part of the
contour appears in the output. The contour is segmented
by breaking it at maxima in curvature. This segmentation
is necessary in the case of zero-crossings since the zero-

crossings always form closed contours, which obviously
do not always correspond to contours in the image.

In the current algorithm, no attempt is made to preseg-
ment contours. Instead the thresholding is done with hys-
teresis. If any part of a contour is above a high threshold,
those points are immediately output, as is the entire con-

nected segment of contour which contains the points and
which lies above a low threshold. The probability of
streaking is greatly reduced because for a contour to be
broken it must now fluctuate above the high threshold and
below the low threshold. Also the probability of isolated
false edge points is reduced because the strength of such
points must be above a higher threshold. The ratio of the
high to low threshold in the implementation is in the range

two or three to one.

VII. Two OR MORE DIMENSIONS
In one dimension we can characterize the position of a

step edge in space with one position coordinate. In two
dimensions an edge also has an orientation. In this section
we will use the term "edge direction" to mean the direc-
tion of the tangent to the contour that the edge defines in
two dimensions. Suppose we wish to detect edges of a

particular orientation. We create a two-dimensional mask
for this orientation by convolving a linear edge detection

(c)

(d)
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function aligned normal to the edge direction with a pro-
jection function parallel to the edge direction. A substan-
tial savings in computational effort is possible if the pro-
jection function is a Gaussian with the same a as the (first
derivative of the) Gaussian used as the detection function.
It is possible to create such masks by convolving the im-
age with a symmetric two-dimensional Gaussian and then
differentiating normal to the edge direction. In fact we do
not have to do this in every direction because the slope of
a smooth surface in any direction can be determined ex-
actly from its slope in two directions. This form of direc-
tional operator, while simple and inexpensive to compute,
forms the heart of the more elaborate detector which will
be described in the next few sections.

Suppose we wish to convolve the image with an oper-
ator Gn which is the first derivative of a two-dimensional
Gaussian G in some direction n, i.e.,

G = exp X2+Y2)

and

aG
G =-= n * VG. (45)

an

Ideally, n should be oriented normal to the direction of
an edge to be detected, and although this direction is not
known a priori, we can form a good estimate of it from
the smoothed gradient direction

n IV(G *)I (46)
where * denotes convolution. This turns out to be a very
good estimator for edge normal direction for steps, since
a smoothed step has strong gradient normal to the edge.
It is exact for straight line edges in the absence of noise,
and the Gaussian smoothing keeps it relatively insensitive
to noise.
An edge point is defined to be a local maximum (in the

direction n) of the operator Gn applied to the image I. At
a local maximum, we have

a-G, * i = Oan

and substituting for Gn from (45) and associating Gauss-
ian convolution, the above becomes

a2
an2G * I = 0. (47)

At such an edge point, the edge strength will be the mag-
nitude of

IGn * II = IV(G*I)I. (48)
Because of the associativity of convolution, we can first

convolve with a symmetric Gaussian G and then compute
directional second derivative zeros to locate edges (47),
and use the magnitude of (48) to estimate edge strength.
This is equivalent to detecting and locating the edge using

the directional operator G, but we need not know the
direction n before convolution.
The form of nonlinear second derivative operator in (47)

has also been used by Torre and Poggio [28] and by Har-
alick [10]. It also appears in Prewitt [23] in the context
of edge enhancement. A rather different two-dimensional
extension is proposed by Spacek [26] who uses one-di-
mensional filters aligned normal to the edge direction but
without extending them along the edge direction. Spacek
starts with a one-dimensional formulation which maxi-
mizes the product of the three performance criteria de-
fined in Section II, and leads to a step edge operator which
differs slightly from the one we derived in Section IV.
Gennert [8] addresses the two-dimensional edge detector
problem directly, and applies a set of directional first de-
rivative operators at each point in the image. The opera-
tors have limited extent along the edge direction and pro-
duce good results at sharp changes in edge orientation and
corners.
The operator (47) actually locates either maxima or

minima by locating the zero-crossings in the second de-
rivative in the edge direction. In principle it could be used
to implement an edge detector in an arbitrary number of
dimensions, by first convolving the image with a sym-
metric n-dimensional Gaussian. The convolution with an
n-dimensional Gaussian is highly efficient because the
Gaussian is separable into n one-dimensional filters.
But there are other more pressing reasons for using a

smooth projection function such as a Gaussian. When we
apply a linear operator to a two-dimensional image, we
form at every point in the output a weighted sum of some
of the input values. For the edge detector described here,
this sum will be a difference between local averages on
different sides of the edge. This output, before nonmaxi-
mum suppression, represents a kind of moving average of
the image. Ideally we would like to use an infinite pro-
jection function, but real edges are of limited extent. It is
therefore necessary to window the projection function [9].
If the window function is abruptly truncated, e.g., if it is
rectangular, the filtered image will not be smooth because
of the very high bandwidth of this window. This effect is
related to the Gibbs phenomenon in Fourier theory which
occurs when a signal is transformed over a finite window.
When nonmaximum suppression is applied to this rough
signal we find that edge contours tend to "wander" or
that in severe cases they are not even continuous.
The solution is to use a smooth window function. In

statistics, the Hamming and Hanning windows are typi-
cally used for moving averages. The Gaussian is a rea-
sonable approximation to both of these, and it certainly
has very low bandwidth for a given spatial width. (The
Gaussian is the unique function with minimal product of
bandwidth and frequency.) The effect of the window
function becomes very marked for large operator sizes and
it is probably the biggest single reason why operators with
large support were not practical until the work of Marr
and Hildreth on the Laplacian of Gaussian.

It is worthwhile here to compare the performance of
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this kind of directional second derivative operator with
the Laplacian. First we note that the two-dimensional La-
placian can be decomposed into components of second
derivative in two arbitrary orthogonal directions. If we
choose to take one of the derivatives in the direction of
principal gradient. we find that the operator output will
contain one contribution that is essentially the same as the
operator described above, and also a contribution that is
aligned along the edge direction. This second component
contributes nothing to localization or detection (the sur-
face is roughly constant in this direction), but increases
the output noise.

In later sections we will describe an edge detector which
incorporates operators of varying orientation and aspect
ratio, but these are a superset of the operators used in the
simple detector described above. In typical images, most
of the edges are marked by the operators of the smallest
width, and most of these by nonelongated operators. The
simple detector performs well enough in these cases, and
as detector complexity increases, performance gains tend
to diminish. However, as we shall see in the following
sections, there are cases when larger or more directional
operators should be used, and that they do improve per-
formance when they are applicable. The key to making
such a complicated detector produce a coherent output is
to design effective decision procedures for choosing be-
tween operator outputs at each point in the image.

VIII. THE NEED FOR MULTIPLE WIDTHS

Having determined the optimal shape for the operator,
we now face the problem of choosing the width of the
operator so as to give the best detection/localization
tradeoff in a particular application. In general the signal-
to-noise ratio will be different for each edge within an
image, and so it will be necessary to incorporate several
widths of operator in the scheme. The decision as to which
operator to use must be made dynamically by the algo-
rithm and this requires a local estimate of the noise energy
in the region surrounding the candidate edge. Once the
noise energy is known, the signal-to-noise ratios of each
of the operators will be known. If we then use a model of
the probability distribution of the noise, we can effec-
tively calculate the probability of a candidate edge being
a false edge (for a given edge, this probability will be
different for different operator widths).

If we assume that the a priori penalty associated with
a falsely detected edge is independent of the edge strength,
it is appropriate to threshold the detector outputs on prob-
ability of error rather than on magnitude of response. Once
the probability threshold is set, the minimum acceptable
signal-to-noise ratio is determined. However, there may
be several operators with signal-to-noise ratios above the
threshold, and in this case the smallest operator should be
chosen, since it gives the best localization. We can afford
to be conservative in the setting of the threshold since
edges missed by the smallest operators may be picked up
by the larger ones. Effectively the global tradeoff between
error rate and localization remains, since choosing a high

signal-to-noise ratio threshold leads to a lower error rate,
but will tend to give poorer localization since fewer edges
will be recorded from the smaller operators.

In summary then, the first heuristic for choosing be-
tween operator outputs is that small operator widths
should be used whenever they have sufficient E. This is
similar to the selection criterion proposed by Marr and
Hildreth [18] for choosing between different Laplacian of
Gaussian channels. In their case the argument was based
on the observation that the smaller channels have higher
resolution, i.e., there is less possibility of interference
from neighboring edges. That argument is also very rel-
evant in the present context, as to date there has been no
consideration of the possibility of more than one edge in
a given operator support. Interestingly, Rosenfeld and
Thurston [25] proposed exactly the opposite criterion in
the choice of operator for edge detection in texture. The
argument given was that the larger operators give better
averaging and therefore (presumably) better signal-to-
noise ratios.
Taking the fine-to-coarse heuristic as a starting point,

we need to form a local decision procedure that will en-
able us to decide whether to mark one or more edges when
several operators in a neighborhood are responding. If the
operator with the smallest width responds to an edge and
if it has a signal-to-noise ratio above the threshold, we
should immediately mark an edge at that point. We now
face the problem that there will almost certainly be edges
marked by the larger operators, but that these edges will
probably not be exactly coincident with the first edge. A
possible answer to this would be to suppress the outputs
of all nearby operators. This has the undesirable effect of
preventing the large channels for responding to "fuzzy"
edges that are superimposed on the sharp edge.

Instead we use a "feature synthesis" approach. We be-
gin by marking all the edges from the smallest operators.
From these edges, we synthesize the large operator out-
puts than would have been produced if these were the only
edges in the image. We then compare the actual operator
outputs to the synthetic outputs. We mark additional edges
only if the large operator has significantly greater re-
sponse than what we would predict from the synthetic out-
put. The simplest way to produce the synthetic outputs is
to take the edges marked by a small operator in a partic-
ular direction, and convolve with a Gaussian normal to
the edge direction for this operator. The a of this Gaussian
should be the same as the a of the large channel detection
filter.

This procedure can be applied repeatedly to first mark
the edges from the second smallest scale that were not
marked by at the first, and then to find the edges from the
third scale that were not marked by either of the first two,
etc. Thus we build up a cumulative edge map by adding
those edges at each scale that were not marked by smaller
scales. It turns out that in many cases the majority of edges
are picked up by the smallest channel, and the later chan-
nels mark mostly shadow and shading edges, or edges be-
tween textured regions.
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(a)

(b)
Fig. 8. (a) Edges from parts image at a = 1.0. (b) Edges at a = 2.0. (c)
Superposition of the edges. (d) Edges combined using feature synthesis.

Some examples of feature synthesis applied to some

sample images are shown in Figs. 8 and 9. Notice that
most of the edges in Fig. 8 are marked by the smaller
scale operator, and only a few additional edges, mostly
shadows, are picked up by the coarser scale. However
when the two sets of edges are superimposed, we notice
that in many cases the responses of the two operators to
the same edge are not spatially coincident. When feature
synthesis is applied we find that redundant responses of
the larger operator are eliminated leading to a sharp edge
map.

By contrast, in Fig. 9 the edges marked by the two op-

erators are essentially independent, and direct superposi-
tion of the edges gives a useful edge map. When we apply
feature synthesis to these sets of edges we find that most
of the edges at the coarser scale remain. Both Figs. 8 and
9 were produced by the edge detector with exactly the
same set of parameters (other than operator size), and they
were chosen to represent opposing extremes of image
content across scale.

IX. THE NEED FOR DIRECTIONAL OPERATORS
So far we have assumed that the projection function is

a Gaussian with the same a as the Gaussian used for the

detection function. In fact both the detection and locali-
zation of the operator improve as the length of the projec-
tion function increases. We now prove this for the oper-

ator signal-to-noise ratio. The proof for localization is
similar. We will consider a step edge in the x direction
which passes through the origin. This edge can be repre-

sented by the equation

I(x, y) = Au i(y)
where u_ 1 is the unit step function, and A is the amplitude
of the edge as before. Suppose that there is additive
Gaussian noise of mean squared value n

2
per unit area.

If we convolve this signal with a filter whose impluse re-

sponse is f(x, y), then the response to the edge (at the
origin) is

J
c

f(x,y)dxdy.

The root mean squared response to the noise only is
+oo fr+ 1/2

noo00 f2hqhY)sdXdyw
The signal-to-noise ratio is the quotient of these two

(c)

(d)
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(a) (c)

(b) (d)

(e)
Fig. 9. (a) Handywipe image 576 by 454 pixels. (b) Edges from handy-
wipe image at a = 1.0. (c) a = 5.0. (d) Superposition of the edges. (e)
Edges combined using feature synthesis.
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(a)

all,,io thionJS AR-llLr.TI Si00--<f87~35 at g.'4
(b) ejc

(c)

Fig. 10. Directional step edge ma
direction. (b) Cross section noi
sional impulse responses of sevi

integrals, and will be denoted by E. We have already seen
what happens if we scale the function nornal to the edge
(21). We now do the same to the projection function by
replacing f(x, y) by f,(x, y) = f(x, (yll)). The integrals
become

-0 -cof (x, Y) dx dy
-c 0 0

+00 dXd )1/2

f2

.-00o
noo ( o

(Sr+0 1+0 1/2=noo (tJ' f2(x, y,)l dx dy,) (49)

And the ratio of the two is now IIE. The localization
A also improves as . It is clearly desirable that we use

as large a projection function as possible. There are prac-

tical limitations on this however, in particular edges in an
image are of limited extent, and few are perfectly linear.
However, most edges continue for some distance, in fact
much further than the 3 or 4 pixel supports of most edge
operators. Even curved edges can be approximated by lin-
ear segments at a small enough scale. Considering the ad-
vantages, it is obviously preferable to use directional op-

erators whenever they are applicable. The only proviso is
that the detection scheme must ensure that they are used
only when the image fits a linear edge model.
The present algorithm tests for applicability of each di-

sk. (a) Cross section parallel to the edge
-mal to edge direction. (c) Two-dimen-
-ral masks.

rectional mask by forming a goodness-of-fit estimate. It
does this at the same time as the mask itself is computed.
An efficient way of forming long directional masks is to
sample the output of nonelongated masks with the same
direction. This output is sampled at regular intervals in a
line parallel to the edge direction. If the samples are close
together (less than 2a apart), the resulting mask is essen-
tially flat over most of its range in the edge direction and
falls smoothly off to zero at its ends. Two cross sections
of such a mask are shown in Fig. 10. In this diagram (as
in the present implementation) there are five samples over
the operator support.

Simultaneously with the computation of the mask, it is
possible to establish goodness of fit by a simple squared-
error measure. The mask is computed by summing some
number of circular mask outputs (say 5) in a line. If the
mask lies over a step edge in its preferred direction, these
5 values will be roughly the same. If the edge is curved
or not aligned with the mask direction, the values will
vary. We use the variance of these values as an estimate
of the goodness of fit of the actual edge to an ideal step
model. We then suppress the output of a directional mask
if its variance is greater than some fraction of the squared
output. Where no directional operator has sufficient good-
ness of fit at a point, the algorithm will use the output of
the nonelongated operator described in Section VII. This
simple goodness-of-fit measure is sufficient to eliminate
the problems that traditionally plague directional opera-
tors, such as false responses to highly curved edges and
extension of edges beyond corners; see Hildreth [12].

This particular form of projection function, that is a

695

Authorized licensed use limited to: Peking University. Downloaded on April 8, 2009 at 08:11 from IEEE Xplore.  Restrictions apply.

Avidbots Ex1005 
Page 17 of 146



IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. PAMI-8, NO. 6, NOVEMBER 1986

function with constant value over some range which de-
cays to zero at each end with two roughly half-Gaussians,
is very similar to a commonly used extension of the Han-
ning window. This latter function is flat for some distance
and decays to zero at each end with two half-cosine bells
[2]. We can therefore expect our function to have good
properties as a moving average estimator, which as we
saw in Section VII, is an important role fulfilled by the
projection function.

All that remains to be done in the design of directional
operators is the specification of the number of directions,
or equivalently the angle between two adjacent directions.
To determine the latter, we need to determine the angular
selectivity of a directional operator as a function of the
angle 0 between the edge direction and the preferred di-
rection of the operator. Assume that we form the operator
by taking an odd number 2N + 1 of samples. Let the
number of a sample be n where n is in the range -N ...

+N. Recall that the directional operator is formed by con-
volving with a symmetric Gaussian, differentiating nor-
mal to the preferred edge direction of the operator, and
then sampling along the preferred direction. The differ-
entiated surface will be a ridge which makes an angle 0
to the preferred edge direction. Its height will vary as cos
0, and the distance of the nth sample from the center of
the ridge will be nd sin 0 where d is the distance between
samples. The normalized output will be

NN+ l[n=-N(nd sin 0)2]
0~0) = COSep2c2

2N +1I Ln'N2
(50)

If there are m operator directions, then the angle be-
tween the preferred directions of two adjacent operators
will be 180/m. The worst case angle between the edge and
the nearest preferred operator direction is therefore 90/m.
In the current implementation the value of dla is about
1.4 and there are 6 operator directions. The worst case for
0 is 15 degrees, and for this case the operator output will
fall to about 85 percent of its maximum value. Directional
operators very much like the ones we have derived were

suggested by Marr [17], but were discarded in favor of
the Laplacian of Gaussian [18]. In part this was because
the computation of several directional operators at each
point in the image was thought to require an excessive
amount of computation. In fact the sampling scheme de-
scribed above requires only five multiplications per op-

erator. An example of edge detection using five-point di-
rectional operators is given in Fig. 11.

X. CONCLUSIONS
We have described a procedure for the design of edge

detectors for arbitrary edge profiles. The design was based
on the specification of detection and localization criteria
in a mathematical form. It was necessary to augment the
original two criteria with a multiple response measure in
order to fully capture the intuition of good detection. A
mathematical form for the criteria was presented, and nu-

(b)

(c)

Fig. 11. (a) Dalek image 576 by 454 pixels. (b) Edges found using circular
operator. (c) Directional edges (6 mask orientations).

merical optimization was used to find optimal operators
for roof and ridge edges. The analysis was then restricted
to consideration of optimal operators for step edges. The
result was a class of operators related by spatial scaling.
There was a direct tradeoff in detection performance ver-

sus localization, and this was determined by the spatial

(a)
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width. The impulse response of the optimal step edge op-
erator was shown to approximate the first derivative of a
Gaussian.
A detector was proposed which used adaptive thresh-

olding with hysteresis to eliminate streaking of edge con-
tours. The thresholds were set according to the amount of
noise in the image, as determined by a noise estimation
scheme. This detector made use of several operator widths
to cope with varying image signal-to-noise ratios, and op-
erator outputs were combined using a method called fea-
ture synthesis, where the responses of the smaller opera-
tors were used to predict the large operator responses. If
the actual large operator outputs differ significantly from
the predicted values, new edge points are marked. It is
therefore possible to describe edges that occur at different
scales, even if they are spatially coincident.

In two dimensions it was shown that marking edge
points at maxima of gradient magnitude in the gradient
direction is equivalent to finding zero-crossings of a cer-
tain nonlinear differential operator. It was shown that
when edge contours are locally straight, highly directional
operators will give better results than operators with a cir-
cular support. A method was proposed for the efficient
generation of highly directional masks at several orienta-
tions, and their integration into a single description.
Among the possible extensions of the work, the most

interesting unsolved problem is the integration of different
edge detector outputs into a single description. A scheme
which combined the edge and ridge detector outputs using
feature synthesis was implemented, but the results were
inconclusive. The problem is much more complicated here
than for edge operators at different scales because there is
no clear reason to prefer one edge type over another. Each
edge set must be synthesized from the other, without a
bias caused by overestimation in one direction.
The criteria we have presented can be used with slight

modification for the design of other kinds of operator. For
example, we may wish to design detectors for nonlinear
two-dimensional features (such as corners). In this case
the detection criterion would be a two-dimensional inte-
gral similar to (3), while a plausible localization criterion
would need to take into account the variation of the edge
position in both the x and y directions, and would not di-
rectly generalize from (9). There is a natural generaliza-
tion to the detection of higher-dimensional edges, such as
occur at material boundaries in tomographic scans. As was
pointed out in Section VII, (47) can be used to find edges
in images of arbitrary dimension, and the algorithm re-
mains efficient in higher dimensions because n-dimen-
sional Gaussian convolution can be broken down into n
linear convolutions.
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■ The 1956 Dartmouth summer research project on

artificial intelligence was initiated by this August

31, 1955 proposal, authored by John McCarthy,

Marvin Minsky, Nathaniel Rochester, and Claude

Shannon. The original typescript consisted of  17

pages plus a title page. Copies of the typescript are

housed in the archives at Dartmouth College and

Stanford University. The first 5 papers state the

proposal, and the remaining pages give qualifica-

tions and interests of the four who proposed the

study. In the interest of brevity, this article repro-

duces only the proposal itself, along with the short

autobiographical statements of the proposers. 

W
e propose that a 2 month, 10 man

study of artificial intelligence be car-

ried out during the summer of 1956

at Dartmouth College in Hanover, New Hamp-

shire. The study is to proceed on the basis of

the conjecture that every aspect of learning or

any other feature of intelligence can in princi-

ple be so precisely described that a machine

can be made to simulate it. An attempt will be

made to find how to make machines use lan-

guage, form abstractions and concepts, solve

kinds of problems now reserved for humans,

and improve themselves. We think that a sig-

nificant advance can be made in one or more

of these problems if a carefully selected group

of scientists work on it together for a summer. 

The following are some aspects of the artifi-

cial intelligence problem: 

1. Automatic Computers 

If a machine can do a job, then an automatic

calculator can be programmed to simulate the

machine. The speeds and memory capacities of

present computers may be insufficient to sim-

ulate many of the higher functions of the

human brain, but the major obstacle is not lack

of machine capacity, but our inability to write

programs taking full advantage of what we

have. 

2. How Can a Computer be 
Programmed to Use a Language 

It may be speculated that a large part of human

thought consists of manipulating words

according to rules of reasoning and rules of

conjecture. From this point of view, forming a

generalization consists of admitting a new

A Proposal for the 
Dartmouth Summer
Research Project on

Artificial Intelligence
August 31, 1955

John McCarthy, Marvin L. Minsky, 

Nathaniel Rochester, 

and Claude E. Shannon
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word and some rules whereby sentences con-

taining it imply and are implied by others. This

idea has never been very precisely formulated

nor have examples been worked out. 

3. Neuron Nets 

How can a set of (hypothetical) neurons be

arranged so as to form concepts. Considerable

theoretical and experimental work has been

done on this problem by Uttley, Rashevsky and

his group, Farley and Clark, Pitts and McCul-

loch, Minsky, Rochester and Holland, and oth-

ers. Partial results have been obtained but the

problem needs more theoretical work. 

4. Theory of the Size of a Calculation 

If we are given a well-defined problem (one for

which it is possible to test mechanically

whether or not a proposed answer is a valid

answer) one way of solving it is to try all possi-

ble answers in order. This method is inefficient,

and to exclude it one must have some criterion

for efficiency of calculation. Some considera-

tion will show that to get a measure of the effi-

ciency of a calculation it is necessary to have

on hand a method of measuring the complex-

ity of calculating devices which in turn can be

done if one has a theory of the complexity of

functions. Some partial results on this problem

have been obtained by Shannon, and also by

McCarthy. 

5. Self-lmprovement 

Probably a truly intelligent machine will carry

out activities which may best be described as

self-improvement. Some schemes for doing

this have been proposed and are worth further

study. It seems likely that this question can be

studied abstractly as well. 

6. Abstractions 

A number of types of “abstraction” can be dis-

tinctly defined and several others less distinct-

ly. A direct attempt to classify these and to

describe machine methods of forming abstrac-

tions from sensory and other data would seem

worthwhile. 

7. Randomness and Creativity 

A fairly attractive and yet clearly incomplete

conjecture is that the difference between cre-

ative thinking and unimaginative competent

thinking lies in the injection of a some random-

ness. The randomness must be guided by intu-

ition to be efficient. In other words, the educat-

ed guess or the hunch include controlled

randomness in otherwise orderly thinking. 

The Proposers

Claude  E. Shannon

Claude  E. Shannon, Mathematician, Bell Tele-

phone Laboratories. Shannon de veloped the

statistical theory of information, the applica-

tion of propositional calculus to switching cir-

cuits, and has results on the efficient synthesis

of switching circuits, the design of machines

that learn, cryptography, and the theory of Tur-

ing machines. He and J. McCarthy are coedit-

ing an Annals of Mathematics study on “The

Theory of Automata”. 

Marvin L. Minsky

Marvin L. Minsky, Harvard Junior Fellow in

Mathematics and Neurology. Minsky has built

a machine for simulating learning by nerve

nets and has written a Princeton Ph.D thesis in

mathematics entitled, “Neural Nets and the

Brain Model Problem” which includes results

in learning theory and the theory of random

neural nets. 

Nathaniel Rochester

Nathaniel Rochester, Manager of Information

Research, IBM Corporation, Poughkeepsie,

New York. Rochester was concerned with the

development of radar for seven years and com-

puting machinery for seven years. He and

another engineer were jointly responsible for

the design of the IBM Type 701 which is a large

scale automatic computer in wide use today.

He worked out some of the automatic program-

ming techniques which are in wide use today

and has been concerned with problems of how

to get machines to do tasks which previously

could be done only by people. He has also

worked on simulation of nerve nets with par-

ticular emphasis on using computers to test

theories in neurophysiology. 

John McCarthy

John McCarthy, Assistant Professor of Mathe-

matics, Dartmouth College. McCarthy has

worked on a number of questions connected

with the mathematical nature of the thought

process including the theory of Turing ma -

chines, the speed of computers, the relation of

a brain model to its environment, and the use

of languages by machines. Some results of this

work are included in the forthcoming “Annals

Study” edited by Shannon and McCarthy.
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LONGITUDE

Fig. 6. ID plot of ship 10001 after the second round of operator-imposed assign-
ment constraints.

LONGITUDE
Fig. 7. Actual ship movements.

of the two last sighted locations. The true trajectories are shown in
Fig. 7 where it can be seen that ship 10001 did, in fact, turn toward
the coast.

IV. CONCLUDING REMARKS

The procedure of ship identification from DF sightings has
been oversimplified in this discussion. Often DF sightings are not
completely identified but, instead, contain only ship class informa-
tion. The interactive technique still applies, but additional
identification and display flexibility must be provided.
Any additional information contained in the sightings can be

used to discriminate among radar and DF sightings. Factors such
as measured heading and visual ID will permit further automatic
reduction of the P and Q matrices.

It is also possible to automate some of the more routine manual
functions. However, experience has shown that better results are
obtained by having a human operator resolve ambiguous situa-
tions arising from sparse data.
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A Tlreshold Selection Method
from Gray-Level Histograms

NOBUYUKI OTSU

Abstract-A nonparametric and unsupervised method ofautoma-
tic threshold selection for picture segmentation is presented. An
optimal threshold is selected by the discriminant criterion, namely,
so as to maximize the separability of the resultant classes in gray
levels. The procedure is very simple, utilizing only the zeroth- and the
first-order cumulative moments of the gray-level histogram. It is
straightforward to extend the method to multithreshold problems.
Several experimental results are also presented to support the
validity of the method.

I. INTRODUCTION

It is important in picture processing to select an adequate thre-
shold of gray level for extracting objects from their background. A
variety of techniques have been proposed in this regard. In an
ideal case, the histogram has a deep and sharp valley between two
peaks representing objects and background, respectively, so that
the threshold can be chosen at the bottom of this valley [1].
However, for most real pictures, it is often difficult to detect the
valley bottom precisely, especially in such cases as when the valley
is flat and broad, imbued with noise, or when the two peaks are
extremely unequal in height, often producing no traceable valley.
There have been some techniques proposed in order to overcome
these difficulties. They are, for example, the valley sharpening
technique [2], which restricts the histogram to the pixels with
large absolute values of derivative (Laplacian or gradient), and
the difference histogram method [3], which selects the threshold at
the gray level with the maximal amount of difference. These utilize
information concerning neighboring pixels (or edges) in the ori-
ginal picture to modify the histogram so as to make it useful for
thresholding. Another class of methods deals directly with the
gray-level histogram by parametric techniques. For example, the
histogram is approximated in the least square sense by a sum of
Gaussian distributions, and statistical decision procedures are
applied [4]. However, such a method requires considerably ted-
ious and sometimes unstable calculations. Moreover, in many
cases, the Gaussian distributions turn out to be a meager approxi-
mation of the real modes.

In any event, no "goodness" of threshold has been evaluated in
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CORRESPONDENCE

most of the methods so far proposed. This would imply that it
could be the right way of deriving an optimal thresholding method
to establish an appropriate criterion for evaluating the "goodness"
of threshold from a more general standpoint.

In this correspondence, our discussion will be confined to the
elementary case of threshold selection where only the gray-level
histogram suffices without other a priori knowledge. It is not only
important as a standard technique in picture processing, but also
essential for unsupervised decision problems in pattern recogni-
tion. A new method is proposed from the viewpoint of discrimin-
ant analysis; it directly approaches the feasibility of evaluating the
"goodness" of threshold and automatically selecting an optimal
threshold.

II. FORMULATION

Let the pixels of a given picture be represented in L gray levels
[1, 2, ,L]. The number of pixels at level i is denoted by ni and
the total number of pixels by N = n1 + n2 + + nL* In order to
simplify the discussion, the gray-level histogram is normalized
and regarded as a probability distribution:

L

pi = nilN, pi >0, Z Pi-1 (1)

Now suppose that we dichotomize the pixels into two classes
CO and C 1 (background and objects, or vice versa) by a threshold
at level k; CO denotes pixels with levels [1, , k], and C1 denotes
pixels with levels [k + 1, , L]. Then the probabilities of class
occurrence and the class mean levels, respectively, are given by

k

wo = Pr (Co)= E Pi= (k) (2)
i=1

L

w01 = Pr (Ci)= E pi = 1-@(k)
i =k+ I

and
k k

Po = i Pr (i Co)- E ipiIo = p(k)/w(k)

L L ItT P(k)
i=k+lk=k+I co(k)

where
k

o(k) = pi

and

p(k)= I ipi
i=1

i-,

These require second-order cumulative moments (statistics).
In order to evaluate the "goodness" of the threshold (at level k),

we shall introduce the following discriminant criterion measures
(or measures of class separability) used in the discriminant
analysis [5]:

A = a22 K = (T2/a2WK ==/2/a2

where
2 2 2

UW = 6oJoU + 0J1ff1

2 = o(po PT) + 1G(i1 PT)

= iOO(Y1-PTo)T

(due to (9)) and
L

2 )pJT = E (i -p2p
i=1

(12)

(13)

(14)

(15)

are the within-class variance, the between-class variance, and the
total variance of levels, respectively. Then our problem is reduced
to an optimization problem to search for a threshold k that maxi-
mizes one of the object functions (the criterion measures) in (12).

This standpoint is motivated by a conjecture that well-
thresholded classes would be separated in gray levels, and con-
versely, a threshold giving the best separation of classes in gray
levels would be the best threshold.
The discriminant criteria maximizing A, K, and q, respectively,

for k are, however, equivalent to one another; e.g., K = i + 1 and
= )/(2 + 1) in terms of 2, because the following basic relation

always holds:

a2 + a2 = 521w + TB (16)

t9" It is noticed that U2 and U2 are functions of threshold level k, but
CT is independent of k. It is also noted that cr2 is based on the
second-order statistics (class variances), while (T2 is based on the

(4) first-order statistics (class means). Therefore, q is the simplest
measure with respect to k. Thus we adopt q as the criterion meas-
ure to evaluate the "goodness" (or separability) of the threshold at

(5) level k.
The optimal threshold k* that maximizes t, or equivalently

maximizes a2 is selected in the following sequential search by

6 using the simple cumulative quantities (6) and (7), or explicitly
(6) using (2)-(5):

l(k) = us(k)l/T

a2k =[p7(k) -(k)]2cB(k = (k)[1 - w)(k)]-(7)

(17)

(18)

are the zeroth- and the first-order cumulative moments of the
histogram up to the kth level, respectively, and

L

PT P- (L) = Z ipi
i =1

and the optimal threshold k* is

(8)

is the total mean level of the original picture. We can easily verify
the following relation for any choice of k:

OP00 +O+IU1=P T, (Oo+Ui=I (9)

The class variances are given by
k k

2 E (i - P0)2 Pr (i C0)= Z (i - po)2pi/o (10)
ii= i=

L L

I2= E (i _ pl)2 Pr (i IC,) = (i - p)2p Wi, (11)
i=k+ I i k+ I

2(k* ) = max o2(k).
1 <k<L

(19)

From the problem, the range of k over which the maximum is
sought can be restricted to

SF = {k; (loow = w(k)[I- ((k)] > 0, or 0 < o(k) < 1}.

We shall call it the effective range of the gray-level histogram.
From the definition in (14), the criterion measure i' (or q) takes a
minimum value of zero for such k as k e S - S* = {k; (o(k) = 0 or
1} (i.e., making all pixels either Cl or CO, which is, of course, not
our concern) and takes a positive and bounded value for k e S*. It
is, therefore, obvious that the maximum always exists.
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Ill. DISCUSSiON AND REMARKS

A. Analysis offurther important aspects

The method proposed in the foregoing affords further means to
analyze important aspects other than selecting optimal
thresholds.
For the selected threshold k*, the class probabilities (2) and (3),

respectively, indicate the portions of the areas occupied by the
classes in the picture so thresholded. The class means (4) and (5)
serve as estimates of the mean levels of the classes in the original
gray-level picture.
The maximum value ti(k*), denoted simply by 1*, can be used as

a measure to evaluate the separability of classes (or ease of thre-
sholding) for the original picture or the bimodality of the histo-
gram. This is a significant measure, for it is invariant under affine
transformations of the gray-level scale (i.e., for any shift and dila-
tation, g' = agj + b) It is uniquely determined within the range

0 < q < 1.

The lower bound (zero) is attainable by, and only by, pictures
having a single constant gray level, and the upper bound (unity) is
attainable by, and only by, two-valued pictures.

B. Extension to Multithresholding
The extension of the method to multihresholding problems is

straightforward by virtue of the discriminant criterion. For exam-
ple, in the case of three-thresholding, we assume two thresholds:
1 < k1 < k2 < for separating three classes, CO for [1, * * *, kl], C,
for [k1 + 1, , k2], and C2 for [k2 + 1, --, L]. The criterion
measure or (also q) is then a function of two variables k, and k2,
and an optimal set of thresholds kt and kt is selected by maximiz-
ing r7:

a2(ki,, kt) = max o2(kI, k2)-
1!kl<k2<L

It should be noticed that the selected thresholds generally
become less credible as the number of classes to be separated
increases. This is because the criterion measure (e2), defined in
one-dimensional (gray-level) scale, may gradually lose its meaning
as the number of classes increases. The expression of U2 and the
maximization procedure also become more and more com-
plicated. However, they are very simple for M = 2 and 3, which
cover almost all practical applications, so that a special method to
reduce the search processes is hardly needed. It should be
remarked that the parameters required in the present method for
M-thresholding are M - 1 discrete thresholds themselves, while
the parametric method, where the gray-level histogram is approx-
imated by the sum of Gaussian distributions, requires 3M - 1
continuous parameters.

C. Experimental Results
Several examples of experimental results are shown in Figs. 1-3.

Throughout these figures, (a) (as also (e)) is an original gray-level
picture; (b) (and (f)) is the result of thresholding; (c) (and (g)) is a
set of the gray-level histogram (marked at the selected threshold)
and the criterion measure q1(k) related thereto; and (d) (and (h)) is
the result obtained by the analysis. The original gray-level pic-
tures are all 64 x 64 in size, and the numbers of gray levels are 16
in Fig. 1, 64 in Fig. 2, 32 in Fig. 3(a), and 256 in Fig. 3(e). (They all
had equal outputs in 16 gray levels by superposition of symbols by
reason of representation, so that they may be slightly lacking in
precise detail in the gray levels.)

Fig. 1 shows the results of the application to an identical char-
acter "A" typewritten in different ways, one with a new ribbon (a)

(a)

5 1 (
(c)

(b)

PT, 4.2

K = 6

W" = 0.818

w, = 0.182
(d)

(e) (f

PT 4.3

K = 6

w =0.858

w,=0. 142

t ('

(g)

(h)

Fig. 1. Application to characters.

al=8.831

7 =0.894

pO= 2.8

p,l= 10.1

CUT 5.052

n'= 0.853

PO= 3.4

p1= 9.4
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(a) (b)
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K = 33

w,= 0.478

w, = 0.522

(a)

l=418 033

7 = 0.887

P&= 14.2

JJ1= 52.8

(d)

.........

..::

.......... .................i,t,,~~~~~~~~~~. ............

(b)

pT 7.3

K;= 7 K2=15

w, = 0.633
W, = 0.296
w2 = 0.071

(d)

111111111,-......
I

(c)

2
Cr2= 23.347

'= 0.873

hP= 4.3
10.5=05

z2=20.2

(c)

(e) (f) (e)

'' iliE,,,l , , , i ~...........

I

*1'. -. .t

(f)--

T 38.3

_I...... IIIIIIIIIIIII IK = 32

wo= 0.266
7

wI =0. 734

(g)
Fig. 2. Application to textures.

a2= 143982

7 = 0.767

0e 20.8

P,=44.6
(h)

PT 80.7 CT 3043.561

K:=61 K2=136 7=0.893

w0=0.395 PJO=.24.1
w, z 0.456 Pi= 99.2

W2=0.1t49 PZ=174.0

(g) (h)

Fig. 3. Application to cells. Critenon measures f(kt, k2) are omitted in (c) and (g)
by reason of illustration.
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and another with an old one (e), respectively. In Fig. 2, the results
are shown for textures, where the histograms typically show the
difficult cases of a broad and flat valley (c) and a unimodal peak
(g). In order to appropriately illustrate the case of three-
thresholding, the method has also been applied to cell images with
successful results, shown in Fig. 3, where CO stands for the back-
ground, C1 for the cytoplasm, and C2 for the nucleus. They are
indicated in (b) and (f) by ( ), (=), and (*), respectively.
A number of experimental results so far obtained for various

examples indicate that the present method derived theoretically is
of satisfactory practical use.

D. Unimodality of the object function
The object function 52(k), or equivalently, the criterion measure

1(k), is always smooth and unimodal, as can be seen in the exper-
imental results in Figs. 1-2. It may attest to an advantage of the
suggested criterion and may also imply the stability of the
method. The rigorous proof of the unimodality has not yet been
obtained. However, it can be dispensed with from our standpoint
concerning only the maximum.

IV. CONCLUSION

A method to select a threshold automatically from a gray level
histogram has been derived from the viewpoint of discriminant
analysis. This directly deals with the problem of evaluating the
goodness of thresholds. An optimal threshold (or set of thre-
sholds) is selected by the discriminant criterion; namely, by maxi-
mizing the discriminant measure q (or the measure of separability
of the resultant classes in gray levels).
The proposed method is characterized by its nonparametric

and unsupervised nature of threshold selection and has the follow-
ing desirable advantages.

1) The procedure is very simple; only the zeroth and the first
order cumulative moments of the gray-level histogram are

utilized.
2) A straightforward extension to multithresholding problems

is feasible by virtue of the criterion on which the method is based.
3) An optimal threshold (or set of thresholds) is selected auto-

matically and stably, not based on the differentiation (i.e.. a local
property such as valley), but on the integration (i.e., a global
property) of the histogram.

4) Further important aspects can also be analyzed (e.g., estima-
tion of class mean levels, evaluation of class separability, etc.).

5) The method is quite general: it covers a wide scope of un-
supervised decision procedure.
The range of its applications is not restricted only to the thre-

sholding of the gray-level picture, such as specifically described in
the foregoing, but it may also cover other cases of unsupervised
classification in which a histogram of some characteristic (or feat-
ure) discriminative for classifying the objects is available.
Taking into account these points, the method suggested in this

correspondence may be recommended as the most simple anid
standard one for automatic threshold selection that can be
applied to various practical problenms,
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Book Reviews

Orthogonal Transforms for Digital Signal Processing---N. Ahmed and K.

R. Rao (New York: Springer-Verlag, 1975, 263 pp.). Reviewed by Lokenatlh
Debnath, Departments of Mathematics and Physics, East Carolina Unit er-

sity, Greenville, NC 27834.

With the advent of high-speed digital computers and the rapid advances

in digital technology, orthogonal transforms have received considerable
attention in recent years, especially in the area of digital signal processing.
This book presents the theory and applications of discrete orthogonal
transforms. With some elementary knowledge of Fourier series trans-

forms, differential equations, and matrix algebra as prerequisites, this

book is written as a graduate level text for electrical and computer engi-
neering students.
The first two chapters are essentially tutorial and cover signal represen-

tation using orthogonal functions. Fourier methods of representating sig-
nals. relation between the Fourier series and the Fourier transform, and
some aspects of cross correlation. autocorrelation. and consolution. Thlese
chapters provide a systematic transition from the Fourier represenitation
of analog signals to that of digital sigials.
The third chapter is concerned with the F'ourier representation of

discrete and digital signals througlh the discrete Fourier tranisfornm (D)[ I).
Some important properties of the DFT including thc conv olution anld
correlation theorems are discussed in some detail, The concept of ampli-
tude, power. and phase spectra is introduced. It is shown that the 1)1F is

directly related to the Fourier transform series representation ol data sc-
quences tX(rn)). The two-dimensional DlFT anid its possible extensioni to
higher dimensions are insestigated. and the chapter closes "it}h ;omc
discussion on time-varying power andt phase spectra.
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Abstract

Deeper neural networks are more difficult to train. We

present a residual learning framework to ease the training

of networks that are substantially deeper than those used

previously. We explicitly reformulate the layers as learn-

ing residual functions with reference to the layer inputs, in-

stead of learning unreferenced functions. We provide com-

prehensive empirical evidence showing that these residual

networks are easier to optimize, and can gain accuracy from

considerably increased depth. On the ImageNet dataset we

evaluate residual nets with a depth of up to 152 layers—8×
deeper than VGG nets [40] but still having lower complex-

ity. An ensemble of these residual nets achieves 3.57% error

on the ImageNet test set. This result won the 1st place on the

ILSVRC 2015 classification task. We also present analysis

on CIFAR-10 with 100 and 1000 layers.

The depth of representations is of central importance

for many visual recognition tasks. Solely due to our ex-

tremely deep representations, we obtain a 28% relative im-

provement on the COCO object detection dataset. Deep

residual nets are foundations of our submissions to ILSVRC

& COCO 2015 competitions1, where we also won the 1st

places on the tasks of ImageNet detection, ImageNet local-

ization, COCO detection, and COCO segmentation.

1. Introduction

Deep convolutional neural networks [22, 21] have led

to a series of breakthroughs for image classification [21,

49, 39]. Deep networks naturally integrate low/mid/high-

level features [49] and classifiers in an end-to-end multi-

layer fashion, and the “levels” of features can be enriched

by the number of stacked layers (depth). Recent evidence

[40, 43] reveals that network depth is of crucial importance,

and the leading results [40, 43, 12, 16] on the challenging

ImageNet dataset [35] all exploit “very deep” [40] models,

with a depth of sixteen [40] to thirty [16]. Many other non-

trivial visual recognition tasks [7, 11, 6, 32, 27] have also

1http://image-net.org/challenges/LSVRC/2015/ and
http://mscoco.org/dataset/#detections-challenge2015.
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Figure 1. Training error (left) and test error (right) on CIFAR-10

with 20-layer and 56-layer “plain” networks. The deeper network

has higher training error, and thus test error. Similar phenomena

on ImageNet is presented in Fig. 4.

greatly benefited from very deep models.

Driven by the significance of depth, a question arises: Is

learning better networks as easy as stacking more layers?

An obstacle to answering this question was the notorious

problem of vanishing/exploding gradients [14, 1, 8], which

hamper convergence from the beginning. This problem,

however, has been largely addressed by normalized initial-

ization [23, 8, 36, 12] and intermediate normalization layers

[16], which enable networks with tens of layers to start con-

verging for stochastic gradient descent (SGD) with back-

propagation [22].

When deeper networks are able to start converging, a

degradation problem has been exposed: with the network

depth increasing, accuracy gets saturated (which might be

unsurprising) and then degrades rapidly. Unexpectedly,

such degradation is not caused by overfitting, and adding

more layers to a suitably deep model leads to higher train-

ing error, as reported in [10, 41] and thoroughly verified by

our experiments. Fig. 1 shows a typical example.

The degradation (of training accuracy) indicates that not

all systems are similarly easy to optimize. Let us consider a

shallower architecture and its deeper counterpart that adds

more layers onto it. There exists a solution by construction

to the deeper model: the added layers are identity mapping,

and the other layers are copied from the learned shallower

model. The existence of this constructed solution indicates

that a deeper model should produce no higher training error

than its shallower counterpart. But experiments show that

our current solvers on hand are unable to find solutions that

1770
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Figure 2. Residual learning: a building block.

are comparably good or better than the constructed solution

(or unable to do so in feasible time).

In this paper, we address the degradation problem by

introducing a deep residual learning framework. In-

stead of hoping each few stacked layers directly fit a

desired underlying mapping, we explicitly let these lay-

ers fit a residual mapping. Formally, denoting the desired

underlying mapping as H(x), we let the stacked nonlinear

layers fit another mapping of F(x) := H(x)−x. The orig-

inal mapping is recast into F(x)+x. We hypothesize that it

is easier to optimize the residual mapping than to optimize

the original, unreferenced mapping. To the extreme, if an

identity mapping were optimal, it would be easier to push

the residual to zero than to fit an identity mapping by a stack

of nonlinear layers.

The formulation of F(x)+x can be realized by feedfor-

ward neural networks with “shortcut connections” (Fig. 2).

Shortcut connections [2, 33, 48] are those skipping one or

more layers. In our case, the shortcut connections simply

perform identity mapping, and their outputs are added to

the outputs of the stacked layers (Fig. 2). Identity short-

cut connections add neither extra parameter nor computa-

tional complexity. The entire network can still be trained

end-to-end by SGD with backpropagation, and can be eas-

ily implemented using common libraries (e.g., Caffe [19])

without modifying the solvers.

We present comprehensive experiments on ImageNet

[35] to show the degradation problem and evaluate our

method. We show that: 1) Our extremely deep residual nets

are easy to optimize, but the counterpart “plain” nets (that

simply stack layers) exhibit higher training error when the

depth increases; 2) Our deep residual nets can easily enjoy

accuracy gains from greatly increased depth, producing re-

sults substantially better than previous networks.

Similar phenomena are also shown on the CIFAR-10 set

[20], suggesting that the optimization difficulties and the

effects of our method are not just akin to a particular dataset.

We present successfully trained models on this dataset with

over 100 layers, and explore models with over 1000 layers.

On the ImageNet classification dataset [35], we obtain

excellent results by extremely deep residual nets. Our 152-

layer residual net is the deepest network ever presented on

ImageNet, while still having lower complexity than VGG

nets [40]. Our ensemble has 3.57% top-5 error on the

ImageNet test set, and won the 1st place in the ILSVRC

2015 classification competition. The extremely deep rep-

resentations also have excellent generalization performance

on other recognition tasks, and lead us to further win the

1st places on: ImageNet detection, ImageNet localization,

COCO detection, and COCO segmentation in ILSVRC &

COCO 2015 competitions. This strong evidence shows that

the residual learning principle is generic, and we expect that

it is applicable in other vision and non-vision problems.

2. Related Work

Residual Representations. In image recognition, VLAD

[18] is a representation that encodes by the residual vectors

with respect to a dictionary, and Fisher Vector [30] can be

formulated as a probabilistic version [18] of VLAD. Both

of them are powerful shallow representations for image re-

trieval and classification [4, 47]. For vector quantization,

encoding residual vectors [17] is shown to be more effec-

tive than encoding original vectors.

In low-level vision and computer graphics, for solv-

ing Partial Differential Equations (PDEs), the widely used

Multigrid method [3] reformulates the system as subprob-

lems at multiple scales, where each subproblem is respon-

sible for the residual solution between a coarser and a finer

scale. An alternative to Multigrid is hierarchical basis pre-

conditioning [44, 45], which relies on variables that repre-

sent residual vectors between two scales. It has been shown

[3, 44, 45] that these solvers converge much faster than stan-

dard solvers that are unaware of the residual nature of the

solutions. These methods suggest that a good reformulation

or preconditioning can simplify the optimization.

Shortcut Connections. Practices and theories that lead to

shortcut connections [2, 33, 48] have been studied for a long

time. An early practice of training multi-layer perceptrons

(MLPs) is to add a linear layer connected from the network

input to the output [33, 48]. In [43, 24], a few interme-

diate layers are directly connected to auxiliary classifiers

for addressing vanishing/exploding gradients. The papers

of [38, 37, 31, 46] propose methods for centering layer re-

sponses, gradients, and propagated errors, implemented by

shortcut connections. In [43], an “inception” layer is com-

posed of a shortcut branch and a few deeper branches.

Concurrent with our work, “highway networks” [41, 42]

present shortcut connections with gating functions [15].

These gates are data-dependent and have parameters, in

contrast to our identity shortcuts that are parameter-free.

When a gated shortcut is “closed” (approaching zero), the

layers in highway networks represent non-residual func-

tions. On the contrary, our formulation always learns

residual functions; our identity shortcuts are never closed,

and all information is always passed through, with addi-

tional residual functions to be learned. In addition, high-
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way networks have not demonstrated accuracy gains with

extremely increased depth (e.g., over 100 layers).

3. Deep Residual Learning

3.1. Residual Learning

Let us consider H(x) as an underlying mapping to be

fit by a few stacked layers (not necessarily the entire net),

with x denoting the inputs to the first of these layers. If one

hypothesizes that multiple nonlinear layers can asymptoti-

cally approximate complicated functions2, then it is equiv-

alent to hypothesize that they can asymptotically approxi-

mate the residual functions, i.e., H(x) − x (assuming that

the input and output are of the same dimensions). So

rather than expect stacked layers to approximate H(x), we

explicitly let these layers approximate a residual function

F(x) := H(x) − x. The original function thus becomes

F(x)+x. Although both forms should be able to asymptot-

ically approximate the desired functions (as hypothesized),

the ease of learning might be different.

This reformulation is motivated by the counterintuitive

phenomena about the degradation problem (Fig. 1, left). As

we discussed in the introduction, if the added layers can

be constructed as identity mappings, a deeper model should

have training error no greater than its shallower counter-

part. The degradation problem suggests that the solvers

might have difficulties in approximating identity mappings

by multiple nonlinear layers. With the residual learning re-

formulation, if identity mappings are optimal, the solvers

may simply drive the weights of the multiple nonlinear lay-

ers toward zero to approach identity mappings.

In real cases, it is unlikely that identity mappings are op-

timal, but our reformulation may help to precondition the

problem. If the optimal function is closer to an identity

mapping than to a zero mapping, it should be easier for the

solver to find the perturbations with reference to an identity

mapping, than to learn the function as a new one. We show

by experiments (Fig. 7) that the learned residual functions in

general have small responses, suggesting that identity map-

pings provide reasonable preconditioning.

3.2. Identity Mapping by Shortcuts

We adopt residual learning to every few stacked layers.

A building block is shown in Fig. 2. Formally, in this paper

we consider a building block defined as:

y = F(x, {Wi}) + x. (1)

Here x and y are the input and output vectors of the lay-

ers considered. The function F(x, {Wi}) represents the

residual mapping to be learned. For the example in Fig. 2

that has two layers, F = W2σ(W1x) in which σ denotes

2This hypothesis, however, is still an open question. See [28].

ReLU [29] and the biases are omitted for simplifying no-

tations. The operation F + x is performed by a shortcut

connection and element-wise addition. We adopt the sec-

ond nonlinearity after the addition (i.e., σ(y), see Fig. 2).

The shortcut connections in Eqn.(1) introduce neither ex-

tra parameter nor computation complexity. This is not only

attractive in practice but also important in our comparisons

between plain and residual networks. We can fairly com-

pare plain/residual networks that simultaneously have the

same number of parameters, depth, width, and computa-

tional cost (except for the negligible element-wise addition).

The dimensions of x and F must be equal in Eqn.(1).

If this is not the case (e.g., when changing the input/output

channels), we can perform a linear projection Ws by the

shortcut connections to match the dimensions:

y = F(x, {Wi}) +Wsx. (2)

We can also use a square matrix Ws in Eqn.(1). But we will

show by experiments that the identity mapping is sufficient

for addressing the degradation problem and is economical,

and thus Ws is only used when matching dimensions.

The form of the residual function F is flexible. Exper-

iments in this paper involve a function F that has two or

three layers (Fig. 5), while more layers are possible. But if

F has only a single layer, Eqn.(1) is similar to a linear layer:

y = W1x+x, for which we have not observed advantages.

We also note that although the above notations are about

fully-connected layers for simplicity, they are applicable to

convolutional layers. The function F(x, {Wi}) can repre-

sent multiple convolutional layers. The element-wise addi-

tion is performed on two feature maps, channel by channel.

3.3. Network Architectures

We have tested various plain/residual nets, and have ob-

served consistent phenomena. To provide instances for dis-

cussion, we describe two models for ImageNet as follows.

Plain Network. Our plain baselines (Fig. 3, middle) are

mainly inspired by the philosophy of VGG nets [40] (Fig. 3,

left). The convolutional layers mostly have 3×3 filters and

follow two simple design rules: (i) for the same output

feature map size, the layers have the same number of fil-

ters; and (ii) if the feature map size is halved, the num-

ber of filters is doubled so as to preserve the time com-

plexity per layer. We perform downsampling directly by

convolutional layers that have a stride of 2. The network

ends with a global average pooling layer and a 1000-way

fully-connected layer with softmax. The total number of

weighted layers is 34 in Fig. 3 (middle).

It is worth noticing that our model has fewer filters and

lower complexity than VGG nets [40] (Fig. 3, left). Our 34-

layer baseline has 3.6 billion FLOPs (multiply-adds), which

is only 18% of VGG-19 (19.6 billion FLOPs).
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Figure 3. Example network architectures for ImageNet. Left: the

VGG-19 model [40] (19.6 billion FLOPs) as a reference. Mid-

dle: a plain network with 34 parameter layers (3.6 billion FLOPs).

Right: a residual network with 34 parameter layers (3.6 billion

FLOPs). The dotted shortcuts increase dimensions. Table 1 shows

more details and other variants.

Residual Network. Based on the above plain network, we

insert shortcut connections (Fig. 3, right) which turn the

network into its counterpart residual version. The identity

shortcuts (Eqn.(1)) can be directly used when the input and

output are of the same dimensions (solid line shortcuts in

Fig. 3). When the dimensions increase (dotted line shortcuts

in Fig. 3), we consider two options: (A) The shortcut still

performs identity mapping, with extra zero entries padded

for increasing dimensions. This option introduces no extra

parameter; (B) The projection shortcut in Eqn.(2) is used to

match dimensions (done by 1×1 convolutions). For both

options, when the shortcuts go across feature maps of two

sizes, they are performed with a stride of 2.

3.4. Implementation

Our implementation for ImageNet follows the practice

in [21, 40]. The image is resized with its shorter side ran-

domly sampled in [256, 480] for scale augmentation [40].

A 224×224 crop is randomly sampled from an image or its

horizontal flip, with the per-pixel mean subtracted [21]. The

standard color augmentation in [21] is used. We adopt batch

normalization (BN) [16] right after each convolution and

before activation, following [16]. We initialize the weights

as in [12] and train all plain/residual nets from scratch. We

use SGD with a mini-batch size of 256. The learning rate

starts from 0.1 and is divided by 10 when the error plateaus,

and the models are trained for up to 60× 104 iterations. We

use a weight decay of 0.0001 and a momentum of 0.9. We

do not use dropout [13], following the practice in [16].

In testing, for comparison studies we adopt the standard

10-crop testing [21]. For best results, we adopt the fully-

convolutional form as in [40, 12], and average the scores

at multiple scales (images are resized such that the shorter

side is in {224, 256, 384, 480, 640}).

4. Experiments

4.1. ImageNet Classification

We evaluate our method on the ImageNet 2012 classifi-

cation dataset [35] that consists of 1000 classes. The models

are trained on the 1.28 million training images, and evalu-

ated on the 50k validation images. We also obtain a final

result on the 100k test images, reported by the test server.

We evaluate both top-1 and top-5 error rates.

Plain Networks. We first evaluate 18-layer and 34-layer

plain nets. The 34-layer plain net is in Fig. 3 (middle). The

18-layer plain net is of a similar form. See Table 1 for de-

tailed architectures.

The results in Table 2 show that the deeper 34-layer plain

net has higher validation error than the shallower 18-layer

plain net. To reveal the reasons, in Fig. 4 (left) we com-

pare their training/validation errors during the training pro-

cedure. We have observed the degradation problem - the

4773

Avidbots Ex1005 
Page 32 of 146



layer name output size 18-layer 34-layer 50-layer 101-layer 152-layer

conv1 112×112 7×7, 64, stride 2

conv2 x 56×56

3×3 max pool, stride 2

[

3×3, 64

3×3, 64

]

×2

[

3×3, 64

3×3, 64

]

×3

⎡

⎣

1×1, 64

3×3, 64

1×1, 256

⎤

×3

⎡

⎣

1×1, 64

3×3, 64

1×1, 256

⎤

×3

⎡

⎣

1×1, 64

3×3, 64

1×1, 256

⎤

×3

conv3 x 28×28

[

3×3, 128

3×3, 128

]

×2

[

3×3, 128

3×3, 128

]

×4

⎡

⎣

1×1, 128

3×3, 128

1×1, 512

⎤

×4

⎡

⎣

1×1, 128

3×3, 128

1×1, 512

⎤

×4

⎡

⎣

1×1, 128

3×3, 128

1×1, 512

⎤

×8

conv4 x 14×14

[

3×3, 256

3×3, 256

]

×2

[

3×3, 256

3×3, 256

]

×6

⎡

⎣

1×1, 256

3×3, 256

1×1, 1024

⎤

×6

⎡

⎣

1×1, 256

3×3, 256

1×1, 1024

⎤

×23

⎡

⎣

1×1, 256

3×3, 256

1×1, 1024

⎤

×36

conv5 x 7×7

[

3×3, 512

3×3, 512

]

×2

[

3×3, 512

3×3, 512

]

×3

⎡

⎣

1×1, 512

3×3, 512

1×1, 2048

⎤

×3

⎡

⎣

1×1, 512

3×3, 512

1×1, 2048

⎤

×3

⎡

⎣

1×1, 512

3×3, 512

1×1, 2048

⎤

×3

1×1 average pool, 1000-d fc, softmax

FLOPs 1.8×109 3.6×109 3.8×109 7.6×109 11.3×109

Table 1. Architectures for ImageNet. Building blocks are shown in brackets (see also Fig. 5), with the numbers of blocks stacked. Down-

sampling is performed by conv3 1, conv4 1, and conv5 1 with a stride of 2.
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Figure 4. Training on ImageNet. Thin curves denote training error, and bold curves denote validation error of the center crops. Left: plain

networks of 18 and 34 layers. Right: ResNets of 18 and 34 layers. In this plot, the residual networks have no extra parameter compared to

their plain counterparts.

plain ResNet

18 layers 27.94 27.88

34 layers 28.54 25.03

Table 2. Top-1 error (%, 10-crop testing) on ImageNet validation.

Here the ResNets have no extra parameter compared to their plain

counterparts. Fig. 4 shows the training procedures.

34-layer plain net has higher training error throughout the

whole training procedure, even though the solution space

of the 18-layer plain network is a subspace of that of the

34-layer one.

We argue that this optimization difficulty is unlikely to

be caused by vanishing gradients. These plain networks are

trained with BN [16], which ensures forward propagated

signals to have non-zero variances. We also verify that the

backward propagated gradients exhibit healthy norms with

BN. So neither forward nor backward signals vanish. In

fact, the 34-layer plain net is still able to achieve compet-

itive accuracy (Table 3), suggesting that the solver works

to some extent. We conjecture that the deep plain nets may

have exponentially low convergence rates, which impact the

reducing of the training error3. The reason for such opti-

mization difficulties will be studied in the future.

Residual Networks. Next we evaluate 18-layer and 34-

layer residual nets (ResNets). The baseline architectures

are the same as the above plain nets, expect that a shortcut

connection is added to each pair of 3×3 filters as in Fig. 3

(right). In the first comparison (Table 2 and Fig. 4 right),

we use identity mapping for all shortcuts and zero-padding

for increasing dimensions (option A). So they have no extra

parameter compared to the plain counterparts.

We have three major observations from Table 2 and

Fig. 4. First, the situation is reversed with residual learn-

ing – the 34-layer ResNet is better than the 18-layer ResNet

(by 2.8%). More importantly, the 34-layer ResNet exhibits

considerably lower training error and is generalizable to the

validation data. This indicates that the degradation problem

is well addressed in this setting and we manage to obtain

accuracy gains from increased depth.

Second, compared to its plain counterpart, the 34-layer

3We have experimented with more training iterations (3×) and still ob-

served the degradation problem, suggesting that this problem cannot be

feasibly addressed by simply using more iterations.
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model top-1 err. top-5 err.

VGG-16 [40] 28.07 9.33

GoogLeNet [43] - 9.15

PReLU-net [12] 24.27 7.38

plain-34 28.54 10.02

ResNet-34 A 25.03 7.76

ResNet-34 B 24.52 7.46

ResNet-34 C 24.19 7.40

ResNet-50 22.85 6.71

ResNet-101 21.75 6.05

ResNet-152 21.43 5.71

Table 3. Error rates (%, 10-crop testing) on ImageNet validation.

VGG-16 is based on our test. ResNet-50/101/152 are of option B

that only uses projections for increasing dimensions.

method top-1 err. top-5 err.

VGG [40] (ILSVRC’14) - 8.43†

GoogLeNet [43] (ILSVRC’14) - 7.89

VGG [40] (v5) 24.4 7.1

PReLU-net [12] 21.59 5.71

BN-inception [16] 21.99 5.81

ResNet-34 B 21.84 5.71

ResNet-34 C 21.53 5.60

ResNet-50 20.74 5.25

ResNet-101 19.87 4.60

ResNet-152 19.38 4.49

Table 4. Error rates (%) of single-model results on the ImageNet

validation set (except † reported on the test set).

method top-5 err. (test)

VGG [40] (ILSVRC’14) 7.32

GoogLeNet [43] (ILSVRC’14) 6.66

VGG [40] (v5) 6.8

PReLU-net [12] 4.94

BN-inception [16] 4.82

ResNet (ILSVRC’15) 3.57

Table 5. Error rates (%) of ensembles. The top-5 error is on the

test set of ImageNet and reported by the test server.

ResNet reduces the top-1 error by 3.5% (Table 2), resulting

from the successfully reduced training error (Fig. 4 right vs.

left). This comparison verifies the effectiveness of residual

learning on extremely deep systems.

Last, we also note that the 18-layer plain/residual nets

are comparably accurate (Table 2), but the 18-layer ResNet

converges faster (Fig. 4 right vs. left). When the net is “not

overly deep” (18 layers here), the current SGD solver is still

able to find good solutions to the plain net. In this case, the

ResNet eases the optimization by providing faster conver-

gence at the early stage.

Identity vs. Projection Shortcuts. We have shown that

3x3, 64

1x1, 64

relu

1x1, 256

relu

relu

3x3, 64

3x3, 64

relu

relu

64-d 256-d

Figure 5. A deeper residual function F for ImageNet. Left: a

building block (on 56×56 feature maps) as in Fig. 3 for ResNet-

34. Right: a “bottleneck” building block for ResNet-50/101/152.

parameter-free, identity shortcuts help with training. Next

we investigate projection shortcuts (Eqn.(2)). In Table 3 we

compare three options: (A) zero-padding shortcuts are used

for increasing dimensions, and all shortcuts are parameter-

free (the same as Table 2 and Fig. 4 right); (B) projec-

tion shortcuts are used for increasing dimensions, and other

shortcuts are identity; and (C) all shortcuts are projections.

Table 3 shows that all three options are considerably bet-

ter than the plain counterpart. B is slightly better than A. We

argue that this is because the zero-padded dimensions in A

indeed have no residual learning. C is marginally better than

B, and we attribute this to the extra parameters introduced

by many (thirteen) projection shortcuts. But the small dif-

ferences among A/B/C indicate that projection shortcuts are

not essential for addressing the degradation problem. So we

do not use option C in the rest of this paper, to reduce mem-

ory/time complexity and model sizes. Identity shortcuts are

particularly important for not increasing the complexity of

the bottleneck architectures that are introduced below.

Deeper Bottleneck Architectures. Next we describe our

deeper nets for ImageNet. Because of concerns on the train-

ing time that we can afford, we modify the building block

as a bottleneck design4. For each residual function F , we

use a stack of 3 layers instead of 2 (Fig. 5). The three layers

are 1×1, 3×3, and 1×1 convolutions, where the 1×1 layers

are responsible for reducing and then increasing (restoring)

dimensions, leaving the 3×3 layer a bottleneck with smaller

input/output dimensions. Fig. 5 shows an example, where

both designs have similar time complexity.

The parameter-free identity shortcuts are particularly im-

portant for the bottleneck architectures. If the identity short-

cut in Fig. 5 (right) is replaced with projection, one can

show that the time complexity and model size are doubled,

as the shortcut is connected to the two high-dimensional

ends. So identity shortcuts lead to more efficient models

for the bottleneck designs.

50-layer ResNet: We replace each 2-layer block in the

4Deeper non-bottleneck ResNets (e.g., Fig. 5 left) also gain accuracy

from increased depth (as shown on CIFAR-10), but are not as economical

as the bottleneck ResNets. So the usage of bottleneck designs is mainly due

to practical considerations. We further note that the degradation problem

of plain nets is also witnessed for the bottleneck designs.
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34-layer net with this 3-layer bottleneck block, resulting in

a 50-layer ResNet (Table 1). We use option B for increasing

dimensions. This model has 3.8 billion FLOPs.

101-layer and 152-layer ResNets: We construct 101-

layer and 152-layer ResNets by using more 3-layer blocks

(Table 1). Remarkably, although the depth is significantly

increased, the 152-layer ResNet (11.3 billion FLOPs) still

has lower complexity than VGG-16/19 nets (15.3/19.6 bil-

lion FLOPs).

The 50/101/152-layer ResNets are more accurate than

the 34-layer ones by considerable margins (Table 3 and 4).

We do not observe the degradation problem and thus en-

joy significant accuracy gains from considerably increased

depth. The benefits of depth are witnessed for all evaluation

metrics (Table 3 and 4).

Comparisons with State-of-the-art Methods. In Table 4

we compare with the previous best single-model results.

Our baseline 34-layer ResNets have achieved very compet-

itive accuracy. Our 152-layer ResNet has a single-model

top-5 validation error of 4.49%. This single-model result

outperforms all previous ensemble results (Table 5). We

combine six models of different depth to form an ensemble

(only with two 152-layer ones at the time of submitting).

This leads to 3.57% top-5 error on the test set (Table 5).

This entry won the 1st place in ILSVRC 2015.

4.2. CIFAR-10 and Analysis

We conducted more studies on the CIFAR-10 dataset

[20], which consists of 50k training images and 10k test-

ing images in 10 classes. We present experiments trained

on the training set and evaluated on the test set. Our focus

is on the behaviors of extremely deep networks, but not on

pushing the state-of-the-art results, so we intentionally use

simple architectures as follows.

The plain/residual architectures follow the form in Fig. 3

(middle/right). The network inputs are 32×32 images, with

the per-pixel mean subtracted. The first layer is 3×3 convo-

lutions. Then we use a stack of 6n layers with 3×3 convo-

lutions on the feature maps of sizes {32, 16, 8} respectively,

with 2n layers for each feature map size. The numbers of

filters are {16, 32, 64} respectively. The subsampling is per-

formed by convolutions with a stride of 2. The network ends

with a global average pooling, a 10-way fully-connected

layer, and softmax. There are totally 6n+2 stacked weighted

layers. The following table summarizes the architecture:

output map size 32×32 16×16 8×8

# layers 1+2n 2n 2n

# filters 16 32 64

When shortcut connections are used, they are connected

to the pairs of 3×3 layers (totally 3n shortcuts). On this

dataset we use identity shortcuts in all cases (i.e., option A),

method error (%)

Maxout [9] 9.38

NIN [25] 8.81

DSN [24] 8.22

# layers # params

FitNet [34] 19 2.5M 8.39

Highway [41, 42] 19 2.3M 7.54 (7.72±0.16)

Highway [41, 42] 32 1.25M 8.80

ResNet 20 0.27M 8.75

ResNet 32 0.46M 7.51

ResNet 44 0.66M 7.17

ResNet 56 0.85M 6.97

ResNet 110 1.7M 6.43 (6.61±0.16)

ResNet 1202 19.4M 7.93

Table 6. Classification error on the CIFAR-10 test set. All meth-

ods are with data augmentation. For ResNet-110, we run it 5 times

and show “best (mean±std)” as in [42].

so our residual models have exactly the same depth, width,

and number of parameters as the plain counterparts.

We use a weight decay of 0.0001 and momentum of 0.9,

and adopt the weight initialization in [12] and BN [16] but

with no dropout. These models are trained with a mini-

batch size of 128 on two GPUs. We start with a learning

rate of 0.1, divide it by 10 at 32k and 48k iterations, and

terminate training at 64k iterations, which is determined on

a 45k/5k train/val split. We follow the simple data augmen-

tation in [24] for training: 4 pixels are padded on each side,

and a 32×32 crop is randomly sampled from the padded

image or its horizontal flip. For testing, we only evaluate

the single view of the original 32×32 image.

We compare n = {3, 5, 7, 9}, leading to 20, 32, 44, and

56-layer networks. Fig. 6 (left) shows the behaviors of the

plain nets. The deep plain nets suffer from increased depth,

and exhibit higher training error when going deeper. This

phenomenon is similar to that on ImageNet (Fig. 4, left) and

on MNIST (see [41]), suggesting that such an optimization

difficulty is a fundamental problem.

Fig. 6 (middle) shows the behaviors of ResNets. Also

similar to the ImageNet cases (Fig. 4, right), our ResNets

manage to overcome the optimization difficulty and demon-

strate accuracy gains when the depth increases.

We further explore n = 18 that leads to a 110-layer

ResNet. In this case, we find that the initial learning rate

of 0.1 is slightly too large to start converging5. So we use

0.01 to warm up the training until the training error is below

80% (about 400 iterations), and then go back to 0.1 and con-

tinue training. The rest of the learning schedule is as done

previously. This 110-layer network converges well (Fig. 6,

middle). It has fewer parameters than other deep and thin

5With an initial learning rate of 0.1, it starts converging (<90% error)

after several epochs, but still reaches similar accuracy.
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Figure 6. Training on CIFAR-10. Dashed lines denote training error, and bold lines denote testing error. Left: plain networks. The error

of plain-110 is higher than 60% and not displayed. Middle: ResNets. Right: ResNets with 110 and 1202 layers.
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Figure 7. Standard deviations (std) of layer responses on CIFAR-

10. The responses are the outputs of each 3×3 layer, after BN and

before nonlinearity. Top: the layers are shown in their original

order. Bottom: the responses are ranked in descending order.

networks such as FitNet [34] and Highway [41] (Table 6),

yet is among the state-of-the-art results (6.43%, Table 6).

Analysis of Layer Responses. Fig. 7 shows the standard

deviations (std) of the layer responses. The responses are

the outputs of each 3×3 layer, after BN and before other

nonlinearity (ReLU/addition). For ResNets, this analy-

sis reveals the response strength of the residual functions.

Fig. 7 shows that ResNets have generally smaller responses

than their plain counterparts. These results support our ba-

sic motivation (Sec.3.1) that the residual functions might

be generally closer to zero than the non-residual functions.

We also notice that the deeper ResNet has smaller magni-

tudes of responses, as evidenced by the comparisons among

ResNet-20, 56, and 110 in Fig. 7. When there are more

layers, an individual layer of ResNets tends to modify the

signal less.

Exploring Over 1000 layers. We explore an aggressively

deep model of over 1000 layers. We set n = 200 that

leads to a 1202-layer network, which is trained as described

above. Our method shows no optimization difficulty, and

this 103-layer network is able to achieve training error

<0.1% (Fig. 6, right). Its test error is still fairly good

(7.93%, Table 6).

But there are still open problems on such aggressively

deep models. The testing result of this 1202-layer network

is worse than that of our 110-layer network, although both

training data 07+12 07++12

test data VOC 07 test VOC 12 test

VGG-16 73.2 70.4

ResNet-101 76.4 73.8

Table 7. Object detection mAP (%) on the PASCAL VOC

2007/2012 test sets using baseline Faster R-CNN. See also ap-

pendix for better results.

metric mAP@.5 mAP@[.5, .95]

VGG-16 41.5 21.2

ResNet-101 48.4 27.2

Table 8. Object detection mAP (%) on the COCO validation set

using baseline Faster R-CNN. See also appendix for better results.

have similar training error. We argue that this is because of

overfitting. The 1202-layer network may be unnecessarily

large (19.4M) for this small dataset. Strong regularization

such as maxout [9] or dropout [13] is applied to obtain the

best results ([9, 25, 24, 34]) on this dataset. In this paper, we

use no maxout/dropout and just simply impose regulariza-

tion via deep and thin architectures by design, without dis-

tracting from the focus on the difficulties of optimization.

But combining with stronger regularization may improve

results, which we will study in the future.

4.3. Object Detection on PASCAL and MS COCO

Our method has good generalization performance on

other recognition tasks. Table 7 and 8 show the object de-

tection baseline results on PASCAL VOC 2007 and 2012

[5] and COCO [26]. We adopt Faster R-CNN [32] as the de-

tection method. Here we are interested in the improvements

of replacing VGG-16 [40] with ResNet-101. The detection

implementation (see appendix) of using both models is the

same, so the gains can only be attributed to better networks.

Most remarkably, on the challenging COCO dataset we ob-

tain a 6.0% increase in COCO’s standard metric (mAP@[.5,

.95]), which is a 28% relative improvement. This gain is

solely due to the learned representations.

Based on deep residual nets, we won the 1st places in

several tracks in ILSVRC & COCO 2015 competitions: Im-

ageNet detection, ImageNet localization, COCO detection,

and COCO segmentation. The details are in the appendix.
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[28] G. Montúfar, R. Pascanu, K. Cho, and Y. Bengio. On the number of

linear regions of deep neural networks. In NIPS, 2014.

[29] V. Nair and G. E. Hinton. Rectified linear units improve restricted

boltzmann machines. In ICML, 2010.

[30] F. Perronnin and C. Dance. Fisher kernels on visual vocabularies for

image categorization. In CVPR, 2007.

[31] T. Raiko, H. Valpola, and Y. LeCun. Deep learning made easier by

linear transformations in perceptrons. In AISTATS, 2012.

[32] S. Ren, K. He, R. Girshick, and J. Sun. Faster R-CNN: Towards

real-time object detection with region proposal networks. In NIPS,

2015.

[33] B. D. Ripley. Pattern recognition and neural networks. Cambridge

university press, 1996.

[34] A. Romero, N. Ballas, S. E. Kahou, A. Chassang, C. Gatta, and

Y. Bengio. Fitnets: Hints for thin deep nets. In ICLR, 2015.

[35] O. Russakovsky, J. Deng, H. Su, J. Krause, S. Satheesh, S. Ma,

Z. Huang, A. Karpathy, A. Khosla, M. Bernstein, et al. Imagenet

large scale visual recognition challenge. arXiv:1409.0575, 2014.

[36] A. M. Saxe, J. L. McClelland, and S. Ganguli. Exact solutions to

the nonlinear dynamics of learning in deep linear neural networks.

arXiv:1312.6120, 2013.

[37] N. N. Schraudolph. Accelerated gradient descent by factor-centering

decomposition. Technical report, 1998.

[38] N. N. Schraudolph. Centering neural network gradient factors. In

Neural Networks: Tricks of the Trade, pages 207–226. Springer,

1998.

[39] P. Sermanet, D. Eigen, X. Zhang, M. Mathieu, R. Fergus, and Y. Le-

Cun. Overfeat: Integrated recognition, localization and detection

using convolutional networks. In ICLR, 2014.

[40] K. Simonyan and A. Zisserman. Very deep convolutional networks

for large-scale image recognition. In ICLR, 2015.

[41] R. K. Srivastava, K. Greff, and J. Schmidhuber. Highway networks.

arXiv:1505.00387, 2015.

[42] R. K. Srivastava, K. Greff, and J. Schmidhuber. Training very deep

networks. 1507.06228, 2015.

[43] C. Szegedy, W. Liu, Y. Jia, P. Sermanet, S. Reed, D. Anguelov, D. Er-

han, V. Vanhoucke, and A. Rabinovich. Going deeper with convolu-

tions. In CVPR, 2015.

[44] R. Szeliski. Fast surface interpolation using hierarchical basis func-

tions. TPAMI, 1990.

[45] R. Szeliski. Locally adapted hierarchical basis preconditioning. In

SIGGRAPH, 2006.

[46] T. Vatanen, T. Raiko, H. Valpola, and Y. LeCun. Pushing stochas-

tic gradient towards second-order methods–backpropagation learn-

ing with transformations in nonlinearities. In Neural Information

Processing, 2013.

[47] A. Vedaldi and B. Fulkerson. VLFeat: An open and portable library

of computer vision algorithms, 2008.

[48] W. Venables and B. Ripley. Modern applied statistics with s-plus.

1999.

[49] M. D. Zeiler and R. Fergus. Visualizing and understanding convolu-

tional neural networks. In ECCV, 2014.

9778

Avidbots Ex1005 
Page 37 of 146



Distinctive Image Features

from Scale-Invariant Keypoints

David G. Lowe

Computer Science Department

University of British Columbia

Vancouver, B.C., Canada

lowe@cs.ubc.ca

January 5, 2004

Abstract

This paper presents a method for extracting distinctive invariant features from

images that can be used to perform reliable matching between different views of

an object or scene. The features are invariant to image scale and rotation, and

are shown to provide robust matching across a a substantial range of affine dis-

tortion, change in 3D viewpoint, addition of noise, and change in illumination.

The features are highly distinctive, in the sense that a single feature can be cor-

rectly matched with high probability against a large database of features from

many images. This paper also describes an approach to using these features

for object recognition. The recognition proceeds by matching individual fea-

tures to a database of features from known objects using a fast nearest-neighbor

algorithm, followed by a Hough transform to identify clusters belonging to a sin-

gle object, and finally performing verification through least-squares solution for

consistent pose parameters. This approach to recognition can robustly identify

objects among clutter and occlusion while achieving near real-time performance.

Accepted for publication in the International Journal of Computer Vision, 2004.
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1 Introduction

Image matching is a fundamental aspect of many problems in computer vision, including

object or scene recognition, solving for 3D structure from multiple images, stereo correspon-

dence, and motion tracking. This paper describes image features that have many properties

that make them suitable for matching differing images of an object or scene. The features are

invariant to image scaling and rotation, and partially invariant to change in illumination and

3D camera viewpoint. They are well localized in both the spatial and frequency domains, re-

ducing the probability of disruption by occlusion, clutter, or noise. Large numbers of features

can be extracted from typical images with efficient algorithms. In addition, the features are

highly distinctive, which allows a single feature to be correctly matched with high probability

against a large database of features, providing a basis for object and scene recognition.

The cost of extracting these features is minimized by taking a cascade filtering approach,

in which the more expensive operations are applied only at locations that pass an initial test.

Following are the major stages of computation used to generate the set of image features:

1. Scale-space extrema detection: The first stage of computation searches over all scales

and image locations. It is implemented efficiently by using a difference-of-Gaussian

function to identify potential interest points that are invariant to scale and orientation.

2. Keypoint localization: At each candidate location, a detailed model is fit to determine

location and scale. Keypoints are selected based on measures of their stability.

3. Orientation assignment: One or more orientations are assigned to each keypoint lo-

cation based on local image gradient directions. All future operations are performed

on image data that has been transformed relative to the assigned orientation, scale, and

location for each feature, thereby providing invariance to these transformations.

4. Keypoint descriptor: The local image gradients are measured at the selected scale

in the region around each keypoint. These are transformed into a representation that

allows for significant levels of local shape distortion and change in illumination.

This approach has been named the Scale Invariant Feature Transform (SIFT), as it transforms

image data into scale-invariant coordinates relative to local features.

An important aspect of this approach is that it generates large numbers of features that

densely cover the image over the full range of scales and locations. A typical image of size

500x500 pixels will give rise to about 2000 stable features (although this number depends on

both image content and choices for various parameters). The quantity of features is partic-

ularly important for object recognition, where the ability to detect small objects in cluttered

backgrounds requires that at least 3 features be correctly matched from each object for reli-

able identification.

For image matching and recognition, SIFT features are first extracted from a set of ref-

erence images and stored in a database. A new image is matched by individually comparing

each feature from the new image to this previous database and finding candidate match-

ing features based on Euclidean distance of their feature vectors. This paper will discuss

fast nearest-neighbor algorithms that can perform this computation rapidly against large

databases.

The keypoint descriptors are highly distinctive, which allows a single feature to find its

correct match with good probability in a large database of features. However, in a cluttered
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image, many features from the background will not have any correct match in the database,

giving rise to many false matches in addition to the correct ones. The correct matches can

be filtered from the full set of matches by identifying subsets of keypoints that agree on the

object and its location, scale, and orientation in the new image. The probability that several

features will agree on these parameters by chance is much lower than the probability that

any individual feature match will be in error. The determination of these consistent clusters

can be performed rapidly by using an efficient hash table implementation of the generalized

Hough transform.

Each cluster of 3 or more features that agree on an object and its pose is then subject

to further detailed verification. First, a least-squared estimate is made for an affine approxi-

mation to the object pose. Any other image features consistent with this pose are identified,

and outliers are discarded. Finally, a detailed computation is made of the probability that a

particular set of features indicates the presence of an object, given the accuracy of fit and

number of probable false matches. Object matches that pass all these tests can be identified

as correct with high confidence.

2 Related research

The development of image matching by using a set of local interest points can be traced back

to the work of Moravec (1981) on stereo matching using a corner detector. The Moravec

detector was improved by Harris and Stephens (1988) to make it more repeatable under small

image variations and near edges. Harris also showed its value for efficient motion tracking

and 3D structure from motion recovery (Harris, 1992), and the Harris corner detector has

since been widely used for many other image matching tasks. While these feature detectors

are usually called corner detectors, they are not selecting just corners, but rather any image

location that has large gradients in all directions at a predetermined scale.

The initial applications were to stereo and short-range motion tracking, but the approach

was later extended to more difficult problems. Zhang et al. (1995) showed that it was possi-

ble to match Harris corners over a large image range by using a correlation window around

each corner to select likely matches. Outliers were then removed by solving for a funda-

mental matrix describing the geometric constraints between the two views of rigid scene and

removing matches that did not agree with the majority solution. At the same time, a similar

approach was developed by Torr (1995) for long-range motion matching, in which geometric

constraints were used to remove outliers for rigid objects moving within an image.

The ground-breaking work of Schmid and Mohr (1997) showed that invariant local fea-

ture matching could be extended to general image recognition problems in which a feature

was matched against a large database of images. They also used Harris corners to select

interest points, but rather than matching with a correlation window, they used a rotationally

invariant descriptor of the local image region. This allowed features to be matched under

arbitrary orientation change between the two images. Furthermore, they demonstrated that

multiple feature matches could accomplish general recognition under occlusion and clutter

by identifying consistent clusters of matched features.

The Harris corner detector is very sensitive to changes in image scale, so it does not

provide a good basis for matching images of different sizes. Earlier work by the author

(Lowe, 1999) extended the local feature approach to achieve scale invariance. This work

also described a new local descriptor that provided more distinctive features while being less
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sensitive to local image distortions such as 3D viewpoint change. This current paper provides

a more in-depth development and analysis of this earlier work, while also presenting a number

of improvements in stability and feature invariance.

There is a considerable body of previous research on identifying representations that are

stable under scale change. Some of the first work in this area was by Crowley and Parker

(1984), who developed a representation that identified peaks and ridges in scale space and

linked these into a tree structure. The tree structure could then be matched between images

with arbitrary scale change. More recent work on graph-based matching by Shokoufandeh,

Marsic and Dickinson (1999) provides more distinctive feature descriptors using wavelet co-

efficients. The problem of identifying an appropriate and consistent scale for feature detection

has been studied in depth by Lindeberg (1993, 1994). He describes this as a problem of scale

selection, and we make use of his results below.

Recently, there has been an impressive body of work on extending local features to be

invariant to full affine transformations (Baumberg, 2000; Tuytelaars and Van Gool, 2000;

Mikolajczyk and Schmid, 2002; Schaffalitzky and Zisserman, 2002; Brown and Lowe, 2002).

This allows for invariant matching to features on a planar surface under changes in ortho-

graphic 3D projection, in most cases by resampling the image in a local affine frame. How-

ever, none of these approaches are yet fully affine invariant, as they start with initial feature

scales and locations selected in a non-affine-invariant manner due to the prohibitive cost of

exploring the full affine space. The affine frames are are also more sensitive to noise than

those of the scale-invariant features, so in practice the affine features have lower repeatability

than the scale-invariant features unless the affine distortion is greater than about a 40 degree

tilt of a planar surface (Mikolajczyk, 2002). Wider affine invariance may not be important for

many applications, as training views are best taken at least every 30 degrees rotation in view-

point (meaning that recognition is within 15 degrees of the closest training view) in order to

capture non-planar changes and occlusion effects for 3D objects.

While the method to be presented in this paper is not fully affine invariant, a different

approach is used in which the local descriptor allows relative feature positions to shift signif-

icantly with only small changes in the descriptor. This approach not only allows the descrip-

tors to be reliably matched across a considerable range of affine distortion, but it also makes

the features more robust against changes in 3D viewpoint for non-planar surfaces. Other

advantages include much more efficient feature extraction and the ability to identify larger

numbers of features. On the other hand, affine invariance is a valuable property for matching

planar surfaces under very large view changes, and further research should be performed on

the best ways to combine this with non-planar 3D viewpoint invariance in an efficient and

stable manner.

Many other feature types have been proposed for use in recognition, some of which could

be used in addition to the features described in this paper to provide further matches under

differing circumstances. One class of features are those that make use of image contours or

region boundaries, which should make them less likely to be disrupted by cluttered back-

grounds near object boundaries. Matas et al., (2002) have shown that their maximally-stable

extremal regions can produce large numbers of matching features with good stability. Miko-

lajczyk et al., (2003) have developed a new descriptor that uses local edges while ignoring

unrelated nearby edges, providing the ability to find stable features even near the boundaries

of narrow shapes superimposed on background clutter. Nelson and Selinger (1998) have

shown good results with local features based on groupings of image contours. Similarly,
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Pope and Lowe (2000) used features based on the hierarchical grouping of image contours,

which are particularly useful for objects lacking detailed texture.

The history of research on visual recognition contains work on a diverse set of other

image properties that can be used as feature measurements. Carneiro and Jepson (2002)

describe phase-based local features that represent the phase rather than the magnitude of local

spatial frequencies, which is likely to provide improved invariance to illumination. Schiele

and Crowley (2000) have proposed the use of multidimensional histograms summarizing the

distribution of measurements within image regions. This type of feature may be particularly

useful for recognition of textured objects with deformable shapes. Basri and Jacobs (1997)

have demonstrated the value of extracting local region boundaries for recognition. Other

useful properties to incorporate include color, motion, figure-ground discrimination, region

shape descriptors, and stereo depth cues. The local feature approach can easily incorporate

novel feature types because extra features contribute to robustness when they provide correct

matches, but otherwise do little harm other than their cost of computation. Therefore, future

systems are likely to combine many feature types.

3 Detection of scale-space extrema

As described in the introduction, we will detect keypoints using a cascade filtering approach

that uses efficient algorithms to identify candidate locations that are then examined in further

detail. The first stage of keypoint detection is to identify locations and scales that can be

repeatably assigned under differing views of the same object. Detecting locations that are

invariant to scale change of the image can be accomplished by searching for stable features

across all possible scales, using a continuous function of scale known as scale space (Witkin,

1983).

It has been shown by Koenderink (1984) and Lindeberg (1994) that under a variety of

reasonable assumptions the only possible scale-space kernel is the Gaussian function. There-

fore, the scale space of an image is defined as a function, L(x, y, σ), that is produced from

the convolution of a variable-scale Gaussian, G(x, y, σ), with an input image, I(x, y):

L(x, y, σ) = G(x, y, σ) ∗ I(x, y),
where ∗ is the convolution operation in x and y, and

G(x, y, σ) =
1

2πσ2
e−(x2+y2)/2σ2

.

To efficiently detect stable keypoint locations in scale space, we have proposed (Lowe, 1999)

using scale-space extrema in the difference-of-Gaussian function convolved with the image,

D(x, y, σ), which can be computed from the difference of two nearby scales separated by a

constant multiplicative factor k:

D(x, y, σ) = (G(x, y, kσ) −G(x, y, σ)) ∗ I(x, y)
= L(x, y, kσ)− L(x, y, σ). (1)

There are a number of reasons for choosing this function. First, it is a particularly efficient

function to compute, as the smoothed images, L, need to be computed in any case for scale

space feature description, and D can therefore be computed by simple image subtraction.
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. . .

Figure 1: For each octave of scale space, the initial image is repeatedly convolved with Gaussians to

produce the set of scale space images shown on the left. Adjacent Gaussian images are subtracted

to produce the difference-of-Gaussian images on the right. After each octave, the Gaussian image is

down-sampled by a factor of 2, and the process repeated.

In addition, the difference-of-Gaussian function provides a close approximation to the

scale-normalized Laplacian of Gaussian, σ2∇2G, as studied by Lindeberg (1994). Lindeberg

showed that the normalization of the Laplacian with the factor σ2 is required for true scale

invariance. In detailed experimental comparisons, Mikolajczyk (2002) found that the maxima

and minima of σ2∇2G produce the most stable image features compared to a range of other

possible image functions, such as the gradient, Hessian, or Harris corner function.

The relationship between D and σ2∇2G can be understood from the heat diffusion equa-

tion (parameterized in terms of σ rather than the more usual t = σ2):

∂G

∂σ
= σ∇2G.

From this, we see that ∇2G can be computed from the finite difference approximation to

∂G/∂σ, using the difference of nearby scales at kσ and σ:

σ∇2G =
∂G

∂σ
≈ G(x, y, kσ) −G(x, y, σ)

kσ − σ

and therefore,

G(x, y, kσ) −G(x, y, σ) ≈ (k − 1)σ2∇2G.

This shows that when the difference-of-Gaussian function has scales differing by a con-

stant factor it already incorporates the σ2 scale normalization required for the scale-invariant
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Scale

Figure 2: Maxima and minima of the difference-of-Gaussian images are detected by comparing a

pixel (marked with X) to its 26 neighbors in 3x3 regions at the current and adjacent scales (marked

with circles).

Laplacian. The factor (k − 1) in the equation is a constant over all scales and therefore does

not influence extrema location. The approximation error will go to zero as k goes to 1, but

in practice we have found that the approximation has almost no impact on the stability of

extrema detection or localization for even significant differences in scale, such as k =
√
2.

An efficient approach to construction of D(x, y, σ) is shown in Figure 1. The initial

image is incrementally convolved with Gaussians to produce images separated by a constant

factor k in scale space, shown stacked in the left column. We choose to divide each octave

of scale space (i.e., doubling of σ) into an integer number, s, of intervals, so k = 21/s.
We must produce s + 3 images in the stack of blurred images for each octave, so that final

extrema detection covers a complete octave. Adjacent image scales are subtracted to produce

the difference-of-Gaussian images shown on the right. Once a complete octave has been

processed, we resample the Gaussian image that has twice the initial value of σ (it will be 2

images from the top of the stack) by taking every second pixel in each row and column. The

accuracy of sampling relative to σ is no different than for the start of the previous octave,

while computation is greatly reduced.

3.1 Local extrema detection

In order to detect the local maxima and minima of D(x, y, σ), each sample point is compared

to its eight neighbors in the current image and nine neighbors in the scale above and below

(see Figure 2). It is selected only if it is larger than all of these neighbors or smaller than all

of them. The cost of this check is reasonably low due to the fact that most sample points will

be eliminated following the first few checks.

An important issue is to determine the frequency of sampling in the image and scale do-

mains that is needed to reliably detect the extrema. Unfortunately, it turns out that there is

no minimum spacing of samples that will detect all extrema, as the extrema can be arbitrar-

ily close together. This can be seen by considering a white circle on a black background,

which will have a single scale space maximum where the circular positive central region of

the difference-of-Gaussian function matches the size and location of the circle. For a very

elongated ellipse, there will be two maxima near each end of the ellipse. As the locations of

maxima are a continuous function of the image, for some ellipse with intermediate elongation

there will be a transition from a single maximum to two, with the maxima arbitrarily close to

7

Avidbots Ex1005 
Page 44 of 146



 0

 20

 40

 60

 80

 100

 1  2  3  4  5  6  7  8

R
e

p
e

a
ta

b
ili

ty
 (

%
)

Number of scales sampled per octave

Matching location and scale
Nearest descriptor in database

 500

 1000

 1500

 2000

 2500

 3000

 3500

 1  2  3  4  5  6  7  8

N
u

m
b

e
r 

o
f 

k
e

y
p

o
in

ts
 p

e
r 

im
a

g
e

Number of scales sampled per octave

Total number of keypoints
Nearest descriptor in database

Figure 3: The top line of the first graph shows the percent of keypoints that are repeatably detected at

the same location and scale in a transformed image as a function of the number of scales sampled per

octave. The lower line shows the percent of keypoints that have their descriptors correctly matched to

a large database. The second graph shows the total number of keypoints detected in a typical image

as a function of the number of scale samples.

each other near the transition.

Therefore, we must settle for a solution that trades off efficiency with completeness.

In fact, as might be expected and is confirmed by our experiments, extrema that are close

together are quite unstable to small perturbations of the image. We can determine the best

choices experimentally by studying a range of sampling frequencies and using those that

provide the most reliable results under a realistic simulation of the matching task.

3.2 Frequency of sampling in scale

The experimental determination of sampling frequency that maximizes extrema stability is

shown in Figures 3 and 4. These figures (and most other simulations in this paper) are based

on a matching task using a collection of 32 real images drawn from a diverse range, including

outdoor scenes, human faces, aerial photographs, and industrial images (the image domain

was found to have almost no influence on any of the results). Each image was then subject to a

range of transformations, including rotation, scaling, affine stretch, change in brightness and

contrast, and addition of image noise. Because the changes were synthetic, it was possible

to precisely predict where each feature in an original image should appear in the transformed

image, allowing for measurement of correct repeatability and positional accuracy for each

feature.

Figure 3 shows these simulation results used to examine the effect of varying the number

of scales per octave at which the image function is sampled prior to extrema detection. In

this case, each image was resampled following rotation by a random angle and scaling by

a random amount between 0.2 of 0.9 times the original size. Keypoints from the reduced

resolution image were matched against those from the original image so that the scales for all

keypoints would be be present in the matched image. In addition, 1% image noise was added,

meaning that each pixel had a random number added from the uniform interval [-0.01,0.01]

where pixel values are in the range [0,1] (equivalent to providing slightly less than 6 bits of

accuracy for image pixels).
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Figure 4: The top line in the graph shows the percent of keypoint locations that are repeatably detected

in a transformed image as a function of the prior image smoothing for the first level of each octave.

The lower line shows the percent of descriptors correctly matched against a large database.

The top line in the first graph of Figure 3 shows the percent of keypoints that are detected

at a matching location and scale in the transformed image. For all examples in this paper, we

define a matching scale as being within a factor of
√
2 of the correct scale, and a matching

location as being within σ pixels, where σ is the scale of the keypoint (defined from equation

(1) as the standard deviation of the smallest Gaussian used in the difference-of-Gaussian

function). The lower line on this graph shows the number of keypoints that are correctly

matched to a database of 40,000 keypoints using the nearest-neighbor matching procedure

to be described in Section 6 (this shows that once the keypoint is repeatably located, it is

likely to be useful for recognition and matching tasks). As this graph shows, the highest

repeatability is obtained when sampling 3 scales per octave, and this is the number of scale

samples used for all other experiments throughout this paper.

It might seem surprising that the repeatability does not continue to improve as more

scales are sampled. The reason is that this results in many more local extrema being detected,

but these extrema are on average less stable and therefore are less likely to be detected in

the transformed image. This is shown by the second graph in Figure 3, which shows the

average number of keypoints detected and correctly matched in each image. The number of

keypoints rises with increased sampling of scales and the total number of correct matches also

rises. Since the success of object recognition often depends more on the quantity of correctly

matched keypoints, as opposed to their percentage correct matching, for many applications it

will be optimal to use a larger number of scale samples. However, the cost of computation

also rises with this number, so for the experiments in this paper we have chosen to use just 3

scale samples per octave.

To summarize, these experiments show that the scale-space difference-of-Gaussian func-

tion has a large number of extrema and that it would be very expensive to detect them all.

Fortunately, we can detect the most stable and useful subset even with a coarse sampling of

scales.
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3.3 Frequency of sampling in the spatial domain

Just as we determined the frequency of sampling per octave of scale space, so we must de-

termine the frequency of sampling in the image domain relative to the scale of smoothing.

Given that extrema can be arbitrarily close together, there will be a similar trade-off between

sampling frequency and rate of detection. Figure 4 shows an experimental determination of

the amount of prior smoothing, σ, that is applied to each image level before building the

scale space representation for an octave. Again, the top line is the repeatability of keypoint

detection, and the results show that the repeatability continues to increase with σ. However,

there is a cost to using a large σ in terms of efficiency, so we have chosen to use σ = 1.6,

which provides close to optimal repeatability. This value is used throughout this paper and

was used for the results in Figure 3.

Of course, if we pre-smooth the image before extrema detection, we are effectively dis-

carding the highest spatial frequencies. Therefore, to make full use of the input, the image

can be expanded to create more sample points than were present in the original. We dou-

ble the size of the input image using linear interpolation prior to building the first level of

the pyramid. While the equivalent operation could effectively have been performed by us-

ing sets of subpixel-offset filters on the original image, the image doubling leads to a more

efficient implementation. We assume that the original image has a blur of at least σ = 0.5
(the minimum needed to prevent significant aliasing), and that therefore the doubled image

has σ = 1.0 relative to its new pixel spacing. This means that little additional smoothing is

needed prior to creation of the first octave of scale space. The image doubling increases the

number of stable keypoints by almost a factor of 4, but no significant further improvements

were found with a larger expansion factor.

4 Accurate keypoint localization

Once a keypoint candidate has been found by comparing a pixel to its neighbors, the next

step is to perform a detailed fit to the nearby data for location, scale, and ratio of principal

curvatures. This information allows points to be rejected that have low contrast (and are

therefore sensitive to noise) or are poorly localized along an edge.

The initial implementation of this approach (Lowe, 1999) simply located keypoints at

the location and scale of the central sample point. However, recently Brown has developed

a method (Brown and Lowe, 2002) for fitting a 3D quadratic function to the local sample

points to determine the interpolated location of the maximum, and his experiments showed

that this provides a substantial improvement to matching and stability. His approach uses the

Taylor expansion (up to the quadratic terms) of the scale-space function, D(x, y, σ), shifted

so that the origin is at the sample point:

D(x) = D +
∂D

∂x

T

x+
1

2
x
T
∂2D

∂x2
x (2)

where D and its derivatives are evaluated at the sample point and x = (x, y, σ)T is the offset

from this point. The location of the extremum, x̂, is determined by taking the derivative of

this function with respect to x and setting it to zero, giving

x̂ = −∂2D

∂x2

−1
∂D

∂x
. (3)
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(a) (b)

(c) (d)

Figure 5: This figure shows the stages of keypoint selection. (a) The 233x189 pixel original image.

(b) The initial 832 keypoints locations at maxima and minima of the difference-of-Gaussian function.

Keypoints are displayed as vectors indicating scale, orientation, and location. (c) After applying

a threshold on minimum contrast, 729 keypoints remain. (d) The final 536 keypoints that remain

following an additional threshold on ratio of principal curvatures.

As suggested by Brown, the Hessian and derivative of D are approximated by using dif-

ferences of neighboring sample points. The resulting 3x3 linear system can be solved with

minimal cost. If the offset x̂ is larger than 0.5 in any dimension, then it means that the ex-

tremum lies closer to a different sample point. In this case, the sample point is changed and

the interpolation performed instead about that point. The final offset x̂ is added to the location

of its sample point to get the interpolated estimate for the location of the extremum.

The function value at the extremum, D(x̂), is useful for rejecting unstable extrema with

low contrast. This can be obtained by substituting equation (3) into (2), giving

D(x̂) = D +
1

2

∂D

∂x

T

x̂.

For the experiments in this paper, all extrema with a value of |D(x̂)| less than 0.03 were

discarded (as before, we assume image pixel values in the range [0,1]).

Figure 5 shows the effects of keypoint selection on a natural image. In order to avoid too

much clutter, a low-resolution 233 by 189 pixel image is used and keypoints are shown as

vectors giving the location, scale, and orientation of each keypoint (orientation assignment is

described below). Figure 5 (a) shows the original image, which is shown at reduced contrast

behind the subsequent figures. Figure 5 (b) shows the 832 keypoints at all detected maxima
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and minima of the difference-of-Gaussian function, while (c) shows the 729 keypoints that

remain following removal of those with a value of |D(x̂)| less than 0.03. Part (d) will be

explained in the following section.

4.1 Eliminating edge responses

For stability, it is not sufficient to reject keypoints with low contrast. The difference-of-

Gaussian function will have a strong response along edges, even if the location along the

edge is poorly determined and therefore unstable to small amounts of noise.

A poorly defined peak in the difference-of-Gaussian function will have a large principal

curvature across the edge but a small one in the perpendicular direction. The principal curva-

tures can be computed from a 2x2 Hessian matrix, H, computed at the location and scale of

the keypoint:

H =

[

Dxx Dxy

Dxy Dyy

]

(4)

The derivatives are estimated by taking differences of neighboring sample points.

The eigenvalues of H are proportional to the principal curvatures of D. Borrowing from

the approach used by Harris and Stephens (1988), we can avoid explicitly computing the

eigenvalues, as we are only concerned with their ratio. Let α be the eigenvalue with the

largest magnitude and β be the smaller one. Then, we can compute the sum of the eigenvalues

from the trace of H and their product from the determinant:

Tr(H) = Dxx +Dyy = α+ β,

Det(H) = DxxDyy − (Dxy)
2 = αβ.

In the unlikely event that the determinant is negative, the curvatures have different signs so the

point is discarded as not being an extremum. Let r be the ratio between the largest magnitude

eigenvalue and the smaller one, so that α = rβ. Then,

Tr(H)2

Det(H)
=

(α+ β)2

αβ
=

(rβ + β)2

rβ2
=

(r + 1)2

r
,

which depends only on the ratio of the eigenvalues rather than their individual values. The

quantity (r+1)2/r is at a minimum when the two eigenvalues are equal and it increases with

r. Therefore, to check that the ratio of principal curvatures is below some threshold, r, we

only need to check

Tr(H)2

Det(H)
<

(r + 1)2

r
.

This is very efficient to compute, with less than 20 floating point operations required to

test each keypoint. The experiments in this paper use a value of r = 10, which eliminates

keypoints that have a ratio between the principal curvatures greater than 10. The transition

from Figure 5 (c) to (d) shows the effects of this operation.
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5 Orientation assignment

By assigning a consistent orientation to each keypoint based on local image properties, the

keypoint descriptor can be represented relative to this orientation and therefore achieve in-

variance to image rotation. This approach contrasts with the orientation invariant descriptors

of Schmid and Mohr (1997), in which each image property is based on a rotationally invariant

measure. The disadvantage of that approach is that it limits the descriptors that can be used

and discards image information by not requiring all measures to be based on a consistent

rotation.

Following experimentation with a number of approaches to assigning a local orientation,

the following approach was found to give the most stable results. The scale of the keypoint

is used to select the Gaussian smoothed image, L, with the closest scale, so that all compu-

tations are performed in a scale-invariant manner. For each image sample, L(x, y), at this

scale, the gradient magnitude, m(x, y), and orientation, θ(x, y), is precomputed using pixel

differences:

m(x, y) =
√

(L(x+ 1, y)− L(x− 1, y))2 + (L(x, y + 1)− L(x, y − 1))2

θ(x, y) = tan−1((L(x, y + 1)− L(x, y − 1))/(L(x + 1, y)− L(x− 1, y)))

An orientation histogram is formed from the gradient orientations of sample points within

a region around the keypoint. The orientation histogram has 36 bins covering the 360 degree

range of orientations. Each sample added to the histogram is weighted by its gradient magni-

tude and by a Gaussian-weighted circular window with a σ that is 1.5 times that of the scale

of the keypoint.

Peaks in the orientation histogram correspond to dominant directions of local gradients.

The highest peak in the histogram is detected, and then any other local peak that is within

80% of the highest peak is used to also create a keypoint with that orientation. Therefore, for

locations with multiple peaks of similar magnitude, there will be multiple keypoints created at

the same location and scale but different orientations. Only about 15% of points are assigned

multiple orientations, but these contribute significantly to the stability of matching. Finally, a

parabola is fit to the 3 histogram values closest to each peak to interpolate the peak position

for better accuracy.

Figure 6 shows the experimental stability of location, scale, and orientation assignment

under differing amounts of image noise. As before the images are rotated and scaled by

random amounts. The top line shows the stability of keypoint location and scale assign-

ment. The second line shows the stability of matching when the orientation assignment is

also required to be within 15 degrees. As shown by the gap between the top two lines, the

orientation assignment remains accurate 95% of the time even after addition of ±10% pixel

noise (equivalent to a camera providing less than 3 bits of precision). The measured vari-

ance of orientation for the correct matches is about 2.5 degrees, rising to 3.9 degrees for 10%

noise. The bottom line in Figure 6 shows the final accuracy of correctly matching a keypoint

descriptor to a database of 40,000 keypoints (to be discussed below). As this graph shows,

the SIFT features are resistant to even large amounts of pixel noise, and the major cause of

error is the initial location and scale detection.
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Figure 6: The top line in the graph shows the percent of keypoint locations and scales that are repeat-

ably detected as a function of pixel noise. The second line shows the repeatability after also requiring

agreement in orientation. The bottom line shows the final percent of descriptors correctly matched to

a large database.

6 The local image descriptor

The previous operations have assigned an image location, scale, and orientation to each key-

point. These parameters impose a repeatable local 2D coordinate system in which to describe

the local image region, and therefore provide invariance to these parameters. The next step is

to compute a descriptor for the local image region that is highly distinctive yet is as invariant

as possible to remaining variations, such as change in illumination or 3D viewpoint.

One obvious approach would be to sample the local image intensities around the key-

point at the appropriate scale, and to match these using a normalized correlation measure.

However, simple correlation of image patches is highly sensitive to changes that cause mis-

registration of samples, such as affine or 3D viewpoint change or non-rigid deformations. A

better approach has been demonstrated by Edelman, Intrator, and Poggio (1997). Their pro-

posed representation was based upon a model of biological vision, in particular of complex

neurons in primary visual cortex. These complex neurons respond to a gradient at a particular

orientation and spatial frequency, but the location of the gradient on the retina is allowed to

shift over a small receptive field rather than being precisely localized. Edelman et al. hypoth-

esized that the function of these complex neurons was to allow for matching and recognition

of 3D objects from a range of viewpoints. They have performed detailed experiments using

3D computer models of object and animal shapes which show that matching gradients while

allowing for shifts in their position results in much better classification under 3D rotation. For

example, recognition accuracy for 3D objects rotated in depth by 20 degrees increased from

35% for correlation of gradients to 94% using the complex cell model. Our implementation

described below was inspired by this idea, but allows for positional shift using a different

computational mechanism.
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Image gradients Keypoint descriptor

Figure 7: A keypoint descriptor is created by first computing the gradient magnitude and orientation

at each image sample point in a region around the keypoint location, as shown on the left. These are

weighted by a Gaussian window, indicated by the overlaid circle. These samples are then accumulated

into orientation histograms summarizing the contents over 4x4 subregions, as shown on the right, with

the length of each arrow corresponding to the sum of the gradient magnitudes near that direction within

the region. This figure shows a 2x2 descriptor array computed from an 8x8 set of samples, whereas

the experiments in this paper use 4x4 descriptors computed from a 16x16 sample array.

6.1 Descriptor representation

Figure 7 illustrates the computation of the keypoint descriptor. First the image gradient mag-

nitudes and orientations are sampled around the keypoint location, using the scale of the

keypoint to select the level of Gaussian blur for the image. In order to achieve orientation

invariance, the coordinates of the descriptor and the gradient orientations are rotated relative

to the keypoint orientation. For efficiency, the gradients are precomputed for all levels of the

pyramid as described in Section 5. These are illustrated with small arrows at each sample

location on the left side of Figure 7.

A Gaussian weighting function with σ equal to one half the width of the descriptor win-

dow is used to assign a weight to the magnitude of each sample point. This is illustrated

with a circular window on the left side of Figure 7, although, of course, the weight falls off

smoothly. The purpose of this Gaussian window is to avoid sudden changes in the descriptor

with small changes in the position of the window, and to give less emphasis to gradients that

are far from the center of the descriptor, as these are most affected by misregistration errors.

The keypoint descriptor is shown on the right side of Figure 7. It allows for significant

shift in gradient positions by creating orientation histograms over 4x4 sample regions. The

figure shows eight directions for each orientation histogram, with the length of each arrow

corresponding to the magnitude of that histogram entry. A gradient sample on the left can

shift up to 4 sample positions while still contributing to the same histogram on the right,

thereby achieving the objective of allowing for larger local positional shifts.

It is important to avoid all boundary affects in which the descriptor abruptly changes as a

sample shifts smoothly from being within one histogram to another or from one orientation

to another. Therefore, trilinear interpolation is used to distribute the value of each gradient

sample into adjacent histogram bins. In other words, each entry into a bin is multiplied by a

weight of 1 − d for each dimension, where d is the distance of the sample from the central

value of the bin as measured in units of the histogram bin spacing.
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The descriptor is formed from a vector containing the values of all the orientation his-

togram entries, corresponding to the lengths of the arrows on the right side of Figure 7. The

figure shows a 2x2 array of orientation histograms, whereas our experiments below show that

the best results are achieved with a 4x4 array of histograms with 8 orientation bins in each.

Therefore, the experiments in this paper use a 4x4x8 = 128 element feature vector for each

keypoint.

Finally, the feature vector is modified to reduce the effects of illumination change. First,

the vector is normalized to unit length. A change in image contrast in which each pixel value

is multiplied by a constant will multiply gradients by the same constant, so this contrast

change will be canceled by vector normalization. A brightness change in which a constant

is added to each image pixel will not affect the gradient values, as they are computed from

pixel differences. Therefore, the descriptor is invariant to affine changes in illumination.

However, non-linear illumination changes can also occur due to camera saturation or due to

illumination changes that affect 3D surfaces with differing orientations by different amounts.

These effects can cause a large change in relative magnitudes for some gradients, but are less

likely to affect the gradient orientations. Therefore, we reduce the influence of large gradient

magnitudes by thresholding the values in the unit feature vector to each be no larger than

0.2, and then renormalizing to unit length. This means that matching the magnitudes for

large gradients is no longer as important, and that the distribution of orientations has greater

emphasis. The value of 0.2 was determined experimentally using images containing differing

illuminations for the same 3D objects.

6.2 Descriptor testing

There are two parameters that can be used to vary the complexity of the descriptor: the

number of orientations, r, in the histograms, and the width, n, of the n×n array of orientation

histograms. The size of the resulting descriptor vector is rn2. As the complexity of the

descriptor grows, it will be able to discriminate better in a large database, but it will also be

more sensitive to shape distortions and occlusion.

Figure 8 shows experimental results in which the number of orientations and size of the

descriptor were varied. The graph was generated for a viewpoint transformation in which a

planar surface is tilted by 50 degrees away from the viewer and 4% image noise is added.

This is near the limits of reliable matching, as it is in these more difficult cases that descriptor

performance is most important. The results show the percent of keypoints that find a correct

match to the single closest neighbor among a database of 40,000 keypoints. The graph shows

that a single orientation histogram (n = 1) is very poor at discriminating, but the results

continue to improve up to a 4x4 array of histograms with 8 orientations. After that, adding

more orientations or a larger descriptor can actually hurt matching by making the descriptor

more sensitive to distortion. These results were broadly similar for other degrees of view-

point change and noise, although in some simpler cases discrimination continued to improve

(from already high levels) with 5x5 and higher descriptor sizes. Throughout this paper we

use a 4x4 descriptor with 8 orientations, resulting in feature vectors with 128 dimensions.

While the dimensionality of the descriptor may seem high, we have found that it consistently

performs better than lower-dimensional descriptors on a range of matching tasks and that the

computational cost of matching remains low when using the approximate nearest-neighbor

methods described below.
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Figure 8: This graph shows the percent of keypoints giving the correct match to a database of 40,000

keypoints as a function of width of the n × n keypoint descriptor and the number of orientations in

each histogram. The graph is computed for images with affine viewpoint change of 50 degrees and

addition of 4% noise.

6.3 Sensitivity to affine change

The sensitivity of the descriptor to affine change is examined in Figure 9. The graph shows

the reliability of keypoint location and scale selection, orientation assignment, and nearest-

neighbor matching to a database as a function of rotation in depth of a plane away from a

viewer. It can be seen that each stage of computation has reduced repeatability with increas-

ing affine distortion, but that the final matching accuracy remains above 50% out to a 50

degree change in viewpoint.

To achieve reliable matching over a wider viewpoint angle, one of the affine-invariant

detectors could be used to select and resample image regions, as discussed in Section 2. As

mentioned there, none of these approaches is truly affine-invariant, as they all start from initial

feature locations determined in a non-affine-invariant manner. In what appears to be the most

affine-invariant method, Mikolajczyk (2002) has proposed and run detailed experiments with

the Harris-affine detector. He found that its keypoint repeatability is below that given here out

to about a 50 degree viewpoint angle, but that it then retains close to 40% repeatability out to

an angle of 70 degrees, which provides better performance for extreme affine changes. The

disadvantages are a much higher computational cost, a reduction in the number of keypoints,

and poorer stability for small affine changes due to errors in assigning a consistent affine

frame under noise. In practice, the allowable range of rotation for 3D objects is considerably

less than for planar surfaces, so affine invariance is usually not the limiting factor in the

ability to match across viewpoint change. If a wide range of affine invariance is desired, such

as for a surface that is known to be planar, then a simple solution is to adopt the approach of

Pritchard and Heidrich (2003) in which additional SIFT features are generated from 4 affine-

transformed versions of the training image corresponding to 60 degree viewpoint changes.

This allows for the use of standard SIFT features with no additional cost when processing

the image to be recognized, but results in an increase in the size of the feature database by a

factor of 3.
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Figure 9: This graph shows the stability of detection for keypoint location, orientation, and final

matching to a database as a function of affine distortion. The degree of affine distortion is expressed

in terms of the equivalent viewpoint rotation in depth for a planar surface.

6.4 Matching to large databases

An important remaining issue for measuring the distinctiveness of features is how the re-

liability of matching varies as a function of the number of features in the database being

matched. Most of the examples in this paper are generated using a database of 32 images

with about 40,000 keypoints. Figure 10 shows how the matching reliability varies as a func-

tion of database size. This figure was generated using a larger database of 112 images, with

a viewpoint depth rotation of 30 degrees and 2% image noise in addition to the usual random

image rotation and scale change.

The dashed line shows the portion of image features for which the nearest neighbor in

the database was the correct match, as a function of database size shown on a logarithmic

scale. The leftmost point is matching against features from only a single image while the

rightmost point is selecting matches from a database of all features from the 112 images. It

can be seen that matching reliability does decrease as a function of the number of distractors,

yet all indications are that many correct matches will continue to be found out to very large

database sizes.

The solid line is the percentage of keypoints that were identified at the correct match-

ing location and orientation in the transformed image, so it is only these points that have

any chance of having matching descriptors in the database. The reason this line is flat is

that the test was run over the full database for each value, while only varying the portion

of the database used for distractors. It is of interest that the gap between the two lines is

small, indicating that matching failures are due more to issues with initial feature localization

and orientation assignment than to problems with feature distinctiveness, even out to large

database sizes.
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Figure 10: The dashed line shows the percent of keypoints correctly matched to a database as a

function of database size (using a logarithmic scale). The solid line shows the percent of keypoints

assigned the correct location, scale, and orientation. Images had random scale and rotation changes,

an affine transform of 30 degrees, and image noise of 2% added prior to matching.

7 Application to object recognition

The major topic of this paper is the derivation of distinctive invariant keypoints, as described

above. To demonstrate their application, we will now give a brief description of their use

for object recognition in the presence of clutter and occlusion. More details on applications

of these features to recognition are available in other papers (Lowe, 1999; Lowe, 2001; Se,

Lowe and Little, 2002).

Object recognition is performed by first matching each keypoint independently to the

database of keypoints extracted from training images. Many of these initial matches will be

incorrect due to ambiguous features or features that arise from background clutter. Therefore,

clusters of at least 3 features are first identified that agree on an object and its pose, as these

clusters have a much higher probability of being correct than individual feature matches.

Then, each cluster is checked by performing a detailed geometric fit to the model, and the

result is used to accept or reject the interpretation.

7.1 Keypoint matching

The best candidate match for each keypoint is found by identifying its nearest neighbor in the

database of keypoints from training images. The nearest neighbor is defined as the keypoint

with minimum Euclidean distance for the invariant descriptor vector as was described in

Section 6.

However, many features from an image will not have any correct match in the training

database because they arise from background clutter or were not detected in the training im-

ages. Therefore, it would be useful to have a way to discard features that do not have any

good match to the database. A global threshold on distance to the closest feature does not

perform well, as some descriptors are much more discriminative than others. A more ef-

fective measure is obtained by comparing the distance of the closest neighbor to that of the
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Figure 11: The probability that a match is correct can be determined by taking the ratio of distance

from the closest neighbor to the distance of the second closest. Using a database of 40,000 keypoints,

the solid line shows the PDF of this ratio for correct matches, while the dotted line is for matches that

were incorrect.

second-closest neighbor. If there are multiple training images of the same object, then we

define the second-closest neighbor as being the closest neighbor that is known to come from

a different object than the first, such as by only using images known to contain different ob-

jects. This measure performs well because correct matches need to have the closest neighbor

significantly closer than the closest incorrect match to achieve reliable matching. For false

matches, there will likely be a number of other false matches within similar distances due to

the high dimensionality of the feature space. We can think of the second-closest match as

providing an estimate of the density of false matches within this portion of the feature space

and at the same time identifying specific instances of feature ambiguity.

Figure 11 shows the value of this measure for real image data. The probability density

functions for correct and incorrect matches are shown in terms of the ratio of closest to

second-closest neighbors of each keypoint. Matches for which the nearest neighbor was

a correct match have a PDF that is centered at a much lower ratio than that for incorrect

matches. For our object recognition implementation, we reject all matches in which the

distance ratio is greater than 0.8, which eliminates 90% of the false matches while discarding

less than 5% of the correct matches. This figure was generated by matching images following

random scale and orientation change, a depth rotation of 30 degrees, and addition of 2%

image noise, against a database of 40,000 keypoints.

7.2 Efficient nearest neighbor indexing

No algorithms are known that can identify the exact nearest neighbors of points in high di-

mensional spaces that are any more efficient than exhaustive search. Our keypoint descriptor

has a 128-dimensional feature vector, and the best algorithms, such as the k-d tree (Friedman

et al., 1977) provide no speedup over exhaustive search for more than about 10 dimensional

spaces. Therefore, we have used an approximate algorithm, called the Best-Bin-First (BBF)

algorithm (Beis and Lowe, 1997). This is approximate in the sense that it returns the closest
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neighbor with high probability.

The BBF algorithm uses a modified search ordering for the k-d tree algorithm so that bins

in feature space are searched in the order of their closest distance from the query location.

This priority search order was first examined by Arya and Mount (1993), and they provide

further study of its computational properties in (Arya et al., 1998). This search order requires

the use of a heap-based priority queue for efficient determination of the search order. An

approximate answer can be returned with low cost by cutting off further search after a specific

number of the nearest bins have been explored. In our implementation, we cut off search after

checking the first 200 nearest-neighbor candidates. For a database of 100,000 keypoints, this

provides a speedup over exact nearest neighbor search by about 2 orders of magnitude yet

results in less than a 5% loss in the number of correct matches. One reason the BBF algorithm

works particularly well for this problem is that we only consider matches in which the nearest

neighbor is less than 0.8 times the distance to the second-nearest neighbor (as described in

the previous section), and therefore there is no need to exactly solve the most difficult cases

in which many neighbors are at very similar distances.

7.3 Clustering with the Hough transform

To maximize the performance of object recognition for small or highly occluded objects, we

wish to identify objects with the fewest possible number of feature matches. We have found

that reliable recognition is possible with as few as 3 features. A typical image contains 2,000

or more features which may come from many different objects as well as background clutter.

While the distance ratio test described in Section 7.1 will allow us to discard many of the

false matches arising from background clutter, this does not remove matches from other valid

objects, and we often still need to identify correct subsets of matches containing less than 1%

inliers among 99% outliers. Many well-known robust fitting methods, such as RANSAC or

Least Median of Squares, perform poorly when the percent of inliers falls much below 50%.

Fortunately, much better performance can be obtained by clustering features in pose space

using the Hough transform (Hough, 1962; Ballard, 1981; Grimson 1990).

The Hough transform identifies clusters of features with a consistent interpretation by

using each feature to vote for all object poses that are consistent with the feature. When

clusters of features are found to vote for the same pose of an object, the probability of the

interpretation being correct is much higher than for any single feature. Each of our keypoints

specifies 4 parameters: 2D location, scale, and orientation, and each matched keypoint in the

database has a record of the keypoint’s parameters relative to the training image in which it

was found. Therefore, we can create a Hough transform entry predicting the model location,

orientation, and scale from the match hypothesis. This prediction has large error bounds,

as the similarity transform implied by these 4 parameters is only an approximation to the

full 6 degree-of-freedom pose space for a 3D object and also does not account for any non-

rigid deformations. Therefore, we use broad bin sizes of 30 degrees for orientation, a factor

of 2 for scale, and 0.25 times the maximum projected training image dimension (using the

predicted scale) for location. To avoid the problem of boundary effects in bin assignment,

each keypoint match votes for the 2 closest bins in each dimension, giving a total of 16

entries for each hypothesis and further broadening the pose range.

In most implementations of the Hough transform, a multi-dimensional array is used to

represent the bins. However, many of the potential bins will remain empty, and it is difficult

to compute the range of possible bin values due to their mutual dependence (for example,
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the dependency of location discretization on the selected scale). These problems can be

avoided by using a pseudo-random hash function of the bin values to insert votes into a one-

dimensional hash table, in which collisions are easily detected.

7.4 Solution for affine parameters

The Hough transform is used to identify all clusters with at least 3 entries in a bin. Each such

cluster is then subject to a geometric verification procedure in which a least-squares solution

is performed for the best affine projection parameters relating the training image to the new

image.

An affine transformation correctly accounts for 3D rotation of a planar surface under

orthographic projection, but the approximation can be poor for 3D rotation of non-planar

objects. A more general solution would be to solve for the fundamental matrix (Luong and

Faugeras, 1996; Hartley and Zisserman, 2000). However, a fundamental matrix solution

requires at least 7 point matches as compared to only 3 for the affine solution and in practice

requires even more matches for good stability. We would like to perform recognition with

as few as 3 feature matches, so the affine solution provides a better starting point and we

can account for errors in the affine approximation by allowing for large residual errors. If

we imagine placing a sphere around an object, then rotation of the sphere by 30 degrees

will move no point within the sphere by more than 0.25 times the projected diameter of the

sphere. For the examples of typical 3D objects used in this paper, an affine solution works

well given that we allow residual errors up to 0.25 times the maximum projected dimension

of the object. A more general approach is given in (Brown and Lowe, 2002), in which the

initial solution is based on a similarity transform, which then progresses to solution for the

fundamental matrix in those cases in which a sufficient number of matches are found.

The affine transformation of a model point [x y]T to an image point [u v]T can be written

as
[

u
v

]

=

[

m1 m2

m3 m4

] [

x
y

]

+

[

tx
ty

]

where the model translation is [tx ty]
T and the affine rotation, scale, and stretch are repre-

sented by the mi parameters.

We wish to solve for the transformation parameters, so the equation above can be rewrit-

ten to gather the unknowns into a column vector:
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This equation shows a single match, but any number of further matches can be added, with

each match contributing two more rows to the first and last matrix. At least 3 matches are

needed to provide a solution.

We can write this linear system as

Ax = b
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Figure 12: The training images for two objects are shown on the left. These can be recognized in a

cluttered image with extensive occlusion, shown in the middle. The results of recognition are shown

on the right. A parallelogram is drawn around each recognized object showing the boundaries of the

original training image under the affine transformation solved for during recognition. Smaller squares

indicate the keypoints that were used for recognition.

The least-squares solution for the parameters x can be determined by solving the correspond-

ing normal equations,

x = [AT
A]−1

A
T
b,

which minimizes the sum of the squares of the distances from the projected model locations

to the corresponding image locations. This least-squares approach could readily be extended

to solving for 3D pose and internal parameters of articulated and flexible objects (Lowe,

1991).

Outliers can now be removed by checking for agreement between each image feature and

the model. Given the more accurate least-squares solution, we now require each match to

agree within half the error range that was used for the parameters in the Hough transform

bins. If fewer than 3 points remain after discarding outliers, then the match is rejected.

As outliers are discarded, the least-squares solution is re-solved with the remaining points,

and the process iterated. In addition, a top-down matching phase is used to add any further

matches that agree with the projected model position. These may have been missed from the

Hough transform bin due to the similarity transform approximation or other errors.

The final decision to accept or reject a model hypothesis is based on a detailed probabilis-

tic model given in a previous paper (Lowe, 2001). This method first computes the expected

number of false matches to the model pose, given the projected size of the model, the number

of features within the region, and the accuracy of the fit. A Bayesian analysis then gives the

probability that the object is present based on the actual number of matching features found.

We accept a model if the final probability for a correct interpretation is greater than 0.98.

For objects that project to small regions of an image, 3 features may be sufficient for reli-

able recognition. For large objects covering most of a heavily textured image, the expected

number of false matches is higher, and as many as 10 feature matches may be necessary.

8 Recognition examples

Figure 12 shows an example of object recognition for a cluttered and occluded image con-

taining 3D objects. The training images of a toy train and a frog are shown on the left.
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Figure 13: This example shows location recognition within a complex scene. The training images for

locations are shown at the upper left and the 640x315 pixel test image taken from a different viewpoint

is on the upper right. The recognized regions are shown on the lower image, with keypoints shown

as squares and an outer parallelogram showing the boundaries of the training images under the affine

transform used for recognition.

The middle image (of size 600x480 pixels) contains instances of these objects hidden behind

others and with extensive background clutter so that detection of the objects may not be im-

mediate even for human vision. The image on the right shows the final correct identification

superimposed on a reduced contrast version of the image. The keypoints that were used for

recognition are shown as squares with an extra line to indicate orientation. The sizes of the

squares correspond to the image regions used to construct the descriptor. An outer parallel-

ogram is also drawn around each instance of recognition, with its sides corresponding to the

boundaries of the training images projected under the final affine transformation determined

during recognition.

Another potential application of the approach is to place recognition, in which a mobile

device or vehicle could identify its location by recognizing familiar locations. Figure 13 gives

an example of this application, in which training images are taken of a number of locations.

As shown on the upper left, these can even be of such seemingly non-distinctive items as a

wooden wall or a tree with trash bins. The test image (of size 640 by 315 pixels) on the upper

right was taken from a viewpoint rotated about 30 degrees around the scene from the original

positions, yet the training image locations are easily recognized.
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All steps of the recognition process can be implemented efficiently, so the total time

to recognize all objects in Figures 12 or 13 is less than 0.3 seconds on a 2GHz Pentium 4

processor. We have implemented these algorithms on a laptop computer with attached video

camera, and have tested them extensively over a wide range of conditions. In general, textured

planar surfaces can be identified reliably over a rotation in depth of up to 50 degrees in any

direction and under almost any illumination conditions that provide sufficient light and do not

produce excessive glare. For 3D objects, the range of rotation in depth for reliable recognition

is only about 30 degrees in any direction and illumination change is more disruptive. For these

reasons, 3D object recognition is best performed by integrating features from multiple views,

such as with local feature view clustering (Lowe, 2001).

These keypoints have also been applied to the problem of robot localization and map-

ping, which has been presented in detail in other papers (Se, Lowe and Little, 2001). In this

application, a trinocular stereo system is used to determine 3D estimates for keypoint loca-

tions. Keypoints are used only when they appear in all 3 images with consistent disparities,

resulting in very few outliers. As the robot moves, it localizes itself using feature matches to

the existing 3D map, and then incrementally adds features to the map while updating their 3D

positions using a Kalman filter. This provides a robust and accurate solution to the problem

of robot localization in unknown environments. This work has also addressed the problem of

place recognition, in which a robot can be switched on and recognize its location anywhere

within a large map (Se, Lowe and Little, 2002), which is equivalent to a 3D implementation

of object recognition.

9 Conclusions

The SIFT keypoints described in this paper are particularly useful due to their distinctive-

ness, which enables the correct match for a keypoint to be selected from a large database of

other keypoints. This distinctiveness is achieved by assembling a high-dimensional vector

representing the image gradients within a local region of the image. The keypoints have been

shown to be invariant to image rotation and scale and robust across a substantial range of

affine distortion, addition of noise, and change in illumination. Large numbers of keypoints

can be extracted from typical images, which leads to robustness in extracting small objects

among clutter. The fact that keypoints are detected over a complete range of scales means that

small local features are available for matching small and highly occluded objects, while large

keypoints perform well for images subject to noise and blur. Their computation is efficient,

so that several thousand keypoints can be extracted from a typical image with near real-time

performance on standard PC hardware.

This paper has also presented methods for using the keypoints for object recognition. The

approach we have described uses approximate nearest-neighbor lookup, a Hough transform

for identifying clusters that agree on object pose, least-squares pose determination, and fi-

nal verification. Other potential applications include view matching for 3D reconstruction,

motion tracking and segmentation, robot localization, image panorama assembly, epipolar

calibration, and any others that require identification of matching locations between images.

There are many directions for further research in deriving invariant and distinctive image

features. Systematic testing is needed on data sets with full 3D viewpoint and illumination

changes. The features described in this paper use only a monochrome intensity image, so fur-

ther distinctiveness could be derived from including illumination-invariant color descriptors
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(Funt and Finlayson, 1995; Brown and Lowe, 2002). Similarly, local texture measures appear

to play an important role in human vision and could be incorporated into feature descriptors

in a more general form than the single spatial frequency used by the current descriptors. An

attractive aspect of the invariant local feature approach to matching is that there is no need

to select just one feature type, and the best results are likely to be obtained by using many

different features, all of which can contribute useful matches and improve overall robustness.

Another direction for future research will be to individually learn features that are suited

to recognizing particular objects categories. This will be particularly important for generic

object classes that must cover a broad range of possible appearances. The research of We-

ber, Welling, and Perona (2000) and Fergus, Perona, and Zisserman (2003) has shown the

potential of this approach by learning small sets of local features that are suited to recogniz-

ing generic classes of objects. In the long term, feature sets are likely to contain both prior

and learned features that will be used according to the amount of training data that has been

available for various object classes.
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Abstract

Training Deep Neural Networks is complicated

by the fact that the distribution of each layer’s

inputs changes during training, as the parame-

ters of the previous layers change. This slows

down the training by requiring lower learning

rates and careful parameter initialization, and

makes it notoriously hard to train models with

saturating nonlinearities. We refer to this phe-

nomenon as internal covariate shift, and ad-

dress the problem by normalizing layer inputs.

Our method draws its strength from making nor-

malization a part of the model architecture and

performing the normalization for each training

mini-batch. Batch Normalization allows us to

use much higher learning rates and be less care-

ful about initialization, and in some cases elim-

inates the need for Dropout. Applied to a state-

of-the-art image classification model, Batch Nor-

malization achieves the same accuracy with 14

times fewer training steps, and beats the original

model by a significant margin. Using an ensem-

ble of batch-normalized networks, we improve

upon the best published result on ImageNet clas-

sification: reaching 4.82% top-5 test error, ex-

ceeding the accuracy of human raters.

1. Introduction

Deep learning has dramatically advanced the state of the art

in vision, speech, and many other areas. Stochastic gradient

descent (SGD) has proved to be an effective way of train-

ing deep networks, and SGD variants such as momentum

(Sutskever et al., 2013) and Adagrad (Duchi et al., 2011)

have been used to achieve state of the art performance.

SGD optimizes the parameters Θ of the network, so as to

Proceedings of the 32
nd International Conference on Machine

Learning, Lille, France, 2015. JMLR: W&CP volume 37. Copy-
right 2015 by the author(s).

minimize the loss

Θ = argmin
Θ

1

N

N∑

i=1

ℓ(xi,Θ)

where x1...N is the training data set. With SGD, the train-

ing proceeds in steps, at each step considering a mini-

batch x1...m of size m. Using mini-batches of examples,

as opposed to one example at a time, is helpful in sev-

eral ways. First, the gradient of the loss over a mini-batch
1
m

∑m
i=1

∂ℓ(xi,Θ)
∂Θ is an estimate of the gradient over the

training set, whose quality improves as the batch size in-

creases. Second, computation over a mini-batch can be

more efficient than m computations for individual exam-

ples on modern computing platforms.

While stochastic gradient is simple and effective, it requires

careful tuning of the model hyper-parameters, specifically

the learning rate and the initial parameter values. The train-

ing is complicated by the fact that the inputs to each layer

are affected by the parameters of all preceding layers – so

that small changes to the network parameters amplify as

the network becomes deeper.

The change in the distributions of layers’ inputs presents

a problem because the layers need to continuously adapt

to the new distribution. When the input distribution to a

learning system changes, it is said to experience covari-

ate shift (Shimodaira, 2000). This is typically handled via

domain adaptation (Jiang, 2008). However, the notion of

covariate shift can be extended beyond the learning system

as a whole, to apply to its parts, such as a sub-network or a

layer. Consider a network computing

ℓ = F2(F1(u,Θ1),Θ2)

where F1 and F2 are arbitrary transformations, and the

parameters Θ1,Θ2 are to be learned so as to minimize

the loss ℓ. Learning Θ2 can be viewed as if the inputs

x = F1(u,Θ1) are fed into the sub-network

ℓ = F2(x,Θ2).
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For example, a gradient descent step

Θ2 ← Θ2 −
α

m

m∑

i=1

∂F2(xi,Θ2)

∂Θ2

(for mini-batch size m and learning rate α) is exactly equiv-

alent to that for a stand-alone network F2 with input x.

Therefore, the input distribution properties that aid the net-

work generalization – such as having the same distribution

between the training and test data – apply to training the

sub-network as well. As such it is advantageous for the

distribution of x to remain fixed over time. Then, Θ2 does

not have to readjust to compensate for the change in the

distribution of x.

Fixed distribution of inputs to a sub-network would have

positive consequences for the layers outside the sub-

network, as well. Consider a layer with a sigmoid acti-

vation function z = g(Wu + b) where u is the layer in-

put, the weight matrix W and bias vector b are the layer

parameters to be learned, and g(x) = 1
1+exp(−x) . As |x|

increases, g′(x) tends to zero. This means that for all di-

mensions of x = Wu+ b except those with small absolute

values, the gradient flowing down to u will vanish and the

model will train slowly. However, since x is affected by

W, b and the parameters of all the layers below, changes to

those parameters during training will likely move many di-

mensions of x into the saturated regime of the nonlinearity

and slow down the convergence. This effect is amplified

as the network depth increases. In practice, the saturation

problem and the resulting vanishing gradients are usually

addressed by using Rectified Linear Units (Nair & Hinton,

2010) ReLU(x) = max(x, 0), careful initialization (Ben-

gio & Glorot, 2010; Saxe et al., 2013), and small learning

rates. If, however, we could ensure that the distribution

of nonlinearity inputs remains more stable as the network

trains, then the optimizer would be less likely to get stuck

in the saturated regime, and the training would accelerate.

We refer to the change in the distributions of internal nodes

of a deep network, in the course of training, as Internal Co-

variate Shift. Eliminating it offers a promise of faster train-

ing. We propose a new mechanism, which we call Batch

Normalization, that takes a step towards reducing internal

covariate shift, and in doing so dramatically accelerates the

training of deep neural nets. It accomplishes this via a nor-

malization step that fixes the means and variances of layer

inputs. Batch Normalization also has a beneficial effect

on the gradient flow through the network, by reducing the

dependence of gradients on the scale of the parameters or

of their initial values. This allows us to use much higher

learning rates without the risk of divergence. Furthermore,

batch normalization regularizes the model and reduces the

need for Dropout (Srivastava et al., 2014). Finally, Batch

Normalization makes it possible to use saturating nonlin-

earities by preventing the network from getting stuck in the

saturated modes.

In Sec. 4.2, we apply Batch Normalization to the best-

performing ImageNet classification network, and show that

we can match its performance using only 7% of the training

steps, and can further exceed its accuracy by a substantial

margin. Using an ensemble of such networks trained with

Batch Normalization, we achieve the top-5 error rate that

improves upon the best known results on ImageNet classi-

fication.

2. Towards Reducing Internal Covariate Shift

We define Internal Covariate Shift as the change in the dis-

tribution of network activations due to the change in net-

work parameters during training. To improve the training,

we seek to reduce the internal covariate shift. By fixing

the distribution of the layer inputs x as the training pro-

gresses, we expect to improve the training speed. It has

been long known (LeCun et al., 1998b; Wiesler & Ney,

2011) that the network training converges faster if its in-

puts are whitened – i.e., linearly transformed to have zero

means and unit variances, and decorrelated. As each layer

observes the inputs produced by the layers below, it would

be advantageous to achieve the same whitening of the in-

puts of each layer. By whitening the inputs to each layer,

we would take a step towards achieving the fixed distri-

butions of inputs that would remove the ill effects of the

internal covariate shift.

We could consider whitening activations at every training

step or at some interval, either by modifying the network

directly or by changing the parameters of the optimiza-

tion algorithm to depend on the network activation values

(Wiesler et al., 2014; Raiko et al., 2012; Povey et al., 2014;

Desjardins & Kavukcuoglu). However, if these modifica-

tions are interspersed with the optimization steps, then the

gradient descent step may attempt to update the parame-

ters in a way that requires the normalization to be updated,

which reduces the effect of the gradient step. For example,

consider a layer with the input u that adds the learned bias

b, and normalizes the result by subtracting the mean of the

activation computed over the training data: x̂ = x − E[x]
where x = u + b, X = {x1...N} is the set of values of x

over the training set, and E[x] = 1
N

∑N
i=1 xi. If a gradi-

ent descent step ignores the dependence of E[x] on b, then

it will update b ← b + ∆b, where ∆b ∝ −∂ℓ/∂x̂. Then

u+(b+∆b)−E[u+(b+∆b)] = u+ b−E[u+ b]. Thus,

the combination of the update to b and subsequent change

in normalization led to no change in the output of the layer

nor, consequently, the loss. As the training continues, b
will grow indefinitely while the loss remains fixed. This

problem can get worse if the normalization not only cen-

ters but also scales the activations. We have observed this
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empirically in initial experiments, where the model blows

up when the normalization parameters are computed out-

side the gradient descent step.

The issue with the above approach is that the gradient de-

scent optimization does not take into account the fact that

the normalization takes place. To address this issue, we

would like to ensure that, for any parameter values, the net-

work always produces activations with the desired distri-

bution. Doing so would allow the gradient of the loss with

respect to the model parameters to account for the normal-

ization, and for its dependence on the model parameters Θ.

Let again x be a layer input, treated as a vector, and X be

the set of these inputs over the training data set. The nor-

malization can then be written as a transformation

x̂ = Norm(x,X )
which depends not only on the given training example x
but on all examples X – each of which depends on Θ
if x is generated by another layer. For backpropagation,

we would need to compute the Jacobians
∂Norm(x,X )

∂x and
∂Norm(x,X )

∂X ; ignoring the latter term would lead to the ex-

plosion described above. Within this framework, whiten-

ing the layer inputs is expensive, as it requires computing

the covariance matrix Cov[x] = Ex∈X [xxT ] − E[x]E[x]T

and its inverse square root, to produce the whitened acti-

vations Cov[x]−1/2(x− E[x]), as well as the derivatives of

these transforms for backpropagation. This motivates us to

seek an alternative that performs input normalization in a

way that is differentiable and does not require the analysis

of the entire training set after every parameter update.

Some of the previous approaches (e.g. (Lyu & Simoncelli,

2008)) use statistics computed over a single training exam-

ple, or, in the case of image networks, over different feature

maps at a given location. However, this changes the repre-

sentation ability of a network by discarding the absolute

scale of activations. We want to a preserve the information

in the network, by normalizing the activations in a training

example relative to the statistics of the entire training data.

3. Normalization via Mini-Batch Statistics

Since the full whitening of each layer’s inputs is costly, we

make two necessary simplifications. The first is that instead

of whitening the features in layer inputs and outputs jointly,

we will normalize each scalar feature independently, by

making it have zero mean and unit variance. For a layer

with d-dimensional input x = (x(1) . . . x(d)), we will nor-

malize each dimension

x̂(k) =
x(k) − E[x(k)]√

Var[x(k)]

where the expectation and variance are computed over the

training data set. As shown in (LeCun et al., 1998b), such

normalization speeds up convergence, even when the fea-

tures are not decorrelated.

Note that simply normalizing each input of a layer may

change what the layer can represent. For instance, nor-

malizing the inputs of a sigmoid would constrain them to

the linear regime of the nonlinearity. To address this, we

make sure that the transformation inserted in the network

can represent the identity transform. To accomplish this,

we introduce, for each activation x(k), a pair of parameters

γ(k), β(k), which scale and shift the normalized value:

y(k) = γ(k)x̂(k) + β(k).

These parameters are learned along with the original model

parameters, and restore the representation power of the net-

work. Indeed, by setting γ(k) =
√

Var[x(k)] and β(k) =
E[x(k)], we could recover the original activations, if that

were the optimal thing to do.

In the batch setting where each training step is based on

the entire training set, we would use the whole set to nor-

malize activations. However, this is impractical when us-

ing stochastic optimization. Therefore, we make the sec-

ond simplification: since we use mini-batches in stochas-

tic gradient training, each mini-batch produces estimates

of the mean and variance of each activation. This way,

the statistics used for normalization can fully participate in

the gradient backpropagation. Note that the use of mini-

batches is enabled by computation of per-dimension vari-

ances rather than joint covariances; in the joint case, reg-

ularization would be required since the mini-batch size is

likely to be smaller than the number of activations being

whitened, resulting in singular covariance matrices.

Consider a mini-batch B of size m. Since the normalization

is applied to each activation independently, let us focus on

a particular activation x(k) and omit k for clarity. We have

m values of this activation in the mini-batch,

B = {x1...m}.

Let the normalized values be x̂1...m, and their linear trans-

formations be y1...m. We refer to the transform

BNγ,β : x1...m → y1...m

as the Batch Normalizing Transform. We present the BN

Transform in Algorithm 1. In the algorithm, ǫ is a constant

added to the mini-batch variance for numerical stability.

The BN transform can be added to a network to manip-

ulate any activation. In the notation y = BNγ,β(x), we

indicate that the parameters γ and β are to be learned, but

it should be noted that the BN transform does not inde-

pendently process the activation in each training example.

Rather, BNγ,β(x) depends both on the training example

and the other examples in the mini-batch. The scaled and
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Input: Values of x over a mini-batch: B = {x1...m};
Parameters to be learned: γ, β

Output: {yi = BNγ,β(xi)}

µB ←
1

m

m∑

i=1

xi // mini-batch mean

σ2
B ←

1

m

m∑

i=1

(xi − µB)
2 // mini-batch variance

x̂i ←
xi − µB√
σ2
B
+ ǫ

// normalize

yi ← γx̂i + β ≡ BNγ,β(xi) // scale and shift

Algorithm 1: Batch Normalizing Transform, applied to

activation x over a mini-batch.

shifted values y are passed to other network layers. The

normalized activations x̂ are internal to our transformation,

but their presence is crucial. The distributions of values

of any x̂ has the expected value of 0 and the variance of

1, as long as the elements of each mini-batch are sampled

from the same distribution, and if we neglect ǫ. This can be

seen by observing that
∑m

i=1 x̂i = 0 and 1
m

∑m
i=1 x̂

2
i = 1,

and taking expectations. Each normalized activation x̂(k)

can be viewed as an input to a sub-network composed of

the linear transform y(k) = γ(k)x̂(k) + β(k), followed by

the other processing done by the original network. These

sub-network inputs all have fixed means and variances, and

although the joint distribution of these normalized x̂(k) can

change over the course of training, we expect that the intro-

duction of normalized inputs accelerates the training of the

sub-network and, consequently, the network as a whole.

During training we need to backpropagate the gradient of

loss ℓ through this transformation, as well as compute the

gradients with respect to the parameters of the BN trans-

form. We use chain rule, as follows:

∂ℓ
∂x̂i

= ∂ℓ
∂yi

· γ
∂ℓ
∂σ2

B

=
∑m

i=1
∂ℓ
∂x̂i

· (xi − µB) · −1
2 (σ2

B
+ ǫ)−3/2

∂ℓ
∂µB

=
∑m

i=1
∂ℓ
∂x̂i

· −1√
σ2
B
+ǫ

∂ℓ
∂xi

= ∂ℓ
∂x̂i

· 1√
σ2
B
+ǫ

+ ∂ℓ
∂σ2

B

· 2(xi−µB)
m + ∂ℓ

∂µB
· 1
m

∂ℓ
∂γ =

∑m
i=1

∂ℓ
∂yi

· x̂i

∂ℓ
∂β =

∑m
i=1

∂ℓ
∂yi

Thus, BN transform is a differentiable transformation that

introduces normalized activations into the network. This

ensures that as the model is training, layers can continue

learning on input distributions that exhibit less internal co-

variate shift, thus accelerating the training. Furthermore,

the learned affine transform applied to these normalized ac-

tivations allows the BN transform to represent the identity

transformation and preserves the network capacity.

3.1. Training and Inference with Batch-Normalized

Networks

To Batch-Normalize a network, we specify a subset of ac-

tivations and insert the BN transform for each of them, ac-

cording to Alg. 1. Any layer that previously received x
as the input, now receives BN(x). A model employing

Batch Normalization can be trained using batch gradient

descent, or Stochastic Gradient Descent with a mini-batch

size m > 1, or with any of its variants such as Adagrad

(Duchi et al., 2011). The normalization of activations that

depends on the mini-batch allows efficient training, but is

neither necessary nor desirable during inference; we want

the output to depend only on the input, deterministically.

For this, once the network has been trained, we use the

normalization

x̂ =
x− E[x]√
Var[x] + ǫ

using the population, rather than mini-batch, statistics. Ne-

glecting ǫ, these normalized activations have the same

mean 0 and variance 1 as during training. We use the unbi-

ased variance estimate Var[x] = m
m−1 · EB[σ

2
B
], where the

expectation is over training mini-batches of size m and σ2
B

are their sample variances. Using moving averages instead,

we can track the accuracy of a model as it trains. Since the

means and variances are fixed during inference, the nor-

malization is simply a linear transform applied to each ac-

tivation. It may further be composed with the scaling by

γ and shift by β, to yield a single linear transform that re-

places BN(x). Algorithm 2 summarizes the procedure for

training batch-normalized networks.

3.2. Batch-Normalized Convolutional Networks

Batch Normalization can be applied to any set of activa-

tions in the network. Here, we focus on transforms that

consist of an affine transformation followed by an element-

wise nonlinearity:

z = g(Wu + b)

where W and b are learned parameters of the model, and

g(·) is the nonlinearity such as sigmoid or ReLU. This

formulation covers both fully-connected and convolutional

layers. We add the BN transform immediately before the

nonlinearity, by normalizing x = Wu + b. We could have

also normalized the layer inputs u, but since u is likely

the output of another nonlinearity, the shape of its distri-

bution is likely to change during training, and constraining

its first and second moments would not eliminate the co-

variate shift. In contrast, Wu + b is more likely to have

a symmetric, non-sparse distribution, that is “more Gaus-
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Input: Network N with trainable parameters Θ;

subset of activations {x(k)}Kk=1

Output: Batch-normalized network for inference, Ninf
BN

1: Ntr
BN ← N // Training BN network

2: for k = 1 . . .K do

3: Add transformation y(k) = BNγ(k),β(k)(x(k)) to

Ntr
BN (Alg. 1)

4: Modify each layer in Ntr
BN with input x(k) to take

y(k) instead

5: end for

6: Train Ntr
BN to optimize the parameters

Θ ∪ {γ(k), β(k)}Kk=1

7: Ninf
BN ← Ntr

BN // Inference BN network with frozen

// parameters

8: for k = 1 . . .K do

9: // For clarity, x ≡ x(k), γ ≡ γ(k), µB ≡ µ
(k)
B

, etc.

10: Process multiple training mini-batches B, each of

size m, and average over them:

E[x]← EB[µB]

Var[x]← m
m−1EB[σ

2
B
]

11: In Ninf
BN, replace the transform y = BNγ,β(x) with

y = γ√
Var[x]+ǫ

· x+
(
β − γ E[x]√

Var[x]+ǫ

)

12: end for

Algorithm 2: Training a Batch-Normalized Network

sian” (Hyvärinen & Oja, 2000); normalizing it is likely to

produce activations with a stable distribution.

Note that, since we normalize Wu + b, the bias b can be

ignored since its effect will be canceled by the subsequent

mean subtraction (the role of the bias is subsumed by β in

Alg. 1). Thus, z = g(Wu + b) is replaced with

z = g(BN(Wu))

where the BN transform is applied independently to each

dimension of x = Wu, with a separate pair of learned pa-

rameters γ(k), β(k) per dimension.

For convolutional layers, we additionally want the normal-

ization to obey the convolutional property – so that differ-

ent elements of the same feature map, at different locations,

are normalized in the same way. To achieve this, we jointly

normalize all the activations in a mini-batch, over all lo-

cations. In Alg. 1, we let B be the set of all values in a

feature map across both the elements of a mini-batch and

spatial locations – so for a mini-batch of size m and feature

maps of size p× q, we use the effective mini-batch of size

m′ = |B| = m ·p q. We learn a pair of parameters γ(k) and

β(k) per feature map, rather than per activation. Alg. 2 is

modified similarly, so that during inference the BN trans-

form applies the same linear transformation to each activa-

tion in a given feature map.

3.3. Batch Normalization enables higher learning rates

In traditional deep networks, too high a learning rate may

result in the gradients that explode or vanish, as well as get-

ting stuck in poor local minima. Batch Normalization helps

address these issues. By normalizing activations through-

out the network, it prevents small changes in layer parame-

ters from amplifying as the data propagates through a deep

network. For example, this enables the sigmoid nonlin-

earities to more easily stay in their non-saturated regimes,

which is crucial for training deep sigmoid networks but has

traditionally been hard to accomplish.

Batch Normalization also makes training more resilient to

the parameter scale. Normally, large learning rates may in-

crease the scale of layer parameters, which then amplify

the gradient during backpropagation and lead to the model

explosion. However, with Batch Normalization, backprop-

agation through a layer is unaffected by the scale of its pa-

rameters. Indeed, for a scalar a,

BN(Wu) = BN((aW )u)

and thus
∂BN((aW )u)

∂u = ∂BN(Wu)
∂u , so the scale does not af-

fect the layer Jacobian nor, consequently, the gradient prop-

agation. Moreover,
∂BN((aW )u)

∂(aW ) = 1
a ·

∂BN(Wu)
∂W , so larger

weights lead to smaller gradients, and Batch Normalization

will stabilize the parameter growth.

We further conjecture that Batch Normalization may lead

the layer Jacobians to have singular values close to 1, which

is known to be beneficial for training (Saxe et al., 2013).

Consider two consecutive layers with normalized inputs,

and the transformation between these normalized vectors:

ẑ = F (x̂). If we assume that x̂ and ẑ are Gaussian and un-

correlated, and that F (x̂) ≈ J x̂ is a linear transformation

for the given model parameters, then both x̂ and ẑ have unit

covariances, and I = Cov[̂z] = JCov[x̂]JT = JJT . Thus,

J is orthogonal, which preserves the gradient magnitudes

during backpropagation. Although the above assumptions

are not true in reality, we expect Batch Normalization to

help make gradient propagation better behaved. This re-

mains an area of further study.

4. Experiments

4.1. Activations over time

To verify the effects of internal covariate shift on train-

ing, and the ability of Batch Normalization to combat it,

we considered the problem of predicting the digit class on

the MNIST dataset (LeCun et al., 1998a). We used a very

simple network, with a 28x28 binary image as input, and

3 fully-connected hidden layers with 100 activations each.

Each hidden layer computes y = g(Wu+ b) with sigmoid

nonlinearity, and the weights W initialized to small ran-

dom Gaussian values. The last hidden layer is followed
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Figure 1. (a) The test accuracy of the MNIST network trained with

and without Batch Normalization, vs. the number of training

steps. Batch Normalization helps the network train faster and

achieve higher accuracy. (b, c) The evolution of input distribu-

tions to a typical sigmoid, over the course of training, shown as

{15, 50, 85}th percentiles. Batch Normalization makes the distri-

bution more stable and reduces the internal covariate shift.

by a fully-connected layer with 10 activations (one per

class) and cross-entropy loss. We trained the network for

50000 steps, with 60 examples per mini-batch. We added

Batch Normalization to each hidden layer of the network,

as in Sec. 3.1. We were interested in the comparison be-

tween the baseline and batch-normalized networks, rather

than achieving the state of the art performance on MNIST

(which the described architecture does not).

Figure 1(a) shows the fraction of correct predictions by the

two networks on held-out test data, as training progresses.

The batch-normalized network enjoys the higher test accu-

racy. To investigate why, we studied inputs to the sigmoid,

in the original network N and batch-normalized network

Ntr
BN (Alg. 2) over the course of training. In Fig. 1(b,c) we

show, for one typical activation from the last hidden layer

of each network, how its distribution evolves. The distribu-

tions in the original network change significantly over time,

both in their mean and the variance, which complicates the

training of the subsequent layers. In contrast, the distri-

butions in the batch-normalized network are much more

stable as training progresses, which aids the training.

4.2. ImageNet classification

We applied Batch Normalization to a new variant of the In-

ception network (Szegedy et al., 2014), trained on the Im-

ageNet classification task (Russakovsky et al., 2014). The

network has a large number of convolutional and pooling

layers, with a softmax layer to predict the image class, out

of 1000 possibilities. Convolutional layers use ReLU as the

nonlinearity. The main difference to the network described

in (Szegedy et al., 2014) is that the 5×5 convolutional lay-

ers are replaced by two consecutive layers of 3×3 convolu-

tions with up to 128 filters. The network contains 13.6 ·106
parameters, and, other than the top softmax layer, has no

fully-connected layers. We refer to this model as Incep-

tion in the rest of the text. The training was performed on

a large-scale, distributed architecture (Dean et al., 2012),

using 5 concurrent steps on each of 10 model replicas, us-

ing asynchronous SGD with momentum (Sutskever et al.,

2013), with the mini-batch size of 32. All networks are

evaluated as training progresses by computing the valida-

tion accuracy @1, i.e. the probability of predicting the cor-

rect label out of 1000 possibilities, on a held-out set, using

a single crop per image.

In our experiments, we evaluated several modifications of

Inception with Batch Normalization. In all cases, Batch

Normalization was applied to the input of each nonlinear-

ity, in a convolutional way, as described in section 3.2,

while keeping the rest of the architecture constant.

4.2.1. ACCELERATING BN NETWORKS

Simply adding Batch Normalization to a network does not

take full advantage of our method. To do so, we applied the

following modifications:

Increase learning rate. In a batch-normalized model, we

have been able to achieve a training speedup from higher

learning rates, with no ill side effects (Sec. 3.3).

Remove Dropout. We have found that removing Dropout

from BN-Inception allows the network to achieve higher

validation accuracy. We conjecture that Batch Normal-

ization provides similar regularization benefits as Dropout,

since the activations observed for a training example are

affected by the random selection of examples in the same

mini-batch.

Shuffle training examples more thoroughly. We enabled

within-shard shuffling of the training data, which prevents

the same examples from always appearing in a mini-batch

together. This led to about 1% improvement in the valida-

tion accuracy, which is consistent with the view of Batch

Normalization as a regularizer: the randomization inherent

in our method should be most beneficial when it affects an

example differently each time it is seen.

Reduce the L2 weight regularization. While in Inception

an L2 loss on the model parameters controls overfitting, in

modified BN-Inception the weight of this loss is reduced

by a factor of 5. We find that this improves the accuracy on

the held-out validation data.

Accelerate the learning rate decay. In training Inception,

learning rate was decayed exponentially. Because our net-

work trains faster than Inception, we lower the learning rate

6 times faster.

Remove Local Response Normalization While Inception

and other networks (Srivastava et al., 2014) benefit from it,

we found that with Batch Normalization it is not necessary.

Reduce the photometric distortions. Because batch-

normalized networks train faster and observe each train-

ing example fewer times, we let the trainer focus on more

“real” images by distorting them less.
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Figure 2. Single crop validation accuracy of Inception and its

batch-normalized variants, vs. the number of training steps.

Model Steps to 72.2% Max accuracy

Inception 31.0 · 106 72.2%

BN-Baseline 13.3 · 106 72.7%

BN-x5 2.1 · 106 73.0%

BN-x30 2.7 · 106 74.8%

BN-x5-Sigmoid 69.8%

Figure 3. For Inception and the batch-normalized variants,

the number of training steps required to reach the maximum

accuracy of Inception (72.2%), and the maximum accuracy

achieved by the network.

4.2.2. SINGLE-NETWORK CLASSIFICATION

We evaluated the following networks, all trained on the

LSVRC2012 training data, and tested on the validation

data:

Inception: the network described at the beginning of Sec-

tion 4.2, trained with the initial learning rate of 0.0015.

BN-Baseline: Same as Inception with Batch Normalization

before each nonlinearity.

BN-x5: Inception with Batch Normalization and the mod-

ifications in Sec. 4.2.1. The initial learning rate was in-

creased by a factor of 5, to 0.0075. The same learning rate

increase with original Inception caused the model parame-

ters to reach machine infinity.

BN-x30: Like BN-x5, but with the initial learning rate

0.045 (30 times that of Inception).

BN-x5-Sigmoid: Like BN-x5, but with sigmoid nonlinear-

ity g(t) = 1
1+exp(−x) instead of ReLU. We also attempted

to train the original Inception with sigmoid, but the model

remained at the accuracy equivalent to chance.

In Figure 2, we show the validation accuracy of the net-

works, as a function of the number of training steps. Incep-

tion reached the accuracy of 72.2% after 31 · 106 training

steps. The Figure 3 shows, for each network, the number of

training steps required to reach the same 72.2% accuracy,

as well as the maximum validation accuracy reached by the

network and the number of steps to reach it.

By only using Batch Normalization (BN-Baseline), we

match the accuracy of Inception in less than half the num-

ber of training steps. By applying the modifications in

Sec. 4.2.1, we significantly increase the training speed of

the network. BN-x5 needs 14 times fewer steps than Incep-

tion to reach the 72.2% accuracy. Interestingly, increasing

the learning rate further (BN-x30) causes the model to train

somewhat slower initially, but allows it to reach a higher

final accuracy. This phenomenon is counterintuitive and

should be investigated further. BN-x30 reaches 74.8% af-

ter 6 · 106 steps, i.e. 5 times fewer steps than required by

Inception to reach 72.2%.

We also verified that the reduction in internal covari-

ate shift allows deep networks with Batch Normalization

to be trained when sigmoid is used as the nonlinearity,

despite the well-known difficulty of training such net-

works. Indeed, BN-x5-Sigmoid achieves the accuracy of

69.8%. Without Batch Normalization, Inception with sig-

moid never achieves better than 1/1000 accuracy.

4.2.3. ENSEMBLE CLASSIFICATION

The current reported best results on the ImageNet Large

Scale Visual Recognition Competition are reached by the

Deep Image ensemble of traditional models (Wu et al.,

2015) and the ensemble model of (He et al., 2015). The

latter reports the top-5 error of 4.94%, as evaluated by the

ILSVRC test server. Here we report a test error of 4.82%

on test server. This improves upon the previous best re-

sult, and exceeds the estimated accuracy of human raters

according to (Russakovsky et al., 2014).

For our ensemble, we used 6 networks. Each was based

on BN-x30, modified via some of the following: increased

initial weights in the convolutional layers; using Dropout

(with the Dropout probability of 5% or 10%, vs. 40% for

the original Inception); and using non-convolutional Batch

Normalization with last hidden layers of the model. Each

network achieved its maximum accuracy after about 6 ·106
training steps. The ensemble prediction was based on the

arithmetic average of class probabilities predicted by the

constituent networks. The details of ensemble and multi-

crop inference are similar to (Szegedy et al., 2014).

We demonstrate in Fig. 4 that batch normalization allows

us to set new state-of-the-art on the ImageNet classification

challenge benchmarks.
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Model Resolution Crops Models Top-1 error Top-5 error

GoogLeNet ensemble 224 144 7 - 6.67%

Deep Image low-res 256 - 1 - 7.96%

Deep Image high-res 512 - 1 24.88 7.42%

Deep Image ensemble up to 512 - - - 5.98%

MSRA multicrop up to 480 - - - 5.71%

MSRA ensemble up to 480 - - - 4.94%*

BN-Inception single crop 224 1 1 25.2% 7.82%

BN-Inception multicrop 224 144 1 21.99% 5.82%

BN-Inception ensemble 224 144 6 20.1% 4.82%*

Figure 4. Batch-Normalized Inception comparison with previous state of the art on the provided validation set comprising 50000 images.

*Ensemble results are test server evaluation results on the test set. The BN-Inception ensemble has reached 4.9% top-5 error on the

50000 images of the validation set. All other reported results are on the validation set.

5. Conclusion

We have presented a novel mechanism for dramatically ac-

celerating the training of deep networks. It is based on the

premise that covariate shift, which is known to complicate

the training of machine learning systems, also applies to

sub-networks and layers, and removing it from internal ac-

tivations of the network may aid in training. Our proposed

method draws its power from normalizing activations, and

from incorporating this normalization in the network archi-

tecture itself. This ensures that the normalization is appro-

priately handled by any optimization method that is being

used to train the network. To enable stochastic optimiza-

tion methods commonly used in deep network training, we

perform the normalization for each mini-batch, and back-

propagate the gradients through the normalization param-

eters. Batch Normalization adds only two extra parame-

ters per activation, and in doing so preserves the represen-

tation ability of the network. We presented an algorithm

for constructing, training, and performing inference with

batch-normalized networks. The resulting networks can be

trained with saturating nonlinearities, are more tolerant to

increased training rates, and often do not require Dropout

for regularization.

Merely adding Batch Normalization to a state-of-the-art

image classification model yields a substantial speedup in

training. By further increasing the learning rates, remov-

ing Dropout, and applying other modifications afforded by

Batch Normalization, we reach the previous state of the

art with only a small fraction of training steps – and then

beat the state of the art in single-network image classifica-

tion. Furthermore, by combining multiple models trained

with Batch Normalization, we perform better than the best

known system on ImageNet, by a significant margin.

Our method bears similarity to the standardization layer of

(Gülçehre & Bengio, 2013), though the two address dif-

ferent goals. Batch Normalization seeks a stable distribu-

tion of activation values throughout training, and normal-

izes the inputs of a nonlinearity since that is where match-

ing the moments is more likely to stabilize the distribution.

On the contrary, the standardization layer is applied to the

output of the nonlinearity, which results in sparser acti-

vations. We have not observed the nonlinearity inputs to

be sparse, neither with nor without Batch Normalization.

Other notable differences of Batch Normalization include

the learned scale and shift that allow the BN transform

to represent identity, handling of convolutional layers, and

deterministic inference that does not depend on the mini-

batch.

In this work, we have not explored the full range of possi-

bilities that Batch Normalization potentially enables. Our

future work includes applications of our method to Recur-

rent Neural Networks (Pascanu et al., 2013), where the in-

ternal covariate shift and the vanishing or exploding gradi-

ents may be especially severe, and which would allow us

to more thoroughly test the hypothesis that normalization

improves gradient propagation (Sec. 3.3). More study is

needed of the regularization properties of Batch Normal-

ization, which we believe to be responsible for the im-

provements we have observed when Dropout is removed

from BN-Inception. We plan to investigate whether Batch

Normalization can help with domain adaptation, in its tra-

ditional sense – i.e. whether the normalization performed

by the network would allow it to more easily generalize to

new data distributions, perhaps with just a recomputation

of the population means and variances (Alg. 2). Finally,

we believe that further theoretical analysis of the algorithm

would allow still more improvements and applications.
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Abstract

Convolutional Neural Networks (CNNs) have been es-

tablished as a powerful class of models for image recog-

nition problems. Encouraged by these results, we pro-

vide an extensive empirical evaluation of CNNs on large-

scale video classification using a new dataset of 1 million

YouTube videos belonging to 487 classes. We study mul-

tiple approaches for extending the connectivity of a CNN

in time domain to take advantage of local spatio-temporal

information and suggest a multiresolution, foveated archi-

tecture as a promising way of speeding up the training.

Our best spatio-temporal networks display significant per-

formance improvements compared to strong feature-based

baselines (55.3% to 63.9%), but only a surprisingly mod-

est improvement compared to single-frame models (59.3%

to 60.9%). We further study the generalization performance

of our best model by retraining the top layers on the UCF-

101 Action Recognition dataset and observe significant per-

formance improvements compared to the UCF-101 baseline

model (63.3% up from 43.9%).

1. Introduction

Images and videos have become ubiquitous on the in-

ternet, which has encouraged the development of algo-

rithms that can analyze their semantic content for vari-

ous applications, including search and summarization. Re-

cently, Convolutional Neural Networks (CNNs) [15] have

been demonstrated as an effective class of models for un-

derstanding image content, giving state-of-the-art results

on image recognition, segmentation, detection and retrieval

[11, 3, 2, 20, 9, 18]. The key enabling factors behind these

results were techniques for scaling up the networks to tens

of millions of parameters and massive labeled datasets that

can support the learning process. Under these conditions,

CNNs have been shown to learn powerful and interpretable

image features [28]. Encouraged by positive results in do-

main of images, we study the performance of CNNs in

large-scale video classification, where the networks have

access to not only the appearance information present in

single, static images, but also their complex temporal evolu-

tion. There are several challenges to extending and applying

CNNs in this setting.

From a practical standpoint, there are currently no video

classification benchmarks that match the scale and variety

of existing image datasets because videos are significantly

more difficult to collect, annotate and store. To obtain suffi-

cient amount of data needed to train our CNN architectures,

we collected a new Sports-1M dataset, which consists of 1

million YouTube videos belonging to a taxonomy of 487

classes of sports. We make Sports-1M available to the re-

search community to support future work in this area.

From a modeling perspective, we are interested in an-

swering the following questions: what temporal connectiv-

ity pattern in a CNN architecture is best at taking advantage

of local motion information present in the video? How does

the additional motion information influence the predictions

of a CNN and how much does it improve performance over-

all? We examine these questions empirically by evaluating

multiple CNN architectures that each take a different ap-

proach to combining information across the time domain.

From a computational perspective, CNNs require exten-

sively long periods of training time to effectively optimize

the millions of parameters that parametrize the model. This

difficulty is further compounded when extending the con-

nectivity of the architecture in time because the network

must process not just one image but several frames of video

at a time. To mitigate this issue, we show that an effec-

tive approach to speeding up the runtime performance of

CNNs is to modify the architecture to contain two separate

streams of processing: a context stream that learns features

on low-resolution frames and a high-resolution fovea stream

that only operates on the middle portion of the frame. We
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observe a 2-4x increase in runtime performance of the net-

work due to the reduced dimensionality of the input, while

retaining the classification accuracy.

Finally, a natural question that arises is whether features

learned on the Sports-1M dataset are generic enough to

generalize to a different, smaller dataset. We investigate

the transfer learning problem empirically, achieving sig-

nificantly better performance (65.4%, up from 41.3%) on

UCF-101 by re-purposing low-level features learned on the

Sports-1M dataset than by training the entire network on

UCF-101 alone. Furthermore, since only some classes in

UCF-101 are related to sports, we can quantify the relative

improvements of the transfer learning in both settings.

Our contributions can be summarized as follows:

• We provide extensive experimental evaluation of mul-

tiple approaches for extending CNNs into video clas-

sification on a large-scale dataset of 1 million videos

with 487 categories (which we release as Sports-1M

dataset) and report significant gains in performance

over strong feature-based baselines.

• We highlight an architecture that processes input at two

spatial resolutions - a low-resolution context stream

and a high-resolution fovea stream - as a promising

way of improving the runtime performance of CNNs

at no cost in accuracy.

• We apply our networks to the UCF-101 dataset and re-

port significant improvement over feature-based state-

of-the-art results and baselines established by training

networks on UCF-101 alone.

2. Related Work

The standard approach to video classification [26, 16,

21, 17] involves three major stages: First, local visual fea-

tures that describe a region of the video are extracted ei-

ther densely [25] or at a sparse set of interest points [12, 8].

Next, the features get combined into a fixed-sized video-

level description. One popular approach is to quantize all

features using a learned k-means dictionary and accumulate

the visual words over the duration of the video into his-

tograms of varying spatio-temporal positions and extents

[13]. Lastly, a classifier (such as an SVM) is trained on

the resulting ”bag of words” representation to distinguish

among the visual classes of interest.

Convolutional Neural Networks [15] are a biologically-

inspired class of deep learning models that replace all three

stages with a single neural network that is trained end to

end from raw pixel values to classifier outputs. The spa-

tial structure of images is explicitly taken advantage of for

regularization through restricted connectivity between lay-

ers (local filters), parameter sharing (convolutions) and spe-

cial local invariance-building neurons (max pooling). Thus,

these architectures effectively shift the required engineer-

ing from feature design and accumulation strategies to de-

sign of the network connectivity structure and hyperparam-

eter choices. Due to computational constraints, CNNs have

until recently been applied to relatively small scale image

recognition problems (on datasets such as MNIST, CIFAR-

10/100, NORB, and Caltech-101/256), but improvements

on GPU hardware have enabled CNNs to scale to networks

of millions of parameters, which has in turn led to signif-

icant improvements in image classification[11], object de-

tection [20, 9], scene labeling [3], indoor segmentation [4]

and house number digit classification [19]. Additionally,

features learned by large networks trained on ImageNet

[7] have been shown to yield state-of-the-art performance

across many standard image recognition datasets when clas-

sified with an SVM, even with no fine-tuning [18].

Compared to image data domains, there is relatively lit-

tle work on applying CNNs to video classification. Since

all successful applications of CNNs in image domains share

the availability of a large training set, we speculate that this

is partly attributable to lack of large-scale video classifica-

tion benchmarks. In particular, commonly used datasets

(KTH, Weizmann, UCF Sports, IXMAS, Hollywood 2,

UCF-50) only contain up to few thousand clips and up to

few dozen classes. Even the largest available datasets such

as CCV (9,317 videos and 20 classes) and the recently in-

troduced UCF-101[22] (13,320 videos and 101 classes) are

still dwarfed by available image datasets in the number of

instances and their variety [7]. Despite these limitations,

some extensions of CNNs into the video domain have been

explored. [1] and [10] extend an image CNN to video

domains by treating space and time as equivalent dimen-

sions of the input and perform convolutions in both time

and space. We consider these extensions as only one of the

possible generalizations in this work. Unsupervised learn-

ing schemes for training spatio-temporal features have also

been developed, based on Convolutional Gated Restricted

Boltzmann Machines [23] and Independent Subspace Anal-

ysis [14]. In contrast, our models are trained end to end

fully supervised.

3. Models

Unlike images which can be cropped and rescaled to a

fixed size, videos vary widely in temporal extent and can-

not be easily processed with a fixed-sized architecture. In

this work we treat every video as a bag of short, fixed-sized

clips. Since each clip contains several contiguous frames

in time, we can extend the connectivity of the network in

time dimension to learn spatio-temporal features. There are

multiple options for the precise details of the extended con-

nectivity and we describe three broad connectivity pattern

categories (Early Fusion, Late Fusion and Slow Fusion) be-

low. Afterwards, we describe a multiresolution architecture

for addressing the computational efficiency.
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Figure 1: Explored approaches for fusing information over

temporal dimension through the network. Red, green and

blue boxes indicate convolutional, normalization and pool-

ing layers respectively. In the Slow Fusion model, the de-

picted columns share parameters.

3.1. Time Information Fusion in CNNs

We investigate several approaches to fusing information

across temporal domain (Figure 1): the fusion can be done

early in the network by modifying the first layer convolu-

tional filters to extend in time, or it can be done late by

placing two separate single-frame networks some distance

in time apart and fusing their outputs later in the process-

ing. We first describe a baseline single-frame CNN and then

discuss its extensions in time according to different types of

fusion.

Single-frame. We use a single-frame baseline architec-

ture to understand the contribution of static appearance to

the classification accuracy. This network is similar to the

ImageNet challenge winning model [11], but accepts in-

puts of size 170 × 170 × 3 pixels instead of the original

224× 224× 3. Using shorthand notation, the full architec-

ture is C(96, 11, 3)-N -P -C(256, 5, 1)-N -P -C(384, 3, 1)-
C(384, 3, 1)-C(256, 3, 1)-P -FC(4096)-FC(4096), where

C(d, f, s) indicates a convolutional layer with d filters of

spatial size f ×f , applied to the input with stride s. FC(n)
is a fully connected layer with n nodes. All pooling layers P

pool spatially in non-overlapping 2× 2 regions and all nor-

malization layers N are defined as described in Krizhevsky

et al. [11] and use the same parameters: k = 2, n = 5, α =
10−4, β = 0.5. The final layer is connected to a softmax

classifier with dense connections.

Early Fusion. The Early Fusion extension combines in-

formation across an entire time window immediately on the

pixel level. This is implemented by modifying the filters on

the first convolutional layer in the single-frame model by

extending them to be of size 11× 11× 3× T pixels, where

T is some temporal extent (we use T = 10, or approxi-

mately a third of a second). The early and direct connectiv-

ity to pixel data allows the network to precisely detect local

motion direction and speed.

Late Fusion. The Late Fusion model places two sepa-

rate single-frame networks (as described above, up to last

convolutional layer C(256, 3, 1) with shared parameters a

distance of 15 frames apart and then merges the two streams

in the first fully connected layer. Therefore, neither single-

frame tower alone can detect any motion, but the first fully

connected layer can compute global motion characteristics

by comparing outputs of both towers.

Slow Fusion. The Slow Fusion model is a balanced

mix between the two approaches that slowly fuses temporal

information throughout the network such that higher lay-

ers get access to progressively more global information in

both spatial and temporal dimensions. This is implemented

by extending the connectivity of all convolutional layers

in time and carrying out temporal convolutions in addition

to spatial convolutions to compute activations, as seen in

[1, 10]. In the model we use, the first convolutional layer is

extended to apply every filter of temporal extent T = 4 on

an input clip of 10 frames through valid convolution with

stride 2 and produces 4 responses in time. The second and

third layers above iterate this process with filters of tempo-

ral extent T = 2 and stride 2. Thus, the third convolutional

layer has access to information across all 10 input frames.

3.2. Multiresolution CNNs

Since CNNs normally take on orders of weeks to train on

large-scale datasets even on the fastest available GPUs, the

runtime performance is a critical component to our ability

to experiment with different architecture and hyperparame-

ter settings. This motivates approaches for speeding up the

models while still retaining their performance. There are

multiple fronts to these endeavors, including improvements

in hardware, weight quantization schemes, better optimiza-

tion algorithms and initialization strategies, but in this work

we focus on changes in the architecture that enable faster

running times without sacrificing performance.

One approach to speeding up the networks is to reduce

the number of layers and neurons in each layer, but simi-

lar to [28] we found that this consistently lowers the per-

formance. Instead of reducing the size of the network, we

conducted further experiments on training with images of

lower resolution. However, while this improved the run-

ning time of the network, the high-frequency detail in the

images proved critical to achieving good accuracy.

Fovea and context streams. The proposed multiresolu-

tion architecture aims to strike a compromise by having two

separate streams of processing over two spatial resolutions

(Figure 2). A 178 × 178 frame video clip forms an input

to the network. The context stream receives the downsam-

pled frames at half the original spatial resolution (89 × 89
pixels), while the fovea stream receives the center 89 × 89
region at the original resolution. In this way, the the total

input dimensionality is halved. Notably, this design takes

advantage of the camera bias present in many online videos,

since the object of interest often occupies the center region.

Architecture changes. Both streams are processed by

identical network as the full frame models, but starting at
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Figure 2: Multiresolution CNN architecture. Input frames

are fed into two separate streams of processing: a con-

text stream that models low-resolution image and a fovea

stream that processes high-resolution center crop. Both

streams consist of alternating convolution (red), normaliza-

tion (green) and pooling (blue) layers. Both streams con-

verge to two fully connected layers (yellow).

89 × 89 clips of video. Since the input is only of half the

spatial size as the full-frame models, we take out the last

pooling layer to ensure that both streams still terminate in a

layer of size 7×7×256. The activations from both streams

are concatenated and fed into the first fully connected layer

with dense connections.

3.3. Learning

Optimization. We use Downpour Stochastic Gradient

Descent [6] to optimize our models across a computing

cluster. The number of replicas for each model varies be-

tween 10 and 50 and every model is further split across 4

to 32 partitions. We use mini-batches of 32 examples, mo-

mentum of 0.9 and weight decay of 0.0005. All models are

initialized with learning rates of 1e−3 and this value is fur-

ther reduced by hand whenever the validation error stops

improving.

Data augmentation and preprocessing. Following

[11], we take advantage of data augmentation to reduce the

effects of overfitting. Before presenting an example to a net-

work, we preprocess all images by first cropping to center

region, resizing them to 200 × 200 pixels, randomly sam-

pling a 170× 170 region, and finally randomly flipping the

images horizontally with 50% probability. These prepro-

cessing steps are applied consistently to all frames that are

part of the same clip. As a last step of preprocessing we sub-

tract a constant value of 117 from raw pixel values, which

is the approximate value of the mean of all pixels in our

images.

4. Results

We first present results on our Sports-1M dataset and

qualitatively analyze the learned features and network pre-

dictions. We then describe our transfer learning experi-

ments on UCF-101.

4.1. Experiments on Sports­1M

Dataset. The Sports-1M dataset consists of 1 million

YouTube videos annotated with 487 classes. The classes

are arranged in a manually-curated taxonomy that contains

internal nodes such as Aquatic Sports, Team Sports, Winter

Sports, Ball Sports, Combat Sports, Sports with Animals,

and generally becomes fine-grained by the leaf level. For

example, our dataset contains 6 different types of bowling,

7 different types of American football and 23 types of bil-

liards.

There are 1000-3000 videos per class and approximately

5% of the videos are annotated with more than one class.

The annotations are produced automatically by analyzing

the text metadata surrounding the videos. Thus, our data is

weakly annotated on two levels: first, the label of a video

may be wrong if the tag prediction algorithm fails or if the

provided description does not match the video content, and

second, even when a video is correctly annotated it may still

exhibit significant variation on the frame level. For exam-

ple, a video tagged as soccer may contain several shots of

the scoreboard, interviews, news anchors, the crowd, etc.

We split the dataset by assigning 70% of the videos to

the training set, 10% to a validation set and 20% to a test

set. As YouTube may contain duplicate videos, it is pos-

sible that the same video could appear in both the training

and test set. To get an idea about the extent of this prob-

lem we processed all videos with a near-duplicate finding

algorithm on the frame level and determined that only 1755

videos (out of 1 million) contain a significant fraction of

near-duplicate frames. Furthermore, since we only use a

random collection of up to 100 half-second clips from ev-

ery video and our videos are 5 minutes and 36 seconds in

length on average, it is unlikely that the same frames occur

across data splits.

Training. We trained our models over a period of one

month, with models processing approximately 5 clips per

second for full-frame networks and up to 20 clips per sec-

ond for multiresolution networks on a single model replica.

The rate of 5 clips per second is roughly 20 times slower

than what one could expect from a high-end GPU, but we

expect to reach comparable speeds overall given that we use

10-50 model replicas. We further estimate the size of our

dataset of sampled frames to be on the order of 50 million

examples and that our networks have each seen approxi-

mately 500 million examples throughout the training period

in total.

Video-level predictions. To produce predictions for an

entire video we randomly sample 20 clips and present each

clip individually to the network. Every clip is propagated

through the network 4 times (with different crops and flips)
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Figure 4: Predictions on Sports-1M test data. Blue (first row) indicates ground truth label and the bars below show model

predictions sorted in decreasing confidence. Green and red distinguish correct and incorrect predictions, respectively.

Model Clip Hit@1 Video Hit@1 Video Hit@5

Feature Histograms + Neural Net - 55.3 -

Single-Frame 41.1 59.3 77.7

Single-Frame + Multires 42.4 60.0 78.5

Single-Frame Fovea Only 30.0 49.9 72.8

Single-Frame Context Only 38.1 56.0 77.2

Early Fusion 38.9 57.7 76.8

Late Fusion 40.7 59.3 78.7

Slow Fusion 41.9 60.9 80.2

CNN Average (Single+Early+Late+Slow) 41.4 63.9 82.4

Table 1: Results on the 200,000 videos of the Sports-1M test set. Hit@k values indicate the fraction of test samples that

contained at least one of the ground truth labels in the top k predictions.

and the network class predictions are averaged to produce a

more robust estimate of the class probabilities. To produce

video-level predictions we opted for the simplest approach

of averaging individual clip predictions over the durations

of each video. We expect more elaborate techniques to fur-

ther improve performance but consider these to be outside

of the scope of the paper.
Feature histogram baselines. In addition to comparing

CNN architectures among each other, we also report the ac-

curacy of a feature-based approach. Following a standard

bag-of-words pipeline we extract several types of features

at all frames of our videos, discretize them using k-means

vector quantization and accumulate words into histograms

with spatial pyramid encoding and soft quantization. Ev-

ery histogram is normalized to sum to 1 and all histograms

are concatenated into a 25,000 dimensional video-level fea-

ture vector. Our features are similar to Yang & Toderici

[27] and consist of local features (HOG [5], Texton [24],

Cuboids [8], etc.) extracted both densely and at sparse

interest points, as well as global features (such as Hue-

Saturation, Color moments, number of faces detected). As

a classifier we use a multilayer neural network with Rec-

tified Linear Units followed by a Softmax classifier. We

found that a multilayer network performs consistently and

significantly better than linear models on separate validation

experiments. Furthermore, we performed extensive cross-

validations across many of the network’s hyperparameters

by training multiple models and choosing the one with best

performance on a validation set. The tuned hyper parame-

ters include the learning rate, weight decay, the number of

hidden layers (between 1-2), dropout probabilities and the
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Figure 5: Examples that illustrate qualitative differences between single-frame network and Slow Fusion (motion-aware)

network in the same color scheme as Figure 4. A few classes are easier to disambiguate with motion information (left three).

Figure 3: Filters learned on first layer of a multiresolution

network. Left: context stream, Right: fovea stream. No-

tably, the fovea stream learns grayscale, high-frequency fea-

tures while the context stream models lower frequencies and

colors. GIFs of moving video features can be found on our

website (linked on first page).

number of nodes in all layers.

Quantitative results. The results for the Sports-1M

dataset test set, which consists of 200,000 videos and

4,000,000 clips, are summarized in Table 1. As can be

seen from the table, our networks consistently and signif-

icantly outperform the feature-based baseline. We empha-

size that the feature-based approach computes visual words

densely over the duration of the video and produces predic-

tions based on the entire video-level feature vector, while

our networks only see 20 randomly sampled clips individ-

ually. Moreover, our networks seem to learn well despite

significant label noise: the training videos are subject to

incorrect annotations and even the correctly-labeled videos

often contain a large amount of artifacts such as text, ef-

fects, cuts, and logos, none of which we attempted to filter

out explicitly.

Compared to the wide gap relative to the feature-based

baseline, the variation among different CNN architectures

turns out to be surprisingly insignificant. Notably, the

single-frame model already displays strong performance.

Furthermore, we observe that the foveated architectures are

between 2-4× faster in practice due to reduced input dimen-

sionality. The precise speedups are in part a function of the

details of model partitioning and our implementation, but in

our experiments we observe a speedup during training of 6

to 21 clips per second (3.5x) for the single-frame model and

5 to 10 clips per second (2x) for the Slow Fusion model.

Contributions of motion. We conduct further exper-

Sports class ∆ AP ∆ AP Sports class

Juggling Club 0.12 -0.07 Short Track Motor Racing

Pole Climbing 0.10 -0.07 Road Racing

Mountain Unicycling 0.08 -0.07 Jeet Kune Do

Tricking 0.07 -0.06 Paintball

Footbag 0.07 -0.06 Freeride

Skipping Rope 0.06 -0.06 Cricket

Rope Climbing 0.06 -0.06 Wrestling

Slacklining 0.05 -0.06 Modern Pentathlon

Tee Ball 0.05 -0.06 Krav Maga

Sheepdog Trial 0.05 -0.05 Rally Cross

Table 2: Classes for which a (motion-aware) Slow Fusion

CNN performs better than the single-frame CNN (left) and

vice versa (right), as measured by difference in per-class

average precision.

iments to understand the differences between the single-

frame network and networks that have access to motion in-

formation. We choose the Slow Fusion network as a rep-

resentative motion-aware network because it performs best.

We compute and compare the per-class average precision

for all Sports classes and highlight the ones that exhibit

largest differences (Table 2). Manually inspecting some of

the associated clips (Figure 5), we qualitatively observe that

the motion-aware network clearly benefits from motion in-

formation in some cases, but these seem to be relatively un-

common. On the other hand, balancing the improvements

from access to motion information, we observe that motion-

aware networks are more likely to underperform when there

is camera motion present. We hypothesize that the CNNs

struggle to learn complete invariance across all possible an-

gles and speeds of camera translation and zoom.

Qualitative analysis. Our learned features for the first

convolutional layer can be inspected on Figure 3. In-

terestingly, the context stream learns more color features

while the high-resolution fovea stream learns high fre-

quency grayscale filters.

As can be seen on Figure 4, our networks produce in-

terpretable predictions and generally make reasonable mis-

takes. Further analysis of the confusion matrix (attached

in the supplementary material) reveals that most errors are

among the fine-grained classes of our dataset. For exam-

ple, the top 5 most commonly confused pairs of classes are

deer hunting vs. hunting, hiking vs. backpacking, powered

paragliding vs. paragliding, sledding vs. toboggan, and bu-

jinkan vs. ninjutsu.
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Model 3-fold Accuracy

Soomro et al [22] 43.9%

Feature Histograms + Neural Net 59.0%

Train from scratch 41.3%

Fine-tune top layer 64.1%

Fine-tune top 3 layers 65.4%

Fine-tune all layers 62.2%

Table 3: Results on UCF-101 for various Transfer Learning

approaches using the Slow Fusion network.

4.2. Transfer Learning Experiments on UCF­101

The results of our analysis on the Sports-1M dataset in-

dicate that the networks learn powerful motion features. A

natural question that arises is whether these features also

generalize to other datasets and class categories. We ex-

amine this question in detail by performing transfer learn-

ing experiments on the UCF-101 [22] Activity Recognition

dataset. The dataset consists of 13,320 videos belonging

to 101 categories that are separated into 5 broad groups:

Human-Object interaction (Applying eye makeup, brush-

ing teeth, hammering, etc.), Body-Motion (Baby crawling,

push ups, blowing candles, etc.), Human-Human interac-

tion (Head massage, salsa spin, haircut, etc.), Playing In-

struments (flute, guitar, piano, etc.) and Sports. This group-

ing allows us to separately study the performance improve-

ments on Sports classes relative to classes from unrelated

videos that are less numerous in our training data.

Transfer learning. Since we expect that CNNs learn

more generic features on the bottom of the network (such

as edges, local shapes) and more intricate, dataset-specific

features near the top of the network, we consider the fol-

lowing scenarios for our transfer learning experiments:

Fine-tune top layer. We treat the CNN as a fixed feature

extractor and train a classifier on the last 4096-dimensional

layer, with dropout regularization. We found that as little as

10% chance of keeping each unit active to be effective.

Fine-tune top 3 layers. Instead of only retraining the fi-

nal classifier layer, we consider also retraining both fully

connected layers. We initialize with a fully trained Sports

CNN and then begin training the top 3 layers. We intro-

duce dropout before all trained layers, with as little as 10%

chance of keeping units active.

Fine-tune all layers. In this scenario we retrain all net-

work parameters, including all convolutional layers on the

bottom of the network.

Train from scratch. As a baseline we train the full net-

work from scratch on UCF-101 alone.

Results. To prepare UCF-101 data for classification we

sampled 50 clips from every video and followed the same

evaluation protocol as for Sports across the 3 suggested

folds. We reached out to the authors of [22] to obtain the

YouTube video IDs of UCF-101 videos, but unfortunately

Group mAP

from

scratch

mAP

fine-tune

top 3

mAP

fine-tune

top

Human-Object Interaction 0.26 0.55 0.52

Body-Motion Only 0.32 0.57 0.52

Human-Human Interaction 0.40 0.68 0.65

Playing Musical Instruments 0.42 0.65 0.46

Sports 0.57 0.79 0.80

All groups 0.44 0.68 0.66

Table 4: Mean Average Precision of the Slow Fusion net-

work on UCF-101 classes broken down by category groups.

these were not available and hence we cannot guarantee that

the Sports-1M dataset has no overlap with UCF-101. How-

ever, these concerns are somewhat mitigated as we only use

a few sampled clips from every video.

We use the Slow Fusion network in our UCF-101 exper-

iments as it provides the best performance on Sports-1M.

The results of the experiments can be seen on Table 3. In-

terestingly, retraining the softmax layer alone does not per-

form best (possibly because the high-level features are too

specific to sports) and the other extreme of fine-tuning all

layers is also not adequate (likely due to overfitting). In-

stead, the best performance is obtained by taking a balanced

approach and retraining the top few layers of the network.

Lastly, training the entire network from scratch consistently

leads to massive overfitting and dismal performance.

Performance by group. We further break down our per-

formance by 5 broad groups of classes present in the UCF-

101 dataset. We compute the average precision of every

class and then compute the mean average precision over

classes in each group. As can be seen from Table 4, large

fractions of our performance can be attributed to the Sports

categories in UCF-101, but the other groups still display im-

pressive performance considering that the only way to ob-

serve these types of frames in the training data is due to label

noise. Moreover, the gain in performance when retraining

only the top to retraining the top 3 layers is almost entirely

due to improvements on non-Sports categories: Sports per-

formance only decreases from 0.80 to 0.79, while mAP im-

proves on all other categories.

5. Conclusions

We studied the performance of convolutional neural net-

works in large-scale video classification. We found that

CNN architectures are capable of learning powerful fea-

tures from weakly-labeled data that far surpass feature-

based methods in performance and that these benefits are

surprisingly robust to details of the connectivity of the ar-

chitectures in time. Qualitative examination of network out-

puts and confusion matrices reveals interpretable errors.

Our results indicate that while the performance is not

particularly sensitive to the architectural details of the con-

nectivity in time, a Slow Fusion model consistently per-

forms better than the early and late fusion alternatives. Sur-
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prisingly, we find that a single-frame model already dis-

plays very strong performance, suggesting that local motion

cues may not be critically important, even for a dynamic

dataset such as Sports. An alternative theory is that more

careful treatment of camera motion may be necessary (for

example by extracting features in the local coordinate sys-

tem of a tracked point, as seen in [25]), but this requires

significant changes to a CNN architecture that we leave for

future work. We also identified mixed-resolution architec-

tures that consist of a low-resolution context and a high-

resolution fovea stream as an effective way of speeding up

CNNs without sacrificing accuracy.

Our transfer learning experiments on UCF-101 suggest

that the learned features are generic and generalize other

video classification tasks. In particular, we achieved the

highest transfer learning performance by retraining the top

3 layers of the network.

In future work we hope to incorporate broader categories

in the dataset to obtain more powerful and generic fea-

tures, investigate approaches that explicitly reason about

camera motion, and explore recurrent neural networks as

a more powerful technique for combining clip-level predic-

tions into global video-level predictions.
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Abstract

Deep neural nets with a large number of parameters are very powerful machine learning
systems. However, overfitting is a serious problem in such networks. Large networks are also
slow to use, making it difficult to deal with overfitting by combining the predictions of many
different large neural nets at test time. Dropout is a technique for addressing this problem.
The key idea is to randomly drop units (along with their connections) from the neural
network during training. This prevents units from co-adapting too much. During training,
dropout samples from an exponential number of different “thinned” networks. At test time,
it is easy to approximate the effect of averaging the predictions of all these thinned networks
by simply using a single unthinned network that has smaller weights. This significantly
reduces overfitting and gives major improvements over other regularization methods. We
show that dropout improves the performance of neural networks on supervised learning
tasks in vision, speech recognition, document classification and computational biology,
obtaining state-of-the-art results on many benchmark data sets.

Keywords: neural networks, regularization, model combination, deep learning

1. Introduction

Deep neural networks contain multiple non-linear hidden layers and this makes them very
expressive models that can learn very complicated relationships between their inputs and
outputs. With limited training data, however, many of these complicated relationships
will be the result of sampling noise, so they will exist in the training set but not in real
test data even if it is drawn from the same distribution. This leads to overfitting and many
methods have been developed for reducing it. These include stopping the training as soon as
performance on a validation set starts to get worse, introducing weight penalties of various
kinds such as L1 and L2 regularization and soft weight sharing (Nowlan and Hinton, 1992).

With unlimited computation, the best way to “regularize” a fixed-sized model is to
average the predictions of all possible settings of the parameters, weighting each setting by
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(a) Standard Neural Net (b) After applying dropout.

Figure 1: Dropout Neural Net Model. Left: A standard neural net with 2 hidden layers. Right:
An example of a thinned net produced by applying dropout to the network on the left.
Crossed units have been dropped.

its posterior probability given the training data. This can sometimes be approximated quite
well for simple or small models (Xiong et al., 2011; Salakhutdinov and Mnih, 2008), but we
would like to approach the performance of the Bayesian gold standard using considerably
less computation. We propose to do this by approximating an equally weighted geometric
mean of the predictions of an exponential number of learned models that share parameters.

Model combination nearly always improves the performance of machine learning meth-
ods. With large neural networks, however, the obvious idea of averaging the outputs of
many separately trained nets is prohibitively expensive. Combining several models is most
helpful when the individual models are different from each other and in order to make
neural net models different, they should either have different architectures or be trained
on different data. Training many different architectures is hard because finding optimal
hyperparameters for each architecture is a daunting task and training each large network
requires a lot of computation. Moreover, large networks normally require large amounts of
training data and there may not be enough data available to train different networks on
different subsets of the data. Even if one was able to train many different large networks,
using them all at test time is infeasible in applications where it is important to respond
quickly.

Dropout is a technique that addresses both these issues. It prevents overfitting and
provides a way of approximately combining exponentially many different neural network
architectures efficiently. The term “dropout” refers to dropping out units (hidden and
visible) in a neural network. By dropping a unit out, we mean temporarily removing it from
the network, along with all its incoming and outgoing connections, as shown in Figure 1.
The choice of which units to drop is random. In the simplest case, each unit is retained with
a fixed probability p independent of other units, where p can be chosen using a validation
set or can simply be set at 0.5, which seems to be close to optimal for a wide range of
networks and tasks. For the input units, however, the optimal probability of retention is
usually closer to 1 than to 0.5.
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Figure 2: Left: A unit at training time that is present with probability p and is connected to units
in the next layer with weights w. Right: At test time, the unit is always present and
the weights are multiplied by p. The output at test time is same as the expected output
at training time.

Applying dropout to a neural network amounts to sampling a “thinned” network from
it. The thinned network consists of all the units that survived dropout (Figure 1b). A
neural net with n units, can be seen as a collection of 2n possible thinned neural networks.
These networks all share weights so that the total number of parameters is still O(n2), or
less. For each presentation of each training case, a new thinned network is sampled and
trained. So training a neural network with dropout can be seen as training a collection of 2n

thinned networks with extensive weight sharing, where each thinned network gets trained
very rarely, if at all.

At test time, it is not feasible to explicitly average the predictions from exponentially
many thinned models. However, a very simple approximate averaging method works well in
practice. The idea is to use a single neural net at test time without dropout. The weights
of this network are scaled-down versions of the trained weights. If a unit is retained with
probability p during training, the outgoing weights of that unit are multiplied by p at test
time as shown in Figure 2. This ensures that for any hidden unit the expected output (under
the distribution used to drop units at training time) is the same as the actual output at
test time. By doing this scaling, 2n networks with shared weights can be combined into
a single neural network to be used at test time. We found that training a network with
dropout and using this approximate averaging method at test time leads to significantly
lower generalization error on a wide variety of classification problems compared to training
with other regularization methods.

The idea of dropout is not limited to feed-forward neural nets. It can be more generally
applied to graphical models such as Boltzmann Machines. In this paper, we introduce
the dropout Restricted Boltzmann Machine model and compare it to standard Restricted
Boltzmann Machines (RBM). Our experiments show that dropout RBMs are better than
standard RBMs in certain respects.

This paper is structured as follows. Section 2 describes the motivation for this idea.
Section 3 describes relevant previous work. Section 4 formally describes the dropout model.
Section 5 gives an algorithm for training dropout networks. In Section 6, we present our
experimental results where we apply dropout to problems in different domains and compare
it with other forms of regularization and model combination. Section 7 analyzes the effect of
dropout on different properties of a neural network and describes how dropout interacts with
the network’s hyperparameters. Section 8 describes the Dropout RBM model. In Section 9
we explore the idea of marginalizing dropout. In Appendix A we present a practical guide
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for training dropout nets. This includes a detailed analysis of the practical considerations
involved in choosing hyperparameters when training dropout networks.

2. Motivation

A motivation for dropout comes from a theory of the role of sex in evolution (Livnat et al.,
2010). Sexual reproduction involves taking half the genes of one parent and half of the
other, adding a very small amount of random mutation, and combining them to produce an
offspring. The asexual alternative is to create an offspring with a slightly mutated copy of
the parent’s genes. It seems plausible that asexual reproduction should be a better way to
optimize individual fitness because a good set of genes that have come to work well together
can be passed on directly to the offspring. On the other hand, sexual reproduction is likely
to break up these co-adapted sets of genes, especially if these sets are large and, intuitively,
this should decrease the fitness of organisms that have already evolved complicated co-
adaptations. However, sexual reproduction is the way most advanced organisms evolved.

One possible explanation for the superiority of sexual reproduction is that, over the long
term, the criterion for natural selection may not be individual fitness but rather mix-ability
of genes. The ability of a set of genes to be able to work well with another random set of
genes makes them more robust. Since a gene cannot rely on a large set of partners to be
present at all times, it must learn to do something useful on its own or in collaboration with
a small number of other genes. According to this theory, the role of sexual reproduction
is not just to allow useful new genes to spread throughout the population, but also to
facilitate this process by reducing complex co-adaptations that would reduce the chance of
a new gene improving the fitness of an individual. Similarly, each hidden unit in a neural
network trained with dropout must learn to work with a randomly chosen sample of other
units. This should make each hidden unit more robust and drive it towards creating useful
features on its own without relying on other hidden units to correct its mistakes. However,
the hidden units within a layer will still learn to do different things from each other. One
might imagine that the net would become robust against dropout by making many copies
of each hidden unit, but this is a poor solution for exactly the same reason as replica codes
are a poor way to deal with a noisy channel.

A closely related, but slightly different motivation for dropout comes from thinking
about successful conspiracies. Ten conspiracies each involving five people is probably a
better way to create havoc than one big conspiracy that requires fifty people to all play
their parts correctly. If conditions do not change and there is plenty of time for rehearsal, a
big conspiracy can work well, but with non-stationary conditions, the smaller the conspiracy
the greater its chance of still working. Complex co-adaptations can be trained to work well
on a training set, but on novel test data they are far more likely to fail than multiple simpler
co-adaptations that achieve the same thing.

3. Related Work

Dropout can be interpreted as a way of regularizing a neural network by adding noise to
its hidden units. The idea of adding noise to the states of units has previously been used in
the context of Denoising Autoencoders (DAEs) by Vincent et al. (2008, 2010) where noise
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is added to the input units of an autoencoder and the network is trained to reconstruct the
noise-free input. Our work extends this idea by showing that dropout can be effectively
applied in the hidden layers as well and that it can be interpreted as a form of model
averaging. We also show that adding noise is not only useful for unsupervised feature
learning but can also be extended to supervised learning problems. In fact, our method can
be applied to other neuron-based architectures, for example, Boltzmann Machines. While
5% noise typically works best for DAEs, we found that our weight scaling procedure applied
at test time enables us to use much higher noise levels. Dropping out 20% of the input units
and 50% of the hidden units was often found to be optimal.

Since dropout can be seen as a stochastic regularization technique, it is natural to
consider its deterministic counterpart which is obtained by marginalizing out the noise. In
this paper, we show that, in simple cases, dropout can be analytically marginalized out
to obtain deterministic regularization methods. Recently, van der Maaten et al. (2013)
also explored deterministic regularizers corresponding to different exponential-family noise
distributions, including dropout (which they refer to as “blankout noise”). However, they
apply noise to the inputs and only explore models with no hidden layers. Wang and Manning
(2013) proposed a method for speeding up dropout by marginalizing dropout noise. Chen
et al. (2012) explored marginalization in the context of denoising autoencoders.

In dropout, we minimize the loss function stochastically under a noise distribution.
This can be seen as minimizing an expected loss function. Previous work of Globerson and
Roweis (2006); Dekel et al. (2010) explored an alternate setting where the loss is minimized
when an adversary gets to pick which units to drop. Here, instead of a noise distribution,
the maximum number of units that can be dropped is fixed. However, this work also does
not explore models with hidden units.

4. Model Description

This section describes the dropout neural network model. Consider a neural network with
L hidden layers. Let l ∈ {1, . . . , L} index the hidden layers of the network. Let z(l) denote
the vector of inputs into layer l, y(l) denote the vector of outputs from layer l (y(0) = x is
the input). W (l) and b(l) are the weights and biases at layer l. The feed-forward operation
of a standard neural network (Figure 3a) can be described as (for l ∈ {0, . . . , L − 1} and
any hidden unit i)

z
(l+1)
i = w

(l+1)
i yl + b

(l+1)
i ,

y
(l+1)
i = f(z

(l+1)
i ),

where f is any activation function, for example, f(x) = 1/ (1 + exp(−x)).
With dropout, the feed-forward operation becomes (Figure 3b)

r
(l)
j ∼ Bernoulli(p),

ỹ(l) = r(l) ∗ y(l),

z
(l+1)
i = w

(l+1)
i ỹl + b

(l+1)
i ,

y
(l+1)
i = f(z

(l+1)
i ).
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Figure 3: Comparison of the basic operations of a standard and dropout network.

Here ∗ denotes an element-wise product. For any layer l, r(l) is a vector of independent
Bernoulli random variables each of which has probability p of being 1. This vector is
sampled and multiplied element-wise with the outputs of that layer, y(l), to create the
thinned outputs ỹ(l). The thinned outputs are then used as input to the next layer. This
process is applied at each layer. This amounts to sampling a sub-network from a larger
network. For learning, the derivatives of the loss function are backpropagated through the

sub-network. At test time, the weights are scaled as W
(l)
test = pW (l) as shown in Figure 2.

The resulting neural network is used without dropout.

5. Learning Dropout Nets

This section describes a procedure for training dropout neural nets.

5.1 Backpropagation
Dropout neural networks can be trained using stochastic gradient descent in a manner simi-
lar to standard neural nets. The only difference is that for each training case in a mini-batch,
we sample a thinned network by dropping out units. Forward and backpropagation for that
training case are done only on this thinned network. The gradients for each parameter are
averaged over the training cases in each mini-batch. Any training case which does not use a
parameter contributes a gradient of zero for that parameter. Many methods have been used
to improve stochastic gradient descent such as momentum, annealed learning rates and L2
weight decay. Those were found to be useful for dropout neural networks as well.

One particular form of regularization was found to be especially useful for dropout—
constraining the norm of the incoming weight vector at each hidden unit to be upper
bounded by a fixed constant c. In other words, if w represents the vector of weights incident
on any hidden unit, the neural network was optimized under the constraint ||w||2 ≤ c. This
constraint was imposed during optimization by projecting w onto the surface of a ball of
radius c, whenever w went out of it. This is also called max-norm regularization since it
implies that the maximum value that the norm of any weight can take is c. The constant
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c is a tunable hyperparameter, which is determined using a validation set. Max-norm
regularization has been previously used in the context of collaborative filtering (Srebro and
Shraibman, 2005). It typically improves the performance of stochastic gradient descent
training of deep neural nets, even when no dropout is used.

Although dropout alone gives significant improvements, using dropout along with max-
norm regularization, large decaying learning rates and high momentum provides a significant
boost over just using dropout. A possible justification is that constraining weight vectors
to lie inside a ball of fixed radius makes it possible to use a huge learning rate without the
possibility of weights blowing up. The noise provided by dropout then allows the optimiza-
tion process to explore different regions of the weight space that would have otherwise been
difficult to reach. As the learning rate decays, the optimization takes shorter steps, thereby
doing less exploration and eventually settles into a minimum.

5.2 Unsupervised Pretraining

Neural networks can be pretrained using stacks of RBMs (Hinton and Salakhutdinov, 2006),
autoencoders (Vincent et al., 2010) or Deep Boltzmann Machines (Salakhutdinov and Hin-
ton, 2009). Pretraining is an effective way of making use of unlabeled data. Pretraining
followed by finetuning with backpropagation has been shown to give significant performance
boosts over finetuning from random initializations in certain cases.

Dropout can be applied to finetune nets that have been pretrained using these tech-
niques. The pretraining procedure stays the same. The weights obtained from pretraining
should be scaled up by a factor of 1/p. This makes sure that for each unit, the expected
output from it under random dropout will be the same as the output during pretraining.
We were initially concerned that the stochastic nature of dropout might wipe out the in-
formation in the pretrained weights. This did happen when the learning rates used during
finetuning were comparable to the best learning rates for randomly initialized nets. How-
ever, when the learning rates were chosen to be smaller, the information in the pretrained
weights seemed to be retained and we were able to get improvements in terms of the final
generalization error compared to not using dropout when finetuning.

6. Experimental Results

We trained dropout neural networks for classification problems on data sets in different
domains. We found that dropout improved generalization performance on all data sets
compared to neural networks that did not use dropout. Table 1 gives a brief description of
the data sets. The data sets are

• MNIST : A standard toy data set of handwritten digits.

• TIMIT : A standard speech benchmark for clean speech recognition.

• CIFAR-10 and CIFAR-100 : Tiny natural images (Krizhevsky, 2009).

• Street View House Numbers data set (SVHN) : Images of house numbers collected by
Google Street View (Netzer et al., 2011).

• ImageNet : A large collection of natural images.

• Reuters-RCV1 : A collection of Reuters newswire articles.
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• Alternative Splicing data set: RNA features for predicting alternative gene splicing
(Xiong et al., 2011).

We chose a diverse set of data sets to demonstrate that dropout is a general technique
for improving neural nets and is not specific to any particular application domain. In this
section, we present some key results that show the effectiveness of dropout. A more detailed
description of all the experiments and data sets is provided in Appendix B.

Data Set Domain Dimensionality Training Set Test Set

MNIST Vision 784 (28 × 28 grayscale) 60K 10K
SVHN Vision 3072 (32 × 32 color) 600K 26K
CIFAR-10/100 Vision 3072 (32 × 32 color) 60K 10K
ImageNet (ILSVRC-2012) Vision 65536 (256 × 256 color) 1.2M 150K
TIMIT Speech 2520 (120-dim, 21 frames) 1.1M frames 58K frames
Reuters-RCV1 Text 2000 200K 200K
Alternative Splicing Genetics 1014 2932 733

Table 1: Overview of the data sets used in this paper.

6.1 Results on Image Data Sets

We used five image data sets to evaluate dropout—MNIST, SVHN, CIFAR-10, CIFAR-100
and ImageNet. These data sets include different image types and training set sizes. Models
which achieve state-of-the-art results on all of these data sets use dropout.

6.1.1 MNIST

Method
Unit
Type

Architecture
Error
%

Standard Neural Net (Simard et al., 2003) Logistic 2 layers, 800 units 1.60
SVM Gaussian kernel NA NA 1.40
Dropout NN Logistic 3 layers, 1024 units 1.35
Dropout NN ReLU 3 layers, 1024 units 1.25
Dropout NN + max-norm constraint ReLU 3 layers, 1024 units 1.06
Dropout NN + max-norm constraint ReLU 3 layers, 2048 units 1.04
Dropout NN + max-norm constraint ReLU 2 layers, 4096 units 1.01
Dropout NN + max-norm constraint ReLU 2 layers, 8192 units 0.95
Dropout NN + max-norm constraint (Goodfellow
et al., 2013)

Maxout
2 layers, (5 × 240)

units
0.94

DBN + finetuning (Hinton and Salakhutdinov, 2006) Logistic 500-500-2000 1.18
DBM + finetuning (Salakhutdinov and Hinton, 2009) Logistic 500-500-2000 0.96
DBN + dropout finetuning Logistic 500-500-2000 0.92
DBM + dropout finetuning Logistic 500-500-2000 0.79

Table 2: Comparison of different models on MNIST.

The MNIST data set consists of 28 × 28 pixel handwritten digit images. The task is
to classify the images into 10 digit classes. Table 2 compares the performance of dropout
with other techniques. The best performing neural networks for the permutation invariant
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setting that do not use dropout or unsupervised pretraining achieve an error of about
1.60% (Simard et al., 2003). With dropout the error reduces to 1.35%. Replacing logistic
units with rectified linear units (ReLUs) (Jarrett et al., 2009) further reduces the error to
1.25%. Adding max-norm regularization again reduces it to 1.06%. Increasing the size of
the network leads to better results. A neural net with 2 layers and 8192 units per layer
gets down to 0.95% error. Note that this network has more than 65 million parameters and
is being trained on a data set of size 60,000. Training a network of this size to give good
generalization error is very hard with standard regularization methods and early stopping.
Dropout, on the other hand, prevents overfitting, even in this case. It does not even need
early stopping. Goodfellow et al. (2013) showed that results can be further improved to
0.94% by replacing ReLU units with maxout units. All dropout nets use p = 0.5 for hidden
units and p = 0.8 for input units. More experimental details can be found in Appendix B.1.

Dropout nets pretrained with stacks of RBMs and Deep Boltzmann Machines also give
improvements as shown in Table 2. DBM—pretrained dropout nets achieve a test error of
0.79% which is the best performance ever reported for the permutation invariant setting.
We note that it possible to obtain better results by using 2-D spatial information and
augmenting the training set with distorted versions of images from the standard training
set. We demonstrate the effectiveness of dropout in that setting on more interesting data
sets.
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Figure 4: Test error for different architectures
with and without dropout. The net-
works have 2 to 4 hidden layers each
with 1024 to 2048 units.

In order to test the robustness of
dropout, classification experiments were
done with networks of many different ar-
chitectures keeping all hyperparameters, in-
cluding p, fixed. Figure 4 shows the test
error rates obtained for these different ar-
chitectures as training progresses. The
same architectures trained with and with-
out dropout have drastically different test
errors as seen as by the two separate clus-
ters of trajectories. Dropout gives a huge
improvement across all architectures, with-
out using hyperparameters that were tuned
specifically for each architecture.

6.1.2 Street View House Numbers

The Street View House Numbers (SVHN)
Data Set (Netzer et al., 2011) consists of
color images of house numbers collected by
Google Street View. Figure 5a shows some examples of images from this data set. The
part of the data set that we use in our experiments consists of 32× 32 color images roughly
centered on a digit in a house number. The task is to identify that digit.

For this data set, we applied dropout to convolutional neural networks (LeCun et al.,
1989). The best architecture that we found has three convolutional layers followed by 2
fully connected hidden layers. All hidden units were ReLUs. Each convolutional layer was
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Method Error %

Binary Features (WDCH) (Netzer et al., 2011) 36.7
HOG (Netzer et al., 2011) 15.0
Stacked Sparse Autoencoders (Netzer et al., 2011) 10.3
KMeans (Netzer et al., 2011) 9.4
Multi-stage Conv Net with average pooling (Sermanet et al., 2012) 9.06
Multi-stage Conv Net + L2 pooling (Sermanet et al., 2012) 5.36
Multi-stage Conv Net + L4 pooling + padding (Sermanet et al., 2012) 4.90
Conv Net + max-pooling 3.95
Conv Net + max pooling + dropout in fully connected layers 3.02
Conv Net + stochastic pooling (Zeiler and Fergus, 2013) 2.80
Conv Net + max pooling + dropout in all layers 2.55
Conv Net + maxout (Goodfellow et al., 2013) 2.47

Human Performance 2.0

Table 3: Results on the Street View House Numbers data set.

followed by a max-pooling layer. Appendix B.2 describes the architecture in more detail.
Dropout was applied to all the layers of the network with the probability of retaining a hid-
den unit being p = (0.9, 0.75, 0.75, 0.5, 0.5, 0.5) for the different layers of the network (going
from input to convolutional layers to fully connected layers). Max-norm regularization was
used for weights in both convolutional and fully connected layers. Table 3 compares the
results obtained by different methods. We find that convolutional nets outperform other
methods. The best performing convolutional nets that do not use dropout achieve an error
rate of 3.95%. Adding dropout only to the fully connected layers reduces the error to 3.02%.
Adding dropout to the convolutional layers as well further reduces the error to 2.55%. Even
more gains can be obtained by using maxout units.

The additional gain in performance obtained by adding dropout in the convolutional
layers (3.02% to 2.55%) is worth noting. One may have presumed that since the convo-
lutional layers don’t have a lot of parameters, overfitting is not a problem and therefore
dropout would not have much effect. However, dropout in the lower layers still helps be-
cause it provides noisy inputs for the higher fully connected layers which prevents them
from overfitting.

6.1.3 CIFAR-10 and CIFAR-100

The CIFAR-10 and CIFAR-100 data sets consist of 32 × 32 color images drawn from 10
and 100 categories respectively. Figure 5b shows some examples of images from this data
set. A detailed description of the data sets, input preprocessing, network architectures and
other experimental details is given in Appendix B.3. Table 4 shows the error rate obtained
by different methods on these data sets. Without any data augmentation, Snoek et al.
(2012) used Bayesian hyperparameter optimization to obtained an error rate of 14.98% on
CIFAR-10. Using dropout in the fully connected layers reduces that to 14.32% and adding
dropout in every layer further reduces the error to 12.61%. Goodfellow et al. (2013) showed
that the error is further reduced to 11.68% by replacing ReLU units with maxout units. On
CIFAR-100, dropout reduces the error from 43.48% to 37.20% which is a huge improvement.
No data augmentation was used for either data set (apart from the input dropout).
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(a) Street View House Numbers (SVHN) (b) CIFAR-10

Figure 5: Samples from image data sets. Each row corresponds to a different category.

Method CIFAR-10 CIFAR-100

Conv Net + max pooling (hand tuned) 15.60 43.48
Conv Net + stochastic pooling (Zeiler and Fergus, 2013) 15.13 42.51
Conv Net + max pooling (Snoek et al., 2012) 14.98 -
Conv Net + max pooling + dropout fully connected layers 14.32 41.26
Conv Net + max pooling + dropout in all layers 12.61 37.20
Conv Net + maxout (Goodfellow et al., 2013) 11.68 38.57

Table 4: Error rates on CIFAR-10 and CIFAR-100.

6.1.4 ImageNet

ImageNet is a data set of over 15 million labeled high-resolution images belonging to roughly
22,000 categories. Starting in 2010, as part of the Pascal Visual Object Challenge, an annual
competition called the ImageNet Large-Scale Visual Recognition Challenge (ILSVRC) has
been held. A subset of ImageNet with roughly 1000 images in each of 1000 categories is
used in this challenge. Since the number of categories is rather large, it is conventional to
report two error rates: top-1 and top-5, where the top-5 error rate is the fraction of test
images for which the correct label is not among the five labels considered most probable by
the model. Figure 6 shows some predictions made by our model on a few test images.

ILSVRC-2010 is the only version of ILSVRC for which the test set labels are available, so
most of our experiments were performed on this data set. Table 5 compares the performance
of different methods. Convolutional nets with dropout outperform other methods by a large
margin. The architecture and implementation details are described in detail in Krizhevsky
et al. (2012).
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Figure 6: Some ImageNet test cases with the 4 most probable labels as predicted by our model.
The length of the horizontal bars is proportional to the probability assigned to the labels
by the model. Pink indicates ground truth.

Model Top-1 Top-5

Sparse Coding (Lin et al., 2010) 47.1 28.2
SIFT + Fisher Vectors (Sanchez and Perronnin, 2011) 45.7 25.7
Conv Net + dropout (Krizhevsky et al., 2012) 37.5 17.0

Table 5: Results on the ILSVRC-2010 test set.

Model
Top-1
(val)

Top-5
(val)

Top-5
(test)

SVM on Fisher Vectors of Dense SIFT and Color Statistics - - 27.3
Avg of classifiers over FVs of SIFT, LBP, GIST and CSIFT - - 26.2
Conv Net + dropout (Krizhevsky et al., 2012) 40.7 18.2 -
Avg of 5 Conv Nets + dropout (Krizhevsky et al., 2012) 38.1 16.4 16.4

Table 6: Results on the ILSVRC-2012 validation/test set.

Our model based on convolutional nets and dropout won the ILSVRC-2012 competition.
Since the labels for the test set are not available, we report our results on the test set for
the final submission and include the validation set results for different variations of our
model. Table 6 shows the results from the competition. While the best methods based on
standard vision features achieve a top-5 error rate of about 26%, convolutional nets with
dropout achieve a test error of about 16% which is a staggering difference. Figure 6 shows
some examples of predictions made by our model. We can see that the model makes very
reasonable predictions, even when its best guess is not correct.

6.2 Results on TIMIT

Next, we applied dropout to a speech recognition task. We use the TIMIT data set which
consists of recordings from 680 speakers covering 8 major dialects of American English
reading ten phonetically-rich sentences in a controlled noise-free environment. Dropout
neural networks were trained on windows of 21 log-filter bank frames to predict the label
of the central frame. No speaker dependent operations were performed. Appendix B.4
describes the data preprocessing and training details. Table 7 compares dropout neural
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nets with other models. A 6-layer net gives a phone error rate of 23.4%. Dropout further
improves it to 21.8%. We also trained dropout nets starting from pretrained weights. A
4-layer net pretrained with a stack of RBMs get a phone error rate of 22.7%. With dropout,
this reduces to 19.7%. Similarly, for an 8-layer net the error reduces from 20.5% to 19.7%.

Method Phone Error Rate%

NN (6 layers) (Mohamed et al., 2010) 23.4
Dropout NN (6 layers) 21.8

DBN-pretrained NN (4 layers) 22.7
DBN-pretrained NN (6 layers) (Mohamed et al., 2010) 22.4
DBN-pretrained NN (8 layers) (Mohamed et al., 2010) 20.7
mcRBM-DBN-pretrained NN (5 layers) (Dahl et al., 2010) 20.5
DBN-pretrained NN (4 layers) + dropout 19.7
DBN-pretrained NN (8 layers) + dropout 19.7

Table 7: Phone error rate on the TIMIT core test set.

6.3 Results on a Text Data Set

To test the usefulness of dropout in the text domain, we used dropout networks to train a
document classifier. We used a subset of the Reuters-RCV1 data set which is a collection of
over 800,000 newswire articles from Reuters. These articles cover a variety of topics. The
task is to take a bag of words representation of a document and classify it into 50 disjoint
topics. Appendix B.5 describes the setup in more detail. Our best neural net which did
not use dropout obtained an error rate of 31.05%. Adding dropout reduced the error to
29.62%. We found that the improvement was much smaller compared to that for the vision
and speech data sets.

6.4 Comparison with Bayesian Neural Networks

Dropout can be seen as a way of doing an equally-weighted averaging of exponentially many
models with shared weights. On the other hand, Bayesian neural networks (Neal, 1996) are
the proper way of doing model averaging over the space of neural network structures and
parameters. In dropout, each model is weighted equally, whereas in a Bayesian neural
network each model is weighted taking into account the prior and how well the model fits
the data, which is the more correct approach. Bayesian neural nets are extremely useful for
solving problems in domains where data is scarce such as medical diagnosis, genetics, drug
discovery and other computational biology applications. However, Bayesian neural nets are
slow to train and difficult to scale to very large network sizes. Besides, it is expensive to
get predictions from many large nets at test time. On the other hand, dropout neural nets
are much faster to train and use at test time. In this section, we report experiments that
compare Bayesian neural nets with dropout neural nets on a small data set where Bayesian
neural networks are known to perform well and obtain state-of-the-art results. The aim is
to analyze how much does dropout lose compared to Bayesian neural nets.

The data set that we use (Xiong et al., 2011) comes from the domain of genetics. The
task is to predict the occurrence of alternative splicing based on RNA features. Alternative
splicing is a significant cause of cellular diversity in mammalian tissues. Predicting the
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Method Code Quality (bits)

Neural Network (early stopping) (Xiong et al., 2011) 440
Regression, PCA (Xiong et al., 2011) 463
SVM, PCA (Xiong et al., 2011) 487
Neural Network with dropout 567
Bayesian Neural Network (Xiong et al., 2011) 623

Table 8: Results on the Alternative Splicing Data Set.

occurrence of alternate splicing in certain tissues under different conditions is important for
understanding many human diseases. Given the RNA features, the task is to predict the
probability of three splicing related events that biologists care about. The evaluation metric
is Code Quality which is a measure of the negative KL divergence between the target and
the predicted probability distributions (higher is better). Appendix B.6 includes a detailed
description of the data set and this performance metric.

Table 8 summarizes the performance of different models on this data set. Xiong et al.
(2011) used Bayesian neural nets for this task. As expected, we found that Bayesian neural
nets perform better than dropout. However, we see that dropout improves significantly
upon the performance of standard neural nets and outperforms all other methods. The
challenge in this data set is to prevent overfitting since the size of the training set is small.
One way to prevent overfitting is to reduce the input dimensionality using PCA. Thereafter,
standard techniques such as SVMs or logistic regression can be used. However, with dropout
we were able to prevent overfitting without the need to do dimensionality reduction. The
dropout nets are very large (1000s of hidden units) compared to a few tens of units in the
Bayesian network. This shows that dropout has a strong regularizing effect.

6.5 Comparison with Standard Regularizers

Several regularization methods have been proposed for preventing overfitting in neural net-
works. These include L2 weight decay (more generally Tikhonov regularization (Tikhonov,
1943)), lasso (Tibshirani, 1996), KL-sparsity and max-norm regularization. Dropout can
be seen as another way of regularizing neural networks. In this section we compare dropout
with some of these regularization methods using the MNIST data set.

The same network architecture (784-1024-1024-2048-10) with ReLUs was trained us-
ing stochastic gradient descent with different regularizations. Table 9 shows the results.
The values of different hyperparameters associated with each kind of regularization (decay
constants, target sparsity, dropout rate, max-norm upper bound) were obtained using a
validation set. We found that dropout combined with max-norm regularization gives the
lowest generalization error.

7. Salient Features

The experiments described in the previous section provide strong evidence that dropout
is a useful technique for improving neural networks. In this section, we closely examine
how dropout affects a neural network. We analyze the effect of dropout on the quality of
features produced. We see how dropout affects the sparsity of hidden unit activations. We
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Method Test Classification error %

L2 1.62
L2 + L1 applied towards the end of training 1.60
L2 + KL-sparsity 1.55
Max-norm 1.35
Dropout + L2 1.25
Dropout + Max-norm 1.05

Table 9: Comparison of different regularization methods on MNIST.

also see how the advantages obtained from dropout vary with the probability of retaining
units, size of the network and the size of the training set. These observations give some
insight into why dropout works so well.

7.1 Effect on Features

(a) Without dropout (b) Dropout with p = 0.5.

Figure 7: Features learned on MNIST with one hidden layer autoencoders having 256 rectified
linear units.

In a standard neural network, the derivative received by each parameter tells it how it
should change so the final loss function is reduced, given what all other units are doing.
Therefore, units may change in a way that they fix up the mistakes of the other units.
This may lead to complex co-adaptations. This in turn leads to overfitting because these
co-adaptations do not generalize to unseen data. We hypothesize that for each hidden unit,
dropout prevents co-adaptation by making the presence of other hidden units unreliable.
Therefore, a hidden unit cannot rely on other specific units to correct its mistakes. It must
perform well in a wide variety of different contexts provided by the other hidden units. To
observe this effect directly, we look at the first level features learned by neural networks
trained on visual tasks with and without dropout.
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Figure 7a shows features learned by an autoencoder on MNIST with a single hidden
layer of 256 rectified linear units without dropout. Figure 7b shows the features learned by
an identical autoencoder which used dropout in the hidden layer with p = 0.5. Both au-
toencoders had similar test reconstruction errors. However, it is apparent that the features
shown in Figure 7a have co-adapted in order to produce good reconstructions. Each hidden
unit on its own does not seem to be detecting a meaningful feature. On the other hand, in
Figure 7b, the hidden units seem to detect edges, strokes and spots in different parts of the
image. This shows that dropout does break up co-adaptations, which is probably the main
reason why it leads to lower generalization errors.

7.2 Effect on Sparsity

(a) Without dropout (b) Dropout with p = 0.5.

Figure 8: Effect of dropout on sparsity. ReLUs were used for both models. Left: The histogram
of mean activations shows that most units have a mean activation of about 2.0. The
histogram of activations shows a huge mode away from zero. Clearly, a large fraction of
units have high activation. Right: The histogram of mean activations shows that most
units have a smaller mean mean activation of about 0.7. The histogram of activations
shows a sharp peak at zero. Very few units have high activation.

We found that as a side-effect of doing dropout, the activations of the hidden units
become sparse, even when no sparsity inducing regularizers are present. Thus, dropout au-
tomatically leads to sparse representations. To observe this effect, we take the autoencoders
trained in the previous section and look at the sparsity of hidden unit activations on a ran-
dom mini-batch taken from the test set. Figure 8a and Figure 8b compare the sparsity for
the two models. In a good sparse model, there should only be a few highly activated units
for any data case. Moreover, the average activation of any unit across data cases should
be low. To assess both of these qualities, we plot two histograms for each model. For each
model, the histogram on the left shows the distribution of mean activations of hidden units
across the minibatch. The histogram on the right shows the distribution of activations of
the hidden units.

Comparing the histograms of activations we can see that fewer hidden units have high
activations in Figure 8b compared to Figure 8a, as seen by the significant mass away from
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zero for the net that does not use dropout. The mean activations are also smaller for the
dropout net. The overall mean activation of hidden units is close to 2.0 for the autoencoder
without dropout but drops to around 0.7 when dropout is used.

7.3 Effect of Dropout Rate

Dropout has a tunable hyperparameter p (the probability of retaining a unit in the network).
In this section, we explore the effect of varying this hyperparameter. The comparison is
done in two situations.

1. The number of hidden units is held constant.

2. The number of hidden units is changed so that the expected number of hidden units
that will be retained after dropout is held constant.

In the first case, we train the same network architecture with different amounts of
dropout. We use a 784-2048-2048-2048-10 architecture. No input dropout was used. Fig-
ure 9a shows the test error obtained as a function of p. If the architecture is held constant,
having a small p means very few units will turn on during training. It can be seen that this
has led to underfitting since the training error is also high. We see that as p increases, the
error goes down. It becomes flat when 0.4 ≤ p ≤ 0.8 and then increases as p becomes close
to 1.
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(a) Keeping n fixed.
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(b) Keeping pn fixed.

Figure 9: Effect of changing dropout rates on MNIST.

Another interesting setting is the second case in which the quantity pn is held constant
where n is the number of hidden units in any particular layer. This means that networks
that have small p will have a large number of hidden units. Therefore, after applying
dropout, the expected number of units that are present will be the same across different
architectures. However, the test networks will be of different sizes. In our experiments,
we set pn = 256 for the first two hidden layers and pn = 512 for the last hidden layer.
Figure 9b shows the test error obtained as a function of p. We notice that the magnitude
of errors for small values of p has reduced by a lot compared to Figure 9a (for p = 0.1 it fell
from 2.7% to 1.7%). Values of p that are close to 0.6 seem to perform best for this choice
of pn but our usual default value of 0.5 is close to optimal.
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7.4 Effect of Data Set Size

One test of a good regularizer is that it should make it possible to get good generalization
error from models with a large number of parameters trained on small data sets. This
section explores the effect of changing the data set size when dropout is used with feed-
forward networks. Huge neural networks trained in the standard way overfit massively on
small data sets. To see if dropout can help, we run classification experiments on MNIST
and vary the amount of data given to the network.
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Figure 10: Effect of varying data set size.

The results of these experiments are
shown in Figure 10. The network was given
data sets of size 100, 500, 1K, 5K, 10K
and 50K chosen randomly from the MNIST
training set. The same network architec-
ture (784-1024-1024-2048-10) was used for
all data sets. Dropout with p = 0.5 was per-
formed at all the hidden layers and p = 0.8
at the input layer. It can be observed that
for extremely small data sets (100, 500)
dropout does not give any improvements.
The model has enough parameters that it
can overfit on the training data, even with
all the noise coming from dropout. As the
size of the data set is increased, the gain
from doing dropout increases up to a point and then declines. This suggests that for any
given architecture and dropout rate, there is a “sweet spot” corresponding to some amount
of data that is large enough to not be memorized in spite of the noise but not so large that
overfitting is not a problem anyways.

7.5 Monte-Carlo Model Averaging vs. Weight Scaling
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Figure 11: Monte-Carlo model averaging vs.
weight scaling.

The efficient test time procedure that we
propose is to do an approximate model com-
bination by scaling down the weights of the
trained neural network. An expensive but
more correct way of averaging the models
is to sample k neural nets using dropout for
each test case and average their predictions.
As k → ∞, this Monte-Carlo model average
gets close to the true model average. It is in-
teresting to see empirically how many sam-
ples k are needed to match the performance
of the approximate averaging method. By
computing the error for different values of k
we can see how quickly the error rate of the
finite-sample average approaches the error
rate of the true model average.
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We again use the MNIST data set and do classification by averaging the predictions
of k randomly sampled neural networks. Figure 11 shows the test error rate obtained for
different values of k. This is compared with the error obtained using the weight scaling
method (shown as a horizontal line). It can be seen that around k = 50, the Monte-Carlo
method becomes as good as the approximate method. Thereafter, the Monte-Carlo method
is slightly better than the approximate method but well within one standard deviation of
it. This suggests that the weight scaling method is a fairly good approximation of the true
model average.

8. Dropout Restricted Boltzmann Machines

Besides feed-forward neural networks, dropout can also be applied to Restricted Boltzmann
Machines (RBM). In this section, we formally describe this model and show some results
to illustrate its key properties.

8.1 Model Description

Consider an RBM with visible units v ∈ {0, 1}D and hidden units h ∈ {0, 1}F . It defines
the following probability distribution

P (h,v; θ) =
1

Z(θ)
exp(v⊤Wh+ a⊤h+ b⊤v).

Where θ = {W, a,b} represents the model parameters and Z is the partition function.

Dropout RBMs are RBMs augmented with a vector of binary random variables r ∈
{0, 1}F . Each random variable rj takes the value 1 with probability p, independent of
others. If rj takes the value 1, the hidden unit hj is retained, otherwise it is dropped from
the model. The joint distribution defined by a Dropout RBM can be expressed as

P (r,h,v; p, θ) = P (r; p)P (h,v|r; θ),

P (r; p) =

F∏

j=1

prj (1− p)1−rj ,

P (h,v|r; θ) =
1

Z ′(θ, r)
exp(v⊤Wh+ a⊤h+ b⊤v)

F∏

j=1

g(hj , rj),

g(hj , rj) = ✶(rj = 1) + ✶(rj = 0)✶(hj = 0).

Z ′(θ, r) is the normalization constant. g(hj , rj) imposes the constraint that if rj = 0,
hj must be 0. The distribution over h, conditioned on v and r is factorial

P (h|r,v) =
F∏

j=1

P (hj |rj ,v),

P (hj = 1|rj ,v) = ✶(rj = 1)σ

(
bj +

∑

i

Wijvi

)
.
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(a) Without dropout (b) Dropout with p = 0.5.

Figure 12: Features learned on MNIST by 256 hidden unit RBMs. The features are ordered by L2
norm.

The distribution over v conditioned on h is same as that of an RBM

P (v|h) =

D∏

i=1

P (vi|h),

P (vi = 1|h) = σ


ai +

∑

j

Wijhj


 .

Conditioned on r, the distribution over {v,h} is same as the distribution that an RBM
would impose, except that the units for which rj = 0 are dropped from h. Therefore, the
Dropout RBM model can be seen as a mixture of exponentially many RBMs with shared
weights each using a different subset of h.

8.2 Learning Dropout RBMs

Learning algorithms developed for RBMs such as Contrastive Divergence (Hinton et al.,
2006) can be directly applied for learning Dropout RBMs. The only difference is that r is
first sampled and only the hidden units that are retained are used for training. Similar to
dropout neural networks, a different r is sampled for each training case in every minibatch.
In our experiments, we use CD-1 for training dropout RBMs.

8.3 Effect on Features

Dropout in feed-forward networks improved the quality of features by reducing co-adaptations.
This section explores whether this effect transfers to Dropout RBMs as well.

Figure 12a shows features learned by a binary RBM with 256 hidden units. Figure 12b
shows features learned by a dropout RBM with the same number of hidden units. Features
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(a) Without dropout (b) Dropout with p = 0.5.

Figure 13: Effect of dropout on sparsity. Left: The activation histogram shows that a large num-
ber of units have activations away from zero. Right: A large number of units have
activations close to zero and very few units have high activation.

learned by the dropout RBM appear qualitatively different in the sense that they seem to
capture features that are coarser compared to the sharply defined stroke-like features in the
standard RBM. There seem to be very few dead units in the dropout RBM relative to the
standard RBM.

8.4 Effect on Sparsity

Next, we investigate the effect of dropout RBM training on sparsity of the hidden unit
activations. Figure 13a shows the histograms of hidden unit activations and their means on
a test mini-batch after training an RBM. Figure 13b shows the same for dropout RBMs.
The histograms clearly indicate that the dropout RBMs learn much sparser representations
than standard RBMs even when no additional sparsity inducing regularizer is present.

9. Marginalizing Dropout

Dropout can be seen as a way of adding noise to the states of hidden units in a neural
network. In this section, we explore the class of models that arise as a result of marginalizing
this noise. These models can be seen as deterministic versions of dropout. In contrast to
standard (“Monte-Carlo”) dropout, these models do not need random bits and it is possible
to get gradients for the marginalized loss functions. In this section, we briefly explore these
models.

Deterministic algorithms have been proposed that try to learn models that are robust to
feature deletion at test time (Globerson and Roweis, 2006). Marginalization in the context
of denoising autoencoders has been explored previously (Chen et al., 2012). The marginal-
ization of dropout noise in the context of linear regression was discussed in Srivastava (2013).
Wang and Manning (2013) further explored the idea of marginalizing dropout to speed-up
training. van der Maaten et al. (2013) investigated different input noise distributions and
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the regularizers obtained by marginalizing this noise. Wager et al. (2013) describes how
dropout can be seen as an adaptive regularizer.

9.1 Linear Regression

First we explore a very simple case of applying dropout to the classical problem of linear
regression. Let X ∈ R

N×D be a data matrix of N data points. y ∈ R
N be a vector of

targets. Linear regression tries to find a w ∈ R
D that minimizes

||y −Xw||2.

When the input X is dropped out such that any input dimension is retained with
probability p, the input can be expressed as R∗X where R ∈ {0, 1}N×D is a random matrix
with Rij ∼ Bernoulli(p) and ∗ denotes an element-wise product. Marginalizing the noise,
the objective function becomes

minimize
w

ER∼Bernoulli(p)

[
||y − (R ∗X)w||2

]
.

This reduces to

minimize
w

||y − pXw||2 + p(1− p)||Γw||2,

where Γ = (diag(X⊤X))1/2. Therefore, dropout with linear regression is equivalent, in
expectation, to ridge regression with a particular form for Γ. This form of Γ essentially
scales the weight cost for weight wi by the standard deviation of the ith dimension of the
data. If a particular data dimension varies a lot, the regularizer tries to squeeze its weight
more.

Another interesting way to look at this objective is to absorb the factor of p into w.
This leads to the following form

minimize
w

||y −Xw̃||2 +
1− p

p
||Γw̃||2,

where w̃ = pw. This makes the dependence of the regularization constant on p explicit.
For p close to 1, all the inputs are retained and the regularization constant is small. As
more dropout is done (by decreasing p), the regularization constant grows larger.

9.2 Logistic Regression and Deep Networks

For logistic regression and deep neural nets, it is hard to obtain a closed form marginalized
model. However, Wang and Manning (2013) showed that in the context of dropout applied
to logistic regression, the corresponding marginalized model can be trained approximately.
Under reasonable assumptions, the distributions over the inputs to the logistic unit and over
the gradients of the marginalized model are Gaussian. Their means and variances can be
computed efficiently. This approximate marginalization outperforms Monte-Carlo dropout
in terms of training time and generalization performance.

However, the assumptions involved in this technique become successively weaker as more
layers are added. Therefore, the results are not directly applicable to deep networks.
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Data Set Architecture Bernoulli dropout Gaussian dropout

MNIST 2 layers, 1024 units each 1.08 ± 0.04 0.95 ± 0.04
CIFAR-10 3 conv + 2 fully connected layers 12.6 ± 0.1 12.5 ± 0.1

Table 10: Comparison of classification error % with Bernoulli and Gaussian dropout. For MNIST,
the Bernoulli model uses p = 0.5 for the hidden units and p = 0.8 for the input units.
For CIFAR-10, we use p = (0.9, 0.75, 0.75, 0.5, 0.5, 0.5) going from the input layer to the

top. The value of σ for the Gaussian dropout models was set to be
√

1−p

p
. Results were

averaged over 10 different random seeds.

10. Multiplicative Gaussian Noise

Dropout involves multiplying hidden activations by Bernoulli distributed random variables
which take the value 1 with probability p and 0 otherwise. This idea can be generalized
by multiplying the activations with random variables drawn from other distributions. We
recently discovered that multiplying by a random variable drawn from N (1, 1) works just
as well, or perhaps better than using Bernoulli noise. This new form of dropout amounts
to adding a Gaussian distributed random variable with zero mean and standard deviation
equal to the activation of the unit. That is, each hidden activation hi is perturbed to
hi + hir where r ∼ N (0, 1), or equivalently hir

′ where r′ ∼ N (1, 1). We can generalize
this to r′ ∼ N (1, σ2) where σ becomes an additional hyperparameter to tune, just like p
was in the standard (Bernoulli) dropout. The expected value of the activations remains
unchanged, therefore no weight scaling is required at test time.

In this paper, we described dropout as a method where we retain units with probability p
at training time and scale down the weights by multiplying them by a factor of p at test time.
Another way to achieve the same effect is to scale up the retained activations by multiplying
by 1/p at training time and not modifying the weights at test time. These methods are
equivalent with appropriate scaling of the learning rate and weight initializations at each
layer.

Therefore, dropout can be seen as multiplying hi by a Bernoulli random variable rb that
takes the value 1/p with probability p and 0 otherwise. E[rb] = 1 and V ar[rb] = (1− p)/p.
For the Gaussian multiplicative noise, if we set σ2 = (1 − p)/p, we end up multiplying
hi by a random variable rg, where E[rg] = 1 and V ar[rg] = (1 − p)/p. Therefore, both
forms of dropout can be set up so that the random variable being multiplied by has the
same mean and variance. However, given these first and second order moments, rg has the
highest entropy and rb has the lowest. Both these extremes work well, although preliminary
experimental results shown in Table 10 suggest that the high entropy case might work

slightly better. For each layer, the value of σ in the Gaussian model was set to be
√

1−p
p

using the p from the corresponding layer in the Bernoulli model.

11. Conclusion

Dropout is a technique for improving neural networks by reducing overfitting. Standard
backpropagation learning builds up brittle co-adaptations that work for the training data
but do not generalize to unseen data. Random dropout breaks up these co-adaptations by
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making the presence of any particular hidden unit unreliable. This technique was found
to improve the performance of neural nets in a wide variety of application domains includ-
ing object classification, digit recognition, speech recognition, document classification and
analysis of computational biology data. This suggests that dropout is a general technique
and is not specific to any domain. Methods that use dropout achieve state-of-the-art re-
sults on SVHN, ImageNet, CIFAR-100 and MNIST. Dropout considerably improved the
performance of standard neural nets on other data sets as well.

This idea can be extended to Restricted Boltzmann Machines and other graphical mod-
els. The central idea of dropout is to take a large model that overfits easily and repeatedly
sample and train smaller sub-models from it. RBMs easily fit into this framework. We de-
veloped Dropout RBMs and empirically showed that they have certain desirable properties.

One of the drawbacks of dropout is that it increases training time. A dropout network
typically takes 2-3 times longer to train than a standard neural network of the same ar-
chitecture. A major cause of this increase is that the parameter updates are very noisy.
Each training case effectively tries to train a different random architecture. Therefore, the
gradients that are being computed are not gradients of the final architecture that will be
used at test time. Therefore, it is not surprising that training takes a long time. However,
it is likely that this stochasticity prevents overfitting. This creates a trade-off between over-
fitting and training time. With more training time, one can use high dropout and suffer less
overfitting. However, one way to obtain some of the benefits of dropout without stochas-
ticity is to marginalize the noise to obtain a regularizer that does the same thing as the
dropout procedure, in expectation. We showed that for linear regression this regularizer is
a modified form of L2 regularization. For more complicated models, it is not obvious how to
obtain an equivalent regularizer. Speeding up dropout is an interesting direction for future
work.
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Appendix A. A Practical Guide for Training Dropout Networks

Neural networks are infamous for requiring extensive hyperparameter tuning. Dropout
networks are no exception. In this section, we describe heuristics that might be useful for
applying dropout.

A.1 Network Size

It is to be expected that dropping units will reduce the capacity of a neural network. If
n is the number of hidden units in any layer and p is the probability of retaining a unit,
then instead of n hidden units, only pn units will be present after dropout, in expectation.
Moreover, this set of pn units will be different each time and the units are not allowed to
build co-adaptations freely. Therefore, if an n-sized layer is optimal for a standard neural
net on any given task, a good dropout net should have at least n/p units. We found this to
be a useful heuristic for setting the number of hidden units in both convolutional and fully
connected networks.

1952

Avidbots Ex1005 
Page 114 of 146



Dropout

A.2 Learning Rate and Momentum

Dropout introduces a significant amount of noise in the gradients compared to standard
stochastic gradient descent. Therefore, a lot of gradients tend to cancel each other. In
order to make up for this, a dropout net should typically use 10-100 times the learning rate
that was optimal for a standard neural net. Another way to reduce the effect the noise is
to use a high momentum. While momentum values of 0.9 are common for standard nets,
with dropout we found that values around 0.95 to 0.99 work quite a lot better. Using high
learning rate and/or momentum significantly speed up learning.

A.3 Max-norm Regularization

Though large momentum and learning rate speed up learning, they sometimes cause the
network weights to grow very large. To prevent this, we can use max-norm regularization.
This constrains the norm of the vector of incoming weights at each hidden unit to be bound
by a constant c. Typical values of c range from 3 to 4.

A.4 Dropout Rate

Dropout introduces an extra hyperparameter—the probability of retaining a unit p. This
hyperparameter controls the intensity of dropout. p = 1, implies no dropout and low values
of p mean more dropout. Typical values of p for hidden units are in the range 0.5 to 0.8.
For input layers, the choice depends on the kind of input. For real-valued inputs (image
patches or speech frames), a typical value is 0.8. For hidden layers, the choice of p is coupled
with the choice of number of hidden units n. Smaller p requires big n which slows down
the training and leads to underfitting. Large p may not produce enough dropout to prevent
overfitting.

Appendix B. Detailed Description of Experiments and Data Sets

.

This section describes the network architectures and training details for the experimental
results reported in this paper. The code for reproducing these results can be obtained from
http://www.cs.toronto.edu/~nitish/dropout. The implementation is GPU-based. We
used the excellent CUDA libraries—cudamat (Mnih, 2009) and cuda-convnet (Krizhevsky
et al., 2012) to implement our networks.

B.1 MNIST

The MNIST data set consists of 60,000 training and 10,000 test examples each representing
a 28×28 digit image. We held out 10,000 random training images for validation. Hyperpa-
rameters were tuned on the validation set such that the best validation error was produced
after 1 million weight updates. The validation set was then combined with the training set
and training was done for 1 million weight updates. This net was used to evaluate the per-
formance on the test set. This way of using the validation set was chosen because we found
that it was easy to set up hyperparameters so that early stopping was not required at all.
Therefore, once the hyperparameters were fixed, it made sense to combine the validation
and training sets and train for a very long time.
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The architectures shown in Figure 4 include all combinations of 2, 3, and 4 layer networks
with 1024 and 2048 units in each layer. Thus, there are six architectures in all. For all the
architectures (including the ones reported in Table 2), we used p = 0.5 in all hidden layers
and p = 0.8 in the input layer. A final momentum of 0.95 and weight constraints with c = 2
was used in all the layers.

To test the limits of dropout’s regularization power, we also experimented with 2 and 3
layer nets having 4096 and 8192 units. 2 layer nets gave improvements as shown in Table 2.
However, the three layer nets performed slightly worse than 2 layer ones with the same
level of dropout. When we increased dropout, performance improved but not enough to
outperform the 2 layer nets.

B.2 SVHN

The SVHN data set consists of approximately 600,000 training images and 26,000 test
images. The training set consists of two parts—A standard labeled training set and another
set of labeled examples that are easy. A validation set was constructed by taking examples
from both the parts. Two-thirds of it were taken from the standard set (400 per class) and
one-third from the extra set (200 per class), a total of 6000 samples. This same process
is used by Sermanet et al. (2012). The inputs were RGB pixels normalized to have zero
mean and unit variance. Other preprocessing techniques such as global or local contrast
normalization or ZCA whitening did not give any noticeable improvements.

The best architecture that we found uses three convolutional layers each followed by
a max-pooling layer. The convolutional layers have 96, 128 and 256 filters respectively.
Each convolutional layer has a 5 × 5 receptive field applied with a stride of 1 pixel. Each
max pooling layer pools 3 × 3 regions at strides of 2 pixels. The convolutional layers are
followed by two fully connected hidden layers having 2048 units each. All units use the
rectified linear activation function. Dropout was applied to all the layers of the network
with the probability of retaining the unit being p = (0.9, 0.75, 0.75, 0.5, 0.5, 0.5) for the
different layers of the network (going from input to convolutional layers to fully connected
layers). In addition, the max-norm constraint with c = 4 was used for all the weights. A
momentum of 0.95 was used in all the layers. These hyperparameters were tuned using a
validation set. Since the training set was quite large, we did not combine the validation
set with the training set for final training. We reported test error of the model that had
smallest validation error.

B.3 CIFAR-10 and CIFAR-100

The CIFAR-10 and CIFAR-100 data sets consists of 50,000 training and 10,000 test images
each. They have 10 and 100 image categories respectively. These are 32 × 32 color images.
We used 5,000 of the training images for validation. We followed the procedure similar
to MNIST, where we found the best hyperparameters using the validation set and then
combined it with the training set. The images were preprocessed by doing global contrast
normalization in each color channel followed by ZCA whitening. Global contrast normal-
ization means that for image and each color channel in that image, we compute the mean
of the pixel intensities and subtract it from the channel. ZCA whitening means that we
mean center the data, rotate it onto its principle components, normalize each component
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and then rotate it back. The network architecture and dropout rates are same as that for
SVHN, except the learning rates for the input layer which had to be set to smaller values.

B.4 TIMIT
The open source Kaldi toolkit (Povey et al., 2011) was used to preprocess the data into log-
filter banks. A monophone system was trained to do a forced alignment and to get labels for
speech frames. Dropout neural networks were trained on windows of 21 consecutive frames
to predict the label of the central frame. No speaker dependent operations were performed.
The inputs were mean centered and normalized to have unit variance.

We used probability of retention p = 0.8 in the input layers and 0.5 in the hidden layers.
Max-norm constraint with c = 4 was used in all the layers. A momentum of 0.95 with a
high learning rate of 0.1 was used. The learning rate was decayed as ǫ0(1 + t/T )−1. For
DBN pretraining, we trained RBMs using CD-1. The variance of each input unit for the
Gaussian RBM was fixed to 1. For finetuning the DBN with dropout, we found that in
order to get the best results it was important to use a smaller learning rate (about 0.01).
Adding max-norm constraints did not give any improvements.

B.5 Reuters
The Reuters RCV1 corpus contains more than 800,000 documents categorized into 103
classes. These classes are arranged in a tree hierarchy. We created a subset of this data set
consisting of 402,738 articles and a vocabulary of 2000 words comprising of 50 categories
in which each document belongs to exactly one class. The data was split into equal sized
training and test sets. We tried many network architectures and found that dropout gave
improvements in classification accuracy over all of them. However, the improvement was
not as significant as that for the image and speech data sets. This might be explained by
the fact that this data set is quite big (more than 200,000 training examples) and overfitting
is not a very serious problem.

B.6 Alternative Splicing
The alternative splicing data set consists of data for 3665 cassette exons, 1014 RNA features
and 4 tissue types derived from 27 mouse tissues. For each input, the target consists of 4
softmax units (one for tissue type). Each softmax unit has 3 states (inc, exc, nc) which are
of the biological importance. For each softmax unit, the aim is to predict a distribution over
these 3 states that matches the observed distribution from wet lab experiments as closely
as possible. The evaluation metric is Code Quality which is defined as

|data points|∑

i=1

∑

t∈tissue types

∑

s∈{inc, exc, nc}

psi,t log(
qst (ri)

p̄s
),

where, psi,t is the target probability for state s and tissue type t in input i; qst (ri) is the
predicted probability for state s in tissue type t for input ri and p̄s is the average of psi,t
over i and t.

A two layer dropout network with 1024 units in each layer was trained on this data set.
A value of p = 0.5 was used for the hidden layer and p = 0.7 for the input layer. Max-norm
regularization with high decaying learning rates was used. Results were averaged across the
same 5 folds used by Xiong et al. (2011).
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Abstract. The technology for building knowledge-based systems by inductive inference from examples has 

been demonstrated successfully in several practical applications. This paper summarizes an approach to 

synthesizing decision trees that has been used in a variety of systems, and it describes one such system, 

ID3, in detail. Results from recent studies show ways in which the methodology can be modified to deal 

with information that is noisy and/or incomplete. A reported shortcoming of the basic algorithm is 

discussed and two means of overcoming it are compared. The paper concludes with illustrations of current 

research directions. 

1. Introduction 

Since artificial intelligence first achieved recognition as a discipline in the mid 1950's, 

machine learning has been a central research area. Two reasons can be given for this 

prominence. The ability to learn is a hallmark of  intelligent behavior, so any attempt 

to understand intelligence as a phenomenon must include an understanding of  learn- 

ing. More concretely, learning provides a potential methodology for building high- 

performance systems. 

Research on learning is made up of  diverse subfields. At one extreme there are 

adaptive systems that monitor  their own performance and attempt to improve it by 

adjusting internal parameters. This approach, characteristic of  a large proport ion of  

the early learning work, produced self-improving programs for playing games 

(Samuel, 1967), balancing poles (Michie, 1982), solving problems (Quinlan, 1969) 

and many other domains. A quite different approach sees learning as the acquisition 

of  structured knowledge in the form of  concepts (Hunt,  1962; Winston, 1975), 

-discrimination nets (Feigenbaum and Simon, 1963), or production rules (Buchanan, 

1978). 

The practical importance of  machine learning of  this latter kind has been underlin- 
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ed by the advent of  knowledge-based expert systems. As their name suggests, these 

systems are powered by knowledge that is represented explicitly rather than being im- 

plicit in algorithms. The knowledge needed to drive the pioneering expert systems was 

codified through protracted interaction between a domain specialist and a knowledge 

engineer. While the typical rate of  knowledge elucidation by this method is a few 

rules per man day, an expert system for a complex task may require hundreds or even 

thousands of  such rules. It is obvious that the interview approach to knowledge ac- 

quisition cannot keep pace with the burgeoning demand for expert systems; Feigen- 

baum (1981) terms this the 'bottleneck' problem. This perception has stimulated the 

investigation of  machine learning methods as a means of  explicating knowledge 

(Michie, 1983). 

This paper focusses on one microcosm of  machine learning and on a family of  

learning systems that have been used to build knowledge-based systems of  a simple 

kind. Section 2 outlines the features of  this family and introduces its members. All 

these systems address the same task of  inducing decision trees from examples. After 

a more complete specification of this task, one system (ID3) is described in detail in 

Section 4. Sections 5 and 6 present extensions to ID3 that enable it to cope with noisy 

and incomplete information. A review of  a central facet of  the induction algorithm 

reveals possible improvements that are set out in Section 7. The paper concludes with 

two novel initiatives that give some idea of  the directions in which the family may 

grow. 

2. The TDIDT family of learning systems 

Carbonell, Michalski and Mitchell (1983) identify three principal dimensions along 

which machine learning systems can be classified: 

• the underlying learning strategies used; 

• the representation of  knowledge acquired by the system; and 

• the application domain of  the system. 

This paper is concerned with a family of  learning systems that have strong common 

bonds in these dimensions. 

Taking these features in reverse order, the application domain of  these systems is 

not limited to any particular area of  intellectual activity such as Chemistry or Chess; 

they can be applied to any such area. While they are thus general-purpose systems, 

the applications that they address all involve classification. The product of  learning 

is a piece of  procedural knowledge that can assign a hitherto-unseen object to one 

of  a specified number of  disjoint classes. Examples of  classification tasks are: 
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1. the diagnosis of  a medical condition from symptoms, in which the classes could 

be either the various disease states or the possible therapies; 

2. determining the game-theoretic value of  a chess position, with the classes won for 

white, lost for  white, and drawn; and 

3. deciding from atmospheric observations whether a severe thunderstorm is unlike- 

ly, possible or probable. 

It might appear that classification tasks are only a minuscule subset of  procedural 

tasks, but even activities such as robot planning can be recast as classification prob- 

lems (Dechter and Michie, 1985). 

The members of  this family are sharply characterized by their representation of  ac- 

quired knowledge as decision trees. This is a relatively simple knowledge formalism 

that lacks the expressive power of  semantic networks or other first-order representa- 

tions. As a consequence of  this simplicity, the learning methodologies used in the 

TDIDT family are considerably less complex than those employed in systems that can 

express the results of  their learning in a more powerful language. Nevertheless, it is 

still possible to generate knowledge in the form of  decision trees that is capable of 

solving difficult problems of  practical significance. 

The underlying strategy is non-incremental learning from examples. The systems 

are presented with a set of  cases relevant to a classification task and develop a deci- 

sion tree from the top down, guided by frequency information in the examples but 

not by the particular order in which the examples are given. This contrasts with in- 

cremental methods such as that employed in MARVIN (Sammut, 1985), in which a 

dialog is carried on with an instructor to 'debug' partially correct concepts, and that 

used by Winston (1975), in which examples are analyzed one at a time, each produc- 

ing a small change in the developing concept; in both of  these systems, the order in 

which examples are presented is most important.  The systems described here search 

for patterns in the given examples and so must be able to examine and re-examine 

all of them at many stages during learning. Other well-known programs that share 

this data-driven approach include BACON (Langley, Bradshaw and Simon, 1983) 

and INDUCE (Michalski, 1980). 

In summary, then, the systems described here develop decision trees for classifica- 

tion tasks. These trees are constructed beginning with the root  of  the tree and pro- 

ceeding down to its leaves. The family's palindromic name emphasizes that its 

members carry out the Top-Down Induction of  Decision Trees. 

The example objects from which a classification rule is developed are known only 

through their values of  a set of  properties or attributes, and the decision trees in turn 

are expressed in terms of  these same attributes. The examples themselves can be 

assembled in two ways. They might come from an existing database that forms a 

history of  observations, such as patient records in some area of  medicine that have 

accumulated at a diagnosis center. Objects of  this kind give a reliable statistical pic- 

ture but, since they are not organized in any way, they may be redundant or omit 
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CLS (1963) 

I 
ID3 (1979) 

I 
I 

ACLS (1981) 

Expert- Ease (1983) 

EX- TRAN (1984) 

RuleMaster (1984) 

I 
ASSISTANT (1984) 

Figure 1. The TDIDT family tree. 

uncommon cases that have not been encountered during the period of record- 

keeping. On the other hand, the objects might be a carefully culled set of  tutorial ex- 

amples prepared by a domain expert, each with some particular relevance to a com- 

plete and correct classification rule. The expert might take pains to avoid redundancy 

and to include examples of  rare cases. While the family of  systems will deal with col- 

lections of  either kind in a satisfactory way, it should be mentioned that earlier 

TDIDT systems were designed with the 'historical record'  approach in mind, but all 

systems described here are now often used with tutorial sets (Michie, 1985). 

Figure 1 shows a family tree of  the T D I D T  systems. The patriarch of  this family 

is Hunt ' s  Concept Learning System framework (Hunt,  Marin and Stone, 1966). CLS 

constructs a decision tree that attempts to minimize the cost of  classifying an object. 

This cost has components  of  two types: the measurement  cost of  determining the 

value of property A exhibited by the object, and the misclassification cost of  deciding 

that the object belongs to class J when its real class is K. CLS uses a lookahead 

strategy similar to minimax. At each stage, CLS explores the space of possible deci- 

sion trees to a fixed depth, chooses an action to minimize cost in this limited space, 

then moves one level down in the tree. Depending on the depth of  lookahead chosen, 

CLS can require a substantial amount  of  computat ion,  but has been able to unearth 

subtle patterns in the objects shown to it. 

ID3 (Quinlan, 1979, 1983a) is one of  a series of  programs developed f rom CLS in 

response to a challenging induction task posed by Donald Michie, viz. to decide f rom 

pattern-based features alone whether a particular chess position in the King-Rook vs 

King-Knight endgame is lost for the Knight 's  side in a fixed number  of  ply. A full 

description of  ID3 appears in Section 4, so it is sufficient to note here that it embeds 

a tree-building method in an iterative outer shell, and abandons the cost-driven 

lookahead of  CLS with an information-driven evaluation function. 

ACLS (Paterson and Niblett, 1983) is a generalization of  ID3. CLS and ID3 both 

require that  each property used to describe objects has only values from a specified 

set. In addition to properties of  this type, ACLS permits properties that have 
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unrestricted integer values. The capacity to deal with attributes of  this kind has allow- 

ed ACLS to be applied to difficult tasks such as image recognition (Shepherd, 1983). 

ASSISTANT (Kononenko, Bratko and Roskar, 1984) also acknowledges ID3 as 

its direct ancestor. It differs from ID3 in many ways, some of which are discussed 

in detail in later sections. ASSISTANT further generalizes on the integer-valued at- 

tributes of ACLS by permitting attributes with continuous (real) values. Rather than 

insisting that the classes be disjoint, ASSISTANT allows them to form a hierarchy, 

so that one class may be a finer division of another. ASSISTANT does not form a 

decision tree iteratively in the manner of  ID3, but does include algorithms for choos- 

ing a 'good'  training set from the objects available. ASSISTANT has been used in 

several medical domains with promising results. 

The bottom-most  three systems in the figure are commercial derivatives of  ACLS. 

While they do not significantly advance the underlying theory, they incorporate 

many user-friendly innovations and utilities that expedite the task of generating and 

using decision trees. They all have industrial successes to their credit. Westinghouse 

Electric's Water Reactor Division, for example, points to a fuel-enrichment applica- 

tion in which the company was able to boost revenue by 'more than ten million 

dollars per annum' through the use of one of  them. 1 

3. The induction task 

We now give a more precise statement of  the induction task. The basis is a universe 

of  objects that are described in terms of  a collection of  attributes. Each attribute 

measures some important feature of  an object and will be limited here to taking a 

(usually small) set of  discrete, mutually exclusive values. For example, if the objects 

were Saturday mornings and the classification task involved the weather, attributes 

might be 

outlook, with values {sunny, overcast, rain] 

temperature, with values {cool, mild, hot] 

humidity, with values {high, normal] 

windy, with values { true, false ] 

Taken together, the attributes provide a zeroth-order language for characterizing ob- 

jects in the universe. A particular Saturday morning might be described as 

outlook: overcast 

temperature: cool 

humidity: normal 

windy: false 

1 Letter cited in the journal Expert Systems (January, 1985), p. 20. 
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Each object in the universe belongs to one of  a set of  mutually exclusive classes. 

To simplify the following treatment, we will assume that there are only two such 

classes denoted P and N, although the extension to any number of  classes is not dif- 

ficult. In two-class induction tasks, objects of  class P and N are sometimes referred 

to as positive instances and negative instances, respectively, of  the concept being 

learned. 

The other major ingredient is a training set of objects whose class is known. The 

induction task is to develop a classification rule that can determine the class of  any 

object from its values of  the attributes. The immediate question is whether or not the 

attributes provide sufficient information to do this. In particular, if the training set 

contains two objects that have identical values for each attribute and yet belong to 

different classes, it is clearly impossible to differentiate between these objects with 

reference only to the given attributes. In such a case attributes will be termed inade- 

quate for the training set and hence for the induction task. 

As mentioned above, a classification rule will be expressed as a decision tree. Table 

1 shows a small training set that uses the 'Saturday morning'  attributes. Each object 's 

value of each attribute is shown, together with the class of  the object (here, class P 

mornings are suitable for some unspecified activity). A decision tree that correctly 

classifies each object in the training set is given in Figure 2. Leaves of  a decision tree 

are class names, other nodes represent attribute-based tests with a branch for each 

possible outcome. In order to classify an object, we start at the root of the tree, 

evaluate the test, and take the branch appropriate to the outcome. The process con- 

tinues until a leaf is encountered, at which time the object is asserted to belong to 

Table 1. A small training set 

No. Attributes Class 

Outlook Temperature Humidity Windy 

1 sunny hot high false N 

2 sunny hot high true N 

3 overcast hot high false P 

4 rain mild high false P 

5 rain cool normal false P 

6 rain cool normal true N 

7 overcast cool normal true P 

8 sunny mild high false N 

9 sunny cool normal false P 

10 rain mild normal false P 

11 sunny mild normal true P 

12 overcast mild high true P 

13 overcast hot normal false P 

14 rain mild high true N 
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sunny overcast rain 

high normal 

........ / \ ,  
NI iP:  

true false 

. /  \ ...... 
N~ ~ P  

Figure 2. A simple decision tree 

the class named by the leaf. Taking the decision tree of  Figure 2, this process con- 

cludes that the object which appeared as an example at the start of  this section, and 

which is not a member  of  the training set, should belong to class P. Notice that only 

a subset of  the attributes may be encountered on a particular path from the root of  

the decision tree to a leaf; in this case, only the outlook attribute is tested before 

determining the class. 

I f  the attributes are adequate, it is always possible to construct a decision tree that 

correctly classifies each object in the training set, and usually there are many such 

correct decision trees. The essence of induction is to move beyond the training set, 

i.e. to construct a decision tree that correctly classifies not only objects f rom the 

training set but other (unseen) objects as well. In order to do this, the decision tree 

must capture some meaningful relationship between an object 's  class and its values 

of  the attributes. Given a choice between two decision trees, each of  which is correct 

over the training set, it seems sensible to prefer the simpler one on the grounds that 

it is more likely to capture structure inherent in the problem. The simpler tree would 

therefore be expected to classify correctly more objects outside the training set. The 

decision tree of  Figure 3, for instance, is also correct for the training set of  Table 1, 

but its greater complexity makes it suspect as an 'explanat ion '  of  the training set. 2 

4. ID3 

One approach to the induction task above would be to generate all possible decision 

trees that correctly classify the training set and to select the simplest of  them. The 

z The preference for simpler trees, presented here as a commonsense  application o f  Occam's  Razor, is 

also supported by analysis. Pearl (1978b) and Quinlan (1983a) have derived upper bounds  on the expected 

error using different formalisms for generalizing f rom a set o f  known cases. For a training set of  predeter- 

mined size, these bounds  increase with the complexity o f  the induced generalization. 
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P: 

J f 

sunny o'cast rain 

p~ 

true false 

/ \ 

I temperature 1 

. . . .  I ~ - r r ~  hot . 

sunny o'cast rain 

" I 

t rue  false 

/ \ 
P: P" N .  

high normal 

true false 
/ 
:NI iP:. 

true false 

high normal 

sunny o'cast rain 

..... / I. \ 
N :.P/: null 

Figure 3. A complex decision tree. 

number  of  such trees is finite but very large, so this approach would only be feasible 

for small induction tasks. ID3 was designed for the other end of  the spectrum, where 

there are many  attributes and the training set contains many  objects, but where a 

reasonably good decision tree is required without much computat ion.  It has generally 

been found to construct simple decision trees, but the approach it uses cannot 

guarantee that better trees have not been overlooked. 

The basic structure of  ID3 is iterative. A subset of  the training set called the win- 

dow is chosen at random and a decision tree formed from it; this tree correctly 

classifies all objects in the window. All other objects in the training set are then 

classified using the tree. I f  the tree gives the correct answer for all these objects then 

it is correct for the entire training set and the process terminates. I f  not, a selection 

of  the incorrectly classified objects is added to the window and the process continues. 

In this way, correct decision trees have been found after only a few iterations for 

training sets of  up to thirty thousand objects described in terms of  up to 50 attributes. 

Empirical evidence suggests that a correct decision tree is usually found more quickly 

by this iterative method than by forming a tree directly f rom the entire training set. 

However,  O'Keefe  (1983) has noted that the iterative f ramework cannot be 

guaranteed to converge on a final tree unless the window can grow to include the en- 

tire training set. This potential limitation has not yet arisen in practice. 

The crux of  the problem is how to form a decision tree for an arbitrary collection 

C of  objects. I f  C is empty or contains only objects of  one class, the simplest decision 

tree is just a leaf labelled with the class. Otherwise, let T be any test on an object with 

possible outcomes O1, Oz . . . .  Ow. Each object in C will give one of  these outcomes 

for T, so T produces a parti t ion [ C1, C2 . . . .  Cw} of  C with Ci containing those ob- 

Avidbots Ex1005 
Page 128 of 146



INDUCTION OF DECISION TREES 89 

C1 

T 

/71\ 
01 02 03 

/ /  
C2 C3 

0 w  

.o. Cw 

Figure 4. A tree structuring of the objects in C. 

jects having outcome Oi. This is represented graphically by the tree form of Figure 

4. I f  each subset Ci in this figure could be replaced by a decision tree for Ci, the result 

would be a decision tree for all of  C. Moreover~ so long as two or more Ci's are non- 

empty, each Ci is smaller than C. In the worst case, this divide-and-conquer strategy 

will yield single-object subsets that satisfy the one-class requirement for a leaf. Thus, 

provided that a test can always be found that gives a non-trivial partition of  any set 

of  objects, this procedure will always produce a decision tree that correctly classifies 

each object in C. 

The choice of  test is crucial if the decision tree is to be simple. For the moment ,  

a test will be restricted to branching on the values of  an attribute, so choosing a test 

comes down to selecting an attribute for the root of  the tree. The first induction pro- 

grams in the ID series used a seat-of-the-pants evaluation function that worked 

reasonably  well. Following a suggestion of  Peter Gacs, ID3 adopted  an information- 

based method that depends on two assumptions. Let C contain p objects of  class P 

and n of  class N. The assumptions are: 

(1) Any correct decision tree for C will classify objects in the same proport ion as 

their representation in C. An arbitrary object will be determined to belong to 

class P with probabili ty p / (p  + n) and to class N with probabili ty n/ (p  + n). 

(2) When a decision tree is used to classify an object, it returns a class. A decision 

tree can thus be regarded as a source of  a message 'P '  or 'N ' ,  with the expected 

information needed to generate this message given by 

I (p, n) - P log2 P ~ log2 
p + n  p + n  p + n  p + n  

I f  attribute A with values [ AI, A2 . . . .  Av ] is used for the root of  the decision tree, 

-it will partition C into [C1, Ca . . . .  Cv] where Ci contains those objects in C that 

have value Ai of  A. Let Ci contain Pi objects of  class P and ni of  class N. The expected 
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information required for the subtree for Ci is I(pi, ni). The expected information re- 

quired for the tree with A as root is then obtained as the weighted average 

V 

E(A) = Z Pi + n i I(pi, ni) 
i = l  p + n  

where the weight for the ith branch is the proport ion of  the objects in C that belong 

to Ci. The information gained by branching on A is therefore 

gain(A) = I(p, n) - E(A) 

A good rule of  thumb would seem to be to choose that attribute to branch on which 

gains the most information.  3 ID3 examines all candidate attributes and chooses A to 

maximize gain(A), forms the tree as above, and then uses the same process recursively 

to form decision trees for the residual subsets C1, CE . . . .  Cv. 

To illustrate the idea, let C be the set of  objects in Table 1. Of  the 14 objects, 9 

are of  class P and 5 are of  class N, so the information required for classification is 

9 logz 9 5 log2 5 0.940 bits 
I(p, n) - 14 14 14 14 = 

Now consider the outlook attribute with values [ sunny, overcast, rain }. Five of the 

14 objects in C have the first value (sunny), two of  them from class P and three f rom 

class N, so 

p l = 2  

and similarly 

Pz = 4 

P3 = 3 

nl = 3 I ( p l ,  h i )  = 0.971 

n2 = 0 I (p2,  n2) = 0 

n3 = 2 I (p3,  n3) = 0 .971  

The expected information requirement after testing this attribute is therefore 

5 4 5 
E (outlook) = ]-~ I(pl, nl) + ]~  I (P2, n2) + ]~  I(p3, n3) 

= 0.694 bits 

3 Since l(p,n) is constant for all attributes, maximizing the gain is equivalent to minimizing E(A), which 

is the mutual information Of the attribute A and the class. Pearl (1978a) contains an excellent account of  

the rationale of  information-based heuristics. 
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The gain of  this attribute is then 

gain(outlook) = 0.940 - E(outlook) = 0.246 bits 

Similar analysis gives 

gain(temperature) = 0.029 bits 

gain(humidity) = 0.151 bits 

gain(windy) = 0.048 bits 

so the tree-forming method used in ID3 would choose outlook as the attribute for 

the root of  the decision tree. The objects would then be divided into subsets according 

to their values of  the outlook attribute and a decision tree for each subset would be 

induced in a similar fashion. In fact, Figure 2 shows the actual decision tree generated 

by ID3 f rom this training set. 

A special case arises if C contains no objects with some particular value Aj of  A, 

giving an empty Cj. ID3 labels such a leaf as 'null '  so that it fails to classify any object 

arriving at that leaf. A better solution would generalize f rom the set C f rom which 

Cj came, and assign this leaf the more frequent class in C. 

The worth of  ID3's  attribute-selecting heuristic can be assessed by the simplicity 

of  the resulting decision trees, or, more to the point, by how well those trees express 

real relationships between class and attributes as demonstrated by the accuracy with 

which they classify objects other than those in the training set (their predictive ac- 

curacy). A straightforward method of assessing this predictive accuracy is to use only 

'part of the given set o f  objects as a training set, and to check the resulting decision 

tree on the remainder.  

Several experiments of  this kind have been carried out. In one domain, 1.4 million 

Chess positions described in terms of 49 binary-valued attributes gave rise to 715 

distinct objects divided 65% :35% between the classes. This domain is relatively com- 

plex since a correct decision tree for all 715 objects contains about 150 nodes. When 

training sets containing 20% of these 715 objects were chosen at random, they pro- 

duced decision trees that correctly classified over 84% of  the unseen objects. In 

another version of  the same domain,  39 attributes gave 551 distinct objects with a 

correct decision tree of  similar size; training sets of  20% of  these 551 objects gave 

decision trees of  almost identical accuracy. In a simpler domain (1,987 objects with 

a correct decision tree of  48 nodes), randomly-selected training sets containing 20°7o 

of  the objects gave decision trees that correctly classified 98% of  the unseen objects. 

In all three cases, it is clear that the decision trees reflect useful (as opposed to ran- 

dom) relationships present in the data. 

This discussion of  ID3 is rounded o f f  by looking at the computat ional  require- 

ments of  the procedure. At each non-leaf node of  the decision tree, the gain of  each 

untested attribute A must be determined. This gain in turn depends on the values pi 
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and ni for each value Ai of  A, so every object in C must be examined to determine 

its class and its value of  A. Consequently, the computat ional  complexity of  the pro- 

cedure at each such node is O ( I C I .  IAI),  where IAI is the number  of attributes 

above. ID3's  total computat ional  requirement per iteration is thus proportional  to 

the product of  the size of  the training set, the number  of  attributes and the number  

of  non-leaf nodes in the decision tree. The same relationship appears to extend to the 

entire induction process, even when several iterations are performed.  No exponential 

growth in time or space has been observed as the dimensions of  the induction task 

increase, so the technique can be applied to large tasks. 

5. Noise 

So far, the information supplied in the training set has been assumed to be entirely 

accurate. Sadly, induction tasks based on real-world data are unlikely to find this 

assumption to be tenable. The description of  objects may include attributes based on 

measurements or subjective judgements, both of  which may give rise to errors in the 

values of  attributes. Some of the objects in the training set may even have been 

misclassified. To illustrate the idea, consider the task of  developing a classification 

rule for medical diagnosis f rom a collection of  patient histories. An attribute might 

test for the presence of  some substance in the blood and will almost inevitably give 

false positive or negative readings some of  the time. Another  attribute might assess 

the patient 's  build as slight, medium, or heavy, and different assessors may apply dif- 

ferent criteria. Finally, the collection of  case histories will probably include some pa- 

tients for whom an incorrect diagnosis was made, with consequent errors in the class 

information provided in the training set. 

What  problems might errors of  these kinds pose for the tree-building procedure 

described earlier? Consider again the small training set in Table l, and suppose now 

that attribute outlook of  object 1 is incorrectly recorded as overcast. Objects 1 and 

3 will then have identical descriptions but belong to different classes, so the attributes 

become inadequate for this training set. The attributes will also become inadequate 

if attribute windy of  object 4 is corrupted to true, because that object will then con- 

flict with object 14. Finally, the initial training set can be accounted for by the simple 

decision tree of  Figure 2 containing 8 nodes. Suppose that the class of  object 3 were 

corrupted to N. A correct decision tree for this corrupted training set would now have 

to explain the apparent  special case of  object 3. The smallest such tree contains twelve 

nodes, half again as complex as the ' real '  tree. These illustrations highlight two prob- 

lems: errors in the training set may cause the attributes to become inadequate, or may 

lead to decision trees of  spurious complexity. 

Non-systematic errors of  this kind in either the values of  attributes or class infor*- 

marion are usually referred to as noise. Two modifications are required if the tree- 

building algorithm is to be able to operate with a noise-affected training set. 
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(1) The algorithm must be able to work with inadequate attributes, because noise can 

cause even the most comprehensive set of  attributes to appear inadequate. 

"(2) The algorithm must be able to decide that testing further attributes will not im- 

prove the predictive accuracy of  the decision tree. In the last example above, it 

should refrain f rom increasing the complexity of  the decision tree to accom- 

modate  a single noise-generated special case. 

We start with the second requirement of  deciding when an attribute is really rele- 

vant to classification. L e t C  be a collection of  objects containing representatives of  

both classes, and let A be an attribute with random values that produces subsets { C1, 

C2 . . . .  Cv 1. Unless the proport ion of  class P objects in each of the Ci is exactly the 

same as the proport ion of  class P objects in C itself, branching on attribute A will 

give an apparent  information gain. It will therefore appear  that testing attribute A 

is a sensible step, even though the values of  A are random and so cannot help to 

classify the objects in C. 

One solution to this di lemma might be to require that the information gain of  any 

tested attribute exceeds some absolute or percentage threshold. Experiments with this 

approach suggest that a threshold large enough to screen out irrelevant attributes also 

excludes attributes that are relevant, and the performance of  the tree-building pro- 

cedure is degraded in the noise-free case. 

An alternative method based on the chi-square test for stocbastic independence has 

been found to be more useful. In the previous notation, suppose attribute A produces 

subsets 1C1, C2 . . . .  Cv} of  C, where Ci contains pi and ni objects of  class P and N, 

respectively. I f  the value of  A is irrelevant to the class of  an object in C, the expected 

~?alue p ' i  of  pi should be 

P ' i  = P • p i + n i  
p + n  

I f  n ' i  is the corresponding expected value of  ni, the statistic 

v (Pi--P ,)2 (n i - -n ' i )  2 
Z + 

i=1 P~i n t i  

is approximately chi-square with v-1 degrees of  freedom. Provided that none of  the 

values p ' i  or n ' i  are very small, this statistic can be used to determine the confidence 

with which one can reject the hypothesis that A is independent of  the class of  objects 

in C (Hogg and Craig, 1970). The tree-building procedure can then be modified to 

prevent testing any attribute whose irrelevance cannot be rejected with a very high 

(e.g. 99%) confidence level. This has been found effective in preventing over- 
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complex  trees tha t  a t t empt  to ' f i t  the  noise '  wi thout  af fec t ing  p e r f o r m a n c e  o f  the  p ro-  

cedure  in the  noise-f ree  case. 4 

Turn ing  now to the first  r equ i rement ,  we see tha t  the  fo l lowing s i tua t ion  can arise:  

a col lec t ion  of  C objec ts  m a y  con ta in  representa t ives  o f  bo th  classes, yet  fur ther  

test ing o f  C may  be ru led  out ,  e i ther  because  the  a t t r ibu tes  are  inadequa te  and  unable  

to d is t inguish  among  the ob jec t s  in C, or  because  each a t t r ibu te  has been j udged  to 

be i r re levant  to the class o f  objec ts  in C. In this s i tua t ion  it is necessary to  p roduc e  

a leaf  label led  with class i n fo rma t ion ,  bu t  the  objec ts  in C are not  all o f  the same 

class. 

Two  possibi l i t ies  suggest  themselves .  The  no t ion  o f  class could  be genera l ized  to 

a l low the value  p / ( p  + n) in the  in terval  (0,1), a class o f  0.8 (say) being in te rpre ted  

as ' be long ing  to class P with p r o b a b i l i t y  0 .8 ' .  A n  a l te rna t ive  a p p r o a c h  would  be to  

op t  for  the  more  n u m e r o u s  class, i .e. to assign the leaf  to class P if  p > n, to class 

N if  p < n, and  to ei ther if  p = n. The  first  a p p r o a c h  minimizes  the  sum o f  the  

squares  o f  the  er ror  over  objec ts  in C, while the  second minimizes  the sum of  the ab-  

solute  er rors  over  ob jec t s  in C. I f  the a im is to  min imize  expected er ror ,  the  second 

a p p r o a c h  might  be an t i c ipa ted  to be super ior ,  and  indeed this has been found  to be 

the case. 

Several  studies have been carr ied  out  to see how this mod i f i ed  p rocedu re  holds  up 

under  vary ing  levels o f  noise  (Quin lan  1983b, 1985a). One such s tudy is ou t l ined  here 

based  on the ea r l i e r -men t ioned  task  with 551 ob jec t s  and  39 b ina ry -va lued  a t t r ibu tes .  

In  each exper iment ,  the  whole  set o f  ob jec t s  was ar t i f ic ia l ly  co r rup ted  as descr ibed  

be low and  used as a t ra in ing  set to p r o d u c e  a decis ion tree.  Each  objec t  was then cor-  

rup ted  anew,  classif ied by  this tree and  the e r ror  ra te  de te rmined .  This  process  was 

repea ted  twenty  t imes to give more  re l iable  averages .  

In  this  s tudy,  values were co r rup ted  as fol lows.  A noise level o f  n percent  app l i ed  

to a value  mean t  tha t ,  with p robab i l i t y  n percent ,  the  t rue  value was rep laced  by  a 

value chosen  at r a n d o m  f rom a m o n g  the values  tha t  could  have appea red .  5 Table  2 

shows the results when noise levels vary ing  f rom 5% to 100% were app l ied  to the 

values o f  the  mos t  noise-sensi t ive a t t r ibu te ,  to the values o f  all a t t r ibu tes  

s imul taneous ly ,  and  to the  class i n fo rma t ion .  This  tab le  demons t r a t e s  the  qui te  dif-  

ferent  fo rms  o f  d e g r a d a t i o n  observed.  Des t roy ing  class i n fo rma t ion  p roduces  a 

l inear  increase  in e r ror  so tha t ,  when all class i n f o r m a t i o n  is noise,  the resul t ing deci- 

s ion tree classifies objects  ent i re ly  r a n d o m l y .  Noise  in a single a t t r ibu te  does  not  have 

a d r ama t i c  effect .  Noise  in all a t t r ibu tes  together ,  however ,  leads to a re la t ively r ap id  

increase  in error  which reaches  a peak  and  declines.  The  peak  is s o m e w h a t  inter-  

4 ASSISTANT uses an information-based measure to perform much the same function, but no com- 

parative results are available to date. 

5 It might seem that the value should be replaced by an incorrect value. Consider, however, the case 

of a two-valued attribute corrupted with 100% noise. If the value of each object were replaced by the (on- 

ly) incorrect value, the initial attribute will have been merely inverted with no loss of information. 
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Table 2. Error rates produced by noise in a single attribute, all attributes, and class information 

Noise Single All Class 

level attribute attributes information 

5070 1.3% 11.9% 2.6% 

10070 2.5% 18.9% 5.5% 

15% 3.3070 24.6% 8.3% 

20% 4.6% 27.80/0 9.9% 

30% 6.1% 29.5% 14.8% 

40% 7.6% 30.3% 18.1% 

50% 8.8% 29.2% 21.8% 

60% 9.4% 27.5% 26.4070 

70% 9.9% 25.9% 27.2% 

80% 10.4% 26.0% 29.5% 

90% 10.8% 25.6% 34.1% 

100% 10.8% 25.9% 49.6% 

esting, and can be explained as follows. Let C be a collection of  objects containing 

p from class P and n from class N, respectively. At noise levels around 50%, the 

algorithm for constructing decision trees may still find relevant attributes to branch 

on, even though the performance of  this tree on unseen but equally noisy objects will 

be essentially random. Suppose the tree for C classifies objects as class P with pro- 

bability p/(n + p). The expected error if objects with a similar class distribution to 

those in C were classified by this tree is given by 

P • (1 - ~ P  ) + n . (1 n_~_) _ 2pn 
p + n  p + n  p + n  p + n  (p+n)  2 

At very high levels of  noise, however, the algorithm will find all attributes irrelevant 

and classify everything as the more frequent class; assume without loss of  generality 

that this class is P. The expected error in this case is 

p . 0 + n . l _  n 
p + n  p + n  p + n  

which is less than the above expression since we have assumed that p is greater than 

n. The decline in error is thus a consequence of the chi-square cutoff  coming into play 

as noise becomes more intense. 

The table brings out the point that low levels of  noise do not cause the tree-building 

fnachinery to fall over a cliff. For this task, a 5°7o noise level in a single attribute pro- 

duces a degradation in performance of  less than 2%; a 5 o70 noise level in all attributes 

together produces a 12% degradation in classification performance; while a similar 
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noise level in class information results in a 3°70 degradation. Comparable  figures have 

been obtained for other induction tasks. 

One interesting point emerged f rom other experiments in which a correct decision 

tree formed f rom an uncorrupted training set was used to classify objects whose 

descriptions were corrupted. This scenario corresponds to forming a classification 

rule under controlled and sanitized laboratory conditions, then using it to classify ob- 

jects in the field. For higher noise levels, the performance of  the correct decision tree 

on corrupted data was found to be inferior to that of  an imperfect decision tree form- 

ed f rom data corrupted to a similar level! (This phenomenon has an explanation 

similar to that  given above for the peak in Table 2.) The moral  seems to be that it 

is counter-productive to eliminate noise f rom the attribute information in the train- 

ing set if these same attributes will be subject to high noise levels when the induced 

decision tree is put to use. 

6. U n k n o w n  attribute values 

The previous section examined modifications to the tree-building process that en- 

abled it to deal with noisy or corrupted values. This section is concerned with an allied 

problem that also arises in practice: unknown attribute values. To continue the 

previous medical diagnosis example, what should be done when the patient case 

histories that are to form the training set are incomplete? 

One way around the problem attempts to fill in an unknown value by utilizing in- 

format ion provided by context. Using the previous notation, let us suppose that a 

collection C of  objects contains one whose value of  attribute A is unknown. ASSIS 

T A N T  (Kononenko et al, 1984) uses a Bayesian formalism to determine the prob- 

ability that the object has value Ai of  A by examining the distribution of values of  

A in C as a function of  their class. Suppose that the object in question belongs t o  

class P. The probabili ty that the object has value Ai for attribute A can be expressed 

as 

p r o b ( A = A i l  class = P) = p r o b ( A = A i  & c lass=P)  = pi 
prob(class = P) p 

where the calculation of Pi and p is restricted to those members  of  C whose value of  

A is known. Having determined the probabili ty distribution of  the unknown value 

over the possible values of  A, this method could either choose the most likely value 

or divide the object into fractional objects, each with one possible value of A, 

weighted according to the probabilities above. 

Alert Shapiro (private communication) has suggested using a decision-tree ap-" 

proach to determine the unknown values of  an attribute. Let C '  be the subset of  C 

consisting of  those objects whose value of  attribute A is defined. In C ' ,  the original 
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Table 3. Proportion of times that an unknown attribute value is replaced by an incorrect value 

Replacement Attribute 

method 
1 2 3 

Bayesian 28% 27% 38°7o 

Decision tree 19% 22% 19070 

Most common value 28°7o 27°70 4007o 

class (P or N) is regarded as another attribute while the value of attribute A becomes 

the 'class' to be determined. That is, C '  is used to construct a decision tree for deter- 

mining the value of  attribute A from the other attributes and the class. When con- 

structed, this decision tree can be used to 'classify' each object in C - C '  and the 

result assigned as the unknown value of  A. 

Although these methods for determining unknown attribute values look good on 

paper, they give unconvincing results even when only a single value of  one attribute 

is unknown; as might be expected, their performance is much worse when several 

values of  several attributes are unknown. Consider again the 551-object 39-attribute 

task. We may ask how well the methods perform when asked to fill in a single 

unknown attribute value. Table 3 shows, for each of  the three most important at- 

tributes, the proportion of  times each method fails to replace an unknown value by 

its correct value. For comparison, the table also shows the same figure for the simple 

strategy: always replace an unknown value of  an attribute with its most common 

"value. The Bayesian method gives results that are scarcely better than those given by 

the simple strategy and, while the decision-tree method uses more context and is 

thereby more accurate, it still gives disappointing results. 

Rather than trying to guess unknown attribute values, we could treat 'unknown '  

as a new possible value for each attribute and deal with it in the same way as other 

values. This can lead to an anomalous situation, as shown by the following example. 

Suppose A is an attribute with values [ A1, A2 } and let C be a collection of  objects 

such that 

Pl = 2 p2 = 2 

n~ = 2  n 2 = 2  

giving a value of  1 bit for E(A). Now let A '  be an identical attribute except that one 

of  the objects with value A1 of  A has an unknown value of  A ' .  A '  has the values 

{ A '  1, A '  2, A '  3 = unknown }, so the corresponding values might be 

P ' I  = 1 P ' 2  = 2 P ' 3  = 1 

n ' l  = 2 n '2  = 2 n '3  = 0 
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resulting in a value of  0.84 bits for E(A ' ) .  In terms of  the selection criterion 

developed earlier, A '  now seems to give a higher information gain than A. Thus, hav- 

ing unknown values may apparently increase the desirability of  an attribute, a result  

entirely opposed to common sense. The conclusion is that treating 'unknown'  as a 

separate value is not a solution to the problem. 

One strategy which has been found to work well is as follows. Let A be an attribute 

with values [ A1, A2 . . . .  Av }. For some collection C of  objects, let the numbers of  

objects with value Ai of  A be Pi and ni, and let pu and nu denote the numbers of  ob- 

jects of  class P and N respectively that have unknown values of  A. When the informa- 

tion gain of  attribute A is assessed, these objects with unknown values are distributed 

across the values of  A in proport ion to the relative frequency of  these values in C. 

Thus the gain is assessed as if the true value of Pi were given by 

pi + pu • ratioi 

where 

r a t i o i  -- p i + n i  

(Pi + ni) 
i 

and similarly for ni. (This expression has the property that unknown values can only 

decrease the information gain of  an attribute.) When an attribute has been chosen. 

by the selection criterion, objects with unknown values of  that attribute are discarded 

before forming decision trees for the subsets [Ci}. 

The other half  of  the story is how unknown attribute values are dealt with during 

classification. Suppose that an object is being classified using a decision tree that 

wishes to branch on attribute A, but the object 's  value of  attribute A is unknowm 

The correct procedure would take the branch corresponding to the real value Ai but, 

since this value is unknown, the only alternative is to explore all branches without 

forgetting that some are more probable than others. 

Conceptually, suppose that, along with the object to be classified, we have been 

passed a token with some value T. In the situation above, each branch of Ai is then 

explored in turn, using a token of  value 

T • ratioi 

i.e. the given token value is distributed across all possible values in proport ion to the 

ratios above. The value passed to a branch may be distributed further by subsequent 

tests on other attributes for which this object has unknown values. Instead of a singl~ 

path to a leaf, there may now be many,  each qualified by its token value. These token 

values at the leaves are summed for each class, the result of  the classification being 
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E R R O R  
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Figure 5. Error produced by unknown attribute values. 

that class with the higher value. The distribution of  values over the possible classes 

might also be used to compute a confidence level for the classification. 

Straightforward though it may be, this procedure has been found to give a very 

graceful degradation as the incidence of  unknown values increases. Figure 5 sum- 

marizes the results of  an experiment on the now-familiar  task with 551 objects and 

• 39 attributes. Various ' ignorance levels' analogous to the earlier noise levels were ex- 

plored, with twenty repititions at each level. For each run at an ignorance level of  

fn percent, a copy of  the 551 objects was made,  replacing each value of  every attribute 

by ' unknown '  with m percent probability. A decision tree for these (incomplete) 

objects was formed as above, and then used to classify a new copy of each object 

corrupted in the same way. The figure shows that the degradation of  performance 

with ignorance level is gradual.  In practice, of  course, an ignorance level even as high 

as 10% is unlikely - this would correspond to an average of  one value in every ten 

of  the object 's  description being unknown. Even so, the decision tree produced f rom 

such a patchy training set correctly classifies nearly ninety percent of  objects that also 

have unknown values. A much lower level o f  degradation is observed when an object 

with unknown values is classified using a correct decision tree. 

This t reatment has assumed that no information whatsoever is available regarding 

an unknown attribute. Catlett (1985) has taken this approach a stage further by 

allowing partial knowledge of  an attribute value to be stated in Shafer notation 

(Garvey, Lowrance and Fischler, 1981). This notat ion permits probabilistic asser- 

tions to be made about  any subset or subsets of  the possible values of  an attribute 

fhat an object might have. 
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7. The selection criterion 

Attention has recently been refocussed on the evaluation function for selecting the" 

best attribute-based test to form the root of  a decision tree. Recall that the criterion 

described earlier chooses the attribute that gains most information.  In the course of  

their experiments, Bratko 's  group encountered a medical induction problem in whicli 

the attribute selected by the gain criterion ( 'age of  patient ' ,  with nine value ranges) 

was judged by specialists to be less relevant than other attributes. This situation was 

also noted on other tasks, prompting Kononenko et al (1984) to suggest that the gain 

criterion tends to favor attributes with many values. 

Analysis supports this finding• Let A be an attribute with values A~, A2 . . . .  Av 

and let A '  be an attribute formed f rom A by splitting one of the values into two. I f  

the values of  A were sufficiently fine for the induction task at hand, we would not 

expect this refinement to increase the usefulness of  A. Rather, it might be anticipated 

that excessive fineness would tend to obscure structure in the training set so that A '  

was in fact less useful than A. However,  it can be proved that gain(A ' )  is greater than 

or equal to gain(A), being equal to it only when the proport ions of  the classes are 

the same for both subdivisions of  the original value. In general, then, ga in(A' )  will 

exceed gain(A) with the result that the evaluation function of  Section 4 will prefer 

A '  to A. By analogy, attributes with more values will tend to be preferred to at- 

tributes with fewer. 

As another way of  looking at the problem, let A be an attribute with random values 

and suppose that the set of  possible values of  A is large enough to make it unlikely, 

that two objects in the training set have the same value for A. Such an attribute would 

have maximum information gain, so the gain criterion would select it as the root of  

the decision tree. This would be a singularly poor  choice since the value of  A, being 

random, contains no information pertinent to the class of  objects in the training set. 

ASSISTANT (Kononenko et al, 1984) solves this problem by requiring that all test~ 

have only two outcomes. I f  we have an attribute A as before with v values A1, A2, 

• . .  Av, the decision tree no longer has a branch for each possible value. Instead, a 

subset S of  the values is chosen and the tree has two branches, one for all values in 

the set and one for the remainder.  The information gain is then computed as if all 

values in S were amalgamated  into one single attribute value and all remaining values 

into another.  Using this selection criterion (the subset criterion), the test chosen for 

the root o f  the decision tree uses the attribute and subset of  its values that maximizes 

the information gain. Kononenko et al report that  this modification led to smaller 

decision trees with an improved classification performance.  However,  the trees were 

judged to be less intelligible to human beings, in agreement with a similar finding of  

Shepherd (1983). 

Limiting decision trees to a binary format  harks back to CLS, in which each test 

was of  the form 'at tr ibute A has value Ai', with two branches corresponding to true 

and false• This is clearly a special case of  the test implemented in ASSISTANT,  which 

Avidbots Ex1005 
Page 140 of 146



INDUCTION OF DECISION TREES 101 

permits a set of  values, rather than a single value, to be distinguished from the others. 

It is also worth noting that the method of  dealing with attributes having continuous 

values follows the same binary approach.  Let A be such an attribute and suppose that 

the distinct values of  A that occur in C are sorted to give the sequence Va, V2 . . . .  , 

Vk. Each pair of  values Vi, Vi + l suggests a possible threshold 

Wi 4- Wi+l 

that divides the objects of  C into two subsets, those with a value of  A above and 

below the threshold respectively. The information gain of  this division can then be 

investigated as above. 

I f  all tests must be binary, there can be no bias in favor of  attributes with large 

numbers of  values. It could be argued, however, that ASSISTANT's  remedy has 

undesirable side-effects that have to be taken into account. First, it can lead to deci- 

sion trees that are even more unintelligible to human experts than is ordinarily the 

case, with unrelated attribute values being grouped together and with multiple tests 

on the same attribute. 

More importantly,  the subset criterion can require a large increase in computat ion.  

An attribute A with v values has 2 v value subsets and, when trivial and symmetric 

subsets are removed,  there are still 2 v - l -  1 different ways of  specifying the 

distinguished subset of  attribute values. The information gain realized with each of 

these must be investigated, so a single attribute with v values has a computat ional  

requirement similar to 2 v-1 _ 1 binary attributes. This is not of  particular conse- 

~luence if v is small, but the approach would appear infeasible for an attribute with 

20 values. 

Another  method of  overcoming the bias is as follows. Consider again our training 

set containing p and n objects of  class P and N respectively. As before, let attribute 

A have values A1, A2 . . . .  Av and let the numbers of  objects with value Ai of  attribute 

A be pl and nl respectively. Enquiring about  the value of  attribute A itself gives rise 

to information,  which can be expressed as 

.,...,~- Pi + ni log2 Pi + ni IV(A) 
i = l  p + n  p + n  

IV(A) thus measures the informat ion content of  the answer to the question, 'What  

is the value of  attribute A? '  As discussed earlier, gain(A) measures the reduction in 

the information requirement for a classification rule if the decision tree uses attribute 

A as a root.  Ideally, as much as possible of  the information provided by determining 

the value of  an attribute should be useful for classification purposes or, equivalently, 

as little as possible should be 'wasted ' .  A good choice of  attribute would then be one 

for which the ratio 
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gain(A) / IV(A) 

is as large as possible. This ratio, however, may not always be defined - IV(A) may 

be zero - or it may tend to favor attributes for which IV(A) is very small. The gain 

ratio criterion selects, f rom among those attributes with an average-or-better gain, 

the attribute that maximizes the above ratio. 

This can be illustrated by returning to the example based on the training set of  

Table 1. The information gain of  the four attributes is given in Section 4 as 

gain(outlook) = 0.246 bits 

gain(temperature) = 0.029 bits 

gain(humidity) = 0.151 bits 

gain(windy) = 0.048 bits 

Of these, only outlook and humidity have above-average gain. For the outlook at- 

tribute, five objects in the training set have the value sunny, four have overcast and 

five have rain. The information obtained by determining the value of  the outlook at- 

tribute is therefore 

5 log2 5 4 log2 4 5 log2 5 
IV(outlook) = - 14 14 14 14 14 14 

= 1.578 bits 

Similarly, 

7 7 7 7 
IV(humidity) - log2 log2 . ~  = 1 bit 

14 14 14 4 1  

So, 

gain ratio(outlook) = 0.246 / 1.578 = 0.156 

gain ratio(humidity) = 0.151 / 1.000 = 0.151 

The gain ratio criterion would therefore still select the outlook attribute for the root 

of  the decision tree, al though its superiority over the humidity attribute is now much 

reduced. 

The various selection criteria have been compared empirically in a series of  ex- 

periments (Quinlan, 1985b). When all attributes are binary, the gain ratio criterion 

has been found to give considerably smaller decision trees: for the 551-object task, 

it produces a tree of  143 nodes compared to the smallest previously-known tree of  

175 nodes. When the task includes attributes with large numbers of  values, the subset 

criterion gives smaller decision trees that also have better predictive performance,  but 

can require much more computat ion.  However,  when these many-valued attributes 

are augmented by redundant  attributes which contain the same information at a 
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lower level of  detail, the gain ratio criterion gives decision trees with the greatest 

predictive accuracy. All in all, these experiments suggest that the gain ratio criterion 

does pick a good attribute for the root of  the tree. Testing an attribute with many 

values, however, will f ragment  the training set C into very small subsets [Ci} and 

the decision trees for these subsets may then have poor  predictive accuracy. In such 

cases, some mechanism such as value subsets or redundant attributes is needed to pre- 

vent excessive fragmentation.  

The three criteria discussed here are all information-based,  but there is no reason 

to suspect that this is the only possible basis for such criteria. Recall that the 

modifications to deal with noise barred an attribute f rom being used in the decision 

tree unless it could be shown to be relevant to the class of  objects in the training set. 

For any attribute A, the value of  the statistic presented in Section 5, together with 

the number  v of  possible values of A, determines the confidence with which we can 

reject the null hypothesis that an object 's  value of  A is irrelevant to its class. Har t  

(1985) has proposed that this same test could function directly as a selection criterion: 

simply pick the attribute for which this confidence level is highest. This measure takes 

explicit account of  the number  of  values of  an attribute and so may not exhibit bias. 

Har t  notes, however, that the chi-square test is valid only when the expected values 

of  p '  i and n ' ]  are uniformly larger than four. This condition could be violated by 

a set C of  objects either when C is small or when few objects in C have a particular 

value of  some attribute, and it is not clear how such sets would be handled. No em- 

pirical results with this approach are yet available. 

"8. Conclusion 

The aim of  this paper  has been to demonstrate that the technology for building deci- 

; ion trees f rom examples is fairly robust.  Current  commercial  systems are powerful 

tools that have achieved noteworthy successes. The groundwork has been done for 

advances that will permit such tools to deal even with noisy, incomplete data typical 

of  advanced real-world applications. Work  is continuing at several centers to im- 

prove the performance of  the underlying algorithms. 

Two examples of  contemporary  research give some pointers to the directions in 

which the field is moving.  While decision trees generated by the above systems are 

fast to execute and can be very accurate, they leave much to be desired as representa- 

tions of  knowledge. Experts who are shown such trees for classification tasks in their 

own domain often can identify little familiar material.  It is this lack of  familiarity 

(and perhaps an underlying lack of modularity) that is the chief obstacle to the use 

of  induction for building large expert systems. Recent work by Shapiro (1983) offers 

h possible solution to this problem. In his approach,  called Structured Induction, a 

rule-formation task is tackled in the same style as structured programming.  The task 

is solved in terms of  a collection of  notional super-attributes, after which the subtasks 
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of inducing classification rules to find the values of the super-attributes are ap- 

proached in the same top-down fashion. In one classification problem studied, this 

method reduced a totally opaque, large decision tree to a hierarchy of  nine small deci- 

sion trees, each of which 'made sense' to an expert. 

ID3 allows only two classes for any induction task, although this restriction has 

been removed in most later systems. Consider, however, the task of developing a rule 

from a given set of  examples for classifying an animal as a monkey, giraffe, elephant, 

horse, etc. A single decision tree could be produced in which these various classes ap- 

peared as leaves. An alternative approach taken by systems such as INDUCE 

(Michalski, 1980) would produce a collection of  classification rules, one to 

discriminate monkeys from non-monkeys, another to discriminate giraffes from 

non-giraffes, and so on. Which approach is better? In a private communication, 

Marcel Shoppers has set out an argument showing that the latter can be expected to 

give more accurate classification of  objects that were not in the training set. The 

multi-tree approach has some associated problems - the separate decision trees may 

classify an animal as both a monkey and a giraffe, or fail to classify it as anything, 

for example - but if these can be sorted out, this approach may lead to techniques 

for building more reliable decision trees. 
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