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1130 Scientific Subroutine Package
(1130-CM-02X)

Programmer’'s Manual

The Scientific Subroutine Package (SSP) is a collection of
121 FORTRAN subroutines divided, for the sake of presen-
tation, into three groups: statistics, matrix manipulation,
and other mathematics. It is a collection of input/output-
free computational building blocks that can be combined
with a user's input, output, or computational routines to
meet his needs. The package can be applied to the solution
of many problems in industry, science, and engineering.
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INTRODUCTION

The IBM 1130 Scientific Subroutine Package makes
available a mathematical and statistical subroutine
library. The user may supplement or modify the
collection to meet his needs. This library includes
a wide variety of subroutines to perform the func-
tions listed below, but is not intended to be exhaus-
tive in terms of either functions performed or
methods used.

AREAS OF APPLICATION

Individual subroutines, or a combination of them,
can be used to carry out the listed functions in the
following areas:

Statistics

Analysis of variance (factorial design)
Correlation analysis
Multiple linear regression
Polynomial regression
Canonical correlation
Factor analysis (principal components,
varimax)
Discriminant analysis (many groups)
Time series analysis

" Data screening and analysis
Nonparametric tests
Random number generation (uniform, normal)

Matrix Manipulation

o Inversion

e Eigenvalues and eigenvectors (real symmetric
case)

e Simultaneous linear algebraic equations

e Transpositions

e Matrix arithmetic (addition, product, etc.)

® Partitioning

e Tabulation and sorting of rows or columns

o Elementary operations on rows or columns

Other Mathematical Areas

e Integration of given or tabulated functions

e Integration of first-order differential
equations

o Fourier analysis of given or tabulated functions

e Bessel and modified Bessel function evaluation

e Gamma function evaluation

® Legendre function evaluation

e Elliptic, exponential, sine, cosine, Fresnel
integrals

e Finding real roots of a given function

e Finding real and complex roots of a real poly-
nomial

e DPolynomial arithmetic (addition, division, etc.)

® Polynomial evaluation, integration, differen-
tiation

CHARACTERISTICS

Some of the characteristics of the Scientific Subrou~
tine Package are:

e All subroutines are free of input/output state-
ments.,

o Subroutines do not contain fixed maximum di-
mensions for the data arrays named in their
calling sequences,

e All subroutines are written in 1130 FORTRAN,

e Many matrix manipulation subroutines handle
symmetric and diagonal matrices (stored in
economical, compressed formats) as well as
general matrices. This can result in consid-
erable saving in data storage for large arrays.

o The use of the more complex subroutines (or
groups of them) is illustrated in the program
documentation by sample main programs with
input/output.

e All subroutines are documented uniformly.

Introduction 1
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DESIGN PHILOSOPHY

CHOICE OF ALGORITHMS

The algorithms in SSP have been chosen after con-
sidering questions of storage, accuracy, and past
experience with the algorithm. Conservation of
storage has been the primary criterion except in
those situations where other considerations out-
weighed that of storage. As a result, many com-
promises have been made both with respect to level
of sophistication and execution time. One such com-
promise is the use of the Runge-Kutta integration
technique rather than predictor-corrector methods.
A departure from the primary criterion of storage
is illustrated by the algorithm for matrix inversion.
If only row pivoting had been used, the subroutine
would not have required working storage and would
have needed fewer FORTRAN statements for imple-
mentation, However, pivoting on both rows and
columns was chosen because of the accuracy require-
ment for matrix inversion in statistical operations.

PROGRAMMING

The subroutines in SSP have been programmed in
1130 FORTRAN. Many of the larger functions such
as those in statistics have been programmed as a
series or sequence of subroutines.

An example of the use of sequences of subroutines
is the statistical function called factor analysis.
Factor analysis is a method of analyzing the inter-
correlations within a set of variables., It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller num-
ber of basic categories; namely, factors. In the
Scientific Subroutine Package, factor analysis is
normally performed by calling the following five
subroutines in sequence:

1. CORRE - to find means, standard deviations,
and correlation matrix

2. EIGEN - to compute eigenvalues and associ-
ated eigenvectors of the correlation matrix

3. TRACE - to select the eigenvalues that are
greater than or equal to the control value specified
by the user

4, LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the
factor matrix

The multiple use of subroutines is illustrated by
the fact that subroutine CORRE is also utilized in
the multiple linear regression and canonical corre-
lation. Subroutine EIGEN is used in canonical cor-
relation as a third level subroutine.
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OVERALL RULES OF USAGE

GENERAL RULES

All subroutines in the Scientific Subroutine Package
(SSP) are entered by means of the standard FORTRAN
CALL statement. These subroutines are purely
computational in nature and do not contain any refer-
ences to input/output devices. The user must there-
fore furnish, as part of his program, whatever input/
output and other operations are necessary for the
total solution of his problem. In addition, the user
must define by DIMENSION statements all matrices
to be operated on by SSP subroutines as well as those
matrices utilized in his program, The subroutines
contained in SSP are no different from any user-
supplied subroutine. All of the normal rules of
FORTRAN concerning subroutines must, therefore,
be adhered to with the exception that the dimensioned
areas in the SSP subroutine are not required to be
the same as those in the calling program.

The CALL statement transfers control to the sub-
routine and replaces the dummy variables in that
subroutine with the value of the actual arguments
that appear in the CALL statement if the argument is
a constant or a variahle:” When the argument is an
array or function subprogram name, the address of
the array or subprogram is transmitted to the called
subroutine.

The arguments in a CALL statement must agree
in order, number, and type with the corresponding
arguments in the subroutine. A number may be
passed to a subroutine either as a variable name in
the argument list or as a constant in the argument
list. For example, if the programmer wishes to add
matrix AR1 to matrix AR2 in order to form matrix
AR3 using the SSP subroutine GMADD and if AR1 and
AR2 are both matrices with ten rows and twenty col-
umns, either of the two following methods could be
used:

Method 1 .

CALL GMADD(AR1, AR2, AR3, 10, 20)

Method 2 .
N = 10
M = 20

CALL GMADD(AR1, AR2, AR3, N, M)

Many of the subroutines in SSP require the name
of a user function subprogram or a FORTRAN-
supplied function name as part of the argument list

in the CALL statement. If the user's program con-
tains such a CALL, the function name appearing in
the argument list must also appear in an EXTERNAL
statement at the beginning of that program.

For example, the SSP subroutine RK2 integrates
a function furnished by the user. It is therefore
necessary for the user to program the function and
give the name of the function fo RK2 as a parameter
in the CALL statement. I the user wished to inte-
grate the function dy - 3.0x + 2.0Y, his main pro-
gram might look like:

EXTERNAL DERY

CALL RK2(DERY, .....)

RETURN
END

His function subprogram could be:
FUNCTION DERY (X,Y)

DERY=3.,0*X+2,0*Y
RETURN
END

The user's main program gives the name of the
programmed function to RK2 by including that name
in the CALL statement and in an EXTERNAL state-
ment, RK2, in turn, goes to the function DERY
each time it requires a value for the derivative. The
subroutine RK2 is not modified by the programmer.
The dummy function name FUN in subroutine RK2is,
in effect, replaced by the name appearing in the
user's CALL statement during execution of the sub-
routine.

MATRIX OPERATIONS

Special consideration must be given to the subrou-
tines that perform matrix operations. These sub-
routines have two characteristics that affect the
format of the data in storage--variable dimension-
ing and data storage compression.

Variable Dimensioning

Those subroutines that deal with matrices can oper-
ate on any size array limited, in most cases, only

by the available core storage and numerical analysis
considerations, The subroutines do not contain fixed
maximum dimensions for data arrays named in their
calling sequence. The variable dimension capability

Overall Rules of Usage 3
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has been implemented in SSP by using a vector stor-
age approach. Under this approach, each column of
a matrix is immediately followed in storage by the
next column. Vector storage and two-dimensional
storage result in the same layout of data in core, so
long as the number of rows and columns in the ma-
trix are the same as those in the user's dimension
statement. If, however, the matrix is smaller than
the dimensioned area, the two forms of storage are
not compatible.

Consider the layout of data storage when operat-
ing on a 5 by 5 array of numbers in an area dimen-
sioned as 10 by 10. If the programmer has been
using double subscripted variables in the normal
FORTRAN sense, the 25 elements of data will ap-
pear as shown in Figure 1, FORTRAN stores double
subscripted data by column based on the column
length specified in the DIMENSION statement. Thus,
in the example, sequential core locations would con-
tain data elements 1 to 5, five blank locations, data
elements 6 to 10, five blank locations, etc. The
matrix subroutines take a vector approach in storing
arrays by column, which means that they assume the
data is stored as shown in Figure 2.

Column

i 2 3 4 5 6 7 8 9 10

T @ @ ay ae @

2@ m an an @

1 @ an as @

@@ a9 19 @29
Row Z (5) (10) (15) (20) (25)

7

8

9

10

Figure 1. Double subscripted data storage
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(9 19
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Figure 2. Vector storage

As has been stated previously, for the case where
the dimensioned area is the same as the matrix size,
the two approaches will have the same data storage
layout and the user can proceed in a regular double
subscripted fashion. If, however, he is operating in
a mode where the dimensioned area is larger than
the arrays and if he wishes to use the SSP subrou-
tines, he must be certain that his data is stored in
the vector fashion illustrated by Figure 2. A sub-
routine called ARRAY is available in SSP to change
from one form of storage to the other, In addition,

a subroutine called LOC is available to assist in
referencing elements in an array stored in the vec-
tor fashion.

Storage Compression

Many subroutines in SSP can operate on compressed
forms of matrices, as well as the normal form.
Using this capability, which is called ''storage
mode", considerable savings in data storage can be
obtained for special forms of large arrays. The
three modes of storage are termed general, sym-
metric, and diagonal. In this context, general mode
is one in which all elements of the matrix are in
storage. Symmetric mode is one in which only the
upper triangular portion of the matrix is retained
columnwise in sequential locations in storage. (The
assumption is made that the corresponding elements
in the lower triangle have the same value.) Diagonal
mode is one in which only the diagonal elements of
the matrix are retained in sequential locations in
storage. (The off-diagonal elements are assumed to
be zero.) This capability has been implemented us-
ing the vector storage approach. To illustrate the
effect of the storage mode capability, refer to Fig-
ure 3. A symmetric matrix is shown in Figure 3A.
If this array is to be manipulated using the SSP ma-
trix subroutines with storage mode capability, then
the array may be stored as shown in Figure 3B.
This is the upper triangular portion of the array and
corresponds to a storage mode code of 1. Symmetric
matrices of order N may be stored in a vector only
N*(N+1)/2 locations rather than N*N locations. For
larger matrices, this will be a saving of almost one
half,

The effect of storage mode when dealing with
diagonal matrices is even more pronounced. Diago-
nal matrices of order N may be stored in a vector
only N locations long. Figure 3C shows a 3 by 3
diagonal matrix. If this array is to be manipulated
using the SSP matrix subroutines with storage mode
capability, then only the diagonal elements of the
array need be stored. This is shown in Figure 3D
and corresponds to a storage mode code of 2.

General matrices of order N by M require a vec-
tor N*M long and use a storage mode code of 0.
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Figure 3. Storage mode

Thus, if the programmer wishes to use SSP subrou-
tines on matrix A, which is general, matrix B,
which is symmetric, and matrix C, which is diago-
nal, and all matrices are 10 by 10 or smaller, the
dimension statement in his program could be:

DIMENSION A(100), B(55), C(10)

Matrix Element References

Subroutine LOC in the Scientific Subroutine Package
may be used to reference elements within a matrix
that is stored in a vector fashion and may involve
storage mode compression. The calling sequence
for LOC is:

CALL LOC (I, J, 1J, N, M, MS)

The capabilities of subroutine LOC are as follows:
If reference is required to the element at row I and
column J of matrix A whose dimensions are N by M
and if the storage mode code is MS, then a CALL to
the LOC subroutine as shown above will result in the

computation of the subscript IJ such that A(IJ) is the
desired element. The parameters represented by I,
J, N, M, MS can either be integer variables or inte-
ger constants, The parameter represented by IJ is

an integer variable. Note that the user must dimen-
sion the array A as a single subscripted variable to
meet the restrictions of some FORTRAN systems.
To illustrate the use of LOC: If reference is re-
quired to the element at row 2, column 2 of the 3 by
3 symmetric matrix illustrated in Figure 3A and
stored as shown in Figure 3B (storage mode code 1),
the sequence might be:

CALL LOC (2, 2, 1, 3, 3, 1)

The value of 1IJ computed by LOC would be 3; mean-
ing that the proper element is the third element in
the specially stored symmetric matrix (Figure 3B).
If the storage mode code is for a symmetric matrix
where only the upper triangular portion is retained
in storage and if I and J refer to an element in the
lower triangular portion, IJ will contain the sub-
script for the corresponding element in the retained
upper triangle. Thus if the user wanted the element
in row 3, column 1 of the matrix shown in Figure 3A
and the array was stored as in Figure 3B, the state-
ment:

CALL LOC (3, 1, 17, 3, 3, 1)

would result in IJ having the value of 4; that is, the
fourth element in Figure 3B, If a matrix is stored
as shown in Figure 3D (storage mode 2) and LOC is
used to compute the subscript for an off~-diagonal
element (I not equal to J), the result in IJ will be
zero. This is due to the fact that the element does
not exist in storage. In this situation, the user must
not utilize IJ as a subscript. Following is an illus-
tration of how to take care of this condition and also
handle the case where the current storage mode is
unknown.

If the user wishes to set a variable X equal to the
element in the third row and fourth column of a 10 by
10 array named A for either a symmetric, diagonal,
or general matrix, the required program can be
implemented for any storage mode MS as follows:

CALL LOC (3, 4, 1J, 10, 10, MS)
X = 0.0
IF(13)20, 30, 20

20 X = A(LJ)

Overall Rules of Usage 5
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MS is assumed to have been set at 0, 1, or 2 at
some earlier point in the program. This sequence
would then set the proper value for X given any
storage mode that might be encountered. The sec-
ond and third statements take care of the off-diagonal
condition for a matrix with a storage mode of 2.

As a special case, LOC can be used to compute
the total length of an array in storage with a state-
ment such as;

CALL LOC (N, M, 1J, N, M, MS)

For example, if the user has a 3 by 3 matrix whose
storage mode is 1 (Figure 3B), the statement:

CALL LOC (3, 3, 17, 3, 3, 1)

will result in IJ being set to 6. This is not only the
proper subscript to reference element 3, 3 but is
also the actual length of the vector in storage.

The information contained in the fifth parameter
(number of columns) in the calling sequence for LOC
is not actually used in the calculations performed by
LOC. It has been included in the calling sequence
in case the user wishes to expand LOC to cover
other forms of data storage.

J
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PROGRAM MODIFICATION

OPTIMIZATION OF TIME

The subroutines in SSP are designed to conserve
storage. If the user wishes to exchange space for
time, there are several ways in which SSP may be
modified to effect this end. For example, many of
the subroutines in SSP make use of LOC subroutine
to handle vector storage and storage mode referenc-
ing. The execution time of these subroutines can be
substantially reduced by implementing LOC in As-
sembler Language. (The distributed version of

LOC is implemented in FORTRAN.) Another ap-
proach is to incorporate the function of LOC within
each subroutine and thus avoid the "setup" costs of
repeated calls to LOC. This has the effect of reduc-
ing execution time but at some cost in subroutine
storage and in the ease with which other modes of
storage such as triangular matrix storage or stor-
age by row rather than by column can be imple-
mented. Figure 4 shows how matrix addition and
the LOC capabilities can be implemented within the
same subroutine,

In the mathematical area, the user may find it
desirable to implement entirely different algorithms
for integration. The use of techniques that auto-
matically adjust the integration interval depending
on the rate of change of the function will often have
the effect of reducing total execution time.

EXTENDED PRECISION

The accuracy of the computations in many of the
SSP subroutines is highly dependent upon the num-
ber of significant digits available for arithmetic
operations. Matrix inversion, integration, and
many of the statistical subroutines fall into this
category. All of the subroutines will compile cor-
rectly for extended precision by placing the *EX-
TENDED PRECISION control card at the appropriate
place in the deck. Note that 1130 FORTRAN does
not allow the intermixing of regular and extended
precision in the same program.
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Figure 4. Inline LOC
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FORMAT OF THE DOCUMENTATION

The major portion of this manual consists of the
documentation for the individual subroutines and the
sample programs.

SUBROUTINE DESCRIPTIONS

A guide to the subroutines, designed to aid in locat-
ing any particular subroutine, is given in the pages
that follow. Each of the subroutine descriptions
contains a program listing and, in some cases, a
mathematical description. If there are restrictions
on the ranges of values that the parameters may
take, these are included under the remarks section
of each subroutine description. References to books
and periodicals will be found under the method sec-
tion of the description. The mathematical descrip-
tion pages do not, in most cases, indicate the
derivation of the mathematics. They are intended to
indicate what mathematical operations are actually
being performed in the subroutines., Some of the
major statistical functions are performed by a se~
quence of SSP subroutines. An abstract describing
this sequence will be found just before the descrip~
tion of the first subroutine that is specific to this
function.

SAMPLE PROGRAM DESCRIPTIONS

The sample program listings are given in Appendix
D. They are immediately preceded by a guide to
aid in locating the sample program calling a particu-
lar SSP subroutine or (where applicable) typical
user-written subroutine. Each sample program
consists of a detailed description including informa-
tion on the problem, the program, input, output,
program modification, operating instructions, error
messages, and machine listings of the programs,
input data and output results. Timings for these
programs is given in Appendix C. The sample pro-
grams have been chosen to (1) illustrate a sequence
of SSP subroutines, (2) illustrate the use of 2 com-
plex subroutine, or (3) show the way in which one
member of a large set of related subroutines might
be used.

As part of the development of the sample pro-
grams, some special sample subroutines have been

implemented that may prove useful to the program-
mer. These include:

HIST - Print a histogram of frequencies

MATIN - Read an input matrix into storage in
vector form for use by SSP matrix sub-
routines

PLOT - Plot several variables versus a base
variable

MXOUT - Print a matrix stored in the SSP vector
format ’

Listings of the above subroutines are included in the
sample program documentation in this manual.

" The sample programs all require 8K words of
core for execution and several of them require (in
addition) the overlay capabilities of the Disk Monitor.

MACHINE CONFIGURATION

The machine configuration necessary to run SSP/1130
is dependent upon the use that is to be made of the
package. All of the subroutines are I/0O free, com-
pile to less than 1500 words of core, and are, there-
fore, configuration independent., However, many of
the routines are intended to be used in conjunction
with other subroutines or to solve problems using
large arrays of data. For this reason, many of the
subroutines are not useful with less than 8K words

of core.

The following items should be taken into consider-
ation when deciding upon the applicability of this
package to a particular machine configuration:

1. The size of problem which may be executed on
a given 1130 depends upon the number of subroutines
used, the size of the compiled subroutines, the size
of the compiled main program, the size of the con-
trol program, and the data storage requirements.

2. SSP/1130 programs will be distributed in card
form only.

3. Several of the sample problems require 8K
words of core and the use of the Disk Monitor, and
the remaining sample problems require 8K words of
core.

It is possible to estimate program sizes by using
the manual Core Requirements for 1130 FORTRAN
(C20-1641) in conjunction with the core size listing
found in Appendix A.
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GUIDE TO SUBROUTINES

STATISTICS
Data Screening
TALLY--totals, means, standard
deviations, minimums, and

maximums

BOUND--selection of observations within
bounds

SUBST --subset selection from observation
matrix

ABSNT --detection of missing data
TAB1--tabulation of data (1 variable)
TAB2--tabulation of data (2 variables)
SUBMX--build subset matrix

Elementary Statistics

(’m MOMEN--first four moments
TTSTT --tests on population means
Correlation

CORRE--means, standard deviations, and
correlations

Multiple Linear Regression

ORDER--rearrangement of inter-
correlations

MULTR--multiple regression and
correlation

Polynomial Regression

GDATA--data generation

Canonical Correlation

CANOR--canonical correlation

NROOT --eigenvalues and eigenvectors of
a special nonsymmetric matrix

-

Page

13

14

15

16
16
18

20

20

21

23

25

26

28

30

32

Page
Analysis of Variance
AVDAT --data storage allocation 34
AVCAL--Z and A operation 35
MEANQ--mean square operation 36
Discriminant Analysis
DMATX--means and dispersion matrix 38
DISCR--discriminant functions 39
Factor Analysis
TRACE--cumulative percentage of 41
eigenvalues
LOAD--factor loading 42
VARMX--varimax rotation 43
Time Series
AUTO--autocovariances 46
CROSS--crosscovariances 47
SMO--application of filter coefficients 48
(weights)
EXSMO--~triple exponential smoothing 49
Nonparametric Statistics
CHISQ-- x2 test for a contingency table 50
UTEST--Mann-Whitney U-test 52
TWOAV--Friedman two-way analysis of 53
variance
QTEST --Cochran Q-test 54
SRANK--Spearman rank correlation 55
KRANK--Kendall rank correlation 56
WTEST--Kendall coefficient of 58
concordance

Guide to Subroutines 9
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10

RANK--rank observations

TIE--calculation of ties in ranked
observations

Page
59

59

Page

Random Number Generators

f
J

RANDU--uniform random numbers 60

GAUSS--normal random numbers 60
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MATHEMATICS OPERATIONS

Special Matrix Operations

MINV--matrix inversion

EIGEN --eigenvalues and eigenvectors of a
real, symmetric matrix

Matrices

GMADD--add two general matrices
GMSUB--subtract two general matrices
GMPRD--product of two general matrices
GMTRA--transpose of a general matrix

GTPRD--transpose product of two general
matrices

MADD--add two matrices
MSUB--subtract two matrices
MPRD--matrix product (row into column)
MTRA --transpose a matrix
TPRD--transpose product

MATA --transpose product of matrix by
itself

SADD--add scalr to matrix
SSUB--subtract scalr from a matrix
SMPY --matrix multiplied by a scalr
SDIV--matrix divided by a scalr

RADD--add row of one matrix to row of
another matrix

CADD--add column of one matrix to col-
umn of another matrix

SRMA ~-scalr multiply row and add to
another row

SCMA --scalr multiply column and add to
another column

RINT -~interchange two rows

Page

61

64
64
65
65

66

66
67
67
68
68

69

69
70
70
71

71

72

72

73

73

CINT -~interchange two columns
RSUM=--sum the rows of a matrix
CSUM--sum the columns of a matrix
RTAB--tabulate the rows of a matrix
CTAB--tabulate the columns of a matrix
RSRT--sort matrix rows

CSRT--sort matrix columns

RCUT --partition row-wise

CCUT ~-partition column-wise
RTIE--adjoin two matrices row-wise
CTIE--adjoin two matrices column-wise
MCPY --matrix copy

XCPY--copy submatrix from given matrix
RCPY--copy row of matrix into vector
CCPY~-~copy column of matrix into vector
DCPY--copy diagonal of matrix into vector
SCLA ~-matrix clear and add scalr

DCLA --replace diagonal with ‘scalr
MSTR--storage conversion

MFUN--matrix transformation by a
function

RECP--reciprocal function for MFUN

LOC-~-location in compressed-stored
matrix

ARRAY--vector storage-double dimen-
sioned storage conversion

Integration and Differentiation

QSF--integral of equidistantly tabulated
function by Simpson's Rule

QATR--integral of given function by
trapezoidal rule using Romberg's
extrapolation method

Page
74
74
75
75
76
7
78
79
79
80
80
81
81
82
82
83
83
84
84

85

85

86

86

87

88
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Ordinary Differential Equations

RK1--integral of first-order differential
equation by Runge-Kutta method

RK2--tabulated integral of first-order
differential equation by Runge-Kutta
method

RKGS--solution of a system of first-order
differential equations with given
initial values by the Runge-Kutta
method

Fourier Analysis

FORIF --Fourier analysis of a given func-
tion

FORIT --Fourier analysis of a tabulated
function

Special Operations and Functions

GAMMA --gamma function
LEP--Legendre polynomial

BE§J »-J Bessel function

BESY--Y Bessel function

BESI--I Bessel function

BESKQ—K Bessel function

CEL1--elliptic integral of the first kind
CEL2--elliptic integral of the second kind
EXPI--exponential integral

SICI--sine cosine integral

CS--Fresnel integrals

Linear Equations

SIMQ--solution of simultaneous linear,
algebraic equations

12
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104
105
106
108
110

112

115

Nonlinear Equations

RTWI--refine estimate of root by
Wegstein's iteration

RTMI--determine root within a range by
Mueller's iteration

RTNI--refine estimate of root by
Newton's iteration

Roots of Polynomial

POLRT-~-real and complex roots of a real
polynomial

Polynomial Operations

PADD--add two polynomials

PADDM--multiply polynomial by constant
and add to another polynomial

PCLA--replace one polynomial by another

PSUB--subtract one polynomial from
another

PMPY --multiply two polynomials
PDIV--~divide one polynomial by another

PQSD-—quadratic synthetic division of a
polynomial

PVAL--value of a polynomial

PVSUB--substitute variable of polynomial
by another polynomial

PCLD--complete linear synthetic division

PILD--evaluate polynomial and its first
derivative

PDER--derivative of a polynomial
PINT --integral of a polynomial

PGCD--greatest common divisor of two
polynomials

PNORM--normalize coefficient vector of
polynomial
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SUBROUTINE LISTINGS AND WRITEUPS

The following pages give the subroutine listings.
Wherever necessary, additional explanatory matter
on the routine, or a discussion of the underlying
mathematics has been included.

Statistics - Data Screening

TALLY

Purpose:

Calculate total, mean, standard deviation, mini-~

mum, maximum for each variable in a set (or a
subset) of observations,

Usage:
CALL TALLY(A, S, TOTAL,AVER, SD, VMIN,
VMAX, NO, NV)

Description of parameters:
A - Observation matrix, NO by NV
S ~ Input vector indicating subset of A,
Only those observations with a non-
zero S(J) are considered. Vector
length is NO.

TOTAL - Output vector of totals of each vari-
able. Vector length is NV,

AVER -~ Output vector of averages of each
variable. Vector length is NV,

SD -~ Output vector of standard deviations
of each variable. Vector length is
NV.

VMIN - Output vector of minima of each
variable. Vector length is NV,

VMAX - Output vector of maxima of each

variable. Vector length is NV.

NO - Number of observations.
NV - Number of variables for each obser-
vation.
Remarks:
None.

Subroutines and function subprograms required:

None.

Method:
All observations corresponding to a non-zero
element in S vector are analyzed for each vari-
able in matrix A. Totals are accumulated and
minimum and maximum values are found. Fol-
lowing this, means and standard deviations are
calculated. The divisor for standard deviation
is one less than the number of observations

~owarw ~ -

®

used.

SHBROUTINE TALLY(A,SyTOTALoAVER, SO VMIN(VFAX NOZNV)
DIMENSION AG1)oSLLYoTVOTALAL)LAVEREL)ZSOLLY,VMINELD,VMAX(L)
CLEAR OUTPUY VECTORS AND INRTIALIZE VMIN,VMAX
D0 1 K=l,NV
TOTAL(K)1=0.0
AVER(K)a0,.0
SO(K)=0.0
VMIN(K}=1,0E38
VMAX(K)=-1.0E38
TEST SUBSET VECTGR
SCNT=0.0
o0 7 J=i,RO
1J=J=-NO
IF(SUIN) 247,2
SCNTaSCNT+1.0
CALCULATE TOTAL, MINIMA, HAXIMA
DD 6 1=l4NV
[J=1J+NO
TOTAL(I)aTOTAL(I} ¢ATTY)
TFLACLII-VRINII D 3,4,4
VMIN(T}=A110)
IF{ACEJI-VMAXLTIT 6,645
VHAX{ID=ALES)
SOUI}=SDCINeALIIN *ALTY
CONTINUE
CALCULATE MEANS ANO STANDARD DEVIATIONS
00 3 I=1,NV
AVER (1) =TOTALLT)/ SCNT
SOCEI=SQRTCARSEISOL1I-TOVALLII®TOTALEE)/SCNTI/ESCNT-1.000)
RETURN
END

TALLY
TaLLY
TALLY
TALLY
TALLY
TALLY
TALLY
TALLY
TaLl Y
TaLLy n
TALLY 11
TALLY 12
TALLY 13
TALLY &
TALLY 15
TALLY 14
TALLY 17
TALLY 13
TALLY 19
TALLY 20
TALLY 21
TALLY 27
TaLLY 23
TALLY 74
TALLY 25
TALLY 24
TALLY 27
TALLY 28
TALLY 29
TALLY 30
TALLY 31

FETEER L

Statistics — Data Screening 13
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BOUND

Purpose:

Select from a set (or a subset) of observations
the number of observations under, between and
over two given bounds for each variable.

Usage:

CALL BOUND (A, S, BLO, BHI, UNDER, BETW,
OVER, NO, NV)

Description of parameters:

A -
S -

BHI -

UNDER -

BETW

14

Observation matrix, NO by NV
Vector indicating subset of A, Only
those observations with a non-zero
S(J) are considered. Vector length
is NO.

Input vector of lower bounds on all
variables. Vector length is NV,
Input vector of upper bounds on all
variables. Vector length is NV,
Output vector indicating, for each
variable, number of observations
under lower bounds. Vector length
is NV.

Output vector indicating, for each
variable, number of observations
equal to or between lower and upper
bounds. Vector length is NV,
Output vector indicating, for each
variable, number of observations
over upper bounds. Vector length
is NV,

NO - Number of observations
NV - Number of variables for each obser-
vation
Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

2

@Ne » s W

Each row (observation) of matrix A with corre-

sponding non-zero element in S vector is tested.
Observations are compared with specified lower
and upper variable bounds and a count is kept in
vectors under, between, and over.

SUBROUT INE BOUNDE Ay Sy BLOyBHI JUNDER » BETH ¢ OVERy NOyNV) ROUND I
DIMENSION A(13,S(1)eBLOIY) ,BHECLUNDERCLTBETHILT,NVERLY) 80UND 2

CLEAR OQUTPUT VECTORS. BOUND 3
00 1 K=1,NV BOUND &
UNDER{K)=0.0 BOUND S
BETW(K)=0.0 BOUND &
OVER{K)=0.0 AQUND T

TEST SUBSET VECTUR ROUND 8
N0 8 J=1,NO BOUND 9
1J=J-NO ABUND 10
IF(S{JI) 24842 ACUKRD 11

COMPARE OBSERVATIONS WITH ROUNOS BOUND 12
DO T IsIyNV B{AUND 13
13=1J+NO BOHIND 14
TFLACTS)-BLOCIT} Se3,3 BOUND 15
IF{ALIJ)}-BHILI)) 4,46 ANURD 16

QUNT BOUND 17
BETW(I)=BETWI])#1 .0 BNUND 18
GO ¥ BOUND 19
UNDER( 1)=UNDER{ [} ¢1.0 BOUND 20
G0 10 7 RANUND 21
OVER( [ 1=OVERI[}41.0 BOUND 22
CONTINUE AOUND 23
CNNTINVE BOUND 24
RFTURN RAOUND 25
END ROUND 26
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"

SUBST S - Output vector indicating, for each obser-
vation, whether or not proposition B is

Purpose: satisfied. I it is, S(I) is non-zero., If it
Derive a subset vector indicating which observa- is not, S(I) is zero. Vector length is NO.
tions in a set have satisfied certain conditions on NO - Number of observations.
the variables. NV - Number of variables,

. NC - Number of basic conditions to be satisfied.

sage:
CALL SUBST (A, C, R, B, S,NO,NV,NC) Subroutines and function subprograms required:
Parameter B must be defined by an external B The name of actual subroutine supplied by
statement in the calling program, the user may be different (e.g., BOOL),
but subroutine SUBST always calls it as B,
DeSCXiDtiOIcl) sf Pal‘i{netersg . NO by NV In order for subroutine SUBST to do this,
- Observation matrix, y the name of the -8 i broutine
C - Input matrix, 3 by NC, of conditions to be must be defined 111)sye;n E%%ggl\]s XL s:ate—
considered. The first element of each ment in the calling program. The name
colun}!)l; Of Clrepr?;ents the nunioer O}f the must also be listed in the "CALL SUBST"
variable (column of the matrix A) to be ent. (Se .
tested, the second element of each column siatement. (oo usage above.)
is a relational code as follows: Method:
1. for less than The following is done for each observation.
2. for less than or equal to Condition matrix is analyzed to determine which
3. for equal to variables are to be examined. Intermediate
4. for not equal to vector R is formed. The Boolean expression
5. for greater than or equal to (in subroutine B) is then evaluated to derive the
The thi 6(; 11501' grfaiffer thl'?n ) . element in subset vector S corresponding to the
e third element of each column is a vation.
quantity to be used for comparison with observatio
the observation values. For example, the SUBROUTINE SUBSTE 41,80 SoND. WY ) sust 1
following column in C: 00 9 1=1,0 R susst 3
2. = TN
5. T R I
92. 5 [4 K;(o;OCA'E ELEMENT IN OBSERVATION MATRIX AND RELATIONAL COOE gggg; |:
causes the second variable to be tested E('A;ut;'é:'l:ll'lm E‘éggi E%
for greater than or equal to 92.5, C a R vECTOR SuRsT 15
R - Working vector used to store intermediate L e e s aeten Soast 15
results of above tests on a single observa- E A 51313 EEEEE :23
tion. I condition is satisfied, R(I) is set S ied it suest 21
to 1. If it is not, R(l) is set to 0. Vector TR SUnST 24
length is NC. € g ca himsiy o SupsT 26
B - Name of subroutine to be supplied by the o Sonst 5

user. It consists of a Boolean expression
linking the intermediate values stored in
vector R. The Boolean operators are
r*t for fand', '+' for 'or'. Example:
SUBROUTINE BOOL (R, T)
DIMENSION R(3)
T=R(1)*®(2)+R(3))
RETURN
END
The above expression is tested for
R(1). AND. (R(2). OR. R(3))

Statistics — Data Screening 15
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ABSNT

Purpose:
Test missing or zero values for each observa-
tion in matrix A,

Usage:
CALL ABSNT (A, S,NO,NV)

Description of parameters:
A - Observation matrix, NO by NV.
S « Output vector of length NO indicating the
following codes for each observation:
1 There is not a missing or zero
value.
0 At least one value is missing or
zero.
NO - Number of observations.
NV - Number of variables for each observa-
tion.

Remarks:
None.

Subroutines and function subprograms required;
Norne,

Method:
A test is made for each row (observation) of the
matrix A, If there is not a missing or zero
value, 1 is placed in S(J). If at least one value
is missing or zero, 0 is placed in S(J).

SUHRDUT ENT ABSNTE 4,5, N NV) ABSNY
UIMENSTION ALL12,S01) AASNT
oN 20 J=1,N0 AHSNT
1J=J-N1 AHSNT
5t1=1.0 ABSNY
o0 1N I=1,NV ABSNY
[4=194N0 ARSNTs
TFLALIS)) 10,5,1) ABSNT

5 S(Jy=0 ARSNT
6N TN 20 ARSNT 17

FICRE NPy

10 CONTINUE ABSNT 11
20 CONTINUF ABSNT 12
RE TURN ABSNT 13
END ABSNT 14

16

TAB1

This subroutine tabulates for a selected variable in
an observation matrix, the frequencies and percent
frequencies over class intervals. Interval size is
computed as follows:

UBO3 - UBO1
k="780 -2 @)
UBO, - 2
2
where U‘BO1 = given lower bound
UBO2 = given number of intervals
UBO3 = given upper bound

i UBOl = UBOg, the subroutine finds and uses the
minimum and maximum values of the variable.

A table lookup is used to obtain the frequency
of the i-th class interval for the variable, where
i=1, 2, ..., UBOy. Then, each frequency is
divided by the number of observations, n, to obtain
the percent frequency:

100F,
i

P, =— (2)

In addition, the following statistics are calculated
for the variable:

[

Total: T = X.. (3)

1 Y

s
Il

where j = selected variable

L
n

Mean: X = 4)

Standard deviation:

n 2 n 2
PO S DY Xij) /1 ©)

Subroutine TAB1

Purpose:
Tabulate for one variable in an observation ma-
trix (or a matrix subset), the frequency and
percent frequency over given class intervals.,
In addition, calculate for the same variable the
total, average, standard deviation, minimum,
and maximum.

e
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Usage:

CALL TAB1 (A, S,NOVAR, UBO, FREQ, PCT,

.

STATS, NO, NV)

Description of parameters:

A -
S -
NOVAR -
UBO -
FREQ -
PCT -
STATS ~
. NO —
NV -
Remarks:
None.

"

Observation matrix, NO by NV,
Input vector giving subset of A.
Only those observations with a cor-
responding non-zero S(J) are consid-
ered. Vector length is NO. .

The variable to be tabulated.

Input vector giving lower limit,
number of intervals and upper limit
of variable to be tabulated in UBO(1),
UBO(2) and UBO(3) respectively. If
lower limit is equal to upper limit,
the program uses the minimum and
maximum values of the variable.
Number of intervals, UBO(2), must
include two cells for values under
and above limits. Vector length

is 3.

Output vector of frequencies. Vec-
tor length is UBO(2).

Output vector of relative frequen-
cies. Vector length is UBO(2).
Output vector of summary statistics,
i.e., total, average, standard devi-
ation, minimum and maximum.
Vector length is 5,

Number of observations.

Number of variables for each ob-
servation.

Subroutines and function subprograms required:

None.

Method:
The interval size is calculated from the given
information or optionally from the minimum
and maximum values for variable NOVAR. The
frequencies and percent frequencies are then
calculated along with summary statistics. The
divisor for standard deviation is one less than

10
15
20
25
30

w
I}

4

)

o
]

&

o

65

70
75

o

a

-

9

o

95
100

the number of observations used.

SUBROUT INE TABL(AsSsNOVAR»UBO+FREQPCT s STATSsNOWNV) TABl 1
OIMENSION A(1)55(1),UB0(3)+FREQL)sPCTIL) 1STATSIS) TABL MO7
DIMENSION WBO(37 TABL MOL
DO 5 I=1,3 TAB] MOZ
WAO(11ayBO( L) TABL MO3

CALCULATE MIN AND MAX TABl 3
VMINs140E38 TABL @
VMAX==140E38 TaBl 5
1J2NO% (NOVAR=1) TABL 6
00 30 J=l,NO TABl 7
1JetJel TABL 8
IF(S(J)) 10430510 TABL 9
IFLACTJ)=VMIN) 15920120 TABl 10
VMIN®A(TD) TABL 11
IFA(T1J)=VMAX] 30430425 TABl 12
VMAX=AC ) TABL 13
CONT INUE TABl 14
STATS(4)sVMIN TABL 8
STATS(5)aVMAX TABl 16

DETERMINE LIMITS TABl 17
TF(UBO(1)=UBOI3)) 40+35¢40 TABL 18
UBO{1)aVMIN TABL 19
UBO{3)mVMAX TABL 20
INN®UBO(2) TABL 21

CLEAR OUTPUT AREAS TABL 22
D0 45 I=lsINN TABl 23
FREQ(11e040 TABL 26
PCTI11=040 TABl 25
DO 50 [=143 TABl 26
STATS(11=040 TABL 27

CALCULATE INTERVAL SI1ZE TABl 28
SINT=ABS({UBO(31=UBG(1))/(UBO(2)=240)1 TABL 29

TEST SUBSET VECTOR TABL 30
5CNT=0.0 TABL 31
1JNO% (NOVAR=1) TABL 32
BO 75 Js1lsNO TABYL 33
1J=ly+l TABL 3¢
TFUS(J)) 55975455 TABL 35
SCNT=SCNT+140 TAB1 36

DEVELOP TOTAL AND FREQUENCIES TABl 37
STATS(1)=STATS(1I+AL1S) TABl 38
STATS(3)=STATS(31+A(1J)#A(T1) TABY 39
TEMPaUBO(11=SINT TABl 40
INTXaINN-1 TABl 41
00 60 I=1¢INTX TABY 42
TEMP=TEMP+SINT TaBl 43
IF(ALTJ)=TEMP) 70460560 TABl 44
CONTINUE TABL 43
IF(ACTJ)=TEMP) 75,6565 TABL 46
FREQ({NN]=FREG(INN) +140 TABL 47
G0 TO 7% TABL 48
FRFQ(1)wFREQ(T14+140 TABL 49
CONTINUE TABl 50

CALCULATE RELATIVE FREQUENCIES TABL 51
00 B0 Ix1,INN Ta8l 52
PCT{T)1=FREQ(1)#10040/SCNT TABl 53

CALCULATE “EAN AND STANDARD DEVIATION TABL 54
IF(SCNT=14,0) 85+85.90 TAB1 S5
STATS(212040 TABY 56
STATS(3)2040 TABL 57
G0 TO 95 TABl 58
STATS(2)wSTATS(1) /SCNT ABl 59
STATS(3)aSORT(ABS({STATS(3)=STATS(1}#STATS(1)/SCNTI/(SCNT=140111 TABl 60
CO 100 lels3 TAB1 MO&
UBO(T)=WBO(T} TAB1 MCS
:E;UHN TAB1 MO6
N TARL 62

Statistics — Data Screening 17
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TAB2

This subroutine performs a two-way classification of
the frequency, percent frequency, and other statis-
tics over given class intervals, for two selected
variables in an observation matrix.

Interval size for each variable is computed as
follows:

UBO,. - UBO,.
- M
J UBO2j -2

where UBOlj = given lower bound

g
o

= given number of intervals

=
o

given upper bound

1, 2

[ors
I

If UBO,¢; = UBOxg;, the subroutine finds and uses the
minimum and maximum values of the jth variable,

A frequency tabulation is then made for each pair
of observations in.a two-way table as shown in
Figure 5.

Symbols 2 and < in Figure 5 indicate that a count
is classified into a particular interval if the data
point is greater than or equal to the lower limit of
that interval but less than the upper limit of the
same interval.

Then, each entry in the frequency matrix, Fy;, is
divided by the number of observations, N, to obtain
the percent frequency:

100Fij
= —5 @)

P,
1)

where i 1, 2, ..., UBO21

i=1 2, ..., UBO22

As data are classified into the frequency matrix, the
following intermediate results are accumulated for
each class interval of both variables:

1, Number of data points, n

n
2. Sum of data points, ) X,
i=1
n
. 2
3. Sum of data points squared, Y, X
i=1

From these, the following statistics are calculated
for each class interval:

18

oy

X,
— i=1 1
Mean: X = 3)
n
Standard deviation:
n n
Z f -( Z Xi) 711
s =y 2L =1 @)

Frequency matrix

Fi1 | Foo
lower <
bound
Fo1
2
[
2
3
&
: 3
4
&
upper
bound 2
AN
< S < >
lower upper
bound bound

Second variable

Figure 5. Fréquency matrix
Subroutine TAB2

Purpose:
Perform a two-way classification for two vari-
ables in an observation matrix (or a matrix sub-
set) of the frequency, percent frequency, and
other statistics over given class intervals.

Usage:
CALL TAB2 (A, S,NOV,UBO, FREQ, PCT,
STAT1,STAT2,NO,NV)

Description of parameters

A - Observation matrix, NO by NV

S - Input vector giving subset of A.
Only those observations with a cor-
responding non-zero S(J) are con-
sidered. Vector length is NO,

NOVv - Variables to be cross-tabulated.
NOV(1) is variable 1, NOV(2) is
variable 2. Vector length is 2,
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UBO - 3 by 2 ma.trix gl'vi_ng lower limit’ SUBROUTINE TAB2(A»SeNOVIUROIFREQ:PCTsSTATL sSTAT24NOSNY) TAB2 1

i 12;:52?;?"5:;%;5?(thOV(Z)-UBO(B-Z)-FREQ(])-PCY(H-STATIII). TAB2Z 2
number of mtervals, and upper DIMENSION WBO(32) ‘::% %3
Y s, s DO 5 I=1.3
limit of both variables to be tabu- AR TAbs wos
. . 1J) =Vl Ied} T Q
lated (first column for variable 1, ¢ DETERNINE Likirs sz s
. uly AB2 MC5
second column for variable 2), If 1o hiuBOtLe1)-UBOLs11)40410,40 A6z voe
lower limit is equal to upper limit Teortnoy i T1=11 Taez e
. N DO 35 J=1,
for variable 1, the program uses the ;::;43}"1'"’ Taoe 11
. o . t 5435415 TAB. 1
minimum and maximum values on 18 IEIAT-uMIN) 2023025 ::g§ ii
=, &
each variable., Number of intervals 2 Il imyMAx) 35135430 Taez 1s
must include two cells for under and 2 ey favnin Tasz 17
above limits w0 Contihe TAas wos
. TAB2 M09
4 CALCULATE INTERVAL Sl1z¢ TAB2 20
- i i i 4% DO 80 1=1,2
FR'EQ Output In'a’trlx Of frequenCIes m the S50 SINT(1)=ABS((UBO(34])=UBO(1s11)/{UBO(2+1)1=2,0)) ;:gs éé
two-way classification. Order of € AR QurhuT AR TR
. . INT2m= .
matrix is INT1 by INT2, where INT1 ;Sr;;‘x’??if:i#z Thes 22
. . N =1y INTT TAB2 27
is the number of intervals of vari- o5 FREQITI=000 ;:sz 28
able 1 and INT2 is the number of in- 30 60 11y Inty i
tervals of variable 2. INT1 and 0 ziainrs Taee 2
. - TAB2 33
s s DO 65 1=14INTZ
INT2 must be specified in the second 65 STAT2(11%040 Tabs 35
" . c TEST SUBSET VECTOR TAB2 36
position of respective column of UBO A Tas2 31
matrix, . Tienok (NBv{11=11 TAe: a0
R Nos 2
PCT - Output matrix of percent frequen- 5 s saimo. M Ther o
. 1Jstsel TAB2 43
cies, same order as FREQ. 1Xe 1K1 TAB2 44
. .. IFLSLJ)) 70+95+70 TAB2 45
STAT1 - Output matrix summarizing totals, ¢ O SONISSCNTLM0 o vencies TaBz s
means, and standard deviations for o e Tae2 48
each class interval of variable 1. TEIALLIIoTEas1) 88475078 Thes 51
A 75 CONTINUE TAB2 52
Order of matrix is 3 by INT1. IY=INT] TAB2 53
. B0 1YYa3w(lY=l}sl TAB2 Sé
STAT2 - Same as STAT1 but over variable 2. ST eSTATLCIVYITALLY) Tas 22
. . STATLI(IYY)=STATLI{IYY)+140 TAB2 57
Order of matrix is 3 by INT2. Tvyatyyel TAB2 58
NO - Number of cbservations. poainane R g
X=1sINTX TAB2 61
NV ~ Number of variables for each obser- TeuozaTepzeSINT(2) Taez 62
Vation. RS co:rmus TAB2 64
50 LoretNTIN(1X=1141Y Tass e
FREQ(IJF)=FRFO(IJF)I+140 TAB2 67
IXu3#(IX=1)+1 TAB2 68
Remarks: STAT2(IX)aSTAT2(IX)+AL1JX) TAB2 69
NOI].e. ;#A;:‘:}X)-STAYZIIX)*[-O :::; ;())
atxs
o8 ézki?l%X)-STATEHXNA(IJXY'A(IJKI ;::g Zlg
U
. . s 4 NCA:CSLATE PERCENT FREQUENCIES I::g ;;
Subroutines and function subprograms required: DO 106 141,INTT TAB2 76
100 PCTII}=FREQ(1)#100,0/SCNT TAB2 77
None. 4 xxyS:liCULATE TOTALS» MEANSs STANDARD DEVIATIONS ;:gg :’,:
DO 120 Is1sINT2 TAB2 80
IXYaIXY43 Tag2 81
15D XY+ TAB2 82
Method: TEM:IISTAYUI:V) TAB2 83
. . TPLTENBIL140) 12041084110 Taez 85
Interval sizes for both variables are calculated 108 g;a};({{.g)-o.n ;ABZ 86
. Iy : AB2 87
, from the given information or optlonallg f}tom iig g;:i}:i:c:;ggzx;g:{‘snnllsm-sumsuwmnH‘TEMP\-I.M)l Teoz 8
the minimum and maximum values. The fre- CoNTINGE 182 30
quency and percent frequency matrices are RN Tz 52
- 1SD=IXX+1 TAB2 94
- T ..
developed. Matrices STAT1 and STAT; sum TeupzesTaT2 (1K) Taez 35
s F{TEMP2=1,! . .
marizing totals, means, and standard deviations 15 é;iri('x’éu}.glo“‘“ 1254130 Taez 97
Y 10 135
are then calculated, The divisor for standard 130 srnzu:o)-sonruest(stnztlso)-sumsuu/rsupz)/nsnoz-x.o)n ;::% 123
deviation is one less than the number of obser- B STarZiixxyesuMsTENP2 veliees
. . . D0 150 l=1.3 TAB2 ™
vations used in each class interval, 50 120 Jeiss TaB w11
N 150 URO(TsJ)=WROtL s J) TABZ M12
RETURN TAB2 103
END TAB2 104

Statistics — Data Screening 19
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SUBMX

Purpose:

Based on vector S derived from subroutine
SUBST or ABSNT, this subroutine copies from
a larger matrix of observation data a subset
matrix of those observations which have satis-
fied certain condition, This subroutine is nor-
mally used prior fo statistical analyses (e.g.,
multiple regression, factor analysis).

Usage:

CALL SUBMX (A, D, S, NO, NV, N)

Description of parameters;

A -
D -
S -

NV -

Remarks:

Input matrix of observations, NO by NV.
Output matrix of observations, N by NV.
Input vector of length NO containing the
codes derived from subroutine SUBST
or ABSNT.

Number of observations.

Number of variables.

Output variable containing the number of
non-zero codes in vector S.

Matrix D can be in the same location as niatrix

A,

Subroutines and function subprograms required:

None.

Method:

If S(I) contains a non-zero code, I-th observa-

tion is copied from the input matrix to the output

matrix.

SUHRIUTINE SURMX (A,DeSuNI NV, N) SUPMX
UIMENSTON ACLYLDELY,S(1) SURMX

L=0
LL=0
DO 29 Jsl.NV
DU 1S T=1,N0
L=L

10 LL=LLe]
OfLL=A(L)

15 CUNTINUF

20 CUONTINUF

N=
M0 1=1,H0

t

4
suBMx 3
SUBMX &
SURMX  §
SUBMX &
SupMx 7
R

9

1
TFESUIY) 15, 15, 10 SUBMX

SUBMX

SURMX 19
SURMX 11
SUBMX 12

COUNT NON-ZFR) CODES [N VFCTIR S SUBAMX 13
a

SURMX |4
SURMX 15

THESCLY) 30, 30, 25 SURMX 164

75 N=N+l

30 CONTINUF
RETUIN
END

20

SUBMX 17
SURMX 19
SURMX 19
SURMX 20

Statistics - Elementary

MOMEN

This subroutine computes four moments for grouped
data Fy, Fg, «vo, Fyon equal class intervals. The
number of class intervals is computed as follows:

n = (UBO,; - UBOl)/UBOZ

where UBOl

given upper bound

@)

given lower bound

given class interval

and the total frequency as follows:

@)

where Fi = frequency count in i-th interval.

Then, the following are computed:

First Moment (Mean):

ANSl =

ANSi =

i=2,3, 4

n
i=1

T, [UBOl + (i-0.5) UB02]

n
. i} j
S [UBOl + (1-0.5) UBO, ANSl]

i=1

T

| j~th Moment (Variance):

(&)

“)

T

These moments are biased and not corrected for

grouping
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Subroutine MOMEN

Purpose:
To find the first four moments for grouped data
on equal class intervals.

Usage:
CALL MOMEN (F, UBO,NOP, ANS)

Description of Parameters:

F - Grouped data (frequencies). Given as a
vector of length (UBO(3)-UBO(1))/
UBO(2)

UBO - 3 cell vector, UBO(1) is lower bound
and UBO(3) upper bound on data.
UBO(?2) is class interval. Note that
UBO(3) must be greater than UBO(1).

NOP - Option parameter. K NOP = 1,
ANS(1l) = MEAN. If NOP = 2,
ANS(2) = second moment. I NOP = 3,
ANS(3) = third moment. If NOP = 4,
ANS(4) = fourth moment. If NOP = 5,
all four moments are filled in.

ANS - Output vector of length 4 into which
moments are put.

Remarks:
Note that the first moment is not central but the
value of the mean itself, The mean is always
calculated. Moments are biased and not cor-
rected for grouping.

Subroutines and function subprograms required:
None.

Method:
Refer to M. G. Kendall, 'The Advanced Theory
of Statistics', V.1, Hafner Publishing Company,
1958, Chapter 3.

SUBROUTINE MOMEN [FsUBOINCPsANS) MOMEN 1
DIMENSION F(1)sUBD(3)+ANSIG) MUMENMO 1

0O 100 i=ls4 MOMEN 3

100 ANSt1)1=040 HUMEN &
[ CALCULATE THE NUMBER OF CLASS INTERVALS MUMEN 5
N={UBO(3)-UBO(11)/UBO12)+045 MOMENMO2

< CALCULATE TOTAL FREGUENCY MOMEN 7
¥20.0 MNMEN 8

DN 115 214N MOMEN 3

110 T=T+FL1) MOMFN 11
TFINOR=5) 130, 127, 115 MOMEN 11

LL5 NOP=5 MOMFN 12
120 Jump=t MAMEN 13
GO 1N 150 MOMFN 14

130 JuMp=2 HIMEN 15

< FIRST MOMENT MOMEN 14
156 DO 160 [=1,N MAMFN §7
Fi=1 MOMEN 1R

160 ANSETI=ANSTLI#FIL)®{UANTLI+{FI=2.5)1%UAN(2)) MMEN 19
ANSTII=ANSELI/T MOMEN 27

G T (359,2004250,307,200), NJP MOMEN 21

(4 SFCIND MOMENT HOMEN 27
200 00 210 [=i,N MOMFN 23
Fr=1 MOMFY 24

210 ANS{27=ANS(2)+F (118 (JANI1 I+ (F1=D.5)$URN(2)1=ANS (1} 1082 MOMEN 25
ANS(2)1=ANSI2)/T NOMFN 26

GU TD 1257,350), Ju4e MOMFN 27

4 THIRN 4OMENT MOMEN 28
250 D0 240 1=1,N MOMEN 79
Fl=t MOMEN 30

246G ANS(31=ANSTI)+F LT IS LUADETE#(FTI=0,5)8 3702 )=ANS( L] 1 =%3 MOMFN 31
ANST3)=ANS(3)/T MOMEN 37

G T E30043500, Juve MOMEN 33

4 FOURTH MOMENT MOMFN 34
3NN 31T I= 1N MOMEN 35
Fi=t MIMEN 1A

I10 ARS(4) =ANST4) ¢F (T 1ELUANCI I+ LET-T 50 ®IRT2 ) -ANS L} ) 884 MOBFN 37
ANS(4)=ANSL4)/T MOMEN 38

350 RFTURN MOMEN 39
(0] MOMEN 40

TTSTT

This subroutine computes certain t-statistics on the
means of populations under various hypotheses.

The sample means of Al’ Ag, «vs, Ayp and By,
By, <.+, Byp are normally found by the following
formulas:

NA NB
2N 25
=1 5oL o

A =5 NB

and the corresponding sample variances by:

NA 9 NB _2
PIACRES S ® -8B
2 _i=1 2_i=1

SAT=—fa -1 » SB =T {p o1 @

pand o2 stand respectively for population mean and
variance in the following hypotheses:
Hypothesis: mg = A; A = a given value (Option 1):

Let B = estimate ofu g and set NA =1 (A is stored
in location A).

The subroutine computes:

ANS = B -A. \, NB (t-statistic) 3)
SB
NDF = NB -1 (degrees offreedom) (4)
Hypothesis: AT Mg vi = v; (Option 2):

The subroutine computes:

= _x 1
ANs=B -4 |
5 1 1

NA " NB

(t-statistic) (5)

NDF = NA + NB - 2 (degrees of freedom) (6)

2 2
_ | ma-1sa®+ 8B -1)SB
where S'\/ NA + NB - 2 ™

.Hypothesis: BpA = kg (vi ¥ a]23>(0ption 3):

The subroutine computes:

>|

ANS = ———— (t-statistic) (8)

2z |
2l

B

Statistics — Elementary 21
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9 ) NOP=3--- That population mean of
2 2 B = population mean of A,
(& + S—B—) given that the variance of =
NA NP -2 B is not equal to the vari- '

NDE= 7Nz 2\ 2
SA Arly+ (SB-) / @B+1) ance of A.
NA MA+D) + \nB NOP=4-~~ That population mean of

B = population mean of A,
given no information about
variances of A and B,

(Set NA=NB.)

(degrees of freedom)

Note: The program returns a rounded NDF, not a

truncated NDF. NDF - Output variable containing degrees of
freedom associated with T -statistic
Hypothesis: y y = ppg (no assumption onaz) (Option 4): calculated.

ANS - T-gstatistic for given hypothesis,
The subroutine computes:

Remarks:
ANS D . XE ¢ —statisti NA and NB must be greater than 1, except that
) (t-statistic) (10) NA=1 in option 1, NA and NB must be the same
in option 4. If NOP is other than 1, 2, 3 or 4,
NDF = NB - 1 (degrees of freedom) (11) degrees of freedom and T -statistic will not be
_ B calculated. NDF and ANS will be set to zero.
where D=B - A (12)
Subroutines and function subprograms required:
NB None.
=2
3 @ -4;,-D)
1 1 M
ethod:
i=1 PN
SD = (13) Refer to Ostle, Bernard, 'Statistics in Research’,
NB -1 Iowa State College Press, 1954, Chapter 5.
NA = NB SUBROUTEINE TTSTT {A.NA,B,NB,NNP,NOF,ANS) TISTY o
DIMENSION AfLl),801) TTsyY 2
C INITIALTZATION TIsTT 3
:zzﬁg a TYSTY &
. c CAI:},ULAIE THE MEAN OF A ;;::: :
Subroutine TTSTT AMEAN=0.0 sIy 7
0N 11n I=t,NA TrsTY L]
110 AMEAN=AMEAN+ALL) TYSTT 9
FNA='
se. A:EA::AHEANIINA ;;:;; :’l’
I quo . c CALCULATE THE MEAN OF H TTISTY 12
To find certain T -statistics on the means of : 1 b 120 Te1yNe e e
. 20 RMEAN=BMEAN+B(I) TTSTT 15
populatlons' E:::zzanfm/mu ﬁm ll:
FENNP-4) 122, 130, 200 TISTY 18
, R it e o i
Usage. 125 SA2=0.7 TISTT 2t
] 2 1zl
CALL TTSTT (A, NA, B,NB,NOP, NDF, ANS) 0 Sazrizeiaii:a awrees Y
A2=5A. =1
C s s Z':(AJI.CULAH, THE VARIANCE OF P ::z:: ;:
E R2=0.0 TISTT 24
Description of parameters: I i st 7
: =SH2¢ - TSTT 28
. S::Ziéiz‘iléi??;::?’m. wap ST o
1
A - Input vector Of leng‘th NA containing 150 :P:ZL(':HTEANvAN(Nl/SQRHﬂR?)l'WlHFNn) :;:;; ;;
. INF =NH-~ TISTY 33
data. T, i
i TTISTT 3%
NA - Nu ] S ti . A. 160 Nu‘:r:JAleh? TISTT 36
er Of Ob e ons m :L‘EFJR:I)TIFNA—I.OICSA?‘(FN"-I.’VltSH?lIFNDFI ::2;; :;
B - Input Vector Of length NB containing SNE:'I(‘IS;A‘hANFAHISHIl.”/S’JKHl.nIF-NIUl.OIFNﬂH TISTT 39
u 12 . TYSTT 40
data-c ¢ 110 :‘]{Sirr’i:gzwil’%l‘"/S’J‘U(‘APIF‘MQSHZIF‘(‘H ;;;:; :;
NB - Number of observations in B. A/::;:;/F:A;::;Z:nufo)utu;/rum--znmuu.m ;:2;; ::
. . NOF=AL/A2=-2.C*0.5 T
NOP - Options for various hypotheses: . car o ;;SEE E;
NOP=1--- That population mean of B eas an-anean A5
B = given Value A. 190 r::::ému}zti?:ll)-nlni ”2” :?
LITER Y GLUENS=1 .00}
(Set NA= 1.) ANG=TnsSOreSonTIT ) LA
NOP=2--- That population mean of son e’ i
p %1 FND TISTT S6
B = population mean of A,
given that the variance of
B = the variance of A, 3
22
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Statistics - Correlation

CORRE

This subroutine calculates means, standard devia-
tions, sums of cross-products of deviations from
means, and product moment correlation coefficients
from input data Xjj, wherei=1, 2, ..., n implies
observations and j=1, 2, ..., m implies variables.

The following equations are used to calculate
these statistics:

Sums of cross-products of deviations:

n
Sk = 2 (Xij } Tj) (Xik - Tk)
=1
n n
> (x]_lj - Tj) (x]k - Tk) o
=1 =1

n

where j=1, 2, ..., m;k=1,2, ..., m

T.=—"—"— 2)

(These temporary means TJ- are subtracted
from the data in equation (1) to obtain compu-
tational accuracy.)

2 X..
1)
Means: X, = fat B : @)
§ n

wherej=1, 2, ..., m

Correlation coefficients:

S.
k
T, = ) “4)
ik S.. S
i kk
wherej=1, 2, ..., m;k=1, 2, ..., m
Standard deviations:
‘/S..
s, =—VL I (5)

] n-1

where j=1, 2, ..., m

Subroutine CORRE

Purpose:

Compute means, standard deviations, sums of
cross-products of deviations, and correlation
coefficients,

Usage:

CALL CORRE (N, M, IO, X, XBAR, STD, RX, R,
B,D,T)

Description of parameters:

N - Number of observations.
M - Number of varijables.
10 - Option code for input data.

0 If data are to be read in from
input device in the special sub-
routine named data. (See
"subroutines and function sub-
programs required’ below. )

1 If all dafa are already in core.

X - If I0=0, the value of X is 0.0.
If I0=1, X is the input matrix (N by
M) containing data.

XBAR - Output vector of length M containing

means.

STD - Output vector of length M containing
standard deviations,

RX - Output matrix (M by M) containing

sums of cross-products of deviations
from means.

R - Output matrix (only upper triangular
portion of the symmetric matrix of
M by M) containing correlation coef-
ficients, (Storage mode of 1)

B - Output vector of length M containing
the diagonal of the matrix of sums of
cross-products of deviations from

Remarks:

means,

D -~ Working vector of length M.
T - Working vector of length M.
None.

Subroutines and function subprograms required:

DATA(MM,D) - This subroutine must be pro-
vided by the user.

(1) K 1I0=0, this subroutine is
expected to furnish an ob-
servation in vector D from
an external input device.

Statistics — Correlation 23
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(2) ¥ IO=1, this subroutine is
not used by CORRE but
must exist in job deck. If
user has not supplied a
subroutine named DATA,
the following is suggested.

SUBROUTINE DATA

RETURN
END
Method:
Product-moment correlation coefficients are
computed.

SUBROUTINE CORRE (NsMs101X+XBARsSTDsRXsReBeD T} CCRRE 1
DIMENSION X(1)sXBAR(1)sSTO(1)sRXC1IsRIII4BI1ID(L)ST(L) CCRRE 2
INITIALIZATION CCRRE 3

DO 100 J=lsM CCRRE &
B(J}=040 CCRRE 5
100 T(J)=0.0 CCRRE 6
Kn (MAMeM) /2 CORRE 7

DO 102 I=1sK CCRRE 8
102 R{1)=040 CORRE 9
FNaN CCRRE 10
L=0 CCRRE 11
1F(10) 105+ 1274 105 CCRRE 12
DATA ARE ALREADY IN CORE CCRRE 13

105 DO 108 JaleM CCRRE 14
DO 107 IalsN CORRE 15
(YRS CCRRE 16
107 T aT(Ir XL} CORRE 17
XBAR(J) =T (J) CCRRE 18
108 T(J)=TLJ)/FN CCRRE 19
DO 115 I=luN CCRRE 20
JK=0 CORRE 21
Lel=N CCRRE 22

00 110 JalsM CCRRE 23
LaLeN CCRRE 24
DI =X(LI=T(J) CCRRE 25
110 B(J)=BLII+0()) CORRE 26
DO 115 JsleM CCRRE 27

0O 118 K=lsJ CCRRE 28
JK=JK+1 CCRRE 29

115 RIJK)=R{IK)I+D(J}#DIK) CCRRE 30
GO TO 205 CCRRE 31
READ OBSERVATIONS AND CALCULATE TEMPORARY CCRRE 32

MEANS FROM THESE DATA IN T(J) CCRRE 33

127 IF(N=M} 130y 130+ 135 CCRRE 34
130 KK=N CCRRE 35
GO To 137 CCRRE, 36

135 KKeM CORRE' 37
137 DO 140 I=14KK CCRRE 38
CALL DATA (M4D) CCRRE 39

0O 140 JaleM CCRRE 40
TL=T(I1+0() CCRRE 41
LaL+1 CORRE 42
140 RX{L)=D(J) CCRRE 63
FRK=KK CCRRE 44

NO 150 JalMm CCRRE 45
XBAR( ) =T (J) CORRE 46

180 T(JIRT(J)/FKK CORRE 47
CALCULATE SUMS OF CROSS~PRODUCTS OF DEVIATIONS CCRRE 48

FROM TEMPORARY MFANS FOR M OBSERVATIONS CCRRE 49

L=0 CCRRE 50

00 180 Iw1sKK CORREMO6
JK=0 CORRE 52

DO 170 JaleM CORRE 53
Lo+l CCRRE 54

170 DIJIeRX(L)=T(J) CCRRE 55
DO 180 JeloM CORRE 56
B(J)=B(J)1+D(J} CCRRE 57

DO 180 KxlsJ CORRE 58
JK=JK+1 CCRRE 59
180 R{JKIaR{JK)+D(JI#DIK) CORRE 60
IF(N=KK) 205+ 205+ 185 CORRE 61
READ THE REST OF OBSERVATIONS ONE AT A TIMEs SUM CCRRE 62

THE OBSERVATIONy AND CALCULATE SUMS OF CROSS= CORRE 63
PRODUCTS OF DEVIATIONS FROM TEMPORARY MEANS CORRE 64

185 KKeN=KK CCRRE 65
DO 200 laleKk CORRE 66
JK20 CGRRE 67
CALL DATA {MsD} CCRRE 68

DO 190 JuleM CCRRE 69
XBAR(J)=XBAR(J)4D(J) CCRRE 70
NESI =D =T () CCRRE 71
190 B{JI=BLJI+DIJ} CCRRE 72
DO 200 J=lem CCRRE 73

DO 200 K=lyg CCRRE 74
JKuJK41 CCRRE 75
200 RUJKI=R{JKI+N(I)#DIK} CCRRE 76
CALCULATE MEANS CCRRE 77

205 JK=0 CCRRE 78
DO 210 Julsw CCRRE 79
XBAR(J)=XBAR(J) /FN CCRRE 80
ADJUST SUMS OF CROSS=PRODUCTS OF DEVIATIONS CCRRE B

FROM TEMPORARY MEANS CCRRE 82

DO 210 Ksley CCRRE 83
JK=JK1 CCRRE 84
210 RUJK)=R(JK)=BJ)#B(K)/FN CCRRE 85
CALCULATE CORRELATION COEFFICIENTS CCRRE 86

K=0 CCRRE 87

00 220 JxleM CORRF 88
JKm ke CCRRE 89
220 STD(J)e SORT( ABS(R(JK))} CORRE 90
DO 230 JsleM CCRRE 91

DO 230 KaJe¥ CORRE 92
JKE S+ (KeKaK ) /2 CCRRE 93
LaM#( J=1)+K CCRRE 94
RX(LY=R(JK) CORRE 95
LeaM#(K=11+J CCRRE 96

24

nn

RX{(L)=R(JK) CORRE 97

IFLSTO{JII#STR{K) 122542220225 gg::é:g;
22 RUJKI=040

772 26 T0 230 CORREMO3
225 RIJKISR(JK}/(STD( I #STDI(K)} CCRREMO4
230 CONTINUE CCRREMOS
CALCULATE STANDARD DEVIATIONS CCRRE 99
FN=SORT ( FN=140) CCRRE100
00 240 JeloM CORRE1OL
CCRRE102

40 STO(J)=STD(J) /FN
240 COP; THEJDIAGONAL OF THE MATRIX OF SUMS OF CROSS=PRODUCTS OF Eggzgigz
N EEVIATIONS FROM MEANS. CCRREL0S
o CORRE106
80 250 o1 CCRRE107
" CCRRE108
250 B(T)=RX (L) PR
RE JuRN CORRE110

Statistics ~ Multiple Linear Regression

In the Scientific Subroutine Package, multiple linear
regression is normally performed by calling four
subroutines in sequence.

1. CORRE - to find means, standard deviations,
and correlation matrix

2. ORDER - to choose a dependent variable and
a subset of independent variables from a larger set
of variables

3. MINV - to invert the correlation matrix of the
subset selected by ORDER

4., MULTR - to compute the regression coeffi-
cients, bO’ bl’ bz, ...s b and various confidence
measures

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see '"'Subroutines Required' in
the description of subroutine CORRE),

m’
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ORDER

Purpose:

Construct from a larger matrix of correlation
coefficients a subset matrix of intercorrelations
among independent variables and a vector of
intercorrelations of independent variables with
dependent variable. This subroutine is normal-
1y used in the performance of multiple and poly-
nomial regression analyses.

Usage:

CALL ORDER (M, R, NDEP, K, ISAVE, RX, RY)

Description of parameters;

M - Number of variables and order of
matrix R.

Input matrix containing correlation
coefficients, This subroutine ex-
pects only upper triangular portion
of the symmetric matrix to be stored
(by column)inR. (Storage mode of 1.)
The subscript number of the depend-
ent variable.

Number of independent variables to
be included in the forthcoming re-
gression.

Input vector of length K+1 containing,
in ascending order, the subscript
numbers of K independent variables
to be included in the forthcoming re-
gression.

Upon returning to the calling rou-
tine, this vector contains, in addi-
tion, the subscript number of the
dependent variable in K+ 1 position.

R -

NDEP -

ISAVE -

Output matrix (K by K) containing
intercorrelations among independent
variables to be used in forthcoming
regression.

RY - Output vector of length K containing
infercorrelations of independent
variables with dependent variables.

Remarks:

None.

Subroutines and function subprograms required:

None.

Method:

ne

X2

an

123
125

127

128
129
130

From the subscript numbers of the variables to
be included in the forthcoming regression, the
subroutine constructs the matrix RX and the
vector RY.

SUBROUTINE ORDER (MyRyNDEPyK, ISAVERX4RY) ORCER

1

DIMENSTON RCLD,ISAVELL) JRX(1),RYIL) NRDER 2
COPY INTERCORIELATIONS NF INDEPENDFNT VARTABLES ORDER 13
WITH DEPENDENT VARIAALE ORDER 4
=0 ORNER S
DO 130 J=L.K ORDER &
L2=154aVFLJ} ORNFR 7
IFINDEP=L2) 122, 123, 123 GRODER 8
LaNDEPS(LISL2-L2) /2 ORDER @
GO D 125 ORDPER 1N
LsL2+(NDEPSNDEP-VDEP) /2 ORDER 11
RY(JI=R(L) ORDER 12
COPY A SUBSET MATRIX NF [NTFRCORRELATIONS AMING ORDER 13
TNDEPENDENT VARTABLES ORDFR 14

DN 137 [=1,K DRODER 1S
L1=1SAVELT) ORDER 15
1FIL1-L2) 127, 124, 128 NRDER 17
LELLs(L2oL2-1 2072 ORDER 19
60 T0 129 ORCER 19
LaL2etLl®stl-L1}/2 ORPER 20
MM=uMe] NRDER 21
RXLMM) =RIL ) NRVER 22
PLACE THE SUBSCRIPT NUMRER NF THE DEPFNDFNT NRODFR 23
VARTARLE IN ISAVE(Kel) ORDER 24
TSAVE(K#1)=NOEP ORDER 275
/F TURN ORDER 24
END NRDFR 27

Statistics — Multiple Linear Regression 25
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MULTR

This subroutine performs a multiple regression
analysis for a dependent variable and a set of inde-
pendent variables.

Beta weights are calculated using the following
equation:

_ -1
B=3 Ty Ty @
i=1

where ro= intercorrelation of iﬂ1 independent
¥y variable with dependent variable

-1

rij = the inverse of intercorrelation ri].

i,j=1, 2, ..., kimply independent
variables

Ty and T 1 are input to this subroutine.

Then, the regression coefficients are calculated as
follows:

b, = B .—L @)

where sy = standard deviation of dependent variable

standard deviation of jth independent
variable

8,
)

j‘_' 1; 2: ~'-,k

sy and sj are input to this subroutine.

The intercept is found by the following equation:
— k —
b, =Y - b. . X, 3
0 Z i i ©)
=1

where Y = mean of dependent variable

mean of jth

}—(j independent variable
Y and ij are input to this subroutine.

Multiple correlation coefficient, R, is found first
by calculating the coefficient of determination by the
following equation:

k

2 _

R® = Z Biriy _ @)
i=1

26

and taking the square root of R2:

R= V& © ™

The sum of squares attributable to the regression is
found by:

SSAR = R2 D 6)
yy
where D = sum of squares of deviations from
mean for dependent variable N

Dyy is input to this subroutine.

The sum of squares of deviations from the regres-
sion is obtained by:

SSDR = D__ - SSAR 1)
Yy

Then, the F-value for the analysis of variance is
calculated as follows: '

SSAR/k

B _ SSAR{n-k-1)
~ SSDR/(n-k-1) ~

F SSDR(k) ®)

Certain other statistics are calculated as follows:

Variance and standard error of estimate:

&2 _ SSDR ©) ™
y.12...k  n-k-1 .

where n = number of observations

2
5.12...k = o/ Sy.12.. .k 10

Standard deviations of regression coefficients:

- i,
5, = Djj Sy.12...k 11

where D,. = sum of squares of deviations from mean
5 for j* independent variable. Dj; is in-
put to this subroutine.

j=1,2, eea, k

Computed t:

®;
¢ = (12)
I8y
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Subroutine MULTR

Purpose:
Perform a multiple linear regression analysis
for a dependent variable and a set of independent
variables. This subroutine is normally used in
the performance of multiple and polynomial re-
gression analyses.

Usage:
CALL MULTR (N, K, XBAR, STD, D, RX, RY,
ISAVE, B, SB, T, ANS)

Description of parameters:

N - Number of observations.

K - Number of independent variables in
this regression.

XBAR - Input vector of length M containing
means of all variables. M is num-
ber of variables in observations.

STD - Input vector of length M containing
standard deviations of all variables.

D - Input vector of length M containing

" the diagonal of the matrix of sums of
cross-products of deviations from
means for all variables,

RX - Input matrix (K by K) containing the
inverse of intercorrelations among
independent variables.

RY - Input vector of length K containing
intercorrelations of independent vari-
ables with dependent variable.

Input vector of length K+1 containing

subscripts of independent variables in

ascending order. The subscript of the

dependent variable is stored in the

last, K+1, position.

B - Output vector of length K containing
regression coefficients.

SB - Output vector of length K containing
standard deviations of regression co-

ISAVE

efficients.

T - Output vector of length K containing
T -values.

ANS - Output vector of length 10 containing

the following information:

ANS(1) Intercept

ANS(2) Multiple correlation coeffi-
cient

ANS(3) Standard error of estimate

ANS(4) Sum of squares attributable
to regression (SSAR)

ANS(5)

ANS(6)
ANS(7)

ANS(8)

ANS(9)
ANS(10)

Remarks:
N must be greater than K+1.

Degrees of freedom associ-
ated with SSAR

Mean square of SSAR

Sum of squares of deviations
from regression (SSDR)
Degrees of freedom associ-
ated with SSDR

Mean square of SSDR
F-value

Subroutines and function subprograms required:

None,

Method:
The Gauss-Jordan method is used in the solution
of the normal equations. Refer to W. W. Cooley
and P, R, Lohnes, 'Multivariate Procedures
for the Behavioral Sciences', John Wiley and
Sons, 1962, Chapter 3, and B. Ostle, 'Statistics
in Research', The Iowa State College Press,

100

12

o

122

1954, Chapter 8.

SUBROUTINE MULTR (NsKoXBARsSTOsDwRXsRY s ISAVE+BsSBeTeANS) MULTR 1
DIMENSION XBAR{I)oSTD(L) oD(1IsRX(TIoRY (1) o ISAVE(L)#B{1)eSBI1) MULTR 2
1 TIL1}sANS(10) MULTRMO1
MMaKe] MULTR &

BETA WEIGHTS MULTR 5
DO 100 JelsK MULTR &
B{J120s0 MULTR 7
0O 110 J=21.K MULTR 8
LlsKe(J-1} MULTR 9
N0 110 I=l,K MULTR 10
LaLtet SULTR 1D
BlJraB(J)+RYLI)®XILY MULTR 12
RM=),0 MULTR 13
8020,0 wuLTR 14
L1=ISAVE(4™) MyLTR 15

COEFFICTENT OF DETERMINATION MULTR 1A
B0 120 J=i,K MyLTR 17
RM=RMeBLT)*RY(I) soLTR 18

REGRFSSTION COEFFICIENTS MuLTR 19
L=1SAVELL) MyLTR 20
BU1aBILI&ISTOLLL }/STO(LY Y MULTR 21

INTERCEPT MULTR 22
B80=R0+HI1)*XBARIL) MULTR 23
B80=XBAR(L1)-BO MULTR 24

SUM 0OF SQUARES ATTRIARUTARLE TO REGRFSSINN “J TR 26
SSAR=RMSOILL) MULTR 26

MULTIPLE CORRELATION COLFFICIENT MULTR 27
KMz SOQT( AHS(RMI ) MULTR 28

SUM NF SQUARES NF DEVEIATINNS FROM REGRFSSINN NUL TR 29
SSDR=D(L1)-5SAR MULTR 30

VARTANCE OF ESTIWATE HyLTR 31
FN=N-K-] miLTR 32
SY=SSDR/FN MULTR 33

STANDARD DEVIATIINS NF REGRESSION CNFFFICIFNTS MULTR %
on 130 J=1.,x MuLTR 36
Lisxety-11+y MULTR 16
L=ISAVELS) MULTo 37
SBLJI= SQRTL ABS{(RX{LLI/OILII®SY)) MULTR 3R

COMPUTED T-VALUES ULTR 39
TLI =RLII /S9N MULTR &0

STANDARD ERROR OF ESTIMATE MULTR 41
SY= SQRT( ABS(SY)) MULTR &2

F vaLue wpYR &3
FKeX MULTR 44
SSARM=SSAR/FK MULTR 48
$S0RM=SSOR/FN MULTR 4n
F=SSARM/SSDRM LT &7
ANS{11=80 MULTR 43
ANSL2)1aRM Mt TR 49
ANS{3Y=SY MULTR &N
ANS(4)=55AR MHLTR 51
ANS(5)=FK MULTR 52
ANS(6) =SSARM MULTR §3
ANSL73=SSOR MULTR S6
ANSIH])=FN YLTH S5
ANS[9)sSSDRY MULTR S
ANST1Y)=F wiLTe 87
RETURN “uLTR 54
END uyLTR 50

Statistics — Multiple Linear Regression 27
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Statistics - Polynomial Regression

Polynomial regression is a statistical technique for
finding the coefficients, by, by, by, +e., by, inthe
functional relationship of the form:

x+b2X2+...+b .

y=b0+b m

1

between a dependent variable y and a single inde-
pendent variable x.

In the Scientific Subroutine Package, polynomial
regression is normally performed by calling the fol-
lowing four subroutines in sequence:

1. GDATA - to generate the powers of the inde-
pendent variable and find means, standard deviations,
and correlation matrix

2. ORDER - to choose a dependent variable and
subset of independent variables from a larger set of
variables

3. MINV - to invert the correlation coefficient
matrix

4. MULTR - to compute the regression coeffi-
cients, by, bl, bg, «ee, b and various confidence
measures

The special subroutine PLOT may be used to plot
Y values and Y estimates.

m’

28

GDATA

This subroutine generates independent variables up
to the mth power (the highest degree polynomial
specified) and calculates means, standard deviations,
sums of cross-products of deviations from means,
and product moment correlation coefficients.

X;7 denotes the ith case of the independent variable;

Xip denotes the ith case of the dependent variable,

where i=1, 2, ..., 1
n - number of cases (observations)
p=m+1

m = highest degree polynomial specified

The subroutine GDATA generates powers of the
independent variable as follows:

o = X1 %
Xis = %o "Xy @

e = %ig Xy

im Xi, m-1 Xil
where i and m are as defined as above.
Then, the following are calculated:
Means:

X..
ij

i=1
X =——
j n (2)

n

where j=1, 2, ..., P
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Sums of cross-products of deviations from means:

n
) D, = X . -X -X -
F jk Z ij Xj Xik Xk
i=1
3)
n _ n _
3 (%0 F) X (R
i=1 i=1
n
where j=1, 2, ..., p; k=1, 2, ..., p.
Correlation coefficients:
r (4)

D..
S ) B
ij ‘/D.. ‘]D..
i ii

wherei=1, 2, ..., p;j=1, 2, e, P.
Standard deviations:

!/D

s, = = ()
] n-1

(;@h where j=1, 2, ..., P

Subroutine GDATA

Purpose:
Generate independent variables up to the Mth
power (the highest degree polynomial specified)
and compute means, standard deviations, and
correlation coefficients. This subroutine is
normally called before subroutines ORDER,
MINV and MULTR in the performance of a poly-
nomial regression.

Usage:
CALL GDATA (N, M, X, XBAR, STD, D, SUMSQ)

. Description of parameters:

N - Number of observations.

M - The highest degree polynomial to be
. fitted.

X - Input matrix (N by M+1). When the

subroutine is called, data for the in-
dependent variable are stored in the
first column of matrix X, and data
for the dependent variable are stored
in the last column of the matrix,

fm Upon returning to the calling rou-

) tine, generated powers of the inde-

pendent variable are stored in
columns 2 through M.

Output vector of length M+ 1 contain-
ing means of independent and de-
pendent variables.

Output vector of length M+ 1 contain-
ing standard deviations of independ-
ent and dependent variables.

Output matrix (only upper triangular
portion of the symmetric matrix of
M+1 by M+1) containing correlation
coefficients, (Storage Mode of 1.)
Output vector of length M+1 contain-
ing sums of products of deviations
from means of independent and de-
pendent variables.

XBAR

STD -

SUMSQ

Remarks:
N must be greater than M+ 1.
If M is equal to 5 or greater, single precision
may not be sufficient to give satisfactory com-
putational results.

Subroutines and function subprograms required:
None.

Method:
Refer to B. Ostle, 'Statistics in Research!',
The Iowa State College Press, 1954, Chapter 6.

SUBROUTINE GDATA (NeMyX,XBARYSTD Ny SUMSQ) GDATA 1
DIMENSTON XE11,X34R(11,STOL11,0011,5U450Q01) G0ATA 2

4 GFNERATE INDF>ENDENT VARIARLES 60ava 3
IF (M-t ) 105,105,90 GOATA 4

90 L1=9 SDAYA 5
0N 190 T=24M GDATA &
Ll=L1eN 6DATA 7

on 100 J=1,N GDATA 8
L=t sy GOATA 9
KaL-N fDARA 17
100 XtL)=XIK}oX{J) GDATR 11
4 CALCULATE MFAYS SDATA 2
105 MM=4e] 6DATA 13
nk=N GOATA 14
L=t GDAYA 15

DU 116 F=]44M GDATA 15
XAA[11=0.0 GDATA 17

D LID J=1,N GDATA IR
L=Le]l GNATA 19
110 XBARTID=XBAR(I1+x (L) sDATA 29
115 XBAR(T)=XBARIII/IF 5DATA 21
00130 Jal,um GDATA 22
130 STDI11=0,0 GOATA 23
c CALCULATF SUMS 0OF CRASS=PRIDYCTS I BEVIATINNS ROATA 24
La{{uMMe [ )ouu}s2 GNATA 25

07 150 1=1,L GDATA 26
150 DUTE=N,0 RDAYA 27
BN 170 K=14N GNATA 2R
L=n SDATA 29

DD 170 g=l, M GNATA 37
L23N$(J-1)4K GNATA 31
T2=xX{L2)-XHAR()) SOAYA 3D
STOLSI=STNISI+T2 | GDATA 33

nn oITe (=1, ADATA 14
Ll=Ne (14K GDATA 35
Tl=xXtL1V=XBARIT) ANDATA 14
L=Le+1 50AYA 37
176G BLLI=D(L)+T1eT2 nNAYTA 39
) 5havta 39
noETR g2l e GDATA 49
nNorTs I=1,4 5DATA )
GNATA &7

176 DiLb=nle 3 -STRLIYeSTdN/NF ADATA 43
L=0 GDATA 44

0 AN [=1,4M SDATA 4%
L=Lel GDATA a4
SuMSHtTI=niLy GDATA &7
1A0°STO0INE SORTE ABSIDILY)Y 5DATA 40
< CALCULATE [OR2CLATION COFFFIZTONTS GDATA 49
L=0 4DATA S
D190 g={yum SNATA &1

DO 19 Tel, 594TA 52
L=LeL SNATA SA

190 0ELY=D(LIZISTOITI 8STN(J)) GNATA S6
C CALCULATE STAVDAZ) DEVIATI NS HDATA S5
W=SRHT(DF=1.7) GnATA 54

Ne 200 f=1,4v ANATA ST

200 STRDEIY=STO{IV/DF GOATA 59
RETURK ADATA S

£Nn GOATA &N

Statistics — Polynomial Regression 29
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Statistics - Canonical Correlation

In the Scientific Subroutine Package, canonical cor-
relation analysis is normally performed by calling
the following five subroutines:

1. CORRE - to compute means, standard devia-
tions, and correlation matrix

2. MINV - to invert a part of the correlation
matrix

3. EIGEN - to compute eigenvalues and eigen-
vectors

4. NROOT - to compuie eigenvalues and eigen-
vet:zltors of real nonsymmetric matrix of the form
B™A

5. CANOR - to compute canonical correlations
and coefficients

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see '"Subroutines Required" in
the description of subroutine CORRE).

30

CANOR

This subroutine performs a canonical correlation
analysis between two sets of variables.

The matrix of intercorrelations, R, is partitioned
into four submatrices:

B | B

R = R R 1)

21 22

R11 = intercorrelations among p variables in the
first set (that is, left-hand variables)

R12 = intercorrelations between the variables in
the first and second sets

R21 = the transpose of R12

R2 9 = intercorrelations among q variables in the

second set (that is, right-hand variables)
The equation:

IR R Rl

22 21 11 R

- = 2
12 Al 0 2)

is then solved for all values of A, eigenvalues, in the
following matrix operation:

-1
T= Ry, R, ®)
A=R,T )

The subroutine NROOT calculates eigenvalues
(x;) with associated eigenvectors of RE% A,
wherei=1, 2, ..., q.

For each subscripti=1, 2, ..
statistics are calculated:

., g, the following

Canonical correlation:

CANR = (i~ (%)

where A= ith eigenvalue

Chi~square:

X2 = - [p-0.5 @ + g + 1)] logé‘ (6)

where n = number of observations
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q

O (1-));
j=1( D

A=

Degrees of freedom for X 2:

DF = [p-(i-l)] [q-(i—l)]; ()
th . .
i™ set of right-hand coefficients:
bk = vkj. (®
where Vig = eigenvector associated with )\i
k=1, 2, ...,49;
th -
i~ set of left-hand coefficients:
q
2
k=1
& =7 CANR ®)

-1
where {tjk} T = Rll R12
i =1,2, .40, P

Subroutine CANOR

Purpose:
Compute the canonical correlations between two
sets of variables., CANOR is normally preceded
by a call to subroutine CORRE.

Usage:
CALL CANOR (N,MP, MQ, RR,ROOTS, WLAM,
CANR, CHISQ, NDF, COEFR, COEFL, R)

Description of parameters:

N - Number of observations.

MP - Number of left hand variables.

MQ - Number of right hand variables.

RR ~ Input matrix (only upper friangular
portion of the symmetric matrix of
M by M, where M = MP + MQ) con-
taining correlation coefficients.
(Storage mode of 1.)

ROOTS - Output vector of length MQ contain-
ing eigenvalues computed in the
NROOT subroutine.

WLAM - Output vector of length MQ contain-

ing lambda.

s

CANR - Output vector of length MQ contain-

ing canonical correlations.

CHISQ - Output vector of length MQ contain-
ing the values of chi-squares.

NDF - Output vector of length MQ contain-
ing the degrees of freedom associ-
ated with chi-squares.

COEFR - Output matrix (MQ by MQ) contain-
ing MQ sets of right hand coefficients
columnwise.

COEFL - Output matrix (MP by MQ) contain-
ing MQ sets of left hand coefficients
columnwise.

R - Work matrix (M by M).

Remarks:

The number of left hand variables (MP) should
be greater than or equal to the number of right
hand variables (MQ). The values of canonical
correlation, lambda, chi-square, degrees of
freedom, and canonical coefficients are com-
puted only for those eigenvalues in roots which
are greater than zero.

Subroutines and function subprograms required:

MINV
NROOT (which, in turn, calls the subroutine
EIGEN.)

Method:

192
193

N4
125

130

Refer to W. W. Cooley and P, R. Lohnes,
"Multivariate Procedures for the Behavioral
Sciences', John Wiley and Sons, 1962, Chapter
3.

SUBRIUTINE CANDR (NyMP MO RRoRINTS, LA, CANR,CHISQNOF, COFFR, CaNOR 1
1 CNEFLIR} CANOR 2
DIMENSIMN RRETY,A00TSEL) o WLAMUL) ¢ CANREL T, CHISUET D oNDF (1) ,COEFRELY,CANOR 3
1 COFFLIT) oRETY CANDR 4
PARIITINN INTZRCORRFLATIONS AMONG LEFT HAND VACTABLFS, BETWEEN CANOR &
LEFT AND RIGHT HAND VARIABLES, AND AMONG RI1GHT HAND VARTABLES. CANOR 4
M=MPeM) CANOR 7
N1=) CANOR A
0n oty I=1.¥ CANUR 9
00 105 JelyM CANDR 1N
TF{I=-3) 172y 193, 103 CANOR 11
L=letI®i-41/2 CANDR 12
GO T 106 caND2 11
L=detiel-T1/2 CANNR 14
Ni=Niel CANOR 15
KINLI=RROLY CANNR 1h
L=Mp CANNP {7
0N 108 y=2,4p CANNR 19
Ni=Ms(J-1} CANOR 19
O 108 [=1,“P CANOR 20
Lalel CANOR 71
Nl=Nlel CANOR 72
R{LI=RINL) CANUR 213
N2=4Pel CANOR 24
L=0 CANNR 25
00 110 J=NZ,M CANDR 24
Nl=M®{J-11 CANNR 27
N0 EL0 [=1,M4P CANDR 24
t=Lel CANOR 29
Nl=N1+] CANOIR 3P
9 COFFLIL)I=R(N1} CANOR 31
L=n CaNnr 32
0n 120 J=N2, CANOR 33
Ni=ue{J-1)emp CANDR 34
N0 120 (=N24M CaNPR 4S
L=Lel CANNR 34
Nl=N1+L CANDOR 37
CUEFRILI=2INL) CANDK 38
SOLVE THt CANINICAL EQUATION CANOR 130
[ETTITT Y CANOH 4N
KL eup CANDR &}
CALL MENV (ReMPOIET,RILI,RIK)) CANDP 42
CALCULATE T = INVERSE OF RI11 ® &2 CANGR 43
00 140 [=1,4P CANOR 44
N2=0 CANNR 45
00 130 Jal M0 CANIR 44
Nl=[-MP CANNR 47
ROOTS(II=0.0 CAMNR 48
DO 130 K=1,4P CANNR 49
NL=NL+9P CANDR S9
N2=N2+1 CANCR 51
ROCTS(JI=RONTSEIY +RINLIISCOFFLINZ Y CANDR 62
L=1-up CANDR 41
BO 140 J4=1,MQ CANDR 54
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f2Xa)

oo

LaLomp CANOR 55
140 RIL)=ROOTS(4) CANOR 56 M

CALCULATE A = R2] ¢ T CANOR 57
ey CANDR 39
=L+l o . .
o0 Lo s=tme canoR 60 This subroutine calculates the eigenvalues, )‘i’ and /%}
i e aon &2 the matrix of eigenvectors, V, of a real slquare non-
33"?'5:5’1’.(.1.» EEEEE Eg symmetric matrix of the special form B™'A, where
Nl=Nise s . .
N2=nzol CANOR 67 both B and A are real symmetric matrices and B is
150 SUMxSUM4COEFLIND) #RIN2) CANOR 58 e Y . R R .
ron it s sum e & positive-definite. This subroutine is normally
SAVERSE OF s S WITH ASSOCIATED FIGENVECTORS OF THE  LNOR 75 called by the subroutine CANOR in performing a
L=L+l CANOR 73 . . s s
CALL NROOT {MQ,R(N3)(COEFR,ROITSIRIL) D CANOR T4 canonical correlation analysis. The computational
FOR EACH VALUE OF I = 14 2y sees MO, CALCULATE THE FOLLOWING g::g: ';: f 11
oo 313'{5{553 . CANOR 77 steps are as 10li0ws. .
,,.;53{5??5{"§20i;§§:;;;52§ 1S GREATER THAN €0 E%EEE zg A symmetric matrix (storage mode 1) is formed
LOR Y .
165 CANR(11= SORT(ROITSII)) can 11 by using the upper triangle elements of the square
CHI-SQUARE N . .
adtl)=1.0 » canar m matrix B. Then, the eigenvalues, h;, S.I'ld the ma-
170 KLANETIZMLAMITIS( 1. 0-ROAT S CANOR ne trix of eigenvectors, H, of the symmetric matrix
= CANDR 87
EEg.:S‘mm canon as are calculated by the subroutine EIGEN. «
e Aes oF Faefoon Fon Cal-squARE ! canor 50 The reciprocal of square root of each eigenvalue
== CANI 9. 3
NOR(T 1o MP-NL) e 19 G-NL] CanoR 99 is formed as follows:
1-TH SET OF RIGHT HAND CNEFFICIENTS CANDR 94
Nl=NQe{I-1) CANOR 95
N2aMQ®( [=1)eL -1 CANNR 96
00 180 J=1,MQ CANDR 97 1
NlsNle] CANCR 98 B, =— (1)
N2aN2+L CANNR 99 i
180 COEFRINL}=RIN2) CARORY 00 ’ h
I=-TH SET OF LFFT HAND COEFFICIENTS CANORTO1 s
00 200 J=1,MP CANDR102
Nl=J)=-Mp CANOR103
N2=MQe( -1} CANCORL N4
AL DY where i= ‘
D0 190 Sy, MQ CANORLOT wherei=1, 2, ..., m
NL=N1+4P CANNP| 08
190 E‘?l;:f:l:l:anFLlKi SRINLISCNEFRIN2) Cangatta
200 COEFL(K)=COFFL{K) /CANRL ) 2:33:“.0 m = order of mafrix B
210 CONTINUE CANCRI 12
220 RETURN CANNRI13

€ND CANORI14 _1/2
The matrix B is formed by multiplying the

j . column vector of H by u i where j= 1, 2, .., m,
The symmetric matrix § = (8-1/2) AB-1/2 ig
formed in the following two matrix multiplications: S

Q= Y24 @)

S = QB'l/ 2 (3)
and eigenvalues,\; , and the matrix of eigenvectors,
M, of S are calculated by the subroutine EIGEN.

The matrix W = B-1/2M is formed, and the vec-
tors in W are normalized to form the matrix of
eigenvectors, V, by the following equation:

Wi'
v, = ] (4)
L SUMV,
] »
where i=1,2, ..., m
j=1,2, «u., m *

(5)

i
NgE
=

& e

SUMV:i

32
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Subroutine NROOT

Purpose:

Compute eigenvalues and eigenvectors of a real
nonsymmetric matrix of the form B-inverse
times A. This subroutine is normally called by
subroutine CANOR in performing a canonical
correlation analysis.

Usage:

CALL NROOT (M, A, B, XL, X)

Description of parameters:

M -
A -
B -
XL -

X -

Remarks:

None.

Order of square matrices A, B, and X,
Input matrix (M by M).

Input matrix (M by M).

Output vector of length M containing
eigenvalues of B-inverse times A.
Output matrix (M by M) containing eigen-
vectors columnwise.

Subroutines and function subprograms required:

EIGEN

Method:
Refer to W, W. Cooley and P, R. Lohnes,
'Multivariate Procedures for the Behavioral
Sciences', John Wiley and Sons, 1962, Chapter

on

3.

K=1

L=Le]
K=K+l
100 BLK)=R{L)

My=0

SURROUT INE NROOT {M4A,BoXLeX) NROOT 1
DIMENSTON AC1),801),XLELYXE1D NROOT 2
COMPUTE EIGENV ALUFS AND E1GENVECTORS OF 8 NROOT 3
NROOY &

DO 100 J=24M NRODT S
LaME(I-1) NRDOT &
D0 100 T=1,4 NROOT 7
NROOT 8

NROOT 9

NRDOT 10

THF MATRIX B [S A REAL SYMMETRIC MATRIX. NROOT 11
NROOT 12

CALL EIGEN (R,X,1s4V) NROOT 13
FORM RECIPRNCALS OF SQUARE ROOT OF EIGENVALUES. THE RESULTS NROOT 14
ARE PREMULTIPL TED HY THF ASSACTATED EIGENVECTORS. NROOT 15
L=0 NROOT 16
DO 112 J=1,.M NROOT 17
NROOT 18

LsLeyd

13

°

140

170
175

XLEJI=1407 SQRTL ABS{A(LY))
K=0

DO 115 J=14M
00 115 I=14M
K=K+l
BIKI=X(K}exL LY}

FORM (B*#{-1/2))PRINE ® A & (B*s(-1/2})

01 120 I=1M
N2=0

DD 120 J=l4M
Ni=M&{[-1)
L=Me()=-1)e]
XIL}=C .0

DO 120 K=1,4
Nl=Nl+1l
NZ2=N2+1
X(L)=X(L)¢RINII*AIN2)
L=0

B0 130 J=1.M
00 130 1=1,J
Ni=[-M
N2=M*(J-1)
L=L+1
AfL)=0.0

00 130 K=l,M
NI=NLl+M
N2=N2+1
AILY=A(L) ¢XINL)*B (N2)

COMPUTE EIGENY ALUFS AND EIGENVFCTORS NF A

CALL EIGEN 1AsXs¥ oMV
00 140 I=1,M
L=+l
XLLTY=A(LY
COMPUTE THE NIRMALIZFD FIGFNVECTDRS
DD 150 I=14M
N2=0
80 150 J=1,M
NL=T-M
L=Meid= 1101
AtLY=0,0
00 150 K=kyM
Ni=Nlen
N2=N2e1
A(LI=A(L) +RINLI#X {N2)
L=0
K=0
0N 180 J=1,M
SUMV=0.,0
B0 170 I=1,M
L=L+1
SUMY=S. MV +ALLI®ALLY
SUMV= SORTISUMV)
DI} 180 I=14M
K=K+
XIK)=A[K)/SUMY
RETURN
END

NROOY 19
NROQY 20
NROOT 21
NROOT 22
NRODT 23
NROOT 24
NROOT 25
NROOT 28
NROOT 27
NROOT 28
NROOT 29
NROOT 30
NROOT 31
NRONT 32
NRDOY 33
NROOT 34
NRODY 135
NROOT, 36
NROOT 37
NROOT 38
NRDOT 39
NROOT 40
NRQOOT 4}
NROOT 42
NROOT 43
NRODT 44
NROOT 45
NROOT 46
NROOT 47
NROOT &8
NROOT 49
NROOT 50
NRONT 51
NROOY 52
NRONT 53
NROOT 5&
NROOT 55
NROOT 56
NRCOT 57
NROOT 53
NRONT 59
NROOT 60
NRGOT 61
NROOTY 62
NROOT A3
NRODT 64
NROOT 65
NRONTY 66
NROOT &7
NROOT 68
NROOT 69
NRONT 79
NRONT 71
NRONT 72
NRONT 73
NROOT T6
NRONT 75
NRONT 76
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Statistics - Analysis of Variance

In the Scientific Subroutine Package, analysis of
variance is normally performed by calling the fol -
lowing three subroutines in sequence:

1. AVDAT - to place data in properly distributed
positions of storage

2. AVCAL - to apply the operators sigma and
delta in order to compute deviates for analysis of
variance

3. MEANQ - to pool the deviates and compute
sums of squares, degrees of freedom, and mean
squares

AVDAT

This subroutine places data for analysis of variance
in properly distributed positions of storage.

The size of data array X, required for an
analysis of variance problem, is calculated as
follows:

k
n= 0O (L,+1) @
. 1
=1
where Li = number of levels of ith facior

k = number of factors

The input data placed in the lower part of the ar-
ray X are moved temporarily to the upper part of the
array. From there, the data are redistributed ac-
cording to the equation (4) below., Prior to that,
multipliers, S5 to be used in finding proper posi-
tions of storage, are calculated as follows:

8 = 1 (2)
j-1
Sj = 151 (Li+ 1) 3)

where J = 2,3, ..., k

Then, a position for each data point is calcu-
lated by the following equation:

k
§ = KOUNT, + s, + (KOUNT, -1 4
1t 2% jo Y @
=2
th

where KOUNT, = value of j

3 subscript of the data
to be stored.

The subroutine increments the value(s) of subscript(s)
after each data point is stored.

34

Subroutine AVDAT

Purpose:

Place data for analysis of variance in properly
distributed positions of storage. This subrou-
tine is normally followed by calls to AVCAL and
MEANQ subroutines in the performance of
analysis of variance for a complete factorial
design.

Usage:
CALL AVDAT (K, LEVEL, N, X, L, ISTEP,
KOUNT)

Description of parameters:
K -~ Number of variables (factors)
K must be greater than 1.

LEVEL - Input vector of length K containing
levels (categories) within each vari-
able.

N - Total number of data points read in.

X - When the subroutine is called, this
vector contains data in locations
X(1) through X(N), Upon returning
to the calling routine, the vector
contains the data in properly redis-
tributed locations of vector X. The
length of vector X is calculated by
(1) adding one to each level of vari-
able and (2) obtaining the cumulative
product of all levels. (The length of
X = (LEVEL(1)+ 1y*(LEVEL(2) + 1L)*
oo ¥(LEVEL(K) + 1).)

L - Output variable containing the posi-
tion in vector X where the last input
data is stored.

ISTEP -~ Output vector of length K containing
control steps which are used to lo-
cate data in proper positions of vec-
tor X,

KOUNT - Working vector of length K.

Remarks:
Input data must be arranged in the following
manner. Consider the 3-variable analysis of
variance design, where one variable has 3 levels
and the other two variables have 2 levels. The
data may be represented in the form X(1,J, K),
1=1,2,3 J=1,2 K=1,2. Inarranging data,
the inner subscript, namely I, changes first.
When I=3, the next inner subscript, J, changes
and so on until I=3, J=2, and K=2.
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Subroutines and function subprograms required: AVCAL

None.
This subroutine performs the calculus for the gen-
Method: eral k-factor experiment: operator Z and operator
The method is based on the technique discussed A. An example is presented in terms of k=3 to il-
by H. D. Hartley in 'Mathematical Methods for lustrate these operators.
Digital Computers’, edited by A, Ralston and Lﬁl X, denote the experimental reading from
H. Wilf, John Wiley and Sons, 1962, Chapter the a lexi'lel of factor A, the bth level of factor B,
20. and the ¢t level of factor C. The symbols A, B,
and C will also denote the number of levels for each
SUBRGUTINE AVDAT (K,LEVELsNeXsLy ESTEPKOUNT? AVOAT 1 fa'Ctor so that a = 17 2! M ] A; b = 15 2’ L] B;
SRR D T M amde=1, 2, ..., C.
M=LEVF + A Py
ni0e azeK woAT 5 With regard to the first factor A,
105 MaM®{LEVEL(T}+1} AVDAT &
MOVE DATA TQ TME UPPER PART OF THE ARRAY X AVDAY T
4 FOR THE PURPNSE OF REARRANGEMENT AVDAT B
NiaM+] AVDAT 9
N2=N+ ] AVDAT 10
o0 Lo 1t i¥§:£ i% operator E — sumover alllevelsa=1, 2, ...,
N?2=N2-1 AvDA - . .
c 107 x‘“é::é"’ri:E MULT TPLIFRS TO BE USED IN FINDING STORAGE LUCATINNS :xg:; :: a A’ hOIdmg the Other subscrlpts at
T AVDA
C GrEOR JunuT oAt P constant levels, and
0O 110 §=2,K AVDAT 18
110 ISTEP({1)I=ISTEP{I-1)®ILEVELII-11¢1) AVOAT 19
00 115 [=14K AVDAT 20
e mu':””‘l A IN PROPER LOCATIONS :33:; ;; £ A= i i
Lace owr : finkt 51 operator 4 = multiply all items by A and sub-
bexboartas AvoAr 79 tract the result of £ from all
DM 120 Ja2.K AVDAT 26 . a
170 LsLeISTEPLII#IKOINTLII-1) AVDAT 27 items
NisNlsl AVDAT 28
X{Ly=x{N2 AVOAT 29
0o 136G J-l.f :zg:; :f: . .
1o STIKOUNTLII-LEVEL LUT) 1260 1250 126 ot 3 In mathematical notations, these operators are de-
5 A ..
125 :’gu;?(:?zl :v‘/’nu ;Z fined as follows:
130 CNNTINDE AVOAT 35
135 CUNTINUF AVOAT 36
R{ TURN AVDAT 137
£ND AVDAY 3R A
X = X = X 1
z abc = .bc=§; abe &)
a a=1
X = AXx - X 2
% abe = abe .be @)

The operators £ and A will be applied sequentially
with regard to all factors A, B, and C. Upon the
completion of these operators, the storage array X
contains deviates to be used for analysis of variance
components in the subroutine MEANQ.

Subroutine AVCAL

Purpose:
Perform the calculus of a factorial experiment
using operator sigma and operator delta. This
subroutine is preceded by subroutine ADVAT
and followed by subroutine MEANQ in the per-
formance of analysis of variance for a complete
factorial design.

Statistics — Analysis of Variance 35
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Usage:
CALL AVCAL (K, LEVEL, X, L, ISTEP, LASTS)

Description of parameters:
K Number of variables (factors).
K must be greater than 1.

LEVEL - Input vector of length K containing
levels (categories) within each vari~
able.

X - Input vector containing data, Data

have been placed in vector X by sub-

routine AVDAT. The length of X is

(LEVEL(1)+ 1)*(LEVEL(2) + 1)*...

*(LEVEL(K) + 1),

The position in vector X where the

last input data is located. L has

been calculated by subroutine

AVDAT,

Input vector of length K containing

storage control steps which have

been calculated by subroutine

AVDAT.

Working vector of length K.

=
1

ISTEP

LASTS

Remarks:
This subroutine must follow subroutine AVDAT.

Subroutines and function subprograms required:
None.,

Method:
The method is based on the technique discussed
by H. O. Hartley in 'Mathematical Methods for
Digital Computers', edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

SURROUTINE AVCAL (K,LEVFLsXsLyISTEP,LASTS) AVCAL
DIMENSTON LEVEL(L) oXt1) o ISTEPLL),LASTSELY AVCAL

c CALCULATE THE LAST DATA PASITIDN NF EACH FACTAR AVCAL
LASTSI1)=L+1 AVCAL

DO 145 132,k AVCAL

145 LASTS(II=LASTSUI- 11+ISTER(T) AVCAL

C PERF(IRM CALCULUS OF DPFRATION AVCAL

150 DO 175 [=1,K AVCAL
L=l AvVCAL

AVCAL
avear 1
AVCAL 12
AVCAL 13
AVCAL 14
AVCAL 15
AVCAL 14

CIBPNI N wu—

LL=1
SuM=90,9
NN=LEVEL(T)
FN=YN
INCRE=]STEP(T)
LAST=LASTS(I)
¢ S1GMA DPERATIIN
155 DN 1A0 J=1,NN AVCAL 1T
SUM=SUMsX (LY AVCAL 18
160 L=L+INCRE avear 19
XtLIESUM AvCAL
[ DELTA NPERATIIN AvCaL 24
D 165 J=1,NN aveaL 22
XILL)=FNOX(LL)~5I¥ avecar 213
145 LL=LL® INCRE avraL
SUM=0,0 AvcaL 25
TFLL-LASTY 167y 175, 175 AVCAL 24
167 [FIL-LASTeINCRE) 168, 169, 173 AVCAL 27
IhH L=L¢INCRE AvCA
LL=LLOINCRE AVCAL 79
G0 T 185 AveaL 30
177 L=L4INCRE+1-LAST AvOAL 31
LL=LLOINCRE#)=LAS T AvCAL 2
G4 T 156 AvCAaL 33
175 CONTINGE AveaL
RETURN AvCAL
£ND AVCAL 36

36

MEANQ

This subroutine performs the mean square operation
for the general k-factor experiment in the following
two steps:

1. Square each value of deviates for analysis of
variance stored in the array X (the result of the
operators T and A applied in the subroutine
AVCAI).

2. Add the squared value into summation
storage. In a three-factor experiment, for ex-
ample, the squared value is added into one of seven
storages (7 = 23 - 1) as shown in the first column of
Table 1. The symbols A, B, and C in the first col-
umn denote factor A, factor B, and factor C.

After the mean square operation is completed for
all values in the storage array X, the subroutine
forms sums of squares of analysis of variance by
dividing the totals of squared values by proper divi-
sors. These divisors for the three-factor experi-
ment mentioned above are shown in the second
column of Table 1. The symbols A, B, and C in the
second column denote the number of levels for each
factor.

The subroutine, then, forms mean squares by
dividing sums of squares by degrees of freedom.
The third column of the summary table shows the
degrees of freedom. The symbols A, B, and C de-
note the number of levels for each factor.

Table 1. Table Showing Summation Storages,
Divisors to Form Sum of Squares, and
Degrees of Freedom (Subroutine MEANQ)

Designation of -Store Divisor Required to Degrees of Freedom
and of Quantity Con~ Form Sum of Squares Required to Form
tained in it of Analysis of Variance Mean Squares

A2 ABC-A (A-1)

(B)2 ABC-B (B-1)

(AB)2 ABC-AB (A-1) (B-1)

(©) ABC-C (C-1

(AC)2 ABC-AC (A=1) (C-1)

(BC)2 ABC*BC (B~1) (C-1)

(ABC)2 ABC:-ABC (A-1) (B-1) (C-1)

Subroutine MEANQ

Purpose:
Compute sum of squares, degrees of freedom,
and mean square using the mean square opera-
tor. This subroutine normally follows calls to
AVDAT and AVCAL subroutines in the perform-
ance of analysis of variance for a complete fac-
torial design.

Usage:
CALL MEANQ (K, LEVEL, X, GMEAN, SUMSQ,
NDF, SMEAN, MSTEP, KOUNT, LASTS)
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Description of parameters:

K

LEVEL

GMEAN

SUMSQ

NDF

SMEAN

MSTEP
KOUNT
LASTS

Remarks:
This subroutine must follow subroutine AVCAL.

Number of variables (factors).

K must be greater than 1,

Input vector of length K containing
levels (categories) within each vari-
able.

Input vector containing the result of
the sigma and delta operators. The
length of X is (LEVEL(L)+ 1)*
(LEVEL(2)+ 1)*, .. *(LEVEL(K) + 1),
Output variable containing grand
mean,

Output vector containing sums of
squares, The length of SUMSQ is 2
to the Kﬁh power minus one,
(2%+K)-1.

Output vector containing degrees of
freedom. The length of NDF is 2 to
the Kt power minus one, (2**K)-1,
Output vector containing mean
squares. The length of SMEAN is 2
to the Kth power minus one, (2*¥*K)-1,
Working vector of length K.
Working vector of length K,
Working vector of length K.

(P"\ Subroutines and function subprograms required:

None.

Method:
The method is based on the technique discussed
by H. O. Hartley in 'Mathematical Methods for
Digital Computers', edited by A. Ralston and

H. Wilf, John Wiley and Sons, 1962, Chapter 20.

)

SUBROUTINE MEANQ (KILEVF! . XvGMEANsSUMSQsNDF s SMEAN +MSTEP s KOUNT » MEANQ 1
LASTS) MEANG 2

DIMENSION LEVEL[13sX(1),SUMSQ(L1)sNDFI(1),SMEAN(L) JMSTER(1) MEANQ 3
1 KOUNTI1)sLASTS{1)} MEANQ &4
CALCULATE TOTAL NUMBER OF DATA MEANG S
N=LEVEL{1) MEANO &
DO 150 1s2+x MEANO 7
NeN®*LEVEL(]) MEANQ B
SET UP CONTROL FOR MEAN SGQUARE OPERATOR MEANQ 9
LASTS{1}=LEVEL{1) MEANG 10
DO 178 1=24K MEANG 11
LASTS{1}=LEVELII)+) MEANG 12
NN=1 MEANQ 13
CLEAR THE AREA TO STORE SUMS OF SQUARES MEANO 14
Ll=(2#ek)=1 MEANG 15
MSTEP{1)al MEANC 16
00 180 1=2,K MEANQ 17
MSTEP(I)aMSTEP(I=1)%2 MEANQ 18
DO 185 f=lstll MEANQ 19
SUMSC(1)=0,0 MEANG 20
PERFORM MEAN SQUARE OPERATOR MEANG 21

DO 190 I=14K MEANQG 22
KOUNT(T)=0 MEANG 23
L=0 MEANQ 24
DO 260 l=14K MEANQ 25
IF(KOUNT(T1)=LASTS(1)) 2104 2504 210 MEANQ 26
IFIL) 2204 2204 240 MEANQ 27
KOUNT{1)mKOUNTI]}+1 MEANO 2B
IF{KOUNT{T)=LEVFL(T)) 230, 230, 250 MEANG 29
L=L+MSTEP (1) MEANG 30
GO TO 260 MEANGC 31
IF(XOUNT(I)=LEVELIT)) 230 260 230 MEANQ 322
KOUNT{1)=0 MEANQ 33
CONTINUE MEANG 34
IF(L) 285 2RSy 270 MEANG 35
SUMSQIL }aSUMSQ(L) +XINN)*X INN} MEANQ 36
NN=NN+1 MEANG 37
GO TO 200 MEANQ 38
CALCULATE THE GRAND MEAN MEANG 39
FNaN MEANQ 40
GMEANsX (NN} /FN MEANO 41

CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM OF SQUARES AND MEANG 42
DIVISORs WHICH 1S EQUAL TO DEGREES OF FREEDOMs REQUIRED TO FORMMEANG 43

360
370

MEAN SQUARES
DO 310 I=24K
uSTER(1}=0
NN=0
MSTEP(1)=1
wpisl
ND2x1
00 340 I=l.k
IF(MSTEP (1)) 330y 340s 330
ND1NDI#LEVEL(T)
ND2+ND2# {LEVEL(T1=1)
CONTINUE
FN1aKD1
FNLaFN#FN]
FN2END2
NN=NN+1
SUMSO (NN =SUMSO (NN /FNY
NDF (NN) 2ND2
SMEAN (NN1oSUMSQ (NN ) /FN2
IFINN=LL) 3454 370, 370
no 360 [=1sK
IF(MSTER(T)) 3470 350 347
MSTE®(1)20
60 To 360
MSTEP(1)=1
G0 10 320
CONTINUE
RETURN
END

MEANG 44
MEANG 45
MEANQ 46
MEANO 47
MEANQ 48
MEANC 49
MEANC 50
MEANG 51
MEANG 52
MEANQ 53

MEANG 54
MEANQ 55
MEANGMO1
MEANQMO2
MEANGQ 57
MEANQ 58
MEANG 59
MEANO 60
MEANQ 61
MEANQ 62
MEANQ 63
MEANO 64
MEANC 65
MEANG 66
MEANG 67
MEANG 68
MEANQ 69
MEANG 70
MEANG 71

Statistics - Discriminant Analysis

In the Scientific Subroutine Package, discriminant
analysis is normally performed by calling the follow-
ing three subroutines in sequence:

1. DMATX - to compute means of variables in
each group and a pooled dispersion

matrix

2. MINV - to invert the pooled dispersion matrix

3. DISCR - to compute coefficients of discrimi-
nant functions and evaluate the func-
tions for each observation (individual)

Statistics — Discriminant Analysis 37
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DMATX

This subroutine calculates means of variables in 4
each group and a pooled dispersion matrix for the
set of groups in a discriminant analysis.

For each group k= 1, 2, ..., g, the subroutine
calculates means and sums of cross-products of
deviations from means as follows:

Means:
n
2 %k

- =1

xjk = ———— (1)

i

[

where n, = sample size in the Kth group
j=1, 2, ..., m are variables

Sum of cross-products of deviations from means:

K _ -
Sk = {Sjl} =2 i " ) Eifie "X @)

where j

1,2, ..., m
Z= 1,2, ..., m

The pooled dispersion matrix is calculated as fol-
lows:

D @

T -
2 k¢
k=1

where g = number of groups

Subroutine DMATX

Purpose:
Compute means of variables in each group and a
pooled dispersion matrix for all the groups.
Normally this subroutine is used in the perform-
ance of discriminant analysis.

Usage:
CALL DMATX (K,M,N,X,XBAR, D, CMEAN)

Description of parameters:
K - Number of groups.

38

M - Number of variables (must be the
same for all groups).

N - Input vector of length K containing
sample sizes of groups.

X - Input vector containing data in the

manner equivalent to a 3-dimensional
FORTRAN array, X(1,1,1),
X(2,1,1), X(3,1,1), etc, The first
subscript is case number, the sec-
ond subscript is variable number
and the third subscript is group
number. The length of vector X is
equal to the total number of data
points, T*M, where T = N(1)+ N(2)+

.o o *N(K).
XBAR - Output matrix (M by K) containing
means of variables in K groups.
D - Output matrix (M by M) containing

pooled dispersion.
CMEAN - Working vector of length M.

Remarks:
The number of variables must be greater than
or equal to the number of groups.

Subroutines and function subprograms required:
None.

Method:
Refer to 'BMD Computer Programs Manual',
edited by W, J. Dixon, UCLA, 1964, and T. W.
Anderson, 'Introduction to Multivariate Statis-
tical Analysis!, John Wiley and Sons, 1958,
Section 6.6-6. 8.

SUBRGUTINE DMATX {KsMsNyX¢XBARD9CMEAN} ) DMATX 1
DIMENSION N{114X{ 1) 9XBARCE} DI 1) CHEANILY DMATX 2
MMaMop DNATX 3

00 100 Ixl,Mm DMATX &
100 D(11=0.0 DMATX 5§
CALCULATE MEANS DMATX 6

Ne=0 oMaTX 7
L=0 OMATX 4
LM=) OMATX 9

00 160 NG=1I,K DMATX 19
N1=NING) OMATX 11
FN=N] DMATX 12

0O 130 Jal,M DMATX 13
LMag M+ ] DMATX 14
XBAR(LM)=0.0 DMATX 15

DO 120 I=1,N1 DMATX 16
L=lel DMATX 17

120 XBAR(LMI=XBARILM) ¢X{L) DMATX 1R
130 XBAR{LM)=XBARILM) /FN DHATX 19
CALCULATF SUMS OF CROSS-PRNDUCTS OF DEVIATIONS DMATX 20
LMEAN=LM-4 DMATX 21

NO 150 [=1,N1 oMATX 22
LL=N&+I-N1 OMATX 23

NO 140 Jal.M DMATX 24
LL=LLeN] DMATX 25
N2sLMEANS D DMATX 26
140 CMEAN{J)=XILL)-X3ARINZ) nMatx 27
LL=0 DMATX 29

00 150 J=l.,M DMATX 29

00 150 JJ=1.M DMATX 30
LL=tLlel DMATX 31

150 DILLI=DILLI#CHFAN (JI#CMEANL IS} DMATX 32
160 NesNo4+N1®M DMATX 33
CALCULATE THE PCOLEO DISPERSION MATRIX OMATX 34

tLs=K OMATX 35

DO 170 I=1,K OMATX 36
170 LL=LL#NIT) ONATX 37
FNsLL DMATX 39

DO 180 f=l,4M OMATX 30
1RO DUT¥=DLTI/FN DMATX 40
RETURN DMATX 41
END DMATX &2
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DISCR

This subroutine performs a discriminant analysis by
calculating a set of linear functions that serve as
indices for classifying an individual into one of K
groups.

For all groups combined, the following are ob-
tained:

Common means:

g
PRI
> oy

k=1

where g = number of groups

1, 2, ..., m are variables

Cde
1]

sample size in the kth group

WF

ijk = mean of jth variable in K group

Generalized Mahalanobis D2 statistics, V:

m m g
\ Z:Z dij Z n ik - X3) (& - X)) .
i=1 j=1 k=1 2
where d., = the inverse element of the pooled dis-

persion matrix D

V can be used as chi-square (under assumption of
normality) with m(g-1) degrees of freedom to test
the hypothesis that the mean values are the same in
all the g groups for these m variables.

For each discriminant function kx = 1, 2, ..., g,
the following statistics are calculated:

Coefficients:
m
Ciie = Z i R @)
=1
where i =1, 2, ..., m
k = kx

Constant:
m m
Colx = V235 7 4 Fo i “)
j=1 1=1
th . th .
For each i*" case in each k** group, the following

calculations are performed:

Discriminant functions:

m

fe = 20 Cic¥ijk * Coks ®)
=1

where kx =1, 2, ..., g

Probability associated with largest discriminant
function:

1
P, = (6)
L g €, - )
2 ¢
kx=1
where fL = the value of the largest discriminant
function

L = the subscript of the largest discrimi-
nant function

Subroutine DISCR

Purpose:
Compute a set of linear functions which serve as
indices for classifying an individual into one of
several groups. Normally this subroutine is
used in the performance of discriminant analy-

sis,
Usage:
CALL DISCR (K,M, N, X, XBAR,D,CMEAN, V,
C,P,LG)
Description of parameters:
K - Number of groups. K must be
greater than 1.
M -~ Number of variables.
N - Input vector of length K containing
sample sizes of groups.
X ~ Input vector containing data in the

manner equivalentto a 3-dimensional
FORTRAN array, X(@1,1,1),
X(2,1,1), X(3,1,1), etc. The first

Statistics — Discriminant Analysis 39
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subscript is case number, the sec-
ond subscript is variable number
and the third subscript is group

number., The length of vector X is
equal to the total number of data

points, T*M, where T = N(1)+ N(2)+

oo s T N(K).
XBAR -

Input matrix (M by K) containing

means of M variables in K groups.

CMEAN -
common means.

the coefficients of discriminant

functions.

The first position of

Input matrix (M by M) containing the
inverse of pooled dispersion matrix.
Output vector of length M containing

Output variable containing general-
ized Mahalanobis D-square.
Output matrix (M+1 by K) containing

each column (function) contains the
value of the constant for that func-

tion.

bility associated with the largest
discriminant functions of all cases

in all groups.

Calculated results
are stored in the manner equivalent

to a 2-dimensional area (the first

subscript is case number, and the

Output vector containing the proba-

second subscript is group number).
Vector P has length equal to the

total number of cases, T (T = N(1)+

N(2) +...+N(K)).
LG -

Output vector containing the sub-

scripts of the largest discriminant

functions stored in vector P.
length of vector LG is the same as

the length of vector P.

Remarks:
The number of variables must be greater than

or equal to the number of groups.

The

Subroutines and function subprograms required:

None.

Method:
Refer to 'BMD Computer Programs Manual’,
edited by W. J. Dixon, UCLA, 1964, and T, W,

120

40

Anderson, 'Introduction to Multivariate Statis~

tical Analysis', John Wiley and Sons, 1958,

SUBROUTINE DISCR {KyMoNeXsXBAR,D,CMEAN,V/CyPyLG)

DIMENSTON NU1)oXt 1) o XBARCLIoDUL) 4CMEANTE)3CULY4PLLILLGLLY
CALCULATE COMMON MEANS

Nl=N(1)

DO 100 I=2,K

NisNLeNtI)

FNT=N1

DO 110 1I=1,K

PLIY¥=N(T)

D0 130 I=l+M

CHMEANLT)=0

Ni=z1-M

00 120 J=1.K

NLI=NLeN

CHEAN{ 1 1=CMEANTI) ¢PiJ) XBARINL)

DISCR
NISCR
DISCR
01SCR
D1SCR
DISCR
DISCR
NESCR
orIsce
DISCR
DISCR
DISCR
DIscR
DISCR
OISCR

CDNT NS W

an

130

19

-1

201

S

2ta0
220

230

240

250

260
270

CMEANL E)1=CMEANTT) /FN)
CALCULATE GENERALIZED MAHALANOBIS D SQUARE
Le0
DO 140 I=1,4K
00 140 J=1+M
LeLel
CIL)=XBAR{L)-CMEANI I}
20.0

L=0
00 160 J=14M
DO 160 1=14M
Nl=l-#
N2=J-M
SUM=0.0
DO 150 Lu=1,x
NlaNL+®
N2=N2eu
SUM=SUMSP(TJI*CIN L) SCIN?}
L=t+l
V=V+D(LI*SUM
CALCULATE THE COEFFICIENTS OF DISCRIMINANT FUNCTIONS
N2=0
00 190 XA=sl,K
00 170 Ixl,™
N2aN2el
PLI)=XBARIN2)
(Qe(Melbe(KA-1)+1
SUM=0,0

DO 180 L=1,M
Nl=N1eM
SUM=SUMSD(NL ISP (I *PIL)
CLIQy=={SUN/2.0}
0N 190 IxlyM
Nl=i-M
1Q=1Q¢1
CtIQ}=0.0
00 190 J=1,M
Nis=NLeM
C11Q)=CIIQI+DINL) *P(J)
FOR EACH CASE IN EACH GROUPy CALCULATE..
DISCRIMINANT FUNCTIONS
LBASE=0
N1=0
DN 270 KG=1,K
NN=R(KG)
DD 260 I=14NN
LaI-NN+LBASE
B0 200 J=},M
L=LeNN
DtII=x(L)
N2=0
0D 220 KA=l,K
N2=N2¢L
SUM=C(N2)
DO 210 J=l.M
N2aN2+1
SUMzSUMSC (NZ) 6D (3}
XBARIKA)SSUM
THE LARGEST DI SCRIMINANT FUNCTION
L=l
SUMaXRAR(1)
D0 240 J=24K
IF(SUM=-XBAR(JI} 230, 240+ 240
L=J
SUM=XBAR(J}
CONT ENUE
PROBABILITY ASSOCIATED WITH THE LARGESY NISCRIMINANT
PL=D.0
D0 250 J=1.K
PL=PL+ EXPIXBAR(J)=SUM)
N1=NL+L
LGINLISL
PINLI=1.0/PL
LBASE=LAASE+NNEN
RETURN
END

Ex.1048 / Page 44 of 196

DESCR 18
OISCR 17
NISCR 1A
DISCR 19
DISCR 21
pIscr 21
DIscR 22
DISCR 23
DISCR 24
DISCR 25
OISCR 26
DISCR 27
DISCR 28
nISCR 29
DISCR 30
DISCR 31
DISCR 32
DISCR 33
DISCR 34
DISCR 35
DISCR 36
DISCR 37
OISCR 38
DISCR 39
01SCR &2
DISCR &t
o1sCe 42
NISCR 43
DISCR 44
DISCR 45
DISCR 44
DISCR 47
DISCR &R
OISCR 49
DISCR 50
DISCR 51
OISCR 52
DISCR 53
DISCR 54
NISCR 55
DISCR 56
n1sce S7
NISCR 5%
pISCR 59
D1SCR &0
DIsce 61
DISCR 62
nISCR 63
DISCR 64
DISCR A5
DISCR 66
DISCR 67
DISCR 68
DISCR 69
DISCR 70
OISCrR 71
DISCR 72
DISCR 73
DISCR 74
DISCR 75
DISCR 76
oysce 77
DISCR 78
DISCR 79
01SCR AN
DISCR A1
DIsce 82
nisce 83
DISCR 34
O1SCR A5
DISCR 86
O1ISCR 87
DISCR A9
DISCR A9
01SCR 90
DISCR 91
pIsce 92
DISCR 93
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Statistics ~ Factor Analysis

Factor analysis is a method of analyzing the inter-
correlations within a set of variables. It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller number
of basic categories, namely factors.

In the Scientific Subroutine Package, factor
analysis is normally performed by calling the fol-
lowing five subroutines in sequence:

1. CORRE - to find means, standard deviations,

and correlation matrix

2. EIGEN - to compute eigenvalues and associ~

ated eigenvectors of the correlation
matrix

3. TRACE - to select the eigenvalues that are

greater than or equal to the control
value specified by the user

4. LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the

factor matrix

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see "Subroutines Required" in
the description of subroutine CORRE).

TRACE

This subroutine finds k, the number of eigenvalues

that are greater than or equal to the value of a speci-

fied constant. The given eigenvalues A 10 A 21 eees

A m Must be arranged in descending order.
Cumulative percentage for these k eigenvalues

are:

i
d, = Aj (1)
DI

i=1

where j = 1,2, ..., k

m = number of eigenvalues (or variables)

k

In

m

Subroutine TRACE

Purpose:
Compute cumulative percentage of eigenvalues
greater than or equal to a constant specified by
the user. This subroutine normally occurs in a
sequence of calls to subroutines CORRE, EIGEN,
TRACE, LOAD, and VARMX in the performance
of a factor analysis.

Usage:
CALL TRACE (M, R,CON, K, D)

Description of parameters:

M - Number of variables.

R - Input matrix (symmetric and stored in
compressed form with only upper tri-
angle by column in core) containing
eigenvalues in diagonal. Eigenvalues
are arranged in descending order. The
order of matrix R is M by M. Only
M* (M+1)/2 elements are in storage.
(Storage mode of 1.)

CON - A constant used to decide how many
eigenvalues to retain. Cumulative
percentage of eigenvalues which are
greater than or equal to this value is
calculated.

K -~ Output variable containing the number
of eigenvalues greater than or equal to
CON. (K is the number of factors.)

D - Output vector of length M containing
cumulative percentage of eigenvalues
which are greater than or equal to CON.
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Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Each eigenvalue greater than or equal to CON is
divided by M and the result is added to the pre-
vious total to obtain the cumulative percentage
for each eigenvalue.

SUBROUTINE TRACE [MsR,CONyX,0) TRACE
DIMENSION RI1),D{ 1} TRACE
FHsM TRACE
L=0 TRACE
DO 100 I=1¢M TRACE
=L e TRACE
100 DEIY=R(L) TRACF
K= TRACE
c TEST WHETHER 1-TH EIGENVALUE IS GREATER TRACE
4 THAN OR EQUAL TQ THE CONSTANT TRACE 10
DO L10 T=14M TRACE 11
TF{DI1)-CONY 120, 105, 105 TRACE 12

105 K=K+l
110 OL1Y=DtT)/FNM

DD NC N SN

TRACF 13
TRACE 14
COMPUTE CUMULATIVE PERCENTAGE OF EIGENVALUES TRACE 15

120 00 130 1=2,K TRACF 16
130 D{1)=Df1I+0{I-1) TRACE 17
RETURN TRACE 18
END TRACE 19

3

42

LOAD

This subroutine calculates the coefficients of each
factor by multiplying the elements of each normal-
ized eigenvector by the square root of the corre-
sponding eigenvalue.

. V,. ¢ ) 1
5 TN A o
where i= 1, 2, ..., m are variables

j=1, 2, ..., kare eigenvalues retained
(see the subroutine TRACE)

k<m

Subroutine LOAD

Purpose:
Compute a factor matrix (loading) from eigen-
values and associated eigenvectors. This sub-
routine normally occurs in a sequence of calls
to subroutines CORRE, EIGEN, TRACE, LOAD,
and VARMX in the performance of a factor
analysis.

Usage:
CALL LOAD (M, K,R, V)

Description of parameters:

M - Number of variables.

K - Number of factors.

R - A matrix (symmetric and stored in com-
pressed form with only upper triangle by
column in core) containing eigenvalues in
diagonal. Eigenvalues are arranged in
descending order, andfirstKeigenvalues
are used by this subroutine., The order
of matrix R is M by M. Only M*(M+1)/2
elements are in storage. (Storage mode
of 1.)

V - When this subroutine is called, matrix V
(M by M) contains eigenvectors column-
wise, Upon returning to the calling pro-
gram, mafrix V contains a factor matrix
M by K).

Remarks:
None.

Subroutines and function subprograms required:
None.
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Method:

Normalized eigenvectors are converted to the
factor pattern by multiplying the elements of
each vector by the square root of the corre-
sponding eigenvalue,

SUBROUTINE LOAD [ MyK,R,V) Lnan 1
DIMENSTON RIL),VI1) inap 2
La0 1nao 3
1420 LoAd 4
DO 160 J=1,K LOAD S
JI=JdJey Loan L)
150 §Q= SQRT(R(JI)) tosap 7
00 160 f=1,4 1040 R
L=Le Lnan 9
160 VIL)=SQev(L) tnan 1n
RETURN Loan 1y

END

Lhan 12

VARMX

This subroutine performs orthogonal rotations on a
m by k factor matrix such that:

=k 26 (26 -

J 1

is 2 maximum, wherei= 1, 2, ..., marevariables,
j=1,2, ..., k are factors, a;; is the loading for
the it variable on the j*P factor, and h? is the com-
munality of the itP variable defined below.

Communalities:

2 _ 2

IR MLY @
=1

wherei= 1,2, ..., m

Normalized factor matrix;

b = a../ h 3)
ij ij i
where i = 1,2, ..., m
i=1,2, ...,k

Variance for factor matrix:

e T {E () (2 ) ]

j i
“)
where ¢ = 1, 2, ... (iteration cycle)
Convergence test:
-7
- <
v -v, _, S10 ®)

four successive times, the program stops rota-
tion and performs the equation (28). Otherwise,
the program repeats rotation of factors until the
convergence test is satisfied.

Rotation of two factors:
The subroutine rotates two normalized factors
(bij) at a time. 1 with 2, 1 with 3, ..., 1 with k,

2 with 3, ..., 2with k, ..., k - 1 with k. This
constitutes one iteration cycle.
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Assume that x and y are factors to be rotated,
where x is the lower-numbered or left-hand factor,
the following notation for rotating these two factors

is used:
~
X,

1 N1

[ -\
Xl Y1
X2 YZ
cos¢  -sing]_ ©l
[sin ) cos ¢] - .. ©)
X Y
m

where x; and y; are presently available normalized
loadings and X; and Y, the desired normalized
loadings, are functions of ¢, the angle of rotation.
The computational steps are as follows:

A, Calculation of NUM and DEN:

NUM

DEN

]

It

POCIRRANRA
i
2 22%Y

i

> [(xi+ vy -y + 2% yi] (7)

i

[(xi + yi)' (%, - ¥;) - 2%, Yi]

43y &) XY
i

D - 2AB/m

c-[A+B) A-B)] /m

B. Comparison of NUM and DEN:

The following four cases may arise:

NUM < DEN, go to Bl below.

NUM > DEN, go to B2 below.

44

(NUM + DEN) > ¢*, go to B3 below.

(NUM + DEN) < e, skip to the next rotation.

* ¢ is a small tolerance factor.

Bl: tan46 = |[NUM|/|DEN | (8)
If tan46 < € and
(i) DEN is positive, skip to the next
rotation.
(ii) DEN is negative, set cos¢ =
sind = (1/2)/2 and go to E below.
If tan 46 2 e, calculate:
cos40=1/V1+tan240 9)
sindd = tan4d - cos46 (10)
and go to C below,
B2: ctn48 = |[NUM|/|DEN| 1)
H ctndd < €, set cos4f = 0 and
sin4é = 1. Go to C below.
If ctnd8 2 €, calculate:
sin4d = 1/V1i+ ctn® 46 (12)
cos4f = ctndd - sindd (13)
and go to C below.
B3: Setcos4d = sindd = (+/2)/2 and go
to C below.
Determining cos 6 and siné:
cos28 = /(L + cosd8)/2 (14)
sin2 8 = sind8/2cos28 (15)
cos® = ~/(1+ cos20)/2 (16)
sinf = sin26/2cos@ (17)
Determining cos ¢ and sing:
D1: I DEN is positive, set
cos$ = cosb (18)
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sin¢ = sin @ (19)
and go to (D2) below.

If DEN is negative, calculate

cos¢=——§—cose+ —;—sino (20)

sing = —g—coso - —\/—g—sine (21)

and go to (D2) below.
D2: I NUM is positive, set

cosé = |cos ¢| (22)

sing = [sing| ©@3)

and go to (E) below.

If NUM is negative, set

cosd = |cosd | (24)
sing = -| sing| (25)
E. Rotation:
X, = X cosd + A sin ¢ (26)
Y, = x,sin¢ + y; cos ¢ 27

wherei=1, 2, ..., m

After one cycle of k(k - 1)/2 rotations is completed,
the subroutine goes back to calculate the variance
for the factor matrix (equation 4).

Denormalization:
a,, = b, * h, (28)
ij ij i

where i=1, 2, ..., m

j=1,2 ., k

Check on communalities:

k
] s 2 _ 2
Final communalities fi = z: aij (29)
=1
: 2 2
Difference di = hi - fi (30)

wherei=1, 2, ..., m

Subroutine VARMX

Purpose:

Perform orthogonal rotations of a factor matrix.
This subroutine normally occurs in a sequence
of calls to subroutines CORRE, EIGEN, TRACE,
LOAD, VARMX in the performance of a factor
analysis.

Usage:

CALL VARMX (M, K, A, NC, TV, H, F, D)

Description of parameters:

M - Number of variables and number of rows
of matrix A.

K - Number of factors.

A - Input is the original factor matrix, and
output is the rotated factor matrix. The
order of matrix A is M by K,

NC - Output variable containing the number of
iteration cycles performed.

TV - Output vector containing the variance of
the factor matrix for each iteration cy-
cle. The variance prior to the first
iteration cycle is also calculated. This
means that NC + 1 variances are stored
in vector TV. Maximum number of
iteration cycles allowed in this subrou-
tine is 50. Therefore, the length of
vector TV is 51.

H - Output vector of length M containing the
original communalities,

F - Output vector of length M containing the
final communalities.

D - Output vector of length M containing the

differences between the original and
final communalities.

Remarks:

I variance computed after each iteration cycle
does not increase for four successive times,
the subroutine stops rotation,

Subroutines and function subprograms required:

None.

Method:

Kaiser's varimax rotation as described in
'Computer Program for Varimax Rotation in
Factor Analysis' by the same author, Educa~-
tional and Psychological Measurement, Vol.
XIX, No. 3, 1959,
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SUBROUTINE VARMX (MoK, AyNCyTVyH,FeD)
DIMENSION AL}, TVII)HULDoF(1),0(1)
4 INITIALIZATION
EPS=0.00116
TVLT=0.0
LLok-1
Nv=1
NC20
FN=H
FFNSENSFN
CONS=0,7071066
4 CALCULATE ORT3INAL COMMUNALITIES
00 110 [I=l,m
H(1)=0.0
00 110 J=1,K
L=Mstg=1)+l
110 HEE)I=H{T)sAlL)*AL L)
c CALCULATE NORMALIZED FACTOR MATRIX
0 120 fal,M
115 H{ll= SQRT(H(I}}
0N 129 J4=1,k
LN (J-1)+1
120 Af(L)=A(L)/HILY
GO 1O 132
4 CALCULATE VARIANCE FOR FACTNR MATRIX
130 NV=NV+L
TVLT=TVINV=-1}
132 TVINVI=0.0
0D 150 J=1,K

88=29,0
LB=Ms(J=11}
DO 140 I=1,M
L=tB+]
CC=afLI®a(L)
AAzAA+CC
140 8B=BB+CC&CC
150 TVAINVI=TVINV) ¢« (FN#8B-AA®AA) /FFN
1F(NV-51) 160, 430, 430
C PERFORM CONVERGENCE TEST
160 IFEITVINY)-TVLT)-(1.E-7)) 170, 170, 190
170 NC=NC+1l e
IFINC=3) 190, 190, 430
ROTATION OF T40 FACTORS CONTINUES UP TOD
THE STATEMENT 120.
190 DO 420 J=1.LL
LlaN*{g~1)
Il=4+1
4 CALCULATE NUM AND DEN
NG 420 Kl=ll,x
L2=Me{K1l~1)
AAT0,0
BB=0,0
€C=0.0
DD=0.0
D0 230 I=1,M
L3sLlsl
La=L2+1
Us{AIL3I#A(L4) IS ALLI)~ALLG}Y
TzA(L3)*A(L4)
TeTeT
CC=ClalueTI®(U-T)
DD=0D+2,0%UsT
AA=AASY
230 B8BaBB+T
T=00-2,0%4A%BB/FV
B=CC~1 AA®AA-BB*RY ) /FN
c COMPARISON OF NUM AND DEN
IF{T-B) 280, 240, 320
240 IF((T+B1-EPS} 420, 250, 250

oo

NUM ¢ DEN IS SREATER THAN TR EQUAL TD THF

TOLERANCE FACTOR
250 COS4T=CONS
SIN&T=CONS
GO TO 350
4 NUM 1S LESS T4AN DFN
280 TANGT= 4BSIT)/ A3SIA}
IF{TANGT=EPS) 303, 290, 290
290 COS4T=1.0/ SQRT(1.0+TAN4TSTANGT)
SIN4T=TAN4 T#COS4T
GO TO 350
100 IF(B) 310, 420, 420
310 SINP=CONS
CNSP=CONS
GO TO 400
NUM 1S GREATER THAN DEN
320 CTNGT= ABS(T/B)
[F(CTNGT-EPS) 347, 330, 330
330 SINGT=1,0/ SORT(L.O+CTN4TSCTNGT}
COS4T=CTNGTHSINGT
GO TO 350
340 CNS4T=0.0
SIN&T=1.0
4 DETERMINE CNS THETA AND SIN THETA
350 COS2T= SQRTI(1.0¢COS4T1/2.0)
SIN2T=SINGT/{2.06COS2T)
355 €COST= SORTI(1.042052T)/2.0}
SINT=SIN2T/12.0820ST)
4 DETERMINE COS PHI AND SIN PHI
IF(A) 370, 370, 360
360 COSP=CNST
SINPaSINT
60 1O 380
370 COSP=CUNS*COST+CINS#SINT
375 SINP= ABSICONS®CIST-CANS#SINTY
380 IF(T) 390, 390, 400

390 SINPa— P
L Y90 SINGEB rovarion

400 DO 410 1=1.N
L3aL1st
Le=L2+1
AA=ALL3}SCOSP+ALL &) SSINP
A(L4)5—=A(L3) 6STN? ¢AIL4 ) 9COSP
410 A(L3)=AA
420 CONTINUE
60 T0 130
DENORMAL1ZE VARIMAX LOADINGS
430 DO 440 I=14M
00 440 J=1,K
LeMe(J=-1}+1
440 ALLI=ALILI®HID) -
¢ CHECK ON COMMINALITIES
NCaNV=1
00 450 IxiyM
450 HUIVHUTI®HET)
DD 470 I=1,M
F(1120.0
D0 460 J=1,K
LaMeL)-1)41
460 FUIVaF(1)+AILISACL)
670 DEIV=HIT)-F( 1)
RETURN
END
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VARNX
VARMX
YARMX
VARNX
VARNX
VARMX
VARMX
VARMX
VARMX
VARNX 10
VARMX 11
VARMX 12
VARMX 13
VARMX 14
VARMX 15
VARMX 16
VARNX 17
VARMX 18
VARMX 19
VARMX 20
VARMX 21
VARMX 22
VARMX 23
VARMX 24
VARMX 25
VARMX 26
VARMX 27
VARMX 28
VARMX 29
VARMX 30
VARMX 31
VARMX 32
VARMX 33
VARMX 34
VARMX 35
VARMX 34
VARMX 37
VARMX 38
VARMX 39
VARMX 40
VARMX 41
VARMX 42
VARMX 43
VARMX 44
VARMX 45
VARMX 46
VARMX &7
VARNX 48
VARMX 49
VARMX 50
VARMX 51
VARMX 52
VARMX 53
VARMX 54
VARMX. 55
VARMX S6
VARMX ST
VARNX 58
VARMX 59
VARMX 60
VARMX 61
VARMX 62
VARMX 63
VARMX 64
VARMX 65
VARMX 66
VARMX 67
VARMX 63
VARMX 69
VARMX 70
VARMX 71
VARMX T2
VARMX T3
VARMX 74
VARMX T5
VARMX 76
VARMX 77
VARMX 78
VARMX 79
VARMX A0
VARMX 81
VARMX A2
VARMX A3
VARMX 84
VARMX AS
VARMX 86
VARMX A7
VARMX AR
VARNMX RQ
VARMX 90
VARMX 91
VARMX 92
VARMX 93
VARMX 96
VARMX 95
VARMX 96
VARMX 97
VARMX 98
VaRMX 99
VARMX100
VARMXLOL
VARMX102
VARMK]03
VARMX1N4
VARMX1 05
VARMX106

VARMXIOQT
VARNX] O

VARMX109
VARMX110
VARMXI1L
VARMX112
VARMX113
VARMX114
VARMXLLS
VARMX116
VARMX11T
VARMX119
VARMXL19
VARMX120
VARMX121
VARMXL22
VARMX123
VARNXE264
VARMX] 25
VARMX126
VARMX127
vARMX128
VARMX129
VARMX1 30
VARMXL 31
VARMX132
VARMY! 21

VBNCRP W -

Statistics -~ Time Series

AUTO -

This subroutine calculates the autocovariances for
lags 0, 1, 2, ..., (L-1), given a time series of
observations Al, Ag, ver, A.n and a number L.

1 n-j+1
= S, - - 1 L
R, ] Z (A, - AVER) (Ai+j_1 AVER) (1)
i=1

where AVER

1 n
?Z Ai

1

s
fl

=1
n

number of observations in time
series A.

j=1,2,3,..., L represent time lags
0,1, 2, ..., (L-1).

Subroutine AUTO

Purpose: m
To find autocovariances of series A for lags 0 to /

L-1.

Usage:
CALL AUTO (A,N, L,R)

Description of parameters:

A - Input vector of length N containing the
time series whose autocovariance is de-
sired.

N - Length of the vector A,

I. - Autocovariance is calculated for lags of 0,
1, 2,..., L-1.

R - Output vector of length L containing auto-
covariances of series A,

Remarks:
The length of R is different from the length of A.
N must be greater than L, Otherwise, R(1) is
set to zero and this routine exits.

Subroutines and function subprograms required:
None.

Method:
The method described by R. B. Blackman and
J. W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York, N
1959,
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SUBRGCUTINE AUTO [AsNsLeR)
DIMENSION A{1)eR(1)
CALCULATE AVERAGE OF TIME SERIES A
AVER®0e0
IF(N=L) 50504100
R{11=0,0
RETURN
DO 110 I=1sN
AVER=AVER+A(T)
FNsN
AVERSAVER/FN
CALCULATE AUTOCOVARIANCES
DO 120 J=1sl
NJsN=J+1
SUM=0+0
DO 120 I=1sNJ
=14

+J=1
120 SUM=SUM+(A{])~AVER}*(A(1J)=AVER)

FNJ=NJ

130 R{J}IsSUM/FNJ
RETURN

END

CROSS

This subroutine calculates the crosscovariances of
series B lagging and leading A, given two time
series Aq, Ay, ..., An and Bl’ By, «uo, B, and
given a number L.

(a) Blags A:
n-j+1
1
R; = Ty E (Aj - AVERA) (Bj+j-1 - AVERB)
i=1
(1)
(b) B leads A:
_— 2)
1
8 = rarve E (Ai+j-1 - AVERA) (Bi - AVERB)
o1
1 n
where AVERA = — Z A
i=1
1 n
AVERB = — 2 B,

[
1
jary

n = number of observations in each
series.

j=1, 2, ..., L represent time lags
(or leads) of 0, 1, 2, ..., (L-1).

Subroutine CROSS

Purpose:
To find the crosscovariances of series A with
series B (which leads and lags A),

Usage:
CALL CROSS (A,B,N,L,R,S)

Description of parameters:

A - Input vector of length N containing first
time series.

B - Input vector of length N containing second
time series.

N - Length of series A and B.

I. - Crosscovariance is calculated for lags and
leads of 0, 1, 2,..., L-1.

Statistics — Time Series 47

Ex.1048 / Page 51 of 196
Cisco Systems, Inc.



R - Output vector of length L containing cross-
covariances of A with B, where B lags A,
S = Output vector of length L containing cross-
covariances of A with B, where B leads A.
Remarks:

N must be greater than L. I not, R(l) and S(1)
are set to zero and this routine exits.

Subroutines and function subprograms required:
None.

Method:
The method is described by R, B. Blackman
and J, W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York,

1959.

SUBROUTINE CROSS (AsBsNsLsRIS) CROSS 1
DIMENSION Al11+8(1)4R(1)sS(1) CROSS 2

4 CALCULATE AVERAGES OF SERIES A AND B CROSS 3
FN=N CROSS 4
AVERA20.,0 CROSS 5
AVERB=0.0 CROSS 6
1F(N=L150+504+100 CROSSMOL

50 R 1)s0.0 CROSSMO2
50112040 CROSSMO3
RETURN CROSSMO4
100 DO 110 I=1N CROSSMO5
AVFRASAVERA+A(T} CROSS 8
110 AVERB=AVERB+B(I) CROSS 9
AVERA=AVERA/FN CROSS 10
AVERB=AVERB/FN CROSS 11

C CALCULATE CROSSCOVARIANCES OF SERIES A AND B CROSS 14
N0 130 JelsL CROSS 15
NJ=N=J+1 CROSS 16
SUMR=20.0 CROSS 17
SUMS040 CROSS 18

DO 120 I=14NJ CROSS 19
1Jel4J=1 CROSS 20

SUMRaSUMR+[ALT)~AVERA) #(3(1J)=AVERB)
120 SUMSaSUMS+{A({1J)=AVFRA)#{B(]}=AVERB)
FNJ=NJ

CROSSMO6
CROSSMOT
CROSS 23
QLS sSUMR/FNJ CROSSMOB
130 S{J)=SUMS/FNJ CROSSMO9
RETURN CROSS 26
END CROSS 27

48

SMO

This subroutine calculates the smoothed or filtered
series, given a time series Al’ Ag, vee, An, a se-
lection integer L, and a weighting series W, Wy,

cees Wit

Ri=ZAp'Wj 1)
=1
*L-L+k

where p = j

k=1i-IL+1

i= ILtoIH
L = n@-1) oy @)
IH=n - .I‘(—n;-_l). (3)
L = a given selection integer. Forexample,

L = 4 applies weights to every 4th jtem

of the time series.

number of weights. Must be an odd
integer. (If m is an even integer, any
fraction resulting from the calculation

of H%B in (2) and (3) above will be
truncated.
n = number of items in the time series.
From IL to IH elements of the vector R are filled

with the smoothed series and other elements with
Zeros.

Subroutine SMO

Purpose:
To smooth or filter series A by weights W,

Usage:
CALL SMO (A,N,W,M, L,R)

Description of parameters:
A - Input vector of length N containing time
series data.
N - Length of series A.
W - Input vector of length M containing weights.
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M - Number of items in weight vector. M
must be an odd integer. (If M is an even
integer, any fraction resulting from the
calculation of (L*(M-1))/2 in (1) and (2)
below will be truncated. )

L - Selection integer., For example, L=12
means that weights are applied to every
120 item of A, L=1 applies weights to
successive items of A, For monthly data,
L=12 gives year-to-year averages and
L=1 gives month-to-month averages.

R - Output vector of length N. From IL to IH
elements of the vector R are filled with the
smoothed series and other elements with
zero, where

IL=(L*(M-1))/2+1 ceveveenes (1)
H=N-(L*(M-1))/2 ¢ceveeeees (2)

Remarks:
N must be greater than or equal to the product of
L*M.

Subroutines and function subprograms required:
None.

Method:
Refer to the article 'FORTRAN Subroutines for
Time Series Analysis', by J, R, Healy and B, P,
Bogert, Communications of ACM, V.6, No. 1,
Jan., 1963.

SUBROUT INE SHO (4 o NoWe™yLoR) MO
OIMENSION AT13,W 1) ,REL) SM0
INITIALTZATION SHO

DO -110 I=t,N SMO
R(11=0,0 SMO0-
TL=(LE(H=111/24) Sun
IHsN=(L®(M=-1))/2 sS4
c SMOOTH SERIES A BY WEIGHTS W SMO
DO 120 I=iLsIH SMO
K=l-lLel SHn 10

DO 120 J=l,M SMO 11
1PalJsL)-LeK MO 12

120 RUII=RELI+ALLIPISHIEI) SMO 13
RETURN SMO 16

END SM0 15

1

o
OB NS~

EXSMO

This subroutine calculates a smoothed series 54,
B9y eee, SNX’ given time series Xl, Xoy eees XNX
and a smoothing constant «. Also, at the end of the
computation, the coefficients A, B, and C are given
for the expression A + B(T) + C(T)2/2. This ex-
pression can be used to find estimates of the smoothed
series a given number of time periods, T, ahead.

The subroutine has the following two stages for
i=1, 2, ..., NX, starting with A, B, and C either
given by the user or provided automatically by the
subroutine (see below).

(a) Find S; for one period ahead
8, = A+ B+ .5C 1)

(b) Update coefficients A, B, and C

A=Xi+(1—a)3 8, - X,) @)
B=B+C-1.5(a2)(2-a)(Si—Xi) 3)
C=C-(d)6,-X) (4)

where a = smoothing constant specified by the user
(0.0 < @ < 1.0).

If coefficients A, B, and C are not all zero (0.0),
take given values as initial values. However, if
A =B=C-= 0.0, generate initial values of A, B,
and C as follows:

C =X -2X,+ X, (5)
B=X2—X1-1.SC _ (6)
A =X -B-0.5C (M

Subroutine EXSMO

Purpose:
To find the triple exponential smoothed series S
of the given series X.

Usage:
CALL EXSMO (X,NX,AL,A,B,C,S)

Description of parameters:
X - Input vector of length NX containing
time series data which is to be ex-
ponentially smoothed.

Statistics — Time Series 49
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NX -
AL

The number of elements in X.

- Smoothing constant alpha. AL must

be greater than zero and less than

one.

Coefficients of the prediction equa-

tion where S is predicted T periods

hence by
A + B*T + C*T*T/2,

As input: If A=B=C=0, program
will provide initial values.
Ifatleastoneof A, B, C is
not zero, program will
take given values as initial
values.

As output: A, B,C, containlatest, up-
dated coefficients of pre-
diction.

Output vector of length NX contain-

ing triple exponentially smoothed

time series.

A,B,C -

Remarks:
None.

Subroutines and function subprograms required:
None,

Method:
Refer to R. G. Brown, 'Smoothing, Forecasting
and Prediction of Discrete Time Series',
Prentice-Hall, N.J., 1963, pp. 140 to 144.

SUBROUTINE EXSMO (XeNXsALsA#BCoS)
DIMENSION X{1)+S11}
C IF A=8=Cm0.0» GENERATE INITIAL VALUES OF As Bs AND C

IF(A) 140s 110+ 140

130 IF(B} 1409 1200 140

120 IF(C) 2400 1304 140

130 L1}
L2s2
L33
CoXiLLI=240%X{L2Z}#AILI}

EXSMOMO3
EXSMOMQL
EXSMOMOS
EXSMGMO6

BeXxiL2)=xiL1)=1e5%C
A=X(L1}=B=0e52C

140 BEeleO=AL EXSMO 10
BECUB=BE#BE®BE EXSMO 11
ALCUBSALSAL®AL EXSMU 12

4 DO THE FOLLOWING FOR l=1 TO NX EXSMO 13
DO 150 I=1sNX EXSMO 14
4 FIND S(I} FOR ONE PERIOD AHEAD EXSMO 15
S{11A+B+0#5%C EXSMO 16
[4 UPDATE COEFFICIENTS As Be AND C EXSMO 17
DIFaStI)=x(1) EXSMO 18
A=X{11+BECUB*DIF EXSMO 19
D=B+C=1e5%ALWALS(2.0=AL) #DIF EXSMO 20

150 C=C-ALCUBSDIF EXSMO 21
RETURN EXSMO 22
END EXSMO 23

50

Statistics - Nonparametric

CHISQ

This subroutine calculates degrees of freedom and
chi-square for a given contingency table A of ob-
served frequencies with n rows (conditions) and m
columns (groups). The degrees of freedom are:

df. = @-1) (m-1) (1)

If one or more cells have an expected value of less
than 1, chi-square is computed and the error code
is set to 1. *

The following totals are computed:

m
T, = 2 Aij;i= 1, 2, ..., n (row totals)  (2)
=1
n
T, = = .
; Z AiJ,] 1, 2, ..., m (column totals)
i=1 3)
n
GT = E T; (grand total) 4) M?”\
i=1
Chi-square is obtained for two cases:
(a) for 2 x 2 table:
A -
11822 ~ 412 Ag1 ar )2
2 oT "2
X =
A
(A1t Al Ag T Aga)A 1+ Ay MA p+A)
(5)
(b) for other contingency tables: )
2 - gAij-Eijzz
355> ©
=1 j=1 !
TiTJ_
where Ei' =—GT
i=1,2, ..., n
ji=12, ..., m -
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Subroutine CHISQ

Purpose:
Compute chi~-square from a contingency table.

U

sage:

CALL CHISQ(A, N, M, CS, NDF, IERR, TR, TC)

Description of parameters:

A - Input matrix, N by M, containing con-
tingency table.

N - Number of rows in A.

M - Number of columns in A.

CSs - Chi-square (output).

NDF - Number of degrees of freedom (output).

IERR - Error code (output):

0 - Normal case.

1 - Expected value less than 1.0

in one or more cells.

3 - Number of degrees of freedom

is zero.

TR - Work vector of length N.
TC - Work vector of length M.

Remarks:

Chi-square is set to zero if either N or M is

(error code 3).

Subroutines and function subprograms required:

None.

Method:
Described in S. Siegel, 'Nonparametric Statis-

tics for the Behavioral Sciences', McGraw-Hill,

New York, 1956, Chapter 6 and Chapter 8.

SUBROUTINE CHISQLAWNIMICSaNDF s IERRITRITC)
OIMENSION A{1}eTRE1I2TCID)
NMsNeM
1ERR=0
€S040

FIND DEGREES OF FREEDOM
NDFw ({N=1)#(M=])
IFINDF) 845410
1ERR®3
RETURN

COMPUTE TOTALS OF ROWS

10 DO 90 IelsN

9

100

120

TR{1)=0e0
lJ=1=N
DO 90 JelsMm
1J=1JeN
TRUIIsTRIII*ALIT1D)
COMPUTE TOTALS OF COLUMNS

1J=0
DO 100 JeuleM
TCLJ1=040
DO 100 IsleN
l1d=1Jel
TCISITCIII*ALT)
COMPUTE GRAND TOTAL
GT=040
00 110 IslsN
GTeGTeTRIL)
COMPUTE CMI SGUARE FOR 2 BY 2 TABLE (SPECIAL CASE)
IFINM=4) 1300120s230
Li=1
L2s=2
L33
Lans
CS=GT@(ABSIAILLI®AILAI=ALL2I#AILS) )I=GT/2,01882/(TCILLI®TCIL2)
1eTRILLI®TRIL2))
RETURN

CH1sQ
CHISQ
CHiso
CHISQ
CHISQ
CHISQ
CHiSQ
CHISQ
cHisSQ
CHisSe
CHISQ

one

LR XU R

9
10
25

CHISQMOL

CHISQ
CHISQ
CHISQ
CHISQ
CHISQ
CHISQ
cHise
CHISG
CHISQ
CH150
CHISa
CHISQ
cHisa
cHise
CHISQ
cHise
CHISG
CHISQ

217
28
29

o

CHISQMOW
CHISOMOS
CHISCMO6
CHISGMO T
CHISQMOB
CHISQMO®

CHISQ

&7

C COMPUTE CH! SQUARE FOR OTHER CONTINGENCY TABLES CHISO 48
130 1J=0 CHISQ 49
00 140 JalsM CHISQ 50

00 140 I=1sN CHISO 51
1iely+l CHISO 82
EeTR{])®TCLII/GT CHisQ 53
I€1C=1,0) 135, 140+ 140 CHISOMO2

135 [ERR=] CHISaMO3
140 CSeCS+{ALIJI=EIRLALINI=E)/E CHISO 54
RETURN cuisa 35
ERD CHise 56
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UTEST

This subroutine tests whether two independent groups
are from the same population by means of the Mann~-
Whitney U-test, given an input vector A with smaller
group preceding larger group. The scores for both
groups are ranked together in ascending order. Tied
observations are assigned the average of the tied
ranks.

The sum of ranks in the larger group, R2, is cal-
culated. The U statistic is then computed as follows:

n, (n2 + 1)
1 = ——
U =n n, + 5 R, 1)
where n, = number of cases in smaller group
n, = number of cases in larger group
_ - 1
8] nl n2 U
fU'< U, setU = U (2)

A correction factor for ties is obtained:

3
t -t
T = Z 12 @)
where t = number of observations tied for a given
rank

The standard deviation is computed for two cases:

(@) fT=0
n.n_ (n +n, + 1)
s=‘/12 112 2 @
M) ifT>0

~ %)Y (N x )
s = J(N(N-l)) ( 12§ ()

where N = total number of cases (n1 + n2)

The significance of U is then tested:

_U-X
Z = — (6)

ey

2

where X = mean =

Z is set to zero if n2 is less than 20,

52

Subroutine UTEST

Purpose:
Test whether two independent groups are from
the same population by means of Mann-Whitney
U-test.

Usage:
CALL UTEST(A,R,N1,N2,U, Z)

Description of parameters:

A -~ Input vector of cases consisting of two
independent groups. Smaller group pre-
cedes larger group. Length is N1+N2,

R - Output vector of ranks. Smallest value
is ranked 1, largest is ranked N. Ties
are assigned average of tied ranks.
Length is N1+N2.

N1 - Number of cases in smaller group.

N2 - Number of cases in larger group.

U - Statistic used to test homogeneity of the
two groups (output),.

Z - Measure of significance of U in terms of

normal distribution (output).

Remarks:
Z is set to zero if N2 is less than 20,

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 6.

SUBROUTINE UTFST{A,R N1 ,N2,U,Z) UTEST 1
DIMENSION A{1),R(1) UTEST 2
RANK SCORES FROM BOTH GROUP TOGFTHER IN ASCENDING ORDER, AND UTEST 3
ASSIGN TEED OB SERVATIONS AVERAGE OF TIFD RANKS UTEST &
N=N1#N2 UTEST 5§
CALL RANK{A4R4N} UTEST 6
120.0 UTEST 7
4 SUM RANKS IN LARGFR GROUP UTEST 8
R2=20,0 UTEST 9§
NP=Nlel UTEST 0
00 10 [=NP,N UTEST t1
10 R2=R2+R{1} UTEST 12
13

4

15

16

17

13

19

oo

c CALCULATE U uTEST
FNX=Ni®N2 UTEST
FNan uTESY
FN23N2 UTEST
UPaFNX4FN2®({FN2¢1.0)/2.0)-R2 UTEST
URENX-UP UTEST
IFtuP-U) 20,30,3) UTFSY
20 ysup
c TEST FOR N2 LESS THAN 20
30 IF(N2-20) 80440440
c COMBUTE STANDARD DEVIATION
40 KT=1
CALL TEE(R NyKT TS}
[F{TS}) 50,60,50
50 S=SORTI(FNX/(FN®(FN=1,01))0{(LFNOFNOFN-FN)}/12.03=TS))
G0 To 70
60 S=SQRTIFNX®I{FN+1.01/12.0)
4 COMPUTE 2
70 2={U-FNX*$6.51/S
80 RETURN UTEST 32
UTEST 33
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TWOAV

This subroutine determines the Friedman two-~way
analysis of variance statistic, given a matrix A with
n rows (groups) and m columns (cases). Data in
each group is ranked from 1 to m. Tied observations
are assigned the average of the tied ranks.

The sum of ranks is calculated:;

RJ. = Z Aij (1)
i=1

Friedman's statistic is then computed:

x2 _ 12
r nm(m+l)

m 2
E (Rj) - 3n(m+ 1) (2)
=1

The degrees of freedom are:

df=m-1 (3)

Subroutine TWOAV

Purpose:
Test whether a number of samples are from the
same population by the Friedman two-way
analysis of variance test.

Usage:
CALL TWOAV(A,R,N, M, W, XR, NDF, NR)

Description of parameters:

~ Input matrix, N by M, of original data.

- Output matrix, N by M, of ranked data.

- Number of groups.

Number of cases in each group.

- Work area of length 2*M.

- Friedman statistic (output).

NDF - Number of degrees of freedom (output).

NR - Code: 0 for unranked data in A; 1 for
ranked data in A (input).

HErze>

Remarks:
None.

Subroutines and function subprograms required;
Rank.

Method:
Described in S, Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 7.

s

40
S0

SUBROUTINE TWOAV (AsR¢NeMyWeXR,NDF,NR) TWDAV )
DIMENSION A{1),R{1),W(1} THNAV 2

DETERMINE WHETHER DATA TS RANKED TWOAV 3
1F(NR-1) 10, 30, 10 TWDAVY &

RANK DATA IN EACH GROUP AND ASSIGN TIED OBSERVATINNS AVERAGE TWOAV S

NF TIED RANK THWOAV &
B0 20 I=1,N TWOAV T
13=1-N TWOAV R
k=14 TWnavY 9
NN 15 Jsl.M Twoav 10
1J=1J4N THOAV 11
wiJi=AL19) THOAV 12
CALL RANK [wW,W{Me1),M) TWMAV 13
BN 20 J=1.M TWOAY 14
IX=1K4N THOAV 1§
fW=Me] TWNAV 16
RUIK)=W( (W) TWOAV 17
60 TO 35 THOAYV (8
NMzNey TWOAY 19
D0 32 I=1,NM THOAY 20
ROI)=ALI1) TWNAV 21

CALCULATE SUM OF SQUARES OF SUMS OF RANKS TWNAV 22
RT5Q=0.0 TWOAV 23
[R=0 THNAV 24
DD 50 J=1,M Twhav 25
RT=0.0 TWOAV 26
00 40 [=1,N TWOAV 27
IR=IR+1 TWOAV 28
RT=RT+R{IR) TWoav 29
RVSQ=RTSQ#RTERT TWOAV 3N

CALCULATE FRIZOMAN TEST VALUE, XR TWOAV 31
FNM=N®{Me L) TWOoAV 3?7
LLEL) THNav 13
XR={12,0/(FMEFNM) ) $RTSQ~I,NEFNM THOAV 34

FIND DEGRFES JF FREEOOM TWnay 1S
NDFsM-1 THNAV 36
RETURN THOAY 17
END THAV 2R
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QTEST

This subroutine determines the Cochran Q-test
statistic, given a matrix A of dichotomous data with
n rows (sets) and m columns (groups).

Row and column totals are calculated:

m
Z A (row totals) (1)
wherei=1,2, ..., n
n
= Z Aij (column totals) (2)
i=1

where j=1,2, ..., m

The Cochran Q statistic is computed:

m 2 m 2
m-1) |m G, - G,
e LD D DR
j=1 j=1
Q= Jn n : ®)
DIEED I
i=1 i=1
The degrees of freedom are:
df=m-1 (4)

Subroutine QTEST

Purpose;
Test whether three or more matched groups of
dichotomous data differ significantly by the
Cochran Q-test.

Usage:
CALL QTEST(A, N, M, Q, NDF)

Description of parameters:
A - Input matrix, N by M, of dichotomous
data (0 and 1).

N - Number of sets in each group.
M - Number of groups.
Q - Cochran Q statistic (output).

NDF - Number of degrees of freedom (output).

Remarks:
M must be three or greater.

54

Subroutines and function subprograms requirad:
None.

Method:
Described in S. Siegel, 'Nonparametric Statis-

tics for the Behavioral Sciences', McGraw-Hill,

New York, 1956, Chapter 7.

SUBROUTINE QVEST(A,NsMeQyNDF) QUEST 1
DIMENSION All) QTVEST 2

4 COMPUTE SUM OF SQUARES OF ROW TOTALS, RSQ, AND GRAND TOTAL OF QTEST 3
c ALL ELEMENTS, GD OTEST &
RS5Q=0,0 QTEST 5
GD=0.0 QTEST &

00 20 T=14N QTESY 7

TR=0 OTESY 4

1d=t- N QVEST 9

DO 10 J4al.M QTEST 10
LalJeN QTEST |1

10 TR=TR+A(LJ) QVESY 12
GD=GO+TR QTEST 11

20 RSQ3RSQ4+TReTR QTEST 14

4 COMPUTE SuM OF SQUARES OF COLUNN TNTALS, CSOQ QTEST 15
CSQe0.0 QTEST 16

1J=0 QFEST 17

0O 40 J=1,M QTESY 18
TC=0.0 QTEST 19

B0 30 [=1,N ATEST 20
1Jeigel QTEST 21

30 TC=TCeALLS) QTEST 2?7

40 CS5Q=CSQ+TC*TC QTFST 23

c COMPUTE COCHRAN Q TEST VALUE QTEST 2o
FMaM QTEST 25
QuiFM=-1.0}#{FMOCS Q~GD*GD) /[ FM®GO-RSQ} QTESY 24

4 FINO DEGREES OF FREEGOM QTEST 27
NOF=M-1 QUEST 28
RETURN QTEST 29

END QTEST 30

)
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SRANK

This subroutine measures the correlation between
two variables by means of the Spearman rank
correlation coefficient, given two vectors of n
observations for the variables.

The observations on each variable are ranked
from 1 to n. Tied observations are assigned the
average of the tied ranks.

The sum of squares of rank differences is calcu-
lated:

n 2
D= Z (Ai -B) (1)
i=1

where Ai = first ranked vector

B,
i

second ranked vector

n = number of ranks
A correction factor for ties is obtained:

3

t -t .
Ta = Z: 1z over variable A

@)

3
t -t .
Tb = E 1z over variable B

where t = number of observations tied for a given
rank

The Spearman rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,

s 3 @)

() if Ta and/or T, are not zero,

b
rs =M @)
2 \’XY
113 -n
where X = I Ta (5)
113 -1
Y = 15 Tb 6)

The statistic used to measure the significance of g is:

t = I‘s —n-22 (7)
Ul—r
S

The degrees of freedom are:

df. = n-2 (8)

Subroutine SRANK
Purpose:
Test correlation between two variables by means

of Spearman rank correlation coefficient.

Usage:
CALL SRANK(A, B, R, N, RS, T,NDF, NR)

Description of parameters:

A - Input vector of N observations for first
variable.

B - Input vector of N observations for sec-
ond variable.

R - Output vector for ranked data, length is

2¥N. Smallest observation is ranked 1,
largest is ranked N. Ties are assigned
average of tied ranks.

N - Number of observations.

RS ~ Spearman rank correlation coefficient
(output).

T - Test of significance of RS (output).

NDF - Number of degrees of freedom (output).
NR - Code: 0for unranked data in A and B;
1 for ranked data in A and B (input).

Remarks:
T is set to zero if N is less than ten.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S, Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 9.

SUBKOUTINE SRANK{AsBsRsNsRSsTINDF ¢NR ), SRANK 1
DIMENSION At1)+8t1)sRE1} SRANK 2
O=N SRANKMOL
FANN=D#0*D=D

< DETERMINE WHETHER DATA 1S RANKED
IFINR-1) S5 10v S

SRANKMO2
SRANK &
SRANK 5
C RANK DATA IN A AND B VECTORS AND ASSIGN TIED OBSERVATIONS SRARK &
< AVERAGE OF TIED RANKS SRANK 7

5 CALL RANK (AsReN) SRANK 8
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©

CALL RANK {BsR(N+1}sN} SRANK 9 _ICR‘;_ANK
GO TO &0

SRANK 10
MOVE RANKED DATA 7O R VECTCR 2&;::: :;
Rufea” saw 13 The subroutine computes the Kendall rank correla-
DO 30 I=1leN . PNy - s
Ridieacn sw 12 tion coefficient, given two vectors of n observations
pagog T UTE SUM OF SQUARES OF RANK DIFFERENCES EEEEE 35 for two variables, A and B. The observations on
325 thawe 20 each variable are ranked from 1ton. Tied observa-
OaD+(RIII=RIJI}®IRITII~RIII) SRANK 21 . . .
COMPUTE TIED SCORE INDEX skane 22 tions are assigned the average of the tied ranks.
KTa}
sNeKTy SRANK 264 L) s
CALL TIE (RaNakToTSAL S 33 Ranks are so.rted in sequence of var1al.31e A,
TS an hG SaTan AN RANK CORRELATION COEFFICIENT SRan 27 A correction factor for ties is obtained:
IF{TSB) €0+57460 SRANK 28
7 RS=140-6.0#%D/FNNN SRANK 29
Ge TO 70 SRANK ;g
= 0= SRANK
:.:T';gﬁ'zrsg TeA ::‘A‘t:: ;g t (t - ]_) .
ks égagueélizA:D(ggg;é;;vé;lFﬁEEDOM IF N 15 10 OR LARGER SRANK 34 Ta 2 for va‘rla'ble A
T=0e0 SRANK, 35
IFIN=10) 80475+75 SRANK 36
T=RS*SQARTIFLOAT (N=21/{14U=R5*RS)) SRANK 37
NDF 24=2 SRANK 38 (]_)
RETURN SRANK 39
END SRANK 40 t (t - 1) .
Tb = E — for variable B

where t = number of observations tied for a given
rank

The Kendall rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,
reg— @
2n n-1)
where n = number of ranks
S = total score calculated for ranks in vari-

able B as follows: selecting each rank in
turn, add 1 for each larger rank to its
right, subtract 1 for each smaller rank
to its right.

M) if Ta and/or Tb are not zero,

S

1 1
J—z-n n-1) - Ta JEn(n—l) - 'I‘b

@)

The standard deviation is calculated:

= 2(2n+5) 4)
= Yon@-n (
The significance of 7 can be measured by:

_T 5
z = 5)

Ex.1048 / Page 60 of 196
Cisco Systems, Inc.



Subroutine KRANK % ol Krawg 37

00. 60 [=l.NM KRANK 39
JaN+1 KRANK &0
00 60 L=i,N KRANK 41
(WW Purpose: . E;E;En—nun 561 60,57 XaANK o1
: s & S=5-1. KRA .
Y Test correlation between two variables by means 6070”60 kR 45
- . . . 57 $=Se1.0 KRANK 46
of Kendall rank correlation coetficient. 60" CONTINUE KRANK 47
4 COMPUTE TIED SCORE INDEX FOR BNTH VARIABLES KRAKK 48
KT=2 KRANK 49
CALL TIE{R,N,XT,TA} KRANK SO
Usage: e S i 3
1FlY 165,
CALL KRANK(A, B, R, N, TAU, SD, Z, NR) 65 IFLTAY 70167170 XRaNK 36
67 TAU=S/10.5¢FNL) KRANK 55
G0 TO 8”0 KRANK S&
t Of t 70 TAU=S/((SQRT(0,5¢FN1-TA})€{SQRTI0.5*FNL-TB))) KRANK 57
Descrip ion parame ers: 4 CEHPUYE STANDARD DEVIATION AND Z IF N IS 10 DR LARGFR KRANK 58
A I : ions for fi o5 S0LLSORTL (2,00 (Y +FNYSL011 /(30 A0FNI1Y ) XaAm 40
- Input vector of N observations for first Z-1AU750 XRANK a1
. 90 RETURN KRANK 62
variable. END KRANK 63
B - Input vector of N observations for sec-
ond variable.
R - Output vector of ranked data of length

2*%N. Smallest observation is ranked 1,
largest is ranked N. Ties are assigned
average of tied ranks,

N - Number of observations.

TAU - Kendall rank correlation coefficient
(output).

SD - Standard deviation (output).

Z - Test of significance of TAU in terms of
normal distribution (output).

NR -~ Code: 0 for unranked data in A and B;
1 for ranked data in A and B (input).

Remarks:
w SD and Z are set to zero if N is less than ten.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis—
tics for the Behavioral Sciences!, McGraw-Hill,
New York, 1956, Chapter 9.

SUBROUTINE KRANK( AyHoR+Ny TAULSD, Z,NRY KRANK ]
DIMENSTON A1) Bl 1}RILD KRANK 2
$D=0.0 KRANK 3
1=0.0 KRANK &
FNaN KRANK S
FNL=N*{N-1) KRANK &

4 DETERMINE WHETHER DATA IS RANKED KRANK 7
IFINR=-1} 5y 10y 5 KRANK 8

[ RANK DATA IN A AND B VECTORS AND ASSIGN TIED OBSERVATIONS KRANK 9

c AVERAGE OF TICD RANKS KRANK 10

5 CALL RANK {A,R,N} KRANK 11
CALL RANK (B,RINt1),N} KRANK 12

G0 TO 40 KRANK 13

[4 MOVE RANKED DATA T0 R VECTOR KRANK 14
10 00 20 [=2l,N KRANK 15
20 RUT)=ACTY KRANK 16

B0 30 I=1,N KRANK 17
J=leN KRANK 18

30 R(JI=RIT) KRANK 19

4 SORT RANK VECTOR R IN SEQUENCE NF VARIABLE A KRANK 20
40 1SORT=0 KRANK 21
00 50 I=2,N KRANK 22
IF(RCEI~RIE-11) 45,50,50 KRANK 23

45 [SORT=ISORT+] KRANK 26
RSAVE=R(I) KRANK 25
RII=RLI-1} KRANK 26
RUI=-1)aRSAVE KRANK 27
12=14N KRANK 28
SAVER=R(F2) KRANK 29
R{12}=R{12-1) KRANK 30
R(I2-1)=SAVER KRANK 31

50 CONTINUE KRANK 32
“TFCISNRY) 40555440 KRANK 33

c COMPUTE S ON VARIABLE B, STARTING WITH THE FIRST RANK, ADD 1  KRANK 34
c TO S FMR EACH LARGER RANK TO ITS RIGHT AND SUBTRACT 1 FOR EACH KRANK 35
(N c SMALLER RANK. REPEAT FOR ALL RANKS. XRANK 36
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WTEST

This subroutine computes the Kendall coefficient of
concordance, given a matrix A of n rows (variables)
and m columns (cases). The observations on all
‘variables are ranked from 1 to m. Tied observa-
tions are assigned the average of the tied ranks.

A correction factor for ties is obtained:

n

T=E tlét (1)

i=1

where t = number of observations tied for a given
rank

Sums of ranks are calculated:

n

- 2
Yj R.j (2)

e
]
=

where j=1,2,..., m

From these, the mean of sums of ranks is found:

m
Z Y.
4 J
R-I ®)

The sum of squares of deviations is derived:
= 2
s = .-R 4
> @ -R “)
=1

The Kendall coefficient of concordance is then
computed:

s
W = 3 %
1_2n (m -m)-nT

For m larger than 7, chi-square is;
x? - n(m-1)w ()

The degrees of freedom are:

df. =n-1 (N
Subroutine WTEST
Purpose:

Test degree of association among a number of
variables by the Kendall coefficient of concord-
ance.

58

Usage:
CALL WTEST (A, R,N, M, WA, W, CS, NDF, NR)

Description of parameters:
A - Input matrix, N by M, of original data.
R - Output matrix, N by M, of ranked data.
Smallest value is ranked 1; largest is
ranked N. Ties are assigned average
of tied ranks.
-~ Number of variables.
- Number of cases.
A - Work area vector of length 2*M.
- Kendall coefficient of concordance
(output).
CS - Chi-square (output).
NDF - Number of degrees of freedom (output).
NR - Code: 0for unranked data in A; 1 for
ranked data in A (input).

sf€g4

Remarks:
Chi-square is set to zero if M is 7 or smaller.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences!, McGraw-Hill,
New York, 1956, Chapter 9.

SUBROUTINE WIFST [ARN¢M WAWCSoNDF,NRY WTEST 1
DIMENSICN ALL)/RE1),WA(L) WIEST 2

FHeR WTEST 3

EN=N WTEST &

4 DETERMINE WHETHER DATA 1S RANKEO NTEST 5§
[4 RANK DATA FOR ALL VARTABLES ASSIGNING TIFD NASFRVATINNSG AVERAGEMYEST 6
c OF TIED RANKS AND COMPUYE CORRECTION FOR TIFD SCNRES WTEST 7
130.0 WTEST A

KTzl WTEST 9

00 20 T=1,N WTEST In
Lasi1-N WIFST 11

Ik=1y WTEST 12
IFINR=1) 5,2,5 WTEST 13

200 3 Jsl.M WTEST 14
Li=14eN . WYEST 1§

KaMe g WTEST 14

3 WALK)=A(9) WTEST 17

GO TO 15 WTEST 18

S D0 10 J=l.M HTFST 19
1d=1JeN WTEST 20

10 WALJI=ALTD) WTEST 21
CALL RANKINA,WA{M#1),4) HTFST 27

15 CALL TIE{WA{M#1), M,KT,TL) WTEST 23
T=TeT1 WIEST 24

00 20 Jst,M WTEST 25
IK=IKeN WIFST 26

In=ne WTEST 27

20 REIK)aHALIW) WTEST 28

c CALCULATE VECTOR NF SUMS OF RANKS WTEST 29
IR=0 WTEST 30

00 50 Jal,M NTEST 31
WATJI=0.0 WTEST 32

B0 40 I=1,N WTEST 33
IR=[R+1 WTEST 34

40 WALJ)=HATJIOR(IR) WTEST 35

c COMPUTE MEAN JF SUMS NF RANKS WTEST 36
SH=0.0 WIEST 37

0O S0 Jal,N . WFEST 38

50 SMsSMeWAld) WIEST 39
SHaSM/FM HTEST 40

[3 COMPUTE SUM OF SQUARES DF DEVIATIONS WTEST 41
$=0.0 WTEST &2

DO 60 Jel,N WYEST 43

60 S=Se(WALII-SMI®(4ALII-SH) WTEST 44

4 COMPUTE W WTEST 45
WeS/LLIFNSFN) S {FYSFHSFN-FM)/12,.N)~FNeT) WTEST &6

[3 COMPUTE DEGREFS OF FREFDOM AND CHI-SQUARE [F M 1S NVER 7 WIEST &7
£5=0,0 WTEST 48

NDF =0 WTEST 49
TF(M=7} 70,70,65 WIEST 50

65 CSaFNS(FN=1.0)0W WTEST 51
NDFam=1 WTEST §2

70 RETURN WTEST 53
END WTEST 54

™
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RANK

Purpose:
Rank a vector of values.

Usage:
CALL RANK(A, R,N)

Description of parameters:

A - Input vector of N values.

R - Output vector of length N. Smallest value
is ranked 1; largest is ranked N. Ties are
assigned average of tied ranks.

N - Number of values.

Remarks:
None.

Subroutines and function subprograms required:
None,

Method:
Vector is searched for successively larger ele-
ments. If ties occur, they are located and their
rank value computed. For example, if two
values are tied for sixth rank, they are assigned
a rank of 6.5 (=(6+7)/2).

SUBROUTINE RANK(AsRIN) RANK 1
DIMENSION A(1)sR(1) RANK 2
INITIALIZATION RANK 3

DO 10 I=1sN RANK 4
10 Ril)=040 RANK s
FIND RANK OF DATA RANK 6

DO 100 Is1.N RANK 7
TEST WHETHER DATA POINT IS ALREADY RANKED RANK 8
IFIR(1)) 204 20y 100 RANX 9
DATA POINT TO BE RANKED RANK 10

20 SMALLS0.0 RANK 11
EQUAL=0,0 RANK 12
X=A(l) RANK 13
0O 30 J=1sN RANK 14
IF(ACJ)=X) 30 400 50 RANK 18
COUNT NUMBER OF PATA POINTS WHICH ARE SMALLER RARK 16

30 SMALL=SMALL+1.0 RANK 17
GO To 50 . RANK 18
COUNT NUMBER OF DATA POINTS WHICH ARE EQUAL RANK 19

40 EQUAL=EGUAL+140 RANK 20
RiJ)a=ly0 RANK 21

50 CONTINUE RANK 22
TEST FOR TIE RANK 23
IF(EQUAL=1.,0) 60+ 60+ 70 RANK 24
STORE RANX OF DATA POINT WHERE NO TIE RANK 23

60 RI1)=SMALL+1.0 RANK 26
GO TO 100 RANK 27
CALCULATE RANK OF TIED DATA POINTS RANK 28

70 P=SMALL4(EQUAL+140)/2.0 RANK MO1
00 90 JelWN RANK 30
IFLRIJI+140) 904 80y 90 RANK 31

90 R(J) =P RANK 32
90 CONTINUE RANK 33
100 CONTINUE RANK 34
RETURN RANK 3%
END RANX 36

TIE

Purpose:

Calculate correction factor due to ties.

Usage:

CALL TIE(R, N, KT, T)

Description of parameters:

R - Input vector of ranks of length N contain-
ing values 1 to N.
N - Number of ranked values.
KT - Input code for calculation of correction
factor:
1 Solve equation 1.
2 Solve equation 2.
T - Correction factor (output):
Equation 1  T=SUM(CT**3-CT)/12
Equation 2 T=SUM(CT*(CT-1)/2)
where CT is the number of observations
tied for a given rank.
Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

-

tn
20

3

3

50
60

70
75

Vector is searched for successively larger
ranks. Ties are counted and correction factor 1
or 2 summed.

SUBROUTINE TIELR, NyKT,T) TIE 1
DIMENSION RU1) TIE 2

INITIALLZAFEON TIE 3
720.0 TIE .
Ys0.0 T1E S
x=1,0€38 TIE 6
1N=0 TIE 7

FIND NEXT LARIEST 4ANK TIF A
0N 30 I=i,N TIE 9
TE(RETI-Y} 30,130,190 TIE 10
TFLRETI~X) 20,140, 30 Tte 11
X=RUI) TIE 12
N2 IND+L TIE 13
CONT I NUE TIE 14

1F ALL RANKS 4AVE BEEN TESTED, RFTURN TIE 15
[FCIND) 90,90,40 TIE 16
vax TIE 17
CT=0.0 TIE 18

COUNT TIES TIE 19
B0 60 I=1.N TIE 20
VELRITI=X) 60,50, 60 TE 21
CT=CTel0 TIe 22
CONTINUF TtE 23

CALCULATE CORRECTION FACTOR TIE 26
[F(CT) 70,5.70 TIE 25
I+(KT=1) 75,80,75 TIE 24
TafelTH{CT-1.1/2.0 TIE 27
GO TO S TIE 28
TaTe(CTECTHCI-CT) /22.0 TE 29
G0 YN 5 TIE 30
RETURN THE 31
END TIE 2
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Statistics - Random Number Generators

RANDU

Purpose;
Computes uniformly distributed random floating
point numbers between 0 and 1. 0 and integers in
the range 0 to 2%*15,

Usage:
CALL RANDU(IX,IY,YFL)

Description of parameters:

IX - For the first entry this must contain
any odd positive integer less than
32,768. After the first entry, IX
should be the previous value of IY com-
puted by this subroutine.

IY - A resultant integer random number re-
quired for the next entry to this subrou-
tine. The range of this number is from
zero to 2%*15,

YFL - The resultant uniformly distributed,
floating point, random number in the
range 0 to 1. 0.

Remarks:
This subroutine is specific to the IBM 1130.
This subroutine should not repeat its cycle in
less than 2 to the 13th entries.
Note: If random bits are needed, the high
order bits of IY should be chosen.

Subroutines and function subprograms required:
None.

Method: .
Power residue method discussed in IBM manual
Random Number Generation and Testing (C20-
8011).

SUBROUTINE RANDUL IX,1Y,YFL} RANDU
ly=1x*399 RANDY
TF(1Y15+646 RANOU
5 1Y=1v+32767¢1 RANDU
6 YEL=1Y RANNDY
YFLaYFL/32767. RANDY
RETURN RANDY
END RANDU

DBNP PPN

60

GAUSS

This subroutine computes a normally distributed
random number with a given mean and standard de- m\
viation,

An approximation to normally distributed random
numbers Y can be found from a sequence of uniform
random numbers* using the formula:

K
P

VK/12

where X, is a uniformly distributed random number,
0< Xi <1

K is the number of values Xi to be used
Y approaches a true normal distribution asympototi-
cally as K approaches infinity. For this subroutine,

K was chosen as 12 to reduce execution time. Equa-
tion (1) thus becomes:

12
Y = Z Xi -6.0
i=1
The adjustment for the required mean and standard m”
deviation is then
Y'=Y*S + AM - 2)

where Y!' is the required normally distributed ran-
dom number

S is the required standard deviation

AM is the required mean

* R. W. Hamming, Numerical Methods for
Scientists and Engineers, McGraw-Hill, N.Y.,
1962, pages 34 and 389.
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Subroutine GAUSS

Purpose:
Computes a normally distributed random num-

ber with a given mean and standard deviation.

Usage:
CALL GAUSS(IX, S, AM, V)

Description of parameters:

IX - IX must contain an odd positive integer
less than 32,768. Thereafter it will
contain a uniformly distributed integer
random number generated by the subrou-
tine for use on the next entry to the sub-
routine. )

S - The desired standard deviation of the
normal distribution.

AM - The desired mean of the normal distri-
bution.

V - The value of the computed normal random
variable.

Remarks:

This subroutine uses RANDU which is machine

specific.

Subroutines and function subprograms required:
RANDU

Method:
Uses 12 uniform random numbers to compute
normal random numbers by central limit theorem.
The result is then adjusted to match the given
mean and standard deviation. The uniform ran-
dom numbers computed within the subroutine
are found by the power residue method.

SUBRNUTINE GAUSSE IX,5,4M,V) GAaUsSS 1
820.0 GAUSS 2
DO SO0 1=1,12 GAUSS 3
CALL RANDU{IX,IY.Y} GAUSS 4
Ix=1Y GAUSS S
50 A=AeY GAUSS 6
Ve{A-6.0)%5¢AM GAlISS 7
RETURN GAUSS B
END GAUSS 9
LY

Mathematics - Special Matrix Operations

MINV

Purpose:
Invert a matrix.

Usage:
CALL MINV(A,N,D, L, M)

Description of parameters:

A - Input matrix, destroyed in computation
and replaced by resultant inverse.
N - Ovrder of matrix A.
D - Resultant determinant.
L - Work vector of length N.
M - Work vector of length N.
Remarks:

Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
The standard Gauss-Jordan method is used.
The determinant is also calculated. A determi-
nant with absolute value less than 10%**(-20)
indicates singularity. The user may wish to
change this.

SUBROUTINE MINV(AsNsDeLsM) MINV 1
OIMENSION A{1)eL{1)sMl1) MINV 2

4 SEARCH FOR LARGEST ELEMENT MINV 3
D=1.0 MINV L3
NK==N MINV 5

00 80 K=lN MINV 6
NK=NK+N MINV 7

LiK) =K MINV 8

M{K] =K MINV 9
KKSNK+K MINV 10
BIGA=A{KK} MINV 11

DO 20 JsKeN MINV 12
[2eNw(J=1) MINV 13

DO 20 I=KN MINY 14
1Je12+1 MINV 15

10 IF{ ABSIBIGA)= ABS(ALIJ)}) 15,2020 MINV 16
15 BIGA=AILS) MINV 17
LiKim] MINV 18
M{KleJ MINV 18

20 CONTINUE MINV 20

C INTERCHANGE ROWS MINY 2]
Jat(x) MINV 22
IFtJ=K) 35435,25 MINV 23

23 KlwK=N MINV 24
00 30 laleN MINY 25
KI=KI+N MINV 26
HOLDs=A(KI) MINV 27
JInKI=K+J MINV 28
A(KI}=A(JT) MINV 29

30 A(JI) =HOLD MINY 30

< INTERCHANGE COLUMNS MINV 31
3% J=MIK) MINV 32
IF{1=K) 4544538 MINV 33

38 JPu=N#[l-1} MINY 34
0O 40 J=14N MINV 35
JKaNK+J MINV 36
J1agp+) MINV 37
HOLO==A(JK} MINV 38
Atux)mALID) MINV 39

40 AtJT) =HOLD MINY 40

4 DIVIDE COLUMN BY MINUS PIVOT {VALUE OF PIVOT ELEMENT I§ MINY 4]
4 CONTAINED IN BIGA) MINV 42
45 IF(ABSIBIGA)=14E=~20)46146548 MINV MO3
46 020,0 MINV 44
RETURN MINV &5

4B DO 55 I=1eN MINY 46
IF(1=K) 50455450 MIRV 47

30 IX=NK+1 MINV 48
A(IK}=ALIK}/{=BIGA} MINV 49

83 CONTINUE MINV 80

< REDUCE MATRIX MINY 5]
DO 65 l=1sN MINV 52
IR=NK+1 MINV 83
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60
62

L)

=

70
5

80

10

-

10

@

110
120

128

13
150

k-3

62

HOLD®A{ IK)
1Jel=N
DO 65 JulN
1Jm1J+N
1F (1=K} 60465160
IFlJ=K) 6246562
Ko lJ=l4k
A{1J)sHOLD*AIKJI+A{TS)
CONTINVE

DIVIDE ROW BY PIVOT
KJaKk=N
DO 75 J=1WN
KJ=K J+N
IF{J=K]) 70+75:70
AtKJ}sA{KJ)/BIGA
CONTINVE

PRODUCT OF PIVOTS
D=D#BIGA

REPLACE PIVOT BY RECIPROCAL

A{KK)s1,0/BIGA
CONTINUE

FINAL ROW AND COLUMN INTERCHANGE

K=N

K= {Kal)

IFIK) 15001509108
IaL(K)

IF(1=K} 12041204108
JOsN#{K=1)
JReN#(1=1)

00 110 J=1sN
JK=JO+J
HOLDeALJK)
JI=JR+y
AfJK)mmAlJD)
AtJl) =HOLD

JEM (K}

IF{J=K} 100+100s125
KI=K=N

0O 130 Is1sN
KieK 14N
HOLDsA(KI)
Ji=Ki=K+J
AlKD)==A(JI)
AlJ5) =HOLD

60 1O 100

RETURN

END

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

MO1

EIGEN

This subroutine computes the eigenvalues and eigen-
vectors of a real symmetric matrix.
Given a symmetric matrix A of order N, eigen-
values are to be developed in the diagonal elements
A matrix of eigenvectors R is also
to be generated.
An identity matrix is used as a first approxima-

of the matrix.

tion of R.

The initial off-diagonal norm is computed;

<
i

v

I
A

SR DY

i<k

2A2

ik

initial norm

1/2

input matrix (symmetric)

@)

This norm is divided by N at each stage to produce

the threshold.

The final norm is computed:

v x10°

I

v =

F - N

@)

This final norm is set sufficiently small that the re-
quirement that any off-diagonal element A, shall be

smaller than v 1 in absolute magnitude defines the

convergence of the process.

An indicator is initialized. This indicator is
later used to determine whether any off-diagonal

elements have been found that are greater than the
present threshold.

Each off-diagonal element is selected in turn and
a transformation is performed to annihilate the off-
diagonal (pivotal) element as shown by the following

equations:

A= -A

u=1/2 (A11 - A

€
]

sin @

Im

sign (u)

w

)

mm

A

22 2

V2(1 + V1 -?

]

cos 6

Vi - sinze

@)

)

(%)

(©)

M

-

to
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g
I

>
1

A, cosze + A

il

-ZAlm

1
+ 2A

Im

- i 8
A, cosO Aim sin © (8)
A, sin@+ A, cos© 9)
im

(10)

cos © (11)

(12)

sinze
mm
13)
sin® cos O

A smze + A 00529
mm

(14)
sin © cos ©

A = (A11 - Amm) sin @ cos O

im

* Am

(15)
(cos2 0 - sinZ_B)

The above calculations are repeated until all of the
pivotal elements are less than the threshold.

Subroutine EIGEN

Purpose:

Compute eigenvalues and eigenvectors of a real
symmetric matrix.

Usage:

CALL EIGEN(A, R, N, MV)

Description of parameters:
Original matrix (symmetric), destroyed

A -

MV -

Remarks;

in computation.

Resultant eigenvalues

are developed in diagonal of matrix A in
descending order.

Resultant matrix of eigenvectors (stored
columnwise, in same sequence as eigen-

values).

Order of matrices A and R.
Input code:

0

1

Compute eigenvalues and eigen-
vectors.

Compute eigenvalues only (R
need not be dimensioned but
must still appear in calling se-
quence),

Original matrix A must be real symmetric
(storage mode=1). Matrix A cannot be in the
same location as matrix R.

Subroutines and function subprograms required:

None.

Method:
Diagonalization method originated by Jacobi and
adapted by von Neumann for large computers as
found in 'Mathematical Methods for Digital
Computers', edited by A. Ralston and H. S. Wilf,
John Wiley and Sons, New York, 1962, Chapter

o

7.

SUBROUTINE EIGENLAsRyNyMV)
DIMENSION A(1)¢RL1)
GENERATF TDENTITY MATRIX
IF4vV=-1) 10,25.17
10 10=-N
DD 20 J=1,N
19=1QeN
00 20 Ial,N
1J=10¢1
RIIII=0.0
IFi1=-0) 20,15,720
15 R{1J)=1.0
20 CONTINUE

COMPUTE INITIAL AND FINAL NNRMS [ ANARM AND ANORMX)

25 ANORM=0.0
00 35 I=1,N
00 35 JsI4N
IF{I-J) 30,35,30
30 lastiefiea-4i/2
. ANORM=ANDRMsA{ A} #AL 1A}
35 CONTINUE
IF{ANORM} 165,165,40
40 ANORM=1.414%SQRT( ANORM}
ANRMX=ANORM® 1, 0E- 6 /FLNAT{N)

INITIALIZE [N)ICATORS AND COMPUTE THRESHOLD, THR

1ND=0
THR = ANGRM
45 THR=THR/FLOATIN)
50 L=1
55 MaLe+l
COMPUTE SIN AVD COS
60 MQ={M¥M=M) /2
LO=(LeL~L) /2
LM=LMQ
62 IF( ARS(ALLMI}-T4R) 130,65,65
65 IND=1
LisLlsQ
HM=MeMQ
X=20.5¢ LALLLI-ATN)}
68 Y=-A(LM)/ SORTLALLMISA{LM) #X#X}
TFLX) 70,75,75
70 Ya-y
75 SINXaY/ SQRT(2.0%(1.0¢( SQRT(1,0-Y#Y¥)))}
SINX2aSINX®SINX
78 COSX= SQRT(L.N-SINX2)
COSX2=COSX#COSX
SINCS =SINX#COSX
ROTATE L AND % COLUMNS
[LQ=Ns (L-1)
IMQ=N$(M-1}
DO 125 fal,N
1Qs(1s1-11/2
IFEI~-L) B0,115,8)
80 IF([-M} B5,115,9%
85 [Ms1emy
GO T 95
90 IM=MelQ
95 IFLI-L) 130,105,105
100 IL=1+LQ
GO 10 110
105 ILaLslQ
110 X=ACTL)®COSX-A(IMIOSINX
ACIM)=ALTLIOSTNK+ AL IN)#COSX
ALIL)=X
115 IF(%V-11 120,125,120
120 [LR=1LQe]
IMR=[MQe
X=R{ILRISCASX-R{IMR}I*SINX
RITAR)=R{TLRI®SIVXOR(IMR}SCOSK
RUILR) =X
125 CONTINUE
X=2,08A(LM)*SINCS
YrALLL)®COSX2¢A (M) OSTNX2-X
XZALLLJOSTNX20A(MMICOSX2+X
ALLMI=(ATLLI=AIMYFIPSINCS#ALLYI & (COSX2Z-SINX2)
AlLL)=Y
A(MMYex
TESTS FOR COMPLETION
TEST FOR M = LAST COLUMN
130 TF(M=N) 135,140,135
135 MMl
GO 0 60
TEST FOR L = SECOND FROM LAST COLUMN
140 IFIL-(N-1)) 145,150,145
145 Lelel
&N 1O S5
150 [ELIND-1) 180,4155.160
155 1nDw0
G0 TO S0
COMPARE THRESYOLD WITH FINAL NORN
160 TF{THR-ANRNX) 165,165,465
SORT EIGENVALJES AND EIGENVECTORS
165 1Q=-N
00 185 I=1,N
1o=1QeN
Listettel-11/>
JO=Ne(1-2)
00 185 Jel,N
J0=)QeN
HMu el Je=0)/7
IF(ACLLI-ALMM)) 170,185,195
170 X=sAtLL)
ALLL)=A(HM)
Alumiex
IFIMV=1) 175,1A54175
175 00 180 Kel,n
iLR=1Qex
IMR=JQ+K

X=R{ILR)
RUILR)=R{EMR)

180 R{IMR)=X
185 CONTINUE

RETURN
END

EIGEN 1
EIGEN 2
EIGEN 1
EIGEN 4
FIGFN 5
EIGEN &
EIGEN 7
EIGEN R
FIGEN 9
EIGEN 10
EIGEN 11
FIGFN 12
EIGEN 13
FIGFN 14
EIGEN 1S
FIGFN 14
EIGEN 17
EIGEN 13
FIGFN 19
EIGEN 20
EIGFN 2L
FIGFN 22
EIGFN 23
FIGFN 24
FIGEN 25
FIGEN 25
EIGEN 27
FIGFN 28
EIGFN 29
EIGEN 30
EIGEN 31
EIGEN 32
FIGEN 33
FIGFN 3¢
EIGEN 35
EIGEN 36
EIGEN 37
EIGFN 34
EIGEN 39
EIGEN 40
EIGFN 41
EIGEN 42
EIGFN &3
EIGFN &4
FIGEN 65
EIGFN 46
FIGEN 47
EIGEN 49
EIGFN 69
EIGEN 510
EIGEN S1
EIGFN 52
EIGEN 53

E1GEN S&
EILEN 9%

EI1GEN S6
EIGFN S7
FIGEN 58
EIGEN 59
EIGFN 861
EIGEN A1
EIGFN 62
€IGFN 63
FIGEN 64
EIGEN 65
EIGFN A4
ETGEN &7
EIGFN A
EIGFN 69
FIGEN 70
FIGEN 71
EIGFN 72
EIGFN 73
EIGEN T4
EIGFN 75
EIGEN 76
EIGEN 77
FIGFN 78
ETGFN 79
EIGEN AD
EIGFN A1
EIGFN A2
EIGEN 873
FIGFN A4
EIGEN RS
EIGFN /%
FIGFN R7
EIGEN AR
EIGFN .89
EIGEN 99
EIGFN 91
EIGEN 92
EIGEN 93
EIGEN 94
EIGEN 95
EIGEN 94
EIGFN 97
EIGEN 9A
EIGFN 99
EIGENTIND
EIGENIN]
EIGENLN2
FIGENDNY
EIGFN104
EIGENINS
E1GENLNA
FIGENIO?
EIGFNIOR

EIGENINS
EIGFNITO
EIGFNLLL
EIGFNLL?
EIGFNIL3
ETGENL L4
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GMADD

Purpose:
Add two general matrices to form resultant
general matrix,

Usage:
CALL GMADD(A, B,R, N, M)

Description of parameters:
A - Name of first input matrix.

B - Name of second input matrix.

R - Name of output matrix.

N - Number of rows in A, B,R.

M - Number of columns in A, B, R.
Remarks:

All matrices must be storedas general matrices.

Subroutines and function subprograms required:
None.

Method:
Addition is performed element by element.

SUBROUT INE GMADD( A¢B,RyNy M) GMADD
DIMENSION ACL)oBCLII4R(1) GMADD
CALCULATE NUM3ER DF ELEMENTS GMADD
NM=N#M GMADD
ADD MATRICES GMAGD

00 10 I=1,NM GMADD
10 RITI=ACLI¢BIT) GMADD
RE TURN GMADD
END GMAND

P R N

64

GMSUB

Purpose: %

Subtract one general matrix from another to
form resultant matrix.

Usage:
CALL GMSUB(A, B, R, N, M)

Description of parameters:

A - Name of first input matrix.

B - Name of second input matrix. ‘

R - Name of output matrix.

N - Number of rows in A, B,R.

M - Number of columns in A, B, R. s
Remarks:

All matrices must be storedas general matrices.

Subroutines and function subprograms required:
None.

Method:
Matrix B elements are subtracted from corre-
sponding matrix A elements.

SUBROUT [NE GMSUR[ A¢B+RoNy¥) GuSUB
DIMENSION A(11,8{1),RI1) GMSUA

[ CALCULATE NUMBER OF ELEMENTS GMSUR
NMaNeM GMsua

4 SUBTRACT MATRICES GHSUB
BO 10 [=l,NM GMSUB

10 RUII=ALE)=RUL) GHSUR
RETURN GMSUA

END GHSUR

OBNI N L W~
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GMPRD

Purpose:

Multiply two general matrices to form a result-
ant general matrix.

Usage:

CALL GMPRD(A, B,R,N, M, L)

Description of parameters:

A - Name of first input matrix.
B - Name of second input matrix.
R - Name of output matrix.
N - Number of rows in A.
M - Number of columns in A and rows in B.
L - Number of columns in B.
Remarks:

All matrices must be stored as general matrices.

Matrix R cannot be in the same location as ma-
trix A.

GMTRA

Purpose:
Transpose a general matrix.

Usage:
CALL GMTRAA,R,N, M)

Description of parameters:
A - Name of matrix to be transposed.
R - Name of resultant matrix,
N - Number of rows of A and columns of R.
M - Number of columns of A and rows of R.

Remarks:

Matrix R cannot be in the same location as ma-

trix A.
Matrices A and R must be stored as general
matrices.

Subroutines and function subprograms required:

The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R.

GMTRA
GMTRA
GMTRA
GMTRA 10
END GMTRA 11

Matrix R cannot be in the same location as ma- None.
trix B.
Number of columns of matrix A must be equal to Method:
the number of rows of matrix B. Transpose N by M matrix A to form M by N
matrix R.
Subroutines and function subprograms required:
None. SUBRDUT INE GMTRAL AsReNy M} GMTRA 1
IIJ‘I‘:SNSION At1),RE1) g:::: ;
‘0D 10 I=1,N GMTRA &
Method: gy ik 3
8

10 RUIRY=ALIJ)
RETURN

SUDKUUT INE GMPRDIA¢ByReNs ¥ L)
DIMENSION A(L)oBCLIWREED

1R=0 GMPRD
IKs-M GMPRD

GMNPRD L

2

3

&

DN 10 K=1,L GMPRD S
6

7

A

GMPRD

IK=1KeM GMPRO

00 10 J=1,N GMPRD
IR=[R+]1 GMPRD
JI=J-N GMPRD 9
1Ra1K GMPRD 10
R(IR}20 GMPRD 11
00 10 [=21,8 GMPRD 12
JlzdleN GMPRD 13
18181 GMPRD 14
10 RUIRI*RUIR}+ALITI) *BLIRY GMPRD 15
RETURN GMPRD 16
END GMPRD 17
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GTPRD

Purpose:
Premultiply a general matrix by the transpose of
another general matrix.

Usage:
CALL GTPRD(A, B,R, N, M, L)

Description of parameters:
A - Name of first input matrix.
- Name of second input matrix.
-~ Name of output matrix.
Number of rows in A and B.
Number of columns in A and rows in R.
Number of columns in B and R.

fg29w
I

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R cannot be in the same location as ma-
trix B.
All matrices must be stored as general matrices.

Subroutines and function subprograms required:
None.

Method:
Matrix transpose of A is not actually calculated.
Instead, elements of matrix A are taken column-
wise rather than rowwise for postmultiplication'

by matrix B.

SUBROUT INE GTPROLAsBsReNsMsL) GTPRD 1
DIMENSION ALL}4BC1)SRID) GYPRD 2?2
1R=0 GTPRO 3
IK==N GTYPRD 4
B0 10 X=1,L GYPRO S
1J=0 GTPRD &
TR=IKeN GTPRD 7
D0 10 J=1,N GYPRD 8
18=1K GTPRD 9
[RalRe] GYPRD 10O
R{IR) =0 GTPRD 11
00 10 I=l4N GIPRD 12
1d=1J3e1 GTPRD 13

GTPRD 14

GYPRD 15

1g=lB¢l
10 RIIRI=R{IRIVALLI) $BLTB)
RETURN

END

GTPRD 16
GYPRD 17

66

MADD

Purpose:
Add two matrices element by element to form
resultant matrix.

Usage:
CALL MADD(A, B, R, N, M, MSA, MSB)

Description of parameters:
- Name of input matrix.
- Name of input matrix.
- Name of output matrix.
Number of rows in A, B, R.
- Number of columns in A, B, R.
SA - One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric.
2 - Diagonal,
MSB - Same as MSA except for matrix B.

2220w >
]

Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:
Storage mode of output matrix is first deter-
mined. Addition of corresponding elements is
then performed.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R

General General General

General Symmetric General

General Diagonal General

Symmetric General General
Symmetric Symmetric Symmetric
Symmetric Diagonal Symmetric

Diagonal General General
Diagonal Symmetric Symmetric

Diagonal Diagonal Diagonal

SUBROUTINE MARDIA ¢ByReNoeM)MSA,HSBI MADD
DIMENSION A{1}¢BEL)oRILD MADD
[4 DETERMINE SYORAGE RODE DF NUTPUT MATRIX NADD
IF{HSA-MSR} T745,7 MADD
5 CALL LOCI{N MyNMyN:M,M54) MADD
G0 TO 100 HADD
T MTEST=MSA®MSB MADD
MSR=0 MADD
IFIMYEST) 20,20,10 MADD
10 MSR=1 MADD
20 IF{MTEST-2) 35,135,30 MADD
30 MSR=2 “aADD
[ LOCATE ELEMENTS AND PERFORM ADDITION MADD
35 D0 90 J=l.M MADD
0O 90 I=l.N MADD
CALL LOC{IyJys TJRy NyMgMSR) MADO
TFUIJR) 40,90,40 MADD
40 CALL LOC(T+JdyTJArNeM;MSA} MADD
AEL=0.0 MADD
TF(1JA) 50,60,50 MADD
S50 AEL=Al1JA) MADD
60 CALL LOCUT+Js1JByNyMgMSB) MADD
BFL=0.0 MADD
1F{1J8) 70,80,70 MADD
70 BFL=BLIJB) MADD
80 R{IJRI=AEL+BEL MADD
90 CONTINUE HADD
RETURN MADD
[4 ADD MATRICES FOR DTHER CASES MADD
100 B0 110 IsleNM MADD
110 RUIM=ALT)eBL1) MADD
RETURN MADD
END MADN
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MSUB

Purpose:
Subtract two matrices element by element to
form resultant matrix.

Usage:
CALL MSUB(A, B,R,N, M, MSA, MSB)

Description of parameters:
- Name of input matrix.
- Name of input matrix.
- Name of output matrix.
Number of rows in A, B,R.
- Number of columus in A, B,R.
SA - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
Same as MSA except for matrix B.

22zZ9w >
¥

MSB -

Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:
Structure of output matrix is first determined.
Subtraction of matrix B elements from corre-
sponding matrix A elements is then performed
The following table shows the storage mode of
the output matrix for all combinations of input
matrices:

A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric Symmetric
Symmetric Diagonal Symmetric
Diagonal General General
Diagonal Symmetric Symmetric
Diagonal Diagonal Diagonal

SUBROUTINE MSUB(Av8oRyNoM M54, MSB) L]

DIMENSION AL1),BI1).RI1D
4 OETERMINE STORAGE MODE 0OF DUTPUT MATRIX
IF{MSA-NSB) T45,7
CALL LOCINsMyNMN M, MSAY
GO YO Loo
MTEST=MSASMSR

~ @

SR=0
IFLMYESTY 20,20,10
10 HSR=1
20 IFIMTEST-2) 35,35,30
30 MSR=2
4 LOCATE ELEMENTS AND PERFORM SUBTRACTION
35 00 90 JsleM
DO 90 [=1,N
CALL LOCTIedy IJR NeMoHSRY
IF(TJR) 40490440
CALL LOC{TedetJ4, NyM,MSA)
AEL=0.9
IFLIJAY 57,60,50
50 AEL=A(1JA}
60 CALL LOCE1+Jy1JB, NoM,4S8)
BEL=0.0
IFLIJR) 70,80,70
70 BEL=8(1JB)
80 R{TJRI=AEL-REL
90 CONTINUE
RETURN
4 SUBTRACT MATRICES FOR NTHER CASES
100 DO 110 Is1.NM
180 RUTI=ACTI=RLTD
RETURN
END MSUB

>
o

MPRD
Purpose:

Multiply two matrices to form a resultant ma-

trix.

Usage:

CALL MPRD(A, B, R,N, M, MSA, MSB, L)

Description of parameters:

- Number of column

2270w
1

matrix A:
0 - General,
1 - Symmetric.
2 - Diagonal.
MSB -
L -
Remarks:
Matrix R cannot be in the s
trices A or B.

- Name of first input matrix,

- Name of second input matrix,
- Name of output matrix.
Number of rows in A and R.

s in A and rows in B.

One digit number for storage mode of

Same as MSA except for matrix B.
Number of columns in B and R.

ame location as ma-

Number of columns of matrix A must be equal to
number of rows of matrix B.

Subroutines and function subpro
LOC

Method:

grams required:

The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R. This is a row into column

product.

The following table shows the storage mode of
the output matrix for all combinations of input

matrices:

A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric General
Symmetric Diagonal General
Diagonal General General
Diagonal Symmetric General
Diagonal Diagonal Diagonal

SUBROUT INE MPRDIA 4 BeR Ny Ny MSAINSB,L)
DIMENSION AL1),8(1),R{1}
4 SPECIAL CASE FOR DIAGONAL BY DIAGONAL

NS=HSAS10+HSB
1F1XS-22) 30,10,30

10 DO 20 Is],N

20 RUEY=AL1)8BIY)
RETURN

c ALL OTHER CASES

30 Ir=1
00 90 Kel,lL
0O 90 Jal.N
RUIR)=0
DO 80 I=l,yM
IFIMS) 40¢60,40

40 CALL LOCIJslo0A,N,M,N54)
CALL LOCT LKy LBy oL oMSRY
IFLIA) 50,80,50

50 IFt18) 70.,80,70

60 [A=N*[1~1)4)
IB=N&{x-1)e1

70 R(IRISR(IRI+ALIAL®BLIB)

80 CONTINUE

90 IR=IRe]
RETURN
END

=
3
=
1
2202~ wn—
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MTRA

Purpose:
Transpose a matrix.

Usage:
CALL MTRA(A, R, N, M, MS)

Description of parameters:

A - Name of matrix to be transposed.
R - Name of output matrix.
N - Number of rows of A and columns of R.
M - Number of columns of A and rows of R.
MS - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks:
Matrix R cannot be in the same location as ma-
trix A.

Subroutines and function subprograms required:
MCPY

Method:
Transpose N by M matrix A to form M by N
matrix R by moving each row of A into the cor-
responding column of R. If matrix A is sym-
metric or diagonal, matrix R is the same as A,

SURROUT INE MTRALA ;R\ N, HyHS) MYRA 1
DIMENSION Af{L).RC1} MTRA 2

1F MS IS 1 OR 2, CNPY & MTRA 3
1F(9S) 10,2040 MTRA 4
10 CALL MCPY(AsR NyN o MS} MTRA &
RE TURN MTRA b

c TRANSPOSE GENERAL MATRIX MYRA 7
20 tR=9 MYRA A
00 30 I=1,N MTRA 9
1J=1-N MTRA 1N
DN 30 J=l.M MIRA 11
(J=14eN MTRA 12
IR=1R+1 HTRA 13

30 RUIR)=ACTY) MTRA 14
RETURN uTRA 15
MIRA 16

END

68

TPRD

Purpose:

Transpose a matrix and postmultiply by another
to form a resultant matrix.

Usage:

CALL TPRD(A, B, R,N, M, MSA, MSB, L)

Description of parameters:

-~ Name of first input matrix.
- Name of second input matrix.
- Name of output matrix.
Number of rows in A and B.
- Number of columns in A and rows in R.
One digit number for storage mode of
matrix A:

0 - General,

1 - Symmetric.

2 - Diagonal.
Same as MSA except for matrix B.
Number of columns in B and R.

22Z0WH
I

MSB -
L -

Remarks:

Matrix R cannot be in the same location as ma-
trices A or B.

Subroutines and function subprograms required:

LOC

Method:

to
20

4

°

50
60

70
a0
90

Matrix transpose of A is not actually calculated.
Instead, elements in matrix A are taken column-
wise rather than rowwise for multiplication by
matrix B.

The following table shows the storage mode of
the output matrix for all combinations of input
matrices:

A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric General
Symmetric Diagonal General
Diagonal General General
Diagonal Symmetric General
Diagonal Diagonal Diagonal
SUBROUTINE TPRDIA,8,ReNyM,MSA,NSB,L) TPRO 1
DIMENSION AL1),BLLY,RI1) TPRD 2
SPECIAL CASE FOR DIAGONAL 8Y DIAGONAL TPRD 3
MS=MSA%LO+MSB TPRD 4
IF{M5-22) 30,10,30 TPRO 5
DN 20 IslyN TPRD &
RETI=ALT)®BUD) TPRD 7
RETURN YTPRD 8
MULTIPLY TRANSPOSE NF A BY B TPRD 9
IR=1 TPRD 10
DO 90 K=1,4L YPRD 11
B0 90 J=l4M TPRD 12
RIIR)=0,0 TPRD 13
00 B0 [=1.N TPRD 14
IF(MS) 40,060,40 TYPRD 15
CALL LACUEsSeTAN oM, MSAY TPRD 16
CALL LDCUT¢KoTB,NoL,MSB) TPPD 17
[FL1A) 50,80,50 Yean 18
I1FLIB) 70,80,70 TPRD 19
(AaNe( -1} e] TPRD 20
[B=N®(K-10el TPRD 21
RUIR)=R{IR}+A{TA) #B{ 1B} YPRD 22
CONTINUF TORN 23
IR=[R+1 TPRD 24
RETURN TPRD 25
END TPRD 26
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MATA

Purpose:

Premultiply a matrix by its transpose to form a

symmetric matrix.

Usage:
CALL MATA(A, R, N, M, MS)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix.

N - Number of rows in A,

M -~ Number of columns in A. Also number

of rows and number of columns of R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R is always a symmetric matrix with a
storage mode=1.

Subroutines and function subprograms required:
LOC

Method:
Calculation of (A transpose A) results in a
symmetric matrix regardless of the storage
mode of the input matrix. The elements of
matrix A are not changed.

SUBROUTINE MATA(A 4R,N,M,45) MATA 1
DIMENSION ACL),REL) MATA ?
DN 50 K=l M MATA 3
KX® [KE&K=K) /2 MATA 4
ON 60 JuleM MATA 5
IF{J-K) 10,10,60 MATA 6
10 [R=JekX MATA 7
R{IR}=0 MATA q
B0 60 1=l,N MATA 9
IF(4S) 20,40,20 MATA 10
20 CALL LOC(IoJeTA)NMy4S) MATA 11
CALL LUCUEKe1B,N My¥SH MATA 12
TFL1AY 30,6030 MATA 13
30 IF(IB) 50460,50 MATA 14
40 TA=N®{J-1)¢] MATA 1S
IRsNStK-1]+1 MATA 16
S0 R([VIR{IRI+ALIA} #ALTB) MATA 17
60 CONTINUE MATA 19
RETURN MATA 19
END MATA 20

SADD

Purpose:
Add a scalar to each element of a matrix to
form a resultant matrix.

Usage:
CALL SADD(A,C,R,N, M, MS)

Description of parameters:

A - Name of input matrix.
C - Scalar.
R -~ Name of output matrix.
N - Number of rows in matrix A and R.
M - Number of columns in matrix A and R.
MS - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks;
None.,

Subroutines and function subprograms required:
LOC

Method:

Scalar is added to each element of matrix.
SUBROUTINE SADDIAsCoRyNyM 4S) SADD
DIMENSION A(1),R(1) sap0

COMPUTE VECTOR LENGTH, [T SADD
CALL LOCEINM 1T N oM NS} SADD
ADD SCALAR SADD
001 I=1,17 SADD
1 RUTI=A(TheC $ADD
RETURN SADD
END sann
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SSUB

Purpose:

Subtract a scalar from each element of a matrix

to form a resultant matrix.

Usage:
CALL SSUB(A,C,R, N, M, MS)

Description of parameters:
-~ Name of input matrix.
- Scalar.
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

222 mak
1

Remarks:
None.

Subroutines and function subprograms required:

LOC
Method:
Scalar is subtracted from each element of ma-
trix.
SUBROUTINE SSUBLA«CoRINM,NS) SSUR
DIMENSION Afl3,RI1} ssug
14 COMPUTE VECTOR LENGYH, IT ssus
CALL LOCENoMoTT N M NS} Ssus
c SUBTRACT SCALAR ssue
DO 1 E=l,IT SSUR
1 RUIY=ALI)=-C SSUR
RETURN SsSuB

END ssun

70

SDNP R W N -

SMPY

Purpose: M

Multiply each element of a matrix by a scalar to
form a resultant matrix.

Usage:
CALL SMPY(A, C,R,N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar.
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

2zz@ak
!

Remarks:
None.

Subroutines and function subprograms required:

LOC

Method;
Scalar is multiplied by each element of matrix.
SUBRDUT INE SMPY (4 4CoR,NyM,MS} SMpY
DIMENSION A(L1).RE1} SHPY

4 COMPUTE VECTUR LENGTH, IT SHPY
CALL LOCINIM,IT N, M, MS) SHPY

4 MULTIPLY BY STALAR SuPY
BO 1 I=1.17 SMPY
RUI)=ALT)*C SHPY
RETURN SMPY
END SHpY

OB NP AP W -

Ex.1048 / Page 74 of 196
Cisco Systems, Inc.

[T



(ﬂ”\

{ﬂ\

SDIV

Purpose:
Divide each element of a matrix by a scalar to
form a resultant matrix,

Usage:
CALL SDIV(A, C, R, N, M, MS)

Description of parameters:
- Name of input matrix.
~ Scalar,
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric,
2 ~ Diagonal.

2=2250>
[}

Remarks:
If scalar is zero, division is performed only

once to cause floating-point overflow condition.

Subroutines and function subprograms required:

LOC
Method:

Each element of matrix is divided by scalar.
SUBROUTINE SOIVIA,CoR N M,NS) sniv
DIMENSION AlL1)R( 1D soly

COMPUTE VECTOR LENGTH, IT S0ty
CALL LOCINgMeTT N MyNS) SDIv
OIVIDE BY SCALAR {[F SCALAR [S ZEROs OIVIDE ONLY ONCE) Spiv
IFIC) 241,2 sniv
L 1¥=) soiv
200 3 1=l 1T SoIv
3 RILD=A(T)/C sotv
RETURN spiv 1
END sniv 1

IR NPN P W~

RADD

Purpose:
Add row of one matrix to row of another matrix,

Usage:
CALL RADD(A,IRA,R,IRR, N, M, MS, L)

Description of parameters:
A - Name of input matrix,
IRA - Row in matrix A to be added to row IRR
of matrix R.
R - Name of output matrix.
IRR - Row in matrix R where summation is
developed.
N - Number of rows in A.
M - Number of columns in A and R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

L Number of rows in R.

Remarks:
Matrix R must be a general matrix.
Matrix R cannot be in the same location as
matrix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Each element of row IRA of matrix A is added
to corresponding element of row IRR of matrix
R.

SUBROUTINE RADDIA ¢ IRASRy IRR¢NyMyMS,L) RADO

1

DIMENSION A(1),RU1) RADD 2
IR={RR-L RADD 3

00 2 J=l,M RASD 4
1R=[RsL RADD 5

c LOCATE INPUT ELEMENT FOR ANY MATRIX STORAGF KODE RADD 6
CALL LOCIIRAyJoTAsNyM,HS) RADD T

¢ TEST FOR ZERO ELEMENT IN DIAGONAL WATRIX RADD 8
TFLIA) 1,21 RADD 9

c ADD ELEMENTS RADD 11
1 RUIR)=R{IRI*ALTIA) RADD 11

2 CONTINUE RADD 12
RETURN RADD 13

END RADD 14
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CADD
Purpose:
Add column of one matrix to column of another

matrix.

Usage:
CALL CADD(A,ICA,R,ICR, N, M, MS, L)

Description of parameters:

A ~ Name of input matrix.

ICA - Column in matrix A to be added to col-
umn ICR of R.

R - Name of output matrix.

ICR - Column in matrix R where summation

is developed.
N ~ Number of rows in A and R.
M - Number of columns in A.
MS - One digit number for storage mode of

matrix A:
0 - General.
1 - Symmetric,
2 - Diagonal.
L - Number of columns in R.
Remarks:

Matrix R must be a general matrix.
Matrix R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Each element of column ICA of matrix A is
added to corresponding element of column ICR
of matrix R.

SUAROUTINE CADD(A+ICAIRy ICRyNyMoMS,sL)
DIMENSION A{1}4Ri 1}
CADD

1

2

ER=NS([CR-1) 3

D0 2 I=1,N CADD “
IR=IR¢1 CADD s

4 LOCATE INPUT ELEMENT FMR ANY MATRIX STORAGF MODE CADD 6
CALL LOC{I,ICA,TANyM,MS) capo 7

c TEST FOR ZERO ELEMENT IN OTAGONAL MATRIX caon A
IFLIAY 102418 CADD 9

ADD ELEMENTS CADD 10

1 RUIRI=R (TR F+ALLAY capp 11

2 CONTINUE CADD 12
RETURN CADD 13

CADD 14

END
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SRMA

Purpose:

Multiply row of matrix by a scalar and add to
another row of the same matrix.

Usage:
CALL SRMA(A,C,N, M, LA, LB)

Description of parameters:

- Name of matrix,

- Scalar.

- Number of rows in A,

Number of columns in A.

- Row in A to be multiplied by scalar.

- Row in A to which product is added.
If 0 is specified, product replaces ele-
ments in row LA.

HpR=Oo>
|

Remarks:
Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
Each element of row LA is multiplied by scalar
C and the product is added to the corresponding
element of row LB. Row LA remains unaffected
by the operation.
If parameter LB contains zero, multiplication
by the scalar is performed and the product re-
places elements in row LA.

SUBROUTINE SRMA(A +CoNeMsLA(LDY

1

DIMENSTON A(1) 2
LaJ=LA-N SRHA 3
LRJ=LB=N SRMA .

00 3 J=l4M SRMA 5

c LOCATE ELEMENT [N BNTH ROWS SRMA L3
LAJ=LAJON SRMA 14
LBJ=LBJ+N SRMA %

< CHECK LB FOR ZFRN SRMA 2
1FILB) 1y2, SRMA 10

c 1F NOT, MULTIPLY BY CONSTANT AND ADD YO OTHER ROW SRMA 11
1 A(LBJ)=ALLAJISCHAILBS) SRMA 12

G0 7O 3 SRMA 13

4 OTHERWISE, MULTIPLY ROW BY CONSTANT SRMA 14
2 AlLAJ)I=ALLAYISC SRMA 1S

3 CONTINUE SRMA 16
RETURN SRMA 17

SRMA 18

END
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SCMA RINT

Purpose:

Purpose:
Interchange two rows of a matrix.

Multiply column of,matrix by a scalar and add to
another column of the same matrix.

Usage:

Usage: CALL RINT(A,N, M, LA, LB)

CALL SCMA(A,C,N, LA, LB)
Description of parameters:

Description of parameters: A - Name of matrix.
A - Name of matrix. N - Number of rows in A.
C - Scalar. M - Number of columns in A.
N - Number of rows in A. LA - Row to be interchanged with row LB.

LA - Column in A to be multiplied by scalar. LB - Row to be interchanged with row LA.

LB - Column in A to which product is added,

If 0 is specified, product replaces ele- Remarks:
ments in LA. Matrix A must be a general matrix,

Subroutines and function subprograms required:

Remarks:
Matrix A must be a general matrix. None.
Subroutines and function subprograms required: Method:;
None. Each element of row LA is interchanged with
corresponding element of row LB.
Method:
Each element of column LA is multiplied by piension ail) wivr 2
scalar C and the product is added to the corre- CAlstaN .
sponding element of column LB, Column LA ¢ ‘:‘:Jfﬁ%#é'm«em v 00T RN N
. . 2| *N RINT 7
remains unaffected by the operation. ¢ BRI e Eemenrs AT
If parameter LB contains zero, multiplication AiLastatiaur NI
. 3 AlLBJ)= {3
by the sealar is performed and the product re- ::Euiu v RINT 13
RINT 14

places elements in LA,

SUBROUT INE SCMA{ACyNsLA, LAY SCha

1

DIMENSTON A(TY SCMA 2

[4 LOCATE STARTING POINT 0F AnTH CULUMNS scra 3
[LA=N*(LA-1} SCMA 4
[LBxN*{LB-1} SCMa S

00 3 [=1,N SCHa &
[LA=fLAS] SCuA 7
[LR=ILR*L SCHMA 8

C CHECK L8 FOR 7ERD SCMA 9
IF(L8) Ls241 SCMA 19

c 1F NOT MDLTIPLY BY CANSTANT AND ANDD TN SFCOND COLUMN SCMA 11
1 ACILB)=ACTLAY®CeaCILAY SCMA 12
Scwa 13

c OTHERWISEs MULTIPLY COLUMN BY CONSTANT SCHA 14
2 AUILA)=ALILAYSC SCMA 15

3 CONTINUF SCHA 18
RCTURN sCMa 17

END SCMa 18
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CINT

Purpose:

Interchange two columns of a matrix,

Usage:

CALL CINT(A, N, LA, LB)

Description
A -
N -
LA -

LB -
Remarks:
Matrix

Subroutines
None.

Method:

Each element of column LA is interchanged with

of parameters:

Name of matrix.

Number of rows in A.

Column to be interchanged with column
LB.

Column to be interchanged with column
LA.

A must be a general matrix.

and function subprograms required:

corresponding element of column LB.

SUBROUTINE CINT(A,NsLAsLE) CINT
DIMENSEON Af1) CINT

c LOCATE STARTING POINT OF BNTH COLUNNS CINT
[LAaN*(LA-1} CINT
ILBaNe(LB-1) CINT

DO 3 [=1.N CINT
JLAsILASL CINT
ILe=1LB+1 CINT

4 INTERCHANGE EL EMENTS CINT
SAVE=A(ILA) CINT
AtILAY=ALILB) CINT

3 AUTLB) =SAVE CINT
RETURN CINT

END CINT
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T N

RSUM

Purpose:

Sum elements of each row to form column vec-

tor.

Usage:
CALL RSUM (A, R, N, M, MS)

Description of parameters:

A
R
N
M
MS

Remarks:
Vector R cannot be in the same location as ma-
trix A unless A is general.

Name of input matrix.

Name of vector of length N.

Number of rows in A.

Number of columns in A.
One digit number for storage mode of

matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Subroutines and function subprograms required:

LOC

Method:

-

Elements are summed across each row into a

corresponding element of output column vector

R.

SUBROUT INE RSUMIA 4R ¢Ny ¥y MS)
DIMENSION A(L}.RELD

00 3 I=1,N

CLEAR QUTPUT LUCATION

R{1)1=0.0

DO 3 JsiM

LOCATE ELEMENT FOR ANY MATRIX STORAGE MONE
CALL LODCET4do[JeNyHeNS)
TEST FOR JFRO ELEMENT iN DIAGINAL “ATRIX

[FLEJ) 24302

ACCUMULATE IN OUTPUT VECTAR
RUL1=RETI*ALTS)

CONT INUE
RETURN
END

RSUM
RSUM
RSUM
RSUM
Asum
RSUM
RSUM
RSUNM
RSUM
RSUM
RSUM
RSUM
RSUM
RSUM
RSUM

BB NT PP W -

~
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CSUM

Purpose:
Sum elements of each column to form row vec-
tor.

Usage:
CALL CSUM(A, R,N, M, MS)

Description of parameters:

A - Name of input matrix.
R - Name of vector of length M.
N -~ Number of rows in A.
M - Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal,
Remarks:

Vector R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Elements are summed down each column into a
corresponding element of output row vector R.

SUBROUTINE CSUMIA sRoNsMyNS)
OIMENSION AUL14RI1)
D0 3 JaleM
[4 CLEAR QUTPUT L OCATION
R{J)=0.0
00 3 [=14N
< LOCATE ELEMENT FOR ANY MATRIX STORAGE KODE
CALL LOCITydeldyNsMyMS)
4 TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX
IF(ISY 243,2
ACCUMULATE [N OUTPUT VECTOR
2 RUJYER( IV #ATTI)
3 CONTINUE
RETURN
END CSUM 15

RTAB

The function of this subroutine is graphically dis-
played by Figure 6 (see description under ""Method').

M
r—
N Matrix A N Vector B
CS<-= Rowl =z === = i B(I)
M
CZZZ RowJZZT T «— §(J)
L Matrix R L+l Vector S
-— S(L+1)
Figure 6. Row tabulation
Subroutine RTAB
Purpose:
Tabulate rows of a matrix to form a summary
matrix,
Usage:

CALL RTAB(A, B,R,S,N, M, MS, L)

Description of parameters:

A
B

R

wn

2rg=2

]

Remarks:
Matrix R is always a general matrix.

Name of input matrix.

Name of input vector of length N contain-
ing key.

Name of output matrix containing sum-
mary of row data. It is initially set to
zero by this subroutine.

Name of output vector of length L+1 con-
taining counts.

Number of rows in A.

Number of columns in A and R.

Number of rows in R.

One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.
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Subroutines and function subprograms required:

LOoC
RADD

Method:

76

Rows of data in matrix A are tabulated using the
key contained in vector B, The floating point
number in B(I) is truncated to form J. The th
row of A is added to the J*B row of R, element
by element, and one is added to S(J). If J is not
between one and L, one is added to S(L+1).

This procedure is repeated for every element in
vector B. Upon completion, the output matrix
R contains a summary of row data as specified
by vector B. Each element in vector S contains
a count of the number of rows of A used to form
the corresponding row of R, Element S(L+1)
contains a count of the number of rows of A not
included in R as a result of J being less than one
or greater than L.

RTAR
RTAB

SUBROUTINE RTABIA 4ByRySyNyM MS,L)

DIMENSTON A{1}sBULYREL),SEL}
CLEAR OUTPUT AREAS

CALL LOC{MaLy 1T4¥41,40)

DO 10 [Ra1, 1T

1

H
RTAB 3
RTAB 4
’TAH S5
RTAR 6
RTAB 7
RTAS 8
RTAR 9
RTAR 1D
RYAB 11
RTAR 12
RTAR 13
RTAR 14
RTAR 15
_TAR 16
RTAB 17
RTAR 18
RTAB 19
RTAR 20

TEST FNR THE CEY QUTSIDE THE RANGE
IF(B{I}) 50,50,39
30 E=L
IF(RCII~E} 40,40,50
40 JR3IBLT)
ADD ROW OF A T} ROW NF R AND 1 TO COUNT
CALL RAOD(A, T ReJRoNsMyMS,L)
STJRI=SIJRI+1.O
GO TO 60
50 S(L+11=S(Lel)*1.)
60 CONTINUE RTAR 2t
RE TURN RYAR 22
END RTAR 23

CTAB

The function of this subroutine is graphically dis-
played by Figure 7 (see description under "Method").

column 1 column J
M L+
7 T7
i
i 1
1 1
| \ 1
X b
N : : Matrix A ——w N MatrixR ! I
11!
: ' 1t
1 1
b 1
! i
B(1) S(1) S(L+1)
4 '
[ ] ] ——/
M L+l
Vector B Vector §

Figure 7. Column tabulation

Subroutine CTAB

Purpose:
Tabulate columns of a matrix to form a sum-
mary matrix.

Usage:
CALL CTAB(A,B,R,S8,N, M, MS, L)

Description of parameters:
A - Name of input matrix,
B - Name of input vector of length M contain-
ing key.
Name of output matrix containing sum-
mary of column data., It is initially set
to zero by this subroutine.
Name of output vector of length L+1 con-
taining counts.
- Number of rows in A and R.
Number of columns in A,
- Number of columns in R.
S - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

R -

wn
1

BroR=z
1

Remarks:
Matrix R is always a general matrix.

Subroutines and function subprograms required:
LOC
CADD
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Method: RSRT

Columns of data in matrix A are tabulated using Purpose:
the key contained in vector B. The floating- Sort rows of a matrix.
~ point number in B(I) is truncated to form J. The Usage: .
‘ P column of A is added to the JtP column of CALL RSRT(A,B,R,N, M, MS)
matrix R and one is added to S(J). If the value Description of parameters:
of J is not between one and M, one is added to A - Name of input matrix to be sortec'i.
S(L+1). Upon completion, the output matrix R B -~ Name of input vector which contains
contains a summary of column data as specified sorting key.
by vector B. Each element in vector S contains R - Name of sorted output matrix.
a count of the number of columns of A used to N - Number of rows in'A and R and length
form R. Element S(L+1) contains the number of of B.
columns of A not included in R as a result of J M - Number of columns in A and R.
being less than one or greater than L. MS ~ One digit number for storage mode of
matrix A:
*+Mo M5, y crag 1 -
HH a3 0 - General.
X s
© i T can s 1 - Symmetric.
10 RttRre0s0 crae s 2 - Diagonal.
00 20 Is=1,L cras 7
R H AN a8 Remarks:
¢ OO ot Fon THE <EY DUTSIOE TE RANGE tran 1 Matrix R cannot be in the same location as ma-
IF(B{I)} 50,50,30 crag 12 .
30 E=L cras 13 trix A
TF{B(1)~E) 40,40,50 CTAB 14 . . R
40 JR=B(1) Cras 13 Matrix R is always a general matrix. .
14 ADD COLUNN OF A TO COLUMN OF R AND 1 TO COUNT C;l! ]g ) i
rrrTirrr PR MO Crin 1a N must be greater than 1. This routine sorts
50 STLul)oSILetI o1 EHS %i’; into ascending order, Sorting into descending
TAB . 0}
o0 REruRn cran 72 order requires changing card RSRT 013 to read
END
IF (R(I-1)-R(D)) 30, 40, 40
Subroutines and function subprograms required:
LOC
Method:

PN Rows of input matrix A are sorted to form out-

{ put matrix R. The sorted row sequence is de-
termined by the values of elements in column
vector B. The lowest valued element in B will
cause the corresponding row of A to be placed
in the first row of R. The highest valued ele-
ment of B will cause the corresponding row of
A to be placed in the last row of R. If duplicate
values exist in B, the corresponding rows of A
are moved to R in the same order as in A.
SUBROUTINE RSRT(AsBsReNyMsMS) RSRT 1
DIMENSION Al11e4B{1)sR(1) RSRT 2

< MOVE SCRTING XEY VECTOR TO FIRST COLUMN OF QUTPUT MATRIX RSRT 3
4 AND BUILD ORIGINAL SEQUENCE LIST IN SECOND COLUMN RSRT 4
D0 10 Telsn RSRT ]
R{I)=B(1) RSRT 6
I2=1+N ASRT 7

10 R{12)s1 RSRT 8

< SORT ELEMENTS IN SORTING KEY VFCTOR (ORIGINAL SEQUENCE LIST RSRT 9
c 1S RESEGUENCED ACCORDINGLY! RSRT 10
LeN+1 RSRT MO1

20 ISORT=0 RSRT 11
L=L=~] RSRY MO2

DO 40 le2, RSRT M03
IF(RIH-R(I =11) 30440440 RSRT 13

. 30 ISORTs} RSRT MO4
RSAVE=R(1} RSRT 15
R{II=R(I=-1) RSRT 16
R{1=1)=RSAVE RSRT 17
12=1+N RSRT 18
SAVER=R(12) RSRT 19
R{12)wR([2=1) RSRT 20
R(12=]1)=SAVER RSRT 22

. 40 CONTIKUE RSRT 22
IF(ISORT) 20950420 RSRT 23

< MOVE ROWS FROM MATRIX A TO MATRIX R {NUMBER IN SECOND COLUMN RSRT 24
< OF R REFﬁESENTS ROW NUMBER OF MATRIX A TO BE MOVED RSRT 25
50 DO 80 = RSRT 28

4 GET RUH NUMBER [N MATRIX A RSRT 27
12s 14N RSRT 28
INsR(12) RSRT 29
IR=1=N RSRT 30

DO BO Jsi.M RSRT 31

4 LOCATE ELEMENT IN OUTPUT MATRIX RSRT 32
IR IR+N RSRT 33

< LOCATE ELEMENT IN INPUT MATRIX RSRT 34
CALL LOC(INwJo1AINIMIMS) RSRT 38

< TEST FOR 26RO ELEMENT [N DIAGONAL MATRIX RSRT 38

m IF(IA) 604570460 RSRT 37

[\ 4 MOVE ELEMENT TO CUTPUT MATRIX RSRT 138

% 60 RIIRIWA(TA) RSRT 39
G0 TO 80 RSRT 40

70 R{IR}=0 RSRT &1
A0 CONTINUE RSRT 42
RE TURN RSRT 43
END RSRT 44
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CSRT Method:
Columns of input matrix A are sorted to form

Purp;::; columns of & matrix output matrix R. The sorted column sequence m%)
* is determined by the values of elements in row B
Usage: vector B. The lowest valued element in B will
CALL CSRT(A, B,R,N, M, MS) cause the corresponding column of A to be

placed in the first column of R. The highest

Description of parameters:
valued element of B will cause the correspond-

A - Name of input matrix to be sorted.
B - Name of input vector which contains ing row of A to be placed in the last column of
sorting key. R. I duplicate values exist in B, the corre-
R - Name of sorted output matrix, sponding columns of A are moved to R in the 3
N - Number of rows in A and R. same order as in A.
M - Number of columns in A and R and
BaRsN My T 1
length of B. STAERSION ACT a8 goRia s Sohr 2 p
. o < MOVE SORTING KEY VECTOR TO FIRST ROW OF OUTPUT MATRIX CSRY 3
MS - One d1g1t number for storage mode of 13 n:-';m BUILD ORIGINAL SEQUENCE LIST IN SECOND ROW gg:; s
matrix A: RULEIwB LI GRS
0 - General. 10 Tetkon GRt o
C SORT ELEMENTS IN SORTING KEY VECTOR (ORIGINAL SEQUENCE LIST CSRT 10
1 - Symmetric. < IS RESEQUENCED ACCORDINGLY! csRr 11
2 - Diagonal. 2 130810 G 02
et
E A
?g(:?lg;il;'(.!l’ll 30440440 g::; “;:
" e i
Q) =
R(1P) <REAVE Rt 20
SAVER®R(10+1) CSRT 21
Remarks: b o 3
Matrix R cannot be in the same location as ma- 40 1pelpa Cser 24
trix A * {PIiRT) 20060020 CRr E?
Matrix R is always a general matrix. € o o LIS ST S g
. . -l SRT
N must be greater than 1. This routine sorts s ‘§§ 79 det G h
. . . . . = 104N
-into ascending order. Sorting into descending €|, SET COLUM NUMBER IN NATRIX A csmr 23 -~
order requires changing card CSRT 016 to read ¢ "hove coumn g 3 _
IF(R(IP)-R(IQ)) 30’ 40! 40 ’ é::v{aéévvu.m.mm).n.u.us) CSRT 38
70 CONTINUE CSRT 39
> . . RETURN CSRT 40
Subroutines and function subprograms required: ENO CSRT 41
LOC ’
CCPY
3
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RCUT ccuT
Purpose:
Partition a matrix between specified columns to
form two resultant matrices.

Purpose:
Partition a matrix between specified rows to
form two resultant matrices.

Usage:
CALL CCUT (A,L,R,S,N,M, MS)

Usage:
CALL RCUT (A, L, R, S,N, M, MS)

Description of parameters: Description of parameters:

A - Name of input matrix. A - Name of input matrix.
L - Row of A above which partitioning takes L - Column of A to the left of which partition-
place. ing takes place.
R - Name of matrix to be formed from upper R - Name of matrix to be formed from left
portion of A. portion of A.
S - Name of matrix to be formed from lower S - Name of matrix to be formed from right
portion of A. portion of A,
N - Number of rows in A. N - Number of rows in A,
M - Number of columns in A. M - Number of columns in A,
MS - One digit number for storage mode of MS - One digit number for storage mode of
matrix A: matrix A:
0 - General, 0 - General.
1 - Symmetric, 1 - Symmetric.
2 - Diagonal. 2 -~ Diagonal.
Remarks: Remarks:

Matrix R cannot be in same location as matrix A.
Matrix S cannot be in same location as matrix A,
Matrix R cannot be in same location as matrix S,
Matrix R and matrix S are always general ma-
trices.

Matrix R cannot be in same location as matrix A.
Matrix S cannot be in same location as matrix A,
Matrix R cannot be in same location as matrix S.
Matrix R and matrix S are always general ma-
trices.

Subroutines and function subprograms required:
LOC

Subroutines and function subprograms required:
LOC

Method:
Elements of matrix A to the left of column L are
moved to form matrix R of N rows and L-1 col-
umns. Elements of matrix A in column L and to
the right of L are moved to form matrix S of N
rows and M-L+ 1 columns.

Method;
Elements of matrix A above row L are moved to
form matrix R of L-1 rows and M columns.
Elements of matrix A in row L and below are
moved to form matrix S of N-L+1 rows and M
columns.

SUBROUTINE RCUT{A 4L oRySeNeMyNS)

SUBROUTINE CCUT{A+LRsSsNsMyNS)
DIMENSIEN A{1),Rt1),8(1)

1
1
2 DIMENSION ALT}4R(11,SE1) ccur 2
IR=0 RCUT 3 R=0 ccur 3
1$=0 RCUT & 15=0 ccur 4
00 70 Jel, M RCUT S 0O 70 J=l.M ccur s
DO 70 I=1,N RCUT & 00 70 I=1,N ccur 6
c ., FIND LOCATION IN OUTPUT MATRIX AND SET TO ZERO RCUT 7 ¢ FIND LOCATION [N OUTPUT MATRIX 4ND SET TN 26RO ceur 7
IF(I-L} 20410,10 RCUT 8 1FLJ=L) 20,10,10 ccur 8
10 IS=isel RCUT 9 10-ISelSe1 ccur @
$115)=0.0 RCUT LN S115120.0 ceur 1o
G0 O 30 RCUT 11 6D TO 30 ccur 1
20 IR=[Rel RCuT 12 20 1R=1R+1 ceur 12
RIIR1=040 RCUT 13 RUIR)=0.0 ccur 13
c LOCATE ELEMENT FOR ANY MATRIX STGRAGE MODE RCUT 14 [4 LOCATE ELEMENT FDR ANY MATRIX STORAGF MODE cCur 14
30 CALL LOCITideldoNeMoHS) N RCUT 15 30 CALL LOCITodsLdeN M nS) ceur 15
c TEST FOR 2ERD ELEMENT IN DIAGONAL MATRIX RCUT 16 3 TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX cour 16
IFITJ} 40,70,40 RCUT 17 TFLLJ) 40,70,40 ccur 17
c DETERMINE WHETHER ABOVE. OR BELON L RCUT 18 c DETERMINE WHETHER RIGHT MR LEFT OF L cCcur 18
40 IFLI-L) 60,50,50 RCUT 19 40 IF(J-L) 60,50,50 ccuT 19
S0 SUISI=AlIS) /CUT 20 50 SUIS)eAl1d) ccur 20
60 T0 70 RCUT 21 60 YO 70 ccur 21
60 RIIRI=ALIJ) RCUT 22 60 R{IR)»ALTJD couy 22
70 CONTINUE RCUT 23 T0 CONTINUE ccur 23
RETURN RCUT 24 RETURN eyt 24
END RCUT 25 END ceur 2s
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RTIE

Purpose:

Adjoin two matrices with same column dimen-
sion to form one resultant matrix. (See Method.)

Usage:

CALL RTIE(A, B, R,N, M, MSA, MSB, L)

Description of parameters:

=22 0w
1

MSB -
1, -

Remarks:

Name of first input matrix.
Name of second input matrix.
Name of output matrix.
Number of rows in A,
Number of columns in A, B, R.
One digit number for storage mode of
matrix A:

0 - General.

1 - Symmetric.

2 - Diagonal,
Same as MSA except for matrix B.
Number of rows in B.

Matrix R cannot be in the same location as ma-
trices A or B.

Matrix R is always a general matrix.

Matrix A must have the same number of columns
as matrix B.

Subroutines and function subprograms required:

LOC

Method:

Matrix B is attached to the bottom of matrix A.
The resultant matrix R contains N+ L rows and

M columns,
SUBROUTINE RTIEIA 48 4RyNyMoMSASMSBoL) RYIE
DIMENSION A(1),B(11,R(1} RTIE
NNeN RTIE
1R=0 RTIF
NX=NN RTIE
HSX=HSA RTIE
00 9 dai,N RTIE
DO 8 If=ly2 RYIE
00 7 T=1,NN RTIE
1R=1R+1 RTIE
ROIR1=0.0 RTIE
[4 LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE RTIF
CALL LOCIT4dy¢[J9¥NyH MSX) RTIE
¢ TEST FOR ZERD ELEMENT IN DIAGONAL MATRIX RTIE
IFUId) 20702 RTIE
¢ MOVE ELEMENT TO MATRIX R RTIE
2 GO TOU3,4),11 RTLE
3 ROIRI=ALED) RTIE
G0 10 7 RTTE
4 ROIR)=BL14) RTIE
7 CONTINUE RTIE
¢ REPEAT AROVE FOR MATRIX B RTIE
NSX=MSB RTIE
8 NNsL . RTIE
< RESET FOR NEXT COLUMN RTIF
MSX=MSA RTIE
9 NNaNX RTIE
RETURN RYIF
£ND RTTE
80

CTIE

Purpose:

Adjoin two matrices with same row dimension to

form one resultant matrix, (See Method. )

Usage:

CALL CTIE(A, B,R,N, M, MSA, MSB, L)

Description of parameters:

22Z9W >
1

MSB -
L -

Remarks:

Name of first input matrix,
Name of second input matrix.
Name of output matrix,
Number of rows in A, B,R.
Number of columns in A.
One digit number for storage mode of
matrix A:

0 - General.

1 - Symmetric.

. 2 - Diagonal.

Same as MSA except for matrix B.
Number of columns in B.

Matrix R cannot be in the same location as ma-
trices A or B.

Matrix R is always a general matrix,

Matrix A must have the same number of rows
as matrix B.

Subroutines and function subprograms required:

LoC

Method:

Matrix B is attached to the right of matrix A.
The resultant matrix R contains N rows and
M+ L columns.

SUBROUTINE CTIE(AsByReNyMsMSAINSBIL) crie
DIMENSION A{L}4BILI,RI1) CTIf

LLELS CTIE

1R=0 CTIE
MSXaMSA CTIE

DD & JU=1,2 CTIE

B0 5 Jal,MM CYIE

BO 5 Isl,N CYIE
IR=[Re1 CYIE
R{UIRI=0.0 CTIE

4 LOCATE ELEMENT FOR ANY MATRIX STORAGE MOOE CTIE
CALL LOCUTgdos[JsN oMM, MSX) CTIF

4 TEST FOR ZERD ELEMENT IN DIAGONAL MATRIX CYie
(FUIJ) 24542 (2413

4 MOVE ELEMENT TO MATRIX R CTIF
2 GO TO(3,4)edd CTIE

3 RUIR)I=ALLSY CTiE

G0 70 5 CTIF

4 RUIR)I=B{IJ) CTIF

5 CONTINUE CTIE

c REPEAT ABOVE FOR MATRIX B crie
MSX=2MSB CVIF

MMal CTIE

6 CONTINUE CTIE
RETURN CTIE

END CTIE
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MCPY

Purpose:

Copy entire matrix.

Usage:

CALL MCPY (A, R, N, M, MS)

Description of parameters:

A - Name of input matrix,

R - Name of output matrix,

N - Number of rows in A or R.

M - Number of columns in A or R.

MS - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:

None.

Subroutines and function subprograms required:

LOC

Method:

Each element of matrix A is moved to the cor-
responding element of matrix R,

SUBROUT INE MCPY A RyNy M MS) uCPY 1
DIMENSION AtLI,RL1) MCPY ?

COMPUTE VECTOR LENGTH, T McPY 3
CALL LOCINIMy 1T 4N M,45) ucPY 4

COPY MATRIX uceY 5
00 1 f=1,I7 NCPY L)
R{T)=ALD) MCRY 7
RE tuRN MCPY. A
END ucPY 9

XCPY

Purpose:
Copy a portion of a matrix,

Usage:
CALL XCPY(A, R, L,K,NR, MR, NA, MA, MS)

Description of parameters:

A -~ Name of input matrix.

R - Name of output matrix.

L - Row of A where first element of R can be
found.

K - Column of A where first element of R
can be found.

NR - Number of rows to be copied into R.

MR - Number of columns to be copied into R.
NA - Number of rows in A.
MA - Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R is always a general matrix.

Subroutines and function subprograms required:
LOC

Method:
Matrix R is formed by copying a portion of ma-
trix A, This is done by extracting NR rows and
MR columns of matrix A, starting with element
at row L, column K.

SURRDUTINE XCPY(AsR,LoKeNQ, 4R, N, HA, MS) xcey

1

DIMENSION A(L1,RE1L) xcey 2

c INTTIALIZE xcey 3
tR=0 Xcey 4
L2=L+NR~1 xrey 5

K2=K $MR~1 XxCPY 6

DN 5 J=K,K2 xcpy 7

on 5 Iag,L2 XCry a
IR=IR+] XCPY @
RUIR)=0.0 xCpy 1N

(4 LOCATE ELEMENT FOR ANY MATRIX STORAGE MNDE xCPy 11
CALL LDCITsJyTANA,MA, NS xXCPY 12

c TEST FOP 2ERD ELEMENT IN DIAGUNAL MATRIX xcey 13
TFITA) 445,4 xCpy 14

4 RUIR)=ACIA} xcey 15

5 CONT INUE XCPY 16
RETURN xcey 17

END xcey 19
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RCPY CCPY

Purpose: Purpose:
Copy specified row of a matrix into a vector. Copy specified column of a matrix into a vector.
Usage: Usage:
CALL RCPY (A, L,R,N, M, MS) CALL CCPY(A, L, R,N, M, MS)
Description of parameters: Description of parameters:
A - Name of input matrix. A - Name of input matrix.
L - Row of A to be moved to R. L - Column of A to be moved to R. ,
R - Name of output vector of length M. R - Name of output vector of length N. :
N - Number of rows in A. N - Number of rows in A,
M - Number of columns in A, M - Number of columns in A.
MS - One digit number for storage mode of MS - One digit number for storage mode of -
matrix A: matrix A;
0 - General. 0 - General,
1 - Symmetric. 1 - Symmetric.
2 - Diagonal. 2 - Diagonal.
Remarks: Remarks:
None. None.
Subroutines and function subprograms required: Subroutines and function subprograms required:
LOC LoC
Method: Method:
Elements of row L are moved to corresponding Elements of column L are moved to correspond-
positions of vector R. ing positions of vector R. -
SR T e o s oy T
¢ oo :;::E'EL:-EM FOR ANY MATRIX STORAGE MODE :E:; : ¢ o :ﬂé“'i"ﬂi"“‘ FOR ANY MATRIX STORAGE MODE gg:; :
4 c‘LtE;?céb;Jzéi‘l’a‘;:é:::ﬂ IN DIAGONAL MATRIX :g:: z c CAll;Ezec;l;l'(Li;:l‘l‘E:é:z:ﬂ IN OTAGONAL MATAIX gg:; $
¢ "“,;;,',Eléfé,‘,ﬁm R :?,'3 ; 4 "(:'ﬁvllsléfé:mv Tow 2::; ¢
1 R(JI=A(LI) RCPY 9 PatHeatin ccPY 10
2 2,15% oy 11 B A
" o A g
END RCPY 14 ExNo

82
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DCPY SCLA

e Purpose: Purpose:
) Copy diagonal elements of a matrix into a vec- Set each element of a matrix equal to a given
tor. scalar.
Usage: Usage:
CALL DCPY (A, R, N, MS) CALL SCLA (A, C, N, M, MS)
Description of parameters: Description of parameters:
A - Name of input matrix. A - Name of input matrix.
R - Name of output vector of length N, C - Scalar.
N - Number of rows and columns in matrix A, N - Number of rows in matrix A,
MS - One digit number for storage mode of M -~ Number of columns in matrix A.
matrix A: MS - One digit number for storage mode of
0 - General. matrix A:
1 - Symmetric. 0 - General.
2 - Diagonal. 1 - Symmetric.
2 - Diagonal.
Remarks:
Input matrix must be a square matrix. Remarks:
None.
Subroutines and function subprograms required:
LOC Subroutines and function subprograms required:
LOC
Method:
Elements on diagonal of matrix are moved to Method:
corresponding positions of vector R. Each element of matrix A is replaced by Scalar
C.
(”Q\ SUBROUT INE OCPY{A R¢N¢MS) DePY 1
DIMENSION At1)eRI1) ncey 2
DO 3 JslyN ocey 3 SUBROUTINE SCLAGA JCoNoMoMS} sCLA 1
LOCATE DIAGONAL ELEMENT FOR ANY MATRIX STORAGE MODE DCPY L OINENSION AL1) SCLa 2
CALL LOCHJedolJoN NsMS) ocPY 5 14 COMPUTE. VECTOR LENGTH, [T scLa 3
MOVE DIAGONAL ELEMENT TD VECTGR R . BCPY 6 CALL LOCINoMyIT4¥¢MyHS) sCLa &
3 RUJI=ALLY) oeey T [4 REPLACE BY SCALAR scLa S
RETURN ocey 8 0N 1 =117 sCLa 6
END pcey 9 1 at1)sc ScLa 24
RETURN SCLA 8
9

END sCLa
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DCLA
Purpose:
Set each diagonal element of a matrix equal to a

scalar.

Usage:
CALL DCLA (A, C,N, MS)

Description of parameters:

A - Name of input matrix.
C - Scalar.
N - Number of rows and columns in matrixA,
MS - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric.
2 - Diagonal.

Remarks:
Input matrix must be a square matrix.

Subroutines and function subprograms required:
LOC

Method:
Each element on diagonal of matrix is replaced
by scalar C.

SUBROUTINE DCLATA (CoN,MS) ncLa 1
DIMENSIDN AL1) oCLA 2

0O 3 f=1,N oCLA 3

< LOCATE DIAGONAL ELENENY FOR ANY MATRIX STORAGE MODE ocLa 4
CALL LOCEIoI4IDoNyNyMS ocLA 5
REPLACE DIAGONAL ELEHEN"S ocLA 6

3 Al1D)aC octa 7
RETURN OCLA 8

END ncLA ?

84

MSTR
Purpose:
Change storage mode of a matrix,

Usage:
CALL MSTR(A, R, N, MSA, MSR)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix.

N - Number of rows and columnsinA and R.

MSA - One digit number for storage mode of
matrix A:

0 - General,
1 - Symmetric.
2 - Diagonal.
MSR - Same as MSA except for matrix R.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix A must be a square matrix.

Subroutines and function subprograms required:

LOC
Method:
Matrix A is restructured to form matrix R.
MSA MSR

0 0 Matrix A is moved to matrix R.

0 1 The upper triangle elements of a
general matrix are used to form
a symmetric matrix.

0 2  The diagonal elements of a gener-
al matrix are used to form a di-
agonal matrix.

1 0 A symmetric matrix is expanded
to form a general matrix,

1 1 Matrix A is moved to matrix R.

1 2  The diagonal elements of a sym-
metric matrix are used to form a
diagonal matrix.

2 0 A diagonal matrix is expanded by
inserting missing zero elements
to form a general matrix.

2 1 A diagonal matrix is expanded by
inserting missing zero elements
to form a symmetric matrix.

2 2 Matrix A is moved to matrix R.

SUBROUTINE MSTREA,RoN,MSA,MSR) MSTR 1
DIMENSION AC1)4RIL) MSTR ?

DO 20 I=1,N MSTR 3

DO 20 J=14N MSTR 4

4 IF R IS GENERAL, FORM ELEMENT MSTR 5
IF{MSR) 5,10,5 MSTR 6

< If IN LIJHER TRIANGLE 0OF SYMMETRIC DR DIAGANAL R, BYPASS HSTR 7
5 IF([-J) 10,10+20 HSTR a

10 CALL LOCII+JoTReN,N,MSR MSTR 9

.C IF IN UPPER AND CFF DlAGONAl OF DIAGONAL R, BYPASS MSTR 10
IF(IR) 20,20415 MSTR 1L

4 OTHERWISE, FORM R{I1,J) MSTR 12
15 RUIRYI=0.0 MSTR 13
CALL LOCEIsJeTAsN¢NyMSA) MSTR 14

c IF THERE IS NO AlV,J)y LEAVE R{l,4) AT 0.0 MSTR 15
1F{1A) 20,20,18 MSTR 16

18 RUIR)=A(IA) MSTR 17

20 CONTINUE MSTR 18
RETURN MSTR 19

END MSTR 20

Ex.1048 / Page 88 of 196
Cisco Systems, Inc.



MFUN

Purpose:

Apply a function to each element of a matrix to

form a

Usage:

resultant matrix.

CALL MFUN (A, F, R, N, M, MS)

An external statement must precede call state-
ment in order to identify parameter F as the
name of a function.

Description of parameters:

A -
F

sEg29
1

S -

Remarks:

Name of input matrix.
Name of FORTRAN-furnished or user
function subprogram.
Name of output matrix,
Number of rows in matrix A and R.
Number of columns in matrix A and R.
One digit number for storage mode of
matrix A (and R):

0 - General.

1 - Symmetric.

2 - Diagonal.

Precision is dependent upon precision of func-
tion used.

Subroutines and function subprograms required:

LOC

F (see Description of Parameters)

Method:

Function F is applied to each element of matrix A

to form matrix R.

SURRDUT INE MFUNIA oF 4R Ny M, HS) MFUN

DIMENSION ACL).RILY MEUN
COMPUTE VECTOR LENGTH, IT MFUN
CALL LUCINy My 1Ty MyHS) NEUN

BUILD MATRIX 2 FOR ANY STNRAGE .MODE MFUN

DO S 1=1,IT
B8=ALL)

5 RUM)=F{A)
RFTURN
END

DanNTRL WV~

z
]
<
z

Function RECP

Purpose:
Calculate reciprocal of an element. This is a
FORTRAN function subprogram which may be
used as an argument by subroutine MFUN.

Usage:

RECP(E)

Description of parameters:
E - Matrix element.

Remarks:
Reciprocal of zero is taken to be 1. 0E38.

Subroutines and function subprograms required:

None.

Method:
Reciprocal of element E is placed in RECP.

-

~

FUNCTION RECPLEY
BIG=1.0E38

TEST ELEMFNY =DR ZFHO
TFLE} 14241

IF NON-7ERO, CALCULATE RECTPROCAL RECP

RECP=1.0/E
RETURN

IF Z€ERO, SET £QUAL YO INFINITY RECP

RECPaSIGNIBIG.E)
RETURN
END

RECP
RECP
RECP
RFCP

RECP
RECP

RECP
RECP
RECP

~Donwr s wN-
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LOC

Purpose:

Compute a vector subscript for an element in a
matrix of specified storage mode.

Usage:

CALL LOC (I, J, IR, N, M, MS)

Description of parameters:

2Rz2gs
1

Remarks:
None.

Row number of element.

Column number of element.

Resultant vector subscript.

Number of rows in matrix.

Number of columns in matrix,

One digit number for storage mode of
matrix:

0 - General.
1 - Symmetric.
2 - Diagonal.

Subroutines and function subprograms required:

None.

Method:
MS=0

MS=1

MS=2

SUBROUTINE LOCET, Jo IR NyM HS) Loc
txs§

Ix=J

Subscript is computed for a matrix with
N*M elements in storage (general ma-
trix),

Subscript is computed for a matrix with
N*(N+1)/2 in storage (upper triangle of
symmetric matrix). If element is in
lower triangular portion, subscript is
corresponding element in upper tri-
angle.

Subscript is computed for a matrix with
N elements in storage (diagonal ele-
ments of diagonal matrix). If element
is not on diagonal (and therefore not in
storage), IR is set to zero.

IF{MS=1) 10,20,30 Loc
10 IRXsN&(JX-1)¢iX woc

GO 10 36

20 IFLIX=JK) 22424424 L
22 IRXa[X${JXPIN-IX) /2 Loc

60 TN 38

24 IRXsJXel{IxX®IX-1X)/2 Lac
60 TO de

30 IRX=0

IFLIX=-JX) 36,32,36 Loc 13

32 IRX21X

36 fRwiAX
RETURN
END

86

ARRAY

Purpose:

Convert data array from single to double dimen-
sion or vice versa. This subroutine is used to
link the user program which has double dimen-
sion arrays and the SSP subroutines which oper-
ate on arrays of data in a vector fashion.

Usage:

CALL ARRAY (MODE,1,J,N, M, S, D)

Description of parameters:
MODE - Code indicating type of conversion:

[

2 2

wn

Remarks:

1 - From single to double dimen-
sion.
2 - From double to single dimen-
sion.

Number of rows in actual data matrix.
Number of columns in actual data ma-
trix.
Number of rows specified for the ma-
trix D in dimension statement.
Number of columns specified for the
matrix D in dimension statement.
If MODE=1, this vector contains, as
input, a data matrix of size I by J in
consecutive locations columnwise.
If MODE=2, it contains a data matrix
of the same size as output. The
length of vector S is IJ, where IJ=I*J.
If MODE=1, this matrix (N by M)
contains, as output, a data matrix of
size I by J in first I rows and J col-
umns. If MODE=2, it contains a data
matrix of the same size as input.

Vector S can be in the same location as matrix
D. Vector S is referred as a matrix in other
SSP routines, since it contains a data matrix.
This subroutine converts only general data ma-
trices (storage mode of 0).

Subroutines and function subroutines required:

None.

Method:

Refer to the discussion on variable data size in
the section describing overall rules for usage in
this manual.
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)

SUBROUT INE ARRAY [MODE,[¢JeNs4,5,0} ARRAY |
DIMENSION St1),Dt 1} ARRAY 2
NidN-1 ARRAY 3

[4 TEST TYPE OF CONVERSION ARRAY &
IF{MODE-1} 10C, 100, 120 ARRAY §

[4 CONVERT FROM S INGLE TO OOUSLE DIMENSION ARRAY &
100 lJy=lsyel ARRAY 7
NM=NsJ+1 ARRAY 8

00 110 k=144 ARRAY 9
NH=NM-N1 ARRAY 10

00 110 L=1,1 ARRAY 11

14aty-1 ARRAY 12
ARRAY 13
ARRAY 14
ARRAY 15

NM=yM-1
DINM)=S(1J)

E}

1

G0 TO 140

[+ CONVERT FROM JOGURLE TO SINGLE DIMFNSION ARRAY 16

129 t4=0 ARRAY 17

NM=0 ARRAY 18

N0 130 Kal,d ARRAY 19

00 125 L=1,1
1421401
NManNme |

12% SUEJI=0(NM)
130 NMsNMeNT

140 RETURN ARRAY 25

END ARRAY 26

ARRAY 20
ARRAY 21
ARRAY 22
ARRAY 23
ARRAY 24

Mathematics — Integration and Differentiation
QSF

This subroutine performs the integration of an
equidistantly tabulated function by Simpson's rule,
To compute the vector of integral values:

X,
z. =z2x)= [y dx
! ! (i=1’2’--09n)

with x, =at (i-1) h

for a table of function values y; (i = 1,2,...,n),
given at equidistant points xj =a + (i-1) h
(i=1,2,...,n), Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules is used. Local truncation error is of the
order h® in all cases with more than three points
in the given table. Only z3 has a truncation error
of the order h? if there are only three points in the
given table. No action takes place if the table
consists of less than three sample points.

The function is assumed continuous and differen-
tiable (three or four times, depending on the rule
used).

Formulas used in this subroutine (zj are integral
values, yj function values) are:

z, = zj“l

+h(1.25y, . +2y =0.25y, 1
I g( Vu1 2; Vi) @

h
=2,  to + 4 + Simpson's (2
i %2 T30 T T YY) (mﬂel; (2)

zj j -3 8 h (y +3yj_2 + 3yj_1 + yj) (3)

(Newton's 3/8 rule)

+
z 3.875 yj_4 + 2,625 yj-3

h
37 %53 Vs
+2,625y,  +3.875y. _+y,
V-2 V-1 y]) @
[combination of (2) and (3)]

‘Sometimes formula (2) is used in the following form:

h
%" 5 T3 05 A T Y ®)

Local truncation errors of formulas (1)...(4) are,
respectively:

1. 4
R1=2—4'h Y”,(El) (Ele[xJ 1’ X]+1] )
R,=- =By ' (5) (Eex o %]
2”90 Y o) Gael ¥y %D
3
-G k) Ggelx_gr %D
1
R4=—mh y"”(E4) (E4€[xj_5’xj])

However, these truncation errors may accumulate.

For reference see:

(1) F.B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York/
Toronto/London, 1956, pp. 71-76.

(2) R. Zurmiihl, Praktische Mathematik fiir
Ingenieure und Physiker. Springer, Berlin/
Gdttingen/Heidelberg, 1963, pp. 214-221.

Subroutine QSF
Purpose:
To compute the vector of integral values for a .

given equidistant table of function values,

Usage:
CALL QSF(H,Y,Z,NDIM)

Description of parameters:

H - The increment of argument values,
Y - The input vector of function values.
Z - The resulting vector of integral values.
Z may be identical to Y,
NDIM - The dimension of vectors Y and Z.
Remarks:

No action in case NDIM less then 3,

Subroutines and function subprograms required:
None

Method:
Beginning with Z(1) = 0, evaluation of vector Z is
done by means of Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules. Truncation error is of order H**5 (that is,
fourth-order method), Only in case NDIM=3
truncation error of Z(2) is of order H**4,
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SUBROUTINE QSF(HsYsZsNDIM} WSF MO}
DIMENSION Y{l)s2(1} QSF  mO2
HT=¢33333330H usF  M03
[SE3% OSF  MO4
L2e2 USF  MO5
L3=3 GSF  MO6
La=s QsF MO7
L5=5 QSF MO8
L626 GSF M09
IFINDIM=5)748s1 OSF  M10
NDIM IS GREATER THAN 5. PREPARATIONS OF INTEGRATION LOGP QOSF M1l
1 SUMlsY{L21+Y(L2) QSF  M12
SUM1BSUM1+SUML QSF  M13
SUMI=HT#(Y(L1)wSUMI+Y(LI)) QSF Ml4
AUXJEY(LG)+Y(LG) QSF  M15
AUX13AUX]14AUX] QSF  Ml6
AUX1=SUMI+HT®(YILI I+AUXTI+YILSI ) OSF M7
AUX2=HT# (Y {L1)434875% (YIL2)+Y{LS))1+22625%(Y(LII+Y(LG) I+Y(LE)) OSF  M18
SUM2=YILS)+Y(LS) QSF M19
SUM2=SUM2+SUM2 QSF M20
SUM2EAUX2=HT#(Y{L4)+SUM2+Y(LE)) GSF M2l
ZtL1i=0, GsF M22
AUX=Y(L3)+Y(L3) QsF  M23
AUX=AUX+AUX QSF M24
Z(L21aSUM2=HT# (Y{L2)+AUX+Y (L&)} QSF M25
Z(L3)25UM1 QSF M26
ZIL6)=SUM2 OSF M27
IFINDIM=6150542 OSF M28
INTEGRATICN LOOP QWSF  M29
2 DO 4 I=74NDIMy2 QSsF  M30
SuMl=AuX] QSF  M31
SUM2=AUX2 QSF  M32
AUX1sY(I=1)4Y(]=1) GSF  M33
AUX13AUX1+AUXY QSF M34
AUX18SUMI+HT#(Y{1=2) +AUX1+Y (1)) QSF M35
Zi1=2)aSuM1 QSF M3b
IFCI=NDIMI34646 QSF  M37
3 AUX2aY(1)eviD) QSF  M38
AUX23AUX2 +AUX2 WSF M39
AUX2=SUM2+HT®{Y [ I~1) +AUX2+Y([+1)) USF M40
4 Zi1=1}aSuM2 QSF  Mel
5 ZINDiM=1)=2AUX] USF M2
Z(NDIM) =AUX2 USF M43
RETURN USF  Mab
& Z(NDIM=1)aSUMZ QSF Mab
Z(NDIM)=AUKL OSF Mub
RETURN QSF  Me7
END OF INTEGRATION LOOP QSF Mg
7 IFINDIN=3112¢11+8 QSF M4y
NDIM 15 EQUAL TO &4 OR 5 QsF M50
B SUM2=14125%HT#IYILLI+YIL2)+YIL2)4YIL2)+YILII+YILII+Y(LI)eY(LG})  QSF  MS1
SuMl=YI(LZ)eY(L2) QSF M52
SUM1=SUM]1+S5UM] QSF  M53
SUML=HT#(Y(L1)+SUMI+YIL3)) QSF M54
2(L11=04 uSF M55
AUX1=YILII+YIL3) I5F M6
AUX1=AUXI+AUX] uSF M7
ZiL2)aSUM2=HT#(Y(L2) +AUX1+Y(L4) USF M58
IFINDIM=5110+9+9 wSF  M59
9 AUX12Y{LG)+Y(L&) JSF M60
AUX1=AUX1+AUX1 JSF M6l
Z(L5)mSUMLeHTH{Y(L3) ¢AUXI+YiL5)} JSF M62
10 2(L3)=SUML USF  M63
ZiLb)aSUMZ GSF Mb4
RETURN WSF M65
NDIM IS EQUAL TO 3 OSF  M6b
11 SUMLEHT®(1a25#Y(LLI)4YIL2)+Y(L2)=025%Y(L3)) usF  Me7
SUM2=Y(L2)4Y (L2} OSF  M68
SUM2SUM2 +5UM2 USF  M69
ZIL3)=HTo(Y(L1}+5UM2+YIL3) ) uSF M70
2(L1)=0e usF  M71
2{L2}x5UM1 uSF M72
12 RETURN WSF  M73
END WSF  MT4

This subroutine performs the integration of a given
function by the trapezoidal rule together with
Romberg's extrapolation method in order to compute

an approximation for:
b

y= ] f(®x)dx v

Successively dividing the interval [ a,b ] into 2i
equidistant subintervals (i = 0,1,2,...) and using
the following notations:

b-a _ _
hi =91 3 xi,k_ a+k. hi’ fi,k f(xi,k)

i
(k=0,1,2,...,2)

the trapezoidal rule gives approximations T,,i to the
integral value y:

2i
1
T~y kz=:0 fi,k-g(f (a) + £ (b)) 6

88

Then the following can be written:

©
T i=y+ ZC

0 r=1

2r
0,2r hi

with unknown coefficients Co,2r which do not
depend on i. Thus there is a truncation error of
the order h.lz .

Knowing two successive approximations, To,j
and Ty, j+1. an extrapolated value can be generated:
To,i+1 - To,i
— 2 . @)

2 -1

T,i7 T, in1

This is a better approximation to y because:

]
1 2 2r 2r
T, .=y+ 5= C (2 h, -h)
1,i 22_1 powc 0,2r i+l i
Noti 1:ht22h2 —hz-Oa.ndsttin-
oting tha w1 B = etting:
C ! 2 _2
= - T
2% o
1,2r 22_1 ( 2 7). Co,2r

T. . becomes:
1,1

[ ]

2r

Ti,i7y+ 2 Cy,2r Bit1
r=2

This gives a truncation error of the order hg:_l.

Knowing Ty, j42 also, T1, i1 can be generated
(formula 3), and:

T1,i+1 - Tl,i

T, .=T, . 4
2,i 1, i+l 24 -1 )
Thus:
2 2
r
T, =Y+ Zs: Cy ot 1o
. _ 4 2r
with C2,21‘ -—2?-—1 (2 2 )01,2

with a truncation error of the order hﬁz. Observe
that the order of truncation error increases by 2 at
each new extrapolation step.

The subroutine uses the scheme shown in the
figure below for computation of T-values and
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Cﬂ‘"

generates the upward diagonal in the one-dimen-
sional storage array AUX, using the general
formula:

T ... =T .
s Kk1,j1 k-1, (k+=i,

T =T
k,j "k-1,j1
)] s 22k__1 (5)
j= i-1,i-2,...,2,1,0)
and storing:

T . into AUX (i)
0,1

T. -1 into AUX (i)

19 «s 8
Ty o into AUX (1)
Truncation error |O(h?) O(hf) O(hf’) o).
step length .
X 'l o 1 2 3
i i
b-a 0 To,o] ,Tl,o] ;2,0] T30
b-a .
7 ! To,lﬁ TmJ] j,zlJ
b-a :
2 2 To,Z] TI,ZJ
v 4
b-a .
= 3T, 5]

Computation of T-values (QATR)

The procedure stops if the difference between two
successive values of AUX (1) is less than a given
tolerance, or if the values of AUX (1) start oscillat-
ing, thus showing the influence of rounding errors.

Subroutine QATR

Purpose:
To compute an approximation for integral
(FCT(X), summed over X from XL to XU),

Usage: .
CALL QATRXL,XU,EPS,NDIM, FCT, Y, IER,
AUX) Parameter FCT required an EXTERNAL
statement,

Description of parameters:

XL - The lower bound of the interval.
XU - The upper bound of the interval.
EPS - The upper bound of the absolute error.

NDIM - The dimension of the auxiliary storage
array AUX, NDIM-1 is the maximal
number of bisections of the interval
XL, XU),

FCT - The name of the external function sub-
program used,

Y - The resulting approximation for the
integral value.

IER - A resulting error parameter,

AUX - An auxiliary storage array with
dimension NDIM,

Remarks:

Error parameter IER is coded in the following
form:

IER=0 - It was possible to reach the required
accuracy, No error,

IER=1 - It is impossible to reach the required
accuracy because of rounding errors,

IER=2 - It was impossible to check accuracy

because NDIM is less than 5, or the
required accuracy could not be reached
within NDIM-1 steps, NDIM should be
increased,

Subroutines and function subprograms required:

The external function subprogram FCT(X) must
be coded by the user, Its argument X should not
be destroyed.

Method:

Evaluation of Y is done by means of the trape-
zoidal rule in connection with Romberg's
principle. On return Y contains the best possible
approximation of the integral value and vector
AUX the upward diagonal of the Romberg scheme,
Components AUX(I) (=1, 2,.,., IEND, with
IEND less than or equal to NDIM) become ap-
proximation to the integral value with decreasing
accuracy by multiplication by (XU-XL),

For reference see:

1,

N e

Filippi, Das Verfahren von Romberg-Stiefel- Bauer
als Spezialfall des Allgemeinen Prinzips von
Richardson, Mathematik-Technik-Wirtschaft,
Vol, 11, Iss, 2 (1964), pp. 49-54,

. Bauer, Algorithm 60, CACM, Vol, 4, Iss. 6

(1961), pp. 255,

SUBROUTINE QATR(XL+XUsEPSsNDIMIFCT Y s IERVAUX) QATR 1
DIMENSION AUX(1) QATR 2
PREPARATIONS OF ROMRERG-LOOP QATR 3
AUX(1)meS®(FCT(XLI+FCT(XUI} CATR &
HaXy=xL QATR 8
IF(NDIM=1)848+1 QATR &
IF(H1291042 QATR 7
NDIM 1S GREATER THAN 1 AND H IS NOT EQUAL TO O QATR @
HHEH QATR 9
EsFPS/ABS (H) QATR 10
DELT2e0, QATR 11
Pel, QATR 12
JJul CATR 13
00 7 1=2:NDIM QATR 14
Y=AUX(1) QATR 1%
DELTI=DELT2 QATR 16
HD®HH GATR 17
HH= o 38HH QATR 18
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DO 3 Jaledd

SMeSM4FCT (X} QATR 23
3 XeX+HD QATR 24
AUX(TIma58AUXTI=1)+PRSM QATR 25
A NEW ACPROXIMATION OF INTEGRAL VALUE 1S COMPUTED BY MEANS OF QATR 26
TRAPEZOIDAL RULE, QATR 27
STARY OF ROMBERGS EXTRAPOLATION METHOD. QATR 28
=1 QATR 29
Jiei=1 QATR 30
BO &4 JslsJl QATR 31
1lel=y QATR 32
QuO+Q QATR 33
0=Q+Q QATR 34
4 AUXTTTISAUX(TI+1)+{AUXCTT41)=AUX(ITI/(G=10) QATR 35
END OF ROMBERG=STEP QATR 236
DELT2=ABS(Y=AUX(1}} g:;: g;
IF{1=8)74545
5 IFIDELT2-E)10+120¢6 QATR 39
6 IF{DELT2=DELT1)7+11411 QATR 40
T JImII+d) QATR &1
8 1ER=2 QATR 42
9 Y=H®AUX(1) QATR 43
RETURN GATR 44
10 1ER=0 QATR 45
G0 10 9 QATR 46
11 IER=1 QATR 47
YeHsy QATR 4B
RETURN QATR 49
E'!‘D QATR 80

Mathematics - Ordinary Differential Equations

RK1

This subroutine integrates a given function using the
Runge-Kutta technique and produces the final com-
puted value of the integral.

The ordinary differential equation:

- tey e

with initial condition y(xg) = ¥, is solved numeri-
cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the
value of y at x = x, is used to compute y,, 1 =
¥(%n+1) and earlier values y,_, Yn-2° etc., are not
used.

The relevant formulae are;

y ()

1= Yyt 1/6[k0+2k1+ 2k, + ky ]

where we define, for step size h

=
]

o = hE( . ¥)

k, = hifx + b/2, 3 +k/2) "
k, = Bi(x + /2,y +k/2)
kg = hiGey + b, yp + k)

Subroutine RK1

Purpose:
Integrates a first order differential equation
DY/DX=FUN(X,Y) up to a specified final value.

Usage:
CALL RK1(FUN, HI, X1, YI, XF, YF, ANSX,
ANSY,IER)

90

Description of parameters:

FUN - User-supplied function subprogram
with arguments X, Y which gives
DY/DX.
HI = The step size.
X1 - Initial value of X.
YI - [Initial value of Y where YI=Y(XI).
XF - Final value of X,
YF -~ Final value of Y.
ANSX - Resultant final value of X.
ANSY - Resultant final value of Y.
Either ANSX will equal XF or ANSY
will equal YF depending on which is
reached first.
IER ~ Error code:
IER=0 No error.
IER=1 Step size is zero.
Remarks:
If XI is greater than XF, ANSX=XI and
ANSY=YI.

If H is zero, IER is set to one, ANSX is set to
X1, and ANSY is set to zero.

Subroutines and function subprograms required:
FUN is a two argument function subprogram
furnished by the user: DY/DX=FUN (X,Y).
Calling program must have FORTRAN external
statement containing names of function subpro-
grams listed in call to RK1,

Method:
Uses fourth-order Runge-Kutta integration proc-
ess on a recursive basis as shown in F. B.
Hildebrand, 'Introduction to Numerical Analy-
sis', McGraw-Hill, 1956. Process is termi-
nated and final value adjusted when either XF or
YF is reached.

SUBROUTINE RK1(FUNHI X1 ¢ Y14XF o YF o ANSX,ANSY, TER Y RK1 1

(4 TE XF IS LESS THAN DR EQUAL TO XI, RETURN XI,Y[ &S5 ANSWER RK1 2
IFIXF=XI} Lledlal 2 axy 1

11 ANSXe=X] RK| 4
ANSYsYL RK1 5

RF TURN : . ’K1 S

3 TEST INTERVAL VALUE [131 7
12 M=l KL a
1IFLHIY 16,14,20 RK1 9

14 IER=1 K1 10
ANS X=X RX1 11
ANSY=0.0 RKY 12
RETURN RK1 13

16 Ha=Hi RK1 14

c SET XN=INTTIAL X YNSINITIAL Y /K1 1§
20 XN=XI RK1 16
YNeYl RK1 154

3 INTEGRATE UNE TIME STEP L1} 11
HNEW=H RKT 19
Junpsl A ®K1 20

60 10 170 RK1 21

25 ANp=XX RK1- 22
YNLaYY /K1 23

[3 COMPARE XN1 (=X(N¢11) TN X FINAL AND BRANCH ACCORDINGLY RK1 26
IF{XNI=XF150,30,40 \ RKL 25

4 XNL=XF, RETURY (XFoYNL) AS ANSWER 1 PK1 26
30 ANSX=XF RKL 27
ANSYsYNL RK1 28

GO TO 160, "KL 29

[ XN1 GREATER THAN XF, SET NEW STEP SIZE AND INTFGRATE ONF STEP RKL 30
< RETURN RESULTS OF INTEGRATION AS ANSWER RKI L
40 HNEWsXF-XN RK1 2
Junpe2 KL W)

GO 10 170 RK1 34

45 ANSX=XX RK1 35
ANSY=YY KL 36

6O 10 160 - RK1 37

c ANL LESS THAN X FINAL, CHECK IF (YN,YNL} SPAN Y FINAL RK1 38
50 IF((YNI=YF)®IYF=YN})60,70,11" RKE 30
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c YN1 AND YN DO NOT SPAN YF, SET (XN,YN) AS (XN1,YN1) AND RFPFAT RK1 4n s‘lbroutine RKZ
———

60 YN=YNL RK1 41

XN=XN| RX ) 42
G0 T0 170 L1381 41
[4 EITHER YN DR YNI =YF. CIMECK WHICH AND SFT PRNPFR® [X,Y} AS ANSWFRK] 44
70 [FLYNL- 80,100, RO Q .
A0 Ansr'-‘vlr.,"l ] n:: :Z Purpose'
Go 1o 160 -oa Integrates a first-order differential equation
100 ANSY=YN] R Q .
aNsxexhL axl 0 DY/DX=FUN(X, Y) and produces a table of inte-
60 10 180 R 5
¢ TN AKD YNI SPAN YE. TRY T FIND X VALUF ASSOCIATED wITH v i s grated values.
110 DO 180 (al,l0 aKl 53
4 INTERPOLATE T3 FIND NEW TIMF STEP AND INTFIRATE ONF STFP oKl 54
c TRY TEN INTERPOLATIONS AT MNSY ::: :Z
HNEW™ - ¥ NE-! - .
.ms:-;‘" YN 3/ (Y NE=YNE) ® (XNL-XN) :“ 21 Usage.
X1 8
115 XREwaN w1 39 CALL RK2(FUN, H, XI, YLK, N, VEC)
YNEW=YY RKY 60
COMPARE COMPUTED Y VALUE WITH YF AND HRANCH RK1 6l
IF{YNEW=YF}120,150,130 L1e) 62 . .
ADVANCE, YF IS BETWEEN YNEW AND YNL ::: bed Description of parameters:
120 YN=YNEW
= RK1 65 - - i i
L I ﬁE} i FUN User-supplied function subprogram
© 130 vhIosnEucE? YF TS BETMFEN YN AND ¥nEW axl 68 with arguments X, Y which gives DY/DX.
XN1=XNEW RKL 69 .
140 CONTINVE . ::{ ’:g H - Step Slze.
RETURN [XNEW,YF} AS ANSWER
€ 150 susxermen Y a7 XI - Initial value of X.
ANSYsYF
176 HaaHNFw/2.0 55} z; YI - Initial value of Y where YI=Y(XI).
T1=HNEW® YN K1 6 . s
TBoNE e XN YT 175 .01 w17 K - The interval at which computed values
T3aHNEWSFUNIXN#H2 \YN+T2/2.0) RK| kil
T4xHNEWSFUN( XNeHNEW, YN T3] /K1 79 are to be stored.
VV:YN‘(VlOZ.DlTZOZ.O‘TJO'Io)Ib.O ::: :'l)
XN sne wo N - The number of values to be stored.
ENO XM VEC - The resultant vector of length N in
which computed values of Y are to be
stored.
Remarks:
None.

Subroutines and function subprograms required:
FUN - User-supplied function subprogram for
DY/DX.
Calling program must have FORTRAN EXTER-
NAL statement containing names of function
subprograms listed in call to RK2.

RK2

This subroutine integrates a given function using the
Runge-Kutta technique and produces tabulated values
of the computed integral.

The ordinary differential equation:

dy Method:
ax - i(x,y) 1) Fourth-order Runge-Kutta integration on a re-

cursive basis as shown in F. B. Hildebrand,
'Introduction to Numerical Analysis', McGraw-

with initial condition y(xq) = ¥ is solved numeri-
Hill, New York, 1956.

cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the

SUBROUTINE RK2(FINyH XTI, Y1 oKiN,VEC) RK2

value of y at x = x,, is used to compute y,, 1 = DINENSLON VECi 1) o2
. H2=1/2, aK? 1

Y(xrqli +1) and earlier values y, 1, ¥p.0» etc., are not rev oo
use . oo 2 l:l-N LL¥4 6
Thenetoni o1 o n

The relevant formulae are: T72HOFUNEX M2, YT 172.) ak2 o
T3=HOFUNIX+H2,YeT 2/2,) RK2 1

To4aHOFUNIX+H,Y+T3) RK2 11

Y= Ye{T142.0T242, #T3eT4 1 /6, RK2 12

y =y + 1/6 [k + 9k + 2k_+ k ] (2) L xexen /K2 13
nt1” “n 0" 1T T2 78 iy o

END L1¥4 1A

where we define, for step size h

k0 = hf(xn, yn)

k1 = hf(xn+ h/2, vt ko/z) .
k, = hf(xn+ h/2, Yt k1/2)

k3 = hf(xn + h, Yn + kz)
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Ex.1048 / Page 95 of 196
Cisco Systems, Inc.



RKG

This subroutine uses the Runge-Kutta method for
the solution of initial-value problems.

The purpose of the Runge-Kutta method is to ob-
tain an approximate solution of a system of first-
order ordinary differential equations with given
initial values. It is a fourth-order integration pro-
cedure which is stable and self-starting; that is,
only the functional values at a single previous point
are required to obtain the functional values ahead.
For this reason it is easy to change the step size h
at any step in the calculations. On the other hand,
each Runge-Kutta step requires the evaluation of the
right-hand side of the system four times, which is
a great disadvantage compared with other methods
of the same order of accuracy, especially predictor-
corrector methods. Another disadvantage of the
method is that neither the truncation errors nor
estimates of them are obtained in the calculation
procedure. Therefore, control of accuracy and
adjustment of the step size h is done by comparison
of the results due to double and single step size 2h
and h.

Given the system of first-order ordinary differ-
ential equations:

dy
y'=—l=f (%, Y0 Yos -e-5 V)
1 dx 17102 ' Jn
dy,
y'=-—2=f (Xs ¥i5 Yoo +-es V)
2 dx 2 ¥ v Y > n
d
y'=—yr-1=f *, ¥, ¥ Y
n dx n t] 1! 2’ H] n

and the initial values:
¥, &) = Y1, 0 Yo = o, 00 o0 Y, &) = Y, 0
and using the following vector notations:
y; () f,(x,7) y
Yx) = 3:2(X) » Fx, Y) = fz(:s Vb Y= Y50

v, £ (x,9) ¥, 0

where Y, F and Yq are column vectors, the given
problem appears as follows:

dy
1= = i =
Y 7 F(x, Y) with Y(xo) YO

92

With respect to storage requirements and com-
pensation of accumulated roundoff errors, Gill's
modification of the classical Runge-Kutta formulas
is preferred. Thus, starting at xg with Y(xg) = Yo
and vector Q@ = 0, the resulting vector Y4=Y(xg+h)
is computed by the following formulas:

1
= . =
K1 hFx , YO) Y =Y +=(K

1T Y tp® -2

0)
- 1 _ 1
Ql'Qo+3[2(K1 2Qo)] 2 &

K, =hF(x +2, Y)Y, =Y +(1-\I1>(K -Q)
2 0 2’ 12 1 2/ T

1
Q,=q +3[a '\I'E)(Kz -] -a '\B’Kz
(1)

h 1
K, =hF(x,+5, Yp) 3 Y5 =¥, + (1 { PK;-Q,)

1
Q=@ +3la “J%)(Ks ")-a +J—;)K3

1
K, =hF(x +h, ¥) ;Y, =Y, +5 (K, - 2Qy)

4 3
Q,=Q, +3 [+, - 29)] - 2K
4 3 6" 4 3 2 4

where K;, Ko, K3, K4, Y3, Yo, Y3, Y4, Q1, Qg,
Q3, Q4 are all column vectors with n components.

If the procedure were carried out with infinite
precision (that is, no rounding errors), vector Q4
defined above would be zero. In practice this is not
true, and Q4 represents approximately three times
the roundoff error in Y4 accumulated during one step.
To compensate for this accumulated roundoff, Q4

is used as Qg for the next step. Also (xg +h) and Yy
serve as xq and Y respectively at the next step.

For initial control of accuracy, an approximation
for Y(xg + 2h) called Y(2) (x¢ + 2h) is computed using
the step size 2h, and then an approximation called
Y(1) (x¢ + 2h), using two times the step size h. From
these two approximations, a test value § for ac-
curacy is generated in the following way:

ol =

n
PN yi(l) B yi(Z)I @)
=1

where the coefficients aj are error-weights specified
in the input of the procedure.

Test value 8 is an approximate measure for the
local truncation error at point xg+2h. If § is greater
than a given tolerance €g, increment h is halved and
the procedure starts again at the point xq. If §is
less than €9, the results Y(1) (xo+h) and Y(1) (xo+2h)
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are assumed to be correct. They are then handed,
together with xp + h and x¢ + 2h and the derivatives
at these points -- that is, the values of F[xo + h,
Y1) (xg+h)] and F[xo+2h, Y(1) (xo+2h)]respective-
ly -- to a user-supplied output subroutine.

If § is less than €1 = €9/50, the next step is
carried out with the doubled increment. However,
care is taken in the procedure that the increment
never becomes greater than the increment h specified
as an input parameter, and further that all points
x. + jh (where j =1, 2, ...) which are situated
between the lower and upper bound of the integration
interval are included in the output. Finally, the
increment of the last step of the procedure is chosen
in such a way that the upper bound of the integration
interval is reached exactly.

The entire input of the procedure is:

1. Lower and upper bound of the integration
interval, initial increment of the independent vari-
able, upper bound €2 of the local truncation error,

2. Initial values of the dependent variables and
weights for the local truncation errors in each com-
ponent of the dependent variables.

3. The number of differential equations in the
system.

4. As external subroutine subprograms, the
computation of the right-hand side of the system of
differential equations; for flexibility in output, an
output subroutine,

5. An auxiliary storage array named AUX with
8 rows and n columns,

Output is done in the following way. If a set of
approximations to the dependent variables Y(x) is
found to be of sufficient accuracy, it is handed --
together with x, the derivative F[x, Y(x)], the
number of bisections of the initial increment, the
number of differential equations, the lower and upper
bound of the interval, the initial step size, error
bound €2, and a parameter for terminating subroutine
RKGS -- to the output subroutine. Because
of this output subroutine, the user has the opportu-
nity to choose his own output format, to handle the
output values as he wants, to change the upper error
bound, and to terminate subroutine RKGS
at any output point. In particular, the user is able
to drop the output of some intermediate points,
printing only the result values at the special points
X9 +nh(n=0, 1, 2, ...). The user may also
perform intermediate computation using the integra-
tion results before continuing the process.

For better understanding of the flowchart and of
the FORTRAN program, the following figure shows
the allocation of special intermediate result vectors
within the storage array AUX,

For reference see A. Ralston/H.S. Wilf, Mathe-
matical Methods for Digital Computers , Wiley,
New York/London, 1960, pp. 110-120.

AUX
function vector Y(x) 1. row (AUX (1) in flowchart)
derivative vector F(x, Y(x)) 2. row (AUX (2) in flowchart)

at point x

vector of accumulated roundoff | 3.

row (AUX (3) in flowchart)

function vector Y(x+2h) for 4,
testing purposes

row (AUX (4) in flowchart)

function vector Y(x+h) 5.

row (AUX (5) in flowchart)

at point x+h

vector of accumulated roundoff | 6.

row (AUX (6) in flowchart)

derivative vector F(x+h, Y(x+h))| 7.

row (AUX (7) in flowchart)

vector of error weights 8.
multiplied by 1/15

row (AUX (8) in flowchart)

Storage allocation in auxiliary storage array AUX (RKGS)

Subroutine RKGS

Purpose:

To solve a system of first-order ordinary differ-
ential equations with given initial values.

Usage:

CALL RKGS(PRMT, Y, DERY, NDIM, IHLF, FCT,
OUTP,AUX) Parameters FCT and OUTP require
an external statement,

Description of parameters:

PRMT

PRMT(1)
PRMT(2)
PRMT (3)

PRMT4)

An input and output vector with
dimension greater than or equal

to 5, which specifies the para-
meters of the interval and of
accuracy and which serves for
communication between the output
subroutine (furnished by the user)
and subroutine RKGS, Except for
PRMT(5), the components are not
destroyed by subroutine RKGS and
they are:

Lower bound of the interval (input),
Upper bound of the interval (input),
Initial inerement of the independent
variable (input).

Upper error bound (input), If
absolute error is greater than
PRMT(4), the increment gets halved,
If the increment is less than PRMT (3)
and absolute error less than PRMT(4)/50,
the increment gets doubled. The user
may change PRMT(4) in his output
subroutine.
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PRMT(5) -

DERY -

NDIM -

IHLF -

FCT -

OouTP -

AUX -

No input parameter. Subroutine
RKGS initializes PRMT(5)=0. If the
user wants to terminate subroutine
RKGS at any output point, he must
change PRMT(5) to nonzero in sub-
routine OUTP. Further components
of vector PRMT can be made avail-
able if its dimension is defined
greater than 5. However subroutine
RKGS does not require this. Never-
theless, they may be useful for
handling result values to the main
program (calling RKGS) which are
obtained by special manipulations
with output data in subroutine OUTP,
Input vector of initial values
(destroyed). On return, Y is the
resultant vector of dependent vari-
ables computed at intermediate
points X,

Input vector of error weights
(destroyed). The sum of its compo~
nents must equal 1. On return,
DERY is the vector of derivatives
of function values Y at points X.

An input value which specifies the
number of equations in the system,
An output value which specifies the
number of bisections of the initial
increment, When IHLF is greater
than 10, subroutine RKGS exits to
the main program with error mes-
sage IHLF=11, Other error mes-
sages are:
IHLF=12; PRMT(3)=0 or
PRMT(1)=PRMT(2)
THLF=13; SIGN(PRMT(3)) is not

equal to SIGN(PRMT(2)-PRMT

1)).
The name of the external subroutine
used., This subroutine computes the
right-hand side, DERY, of the sys~-
tem for given values X and Y, Its
parameter list must be X, Y, DERY,
Subroutine FCT should not destroy
Xand Y.
The name of the external output sub-
routine used, Its parameter list
must be X, Y, DERY, THLF, NDIM,
PRMT, None of these parameters
(except, if necessary, PRMT#4),
PRMT(5),...) should be changed by
subroutine OUTP, If PRMT(5) is
changed to nonzero, subroutine
RKGS is terminated,
An auxiliary storage array with 8
rows and NDIM columns.

Remarks:

The procedure terminates and returns to the

calling program, if

1. More than 10 bisections of the initial increment
are necessary to get satisfactory accuracy

(error message IHLF=11),

The initial increment is equal to 0 or has the

wrong sign (error messages IHLF=12 or IHLF=13).
3. The integration interval is exhausted,
4, Subroutine OUTP has changed PRMT(5) to non-

zero,

Subroutines and function subprograms required:
The external subroutines FCT(X, Y, DERY) and
OUTPX,Y,DERY,[HLF,NDIM, PRMT) must be

furnished by the user.

Method:

Evaluation is done by means of fourth-order
Runge-Kutta formulae using the modification due

to Gill,
of the procedure with the increment.

Accuracy is tested comparing the results

Subroutine RKGS automatically adjusts the
increment during the whole computation by

halving or doubling. If more than 10

bisections

of the increment are necessary to get satisfac-
tory accuracy, the subroutine returns with error
message [HLF=11 to the main program.

To get full flexibility in output, an output
subroutine must be furnished by the user.

SUBROUTINE RKGS(PRMT+Y+DERY+NDIMs IHLF sFCToOUTPAUX)
OIMENSION Y(1)eDERY(1)2AUX(B11)sAL4) sBL&)eCi4) ¢PRMTIS)
DO 1 1s1eNDIM

AUX(891)me06666667#DERY(T)

X=ORMT(1)

XEND=PRMT (2}

HePRMT(3)

PRMT(S)=04

CALL FCTUXsYsDERY}

ERROR TEST

TF{M# (XEND=X) 13843742

PREPARATIONS FOR RUNGE=KUTTA METHOD

All)m45

A(2)u,4292R932

Al3)=14707107

AlL) 041666667

B(1)=2s

Bl2)mle

~

Bl3)=le

Blalnze

Cll)meS

C1212a2928932

€(3)=1.707107

Cla)ees

PREPARATIONS OF FIRST RUNGE=KUTTA STEP
N0 3 I=1eNDIM

AuXtlslleyil}

AUX(2911=DERY (T}

AUX(391)20s

AUX{691)204

IRECHO

HeH+H

IHLFa=1

ISTEP=0

1END=0

START OF A RUNGE=KUTTA STEP

IF ( (X+H=XEND) #H) 74645

HeXEND=X

1END=1

RECORDING OF INITIAL VALUES OF THIS STEP
CALL OUTP{XsY sDERY s IRECINDIMIPRMT}
IF(PRAMT (511408440

1TESTeC

ISTEP=ISTCP+1

w

om 9 ouws

START OF INNERMOST RUNGE=KUTTA LOOP
Jel
10 AJsACD)
BJeB{J)
[STT4 N}
N0 11 I=1sNDIM
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R1aH*DFRY (T} RKGS 51

R2=AJ¥(R1=BJ#AUXI6411}) RKGS 52
Y(I)=Y{1)14R2 RKGS 53
R2wR24R24R2 RKGS 84

11 AUX(6¢1)}=AUX(641)+R2=CISRY RKGS 55
IF(J=4112415+15% RKGS 56

12 J=Js) RKGS 57
1F(J=3)12424413 RKGS 58

13 X=X4,5%H RKGS 59

14 CALL FCTIX»YeDERY) RKGS 60
GOTO 10 RXGS 61

4 END OF INNERMOST RUNGE=KUTTA LOOP RKGS 62
< TEST OF ACCURACY RKGS 63
15 IFIITEST)16916920 RKGS 64

< IN CASE ITFST=0 THERE 1S NO POSSIBILITY FOR TESTING OF ACCURACY RKGS 65
16 D0 17 IslNDIM RKGS 66

17 AUX(4sldsYil) RKGS 67
ITEST=1 RKGS 68
ISTEP=ISTEP+ISTEP-2 RKGS 69

18 IHLFalHLF+] RXGS 70
XeXoH RKGS 71
HeoSan RKGS 72

00 19 Iel NDIM RKGS 73
YiliwAUX(141) RKGS 74
DERY{1)=AUX(241) RKGS 75

19 AUX{64T)8AUX(3s1) RKGS 76
Goto 9 RKGS 77

4 IN CASE ITESTs1 TESTING OF ACCURACY IS POSSIBLE RKGS 78
20 IMODm]STEP/2 RKGS 79
IF( [STEP=IMOD=1MOD) 21423421 RKGS BO

21 CALL FCT(XsYsDERY) RKGS 81

22 Is1eNDIV RKGS 82
AUX{Sel}aY(D) RKGS 83

22 AUX{721)eDERY(I) RKGS B84
GOTO 9 RKGS 8%

< COMPUTATION OF TEST VALUE DELT RKGS 86
23 DELT=0e RKGS 87
D0 24 Is1NDIM RKGS 88

24 DELT=DELT+AUX(8¢1)®ABS(AUX(Gs11=YII)) RKGS 89
IF(DELT=PRVT(4)12R+28425 RKGS 90

4 ERROR 1S 700 GREAT RKGS 91
25 IF{IMLF=10}26+36+26 RKGS 92

26 DO 27 I=1NDIM RKGS 93
27 AUXI(4s1)mAUX(Se]) RKGS 94
ISTEPa1STEP+ISTEP=4 RKGS 95

XeX=tf RKGS 96
1END=0 RKGS 97

GOTO 18 RKGS 98

4 RESULT VALUES ARE GOOD . RKGS 99
28 CALL PCT(XsY4DERY) RKGS 100
00 29 1=1sNDIM RKGS 101
AUX(1sl)myil) RKGS 102

AUX (227 )=DERY (T} RKGS 103

AUX (34 1) ®AURLE D) RKGS 104
YUI)aAUX(Sel) RXGS 105

29 DERY(I)sAUX(TeI) RKGS 106
CALL OUTP(X=H3YsDERY s IHLF sNDIMsPRMT) RKGS 107
T1F(PRMT (51160930440 RXGS 108

30 DO 31 I=1+NDIV RXGS 109
RXGS 110

Y{ItaAuX{ls1)

31 DERY([}eAUX(2+1) RKGS 111
IRECsIMLF RXGS 112
IF{IENDY32+32439 RKGS 113

C INCREMENT GETS DOUBLED RKGS 114

32 IMLF=IHLF=] RKGS 115
1STEP=ISTERP/2 RXGS 116
HeH+H RKGS 117
TFUIHLF 14433433 RKGS 118

33 INMODsISTER/2 RKGS 119
LF (1STEP=IMOD=1%0D14 43436 RKGS 120

34 IF(DELT=s024PRYT(41)35135+4 RKGS 121

35 IHLFaIMLF=1 g:gg }g;

P=ISTEP/
rl:;su 1sTERs2 RKGS 124
GOTO & RKGS 125
4 RETURNS TO CALLING PROGRAM RKGS 126

36 IHLF=11 RKGS 127
CALL FCTIX»YsDERY) RXGS 128
GOTO 39 RKGS 129

37 IHLF=12 RKGS 130
6OTO 39 RKGS 131

38 IKLFe13 RKGS 132

39 CALL OUTP{XsY+DERYsIHLFINDIMPRMT) RKGS 133

40 RETURN RKGS 134
END RKGS 138

Mathematics - Fourier Analysis

FORIF

This subroutine produces the Fourier coefficients

for a given periodic function.

Given; 1. A function f(x) for values of x between

Oand 2 7

2. N - the spacing desired such that the
interval is 2x/(2N+ 1)

3. M - the desired order of the Fourier
coefficients, 0 < M < N.

The coefficients of the Fourier series that approxi-
mate the given function are calculated as follows:

2r
C, = °°s(2N+1) @

. 27
8 = s““(2N+1) @)
U, = 0
U, =0
c =1
S =0
Jo=1

The following recursive sequence is used to compute
UO’ Ul, and U2:

_ 2mw
Yo = f(2N+1)+ 2CU; -1, @)
U =10y
U =Y

for values of m = 2N, 2N-1, ..., 1

The coefficients are then:

2
Ap= ot (f(0)+ cu, —UZ) (4)
B.= =2— 8U (5)

Jd 2N+1 1

The values of C and S are updated to:

Q CIC—SIS

wn
1t

CIS+ SIC

0]

Q

J is stepped by 1 and the sequence starting at equa-
tion (3) is now repeated until M+ 1 pairs of coeffi-
cients have been computed.

Subroutine FORIF

Purpose:
Fourier analysis of a given periodic function in
the range 0-2x.
Computes the coefficients of the desired number
of terms in the Fourier series F(X)= A(0)+
SUM(A(K)COS KX+B(K)SIN KX) where K=1, 2,
« <+, M to approximate the computed values of a
given function subprogram,

Mathematics — Fourier Analysis 95
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Usage:
CALL FORIF(FUN,N, M, A, B,IER)

Description of parameters:
FUN - Name of function subprogram to beused
for computing data points.
N - Defines the interval such that 2N+1
points are taken over the interval
(0,2m). The spacing is thus 2x/(2N+1).
M - The maximum order of the harmonics
to be fitted.
A - Resultant vector of Fourier cosine co-
efficients of length M+1; i.e., AO’ ceey
Aqnre
B ~ Resultant vector of Fourier sine coef-
ficients of length M+1; i.e., BO’ e,
Byre
IER - Resultant error code where:
IER=0 No error.
IER=1 N not greater than or
equal to M.
IER=2 M less than 0.

Remarks:
M must be greater than or equal to zero.
N must be greater than or equal to M,
The first element in vector B is zero in all
cases.

Subroutines and function subprograms required:
FUN - Name of user function subprogram used
for computing data points.

Calling program must have FORTRAN EXTER-
NAL statement containing names of function
subprograms listed in call to FORIF.

Method:
Uses recursive technique described in A. Ralston,
H. Wilf, '"Mathematical Methods for Digital Com-
puters', John Wiley and Sons, New York, 1960,
Chapter 24. The method of indexing through the
procedure has been modified to simplify the
computation.

SUBRGUT INE FORTF(FUNsNoMoAsB, TER) FORIF 1
OIKENSION Al1},8(1) FOMIF 2

c CHECK FOR PARAMETER ERRORS FORTF 3
ER=O FORIF &

20 LFIM} 30,40+40 FORIF S
30 1ER=2 FORIF &
RETURN FORLIF 7

40 [F(M=N) 60+60,50 FORIF A
S0 1ER=l FORIF @
RFTURN FORIF 10

c CQMPUTE AND PRESET CONSTANTS FORIF 11
60 AN=N FORTF 12
COEF=2,0/12,08AN¢1,0) FORIF 13
CONSTa3,1415938COEF FORTF 14
S1=SINICONST) FORIF 1S
C1=COS{CONST) FORIF 16
C=1.0 FORIF 17
$=0.0 FORIF 18
Jeul FORLF 19
FUNZ=FUN{0.0) FORIF 20
70 U2=0.0 FORIF 21
Ul=0,.0 FORIF 22

Al =@M FORIF 23

[4 FORM FOURTER COEFFICIENTS RECURSIVELY FORIF 24
75 X=AI®CONSTY FORIF 2%
UO=FUNIX) ¢2,.08Co) P-U2 FORIF 26
u2=ul FORIF 27
Ul=uo FORIF 28
Al=Al-1.0 FORIF 29
IFLATY B0480,75 FORIF 30

80 A(JI=COEFS(FUNZeCOUL-U2? FORIF 31

96

B81JVCOEFeSOUL FORIF 32

1F{J-{Me1}) 90,130,100 FQRIF 33
30 QsCleC-S)eS FORIF 34
S=CleSeSieC FOREF 35
<=0 EORLF 36
J=Jel FORIF 37
G0 1O 70 FORIF 38 5
100 All)eA(1)e0.5 FORIF 39 :
RETURN FORIF 40
END FORTF 43

This subroutine produces the Fourier coefficients of
a tabulated function.

Given: 1. Tabulated values of a function f(x) for x .
between 0 and 2 7 in steps of 27/(2N+1)

2. N such that there are 2N+1 tabulated
data points: 2K#/2N+1, K= 0, 1, 2,
ces, 2N

3. M - the desired order of the Fourier
coefficients where 0< M <N

The coefficients of the Fourier series which approxi-
mate the given function are calculated as follows:

C =cos(2”) 1

1 ON+ 1 @)

S 2w
8, = sin (2N+1) @
-

U, = 0 Ny
U =0

cC =1

S = 0

J =1

The following recursive sequence is used to compute

Uy Uy, and Uy
U, = f(;—ﬁ“ﬁ)+20UI-U2 ®) ]
U, = U,
U, = U, ’

for values of m = 2N, 2N-1, ..,, 1
The coefficients are then:

2
Ay = o (f(0)+CU1-U2) (4)
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FP"

2
By = a1 58Uy ®)

The values of C and S are updated to:

Q Cl C—Sl S

Cl S+Sl C

4]
il

C =Q
J is stepped by 1 and the sequence starting at equa-

tion (3) is now repeated until M+ 1 pairs of coeffi-~
cients have been computed.

Subroutine FORIT

Purpose:

Fourier analysis of a periodically tabulated

function,

Computes the coefficients of the desired number

of terms in the Fourier series F(X)= A(0)+

SUM(A(K)COS KX+B(K)SIN KX) where K=1, 2,
.., M to approximate a given set of periodically

tabulated values of a function.

Usage:
CALL FORIT(FNT,N, M, A, B,IER)

Description of parameters:

FNT - Vector of tabulated function values of
length 2N+1.

N - Defines the interval such that 2N+1
points are taken over the interval
(0,27). The spacing is thus 2x/(2N+1),

M ~ Maximum order of harmonics to be
fitted.

- Resultant vector of Fourier cosine co-

efficients of length M+1; i.e., AO, cee,
AM'

B - Resultant vector of Fourier sine coef-
ficients of length M+1; i.e., By, ...,
BM.
IER - Resultant error code where:
IER=0 No error.
IER=1 N not greater or equal to
M.
IER=2 M less than 0.
Remarks:

M must be greater than or equal to zero.

N must be greater than or equal to M.

The first element of vector B is zero in all
cases.

Subroutines and function subprograms required:
None.

Method:
Uses recursive technique described in
A. Ralston, H. Wilf, '"Mathematical Methods
for Digital Computers', John Wiley and Sons,
New York, 1960, Chapter 24. The method of
indexing through the procedure has been modi-
fied to simplify the computation.

SUBROUTINE FORTTIFNT,NyM,A}B,TER} FORIT

1

OIMENSION AT1) Bl 1),FNT(1} FORIT 2

c CHECK FOR PARAMETER ERRORS FORIT 3
1ER=0 FORIT &

20 IF(H) 30,40,40 FORIT 5
30 1€R=2 FORIT 6
RETURN FORIT 7

40 TF[4-N) 60,60,50 FORIT 8
50 [ER=1 FORET 9
RETURN FORIT 10

c COMPUTE AND PRESET CONSTANTS FORIT 11
60 AN=N FORIT 12
COEF=2.0/(2.0¢ANs1.0) FORIT 13
CONST=3.141593#CIFF FORIT 14
S1=SINICONST} FORIT 15
C1=COS(CONST} FORIT 16

= FORIT 17
§=0,0 FORIT 18
J=1 ENRIT 19
FNTZ=FNT(1) FORTT 20

70 U2=0.0 FORIT 71
U1=0.0 FORIT 22
1=2eN4) FORET 23

c FORM FOURTER CNEFFICIENTS RECURSIVELY FORIT 24
75 UD=FNT([)42.0%C#J1-U2 FORIT 25
v2=ul FNRIT 26

Ul =0 FORIT 27
1=1-1 FORIT 28
TFLI-1) #0,80,75 FORIT 29

80 AfJ)=COEF®(FNT24CoU1-U2) FORIT 30
B(J)=COEFeS*U] FORTT 31
[F{J-{M+11) 90,130,100 FORIT 32

90 Q=C1#C-S1sS FORIT 33
S=C1#Se518C FORIT 34
c=b FORIT 35
J=yel FORIT 36

60 TA 70 FORIT 37
100 ALE)=A(1)%0.5 FORIT 38
RETURN FORIT 39
END FORIT 40

Mathematics - Special Operations and Functions

GAMMA
This subroutine computes the value of the gamma
function for a given argument x.

Calculation of the Gamma Function. T (x) is de-
fined for x > 0 by:

o

I (x) = / 1ot g I

0
This function satisfies the recurrence relation:
F(x) = (x-1) - T (x-1) @)
which defines T (x) for any x not a negative integer.
Note that when x is a positive integer I' (x) = (x-1)!

To compute T (x) for x > 1, apply the recurrence (2),
r times until 1< x-r = y <2, Thus, forx>1

I'x) = (x-1) £-2) ... x-1) T (y) 3)
I'(y) is computed from the following formula:
r)=1- 0.57710166(y-1) + O. 98585399(y—1)2

- 0.87642182(y-1)3 + 0.83282120(y-1)%
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130 IERs1 GAKMA 28
RE TURN GAMMA 29
END GAMMA 30

- 0.56847290(y-1)° + 0. 25482049(y-1)%

- 0.05149930(y-1)" @)

For x <1, the recurrence (2) is taken in the direc-
tion of decreasing n, giving

- L (y)
T = D &) ... &) ©)

where 1<x+r=y<2,

As before, T (y) is computed using equation (4).
Subroutine GAMMA

Purpose:
Computes the gamma function for a given argu-
ment.

Usage:
CALL GAMMA (XX, GX, IER)

Description of parameters:
XX =~ The argument for the gamma function.
GX - The resultant gamma function value.
IER - Resultant error code where;

IER=0 No error.

IER=1 XX is within . 000001 of be-
ing a negative integer.

IER=2 XX ig greater than 34.5

GX is set to 1. 0E38

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
The recursion relation and polynomial approxi-
mation by C. Hastings, Jr., '"Approximations
for Digital Computers', Princeton University
Press, 1955,

SUBROUTINE GAMMA(XXsGX+1ER) GAMMA 1
IF(XX=3405)646+4 GAMMAMO 1

4 lER=2 GAMMAMO2
GXm1,E38 GAMMAMO3
RETURN GAMMAMO4

6 Xaxx GAMMAMOS
ERR®1,0E=6 GAMMA 3
IER=0 GAMMA &
GXx140 GAMMA 5
IF{X=2+0150:50,15 GAMMA &

10 IFtX=2401110,110+18 GAMMA 7
15 XsX=140 GAMMA B
GX=GX#X GAMMA 9

GO TO 10 GAMMA 10

80 1F{X=1e0160+120+110 GAMMA 11
4 SEE IF X IS NEAR NEGATIVE INTEGER OR 2ERO GAMMA 12
60 1F(X=ERR)62+462+80 GAMMA 13
62 KX GAMMA 14
YsFLOAT (K) =X GAMMA 15

IF{ABS{Y)=ERR1130+130+64
64 IF{140-v-ERR) 1304130470
X NOT NEAR A NEGATIVE INTEGER OR ZERO
70 IF(X=140180+80+110
 gsek o
GO TO 70
110 YaXx=1.0
GYS1e0¢Y#{=0eSTTLOLT+Y¥ (400985854047 (=0+8764218+Y#(+048328212+ GAMMA 24
1Y#{=0,56047294Y#(402548205+4Y#(~0,05149930)1111)) SAma 22

GXeGX#GY
120 RETURN GAMMA 27

98

LEP

This subroutine computes the values of the
Legendre polynomials for a given argument x
and orders zero up to N, The Legendre poly-
nomial Py (x) satisfies the recurrence equation

Pn+1 (x) =((2n+1)-x. Pn x)-n- P, (x))/(n+1)

with starting values Py(x) =1, P (x) =x.
For reasons of economy and numerical stability
the recurrence equation is used in the form:

Pn +1(x) =X . Pn(x) - Pn- 1(x) +X . Pn(x)

- (x - P @) - P ()/(nt1)

For large values of n the last term is negligible,
giving the approximation:

Pn+1 x)=2.x - Pn(x) - Pn—l (x)

This form shows that roundoff errors grow at worst
linearly, assuming that the argument x is absolutely
less than one.

If ep+y is the error in Pp4, (x) due to a single
rounding error e in Py(x), the approximation is

2x . ¢ -e

e -
n+r+l n+r

n+r-1

with initial conditions e, =e, e,_1 = 0. The solution
of this difference equation has its maximum for
lxl =1:

e .=0,e =e, Ien+1| =2e€, ..., Ie

n-1 n n+r I

=(r +1)e

The order is assumed to be zero for negative
values of N.

Subroutine LEP

Purpose:
Compute the values of the Legendre polynomials
P(N,X) for argument value X and orders 0 to N.

Usage:
CALL LEP(Y,X,N)

Description of parameters:

Y - Result vector of dimension N+1 containing
the values of Legendre polynomials of
order 0 to N for given argument X, Values
are ordered from low to high order.

X - Argument of Legendre polynomial,

N - Order of Legendre polynomial.
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Remarks: BESJ
» N less than 0 is treated as if N were 0, .
™ This subroutine computes the J Bessel function for a
Subroutines and function subprograms required:

given argument and integer order by using the re-
None. currence relationship:

Method:
Evaluation is based on the recurrence equation F ®+F _(x)= (_22_> F_(x) )
for Legendre polynomials P(N,X); n+1 n-1 x/ n
P(N+1,X)=2*X*P(N, X)- P(N-1,X)- X*P(N, X)- B . L.
P(N-1, X))/ (N+1), where the first term in The desired Bessel function is:
brackets is the order, and the second is the
argument, F &
Starting values are P(0,X)=1, P(l,X)=X. & = = @)
S e & i  where
(4 TEST OF ORDER LEP MOl

th: Cep od
b, " -

e, A S D DR ®
IF(N=1)14103 LEP 9

> S e e m=1

4 Yi]elimGeY(I=1) =(G=Y(I=11}/FLOATI1I¢G :g: :;
e 5

M is initialized at MO'

M0 is the greater of M A and M‘B where:

M, =[x+6] if x<5andM, = [1.4x+60/x Jif

{ﬂ"\ x25.
MB = [n+x/4+2]

FM-Z’ FM-3’ cesy Fo, Fl’ Fo is evalug,g%d using
equation (1) with FM = 0 and Fyoq = 1072,

a and J (x) are then computed using equations (3)
and (2) respectively.

The computation is repeated for M+ 3.

The values of J n(x) for M and M+3 are compared:

I I @y = Iy ®hy s I @ 3

ssl

this value is accepted as J, (x); if not, the computa-
tion is repeated by adding 3 to M and using this as a
new value for M. If M reaches My, ,y before the
desired accuracy is obtained, execution is termi-
nated. Myax is defined as:

2
[20 + 10x —313-] for x <15

Myiax = )
[90 + x/2] for x > 15
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Subroutine BESJ

Purpose:
Compute the J Bessel function for a given argu-
ment and order.

Usage:
CALL BESJ(X, N, BJ,D,IER)

Description of parameters:

X - The argument of the J Bessel function
desired.
The order of the J Bessel function de-
sired.
BJ - The resultant J Bessel function.
Required accuracy.
IER - Resultant error code where:

N -

IER=0 No error.

IER=1 N is negative.

IER=2 X is negative or zero.
IER=3 Required accuracy not

obtained.
IER=4

not correct.

marks. )

(See Re-

Remarks:
N must be greater than or equal to zero, but it
must be less than
20+ 10*¥X-X** 2/3 for X less than or equal to
15;
90+X/2 for X greater than 15.
Subroutines and function subprograms required:
None.

Method:
Recurrence relation technique described by
H. Goldstein and R.M. Thaler, 'Recurrence
Techniques for the Calculation of Bessel Func-
tions', M.T.A.C., V.13, pp.102-108 and
1.A. Stegun and M. Abramowitz, 'Generation
of Bessel Functions on High Speed Computers!,
M.T.A.C., V.11, 1957, pp.255-257.

SUBROUTINE BESJIX +NsBJ+DyTER) BESY 1
BJ=, BESJ 2
[FIN)10,20,20 RESS 3

10 lER=] RESJ 4
RETURN AESY 5
20 I[F(X)30,30,31 BESY 6
30 lER=2 RESJ 7
RE TURN RESJ A

31 [F(X-154)32,32,3% BESY 9
32 NTEST220.+10.8X-X88% 2/3 BESJ 10
GO 10 36 BESJ 11

34 NTEST=290.4X/2. BESJ 12
36 IFIN-NTEST)40,38, 38 BESS 13
38 1€Ra4 BESJ 14
RETURN BESS 15
40 IER=0 RESJ 16
NlsN+] BESJ 1T
BPREV=.0 BESJ 18
COMPUTE STARTING VALUE OF M RESJ 19
1F{X=-5.150,60,60 BESJ 20

S0 MAzX+h,. RESS 21
G0 10 70 BESJ 22
60 MAZL.48X+60./X RESJ 23
TO MBaN#IFIX(X) /442 RESS 24
MZERO=MA BESJ 25
1F(MA-MB)80490:9) BESJ 26

B0 MZERO=MB AFSJ 27

100

Range of N compared to X

90
Ltoo

120
t30

140
150

170
180

190

SET UPPER LIMIT OF M
MHMAXSNTEST
DO 190 M=MZERO,MMAX,3
SET FUMI,FIM-1)
FMl1=1.0E~28
FM=.0
ALPHA=,0
[FI(M-(M/2)%21120, 110,120
dT=-1
GO TO 130
JT=1
M2=M-2
00 160 K=1,4M2
MK =M-K
BMK=2  #FLOAT (MK )*FML/X-FM
FHsFM]
FML=BMK
IF{MK-N=-1)150,140,4150
BJ=BMK
Jr==Jv
S=LegT
ALPHA= ALPHA+BHK®S
BMKa2, $FML/X-FM
LFIN) 180,170,180
BJ=BMK
ALPHA=ALPHA®BHK
8J=9J7ALPHA
IFUABS(BJ~RAPREV)-ABSID#*BJ) 201,200,190
BPREV=84
1ER=3
RETURN
END

BESJS 59
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BESY

This subroutine computes the Y Bessel function for a
given argument x and order n. The recurrence re-
lation:

Y@= (). v w-y ® M

is used for this evaluation.

For x >4

Y (x) = \/;1; P,(x) sin (x—f—)
(2)

+ QO(X) cos <x—%)

Y, () = ‘/—% P, () cos(x -5 )
3)
s

+ Ql(x) sin (x --4—)

Po(x), Qo(x), Pl(x), and Ql(x) are:

lp (4 2
\/‘2:7; 0 t)= 0.3989422793 - 0.0017530620t
+0.0001734300tF - 0. 0000487613t
8 10
+0.0000173565t ~ 0.0000037043t
(4)
2 (7). 2
-0.124669441
tvar O 66 + 0.0004564324t
-0. 00008697911:4 + 0.0000342468t°

~0. 00001420781;8 + 0. 00000323121:10

)

2

- Pl(—-) = 0.3989422819 0. 0029218256t

+

-0.0002232030t% + 0.0000580759t°

-0.0000200920t8 + 0.0000042414t10
(6)

2
1 Ql(é)= 0.0374008364 - 0.0006390400t

+0. 0001064741t4 - 0. 00()()398708t6

+0. 0000162200t8 - 0. 0000036594t10

M

where t = 4
X

For x<4

2m

15
(X
Ei(D(Q (m!)?

2
Y, =7

®)

[log— + 7 - Hm]

where

m21=0 ifm=0 9)

"SIH

and ¥ = Euler's constant = 0.5772156649

2m-1

(x)~ m+1(%)

16
%z
P

1

1
m! (m-1)! * Zm]

(10

. [log§+ 7 -H

Subroutine BESY
Purpose:
Compute the Y Bessel function for a given argu-

ment and order.

Usage:
CALL BESY(X, N, BY, IER)

Description of parameters:

X - The argument of the Y Bessel function
desired.

N - The order of the Y Bessel function de-
sired.
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BY - The reSultant Y BeSSel flmction. < CHECK 1F ONLY YO OR Y1 IS DESIRED BESY 79

90 IF{N=11100+100+130 BESY 80
IER - Resultant error code where: € 100 1F N 11001500030 |0 07 Y} AS RraviRe Btev 82
110 By=yl BESY 83 Im
o GO.\Y’g 170 BESY 84 )
IER-0 No error, 10 e 170 3523 5
ER=1 Nis negative. 4 130 “:‘sgronu RECURRENCF OPFRATIONS TO FIND YN(X) ggg: g;
IER=2  Xis negative or zero i sesy 33
g . 140 T=FLOAT{2%K)/X BESY 91
. : A (<] -
IER=3  BY is greater than 10**36, o R oessns s BE3y Hos
“ ER=3 BESY M02
RETURN BESY MO3
Remarks: 1 T;Txunscneo.lso SE:: Mg:
Very small values of X may cause the range of 10 Teve M
. . GO TO 14
the library function ALOG to be exceeded. For 160 Bvave 7 stav 3
. re 170 RETUAN BESY 99
N >30 and X £5, this condition may occur. 180 1ERel HEMENS
X must be greater than zero. 10 Toa Stev 105
END BESY 104

N must be greater than or equal to zero.

Subroutines and function subprograms required:
None,

Method:
Recurrence relation and polynomial approxima-
tion technique as described by A.J. M. Hitchcock,
'Polynomial Approximations to Bessel Functions
of Order Zero and One and to Related Functions!,
M.T.A.C., V.11, 1957, pp.86-88, and
G.N, Watson, 'A Treatise on the Theory of
Bessel Functions', Cambridge University Press,

n

1958 p. 62.
SURROUT INE BESY(XsNsBYs1ER) BESY 1
CHFCK FOR ERRORS IN N AND X BESY 2
IFINIT1A0:10010 BESY 3
10 IER=0 BESY ‘6
IF1X}190+1904+20 BESY 5
BRANCH IF X LESS THAN OR EQUAL & BESY 7
20 IF(X=4s0)140440430 BESY MOS
COMPUTE YO AND Y1 FOR X GREATER THAN & BESY 9
30 Tle4e0/X BESY MO&
TomT1#T1 BESY MO7
PO={{{(=40000037043%T2+,0000173565)%T2+,00004676131%T2 BESY M08
1 ++00017343)#T2-eN017530621%T2+4439089423 BESY MO9S
Q0= {((+00000323124T2~,0000142078)#72+,000034246314T2 BESY MlO
1 ~.0000R69791)#T24.000456432414T2-,01246694 BESY M11
P1al{((+0000042414%T2=,0000200920)#72+4,0000580759)%T2 BESY M12
1 ~e000223202)#T2+,002921226)4T2+,3989423 BESY M13
018 ({{(=e00000365944T24.00003622)#T2=-,00003987CB)1#T2 BESY Mla
1 +,0001064741)872=,0006390400)%T2+,03740084 BESY M15
A®2,0/SQRT(X) BESY Ml6
B=A#T) BESY M17
CoX=478839R2 BESY M18
YOmA#PO#SIN(C)+R*Q0*COSICH BESY ™19
Y12«A%D1#COS{C)I+R*OIRSINIC) BESY M20
G0 TO 90 BESY 51
COMPUTE YO AND Y1 FOR X LESS THAN OR EQUAL TO 4 BESY 52
40 XX®X/24 BESY 53
X23XX#XX BESY 54
TRALOGIXX}+45772157 BESY M21
SuM=Q, BESY 56
TERM=T BESY 57
Y0uT BESY 58
NO 70 L=1s15 BESY 59
1F{L=-1130+60+50 BESY 60
50 SuM=SUM+1./FLOATIL-1) BESY 61
60 FLwL BESY 62
TS=TaSuM BESY 63
TERM= {TERM# (=X2) /FL#%£2)#{1a=10/(FL¥TS)) BESY 64
70 YOSYO+TERM BESY 65
TFRM = XX#(T=e5) BESY 66
SuMs0. BESY 67
Y1=TERM BESY 68
DO RO Lm2s16 BESY 69
SUMBSUM+] o /FLOATIL=1) BESY 70
FLaL BESY 71
FL12FL=1, BESY T2
TSaT=5um BESY 73
TERM= (TERM# {=X2) /(FLI#FL) 1#{ (TS=e5/FL)/iTS+45/FL1)} BESY 74
B0 Y1sY1+TERM BESY 75
P12%.6366198 BESY M22
YO=P12#Y0 BESY 77
Y1=ePI2/X4P122Y1 BESY 78

102
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BESI SURROUTINE BESI(XsNe BIsIER) BEST 1
< CHECK FOR ERRORS IN N AND X AND EXIT IF ANY ARE PRESENT BES! 2
— IER=0 BESt 3
BI=1.0 BESI 4
. o . 1FIN)150415010 BESI s
This subroutine computes the I Bessel function for a 1017 x)1160120120 sEsi ¢
5 IF(X)160e12742 BES

i 17 RETURN BES1 8
given argument x and order n, c RN NE TOLERANCE Best @
20 TOLx14E~8 BESI 10
c IF ARGUMENT GT 12 AND GT N+ USE ASYMPTOTIC FORM BESI 11
< < 1F(X=124140+40430 BESI 12
Forx<1l2or<n 30 IF(X=FLOAT(N)140,404110 BESI 13
(4 COMPUTE FIRST TERM OF SERIES AND SET INITIAL VALUE OF THE SUM BESI 14
4 XX®X/24 BES! 18
w0 TERMalu0 BESI Mol

IF(N) 17045 BEST M
X n 1 30 X 25 n' 55 D0 60 lwlN BEST MO3
I (X) = (-) =3 (_> - (1) :;::asnsnm 14E=36)56460460 :E:g& :g:

s =1.E- 1604
n 2 nl 2 sl (n+s)! 56 1ER1 BEST MO6
B12040 BES1 MO7
s=0 RETUSN BESI MO8
60 TERM=TERMEXX/FI BES! M09
70 BisTERM BESI M10
XXsXX#XX BESI 23
< COMPUTE TERMSsSTOPPING WHEN ABS(TERM) LE ABS(SUM OF TERMS) BES! M1}
Forx >12and >n < TIMES TOLERANCE BEST M12
DO 90 ke1,1000 BESl m13
IF(ABS(TERM)—ABS(BI#TOL) 11004100480 BESI 27
R0 FK=K®(NeK} BES! 28
X 30 TERMeTERM# { XX /FK} BES1 29
e -m 1 90 BI=BI+TERM BEST 30
I (x) = (8x) * — 4 RETURN BI AS ANSWER BESI 31
1 100 RETURN BESI 32
n J_— m. 4 X GT 12 AND X GT N+ SO USE ASYMPTOTIC APPROXIMATION BESI 33
27X 110 FNzs4eneN BESI 34
m=0 1F(X= 6040)115+1110111 BESI Ml4
111 IER=4 BESI M15
RETURN BES! M16
115 XXala/(ReX) BESI M17
TERMe1, BESI 38
m 2 2 arel. BESI 37
2 N0 130 X=1.30 BES! 138
H (ZK"']-) - 411 ( ) IF(ABSITERM)=ABS(TOL®AI)11160+140+120 BES! 139
120 Fe(2eK=1}rs2 BESI 40
K=1 TERMaTERMRXX# (FK=FN) /FLOAT(K) BESI 41
130 BIaBI+TERM BESI 42
4 w géGNéﬂlCANCE LOST AFTER 30 TERMSsTRY SERIES BEST M18
“ BESI M19
Subroutine BESI 160 P123,141592653 BEST 43
e ——————— S ——— BI=BI*EXP{X)/SORT(2.#P1#%X) RESI 44
GO To 100 BESI 45
P 180 IER=1 BEg} ::
. G0 TO 100 B

urpose: . 160 TER=2 s:si 48
i - GO TO 100 BES! 49
Compute the I Bessel function for a given argu ®, pest 4o

ment and order.

Usage:
CALL BESI(X, N, BIL, IER)

Description of parameters:

X - The argument of the I Bessel function
desired.

N - The order of the I Bessel function de-
sired.

BI - The resultant I Bessel function.

IER - Resultant error code where:

IER=0 No error,

IER=1 N is negative.

IER=2 X is negative.

IER=3 BI is less than 1. 0E-36,
and is set to zero.

IER=4 X is greater than 60 and
and greater than N,

Remarks:
X and N must be greater than zero.

Subroutines and function subprograms required:
None.

Method:
Computes the It Bessel function using series
or asymptotic approximations depending on the
range of the arguments.
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BESK

This subroutine computes the K Bessel function for a
given argument x and order n.
The recurrence relation:

K (0= 2K@+K & M

is used for this evaluation.
The initial values K and K; are found as follows:

For x >1
K ()= e &
o®) = e o Go®) )
K, (%) = e \/Ex”— G, (x) ®)

where x = 1/tfort <1

1 T o_
Go(t)\/z = 1.2533141373

+0, 0881112782t

-0.1566641816t

L. 0. 0913909546t3

+0. 13445962281:4 - 0. 2299850328’£5

+ 0.3792409730‘:6 -0, 52472773311:7

8

+0.5575368367t" -~ 0. 4262632912‘c9

+0. 21845180961:10 - 0. 06680976721:11

+0. 00918938301:12

(4)

Gl(—>~\/— = 1.2533141373 + 0.4699927013t

-0. 1468582957t2 + 0. 1280426636’(;3

-0. 1‘7364316371:4 + 0. 2847618149’(.5

-0. 45943421171:6

—0.6632295430128

+ 0. 62833806811:7

+ 0. 50502385761:9

-0. 2581303765(‘.10 + 0. 0788000118t11

-0. 0108241'7'751:12

(5)
Forx<1

Y = Euler's constant = 0.5772156649 6)

104

K (x) = - (7 + logi) + i (3)28 N
0 2 ~ 2 .(S!)z -
(7)

[HS - (-r + 1og32‘-)]

where

5.1
HS:Z; (8)

®)
[%_+ 5 - (7+ log%— Hs)]
Subroutine BESK
Purpose:

Compute the K Bessel function for a given argu-
ment and order.

Usage: ™

CALL BESK(X, N, BK, IER) -

Description of parameters:

X - The argument of the K Bessel function
desired.
N - The order of the K Bessel function de-
sired,
BK - The resultant K Bessel function.
IER - Resultant error code where:
IER=0 No error.
IER=1 N is negative.
IER=2 X is zero or negative,
IER=3 X is greater than 60.
Machine range exceeded.
IER=4 BK is greater than

1. E36.

Remarks:
N must be greater than or equal to zero.

Subroutines and function subprograms required:
None.

Method:
Computes zero-order and first-order Bessel
functions using series approximations and then
computes N** order function using recurrence -
relation.
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Recurrence relation and polynomial approxima-
tion technique as described by A.J. M. Hitchcock,
'"Polynomial Approximations to Bessel Functions
of Order Zero and One and to Related Functions',
M.T.A.C., V.11, 1957, pp.86-88, and

G. N, Watson, 'A Treatise on the Theory of
Bessel Functions', Cambridge University Press,
1958, p. 62,

SUBROUTINE BESK(XsNeBKsI1ER) BESK 1
DIMENSION T{12} BESK 2
BK=40 BESK 3
IFINI10s11,411 BESK o

10 IER=1 BESX 5
RETURN BESK 6

11 IF{X)112412420 BESK 7
12 1ER=2 BESK 8
RETURN BESK 9

20 IF(X= 6040122422421 BESK MOl
21 IER=3 BESK MO2
RETURN BESK MO3

22 1ERw0 BESK MO4
TF(X=1e136136425 BESK 11

25 ASEXP(=X) BESK 12
Bele/X BESK 13
C=SQRT(B) BESK 14
T(11a8 BESK 13
DO 26 L#2y12 BESK 16
26 TiLieT(L=1)#B BESK 17
TF(N~1127+29427 BESK 18
COMPUTE KO USING POLYNOMIAL APPROXIMATION BESK 19

27 GO=A¥(1425931414-¢15666418%T(1)+,088111278#T(2)~e091390954%T(3) BESK 20
2+0134459624T(4)=0229985039T(51+4379260972T(61=0524T727T3#T(T) BESK 21
34455753684+ T(8)=0426263294T(91+,218451814T(10)=e066809767%T(11) BESK 22
4+4009189383%T(12) )4C BESK 23
IF{N120+28+29 BESK 24

28 BK=GO BESK 28
RETURN BESK 26
COMPUTE K1 USING POLYNOMIAL APPROXIMATION BESK 27

29 GlwA®{142533241+446999270#T(1)=014685830%T(2)+.12004266%T(3) BESK 28
24417364316#T(4)+4284761B18T(5)=045943421%T(6)+462833807#T(7) BESX 29
3~066322954%T(0)+450502386%T(9)=e25813030%T(101+4073800012#T(11) BESK 30
4=es010R241774T(12) ) #C - BESK 31
IF{N=1120+30+31 BESK 32

30 BK=Gl BESK 33
RETURN BESK 34
FROM KOiK1 COMPUTE KN USING RECURRENCE RELATION BESX 35

31 DO 35 Js2,N BESK 36
GJu24#{FLOAT(J}=1+)#G1/X+GO BESK 37
IF{GJ=~140F36133433,32 BESK MOS

32 1ER=4 BESK MO
GO TO 34 BESK M07

33 GOeGl1 BESK MO8
33 GleGJ BESK 139
34 PK=GJ . BESK M09
RETURN BESK 41

36 B=X/2e BESK 42
A=e87721866+ALOGIB) BESK 43
C=Be#p BESK 44
IFIN=1137443437 BESK 45
COMPUTE KO USING SERIES EXPANSION BESK 46

37 GOs=4A BESK 47
X2Je1, BESK 48
FACT=1, BESK 49
HJ=e0 BESK 50
DO 40 July6 BESK 51
RJ=1e/FLOAT{J) BESK 52
X2Jax2%C BESK 53
FACT=FACT#RJU*RJ BESK 54
HJ=HJ+RJ BESK 55
40 GO=GO+X2JI#FACT# (HI=A} BESK 56
IF{N1G3942403 BESK 57
42 BK=GO BESK 58
RETURN BESK 59
COMPUTE K1 USING SERIES EXPANSION BESK 60

43 x2JeB BESK 61
FACTel. BESK 62
Hiwl, BESK 63
G114 /X4X2J% [ 4 3+A=H) BESK 64
DO 50 Je2.8 BESX 65
X2JuX2JeC BESK 66
RJ®14/FLOAT(J} BESK 67
FACTeFACT#RJ#RY BESx 68
HI=HJ4RJ BESK 69
50 G1=Gl+X2JRFACT#(¢5+(A=HJI)#FLOAT(J}) BESK 70
1F{N=1131+52431 BESXK 71

32 BK=G1 BESK T2
RETURN BESK 73
END BESK 74

CEL1
This subroutine computes the complete elliptic inte-

gral of the first kind. This is defined as:

/2 dt
K= [ _—S—
o V 1—1{2 sinzt

0<k<1

An equivalent definition is:

K(k) =

j‘? dx
0 V(1+x2) (1+ki x2)
where k, is the complementary modulus:

k2 + k2 =1, 0<k2.<1
[¢ c=

The subroutine CELI1 calculates K (k) for given
modulus k.

The calculation of RES = K (k) is based on the
process of the Arithmetic-Geometric Mean.

Starting with the pair of numbers:

a0=1, g0=kc

the sequences of numbers (an), (g,) are generated
using the definition:

g

=1
S C gn-l)’ g n-1

n n - V-1

This iterative process is stopped at the Nth step,
when ay = gy

If D is the number of decimal digits in the man-
tissa of floating-point numbers, then the equality

= gy must be interpreted as | ay - is less
Zyanalf- 107D, | -exl

Since the sequences () (gn) converge quadrati~
cally to the same limit (Arithmetico-Geometrical
mean) the test for the end of iteration may be re-
placed by comparing ' aN-1 - 8N-1 | against
ay-1 -+ 10°D/2, thus saving one calculation of the
geometrical mean.

The value of K(k) =

T
ZaN

Subroutine CEL1

Purpose:
Calculate complete elliptic integral of first kind.

Usage:
CALL CELI1 (RES, AK, IER)
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Description of parameters:
RES -~ Result value.
AK - Modulus (input).
IER -~ Resultant error code where:
IER=0 No error.
IER=1 AK not in range -1 to +1.

Remarks:
For AK=+1, -1 the result is set to 1. E38.
For modulus AK and complementary modulus
CK, equation AK*AK+CK*CK=1. 0 is used,
AK must be in the range -1 to + 1.

Subroutines and function subprograms required:
None.

Method:
Landen's transformation is used for calculation.
Reference;
R. Bulirsch, 'Numerical Calculation of Elliptic
Integrals and Elliptic Functions', Handbook
Series Special Functions, Numerische Mathe-
matik Vol. 7, 1965, pp. 78-90.

SUBROUTINE CELI{RES+AKeIER) CELL
IER=0

1
2
TEST MOOULUS CELY 3
GEOm] s=AK#AK CEL1 4
TF{GEO1 15243 CEL1 L]
1 IER=] CEL1 6
RETURN CEL1 7
SET RESULT VALUE =OFLOW CELY 8

2 RESm14E38 CELL
RETURN CELY1 10
3 GEOSGRTIGEQ} CELL 11
ARle1l, CELl 12
4 AART=ARI CEL1 13
TESTsAARI#1,4E~0 CELL 14
ARI=GEQ+AR1 CEL1 18
TEST OF ACCURACY CELY 1&
IFLAARI~GEO=TEST1 616145 CEL1l 17
5 GEO=SGRT{AARI®GEQ) CELL 18
ARX-O SOAM CEL1 19

GRES-SJMSVE /ART CEL1L 21
U N

106

CEL2

This subroutine computes the generalized complete
elliptic integral of the second kind, Thisis definedas

T/2 2
cel 2 (ks A, B) = f Ar BA)sin by,
0 1-Kk smzt
Equivalent is the definition:
- A+ B x2
cel 2 (k; A,B) = dx,
0 1+ xz) 1+ xz)(1+ ki xz)

where k, is the complementary modulus:
k2+k =1,0<k2<1
c c=

The subroutine CELI2 calculates cel 2 (k; A, B)
for given modulus k, and constants A, B,

The calculation of RES = cel 2 (k, A, B) is based
on the process of the Arithmetic~Geometric Mean.

Starting with the pair of numbers:

a0= 1, g0=kc

the sequences of numbers (a,), (8y) are generated
using for definition:

an = (an—l * gn-l)’

g11 = ZV n-1 gn—1

This iteration process is stopped at the nth step,
when ay = gy

Further needed are the sequences

(Ai), (Bi) defined by means of:
A = A, B0 = B

A =B /an_1+A

n n-1 n-1

LA (Bn—l * €p-1° An-l)

If D is the number of decimal digits in the man-
tissa of floating-point numbers, the iteration proc-
ess is stopped as soon as (ay.1 - 8N-1) I8 less than

ay_; - 107072,

Since (ay), (g,) converge quadratically to the
same limit (Arithmetico-Geometrical mean) this
implies that (ay ~ gy) is less than ay . 10-D,
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4 RESe1.E38
A RETURN CEL2 13

™
The value of cel 2 (k; A,B) = -+ "N+1 5 RESeA &3 15
4 COMPUTE INTEGRAL CEL2 16
~ N R R
\- . e n
Subroutine CEL2 ? g:scu-ueo ggk 2
A:'l':: CEL2 24
AARLwART CEL2 25
Purpose: i o
Computes the generalized complete elliptic inte- ¢ IE?},:?_;%Y’{’_‘%:.W,,.m EEE% §§
gral of second kind. S e aiacn AR cec2 31
7
9 :GE?:ZYO!SB!Z ®AN/ART Egtg :2
Usage: ENDU " CEL2 3%
- CALL CEL2(RES, AK, A, B, IER)
Description of parameters:
. RES - Result value.
AK - Modulus (input).
A - Constant term in numerator.
B - Factor of quadratic term in numerator.

IER - Resultant error code where:
IER=0 No error.
IER=1 AK not in range -1 to +1.

Remarks:

For AK = +1, -1, the result value is set to 1. E38
if B is positive, to -1, E38 if B is negative.
Special cases are:
K(K) obtained with A= 1, B= 1.
E(K) obtained with A = 1, B = CK*CK where CK
is complementary modulus.

~™ B(K) obtained with A = 1, B = 0,

) D(K) obtained with A = 0, B= 1
where K, E, B, D define special cases of the
generalized complete elliptic integral of second
kind in the usual notation, and the argument K of
these functions means the modulus.

Subroutines and function subprograms required:
None.

Method:

Definition:

RES=integral((A+ B*T*T)/(SQRT ((1+ T*T )*

(1+ (CK*T)**2))¥(1+ T*T)) summed over T from 0

to infinity).

Evaluation:
. Landen's transformation is used for calculation.
Reference:
R. Bulirsch, 'Numerical Calculation of Elliptic
Integrals and Elliptic Functions!, Handbook
Series Special Functions, Numerische Mathe-
matik Vol. 7, 1965, pp. 78-90.

ROUTINE CEL2(RES+AKsAsB4IER) ceLz 1
ftRag | INE CELZIRESIARAAB: cetz
4 TEST MODULUS CEL2 3
GEO®lamAK#AK Egt: :

IF{GEO} 14206
1 IERel CEL2 &
RETURN CEL2 7
m (4 SET RESULT VALUE = OVERFLOW ceL2 8
’ 2 IF(B)3484a CEL2 9
g 3 RESe=1,E38 CEL2 10
RETURN CEL2 11

a
m
m
~
I
~
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EXPI

This subroutine computes the exponential integral in
the range from -4 to infinity.

For positive x, the exponential integral is defined
as:

@0

E (x)= fe—tdt,x>0
1 —t

X

This function, E{(X), may be analytically con-
tinued throughout the complex plane, and defines a
multivalued complex function. However, for any
given real argument, this extended multivalued func-
tion has a unique real part. The subroutine EXPI
computes this unique real number for x = -4, x # 0.

For negative x, the real part of the extended ex-
ponential integral function is equal to -E; (%),

where
0
-t
E;() = - fg dt, y >0
t
-y

( f denotes Cauchy principal value. )

For x = 0, a singularity of the function, the pro-
gram returns 1.0x 10",

No action is taken in case of an argument less
than -4.

Polynomial approximations which are close to
Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the range x 2z 4.

A polynomial approximation is obtained by
means of truncation of the Expansion of Ej (x) in
terms of shifted Chebyshev Polynomials T, *

-x ® 4
=L ]
El(x)— < AnTn <) ¢ for 4 < x<e

n=0

*Luke/Wimp, '"Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray', Math., Comp., Vol. 17, 1963, Iss.
84, p. 400.

108

The coefficients A} are given in the article by
Luke/Wimp. *

Using only nine terms of the above infinite
series results in a truncation error e (x) with:

-x *® -X 8

<& Z Av <&
X X

v=9

€ (x) 2 0.82 10

Transformation of the shifted Chebyshev poly-
nominals to ordinary polynomials finally leads to the
approximation:

EXPIx)=e © (i> P

oY
a (—) forxz 4
X v \x
v=0

The coefficients of this approximation given
to eight signification digits are:

a, = 0.24999 999

'él1 = -0,06249 8588

a, = 0. 03120 8561

ag = -0.02295 1979
a4 = 0.02041 2099

a5 = -0.01755 5779
ag = 0.01172 3273

a7 = -0.00493 62007
a8 = 0.00094 42761 4

2. Approximation in the range | x|s 4.

A polynomial approximation is obtained by
means of telescoping of the Taylor series of the
function;

X

-t
f (it_'l-) dt = -Inx - C - E, (x),
0

where C = 0.57721 56649 is Euler's constant,
This results in the approximation:

14 v
EXPI(x) = -In| x| + Z b _x
v
v=0

Ex.1048 / Page 112 of 196
Cisco Systems, Inc.



with a truncation error E absolutely less than

3x 1078,

The coefficients of this approximation given to
eight significant digits are:

b0 = =0.57721
b1 = 1.00000
b2 = -0.25000
b3 = 0.05555
b4 = -0,01041
b5 = 0.00166
b6 = =0.00023
b7 = 0.00002
'bs = -0.00000
b9 = 0.00000
b10 = -0.00000
b11 = 0.00000
b12 = -0.00000
b13 = 0,00000
b14 = ~0.00000

Subroutine EXPI

Purpose:

Computes the exponential integral in the range

-4 to infinity.

Usage:

566

00

000

5520

6662

66906

14839

83375

30996

03072

00276

00021

00001

00000

00000

CALL EXPI(RES, X, IER)

Description of parameters:
RES - Result value.

90

040

6221

35830

91569

68265

15798

01031

92

675

7602

X - Argument of exponential integral,
IER - Resultant error code where:
IER=0 No error.
IER=1 X less than -4.

Remarks:

For X = 0 the result value is set to 1. E38.
For X less than -4 calculation is bypassed.

The argument remains unchanged.

Subroutines and function subprograms required:
None.

Method:
Definition:
RES=integral(EXP(-T)/T, summed over T from

X to infinity).

Evaluation:
Two different polynomial approximations are
used for X greater than 4 and for ABS(X) equal
or less than 4.
Reference:
Luke and Wimp, 'Jacobi Polynomial Expansions
of a Generalized Hypergeometric Function over
a Semi-Infinite Range', Mathematical Tables
and Other Aids to Computation, Vol. 17, 1963,
Issue 84, pp. 395-404.

SUBROUTINE EXPI(RES.Xe1ER)D EXPY 1

c TEST OF RANGE Exey ?
LER=0 EXPY 3
1F(X=4.) 10,10,29 Fxet 4

10 IF(Xe4.) 55,30,3) Expt 5

[+ ARGUMENT 1S GREATER THAN & EXPl 6
20 ARG34./X ExPl 7
RESZEXP{=XI&{{LIL ({(.000944276L4*ARG~,0049362007) $ARG+,011723273) EXPI 8

1 ¥ARG-4017555779) *ARG+.020412099 ) #ARG-.022951979)%ARG+. 0312085611 EXPY 9

2 *ARG-4062498588) ARG+, 24999999} ARG EXPl 10
RETURN EXPI 11

4 ARGUMENT IS A3SOLUTELY LESS OR EQUAL 4 EXPL 12
30 IF(X) 40,50,40 EXPT 13
4O0RES=-ALOGLABS (X1 ={ L{L{{{(1(({(.10317602E-21¢X-.15798675E-1008Xs EXPI 14

1.16826592E-9)#X~, 21915699E-8 18X+, 27635830E-7 14X, 30726221 £-6) 9%  EXPI 15
2430996040E-5)%X~, 2033 7590E-4)1*X+.23148392E-3) ¢ X-, 0016666906 ) $X ¢ EXPT 16

3.010416662)€X-.055555520) #Xe.25) #X-1.01$X~,57721566 EXPL 17
RETURN EXPI 18

50 RES=1.€38 ExPI 19
RETURN EXPE 20

4 ARGUMENT IS LESS THAN -4, ExP1 21
55 [ER=1 Expr 22
RETURN EXPI 23

END EXPL 24

Mathematics — Special Operations and Functions 109

Ex.1048 / Page 113 of 196
Cisco Systems, Inc.



SICI we get the expansions:

This subroutine computes the sine and cosine inte- © A . . )
als. These integrals are defined as: i = n' %F% Bn smx 4 %
& & SiE) = Z X + X T* (=
n \x
X n=0
sig) = f %«‘) d, x>0
o o Bn-cosx An. sin x 4
Cit) = Y — T, (;)

and n=0

*
X in terms of shifted Chebyshev polynomials T ",
. cos (f n
Ci(x) = f T Yat, x>0 The coefficients A and B, are given in the
. o article by Luke/Wimp, *
Using only ten terms of the above infinite

The subroutine SICI calculates both Si (x) and series results in a truncation error E (x) with:

Ci (x) for a given argument x. Two different ap-
proximations are used for the ranges |{x|< 4 and
4 <|x|<o. Negative values of the argument x are
handled by means of the following symmetries:

8

Ex)] < %-2.3~ 10~

Transformation of the shifted Chebyshev poly-
nomials to ordinary polynomials finally leads to the

S8i(x)= -w-8i
(=) T ®) approximations:

Real part of 4
Si(x) = —(—) ¢« (cosx« V(X) + sinx . U (x))
Ci(-x) = Ci(x), x> 0 (see discussion of EXPI). X

For x = 0, a singularity of Ci(x), the routine re- Ci(x) = (i) c(sinx » V (x) - cos X » U (x)), ~
turns -1. 0 x 1038, X ‘
Polynomial approximations that are close to

Chebyshev approximations over their respective where
ranges are used for calculation.
10 4 n
1. Approximation in the range {x|> 4. V= Z 2n <—x_)

n=0

9 4tn
U(x) = Ebn.(-)?)
n=0

The sine and cosine integrals are closely re-
lated to the confluent hypergeometric function:

Y(x) = -ix ¥ (1, 1; -ix).

We have:
. ix The coefficients of these expansions given to

Si(x) + iCi(x) = ?+ ie (1, 1; -ix). eight significant digits are:

Setting: a.0 = 0.25000 000
) b = 0. 00000 00002 58398 86
s . bt . x [4 0
Y@ L= 57 A1) T, {5 a, = -0.00000 06646 4406
n=0
b1 = 0.06250 0111

*Luke/Wimp, '"Jacobi Polynomial expansion of a a, = -0,03122 4178
generalized hypergeometric function over a semi-
infinite ray", Math. Comp. Vol. 17, 1963, Iss. 84, b2 = -0,00001 13495 79
p. 402.
110
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a, = -0.00037 64000 3 % n_2n
3 Ci(x) - C - In (x) = (1) x

. 1
b, = -0.02314 6168 — 2N - (2o
3 n=1
a, = 0.02601 2930 This results in the approximation:
b, = -0.00333 25186
4 Ci() = C+ In x| -xz.zbn(xz)n
a5 = -0,00794 55563
b5 = 0.04987 7159 withatruéxca.tion error E absolutely less than xzn
5.6 ¢« 1077,
a = -0.04400 4155 The coefficients of these approximations
iven to eight significant decimal digits are:
by = -0.07261 6418 & 8L sign i
C = 0.57721 566
a7 = 0.07902 0335
a = 1,00000 00
b,7 = 0,05515 0700 0
b = 0,24
a8 = -0,06537 2834 0 999 999
a = =-0.065655 5547
b8 = -0.02279 1426 1
b = -0.01041 6642
ag = 0.02819 1786 1
a = 0.00166 66582
b9 = 0,00404 80690 2
b = 0.00023 14630 3
a;, = -0.00510 86993 2
a3 = -0.00002 83414 60
b3 = =0,00000 30952 207
2. Approximation in the range |x|< 4. a, = 0.00000 03056 1233
A polynomial approximation for Si (x) is ob- b4 = 0.00000 00269 45842
tained by means of telescoping of the Taylor series:
a5 = -0,00000 00022 23263 3
b’s
T sint
i E b = -U.
Si (x) 7+ f raal 5 0. 00000 00001 38698 51
0 a, = -0.00000 00000 09794 2154
2n Subroutine SICI
S AR
@+ 1) « @oFD)! Purpose:

Computes the sine and cosine integral.

This results in the approximation: Usage:

CALL SICI(SI, CI, X)

i(x) = - -
Six) = -5+ X » z a x) Description of parameters:;
SI - The resultant value SIX).
CI - The resultant value CI(X).

with a truncation error E absolutely less than |X] e X - The argument of SI(X) and CI(X).
1.4 ¢ 1077,

Similarly an approximation for Ci (x) is ob- Remarks:
tained by means of telescoping of the Taylor series: The argument value remains unchanged.
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Subroutines and function subprograms required:
None.

Method:

Definition:

SI(X)=integral (SIN(T)/T, summed over T from
infinity to X).

CI(X)=integral (COS(T)/T, summed over T from
infinity to X).

Evaluation:

Reduction of range using symmetry.

Different approximations are used for ABS(X)

greater than 4 and for ABS(X) less than 4,

Reference:

Luke and Wimp, 'Polynomial Approximations to

Integral Transforms', Mathematical Tables and

Other Aids to Computation, Vol. 15, 1961,

Issue 74, pp. 174-178.

SURROUTINE SICIIST.CTex) sict 1

c TEST ARGUMENT RANGE sict ?
2=4BS{X). stcy 3
16(2Z-4.) 10,1045 stct 4

c 2 1S NOT GREATER THAN & SIC[ 5
10 Y=1e2 b
SI==1.5707963¢X*{ ({{({.57942154F-11%Y-.22232633F-R}%Y+.30561233E~ 5SlCl 7
L)#Y=,28341460E-4) *Y+.166665R2F-2) Y-, 5555554 TF~1)¢Y+el,) ct 8

[4 TEST FOR LOGARITHMIC SINGULARITY Sll:l 9
1FLZ} 30,20430 SICT 10

20 Cl==1.E38 sicr ol
RETURN sicr 12
300C120.577215664ALIGIZ) ~Y*{T(({-.13869851F-94Y¢,.26945842E-T) oY~ sicr 13
1.30952207E~51%Y+, 23146303E-3}9Y-,10416662E-110Y+,24999999) stet 14

40 RETURN sicr s

C 2 [S GREATER THAN 4. sicr 16
50 SI=SIN(2) s1cr 17
Y=C0S(2Z) SlCl 18
1=4./1 19
OU=ITIELTl(.40680590€~2%7-.02279k4261¢2+4.0551507001 2~ 07?6164l?l‘]5l(l 20
14.0498771591%1~.33325186E-2)¢7~-.0231461608)%7~,11349579E-4)%7 st 21
24.062570011)%2+,25839886F-9 SICI 22

OVl et ii{-.0051N86993%24.02819178461¢2-.065372834)%7+.079020335)1%SICI 23
12-.0440041551%2-, 107945556314 7+.026312930) %7-.3764N0003F-3)¢2 SICI 24
2-,031224178)%7-.56464476F-61%2+,25000000 sict 25
Cl=Zs(STsv-ysu) SIct 26
Sl==2%(5l*UsYeV) stcy 27

c TEST FOR NEGAT IVE ARGUMENT stctr 28
IFIX) 60,40,40 SICcr 729

c X IS LESS THAY -4, stcr 3e
60 SI=-3.1415927-51 stcy 31
RETURN ster 32

END sicr 33

112

cs
This subroutine computes the Fresnel integrals for
a given value of the argument x. The Fresnel inte-
grals are defined as:

C &) = \[—S cisi—’ dt
2T
and
S(x) =

1 * sin(t)
\/ 27 c’: \/ t

The subroutine CS calculates both C(x) and S(x)
for a given argument x.

In case of a negative argument x the absolute
value of x is taken as argument for C and for S.

Polynomial approximations that are close to

Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the range| x|> 4.

The Fresnel integrals C(x) and S(x) are close-

ly related to the confluent hypergeometric function:

Y = Vx ¥

We have:
1 ’4 R
—14/x (sin (x) Re (Y) - cos (x) Im (Y))
™

S(x) = - ‘ ’% (cos (x) Re(Y)+ sin(x) Im (Y))
\' 8r

The expansions of real part Re (Y) and com-
plex part Im (Y) in terms of shifted Chebyshev poly-
nomials T;* over the range 4 < x< = are easily
obtained using the method of computation described
by Luke/Wimp. *

By means of truncation of the infinite series:

Re (Y (x)) § AVTV*(E)

V=0

—;; xi) = xi ¥ (1, —g; xi).

o

- %

Cx)

L =

Im (Y (x)) = i BVTV*<-:§)
v=0

*Luke/Wimp, '"Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray', Math. Comp., Vol. 17, 1963, Iss.
84, pp. 395-404.

Ex.1048 / Page 116 of 196
Cisco Systems, Inc.



beyond the eighth and ninth term respectively we get
approximations with errors E,(x) and Eg(x) where
both errors are absolutely less than:

e=v 4 1301078
X

Transformation of the shifted Chebyshev poly-~
nomials to ordinary polynomials finally leads to the
approximations:

= %+V % (sin (x) * P (x) + cos (x) « QX))

S(x) = %+‘/ —i— (-cos (x) * P (x) + sin(x)* Q (X))

C(x)

where
7
PR =3 a (%)V
0
8
4
Q= ¥ bv(;)v.
0

The coefficients a, and by, are given to eight
significant decimal digits:

a, = 0.19947 115

b0 = -0,00000 00044 44090 9
a, = -0, 00000 12079 984
b1 = -0.02493 3215

a, = -0. 00931 49105

b2 = -0.00001 60642 81
ag = -0,00040 27145 0
b3 = 0.00597 21508

a, = 0.00742 82459

b4 = -0.00030 95341 2
a; = -0.00727 16901

b5 = =0.00679 28011

a6 = 0.00340 14090
b6 = 0.00797 09430
a; = -0.00066 33925 6
b,7 = -0.00416 92894
b8 = 0.00087 68258

2. Approximation in the range 0S5 x S 4.

Approximations for C(x) and S(x) in the range
xS 4 were obtained by means of telescoping of
the respective Taylor series expansions:

0=

el
(@v+1) @)1

Cx) = \/— Vx - {2

0
S(X)=v7gr Vi %
v=0

This leads finally to the following approxima-

(- 1)V 2v
(4v+3) 2v+1)!

tions:

6
C(x) =\’ X E C, . (xz)V

5
S(x) = X\/; b dV (xz)V

v=0

with respective errors E ¢ &) and Eg (x), where

-8

X e 2.6 10

5,00

E ®)|<xVx *35:° 1078

The coefficients c, and dv are given below to
eight significant decimal digits:

c, = 0.79788 455

0

dO = 0.26596 149
e, = -0.07978 8405
dl = -0.01899 7110
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c, = 0.00369 38586

d2 = 0.00060 43537 1

ey = -0.00008 52246 22

d3 = -0.00001 05258 53

e, = 0.00000 11605 284

d4 = 0.00000 01122 5331

C5 = -0.00000 00101 40729

d5 = -0,00000 00006 67774 47
Cg = 0.00000 00000 50998 348

Subroutine CS

Purpose:
Computes the Fresnel integrals.

Usage:
CALL CS (C, S,X)

Description of parameters:
C - The resultant value C(X).
S - The resultant value S(X).
X - The argument of Fresnel integrals.
If X is negative, the absolute value is
used.

Remarks:
The argument value X remains unchanged.

Subroutines and function subprograms required:
None.

Method:

Definition:

C(X)=integral (COS(T)/SQRT (2*PI*T) summed
over T from 0 to X).

S(X)=integral (SIN(T)/SQRT (2*PI*T) summed
over T from 0 to X).

Evaluation:

Using different approximations for X less than

4 and X greater than 4.

Reference:

'Computation of Fresnel Integrals' by Boersma,

Mathematical Tables and Other Aids to Compu-

tation, Vol. 14, 1960, No. 72, p. 380.

114

SUBROUTINE CS1CyS XD cs t
Z=40S1x) cs 2
2 IF(2-60) 3,36 s 3
X IS NOT GREATER THAN 4 cs 4 ”]
3 C*SQRT(2) cs s
SezeC cs 6 -
1az92 cs 7
CaCo{ (L (((.509983 48E~1092-.10140729E-TV¢Z+. 11605284E-5) 82 cs ]
1 -.R5224622E-4)%2 +.3693B5B6E~-21%2~-,079788405)82+,79788455) cs 9
SuSH{{(ll- 66TTTHATE-942+.11225331E~6)%2-.105250853E~4) %2 cs 10
1 #.6046353T1E-3182~, 109971 10E-1)92+.26596149) cs 11
RETURN s 12
X IS GREATER FHAN 4 cs 11
4 0=COS2) 2 ST
SsSINIZ) cs 1S
Iv&.71 cs 16

As{{I((11.87682533E~307-.41692894E~2)924,T9709430€-2182~ cs 17
1.67928011F-2)82-, 30953412E-3192¢,59721508E-2)82~,160642B1E-4) 82~ (S 18
4

2.024933215)¢1-,44640909E-8

B-”H(l--“}!??SﬁE—S‘I‘.340!’0105—2)01--72'”690!5-7!.[’ cs 20
1. 74202459E~2) 02—, 402T1450€~3)%2~,93149105E~2}62~,12079984E-5192+ (S 21
[

2.1994711 s 22
I=SQRY(2) cs 23
Ca.54Z¢{DsA¢S#B) cs 24
S=.5¢l8{S8A-0eB) cs 25
RETURN cs 26
END s 27
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Mathematics - Linear Equations

SIMQ

Purpose:
Obtain solution of a set of simultaneous linear
equations, AX=B.

Usage:
CALL SIMQ(A, B, N, KS)

Description of parameters:

A - Matrix of coefficients stored columnwise.
These are destroyed in the computation.
The size of matrix A is N by N.

B - Vector of original constants (length N).
These are replaced by final solution
values, vector X.

N - Number of equations and variables.

N must be greater than 1.
KS - Output digit:
0 For a normal solution.
1 For a singular set of equations.
Remarks:

Matrix A must be general.

If matrix is singular, solution values are mean-
ingless.

An alternative solution may be obtained by using
matrix inversion (MINV) and matrix product
(GMPRD).

Subroutines and function subprograms required:
None.

Method:
Method of solution is by elimination using larg-
est pivotal divisor. Each stage of elimination
consists of interchanging rows when necessary
to avoid division by zero or small elements.
The forward solution to obtain variable N is
done in N stages. The back solution for the
other variables is calculated by successive sub-
stitutions. Final solution values are developed
in vector B, with variable 1 in B(1), variable 2
in B(2),+.+....., variable N in B(N).
If no pivot can be found exceeding a tolerance of
0.0, the matrix is considered singular and KS
is set to 1. This tolerance can be modified by
replacing the first statement.

SUBROUTINF SEMQLA.B,NyKS) STMQ 1
DIMENSION At1),8(1) Simo 2
c FORWARD SOLUTION STMQ 3
TOL=0.0 SIMQ 4
KSa0 SIMQ 5
JJ==N STHo L3
DO 65 J=14N stMe 7
JysJdel SimQ f
JI=JyeNel SIMQ 9
BIGA=0 SiMQ 10
172034 siHg 11
08 30 I[sJWN SIMQ 12

4 SEARCH FOR MAX IMUM COEFFICIENT IN COLUMN

SIMO 13

tasITel SIRO 14
IF{ABS{BIGAI-ABS{A(TISI}) 20,30,30 SING 1S

20 BIGA=AL1J} SIMQ 16
TMAX=L SIMo 7

30 CONTINUE Simg 18

c TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX! SIMO 19
IF(ABSIBIGA)-TOL) 35,35,40 StMe 20

35 KS=t Simg 2t
RETURN SinQ 22

[4 INTERCHANGE RIWS IF NECESSARY stmq 23
40 Tl=Jens(y-2) SIMQ 24
[T=iMAX=-y SIMQ 2%

DD SO K=JyN SIMQ 26
Il=l1eN Stmq 27
12=11+(T SIMQ 28
SAVE=AITL) SINQ 29
AtT1)=A(12) sing 30
AL12)=SAVE SIMQ  3)

14 “DIVIDE EQUATIIN B8Y LEADIRG COEFFICIENT SImg 32
S0 A{111sA111)/81GA SiMQ 33
SAVE=B ( IMAK) SIMQ 34
BLINAX)=B(J) STMQ 35
BUJI=SAVE/BRIGA SINQ 36

4 ELIMINATE NEXT VARIABLE SINQ 37
IFtI=N) 55,70,55 SimQ 38

55 1QS=Ns{J~1) SIMQ 39
B0 65 IX=JY,N SIMQ 40
IXJ=1QS+1x SiMQ &1
17aJ-1X% SIMQ 42

B0 60 JXeJY,N SIHQ 43
IXIX=NS (IX=~11IX SING 44
JIX=IXINSTT . SIMQ 45

60 ALIXJX)=ALIXIXYI={ ALTXJISALIIXY) SINQ 46
65 BUIX)=BLIX)I-(B(J *A(IXI)) SInQ &7

< BACK SOLUTION SIMQ 48
70 NY=N-1 SIuQ 49
1V=NeN Siug s

0N 80 J=1,NY Stmg  S1
IAIIT-.J SiMQ 52

:g:"t- SIMQ  §3

00 50 K=i,J sSll.:!?) 2:
BLIB1wB{IBI-ALTIA) #BIIC) SING %6
IA=TA~N SiMQg 57

80 IC=IC-1 SINg $8
:EYURN StMQ 59

ND SIMQ &0
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Mathematics - Roots of Nonlinear Equations (x1, y1) and (x2, y2). Therefore Wegstein's itera-
RTWI tion scheme is often called the secant modification
_ of the normal iteration scheme X~ f(xi). M

This subroutine refines the initial guess x¢p of a

root of the general nonlinear equation x = £(x). Repeating these steps, the result is the iteration

Wegstein's iteration scheme is used in order to get scheme:
accelerated convergence in case of a function f (x), XX
which has at least continuous first derivative in the X1 =%, +
range in which iteration moves. X 171
Following Figure 8, set X, =Y, = f(xO) and v = PR -1 i=12,...) @
f(x 1). i -

Refinement of x; is done by determination of the
intersection of the linear function y = x and the

secant through the points (x, y ) and (x,, y,), thus Each step requires one evaluation of f(x). ’

Vier = (i)

getting:
x1 - XO This iterative procedure is terminated if the
Xy =X o following two conditions are satisfied:
X~y
X—OZ—;Q -1 5, S and 5, Sl10.€
17
X, X
and y, = fx,) il 1 if 1%, o >1
with 5 o v 1
The next step is done by starting at (x 2 y2) and
setting: ]X. +1—X.| . <
X, =Xy ! ! if IXi+1I £L (2)
Xg =X +——
N -1 *i+1 - Yin ™
Xp 7Y x if Xl 21 -
é 9 = i+l
yg = fxy) [Xi+1"yi+ if 1X g0 S1
and tolerance € given by input.
y y=Fx) y=x The procedure described above may not cenverge
y within a specified number of iteration steps. Rea-
sons for this behavior, which is indicated by an
= f(x]) error message may be:
1. Too few iteration steps are specified.
2. The initial guess x( is too far away from any
root.
Y9 = f(xz) < 3. The tolerance € is too small with respect to
roundoff errors.
4. The root to be determined is of multiplicity
Yo = fixg) greater than one. -
Furthermore, the procedure fails if at any iteration
step the denorfiinator of equation (1) becomes zero.
This is also indicated by an error message. This -
failure may have two reasons:

1. The secant has the slope 1, either exactly or

due to roundoff errors. In both cases it is probable
that there is at least one point £ in the range in
which iteration moves with ¢/( §) =1,

2. xi=xi-1and x{ # yi = f(xi). This case is

Figure 8. Wegstein's iterative method

Itcanbe seen that this determines the intersec- possible due to roundoff errors or to a very steep ™
tion between y = x and the secant through the points slope of the secant.
116
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a

Subroutine RTWI

Purpose:
To solve general nonlinear equations of the form
X=FCTX) by means of Wegstein's iteration
method.

Usage:
CALL RTWI (X,VAL,FCT,XST, EPS,IEND, IER)
Parameter FCT requires an EXTERNAL state-
ment,

Description of parameters:

X - Resultant root of equation X=FCTX).

VAL - Resultant value of X~-FCTX) at rootX,

FCT - Name of the external function sub-
program used.

XST - Input value which specifies the initial
guess of the root X,

EPS - Input value which specifies the upper

bound of the error of result X,

IEND - Maximum number of iteration steps
specified.
IER - Resultant error parameter coded as
follows:
IER=0 - no error
IER=1 - no convergence after IEND
iteration steps
IER=2 ~ at some iteration step the
denominator of iteration
formula was equal to zero
Remarks:

The procedure is bypassed and gives the error
message IER=2 if at any iteration steps the
denominator of the iteration formula is equal to
zero, That means that there is at least one point
in the range in which iteration moves with the
derivative of FCT(X) equal to 1,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user.

Method:
Solution of equation X=FCT(X) is done by means
of Wegstein's iteration method, which starts at
the initial guess XST of a root X, One iteration
step requires one evaluation of FCT(X), For
test on satisfactory accuracy see formula (2) of
mathematical description,

For reference, see:

1. G.N, Lance, Numerical Methods for High
Speed Computers, Iliffe, London, 1960,
pp. 134-138,

2, J, Wegstein, ""Algorithm 2," CACM, Vol. 3,
Iss, 2 (1960), pp. 74.

3. H.C. Thacher, "Algorithm 15," CACM, Vol.
3, Iss. 8 (1960), pp. 475.

4. J.G. Herriot, "Algorithm 26," CACM, Vol.
3, Iss. 11 (1960), pp. 603.

SUBROUT INE RTWI(XsVALSFCToXST+EPS+IENDIER) RTWL i

< PREPARE [TERATION RTWL 2

1ER=0 RTWI 3

TOL=XST RTWI 3

XsFCT(TOL) RTWI 8

A=x=xsT RTWI 6

B==A RTWI 7

TOL=X RTWI 8

VAL=X=FCT{TOL} RTWI 9

< START ITERATION LOOP RTWI 10

00 6 1=141ENO RTW! 11

IF(VALI 171 RTWI 12

< EQUATION 1S NOT SATISFIED 8Y X RTWI 13

1 B=B/VAL=1. RTWI 1la

IF{B12+842 RYWI 13

4 ITERATION 1S POSSIBLE RIWI 16

2 A=a/8 RTWI 17

XmX+A RTWI 18

BavaL RTWI 19

TOLeX RTWI 20

VAL=X=FCT(TOL) RTW! 21

c TEST ON SATISFACTORY ACCURACY RTWI 22

TOL=EPS RIWI 23

D=AB8S(X) RTWI 24

IF(D=ls)bes3 RTWI 25

3 TOL=TOL#D RTWI 26

4 IF(ABS{A)Y=TOL)S 1546 RTWI 27

S IF({ABS{VAL)=10,%TOL)7»746 RYWI 28

6 CONTINVE RTWI 29

4 END OF ITERATION LOOP RTWI 30

4 NO CONVERGENCE AFTER TEND ITERATION STEPS. ERROR RETURN. RTW! 31

IERw1 RTW! 32

7 RETURN RTIWI 33

4 ERROR RETURN IN CASE OF ZERO DIVISOR RTWI 34

8 IERe2 RTW! 35

RETURN RIWI 36

END RTWI 37
RTMI

This subroutine determines a root of the general

" nonlinear equation f(x) = 0 in the range of x from

X1i up to xri (xli, Xri given by input) by means of
Mueller's iteration scheme of successive bisection
and inverse parabolic interpolation. The procedure
assumes f(x]j) . £(xpj) < 0.

Starting with x) = x]j and xp = xpj and following
Fig. 9, one iteration step is described.

First, the middle of the interval Xy
computed:

. Xp 1S

x =
m

o -

x, + xr).

1

In case f(x,)) . f(x,) <0, X and x,. are interchanged
to ensure that f(x.,) - f(x,) > 0.

In case

2 f(xm) [f(xm)—f(x 1)] - f(xr) [f(xr) - f(xl)]go @)
Xy is replaced by x, and the bisection step is re-
peated. If, after a specified number of successive
bisections, inequality (1) is still satisfied, the
procedure is bypassed and an error message is
given.

In Fig. 9, the second bisection step leads to a
configuration which does not satisfy inequality (1).
Thus by inverse parabolic interpolation:

XX
ax =) v———
v )-£x))

f (Xr) -2 f(xm)+f(x1)
1+ f(Xm) [f(xr)_f(xm)] [f(xr)—f(xl)] (2)

andx=x1— AXx

and x is sure to be situated between X, and xm
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———

/ inverse quadratic
/ parabola
/

/

f(xy) (2. step) # — — — — — — —
y=f(x)

flxy) (4. step) — — — — —

x_ (4. step)

4.
| *m Xy (4. step)

|
X x7(2. step)

f(x‘) — —

Figure 9. Mueller's iterative method

Now, for the next iteration step, x becomes x,
and Xy, becomes x,, if {(x) - f(x1) > 0, or x becomes
xyp if £(x) . f(xl) < 0.

Convergence is either quadratic or linear if the
multiplicity of the root to be determined is equal to
one or greater than one respectively, and if f(x) can
be differentiated continuously at least twice in the
range Xy + - Xpj- Each iteration step requires two
evaluations of f(x).

This iterative procedure is terminated if either
the two conditions (checked in bisection loop)

%, - x| £ €. max a, Ixrl )

and
lf(xr) - f(x l)l < 100-.€

@

or the two conditions (checked after inverse para-
bolic interpolation)

laxl < €.
ltx) £ 100 €

max (1, )

and 4)

are satisfied, where tolerance € is given by input.

The procedure described above may not converge
within a specified number of iteration steps followed
by the same number of successive bisections. Rea-
sons for this behaviour, which is indicated by an
error message, may be:

1. Too few iteration steps are specified.

2. The initial interval xjj.-- Xyj is too long.

3. The tolerance € is too small with respect to
roundoff errors.

Furthermore, the procedure is bypassed, also
giving an error message, if the basic assumption
f(x)3) - f(xpi) S0 is not satisfied.

For reference see G. K. Kristiansen, '"Zero of
Arbitrary Function”, BIT, vol. 3 (1963), pp. 205-
206.
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Subroutine RTMI

Purpose:

To solve general nonlinear equations of the form

FCT(X)=0 by means of Mueller's iteration method,

Usage:

CALL RTMIX, F, FCT,XLI,XRI, EPS, I[END, IER)
Parameter FCT requires an EXTERNAL state-

ment,

Description of parameters:

X -
F -
FCT -
XLI -
XRI -

EpPS -

1

IEND

IER -

Remarks:

Resultant root of equation FCT(X)=0,
Resultant function value at root X,
Name of the external function sub-
program used,

Input value which specifies the initial
left bound of the root X,

Input value which specifies the initial
right bound of the root X,

Input value which specifies the upper
bound of the error of result X,
Maximum number of iteration steps
specified.

Resultant error parameter coded as

follows:

IER=0 - no error

IER=1 - no convergence after IEND
iteration steps followed by
IEND successive steps of
bisection

IER=2 - basic assumption FCT(XLI)
*FCTXRI) less than or
equal to zero is not satis-
fied

The procedure assumes that function values at
initial bounds XLI and XRI have not the same sign.
If this basic assumption is not satisfied by input
values XLI and XRI, the procedure is bypassed
and gives the error message IER=2,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user.

Method:

Solution of equation FCT(X)=0 is done by means
of Mueller's iteration method of successive
bisections and inverse parabolic interpolation,
which starts at the initial bounds XLI and XRI,
Convergence is quadratic if the derivative of

FCT(X) at root X is not equal to zero.

One

iteration step requires two evaluations of FCT(X).
For test on satisfactory accuracy see formulae
(3, 4) of mathematical description.
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SUBROUTINE RTMI(XeFsFCTsXL1sXRI+EPSs1ENDsIER) RTMI 1

< PREPARE ITERATION RTMI 2
1ER=0 RTMI 3
XL=XL1 RTMI &
XR=XR1 RTMI 5

XaxiL RTMI &
TOL=X RTMI 7
FafFCT(TOL) RTMI 8
IFEFI1v1601 RTMI 9

1 FL=F RTM1 10
X®XR RTMI 11
TOL=X RTMI 12
FrECTITOL) RTMI 13
1F(F1211692 RTMI 16

2 FRaf RTMI 15
IF(SIGN(2esFL)+SIGN{1asFR) 1259325 RTMI 16

4 BASIC ASSUMPTION FL#FR LESS THAN 0 IS SATISFIED. RTMI 17
C GENERATE TOLERANCE FOR FUNCTION VALUESs RTMI 18
3 =0 RTMI 19
TOLFa1004%EPS RTMI 20

< START ITERATION LOOP RTMI 21
4 lels] RTMI 22

< START BISECTION LOOP RTMI 23
DO 13 X=14[END RTMI 24

X=o 5% (XL+XR) RTMI 25
ToL=x RTMI 26
FaFCT(TOLY RTMI 27
IF(F1591645 RTMI 28

S IFISIGN{1esFI+SIGNI14sFRI)I 70607 RTMI 29

c INTERCHANGE XL AND XR IN ORDER TO GET THE SAME SIGN IN £ AND FR  RTMI 30
6 TOL=xL RTMI 31
XL®XR RTMI 32
XR=TOL RTMI 33
TOL=FL RTMI 34
FLEFR RTMI 35
FR=TOL RTMI 36

7 ToL=F=FL RTMI 37
AzFwTOL RTMI 38
Asp+A RTMI 39
IF{A~FR*(FR=FL}18+9,9 RTMI 40

8 IF{I=1END)17+17+9 RTMI 41

9 XR=X RTMI 42
FRaF RTMI 43

< TEST ON SATISFACTORY ACCURACY IN BISECTION LOOP RTMI 44
TOL=EPS RTMI 45
AaABS(XR) RTMI 46
IF{A=1+)11411+10 RTM] 47

10 TOLSTOL#*A RTMI 48
11 IF(ABS{XR=XL}=TOL)12+12413 RTMI 49
12 IF(ARS{FR=FL}=TOLF) 14314913 RTM1 50
13 CONTINUE RIMI 51

4 END OF AISFCTION LOOP RTMI 52
c NO CONVERGENCE AFTER IEND ITERATION STESS FOLLOWED BY I1END RTMI 53
C SUCCESSIVE STEPS OF BISECTION OR STEADILY INCREASING FUNCTION RTM! 534
C VALUES AT RIGHT BOUNDSe. ERROR RETURNs RTMI 55
1ER=1 RTMI 86

14 TF(ABS{FR)=ARS(FL) 116916415 RTMI 57
13 XeXL RTMI 58
FafL RTMI 59

16 RETURN RTMI 60

< COMPUTATION OF ITERATED X-VALUE BY INVERSE PARABOLIC INTERPOLATIONRTMI 61
17 AsFR=F RTMI 62
DX=(X=XL ) #FL®{10s+Fu{A=TOL}/(A®(FR=FL) }1/TOL RTMI 63

XMaX RTMI 64

FMaF RTMI 65
X«XL=DX RTMI 66
TOLeX RTMI 67
FeFCT(TOL) RIMI 68
IF(F118416418 RTMI 69

< TEST ON SATISFACTORY ACCURACY IN ITERATION LOOP RTM1 70
18 TOL=EPS RTMI 71
AsABS (X) RTMI 72
IF(A=14)20+20+19 RTMI 73

19 ToLaTOL®*A RTMI T4
20 IF(ABSIDX)=-TOL)21421+22 RTMI 75
21 IF(ABS(F1=TOLF)164164+22 RTMI 76

< PREPARATION OF NEXT BISECTION LOOP RTMI 77
22 TF{SIGN{L1esFI+SIGNI1asFL} 124923024 RTMI 78
23 XR=X RTM1 79
FR=F RTMI 80

GO TO & . RTMI 81

26 XL=X RTMI 82
FLeF RTMI 83
XR=XM RTMI 84
FR=FM RTMl 85

GO TO & RTM1 86

< END OF ITERATION LOOP RTMI 87
< ERROR RETURN IN CASE OF WRONG INPUT DATA RTM] 88
2% lER= RTMI 89
RETURN RTMI 90

END RTMI 91

This subroutine refines the initial guess x; of a
root of the general nonlinear equation f(x) = 0.
Newton's iteration scheme is used in the following
form:

f(xi)
xi+1=xi _T(X—i) i=0,1,2, ...) 1)
Convergence is quadratic or linear if the multiplicity
of the root to be determined is equal to one or
greater than one respectively, and if £(x) can be
differentiated continuously at least twice in the
range in which iteration moves. Each iteration
step requires one evaluation of f(x) and one evalua-
tion of £’ (x).

This iterative procedure is terminated if the
following two conditions are satisfied:

< L
8 S¢and 'f(xi+1) | £100.¢

in case of|x,

1+1| > 1

@

|Xi+1 - Xil in case of |x;44| £ 1

and tolerance € given by input.

The procedure described above may not converge
within a specified number of iteration steps. Rea-
sons for this behaviour, which is indicated by an
error message, may be: ’

1. Too few iteration steps are specified.

2. The initial guess x is too far away from any
root.

3. The tolerance € is too small with respect to
roundoff errors.

4, The root to be determined is of multiplicity
greater than one.

Furthermore, the procedure fails and is by-
passed if at any iteration step the derivative f(xj)
becomes zero. This is also indicated by an error
message.

For reference see:

(1) F. B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York/Toronto/
London, 1956, pp. 447 - 450.

(2) R. Zurmuhl, Praktische Mathematik fir
Ingenieure und Physiker, Springer, Berlin/
Gottingen/Heidelberg, 1963, pp. 12 - 17.

Subroutine RTNI

Purpose:
To solve general nonlinear equations of the form
F(X)=0 by means of Newton's iteration method,

Usage:
CALLRTNI X, F, DERF, FCT, XST, EPS, IEND,
IER) Parameter FCT requires an EXTERNAL
statement

Description of parameters:

X - Resultant root of equation F(X)=0,

F - Resultant function value at root X,

DERF - Resultant value of derivative at root X,

FCT - Name of the external subroutine used.
It computes for given argument X the
function value F and derivative DERF,
Its parameter list must be X, F, DERF,

XST - Input value which specifies the initial
guess of the root X,

EPS - Input value which specifies the upper

bound of the error of result X,
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An

IEND - Maximum number of iteration steps
specified.
IER - Resultant error parameter coded as
follows:
IER=0 - no error
IER=1 - no convergence after IEND
iteration steps
IER=2 - at some iteration step
derivative DERF was equal
to zero
Remarks:

The procedure is bypassed and gives the error
message IER=2 if at any iteration step the
derivative of F(X) is equal to 0, Possibly the
procedure would be successful if it were started
again with another initial guess XST,

Subroutines and function subprograms required:
The external subroutine FCT (X, F, DERF) must
be furnished by the user,

Method:
Solution of the equation F(X)=0 is obtained by
means of Newton's iteration method, which starts
at the initial guess XST of a root X,* Convergence
is quadratic if the derivative of F(X) at root X is
not equal to zero. One iteration step requires
one evaluation of F(X) and one evaluation of the
derivative of ¥(X). For tests on satisfactory
accuracy see formula (2) of the mathematical
description.

SUBROUTINE RTNI(XeFsDERFyFCToXST+EPSsIENDIER)
PREPARE [TERATION

1ER=0

X=XST

TOL=X

CALL FCT(TOL+F4DERF}

TOLF=1004*EPS

START ITERATION LOOP

DO 6 I=1s1END RTNI 9
IFLF)I1e70] RTNI 10
EQUATION IS NOT SATISFIED BY X RTNI 11

1 IF(DERF)2,R42 RTNI 12
ITERATION IS POSSIBLE RTNI 13

2 Dx=F/DERF RTNI 14
XeX=DX RINT 18
TOL=X RTNI 16
CALL FCT(TOL#F+DERF) RTNI 17
TEST ON SATISFACTORY ACCURACY RTNI 18
TOL=EPS RTNI 19
A=ABS(X) RTNT 20
IF{A=14)41493 RTNI 21

3 TOL=TOL*A RTNI 22
4 IF(ABS(DX)=TOL)5+5+6 RTNI 23
5 IF(ABSIF)=TOLF} 71746 RTNI 24
6 CONTINUE RTINL 25
END OF ITERATION LOOP RINI 26
NO CONVERGENCE AFTER IEND ITERATION STEPSe ERROR RETURNe RIND 27
1ER=1 RTNI 28

7 RETURN RTNI 29
ERROR RETURN IN CASE OF 2ERO DIVISOR RIN] 30
8 1ER=2 RTINI 31
RETURN RTNI 32
RTINI 33

END

Mathematics - Roots of Polynomial

POLRT

This subroutine computes the real and complex roots
of a real polynomial.

- 120

Given a polynomial

N n N
fz) = Y} a z (1) :
n=0
let
Z = X + iY be a starting value for a root of {(z).
Then:

7" = (x+iY)". (2)

Define X, as real terms of expanded equation (2).
Define Y,, as imaginary terms of expanded equa-
tion (2).

Then for: .
n=20
= 1.0
o]
Y =0.0
(o]
n>0
Xn= X Xn—l - Y .Yn—l 3
= ° . 4
Y =X Y  +Y X | (4)

Let U be the real terms of (1).
V be the imaginary terms of (1).

Then:
N
U= >y Xn (5) -
n=0 -
N
V= a Y (6)
n=0
or
N
U=ao+z aan (7)
n=1
N
V= Z a Y (8)
n=1
N ~
U _
ax - Z n Xn—l a (9)
=1
N
au _
v - E nYn_1 a.n (10)
n=1

Note that equations (3), (4), (7), (8), (9), and (10)
can be performed iteratively for n = 1 to N by saving
Xn—landYn—l' —
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Using the Newton-Raphson method for computing Method:

AX, AY, we have: Newton-Raphson iterative technique. The final
cw« ~ 1 iterations on each root are performed using the
U au 0 2 0 2 original polynomial rather than the reduced
AX = Vé_f - Ué')_{ % + oy (11) polynomial to avoid accumulated errors in the
\ i reduced polynomial.
— SUBROUTINE POLRT{XCCFsCOF sMy T
aU aU aU 2 aU 2 ?éﬁ":lm xcon:n:oF(n-ago':g?x?::gg;“ﬁm 53&; ;
» POLAT 3
AY = - [Uzg + V= ~1] * |5y (12) T2Re ToRT
Y 90X X Y IF(XCOFIN+11) 10425510 rocal 6
< 10 lF";éY‘é;:;&’gODE T oAt 8
L - 01 POLRT @8
. X . 15 1ERe1 POLRT
o after applying the Cauchy-Riemann equations.  ORETRL ot To e POLAT 10
. . POLRT 11
Thus, for the next iteration: 2 leRw POLRT 12
. < , xsnsn ERROR CODE TO 2 thﬁ; ::
0 2 POLRT 15
GO T (]
. X' = X + AX 2 L:uﬁ;i» 35135430 :gt:; :'br
4 =N POLRT 18
NXX N1 POLRT 19
N2=1 POLRT 20
Y'=Y + AY KJ1 = Nel POLRT 21
00 40 L=1sKJL POLRT 22
T= -
Sub . POLRT ©0 gorfi‘#)t;éoﬂu 22:2} :2
ubroutine < SET INITIAL VALUES p
OLRT 25
45 XO=,00500101 POLRT 26
¢ IR INITiaL vawE count A
VALV UNTER POLRT 2
Purpose: o 153 Fatat 30
. POLRT
Computes the real and complex roots of a real € o JUCKENENT INITIAL VALUES D COuNTER POLAT 31
a=104 POLRT 32
: YOu=10+0%X
polynomlal. < . ‘g:r X AND ¥ TO CURRENT VALUE :g::; ::
= OLRT 3
;;:? :ot:f 3:
Usage: A rocRT 30
5% IF1T=]
X ‘;gm; 3:
CALL POLRT(XCOF, COF, M, ROOTR, ROOTI, xR ik
IER) < 59 lcTE;ALUAYE POLYNCMIAL AND DERIVATIVES :gt:; :;
- POLRT #3
60 UX=0.0 POLAT 44
UYa0,0 POLRT 45
. V 2040
Description of parameters: MR PoCRT o7
e . POLRT
XCOF - Vector of M+1 coefficients of the Trior senl POLAT 4
iw\ i 65 0O 73 :-;l:m“ POLRT 20
[ polynomial ordered from smallest Do ro I3t poLRT 1
T2 -
to largest power. TTaexerTevext PouAT be
. UsU+COFIL 1eXT2
COF - Working vector of length M+1. VivECoRiL enrs POCRT 56
. . POLRT 87
M - Order of polynomial. ] OYeOvoF 1evTecoR(L 1 POLRT 86
ROOTR - Resultant vector of length M contain- 70 ¥Ievis POLRT 80
ing real roots of the polynomial. . Eg’«';ﬁi%?"?;‘:}'{gfvs poLRT 82
. =(VeUYeYrUX) /S
ROOTI - Resultant vector of length M contain- oy - PoLRT 65
. : . N 2= (USUY+VRUX) /SUMSQ POLRT 66
Yavep
Ing the correspondmg imagmary 78 IFl‘A;swvn ABSIDX1=1,0E=05) 100480480 223; :Z
roots of the polynomial. o 1ciSIER, [TERATION COunTER PoLer 69
- LRT 70
IER - Error code where: 65 IFLIFITI 1005900300 pouaT 73
IER=0  No error P R ockr 13
= . 3 POLRT 74
95 IERw3
=~ GO T POLRT 7%
IER=1 M less than one. 100 66 195 1 sxx it
IER=2 M greater than 36. PGSt v POLRT T8
. XCOF { i=
IER=3 Unable to determine 105 ??Fu';:reignu PoLAT 80
. . . EMP=N
root with 500 iterations o soLar 23
. POLRT 84
on 5 starting values. 1o IFCIFIT) 1350500013 PoLaT 8
. IER=4 High order coefficient is e PoLer &1
120 IFIT=0
zero IFtX112291250122 POLRT &Y
. :;: :::22(:)-“5()(lﬂ.oE-ohl135-125-125 23{51:32
Remarks prava FouaT 93
emarks: NeN=2 POLRT 9
* . : 130 se0v0 - ° POLAT 9
Limited to 36th order polynomial or less. Nxehx=1 rocaT ve
Floating-point overflow may occur for high 135 E’-"o‘:'a“”"l POLRT 97
. . UMSS=0e0
order polynomials but will not affect the accu- tienls PORT100
racy of the results. 10 Lin) PoLR TGS
1es ggF;l;g)'CDFKLZ)*ALPHA'(DF(L)) :Uot:;:é);
i . ° L:E N POLRT103
Subroutines and function subprograms required: 155 ROOTITazsy |7 TALPRASCOFLL 1=SUnSDECOF IL=11 PULRTION
None zge;;irfz)-x POLRT1O06
<~ * IFISUMSQ) 160,165+160 St
160 Yamy e POLRT1O8
SUMS0%0.0 POLKT10Y
GO TO 155 ﬁg"”“’
165 é:éﬂ) 20420465 Dbtikii
PULKTLLS
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Mathematics - Polynomial Operations

PADD

Purpose:
Add two polynomials.

Usage:
CALL PADIYZ, IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X ~ Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.

IDIMX Dimension of X (degree is IDIMX-1).

Y - Vector of coefficients for second
polynomial, ordered from smallest
to largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.

Subroutines and function subprograms required:
None.

Method:
Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vector dimen-
sions. Corresponding coefficients are then
added to form Z.

SURRGUT INE PADD{Z y IDIMZ¢X 4 I0IMX,Y,I1DIMY} PADD

DIMENSION Z(13eX(1),Y(1) PADD g

4 FEST OIMENSIONS OF SUMMANDS PaDD 3
NOIM=IDIMX PADD 4

IF (IDIMX-TIDIMY) 10,20,20 PADD s

10 NDIM=IDIMY PADD 6
20 IF(NDIM} 90,490,307 PADD 7
30 00 B0 [=1,NDIN PADD 8
IF{I-IDIMX1 40,4060 PADD o
40 IFLI-1DIMY) 50,50,70 PADD 10
S0 ZUId=x{Dyevel) PA00 11
G0 To 80 PADD 12
60 Z(L)=Yil) PADD 13
G0 To B0 PADD 14
70 ZiNr=x(1) PADD 15
80 CONTINUE PADD 16
90 IDIMZ=NDIM PAD0 17

RETURN paOD 18
€END °a0n 19

122

PADDM
Purpose:

Add coefficients of one polynomial to the product
of a factor by coefficients of another polynomial.

Usage:

CALL PADDM(Z, IDIMZ, X, IDIMX, FACT, Y,

IDIMY)

Description of parameters:

7 -

IDIMX -~
FACT

1

IDIMY
Remarks:

Vector Z may be in same location as either vec-

Vector of resultant coefficients,
ordered from smallest to largest
power.

Dimension of Z (calculated).

Vector of coefficients for first poly-
nomial, ordered from smallest to
largest power.

Dimension of X (degree is IDIMX-1),
Factor to be multiplied by vector Y.

Vector of coefficients for second poly-

nomial, ordered from smallest to
largest power.
Dimension of Y (degree is IDIMY-1).

tor X or vector Y only if the dimension of that
vector is not less than the other input vector.

The resultant polynomial may have trailing zero

coefficients.
Subroutines and function subprograms required:

None.
Method:

Dimension of resultant vector IDIMZ is calcu-

lated as the larger of the two input vector dimen-

sions. Coefficient in vector X is then added to
coefficient in vector Y multiplied by factor to

form Z.
SUBROUTINE PADDMI Z, IDIMZ, X, INIMXFACT,Y,IDIMY) PADDMY 1
DIMENSION ZIL1)eXU1DoYLLD PADDM 2
c TEST DIMENSTONS OF SUMMANDS PADDR 3
NDIM=1DIMX PADDM 4
IF{IDIMX=IDIMY) 10,20,20 PADDM S5
10 NDIX=[DIMY PADDM &
20 IFINDIM) 90,49043) PADON T
30 DD RO I=1,NDIN PACOM 8
IFLI~TDIMX} 40,40,60 PADOM 9
40 IF{I-1DIMY) 50,50,70 PADDM 10
50 ZiNY=FACTeY{IVexiI) PADDM 11
Gh 70 80 PADDM 12
&0 Zt1)=FACT®Y(]) PADDM 13
G0 YO 80 PACDM 14
70 2tI)=xt1) PACDN 15
80 CONTINUE PADOM 16
90 IDIMZ=NDIM PADDM 1T
RETURN PADOM 18
END PADON 19
PCLA
Purpose:

Move polynomial X to Y.

Usage:

CALL PCLA(Y, IDIMY, X, IDIMX)
Description of parameters:

Y -

IDIMY -

Vector of resultant coefficients,
ordered from smallest to largest
power.

Dimension of Y.

%
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X ~ Vector of coefficients for polynomial, SUBROUTINE PSUBIZ ¢ 1DIMZoX o IDIMX, Yo 101NY} PSUB

OIMENSION 2€1)ex{1deY(1) PSuUB ll’
ordered from smallest to largest € g oINS OF SUMRANOS TS
IF (IDIMX-1DINY} 10,20,20 PSUS 5
power. 30 1" tDM 90490,30 saup 7
IDIMX - Dimension of X. 2 0F CiIote) 40,80,60 Pe 5
. 12 s, e e
Remarks: o St il
None. G0 10 80 PSUB 14
30 CONTINUE. ssp 14
. . . 90 [DIMZ=NDIM psus 17
Subroutines and function subprograms required: RETURN psue le
None.
Method:
IDIMY is replaced by IDIMX and vector X is PMPY
moved to Y,
Purpose:
SUIRRUTLIE B8, 11 ot o1 il Multiply two polynomials.
10IMY=1DIMX PCLA 3
IF{IDIMX) 30,30,10 pCLA 4
10 DO 20 [=1,1DIMX pCLA 5
g e i ¢ Usage:
Pita 8 CALL PMPY(Z, IDIMZ, X, IDIMX, Y, IDIMY)

PSUB Description of parameters:

Z - Vector of resultant coefficients,

Purpose: : ordered from smallest to largest
Subtract one polynomial from another, power,

IDIMZ - Dimension of Z (calculated).

Usage: X - Vector of coefficients for first poly-
CALL PSUB(Z, IDIMZ, X, IDIMX, Y, IDIMY) nomial, ordered from smallest to

largest power.

Description of parameters: IDIMX - Dimension of X (degree is IDIMX-1).

7 - Vector of resultant coefficients, Y - Vector of coefficients for second poly-
ordered from smallest to largest nomial, ordered from smallest to
largest power.
power. - | .
IDIMZ - Dimension of Z (calculated). IDIMY - Dimension of Y (degree is IDIMY-1),
X - Vector of coefficients for first poly-
nomial, ordered from smallest to Remarks:
largest power. Z cannot be %n the same locat%on as X,
IDIMX - Dimension of X (degree is IDIMX-1). Z cannot be in the same location as Y.
Y - Vector of coefficients for second poly- .
nomial, ordered from smallest to Subroutines and function subprograms required:
largest power. None.
IDIMY - Dimension of Y (degree is IDIMY-1).
Method:

Remarks: Dimensim.l <.)f Z is calculated as IDIMX+IDIMY-1.
Vector Z may be in same location as either vec- The coefficients f’f.z are calculated as sum of
tor X or vector Y only if the dimension of that products of coefficients of X and .Y, whose ex-
vector is not less than the other input vector. ponents add up to the corresponding exponent of
The resultant polynomial may have trailing zero z.
coefficients.

Subroutines and function subprograms required:

SUBROUTINE PMPY(Z ,IDIRZ,X,i01MX,Y,0DINY) PHPY 1

None. B L Al

10 IDINZ=0 PupY 4

Method 20 ?Sll‘z’ssgm.mm-. AT

M DO 30 I=1,101M2 PMPY 7

Dimension of resultant vector IDIMZ is calcu- * fgé'féuj;;; oinx EEEE l%

lated as the larger of the two input vector dimen- 40 ZUKISKETISYLIIe 2D ooy 12

sions. Coefficients in vector Y are then > o ey 14
subtracted from corresponding coefficients in

vector X.
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PDIV

Purpose:

Divide one polynomial by another.

Usage:

CALL PDIV(P, IDIMP, X, IDIMX, Y, IDIMY, TOL,

IER)

Description of parameters:

P - Resultant vector of integral part.
IDIMP - Dimension of P.

X - Vector of coefficients for dividend poly-

nomial, ordered from smallest to
largest power. It is replaced by re-
mainder after division.

IDIMX - Dimension of X.

Y - Vector of coefficients fordivisor poly-
nomial, ordered from smallest to
largest power.

IDIMY - Dimension of Y.

TOL - Tolerance value below which coeffi-
cients are eliminated during normali-
zation.

IER - Error code. 0 is normal, 1 is for
zero divisor,

Remarks:

The remainder R replaces X.
The divisor Y remains unchanged.
If dimension of Y exceeds dimension of X,

IDIMP is set to zero and calculation is bypassed.

Subroutines and function subprograms required:

PNORM

Method:

Polynomial X is divided by polynomial Y giving
integer part P and remainder R such that

X=P*Y +R.

Divisor Y and remainder vector get normalized.

SUBROUT INE PDIVIP 4 TOTMP X, IDIMX, Y, IDIMY,TOL,TER} DIV

DIMENSION P{L)oX{Lh,YLL}
CALL PNORM {Y,IDIMY,TOLY
FECIDIMY) 50450410

10 IDIMP=EO[MX~TDIMY +]
IF{IDINPY 20,30,50

c DEGREE OF DIVISOR WAS GRFATER THAN DEGREF NF DIVIDEND POIV
20 ToIMP20 PDIV
30 [ER=0 POIV
40 RETURN POIV
4 ¥ 1S ZERO POLYNOMIAL POIV 11
50 1ER=1 POIV 12
G0 T0 40 POIV 13
< START REDUCTIIN POIV 14
60 1DTMX=IDIMY-1 POLV 15
1=10 1P PDIV 16
70 It=1+1DIMX POIV 17
PLINZXCIDI/YILIDINY) PDIV 18
[4 SUBTRACT MULTIPLE OF DIVISOR POIV 19
00 40 K=1,IDIMX POIV 20
J=K=1+1 POIV 21
XUJIsXTIN=P LI *Y(KD POIV 22
80 CONTINUE PDIV 23
Ie1-1 POIV 26
TFIT} 90,90,70 POIV 25
c NORMAL1ZE REMA INDER POLYNOMTAL POIV 26
90 CALL PNORM(X,IDIMX,¥TOL) POIV 27
GO TO 3¢ POIV 28
END POIV 29
124

PQSD

Purpose: )
Perform quadratic synthetic division. -

Usage:
CALL PQSD(A, B, P, Q, X, IDIMX)

Description of parameters:

A - Coefficient of Z in remainder (calcu-

lated). .
B - Constant term in remainder (calcu-

lated).
P - Coefficient of Z in quadratic poly-

nomial. ’
Q - Constant term in quadratic polynomial.
X - Coefficient vector for given polyno-

mial, ordered from smallest to
largest power.

IDIMX Dimension of X.

1

Remarks:
None.

Subroutines and function subprograms required:

None.
Method:
The linear remainder A*Z+B. -~
SUBRIUT INF PQSDIA,B,P,0,X, 1DINX) PQSD 1
DIMENSION Xx(1) PQSD 2
A=0. PQSD 3
B8=0. PQSN D)
J=1DIMX PQSO s
1 1FLJ13,3,2 QSN [
2 1l=P®A+R PQSD 7
B=Qeaexid) PQSD 8
A=7 PQSD 9
J=J-1 fQsn 10
G0 To 1 PQSO 1L
3 RETURN PQSOD 12
END PQSD 13
PVAL
Purpose:
Evaluate a polynomial for a given value of the
variable.
Usage: -

CALL PVAI{RES, ARG, X, IDIMX)

Description of parameters:

RES - Resultant value of polynomial.
ARG - Given value of the variable.
X - Vector of coefficients, ordered from

smallest to largest power.
IDIMX - Dimension of X,

Remarks:
None. s
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. . . SUBROUTINE PVSUBLZ,IDINZ, Xy IDTMX, Y, IDINY, WORK] fHITRKD) PVSUR 1
Subroutines and function subprograms required: DIMENSION ZC13oXU1)o¥( 11 HORKL (L] JWORK2 (1) pysup 2
TEST OF DIMENS {ONS PVSUR 3
None. IF CIDINX-1) 1433 BVSUR 4
1 IDIvZ=0 PYSUB 5
2 RETURN PVYSUR &
3 IDIMZ=) pPysug 7
. r=xiy PVSUR A
Method: IF CIDIMY®IOIMX=1DENY) 2,2,4 PVSUS 9
- . . 2 4 1Wl=1l PVSUR 10
Evaluation is done by means of nested multipli- HORKL (111 VSR 11
no =2, 1DIwX PVSHY 12
i CALL PMPY{KWDRK2 1 W2,Y, INIMY,WORK 1, IW1} LAAULE R}
cauon' CALL PCLAIWORKL [ Wl WORK2,IN2) ! PVSHA 14
FACT=Xx(1} PVSUR 15
CALL PADDMIZ,10142,2,IDI%Z,FACT,HORKL,I W1} PVSUB 16
S CONTINUF PVSIR 1T
G0 TR 2 PVSUR 18
SURRDUTINE PVALIRES,ARGyXs IDIMX} PVAL 1
DIMENSTON X(1) R PVAL 2 £no PYSUR 19
RES=0, PVAL 3
J=1DIMX PVAL 4
1 IFLJ1343,2 . :z:t 2
2 RES=RES®ARGX
e PvAL 7 PCLD
60 10 1 PvaL 9
3 RETURN pPvaL - 9
END PVAL 10
Purpose:
Shift of origin (complete linear synthetic
PVSUB division).
Usage:
Purpose:

Substitute variable of a polynomial by another
polynomial.

CALL PCLID(X, IDIMX, U)

Description of parameters:
X - Vector of coefficients, ordered from

Usage: .
smallest to largest power. It is re-
CALL PVSUB(Z, IDIMZ, X, IDIMX, Y, IDIMY, placed by vector of transformed co-
WORKI1, WORK2) efficients.
e IDIMX - Dimension of X.
Description of parameters: U - Shift parameter

Z - Vector of coefficients for resultant
polynomial, ordered from smallest

Remarks:
to largest power. None.
IDIMZ - Dimension of Z.
X - Vector of coefficients for original

polynomial, ordered from smallest
to largest power.

IDIMX - Dimension of X.

Y - Vector of coefficients for polynomial
which is substituted for variable,
ordered from smallest to largest

Subroutines and function subprograms required:
None.

Method:
Coefficient vector X(I) of polynomial P(Z) is
transformed so that Q(Z)=P(Z-U) where QZ)
denotes the polynomial with transformed coeffi-

pc?wer. . cient vector.
IDIMY - Dimension of Y.
WORK1 - Working storage array (same dimen-
sion as Z).
. . SUBRQUTINE PCLD { X,y IDIMX, U} PCLOD 1
WORK2 - Working storage array (samedimen- DIMENSION X(1) pcLo 2
sion as Z). Lyt rto 5
3 XtJ=11=XlI=10+UeX(J) PCLD 6
J=d-1 :CLg ;
Remarks: ot pito 0
IF {IDIMX=K) 54501 PCLD lg
R RI PCLD 1
None. ® FrEu'JU " pCLD 12
Subroutines and function subprograms required:
PMPY PILD
PADDM R
PCLA Purpose:
Evaluate polynomial and its first derivative for
Method:

Variable of polynomial X is substituted by poly-
.nomial Y to form polynomial Z. Dimension of
new polynomial is (IDIMX-1)*(IDIMY-1)+1.
Subroutine requires two work areas.

a given argument.

Usage:
CALL PILD({POLY, DVAL, ARGUM, X, IDIMX)
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Description of parameters:

POLY - Value of polynomial.

DVAL - Derivative.

ARGUM - Argument.

X - Vector of coefficients for poly-

nomial, ordered from smallest to
largest power.

IDIMX Dimension of X.

Remarks:
None.

Subroutines and function subprograms required:
PQSD

Method:
Evaluation is done by means of subroutine PQSD
(quadratic synthetic division).

gyzg:g:ézkx?{gn (POLY, DVAL , ARGUM y Xy IDTHX } ::tg 1
P=ARGUM+ARGUM PILD ;
Q==ARGUM* ARGUM
CALL PQSD (DVALPOLY,P,Q,X,INIMX} :“.?) ;
POLY=ARGUMDVAL#+POLY PILD 6
RETURN PILD 7
END PILD a

PDER

Purpose:

Find derivative of a polynomial.

Usage:

CALL PDER(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for derivative,
ordered from smallest to largest
power.

IDIMY - Dimension of Y (equal to IDIMX-1).

X - Vector of coefficients for original

polynomial, ordered from smallest to
largest power.
IDIMX - Dimension of X.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X less one,
Derivative is then calculated by multiplying co-
efficients by their respective exponents.

126

SUBROUT INE PDER{Y s [DINY, Xy IDINX} POER 1
DIMENSTON X{1),¥(1} POER 2
TEST.OF DIMENS [ON PBER 3
IF (IDINX-1) 3,31 PDER & -
1 IDIMY=[DINX-1 PDER S ) ’\«
EXPT=0. POER &
00 2 I=1,IDINY POER 7 ‘
EXPTSEXPT#1. POER 8
2 Y(I)=XUT+L)®EXPT POER 9
60 10 POER 10
3 1DINY=0 POER 11
4 RETURN PDER 12
END POER 13
PINT
Purpose: N

Find integral of a polynomial with constant of
integration equal to zero.

Usage:
CALL PINT(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for integral,
ordered from smallest to largest
power.

IDIMY - Dimension of Y (equal to IDIMX+1).

X - Vector of coefficients for original

polynomial, ordered from smallest to
largest power.
IDIMX - Dimension of X.

Remarks:

None. T

Subroutines and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X plus
one, and the constant term is set to zero. Inte-
gral is then calculated by dividing coefficients
by their respective exponents.

PINT
PINT
PINT

1 RETURN
2 EXPT=l.
00 3 132,IDINY

SUBROUTINE PINT{Y,IDIMY,X, [0T4X) PINT 1
OIMENSION XtL1),Y( 1) PINY 2
1DINY=IDIMX*1 PINT 3
Y(1)=0. PINT 4
IFLIDIMX}141e2 PINT 2

7

8

YO =x{1-1)/EXPT PINT 9
3 EXPT=EXPT¢l. PINT 10 -
6o 10 1 PINT 11
END PINY 12
K2
PGCD
Purpose:
Determine greatest common divisor of two poly-
nomials,

Usage: M

CALL PGCD(X, IDIMX, Y, IDIMY, WORK, EPS,
IER)
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Description of parameters: IDIMX - Dimension of X, If is replaced by
X - Vector of coefficients for first poly- final dimension.
nomial, ordered from smallest to "EPS - Tolerance below which coefficient is

largest power. eliminated.

IDIMX - Dimension of X.

Y - Vector of coefficients for-second Remarks:
polynomial, ordered from smallest to If all coefficients are less than EPS, result is a

‘largest power. This is replaced by zero polynomial with IDIMX=0 but vector X re-
greatest common divisor. mains intact.

IDIMY - Dimension of Y.
WORK - Working storage array. Subroutines and function subprograms required:
EPS - Tolerance value below which coeffi- None.
cient is eliminated during normaliza-
tion, Method:
IER - Resultant error code where: Dimension of vector X is reduced by one for
IER=0 No error. each trailing coefficient with an absolute value
IER=1 X or Y is zero polyno- less than or equal to EPS.
mial.

RemarkS: ' SLBROUT INE PNDRI(X.IbINX,EPS) PNORM |
IDIMX must be greater than IDIMY. LS Y, onom
IDIMY=1 on return means X and Y are prime, 1 Toiuxatntuear TERSE Bede sunaa 3

the GCD is a constant, “ Eg;ﬂﬂn' EEEEE z

Subroutines and function subprograms required:
PDIV
PNORM

Method:
Greatest common divisor of two polynomials X
and Y is determined by means of Euciidean algo-
rithm. Coefficient vectors Xand Y aredestroyed
and greatest common divisor is generated in Y.

SUBROUTINE PGCDIX o 101MX,Y,IDIMY,WORKEPS IER) PGCD
DIMENSION X{1).Y( 1) ,WORK(1) PGCD
DIMENSION REQJIRED FOR VECTOR NAMED WORK IS IDIMX-IDIMYel PGCD

1 CALL PDIVIWORK,NOIMeX, IDIMX,Y, IDINY EPS, TER)
PGCDY

L RVE R S

IFLIER) 5.2.5
2 IFL{IDIMX) 5,5,3 PGCD
4 INTERCHANGE X AND Y PGED
3 00 & JeE IOINY PGTD
WORK{1)=Xx{J} °6C0
X(J1=¥(J) P6CO 20
4 Y(J)=WORK(1) PGCD 11
NDIM=[DIMX PGLD 12
IDIMX=IDIMY peCN 13
10IMY=NDIM °6CD 14
60 101 PGCD 15
5 RETURN PGCO 16
ND PGCO 17
Purpose:

Normalize coefficient vector of a polynomial.

Usage:
CALL PNORM(X, IDIMX, EPS)

Description of parameters:
X - Vector of original coefficients,
ordered from smallest to largest
power. It remains unchanged.

Mathematic ~ Polynomial Operation 127

Ex.1048 / Page 131 of 196
Cisco Systems, Inc.



APPENDIX A: STORAGE REQUIREMENTS

The following table lists the number of characters Storage
of storage required by each of the subroutines in the Required
Scientific Subroutine Package. The figures given Name Function (Words)

were obtained by using 1130 Monitor FORTRAN,

Version 2, Modification Level 1. Also noted are

the subroutines or function subprograms that are Multiple Linear Regression
called or are used by a given subroutine.

(Usually requires CORRE, .
ORDER, MINV, MULTR
in sequence)

Storage
Required ORDER rearrangement of "
Name Function (Words) intercorrelations 206
STATISTICS MULTR multiple regression
and correlation 518
Data Screening
TALLY totals, means, standard Polynomial Regression
deviations, minimums,
maximums 356 (Usually requires GDATA,
ORDER, MINV, MULTR
BOUND selection of observations in sequence)
within bounds 206
GDATA data generation 668
SUBST subset selection from W”\,
observation matrix B
(needs user's Boolean Canonical Correlation
subroutine) 224
(Usually requires CORRE,
ABSNT detection of missing CANOR, MINV, NROOT,
data 94 EIGEN in sequence)
TAB1 tabulation of data (1 CANOR canonical correlation
variable) 612 (CANOR calls MINV
and NROOT) 1132
TAB2 tabulation of data (2
variables) 1140 NROOT eigenvalues and
eigenvectors of a
SUBMX build subset matrix 134 special nonsymmetric
matrix (NROOT calls
Elementary Statistics EIGEN) 752
MOMEN first four moments 404
Analysis of Variance
TTSTT tests on population
means 538 (Usually requires AVDAT, AVCAL,
MEANGQ in sequence)
Correlation
AVDAT data storage allocation 326
CORRE means, standard de-
viations, and correla- AVCAL 2 and A operation 268
tions (needs user's %
subroutine to get data) 1164 MEANQ mean square operation 560 i
128
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Name Function

Discriminant Analysis

(Usually requires DMATX, MINV,
DISCR in sequence)

DMATX means and dispersion
matrix
DISCR discriminant functions

Factor Analysis

(Usually requires CORRE, EIGEN,
TRACE, LOAD, VARMX in sequence)

TRACE cumulative percentage
of eigenvalues

LOAD factor loading
VARMX varimax rotation

Time Series

AUTO autocovariances
CROSS crosscovariances
SMO application of filter

coefficients (weights)

EXSMO triple exponential
smoothing

Nonparametric Statistics

2
CHISQ x test for a contingency
table
UTEST Mann-Whitney U-test
(UTEST calls RANK
and TIE)
TWOAV Friedman two-way

analysis of variance
(TWOAV calls RANK)

QTEST Cochran Q-test
SRANK Spearman rank cor-

relation (SRANK calls
RANK and TIE)

Storage
Required
(Words)

422

980

160
98

1186

180

248

166

274

490

242

324

232

378

Name Function
KRANK Kendall rank correla-

tion (KRANK calls
RANK and TIE)

WTEST Kendall coefficient of
concordance (WTEST
calls RANK and TIE)

RANK rank observations

TIE calculation of ties in
ranked observations

Random Number Generators

RANDU uniform random
numbers

GAUSS normal random num-
bers (GAUSS calls
RANDU)

MATHEMATICS

Special Matrix Operations

MINV matrix inversion

EIGEN eigenvalues and
eigenvectors of a
real, symmetric

matrix
Matrices
SIMQ solution of simultaneous
linear, algebraic equations
GMADD add two general matrices
GMSUB subtract two general
matrices
GMPRD product of two general
matrices
GMTRA transpose of a general
matrix
GTPRD transpose product of
two general matrices
MADD add two matrices (calls

LOC)

Storage
Required
(Words)

524

498

216

196

52

68

784

1058

540

52
52
156
88
152

226
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Name

MSUB

MPRD

MTRA

TPRD

MATA

SADD

SSUB

SMPY

SDIV

RADD

CADD

SRMA

SCMA

RINT
CINT

RSUM

CSUM

130

Function

subtract two matrices
(calls LOC)

matrix product (row
into column) (calls LOC)

transpose a matrix
(calls MCPY)

transpose product
(calls LOC)

transpose product of
matrix by itself (calls
LOC)

add scalar to matrix
(calls LOC)

subtract scalar from a
matrix (calls LOC)

matrix multiplied by a
scalar (calls LOC)

matrix divided by a
scalar (calls LOC)

add row of one matrix
to row of another
matrix (calls LOC)

add column of one
matrix to column of
another matrix (calls
LOC)

scalar multiply row
and add to another row

scalar multiply column
and add to another column

interchange two rows
interchange two columns

sum the rows of a matrix
(calls LOC)

sum the columns of a
matrix (calls LOC)

Storage
Required
(Words)

226

230

108

230

194

56

56

56

66

90

92

108

110
94

96

98

98

Name

RTAB

CTAB

RSRT

CSRT

RCUT

CCUT

RTIE

CTIE

MCPY
XCPY

RCPY

CCPY

DCPY

SCLA

DCLA

MSTR

MFUN

RECP

Funection

tabulate the rows of a

Storage
Required
Words)

matrix (calls LOC, RADD) 198

tabulate the columns of
a matrix (calls LOC,
CADD)

sort matrix rows (calls
LOC)

sort matrix columns
(calls LOC and CCPY)

partition row-wise
(calls LOC)

partition column-wise
(calls LOC)

adjoin two matrices
row-wise (calls LOC)

adjoin two matrices
column-wise (calls
LOC)

matrix copy (calls LOC)

copy submatrix from
given matrix (calls LOC)

copy row of matrix into
vector (calls LOC)

copy column of matrix
into vector (calls LOC)

copy diagonal of matrix
into vector (calls LOC)

matrix clear and add
scalar (calls LOC)

replace diagonal with
scalar (calls LOC)

storage conversion
(calls LOC)

matrix transformation
by a function

reciprocal function for
MFUN

198
308
306
162
162
178

166
-
52

128

78

78

58
52
50
116

66

44 ™
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Storage Storage

Required Required
Name Function (Words) Name Function (Words)
LoC location in compressed- BESI I Bessel function 414
stored matrix 108
BESK K Bessel function 844
ARRAY vector storage--double
dimensioned conversion 198 CEL1 elliptic integral of the
first kind 126
Integration and Differentiation
CEL2 elliptic integral of the
QSF integral of tabulated second kind 200
function 806
EXPI exponential integral 262
QATR integral of given function
by trapezoidal rule. SICI sine cosine integral 366
386
Cs Fresnel integrals 310
Ordinary Differential Equations
RK1 integral of first-order
differential equation by
Runge-Kutta method (needs
user function subprogram) 468
RK2 tabulated integral of first- Roots of Nonlinear Functions
order differential equation
by Runge-Kutta method RTWI refine estimate of root of
(needs user function sub- Wegstein's iteration (needs
program) 210 user function subprogram) 208
RKGS solution of a system of RTMI determine root within a
first-order differential range by Mueller's
equations by Runge-Kutta iteration (needs user
method (uses given initial function subprogram) 536
values)
1174 RTNI refine estimate of root by
Newton's iteration (needs
Fourier Analysis user function subprogram) 172
FORIF Fourier analysis of a
given functioz (needs user Roots of Polynomial
function subprogram) 292 POLRT real and complex roots
FORIT Fourier analysis of a of polynomial 820
tabulated function 284

Polynomial Operations

Special Operations and Mathematical Functions

PADD add two polynomials 110
GAMMA gamma function 260

PADDM multiply polynomial by
LEP Legendre polynomial 132 constant and add to

another polynomial 118

BESJ J Bessel function 448

PCLA replace one polynomial
BESY Y Bessel function 704 by another 48
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Name

PSUB

PMPY

PDIV

PQSD

PVAL

PVSUB

132

Function

subtract one polynomial
from another

multiply two polynomials

divide one polynomial by
another (calls PNORM)

quadratic synthetic divi-
sion of a polynomial

value of a polynomial

substitute variable of
polynomial by another
polynomial (calls PMPY,
PADDM, PCLA)

Storage
Required
(Words)

112

142

198

78

54

132

Name

PCLD

PILD

PDER

PINT

PGCD

PNORM

Function

complete linear division

evaluate polynomial and
its first derivative (calls

PQSD)

derivative of a polynomial
integral of a polynomial

greatest common divisor
of two polynomials (calls
PDIV and PNORM)

normalize coefficient
vector of polynomial

Storage
Required

(Words) m‘

74

56

88

88

108

48

«
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APPENDIX B: ACCURACY OF SUBROUTINES

The subroutines in SSP can be broken down into
three major categories from the standpoint of accu-
racy. They are: subroutines having little or no
affect on accuracy; subroutines whose accuracy is
dependent on the characteristics of the input data;
and subroutines in which definite statements on ac-
curacy can be made.

SUBROUTINES HAVING LITTLE OR NO AFFECT
ON ACCURACY

The following subroutines do not materially affect
the accuracy of the results, either because of the
simple nature of the computation or because they do
not modify the data:

TALLY totals, means, standard deviations,
minimums, and maximums

BOUND selection of observations within bounds

SUBST subset selection from observation
matrix

ABSNT detection of missing data

TAB1 tabulation of data (1 variable)

TAB2 tabulation of data (2 variables)

SUBMX build subset matrix

MOMEN first four moments

TTSTT tests on population means

ORDER rearrangement of intercorrelations

AVDAT data storage allocation

TRACE cumulative percentage of eigenvalues

CHISQ x 2 test for a contingency table

UTEST Mann-Whitney U-test

TWOAV Friedman two-way analysis of variance

QTEST Cochran Q-test

SRANK Spearman rank correlation

KRANK Kendall rank correlation

WTEST Kendall coefficient of concordance

RANK rank observations

TIE calculation of ties in ranked observations

RANDU uniform random numbers

GAUSS normal random numbers

GMADD
GMSUB
GMPRD
GMTRA
GTPRD

MADD
MSUB
MPRD
MTRA
TPRD
MATA
SADD
SSUB
SMPY
SDIV
RADD

CADD

SRMA

SCMA

RINT
CINT
RSUM
CsSUM
RTAB
CTAB
RSRT
CSRT
RCUT
CCUT
RTIE
CTIE
MCPY
XCPY
RCPY
CCPY
DCPY
SCLA
DCLA

add two general matrices
subtract two general matrices
product of two general matrices
transpose of a general matrix

transpose product of two general
matrices

add two matrices

subtract two matrices

matrix product (row into column)
transpose a matrix

transpose a product

transpose product of matrix by itself
add scalar to matrix

subtract scalar from a matrix
matrix multiplied by a scalar

matrix divided by a scalar

add row of one matrix to row of an-
other matrix

add column of one matrix to column of
another matrix

scalar multiply row and add to another
ToW

scalar multiply column and add to an-
other column

interchange two rows

interchange two columns

sum the rows of a matrix

sum the columns of a matrix
tabulate the rows of a matrix
tabulate the columns of a matrix
sort matrix rows

sort matrix columns

partition row-wise

partition column-wise

adjoin two matrices row-wise
adjoin two matrices column-wise
matrix copy

copy submatrix from given matrix
copy row of matrix into vector
copy column of matrix into vector
copy diagonal of matrix into vector
matrix clear and add scalar

replace diagonal with scalar
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MSTR storage conversion

MFUN matrix transformation by a function

RECP reciprocal function for MFUN

LOC location in compressed-stored matrix

CONVT single precision, double precision
conversion

ARRAY vector storage--double dimensioned
conversion

PADD add two polynomials

PADDM multiply polynomial by constant and
add to another polynomial

PCLA replace one polynomial by another

PSUB subtract one polynomial from another

PMPY multiply two polynomials

PDIV divide one polynomial by another

PQSD quadratic synthetic division of a
polynomial

PVAL value of a polynomial

PVSUB substitute variable of polynomial by
another polynomial

PCLD complete linear division

PILD evaluate polynomial and its first
derivative

PDER derivative of a polynomial

PINT integral of a polynomial

PGCD greatest common divisor of two
polynomials

PNORM normalize coefficient vector of

polynomial

SUBROUTINES WHOSE ACCURACY IS DATA
DEPENDENT

The accuracy of the following subroutines cannot be
predicted because it is dependent on the character-
istics of the input data and on the size of the prob-
lem. The programmer using these subroutines
must be aware of the limitations dictated by numer-
ical analyses considerations. It cannot be assumed
that the results are accurate simply because sub-
routine execution is completed. Subroutines in this
category are:

CORRE means, standard deviations, and
correlations

MULTR multiple regression and correlation

GDATA data generation

CANOR canonical correlation

NROOT eigenvalues and eigenvectors of a
special nonsymmetric matrix
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AVCAL
MEANQ
DMATX
DISCR
LOAD
VARMX
AUTO
CROSS
SMO

EXSMO
MINV
EIGEN

QSF

QATR

RK1

RK2

RKGS

FORIF

FORIT
RTWI

RTMI

RTNI

POLRT

Z and A operation

mean square operation m
means and dispersion matrix J
discriminant functions

factor loading

varimax rotation

autocovariances

crosscovariances

application of filter coefficients
(weights)

triple exponential smoothing
matrix inversion

eigenvalues and eigenvectors of a
real, symmetric matrix

solution of simultaneous linear, alge-
braic equations

integral of tabulated function by
Simpson's Rule

integral of given function by
trapezoidal rule

integral of first-order differential
equation by Runge-Kutta method

tabulated integral of first-order differ-
ential equation by Runge-Kutta method

solution of a system of first-order ”%
differential equations by Runge-Kutta -
method

Fourier analysis of a given function
Fourier analysis of a tabulated function

refine estimate of root by Wegstein's
iteration

determine root within a range by
Mueller's iteration

refine estimate of root by Newton's
iteration

real and complex roots of polynomial
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SUBROUTINES WITH DEFINITE ACCURACY CHARACTERISTICS

P This table was developed by comparing floating-point results from the subroutines
7 with the tables given in Abramowitz and Stegun*. In certain cases the reference table
gave results in fixed-point form. In these cases the maximum differences below
are given in terms of number of decimal places (d.p.) which agreed, rather than
number of significant digits (s.d.) which agree. In compiling maximum differences,
the maximum was taken over the set of points indicated in the table. The average
difference was normally much smaller.

The notation x = a (b) ¢ implies thata, a+ b, a+ 2b, ...., c were the arguments
(x) used.
Maximum
Difference
s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references* places
GAMMA I'(x) (gamma) x£34.5, and x x=.1(1)3 2 in 6th s.d.
not within 10-6
of zero or a x=1(1) 34 1 in 6th s.d.
negative integer
LEP Py(x) -1£x 41 x=0(.2)1 3 in 6th s.d.
(Legendre) n=2,3
n20 n=9, 10 1 in 5th s.d.
BESJ Jn(x) (Bessel) (The accuracy x>0; n>0 x=1(1) 17 8 in 6th s.d.
{ﬁv\ Factor, D, used n=20,1, 2
{ in the program when x £15; 2/3
was 1075,) n<20 + 10xX n=3(1)9 1 in 5th s.d.
x=1(1) n-2
when x >15,
n<90 + x/2 n=3(1)9 1 in 5th d.p.
x=n-1(1)20
x=1,2,5,10,50 3 in 6th s.d.
n = 10 (10) 50 **
BESY Yn(x) (Bessel) nxo x=1(1) 17 9 in 6th s.d.
x>0 n=20,1, 2
n=3(1)9 1in 5th s.d.
x=1(1)n-2
n=3(1)9 1 in 5th d.p.
x=n-1(1) 20
x=1,2,5,10,50 3 in 5th s.d.
n = 10 (10) 50%*
BESI In(x) (Bessel) (Table values x>0 x=1(1)20 8 in Tth s.d.
are e~XIn(x). 0£n<L30 n=0,1
maximum _
difference is x:g(l) 20 6 in 7th s.d.
for these n=
values) x=1(1)20 1 in 5th s.d.
o n=3(1)9
~ (Table values x=1,2,5,10 8 in 7th s.d.
‘ are In(x)) n = 10, 20, 30%*
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Subroutines with Definite Accuracy Characteristics (continued)

Maximum
Difference
s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references* places
BESK Kpn(x) (Bessel)  (Table values x>0 x=1(1) 20 8 in Tth s.d.
are eX Ky (x). n20 n=0,1
These were
used for maxi- x =5 (1) 20 9 in 7th s.d.
mum differ- n=2
ences)
x=1(1) 20 1 in 5th s.d.
n=3(1)9
(Tabled values x=1,2,5,10,50 1 in 6th s.d.
are Kp (%) n =10 (10) 50%*
CEL1 K (k) (Tabled values -1£k41 m=0(1).9 1in 7th s.d.
(elliptic 1st are K(m);
integral) m = k
CEL2 (Generalized K(m) when -1£k£1 m=0(1).9 1in 7th s.d
Integral of 2nd A =B =1
kind) E(m) when m=0(1) .9 1 in 7th s.d.
A=1, 9
B =ck
e wherem=%%
EXPI Exponential -Ei (-x) x2-4 x=-.5(.-5)-2 0 in 7th s.d.
Integral when X<0
x==2.5(-.5) -4 1in Tth s.d.***
Eq (x) when
x>0 x=.5(.5)2 2 in 7th s.d.
x=2.5(.5)4 6 in 5th s.d, ***
x=4.5(.5)8 3 in 7th s.d.***
SICI 5§ (X) none x=1(1) 10 3 in 7th s.d.
(sine integral) x=10m 0 in 7th s.d.
SICI Ci(x) none x=1(1) 10 3 in Tth s.d.
(cosine x=107 0 in 5th s.d.
integral)
CSs Ca(u) none x=.1,.3,.6,.8 1 in 6th s.d.
(Fres?el)
- x=1(1)5 2 in Tth s.d.
u = —
_______ 2
(OF] Sg (u) none x=,1,.3,.6,.8 1lin4ths.d
(Fresnel)
#=-%'1rx2 x=1(1)5 3 in Tth s.d.

*Handbook of Mathematical Functions, Abramowitz and Stegun, National Bureau of Standards publication.

**Results outside the range of the 1130 are set to zero or machine infinity. Results are subject to com-

patability of x and n.

***Tabled results, used for maximum difference, were given for xein (-x) and xeXEl(x)
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APPENDIX C: TIMING

- 1.

Sample program SOLN was chosen to exem-
plify the overall timing of a problem.

In all cases

the 1442 Card Reader, Model 7, is used for input
and all necessary subroutines are already on disk.
(Core speed: 3.6us.)

2.

b.

C.

2. To

Compile time, using a LIST ALL card
(gives a program listing of its 56 cards
and a memory map which includes vari-
able allocations, statement allocations,
features supported, called subprograms,
integer constants, and core requirements),
requires 1 minute 32 seconds on the 1132
Printer. (Compile time, minus the LIST
ALL card, requires 36 seconds. )

To store the program on disk takes 10
seconds.

After the XEQ control card is read, the
computer uses 17 seconds to locate the
necessary subprograms and the main
program, and to load them in core.
Execution time is four seconds. Output
printing time is 53 seconds on an 1132
Printer and 3 minutes 32 seconds on the
console typewriter.

illustrate the computational time used by

an IBM 1130 computer, the following program was

selected:

DIMENSION A(1600),L(40),M(40)
IX=3
2 PAUSE 1
DO 1 I=1,1600
CALL RANDU (IX,IY,Y)
IX=TIY
1 ACD =Y
PAUSE 2

CALL MINV

(A,10,D,L,M)

PAUSE 3

CALL MINV

(A,15,D,L,M)

PAUSE 4

CALL MINV

(A,20,D,L,M

PAUSE 5

CALL MINV

(A,30,D,L,M

PAUSE 6

CALL MINV

(A,40,D,L,M)

PAUSE 7
GO TO 2
END

a.

RANDU - random number generator sub-
routine. To generate 1600 numbers,
using subroutine RANDU, execution time
is 5 seconds.

b.

MINV - matrix inversion subroutine.
Matrix inversion, using subroutine MINV,
is performed on five different sized ma-
trices, with the following results in
execution time:

(1) The 10 x 10 matrix uses 4 seconds.
(2) The 15 x 15 matrix uses 12 seconds.
(3) The 20 x 20 matrix uses 27 seconds.
(4) The 30 x 30 matrix uses 1 minute
28 seconds.
(5) The 40 x 40 matrix uses 3 minutes
27 seconds.

SAMPLE PROBLEM TIMING

The table below gives sample problem times from
the reading of the XEQ card to the printing, on the
1132 Printer, of the last output line:

Problem

DASCR

ADSAM
ANOVA
EXPON
FACTO
MCANO
MDISC
POLRG
QDINT
REGRE
RKINT
SMPRT

SOLN

Time

2 min, 20 sec. (5 min. 30 sec. using the

console typewriter)
1 min, 25 sec,
55 sec.
1 min. 5 sec.
1 min, 55 sec.
1 min, 55 sec.
2 min. 12 sec.
2 min. 53 sec.
30 sec.
2 min, 25 sec.
55 sec.
30 sec.

1 min, 15 sec.
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APPENDIX D: SAMPLE PROGRAMS

This appendix describes a set of sample programs
designed to illustrate typical applications of the
scientific subroutines. The sample programs also
make use of certain user-written special sample
subroutines. Such subroutines are, of course, to be
taken only as typical solutions to the problem under
consideration, each user being urged to tailor such
subroutines to his own specific requirements.

A "Guide to the Sample Programs'' immediately
follows this introduction. The guide indicates the
location of the sample program (if any) calling a
particular subroutine of the SSP or referencing a
special sample subroutine. The SSP listings are not
repeated in this appendix; to locate such listings
refer to "Guide to Subroutines' in the introduction.

Listings of the special sample subroutines (HIST,
MATIN, PLOT, MXOUT, BOOL, DATA, and FUN)
are provided immediately following each sample
program. The subroutines DATA, MATIN, and
MXOUT are used with several sample programs,
and for purposes of clarity the listings of these spe-
cial user-written routines are repeated with each
sample program.

GUIDE TO THE SAMPLE PROGRAMS

Data Screening Page
DASCR--Sample Main Program 144

Nlustrates use of:

SUBST--subset selection from observation
matrix

TAB1--tabulation of data (1 variable)

LOC--location in compressed-stored
matrix

Special sample subroutines are:

BOOL--Boolean expression 145
HIST--histogram printing 145
MATIN--matrix input 145

Multiple Regression

REGRE--Sample Main Program 150

Ilustrates use of:

CORRE--means, standard deviations, and
correlations

ORDER--rearrangement of intercorrelations

138

Page
MINV--matrix inversion
MULTR--multiple regression
Special sample subroutine is:
DATA--sample data read 151
Polynomial Regression
POLRG--Sample Main Program 155 -

Ilustrates use of:
GDATA--data generation
ORDER--rearrangement of intercorrelations
MINV--matrix inversion

MULTR--multiple regression

Special sample subroutine is:

PLOT--output plot 156

Canonical Correlation

MCANO--Sample Main Program 159

Ilustrates use of:

CORRE--means, standard deviations, and
correlations

CANOR--canonical correlation
MINV--matrix inversion

NROOT--eigenvalues and eigenvectors of a
special, nonsymmetric matrix

EIGEN--eigenvalues and eigenvectors of a
symmetric matrix

Special sample subroutine is:

DATA--sample data read 160

Analysis of Variance

ANOVA--Sample Main Program 164

lustrates use of:
AVDAT--data storage allocation
AVCAL-- Y and Aoperation

MEANQ--mean square operation
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Page

Discriminant Analysis

MDISC--Sample Main Program 168

Ilustrates use of:
DMATX--means and dispersion matrix
MINV--~-matrix inversion

DISCR--discriminant functions
Factor Analysis
FACTO--Sample Main Program 172

Hlustrates use of:

CORRE--means, standard deviations, and
correlations

EIGEN--eigenvalues and eigenvectors of a
real, symmetric matrix

TRACE--cumulative percentage of
eigenvalues

LOAD--factor loading
VARMX--varimax rotation

Special sample subroutine is:

DATA--sample data read 173

Triple Exponential Smoothing

EXPON--Sample Main Program 175

Nlustrates use of:

EXSMO--triple exponential smoothing
Matrix Addition
ADSAM--Sample Main Program 179

Jlustrates use of:
MADD--matrix add
LOC--location in compressed-stored
matrix
Special sample subroutines are:
MATIN--matrix input 179
MXOUT--matrix output 180

Numerical Quadrature Integration

QDINT--Sample Main Program 182

Page

Nlustrates use of:
QSF--numerical integration by
Simpson's rule
Runge-Kutta Integration

RKINT--Sample Main Program 184

Tlustrates use of:

RK2--Runge-Kutta integration

Special sample function is:

FUN--definition of differential equation 184

Real and Complex Roots of Polynomial

SMPRT--Sample Main Program 186

Hlustrates use of:

POLRT--rezl and complex roots of
polynomial

Solution of Simultaneous Equations

SOLN--Sample Main Program 190

Tlustrates use of:
SIMQ--solution of simultaneous equations

LOC--location in compressed-stored
matrix

Special sample subroutines are:
MATIN--matrix input 190
MXOUT--matrix output 191

SAMPLE PROGRAM DESCRIPTION

The specific requirements for each sample program,
including problem description, subroutines, program
capacity, input, output, operating instructions, error
messages, program modifications, and timing, as
well as listings of data inputs and program results,
are given in the documentations of the individual
sample programs.

There are, however, several significant facts,
which apply to all these sample programs.

1. Data input to programs produced by 1130
FORTRAN is required to be right justified within a
field, even if the data includes decimal points. Only
leading blanks are permitted. -

2. All sample programs as distributed will run
on an 8K Model IIB with 1132 Printer and 1442 Card
Read Punch, Model 6 or 7. If the user has different
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card 1I/0 devices, he must change the *IOCS card
and the first READ instruction of each sample pro-
gram to conform to his configuration.

3. All of the output format statements in the
sample main programs and the sample subroutines
specify the console typewriter as the output device.
However, the logical unit numbers for input and out-
put are optional. The first card of the sample prob-
lem data deck defines the input/output units for a
specific run, and is read from the principal card
reader by the sample main program. Format for
this card is as follows:

Column 2 contains the logical unit number for

output

Column 4 contains the logical unit number for

input

4, The IOCS card, included with each sample
main program, specifies three devices (CARD,
TYPEWRITER, 1132 PRINTER). The user should
include only those 1/0 devices employed by the pro-
gram, thus eliminating any unnecessary Monitor
subroutines.

5. Since core storage for the IBM 1130 Model II B
computer is 8K, only a limited number of the sample
programs have ample storage area for increases in
dimension statements. The majority of the programs
are now dimensioned so near maximum storage size
that any increases in the dimension would create
system overlays (SOCAL's) or would necessitate the
use of a LOCAL overlay area.

6. For each sample program given below, there
is a schematic diagram showing deck setup, This
schematic gives a general description of deck re-
quirements. Specific details pertaining to three
different situations should be understood. To fol-
low the discussion of the three cases for all sample
programs, consider Figure 10,

a, Initial run of a sample program under the
disk monitor system: All required moni-
tor control cards are distributed with
decks. K the deck setup given in Figure
10 is used, the final card of the routine
DASCR, the //XEQ card (which is a
monitor control card), should be taken
out of the routine DASCR and placed after
the *STORE card which has stored the
routine LOC on the disk. With this
change, DASCR will be compiled, stored
on disk (with all of its required routines),
and then will execute, After this initial
run is complete, the second case can be
considered (b, below).

b. After the initial run of a sample program
under the disk monitor system, following
runs can be made by using only the
//XEQ card and any required *LOCAL
cards, followed by data. This case
assumes that all routines are on the disk.

140

¢, Running sample programs under Card
FORTRAN (1130-FO-001) @on-disk sys-
tem): All monitor control cards (see the
Application Directory) must now be re- T\
moved from decks. Using Figure 10, -
consider that the labeled decks refer to
object programs which were previously
compiled using Card FORTRAN (C26-
3629), With this consideration, noting
the binary loaders and library required
as stated under "Object Deck Loading
Procedures" in the 1130 Card/Paper
Tape Programming System Operator's
Guide, and with decks in Figure 10 order,
DASCR will run,

NOTE: Remarks in (a) above about changes in
placement of //XEQ cards pertain also to any
required *LOCAL cards, which must succeed the
//XEQ cards,

A fourth situation may also be considered, If the
user has all subroutines stored on the disk, and
none of the sample problems are on the disk, then
any individual sample problem will run as it was
distributed in card form,

A LOCAL card, following the XEQ Monitor con-
trol card, allows the user todesignate all subroutines
to be loaded into a LOCAL overlay area on call at
execution time. For the function of SOCAL and the %
use of LOCAL, the reader is referred to IBM 1130
Disk Monitor System, Version 2, Programming and

Operator's Guide (C26-3717). The sample programs

employ the LOCAL facility.

DATA SCREENING
Problem Description

A set of observations is read along with information

on propositions to be satisfied and limits on a se-

lected variable. From this input a subset is obtained

and a histogram of frequency over given class inter-

vals is plotted for the selected variable. Total,

average, standard deviation, minimum, and maxi-

mum are calculated for the selected variable. This

procedure is repeated until all sets of input data -
have been processed.

Program .

Description

The data screening sample program consists of a
main routine, DASCR, and six subroutines:

SUBST

TAB1 are from the Scientific Subroutine Mmq\
Package

LOC
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MATIN is a sample input routine
HIST is a sample program for plotting a
histogram
BOOL refer to subroutine SUBST
Capacity

The maximum size of matrix of observations has
been set at 1000 elements, the number of observa-
tions at 200, and the number of conditions at 21.
Therefore, if a problem satisfies the above condi-
tions, no modification to the sample program is
necessary. However, if the maximum sizes must
be increased, the dimension statements in the sample
main program must be modified to handle this par-
ticular problem. The general rules for program
modification are described later.

Input
One 1/0 Specification card defines input/output units
(see ""Sample Program Descriptions''.)

A parameter card with the following format must

precede each matrix of observations:

For Sample

Columns Contents Problem
1 -2 Blank
3 -6 Up to four digit identification
code (numeric only) 0001
7 - 10 Number of observations 0100
11 - 14 Number of variables 0004

Matrix of Observations

Each matrix of observations must be followed by a
card with a 9 punch in column 1.

The condition matrix and bounds data are pre-
ceded by a parameter card containing the number
of conditions and the variable to be selected for
analysis:

For Sample
Columns Contents Problem
1-2 Number of conditions 02
3-4 Variable to be selected 03
UBO Vector

A card with an asterisk in column 1 must follow the
UBO vector. A blank card after the last set of input
data terminates the run.

Data Cards

1. The observation matrix: Data cards have
seven fields of ten columns each, starting in column
one. The decimal point may appear anywhere in a
field or may be omitted, if the number is an integer.
However, all numbers must be right justified even if
the decimal point is punched. The number in each
field may be preceded by blanks. All values for an
observation are punched consecutively and may con-
tinue from card to card. However, a new observation
must start in the first field of the next card.

2. The condition matrix (see description in the
subroutine SUBST): Each ten-column field contains
a condition to be satisfied. The first two columns
contain the variable number (right justified), the
third column the relational code, and the last seven
columns of each field a floating-point number. There
may be as many as seven conditions per card and a
total of three cards or 21 conditions.

3. The UBO vector (see description in the sub-
routine TAB1): The UBO vector is punched in three
fields of ten columns each as a floating-point number.

Deck Setup
The deck setup is shown in Figure 10.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.
Output

Description

The output consists of the subset vector showing
which observations are rejected (zero) and accepted
(nonzero), summary statistics for the selected vari-
able, and a histogram of frequencies versus inter-
vals for that variable.

Sample

The output listing for the sample problem is shown in
Figure 11.

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description',
program capacity can be increased or decreased by
making changes to the DIMENSION statement. In
order to familiarize the user with the program modi-
fication, the following general rules are supplied in
terms of the sample problem:

1. Changes in the dimension statement of the
main program, DASCR.

a. The dimension of array A must be greater
than or equal to the number of elements in
the observation matrix. For the sample
problems the value is 400.
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b. The dimension of array C must be greater
than or equal to the number of conditions,
c times 3. For the sample problem this
product is 6 = 2 x 3.

c. The dimension of array S must be greater
than or equal to the number of observa-
tions, m. Since there are 100 observa-
tions in the sample problem the value of m
is 100.

d. The dimension of array R must be greater
than or equal to the number of conditions,
c. For the sample problem the value of
cis 2.

A = Martrix of observations Run
termination

C = Condition matrix

Blank card

Asterisk card

e. The dimensions of array FREQ and PCT
must be greater than or equal to the num-~
ber of intervals for the selected variable.
For the sample problem this value is 20.

2. Insert the dimension size for A in the third
argument of the CALL MATIN statement (following
statement 24).

3. Subroutine BOOL can be replaced if the user
wishes to use a different boolean expression (see
description in subroutine SUBST). The boolean ex-
pression provided in the sample program is for both
conditions to be satisfied:

T=R(1)*R(2)

UBO data —_——————— —
S, 7
/ .
Data cards —
for C Asterisk card
Parameter
card for C UBO data
Card with ¢
in col. 1 / Data cards
Last problem / for C
Data cards Parameter
for A card for C
Parameter Card with 9
card for A in col. 1
7 Data cards First problem
for A
/ Parameter
L — - card for A
1/O Specification | __|
card for A
LocC
MATIN
HIST
TAB 1
BOOL
Subroutines and main program
SUBST (including system control cards)
DASCR

Figure 10. Deck setup (data screening)
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DATA SCREENING PROBLEM 1 o
45 1.
SUBSET VECTOR w1
51 0.0
’ 52 1.
53 1.
- ! 54 1.
H 55 1.
2 5 1.
b 5T 1.
5 58 1.
¢ ss 1.
7 6 1.
4 &1 1.
3 62 1.
10 & 1.
11 6 1.
12 6 1.
13 66 1.
14 61 1.
15 & 1.
16 6 1.
17 0 1.
18 n 1.
19 2 1.
20 7 1.
2 7% 1.
22 s 1.
23 7% 1.
24 T 1.
4 78 0.0
26 9 1.
21 80 1.
8 s1 1.
3 82 1.
30 83 1.
i 8 1.
32 85 1.
33 8 1.
34 87 0.0
o4 88 0.0
36 68 1.
ka4 so 1.
as 81 1.
39 92 1.
40 3 1.
41 st 1.
42 95 1.
43 %6 1.
44 T 1.
45 9% 1.
bed 99 1.
41 100 1.

SUMMARY STATISTICS FOR VARIABLE 3
TOTAL = 14492.000 AVERAGE = 161.022 STANDARD DEVIATION = 19329 MINIMUM = 114,000 MAXIMUM = 225.000

HISTOGRAM 1

FREQUENCY 1 2 2 1 3 4 4 10 23 14 8 4 3 2 1 2 1 1 1 3

-
N

(X EE R ERERE S E AR R R X KRN ]

(A X EREENRNERENZ:EX})

PNWIMOENOO
»*
»
* & H
LR X X J
L X X J
[ XX RN N N X NN
#RBEREREN
L R X
L XN ]
»*
*
* *

L
-
@
]
[
o
[
-
-
N

INTERVAL 1 2 3 4 5
CLASS

END OF CASE

13 14 15 16 17 18 19 20

\ Figure 11, Output listing
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Operating Instructions

The sample program for data screening is a stand-
ard FORTRAN program. Special operating instruc-
tions are not required. Logical unit 2 is used for
input, and logical unit 1 is used for output.

Error Messages

The following error conditions will result in mes-
sages:

1. Reserved storage area is too small for matrix:
DIMENSIONED AREA TOO SMALL FOR INPUT
MATRIX. GO ON TO NEXT CASE.

2. Number of data cards does not correspond to
that required by parameter card: INCORRECT NUM-
BER OF DATA CARDS FOR MATRIX, EXECUTION
TERMINATED.

Error condition 1 allows the computer run to
continue. Error condition 2, however, terminates
execution and requires another run to process suc-
ceeding cases.

Sample Main Program for Data Screening - DASCR

Purpose:
Perform data screening calculations on a set of
observations.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON.
Input Card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

Subroutines and function subprograms required:
SUBST
TAB1
LOC
BOOL
HIST
MATIN

Method:
Derive a subset of observations satisfying cer-
tain conditions on the variables. For this sub-
set, the frequency of a selected variable over
given class intervals is obtained. This is
plotted in the form of a histogram. Total,
average, standard deviation, minimum, and
maximum are also calculated.

144

/7 FOR
*IOCS(CARD, TYPEWRITER, 1132 PRINTER)
*®ONE WORD INTFEGERS
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SAMPLE MAIN PROGRAM FOR DATA SCREENING - DASCR DASTR 1
EXTERNAL 300L DASCR 2
c THE FOLLOWING OIMENSION MUST BE GREATER THAN OR EQUAL TO THE  UASCR 3
c MAXIMJM NUMBER OF ELEMENTS OF THE OBSERVATION MATRIX. JASCR 4
DIMENSION A(1000) DASCR 5
c THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  DASCR 6
c NUMBER OF CONDITIONS TIMES 3 DASCR 7
DIMENSION C(63) DASCR 8
[ THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 3. DASCR 9
DIMENSION UBD{3) DASCR 10
[ THE FULLUWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  DASCR 11
3 NUMBER OF OBSERVATIONS. DASCR 12
DIMENSION $200) DASCR 13
[ THE FOLLOWING DIHENSION MUST 8E GREATER THAN OR EQUAL TO THE  OASCK la
[ NUMBER OF CONDIT LUNS. DASCR 15
OIMENSION Ri21) UASCR 16
4 THE FOLLOWING DIMENSIONS MUST of GREATER THAN UR EQUAL TO THE DASCR 17
< NUMBER OF INTERVALS FOR THE SELECTED VARLABLE. UASCR 18
DEMENSIGN FREQ(201,PCT{20) DASCR 19
c THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 5. DASLR 20
DIMENSION STATS(5) DASCR 21
COMMON HX 4 RY DASCR 22
L0 FORMAT(////234 DATA SCREENING PROBLEM,13) UASCR 23
11 FORMAT{//45H DIMENSIGNED AREA TOD SMALL FOR [NPUT MATRIX +14) DASCR 24
12 FORMAT(//21H EXECUT ION TERMINATED) DASCR 25
13 FORMAT{//43H INCURRECT NUMBER OF DATA CARDS FOR NATRIX 414) DASCR 26
14 FORMAT(//19H GO ON TO NEXT CASE) DASCR 27
L5 FORMAT(//12H END OF CASE) DASCK 28
16 FORMAT{T(F2.04F1.04F7.0)) DASLR 29
17 FORMAT(3£10.0) DASCK 30
18 FORMAT(//14H SUBSET VECTOR,///) DASCR 31
19 FORMAT(164F5.0) DASCR 32
20 FORMAT{////33H SUMMARY STATISTICS FUK VARIABLE 413} ASCR 33
21 FORMAT{//8H TOTAL =¢F10.3,2Xs FHAVERAGE =,F10.3, 2X, 20HSTAND ARD uvaAsck 34
LATION =4F10.3,2X, SHMINTMUM =,F10.3,2Xs SHRAXIMUM =,F10.3) SCR 35
22 FORMAT(212) uasca 30
KC=0 DASCR 37
c REAO 1/0 UNIT NUMBERS DASCR 38
READI 24 22) MK oMY DASCR 39
24 KC=KC*L DASCR 40
CALL MATIN(ICOD,As1000,NGoNV, My IERD VASCR 41
IF(N3) 25,50,25 DASCR 42
25 IF(1ER=-1) 40,30,35 DASCR 43
30 WRITE(MX,11) ICUD OASCR 44
WRITE(MAy14) DASCR 45
60 TO 24 DASCR 46
35 WRITE{MX,13) DASCR 47
uansmx.u) DASCR 48
6o TO DASCR 49
40 READ(HY'ZZ)NC.NOVAR DASCR 50
JCaNC*3 DASCR 51
READ(MY 1163 (CII),I=1,4C) DASCR 52
READ(NY+17){UBOL1),1=1,3) UASCR 53
CALL SUBST(AsCyRsBOOLYSyNDaNV,NC) UASCR 54
WRITE(HX,1GIKC UASCR 55
WRITE(MX,18) UASCK 50
00 50 [=1,NO DASLR 57
50 WRITE(MA,19) 1,501} UASCR 58
CALL TABLIAsSyNUVAR 1US5sFREQIPCT 1 STATSiNOINV DASLR 54
WRITE(MX,20) NUVAR DASCR 6
WRITE(MA, 21 USTATSC 1), 1=1y5) UASCK ol
J2=UB0L 2) DASCR 62
CALL HIST(KCoFREQ JZ} UASLK 03
ARITECMX,15) UASLR b4
6u TO 24 DASLR o>
ol sTOP UASUK b6
eND UASLR 67
/4 DUP
#STURE WS UA DASCR
/4 XE UASCR
12 1
000101000004 2
4 173 12 3
26 72 170 8 4
32 n 184 16 5
“1 68 129 10 6
50 65 192 9 7
63 7% 203 12 8
29 70 122 16 9
28 64 136 13 10
52 77 147 11 11
36 67 153 18 12
21 68 165 9 13
72 70 178 10 14
53 7 205 14 15
21 65 219 12 16
%9 63 150 6 17
28 62 160 16 18
53 72 161 13 19
47 73 142 15 20
37 67 193 18 21
64 68 156 14 22
65 60 114 10 23
62 64 153 12 26
19 68 225 9 25
46 67 158 11 26
33 72 121 4 27
37 65 132 13 28
41 76 148 16 29
52 7 123 16 30
29 68 128 14 31
32 65 155 17 32
24 72 172 16 33
56 73 163 10 34
63 65 158 1 15
67 69 146 2 36
58 66 171 ] 37
41 65 153 12 38
49 66 165 14 39
52 12 172 16 40
23 78 183 15 41
56 7 195 18 42
52 68 118 7 43
40 66 165 14 44
19 68 215 16 45
23 7 154 12 46
56 68 149 10 47
2% 85 162 16 48
37 68 182 16 49
46 70 189 15 50
41 69 137 14 81
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JE=JS+10C-1
IF{IS-1319,19,17
L7 JE=JS
4 SET UP LONP FIR DATA ELEMENTS WITHIN CARD
19 00 30 J=JS,JE
IF{J-1C0L}20,2043 1
20 CALL LOCIEROCR 4Js1J,IROW,1COL,IS)
L=L+]
30 AtIJ)=CARDIL}
31 CONTINUE
IROCR=IROCR+]
1F {IROW-IROCR) 33,35,35
35 IFLIS-1)37,36,36
36 ICOLT=1COLT-1
37 60 YO 11}
38 READIMY(3)ICARD
IF (ICARD-9) 39,40, 39
39 I€ER=2
40 RETURN
END

MATIN
MATIN
MATIN
MATIN
MATIN
MATIN
MATIN
MATIN
MATIN
MATIN
MAT M

MATIN

MATIN
MATIN
MATIN
HATIN
MATIN
MATIN
MATIN
MATIN

MULTIPLE LINEAR REGRESSION

Problem Description

Multiple linear regression analysis is performed for
a set of independent variables and a dependent vari-

able.

Selection of different sets of independent vari-

ables and designation of a dependent variable can be

made as many times as desired.

The sample problem for multiple linear regression

consists of 30 observations with six variables as

presented in Table 2.

The first five variables are

independent variables, and the last variable is the

dependent variable.

All five independent variables

are used to predict the dependent variable in the
first analysis, and only second, third, and fifth
variables are used to predict the dependent variable

in the second analysis.

Table 2. Sample Data for Multiple Linear Regression

“fariables
Observation X, X2 X3 X, Xs X
1 29 289 216 85 14 1
2 30 391 244 92 16 2
3 30 424 246 90 18 2
4 30 313 239 91 10 0
5 35 243 275 95 30 2
6 35 365 219 95 21 2
7 43 396 267 100 39 3
8 43 356 274 79 19 2
9 44 346 255 126 56 3
10 44 156 258 95 28 0
11 44 278 249 110 42 4
12 44 349 252 88 21 1
13 44 141 236 129 56 1
14 44 245 236 97 24 1
15 45 297 256 111 45 3
16 45 310 262 94 20 2
17 45 151 339 96 35 3
18 45 370 357 88 15 4
19 45 379 198 147 64 4
20 45 463 206 105 31 3
21 45 316 245 132 60 4
22 45 280 225 108 36 4
23 44 395 215 101 27 1
24 49 139 220 136 59 0
25 49 245 205 113 37 4
26 49 373 215 88 25 1
27 51 224 215 118 54 3
28 51 677 210 116 33 4
29 51 424 210 140 59 4
30 51 150 210 105 30 0
146

Program

Description

The multiple linear regression sample program
consists of a main routine, REGRE, and five sub-

routines:
CORRE
ORDER
MINV
MULTR
DATA

Capacity

Subroutine Package

are from the Scientific

e

is a special input subroutine

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to 21 variables, including both independent

and dependent variables.

2. Up to 99,999 observations, if observations are
read into the computer one at a time by the special
input subroutine named DATA. If all data are to be
stored in core prior to the calculation of correlation

coefficients, the limitation on the number of ocbserva~

tions depends on the size of core storage available

for input data.

3. (12F6.0) format for input data cards.
Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample

program.

However, if there are more than 22

variables, dimension statements in the sample main
program must be modified to handle this particular

problem.

Similarly, if input data cards are pre-

pared using a different format, the input format in
the input subroutine, DATA, must be modified. The
general rules for program modification are described

later.

Input

One 1/0 Specification card defines input/output units
(see ""Sample Program Descriptions').

One control card is required for each problem
and is read by the main program, REGRE. This

card is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE S

alphameric)

Ex.1048 / Page 150 of 196
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For Sample

Columns Contents Problem
7 - 11  Number of observations 00030

12 - 13  Number of variables 06

14 - 15 Number of selection cards 02

(see below)

Leading zeros are not required to be keypunched,
but all numbers must be right-justified, even if a
decimal point is included.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 2 is
keypunched on a separate card using the format
(12F6.0). This format assumes twelve 6-column
fields per card.

If there are more than twelve variables in a
problem, each row of data is continued on the second

and third cards until the last data point is keypunched.

However, each row of data must begin on a new card.
Selection Card

The selection card is used to specify a dependent
variable and a set of independent variables in a
multiple linear regression analysis. Any variable
in the set of original variables can be designated as
a dependent variable, and any number of variables
can be specified as independent variables. Selection
of a dependent variable and a set of independent
variables can be performed over and over again using
the same set of original variables.

The selection card is prepared as follows:

For Sample
Problem
Selec- Selec-

For Sample
Problem
Selec- Selec-
tion 1 tion 2

Columns Contents

5 -6 (the subscript numbers

(cont) of individual variables
are specified below)
7 - 8 1st independent variable 01 02
included
9 - 10 2nd independent variable 02 03
included
11 - 12 3rd independent variable 03 05
included
13 - 14 4th independent variable 04
included
15 - 16 5th independent variable 05
included
ete.

The input format of (3612) is used for the selec-
tion card.

Deck Setup

Deck setup is shown in Figure 12,

The repetition of the data cards following a selec-
tion card is dependent upon the option code for the
table of residuals. If the table is required (option
01), the data must be repeated; if the table is not
required (option 00), card G immediately follows
card E.

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Columns Contents tion 1 tion 2 Output
1 -2 Option code for table of 01 01 Description
residuals
00 if it is not desired The outl?ut c.>f the sample program for multiple linear
regression includes:
01 if it is desired 1. Means
2. Standard deviations
3 -4 Dependent variable desig- 06 06 3. Correlation coefficients between the independ-
nated for the forthcoming ent variables and the dependent variable
regression 4. Regression coefficients
Standard errors of regression coefficients
5 - 6 Number of independent 05 03 Computed t-values

variables included in the
forthcoming regression

Intercept
. Multiple correlation coefficients

@ =3 & »
« . .

Appendix D — Sample Programs 147
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Selection
cards

Selection
card

Control
card

Last
problem

Selection
card

Control

card Second problem

Selection ™

card
Data
cards
Selection
card
Data
cards
Control
card

First problem

1/0 Specification
Card

MULTR

MINV

ORDER

CORRE

Subroutines and main program
(including system control cards)

DATA

REGRE

Figure 12. Deck setup (multiple linear regression)
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9. Standard error of estimate

10. Analysis of variance for the multiple
regression

11. Table of residuals (optional)

Sample

The output listing for the sample problem is shown in
Figure 13.

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the

main program, REGRE:
a. The dimension of arrays XBAR, STD, D,

RY, ISAVE, B, SB, T, and W must be
greater than or equal to the number of
variables, m. Since there are six vari-
ables in the sample problem the value of
m is 6.
The dimension of array RX must be
greater than or equal to the product of
m x m. For the sample problem this
product is 36 = 6 x 6.
The dimension of array R must be greater
than or equal to (m + 1) m/2. For the
sample problem this number is 21 = (6 + 1)
6/2.

MULTIPLE REGRESSION.«sssSAKPLE
SELECTIONsssas 1

vARIABLE MEAN STARDARD CORRELATION  REGRESSION
NOe Vs Y

$T0. ERROR

COMPUTED

DEVIATION COEFFICIENT  OF REGMCOEFs 1 VALUE
1 43.13333 6452175 o.z8022 0.01262 0.03636 038172
2 31616680 11600299 0042189 0400738 0.00186 3096565
3 241480001 36043074 0411900 0401504 0400634 2436882
D 105466687 1783638 0.37822 0400150 0403678 0404301
s 38013333 1597569 0.39412 o.0un10 0406341 118762
DEPENDENT
s 2,26865 1.41238
INTERCEPT ~6407933
MULTIPLE CORRELATION 0.73875
ST04 ERROR OF ESTIMATE 1.08161
ANALYSIS OF VARIANCE FOR THE AEGRESSION
SOURCE OF VARIATION DEGREES HEAN F vALUE
OF FREEDGM  SOUARES SQUARES
ATTRIBUTABLE TO REGRESSION 5 31032517 6426503 5e66512
DEVIAT[ON FROM REGRESSION 2 26054149 1.70589
ToTaL 2 57406666
MULTIPLE REGRESSIONsasss SAMPLE
SELECTIONssass 1
TABLE OF RESIDUALS
CASE KOs ¥ vALUE Y ESTIMATE RESIDUAL
1 00000 0048089
2 2.00000 1.77669
3 2400000 2014585
. 0.00000 0.82879
s 2200000 1090822
& 2000906 152326
7 3.00000 ppyereed
e 2400000 2029886
9 3400000 3480259
10 0.00000 1402042
11 4400000 2449735
12 1400000 2400085
13 1400000 200735
1% 1400000 1.13307
15 3400000 2490645
16 2.00000 1483831
17 3500000 2436004
12 2400000 3.43229
is 4400000 362661
20 3400000 2458067
21 100000 3164886
22 4100000 1206541
23 1:00000 2.09862
2 0400000 1.97217
25 400000 1061283
26 0000 1.88026
21 3200000 2.27846
28 4400001 251000
29 4400009 3498746 0404253
30 0.00000 Dlases? ~0.45057
MULTIPLE REGRESSIONsses s SAMPLE
SELECTIONasen 2
VARIABLE MEAN STANDARD CORRELATION  KEGRESSION  5T0s ENROM compuTED
04 BEVIATION xvs Y COEFFICIENT  OF REG.COEFs 1 VALUE
2 316418868 11646299 0.e2189 0400743 000172 ©a32766
3 261480001 36443074 0s11500 0u01497 0.00551 2,71683
5 34413333 15.97565 0439412 0405362 0,01258 “i26263
OEPENDENT
5 2.26866 1.01258
INTERCERT -3.53530
MULTIPLE CORRELATION 0.73023
$TD4 ERROR OF ESTIMATE 1001261
ANALYSIS OF VARIANCE FOR THE REGRESSION
SOURCE OF VARIATION DEGREES SuN OF MEAN F VALUE
OF FREEDOM  SQUARES SQUARES
ATTRIBUTABLE TO REGRESS ION 2 311901 10439867 10013718
DEVIATION FROM REGRESSION 26 26.67085 102579
T0TAL 29 57486666

MULTIPLE REGRESSIONsssssSAMPLE
SELECTIONasass 2

TABLE OF RESIOUALS

CASE NO. Y VALUE Y ESTIMATE  RESIOUAL

1 Y0000 et 0ea0231
2 2400000 1488362 0411637
H 2200000 2i26a10  -ovzoels
H 2200000 5030703 ~0.90703
5 2200000 1i39a12 0e00187
H 3:00000 1i5sa07 oleises
7 3290000 lesess  -o.esase
H 2%30000 25 Coiaaser
H 3200000 3leser: ouasors
10 2000 0198543 -o.90943
1 4250000 2051250 276t
12 ~o0000 13925 ~ouvsvzs
n 1400000 2404998 =1.0459¢
10 *oc000 1072 030725
1 ~36000 2091501 00068
1 2400000 i.76330 o.23861
i 200000 ise0z ser
18 4400000 3438591 0053408
19 4400000 87961 0432038
20 ~00000 2esare 0i3e58
b 2200000 3570045 0.29954
22 4400000 1.84520 2415371
) £00000 2000699 -1.00099
n 0100000 Fr R
2 200000 1030019 2085980
26 1200000 175816 ~0.7981s
] 3100000 2:20368 0173438
20 2250000 Llke  -oladzes
B 4200000 sis2s7y 0.07423
3 0430000 R Je 10 1
Figure 13. Output listing
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2. Changes in.the input format statement of the
special input subroutine, DATA:
Only the format statement for input data may be
changed. Since sample data are either one-,
two-, or three-digit numbers, rather than using
six-column fields as in the sample problem,
each row of data may be keypunched in six 3-
column fields, and, if so, the format is changed
to (6F3.0).

The special input subroutine, DATA, is normally
written by the user to handle different formats
for different problems. The user may modify
this subroutine to perform testing of input data,
transformation of data, and so on.

Operating Instructions

The sample program for multiple linear regression
is a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Error Messages

The following error conditions will result in
messages:

1. The number of selection cards is not speci-
fied on the control card: NUMBER OF SELECTIONS
NOT SPECIFIED. JOB TERMINATED.

2. The matrix of correlation coefficients is
singular: THE MATRIX IS SINGULAR. THIS SE-
LECTION IS SKIPPED. '

Error condition 2 allows the computer run to con-
tinue; however, error condition 1 terminates execu-
tion of the job.

Sample Main Program for Multiple
Regression - REGRE

Purpose:
(1) Read the problem parameter card for a
multiple regression, (2) Read subset selection
cards, (3) Call the subroutines to calculate
means, standard deviations, simple and multiple
correlation coefficients, regression coefficients.
T-values, and analysis of variance for multiple
regression, and (4) Print the results.

Remarks:
The number of observations, N, must be greater
than M+1, where M is the number of variables.
If subset selection cards are not present, the
program can not perform multiple after return-
ing from subroutine MINV, the value of deter-
minant (DET) is tested to check whether the
correlation matrix is singular. If DET is com-
pared against a small constant, this test may
also be used to check near-singularity.

150

I/O specifications transmitted to subroutines by
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

Subroutines and function subprograms required:
CORRE (which, in turn, calls the subroutine
named DATA)
ORDER
MINV
MULTR

Method:
Refer to B. Ostle, 'Statistics in Research’,
The Iowa State College Press', 1954, Chapter 8.

7/ FOR
*10CStCARD TYPEWRITER»1132 PRINTER)
¢ONE WORD INTEGERS

4 SAMPLE MAIN PROGRAM FOR MULTIPLE REGRESSION - REGRE REGRE 1
< THE FOLLOWING DIMENSIONS MUST BE GREATER THAN UR EQUAL TO THE REGRE 2
c NUMBER OF VARIABLES»Ms REGRE 3
DIMENSION XBAR(21)eSTDI21) 401213 sRYI21191SAVE(21)+B(21)s REGREMOL
1SBL211+T(21) oWt 21) REGREMO2

4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EGUAL TO THE  KEGKE 6
C PRODUCT OF MeM, REGRE 7
DIMENSION RX(4&4l) REGREMQ3

< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO REGRE 9
< (M+119M/24 REGRE 10
DIMENSION R{231) REGREMO&

< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 10. REGRE 12
DIMENSION ANS(10} REGRE 13
COMMON MX oMY REGRE 14
READ(2¢151MX oMY REGRE 15

15 FORMAT(212} REGRE 16

1 FORMAT(A&4sA29159212) REGRE 17

2 FORMAT(////25H MULTIPLE REGRESSIONesesaA4sA2//6Xs16HSELECTIONsooseREGRE 18
112/7) REGRE 19

3 FORMAT(//9H VARIABLE15Xs4HMEANI6X +BHSTANDARD+6X +1 JHCORRELATION 94X 9REGRE 20
110HREGRESSION+4Xe10HSTDs ERROR5X s BHCOMPUTED/ 6H NOs+18Xs9HDEVIATREGRE 21
210N+ 7X06HX VS Yo7X9lIMCOEFFICIENT93X912HOF REGeCOEF s 93X+ 7HT VALUEIREGRE 22

o FORMAT(/sl6e6F1445) REGRE 23
5 FORMAT(//+10M DEPENDENT) REGRE 24
6 FORMAT(//710H INTERCEPT»13XsF13¢5//23H MULTIPLE CORRELATION sF13+REGRE 2%
1577234 STDe ERROR OF ESTIMATEF13.5//) REGRE 26

T 7 FORMAT(//+21X+39HANALYSIS OF VARIANCE FOR THE REGRESSION//5X+19HMSOREGRE 27
1URCE OF VARIATION®7X» THDEGREES#TXo6HSUM OF s LOX94HMEANS13X e 7THF VALUREGRE 28
2E/30X+10HOF FREEDOMs&Xs THSQUARES s 9X s THSQUARES) REGRE 29
8 FORMAT(/30M ATTRIBUTABLE TO REGRESSION ¥1693F1645/301 DEVIATION REGRE 30

REGRE

1FROM REGRESSION +1692F1645) n

9 FORMAT(/SXeSHTOTAL+19Xs162F1605) REGRE 32

10 FORMAT(3612) REGRE 33

11 FORMAT(/+15Xs18HTABLE OF RESIDUALS//9H CASE NOe+5Xs7HY VALUEs5X+1OREGRE 36
1HY ESTIMATE+6X98HRESIDUAL) REGRE 35

12 FORMAT{I6WF15¢542F1645) REGRE 34

13 FORMAT(////53H NUMBER OF SELECTIONS NOT SPECIFIEDs JOB TERMINATEOREGRE 37
le) REGRE 38

14 FORMAT(//52H THE MATKIX 1S SINGULAR. THIS StLECTION IS SKIPPEDs] REGRE 33

C READ PROBLEM PARAMETER CARD REGRt 40
100 READ (MY PRIPR1INsMINS REGRL @1

< PRe +PROBLEM NUMBER (MAY BE ALPHAMERIC) REGRE 42
C PR1 +PROBLEM NUMBER (CONTINUED! REGRE &3
< Nos «NUMBER OF OBSERVATIONS REGRE 4&
[< Mes +NUMBER OF VARIABLES REGRE &5
S NSeesaees sNUMBER OF SELFECTIONS REGRt 46
10=0 REGRL &7

X2040 REGRE &8

CALL CORRE (NsMs[OeXsXBARsSTDIRXsRoDsBsT) REGRE «3

< TEST NUMBER OF SELECTIONS REGRE 50
IF(NS) 108s 108+ 109 REGRE 51

108 WRITE (MX413) REGRe 52
GO TO 300 REGR: 53

109 DO 200 [=1sNS REGRE £u
WRITE (MXs2) PRePR1sl REGRZ 55

< READ SUBSET SELECTION CARD RESGRL 3o
READ (MY« l0)INRESIsNDEPsKs{ISAVE(J) vJml oK) REGREL 57

< NRESIeesssOPTION CODE FOR TAHLE OF RESIDUALS REGRE 52
< 0 IF 1T IS NOT DESIRED. REGRE 99
< 1 IF IT IS DESIRED, REGKEL ©G
< NDEPeases sDEPENDENT VARIABLE REGRE 61
< KesooanoesNUMBER OF INDEPENDENT VARIABLES INCLUDED REGRE 62
< ISAVEssessA VECTOR CONTAINING THE INDEPENDENT VARIABLES REGRE 63
S INCLUDED REGRL 64
CALL ORDER (MsReNDEPsKs1SAVEsRXsRY? REGRE 65

CALL MINV (RX+KsDET+BsT) REGRE 66

< TEST SINGULARITY OF THE MATRIX INVERYED REGRE 67
IF(DET) 112y 110 112 REGRE 68

110 WRITE (MXsla} REGRE 69
G0 TO 200 REGRE 70

112 CALL MULTR (NsKeXBARSTDsDIRXRY e ISAVEsB15BeToANS ) REGRE 71

4 PRINT MEANS» STANDARD DEVIATIONSs INTERCORRELATIONS BETwEEN REGRE 12
[4 X AND Y+ REGRESSION COEFFICIENTSs STANDARD DEVIATIONS OF REGRE 73
< REGRESSION COEFFICIENTSs AND COMPUTED ToVALUES REGREL 76
MMeK+] REGRE 75
WRITE (MXe3) REGRL 76

DO 115 Jelsk REGKE 77
La1SAVELD) RIGRL 73

115 WRITE (MXe&) LoXBARILISSTOILISRY(J)eBLII9SBIII9TI) RLGRL 79
WRITE (MXs5) REGRE 80
LEISAVE (MM} REGAE 81

WRITE (MX+6) LoXBARIL)oSTOIL) RLGRE 82

< PRINT INTERCEPTs MULTIPLE CORRELATION COEFFICIENTs AND REGRE 83
< STANDARD ERROR OF ESTIMATE REGRe b4
WRITE (MXs61 ANSU1)eANSI2)sANS(3) REGRE 85
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4 PRINT ANALYSIS OF VARIANCE FOR THE REGRESSION KEGRE 86 SAMPLE INPUT SUBROUTINE - DAYTA

WRITE (MX4s7} REGRE 37
L=ANS(8)? REGRE 88 PURPOSE
:’:I\l‘zi (MXe8) KeANS(4L)sANSLE) sANSILI0) sLsANSI7) s ANS (T REGﬂL 89 READ AN UBSERVATION (M DATA VALUES) FRON INPUT DEVICE.
oM ANS (41 eANS(T) REZGRe 90 THES SUBROUTINE IS CALLED BY THE SUBROUTINE CORRE AND MUST
f SRITE tHx 9‘, " RiGre 91 BE PROVIDED BY THE USER. IF SIZE AND LOCATION OF DATA
lFlNﬂESll’ZCO:‘?:O- 12¢ ;;g:t :; FIELDS ARE DIFFERENT FROM PROBLEN TO PROBLEM, THIS SuB~
.
« ¢ 120 wn‘;:{:l ;:g:ipgi ;?ESH?UALS ReoRe on ROUTINE MUST BE RECOMPILED WIYH A PROPER FORMAT STATEMENT.
. . + RECREL 95 USAGE
WRITE (MXeil) REGRE 9
MM 1 SAVE (K1) Rtbﬁz 9?, CALL DATA (M,D)
DO 140 Il=slseN REGR: 9a OESCRIPTION OF PARAMETERS
CALL DATA(Myu} REGRE 99 M - THE NUMBER OF VARIABLES IN AN OBSERVATION.
SUM=ANSTL) REGR:=13C D - OUTPUT VECTOR OF LENGTH M CONTAINING THE OBSERVATION
DC 130 J=14K REGRZ131 DATA.
LalSAVE(J) ReGRELID2
130 SUM=SUMew (L) ®B(J) HEGRL133 REMARKS
‘“ESI'I(WN)—SU“' REGRL 104 THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT MUST BE
160 @RITE (MXe12) 1lwwiM?is5UveRES] REGRZ135 EITHER F OR E.
220 CONTINUE REGRE 106
3% Yo 100 NIGNELST? SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
306 sTop REGRELDY KONE
END AelRziod
SUBROUTINE DATA (M,0)
DIMENSION D{1) ‘;‘.‘!: ;
COMMON MX,MY
1 FORMATI( 12;6.01 g:;: 2
[4 READ AN DBSERVATION FROM INPUT DEVICE. DaTA 5
12 R READ (MY,1) (D(I},I=1,M) DaTA 6
SAMPLED00300602 2 RETURN cara 7
29 289 21 85 14 1 3 Eno naTa R
30 391 244 92 16 2 o
30 424 246 90 18 2 5
30 313 239 91 10 ] 6
as 243 273 93 30 2 7
35 365 219 93 21 2 8
43 396 267 100 39 3 9
43 386 274 19 19 2 10
44 346 258 126 % 3 11
&b 1%6 258 9% 28 o 12
b 13 e B B¢ 12 POLYNOMIAL REGRESSION
44 349 282 a8 21 1 14
a4 141 236 129 36 1 15
44 245 236 97 26 1 16 l
4% 297 256 m 45 k] 17 Pr i i
4% 110 262 94 20 2 18 Ob em Descrlptlon
45 151 339 96 35 3 19
4% 370 387 as 13 3 20
“% 379 198 147 &4 & 21 . .
45 463 206 108 31 3 22 Powers of an independent variable are generated to
o3 316 245 132 60 4 23
45 280 225 108 36 4 24 al i i i i
s 280 22 1o 3 4 2 calculate polynomials of successively increasing
49 139 220 136 29 ] 26 3 O 3 :
a9 s zes a1 4 2 degrees. If there is no reduction in the residual
49 5 88 L] 28 .
I 2 sum of squares between two successive degrees of
81 677 210 116 33 o 30
51 426 210 160 39 a4 31 olynomial i
426 210 Lo % 4 3 polyn s, the program terminates the problem
0106050102030405 33 i i 3
2090805 s 1 1 32 before completing the analysis for the highest degree
20w e 2o 4 polynomial specified.
FE O - T B 3 The sample problem f lynomial
) 33 243 273 98 3 2 38 oblem for 0 i
kL) 365 219 95 21 2 9 . pr po mia. reg-reSSlon
3% 27 200 39 3 4 consists of 15 observations, as presented in Table 3.
a4 346 25% 126 56 3 42 3 3 ¥ :
es e 23 126 %6 2 b The highest degree polynomial specified for this
LTy 278 249 110 a2 L3 o4 .
a6 245 252 a8 21 1 45 problem is 4.
4s 141 236 129 56 1 46
b4 245 236 87 2 1 &7
45 297 256 111 45 3 48
45 310 262 94 20 2 49
4% 181 339 96 35 3 50
45 370 357 88 15 “ 5;
4% 379 198 147 &4 4 5
o5 a3 206 105 31 3 b Table 3. Sample Data for Polynomial R i
48 316 2458 132 &0 4 B34 egreSSIOH
48 280 22% 108 36 4 55
“h 398 218 101 27 Y 56
49 139 220 136 %9 ] 57
49 245 208 113 37 & 58
49 373 215 -1} 25 1 59
51 224 215 118 54 3 60 x Y
31 877 210 118 33 4 61
51 a2 210 140 59 4 62
51 150 210 108 30 0 &3
010603020308 64
29 289 216 8% 14 1 65 1 10
30 391 244 92 16 2 66
30 424 246 90 18 2 67 2 16
30 313 239 91 10 ] 68
as 243 278 95 30 2 69
38 365 219 95 21 2 'Ig 3 20
43 356 267 100 39 3 7
43 385 278 79 19 2 72 4 23
b 46 255 126 56 3 73
46 156 258 9 28 0 7% 5 25
a4 278 249 110 42 & 15
44 389 252 (L] 21 1 76
as 141 236 129 36 1 7 6 26
a8 245 236 9 24 1 78
4% 297 556 1:1 45 3 19 7 30
4% 310 62 4 20 2 a0
. 45 151 335 96 35 3 81 8 36
45 370 357 a8 15 4 82
4% 379 198 147 64 P 83 9 48
1] 463 206 10% 31 3 84
£1] 316 245 132 60 & 83
45 280 228 108 36 4 86 lo 62
44 398% 215 101 27 1 87
49 139 220 136 %9 [ 88 1 1 7 8
49 245 205 113 7 4 89 12
49 373 21% 88 2% 1 90
81 226 21s 118 54 3 91 94
51 617 210 116 33 4 92
gl “24 210 140 59 & 93 13 107
1 150 210 10% 20 0 94 14 1 18
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Program
Description

The polynomial regression sample program consists
of a main routine, POLRG, and five subroutines:

GDATA

ORDER are from the Scientific Subroutine

MINV Package

MULTR

PLOT is a special plot subroutine
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 50 observations

2. Up to 6th degree polynomials

3. (2F 6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 60 ob-
servations or if greater than 7th degree polynomial
is desired, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de-
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, POLRG. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE
7 - 11 Number of observations 00015
12 - 13 Highest degree polynomial
to be fitted 04
152

For Sample

Columns Contents Problem
14 Option code for plotting Y
values and Y estimates: 1

0 if it is not desired
1 if it is desired

Leading zeros are not required to be keypunched;
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each pair of X and Y data in
Table 3 is keypunched in that order on a separate
card using the format (2F 6. 0).

Plot Option Card

A card containing b12...9 (blank followed by num-
bers 1 through 9) in columns 1 to 10 is necessary
after each set of data if plotting is required (option
1). If plotting is not required (option 0), this card
must be omitted.

Deck Setup
Deck setup is shown in Figure 14,

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The output of the sample program for polynomial
regression includes:

1. Regression coefficients for successive degree
polynomial '

2. Analysis-of-variance table for successive
degree polynomial

3. Table of residuals for the final degree poly-
nomial (included with plot)

4. DPlot of Y values and Y estimates (optional)

Sample

The output listing for the sample problem is shown
in Figure 15.
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Plot option

card
ya
Control
d
car Last
° problem
[ ]
)
Plot option
card
Vs
Data
Cards
Control
card
Second problem

Plot Option
Card

Data
Cards

Control
Card
First problem

1/O Specification
card

MULTR

( MINV

ORDER

Subroutines and main program

GDATA (including system control cards)

PLOT

POLRG

Figure 14. Deck setup (polynomial regression)
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Program Modification

Noting that storage problems may result, as previ-
ously discussed in "Sample Program Description",
program capacity can be increased or decreased by

making changes in dimension statements.
in a different format can also be handled by providing
a specific format statement.

the user with the program modification, the follow-

ing general rules are supplied in terms of the sample

problem:

1.

Changes in the dimension statements of the

main program, POLRG:

2.

a. The dimension of array X must be greater

than or equal to the product of n (m + 1),

where n is the number of observations and

m is the highest degree polynomial to be
fitted. Since there are 15 observations
and the highest degree polynomial speci~
fied is 4, the product is 75 = 15 (4 + 1).

b. The dimension of array DI must be greater

than or equal to the product of m x m.
For the sample problem this product is
16 =4 x 4.

c. The dimension of array D must be greater

than or equal to (m + 2) (m + 1)/2. For
the sample problem this number is
15=(4+2) 4 +1)/2.

d. The dimension of arrays B, E, SB, and T
must be greater than or equal to the high-

est degree polynomial to be fitted, m.

For the sample problem the value of m is

4.

e. The dimension of arrays XBAR, STD,
COE, SUMSQ and ISAVE must be greater
than or equal to (m +1). For the sample
problem this value is 5 = (4 + 1).

f. The dimension of array P must be greater
than or equal to 3n. For the sample prob-
lem this value is 45 = 3(15). The array P

is used when a plot of Y values and Y
estimates is desired.
Changes in the input format statement of the

main program, POLRG:

154

Only the format statement for input data may
be changed. Since sample data are either

one-, two-, or three-digit numbers, rather
than using six-column fields as in the sample
problem, each row of data may be keypunched

in two 3-column fields, and if so the format
is changed to (2F 3.0).

Input data

In order to familiarize

bssios  avesouer R

[V Bemse s

......

[

Figure 15. Output listing

t
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Operating Instructions

The sample program for polynomial regression is a
standard FORTRAN program. Special operating in-
structions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Sample Main Program for Polynomial Regression -
N POLRG

Purpose:
(1) Read the problem parameter card for a
polynomial regression, (2) Call subroutines to
perform the analysis, (3) Print the regression
coefficients and analysis of variance table for
polynomials of successively increasing degrees,
and (4) Optionally print the table of residuals
and a plot of Y values and Y estimates.

Remarks:
1/0 specifications transmitted to subroutines
by COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
PN input.
The number of observations, N, must be
greater than M+1, where M is the highest de-
gree polynomial specified. If there is no re-
duction in the residual sum of squares between
two successive degrees of the polynomials, the
program terminates the problem before com-
pleting the analysis for the highest degree poly-
nomial specified.

Subroutines and function subprograms required:
GDATA
ORDER
MINV
MULTR
PLOT (A special PLOT subroutine provided
for the sample program.)

Method:

Refer to B. Ostle, 'Statistics in Research’,

The Iowa State College Press, 1954, chapter
6.

/4 FOR

#JOCSICARD Y TYPEWKITERs1132 PRINTER)

#ONE WORD INTLGERS

< SAMPLE MAIN PROGRAM FOR POLYNOMIAL REGRESSION = POLRG

POLRG 1
< THE FOLLUWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  POLRG 2
< PRODUCT OF Ne®(M+11, WHERE N 1S THE NUMBER OF OBSLRVATIONS AND POLRG 3
< M IS THE MIGHEST DEGREE POLYNOMJAL SPECIFIED. POLRG &
DIMENSION x1(350! POLRGMOL
< THE FOLLOWING DIMENSION MUST BE GREATER TMAN OR EQUAL TO THE POLRG 6
< PRODUCT OF M#M, POLRG 7
DIMENSION DI(36! POLRGMOZ
< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO POLRG 9
< {M+2)81Me1) /24 POLRG 1C
DIMENSION D(28) POLRGMU3
< THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO M. POLRG 12
DIMENSION B16)+SBI6) «Ti6)eELG} POLRGMUG
4 THE FOLLUWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TU POLRG 14
C (Mell, POLRG 15
DIMENSION XBAR(7)9STDI71eCOE(T}eSUMSCIT) 0 ISAVELT) POLRGMUS
< THE FOLLOWIN CIMENSION MUST BE GREATER THAN OR EGUAL TO 1. PULRG 17
DIMENSION ANS(10) POLRG 18
4 THE FOLLOWING DIMENSION wiilL BE USED IF THME PLOT OF OBSERVED  PULRG 19
[4 DATA AND ESTIMATES 1S DESIREDs THE SI12E OF THE DIMENSIONs IN  POLRG 20
[4 THIS CASEs MUST BE GREATER THAN OR EQUAL TO N#3., OTHERWISEs POLRG 21
4 THE SI1ZE OF DIMENSION MAY BE SET TO 1. POLRG 22
DIMENSION P(150} POLRGMUG
COMMON MX sMY POLRG 26
1 FORMAT(A4sA2+15+12911) POLRG 2%
2 FORMATI2F640) POLRG 26
3 FORMATL////27H POLYNOMIAL REGRESSIONesssesAGIA2/) PULRG 27
4 FORMAT(//23H NUMBER OF OBSERVATIONSI6//) PULRG 23
5 FORMAT(//32n POLYNOMIAL REGRESSION OF DEGREEs13) POLRG 29
6 FORMATL//12H INTERCEPTHF15e5) POLRG 30
7 FORMAT(//26H  REGRESSION COLFFICIENTS/1I0F1245)) POLRG 31
U FORMATU///24X020HANALYSIS UF VARIANCE FORs 149194 DEGREE POLYNOMIAPULRG 32
wn PULRG 33
9 FORMAT(///¢5Xs19MSOURCE OF VARIATIUNs7Xe9HDEGREE UFs7TXe6HSUM OF s  PULKG 34
19X s 4HMEAN# 10K s 1HF 49X » 204 IMPROVEMERT [N TERMS/33Xs THFREECOMsEXs PLLRe 35
2THSQUARES » TX s 6HSIUARE ¢ TR s 5HVALUEL +8X+ 17THOF SUM UF SOUARES! PULRG 36
10 FORMAT(//20M DUE Tu REGRESSIUNII2Xs160F17050F14e50F13e50F20s5)  PULRG 37
11 FORMATI32H  OEVIATIUN A30UT HEGRESSIUN  s1EeF17454F16s5] PULRG 38
12 FORMATUIBXs5HTOTAL S 19xs16sF17e5/77) PuLrG 3%
13 FORMAT(//1TH  NC IVWROVEMEATH PULRG 4%
16 FORMATL////27Xs)8HTABLE OF RESIDUALS// ik OBSERVATION NJesSXe7Hx VACLRG &l
JALUEsTXaTHY VALUE»7XeI0HY SSTIMATE »7Xs8HRESIOUAL/) PULRG ©2
15 FORMAT(//43Xe16sF1845+F16a5sF17054F 15051 FULRS &3
16 FORMATI212) PULRS G4
READ(2416 IMXINY PULRG @5
READ PRUBLEM PARAMLTER CARD PILRG 6b
100 READ (MYs1) PRePHRISNWMINPLOT Pulny @7
4 PResooPROBLEN NUMBER (MAY HE ALPHAMERIC) PULRL 43
< PROBLEM NUMBER {CONTINUED) PULRS 49
C NUMBER OF OBSERVATIONS PULRG 5y
< MesoesHIGHEST DEGREE POLYNOMIAL SPECIFIED PLLRG 51
C NPLOT,OPTION CODE FOR PLOTTING POLRO 52
C 0 IF PLOT IS NOT DESIRED. PULRG 53
4 1 iF PLOT 1S DESIREDs POLRG Se
< PRINT PROBLEM NUMBER AND Ne POLRG 55
WRITE (MXs3) PRsPR] PULRG 56
WRITE (MXsd) N PLLRG 57
< READ IAPUT DATA POLRG 54
LaNeM FOLRG 59
DO 110 I=1sN POLRG 60
deiel POLRG 61
C XtI) 1S THE INDEPENDENT VARIABLEs AND X{J! 1S TME DEPENDENT POLRG 62
C VARIABLEs POLRG &3
110 READ "(MYs2} XUI)eXid) POLRG 64
CALL GDATA (NsMsX+XBAR+SYD#D+SUMSQ} POLRG 65
MMaM+1 POLRG 66
SUM=040 POLRG 67
NT=N=1 POLRG 68
DO 200 I=lsM POLRG 69
15AVE{§)a] POLRG Tu
FORM SUBSET OF CORRELATION COEFFICIENT MATRIX PULRG 71
~CALL ORDER {MMsDwyMMs1sI1SAVESDIE) POLRG 72
INVERT THE SUBMATRIX OF CORRELATION COEFFICIENTS POLRG 73
CALL MINV (DI+I+DETsBsT} POLRG 74
CALL MULTR (NoI9XBAReSTD»SUMSQsDI+Es1SAVESBeSBrTrANS] POLRG 75
< PRINT THE RESULT OF CALCULATION PULRG 76
WRITE (MXsS) PULRG 77
IFLANS(17)114041300130 POLRGMOT
130 SUMIPSANS{4)=SUM PULRGMOS
IF(SUMIP] 140 140+ 150 PULRG 79
160 WRITE(MXs13) PILRG 80
GO TO 210 POLRG 81
150 WRITE(MXs6IANS(1) PULRG 82
WRITE (MXe7) (BUJ)sd=1el) POLRG 83
WRITE (MXs8) 1 PULRG 84
WRITE (MXs91} FOLRG 85
SUMeANS (&) POLRG 86
WRITE (MXs10? IsANS(4)eANS(6) sANS(10}aSUMIP PULRG 87
NI=ANS{8} PULRG 88
WRITE (MXell) NIsANS(T)sANS(9) PULRG 89
WRITE (MX912) NTsSUMSQIMM} POLRG 90
SAVE COEFFICIENTS FOR CALCULATICN OF Y ESTIMATES POLRG 91
COEt1)sANS{1) POLRG 92
00 160 J=1ls1 POLRG 93
160 COE(J+1181) PULRG 94
LAs] PCLRG 95
200 CONTINUE POLRG 96
TEST wHETHER PLOT 15 DESIRED POLRG 97
210 IF(NPLOT} 100, 100y 220 POLRG 98
CALCULATE ESTIVATES PULRG 99
220 NP3=N+N POLRG100
00 230 I=lsN PULRG1OL
NP3=NP3+1 POLRG102
PINP3)=COE(L) POLRGLU3
Lat PoiRe105
DO 230 JulsLA
PINPI ) =P (NP3 )+XILI®COELI+)) ﬁgt::ig:
30 LebeN
< : © COPY OBSERVED DATA PULRGLOY
N2=N POLRG1OY
Lanem POLRG11D
0 260 IsleN POLRGLLL
e PULRGLL2
N2aN2+1 PULRG113
LaLel POLRG] &
2640 PtN2)mxiL) POLRG115
PRINT TABLE OF RESIDUALS PULKGL16
WRITE (MXs3} PRIPR1 PULRG117
WRITE (MX05) LA PULRG118
WRITE (MXs14) POLRG119
NP2aN POLRGL 20
POLRG121
NP3sNeN
DO 250 I=14N POLRGL22
NP2aNP2el POLKG123
NPI=NP3el POLRGL24
RESIDsP (NP2} =P (NP3} POLRG12%
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250 WRITE 1MXsl5)

TsPU11PINP2IWPINPD) WRESID

CALL PLOT (LAsPsN93+041) :gtﬁgigi

G0 10 100 POLRG126

END POLRG12Y

12 1
SAMPLE00015041 2
110 3

2 1e 4

3 20 5

o 23 6

s 25 7

6 26 8

7 10 2

e 38 10

9 48 11

10 62 12

1 70 13
12 9 14
13 107 15
14 118 16

15 127 17
123456789 18

" SUBROUTINE PLOT

PURPOSE
PLOT

USAGE
CALL

DESERI PVII)N OF PARARETE|
ART

SEVERAL CROSS-VARIABLES VERSUS A BASE VARIABLE

PLOT (MOeAgNsMeNLoNS)

NUMBER (3 oxcns MAXINUN
M'I'IIX OF OATA TO BE PLOTTEOD. FIRSI‘ COLUMN REPRESENTS
BASE VARIABLE AND SUCCESSIVE COLUNNS ARE THE CROSS—
VARTASLES (MAXINUM IS 9).
NUMBER GF RGNS IN MATRIX A
NUKBER OF COLUKNS IN MATRIX A (EQIMI. TO THE TOTAL
NUMBER OF VARIABLES). MAXIRUM IS 1

NL - NUMBER DF I.INES IN THE PLOT. IF O IS SPECIFIED, 50
LINES A
NS - CDDE F(m SORI’ING THE BASE VARIABLE DATA IN ASCENDING
Q snanus IS KOT NECESSARY (ALREADY IN ASCENDING
ORDER)
1 SORTING IS NECESSARY.
REMARKS
NCONE
SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED
NONE
SUSROUTINE PLOT(NUs A NyMsNL,NS) PLOT
OIMENSTON OUT{10L),YPRILL),ANGE9) A(L) PLOT
COMYON HX MY pLOT
1 FURMAT (///,60%X,TH CHART +13,//1 pLoT
2 FORMAT [1X,F11.4,5X,131A1) eLOT
3 FURMAT 2X} pLOT
5 FORMAT{10A1} eLOT
7 FORMATIL 16Xs 1) 1M, . . . . pLOT
1. . . . - eLOT
4 FORMAT [//,9X,11F 1044} pLOT
NLL=NL pLaY
1FENS) 164 16, 1D eLOT
c SORT BASE VARIABLE DATA [N ASCENDING ORDER PLOT
10 00 15 [=1,N pLOT
00 14 J=1,N PLOT
IFLALT)=ALU)) 14, 14y 11 PLOT
11 L=1-N PLOY
LL=J-N pLOT
DN 12 K=14M PLOT
L=LeN sLOT
LL=LLey PLOT
Fxa(L) PLOT
ALLY=ALLLY sLOT
12 AlLL)=F PLOT
14 CONTINUE pLOT
15 CONTINUE pLOT
c TEST NLL pLOT
16 IF(NLLY 20, 18, 20 pLOT
18 NLL=50 pLOT
c PRINY TITLE eLOT
20 WRITE(MX,1INO PLOT
c READ BLANK AND DIGITS FOR PRINTING sLOT
READ(4Y,5) ALANK, {ANG(11,1=1,9) PLOT
c F1uD SCALE FUR BASE VARTABLE PLOT
XSCAL=(A(NI-AL1}) /{FLOATINLL-1)} PLOT
[4 FIND SCALE FOR CROSS-VARIABLES PLOT
i=Nel pLOY
M2=aN PLOY
YMIN=AUML) pLNT
YuAK=YMIN pLOT
00 49 J=8L,M2 pLOT
TFLAGII=YUIND 28, 26426 pLOT
26 1F(ALJI-YMAX) 40, 40,30 eLOY
28 YMIN=A(S) PLOT
GO T 40 PLOT
30 YMAK=A(J) PLOY
40 CONTINUE PLOT
YSCAL={YMAX-YMIN} /1000 pLOT
[ FIND BASE VARIABLF PRINT POSITION sLOT
xB=A(1) aLOT
L=1 pLOY
MYX = M-} PLOT
1=1 PLOT
45 Fal-l PLOT
XPR=XB¢FEXSCAL PLOT
IFLA(L)-XPR) 50,50,70 pLOT
c FIND CROSS-VAR TABLES pLOT
50 DN 55 1x=1,101 PLOT
5% QUT(IX)=BLANK pLOT
DO 60 J=1,MYX pLOT
LLaLedoN pLOT
2= (LALLLI-YMINI/ YSCAL}+1.0 PLOT
NUY (JPI=ANGIJ} sLOT
60 CONTINUE eLOT
4 PRINT LINE AN) CLEAR, OR SKIP pLOT
WRITE(AX, 21XPR IIUTEIZY 4 12=14101) eLoT
Lt pLOT
GD TN 30 eLOT
70 WRITE(MX, 3) pLOT

156

80 I=l+1 PLOT 70
FFLI=NLL)45, 84,85 fLOT T

84 XPR=AIN) eLOT 72
GO TN 50 PLAT 73

[4 PRINT CROSS-VARTABLES NUMBERS PLOT T4
86 WRITE(MX,7) PLOT 75
YPR{1}=YMIN oLOT 76
DN 90 KN=1,9 PLOY 77
90 YPR{UKN#1)=YPRIKN) +YSCAL*10.0 PLOT 78
YPR(11}=YMAX pLOT 79
WRITE(HX,A)(YPRELPI,IP=1, 110 PLOT 80
RETURN PLOT 91
END PLOT 82

CANONICAL CORRELATION

Problem Description

An analysis of the interrelations between two sets of
variables measured on the same subjects is per-
formed by this program. These variables are pre-
dictors in one set and criteria in the other set, but
it is irrelevant whether the variables in the first set
or in the second set are considered as the prediction
variables. The canonical correlation, which gives
the maximum correlation between linear functions of
the two sets of variables, is calculated. x2 is also
computed to test the significance of canonical corre-
lation.

The sample problem for canonical correlation
consists of four variables in the first set (left-hand
side) and three variables in the second set (right-
hand side) as presented in Table 4. These two sets
of measurements have been made on 23 subjects.

Table 4. Sample Data for Canonical Correlation

First set Second set
Observation X; X2 X3 X4 Y1 Y2 Y3
1 191 155 65 19 179 145 70
2 195 149 70 20 201 152 69
3 181 148 71 19 185 149 75
4 183 153 82 18 188 149 86
5 176 144 67 18 171 142 71
6 208 157 81 22 192 152 77
7 189 150 75 21 190 149 72
8 197 159 90 20 189 152 82
9 188 152 76 19 197 159 84
10 192 150 78 20 187 151 72
11 179 158 99 18 186 148 89
12 183 147 65 18 174 147 70
13 174 150 71 19 185 152 65
14 190 159 91 19 195 157 99
15 188 151 98 20 187 158 87
16 163 137 59 18 16l 130 63
17 195 155 85 20 183 158 81
18 196 153 80 21 173 148 74
19 181 145 77 20 182 146 70
20 175 140 70 19 165 137 81
21 192 154 69 20 185 152 63
22 174 143 79 20 178 147 73
23 176 139 70 20 176 143 69 -
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Program
Description

The canonical correlation sample program consists
of a main routine, MCANO, and six subroutines:

CORRE

CANOR

are from the Scientific Subroutine

T
MINV Package

NROOT
EIGEN

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 9 variables, including both the first set
of variables (that is, left-hand variables) and the
second set of variables (that is, right-hand varia-
bles). The number of variables in the first set must
be greater than or equal to the number of variables
in the second set.

2. Up to 99, 999 observations.

3. (12F 6.0) format for input data cards.

Therefore, if a problem satisfies the above con~
ditions it is not necessary to modify the sample pro-
gram. However, if there are more than 9 variables,
dimension statements in the sample main program
must be modified to handle the particular problem.
Similarly, if input data cards are prepared using a
different format, the input format in the input sub-
routine, DATA, must be modified. The general
rules for program modification are described later.

Input

I/0 Specification Card
One control card is required for each problem and
is read by the main program, MCANO. This card is

prepared as follows:

For Sample

Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE

For Sample
Columns Contents Problem
7 - 11 Number of observations 00023

12 - 13 Number of variables in the

first set (that is, left-hand

variables)* 04
14 - 15 Number of variables in the

second set (that is, right-

hand variables) 03

*The number of variables in the first set must be
greater than or equal to the number of variables
in the second set.

Leading zeros are not required to be keypunched;
but must be right-justified within fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 4 is
keypunched on a separate card using the format
(12F 6.0). This format assumes twelve 6-column
fields per card.

Deck Setup

Deck setup is shown in Figure 16.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program,

Cutput
Description

The output of the sample program for canonical
correlation includes:

1. Means

2, Standard deviations

3. Correlation coefficients

4. Eigenvalues and corresponding canonical
correlation

5. Lambda

6. Chi-square and degrees of freedom

7. Coefficients for left- and right-hand variables

Sample

The output listing for the sample problem is shown
in Figure 17 of this sample program.
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Data

Control
card
/
/
/
Data
cards
Control
card
Data
cards
Control
Card .
First problem

/0 Specification
card

EIGEN

MINV

CANOR

Subroutines and main program
CORRE (including system control cards)

DATA

MCANO

Figu.ré 16. Deck setup (canonical correlation)

Program Modification

Noting that storage problems may result, as previ-
ously described in '"Sample Program Descriptions',
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also behandled by providing
a specific format statement. In order to familiarize

158

cards

Second problem

Last
problem

"

19

Ex.1048 / Page 162 of 196
Cisco Systems, Inc.



vvvvvv

Figure 17. Output listing

the user with the program modification, the following
general rules are supplied in terms of the sample

problem:

1. Changes in the dimension statements of the
main program, MCANO:

a.

The dimension of arrays XBAR, STD,
CANR, CHISQ, and NDF must be greater
than or equal to the total number of vari-
ables m (m =p +q, where p is the num-
ber of left~hand variables and q is the
number of right-hand variables). Since
there are seven variables, four on left
and three on right, the value of m is 7.
The dimension of array RX must be
greater than or equal to the product of

m X m. For the sample problem this
product is 49 =7 x 7.

The dimension of array R must be greater
than or equal to (m + 1)m/2. For the
sample problem this number is

28 = (7 + 1)7/2.

The dimension of array COEFL must be
greater than or equal to the product of

p xq. For the sample problem this
product is 12 =4 x 3.

The dimension of array COEFR must be
greater than or equal to the product of

q xgq. For the sample problem this
product is 9 =3 x 3.

2. Changes in the input format statement of the
special input subroutine, DATA:

Only the format statement for input data may
be changed. For example, since sample data
are either two- or three-digit numbers, rath-
er than using six-column fields as in the
sample problem, each row of data may be
keypunched in seven 3-column fields, and if
so, the format would be changed to (7F 3.0).
Note that the current input format statement
will allow a maximum of twelve variables
per card. The special input subroutine,
DATA, is normally written by the user to
handle different formats for different prob-
lems. The user may modify this subroutine
to perform testing of input data, transforma-
tion of data, and so on.

Operating Instructions

The sample program for canonical correlation is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Sample Main Program for Canonical Correlation -
MCANO

Purpose:
(1) Read the problem parameter card for a
canonical correlation, (2) Call two subroutines
to calculate simple correlations, canonical cor-
relations, chi-squares, degrees of freedom for
chi-squares, and coefficients for left and right
hand variables, namely canonical variates, and
(3) Print the results.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

The number of left-hand variables must be
greater than or equal to the number of right-
hand variables.

Subroutines and function subprograms required:
CORRE (which, in turn, calls the input
subroutine named DATA.)
CANOR (which, in turn, calls the subrou-
tines MINV and NROOT. NROOT,
in turn, calls the subroutine EIGEN.)
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Method:
Refer to W. W. Cooley and P. R. Lohnes,
'Multivariate Procedures for the Behavioral
Sciences', John Wiley and Sons, 1962, chapter
3.

// EOR
®{OCS{CARDsTYPENRITERy1132 PRINTER)
*GNE WCGRD INTEGERS

c SAMPLE MAIN PRGSRAN FUR CANONICAL CORRELATION —~ MCAND HMCANG 1
3 THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE MLANO - 2
C TOTAL NUMBER OF VARTABLES ¥ [M=MP+MQ, WHERE MP IS THE NUMBER  HCANJ 3
4 OF LEFT HAND VARIABLES, ANU MQ IS THE NUMBEK UF RIGHT HAND MCAND 4
[3 VakiABLES) . MCANG 5
LIMENSTON XBAR(9)¢STDM9) CANRI9Y 4CHISQUI) 4 NDFIS) HCAND 6
[ THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  MCAND 7
3 PRODUCT GF M3M. HCAND 8
DEMENSION RXta1) MCANO 9
c THE FULLOWING CIMENSION MUST 8E GREATER THAN OR EQUAL TO MCANO 10
3 M+ 1)8M/2, MCAND 11
UIMENSIGN R{45) MCANO 12
[ THE FOLLOWING UIMENSIUN MUST 3E GREATEK THAN OR EQUAL TG THE  MCANG 13
[ PROGUCT UF MP*MQ. MCANO 14
UIMENSION COEFL(81) MCAND L5
[ THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE  MLAND 16
< PRODUCT GF MO3MQ. MCAND L7
DIMENSICN COEFRI25) MCANO 18
COMMON M, MY MCANG 19
1 FORMAT{Aw,A2515,212) MCAND 20
2 FORMAT[///727H CANONICAL CGRRELATION..s+.9A4,A2//22H  NO. OF DBSEMCANC 21
LAVATIONS 8X,14/29H  NO. OF LEFT HAND VARIABLES,15/30H  NG. OF RIMCANG 22
2GHT HAND VARIABLES, 14/) MCANO 23
3 FORMATU//6H MEANS/LB8FL5.5)) MCANO 24
4 FORMAT(//20H STANDARD DEVIATIONS/(8F15.5)) MCANU 25
5 FORMAT(//25H CORRELATION COEFFICIENTS) MCANO 26
6 FORMAT(//4H ROW,13/(10F12.51) MCANO 27
7 FORMAT{////12H  NYMBEK OF y 7Xy THLARGEST » TX s 1 3HCOKR ESPUND ING + 31X, THHCAND 28
10EGREES/L3H  EIGENVALUES,S5Xy LOHE IGENVALUE ¢ 7X s SHCANUNICAL 57X 1 GHLAMBMCANG 25
20845y LOHCHI=SQUARE ¢ 7X 4 2HOF /X y THREMOVED s 7X + FHREMAINING » 7X o L LHCURRMCAND 30
3ELATIUN y32X THFREEUCH/) MCAND 31
8 FORMAT{/I7,F19.5,F16,5,2F1445,5X¢15) MCANO 32
S FURMAT(///22H CANGNICAL CORRELATION,F12.5) HCAND 33
10 FORMAT(//39H  COEFFICIENTS FOR LEFT HAND VARIABLES/(8F15.5)) HCANU 34
11 FORMATI//40H  COEFFICIENTS FOR RIGHT HAaND VARIABLES/(8F15.5}) MCANG 35
12 FORMAT(ZI2) HCANU 30
READ{2,12) MXoMY HCANG 37
c REAU PROBLEN PARAMETER CARD MCANO 38
100 READ (MY, L)PRIPRLyNMPyMQ HCAND 39
c LPRIBLEM NUMbER [MAY BE ALPHAMERIL) MLANY 40
c +PROBLEM NUMBER (CONTINUED) MCAND 41
[ . +NUMBER UF OBSERVATIUNS MCAND 42
[+ MPusoes s NUMBEK GF LEFT hAND VARIAGBLES MCANG 43
< MUuoaoss NUABER OF RIGHT HAND VARIABLES MUANG 44
WRITE {MXg2)PRePRL) NPy MQ MCANU 45
MCANU: 46
MCAND 47
0 MCANG 48
CALL CORRE (NyMyEGy Xy XBARySTD4RX9Ry CANRy CHISQCOEFL) MCAND 49
(4 PRINT MEANS, STANDARD DEVIATIONS, AND COGRRELATION MCANY 50
[ COEFFICIENTS OF ALL VARIABLES MCANG 51
ARITE (MX,3) (ABARLI}s1=1vM) HLANG 52
WRITE (Mr4){STDUL},1=1,44) MCANU 53
WRITE (MX,5) MCAND 54
00 160 l-l.n MCANG 55
D0 150 J=1, MCANO 56
IFXI-J) 120. 130, 130 MCAND 57
120 L=l+(J%4~4)/2 MCANG 58
GO T0 140 MCANO 59
130 L=J+(I®]1-1)/2 MCANO 60
140 CANRIJ)=RIL), MCAND ol
150 CONTINUE MCAND 62
160 WRITE (MX,6}1,(CANRLJ)yJ=14M) MCAND 63
CALL CANOR (N,MP,MQsR)XBARYSTDsCANRCHESQy NOF sCOEFR yCOEFL ¢ RX} MCAND 64
[ PRINT EIGENVALUES, CANONICAL CORRELATIONS, LAMBOA, CHI-SQUARES MCAND 65
[3 DEGREES OF FREEDOMS ) MCANO 66
WRITVE (MX,7) MCAND 67
DO 170 1=1,MQ MCANO 68
Ni=1-1 MCANO 69-
c TEST WHETHER EIGENVALUE IS GREATER THAN ZERQ MCANO 70
IF{XBAR(I)) 165, 165, 17C MCANO 71
165 HM=NL MCAND 72
60 TO 17! MCANG 73
170 WRITE (Ax.nml.xsmul).cmnin.swul.mlsu(l).NDF(n MCANO 74
MM=MQ MCAND 75
[3 PRINT CANONICAL COEFFICIENTS MCAND 76
175 N1=0 MCANO 77
N2=0 MCAND 78
00 200 I=1, MCAND 79
WRITE lnx.O)CANRu) MCANO 80
00 180 J=1,M MCANQ 81
Nl=Nl+1 MLANO 82
180 XBAR(J) =COEFLINL} MCANO 83
WRITE {MX+10) (XBARIJ),J=1,MP) MCANG 84
DO 190 J=1.,MQ MCANO 85
N2=N2+1 HCAND 86
190 XBAR(J)=COEFR(N2) MCANG 87
WRITE (MXy113{XBAR(J)J=l,NQ) MCAND 88
200 CONTINUE MCANO 89
60 TO 100 MCANO 90
END MCAND 91
1/ ouP
#STORE WS uA MCANO
// XEQ MCANO
‘LDCALNCAND-CDRRLCANQR
12 1
SAMPLE000230403 2
191 18% o5 19 179 148 iid 3
19% 149 70 20 201 152 69 L3
181 148 7 19 185 149 5 L]
183 153 82 18 108 149 86 (3
176 144 67 18 i 142 71 7
208 137 a1 22 192 152 had L]
189 180 béd 21 190 149 12 9
197 159 90 20 189 152 82 10
188 182 76 19 197 159 8 i1
192 180 18 20 187 181 72 12
179 188 99 18 186 148 89 13
183 147 (1] 18 174 147 70 16
174 180 7 19 183 152 65 13
190 159 91 19 195 157 99 16
188 151 98 20 187 158 a7 17

195 185 a5 20 183 158 81 19
196 183 80 21 173 148 T4 20
181 145 77 20 182 146 70 21
175 140 70 19 165 137 8l 22
192 1854 69 20 18% 132 63 23
174 143 79 20 178 147 73 24
176 139 10 20 176 143 69 25 -

SAMPLE INPUT SUBROUTINE - DATA

PURPOSE
READ AN UBSERVATION {N DATA VYALUES) FRCN INPUT DEVICE.
THIS SUBROUTINE IS CALLED BY THE SUBROUVINE CORRE AND MUST
BE PROVIDED BY THE USER. IF SIZE AND LOCATIGN OF DATA
FIELDS ARE DIFFERENY FROM PROBLEM TO PROBLEM, THIS SUB—
ROUTINE MUST BE RECONPILED WITH A PROPER FORNAT STYATEMENT,

USAGE
CALL DATA {M,D)

DESCRIPTIDN OF Pll AMETERS

" - THI ER OF VARIABLES IN AN OBSERVATION. -
D~ OU'"'UT VEC‘I(R OF LENGTH B CONTAINING THE OBSERVATION :
DATA.
REMARKS

THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT MUST BE
EITHER F OR E,

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE

°

SUBROUTINE DATA (M,7) Data 1
DIMENSION D) AT ?
COMMON MX 4 MY DATA 3

1 FORMAT(12F6.01 DATA “

C READ AN OBSFRVATTION FROM INPUT DEVICE. JATA 4
READ (MY, 1) IDUD) 41=1,M) DATA &

RE TURN NATA v

END NATA 2

ANALYSIS OF VARIANCE

Problem Description

An analysis of variance is performed for a factorial
design by use of three special operators suggested
by H.O. Hartley.* The analysis of many other de-
signs can be derived by reducing them first to fac-
torial designs, and then pooling certain components
of the analysis-of-variance table.

Consider a three-factor factorial experiment in
a randomized complete block design as present in
Table 5. In this experiment factor A has four levels,
factors B and C have three levels, and the entire
experiment is replicated twice. The replicates are
completely unrelated and do not constitute a factor.

Table 5. Sample Data for Analysis of Variance

Replicate by b, by
{Block) 8 @ @83 a40 3, 3 a3 4| a 3 a3 a4

c, | 3 10 9 8f2a 8 9 3|2 8 9 8

Tyeees c, 4 12 3 9 {22 7 16 2 2 2 7 2 *
c3 5 10 5 8123 9 17 3 )2 8 6 3
cy 2 14 9 13 |29 16 11 3 2 7 5 3 -

Tyeees <, 7 11 5 828 18 10 6 |6 6 5 9
<, 9 1.0 27 828 16 11 7 8 9 8 15

*H.O. Hartley, "Analysis of Variance' in Mathe-
matical Methods for Digital Computers, edited by
A. Ralston and H. Wilf, John Wiley and Sons, 1962, Y
Chapter 20.

Ex.1048 / Page 164 of 196
Cisco Systems, Inc.



Nevertheless, for the purpose of this program, a
four-factor experiment (with factors A, B, C, and
R) is assumed. Thus, each element of the data in
Table 5 may be represented in the form:

Xabcr where a=1,2,3,4
b=1,2,3
c=1,2,3
r=1,2

The general principle of the analysis-of-variance
procedure used in the program is to perform first a
formal factorial analysis and then pool certain com-
ponents in accordance with summary instructions
that specifically apply to the particular design. The
summary instructions for four differert designs are
presented in the output section.

Program
Description

The analysis-of-variance sample program consists
of a main routine, ANOVA, and three subroutines:

AVDAT
are from the Scientific
AVCAL Subroutine Package
MEANQ
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to six-factor factorial experiment
2. Up to a total of 1600 data points. The total
number of core locations for data points in a pro-
blem is calculated as follows:

(LEVEL, + 1)
i=1

where LEVEL; = number of levels of ith factor
k = number of factors
I = notation for repeated
products
3. (12F6.0) format for input data cards
Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than six

factors or if the total number of data points is more
than 1800, dimension statements in the sample main
program must be modified. Similarly, if input data
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modifications are described later.

Input

I/ O Specification Card

One control card is required for each problem and
is read by the main program, ANOVA. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7-8 Number of factors 04
9-15 Blank

16 Label for the first factor A

Number of levels of the 0004
first factor

21 Label for the second factor B

Number of levels of the 0003
second factor

Number of levels of the 0003
third factor

31 Label for the fourth factor R

Number of levels of the 0002
fourth factor

66 Label for the eleventh
factor (if present)

Number of levels of the
eleventh factor

67 - 70

{ 26 Label for the third factor ~ C

If there are more than eleven factors, continue
to the second card in the same manner.

Appendix D — Sample Programs 161

Ex.1048 / Page 165 of 196
Cisco Systems, Inc.



Columns Contents
{ 1 Label for the twelfth factor
2-5 Number of levels for the twelfth factor
etc.

Leading zeros are not required to be keypunched.
Data Cards

Data are keypunched in the following order: X;;; 1
X2111, X3111> X4111> X1211s X2211, X3211s+«+»

Data
cards

Control
card

Data
cards

Control
card

1/0 Specification
card

MEANQ

AVCAL

AVDAT

ANOVA

Figure 18. Deck setup (analysis of variance)

162

First problem

Subroutines and main program
(including system control cards)

X4332. In other words, the innermost subscript is
changed first; namely, the first factor, and then
second, third, and fourth subscripts. In the sample
problem, the first subscript corresponds to factor A
and the second, third, and fourth subscripts to fac~
tors B, C, and R. Since the number of data fields
per cards is twelve, implied by the format (12F6. 0),
eachrow in Table5 is keypunched on a separate card.

Deck Setup
Deck setup is shown in Figure 18.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program,

Data
cards

Control
card

Last
problem

Second problem
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Output
Description

The output of the sample analysis~of-variance pro-
gram includes the numbers of levels of factors as
input, the mean of all data, and the table of analysis
of variance. In order to complete the analysis of
variance properly, however, certain components in
the table may need to be pooled. This is accom-
plished by means of summary instructions that
specifically apply to the particular experiment as
presented in Table 6.

Table 6. Instructions to Summarize Components
of Analysis of Variance

Randomized
Single Classification | Two-way Classificatiog Compiete Biock Split Plot
with Replicates with Cell Replicates |with Two Factors
(tnpur)
Factor No, 1 { Groups =A Rows. =A Factor 1 = A Main treatment = A
2 Replicates = R Columas = B Factr 2 = B Subtreatment = B
3 Replicates = R Blocks = R Blocks =R
(Output)
Sums of squares A A A A
R B B B
AR AB AB AB
R R R
AR AR AR
BR BR BR
ABR ABR ABR
Summary Error =R + (AR) Error = R + (AR) Eror = (AR)+(BR) | Ervor = (BR)+(ABR)
instruction +HBR)+ABR) +(ABR) o)
Analysis of Groups A Rows A Factor 1 A Main treatment A
variance Error Columns B Factor 2 B Blocks R
Interaction AB Interaction AB Emror (2) AR
Error Blocks R Subtreatment B
Error Interaction AB
Error B)

As mentioned earlier, the sample problem is a
randomized complete block design with three factors
replicated twice. Therefore, it is necessary to pool
certain components in the table of analysis of vari~
ance shown in Figure 19, Specifically, the compo-
nents AR, BR, ABR, CR, ACR, BCR, and ABCR
are combined into one value called the error term.
The result is indicated in Figure 19. Since these
data are purely hypothetical, interpretations of the
various effects are not made.

Sample

The output listing for the sample problem is shown
in Figure 19.

ANALYSIS OF VARIANCEsesse SAMPLE

LEVELS OF FACTORS
A o

8 3
< 3
R 2
GRAND MEAN 9440277

SOURCE OF SUMS OF DEGREES OF MEAN
VARIATION SQUARES FREEDOM SQUARES

A 229404168
3 122469445
48 1382.08349

76034722
361436722
230434722

27455555

7400000
3.28472

11472916

141468057

»
@
A
5
5
3
3
g
8

ABR 176497222
cr ©0,77777
ACR 50455555

acr 62463889
ABCR 151.02780

x
=
>
&
3
®
Neononweneonmonm

12458564

TOTAL 3233431661 7

Figure 19. Output listing

Program Modification

Noting that storage problems may result, as pre-
viously described in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, ANOVA:

a. The dimension of array X must be greater
than or equal to the total number of data
points as calculated by the formula in the
program capacity section above. For the
sample problem the total number of data
points is 240 = (4+1)(3+1)(3+1)(2+1).

b. The dimension of arrays HEAD, LEVEL,
ISTEP, KOUNT, and LASTS must be
greater than or equal to the number of
factors, k. Since there are four factors in
the sample problem (4 = 3 original factors
+ 1 pseudo factor) the value of k is 4.

c. The dimension of arrays SUMSQ, NDF,
and SMEAN must be greater than or equal
ton= 2k-1, where k is the number of
factors. For the sample problem the
value of n is 15 = 24-1,

2. Change in the input format statement of the
main program, ANOVA:

Only the format statement for input data may

be changed. Since sample data are either

one- or two-digit numbers, rather than using
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six-column fields as in the sample problem,
each data may be keypunched in a two-column
field, and, if so, the format is changed to
(12F2.0). This format assumes twelve 2-
column fields per card, beginning in column 1.

Operating Instructions

The sample analysis-of-variance program is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Sample Main Program for Analysis of
Variance - ANOVA

Purpose:
(1) Read the problem parameter card for analy-
sis of variance, (2) Call the subroutines for the
calculation of sums of squares, degrees of free-
dom and mean square, and (3) Print factor
levels, grand mean, and analysis of variance
table.

Remarks:
The program handles only complete factorial de-
signs. Therefore, other experimental design
must be reduced to this form prior to the use of
the program.
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
AVDAT
AVCAL
MEANQ

Method:
The method is based on the technique discussed
by H.O. Hartley in "Mathematical Methods for
Digital Computers”, edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

11 FOR
OIOES(CAHDQTVPEIRITER'IIBZ PRINTER)

@ONE WORD INTEGERS

< SAMPLE MAIN PROGRAM FOR ANALYS1S OF VARIANCE = ANOVA ANQVA 1
< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE ANOVA 2
C CUMULATIVE PRUDUCT OF EACH FACTUR LEVEL PLUS ONE (LEVELII}el) ANQVA 3
< FOR I=1 YO Xs WHERE K IS THE NUMBER OF FACTORSes ANOVA 4
DEMENSION Xx(1600} ANOVAMO2
C THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE ANOVA &
C NUMBER OF FACTORSes ANOVA 7
DIMENSION HEADI6) sLEVELIG1 s ISTEP(6) «ROUNT(61 2LASTS6) ANOVA B
4 THE FOLLOWING DIMENSIONS MUST BE GREATER ThAN OR EQUAL Tu 2 TO ANOVA 9
< THE K=TH POWER MINUS ls ((2##K}=1)as NOVA 10
DIMENSION SUMSQ(63)sNDF(6312SMEANI63) ANOVAMGL
c THE FOLLOWING OIMENSION IS USED TO PRINT FACTOR LABELS IN ANOVA 12
4 ANALYSIS OF VARIANCE TABLE ANO IS FIXED ANOVA 13
DIMENSION FMT(15) ANOVA 14
1 FORMATEA4,A2, 12,444 3XsL10AL, 140/ (AL 14141414041 ,147ALs10,A1,14)) ANOVA 15
2 FORMAT(////26H ANALYSES OF VARIANCE.osssA4s42//) ANUVA 16
3 FORMAT(//18H LEVELS OF FACTORS/(3X¢Al,y7Xs14)) ANOVA L7
4 FORMAT(////11H GRAND MEAN,F20.5////} ANQVA 18
5 FORMAT{//10H SOURCE OF 18X «THSUMS GF 10X 4 10HDEGREES OF 19X+4HKEAN/ ANOVA 19
110H VARJATION,18XsTHSQUARES,11X, THFREEDOM, 10X+ THSQUARESZ) ANOVA 20
6 FORMAT(2X,15A1,F2G.5,10X416,F20.5) ANUVA 21
7 FORMAT(/TH TOTAL+10XsF2G.5,10Xy16) ANGVA 22
8 FORMATI12F6.0) ANGVA 23
9 FORMAT(212) ANOVA 24
............................................................... ANOVA 25

164

READ( 29I MX MY ANOVA 26

4 READ PROBLEM PARAMETER CARD ANOVA 27
100 READ (MY, 1)PRsPRLyK+BLANK,)IHEADLI) s LEVELII)4E=1,K) ANOVA 23
[4 PR..oo  PROBLEM NUMBER (MAY BE ALPHAMERIC) ANOVA 29
c PR PROBLEM NUMBER (CONTINUED) ANOVA 30
c [ UMBER OF FACTORS ANOVA 31
4 BLANI LANK FIELD ANOVA 32
[4 HEAD. «+FACTOR LABELS ANOVA 33
c LEVEL..LEVELS OF FACTORS ANOVA 34
4 PRINT PROBLEM NUMBER AND LEVELS OF FACTORS ANOVA 35
MRITE (MX,2)PR,PRI ANOVA 36
WRETE (MXs3}(HEAO(I),LEVELL(I),I=1,K) ANQVA 37
c CALCULATE TOTAL NUMBER DF DATA ELEMENTS ANOVA 38
N=LEVEL(1} ANOVA 39
D0 102 1=2,K ANOVA 40
102 N=NSLEVEL(I) ANOVA 41
< READ ALL INPUT DATA ANDVA 42
READ [MY,8)(X(1)¢1=14N) ANOGVA 43
CALL AVDAT (KyLEVEL yN9XoL ISTEP,KOUNT) ANOVA 44
CALL AVCAL (KoLEVEL $XsLyISTEP,LASTS) ANOVA 45
CALL MEANQ (KyLEVEL ¢XyGMEANsSUMSQeNDF,SMEAN, ISTEP,KOUNT,LASTS) ANOVA 46
4 PRINT GRAND MEAN ANDVA 47
WRITE {MX14)GMEAN ANGVA 48
4 PRINT ANALYSIS OF VARIANCE TABLE ANOVA 49
WRETE (MX,45} ANOVA 50
LL=(2%*K) -1 ANDVA 51
1STEPLL)=1 ANOVA 52
80 105 1=2,K ANOVA 33
105 ISTEP(I)=0 ANUVA D4
00 110 1=1,15 AnNQVa 25
11G FMTLL)=BLANK ANGVA So
NN=D ANGYA 57
SUM=U.0 Anuva 55
12C NN=NN#L ANLVA 5Y
L=0 ANLVA o0
DO 14G [=1,K ANUVA ol
FMT(1)=BLANK ANUVA &2
IFLESTEPIED) 13U, 140, 130 ANGVA o3
130 =L+l ANGYA 0%
FMT(L) =rcavl 1} ANCYA @3
140 CONTINUE nisbVa 06
WRITE (MA10) {FaTLi) 121,151 ,SUNSUINND sNUFINK) 3 SMEANTNNY ANLYa o7
SUM=SUM+SUMS Q{ iiv) ANOVA 53
[FINN-LL) 145, 170, 170 ANGVA 69
145 20 160 [=L.K ANGVA 7C
FFLISTEPUEN) 147, 150, 147 ANUVA 71
147 ISTEP(1)=0 ANGVa T2
GG T 160 ARLVA 73
150 1STEdLI)=] ANGVA To
60 1O 120 ANGVR T5
160 CONTINUE aNLVA To
170 NanN-1 ANGYA 1T
WRITE [MK)T)SUAaiv ANLV A TY
GO TO 1C9 ANLVA T3
=NU ANLVA 50
// oup
*STORK A4S UA AnOvA

// XEQ ANQVA

12 1
SAMPLEOA A0D00480003C0003R0002 2
3 10 8 24 8 3 2 8 9 8 3

L3 12 3 9 22 7 16 2 2 2 7 2 o

L} 10 L] 8 23 9 17 3 2 8 6 3 5

2 14 9 13 29 18 11 3 2 7 3 3 6

7 11 5 8 28 18 10 6 6 6 5 9 7

9 10 27 8 28 15 11 7 8 9 8 15 8

DISCRIMINANT ANALYSIS

Problem Description

A set of linear functions is calculated from data on
many groups for the purpose of classifying new
individuals into one of several groups. The classifi-
cation of an individual into a group is performed by
evaluating each of the calculated linear functions,
then finding the group for which the value is the
largest.

The sample problem for discriminant analysis
consists of four groups of observations as presented
in Table 7. The number of observations in the first
group is eight; the second group, seven; the third
group, seven; and the fourth group eight. The num-
ber of variables is six in all groups.

Program
Description

The discriminant analysis sample program consists
of a main routine, MDISC, and three subroutines:

DMATX

are from the Scientific
MINV Subroutine Package
DISCR

o

5]

)
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Table 7. Sample Data for Discriminant Analysis

Observation X, X, X X, X Xs

Group 1 1 3 10 9 8| 24 8
2 4 12 3 8 22 7

3 9 3 2 8 9 8

4 16 2 2 2 7 2

5 5 10 5 8 23 9

6 17 3 2 8 6 3

7 2 10 9 8 29 16

8 7 10 5 8 28 18

Group 2 1 9 10 27 8 28 16
2 11 7 8 9 8 15

3 8 10 2 8 27 16

4 1 6 8 14 14 13

5 7 8 9 6 18 2

6 7 9 8 2 19 9

7 7 10 5 8 27 17

Group 3 1 3 11 9 15 20 10
2 9 4 10 7 9 9

3 4 13 10 7 21 15

4 8 5 16 16 16 7

5 6 9 10 5 23 11

6 8 10 5 8 27 16

7 17 3 2 7 [} 3

Group 4 1 3 10 8 8 23 8
2 4 12 3 8 23 7

3 9 3 2 8 21 7

4 15 2 2 2 7 2

5 9 10 26 8 27 16

6 8 9 2 8 26 16

7 7 8 6 9 18 2

8 7 10 5 8 26 16

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to four groups

2. Up to ten variables

3. Up to a total number of 100 observations in
all groups combined.

4. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than four
groups, more than ten variables, or more than 100
observations, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
statement in the sample main program must be
modified. The general rules for program modifica-
tion are described later.

Input

I/0 Specification Card

One control card is required for each problem and is
read by the main program, MDISC. This card is
prepared as follows:

For Sample
Columns Contents Problem

1-6 Problem number (may be SAMPLE

alphameric)
7-8 Number of groups 04
9 - 10 Number of variables 06
11 - 15 Number of observations 00008

in first group

16 - 20 Number of observations 00007
in second group

21 - 25 Number of observations 00007
in third group

26 - 30 Number of observations 00008
in fourth group

65 - 70 Number of observations
in twelfth group (if
present)

If there are more than twelve groups in the prob-
lem, continue to the second card in the same
manner.

Columns Contents
1-5 Number of observations in thirteenth
group
6 -10 Number of observations in fourteenth
group

Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 7 is
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keypunched on a separate card using the format Output
(12¥6.0). This format assumes twelve 6-column
fields per card. Description m”}
Deck Setup The output of the sample program for discriminant
analysis includes:

1. Means of variables in each group

2. Pooled dispersion matrix

Deck setup is shown in Figure 20.

<3

Sample 3. Common means
4. Generalized Mahalanobis D-square
The listing of input cards for the sample problem is 5. Constant and coefficients of each discriminant
presented at the end of the sample main program. function
Data
cards
Control
card Last
problem
[ ]
[ ]
.
Data
cards
Control
card b
Second problem
Data
cards
Control
card
1/0 Specification First problem
card
DISCR
MINV
-
DMATX Subroutines and main program
(including system control cards) g

MDISC

Figure 20. Deck setup (discriminant analysis)
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6. Probability associated with the largest dis-
criminant function evaluated for each observation.

Sample

The output listing for the sample problem is shown
in Figure 21.

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input
data in a different format can also be handled by
providing a specific format statement. In order to
familiarize the user with the program modification,
the following general rules are supplied in terms of
the sample problem:

1. Changes in the dimension statements of the
main program, MDISC:

a. The dimension of array N must be greater
than or equal to the number of groups, k.
Since there are four groups in the sample
problem the value of k is 4.

b. The dimension of array CMEAN must be
greater than or equal to the number of
variables, m. Since there are six vari-
ables in the sample problem the value of
m is 6.

c. The dimension of array XBAR must be
greater than or equal to the product of m
times k. For the sample problem this
product is 24 = 6 x 4.

d. The dimension of array C must be greater
than or equal to the product of (m+1)k.
For the sample problem this product is
28 = (6+1)4.

e. The dimension of array D must be greater
than or equal to the product of m times m.
For the sample problem this product is
36 =6x6.

f. The dimension of arrays P and LG must be
greater than or equal to the total number
of observations in all groups combined, t.
For the sample problem this total is
30=8+T7T+T7+8.

g. The dimension of array X must be greater
than or equal to the total number of data
points that is equal to the product of t

DISCRIMIMANT ANALYSISessseSAMPLE

MUMBER OF GROUPS 3
KUMBER OF VARIABLES 6
SAMPLE SI2ESes

GROUP

1 )
2 7
3 7
. [
GROUP 1 MEAN:
7.87500 7.80000 4262300
GROUP 2 MEANS
7414288 8457143 9457143
GROUP 3 MEANS
Te85T18 7085716 8085714
GROUP & MEANS
7475000 8400000 6473000
POOLED DISPERSION MATRIX
RO 1
19.61880 ~11.16208 “5.21496
ROW 2
=11.18208 11294504 561812
Raw 3
~5.21496 5161812 39445945
ROW 4
~6:09889 1491758 3493661
ROW
~22474861 22.60987 16423487
ROW &
~9454051 10468757 9434546
COMMON MEANS
7.66666 7.96666 7433333
GENERALIZED MAMALANOBLS D=SQUARE 12478067
OISCRIMIMANT FUNCTION 1
CONSTANT  »  COEFFICIENTS
~28049423  » 2463868 2012202
DISCRIMINANT FUNCTION 2
CONSTANT  »  COEFFICIENTS
~29,21008 2.61928 2025227
DISCRIMINANT FUNCTION 3
CONSTANT  »  COEFFICIENTS
~31.86426 ® 2.70808 2439585
DISCRIMINANT FUNCTION &
CONSTANT ¢  COEFFICIENTS
~30,02021 2.711858 2403934

EVALUATION OF CLASSIFICATION FUNCTIONS FOR EACH OBSERVATION

GROUP  }
PROBABILITY ASSOCIATED WiTH
OBSERVATION LARGEST DISCRIMINANT FUNCTION
1 0438065
2 0437043
3 0436260

0040189
0,34453
044216

0431786
0429272

GroUP 2

PROBABILITY ASSOCIATED wiTw
CBSERVATION LARGEST DISCRIMINANT FUNCTION

1 1027

0,50061

0.34760

0043131

066281

0436406

0426814

“ourun

GROUP 3
PROBABILITY ASSOCIATED WITH
LARGEST DISCRIMINANT FUNCTION
046761
0046620
0.54830
0466689
0430599

OBSERVATION
1

0433063
0439606

“ousuwn

GRUUP &
PROBABILITY ASSOCIATED WITH
LARGEST DISCRIMINANT FuNCTION

0433727

0037478

0462340

0445696

ABSERVATION
1

o
°
@
2
&
S

0427840

Figure 21. Output listing

7425000 18450000
7485714 20414286
9028571 17442857
7437500 21,37500

~6+09889 ~22470861
1491758 22460987
3.92681 16423487
983309 4062156
462156 62.78835
3183790 30418268
7489999 19439999

=0.17167 1291198
=0.06816 1.08310
=0406456 2013259
~0,13351 1.94538
LARGEST
FUNCTION NO»
«

LARGEST
FUNCTION XO.
2

NNEU R

LARGEST
FUNCTION NOu
3

venunn

LARGEST
FUNCTION NO»
“

“rrmmom

8487300

12457143

10414285

9425000

~954083

10.66757

9236846

3483790

30416268

29.57084

10413232

0458476

~0s404T6

043732

~0.21763

042619

-0.32718

071677 ~0.48760
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times m. For the sample this product
is 180 = 30 x 6.
2. Changes in the input format statement of the
main program, MDISC:

Only the format statement for input data may
be changed. Since sample data are either
one- or two-digit numbers, rather than using
six-column fields as in the sample problem,
each row of data may be keypunched in two-
column fields, and, if so, the format is
changed to (6F2.0). This format assumes
six 2-column fields per card, beginning in
column 1.

Operating Instructions

The sample program for discriminant analysis is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Sample Main Program for Discriminant
Analysis - MDISC

Purpose:
(1) Read the problem parameter card and data
for discriminant analysis, (2) Call three sub-
routines to calculate variable means in each
group, pooled dispersion matrix, common means
of variables, generalized Mahalanobis D square,
coefficients of discriminant functions, and
probability associated with largest discriminant
function of each case in each group, and (3) Print
the results.

Remarks:
The number of variables must be greater than or
equal to the number of groups.
I/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
DMATX
MINV
DISCR

Method:
Refer to "BMD Computer Programs Manual",
edited by W.J. Dixon, UCLA, 1964, and
T.W. Anderson, "Introduction to Multivariate
Statistical Analysis', John Wiley and Sons,
1958, section 6.6-6.8.

/7 FOR
‘lDCS(CARDp'VPEHRlYER«1132 PRINTER)
*ONE WORD INTEGER:

a0 ono

SAMPLE AAIN PROGRAM FOR DISCRIMINANT ANALYSIS - MOISC MDISC 1
THE FOLLOWING DIMENSION MUST B3E GREATER THAN OR EQUAL TO THE MDISC 2
NUMBER OF GROUPS, K.. MDISC 3
DIMENSION N{4) MDISC 4
THE FOLLOWING DIMENSIUN MUST BE GREATER THAN OR EQUAL TJ THE MUISC 5
WUMBER OF VARIABLES, M.. MpISC &

168

DIMENSION CMEAN{ 10) MDISC 7

c THE FOLLOWING DIMENSION MUST 3E GREATER THAN OR EQUAL TO THE MDISC 8
4 PRODUCT OF M8K.. MDEISC 9
DIMENSION X8AR(40) NDISC 10

c THE FULLUWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE MDISC 1t
c PRODUCT OF (M#l)eK,. MDISC k2
DIMENSICN Cl44) MDISC 13

4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE HOLSC 14
c PRUDUCT OF M9M., MDISC 15
DIMENSION DU100) MDISC 1o

c THE FULLOWING DIMENSIONS MUST B& GREATER THAN OR EQUAL TO THE MDISC 17
c TOTAL OF SAMPLE SIZES OF K GROUPS COMBINEDy T (T = N{1}eN{2)+..HDISC 18
c +N(K)Y.o MDESC 19
DIMENSION PL100)+LG{100) MDISC 20

c THE FOLLOWING DIMENSION MUSY BE GREATER THAN OR EQUAL TO THE MO1SC 21
[ TOTAL DATA POINTS WHICH IS £QUAL TO THE PRODUCT OF T#M.. MDISC 22
DIMENSEGN X{1000} MOISC 23

€ ececrsccsesccsseseciecsccsesnanisasecssnsutasocensnse sesseee ...-KDKSC 24
1 FORMAT{A4,A2,212,1215/(1415}} DISC 25

2 FORMATL/7/772TH DISCRIMINANT ANALYSISes...A4942//19H  NUMBER OF GRHDISC 26
LOUPS »TX ¢ 13/22H NUMBER GF VARIAGLES,[7/17H SAMPLE SIZES../12Xs MDISC 27
25HGRAUPY MD1SC 28

3 FORMATIL12X,13+8Xe14) MOISC 29

4 FORMAT(//2X) MDISC 3G

5 FORMAT(12F6.0) MDISC 31

& FORMAT{ //6H GROUP,[347TH MEANS/I8F15.5))% MDISC 32

7 FORMAT{///25H POJILED OISPERSION MATRIX) MDISC 33

8. FORMAT( //4H ROA+13/(B8f15.5)) MDISC 34

9 FORMATU////13r1 COMMON MEANS/{8F15.5)) HDISC 35

10 FORMAT(///733H GENERALIZED MAHALANOBIS D-SQUARE,F15.5/7) 36

11 FORMAT(//22H D!SCR!HXNANY FUNCTION: I3/76Xe 2THCONSTANT & COEFFIND[SC 37
LCIENTS//FLa.5,TH 2 TFL405/422X 4 TF 14450} SC 38

12 FORMATL///76CH EVALUAT fON OF CLASSIFICATION FUNCTIONS FOR EACH DBSHDISC 39
LERVATION) MDISC <0

13 FORMAT(//6H GROUP,13/19Xy2 THPROBABILITY ASSOCIATED WITH,11Xs7HLARGMOISC ¢l
LEST/13H OCBSERVATIUNySX,29HLARGEST OISCRIMINANT FUNCTIUN,8Xy12ZHFUNNDISC 42

2CTION NO.) HDISC 43
14 FORMAT(IT,20X,FB8.5,20Xs16) MDISC <4
15 FORMATI212) MDISC 5
c R teeetencennan esecressserseseonsvonsses HOISC 46
READ{ 2y 15) HX s 4Y HDISC 47
[ READ PRUBLES PARAMETER CARD MDISC 48
100 READIMY +1)PR1PRI+Ky My dNCED 4 I=14K) MDISC 49
c .PRUBLEN NUMBER (MAY BE ALPHAMERIC) “DISC 50
c PRL PRIBLEM NUMBER {CONTINUED) HDISC 51
[ Ke UMBER OF uRDUPS MOESC 52
c " UMBER OF VAR MDISC 53
€ N. VECTOR OF LeweTh K cuun\mmr. SAMPLE SIZES MUISC 54
WRITE (HX;2) PR,PRLeK,H MDISC 55
B0 110 I=1,K MDISC 56
110 WRITE (MX13) 1,N(1) MDISC 57
WRITE (MXy4) MDISC 58
c READ DATA . MDISC 59
L=0 MDISC 60
DO 130 I=1,K MDISC ol
N1=N(1) MDISC 62
00 120 J=1, MDISC 63
READ (MY,5) ICNEANHJhlJ 1o} MDISC 64
Lat+l MDISC 65
N2=L-NL MDISC 66
00 120 IJ=1,M MDISC 67
N2=N2+N1 MDISC 68
120 X{N2}=CMEANLIJ) MDISC 69
130 L=N2 MOISC 70
CALL DMATX (KoMyN,X +XBAR, D, CNEAND MDISC 71
c PRINT MEANS AND POOLED DISPERSION MATRIX MDISC 72
L=0 MDISC 73
D0 150 I=1,K MDISC 74
D0 140 J=1,M MDISC 75
LeL+l HDISC 76
140 CMEAN(J)=XBAR(L) ROISC 77
150 WRITE (MA,6) 1, {CHEAN(J)sd=1,H) MDESC 78
WRITE {MX,7} HDISC 79
D0 170 I=1,M MDISC 80
L=1-M MDISC 81
00 160 J=L,M MDISC 82
L=L+N MDISC 83
160 CMEAN(J)=0(L) MOISC 84
170 WRITE (MX,8) [,(CHEAN(J)}sJ=1sM) MDISC 85
CALL MINV (DeM,DET,CMEAN,C) MDISC 86
CALL DISCR (KyMyNyX yXBAR Dy CMEANsV,CePoLG) MDISC 87
c PRINT COMMON MEANS HDISC 88
WRITE(MX,9) (CHEANC T} I=1,M) MDISC 89
c PRINT GENERALIZED MAHALANUBIS D—-SQUARE MUISC 90
WRITE (MX,10) V MDISC 9L
c PRINT CONSTANTS AND COEFFECIENTS OF DESCRIMINANT FUNCTIONS HOESC 92
Nl=1 M0ISC 93
N2=M+L MDISC 94
00 180 I=1,K MDISC 95
WRITE (MX111} Fo0CHd)yd=N1oN2} MDISC 96
NL=N1+{H+1) MDISC 97
18C N2=N2+(M+1) MOISC 98
c PREINT EVALUATION OF CLASSIFICATION FUNCTIONS FO EACH HOISC 99
3 DBSERVATION HDISC100
WRITE {MX,12) MDISCLOL
N1=1 MDISCLO2
N2=N(1) MDISC103
00 210 I=1,K HDISC104
WRITE (MX,13) I MDISCLOS
= MOISC106
DO 190 u=NL,N2 MDISC107
L=L+l MDISC108
190 WRITE (MXs14) LyPLJ}4LGIJ) MD1SC106
IF(I-K) 20C, 1CC, 1CO
20 NLENIoNT) RoISCLL
N2=N2+N{1+1) P
210 CONTINUE :ggg“;
gzgp MUISCL14
10 oup MDISCL1S
*STORE WS UA  MDISC
77 XEQ MOISC
*LOCALMDISC, DMAT X, MINV, 01 SCR
12 1
SAMPLE040600008000070000700008 2
3 10 9 8 24 [ 3
4 12 3 8 22 7 “
] 3 2 8 9 ] s
16 2 2 2 ? 2 s
s 10 s 8 23 9 7
17 3 2 8 6 3 8
2 10 ] 8 29 16 9
7 10 s 8 28 18 10
9 10 27 3 28 16 11
11 7 8 9 8 18 12
8 10 2 a 27 16 13
1 6 8 14 16 13 14
7 8 9 6 18 2 18
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3

7 9 ] 2
710 5 .8 21 17 17
3 1 s 15 20 10 18
9 4 10 7 9 9 19
s 13 10 722 1% 20
8 s 16 16 16 7 21
6 9 10 s 22 1 22
a 10 s 8 21 16 23
17 3 2 7 6 3 24
3 10 8 8 23 8 25
4 12 3 8 23 ? 26
9 3 2 8 21 7 27
15 2 2 2 7 2 28
9 10 26 8 21 16 29
8 9 2 8 26 16 20
1 8 6 9 18 2 31
7 10 s 8 26 16 32

Problem Description

A principal component solution and the varimax
rotation of the factor matrix are performed. Prin-
cipal component analysis is used to determine the
minimum number of independent dimensions needed
to account for most of the variance in the original
set of variables, The varimax rotation is used to
simplify columns (factors) rather than rows
(variables) of the factor matrix.

The sample problem for factor analysis consists
of 23 observations with nine variables as presented
in Table 8, In order to keep the number of inde-
pendent dimensions as small as possible, only those
eigenvalues (of correlation coefficients) greater than
or equal to 1,0 are retained in the analysis.

Table 8. Sample Data for Factor Analysis

Observation X, Xz X3 Xq X5 Xs X; Xg Xo
1 7 7 9 7 15 36 60 15 24
2 13 18 25 15 13 35 61 18 30
3 9 18 24 23 12 43 62 14 31
4 7 13 25 36 11 12 63 26 32
5 6 8 20 7 15 46 18 28 15
6 10 12 30 11 10 42 27 12 17
7 7 6 11 7 15 35 60 20 25
8 16 19 25 l6 13 30 64 20 30
9 9 22 26 24 13 40 66 15 32

10 8 15 26 30 13 10 66 25 34
11 8 10 20 8 17 40 20 30 18
12 9 12 28 11 8 45 30 15 19
13 11 17 21 30 19 45 60 17 30
14 9 16 26 27 14 31 59 19 17
15 10 15 24 18 12 29 48 18 26
16 11 11 30 19 19 26 57 20 30
17 16 9 16 20 18 31 60 21 17
18 9 8 19 14 l6 33 67 9 19
19 7 18 22 9 15 37 62 11 20
20 8 11 23 18 9 36 61 22 24
21 6 6 27 23 7 40 55 24 31
22 10 9 26 26 10 37 57 27 29
23 8 10 26 15 11 42 59 20 28

Program
Description

The factor analysis sample program consists of a
main routine, FACTO, and six subroutines:

CORRE

EIGEN are from the Scientific Subroutine

TRACE Package

LOAD
VARMX

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
| 1. Up to 29 variables

2. Up to 99,999 observations

3. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 30
variables, dimension statements in the sample main
program must be modified to handle this particular
problem. Similarly, if input data cards are pre-
pared using a different format, the input format
statement in the input subroutine, DATA, must be
modified. The general rules for program modifica-
tion are described later.

Input

I/0 Specification Card

One control card is required for each problem and
is read by the main program, FACTO. This card
is prepared as follows:

For
Sample

Columns Contents Problem

1-6 Problem number (may be SAMPLE

alphameric)

7 <11 Number of observations 00023
12 - 13 Number of variables 09
14 - 19 Value used to limit the 0001.0

number of eigenvalues of
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For Sample Data Cards
Columns Contents Problem Since input data are read into the computer one ;
observation at a time, each row of data in Table 8 /
is keypunched on a separate card using the format
14 - 19 correlation coefficients. (12F6.0). This format assumes twelve 6-column
(cont) Only those eigenvalues fields per card,
greater than or equal to If there are more than twelve variables in a
this value are retained in problem, each row of data is continued on the second
the analysis. (A decimal and third cards until the last data point is key-
point must be specified. ) punched., However, each row of data must begin on
a new card. &
Leading zeros are not required to be keypunched, Deck Setup
but numbers must be right-justified in fields. Deck setup is shown in Figure 22.
o
Data
cards
Control
card Last
problem
[ ]
[ ]
Data
cards
Control
card Second problem
Data
cards
Control
card First problem
/0 Specification }
card
VARMX
LOAD
TRACE
EIGEN Subroutines and main program s
(including system control cards) -
CORRE
DATA
FACTO
-

Figure 22. Deck setup (factor analysis)
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Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

The output of the sample program for factor analysis
includes:
Means
. Standard deviations
. Correlation coefficients
Eigenvalues
. Cumulative percentage of eigenvalues
. Eigenvectors
. Factor matrix
Variance of the factor matrix for each
iteration cycle
9. Rotated factor matrix
10. Check on communalities

Sample

The output listing for the sample problem is shown
in Figure 23.

Program Modification

Noting that storage problems may result, as pre-
viously described in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, FACTO:

a. The dimension of arrays B, D, S, T, and
XBAR must be greater than or equal to
the number of variables, m, Since there
are nine variables in the sample problem
the value of m is 9.

The dimension of array V must be
greater than or equal to the product of m
times m. For the sample problem this
product is 81=9x 9,

The dimension of array R must be

(m+1)m

greater than 2

FACTOR ANALYSISs0saSAVPLE

oy OF CAsEs 2
NOL OF VARIABLES  §

vEANs
53,3003 12060809 23000080
23013081
STANDARD DEVIATIONS.
2.70011 Pty 013827
809209
CORRELATION COEFFICIENTS
wow 1
100000 C.3SSe 211976 0,120
ov 2
0.3588 100060 Qualsil  0oseTz
)
DAITE  DaINMD IGO0 Geelsi2
o »
02100 0.33872  C.ersiz 100000
aow s
0.21917  -0.08202  ~0.adTE  0.31z267
aon_s
0.0948  =0.09100  ~2.083¢h 050386
aow 7
426901 0.29822  =2.13251  D.e98d>
o 8
~0u29CE  -0u320a% 0.03215 0.22339
wou @ N
08817 0.der  o.2idz ousdu
ErcenvaLUES
2.90988  1.66370  1.53316  t.oessl

CUMULATIVE PEACEXTAGE OF EIGENVALUES
6232176 0481039 088319

Figure 23,

ou30161
ErGenveCToRs,
VECTOR 1
Di16A3T  Ou3aEIS 0.20797  G.a9ee0
vecron 2
Qe8I 0,081 ~Dueases  =0a1109)
vecToR 3
“0.20099  ~0uash2s  -0.23833  ouTan?
vECTOR &
.30 0416909 0.30208  0.Galsz
FACTOR MATRIZ ¢ & FaCTORSH
vaniasLe 1
0.20231  0.4886)  =0.37286  0.38203
vaRmaeLE 2
0u3TA30 0.00398  ~0.59393  0.aZase
variame 3
0.a%a53 0,372 -0.293e7  0.38320
vanmmLe o
0483793 -013268  0.21873  0.0ezeT
vaaABLE 5
~0.28865  0.70475  oumoaz  Gudiszs
VARIARLE o
-0:565¢3 0,318 -0.3836)  =0.lsbws
varpsaie 7
0.EASE9  0.c9MZL  Du0234e  =G.iesls
varnime e
0.02201  -0.31832  D.TeA0z  G.1ser
vastase 3
S.1813  -0.077I0  0.1saS0  ~a.2e85¢
1rEraTion vaRIANCES
cvue
s 9211208
1 2336136
H au391020
3 01403003
. 8esasi7s
5 21k0852m
s is08880
3 al408587
o olv0sse7
° oue05387
1 21405527
1 2lxcssar
i oluosssr
ROTATED FACTON “ATAIX | o FATTURSH
vangaee 1
0.03497  d.0miE3  e0.03a78  .wsell
vaRlADLE 2
0u29328 039832 ~nu35380  oue0ay
vARTABLE )
0,03113  =0.82483  0.13088  0.320m¢
. vamname
0uiaes  scealani  92u378  ovn
vaRIsmLE
S0.0909C  0.m0ssz  0.1ds2e ou3azs
vaRIABLE 6
“0.66285  -0.71579  -0,5a963 020507
vaRtANLE 7
0.88998  c.lt29%  -0u3em18 000030
vazlanLE A
PeDIB0Z .09 2.91373  ~o.isenz
vARIABLE §
0.80531  -0.32788  2.00693  =0.0237%
CUECK OV COmNALITIES
vaRiAsLE oR1GINAL i
3 ©.73¢5%
H 217367
3 2iaiee)
. 279953
< slasius
o ai3sien
7 GL92008
» 9is6aTs
M 2i73850

18400008

833393

21937

~9.08262

=0ueni7s

~0un1207

1100000

~0:2295%

0.03310

EERTRN

~0.30341

~0.18808

2u61209

onteasr

PRLIN

Output listing

12086956,

2.13780

0009348

-0.69100

008345

~0.50360

222999

1400090

~9uks20

~0s25440

[ERTAN

~0.32921

~0.26027

~0sa3ses

0116263

3ec0z008
(BT
020801 ~0e12908
0.2v72  -0.320%a
svaan: vzl
Gves03s  D.2253
G310 -0.00a7s
~0aa520  ~0i25a0
1000830 -2.26089
-0.28089  1.00000
w0123 Sunsls
ouamrs ouoazer
0.3859  ~0.2u8in
0.01680  vasdse?
“0.03620  0.00283

500000 wesvise

187820

3e30383

vausea?

vaszer

vear832

Grsvevo

~ousunet

—uestesn

ses0123

FRTEN

1e0ug00

[N

~uaunors

erzamy

—vazymus
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For the sample problem, this number is
(9+1)9
45 = 5
2. Changes in the input format statement of the
special input subroutine, DATA:

a. Only the format statement for input data
may be changed. Since sample data are
either one- or two-digit numbers, rather
than using six-column fields as in the
sample problem, each row of data may
be keypunched in two-column fields,
and, if so, the format is changed to
(9F2.0). This format assumes nine 2-
column fields per card, beginning in
column 1,

b. The special input subroutine, DATA,
is normally written by the user to
handle different formats for different
problems. The user may modify this
subroutine to perform testing of in-
put data, transformation of data,
and so on,

Operating Instructions

The sample program for factor analysis is a standard
FORTRAN program. Special operating instructions
are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

Error Messages

If the number of factors to be rotated is one or zero,
the following message will be printed:
ONLY FACTOR RETAINED, NO ROTATION,
The program skips rotation and goes to the next
problem if it is present.

Sample Main Program for Factor Analysis - FACTO

Purpose:
(1). Read the problem parameter card, (2) Call
five subroutines to perform a principal com-
ponent solution and the varimax rotation of a
factor matrix, and (3) Print the results.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON,
Input card:
Column 2 MX - Logical unit number for
output,
Column 4 MY - Logical unit number for
input.

172

Subroutines and function subprograms required:

(which, in turn, calls the subroutine named DATA.)

CORRE
EIGEN
TRACE
LOAD
VARMX

Method:
Refer to "BMD Computer Programs Manual",
edited by W, J. Dixon, UCLA, 1964,

/7 FOR
*10CSICARD» TYPEWRITER 1132 PRINTER)
®ANE WORD INTEGERS

8 SAMPLE MAIN PROGRAM FOR FACTOR ANALYSIS = FACTO FACTO }
[4 THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO TME FACTO 2
< NUMBER OF VARIABLESs Meso FACTO 3
OIMENSION 8(29)¢Di291s5(29)9TI251 s XBARI29) FACTOMOL

[4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE FACTO 5
< PRODUCT OF M¥Me, FACTO 6
DIMENSION ViBa4l) FACTOMO2

(4 THE FOLLOWING DIMENSION MUST BE GREATER THAN QR EQUAL TO FACTU 8
4 (MelloM/ 200 FACTU 9
DIMENSION Ri435} FACTOMO3

< THE FOLLOWING DIMENSION MUST BL GREATER THAN OR EQUAL TO Sles FACTVU 11
DIMENSION TVi51) FACTO 12

COMMON MX sMY FACTO 13

1 FORMAT(////7211 FACTOR ANALYSISeeseeA%sA2//38112HNOe OF CASESs4Xe FACTC 14
116/3X+16HNOs OF VARIABLES+16/) FACTO 15

2 FORMAT(//6H MEANS/(8F15e51} FACTO 16

3 FORMAT(//20M STANDARD DEVIAT[ONS/{UF1545}) FACTO 17

& FORMAT(//25M CORRELATION COEFFICLENTS} FACTO 18
5 FORMAT(//4H ROWeI3/110F1245)) FACTO 19
6 FORMAT(///12n E!GENVALUES/(10F1245)) FACTO 20

7 FORMAT(//3TH CUMULATIVE PERCENTAGE OF EIGENVALUES/(10F124519 FACTO 21

8 roannuu)sn Elcmvzcloxsn FACTO 22

9 FORMATL//7M VECTORs14/110F1 FACTO 23

10 FURHAT(/IILDH FACTUR MATRIX (,ls,sH FACTORS}) FACTO 24

11 FORMAT{//9H VAKIABLESI3/110F12.5)} FACTU 25

12 FOKMAT(///10H ITERATIUN,7Xy 9HVARIANCES/8H  CYCLE) FACLTO 26

13 FORMAT( IosF20.6) FACTO 27

14 FURMAT(///24H ROTATED FACTOR MATRIX (,13,9H FACTORS}) FACYO 28

15 FORMAT(//94 VARIABLE,I3/010F12.5)) FACTU 29

16 FORMAT{///23H CHECK UN COMMUNALITIES//9H VARIABLE,7X,8HURIGINAL, FACTO 30
112X, 5HFINAL Y 10X s LOHDLFFERENCE} FACTO 31

17 FURMAT{Io,3F18.5) FACTO 32

18 FURMAT(A4,A2413412,F6.0) FACTG 33

19 FORMATI//5H ONLYs12430H FACTOR RETAINED. NO ROTATION ) EACTO 34

20 FORMAT{212) FACEG 35
READ(24 201 MX MY FACTO 36

[ READ PROBLEM PARAMETER CARD FACTO 37
100 READ (MY, 1B)PR,yP&k1l¢NyM,CON FACTO 38
c PROBLEM NUMBER {MAY BE ALPHAMERIC} FACTO 39
4 PROBLEM NUMBER (CONTINUED) FACTQ 40
[ NUMBER UF CASES FACTU 41
c NUMBER OF VARIABLE FACTO 42
[ ++CUNSTANT USED TO DtClJE HOW MANY E1GENVALUES FACTO 43
[ 10 RETAIN FACTO 44
WRITE [MX,LIPRyPRLsN)M FACTO 45

10=0 FACTOD 46

X=0.0 FACTO 47

CALL CORRE {NyMs[0) X2 XBARySoVeRyDyd,T) FALTO 48

[4 PRINT MEANS FACTU 49
WRITE (MK, 23 (XBAR(S)4Jd=1,M) FACTU 50

4 PRINT STANDARD UDEVIATIONS FACTD 51
WRITE (MK 30(S(J}rd=lv M) FACTO 52

¢ PRINT CURRZLATION COEFFICIENTS FalTo a3
ARETE (MXy4) FACTO 54

DO 120 I=LlsM FACTO 55

00 110 J=1,M FACTO Sa
IFCI-J) 102, 104, 104 FACTO 57

102 L=l+lJ*u-J)/2 FACTD 53
60 TQ 110 FACTO 59
104 L=ys(I=I-1)72 FACTD 60
110 DGJY=R{L) FACTQ ol
120 WRITE (MX,511,00(u)sJd=1,H) FaCTu o2
My=0 FACTO o3
CALL EIGEN {R,vyM MV} FACTO o4

CALL TRACE {M,RyCONyKyD) FALTO 65
c PRINT EIGENVALUES FACT 66
D0 130 I=1,K FACT) 67
Lel+lisl=1)/2 FACTO o3

130 SUI)=R{L) FaCTo 69
WRITE (MXy61(S(J),d=1,K) FACTO 70

[ PRINT CUMULATIVE PERCENTAGE OF &IGENVALUES FACTO 71
WRITE (MX47)ID0J)sd=1,K) FaCro 72

4 PRINT EIGENVECTORS FaCTo 73
WRITE {MX.8) FACTO 74

L=0 FACTO 75

00 150 J= FACTO 6

DO 140 I=l.M FaLto 77
Lat+l FACTO 7o

14C DLDI=VIL) FACTY 79
150 WRITE (MX49)4, (D(1)41=14M) FACTO 80
CALL LOAD (MiKsRsV) FACTO 61

c PRINT FACTOR MATRIX FACTU 82
ARITE (MX,10)K FACTO 33

00 180 I=1# FACTO 84

DD 170 u=1.+K FACTO 85

LM -1 el FACTU 86

170 DEN)=viL) FALTO 87
13C WRITE (MXy L1)1+D(d)gd=l,K) FACTO 88
IF{K-1) 185, 185, 188 FACTY 89

185 WRITE (MX,19)K FALTO 90
G0 TO 100 FACTO 91

188 LALL VARMX (MiKyVyNT,TV,8,T,0) FACTO 92

Ex.1048 / Page 176 of 196
Cisco Systems, Inc.

S



4 PRINT VARIANCES FACTO 93

NV=NC+1 FACTO 9
WRITE {MX,12) FACTO 95
DO 190 [=L1,NV FACTU 96
NC=1-1 FACTD 37
98
190 WRITE IMXs13INC,TV(L) FACTU
c PRINT ROTATED FACTUR MATRIX FACTU 99
WRITE {MX,14)K FACTULO0
DO 220 I=LyM FACTOLOL
00 21C J=1+K FALTUqu
L=Me(9=-1)+1 FALTOLG3
- 4
210 StJdy=vViL) EALCTOL0:
220 WRITEIMX(13)140S0d) ed=1eK) FACTUL05
c PRINT CIMMUNALIT IES FALTOLO0
3 FACTOL0?
WRETE (MXs160 -
00 230 I=i.M FACTD1U08
230 WRITE (MA;1731,3010,T(11,0t1) ::E:g:g:
“Eag‘u 100 FACTOL1L
7/ oup
#STORE WS UA  FACTO
/7 XEQ FACTO Qo
*LOCALFACTO,CORRE, c IGEN, TRACE,LOAD,VARMX
12 1
SAMPLE0002309000140 2
7 7 9 15 36 60 15 24 3
13 18 28 15 13 35 61 18 30 3
9 18 24 23 12 %3 62 14 31 5
7 13 25 36 11 12 63 26 32 6
[ 8 20 15 46 18 28 15 7
10 12 30 11 10 42 27 12 17 8
7 13 11 13 35 60 20 25 9
16 19 25 16 13 30 64 20 30 10
9 22 26 24 13 40 68 15 32 1
8 15 26 30 13 10 &6 25 34 12
8 10 20 [ 17 40 20 30 18 13
9 12 28 11 8 48 30 15 19 14
11 17 21 30 10 45 60 17 30 15
9 16 26 27 14 3 59 19 17 16
10 15 24 18 12 29 48 18 26 17
11 11 30 19 19 26 57 20 30 18
16 9 16 20 18 31 60 21 17 19
9 8 19 16 16 33 67 9 19 20
7 1s 22 9 15 37 62 11 20 21
8 11 23 18 9 36 61 22 24 22
6 6 27 23 7 40 55 24 31 23
10 9 26 26 10 37 57 217 29 24
8 10 26 15 11 &2 59 20 28 25
SANPLE INPUT SUBROUTINE — DATA
PURPOSE
READ AN UBSERVATION (N DATA VALUES) FROM INPUT DEVICE.
THIS SUBRCUTINE IS CALLED BY THE SUBROUTINE CORRE AND MUST
BE PROVIDED BY THE USER. IF SIZE AMD LOCATION OF DATA
FIELDS ARE DIFFERENY FROM PROBLEM TD PROBLEMs THIS SUB~
ROUTINE MUST BE RECOMPILED WITH A PROPER FORMAT STATEMENT.
USAGE
CALL DATA {MyD)
DESCRIPYION OF PARAMETERS
M - THE RUMBER OF VARIABLES IN AN OBSERVATIDN.
o - 0:‘;:‘" VECIGR OF LENGTH N CONTAINING THE OBSERVATION
RERARK S
THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT MUST BE
EITHER F OR E.
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
NONE
SUBROUTINE DATA (M,0) DaTa 1
DIMENSION D(1) DATA ?
COMMON MX, MY nATA 3
1 FORMAT{12F6.01 nara 4
(4 READ AN OBSFRVATIIN FROM [NPUT DEVICE. DATA 5
READ (MY,1) (DU}, I=1,M} DaTA 6
RE TURN 0ATA 7
END nava A

TRIPLE EXPONENTIAL SMOOTHING

Problem Description

Given a time series X, a smoothing constant, and
three coefficients of the prediction equation, this
sample program finds the triple exponentially
smoothed series S of the time series X.

Program

Description

The sample program for triple exponential smoothing
consists of a main routine, EXPON, and one sub-

routine, EXSMO, from the Scientific Subroutine
Package.

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 1000 data points in a given time series

2. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 1000
data points, the dimension statement in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de-
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, EXPON, This card
is prepared as follows:

For
Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7 - 10 Number of data points in 0038
a given time series
11 - 15 Smoothing constant, 0.1
0.0 < <1,0)
16 - 256  First coefficient (A) of 0.0
the prediction equation
26 - 35 Second coefficient (B) of 0.0
the prediction equation
36-45 Third coefficient (C) of 0.0

the prediction equation

Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.

Data Cards

Time series data are keypunched using the format
(12F6.0). This format assumes that each data point

is keypunched in a six~-column field and twelve fields
per card.
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Deck Setup
Deck setup is shown in Figure 24.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description
The output of the sample program for triple exponen-
tial smoothing includes:

1, Original and updated coefficients

2. Time series as input and triple exponentially
smoothed time series.

Sample

The output listing for the sample problem is shown
in Figure 25,

Control
card

Program Modification

Noting that storage problems may result, as pre- %
viously discussed in ""Sample Program Description",
program capacity can be increased or decreased by
making changes in the dimension statement. Input
data in a different format can also be handled by
providing a specific format statement. In order to
familiarize the user with the program modification,
the following general rules are supplied in terms of
the sample problem;

1. Changes in the dimension statement of the
main program, EXPON:

The dimension of arrays X and S must be
greater than or equal to the number of data points in
time series, NX, Since there are 38 data points in
the sample problem, the value of NX is 38,

2. Changes in the input format statement of the
main program, EXPON:

Only the format statement for input data may be
changed. Since sample data are three-digit num-
bers, rather than using six-column fields as in the
sample program, each data point may be keypunched
in a three-column field and 24 fields per card. If
so, the format is changed to (24F3. 0).

5]

Last problem

°
L ]
o
Data
cards
Control
card Second problem
Data
cards
=
Control
card First problem

1/0 Specification
card

EXSMO

EXPON Subroutine and main program

V (including system control cards)

Figure 24. Deck setup (triple exponential smoothing)

174

i

Ex.1048 / Page 178 of 196
Cisco Systems, Inc.



TRIPLE EXPONENTIAL SMOOTHINGsesseSAMPLE

Sample Main Program for Triple Exponential

NUMBER OF DATA POINTS 38

SMOOTHING CONSTANT 04100 Smoothing - EXPON
8 c
COEFFICIENTS A Purpose:
ORTGINAL 0400000 0400000 0400000 (1) Read the problem parameter card and a time

series, (2) Call the subroutine EXSMO to smooth

PDATED 484480169 1e71278 0+04165 . A .
! the time series, and (3) Print the result.

SMOOTHED DATA

INPUT DATA {FORECAST) .
430400006 430400006 Remarks .
426100006 426400006 A smoothing constant specified in the problem
42240 .
419400006 418400006
414200006 414429998 parameter card must be greater than zero but
413400006 PRI less than one in order to obtain reasonable
412400006 407408990
409.,00006 404466839
411400006 402422406 results,
700006 401425134 o
422100006 402464642 1/0 logical units determined by MX and MY,
430400006 405461694 .
438400006 410471617 respectively.
441400006 417447027
447,00006 423,99908
455.000086 431.18335 - 2 .
46100006 439443420 Subroutines and function subprograms required:
453,00006 447487902
448400006 452421600 EXSMO.
449,00006 454410571
454400006 455480731
463400006 458454632
470400006 463430535 Method:
472400006 469006439 . .
47600006 474.09521 Refer to R. G. Brown, "Smoothing, Forecasting
. .
483400006 484438598 . . . . . 1"
483400006 4sue38298 and Prediction of Discrete Time Series",
49100006 493450836 2 -
49100006 4a3.a0838 Prentice-Hall, N. J., 1963, pp. 140 to 144,
485400006 501466992
486400006 502412536
48200006 5024464427 11 €0R
479400006 501416723 *1GCS{CARD, TYPEWRITER 11132 PRINTER)
SONE WORD [INTEGERS
[ SAMPLE MAIN PROGRAM FOR TRIPLE EXPUNENTIAL SMOOTHING — EXPON EXPUN 1
[+ THE FULLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE EXPON 2
[+ NUMBER OF DATA POINTS IN A GIVEN TIME SERIES. EXPON 3
OIMENSION X(1000},5{1000) EXPON 4
1 FORMAT(A44A42,144F5.0,3F10.0) EXPON 5
2 FORMAT(12F6.0} EXPON 6
3 FORMAT(////34H TRIPLE EXPONENTIAL SMOOTHING.o.s. 24414277228 NUMBEREXPON 7
479400006 498492730 L OF DATA PGINTS,16/19H SMOOTHING CONSTANT,F9.3/) EXPON B
476400006 496484124 4 FORMAT(//13H COEFFICIENTS,9Kys1HAy 14Xy 1HBs 14X, 1HC) EXPON 9
472400006 494400787 5 FORMAT(//9H GRIGINAL,F19.5,2F15.5) EXPON 10
470400006 490.30413 © FORMAT{//8H UPDATED,F20.5,2F15 .5/) EXPON L1
7 FORMAT(//27X+13HSNDOQTHED DATA/7X, 1OHINPUT DATA.12X,10HIFGRECAST)) EXPON 12
8 FORMAT{FL7.5,8X,F15.5) EXPON 13
+ [ 9 FORMAT(212) EXPON 14
Figure 25. Output listing READ(2, 9} HX MY EXPON 15
[4 READ PROBLEM PARAMETER CARD EXPON 16
100 &EAD IHY'“ PRaPRIgNX9ALyA+B¢C EXPON 17
4 EXPON 18
[ EXPON 19
4 EXPON 20
[4 EXPON 21
< C-..COEFF!CIENKS OF THE PREDICTION EQUATION EXPON 22
HRII’E (Mx.:l PRyPRL 4NX, AL EXPON 23
. [ PRINT URIGINAL CDEFFIC!ENI‘S EXPON 24
Operating Instructions WRITE (HXy4) EXPON 25
WRIVE (MX45) AyB8.C EXPON 26
< READ TIME SERIES DATA EXPON 27
READ (MY¢2) (XUE)ol=L,NX} EXPGN 28
: : CALL EXSMO €(X+NXyAL +A+ByCyS) EXPON 29
The sample program for triple exponential smooth- c PRINT UPDATED COEFF ICIENTS EXPON 30
Y MRITE {MXy6) A,8,C EXPON 31
ng is a standard FORTRAN program, Specia_l < PRINT INPUT AND SKOOTHED DATA EXPON 32
. . WRITE (MX4T) EXPGN 33
oper i 00 200 I=1,NX EXPON 34
perating instructions are not required. Logical 200 D20 M aNK s Expon 34
oo s . X . . i
unit 2 is used for input, and logical unit 1 is used oo e Expon 36
/1 DuUpP
for output. #STORE WS UA  EXPON
/7 XEQ EXPON
12 1
SAMPLE 38 0.1 0s0 0.0 0e0 2
430 426 422 Al9 414 Als 412 409 411 417 422 430 3
438 a8l 447 455 451 453 4at 449 454 463 AT0 72 LY
476 481 483 487 491 492 L1 1] 486 482 4719 &79 478 3
472 AT0 6

MATRIX ADDITION

Problem Description

An input matrix is added to another input matrix to
form a resultant matrix, Each set of input matrices
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and the corresponding output matrix is printed. The
procedure is repeated until all sets of input matrices
have been processed.

Program

Description

The matrix addition sample program consists of a
main routine, ADSAM, and four subroutines:

MADD } are from the Scientific
LOC Subroutine Package
MATIN are sample subroutines
} for matrix input and
MXOUT output
Capacity

Matrix size has arbitrarily been set at 650 data
elements. Therefore, if a problem satisfies the
above condition, no modification in the sample
program is necessary. However, if there are more
than 650 elements, the dimension statement in the
sample main program must be modified to handle
this particular problem. The general rules for
program modification are described later.

Input
1/0 Specification Card

Each input matrix must be preceded by a control
card with the following format:

For
Sample
Columns Contents Problem
1-2 Blank
3-6 Up to four-digit identifi- 0001
cation code
7 -10 Number of rows in 0008
matrix
11 - 14 Number of columns in 0011
matrix
15 - 16  Storage mode of matrix 0
0 for general matrix
1 for symmetric matrix
2 for diagonal matrix
176

Each input matrix must be followed by a card
with a 9-punch in column 1.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or may be omitted; however, all
numbers must be right-justified. The number in
each field may be preceded by blanks. Data ele-
ments must be punched by row. A row may continue
from card to card. However, each new row must
start in the first field of the next card. Only the
upper triangular portion of a symmetric or the
diagonal elements of a diagonal matrix are con-
tained on data cards. The first element of each new
row will be the diagonal element for a matrix with
symmetric or diagonal storage mode. Columns 71-
80 of data cards may be used for identification, se-
quence numbering, etc.

A blank card after the last pair of input matrices
terminates the run.

Deck Setup

The deck setup is shown in Figure 26.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

Both sets of input matrices and the output matrix are
printed. The resultant matrix is printed for any
sized array as a general matrix regardless of the
storage mode. Each seven-column grouping is
headed with the matrix code number, dimensions,
and storage mode. Columns and rows are headed
with their respective number, The code number for
the output matrix is derived by adding the code
numbers for the input matrices.

Sample

The output listing for the sample problem is shown
in Figure 27.

Program Modification

Noting that storage problems may result, as pre~
viously described in ""Sample Program Description",
the maximum matrix size acceptable to the_sample

]
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Data Cards
for B

Control

Card with 9

Card for B

Run termination Blank Card

Card with 9
in col, 1

Data Cards
for B

Control

Last
Card for B ast problem

Card with 9
in col, 1

in col, 1

Data Cards
for A

Control
Card for A

1/0 Specification
card

Loc

MATIN

MXOUT

Subroutines and main program

MADD (including system control cards)

ADSAM

Figure 26. Deck setup (matrix addition)

program may be increased or decreased by making
the following changes in ADSAM:

1. Modify the DIMENSION statement to reflect
the number of elements for A, B, and R.

2. Insert the same number in the third param-
eter of the two CALL MATIN statements (20 and 45).
The output listing is set for 120 print positions

across the page and double spacing. This can be

First problem

changed by means of the last two arguments in the
three CALL MXOUT statements in ADSAM (state-
ments 40, 80, 90).

Operating Instructions

The matrix addition sample program is a standard
FORTRAN program, Special operating instructions
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are not required, Logical unit 2 is used for input,
and logical unit 1 is used for output. VY p—_

Error Messages -
iz

2 0.68M400E 00 ©,100000f 01 04627180E GO 0.619808E 00  D0.33¢75TE 00 0a274700E-02

ROW 4 0.696326E 00 0.374338E 0O 04657310E G0 0.6A9224E 00 0.TISO0E SO Os:

BN 5 OTMMNE 00 SIAIE 00  G.TOSHIE 00 OnSeNIOE 00 0.9IMZOE 00 GesoTabok-az
The following error conditions will result in mes- RN 6 G.TIIGE D  OuSSTIONE G0  G.63TIWE 00 OMZNNONE 00 0.36GSOTE 0D 0M2SIAGE0R

o 7 cuTE-s  outoosot 0t
sages: o o oo so oo 39 aomitt oo oot 00 otsotnt o1 utorrcecn

1. Reserved storage area is too small for v v e
matrix: DIMENSIONED AREA TOO SMALL FOR o7 . . w0 u

INPUT MATRIX (matrix code no.). GO ON TO G 2 D.OINTE GO OuTIORE G G.TIZIE G OwIeE G ousTeNsNE G0
NEXT CASE b 3 GZNTIE GO GedTeer G0 OIS0 0.ToINE S0 0.dSTIOE 0
. KO & D.IOAE 0 0m2dMeE 63  CAGSLIE G0 OMRINOE G 0nseSedet 00

5 08737136 00 0.360507€ 0D 0.e61105E 00  0.397620f 00 0.371600€ 00

2. Input matrices do not have the same dimen- O
sions: MATRIX DIMENSIONS NOT CONSISTENT. T e sl IR DI e s
GO ON TO NEXT CASE. T e m— "

3. Number of data cards does not correspond to I T e e , .
that required by parameter card: INCORRECT
NUMBER OF DATA CARDS FOR MATRIX (matrix
code no.). EXECUTION TERMINATED, -

Error conditions 1 and 2 allow the computer run e v v e e
to continue, Error condition 3, however, termi- T e

nates execution and requires another run to process - .
Row 8 OLTUOIOOE GO GbaTIOOF 0 OuGGBOE G 0.IONSSE GO GueOSENE OB Ch3ieIA0RE
succeeding cases,

0,730750E 06 0.619463€ 00 O,7UNGBGE U0 O.1000DOE D1  0.40UBSPE 00 0.3303V0L-02

QuTAMGOAE 00 0.814430E 00 D.702958E 00  0s694310F 00 043976206 00 0.307890E-02

0.696326F G0 0.374530E 00 0,4373OE 00 Os6a?ZZ4E 00 OWDTIBOCE 00 Ga23T0v0E-0Z

3 O.TBIT6E 00 0.357106F 00 0.63TIGWE U0 0s62950¢E 00 0.380S07€ GO 0.27910E=0Z

04863591 00 O47I2STZE 00  0.015202€ U0 0s005174E 00 U.ASLLOSE 00 04357030E-U2

w2 o Rows 1t counns STORAGE MODE O
covumn 7 s 5 10 1

ROW 1 0,67901 00 0u724121E 00 0,100000€ OF  GeT9466SE 00 OsTA6SUSE 0O

ROM 2 0.673713E 00 0.624410€ 00 O.798640E 00  O.10C000E O G.b43VTEE 00

ROW 3 0.781207E 00 0.503070€ 00  U.7ASS0SE GO 0s643978E 0O 04100000 O}

4 0.629964E 00 0.100000F U1 De6ALOSE 0O  0.TEDI00E 0O 0sTS0TH0E 90

ROW 3 0.610820F 00 0.720470F 00 U.GUI0NTE 00 Oab0T6UE 0O 0.87YZ0IE 0O

5 0.TITIIE 00 01629926 00 0.ISAIFIE 00 0sed3031E 0O 04eQ0BSVE 00

Bow 7 0.781287E 00 0.760100f 00  0.627180E DO 0.3OB00OE Ol  0.70B68AE 00

ROM 8 O0.687660€ 0D 04696326F U0 0.3TA330€ GO 0.6373I0F 00 0s64v224E 00

Rz 3 » Rows 11 CoLuuns. STORAGE MODE O
coLumn 1 2 3 . s 6

L 0JIS1085E 03 0,120680E 01 OL1IOBSGE D1 O.ITOSSSE O ULSUSTLLE UD  Usbles3VE-UL
2 0.1e0009E 01 0.163eBE 01  0.133013E 01 U.3137TE 01 OuTS2ITIE 0D 0,3825906-07
3 0.106339€ 01 O.137698E 01 0.137SI0E O1  O.133392€ OL  0.0V1032€ 00 0.689939t-0Z
J600E OV 0u8T5T80E-0Z

Row
Row
wow
ROW 4 0.I928SE 01 OolIeSAIE Ol  D.1JNe62E 01 0.1298A€ 01 Ou
ROV 3 0.IAI98GE O3  OuIITISSE O O,13403CE 01 O.132381€ OL  GLTAMIZIE GO 0.3870s0E-02
Row

6 0.14198SE 0L O.11TISGE 01  O0.134030E U1  O4132381€ 01 0.7SLZ7E GO Cy58TUS0E~0Z

ROW T 0.886920E 00 0.733319E GO  0,018344€ 0 0.808277E 00 0.462087E 00 C.200337€ OF

ROM O 0.,119008E 01  0s901937€ OO 0,160383E 01  0.1108SGE O1  O,140503€ 01  0.492020E-02

iz 3 s wovs 11 covumns STORAGE MODE O
coLumy 7 s . 10 n

ROW 1 0.136086E O1  O.139929E O  0.186359€ OL  0.136335E 01  0.144313€ 01
ROW 2 0.127A80E D1  Ou1IS152E OF  O.I31126E 01 0.163ea3€ O 0.,321853€ 0}
RON 3 0.13097SE 01  04122121€ O  0.136200E 03 0.136693E 61  0.165T3IE 01
ROV 4 0,123992E 01 O,162950E O1  0.1a8958F 01  O.34Ssalf OL  0.139997€ 01
ROw 5 0.120036E 01  0.108358E 01  0,106219 01  0.108520€ 01  0.103100€ 01
ROW 6 0.126484E 01  0.A32734E 00 003503276 00 0+a08930F 00 0.403738E 00
RO 7 0.706299E 00 0.137093E O3  O0.140846E 01 O.ISTITIE 03 C.1IDEEAE O
Row 4 0.1076626 01  Ou. 01 0.329068€ 01 0.120172€ OI  04123309€ 01

X0 OF CASE

Figure 27. Output listing 5
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0.003329l 040027470 040031426 040031039 040017776 1.0000000 040030119 18

s s s 296 07812874 046737132 046299642 16
Sample Main Program for Matrix Addition - ADSAM 014399505 013567574 014030515 0.4500595 120000000 040017776 0+3889673 17
10000000 007241215 046244193 0.3838704 18
Wﬂ N 9 19
{ 00020008001100 20
N Purpose: 047507505 046194630 047086843 140000000 0446008593 040031039 046792011 21
M De7241215 1-0000002 0.;9:568? 0-7668?53 29762 3076 6737132 gg
1 2 144897 007029582 046943108 043976204 000030789 O
Matrix addition sample program, 8 986682 140000000 046439786 24
048635910 0.7125728 0.8152021 03051740 044611099 0.,0038705 0s7812874 25
045838704 047468050 06439786 140000000 26
006963269 045743585 046573101 006492243 03718001 040028789 05299642 27
Rema!lks. 1.0000000 046644083 07601008 047507305 044299425 040033291 07284786 28
* 0.6751766 0.5371068 0-6!1!“: 0-629506; 043605070 0.002791% 0.5108296 29
If3 1 3 i 0¢7284786 046010878 046876602 046792011 043889673 0.0030119 1.0000000 30
/0 specifications transmitted to subroutines by 17ak8808 026144897 047029502 046943108 043976206 010030789 06737132 3
OMMON 004299425 043547574. 044058519 044008593 140000000 040017776 043889673 32
C . 008635910 0.7125728 048152021 0.8051740 0.4611099 0.0035705 Ce7812874 33
047601008 0.6271802 1.0000000 0,7086843 0440538519 040031426 046876602 34
Input card: 047601008 046271802 1.0000000 047086843 046058519 0,0031426 046876602 35
N 046963269 05745585 046573101 046492243 043718001 0.0028789 0.6299642 36
Column 2 MX - Logical unit number for v i
7
output.
Column 4 MY - Logical unit number for PP ————
input. SE
READS CONTROL CAND AND MATRIX DATA ELEMENTS FRON LOGICAL
® uNIT S
i i . USAGE
Subroutines and function subprograms required: O L WATIN{ ICODE, A 1STZEs 1ML ICOLo 50 1ER)
MADD DESCRIPTION OF PARANETERS
1CODE-UPON RETURN, ICODE WILL CONTAIN FOUR OIGIT
MATIN IDENTIFICATION CODE FROM RATRIX PARANETER CARD
A -DATA AREA FOR INPUT MATRIX
MXOUT ISIZE-NUNBER GF ELEKENTS DINENSIONED BY USER FOR AREA A
IRGW -UPON RETURNs IRON WILL CONTAIN ROM OIMENSIGN FROW
LoC MATREX PARANETER CARD
ICOL —UPGN RETURN, 1COL WILL CONTAIN COLUMN DIMENSION FRON
WATRIX PARANETER CARD
1s ~UPON RETURNs IS WILL CONTAIN STORAGE MODE CODE FROM
NATRIX PARANETER CARD WHERE
Method: 1570 GENERAL WATRIX
. IS-1 SYARETRIC WATRIX
Two input matrices are read from the standard 1522 DIAGONAL WA
; d and th altant 18 -UPOh RETURN, l;g: BILL CONTAIN AN ERROR CODE NHERE
input device. They are added an € resuitan TER=1  ISLIE IS LESS THAN MUKGER OF ELENENTS IN
S 3 s INPUT MATRI
matrix is listed on the standard output device. L[R2 INCORRECT NUNBER OF DATA CARDS
This can be repeated for any number of pairs RENARKS
NONE

of matrices until a blank card is encountered.
SUBROUTINES AND FUNCTICON SUBPROGRAMS REQUIRED
Loc

/7 FOR
*10CSICARDs TYPEWRITERs 1132 PRINTER) NETHOD
-ons WORD INTEGERS SUBROUT INE ASSUMES THAT INPUT MATRIX CONSISTS OF PARAMETER
{ SAMPLE MAIN PROGRAM FUK MATKIX ADDITIUN = ADSAM ADSAM ] CARD FOLLOWED BY DATA CARDS
c MATRICES ARE DIMENSIONED FUR 1000 ELEMENTSe THEREFOREs PRUDUCT ADSAM 2 PARAMETER CARD HAS THE FOLLOWENG FORMAT
4 OF NUMBER OF ROWS BY NUMBER OF COLUMNS CANNUT EXCEED 10006 ADSAM 3 CCOL. 1~ 2 BLANK
DIMENSION A(650) 4816501 ¢R(650) ADSAM 4 €OL. 3- 6 UP TO FOUR DIGIT IDENTIFICATION CODE
COMMON Mx sMY ADSAM 5 COL. 710 NUMBER OF ROWS IN MATRIX
10 FORMAT(////16H MATRIX ADDITION} ADSAH 6 COL.11-14 NUMSER DF COLUMNS IN MATRIX
11 FORMAT(//45H DIMENSIONED AREA TOO SMALL FUR INPUT MATRIX slé)} ADSAM 7 COL.15-16 STORAGE MODE OF MATRIX KHERE
12 FORMAT(//21n EXECUTION TERMINATED) ADSAM 8 O - GENERAL MATREX
13 FORMAT(//33H MATRIX DIMENSIONS NOT CUNSISTENT) ADSAM 9 1 = SYKMETRIC MATRIX
14 FORMAT(//43H INCORRECT NUMBER UF DATA CARDS FUR MATRIX ol&) ADSAM 10 2 — DIAGONAL MATRIX
15 FORMAT{//19H GO ON TO NEXT CASE) ADSAM 11 DATA CARDS ARE ASSUMED TO HAVE SEVEN FIELDS OF TEN COLUMNS
16 FORMAT(//12n END OF CASE} AUSAM 12 EACH. DECIMAL POINT MAY APPEAR ANYWMERE IN A FIELD. IF NO
17 FORMAT212) ADSAM 13 DECIMAL POINT IS INCLUDED, IT IS ASSUNED THAT THE DECIMAL
5:??;7:&1;::«\“ :g::: :“; :(,lér; l: A‘EYHE END OF THE 10 COLUMN FIELD. NUMBER IN EACH
. MAY BE PRECEDED BY BLANKS. DATA ELEMENTS MUST BE
20 c:u. MATIN{ICODAsAs 100sKAsMAIMSA s [ER) :gz:: il; PUNCHED BY ROW. A ROW MAY CONTINUE FROM CARD TO CARD.
. IFI N: ) 25995425 ADSAN 18 HOWEVER EACH NEW ROM MUST START IN THE FIRST FIELD OF THE
;u :R;:El;“ l.l:-;[‘dz ADSAM 19 NEXT CARD. ONLY THE UPPER TRIANGULAR PORTION OF A SYMMETRIC
waire “;-ll 1C00 ADSAM 20 OR THE DIAGONAL ELEMENTS OF A DIAGONAL MATRIX ARE CONTAINED
35 URITeMRs 14l 1CODA ADSAM 21 ON DATA CARDS. THE FIRST ELEMENT OF EACH NEW ROW WILL BE
44 iRHE(‘Mx‘lzl ADSAM 22 THE DIAGONAL ELENENT FOR A MATRIX MITH SYMMETRIC OR
o 10 >95' ADSAM 23 DIAGONAL STORAGE MODE. COLUMNS 71-80 OF DATA CARDS MAY BE
©0 CALL MXOUT(ICODASAINASMAIMSA$60112002) ADSAN 24 ‘r‘ignl.:g: :::ﬂ.ré:n‘f)‘;;:";ueexag ﬁmeﬁé"ﬁalméa BY A CARD
45 CALL MATINGICODHIBs 1009KBsMBIMSEs [ER) ADSAN 25 WITH A 9 PUNCH IN COLUMN 1 e
IFI1ER=1) 60450055 ADSAH 26 i
50 WRITE{MX0+11)1CODH ADSAM 27
WRITE(MXs15) ADSAM 28
GO TC 20 ADSAN 29 SUBROUTINE MATINIICODE, A, ISEZE.IROW,1COLy 1S, TER) MATIN 1
55 Zgr:gu;x.ul 1coo8 :gg:: ;? D;uénsmu Al MATIN 2
OIMEN aQ
60 IFINA-NB) 75,70,75 ADSAM 32 cunnozlsz,ﬁv oce ::”: 2
70 lF(NAfnﬁl 7518075 ADSAM 33 1 FORHAT{7F10.0) MATIN 5
75 ::{;E:M:'i:: ADSAM 34 ? FURMAT(16,214,12) MATIN &
WRLTE (X, :gg:: ;: 3 Fgm:run MATIN 7
80 ?ALL MXOUTCICIDB By NBy M8+ MSB, 60, 120,2) ADSAN 37 :zs;o ::;:: :
3 CODR=1CODA+1C008 ADSAM 36
N CALL MADO(A,ByKoNA, MA, MSA,MSB) AUSAM 39 ‘c‘i:‘:‘t;l;fl’ul)smlygf‘lfu?gl‘uic?;.lsl WATIN 11
Pt Abean oo ’ , +IROW, 1COL, ESH MATIN 11
IF(MSA=M58) 90,9085 ADSAM 4l Heaay LETICNT ST ALY
85 HSR=HS8 ADSAK 42 7 :?(—:r_mnn 38,8 :A;m b
90 CALL MXOUT(ICODR,RyNA, MA,MSR, 60, 120,2) ADSAM 43 8 1coLteicoL M
WRITE(HX, 16} AGSAM 44 JROCR= 1L ::;:: ::
° 95 E?ol" 20 :gg:: o5 c COMPUTE NUMBER OF CARDS FOR THIS ROW wATIN 17
o Aoaan e L1 IRCDS=(ICOLT-11/1BCeL MATIN 18
11 DU TF(IS-E115,15,12 MATIN 19
*STORE WS UA  ADSAM 12 IRCOS=L MATIN 20
77 XEa apsaM 4 SET UP LNOP FIR NUMBER OF CARDS IN ROW “ATIN 21
15 00 31 x=1,18CDS MATIN 22
w READIMY, 1} (CARDII ), I=1,10C) MATIN 23
08010008001100 c SKIP FHROUGH DATA CARDS IF INPUT AREA TOD SMALL “ATIN 24
0.7601008 0.6271802 1,0000000 0.7086843 044038519 040031426 06876602 16 ,{f;”““'”’ 03t ::”: ;Z
046751766 048635910 0.7446845 046963269 -
[ COMPUTE COLUMY NUMBER FOR FIRST FIELD [N CURRENT CARD MATIN 27
006644085 1.0000000 046271802 046194650 043547574 0,0027470 046010878 45=(K-11410C+1CAL-1COLTHL WATIN 78

045871068 047125728
140000000 0+6644085 0+7601008 0+7507505 044299425 040033291 047284706
046373449 048152021 0.7029%582 0.6573101

1
2
3
4
5
144597 045749585 6
7
8
06963269 045745585 046573101 046492243 043718001 040028789 006299642 9
10
11
12
13
16

026295047 048051740 046943108 046492243
067446845 046144597 047029582 046943108 043976204 040030789 026737132
043605070 044611099 043976204 043718001
006751766 045571068 046295047 003605070 0+0027915 06108296
0.002791% 0,0035705 0.,0030789 040028789

SUBROUTINE MXOUT

PURPOSE
PRODUCES AN OUTPUT LISTING DF ANY SIZED ARRAY ON
LOGICAL UNIT 1
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USAGE
CALL MXOUT{ICODEsAsNeMoMS,LINS, IPOS,15P)

OESCRIPTION OF PARAMETERS

ICODE- INPUT CODE NUMBER TO BE PRINTED ON EACH OUTPUT PAGE
A-NAME OF CUTPUT MATRIX
N-NUMBER OF ROMS IN A
M-NUMBER OF COLUKNS IN A
MS—-STORAGE MODE OF A WHERE MS=

0~GENERAL

1-SYMMETRIC

2-DIAGONAL
LINS-NUNBER OF PRINT LINES ON THE PAGE (USUALLY 60)
IPOS~NUMBER OF PRINT POSITIONS ACROSS THE PAGE (USUALLY 132)
ISP-LINE SPACING CODE, 1 FOR SINGLE SPACE, 2 FOR DOUBLE

P,

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

RETHOD
THIS SUBROUTINE CREATES A STANDARD OUTPUT LISTING OF ANY
SIZED ARRAY WITH ANY STORAGE MODE. EACH PAGE IS HEADED WITH
THE CODE NUMBER,DIMENSIONS AND STORAGE WNODE OF THE ARRAY.
EACH COLUMN AND ROW IS ALSD HEADED WITH ITS RESPECTIVE

NUMBER.
SUBROUTINE MXOUT (ICODE,AsNsMyMS,LINS, [POS,I5P) MXOuT 1t
DIMENSION A(1),8(8) MXOUT 2
COMMON  MXy MY ~ Mxour 3
1 FORMAT(////5X, TAMATRIX o15¢6Xs13,5H ROWS,6Xy [348H COLUMNS, uxogr 6
18X ¢ L3HSTORAGE MODE 4114/) uxour s
2 FORMAT(12X,8HCOLIMN 4 7{3X,13,10X}//) XUt 4
4 FORMATITX(4HROW 4 13,7(E16.6)) “xoyy 7
5 FORMATU/,TXs4HRDN +13,7(£16.6)) MXOUT 8
4=1 uxour 9
4 WRITE HEADING XUt 10
NEND={P0S/ 16~ HXNUT 1L
LEND = (LINS/1SP)-10 MXOUT 12
10 tSTRY=L “xaut 13
20 WRITE{MX, 1) ICODEsNyMMS “xXpUT 14
INT=J+NEND-1 4x0uT 15
TFLINT-N133,33,32 MXOUT 16
32 NTam MXOUT LT
33 CONTINUE “xouT 18
WRETELMX,2) LJCURy JCUR=J, INT} MXNUT 19
LTEND = LSTRT4LENO-1 MXOUT 20
00 390 L=LSTRT,LVEND MX0UT 21
c FORM OUTPUT RIW LINE uxnur 22
B0 55 K=1,NFNO MXQUT 23
KK=K MXOUT 24
JT = JeK-t “xouT 25
CAEL LOCIL4JTyEINTY,NyM, M5} MXOUT 26
8(K)=0.0 axout 27
IFLTINT)50,50445 MXOUT 28
45 BIK)=A{IJNT) MXOUT 29
50 CONTINUE uxnUY 39
[4 CHECK IF LAST COLUMN. IF YES GO TN 60 “XouT 31
LF(JT-9) 55,60,60 uXOUT 32
5% CONTINUE #XOUT 33
c END OF LINE, VOW WRITE MXOUT 34
60 IF(ISP=1)65465:70 “xouT 35
65 WRITECIMXy4tLy (BISW) o IW=1,KK) MXOUT 36
GO TN 75 MXOUF 3T
70 WRITE(MXsSILo{BIIW) ¢ JW=1,KK) MXOUT 38
[ IF END OF ROWS GO CHECK COLUMNS mXOUT 39
75 1F(N-L)85,85,80 MXOUT 40
80 CONTINUE MXOUT 41
4 WRITE NEW HEAJING XOUT 42
LSTRT=LSTRT+LEND MXOUT 43
G0 To 20 MXOUT 44
[4 END OF COLUMNS, THEN RETURN “XQUT 45
A5 IF(JT-M190,95,95 MXQUT 46
90 J=4T+l MXDUT 47
G0 To 10 uxXOUT 48
95 RETURN “XOUT 49
END MXOUT 50

NUMERICAL QUADRATURE INTEGRATION

Problem Description

The tabulated values of a function for a given spacing
are integrated. Multiple sets of tabulated values
may be processed.

Program

Description

The numerical quadrature integration program con-

sists of a main routine QDINT, and one subroutine,
Q@SF, from the Scientific Subroutine Package.

180

Capacity

The capacity of the sample program and the format
for data input have been set up as follows:

1. Up to 500 tabulated values of a function

2, (7F10.0) format for input data cards

Therefore, if the problem satisfies the above
conditions, no modification to the sample program
is necessary. However, if there are more than 500
values to be integrated the dimension statement in
the sample main program must be modified to handle
this particular problem. Similarly, if input data
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modification are described later.

Input

1/0 Specification Card

Each integration requires a parameter card with the
following format:

For
Sample
Columns Contents Problem
1-5 Up to 5-digit numeric 12345
identification code
6 - 10 Number of tabulated 0020
values for this function
11 - 20 Interval between tabu- 1.0

lated values

The first two parameters consist of up to five
digits with no decimal point (FORMAT (215)). Note
that the second parameter may not exceed 500. The
third parameter consists of up to ten digits (FORMAT)
(F10.0).

Data Cards

Data cards are assumed to be seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks. Columns 71 through 80
of the data cards may be used for identification, se-
quence numbering, etc. If there are more than
seven tabulated values, the values should continue
from card to card with seven values per card, until
the number of values specified in the parameter card
has been reached.
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A blank card following the last set of data termi-
nates the run.

Deck Setup
The deck setup is shown in Figure 28.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description
The identification code number, number of tabulated

input values, the interval for the tabulated values, and
the resultant integral values at each step are printed.

Sample

The output listing for the sample problem is shown
in Figure 29.

Program Modification

Noting that storage problems may result, as previ-
ously discussed in "Sample Program Description',
the maximum number of tabulated values acceptable

Blank card

Data cards

Control
Card

Data cards

Control card First problem

1/0 Specification
card

Subroutine and main program
(including system control cards)

Figure 28. Deck setup (numerical quadrature integration)

to the sample program may be increased. Input
data in a different format can also be handled by
providing a specific format statement.

1. Modify the DIMENSION statement in QDINT
so that the size of array Z is equal to the maximum
number of tabulated values.

2. Changes to the format of the parameter cards
and data cards may be made by modifying FORMAT
statements 10 and 32, respectively, in QDINT.

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE QSF

FUNCTION 12343 20 TABULATED VALUES INTERVAL = 0.10000002E 01

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS

0+00000000E 00 0+199999B83E 01 04399 SE 01 Q5 81E 01 0e79 0E 01 04999

0e119 8E 02 0»1

1€ 01

2 Je21999992E 02

»13 6E 02 Oel € 02 017 6E 02 0s1 0.
0423999992E 02 0+25999988E 02 0427999988E 02 0s29999984E 02 0431999984E 02 0¢33999984E 02

0035999984E 02 0037999977E 02

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE QSF

FUNCT1ON 543 10 TABULATED VALUES INTERVAL = 0410000002€ 01

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS

0+00000000E 00 0»14999959E 01 0#39999995E Ol 0¢74999952E 0l 0s11999998E 02 0s17499996E 02

0623999996E 02 0+31499992E 02 0039999992 02 0+49499984E 02

Figure 29. Output listing

Run termination

Last problem
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Operating Instructions

The numerical quadrature integration sample pro-
gram is a standard FORTRAN program. Special

operating instructions are not required. Logical unit

2 is used for input, and logical unit 1 is used for
output.

Error Messages

The following conditions will result in error mes-
sages:

1. The number of tabulated values specified in
the parameter card is less than or equal to two:
ILLEGAL CONDITION. NUMBER OF TABULATED
VALUES IS LESS THAN THREE.

The program will continue to read data cards
until the next problem is reached.

2, The interval specified in the parameter card
is zero: ILLEGAL CONDITION. SPECIFIED IN-
TERVAL IS ZERO.

The program will continue to read data cards
until the next problem is reached.

TG sT0P

QUINT 19

Sample Program for Integration of a Tabulated
Function by Numerical Quadrature - QDINT

Purpose:
Integrates a set of tabulated values for F(X)
given the number of values and their spacing.

Remarks:
The number of values must be more than two
and the spacing greater than zero.
I/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
QSF

Method:

Reads control card containing the code number,
number of values, and the spacing of the func-
tion values contained on the following data
cards. Data cards are then read and integra-
tion is performed. More than one control card
and corresponding data can be integrated in one
run.
card.

/1 FOR
#10CSICARU, TYPEWRITER L1132 PRINTER)
®ONE WORD INTEGERS
SAMPLE PRUGRAM FUR INTEGRATIUN OF A TABULATED FUNCTION BY WOINT

NUMERICAL QUAURATJRE — QDINT QDINT
4 THE FOLLOWING DIMENSION MUST BE AS LARGE AS THE MAXIMUM NUMBER QDINF
< JF FAQULATED VALUES TO BE INTEGRATED WUINT

VIMENSIGN 2{500) QUINT
L0 FORMAT (215,F10.0) QUINT
20 FORMAT(///4/7/' INTEGRATIUN OF TABULATED VALUES FOR UY/uX USING SUBQUINTMO.

Execution is terminated by a blank control

VW

&
1

LROUTINE QSF* ///11d FUNCTION ,15+34,15,17H TABULATED VALUES, WOINTHOZ
25X, LOHINFERVAL =4E£15.8/) QUINTMO3
22 FORMAT{/18+ ELLESAL CONDITION/) QOINT 10
23 FORMAT(/46H NUMBER OF TASULATED VALUES IS LESS THAN THREE) QUINTMGY
24 FURMAT(/27H SPeCIFIED INTERVAL IS ZERO) QDINT 12
3C FORMATE/7Xy ‘'RESULTANT VALUE OF INTEGRAL AT EACH STEP IS',/ QUINTMOS
1(1H ,6E15.8)) . QDINTMO6
31 FORMAT(212) QUINT Lo
32 FORAATITFI0.CY QOINT 15
REAUL 2, 3LIMX MY QUINT b
35 REAU(MY,10)iLuUDsWUMBR,SPACE QOINT 17
LF(ICOJ+NUMBR) 70+ 70,38 QDINT 18

182

38 WRITE(MA,20)ICODsNUMBR,SPACE QDINT 20
IF{NUMBR-311CC 50,50 QOINTNOT7
50 READIMY 32201} ,1=1,NUMBR) QUINT 22
CALL QSF {SPACE+ZyZ4NUMBR) QDINTMO3
IFISPACE)60+203460 QUINTMO9
&0 WKITE(MX,30)0211),1%=1,NUNBR) QDINTHIO
GO 19 35 QDINT 26
LOC WRITE(MX,22) QOINT 27
WRITE(MX,23) QUINT 28
READ{MY ,32)(Z01),1=1,NUNBR) QDINTMLL
GO Ty 35 QUINT 29
200 WRITE(MX,22) QUINT 30
WRITE(AX,24) QDINT 31
GO TJ 35 QOINT 32
END QUINT 33
/7 oup
*STIRE WS UA  QDINT
/¢ XEQ QDINF
12 1
12345 20 1.0 2
2.0 2.0 2.0 2.0 2.0 2,0 2.0 3
2.0 2.0 2.0 240 240 2.0 2.0 b
240 2.0 2.0 240 2.0 2.0 5
543 10 1.0 6
1.0 2.0 3.0 4.0 5.0 640 7.0 7
8+0 9.0 1040 8
9

RUNGE-KUTTA INTEGRATION

Problem Description

A differential equation of the form:

Y-ty

is integrated with initial conditions as specified in a
parameter card. The differential equation is de-
fined in the form of a function subprogram that is
provided by the user.

Program

Description

The Runge-Kutta integration program consists of a
main routine, RKINT, one subroutine, RK2, from
the Scientific Subroutine Package, and one user-
supplied function subprogram, FUN, which defines
the differential equation to be integrated.

Capacity

Up to 500 values of the integral may be tabulated.

Input

1/0 Specification Card

Each integration requires a control card with the
following format:

For Sample

Columns Contents Problem
1-10 Initial value of X = XO 1.0
11 - 20 Initial value of Y = Y(XO) 0.0
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For Sample

Sample
@m Columns Contents Problem A listing of the input cards for the sample problem
is presented at the end of the sample main program.
21 - 30 Step size 0.01
Cutput
31-35 Number of steps required o
between tabulated values 10 Description
36 - 40 Total number of tabulated The values for the initial conditions and the tabulated
values required 30 values of the integral are printed.
The first three parameters consist of up to ten Sample
digits.
& The output listing for the sample problem is shown
(FORMAT (F10.0)) in Figure 31.

The last two parameters consist of up to four digits

plus a blank. Program Modification

(FORMAT (15)) Noting that storage problems may result, as previ-
ously described in " Sample Program Description',

i d.
Multiple parameter cards may be use the maximum number of tabulated values acceptable

A blank card terminates the run. to the sample program may be increased. Input data
in a different format can also be handled by provid-
Data Cards ing a specific format statement.
None 1. Modify the DIMENSION statement in RKINT
: so that array A is as large as the number of tabu-
Blank Card lated values.

W& Run termination.

Deck Setup

The deck setup is shown in Figure 30.

Blank card Run termination

Control card

Control card

One parameter card

1/0 Specification ;
per integration

Card

FUN

RK2

Main program, subroutine
and function subprogram
RKINT L (including system control cards)

-

Figure 30, Deck setup (Runge-Kutta integration)
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SOLUTION OF DY/DXSFUN{XeY) BY RK2 SUBROUTINE

Hz  0.010 XO= 1,000 Y0= 0.000

X Yix)

110 0+95310136E=01
le20 0418232139E 00
130 0426236397E 00
le40 0433647167E 0O
1.50 0460546423E 00
1460 0447000247E GO
1.70 0453062677€ 00
1480 0e58778464E 00
1.90 0464185142E 00
2400 06693144326 00
2410 0474193394E 00
2420 0+78845346E 00
2430 0483290457E 00
2440 0487546372 00
2450 0+91628539¢ 00
2460 0495550584E 00
2.70 0.:99324584E 00
2480 0210296125€ 01
2490 0410647029E 0L
3400 0410986037 01
3.10 0411313924E 01
3.20 0411631403 01
3430 0411939110€ 01
3440 0.12237627E 01
3.50 0412527496E 01
3460 0412809195€ 01
3.70 0413083176E 01
3.80 0413349850 01
3490 0413609600E 01
4400 0+13862772E 01

Figure 31. Output listing

2, Changes to the format of the parameter card
may be made by modifying FORMAT statement 1.

The user-supplied function subprogram FUN may
be replaced by any function subprogram having the
same name and parameter list. In this way, the
user may define any desired first-order differential
equation.

Operating Instructions

The sample program for Runge-Kutta integration is
a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Error Messages

None.

184

Sample Program for Runge-Kutta Integration of a
Given Function with Tabulated Output - RKINT

Purpose:
Integrates the function subprogram FUN using
the initial conditions contained in control cards.
Produces tabulated output.

Remarks:
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
RK2
FUN - User-supplied function subprogram
giving DY/DX=FUN(X, Y)

Method:
Reads control card containing initial values of
X and Y, step size, number of steps desired
between tabulated values, and number of tabu-
lated values required. Program then enters
RK2 to perform integration. Multiple control
cards can be used on the same function.

4/ FOR
*I0CS(CARD s TYPCARITER, 1132 PRINTER}
*ONE WOURD INTEGERS

SAMPLE PRUSRAA FUR KUNGE-KUTTA INTEGRATION OF A SIVEN FUNCTION RKINT 1
WITA TABULATED QUTPUT ~ RKINT RRINT 2
EXTERNAL FUN RCINT 3
< THE FGLLOWING UIHENSION MUST 6t AS LARGE AS THE MAXIMUM RKINT  +
c NUMBER OF TABJLATED VALUES DZSIRED RKINT 5
OIMENSICN A(500) RKINT &
1 FORMAT (3F10.0,215) RKINT 7
Z FORMAT(/7//7TXy44HSOILUTION OF OV/uX=FUN(X,Y) BY RK2 SUBROUTINE///, RKINT 3
110X 2HH=937, 34240 3HXC=9F74392Xy 3HYC= ) FTa3///12K41rAX o LBXeoHY (X /7) RKINT &
3 FORMAT(/10X+75,2,10%yE15.8) RKINT 10
4 FORMAT(212) RKINT 11
READ( 2 4)MX MY RKINT 12
[4 READ CJINTROL CAKO CONTAINING ITEAS LISTED UNDER AETAUD. KRINT 13
10 READIMY (1) X0, YOoH ¢ JNT 4 [ENT RKINT 14
(4 HECK IF CARD 13 BLANK. IF SJy RETURN. RKINT 13
1FLIENT 120440420 RKINT lo
4 WRITE HEAUING INFOKMATION. ANINT 17
20 WRITE(MXs2)H,X0.YU RNINT 18
(4 PERFORM INTESRAT ION RKINT 19
CALL RK2(FUN,Hy XU YU JNT, [ENTA) KRINT 20
c WRITZ JureuT RKENT 21
STEP=FLOAT(UNTI=H RAINT 22
X=X0 KKINT 23
U0 30 [=1,I1ENT RKINT 24
X = X€3TzP+,1i:-05 RRINT 25
30 WRIFCIAX,31XeAL1) RRINT 2o
S0 3ACK AND CHECK FUR AGDITIONAL CONTROL CARD. RNINT 27
GU TO LD RKINT 28
4C SsTOP RAINT 29
ENO QKINT 3G
// oupP
*STORE WS UA  RKINT

/7 XEQd RKINT

12 1

1.0 0.0 #01 10 30 2

3
FUNCTION FUN{X,Y) FUN 1
FUN=1./X FUN ?
RETURN FUN 3
END FUN o

POLYNOMIAL ROOTS

Problem Description

The real and complex roots are computed for a real
polynomial with given coefficients. Multiple sets of
coefficients may be processed.

14
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Program

Description

The polynomial roots sample program consists of a
main routine, SMPRT, and one subroutine, POLRT,
from the Scientific Subroutine Package.

Capacity

Roots for polynomials of order 36 or less may be
computed.

Input
1/0 Specification Card

Each set of data requires a control card with the
following format:

For Sample

Columns Contents Problem
1 Blank
2-5 Up to four-digit identifi-
cation code 360
6-8 Blank
9-10 Order of polynomial 9

The first parameter consists of up to four digits
without decimal point (I4).

The second parameter consists of up to two digits
with no decimal point (I2). The order of the poly-
nomial must be less than or equal to 36.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks. Columns 71 to 80 of the
data cards may be used for identification, sequence
numbering, etc. If there are more than seven co-
efficients, the values should continue from card to
card with seven values per card until the number of
values has been reached that is one greater than the
order of the polynomial. The first coefficient is for
the constant term of the polynomial and the last co-
efficient for the highest order term. Fields with
zero coefficients may be left blank.

Blank Card

Run termination.

Deck Setup

The deck setup is shown in Figure 32.
Sample

A listing of the input cards for the sample problem
is presented at the end of the sample main program.

Output

Description

The identification code, the polynomial order, the
input coefficients, and the real and complex roots
are printed.

Sample

The output listing of the sample problem is shown
in Figure 33.

Program Modification

The maximum order of the polynomial acceptable to
the sample program is fixed by the subroutine
POLRT. However, input data in a different format
can be handled by providing a specific format state-
ment.

1. The sample program can accept polynomials
up to the maximum 36th order, which is allowed by
the subroutine.

2. Changes to the format of the parameter card
and data cards can be made by modifying FORMAT
statements 10 and 40, respectively, in main sample
program SMPRT.

Operating Instructions

The polynomial roots sample program is a standard
FORTRAN program. Special operating instructions
are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

Error Messages

The following conditions will result in error mes-
sages:

1. The order of the polynomial specified in the
control card is less than one: ORDER OF POLY-
NOMIAL LESS THAN ONE.
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Blank card

Data cards

Run termination

Control
card

Data cards

Control card

card

(I/O Specification

/

POLRT

Main program and subroutine
SMPRT (including system control cards)

Figure 32, Deck setup (polynomial roots)

The program will go on to the next set of data.

2. The order of the polynomial specified in the
control card is greater than 36: ORDER OF POLY-
NOMIAL GREATER THAN 36.

The program will go on to the next set of data.

REAL AND COMPLEX ROOTS QF A POLYNOMIAL USING SUBROUTINE POLRT

FOR POLYNOMIAL 380 OF ORDER 9

THE INPUT COEFFICIENTS ARE

ou 00

~0+1000000E 01  0,0000000E 00 oo 00
©0.1000900€ 01 ~ 0.0000000E 00  0.00000COE 0O  0+2000000E 01

REAL ROOT COMPLEX RGOT

0.2986480F 00  041004526E O1
042986480E 00 =0,1004528E 01
-0.1019270F 01  0.2436272E 00
=041019270E 01 =0.2636272E 00
019105258E GO  0.0000000E 00
0a7206227€ 00 =0.7609007E 00
047206227€ 00  0.7609007E 00
~0s4552629E 00 =0.7885384E 00
~0.4552629E 00  0.7885384E 00

Figure 33. Output listing

186

First problem

Last problem

3. The subroutine POLRT is unable to determine
a root after 500 iterations on eight different starting
values: UNABLE TO DETERMINE ROOT. THOSE
ALREADY FOUND ARE ...

The program will print all the roots that were
computed and then go to the next set of data.

Sample Program for Real and Complex Roots of a
Real Polynomial - SMPRT

Purpose:
Computes the real and complex roots of a real
polynomial whose coefficients are input.

Remarks:
The order of the polynomial must be greater
than one and less than thirty-seven.
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
POLRT

L 4
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?m«

Method:

Reads a control card containing the identification

code and the order of the polynomial whose co-
efficients are contained on the following data
cards. The coefficients are then read and the
roots are computed.

More than one control card and corresponding

data can be processed. Execution is terminated

by a blank control card.

4/ FOR

#JOCS(CARDy TYPEMRITER, 1132 PRENTER)
#0ONE WORO INTEGERS

[

SAMPLE PRUGRAM FUK REAL AND CUNPLEX RUGTS OF A KEAL POLY- SMPRT

4 NUMIAL = SHMPRT SMPRT
DIMENS{UN al37)yW{37),RO0OTRIITY,ROJTIL3T) SMPRT

16 FORMAT( 1Xs1943X412) SMPRT

30 FORMAT{//7/62H REAL AND COMPLEX RUOTS UF A PULYNOMLAL USING SUBRUYSMPRT
LTINE POLKRT///17H FOR POLYNOMIAL +14,2Xy10HOF ORDER ,12//27H THE SHPRT

2INPUT CUEFFICIENTS AREZ/) SMPRT
40 FURNAT(7710.C} SMPKT
50 FORMAT{6Elo.7) SMPRT
65 FORMAT{////34H GROER OF POLYNOHIAL LESS THAN ONE) SMPRT
77 FORMATU//7/36H ORUER OF POLYNOMIAL SREATER THAN 36) SHPRT
79 FORMAT(////31H AlGH ORDER COEFFICIENT IS ZERO) SMPRT

85 FORMAT(/7//50H UNASLE TO BETERMIWE ROOT. THOSE ALREADY FUUND ARE) SMPKT
95 FURMAT{///75%¢9HREAL ROOT»6X,12HCOMPLEX ROOT//) SMPRT

97 FORMATI2EL6.7) SMPRT

98 FORMAT{2[2) SMPRT

READ( 2 53 MXsHY SMPRT

5 REAO{MY,10)ID,10R0D SMPRT

IFUID+I0RD)1CC, 100y 20 SMPRT

20 WRITE(MX,30)1D, 10RD SHPRT

J=1URD+1 SMPRT

READIMY 4G (AL »E=10d) SMPRT

HRITE{MXs503LA{1)s1=1,J) SMPRT
CALL PULRT{A,W,IGRU,RUCTRROUTI, JER) SMPRT 2

IF(1ER-1190+60,7C SHMPRT

60 WRITE{4Xy05) SMPRT

60 TU 5 SMPRT

7C IF{IER-3175,80,78 SMPRT

75 WRITELMX, 772 SMPRT
GO Tu 5 SMPRT

76 WRITE(MX,79) SMPRT

GO 7O 5 SMPRT

8C WRITE{MX,85) SMPRT

90 WRITZ(MX,95) SMPRT

00 9o 1=1,450RD SMPRT

96 WRITE(MX,97IROOTRLI),ROOTI(I) SMPRT
GO T3 5 SMPRT 3

100 sTop SHPRT

END SMPRT

/7 OuP
*STORE WS UA  SHMPRT

4/ XEQ SMPRT

CENe WS~

12
360 9
=140 1.0

YT

SOLUTION OF SIMULTANEOUS EQUATIONS

Problem Description

A solution is obtained for a set of simultaneous
equations by the method of elimination using largest
pivotal divisor. Both the input data and the solution
values are printed. This procedure is repeated un-
til all sets of input data have been processed.

Program
Description

The solution of simultaneous equations sample pro-
gram consists of a main routine, SOLN, and four
subroutines:

SIM
Q are from the Scientific Subroutine

LOC Package

MATIN
are sample subroutines for matrix

MXOUT input and output

Capacity

The sample program will solve for 40 equations.
The general rules for program modifications are
described later.

Input

1/0 Specification Card

A control card with the following format must pre-
cede each matrix of coefficients:

For Sample
Columns Contents Problem
1-2 Blank
3-6 Up to four-digit identifi-
cation code (numeric
only) ) 1
7-10 Number of rows in
matrix 10
11 - 14 Number of columns in
matrix (same as number
of rows) 10

Each matrix must be followed by a card with a 9-
punch in column 1. This, in turn, is followed by
the constant vector.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or be omitted, but the number must
be right-justified. The number in each field may be
preceded by blanks. Equation coefficients must be
punched by row. A row may continue from card to
card. However, each new row must start in the
first field of the next card. The vector of constants
is punched in continuous data fields following the 9
card. Columns 71 to 80 of data cards may be used
for identification, sequence numbering, etc.

A blank card after the last set of input data ter-
minates the run.

Deck Setup

The deck setup is shown in Figure 34.
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Blank card Run
termination

A = Matrix of coefficients Data cards
for B

Card with 9
in col, 1

B = Vector of constants

Data cards
for A Last problem 3
Control
card for A
9
/
/
/
Data cards
for B
Card with 9
in col. 1
Data cards
for A First problem
Control
card for A

1/0 Specification
card

Subroutines and main program
(including system control cards)

Figure 34. Deck setup (solution of simultaneous equations)
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R

U

Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Cutput
Description

The original matrix is printed for any sized array.
Each six-column grouping is headed with the matrix
code number, dimensions, and storage mode (always
0 in this sample program). Columns and rows are
headed with their respective number. The original
vector of constants is also printed. The solution
values are then listed. This output is given for each
case to be processed.

Sample

The output listing for the sample problem is shown
in Figure 35.

Program Modifications

Noting that storage problems may result, as previ-
ously discussed in ""Sample Program Description',
the size of the maximum problem acceptable to the
sample program can be increased. Output of the
solution values in a different format can be handled
by providing a specific format statement.

1. Changes to the DIMENSION statement of the
main program, SOLN. The dimension of array A
must be greater than or equal to the maximum num-
ber of elements in the matrix (N x N). The dimen-
sion of array B must be greater than or equal to N.

2. Insert the same number N in the third argu-
ment of the CALL MATIN statement (statement 25)
in SOLN.

3. Changes to the format of the solution values
may be made by modifying FORMAT statement 21
in SOLN.

SOLUTION OF SIULTANEOUS EGUATIGNS

w1 10 aous 10 couumns STORAGE WoDE 0
covuen 1 2 3 . B .
ROY 1 O.1000GGE G1  G.66MeUBE GO 0.760100E GO O.ISOT0E G0  0.6299MZE 00 0.332910E-02
ROW 2 0.64e00€ 00 G.JO00COE O1  O.62708UE UO  OuSI9ASIE 00 Ou3BTSTE 00 0.276700€-02
A0« 3 0.760I00E 00  U.627I00 U0 O.1C000E 01  Ga70GBeE 00 D.AGS8SIE 00 0.314260E-02
90N & /7507506 G0 U.6ISH6SE OU  U.TUSOAE 90 UelUUGOUE 01 O.eGUSSSE 00 0a310390€=02
W 3 0.429926 00 0.3STSIE G O.USESIE 0O 0eaGD0SIE 00 OLIODUODE 01 Oel77700E-02
AW & 0.3329106-02  0.27AT00E-02  0.314260E-02  0:310390£=02  O.177780E=02  0+160GOGE 01
ROW 7 O.TZAGTOE 00 0.60I087E 00 0ub076698 0O 0s679201€ 00 G.IBHITE 00 0a3011¥GE-02
RO 8 O.TSITEE GO O.S57106E G 0u63TIME GO Qe629504E 00 OMJGUSOTE OU  Ue2I9ASUE-UZ
ROw 9 0.063391€ GO 041128726 WS OJ0IS202E UG GAUSITAE U0 Oua6LIOJE G0 0.337US0E~02

20W 10 O.TAG6SAE OO  O.616ASPE 00 O.7UZ9SBE GO O.69AIIQE 00 0.IVT60E 00 UsIVTUVOE~0Z

ERU 1 10 Rows 10 CoLumns
coLwn 1 fl s 10
ROW 1 0.728473€ 00  0.675176E 00 QuG6IBTLE GO  OaTHeSBAE 0O

SToRAGE %aDE O

ROW 2 0.601087¢ U0  U.3571UE 00 9.712572€ UD  0J6LeSSVE 0O
RO 3 0.G0TH60F 00 0.637I4AE 00 0.6152026 0O 0.TU2930€ QO
ROW 4 0.679201£.00  0.62950aE 0O  0.80S174E GO Q.598310€ QO
ROW 3 0,388967E 00 0.360507€ 00 0.461109€ 00  04397620E GO

ROW & 0.301193€=02
ROW 7 0.100G0E 01 G.bl0829€ OV GeTBIZSTE 00 OsbTITIE 00
ROM 8 0.610829€ 00 OuI0CUOE 01  0.726171E 00 0u628a1E 06
ROV S G.TBI207€ 00 0.TZAIZIE GO G.I0UO00E G1  Qa79868E 00

ROW 10 O0.673713E 00 0.624418E 00 0.798868E 00  04100000F 01
oR1GINAL B VECTOR

0.110000¢ 03
~0,120000€" 03
0.100000€ 02
9.1, 03
~0,300008€ 02
04442000€ 02
~0,140000F 02
94385000¢ 02

Sosvousunn

02220000E 02
0.1630G0F 08

SOLUTION VALUES

=0.283123€ 03
=04367283E 03

Soaveurumr
°

0oAROSTRE 04

END OF CASE

Figure 35. Output listing

The matrix listing is set for 120 print positions
across the page, and double spacing. This can be
changed by means of the last two arguments in the
CALL MXOUT statement in SOLN (statement 65).

Operating Instructions

The sample program for the solution of simultaneous
equations is a standard FORTRAN program. Special
operating instructions are not required. Logical
unit 2 is used for input, and logical unit 1 is used
for output.

Error Messages

The following error conditions will result in mes-
sages:

1. Reserved storage area is too small for
matrix: DIMENSIONED AREA TOO SMALL FOR
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INPUT MATRIX (matrix code no.). GO ON TO NEXT
CASE.

2. Matrix of coefficients is not square: ROW
AND COLUMN DIMENSIONS NOT EQUAL FOR
MATRIX (matrix code no.).

3. Number of data cards does not correspond to
that required by parameter card: INCORRECT
NUMBER OF DATA CARDS FOR MATRIX (matrix
code no.). EXECUTION TERMINATED.

GO ON TO NEXT CASE.

4. Singular input matrix: MATRIX IS SINGULAR.

GO ON TO NEXT CASE.

Error conditions 1, 2, and 4 allow the computer
run to continue. Error condition 3, however, ter-
minates execution and requires another run to proc-
ess succeeding cases.

- Sample Main Program - SOLN

Purpose:
Solution of a set of simultaneous equations.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

Subroutines and function subprograms required:
SIMQ
MATIN
MXOUT
LOC

Method:
A matrix of simultaneous equations coefficients
and a vector of constants are read from the
standard input device. The solution is obtained
and listed on the standard output device. This

procedure is repeated for other sets of equations

until a blank card is encountered.

/7 FOR
*IOCS{CARD»TYPEWRITERy L132 PREINTER)
*ONE WORD INTEGERS
4 SAMPLE MAIN PROGRAM - SULN SULN
4 MATRIX 1S OIMENSIOWED FOR 1600 ELEMENTS. THEKEFORE, NUMBER UF  SCLN
4 EQUATIUNS TQ G& SOLVED CaNNUT EXLEEU 40 UNLESS OIMENSION SCLN
[4 STATEMENT IS CHANGED SULN
OIMENSION AL160C) 43140} Suth
COMMON Mx MY SaLh
L0 FORMAT1////354 SGLUTION OF SIMULTANCGUS EQUATIUNS) SOLN
11 FORMAT{//45H DIMENSIONED AKEA TOU SMALL FOR INPUT MATREX 414} SCLN
12 FURMAT{//21H EXECUT ION TERMINATED) SULM
13 FORMAT(//48H RUK AND CULUMN OIMcNSIONS NOT EQUAL FOR MATRIX ,14) SGLiN
L4 FURMAT(//43H 1NCURRECT NUMBER UOF WATA CARDS FOR MATKIX ,14) SCLN
15 FORMATI//19H GO ON TO NEXT CASE) SCLiv
16 FORMAT{//391 STRUCTURE CUDE IS WOT (rRO FOR MATRIX, 14} SULN
L7 FORMAT(////18H ORISINAL B VECTUR+/Z///) SGLN
L8 FORMAT(///716A SOLJTION VALUES,///7)- Suli
19 FORMAT{//194 MATRIX I3 SINGULAK) SCLN
2u FURMATITF10.0) SoLi
21 FURMAT{16,10X,216.5} soLn
22 FORMAT(//12H END DF LASE) SOLN
23 FORMATi2I2) SULN
READ(2,23)MX, MY SulN
WRITE(HX,1C) SulN
25 CALL MATIN {ICODyAr1600N,MyMS, IER} SULN
IFIN) 3C,95,3C SOLN
30 IFUIER=1) 45,35,40 SOLN

190

35 WRITE(HX, 113 ICOD SOLN 26
60 TO 9o soLh 27
%0 nur:(nx.uucua SULN 28
60 7O 9 SULN 29
45 lF(n—m :o.ss.:o SOLN 30
50 WRITE(MX,13)1CUD SOLN 31
60 TO 90 SGLN 32
35 IFIMS) €016546C soLn 33
60 ARITEL4X,1611C0D SGLN 34
. GO TO 90 SOLN 35
65 CALL MXUUT(ICOD A¢Nyds 85060y 1204 2) SULN 30
READIMY 4200(B(1)41=1,n) SOLN 37
WRITE(MX,1T) SuLN 38
DO 70 [=1.N SOLN 39
70 WRITE(MX.2111,8(1) SULN 40
CALL SIMQ(As8/NyKS) SULN 4l
IFIKS=1) 30,7580 SULN 42
75 WRITE(UX,19) SOLN 43
WRITE(MX,15) SOLN 44
60 TO 25 SGLH 4>
80 WRITE{HX,18) SULN 46
20 95 I=1,N SULN &7
85 WRITE{MA,21)1,B11) SLLN 48
WRITE(AXy 22) SULN 9
G0 TQ 25 SOLN 50
90 READIMY420)1BL1) (I=1yN) SOLN 51
WRITSIMXy15) SULN 52
GU Ta 25 SULN 35>
95 WRITE(MX,12} SOLN 54
ggi’ SOLN 55
17 o SOLN 56
#STORE WS UA SOLN
/1 XEQ SOLN
12 1
000100100010 2
1.0000000 o-esuoos 047601008 047507505 0.4299425 000033291 047284786 3
046751766 O 5910 0s7448845 4
0.6644085 oooaoo 046271802 046194650 03547374 0,0027470 0.6010878 ]
0.5371068 125728 06144597 3
o-uolooa 271802 1.0000000 0.7086843 004088519 0.0031426 006876602 7
152021 0.7029382 8
194650 047086843 1,0000000 004008593 0.0031039 046792011 9
091740 046943108 10
847574 044058519 0.4008593 1.0000000 040017776 043889673 i1
611099 043976204 12
o.uonzn 040027470 040031426 040031039 040017776 1.0000000 040030119 13
040027915 000035705 040030789 14
047284786 046010878 046R76602 0,6792011 043889673 040030119 140000000 15
006108296 047812874 046737132 16
046751766 05571068 046373449 046295047 043505070 0,0027915 046108296 17
140000000 047241215 046244183 18
008635910 047125728 048152021 048031740 0e4611099 0+0035705 0e7012074 19
047242215 1,0000000 047986682 20
0e7448843 006143597 047029582 046943108 063976204 000030789 06737132 21
046244183 047986682 140000000 22
9 23
110.0  =120.0 10. 148, ~30¢ 44420 ~l4, 24
28,8 22. 16300 25
26

SUBROUTINE MATIN

PURPOSE
READS CONTROL CASD AND MATRIX DATA ELEMENTS FROW LOGICAL
UNIT 5

USAGE
CALL MATINCICGDEsA+ISIZEe IROMs ICOLo 1Ss JER)

OESCRIPTION OF PARAMETER!
1CODE-UPON RETURNy lCDﬂE WILL CONTAIN FOUR DIGIT

TOENTIFICATION CODE FROM MATRIX PARAMETER CARD

A ~DATA AREA FOR INPUT RAVRIX

ISTZE-NUMBER OF ELEMENTS DIMENSIOKED BY USER FOR AREA A

IRON —UPON RETURMy IRCW WILL CONTAIN ROW DIMENSIOGN FROM
MATRIX PARANETER CARD

I1COL -UPON RETURN, ICOL WILL CONTAIN COLUNN DIMENSION FROM
MATRIX PARAMETER CARD

IS  -UPON RETURNs IS WILL CONTAIN STORAGE MODE CODE FROM
MATRIX PARANEVER CARD WHERE
15=0 GENERAL MATRIX
IS=1 SYMMETRIC MATRIX
1S=2 DIAGONAL MATRIX

IER -UPON RETURNs IER WILL CONTAIN AN ERROR CODE WHERE

1ER=0  NO ERROR

IER=1 ISIZE IS LESS THAN NUMBER OF ELENENTS IN
INPUT MATRIX

1ER=2 IKCORRECT NUMBER OF DATA CARDS

REMARKS
NONE

SUBRCUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

ETHOD
SUBROUT INE ASSUMES THAT INPUT MATREX CONSISTS OF PARAMETEK
CARD FOLLOWED BY DATA CARDS
PARAMETER CARD HAS YHE FOLLOWING FORWAT
€OL. 1~ 2 BLANK
COL. 3~ & UP TO FOUR DIGIT IDENTIFICATION CODE
COL. T-10 NUMBER OF ROWS IN MATREX
COL.11-14 NUMBER OF COLUNNS IN MATRIX
COL.15-16 STORAGE MODE OF MAVRIX WHERE
0 — GENERAL MATRIX
1 — SYNMETRIC MATRIX
2 — DIAGONAL MATRIX
DATA CARDS ARE ASSUMED TO HAVE SEVEN FIELDS OF TEN COLUMNS
EACH. OECIMAL POINT MAY APPEAR ANYWHERE IN A FIELD. IF KO
DECIMAL POINV IS INCLUDED, IT IS ASSUMED THAT THE DECIMAL
PDINT IS AT THE END OF THE 10 COLUMN FIELD. NUMBER IN EACH
FIELD MAY BE PRECEDED BY BLANKS. DATA ELEMENTS MUST BE
PUNCHED BY ROW. A ROW MAY CONTINUE FRGOM CTARD 7O CARD.
HCWEVER EACH NEW ROM MUST START IN THE FIRSY FIELD OF THE
NEXT CARDe OMLY THE UPPER TRIANGULAR PORTION OF A SYMMETRIC
OR THE DIAGONAL ELERMENTS OF A DIAGONAL MATRIX ARE CONTAINED
ON DATA CARDS. THE FIRST ELEMENT OF EACH NEW ROW WILL BE
THE OTAGONAL ELEMENT FOR A MATRIX WITH SYMMETRIC OR
DEAGONAL STORAGE MODE. COLUMNS 71-80 OF DATA CARDS MAY BE
USED FOR IDENTIFICATION, SEQUENCE KUMBERINGy ETCes
THE LAST OATA CARD FOR ANY MATRIX MUST BE FOLLOWED BY A CARD,
WITH A 9 PUNCH IN COLUMN 1.

§
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SUHROUTINE MATIN( [CODE, Ay ISIZ7ELTROALICOL, TS, TER) MATIN 1 SUBROUTINE MXOUT {TCODEAsNoMMS,LINS, [POS,15P) MXOUT 1
OTMENSION A(1) MATIN 2 DIMENSION A(1),818) axout 2
UIMENSION CARD(8) MATIN 3 COMMON MX, MY MXOUT 3
COMMON MX, MY VATIN 4 L FORMAT{///75Xs TAMATRIX ¢1546Xs1345H ROWS,6X,13,8H COLUMNS, “xouT %

E 1 FURAATITFI0.0) MATIN 5 18Xy 13HSTORAGE MOJE +11./) MxouY S
7 FURMAT(16,206,121 MATIN 4 2 FORMAT{12X,8HCOLJMN o 7(3%,13,10X1//) uxoutT %
N 3 FGRHATIILD MATIN 7 4 FORMAT{TX,4HROW 4 13,T(E16.8)) uxnuv 7
Matiyooe S FORMATL/,7Xs4HROA +13,7(EL6.6)) MXOUT 8

1ER=0 vATIN 9 J=1 uXOUT 9
READ( MY, 2} ICONE, TROW,TCOL, TS MATIN 17 WRITE HEADING XOUY Lo
CALL LOCHIROW,TCIL o [ENT, TROM,TCIL 15) “atTin 11 NEND=1POS/16-1 MXNUT 11
TFUISIZE-TCNT 16,747 YATIN 12 LEND = {LINS/ISP}-LO MXQUT 12

6 1FR=1 MATIN 13 10 LSTRTS1 “xOuT 13
7 IF (ICNTI3A, 34,4 MATTN 14 20 WRITE(MX, 111CODE.N, 4y MS .Ut 14
8 1COLT=ICOL MATIN 15 JNT=J+NEND-1 uXOUT 15
TROCR=1 uaTIN 14 IF{JINT=-M133,33,32 MXOUT 16
COMPUTE NUMBER OF CARDS FOR THIS R0W MATIN 17 32 JNT=4 aXONT 17

11 IRCOS={ICALT-11710C+1 MATIN 18 33 CONTINUE uXOUT 19
TFUIS=1115,15.12 HATIN 19 WRETE(MXy 21 L JCURy JCUR=J, INT) AXOUT 19

12 1PCns=1 NATIN 27 LYEND = LSTRT4LEND-1 MXOUT 20
SET UP L1HOP FIR NUMSER OF CARDS [N RNW 4ATIN 21 00 80 L=LSTRT,LTEND MXQUT 21

15 DO 31 K=1,18CS MATIN 22 FORM OUTPUT RIW LINE uxoutT 22
READ(MY 1} (CAKDII 1, 1=1,1DC) MATIN 23 DO 55 K=1,NFND MXOUT 23
SKIP THROUGH JATA CASDS IF INPUT AREA 100 SHALL 4AT % 24 KK=K uxOUT 74
TFCIER) 16416431 uATIN 25 JT = Jek-l “xOUT 25
16 L=0 MATIN 24 CALL LOCIL,IToTINT,N,MoHS} MXDUT 26
COMPUTE COLUMN NUMAL® FNR FIRST FIELD IN CURRENT €3I MATIH 27 B{K}=0.0 uxour 27
JS=(K-1)10T0C+ICAL-TCALT+1 MATIA 74 [F{TINT)50,50,45 MXOUT 28
45 BIK)=AL LINT) MXDUT 29

50 CONTINUE uxautT 39

USAGE CHECK IF LAST COLUMN. IF YES GO T0 60 “xour 3t
CALL MXOUTC(ICODE1AyNy N, HS s LINS, IPOS, ISP) 55 continue o0 o 2
DESCRIPYION OF PARAMETERS END (IF LINE, VOW WRITE MXOUT 34
1CODE— INPUT CODE NUMBER YO BE PRINTED ON EACH OUTPUT PAGE 60 IFL1SP-1}65,65,:70 “xouT 15
A-NANE CF GUTPUT WATRIX 65 WRITCUMX,4)Ly {BIIW) 4IW=14KK} MXOUT 36
N-NUMBER OF ROMS IN A GO 1A 75 Mxour 37
M-NUNBER OF COLUKNS TN A 70 WRITE(MXySILo{REIN) pIM=1,KK} MxnuY 38
MS-STORAGE MODE OF A WHERE NS= [F END OF ROWS,GO CHECK COLUMNS HXOUT 39
0-GENERAL 7S 1F(N-L)AS,85,R0 MXOUT &0
1-SYMMETRIC 80 CONT INUE MXDUT 41
2-01AGONAL WRITE NEW HEAJING MXOUT 42
LINS-NUMBER OF PRINT LINES ON THE PAGE (USUALLY 60) LSTRT=USTRTHLEND MXOUT 43
1POS-NUMBER OF PRINT POSITIONS ACROSS THE PAGE (USUALLY 132) G0 TO 20 uxouT 44
ISP-LINE SPACING CODE, 1 FOR SINGLE SPACE, 2 FOR DOUSL END OF COLUMNS, THEN RETURN MXOUT 45

A5 1F(JT-4)90,95,95 wXQUT 46

90 J=3Tel wXQUT 47

REMARKS G0 10 10 uxAUT 48
NONE 95 RETURN MXNUT 49
END MXDUT SO0

-~

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

KETHOD

THIS SUBROUTINE CREATES A STANDARD OUTPUT LISTING OF ANY
SIZED ARRAY WITH ANY STORAGE MODE. EACH PAGE IS HEADED WITH
THE CODE NUMBER,DINENSIONS AND STORAGE WODE OF THE ARRAY.
EACH COLUMN AND ROW IS ALSO HEADED WITH [TS RESPECTIVE
NUMBER.

SUBROUTINE MXOUT
PURPOSE

PROBUCES AN OUTPUT LESTING OF ANV SIZED ARRAY ON
LOGICAL UNIT 31
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H20-0252-3

TBM

International Business Machines Corporation
Data Processing Division

112 East Post Road, White Plains, N.Y. 10601
(USA Only)

IBM World Trade Corporation
821 United Nations Plaza, New York, New York 10017
(International)
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